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Abstract
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Sorawee Porncharoenwase

Chair of the Supervisory Committee:
Emina Torlak

Paul G. Allen School of Computer Science & Engineering

Solver-aided programming has been employed for many automated reasoning tasks, such as

program verification and program synthesis. Despite its success, making solver-aided programs is

still difficult, time-consuming, and error-prone. Prior work developed productivity tools to help

with these issues by relying on language abstraction. Yet, there is still a need for more productivity

tools, due to the language’s complex semantics, which is foreign to most programmers.

This dissertation aims to show that recontextualization and extensibility are keys to develop-

ing productivity tools for solver-aided programming. Recontextualization makes solver-aided

programming more familiar to programmers, and extensibility allows programmers to specify

domain-specific knowledge to control the tools. These guiding principles are identified from

existing productivity tools and our three new contributions to improve productivity in different

stages of solver-aided programming. First, our work on formal foundation for symbolic evaluation

presents a class of reusable symbolic evaluators that simplify programming to interact with solvers.

Second, our work on profile-guided symbolic optimizer introduces a tool for scaling up solver-aided

programs. Third, our work on expressive pretty printer provides a practical approach to interface

solver-aided programs with end users. Our contributions along with existing tools support the

thesis, giving an insight into the design of future productivity tools for solver-aided programming.



Contents

1 Introduction 1

1.1 A formal foundation for symbolic evaluation . . . . . . . . . . . . . . . . . . . . . 3

1.2 Scaling up solver-aided programming . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 An expressive pretty printer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Contributions and Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 A formal foundation for symbolic evaluation 7

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 𝜆𝑐 : A Core Language for Reusable Symbolic Evaluators . . . . . . . . . . . . . . . 14

2.3.1 The Syntax and Concrete Semantics of 𝜆𝑐 . . . . . . . . . . . . . . . . . . 15

2.3.2 The Angelic Execution and Verification Queries for 𝜆𝑐 . . . . . . . . . . . 18

2.4 S𝑐 : A Semantics for Symbolic Evaluation with Merging . . . . . . . . . . . . . . . 19

2.4.1 The Symbolic Factory Interface . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4.2 Evaluation Rules for S𝑐 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4.3 Properties of S𝑐 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.4.4 Angelic Execution and Verification with S𝑐 . . . . . . . . . . . . . . . . . 33

2.5 Correctness of S𝑐 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.5.1 Soundness and Completeness of S𝑐 . . . . . . . . . . . . . . . . . . . . . . 34

2.5.2 Correctness of Queries Based on S𝑐 . . . . . . . . . . . . . . . . . . . . . . 36

i



2.6 Implementing S𝑐 : a Case Study of Two Evaluators . . . . . . . . . . . . . . . . . . 37

2.6.1 Leanette: A Verified Implementation of S𝑐 in Lean . . . . . . . . . . . . 37

2.6.2 Rosette 4: An Optimized Implementation of S𝑐 in Racket . . . . . . . . . 39

2.6.3 Validating Rosette 4 against Leanette with Solver-Aided Differential

Testing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.7 Utility and Performance of an S𝑐 Evaluator: Experiments . . . . . . . . . . . . . . 44

2.7.1 Comparing the Interface of Rosette 4 and Rosette 3 . . . . . . . . . . . 45

2.7.2 Comparing the Performance of Rosette 4 and Rosette 3 . . . . . . . . . 49

2.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3 Scaling up solver-aided programming 53

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.3 Symbolic Performance Repair . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.3.1 Repairs, fixes, and symbolic cost . . . . . . . . . . . . . . . . . . . . . . . 63

3.3.2 The symbolic performance repair problem . . . . . . . . . . . . . . . . . . 66

3.4 The SymFix Algorithm and Repairs . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.4.1 Profile-guided search for fixes . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.4.2 Effective repairs for functional hosts with symbolic reflection . . . . . . . 71

3.4.3 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.5 Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.5.1 Can SymFix repair the performance of state-of-the-art solver-aided tools,

and how do its fixes compare to experts’? . . . . . . . . . . . . . . . . . . 75

3.5.2 Do the fixes found by SymFix generalize to different workloads? . . . . . 78

3.5.3 How important is SymFix’s search strategy for finding fixes? . . . . . . . 79

3.6 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

ii



4 An expressive pretty printer 83

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.2 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.2.1 Traditional printers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.2.2 Arbitrary-choice printers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.2.3 Other printers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.3 The syntax and semantics of Σ𝑒 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.3.1 Layout . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.3.2 The syntax and the informal semantics of Σ𝑒 . . . . . . . . . . . . . . . . . 98

4.3.3 The formal semantics of Σ𝑒 . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.4 A framework to reason about expressiveness . . . . . . . . . . . . . . . . . . . . . 102

4.4.1 The extended semantics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.4.2 Functional completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.4.3 Definability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.5 Our Printer, Π𝑒 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.5.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

4.5.2 The cost factory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.5.3 Measure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

4.5.4 Measure set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

4.5.5 The document structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

4.5.6 The resolver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.5.7 Correctness of Π𝑒 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

4.5.8 Handling flattening . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.6 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

4.7 Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

4.7.1 Comparison of printers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

4.7.2 Racket code formatter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

iii



4.7.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

4.8 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

4.8.1 Additional constructs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

4.8.2 Safety . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

4.8.3 Memoization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

4.8.4 Fusing resolving and rendering . . . . . . . . . . . . . . . . . . . . . . . . 135

4.8.5 Handling bias in presence of taintedness . . . . . . . . . . . . . . . . . . . 136

4.8.6 Rewriting rules and cost factory . . . . . . . . . . . . . . . . . . . . . . . . 136

4.8.7 Rewriting rules and partial evaluation . . . . . . . . . . . . . . . . . . . . 136

4.9 Applications of Π𝑒 in solver-aided programming . . . . . . . . . . . . . . . . . . . 137

4.9.1 Rosette . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

4.9.2 MemSynth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

4.10 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

5 Conclusion 141

Bibliography 143

iv



Acknowledgments

First of all, I would like to thank Emina Torlak, my adivisor, for everything—advices, supports,

and opportunities—throughout my graduate study. I am especially grateful for her patience

and encouragement during my difficult times, and really appreciate how she accommodates my

research interests. I also would like to thank my PhD committee—Xi Wang, Zach Tatlock, and

Amy Ko—for their valuable feedbacks and suggestions.

I am very happy to have the opportunity to work with many great collaborators–James

Bornholt, Luke Nelson, and Justin Pombrio (and also Emina and Xi). It was really fun to work

with you all.

I am indebted to Shriram Krishnamurthi and Tim Nelson who sparked my interest in program-

ming languages and formal methods research during my undergraduate study at Brown University.

Similarly, I am grateful to Jittat Fakcharoenphol, Nattee Niparnan, Somchai Prasitjutrakul, Thai

Pangsakulyanont, Veerakan Sinthaveelertmongkol, and Witchakorn Kamolpornwijit for getting

me interested in computer science when I was in my high school.

Friends from the UNSAT group, the PLSE lab, and Thai community at UW CSE accompanied

me during my graduate study, and I am very grateful for their friendships. I would like to especially

acknowledge the support that I received from Jacob Van Geffen, Bill Zorn, Rachit Nigam, Nussara

Tieanklin, Oliver Flatt, Gus Smith, Chandrakana Nandi, Talia Ringer, Pratyush Patel, Rashmi

Mudduluru, and Mangpo Phothilimthana.

v



Many friends outside UW CSE also helped me a lot. I would like to thank Jack Wrenn,

Pakawut Jiradilok, Pakapol Supaniratisai, Ingkarat Rak-amnouykit, Varot Premtoon, Warisara

Pattanapongpaiboon, Jidapa Thanabhusest, Sahakait Benyasut, Thananun Prasertsup, Abhabongse

Janthong, and Jarunetr Sae-Lim for their support as well.

My hobbies during my graduate study included contributing to the Racket programming

language and administering Thai Wikipedia. I would like to express my appreciation to the Racket

and Thai Wikipedia communities for providing me with valuable and rewarding experiences.

Lastly, I definitely would not be who I am today without the encouragement and support

from my mom, Laksanaporn Thatayatikom, and my dad, Woraseth Porncharoenwase. I am very

grateful for everything they have done for me.

vi



Chapter 1

Introduction

Solver-aided programming is a programming model that utilizes constraint solvers during program

execution. A solver-aided program interacts with a solver by submitting generated constraints

to the solver, and converting solutions from the solver to native values that can be further

manipulated. The availability of efficient satisfiability modulo theories (SMT) solvers [31] enables

solver-aided programs to perform highly complex automated reasoning tasks in practice, such

as program synthesis [83] and program verification [24] over a desired source language. The

development cycle of a solver-aided program consists of (i) programming to interact with the

solver; (ii) debugging errors or faulty results; (iii) scaling the program to handle larger inputs

efficiently; and (iv) interfacing with end users. However, each step is difficult, time-consuming,

and error-prone.

Thus, there have been research efforts, mostly by relying on language abstraction, to develop

tools to improve productivity in solver-aided programming. For beginners, the productivity im-

provement lowers the learning curve of solver-aided programming and makes it more accessible.

For experts, the productivity improvement makes solver-aided programming less time-consuming

and less error-prone. To simplify programming to interact with the solver, a reusable symbolic

1



2 Chapter 1. Introduction

evaluator for a solver-aided host language [93] provides a language abstraction so that program-

mers do not need to directly create SMT constraints. To scale up a solver-aided program, a

symbolic profiler [14] exploits the structure of the solver-aided host language to effectively profile

for a performance bottleneck of the solver-aided program. And to interface with end users, a

general-purpose pretty printer [96] is often employed to print synthesized code in the given source

language [93].

Despite these advances from prior researches, there are still many productivity improvement

opportunities. First, the expressiveness of the solver-aided host language or the pretty printing

language could be limiting, making it cumbersome to express certain programs. Second, program-

mers may need to extend the reusable evaluator to support new SMT theories, but the correctness

guarantee of existing evaluator is against a fixed set of built-in SMT theories, making it difficult to

ensure that the extended evaluator is correct without redoing the entire proof. Last but not least,

while a symbolic profiler can point programmers toward a performance bottleneck issue, fixing

the performance bottleneck still requires a deep understanding of the solver-aided host language.

These opportunities indicate that there is still a need for better productivity tools for solver-aided

programming.

My thesis is that recontextualization and extensibility are keys to developing productivity tools

for solver-aided programming. A productivity tool is recontextualizing if it provides an interface

of traditional programming under the context of solver-aided programming. Because solver-aided

programming is foreign to most programmers due to its complex semantics, recontextualization

is able to hide the complexity away, allowing programmers to focus on the task at hand. A

productivity tool is extensible if it allows programmers to provide domain-specific knowledge

to control the tool so that it works well with the solver-aided program for the source language.

Domain-specific knowledge is often required for solver-aided programming to be effective, so

extensibility provides opportunities to productivity tools to exploit such knowledge. These keys
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to developing productivity tools are identified from both existing tools and my three contributions

to develop tools for different stages of the development cycle.

1.1 A formal foundation for symbolic evaluation

Manually generating SMT queries is difficult, error-prone, and time-consuming. Prior work [93]

introduces a reusable symbolic evaluator, which allows programmers to embed an interpreter

for the source language into the solver-aided host language. When applied to a source program

and symbolic inputs, the embedded interpreter is executed by the reusable evaluator with the

all-path evaluation to produce a logical encoding of the program’s semantics. The solver-aided

program then uses the resulting encoding to express a verification or synthesis task as a logical

satisfiability query, to be submitted to the solver. While the reusable evaluator can boost the

productivity significantly, its expressiveness may not suffice for certain solver-aided programs,

and its correctness guarantee is only against a fixed set of built-in SMT theories.

Our formal foundation for symbolic evaluation with merging [76] introduces an underlying

expressive symbolic semantics for a family of reusable evaluators and solver-aided host languages.

The expressiveness of the semantics allows programmers to simplify some solver-aided programs

significantly compared to prior work. This family of reusable evaluators is parameterized by the

symbolic factory, which abstracts away the details of creation, simplification, and merging of

symbolic values. To obtain a concrete reusable evaluator, programmers would instantiate the core

reusable evaluator with a suitable symbolic factory. This, particularly, allows programmers to

support desired SMT theories. Moreover, the foundation provides amodular correctness guarantee

for the reusable symbolic evaluators with respect to the symbolic factory. Ensuring that a reusable

symbolic evaluator is correct only requires proving that the used symbolic factory is correct.

Consequently, our reusable symbolic evaluators are productivity tools that recontextualize
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the concrete semantics of traditional programming with symbolic semantics of solver-aided

programming, and the symbolic factory in the formal foundation is the extensibility point that

allows programmers to provide domain-specific knowledge.

1.2 Scaling up solver-aided programming

Effective symbolic evaluation is key to building scalable solver-aided tools. Using a reusable

evaluator effectively requires programmers to be able to identify and repair performance bottle-

necks in code under symbolic semantics (i.e., all-path evaluation), a difficult task even for experts.

Prior work introduces a symbolic profiler, a productivity tool that recontextualizes the profiler of

traditional programming under the context of solver-aided programming. That is, one can use

the symbolic profiler to find where performance bottlenecks are in symbolic evaluation. While

the symbolic profiler can point programmers toward a performance bottleneck issue, often it is

still unclear to programmers how to fix such performance bottlenecks, which requires a deep

understanding of the solver-aided host language.

Our work on profile-guided symbolic optimizer formulates symbolic performance repair as a

search problem along with a search algorithm for this purpose. The search algorithm is profile-

guided: it dynamically runs the program and utilizes the symbolic profiler as a black box to guide

the search. Furthermore, the repair algorithm is parameterized by a set of semantics-preserving

rewriting rules, which allows users to specify the kinds of repairs that are effective for the domain.

Consequently, the profile-guided symbolic optimizer is a productivity tool that recontextualizes

optimizing compilers in traditional programming under the context of solver-aided programming,

whose extensibility in the set of rewriting rules allows the optimizer to operate effectively on the

solver-aided program.
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1.3 An expressive pretty printer

There are two types of solver-aided programs: those that require an end user to look at the

output and those that do not. The reason a user may want to look at the output could range from

reviewing synthesized code [61] to interacting with human-in-the-loop program synthesis [64].

Even for solver-aided programs that do not require human users to look at the output, it is still

useful to present the output in a human-readable format for debugging purposes. Presenting the

output effectively thus can be an essential part of solver-aided programming. Pretty printers have

been employed for this purpose, in order to print structured data like an abstract syntax tree (AST)

of the source language in a human-readable format. However, existing pretty printers can be

limited in their expressiveness, in the optimality objective (which could cause the printed code to

be unreadable), or in performance.

Our expressive pretty printer presents a new pretty printer, which is well-placed in the trade-off

space between expressiveness, optimality objective, and performance. It is strictly more expressive

than all published pretty printers. Its optimality objective is controlled by the user-specified cost

factory, which is uniquely flexible compared to other pretty printers. Its time complexity is linear

in the size of the document, and the evaluation result shows that the pretty printer is fast in

practice. Thus, our expressive pretty printer is a productivity tool whose extensibility allows

programmers to work with any source language effectively.

1.4 Contributions and Outline

The rest of this dissertation is structured as follows. Chapter 2 presents our formal foundation

for symbolic evaluation with merging. Chapter 3 presents our profile-guided symbolic optimizer.

Chapter 4 presents our expressive pretty printer. These chapters together support the thesis that
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the keys to developing effective solver-aided tools are recontextualization and extensibility. We

then conclude the dissertation and discuss our preliminary work on improving productivity in

debugging solver-aided programs in Chapter 5.



Chapter 2

A formal foundation for symbolic

evaluation

2.1 Introduction

Symbolic evaluation is a core component of solver-aided programs/tools, which automate program

verification and synthesis tasks by reducing them to satisfiability solving. These tools work by

embedding an interpreter for the tool’s source language into a host language that is equipped with

a reusable symbolic evaluator [93, 80, 94]. When applied to a source program and symbolic inputs,

the embedded interpreter is executed by the host’s reusable evaluator to produce a logical encoding

of the program’s semantics. The tool then uses the resulting encoding to express a verification or

synthesis task as a logical satisfiability query, solved with a SAT or SMT solver. This pipeline pro-

duces correct results if the tool generates the right query, and both the evaluator and the solver are

correct. In practice, tool developers focus on testing or verifying their use of the symbolic evalua-

tor [99], and trust the evaluator and the solver to be correct. The trust in solvers is based on decades

of community investment in their testing [102], validation [30], and verification [10]. But the trust

7
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in reusable evaluators rests on a weaker foundation of ad-hoc testing and manual inspection.

This chapter presents the first formal framework for reasoning about the behavior of reusable

evaluators. We develop a new symbolic semantics for reusable evaluators, which we call S𝑐 ,

and we prove that it is sound and complete with respect to the underlying concrete semantics.

The framework targets a small but expressive language, 𝜆𝑐 , that extends Core Scheme [37] with

assumptions and assertions. As such, 𝜆𝑐 includes the core features supported by existing reusable

evaluators: branching, loops, (first-class) procedures, and specification constructs. Our symbolic

semantics for 𝜆𝑐 incorporates state merging [9, 24, 25], which is key to generating small (polyno-

mially sized) encodings. Unlike the classic merging semantics [9, 24, 25], which was developed

for verification of loop-free code, S𝑐 is designed to be reused by a wide range of tools, on a wide

range of programs. It maintains strong invariants on the formulas that characterize the symbolic

state, and on termination of halted paths. The former simplifies the formulation of queries, and

the latter ensures that symbolic evaluation terminates as often as concrete execution on concrete

inputs, which is vital for the development and testing of client tools. We prove these reusability

properties and the correctness of S𝑐 using the Lean theorem prover [32].

Our framework aims to provide a general contract for implementing and validating reusable

evaluators. To meet this goal, it must accommodate a wide range of implementations, which is

uniquely challenging for reusable evaluators. To see why, consider the toy verification query in

Figure 2.1a. The query verifies that the unsigned value of an 𝑛-bit integer 𝑥 exceeds the number

of 1’s in its binary representation. Figure 2.1b shows the symbolic execution tree [51, 27] for this

query when 𝑛 = 2. The tree captures all feasible concrete executions of our program, with the

feasibility of each branch decided by an SMT solver. Because of this feasibility check, all imple-

mentations of symbolic execution will (in principle) generate an isomorphic tree. But reusable

evaluators do not necessarily call the solver during evaluation, so their behavior depends on their

strategy for constructing symbolic values, as illustrated in Figure 2.1c. If the evaluator deduces
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1 (define (addbits x s)
2 (if (bvzero? x) ; If x = 0
3 s ; then s
4 (addbits ; else addbits
5 (bvlshr x (bv 1 n)) ; (x >>> 1)
6 (bvadd (bvand x (bv 1 n)) s)))) ; ((x & 1) + s).
7
8 (define (popcount x) ; Returns the number of 1 bits
9 (addbits x (bv 0 n))) ; in the n-bit bitvector x.
10
11 (define-symbolic x (bitvector n)) ; Symbolic n-bit bitvector.
12
13 (verify ; Verify that for every n-bit
14 (assert ; bitvector x, x ≥𝑢 (popcount x),
15 (bvuge x (popcount x)))) ; where ≥𝑢 is unsigned comparison.

(a) A toy program with a verification query.

𝑔0 : 𝑥0 = 0
𝑥1 : 𝑥0 >>> 1
𝑔1 : 𝑥1 = 0
𝑥2 : 𝑥1 >>> 1
𝑔2 : 𝑥2 = 0

x ↦→ 𝑥0, s ↦→ 0 1

assert 𝑥0 ≥𝑢 0
14

x ↦→ 𝑥1, s ↦→ 1
1

assert 𝑥0 ≥𝑢 1
14

x ↦→ 𝑥2, s ↦→ 2
1

assert 𝑥0 ≥𝑢 2
14

𝑔0 ¬𝑔0

𝑔1 ¬𝑔1

𝑔2

(b) Symbolic execution tree for 𝑛 = 2.

𝑔0 : 𝑥0 = 0
𝑥1 : 𝑥0 >>> 1
𝑔1 : 𝑥1 = 0
𝑟0 : ite(𝑔1, 1, 2)
𝑟1 : ite(𝑔0, 0, 𝑟0)
𝑥2 : 𝑥1 >>> 1
𝑔2 : 𝑥2 = 0
𝑟2 : ite(𝑔2, 2, 3)
𝑟3 : ite(𝑔1, 1, 𝑟2)
𝑟4 : ite(𝑔0, 0, 𝑟3)
𝑥3 : 𝑥2 >>> 1
𝑔3 : 𝑥3 = 0
𝑥4 : 𝑥3 >>> 1
𝑔4 : 𝑥4 = 0
. . .

x ↦→ 𝑥0, s ↦→ 0 1

ret ↦→ 0
3

x ↦→ 𝑥1, s ↦→ 1
1

ret ↦→ 1
3

x ↦→ 0, s ↦→ 2
1

ret ↦→ 2
3

ret ↦→ 𝑟0

2

ret ↦→ 𝑟1

2

assert 𝑥0 ≥𝑢 𝑟1
14

𝑔0 ¬𝑔0

𝑔1 ¬𝑔1

x ↦→ 𝑥0, s ↦→ 0 1

ret ↦→ 0
3

x ↦→ 𝑥1, s ↦→ 1
1

ret ↦→ 1
3

x ↦→ 𝑥2, s ↦→ 2
1

x ↦→ 0, s ↦→ 3
1

ret ↦→ 2
3

ret ↦→ 3
3

ret ↦→ 𝑟2

3

ret ↦→ 𝑟3

2

ret ↦→ 𝑟4

2

assert 𝑥0 ≥𝑢 𝑟4
14

𝑔0 ¬𝑔0

𝑔1 ¬𝑔1

¬𝑔2𝑔2
• • •

x ↦→ 𝑥0, s ↦→ 0 1

ret ↦→ 0
3

x ↦→ 𝑥1, s ↦→ 1
1

ret ↦→ 1
3

x ↦→ 𝑥2, s ↦→ 2
1

ret ↦→ 2
3

x ↦→ 𝑥3, s ↦→ 3
1

ret ↦→ 3
3

x ↦→ 𝑥4, s ↦→ 4
1

ret ↦→ 4
3

𝑔0 ¬𝑔0

𝑔1 ¬𝑔1

𝑔2 ¬𝑔2

𝑔3 ¬𝑔3

𝑔4

. . .

(c) Symbolic evaluation DAGs for 𝑛 = 2.

Figure 2.1: A toy program with a verification query (a), along with the symbolic execution tree

(b) and symbolic evaluation DAGs (c) for this query. Nodes represent symbolic states. Edges

represent guarded transitions between states. Dotted edges denote omitted parts of the graph.

Circled numbers refer to lines in the toy program.

that right-shifting 𝑥 two or more times produces 0, it will terminate and produce a finite DAG.

Otherwise, it will diverge, producing an infinite DAG. A general semantics for reusable evaluators

must account for all of these behaviors.

We address this challenge by defining S𝑐 with respect to a symbolic factory, and proving that it

is partially correct with respect to the concrete semantics of 𝜆𝑐 . A symbolic factory is a parameter

to the semantics, consisting of functions that abstract away the details of creation, simplification,

and merging of symbolic values. Our framework specifies only what it means for these functions
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to be sound; their implementation is otherwise opaque. For example, all outcomes shown in

Figure 2.1c can be produced by a sound factory. To account for non-termination, our correctness

criterion specifies what it means for a reusable evaluator to produce a sound and complete result

if the evaluation terminates. All the DAGs shown in Figure 2.1c are correct according to our

definition, with the infinite one satisfying the definition trivially. For programs that are free of

loops, our semantics terminates and is totally correct with respect to all sound symbolic factories.

In addition to providing a general contract for reusable evaluators, our framework also aims

to expose a practical interface to their client tools. We identify two key properties of practical

symbolic evaluators, reducibility and legality, and we design our symbolic semantics so that every

(correct) implementation of its rules satisfies these properties.

Reducibility states that symbolic evaluation terminates on a given program and a fully concrete

input whenever the concrete semantics does so. This property is trivially satisfied by all symbolic

evaluators on loop-free programs, but only symbolic execution is designed to reduce to concrete

execution in the presence of loops. Our semantics integrates reducibility in its design as well,

by including a mechanism for abandoning halted paths as soon as possible. If an assertion or

assumption fails during symbolic evaluation, S𝑐 requires the evaluator to abandon that path of

execution and propagate the failure upstream, similarly to how an exception is propagated in

concrete execution. This mechanism forces the evaluator to mirror the concrete semantics on

fully concrete inputs, which enables the testing of client tools (e.g., [60, 61]). Beyond testing, this

mechanism also enables the use of unwinding assertions [24] to bound loops in the presence of

symbolic inputs (see, e.g., Figure 11 of [92]).

Legality simplifies the reuse of the evaluator’s output, which takes the form of symbolic states.

In all forms of symbolic evaluation, the symbolic state𝜎 is characterized by two formulas, which the

client tools use to construct their queries. One encodes the assumptions, assumes(𝜎), and the other

encodes the assertions, asserts(𝜎), that have been made to reach the state 𝜎 . Intuitively, at least one
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of these formulas should always be true, because there is no concrete execution in which both an

assumption and an assertion fail: the execution stops as soon as the first failure is reached. Yet in the

classic merging semantics, both formulas can become false, and client tools must account for this

when generating queries to avoid unsound results (see Section 2.4.3). To address this problem, our

semantics computes assumes(𝜎) and asserts(𝜎) so that every state 𝜎 generated during symbolic

evaluation is legal—i.e., every model makes at least one of the formulas true. With legality, client

tools can adopt a simple interpretation of symbolic states, inherent in symbolic execution, where

the validity of the formula assumes(𝜎) → asserts(𝜎) ensures the absence of errors.

To demonstrate the suitability of our framework for implementing and validating reusable

evaluators, we implement S𝑐 in two different languages. The first implementation is a refer-

ence interpreter written in Lean, using a naïve symbolic factory. We use Lean to prove that the

reference interpreter implements S𝑐 , and that it satisfies our correctness criterion. The second

implementation is an optimized evaluator for Rosette [93], an existing language with a reusable

symbolic evaluator that hosts a variety of verification and synthesis tools. We refer to our new

evaluator as Rosette 4. Rosette’s default evaluator is based on the classic merging semantics,

and we refer to it as Rosette 3. Both evaluators use the same optimized symbolic factory. We

validate Rosette 4 against the Lean reference interpreter using differential testing, aided by an

SMT solver. We find that their behaviors match on 10,000 automatically generated test programs.

To evaluate the practical impact of using S𝑐 , we port 16 published verification and synthesis

tools to Rosette 4, and compare the performance of the ported code to the original code built on

top of Rosette 3. Our benchmarks include the 15 tools studied in prior work [14] on profiling

the performance of reusable evaluators, and a recent system, Jitterbug [61], for verifying and

synthesizing just-in-time compilers in the Linux kernel. Our results show that Rosette 4 is up

to 14× faster than Rosette 3 across all benchmarks. The largest slowdown we observe is 6×.

On average, Rosette 4 is 10–20% faster than Rosette 3. Our evaluation also shows that the
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legality-preserving interface exposed by Rosette 4 simplifies the implementation of our most

complex benchmark, Jitterbug. The original implementation of Jitterbug relied on custom

code for tracking assumptions, which required careful manual reasoning from the developers to

ensure its correctness. The ported implementation removes this custom code, leading to code that

is simpler and easier to understand.

In summary, this chapter makes the following contributions:

• The first formal framework for reasoning about symbolic evaluation with merging. We

develop a new parametric merging semantics for an expressive core language; we prove that

our semantics is sound and complete; and we prove that it preserves legality and reducibility.

• A mechanization of this framework in the Lean theorem prover.

• Two implementations of our semantics, one in Lean and one in Rosette. We prove the Lean

implementation correct against our semantics, and we use solver-aided differential testing

to show the Rosette implementation matches the Lean implementation.

• An evaluation of the Rosette implementation on 16 tools for program verification and syn-

thesis developed in prior work. Our evaluation shows that this new implementation offers

better performance and a cleaner interface than Rosette’s default symbolic evaluator.

The rest of this chapter is organized as follows. Section 2.2 discusses related work. Section 2.3

introduces our target language and illustrates basic applications of a reusable evaluator for this

language. Section 2.4 presents the S𝑐 merging semantics and compares it to the classic one.

Section 2.5 states our correctness criterion and shows that S𝑐 satisfies it. Section 2.6 describes

our Lean and Rosette implementations of S𝑐 , proofs, and differential testing results. Section 2.7

evaluates the utility and performance of the Rosette implementation. Section 2.8 concludes the

chapter.
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2.2 Related Work

Reusable symbolic evaluators [93, 80, 94] are designed to serve as platforms for building new

tools. They reduce programs to constraints via a combination of symbolic execution [51, 27] and

bounded model checking [9]. Symbolic execution encodes each path through a program separately,

giving rise to a potentially infinite symbolic execution tree. Each node in this tree is a symbolic

state, which represents a set of concrete program states, and each path represents a set of feasible

concrete paths. Symbolic execution is well-understood and has been formalized for imperative

languages by recognizing a correspondence between concrete and symbolic paths in the absence

of state merging [56]. Prior work [65] has also formalized symbolic execution for a language that

extends lambda calculus with numbers and contract constructs, similarly to our work.

Bounded model checking uses state merging to optimize symbolic execution of loop-free

programs. It merges symbolic states from different paths at each control-flow join, giving rise to a

DAG that is asymptotically smaller than the corresponding symbolic execution tree. Reusable

evaluators extend state merging to programs with loops. Because of this extension, their behavior

falls outside of the well-understood semantics for both bounded model checking, which assumes

loop-free programs, and symbolic execution, which assumes path-based evaluation.

In contrast to the classic merging semantics from bounded model checking, S𝑐 targets pro-

grams with loops, has a mechanized proof of soundness and completeness, and preserves legality

and reducibility. These features are designed to facilitate reuse. Legality helps developers reuse

the evaluator’s output to formulate custom queries, while reducibility helps developers test their

tools. For example, if a tool targets a language with a concrete reference implementation (e.g., a

CPU emulator for an ISA), reducibility makes it possible to test the tool’s modeling of the reference

semantics on concrete programs and inputs [60].

GL [86] is a related effort that provides verified implementations of symbolic evaluators in
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the ACL2 theorem prover. GL is used to automate proofs within ACL2, and uses binary-decision

diagrams (BDDs) to represent symbolic expressions. Given some symbolic input, the symbolic

evaluator computes the truth value of a theorem as a BDD; if the BDD is the constant ‘true’, then

the theorem can be shown to hold via the correctness of the symbolic evaluator. GL includes

two methods of symbolic evaluation: one is a compiler that transforms concrete ACL2 functions

into symbolic equivalents, and the other is an interpreter over the ACL2 syntax. Both can be

parameterized with a set of primitive functions, and both merge values at control-flow joins. This

merging algorithm is fixed in GL, as is the shape of the generated symbolic evaluation DAG. GL

uses the classic merging semantics and forces termination through the use of fuel.

Compared to GL, our framework is more general. First, S𝑐 is defined with respect to a symbolic

factory interface, which is not restricted to a specific merging algorithm or underlying represen-

tation of symbolic values. Second, our target language is a strict superset of the GL language. To

support reuse, it includes first-class procedures, assumptions, and assertions, which are missing

from GL. Finally, S𝑐 is formalized as a big-step operational semantics, via an inductive predicate

in Lean, so S𝑐 evaluators do not need to use fuel to bound executions, whereas GL evaluators do.

The main disadvantage of a fuel-based semantics is that it forces implementations to track the

fuel value. This tracking can be difficult to implement for evaluators that are realized as a shallow

embedding in a host language. Such an evaluator is based on the host’s unbounded interpreter,

and it usually has no easy way to bound the host interpreter’s behavior.

2.3 𝜆𝑐 : A Core Language for Reusable Symbolic Evaluators

This section presents 𝜆𝑐 , a core language for reusable symbolic evaluators. We begin by describing

the syntax, concrete semantics, and key features of 𝜆𝑐 . We then define what it means for a 𝜆𝑐

program to execute normally and to be correct. Finally, we use these definitions to formalize the
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Expression 𝑒 F #t | #f | 𝑑 | (𝜆𝑥 .𝑒) | 𝑥 |
(𝑜 𝑥1 . . . 𝑥𝑛) | (𝑥1 𝑥2) | (let (𝑥 𝑒1) 𝑒2) |
(if 𝑥 𝑒1 𝑒2) | (error) | (abort)

Variable 𝑥,𝑦, . . .

Constant 𝑑 ∈ 𝐷
Operator 𝑜 ∈ 𝑂

Figure 2.2: Syntax for 𝜆𝑐 , parameterized by the set of primitive values 𝐷 and operators 𝑂 . The

literals #t and #f stand for the boolean values ‘true’ and ‘false’, respectively.

angelic execution [11] and verification queries for 𝜆𝑐 programs. Solving these queries is the core

computational task performed by solver-aided tools. For example, many synthesis tools are based

on the CEGIS algorithm [83], which combines a demonic verifier and an angelic guesser to solve

synthesis queries. Sections 2.4 and 2.5 will describe how to solve these queries using our symbolic

semantics for 𝜆𝑐 .

2.3.1 The Syntax and Concrete Semantics of 𝜆𝑐

Figure 2.2 shows the syntax of 𝜆𝑐 . The language extends Core Scheme [37] with the ability to

express assumptions and assertions using the (error) and (abort) expressions. Intuitively, (error)

is equivalent to asserting false, and (abort) is equivalent to assuming false. Combined with

conditionals, these constructs can be used to encode arbitrary assertions and assumptions over

𝜆𝑐 expressions. Compared to Core Scheme, we place a light restriction on the syntax of 𝜆𝑐 by

requiring the arguments to procedures and primitive operators to be variables. This restriction

simplifies our formalization and proofs without sacrificing expressiveness. In particular, every

Core Scheme program can be converted to an equivalent 𝜆𝑐 program by using let expressions; e.g.,

the application expression (𝑒1 𝑒2) becomes (let (𝑥1 𝑒1) (let (𝑥2 𝑒2) (𝑥1 𝑥2))). Like Core Scheme,

the syntax of 𝜆𝑐 is parameterized by the set of primitive values (𝐷) and primitive operators (𝑂).

Booleans and procedures are the only constants fixed by the language.

Figure 2.3 shows our big-step operational semantics for 𝜆𝑐 . The judgment ⟨𝑒, 𝐸⟩ ⇓ 𝑟 states that

the expression 𝑒 produces the result 𝑟 when evaluated in the environment 𝐸. The environment
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𝐸 ∈ E is a finite map from variables to values. A value 𝑣 ∈ 𝑉 is a boolean constant, a primitive

constant from the set 𝐷 , or a closure that combines a procedure with an environment.1 The result

𝑟 ∈ 𝑅 is Ans(𝑣) if the evaluation terminates normally and produces the value 𝑣 ; Err if it errors;

and Abt if it aborts.

The evaluation rules for 𝜆𝑐 are standard. Atomic expressions terminate and produce the

expected results (Literal, Closure, Error, and Abort). Operator calls (CallOp) also terminate,

producing a value, aborting, or erroring. Their meaning is given by the function op : 𝑂 → 𝑉 ∗ → 𝑅,

which is a parameter to the semantics of 𝜆𝑐 . Unlike operator calls, procedure calls need not ter-

minate. In particular, a procedure call (𝑥1 𝑥2) evaluates both of its arguments and checks if 𝑥1 is

bound to a closure ⟨cl 𝑥, 𝑒, 𝐸1⟩. If not, the call errors (CallBad). Otherwise, the call evaluates 𝑒 in

the environment 𝐸1 [𝑥 ↦→ 𝑣2], which binds 𝑥 to the value of 𝑥2 in 𝐸1. The result of this evaluation,

if any, is the result of the call (Call). The rules for evaluating let expressions are similar (Let

and LetHalt). Finally, a conditional expression (if 𝑥 𝑒1 𝑒2) evaluates to the result of 𝑒1 if 𝑥 is not

bound to #f, and otherwise, it evaluates to 𝑒2 (IfTrue and IfFalse). This semantics mirrors that

of Core Scheme: conditionals treat every value except #f as ‘true’.

While the syntax and semantics of 𝜆𝑐 are largely standard, one difference from prior work is

worth noting. The language places no restrictions on the use of variable names, so a program can

include free variables. Prior work on verified compilation [22] prevented this by using parametric

higher-order abstract syntax. We intentionally allow programs to contain free variables, and treat

them as inputs to the program, supplied by the environment. The semantics gets stuck if the envi-

ronment does not bind a variable referenced during execution (Variable). Treating free variables as

inputs lets us introduce symbolic values into a program without having to include a dedicated syn-

tactic construct for creating symbolic values—and having to specify some concrete semantics for it.

The semantics of 𝜆𝑐 is deterministic (Theorem 2.1), like that of Core Scheme. Given a program

1Our formalization also includes lists but we omit them from the presentation for brevity.
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Literal
𝑣 ∈ 𝐵 ∪ 𝐷
⟨𝑣, 𝐸⟩ ⇓ Ans(𝑣)

Closure
⟨(𝜆𝑥.𝑒), 𝐸⟩ ⇓ Ans(⟨cl 𝑥, 𝑒, 𝐸⟩)

Variable
𝑥 ∈ dom(𝐸)

⟨𝑥, 𝐸⟩ ⇓ Ans(𝐸 [𝑥])

CallOp
⟨𝑥1, 𝐸⟩ ⇓ Ans(𝑣1) . . . ⟨𝑥𝑛, 𝐸⟩ ⇓ Ans(𝑣𝑛)
⟨(𝑜 𝑥1 . . . 𝑥𝑛), 𝐸⟩ ⇓ op(𝑜, 𝑣1, . . . , 𝑣𝑛)

CallBad
⟨𝑥1, 𝐸⟩ ⇓ Ans(𝑣1) ⟨𝑥2, 𝐸⟩ ⇓ Ans(𝑣2) 𝑣1 ∉ 𝐶

⟨(𝑥1 𝑥2), 𝐸⟩ ⇓ Err

Call
⟨𝑥1, 𝐸⟩ ⇓ Ans(⟨cl 𝑥, 𝑒, 𝐸1⟩) ⟨𝑥2, 𝐸⟩ ⇓ Ans(𝑣2) ⟨𝑒, 𝐸1 [𝑥 ↦→ 𝑣2]⟩ ⇓ 𝑟

⟨(𝑥1 𝑥2), 𝐸⟩ ⇓ 𝑟

Let
⟨𝑒1, 𝐸⟩ ⇓ Ans(𝑣1) ⟨𝑒2, 𝐸 [𝑥 ↦→ 𝑣1]⟩ ⇓ 𝑟

⟨(let (𝑥 𝑒1) 𝑒2), 𝐸⟩ ⇓ 𝑟
LetHalt

⟨𝑒1, 𝐸⟩ ⇓ 𝑟 𝑟 = Err ∨ 𝑟 = Abt

⟨(let (𝑥 𝑒1) 𝑒2), 𝐸⟩ ⇓ 𝑟

IfTrue
⟨𝑥, 𝐸⟩ ⇓ Ans(𝑣) 𝑣 ≠ #f ⟨𝑒1, 𝐸⟩ ⇓ 𝑟

⟨(if 𝑥 𝑒1 𝑒2), 𝐸⟩ ⇓ 𝑟
IfFalse

⟨𝑥, 𝐸⟩ ⇓ Ans(𝑣) 𝑣 = #f ⟨𝑒2, 𝐸⟩ ⇓ 𝑟
⟨(if 𝑥 𝑒1 𝑒2), 𝐸⟩ ⇓ 𝑟

Error
⟨(error), 𝐸⟩ ⇓ Err

Abort
⟨(abort), 𝐸⟩ ⇓ Abt

𝐸 ∈ EF Variable↛ 𝑉 𝑣 ∈ 𝑉 F 𝑏 | 𝑑 | 𝑐 𝑏 ∈ 𝐵F #t | #f 𝑐 ∈ 𝐶F⟨cl 𝑥, 𝑒, 𝐸⟩ 𝑟 ∈ 𝑅F Ans(𝑣) | Err | Abt

Figure 2.3: Concrete semantics for 𝜆𝑐 , parameterized by the set of primitive values 𝐷 , operators

𝑂 , and function op : 𝑂 → 𝑉 ∗ → 𝑅, which gives meaning to the operators 𝑜 ∈ 𝑂 . The notation
𝑉 ∗ stands for a sequence of values.

and an environment, it either diverges or produces a unique result. In the rest of this work, when

we write about the result of a program, we mean this unique result, if one exists.

