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Abstract
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Reed Sorensen

Chair of the Supervisory Committee:
Christopher Murray

Department of Health Metrics Sciences

Understanding mortality risk, including its distribution and determinants, is fundamental

to the health sciences and any effort to prevent needless deaths. This dissertation is an

exploration of modern methods for estimating mortality risk in populations and individuals.

While Bayesian statistics and machine learning have both benefited from advances in modern

computing, they are polar opposites in terms of modeling strategy. Bayesian methods are

rigid by design – rigid in a particular way determined by the modeler – in an effort to provide

contextual information to the model. Machine learning methods are more flexible, seeking the

information content of the data wherever it may exist. Chapter 1 of this dissertation describes

a novel Bayesian method called a spline cascade that is capable of characterizing how a non-

linear curve varies across hierarchical subsets of a dataset. We developed the method to

model age patterns of COVID-19 mortality for global locations. Chapter 2 demonstrates

how machine learning and variable attribution methods can and should be used in analytic

epidemiology. We used XGBoost and SHAP values to investigate patterns in the relationship

between anthropometric measurements and mortality risk, adjusting for age. Chapter 3 is

a simulation study comparing Bayesian spline cascades, XGBoost and existing methods for

estimating child mortality risk in 193 countries. We develop a theory of model validation

and discuss the role of Bayesian statistics and machine learning in the health sciences.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

Chapter 1: The Bayesian Spline Cascade Method for Estimating Age Patterns of
COVID-19 Mortality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.5 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

Chapter 2: Investigating Patterns of Health Risk with Machine Learning and SHAP
Values: Examples from the Women’s Health Initiative Cohort Study . 20

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.5 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

Chapter 3: Comparing Methods for Estimating Under-5 Mortality in 193 Countries:
A Simulation Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.5 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

i



LIST OF FIGURES

Figure Number Page

1.1 Example of a three-stage cascade structure with 10 component groups . . . . 6

1.2 Recursive generation of B-spline basis elements (orders 0, 1, 2). Source: [7] . 9

1.3 Age pattern of cumulative deaths/population, global and region-specific models 11

1.4 Age pattern of cumulative deaths/population, Washington D.C. . . . . . . . 11

1.5 Age pattern of cumulative deaths/population, Norway . . . . . . . . . . . . . 12

1.6 Age pattern of cumulative deaths/population, Mexico . . . . . . . . . . . . . 12

2.1 Illustration of XGBoost; 2 iterations with maximum depth 2. Predictions for
observation i are made by summing the leaf weights w that contain i across
each tree fk. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2 Comparison of XGBoost/SHAP and traditional Cox regression for estimating
BMI effect sizes. Points are in-sample predictions’ SHAP values for the BMI
predictor. The orange line is the estimated BMI effect from a Cox model,
on the log hazard ratio scale. Note that the orange line is estimated without
reference to the points show in the plot. . . . . . . . . . . . . . . . . . . . . 30

2.3 (a) The relationship between BMI and the SHAP value for BMI differs by
age, indicating an interaction effect. (b) A Cox model specified to allow the
non-linear effect of BMI to vary by age captures the same interaction effect. 32

2.4 Scatterplot matrix visualizing how age-adjusted mortality risk (prediction mi-
nus age SHAP) varies across all bivariate joint distributions. One point rep-
resents one in-sample prediction. . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.5 Isoquants of waist-to-hip ratio and a new ML-based metric, overlaid on the
distribution of predicted age-adjusted mortality risk (in-sample prediction mi-
nus age SHAP) by waist and hip circumference . . . . . . . . . . . . . . . . 36

3.1 Examples of the four missingness scenarios for simulated data in a given lo-
cation; performance metrics are reported separately for in-sample and out-of-
sample populations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.2 Under-5 mortality predictions for Bulgaria, three random realizations of sce-
narios with full data and data missing years 2000 and later . . . . . . . . . . 77

ii



3.3 Under-5 mortality predictions for Timor-Leste, three random realizations of
scenarios with full data and data missing years 2000 and later . . . . . . . . 79

3.4 Covariate values for Timor-Leste over time, under-5 child mortality model . 79

3.5 Under-5 mortality predictions for Comoros, three random realizations of sce-
narios with full data and data missing in years 2000 and later . . . . . . . . 80

3.6 Under-5 mortality predictions for Guatemala, linear mixed effects model (Model
A); three random realizations of scenarios with full data . . . . . . . . . . . 81

3.7 Under-5 mortality predictions for the Netherlands, linear mixed effects model
(Model A); three random realizations of scenarios with full data . . . . . . . 81

iii



ACKNOWLEDGMENTS

I would like to express my sincere appreciation to Ashkan, Sasha, Abie and Chris for

guiding me through the long and rewarding process of completing this research. It has been

a privilege to have each of them as a direct supervisor at different points in the last six

years. Thank you to the countless people at the University of Washington who supported

this work, especially Haidong Wang and David Pigott who led the data gathering efforts

for the under-5 mortality and COVID-19 mortality models, respectively, and Peng Zheng

who developed MRTool. Thank you to Emm Gakidou and Alan Lopez for serving on my

committee before the topic shifted away from the health effects of smoking, and to Michael

LeBlanc for agreeing to be my Graduate Student Representative. Finally, thank you to my

friends and family who celebrated the milestones with me along the way.

iv



DEDICATION

to Hillary

v



1

Chapter 1

THE BAYESIAN SPLINE CASCADE METHOD FOR
ESTIMATING AGE PATTERNS OF COVID-19 MORTALITY

1.1 Introduction

1.1.1 Overview

In this chapter, we introduce a novel method called a Bayesian spline cascade for estimating

non-linear effects in a nested hierarchy. The method was developed to estimate age patterns

of COVID-19 mortality in every country by forming a nested hierarchy of locations. We first

describe the importance of modeling COVID-19 age patterns and summarize how others

have attempted to address common methodological challenges. We then briefly describe

the Bayesian spline cascade method and its novel features. Then, we look into the wider

literature on modeling non-linear patterns in order to compare and contrast Bayesian spline

cascades with other methods. The rest of the chapter describes Bayesian spline cascades

in detail, both mathematically and by example, and discusses how this method is used in

practice as part of a larger COVID-19 forecasting project. The purpose of the present study

is to demonstrate the Bayesian spline cascade method; quantitative results of the model are

presented in separate manuscript currently under review for publication in The Lancet (title:

“Variation in the COVID-19 infection-fatality ratio by age, time and geography during the

pre-vaccine era”).

1.1.2 COVID-19 mortality age patterns

Characterizing the age pattern of Coronavirus disease-2019 (COVID-19) mortality is a key

step in understanding the pandemic and its impact on health systems. Mortality serves as

the most conspicuous sign of COVID-19 transmission and is the clinical outcome of greatest
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concern. We parameterize mortality as the number of cumulative deaths divided by the size

of the population; the term “age pattern” refers to how this parameter varies as a function

of age. As of August 2021, more than four million deaths due to COVID-19 have been

reported globally [1]. Because older individuals are at higher risk of dying once infected with

COVID-19 [2], attempts to explain geographic variation in death rates must account for a

population’s age distribution and its age-specific mortality risk. Tracking how mortality age

patterns change through time provides insights into patterns of community transmission,

which in turn can guide intervention strategies targeted to the local population. The age

pattern of mortality is also a critical input for calculating age-specific levels of the infection-

fatality ratio (IFR), a metric of clinical importance that quantifies the likelihood of dying

among those infected with the SARS-CoV-2 virus.

Previous efforts to characterize age patterns of COVID-19 mortality have varied in their

approaches. To address inconsistent categorization of age-disaggregated death data, harmo-

nization strategies often involve making simplifying assumptions that decrease the informa-

tion content of the data. For example, some studies use only the age delineations that are

common between datasets: ”[...] all countries report it differently, with under- and over-65

as the only age group with comparable data. Thus, we created a dataset with age-specific

mortality for under- and over 65 for all 5 countries” [3]. Others treat non-identical age

groups as identical: “As the reported age-groups varied by country, the age group with an

upper bound of 59 was chosen as the reference group where possible. Where this was not an

available age-group, the age-group with an upper bound of 64 was selected as the reference”

[2]. The most common method is to use the midpoint of the age group as an approximation.

The midpoint approach may be suitable for smaller age groups but becomes increasingly

inaccurate for non-linear patterns as the coverage of the age group increases. In all cases,

special consideration must be given to the open-ended age group (e.g. age 80 and above),

the upper bound of which can be arbitrary or undefined. The most rigorous attempts to

address this issue use information about the age distribution of the population within the

group, for example, using the median of the age distribution as the group’s midpoint [4] or
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using indirect standardization [5].

1.1.3 The Bayesian spline cascade method

In this article, we present a novel modeling approach called a Bayesian spline cascade. The

spline cascade method was originally developed to model location-specific age patterns of

COVID-19 mortality but applies generally to the estimation of non-linear patterns in a

nested hierarchy. Briefly, the method begins by fitting a mixed effects meta-regression using

all data to inform the shape of the age curve, then passes the estimated spline coefficients as

priors to models fit on location-specific subsets of the data. The process may be repeated an

arbitrary number of times to form a hierarchical cascade structure. The effect is that local

age pattern predictions, where data may be sparse, are augmented by global and regional

information about the shape of the age curve. The method takes advantage of a unique

property of meta-regression models, models that incorporate measurement error as part of

the dependent variable. In locations where data are less informative (high measurement

error), the shape of the age curve is influenced more by the prior from the parent model. In

locations where data are more informative (low measurement error), the data have relatively

more influence. An additional benefit is that the underlying optimization package MRTool

[6; 7] employs a method for fitting a continuous, non-linear curve from data reported as age

groups, thus avoiding the need to make simplifying assumptions like using the midpoint of an

age group as the observed value. Apart from providing a coherent solution to the challenge

of COVID-19 data synthesis, the primary benefit of the method is that it provides greater

local specificity in age patterns. It fills in information gaps created by coarse age groups

and suppressed data, and is capable of making out-of-sample predictions. The method is

used to model several parameters (e.g. deaths, cases, hospitalizations, time trends) as part

of IHME’s ongoing COVID-19 forecasting project.
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1.1.4 Comparisons to other models

The primary antecedent of Bayesian spline cascades is DisMod, a disease modeling framework

developed by Flaxman and colleagues [8]. DisMod uses information about multiple disease

parameters (e.g. prevalence, incidence rate, remission rate, mortality rate) and the math-

ematical relationships between them to make location-specific estimates that are internally

consistent. To model the age pattern, DisMod estimates a global age effect with a spline

and passes the posterior predictive distribution as a prior to region-specific models. While

similar in aim, the present framework differs in structure and scope. It derives empirical

priors from estimated coefficients rather than the predictive distribution of a curve. It is also

implemented as a generic meta-regression package and not embedded in a wider integrative

disease modeling system. Finally, the underlying Bayesian meta-regression package MRTool

[6] comes equipped with additional functionality for outlier trimming, variable selection, and

a wider array of options for priors and shape constraints.

