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Thermoelectric composites are promising for energy conversion between heat and electricity.
However, due to the complexity of nonlinear thermoelectric coupling, the effective behavior of
the thermoelectric composites have not been explored much. The goal of this dissertation is to
understand the effective behavior of the thermoelectric composites and to explore the possibility
of improving their performance, excluding the size and interface effects. For this purpose, we
studied three types of thermoelectric composites: one-dimensional and two-dimensional periodic
thermoelectric composites with macroscopic homogeneity, and one-dimensional functionally

graded materials.



In the first part of this dissertation, we adopt the non-linear asymptotic homogenization theory
developed by Yang* and redefine the effective properties to understand the macroscopic behavior
of one-dimensional thermoelectric composites. We discover that the effective behavior of the
composites can be described by a single-phase material with homogenized properties, though the
effective electric conductivity becomes temperature-dependent. We also find that although the
effective figure of merit cannot be higher than both of its constituents, the effective power factor
can be substantially improved.

In the second part of the thesis, we seek an improved the conversion efficiency by matching
compatibility factor with reduced current density in a functionally graded material. The results
show that the enhancement by the functionally graded strategy is insignificant because as we
match the compatibility with reduced current density, the effective figure of merit is inevitably
sacrificed.

In the last part of the thesis, we try to understand the behavior of two-dimensional thermoelectric
composites. We first examine the asymptotic homogenization theory developed by Yang and
note its limitations, and then we develop a direct finite element method as an alternative solution.
Through the analysis, we found that the effective behavior of the two-dimensional thermoelectric
can also be described by a homogenized single-phase material, and its effective properties do
correlate with its conversion efficiency. Lastly, we develop a machine learning based
methodology to speed up the search for better thermoelectric composites and reduced more than
95% of the computational cost from FEA. Through this study, we found no improved effective
figure of merit from the combinations of the 16 state-of-the-art p-type thermoelectric materials at
a wide temperature range. Nonetheless, the developed finite element method and machine

learning methodology are proved to be effective in estimating the effective behavior of two-



dimensional thermoelectric composites, which can greatly accelerate the new composite

discovery and design.
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Chapter 1. INTRODUCTION AND OVERVIEW

1.1 THERMOELECTRIC EFFECT

The thermoelectric effect is the direct conversion of thermal to electrical energy and vice versa.
The term “thermoelectric effect” encompasses three separately identified yet interrelated effects:

Seebeck effect, Peltier effect, and Thomson effect.
1.11 Seebeck Effect

The Seebeck effect is the direct conversion of heat into electricity. It was observed in the early
1820s by physicist Thomas Johann Seebeck?, who found that a voltage existed between two
junctions of two different materials in the presence of a temperature difference between the
junctions.

It was later discovered that the Seebeck effect is a type of electromotive force (EMF)? that
drives free charge carriers to flow from the higher temperature side to the lower one due to a
temperature gradient, leading to the accumulation of opposite charges on two sides which results
in measurable currents or voltages, as illustrated in Figure 1.1. This can be described locally by
the creation of an electromotive field

Eems = —aVT, (1.1)

where a is the Seebeck coefficient, a property of the local material, and I'T is the gradient in
temperature T. The sign of the Seebeck coefficient in equation (1.1) is positive/negative for
positive/negative charge carriers. The presence of electromotive forces modifies Ohm’s law by
generating currents even in the absence of voltage differences (or generating voltage differences

without electric currents). Including the effect of Een, the local current density is given by*

J=0(=V¢ + Eeppp) = —0(Ve + aVT), (1.2)



where ¢ is the local electric potential and o is the local electrical conductivity. And the equation

of continuity of electric charge

V-(J-5e-Vp)=0, (1.3)

can be written as

V- (e-VE)+V-(0-a- V) +V-(c-V$) =0, (1.4)

where € is the dielectric permittivity.

1.1.2 Peltier Effect

The reverse of the Seebeck effect is called the Peltier effect. It was first discovered by physicist
Jean Charles Athanase Peltier in 18342, Considering a situation with an external EMF source
applied and a current | passing through two junctions; a rate of heating g would occur at one
junction along with a rate of cooling -q at the other. The ratio of g to | defines the Peltier coefficient
(given by =g I 1), which represent the ability of a given material to carry heat through applied
current. The sign of the Peltier coefficient is positive if the electric current and the heat flux are in
the same direction. Thus, the local heat flux density, Jo, is the combination of two effects: thermal
conduction and the Peltier effect,

Jo = —KVT + 7], (1.5)
where k=k4+x. is the total thermal conductivity and is composed of the phonon component «, and
the electronic component .. The Seebeck coefficient and Peltier coefficient are related by

a=mn/T. (1.6)

By inserting equations (1.2) and (1.6) into equation (1.5) we have*

Jo = —KkVT +Ta] = —TacV¢p — (Ta*o + k)VT, (1.7)



where the heat flux Jq is coupled with current density J. The more general form of the equation of

heat flow that covers the transient analysis became
Jo = —TacV¢ — (Ta’c + K)VT + pC 2, (1.8)

where p is density, and C is specific heat capacity.
1.1.3  Thomson Effect

The last thermoelectric effect, the Thomson effect, relates to the rate of generation of reversible
heat q resulted from the passage of a current along a portion of a single conductor wherein there
is a temperature difference AT. Because the material properties are usually temperature-dependent,
the temperature difference across the material usually results in the uneven distribution of the
Seebeck coefficient as well as the Peltier coefficient. Such a difference results in heat production

or absorption. The heat production per unit volume q is
q=—WVT, (1.9)

where u is the Thomson coefficient. The Thomson coefficient is also related to the Seebeck

coefficient by
da
Hot Side Hot Side Hot Side
+ -
2 Bl |+ 3 * L
E l l g + 5 +
I I
CHRH s
+ +
© 0 O |
Cool Side Cool Side Cool Side

Figure 1.1: The temperature gradient drives holes in a p-type semiconductor to flow from the
higher temperature side to the lower one, resulting in measurable voltage (left) or currents
(middle). As an external EMF is imposed in the opposite direction, heat can be transported from

the cold side to the hot side (right).



By combining the heat conduction, Joule heating, and both Peltier and Thomson effects we have
the full heat equation,

0=V -(VT)+]-(07Y)=T] - Va + Goxt (1.12)

where ext IS the heat added from an external source (if applicable).

1.2 THERMOELECTRIC APPLICATIONS

Thermoelectric materials convert heat directly into electricity, and vice versa. Being solid-state
without any moving parts, thermoelectric devices have many unique advantages®. First, they are
very reliable in extreme environments. Second, they are quiet and do not vibrate in operation.
Finally, they can be made into any sizes or shapes that make them extremely compatible and
portable. On account of these unique characters, thermoelectric materials are promising in a wide

range of power-generation and cooling applications.

1.2.1 Thermoelectric Coolers

A conventional cooling system, which includes an evaporator, a compressor, and a condenser, is
quite complicated. In the evaporator, compressed refrigerant is allowed to expand, evaporate, and
absorb heat. In the next step, the compressor recompresses the gaseous refrigerant into its liquid
state. Then, the condenser expels the heat to the ambient environment. In contrast, a thermoelectric
cooler only composed of N-type and P-type semiconductor connected electrically in series by
metallic interconnects and thermally in parallel. As a DC power source is applied to a
thermoelectric cooler, heat is transferred from one side to the other side by the Peltier effect as

displayed in Figure 1.2.
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Figure 1.2: Structure and function of a thermoelectric cooler.

Due to the simplicity of the thermoelectric cooler, the associated maintenance is substantially
reduced. Therefore, it has been widely used in military, such as submarines, as a cooling device
for specific purposes®’. Furthermore, thermoelectric coolers are also used in microelectronics to
stabilize the temperature of laser diodes, to cool infrared detectors and charge-coupled devices,
and to reduce unwanted noise of integrated circuits. The characteristics of small sizes and fast
responses for thin film thermoelectric coolers make it possible to integrate cooling systems in

microelectronic circuits®?.

Insulating layer/silicon substrate

. Membrane

Metalization
P-type Peltier
thermoelement
Irfraredarray
N-type Peltier ) .
thermoelement Hot junction
Cold junction
Bonding Pads
Cold area

Figure 1.3: A schematic diagram showing an integrated thermoelectric microcooler with

infrared components integrated onto cooled central region®.
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In recent years, climate change raises people’s awareness of greenhouse gas emissions. As
environmental regulations regarding the manufacture and release of (CFCs) increase, there is a
need to seek alternatives to conventional refrigeration technologies. Thermoelectric devices, in
which the electron gas serves as the working fluid and thus no refrigerants are used, may be

expected to produce negligible direct emissions of greenhouse gases over their lifetimes!,

1.2.2 Thermoelectric Power Generation

A thermoelectric generator is a unique heat engine-- it convers heat directly into electricity and, in
principle, can use any thermal source. Furthermore, it has no moving parts, which in turn makes it
very reliable. Therefore, the most established application of thermoelectric generator is using
radioisotope thermoelectric generators (RTGs) in deep-space missions to provide reliable and
long-lasting power sources®?, as shown in Figure 1.4(a). These RTGs provide decades of stable
power sources for spacecraft in deep-space missions without any maintenance.

Another application of thermoelectric devices that have been actively studied and assessed is
waste heat recovery. A typical gasoline-fueled internal combustion engine only uses 25% of the
fuel energy for vehicle mobility and accessory power. The majority of the fuel energy is lost as
waste heat'®. Part of the waste heat can be recovered by integrating an automotive thermoelectric
generator (ATEG) into the radiator and exhaust system, as seen in Figure 1.4(b). Beside the
application on the automobiles, many researchers are exploiting potential applications on waste
heat recovery in industries'**’.

In current solar energy harvesting, photovoltaic solar cells use ultraviolet and visible sun light
that accounts for 58% of the energy radiated from the sun. As shown in Figure 1.4(c), about 42%
of total solar energy is in the infrared spectrum and is lost as heat, which can be potentially

recovered by thermoelectric materials'®*®. Thermoelectric materials can also be used to power



self-sustained wireless systems such as sensors placed in critical or even hazardous places:
chimneys, pipelines, mines?®?!, etc. Moreover, they can be used to power wearable devices, as
seen Figure 1.4(d), such as smart watches, smart glasses, and even hearing aids, with which battery
life is still a challenging problem to be solved??. There are many more potential applications not
mentioned here®?324 and what hinders them to be realized is the poor performance of

thermoelectric materials.
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Figure 1.4: Thermoelectric materials applications: (a) Configuration of a general-purpose heat
source radioisotope thermoelectric generator (RTGs)*?; (b) Automotive thermoelectric generator
(ATEG) tested by auto manufacturers®; (c) Solar energy with a part in the ultraviolet and visible
light, and the rest in the infrared'®; (d) A wearable thermoelectric generator developed by a

research group at KAIST?,



1.3 THERMOELECTRIC POWER FACTOR AND FIGURE OF MERIT

When it comes to the performance of a thermoelectric material, two material parameters are often

mentioned, thermoelectric power factor and figure of merit®,

1.31 Thermoelectric Power Factor

The power factor of a thermoelectric material is calculated by its Seebeck coefficient and electric
conductivity:

Power factor = a’c (1.12)
Materials with a higher power factor are able to generate more energy from the same temperature
difference in a space-constrained condition. The maximum power output of a single TE element

for a temperature difference T

2 AVT?
Prax = lopt - Voopt = =0 (Vope + aVT) - A X Vepop; = a?0 - —— (1.13)

is proportional to its power factor. Considering cooling applications, the cooling effect at the
source junction is opposed by both Joule heating and heat conduction. As half of the Joule heating

travels to each junction, the rate of heat absorption from the source can be written as,
Q = aTel —51*R — K(Ty — T¢) (1.14)
The maximum absorption rate is obtained when [ = “TTC as

_1a?T¢

Qnuu'_'E R _'K(Tb _'TE) =

1 a?cA
2 L

—K(Ty —T¢) (1.15)
This shows that materials with a high power factor are also able to move more heat in a cooling

application, but they are not necessarily more efficient in generating or moving energy.



1.3.2 Thermoelectric Figure of Merit
A thermoelectric material’s conversion efficiency is determined by its dimensionless figure of

merit, given by

IT =—T (1.16)
In power generation, the maximum thermoelectric efficiency H,

energy supplied to the load

= —— (1.17)
heat energy absorbed at hot junction
is given by?®
_ Tyg—T¢ V1+ZT-1 (1 18)

H =
max = T
Th \/1+ZT+#

where T = # and all the material properties are assumed to be constant. The first term on the

right hand side of equation (1.18) is the efficiency of the Carnot cycle, and the second is highly
dependent on the thermoelectric figure of merit. As the value of the figure of merit goes higher,
the maximum efficiency is closer to the Carnot efficiency.

In cooling applications, the performance of a refrigerator is expressed by its coefficient of
performance (COP), which is defined as the cooling power produced divided by the rate of

electrical energy supplied. The optimized COP can be written as

— T
cop = heat absorbed _ Tc 1+ZT_T_I; (1.19)

electrical power input - Ty—Tc V1+ZT+1

which is also governed by the thermoelectric figure of merit.

1.4 RECENT DEVELOPMENT OF THERMOELECTRIC MATERIALS

Prior to the 1990s, researchers had been searching for bulk materials with intrinsically high power

factor and figure of merit for a few decades without much progress being made. It is especially



hard to find a bulk material with high figure of merit. To have high figure of merit, the
thermoelectric materials need to have not only high Seebeck coefficient, but also high electric
conductivity and low thermal conductivity, and these properties are intimately related to each
other, making it hard to control them separately?’~2°. For example, while high electric conductivity
requires a high concentration of charge carriers, a modest carrier concentration is optimal for high
Seebeck coefficient®. Moreover, high electric conductivity usually comes with high thermal
conductivity because of the Wiedemann-Franz law®!.