Theorem 2.1 Evaluating an expression from the same environment produces the same result:

∀𝑒, 𝐸, 𝑟1, 𝑟2. (⟨𝑒, 𝐸⟩ ⇓ 𝑟1 ∧ ⟨𝑒, 𝐸⟩ ⇓ 𝑟2) → 𝑟1 = 𝑟2.

Example 2.1 To illustrate the syntax and semantics of 𝜆𝑐 , consider an instantiation 𝜆Z where 𝐷 is

the set of all integers,𝑂 consists of the operators {−, <,=}, and op gives these operators their standard

meaning over integers. Using this instantiation, we can write the following program:

1 (let (z 0) ; z is zero
2 (let (abs (𝜆 x . (let (b0 (< x z)) (if b0 (- x) x))))
3 (let (b1 (= y z))
4 (let (_ (if b1 (abort) #t)) ; assume y != 0
5 (let (y0 (abs y))
6 (let (b2 (< z y0))
7 (let (_ (if b2 #t (error))) ; assert |y| > 0
8 _)))))))
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The program, 𝑒abs, asserts that the absolute value of its free variable y is positive, assuming that y

is not 0. The evaluation of this program gets stuck in all environments that have no binding for y.

We also have ⟨𝑒abs, {y ↦→ −1}⟩ ⇓ Ans(#t) and ⟨𝑒abs, {y ↦→ 0}⟩ ⇓ Abt.

2.3.2 The Angelic Execution and Verification Queries for 𝜆𝑐

Given the syntax and semantics of 𝜆𝑐 , we define what it means for an execution to be normal and

for a program to be correct (Definitions 2.1 and 2.2). A program executes normally in a given

environment if it terminates and produces Ans(𝑣) for some value 𝑣 ∈ 𝑉 . The execution errors if it

produces Err. If a program does not error in any environment 𝐸 ∈ E, we say that it is correct with

respect to the input space defined by the set of environments E.

Definition 2.1 (Executions of 𝜆𝑐 programs) A program 𝑒 evaluates normally in an environment

𝐸 iff ⟨𝑒, 𝐸⟩ ⇓ Ans(𝑣) for some value 𝑣 ∈ 𝑉 ; it errors iff ⟨𝑒, 𝐸⟩ ⇓ Err; and it aborts iff ⟨𝑒, 𝐸⟩ ⇓ Abt.

We denote these outcomes with normal(𝑒, 𝐸), errors(𝑒, 𝐸), or aborts(𝑒, 𝐸), respectively.

Definition 2.2 (Correctness of 𝜆𝑐 programs) A program 𝑒 is correct with respect to the set of

environments E iff it does not error in any 𝐸 ∈ E, i.e., correct(𝑒, E)F ∀𝐸 ∈ E .¬errors(𝑒, 𝐸).

These two definitions underlie the core computational tasks performed by solver-aided tools:

angelic execution and verification. Both tasks, which we call queries, can be understood as forms

of search. Angelic execution searches for a normal execution of a given program, while verifi-

cation searches for an execution that errors. We formalize both (Definitions 2.3 and 2.4) as partial

functions from a program and a set of environments to an environment that satisfies the query

or unsat if the query is unsatisfiable. The functions are partial because the two queries may not

terminate in general. But if they terminate, they must produce a correct result—i.e., we take them

to be sound semi-decision procedures for the angelic execution and verification problems.
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Definition 2.3 (Angelic execution) Given a program 𝑒 and set of environments E, the angelic

execution query guess(𝑒, E) diverges or produces one of two results: either an environment 𝐸 ∈ E

such that normal(𝑒, 𝐸), or unsat if no such environment exists in E.

Definition 2.4 (Verification) Given a program 𝑒 and set of environments E, the verification query

verify(𝑒, E) diverges or produces one of two results: either an environment 𝐸 ∈ E such that errors(𝑒, 𝐸),

or unsat if no such environment exists in E.

Example 2.2 To illustrate Definitions 2.1–2.4, consider the program 𝑒abs from Example 2.1. This

program is correct with respect to EZ, the set of all environments that bind y to an integer. It also has

infinitely many normal executions with respect to this set. As a result, verify(𝑒abs, EZ) = unsat, and

guess(𝑒abs, EZ) may return any environment that binds y to a non-zero value, e.g., {y ↦→ −1}. But

𝑒abs is not correct with respect to E𝑉 , the set of all environments that bind y to any value. In particular,

it will error at line 2 in every environment that binds y to a non-integer value, since the equality

operator = expects its inputs to be integers. The verification query verify(𝑒abs, E𝑉 ) may return any

of these environments, e.g., {y ↦→ #t}. Since every environment that is in E𝑉 but not in EZ leads to

an error, guess(𝑒abs, E𝑉 ) and guess(𝑒abs, EZ) draw their outputs from the same non-empty subset

of EZ. The next section shows how to automate these queries using our symbolic semantics for 𝜆𝑐 .

2.4 S𝑐 : A Semantics for Symbolic Evaluation with Merging

To automate angelic execution and verification, solver-aided tools rely on symbolic evaluation to

express the guess(𝑒, E) and verify(𝑒, E) queries as logical formulas. This section presents S𝑐 , a

new symbolic semantics for reducing 𝜆𝑐 programs to formulas. To accommodate a wide range of

practical implementations, S𝑐 is parameterized by a symbolic factory, which is a set of abstract

functions for creating and manipulating symbolic values. We start by formalizing these notions
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and relating them to our concrete semantics. Next, we present the symbolic evaluation rules for

S𝑐 , and contrast them to the classic merging semantics [9]. We conclude this section by defining

guess(𝑒, E) and verify(𝑒, E) in terms of the symbolic states computed by S𝑐 . The next section

establishes the correctness of S𝑐 and the queries we define on top of it.

2.4.1 The Symbolic Factory Interface

At a high level, a symbolic semantics lifts the rules of a concrete semantics to operate on sets of

concrete values, compactly represented as symbolic values. Practical evaluators have different

ways of representing and manipulating symbolic values, and as we saw in Section 2.1, these

differences can lead to fundamentally different behaviors. To cover all reasonable behaviors in

our formalization, we define S𝑐 against the abstract factory interface shown in Figure 2.4.

The factory interface is based on three core types: models𝑀 , symbolic values𝑉 , and symbolic

booleans 𝐵̂. All three types are parameters to the factory, in addition to the parameters 𝐷 , 𝑂 , and

op inherited from 𝜆𝑐 . Conceptually, a symbolic boolean is a logical constraint on symbolic values;

a symbolic value is an expression over symbolic variables; a model maps symbolic variables to

concrete constants; and each symbolic boolean and value represents a unique concrete value under

a given model. The factory interface captures these relationships abstractly through the interpre-

tation functions ⟦·⟧𝐵̂ and ⟦·⟧𝑉 , which use models to give concrete meaning to symbolic booleans

and values, respectively. We specify the rest of the interface in terms of these core types and

functions, dropping the superscript from the interpreter notation when it is clear from the context.

The factory types and functions provide a basic mechanism for lifting the semantics of 𝜆𝑐 . They

serve as the symbolic counterparts of the concrete types, functions, and predicates that are used to

define the concrete evaluation rules for 𝜆𝑐 (Figure 2.3). We first explain how the factory components

help lift these rules, and then illustrate a toy factory for the language 𝜆Z from Example 2.1.
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Symbolic values 𝑣 ∈ 𝑉 ⟦·⟧𝑉̂ : 𝑀 → 𝑉 → 𝑉

truth : 𝑉 → 𝐵̂ ∀𝑚, 𝑣 .⟦truth(𝑣)⟧𝐵̂𝑚 ↔ (⟦𝑣⟧𝑉̂𝑚 ≠ #f)
lift : (𝐵 ∪ 𝐷 ∪𝐶) → 𝑉 ∀𝑚,𝑏.⟦lift(𝑏)⟧𝑉̂𝑚 = 𝑏 ∀𝑚,𝑑.⟦lift(𝑑)⟧𝑉̂𝑚 = 𝑑 ∀𝑚,𝑐.⟦lift(𝑐)⟧𝑉̂𝑚 = ⟦𝑐⟧𝐶𝑚

merge : G𝑉̂ → 𝑉 ∀𝑚,𝐺. one𝑚 (𝐺) → ⟦merge(𝐺)⟧𝑚 = ⟦𝐺⟧G𝑉̂𝑚

cast : 𝑉 → G𝐶 ∀𝑚, 𝑣 .⟦𝑣⟧𝑚 ∈ 𝐶 → (one𝑚 (cast(𝑣)) ∧ ⟦cast(𝑣)⟧
G
𝐶̂

𝑚 = ⟦𝑣⟧𝑚)
∀𝑚, 𝑣 .⟦𝑣⟧𝑚 ∉ 𝐶 → none𝑚 (cast(𝑣))

ôp : 𝑂 → 𝑉 ∗ → 𝑅 ∀𝑚, 𝑣1, . . . , 𝑣𝑘 .⟦ôp(𝑣1, . . . , 𝑣𝑘 )⟧𝑅̂𝑚 = op(⟦𝑣1⟧𝑚, . . . , ⟦𝑣𝑘⟧𝑚) ∧ legal𝑚 (ôp(𝑣1, . . . , 𝑣𝑘 ))

Symbolic booleans 𝑏 ∈ 𝐵̂ ⟦·⟧𝐵̂ : 𝑀 → 𝐵̂ → 𝐵

tt, ff : 𝐵̂ ∀𝑚.⟦tt⟧𝑚 = #t ∀𝑚.⟦ff⟧𝑚 = #f
not : 𝐵̂ → 𝐵̂ ∀𝑚,𝑏.⟦not(𝑏)⟧𝑚 = ¬⟦𝑏⟧𝑚
and : 𝐵̂ → 𝐵̂ → 𝐵̂ ∀𝑚,𝑏1, 𝑏2 .⟦and(𝑏1, 𝑏2)⟧𝑚 = (⟦𝑏1⟧𝑚 ∧ ⟦𝑏2⟧𝑚)
or : 𝐵̂ → 𝐵̂ → 𝐵̂ ∀𝑚,𝑏1, 𝑏2 .⟦or(𝑏1, 𝑏2)⟧𝑚 = (⟦𝑏1⟧𝑚 ∨ ⟦𝑏2⟧𝑚)

imp : 𝐵̂ → 𝐵̂ → 𝐵̂ ∀𝑚,𝑏1, 𝑏2 .⟦imp(𝑏1, 𝑏2)⟧𝑚 = (⟦𝑏1⟧𝑚 → ⟦𝑏2⟧𝑚)

Symbolic closure 𝑐 ∈ 𝐶F⟨ĉl 𝑥, 𝑒, 𝐸⟩
⟦·⟧𝐶 : 𝑀 → 𝐶 → 𝑉 ⟦⟨ĉl 𝑥, 𝑒, 𝐸⟩⟧𝐶𝑚F⟨cl 𝑥, 𝑒, ⟦𝐸⟧Ê𝑚⟩

Symbolic environment 𝐸 ∈ ÊF Variable↛ 𝑉

⟦·⟧Ê : 𝑀 → Ê→ E ⟦𝐸⟧Ê𝑚F{𝑥 ↦→ 𝑣 | 𝑥 ∈ dom(𝐸), 𝑣 = 𝐸 [𝑥], ⟦𝑣⟧𝑉̂𝑚 = 𝑣}

Guarded choice 𝑔 ∈ 𝐵̂ × 𝛼F⟨𝑏, 𝑎⟩ where 𝑎 ∈ 𝛼, ⟦𝑎⟧𝛼𝑚 ∈ 𝛽 guard(𝑔)F 𝑏 choice(𝑔)F 𝑎

Guarded choices 𝐺 ∈ G𝛼 F[𝑔1, . . . , 𝑔𝑛]
⟦·⟧G𝛼 : 𝑀 → G𝛼 → 𝛽 ⟦𝑔 :: 𝐺⟧G𝛼𝑚 F if ⟦guard(𝑔)⟧𝑚 then ⟦choice(𝑔)⟧𝛼𝑚 else ⟦𝐺⟧G𝛼𝑚

⟦ [] ⟧G𝛼𝑚 F default(𝛽)
one : 𝑀 → G𝛼 → 𝐵 one𝑚 (𝐺) F length(filter(𝜆𝑔.⟦guard(𝑔)⟧𝑚,𝐺)) = 1

none : 𝑀 → G𝛼 → 𝐵 none𝑚 (𝐺)F length(filter(𝜆𝑔.⟦guard(𝑔)⟧𝑚,𝐺)) = 0

Symbolic state 𝜎 ∈ ΣF⟨𝑏1, 𝑏2⟩ assumes(𝜎)F 𝑏1 asserts(𝜎)F 𝑏2
normal : 𝑀 → Σ→ 𝐵 normal𝑚 (𝜎)F⟦assumes(𝜎)⟧𝑚 ∧ ⟦asserts(𝜎)⟧𝑚
aborts : 𝑀 → Σ→ 𝐵 aborts𝑚 (𝜎)F ¬⟦assumes(𝜎)⟧𝑚 ∧ ⟦asserts(𝜎)⟧𝑚
errors : 𝑀 → Σ→ 𝐵 errors𝑚 (𝜎)F⟦assumes(𝜎)⟧𝑚 ∧ ¬⟦asserts(𝜎)⟧𝑚
legal : 𝑀 → Σ→ 𝐵 legal𝑚 (𝜎)F⟦assumes(𝜎)⟧𝑚 ∨ ⟦asserts(𝜎)⟧𝑚
≡ : 𝑀 → Σ→ Σ→ 𝐵 𝜎1 ≡𝑚 𝜎2F⟦assumes(𝜎1)⟧𝑚 = ⟦assumes(𝜎2)⟧𝑚 ∧ ⟦asserts(𝜎1)⟧𝑚 = ⟦asserts(𝜎2)⟧𝑚

Symbolic result 𝑟 ∈ 𝑅FOut(𝜎, 𝑣) | Halt(𝜎)
state(𝑟 )F 𝜎 value(Out(𝜎, 𝑣))F 𝑣 value(Halt(𝜎))F default(𝑉 )

Result : Σ→ 𝑉 → 𝑅 Result(𝜎, 𝑣)F if (assumes(𝜎) = ff ∨ asserts(𝜎) = ff) then Halt(𝜎) else Out(𝜎, 𝑣)

⟦·⟧𝑅̂ : 𝑀 → 𝑅 → 𝑅 ⟦Out(𝜎, 𝑣)⟧𝑅̂𝑚F if normal𝑚 (𝜎) then Ans(⟦𝑣⟧𝑚) else if aborts𝑚 (𝜎) then Abt else Err
⟦Halt(𝜎)⟧𝑅̂𝑚 F if aborts𝑚 (𝜎) then Abt else Err

legal : 𝑀 → 𝑅 → 𝐵 legal𝑚 (Out(𝜎, 𝑣))F legal𝑚 (𝜎)
legal𝑚 (Halt(𝜎)) F legal𝑚 (𝜎) ∧ ¬normal𝑚 (𝜎)

Figure 2.4: Symbolic factory interface, parameterized by the set of all models𝑀 , symbolic values

𝑉 , and symbolic booleans 𝐵̂, as well as the parameters 𝑂 , 𝐷 , and op from the definition of 𝜆𝑐 .

We use ⟦·⟧𝛼 to denote the interpreter for values of type 𝛼 , omitting the superscript 𝛼 when it

is clear from the context. The hat accent denotes the symbolic counterpart of a concrete entity;

e.g., 𝑣 is a symbolic value, where 𝑣 is a concrete value.
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Lifting constants. The function lift : (𝐵 ∪ 𝐷 ∪𝐶) → 𝑉 provides a way to lift the meaning of

constant expressions (Literal and Closure in Figure 2.3). Given an input 𝑖 , lift(𝑖) returns a sym-

bolic value that has the same interpretation as 𝑖 under all models. The input 𝑖 is either a concrete

boolean, a concrete constant of type 𝐷 , or a symbolic closure. A symbolic closure ⟨ĉl 𝑥, 𝑒, 𝐸⟩ ∈ 𝐶

is a straightforward generalization of a concrete closure: it combines a procedure (𝜆𝑥.𝑒) with a

symbolic environment 𝐸 ∈ Ê, which maps variable names to symbolic values. Symbolic closures

and environments evaluate to their concrete counterparts via the interpretation functions ⟦·⟧𝐶

and ⟦·⟧Ê. Conversely, concrete closures and environments can be made symbolic by recursively

lifting their contents via lift(𝑖).

Lifting conditionals. The functions truth : 𝑉 → 𝐵̂ and merge : G𝑉 → 𝑉 help lift the seman-

tics of conditional expressions (IfTrue and IfFalse). The former lifts the conditional test for 𝜆𝑐 ,

and the latter lifts the output of conditional evaluation. In particular, truth(𝑣) encodes a logical

predicate on 𝑣 that is true unless 𝑣 evaluates to #f, while merge(𝐺) encodes the selection of a

value from a list 𝐺 ∈ G𝑉 of guarded choices. A guarded choice 𝑔 ∈ 𝐵̂ ×𝑉 pairs a symbolic boolean

with a symbolic value (or, more generally, any value with an interpreter). When a list 𝐺 of such

choices has one true guard under a given model, merge(𝐺) evaluates to the choice with the true

guard. For example,merge( [⟨𝑏, 𝑣1⟩, ⟨not(𝑏), 𝑣2⟩]) evaluates to ⟦𝑣1⟧𝑚 if ⟦𝑏⟧𝑚 is true, and to ⟦𝑣2⟧𝑚
otherwise. If 𝐺 has no or many true guards under a given model, the behavior of merge(𝐺) is

unspecified for that model, and irrelevant in the context of the symbolic semantics S𝑐 .

Lifting procedure calls. The function cast : 𝑉 → G𝐶 lifts the dynamic cast from values to

closures that is implicit in the semantics of procedure calls. The semantics uses two rules (Call

and CallBad) to handle the results of successful and failed casts on concrete values. We use

cast(𝑣) to make this operation explicit on symbolic values. The result of a symbolic cast is a list
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of guarded symbolic closures, cast(𝑣) ∈ G𝐶 . This list selects at most one closure under every

model to match the behavior of 𝑣 : if ⟦𝑣⟧𝑚 is a closure, then cast(𝑣) evaluates to ⟦𝑣⟧𝑚, and if

not, all guards in cast(𝑣) are false under𝑚, indicating that the cast has failed. As an example,

cast(merge( [⟨𝑏, lift(𝑐)⟩, ⟨not(𝑏), lift(#f)⟩])) produces a list of guarded closures that is equivalent

to [⟨𝑏, 𝑐⟩] under every model. This list evaluates to ⟦𝑐⟧𝑚 when ⟦𝑏⟧𝑚 is true, just like the input

to the cast, and has no true guards otherwise.

Lifting operator calls. The function ôp : 𝑂 → 𝑉 ∗ → 𝑅 lifts the function op : 𝑂 → 𝑉 ∗ → 𝑅,

which defines the semantics of operator calls (CallOp). Given a sequence 𝑣∗ = [𝑣1, . . . , 𝑣𝑘]

of symbolic values, ôp(𝑣∗) produces a symbolic result that evaluates to the concrete result of

op(⟦𝑣1⟧𝑚, . . . , ⟦𝑣𝑘⟧𝑚) under every model𝑚. Section 2.4.2 describes symbolic results and states

in detail. For now, it suffices to note that the symbolic result of ôp evaluates to the concrete result

of op as expected.

Example 2.3 To illustrate the factory interface, consider the toy factory in Figure 2.5. This factory

implements the interface for the language 𝜆Z from Example 2.1 as follows.

First, we define the symbolic boolean, integer, value, and model types for 𝜆Z. Our implementation

supports only one kind of symbolic variables, symbolic integers 𝑧 ∈ 𝑍 , so models 𝑚 ∈ 𝑀Z map

symbolic integer variables to integer constants. Symbolic values include symbolic booleans, integers,

closures (Figure 2.4), and 𝜙 expressions, which select between two symbolic values based on a symbolic

boolean guard. We use 𝜙 expressions to represent conditionals for simplicity; practical factories rely

on more efficient representations (see, e.g., [93, 80]).

Next, we implement standard bottom-up interpreters for our base types, followed by a basic

implementation of the logical operations provided by the factory. Our logical operators simplify

their outputs when given concrete inputs and perform no other optimizations. In contrast, practical

implementations use dozens of logical equivalences to simplify their outputs as much as possible.
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Symbolic booleans 𝐵̂Z, integers 𝐷̂Z, values 𝑉Z, and models𝑀Z for 𝜆Z:
𝑏 ∈ 𝐵̂Z F 𝑏 | (!𝑏) | (𝑏1 &&𝑏2) | (𝑑1 ∼ 𝑑2) 𝑏 ∈ 𝐵 F #t | #f ∼ F < | =
𝑑 ∈ 𝐷̂Z F 𝑑 | 𝑧 | (−𝑑) 𝑧 ∈ 𝑍 F symbolic integer variable 𝑑 ∈ ZF integer constant
𝑣 ∈ 𝑉Z F 𝑏 | 𝑑 | 𝑐 | 𝜙 (𝑏, 𝑣1, 𝑣2) 𝑚 ∈ 𝑀Z F 𝑍 → Z

Interpreters for symbolic booleans 𝐵̂Z, integers 𝐷̂Z, and values 𝑉Z, with respect to models𝑀Z:

⟦𝑏⟧𝐵̂Z𝑚 F 𝑏 ⟦(!𝑏)⟧𝐵̂Z𝑚 F ¬⟦𝑏⟧𝐵̂Z𝑚 ⟦(𝑏1 &&𝑏2)⟧𝐵̂Z𝑚 F⟦𝑏1⟧𝐵̂Z𝑚 ∧ ⟦𝑏2⟧𝐵̂Z𝑚 ⟦(𝑑1 ∼ 𝑑2)⟧𝐵̂Z𝑚 F⟦𝑑1⟧𝐷̂Z𝑚 ∼ ⟦𝑑2⟧𝐷̂Z𝑚

⟦𝑑⟧𝐷̂Z𝑚 F 𝑑 ⟦𝑧⟧𝐷̂Z𝑚 F𝑚[𝑧] ⟦(−𝑑)⟧𝐷̂Z𝑚 F −⟦𝑑⟧𝐷̂Z𝑚

⟦𝑏⟧𝑉̂Z𝑚 F⟦𝑏⟧𝐵̂Z𝑚 ⟦𝑑⟧𝑉̂Z𝑚 F⟦𝑑⟧𝐷̂Z𝑚 ⟦𝑐⟧𝑉̂Z𝑚 F⟦𝑐⟧𝐶𝑚 ⟦𝜙 (𝑏, 𝑣1, 𝑣2)⟧𝑉̂Z𝑚 F if ⟦𝑏⟧𝐵̂𝑚 then ⟦𝑣1⟧𝑉̂𝑚 else ⟦𝑣2⟧𝑉̂𝑚
Factory operations on symbolic booleans 𝐵̂Z:
ff F #f not(𝑏) F ¬𝑏 and(#f, 𝑏) F #f and(𝑏,𝑏) F and(𝑏, 𝑏) or(𝑏1, 𝑏2) F not(and(not(𝑏1), not(𝑏2)))
ttF #t not(𝑏) F (!𝑏) and(#t, 𝑏) F 𝑏 and(𝑏1, 𝑏2) F (𝑏1 &&𝑏2) imp(𝑏1, 𝑏2)F not(and(𝑏1, not(𝑏2)))

Factory operations on symbolic values 𝑉Z:
lift(𝑖)F 𝑖

truth(𝑏)F 𝑏 truth(𝑑)F #t truth(𝑐)F #t
truth(𝜙 (𝑏, 𝑣1, 𝑣2))F and(imp(𝑏, truth(𝑣1)), imp(not(𝑏), truth(𝑣2)))
merge( [])F #f merge( [𝑔])F choice(𝑔) merge(𝑔1 :: 𝑔2 :: 𝐺)F 𝜙 (guard(𝑔1), choice(𝑔1),merge(𝑔2 :: 𝐺))
cast(𝑏)F[] cast(𝑑)F[] cast(𝑐)F[⟨#t, 𝑐⟩]
cast(𝜙 (𝑏, 𝑣1, 𝑣2))F append(subcast(𝑏, 𝑣1), subcast(not(𝑏), 𝑣2))
subcast(𝑏, 𝑣)Fmap(𝜆𝑔.⟨and(𝑏, guard(𝑔)), choice(𝑔)⟩, cast(𝑣))
ôp(−, 𝑏)FHalt(⟨#t, #f⟩) ôp(−, 𝑐)FHalt(⟨#t, #f⟩) ôp(−, 𝑣1, . . . , 𝑣𝑘 )FHalt(⟨#t, #f⟩) where 𝑘 ≠ 1
ôp(−, 𝑑)FOut(⟨#t, #t⟩,−𝑑) ôp(−, 𝑑)FOut(⟨#t, #t⟩, (−𝑑)) ôp(−, 𝜙 (𝑏, 𝑣1, 𝑣2))F . . . ôp(. . .)F . . .

Figure 2.5: A toy factory for the language 𝜆Z from Example 2.1. The factory reuses the definition

of symbolic closures 𝑐 ∈ 𝐶 and the interpreter ⟦·⟧𝐶 from Figure 2.4.
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Finally, we implement lift, truth,merge, cast, and ôp. These are straightforward except formerge

and ôp. For example, ⟦truth(𝜙 (𝑏, 𝑏1, 𝑑2))⟧𝑚 is equivalent to (⟦𝑏⟧𝑚 → ⟦𝑏1⟧𝑚)∧ (¬⟦𝑏⟧𝑚 → ⟦#t⟧𝑚),

which says that truth(𝜙 (𝑏, 𝑏1, 𝑑2)) is false only when𝑏 is true and𝑏1 is false. Similarly, cast(𝜙 (𝑏, 𝑐, 𝑑))

produces [⟨𝑏, 𝑐⟩], which evaluates to 𝑐 when 𝜙 (𝑏, 𝑐, 𝑑) does and has no true guards otherwise. To

see why merge(𝐺) works, recall that it must match the interpretation of 𝐺 only under models that

make exactly one guard in 𝐺 true. In this case, merge( []) can return anything; merge( [𝑔]) must

return the sole chosen value; and the nested 𝜙 value produced by merge(𝑔1 :: 𝑔2 :: 𝐺) is equivalent to

𝑔1 :: 𝑔2 :: 𝐺 . For example, merge( [⟨𝑏, 𝑣1⟩, ⟨not(𝑏), 𝑣2⟩]) returns 𝜙 (𝑏, 𝑣1, 𝑣2). We show the base cases

for ôp(−, . . .) and omit the rest for brevity. For example, ôp(−) errors because it is given the wrong

the number of arguments, while ôp(−, 𝑑) terminates normally and produces the right value.

2.4.2 Evaluation Rules for S𝑐

Given a symbolic factory, we define the symbolic semantics S𝑐 using the rules shown in Fig-

ure 2.6. The rules lift the concrete semantics of 𝜆𝑐 (Figure 2.3) to work on symbolic values. The

judgment ⟨𝑒, 𝐸, 𝜎⟩

⇛

𝑟 says that the expression 𝑒 produces the symbolic result 𝑟 when evaluated

in the symbolic environment 𝐸 and state 𝜎 . Intuitively, this judgment encodes a set of concrete

executions ⟨𝑒, ⟦𝐸⟧𝑚⟩ ⇓ ⟦𝑟⟧𝑚 , one for each model𝑚 ∈ 𝑀 . The environment 𝐸 ∈ Ê maps variables

to symbolic values. The input state 𝜎 ∈ Σ consists of two formulas, assumes(𝜎) and asserts(𝜎),

that jointly indicate if prior execution steps terminated normally, errored, or aborted under a

given model (Figure 2.4). The result 𝑟 ∈ 𝑅 is either Out(𝜎′, 𝑣) or Halt(𝜎′). The former means

that 𝑒 may error, abort, or terminate normally to produce ⟦𝑣⟧𝑚 , with the outcome determined

by the output state 𝜎′. The latter means that 𝑒 cannot terminate normally under any model; i.e.,

normal𝑚 (𝜎′) is guaranteed to be false. We describe the rules of S𝑐 below, and discuss the main

features of our design in Section 2.4.3.
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Literal
𝑣 ∈ 𝐵 ∪ 𝐷

⟨𝑣, 𝐸, 𝜎⟩

⇛

Out(𝜎, lift(𝑣))
Closure

⟨(𝜆𝑥 .𝑒), 𝐸, 𝜎⟩

⇛

Out(𝜎, lift(⟨ĉl 𝑥, 𝑒, 𝐸⟩))

Variable
𝑥 ∈ dom(𝐸)

⟨𝑥, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝐸 [𝑥])
CallOp

⟨𝑥1, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝑣1) . . . ⟨𝑥𝑛, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝑣𝑛)
⟨(𝑜 𝑥1 . . . 𝑥𝑛), 𝐸, 𝜎⟩

⇛

strengthen(𝜎, ôp(𝑜, 𝑣1, . . . , 𝑣𝑛))

Call

⟨𝑥1, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝑣1) ⟨𝑥2, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝑣2) 𝐺1 = cast(𝑣1) 𝑛 = length(𝐺1) = length(𝐺2)
𝛾 = some(guard,𝐺1) 𝜎 ′ = assert(𝜎,𝛾) 𝛾 ≠ ff ∧ assumes(𝜎 ′) ≠ ff ∧ asserts(𝜎 ′) ≠ ff

∀𝑖 ∈ [0, 𝑛). let ⟨𝑏1, ⟨ĉl 𝑥, 𝑒, 𝐸1⟩⟩F𝐺1 [𝑖], ⟨𝑏2, 𝑟 ⟩F𝐺2 [𝑖] in (𝑏1 = 𝑏2 ∧ ⟨𝑒, 𝐸1 [𝑥 ↦→ 𝑣2], assume(𝜎 ′, 𝑏1)⟩

⇛

𝑟 )
⟨(𝑥1 𝑥2), 𝐸, 𝜎⟩

⇛

merge𝑅̂ (𝜎
′,𝐺2)

CallBad

⟨𝑥1, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝑣1) ⟨𝑥2, 𝐸, 𝜎⟩
⇛

Out(𝜎, 𝑣2) 𝐺1 = cast(𝑣1)
𝛾 = some(guard,𝐺1) 𝜎 ′ = assert(𝜎,𝛾) 𝛾 = ff ∨ assumes(𝜎 ′) = ff ∨ asserts(𝜎 ′) = ff

⟨(𝑥1 𝑥2), 𝐸, 𝜎⟩
⇛

Halt(𝜎 ′)

Let
⟨𝑒1, 𝐸, 𝜎⟩

⇛

Out(𝜎 ′, 𝑣1) ⟨𝑒2, 𝐸 [𝑥 ↦→ 𝑣1], 𝜎 ′⟩
⇛
𝑟

⟨(let (𝑥 𝑒1) 𝑒2), 𝐸, 𝜎⟩

⇛

𝑟
LetHalt

⟨𝑒1, 𝐸, 𝜎⟩

⇛

Halt(𝜎 ′)
⟨(let (𝑥 𝑒1) 𝑒2), 𝐸, 𝜎⟩

⇛

Halt(𝜎 ′)

IfTrue

⟨𝑥, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝑣)
truth(𝑣) = tt ⟨𝑒1, 𝐸, 𝜎⟩

⇛

𝑟

⟨(if 𝑥 𝑒1 𝑒2), 𝐸, 𝜎⟩

⇛

𝑟
IfFalse

⟨𝑥, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝑣)
truth(𝑣) = ff ⟨𝑒2, 𝐸, 𝜎⟩

⇛

𝑟

⟨(if 𝑥 𝑒1 𝑒2), 𝐸, 𝜎⟩

⇛

𝑟

IfSym

⟨𝑥, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝑣) truth(𝑣) ≠ tt ∧ truth(𝑣) ≠ ff

⟨𝑒1, 𝐸, assume(𝜎, truth(𝑣))⟩

⇛

𝑟1 ⟨𝑒2, 𝐸, assume(𝜎, not(truth(𝑣)))⟩

⇛

𝑟2

⟨(if 𝑥 𝑒1 𝑒2), 𝐸, 𝜎⟩

⇛

merge𝑅̂ (𝜎, [⟨truth(𝑣), 𝑟1⟩, ⟨not(truth(𝑣)), 𝑟2⟩])

Error
⟨(error), 𝐸, 𝜎⟩

⇛

Halt(assert(𝜎,ff))
Abort

⟨(abort), 𝐸, 𝜎⟩

⇛

Halt(assume(𝜎,ff))

assume : Σ→ 𝐵̂ → Σ assume(𝜎,𝑏)F⟨and(assumes(𝜎), imp(asserts(𝜎), 𝑏)), asserts(𝜎)⟩
assert : Σ→ 𝐵̂ → Σ assert(𝜎,𝑏)F⟨assumes(𝜎), and(asserts(𝜎), imp(assumes(𝜎), 𝑏))⟩

merge𝑅̂ : Σ→ G𝑅̂ → 𝑅 merge𝑅̂ (𝜎,𝐺)F if andmap(𝜆𝑔. choice(𝑔) ∈ Halt(·),𝐺)
then Halt(mergeΣ (𝜎,𝐺))
else Result(mergeΣ (𝜎,𝐺),merge𝑉̂ (𝐺))

mergeΣ : Σ→ G𝑅̂ → Σ mergeΣ (𝜎,𝐺)F⟨and(assumes(𝜎), all(𝜆⟨𝑏, 𝑟 ⟩. imp(𝑏, assumes(state(𝑟 ))),𝐺)),
and(asserts(𝜎), all(𝜆⟨𝑏, 𝑟 ⟩. imp(𝑏, asserts(state(𝑟 ))),𝐺))⟩

merge𝑉̂ : G𝑅̂ → 𝑉 merge𝑉̂ (𝐺)Fmerge(map(𝜆⟨𝑏, 𝑟 ⟩. ⟨𝑏, value(𝑟 )⟩,𝐺))

strengthen : Σ→ 𝑅 → 𝑅 strengthen(𝜎,Halt(𝜎 ′))FHalt(compose(𝜎, 𝜎 ′))
strengthen(𝜎,Out(𝜎 ′, 𝑣))F Result(compose(𝜎, 𝜎 ′), 𝑣)

compose : Σ→ Σ→ Σ compose(𝜎, 𝜎 ′)F⟨and(assumes(𝜎), imp(asserts(𝜎), assumes(𝜎 ′))),
and(asserts(𝜎), imp(assumes(𝜎), asserts(𝜎 ′)))⟩

some : (𝛼 → 𝐵̂) → 𝛼∗ → 𝐵̂ some(𝑓 , 𝐴)F foldr(𝜆𝑎.𝑏.or(𝑓 (𝑎), 𝑏),ff, 𝐴)
all : (𝛼 → 𝐵̂) → 𝛼∗ → 𝐵̂ all(𝑓 , 𝐴)F foldr(𝜆𝑎.𝑏.and(𝑓 (𝑎), 𝑏),tt, 𝐴)

Figure 2.6: Symbolic semantics S𝑐 for 𝜆𝑐 , parameterized by the symbolic factory types and

functions (Figure 2.4), as well as the parameters 𝑂 , 𝐷 , and op from the syntax and concrete

semantics of 𝜆𝑐 (Figure 2.2, 2.3).
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Lifting constants and variables. The rules for evaluating constants (Literal, Closure) and

variables (Variable) are straightforward. Each lifts the concrete evaluation rule of the same name

(Figure 2.3), by replacing all the concrete constructs with their symbolic counterparts. For example,

the symbolic Variable rule looks up the variable 𝑥 in the symbolic environment 𝐸, just as the

concrete Variable rule looks up 𝑥 in the concrete environment 𝐸. Similarly, the symbolic Literal

and Closure rules return the result of lifting a given literal and closure, respectively, via lift(𝑖).

Lifting error and abort expressions. The rules Error and Abort are more interesting. Each

produces a result of the formHalt(𝜎′), since evaluating (error) or (abort) always leads to abnormal

termination. The two rules differ in how they compute the output state 𝜎′: Error uses assert(𝜎,ff)

and Abort uses assume(𝜎,ff). The resulting output states update one component of the input

state—asserts or assumes, respectively—and leave the other component unchanged. These updates

are symmetric, which is a key feature of S𝑐 discussed in Section 2.4.3. For now, we note that

errors𝑚 (assert(𝜎,ff)) and aborts𝑚 (assume(𝜎,ff)) if 𝜎 is normal under𝑚, and the two states are

equivalent (≡𝑚) to 𝜎 otherwise. In other words, errors are treated as failed assertions; aborts are

treated as failed assumptions; and both are no-ops when the input state is already abnormal.

Example 2.4 To illustrate the Error rule (and, by symmetry, the Abort rule), suppose that we have

⟨(error), 𝐸, 𝜎⟩

⇛

Halt(𝜎′), where 𝜎′ stands for assert(𝜎,ff). If the state 𝜎 is normal under a model

𝑚, then we have:

errors𝑚 (𝜎 ′) = ⟦assumes(𝜎 ′)⟧𝑚 ∧ ¬⟦asserts(𝜎 ′)⟧𝑚

= ⟦assumes(𝜎)⟧𝑚 ∧ ¬⟦and(assumes(𝜎), imp(assumes(𝜎),ff))⟧𝑚

= ⟦assumes(𝜎)⟧𝑚 ∧ ¬(⟦asserts(𝜎)⟧𝑚 ∧ (⟦assumes(𝜎)⟧𝑚 → ⟦ff⟧𝑚))

= #t ∧ ¬(#t ∧ (#t→ #f))

= #t
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In this case, Halt(𝜎′) evaluates to Err under𝑚, as expected. Similar reasoning shows that if 𝜎 is

abnormal under𝑚, then 𝜎′ ≡𝑚 𝜎 , soHalt(𝜎′) evaluates to Err or Abt, depending on 𝜎′, and the Error

rule propagates the existing cause of abnormal termination.

Lifting procedure calls. The rules Call and CallBad lift the semantics of procedure calls

(𝑥1 𝑥2) as follows. Given ⟨𝑥1, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝑣1) and ⟨𝑥2, 𝐸, 𝜎⟩
⇛

Out(𝜎, 𝑣2), both rules compute

cast(𝑣1) to extract all possible symbolic closures 𝐺1 from 𝑣1. Then, they use 𝐺1 to construct

the formula 𝛾 = some(guard,𝐺1), which is true when some guard in 𝐺1 is true, and the state

𝜎′ = assert(𝜎,𝛾), which asserts that 𝛾 holds. If the factory reduces either 𝛾 or a component of 𝜎′

to ff, we know that 𝑣1 is not a closure or 𝜎′ is not normal under any model. In this case, CallBad

triggers and produces Halt(𝜎′). Otherwise, Call establishes that, for every choice ⟨𝑏𝑖, 𝑐𝑖⟩ ∈ 𝐺1,

applying the closure 𝑐𝑖 to the value 𝑣2 in the state assume(𝜎′, 𝑏𝑖) produces the result 𝑟𝑖 . The

guarded results ⟨𝑏𝑖, 𝑟𝑖⟩ form the list 𝐺2 of all possible outcomes of applying 𝑣1 to 𝑣2. Call merges

these outcomes into the result merge𝑅 (𝜎′,𝐺2), which evaluates to ⟦𝐺2⟧𝑚 if 𝜎′ is normal under𝑚,

and to ⟦Halt(𝜎′)⟧𝑚 otherwise. In a nutshell, Call applies the closures from cast(𝑣1) separately

to 𝑣2 and merges the results, and CallBad short-circuits this process when the factory is able to

determine that cast(𝑣1) can never succeed.

Example 2.5 Consider evaluating the procedure call (𝑥1 𝑥2) in the environment 𝐸 = {𝑥1 ↦→ 𝑣1, 𝑥2 ↦→

𝑣2} and state 𝜎 = ⟨tt,tt⟩, using the toy symbolic factory from Example 2.3. In this setting, we have

⟨𝑥1, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝑣1) and ⟨𝑥2, 𝐸, 𝜎⟩

⇛

Out(𝜎, 𝑣2), and we illustrate the two call rules as follows.

