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Next-generation sequencing (NGS) methods have become an essential tool in the study
of complex microbial communities known as microbiomes. Because their near ubiquity, such
communities have been the focus of substantial research aiming to elucidate their structure
and yield new insights into public health, medicine, and agriculture, among other fields.
However, the relationship between the true composition of biological samples on which se-
quencing is performed and sequencing output is complex and only partially understood. As
a result, it is often unclear to what extent experimental results in microbiome science reflect
underlying biology rather than technical artifacts of a complex measurement process.

To address this uncertainty, we analyze a large NGS dataset generated by a multi-
laboratory study of measurement error in microbiome sequencing data. We find, in replicate
measurements on identical biological specimens, that distinctions between specimens ap-
parent in measurements taken by one laboratory are not reliably resolved in measurements
taken by others, with the degree of discordance varying with the taxonomic level and scale
at which distinctions are made. Hence, our finding suggests that comparisons across groups
in microbiome studies may not dependably reflect biology.

We next present a statistical model appropriate for NGS data subject both to detection

effects — multiplicative over- and under-detection of microbial taxa relative to their true



abundances — and to potential contamination by taxa not present in specimens of interest.
Our model uses experimental covariates and measurements on communities of known com-
position (also called positive controls) to estimate community composition in specimens of
interest as well as detection effects and the form and intensity of contamination. We show
via analysis of real datasets as well as through simulation that this model substantially out-
performs standard estimators of microbial relative abundance in data subject to detection
effects and contamination. In particular, we demonstrate that our model can exploit the
structure of dilution series experiments to accurately identify contamination, even in the
absence of positive control measurements. However, the same is not true for detection ef-
fects, which in general can only be estimated among microbial taxa present in communities
of known composition.

To address this limitation, we develop a log-linear model to estimate means of outcomes
observed up to unknown sample-specific scalings and subject to detection effects, taking as
our motivating example estimation on the basis of NGS data of differences in log mean mi-
crobial cell concentrations across covariates of interest. The presence of unknown scalings
renders our estimand only partially identiable. We address this by imposing simple con-
straints, which may be modified to suit differing scientific contexts. We validate this model
via simulations and illustrate its use with a whole-genome-sequencing dataset collated from
multiple studies associations between colorectal cancer and the human gut microbiome.

Taken together, this work identifies measurement error as a key consideration in the
design, analysis, and interpretation of microbiome sequencing experiments, and in addition

provides novel statistical methods to characterize and account for this error.
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Chapter 1

INTRODUCTION

In the past two decades, next-generation sequencing (NGS) methods have improved the
characterization of complex microbial communities commonly known as microbiomes. As
such communities are present in the human body (including in the digestive, urogenital
and pulmonary tracts) as well as in natural environments such as soils, salt- and freshwater
systems, and aquifers, better understanding their composition and functional capabilities
may yield advances in medicine, public health, and agriculture, among other fields.

However, the NGS methods most commonly employed in microbiome studies — marker
gene and whole genome sequencing — do not provide entirely unambiguous characterizations
of microbial communities.! Performing marker gene sequencing, in which a highly conserved
gene? is sequenced in an attempt to quantify microbial composition of a sample, or whole
genome sequencing, in which a random subset of all genetic material in a sample is sequenced,
entails a complex multi-step process. Samples to be measured must be carefully collected and
stored before DNA is extracted from them and prepared for sequencing. Sequencing itself
must be performed, after which the resulting raw read data is subjected to bioinformatics
postprocessing to produce observations in the form of an abundance table. (For more com-
prehensive description of these measurement techniques, see Nearing et al. [2021] or Knight
et al. [2018].) The structure and complexity of this measurement process limit the infor-
mation available in its output; marker gene and whole-genome sequencing are, for example,

generally unable to resolve microbe concentrations and instead provide information only re-

INGS, as this sentence suggests, refers to a broad category of sequencing techniques that includes marker
gene and whole genome sequencing. As marker gene and whole genome sequencing are the focus of this
dissertation, for simplicity we use the term NGS to refer to these techniques.

2Frequently the 16S gene, which is present in Bacteria and Archaea, is used.



garding the proportional microbial composition of each sequenced sample. Moreover, NGS
measurements are subject to substantial distortion compared to the communities they rep-
resent, with the form of this distortion depending on choice of protocol at each measurement
step, [Nearing et al., 2021, Pollock et al., 2018, Sinha et al., 2017], and deconvolving biolog-
ical signals from measurement error in NGS data is an area of ongoing investigation. The
quality of these measurements and, in particular, how they relate to underlying biological

quantities of interest is the topic of this dissertation.

Our first project attempts to characterize the impact of measurement error on experimen-
tal findings in microbiome science. To accomplish this, we quantify to what degree structure
in NGS data is robust to measurement protocol and laboratory in a dataset consisting of
measurements taken by multiple sequencing laboratories on samples from a common set of
microbiome specimens. Using a classification-based approach, we assess how well distinctions
between specimens estimated on the basis of measurements taken by a single sequencing lab-
oratory replicate in additional sets of measurements either taken by the same laboratory or
by another laboratory. We find higher replicability within than between sequencing labora-
tory, with the degree of replicability depending both on what data transformation is used
and on the level of taxonomic aggregation at which data is considered. This finding suggests
that, as between-specimen structure is not reliably conserved under differing sequencing pro-
tocols, observed between-group effects in microbiome studies may be driven in part by choice

of sequencing protocol and laboratory.

We next present a method to estimate sample microbial relative abundances in the pres-
ence of two forms of measurement error commonly found in microbiome data: detection
effects (whereby microbial taxa are multiplicatively over- and under-represented in measure-
ments relative to their true abundance); and contamination of measurements by genetic
material not present in samples of interest. That is, our model attempts to reconstruct
composition of specimens from which samples have been taken for sequencing, an approach
which we anticipate may find use either in settings in which accurately characterizing the

compositions of individual specimens is of interest or in which improving downstream esti-



mation of some population quantity is the primary goal. Notably, this method is able to
exploit dilution series data to identify contamination introduced during sequencing, a sub-
stantial concern in studies of low biomass microbial ecosystems. A major limitation of this
method, however, is that detection effects are typically only identifiable among microbial
taxa present in an artificial communities of known composition (i.e., “positive controls”)
sequenced alongside samples from natural communities under study. Artificial communities
currently can only be constructed from microbes we are able to isolate and culture, and hence
estimation of and adjustment for detection effects is not currently scalable to non-culturable
organisms, limiting the applications in which sample relative abundances can be deconvolved
from detection effects.

We address this limitation in our last chapter, which introduces a partially identified
log-linear modeling framework for inference on population means of quantities (e.g., concen-
tration of microbial cells in a large number of different species) that are observed only up to
an unknown sample-specific scaling term and subject to detection effects. This, we argue, is a
reasonable model in many microbiome experiments where measurements are taken via NGS;
these techniques more easily detect some taxa than others, and they yield measurements that
are uninformative with respect to total microbial concentration — i.e., that in each sample
are scaled relative to total concentration by an unknown term. In contrast to our approach
in the previous chapter, this method does not require estimation of sample compositions
and instead links observations directly to a population mean of interest. In a similar vein,
detection effects are not estimated directly in this approach but instead are absorbed into
an intercept term that we regard as a nuisance parameter. We apply this method to perform
a large meta-analysis of fecal samples taken from patients with colorectal cancer as well as
from healthy controls. We also examine empirical performance through simulation.

We conclude with a brief discussion of outstanding statistical and scientific challenges
posed by measurement error in microbiome science, together with recommendations for im-

proving research practices to support rigorous interrogation of microbial communities.



Chapter 2
ASSESSING REPLICABILITY IN MICROBIOME DATA

2.1 Introduction

In this chapter, we examine data produced by the Microbiome Quality Control (MBQC)
Project, a large collaborative study of cross-laboratory comparability of human microbiome
16S sequencing measurements. 16S sequencing is a widely employed approach that attempts
to quantify microbial abundances by sequencing a hypervariable region of the 16S rRNA
gene. The data that results from a 16S sequencing experiment is the number of times each
16S sequence variant j was observed in each sample 7, which we call W;;. Many steps are
involved in generating a taxon abundance table {W;;} from specimens, including sample
storage, DNA extraction, sequencing, and raw data processing (bioinformatics), and all of
these steps are known to impact the resulting profiles [Pollock et al., 2018, Hugerth and
Andersson, 2017, Sinha et al., 2017, Gibbons et al., 2018a].

We analyze this data both because at present no other dataset provides comparable
insight into measurement error in human gut microbiome studies and also because its analysis
published by Sinha et al. [2017] does not support various conclusions that Sinha et al. [2017]
draw from it.

In broad terms, both our analysis and that of Sinha et al. [2017] aim to investigate to what
extent observed structure in samples is preserved under differing measurement protocols as
performed by various sequencing and bioinformatics laboratories. Accordingly, the MBQC
dataset contains observations on 22 extremely dissimilar specimens: 2 are low-complexity
artificial communities, 2 are drawn from a bioreactor, and 18 are from human subjects.
Of the 18 human specimens, 9 are male, 5 are female, with donor sex unknown for the

remainder. The age range of human specimens spans 2 years to 70 years, and approximately



1/3 of samples are from ICU cases, 1/3 are pre- or post-surgery, and 1/3 are healthy.

The disparate sources of samples in this dataset should lead to observable differences
in 16S sequencing data. Indeed, we are able to identify distinctions between samples that
hold in individual sequencing laboratories (low within-laboratory technical variation). How-
ever, we also find very different distinctions between samples across laboratories (high cross-
laboratory variation). Hence, while within-laboratory technical variability is low enough
to allow differentiation of samples, observed distinctions between samples are not robust to
between-laboratory technical variation, suggesting that measurement error may mask or bias

between-subject and between-group comparisons in human 16S studies.

2.2 Data and Model

2.2.1 Dataset

The MBQC Project was established by the MBQC Consortium to “comprehensively evaluate
methods for measuring the human microbiome” [Sinha et al., 2015, pp. 1-2]. A major objec-
tive was to quantitatively compare the results of 16S sequencing as implemented by multiple
research groups on identical samples. To this end, Sinha et al. [2017] distributed identical
microbiome sample sets comprising samples from 22 unique specimens to 15 participating
sequencing laboratories that were blinded to the samples’ labels. Each laboratory prepared
and analyzed sample sets according to a sequencing protocol of their choice. Raw data
from each sequencing laboratory was then sent to 9 bioinformatics laboratories, which were
blind to sequencing laboratory identity as well as specimen origin of samples. Bioinformatics
laboratories processed the data according to an analysis protocol of their choosing. The
taxon abundance tables from each sequencing-bioinformatics combination were submitted in
standardized format.

We denote the taxon abundance data collected by Sinha et al. [2017] {W;;kim, }, where
i € {1,...,I} indexes the specimen from which a sample was taken, and j € {1,...,J}

indexes the operational taxonomic unit (OTU) to which the count is attributed. We fur-



ther index taxon abundance data according to the sequencing laboratory k € {1,..., K}
and bioinformatics laboratory [ € {1,..., L} that generated it. m € {1,..., M;;;} indexes
replicate measurements on specimen i within sequencing laboratory k& x bioinformatics lab-
oratory [. We note in particular the distinction between “specimen” and “sample” here,
which we will maintain throughout this chapter: a “specimen” is a unique source of genetic
material, portions of which may be extracted for sequencing; a “sample” is such an extracted

portion — i.e., it is the unit of sequencing.

2.2.2  Prior Analyses

Our analysis of the MBQC dataset was in part motivated by weaknesses in the original
analyses of Sinha et al. [2017]. We briefly review these analyses here.

Sinha et al. [2017] present two major groups of analyses. The first of these concerns cross-
laboratory similarity of various diversity indices — that is, of common univariate summaries of
specimen complexity (as well as of pairwise similarity across specimens). This chapter does
not attempt to recapitulate these diversity analyses, though we note that a conclusion Sinha
et al. [2017] draw from them, that in general “relative diversity levels remain consistent”?
across sequencing laboratory (i.e., regardless of which laboratory performs sequencing) holds
only insofar as that in pairwise comparisons across sequencing laboratory, Spearman corre-
lation of diversity indices is generally (though not always) positive. (The median pairwise
Spearman correlation is 0.44 with IQR 0.29 — 0.66.)

In addition to these analyses, Sinha et al. [2017] also fit linear mixed models separately to
arcsine-square-root transformed observed relative abundance data for 4 phyla? (Firmicutes,
Bacteroidetes, Proteobacteria, and Actinobacteria). Individually on each of these phyla, they

fit two linear mixed effects models: the first including terms for sequencing and bioinformatics

ie., that comparisons in diversity across samples are preserved: e.g., if measurements from labora-

tory A indicate that specimen 1 has greater diversity than specimen 2, the same will generally hold in
measurements taken by laboratory B.

%i.e., in each sequenced sample, the result of arcsine-square-root transforming the proportion of observed

reads assigned to a bacterium in Firmicutes, Bacteroidetes, Proteobacteria, or Actinobacteria



laboratories as fixed (main) effects with a random intercept for specimen; and the second
including terms for sequencing and bioinformatics protocols also with a random intercept for
specimen. (Collinearity of laboratory and protocol precluded fitting models containing terms
in both.) On the basis of these model fits, Sinha et al. [2017] conclude that “the greatest
variability in microbiome profiling was assigned to biological differences between specimen
sources and handling laboratories” and later assert “relative, not absolute, measures are
comparable between protocols” [Sinha et al., 2017, p. 1084], (“relative” here refers to sample-

to-sample comparisons).

For a number of reasons, it is difficult to relate the results of the analysis of Sinha
et al. [2017] to human microbiome experiments as they are practically carried out. Firstly,
the analysis is conducted on a fairly infrequently used transformation of 16S data, in this
case explicitly chosen for variance stabilization (rather than on the basis of a relationship
with some underlying biological quantity of interest). Additionally, only variability in trans-
formed phylum data is considered; phyla are very broad taxonomic groupings and behavior
of measurements at this level of aggregation are unlikely to be informative with respect to
measurements analyzed on finer scales (such as species or genus, both commonly a focus of
human 16S microbiome studies). Lastly, while it is not entirely clear how broadly Sinha et al.
[2017] intend readers to construe their comments about relative structure between specimens
being conserved across sequencing laboratory and protocol, the mixed models they fit are
categorically unable to support such claims; they do not estimate any quantity from which
we might draw such a conclusion. Sinha et al. [2017] summarize impact of measurement
protocol (and laboratory) by appealing to variance explained by main effects in measure-
ment protocol (or laboratory), but estimates of such effects provide no insight into whether
measurement protocol or laboratory differentially impact different specimens (i.e., whether
relative structure is preserved). The effect relevant to this question is instead an interaction

between protocol and specimen, but no interactions are modeled by Sinha et al. [2017].

In view of these difficulties, in this chapter we attempt to more fully investigate to

what degree apparent structure in measurements taken on different samples replicates across



sequencing laboratory.

2.2.8 Model and Model Evaluation

We wish to evaluate the widely-held belief that “each protocol will have a set of biases that
affect all samples equally” (Sinha et al. [2017, p. 1081]), and in particular that on this
basis measurement error may safely be disregarded in microbiome analyses. To this end, we
propose a statistical model for the MBQC data to formalize and explore the implications of
this claim. Let p;; be the true, unknown relative abundance of taxon j in specimen 7 (so
Z}]:1 pi; = 1), and Wikim = (Witktm - - - s Wigkim) be the observed counts from all taxa in
specimen ¢ by sequencing laboratory k, and bioinformatics laboratory I. For simplicity, we
omit further reference bioinformatics laboratories [, which our analysis treats as dependent
replicates (see Section 2.3.3), and we let M;;, represent the number of replicate observations
on specimen ¢ reported for laboratory k. (Although all sequencing laboratories were sent
identical sample sets, some laboratories were sent multiple sets; number of bioinformatics
replicates per sample is relatively consistent in the subset of data we analyze, as discussed in
Section A.2.) We represent transformed sequencing count data Wi.m as a sum of transformed

true relative abundances p;. and an error term €y; ., :

- -

U(Wiem) = U(5,.) + Eviems (2.1)

where W is some scale-invariant transformation of the count data (e.g., relative abundance
or centered log-ratio 3; we consider only scale-invariant transformations because ijl Wij is
an artifact of the sequencing experiment). We formalize the idea of protocol (or laboratory)
biases affecting specimens equally via assumptions on the expectation of the error term
€wikm!

E[€yikm) = Cv-km (2.2)
That is, @(V?@km) is a biased estimate of \17(;71), with bias Cy., constant across samples 4

but potentially differing across taxa j. (Note that bias of W(Wim) for ¥(7:) includes bias

3For x € R%, the centered log-ratio transformation of x is given by g(x) = logx — 1 Sk logza.



resulting from nonlinearity of \ff) If we lift the first moment assumption on €y;m, the
model above is completely general; in particular, we note that, with or without first-moment
conditions, this model makes no assumptions on similarity of error distributions across taxa.

We do not know the true abundances p;. for the MBQC data, nor in most 16S experiments.
However, because we are interested in evaluating replicability, we do not attempt to estimate
the p;’s. Instead, we propose a statistical machine learning approach to evaluate a key
implication of model (2.1) - (2.2), with errors modeled as independent across samples.

We first note that under the above model, the expected difference between transformed
observed abundances and transformed true abundances depends on sequencing laboratory
k and the chosen transformation ¥, but not on the sample composition i. Consequently,
differences in transformed measurements between specimens are invariant in expectation
across laboratory: E[W(W;.,)—U(Wi )] = E[U(Wiw)—U(Wy.)] (for simplicity, we suppress
replicate index m here).

Therefore, we can evaluate the model in the absence of knowing p;. by assessing if observed
between-specimen structure is conserved across laboratories.

To do this, we split data as follows. As each sequencing laboratory received multiple
physical samples of each of the 22 unique specimens included in this study, we divide data
produced by sample. We assign each sample sequenced by a given laboratory either to the
training or the test set for that laboratory, with each sample assigned to training or test sets
with equal probability and each training and test set containing at least one sample from
each unique specimen. All bioinformatics results reported for a given sample share the set
assignment of the sample.

This procedure produces, for each sequencing laboratory k, a training set W™ and a
test set Wi, Separately on each of these sets we calculate “sample-centered” transformed
measurements (Section 2.3.2), which we call ¥/(W). On each training set W ™" we attempt

to find a function ¢y, : range(V’') — {1,..., I} such that expected misclassification error

1 Mzk

> MMZZ [ (o (v Lkm))#i}] (2.3)

i=1 m=1
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is minimized.* In other words, ¢; is a classifier that identifies specimen label i, and was
trained on data from sequencing laboratory k (Section 2.3.3). We then use ¢ to predict

specimen labels on every sample-centered test set W e*: both for the laboratory that the

classifier was trained on, and all other laboratories. °

Finally, we analyze the magnitude and patterns in the classifiers’ misclassification rates,
including which transformations better preserve distinctions between samples; at which tax-
onomic resolution we observe highest replicability; whether some laboratories detect more
replicable distinctions between samples than others; and the difference in classifier per-
formance within- versus across-laboratories. Figure 2.1 illustrates how our classifier-based
approach distinguishes between structure-preserving and structure-distorting measurement

error across sequencing laboratories.

In short, our approach allows us to evaluate how similar measurement error is across
sequencing laboratories in terms of our ability to distinguish specimens after we have removed
a form of bias that is irrelevant to estimating differences between specimens. When the
distribution of measurement error in laboratories k& and k' is identical up to a constant (i.e.,
up to Cy.x — Cy.r), we expect classifiers to perform equally well in either laboratory. When
measurement error distributions are not equal up to a mean shift, our approach provides
an empirical measure of the degree of difference between them. We express this result in
terms of “centered” error terms €y;.m — El[€y;xm], Wwhere expectation is taken over the joint
distribution of class (specimen) labels i and class-and-laboratory-specific error terms €y g,
(note that by design the distribution of class labels i is identical across laboratories). In
particular, if we let Q; denote the joint distribution of centered error terms €y;.km — E[€wi-km)

and the class labels 7 in laboratory k, and analogously for laboratory &’ with @, we have

4We note that ¢y, as defined here, is not unique without some limitations imposed on the function class
from which it is chosen. To explore sensitivity to choice of function class (and hence of non-uniqueness of
o), we compare results using classifiers selecting ¢ from disparate function classes.

5 All bioinformatics laboratories included in our analysis produced OTU tables using a common reference
database [Sinha et al., 2017, p. 1078], so taxonomic assignments are generally comparable across data
reported from these laboratories.
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for any classification rule ¢(X) that |Eq, [1i¢x)21] — Eq, [Lpx)2n)| < drv(Qk, Qi). That
is, the absolute value of the difference in expected misclassification rates lower bounds the
total variation distance between )y, and );s. In practice, we center by sample averages since
Elew;km] is not known, and so the inequality holds up to O(1//ng V ng) term, if ny is the
number of samples sequenced by laboratory k, and similarly for ny and laboratory &'. (See

Appendix A.1 for a formal statement and proof).

2.3 DMethods

2.3.1 Data Sources and Treatment of Missing Data

We considered OTU count data published by Sinha et al. [2017] in Nature Biotechnology
(Supplementary Data set 6 available at https://www.nature.com/articles/nbt.3981).
As explained in Sinha, et al., data from bioinformatics laboratories BL-3 and BL-5 was
excluded from Supplementary Data set 6 as these laboratories did not report counts in stan-
dardized format. We stored available data as a table with columns representing variables
and rows observations using the data.table package (version 1.12.6) [Dowle and Srinivasan,
2019] in R (version 3.6.1) [R Core Team, 2019]. We then filtered out all rows for which
sequencing lab, bioinformatics lab, or specimen was listed as missing or unknown, as well
as negative controls and pre-extracted DNA samples. As reported in Sinha et al. [2017, pg.
1079], some bioinformatics groups did not report results for samples with read counts below
a given threshold. This induced missingness in some combinations of sequencing lab, dry
lab, and specimen. To avoid confounding bioinformatics and sequencing laboratory effects,
as well as to ensure that sufficient data was available to train and validate classifiers in
each sequencing laboratory we considered, we limited our analysis to a subset of sequencing
and bioinformatics laboratories with sufficient completeness in each combination of sequenc-
ing and bioinformatics laboratory. Details of the procedure used to select this subset of

laboratories are available in Appendix A.2.
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2.3.2  Data Transformations

Each laboratory provided taxon abundance tables with 16S sequence variants j attributed to
operational taxonomic units (OTUs), a unit based on observed 16S gene sequence similarity.
OTUs can be organized according to a taxonomy comprising (from finest to broadest) species,
genus, family, order, class, and phylum. To assess degree of replicability at finer or broader
aggregations, we trained classifiers for every level of taxonomic aggregation.

For every taxonomic aggregation level, we consider two transformations ¥ that are com-

monly used in microbiome analyses. We consider the proportion transformation

Uy R - 87750, (W) = ( W L) |

~J s 0N
Zj:l Wij Zj:l Wij

and the centered log-ratio transformation

Witk Wik

U, : R/ - R’; \Ifg(l/f/i.k): log . 1/J,...,log . 77
<Hj:1 Wz‘jk) <H]~:1 Wz‘jk)

Note that the centered log-ratio transform is only defined when W;;, > 0 for all j, so
in practice, zero counts in taxon tables are frequently replaced by a small positive “pseu-
docount” prior to transformation [Quinn et al., 2019]. In accordance with this practice, we
replaced all zero counts with a pseudocount of 1 before transformation. We investigated
the sensitivity of our results to the choice of pseudocount and found negligible differences
in classifier performance. We note that adding a pseudocount breaks the scale invariance of
Us.