One possible solution to overcoming the intrinsic constraints between electric conductivity,
thermal conductivity, and Seebeck coefficient in a single-phase material is to combine different
materials. Through microstructure engineering and optimization, high electric conductivity,
Seebeck coefficient, and low thermal conductivity can be achieved simultaneously®?~28, In recent
years, by taking advantages of size and interface effects, researchers were able to find great
enhancement in thermoelectric figure of merit for a number of composite systems®®# as

demonstrated in Figure 1.5.
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Figure 1.5: Development of ZT in the past decades shows pronounced improvement for
nanostructured Bi2Te3%0%352 ppTe>3 6l SiGe®?®’ Zn4Sb3%7° series, and other good

thermoelectric materials®-7°,

1.5 MOTIVATION AND OBJECTIVES

While a large number of experimental works in thermoelectric materials focus on nanostructured
composites, and most theoretical studies focus on size and interfacial effects at the nanoscale using
molecular dynamics and quantum mechanics®® "4, there have been very few theoretical efforts
toward the continuum analysis of their effective behavior®’>"®. In earlier studies, it was argued
that the effective figure of merit of a composite is bounded by the figure of merit of its
constituents’”’8, However, the analysis was built on linearized thermoelectric transport equations.
The formerly suggested conclusion consequently needs to be further examined. Furthermore, heat
flux has often been assumed to be divergence free, which is also not appropriate for thermoelectric

materials with coupled transport of electricity and heat.
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Lately, Yang used more realistic nonlinear analysis to examine the effective behavior of
thermoelectric composites with different configurations. In his analysis, he took the temperature
and the variation of heat flux into account, but treated material properties as constants. He first
examined the bi-layered composites and found that the efficiency of the composite could be higher
than both of its constituents, but the effective figure of merit was no longer correlated with the
conversion efficiency’®®. He also examined the effective behavior of a two-phase periodic
laminate thermoelectric composite. He derived the governing equations for the macroscopic
temperature, potential distribution, heat flux, and electric current density. He further analyzed the
overall conversion efficiency using an idealized thermoelectric module!. However, he did not
answer the question of whether the conversion efficiency of the composite was bounded by its
constituents or not. In a later study, Yang did a similar analysis on the thermoelectric composite
with 2D unit cell configuration and derived its own governing equations®’. But how this composite

behaves remains unanswered. These are the questions that we seek to answer in this study.

1.6 OVERVIEW

The main reason that Yang did not mention whether the efficiency of the two-phase periodic
laminate thermoelectric composites could be higher or not is that the effective figure of merit
defined by him was found not to correlate with the thermoelectric conversion efficiency. As a
result, he had no useful tool to examine it. Therefore, in Chapter 2, we define a new set of effective
properties, so that we have an effective figure of merit to be correlated with conversion efficiency,
and effective power factor correlated with maximum power output. Then, we examine the
boundedness of both figure of merit and power factor. In Chapter 3, we extend our scope to
functionally graded material by using the effective properties derived in Chapter 2 and the reduced
variable method. In Chapter 4, we analyze the effective behavior of the thermoelectric composite

12



for 2D unit cell configuration base on Yang’s asymptotic analysis and found many limitations
through that path. Therefore, in the next chapter we took another route to analyze the behavior of
thermoelectric composite with finite element method and found the effective properties of the
composite defined by the finite element method does correlate the performance of the composite.
In Chapter 6, we apply the basic machine learning algorithm to the data generated by the method
developed in the previous chapter and show how accurate and efficient a machine learning model
can predict the effective properties of thermoelectric composite. Chapter 7 summarizes the main

conclusions of the dissertation, which finally lead to the discussion of future work.

13



Chapter 2. EFFECTIVE PROPERTIES OF PERIODIC LAYERED
THERMOELECTRICS

2.1 INTRODUCTORY REMARKS

To investigate whether a thermoelectric composite with periodic microstructure, as schematically
shown in Figure 2.1, can have a higher conversion efficiency than any of its constituents, a
nonlinear asymptotic homogenization theory was developed by Yang?. In the next section, we will
give the general idea and results of this theory. In his study, the effective thermoelectric properties
are defined in a way that the effective thermoelectric figure of merit does not directly correlate
with the thermoelectric conversion efficiency. Therefore, we will define a new set of effective
properties to lead to an effective figure of merit that correlates with conversion efficiency. With
this new effective figure of merit, we will examine the boundedness of the thermoelectric

conversion efficiency and present numerical results and discussions.

ol e

le ST

! L L x
Figure 2.1. Schematics of layered composite in (a) macroscopic, (b) mesoscopic, and (c)
microscopic scales, with (d) fast fluctuating actual field (solid blue line) and slow varying

homogenized field (dashed red line)®.
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2.2 THEORETICAL FRAMEWORK
2.2.1  Asymptotic Analysis

The scope of the analysis covered in this section is confined to one-dimension, wherein all the
field variables and material parameters are assumed to vary only along the x-coordinate. Also, all
the material properties are assumed to be independent of temperature. The thermoelectric transport
equations (1.1) and (1.3) are thus simplified to be

1 ar
—J=0 o, toa——, (2.1)
- i
Jo =aT] K—. (2.2)
In addition, the divergence-free current density implies that /] = |J| = const in 1D, and the field

equation for heat flux is simplified as

%f =-2 (2.3)
The object is a 1D composite consisting of two distinct phases layered periodically. For such a
composite, two different length scales can be identified: L, the macroscopic length of the
composite associated with the macroscopic coordinate x, and 7, the characteristic length of the
composite unit cell, for which a microscopic coordinate ¢ can be introduced. While material
properties a(§), o(§¢), and k(&) vary fast on the microscopic scale periodically, field variables
such as T'(x, &), ¢(x, &), and J,(x, &) vary fast on the microscopic scale yet change slowly on the

macroscopic scale, as shown in Fig. 2.1(d). The temperature, potential, and heat flux then are

expanded into polynomials of #

T(x, f) = TO(-X’ f) + 77T1(x; f) + Usz(x' f) + - (24)
¢(X, f) = ¢0(x1 f) + 77(151(9(, f) + 772¢2(x' f) + - (25)
]Q(X; §) =]Q0(xr §)+ U]Q1(X, $)+ 772]Q2(x' &)+ - (2.6)
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Substituting these into governing equations (2.1) and (2.3) for T and ¢, we obtain a series of
equations grouped by the orders of n. Based on these equations, we know that T, (x, &) = Ty(x)
and ¢, (x, &) = ¢ (x) represent the macroscopic distributions of temperature and potential, which
we are interested in. By integrating those equations over one unit cell, the governing equation for

the macroscopic temperature distribution T, (x) in the layered composite

2
@y 1\ [\ 2 _ ([a\" _ [\ 2\ 2
dx? + <0> <K>] <<K> <K><K>>] To=0 (2.7)
and the governing equation for the macroscopic potential distribution ¢o (X) in the layered

composite

e LR LR

are derived, where (.) indicates volume averaged quantities over the unit cell.

2.2.2  Field Analysis

With the governing equations (2.7) and (2.8), the temperature and potential distribution can be

solved, given the imposed boundary conditions T'(0), T(L), ¢(0), ¢(L), yielding

To(x) = q; cos(y/dyx) + g, sin(y/dyx) — Z—j (2.9)
where
t= ([0 - )
-
1= Z_i + 7(0),
_ da/d1+T(L)~qy cos({/d,L)
9@ = sin(\/@1L) ’
and
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¢ = hix + hy sin(y/d;x) + hycos(/d1x) + hy (2.10)

=== (6 -
=) e (4 )
e N G )

hy = ¢(0) —

As the current density J can be determined from potential boundary condition at x=L, the heat and

X IR

S

energy fluxes can be determined to be

-1

Joo = =3 1(~an/d = (2)12) sin(/&x)
+ (qz\/d—l — <%>]q1) cos(\/d—lx) + <%>]Z—i], (2.11)

and

K

-1
Jo =) (1o -52) + g0l 212
2.2.3  Effective Properties and Conversion Efficiency

The effective thermoelectric properties are defined through the following equivalency principle.
Given the same boundary conditions of temperature and electric potential, a thermoelectric
composite with a set of effective thermoelectric properties should have equal current density and
energy flux as a homogeneous thermoelectric with the same set of properties. With such
equivalency, it is clear that the composite and homogeneous material can be mathematically

exchanged in governing equations under the specified boundary conditions.
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Using such equivalency principle, the effective Seebeck coefficient and effective thermal
conductivity are defined under the open-circuit boundary condition (where J = 0), and can be

derived from equations (2.8) and (2.11) as

* _ _d¢0 _ |2
@ =20 - (1) (2.13)
and
% Jqo 1 -1
o= o <E> . (2.14)

As far as the effective electric conductivity is concerned, the close-circuit boundary condition with

AT = 0 is imposed, and the effective electric conductivity of the periodic composite is given by

e _ 2 (Jvas
=g () o

where

- [

The effective thermoelectric figure of merit is then defined as

Z" = (2.16)
It is worth noting that the effective electric conductivity depends on the imposed potential
difference at boundaries and therefore is not an intrinsic property. As a result, there is a need to

revisit the definition of thermoelectric figure of merit ZT for the composite. The thermoelectric

conversion efficiency has to be examined directly through

_ a0 _ sy (2.47)
Ay =0 " ()7 (@) )Ty o))’

K
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where the numerator denotes the electric energy delivered to the load resistance and the
denominator denotes the heat (energy) flowing in at the joint from the hot reservoir with
temperature T(0). Here ¢»(0) = 0 is assumed without loss of generality. The optimal conversion

efficiency has to be evaluated numerically with respect to the current density.

2.3 ALTERNATIVE DEFINITION OF THE EFFECTIVE ELECTRIC CONDUCTIVITY

In Yang’s study?, it is concluded that the behavior of thermoelectric composite materials is very
different from the behavior of homogeneous materials, and there is a large discrepancy between
the actual efficiency and the efficiency evaluated from the effective figure of merit, which depends
on the boundary condition. Since it is not applicable to examine the boundedness of the conversion
efficiency with the effective figure of merit defined by Yang, we are motivated to seek alternative
definitions for effective properties of thermoelectric composites. In so doing, the effective figure
of merit is defined to correlate with the conversion efficiency, with which we can exam the
boundedness of the conversion efficiency of the layered composites.

In the real world, in order to measure the intrinsic electrical conductivity of the material, we need
to make sure that the whole object is kept at a constant temperature, and the electrical current needs
to be limited to avoid detectable Joule heating. To do so, the imposed electric potential difference
has to be small. This concept reveals a way to redefine the effective electric conductivity. We thus
define the effective electric conductivity in the limit case of equation (2.15) where A¢ approaches

0, giving

-1
o lim = K@®) ) (=) (=)
o= =St = [0 (-6 6 o] - e
It is then clear that the effective electric conductivity no longer depends on the imposed potential

difference at the boundary. Instead, it depends on the thermoelectric properties of the constituents,
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the volume fraction f, and temperature. This explains why the effective electric conductivity
appears dependent on the imposed potential difference in Yang’s study. As the imposed potential
difference increases, the electrical current density increases and causes Joule heating. Although
the temperatures at two ends are set to be constant, the temperature between the two ends goes
higher due to the Joule heating. Since the effective electric conductivity is temperature dependent,
the average effective electric conductivity changes with respect to the actual temperature
distribution.

Since the effective Seebeck coefficient and effective thermal conductivity defined by Yang are
already intrinsic, there is no need to redefine them. Applying effective properties as defined in
equations (2.13), (2.14), and (2.18) to the governing equations for field distributions, equations

(2.7) and (2.8), the governing equations for field distributions can be written as

d>Ty 1 .5

24— )2 =0, (2.19)
d¢0 _ _L *d_T _
E = e +a ax 0. (220)

where equations (2.19), and (2.20) are the same as the governing equations for homogeneous
material. Up to this point, we can declare that the behavior of the periodic layered thermoelectric
composite is the same as its homogeneous counterpart with temperature dependent electric
conductivity, and the average effective figure of merit can be used to predict the maximum
efficiency at a small temperature difference between the cold and hot sides (as we will show in the

next section).
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2.4 BOUNDEDNESS OF THERMOELECTRIC FIGURE OF MERIT

Now we have the effective figure of merit expressed as

a 2
7 =90 F N 2.21)
- CE(ERETN
First, we exam a special case with T = 0, and the figure of merit can be simplified as
. <%>2 _ [Z—i(l—f)+z—§f]2 (2.22)

B [Fa-nrorlsa-nar]

g

where f is the volume fraction of the second phase. To further simplify the calculation, we set

a K . . .
a—z = a,, K—Z = K, ? = o,, and the figure of merit can be written as
1 1 1

R P (N

T e e

Z,. (2.23)

By doing this we reduce the number of variables from seven to four. The simplest way to see if Z*
is bounded or not is to differentiate it by f once and see if it changes sign in the interval of 0 <
f < 1. If it does not change sign in this interval, the value of Z* will always sits between two
values corresponding to the two ends of the interval, Z; and Z,. For this purpose, we focus on Z,
alone, and

azy _ AB+f-C)

= . (2.24)

where

A(f) = [arf + Kr(l - f)]o—ra
B = k? + k.0, — 2a,K,0y,

C = 2K, — a K, — kK2 — a,.0, — K0, + 20, K0,
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D(f) = Kr[f + Kr(l _f)]z[f + Gr(l _f)]z-

It is clear that A and D are always positive in the interval of 0 < f < 1, and B + fC is a linear
function. In order to have a value of which is lower than both Z; and Z,, B has to be greater than
zeroand B + C has to be smaller than zero, that is, the slop of Z*(f) has to be negative at f = 0,
and positive at f = 1,

B =k} + k,0, — 2a,k,0, > 0, (2.25)

B+ C =2k, —a,(k, +0,) <0, (2.26)

and these give the relationship of «,., k,-, and a,- as

Kff;r <a, < K;:T (2.27)
which is only valid when
KZ% < (2.28)
requiring that
4,0, < (K, + 0,)%. (2.29)

This is valid as long as k, # o,., showing that the figure of merit is unbounded by its constituents.
In the other case, in order to have a value of Z* that is higher than both Z, and Z,, B has to be
smaller than zero and B + C has to be greater than zero, and the relationship below has to be true

4x,.0, > (ky + 0,)?, (2.30)
which can be rewritten as

(ky — 0,)? <0, (2.31)

which cannot hold true. Thus, the effective figure of merit can only be lower but not higher than
both Z, and Z, when T = 0.