First, suppose that 𝑣1 = 42. Using the definitions from Figure 2.5, we see that 𝐺1 = cast(𝑣1) = [],

𝛾 = some(guard,𝐺1) = ff, and 𝜎′ = assert(𝜎,𝛾) = assert(𝜎,ff) = ⟨tt,ff⟩. These preconditions

trigger CallBad to return Halt(𝜎′), which evaluates to Err under all models.

Second, suppose that 𝑣1 = 𝜙 (𝑏, 𝑐1, 𝑐2), where 𝑏 = (𝑧 < 0), 𝑐1 = ⟨ĉl 𝑥, 0, 𝐸1⟩, and 𝑐2 = ⟨ĉl 𝑥, 1, 𝐸2⟩.

We now have 𝐺1 = cast(𝑣1) = [⟨𝑏, 𝑐1⟩, ⟨!𝑏, 𝑐2⟩], 𝛾 = !((!(!𝑏)) && (!𝑏)), and 𝜎′ = assert(𝜎,𝛾) =
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⟨tt, 𝛾⟩. This triggers the Call rule to establish that 𝐺2 = [⟨𝑏,Out(𝜎1, 0)⟩, ⟨!𝑏,Out(𝜎2, 1)⟩], where

𝜎1 = assume(𝜎′, 𝑏) = ⟨!(𝛾 && !𝑏), 𝛾⟩ and 𝜎2 = assume(𝜎′, !𝑏) = ⟨!(𝛾 && ! !𝑏), 𝛾⟩. Finally,

we have merge𝑅 (𝜎′,𝐺2) = Out(mergeΣ(𝜎′,𝐺2),merge𝑉 (𝐺2)) = Out(⟨𝑏1, 𝑏2⟩, 𝜙 (𝑏, 0, 1)), where

𝑏1 = !(!𝑏 && ! !(𝛾 && ! !𝑏)) && !(𝑏 && ! !(𝛾 && !𝑏)) and 𝑏2 = 𝛾 &&(!(!𝑏 && !𝛾) && !(𝑏 && !𝛾)).

Applying basic logical simplifications to 𝛾 , 𝑏1, and 𝑏2, we see that they are all equivalent to tt. So, the

result of the call is Out(⟨tt,tt⟩, 𝜙 (𝑏, 0, 1)), which matches the interpretation of 𝐺2 under all models.

Lifting let expressions and conditionals. The rules Let, LetHalt, IfTrue, IfFalse, and

IfSym are analogous to Call and CallBad. In particular, Let and IfSym provide a general mech-

anism for lifting let expressions and conditionals, and the remaining rules short-circuit this

mechanism in important special cases. LetHalt ensures that the expression (let (𝑥 𝑒1) 𝑒2) halts

for the same reason as 𝑒1 when 𝑒1 is guaranteed to halt under all models. IfTrue and IfFalse

avoid executing infeasible branches of a conditional when the conditional test is a logical constant

and therefore has the same value under all models. All three of these special-case rules mirror

the corresponding concrete evaluation rules in Figure 2.3. The two general rules, Let and IfSym,

behave similarly to Call.

Lifting operator calls. The rule CallOp lifts the semantics of operator calls using the factory

function ôp and the auxiliary function strengthen. The function strengthen(𝜎, 𝑟 ) updates the

result 𝑟 of ôp so that it evaluates to ⟦𝑟⟧𝑚 when 𝜎 is normal under the model𝑚 and to ⟦Halt(𝜎)⟧𝑚
otherwise. In essence, ôp calculates its result assuming an unconstrained start state, i.e., ⟨tt,tt⟩,

and CallOp strengthens this result to reflect the constraints imposed by the input state 𝜎 .

Example 2.6 Suppose that we want to evaluate (− 𝑥) in the environment 𝐸 = {𝑥 ↦→ 0} and state 𝜎 ,

using the toy factory from Example 2.3. In this case, we have 𝑟 = ôp(−, 0) = Out(⟨#t, #t⟩, 0). Assum-

ing that neither component of𝜎 is constant, we have strengthen(𝜎, 𝑟 ) = Result(compose(𝜎, ⟨#t, #t⟩), 0)
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= Result(⟨and(assumes(𝜎), imp(asserts(𝜎), #t)), and(asserts(𝜎), imp(assumes(𝜎), #t))⟩, 0), sim-

plified toOut(⟨assumes(𝜎), asserts(𝜎)⟩, 0) = Out(𝜎, 0). This result matches ⟦𝑟⟧𝑚 when 𝜎 is normal

under𝑚, and it evaluates to Err or Abt otherwise, depending on 𝜎 .

2.4.3 Properties of S𝑐

The evaluation rules for S𝑐 are designed to preserve three key properties: legality, reducibility,

and determinism. This last property is general and shared by other approaches. The first two

are inherent in symbolic execution but missing from prior merging semantics [9]. All three are

important guarantees for tools built on top of reusable symbolic evaluators.

Legality Legality is a property of symbolic states that gives client tools a simple interpretation

of what these states mean. In particular, the two bits of state distinguish normal termination,

where both bits are true, from errors and aborts, where one bit is true and the other is false. A

state with two false bits has no natural meaning, so a state is legal under a model𝑚 if at least one

of its components, assumes(𝜎) or asserts(𝜎), is true under𝑚 (Figure 2.4). Our semantics supports

this intuitive interpretation by ensuring that every legal state leads to a legal result.

Theorem 2.2 Evaluating an expression from a legal symbolic state leads to a legal symbolic result:

∀𝑒, 𝐸, 𝜎, 𝑟,𝑚. (legal𝑚 (𝜎) ∧ ⟨𝑒, 𝐸, 𝜎⟩

⇛

𝑟 ) → legal𝑚 (𝑟 ).

Preserving legality amounts to guaranteeing that each state𝜎 is free of errorswhen assumes(𝜎) →

asserts(𝜎) holds under a given model. Symbolic execution maintains this relation by calling the

solver to check the symbolic state after each update, and proceeding only if the state remains

feasible and free of errors. Both symbolic execution and the classic merging semantics update

the symbolic state in the same way: assert(𝜎,𝑏) from Figure 2.6 updates the assertions, and
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assume
′(𝜎,𝑏)F⟨and(assumes(𝜎), 𝑏), asserts(𝜎)⟩ updates the assumptions. But the classic se-

mantics does not check the updated states for errors and feasibility, and without these checks, the

updates can produce illegal results. Our semantics uses a different updating function, assume(𝜎,𝑏),

which preserves legality by construction, as illustrated in Example 2.7.

Example 2.7 To illustrate the difference between S𝑐 and the classic merging semantics, consider

evaluating the following program in the environment 𝐸 = {𝑥 ↦→ 𝑣1, 𝑦 ↦→ 𝑣2} and state 𝜎 = ⟨tt,tt⟩:
1 (let (_ (if x #t (error))) ; assert truth(x)
2 (let (_ (if y #t (abort))) ; assume truth(y)
3 _))

Given these inputs, S𝑐 produces a result that is equivalent to 𝑟 = Out(assume(assert(𝜎,𝑏1), 𝑏2), ·),

and the classic semantics produces one equivalent to 𝑟 ′ = Out(assume
′(assert(𝜎,𝑏1), 𝑏2), ·), where

𝑏1 = truth(𝑣1) and 𝑏2 = truth(𝑣2). After simplifying the resulting states, we get state(𝑟 ) =

⟨imp(𝑏1, 𝑏2), 𝑏1⟩ and state(𝑟 ′) = ⟨𝑏2, 𝑏1⟩. The former is legal under all models, and it is free of

errors when ⟦assumes(state(𝑟 )) → asserts(state(𝑟 ))⟧𝑚 = ⟦𝑏1⟧𝑚 holds. The latter is illegal when

𝑏1 and 𝑏2 are both false, and tools must account for this when formulating verification queries.

Reducibility Reducibility is a property of symbolic evaluation that lets client tools treat the

symbolic evaluator as a generalized concrete interpreter. Informally, a reducible symbolic evaluator

behaves like the underlying concrete interpreter when applied to a (lifted) concrete environment.

Reducibility is crucial for testing of client code (see, e.g., [60]), and for ensuring that symbolic

evaluation abandons infeasible paths as soon as possible. It is baked into symbolic execution,

which reduces to evaluating the same program path as concrete execution in a concrete environ-

ment. In contrast, the classic merging semantics mirrors the concrete semantics only on loop-free

programs—loops can cause it to diverge even when the corresponding concrete execution termi-

nates. Our symbolic semantics reduces to the concrete semantics on all programs (Theorem 2.3),

when coupled with a symbolic factory that takes (lifted) concrete inputs to (lifted) concrete outputs
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(Definition 2.5). This optimization is common to practical factories, as well as the toy one from

Example 2.3. Unlike the classic merging semantics, S𝑐 takes advantage of this optimization to

abandon halted paths and avoid infeasible infinite loops whenever possible. The key is to introduce

the notion of halted results, Halt(𝜎), and the rules for propagating them, as shown in Example 2.8.

Definition 2.5 (Reducing factory) A symbolic factory is a reducing factory if and only if it

satisfies the factory specification (Figure 2.4) and takes lifted concrete inputs to lifted concrete outputs:

truth(lift𝑉 (#f)) = ff ∀𝑏. not(𝑏) = lift𝐵 (¬𝑏)

∀𝑣 . 𝑣 ≠ #f→ truth(lift𝑉 (𝑣)) = tt ∀𝑏1, 𝑏2. and(𝑏1, 𝑏2) = lift𝐵 (𝑏1 ∧ 𝑏2)

∀𝑣 . merge( [⟨tt, lift𝑉 (𝑣)⟩]) = lift𝑉 (𝑣) ∀𝑏1, 𝑏2. or(𝑏1, 𝑏2) = lift𝐵 (𝑏1 ∨ 𝑏2)

∀𝑥, 𝑒, 𝐸. cast(lift𝑉 (⟨cl 𝑥, 𝑒, 𝐸⟩)) = [⟨tt, ⟨ĉl 𝑥, 𝑒, liftE (𝐸)⟩⟩] ∀𝑏1, 𝑏2. imp(𝑏1, 𝑏2) = lift𝐵 (𝑏1 → 𝑏2)

∀𝑣 . 𝑣 ∉ 𝐶 → cast(lift𝑉 (𝑣)) = []

∀𝑣1, . . . , 𝑣𝑛 . ôp(𝑜, lift𝑉 (𝑣1), . . . , lift𝑉 (𝑣𝑛)) = lift𝑅 (op(𝑜, 𝑣1, . . . , 𝑣𝑛))

Here, the lifting functions generalize lift as follows:

lift𝑉 (𝑏)F lift(𝑏) lift𝑉 (𝑑)F lift(𝑑) lift𝑉 (⟨cl 𝑥, 𝑒, 𝐸⟩)F lift(⟨ĉl 𝑥, 𝑒, liftE (𝐸)⟩)

lift𝐵 (#t)F tt lift𝐵 (#f)F ff liftE (𝐸)F{𝑥 ↦→ lift𝑉 (𝐸 [𝑥]) | 𝑥 ∈ dom(𝐸)}

lift𝑅 (Err)FHalt(⟨tt,ff⟩) lift𝑅 (Abt)FHalt(⟨ff,tt⟩) lift𝑅 (Ans(𝑣))FOut(⟨tt,tt⟩, lift𝑉 (𝑣))

Theorem 2.3 If S𝑐 is parameterized with a reducing symbolic factory, then it reduces to the concrete

semantics of 𝜆𝑐 in all lifted concrete environments: ∀𝑒, 𝐸, 𝑟 . ⟨𝑒, liftE(𝐸), ⟨tt,tt⟩⟩

⇛

lift𝑅 (𝑟 ) ↔ ⟨𝑒, 𝐸⟩ ⇓ 𝑟 .

Example 2.8 Consider evaluating the following program in the environment 𝐸 = {𝑥1 ↦→ lift𝑉 (#f),

𝑥2 ↦→ lift𝑉 (#f)} and state 𝜎 = ⟨tt,tt⟩, using a reducing factory such as the toy factory from

Example 2.3:

1 (let (x2 (x1 x2))
2 (let (y (𝜆 y . (y y)))
3 (y y)))
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From Definition 2.5, we see that cast(lift𝑉 (#f)) = [] so some(guard, []) = ff, triggering CallBad

to return Halt(𝜎′) = Halt(assert(𝜎,ff)) = Halt(⟨tt,ff⟩). This result then triggers LetHalt to return

Halt(⟨tt,ff⟩) = lift𝑅 (Err) as the output of the program, matching its concrete execution in the en-

vironment 𝐸 = {𝑥1 ↦→ #f, 𝑥2 ↦→ #f}. Now consider evaluating the same program with the classic

merging semantics, which has no notion of halted results or rules for handling them. Without this

mechanism, Call would return Out(assert(𝜎,ff), ·) and trigger Let, leading to an infinite loop.

Determinism In addition to preserving legality and reducibility, S𝑐 is also deterministic (The-

orem 2.4): it always produces the same result when applied to the same environment and state.

This is important for the development and debugging of client tools, as well as for their usability.

Assuming that the underlying solver is deterministic too, a client query is guaranteed to behave

consistently across runs, by consuming the same amount of resources to produce the same output.

Theorem 2.4 Evaluating an expression from the same symbolic environment and state produces

the same symbolic result: ∀𝑒, 𝐸, 𝜎, 𝑟1, 𝑟2. (⟨𝑒, 𝐸, 𝜎⟩

⇛

𝑟1 ∧ ⟨𝑒, 𝐸, 𝜎⟩

⇛

𝑟2) → 𝑟1 = 𝑟2.

2.4.4 Angelic Execution and Verification with S𝑐

Given an implementation of S𝑐 and a solver for formulas 𝑏 ∈ 𝐵̂ (Definition 2.6), we can implement

the angelic execution and verification queries as shown in Definition 2.7. Both queries use S𝑐

to evaluate the input program 𝑒 in the symbolic environment 𝐸 that represents a set of concrete

environments E = {𝐸 | ∃𝑚. ⟦𝐸⟧𝑚 = 𝐸}. Angelic execution then uses the solver to search for a

model in which the resulting symbolic state is normal, and verification searches for a model in

which the resulting state errors. The next section shows that this correctly implements Definitions

2.3 and 2.4, respectively.
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Definition 2.6 (Solver) Given a symbolic boolean 𝑏 ∈ 𝐵̂, a solver solve(𝑏) diverges or produces

one of two results: either a model𝑚 ∈ 𝑀 such that ⟦𝑏⟧𝑚 is true, or unsat if no such model exists.

Definition 2.7 (Queries) Let 𝐸 be a symbolic environment that represents a set of concrete states

E = {𝐸 | ∃𝑚. ⟦𝐸⟧𝑚 = 𝐸}. We define guess(𝑒, 𝐸) and verify(𝑒, 𝐸) as follows:

guess(𝑒, 𝐸)F let ⟨𝑒, 𝐸, ⟨tt,tt⟩⟩

⇛

𝑟, 𝜎 = state(𝑟 ) in lower(𝐸, solve(and(assumes(𝜎), asserts(𝜎))))

verify(𝑒, 𝐸)F let ⟨𝑒, 𝐸, ⟨tt,tt⟩⟩

⇛

𝑟, 𝜎 = state(𝑟 ) in lower(𝐸, solve(and(assumes(𝜎), not(asserts(𝜎)))))

lower(𝐸,𝑚)F⟦𝐸⟧𝑚

lower(𝐸, unsat)F unsat

2.5 Correctness of S𝑐

This section establishes the correctness of S𝑐 and the queries implemented on top of it. We for-

mulate and prove the soundness and completeness theorem for S𝑐 . Because S𝑐 may diverge in the

presence of loops, this formulation considers all diverging runs to be trivially correct. We therefore

prove an additional theorem showing that S𝑐 is guaranteed to terminate on all loop-free programs:

like the classic merging semantics,S𝑐 defines a total, sound, and complete symbolic evaluation func-

tion for this class of programs. To conclude, we establish that our implementations of guess(𝑒, 𝐸)

and verify(𝑒, 𝐸) satisfy the definitions of angelic execution and verification given in Section 2.3.

2.5.1 Soundness and Completeness of S𝑐

What does it mean for a symbolic semantics to be correct, i.e., sound and complete? In the case of

symbolic execution, soundness and completeness can be formulated by relating paths in the sym-

bolic execution tree to concrete execution traces (see, e.g., [56, 41]): soundness means that every



2.5. Correctness of S𝑐 35

concrete trace of length 𝑛 is covered by some feasible symbolic path of length 𝑛, and completeness

means that every feasible symbolic path corresponds to a concrete trace. This formulation works

for all programs and all symbolic execution trees. But because it assumes path-based evaluation,

it does not apply to merging semantics such as S𝑐 . To reason about symbolic evaluation with

merging, we take inspiration from prior work on formalizing static analyzers [49, 48] based on

abstract interpretation [28, 29].

We adapt two ideas from this work [49, 48, 28, 29] to our setting. First, we define what it means

for a merging semantics to be correct by relating the final result of symbolic evaluation to the final

results of concrete evaluation, instead of relating paths in the symbolic evaluation graph to concrete

traces. Second, we phrase our notion of correctness so that all diverging runs of the symbolic

evaluator are trivially correct. In prior work [49, 48], this phrasing avoids the need to prove that

abstract interpretation terminates, which is always possible but may be tedious. In our setting, this

phrasing is necessary because symbolic evaluation may not terminate in the presence of loops.

Analogously to prior work, we formulate the soundness and completeness theorem for S𝑐

(Theorem 2.5) by viewing symbolic environments and results as sets of concrete environments

and results. Recall from Section 2.4 that the factory interpretation functions ⟦·⟧𝛼 use models

𝑚 ∈ 𝑀 to relate symbolic objects 𝑎 ∈ 𝛼 to their concrete counterparts 𝑎 = ⟦𝑎⟧𝛼𝑚 ∈ 𝛼 . So, every

symbolic object 𝑎 represents the set of all concrete objects 𝑎 ∈ 𝛼 to which 𝑎 can evaluate via some

model. We formalize this relation by writing 𝑎 ∈∈∈ 𝑎 to denote that 𝑎 = ⟦𝑎⟧𝛼𝑚 for some model𝑚 ∈ 𝑀

(Definition 2.8). Given the relation ∈∈∈, our correctness theorem forS𝑐 states the following. Let 𝐸 and

𝑟 be a symbolic environment and result such that ⟨𝑒, 𝐸, ⟨tt,tt⟩⟩

⇛

𝑟 . Then, 𝑟 both overapproximates

and underapproximates the set of concrete results that can be reached from 𝐸: if 𝑟 is the result of a

concrete run from an environment 𝐸 ∈∈∈ 𝐸, then 𝑟 ∈∈∈ 𝑟 ; and every 𝑟 ∈∈∈ 𝑟 can be produced by a concrete

run from some environment 𝐸 ∈∈∈ 𝐸. In other words, 𝑟 precisely captures the set of all concrete

results that are reachable from 𝐸.
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Definition 2.8 (Concrete membership) Let ⟦·⟧𝛼 : 𝑀 → 𝛼 → 𝛼 be an interpretation function

provided by a symbolic factory (Figure 2.4). This interpreter defines the concrete membership relation

∈∈∈ from 𝛼 to 𝛼 as follows: ∀𝑎, 𝑎. 𝑎 ∈∈∈ 𝑎 ↔ ∃𝑚. 𝑎 = ⟦𝑎⟧𝛼𝑚 .

Theorem 2.5 (Soundness and Completeness) The semantics S𝑐 is sound and complete with

respect to the concrete semantics of 𝜆𝑐 .

S𝑐 soundness: ∀𝑒, 𝐸, 𝑟 . ⟨𝑒, 𝐸, ⟨tt,tt⟩⟩

⇛

𝑟 → ∀𝐸. 𝐸 ∈∈∈ 𝐸 → ∀𝑟 . ⟨𝑒, 𝐸⟩ ⇓ 𝑟 → 𝑟 ∈∈∈ 𝑟

S𝑐 completeness: ∀𝑒, 𝐸, 𝑟 . ⟨𝑒, 𝐸, ⟨tt,tt⟩⟩
⇛

𝑟 → ∀𝑟 . 𝑟 ∈∈∈ 𝑟 → ∃𝐸. ⟨𝑒, 𝐸⟩ ⇓ 𝑟 ∧ 𝐸 ∈∈∈ 𝐸

As noted earlier, our definition of correctness is partial, and this formulation is necessary

to account for programs with loops. But solver-aided tools often target finite programs, which

are free of loops and procedure calls. For this class of programs, S𝑐 provides the same strong

guarantee as symbolic execution and the classic merging semantics: evaluation always terminates

(Theorem 2.6) with a sound and complete result (Theorem 2.5).

Theorem 2.6 (Termination on finite programs) Let 𝑒 be a program that contains no procedure

calls, and let 𝐸 be a symbolic environment that binds every free variable in 𝑒 . Then, there exists a

symbolic result 𝑟 such that ⟨𝑒, 𝐸, ⟨tt,tt⟩⟩

⇛

𝑟 .

2.5.2 Correctness of Queries Based on S𝑐

Building on the correctness of S𝑐 , we use Theorems 2.7 and 2.8 to show that our implementations

of angelic execution and verification (Definition 2.7) satisfy Definitions 2.3 and 2.4, respectively.

Theorem 2.7 establishes that guess(𝑒, 𝐸) produces a correct output whenever it terminates. If the

output of guess(𝑒, 𝐸) is an environment 𝐸, then 𝑒 executes normally in 𝐸 ∈∈∈ 𝐸. But if the output is

unsat, then there is no environment 𝐸 ∈∈∈ 𝐸 in which 𝑒 executes normally. Theorem 2.8 is symmetric.
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Theorem 2.7 If guess(𝑒, 𝐸) terminates, then its output is correct according to Definition 2.3.

SAT: ∀𝑒, 𝐸, 𝐸. guess(𝑒, 𝐸) = 𝐸 → (𝐸 ∈∈∈ 𝐸 ∧ normal(𝑒, 𝐸))

UNSAT: ∀𝑒, 𝐸. guess(𝑒, 𝐸) = unsat→ ∀𝐸. (𝐸 ∈∈∈ 𝐸 → ¬normal(𝑒, 𝐸))

Theorem 2.8 If verify(𝑒, 𝐸) terminates, then its output is correct according to Definition 2.4.

SAT: ∀𝑒, 𝐸, 𝐸. verify(𝑒, 𝐸) = 𝐸 → (𝐸 ∈∈∈ 𝐸 ∧ errors(𝑒, 𝐸))

UNSAT: ∀𝑒, 𝐸. verify(𝑒, 𝐸) = unsat→ ∀𝐸. (𝐸 ∈∈∈ 𝐸 → ¬errors(𝑒, 𝐸))

2.6 Implementing S𝑐 : a Case Study of Two Evaluators

To demonstrate the suitability of our framework for developing and validating reusable evaluators,

we write and validate two different implementations of S𝑐 . One is a reference evaluator written in

Lean, and the other is an optimized evaluator written in Racket. We use Lean to prove that the ref-

erence evaluator correctly implements S𝑐 , and we use solver-aided differential testing to validate

the optimized evaluator against the reference one. This section presents our implementations,

correctness theorems, testing setup, and test results.

2.6.1 Leanette: A Verified Implementation of S𝑐 in Lean

The reference evaluator, which we call Leanette, is implemented as a generic symbolic interpreter

for 𝜆𝑐 . Like S𝑐 , it is parameterized by a symbolic factory and relies on the factory interface to

construct and deconstruct symbolic values. Because Lean requires all functions to terminate,

Leanette ensures termination in the standard way, by using a fuel parameter 𝑛 ∈ N to bound the

depth of the recursive call stack. With the addition of fuel, Leanette(𝑛, 𝑒, 𝐸, 𝜎) produces either
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a symbolic result 𝑟 such that ⟨𝑒, 𝐸, 𝜎⟩

⇛

𝑟 , or none, to indicate that the evaluation is stuck. This

implementation is both sound and complete with respect to our symbolic semantics (Theorem 2.9):

S𝑐 admits every result produced by Leanette, and, given enough fuel, Leanette can produce

every result admitted by S𝑐 .

Theorem 2.9 (Leanette soundness and completeness) The Leanette symbolic evaluator is

sound and complete with respect to the semantics S𝑐 .

Soundness: ∀𝑛, 𝑒, 𝐸, 𝜎, 𝑟 . Leanette(𝑛, 𝑒, 𝐸, 𝜎) = 𝑟 → ⟨𝑒, 𝐸, 𝜎⟩

⇛

𝑟

Completeness: ∀𝑒, 𝐸, 𝜎, 𝑟 . ⟨𝑒, 𝐸, 𝜎⟩
⇛

𝑟 → ∃𝑛. Leanette(𝑛, 𝑒, 𝐸, 𝜎) = 𝑟

We instantiate Leanette with a naïve symbolic factory 𝐹𝐿 , which supports integers, lists,

and basic operations on these datatypes (+, *, =, <, cons, car, cdr, null?). The factory supports

two types of symbolic variables, booleans and integers, and models𝑚 ∈ 𝑀 map these variables

to concrete values of the right type. Symbolic booleans 𝐵̂, integers 𝐷̂ , and values 𝑉 are defined

similarly to the toy factory in Figure 2.5, with one main exception: we use symbolic unions instead

of 𝜙 values to represent the output of conditional evaluation. In our implementation, a symbolic

union is a list of guarded values, [⟨𝑏1, 𝑣1⟩, . . . , ⟨𝑏𝑘 , 𝑣𝑘⟩] ∈ G𝑉 , that are themselves not unions (i.e.,

𝑣𝑖 ∉ G𝑉 ). This representation is a simplified version of the symbolic unions used in Rosette [93].

Unlike Rosette’s factory, 𝐹𝐿 offers no guarantees on the size of the unions or formulas generated

during evaluation. In fact, both are worst-case exponential in the size of the (unrolled) input

program. But 𝐹𝐿 is easier to reason about, and we prove that it satisfies the symbolic factory

interface (Theorem 2.10). We also prove that 𝐹𝐿 is a reducing factory, so our instantiation of

Leanette is a sound, complete, and reducible symbolic evaluator for 𝜆𝑐 with integers and lists.

Theorem 2.10 (Leanette factory correctness and reducibility) The Leanette factory 𝐹𝐿
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satisfies the symbolic factory interface (Figure 2.4) and the definition of a reducing factory (Defini-

tion 2.5).

2.6.2 Rosette 4: An Optimized Implementation of S𝑐 in Racket

The optimized evaluator, Rosette 4, implements S𝑐 for the entire Rosette language [93], which

is a superset of 𝜆𝑐 . The Rosette language extends Racket [36, 39] with constructs for creating

symbolic values, emitting assertions, and formulating solver-aided queries. Rosette’s existing

reusable evaluator, which we call Rosette 3, is based on the classic merging semantics, and it

has been used to develop over 30 solver-aided tools for a wide variety of applications. Rosette 4

replaces the core evaluation rules of Rosette 3 with those of S𝑐 .

Rosette 4 also makes two changes to the Rosette 3 interface, to reflect the switch to S𝑐 . First,

it extends the Rosette language to include assumptions, (assume 𝑒), which act as syntactic sugar for

the (abort) expression in 𝜆𝑐 . This change makes assumptions a first-class construct in Rosette 4;

they can appear anywhere in a program. In contrast, Rosette 3 has limited support for assumptions

via #:assume 𝑒 clauses in verification and synthesis queries. These clauses require client tools to

emit all required assumptions upfront, which is not always feasible, leading to complex custom

code for precondition tracking (see Section 2.7.1). Second, Rosette 4 exposes a different interface

for symbolic reflection [93]. Symbolic reflection is a mechanism for allowing client tools to observe

the symbolic state during evaluation, and to control the performance of the evaluator using high-

level language constructs. In Rosette 3, this interface exposes concepts such as the assertion stack

and the path condition, which are part of the classic merging semantics. In Rosette 4, this interface

exposes concepts such as the symbolic state with assumptions and assertions, as defined by S𝑐 .

The changes to the evaluator and the interface account for the major differences between the

two implementations. At the code level, this amounts to roughly 2,000 line insertions and deletions.
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The rest of the code base is shared (roughly 5,000 lines), including the datatypes and procedures

for operating on symbolic values. So both implementations share the same symbolic factory.

2.6.3 Validating Rosette 4 against Leanette with Solver-Aided Differ-

ential Testing

To gain confidence that Rosette 4 is correct, we perform differential testing [57] against Leanette.

Our testing setup consists of a generator for constructing input programs and environments, and

an oracle for checking if the two evaluators produce equivalent results on the same input. We

use this setup to check that Rosette 4 behaves like Leanette on a total of 10,000 test programs

and environments. The rest of this section describes our test oracle, generator, and results.

Test oracle Given a program 𝑒 and symbolic environment 𝐸, the oracle compares the out-

puts produced by Rosette 4(𝑒, 𝐸, ⟨tt,tt⟩) and Leanette(𝑛, 𝑒, 𝐸, ⟨tt,tt⟩), within a timeout of 40

seconds and a fuel limit of 𝑛 = 100. This comparison succeeds only when both outputs are

symbolic results, and these results are equivalent under every model, i.e., Rosette 4(𝑒, 𝐸, ⟨tt,tt⟩) =

𝑟𝑅 , Leanette(𝑛, 𝑒, 𝐸, ⟨tt,tt⟩) = 𝑟𝐿 , and ∀𝑚.⟦𝑟𝑅⟧𝑅𝑚 = ⟦𝑟𝐿⟧𝑅𝑚 . To implement the equivalence

check, the oracle imports 𝑟𝐿 into Rosette 4, and uses Z3 [31] to solve the following query:

(verify (assert (equal? ⟦𝑟𝑅⟧𝑅̂ ⟦𝑟𝐿⟧𝑅̂))). This query searches for a model 𝑚, if any, under

which the two symbolic results evaluate to different concrete results according to equal?. The

function equal? considers its inputs to be equivalent if they have the same representation; e.g., two

lists are equal? if they have the same length and equal? elements, and two closures are equal? if

they have equal? lambda terms and environments. This equivalence relation behaves like the equal-

ity relation = in Lean, so the oracle reflects the notion of equality used in our Lean formalization.
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Test generator Our test generator produces closed programs that couple 𝜆𝑐 expressions with

their symbolic environments. Each generated test is a valid Rosette program that consists of

a sequence of (define-symbolic 𝑥 𝑇) expressions, followed by an expression 𝑒 from the 𝜆𝑐

grammar. The definition sequence populates the symbolic environment by binding each free

variable in 𝑒 to a fresh symbolic variable of type boolean or integer. More complex values can then

be constructed by the body 𝑒 from these primitives. The tests are generated in two steps. First, the

generator uses fair enumeration combinators [63] to create a bijection 𝜂 between the set of natural

numbers and the set of all possible test programs. The bijection 𝜂 is set up so that larger numbers

tend to correspond to larger programs. Next, the generator uses 𝜂 to convert random natural

numbers into test programs of varying sizes. In particular, the generator takes two inputs: the

number 𝑁 of tests to generate, and an indirect bound 𝑘 on the size of the generated tests. Given

these inputs, it produces 𝑁 distinct tests by repeatedly calling 𝜂 (random(2𝑖)), where 𝑖 increases

linearly from 0 to 𝑘 , and random(2𝑖) generates a natural number from 0 to 2𝑖 uniformly at random.

This process can generate any test program given a suitable random seed, 𝑁 , and 𝑘 .

Example 2.9 To illustrate our differential testing setup, suppose that the generator produces the two

tests shown in Figure 2.7. Both tests are conditional expressions that branch on the value of the boolean

expression 0 ∗𝑛 = 0, where 𝑛 is a symbolic integer. Test 2.7a returns #t if this expression is true and di-

verges otherwise. Test 2.7b errors if the expression is true and returns #t otherwise. Applying the oracle

to these tests, we find that Rosette 4 and Leanette behave differently on 2.7a and equivalently on 2.7b.

When applied to 2.7a, Rosette 4 produces Out(⟨tt,tt⟩,tt), and Leanette runs out of fuel. In fact,

Leanette will always run out of fuel on this program because its symbolic factory is unable to reduce

0 ∗ 𝑛 to 0. Rosette 4 is able to perform this reduction, so it terminates with the expected value. Both

of these outcomes are correct according to formalization (Section 2.5).

When applied to 2.7b, Rosette 4 producesHalt(⟨tt,ff⟩), and Leanette producesOut(𝜎,tt), where
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1 (define-symbolic n integer?) ; Symbolic integer
2
3 (if (zero? (* 0 n)) ; If 0 * n = 0
4 #t ; then true
5 (let loop () ; else loop infinitely
6 (loop)))

(a) A program that terminates under Rosette 4

but does not terminate under Leanette.

1 (define-symbolic n integer?) ; Symbolic integer
2
3 (if (zero? (* 0 n)) ; If 0 * n = 0
4 (assert #f) ; then error
5 #t) ; else true

(b) A program that produces Halt(·) un-

der Rosette 4 but produces Out(·, ·) under
Leanette.

Figure 2.7: Two test programs that combine a 𝜆𝑐 expression and a symbolic environment. The

programs are shown in the Rosette syntax for brevity. The test oracle determines that Rosette 4

and Leanette differ on (a) due to non-termination, and that they agree on (b) according to our

equivalence relation.

𝜎 = ⟨tt, !(0 = (0 ∗ 𝑛))⟩. These symbolic results have different representations because, once again,

Rosette 4 reduces 0 ∗ 𝑛 to 0 and Leanette does not. But they evaluate to the same concrete result

under every model𝑚, i.e., ⟦Halt(⟨tt,ff⟩)⟧𝑅𝑚 = ⟦Out(𝜎,tt)⟧𝑅𝑚 , so the oracle considers them equivalent.

Test results We validate Rosette 4 against Leanette on a set 𝑇 of 10,000 randomly generated

test programs. For each program in 𝑇 , we collect the oracle output and, for each evaluator, the

final symbolic state and the running time. Table 2.1 shows the test results, where 𝑇 is partitioned

into buckets by AST size. The largest program in 𝑇 consists of 158 expressions, and the average

program size is 63 expressions. Both Leanette and Rosette 4 terminate and produce a symbolic

result on every program in 𝑇 , within the oracle timeout and fuel limit.

Using 𝑇 , our testing setup quickly discovers an intentional semantics discrepancy between

Leanette and Rosette 4. In Leanette, the cons operator creates only lists. It takes as input

a value 𝑣0 and a list [𝑣1, . . . , 𝑣𝑘], and returns the list [𝑣0, 𝑣1, . . . , 𝑣𝑘]. In Rosette 4, cons takes as

input any two values and returns a pair, which represents a list when the second argument is list.

After we adjust the semantics of cons in Rosette 4 to match that of Leanette, we find that the

two evaluators behave equivalently on all programs in 𝑇 , as shown in the last column of Table 2.1.
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Table 2.1: Summary of the testing results, which are bucketed by AST size. Under “Leanette

state”, the “Sym” column refers to the number of non-trivial resulting symbolic states in Leanette

evaluation. The “Max” and “Avg” columns are the maximum and average resulting symbolic

state size among the non-trivial ones. Columns under “Rosette 4 state” have the same meanings.

“Validated?” column is the oracle output, where “✓” means the evaluation results from both

evaluators agree on all programs in a bucket.

Bucket (by AST size) Leanette state Rosette 4 state Leanette time Rosette 4 time

Range Count Avg Sym Max Avg Sym Max Avg Max (s) Avg (s) Max (s) Avg (s) Validated?

1 - 12 1,006 6 220 635 41 88 20 4 2.4 2.2 0.3 0.1 ✓
13 - 24 1,021 19 349 1,142 77 174 36 6 2.3 2.2 0.2 0.1 ✓
25 - 38 1,042 32 430 2,855 102 224 34 6 2.3 2.2 0.8 0.1 ✓
39 - 50 1,036 44 433 16,979 242 187 34 7 2.8 2.2 0.2 0.1 ✓
51 - 65 1,040 58 450 7,523 186 227 30 8 2.4 2.2 0.2 0.1 ✓
66 - 77 1,040 72 459 30,386 474 239 45 8 2.8 2.2 0.2 0.1 ✓
78 - 88 1,053 83 454 19,835 426 231 36 8 2.5 2.2 0.2 0.1 ✓
89 - 102 1,042 95 427 45,893 482 190 41 9 3.5 2.2 0.2 0.1 ✓
103 - 119 1,009 111 425 61,439 686 218 45 9 4.1 2.2 1.0 0.1 ✓
120 - 158 711 129 324 293,171 2,001 159 36 9 36.6 2.2 0.3 0.1 ✓

Table 2.1 also shows two sets of metrics that characterize the performance of these evaluators.

The “time” columns display the maximum and average evaluation time for all programs in a bucket.

The “state” columns show the number of non-trivial symbolic states produced by the evaluator, as

well as the maximum and average size of the non-trivial states in each bucket. A state is trivial iff

both of its components are constant (ff or tt). The size of a state is the number of nodes in the

graph representation of its components. In particular, both Leanette and Rosette 4 represent

symbolic booleans as abstract syntax graphs. These graphs are trees in Leanette and DAGs in

Rosette 4.

The data in Table 2.1 exhibits two notable trends. First, a large fraction of the computed

states are trivial: 60% for Leanette and 80% for Rosette 4. This trend is expected for randomly

generated programs, which have a high probability of containing trivial errors (e.g., type errors).

Second, Rosette 4 is orders-of-magnitude more efficient than Leanette in terms of both running

time and state size. This trend is also expected because Rosette 4 uses a heavily optimized

symbolic factory, while Leanette uses a naïve one. In the worst case, Leanette generates a
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Table 2.2: Coverage results of the randomly generated programs. Each of the injected faults 𝛽

violates soundness. “✓” indicates that the injected fault is caught by the generated test set𝑇 (i.e.,

Rosette 4 and BadLeanette(𝛽) disagree on at least one program in 𝑇 ).

Injected mistake (𝛽) Location Caught?

Make and(𝑏𝑎, 𝑏𝑏 ) = 𝑏𝑎 where 𝑏𝑎 and 𝑏𝑏 are non-literal symbolic booleans symbolic factory ✓
Make or(𝑏,𝑏 ) = tt where 𝑏 is a non-literal symbolic boolean symbolic factory ✓
Make ôp (<, 𝑧𝑎, 𝑧𝑏 ) = (𝑧𝑏 < 𝑧𝑎 ) where either 𝑧𝑎 or 𝑧𝑏 is a non-literal symbolic integer symbolic factory ✓
In CallOp, skip strengthen symbolic evaluator ✓
In Call, change the guards for evaluation of the body to be tt symbolic evaluator ✓
In CallBad, use the input symbolic state without asserting 𝛾 symbolic evaluator ✓
In Let, do not bind any variable symbolic evaluator ✓
In IfSym, swap not(truth(𝑣) ) and truth(𝑣) when calling merge

𝑅̂
( ·, · ) symbolic evaluator ✓

In IfTrue and IfFalse, swap the conditions symbolic evaluator ✓
In Err, do Abort symbolic evaluator ✓
In Abort, do Err symbolic evaluator ✓

symbolic state that is exponential in program size. Rosette 4, in contrast, generates polynomially

sized states.

Coverage To gain further confidence in our test results, we inject 11 faults into Leanette, one

at a time, and check that they are uncovered by at least one test in 𝑇 . For each fault 𝛽 , we create

a new evaluator BadLeanette(𝛽) that applies 𝛽 to Leanette, and we test Rosette 4 against

BadLeanette(𝛽) on 𝑇 . Table 2.2 describes the faults and the results of the differential testing.

Three faults are in the symbolic factory, and the rest are in the implementation of the S𝑐 rules.

Our test suite discovers all of them, giving us confidence that Rosette 4 correctly implements S𝑐 .

2.7 Utility and Performance of anS𝑐 Evaluator: Experiments

This section evaluates the utility and performance of Rosette 4 by comparing them to those of

Rosette 3. Our evaluation aims to answer the following research questions:

1. Can the interface provided by an S𝑐 evaluator simplify the implementation of client tools?

2. Can an S𝑐 evaluator match the performance of a classic evaluator when used within state-
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of-the-art solver-aided tools?

We conduct two sets of experiments and find a positive answer to both questions.