To our knowledge, using estimated spline coefficients as priors in a hierarchical cascade

has not been discussed previously in the literature. Spline models that go under the name

“hierarchical” typically refer to the use of random effects on spline coefficients, for example,

estimating a population-average curve with stochastic subject-specific variation [9; 10; 11].

One such model incorporates a Bayesian prior on the variance of random effects [12] but not

the fixed effect coefficients as in the spline cascade framework. Spline models implementing

an “empirical Bayesian” approach typically are using priors to regularize the complexity of a

curve [13], or empirically determine the number and/or location of knots [14; 15]. We found

a model implementing “Bayesian hierarchical splines” for descriptive epidemiology [16], but

it did not make use of priors and the hierarchical element dealt only with the degree of

smoothing.
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1.1.5 Purpose of this study

In the following sections, we introduce spline cascades mathematically and by example.

Using real-world data, we highlight instances where the unique aspects of the model allow

for improved modeling of age patterns. We also discuss how this model directly contributes

to ongoing research in estimating COVID-19 infection fatality ratios for global populations.

1.2 Methods

1.2.1 Overview

The Bayesian spline cascade method first fits a mixed effects meta-regression using all avail-

able data to inform the shape of the age pattern, then uses the estimated coefficients as

Bayesian priors in subsequent models fit on subsets of the data. This process may be re-

peated for an arbitrary number of hierarchical stages, including subsets based on geography,

time or other dimensions. The framework is an extension of the open source MRTool meta-

regression package [6; 7]. MRTool’s non-linear estimation method, B-splines, is equipped with

additional functionality that allows for a high degree of control over the functional form of

the age effect. First, we develop notation for the general Bayesian cascade framework and

discuss how it applies to spline cascades. Then we describe methods for estimating age pat-

terns of COVID-19 mortality in a cascade that includes stages for global, region-specific and

location-specific models.

1.2.2 Technical specifications for hierarchical Bayesian cascades

Spline cascades are part of a more general class of models we call hierarchical Bayesian

cascades. The cascade framework requires a dataset consisting of observations i = 1, . . . , N

classified into groups j = 1, . . . , J . The groups form a nested hierarchy with sequential

stages k ∈ {1, 2, . . . , K}. Each observation i is associated with K groups corresponding to

K stages of the hierarchy. Figure 1.1 shows an example cascade with three stages and 10

groups. Groups in the same level are assumed to be mutually exclusive.
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Figure 1.1: Example of a three-stage cascade structure with 10 component groups

We use Jk to denote which groups j are in level k. In Figure 1.1, for example, level-

specific groups are J1 = {1}, J2 = {2, 3}, J3 = {4, 5, 6, 7, 8, 9, 10}. To describe the nested

nature of the cascade, the ↑ operator signifies which groups are descendants of another group.

For example, 4↑ = 5↑ = 6↑ = {2} indicates that groups 4, 5 and 6 are descendants of group

2. Note that the group at the top of the hierarchy has no ancestor by definition, i.e. 1↑ = {}.

The modeling cascade proceeds sequentially from level to level, beginning with k = 1

which is constituted by one group. For each j ∈ Jk, we fit a model using only observations

in group j:

ykij = (xkij)
Tβkj + εkij, εkij ∼ N(0, (σkj )2) (1.1)

The use of k in the superscript denotes the level of the hierarchy. Estimates of βkj are

informed by the estimated βk−1 from the parent model in the form of Bayesian priors:

βkj = β̂k−1
j↑

+ νkj , νkj ∼ N(0, λkV k−1
j↑

). (1.2)

In the case of J1 where no parent model is available, priors may be user-defined or left as

non-informative. Users may modify the strength of the prior passed to all models in a stage

k by setting λk. For Gaussian priors, λ influences the strength of the prior as a multiplier of

the prior’s standard deviation. Higher values of λk give relatively more weight to the data

and lower values of λk give more weight to the prior. Finally, apart from the priors on β

that are passed down the cascade, β in all stages is constrained to lie in set Ω, specified in

the first-stage model through equality and inequality constraints.

To summarize in terms of the negative log-likelihood, we fit the following model for each



7

group j:

β̂kj = arg min
β∈Ω

Nj∑
i=1

g(β; ykij,Σ
k
j ) + p(β; β̂k−1

j↑
, λkV k−1

j↑
) (1.3)

The estimated betas β̂ for a model j in stage k are optimized, subject to constraints Ω, by

minimizing a loss function g with priors p that come from the parent model one stage higher

in the hierarchy. Posterior uncertainty distributions are obtained with a modified form of

the parametric bootstrap; see Zheng and colleagues for details [7].

1.2.3 Spline cascade definition and implementation

Spline cascades are a type of hierarchical Bayesian cascade designed to capture variation

in non-linear patterns among subgroups in the data. The rationale is that the non-linear

relationship between a predictor and the outcome (e.g. the relationship between age and

mortality) is not independent among subgroups of the data (e.g. various locations). Fitting

splines separately for each subgroup would neglect useful information about their similarities.

By structuring the subgroups as a hierarchy, information about the shape of the non-linear

relationship can be shared in the form of Bayesian priors. Non-linear estimation methods

have a tendency to overfit in data-sparse regions of the feature space [17]. Splines in particular

are known for having unstable behavior at the extremes of the data [18]. With spline cascades,

this instability is mitigated by using information from models higher in the hierarchy in which

data sparsity is less of a concern. When the model in a cascade is a meta-regression, which

includes consideration for measurement error in the dependent variable, spline cascades have

the desirable property of relying more heavily on the prior when measurement error is high

and more heavily on the data when measurement error is low.

Our implementation of the spline cascade method begins by fitting a single mixed effects

meta-regression on all available data using MRTool [6; 7], including one B-spline and an

arbitrary number of other terms. The coefficients estimated for the spline, but not other

terms, are passed on as priors to second-stage models fit on subsets of the data. This has

the effect of informing the shape of the spline (i.e. the relative age pattern) in second-
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stage models while allowing the other parameters to be re-estimated. This process may be

repeated for an arbitrary number of stages. If desired, users can fix as constant the non-spline

coefficient values estimated in the first-stage model. Predictions are made with the lowest

available model in the hierarchy. A benefit of the cascade structure, as compared to a model

with random effects on each coefficient of the spline, is that models are re-fit on each subset

of the data. This allows for fine-grained control over model settings intended to impact only

a subset of the feature space, such as trimming, priors and constraints, while continuing to

share information across subsets.

MRTool is a Bayesian optimization package for conducting meta-regression [6; 7]. It im-

plements mixed effects meta-regression in which group-level variability is modeled explicitly.

In public health, grouped observations often occur when a study reports observations strat-

ified by age or sex. Notably, MRTool is capable of taking heterogeneous age groups as an

independent variable, a characteristic especially well-suited for COVID-19 mortality data. It

does this by integrating over the whole span of an age group rather than making a simplify-

ing assumption like taking the mid-point. MRTool utilizes B-splines, or basis splines, which

allow a non-linear curve to be expressed as a linear combination as in linear regression. As

Zheng and colleagues explain, “A spline basis is a set of piecewise polynomial functions with

designated degree and domain. If we denote polynomial order by p, and the number of knots

by k, we need p + k basis elements spj , which can be generated recursively as illustrated

in [Figure 1.2]. Given such a basis, we can represent any dose-response relationship as the

linear combination of the spline basis elements, with coefficients β ∈ Rp+k:

f(t) =

p+k∑
j=1

βpj s
p
j(t).” (1.4)

Splines in MRTool may be specified with a variety of priors and shape constraints, in-

cluding monotonicity, convexity/concavity, priors on derivative values or function values,

and linearity in the tail segments. This level of control is desirable when users have prior

information about the shape or complexity of a non-linear effect, for example, that mortality

rates should increase monotonically with age after a certain age.
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Figure 1.2: Recursive generation of B-spline basis elements (orders 0, 1, 2). Source: [7]

This framework is implemented in the R programming language. Code is available on

GitHub [19]. We used the reticulate R package [20] to convert MRTool functions from

Python to R.

1.2.4 Data sources, pre-processing and specifications for the example model

We obtained age-disaggregated cumulative death counts primarily from public governmental

websites, such as the National Center for Health Statistics (NCHS) [21]. A list of sources is

available upon request. They are listed in full in another manuscript currently under review

for publication (title: “Variation in the COVID-19 infection-fatality ratio by age, time and

geography during the pre-vaccine era”) and will be made available in the Global Health Data

Exchange [22]. We used counts of cumulative deaths from the most recent observation in a

location. We adjusted the upper bound of the oldest age group such that the midpoint of the

age group is equal to the mean age of the population in that group. The cascade specified as

a nested geographical hierarchy with stages for global, region-specific and location-specific
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models. The nested hierarchy structure was a natural choice corresponding to geographic

classifications used for modeling in the Global Burden of Disease study, although in principle

other structures are possible. For example, observations fully representative of a parent

location might be used to fit a model which is then used as a prior for a model utilizing

only observations representative of sub-locations. However, it is uncommon for data to

come in this form; for example, few if any studies utilize a sampling strategy intended to

be representative of the global population. The dependent variable is, for an observation

indexed by location and age group, cumulative deaths at time t divided by population of

the age group. An observation’s standard error is calculated as the square root of binomial

variance. This modeling choice gives greater weight to observations from locations with

larger population sizes. The dependent variable and its standard error are transformed into

logit space using the Delta method. The spline for the age effect is specified with linear

right tails and an increasing monotonicity constraint for ages 10 and above. The linear tails

reduce flexibility in the extremes of the spline, which we deemed important because unstable

behavior of the model at older ages is not desirable. We implemented the monotonicity

constraint because the data showed a clear increasing trend with age, and to our knowledge

there is no plausible reason that the age effect should reverse at older ages.

