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Abstract

A Computational Framework
for

Dynamic Soil-Structure Interaction Analysis
by Kandiah Sribalaskandarajah

Chairperson of Supervisory Committee: Professor Gregory R. Miller &
Professor Sunirmal Banerjee

Civil Engineering

This dissertation presents: i) a simple but general soil model; and ii) a general computational
framework, enabling the development of efficient interactive software for the analysis of
dynamic soil-structure interaction problems.

With regard to the model, a general, non-associative, elasto-plastic soil model has been
developed. An alternate volume change behavior of soils characterizing isotropic compres-
sion and extension with exponential and power laws respectively is proposed and included
in the model. Distinct volumetric and distortional (shear) mechanisms are used based on
double hardening concepts. An optimization scheme is used to estimate the model param-
eters using experimental results for a given soil. Essential features of sands such as path
dependent dilatancy, hardening and softening, liquefaction, initial and induced anisotropy
and that of clay are reproduced with unprecedented accuracy for a model of this simplicity.

Withregard to the computational framework, a general computational framework is pre-
sented based on objéct-oriented programming for the analysis of soil-structure interaction

problems. Based on this framework, a prototype finite element program (SAND) has been



developed implementing an iterative direct solution scheme, and a new kind of efficient in-
terface element has been derived. Illustrative examples have been presented to verify the

implementation of the prototype and to demonstrate the new capabilities of the interactive

analysis.
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Chapter 1

INTRODUCTION

The scope of the geotechnical engineering design traditionally has been limited to pure
geotechnical tasks. with limited analytical consideration of the interactions of geomateri-
als with structural components. known as soil-structure interaction. This situation has been
changing with increased usage of computational mechanics. facilitating the potential inclu-
sion of the effects of soil-structure interaction in increasing numbers of geotechnical engi-
neering designs. Also. the abundance of material models to describe the behavior of soils
can enable realistic representations of geomaterial behavior in such designs. However, the
lack of simple constitutive models and convenient analysis tools has seriously limited the
use and applicability in practical geotechnical problems involving complex static and dy-
namic loading conditions. To address these issues. a simple general constitutive model for
soils and a general computational framework for dvnamic analysis of soil-structure interac-

tion problems are presented in this dissertation.

L1 General

The analysis of soil-structure interaction problems can be classified broadly into two cat-
egories, static and dynamic. reflecting the analysis scheme employed. Although problems
with dynamic loading conditions require a dynamic analysis, problems with static loading
conditions can be solved by both static and dynamic solution schemes. Dynamic analysis
is computationally more involved. and so static analysis is usually employed for problems

with static loading conditions. However, most soil-structure interaction problems, such as



construction of soil-nailed walls, sheet piles, and foundations, are of an evolving nature. In
addition, the behavior of the soil is time dependent due to rate dependent constitutive rela-
tions and the diffusion of pore fluids. Therefore, for most soil-structure interaction problems
a simple static analysis may prove to be inadequate, requiring a dynamic analysis even for
problems with essentially static loading conditions. This underscores the practical signif-
icance of dynamic analysis of soil-structure interaction problems. Analytic and numerical
analysis of these interaction problems require knowledge of geometry, loading conditions,
governing equations and constitutive models of the relevant components: soil; structure;
and interface. Of these, the governing equations and constitutive models form the basis of
the analysis used in the design, and the geometry and loading conditions serve as input pa-
rameters to the design. In the following subsections a general background of soil modeling,

in view of the governing equations and constitutive models is presented.

1.1.1 Governing Equations

Soil, in general, is an assemblage of particles with different sizes and shapes forming a soil
skeleton. The pores are filled with various fluids and gas/air, thus constituting a multi-phase
material. For the analysis of most common geomechanics problems, the soil can be viewed
as a one-phase, two-phase, or three-phase material depending on whether the soil in ques-
tion is dry, fully saturated, or partially saturated, respectively. The mixture theories devel-
oped by Truesdell and Toupin (1960) form a general theoretical framework for the analysis
of multi-phase media. The resulting equations capture the interactions between different
phases, and are quite complex.

Even before the advent of such sophisticated theories, Terzaghi (1943) succeeded in ex-
plaining the interaction between the different phases with his “effective stress principle”. In
this principle, the stresses carried by the solid phase are termed as “effective stresses” while
the stresses carried by the fluid phase are known as “pore-fluid pressures”. This formed
the basis for his one-dimensional consolidation theory, which was later generalized by Biot

(1955) to model the true three dimensional nature of the diffusion process. In so doing,



Biot made the following assumptions: the soil is isotropic; the stress-strain relationship
is linear elastic; the strains are small; the water contained in the pores is incompressible;
the water may contain air bubbles; and the water flow through the porous skeleton is ac-
cording to Darcy’s law. However, the stress-strain behavior of real soil is strongly nonlin-
ear, anisotropic, hysteretic, and path-dependent. In addition the flow of water through the
porous skeleton may not always obey Darcy’s law. The governing equations derived by Pre-
vost (1987) using mixture theories overcome these deficiencies. These governing equations
are more general in three important aspects: i) accommodating non-linear rate dependent
constitutive models; ii) describing the dynamic behavior of multi-phase materials; and iii)
including general flow conditions. The formulation of the numerical scheme and computa-
tional framework presented in this dissertation is based on these general constitutive laws;
however, the implementation and testing of the results are done for models without pore-

pressure as a variable.

1.1.2  Constitutive Models

Analysis of soil-structure interaction problems requires the understanding of the behaviors
of structure, interface, and soil. The behavior of the structure is often relatively well de-
fined compared to that of the soil, while the behavior of the interface could range from com-
pletely smooth to completely adhesive. The behavior of soil, influenced by various factors
such as the shape and the size of the individual soil particles, and the configuration of the
soil structure; the inter-granular stresses (effective stresses), the stress history, the degree
of saturation, and the loading path, is quite complex. Numerous constitutive models have
been proposed based on theories ranging from simple elasticity to sophisticated concepts of
plasticity to capture the real behavior of soils.

Use of sophisticated constitutive relations enhances the predictive value of the analyses
of soil-structure interaction problems. However, from the standpoint of practical useful-
ness, the application of such sophisticated models has a down side. This is especially true

for general models, for which the high number of model parameters and internal variables



necessary for describing the complexities of material behavior tends to make it difficult to
identify the parameters with physically meaningful material constants. Therefore, one can
not find these model parameters by devising simple laboratory experiments or by using tra-
ditional testing methods. Practical use of a certain constitutive model, therefore, depends
on the ease with which model parameters can be determined for a given soil. On the other
hand, the existing simpler models with meaningful physical parameters often fail to repro-
duce some or most of the essential features of the behavior of soils, particularly that of sands,
such as mean-stress and loading-path-dependent dilatancy, hardening and softening, lique-
faction, and initial and induced anisotropy, which are quite complex. Due to this practical
need for a simple but general constitutive model, newer constitutive models utilizing com-
plex theories are being continuously investigated. This dissertation presents one such new

constitutive model, which is simple but general enough to describe the complex behaviors

of geomaterials.

1.2 Numerical Analysis and Computer Applications

Due to the complexity of general constitutive models of soils, geometry, geological strata,
and loading conditions, it is difficult, if not impossible, to obtain analytical closed-form so-
lutions for the general governing equations. Consequently, closed form solutions have been
found only for simple problems and have very limited use in geotechnical analysis. There-
fore, numerical approaches are typically necessary in dealing with practical geotechnical
analysis and design. Critical designs of soil-structure interaction problems can be modeled
and analyzed numerically with the aid of computers, using numerical techniques such as fi-
nite difference method (FDM), finite element method (FEM), and boundary element method
(BEM).

Although various techniques and tools are presently available for performing design cal-
culations to estimate stresses, deformations, and stability of geotechnical structures, com-

putational perspectives in geotechnical engineering have changed little since the days when



programs were developed using computers managed by specialized staff, and engineers had
minimal direct interaction with computers. This is mainly because the application of com-
puters to geotechnical engineering was viewed with suspicion (Christian 1991), as geotech-
nical engineers traditionally have placed great emphasis on judgment. Nevertheless, the
increased understanding of the behavior of geomaterials and advances in numerical meth-
ods has expanded the use of computer programs in geomechanics. Early applications of
the finite element scheme to find th: deformation pattern in an earth dam by Clough and
Woodward (1966) and an iterative : pproach to the analysis of slope stability by Whitman
and Bailey (1966) are noteworthy. ( }omputer use in geotechnical engineering has increased
ever since, but the developments in geotechnical software are not necessarily keeping pace

with the rapid evolution of computer hardware or with changes in programming environ-

ments and styles.

Most of the present geotechnical software has been developed from a batch-mode per-
spective with minimal accommodation for interactive use. The capabilities of these soft-
ware do not reflect the advances in areas such as artificial intelligence, expert systems, rela-
tional databases, solid modeling, computer graphics and graphical user interfaces. Also, the
trend has been to develop speci | purpose programs, such as geographic information sys-
tems (Robinson & Frank 1987), nterpretation of data from geographical logging (Bonnet &
Dahan 1983, Smith & Baker 19¢ 3}, correlation of lithologic data between bore-holes (Rehak
etal. 1985) for each geotechnic: | task, without regard for the interactions among these tasks.
Ideally, all geotechnical tasks including geophysical exploration, testing, modeling, differ-
ent analyses, design, and presentation could be integrated into a single computing environ-
ment. Creating such an environment would be quite ambitious, requiring a fundamental
reevaluation of the basic approach traditionally used in the development of geotechnical
software and programming styles. This dissertation presents a restructured approach to the
analysis of dynamic soil-structure interaction problems, with strong emphasis on increased

user interaction using object-oriented programming concepts.



1.3 Scope of the Study

The development of a general soil model and the development of a computational frame-
work for dynamic soil-structure interaction analysis are the main focuses of this study. In or-
der to illustrate the outcome of the study, a prototype finite element program (SAND) based
on the proposed framework is developed and the proposed soil model is implemented. The

soil is assumed to be fully saturated in this study.

In regards to the soil model, as noted earlier, numerous constitutive models for soils with
varying complexities are available in the geomechanics literature. A brief overview of dif-
ferent major classes of soil constitutive models is presented in Chapter 2. However, most
of the general constitutive models are quite complex and their applications in real boundary
value problems are very much limited. On the other hand, simpler models fail to capture the
complex behavior of real soil. Therefore, a simple constitutive model to describe the gen-
eral behavior of soils is developed in this study, based on the non-associative elasto-plastic
double-hardening concepts. Initially, this model was developed for axisymmetric mono-
tonic loading conditions and the corresponding formulations can be found in the paper by
Banerjee et al. (1992). Then, to improve the volumetric behavior of this model, an alter-
nate formulation for volumetric behavior of soils under isotropic loading is presented as in
Section (3.1). A detailed treatment of this alternate formulation can be found in the paper
by Banerjee et al. (1994). Based on the above formulations, a simple general soil model is
developed in the reminder of Chapter (3). This chapter also describes the model in simpli-
fied forms for practical situations, to facilitate efficient implementation of this model in a
numerical scheme. A numerical scheme based on optimization techniques is presented in
Chapter 4 to identify the model parameters for a given soil. Prominent features of the soil
behavior are also reproduced and discussed in this chapter. The contents of Chapter 3 and
Chapter 4, excluding the contents of Section (3.1), appear in condensed form in the paper

by Sribalaskandarajah and Banerjee (1996)

With respect to the computational framework, the scope is primarily restricted to the



design of an object-oriented framework for the dynamic analysis of soil-structure interac-
tion boundary value problems with complex material models. Beyond the complexity of
the constitutive models of soils, the question of implementation of such models for practi-
cal boundary value problems, such as the finite element formulation outlined in Chapter 5
is of major interest. The incremental iterative approach presented in this chapter is suit-
able to capture the inelastic and path-dependent behavior of the soil in a dynamic analysis.
Complete dynamic response analysis using non-linear material models is computationally
intensive; therefore, the analysis of large scale problems can be excessively time consum-
ing on present day personal computers, often requiring supercomputers to be practicable.
But, with the rapid evolution of the computer hardware, analysis of large soil-structure in-
teraction problems with complex material models on personal computers will soon become
practicable. This necessitates the design of an efficient and convenient to use computa-
tional framework. The design of the proposed computational framework and essential de-
tails of the implementation of the prototype finite element program are discussed in Chap-
ter 6. The material in Chapters (5) and (6) was presented in an earlier form in the papers by
Miller et al. (1992, 1995). Application of this prototype program in small real soil-structure
interaction problems is demonstrated in Chapter 7 and Chapter 8 summarizes the findings

of the study.



Chapter 2

REVIEW OF SOIL MODELS

In order to place the formulation of the proposed soil model in proper perspective, an

overview of important classes of soil constitutive models is presented in this chapter.

2.1 General

Historically, the load-deformation problems that arise in Geotechnical analysis have been
solved employing the most simple linear-elastic or rigid-plastic material models. However,
soil is a multi-phase material consisting of solids. fluids and gases: hence its mechanical
response is highly non-linear. inelastic. rate-dependent and anisotropic. In addition. the
strength and stiffness are greatly dependent on the effective confining pressure and the strain
levels. The existing geotechnical numerical analysis programs employ constitutive rela-
tions ranging from simple elasticity models to complex plasticity theories such as bound-
ing surface plasticity model (Dafalias 1986), with the simple hyperbolic model (Duncan
& Chang 1970) being most widely used. Even so. the applicability of these theories is of-
ten Jimited to a narrow range of loadings and the estimation of the model parameters is of
prime concern. Many sophisticated models. such as functional-elastic models. hypo-elastic
models. hyper-elastic models. visco-elastic models. endochronic models. and elasto-plastic
models have been extensively described in the literature. Comprehensive surveys of such
constitutive models can be found in the papers edited by Murayama (1985) and in the pa-
per by Scott (1985). The following section briefly discusses the important classes of soil

models and the pioneering work in each category.



2.2 An Overview of Soil Models

2.2.1 Functional Elastic Models

In linear-elastic theory, the strain and stress are related by Hooke’s Law. Linear elastic the-
ory is appropriate only when the soil is subjected to very small strain. Therefore, in order
to describe the non-linear mechanical behavior of the soils, several functional elastic mod-
els have been proposed. Joyner and Chen (1975) and Pyke (1979) proposed a multilinear
elastic model, where the non-linear stress-strain relation is approximated by a number of
linear segments with different slopes. Such models are also called “piece-wise” linear elas-
tic models.

A spline functional model proposed by Desai (1972) and a polynomial functional model
proposed by Wong (1971) have also been applied to model non-linear soil behavior. How-
ever, the material parameters used in these types of models have no direct physical signifi-
cance and depend strongly on loading conditions, such as stress level, stress path, and stress
history. Konder (1963) observed that the stress-strain plot from a triaxial compression test
can be approximated by a hyperbola. Subsequently, Duncan and Chang (1970) used this
idea to propose a hyperbolic model to describe the non-linear stress-strain relationship of
soil. The hyperbolic model and Ramberg-Osgood model (Ramberg & Osgood 1943) require
an initial tangent modulus. This parameter has been studied by Hardin and Drnevich (1972),
and Seed and Idriss (1970) among others, and their findings indicate that its magnitude is
strongly dependent on confining pressure.