To ensure that classifiers learn features of the data that reflect between-specimen struc-
ture and do not depend on ¢y, for transformations ¥; and ¥, we center measurements
on samples from specimens 1 through I from every test or training set by subtracting
%Zle M+g Zfﬁl U (W) from each observation, where Mt is the number of replicate
measurements for specimen i in the sample set (either a training or test set). We performed

this centering to ensure that the resulting centered quantities have expectation that does not
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depend on Cy.:

! Mg
. 1 1 .
U(Wikm) = 5 T > U (W) (2.4)
=1 ? m/'=1
1 1 W
= [\I/(p_;) + G\Ili-km] — f Z M—%t Z [\Il(p_;,) + G\Ili’-k:m’:| (25)
=1 Q3 m/=1
1< 1. 1
= [U(5i) — 7 > (pir)] + [ewiem — 7 wt D ik = V(0i) + g (2:6)
I T 2= I
i'=1 i=1""1 =1

where W'(p;.) and €y, ,,, are defined to be the first and second bracketed terms of the LHS of

(2.5), respectively. We additionally define W'(Wi.,,) calculated on either a test or training
from sequencing laboratory k: W'(m.km) = \I/(Wlkm) — }25:1 ﬁ Z%}E \If(mkmr)

If the model given in Section 2.2.3 holds, we have

i g
1 1
/ e . - )

Eellli-km = E[[E\Dz-km Ji ; Mislst WL/Z_ €Q7zl.km/:|i| (27)

set

1 1 _

= Cy-k — 7 Z W Cype = 0 (28)

=1 ik —

Hence, the centered transformed measurements are equal to centered transformed true

relative abundances plus a mean-zero error under model (2.1) - (2.2).

2.3.83  Training and Validation of Boosted Tree and FElastic Net Classifiers

To train and validate classifier performance, we first assign samples sequenced by each se-
quencing laboratory to either the test or the training set for that laboratory. For each unique
specimen, samples taken from that specimen are assigned to training or test sets with equal
probability, and each training and test set contains at least one sample from each unique
specimen. All bioinformatics results reported for a given sample share the set assignment of
the sample.

On each training set, we trained boosted regression tree classifiers with R package xgboost

(version 0.90.0.2) [Chen et al., 2019] and elastic net classifiers with R package glmnet (version
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2.0.18) [Friedman et al., 2010] to classify samples according to which specimen they were
taken from. We then predicted on the test set to obtain estimates of within-laboratory
misclassification rates for each classifier. We also predicted specimen label on test sets for
sequencing laboratories not used to train the classifier to obtain estimates of cross-laboratory
misclassification rates.

For both boosted tree and elastic net classifiers, we selected parameters via 10-fold cross-
validation on training sets. Details of parameter selection are provided in Appendix A.2.
For each combination of k£, ¥ and taxonomic level, a distinct classifier was trained.

We briefly note here that overfitting (i.e., selection of high-variance classifiers) is a com-
mon concern in high-dimensional settings. For this reason, we chose classifiers (boosted tree
and elastic net) and a training procedure (10-fold cross-validation) with some robustness to
this problem [Biithlmann et al., 2007, Friedman et al., 2004, Zou and Hastie, 2005]. More-
over, we constructed training and test sets so that classifiers are trained and evaluated on
measurements taken on completely disjoint sets of samples, so misclassification error on test
sets is unbiased for population misclassification error if errors €y;., are independent across
samples m. Conversely, if dependence of errors €., Within sequencing laboratory drives
lower within- than across-laboratory misclassification error, this indicates that observed dis-
tinctions between samples depend on sequencing laboratory — the very phenomenon we aim
to investigate in this chapter.

To investigate conservation of observed distinctions among more disparate samples, we
conducted an additional analysis focusing on specimen type rather than specimen. For this
analysis, we categorized the 22 unique specimens analyzed by the MBQC into four broad
types: human (18 specimens); chemostat (2 specimens); artificial fecal community (1 spec-
imen); artificial oral community (1 specimen). We performed sample centering using these
types, trained classifiers with type labels, and evaluated classifier performance predicting
specimen type on held-out test sets from each laboratory. In all other respects, we observed
the same protocol as in our primary analysis.

All misclassification results shown in Section 2.4 are based on the testing sets (no mis-
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Figure 2.2: Within-laboratory misclassification for boosted tree and elastic net classifiers
predicting specimen or specimen type on proportion data plotted against level of taxonomic

aggregation. Color indicates the laboratory that the classifier was trained and evaluated on.

classification rates for training data are shown).

Code to reproduce the analysis is available at github. com/statdivlab/mbqc_supplementary.
2.4 Results

2.4.1 Proportion-Scale Data

We first examine performance of each classifier on held-out test data from the laboratory
on which the classifier was trained. Within-laboratory, out-of-sample predictions provide a
baseline against which to compare cross-laboratory performance. Within-laboratory misclas-
sification rates on proportion-scale data (U;) are shown in Figure 2.2.

Within sequencing laboratory, signals distinguishing specimen types exhibit generally low

misclassification error: median 5% (IQR 2% - 11%) for boosted tree signals and 3% (IQR
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1% - 8%) for elastic net. This low misclassification is likely due both to the relatively large
biological differences between specimen types (human, oral mock, fecal mock, or chemostat)
and to the composition of sample sets sent to sequencing laboratories, which were composed

of ~ 75% human fecal samples on average.

Specimen misclassification is generally higher than specimen type misclassification on
within-laboratory replication, with median specimen misclassification 22% (IQR 12% - 38%)
for boosted tree classifiers. This higher misclassification reflects both the increased biological
similarity between specimens (versus specimen types) and the relatively even distribution of
specimens across samples: no specimen accounts for more than 6% of samples sent to a

sequencing laboratory.

Additionally, within-laboratory replicability of between-specimen signals appears to de-
crease as taxonomy coarsens. Median within-laboratory misclassification of boosted tree
classifiers is 15% (IQR 8% - 23%) on OTU-level data, rising to 42% (IQR 34% - 64%) on
phylum data. The corresponding figures for elastic net classifiers are 10% (IQR 9% - 20%)
and 35% (IQR 24% - 47%), respectively.

Spikes in misclassification of elastic net classifiers on HL-B and HL-L (for specimen and
specimen type classification, respectively) are explored in greater detail in Appendix A.5.
In short, they likely result from three sources: relatively high within-laboratory technical
variation in HL-L; probable splitting of (unlabeled) batches ¢ in HL-B across training and
test sets; and the sensitivity of the elastic net to the distribution of measurement error
under the sum-to-one constraint imposed at the proportion scale. The consistently high
within-laboratory misclassification in HL-K may be due to mislabeling of samples by this

laboratory.

To investigate the degree to which between-specimen structure was conserved across

sequencing laboratory, we used each of the classifiers trained on proportion data to predict

6That is, HL-B processed multiple sample sets, likely in different sequencing runs (i.e., batches), but we
do not have access to which samples were sequenced in which batch and so cannot take batch structure
into account in our analysis.
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specimen using proportion data from every other laboratory. The performance of these
classifiers in terms of misclassification on OTU, genus, order, and phylum data is summarized
in Figure 2.3. See Appendix A .4 for results for specimen and specimen type at all taxonomic
levels.

Between-specimen signals learned from proportion data replicate far less strongly across-
than within-sequencing laboratory. Median within-laboratory misclassification for boosted
tree classifiers is 22% (IQR 12% - 38%), compared to 60% (IQR 42% - 75%) across-laboratory.

Within- and cross-laboratory misclassification both generally increase with coarsening
taxonomy. For the boosted tree classifiers, median misclassification on OTU-level data is
15% within-laboratory (IQR 8% - 23%) versus 55% cross-laboratory (IQR 30% - 75%). On
phylum-level data, these figures are 35% (IQR 24% - 47%) and 82% (IQR 66% - 88%),
respectively. On phylum-level data, elastic net classifiers perform similarly, attaining 30%
(IQR 24% - 42%) median within-laboratory and 71% (IQR 55% - %) cross-laboratory mis-
classification. On OTU-level data, elastic net classifiers marginally outperform boosted tree
classifiers, with median within-laboratory misclassification 10% (IQR 9% - 20%) and median
cross-laboratory misclassification 34% (IQR 24% - 61%).

2.4.2  Log-Ratio Transformed Data

16S data is also frequently analyzed after a log-ratio transformation, an approach from
the compositional data literature (see, e.g., Aitchison [1982]). In this section, we examine
replicability of between-specimen signals on the centered log-ratio scale.

As with proportion-scale data, between-specimen signals learned from centered log-ratio
data replicate more strongly within than across sequencing laboratory (Figure 2.3; see Figure
A.8 for more detailed within-laboratory results). For boosted tree classifiers, median within-
laboratory misclassification is 24% (IQR 17% - 31%), in contrast to 60% (IQR 42% - 75%)
cross-laboratory misclassification.

Within- and cross-laboratory misclassification both generally increase with coarsening

taxonomy (Figure 2.3). For the boosted tree classifiers, median within-laboratory misclas-
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level of taxonomic aggregation. Color indicates the laboratory whose data the classifier was

trained on.
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Figure 2.4: The within-laboratory (aqua) and cross-laboratory (red) misclassification for
centered proportion and centered log ratio data for classifiers predicting both specimen and
specimen type. The misclassification rate is shown for boosted tree (solid lines) and elastic
net (dotted lines) classifiers for every combination of laboratories (thin lines) and is also

summarized as a median across laboratory combinations (thick lines).

sification on OTU-level data is 23% (IQR 17% - 44%) versus 66% (IQR 41% - 75%) for
cross-laboratory misclassification. On phylum data, these figures are 33% (IQR 28% - 44%)
and 74% (IQR 58% - 81%), respectively.

2.4.3 Summary of findings

Figure 2.4 summarizes our findings, showing the misclassification error for each pair of
training and test laboratories rendered as a thin line segment. For each combination of
transformation and classification task (specimen vs. specimen type), median within- and

cross-laboratory misclassification is plotted against taxon as a bold line.
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Regardless of classifier, for each transformation and at every level of taxonomic aggre-
gation we considered, median within-laboratory specimen misclassification is substantially
lower than median cross-laboratory specimen misclassification. That is, sequencing labo-
ratories find distinctions between samples that cannot be replicated in other laboratories.
Whether this occurs because some sequencing laboratories report spurious reads (e.g., con-
tamination) or because laboratories are differentially able to measure various features of
microbial communities is not clear from this analysis. Both sources of error likely contribute
to the patterns observed in this analysis, and the scale and level of taxonomic aggregation
at which data are considered may determine the relative importance of each source.

For each transformation and classifier we considered, within- and cross-laboratory spec-
imen misclassification generally increase with increasing level of taxonomic aggregation, al-
though the strength of this trend varies by transformation. That is, replicability decreases
with increasing taxonomic aggregation. This result most likely reflects information lost as a
result of aggregation. Additionally, the pattern of cross-laboratory misclassification suggests
that measurement error is not mitigated by taxonomic aggregation. That is, our findings
suggest that between-phylum signals are generally less replicable than signals at finer tax-
onomic levels, possibly because the effects of measurement error are more similar in closely
related taxa than in distantly related taxa.” We therefore recommend analysis on data at
the genus level or finer.

Within-laboratory misclassification was generally lower than cross-laboratory misclas-
sification under every data transformation we considered. With respect to both within-
and cross-laboratory misclassification, however, proportion data were particularly unreliable,
with specimen type classifiers frequently failing to outperform simply classifying all samples
as human. Measurement error due to differential detection efficiency and contamination are
nonlinear on this scale, which may explain for this behavior. Hence, we expect statistical

inference on means of 16S proportion data to be particularly sensitive to measurement error.

"That is, at high levels of taxonomic aggregation, measurement error is summed across contributions
across constituent (finer) taxa which may be quite differently impacted by error under a given protocol.
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2.4.4  Supplemental Analyses

We perform several analyses to investigate the sensitivity of our analysis to various modeling
choices. Appendix A.4 explores whether we can find a subgroup of sequencing laboratories
across which between-specimen signals replicate well. In Appendix A.6, we assess the influ-
ence of pooling results from multiple bioinformatics laboratories via a sensitivity analysis in
which we fit and predict from classifiers using only data reported by bioinformatics laborato-
ries individually. In Appendix A.7, we fit classifiers to centered and rescaled sequencing data
to investigate whether laboratory- and taxon-specific scalings could explain our results, and
we additionally provide descriptive plots of measured abundance across four major phyla in
fresh human specimens by sequencing laboratory and specimen. Appendix A.7 reports re-
sults for within- and cross-laboratory performance of classifiers trained on presence-absence

data, another commonly used transformation of sequencing read data.

2.5 Discussion

Our objective in this chapter was to assess the replicability in 16S data, and to this end,
we focused on the inter-laboratory similarity of measured distinctions between specimens.
Focusing on between-specimen distinctions allowed us to assess evidence for the claim that
“each protocol will have a set of biases that affect all samples equally” [Sinha et al., 2017,
p. 1081] and that on this basis between-group comparisons can be resolved in the presence
of measurement error; we find little evidence to support this claim. Our analysis also esti-
mates a lower bound on the total variation distance between the residual measurement error
distributions across sequencing laboratories after a laboratory-specific bias term has been
canceled.

We found that replication of between-specimen signals is stronger within- than across-
sequencing laboratory, even when laboratories analyze identical specimens. This is consistent
with the recent work of Wirbel et al. [2021], who found substantially lower cross-study than

within-study performance of classifiers trained to identify disease states on the basis of data
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from a single study. Notably, cross-study predictive performance improved when training
data was augmented with external study data. Both these results and our own suggest that
laboratory-specific measurement error may mask or distort between-group comparisons of
16S data.

While we did not directly test the applicability of any given model connecting sample
composition p;. to taxon abundance tables W;., our findings were broadly consistent with
the multiplicative detection effect model of McLaren et al. [2019]. This model predicts
that between-laboratory replicability should be greater on centered log-ratio data, where,
given sufficiently deep sequencing, multiplicative distortions should cancel in our analysis.
In centered log-ratio data, this canceling should occur primarily at fine levels of taxonomy,
as the multiplicative detection effects described in McLaren et al. [2019] properly apply
to microbes at the strain level; at higher taxonomic levels, strains varying in degree of
detectability will be grouped together, and the model of McLaren et al. [2019] will fit less
well. We do in fact observe these patterns (in particular, compare classifier performance on
centered log ratio versus proportion data with and without sample centering, as reported in
Appendix A.9), suggesting that differential detection of certain taxa by protocols may drive

some of the measurement error we observe.

2.5.1 Limitations & interpretation of results

In this analysis, we set out to assess conservation of between-specimen signals within and
across sequencing laboratories. As the form of these signals was not known a priori, we used
flexible classifiers to learn between-specimen distinctions and then assessed replicability in
terms of misclassification error of classifiers trained on training sets from each sequencing
laboratory. In order to train classifiers, we pooled data across bioinformatics laboratories for
use as replicates. While these decisions allowed us to illustrate the impact of measurement
error on between-specimen signals, they each introduce limitations into our analysis.

While our analytical approach allowed us to flexibly learn distinctions between speci-

mens, this flexibility prevented our analysis from highlighting any specific set of taxa as
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contributing to replication failure. This reflects our goal of evaluating the replicability of
measured between-specimen distinctions, though it renders the applicability of our findings
to any particular experimental result more difficult to determine.

In addition, while we chose to examine 16S data under two transformations commonly
used in microbiome analyses, microbiome studies employ a wide range of analytic techniques.
These include approaches borrowed from the RNA-seq literature such as limma, an empirical
Bayes method that can incorporate observation reweighting via an estimated mean-variance
relationship [Law et al., 2014], as well as DESeq2 and edgeR, which attempt to account
for technical variation via normalizations either applied directly to data as transformations
or included as terms in a model [Robinson et al., 2010, Love et al., 2014], Though we did
not explore the replicability of observed differences between specimens after application of
normalizations commonly used in RNA-seq analyses, we note that RNA-seq (as well as
microbiome) methods have previously been found not to control type-1 error in microbiome
data [Hawinkel et al., 2019]. In a similar vein, we were unable to address the totality of
statistical methods developed specifically for 16S data in our analysis, and it is unclear how
our results will generalize across methods.

We chose to use taxon abundance data reported by participating bioinformatics labora-
tories rather than reprocess raw read data. Accordingly, our results, particularly for fine
taxonomic levels, do not reflect recent developments in bioinformatics protocol, such as the
ability to identify exact 16S sequence variants [Callahan et al., 2016, 2017]. Furthermore, as
we estimate and validate signals over bioinformatics replicates, we estimate misclassification
error averaged over bioinformatics laboratories. We investigate the sensitivity of our analysis
to pooling of bioinformatics in Appendix A.6.

The conclusions we can draw from this analysis are also limited by the MBQC dataset.
As the MBQC Project was not a designed experiment with respect to laboratory protocol
(laboratories chose their own protocols), laboratory effects may confound any observed pro-
tocol effects. Additionally, the distribution of some protocol variables is highly unbalanced,

rendering inference imprecise, even in the absence of confounding. For example, among the
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laboratories we included in our analysis, six out of eight used the same 16S primer, with the
other two each using a distinct primer. For these reasons, we chose not to estimate effects
due to protocol variables directly.

Additionally, the population of laboratories included in the MBQC may not represent the
global population of laboratories that generate microbiome data. For instance, laboratories
participating in the MBQC study may have differed from the typical laboratory conducting
16S sequencing in terms of funding and academic profile. Furthermore, participating labora-
tories knew that they were participating, which may have changed their behavior (referred to
as the Hawthorne effect). Relatedly, bioinformatics laboratories discarded samples as quality
control, and it is unclear if bioinformatics teams working in collaboration with sequencing
teams would discard samples as readily. For these reasons, we chose to present descriptive
summaries of classifier performance rather than perform inference on misclassification rates.

The generalizability of our analysis is also limited by the range of specimens included
in the MBQC. As all human specimens included in this study were fecal samples, our re-
sults are most relevant to studies of the human gut microbiome. In a similar vein, as the
true composition of these specimens is unknown, we were only able to assess consistency of
measurements across laboratories. Therefore we are not able to recommend any particular

sequencing protocol for estimating true sample composition.
2.6 Conclusion

In the past two decades, failures of replication in quantitative disciplines ranging from so-
cial science to biomedical research have attracted considerable scientific and public attention
[Loken and Gelman, 2017, Ioannidis et al., 2001, Simmons et al., 2011]. Concern over replica-
tion failures is well-founded: if independent groups of researchers cannot replicate scientific
findings, this calls into question to what extent the published literature reflects objective
reality.

In this chapter we evaluated the replicability of high-dimensional microbiome data ob-

tained from 16S sequencing. By analyzing a dataset wherein identical samples were dis-
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tributed to different sequencing laboratories, we demonstrated that measurement error in
16S studies degrades the replicability of measured distinctions between specimens. The
degree of non-replicability depends on the data transformation and level of taxonomic ag-
gregation used in analysis. We derived this result by training flexible classifiers to identify
specimens using data from individual sequencing laboratories and comparing their perfor-
mance on held-out test sets taken from the laboratories on which they were trained versus
on test sets from other laboratories. On species-level data, the classifiers correctly classified
a median of 64% and 56% of specimens predicting on, respectively, centered log ratio and
proportion data based on test data from a different laboratory than the laboratory that
generated the training data. These figures were substantially lower than the corresponding
figures for classification on out-of-sample test data from the same laboratory used to train
classifiers, 84% and 87%.

In general we observed larger misclassification errors at coarser levels of taxonomy. For
example, on phylum-level centered log-ratio data, classifiers correctly classified a median
of 71% of specimens within laboratory, but only 30% across laboratory. In addition, we
found that even when observed within-laboratory technical variation was low, replication of
between-specimen structure suffered in cross-laboratory comparisons.

These results suggest that measurement error in 16S studies may mask or distort distinc-
tions between specimens. Hence, in our view 16S profiles are best understood as providing
a noisy, likely distorted picture of microbial communities, and caution should be exercised
when interpreting the results of a 16S analysis. Accordingly, we advocate for the independent
validation of conclusions drawn from 16S sequencing [Minot and Willis, 2020].

Our findings highlight the need for further research in the characterization of measure-
ment error in sequencing of microbial communities. For example, McLaren et al. [2019]
recently demonstrated that observed profiles of simple communities differ from the true pro-
files by taxon-specific multiplicative factors that can be attributed to components of the
sequencing workflow (e.g. extraction and amplification). The model of McLaren et al. [2019]

may partially explain some of our findings. If the model of McLaren et al. [2019] applied
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perfectly to the MBQC data, we would expect similar levels of cross-laboratory and within-
laboratory misclassification in CLR-transformed species-level abundance data. However, we
observe a median correct classification of 64% and 84% across- and within-laboratory mis-
classification, respectively, a discrepancy highlighting the need for further characterization
of measurement error in human 16S data. We consider this challenge further in chapter 3.

More positively, our findings suggest that certain analyses may be more robust to mea-
surement error than others. In particular, our results point to analyses at fine taxonomies
on a log-ratio scale as more likely to replicate, although this pattern did not hold in every
cross-laboratory comparison in our analysis. This has a number of practical implications
for many different types of microbiome analysis, including inference (log-ratio based models
may be more robust to measurement error than relative-abundance models) and visualization
(ordination using Aitchison distance may be more appropriate than using other measures of
dissimilarity).

Experimental techniques to study microbial communities continue to be developed, and
whole-genome “shotgun” sequencing, long-read sequencing, microbial single-cell sequencing
and microbial transcriptomics are becoming increasingly prevalent approaches to surveying
microbiomes. To our knowledge, a study where identical samples were distributed to data
collection centers that use these alternative microbial community profiling techniques has not
been performed. As our analysis indicates that within-laboratory consistency does not in
general guarantee cross-laboratory consistency, we encourage microbial ecologists to consider
the potential for cross-laboratory inconsistency in emerging experimental techniques until

cross-laboratory consistency has been demonstrated.
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Chapter 3

MODELING COMPLEX MEASUREMENT ERROR IN
MICROBIOME SEQUENCING DATA

3.1 Introduction

In this chapter, we present a method for deconvolution of certain forms of measurement
error from biological signals in high-throughput sequencing data generated by microbiome
experiments. While our method is novel, the problem of measurement error has attracted
substantial attention in the microbiome literature, and numerous approaches have been pro-
posed to address measurement error in high-throughput sequencing studies. A particularly
common concern are “batch effects” — systemic distortions in observed abundance data due
either to true biological variation (e.g., cage/tank effects in model organism studies) or mea-
surement error (e.g., lot-to-lot variation in reagents). The majority of batch effect methods
used in microbiome studies were originally developed for RNA-seq and microarray analysis,
such as surrogate variable analysis [Leek and Storey, 2007], ComBat [Johnson et al., 2007],
remove unwanted variation [Gagnon-Bartsch and Speed, 2012] and batch mean centering
[Sims et al., 2008]. Batch effects methods developed specifically for microbiome studies in-
clude percentile-normalization for case-control meta-analyses [Gibbons et al., 2018b], and a

Bayesian multinomial-Dirichlet model [Dai et al., 2019].