1.3 Results

Figure 1.3 shows mortality age patterns for the global and region-specific stages of Model

1, the model specified as a nested geographical hierarchy of cumulative death rates. For the

global model and all region-specific models, the age effect forms a J shape by decreasing until

approximately age 5 to 10, then increasing monotonically as age increases. The size of the

points are proportional to the inverse standard error of the logit-scale death rate. Among

the region-specific estimates, high-income countries have the steepest age slope at older ages.

Low- and middle-income countries have a relatively flat age effect at older ages.

Figure 1.4 demonstrates that the spline cascade framework makes out-of-sample predic-

tions for locations with suppressed or missing data. For the District of Colombia NCHS
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data shown in the figure [21], counts are suppressed when there are fewer than 10 cumulative

deaths. Note that the prediction follows the data where it exists at older ages, and other-

wise uses the prior information from the region-specific model (blue line with thick dashes)

to infer the shape of the curve at lower ages. The t-shaped symbols represent age-specific

observations; the horizontal width is the coverage of the age group, and the vertical height

is the size of the 95% confidence interval.

Figure 1.5 shows how the model fills in information gaps created by coarse age groups.

Norway’s youngest age group is 0 to 39 years of age. The model finds a continuous age

pattern that is consistent with the age group’s overall death rate, based on the prior from

Norway’s region.

Figure 1.6 is an example of where the data disagree with the prior, and the model finds a

balance between them in order to make the prediction. The age pattern in Mexico’s mortality

data flattens and even decreases at older ages, but the prior from the region-specific model

suggests that the age effect should continue increasing. The degree to which the model

follows the data instead of the prior is a user-defined setting; increasing λ widens the prior

probability distribution and gives greater relative weight to the data.

1.4 Discussion

In this study, we introduced the Bayesian spline cascade method conceptually, mathemat-

ically and by example. The method was originally developed as a custom solution to the

challenge of synthesizing age-specific COVID-19 mortality data from global locations. Spe-

cific challenges include:

• incompatibility of age group classifications across locations;

• lack of granularity in age group classifications, i.e. the width of some age groups being

too wide to describe meaningful differences;

• suppressed or otherwise missing data for certain age groups in a location;
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• the need to share information about age patterns across locations and predict for out-

of-sample locations.

With real-world data, we demonstrated how the Bayesian spline cascade method addresses

these challenges. Given that such issues are common in descriptive epidemiology and other

fields that attempt to synthesize disparate data sources, this approach to describing population-

level phenomena is likely to have a wide range of applications. Indeed, the spline cas-

cade framework has been used to model age patterns of cases, age patterns of hospital-

izations and vaccination time trends in service of COVID-19 forecasting efforts. A func-

tion for running spline cascade models is part of the mrtoolr package available on GitHub

(https://github.com/ihmeuw-msca/mrtoolr) [19].

The final results of the mortality age pattern model are presented in a separate manuscript

currently under review for publication (”Variation in the COVID-19 infection-fatality ratio

by age, time and geography during the pre-vaccine era” submitted to The Lancet). Still, it

is worth discussing the general value of improvements in mortality age pattern estimation.

First, because a substantial amount of variability in COVID-19 mortality rates is explained

by age, age standardization is necessary for making meaningful comparisons between popula-

tions. The process of age standardization depends on information about the age distribution

of a population and mortality risk conditional on age. Second, improved estimation methods

can find patterns than have previously been undiscovered or underappreciated. For example,

our analysis shows a clear decreasing trend among children aged 0 to 10 years, followed by

a monotonically increasing trend through older ages. The J-shaped pattern of age-specific

COVID-19 mortality has not been discussed widely in the literature [2]. We discuss this ob-

servation extensively in the other manuscript (“Variation in the COVID-19 infection-fatality

ratio by age, time and geography during the pre-vaccine era” currently under review). Third,

tracking trends in the age patterns of mortality through time can help to understand local

transmission dynamics and intervention impacts with greater specificity. For example, social

distancing mandates like school closures, bar/restaurant closures, work-from-home orders
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and restricted nursing home visitation are likely to impact the transmission risk for some

age groups more than others.

The spline cascade framework has a number of limitations. First, the method for consider-

ing heterogeneous age intervals as an independent variable does not incorporate information

about the population distribution within the age group. It integrates over the domain of the

age group weighting each age equally. An improvement could be to incorporate population

density into the optimization, and integrate over the age effect and population density si-

multaneously. Second, it can be difficult to choose the strength of priors. Cross-validation

and simulation testing are possible solutions. Third, the underlying MRTool package is a

linear meta-regression, not a generalized linear model, so special consideration is needed for

observations at the bounds of the sampling space (e.g. observed mortality rate of zero).

Fourth, because observations are used multiple times corresponding to the number of stages

in the cascade, the variance of posterior uncertainty distributions may be too small. Further

research is needed to ensure that posterior distributions are appropriately conservative. One

potential solution is to inflate observations’ measurement errors proportional to the number

of stages in the cascade. Fifth, observations used for the global model are not guaranteed

to be representative of the global population. Theoretically, the shape of a curve will be

unbiased if other covariates in the model appropriately characterize potential confounders.

In practice, accounting for confounding is difficult and unlikely to be fully achieved. Finally,

as with any modeling framework, a spline cascade does not resolve underlying issues with

age-disaggregated COVID-19 mortality data, such as potential under-reporting of deaths

among older populations for whom cause of death attribution might be more difficult.

1.4.1 Conclusion

Bayesian spline cascades are a method for describing how non-linear patterns differ among

subgroups of the data. Information about the shape of the curve is passed hierarchically

by first fitting a spline-based mixed effects meta-regression using all data, then passing the

estimated spline coefficients as priors to models fit on subsets of the data. This process
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may be repeated for multiple levels of a hierarchy. We demonstrated how Bayesian spline

cascades are a coherent solution to the challenge of data synthesis for age-specific COVID-19

deaths. Specifically, the underlying meta-regression package MRTool can take observations

reported as heterogeneous age groups and infer an underlying smooth curve. The hierarchical

structure of the framework, which allows information to be shared across locations, aids in

adding specificity to especially wide (or missing) age groups and allows for out-of-sample

predictions. Additional research is needed to further refine the method, for example, to

incorporate consideration for how a population is distributed within an age group.
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Chapter 2

INVESTIGATING PATTERNS OF HEALTH RISK WITH
MACHINE LEARNING AND SHAP VALUES: EXAMPLES
FROM THE WOMEN’S HEALTH INITIATIVE COHORT

STUDY

2.1 Introduction

2.1.1 Overview

The goal of the present study is to demonstrate the utility of SHapley Additive exPlanation

(SHAP) for analytic epidemiology in general and health risk prediction in particular. SHAP

is a relatively new variable attribution method that quantifies the contributions of individual

variables to a prediction, typically used to explain predictions from machine learning models

[1]. Using data from the Women’s Health Initiative cohort study (n = 93 165), we investigate

how information about a subject’s height, weight, hip circumference, waist circumference and

age can be used to predict their mortality risk. Traditional measures of body composition,

such as body-mass index and waist-to-hip ratio, are limited in their ability to character-

ize mortality risk due to their rigid functional form. Instead, we use a machine learning

algorithm called XGBoost to summarize how anthropometric measurements are correlated

with mortality risk, and we use SHAP values to investigate potential non-linear effects and

interactions between the variables. Five examples are provided in the Results section.

First, we provide background on health risk prediction models and how the rise of machine

learning methods has impacted the field. We then introduce variable attribution methods

like SHAP, which were developed in response to the critique that most machine learning

methods are perceived as “black box” algorithms. We summarize previous uses of variable

attribution methods in the health field, and note a general lack of research using variable
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attribution methods to gain insight into epidemiological relationships. Finally, we detail the

contribution of this study, which is to demonstrate how variable attribution methods like

SHAP can and should be used in the development of health risk predictions models and for

analytic epidemiological research.

2.1.2 Health risk prediction and the role of machine learning

Identifying people at high risk of adverse health events is a core function of the healthcare

and public health systems [2]. The concept of risk implies exposure to a hazard and a causal

relationship between the hazard and the health outcome of interest [3]. Health risk predic-

tion models aim to characterize this relationship based on individual-level data. Given the

diversity of health topics and the availability of datasets, especially from electronic medi-

cal records and large cohort studies, it is perhaps not surprising that health risk prediction

models are ubiquitous in the literature [4; 5; 6]. The traditional approach to health risk

prediction is to use a regression model that assumes a well-defined functional relationship

between predictors and the outcome, then finds coefficient values that minimize differences

between the data and predictions [7]. This approach has the benefit of easily explaining

why the model made a particular prediction. However, this simplicity comes with a tradeoff.

Because the functional form of the model must be pre-specified, the traditional regression

approach presumes that researchers already know something about how the predictors are

supposed to hang together with the outcome. Is the effect of predictor x linear? Does the

effect size of x depend on the value of a different predictor? Researchers must make a choice

about which assumptions to encode into the functional form of a regression model, a choice

that might be difficult to justify empirically [8].

While regression models are the standard in public health, they are not the only option.

A class of models known as supervised machine learning is used for data-intensive prediction

problems in several disciplines [9]. The distinction between supervised machine learning and

traditional regression models is not always clear; logistic regression, for example, is sometimes

considered a machine learning method. For the purpose of this article, we define machine
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learning (ML) as any prediction algorithm designed to follow the information content of

the data with minimal constraints on the functional relationship between the predictors and

the outcome. Artificial neural networks (ANN) [10] and tree-based boosting methods [11]

are commonly used algorithms that fit well within this definition. The flexibility of ML

algorithms is both a strength and a limitation. If the true data generating process includes

many variables with interacting and non-linear effects, ML avoids the need for a complicated

model building process. Building a traditional regression model in this scenario typically

amounts to an intensive guess-and-check exercise, testing and validating a wide range of

prospective models. On the other hand, ML algorithms might require a large amount of

data to distinguish between the information content of the data and random noise. That

is, if the dataset is not sufficiently large, or for data sparse regions of the feature space, the

flexibility of ML algorithms can lead to overfitting [12]. The rigidity of traditional regression

models can be an asset in such data sparse conditions, when assumptions like linearity might

be a more reliable basis for predictions than the data.