The applicability of the functional elastic models is limited to monotonic loading condi-
tions, since the dependence of the stress-strain relationship on stress path and stress history
is ignored. Without any modification, the unloading path predicted by a functional elas-
tic model coincides with the initial loading path. Hence, a different modulus (unloading-
reloading modulus) is required to model cyclic behavior. Further, soils usually exhibit hys-
teretic characteristics during cyclic loading. The Masing law (Masing 1926) is a common

approach for taking the hysteretic effect into account. The Masing law reasonably simu-



10

lates the hysteresis effects of the soil response under cyclic loadings. However, it is virtu-
ally impossible to model the path dependence and the dilatant characteristics of soils by any

functional elastic models.

2.2.2  Hyperelastic and Hypoelastic Models

Nonlinear and dilatant behavior of the soils can be modeled by higher order elastic theories,
which are broadly classified as hyperelastic and hypoelastic theories. The hyperelasticty
model of Saleeb and Chen (1980) and the hypoelasticity models of Truesdell (1955) and of

Romano (1974) are a few successful examples of such applications in soil mechanics.

In a hyperelastic model, stress components are derived by differentiating a strain en-
ergy function with respect to strain components. For an isotropic and homogeneous mate-
rial, the strain energy function can be expressed as a power series of strain invariants. Dif-
ferent orders of hyperelastic theories can be obtained by truncating the unnecessary higher
order terms. Since the stresses in a hyperelastic model are simply expressed as functions

of strains, material characteristics such as path dependence and stress history dependence

cannot be modeled.

Unlike a hyperelastic theory, a hypoelastic model expresses the constitutive relationship
in an incremental form. The stress increment can usually be expressed as a power series
in terms of stresses and strain increments. By retaining partial terms, different orders of
hypoelastic models can be obtained. Davis and Mullenger (1978) used different inelastic
formulations on loading and unloading paths to describe the path-dependent characteristics
of the soil. However, Mroz(1980) concluded that the influence of the stress history usually
cannot be modeled properly in a hypoelastic model, since the stress history of a material is

not traced.
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2.2.3 Endochronic Models

The endochronic theory is an approach first developed by Valanis (1971) for modeling in-
elastic material behavior of metal without using a yield surface. A variable called “intrinsic
time” is considered to b: a function of selected cumulative strains and the elapsed time.
The model is formulated by correlating the inelastic strain increment to the variation of the
“intrinsic time” as well as the stress and strain fields. This approach has the advantage of
modeling rate-dependent materials easily. Bazant and Krizek (1976), Bazant (1977), Vala-
nis and Read (1982), and several other researchers have applied this theory to model the
behavior of the soils.

In order to describe the inelastic response, the intrinsic time variables in this theory are
related to the stress and strain variables through several empirical and semi-empirical equa-
tions. Therefore large number of model parameters are required to ensure the generality of
the model. These model parameters usually do not have any physical significance. There-
fore, the applicability of this model to general behavior of soil under general loading situa-

tions is seriously limited.

2.2.4 Elasto-Plastic: Models

Material deformation characteristics may be idealized as behaving like a continuum with
separable increments of recoverable, i.e. elastic, and irrecoverable, i.e. plastic deforma-
tions. The classical theory of plasticity(Hill 1950, Prager 1959) developed for metals allows
for such differentiation between recoverable and irrecoverable deformations. However, be-
cause classical plasticity theory essentially was developed for metals (Hill 1950), modifi-
cations and extensions must be incorporated to model the behavior of soils, such that: i)
yielding of soils is anisotropic and dependent upon the confining stress, ii) there exists a
coupling between the volumetric changes and the changes in shear stress, and iii) during
shear, dense soils expand whereas loose soils contract.

Based on work-hardening concepts, the early work of Drucker et al. (1957) marked the
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beginning of the development of elasto-plastic models for the mechanical behavior of geo-
materials. This first successful synthesis of soil mechanics and the mathematical theory of
plasticity led to a steady progression of subsequent refinrements in the application of plastic-
ity theories towards a unified explanation of shear distortion and densification phenomenain
soils. Many of the fundamental concepts of modeling were introduced by the “Cam-Clay”
models, also known as critical state models, due to the work of Roscoe et al. (1958, 1968).
These models are still considered significant milestones in the research on constitutive mod-

els, and the underlying concepts have been retained in many of the more recent models.

Since real geologic materials are much more complex than Cam-Clay in their inelas-
tic response, a wide variety of macroscopic plasticity models have attempted to address the
various complex aspects of the material behavior by incorporating more and more involved
mathematical techniques. The capabilities of the models have been greatly enhanced by
including concepts such as bounding and loading surfaces by Dafalias and Popov (1975),
subloading surfaces by Hashiguchi (1986), kinematic and mixed hardening rules, transi-
tional yielding by Banerjee and Pan (1986), nonassociated flow rules by Mroz and Piet-
ruszczak (1983, 1983) and by Lade (1977), and multiple yield mechanisms proposed by
Koiter (1953).

Based on the concept of multiple yield mechanisms (Koiter 1953), Prevost and Hoeg
(1975) employed two separate yield mechanisms to describe the behavior of soils. This con-
cept, referred to as “double hardening”, was later been adopted by various researchers (Lade
1977, Vermeer 1978, Ohmaki 1979). In a recent constitutive model, Banerjee et al. (1992)
have used this concept to model the behavior of soil in a triaxial space. This work utilized
the traditional approach (Casagrande 1936, Roscoe et al. 1958, Roscoe & Burland 1968) of

representing the volume change data in semi-logarithmic form.
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2.3 Present Model

The semi-logarithmic representation of volume change behavior, originally proposed by
Casagrande (1936), with minor modification, was adopted into the Cam-Clay models (Roscoe
etal. 1958, Roscoe & Burland 1968) as the underlying law of isotropic compression. Subse-
quently, many constitutive models (Dafalias 1986, Mroz et al. 1981) have also incorporated
the same law into the formulation of a general constitutive laws valid for all possible stress
paths and stress ranges. However, this law was primarily conceived for one-dimensional
settlement computations within a limited stress range thereby seriously limiting the appli-
cability of the resulting constitutive laws.

An alternative formulation (Banerjee & Sribalaskandarajah 1994) to describe the vol-
ume behavior of soils under isotropic compression, has been developed in this study and is
presented in the following chapter. Based on this formulation and the axisymmetric double-
hardening model (Banerjee et al. 1992), amore general double-hardenin g model was develi-
oped and is presented in the subsequent chapters of this dissertation. As will be discussed
later, the advantages of the proposed model are: the model is general; the number of pa-
rameters is small; parameters are physically meaningful; and the essential and prominent

features of the soil behavior are reproducible.



Chapter 3

MODELING THE BEHAVIOR OF SOILS UNDER GENERAL
LOADING CONDITIONS

A general constitutive model for soils and its implementation in simple numerical analy-
sis schemes are presented in this chapter. As outlined in the previous chapter. a non-associative
elasto-plastic “double hardening™ concept is used in the development of this model. The
model employs two distinct yield functions. namely shear and volumetric. each describing
the volumetric and shear mechanisms respectively, leading to a simple but general model.
The number of mode] parameters is small relative to most general constitutive models, and
these parameters are physically meaningful. The model is tested against the published ex-
perimental data for different loading and drainage conditions. As these experimental data
are essentially limited to triaxial loading conditions. the verification of the model is essen-
tially confined to triaxial monotenic and cyclic loading conditions. Unlike existing sim-
ple models. this mode! reproduces the essential features of the behavior of sands, such as
mean-stress and loading-path-dependent dilatancy, hardening and softening, liquefaction,
and initial and induced anisotropy, as well as the essential features of clays. In other words,
the model presented in this chapter reproduces the drained and undrained behavior of geo-

materials under monotonic and cyclic loading conditions.

As mentioned in the previous chapter. the proposed model’s volumetric behavior of soils
during isotropic compression and extension is based on an alternative formulation. This al-
ternative formulation. presented in the next section. describes the volumetric behavior of
soils by an exponential law and a power law. characterizing isotropic compression and ex-

tension. respectively. As will be discussed later, this formulation addresses the deficiencies
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observed in the traditional formulations. The proposed constitutive model and the simpli-
fied form of this model suitable for easy implementation in numerical analysis schemes are

presented in the subsequent sections.

3.1 Modeling Volume-Change Behavior of Soils under Isotropic Compression

The volume change behavior of soils under isotropic and one-dimensional compression has
been visualized in terms of semi-logarithmic plots of void ratio, e, and mean effective prin-
cipal stress, p. The original proposal (Casagrande 1936) of ¢ — logp relationships and the
modified form of e — In p relationships have been used tacitly in classical soil mechanics.
However, over the years numerous researchers (Nishida 1956, Butterfield 1979, Janbu &
Senneset 1979, Christie & Tonks 1985, Den Haan 1992) have attempted to overcome the
deficiencies to develop a more reliable form of stress-strain relationship.

It has been noted by Butterfield (1979) that the traditional approach fails to ensure a
physical limit for volumetric strain at large values of stress. In other words, it does not rec-
ognize the existence of a minimum void ratio at which the soil becomes incompressible.
Typical void ratio against mean stress curves are concave upwards at higher values of stress
indicating this incompressibility. The existence of an incompressible minimum void ratio
is ensured in this study, and the proposed formulation and verification of the formulation

are presented in the ensuing subsections.

3.1.1 Formulation

Preliminaries

Let us consider a soil sample with state parameters: void ratio, e, and mean or isotropic
effective (compressive) stress, p. The volumetric strain increment, de,, can be written in

terms of specific volume, v(= 1+ ¢€), as

dv de
dey = —— = —
€ U 1+e

3.1
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The strain definition given above is the so called true strain or large strain definition, which
is commonly used to incorporate the geometric nonlinearity of the material. However, for
most practical purposes, it is sufficient to include material nonlinearity alone. Using small

strain assumptions the above equation can be rewritten as
dv de

dey = —— = —

Up 1+e,

where e, is the reference void ratio and v, is the reference specific volume at which the vol-

(3.2)

umetric strain is zero. The volumetric strain increment can be related to the mean effective

stress increment by

dv dp
dey = —— = — £ ]

where B is the incremental bulk modulus of the soil.

Loading

Itis well known that the bulk modulus of soils is not constant for the entire possible range of
loading. In fact, for monotonic loading situations, the bulk modulus of geomaterials may lie
within the range By < B < oo; when v = v (i.e., B = By), the material is compressible,

and when v approaches vy, (i€, B = o0), the material becomes incompressible. These

bounds are satisfied by
B = B, tmin (3.4)

U — Unin

Then, from equations (3.3) and (3.4) the incremental stress-strain relationship can be written

as
dv UV — Umin

=— ™" 4 (3.5
Ur BO (UO - 'Umin) )
Integration of both sides of equation (3.5) between appropriate limits yields

UV = Upin + ('U(J - Umin)e—a(p—’—"’m) (36)

where py is the initial mean effective stress (i.e., when v=u,) and the parameter « is given

by

ys
0= = 3.7
BO (UO - Umz'n) ( )
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In the foregoing expression the mean stress is normalized by a reference stress p, which can
be taken for convenience as the atmospheric pressure. The constant ¢ can be viewed as a
measure of the compressibility of the soil. From equation (3.2), the volumetric strain, €,
the initial value of volumetric strain, €,p at the beginning of loading or reloading, and the
maximum volumetric strain, €,,, that the soil sample can possibly undergo can be written,

respectively, as

Uy — U
€y =
Uy
Up — Uy
€ = ——— (3.8)
Ur
_ Upr — Unin
E'Um - -
Uy

Using the above definitions, equation (3.6) can be rearranged to yield a nonlinear volumetric

strain - mean stress relation of the form
p-n
€y = €y + (Eym — €20) {1 - e—a(_’T“-Q)} 3.9

It turns out that the above relationship is similar in form to the one proposed for the Cap
models (DiMaggio & Sandler 1971). Strictly speaking, such a relationship applies only for
monotonic isotropic compression of soils. Equation (3.6) also can be recast to obtain a vol-

umetric strain-mean stress relation in the simple incremental form as

_de P (3.10)

€im — & Da
It should be noted that « remains essentially constant for different soil samples with varying
initial state vq, while the changing difference between vy and v, (equation (3.6)) accounts
for the decrease in the rate of volumetric compression. In contrast, for the traditional rela-
tionship, three constants, compression and recompression indices, A and «, and preconsol-

idation pressure, p,, are required for each sample of the same soil.
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Unloading

It is customary to assume that the process of unloading is elastic. In fact, various researchers
(Butterfield 1979, Den Haan 1992, Janbu & Senneset 1979) have shown that the stress-strain
law during unloading can be described by a power law of the form:

¢
€ = €10 (3) 3.11)

Do

where ¢ is a material constant. Differentiating both sides of equation (3.11) one obtains

de, = (3.12)
where By = pg/((ey0) = initial value of bulk modulus. During the process of unloading,
the bulk modulus ranges frem By (when p = p,) to 0 (when p = 0) and varies as
1-¢
_ D
B=205 (—) (3.13)
o
Equations (3.11) and (3.12) can also be combined to yield a volumetric strain - mean stress

relation in the simple incremental form as

dey _ g@ (3.14)

€y p

As was noted earlier, the foregoing incremental relation is of the type proposed by Butter-

field and others.

3.1.2  Verification

The validity of the proposed relationships between volumetric strain and isotropic mean ef-
fective stress for situations of loading and unloading are examined in this section. Three sets
of experimental data obtained from isotropic consolidation tests are used for the compari-
son: Negussey (1992) using Ottawa sand, Saada and Bianchini (1987) using Hostun sand,

and Henkel (1959) using London clay .
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Figure 3.1: Comparison of Computed and Experimental Results (after Negussey

1992) for Ottawa Sand

Figures (3.1)-(3.3) show the comparison of computed and measured volume deforma-
tions. Figure (3.1) shows plots of volumetric strain against mean effective stress for samples
of Ottawa sand with different initial void ratios (D, = 30%, 50%, and 70%). The samples
were subjected to isotropic compression in a standard triaxial setup (Negussey 1992). Fig-
ures (3.2) and (3.3) show plots of void ratio against mean effective stress for several cycles
of isotropic compression and extension loading of Hostun sand and London clay samples
respectively. While the data selected for Hostun sand were obtained in a cubical triaxial
test apparatus, the data for London clay sample were obtained from a conventional triaxial
apparatus.

The overall agreement between the predicted and the measured data is quite satisfactory.
These comparisons tend to confirm that it is possible to describe the loading and reloading
response as an exponentially decreasing function of mean effective stress and the unloading

behavior by a power law, without violating the physics of the processes.
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Figure 3.2: Comparison of Computed and Experimental Results (after Saada

et al. 1987) for Hostun Sand
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Figure 3.3: Comparison of Computed and Experimental Results (after Henkel

1959) for London Clay
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3.2 A Double-Hardening Model for Geomaterials

3.2.] Preliminaries
The effective stress tensor is denoted by o;; and the strain tensor by €;;. The invariants of
the effective stress tensor are denoted by
Ji = oy
1
:]2 = E(Jl —a,-kakj) (315)
1
Jy = 6(20ij0'jk0'k,~ - 3J10ij0ji + J13)
The invariants of the strain tensor, defined in a similar manner, are denoted by I, I, and I,.

The deviatoric effective stress tensor is denoted as s;;(= 0;; — 419;;), the deviatoric strain

tensor is denoted as e;; (= €;; — %61-:,-), and the invariants of the deviatoric stress tensor are

denoted as
Jll = Si,'=0
, 1
Jp = Esijsjz‘ (3.16)
1
J_-; = E.S'iijkSk,'

The yield and potential functions are functions of stress and are conveniently viewed in
principal stress space (Figure (3.4)). As shown in Figure (3.4a), the space diagonal, also
known as the hydrostatic axis, is oriented at equal angles to the three principal stress axes.
Any plane that is perpendicular to the space diagonal is called a deviatoric plane (Figure
(3.4b)) and the deviatoric plane that passes through the origin is known as the 7-plane.