Another line of research aims to directly estimate microbial abundances from sequencing
data. In an early effort in this area, Brooks et al. [2015], fit linear models to model the
empirical proportions of bacteria in communities of known composition. However, the com-
plexity of these models, which incorporated second-order species interactions, limited their
generalizability and interpretability. Using data published by Brooks et al. [2015], McLaren

et al. [2019] proposed a parsimonious model for microbial abundance data in which observed
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ratios of bacterial strains are multiplicatively distorted due to the over-detection of some
strains relative to others. This approach yielded improved predictive performance, particu-
larly in the form of cross-sample generalizability, as it was able to disentangle measurement
protocol effects from sample composition. Generalizing this approach remains an active
area of research, and multiple methods now exist to estimate multiplicative detection effects

[Silverman et al., 2021, Zhao and Satten, 2021].

However, unequal detection of bacterial strains is not the only impediment to estimating
microbial abundances from NGS data. Contamination introduced during sample handling,
preparation and sequencing can be a significant source of measurement error, particularly in
low biomass settings [Willner et al., 2012, Salter et al., 2014, Weiss et al., 2014]. Methods to
identify and remove contamination include SourceTracker [Knights et al., 2011] and FEAST
[Shenhav et al., 2019], which model contamination as a mixture of contributions from an
arbitrary number of known sources in addition to a single unknown source. Another method,
decontam [Davis et al., 2018], uses measured DNA concentrations to identify contaminants
under the assumption that total contaminant DNA concentration is approximately constant

across samples.

In this chapter, we present a method to account both for systematic over- and under-
detection of taxa as well as contamination in NGS data. The framework we present allows for
principled inclusion of covariates governing both detection effects and contamination, such
as batch covariates. We develop a stable algorithm for constrained estimation of relative
abundance and measurement error parameters, and present inferential procedures that re-
main valid when relative abundance parameters lie on the boundary of the parameter space.
We demonstrate applications of our method to relative abundance estimation under complex
measurement error, and to model evaluation and hypothesis testing in cross-protocol mea-
surement experiments. We show consistency and weak convergence of our estimators under
mild conditions and empirically evaluate their performance on a dataset of measurements
on specimens of known composition and via simulation. We conclude with a discussion of

advantages of our approach and areas for future research.
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3.2 A measurement error model for microbiome data

We propose a measurement error model that accounts for both contaminant reads and taxon-
dependent distortion of sample community structure. We use the term “read” as a catch-
all for the measurement output of microbiome sequencing experiments, but do not require
that observations be integer-valued. Similarly, “sample” refers to the unit of sequencing;
“specimen” refers to a unique source of genetic material that may be repeatedly sampled
for sequencing; and “taxon” refers to a grouping of organisms (e.g., species, strains or cell
types).

Let W; = (Wj1, ..., W;;) denote observed reads from taxa 1, ..., J in sample i. A common

modeling assumption for high-throughput sequencing data is

E[Wilpi, 7] = exp(vi)pi (3.1)

where p; € S/7! is the unknown relative abundances of taxa 1,...,J and exp(y;) € R" is a
sampling intensity parameter (throughout, we let S”~! denote the closed J — 1-dimensional
simplex). While the simplicity of this model is appealing, it poorly describes actual micro-
biome sequencing data because taxa are not all detected equally well [McLaren et al., 2019].

To account for this, we begin by considering the model

E[Wilpi, 8, 7] = exp(y:)(exp(B) o ps) (3.2)

where 8 = 1, ..., 3 represents the detection effects for taxa 1,...,J in a given experiment
(o indicates element-wise multiplication). As an identifiability constraint, we set ; = 0, and
so interpret exp(f5;),j = 1,...,J, as the degree of multiplicative over- or under-detection of
taxon j relative to taxon J.

We now generalize model (3.2) to multiple samples and one or more experimental pro-
tocols. For a study involving n samples of K unique sources of samples (n > K), we define
the sample design matriz Z € R™X to link samples to specimens. In most experiments,

Zit = L{sample i taken from specimen k}, PUt we note that more complex designs are possible. For
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example, if sample 7 is a 1 : 1 mixture of microbial communities k& and k', we may spec-
ify Zy, = Zyy = % Letting p be a K x J matrix such that the k-th row of p gives the
true relative abundances of taxa in specimen k, we have that the relative abundance vec-
tor for sample i is (Zp);.. To reflect that a sample’s relative abundance must be a convex
combination of K sources’ relative abundances, we require Z;. € S¥~!. We allow differ-
ing detections across samples to be specified via the detection design matrix X € R™*P,
For example, if samples are processed using one of p different protocols, we might specify
Xiq = L{sample i processed with protocol ¢}- Accordingly, we now consider a detection effect ma-

trix 8 € RP*/. As above, we impose identifiability constraint 3., = 0,. Therefore, one

generalization of model (3.2) is
E [reads due to contributing samples|3, p,~, Z, X] = D, (Zp) o exp (X3), (3.3)

where D., = diag(exp(7)), and where exponentiation is element-wise.

We now extend this model to reflect contributions of contaminant sources to the expected
number of observed reads. We consider K sources of contamination with relative abundance
profiles given in the rows of p € REXJ 1 To link sources of contamination to samples,
we let Z € R™K be a spurious read design matrix. Most commonly we expect Zu} =

1 (source & may contribute reads to sample i} but we give an example of an analysis with more complex

Z in Section 3.5.2. Then, along with contaminant read intensities 4 = 1,75 T, we
propose to model
E [reads due to spurious sources|vy, ¥, P, Z} = DA,Z [f) o exp (’713)} . (3.4)

While we could incorporate a detection design matrix for contaminant reads (replacing (3.4)
with DA,Z [f) o exp (ﬁ/l? + X,@)] for X € RE *P) | for most practical applications it is suffi-

cient to identify p up to detection distortion. Therefore, combining models (3.3) and (3.4),

1We require K to be treated as known. In practice, it is typically unknown. In some cases, this may
matter fairly little, as we can treat multiple sources of contamination introduced at similar points in a
measurement process as a single cumulative contaminant source. Accurately characterizing component
sources of contamination may be more important when contamination occurs at differing measurement
steps and hence potentially has systematically different impact depending on the step at which it occurs.
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we propose the following mean model for next-generation sequencing data W € R™*/:
p=E[W|B,p,7.p,7] = D, (Zp) oexp (XB) + DyZ [poexp (717)]. (3.5
3.3 Estimation and optimization

We propose to estimate parameters 8* := (6,v) := (83, p,D,7,7y) either by maximum like-
lihood or by maximum weighted likelihood. We use likelihoods to define M-estimators and
do not require or assume that the distribution of W lies in any particular parametric class.
We show consistency and weak convergence of our estimators of 6 := (83,p,p,”) under
mild conditions in Supporting Information (SI) Section 2. Note that elements of v € R"
are sample-specific nuisance parameters. We use 6y to denote the true value of 8. Our

unweighted objective is given by a Poisson log-likelihood:

MX(0%) = lln(B*) = l1T [vec (W) o log (vec (p (0%))) — vec (e (6%))] . (3.6)

n n
We use M, (0) to indicate the profile log-likelihood sup.cg.M;(6,7). Consistency of the
maximum likelihood estimate 6 for 0y does not require W;; to follow a Poisson distribu-
tion. However, the Poisson estimator will in general be inefficient if the relationship between
E[W;;|Z:, X;, Zi i, 0o] and Var[W;;|Z;, X;, Zi i, 0] is not linear [McCullagh, 1983]. There-
fore, to obtain a more efficient estimator, we also consider maximizing a reweighted Poisson
log-likelihood, with weights chosen on the basis of a flexibly estimated mean-variance rela-
tionship. We motivate our specific choice of weights via the Poisson score equations (see
SI Section 1). For weighting vector v € R such that 17V = n.J, we define the weighted

Poisson log-likelihood as

MY (%) := %OT [vec (W) o log (vec (p (0%))) — vec (p (6%))] . (3.7)

We define MY~ (0) by analogy with M, (8) above. We select v via a centered isotonic regres-
sion [Oron and Flournoy, 2017] of squared residuals vec[(W — f1)?] on fitted means vec|f]
obtained from the unweighted objective. Full details are given in SI Section 1, but briefly,

Rij+1
&§j+1’

we set 0;; o where 67, is the monotone regression fitted value for p;;.
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When the mean model is correctly specified, the estimators defined by optima of the
weighted or unweighted Poisson likelihoods given above are consistent for the true value of
6 and converge weakly to well-defined limiting distributions at y/n rate (the form of this
distribution in general depends on the true value of ). We leverage an approach from
Van der Vaart [2000] to prove consistency, and we combine a bracketing argument with a
directional delta method theorem of Diimbgen [1993] to show weak convergence. Details of

conditions and proofs are given in Supporting Information Section 2.

Computing maximum (weighted) likelihood estimates of 6* is a constrained optimization
problem, as the relative abundance parameters in our model are simplex-valued, and the es-
timate may lie on the boundary of the simplex. Therefore, we minimize f,(6*) = —M*(6)
or f,(0%) = —M*¥"(8") in two steps. In the first step, we employ the barrier method,
converting our constrained optimization problem into a sequence of unconstrained optimiza-
tions, permitting solutions progressively closer to the boundary. That is, for barrier penalty

parameter t, we update 0 as

K J K J
*(T : * ]‘ ~
0"+ axg ming | £,(6%)+ = | S5 —lozpiy + 33—l 59
k=1 j=1 fm1 J=1
J J 3
subject to Zpkj =1 and Zﬁ,;j =1 for all k, k s.t. px, Py unknown
j=1 j=1
(3.9)
and set tt) = qt(") where a > 1 is a prespecified incrementing factor, iterating until

t0) > touon for large teuom. In practice we find that t©© =1, a = 10, and teyor = 10'? yield

good performance. We enforce the sum-to-one constraints (3.9) by reparametrizing p and p

Pkj
PkJ

as p and p, with pg; :=log>® and py; := log% for j =1,...,J — 1, which are well-defined
kJ

because of the logarithmic penalty terms in (3.8).

In the second step of our optimization procedure, we apply a constrained Newton algo-

rithm within an augmented Lagrangian algorithm to allow elements of p and p to equal zero.
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Iteratively in each row p; of p, we approximately solve

J

arg min,, f,(px) subject to Zpkj =1, py>0forj=1,...J (3.10)
j=1

where f,(px) is the objective function f,, considered as a function of only py, with all other
parameters fixed at values obtained in previous optimization steps. To do this, we choose
update directions for p; via an augmented Lagrangian algorithm of Bazaraa [2006] applied

to

J J 2
Lo=QY +v | poy—1] +p Zpkj—ll (3.11)
j=1 j=1
(1)

where Q,(f) is a quadratic approximation to f,(px) at p,’ and v and p are chosen using the

algorithm of Bazaraa [2006]. The augmented Lagrangian algorithm iteratively updates v
and p until solutions to £, satisfy | Z}]:1 pr; — 1| < e for a small prespecified value of € (we
use 10719 by default). Within each iteration of the augmented Lagrangian algorithm, we
minimize L via fast non-negative least squares to preserve nonnegativity of py. Through
the augmented Lagrangian algorithm, we obtain a value p(zl)c of px that minimizes E,(:) (at
final values of v and ) subject to nonnegativity constraints. Our update direction for py, is

then given by s,(:) = pgi — p,(f). We conduct a backtracking line search in direction s,(:) to

1)

find an update p,(ﬁ that decreases f,(ps).2

3.4 Inference for p and (3

We now address construction of confidence intervals and hypothesis tests. We focus on
parameters 3 and p, which we believe to be the most common targets for inference. To derive
both marginal confidence intervals and more complex hypothesis tests, we consider a general
setting in which we observe some estimate ¢ = ¢(P,) of population quantity ¢ = ¢(P),

n

where P, is the empirical distribution corresponding to a sample {(Wl, Z;, X;, Zz>} ,
i=1

2We typically do not repeat this procedure for p, as p is a nuisance parameter and it suffices to approx-
imate the MLE for p with a value arbitrarily close to (but not lying on) the boundary of the simplex.
However, this second optimization step can be applied to p as well if desired.
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P is its population analogue, and ¢ is a Hadamard directionally differentiable map into
the parameter space © or into R. To derive marginal confidence intervals for p and 3,
we let ¢p(P,) = 6,, with ¢(P) = 6. For hypothesis tests involving multiple parameters, we
specify ¢(P,) as 2 [supgee M, (0) — supgee, M, (0)] with population analogue ¢(P) = 0 under
Hy : 0 € ©g. In each case, we estimate the asymptotic distribution of a(n) (¢(P,) — ¢(P))
for an appropriately chosen a(n) — oo,

As our model includes parameters that may lie on the boundary of the parameter space,
the limiting distributions of our estimators and test statistics in general do not have a simple
distributional form [Geyer, 1994], and the multinomial bootstrap will fail to produce asymp-
totically valid inference [Andrews, 2000]. To address this, we employ a Bayesian subsampled
bootstrap [Ishwaran et al., 2009], which consistently estimates the asymptotic distribution
of our estimators when the true parameter is on the boundary. Let P§ be a weighted em-
pirical distribution > | & 1w, with weights & ~ G for G ~ Dirichlet (%ln) Then the
bootstrap estimator a(m) (gzﬁ (Pfl) — ¢ (]Pn)) converges weakly to the limiting distribution of
a(n) (¢ (P,) — ¢ (P)) if we choose m = m(n) such that nh_}rg.lom = oo and nh_)rgo% = 0 [Ish-
waran et al., 2009]. We explore finite-sample behavior of the proposed bootstrap estimators
with m = /n in Section 3.6, finding good Type 1 error control. We note as well that if a
reweighted likelihood is used, we condition on weights used to construct this likelihood in
our bootstrap and do not recalculate these weights inside each iteration.

To derive marginal confidence intervals for elements of 8, we let a(n) = y/n and ¢(P) =

(P). Then \/m(8:

n

— 6, has the same limiting distribution as /n(6 — ). Therefore, for
ig the c-th bootstrap quantile of the ¢g-th element of \/ﬁ(éi — én) and éq the ¢-th element
of the maximum (weighted) likelihood estimate @, an asymptotically 100(1 — o)% marginal
confidence interval for 6, is given by (éq - \/iﬁfflz_a /20 éq - \/Lﬁf/i /2>.

As it may be of interest to test hypotheses about multiple parameters while leaving other
parameters unrestricted (e.g., 8 = 0 with unrestricted elements of p), we also develop a
procedure to test hypotheses of the form Hy : {0, = ¢, : k € Ko} for a set of parameter

indices Ky against alternatives with @ unrestricted. Letting © indicate the parameter space
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under Hy and © indicate the full parameter space, we conduct tests using test statistic
T, = nT(P,) = 2n[supgeeMn(0) — supgece,M,(0)]. As noted above, T, is in general
not asymptotically x? if (unknown) elements of p or p lie at the boundary, and so we
instead approximate the null distribution of 7;, by bootstrap resampling from an empirical
distribution projected onto an approximate null; this is closely related to the approach
suggested by Hinkley [1988]. Let fi;; denote exp(—-;) times the expectation of W;; under the
full model; /2Y; denote the analogous quantity under Ho; and define W;} = W/ZJZ—% if f1; > 0

. 0 . _ . o 00 0
and otherwise set W;; = W;; = 0. In practice, we do not know fi;; or fi;;, so we replace W;;

with Wg = Zoj, where [Ll] and ﬁ?j are, up to proportionality constant exp(%;), fitted means
for W;; under the full and null models. After constructing WO, we rescale its rows so row
sums of W and W are equal. We then approximate the null distribution of T" via bootstrap
draws from m7T’ (]Pgn) where ]Pgn is the Bayesian subsampled bootstrap distribution on VV?L
We reject Hy at level « if the observed likelihood ratio test statistic is larger than the 1 — «

quantile of the bootstrap estimate of its null distribution, or equivalently, if 7,, > ET_Q for

Ly, the 1 — o quantile of mT(P§,).

3.5 Data Examples

3.5.1 Comparing detection effects across experiments

We now demonstrate the utility of our model in comparing different experimental protocols
for high-throughput sequencing of microbial communities. We consider data generated in
the Phase 2 experiment of Costea et al. [2017] (see also McLaren et al. [2019]), wherein
ten human fecal specimens (labeled 1,2,...,8, A and B) were mixed with a synthetic com-
munity of 10 taxa and prepared for shotgun metagenomic sequencing according to three
different sample preparations (labeled H, Q, and W; samples A and B were only analyzed
with preparation Q). The synthetic community was also sequenced alone. Raw sequencing
data was processed into taxon abundance data using MetaPhlAn2 [Truong et al., 2015] by

McLaren et al. [2019]. In addition to sequencing data, taxon abundances in the synthetic
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community were also measured using flow cytometry. We treat both sequencing and flow
cytometry measurements as outcomes W. We are interested in comparing the detection of
taxa in the synthetic community across protocols H, Q and W relative to flow cytometry.
We are specifically interested in testing the null hypothesis that all sequencing protocols
share the same detection effects. To accomplish this, we estimate the 3 x 10 matrix 3 (we
set B.,o = 03 to ensure identifiability). Each row of 3 corresponds to a sequencing protocol,
and each column corresponds to a taxon. For details regarding the specification of X and
other model parameters, see SI Section 4.1. Under our model, exp(fi;), exp(B1; + B2;), and
exp(f1; + Bs;) give the degree of over- or under-detection of taxon j relative to taxon 10
under protocols H, Q, and W, respectively. We compare this model to a submodel in which
Brj = 0 for k = 2,3 and all j. Under this null hypothesis, taxon detections relative to flow
cytometry do not differ across protocols.

To compare predictive performance of these models, we perform 10-fold cross-validation
on each model (see SI Section 4 for details). We use a bootstrapped likelihood ratio test to
formally test our full model against the null submodel. We use the Bayesian subsampled
bootstrap with m = 4/n to illustrate its applicability, however, a multinomial bootstrap
would also be appropriate as all parameters are in the interior of the parameter space in
this case. In addition, we report point estimates and bootstrapped marginal 95% confidence
intervals for detection effects estimated for each protocol under the full model. We also

compare our results to MetaPhlAn2’s “plug-in” estimate of each sample’s composition.

Figure 3.1 summarizes 10-fold cross-validated estimated relative abundances from the full
model, null model and plug-in estimates. We observe substantially better model fit for the
full model (top row) than for the null model (middle row). At each flow cytometric relative
abundance, cross-validated estimates from the full model are generally centered around the
line y = = (dashed line), whereas estimates from the null model exhibit substantial bias for
some taxa. A bootstrapped likelihood ratio test of the null model (i.e., Hy : B, = B3 = 0)
against the full model reflects this, and we reject the null with p < 0.001. Both the full and

null models outperform the plug-in estimates of sample composition (bottom row), which
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Figure 3.1: 10-fold cross-validated estimates of relative abundance (y-axis) in Costea et al.
[2017] samples that were measured by whole-genome sequencing as well as plug-in estimates
of relative abundance (bottom row). On the x-axis are relative abundance estimates obtained
via flow cytometry (mean concentration in each taxon divided by sum across taxa). The top
row contains estimates produced by a model containing separate detection effects 3 for each
protocol; the middle row contains output from a model assuming a single common detection
effect across protocols; and the bottom row contains “plug-in” estimates from MetaPhlAn2
output. Results for each protocols H, Q, and W are given in the leftmost, center, and
rightmost columns, respectively. Within each pane, estimated relative abundances for the
same sample are connected by line segments, and the line y = z is indicated with a dotted

line.
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produces substantially biased estimates of relative abundance relative to a flow cytometry
standard. We report point estimates and marginal 95% confidence intervals for 3 in SI
Section 4.3.

Using the full model, we estimate relative abundances with substantially greater precision
under protocol W (top right) than under either other protocol (top left and center). This
appears to be primarily due to lower variability in measurements taken via protocol W
(bottom row). Our finding of greater precision of protocol W contrasts with Costea et al.
[2017], who recommend protocol Q as a “potential benchmark for new methods” on the
basis of median absolute error of centered-log-ratio-transformed plug-in estimates of relative
abundance against flow cytometry measurements (as well as on the basis of cross-laboratory
measurement reproducibility, which we do not examine here). The recommendations of
Costea et al. [2017] are driven by performance of plug-in estimators subject to considerable
bias, whereas we are able to model and remove a large degree of bias and can hence focus
on residual variation after bias correction. We also note that Costea et al. [2017] did not
use MetaPhlAn2 to construct abundance estimates, which may partly account our different

conclusions.

3.5.2  Estimating contamination via dilution series

We next illustrate how to use our model to estimate and remove contamination in samples.
We consider data from Karstens et al. [2019], who generated 9 samples via three-fold dilutions
of a synthetic community containing 8 distinct strains of bacteria which each account for
12.5% of the DNA in the community. Despite only 8 strains being present in the synthetic
community, 248 total strains were identified based on sequencing (see SI Section 5.1 for data
processing details). We refer to the 8 strains in the synthetic community as “target” taxa
and other strains as “off-target.” Note that Karstens et al. [2019] identified one strain as a
likely mutant of synthetic community member S. enterica, and we refer to this strain as S.
[unclassified].

To evaluate the performance of our model, we perform three-fold cross-validation and
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estimate relative abundance in the hold-out fold. We consider p € R?*?8  where the first
row contains the known composition of the training fold (03,, £1%) and the second row is
unknown and the target of inference (see SI Section 5.2 for full model specification). We
evenly balance dilutions across folds, and using our proposed reweighted estimator to fit a
model that accounts for the serial dilutions. We set K = 1 and let Z; = exp(y;) x 3%,
where d; is the number of three-fold dilutions sample ¢ has undergone. This model reflects
the assumption that the ratio of expected contaminant reads to expected non-contaminant
reads is proportional to 3%. To avoid improperly sharing information about contamination
amounts across folds, we further parametrize Z in terms of a fixed, unknown parameter & € R
by multiplying each row of Z corresponding to a held-out sample by exp(&). This preserves
information about relative dilution within the held-out fold without treating samples in the
training and held-out folds as part of the same dilution series. We model a single differential
detection effect 3; for each of the 8 taxa in the synthetic community, setting 3; = 0 for the
reference taxon L. fermentum for identifiability. Because 3; is not identifiable for off-target
taxa, we also fix 3; =0 for j =1,...,240.

Figure 3.2 shows data from Karstens et al. [2019] along with summaries of our analysis.
Our estimate for the relative abundance of taxa in samples in the held-out fold ps. improves
on the performance of plug-in estimators (Figure 3.2, left panels) by taking into account
two forms of structure in the Karstens et al. [2019] data. First, in each successive three-fold
dilution, we observe approximately three times more contamination relative to the number of
non-contaminant reads (Figure 3.2, top right). In addition, our model accounts for the degree
of under- (or over-) detection of target taxa relative to L. fermentum. We observe that taxon
detection is reasonably constant across dilutions (Figure 3.2, bottom right). However, we
do observe greater variability in taxon detections at higher dilutions, most likely because we

observe comparatively few reads (Z?isl Wiiiai—1y; ~ 227,000 while 2?4:81 Wiid,—sy; = 8,000).