2.1.3 Explaining model predictions

A trained machine learning model has much to say about the information content of the

data, with the capacity to recognize both general patterns and important exceptions to those

patterns. For this reason, understanding why a model made a particular prediction can be

prohibitively difficult, and ML in general has gained the reputation of being a set of black

box methods [13]. The term “black box” refers to “anything that has mysterious or unknown

internal functions or mechanisms” [14]. For domains that are especially results-oriented, like

stock market prediction [15], the reason for a prediction may be less important than the fact

that it is accurate. Black box models might be sufficient for these purposes. For other tasks,

like consumer credit rating prediction, the reason for a prediction is crucial. The Fair Credit

Reporting Act (FCRA), for example, “requires lenders to provide borrowers with relevant

information about why they were given adverse or materially worse credit determinations”

[16]. Given that machine learning for credit rating prediction is here to stay, these types of
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regulatory requirements throw explainability of ML predictions into the spotlight. Pointing

to the superior performance of a black box model in out-of-sample testing is not sufficient.

As a result of this and similar applications, the development of variable attribution methods,

also known as explainability methods, has been an active area of ML research in recent years

[17; 18; 19]. Variable attribution methods (e.g. SHAP values) quantify the contributions

of individual variables to a given prediction. While health risk prediction does not face the

same regulatory requirements as the financial sector, model explainability is still central to

the purpose of the exercise.

2.1.4 Explainability in analytic epidemiology

For certain areas of the health sciences, the reason for a prediction can even be more impor-

tant than the prediction itself. Analytic epidemiology, in contrast to descriptive epidemiology

(see Chapter 3), is primarily concerned with understanding the relationship between risk fac-

tors and disease outcomes [20]. The perception of ML as a black box is perhaps a reason ML

is so rarely used in analytic epidemiology, because models that are truly black boxes would

not be able to elucidate the individual or combined effects of risk factors. When explainabil-

ity methods have been used with risk factor data, it has typically been for the task of variable

selection [21; 22] or assessing the reliability of clinical models [23; 24; 25]. Using ML explain-

ability methods to learn about risk factor effects is a nascent but growing research area, with

all examples we found occurring in year 2020 or later [26; 27; 28; 29]. The recency of this

development is also evidenced by lack of attention in review articles on the role of ML in

public health. For example, as recently as 2018, a major review article entitled “Big Data in

Public Health: Terminology, Machine Learning and Privacy” mentioned explainability meth-

ods only briefly in response to the black box critique (“recent work has partially addressed

this limitation”), but did not refer to them as a way to investigate complex relationships

between risk factors and health outcomes [30].
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2.1.5 Goal of this study

The purpose of this article is not to claim that ML models are superior to traditional regres-

sion models for health risk prediction. That contentious debate is ongoing with both sides

making valid points [31; 32; 33]. Rather, we aim to show that machine learning methods,

particularly variable attribution methods like SHAP, are uniquely useful for gaining insight

into patterns in the data. These methods can and should be a routine part of building

health risk prediction models, to understand the information content of the data with mini-

mal intervention by the modeler. ML explainability methods also provide an opportunity to

revisit large epidemiological datasets to see what insights might have been left undiscovered

by previous analyses. This perspective stands in stark contrast to the perception of ML

models as black boxes, and is made possible by recent advances in ML variable attribution

methods [1]. Using data from the Women’s Health Initiative cohort Study [34], we explore

the relationship between anthropometric measurements (e.g. height, weight, hip circumfer-

ence, waist circumference, body-mass index, waist-to-hip ratio), age and mortality risk. We

employ a ML algorithm called XGBoost, optimizing the Cox likelihood to account for the

right-censored nature of cohort data. Finally, we use SHAP values to identify interactions

and non-linear patterns among in-sample XGBoost predictions and test whether a metric

based on these patterns is more predictive than body-mass index (BMI) and waist-to-hip

ratio (WHR).

2.2 Methods

2.2.1 Overview

XGBoost is a tree-based gradient boosting algorithm that gained recognition for performing

well in prediction competitions [35]. SHAP values quantify, for a prediction from XGBoost or

another algorithm, given a set of predictor values, the additive contribution of each predictor

to the prediction. The proposed method of this article is to make in-sample predictions from

XGBoost or another ML algorithm, calculate a set of SHAP values for each prediction, and
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derive insights from patterns in the SHAP values. This approach allows the user to directly

investigate the information content of the data (as understood by the ML algorithm) as part

of the model building process.

With data from the Women’s Health Initiative cohort study [34], we demonstrate how

this approach can uncover patterns in the data that might be difficult to observe otherwise.

This is an especially important topic for right-censored cohort data in which the calculation

of residuals is not straightforward. First, to demonstrate the analogy of SHAP values with

the linear predictor of a regression model, Example 1 fits an XGBoost model with age and

body-mass index (BMI) as predictors, and compares it to the effect sizes estimated from a

traditional Cox regression model. Example 2 explores interaction effects between age and

BMI using SHAP values. Example 3 demonstrates that SHAP values can be used to visualize

the combined effects of multiple predictors. Example 4 quantifies the combined effects of

predictor subsets, identifying which ones explain the most variation in predictions. Example

5 shows how SHAP values can highlight the limitations of pre-specified metrics like waist-

to-hip ratio (WHR), and how SHAP values can be used to make new metrics of health risk.

The examples progressively increase in complexity, first establishing an intuition for how

SHAP values relate to more familiar concepts and later increasing the number of dimensions

to demonstrate the unique capabilities that the SHAP method enables.

Users of XGBoost have control over the complexity and structure of a model by means of

several hyperparameters. For simplicity, because the focus is on SHAP rather than XGBoost,

we utilize the following strategy for all models: 1) to calibrate model complexity, optimize

maximum tree depth and number of iterations through 5-fold cross-validation; 2) fit the

a model with the resulting specification on 30 bootstrap samples of the data; 3) calculate

SHAP values for the in-sample predictions from each bootstrap model; and 4) take the

mean across bootstrap-specific SHAP values. While this approach does not take advantage

of the full predictive power of XGBoost, which would entail optimizing several additional

hyperparameters, it does provide a laptop-reproducible version sufficient for demonstrating

the utility of SHAP values. All analyses were conducted using R version 4.0.2, parallelizing
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XGBoost across 14 threads on a MacBook Pro with Intel Core i9 Processor (8x 2.3 GHz).

2.2.2 The XGBoost algorithm

XGBoost is a tree-based gradient boosting algorithm for making predictions from structured

data [35]. For a dataset with n observations and m predictors, tree boosting models use

K additive functions to predict the output: ŷi = ψ(xi) =
∑K

k=1 fk(xi), fk ∈ F , where

F = f(x) = wq(x)(q : Rm → T,w ∈ RT ) is the space of regression trees. q is a tree structure

with number of leaves T and leaf weights w. Each fk is an independent tree structure. Figure

2.1 illustrates the structure pictorially.

Figure 2.1: Illustration of XGBoost; 2 iterations with maximum depth 2. Predictions for
observation i are made by summing the leaf weights w that contain i across each tree fk.

To find the optimal place to bifurcate a predictor variable and grow the tree, XGBoost

minimizes a loss function L(ψ) that includes a regularization term Ω(f):

L(ψ) =
∑
i

l(ŷi, yi) +
∑

Ω(fk)

Ω(f) = γT +
1

2
λ ‖w‖2 .

(2.1)
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The loss function can be a negative log likelihood as in generalized linear models, or

any other differentiable convex function that quantifies the distance between the data and

predictions. The XGBoost R package comes equipped with the option to handle right-

censored data with Cox proportional hazards and Accelerated Failure Time likelihoods. The

inputs γ (Lagrangian multiplier) and λ (L2 regularization) are examples of user-defined

hyperparameters that are often optimized through cross-validation.

The defining characteristic of boosting is to combine the contributions of many simple

models (a.k.a. weak learners) to form, in the aggregate, a complex model (a.k.a. a strong

learner) [26]. As a boosting algorithm, XGBoost proceeds by fitting iteration t on the

residuals of earlier iterations:

L(t) =
n∑
i

l(yi, ŷ
(t−1) + ft(xi)) +

∑
Ω(ft). (2.2)

The weak learners in this case are simple decision trees with a pre-specified maximum depth.

Number of XGBoost “iterations” refers to the number of trees. Producing final predictions

involves summing the predictions across decision trees [35].

XGBoost is not the only machine learning option available. In recent decades, support

vector machines, Random Forest, gradient boosting machines and artificial neural networks

have all been considered state-of-the-art at different points [36]. XGBoost is a natural choice

due to its success in prediction competitions [35; 37]. The algorithm is approximately 10

times faster than its predecessor, gradient boosting machines [38], and a textbook about

the primary alternative ML method, artificial neural networks, regards XGBoost as the de

facto standard for making predictions from structured data [10]. Apart from performance,

XGBoost confers some practical advantages over other ML methods. XGBoost has sustain-

able support from the developer community, and the implementation has built-in support for

survival analysis and prediction decomposition with SHAP values [39]. These features are

available in some neural network implementations, but not in a unified framework and the

various options for survival analysis appear to have limited developer support [40; 41; 42].

Most importantly, XGBoost requires relatively little fine-tuning on the part of the user. In
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contrast, neural networks, while flexible and powerful, require the user to specify a network’s

depth, structure, connectivity and other factors [10]. There is often not a straightforward

way to select one among an open-ended set of options, which can be a drawback when users

value reproducibility [43].

2.2.3 SHAP values for variable attribution

Model explanation methods generally fall into two categories: “global explanations that aim

to explain a model’s decision making process in general, and local explanations that aim

to explain a single prediction” [44]. Many global variable importance methods exist, but

they are typically used for the task of variable selection [45]. Local explanations like SHap-

ley Additive exPlanations (SHAP values) are more useful for characterizing the relationship

between predictors and the outcome, the purpose of this analysis. Although SHAP is a rela-

tively new development in the field of machine learning, the method has a strong theoretical

basis in game theory. The concept was originally developed in 1951 to quantify the contri-

butions of individual players in a cooperative game. Incidentally, this problem class maps

directly onto quantifying the contributions of individual predictor variables in a multivariate

machine learning model.

Formally, SHAP is the average effect of removing feature j across all possible combinations

of predictors (a.k.a. features) [1]:

g(z′) = φ0 +
M∑
j=1

φjz
′
j

φj =
∑

S⊆N\{j}

|S|!(M − |S| − 1)!

M !
[fx(S ∪ {j})− fx(S)]

(2.3)

where z′ is a coalition vector that indicates the presence (1) or absence (0) of each predictor

in the coalition, φj is the SHAP value for feature j, φ0 is the bias (i.e. intercept), N is the

set of all predictor variables and S is the set of non-zero indices in z′.