Now, as we take T into account, the effective figure of merit becomes a function of T
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(2.32)

where

a? a\? 1\t

= ()= 6
which can be easily proved to be always positive. In other words, with any given T, it makes the
denominator larger, which in turn makes the effective figure of merit smaller. In conclusion, the

effective figure of merit can only be lower than both its constituents and it is negatively dependent

onT.

2.5 BOUNDEDNESS OF THERMOELECTRIC POWER FACTOR

With the well-defined effective properties, we can also examine the boundedness of the

thermoelectric power factor. Following the same path, the effective power factor can be written as

N - - |
RS .

For the special, best case with T=0, the effective power factor can be simplified as

[a-p+ezs]”
[a-peirlla-pes]

PF* = a?g, =W, W, (2.34)

dw;
af

For an improved power factor, must be greater than zero at f = 0 and less than zeroat f = 1,

namely,

k? + 20,k, — 0,k? — 2a,k,0, < 0 and 2k, — a,.(2k, + 0, — 1) > 0. (2.35)
As we are interested in seeing if we can have an improved power factor even if the second material

has a lower power factor, we add two additional conditions

0<]a,| <1land0 < a?o, <1, (2.36)
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and we know that thermal and electrical conductivities are always positive,

kK, > 0 and g, > 0. (2.37)

It can be proved that, under the conditions shown below, the thermoelectric power factor of a
composite can be higher than both its constituents, which is consistent with the conclusion from

Bergman’’.

0<a-<1

ar+1 2

2a, N > oo, (2.38)
1

T <o, <—

20r+Ky—2 ary

Ky >

0<a-<1

(
i\/m_ar+1<;cr<"‘;a+1 (2.39)

K 20rKyt+ay+2Ky

— T < o < —
20p+Kp—2 ar

ar+1

-1<a,<0
2
J < K (2.40)

K 1
k—r<0r<—2
20p+Ky—2 ary

2.6 NUMERICAL RESULTS AND DISCUSSIONS

2.6.1  Effective Electrical Conductivity and Conversion Efficiency

For demonstration purposes, we consider the same kind of composite in this study: a periodic

thermoelectric composite consisting of Bi,Te; and Ag(Pbl_y Sny)meTez+m, with their

thermoelectric properties listed in Table 2.1 and the volume fraction of Bi,Te; being f.

We first consider situations of only the electric potential difference being imposed, with ¢(0) =
OV at one end and three different potential ¢ (L) = 0.1, 0.05, 0.01V at the other end. The
corresponding distributions of temperature and effective electric conductivity are shown in Figure

2.2, where f = 0.4 is assumed, and effective electric conductivity defined by Yang is also included
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for comparison. It is observed that a noticeable temperature bump is produced due to Joule heating
while the higher potential difference is imposed. Also, the effective electric conductivity varies
due to the temperature variation. On the other hand, while imposing a smaller potential difference,
the temperature, as well as the effective electric conductivity, is almost constant, and that is how
we can define the effective electric conductivity in one specific temperature. Moreover, we define
the effective electric conductivity at the material level. In contrast to this approach, the imposed
potential difference is not confined to be small in Yang’s definition for the effective electric
conductivity, which also takes all effects into account and is defined at the device level. We, then,

define the effective electric conductivity at the material level.

Table 2.1. Thermoelectric properties of Bi,Te; and Ag(Pb;—y Sny,) SbTey .

Material a (X 107°V /K) o (X 103S/m) k (W/m/K)
Bi,Te, 200 110 16
Ag(Pby_y Sny) SbTesim 270 22 0.77
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Figure 2.2. The distributions of (a) temperature, (b) effective electric conductivity defined by both

ways in thermoelectric composite under an imposed potential difference of ¢(0) = OV and

$(L) = 0.1, 0.05, 0.01V with T(0) = T(L) = 300K and f = 0.4.

Although the effective electric conductivity is a function of temperature, it does not change

significantly as temperature changes. It only drops 2.2% as the temperature rises from 300K to

900K. Thus, the behavior of a thermoelectric composite material can be approximated by a single-

phase material which has properties equal to the average effective properties that the composite

has. If we consider either a temperature difference or an electric potential difference is imposed,

the corresponding distributions of temperature, electric potential, and heat flux can be shown in

Figure 2.3 and 2.4. It is clear that the field distributions of a thermoelectric composite and its

single-phase equivalent are almost identical.

26



350

340 -+

T(x) [K]

320 4

310 4

300

Figure 2.3. The distributions of (a) temperature, (b) electric potential, and (c) heat flux in a

(b)

01
N
0\
o-
4T O0n 0.08 C\n O Composite
® )
01 *® - - == Single Phase
S = 0.06 ‘e,
2] = o,
o,
0.04 S\e\
\
O  Composite e DN oL
M 0.02 CN
- - - - Single Phase & °a
\ o
A}
T 0 T
2 4 6 10 0 2 4 6 8 10
(c)
x [mm] 5 x [mm]
<
1 4 o0
Eeg
O’O’
s3] e
<)
P ,o'o
=21 0 .
X 0 O Composite
9
o - - - - Single Phase
15~
0 T T T T
0 2 4 6 8 10
x [mm]

thermoelectric composite and its corresponding homogeneous material under the same imposed
electric potential difference of ¢p(0) = 0.1V and ¢ (L) = OV, with T(0) = T(L) = 300K and f =

0.5.
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Figure 2.4. The distributions of (a) temperature, (b) electric potential, and (c) heat flux in a
thermoelectric composite and its corresponding homogeneous material under the same imposed
electric potential difference of T(0) = 900K and T(L) = 300K, with ¢(0) = ¢(L) = OV and
f=05.

This set of results suggests that the optimized conversion efficiency of the composite can be
predicted by equation (1.18), the classical formula relating conversion efficiency to ZT, with its
average thermoelectric properties. We calculated the optimized conversion efficiency of the
composite with respect to the volume fraction of Bi,Te; by both methods, finding optimized
efficiency numerically with equation (2.17) and using the classical equation (1.18), with T(0) =
900K and T (L) = 300K. The results are shown in Figure 2.5. There is a good agreement between
directly optimized value and the results converted from effective figures of merit, and we can say

that the effective figure of merit is correlated with the optimized conversion efficiency.
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Figure 2.5. (a) Thermoelectric figure of merit and (b) conversion efficiencies of composite with

respect to volume fraction calculated numerically and predicted by the classical equation.

2.6.2  Boundedness of Thermoelectric Figure of Merit

To show the idea that the figure of merit and the optimized conversion efficiency of a composite
can be lower than both its constituents, we consider a periodic thermoelectric composite consisting
of Bi,Te; and a fictitious material with its thermoelectric properties listed in Table 2.2 and the
volume fraction of Bi,Te; being f. Using this fictitious material as the second phase in the
composite, we make k, # o,- and assign a value for a, such that it satisfies equation (2.27), which
is required to have lower figure merit. Figure (2.6) shows clearly that both the figure of merit and

the optimized conversion efficiency of a composite can be lower than both its constituents.

Table 2.2. Thermoelectric properties of a fictitious material

a(x 10" — 6V/K) | o(x 103S/m) k(W /m/K)
300 22 0.8
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Figure 2.6. (a) Thermoelectric figure of merit, and (b) conversion efficiencies of composite with

respect to the volume fraction of the second phase.

2.6.3 Boundedness of Thermoelectric Power Factor

Figure 2.7 shows how much the thermoelectric power factor can be enhanced under the sufficient
conditions for power factor enhancement that we concluded in Section 2.5. Each point in this figure
denotes the maximum power factor (with the optimized volume fraction being used) for specific
values of a,., k., and a,.. This figure shows us that we can significantly enhance the power factor
by mixing a high quality thermoelectric material with a good thermal and electric conductor.

Here we first consider the power factor and figure of merit for composites made of CoSh; and
metal Ni. CoSbs is a very good thermoelectric material with high thermoelectric power factor of
PF, = 0.0014 J/(msK?) at T = 300K. Figure 2.8 shows the maximal enhancement of effective
power factor (PFE,)/ (PF;) = 3.3, at f = 0.9, giving about 55% of the value of Z1. In the same
figure we also show that the effective figure of merit Z, for this composite never exceeds the figure

of merit for CoSb3, which is consistent with our earlier conclusion in Section 2.4.
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Figure 2.7. The enhanced thermoelectric power factor under the sufficient conditions by (a)

equation (2.40), (b) equation (2.38), and (c) equation (2.39).

We, then, consider a more extreme case of a medium composed of BiShTe and Al that leads to
o, = 285 and k,, = 214. The high parameter ratio results in a sharp peak of (PF,)/(PF; ) = 34.6.
However, such a composite still keeps about 50% of the value of effective figure of merit as

compared to Z,, as shown in Figure 2.9
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Figure 2.8. (a) Thermoelectric power factor PF,/PF; and (b) figure of merit of the composite

CoSb; — Ni.
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Figure 2.9. (a) Thermoelectric power factor PF,/PF; and (b) figure of merit of the composite
BiSbTe — Al.

2.7 SUMMARY

In this chapter, we defined a new set of effective properties for the periodic layered composite
which does correlate with its thermoelectric performance. Then we proved that the effective figure
of merit of the composite could not exceed both of its constituents, but the effective power factor
could be greatly enhanced. In other words, even though the maximum conversion efficiency cannot
be improved, the maximum power output can be enhanced. This becomes especially valuable when
designing a thermoelectric device which will be used in a space restricted condition. This set of
effective properties can serve as a simple tool to find the balance between enhancing power output

and keeping conversion efficiency in thermoelectric device design.
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Chapter 3. FUNCTIONALLY GRADED THERMOELECTRIC MATIERAL

3.1 INTRODUCTORY REMARKS

Our analysis in the previous chapter shows that the figure of merit of a thermoelectric composite
with periodic layered microstructure cannot exceed both of its constituents. But the figure of merit
is not the only factor that decides the conversion efficiency of a thermoelectric device. While the
figure of merit decides the maximum efficiency, the material does not reach its maximum
efficiency unless it is imposed with its optimal current for given temperatures. These bring in the
concept of compatibility factor s = /1 + ZT/(aT), a material property which describes the

optimal condition for power generation. The relative current density u =# equals to the

compatibility only at some point in the medium and only if that part of the medium can reach its
optimal efficiency. In homogeneous material, this match only happens once; only one point in the
material works at its optimal condition. Now, we consider a functionally graded material
constituted by two different materials, as schematically shown in Figure 3.1, in which each has a
different compatibility factor. Since we developed the equations to predict the effective properties
of a layered composite with specific volume fraction, we can tailor the volume fraction over the
material so that the optimality can be realized everywhere, and possibly reach a higher overall
conversion efficiency.

In the following section, we briefly describe the 1D model that we used to calculate the efficiency
of a thermoelectric element. Then, we propose a procedure that helps us find the optimal design in
Section 3. Numerical results and discussions are presented in Section 4. In Section 5, the summary

for this chapter is provided.
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Figure 3.1. Schematics of functionally graded material; (a) macroscopic scale; (b) mesoscopic
scale, with the lower volume fraction of 2" phase; (c) mesoscopic scales, with the higher volume

fraction of 2" phase.
3.2 REeEDUCED CURRENT AND COMPATIBILITY

The 1D model is described in detail by Snyder®? and it takes into account all thermoelectric effects
(the Seebeck, Peltier, and Thomson effects), Joule heating, heat conduction and the temperature
dependence of all the thermoelectric material properties. Here, we do not consider heat losses,
thermal and electrical contact resistances and only report the efficiency under the optimal
condition. The 1D model defines and uses intrinsic variables that are independent on the system
size. The new variable, reduced current density u = J/kVT, is defined as the ratio between the
current density (J) and the heat flux by conduction. The reduced current density is independent of
both the length and cross-sectional area of the element, and is only a function of the material
properties and the temperature along the element. Once u is defined at a point, the value of u at
any temperature along the element is determined by the differential equation

d d
ﬁ = uzTﬁ + u3pk, (3.1)
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where p is the electrical resistivity. The properties in the model are related to the temperature along
the element rather than a spatial coordinate x. Therefore we do not need to worry about the
temperature distribution. This model thus helps us avoid the complex numerical methods used to
predict the performance, and serves as a perfect tool for our purpose.

The efficiency along the infinitesimal distance dx can also be rewritten as a function of the material

properties, temperature and reduced current density as

_ d_Tu(a—upK) (3 2)

T ua+% '
where the first term is the infinitesimal Carnot efficiency, and the second term is called reduced
efficiency. It is clear that the reduced efficiency is a function of u, and only one value of u gives

the largest reduced efficiency, which we refer to as the thermoelectric compatibility factor s:

5= \/1+ZT—1. (3.3)

aT

This largest reduced efficiency n, (u = s) is given by

_ V1¥ZT-1

Nyrmax = m (3-4)

Within each of these infinitesimal steps, the temperature can be seen as evenly distributed. Thus,
the effective properties in each section can be calculated by the equations we developed in the
previous chapter. From the reduced current densities evaluated at the cold and hot sides, u, =

u(T,) and u, = u(Ty), the efficiency of a TE element can be found to be

1
AcTe+—
Uc

n=1- (3.5)

T .
O_’hTh+E
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3.3  OPTIMIZATION

Here we propose a procedure to find the best composition for a specific temperature range:

1. We set the desired temperature range, that is, the temperature values at the cold and hot
ends, and choose an end as our starting point, either hot end or cold end;

2. We assign an initial u for a certain material at the starting point. We choose the material
with the highest figure of merit among the materials of our consideration;

3. While proceeding from the starting point to the other end, for every AT we calculate u, s,
reduced efficiency, and choose a material or a combination of two materials that best
matches one of our criteria;

4. Using equation (3.5), the efficiency of a TE element can be calculated. The maximum
efficiency can be found by varying the initial u conditions and repeating steps (2) ~ (4).