In terms of root mean squared error (RMSE) \/ 1/J Z;.]:l(ﬁj — p;)?, our cross-validated
estimates (0.0037, 0.0073, and 0.0033) substantially outperform the “plug-in” estimates given
by sample read proportions in any of these dilutions (median 0.017; range 0.013 — 0.022).
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This is not an artifact of incorporating information from 3 samples in each cross-validation
fold, as pooling reads across all samples yields an estimator with RMSE 0.014.

Fitting a model to this relatively small dataset and evaluating its performance using
cross validation prohibits the reasonable construction of confidence intervals. Therefore, to
evaluate the performance of our proposed approach to generating confidence intervals, we
also fit a model which treats all samples as originating from a single specimen of unknown
composition. A is not identifiable in this setting, so we set it equal to zero and do not estimate
it. We set K =1 and Z; = exp(y;) x 3% as before (the need for & is alleviated). Strikingly,
under this model, marginal 95% confidence intervals for elements of p included zero for 238
out of 240 off-target taxa (empirical coverage of 99.2% when true py; = 0). No interval
estimates for target taxa included zero. This suggests that applying our proposed approach
to data from a dilution series experiment can aid in evaluating whether taxa detected by

next-generation sequencing are actually present in a given specimen.

3.6 Simulations

3.6.1 Sample size and predictive performance

To evaluate the predictive performance of our model on microbiome datasets of varying size,
we use data from 65 unique specimens consisting of synthetic communities of 1, 2, 3, 4, or 7
species combined in equal abundances. Brooks et al. [2015] performed 16S amplicon sequenc-
ing on 80 samples of these 65 specimens across two plates of 40 samples each. Very few reads
in this dataset were ascribed to taxa outside the 7 present by design, so we limit analysis to
these taxa. To explore how prediction error varies with number of samples of known compo-
sition, we fit models treating randomly selected subsets of nyuown € {3, 5, 10,20} samples per
plate as known. In each model, we included one source of unknown contamination for each
plate and estimate a detection vector B € R”. For each ninown, we drew 100 independent sets
of samples to be treated as known, requiring that each set satisfy an identifiability condition

in B (see SI Section 6.1). On each set, we fit both the unweighted and reweighted models,
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treating nypown samples as having known composition and 80 — nypown Samples as arising
from unique specimens of unknown composition.
We observe similar RMSE for the reweighted and unweighted estimators. For nynown

equal to 3, 5, 10, and 20, we observe RMSE 0.041, 0.037, 0.035, and 0.032 (to 2 decimal

places) for both estimators. By comparison, the RMSE for the plugin estimator JW”W‘
j=1 Wi

0.173. Notably, RMSE decreases but does not approach zero as larger number of samples

18

are treated as known, which reflects that we estimated each relative abundance profile on
the basis of a single sample.

With respect to correctly estimating py; when py; = 0, we again see very similar perfor-
mance of the reweighted and unweighted Poisson estimators. Out of 100 sets, unweighted
estimation yields py; = 0 for 53%, 55%, 59%, and 64% of {k,j} pairs for which py; = 0
(Mknown €qual to 3, 5, 10, and 20). The corresponding figures for the reweighted estimator
are 53%, 55%, 58%, and 63%. The plug-in estimator sets 51% of these relative abundances
equal to zero. While we observe the proportion of theoretical zero relative abundances esti-
mated to be zero increases in number of samples treated as known regardless of estimator,
in general we do not expect this proportion to approach 1 as number of known samples
increases. We also note that our model is not designed to produce prediction intervals,
and confidence intervals for a parameter estimated from a single observation are unlikely to
have reasonable coverage. Finally, we acknowledge that despite the excellent performance
of our model on the data of Brooks et al. [2015], our model does not fully capture sample
cross-contamination known as index-hopping [Hornung et al., 2019], which likely affects this

data.

3.6.2 Type 1 error rate and power

To investigate the Type 1 error rate and power of tests based on reweighted and unweighted
estimators, we simulate data arising from a set of hypothetical dilution series. In each
simulated dataset, we observe reads from dilution series of four specimens: two specimens of

known composition and two specimens of unknown composition (specimens A and B). Each
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dilution series consists of four samples: an undiluted sample from a specimen as well as a 9-,
81-, and 729-fold dilution of the specimen. We vary the number of taxa J € {5,20}, as well

as the magnitude of elements of B, the number of samples, and the distribution of W;;|;;.

We consider three different values of 3 € R’: 8 = 08", 8 = +3", and B = 8" where
B = (3 -1 1 -3 0) when J =5 and 8" = <3 -11 -33 -1 ... -3 o) when
J = 20. We base the magnitude of entries of 3* using the observed magnitude of entries of
3 in our analysis of Costea et al. [2017] data. We vary the number of samples between either
a single dilution series from each specimen or three dilution series from each specimen (for a
total of nine samples per specimen). We draw W;|u;; from either a Poisson(y;;) distribution
or a Negative Binomial distribution with mean parameter f;; and size parameter s = 13.
s = 13 was chosen to approximate the Karstens et al. [2019] data via a linear regression of
fitted mean-centered squared residuals. In all settings we simulate {7;}"; from a log-normal
distribution with parameters ;1 = min(13.5 — 1.5d;,12) and 0? = 0.05. These values were
chosen based on observed trends in reads from target taxa in the data of Karstens et al.
[2019] data. In all settings, the first specimen has true relative abundance proportional to
(1, Qﬁ, 22'%, ..., 2%), that is, taxon J is 16 times more abundant than taxon 1. The second
specimen has true relative abundance proportional to (24, ..., Qﬁ, 1). When J = 5, the first
two taxa are absent from specimen A, and when J = 20, first eight taxa are absent from
specimen A. Relative abundances in the remaining taxa form an increasing power series such
that the first taxon present in nonzero abundance has relative abundance that is 1/100-th of
the relative abundance of taxon J. The relative abundance profile of specimen B is given by
the relative abundance vector for specimen A in reverse order. We also simulate the degree
of contamination as scaling with dilution. When comparing samples with the same read
depth, on average a 9-fold diluted sample will contain 9 times more contaminant reads than
an undiluted sample (see Section 5.2 and Figure 3.2, top right). We simulate contamination
from a source containing equal relative abundance of all taxa. We set Z € R"™ such that
Z; = 9% where d; is the degree of dilutions of sample 4, and ¥ = —3.7, as we observe in

Karstens et al. [2019] data.
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Figure 3.3: At left, the Type 1 error (top row) and power of our proposed likelihood ratio
tests for both the unweighted and reweighted estimators. Performance of tests of Hy : 3 =0
against a general alternative are summarized in terms of empirical rejection rates at level
a = 0.05 (y-axis), with sample size plotted on the x-axis. Columns give the conditional
distribution of data (Poisson or Negative Binomial) and number of taxa J. Rows specify
whether data was simulated under the null 3 = 0, under a “weak” alternative with 3 = 1—10 3"
(i.e., B # 0 of small magnitude), or under a “strong” alternative 3 = 8* (i.e., 3 # 0 of larger
magnitude). At right, empirical rejection rate for marginal bootstrap tests of Hy : py; = 0

at the 0.05 level versus true value of py; (x-axis). Columns and rows are as specified above.



46

Figure 3.3 summarizes our results from 250 simulations under each condition. Empirical
performance of bootstrapped likelihood ratio tests of Hy : 3 = 0 against Hs : B8 # 0 at
level 0.05 (lefthand pane of Figure 3.3) reveals good performance, even for small sample
sizes. Unsurprisingly, we observe improved Type 1 error control and power at larger sample
sizes. Tests based on the reweighted estimator generally improved Type 1 error compared
to the unweighted estimator, with the greatest improvements observed for data simulated
from a negative binomial distribution (mean Type 1 error across simulations was 0.15 for
the unweighted estimator and 0.04 for the reweighted estimator). Surprisingly, Type 1 error
control appears to improve when the number of taxa J is larger (mean Type 1 error was
0.11 for J = 5 and 0.05 for J = 10). This may in part be a result of simulating W;; as
conditionally independent given ~;, covariates, and other parameters.> Power to reject the
null hypothesis is very high when the data generating process is Poisson, as well as for strong
alternatives (8 = %) when the data follows a negative binomial distribution.

Empirical Type 1 error control for bootstrapped marginal tests of Hy : py; = 0 against
Hy @ pg; > 0 at the 0.05 level (lefthand pane of Figure 3.3) is generally no larger than
nominal, with median empirical Type 1 error 0.02 across all conditions. We observe above-
nominal Type 1 error in limited cases, primarily when sample size is small and data is
Poisson-distributed (the largest observed Type 1 error rate, of 0.10, occurs for tests based
on reweighted estimators at sample size n = 16 and number of taxa J = 5 when data
is Poisson-distributed). Power of marginal bootstrap tests to reject the null is close to 1
for all non-zero values of py; we consider when data is conditionally Poisson-distributed
(median empirical power across conditions 1; minimum 0.88). When data is simulated as
negative binomial, unsurprisingly, power appears to increase in magnitude of py; for tests
based on unweighted and reweighted estimators, with somewhat higher power in tests using
reweighted estimators. Magnitude of 8 (rows of Figure 3.3) does not appear to affect Type

1 error or power of our tests of Hy : py; = 0. We also note that empirical coverage of

3Under these settings, increasing J provides us more information to, for instance, estimate a mean-
variance relationship that might a stabler reweighted estimator.
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marginal bootstrapped confidence intervals for pj; is generally lower than nominal in our
simulations (see Figure B.2). This aligns with general performance of bootstrap percentile
confidence intervals at small sample sizes, and we expect that generating confidence intervals
from inverted bootstrapped likelihood ratio tests would yield better coverage in this case

(unfortunately this is not feasible for computational reasons).
3.7 Discussion

In this chapter we introduce a statistical method to model measurement error due to contam-
ination and differential detection of taxa in microbiome experiments. Our method builds on
previous work in several ways. By directly modeling the output of microbiome experiments,
we do not rely on data transformations that discard information regarding measurement pre-
cision, such as ratio- or proportion-based transformations. This affords our method the key
advantage of estimating relative abundances lying on the boundary of the simplex, which is
typically precluded by transformation-based approaches. Accordingly, we implement infer-
ence tools appropriate to the non-standard parameter space that we consider. The advantage
of estimating relative abundances on the boundary of the simplex is not purely theoretical,
and we show that our interval estimates do indeed include boundary values, and demonstrate
above-nominal empirical coverage in an analysis of data from Karstens et al. [2019]. Further-
more, our reweighting estimator allows for flexible mean-variance relationships without the
need to specify a parametric model. Our approach to parameter estimation does not assume
that observations are counts, and therefore our method can be applied to a wide array of
microbiome data types, including proportions, coverages and cell concentrations as well as
counts. Finally, our method can accommodate complex experimental designs, including anal-
ysis of mixtures of samples, technical replicates, dilution series, detection effects that vary
by experimental protocol or specimen type, and contamination impacting multiple samples.
Contamination is commonly addressed via “pre-processing” data, thereby conditioning on
the decontamination step. In contrast, by simultaneously estimating contamination along

with all other model parameters, holistic uncertainty in estimation is captured by our ap-
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proach.

Another advantage of our methodology is that we do not require the true composition of
any specimens to be known. For example, our test of equal detection effects across protocols
in Costea et al. [2017] can be performed without knowledge of specimen composition. Ac-
cordingly, our approach provides a framework for comparing experimental protocols in the
absence of synthetic communities, which can be challenging to construct.

In addition, we expect that our method may have substantial utility applied to dilution
series experiments, as illustrated in our analysis of data from Karstens et al. [2019]. Dilution
series are relatively low-cost and scalable (especially in comparison to synthetic communities)
and may be especially advantageous when the impact of sample contamination on relative
abundance estimates is of particular concern. With this said, we strongly recommend against
testing the composite null Hy : pr; > 0 against the point alternative Hy : pi; = 0, as
these hypotheses are statistically indistinguishable on the basis of any finite sample of reads.
However, we are able to determine the degree to which our observations are consistent with
the absence of any given taxon, and therefore we can meaningfully test Hy : py; = 0 against
a general alternative.

We provide a number of suggestions for future research. Firstly, we have not formally
identified conditions that ensure the identifiability of parameters of our model. In some sit-
uations it is trivial to diagnose non-identifiability through examination of design matrices Z,
X and Z alongside known entries of p and 3. In complex situations, this is not straightfor-
ward. We defer investigation of these conditions to future work. For now, we note that the
parameter estimation algorithm we propose is stable for identifiable means and challenges in
model-fitting may betray non-identifiability.

The focus of our chapter was on p and 3 as targets of inference. Future research could
investigate extensions to our model that connect relative abundances p to covariates of
interest, allowing the comparison of average relative abundances across groups defined by
covariates, for example. Our proposed bootstrap procedures may also aid the propagation

of uncertainty to group-level comparisons of relative abundances in downstream analyses.
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In addition, while we focus applications of our model on microbiome data, our model could
be applied to a broad variety of data structures obtained from high-throughput sequencing,
such as single-cell RNAseq. We leave these applications to future work.

Software implementing the methodology described in this chapter are implemented in a
R package available at https://github.com/statdivlab/tinyvamp. Code to reproduce all
simulations and data analyses are available at https://github.com/statdivlab/tinyvamp_

supplementary.
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Chapter 4

LOG-LINEAR MODELS FOR PARTIALLY OBSERVED
OUTCOMES

4.1 Introduction

In the previous chapter, we developed a method to address two important forms of mea-
surement error in high-throughput microbiome data: systematic over- and under-detection
of microbial taxa, and contamination. Our results suggest that the latter concern can be
greatly ameliorated through the use of serial dilution designs in concert with our method.
However, in order to estimate and account for detection effects, we require that artificial
communities of known composition be sequenced along samples of interest. Such communi-
ties are technically demanding to construct, exhibit much lower diversity than samples from
many environments of interest, and typically contain only culturable organisms [Cichocki
et al., 2020]. One appealing approach to dealing with this limitation is to predict detection
effects in microbial taxa not present in artificial communities of known composition using
estimated detection effects for closely related microbes present in these communities. After
detection effects have been predicted in such a way, analysis may proceed using relative
abundances inferred on the basis of predicted effects. The effectiveness of this approach will
depend largely on the stability of detection effects over phylogeny; if closely related taxa,
under some measurement protocol, are subject to similar detection effects, predictions will
likely perform fairly well, and conversely if not. Further research into the relationship be-
tween detection effects and phylogeny would help to elucidate the feasibility of this modeling
strategy.

This chapter, however, presents a different approach to handling detection effects. We

avoid estimation of detection effects altogether and instead target an estimand defined in
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terms of means of true sample quantities.

Most generally, this chapter introduces a method for inference on ratios of means of a
nonnegative multivariate outcome observed only up to unknown sample-specific proportion-
ality terms. While to our knowledge a similar method does not currently exist, a similar
niche in microbiome science is occupied by a range of regression models that rely on log-ratio
tansformations to target a similar estimand. These include ANCOM-II, a method which at-
tempts to distinguish sampling, structural, and “outlier” zero values in NGS data prior to
transformation and modeling [Kaul et al., 2017]; and ALDEx2, which employs a Bayesian
approach to impute nonzero values (under an assumption that all observed zero counts are
due to sampling variability) before transformation [Fernandes et al., 2014]. These fall into the
larger category of “differential abundance” methods!, which include LEfSe, DEseq2, edgeR,
metagenomeSeq, and corncob [Segata et al., 2011, Love et al., 2014, Robinson et al., 2010,
Paulson et al., 2013, Martin et al., 2020]. As these methods target estimands less similar to

ours, we will not discuss them further in this chapter.
4.2 Model

We motivate our model in terms of microbiome experiments in which the outcome of primary
interest is microbial cell concentration (or a similar quantity) }o/ij in samples¢z =1,...,n and
taxa j = 1,...,J. When NGS measurement techniques are used, we are typically unable to
observe 30/ € R™ and instead have access only to sequencing output Y € R™*/. Observing

Y rather than Y represents a loss of information in two major ways we will focus on in this

chapter:

e the composition of sequencing output Y; is systematically distorted relative to microbial

cell concentrations Y; due to (typically unknown) detection effects

e the magnitude of sequencing output Y; is uninformative with respect to the magnitude

LA category subject to some controversy in part on account of the fact that no unambiguous definitions
of “differential” or “abundance” are widely agreed upon.
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of cell concentrations Y;

Because our target of inference in this chapter is fold-differences in mean cell concentra-

tions EY; across levels of some covariate of interest X (e.g., EY;__ /EY; detection

controls *
effects are of relatively little concern (as they appear in both the numerator and denominator
of fold-differences in the mean). Loss of information about the magnitude of Y is a more
substantial (but not insurmountable) problem, as we will demonstrate below.

Before we more formally lay out our model, we first develop some intuition regarding
what kind of quantities related to fold-differences in means of cell concentrations IEXO/ we
can estimate from sequencing output Y. Consider a simple setting in which we wish to
characterize fold differences in mean cell concentrations of three microbial taxa (taxa A, B,
and C) across two groups, cases and controls. For simplicity, we ignore sampling variability
and detection effects and imagine that we observe mean cell concentration in each group
up to an unknown proportionality constant. We will refer to this quantity as a relative
abundance. In the simplest case, we observe identical relative abundance among cases and
controls. This implies that fold differences in mean cell concentration comparing cases to
controls must be equal across taxa A, B, and C, as shown in the top righthand pane of figure
4.1. When relative abundance is not equal in cases and controls, as we see in the bottom
left pane of figure 4.1, fold differences in mean cell concentration cannot be equal, but we
nonetheless are able to identify patterns of (log) fold differences (cases to controls, for each
taxon), shown in the bottom right pane, consistent with observed relative abundances.

In both cases shown in figure 4.1, the groups of log fold differences that are able to
explain observed relative abundances differ from each other only by a location shift. This
turns out to hold in general. We are able to estimate how much larger a difference in log
mean concentrations in one taxon is than in another, but we cannot estimate the differences
in log means in isolation. In the context of many microbiome sequencing experiments, this
represents a fairly small loss of information if we seek to identify microbial taxa that markedly

depart from the norm in terms of how their abundance varies across groups of interest.
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Figure 4.1: Identical relative abundances among a case group and a control group (up-
per left) are consistent with log mean fold differences in mean cell concentration, though
unknown, being equal across taxa (upper right — three possible combinations of log fold
differences shown). Differing relative abundances among cases versus controls (lower left)
imply differing patterns of log mean fold differences across taxa, explainable by, for example,

any of the three groups of fold differences shown in the lower righthand plot.
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We now return to the general case and consider an ideal setting in which we observe pairs

(X;,Y;) with X; € R and Y € ]R‘éo such that
logE[Y;| X, = X8 (4.1)

Our target of inference here and throughout this chapter is 3 € RP*’/. We note that
this 5 does not correspond to detection effects (also denoted S in the previous chapter);
we exclusively use § to refer to detection effects in this chapter and reserve 5 to denote the
quantity defined above. In applications we consider in this chapter, in place of .J-dimensional
outcome 12, we instead observe a perturbed outcome Y; € Réo. Specifically, Y; is perturbed

in the following way:

where sample-specific scalings z; € R and detection effects 6 € R’ are unknown. Hence,
roughly speaking, observing Y; is equivalent to observing 30/, subject to scaling by factor
exp(z;) and multiplicative distortion by vector exp(d7).

When detection effects ¢ are present, they are absorbed into the intercept row of 3, pro-
vided it exists. More precisely, for a sample of size n, {V;, X;}",, if X,, = [X],..., XI]T con-
T

tains an intercept column, letting [1, W,] = X,,, Y, = [YI,..., YT and z, = [z1, ..., 2,]

we can rewrite model (4.2) as follows:

logE[Y,|X,] = 2,17 + [1,, W,.]3 + 1,67 (4.3)

= 2,17 + 1, (8 +67) + W,300 (4.4)

= 2,15 + 1,00 + W, 507 (4.5)

= 2,17 + X,./3 (4.6)

In the above, § = [3T,87,..., T ,]" and BT = By +67. B0 indicates a matrix consisting

of the 2nd through p-th rows of 5. Hence we can absorb the detection effect  into intercept

row [y. For this reason, going forward we assume (3 includes an intercept row and we omit
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reference to &, writing 3 as a shorthand for 3 with the understanding that interpretation of
the intercept row depends on detection effects 9.
We now turn our attention to z;’s. The presence of scaling terms z,-l? in mean model

(4.2) results in a loss of identifiability. Specifically, for any o € RP, we have

= 217 + X, for 2} = (2 + Xia) (4.8)
Hence if 3* = 8+ a1l for some o € RP, we can always find a 2} € R such that
logE[Y;|X;, 8, 2:] = logE[Y;] X5, B, 271, (4.9)

and therefore mean function (4.2) is not identifiable in 5 and z;. However, mean function
(4.2) is partially identifiable in the sense that we can define equivalence classes of s such
that for 8 and £* in the same equivalence class, there always exist z; and z} such that (4.9)
holds, and for g and * in distinct classes, there never exist such z; and 2. We now make

the form of these classes explicit and show that they have the properties discussed above.

X, Y
Theorem 1. Let X, := | : | e R™P and Y, := | : | € R™ represent n pairs (X;,Y;).
X, Y,

For arbitrary BT € RP*7, define Gt to be the set

{BeR :3=73"+ ozle for some a € RP}.

If X,, has full column rank, for any 3, 5* € RP*’ there exist z € R™ and z* € R™ such that
under mean model (4.2) logE[Y ,|X,,, 5, 2] = logE[Y | X, 8%, 2*] if and only if 5* € Gp.

Proof. Suppose * € Ggz. Then there exists an a € R? such that * = 8+ a1’ and by
(4.7), for any z and z* := z + X, a, logE[Y,|X,, 8,z] = logE[Y,|X,, 8*,2*]. Now suppose
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B* & Gg. If there exist z,z* such that logE[Y,|X,, 3, z] = logE[Y,|X,, 8*,2*], we have

717 + X3 = z°15 + X, 8* (4.10)
= Xu (8- 5% = (2" —2)1] (4.11)
= XX, (8 -5 =X, (z" —2)1] (4.12)
= (8- 0 = (X3 X,) ' X, (z" —2)1) (4.13)
= B*=pB+all for a:= (XIX,)'XE(z* —z) € R? (4.14)
= B* e Gy (4.15)

which is a contradiction. Hence 5* ¢ G guarantees that for no z, z* do we have logE[Y ,,|X,,, 3, 2] =

logE[Y,,|X,,, 8, z*]. O

Theorem 1 demonstrates that while we cannot uniquely estimate 8 from data generated
according to (4.2), we can estimate it up to the addition of constant terms to each of its rows.
We will argue that in many settings, this represents a fairly small loss of information, and
we are still able to answer meaningful scientific questions by estimating what equivalence
class f lies in.

We address this estimation task by imposing identifiability constraints on rows of 8 such
that each Gy contains a single unique element satisfying these constraints. While there
are many choices of constraint that satisfy the foregoing condition, we impose constraint
median;(f;) = 0 for k = 1,...,p for this purpose. Under this constraint, we interpret [y,

as the difference between the following quantities (first minus second):

e the difference in the log mean of Y; comparing two groups differing in covariate Xj
by one unit (log mean at smaller value of Xj minus log mean at smaller value; other

covariates held constant)

e the median such difference over j =1,...,J
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4.3 Estimation

We estimate § (our target of inference) and z (a nuisance parameter) via maximum likelihood
or maximum penalized likelihood. In both cases, we consider both unweighted estimation as
well as estimation under a (possibly penalized) likelihood weighted according to an estimated
mean-variance relationship.