Importantly, summing the predictor-specific SHAP values and the global intercept φ0

recovers the predicted value. This formulation makes clear an analogy with linear regression,
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which similarly describes the additive contribution of each predictor to the prediction, plus a

global intercept. Consider for instance a linear regression model E(yi) = β0 + β1x1i + β2x2i.

The contribution of predictor x1 to the prediction ŷi is β1x1i. Or in other words, β1x1i

can be interpreted as the SHAP value for predictor x1 in the prediction of ŷi. We use this

characteristic later to condition out the effect of age from the analysis. Subtracting the SHAP

value for age from a prediction is analogous to subtracting out β1agei from a prediction in a

linear regression.

2.2.4 Data sources and pre-processing

Data came from the Women’s Health Initiative (WHI) observational cohort study [34]. The

sample included 93 165 postmenopausal women ages 50 to 79, recruited between years 1993

and 1997 from 40 clinical sites in the United States. The explanatory variables used in the

present study include baseline measurements of height, weight, hip circumference, and waist

circumference as well as age in years. The outcome variable was a right-censored measure of

time until death. Further processing of the outcome variable was not needed, because the

option to optimize the Cox likelihood is a built-in feature of XGBoost. Maximum follow-up

time for the WHI study was seven years. To limit the sample to participants not terminally

ill at baseline, we excluded participants with follow-up time less than 365 days.

2.3 Results

2.3.1 Example 1: SHAP values are analogous to linear predictor terms in a regression model

Example 1 verifies that SHAP values from an XGBoost model capture approximately the

same information as linear predictor terms from a traditional regression model. For the

results shown in Figure 2.2, the XGBoost model includes only age and BMI as predictors

and no constraints. The Cox regression model includes age and BMI as predictors as well,

with the non-linear effect of BMI represented as a spline (p-spline with 10 degrees of freedom).

The plot shows that XGBoost SHAP values (points) and a regression estimate (line) identify
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approximately the same pattern of BMI’s relationship with mortality, adjusting for age.

This happens because SHAP values and a regression model’s linear predictor share two

properties. First, they are both expressed on the scale of the outcome variable. The scale of

the outcome in this example is the log hazard ratio because both models optimize the Cox

likelihood. Second, they are both additive. Summing a prediction’s SHAP values returns

the predicted value, analogous to how summing the terms of a linear predictor returns the

predicted value.

Figure 2.2: Comparison of XGBoost/SHAP and traditional Cox regression for estimating
BMI effect sizes. Points are in-sample predictions’ SHAP values for the BMI predictor. The
orange line is the estimated BMI effect from a Cox model, on the log hazard ratio scale.
Note that the orange line is estimated without reference to the points show in the plot.
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2.3.2 Example 2: SHAP values are useful for identifying non-linear interactions between

two predictors

Example 2 demonstrates how SHAP values can be used to identify interaction effects between

variables that might be non-linear. Figure 2.3 panel (a) shows the same relationship as Figure

2.2 except now the points are colored according to age. It is apparent from the plot that the

mortality risk associated with high BMI is greater for younger subjects, that is, the slope

among red points is steeper than the slope among blue points. Figure 2.3 panel (b) shows

the result when a traditional Cox model encodes this relationship, interacting age with each

coefficient of the spline that represents BMI. The y-axis in the plot is the predicted log

hazard ratio conditional on age and BMI. The Cox model recognizes the same differential

effect of BMI at different ages.

2.3.3 Example 3: SHAP values help to visualize effect size patterns among many variables

While traditional regression models can easily identify interaction effects with two variables

as in Example 2, the guess-and-check approach to finding interactions does not scale well

with additional variables. The problem quickly becomes intractable when one cannot assume

linear effects. In contrast, the machine learning approach with XGBoost and SHAP scales

well provided that there is sufficient data. Example 3 considers an XGBoost model with

five predictors: age, height, weight, waist circumference and hip circumference. We adjust

for age by subtracting out the age SHAP value from in-sample predictions, and visualize

how this predicted age-adjusted mortality risk varies by all remaining pairs of predictors in

Figure 2.4.

We focus on two patterns that emerge from this way of visualizing the information. First,

some plots show greater color differentiation than others, indicating that a metric based on

the two variables would have better ability to distinguish between high-risk and low-risk

subjects. The three pairs that include waist circumference appear to have the greatest color

differentiation. We quantify this observation in Example 4. Second, the shape of some joint



32

Figure 2.3: (a) The relationship between BMI and the SHAP value for BMI differs by age,
indicating an interaction effect. (b) A Cox model specified to allow the non-linear effect of
BMI to vary by age captures the same interaction effect.

effects is non-linear, indicating that a ratio of the two variables, which would yield a straight

line, would not capture the non-linear interaction effects. This observation is relevant to

body-mass index and waist-to-hip ratio as metrics of mortality risk, and we explore it further

in Example 5.

2.3.4 Example 4: SHAP values can identify informative subsets of predictors

SHAP values with larger magnitude explain more heterogeneity in the dependent variable.

Accordingly, summing the absolute SHAP values across multiple predictors quantifies how
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Figure 2.4: Scatterplot matrix visualizing how age-adjusted mortality risk (prediction minus
age SHAP) varies across all bivariate joint distributions. One point represents one in-sample
prediction.

much risk heterogeneity is explained by the combination of predictors. Absolute SHAP for
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a coalition vector z′ is calculated as:

h(z′) =
M∑
j=1

|φj|z′j (2.4)

Mean absolute SHAP, as in Table 2.1, takes the average h(z′) across all in-sample predictions.

Percent of prediction variation explained (“% explained” in the Table 2.1) is calculated by

dividing mean absolute SHAP for a set of predictors z′ by the mean absolute SHAP including

all predictors. The table shows that age and waist circumference alone explain 77.4% of the

variation in predictions.

2.3.5 Example 5: SHAP values can be used to create new metrics of health risk

Example 5 uses SHAP values to visualize how waist-to-hip ratio fails to recognize non-linear

patterns in age-adjusted mortality risk as predicted by XGBoost. The predictions shown in

Figure 2.5 are from an XGBoost model with age, waist circumference and hip circumference

as predictors. Colors are bins of in-sample log(HR) predictions minus the SHAP value for

age (i.e. age-adjusted mortality risk). The left panel of Figure 2.5 shows that isoquants

of waist-to-hip ratio do not capture non-linear patterns in age-adjusted mortality risk, as a

function of waist and hip circumference. The right panel shows isoquants of a new metric

that does capture the non-linear patterns. The new metric ψ is from a surrogate model

predicting the sum of SHAP values for waist and hip circumference, based on independent

and interaction effects between waist and hip circumference:

ψi = E[φwaisti + φhipi ] = β0 + β1 · waisti + β2 · hipi + β3 · hipi · waisti. (2.5)

In 5-fold cross validation of models using ψ and waist/hip as predictors, respectively,

the new metric ψ yields slightly better out-of-sample discrimination and calibration than

waist-to-hip ratio (average concordance: 0.6958 vs. 0.6921; average calibration coefficient:

0.99998 vs. 1.0017). The differences in performance metrics were in the expected direction
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Table 2.1: Mean absolute SHAP values and percent of prediction variation explained by
combinations of variables

but were not statistically significant at the alpha=0.05 level. The models were:

h(t) = h0(t) + exp(β1 · age+ pspline(metric))

metric ∈ {ψ,waist/hip},
(2.6)

where pspline is a p-spline with 3 degrees of freedom.

The ML-based metric did not incorporate information about weight and height, but it

yielded a higher out-of-sample concordance index than a fully saturated Cox proportional

hazards model with height, weight, hip and waist circumference, and age (and all of their
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Figure 2.5: Isoquants of waist-to-hip ratio and a new ML-based metric, overlaid on the
distribution of predicted age-adjusted mortality risk (in-sample prediction minus age SHAP)
by waist and hip circumference

interactions) as covariates. This difference was not statistically significant, however. These

results are presented in Table 2.2, along with the performance of several other Cox propor-

tional hazards models in terms of ability to discriminate between high- and low-risk subjects.

The performance of models incorporating waist and hip circumference consistently have a

higher Concordance index than those incorporating measures of height and weight instead,

all other model specifications being equal. This observation is consistent with the greater
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color differentiation observed for waist and hip circumference in Example 3.

Table 2.2: Concordance index for Cox proportional hazards models, in-sample and out-of-
sample

2.4 Discussion

2.4.1 Summary and interpretation

SHapley Additive exPlanations (SHAP values) are a useful tool in the process of developing

health risk prediction models. Using data from the Women’s Health Initiative cohort study,

we provided examples of how SHAP values (based on XGBoost predictions) help a modeler

gain qualitative and quantitative insights into the relationship between age, anthropometric

measurements and mortality risk. Visualizing SHAP patterns among in-sample predictions

provides a qualitative understanding about the information content of the dataset with min-

imal need for a priori assumptions from the modeler. Specifically, researchers can visualize

effect size patterns as a function of variables of interest, adjusting for other variables (e.g.

age) by subtracting out the SHAP values for those variables. Because SHAP values are ex-

pressed on the scale of the outcome variable, the absolute magnitude of SHAP values gives

information about which variables are most important. When the number of predictors is
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especially large, this information can help researchers quickly identify the key drivers of the

outcome of interest and develop new hypotheses about the data generating process. We

also demonstrated a method for using SHAP values to develop new metrics of health risk,

by fitting a parametric surrogate model with SHAP values as the dependent variable. The

risk metric in Example 5 outperformed waist-to-hip ratio in out-of-sample validation tests.

In general, because these methods do not require a pre-specified functional form for the

relationship between predictors and the outcome, they scale well with additional variables

provided that there is sufficient data.