In this study, we try three different local criteria for maximizing efficiency: best match of u and s,
highest figure of merit, and highest reduced efficiency, and the results will be shown in the next
section. The effective properties of composite material are calculated by the equations that we
derived in the previous chapter. For the computation of u, the differential equation can be
approximated by combining the zero Thomson effect (da/dT = 0) solution with the zero

resistance (px = 0) soution:

1 1

Un Un-1

J1—=2u2_,prAT — T Aa. (3.6)

where Aa = a(T,,) — a(T,,—1) and px denotes the average of pk between T,, and T, _;.
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3.4 NUMERICAL RESULTS AND DISCUSSIONS

3.4.1  Two Materials with The Same Figure of Merit

To examine if the composite can have higher conversion efficiency than both of its constituents,
we calculate efficiency of a functionally graded material, FGM, consisting of Bi,Te; and a
fictitious material, with T, = 300K and T, = 500K. This fictitious material has the same figure
of merit (but different compatibility) as Bi,Te;. The material constants used in the calculation are
listed in Table 3.1. The reason why we choose these numbers is because we are trying not to
sacrifice too much of the figure of merit, but at the same time we can tune the compatibility factor
in every location.

Figure 3.2(a) and (b) show that these two materials have different compatibilities and different
optimal reduced current densities. It is also seen that the reduced current density and compatibility
only intersect once in each material. On the other hand, in a functionally graded material u and s
can perfectly match each other, as shown in Figure 3.2(c). However, there is almost no
improvement from this FGM. The optimal efficiencies of FGM and pure Bi,Te5 are 8.783% and

8.769% respectively.

Table 3.1. Thermoelectric properties of a fictitious material

Material a(x 107V /K) (X 1035/m) k(W /m/K) Z (X1073K™ Y
Bi,Te, 200 110 16 2.75
Fictitious 170 110 1.225 2.75
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Figure 3.2. Reduced current density and compatibility with respect to temperature between cold
side and hot side for (a) Bi,Tes, (b) the fictitious material, and (c) functionally graded material in
the temperature range 300-500K.

The reason why there is no improvement is because the Seebeck coefficients of the two materials

V1+ZT

must be different so as to make compatibility factor, s = o

, tunable while keeping the ZT at

the same time. Thus, the ratio of the thermal conductivity of the two materials must be different
from the ratio of the electric conductivity of the two. These happen to be the condition that makes
the effective figure of merit lower than both its constituents, as shown in Figure 3.3. Although, the
optimal condition is met everywhere and the FGM has higher values of reduced efficiency at two
ends, the sacrifice of the figure of merit and the reduced efficiency in the middle makes the FGM

no better case, as seen in Figure 3.4.
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Figure 3.4. The reduced efficiency with respect to temperature for functionally graded material,
pure Bi,Tes, and fictitious material in the temperature range 300-500K.
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3.4.2  Materials with Temperature Dependency

To further extend our study, we consider the real state-of-the-art n- and p-type TE materials. All
the thermoelectric properties are provided by Gerald Jeffrey Snyder, California Institute of
Technology. Figure 3.5 shows the figure of merit ZT and the compatibility factors as functions of

temperature for both p- and n-type materials.
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Figure 3.5. Figure of merit and compatibility factor of the state-of-the-art p- and n-type
thermoelectric material. Material data is provided by Gerald Jeffrey Snyder, California Institute of
Technology, USA®,

40



Figure 3.6 demonstrates the optimized compositions of p-type materials with cold side temperature
at T, = 300K, and hot side temperature at T, = 1100K. Here, we show 3 different compositions
with 3 different settings. The first one is simply choosing the material with the highest ZT at each
temperature. With this composition, the TE element has the optimal efficiency of 20.88%. As it is
compared with the best case from the literature, where the highest efficiency, 19.99%, can be
achieved by putting three materials, Biy¢Sb,4Te;, PbTe — SrTe, and SiGe in segment, 5%
improvement is made. The second case is to choose the material that results in the highest reduced
efficiency in each step while not allowing the mixing of the materials (i.e. only allowing the
segmented design). This composition is very similar to the first one, and it only adds two more
materials between 1000K and 1070K. Although these two materials do not have the highest figure
of merit at the temperatures, they still help improve efficiency to 20.95%. The reason that the
second composition has the higher efficiency can be seen in Figure 3.7, which shows the relative
current density and compatibility factor with respect to temperature between cold side and hot side.
These two materials help bring closer the gap between the relative current density and
compatibility factor and improve the total efficiency. The last case uses the same criteria as the
second case, and allows mixing the materials. There are mixtures of PbTe and PbTe — SrTe, and
MosSbe 4Te, ¢ is introduced to be mixed with Cu,Se. The relative current density and
compatibility factor are brought closer in this case, and the higher efficiency, 21.01%, is achieved.
Figure 3.8 shows the absolute value of the difference between u and s. It is worth noting that the
gaps are not only closed at the locations where the additional materials are introduced, but also at

most part of the element.
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Table 3.2 summarizes the results, and it is worth noting that adding two more materials only

improves the efficiency by about 1%, and the gain of efficiency with the other two cases is rather

insignificant. The same conclusion is made while we carried out the same process on the n-type

materials, where the results are summarized in Table 3.3. That is because the figure of merit has a

higher impact on the efficiency than the matching of the compatibility factor. Figure 3.9 shows the

relationship between the reduced current density and the reduced efficiency, and it is seen that the

reduced efficiency does not change much while the relative current density is close to its

compatibility factor. This explains the small improvement of trying to match reduced current

density to the compatibility factor.

Table 3.2. The optimal efficiency and the number of materials used in the p-type TE element

Number of materials

Optimal efficiency

Literature 3 19.99%
Maximum ZT 5 20.88%
Maximum reduced efficiency _ segmented 7 20.95%
Maximum reduced efficiency _ mixture 8 21.01%
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Figure 3.9. Variation of reduced efficiency with reduced current density for Bi,Te;.
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Table 3.3. The optimal efficiency and the number of materials used in the n-type TE element

Number of materials Optimal efficiency
Literature 3 16.38%
Maximum ZT 8 17.23%
Maximum reduced efficiency _ segmented 7 17.99%
Maximum reduced efficiency _ mixture 7 17.99%

3.5 SUMMARY

In this chapter, we show that the efficiency gain from the layered microstructure is insignificant.
The tunable compatibility factor makes it possible to optimize the relative current density

everywhere, which, however, comes with the sacrifice of the figure of merit as a drawback.
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Chapter 4. ASYMPTOTIC HOMOGENIZATION OF 2D THERMOELECTRIC
COMPOSITES

4.1 INTRODUCTORY REMARKS

In foregoing chapters, we analyzed 1D periodic and functionally graded composites with layered
microstructure. It was proved that not much improvement could be made under that scope. In this
chapter, we study the thermoelectric composite with 2D unit cell configuration, which introduces
more adjustable parameters, and better opportunity to make improvement. The asymptotic analysis
on 2D thermoelectric composite was done by Yang, and he derived the 2D homogenized
thermoelectric governing equation for the distributions of macroscopic temperature and electric
potential. We extended his work and analyzed the effective behavior of the composite. In our
analysis we discovered some limitations of this model.

In a very similar way as we did in the second chapter, we will give the general idea and results of
Yang’s work in Section 4.2. In Section 4.3, we do the field analysis and define the effective
properties. Then we present the numerical results in Section 4.4. Along with the results, we discuss

the limitations and uncertainties of this method. The summary is provided in the last section.
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Figure 4.1. Schematics of a 2D composite in (a) macroscopic, (b) mesoscopic, and (c) microscopic
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4.2 TwO-DIMENSIONAL ASYMPTOTIC ANALYSIS

4.2.1  Asymptotic Analysis

Details of the asymptotic analysis are first described by Yang®’. In his analysis, he applied the
asymptotic homogenization method on a 2D/3D thermoelectric composite and established the unit
cell problems for both general and pseudo 2D/3D cases. For the purpose of analyzing the
performance of the thermoelectric composite in power generation, we only consider the pseudo
2D case. In this case, the macroscopic field variables only vary along x; (but not x,), and no
energy or charge carrier exchange between cells in the x, direction.

Now, we consider a composite comprises two distinct phases with periodic distribution, as
schematically shown in Figure 4.1. For such a composite, two different length scales can be
identified. One is L, the macroscopic length of the composite associated with the macroscopic
coordinate x;. The other is n, the characteristic length of the composite unit cell, for which a
microscopic coordinate {; = x; /n can be introduced. As we know that, the material properties
a(&;), a(&;), and k(¢&;), vary fast on the microscopic scale periodically. Thus, the field variables
such as T(x;,&;), ¢(x,,&;) vary both fast on microscopic scale and slowly on macroscopic
scale. The goal of this analysis is to deduce the governing equations which govern the macroscopic
variations of these fields where the fast fluctuations is are averaged out.

Being different from the 1D case, the current density / and energy flux J; in the 2D case are no
longer constant. Therefore, the governing equations cannot be deduced by simply inserting the

expended field functions

T(le El) = T(O) (xlf fl) + TIT(l)(xp El) + UZT(Z)(-XI' El) + - (41)

(p(xlr El) = ¢(0) (xlf El) + T](p(l) (xlﬂ fl) + 7IZ¢(2) (xlﬂ fl) + - (42)
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into the thermoelectric transport equations

—] =0V¢ + gaVT, (4.3)

Ju = —(0¢p + 0aT)V¢p — (k + cap + ca’T)VT. (4.4)
However, this way of insertion still gives us the first piece of information that T = T (x,) and
»© = »©(x,), which do not depend on &;, that is, namely that T(®) and ¢(© are the macroscopy

field distributions (which are of particular interest to us). It also shows that the governing equations

of this composite can be written as

o ap©@ g at©® T
] = 0(—ax1 t o ) + oa( o T35 ) (4.5)
= (5t ©). (229 , 9%
Ju = —(0¢© + 5aT©®) (6x1 + o5 )
_ © 20 . 79 1@
(K+aa¢ +oa“T ) (ax1 + a5 )" (4.6)

and the macroscopy governing equations are the averaged values of these two equations evaluated

on a unit cell, giving

(—J O, &0.6)) = — [ [ f 1 (00, €1, &) dEydE, (4.7)

1,1 1
(=Ju(x1,81,82)) = _fo fo fo Ju(x1,81,§2) d§1dS,. (4.8)
The difficulty of this analysis is how to solve T and ¢*). Once the T™ and ¢ are solved, we
have the macroscopy governing equation, and the effective behavior of the composite can be

examined. Yang found the solutions of T™ and ¢ by first inserting the expanded field functions

equations (4.1) and (4.2) into

V-] =0,

V-Jy=0,
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to get additional equations, and guessed the structure of T™ and ¢ and substituted them into

these equations. He hypothesized that

TO = NOE) =L+ NO@) =L+ NOO 2L+ NO(© L, (411
$O = MO a5 + MO O a5 MO+ MP©O T, (412)

where NV(&), N®(©), N®(©), N®(©), MD (), MP(&), MP(§), MW (£) are unknown
variables of &, and X is a constant that needs to be determined. By doing so, eight governing
equations for the unit cell problem are derived. Using these governing equations and together with
additional interface conditions and boundary conditions, which are established by the continuity
and periodic conditions, NW~N® MDD~ M@ can be solved by finite element method and thus
give us the expression for T™ and ¢ @,

By substituting them into equations (4.7) and (4.8) the equations of the macroscopic current

density and energy flux are derived as

cD16DTO gp©® @ 1eWFO) gT(©
(_]) - T(O) dx1 T(O) dx1 !

(4.13)
_ 7 dp®
Juy = (HOTO + 6O + HO + XH® + k&) T

W1 xg W4 gD g
T(O) dxq

ar©

_|_(H(4)T(0) + G(4)¢(0) +H® f xH® 4 K(4))

G(2)¢(0) +XH@ g2 gF(0)
T(O) dx1 !

(4.14)
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with effective properties

1) — aN® 6M(1)>
G <a 65(1) + oa 85(1) ,

@) _ aN(Z om(2 >
G —<a 3%, +oa 25|
¢® :< OND+e)) (maM<3>>,

G =<a 651(1) oa 551(1) >,
. <m:"’N%) 2;%)’

(2) 2 OM™
5(3) B EGZ a%il(s:gga af; 2;4<3>>
H(4): ’ 6N<f>€1 za(M(‘”ai’ll)’

= <O'C;M?1T)1 +ox T),
K® <Kaaf(12)>1
K@ = <;c }é)),
K® < a‘;wf 1(4?1
K@ — <K (Ma51+€1)>'

4.2.2  Solving the Unit Cell Problem
4.2.3  Two Sub-problems

The unit cell problem formed in the last sub-section is difficult to solve analytically due to its
complex 2D structure. Therefore, a finite element method is applied to find the solutions
numerically. This unit cell problem can actually be formed into two sub-problems that can be

solved separately. The first sub-problem is characterized as

f%(Ag—;) =0, €N,

[u“z =0, [Ag_;i] |y =0,
\u0,6,) =[0000]",

u(1,6) =[0010]",

(£, 0) = u(, 1) = [00& O

where [.]|_X denotes the jump of values across the interface X and

(4.15)
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0 [ NOW
M@ |
y U= ~ .
o [N(3) + El
M®)

A= (4.16)
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oS Q © o
o

The other sub-problem is characterized as

(a%(AZ_Z) =0, £€0,

@iz =0, [45]1s =0,
i(0,¢;) =[0000]",
i(1,&)=[0001],

\ii(§1,0) = 1i(&,1) =[000&,]",

(4.17)

where

N@
M@ |

|

= [ @ J (4.18)
M® + &

424  Finding X

Before we can solve these two sub-problems, we need to find the unknown constant X first. By

grouping N@ and M™ together and modifying matrix A provides we obtain the following

problem that helps to find the value of the constant X.