2.7.1 Comparing the Interface of Rosette 4 and Rosette 3

We evaluate the utility of S𝑐 by porting two sets of benchmarks to Rosette 4, developed in prior

work on SymPro [14] and Jitterbug [61]. SymPro is a tool for profiling the performance of

symbolic evaluators, and its benchmarks are drawn from the evaluation suites of 15 published

verification and synthesis tools. Each SymPro benchmark applies one of these tools to its slowest

available input(s). The Jitterbug benchmarks are drawn from the evaluation suite of Jitterbug, a

framework for developing and verifying just-in-time (JIT) compilers for the Berkeley Packet Filter

(BPF) [40] language in the Linux kernel. Jitterbug performs verification on each BPF opcode

individually, which amounts to 668 verification queries across the six architectures supported by

Jitterbug (Arm32, Arm64, RV32, RV64, x86-32, and x86-64). All tools in our benchmark sets were

originally developed in Rosette 3.

As we saw in Section 2.6.2, Rosette 4 extends the Rosette 3 language to include assume

expressions, and it exposes different constructs for symbolic reflection. To port our benchmarks

to Rosette 4, we adapted their code to use these new constructs and the extended language.

We detail the porting effort for the SymPro benchmarks next, and then describe how Rosette 4

enabled us to simplify the implementation of Jitterbug.

Porting SymPro Benchmarks

Table 2.3 summarizes the differences between the ported and the original code for each benchmark.

The first four columns report the line count for both implementations, and the number of insertions

and deletions by which the ported code differs from the original code. The last column showswhich
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Table 2.3: Differences between the implementations of the ported and original benchmarks.

Benchmark Rosette 3 LoC Rosette 4 LoC LoC diff Solver

Bagpipe [100] 2,643 2,643 +2 -2 Z3
Bonsai [19] 437 437 +1 -1 Boolector
Cosette [23] 774 774 +0 -0 Z3
Ferrite [12] 348 348 +2 -2 Z3
Fluidics [101] 98 98 +0 -0 Z3
GreenThumb [74] 3,554 3,556 +13 -11 Boolector
IFCL [93] 483 483 +13 -13 Boolector
MemSynth [13] 13,303 13,307 +8 -4 Z3
Neutrons [70] 37,174 37,174 +2 -2 Z3
Nonograms [17] 3,368 3,374 +11 -5 Z3
Quivela [1] 1,010 1,009 +10 -11 Z3
RTR [50] 1,649 1,640 +12 -21 CVC4
SynthCL [93] 2,257 2,256 +42 -43 Boolector
Wallingford [15] 2,532 2,533 +12 -11 Z3
WebSynth [93] 1,181 1,189 +14 -6 Z3
Jitterbug [61] 29,280 28,935 +478 -823 Boolector

SMT solver is used for a given benchmark: Z3 v4.8.8 [31], Boolector v3.2.1 [66], or CVC4 v1.8 [3].

As the data in Table 2.3 indicates, porting the SymPro benchmarks to Rosette 4 required

relatively few changes to their code. Most changes were mechanical: we either adapted the

code to use the new symbolic reflection constructs, or replaced #:assume clauses with equivalent

assume expressions. One exception is the RTR tool [50], which we simplified and made faster (see

Table 2.4a) using assume expressions. RTR is a type checker for a refinement type system for Ruby,

and it works on an intermediate verification language that includes assume statements. Since first-

class assumptions are not available in Rosette 3, RTR implements assume statements as early exits

that return a special value. We removed this custom code and implemented the assume statement

directly using the assume expression. It took one author 4 days to port all 15 tools to Rosette 4.

Porting Jitterbug

Jitterbug is the most complex code base we ported to Rosette 4 (see Table 2.3). At the core of

Jitterbug’s proof strategy is its per-instruction correctness specification: given a source instruction
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and a JIT context (e.g., compiler configurations), Jitterbug proves that the execution of the target

instructions produced by the JIT exhibits the same behavior as that of the source instruction. To

do so, Jitterbug first symbolically evaluates the JIT implementation with a BPF instruction and a

JIT context to produce a symbolic representation of all possible sequences of target instructions.

Next, it symbolically evaluates both the source instruction and target instructions on source and

target states, respectively, to encode their semantics. Finally, it checks that the resulting source

and target states are equivalent, assuming that the original source and target states are equivalent.

This requires Jitterbug to model the assumptions made by the JIT, such as the well-formedness

of BPF instructions and the memory layout of the Linux kernel.

Since Rosette 3 does not support assumptions, Jitterbug implements its own system for

tracking assumptions. The system works by escaping to Racket to capture and store the assump-

tions outside of symbolic evaluation. It then reintroduces them as preconditions in later assertions.

This process is subtle and does not preserve legality, requiring careful manual reasoning to ensure

that the final verification query, which takes the form pre ∧ ¬post, is sound (c.f., Example 2.7).

When porting Jitterbug to Rosette 4, we replaced this workaround with assume expressions.

This change simplified both the Jitterbug implementation and the formulation of the top-level

correctness specification, which no longer has to recover and incorporate the stored assumptions.

The legality guarantee provided by Rosette 4 also increased the confidence in the soundness of

the verification queries emitted by Jitterbug. The porting process took one author 2 weeks. Our

experience shows that the interface exposed by Rosette 4 can simplify the implementation of

a complex client tool, and that the developer burden to utilize these new features is low.
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Table 2.4: Performance results for the ported and original SymPro (2.4a) and Jitterbug (2.4b)

benchmarks, along with statistics (2.4c) summarizing the performance ratios between the ported

and original code. In 2.4a and 2.4b, the columns “Total (s)”, “Eval. (s)”, and “Solving (s)” are the

elapsed wall clock time, symbolic evaluation time, and solving time respectively. The column

“Terms (×103)” indicates the encoding size. The average ratio in 2.4c is the geometric mean of the

per-benchmark ratios for a given performance metric.

(a) Performance results for the 15 ported and original SymPro benchmarks.

Rosette 3 Rosette 4

Benchmark Total (s) Eval. (s) Solving (s) Terms (×103) Total (s) Eval. (s) Solving (s) Terms (×103)

Bagpipe 23 22 < 1 47 23 23 < 1 48
Bonsai 20 18 2 664 40 37 3 1,222
Cosette 15 7 7 131 15 8 8 154
Ferrite 19 12 7 34 26 12 14 40
Fluidics 19 6 13 284 23 7 17 308
GreenThumb 53 7 46 239 4 2 2 74
IFCL 157 10 147 383 119 10 109 438
MemSynth 20 18 2 61 22 20 2 163
Neutrons 36 36 < 1 444 10 10 < 1 172
Nonograms 9 3 5 51 10 3 7 73
Quivela 31 29 2 1,113 34 31 4 1,340
RTR 329 312 18 741 113 82 32 1,106
SynthCL 258 13 246 726 253 15 238 732
Wallingford 5 < 1 4 4 5 < 1 4 5
WebSynth 10 10 < 1 1,012 16 16 < 1 778

(b) Performance results for the 668 ported and original Jitterbug benchmarks.

Evaluator Total (s) Eval. (s) Solving (s) Terms (×103)

mean med. max mean med. max mean med. max mean med. max

Rosette 3 50 22 9,963 2 1 69 48 20 9,894 119 15 1,678
Rosette 4 38 20 4,100 1 1 73 36 19 4,027 120 23 1,837

(c) Performance ratios between the ported and original code for SymPro and Jitterbug benchmarks.

Benchmark Total Eval. Solving Terms

best worst avg. best worst avg. best worst avg. best worst avg.

SymPro 0.07 1.99 0.81 0.26 2.10 0.87 0.04 2.21 0.95 0.31 2.65 1.06
Jitterbug 0.23 6.03 0.91 0.33 2.18 0.87 0.22 6.48 0.91 0.79 8.12 1.09
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2.7.2 Comparing the Performance of Rosette 4 and Rosette 3

To evaluate the performance of S𝑐 , we compare the running time and encoding size of Rosette 4

and Rosette 3 on the ported and original version of each benchmark, respectively. We collected

all performance data using Racket v8.1 on an Intel Core i5-6600K at 3.50 GHz with 16GB of RAM.

Table 2.4a shows the results for each SymPro benchmark, and Table 2.4b summarizes the results

across all Jitterbug benchmarks. Both figures report the total time, symbolic evaluation time,

solving time, and encoding size under Rosette 4 and Rosette 3. The encoding size is given as the

number of symbolic terms generated during symbolic evaluation. This number overapproximates

the size of the encoding sent to the solver and offers a rough measure of the total amount of

work performed by the evaluator. The symbolic evaluation time includes both the time spent to

generate the encoding and to pipe it to the solver. The solving time is computed as the difference

between the wall clock time and the CPU time consumed by Racket. Finally, Table 2.4c reports

the best, worst, and average ratio of the Rosette 4 and Rosette 3 performance across all metrics

and benchmarks. For example, comparing the symbolic evaluation time of the ported and original

SymPro benchmarks, we find that the ported ones are up to 2.1× slower and up to 3.8× faster

than the original ones, with an average speedup of 13%.

The analysis in Table 2.4c shows that, on average, Rosette 4 generates 6–9% more terms than

Rosette 3, taking roughly 10–20% less time to do so, and producing an encoding that is about

5–9% faster to solve. To understand the difference in the number of generated terms, recall from

Section 2.4.3 that S𝑐 updates the assumption component of the symbolic state using assume(𝜎,𝑏),

while the classic merging semantics uses assume
′(𝜎,𝑏). In the worst case, the symbolic factory

for Rosette 4 and Rosette 3 creates 3 terms to represent assumes(assume(𝜎,𝑏)) and only 1

term to represent assumes(assume
′(𝜎,𝑏)). Additionally, Rosette 3 uses a simpler function for

merging two symbolic states, which generates no new terms, while the S𝑐 function mergeΣ(𝜎,𝐺)
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can generate up to 4|𝐺 | + 2 terms. These two differences are the main reason why Rosette 4 emits

up to 8×more terms than Rosette 3 in our benchmarks. We avoid this blowup in the average case

by specializing Rosette 4 with rewriting rules tailored for the terms generated by assume(𝜎,𝑏)

and mergeΣ(𝜎,𝐺).

Given that Rosette 4 emits more terms than Rosette 3, it may seem surprising that it is, on

average, slightly faster than Rosette 3, and that the resulting formula is slightly easier to solve. In

general, these differences are difficult to fully explain since they depend on many factors, and the

behavior of both systems is sensitive to small initial differences, e.g., a factory simplification that

triggers in one system but not the other. With this caveat in mind, our experience suggests that

the observed difference is due to two factors. First, at every point during and after the evaluation,

Rosette 4 operates on a more constrained symbolic state than Rosette 3. Both of its state compo-

nents carry terms that are not available in Rosette 3 and that may trigger additional simplifications.

Second, thanks to legality, Rosette 4 emits the query assumes(𝜎) ∧ ¬asserts(𝜎) (Definition 2.7),

while Rosette 3 emits ¬asserts(𝜎). It is sound for Rosette 4 to emit just ¬asserts(𝜎), but we

find that the redundant formula tends to elicit better performance in practice; for example, the

Jitterbug benchmarks run on average 25% slower without the redundant formula. Overall, even

though Rosette 4 produces a larger encoding than Rosette 3, our results show that it matches

the runtime performance of Rosette 3 in a wide range of tools.

2.8 Conclusion

This chapter presented the first formal framework for reasoning about reusable symbolic evaluators.

The framework is based on S𝑐 , a new symbolic semantics with merging. This semantics is defined

with respect to the symbolic factory interface, which abstracts away the details of how symbolic val-

ues are represented, created, and manipulated. As such, S𝑐 admits a wide range is implementations.
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We use Lean to prove thatS𝑐 is sound and complete with respect to the concrete semantics of its tar-

get language, 𝜆𝑐 , which extends Core Scheme with assumptions and assertions. We also prove that

S𝑐 preserves two properties, legality and reducibility, that are key to reusing a symbolic evaluator

in a client tool. Leanette and Rosette 4, two implementations of S𝑐 in Lean and Racket, respec-

tively, show that S𝑐 provides a general contract for building and validating reusable evaluators. By

porting 16 published verification and synthesis tools from Rosette 3 to Rosette 4, we demonstrate

that S𝑐 provides a practical interface for client tools: Rosette 4 both simplifies the implementation

of two of the benchmarks and matches the performance of Rosette 3 across these tools. All source

code accompanying this work is publicly available at https://github.com/emina/rosette.

https://github.com/emina/rosette
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Chapter 3

Scaling up solver-aided programming

3.1 Introduction

Solver-aided programs or tools based on SMT solving have automated vital programming tasks in

many domains, from verifying safety-critical properties of medical software [70] to synthesizing

fast computational kernels for cryptographic applications [73]. These tools employ symbolic

evaluation [51, 9] to reduce the semantics of all paths through a loop-free (i.e., finite) program

to logical constraints. The resulting constraints are then used to express queries about program

behavior as logical satisfiability queries, discharged with an SMT solver. Since the solvability of

such queries hinges on the compactness and simplicity of the underlying constraints, effective

symbolic evaluation is key to building effective solver-aided tools.

Building a tool used to require crafting a custom symbolic evaluator, a difficult task that can

take years of expert work. Today, this burden is much lower thanks to reusable symbolic evaluators

(Chapter 2) provided by solver-aided host languages [92, 94] and frameworks [16, 79]. To build a tool,

developers simply write an interpreter for the tool’s source language in the solver-aided host lan-

guage. When this interpreter executes a source program, the host’s symbolic evaluator reduces both

53
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the interpreter and the program to constraints. The interpreter can control its symbolic evaluation,

and thus the encoding, through constructs [90, 78] exposed by the host language and through the

structure of its implementation [14]. By exploiting these control mechanisms, developers can create,

in weeks, state-of-the-art tools [60] that outperform a custom symbolic execution engine [62, 82].

But if an interpreter performs poorly on a host symbolic evaluator, finding and fixing the bot-

tleneck can be daunting. Recent work on symbolic profiling [14] explains why: classic performance

engineering techniques assume a single path of execution, and the all-path execution model of

symbolic evaluation violates this assumption. As a result, standard profiling tools (e.g., time-based)

fail to identify the code that needs to be optimized, and standard optimizations (e.g., breaking

early out of a loop) can make performance asymptotically worse under symbolic evaluation.

Symbolic profiling addresses the first problem, providing a new performance model for symbolic

evaluation and an automatic technique for identifying performance bottlenecks in solver-aided

code. The second problem, however, remains open, with developers relying on experience and

ad-hoc experimentation to optimize their code.

To address this problem, we present a newmethod for automatic repair of common performance

bottlenecks in solver-aided code. The key idea is to formulate the symbolic performance repair

problem as combinatorial search in a space of semantics-preserving transformations, or repairs. Our

technique, SymFix, takes as input a solver-aided program and a workload, and it searches the repair

space for a semantically equivalent program that minimizes the cost of symbolic evaluation [14]

on the input workload. The choice of repairs and the search strategy are critical to the usefulness

and completeness of SymFix. This work contributes a small set of generic repairs that combine

to fix common bottlenecks, and an effective algorithm for combining repairs into (optimal) fixes.

What makes a generic repair useful for code under symbolic evaluation? Intuitively, a repair

is useful if its application reduces the cost of symbolic evaluation for a large class of programs.

This cost depends on the program’s control structure and the evaluator’s strategy for splitting and
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merging states [14, 53, 93]. So useful repairs change the program’s control structure or evaluation

strategy.

Based on this insight, we develop a set of three repairs that employ deforestation [95] to simplify

program structure and symbolic reflection [93] to simplify the evaluation strategy. Deforestation

is a classic optimization for functional programming languages that eliminates intermediate lists.

Under concrete evaluation, deforestation improves performance by a constant factor. Under

symbolic evaluation, however, it can improve performance asymptotically when the intermediate

lists are symbolic. We use deforestation based on build/foldr fusion [44] as one of our repairs. We

also develop two repairs for host languages that support symbolic reflection—a set of language

constructs that a program can use to inspect its symbolic state and control its symbolic evaluation

(e.g., by forcing a split on a merged state). These two repairs work by creating more opportunities

for concrete evaluation. As such, they can both improve performance asymptotically and, in some

cases, fix divergence due to loss of concreteness.

The search space defined by our repairs is finite for every program, so it supports complete and

optimal search. But it is also intractably large for real programs. We therefore formulate SymFix as

an anytime algorithm, equipped with a pruning mechanism that exploits precedence of repairs and

a prioritization heuristic that exploits symbolic profiling information. The pruning mechanism

is inspired by partial order reduction [26]: if two repairs can always be reordered so that one is

applied before the other without changing the result, SymFix explores only one of the orders. The

prioritization heuristic uses ranking information computed by symbolic profiling to decide what

parts of the program to repair first. In particular, symbolic profiling takes as input a program and

a workload, and ranks the locations in the program from most to least likely bottlenecks. SymFix

uses this ranking to quickly drive the search toward most promising solutions.

We implement SymFix for Rosette [88, 93, 92], a solver-aided host language that extends

Racket [36, 39] with support for symbolic evaluation, reflection, and profiling. To evaluate Sym-
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Fix’s effectiveness, we apply it to 15 solver-aided tools [1, 12, 13, 15, 17, 19, 23, 50, 74, 70, 93, 100, 101]

studied in the paper on symbolic profiling [14], as well as 3 more recent tools [60, 64, 73]. SymFix

improves the performance of 12 tools by a factor of 1.1×–91.7×, and 4 of these fixes match or

outperform those written by experts. SymFix also finds 5 fixes that were missed by experts. We

further show that the improvements made by SymFix generalize to unseen workloads, and that

its search strategy is essential for finding useful fixes.

In summary, this chapter makes the following contributions:

1. A formulation of the symbolic performance repair problem as combinatorial search in a

space of semantics-preserving transformations, or repairs.

2. SymFix, a new technique for solving this problem. SymFix contributes a set of repairs based

on deforestation and symbolic reflection, and an effective anytime algorithm for combining

these repairs into useful fixes.

3. An implementation of SymFix for the Rosette solver-aided language [88, 93].

4. An evaluation of SymFix’s effectiveness on 18 published solver-aided tools built in Rosette,

showing that it can find repairs that outperform expert fixes and that generalize to unseen

workloads.

The rest of the chapter illustrates symbolic performance repair on a small example (Section 3.2);

formulates the problem of repairing performance bottlenecks in solver-aided code (Section 3.3);

presents the SymFix algorithm, repairs, and implementation for Rosette (Section 3.4); shows

the effectiveness of SymFix at repairing bottlenecks in real solver-aided tools hosted by Rosette

(Section 3.5); discusses related work (Section 3.6); and concludes with a summary of key points

(Section 3.7).
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1 ; cpu state: program counter and registers
2 (struct cpu (pc regs) #:mutable)
3
4 ; interpret a program from a cpu state
5 (define (interpret c program) ; A
6 (define i (fetch c program)) ; B
7 (match i
8 [(list opcode rd rs imm)
9 (execute c opcode rd rs imm)
10 (when (not (equal? opcode ’ret))
11 (interpret c program))]))
12
13 ; fetch an instruction at the current pc
14 (define (fetch c program)
15 (define pc (cpu-pc c))
16 (vector-ref program pc)) ; C
17
18 ; read register rs
19 (define (cpu-reg c rs)
20 (vector-ref (cpu-regs c) rs))
21
22 ; write value v to register rd
23 (define (set-cpu-reg! c rd v)
24 (vector-set! (cpu-regs c) rd v))
25
26 ; execute instruction (opcode rd rs imm)
27 (define (execute c opcode rd rs imm)
28 (define pc (cpu-pc c))
29 (case opcode
30 [(ret)
31 (set-cpu-pc! c 0)] ; D
32 [(bnez)

33 (if (not (= (cpu-reg c rs) 0))
34 (set-cpu-pc! c imm) ; E
35 (set-cpu-pc! c (+ 1 pc)))] ; F
36 [(sgtz)
37 (set-cpu-pc! c (+ 1 pc))
38 (if (> (cpu-reg c rs) 0)
39 (set-cpu-reg! c rd 1) ; G
40 (set-cpu-reg! c rd 0))] ; H
41 [(sltz)
42 (set-cpu-pc! c (+ 1 pc))
43 (if (< (cpu-reg c rs) 0)
44 (set-cpu-reg! c rd 1) ; I
45 (set-cpu-reg! c rd 0))] ; J
46 [(li)
47 (set-cpu-pc! c (+ 1 pc)) ; K
48 (set-cpu-reg! c rd imm)])) ; L
49
50 (define sgnt #( ; sign in ToyRISC
51 (sltz 1 0 #f) ; 0. r1 = r0<0 ? 1 : 0
52 (bnez #f 1 4) ; 1. branch to 4 if r1!=0
53 (sgtz 0 0 #f) ; 2. r0 = r0>0 ? 1 : 0
54 (ret #f #f #f) ; 3. return
55 (li 0 #f -1) ; 4. r0 = -1
56 (ret #f #f #f) ; 5. return
57 ))
58
59 (define-symbolic X Y integer?)
60 (define c (cpu 0 (vector X Y)))
61 (interpret c sgnt)
62 (verify
63 (assert (= (cpu-reg c 0) (sgn X))))

Figure 3.1: A ToyRISC interpreter and program in Rosette, adapted from Serval [60].

3.2 Overview

This section illustrates symbolic performance repair on a small solver-aided program (Figure 3.1).

The program is adapted from Serval [60], a framework for verifying systems code at the instruction

level. Serval is built in Rosette [88], and it supports creating scalable automated verifiers by writing

interpreters. Serval’s authors show how to profile this program with a symbolic profiler, and

manually fix the bottleneck using a custom construct implemented as a Rosette macro. We first

revisit this analysis to highlight the challenges of repairing bottlenecks in solver-aided code, and

then show how SymFix repairs the problem automatically and generically, using a repair based

on symbolic reflection [93].

Solver-aided programming. Figure 3.1 shows a small program [60] written in Rosette, a

solver-aided host language that extends Racket [36] with support for symbolic evaluation. Rosette
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programs behave like Racket programs when executed on concrete values. But Rosette also lifts

programs, via symbolic evaluation, to operate on symbolic values. These values are used to formu-

late solver-aided queries, such as verifying that a program satisfies its specification, expressed as

assertions, on all inputs. The example verifies a program in ToyRISC, a small subset of RISC-V [98],

by lifting its interpreter to work on symbolic values.

The ToyRISC interpreter (lines 1–48) implements a simple recursive procedure for executing

a ToyRISC program from a given CPU state. The state consists of a program counter and vector

of two registers, 𝑟0 and 𝑟1, both holding integers. A program is a sequence of instructions that

manipulate the state. An instruction is a list of four values, (opcode rd rs imm), specifying

the instruction’s opcode, destination and source registers, and the immediate constant. Unused

arguments are denoted by #f; for example, the return instruction takes no arguments, denoted

by (ret #f #f #f). In addition to the return instruction, which halts the execution (line 10), the

language also includes instructions for conditional branching (bnez), loading values into registers

(li), and comparing register values to zero (sgtz and sltz). The example ToyRISC program,

sgnt, uses these instructions to compute the sign of the value in register 𝑟0, storing the result

back into 𝑟0 and using 𝑟1 as a scratch register.

The sgnt program is correct if it produces the same result as the host sign procedure, sgn, for

all valid CPU states. To verify sgnt, we first use Rosette’s define-symbolic form to create two

fresh symbolic integers, 𝑋 and 𝑌 , and bind them to the variables X and Y (line 59). Next, we use

these variables to create a CPU state c with the program counter set to 0 and registers set to 𝑋

and 𝑌 (line 60). The symbolic state c represents all valid concrete CPU states. Finally, we interpret

sgnt on c and use Rosette’s verify query to search for a counterexample to the assertion that

register 𝑟0 holds the sign of 𝑋 . A counterexample to this query would bind the symbolic values 𝑋

and 𝑌 to concrete integers that trigger the assertion failure. But since sgnt is correct, the query

returns (unsat) to indicate the absence of counterexamples.
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Symbolic evaluation and profiling. When interpreting sgnt on the symbolic state c, Rosette

evaluates all paths through the interpreter code and reduces their meaning to symbolic expressions

over 𝑋 and 𝑌 . For example, after the call to the interpreter (line 61), register 𝑟0 of c holds the sym-

bolic value ite(𝑋 < 0,−1, ite(0 < 𝑋, 1, 0)), which encodes the meaning of sgnt. This value is part

of the symbolic heap that Rosette generates while exploring the interpreter’s symbolic evaluation

graph [14] (Figure 3.2a). The heap consists of all symbolic values created during evaluation. The

graph is a DAG over program states and guarded transitions between states, and its shape reflects

the evaluator’s strategy for path splitting and state merging. The symbolic heap and evaluation

graph characterize the behavior of solver-aided code under every (forward) symbolic evaluation

strategy, and controlling their complexity is key to good performance [14].

To help with this task, Rosette provides a symbolic profiler, SymPro, that monitors the heap

and the graph to identify performance bottlenecks. SymPro computes summary statistics about

the effect of each procedure call on these structures, such as the number of symbolic values added

to the heap, and the number of path splits and state merges added to the graph. It then uses

these statistics to rank the calls to suggest likely bottlenecks. When applied to ToyRISC, SymPro

identifies the calls to execute at line 9 and vector-ref at line 16 as the likely bottlenecks. But

how does one diagnose and fix these bottlenecks?

Manually repairing bottlenecks. The authors of ToyRISC reasoned [60] that the first location

returned by SymPro “is not surprising since execute implements the core functionality, but

vector-ref is a red flag.” Examining the merging statistics for vector-ref, they concluded that

vector-ref is being invoked with a symbolic program counter to produce a “merged symbolic

instruction” (highlighted in Figure 3.2a), which represents a set of concrete instructions, only

some of which are feasible. Since execute consumes this symbolic instruction (line 9), its eval-

uation involves exploring infeasible paths, leading to degraded performance on our example and
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𝑣0 : 𝑋 < 0
𝑣1 : ¬𝑣0
𝑣2 : ite(𝑣0, 1, 0)
𝑣3 : ite(𝑣0, 4, 2)
𝑣4 : ite(𝑣0, li, sgtz)
𝑣5 : ite(𝑣0, #f, 0)
𝑣6 : ite(𝑣0,−1, #f)
𝑣7 : ite(𝑣0, 5, 3)
𝑣8 : 𝑋 > 0
𝑣9 : ¬𝑣8
𝑣10 : ite(𝑣8, 1, 0)
𝑣11 : ite(𝑣0,−1, 𝑣10)

c ↦→ cpu(0, 𝑋,𝑌 )
i ↦→ (sltz 1 0 #f)

B

c ↦→ cpu(1, 𝑋, 1)
I

c ↦→ cpu(1, 𝑋, 0)
J

c ↦→ cpu(1, 𝑋, 𝑣2)
i ↦→ (bnez #f 1 4)

B

𝑣0 𝑣1

c ↦→ cpu(4, 𝑋, 𝑣2)
E

c ↦→ cpu(2, 𝑋, 𝑣2)
F

c ↦→ cpu(𝑣3, 𝑋, 𝑣2)
A

𝑣0 𝑣1

c ↦→ cpu(𝑣3, 𝑋, 𝑣2)
i ↦→ (v4 0 𝑣5 𝑣6)

B

c ↦→ cpu(𝑣7,−1, 𝑣2)
L

c ↦→ cpu(𝑣3, 𝑋, 𝑣2)

c ↦→ cpu(𝑣7, 1, 𝑣2)
G

c ↦→ cpu(𝑣7, 0, 𝑣2)
H

c ↦→ cpu(𝑣7, 𝑣10, 𝑣2)

c ↦→ cpu(𝑣7, 𝑣11, 𝑣2)
A

c ↦→ cpu(𝑣7, 𝑣11, 𝑣2)
i ↦→ (ret #f #f #f)

B

c ↦→ cpu(0, 𝑣11, 𝑣2)
D

(𝑣4 = li) ≡ 𝑣0 (𝑣4 = sgtz) ≡ 𝑣1 𝑣4 = ret
𝑣4 = bnez

𝑣4 = sltz

𝑣8 𝑣9

vector-ref

𝑣1
𝑣0

𝑣3 = 0 𝑣3 = 1 𝑣3 = 3

𝑣3 = 5

C

vector-ref

𝑣9
𝑣8

𝑣7 = 0 𝑣7 = 1 𝑣7 = 2

𝑣7 = 4

C

(a) Original (Figure 3.1)

𝑣0 : 𝑋 < 0
𝑣1 : ¬𝑣0
𝑣2 : ite(𝑣0, 1, 0)
𝑣3 : ite(𝑣0, 4, 2)
𝑣4 : 𝑋 > 0
𝑣5 : ¬𝑋 > 0
𝑣6 : ite(𝑣4, 1, 0)
𝑣7 : ite(𝑣0,−1, 𝑣6)

c ↦→ cpu(0, 𝑋,𝑌 )
i ↦→ (sltz 1 0 #f)

B

c ↦→ cpu(1, 𝑋, 1)
I

c ↦→ cpu(1, 𝑋, 0)
J

c ↦→ cpu(1, 𝑋, 𝑣2)
i ↦→ (bnez #f 1 4)

B

𝑣0 𝑣1

c ↦→ cpu(4, 𝑋, 𝑣2)
E

c ↦→ cpu(2, 𝑋, 𝑣2)
F

c ↦→ cpu(𝑣3, 𝑋, 𝑣2)
O

𝑣0 𝑣1

c ↦→ cpu(4, 𝑋, 𝑣2)
i ↦→ (li 0 #f−1)

B 𝑣0

c ↦→ cpu(5,−1, 𝑣2)
i ↦→ (ret #f #f #f)

B

c ↦→ cpu(0,−1, 𝑣2)
D

c ↦→ cpu(2, 𝑋, 𝑣2)
i ↦→ (sgtz 0 0 #f)

B𝑣1

c ↦→ cpu(3, 1, 𝑣2)
G

c ↦→ cpu(3, 0, 𝑣2)
H

c ↦→ cpu(3, 𝑣6, 𝑣2)
i ↦→ (ret #f #f #f)

B

𝑣4 𝑣5

c ↦→ cpu(0, 𝑣6, 𝑣2)
D

c ↦→ cpu(0, 𝑣7, 𝑣2)

(b) Repaired (Figure 3.3)

Figure 3.2: Simplified symbolic evaluation heap and graph for the original (a) and repaired (b)

ToyRISC code. Heaps are shown in gray boxes. Nodes in a symbolic evaluation graph are program

states, and edges are guarded transitions between states, labeled with the condition that guards

the transition. Edges ending at pink circles denote infeasible transitions. Dotted edges indicate

elided parts of the graph. Circled letters are program locations, included for readability.
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(define (interpret c program) ; A
(serval:split-pc [cpu pc] c ; O

(define i (fetch c program)) ; B
(match i

[(list opcode rd rs imm)
(execute c opcode rd rs imm)
(when (not (equal? opcode ’ret))

(interpret c program))])))

(a) Manual repair [60]

(define (interpret c program) ; A
(split-all (c) ; O

(define i (fetch c program)) ; B
(match i

[(list opcode rd rs imm)
(execute c opcode rd rs imm)
(when (not (equal? opcode ’ret))

(interpret c program))])))

(b) Generated repair

Figure 3.3: Manual and SymFix repair for ToyRISC code.

non-termination on more complex ToyRISC programs.

Having diagnosed the problem, the authors of ToyRISC then reasoned that the fix should force

Rosette to split the evaluation into separate paths that keep the program counter concrete. Such a

fix can be implemented through symbolic reflection [93], a set of constructs that allow programmers

to control Rosette’s splitting and merging behavior. In this case, ToyRISC authors used symbolic

reflection and metaprogramming with macros (which Rosette inherits from Racket) to create

a custom construct, split-pc, that forces a path split on CPU states with symbolic program

counters. Applying split-pc to the body of interpret (Figure 3.3a) fixes this bottleneck (Fig-

ure 3.2b)—and ensures that symbolic evaluation terminates on all ToyRISC programs. But while

simple to implement, this fix is hard won, requiring manual analysis of symbolic profiles, diagnosis

of the bottleneck, and, finally, repair with a custom construct based on symbolic reflection.

Repairing bottlenecks with SymFix. SymFix lowers this burden by automatically repairing

common performance bottlenecks in solver-aided code. The core idea is to view the repair problem

(Section 3.3) as search for a sequence of semantics-preserving repairs that transform an input

program into an equivalent program with minimal symbolic cost—a value computed from the

program’s symbolic profiling metrics. To realize this approach, SymFix solves two core technical

challenges (Section 3.4): (1) developing a small set of generic repairs that can be combined into

useful and general repair sequences for common bottlenecks, and (2) developing a search strategy
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that discovers good fixes quickly and best fixes eventually.

SymFix can repair complex bottlenecks in real code as well as or better than experts (Sec-

tion 3.5). It can also repair ToyRISC, finding the fix in Figure 3.3b. This fix has the same effect as

the expert split-pc fix but uses a generic split-all construct. The construct forces a split on

the value stored in a variable depending on its type: if the value is a struct, the split is performed

on all of its fields that hold symbolic values. The split-all construct can be soundly applied to

any bound occurrence of a local variable in a program, leading to intractable search spaces even

for small programs. For example, there are 55 bound local variables in ToyRISC, so the split-all

repair alone can be used to transform ToyRISC into 255 syntactically distinct programs. SymFix

is able to navigate this large search space effectively, matching the expert fix in a few seconds.

3.3 Symbolic Performance Repair

As Section 3.2 illustrates, performance bottlenecks in solver-aided code are difficult to repair man-

ually. This section presents a new formulation of this problem that enables automatic solving. Our

formulation is based on two core concepts: repairs and fixes. A repair is a semantics-preserving

transformation on programs. A fix combines a sequence of repair steps, with the goal of reducing

the cost of a program under symbolic evaluation. The symbolic performance repair problem is to

find a fix, drawn from a finite set of repairs, that minimizes this cost. We describe repairs and

fixes first, present the symbolic performance repair problem next, and end with a discussion of

key properties of repairs that are sufficient for solving the repair problem in principle and helpful

for solving it in practice.
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3.3.1 Repairs, fixes, and symbolic cost

Repairs. A repair transforms a program to a set of programs that are syntactically different but

semantically equivalent (Definition 3.1 and 3.2). A repair operates on programs represented as ab-

stract syntax trees (ASTs). It takes as input an AST and a node in this AST, and produces an ordered

set of ASTs that transform the input program at the given node or one of its ancestors. This inter-

face generalizes classic program transformations by allowing repairs to producemultiple ASTs. The

classic interface is often implemented by heuristically choosing one of many possible outputs that

an underlying rewrite rule can generate. Our interface externalizes this choice, while still letting re-

pairs provide heuristic knowledge in the order of the generated ASTs, as illustrated in Example 3.1.

This enables an external algorithm to drive the search for fixes, with advice from the repairs.

Definition 3.1 (Program) A program is an abstract syntax tree (AST) in a language P, consisting

of labeled nodes and edges. A program 𝑃 ∈ P denotes a function ⟦𝑃⟧ : Σ→ Σ on program states,

which map program variables to values. Programs 𝑃 and 𝑃 ′ are syntactically equivalent if their trees

consist of identically labeled nodes, connected by identically labeled edges. They are semantically

equivalent iff ⟦𝑃⟧P𝜎 ≡ ⟦𝑃 ′⟧P𝜎 for all program states 𝜎 ∈ Σ, where ⟦·⟧P : P → Σ → Σ denotes

the concrete semantics of P.

Definition 3.2 (Repair) A repair 𝑅 : P → L → 2P is a function that maps a program and a

location to an ordered finite set of programs. A location 𝑙 ∈ L identifies a node in an AST. The set

𝑅(𝑃, 𝑙) is empty if the repair 𝑅 is not applicable to 𝑃 at the location 𝑙 . Otherwise, each program

𝑃𝑖 ∈ 𝑅(𝑃, 𝑙) satisfies two properties. First, 𝑃 and 𝑃𝑖 differ in a single subtree rooted at 𝑙 or an ancestor

of 𝑙 in 𝑃 . Second, 𝑃 and 𝑃𝑖 are semantically equivalent.

Example 3.1 Consider a repair 𝑅1 that performs the rewrite 𝑒 ∗ 2→ 𝑒 « 1 on integer expressions.

There are three ways to apply this rewrite to the program 𝑃 = 1 + (a * 2) * 2 at the node a or

its ancestors, and 𝑅1 orders them as follows:
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1 + (a << 1) << 1 ; 0: Apply the rewrite exhaustively.
1 + (a << 1) * 2 ; 1: Apply the rewrite just to a’s parent.
1 + (a * 2) << 1 ; 2: Apply the rewrite just to a’s grandparent.

The order of the generated ASTs suggests that applying the rewrite exhaustively is most useful, followed

by applying it from the inside out.

Fixes. A fix composes a sequence of repair steps into a function from programs to programs

(Definition 3.3 and 3.4). A repair step ⟨𝑅, 𝑙, 𝑖⟩ specifies the repair 𝑅 to apply to a program, the loca-

tion 𝑙 at which to apply it, and the index 𝑖 of the program to select from the resulting ordered set of

programs. In essence, a repair step turns a repair into a classic program transformation by choosing

one of the repair’s outputs, and fixes can compose these steps to create new transformations, as

illustrated in Example 3.2.

Definition 3.3 (Repair step) A repair step ⟨𝑅, 𝑙, 𝑖⟩ consists of a repair 𝑅, program location 𝑙 , and

non-negative integer 𝑖 . A step denotes the function ⟦⟨𝑅, 𝑙, 𝑖⟩⟧ : P ∪ {⊥} → P ∪ {⊥} as follows:

⟦⟨𝑅, 𝑙, 𝑖⟩⟧𝑃 = 𝑅(𝑃, 𝑙) [𝑖] if 𝑃 ≠ ⊥ and |𝑅(𝑃, 𝑙) | > 𝑖 ; otherwise the result is ⊥. We write 𝑅(𝑃, 𝑙) [𝑖] to

mean the 𝑖 th program in the ordered set 𝑅(𝑃, 𝑙).

Definition 3.4 (Fix) A fix 𝐹 = [⟨𝑅1, 𝑙1, 𝑖1⟩, . . . , ⟨𝑅𝑛, 𝑙𝑛, 𝑖𝑛⟩] is a finite sequence of one or more repair

steps. A fix 𝐹 denotes the function that composes the repair steps of 𝐹 , i.e., ⟦𝐹⟧ = ⟦⟨𝑅𝑛, 𝑙𝑛, 𝑖𝑛⟩⟧ ◦ . . . ◦

⟦⟨𝑅1, 𝑙1, 𝑖1⟩⟧. We say that fix is successful for a program 𝑃 if ⟦𝐹⟧𝑃 ≠ ⊥.

Example 3.2 Consider the fix 𝐹 = [⟨𝑅1, a, 0⟩, ⟨𝑅2, a, 0⟩], where 𝑅1 is the repair from Example 3.1 and

𝑅2 performs the rewrite (𝑒 « 1) « 1→ 𝑒 « 2. Applying 𝐹 to the program 𝑃 from Example 3.1 produces

the program 1 + (a « 2): ⟦⟨𝑅2, a, 0⟩⟧(⟦⟨𝑅1, a, 0⟩⟧𝑃) = ⟦⟨𝑅2, a, 0⟩⟧(1 + (a « 1) « 1) = 1 +

(a « 2). In other words, the fix 𝐹 composes its repair steps to rewrite the second subexpression of 𝑃

using the rule (𝑒 ∗ 2) ∗ 2→ 𝑒 « 2.
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Cost. There are many ways to combine repairs into fixes for a given program, even when the

program is small and repairs are few (Example 3.3). To choose a fix that is useful for improving

the performance of a program under symbolic evaluation, we need a way to measure the cost of

symbolic evaluation (Definition 3.5). We address this challenge by building on the observation

that the behavior of symbolic evaluators is characterized by two structures: the symbolic heap

and the symbolic evaluation graph. Our framework defines symbolic evaluation as a function

from programs and program states to these structures (Definition 3.6), and the cost of symbolic

evaluation as a function from these structures to (natural) numbers (Definition 3.7). The details

of the cost function are not important for the framework, although they are important in practice:

the symbolic cost should correlate with concrete metrics that are meaningful to developers (e.g.,

end-to-end running time), and SymFix uses a cost function (Section 3.4) that is simple but effective

(Section 3.5). What matters, however, is that the symbolic evaluator is a total function, which

means that we consider only finite computations. In particular, we make the standard assumption

that programs 𝑃 ∈ P are free of input-dependent loops, and are therefore guaranteed to terminate

under symbolic evaluation, ensuring that we can compute the cost for every fix.