We first address estimation via maximum likelihood (ML). Under the parametrization of
the mean model given above, we use the following Poisson likelihood, weighted according to
weighting function v, to define ML estimators. (We take v = 1 unless otherwise stated; other
weightings are discussed below.) We regard these as solutions to score equations induced by
the Poisson likelihood and do not assume that Y is Poisson-distributed conditional on our

mean model.

[Z Vi <Y;J'<Xiﬁj + 2;) — exp(X; 37 + zl)>] (4.16)

(6, 2) (4.17)

Because this likelihood decomposes into a sum of terms lflj(,Bj ,z), where 37 is the j-th
column of £, we can estimate [ and z via coordinate descent.

For a fixed 3, updates for z exist in closed form:

J
j=1
0 ! .
J J
= z; = log Z v;;Y;; — log Z Vi exp(X;/3) (4.20)
j=1 i=1

(This maximum is unique by convexity of —; in z;.)

These two update steps together form the backbone of the coordinate descent algorithm

(1).
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Algorithm 1 Coordinate Descent (Maximum Likelihood)

1. Initiate with data (X,Y), starting value 5(© for 3, identifiability constraint g(/3;) = 0
for kK =1,...,p, weights v;; for ¢ = 1,...,n and j = 1,...,J, convergence tolerance

€ > 0, and iteration limit #,,,,.

2. Letting j* indicate the column index of a column of Y with j* chosen to maximize
Yo 1iy,,.>0) over j, set j*-th column of 3 () equal to 0, as a (temporary) identifiability

constraint.

3. Compute z(® using equation (4.20) applied to data X,Y?" with weights v;j., i =
1,...,n and §7" equal to 0,. If Y7" contains any zero elements, compute z(®) using

data Yﬁ* consisting of Y7 with zero elements replaced with 1. Set f(© = [v(3® 2(0),

4. Fort =1,..., tynax Oor until convergence

(a) Set 8« BU~1 and 2 « 2071,

(b) For j e {1,...,J}/{;*}
i. Update jth column of 3® via a Poisson regression of outcome Y7, the j-th

column of Y, on X with weights v/ and offset z(*).
ii. If t > 1, update z(*) using equation (4.20) applied to data X,Y with weights
v and = B®. Otherwise update z(Yusing only the first j columns of Y and
B® (include the j*-th column as well if j* > j).
(c) Set f® =2(B® M), If fO — 1) < ¢ or t = t,,4,, exit iteration and proceed

to step 5. Otherwise return to step 4a and increment t.

5. Enforce identifiability constraints: /6’,(:) — /3,(:) —9g( ,(f)) for k = 1,...,p and update z(*)
via equation (4.20) with 8 = B®. Return 3® and z(*).
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When Y is sparse in some or many columns, the maximum likelihood estimate B will
in general include infinite elements. While B will exist in these situations so long as only
a minority of outcome categories are subject to separation (so row-wise medians of B are
finite), we may nonetheless wish to employ an estimation procedure that ensures elements
of B are finite, particularly if we wish to assume finiteness of elements of 3. To accomplish
this, we fit the above mean model using a Firth-penalized likelihood.

To describe this penalized likelihood, we rearrange the elements of Y to form column
matrix Y = (Yi,...,Y,)T € R¥*! (where Y; = [V;;...Y;;]) and similarly we rearrange £ to
form column matrix 5 = (31,...,8,)" € RP*! (similarly with 8, = [Bg1 ... Brs]). We also
define parameter § = (5727)7 € R®/+"*1 and construct expanded design matrix X with
k-th row is equal to [(e; ® X;) e;] if K = (1 —1)J 4+ j. (e; and e; are, respectively, 1 x n
and 1 x J vectors with ith and jth elements equal to 1 and all others equal to 0; ® is the
Kronecker product.) That is, we construct X such that log EY = X0 under our model. The

Firth-penalized log likelihood is then given by
v v 1 v
pL(0) = 5,(6) + 5 log [ 1°(0)]+ (4.21)

where we indicate with |[I(6)|; the product of nonzero eigenvalues of information matrix
I°(0) = —E%ZZ(G) (i.e., the pseudodeterminant of this matrix) [Martin et al., 2013], and
we define 12(6) := 1%(6, 2) if § = (572T)T.

For some choices of identifiability constraint (e.g., fxy = 0 for k = 1,...,p), we can fairly
easily reparametrize our model so that the information matrix is full-rank, in which case
(4.21) is a standard Firth penalty. The form given in (4.21) generalizes this penalty to the
partially-identified case we consider here, in which the information matrix is not full-rank.
We note that that for 6, 6" such that X0 = X¢', [I1°(0)|, = |I?(0")|. since I*(#) depends on 6
only through the linear predictor X6. Hence the penalty term 3 log |I?(6)], is invariant over
the class G in the sense that for any 3, 37 € G and any z € R, we can find a 2! € R™ such
that the fitted means in (3, z) and (37, 2") are equal, and so the penalty term for each of

these pairs is also equal. In particular, this implies that the profile penalized log likelihood



60

for any 3, 8T € G is equal.
To fit our model under a Firth-penalized likelihood, we exploit a representation of the
maximum penalized likelihood estimate as a solution to Poisson score equations in data Y,

where
YT =Y + diag|W2X(XTWX)~ XTWw/2 (4.22)

with W := diag(v o exp(X#)) for v = (vy,...,v,) an nJ-vector of weights for observations 1
through n in categories 1 through J. (We use o to indicate element-wise multiplication.) Ac-
cordingly, we find maximum penalized likelihood estimates for § by iteratively approximately

solving score equations in YT and updating Y.

Algorithm 2 Coordinate Descent (Maximum Penalized Likelihood)

1. Initiate with data (X,Y), starting value 5© for 3, identifiability constraint g(/3;) = 0
for kK = 1,...,p, weights v;; for ¢ = 1,...,n and j = 1,...,J, convergence tolerance

€ > 0, and iteration limit #,,,,.

2. Initiate 2(® at value given given by equation (4.20) with 3 = B© and set f(© =
(89, 2)

3. Fort =1,..., ty,.c or until convergence

(a) Compute Y via (4.22) using ¢ and 2~
(b) Run algorithm (1) with data Y and weights v to obtain 8¢ and z(*

(c) Set f® = plv(B® M), If f — ft=D < ¢ exit with convergence.

To improve efficiency of our estimators, we optionally employ a weighting scheme in which
we use fitted values and residuals from an initial model fit to derive weights which we then

use as input to a second model fit. This scheme also reduces the influence of large entries
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of Y, which can yield stabler estimators if Y exhibits substantial excess-Poisson dispersion.
Details of this procedure are given in algorithm 3.

Briefly, this weighting scheme can be motivated in terms of estimating a mean-variance
relationship under an assumption that the variance of Y;; is non-decreasing in the mean.
The parameter ¢ > 0 serves to stabilize the isotonic regression when fi;; is small, and the
parameter v > 0 limits degree to which any observation can be upweighted (after weights
are normalized to sum to 1). We find that ¢ = 1 and u = 10* work well in practice. We note
that the implicit mean-variance relationship used to generate weights v need not be correctly
specified in order for inference to be valid so long as the mean model is correctly specified,
but that correct specification will in general lead to more efficient estimation. Accordingly,
we condition on these weights in bootstrapping steps (and do not recalculate weights for each
bootstrap iteration). When the mean model is misspecified, choice of weights may change

what quantity is being estimated, so careful consideration is warranted in this case.
4.4 Inference

It is frequently of interest to evaluate evidence for some difference in log EEO/] across levels of
a covariate Xy holding other covariates fixed — that is, to test hypothesis Iff o : log E[}%]Xk =
T, X = ] = logED;ﬂXk =xr+1,X_, =x_4], or expressed in terms of equation (4.1),
I(} 0: Bk =0.

As discussed above, on the basis of data Y we are typically not able to test ﬁ[ o directly,
as this requires us to distinguish between between elements of a set Gg over which the mean
of Y does not vary. However, if we impose a suitable identifiability constraint on 3, which we
will generically denote by g(fx) = 0 for k = 1,...,p, we are able to test a related hypothesis:
H[()g) : Br; = 9(Br), or equivalently

HO lOgE[Y;’Xk = l’k,X,k = I,k] - 10g E[Y}‘Xk =T+ 1,X,k = .T,k] (423)
=g(logElY | Xy = 2, Xk = v = logE[Y| X} = 2 + 1, X = x_4]) (4.24)

The interpretation of this test depends on our choice of identifiability constraint. For
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Algorithm 3 Weighted Estimation (Maximum Likelihood or Maximum Penalized Likeli-
hood)

1. Initiate with

e Data (X,Y)

Starting value 5 for 8

Identifiability constraint g(5x) =0 for k=1,...,p

Weights v;; =1fori=1,...,nand j=1,...,J

Convergence tolerance € > 0

Iteration limit ¢,

Weight stabilization parameter ¢ > 0

Weight constraint parameter u > 0
2. Compute initial 6 via algorithm 1 or 2 with inputs specified in step 1

3. Letting i = exp(Df) and # := Y — /i, estimate variance function V(u) via isotonic

regression of 72 on fi.
4. Using R estimated in previous to compute weights 0;; = fii;/(V (i) + ¢).

5. To prevent weights from growing too large and yielding unstable estimators, constrain
max(0;;)/min(v;;) < u for weight constraint parameter u. If max(0;;)/min(v;;) > u,
impose this constraint by rescaling weights as follows: v/ = min(v;;)(v;; /min(v;;))*

with a chosen so that (max(v;;)/min(0;;))* = w.

6. Compute 6" via algorithm 1 or 2 using inputs specified in step 1 setting weights equal

to . Return #?
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instance, if we use constraint median;(5x;) = 0 for a row of 5 corresponding to some covariate
of interest X, then we test a null that population average difference in log IES% per unit
difference in X} (holding all other covariates constant) is equal to the median such difference
across j. (Choice of constraints on other rows of § does not impact this interpretation.) On
the other hand, if we constrain f;; = 0 for some j' € {1,...,J}, then we test a null that
population average difference in log ]E}% per unit difference in X} is equal to the population

average difference in log EY}, per unit difference in Xj,.

We perform inference via bootstrap. Depending on choice of identifiability constraint g,
different bootstrap schemes are asymptotically valid. In particular, if ¢ is a smooth function
of 3, a standard nonparametric bootstrap is sufficient for inference. However, we allow non-
smooth g, g(5x) = median(fy) being one such choice, in which case we employ a studentized
Bayesian subsampled bootstrap. The Bayesian subsampled bootstrap is a smoothed m-out-
of-n bootstrap valid in settings where standard delta-method arguments fail [Ishwaran et al.,
2009]. To improve small-sample performance of this bootstrap, we studentize according to
the following procedure. In an outer bootstrap iteration, we refit our model with weights
¢ drawn such that %f ~ Dirichlet(™1,) distribution, where m is chosen as a function
of n (the sample size) so that lim,_.m = oo and lim, ™ = 0. (We by default set
m = nl/ \/5) At outer iteration b, this yields bootstrapped B(b) fit under bootstrap weights
¢® . To compute a standard error for each element of 5®) (in order to studentize), we perform
an inner bootstrap iteration, with weights drawn from a Dirichlet(™¢ (®)) distribution. Letting
te = (0. — 0.) /se(f.) (where standard error se(f, is computed using bootstrap samples in the
outer interation), and 5 = (65 — 0,)/se(0%) the bootstrapped version of this quantity (with
standard error computed via inner bootstrap iterations) we have \/mt, and \/nt$ converging
to the same limiting distribution, and on this basis we construct confidence intervals and

compute p-values for marginal tests.

We also allow a block bootstrap in cases where conditional dependence between observa-

tions is expected (e.g., replicate measurements on the same specimen, or longitudinal data).
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4.5 Simulations

We conduct a small simulation study to examine the type-I error and power of our proposed
estimators.

Since applications in microbiome science are a motivation for our method, we attempt to
incorporate characteristics of the biological systems studied data generated in microbiome
experiments into our simulation design.

In particular, we consider a setting in which we wish to use observations Y — which we
can here think of as a table of read counts across some number of microbial taxa — to test
hypotheses concerning means of latent J-dimensional outcomes 30/ In terms of a microbiome
experiment, we relate 53' to (true) cell concentrations in microbial taxa 1 through J for
samples 1 through n. In particular, we will test hypotheses concerning how means in SO/ (i.e.,
mean cell concentrations) differ across two groups of interest, which we will refer to as group

1 and group 2. More formally, we generate data according to

1gE[Y|X, 8] = X3 (4.25)

logB[Y|X, 3,6,2] = XB +z1% + 1,67 (4.26)

where X € R™*? consists of an intercept column and a column whose i-th element is equal to
zero if observation ¢ belongs to the second group of interest and 0 otherwise. The second row
of B € R**/ is our target of inference. Nuisance parameter z € R" is a vector of unknown
sample-specific proportionality constants, and § € R’ in this example corresponds to de-
tection effects [McLaren et al., 2019] in microbiome measurements whereby some microbial
taxa are multiplicatively over- or under-represented in read count data relative to their true
abundance. As noted above, we do not separately estimate § and [ but instead absorb §
into the intercept row of f3.

We conduct simulations letting number of observations n € {50,200} and dimension of
Y; J = 60, and letting 51 = a(e; — eju — ezya + ey) for a = 0,0.5,2, with e;, indicating

a vector with k-th element 1 and all others 0. In other words, we simulate under a null in



65

which $; = 0 as well as under sparse alternatives in which some elements of ; have small
(a = 0.5) or moderate (a = 2) magnitude. In all simulations (, is constructed to reflect a
microbial community composed of taxa present a wide range of abundances: we set the first
and last J/10 elements of Gy equal to, respectively, —9 and 2; the remaining 8.J/10 terms
consist of an increasing arithmetic sequence from —5 to —2.

Since our method is motivated by applications in NGS data generated by microbiome
experiments, we attempt to recreate some of the features of that data in our simulated
observations Y. Accordingly, we chose a data generation mechanism that produced count
data Y with a high degree of sparsity (about 75% of elements of Y equal to zero on average)
and substantial excess-Poisson dispersion. In a similar vein, we attempted to imbue in
simulated 30/ (which we used to generate Y draws ) some common features of the biological
systems on which microbiome measurements are taken. Specifically, means of }O/J (which we
can imagine to be mean cell concentrations in a particular microbial taxon, for instance)
span several orders of magnitude, and we allow positive and negative correlation between
columns of }O/, corresponding to to correlated concentrations of microbes in different taxa.

To simulate Y, we first simulate }O/ as follows. Letting X; = [1 1 in group 21/, for a given
choice of B € R?*/ we draw Sofl as the product S;oT;oexp(X;3) where o indicates elementwise
multiplication. S; is a J-vector of independent (mean-1) draws from a lognormal distribution
with parameters p = —1/20 and 02 = \/m The S; are also drawn independently across .
T; is chosen so as to induce correlation between some elements of }o/ while preserving mean

structure. Specifically, we let

Ti(Virs - -, iL) = [1%[141(%1)} (4.27)

Here, each ~; is an independent draw from a beta(1/2,1/2) distribution and A;(v;) is a J-
vector each of whose elements is equal to either 1, 2+;;, or 2(1—-y;). We select which elements
are not set equal to 1 by drawing m elements of 1,...,J uniformly without replacement,
where m is itself uniformly drawn from 2,...,J/6. For all simulations, we set L = 10, and for

each choice of J, we generated a single set (Ay, ..., Ar) that we hold fixed for all simulations
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under that J. This data generating process yields }O/ with low correlation between most
elements (approximately 80% of pairwise correlations between —0.05 and 0.05) but with
high correlation between some elements (approximately 5% of pairwise correlations greater
than 0.5 in absolute value).

Having drawn 10/ we simulate Y by letting Y;; be a draw from a negative binomial dis-
tribution with size 1/8 and mean YO;j exp(z; + 0;), where z is an n-vector of independent
draws from a normal distribution with mean 4 and unit variance, and ¢ is a J-vector whose
elements are draws from a normal distribution with mean 0 and variance 4. For each choice
of J we draw d once and fix it throughout simulations.

We marginally test, for j = 1,...,J, Hy : B2; = 0 under the constraint that medianj ¢ 7 3a;
0 for J the J/3 taxa with highest baseline abundance ;. In other words, we test whether
the difference log E[§%| group 2] — log E[E;ngoup 1] deviates from its median value over the
top 1/3 most abundant taxa.? In all simulations, we use outer bootstrap iterations with 5
inner iterations, and we conduct 250 simulations for each combination of n and magnitude
a of deviation from null hypothesis (a € {0,0.5,2}).

Figure 4.2 shows coverage under the null (a = 0) of weighted and unweighted maximum
likelihood and maximum Firth-penalized likelihood estimators. We observe in general lower
coverage among less abundant taxa (ES% increases from left to right on x-axis), at smaller
sample sizes, and for maximum likelihood estimation. For Firth estimators, reweighting
appears to result in substantially lower coverage in some taxa. This phenomenon does not
appear to affect estimation in more abundant taxa, which suggests that it may be due to the
impact of reweighting on Firth penalization (weights are used in constructing the information
matrix form which the penalty is derived).

We note that coverage is influenced by choice of number of inner bootstrap iterations;

Supplemental Figure C.1 shows generally lower coverage for simulations conducted with 10

2We take a median only over the most abundant taxa to ensure that in each simulation we are formally
testing the same hypothesis; not all taxa are observed in every simulation, so taking a median over all
(detected) taxa in each simulation would result in slightly different hypotheses being tested in different
simulations.
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Figure 4.2: Empirical coverage of marginal 95% confidence intervals computed from 250
simulation iterations for elements of second row of # under the null (all elements of 2nd row of
B truly equal to zero) by estimator (maximum likelihood in cyan, maximum Firth-penalized
likelihood in red), weighting (solid lines for unweighted estimation, dashed lines for weighted
estimation), number of observations per group (given in columns), and taxon (x-axis). In all

simulations, 500 outer and 5 inner bootstrap iterations are used.
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inner iterations than we observe here for simulations with 5 inner iterations, though coverage
improves as sample size increases. This is likely due to relatively less stable estimation of
standard errors when 5 inner iterations are used, which results in a fatter-tailed bootstrap t
distribution.

Figure 4.3 summarizes power under the null and two alternatives by estimator, number of
observations, weighting, and taxon. We observe generally higher power in taxa with higher
abundance (taxa 45 and 60), as well as generally increasing power as magnitude of effect (x-
axis) increases. Somewhat surprisingly, and in a departure from our results in the previous
chapter, weighting does not appear to improve either power or type-1 error control in general,
perhaps as a result of instability of estimated weights. We note as well that power is higher

when 10 rather than 5 inner bootstrap iterations are used (see Supplemental Figure C.2).
4.6 Data analysis

In this section we consider a metagenomic dataset preprocessed and published by Wirbel
et al. [2019]. The raw sequencing data from which this dataset was produced was collated
from four previous studies targeting possible associations between composition of the human
gut microbiome and colorectal cancer (CRC) risk, as well as from a cohort from whom Wirbel
et al. [2019] themselves gathered and sequenced samples. In each study, fecal samples were
taken from participants with colorectal cancer as well as from healthy controls undergoing
colonoscopy for analysis via whole-genome sequencing.

In this analysis, we are interested in identifying microbial strains unusually enriched or

depleted in study participants with colorectal cancer as compared to control participants.

4.6.1 Data

Metagenomic data published by Wirbel et al. [2019] that we consider here consists of a mOTU
(metagenomic operational taxonomic unit) table containing estimated relative abundances
within 849 mOTUs detected across study populations for each study participant, with 575

participants in total. Each row of this table consists of estimated relative abundances of
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Figure 4.3: Empirical power computed from 250 simulation iterations for potentially
nonzero elements of second row of § by magnitude of effect (given on x-axis) by estimator
(rows), weighted (solid lines for unweighted estimation, dashed lines for weighted estimation),
number of observations per group (given in columns), and taxon (color). In all simulations,

500 outer and 5 inner bootstrap iterations are used.
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each of 849 microbial taxa for a particular study participant’s gut microbiome. In addition,
Wirbel et al. [2019] published clinical and demographic metadata including colorectal cancer
status, age in years, binary gender, BMI, and timing of sampling relative to colonoscopy
(sample taken prior to or following colonoscopy). In addition, for each participant, library

size (i.e., number of reads generated from that participant’s sample) was made available.

4.6.2  Modeling

Before fitting a model, we transform estimated relative abundances reported for each par-
ticipant by multiplying by library size. We note that this does not fully recover the mOTU
counts from which relative abundances were obtained, as Wirbel et al. [2019] set all esti-
mated relative abundances lower than 107¢ equal to zero. However, rescaling by library size
restores at least some information regarding precision that is lost during transformation of
mOTU counts to relative abundances. (We note that rescaling is not strictly necessary for
model fitting.)

On this transformed data, we fit a Firth-penalized log-linear model (without reweighting)
under median-zero constraints on . We include, in addition to an intercept and a term for
CRC status (1 for CRC and 0 otherwise), terms in our model for age (linear spline with
a single knot at median age 64), study, and whether fecal samples were taken prior to
colonoscopy (0 if prior, 1 otherwise).

We note that study terms here account both for differences in the populations from which
each of these studies recruited as well as for differences in measurement protocol across
studies. Previous work [McLaren et al., 2019] has indicated that at least in some contexts,
the systematic component of measurement error in metagenomic datasets is well-described

by log-mean shift § (see equation 4.2).

4.6.3  Results

Figure 4.4 shows elements of Bgroup in four bacterial genera, all of which contain members

that previous studies have suggested may be associated with CRC risk [Sun and Kato, 2016].
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Figure 4.4: Estimates and 95% confidence intervals for fold differences in mean cell con-
centration among cases and controls (first minus second; model adjusts for age, BMI, study,
and timing of sample collection) among mOTUs in 4 bacterial genera. Each pane contains
estimates for a single genera, with species assignments given on the x-axis and effect plotted
on the y-axis. Color indicates the proportion of study participants in which each mOTU is

detected.
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Among mOTUs within Eubacteria, we observe, on the ratio scale, relatively small, generally
negative effects, with 95% confidence intervals including 1, suggesting ratio of mean cell
concentration in cases to controls (with both group alike with respect to all other covariates)
is approximately the same as (or slightly less than) is typical among the mOTUs detected
in the five study cohorts ? considered here. We find large positive effects among mOTUs in
three genera, Fusobacteria, Porphyromonas, and Prevotella, suggesting that the ratio of mean
cell concentration in cases to controls among these mOTUs is much larger than is typical.
Patterns of association within Prevotella depart somewhat from those in Fusobacteria and
Porphyromonas in that we observe mOTUs with large positive and moderately large negative
associations in this genus. This appears to be in part due to the fact that many mOTUs in
Prevotella were detected in a small proportion of study participants, and effect estimates for
mOTUs with low detection are generally more variable than for those with high detection.
Indeed, for the most commonly detected mOTU in this genus, in species P. copri, we observe
a modest positive effect with a fairly narrow confidence interval that includes the null.