In the health sciences, data sets are often smaller than the typical use cases for machine

learning (ML), as ML algorithms were primarily designed to address challenges in analyzing

big data. Data sparsity is particularly a problem when variables are collinear. For example,

two variable might encode similar information and there might not be enough data to dis-

tinguish between their individual effects. In a parametric regression framework, collinearity

leads to a ballooning of the posterior uncertainty distribution and/or problems with model

convergence. In contrast, XGBoost and other ML algorithms seemingly have no problem

with collinearity; XGBoost does not attempt to quantify uncertainty of the predictions, and

its tree-based structure means that convergence is not an issue. Has the problem simply

gone away? Yes and no. The XGBoost algorithm proceeds by making binary splits in the

data in a way that maximizes information gain. If two variables encode exactly the same in-

formation – information which might be useful when making predictions – the algorithm will

make binary splits utilizing each of the variables with roughly equal frequency. The resulting

SHAP patterns still provide important insights into the data, but the magnitude of SHAP

values will be reduced corresponding to the number of collinear variables and the degree of

collinearity between them. So in one sense, the XGBoost/SHAP method still provides an

important way to investigate the information content of the data. In another sense, however,

the fundamental problem of insufficient information has merely changed form and compli-

cates attempts to directly interpret SHAP patterns for individual variables. It is primarily

for this reason that we recommend the proposed method as a hypothesis generating exercise.
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In the present analysis, for example, we discovered that waist and hip circumference are

better predictors of mortality than height and weight. This finding was evident in the SHAP

patterns in Example 3 and demonstrated quantitatively in the Cox proportional hazards

models presented in Table 2.2; it is also consistent with the epidemiological literature, as

we discuss below. Height, weight, hip circumference and waist circumference are strongly

correlated and the most salient effect size patterns still came through clearly in this analysis.

2.4.2 Comparison of SHAP to other variable attribution methods

SHAP is not the only variable attribution method available, but it represents an important

theoretical result that makes it a natural choice for health researchers. SHAP is the unique

solution that satisfies three properties:

1. “Local accuracy: the sum of the feature attributions is equal to the output of the

function;

2. Missingness: features that are missing (such that z′i=0) are attributed no importance;

3. Consistency: changing a model so a feature has a larger impact on the model will never

decrease the attribution assigned to that feature” [1].

Each of these properties is desirable when investigating health risk predictions, providing

mathematical guarantees that align with intuitions from regression analysis. The property

of local accuracy is particularly useful because variable contributions can be summed and

subtracted without loss of generality. This property allows users to condition out the effect

of a single predictor, for example, by subtracting its SHAP value from the prediction as we

saw in Example 3 and Example 5.

The SHAP method unifies six previous methods for local variable attribution, including

LIME, DeepLIFT, layer-wise relevance propagation and three types of classic Shapley value

estimation [46]. In explaining an individual prediction, LIME fits a linear regression on model

predictions within the vicinity of the feature space of the prediction [47]. This approach has
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the benefit of being model-agnostic, but suffers from instability due to the limitations of linear

regression (e.g. the effects of outliers) [48; 49]. Improving LIME remains an active area of

research, however, and further developments may make it more reliable [50]. DeepLIFT

and layer-wise relevance propagation apply only to neural networks, and the Shapley-based

methods are superseded by SHAP [46].

Some common alternatives are probably better understood as visualization techniques.

Partial dependence plots [51] and accumulated local effects plots [52] show the marginal

effect of a feature on the outcome, averaging over all observations or observations within

the vicinity of the feature space, respectively. Anchors [53], a relatively new approach from

the developers of LIME, find areas in the feature space that are relatively undisturbed by

changes elsewhere. These areas serve as reference points for a series of if-then statements

that explain the prediction. While this is a viable, model-agnostic method that warrants

further investigation, one limitation is the need to specify hyperparameter values. Finally,

an open-ended option is to fit a global surrogate model on the predictions [54], fitting a

simpler model with the original features as independent variables and model predictions as

the dependent variable. This method improves interpretability at the cost of information

content of the predictions.

2.4.3 Epidemiological considerations

Although the analysis was not intended to estimate the causal effect of body composition

on mortality, the findings were consistent with several observations from the epidemiological

literature. These include interaction effects between age and BMI [55], and the observation

that waist and hip circumference are more informative predictors of mortality than height

and weight [56]. Drawing causal conclusions about the epidemiology of obesity would require

greater consideration for a number of factors. First, obesity is part of a complex network

of lifestyle risk factors that are difficult to disentangle from one another [57]. Unhealthy

behaviors tend to cluster together, like consumption of red and processed meats, consumption

of sugar-sweetened beverages and lower physical activity [58]. A comprehensive treatment of
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the topic would include these potential confounders as predictors in the model, to separate

their effects from the effect of body composition. Second, observational studies are subject to

reverse causation. Several health conditions (e.g. cancers, chronic renal failure and chronic

obstructive pulmonary disease) decrease a person’s BMI, leading to the appearance that

lower BMI increases mortality risk. Researchers often exclude subjects with pre-existing

conditions from the analysis for this reason, as well as remove a portion of the early follow-

up period to exclude subjects with undiagnosed health problems. This analysis included a

washout period of 365 days. Third, in addition to confounders and reverse causation, the

presence of mediators complicates the causal relationship between body composition and

mortality. Mediators are factors that lie on the causal pathway between body composition

and mortality, such as blood pressure, lipids and glucose [55]. Incorporating mediators, or

even proxies of mediators, as predictors can artificially decrease the effect size of interest. The

validity of causal statements about body composition and mortality depends on adequately

addressing these issues.

2.4.4 Limitations

This study is subject to a number of limitations. First, because the analysis considered only

age and anthropometric measurements, we were not able to make substantive epidemiological

comparisons between body-mass index, waist-to-hip ratio and the new ML-based metric. We

made this choice to simplify the demonstration, but it came at the cost of underutilizing

a rich dataset. Second, validation of a data-driven health metric is done best with data

from an independent source population. BMI and WHR were at a natural disadvantage

because they were not developed in reference to this particular source population as was the

metric from Example 5. Third, we examined only SHAP values and did not utilize other

ML explainability methods. This limited our ability to make statements about explainability

methods in general, including how they compare in terms of accuracy and robustness. Fourth,

we used only XGBoost and not other machine learning algorithms. It is not clear to what

extent the SHAP method might have found different patterns using a different algorithm.
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Fifth, as with traditional statistical models, the robustness of the proposed method depends

on having sufficient data to estimate the quantities of interest. When variables are roughly

collinear, for example, there might not be enough information to distinguish their individual

effects. For XGBoost and SHAP, this situation manifests as a sharing of the effect size across

multiple variables, which complicates the interpretation of SHAP patterns for individual

variables. Finally, we did not take full advantage of newer methodological developments

in the SHAP method, like the calculation of SHAP interaction values. This could have

strengthened the demonstration by showing functionality that can be applied to additional

use cases. The common thread in these limitations is the relatively small scope of the

analysis. Based on the promising results, however, we believe further research expanding the

scope to include additional covariates, datasets, machine learning algorithms, explainability

methods and SHAP functionality is warranted.

2.4.5 Conclusion

In conclusion, Shapley Addition exPlanations (SHAP) values and similar methods for ex-

plaining machine learning predictions are underutilized in the field of analytic epidemiology.

Contrary to the popular perception of ML algorithms as “black box” methods, we showed

that ML algorithms like XGBoost can be used to gain insight into the information content

of the data in a way that is simple, scalable and minimizes the need for a priori modeling

assumptions. Specifically, using data from the Women’s Health Initiative cohort study, we

demonstrated how SHAP values can be used to identify salient patterns for predicting mor-

tality, and how that information can be translated into a measure of health risk. Because

SHAP values aid in learning about epidemiological relationships, they can and should be a

routine part of developing health risk prediction models.
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Chapter 3

COMPARING METHODS FOR ESTIMATING UNDER-5
MORTALITY IN 193 COUNTRIES: A SIMULATION STUDY

3.1 Introduction

3.1.1 Overview

The quantity of interest for the present validation study is the probability of dying before

age five, also known as 5q0 or under-5 mortality. Using country-level under-5 mortality data

from the Global Burden of Disease (GBD) study [1], including 44 936 observations from 193

countries spanning the period since 1950, we created several simulated datasets in which

the underlying true values are known. We then tested several modeling strategies on their

ability to discover truth based on noisy data with various patterns of missingness. The

models include a hierarchical Bayesian spline model (introduced in Chapter 1), a machine

learning algorithm called XGBoost (introduced in Chapter 2), and linear and non-linear

mixed effects models [2; 3]. We also tested using each of these models as the first stage

of a modeling framework called Spatio-temporal Gaussian Process Regression (ST-GPR),

commonly utilized as part of the GBD study [4]. Finally, we tested two approaches for

combining results from the various models to improve overall performance, a process known

as ensemble modeling [5].

We first describe the process of model validation, including goals, methods and spe-

cial considerations for descriptive epidemiological models. We emphasize the importance of

domain-specific knowledge in the design of validation studies, for example, choosing realistic

scenarios in which to test the models and choosing performance metrics that correspond to

the intended use of the model. We then summarize previous research on validating descrip-

tive epidemiological models and describe the contribution of this study.
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3.1.2 Model validation

Model validation can be defined as “the process of determining the degree to which a model

is an accurate representation of the real world from the perspective of its intended uses”

[6]. Model validation is a key step in the development of descriptive epidemiological models,

which attempt to characterize a population in terms of some measure of health loss (e.g.

disease prevalence, mortality rates). As the roots of the word epidemiology suggest – the

study of what is upon (“epi”) the people (“demos”) [7] – these sorts of descriptive models are

a core component of the field of epidemiology and its role in society [8]. Results from descrip-

tive epidemiological models are a critical input for decisions about health policy, healthcare

resource allocation [9], targeted interventions [10], global health philanthropy [11] and the

prioritization of public health research [12]. Decision-makers rely on these results to give an

accurate description of health problems in a population, and tracking how epidemiological

measures change through time is often an important step toward understanding the drivers

of population health patterns [13]. Validating descriptive epidemiological models is thus not

a mechanical exercise. Because the purpose of these models is action-oriented, the process

requires thinking critically about what consumers of the information value in a model and

how best to communicate the reliability of results.

3.1.3 Simulation and data holdouts

Model validation takes many forms corresponding to domain-specific threats to model valid-

ity. Threats often include certain patterns of data sparsity or outliers unique to a particular

data-generating process. The field of econometrics has an extensive body of research testing

the performance of estimators, or functions that map a sample space to a set of sample

estimates, in real-world conditions [14]. In contrast to mathematical proofs describing how

estimators behave with infinitely large sample sizes and regular probability distributions,

econometricians typically use Monte Carlo simulation to observe how estimators perform

with small sample sizes and distributional irregularities. The process of Monte Carlo simula-
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tion entails “1) modeling the data-generating process, 2) generating several sets of artificial

data, 3) employing these data and an estimator to create several estimates, and 4) using

these estimates to gauge the sampling distribution properties of that estimator for the par-

ticular data-generating process under study” [14]. Domain-specific knowledge is needed for

modeling the data-generating process because reasonable values for the parameters must be

specified a priori.