For an arbitrary state of stress given by the principal stress values, oy, 09, and o3, the
projection of the stress vector on the hydrostatic axis is called the mean effective stress or
octahedral normal stress, o,,, (= lsk). The projection of the stress vector on the deviatoric
plane is given by the vector (s1,52,53); where, s;,,, and s3 are the components of the devi-

atoric principal stress tensor. The magnitude of this projection is called the octahedral shear
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a. Stress Space b. Deviatoric Stress Plane

Figure 3.4: Stress Space and its Geometric Interpretation

stress and is given by 4/2J;. In Figure (3.4), the angle 8 between the major principal axis

and the stress vector on the deviatoric plane is known as the Lode angle and is related to the
invariants by
3V3J},

cos(36) = ARG (3.17)

3.2.2 Formulation

In the incremental theory of elasto-plasticity, it is assumed tacitly that the total strain incre-
ment, de;;, due to any stress increment, do;;, can be decomposed into a reversible (elastic)

component, de;;°, and an irreversible (plastic) component, de;i?, ie.
déij = dEijc + déijp (3 18)

These elastic and plastic incremental strain components are discussed individually next in

detail.
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Elastic Strains

In general, soils exhibit predominantly plastic strains and thus it is sufficient to employ a
simple linear isotropic elastic constitutive law, such as isotropic Hooke’s law, to describe
the elastic behavior of the material without losing much accuracy. Employing the isotropic
Hooke’s law implies that the elastic strains are not coupled, i.e., the changes in elastic distor-
tional stress do not affect the elastic volumetric strain and the change in elastic volumetric
stress does not affect the elastic distortional strains. Thus the elastic shear strains as well as

the elastic volumetric strain could be expressed as

de,-j = ﬁ (3 19)
e dO’ii
deii 3? (320)

where G is the elastic shear modulus and K is the elastic bulk modulus different from the to-
tal bulk modulus, B, defined in the previous subsection.According to the findings of Hardin
and Drenevich (1972), the elastic shear modulus in soils varies as a power of mean effec-
tive principal stress, 0, = %“- Although the shear modulus is traditionally defined by the
secant shear modulus of the soil, the elastic shear modulus could be approximated by the
initial tangent modulus, which is also the initial secant modulus. Therefore the elastic shear

modulus should conform to the findings of Hardin and Drenevich:

G = G,(Zm)i-# (3.21)

)

in which o, is the atmospheric pressure; § is a material constant; and G, is the reference
value of bulk modulus when ¢, = o,.

For a linear elastic material, the shear modulus and the bulk modulus are related by Pois-
son’s ratio. Therefore, it is reasonable to expect the value of the bulk modulus to have a
similar variation with the mean effective principal stress as that of the shear modulus. Re-
cently, in an attempt to describe the volume-change behavior of the isotropic swelling of

soils, Banerjee and Sribalaskandarajah (1994) have shown that the total bulk modulus, B,
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can be assumed to vary in a similar manner as in equation (3.13). This volume change be-
havior is usually assumed to be purely elastic, therefore the elastic bulk modulus could be
expressed as a function of mean effective principal stress, oy, as
T y1-¢
K = K,(I%) (3.22)
Oq

where K, is the reference value of bulk modulus when o, = o, and ¢ is a material constant.

Plastic Strains

The concept of “the theory of plastic potential”, which assumes the existence of a single
yield mechanism, was subsequently generalized by Koiter (1953) to include multiple yield
mechanisms. If there are n such mechanisms and the associated yield functions as well as
the potential functions are denoted by Fi(s;;) = 0,k = 1,nand Ge(sy;) = 0,k = 1,n
respectively, then the plastic strain increments can be written as

de;? = ZOLHk 6G‘ OB (3.23)

where H is a nonnegative scalar function of stress, plastic strain, and strain history and Cj,
is aconstant taking a value of “one” during the loading while taking a value of “zero” during

the unloading.; i.e.

oF;
Ck =0 F, <0 or %i&;do-ij <0 } (324)

Ci=1 F=0 and grkdoy >0

In soil plasticity studies, Prevost and Hoeg (1975) employed this concept with two separate
yield mechanisms to describe the volumetric and shear behaviors of the soil. For such a

model, which is also known as a “double hardening model”, equation (3.23) can be written

as
de;? = C,,Hﬂq—" dF, + CyH, 0Ga
Ba,-j 60’1_7

where the subscript v is used to denote the volumetric mechanism, and the subscript d is

dFy (3.25)

used to denote the shear mechanism. Figure (3.5) shows the yield functions and potential
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functions for both mechanisms used in this study. The mathematical forms of these func-

tions are outlined below.

(ENA do,

Ji

Figure 3.5: Yield Functions and Potential Functions

Shear Yielding
The yield function for the shear mechanism is assumed to be given by

Fa = sy(n = n4) (3.26)
where 7, is a constant describing the nature of the hardening, s, is a parameter denoting the

sign of dn, and 7 is the stress ratio defined in terms of the stress invariants as

3./3.

7 (3.27)

n=3S5z
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where s is the sign of the third stress invariant J; and the value of dn is

_[d dd,
dn_n[%— Jl] (3.28)

In view of equation (3.26) and by the definition of sy, it can be seen that the value of
%daﬁ is always non-negative and therefore “unloading” is undefined in this mechanism.
Therefore, the choice of yield function ensures that this mechanism always induces plastic

strains whenever there is a change in 7, i.e.
Cy=1.0 for any dn (3.29)

The flow potential function of the shear mechanism, G, is assumed to be of the follow-

ing form
Gy =s,1m+ M(0) In (i—-) = (3.30)
(J1)a
where (J1)q is a constant and M, is the absolute value of the ultimate stress ratio, i.e.
JWC = ln,ultimate (33 1)

For the special case of triaxial conditions, the potential function given by equation (3.30)
becomes identical to the yield function used in the original Cam-Clay model (Roscoe et al.
1958). Also, the shape of the potential function depends on the direction of loading and the
state of stress. This is illustrated in Figure (3.6a) for a cyclic triaxial compression test. The
stress path is shown as the solid straight line and the evolution of the potential function is
depicted for states of stress marked on the stress path. The potential function is concave
downward when dn > 0 and concave upward when dn < 0,

The parameter M, is, in general, a function of Lode angle, 8, and thus describes the
anisotropic behavior of the soil. In order to study the variation of the parameter M, with re-
spect to Lode Angle, the failure criterion proposed by Matsuoka and Nakai (1974) is closely
examined, because this failure function was derived by considering the mechanical aspects

of the shearing mechanism. It is expressed as

J1J2 _
T, =c (3.32)
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where ¢ is a material constant. In view of equation (3.31) and by the definition of 7, the

value of M, can be expressed in terms of the stress ratio at failure, 7); as
Me = sy (3.33)

Therefore, in view of the definitions of stress ratio and Lode Angle, equation (3.32) could

be expressed in terms of M, as

B 27(9 — M?)
25, 8, cos(30) M3 — 9M?2 + 27

The above equation can be used to estimate the value of ¢ from the value of the parameter

(3.34)

C

M. By rearranging we arrive at a cubic equation for M, in terms of § as
257 8y cos(30) M2 — 9(c — 3)M? +27(c—9) =0 (3.35)

By taking derivatives with respect to §, equation (3.35) can be rearranged as

oM, Sx 8p cMZ sin(30)

00 [sn sy cM,cos(30) — 3(c — 3)]

Further, from the definitions of Lode angle, 6, the partial derivative of 8 with respect to o

(3.36)

can be expressed as

08  cot(30) | 3 1 2,
From equation (3.36) and equation (3.37), we get
oM, Sz Sy cM?2 cos(36) 3 1 ( 2, )
= < —8;; = — | SiaSp; — =Jo0; 33
Do 3[5s 5y, cos(30) — 3(c—3)] |2 ~ gy \Fwui — 3l ) (338)

With simple algebra, the first invariant of the above tensor, %Jﬂ,, can be shown to vanish,
ie.
oM,
60’,‘,‘

The derivative of the potential function, G4 with respect to o5, i.€., g—(%, is a second or-

0 (3.39)

der tensor and can be expressed as a sum of the deviatoric tensor component and an isotropic

tensor Component, as
aGd
8_0'—5;' = Dij +d 6ij (3.40)
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where D;; and d are the deviatoric tensor and the first invariant of the tensor 9oz, respec-
i

tively and their values are given by

Sp N J1 8Mc
Dii = |Zlsi+In|——] — .
j [2J581+ 11((-]1)«1) ao'i]-] (341
M, - s,n
d = —=—nl _
7, (3.42)

Volumetric Yielding

The volumetric yield function, F, is assumed to be given by
Fo=J1—(J1)y=0 (3.43)

where (J;), is a constant determining the nature of the hardening.
In view of equation (3.26) and the volumetric yield function given by equation (3.43),
the volumetric loading is assumed to occur when d.J is positive, while unloading is assumed

to occur when dJ is negative. Therefore, the value C, as in equation (3.25) is given by

(3.44)

Cv =1.0 dJ; >0
Cv = 0.0 d.]] <0

The plastic strains are assumed to occur only due to virgin loading and reloading and the
volumetric unloading induces purely elastic strains, however, the yield surface expressed
by equation (3.43) is assumed to remain valid even during unloading. In other words, the
yield surface is assumed to collapse or degrade during unloading.

The potential function of this mechanism, G, is assumed to be of the form

27}

GU=J1+W

- (N)e=0 (3.45)

where (J ). is a constant and M, is the ultimate value of stress ratio, 7. For the special case
of triaxial conditions the above potential function is identical to the one used in the modified
cam-clay model (Roscoe & Burland 1968). The family of potential functions during a cyclic

triaxial compression test is illustrated in Figure (3.6b).
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The parameter A, is assumed to change with the plastic distortional strain history in an
incremental form such that the ultimate value of M, is in fact equal to the value of M,. This
use of a different parameter for the ultimate value of stress ratio evolving with the loading
history allows us to model the strain-softening behavior of the soil. The incremental varia-

tion is assumed to be given by
dMy = (M, — ) (M2 — MZ2)dW? (3.46)
where dW'? is the change in the plastic distortional work given by
dW? = e;i” do; (3.47)

Since both the parameters M, and M, denote the ultimate stress ratio, it is reasonable to as-
sume that the variation of A7, with respect to o;; is of the same form as that of the parameter

M. Therefore, in view of equation (3.48), we get

oM, Sz 5y M2 cos(30) 3 1 ( 2, )
80i; 3 [8xSycM,cos(30) — 3(c — 3)] {25 % J Stk kg 3J26” (3.48)

With simple algebraic manipulations, it can be shown that the first invariant of the above

tensor, %%41, vanishes, i.e.
ij
M
My _ (3.49)
6%-

The derivatives of the volumetric potential function, G, with respect to 05, 1.e., g—(%, isa
second order tensor and can be expressed as the sum of isotropic and deviatoric components

as
oG
— = Vi]' + 61']' (3.50)
aa,-j

where V;; and v are the deviatoric tensor and the first invariant of the tensor 3‘?% respectively

and are given by

7 1 27 27]2 -]1 GM,,
I ij -"—2 - Sij - p —
M2, M, 0o;;
Mﬁ —n?
M2

(3.51)

(3.52)
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Hardening parameters

The hardening moduli for volumetric yielding, H,, and for shear yielding, Hy, were chosen

to be functions of the stress and strain state parameters as well as the model parameters as

M Q(Ilm - Il) 1
H, = P - 3.53
(M, + ) [ o % (3:53)
_ L \[ln-mlE M, Y
Hy = exp (11m Z 11) [ 201G (My - 1) \ou + 0, (3:54)

where o is a material parameter that describes the total volume-change behavior due to the
change in J; (Banerjee & Sribalaskandarajah 1994); 7, is the value of 7) at the previous shear
reversal; I, is the maximum value of the first strain invariant, I1; and o, is the excess pore
pressure. The value of I, can be expressed in terms of the initial void ratio, e; and the

minimum void ratio, ¢,,;, as

€0 — €min
iy = ——— 3.
! 1+ e (3-53)

3.3 Implementation of the Model in Numerical Schemes

In this section computational procedures are outlined for the most common situations en-
countered in geomechanics practice to facilitate the implementation of the above constitu-
tive model into numerical schemes. In general, either stress or strain increments are known

and drainage conditions are assumed to be extreme, i.e., drained or undrained.

3.3.1 Computation of Incremental Stress from Incremental Strain

The incremental strains are primary variables, therefore the stress increments are calculated
from the current state parameters as well as the incremental strains. The choice of incre-
mental strains as primary variables does in fact implicitly specify the drainage conditions,
as incremental volumetric strain is also being assumed. However, during undrained condi-
tions the first invariant of the incremental strain tensor must remain zero. In other words,
when incremental strains are specified the computational details remain the same for both

drained and undrained conditions as outlined below.
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In view of the incremental elasto-plastic theory (equation (3.18)) and the model outlined
in the previous section using equations (3.25), (3.26), (3.30), (3.43), and (3.45), the incre-

mental elastic strain components can be expressed as
de;;® = dey; — CyHy (Vij + vdi5) dJy — CyHy sy (Dy; + ddy;) dn (3.56)

Taking the first invariant of the incremental elastic strain tensor and considering the gener-

alized Hooke’s law (equation (3.20)), one obtains from equation (3.56)
d.]l =3K (dfii - 3OUH,,U dJl - 3CdH,l S"d d?]) (357)

Now, considering the definition of the second deviatoric invariant, Jg, of the stress tensor

given by equation (3.16), one gets
dJ; = sijdsi; (3.58)
Substituting for ds;; from equation (3.19), we arrive at
dJy = 2G s;; de;;° (3.59)
In view of equation (3.56), equation (3.59) can be rearranged as
dJy = 2G [s;; de; — CyHysiiVij dJy — CyHy SySi;Dij dn] (3.60)

In view of equations (3.39) and (3.49), the following simplifications can be derived.

spsiglDiy = (3.61)
2n° Jy
Sij Vij = ]V[I? (362)
Substituting these expressions, equation (3.60) can further be simplified as
2C,Hyn?J,
dJ; = 2G [Sij dei; — ___sz77 > dJ, - CHan dﬂ} (3.63)
P

In view of equation (3.28), substituting for the term d.J} in terms of d# and dJ;, the above

equation can be rewritten as

! 1 2
C([HdG'I] -+ é d?] -+ ﬁ + w dJ] = G’s,-,-de,-j (364)
i J1 M?