We note that in bootstrapping on individual observations within each of the five studies
from which Wirbel et al. [2019] collected data, we are appealing to asymptotics in which
we sample from larger and larger groups recruited from the same populations these studies
recruited from. If we wish to generalize beyond these populations, then it is more reasonable
to consider the study rather than the participant as the unit of sampling, and a block
bootstrap would be appropriate. In other words, we treat study as a fixed effect, but it could

also, were data from more studies available, reasonably be treated as a random effect.

4.7 Discussion

In this chapter we describe a regression method for inference on means of a nonnegative
mutivariate outcome Y observed after perturbation by unknown sample-specific scaling terms

z and “detection effects” §. We draw motivation from microbiome sequencing experiments,

3Four cohorts from previous studies and one recruited by Wirbel et al. [2019].
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in which outcomes of interest, such as microbial cell concentration across potentially many
species, are typically observed indirectly via sequencing output subject to both sample-
specific scaling and systematic taxon-specific distortion (i.e., detection effects). However, we
anticipate that our method may find application in other settings; in particular, we expect
that it may be appropriate for analysis of various types of ’omics measurements, where
similar scaling and detection effects are likely at work.

Our method allows inference on differences in log Eic}j across groups defined by covariates
X up to a location shift. That is, letting X, denote a covariate of interest and X _; denote
any other covariates modeled, if f; is the (population weighted average) difference in log IE}O/j
at Xy = o, X_p = x_ versus at Xy = x5 — 1, X = x_; (first quantity minus second),
then we are able to identify S = (8k1, ..., frs) up to a constant shift in all of its elements:
our observations Y provide us a basis on which to distinguish j; from j; if and only if
Br # Bf + all for any a € R. In other words, we are able to identify differences between
elements of i, but not the location of any particular element ;. We address this lack of
full identifiability via constraint g(/5x) = 0 which may be chosen based on scientific context.
We interpret Bkj estimated under such a constraint as the estimated difference in log means
of }O/j per unit difference in covariate Xj; minus the value of the constraint function g. If
we specify g(fr) = B, then Bkj estimates how much larger or smaller the difference in log
means of }% per unit difference in covariate X} is than the corresponding difference in log
means of 131 We suggest g(fr) = median;fy; as a reasonable default constraint in many
settings, in which case Bkj estimates how much larger or smaller the difference in log means
of }% per unit difference in covariate X, is than the median such difference in log means over
j=1,...,J.

Our method departs from other methods commonly applied for similar purposes in this
context in that we do not require data transformation. We consider this advantageous for
several reasons. First, this allows us to use information regarding the precision of observations
that is typically lost under, for instance, a log-ratio transformation. Additionally, while our

method requires a choice regarding identifiabiity constraint, the estimates it produces are
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invariant in the sense that under constraints g and ¢’, our method will produce estimates
B and B’ that are identical up to a location shift in each row. This simplifies comparison
of results across studies even if researchers have used differing constraints. When a log-
ratio method is employed, such invariance does not apply to choice of denominator for
this transformation, and it is not always straightforward to compare results obtained under
differing transformations. Most importantly, our method estimates quantities that exist
under realistic conditions. We require (population) means in l% to be positive across groups
of interest. Log-ratio methods, by contrast, generally require an assumption that }o/ij > 0
for all samples ¢ and outcomes j, and add a small “pseudocount” to elements of Y equal
to zero prior to transformation.* In the motivating context for our method, microbiome
sequencing experiments, assuming }O/ij > ( is often quite restrictive: it amounts to assuming
every microbe detected in any sample is present in all samples. When this assumption is not
satisfied, it is difficult to relate estimates obtained from transformed data unambiguously to

o

any particular functional of true sample abundances Y.

We propose median;3;; = 0 as a reasonable default choice for identifiability constraint.
However, as noted in our examination of simulations empirically validating our model, some
care is required in interpretation of estimates and tests performed under this constraint, as the
median will typically be taken over outcome categories observed in a given experiment, which
may not coincide with a median taken over all relevant outcome categories. Accordingly, in
some contexts it may make sense either to constrain the median taken over a subset of
j = 1,...,J corresponding to microbial taxa (or other outcome) frequently observed in a
particular scientific context, or to employ a different constraint altogether. With this said,

we do not anticipate variation in which outcome categories are detected contributing to

4n fact considerable effort has been expended in pursuit of “better” pseudocounts under the assumptlon

that Y is strictly positive. Such approaches yield results that are difficult to interpret when Y” > 0 is
not satisfied. Other methods [Kaul et al., 2017] have attempted to relax this assumption by classifying
zeroes according to whether they are thought to be structural, sampling, or “outlier” zeroes. Leaving
aside whether structural and sampling zeroes can in general be reliably distinguished, this strikes us as a

Gordian knot that can be cut by abandoning ElogY as an estimand in favor of log EY".
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incomparability of results across studies, as estimates of § are invariant up to a row-wise
location shift regardless of what identifiability constraint is used. As a result, even if two
studies report estimates under differing identifiability constraints, these estimates can be
made comparable via recentering.

An additional consideration in practical applications for this method is measurement er-
ror. Our method is motivated by a context in which systematic measurement error, which
we represent in the foregoing sections by ¢, is typically present. Estimation of £ is mini-
mally impacted by measurement error of this form. However, no such guarantees exist for
other kinds of measurement error — for instance, we do not anticipate that in the context of
microbiome analysis that estimation of # will be robust to the presence of microbial contam-
ination in sequencing output. Accordingly, when it is possible to detect and remove other
forms of measurement error prior to use of this method, we strongly encourage this (e.g.,
via methods described in Davis et al. [2018] or chapter 3) and further recommend that the
impact on precision of such preprocessing be incorporated into analyses (e.g., via resampling
techniques).

Our method admits several possible extensions. In contexts where it is scientifically
plausible that parameter of interest i is sparse, enforcing sparsity via L1 penalization is an
attractive option. We note in particular that under the assumption that most the elements of
B are equal zero, [, is identified, since such a sparsity assumption implies median;S3;; = 0.
In addition, while we focused on tests of marginal hypotheses, as we in general expect these
to be of greatest scientific interest, it may also be of interest to test hypotheses of the form
Hy : B = 0—i.e., that By, = --- = Brs = 0 simultaneously. We anticipate that a robust score
or bootstrapped likelihood ratio test could perform well for this purpose. Lastly, while we
allow flexible weighting to improve efficiency in the presence of excess-Poisson dispersion, we
do not currently allow differing weighting schemes to be applied across outcome categories j.
In some contexts, allowing differing schemes may improve efficiency. However, we anticipate
that sharing at least some information across outcome categories will remain necessary to

avoid unstable weights.
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Chapter 5

CONCLUSION

In this dissertation, we have attempted to explicitly relate measured, sample, and popula-
tion quantities relevant to microbiome experiments. In the absence of reliable models linking
measurements to true sample quantities, it is difficult to justify claims regarding population
quantities. Accordingly, we advocate for validation of measurement technologies with robust
experimentation and modeling, as well as the adoption of publication standards requiring

assumptions on measurement error to be reported as part of any microbiome analysis.

Unfortunately, common practice in microbiome research poses challenges to these goals.
Terminology that elides distinctions between measured and true sample quantities, for in-
stance, is quite common: it is, for example, typical to refer to the proportion of reads at-
tributed to a particular taxon in a particular sample as “the” relative abundance of that taxon
in that sample rather than the measured relative abundance or the read relative abundance.
While we expect that most microbiome researchers understand “the relative abundance” and
similar language as shorthand not to be interpreted literally, vague terminology nonetheless
makes speaking and reasoning about the relationship between measurements and underlying
quantities of interest more difficult. This is evidenced by a variety of common practices
in microbiome science that involve statistical manipulation of measurements without clear
grounding in any underlying biological quantity. To take one example, many published anal-
yses apply Wilcoxon, Kruskal-Wallis, or similar tests to read proportion data to determine
which microbial taxa are “differentially abundant” (see, e.g., Wirbel et al. [2019]). However,
even leaving aside whether these procedures test scientifically meaningful hypotheses, this
practice runs into conceptual trouble: measurement error (in particular, detection effects)

alone may induce orderings of read proportions that substantially deviate from the ordering
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of true microbial relative abundances, so it is difficult to relate the results of such a test to
any particular population quantity.

An additional challenge lies in the fact that discussions of measurement error in the
microbiome literature are often framed primarily in terms of technical variation and batch
effects. Sinha et al. [2017], whose data we analyze in the first chapter of this dissertation,
conduct an “assessment of variation” — not an assessment of error — in microbial sequencing
data, and their analysis reflects this focus, in particular in its dismissal of the idea that mea-
surement error may systematically distort comparisons of scientific interest. Similarly, many
microbiome papers and methods have been targeted at batch effects [Dai et al., 2019, Wang
and LéCao, 2020, Gibbons et al., 2018b]. This is a reasonable phenomenon to investigate, as
systematic differences across sequencing batches are readily observable in microbiome data.
However, in our view, such observable differences are a symptom of the larger problem that
that measurements systematically deviate from the quantities they are meant to represent.
In discussing this problem as a matter of batch effects, we risk creating the impression that
but for batch-to-batch variability, our measurements would be largely accurate, or that we
can make valid between-group comparisons by removing or adjusting for apparent batch
effects without regard to the functional form of such effects or their relationship to sample

quantities we wish to measure.

With this said, the problems posed by measurement error are challenging but not insur-
mountable, and researchers can take steps to limit impact on their work. Firstly, motivating
analyses in terms of (biological) sample and population quantities of interest — rather than
in terms of some manipulation of sequencing data — on its own can substantially improve
interpretability of results. No amount of experimentation or computation can make for a
lack of conceptual clarity in a microbiome analysis. Additionally, as we discuss in chapter
4, some regression techniques are fairly robust to detection effects. We are, unsurprisingly,
partial to our own method presented in chapter 4, but various other approaches, often de-
scribed as compositional data analysis methods, also share this robustness quality, though

we note that other assumptions some of these methods make (e.g., that all taxa detected in
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any sample are present in all samples) may not be appropriate for microbiome analyses. As
we also discuss in chapter 4, regression methods that are robust to the presence of detection
effects may not be robust to contamination. At a minimum, we suggest addressing problems
of contamination by including positive (i.e., mock community) and negative (blank) controls
in all sequencing runs and clearly reporting the results on these control samples to increase
the odds that contamination, if present, will be detected. Beyond this, we anticipate that
dilution series designs — in which diluted samples from some or all specimens interest are
sequenced alongside undiluted samples — may prove fruitful in detection and removal of con-
tamination via the model we describe in chapter 3. Using this approach in concert with
the regression method we describe in chapter 4 may yield analyses with some robustness
to both contamination and detection effects, though further research is needed to establish
the performance of this combination of methods. Lastly, we advocate that, to the extent
possible, results of microbiome experiments be validated with orthogonal measurement tech-
niques (i.e., with technologies not subject to the same forms of error as those used to take
initial measurements) and in independent experiments.

To support rigorous interrogation of microbial communities, this dissertation has devel-
oped new methods addressing various challenges in microbiome data analysis, from relative
abundance estimation in the presence of contamination and detection effects to inference on
scientifically meaningful population quantities when only sequencing data is available. The
forms of measurement error we have addressed, though important, are by no means exhaus-
tive, and as research practice and measurement technology evolve, sustained effort will be

required to ensure that experimental findings are grounded in reality.
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Appendix A
ASSESSING REPLICABILITY IN MICROBIOME DATA

A.1 Proofs

Lower bound for total variation distance

Consider an arbitrary measurable function ¢ : R’ — Z where Z = {1,...,I}, and note that
any classification rule on classes 1, ..., I based on data X C R’ can be expressed as such a
function. Letting @) be the joint distribution of class labels Z € Z and taxonomic covariates
X (with sample space X') in a sequencing laboratory k, we have, for the absolute value of
the difference of expected misclassification error in laboratories & and k' of an arbitrary

classification rule based on test function ¢:

|Qilis(x)22) — Qwlipx)2z]]
= |Qr(1 = Ligx)=2)) — Qw (1 — Ligx)=2))]
= Qi1ipx)=2) — Qulp(x)=2)]
A0z, 2) — / Q0w (z, 2)|

{(z,2)€EXXZ: ¢(x)=2}

Y/

{(z,2)EXXZ: ¢(x)=2}

< s creel [ dQue2) ~ [ dQuia.2)
A A

= drv(Qr, Qr)

Therefore, letting the joint distribution of covariates (i.e., sample-centered transformed
counts) and specimens in a test set in laboratory k follow @y and the corresponding data
in laboratory £’ follow ), the difference in misclassification error of an arbitrary classifica-
tion rule in laboratories k£ and &’ is bounded in expectation by the total variation distance

between ), and Q.
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A.2 Supplementary Methods

Data Ezxclusions

To evaluate the consistency of the taxonomic profile of identical biological samples observed
by each lab, we trained classifiers to predict the specimen number of each sample (details
below). We considered samples from freeze-dried human stool, fresh human stool samples,
chemostat and mock communities that were extracted at the laboratory at which they were

sequenced.

As few combinations of wet lab and bioinformatics lab had complete data among non-pre-
extracted samples (no aliquots excluded by bioinformatics), we adopted a relaxed standard
of sufficient completeness. Under this standard, we considered any combination of a wet and
a dry lab to have sufficiently complete data for inclusion in our analysis only if more than

75% of aliquots were available, and only if data for every specimen was reported.

The imbalance of bioinformatics laboratory data available across aliquots from sequencing
laboratories may create confounding between bioinformatics effects and sequencing labora-
tory effects. To minimize the impact of this confounding on our results, which concern
sequencing laboratory effects, we constructed a procedure to find a subset of the bioinfor-
matics labs and sequencing labs described in Sinha et al. [2017] containing no excluded
combination. We excluded all sequencing laboratories for which no bioinformatics labora-
tory provided sufficiently complete data as defined above. We then exhaustively searched
all combinations of sequencing laboratory and bioinformatics laboratory to find sets of se-
quencing laboratories that had sufficiently complete data across a common set of at least
four bioinformatics laboratories. We set this minimum number of bioinformatics laboratories
to ensure sufficient data within wet lab to train and evaluate classifiers on. We found two
combinations of 8 sequencing laboratories that met these criteria: HL-E and HL-I. We chose

to use the combination containing HL-I as HL-I had more complete data than HL-E.
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Treatment of Unclassified Reads

Some bioinformatics laboratories classified some reads from sequencing lab data as unclas-
sified at various taxonomic levels. We chose to include such reads classified to an unknown
taxon in our analysis. We regard both misclassification of a known organism as an unknown
organism and heterogeneity across sequencing labs of organisms classified as unknown as

forms of measurement error that impact the replicability of taxonomic profiling via 16S.

Classifier Training and Validation

We selected boosted regression tree classifier parameters for each combination of wet lab,

classification task, and level of taxonomic aggregation. There are four parameters to select:

1. Proportion of observations sampled per boosting step (0.5 or 1)
2. Proportion of covariates used at each boosting step (0.25, 0.5, 0.75, or 1)
3. Learning rate

4. Number of boosting steps

For each combination of the first two parameters, we trained a classifier minimizing multino-
mial logistic loss starting at learning rate 0.1 for 10,000 boosting steps, or until cross-validated
misclassification error had not improved for 500 boosting steps, whichever occurred first. We
then retrained for up to 5 iterations, with learning rate decreased by v/10 at each successive
iteration. If at any iteration, optimal 10-fold cross-validated misclassification error occurred
after at least 1000 boosting steps, following the rule of thumb proposed by Elith et al. [2008],
we ended iteration over training rate. We also ended iteration early if a model reached
cross-validated misclassification rate 0. We then compared all fitted boosted tree models
and selected parameters corresponding to the model with the lowest 10-fold cross-validated
misclassification error. We resolved ties in favor of whichever model took the greatest num-

ber of boosting steps to reach the lowest cross-validated misclassification error, and any
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further ties in favor of, in order, lowest learning rate, variable subsampling, and observation
subsampling. We fit our boosted trees using the R package xgboost [Chen et al., 2019].
We also selected elastic net parameters for each combination of wet lab, classification

task, and level of taxonomic aggregation. There are two elastic net parameters to select:

1. A: penalty magnitude

2. @« €{0,0.1,0.2,...,1}: mixing proportion between L; and Ly penalties

For each value of a, we evaluated many values of A via automatic penalty selection algorithm
provided in the cv.glmnet function in glmnet [Friedman et al., 2010]. We then selected «
and A according to minimum 10-fold cross-validated misclassification error, resolving ties in
favor of values of « closer to 0.5, and resolving any further ties in favor of the lower value of

Q.

A.3 Data Completeness

HL-A HL-B HL-C HL-D HL-E HL-F_1 HL-F_2 HL-H HL-l HL-J HL-K HL-L HL-M HL-N_1 HL-N_2

BL-1 35 106 97 0 106 100 51 159 0 265 53 53 15 26 27
BL-2 35 105 97 0 71 99 51 159 53 265 53 53 15 26 27
BL-3 0 105 97 0 105 95 48 159 0 259 53 0 15 26 27
BL-4 35 105 97 44 106 99 51 159 53 265 53 53 15 26 27
BL-6 35 105 97 4 71 99 51 159 53 265 53 53 15 26 27
BL-8 6 104 97 40 103 91 46 156 53 264 52 53 15 26 27
BL-9A 35 103 97 0 106 99 51 159 0 264 53 53 15 26 27
BL-9B 0 106 97 44 71 101 53 159 53 265 53 0 15 26 27

Figure A.1: The number of raw (i.e., not centrally extracted) aliquots reported for each
combination of sequencing (columns) and bioinformatics (rows) laboratories. Raw aliquots

were distributed in sets of 53, with some sequencing laboratories analyzing multiple sets.
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HL-A HL-B HL-C HL-D HL-E HL-F_1 HL-F_2 HL-H HL-I HL-J HL-K HL-L HL-M HL-N_1 HL-N_2

BL-1 22 22 22 0 22 22 22 22 0 22 22 22 10 18 17
BL-2 22 22 22 0 22 22 22 22 22 22 22 22 10 18 17
BL-3 0 22 22 0 22 22 22 22 0 22 22 0 10 18 17
BL-4 22 22 22 21 22 22 22 22 22 22 22 22 10 18 17
BL-6 22 22 22 21 22 22 22 2 22 22 22 22 10 18 17
BL-8 5 22 22 20 22 22 21 2 22 22 22 22 10 18 17
BL-9A 22 22 22 0 22 22 22 22 0 22 22 22 10 18 17
BL-9B 0 22 22 21 22 22 22 2 22 22 22 0 10 18 17

Figure A.2: The number of unique specimens for which any data was reported in each
combination of sequencing (columns) and bioinformatics (rows) laboratories. 22 unique

specimens (excluding negative controls) were sent to each sequencing laboratory.

A.4 Additional Results

Replicability within subgroups of laboratories

Our primary analysis admits the possibility that between-specimen signals replicate well
within some subgroup of sequencing laboratories. In figure A.3 we present results for four
sequencing laboratories with generally low within-laboratory misclassification. Figure A.3
indicates that the gap between within-laboratory and cross-laboratory misclassification is
generally largest for signals learned on proportion data. By contrast, between-specimen
signals learned on centered log ratio data best replicate within and across laboratories in
this comparison. At fine levels of taxonomy, signals learned on presence-absence data exhibit
relatively strong within- and cross-laboratory replicability as well.

Alas, under no transformation nor level of taxonomic aggregation does within-laboratory
replication well predict cross-laboratory replication. For instance, HL-B exhibits generally
low within-laboratory misclassification, but replicates relatively poorly on laboratories F,
H, and J. Similarly, replication of a signal detected by one laboratory in another does not

guarantee mutual replicability: centered log-ratio signals at fine levels of taxonomy in HL-F
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Figure A.3: Misclassification error of boosted tree specimen classifiers trained on centered
proportion (top row), centered log ratio (middle row), and presence-absence (bottom row)
data from four sequencing laboratories (columns). Across taxa (x-axis), within-laboratory
misclassification (dotted lines) is typically lower than cross-laboratory misclassification (solid
lines), but the size of this discrepancy depends on predictor laboratory, transformation, and

taxonomic aggregation level.
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replicate fairly well in HL-B (24% versus 16% misclassification on species-level data from HL-
B and HL-F, respectively), but signals learned on HL-B replicate relatively poorly in HL-F
(66% versus 17% misclassification on species-level data from HL-F and HL-B, respectively).
Taken together, these results suggest that low observed technical variation in a group of
sequencing laboratories does not guarantee replicability of between-group signals detected
by these laboratories. Moreover, replication of the results of one laboratory by another does
not guarantee that the converse replication will hold.

Since our focus is assessing replicability, we chose not to model labs’ protocol variables.
However, the results presented in Figure A.3 are consistent with known results about which
protocol variables influence sample measurements. For instance, HL-F, HL-H, and HL-J gen-
erally replicate better on each other than on HL-B. HL-F, HL-H, and HL-J used extraction
kits from the same manufacturer, while HL-B used a extraction kit from a different manu-
facturer. Although we cannot conclusively attribute this pattern to extraction protocol, it
is in line with the large extraction effects reported in the microbiome literature [McLaren

et al., 2019, Vebg et al., 2016].
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A.5 Anomalous misclassification results in centered proportion data

In Figure 2 (main text), we observed a spike in the misclassification of elastic net classifiers
trained on HL-B for specimen at the order level. We also observed a spike in the misclassifi-
cation of elastic net classifiers trained on HL-L for specimen type at the genus level. In this

section we investigate the source of these spikes.

In Figure A.4 we see that the within-laboratory elastic net classifier trained on on HL-B
centered proportion order-level data erroneously categorizes many aliquots as originating
from sample 63. Figure A.5, which shows average values of elastic net linear predictors (by
specimen) in the HL-B centered proportion order-level training and test sets, suggests that
poor performance on the HL-B test set is due to the influence of differing measurements in

order Sphingomonadales between the training and test sets.

In Figure A.6 we see that the within-laboratory elastic net classifier trained on on HL-L
centered proportion genus-level data erroneously categorizes many aliquots as originating
from samples 61 and 101. Figure A.7, which shows average values of elastic net linear
predictors (by specimen) in the HL-L centered proportion genus-level training and test sets,
suggests that poor performance on the HL-L test set is due to measurements across various

genera being discordant between the training and test sets.