Another model validation technique, one common in the field of machine learning, is to

use cross-validation and other forms of data holdouts. In contrast to Monte Carlo simulation

where the true underlying distribution of the data is known, it is possible to use portions of

the real training dataset to approximate the true underlying distribution [15]. The model

might be fit on 80 percent of the data, for example, and predictions on the other 20 percent

are compared to the observed values according to some distance metric like mean absolute

error. Here as well, domain-specific knowledge is useful in determining holdout patterns that

match the patterns of missingness expected in the applied setting.

3.1.4 Uncertainty quantification

The distinction between data holdouts and Monte Carlo simulation is important for uncer-

tainty quantification. A confidence interval aims to capture uncertainty in the estimation of

a parameter’s true value, whereas a prediction interval aims to capture the expected varia-

tion in hypothetical new observations. In statistical terminology, the distinction is variance

of the expectation of Y (confidence interval) versus variance of Y itself (prediction inter-

val), conditional on covariates [16]. Misunderstandings of this distinction are common in the

literature. For example, one commentator offered the following critique of a set of global

health estimates: “The differences between survey results and global health estimates are

not trivial. [...] In six countries, the survey statistics were outside the uncertainty ranges of

the estimates (two for UN and four for IHME)” [17]. This observation confuses the differ-

ence between a confidence interval and a prediction interval, as it is not expected that 95

percent of observations fall within the 95 percent uncertainty interval. The same misunder-
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standing occurs when researchers attempt to use cross-validation to validate their approach

to confidence interval quantification. If the task is to estimate the true value of a parame-

ter, validation of an uncertainty interval must be in reference to the underlying true value,

not other observations in the dataset. For this reason, validation studies for uncertainty

quantification typically use a simulation approach in which the underlying truth is known.

Uncertainty quantification is an important aspect of descriptive epidemiological models

because the true data generating mechanism is often complex and subject to many ambigu-

ities. According to Mathers and colleagues, “Uncertainty in estimated disease burden may

arise from the following sources: incomplete information, for example, when estimates for

a population are based on observations from a sample; potential biases in information, for

instance, issues concerning the representativeness for a whole population of estimates from

a study of a subgroup or the validity of a survey instrument in addressing the quantity of

interest; heterogeneity or from disagreements among information sources, as when several

studies give different estimates for the same quantity of interest; model uncertainty, for ex-

ample, the variables or functional form specified in a regression model; the data generation

process itself; for instance, investigators may only infer risks from event counts in a popu-

lation, which means that they can never know the risks themselves with certainty” [18]. In

the field of global health, where data can vary substantially in quantity and quality across

locations, capturing differences in the strength of evidence is critical to making informed

decisions. If a model fails to incorporate the relevant sources of uncertainty into the final

estimates, the resulting narrow uncertainty can lead to overconfidence in a model’s results

and misallocation of resources.

3.1.5 Choosing performance metrics

The selection of performance metrics is a statement about which characteristics of a model

are most valuable. Referring back to the definition of model validation as “the process of

determining the degree to which a model is an accurate representation of the real world

from the perspective of its intended uses” [6], the concept of “intended uses” implies a value
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judgment on the part of model users. They attach utility to aspects of how the model

behaves within the context of their research. To the degree that users can articulate what

they value in a model and operationalize it as a metric, they can determine quantitatively

how acceptable a model is for its intended use. The preceding section is an example of such

a judgment. If the purpose of the model is to discover the true value of a parameter, the

relevant performance metric for uncertainty is how often the confidence interval encompasses

the true underlying value. If the purpose of the model is to predict the range within which

future observations are likely to occur, coverage of the prediction interval is the relevant

performance metric.

Some model characteristics, such as high accuracy and precision, are valuable simply by

virtue of the definition of modeling, which is to create an accurate representation of reality

based on imperfect information. We hope for the representation to be close to the truth on

average (high accuracy), and we prefer for individual predictions to be closer to the truth

rather than farther away (high precision). These concepts are sometimes called bias and

variance, or systematic error and random error. Even in this fundamental case, however,

value judgements are required based on intended use of the model. We provide two exam-

ples. First, there are multiple ways to operationalize precision of predictions with respect

to the true value, for example, mean absolute error (MAE) and root mean square error

(RMSE) [19; 20]. RMSE increases quadratically as errors increase, whereas MAE increases

linearly. If users hope to avoid especially large errors in the applied setting, even if it means

a greater frequency of smaller errors, RMSE is perhaps a better choice as a performance met-

ric. Second, models with high accuracy do not always have high precision, and vice versa.

In fact, the opposite tends to be true, that there is a fundamental tradeoff between accu-

racy and precision, known as the “bias-variance” tradeoff in the machine learning literature

[15]. Ridge regression, for example, is known not to converge on the true value with more

data but individual predictions tend not to be egregiously wrong [21]. This characteristic

may be desirable for researchers social sciences, for example, who may have datasets with

lower sample sizes and a high degree of unexplained variation in the quantity of interest.
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Accuracy and precision may be fundamental desirable qualities in a model, but their relative

importance depends on the model’s intended use.

Accuracy, precision and coverage of the uncertainty interval are not the only charac-

teristics that matter. Researchers commonly also value low computational cost, statistical

efficiency, and asymptotic properties like consistency and normality [14].

3.1.6 Non-sampling error and other threats to model validity

Attempts to discover the true values of population parameters, like disease prevalence, are

complicated by a number of factors. Collecting information from each person in a population

is often prohibitively expensive and time-consuming, so survey studies must select a subset of

people to represent the wider population. Assuming that the subset is a faithful microcosm

of the wider population, the difference between prevalence in the subset and true prevalence

in the population is known as the sampling error [22]. This quantity is unknowable without

conducting a full census, but likely values of the sampling error can be described as a prob-

ability distribution. In practice, many additional and sometimes unmeasurable factors come

into play. For example, diagnostic tools for assessing a person’s disease status are imperfect,

and attempts to obtain a representative sample of the population are thwarted by people’s

refusal or inability to participate in the survey. These are examples of non-sampling error

[22]. Additional contributors to the uncertainty of a result include uncertainty in the co-

variates used to aid in prediction [23] (i.e. “errors-in-variables”), the selection of one among

many valid estimation procedures [24] (i.e. model uncertainty), and other contributors to

total error [25].

When non-sampling error is not accounted for in an individual study, it biases the result

upward or downward according to the magnitude of the error. In meta-analysis, which

considers multiple studies, non-sampling error is an additional source of variability which

may or may not bias the mean estimate. Meta-analysis is the process of synthesizing results

from multiple studies to obtain an overall estimate for the effect of some factor on an outcome

of interest. The distinction between fixed-effects meta-analysis and random-effects meta-
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analysis is relevant for the discussion of non-sampling error. The defining assumption of

fixed-effects meta-analysis is that there exists a single true effect size that all component

studies are attempting to estimate. The assumption implies that all studies would converge

on the same estimated value as the sample sizes of the studies approach infinity. In contrast,

random-effects meta-analysis relaxes this assumption and allows for variation in the true

effects [26]. As sample sizes hypothetically go toward infinity, it is not assumed that studies

would converge on the same estimate. An additional parameter describes the distribution of

between-study effects, specifically the variance of a Normal distribution constrained to have

a mean value of zero. Random-effects meta-analysis is the standard approach in descriptive

and analytic epidemiology because, in practice, there are a wide variety of reasons studies

may differ from each other. We return to this topic later when introducing the candidate

models for the present study, some of which are mixed effects models that estimate a term for

the non-sampling variation, or the degree of between-study heterogeneity. Because sources of

non-sampling error differ across research disciplines, domain-specific knowledge is needed to

anticipate the ways in which anomalies (variation not due to low sample size or the effects of

measured variables) can present themselves in a dataset. Insofar as these anomalies represent

a threat to model validity, a validation study needs to demonstrate the robustness of a model

to those threats. For descriptive epidemiology, there are three characteristics of a dataset

that potentially affect the validity of modeled results: data sparsity, data comparability and

data quality. These are related to but different than the sources of uncertainty outlined

above in Section 3.1.4.

• Data sparsity refers to a paucity or lack of information about the quantity of interest

for a population, where a population is defined by location, time and potentially other

characteristics like age and sex. Two common examples of data sparsity are missing

data in recent years and missing data in resource-poor areas. Finding up-to-date data

is a perennial problem, and resource-poor areas tend to have the worst health problems.

Taken together, this means that information is often the least plentiful for the time
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periods and locations most relevant for public health action.

• Data comparability refers to the degree of consistency in the definition of the quantity

of interest across data sources. Low data comparability can result from differential

biases between sampling strategies (e.g. phone-based or door-to-door surveys), us-

ing disparate case definitions, and using diagnostic tests with different sensitivity and

specificity. A common remedy is for researchers to convert estimates from non-standard

measurement methods into the equivalent gold standard, a process known as “cross-

walking,” but there might not be sufficient information to make such a conversion.

• Data quality refers to the degree of fidelity in the process of measuring the quantity of

interest and representing the information in the dataset. For meta-analyses in descrip-

tive epidemiology, data quality issues can stem from human error at many points along

the information pipeline. These include errors during primary data collection, statisti-

cal analysis to obtain a study’s result, reporting results inaccurately or without enough

context in the literature, and during the process of extracting results from the litera-

ture. Data quality is also affected by measurement instruments with low sensitivity,

low specificity or low inter-rater reliability.

3.1.7 Previous validation studies for descriptive epidemiology

Among modeling frameworks for descriptive epidemiology, we found two that describe val-

idation methods in detail. The Cause of Death Ensemble model (CODEm) [27] aims to

estimate cause-specific mortality rates using data from vital registration systems and ver-

bal autopsies. For validation, Foreman and colleagues [27] fit a model on 70 percent of the

data and tested it on the other 30 percent using Root Mean Square Error (RMSE), a test

of trend and coverage of the prediction interval as validation metrics. Their approach has

strengths and limitations. First, a strength is the rigorousness of their data holdout strategy

for assessing the threat of data sparsity. They create two test sets that reflect the missing-



60

ness by age and year in the input data. The first test set is used to calibrate a smoothing

parameter, and final out-of-sample predictive validity is quantified using the second test set.

Second, the authors extensively describe threats to model validity from data quality and

comparability. They note issues related to “mapping across various revisions of the ICD,

variation in garbage coding across countries and time, misclassification due to poor diagnos-

tic capacity, comparability of alternative verbal autopsy methods, and completeness of cause

of death registration, and large nonsampling variance.” While they cite outlier identification

as important for these reasons, and describe potential ways to deal with outliers, they do not

incorporate this domain-specific knowledge into the model validation process itself. Third,

the validation metrics did not include quantification of the direction of bias, which could

have been captured with mean error, for example. Finally, the choice of prediction interval

coverage as a validation metric does not capture what users need to know about uncertainty.