32

Rewriting equation (3.57), we get
[9CuHqys,Kd] dn+ [1+9C, HyK v] dJ, = 3K de;; (3.65)

Equations (3.64) and (3.65) form a set of simultaneous equations in terms of the two un-

knowns dn and dJ;. These unknowns can be solved explicitly to give

dJ, = UsTs = SsTw (3.66)
Us 8y — S5 Uy

dyp = Sulv =~ UTs (3.67)
US Su - 83 vv

where

B | 2C,H,GntJ,
Ji M

1

$g = Cdes,,Gn-f-%
v = 14+9C, H,Kv (3.68)
vs = 9CqHys, Kd

rs = G sjjde;

Ty = 3.[{(161'1'

The incremental effective stress tensor can be written in terms of dJ; and dn as

dJ 2G

2G {deij - C,H, (Vl] + U(sij) dJ, + CyHy Sy (.Dij + ddij) d'l]} (3.69)

3.3.2  Computation of Incremental Strain from Incremental Stress

The choice of components of incremental stress as primary variables does not require any
assumptions regarding the drainage conditions. However, the drainage conditions have an
impact on how the incremental strains are computed. This is because during undrained con-
ditions excess pore pressure is induced, and the effective stress tensor is therefore different

from the total stress tensor. Due to the effective stress principle, the incremental effective
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stress tensor, do;, can be expressed in terms of the incremental total stress tensor, dosit,

and the incremental pore pressure, do,, as

dO’ij = dO’ijt - dap&-j (370)

Drained

Since excess pore pressure is not generated during fully drained conditions, the incremental
effective stress tensor is identical to the incremental total stress tensor. Thus, one can readily
calculate the values of dJ; and dn from the the incremental stress and the incremental elastic
and plastic strain tensors can be evaluated explicitly. The incremental strain tensor can be
expressed as

dSi i do i

ﬁ + 97 (5ij +C,H, (V;] + ’U5,;j) dJ, + CyHy 8y (Dij + déij) dn @371

deij =

Undrained

In practice, components of effective stress are difficult to control, therefore the components
of incremental total stresses are considered as the primary variables. Although the compo-
nents of incremental total stress are known, due to the development of pore pressure, the
components of incremental effective stress remain unknown. However, the first invariant
of the incremental strain tensor is zero due to the drainage conditions. Therefore, in view
of the equations (3.64)-(3.69) one can arrive at

_Uu

dn = —2 dJ, (3.72)

'Us
Substituting for dn from equation (3.28) and eliminating d.J} in view of equation (3.58), the

above equation simplifies to

77J1 Vs
dJ, = i dSi 3.73
YT AT (vem — vey) sij 08y G.13)
where
)
dsy; = dot, — %% 5, (3.74)

73
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Substituting equation (3.73) into equation (3.72), the value of dn can be expressed as

- =N Jl Uy
B 2J5 (vsn — vy i)

d77 Sij dSij (375)

Using equations (3.73)-(3.75), the values of dJ; and dn can be calculated. Thus, the val-

ues of incremental strain tensor and the incremental effective stress tensor are expressed in

terms of d.J; and dn as

sy,

dej = 35 Tog %t
CvHv (VU -+ ’U(Sij) dJ1 + C,[Hd STI (Dij =+ déij) d’l} (376)
d
daij = dSij + —é]—l- 51']' 3.77)

3.4 Summary

An alternative formulation to describe the volumetric behavior of soils under isotropic com-
pression has been proposed and verified in the Section (3.1). In addition, a general constitu-
tive law has been proposed in the Section (3.2) with only seven model parametess, denoted
as, Go, Ko, o, B, ¢, M, and M,, and state parameters, ey and en;,. This mode] can be
categorized as a non-associative plasticity model based on multiple yielding concepts as in
Koiter (1953). Two separate yielding mechanisms are used in this model, each character-
izing the volumetric and shear yielding behavior of the geomaterial. The complete set of
the equations characterizing the model is included in this paper so that they can be incor-
porated in numerical techniques. For general situations encountered in the most common
numerical schemes, simplified model equations have been presented in the Section (3.3).
The performance of this model against published experimental data is discussed in the next

chapter.



a). Shear Mechanism

J1
b). Volumetric Mechanism

Figure 3.6: Evolution of Potential functions during cyclic triaxial compression

test
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Chapter 4

PERFORMANCE OF THE MODEL

The performance of the general soil model proposed in the previous chapter is exam-
ined in this chapter. The practical usefulness of this model depends on the actual modeling
performance, as well as the ease with which the model parameters can be identified for a
given soil. The model parameters could be identified either by devising simple experiments
reflecting the infiuence of each individual parameters or by using numerical techniques to
match experimental data from the traditional Jaboratory experiments. In this study, the latter

approach is employed and the method used in this study is outlined in the next section.

.The model proposed in the previous chapter handles generai three dimensional loading
conditions. But, most of the reliable experimental studies of the behavior of soils are limited
to specific loading conditions such as triaxial, one-dimensional compression, direct shear,
and pure shear. Among these experiments the triaxial tests are the most common, therefore,
the model performance in this study is essentially limited to the performance of the proposed

soil model under monotonic and cyclic triaxial loading conditions.

The response of the proposed model cannot be expressed analytically, as the formulation
of the model is incremental and complex. Hence, the model response has to be computed
and expressed numerically. Using the model estimates and the observed values, a numerical
scheme using optimization techniques to estimate the model parameters by minimizing the
error in the computed response. is described in the next section. In the following section,
observed and computed results obtained from this numerical technique are presented and

discussed for monotonic and cyclic loading conditions.
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4.1 Parameter Estimation Using Optimization

As mentioned earlier, 2 numerical scheme based on optimization techniques to estimate the
numerical values of the parameters of the model presented in the previous chapteris outlined
in this section. The objective of the scheme is to find a set of model parameters reproduc-
ing the experimental results with minimum error. The total error can be expressed in terms
of the observed and computed values of the experiment. This error function serves as the
objective function in a minimization algorithm and a solution is found by minimizing the
objective function over the acceptable range of the model parameters. In other words, the
goal of the numerical scheme presented in this section is to locate the “global minimum” of
the objective function and the corresponding model parameters.

The algorithms used in the optimization schemes for this type of non-linear objective
function are iterative in nature. The algorithms start with an initial estimate, proceeding to
find a sequence of newer estimates, each representing an improvement over the previous
estimates. These algorithms are broadly classified as: direct search methods; gradient and
second derivative methods; and non-linear least square methods. Of these algorithms the
direct search methods are the simplest. These algorithms require only the function values
to direct the search, while gradient based methods require the knowledge of the gradients as
well. Although direct search methods are less efficient than gradient based methods, they
are simple and easier to implement. These algorithms are well suited for applications in
which the objective functions are non-smooth or non-differentiable, or the derivatives are
discontinuous. On the other hand, nonlinear least squares methods are well suited for mini-
mization problems with nonlinear least squares objective functions, which are expressed as

a sum of squares of n (> n,) nonlinear functions.

F(P)= };1 (7] @.1)

Where P is the vector of parameters the objective function depends on and n,, is the length

of the vector P.
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The model performance and observed performance in this study are numerical in nature.
Therefore, the gradients of the observed and computed functions have to be computed us-
ing finite difference assumptions and any one of the above optimization algorithms can be
used to minimize the objective function. But, since the objective function in this study is
naturally expressed as a sum of squares of nonlinear functions, a minimization based on a
non-linear least squares algorithm (Dennis et al. 1981a, Dennis et al. 1981b) is used in this
study.

In general the objective function can be expressed as a function of the experimentally ob-
served and the computed variables, mean total stress, shear stress, volumetric strain, shear
strain, and excess pore pressure. Noting that the model presented is based on the effec-
tive stress principle and the value of effective stress can be estimated from the values of
mean total stress and excess pore pressure, the variables of interest can be limited to these
four: mean effective stress, p; shear stress, ¢(= \/3575) volumetric strain, €,(= ¢;); and
shear strain, ¢,. These variables in general are independent of each other. But, depending
on stress path and drainage conditions, the values of some of these variables are known or
are interrelated. The observed values of the mean effective stress, shear stress, volumetric
strain, and shear strain are denoted with a superscript “o” as, p?, ¢, €,¢, and €,7, respec-
tively, and are recorded during an experiment at discrete intervals. In addition, since the
model is incremental in nature, it is not possible to express the model prediction explicitly
as a function of the model parameters and the state parameters. Hence, the predicted values
of the above variables, denoted with a superscript “c” as, pf, ¢f, €,¢, and ¢,¢, respectively, are
computed numerically at discrete points at which the experimental values of these variables
were recorded.

During drained triaxial loading, no excess pore pressure is developed and the ratio be-
tween incremental mean effective stress and incremental shear stress is a constant deter-
mined by the type of triaxial loading to which soil sample is subjected, such as axial com-
pression/extension, lateral compression/extension, constant mean stress, constant shear stress,

or constant shear stress ratio. Considering that the experiment is done on a prescribed stress
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path, the natural choice of independent variable is either the mean effective principal stress
or the shear stress. Hence, the volumetric strain and shear strain can be expressed as func-
tions of model parameters and mean effective principal stress.

During undrained triaxial loading, on the other hand, no volumetric strain is developed.
But due to the development of excess pore pressure, the ratio between incremental mean ef-
fective stress and incremental shear stress is not a constant. Therefore, the choice of shear
strain as the primary variable seems to be the most logical choice in this case. The mean ef-
fective stress and shear stress can be expressed as functions of model parameters and shear

strain. The following subsections describe the optimization schemes under these two dif-

ferent choices of primary variables.

4.1.1 Drained Triaxial Loading

10.0 I T o 0.015 F———"1——71— —— T
o ® Observed °
((?, B | ] g .go E
2 ol 0 ] & ootof o] 8 .
) .0 ] n °
© - 8 ° S 0.05 .
T 40 . ° 05 - °
o T E oms| & 402 o
D Lol & [ eObseved| © o n L
T8 |L__eCakuated > P °°o°
0.0 (_f. | ISP SR S Q00 R IS PR I 0.00 M | i
30 40 50 60 7.0 30 40 50 60 70 3 4 5 6 7
Mean Effective Stress

Mean Effective Stress Mean Effective Stress

Figure 4.1: Results of a typical drained monotonic axial compression test

Consider a drained axial compression test in which the typical results from the laboratory
test and the model prediction are expressed in terms of the mean effective stress, as shown
in the Figure (4.1). Since the primary variable is mean effective stress and the stress path
is axial compression, the observed parameters, p; and g7, are identical with the computed
parameters, p; and ¢;, producing noerrors. The objective function, F, which is a function of

model variables G,, K, a, f, {, M., and M, and the state variables, o and ey, therefore
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can be expressed in terms of the variables, €u7» €7 Eug, and €gs 1.6,
n
F(P) =3 [(f - &) + (& — &5)7] (42)
i=1

where n is the total number of observed points, and the vector P is a collection of the model

parameters and the state parameters:
P =<G,, Ko, a, B, ¢, M., Mp1 €01 €min >T 4.3)

The values of P can be estimated by minimizing the above objective function, using stan-
dard optimization techniques.

Using the above error function given in the equation (4.2), the optimization techniques
will yield a reasonable set of parameters, if the magnitudes of volumetric strain and shear
strain data are of the same order. On the other hand, if the volumetric strain and shear strain
data follow distinctly different patterns and magnitudes, then the model parameters obtained
will reflect an unreasonable weighting towards the variable with the larger magnitude and
towards the range at which the large magnitudes occur. This problem can be overcome by

estimating the error function with normalized values of the observed data as

i 6% — 6,5\ ° €% —€,°\°
F(P)= Y Ve 9 4.4
(F) Z[(<>m) +<(eqs)m” “d

where (€7 )maz is the maximum absolute value of the observed volumetric strain, and (€¢7Imas

is the maximum absolute value of the observed volumetric strain.

4.1.2  Undrained Triaxial Loading

In an undrained triaxial compression test, the choice of shear strain as primary variable
is quite convenient as has been discussed earlier. Figure (4.2) shows the typical results
from laboratory experiment (i.e., observed) and model predictions (i.e., computed) for an
undrained triaxial compression test. As has been discussed earlier, the values of €,? and ¢,

are zero and €, is equal 10 €,. Therefore, the objective function can be viewed as an error
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Figure 4.2: Results of a typical undrained monotonic axial compression test
function in terms of the variables, p, ¢f, p?, and ¢?, as
. 2 2
F(P) =Y [(0¢ - p9)* + (¢f — ¢f)"] (4.5)

i=1
4.2 Performance of the Model

4.2.1 Monotonic Behavior

The performance of the proposed mode! under monotonic loading conditions is discussed
in this subsection, by comparing the observed experimental performance from published
sources (Tatsuoka & Ishihara 1973, Tatsuoka & Ishihara 1974b) with the predicted perfor-
mance. The model performance is predicted with the model parameters obtained using the
numerical optimization outlined above, minimizing the error between the observed and pre-
dicted data.

Figure (4.3) presents the experimental results (Tatsuoka & Ishihara 1973) and the pre-
dicted results of drained triaxial compression tests on soil samples with three different initial
confining pressures. The observed and predicted volumetric strain (Figure (4.3a)) and shear
strain (Figure (4.3b)) compare well. Similar comparison of observed and experimental data
for undrained triaxial compression test is presented in Figure (4.4). Close agreement of the

observed and predicted stress paths in conjunction with the strain levels is demonstrated. It
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should also be noted that the values of the model parameters are within a reasonable limit, as
bounded optimization is used to limit the solution to within a physically reasonable range.
The reasonable match of observed and predicted data noted above, favorably evaluates the

performance of the model for drained and undrained monotonic triaxial compression tests.

Figures (4.5) and (4.6) show the experimental results (Tatsuoka & Ishihara 1974b) and
predicted results for drained stress paths given by Figures (4.5a) and (4.6a). The observed
and computed volumetric strains for the above stress paths are depicted in the Figures (4.5b)
and (4.6b), respectively. The corresponding shear strains are depicted in the Figures (4.5¢)
and (4.6c). The above stress paths comprise a combination of axial compression, axial ex-
tension and constant shear triaxial loading paths. The model parameters used in the com-
puted results are obtained by the optimization procedure outlined above. These figures show
excellent agreement between observed and computed data. This demonstrates the proposed

model’s validity under a complex loading path with stress reversal.

4.2.2  Cyclic Behavior

The performance of the proposed model under cyclic loading is examined by simulating the
qualitative behavior observed in the experimental data from published sources (Tatsuoka &
Ishihara 1974a, Ishihara et al. 1975). The simulations included cyclic triaxial tests under
stress controlled and strain controlled test conditions with drained and undrained drainage
conditions. Although the experimental results and the calculated model results are shown
side by side for easy comparison, no attempt was made to identify the values of the model
parameters corresponding to the soil in question.

Figure (4.7a) and Figure (4.8a) show the experimental results (Tatsuoka & Ishihara 1974a)
of a stress controlled drained test on a loose sand sample subjected to triaxial compression
and extension between constant amplitudes of stress ratios, while Figure (4.7b) and (4.8b)
show the behavior produced by the proposed model. The volumetric strain change is de-

picted in Figure (4.7) and it is observed that the volumetric deformation during the initial
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cycles is predominantly plastic, and in the subsequent cycles it is essentially elastic. Similar
observation could be made with respect to the shear strains (Figure (4.8)) as the hysteresis
exhibited becomes smaller with each cycle. Figure (4.9) shows a sample of the same sand
subjected to the same test between larger amplitudes of stress ratios producing larger volu-
metric deformation. More importantly, much of the volumetric deformation in this case is
plastic.

Figures (4.10a) and (4.11a) show the experimental results (Tatsuoka & Ishihara 1974a)
of a strain controlled drained test on a loose sand sample subjected to triaxial compression
and extension between constant amplitudes of shear strains. With each additional cycle the
sample sustains higher stress ratios and therefore higher shear stresses. This explains why
the response is a combination of responses that were discussed in the previous paragraphs.
Figures (4.10b) and (4.11b) show the behavior produced by the proposed model.