Jfaifi(Ag_?i) 0, fen,

)
[u]|z = 0, [Aa_;] Iy =0, (4.19)
u|an = 0'
where
A_[a oa ] [N 4.20
~ xoa Xoa? 'V T [yo) (4.20)

51



This problem must be incompletely defined or we would have u = 0, which is an impossible
result. For this to be an incompletely defined problem the overall matrix K¢ in K*u® = 0 has to
be a singular matrix and
K% =0 (4.21)

This equation can be written as

|K{* + XK3| = 0, (4.22)
which is equivalent to the generalized eigenvalue problem

Kix = —XKix, (4.23)
where K{* and K4 are matrices, —X and x are respectively eigenvalue and eigenvector. Through
solving this eigenvalue problem, we can find a number of possible X’s that make this unit cell

problem solvable.

425  Solving Field Variables

Up to this point, we have the value(s) of X such that the Finite Element method can be applied to
the two sub-problems represented by equations (4.15) and (4.17). To make these problems
complete, the equations for the interface condition are included, making these problems have more
equations than variables. This over-determined system can be solved by the least least-square
method. Since we have numbers of possible values of X from the last step, we need to plug each
one of them back to the sub-problems and to solve them, and check which X results in the
minimum residual value in the least-square method. The X that results in the minimum residual

value is the one that we are looking for.
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4.3 THE EFFECTIVE BEHAVIOR

4.3.1  Macroscopic Field Analysis

Since the equations that govern the distributions of macroscopic temperature and electric potential
are highly nonlinear and coupled, it is very difficult to solve the field distribution analytically.
Here we solve the coupling problem of temperature and electric potential with known boundary
conditions iteratively. The solution procedure is first assuming the temperature distribution being
linear across the TE element. This assumption is especially applicable in electric generation where
very small current passes through the element. Second, we solve the electric potential distribution

by a shooting method with

¢ = ¢® 7 (0)2 ~
o = Gl e + 55T — GWTR)/6D, (4.24)

which is the derivative of equation (4.13) with respect to x; and the subscript x denotes the partial
derivatives that are being taken with respect to x,, which make it more identifiable, wherein T is
treated as a known variable from the last step. Third, using the result from the second step to solve

the temperature distribution by another shooting method with

~(0 ~(0 0 G(1)¢(0)T(0)_G(l)d)(o)T(O) 0
Tx(x) - (_ <H(3)Tx( ) + 6(3)(159(5 ) + * F(0)2 : >¢3(c )

G(1)¢(0)+XH(1)+K(1) (0)
7(0) ) XX

_ (H(3)T(0) + 6(3)¢(0) +HD £ xH® £ gG) 4

7(0) (0) G(Z)¢§°)T(°)—G(Z)qb(o)fpgo) - (0)
_<H(4)Tx ACHOM o )

(4.25)

/(H(4)T(0) +CWPO 4 g@ 4 XH® 4 k@ 4 G(Z)¢(°)+XH‘”+K(Z)),

7(0)

which is the derivative of equation (4.14) with respect to x;. Finally, we repeat steps 2 and 3 until

the solutions are converged.
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4.3.2  The Effective Properties and Conversion Efficiency

All the effective thermoelectric properties are examined with the equivalency principle. Based on
experience we have, we know that the effective properties of the composite can be temperature
dependent even if the properties of its constituents are independent of temperature. Thus, all the
effective properties needed to be defined under very limited conditions. When we examine the

effective electric conductivity, we need to consider a boundary condition of very small electric

potential difference being imposed with :TT =0, and compare the current density between

1

homogeneous thermoelectric and composite. The effective electric conductivity of the composite

is given by

G%ﬂ@ﬂT:O):Aﬁ%—Z#D (4.26)

with the current density given by equation (4.13), resulting in

W) 416BF
ot =21 (4.27)

T

As expected, the effective electric conductivity is a function of temperature. The effective Seebeck
coefficient can be easily obtained by using the same equation, but with an imposed open-circuit
boundary condition where J = 0, such that

dp _ GP+¢WT ar
dx; GW+6BTF dx,’

(4.28)
and

« _  dp _ GP1cWT
T odr W4 F

(4.29)
To examine the effective thermal conductivity, we need to know the expression of the heat flux,

which can be obtained from equation (4.14). Equation (4.14) can be rearranged as

(1) €Y
—Jy = (H(3)T +K® 4 w)ﬂ +

H@T+Kk@N af
7 ) in

(HOT + K@ + 1=
T

dx1 dx1

(G(l)J,G(s)T(o) dp . D 4cWHTO dT) s

T dx1 T(O) dxl

(4.30)
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It is clear that the last term is equal to ], which is the electric energy density, and the heat flux

can be written as

HOT+kDN g
T) _¢ +

H@T+K@)

—Jo = (HOT +K® + :

(HOT + k@ + )L (431)

dxl dxll

While we examine the effective thermal conductivity, the imposed temperature difference needs
to be very small to yield the effective thermal conductivity at a specific temperature. The effective

thermal conductivity of the composite can be written as

« J
K*(AT,] =0) = —— /‘fixl, (4.32)
and
3) 3) HOT+kDN de (4) (4) H@T4+K@)
k= (HOT + K® + 5 22 (HOT 4 K@ + T2, (4.33)
T ar
where under the open-circuit condition
ap _
d_T = —a . (434)
The effective thermal conductivity can be written as
HOT+g® H@T4+g@)
k== (HOT + K@ + T25) 4+ (HOT + k@ + T2 (a.35)
T T
The effective thermoelectric figure of merit is then defined as
@ - _a (4.36)

ar

It is worth noting that all the effective thermoelectric properties of the composite with 2D unit cell
configuration are functions of temperature, while only the effective electric conductivity of the
composite with layered microstructure is a function of temperature. The other thing worth noting
is that the structure of equation (4.31) is so different from equation (1.5), the equation for the heat

flux in homogeneous material. Substituting our effective properties back to equation (4.31) fails
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to recover the equation to equation (1.5). To recover equation (4.31) to equation (1.5) it requires

that
(€] (€] @) n@)F
HOT +K® + =5 = Ta'o" = =T, (4.37)
(2) (2)
HOT + K@ + " = Ta'26" + 1, (4.38)

which, however, does not always hold true. This means that composite with 2D unit cell
configuration behaves differently from the homogeneous materials, and the classic equation for
predicting the optimal conversion efficiency, equation (1.18), does not work for the composite. In
other words, the effective thermoelectric figure of merit does not correlate with the optimized
conversion efficiency.

Since the effective figure of merit does not correlate with conversion efficiency, the thermoelectric

conversion efficiency has to be examined directly by

A-¢L)) PL)J
= — = —— , (4.39)
ATu =0 (8 (G 0)7-L21x=0))
where the numerator denotes the electric energy delivered to the load resistance, whereas the
denominator denotes the heat (energy) flowing in at the joint from the hot reservoir with

temperature T'(0). The optimal conversion efficiency has to be evaluated numerically with respect

to the current density.
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4.4 NUMERICAL RESULTS AND DISCUSSIONS

441

To demonstrate the analysis, we consider a thermoelectric composite consisting of Bi,Te; and

Ag(Pbl_ySny)meTe2er with circular fillets. We use Ag(Pbl_ySny)meTe2+m as the fillets

and Bi,Te; as the matrix. If we consider either only a temperature difference or an electric
potential difference is being imposed, the corresponding distributions of temperature, electric
potential, and heat flux are shown in Figure 4.2 and Figure 4.3, where the volume fraction of the
fillets is 38.48%. Homogeneous materials with f = 0 and 1 are also included for comparisons.
Despite the fact that the equation for the composite different from the equation for the

homogeneous material, the variations of temperature and electric potential in the composite are

Field Distributions

very similar to those of homogeneous materials.
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Figure 4.2. Distributions of (a) temperature, (b) electric potential, (c) heat flux in thermoelectric
composite and homogeneous materials under an imposed electric potential difference of ¢(0) =

0V and ¢(L) = 0.1V, with T(0) = T(L) = 300K and f = 0%, 38.48%, 100%.
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Figure 4.3. Distributions of (a) temperature, (b) electric potential, and (c) heat flux in
thermoelectric composite and homogeneous materials under an imposed temperature difference of

T(0) = 900K and T(L) = 300K, with $(0) = ¢(L) = OV and f = 0%, 38.48%, 100%.

4.4.2  The Effective Properties and Conversion Efficiency

Since the field distributions of the composite are only slightly different from those of homogeneous
materials, we define a set of effective properties using equivalency principle, equations (4.27),
(4.29), and (4.35). Comparisons of the original distributions and those of homogeneous material,
which has its thermoelectric properties equal to the effective properties of the composite, in Figure
4.4 and Figure 4.5, show that distributions of these two materials are almost identical in
temperature and electric potential, but there is a very clear discrepancy in heat flux. This can be
explained by the fact that the equation of electric current density for the composite can be
recovered to the one for homogeneous material with effective properties, but the equation of heat

flux cannot. Because the structure of the equation of heat flux for composite is quite different from
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that for homogeneous material, the heat flux of the composite is not the same as the homogeneous

material, even though they have the same value of thermal conductivity. Thus, the effective figure

of merit does not correlate with the conversion efficiency, and the optimal conversion efficiency

has to be evaluated numerically by equation (4.39).
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Figure 4.4. Distributions of (a) temperature, (b) electric potential, and (c¢) heat flux in

thermoelectric composite and homogeneous materials under an imposed electric potential
difference of ¢(0) = 0V and ¢(L) = 0.1V, withT(0) = T(L) = 300K and f = 38.48%.
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Figure 4.5. Distributions of (a) temperature, (b) electric potential, and (c¢) heat flux in
thermoelectric composite and homogeneous materials under an imposed temperature difference of

T(0) = 900K and T'(L) = 300K, with $(0) = ¢(L) = OV and (L) = OV and f = 38.48%.

We calculate the effective figure of merit and the optimal efficiency of the composite versus the

volume fraction of Ag(Pbl_ySny)meTe2+m with the value predicted by the classic equation.

Results are shown in Figure 4.6, where we can see that even though the effective figure of merit
of the composite does correspond to the trend of the efficiency, it deviates from the values
predicted by the classic equation as the volume fraction increases. This suggests that the
approximated optimal efficiency can be calculated by the effective figure of merit while the fillets
are small. As the volume fraction of the fillets increases, the optimal efficiency has to be evaluated

numerically.
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Figure 4.6. Conversion efficiencies of composite with respect to volume fraction calculated both

numerically and with the classical equation.

4.4.3  Other Configurations

Up to this point, we have learned that the effective figure of merit is ill-defined, and the optimal
conversion efficiency must be calculated numerically. As we want to find a fillet shape that helps
improve the conversion efficiency, we need to do it case by case. Here we consider five different
configurations: parallel, layered, unit cell with fillers with round, square, and diamond shapes, as
seen in Figure 4.7. 1t was claimed that the upper bound of the thermoelectric conversion efficiency
is attained when the composite has the first microstructure, and the lower bound attained is attained
when the composite has the second microstructure. The effective figure of merit for the first

configuration can be calculated by

Z'T = : (4.40)
where
o* = (o), a* ={ao)/ o, k* =(k + Toa?) — To*a*?,
and the effective figure of merit for the second configuration can be calculated by equation (2.21),
and both of them are well defined and can be used to predict the optimal conversion efficiency.

We use these two configurations as the benchmark for other configurations.
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Figure 4.7. Schematics of microstructures: (a) parallel aligned with the direction of the flow; (b)
layered structure perpendicular to the direction of the flow; (c) unit cells with round, (d) square,

and (e) diamond shape fillers.

Figure 4.8 shows the optimized conversion efficiency of composites with three different shapes of

fillers with respect to the volume fraction of Bi,Te;. Each case was simulated first with Bi,Tes

as the fillers then we swapped it for Ag (Pbl_ySny)meTe2+m, and each case was compared with

the theoretical upper and lower bounds. For the composite with round fillers, the curve is smooth.
But, there is a curve that dives below the lower bound, and we need other route to verify this result.
The results for the other two cases also look less reasonable, as they are not smooth and sometimes
too low. What makes this model less dependable is the process of selecting the constant X. We do
not have a better way to pick the value of X other than choosing the value of X that results in the
smallest residual value. In some cases, the residual values are similarly small for several different
values of X, but differences among those values of X are quite large, as shown in Fig. 4.9, and the
value of the constant X greatly affects the final results. In addition, we cannot see a clear physical

meaning behind the constant X.
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of composites with (a) round (b) square, and (c) diamond shape fillers.
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Figure 4.9. The X values calculated correspond to the resulting residual values for (a) circle and
(b) squire unit cell structure, for the volume fraction of 12.5%, and 70% respectively. For most
cases with circle unit cell structure there are appreciable drops in residual values and the

corresponding values of X, as shown in (a). But in many cases, it is not that clear as shown in (b).
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45 SUMMARY

In this chapter, we have presented that the behavior of the composite with 2D configuration is very
different from that of single-phase materials. Its effective properties, especially the effective
thermal conductivity, are ill-defined, and the effective thermoelectric figure of merit does not
directly correlate with the conversion efficiency. Thus, the optimized conversion efficiency has to
be evaluated numerically. We have also shown that the method developed by Yang has its
limitation as it can only be used in certain special cases. Thus, we need an alternative way to

analyze the behavior of thermoelectric composites with 2D, or even 3D, microstructures.
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Chapter 5. ANALYSIS OF THERMOELECTRIC COMPOSITES BY
FINITE ELEMENT METHOD

5.1 INTRODUCTORY REMARKS

As discussed in the last chapter, there are few drawbacks for using the asymptotic homogenization
method to solve 2D thermoelectric problems. It is computationally expensive and there are many
uncertainties. Therefore, we need an alternative way to solve the 2D/3D thermoelectric problem.
Since it is not computationally cheap by applying the asymptotic homogenization method first and
then solving the variables with finite element method, we think of solving the entire problem with
finite element method directly, as shown in Figure 5.1. By having enough number of repeating
cells, we can achieve smooth field distributions, which can be seen as an approached macroscopic
field distribution of a homogenized composite. Rather than writing our own finite element
program, this study is done by using ANSYS Workbench (v. 16.0), a commercial finite element
analysis software. ANSY'S, which has a large library of elements, supports many different types
of analysis and its ability to performing the thermoelectric analysis has been enhanced since
ANSYS 9.0%.