Together these results show that discrepancies in the misclassification level of the elastic
classifiers can be due to unusual test/train splits on a transformation of the data (i.e.,
proportion) at which error in any taxon propagates to all other taxa. However, we observed
spikes in the misclassification error in only two of our elastic net classifiers. This gives us
confidence that, in general, our classifiers are picking up distinctions between samples based

on the data from the training laboratory, and not random noise.
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HL-B

centered proportion order-level data. True labels are given as row names, and predicted

labels are given in column names. This classifier erroneously categorizes many aliquots as

originating from sample 63.
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classification on HL-L

centered proportion genus-level data. True labels are given as row names, and predicted

labels are given in column names. This classifier erroneously categorizes many aliquots as

originating from samples 61 and 101.
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A.6 Bioinformatics Sensitivity Analysis

To assess the influence of our choice to treat results reported from different bioinformatics
laboratories on individual samples sequenced by a single sequencing laboratory as replicate
measurements, for each bioinformatics laboratory we included in our analysis, we fit and
predicted from elastic net classifiers (classifying specimen) using only data reported by that
laboratory. We limited this analysis to sequencing laboratories HL-B, HL-C, HL-F, HL-H,
and HL-J, as other laboratories did not sequence enough samples to train and test elastic

net classifiers on the basis of only one set of bioinformatics results.
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For the two sequencing laboratories that processed the largest number of samples from
sample types included in our analysis, HL-H (159 samples) and HL-J (265 samples), we are
able to fit elastic net classifiers using data from single bioinformatics laboratories that distin-

guish (within sequencing laboratory) between specimens about as well as classifiers trained
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on all bioinformatics laboratories. We also observe largely similar patterns of within- versus
across-sequencing laboratory misclassification for classifiers trained on individual bioinfor-
matics data from HL-H or HL-J as we do for classifiers trained on data from all bioinformatics
laboratories for HL-J or HL-H.

For sequencing laboratories that processed fewer samples — HL-B (106 samples), HL-C
(97 samples), HL-F (101 samples) — we are in general unable, on the basis of data from
individual bioinformatics laboratories, to fit classifiers that distinguish between specimens
within-laboratory. This renders comparison of cross-laboratory performance of these clas-
sifiers with cross-laboratory performance of classifiers fit on data from all bioinformatics

laboratories difficult to interpret.
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A.7 Classifier Performance under Centering and Scaling; Descriptive Analysis
of Fresh Samples at Phylum Level

To explore whether taxon- and (sequencing) laboratory-specific scaling could explain our
main results, we fit and predicted from elastic net classifiers using proportion- and centered
log-ratio-transformed data to which we applied a sample centering (as described in section
3 of the manuscript) as well as a sample scaling. Under each transformation (proportion
or CLR), in each test or training set, and for each taxon, we calculated scaling factors as
the standard deviation of the mean observed value in each specimen (i.e., for each taxon we
computed specimen means and calculated the standard deviation of these means). We then,
after centering data, rescaled data by dividing by these taxon-specific scalings. We did not
rescale taxa for which the computed scaling factor was 0. After applying this rescaling to
each test and training set, we fit elastic net classifiers to identify specimen as in our primary

analysis. The results of this analysis are shown in the figure below.
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Figure A.10: Test set misclassification error for elastic net classifiers fit and validated on
CLR (first two rows) and proportion data (third and fourth rows). For each transformation
(CLR or proportion), we consider performance under sample centering (first and third rows)
and under sample centering and scaling (second and fourth rows). Within-laboratory mis-
classification is indicated by triangles, and cross-laboratory misclassification is indicated by

connected dots.

The comparison between within-laboratory and cross-laboratory misclassification is quite
similar for centered and centered-and-scaled CLR data, with perhaps marginally better per-
formance for classifiers fit and validated on scaled data than on unscaled genus data.

For proportion data, we observe greater improvement in cross-laboratory as compared
to within-laboratory misclassification for classifiers fit on scaled data relative to those fit

on unscaled data. This may reflect the fact that on the proportion scale, over- (or under-)
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detection of an abundant taxon results in a compression (or stretching) of measured pro-
portions in other taxa (on account of the sum-to-one constraint). However, while the gap
between within- and cross-laboratory performance narrows for centered and scaled propor-
tion data as compared to centered proportion data, cross-laboratory misclassification remains

substantially higher than within-laboratory misclassification.

Descriptive Analyses

In order to provide intuition for the kinds of between-sequencing-laboratory differences we
observe in between-specimen structure, we provide a descriptive analysis of abundances in
fresh human samples for each of the four phyla (Firmicutes, Bacteroidetes, Actinobacteria,
and Proteobacteria) directly analyzed by Sinha et al. [2017]. The following plots show
measured abundances on the proportion and centered log-ratio scales in each of these phyla

by sequencing laboratory, bioinformatics laboratory, health status, and specimen.
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Measured Abundance of Firmicutes among Fresh Human Specimens
by Specimen, Health status, Transformation, Sequencing Laboratory,

and Bioinformatics Laboratory
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Figure A.11: Measured centered log-ratio (first row) and proportion (second row) Fir-

micutes abundance by sequencing laboratory (columns), bioinformatics laboratory (point

shape), health status (x-axis), and specimen (color).
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We observe, on both proportion and centered log-ratio scales, some shared between-
specimen structure across sequencing laboratory. However, we also observe substantial qual-
itative differences across sequencing laboratory. For instance, is the centered log-ratio abun-
dance of Firmicutes higher in specimen 13 (healthy; 4th from right) than in specimen 9
(ICU; 5th from right)? Measurements from HL-B and HL-H suggest so; measurements from
HL-J do not. On the proportion scale, we, for instance, may come to substantially differ-
ent conclusions about how similar the abundance of Firmicutes is in the two diabetes/RA
samples depending on sequencing laboratory — HL-C suggests essentially no difference, HL-F

suggests perhaps a small difference, and HL-H and HL-J suggest substantial differences.
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Measured Abundance of Bacteroidetes among Fresh Human Specimens
by Specimen, Health status, Transformation, Sequencing Laboratory,
and Bioinformatics Laboratory
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Figure A.12: Measured centered log-ratio (first row) and proportion (second row) Bac-
teroidetes abundance by sequencing laboratory (columns), bioinformatics laboratory (point

shape), health status (x-axis), and specimen (color).
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In terms of measured abundance of Bacteroidetes, we again observed partial concordance
in terms of between-specimen structure across sequencing laboratories as well as examples
of discordance. This is particularly evident at the proportion scale, where, for example, we
might conclude that specimen 11 (first on left) has greater Bacteroidetes relative abundance
than specimen 3 (second from left) if we consult HL-B or HL-H, whereas in HL-I we observe
essentially no difference between these specimens. In a similar vein, determination of which
specimen (among all specimens plotted) has highest relative abundance of Bacteroidetes
differs across sequencing laboratory, with, notably, no consensus across laboratories regarding
whether diabetes/RA (rheumatoid arthritis) specimens (at left) have generally higher or

lower Bacteroidetes relative abundance than healthy specimens 4 and 6 (at right).



111

Measured Abundance of Actinobacteria among Fresh Human Specimens
by Specimen, Health status, Transformation, Sequencing Laboratory,
and Bioinformatics Laboratory
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Figure A.13: Measured centered log-ratio (first row) and proportion (second row) Acti-
nobacteria abundance by sequencing laboratory (columns), bioinformatics laboratory (point

shape), health status (x-axis), and specimen (color).
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We observe generally similar patterns in measured Actinobacteria abundance as we do
for Firmicutes and Bacteroidetes. In particular, some comparisons on the proportion scale
replicate less well across sequencing laboratory on the proportion than on the centered log-
ratio scale. For example, how do specimens 13 and 14 (healthy; 3rd and 4th from right)
compare to specimens 11 and 3 (diabetes/RA; 1st and 2nd from left)? Is relative abundance

(i.e., proportion) Actinobacteria higher in sample 11 or sample 37



Measured Abundance of Proteobacteria among Fresh Human Specimens
by Specimen, Health status, Transformation, Sequencing Laboratory,
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Figure A.14: Measured centered log-ratio (first row) and proportion (second row) Pro-

teobacteria abundance by sequencing laboratory (columns), bioinformatics laboratory (point

shape), health status (x-axis), and specimen (color).
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On the centered log-ratio scale, all sequencing laboratories agree that specimen 2 (ICU;
5th from left) has highest abundance Proteobacteria, though the degree to which this abun-
dance exceeds abundances in other specimens differs somewhat by sequencing laboratory. On
the proportion scale, the picture is not so clear — we might judge specimen 12 to have higher
relative abundance Proteobacteria than specimen 2 on the basis of measurements from HL-
B, and sequencing laboratories, furthermore, do not agree regarding whether specimen 12
has higher relative abundance Proteobacteria than specimens 8 and 9. On the centered log-
ratio scale, HL-B suggests somewhat elevated Proteobacteria in diabetes/RA specimens (1st
and 2nd from left) as compared to healthy specimens (rightmost four), but this distinction

essentially disappears in HL-C and HL-I.

A.8 Additional Centered Log-Ratio Figures

A.9 Classification on Presence Data

To assess the replicability of between-specimen signals observed under a commonly-used
transformation of sequencing count data, the presence-absence transformation, we fit and
predicted from classifiers using data at this scale. Concretely, we define the presence-absence

transformation as follows:
\I/; RJ — {0, 1}J; \I/(Wlk) = (1[Wz‘1k>0]7 RN 1[W”k>0]) .

Consideration of 16S data on the presence-absence scale was motivated by the practice
of treating 16S amplicon data as non-quantitative in the sense measured proportions of 16S
variants do not reflect the true proportions of the taxa to which they are assigned [Méheust
et al., 2019, Kennedy et al., 2014, Costa et al., 2012]. Hence, this line of reasoning suggests,
it may be more appropriate to treat 16S amplicon data as indicating only presence or absence
of taxa. That is, in the presence of measurement error, between-specimen comparisons based
on presence-absence data should be either invariant or at least less variable than proportion-

scale comparisons.
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Within—Laboratory Log—Scale Classifier Performance by Taxon
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Figure A.15: Within-laboratory misclassification for boosted tree and elastic net classifiers
predicting specimen or specimen type on centered log-ratio data plotted against level of
taxonomic aggregation. Color indicates the laboratory that the classifier was trained and

evaluated on.
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Figure A.16: Within-laboratory (solid triangles) and between-laboratory (lines) misclas-

sification for boosted tree and elastic net classifiers predicting specimen on presence data

plotted against level of taxonomic aggregation.

We chose not to center presence-absence data, as this would produce continuous data,
and we were interested in the consistency of binary measurements across laboratories. Hence,
the error model presented in Section 2.2.3 is not directly relevant here. The results in this
section therefore pertain to whether observed patterns of differential presence of taxa across

specimens are likely to replicate across different sequencing laboratories.

At every level of taxonomic aggregation, and for both elastic net and boosted tree classifi-
cation, median cross-laboratory misclassification of specimen classifiers is larger than median
within-laboratory misclassification (Figure A.16). Both within- and cross-laboratory misclas-
sification increase with increasing level of taxonomic aggregation. On OTU-level data, me-
dian within-laboratory misclassification of boosted tree classifiers is 20% (IQR 12% - 31%),

versus 49% (IQR 33% - 66%) median cross-laboratory misclassification. On phylum data,
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these figures are 78% (IQR 71% - 84%) and 88% (IQR 84% - 92%), respectively. Similar
patterns hold for elastic net classifiers, with 27% (IQR 14% - 39%) and 46% (IQR 28% -
68%) within- and cross-laboratory misclassification on OTU-level data, rising to 78% (IQR
74% - 87%) and 89% (IQR 84% - 92%), respectively, on phylum data.
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A.10 Comparison Across Transformations

This section contains within- and cross-laboratory misclassification results for all levels of

taxonomic aggregation, as well as results on data that has not been sample-centered.
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Figure A.17: The within (aqua) and across (red) laboratory misclassification for uncen-
tered proportions, centered proportions, uncentered log ratio, centered log ratio and presence
absence data for both classifying both specimen and specimen type. The misclassification
rate is shown for boosted tree (solid lines) and elastic net (dotted lines) classifiers for every
combination of laboratories (thin lines) and is also summarized as a median across labora-
tory combinations (thick lines). We see that centering the centered log ratio transformation
improves the misclassification rate, but centering the proportions does not improve the mis-

classification rate.
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Figure A.18: Median within-laboratory (aqua) and cross-laboratory (red) specimen mis-
classification for proportion and centered-log-ratio data, with and without sample centering.

The interquartile range is shown in brackets at each taxon.
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Results for Uncentered Proportion Data

OoTU species genus family order class phylum
1.00 4
0.75- g
2
< 0.50 o
il 3‘.
W 0.254 @
8 ®
£ 0.00
& 1.00 A
g
B 0.754 g
1%}
= 050 z
z
0.25+4 el
0.00 -

Predictor Laboratory

Predictand Laboratory Type of Prediction
—+— HL-B —— HL-C —— HL-F —— HL-H . Cross Lab
—— HL-I —— HL-J —— HL-K —— HL-L A Within Lab

Figure A.19: Within-laboratory (solid triangles) and between-laboratory (lines) specimen

misclassification results on uncentered proportion data.
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type misclassification results on uncentered proportion data.
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Figure A.21: Within-laboratory (solid triangles) and between-laboratory (lines) specimen

misclassification results on centered proportion data.
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Results for Uncentered Log-Ratio Data
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Figure A.23: Within-laboratory (solid triangles) and between-laboratory (lines) specimen

misclassification results on log-ratio data (without sample centering).
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Figure A.24: Within-laboratory (solid triangles) and between-laboratory (lines) specimen

type misclassification results on log-ratio data (without sample centering).
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Results for Centered Log-Ratio-Scale Data
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Figure A.25: Within-laboratory (solid triangles) and between-laboratory (lines) specimen

misclassification results on log-ratio data (with sample centering).
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Figure A.26: Within-laboratory (solid triangles) and between-laboratory (lines) specimen

type misclassification results on log-ratio data (with sample centering).
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Results for Presence-Absence Data

OoTU species genus family order class phylum
A @
0.75 z i g
A T '!g'
< 0.50 4 4 4 o
o ¥ L LA o
= i A J =
80'25“ T Ao Y P 2
o A
£ 0.00
(9]
% 1.00 A 3 W
2 0.754 3 W %: ;’3‘ ; E e o
0 V. 2
= 050 N e, 1 s g
A a4
z
0.25 * % 14 AL+t .t @
A A A
0.00 -

RNRE G DRNDKONE DRNDLOGNE SRNDLONE D
DY IRV RQRXPIXIRY SRRV RXIRNIYIRY
Predictor Laboratory

Predictand Laboratory Type of Prediction
—+— HL-B —— HL-C —— HL-F —— HL-H . Cross Lab
—— HL-I —— HL-J —— HL-K —— HL-L A Within Lab
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misclassification results on presence-absence data (without sample centering).



129

OTU species genus family order class phylum
1.00
0.75+4 g
&l
= 0.504 a N
o N N a a a =
ks 73 A /3 S T
&= 0.004 ¥ 4
& 1.00 A
e
@ 0.754 m
s @
0.50 4 T 5
2 s T z
0.25 &
a 74 o 4 T
0.00+ 4 +

A
T
2

%

X
L e e el e e e e e S e e el e e e e e e i B B e
RNIPLELN P IR EENE P ERTREN S CE RN LRLEN S PSR R LS
FEVEFYEY FYYYYEYYY YYYYYEYY JYYYYYYY FYYYYEYYY

Predictor Laboratory

% o

T
X P S

Y

Type of Prediction Predictee Laboratory
. Cross Lab —— HL-B —— HL-C —— HL-F —— HL-H

B Within Lab —— HL-| —— HL-J —— HL-K —— HL-L

Figure A.28: Within-laboratory (solid triangles) and between-laboratory (lines) specimen

type misclassification results on presence-absence data (without sample centering).



130

Appendix B

MODELING COMPLEX MEASUREMENT ERROR IN
MICROBIOME EXPERIMENTS

B.1 Additional details for reweighted estimator

In Section 3, we introduced a weighted Poisson log-likelihood with weight for the likelihood

contribution of W;; given by

o g+l
Wi = 521
ij

where fi;; is the fitted mean for W;; given parameters 0 estimated under a Poisson likelihood
and read depth W;.. arising from a model fit to W via a Poisson likelihood (without reweight-
ing) and &fj is a fitted value from a monotone regression of squared residuals (W;; — fi;;)* on
fitted means ji;; (with i = 1,...,n and j = 1,...,J). In other words, 7, is an estimate of
var(W;;|W;., 0).

To motivate why this reweighting is reasonable, we consider the case in which 0 is in
the interior of the parameter space ©. In this setting we can express the Poisson MLE as a
solution to the following score equations:

(

Dij ﬁﬁ[a%mﬂ(wij — i) =0

> i ne Lo Higl(Wij — i) =0

\

Equivalently, we can write
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letting g;; = [a%/‘ij](w/ij — ;7). Hence, we can view this system of equations as a weighted
sum of zero expectation terms g;; with weights given by t — that is, one over a model-
based estimate of Var(W;; — p;;). In this setting, if the Poisson mean-variance relationship
holds and the score equations have a unique solution, we expect the estimator given by this
solution to be asymptotically efficient [McCullagh, 1983], whereas when a different mean-
variance relationship holds, in general we expect to lose efficiency. In contrast, when the
Poisson mean-variance relationship does not hold, we expect to be able to improve efficiency
by reweighting the score equations with a more flexible estimator of Var(W;; — ;). To
accomplish this, we use a consistent estimator of 6, the Poisson MLE é, to estimate p and
Var(W;;|ui;). Specifically, we estimate o2(fi;;) = Var(Wij\Wi.,Xi,Zi,Z-,,B,p,f),ﬁ/) under
the assumption that o?(-) is an increasing function via a centered isotonic regression of
(Wi — fuij)* on fi;;. Weighting the log-likelihood contribution of W;;, l;; := Wi;log(ui;) — pij,
by a factor of /;_?j then yields reweighted score equations
P L) =3 g (0)

ig i His iy M %

Eij P weighted by the inverse of a flexible estimate
ij

in which each g;; is, up to a factor of

of Var(W;;|pi;). In practice, however, the weighting above may be unstable when fi;; and

6% are small. Hence, we weight instead by

frig+1
&3j+1

to preserve behavior of weights when the
estimated mean and variance are both large (where reweighting is typically most important)

and stabilizes them when these quantities are small.
B.2 Supporting theory for proposed model and estimators
Throughout this section, we will use the following notation:

o W, = (W;,...,W;;): a measured outcome of interest in sample i across taxa j =

1,...,J. We also use W without subscript ¢ where this does not lead to ambiguity

e X, here denotes covariates (Z;, X;, ZZ) described in the main text
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W: the support of W = (Wy,... W)

X' the support of X = (X3,..., X))
e W, the support of W, := 2}]:1 W;

e v: a weighting function from Wy x X into RZ,,. For simplicity of notation, we frequentl
g g >0 p y ) q Y

suppress dependence on W, and X; and write v;; to indicate v;(W;y, X;)
e U,: an empirical weighting function estimated from a sample of size n
e (: unknown parameters (p, 3, P,7); we denote the true value with 6,

o 1ty = (o1 ... 1os): a parametrization of the mean model given in equation (5) in main
text; E[W|X, v, 0] = exp(y)py(X); when unambiguous, we suppress dependence on X

and write py; we also use py, to denote ijl Hoj

e M} (0): profile log likelihood under weighting function v, evaluated at 6 on a sample

of size n
o M"(0): expected profile log likelihood under weighting function v, evaluated at 6

e my: the profile log likelihood under weighting function v as a function from W x X
into R; M} = Ew xmy(W,X) := Pmj, and similarly we can express M"(6) in terms

of mj and the empirical measure P,,: M (0) = P,,mj

L>(F): the set of all uniformly bounded real functions on F

B.2.1 Assumptions

iid

A) We draw pairs (W, X) ~ P,, where W has closed, bounded support W C RZ, and X
( p o pp S0

has closed, bounded support X C RP.



133

(B) Letting 6 denote (p,3,P,7), for a set of known functions from X to RZ, {p, : 0 € O}

we have that E[W\X, WE] =W 5:0(0())
OE

in 0 for all z € X and for each fixed 6 € ©, py(x) a bounded function on X.

where 6y € © C RY, with pg(x) differentiable

(C) For almost all x € X, P1r([2‘j]:1 W;] > b|X = z) = 1 for some b > 0.

Note: while the form of the mean model given above differs somewhat from the presentation
in the main text, it in fact implies the form in the main text if we introduce random variable
I' and let E[W|X = x,I" = 7] = exp() g, However, since this construction in terms of I

is not necessary for the results that follow, we omit it.

B.2.2  Form of profile log likelihood

We first derive the form of a log likelihood in which nuisance parameters {~;}7 ;, have been
profiled out. We characterize population analogue of this log likelihood. The form of this
profile log likelihood is as follows:

0): = %zp[z (Wisloglexp(y)uo; (Xi)] = exp(ri)pay (X)) | (B)

=1

.

n J

=2 (Wt ) — we) (B.2)

where we suppress dependence on X; for simplicity in the second row. We derive the profile

likelihood in the second row via differentiation with respect to ~;; the optimum is unique by

convexity of ay — bexp(y) in y when a,b > 0. We use v; - W; to denote Z] L Vi Wi and
similarly for v; - p,.
We now allow weights v; = (v;1,...,v;5) to be given as a (bounded positive) function of

X, and W, = Z}]=1 W,;; and examine the population analogue M"(#) of of the weighted
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profile log likelihood MY (0).

J
- W, v: - W,
EWX[ : (Wz log =" jug)] — < ’ue‘ﬂ (B-3)
z:: ’ ’ Vi Hyg ’ Vi Mg !
J
A\ W VvV, - W
Ew, xE = [ Ui'<Wi'10g - Z,ue' - = Z,uaﬂ B.4
Wlwsz1 i\ WVig [Vz"Ne 3] Vi gy (B.4)
J
= ]EW,X [Zvijwijlogvi . Wz] (BS)
j=1
J . V- u .
+ Bw,.x | v (Wist 0 logF— — 7, = L0} (B.6)
j=1 Héos .Ue Hoos Vi Mg
J
=C+Ew,x [Wz‘zvz MQOZUM( Fooi 1ogt05 _ _Hos )} (B.7)
Hoos =1 V; “90 Vi Mg Vi MKy

We note that the term in line 5 above depends on 6, but not #; accordingly, we represent it

with constant C' on line 7.

B.2.3  Optimizer of profile likelihood

We now show that, under a suitable identifiability condition, a weak condition on W, and
a condition on weighting function v, that if the mean model given in assumption B holds at
0 = 0y, then the unique optimizer of population criterion M"(0) is 6.

The additional conditions we need are as follows:

(D) For all 0,0 € ©, we have that, for any a € R*, 6 # 0 = p,y(x) # apy (x) holds for all
x € A C X with Px(A4) > 0.

(E) Weighting function v : X x Wy — RZ;, where W is the support of Wy, is continuous
and bounded.

We will use the following simple lemma:

Lemma 1. For everya > 0, the function defined by f,(b) := alog(b)—b is uniquely mazimized

at b = a (defining 0log0 := 0 and letting alog) = — ty for every a > 0).
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Proof. First consider the case a > 0. Since f,(0) = —oo in this case and f, is finite for all
b > 0, the optimum cannot occur at b = 0. Over b € R™", ab2f = g% < 0, so f, is strictly
convex over Rt and hence takes a unique optimum. Setting 2 &) =7 — 1 =0 gives us that

the optimum occurs at b = a.

0 ifb=0
When a =0, f,(b) = , S0 f, is optimized at 0 since —b < 0 when b > 0. [

—b ifb>0

Theorem 2. Suppose that conditions (A) - (D) are met. Then for any weighting function
satisfying (E), the criterion M"(-) defined above is uniquely optimized at 0.