Figures (4.12a) and (4.13a) show the experimental results (Ishihara et al. 1975) of a
stress controlled undrained test on a loose sand sample subjected to triaxial compression
and extension between constant amplitudes of shear stresses. Due to pore-pressure buildup,
the range of stress ratio increases with each additional cycle. The initial buildup of the ex-
cess pore pressure is small and the rate of pore-pressure increase is slowly increasing with
each additional cycle. However, when the stress ratio approaches the value of the critical
state parameter, the rate of increase becomes significantly large. In the subsequent cycles
either liquefaction or cyclic mobilty is observed. This behavior is reproduced by the model
in Figure (4.12b). As to the shear strain, the magnitude increases with each cycle; how-
ever, the increase is significantly large after the liquefaction is initiated. The area of the
hysteretic loop exhibited also becomes significantly larger. This behavior is reproduced in
Figure (4.13b) by the proposed model.

Figures (4.14a) and (4.15a) show the experimental results (Ishihara et al. 1975) of a
strain controlled undrained test on a loose sand sample subjected to triaxial compression
and extension between constant amplitudes of shear strains. Unlike in drained conditions

the shear stress is decreasing with each cycle and therefore the cyclic shear modulus (se-



cant) decreases. This is depicted in Figure (4.15c) and Figures (4.14b) and (4.15b) show

that the model behavior is in agreement with the experimental behavior.

Summary

The performance of the model presented in Chapter (3) has been verified in this chapter.
From the comparisons of model predictions and experimental results, it has been shown that
the experimental results are adequately represented by the present model under monotonic
and cyclic loading conditions. The subsequent chapters deal with the formulation of the

finite element scheme, in view of object-oriented programming techniques.
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Figure 4.3: Comparison between computed and experimental results of drained axial

compression tests (after Tatsuoka and Ishihara, 1973)
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Figure 4.4: Comparison between computed and experimental results of undrained axial

compression tests (after Tatsuoka and Ishihara, 1973)
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Comparison between computed and cxperimental results (after Tatsuoka

and Ishihara, 1974b) for Fuji Sand
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Figure 4.6: Comparison between computed and experimental results (after Tatsuoka

and Ishihara, 1974b) for Fuji Sand
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Chapter 5

FINITE ELEMENT FORMULATION

This chapter presents a numerical scheme to model dynamic geomechanics problems
with continuum and porous, continuum type finite elements. Since a coordinate free geo-
metric system is used, no implicit assumptions with regard to the dimensions of the embed-
ding space are made in this presentation. As the study is focused on solving dynamic prob-
lems and non-linear material models, a time-marching direct integration solution scheme
is utilized in the design and presentation of the study. The matrix equations resuiting from
the finite element analysis with lumped mass formulations can be simplified to yield a set
of uncoupled simultaneous equations as will be demonstrated in this chapter. This solution
scheme is used in the following chapter to illustrate the design and implementation of the

finite element software developed as part of this study.

5.1 Finite Element for Porous Media

This section presents the finite element formulation of a general continuum porous finite
element. The governing equations and boundary conditions pertaining to this formulation
are also presented. The formulation of a continuum type finite element is derived as a special

case of the porous continuum element.

5.1.1 Governing Equations

The dynamic equilibrium of the saturated porous media may be expressed as:

V-o+Vp+pF = pi 5.1
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where o, p, p, F, and u are the effective stress tensor, the pore pressure, the total mass den-
sity of the soil, the body force vector, and the displacement vector, respectively. The super-
posed dot denotes differentiation with respect to time; hence, @ is the acceleration vector.

The strain tensor, ¢, is expressed in terms of the displacement vector, u, as:
€= %[Vu + (V)T + Vu(Vu)T] (5.2)
The stress-strain relationship of the solid phase, in general, may be expressed as:
ozfot[D:de]dt+ag (5.3)

where D is the fourth order stiffness tensor, o, is the initial stress tensor, and the operator :
denotes double contraction between tensors. Neglecting the inertia effects of the water, we

assume that the diffusion process is governed by Darcy’s law as:

¢=H-(Vp+psF) (54)
where g is the flux vector; H is the permeability tensor, and py is the density of the water.
Note that the assumptions by Darcy and Biot regarding the flow of fluid in the porous media

are tacitly assumed to hold. Further, the condition of saturation implies that the outflow from

the soil must equal the reduction in volume.

V -q= —trace(¢) = =V - i (5.5)

On the assumption that there is no instantaneous dilatation at the time of load applica-

tion, the convolution product associated with the equation (5.4), can be written as:

g« V- [H-(Vp+p;F)+V-u=0 (5.6)
in which the notation * denotes convolution product, such that:

VEW = /OL v(z, t)w(z,t — 7)dr (5.7

and,
g=1 (5.8)
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5.1.2 Boundary Conditions

The traction and the displacement boundary conditions associated with the deformation of

the porous medium are:

(c+pl)-n=T on S (5.9)
u=171 on Sy, (5.10)

where S, and S, are the respective portions of the boundary of the volume V' in which the
traction and deformation are prescribed, n is the unit outward normal vector to the boundary
of the volume V/, and I is the second order identity tensor.

For the diffusion process, the boundary conditions associated with the prescribed pore

pressure and the prescribed flow of pore water are expressed as:

p=p on S, (5.11)

g-n=0Q on S, (5.12)

where S, and S, are the respective portions of the boundary of the volume V' in which the

pore pressure and flow are prescribed.

5.1.3 Formulation

A functional £(u, p) can be constructed taking u and p as primary field variables, subject
to equations (5.3), (5.2), (5.10), and (5.11), such that the trial functions of u and p that pro-
duce a stationary value of ) automatically satisfy the field equations (5.1) and (5.4), and
the natural boundary conditions, equations (5.9) and (5.12), at any time ¢ € [0,inf). An

expression of 2 can be written as:

Qu,p) = /‘,[%Urf—pF-U+Wu—%g*Q'(VprF)]dv"

‘[G'T-'uds-l-/sq[g*c‘?p]ds (5.13)
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The region V is discretized into an assemblage of finite elements; as a result, equa-

tion (5.13) can be written as the accumulation of individual element contributions, i.e.;
Qu,p) = ZQ“(u, D) (5.14)
in which

Qu,p) = /Vc[%a:e—pF-u+qu—%g*q-(Vp+pfF)]dv-—

LgT-uds+[gg[g*Qp]ds (5.15)

where V¢ denotes the volume of the element, and S¢ and 5, are the respective parts of .S,

and Sy that are associated with the element.

Discretization

Now, consider the element submanifold, M € E?, defined by the map ¢ : R™ — E° such
that P = ¢(¢},...,&™), P € M,m < 3. The map ¢ can be expressed in terms of shape

functions as:

$(E%) = N*(¢%)P, (5.16)

in which the notation ¢(£%) implies ¢(£2, . . . , €™), P; represent the set of nodal points of the
element, N*(£2) represent the corresponding set of scalar shape functions, and summation
over ¢ is implied.

The natural basis in the parametric tangent space, 0/9€® induces a basis in the physical

space, which can be calculated as:

_ 09
o = g (5.17)

Similarly, the parametric dual basis has a physical counterpart, g, which can be determined
from the requirement:

Jo- 9% =488 (5.18)

(2

in which 87 is the Kronecker delta.
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The element displacements can be represented by a vector field w : R™ — T,,(M). That
is, u assigns to each parametric point a vector in the physical tangent space. This displace-
ment field can be expressed in terms of the nodal values by using the interpolation functions,
N,, as:

uWﬂ=iMwmm (5.19)

where NE and u; are the values of the displacement interpolation function and the values of
the displacement corresponding to the i node, and n,, is the number of element nodes as-
sociated with the displacement degree of freedom. Similarly, the fluid pore pressure field, p,
within each element can be expressed in terms of the nodal values by using the interpolation

functions, NV, as:

Tip
PEt) = X N (E)milt) (5.20)
i=

where N;,' and p; are the value of the pore pressure interpolation function and the value of
the pore pressure corresponding to the i* node, and n,, is the number of element nodes as-

sociated with the pore pressure degree of freedom.
The strain-displacement relation, equation (5.2), is expressed in terms of tensors. For
our purposes, it is preferable to reformulate the relation in terms of tensor products of vec-
tors, allowing the coordinate-free representation of the strain to be expressed in geometric

terms. To this end, the deformation gradient term, Vu, can be expressed as:

o Ou
Vu—g ®5€E (521)

Substituting this relation, equation (5.21), equation (5.2) can be expressed as

ou Bu
% 50 (5.22)

oo Ou  Ou o N
6=%[g ®@+@®g +(_(] @95)

This equation provides a general coordinate-free representation for the strain tensor at any

parametric point. For computational purposes it is helpful to use the relation:

ou ou
@ — (g% RNg oo
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to express equation (5.22) as:

ou  Ou ou OJu
=1 - —_— —_— — e — (g™ 8 o)
29 5g5 * gga 99+ pea geal9" @ 9°) (5.24)

Equation (5.24) can be rearranged as

du\ 8
=%(9“®gﬂ+gﬁ®g“)[(gﬂ+;a;) -b?zfx (5.25)

In view of equation (5.19), equation (5.25) can be rewritten as:

Ny

€= ZN:(&“) - U (5.26)
i=1
in which ‘
i 6N1 a7 3
N(€%) = %—5‘-5(75—) (o0 +5"®g%) ® (gﬁ + Qag’ﬁ,) (5.27)

Where N?(£°) is a third order tensor. Using this result, equation (5.3) can be expressed as:

o= Z / [D: (N{(€%) - )] dt + 0, (5.28)
where o, is the initial stress tensor in the element before any deformation and D is the fourth
order tensor describing the constitutive behavior of the material.

Similarly, equation (5.4) can also be expressed in terms of the nodal values of the dis-
placements and pore pressure as:
o IN,(£%) ‘
=>{H-[( ag(a p:)g* + pyN'Fi]} (5.29)

i=1

In view of equations (5.26), (5.28), and (5.29), and by taking variations of the equa-

tion (5.15) with respect to u; and p; and by eliminating convolution, we get

+R (5.30)
(5.31)

tull

M-U+K-U+Y.P =

&l Ual
|
=l

YI.U-K.P =

in which

e

My = Z / [onving]a (5.32)
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Ky = Z //c[Nj:D:Ng']dv (5.33)
Y, = Z / : 65‘3 g°dv (5.34)
_ ON; ONi

R | ——PB

e () @ e
B = Z / (001 Ni]dy (5.36)
B = 2 / [oNiF) ds (5.37)
= BN’

B = z/v . [pfaga (H - g%)- F]} dv (5.38)
R = 2 /S f NiT] ds (5.39)
R = ; /S ;; [N ds (5.40)

where the matrix equations (5.30) and (5.31) form the simultaneous equations in terms of
the nodal variables for the entire structure. Physically, B is the force component due to
the initial stress, o,; B and % are force components due to body forces; & and R are force
components due to boundary traction and flow conditions respectively; and X, ¥ and I
constitute the stiffness components,

From equation (5.31), the variable P can be solved for and by substituting this into equa-

tion (5.30), we get

M-U+C-U+K-U=F,, (5.41)

in which
C = YR T (5.42)
F., = YK (% - ﬁ) +B-B+R (5.43)

The matrix differential equation (5.41) above is similar to the general dynamic matrix equi-
librium equations. The matrix C defined by the equation (5.42) represents the equivalent

damping matrix of the structure.
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5.1.4 Finite Element for Continua

A general formulation of a finite element for the dynamic analysis of porous media has been
presented in the above subsection. It turns out, the final differential matrix equations ob-
tained in equation (5.41) are identical in form for a finite element formulation of a contin-

uum element. For this problem the dynamic equilibrium equations are given by
V-o+pF = pi+ pi (5.44)

in which y is a constant reflecting the damping properties of the material. The matrix equi-

librium equations can be derived as

M-U+C-U+K U= Fyuy (5.45)
where

Fa = B-B+R (5.46)

My =3 | [pNini] ao (5.47)
e=1 ve

Cy = 3 / [uNiN) dv (5.48)
e=1

Ky = Z [ INis D Nl (5.49)

B, = Z /V (0, : Nijdu (5.50)

B = §/V pNiF| ds (5.51)

R o= 5[ [N ds (5.52)
> [, ]

The above equations (5.46) - (5.52) summarize the components of the matrix differential
equation (5.45). The “consistent” mass matrix defined above has off-diagonal terms which
in-turn lead to “mass coupling” and hence making computations more complex. On the
other hand, the inertia forces could be simply expressed in terms of the accelerations and

concentrated masses at the nodes, producing a lumped mass matrix for the analysis. The
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resulting matrix is diagonal and has non-zero diagonal terms associated with transiational
degrees of freedom. The following section briefly describes the direct integration algorithm
implemented in the study, and describes an element based solution strategy presenting a set
of uncoupled dynamic equilibrium equations. This solution strategy eliminates the need for

explicitly assembling the global stiffness matrices.

5.1.5 Solution Scheme

The procedures for the solution of general systems of matrix differential equations can be-
come computationally expensive if the order of the matrices is large. In the following, the
special characteristics of the coefficient matrices M, C, and K are taken into account in
the choice of a solution scheme to reduce the computational effort. As mentioned earlier, a
lumped mass system is considered and a direct integration solution scheme is presented in
this chapter, although the design of the computational framework itself is general and can
accommodate various numerical solution schemes. In a direct integration solution scheme,
the differential equations are integrated using a numerical step-by-step procedure satisfying
the differential equation at discrete time intervals, At, apart. This means that the dynamic
equilibrium equations given by equation (5.45) could be viewed as static equilibrium equa-
tions including the effects of inertia and damping, with the need for satisfying equilibrium
at discrete time intervals. Different direct integration solution schemes are available, each
being based on distinct assumptions concerning the form of the variation of displacements,
velocities, and accelerations. The Newmark method (Newmark 1959) is used in the deriva-
tions presented in this chapter.

The Newmark method is essentially an implicit method requiring the solution of a non-
diagonal system of equations. The assumptions for the variations of velocities and displace-

ments are given by

Uar = Ui+ [1-08) 0+ §Uryac] At (5.53)
Unar = Ui+ AtU, + (L =) Up+ VW iar] (A2)? (5.54)
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where ¢ and vy are parameters that can be determined to obtain integration accuracy and
stability, and the equilibrium equations are satisfied at £+ At. For consistent mass matrices,
the Newmark method remains implicit for all values of parameters, § and . In case of a
lumped mass model, an explicitscheme can also be formulated producing uncoupled system
of equations, and each individual value can be computed directly from the corresponding

value at the previous time step. This explicit scheme, with § = % is given as

Ui = U,_+%Ut (5.55)
Unar = Ui+ AU, + (807 (3 - 7) U, (5.56)
Uar = (jt+At+%Ut+At (5.57)
Uwar = Upar+ (A1) U (5.58)

in which U ++a¢ and U t+At> given by equations (5.55) and (5.56), are the approximate esti-
mates of the velocities and displacements at ¢ + At, and equations (5.57) and (5.57) give
the corresponding updated values. Equations (5.57) and (5.58) are identical with that of the
implicit formulation given by equations (5.53) and (5.54). The following equation is con-

sidered to satisfy equilibrium.
M-Uppe+C Upns+ K- Upprr = Fertra (5.59)

In view of equations (5.54), (5.55), and (5.56), the above equilibrium equation (5.59) can

be rewritten as

1 1 1 :
{’Y—(A—t)—.z‘ﬂ/[}[jg.{_At = {VAtZA[—I(}Ut'*‘{WIM—C—AtI{} Ut+
1 At 1 2 L
{(5_1) M——2—C—(5—7)At K}UHL

F ert(t+At)

(5.60)

As noted earlier, the solution of the above recurrence scheme does not require inversior of
M for lumped mass systems, i.e., it is explicit. Consistent mass systems result in an im-

plicit recurrence scheme, which requires the inversion of M. For most practical problems
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M remains constant and is independent of the values of U. However, in the case of non-
linear problems one or more matrices M, C, K or the vector F,,, depend on the values of
U. The application of time marching scheme to non-linear problems, in general, typically
requires iteration within each time step. An alternative to iteration is to extrapolate the var-
ious matrices M, C, K from the previously established steps (Zienkiewicz 1977). Such
extrapolation leads to more stable solutions, and instabilities that may arise solely due to
iteration are thereby avoided. A very simple extrapolation uses the values of these matrices
corresponding to those at the previous time step. Accumulation of errors can be overcome

by correcting equilibrium equations for unbalanced forces at the end of each step.