In the next section, we will show the formulation of thermoelectric finite element model in ANSY'S
as a foundation of this study. Then we will verify the models by comparing the model results with
the more established solutions. In Section 5.4, we define effective properties and analyze the
conversion efficiency to show how the effective figure of merit correlates to the optimized

efficiency. The summary for the chapter is presented in the last section.
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L.

Figure 5.1. 2D thermoelectric model in ANSYS
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5.2  FINITE ELEMENT FORMULATION

In ANSYS, the system of thermoelectric finite element equations is obtained by applying the
Galerkin method®® to the equations of heat flow equation (1.8) and continuity of electric charge
equation (1.4). That is to approximate the temperature T and electric potential ¢ over a finite
element as:
T=N-T,, (5.1)
¢ =N -, (5.2)

where N is a vector of element shapes functions, T, is a vector of nodal temperatures, and ¢, is a
vector of nodal electric potentials. Second, writing the system of equations (5.1) and (5.2) in a
weak projective form. Then integrating the projective equations by parts over the element volume
V. Lastly, taking into account the Neumann boundary conditions. The system of thermoelectric

finite element equations is:

[ R ey ey
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where the element matrices and load vectors are obtained by numerical integration (using Gauss
quadrature):

K™ = fV VN - [k] - VNV — thermal stiffness matrix

K?® = [ VN - [g] - VNV — electric stiffness matrix,

KT = fV VN - [o] - [a] - VNAV — Seebeck stiffness matrix,
C™ = p [, CNNdV — thermal damping matrix,

C*® = [ VN - [¢] - VNV — dielectric damping matrix,

Q — vector of combined heat generation loads,

Q" = [, VNT[a] - JdV — Peltier heat load vector,
Q° = — [, NV¢ - JdV — electric power load vector,

I — electric current load vector.

Thermal loads (Q) can be in the form of imposed temperature, point heat flow rate, surface heat
flux, convection, or radiation, as well as body heat generation rate for causes other than electric
power dissipation (accounted for in Q¢). Electrical loads (1) can be in two different form: the form
of imposed electric potential and point electric current.

The ANSYSS input of material matrices [k], [¢], [«], [€] is in the form of their diagonal terms, i.e.
material coefficients along the X, y, z axes, which can be directional. All material properties can
be temperature dependent. Therefore, Thomson effect is also taken into account.

The global matrix equation is then assembled from the equations of individual finite element. Since
the thermal load vector depends on the electric solution, the analysis is non-linear and requires at

least two iterations to converge.
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The solution of the global matrix yields temperature (T,) and electric potentials (¢, ) at each node,
or reactions in the form of heat flow rate and electric current at nodes with imposed temperature
and electric potential, respectively. The temperature gradient and electric field can be calculated
as
VT =VN -T,, (5.4)
E =—-VN - ¢,, (5.5)

which are then substituted into equations (5.4) and (5.5) to obtain the values of J, g fields, and

Joule heat generation density for each element. Thus, the problem is solved completely.

5.3  VERIFICATION OF FINITE ELEMENT MODELS
5.3.1  Single Phase Thermoelectric Material and Bi-layered Composite

To verify the credibility of the results from ANSYS, we consider a single-phase thermoelectric
element, as shown in Figure 5.2 (a), which is subject to specified temperatures and electric
potentials of (T,, ¢¢) and (T;, ¢,) at both ends. All the material properties are assumed to be
independent of temperature and it is assumed that no heat transfer occurs on the lateral direction.
Under theses assumption, the analytical solutions of the distribution of electric potential,

distribution of temperature, heat flux and current density can be easily derived?®.

(a) f (b)
T(0) =T, : T(L)=T; T(0) =Tl : - T(L) =T
$(0) = ¢0‘ Bi;Te; H(L) = ¢11 ¢EO§ _ ¢“‘ Bi,Tes AgSbTe (.ﬁEL% — ‘1’11
L L

Figure 5.2. Schematics of (a) a single-phase thermoelectric material and (b) a bi-layered

composite thermoelectric element
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The distribution of electric potential, temperature, and current density of a single-phase

thermoelectric element are governed by

¢(x)=%x2—(%-L+a(TlT_T°)+é)x+¢o, (5.6)
T(x)z_%x2+(%-L+%)x+To, (5.7)
J =loa (Ty —Ty) + a(po — $1)1/L, (5.8)

respectively. We also considered a slightly more complicated case with a bi-layered thermoelectric
element which consists of two distinct materials subject to the same boundary conditions as the
first case, as shown in Figure 5.2 (b). The distribution of electric potential and temperature can be

calculated by the following equations

2
aa) 2_(L+aAaA)x+cA 0<x<f,
_ ) 204Ky g4 5.9
p=17 (5.9)
BJ]” 2

J
— | = <
ZO'BKBx (O'B + aBaB)x + Cp ’ <x< L,

and

2
ZUJK x2+aux+b, 0<x<f,
T = 4 (5.10)

J? 2
<
Py—r +agx+bg f<x<I,

Where ay4, ag, by, and bg can be obtained by solving the following system of linear equations

To
A S A [l
B"'B
4 = 2,2 22
f 1 —f —1||as _ﬁJrﬁ .(5.12)
(ag—ag)f =14 J(ag—ap) kg 0 llbp (an-ag))?f? N (64-05)J2f
204Kz gA0B

The first two rows represent the temperature boundary conditions at two ends and the last two
rows represent the continuity conditions of temperature and heat flux at the interface, x = f. The

subscript A and B denote the first and the second materials in the bi-layered thermoelectric
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elements. The current density can be solved based on the continuity of electric potential at the
interface.

Two finite element models have been developed in ANSYS that correspond to the two cases
presented above, and the dimensions of the two models are shown in Figure 5.3. ANSYS has
included one element type, PLANE223, to handle 2-D thermal-electric systems. PLANE223,
which has been used in this study, is 8-node quadrilateral that allows degeneration into a 6-node

triangle, and coupled-field properties with structural, thermal, and electrical degrees of freedom at

their nodes. The properties of the modeled materials Bi,Te; and Ag(Pbl_ySny)meTeHm are

listed in Table 2.1. By comparing modeling results with the analytical solution, it is shown that the
element size of 1 mm is sufficient, resulting in only 10 elements needed in each model. The
temperature and electric potential differences are imposed to the thermoelectric elements with
T(0) = 1500K, ¢(0) = OV at the one end and T(L) = 300K, ¢(L) = 0.1V at the other end.
Figure 5.4 shows that the field distributions calculated from the finite element model are nearly
identical with the analytical solution. The difference of calculated current density between finite
element analysis and the analytical solution is under 0.1%. This outcome verifies the credibility of

the results from ANSYS model.

(b)

ES mm_i
10 mm

Figure 5.3. Finite elements models of (a) a single-phase thermoelectric material and (b) a bi-

1mm

layered composite thermoelectric element where the different colors denote different materials

assigned to the element.

70



(a) (b)
1600 1600
b o LY 0 FEM
o o FEM o R
‘G‘O- ) -G - —-~- Analytical
1200 A 0_& - ==~ Analytical 1200 4 &9"9
o C
)
Te. a
(5] =
E “e. = o
— 800 4 o, — 800 4 Q
z o kS LN
S‘o EN
\Q 9\
400 A oY 400 A ‘0.\
P b
0 T T T 0
0 2 4 6 8 10 0 2 8 10
X [mm] x [mm]
(c) (d)
0.1 0.12
s
,‘5 O FEM
2 - --- Analytical
d d
0.06 A o 0.08 h
/
— = @
s o = /
= . = o
= Ic) Rl ,
=5 IG' S yel
0.02 - P 0.04 A O o
o @'GB e-@
e O FEM E
®0g00609 ‘ o-®
- ==~ Analytical [
o
Fed
-0.02 . L 0 ¢ : T
0 2 4 6 8 10 0 2 4 8 10
X [mm] x [mm]

Figure 5.4. The comparison of the distributions of temperature, (a) and (b), and electric potential,
(c) and (d), for the single-phase thermoelectric material, (a) and (c), and bi-layered composite, (b)
and (d), under an imposed electric potential difference of 0.1 V, with T(0) = 1500K, T(10) = 300K.
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5.3.2  Periodic Layered Composite

To verify the idea that the behavior of a thermoelectric composite with periodic microstructure can
be simulated by a finite element model with a sufficient number of repeating cells, we consider a
layered thermoelectric composite, in which all the field variables and materials parameters are
dependent only on axial direction without any lateral flow, for which we have rigorous analytical
solutions developed in Chapter 2. Several finite element models, with different numbers of
repeating cells, were developed to compare with the analytical solutions, as shown in Figure 5.5.

Each cell contained two distinctive materials, Ag(Pbl_ySny)meTezm and Bi,Te5. The models

were run under the boundary of T(0) = 1500K, T(L) = 300K, ¢(0) = 0V, and ¢(L) = 0.1V.
The simulation results showed that the field distribution became smooth without fluctuating and
almost identical with the analytical solutions when the number of repeating cells reached 50, as
shown in Figure 5.6. The discrepancy of calculated current density went under 0.1% when the
number of periods went over 50 and the discrepancy of calculated heat flux went under 0.1% when
the number of periods went over 20. Therefore, the behavior of a thermoelectric composite with
periodic microstructure can be simulated by a finite element model with 50 repeating cells. The
finite elements model can provide satisfactory accuracy even when the size of the cell, 0.2 mm,

does not fall under the microscopic scale.
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Figure 5.5. Finite element models with (a) 5 cells, (c) 20 cells, (e) 50 cells and corresponding

electric potential distributions (b), (d), and (f) under an imposed electric potential difference of 0.1

V, with T(0) = 1500K, T(10) = 300K.
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Figure 5.6. The differences of the calculated (a) heat flux at the hot end and (b) current density
between the finite element model and analytical solution. As the number of cells gets larger, both

values converge to the analytical solutions.

5.3.3  Composite with 2D Configuration

As we move from 1D cases to 2D cases, we consider a thermoelectric composite with round fillets,
which we have learned the solutions from the last chapter, as shown in Figure 5.7. Due to the
uncertainties of the solutions from the asymptotic analysis for the composite with larger fillets, the
fillers of the tested composite are limited to a smaller size. A finite element model with 50 cells
was built where a round fillet with a radius of 0.04 mm was in the center of each 0.2 mm cell.

Ag(Pb_lySny)meTezm was used as matrix and Bi,Te5 as fillers. Temperatures and electric

potentials were imposed at two ends with no lateral flow through the boundaries. Figure 5.8 shows
the results of the model under the boundary condition of T(0) = 900K, T(L) = 300K, ¢(0) =
0V, and ¢p(L) = 0.1V. The field distributions obtained by the finite element model are identical
with the solutions from the last chapter. As far as the optimum mesh density is concerned, a
parametric study of element size versus heat flux and current density has been performed to show

that a model with 5000 elements could yield good accuracy and it converges at 20,000 elements.
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Figure 5.7. Finite element model with 50 round fillets.

Numerical tests suggested that the 2D ANSYS model worked well as compared to the known

solution. As a result, the 2D system will be analyzed following the same modeling approaches

used in the numerical validation process.

(a)
1000
[: O FEM
200 = === Asymptotic
&
= 600 4
=
400 A
200 r T
0 2 4 6 8
x [mm]
(c)
0.0470%
ES
@
o
c
o
o
=
o 0.0465% -
x
S
o
w®
-]
-
0.04600 T T
10,000 20,000 30,000

Number of Elements

ofx) (V]

Current Density Difference %

012

0.08 4

0.04 4

0.0588%

0.0584%

0.0580%

(b)

O FEM

- = = = Asymptotic

6 8 10

(d)

10,000

20,000 30,000

Number of Elements

Figure 5.8. the field distribution of (a) temperature and (b) electric potential of thermoelectric

composite calculated by both finite element analysis and asymptotic analysis under an imposed
electric potential difference of 0.1 V, with T(0) = 900K, T(10) = 300K. The increase in the number

of elements leads to the convergence of both (c) calculated heat flux and (d) current density.
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5.4 EFFECTIVE PROPERTIES AND EFFECTIVE BEHAVIOR OF 2D TE COMPOSITES
5.4.1  The Effective Thermoelectric Properties

All the effective thermoelectric properties are defined with the same equivalency principle used in
the previous chapters, as shown in equations (4.26), (4.29), and (4.32). From what we have learned,
we know that all the effective properties need to be defined under very limited conditions because
the effective properties of the composite can be temperature dependent. Therefore, a parametric
study of imposed temperature and an electric potential difference versus defined effective
thermoelectric properties has been performed. Figure 5.9 shows that the effective Seebeck
coefficient and thermal conductivity start to converge when the imposed temperature difference is
smaller than 1K, and the electric conductivity also converges when the imposed electric potential
differences get smaller than 0.01V. Based on this study, the electric potential difference of 0.01V
and temperature difference of 0.1K were selected as the test conditions for the effective properties.
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Figure 5.9. Effective (a) electric conductivity, (b) Seebeck coefficient, and (c) thermal conductivity

versus imposed (a) electric potential and (b), (c) temperature differences.
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Figure 5.10. The effective (a) electric conductivity, (b) thermal conductivity, and (c) Seebeck
coefficient versus temperature and the different volume fraction of the fillers as represented by
different curves.

54.2 Effective Behavior

We have learned from the last chapter that the behavior of the thermoelectric composites is
different from the behavior of single-phase thermoelectric materials. But how great is the
difference? If the difference is small, can the behavior of a composite be approached by the
behavior of a single-phase material with its properties equal to the effective properties of the
composite? If the answer is yes, the effective properties of a composite can be used to estimate the
performance of that specific composite.