Definition 3.5 (Useful fix) A fix 𝐹 is useful for a program 𝑃 ∈ P, program state 𝜎 ∈ Σ, symbolic

evaluator 𝑆 : P → Σ→ G, and cost 𝑐 : G ×H → N, if ⟦𝐹⟧𝑃 ≠ ⊥ and 𝑐 (𝑆 (⟦𝐹⟧𝑃, 𝜎)) < 𝑐 (𝑆 (𝑃, 𝜎)).

Definition 3.6 (Symbolic evaluator) A symbolic evaluator 𝑆 : P → Σ→ G ×H is a function

that takes as input a program 𝑃 ∈ P and program state 𝜎 ∈ Σ, and outputs a pair ⟨𝐺,𝐻 ⟩, where

𝐺 ∈ G is a symbolic evaluation graph and 𝐻 ∈ H is a symbolic heap [14]. A symbolic heap

𝐻 = (𝑉𝐻 , 𝐸𝐻 ) is a directed acyclic graph (DAG) with labeled nodes and edges. Heap nodes are

symbolic values, and heap edges connect compound symbolic values to the symbolic or concrete

values from which they are built. A symbolic evaluation graph 𝐺 = (𝑉𝐺 , 𝐸𝐺 ) is a DAG where nodes

𝑉𝐺 ⊆ Σ are program states and edges are transitions between states, each labeled with a (symbolic
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or concrete) boolean value that guards the transition and a program location in 𝑃 that caused the

transition. The graph𝐺 has 𝜎 ∈ 𝑉𝐺 as its sole source node. The heap 𝐻 contains all symbolic values

that appear in𝐺 as part of a program state or as an edge label. If 𝐻 = (∅, ∅) is empty, then𝐺 consists

of a single path from 𝜎 to ⟦𝑃⟧P𝜎 , where all edges are labeled with ⊤.

Definition 3.7 (Symbolic cost) A symbolic cost function 𝑐 : G×H → N assigns a cost, expressed

as a natural number, to the results of symbolic evaluation.

Example 3.3 Consider again the fix 𝐹 , repairs 𝑅1 and 𝑅2, and program 𝑃 from Example 3.1 and 3.2.

In addition to 𝐹 , there are seven different ways to compose repair steps over 𝑅1 and 𝑅2 into fixes for

𝑃 ; two are equivalent to 𝐹 and five to the outputs of 𝑅1 on 𝑃 . Intuitively, 𝐹 produces the best program

for all workloads, and in this case, the intuition is captured by a simple cost function that measures

the size of the symbolic heap, i.e., 𝑐 (⟨𝐺,𝐻 ⟩) = |𝑉𝐻 |. For example, letting 𝜎 = {a ↦→ 𝐴}, where 𝐴 is

a symbolic integer, we can compute the cost of 𝑃 , the output of the fix [⟨𝑅1, a, 0⟩], and the output of

the fix 𝐹 as follows:

𝑐 (𝑆 (1 + (a * 2) * 2, 𝜎)) = |{𝑣0 : 𝐴 ∗ 2, 𝑣1 : 𝑣0 ∗ 2, 𝑣2 : 1 + 𝑣1}| = 3

𝑐 (𝑆 (1 + (a « 1) « 1, 𝜎)) = |{𝑣0 : 𝐴 « 1, 𝑣1 : 𝑣0 « 1, 𝑣2 : 1 + 𝑣1}| = 3

𝑐 (𝑆 (1 + (a « 2), 𝜎)) = |{𝑣0 : 𝐴 « 2, 𝑣1 : 1 + 𝑣0}| = 2

As expected, the program produced by 𝐹 has the lowest cost.

3.3.2 The symbolic performance repair problem

The symbolic performance repair problem is to find a fix, drawn from a finite set of repairs, that min-

imizes the symbolic cost of a program on a given workload (Definition 3.8). To make this problem

solvable in principle, it is sufficient to ensure that the set of repairs is terminating [33], preventing

the repairs from being indefinitely applicable to any program (Definition 3.9). To help solve the re-

pair problem in practice, we can use a general property of repairs, precedence, to prune fixes during
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search without missing any programs (Definition 3.10). A partial order ⪯R is a precedence relation

on a set of repairs R if every successful fix over R can be turned into an equivalent fix by permuting

its repair steps to respect ⪯R. To search for a fix over Rwith ⪯R, it is sufficient to explore successful

fixes that order all repair steps according to ⪯R. Example 3.4 illustrates these definitions, and we

use them in the next section to develop the SymFix algorithm for solving the repair problem.

Definition 3.8 (Symbolic performance repair) Let 𝑃 ∈ P be a program, 𝜎 ∈ Σ a program state,

R a finite set of repairs for P, 𝑆 a symbolic evaluator for P, and 𝑐 a symbolic cost function for 𝑆 .

The symbolic performance repair problem is to find a useful fix 𝐹 over R that minimizes the cost

of evaluating 𝑃 on 𝜎 ; i.e., for all useful fixes 𝐹 ′ ≠ 𝐹 over R, 𝑐 (𝑆 (⟦𝐹⟧𝑃, 𝜎)) ≤ 𝑐 (𝑆 (⟦𝐹 ′⟧𝑃, 𝜎)).

Definition 3.9 (Terminating repair set) Let R be a finite set of repairs for the language P. We

say this set is terminating if for every program 𝑃 ∈ P, there is an upper bound on the length of every

successful fix for 𝑃 drawn from R.

Definition 3.10 (Repair precedence) Let R be a finite set of repairs and ⪯R a partial order on

R. Let spine be a function that projects out the repairs from a fix, i.e., spine(𝐹 ) = [𝑅1, . . . , 𝑅𝑛] for

𝐹 = [⟨𝑅1, 𝑙1, 𝑖1⟩, . . . , ⟨𝑅𝑛, 𝑙𝑛, 𝑖𝑛⟩]. We say that ⪯R is a precedence on R if for every program 𝑃 and

every successful fix 𝐹 for 𝑃 drawn from R, there is a fix 𝐹 ′ such that ⟦𝐹⟧𝑃 = ⟦𝐹 ′⟧𝑃 and spine(𝐹 ′)

permutes spine(𝐹 ) to respect ⪯R, i.e., ∀𝑖, 𝑗 . spine(𝐹 ′) [𝑖] ⪯R spine(𝐹 ′) [ 𝑗] =⇒ 𝑖 ≤ 𝑗 .

Example 3.4 Recall the program 𝑃 , repairs 𝑅1 and 𝑅2, fix 𝐹 , and cost 𝑐 from Examples 3.1–3.3. The

repair set R = {𝑅1, 𝑅2} is terminating; 𝑅1 ⪯R 𝑅2; and 𝐹 is a solution to the symbolic performance

repair problem for 𝑃 , R, and 𝑐 .
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3.4 The SymFix Algorithm and Repairs

This section presents the SymFix system for solving the symbolic performance repair problem.

SymFix consists of two components: an anytime algorithm for searching the space of fixes drawn

from a terminating set of repairs, and a set of three generic repairs for functional solver-aided

languages with symbolic reflection. We present the algorithm first and prove its correctness and

optimality (Section 3.4.1). We then describe the repairs and a total precedence relation on them,

and argue that they form a terminating set (Section 3.4.2). We end by highlighting the key details

of our implementation of SymFix for the Rosette language (Section 3.4.3).

3.4.1 Profile-guided search for fixes

The SymFix algorithm (Figure 3.4) solves the symbolic performance repair problem for a cost

function based on symbolic profiling. As shown in prior work [14], the metrics computed by a

symbolic profiler closely reflect the overall running time of solver-aided code (i.e., symbolic eval-

uation together with solving time), and reducing these metrics is key to improving performance.

In addition to computing these metrics, which measure the size and shape of the symbolic heap

and evaluation graph, a symbolic profiler𝑀 also ranks all locations in a program from most to

least expensive to evaluate. The SymFix algorithm uses both of these outputs: it searches for a

fix that minimizes the sum of the profiling metrics for a given program and workload, and the

search is guided by the profiling ranks.

The algorithm relies on the Search procedure to explore the space of fixes for a program 𝑃in

and a terminating set of repairs R. Search performs exhaustive (rather than greedy) best-first

search over this space. It starts by initializing the work set𝑊 with the input program 𝑃in; the info

map with a binding from 𝑃in to its profiling metrics, cost, and the empty fix; and the minimum

cost minCost with the cost of 𝑃in. The main search loop then picks a program 𝑃 from the work set,
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1: function SymFix(𝑃in, 𝜎, 𝑆,𝑀,R, ⪯R)
2: function Info(𝑃, 𝐹 ) ⊲ Symbolic profile sorts 𝑃 ’s locations from most to least
3: ⟨L𝑃 ,𝑚𝑃 ⟩ ← 𝑀 (𝑆 (𝑃, 𝜎 ) ) ⊲ likely bottlencks & collects 𝑘 profiling metrics.
4: 𝑐𝑃 ←

∑
0≤𝑖<𝑘 𝑚𝑖 ⊲ 𝑃 ’s cost is the sum of its profiling metrics.

5: return {𝑃 ↦→ {cost ↦→ 𝑐𝑃 , locs ↦→ L𝑃 , fix ↦→ 𝐹 }}
6: end function

7: function Next(𝑃, info) ⊲ Picks a successor of 𝑃 , if any, with an extra repair.
8: 𝐹 ← info[𝑃 ] [fix ] ⊲ Get the fix that generated 𝑃 .
9: for 𝑅 in R do ⊲ Iterate over the repairs in R that do not precede
10: if

∧
𝑅𝑖 ∈spine(𝐹 ) 𝑅𝑖 = 𝑅 ∨ 𝑅 ̸⪯R 𝑅𝑖 then ⊲ any repairs in 𝑃 ’s fix,

11: for 𝑙 in info[𝑃 ] [locs] do ⊲ then over the ranked locations in 𝑃 ,
12: for 𝑃 𝑗 ∈ 𝑅 (𝑃, 𝑙 ) do ⊲ and then over the ordered results
13: if info[𝑃 𝑗 ] = ⊥ then ⊲ to find a new program 𝑃 𝑗 .
14: return ⟨𝑃 𝑗 , append (𝐹, ⟨𝑅, 𝑙, 𝑗 ⟩) ⟩ ⊲ Return 𝑃 𝑗 and its fix.
15: end if

16: end for

17: end for

18: end if

19: end for

20: return ⟨⊥,⊥⟩ ⊲ No new programs can be obtained from 𝑃 .
21: end function

22: function Search(𝑃in)
23: 𝑊, info← {𝑃in}, Info(𝑃in, [ ] ) ⊲ Initialize the work set and info map.
24: minCost ← info[𝑃in ] [cost ] ⊲ Set 𝑃 ’s cost as current best cost.
25: while𝑊 ≠ ∅ do
26: 𝑃 ← min(𝑊,𝜆𝑃.info[𝑃 ] [cost ] ) ⊲ Choose the cheapest 𝑃 ∈𝑊 to work on.
27: ⟨𝑃 ′, 𝐹 ′ ⟩ ← Next(𝑃, info) ⊲ Get a successor 𝑃 ′ of 𝑃 and its fix.
28: if ⟨𝑃 ′, 𝐹 ′ ⟩ ≠ ⟨⊥,⊥⟩ then ⊲ If 𝑃 ′ exists,
29: 𝑊, info←𝑊 ∪ {𝑃 ′ }, info ∪ Info(𝑃 ′, 𝐹 ′ ) ⊲ add 𝑃 ′ to𝑊 and info;
30: if info[𝑃 ′ ] [cost ] < minCost then ⊲ and if 𝑃 ′ is best so far,
31: minCost ← info[𝑃 ′ ] [cost ] ⊲ update minCost and
32: print 𝑃 ′ ⊲ output 𝑃 ′ .
33: end if

34: else

35: 𝑊 ←𝑊 \ {𝑃 } ⊲ No new programs can be obtained from 𝑃 .
36: end if

37: end while

38: end function

39: Search(𝑃in )
40: end function

Figure 3.4: The SymFix search algorithm takes as input a program 𝑃in in a language P, a workload
𝜎 , a symbolic evaluator 𝑆 forP, a symbolic profiler𝑀 for 𝑆 , a terminating set of repairs R forP, and
a precedence relation ⪯R on R. It searches the space of fixes drawn from R to find a program that

is equivalent to 𝑃in and minimizes the cost of symbolic evaluation on 𝜎 according to the profiler𝑀 .
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applies one repair step to 𝑃 to get a new program 𝑃 ′ (corresponding to a fix 𝐹 ′ that extends 𝑃 ’s fix

by one step), and adds 𝑃 ′ to both𝑊 and info. If the new program 𝑃 ′ has lower cost than minCost,

Search prints it and updates minCost accordingly. But if no new programs can be obtained from

𝑃 by applying a repair from R, then 𝑃 has no more children in the underlying search graph, and

Search removes it from the work set𝑊 . The search continues as long as there are programs in

𝑊 , so the entire search graph is eventually explored.

To make the algorithm practically useful, Search employs the procedure Next to explore the

most promising fixes first and to prune the search space without losing completeness. Search

selects the cheapest fix 𝐹 to extend (line 26), and Next constructs the repair step ⟨𝑅, 𝑙, 𝑗⟩ to add

to 𝐹 . To construct ⟨𝑅, 𝑙, 𝑗⟩, Next first choses a repair 𝑅 that does not strictly precede any of the

repairs in 𝐹 , according to the precedence relation ⪯R. Then, it uses profiling rankings and the

repair’s ordering heuristics to select the location 𝑙 and the result index 𝑗 . This ensures that Search

explores only fixes that respect ⪯R, and that it tries to repair most likely bottlenecks first.

The SymFix algorithm is sound, complete, and optimal (Theorem 3.1). It produces correct fixes

that are semantically equivalent to the input program (soundness). It always finds a useful fix if

one exists in the space defined by the given set of repairs (completeness). And it eventually finds

the best such fix that minimizes the symbolic profiling cost on the given workload (optimality).

Theorem 3.1 Let 𝑃in be a program, 𝜎 a workload, R a terminating set of repairs, and ⪯R a precedence

relation on R. Then SymFix(𝑃in, 𝜎, 𝑆, 𝑀,R, ⪯R) terminates and satisfies the following conditions. (1)

If Search produces a program at line 32, then every such program 𝑃 ′ is semantically equivalent to

𝑃in (soundness). (2) For every cost 𝐶 < info[𝑃in] [𝑐𝑜𝑠𝑡], if there is a fix over R with cost 𝐶 , then line

32 will produce a program 𝑃 ′ with info[𝑃 ′] [𝑐𝑜𝑠𝑡] ≤ 𝐶 (completeness and optimality).

Proof sketch 3.1 First, note that SymFix explores a search graph where nodes are programs; two

nodes are related by a repair step drawn from R; and a path in the graph corresponds to a fix over R that
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respects ⪯R. All paths through this graph are finite because R is terminating (Definition 3.9). There are

also finitely many such paths because each node has finitely many outgoing edges (repair steps), which

follows from the finite number of repairs, locations in a program, and repair outputs. So, (1) the under-

lying search graph is finite, and (2) by definition of ⪯R (Definition 3.10), it contains the same programs

(nodes) as the search graph that includes all fixes (paths) over R. Next, note that (3) SymFix adds each

program in this graph to the work set𝑊 exactly once, and (4) each added program is removed after all

of its children have been visited, i.e., added to the info map. These facts (1–4) imply that the algorithm

terminates after visiting each program in the space defined by R. Completeness and optimality then

follow from lines 24, 30–32, and soundness follows from the definition of repairs (Definition 3.2).

3.4.2 Effective repairs for functional hosts with symbolic reflection

The effectiveness of SymFix hinges on the choice of the repair set R. An ideal repair set includes a

few key repairs that can be combined into useful fixes for most common performance bottlenecks.

This section presents three such repairs for solver-aided languages with functional program-

ming primitives and symbolic reflection. We use Rosette to illustrate these repairs, but they are

applicable to any solver-aided language or framework with similar features (e.g., [94, 79, 20]).

Deforestation. Higher-order combinators (e.g., map, fold, and filter) are commonly used

to operate on lists. Using these combinators generates intermediate lists that are immediately

consumed and discarded, slowing down concrete evaluation by a constant factor. Under symbolic

evaluation, however, the resulting slow down is asymptotically worse, as the following example

demonstrates.
(define (sum-slow xs) ; Sums the positive numbers in xs using an

(foldr + 0 (filter positive? xs))) ; intermediate list (the result of filter).

(define (sum-fast xs) ; Sums the positive numbers in xs without
(foldr (lambda (e acc) ; creating any intermediate lists.

(if (positive? e)
(+ e acc)
acc))
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0 xs))

> (define-symbolic xs integer? [100]) ; xs is a list of 100 symbolic integers.

> (time (sum-slow xs)) ; Adds 520,000 values to the symbolic heap.
cpu time: 5119 real time: 4954 gc time: 2194

> (time (sum-fast xs)) ; Adds 100 values to the symbolic heap.
cpu time: 3 real time: 3 gc time: 0 ; Times are given in milliseconds.

Deforestation [95] is a classic program transformation that eliminates intermediate lists pro-

duced by list combinators. As such, it makes a powerful repair for performance bottlenecks in

solver-aided code. In the above example, it automatically transforms sum-slow into sum-fast,

avoiding the expensive call to filter that creates a symbolic intermediate list when the input

xs is symbolic. Many variants of deforestation exist for different functional languages; for Rosette,

SymFix uses a repair based on build/foldr fusion [44]. This repair applies deforestation exhaustively

at a given location and outputs at most one program.

Path splitting. Deforestation changes the behavior of a program under symbolic evaluation by

restructuring its implementation. But if the host language supports symbolic reflection [93], we

can control the evaluation more directly, by using dedicated constructs to force path splitting [90]

(or state merging [78]) at specific program locations. We have seen an example of this in Sec-

tion 3.2, where SymFix used a path splitting construct to fix the ToyRISC interpreter. In Rosette,

this construct takes the form (split-all (𝑥) 𝐸), where 𝑥 is an identifier and 𝐸 an expression

over 𝑥 . If 𝑥 is bound to a symbolic value that ranges over a small finite set of concrete values,

{𝑣1, . . . , 𝑣𝑛}, then split-all splits the evaluation of 𝐸 into 𝑛 paths, one for each value that 𝑥 can

take, i.e., 𝑥 = 𝑣𝑖 ⊢ (let ([𝑥 𝑣𝑖]) 𝐸) for 1 ≤ 𝑖 ≤ 𝑛. Otherwise, split-all acts as the identity

transformation on 𝐸. Because path splitting increases the number of paths that are evaluated, it

must be applied carefully to avoid path explosion—a task we delegate to automated search.

The SymFix path splitting repair works as follows. Given a program location 𝑙 in a procedure

body 𝑃 , it outputs all valid ways to insert (split-all (𝑥) 𝐸) into 𝑃 , so that 𝐸 contains the
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location 𝑙 , 𝑥 is bound in 𝐸’s context, and there is no other split on 𝑥 in 𝐸 or its context. So, nested

splits on the same identifier, (split-all (𝑥) (...(split-all (𝑥) ...), are disallowed. The

resulting set of transformed programs is finite but large, and the repair heuristically prefers splits

with broadest scope (i.e., where 𝐸 is the highest ancestor of 𝑙 in 𝑃 ).

Value splitting. Path splitting allows programs to exert local control on the symbolic evaluation

strategy, by concretizing a specific symbolic value at a specific program location. In principle, it is

possible to combine many path splitting repairs to implement a global change in the evaluation

strategy, such as concretizing every operation on a given user-defined type. In practice, however,

this would require prohibitively long and complex fixes. We therefore develop a global value

splitting repair that assumes the host language provides a mechanism for controlling how all

values of a given type are merged and split. In Rosette, this is done with a transparency annotation,

illustrated in the following example.
(require rosette/lib/match)

@(struct Cell (v) #:transparent)@

; Return a new Cell that doubles
; the value v of c.
(define (twice c)

(match c
[(Cell v) (Cell (+ v v))]))

; Create a symbolic Cell.
(define-symbolic b boolean?)
(define c (if b (Cell 1) (Cell 0)))

; Fields of transparent structs are merged,
; so ‘twice’ works on symbolic values.
> c
(Cell (ite b 1 0))
> (twice c)
(Cell (+ (ite b 1 0) (ite b 1 0)))

; The symbolic heap now contains 4 values:
; 𝑏,¬𝑏, ite(𝑏, 1, 0), ite(𝑏, 1, 0) + ite(𝑏, 1, 0).

(require rosette/lib/match)

@(struct Cell (v))@ ; Opaque struct.

; Return a new Cell that doubles
; the value v of c.
(define (twice c)

(match c
[(Cell v) (Cell (+ v v))]))

; Create a symbolic Cell.
(define-symbolic b boolean?)
(define c (if b (Cell 1) (Cell 0)))

; Fields of opaque structs are not merged,
; so ‘twice’ works on concrete values.
> c
{[b ⊢ (Cell 1)] [(! b) ⊢ (Cell 0)]}
> (twice c)
{[b ⊢ (Cell 2)] [(! b) ⊢ (Cell 0)]}

; The symbolic heap now contains 2 values,
; 𝑏,¬𝑏, but the graph has more paths.

The SymFix value splitting repair toggles the transparency annotation on user-defined struc-

tures in a way that preserves soundness. Under Rosette semantics, it is sound to make structs less

transparent (i.e., the transparency annotation can be removed) but not more. So given a location

within a struct declaration, the value splitting repair produces at most one program. Like path
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splitting, this repair creates more opportunities for concrete evaluation, at the cost of adding more

paths to the symbolic evaluation graph.

Termination and precedence. The SymFix repairs form a terminating set with a total prece-

dence relation 𝑅𝑉 ⪯R 𝑅𝐷 ⪯R 𝑅𝑃 that orders value splitting first, deforestation second, and path

splitting last. To see this, first note that value splitting applies to structs, while neither of the other

repairs does, so 𝑅𝑉 can be freely reordered with 𝑅𝐷 and 𝑅𝑃 . Next, observe that if deforestation

𝑅𝐷 follows path splitting 𝑅𝑃 , then either they were applied to disjoint locations, or 𝑅𝑃 was applied

to an expression that is moved but not transformed by deforestation (e.g., xs in the sum-slow

example). In either case, the same effect can be achieved by applying 𝑅𝑃 after 𝑅𝐷 (though not vice

versa). Finally, note that 𝑅𝑉 and 𝑅𝐷 can be applied to the same location at most once, and 𝑅𝑃 can

be applied at most 𝑁 times, where 𝑁 is the number of bound identifiers in the enclosing context.

Hence, the set {𝑅𝑉 , 𝑅𝐷 , 𝑅𝑃 } is terminating.

3.4.3 Implementation

We implemented the SymFix algorithm and repairs for Rosette. All three repairs require side effect

analysis to preserve soundness, and we implement a simple conservative analysis that allows

repairs only on expressions built out of procedures and constructs known to be safe. Because

the repairs are totally ordered, we apply them in stages so that all of our fixes are of the form

𝑅∗
𝑉
𝑅∗
𝐷
𝑅∗
𝑃
. While our repair framework assumes that programs have no unbounded loops, Rosette

places no bounds on loops by design [93], so it is possible to write a Rosette program that does

not terminate under symbolic evaluation. Our implementation deals with diverging and slow

executions with timeouts.
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3.5 Evaluation

To evaluate the effectiveness of SymFix, we address three research questions:

RQ1 : Can SymFix repair the performance of state-of-the-art solver-aided tools, and how do its

fixes compare to those written by experts?

RQ2 : Do the fixes found by SymFix generalize to different workloads?

RQ3 : How important is SymFix’s search strategy for finding useful fixes?

All results in this section were collected using an Intel Core i7-7700K at 4.20GHz with 16GB of

RAM, running Racket v7.4. Each timing result is the average of 10 executions of the corresponding

experiment.

3.5.1 Can SymFix repair the performance of state-of-the-art solver-aided

tools, and how do its fixes compare to experts’?

To demonstrate that SymFix is effective on state-of-the-art solver-aided tools, we collected a suite

of 15 tools [1, 12, 13, 15, 17, 19, 23, 50, 74, 70, 93, 100, 101] built in Rosette from a prior literature

survey [14], together with 3 more recent tools [60, 64, 73]. For each of these Rosette programs,

we applied SymFix to identify and repair performance bottlenecks.

Figure 3.5 shows the results. For each program, we report the original running time in seconds,

and the cost of the original program as estimated by SymFix. We report three sources of repairs:

fixes found by SymFix, fixes found by a baseline greedy algorithm discussed in Section 3.5.3, and

manual fixes from prior work [14, 60]. We used a one-hour timeout for all experiments. For each

fix, we report the relative speedup and cost decrease compared to the original run time and cost.

A dash “–” indicates the absence of data due to timeouts or the lack of known manual fixes. One
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Original SymFix Greedy Manual

Program LoC Time Cost Time Cost |𝐹 | # Time Cost Time Cost

Bagpipe 3317 17 s 6.0e4 1.0× 1.0× 1 6 – – – –
Bonsai§ 641 27 s 1.5e6 1.3× 1.3× 2 21 1.1× 1.1× 1.0× 0.9×
Cosette∥ 2709 – – 21 s 6.8e5 3 33 – – 15 s 7.4e5
Ferrite 350 13 s 9.8e5 2.8× 3.8× 4 11 – – 1.6× 1.1×
Fluidics 145 10 s 6.5e5 1.9× 1.7× 1 1 1.9× 1.7× 2.1× 1.8×
FRPSynth 304 3 s 2.3e4 3.1× 1.6× 4 93 1.4× 1.3× – –
GreenThumb 934 1179 s 2.0e5 1.3× 1.1× 1 1 1.3× 1.1× – –
IFCL 574 53 s 6.2e5 – – – – – – – –
Memsynth 3362 15 s 2.0e6 1.1× 1.1× 1 2 1.0× 1.1× – –
Neutrons 37317 29 s 5.6e6 2.0× 2.3× 3 5 2.0× 2.3× 193.7× 869.9×
Nonograms 6693 8 s 1.5e5 1.1× 1.4× 7 46 – – – –
Quivela 5946 47 s 2.9e6 91.7× 218.4× 6 7 90.1× 187.3× 86.1× 218.5×
RTR 2007 282 s 1.6e7 – – – – – – 7.2× 4.1×
Serval¶ 8641 116 s 7.3e6 6.2× 80.7× 1 1 – – 6.2× 80.7×
Swizzle 1240 7 s 3.1e5 1.8× 1.3× 2 18 – – – –
SynthCL 3732 16 s 7.5e5 – – – – – – – –
Wallingford 3866 2 s 8.5e3 1.0× 1.0× 1 2 – – – –
WebSynth 2057 7 s 1.0e6 – – – – – – – –

§ The manual repair was made unnecessary by a subsequent Rosette improvement.
∥ The repair by SymFix involves independent changes from users.
¶ The repair by SymFix uses user-supplied repairs.

Figure 3.5: Summary of fixes found by SymFix, a baseline greedy search, and experts. “LoC” is

the number of lines of code in a given benchmark; “Cost” is SymFix’s cost function for search;

“|𝐹 |” is the number of repair steps in the fix found by SymFix; and “#” is the number of fixes

explored in one hour before the reported best one is found.

original program (Cosette) does not terminate within an hour, so we report only its repaired

running times and costs.

SymFix finds fixes that improve the performance of 12 programs, with the improvements

ranging from 1.1× to 91.7×. SymFix also finds 2 fixes that lower the symbolic cost and runtime

only slightly, marked as 1.0× in Figure 3.5. The “#” column reports the number of iterations of

SymFix’s search procedure needed to find the fix, and “|𝐹 |” reports the number of repair steps

in the fix. Most fixes are found in fewer than 10 iterations, and most have up to 2 repair steps.

Of the 15 benchmarks from prior work, 7 were manually fixed by the authors of that paper.

For two of these benchmarks (Neutrons and RTR), the expert finds a significantly better fix than

SymFix or finds some fix while SymFix finds none. Overall, SymFix matches or outperforms

experts on 4 benchmarks, and it finds fixes for 5 benchmarks with no expert fix. We inspected
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all the fixes manually, and discuss interesting cases below.

For Bonsai (a synthesis tool for checking type-system soundness [19]), Neutrons (a verifier

for safety-critical systems [70]), and RTR (a refinement type checker for Ruby), the manual fixes

were sound but not semantics-preserving, so SymFix cannot discover them. For Bonsai, the manual

fix was made unnecessary by a subsequent Rosette improvement, but SymFix still discovers a new

repair that improves the performance further. For Neutrons, SymFix cannot recover the manual

fix but does find a concretization opportunity offering a 2.0× speedup. For RTR, SymFix does not

find a useful fix, suggesting future opportunities to exploit conditional repairs that are only sound

under certain preconditions [81].

For Cosette, an automated prover for deciding the equivalence of two SQL queries [23], the

original implementation did not terminate within one hour. The expert fix allowed Cosette to ter-

minate in 15 seconds. Because SymFix needs to execute the original program during the search for

repairs, we imposed a timeout of 60 seconds per execution. SymFix finds a fix that reduces Cosette’s

run time to 21 seconds, comparable to the manual fix. This new fix combines path splitting and

deforestation of the map–reduce pattern Cosette uses to filter SQL tables. Finding the deforestation

repair required converting Cosette’s recursive implementation of this pattern into a higher-order

version, but the Cosette developers made this change independently to implement the manual fix;

SymFix exploited this new structure to find another fix that allows Cosette to terminate in seconds.

For Fluidics, a tool for synthesizing programs that control a digital microfluidics array [101],

the expert-written fix involves a change to the core data structure the tool uses to represent

the array. This change is outside the scope of SymFix’s search space. However, SymFix instead

discovers a different fix that uses path splitting and requires no changes to the data structure.

This fix offers a 1.9× speedup instead of 2.1× for the manual one, but it is made automatically and

allows the tool’s developers to retain their preferred data structure.

For Ferrite, a tool for checking file-system crash consistency [12], SymFix improves upon the
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Original SymFix

Program Input Time (s) Cost Time Cost

Bonsai nanodot 17 s 7.8e5 1.2× 1.1×
Cosette q2 1 s 4.6e4 2.2× 9.8×
Cosette q3 – – 33 s 1.3e6
Ferrite chrome 99 s 2.1e7 16.2× 15.6×
FRPSynth program0 2 s 1.9e4 0.8× 0.8×
Quivela test-etm-10 19 s 6.7e5 1.8× 1.8×
Serval enosys 105 s 8.0e5 1.8× 11.3×
Swizzle stencil 6 s 2.1e5 1.1× 1.1×
Swizzle aos-sum 5 s 5.4e4 1.1× 1.0×

Figure 3.6: Effectiveness of SymFix’s repairs from Figure 3.5 on alternative workloads.

expert-written fix by finding additional opportunities for concretization through path and value

splitting. These changes make Ferrite close to 2× faster than the expert-repaired version.

For GreenThumb, a tool for developing superoptimizers [74], SymFix finds a concretization

opportunity that the expert did not. The concretization both improves symbolic evaluation and

alters the shape of the SMT formula so that SMT solving is 1.1× faster. SymFix also finds previously

unknown concretization opportunities for FRPSynth, a tool for synthesizing functional reactive

programs [64], and Swizzle, a tool for synthesizing GPU kernels [73], leading to a 3.1× and 1.8×

speed-up, respectively.

For Serval, a toolset for automatic verification of systems software [60], SymFix does not

discover a significant fix using its built-in repairs. But Serval comes with its own set of symbolic

optimizations, which were originally designed for manual application [60]. Using these optimiza-

tions as repairs, SymFix discovers the manual fix, showing that its algorithm works well with a

variety of repairs.

3.5.2 Do the fixes found by SymFix generalize to different workloads?

SymFix generates each of the fixes in Figure 3.5 using a single input to the respective program. To

determine whether discovered repairs generalize to different program inputs, we identified the
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programs in Figure 3.5 that have alternative inputs available and executed the repaired versions

on them.

Figure 3.6 shows the performance of each program on alternative inputs, both before and after

the fix that SymFix discovered in Figure 3.5. In all but one case, the fix generalizes to the new

input and improves the program’s performance. The relative performance improvement varies

from Figure 3.5 due to different problem sizes; for example, the new Ferrite input is much larger

than the original and so spends comparatively less time in the fixed procedure. The one exception

is the “program0” input to FRPSynth, which is 20% slower than the original version. Manual

inspection of this fix shows that the last of its 4 repair steps overfits to the initial input, and the

first 3 steps improve the performance on both inputs.

3.5.3 How important is SymFix’s search strategy for finding fixes?

SymFix employs a complete form of best-first search, guided by symbolic profiling ranks. To

evaluate the importance of these design choices, we consider two alternative algorithms without

them:

Random implements a complete best-first search that is not guided by profiling ranks, and

instead chooses a location randomly at line 11 in Figure 3.4; and

Greedy implements the standard greedy best-first search, which applies only the first repair

produced by Next at line 27 and never backtracks (by removing 𝑃 from𝑊 unconditionally

at line 35).

The Random algorithm discovers no useful fix for any benchmark within a one hour timeout.

This is not surprising since the space of fixes is exponential in the number of potential repair

locations, and there are thousands of such locations in each benchmark. The results for theGreedy
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algorithm are reported in the last two columns of Figure 3.5. Greedy finds a useful fix for only

half (7) of the benchmarks repaired by SymFix, and none of its fixes are better than those found

by SymFix. These results show that the key features of the SymFix algorithm are vital for fixing

performance bottlenecks in real solver-aided tools.

3.6 Related Work

Profile-guided optimization. Compilers often support profile-guided optimization, in which

the compiler uses profile data to guide its optimization phases (see Gupta et al. [45] for a survey).

For example, the efficacy of inlining depends on factors including cache size and access patterns

that are best determined by executing the program in the intended environment. Pettis and Hansen

[71] introduce a profile-guided code layout algorithm that tries to position commonly used code

together in memory to improve spatial locality. As another example, many JIT compilers for both

static and dynamic languages will specialize methods based on type information observed at run

time [42, 69] (e.g., specializing virtual calls for a particular concrete receiver). SymFix takes inspi-

ration from these approaches, using profile data to guide the application of semantics-preserving

repairs. But unlike them, SymFix focuses on optimizing a program’s symbolic evaluation strategy

rather than its utilization of machine resources.

Not all profile-guided optimization techniques are automated. Optimization coaching [84] is

an interactive tool that gives programmers feedback about the optimizations a compiler applied to

their program, and optimizations that it tried unsuccessfully. SymFix does not provide interactivity,

but because its repairs are high level, it can follow the optimization coach approach of reporting

them to the programmer as syntactic changes to their input program.
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Symbolic profiling. Because SymFix uses profile data to guide the search for fixes, its effec-

tiveness depends on high quality profiles. SymFix builds on symbolic profiling [14], a technique

for profiling the behavior of symbolic evaluation engines. Symbolic profiling generalizes across a

spectrum of symbolic evaluation techniques, and so SymFix’s approach could generalize to other

engines that support symbolic profiling (e.g., Crucible [43]). Other profiling techniques measure

different aspects of automated tools. The Z3 Axiom Profiler [4] measures axiom instantiations

in the Z3 [31] SMT solver’s quantifier theory module. It can be used to detect optimization

opportunities at the SMT level. Using such profilers to extend SymFix to the SMT level is an

interesting direction for future work.

Optimizing symbolic evaluation. A number of approaches exist for interactively improving

the performance of tools based on symbolic evaluation. Wagner et al. [97] introduce a configura-

tion for optimizing compilers to prioritize generating code that is amenable to symbolic execution.

Cadar [18] develops a suite of compiler optimizations that make code easier to evaluate symbol-

ically. Nelson et al. [60] develop a set of custom symbolic optimizations that can be manually

applied to build scalable verifiers for low-level languages (e.g., RISC-V [98], LLVM [54], x86 [47],

and eBPF [40]) on top of a generic verification framework. SymFix is complimentary to these

approaches: it can automatically apply custom optimizations to verifiers for low-level code, and

these verifiers can further benefit from the custom compiler optimizations applied to their input

programs.

3.7 Conclusion

This chapter presented a new approach to repairing performance bottlenecks in code under sym-

bolic evaluation. Our approach rests on three technical contributions. We formulate the symbolic
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performance repair problem as combinatorial search for a fix that applies a sequence of semantics-

preserving repairs to a program and a workload; the resulting fixed program is guaranteed to

be equivalent to the input program, and to have minimal symbolic evaluation cost on the input

workload. To solve this repair problem, we develop SymFix, a system with two key components:

(1) a small set of generic repairs based on deforestation and symbolic reflection, and (2) an anytime

search algorithm that uses symbolic profiling to guide the exploration of this space. Our evaluation

shows that SymFix can discover useful fixes for state-of-the-art verification and synthesis tools,

matching or outperforming experts, and that the fixed programs continue to work well across

different workloads. As more programmers employ symbolic evaluation to automate verification

and synthesis tasks for new domains, SymFix can help them build better tools more easily.



Chapter 4

An expressive pretty printer

4.1 Introduction

General-purpose pretty printers (or, simply, printers) are widely used to convert structured

data—typically an AST—into human-readable text. In the context of solver-aided programming,

printers have been employed for tasks that require human interaction, such as generating syn-

thesized code that must be reviewed by humans, generating code in human-in-the-loop program

synthesis framework, and displaying complex values for debugging purposes. These printers take

as inputs (1) a document in a pretty printing language (PPL), which encodes the structured data

along with formatting choices, and (2) a page width limit. Choices in the document can yield

(exponentially) many possible layouts. The task of the printers then is to efficiently choose an

optimal layout from all possible layouts. Existing printers use a variety of built-in optimality

objectives. A good objective reflects the informal notion of “prettiness,” such as not having an

overflow over the page width limit whenever possible while having as few lines as possible.

Different printers make different trade-offs in the expressiveness of the PPL, the optimality

objective, and the performance. With the current landscape of pretty printing, programmers

83
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text "function append(first,second,third){"|
<> nest 4 (|

let f = text "first +" in|
let s = text "second +" in|
let t = text "third" in|
nl <> text "return " <>|
group (nest 4 (f <> nl <> s <> nl <> t))|

) <> nl <> text "}"|

1 function append(first,second,third){ |
2 return first +|
3 second + |
4 third|
5 } |

1 function append(first,second,third){ |
2 return first + second + third|
3 } |

(a) A document in the traditional PPL and its corresponding layouts. The nest construct increments the

current indentation level by some specified amount, causing nl (newline) to insert indentation spaces.

<> is the unaligned concatenation operator, which places the right sub-layout after the left sub-layout

on the current indentation level. Lastly, the group construct creates two formatting choices: one where

the sub-layouts are left alone and one where the sub-layouts are flattened by replacing newlines and

indentation spaces due to nls in the group with single spaces.

text "function append(first,second,third){" |
<$>|
( let f = text "first +" in|

let s = text "second +" in|
let t = text "third" in|
let sp = text " " in|
let indentation = text " " in|
let ret = text "return " in|
indentation <+>|
(((ret <+> text "(") <$> |

(indentation <+> (f <$> s <$> t)) <$>|
text ")") <|>|

(ret <+> f <+> sp <+> s <+> sp <+> t)))|
<$> text "}"|

1 function append(first,second,third){ |
2 return ( |
3 first +|
4 second +|
5 third |
6 )|
7 } |

1 function append(first,second,third){ |
2 return first + second + third|
3 } |

(b) A document in the arbitrary-choice PPL and its corresponding layouts. <|> is the arbitrary-choice

operator, which per its namesake, creates two formatting choices from layouts by arbitrary sub-document.

<$> is the vertical concatenation operator, which joins two sub-layouts with a newline. Lastly, <+> is

the aligned concatenation operator, which joins two sub-layouts horizontally, aligning the whole right

sub-layout at the column where it is to be placed in.

Figure 4.1: The traditional and arbitrary-choice PPLs, embedded in the host language OCaml.