5.2 Summary

For the analysis of dynamic soil-structure interaction problems, finite element formulations
have been presented for porous and continuum conditions of the soil media. Based on these
formulations, a direct integration solution scheme briefly has been outlined for use in the
practical soil-structure interaction boundary value problems using a finite element analy-
sis program. The design, development, and implementation details of this proposed finite

element software are presented in the next chapter.



" Chapter 6

COMPUTATIONAL FRAMEWORK

In the previous chapter the process of discretization is viewed as a mathematical exer-
cise to solve the governing partial differential equations of an engineering problem. The
discretization process provides an engineer with a mechanism to model complex geome-
try and to treaf non-homogeneity of the material properties. These components of the dis-
cretization and additional éonceptual objects used in modeling, analysis, and presentation
form the basis of the design of the proposed computational framework for dynamic soil-
structure interaction analysis. The framework presented in this chapter is based on the con-
cepts of object-oriented programming. These concepts and the ensuing discussion do not
rely on the use of any specific programming language. However, C++ was used in this study
during the prototyping and implementation stages of the design. Therefore, C++ code frag-
ments and terminology are used occasionally in the discussion for illustrative purposes.

The design of an object-oriented analysis requires the identification of classes of ob-
jects, their attributes, and the functionalities of these objects. This involves: determining
the objectives of the software; identifying the candidate classes, properties and function-
alities; identifying the user-interfaces of the software; and refining the designed classes.
The end-result of the design of the computational framework using object-oriented pro-
gramming technique is, therefore, the identification of abstract data types and the associated
functionality pertinent to describe the physical and numerical models of interest, as well
as the data handling and presentation techniques and tools. The classes necessary for the
graphical user interface (GUI) are derived from an existing object-oriented graphics library
Unidraw (Vlissides 1990) based on the InterViews (Linton et al. 1988) graphics library. Ide-
ally, the GUI related classes and the numerical analysis related classes would be completely
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independent to allow switching among different GUI libraries. As this is not possible, the
objective of the design is to minimize the effort needed to make such a switch by limiting
the interdependence between the analysis related classes and the GUI related classes. The
GUI-independent classes as well as GUI-dependent classes used in this study are discussed

in detail in the following sections.

6.1 Analysis Related Classes

Graphical

Analysis related | representation Graphics related
classes ofpa:asﬁ,sﬁt ° classes
related classes

\

Figure 6.1: Separation of analysis and graphics classes-

As mentioned earlier, the bulk of the analysis related classes are kept free of GUI depen-
dence and are described in this section. Objects that require a graphical representation are
identified and classes defining their graphical representations are discussed in the next sec-
tion. The information flow between the analysis and graphics classes are handled through
these graphical representation objects as shown in Figure (6.1). Numerical modeling and
analysis procedures, especially finite element method, is built on concepts such as nodes,
degrees of freedom, elements, materials, stresses, strains, loads, and constraints. Each of

these components as well as the overall analysis and data management structure are dis-
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cussed and appropriate abstract classes are defined in the following subsections .

6.1.1 Nodes

In any numerical method, nodes primarily represent the discretized topography of the prob-
lem as well as the locations at which the primary variables of the differential equations are
either specified or to be solved. A node is also associated with internal degrees of freedom,
constraints, applied loads, and optionally, a set of attached elements besides its location.
The roles of these entities in the definition of the Node class is briefly discussed below.

The response of a node to generalized forces is governed by its associated degrees of
freédom. Explicit awareness of individual degrees of freedom is equivalent to explicit aware-
ness of individual vector ;:omponents, which counters the spirit of the coordinate-free ge-
ometry concept. For this reason, a Node’s degrees of freedom are encapsulated within the
generalized degree of freedom classes, described in the next subsection. This encapsula-
tion makes it possible to shield the Node class from the details of the degree of freedom
implementation, and to support the dynamic alteration of the type and number of a Node’s
degrees of freedom. This latter capability can be very useful in interactive environments be-
cause the degrees of freedom of a particular node depends on the nature of the connecting
clements.

The role of constraints is to model generalized kinematical restrictions on the general-
ized displacements of a node. Unlike in traditional finite elements, the constraints are han-
dled by suppressing the internal and external force components along the constrained direc-
tions. A distinct Constraint class manages this operation, and is described in detail in
one of the following subsections.

For static problems, it would be simple to store loading information directly with each
node. For dynamic loads, hoﬁvcver, it is preferable to give each load its own identity, and to
make them the active agents, with the Nodes being passive. Thus the nodal loads are im-
plemented in distinct classes, as will be described later in this chapter. Nodes have the ca-

pability to receive generalized load information dynamically, but the Node itself is shielded
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from the details of how the load is implemented.

With respect to attached elements, the role of nodes is analogous to the fole of vertices
in graph theory. That is, the topology of the system is represented by the connectivity of the
nodes. For traditional finite elements, ordering of this topological structure is quite impor-
tant, since the degree of banding of the system stiffness matrix is related to the ordering of
the nodes. As will be seen later, the approach presented here is essentially immune to nodal
ordcring, and so connectivity monitoring within tﬁe Node class turns out to be a relatively
minor function that is not even strictly necessary. But to compute the element properties and
to ensure the appropriate load transformation between elements, information on the topol-
ogy of the systemis needed. A detailed discussion on this topic is included in the subsection
which discusses elements.

The geometry of the soil-structure interaction problem and the underlying geometric
manipulations can be represented by an abstract class, Node. The undérlying geometric
manipulations, however, are not trivial and could be handled efficiently by defining sepa-
rate classes for geometric manipulations. The definition of abstract geometric classes allows
different representations of the geometry and such representation details are hidden from
the definitions of the class Node. The finite element formulations presented in the previous
chapter use a coordinate free geometric notation. A set of abstract classes defining the ge-
ometric manipulations presented in the following subsection has been inspired directly by
the coordinate-free geometric system presented by DeRose (1989) based on abstract affine

geometry.

Coordinate Free Geometry

The coordinate-free geometric system discussed by DeRose is based on abstract affine ge-
ometry. This system allows the analytical geometric manipulations and calculations be ex-
pressed in abstract, coordinate-free, unambiguous terms. This makes it possible to glean
the expressive clarity and logical consistency built into rigorous formulations of geometric

concepts, along with the generality inherent in the abstractions themselves. As discussed by
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Figure 6.2: Classes for geometric manipulations

DeRose, one can ensure that only operations that make sense geometrically are performed,
by requiring all geometric operations to take place through abstractions. For example, con-
sistent with affine geometry, distinction can be made between vectors and points by defin-
ing distinct classes, say GPoint and GVector. These two classes could be derived from
an abstract base class Vector inheriting the common three dimensional vector operations
(Figure (6.2a)). With this class structure, geometrically meaningless operations, such as
adding two points, can be avoided. Operations that do make sense, such as adding a vector
to a point to obtain a new point, can be performed without regard to details such as the di-
mension of the space or the coordinate system used to implement the geometric entities; i.¢.,
all géomeu'ic operations can be expressed in a coordinate-free, dyadic form. - The graphical
representation of a structure defined ona computational model requires different geomet-
ric spaces and transformation between such geometric spaces (GSpace). For example, the
space in which the structure is defined is generally referred to as the *world coordinate sys-
tem’, while the space in which the representation is defined is referred to as ’screen coor-
dinate system’. Geometric operations between different spaces are disallowed to retain the
clarity of the approach, while the transformations from one space to another is permitted.
In each such space, there could be several different coordinate systems and such coordinate

systems are defined by the class GFrame and this is in parallel to the idea of several local



Table 6.1: Protocol for geometric classes GVector and GPoint

CLASS OPERATION | ARGUMENTS EFFECT
GVector | Operator+ GVector returns GVector
GPoint returns GPoint
Operator- GVector refurns GVector
- returns GVector
Operator* Scalar returns GVector
Operator/ Scalar returns GVector
GPoint | Operator+ GVector returns GPoint
Operator- GPoint returns GVector
- Dot GVector,GVector returns the Dot product
Cross GVector,GVector returns the Cross product
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coordinate systems. Each GFrame object has the knowledge to transfer the geometric ob-

jects to and from the underlying coordinate system, i.e., GF'rame, of the GSpace, and this
coordinate system could be viewed as the global coordinate system. This treatment allows

the designer to hide the coordinate system from the representation of the geometric objects.

Figure (6.2b) summarizes the association between the above classes as described above.

The essential functions of GVector and GPoint classes are summarized in Table (6.1).

Abstraction of Node Class

As we have discussed earlier, the encapsulation of the behaviors of the degrees of freedom,

constraints, loads, elements, elements’ connectivity, and geometric manipulations is han-

dled separately from the definition of the class Node. The Node class is implemented to
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Table 6.2: Protocol for Node class
CLASS | OPERATION ARGUMENTS EFFECT
Node Location - returns GPoint
DeformedLocation | - retumns the deformed location

describe only the location of the node, which is represented by an associated geometric point
GPoint. Each Node object contains a GPoint object and when queried for its location
returns the associated GPoint. However, aNode object does not have any detailed knowl-
edge as to how the location, GPoint, is represented and is manipulated internally. The

main functions of Node class are summarized in Table (6.2).

6.12 Degrees of Freedom

DOF
(ganeric abstract class)

ﬁ&

| |
VectorDOF ScalarDOF
| l |

TwoStspVDOF | | ThreeStepSDOF = || TwostepSDOF | | ThresStepVDOF I

Figure 6.3: Inheritance diagram for degrees of freedom related classes

As mentioned in the previous subsection, degrees of freedom are encapsulated in their own
class to maintain the advantages of coordinate-free representations. In particular, there are

two basic classes, namely ScalarDOF and Vect orDOF. The ScalarDOF encapsulates
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the scalar degrees of freedom entities such as temperature and pore-pressure, while Vectoxr-
DOF encapsulates the vector degrees of freedom sﬁch as displacements and rotations, and a
base class DOF encapsulates the common data and methods of these classes. On the other
hand, the depth of state information required by various numerical schemes depends on the
numerical scheme. A new level of degree of freedom classes such as, TwoSt epVDOF and
TwoSt epSDOF are defined as depicted in Figure (6.3), encapsulating the representation of
the state(s) pertaining to themselves.

Scheme
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Figure 6.4: Inheritance diagram for Scheme class

The principal responsibility of the DOF class is to implement the details of the solution
algorithms, which can be viewed as methods for determining the response of a set of degrees
of freedom to a non-equilibrium set of generalized forces. In the case of dynamic non-linear
problems there are a large number of available solution algorithms, but to a large degree
these various algorithms share a common procedural framework. Broadly speaking, each
algorithm involves computing information explicitly or implicitly at each time step in terms
of the information known from the previous time step(s), then recursively moving forward
in time. The strategy used here has been to capture the essential outline of this algorithmic
procedure in a distinct high level class Scheme, while implementing the varying details
in the derived classes. The interface to this functionality has been setup to allow for sub-
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iteration within the overall time-stepping recursion, since this is usually necessary for non-
linear problems. The framework of this interface is represented by the following primary
member functions:PreStep; SubStep; FinalSubStep; and PostStep. PreStep
and PostStep are called at the beginning and end of each time step, while SubStep and

FinalSubStep form the internal iterative updates necessary for nonlinear problems.

Table 6.3: Protocol for abstract classes defining degrees of freedom

CLASS | OPERATION | ARGUMENTS EFFECT
DOF SetScheme | Scheme select the numerical algorithm
GetScheme | - returns the pointer to the chosen
numerical scheme
Scheme | PreStep - calculates the unbalanced general-
ized forces
SubStep - calculates the next guess
FinalSubStep | - calculates the final guess
PostStep - updates the appropriatz variables
in the DOF class

The solution algorithms can be broadly grouped together reflecting the number of steps
used in the recurrence scheme. Within such a group, patterns of calculations are similar but
the multipliers are different. Abstract classes derived from Scheme such as, TwoStep-
Scheme, and ThreeSt epScheme, encapsulate the recurrence equations, while another
level of derived classes implement the actual numerical scheme. An inheritance diagram
depicting these classes is shown in Figure (6.4).

By encapsulating each algorithm in its own subclass of the generic Scheme ¢lass it is
possible to switch solution algorithms easily, and if desirable to switch algorithms at run-

time by means of virtual functions. Itis also possible to use heterogeneous algorithms, i.e.,
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within a single analysis it would be fairly easy to have different algorithmic details at dif-
ferent nodes or for different types of degrees of freedom. The basic functions defining the

protocol for abstract DOF and Scheme classes are summarized in Table (6.3).

6.1.3 Elements

Table 6.4: Protocol for abstract DOFConnector class

CLASS OPERATION ARGUMENTS EFFECT
DOFConnector | Connect DOFConnector* connects it to the specified
DOFConnector
Disconnect DOFConnector* disconnects it from the specified
DOFConnector
ConnectMe Node* connects it to the specified Node
Setklement Element* associates an Element
GetElement - retums the associsted Element *
GetNode - retumns the associated Node*
SotDOFList DOFList* assigns a DOFList*
GetDOFList - retumns the associated DOFList*
GetDOF DOFType retums the associsted DOF*
AddDOF DOF*, DOFType adds the DOF* with DOFType
GstConnections | - retums a list of DOFConnectors

The heart of the physics of any finite element analysis or boundary element analysis lies in
the definition of elements. The primary role of an element is viewed as providing stiffness
matrices of the element to compute the generalized forces from the generalized displace-
ment components as will be d.iscussed later in this subsection. The geometric details re-
quired to perform these computations can be accessed by maintaining the topological details
of each element. As Nodes have knowledge of geometry, this could be achieved by keep-

ing track of the nodes to which an element is connected. Instead, a list of DOFConnector
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instances are stored to represent the alenient connectivity, The DOFConnector class is
defined to allow discontinuities between two Il ements connected to a particular Node

enclosing the functionality of such connections.

EEI et Ill.—ugllmm‘nmumr })—ﬂl Nods |

|ﬁmu [>—-——-

s), Elsment ponnsativily b). Candimatty constraints

- DoFList abjeat E « Darcanneakar akjeg

Figure 6.5: Element Connectivity and borconnector class

The design of the DOFConnector 18 such that ench vertex of the E1 ement is associ-
ated with a unique instance of DOFConnector class, 'The connections between two ele-
ments such as, L and R, as depioted in Flgure (6.50) are accommodated by connecting the
relevant DOFConnectors to the approprinte nodes, The definition of DOFConnector
includes the list of appropriate DOF instances for a speeitic element. This is implemented
through a DOFList class which 1y essentlally a list of clements comprising the pointers to
DOF instances and their types such as, Translations, Rotations, Temperature,
Pressure, defined by DOFType, In case of vigld connections the same DOFList in-
stance can be shared between the conneeted conneitors ns well as the node. For flexible
connections, separate DOFLiat instances need (o be maintained in ench connector and a
list of DOFList instances are maintained In the Node us suggested in the Figure (6.5n),
Figure (6.5b), showing the cardinality conatenints among the instances of classes El ement,
DOFConnector,Node, and DOFL1 at:, also suggesty the flow of information among these

classes. Table (6.4) summarizes the essentlal functlony of DOFFConnector class.