To answer this question, the finite element model of the 2D composite was compared with two
single-phase models. One model was developed in ANSYS with temperature dependent
thermoelectric properties equal to the values calculated in the last section. The other model was a

simple 1-D model with constant thermoelectric properties equal to the average value of the
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effective properties that could be solved analytically. These models were compared under two
specific boundary conditions with 3 different filler sizes. The first boundary condition had only a
temperature difference being imposed, with 7; = 300K at cold end and T, = 900K at the hot end.
The second boundary condition had only an electric potential difference being imposed, with ¢p; =
0V at the right end and ¢, = 0.1V at the left end. The three filler radii were 0.03 mm, 0.07 mm,
and 0.09 mm which resulted in the volume fractions of the filler of 7.1%, 38.5%, and 63.6%,
respectively.

The distributions of temperature, and electric potential of the most extreme case, the composite
with the largest filler size, are shown in Figure 5.11. The field distributions of the single-phase
finite element model are almost identical with the field distributions of the composite. More
surprisingly, the distributions calculated analytically by ignoring the temperature dependency of
the material properties are also very close to the other cases. Figure 5.12. shows that the calculated
heat flux and current density of the single-phase material are deviating from those of the composite
as the volume fraction of the composite fillers increases. The discrepancies, however, are all under

1.7% difference.
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Figure 5.11. The (a), (c) temperature and (b), (d) electric potential distributions of three models
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Figure 5.12. Differences of (a), (c) heat flux and (b), (d) current density between the single-phase
modes and the composite model under (a), (b) imposed temperature difference and (c), (d) electric

potential difference.

5.4.3  Conversion Efficiency

One of the most crucial things we want to know is that if the composite’s effective thermoelectric
figure of merit correlates to its optimal conversion efficiency. If the effective figure of merit does
correlate to optimal conversion efficiency, the performance of any combination of two materials,
with specific filler size, can be evaluated by two simple steps of finite element analysis: first, to
evaluate the effective electric conductivity and, secondly, to evaluate the effective thermal

conductivity and effective Seebeck coefficient. We calculated the optimized conversion efficiency
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of the composite, considered Bi>Tes both as fillers and matrix, versus the volume fraction of BixTes
with T(0) = 900K amd T'(L) = 300K, as shown in Figure 5.13, along with the conversion
efficiency predicted using the average effective figure of merit based on a classical equation 1.18.
It is clear that there is almost no discrepancy between the actual efficiency and the efficiency
predicted from the effective figure of merit. The is only 0.03% of difference between the actual
and predicted efficiency from the most extreme case. This suggests that the effective
thermoelectric figure of merit of composite does correlate with its thermoelectric conversion

efficiency and can be used to estimate the performance of thermoelectric composite.
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Figure 5.13. Conversion efficiencies of composite versus volume fraction of Bi>Tes both as fillers
and matrix. There is almost no difference between directly optimized value and the results

converted from effective figures of merit.

We also carried out the same analysis on the composite with different filler shapes, square and
diamond. In both cases they behave very similarly to the composite with round fillers, and their
effective figure of merits are also correlated to their conversion efficiency. Figure 5.14 shows the

optimized conversion efficiency of composite, with three different filler shape, versus the volume
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fraction of Bi2Te3 along with the theoretical upper and lower bounds. All the curves are smooth,
and, in general, lay between the upper and lower bounds. There are only a few points under the
lower bound, but no points go higher than the upper bounds. It yields a similar conclusion to what
we obtained in chapter 2 that the optimized conversion efficiency of the composite, composed by

Ag(Pb1ySny)mSbTe>+m and BizTes, can only be lower but not higher than both of its constituents

even with two-dimensional configuration.
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5.5 SUMMARY

In this chapter, we developed a finite element model of a thermoelectric composite with two
dimensional fillers. The model was verified with well-established solutions and proved to be
reliable. With the model, we solved for the effective behaviors that were very close to those in
single-phase materials. We further analyzed the overall conversion efficiency and showed that the
effective thermoelectric properties are well-defined, and the effective thermoelectric figure of
merit does correlate with the thermoelectric conversion efficiency. Thus, this method was proved

to be effective in evaluating the performance of thermoelectric composites with 2D fillers.
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Chapter 6. ACCELERATE THE SEARCH OF BETTER THERMOELECTRIC
COMPOSITE BY MACHINE LEARNING

6.1 INTRODUCTORY REMARKS

In the previous chapter, a finite element method was developed and proven effective on estimating
the effective figure of merit of thermoelectric composites. Although no improved figure of merit
found with the material combination used in the previous chapter, there are many more possible
combinations that not yet been tested and could lead to an improved figure of merit. But finite
element analysis (FEA) is a time-consuming and resource intensive process, it is not practical to
test each case with FEA.

Machine learning techniques have been applied to exploit material databases and discover trends
and mathematical relations for material design®. There are two major categories of machine
learning algorithms: supervised learning and unsupervised learning. Supervised learning
algorithms build a mathematical model that maps the input data to the desired outputs. It has been
employed in establishing the process-composition-property relation for metals®”8 and predicting
polymer composites properties based on the composition-properties database®®®°. Unsupervised
learning algorithms take a set of data that contains only inputs, and find structure in the data, like
grouping or clustering of data points, which is used to reduce the complexity of parameter set to
address the need of material design®.

In this study, we propose a machine learning methodology for identifying the more promising
combinations and reducing the need of using FEA; the methodology is outlined in Section 6.2. An
unsupervised learning algorithm is first applied to find the similarities among all the possible
combinations, which helps reduce the number of combinations needed to be analyzed by FEA
(Section 2.2). The results of the FEA are then used to train a supervised machine learning mode
that predicts effective thermoelectric figure of merit based on the combination attributes (Section
2.4). We demonstrate the strength of the proposed method with the 16 state-of-the-art p-type
thermoelectric materials in Section 6.3.
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6.2 METHODOLOGY

In the presence of a large number of possible combinations, the key research question is how to
narrow down to a smaller set of more promising combinations that could lead to improved effective
figure of merit. A machine-learning-based method is proposed to exploit the material database, as
shown in Figure 6.1 and outlined in the following steps:

(1) Preprocess the material data and list all the possible combinations of materials from the material
database;

(2) Group combinations according to their similarity by using an unsupervised machine learning
algorithm;

(3) Select combinations from every group and use the finite element analysis (FEA) approach
developed in the last chapter to calculate the effective properties of those combinations, so as to
obtain the results across the whole spectrum of all the possible combinations;

(4) Train a machine learning model with the effective properties generated by FEA,

(5) Use the model to predict the effective figure of merit of all the possible combinations that maps
the more promising combinations;

(6) Calculate the more promising combinations with FEA to check if those combinations lead to
improved figure of merit;

(7) Increase the accuracy of the model by training the model with newly generated data;

(8) Repeat steps 5~7 until all the promising combinations are tested.

Finit
Unsupervised 3 nite

2 . Element
/ Learning Analysis

k4

Material 1 | AllPossible 6 47
Database Combinations !
5 r

Prediction Supervised

Model Learning

Figure 6.1. Framework of the identification of machine-learning-based high thermoelectric

performance composites identification
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6.2.1  Preprocessing the Material Data

In order to calculate the effective properties, the material properties of the two mixed materials
must be defined at the same temperature. However, not all the materials are necessarily tested
under the same temperature. Therefore, in step 1 of the proposed framework a linear interpolation
function is used to estimate material properties between two tested temperatures, so that we may
have material data defined at the same temperature. The material properties of each material are
estimated from 300K to 2000K in increments of 25K as long as the data range of that material
covers that temperature.

After all the material properties are lined up at each temperature, all the available material at the
same temperature are paired into combinations of matrix and fillers. Thus, we have a complete list

of all possible combinations of two materials in the available material data.
6.2.2  Unsupervised machine Learning — Cluster Analysis

After we have the full list of possible combinations, the next step is to select a small set of
combinations that will be used in the initial finite element analysis. Due to the high computational
cost of finite element analysis, this set cannot be too large. At the same time, this set of
combinations needs to be able to represent the full set of combinations. If the selected set only
represents part of the possible combinations, the model created by the supervised machine learning
can have very poor accuracy on the other part of the possible combinations. Therefore, an
unsupervised machine learning, cluster analysis, is proposed to aid the initial set selection. The
cluster analysis is a branch of machine learning that groups the data by identifies the commonalities
in the un-labelled data. That is, all the combinations in a group or cluster, should have similar
matrix properties, filler properties, as a result, similar effective figure of merit. By pick one or two
combination from each cluster, we should be able to have a small but representative sub-set of

combinations.

6.2.2.1 K-Means Clustering

K-means clustering®, one of the most popular methods for cluster analysis is used in this study.

K-means clustering aims to partition n observations (x4, x, ..., x,,), where each observation is a d-
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dimensional real vector, into k clusters S = {S;, S5, ..., S, } in which each observation belongs to
the cluster with the nearest mean, or cluster centroid m;, so as to minimized the within-cluster sum
of squares (WCSS).

. 2
min N, ersi“x - mill (6.1)

The most common algorithm is by using an iterative refinement technique. An initial set of k means

O

m,(cl) is randomly generated in the beginning, and the algorithm proceeds by alternating
between two steps:
Assignment step: Assign each observation to the cluster whose mean has the least squared

distance

Si(t) = {xp: ||xp - mi(t)| ’ < ||xp - mft)| (6.2)

2
Vj,lsjsk}

Update step: Calculate the new means to be the centroids of the observations in the new clusters

(t+1) _ 1 Z

m; = B (6.3)

® Xj
XjESJ- J

The algorithm is converged when the assignments no longer change. The algorithm is
demonstrated in Figure 6.2. The algorithm does not guarantee convergence to the global minimum,
and the results depend on the initial set of means. To find the global optimum, it is common to run
it multiple times with different starting conditions.

Figure 6.2. Demonstration of the k-means algorithm
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6.2.2.2 Elbow Method

As it was mentioned that K-means algorithm groups observations into k clusters, but how can we
determine what is the appropriate number of k for each specific dataset? One method to validate
the number of clusters is the elbow method®2. The idea of the elbow method is to run k-means
clustering on the dataset for a range of values of k, and for each value of k calculate the within-
cluster sum of squares (WCSS). Then the WCSS is plotted against the number of clusters. The
WCSS decreases more dramatically as adding the first few clusters, which means that each added
cluster helps explain a lot of variance. But at some point the margin will drop, giving an angle in
the graph. In other words, after that point adding another cluster does not give much better
modeling of the data, leading to the “elbow criterion.” Although this “elbow” cannot always be
unambiguously identified, the plot of WCSS against the number of clusters is always a good

reference for k value selection.

Within-cluster sum of squared

Number of clusters (k)

Figure 6.3. K-means within-clustering sum of squared against number of clusters

6.2.3 Finite Element Analysis

The effective properties of the selected combinations are then calculated through the finite element
analysis developed in the previous chapter. Each pair of two materials is tested with different
volume fractions, and three effective properties, effective electrical conductivity, thermal
conductivity, and Seebeck coefficient are evaluated under two separated finite element models

(relevant details described in Chapter 5).
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6.2.4  Supervised Machine Learning — Regression Analysis

The end goal of the machine learning framework is to identify the most promising combinations
that could possibly result in an improved effective figure of merit. A supervised learning algorithm
is used to develop a model that maps the combination attributes to the effective figure. Ridge
regression is employed as the supervised learning algorithm, which takes all the combination
attributes, which include temperature, matrix and fillers’ material properties and volume fraction
of the fillers, as input features and the effective figure of merit calculated by the finite element

analysis as output.

6.2.4.1 Ridge Regression Analysis

In a regression analysis, a learning algorithm seeks a function hg: X — Y, where X is the input
space and Y is the output space. The function hy with 6; as its parameters is an element of some
space of possible functions H, usually called the hypothesis space. In order to measure how well
a function fits the training data, a cost function C:Y x Y - R=? is defined. The most common
approach is ordinary least squares linear regression. For training m example (x;, y;), the learning

algorithm seeks a function that minimize the cost function defined as
C =52, (ho(x) — ¥1)? (6.4)

However, the least squares method is very sensitive to outliers and it has the tendency to overfit

data. To avoid overfitting, a regularization term can be included in this minimization:
¢= ﬁ (X1 (he(x) — y)? + A X7, 67] (6.5)

This is known as L, regularization, and the model which uses L, regularization is called Ridge
Regression®. The regularization term introduces squared magnitude of parameters as a penalty to
the large parameters and avoid overfitting. However, if A is very large then it will add too much

weight and will lead to under-fitting. Having said that it is important how A is chosen.

6.2.4.2 Performance Measures
In order to adjust the model and use the model with confidence, we need to measure the

performance of our regression model, that is, how accurately the model predicts results. A few
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statistical tools like mean square error (MSE) and coefficient of determination®* also called R? are
commonly used to evaluate the performance of the regression model.

The MSE measures the average squared difference between the estimated values and what is
estimated. Since MSE is the second moment of the error, it incorporates both the variance of the

model and its bias.
MSE = — 3T (ho(x;) — y:)? (6.6)

The R? gives us a measure of percentage of variance (how far observed values differ from the
average of predicted value) is explained by the model. Value of R? normally ranges from 0 to 1,
where a value of 1 means that the model explains all the variation in predicted variable around its
mean. The R? formula is expressed as,

Z(Yi—he(xi))z
R? = 1 — 2ithel))
2X0i-Y)

(6.7)
where y is the mean of the observed data. The other two terms often mentioned when it comes to
model evaluation are underfitting and overfitting®®.

Underfitting occurs when a model cannot capture the underlying trend of the data and comes with
very high MSE and low R? .Underfitting is often a result of an excessively simple model.
Overfitting occurs when a model captures the noise of the data and fits the data too well. The
model can capture accurately on the training data but poorly on the new data. Overfitting is often
a result of an excessively complicated model and it can be prevented by fitting multiple models

and using cross-validation to compare their predictive accuracies on test data.