Colored regions in a document and corresponding layouts indicate the correspondence between

the colored sub-documents and the colored sub-layouts. We use the let construct to make the

documents easier to read, even though it is usually not a part of PPLs. Dotted lines illustrate

different page width limits at 22 and 36 characters.
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who wish to use expressive features from various PPLs, optimize certain objectives, and achieve

practical running time are left with two possibilities. They can write an ad-hoc printer, which

is time-consuming and error-prone. Alternatively, they can pick an existing general-purpose

printer, potentially giving up some desired features. This is further complicated by some common

misunderstandings about the three aspects of these existing printers.

This chapter presents a printer that we call Π𝑒 . It targets Σ𝑒 , a PPL that is strictly more expres-

sive than all published PPLs. This can be shown via our formal framework for reasoning about

the expressiveness of PPLs. Π𝑒 is parameterized by a cost factory, which enables programmers to

specify an optimality objective for Π𝑒 to minimize. The cost factory is versatile. For example, it can

express non-linear costs and define concepts such as soft page width limits [104]. As a result, the

optimal layout that Π𝑒 chooses can have higher quality compared to existing printers. The time

complexity of Π𝑒 is𝑂 (𝑛𝑊 4), where 𝑛 is the size of the document and𝑊 is the computation width

limit (defined in Section 4.5). This is better than the time complexity of many printers in the litera-

ture, and it is improved to𝑂 (𝑛𝑊 3) when Π𝑒 is restricted to process documents in some well-known

but less expressive PPLs. We prove the correctness of Π𝑒 in the Lean theorem prover [59], ensuring

the validity and optimality of the output layout, and demonstrate Π𝑒 ’s efficiency by evaluating

our implementation of Π𝑒 , which we call SnowWhite. We believe these attributes make Π𝑒 not

only a good printer by itself, but also a good building block to construct other derived printers.

A survey of printers in the wild To evaluate Π𝑒 , we conducted a broad survey of the literature

on pretty printing. Most PPLs, embedded in a host programming language, provide a small set of

core constructs that allow programmers to create a document with text, concatenate documents

together, set indentation level, and express formatting choices. High-level constructs can then

be built on top of the core constructs. The details of these core constructs can differ from PPL to

PPL. We found that there are two main schools of PPLs in the wild, which we call the traditional



86 Chapter 4. An expressive pretty printer

and arbitrary-choice PPLs. The traditional PPL centers around manipulation of nls (newlines)

and current indentation level, while the arbitrary-choice PPL is characterized by the ability to

express arbitrary formatting choices and the use of aligned concatenation to supplant the concept

of indentation level. Figure 4.1 illustrate documents in both PPLs that pretty-print the function

definition append in a hypothetical programming language with slightly different styling.

Expressiveness The literature contains informal claims about the expressiveness of PPLs [96,

21, 75]. We develop two formal notions of expressiveness: the ability to express layouts and

the ability to express features. The former reflects the functionality of a PPL, while the latter

reflects the ease of document construction. Using our framework, we can show that neither the

traditional PPL nor the arbitrary-choice PPL is more expressive than the other. For example, the

set of layouts in Figure 4.1b cannot be expressed by any document in the traditional PPL. This is

because all layouts due to a particular document in the traditional PPL must be the same modulo

whitespace, but one of the layouts in the figure has an extra pair of parentheses.1 As another

example, the document in Figure 4.1b is awkwardly constructed. It would be more natural to use

unaligned concatenation, but the feature cannot be expressed by any combination of features in

the arbitrary-choice PPL.2 To that end, we develop a PPL called Σ𝑒 that is provably strictly more

expressive than both the traditional and arbitrary-choice PPLs, facilitating both functionality and

ease of document construction.

1Languages such as Python require an extra pair of parentheses around an expression that spans multiple lines [87].
Similarly, some styles prefer adding an extra comma (also known as trailing comma) when a function call spans
multiple lines [34]. Hence, the ability to express layouts with differing content is desirable.

2Different programming language styles prefer different concatenation operators. C-like languages heavily use
unaligned concatenation, while aligned concatenation has been used for Haskell, Lisp, R, and Julia. However, there
are instances where C-like languages would benefit from aligned concatenation, and Haskell would benefit from
unaligned concatenation.
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Optimality The optimality objective of a printer indicates what it optimizes for when resolving

choices. Most printers targeting the traditional PPL minimizes overflow over the page width limit

line-by-line, preferring a longer line when there is no overflow. For example, given the document

in Figure 4.1a, the first layout is optimal when the page width limit is 22 (red dotted line), while

the second layout is optimal when the page width limit is 36 (green dotted line). Contrary to

prior claims [96, 21], we discovered that this strategy guarantees neither the absence of overflow

whenever possible nor the minimality of the number of lines. In contrast, most printers targeting

the arbitrary-choice PPL minimizes the number of lines among layouts with no overflow. However,

they error when all possible layouts have an overflow, resulting in a poor user experience (e.g., when

the width limit is 22 in Figure 4.1b). Recognizing that unavoidable overflows do occur in practice,

we introduce the concept of a cost factory. The factory allows programmers to choose a desired

objective permitted by its interface, including an objective that tolerates overflow gracefully.

Performance Printing proceeds in two phases: resolving choices and rendering the optimal

choice to text (although many printers fuse these two phases together). Time complexity of print-

ers is best measured against the resolving phase3, and it is usually specified with two parameters:

the size of the document 𝑛 and the width limit𝑊 , with the preference that the time complexity

be polynomial in𝑊 and linear in 𝑛. Most printers in the literature leave their time complexity

unanalyzed, instead opting to show experimental results that their implementations are efficient

in practice. We analyze these printers and demonstrate documents that trigger worse than linear

time behavior (in 𝑛) on some printers. Further complication arises in printers with the arbitrary

choice feature, which gives rise to documents that are structured as DAGs as opposed to trees.

We show that many printers that treat the input document as a tree suffer from a combinatorial

explosion as the DAG structure is unfolded, resulting in exponential time complexity. With a
3This formulation allows us to talk about “linear-time” printers, even though there are, e.g., documents whose size

is 𝑂 (𝑛), but its optimal layout has 𝑂 (𝑛2) characters.
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combination of proof and experimental results, we show that the time complexity of Π𝑒 is linear

in the DAG size of the document and that it runs fast in practice.

In summary, this chapter makes the following contributions:

• A new PPL called Σ𝑒 that is strictly more expressive than all published PPLs. Constructs

in Σ𝑒 are not new, but packaging them all in a single PPL has never been done before.

• A printer Π𝑒 targeting Σ𝑒 that utilizes a cost factory to allow a variety of optimality objectives.

• A proof of correctness for Π𝑒 , formalized in the Lean theorem prover. To our knowledge,

this is the first time that a printer has been formally verified.

• A framework to formally reason about the expressiveness of PPLs.

• A survey of printers and an analysis that dispels common misunderstandings about them.

• An implementation of Π𝑒 , SnowWhite, and an evaluation that shows its effectiveness.

The rest of this chapter is structured as follows. Section 4.2 surveys the related work. Sec-

tion 4.3 presents the semantics of Σ𝑒 . Section 4.4 introduces a framework to reason about the

expressiveness of PPLs. Section 4.5 presents Π𝑒 and its analysis. Section 4.6 discusses SnowWhite,

an implementation of Π𝑒 . Section 4.7 presents an evaluation of SnowWhite that demonstrates

its effectiveness. Section 4.9 shows applications of Π𝑒 in solver-aided programming. Lastly,

Section 4.10 concludes the chapter.

4.2 Related work

To understand the trade-off space of printer designs, we conduct a comprehensive analysis of

related work in the literature. This section provides our analysis of the printers, grouped by the
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Table 4.1: A comparison of existing printers. 𝑛 and 𝑛̂ are the DAG size and tree size of the input

document (where 𝑛̂ in the worst case is exponential in 𝑛).𝑊 is the width limit.

Expressiveness Optimality Performance

Printer Choice Concatenation Minimization objective Time complexity

Oppen [67] Group Unaligned Lexicographic overflow 𝑂 (𝑛)
Hughes [46] Group Aligned Lexicographic overflow 𝑂 (𝑛2 )
Wadler [96] Group Unaligned Lexicographic overflow 𝑂 (𝑛2 )
Leijen [55] Group Both Lexicographic overflow 𝑂 (𝑛2 )
Chitil [21] Group Unaligned Lexicographic overflow 𝑂 (𝑛)
Kiselyov et al. [52] Group Unaligned Lexicographic overflow 𝑂 (𝑛)
Swierstra et al. [85] Arbitrary Aligned Height† Exp. in 𝑛

Podkopaev and Boulytchev [75] Arbitrary Aligned Height† 𝑂 (𝑛̂𝑊 4 )
Yelland [104] Arbitrary Aligned Linear cost 𝑂 (𝑛̂3/2 )
Bernardy [8] Arbitrary Aligned Height† 𝑂 (𝑛𝑊 6 )

Π𝑒 Both Both Cost (from the cost factory) 𝑂 (𝑛𝑊 4 )
Π𝑒 (aligned only) Both Aligned Cost (from the cost factory) 𝑂 (𝑛𝑊 3 )

† only consider layouts without an overflow over𝑊 .

𝑑 ∈ D F text 𝑠 text
| nl newline
| 𝑑 <> 𝑑 unaligned concatenation
| nest 𝑛 𝑑 increase indentation level
| group 𝑑 create two choices where one

flattens layouts

(a) A variant of traditional PPL from Wadler [96].

𝑑 ∈ D F text 𝑠 text
| 𝑑𝑎 <+> 𝑑𝑏 aligned concatenation
| 𝑑𝑎 <$> 𝑑𝑏 vertical concatenation
| 𝑑𝑎 <|> 𝑑𝑏 create two arbitrary choices

(b) A variant of arbitrary-choice PPL from

Podkopaev and Boulytchev [75].

Figure 4.2: A comparison between the traditional and arbitrary-choice PPLs. 𝑠 denotes a string

without newline, and 𝑛 denotes a natural number.
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group (text "AAA" <> nl) <>
nest 5 (group (text "B" <> nl <>

text "B" <> nl <> text "B"))

1 AAA |
2 B B B |

1 AAA B |
2 B|
3 B|

Figure 4.3: A document in the traditional PPL and two of their corresponding layouts. Under the

width limit of 5, the first layout is optimal—it does not overflow and occupies minimal number of

lines. In contrast, the second layout, which is produced by Wadler’s printer, overflows and does

not occupy minimal number of lines.

let rec quadratic (n : int): doc =
if n = 0 then text "line"
else group (quadratic (n - 1) <> nl <> text "line")

Figure 4.4: The function quadratic generates a document of size 𝑂 (𝑛) that Wadler’s algorithm

takes 𝑂 (𝑛2) to print at any width limit, due to repeated flattening.

expressiveness of their public interface4. The summary is presented in Table 4.1. We then compare

and contrast our printer Π𝑒 against them.

4.2.1 Traditional printers

Pretty printing has a long history. Oppen [67] first introduced a general-purpose printer, written

in the imperative style. Oppen pioneered the PPL that we call the traditional PPL, shown in

Figure 4.2a. Instead of representing an input document as a tree, as commonly done in subsequent

work, Oppen represents the document as a stream of “instruction tokens.” The algorithm’s time

complexity is 𝑂 (𝑛), where 𝑛 is the length of the stream. Furthermore, the algorithm is bounded,

requiring a limited look-ahead into the stream. As with other printers in the family, the printer

greedily minimizes overflow over the page width limit, which neither avoids overflow whenever

possible nor minimizes number of lines, as discussed in the paper.

4In practice, printers include extensions that increase their expressiveness. A printer may even have different
expressiveness across different versions. This section focuses on the core features of these printers as specified in
their publications.
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Wadler [96] designed a printer that targets the traditional PPL. It is used in many real world

applications, such as an industrial code formatter [77], and as a basis for much pretty printing

research [21, 52]. The printer aims to be a rewrite of Oppen’s printer using the functional style

employed by Hughes (described later). The printer is claimed [96, 21] to produce an output

layout that does not exceed the width limit whenever possible, and minimizes the number of

lines. However, this is not the case, as shown in Figure 4.3. The time complexity of the printer

is claimed to be𝑂 (𝑛) where 𝑛 is the size of document [96], but it is in fact𝑂 (𝑛2) in the worst case,

as demonstrated in Figure 4.4, although this worst case behavior is unlikely to occur in practice.

Chitil [21] improved Wadler’s printer so that it is as efficient as Oppen’s, 𝑂 (𝑛), by using lazy

dequeues. Kiselyov et al. [52] similarly improved Wadler’s printer via their generator framework.

Compared to traditional printers, Π𝑒 is more expressive as it allows arbitrary choices and

aligned concatenation. Furthermore, Π𝑒 can produce an output layout that minimizes number

of lines when the output layout does not exceed the page width limit, and does not exceed the

page width limit whenever possible. The tradeoff is that Π𝑒 is less space efficient and slower

than traditional printers. The space complexity of traditional printers is sub-linear in the size

of document, which was especially important decades ago when memory is scarce. The space

complexity of Π𝑒 is 𝑂 (𝑛𝑊 3) in the worst case (or 𝑂 (𝑛𝑊 2) when targeting some PPLs). We find

that on modern machines, the added memory consumption and performance overhead are rarely

an issue in practice (Section 4.7).

4.2.2 Arbitrary-choice printers

Azero Alcocer and Swierstra [2] introduced a printer that supports arbitrary choices with aligned

concatenation, starting the line of work that targets the arbitrary-choice PPL, shown in Figure 4.2b.

The printer’s optimality objective is to avoid overflow whenever possible and produce a minimal
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let shared := 𝐷 in (shared <> text "!") <|> ((shared <> nl) <> text "!")

(a) A document that encodes (at least) two possible layouts. 𝐷 is an arbitrary sub-document.

<|>

<> <>

text "!" text "!"

𝐷

<>

nl𝐷

(b) A tree representation of Figure 4.5a.

𝐷 contributes to the size twice.

<|>

<> <>

text "!" text "!"<>

nl𝐷

(c) A DAG representation of Figure 4.5a.

𝐷 contributes to the size only once.

Figure 4.5: An example document that shows the importance of treating document as a DAG

rather than a tree. The red and pink paths illustrate that the DAG is properly shared, as will be

discussed in Section 4.5.5.

number of lines. However, it does not have the ability to cope with unavoidable overflow. This

printer was soon superseded by Swierstra et al. [85], which improves its performance via heuris-

tics and adds the capability to share a sub-document across choices by deeply embedding the

(equivalent of the) let construct in the PPL. As a result, the later printer can process documents

that are structured as DAGs rather than trees, as shown in Figure 4.5. Nonetheless, the time

complexity of both printers is exponential in 𝑛 [75].

Podkopaev and Boulytchev [75] improved upon Swierstra et al.’s work by formulating the

problem as dynamic programming. The formulation fixes the exponential blowup in the prior

work, but treats the document as a tree, making its time complexity 𝑂 (𝑛̂𝑊 4), where 𝑛̂ is the

tree size of the document, which could be exponentially larger than its DAG size. The paper

acknowledges the problem and surmises that memoization may be able to address it.

The paper by Bernardy [8] is the main inspiration for our work. The printer uses Pareto

frontiers to find an optimal layout. By shallowly embedding the PPL (in Haskell), computations

on sub-documents are effectively shared for free. However, as presented in the paper, the printer
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text "xxxxxx" <$>
((text "aaa" <+> text "bbb") <|>
(text "aaa" <$> text "bbb"))

1 xxxxxx|
2 aaa|
3 bbb |

1 xxxxxx|
2 aaabbb|

Figure 4.6: A document in the arbitrary-choice PPL and two of their corresponding layouts. Under

the width limit of 5, the first layout minimally overflows. In contrast, the second layout, which is

produced by Bernardy’s practical implementation, overflows than necessary.

requires the page width limit to be hard-coded. In the actual implementation [7], the page width

limit is customizable, accomplished by threading the value through functions. But this change

destroys the shared computations, leading to exponential running time. Compared to Podkopaev

and Boulytchev [75]’s work, Bernardy [8]’s approach can exploit sparseness to improve practical

efficiency, but the use of an inefficient algorithm makes the time complexity of the printer𝑂 (𝑛𝑊 6)

in the worst case. While the paper does not handle unavoidable overflow, the implementation

does by automatically scaling up the page width limit (or equivalently, minimizing the maximum

overflow). This, however, allows avoidable overflow elsewhere, as shown in Figure 4.6, which

is undesirable. Later on, Bernardy abandoned the arbitrary-choice operator, noting that it could

trigger the exponential behavior [6].

Yelland [104] similarly targeted the arbitrary-choice PPL. However, the paper took a very

different approach. The core printer restricts the use of aligned concatenation by requiring the left

sub-document to be a text syntactically. This restriction allows the core printer to utilize the con-

cept of “piecewise linear cost function” to seemingly boost the performance. To achieve the expres-

siveness of the arbitrary-choice PPL, the printer employs rewriting rules to transform the original

document into the restricted document. While the printer is careful to avoid exponential blowup

by sharing documents in the resulting restricted document, it does not necessarily preserve the

sharing structure of the original document, as demonstrated in Figure 4.7. Compound this with the

lack of computation width limit, the number of piecewise linear cost functions under consideration

could be as large as 𝑂 (𝑛̂1/2), making the time complexity 𝑂 (𝑛̂3/2) in total, as shown in Figure 4.8.
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let rec mk (n : int): doc =
if n = 0 then text "X" <|> text "XX"
else let subdoc = mk (n - 1) in (chr n <> subdoc <> chr n) <|> subdoc

(a) The function mk generates a document whose DAG size is 𝑂 (𝑛). chr(𝑛) denotes a text whose content

is a string of length one that contains the 𝑛th character.

𝐶′[𝐷𝑛, 𝑍 []] = 𝐶′[chr(𝑛) <> 𝐷𝑛−1 <> chr(𝑛), 𝑍 []] <|> 𝐶′[𝐷𝑛−1, 𝑍 []]
= 𝐶′[chr(𝑛),𝐶′[𝐷𝑛−1,𝐶

′[chr(𝑛), 𝑍 []]]] <|> 𝐶′[𝐷𝑛−1, 𝑍 []]
= 𝐶′[chr(𝑛),𝐶′[𝐷𝑛−1, 𝑍 [𝑛]]] <|> 𝐶′[𝐷𝑛−1, 𝑍 []]

𝐶′[𝐷𝑛−1, 𝑍 []] = 𝐶′[chr(𝑛 − 1),𝐶′[𝐷𝑛−2, 𝑍 [𝑛−1]]] <|> 𝐶′[𝐷𝑛−2, 𝑍 []]
𝐶′[𝐷𝑛−1, 𝑍 [𝑛]] = 𝐶′[chr(𝑛 − 1),𝐶′[𝐷𝑛−2,𝐶

′[chr(𝑛 − 1), 𝑍 [𝑛]]]] <|> 𝐶′[𝐷𝑛−2, 𝑍 [𝑛]]
= 𝐶′[chr(𝑛 − 1),𝐶′[𝐷𝑛−2, 𝑍 [𝑛−1,𝑛]]] <|> 𝐶′[𝐷𝑛−2, 𝑍 [𝑛]]

(b) Let 𝐷𝑛 denote mk(𝑛). Yelland’s𝐶′ function would transform the original document 𝐷𝑛 into a restricted

document where every aligned concatenation has a text as its left subdocument. However, the above

derivation shows that the transformation has a combinatorial explosion. Define 𝑍 [ ] to be ■ in Yelland’s

paper and𝑍 [𝑥,𝑥1,...,𝑥𝑛 ] to be𝐶
′ [chr(𝑥), 𝑍 [𝑥1,...,𝑥𝑛 ]]. The derivation shows that𝐷𝑛−𝑘 is recursively transformed

in 2𝑘 different contexts.

Figure 4.7: A family of documents that illustrates how the transformation𝐶′ in Yelland’s algorithm
does not necessarily preserve the sharing structure in the original document.
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(* make an empty document of size n; n >= 1 *)
let rec make_dummy (n : int): doc =

if n = 1 then text ""
else text "" <+> make_dummy (n - 1)

(* make n lines; n >= 1 *)
let rec make_lines (n : int): doc =

if n = 1 then text ""
else text "" <$> make_lines (n - 1)

(* nth triangle number *)
let tri (n : int): int = n * (n + 1) / 2

let make_choices (k : int): doc =
let rec loop (i : int): doc =

let doc =
(make_lines i) <+>

text (String.make (tri (k - i + 1)) ’a’)
in if i = 1 then doc else doc <|> loop (i - 1)

in loop k

let rec example (k : int): doc =
let dummy = make_dummy (k * k) in
let giant = make_choices k in
dummy <+> giant

(a) The function example produces a document that triggers

the worst-case time complexity of Yelland’s algorithm (that

we are aware of). For a fixed 𝑘 , giant is a document with 𝑘

choices, where the 𝑖-th choice has 𝑖 lines and tri(𝑘 − 𝑖 + 1)
characters (tri is the triangle number function). Thus, its doc-

ument tree size is𝑂 (𝑘2). By concatenating giant with dummy,
which is an “empty” document of size 𝑂 (𝑘2), the total docu-
ment tree size is still𝑂 (𝑘2). giant is designed so that it has 𝑘

segmented linear cost functions. Thus, the aligned concate-

nation of dummy and giant takes 𝑂 (𝑘3). By normalizing the

document size to 𝑛̂, we obtain that the time complexity of the

printer is 𝑂 (𝑛̂3/2).
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(b) A plot of the piecewise linear cost

function (lines along the red dots) for

giant in Figure 4.8a with 𝑘 = 10. The x-
axis is column positions that giant will

be placed. The y-axis is costs due to the

placement. The plot consists of𝑂 (𝑘) seg-
mented cost functions, where each seg-

ment is a linear function. For simplicity,

we assume that (1) the page width limit

is 0; (2) there is no cost for newlines; and
(3) the cost for each character past the

page width limit is 1. Let 𝑑𝑖 be the 𝑖-th
choice in giant. The cost function for 𝑑𝑖
then is 𝐶

𝑑𝑖
(𝑐) = 𝑖𝑐 + tri(𝑘 − 𝑖 + 1). These

cost functions intersect at 𝑐 = 2, . . . , 𝑘 .
Thus, the cost function for giant is un-
able to prune any segments away.

Figure 4.8: In Yelland’s algorithm, every choiceless document (in the arbitrary-choice PPL) 𝑑 has

an associated piecewise linear cost function 𝐶
𝑑
, where 𝐶

𝑑
(𝑐) determines the cost of placing 𝑑 at

the column position 𝑐 . A general document 𝑑 similarly has an associated piecewise linear cost

function 𝐶𝑑 , which takes the minimum of the cost functions from all choiceless documents 𝑑

generates. The algorithm appears to be efficient at first glance, since taking the minimum can

prune away many segmented linear cost functions. However, we are able to construct a document

giant of size 𝑂 (𝑛̂) whose cost function has 𝑂 (
√
𝑛̂) segmented linear cost functions, where 𝑛̂ is

the tree size of the document. As the time complexity of the printer is 𝑂 (𝑛̂𝑀) where 𝑀 is the

maximum number of piecewise linear cost functions in a cost function, we obtain 𝑂 (𝑛̂3/2).
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Another aspect to consider is the printer’s optimality objective, which is restricted to minimizing

a linear combination of quantities like the number of lines and overflow. Hence, the printer will

not technically avoid overflow whenever possible (although the overflow coefficient can be made

arbitrarily large to arbitrarily discourage overflow). On the other hand, this optimality objective

can support unique features, such as incorporating the costs due to multiple soft page width limits.

Compared to arbitrary-choice printers, Π𝑒 is more expressive as it allows unaligned concatena-

tion. Π𝑒 is also asymptotically faster than most arbitrary-choice printers, as it treats a document as

a DAG rather than a tree. Like Yelland’s printer, for each layout under consideration, Π𝑒 keeps track

of two quantities: cost and last line length. This is different from most printers in the family which

keep track of three quantities: height, width, and last width. The dimension reduction further

makes Π𝑒 more efficient. The concept of cost also allows Π𝑒 to decouple the page width limit and

computation width limit, which allows graceful overflow handling. Π𝑒 , unlike Yelland’s printer, is

parameterized by a cost factory, which supports a variety of optimality objectives without requiring

a modification to the core printer. This includes not only the linear optimality objectives that Yel-

land’s printer supports, but also non-linear optimality objectives that can properly avoid overflows.

4.2.3 Other printers

Hughes [46] brought a general-purpose printer to the functional world. The printer pioneers using

combinators to construct a document, which is now a standard practice. The printer targets a PPL

that is neither the traditional nor arbitrary-choice PPL, but somewhere in-between. In particular,

it only supports aligned concatenation and does not provide the arbitrary-choice operator in the

public interface. The printer is more similar to the traditional printers in how it makes choices

greedily, which minimizes neither overflow nor number of lines. The combination of greedy choice

making and aligned concatenation makes some documents print very poorly [8]. Furthermore,
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Peyton-Jones [72] identified quadratic time complexity in the printer.

Leijen [55] implemented Wadler’s printer in Haskell and added support for aligned concatena-

tion via the inclusion of align, becoming the first printer that supports both aligned and unaligned

concatenation. However, similar to Hughes’ printer, the printer can produce very poor output [8].

4.3 The syntax and semantics of Σ𝑒

This section presents Σ𝑒 , an expressive PPL. We begin this section by describing layouts, which

are the textual outputs. Then, we describe the syntax of Σ𝑒 and its informal semantics, which is

determined by the evaluation of a document in Σ𝑒 to layouts. Lastly, we formally describe the

semantics of Σ𝑒 .

4.3.1 Layout

A layout 𝑙 ∈ L is a textual output. In our work, we represent a layout as a non-empty, finite list

of lines (implicitly joined by newlines), where each line is a string without the newline character.

This allows us to easily reason about the number of lines and the length of each line.

A layout can be placed at a column position 𝑐 . This placing puts the first line of the layout

at the column position 𝑐 , and puts the rest of the lines at the column position 0. While the final

layout to present to users is placed at the column position 0, a (sub)layout may be placed at a

non-zeroth column position during the rendering process.

Example 4.1 The following illustration displays a layout ["[|", " 42,", " 1729,", "|]"] placed at

the column position 5. The pink area shows the general shape of layout “boundaries”, where the first

line could be “indented” due to the placing on a non-zeroth column position, and the last line covers

its length exactly. The shape will be useful to understand how layouts are composed together.
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Document 𝑑 ∈ D𝑒 F text 𝑠 | nl | 𝑑 <> 𝑑 | nest 𝑛 𝑑 |
align 𝑑 | flatten 𝑑 | 𝑑 <|> 𝑑

String without newline 𝑠, 𝑡, . . . ∈ Str
Natural number 𝑛 ∈ N

Figure 4.9: Syntax for Σ𝑒

|
|

|
|

|

𝑑𝑎

𝑑𝑏

(a) An unaligned concatenation of 𝑑𝑎 and 𝑑𝑏

|
|

|

𝑛

𝑑

(b) A nest of 𝑑 to increase

the indentation level by 𝑛

|
|

|
𝑑

𝑐

(c) An align of 𝑑 when placed

at the column position 𝑐

Figure 4.10: Illustrations of constructs in Σ𝑒 . The area with dashed borders is the resulting

boundaries.

[||
42, |
1729, |

|]|

5

␣
␣

4.3.2 The syntax and the informal semantics of Σ𝑒

Figure 4.9 shows the syntax of document in Σ𝑒 . Each construct is from either the traditional

or the arbitrary-choice PPLs, except the flatten construct flatten (which is internally used in

Wadler [96]’s printer) and the align construct align (which is from Leijen [55]’s printer). Similar

to layouts, documents can be placed at a column position. As traditionally done, we for now

ignore the choice operator. A document without the arbitrary-choice operator is called a choiceless

document, which can be rendered to a single layout. We denote a choiceless document with 𝑑 ∈ D𝑒 .

The informal semantics of choiceless document are as follows:

text 𝑠 renders to a layout with a single line 𝑠 .

nl normally renders to a layout with two lines. The first line is empty, and the

second line consists of 𝑖 spaces where 𝑖 is the indentation level. nl interacts with

flattening, which reduces it to just a single space.
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𝑑𝑎 <> 𝑑𝑏 renders to a layout that concatenates the layout of 𝑑𝑎 and the layout of 𝑑𝑏

without alignment. The rendering of 𝑑𝑏 is dependent on the rendering of 𝑑𝑎 ,

because 𝑑𝑏 will be placed at a column position after the last character of 𝑑𝑎.

Figure 4.10a illustrates this.

nest 𝑛 𝑑 renders to a layout like 𝑑 , but with the indentation level increased by 𝑛 relative

to the current indentation level. Figure 4.10b roughly illustrates this.

align 𝑑 renders to a layout like 𝑑 , but with the indentation level set (not relatively

increased) to the column position that align 𝑑 is being placed in. Figure 4.10c

roughly illustrates this.

flatten 𝑑 renders to a layout just like 𝑑 , but with all newlines and indentation spaces due

to nls flattened to single spaces.

While Figure 4.10 provides a rough illustration that should be helpful to understand the

semantics of choiceless document, it could be misleading.

Example 4.2 The document text "a" <> (nest 42 (align (text "b" <> nl <> text "c")))

is rendered to ["ab", " c"]. The nesting doesn’t visibly increase the indentation level by 42, because the

alignment on the inner document overrides the indentation level. This example shows the importance

of the indentation level, and why it must be specifically tracked.

This concludes our informal description of how a choiceless document renders to a layout.

General documents, by contrast, can contain the arbitrary-choice operator <|>, which encodes

layouts from two sub-documents into one document. Thus, unlike choiceless documents, which

render to a single layout, general documents will evaluate to a non-empty, finite set of layouts.

Our approach is to first widen a document into a set of choiceless documents, then render each

choiceless document in the set to produce a set of layouts.
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Text
⟨text 𝑠, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠]

Flatten
⟨𝑑, 𝑐, 𝑖,⊤⟩ ⇓R [𝑠]

⟨flatten 𝑑, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠]

LineNoFlatten
⟨nl, 𝑐, 𝑖,⊥⟩ ⇓R [𝜖, " " × 𝑖]

LineFlatten
⟨nl, 𝑐, 𝑖,⊤⟩ ⇓R [" "]

ConcatOne

⟨𝑑𝑎, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠]
⟨𝑑𝑏, 𝑐 + |𝑠 |, 𝑖, 𝑓 ⟩ ⇓R [𝑡, 𝑡1, . . . , 𝑡𝑛]

⟨𝑑𝑎 <> 𝑑𝑏, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠 ++ 𝑡, 𝑡1, . . . , 𝑡𝑛]
ConcatMult

⟨𝑑𝑎, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠1, . . .+ , 𝑠𝑛, 𝑠]
⟨𝑑𝑏, |𝑠 |, 𝑖, 𝑓 ⟩ ⇓R [𝑡, 𝑡1, . . . , 𝑡𝑚]

⟨𝑑𝑎 <> 𝑑𝑏, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠1, . . .+ , 𝑠𝑛, 𝑠 ++ 𝑡, 𝑡1, . . . , 𝑡𝑚]

Nest
⟨𝑑, 𝑐, 𝑖 + 𝑛, 𝑓 ⟩ ⇓R [𝑠1, . . .+ , 𝑠𝑚]
⟨nest 𝑛 𝑑, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠1, . . .+ , 𝑠𝑚]

Align
⟨𝑑, 𝑐, 𝑐, 𝑓 ⟩ ⇓R [𝑠1, . . .+ , 𝑠𝑛]

⟨align 𝑑, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠1, . . .+ , 𝑠𝑛]

TextWiden
text 𝑠 ⇓W {text 𝑠}

LineWiden
nl ⇓W {nl}

ConcatWiden
𝑑𝑎 ⇓W 𝐷𝑎 𝑑𝑏 ⇓W 𝐷𝑏

𝑑𝑎 <> 𝑑𝑏 ⇓W {𝑑𝑎 <> 𝑑𝑏 | 𝑑𝑎 ∈ 𝐷𝑎, 𝑑𝑏 ∈ 𝐷𝑏}

NestWiden
𝑑 ⇓W 𝐷

nest 𝑛 𝑑 ⇓W {nest 𝑛 𝑑 | 𝑑 ∈ 𝐷}
AlignWiden

𝑑 ⇓W 𝐷

align 𝑑 ⇓W {align 𝑑 | 𝑑 ∈ 𝐷}

FlattenWiden
𝑑 ⇓W 𝐷

flatten 𝑑 ⇓W {flatten 𝑑 | 𝑑 ∈ 𝐷}
UnionWiden

𝑑𝑎 ⇓W 𝐷𝛼 𝑑𝑏 ⇓W 𝐷𝛽

𝑑𝑎 <|> 𝑑𝑏 ⇓W 𝐷𝛼 ∪ 𝐷𝛽

Figure 4.11: Semantics for Σ𝑒 . “𝜖” is the empty string. “𝑠 × 𝑖” is the notation for replicating the

string 𝑠 for 𝑖 times. “𝑠 ++ 𝑡” is a string concatenation of 𝑠 and 𝑡 . Lastly, “𝑠1, . . . , 𝑠𝑛” and “𝑠1, . . .
+ , 𝑠𝑛”

indicate 𝑛 lines, where 𝑛 ≥ 0 and 𝑛 ≥ 1 respectively.

4.3.3 The formal semantics of Σ𝑒

The formal semantics of Σ𝑒 , consisting of two relations, is given in Figure 4.11. The judgment

⟨𝑑, 𝑐, 𝑖, 𝑓 ⟩ ⇓R 𝑙 states that the choiceless document 𝑑 ∈ D𝑒 placed at column position 𝑐 ∈ N with

indentation level 𝑖 ∈ N and flattening mode 𝑓 ∈ B, will render to the layout 𝑙 ∈ L. The flattening

mode 𝑓 , which indicates whether newlines should be replaced with spaces, can be either on (⊤)

or off (⊥). Another judgment 𝑑 ⇓W 𝐷 states that a document 𝑑 ∈ D𝑒 is widened to a finite,

non-empty set of choiceless documents 𝐷 ∈ 2D𝑒 . We sometimes call a combination of 𝑐 and 𝑖 (and

possibly 𝑓 ) a printing context. Now, we elaborate some interesting rules in the figure.
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Rendering text The Text rule states that the rendering of a text placement text 𝑠 contains a

layout with a single line of the text 𝑠 . The printing context is completely ignored: indentation

level and flattening mode do not affect the rendering of text, and we have already assumed that 𝑠

will be placed at the column position.

Rendering newline When the flattening mode is off, the LineNoFlatten rule states that the

rendering of nl results in a layout with two lines. The first line is empty, while the second line is

indented by 𝑖 spaces. On the other hand, when the flattening mode is on, the LineFlatten rule

states that the rendering of the newline results in a layout with a single line of a single space.

Rendering unaligned concatenation In the rendering of 𝑑𝑎 <> 𝑑𝑏 , we recursively render 𝑑𝑎

and 𝑑𝑏 , but the rendering of 𝑑𝑏 is dependent on the rendering of 𝑑𝑎 . Let 𝑙𝑎 be the rendering result

of 𝑑𝑎 . The ConcatOne rule handles the case where 𝑙𝑎 has a single line, and the ConcatMult rule

handles the case where 𝑙𝑎 has multiple lines.

• If 𝑙𝑎 has only a single line 𝑠 , the column position of 𝑑𝑏 ’s rendering needs to be after the

string 𝑠 is placed, i.e. at 𝑐 + |𝑠 |. In such case, let 𝑙𝑏 be the rendering result of 𝑑𝑏 . The first line

of the resulting layout is the concatenation of 𝑠 and the first line of 𝑙𝑏 . The rest of the lines

are from the rest of 𝑙𝑏 .

• On the other hand, if 𝑙𝑎 has multiple lines, the column position of 𝑑𝑏 ’s rendering is simply

the column position after the last line is placed. In such case, let 𝑙𝑏 be the rendering result

of 𝑑𝑏 , the resulting layout contains all but the last line of 𝑙𝑎 , a concatenation of the last line

of 𝑙𝑎 and the first line of 𝑙𝑏 , and the rest of 𝑙𝑏 .

Widening choice The UnionWiden rule states that the widening of 𝑑𝑎 <|> 𝑑𝑏 is the union of

widen 𝑑𝑎 and widen 𝑑𝑏
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Both ⇓R and ⇓W are deterministic and total. Thus, we can define eval𝑒 (𝑑) = {𝑙 : ⟨𝑑, 0, 0,⊥⟩ ⇓R

𝑙, 𝑑 ∈ 𝐷,𝑑 ⇓W 𝐷} as the evaluation function for Σ𝑒 , which consumes a document, widens it, and

produces a set of layouts.

4.4 A framework to reason about expressiveness

In previous sections, we informally made claims about expressiveness of PPLs. This section

presents a framework to formally reason about it, based on two notions: functional completeness

and definability. We first define the semantics of the traditional and arbitrary-choice PPLs. Then,

we define our framework, and show that Σ𝑒 is strictly more expressive than both the traditional

and arbitrary-choice PPLs.

4.4.1 The extended semantics

To reason about the traditional and arbitrary-choice PPLs, we need to precisely define their seman-

tics. To do so, we construct a PPL Σall that contains all constructs from Σ𝑒 , traditional, and arbitrary-

choice PPLs by extending Figure 4.11 with the rules below (with the straightforward widening

rules). Note that we follow Wadler [96]’s approach by treating group 𝑑 as a syntactic sugar for

𝑑 <|> flatten 𝑑 . As <|> and flatten are already in Σall, we do not need to adjust anything further.

VertConcatNoFlatten
⟨𝑑𝑎, 𝑐, 𝑖,⊥⟩ ⇓R [𝑠1, . . .+ , 𝑠𝑛] ⟨𝑑𝑏, 𝑖, 𝑖,⊥⟩ ⇓R [𝑡1, . . .+ , 𝑡𝑚]

⟨𝑑𝑎 <$> 𝑑𝑏, 𝑐, 𝑖,⊥⟩ ⇓R [𝑠1, . . .+ , 𝑠𝑛, 𝑡1, . . .+ , 𝑡𝑚]

VertConcatFlatten
⟨𝑑𝑎, 𝑐, 𝑖,⊤⟩ ⇓R [𝑠] ⟨𝑑𝑏, 𝑐 + 1 + |𝑠 |, 𝑖,⊤⟩ ⇓R [𝑡]

⟨𝑑𝑎 <$> 𝑑𝑏, 𝑐, 𝑖,⊤⟩ ⇓R [𝑠 ++" " ++ 𝑡]

AlignedConcatOne
⟨𝑑𝑎, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠] ⟨𝑑𝑏, 𝑐 + |𝑠 |, 𝑐 + |𝑠 |, 𝑓 ⟩ ⇓R [𝑡, 𝑡1, . . . , 𝑡𝑛]

⟨𝑑𝑎 <+> 𝑑𝑏, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠 ++ 𝑡, 𝑡1, . . . , 𝑡𝑛]
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AlignedConcatMult
⟨𝑑𝑎, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠1, . . .+ , 𝑠𝑛, 𝑠] ⟨𝑑𝑏, |𝑠 |, |𝑠 |, 𝑓 ⟩ ⇓R [𝑡, 𝑡1, . . . , 𝑡𝑚]

⟨𝑑𝑎 <+> 𝑑𝑏, 𝑐, 𝑖, 𝑓 ⟩ ⇓R [𝑠1, . . .+ , 𝑠𝑛, 𝑠 ++ 𝑡, 𝑡1, . . . , 𝑡𝑚]

The semantics of the traditional and arbitrary-choice PPLs are then the restricted semantics of

Σall that only allows constructs from the traditional and the arbitrary-choice PPLs, respectively.

Throughout this section, we will assume that any PPL is similarly a sublanguage of Σall, whose

semantics is well-defined and consistent with Σall.

The extended semantics are still deterministic and total. However, it is worth noting that there

are many different ways to specify rules in a way that is consistent with the intended semantics

of the arbitrary-choice PPL. For instance, an invariant in the arbitrary-choice PPL is that 𝑐 = 𝑖

throughout the rendering process. As a result, we could substitute the VertConcatNoFlatten

rule with VertConcatNoFlatten*, which is like VertConcatNoFlatten but with a modi-

fication to use ⟨𝑑𝑏, 𝑐, 𝑐,⊥⟩ ⇓R [𝑡1, . . .+ , 𝑡𝑚] as a premise instead of ⟨𝑑𝑏, 𝑖, 𝑖,⊥⟩ ⇓R [𝑡1, . . .+ , 𝑡𝑚],

without changing the semantics of the arbitrary-choice PPL. This change could affect the se-

mantics of Σall and subsequent theorems in this section. We pick VertConcatNoFlatten over

VertConcatNoFlatten* because it seemingly integrates better with other features in Σall.