The conceptual role of representing the mechanies of an element is largely influenced by
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the assumptions about linearity with respect to deformation kinematics and material behav-
ior, as well as the overall solution environment. For the case of evolving earth structures, it
is preferable to make no restrictive assumptions about linearity with respect to deformation
kinematics or material behavior. For traditional direct solution algorithms, the role of an
element is to supply an element stiffness matrix. For iterative algorithms, however, there

are other ways to view the elements’ role. In particular, for the case of element-by element

O‘V
O D — ™ StrainState

O~ o\ Element

Nodal )
Displacements

ConstitutiveLaw

m

o
) \b — D S~ StressState

Nodal Forces Element

Figure 6.6: Nodal displacement to nodal force computation (Miller et al., 1995)

solution strategies (Couthino et al. 1991), the main computational responsibility of an ele-
ment can be viewed as constructing a set of generalized internal nodal forces consistent with
a given set of generalized nodal displacements, rather than constructing a stiffness matrix.
Figure (6.6) shows the basic process by which nodal displacements are converted into a cor-
responding set of nodal forces. This process can be viewed in two main parts, i) geometric
transformations of displacements to strains and stresses to nodal forces; and ii) a transfor-
_mation from strains to stresses. The geometric transformations are deemed to be the work of
the element itself, while the strain-stress transformation is considered to be the work of the

material the element is made of. For this reason, the strain-stress transformation computa-
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tions are separated from the definition of the E1lement class and are discussed in the subse-
quent subsection on materials, In this treatment an element uses its associated material
to carry out the strain-stress conversion making it straightforward to alter an individual el-
ement’s material interactively. It also provides a useful division of lébor, where the class
Element handles only the geometric transformations. An abstract ELement class encap-
sulates this functionality as virtual functions and the actual mechanics for various element

types are implemented in the subclasses.
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Figure 6.7 Inheritance diagram for Element classes

Table 6.5: Protocol for abstract Element

CLASS OPERATION ARGUMENTS EFFECT
Element | DisplToStrain - retums StrainState
StressToForce StressState calculates and sets the nodal
forces

UpdatelntemalForces | UpdateChoice stress and strain values are up-
dated, when requested

A class structure encapsulating the different elements pertaining to this study is shown in
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Figure (6.7). The basic functions defining the protocol for the abstract ELement are sum-
marized in the following Table (6.5). The 4-node quadratic continuum element (QEle-
ment) and 4-node, constant pore-pressure porous element (PPE1 ement ) are derived from
the ContinuumElement class derived from the Element enclosing the properties that
pertain only to the continuum type elements. Similarly, properties corresponding to discrete
elements are defined in the piscreteElement class. In order to handle soil-structure
interaction problems, TrussElement, BeamElement, and interface element (IEle-

ment) are defined and implemented in this study.

Pictitious
Connection

a). Before Transfer b). After Transter

Figure 6.8: Daté Transfer between two Elements through an interface element.

The treatment of the interface elements in this study is different from traditional finite
element technique in that an instance of IE1lement is fictitious. In traditional finite element
analysis, interface elements are treated as elements with one negligible, but finite dimension
consisting of material properties simulating the interface behavior. Asis to be expected, the
magnitude of this dimension has an impact on the accuracy and stability of the solution. In
contrast, the interface element (IElement) encapsulates the interface behavior without
actually introducing a finite thickness element. This is possible due to the solution scheme

and the strategy of using DOFConnectors to model the connections; this enables keeping
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track of discontinuities and transferrin gvintemal and external forces between the elements

appropriately.

6.14 Materials

As indicated in the previous subsection, the primary role of the Material class is to con-
vert a set of strains into a set of stresses according to its constitutive law. For most geo-
materials, the material behavior computations require the knowledge'of internal state(s) re-
flecting the history of the loading. The data related to behavior and state of the material are
encapsulated separately by defining distinct internal classes called MaterialStateand
ConstitutiveLaw, as described in the subsequent paragraphs. In fact the state infor-
mation defined by MaterialState are more suitably associated with Element class
to maintain its state information allowing the Material instances be shared by several
Element instances. Each element has an associated MaterialState and has knowl-
edge of its associated Material, while each Material has informatioq on the Cons-
titutiveLawitisassociated with. Receiving the current state infor;nation stored inMat ~
erialStateand the new strain information fromMaterial, the ConstitutiveLaw

class computes the new values of stress.

MateriglState StrState
(generic abstract class) (generlc abstract class)
I ScalarMaterialState l | TensorMaterlalState l I ScalarStrState I ITensorStrStale]
a). MaterialState b). StrState

’

Figure 6.9: Inheritance diagrams for St rState and MaterialState classes

The representation of state information, such as values of stress, values of strain, and
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values of pore-pressure, is the primary responsibility delegated to the MaterialState
classes. The classes ScalarStrState and TensorStrState, derived from the ab-
stract base class St rState, encapsulate the Scalar and Tensor state infonhaﬁon re-
spectively. Reflecting this argument, the classes ScalarMaterialStateand Tensor-
MaterialState are derived from the abstract base class MaterialState to contain
the state information definedin ScalarStrStateand TensorStrState respectively.
Inheritance diagrams for the above two Sets of classes are shown in Figure (6.9).
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Figure 6.10: Inheritance diagram for ConstitutiveLaw class

Paramsters
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Figure 6.11: Inheritance diagram for Parameters class

The encapsulation of behavior of the material is the primary responsibility of the new
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ConstitutionalLaw class hierarchy. This class structure organizes various constitu-

tive laws of the material providing functionality to perform stress-strain transformations

given its state. Figure (6.10) shows an inheritance diagram depicting the class structure

used in this study. The abstract ConstitutionalLaw class defines the methods to per-

form stress-strain transformations as virtual functions and the subclasses, such as TwoD-

LinearLawand OneDLinearLaw,implement these functionalities. In defining soil laws,

an intermediate class SoilLaw is defined enclosing the constants and parameters that are

particular to soils such as void-ratio, drainage conditions, and stress path. The constitutive
models for soils such as Drucker-Prager law (DPLaw), BSDLaw (Banerjee et al. 1992), and
SBLaw (Sribalaskandarajah & Banerjee 1996) are defined as a derived classes of SoilLaw

implementing the material behavior.

Table 6.6: Protocol for abstract classes deﬁning the material behavior

CLASS OPERATION ARGUMENTS EFFECT
ConstitutiveLaw | StrainToStress | MaterialState, returns StrainState
StressState
StressToStrain | MaterialState, returns StressState
Stressstate
MaterialState CurrentStrain | - retums StrainState
CurrentStress | - returns StressState
UpdateState StrainState, updates the stress and strain
StressState values
Material SetLaw Constitutivelaw* | defines the Material
behavior
GetlLaw - returns
ConstitutiveLaw*
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The parameters of these models are mostly constant; however, some of these patametors
evolve with the state information. It is efficient to include the constant model parametecs
in the definition of the constitutive laws, while the evolving parameters ave encapsulited
in a separate class structure beneath an abstract classParametera, As these parmetas
are evolving and dependent on the state information, each material state requires an tsso-
ciated Parametexrs instance. The soil law SBLaw has such evolving model parametors,
which are defined in a derived class SBLawParamet ers. Therefore, two different treat-
ments of model parameters are suggested in this study. First, the constant parameters oan
be implemented in the constitutional law’s definition itself, while the evolving parnmoters
are encapsulated in a separate class structure beneath an abstract classParameteva, The
soil law SBLaw has such evolving model parameters, which are defined in a derived olass
SBLawParameters (Figure (6.11)). As in general the model parameters ave funotions
of the state parameters, they are included in the definition of the MaterialState olass.
The data abstraction outlined above allows for modeling with arbitrary constitutive behav-
ior for different elements. The essential functions in the classes defined in this subseotion

are summarized in the Table (6.6).

6.1.5 Loads and Constraints

'The treatment of loads and constraints in a finite element analysis conld be viewed as the ox-

ternal influences on degrees of freedom associated with a particular node, The differing as-
pects of these influences are encapsulated in abstract classes TimeDependentlLioad awl
Constraint, and their subclasses.

The abstract base class TimeDependentLoad primarily encapsulates the time de-
pendent behavior of load allowing a general treatment of arbitrary loading conditions. The
abstract class is responsible for keeping track of the magnitude and direction of the tond at
each point in time, as well as the degrees of freedom to which it is applied. Deponding on
the type of load, this force updating might be determined by direct calculation, or by reading

and interpolating data from an input file, such as an earthquake record, These specifio typeo



87

TimeDependentLoad
{goneric abstract class)

I |

| ConstantLoad H QuekeLoad ]| Steplosd ||  SinLoed Hi(:osl.oud |1

Figure 6.12: Inheritance diagram for TimeDependentLoad class
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Figure 6.13: Force filtering by a constraint (Miller et al., 1995)

of loads such as, constant loads, step loads, quake loads, etc. are defined as subclasses of
the absfract TimeDependentLoad class as shown in Figure (6.12). The specifics related
to the actual loads themselves are encapsulated in these classes, while the primary function-

ality is encapsulated in TimeDependentLoad class as summarized in Table (6.7).

The primary responsibility of the Constraint class is to encapsulate the force and
displacement boundary conditions, except the external loads represented by TimeDepen-
dentLoad class. The abstract base class defines functions to filter the externally applied
forces, internal forces and displacements associated with the degrees of freedom at the cor-

responding node consistent with a specified constraint. Directional constraints operate by
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Table 6.7; Protocol for abstract Constraint and TimeDependentLoad

CLASS OPERATION ARGUMENTS | EFFECT

TimeDependentLoad | Update tinie updates itself

Constraint FikerAppliedLoad | - filters the applied forces
FitterForce - filters the internal forces
FilterDisplacement | - filters the displacements

applying the necessary filters in the constrained directions as shown in the example of a
planar constraint in Figure (6.13). Thus, the node experiences the appropriate kinematic re-
straint, while the corresponding reaction associated with the constraint is always available
as the net force absorbed by the Constraint. Constraint directions and applied loads are
expressed in terms of coordinate-free vector quantities and the resulting generalized forces
satisfy the dynamic equilibrium conditions of the particular degrees of freedom. This type
of force-based constraint handling is similar to a technique used in physically-based com-
puter graphics models of rigid and deformable media (Barzel & Barr 1988).

Constraint
(generic abstract class)

i

VectorConstraint ScalarConstraint

FDSupport l I |

Figure 6.14: Inheritance diagram for Constraint class
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Reflecting the type of degrees of freedom, constraints can be grouped into two major
subclasses, namely ScalarConstraint and VectorConstraint encapsulating the
scalar and vector data, respectively. Different types of constraints are implemented beneath
these classes implementing the virtual functions defined in the Constraint class. In
this study, FDSupport class encapsulates several such displacement and force constraints.

Figure (6.14) shows the inheritance diagram for the above classes and the main functions

are summarized in Table (6.7).

6.1.6 Data Recorders

Recorder
{generic abstract class)

A

l NodeRecorder l lElamonmocordorl L’

Figure 6.15: Inheritance diagram for Recorder class

In a dynamic analysis of a finite element model, only a small portion of the vast amount
of numerical data is of any practical use. Monitoring the particular behavior of a selected
object is the primary role of an abstract Recorder class. Conceptually, recorders can be
attached to selected objects such as nodes and elements to monitor the behavior of interest
corresponding to the attached object. As these behaviors are dependent on the type of ob-
ject, different classe_:s such as NodeRecorder, and ElementRecorder are derived as
in Figure (6.15), enclosing the functionality to record relevant physical quantities. Presen-
tation of the recorded results is included in the definition of the graphical representation of

Recorder described in the next section.
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6.1.7 Assembly of the Analysis System
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Figure 6.16: Time-step process for an Assemblage (Miller et al., 1995)

Some essential classes conceptualizing the finite element analysis have so far been pre-
sented in this section. Assembly of these conceptual classes to produce a coherent analysis
system and efficient creation, manipulation, and management of the instances of these vari-
ous classes are discussed in this subsection. These tasks are quite exhaustive, and elaborate
definitions of data types encapsulating different management issues and analysis situations
may be necessary to produce an efficient general system. However, for simplicity these
functionalities are enclosed here in the As semblage class, assembling various modeling
and analysis classes in this study.

The principal function of the Assemblage class, besides the management functions,
is to encapsulate the sequence of computations involved in the time history modeling of a
structure. This is accomplished by means of a basic time-stepping function, DoStep, as
outlined in Figure (6.16). This function is intended to provide a generic implementation



Table 6.8: Protocol for abstract AssenblaLgLe

CLASS OPERATION ARGUMENTS EFFECT
Assemblage | AddNode Node
RemoveNoda Node Node managemeat
NumberofiNodes .
AddElement Element
quoveElement Element Element management
NumberofElements
AddConstraint Constraint
RemoveConstraint Constraint Constraint
NumberofConstraints - management
AddConstitutiveLaw Constitutivebaw
RemoveConstitutiveLaw ConstitutiveLaw ConstitutiveLaw
NumberofConstitutiveLaws | - management
AddLcad TimeDependentLoad
Removeload TimeDependentLoad TimeDependentLoad
NumberofLoads - management
DoStep Maximum Number of iterations | iterate uatil convergence
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of the shared features of any element-by-element algorithm for integrating the equations of
motion for general nonlinear problems. The main feature of this implementation is that it

does not rely on any explicit, structured global data structure,

Basic management functions such as maintaining the records of the instances such as
Node, Element,Material, Constraint, and TimeDependentLoad are handled
in the definition of Assemblage class. This class is composed of collections of instances
of these principal abstractions enclosed in a simple list data structure (SimpleList). The

essential management functions pertaining to the records of each of these objects are de-
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fined with the use of ac.cess functions to the SimpleList data structure as summarized
in Table (6.8). The use of these management functions such as creation, deletion, modifi-
cation of the above objects are handled efficiently through graphicél user interfaces. This
necessitates that these objects are graphically represented in the analysis system. Classes

defining such graphical representations are presented in the following section.

6.2 Classes for Graphic Representations

The previous section presents the details of the development and refinement of some es-
sential classes encapsulating the numerical analysis. The primary aim of this section is to
present the details of the design of classes representing analytical objects graphically. The
graphical representation classes are efficiently designed by using the classes designed in the
above section and extending them to include the graphical aspects inherited from graphical
user interface libraries.

Interactive modeling of numerical analysis problems is ﬁossible by defining graphical
objects such as NodeRep, ElementRep, ConstraintRep, RecorderRep, and Load-
Rep representing the corresponding real world analysis objects such as , Node, Element,
Constraint, Recorder, and TimeDependentLoad defined in the above section.
Actions such as creation, deletion, modification, presentation, and management of these
analysis objects can be invoked by performing similar operations on their graphical rep-
resentations respectively. Graphics libraries, such as Unidraw, provide graphical objects
and functions for basic graphical manipulations. The functionalities of the analysis object
and the corresponding graphics object can be enclosed in the graphical representations ei-
ther by multiple inheritance or by polymorphism. This latter mechanism is used in this study
and the corresponding inheritance diagram is shown in Figure (6.17).