Proof. From above we have the form of the population criterion M"(6):

J
V. . . .
MY(0) = €+ B, x[Wor o 3 vy (Ftog L2 - FU )| (Bg)
Hoos ‘= "~ \Vi'Hg, Vi-Hg Vi'Hg

For each fixed pair (x,ws) € supp(X, Ws), denote by = 00] (X wy) the function #&fj()
y s o X
Then

v 60 10; 1o;
h? ;00) = —— 1 - B.9
J(X) wXH 9 0) V- IJ,GO (Xy wz) Ogv . IJ,G (X) wz) V- I_l,e (X;wE) ( )
is maximized when ”‘Z (x,wy) = v”ii’; (x,wy) by lemma 1. O
t 0o

Before proceeding, we show that —oo < M"(6y) < co. By definition, we have

J
v v-W v-W
M (6y) = Bw xsup,cp »  v;(Wjlog [eXp(’Y)V_ Hos) — exp(7) - poo;)  (B.10)
j_l l’l’eo /1'00
-W v-W .
> Ew x Z v; (W; log[ Lo ] — ——1ig;) (setting v = 0) (B.11)
= 9o vV Ky,
J
=Ewx Z v;Wilogv - W (B.12)
j=1
+ EWz7X fo WE Z [ Hoog 10g Hooj - Hoog ] (B13)

II’LHOE =1 v ”1’90 A l’l’eo v ”l'eo
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The term in line (B.12) is equal to Ew xv - Wlogv - W, which as the integral of a bounded

function over a bounded domain is finite. By assumption (C), we must have > 19,;(X) > 0

almost surely, so the term ‘;590 Wy in line (B.13) is almost surely bounded by boundedness
0z

of pg, v, and W. Inside the sum in this line, we have terms of the form aloga — a, which is a

bounded function on any bounded set in R>. Hence line (B.13) is an integral of a bounded

function over a bounded domain and so is also finite, so M"(6y) > —oo.

Similarly,
J
v-W v-W
M"(60) = Ew xsup,er > v;(Wjlog[exp(7) Hoos) — exp(V)——pa,;)  (B.14)
= Vo K, V- K,
J
<E Z (WjlogW; — W;) by lemma 1 (B.15)
J
< 00 since Zvj (leong — W;) is bounded on W x X x G (B.16)
j=1

Hence —oo < M"(6y) < oo, which guarantees that the difference in the following argument
is not of the form oo — oo.

Now, for any 6 € © with 6 # 6, we have
M*(0) — M”(HO)

v
/ / ueﬂeo h”(x, wy, 0;0) — hi(x, ws, O; 90)} d Py, x (ws)dPx (x)

/ / HJ@O hU(X’ w279;00) - h;)(X, w2790;00)i| dPWz|X<wE)dPX(X)
AC Hoox

=1
J

/ / =Lt S [, 0:00) — B o, 0 00) | P )P () (%)
0 ]:1

<0

The first inequality is a result of y maximizing (not necessarily uniquely) hj; i.e., ki (x, 6; 0y)—
h%(x, 60; 6h) < 0. Strict inequality holds in the last line because the integrand in (%) is strictly

negative, since hf(x, wy, 0;0y) — h(x, wy, 0;0p) < 0 for 6 # Oy on A, and the term w #“ 0 ig

0=
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a.s. strictly positive by assumption (C) and positivity of v. Hence M"(6y) > M"(0) for all

0 # 0y in O, so 6 is the unique maximizer of the population criterion M?(-).

B.2./ Consistency of M-estimators

We apply theorem 5.14 of van der Vaart (1998) to show consistency of maximizers éfb of
M for 6. We also show consistency of estimators §2, where {0, } is a sequence of random
continuous positive bounded weighting functions converging uniformly in probability to v.

We first require the following assumption on v,0,, and u:

(F) supyeasom, [v(t) — 0,(t)| > 0 and every @, is continuous, positive, and bounded.

(G) There exist 6 > 0 and € > 0 such that min; infoX:/Jgoj(l‘)>0 Zzi—g; > ¢ holds for all

0 € Hs :== KsN©O where K; := {0 :d(0,60,) <} is a closed §-neighborhood of 6, in R.

Moreover, pg(w,x) is Lipschitz continuous in 6 on Hs uniformly over supp(W, X).

Note: while assumption (G) can likely be loosened, we note that in practice it is not
particularly restrictive. In particular, we emphasize that it in no way precludes 6, from
lying at the boundary of the parameter space; rather, it guarantees that nonzero means
are bounded away from zero, which allows us to select neighborhoods of 6, in which my is

bounded.

Theorem 3. Suppose conditions (A) through (F) are satisfied. Then ford(0,0") = > "% _, |arctan(0y)—
arctan(0})], Pr(d(67,0y) > €) = 0 for all € > 0 and Pr(d(6°,60,) > ¢) — 0 for all € > 0.

Proof

We first compactify our parameter space © to obtain © by allowing elements of uncon-
strained Euclidean parameters to take values in the extended reals.

A necessary condition for theorem 5.14 is that we have Esup,c,my < oo for mj(w,x) :=
Z}]:1 v; (wjlog[“,’_'—;‘;ugj} —“::—:;[ng) and a sufficiently small ball U € ©. By lemma 1, supycym®(w, x) <

ijl v; (wjlogwj — wj), which is bounded above since v is bounded. Hence by assumption
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(A), Esupgepmy < PZ;.Izl vj (wjlogw; —w;) < co. We also require M?(6°) > M (0o)+op(1)
which is trivially satisfied since 0 maximizes M.

Then letting compact set K = O, we can directly apply theorem 5.14 to obtain Pr(d(é”, 0o) >
€) — 0 for any € > 0.

To apply theorem 5.14 to é@“, we only need in addition to the above that Mﬁ(éﬁ") >
M?Y(6p) + op(1).

For any fixed 0, we have

M7(67) > M. (6p) + op(1) (B.17)
= M, (60) + op(1) + (My(6y) — M, (60)) (B.18)

However, the term (MY(6y) — M?(6y)) = op(1) if we let & = 9, since, letting 1;;(0) :=
Wloghtes — Lo

Hos Hos’
1 n J
| M, (6o) — ‘ﬁ D (bni — vij @](90)‘ (B.19)
=1 j=1
< SUPye x| On(t) — (¢ |_ Z Z |1 (60)] (B.20)

=1 j5=1

since SUp;c s, |On(t) — v(t)] = 0. Hence MP(0%) > M2 (0y) + op(1), so Pr(d(0%,6,) >

€) — 0 for any € > 0.

B.2.5  Convergence in distribution of M-estimators

Theorem 4. If assumptions A - G are met, \/ﬁ(é” —0y) converges in distribution to a tight

limiting distribution in RY.

Proof. Without loss of generality, we consider MY = {mj : § € Hs} for Hs given in
assumption G (since by theorem 2, with probability approaching 1, HAZ € Hs as n increases
without bound).

We begin by considering criterion my without weighting.

Fix (w,z) € supp(W, X). We then have, for any 6 € Hy,
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:U’Gj ZL’ M9j(-r)
w;lo B.21
Z ! guez (r)  pon() (B:21)

By Lipschitz continuity of py(x) in 6 over Hs, mg(w, ) is a Lipschitz continuous function
at all 6 such that all elements of ug(x) are nonzero since g(z) := alog(z) — z is Lipschitz
continuous for z > ¢ > 0 and bounded a > 0. When one or more elements of py(w,z) are
zero, they must be 0 identically over all § € Hy; otherwise by continuity of pg(w,z) in 6,
we are able to select §* € Hy such that pg«;(w,z) is positive but arbitrarily close to zero,
contradicting assumption G.

Since if EW; = 0, we must have W; = 0 with probability 1 (on account of W; being a

nonnegative random variable), except possibly on a set with measure 0, we have

ZJ: Lyig i >0 w]logmj(x)] — Mej(l‘)} (B.22)

et f1os() fos ()

Accordingly, mg(w, z) is Lipschitz continuous in @ for all § € Hs. Hence my(w,x), as
a weighted sum of Lipschitz continuous functions (with bounded weights), must also be
Lipschitz continuous @ for all 8 € Hs as well.

We now use a bracketing argument to show that Mj is a Donsker class, which we will
use together with a result due to Diimbgen [1993] to show that /n(0% — 6,) converges to a
well-defined limiting distribution in R¢.

By uniform Lipschitz continuity of mj(w,z) in 8 on Hs, we have
|mg(w, z) — mg(w, )| < C||0 — 6| (B.23)

for some C' < oo.

Since by assumption supp(W, X) is bounded, this implies that |C|? is integrable, which
is sufficient for the bracketing entropy of Ms to be at most of order log(1/¢) (see Van der
Vaart [2000] example 19.7). Hence by theorem 19.5 of Van der Vaart [2000], M is Donsker.

Accordingly, we have {\/n(P,mj — Pm}) : my € Ms} weakly converging to a tight

Gaussian process in [*°(Mj) as n — oo. By proposition 1 of Diimbgen [1993], this, taken
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with Hadamard directional differentiability of the map defined by g(F) := arg maxy. g, F'(6),

gives us

V(0 = bo) = v/n(g(Pamiy) — g(Pmy)) ~ T (B.24)

for well-defined limiting distribution .J on R

Theorem 5. /n(0% — 0y) converges in distribution to the same limit as /n(6° — 6y) if

assumptions A - G are met.

Proof.
V(M (8) — M (6)) (B.25)
=Vn(My(0) — M°(0) + [[My"(0) — M;;(6)] — [M*(8) — M*(8)]]) (B.26)
—VA(ME(9) = M*(9)) + V(P, — Pymi (B.27)
=vn(M,(0) — M"(0)) + op(1) (B.28)
Vi(P, — Pymy" ™" = \/ﬁ% Z Z(f’n;ij — vi;)i;(6) (B.29)
< Vi3 S O] e () —0O] (B30)
50 (B.31)

Note that arg max,.o M (0) = arg maxy.qM"(0) = 0y by theorem 1. O
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B.3 Optimization details

B.3.1 Reparametrization of barrier subproblem

Letting 6* indicate the unknown parameters in our model after reparametrizing p and p as

p and p, we now have the following unconstrained minimization problem:

J-1 e 1
: . 1
arg ming. f,(0*) + o) [Z (Zl —pij + Jlog |1+ Zexp(pkj) ) (B.32)
=

k L Jj=1 .
-1 T U1 1

Z ( —pg; +Jlog |1+ Z exp(p;) > ] (B.33)
k Jj=1 L j=1 ]

B.3.2  Barrier algorithm

Barrier Algorithm

1. Initiate with value of penalty parameter ¢ set to starting value () and values of pa-

rameters 6* equal to 6*(?). Set iteration r = 0.

2. Using current value ¢ of ¢ and starting at parameter estimate 6*), solve barrier sub-
problem r given in main text via Fisher scoring. Denote the solution of this subproblem

9*

(1) and set t(,41) = at() for a prespecified a > 1.

3. If t(41) > tmax for prespecified t,ay, return 9(*T +1)- Otherwise set iteration r = r + 1

and return to step 2.

B.3.3  Constrained Newton within Augmented Lagrangian Algorithm

We calculate update steps from Lj given in Section 3 of the main text as follows:
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Constrained Newton within Augmented Lagrangian Algorithm

1. Initiate with initial values (%) and p(®) > 0 of penalty coefficients v and p

2. Calculate proposed update p};pdate via nonnegative least squares on £ using current

values of v and p

3. If |Zj pzﬁdate — 1] < § for some prespecified tolerance § > 0, set update direction

SLp = P — pzpdate and proceed to step (3). Otherwise update v and p via algorithm

given in Bazaraa [2006] (p. 496) and return to step (1).

. . . . . dated
4. Perform a line search in direction s, to determine updated parameter value p,**** :=

pr + €sy that decreases objective f,(py) for some 0 < e < 1.

B.3.4  Quadratic approzimation to f,(px).

In Section 3 of the main text, we specify L; in terms of a quadratic approximation Qg)
to objective f,(px). In practice we construct Q,(:) as a slightly modified Taylor expansion

of f,() around the current value of p,(f).

We use the gradient of f, with respect to py in
the first order term, and in the second order term, and in place of the Hessian, we use (—1
times) the Fisher information matrix in py regularized (for numerical stability) by addition

of magnitude of the gradient times an identity matrix.

B.4 Analysis of Costea et al. [2017] data

B.4/.1 Details of model specification

Costea et al. [2017] published two flow cytometric readings for every species in the synthetic
community with the exception of V. cholerae, for which only one reading was published. In
all taxa save V. cholerae, we take the mean reading as our observation, and we include the

resulting vector of readings augmented by the single reading for V. cholerae as a row in W.
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We anticipate that our use of mean readings represents a fairly small loss of information,
as flow cytometric readings did not vary substantially within taxon. However, in a similar
setting where multiple sets of flow cytometric readings across all taxa were available, we

could include each set as a row of W to capture variability in these measurements.

To estimate detection effects relative to flow cytometry measurements, we specify X; = 0.
Fori > 2, X; =[1 1o 1w]| where 1 is an indicator for sample ¢ being processed according

to protocol Q, and similarly for 1y .

B.4.2  Cross-validation design

We construct folds for our 10-fold cross-validation on Costea et al. [2017] data so that, with
the exception of samples A and B, which we grouped together in a single fold, each fold
included all observations for a given specimen. For each fold, we fit a model in which all
observations in all other folds, along with flow cytometry readings, were treated as arising
from a common specimen (as in fact they do, save for flow cytometry readings, which were
taken on specimens mixed to create the mock spike-in). We model each sample in the held-
out fold as arising from a distinct specimen of unknown composition to allow our model to
estimate a different relative abundance profile for distinct samples processed according to

different protocols.
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B.4.3 Model summaries

Table B.1: Point estimates and 95% bootstrap confidence intervals for protocol-specific

detection effects B (with reference taxon Y. pseudotuberculosis) estimated from Costea et al.

[2017] data

Taxon Protocol H Protocol Q Protocol W

B. hansenii “1.61 (-2.00 — -1.16) -1.55 (-1.75 — -1.31) -0.08 (-0.16 — 0.00)
C. difficile 20.18 (-0.30 - 0.01)  -0.57 (-0.79 — -0.41)  1.23 (1.18 — 1.28)
C. perfringens 3.38 (3.27 — 3.57) 2.48 (2.31 — 2.62) 4.05 (4.03 — 4.07)
C. saccharolyticum | -0.19 (-0.23 —-0.16) -0.01 (-0.12 - 0.1)  -0.10 (-0.13 —-0.06)
F. nucleatum 2.37 (228~ 2.44)  0.14 (-0.16 - 0.42)  2.11 (2.05 - 2.16)
L. plantarum -2.62 (-2.96 —-2.12)  0.72 (0.60 — 0.93) 0.60 (0.56 — 0.63)
P. melaninogenica | 4.17 (4.12 — 4.2) 3.88 (3.82 — 4.04) 4.25 (4.23 — 4.27)
S. enterica 2.49 (245 - 2.51) 274 (2.64 - 2.79)  2.48 (2.46 — 2.51)
V. cholerae 1.54 (150 — 1.56)  0.90 (0.78 — 0.99)  1.48 (1.44 — 1.50)

Table B.1 provides point estimates and marginal 95% confidence intervals for the detection
effects for each of protocols H, Q, and W estimated via the full model described above. This
model was fit with reference taxon Y. pseudotuberculosis (i.e., under the constraint that the
column of 3 corresponding to this taxon consists of 0 entries). Hence we interpret estimates
in this table in terms of degree of over- or under-detection relative to Y. pseudotuberculosis —
for example, we estimate that, repeated measurement under protocol H of samples consisting
of 1:1 mixtures of B. hansenii and Y. pseudotuberculosis, the mean MetaPhlAn2 estimate
of the relative abundance of B. hansenii will be exp(—1.61) ~ 0.20 as large as the mean

estimate of the relative abundance of Y. pseudotuberculosis.
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B.5 Analysis of Karstens et al. [2019] data

B.5.1 Preprocessing

We process raw read data reported by Karstens et al. [2019] using the DADA2 R package (ver-
sion 1.20.0) [Callahan et al., 2016]. We infer amplicon sequence variants using the dada func-
tion with option ‘pooled = TRUE’ and assign taxonomy with the assignSpecies function using

a SILVA v138 training dataset downloaded from https://benjjneb.github.io/dada2/training.html
[Quast et al., 2012].

B.5.2  Model Specification

We conduct a three-fold cross-validation of a model containing both contamination and detec-
tion effects. For each held-out fold r, if we let €, := (Ljsample 1 in fold 1] - - - » Ljsample n in fold T])T,
d=(3%...,3%7 and o indicate element-wise multiplication then we specify the model for

this fold with

The relative abundance matrix p consists of two rows, the first of which is treated as fixed and
known and contains the theoretical composition of the mock community used by Karstens
et al. [2019]. The second row is to be estimated from observations on samples in the held-out
fold. p consists of a single row, the first 247 elements of which we treat as unknown. We
fix poygs = 0 as an identifiability constraint — identifiability problems arise here because all
samples sequenced arise from the same specimen, we lack identifiability over, for any choice
of fixed p* and p, the set {p = a*p*+ (1—a)p: 0 < a < 1}. Briefly, we do not consider the

assumption poyg = 0 unrealistic; while in general distinguishing between contaminant and
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non-contaminant taxa is challenging, it is fairly frequently the case that choosing a single
taxon unlikely to be a contaminant is not difficult. Moreover, we anticipate that in most
applied settings, more than one specimen will be sequenced and this identifiability problem

will hence not arise.

(3 consists of a single row, the first J —8 = 240 elements of which (corresponding to con-
taminant taxa) are treated as fixed and known parameters equal to 0, as we cannot estimate
detection efficiencies in contaminant taxa. The following 7 elements of 3 are treated as fixed
and unknown (to be estimated from data), and By, is set equal to 0 as an identifiability
constraint. 4 is specified as a single unknown parameter in R

The full model fit without detection efficiencies 3 is specified by treating 3 as fixed and
known with all elements equal to 0. We treat all samples as arising from the same specimen,
s0Z=1,7Z=d, and p consists of a single row treated as an unknown relative abundance.

Specifications of X, X, p, and 7 are specified as above.

B.5.3 Additional summaries

Table B.2: Entries of 8 (reference taxon L. fermentum) estimated from Karstens et al.

[2019] data

Taxon Estimate
P. aeruginosa -1.29
E. coli -0.20
S. enterica -0.48
E. faecium -2.09
S. aureus -3.05
L. monocytogenes -1.60
B. halotolerans -0.74
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For each taxon for which f; is identifiable (i.e., taxa in the mock community), our model
produces a point estimate Bj, as shown in table B.2. (The reference taxon, L. fermentum, for
which we enforce identifiability constraint §; = 0, is excluded.) On the basis of this model,
we estimate that in an equal mixture of E. coli and our reference taxon, L. fermentum
sequenced by the method used by Karstens et al. [2019], we expect on average to observe
exp(—0.20) ~ 0.82 E. coli reads for each L. fermentum read. In an equal mixture of S. aureus
and L. fermentum similarly sequenced, we expect on average to observe exp(—3.05) ~ 0.047

reads for each L. fermentum read.

B.6 Simulation results based on Brooks et al. [2015] data

B.6.1 Identifiability

In our simulation using Brooks et al. [2015] data, we repeatedly selected sets of 3, 5, 10, or
20 samples from each of two plates of 40 samples sequenced by Brooks et al. [2015] to treat
as known. For each randomly selected subset of samples to be treated as known, we required
that B be identifiable on the basis of the taxa present in all known samples on each plate
(i.e., identifiable from either group of samples). Briefly, this amounts to requiring that the
graph whose nodes are the 7 taxa under consideration with edges between two nodes if the
taxa those nodes correspond to are present in the same known sample. When a randomly
selected set of samples failed this requirement, we redrew sets of samples until we found one

that satisfied it.

B.6.2 Figures

Figure B.1 summarizes performance of cross-validated models fit to Brooks et al. [2015] data.
Briefly, we observe very similar performance comparing unweighted and weighted estimators
both in terms of root mean square error (RMSE) and proportion of elements of p estimated
to be 0. RMSE is generally smaller for models fit on larger training sets, but it does not

approach zero as training set size increases. We also observe a strong relationship between
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RMSE and theoretical true relative abundance, which likely reflects a strong mean-variance

relationship in the data.

We also observe generally a greater proportion of elements of p estimated to be zero
with increasing training set size, although the degree to which this occurs depends on taxon.

Weighting does not appear to have a large impact on this measure of predictive performance.
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Figure B.1: Predictive performance of models fit on Brooks et al. [2015] data. The upper
row includes root mean square error of relative abundance estimates by estimator, taxon,
number of samples treated as known per plate, and true relative abundance. True relative
abundance is given on the x-axis and root mean square error is plotted on the y-axis; for
concision, true relative abundances equal to 1 are plotted at 0. Each column pane contains
estimates for a different taxon, estimator is indicated with line type (solid for Poisson and
dashed for weighted Poisson), and number of samples known per plate is indicated by color.
In the lower row, proportion of elements of P truly equal to zero estimated to be equal
to zero is plotted on the y-axis of each pane, and the x-axis gives number of samples per
plate treated as known. Taxon and estimator are represented as in the upper row, and the

proportion of nonzero elements of W corresponding to zero elements of P for each taxon is

plotted as a dotted horizontal line.
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B.7 Simulations with Artificial Data

Figure B.2 summarizes empirical coverage of marginal bootstrap 95% confidence intervals
for elements py; of p obtained from simulations described in the main text. As discussed in
the main text, coverage is high for p;; = 0 but falls when p;; > 0. Unsurprisingly, we observe
higher coverage at larger sample sizes. Coverage of intervals based on reweighted estimators
appears to be slightly lower than for unweighted estimators when data is Poisson-distributed
(lefthand columns), but intervals using reweighted estimators substantially outperform un-
weighted intervals when data is negative binomial distributed, particularly when number of

taxa J is larger.
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Figure B.2: Empirical coverage of marginal bootstrap 95%confidence intervals for py;
(k = 3,4) versus true value of py;. Coverage for tests based on unweighted and reweighted
estimators are shown in grey and black, respectively. Sample size is indicated by line type
(solid for n = 16 and dotted for n = 48). Columns give the conditional distribution of
data (Poisson or Negative Binomial) and number of taxa J. Rows specify which row of p

coverages are computed for.



151

Appendix C

ADDITIONAL SIMULATION RESULTS FOR PARTIALLY
IDENTIFIED LOGLINEAR MODEL

C.1 Coverage under Null for Estimation using 10 Inner Bootstrap iterations

C.2 Power using 10 Inner Bootstrap iterations
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Figure C.1: Empirical coverage of marginal 95% confidence intervals computed from 250

simulation iterations for elements of second row of # under the null (all elements of 2nd row of

B truly equal to zero) by estimator (maximum likelihood in cyan, maximum Firth-penalized

likelihood in red), weighting (solid lines for unweighted estimation, dashed lines for weighted

estimation), number of observations per group (given in columns), and taxon (x-axis). In all

simulations, 500 outer and 10 inner bootstrap iterations are used.
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Figure C.2: Empirical power computed from 250 simulation iterations for potentially
nonzero elements of second row of § by magnitude of effect (given on x-axis) by estimator
(rows), weighted (solid lines for unweighted estimation, dashed lines for weighted estimation),
number of observations per group (given in columns), and taxon (color). In all simulations,

500 outer and 10 inner bootstrap iterations are used.