4.4.2 Functional completeness

In Section 4.1, we claimed that the traditional PPL cannot express the two layouts in Figure 4.1b,

as one layout has an extra pair of parentheses. The question that we may want to ask in general

then is, given a PPL Σ and a non-empty set of layouts 𝐿, is it possible to construct a document in

Σ that evaluates to 𝐿? This motivates us to define the notion of functional completeness for PPLs.

Definition 4.1 A PPL Σ with an evaluation function eval(·) is functionally complete if for any

non-empty set of layouts 𝐿, there exists a document 𝑑 in Σ such that eval(𝑑) = 𝐿.

With this definition, we can formally reason about some PPLs that we have previously seen.
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Lemma 4.1 The arbitrary-choice and Σ𝑒 PPLs are functionally complete.

Proof sketch 4.1 For the arbitrary-choice PPL with the evaluation function eval(·), let 𝐿 be any non-

empty set of layouts. For each 𝑙𝑖 ∈ 𝐿 where 𝑙𝑖 = [𝑠𝑖1, . . . , 𝑠𝑖|𝑙𝑖 |], let 𝑑𝑖 be text 𝑠
𝑖
1 <$> . . . <$> text 𝑠𝑖|𝑙𝑖 | .

Finally, we construct 𝑑 to be 𝑑1 <|> . . . <|> 𝑑 |𝐿 | . We can see that eval(𝑑) = 𝐿. The proof for Σ𝑒 PPL

is similar, but we would use nl and <> instead of <$>, where 𝑑𝑎 <$> 𝑑𝑏 are replaced by 𝑑𝑎 <> nl <> 𝑑𝑏

Lemma 4.2 The traditional PPL is not functionally complete.

Proof sketch 4.2 It is not possible to construct a document in the traditional PPL that evaluates

to the set of layouts 𝐸 = {["a"], ["b"]}. To see why, let rmspace : L → Str be a function that

joins all lines in a layout into a single line, with all whitespaces removed, and we lift rmspace to

work on a set of layouts (i.e., rmspace(𝐿) = {rmspace(𝑙) : 𝑙 ∈ 𝐿}. Let eval(·) be the evaluation

function for the traditional PPL. We can prove by induction that rmspace(eval(𝑑)) is a singleton

set for any document 𝑑 . In other words, all layouts in eval(𝑑) are the same, modulo whitespaces.

However, rmspace(𝐸) = {"a", "b"}, which is not a singleton set. Hence, by congruence, no document

can render to 𝐸.

Note that there are other sets of layouts that are the same modulo whitespaces, but can’t be

evaluated to by the traditional PPL. This is due to how the group construct is the only way to express

choices, but a choice that it creates is very simple: collapsing everything into a single line. Therefore,

synchronized differences of spacing across multiple lines can’t be accounted for.

Lemma 4.3 For each construct F in {text, <>, nl, <|>}, Σ𝑒 without F is not functionally complete.

Proof sketch 4.3 It is not possible to construct a document in each language in question that

evaluates to the following set of layouts

Σ𝑒 without text {["a"]}, because all we can produce is whitespaces.
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Σ𝑒 without <> {["a", "b", "c"]}, because all we can produce is at most two lines.

Σ𝑒 without nl {["a", "b"]}, because all we can produce is a single line.

Σ𝑒 without <|> {["a"], ["b"]}, because all we can produce is a single layout.

If we limit the notion of expressiveness to only functional completeness, then all functionally

complete PPLs would be equally expressive. However, intuitively this is clearly not the case.

The proof of Lemma 4.1 shows that it suffices for a PPL to only have text, <$>, and <|> for

functional completeness, yet such a PPL would not be pleasant to use compared to Σ𝑒 , because

of the lack of features to, e.g., adjust indentation level. In a sense, functional completeness for

PPLs is similar to Turing completeness for programming languages, which similarly does not

fully capture expressiveness for programming languages. The next subsection presents a more

fine-grained notion of expressiveness, based on the ability to define features.

4.4.3 Definability

The proof of Lemma 4.1 shows that while Σ𝑒 doesn’t have <$>, we can simply expand 𝑑𝑎 <$> 𝑑𝑏 to

𝑑𝑎 <> nl <> 𝑑𝑏 , which are in Σ𝑒 , to perform the same functionality. In other words, the construct

<$> is already definable by <> and nl. Thus, adding <$> to Σ𝑒 doesn’t increase its expressiveness.

In contrast, <> is not definable by any combination of features in the arbitrary-choice PPL. To

achieve the same functionality of <>, it would require a non-local restructuring of the document,

making it difficult to construct the document in natural way. In this sense, the inability to define

a construct in a PPL means that adding the construct to the PPL increases its expressiveness.

More concretely, consider the arbitrary-choice document in Figure 4.1b. The document is

awkwardly constructed. The return keyword must be distributed to combine with a first line of the
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returned expression, due to the undefinability of unaligned concatenation. This creates a disconnec-

tion between the document structure and the underlying AST structure, making it more tedious and

error-prone to construct documents. In contrast, the following document is a rewrite of Figure 4.1b

to utilize the full expressiveness of Σ𝑒 in a natural way. The sub-document colored blue fully corre-

sponds to the “returned expression,” allowing users to recursively construct documents naturally.

text "function append(first,second,third){" <> nest 4 (|
let f = text "first +" in let s = text "second +" in let t = text "third" in|
nl <> text "return " <>|
((text "(" <> (nest 4 (nl <> (f <> nl <> s <> nl <> t))) <> nl <> text ")") <|>|

let sp = text " " in (f <> sp <> s <> sp <> t))|
) <> nl <> text "}"|

The notion of definability (also known as expressibility) for programming languages was first

developed by Felleisen [35], and we adapt it for PPLs through a series of definitions as follows:

Definition 4.2 A PPL Σ consists of:

• a set of constructs Σ = {F1, F2, . . .}. There could potentially be infinite constructs. Each construct

may have different arity and sort, whose arguments may also have different sort.

• a non-empty set of documents D, which are of sort Doc, generated from Σ.

• an evaluation function eval : D → 2L .

Example 4.3 Σ𝑒 contains nest □N □Doc, which is a construct with arity 2 of sort Doc. The first

argument to nest has sort N and the second argument has sort Doc. Σ𝑒 also contains all natural

numbers and strings with no newline, which are constructs with arity 0 of sort N and Str respectively.

The evaluation function for Σ𝑒 is eval𝑒 from Section 4.3.3.

Henceforth, unless indicated otherwise, D𝑋 and eval𝑋 are the set of documents and the

evaluation function for the PPL Σ𝑋 .
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Definition 4.3 A syntactic abstraction M(𝛼1, . . . , 𝛼𝑛) of arity 𝑛 for a PPL Σ is a document in

Σ∪ {𝛼1, . . . , 𝛼𝑛} where 𝛼1, . . . , 𝛼𝑛 are metavariables (nullary constructors) of some sorts. An instance

M(𝑒1, . . . , 𝑒𝑛) is a document in Σ that substitutes 𝛼𝑖 with 𝑒𝑖 in M(𝛼1, . . . , 𝛼𝑛) for all 1 ≤ 𝑖 ≤ 𝑛, where

𝑒𝑖 and 𝛼𝑖 must have a compatible sort.

Example 4.4 M(𝛼1, 𝛼2) = 𝛼1 <> nl <> 𝛼2 is a syntactic abstraction for Σ𝑒 , where 𝛼1 and 𝛼2 have

sort Doc. On the other hand, M′(𝛼1) = nest 𝛼1 nl <> 𝛼1 is not a syntactic abstraction because

the first occurrence of 𝛼1 requires it to have sort N, but the second occurrence requires it to have

sort Doc. An instance M(text "a", text "b") is the document text "a" <> nl <> text "b", but

M(text "a", 1) is not an instance due to the incompatible sort.

Definition 4.4 Let Σbase be a PPL and Σextended = Σbase ∪ {F} where F has sort Doc. A syntactic

expansion expand
M
F (𝑑) from Σextended to Σbase is a function from Dextended to Dbase that replaces

every occurrence of F(𝑒1, . . . , 𝑒𝑛) with an instance M(𝑒1, . . . , 𝑒𝑛) in 𝑑 , where F and M must have

compatible arity and sort arguments.

Example 4.5 expand
M
<$>(·) is a syntactic expansion from Σ𝑒 ∪ { <$>} to Σ𝑒 , where M is from

Example 4.4. Hence, expand
M
<$>(text "a" <$> text "b") = text "a" <> nl <> text "b".

We are now ready to define definability.5

Definition 4.5 Let Σbase be a PPL and Σextended = Σbase ∪ {F}. We say that Σbase can define F

(alternatively, F is definable by Σbase) if there exists a syntactic abstraction M from Σextended to Σbase

such that for every document 𝑑 ∈ Dextended, evalextended(𝑑) = evalbase(expandMF (𝑑)).

We can now present one of our main results:
5One important distinction of this definition and Felleisen’s counterpart is that PPLs are total. Hence, observing

the termination behavior, as done in Felleisen’s work, is not feasible in our formulation.



108 Chapter 4. An expressive pretty printer

Theorem 4.1 Σ𝑒 can define every construct in the traditional and arbitrary-choice PPLs.

Proof sketch 4.4 Following syntactic abstractions can be used to define the constructs:

• group is definable by M(𝛼1) = 𝛼1 <|> flatten 𝛼1

• <$> is definable by M(𝛼1, 𝛼2) = 𝛼1 <> nl <> 𝛼2.

• <+> is definable by M(𝛼1, 𝛼2) = 𝛼1 <> align 𝛼2.

The rest of the constructs is already in Σ𝑒 .

Despite the result, we might wonder if Σ𝑒 is actually needed. Could it be that the arbitrary-

choice PPL can already define every construct in the traditional PPL? As we foreshadowed, the

answer to this question is negative. However, we must first develop tools that allow us to answer

the question, again following the development in Felleisen’s work.

Definition 4.6 A context 𝐶 (𝛼) for Σ is a unary syntactic abstraction for Σ where 𝛼 has sort Doc.

Definition 4.7 Given a PPL Σ and a relation 𝑅 ⊆ 2L × 2L , 𝐸Σ
𝑅
(𝑑1, 𝑑2) is a relation that holds if and

only if for all contexts 𝐶 for Σ, 𝑅(eval(𝐶 (𝑑1)), eval(𝐶 (𝑑2))) holds6.

Example 4.6 Let width : L → N be a function that computes the maximum length across all lines

in the input layout, and we lift width to work on any set of layouts. Furthermore, let 𝑅 = {(𝐿1, 𝐿2) :

width(𝐿1) = width(𝐿2)}.

• 𝐸
Σ𝑒
𝑅
(text "a", text "b") holds by induction. Intuitively, this is because (1) if we only observe

the width, the textual content doesn’t matter, and (2) there is no construct in Σ𝑒 that allows us

to lay out differently in a way that would affect the width based on the textual content.

6The relation 𝐸Σ
𝑅
is a generalization of the operational equivalence relation in Felleisen’s work.



4.4. A framework to reason about expressiveness 109

• On the other hand, ¬𝐸Σ𝑒
𝑅
(text "a", text "aa"). For example, with 𝐶 (𝛼) = 𝛼 , we have that

width(eval𝑒 (𝐶 (text "a"))) = {1}, but width(eval𝑒 (𝐶 (text "aa"))) = {2}.

The following theorem provides a tool to prove that a construct is not definable in a PPL.

Theorem 4.2 Given a PPL Σ and a construct F, if there exists two documents 𝑑1 and 𝑑2 in Σ and a

relation 𝑅 such that 𝐸Σ
𝑅
(𝑑1, 𝑑2), but ¬𝐸Σ∪{F}

𝑅
(𝑑1, 𝑑2), then F is not definable in Σ.

Proof sketch 4.5 Let eval𝑎 (·) and eval𝑏 (·) denote the evaluation functions for Σ and Σ ∪ {F},

respectively. We prove the contraposition. Assuming that F is definable in Σ, we need to prove that for

any 𝑑1, 𝑑2, and 𝑅, 𝐸
Σ
𝑅
(𝑑1, 𝑑2) implies 𝐸

Σ∪{F}
𝑅

(𝑑1, 𝑑2). Let 𝑑1, 𝑑2, and 𝑅 be arbitrary. We suppose that

for all context 𝐶 in Σ, 𝑅(eval𝑎 (𝐶 (𝑑1)), eval𝑎 (𝐶 (𝑑2))) holds, and need to prove that for all context 𝐶

in Σ ∪ {F}, 𝑅(eval𝑏 (𝐶 (𝑑1)), eval𝑏 (𝐶 (𝑑2))) holds.

Let𝐶 be a context in Σ∪ {F}. Because F is definable in Σ, we can perform a syntactic expansion on

𝐶 to obtain a context𝐶∗ in Σ such that eval𝑎 (𝐶∗(𝑑)) = eval𝑏 (𝐶 (𝑑)) for all document 𝑑 in Σ. Hence, it

suffices to prove that 𝑅(eval𝑎 (𝐶∗(𝑑1)), eval𝑎 (𝐶∗(𝑑2))) holds, but this is our hypothesis (instantiated

with 𝐶∗).

With this tool, we are able to prove the following:

Theorem 4.3 The following is true:

• <> is not definable in the arbitrary-choice PPL.

• nest is not definable in the arbitrary-choice PPL.

• group is not definable in the arbitrary-choice PPL.

• <+> is not definable in the traditional PPL.
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Proof sketch 4.6 In each proof, we need to show that F is not definable in Σ, where F and Σ are

the construct and the PPL in question. We do so by providing a counterexample (which is initially

discovered by using Rosette [76, 93]), which consists of documents 𝑑1 and 𝑑2, and the relation 𝑅. By

induction, it can be shown that 𝐸Σ
𝑅
(𝑑1, 𝑑2). We will further provide a counterexample context to show

that ¬𝐸Σ∪{F}
𝑅

(𝑑1, 𝑑2). By Theorem 4.2, this suffices to show that F is not definable in Σ.

<> is not definable in the arbitrary-choice PPL Given width from Example 4.4, the coun-

terexample is 𝑑1 = text "a" <$> text "bb", 𝑑2 = text "aa" <$> text "bb", and 𝑅 = {(𝐿𝑎, 𝐿𝑏) :

width(𝐿𝑎) = width(𝐿𝑏)}. In particular, with𝐶 (𝛼) = text "c" <>𝛼 , we have thatwidth(eval(𝑑1)) =

{2}, but width(eval(𝑑2)) = {3}.

nest is not definable in the arbitrary-choice PPL Given width from Example 4.4, the coun-

terexample is 𝑑1 = text "bb" <$> text "a", 𝑑2 = text "cc" <$> text "bb" <$> text "a", and

𝑅 = {(𝐿𝑎, 𝐿𝑏) : width(𝐿𝑎) = width(𝐿𝑏)}. In particular, with 𝐶 (𝛼) = nest 1 𝛼 , we have that

width(eval(𝑑1)) = {2}, but width(eval(𝑑2)) = {3}.

group is not definable in the arbitrary-choice PPL Let maxa : L → N finds the maximum

number of the character “a” in lines of the layout, and we lift maxa to work on a set of layouts.

The counterexample is 𝑑1 = text "a" <$> text "a", 𝑑2 = text "a" <$> text "a" <$> text "a",

and 𝑅 = {(𝐿𝑎, 𝐿𝑏) : maxa(𝐿𝑎) = maxa(𝐿𝑏)}. In particular, with 𝐶 (𝛼) = group 𝛼 , we have that

maxa(eval(𝑑1)) = {1, 2}, but maxa(eval(𝑑2)) = {1, 3}.

<+> is not definable in the traditional PPL Let spaces : L → N counts the number of spaces in

a layout (not counting newlines), and we lift spaces to work on a set of layouts. The counterexample

is 𝑑1 = text "a", 𝑑2 = text "aa", and 𝑅 = {(𝐿𝑎, 𝐿𝑏) : spaces(𝐿𝑎) = spaces(𝐿𝑏)}. In particular,

with 𝐶 (𝛼) = 𝛼 <+> (text "b" <> nl <> text "c"), we have that that spaces(eval(𝑑1)) = {1},
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but spaces(eval(𝑑2)) = {2}.

Next, we show a relationship between functional completeness and definability.

Lemma 4.4 If Σ is not functionally complete, but Σ ∪ {C} is, then C is not definable in Σ.

Proof sketch 4.7 Because Σ is not functionally complete, there is a set of layouts 𝐿∗ that can’t be

evaluated to by any document in Σ. Since Σ ∪ {C} is functionally complete, there is a document

𝑑∗ (which necessarily contains C) that evaluates to 𝐿∗. Let 𝑑1 and 𝑑2 be any document in Σ, and

𝑅 = (2L × 2L) \ {(𝐿∗, 𝐿∗)}. Then 𝐸Σ
𝑅
(𝑑1, 𝑑2) holds trivially. However, with 𝐶 (𝛼) = 𝑑∗, we have that

¬𝐸Σ∪{C}
𝑅

(𝑑1, 𝑑2). This concludes the proof that C is not definable in Σ.

Lastly, we present our final result for this section: Σ𝑒 is minimal in a sense that each of its

constructs is not definable by Σ𝑒 without it. This is what the design of Σ𝑒 strives to achieve, so

that the size of primitive constructs is small.

Theorem 4.4 For any construct F of Σ𝑒 , F is not definable in Σ𝑒 \ {F}.

Proof sketch 4.8 The proofs for text, nl, <>, and <|> are applications of Lemma 4.1, Lemma 4.3,

and Lemma 4.4. The proofs for nest, flatten, and align are just like how we proved Theorem 4.3 for

nest, group, and <+>.

4.5 Our Printer, Π𝑒

In this section, we describe our printer, Π𝑒 , which targets the PPL Σ𝑒 presented in Section 4.3. Π𝑒

is parameterized by a cost factory, allowing users to customize the optimality objective within the

resource budget that they find acceptable. We start with an overview of Π𝑒 . Then, we describe

the cost factory interface. Next, we define measure, which is an output from the core printer that
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Figure 4.12: Π𝑒 resolves the document to a set of measures, and chooses an optimal measure

from it to render.

allows us to record a cost and at the same time avoid a full-blown, expensive rendering. After

that, we describe the requirements of the input document structure, which will become important

when we analyze the complexity of the printer. Then, we present the Π𝑒 ’s printing algorithm,

which utilizes the cost factory to achieve an optimal and efficient printing. Finally, we show our

analysis of Π𝑒 .

4.5.1 Overview

So far we have defined the evaluation of a document, which produces the set of possible layouts.

But when we print a document, we wish to output only a single, most optimal layout.

A naïve approach is to evaluate the input document, via widening and rendering, to all possible

layouts, determine costs of these layouts according to a given optimality objective, and then

pick one with the least cost as the optimal layout. However, this approach is not practical for

two reasons. First, widening could produce exponentially many choiceless documents. Second,

rendering non-optimal choiceless documents is unnecessary and wasteful.

A better approach would utilize early pruning to reduce the search space, and avoid rendering

until an optimal choiceless document is first identified. The need to prune early motivates us to
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Cost type 𝜏
≤F : 𝜏 → 𝜏 → B ≤F must be a total ordering (transitive, antisymmetric, and total)
+F : 𝜏 → 𝜏 → 𝜏 ∀C1, C2, C3, C4 ∈ 𝜏 . [C1 ≤F C2 → C3 ≤F C4 → C1 +F C3 ≤F C2 +F C4]

textF : N→ N→ 𝜏 ∀𝑐, 𝑐′, 𝑙 ∈ N. [𝑐 ≤ 𝑐′ → textF (𝑐, 𝑙) ≤F textF (𝑐′, 𝑙)]
newlineF : N→ 𝜏 ∀𝑖, 𝑖′ ∈ N. [𝑖 ≤ 𝑖′ → newlineF (𝑖) ≤F newlineF (𝑖′)]

𝑊F : N 𝑊F has no contract

Figure 4.13: The cost factory interface. Users need to supply the cost type 𝜏 and implement the

operations satisfying the contracts indicated in the interface.

devise the notion of cost factory, which allows us to incrementally compute costs to be used for

pruning decision. At the same time, we design the cost factory to support a variety of optimality

objectives. Since we wish to avoid full-blown rendering, we will instead operate on measures [8],

which are limited views of choiceless document rendering under a printing context. This allows

us to record the cost of a layout without expensive rendering.

The workflow of Π𝑒 is shown in Figure 4.12. The printer first resolves choices, with early

pruning, to produce a small set of measures that contain the optimal measure. The set in particular

forms a Pareto frontier in the cost and last line length trade-off (Section 4.5.3 and Section 4.5.4). We

could then pick the optimal measure from the set and render its choiceless document to produce

an optimal layout.

4.5.2 The cost factory

The cost factory interface is presented in Figure 4.13. It allows users to define a cost type 𝜏 and

implement operations on the cost type. C1 ≤F C2 tests if the cost C1 is less than or equal to C2.

C1+F C2 adds the cost C1 and C2 together. textF (𝑐, 𝑙) computes a cost due to a placement of a string

without a newline of length 𝑙 at the column position 𝑐 . newlineF (𝑖) is the cost due to a newline

with 𝑖 indentation spaces. The implemented operations must satisfy the indicated contracts in the

interface, which are required for the core printer to function correctly. However, in practice, more

constraints are recommended so that the printer is not brittle in presence of rewriting rules. We dis-
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let args = nl <> text "arg1," <> nl <> text "arg2"
in
text "func(" <>
(group (nest 2 args <> nl)) <>
text ")"

1 func( arg1, arg2 )|

1 func( |
2 arg1,|
3 arg2|
4 ) |

Figure 4.14: An example document to illustrate how the cost factory computes a cost. The dotted

lines show the width limit of 8 and 10.

cuss more about this topic in Section 4.8. Lastly,𝑊F is the computation width limit. When printing

a document 𝑑 , Π𝑒 only provides the optimality guarantee among layouts in eval𝑒 (𝑑) whose column

position or indentation level during the printing does not exceeds𝑊F . To illustrate how a cost

factory is used inΠ𝑒 , we show a printing of the document in Figure 4.14 with a concrete cost factory.

Example 4.7 Consider an optimality objective that minimizes the sum of overflows, which are

the numbers of characters that exceed a given page width limit𝑤 in each line, and then minimizes

the height, which is the total number of newline characters (or equivalently, the number of lines

minus one). This objective is thus able to avoid the excessive overflow problem in Bernardy’s printer

described in Section 4.2.

More formally, given a layout, a cost is a pair of the overflow sum and the height, where the

lexicographic order determines which cost is less. With𝑤 = 8, the first layout in Figure 4.14 has the

cost (10, 0), whereas the second layout has the cost (0, 3). Thus, the second layout is the optimal

layout that Π𝑒 should pick.

We implement the optimality objective with the following cost factory F .

𝜏 = N × N ≤F = ≤lex (𝑜𝑎, ℎ𝑎) +F (𝑜𝑏, ℎ𝑏) = (𝑜𝑎 + 𝑜𝑏, ℎ𝑎 + ℎ𝑏)

textF (𝑐, 𝑙) = (max(𝑐 + 𝑙 −max(𝑤, 𝑐), 0), 0) newlineF (𝑖) = (max(𝑖 −𝑤, 0), 1)

Each text and newline placement would query the cost factory to compute its cost. For example,

"func(" of length 5 is placed at the column position 0 in both layouts, so the cost is textF (0, 5) = (0, 0).
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In the first layout, "arg1," of length 5 is placed at the column position 6, so the cost is textF (6, 5) =

(3, 0). On the other hand, in the second layout, "arg1," is placed at the column position 2, so the

cost is textF (2, 5) = (0, 0). Spaces due to newlines when the flattening mode is on are considered text.

newlineF is never used for the first layout, but the second layout would query newlineF twice with

indentation level 2 and once with indentation level 0. When we sum the costs up using +F , we obtain

that the first layout has the cost (10, 0), whereas the second layout has the cost (0, 3) as expected. ≤F

could then be used to conclude that the second layout is optimal.

We have been ignoring the computation width limit𝑊F until now. When a column position or

indentation level exceeds the computation width limit during a printing, the result is tainted. For exam-

ple, with𝑊F = 10, the first layout would be tainted, while the second layout would not. Tainted layouts

can usually be discarded right away, except when every possible layout is tainted. In such case, Π𝑒

keeps one tainted layout so that it can still output a layout, but provide no guarantee that the layout will

be optimal. The tainting system allows us to bound the computation so that the algorithm is efficient.

The cost factory interface is versatile. The above example shows that Π𝑒 does not need to take

a page width limit as an input, because the concept of page width limit can already be defined

by users via textF . It is also possible to, for example, implement the concept of soft width limit,

compute a linear combination of height and overflow in the style of Yelland [104], compute a sum

of squared overflow, and compute a maximum of overflow. Furthermore, the cost factory plays

a central role that enables Π𝑒 to be efficient. In the subsequent subsections, every definition is

implicitly parameterized by a cost factory F .

4.5.3 Measure

As presented earlier, the resolving phase computes measures. Each measure is a limited view of a

choiceless document rendering that incorporates cost. Presented in Figure 4.15, a measure consists
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Measure𝑚 ∈ M = ⟨𝑙, C, 𝑑, 𝑥,𝑦⟩M

last :M → N last(⟨𝑙, C, 𝑑, 𝑥,𝑦⟩M) = 𝑙 cost :M → 𝜏 cost(⟨𝑙, C, 𝑑, 𝑥,𝑦⟩M) = 𝑐

doc :M → D𝑒 doc(⟨𝑙, C, 𝑑, 𝑥,𝑦⟩M) = 𝑑

maxx :M → N maxx(⟨𝑙, C, 𝑑, 𝑥,𝑦⟩M) = 𝑥 maxy :M → N maxy(⟨𝑙, C, 𝑑, 𝑥,𝑦⟩M) = 𝑦

◦ :M →M →M ⟨𝑙𝑎, C𝑎, 𝑑𝑎, 𝑥𝑎, 𝑦𝑎⟩M ◦ ⟨𝑙𝑏, C𝑏, 𝑑𝑏, 𝑥𝑏, 𝑦𝑏⟩M =

⟨𝑙𝑏, C𝑎 +F C𝑏, 𝑑𝑎 <> 𝑑𝑏,max(𝑥𝑎, 𝑥𝑏),max(𝑦𝑎, 𝑦𝑏)⟩M

adjustNest : N→M →M adjustNest(𝑛, ⟨𝑙, C, 𝑑, 𝑥,𝑦⟩M) = ⟨𝑙, C, nest 𝑛 𝑑, 𝑥,𝑦⟩M
adjustAlign : N→M →M adjustAlign(𝑖, ⟨𝑙, C, 𝑑, 𝑥,𝑦⟩M) = ⟨𝑙, C, align 𝑑, 𝑥,max(𝑦, 𝑖)⟩M

⪯ :M →M → B ⟨𝑙𝑎, C𝑎, 𝑑𝑎, 𝑥,𝑦⟩M ⪯ ⟨𝑙𝑏, C𝑏, 𝑑𝑏, 𝑥,𝑦⟩M = 𝑙𝑎 ≤ 𝑙𝑏 ∧ C𝑎 ≤F C𝑏

Figure 4.15: Measure and operations on measures

TextM
⟨text 𝑠, 𝑐, 𝑖⟩ ⇓M ⟨𝑐 + |𝑠 |, textF (𝑐, |𝑠 |), text 𝑠, 𝑐 + |𝑠 |, 𝑖⟩M

LineM
⟨nl, 𝑐, 𝑖⟩ ⇓M ⟨𝑖, newlineF (𝑖), nl,max(𝑐, 𝑖), 𝑖⟩M

ConcatM
⟨𝑑𝑎, 𝑐, 𝑖⟩ ⇓M 𝑚𝑎 ⟨𝑑𝑏, last(𝑚𝑎), 𝑖⟩ ⇓M 𝑚𝑏

⟨𝑑𝑎 <> 𝑑𝑏, 𝑐, 𝑖⟩ ⇓M 𝑚𝑎 ◦𝑚𝑏

NestM
⟨𝑑, 𝑐, 𝑖 + 𝑛⟩ ⇓M 𝑚

⟨nest 𝑛 𝑑, 𝑐, 𝑖⟩ ⇓M adjustNest(𝑛,𝑚)
AlignM

⟨𝑑, 𝑐, 𝑐⟩ ⇓M 𝑚

⟨align 𝑑, 𝑐, 𝑖⟩ ⇓M adjustAlign(𝑖,𝑚)

Figure 4.16: Measure computation from a choiceless document in a printing context

of five components: length of last line (𝑙 ), cost (C), choiceless document (𝑑), max column position

(𝑥 ), and max indentation (𝑦). We gray out the last two components because they are ghosted [68],

only needed for the correctness theorem, and not required in the actual implementation.

Example 4.8 Given 𝑑 = text "= {|" <> nest 1 (nl <> text "1234") <> nl <> text "|}"

being placed at the column position 0, with indentation level 0. The choiceless document would

render to a layout ["= {|", " 1234", "|}"]. With the cost factory in Example 4.7, the cost of the

layout is 0. Thus, the measure is ⟨2, 0, 𝑑, 5, 1⟩M .

Figure 4.16 shows rules that define measure computation. The judgment ⟨𝑑, 𝑐, 𝑖⟩ ⇓M 𝑚 states

that whenwe compute themeasure of𝑑 ∈ D𝑒 placed at the column position 𝑐 ∈ Nwith indentation

level 𝑖 ∈ N, the resulting measure is𝑚 ∈ M. To simplify the core printer, we (temporarily) remove
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flatten from Σ𝑒 . This allows us to eliminate the flattening mode parameter, which implicitly

defaults to ⊥. Toward the end of this section, we will show how to add support for flatten back.

The rules are largely standard. They reflect the actual rendering defined by ⇓R , and utilize the

cost factory in a straightforward way. The rules use a helper operator function ◦ to concatenate

two measures, and helper functions adjustNest and adjustAlign to construct a correct measure

for nest and align. These functions are defined in Figure 4.15. Notably, the LineM rule creates

a measure whose maxc is max(𝑐, 𝑖) because before placing the newline, the column position is

𝑐 , and after placing the newline, the column position is 𝑖 . The AlignM rule creates a measure

whose maxi is max(𝑦, 𝑖) where 𝑦 is obtained via the recursive computation. This is because the

recursive computation discards the current indentation level, so we need to specifically record the

information.

⇓M is deterministic and total. It is also correct with respect to ⇓R .

Theorem 4.5 For any 𝑑 ∈ D𝑒 and 𝑐, 𝑖 ∈ N, there exists a cost C and max indentation 𝑦 such that

• if ⟨𝑑, 𝑐, 𝑖,⊥⟩ ⇓R [𝑠], then ⟨𝑑, 𝑐, 𝑖⟩ ⇓M ⟨𝑐 + |𝑠 |, C, 𝑑, 𝑐 + |𝑠 |, 𝑦⟩M .

• if ⟨𝑑, 𝑐, 𝑖,⊥⟩ ⇓R [𝑠, 𝑠1, . . . , 𝑠𝑛, 𝑡], then ⟨𝑑, 𝑐, 𝑖⟩ ⇓M ⟨|𝑡 |, C, 𝑑,max(𝑐 + |𝑠 |, |𝑠1 |, . . . , |𝑠𝑛 |, |𝑡 |), 𝑦⟩M

So far, we only consider the measure computation for a choiceless document. When we take

the choice operator into account, there could be multiple measures under the same printing

context. The main operation that we can perform on these measures is finding domination ⪯, also

presented in Figure 4.15.𝑚𝑎 ⪯ 𝑚𝑏 when both the cost and the last length of𝑚𝑎 are no worse than

those of𝑚𝑏 . The fact that𝑚𝑎 ⪯ 𝑚𝑏 is useful because it allows us to prune𝑚𝑏 away immediately.



118 Chapter 4. An expressive pretty printer

Measure set 𝑆 ∈ S F Tainted(𝑚̂) where 𝑚̂ is a promise that can be forced to a measure
| Set( [𝑚1, . . .

+ ,𝑚𝑛]) where last(𝑚1) > . . . > last(𝑚𝑛) and ∀𝑖 ≠ 𝑗,¬(𝑚𝑖 ⪯ 𝑚 𝑗 ∨𝑚 𝑗 ⪯ 𝑚𝑖 )

taint : S → S taint(Tainted(𝑚)) = Tainted(𝑚)
taint(Set( [𝑚0,𝑚1, . . . ,𝑚𝑛])) = Tainted(𝑚0)

lift : S→(M→M)→S lift(Tainted(𝑚), 𝑓 ) = Tainted(𝑓 (𝑚))
lift(Set( [𝑚1, . . .

+ ,𝑚𝑛]), 𝑓 ) = Set( [𝑓 (𝑚1), . . .+ , 𝑓 (𝑚𝑛)])

dedup :
−→
M →

−→
M dedup( [𝑚,𝑚′,𝑚1, . . . ,𝑚𝑛]) = dedup( [𝑚′,𝑚1, . . . ,𝑚𝑛]) if𝑚′ ⪯ 𝑚

dedup( [𝑚,𝑚′,𝑚1, . . . ,𝑚𝑛]) = [𝑚]@dedup( [𝑚′,𝑚1, . . . ,𝑚𝑛]) if𝑚′ ⪯̸ 𝑚

dedup( [𝑚]) = [𝑚]

⊎ : S → S → S 𝑆 ⊎ Tainted(𝑚) = 𝑆

Tainted(𝑚) ⊎ Set( [𝑚1, . . .
+ ,𝑚𝑛]) = Set( [𝑚1, . . .

+ ,𝑚𝑛])
Set( [𝑚1, . . .

+ ,𝑚𝑛]) ⊎ Set( [𝑚′1, . . .+ ,𝑚′𝑛′ ]) = Set( [𝑚1, . . .
+ ,𝑚𝑛] ⊎ [𝑚′1, . . .+ ,𝑚′𝑛′ ])

⊎ :
−→
M →

−→
M →

−→
M [] ⊎ [𝑚1, . . .

+ ,𝑚𝑛] = [𝑚1, . . .
+ ,𝑚𝑛]

[𝑚1, . . .
+ ,𝑚𝑛] ⊎ [] = [𝑚1, . . .

+ ,𝑚𝑛]

[𝑚0,𝑚1, . . . ,𝑚𝑛] ⊎ [𝑚′0,𝑚′1, . . . ,𝑚′𝑛′ ] =


[𝑚0,𝑚1, . . . ,𝑚𝑛] ⊎ [𝑚′1, . . . ,𝑚′𝑛′ ] if𝑚0 ⪯ 𝑚′0
[𝑚1, . . . ,𝑚𝑛] ⊎ [𝑚′0,𝑚′1, . . . ,𝑚′𝑛′ ] if𝑚′0 ⪯ 𝑚0

[𝑚0]@( [𝑚1, . . . ,𝑚𝑛] ⊎ [𝑚′0,𝑚′1, . . . ,𝑚′𝑛′ ]) if last(𝑚0) > last(𝑚′0)
[𝑚′0]@( [𝑚0,𝑚1, . . . ,𝑚𝑛] ⊎ [𝑚′1, . . . ,𝑚′𝑛′ ]) otherwise

Figure 4.17: Measure set and the merge operation on measure sets. @ denotes a list concatenation.

We treat a promise 𝑚̂ and a measure𝑚 interchangeably, as they can be straightforwardly casted

to each other.



4.5. Our Printer, Π𝑒 119

4.5.4 Measure set

Resolving a document (in a printing context) produces a small set of measures. To accommodate

taintedness mentioned in Section 4.5.2, Figure 4.17 defines a measure set to be either a non-empty

Set of untainted measures where no measure dominates the other, or a Tainted singleton set of

a promise 𝑚̂ that can be forced to a measure. The Set, by definition, forms a Pareto frontier. To

aid computation, we represent the Set with a list ordered by the cost in the strict ascending order

(and therefore the last length in the strict descending order). We are able to do so because in a

Pareto frontier, all last and cost values must be distinct.

The main operation that we can perform on measure sets is merging two measure sets (⊎),

shown in Figure 4.17, where we prefer a Set over a Tainted. The merge operation maintains the

Pareto frontier invariant, by doing the merge in the style of the merge operation in merge sort,

although the Pareto frontier merging can also prune measures away during the operation. One

important “quirk” of this merge operation is that it is left-biased in presence of taintedness. If

two tainted measure sets are merged, the result is always the left one. This means the order of

arguments to the merge operation is important, as we will see in the next subsections.

Other operations on measure sets which are used in next subsections are taint, lift, and dedup.

taint taints a measure set. When tainting a Set, we choose to pick the first measure from the Set

because it has the least cost, which is a greedy heuristic. lift adjusts measures in a measure set.

Lastly, dedup prunes measures that are sorted by last in the strict decreasing order and by cost in

the non-strict increasing order, so that the result conforms the Pareto frontier invariant.

4.5.5 The document structure

Section 4.2.2 has shown that we need to handle document sharing by treating the input document

as a DAG. However, documents cannot be arbitrarily shared, as the following example shows:
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Example 4.9 The following document mk(𝑛) has the DAG size of 𝑂 (𝑛). However, resolving it

necessitates 𝑂 (2𝑛) units of computation, as the printing contexts are all different. This is bad news

because it means resolving could take exponential time in the input size.

let rec mk (n : int): doc =
if n = 0 then text "x"
else let shared = mk (n - 1) in shared <> shared

However, we argue that the above document is not properly shared, because the sub-documents

are not shared across choices, which is how sharing is employed in practice. The corresponding

properly shared document should have 𝑂 (2𝑛) DAG size, so 𝑂 (2𝑛) units of computation are still

linear in the input size. To make this precise, we provide the following definitions:

Definition 4.8 Given a document 𝑑 ∈ D𝑒 , 𝐺 (𝑑) is a DAG rooted at 𝑑 whose edge in the graph

connects a document to its direct subdocuments.

Definition 4.9 A document 𝑑 ∈ D𝑒 is properly shared if for any two vertices 𝑑𝑎 and 𝑑𝑏 in 𝐺 (𝑑), if

𝑝1 and 𝑝2 are two distinct paths from 𝑑𝑎 to 𝑑𝑏 , then there exists a common document 𝑑′ such that (1)

𝑑′ is a <|>; (2) 𝑑′ occurs in both 𝑝1 and 𝑝2; and (3) 𝑑
′
is not 𝑑𝑏 .

Figure 4.5c shows a properly shared document (assuming that 𝐷 is properly shared). It illus-

trates two paths where 𝑑𝑎 is the root node, 𝑑𝑏 is 𝐷 , and 𝑑′ is 𝑑𝑎 . In practice, non-properly shared

documents can still be processed by Π𝑒 , and in fact can even make resolving faster when a shared

document is resolved under the same printing context. However, this shared document would

be effectively duplicated when it is resolved in different contexts. For simplicity, we only consider

properly shared documents as the input to Π𝑒 in this work.