Interactive modeling, analysis, and presentation is feasible by displaying particular views
of the graphical representations of the analysis objects and by manipulating those represen-

tations. A primary definition of such a view involves projection of the graphical object to a
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Figure 6.17: Inheritance diagram for graphic representation classes

two dimensional screen space which is uniquely represented by an origin, alocal coordinate
system defined by a GFrame, scale, and deformation scale. This concept of view and the
associated data are included in the definition of class View. As the class Node contains
the geometry related data, its representation, NodeRep, will also depend on the geometry
details. Therefore, of all the graphical representation objects, only NodeRep will include
the details of the projection by including View in its definition.

In developing software using the Unidraw architecture, the primary goal of data ab-
straction is to design a context based graphics editor, consisting primarily of the graphical
representations mentioned above. These components represent the real world behavior of
the objects of interest in such an editing domain. The architecture of the editing domain
consists of: i) components; i) tools; iii) commands; and iv) external representations. Com--

ponents encapsulate the appearance and the semantics of the real world analysis objects and
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represent them in the domain-specific editor (SandEditor). The role of this domain spe-
cific editor is to allow the end-user to arrange these components to convey irnformation re-
garding the modeling in the domain of interest. These components can maintain one or more
graphical representations as well as non-graphical representations. Components also define
their responses to manipulations by tools and commands.

In a well defined user interface such as Unidraw, the distinction is made between the
subject and view of the graphics components. A subject encapsulates the context-independent
operations of a component, while a view allows the context-dependent presentation of the
subject. That is, a component subject may have any number of component views, each pre-
senting a different representation of and interface to the subject. The Unidraw library pro-
vides the definitions for base classes of these components and the implementations for the
graphic objects provided in the library. For each additional graphic representation intro-
duced, the user supplies the corresponding subject and view protocols by defining newer
classes as summarized in Figure (6.18).

Manipulations of the above graphical objects in the graphical object editor, SandEdi -
tor, could be handled with commands or tools protocol. Tools allow direct manipulation
of the graphical objects. Tools such as NodeCompTool, ElementCompTool, Res-
trainTool, RecorderTool,MateriaiTool, CLawTocl,XSectionTool, Load-
Tool, ViewTool, DOFConnectorTool are defined in this study in order to manipulate
the respective graphical representations and thereby the associated analysis object. For ex-
ample, a left mouse click on the drawing area after engaging the NodeCompTool creates
a pair of instances of NodeComp and Node classes. On the other hand, commands are
analogous to messages as they can be interpreted by graphic components. Also, the com-
mand data structure maintains enough information to execute one operation and, if that op-
eration is reversible, it also maintains enough information to reverse the effects of such an
operation. Commands can be made directly available to the user through menus. A de-

tailed discussion of the Unidraw architecture can be found in the technical report written
by Vlissides (1990).
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Figure 6.18: Inheritance diagrams for subjects and views of graphic components



Chapter 7

ILLUSTRATIVE EXAMPLES

The details of the design of the proposed computational framework and its implemen-
tation for dynamic soil-structure interaction problems have been presented in the previous
chapter. A prototype finite element program (SAND) based on the design and the concepts
outlined in the earlier chapters has been developed during the study. fn order to illustrate
the uses and accuracy of the prototype, three simple soil-structure interaction problems are
analyzed and the results are presented in the following three sections of this chapter. In the
first section an analysis of an uplift problem involving steel frames subjected to earthquake
loading is presented. The next section presents a narrowly scoped example involving inter-
face elements. In the third section an analysis of a tunnel problem using both a linear elastic
material model and the elasto-plastic model proposed in Chapter 3 is presented. The final

section summarizes the significance of the proposed computational work.

7.1 Uplift of steel frames

In standard dynamic analysis of structures the foundation of the structure is generally as-
sumed to be anchored rigidly to the ground. However. in most actual situations the foun-
dations are not firmly attached to the ground. When the overturning moment exceeds the
overturning resistance due to gravity such a structure will experience uplift. In general,
analysis of this problem requires a model with foundation-soil interface elements allow-
ing discontinuities between columns and foundations. Various researchers (e.g. Priestley
etal. 1992, Smith 1995) have modeled this foundation-soil discontinuities with non-linear

spring/truss elements successfully. Results from such an analysis obtained using the non-
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linear finite element program DRAIN-2DX (Prakash et al. 1993) are presented in this sec-

tion along with the results from this study for comparison purposes.

Figure (7.1) shows a concentrically braced steel frame with all connections pinned to
model shear connections. As noted above, the foundation-soil interface behavior is mod-
eled with non-linear spring type elements with load-displacement behavior given by Fig-
ure (7.2a), while the structural elements are modeled with linear elastic truss elements. In
DRAIN-2DX, non-linear foundation behavior can be modeled with non-linear truss ele~
ments with behavior depicted in Figure (7.2b). This is acomplished by letting the structure
hang from the foundation elements, as opposed to letting the structure rest on the foundation
elements, with zero compressive stiffness and large tensile yield strength. The inelastic be-
havior of the foundation elements can also be modeled successfully with the inelastic cable
elements provided in the DRAIN-2DX element library. In SAND, however, the foundation
elements are modeled with the FDSupport class described in the previous chapter. This
has been made possible by including the non-linear spring type behavior of the foundation

elements in the definition of FDSuppoxrt class.

The applicability of this model hinges on the determination of the equivalent stiffness of
the foundation elements representing the soil properties. A method to determine this equiv-
alent stiffness was proposed by Gazetas (1991) for machine loaded and earthquake loaded
foundations. Utilizing this method and assuming soft soil properties, an equivalent stiff-
ness of the non-linear truss elements was found to be of 2,350 kip/in (Smith 1995). Zero

soil damping is used for the analyses presented in this section.

Uniform cross-sections for structural members (W14x38) for beams and columns are
assumed for simplicity. An equivalent density of the structural members is computed to
correspond to the load distribution (dead load 50 psf; live load 50 psf), developed in this
study does not include provisions for additional dead load and live load computations yet.
The equivalent density is found to be 0.4017 kips-sec?/ft* for the exterior frame considered

for the analysis presented in this section. Damping of the structural elements is assumed to
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be of the Rayleigh damping type given by
C=aM+pK (7.1)

where ¢ and [, are material constants. In the following analyses, the structure is subjected
to an earthquake (Pacoima dam) loading shown in Figure (7.3) and the uplift displacements
of the node A are observed. Values of o, and 3, used in these analyses are 0.00 and 0.00163
respectively.

Unlike the present day analysis programs such as DRAIN2DX, the program SAND pro-
vides interactive modeling and visual feedback. In the program SAND, the analysis can be
stopped interactively at any particular point in time and the results can be viewed and mod-
ifications of the model can be made as needed. Also, the program continually updates the
deformed shape of the structure graphically, providing an effect of animation. The effect
of animation can be improved by reducing the time interval between successive updates
which primarily depends on the speed of the computation and the size of the problem. Al-
ternate algorithmic schemes may be employed to improve the speed of the computation.
Figure (7.4) shows a display of a deformed shape of the structure, with a deformation scale
of 10.0, showing uplift at the node A. A NodeRecorder attached to node A monitors
the displacement vector of this node. Uplift displacements of this node with and without
iteration of recurrence equations within each time step is shown in Figure (7.5). In both sit-
uations the error correction scheme suggested in Chapter 5 is used and the results are not
significantly different. The small differences observed may be attributed to different choices
of algorithms and time steps in the respective analyses.

The finite element formulations used in SAND are in fact large displacement formula-
tions, while DRAIN-2DX does not handle large displacement analysis (Prakash et al. 1993).
Therefore, large displacement and P —§ effects are neglected in generating Figure (7.6) dis-
playing the uplift displacements of the node A from both programs. The agreement between
these two results is excellent. This verifies the consistency of the prototype finite element

scheme in the computer program SAND with traditional tools.
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7.2 Interface Elements

As discussed in the previous chapter, the implementation of interface elements (IElement)
differs from traditional interface elements. In order to verify this implementation, two plane
strain elements each subjected to different pressure loadings as shown in Figure (7.7a) are
considered. The displacement pattern of the loading surface is calculated using the newly
developed SAND program with and without interface element(s) connecting these two el-
ements. In order to obtain better results and to obtain results at more points on the loading
surface these elements are further subdivided as shown in Figure (7.7a). The interface be-
havior is defined in IL.aw as a linear force-displacement behavior given by Figure (7.7b).
The elastic properties of the plane strain elements are given by, G'= 10 ksi and v = 0.3.
As the objective of this analysis is to study the interfacial behavior due to the differential
loading on these elements the gravitational forces are turned off during the analysis. The
analyses presented in this section were performed without interface, with smooth interface,
and with an interface modulus of 200 psi. The results in these three cases are shown in Fig-
ure (7.7c). The results conform to the anticipated interfacial behavior. The deformed shape

of the mesh with and without interface elements are shown in Figure (7.8).

7.3 Surface settlement due to tunnel construction

In this section, a surface settlement analysis of a twin tunnel system is chosen to demonstrate
the applicability of the prototype finite element program developed to practical geomechan-
ics problems. The layout of this twin tunnel is shown in Figure (7.9a). This twin tunnel sys-
tem built to construct subway lines during the rapid urbanization of Nagoya city (Kawamoto
& Okuzono 1977) is analyzed with different material models to expound the the implemen-
tation and use of different numerical models in the program. The analyses were done using
both a linear elastic material model and the elasto-plastic model proposed in this study. For
simplicity, uniform material properties are assumed in the analysis presented here.

Due to gravitational loads, the soil is subjected to an initial stress distribution. This dis-
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tribution may be found by subjecting the structure to gravitational loads and then resetting
the strains to zero values. For elastic and most of the plastic models this provides an accu-
rate estimation of the initial stress distribution and for the rest this provides a satisfactory
estimation. Alternatively, for problems of simple geometry the initial stress distributions
may be estimated directly by assuming a value for the coefficient of lateral earth pressure,
k,. For elastic materials, the value of k, can be derived as

14

b= 7— (1.2)

where v is Poisson ratio of the soil.

Considering the symmetry of the model, the analysis is performed only on one tunnel as
shown in Figure (7.9b). This figure displays the deformed shape of the finite element mesh
with an elastic model(E=35.0 MPa, v=0.33). The analysis was repeated with the elasto-
plastic model proposed in this study with model parameters, p,=100.0 kPa, G,=13.125 MPa,
K,=35.0 MPa, M.=1.35, M,=1.5, a=.0515, $=1.0, (=1.0, ¢,=0.7, and e,;;,=0.55. The
value of £, is assumed to be 0.5, as in the case of elastic model. The displacement pro-
file of the ground surface obtained from both these analyses are satisfactory as shown in
Figure (7.10). These results from the prototype program demonstrate the successful imple-

mentation of the computational framework and the elasto-plastic model developed in this

study.

7.4 Summary

The prototype finite element program SAND developed based on the computational frame-
work presented in the previous chapter has been tested in the above examples. The accuracy
of the numerical schemes implemented in the program have been verified. Interactive mod-
eling and visual feedback of the structure during the analysis have also been demonstrated.
In addition, the use of interface elements developed as a consequence of the design of the
computational framework has been illustrated. The elasto-plastic model developed in this

study has been implemented in the program SAND and its use in practical soil problems has
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been demonstrated with the tunnel example. Problems with initial stress and complicated

interface behaviors can be analyzed efficiently without losing accuracy.
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Chapter 8

SUMMARY, CONCLUSIONS, AND RECOMMENDADTIONS FOR
FURTHER RESEARCH

A new constitutive model for geomaterials and a computational framework for dynamic
soil-structure interaction problems have been presented in this dissertation. The conclusions
drawn from this study and recommendations for further research are summarized in the fol-

lowing sections.

8.1 Constitutive Model

The proposed constitutive model is based on non-associative, elasto-plastic, and double
hardening concepts. The shear and volumetric mechanisms of the geomaterials are mod-
eled separately, each with distinct yield and potential functions. The potential functions
for shear and volumetric mechanisms coincide with the yield functions used in the original
and modified Cam-Clay models respectively. The yield function for the shear mechanism
is expressed in the form of constant stress ratio, while the yield function for the volumetric
mechanism is expressed in the form of constant mean stress. The model also includes an al-
ternate representation of volume change behavior of soils under isotropic compression. The
isotropic compression and extension behaviors are characterized by exponential and power

laws respectively. The following conclusions can be drawn from the development of this

model,

o The proposed model is general: the model parameters are physically meaningful; and

the number of model parameters is small.
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¢ The model formulation representing the volume change behavior under isotropic com-
pression ensures the existence of minimum void ratio, which corresponds to the state
at which a geomaterial becomes incompressible. The validity of this formulation for

sands as well clays has been established in the examples.

o The overall model is valid for general loading conditions, including monotonic and
cyclic loading with drained and undrained drainage conditions. The validity of the

model has been verified under monotonic and cyclic triaxial loading conditions.

o The model reproduces the complex essential features of sands such as path dependent
dilatancy, hardening and softening, liquefaction, initial and induced anisotropy, and

the behavior of soft-clay under compression.

e Simplified model equations have been presented for easy and efficient implementa-
tion of the model in a numerical scheme. The model has been implemented in the

prototype finite element program developed in this study.

o The parameters of the proposed model for a given soil can be estimated from gen-
erally available experimental data using optimization techniques. The feasibility of
using optimization schemes to estimate model parameters has been demonstrated by

the numerical examples considered in Chapter 4.

e Simple experimental studies influencing selective parameters can be devised to esti-

mate the model parameters with increased confidence.

8.2 Computational Framework

A computational framework for dynamic soil-structure interaction problems has been pro-
posed in this study using object-oriented programming concepts. Based on this framework,

a prototype finite element program has been developed implementing a direct integration



112

dynamic solution scheme. A basic graphical user interface has been implemented utiliiing
the UNIDRAW library based on the InterViews graphics library. The following conclusions

can be drawn from the development of this computational framework.

o The design of the proposed framework is flexible, allowing convenient development

and implementation.

e The framework provides a convenient tool for interactive modeling of soil-structure
interaction problems with its graphical user interface capabilities. Visual feedback

from the analysis can be displayed during and after the analysis.

e The treatment of element connectivity through connector objects allows interface el-

ements to be modeled effectively without physically constructing stiffness matrices.

e The accuracy of the direct solution scheme, correction scheme, etc., implemented in

the prototype finite element program, is checked and verified for non-linear problems.

8.3 Recommendations for Further Research

The conclusions drawn from both aspects of the study are very remarkable. Thus, further
research based on this study will be useful in finding wider practical use of the ideas ex-
pounded in this dissertation.

With regard to the soil model, this study has clearly demonstrated the qualitative per-
formance of the model with a scheme to estimate the model parameters using optimization
schemes. Although the model parameters are estimated from experimental studies, the com-
plexity of such a numerical exercise does not improve the chances for wider practical use
of this model. On the other hand, practicing soil engineers are comfortable in estimating
model parameters with simple physically meaningful laboratory experiments. To estimate
the individual parameters in a unique manner a set of existing and new simple experiments

have to be identified.
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With regard to the computational framework, the study has clearly illustrated the im-
provements in increased user interaction, in the use of visualization of the model and results
while retaining the accuracy of the traditional approaches. The design of the framework
could be expanded to include other solution algorithms, numerical methods, and material

models.
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