Degree 1 Degree 4 Degree 15

— Model — Model — Model
—— True function —— True function
ees Samples

—— True function
eee Samples

eee Samples

Figure 6.4. Demonstration of the problem of underfitting (left) and overfitting (right)
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6.2.4.3 K-Fold Cross-validation

Cross-validation is one of the most useful techniques to the performance of the model. There are
many different types of cross-validation, and the most common one would be k-fold cross-

validation®®.

Underfitting Overfitting

Error

Validation Error

TrainingError

Complexity

Figure 6.5. Scheme for the error as a function of the complexity of the calibration model

In k-fold cross-validation, the original dataset is split into k different subsets (the so-called “folds”)
where 1 fold is retained as test set, and the other k-1 folds are used for training the model. E.qg., if
we set k equal to 4, 3 different subsets of the original training set would be used to train the model,
and the 4th fold would be used for evaluation. After 4 iterations, we can eventually calculate the

average error rate of the model, which gives us an idea of how well our model generalizes.

Training Set Test Set
f l ) ‘
lteration 1 | | | | | | ——  error |
lteration 2 | | | | | | ——  error
lteration 3 | | | | | | —— error [~ Avg.error
lteration 4 | | [ [ [ | > error
lteration 5 | | | | | | ——  error

Figure 6.6. Scheme of k-fold cross-validation with k equals to 5
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6.2.4.4 General Workflow of Supervised Learning

While there are many machine learning algorithms for supervised learning, most of them use the
same workflow for obtaining the model. The steps for supervised learning are: (1) Collect the data
and preprocess the data into clean input and output matrix. (2) Choose an algorithm and a model,
a hypothesis, from the algorithm’s hypothesis space. (3) Split the data into training set and test set,
or into k subsets if using k-fold cross-validation. (4) Train the model with selected algorithm and
training data set. (5) Evaluate the performance of the model by cross-validation. (6) If it shows
signs of underfitting or overfitting, adjust the model, algorithm parameters or select a different
learning algorithm and repeat steps 2 ~ 6 until achieving desirable accuracy. The workflow
diagram is shown in Figure 6.7.

Model Calibration

Training Set Train
Data Model Learning Potential Final
Preprocessing Selection Algorithm Model Model
Test Set .- !
Cross-validation

Figure 6.7. The workflow for training a supervised machine learning model

6.3 SEARCHING THE IMPROVED THERMOELECTRIC FIGURE OF MERIT BY

MACHINE LEARNING

6.3.1  Data Preprocessing

In order to study the possible combinations of thermoelectric composites, the stat-of-the art p-type
thermoelectric materials® have been considered. Seebeck coefficient, thermal conductivity, and
electric conductivity as functions of temperature of the 16 p-type thermoelectric are shown in the
left column of Figure 6.8. Most of the materials were tested under a wide temperature range of
300K-900K, and some went up to 1200K while bismuth tellurides were only tested within 300K-
525K. Although most of the materials’ testing range is overlying to each other, their test
temperature is not lined up, and many even have different test interval. To lineup data points, a
linear interpolation function is used to estimate the material properties at every 25K, starting with
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300K, as long as the data range of that material covers that temperature, the processed data is
shown in the right column of Figure 6.8.
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Figure 6.8. The raw data (left column) and the processed data (right column) of the state-of-the -
art p-type thermoelectric materials. Material data is provided by Gerald Jeffrey Snyder,
California Institute of Technology, USA®,
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After all the data points are lined up to each other, we can start to search for all the possible
combinations. At each temperature, we list all the ways to assign available materials to matrix
material and filler material. All the possible combinations are shown in Figure 6.9 where the
horizontal axis denotes the material as a matrix, and the vertical axis denotes the material as filler.
The diagonal blocks, the white blocks, represent combinations of the same material which does
not need to be analyzed by FEA. Each gray block represents a combination of two different
materials. Within every block, the horizontal axis denotes the temperature because materials have
different properties at a different temperature, and the vertical axis denotes the volume fraction of
the fillers. Each black pixel represents an unavailable combination at that certain temperature. Each
gray pixel represents an available combination that can be analyzed by FEA, as shown in the zoom-
in in Figure 6.10. In total, there are 4,496 possible material pairs, not accounting for volume
fraction, and it is impossible to analyze all of them. Therefore, a machine learning methodology is

proposed to assist this process.
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Figure 6.9. The map of the possible combinations (gray) where the horizontal axis denotes the

material as matrix and temperature, and the vertical axis denotes the material as filler and the

volume fraction of the filler.

94



To%

BiShTe 7 35%

64%
0%

Ca;Co,404 135%

164%
0%

Volume fraction of 2"4 phase

Clathrate
35%

300 600 900 1200
Temperature (K)

Figure 6.10. The zoom-in to a portion of Figure 6.9 where each pixel represents an unavailable
combination (black), available combination (gray), and a combination of the same material
(white).

Before the clustering and regression analysis all the features in the data need to be normalized into
the same scale. Normalization is especially important for k-means clustering because k-means
seeks to minimize the distance between the observations and the centroid within clusters. If one of
the features has a much larger scale than others, then this feature becomes the only driver of
distance which leads to poorer convergence®. A good thermoelectric material usually has very
good electric conductivity at the scale of 10°. The scale of the Seebeck coefficient is usually at
10~*. Without normalization the result of the clustering analysis will align only with electric
conductivity and other attributes will be ignored. Normalization is also a good practice for linear
regression. Since most regression algorithms minimize cost function by gradient descent method,
normalization improves the conditioning of the optimization problem and speeds up

convergence®.
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6.3.2  Clustering Analysis

It is obvious that many materials have many similarities in one of their thermoelectric properties
at a certain temperature range, as shown in Figure 6.8, but it is very hard to see if they are similar
in all thermoelectric properties (even harder to see the similarity of material combinations). K-
means clustering helps perceive the similarity in the 7-dimensional space: Temperature, matrix
Seebeck coefficient, matrix thermal conductivity, matrix electric conductivity, filler Seebeck
coefficient, filler thermal conductivity, and filler electric conductivity. Figure 6.11 shows the
WCSS against the number of clusters. The WCSS decreases more dramatically as adding the first
25 clusters then the margin gradually decreases as more clusters are added. The elbow in this
analysis is at about k = 50, that is, within these 50 clusters all the combinations have a certain
degree of similarity. Thus, we can reduce the need of FEA from 4496 all possible combinations
to 50 more distinct combinations. And we can easily expand the number when more training
examples are needed for regression analysis. Each combination is analyzed with 6 different volume
fractions, 0.78%, 7.07%, 19.64%, 38.48%, 50.27%, and 63.62% in the FEA. Therefore 300

training examples are generated for the initial test.
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Figure 6.11. The within-cluster sum of squared against number of clusters from the clustering

analysis of the thermoelectric material combinations.
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6.3.3  Regression Analysis

The regression analysis is carried out with ridge model and three different hypothesis functions,
1%, 2" and 3" degree polynomials. A parametric study of the regularization coefficient A versus
R? and MSE has been performed on each of these three cases. Figure 6.12 and Figure 6.13 show
the results of this parametric study, and it is clear that the R? score of the 1% and 2" degree
polynomials are lower than the 3" degree polynomial. Their MSR are higher than the 3' degree
polynomial at the same time, which means that the 1% and 2" degree polynomials are too simple
to catch the more complicated behavior of the thermoelectric composite. With the 3 degree
polynomial, the training score can be improved by decreasing the value of 4, that is to increase the
complexity of the model. But the cross-validation score can only be improved to a certain degree
and starts to drop as the model gets further complex and shows the sign of overfitting. This
parametric study suggests that a 3 degree polynomial with a value of A = 1E — 7 could yield

good calibrate model.
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Figure 6.12. The R? scores of models with (a) 1% degree, (b) 2" degree, and (c) 3" degree

polynomials against regularization coefficient A.
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Figure 6.13. The mean square errors of models with (a) 1 degree, (b) 2" degree, and (c) 3" degree

polynomials against regularization coefficient A.

The accuracy of the model can be further improved by training the model with more training
examples. Figure 6.14 shows that the accuracy of the model is increasing as we are adding more
training examples. Each point represents the number of material combination of 25, 50, 100, 150,
200, 250 respectively. The cross-validation score stops increasing while the number of material
combination reach 150, that is about 800 training examples, and the score is not much higher than
the score of the model trained by 100 material combinations with 500 training examples. That has
been said that with only 100 out of 4496 of all possible combinations we can train a model with

satisfactory accuracy.

98



(a) (b)

1 1.E-08
1E0g8 | @ )
099 | Y —e— Training score
\
~ 1F-08 F i ---8--- Cross-validation score
o 1l
099 F .- S --eeeen - s 4
o P g 8E09 |
3
0985 | . 7 6ro09
s £ .
s @
% 2 4F09 .-
098 r e —e— Training score BRRh SEEEE | ST °
---8--- Cross-validation score 2E-09 |
oo ) I 0.E+00 . .
0 500 1000 1500 :
0 500 1000 1500

Training examples .
Training examples

Figure 6.14. (a) The R? score and (b) mean square error of the training and cross-validation set

against the number of training examples.

The machine learning model is then used to estimate the effective figure of merit of all the possible
combinations. Figure 6.15 shows the estimated figure of merit of all the possible combination
where the brighter gray denotes the higher figure of merit. All the high effective figure of merit
appears to be the combination of BiSbTe with the other materials. This is because BiSbTe is
hitherto the best performing material. It is not clear if there is any improvement in figure of merit
obtained. Figure 6.16 shows the ratio of the estimated figure of merit to the higher component
figure of merit. Needless to say, the ratio of the combination with the same materials is one, shown
as the diagonal blocks. Any pixel shown with the color brighter than the diagonal blocks denotes
the ratio greater than 1, indicating that an improved effective figure of merit might be achieved
with that combination. While a machine learning algorithm only generates an approximate model,
not the exact model, the output of a machine learning model can only be seen as estimations and
needs to be further verified. Unfortunately, the effective figure of merit of those combinations are

proved not better than the highest component figure of merit.
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Figure 6.15. The effective figure of merit Z of all the possible combinations estimated by the

regression model, where the brighter gray denotes the higher figure of merit.
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Figure 6.16. The ratio of effective figure of merit Z to the higher component figure of merit of all
the possible combinations estimated by the regression model, where the brighter gray denotes the

higher ratio.

100



6.4 SUMMARY

In conclusion, we have developed a machine learning methodology for identifying the more
promising combinations while reducing the computational cost of FEA. It is shown that with only
100 out of the 4496 possible material combinations are needed in FEA to obtain a satisfactory
accurate machine learning model. That has been said that this method reduced more than 95% of
the cost from FEA. Through this study, we found no improved effective figure of merit from the
combinations of the 16 state-of-the-art p-type thermoelectric materials. Nonetheless, the developed
finite element method and machine learning methodology are proved to be effective in estimating
the effective behavior of two-dimensional thermoelectric composites that can greatly accelerate

the new composite discovery and design.
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Chapter 7. CONCLUSIONS AND FUTURE WORKS

7.1  CONCLUSIONS

Motivated by Yang’s work™®, we defined a new set of effective properties for thermoelectric
composite with periodic 1D microstructure in Chapter 2. Through the analysis and calculation, we
conclude that (1) the effective behavior of the 1D thermoelectric composites are the same as single
phase thermoelectric materials; (2) this set of newly defined effective properties cam be used to
calculate the composite’s thermoelectric performance; (3) the effective figure of merit of the
composite could not exceed both of its constituents; but (4) the effective power factor could be
greatly enhanced. In other words, even though the maximum conversion efficiency cannot be
improved, the maximum power output can be enhanced. This becomes especially valuable when
designing a thermoelectric device which will be used in a space restricted condition. This set of
effective properties can serve as a simple tool to find the balance between enhancing power output
and keeping conversion efficiency in thermoelectric device design.

We extended our study from composite with periodic 1D microstructure to functionally
graded thermoelectric material to seek an improved total conversion efficiency by matching
compatibility factor with relative current density in Chapter 3. We show that the efficiency gain is
insignificant due to the fact that the effective figure of merit is sacrificed when matching the
compatibility factor and relative current density.

In Chapter 4, as we moved our study to the thermoelectric composites with periodic
microstructure in 2D, we found some drawback on applying asymptotic homogenization method:
(1) there is uncertainty on choosing a crucial parameter that governs the results of this analysis;
(2) it is not computationally cheap, each case need several iterations; (3) the effective properties
are ill-defined, and does not directly correlate with the conversion efficiency; (4) it can only be
used in certain special cases.

Thus, we developed a direct finite element method as an alternative way in Chapter 5. This
model was verified with well-established solutions and proved to be reliable. We proved that with
enough number of repeating cells, we can simulate the behavior of a homogenized composite.

With the model we solved for the effective behaviors that were very close to those in single-phase
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materials. The effective properties we defined do correlate with the thermoelectric conversion
efficiency and can be used to estimate the performance of the composite.

Although the direct finite element method was proved to be effective in evaluating the
performance of thermoelectric composites, it is still not practical to test very possible combinations
with the finite element method. Therefore, we proposed a machine learning methodology for
identifying the more promising combinations in Chapter 6. It is shown that the need of using FEA
is greatly reduced. Only 5% of the all possible combinations are needed to be analyzed by FEA to
obtained satisfactory accurate machine learning model. Although there is no improved effective
figure of merit found in this study, this study shows that the proposed methodology can greatly

accelerate the new composite discovery and design.
7.2 FUTURE WORKS

We have demonstrated how effective a directive finite element method is on solving the
thermoelectric problem with 2D periodic microstructure. This method can be extended to 3D and
more complex microstructure in a straightforward way. We also demonstrated that machine
learning models can be used to estimate the effective figure of merit of the thermoelectric
composite. These models can be trained with more different cases, composites with different filler
geometry, different dispersion, and be used not only to estimate figure of merit but also all the
thermoelectric properties. The extended scope will provide with us more insight into the effective

behavior of thermoelectric composites for their design and optimization.
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