4.5.6 The resolver

We now formally define the core of Π𝑒 , which is the resolver. It is described in Figure 4.18,

which is a fusion of widening in Figure 4.11 and measure computation in Figure 4.16, with early
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TextRSSet
𝑐 + |𝑠 | ≤𝑊F 𝑖 ≤𝑊F ⟨text 𝑠, 𝑐, 𝑖⟩ ⇓M 𝑚

⟨text 𝑠, 𝑐, 𝑖⟩ ⇓RS Set( [𝑚])
LineRSSet

𝑐 ≤𝑊F 𝑖 ≤𝑊F ⟨nl, 𝑐, 𝑖⟩ ⇓M 𝑚

⟨nl, 𝑐, 𝑖⟩ ⇓RS Set( [𝑚])

TextRSTnt
𝑐 + |𝑠 | >𝑊F ∨ 𝑖 >𝑊F ⟨text 𝑠, 𝑐, 𝑖⟩ ⇓M 𝑚

⟨text 𝑠, 𝑐, 𝑖⟩ ⇓RS Tainted(𝑚)
LineRSTnt

𝑐 >𝑊F ∨ 𝑖 >𝑊F ⟨nl, 𝑐, 𝑖⟩ ⇓M 𝑚

⟨nl, 𝑐, 𝑖⟩ ⇓RS Tainted(𝑚)

NestRS
⟨𝑑, 𝑐, 𝑖 + 𝑛⟩ ⇓RS 𝑆

⟨nest 𝑛 𝑑, 𝑐, 𝑖⟩ ⇓RS lift(𝑆, adjustNest(𝑛))
AlignRS

𝑖 ≤𝑊F ⟨𝑑, 𝑐, 𝑐⟩ ⇓RS 𝑆
⟨align 𝑑, 𝑐, 𝑖⟩ ⇓RS lift(𝑆, adjustAlign(𝑖))

UnionRS
⟨𝑑𝑎, 𝑐, 𝑖⟩ ⇓RS 𝑆𝑎 ⟨𝑑𝑏, 𝑐, 𝑖⟩ ⇓RS 𝑆𝑏
⟨𝑑𝑎 <|> 𝑑𝑏, 𝑐, 𝑖⟩ ⇓RS 𝑆𝑎 ⊎ 𝑆𝑏

AlignRSTnt
𝑖 >𝑊F ⟨𝑑, 𝑐, 𝑐⟩ ⇓RS 𝑆

⟨align 𝑑, 𝑐, 𝑖⟩ ⇓RS lift(taint(𝑆), adjustAlign(𝑖))

ConcatRS
⟨𝑑𝑎, 𝑐, 𝑖⟩ ⇓RS Set( [𝑚1, . . . ,𝑚𝑛]) ⟨𝑚1, 𝑑𝑏, 𝑖⟩ ⇓RSC 𝑆1 . . . ⟨𝑚𝑛, 𝑑𝑏, 𝑖⟩ ⇓RSC 𝑆𝑛

⟨𝑑𝑎 <> 𝑑𝑏, 𝑐, 𝑖⟩ ⇓RS 𝑆1 ⊎ . . . ⊎ 𝑆𝑛

ConcatRSTnt
⟨𝑑𝑎, 𝑐, 𝑖⟩ ⇓RS Tainted(𝑚𝑎) ⟨𝑑𝑏, last(𝑚𝑎), 𝑖⟩ ⇓RS 𝑆 taint(𝑆) = Tainted(𝑚𝑏)

⟨𝑑𝑎 <> 𝑑𝑏, 𝑐, 𝑖⟩ ⇓RS Tainted(𝑚𝑎 ◦𝑚𝑏)

RSCSet
⟨𝑑𝑏, last(𝑚𝑎), 𝑖⟩ ⇓RS Set( [𝑚1, . . .

+ ,𝑚𝑛])
⟨𝑚𝑎, 𝑑𝑏, 𝑖⟩ ⇓RSC Set(dedup( [𝑚𝑎 ◦𝑚1, . . .

+ ,𝑚𝑎 ◦𝑚𝑛]))
RSCTnt

⟨𝑑𝑏, last(𝑚𝑎), 𝑖⟩ ⇓RS Tainted(𝑚𝑏)
⟨𝑚𝑎, 𝑑𝑏, 𝑖⟩ ⇓RSC Tainted(𝑚𝑎 ◦𝑚𝑏)

Figure 4.18: The resolver
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pruning inherent in the merge operation and extra bookkeeping for taintedness. The judgment

⟨𝑑, 𝑐, 𝑖⟩ ⇓RS 𝑆 states that a properly shared document 𝑑 ∈ D𝑒 at a column position 𝑐 ∈ N with an

indentation level 𝑖 ∈ N resolves to a measure set 𝑆 .

Resolving text If placing the text would exceed𝑊F or the indentation level is beyond𝑊F , the

TextRSTnt rule returns a Tainted. Otherwise, the TextRS rule returns a singleton Set.

Resolving newline Resolving a nl is similar to resolving a text, but we only need to consider

the current column position and indentation level, as resolving the newline does not change the

column position. The LineRSTnt and LineRS rules cover these two cases.

Resolving nest Resolving a nest is handled by the NestRS rule, which recursively resolves

its sub-document, with the indentation level changed. The recursive resolving would determine

whether the measure set would be a Set or Tainted. In all cases, the result is adjusted to construct

correct choiceless documents.

Resolving alignment Resolving an align is similar to resolving nest. However, because the

recursive resolving would discard the current indentation level, which could exceed𝑊F , we need

to taint the measure set when the indentation level is beyond𝑊F . The AlignRSTnt rule handles

such case, and the AlignRS rule handles other possibilities.

Resolving choice The UnionRS rule recursively resolves its two sub-documents, and then

merges the measure sets. As mentioned in Section 4.5.4, the merge operation is left-biased.

Therefore, the left sub-document will be preferred over the right sub-document if exceeding𝑊F

is unavoidable. It is possible to employ a heuristic to remove this bias, as discussed in Section 4.8.
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Resolving unaligned concatenation Resolving a <> is done through ConcatRSTnt and

ConcatRS rules, which handle the two possibilities of measure set types obtained from the

left sub-document’s recursive resolving. Notably, the ConcatRS rule employs ⇓RSC to help us

concatenates a left measure from the left measure set with a right measure set. The series of

merges should be done with the right fold ordering to avoid unnecessary list traversal.

⇓RS is deterministic and total. This allows us to define the top-level printer as Π𝑒 (𝑑) = 𝑙 where

⟨doc(𝑚0), 0, 0,⊥⟩ ⇓R 𝑙 and ⟨𝑑, 0, 0⟩ ⇓RS [𝑚0,𝑚1, . . . ,𝑚𝑛], which consumes a properly shared

document 𝑑 , resolves it to a set of measures, picks the measure with the least cost, and simply

renders the associated choiceless document to produce a layout (although our implementation

further fuses resolving and rendering together, as described in Section 4.8).

While the rules above are enough for correctness, implementing these rules requires further

consideration. As we will see in Lemma 4.6, any resolving beyond𝑊F would eventually result in

a tainted measure set. Hence, Π𝑒 should immediately delay the computation for any resolving

beyond𝑊F . Π𝑒 should also memoize the computation, so that on identical document and printing

context within𝑊F , the result of the previous computation is reused.

We claim that Π𝑒 (𝑑) consumes a properly shared document 𝑑 in Σ𝑒 and produces an optimal

layout among eval𝑒 (𝑑) within𝑊F . We will prove the claim in the next subsection.

4.5.7 Correctness of Π𝑒

⇓P is correct with respect to ⇓M. Two theorems govern the correctness. The first theorem states

that the core printer returns a measure set that contains a measure that is no worse than any

measure within the computation width limit from all possible measures.

Theorem 4.6 (Optimality) For any 𝑑 ∈ D𝑒 , 𝑐 ∈ N, 𝑖 ∈ N, if the following conditions hold
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• ⟨𝑑, 𝑐, 𝑖⟩ ⇓RS 𝑆

• 𝑑 ⇓W 𝐷

• 𝑑 ∈ 𝐷

• ⟨𝑑, 𝑐, 𝑖⟩ ⇓M 𝑚

• maxx(𝑚) ≤𝑊F

• maxy(𝑚) ≤𝑊F

then 𝑆 = Set( [𝑚1, . . .
+ ,𝑚𝑛]). Furthermore, there exists 𝑖 such that𝑚𝑖 ⪯ 𝑚.

The second theorem states that measures in the resulting measure set are valid.

Theorem 4.7 (Validity) For any 𝑑 ∈ D𝑒 , 𝑐 ∈ N, 𝑖 ∈ N with 𝑑 ⇓W 𝐷 , if it is the case that

⟨𝑑, 𝑐, 𝑖⟩ ⇓RS Set( [𝑚1, . . .
+ ,𝑚𝑛]), then for each 𝑖 , there exists 𝑑 such that 𝑑 ∈ 𝐷 and ⟨𝑑, 𝑐, 𝑖⟩ ⇓M 𝑚𝑖 .

Likewise, if ⟨𝑑, 𝑐, 𝑖⟩ ⇓RS Tainted(𝑚0), then there exists 𝑑 such that 𝑑 ∈ 𝐷 and ⟨𝑑, 𝑐, 𝑖⟩ ⇓M 𝑚0.

The correctness of Π𝑒 follows immediately.

While the above theorems guarantee the correctness of the result that the printer produces, it

does not concern with efficiency. The following lemmas provide some properties of the printer

that allow us to reason about the efficiency.

Lemma 4.5 For any 𝑑 ∈ D𝑒 , 𝑐 ≤𝑊F , 𝑖 ≤𝑊F , if ⟨𝑑, 𝑐, 𝑖⟩ ⇓RS Set( [𝑚1, . . . ,𝑚𝑛]), then 𝑛 ≤𝑊F + 1.

Lemma 4.6 For any 𝑑 ∈ D𝑒 , if 𝑐 >𝑊F or 𝑖 >𝑊F and ⟨𝑑, 𝑐, 𝑖⟩ ⇓RS 𝑆 , then 𝑆 is a Tainted.

We now informally prove the efficiency of Π𝑒 that we claimed in Section 4.1.

Theorem 4.8 The time complexity of Π𝑒 is 𝑂 (𝑛𝑊 4
F ) where 𝑛 is the DAG size of the document.

Proof sketch 4.9 The most expensive operation in the printer is concatenation (via ConcatRSSet).

The operation resolves the left sub-document, resulting in a measure set whose size is at most𝑊F

according to Lemma 4.5. It then resolves the right sub-document in at most𝑊F different contexts.

Thus, there are at most𝑊 2
F different measures from the right sub-document that the printer needs to

concatenate and prune.
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Consider ⟨𝑑, 𝑐, 𝑖⟩ ⇓RS 𝑆 . 𝑑 can range over 𝑛 different values. 𝑐 and 𝑖 can range over𝑊F different

values that are under𝑊F . Hence, there are 𝑂 (𝑛𝑊 2
F ) different contexts under the computation width

limit. Multiplying this with the maximum units of computation in the previous paragraph, we obtain

that the time complexity due to resolving within𝑊F is 𝑂 (𝑛𝑊 4
F ), assuming that the resolver reuses

memoized measure set under the same context.

When 𝑑 is printed beyond𝑊F , however, it can be fully resolved for at most once, because:

1. While we would resolve both sub-documents of choice nodes, they would be all tainted, due to

Lemma 4.6. Because all tainted measure sets are promises, all computations are delayed. The

merge operation then chooses only one tainted measure set as the result, discarding the other

one.

2. The document is properly shared, so under a path a document is encountered at most once.

As a result, the time complexity due to printing over𝑊F is simply 𝑂 (𝑛). Combining both parts, we

obtain that the time complexity of Π𝑒 is 𝑂 (𝑛𝑊 4
F ).

Theorem 4.9 If a document 𝑑 is in the arbitrary-choice PPL, Π𝑒 can print 𝑑 in 𝑂 (𝑛𝑊 3
F ).

Proof sketch 4.10 In the arbitrary-choice PPL, 𝑐 = 𝑖 is (mostly) maintained throughout the printing.

Hence, there is one less dimension to consider, leading to the time complexity of 𝑂 (𝑛𝑊 3
F ).

4.5.8 Handling flattening

To support flatten, we make it a function that walks its sub-document and replaces all nl with

text " ". The walk is memoized and preserves the original identity of the document whenever

possible (i.e. if nothing is flatten in sub-documents, then the document itself is returned unchanged

without creating a new document). Thus, each document can be flattened at most once. This
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flattening creates at most 𝑂 (𝑛) new documents without destroying the shared structure in the

original document. We therefore achieve the functionality of flatten without affecting the time

complexity of the printer.

4.6 Implementation

We implement Π𝑒 in OCaml and Racket. The printer, which we call SnowWhite, is further

refined to be more efficient and practical. Due to the space limit, we describe these refinements

in Section 4.8. The OCaml SnowWhite, as a reference implementation, is used for comparing

against other printers in Section 4.7. The Racket SnowWhite has even more features, and it has

been used to implement the code formatter for the Racket programming language.

SnowWhite provides a pre-defined cost factory that minimizes the sum of squared overflows

over the page width limit𝑤 (without considering indentation spaces) and then height. The text

placement formula is derived from the identity (𝑎 + 𝑏)2 − 𝑎2 = 𝑏 (2𝑎 + 𝑏) where in each text

placement, 𝑎 is the starting position count past the page width limit and 𝑏 is the overflow length.

With this cost factory and𝑤 = 8, the first layout in Figure 4.14 has the cost (102, 0) whereas the

second layout has the cost (0, 3).

textF (𝑐, 𝑙) =


(𝑏 (2𝑎 + 𝑏), 0) if 𝑐 + 𝑙 > 𝑤

(0, 0) otherwise
where

𝑎 = max(𝑤, 𝑐) −𝑤

𝑏 = 𝑐 + 𝑙 −max(𝑤, 𝑐)

4.7 Evaluation

This evaluates the performance and optimality of SnowWhite. The evaluation consists of two

parts. First, we compare SnowWhite against Wadler/Leijen [55] and Bernardy [7]’s printers,

which are popular practical printers with capabilities from the traditional and arbitrary-choice
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PPLs. Second, we evaluate the Racket code formatter, which uses SnowWhite as its foundation.

The evaluation aims to answer the following questions:

1. Does SnowWhite run fast in practice?

2. Does SnowWhite produce pretty layouts in practice?

All experiments are performed on a (non-poisoned) Apple M1 MacBook Pro with 16GB of RAM.

We describe the experiments and benchmarks in Section 4.7.1 and Section 4.7.2, and discuss the

results in Section 4.7.3.

4.7.1 Comparison of printers

We compare OCaml SnowWhite against the latest version (1.2.1) of Wadler/Leijen’s printer, and

the “camera ready version” of Bernardy’s printer7. This “camera ready version” consists of two

printers: the “naïve” variant, which is presented in the paper, and the “practical” implementation,

which has more features (such as unavoidable overflow handling) but suffers from the exponential

time complexity when the DAG structure unfolds, as discussed in Section 4.2. We manually remove

the capability to customize the width limit from the latter to avoid the issue. Both variants are used

for the evaluation, since the naïve variant does not have necessary features for some benchmarks.

SnowWhite is instantiated with the cost factory in Section 4.6, with the page width limit

of 80 (unless indicated otherwise). We run SnowWhite twice with different computation width

limits (once with𝑊F = 100, unless indicated otherwise, and once with𝑊F = 1000), in order to

observe the effect of the tainting system and how it affects the performance.

7We also tried other versions of Bernardy’s printer, such as the commit 006fa0e8, which is the version right before
the <|> operator was removed, and supposedly more optimized than the camera ready version. Unfortunately, we
find that it has a severe performance deficiency. When attempting to replicate the experiments in Bernardy [8], we
find that formatting the 10k-line-JSON file takes about 80 seconds, which is much slower than the 145 milliseconds
reported in the paper.
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Table 4.2: Comparison between SnowWhite in different configurations and other printers. For

each printer and configuration, the first column reports the running time, and the second column

reports the line count of the output layout. SnowWhite has an additional third column, where ✓

indicates that the output layout fits𝑊F and ✗ indicates that the output layout is tainted. “N/A”

means the benchmark is not applicable. � indicates that running the benchmark exceeds the

timeout of 60 seconds. “-” means the data is not collected. A grayed row indicates an output

mismatch among the printers/configurations. The bolded line count signals that in our manual

inspection, the associated layout is the prettiest.

Benchmark SnowWhite Wadler/Leijen Bernardy
default𝑊F (usually 100) 𝑊F = 1000 Naïve Practical

Concat10k 0.89 ms 1 ✗ 0.91 ms 1 ✗ 2.05 ms 1 N/A - 548.14 ms 1
Concat50k 10.58 ms 1 ✗ 10.55 ms 1 ✗ 11.55 ms 1 N/A - 17.18 s 1
FillSep5k 13.51 ms 668 ✓ 13.71 ms 668 ✓ 12.34 ms 668 3.32 s 668 � -
FillSep50k 264.34 ms 6834 ✓ 262.99 ms 6834 ✓ 73.16 ms 6834 � - � -
Flatten8k 42.10 ms 7986 ✓ 47.15 ms 7986 ✓ 3.33 s 7986 N/A - N/A -
Flatten16k 94.86 ms 15986 ✓ 92.62 ms 15986 ✓ 22.14 s 15986 N/A - N/A -
SExpFull15 3.28 s 4107 ✓ 8.55 s 4107 ✓ 60.44 ms 4107 678.92 ms 4107 929.26 ms 4107
SExpFull16 5.51 s 8246 ✓ 21.79 s 8246 ✓ 98.79 ms 8246 1.35 s 8246 1.83 s 8246
RandFit1k 130.97 ms 629 ✓ 243.59 ms 629 ✓ 15.16 ms 943 51.68 ms 629 80.17 ms 629

RandFit10k 1.13 s 7861 ✓ 4.66 s 7861 ✓ 42.65 10459 582.83 ms 7861 902.99 ms 7861

RandOver1k 88.06 ms 1531 ✗ 958.34 ms 1531 ✓ 7.27 ms 1635 N/A - 73.95 ms 1105
RandOver10k 486.81 ms 15027 ✗ 13.98 s 15027 ✓ 135.75 ms 16015 N/A - 1.18 s 7953
JSON1k 2.13 ms 564 ✓ 2.25 ms 564 ✓ 1.87 ms 564 N/A - 5.02 ms 564
JSON10k 27.30 ms 5712 ✓ 25.86 ms 5712 ✓ 23.06 ms 5712 N/A - 106.73 ms 5712
JSONW 2.15 ms 721 ✗ 2.20 ms 721 ✓ 8.52 ms 721 N/A - 5.44 ms 709

Table 4.3: The code formatter benchmarks. The table is in the same format as the SnowWhite

column in Table 4.2.

Benchmark 𝑊F = 100 𝑊F = 1000

class-internal 651 ms 5750 ✗ 665 ms 5749 ✓
xform 796 ms 5154 ✗ 819 ms 5154 ✓

Benchmark 𝑊F = 100 𝑊F = 1000

list 98 ms 993 ✓ 90 ms 993 ✓
hash 8 ms 83 ✓ 9 ms 83 ✓

The benchmarks (Table 4.2) are mostly taken from Bernardy [8], and we add a few more to

test basic constructs. While Leijen’s printer is expressive enough to handle all benchmarks (due

to the inclusion of align to support aligned concatenation in addition to constructs from the

traditional PPL), Bernardy’s printers are not applicable to benchmarks that require constructs

from the traditional PPL. Furthermore, Bernardy’s naïve printer is not applicable to benchmarks

that require extra features like unavoidable overflow handling.

In more detail, the benchmarks test the following kinds of documents:
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Concat benchmarks test a long chain of concatenations, which are identified by Peyton-Jones

[72] as a source of quadratic time complexity in Hughes’ printer.

FillSep benchmarks test the fillSep construct (also known as fill), which fills lines with

words as long as they fit.

Flatten benchmarks test repeated flattening, as shown in Figure 4.4.

SExpFull benchmarks are the last two data points from the “full tree” benchmark in Bernardy

[8]’s paper. They create complete binary trees and print them as S-expressions.

RandFit benchmarks [8] are similar to SExpFull, but use random Dyck paths to generate random

trees and filter only those that fit within the page width limit.

RandOver benchmarks are like RandFit with the opposite filtering.

JSON benchmarks are also from Bernardy [8]’s paper. They format large JSON files.

JSONW benchmark is the same as JSON1k but with a page width limit of 50 instead of 80, and

we further adjust SnowWhite’s default𝑊F from 100 to 60 to test the tainting system.

4.7.2 Racket code formatter

We evaluate the effectiveness of a Racket code formatter that uses the Racket SnowWhite as

its foundation. Racket [36] is a programmable programming language. Its main syntax is S-

expression, but this can be customized via its #lang protocol to read an arbitrary syntax. Even

in the S-expression syntax, users can define custom forms via the macro system. Our long-term

plan for the code formatter is to make it extensible to support any syntax and custom forms.

SnowWhite is thus a natural choice as a foundational printer, due to its expressiveness.
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The code formatter currently supports only S-expression formatting. However, the task is

already challenging. While the S-expression syntax may look simple and uniform, Racket users

employ a variety of styles for different forms to make them look distinctive in order to improve

readability. Each function application, for example, has three possible styles (while most languages

have two function application styles). The search space of the code formatter is thus quite large.

The benchmarks (Table 4.3) consist of files of different sizes from the Racket language codebase8.

class-internal and xform are the two largest files. We use the code formatter to format these

files with the page width limit of 80. We run the code formatter twice, once with𝑊F = 100 and

once with𝑊F = 1000.

4.7.3 Results

Performance The benchmarking results in Table 4.2 and Table 4.3 show that overall, SnowWhite

is sufficiently fast in practice. While not the fastest, it can process large, practical workloads

class-internal and xform under a second. Furthermore, it provides a performance guarantee

even on tricky inputs. The same is not true for other printers. The Flatten benchmarks work very

poorly for Wadler’s printer, and the FillSep benchmarks work very poorly for Bernardy’s printer.

Interestingly, Bernardy’s naïve printer is faster than its practical variant, even though the latter

is more optimized; this is due to the extra features that the practical printer needs to support.

SnowWhite, by contrast, is set to support these features from the start.

We note two interesting observations on SnowWhite. First, it performs poorly on SExpFull rel-

ative to other printers. This is due to the memory pressure from memoization. Better engineering

effort may be able to alleviate this issue. Second, although the time complexity of Π𝑒 is 𝑂 (𝑛𝑊 4
F ),

this worst case behavior happens only if Pareto frontiers are always full. In practice, this is not the

8https://github.com/racket/racket/tree/master/racket/collects at commit 4f1a2bd4

https://github.com/racket/racket/tree/master/racket/collects
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case9, as evidenced by the fact that increasing𝑊F tenfold does not multiply the running time by

104. On the contrary, increasing𝑊F does not affect the running time at all on most benchmarks.

Optimality We find that SnowWhite is the prettiest compared to others, offering high quality

output when we use the cost factory described in Section 4.6. Table 4.2 shows (via line count) that

the output layouts in many benchmarks agree in all printers. The exceptions are RandFit, Ran-

dOver, and JSONW benchmarks. Upon manual inspection, we find that the layouts produced by

SnowWhite are better. JSONW and RandOver are cases where there is an unavoidable overflow,

causing Bernardy’s printer to overflow more than necessary. Figure 4.6 shows a concrete example

of this problem. RandFit and RandOver are cases where the greedy minimization and the align

construct in Leijen’s printer interact poorly, as discussed and illustrated in Bernardy [8].

It should also be noted that neither Leijen’s nor Bernardy’s printers support custom optimality

objectives, as their optimality objectives are integral to their algorithms. SnowWhite, in contrast,

allows users to customize optimality objective via the cost factory.

Lastly, we evaluate the effectiveness of the tainting system. For almost every benchmark that

gets a tainted layout (✗) with the default𝑊F , we find that using𝑊F = 1000 in an attempt to

avoid taintedness10 yields the same result, confirming the optimality of the output layout. The

only exception is the class-internal benchmark in Table 4.3, for which the output layouts are

different in one line and otherwise identical, because the greedy heuristic in the taint operation

prunes the optimal choice away. This demonstrates that despite being tainted, and thus no longer

guaranteed to be optimal, the output layout is still reasonable (at least with respect to the cost

factory that we employ and the heuristic to avoid bias described in Section 4.8).

9This observation also applies to Bernardy’s printers, which are also based on Pareto frontiers.
10Therefore, the Concat benchmarks do not count, since they are still tainted afterwards. The benchmarks are not

interesting anyway, since there is no choice in the documents, so the output layouts are always optimal.
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4.8 Discussion

In this section, we broadly discuss the design of our work.

4.8.1 Additional constructs

SnowWhite supports additional constructs fail and flat. The Racket SnowWhite further

supports additional constructs full and cost. These constructs are out of scope for the work, and

we leave their formalization as future work.

Failure The fail construct widens to the empty set, thus introducing the possibility that a

printing could fail. Furthermore, it is the identity for the operation <|>. fail makes Σ𝑒 more

expressive because it is impossible to make Σ𝑒 evaluate to the empty set. In this sense, it could

be said that Σ𝑒 is not truly “functionally complete,” but Σ𝑒 with fail is. Supporting fail can be

done via rewriting rules: every document with fail can be normalize to a semantically-equivalent

document without fail, or to a single fail. Hence, there is no need to modify the core printer to

add the construct.

Flatness fail paves way to support another construct flat 𝑑 , which is also implemented in

Bernardy [7]’s practical printer as single line11. The construct adds a constraint to 𝑑 to eliminate

layouts with multiple lines. This is especially very useful as an addition to the arbitrary-choice

PPL, since it can eliminate the “ladder” layouts (which are undesirable) that result from multiple

aligned concatenations. Π𝑒 can support flat in the same way it supports flatten (Section 4.5.8),

although we would replace nl with fail instead of a single space. Note that flat interacts with

flatten in the intended way. For example, flat (flatten (text "\n")) evaluates to {" "}, but

flatten (flat (text "\n")) evaluates to the empty set. The construct presents a challenge for
11This is one of the extra features that is supported in Bernardy’s practical printer but not by the naïve printer.
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us to state the correctness of the printer, because a widened choiceless document may now fail to

render.

Fullness full 𝑑 marks 𝑑 as full, which means there must be no more text afterward in the same

line. The construct is especially useful for code formatters that need to support line comments, as it

is illegal to collapse a piece of code after a comment. A simpler variant of full is also implemented

in Yelland’s printer for the R code formatter [103]. Unlike fail and flat, which can be supported

via rewriting rules to avoid the core printer modification, full requires involved changes to the

core printer.

• The measure set definition is now required to recognize the empty set (where we prefer a

tainted measure set over an empty set).

• The resolver would consume additional two boolean arguments, which indicate the fullness

status before and after the document.

• Merging two tainted measure sets must now keep both tainted measure sets, and we may

need to try both if the first one resolves to the empty set.

To keep the time complexity of the printer 𝑂 (𝑛𝑊 4
F ), we rely on the fact that “emptiness” in

resolving (that is, resolving to the empty set) is independent from column positions and indentation

levels. Thus, even though we now need to try many tainted measure sets, a document can be

tried at most four times (one for each before and after fullness statuses), which bounds the time

complexity.

Cost cost C 𝑑 adds a cost C to measures due to 𝑑 . This construct is not expressive in the

traditional sense, as it does not affect layout results. However, it allows us to make weighted
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choices, so that we can prefer one style over another when all else is equal. Due to the flexibility

of the cost factory, it is even possible to make multidimensional weights.

4.8.2 Safety

As shown in the proof of Lemma 4.2, the traditional PPL is not functionally complete because

all layouts must have the same content, modulo whitespaces. While this property is restrictive

for many tasks as elaborated in this chapter, it does provide a sort of safety guarantee that the

layouts will not be wildly different. <|>, however, allows us to violate this property. In fact, some

arbitrary-choice printers (e.g. a prototype of Bernardy’s printer [5]) intend that <|> should be

restricted to maintain the property. Similarly, the inclusion of fail, flat, or fullmakes it possible

to evaluate to an empty set, but the PPLs without the essence of fail provide a safety guarantee

that an evaluation will never result in an empty set. Generally, the more expressive a language is,

the more properties it will break, and the more burden will be put on the users to carefully use

the constructs.

We argue that the spirit of these safety properties can still be accomplished in PPLs with a

functionally complete core. One possible approach is similar to Wadler’s treatment of <|> and

group: define high-level, “safe” constructs with just enough expressiveness to solve a domain-

specific task, based on the core, “unsafe” constructs, and then hide these “unsafe” constructs away

from the external interface. For example, one may hide <|>, and instead provide groupParen(𝑑) =

(text "(" <> 𝑑 <> text ")") <|> flatten 𝑑 , which evaluates to either𝑑 with parentheseswrapped

around, or the flattened 𝑑 . The language as defined by the external interface is no longer func-

tionally complete, but enjoys the property that all layouts are the same modulo whitespaces and

parentheses. Another possible approach is to export the core, “unsafe” constructs, but perform a

static analysis to make sure that the document satisfies the intended safety property.
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In any case, the expressive core constructs are what enable the advanced features that may be

required by tasks. Thus, our view is that an expressive printer is the key. We should start with an

expressive albeit unsafe printer, rather than a safe but non-expressive one.

4.8.3 Memoization

While memoization is important to guarantee that Π𝑒 will not take exponential time, it is also the

performance bottleneck when the input document is large, due to too much memory allocation.

In SnowWhite, we employ a heuristic to reduce memory allocation by adding a metadata

memoization weight to each document node, which counts how long memoization has not been

performed on descendant nodes. When the weight reaches a limit (set to 6 in our implementation),

we perform memoization on the node, and reset the weight to 0. This can significantly speeds up

the performance of SnowWhite in some large documents.

4.8.4 Fusing resolving and rendering

One optimization in SnowWhite is to fuse resolving a document to a measure set and rendering

of a choiceless document to a layout together. This is done by replacing the doc component in a

measure with a token function, which consumes a list of rendered tokens after the document is

placed, and returns a new list of rendered tokens. A similar technique was employed by Podkopaev

and Boulytchev [75]. For example, the token function on printing a nl at the indentation level 𝑖

would be toks ↦→ ["\n", " " × 𝑖]@ toks. As another example, the token function on printing a

<> would be toks ↦→ 𝑓1(𝑓2(toks)), where 𝑓1 and 𝑓2 are the token functions from the left and right

measures to be concatenated together. The printer would then pick a measure with the lowest

cost, and invoke the corresponding token function with an empty list to obtain the full list of

rendered tokens, which could then be displayed to users.
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4.8.5 Handling bias in presence of taintedness

In Section 4.5, we see that the merge operation and thus the <|> operator is left-biased in presence

of taintedness. When exceeding𝑊F is unavoidable, all text could be put in one line in the worst

case if all left sub-documents use the “horizontal styling”! The proper solution is to increase𝑊F .

However, SnowWhite also implements a heuristic to infer a sub-document with the “vertical

styling.” The heuristic adds a metadata estimated number of lines (estl) to each document node. For

example, we would have that estl(nl) = 1, estl(text 𝑠) = 0, estl(𝑑𝑎 <> 𝑑𝑏) = estl(𝑑𝑎) + estl(𝑑𝑏),

and estl(𝑑𝑎 <|> 𝑑𝑏) = max(estl(𝑑𝑎), estl(𝑑𝑏)). SnowWhite then uses a document with a larger

estl as the left sub-document in choice documents.

4.8.6 Rewriting rules and cost factory

Our cost factory is minimally specified and only concerns with the correctness of the core printer.

Therefore, if onewishes to employ rewriting rules to transform a document to another semantically-

equivalent document, one must make sure that the specified cost factory admits the rewriting

rules. For example, if we want to rewrite a document 𝐷 <> text "" to simply 𝐷 for any 𝐷 , it

would require, at the very least, that the +F operation has an identity element, and that the cost

of text "" is the identity element. Associativity and commutativity of +F are another examples

of properties that ordinary cost factories should satisfy.

4.8.7 Rewriting rules and partial evaluation

Similar to how we can perform partial evaluation in programming languages, we can also perform

partial evaluation in PPL using rewriting rules. For example, a concatenation of two text can be

partially evaluated to a single text right away. However, this partial evaluation must be done with

care to still preserve the sharing structure, since unconstrained rewriting may unfold the DAG



4.9. Applications of Π𝑒 in solver-aided programming 137

(define (bvmul2_?? x)
(bvshl x (?? (bitvector 8))))

(define sol
(synthesize

#:forall (list x)
#:guarantee
(assert
(equal? (bvmul2_?? x)

(bvmul x (bv 2 8))))))

(print-forms sol)

(define (bvmul2_?? x) (bvshl x (bv #x01 8)))

(define (bvmul2_?? x)
(bvshl x (bv #x01 8)))

Figure 4.19: An example solver-aided program in Rosette, taken from the documentation of

Rosette’s solver-aided synthesis library [89], along with the outputs before and after our change.

structure into a tree. It is also worth noting that the partial evaluation may not necessarily preserve

the semantics in presence of taintedness. For example, one may want to reduce a nest 𝑛 (text 𝑠)

to text 𝑠 for any 𝑛 and 𝑠 , but when 𝑛 >𝑊F , the document will definitely resolves to a tainted

measure set, while the partially evaluated one does not necessarily12.

4.9 Applications of Π𝑒 in solver-aided programming

We have shown the utilities of Π𝑒 as a standalone pretty printer. In this section, we demonstrate

how Π𝑒 can improve productivity in interfacing with end users in solver-aided programming via

two case studies. The first case study is on the default Rosette’s synthesis output, which was

previously produced by an ad-hoc pretty printer. The second case study is on MemSynth’s output,

which was previously produced without any pretty printing.
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4.9.1 Rosette

Rosette, as an implementation of S𝑐 that extends Racket (Section 2.6.2), allows programmers to

formulate synthesis queries with its language constructs. Figure 4.19 illustrates a solver-aided

program that synthesizes a function that multiplies its input by 2 with the requirement that it

must use the left shift operation. The program first defines a function bvmul2_?? with a syntactic

hole ??. Then, it asserts that bvmul2_?? is the double function on all inputs. This generates queries

to be submitted to the solver in order to find a constant to fill in the syntactic hole. Once a solution

is found, programmers would need to display the synthesized code so that end users (who could

be the programmers themselves) can understand the solution. Because the syntactic hole is from

the Rosette solver-aided synthesis library [89], Rosette knows how to emit the synthesized code

as a Racket code when programmers call the function print-forms.

The synthesized outputs by Rosette, however, generally do not follow the style that Racket

users tend to write. When the above program is run, it outputs the code shown in the top right of

Figure 4.19, which does not have a newline after the function header—a common Racket coding

convention. As a result, the code could be difficult to read to end users. The underlying issue is

that print-forms employs Racket’s ad-hoc pretty printing library, which has limited capability

and customization. From Rosette and programmers’ perspective, there is not much adjustment

that could be done to the Racket library to improve the output. The issue shows that it can be

challenging to provide high-quality output with an ad-hoc pretty printer.

To address this issue, we replaced the ad-hoc pretty printer with our Racket code formatter,

which employs Π𝑒 under the hood. The code formatter transforms a Racket syntax tree to a

document in Σ𝑒 , with extensibility points so that programmers can customize the document

construction to control the styling. This high flexibility can only be effective when the underlying

12One may argue, however, that this semantic change is acceptable, because the change is for the better.
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(((((rf . ((po :> Syncs) . po)) + (((po :> Syncs) . po) . rf)) + ((((po :> Syncs) .
↩→ po) :> Writes) + (((po :> Syncs) . po) :> Reads))) :> (((Writes + Reads) . (
↩→ rf + ((po :> Syncs) . po))) + ((((po :> Syncs) . po) . Reads) :> Reads))) +
↩→ ((((Reads <: (((Writes -> Writes) + (Reads -> MemoryEvent)) & ((po :> Lwsyncs
↩→ ) . po))) + ((((Writes -> Writes) + (Reads -> MemoryEvent)) & ((po :> Lwsyncs
↩→ ) . po)) :> Reads)) :> ((Writes + Reads) <: Reads)) + (((((Writes -> Writes)
↩→ + (Reads -> MemoryEvent)) & ((po :> Lwsyncs) . po)) + (rf . (((Writes ->
↩→ Writes) + (Reads -> MemoryEvent)) & ((po :> Lwsyncs) . po)))) :> ((Writes +
↩→ Reads) . ((((Writes -> Writes) + (Reads -> MemoryEvent)) & ((po :> Lwsyncs) .
↩→ po)) :> Writes)))))

(a) Before our change

((rf.((po :> Syncs).po) + ((po :> Syncs).po).rf) +
((po :> Syncs).po :> Writes + (po :> Syncs).po :> Reads)) :>

((Writes + Reads).(rf + (po :> Syncs).po) + ((po :> Syncs).po).Reads :> Reads) +
((Reads <: ((Writes->Writes + Reads->MemoryEvent) & (po :> Lwsyncs).po) +

((Writes->Writes + Reads->MemoryEvent) & (po :> Lwsyncs).po) :> Reads) :>
((Writes + Reads) <: Reads) +
((Writes->Writes + Reads->MemoryEvent) & (po :> Lwsyncs).po +
rf.((Writes->Writes + Reads->MemoryEvent) & (po :> Lwsyncs).po)) :>

(Writes + Reads).(
((Writes->Writes + Reads->MemoryEvent) & (po :> Lwsyncs).po) :> Writes

))

(b) After our change

Figure 4.20: Synthesized outputs fromMemSynth in the Alloy
∗
syntax before and after our change.

The red arrow indicates line wrapping.

pretty printer is expressive and optimal, and Π𝑒 satisfies the requirement. After our change, the

above Rosette program produces the output shown in the bottom right of Figure 4.19, which

follows the Racket coding convention. Thus, the case study shows that Π𝑒 is a suitable tool for

improving the productivity in solver-aided programming.

4.9.2 MemSynth

MemSynth [13] is a solver-aided program for synthesizing memory models from framework

sketches and litmus tests, where a memory model is represented with a set of axioms in rela-

tional logic. Because many existing memory model tools employ Alloy∗ specification [58] as a

programming language to write the formula in relational logic, MemSynth follows the approach
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for interoperability.

An example synthesized output is shown in Figure 4.20a. Unlike Rosette’s default synthesis

output, which could have newlines to avoid exceeding the page width limit, the output of Mem-

Synth does not concern with the page width limit at all, putting all text in one line. Producing an

output in one line is a common approach in many solver-aided programs due to how easy it is to

implement, and how it could be substantially more difficult to produce a human-readable output.

However, it evidently results in an output code that is difficult to read for end users.

By employing Π𝑒 , we can add newlines and indentation to the synthesized output, with only

a few change to MemSynth’s printing facility. As a result, the output after our change is more

readable, as shown in Figure 4.20b. This demonstrates how Π𝑒 facilitates the development of an

effective solver-aided program to interface with end users.

4.10 Conclusion

We have described Π𝑒 , an expressive printer that supports a variety of optimality objectives and

is practically efficient. We developed a framework for reasoning about the expressiveness of PPLs,

and we used this framework to guide the design of the PPL that Π𝑒 targets. By surveying existing

pretty printers, we have shown that Π𝑒 is well-placed in the design space of printers. Π𝑒 is proven

correct in the Lean theorem prover and implemented as a practical printer SnowWhite, which

powers a real-world code formatter for the Racket programming language. Our results show that

SnowWhite (and Π𝑒 ) is both pretty and fast.

In the context of solver-aided programming, we showed how human-readable output is

desirable, but often difficult to achieve due to the difficulty to develop an effective pretty printer.

Our case studies demonstrated how Π𝑒 can be employed to address the issue, improving the

productivity in interfacing with end users.
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Conclusion

This dissertation has demonstrated that it is possible to develop effective productivity tools for

solver-aided programming by making them recontextualizing and extensible. In Chapter 2, we

presented a formal foundation for symbolic evaluation with merging, whose derived reusable

symbolic evaluator enhances productivity in programming to interact with solvers. In Chapter 3,

we presented a profile-guided symbolic optimizer, which improves productivity in scaling up

solver-aided programs. Lastly, in Chapter 4, we presented an expressive pretty printer, enhancing

productivity in interfacing with end users. Along with existing productivity tools, our three

new tools support the thesis that recontextualization and extensibility are keys to developing

productivity tools for solver-aided programming.

There are still many potential for productivity improvement in the space of solver-aided pro-

gramming. One notable stage of solver-aided programming that is not covered in this dissertation

is debugging. Bugs in solver-aided programming often manifest as runtime exceptions. Unlike tra-

ditional programming, the runtime exceptions are treated as assertion failures in the solver-aided

host language, and the all-path evaluation would prune paths that lead to the assertion failures

away. As a result, traditional debugging tools like error tracer [38] are unviable for debugging.

141
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In our preliminary work, we developed a symbolic error tracer [91], which is a recontextual-

ization of the traditional error tracer in traditional programming. While the tool is currently a

prototype, the early feedback shows that programmers who use the tool already find it useful

for debugging their solver-aided programs, although the tool is not yet scalable to work on large

solver-aided programs, limiting its usefulness. Future work could pursue how to make the tool

more scalable. In any case, we hope that the development of future tools will benefit from the

guiding principles at the core of this dissertation.
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