The purpose of the model is to describe true cause-specific mortality rates in a population

within a margin of error. This is the role of a confidence interval, the validity of which cannot

be assessed by comparing predictions to other observations in the dataset.

The second model is DisMod-MR [28], which aims to estimate several health-related

parameters simultaneously (e.g. incidence, prevalence, remission, etc.), taking into consid-

eration the mathematical relationships between them. Using epilepsy and schizophrenia

datasets, Flaxman and colleagues employed cross-validation to compare different ways of

specifying rate models, including parameterizing them as Poisson, negative-binomial and

other distributions. Using 100 random subsets of the source data, they fit models on 75

percent of the data and compared it to the other 25 percent. First, a limitation is that the

authors selected source datasets that are relatively homogeneous in age and geography in

order to minimize the effect of random noise on the validation study. However, this makes

the results of the study less generalizable to other models that might vary substantially by

age and geography, which the authors note. Second, as with CODEm, they used a metric

that describes how often an interval encompassed observations, rather than truth. This ap-

proach does not capture uncertainty in the same sense as a confidence interval. The authors
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considered Monte Carlo simulation to address this limitation but expressed concern that

the choice of probability distribution for the data-generating mechanism would favor some

models over others.

3.1.8 Goals and characteristics of this study

The goal of the present validation study is to assess alternative strategies for modeling under-

5 mortality rates for all countries during the period since 1950. After defining a data gener-

ating mechanism that reflects the essential characteristics of the under-5 mortality dataset

used in the GBD study, we generate five random realizations for each of four missingness

scenarios that are commonly encountered in the field of global descriptive epidemiology. We

do this to improve the generalizability of results to other models. Using only information

about a population’s monetary wealth, level of maternal education, HIV mortality rates and

year of observation, each model predicts child mortality rates in every country for each year

between 1950 and 2019. Model performance is quantified for location-years with data in the

original dataset according to Root Mean Square Error (RMSE), mean error and coverage of

the 95 percent confidence interval. All performance metrics assess predictions against the

underlying true value. Two of the candidate models are new, proposed frameworks: Bayesian

spline cascades were introduced in Chapter 1, and the XGBoost algorithm was introduced in

Chapter 2. We elaborate on the specific implementations of these approaches in the Methods

section. In addition to assessing the models in isolation, we use the models as first-stage

predictions in Spatio-temporal Gaussian Process Regression (ST-GPR). ST-GPR is one of

three modeling frameworks at the Institute for Health Metrics and Evaluation (IHME) used

for making global estimates that are comprehensive across locations, age groups, sexes and

years since 1990 (and sometimes earlier). The others are CODEm and DisMod, the models

with validation studies highlighted in Section 3.1.7. ST-GPR is described in greater detail

in the Methods section. Finally, we assess combinations of model predictions in an effort to

improve overall model performance, a process known as ensemble modeling.

This analysis builds on the strengths of previous validation studies in a number of ways.
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First, this study uses Monte Carlo simulation rather the data holdouts or cross-validation.

This allows models to be assessed against ground truth rather than other observations in a

dataset, an essential characteristic for quantification of uncertainty intervals. Second, we cre-

ate simulated datasets that reflect the types of data sparsity expected in the applied setting

for under-5 mortality modeling and other descriptive epidemiological models. The sparsity

types include no missing data, data missing in recent years, data missing for a period in

the middle of the time series and completely holding out data from a subset of locations.

Third, we adjusted under-5 mortality observations that were derived from measurement

methods other than established reference methods (typically vital registration systems and

complete birth histories). This is a process that can be implemented as a standard part of

data preparation for modeling in the applied setting. The non-sampling variation remaining

after adjustment reflects the type of unexplained variation expected in the applied setting.

Fourth, this study uses a larger and more geographically comprehensive set of observations

than previous validation studies. Fifth, we assess predictions independently and as part of

ST-GPR, which effectively quantifies the added benefit conferred by ST-GPR for the first

time in simulation. Sixth, we present two novel modeling strategies for under-5 mortality:

the Bayesian spline cascade allows for fine-grained control over the functional form of the

model, while the machine learning algorithm (XGBoost) allows for a high degree of flexibility.

In combination with linear and non-linear mixed effects models, this diversity of modeling

strategies allows for a deeper discussion about the role of constraints and flexibility in de-

scriptive epidemiological modeling. Seventh, we assess the benefit conferred by ensemble

modeling with very diverse models. Whereas previous approaches made ensembles of the

same model with different covariate sets or different types of mixed effect regressions, the

candidate models in this study represent completely different modeling paradigms.
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3.2 Methods

3.2.1 Overview

This simulation study has five key steps. First, with the set of survey series, vital registration

systems and other data sources that comprise the Global Burden of Disease child mortality

dataset (hereafter called only “survey series”), we define a data generating mechanism con-

sistent with the observed data. This process includes adjusting non-standard child mortality

measurements to their equivalent gold standard values, estimating a mean function among

all locations and years with data, and characterizing within- and between-series variability

in a location. Second, we create five random realizations of the data generating mechanism

for each of four missingness scenarios: 1) missing years after 2000, 2) missing years 1990 to

1999, 3) missing 20 percent of locations, and 4) no missing data. Third, on each of the 20

resulting datasets, we fit four canditate models on log-transformed under-5 mortality rates

using covariates for lag-distributed income, mean years of education among women age 15

to 49, and HIV death rate in the under-5 population. The candidate models were a linear

mixed effects model (Model A), a non-linear mixed effects model designed to roughly approx-

imate the current GBD approach (Model B), a Bayesian spline cascade where the time effect

is represented as a B-spline (Model C), and XGBoost fit on first-differences within survey

series (Model D). Fourth, we used each of the resulting 80 sets of predictions as the first

stage of an ST-GPR model to obtain 80 distinct sets of estimates with uncertainty for all

GBD locations during years 1950 to 2019. We also ensembled the four models’ predictions.

Fifth, we assessed all predictions against the underlying true mean function in terms of root

mean squared error, mean error and coverage of the uncertainty interval.

3.2.2 Data preparation

The simulations in this study are based on the dataset used in the Global Burden of Disease

(GBD) study for estimating under-5 mortality [1]. The dependent variable is mortality rate

among children aged under 5 years, or 5m0, denoted here simply as m. After excluding
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information from subnational locations, the dataset included 44 936 national-level observa-

tions from 1,977 survey series in 193 countries. Observations are indexed by country (c),

year (t) and survey series (s). To account for that fact that some methods of measuring

child mortality are more accurate than others, we adjusted non-reference survey series to a

country-specific reference as defined in the GBD model. The GBD model chooses complete

vital registration systems as the reference where available, and otherwise chooses the best

available survey or combination of surveys by location [1]. We conducted the adjustment

by finding all instances where a non-reference (a) and reference (r) observation overlap on

location and year, taking the difference in log-scale under-5 mortality rates for this pair,

and modeling this difference using a mixed effects regression with random intercepts. The

random intercepts for the first adjustment were country effects nested within region nested

within non-reference measurement method type k (Eq. 3.1):

δ1k,c = (log(ma)− log(mr))c,k = β0 + uk + uk:region + uk:region:c

log(m
′

c,t,s,i) = log(mc,t,s,i)− δ̂1k,c,
(3.1)

where the ′ asterisk indicates that an adjustment has occurred.

Subsequently, to reduce the potential for compositional bias within a location, we con-

ducted a second adjustment intercept-shifting individual survey series s to the reference,

modeling random intercepts as country nested within survey series (Eq. 3.2):

δ2s,c = (log(ma)− log(mr))c,s = β0 + us + us:c

log(m
′′

c,t,s,i) = log(m
′

c,t,s,i)− δ̂2s,c.
(3.2)

All random intercept terms u are assumed to follow a Gaussian distribution with mean 0

and variance estimated from the data. By conducting these adjustments as intercept shifts,

the method assumes that the degree of bias for a given non-reference survey is consistent

through time.
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3.2.3 Defining the data generating mechanism and creating simulated datasets

To make simulated datasets, we needed three pieces of information for each location c:

the mean function describing log-scale child mortality rates over time τ(t), the variance of

between-series heterogeneity γ, and the variance of within-series heterogeneity σ2 (Eq. 3.3).

log(mc,t,s,i) ∼ τ(t)c + us + εi

us ∼ N(0, γc)

εi ∼ N(0, σ2
c )

(3.3)

By location, we first fit models to the data that has been adjusted for survey method and

survey series. The nonlinear mean function for describing change in child mortality over time

τ(t)c comes from a thin-plate spline model using the gamm function in the R mgcv package

[29]. The function optimizes the degree of smoothness through generalized crossvalidation,

and estimates random intercepts by survey series. The location-specific variance of between-

series heterogeneity γc comes from the estimated variance of the random intercepts for a

given location. The location-specific variance of within-series heterogeneity σ2
c is calculated

as the average of squared survey-specific residuals, where residuals are the differences from

predictions incorporating the survey-specific random intercepts (Eq. 3.4):

σc = Σn
i=1

log(m
′′
c,t,s,i)− (log(τ̂(t)c) + ûs)

n
(3.4)

We then created five random realizations of the data-generating process for each location,

with data reflecting the exact coverage of each survey series in the original data. For example,

if a real survey was conducted annually in Angola between 2002 and 2019, each random

realization would also contain a simulated survey in Angola with coverage for the years

2002 through 2019. For each of these five simulated datasets, we created four holdout

patterns typical of missingness encountered in global health datasets: missing recent years

(missing years after 2000), missing years in the middle of a time series (missing 1990 through

1999), missing entire locations (missing 20 percent of locations), and the complete dataset
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(no missingness). This process resulted in 20 simulated datasets that reflect the essential

characteristics of the original data.

3.2.4 Candidate models

Next, we fit four candidate models on each of the 20 datasets. The information available

to the models was year t of the under-5 mortality observation, location c of the observa-

tion (including country, region and super-region identifiers), and lag-distributed income per

capita (denoted LDI), mean years of education among women aged 15 to 49 years (denoted

education), and HIV death rate in the under-5 population (denoted HIV ) [1] all indexed

by location and time of the observation. Note that these covariates were not involved in the

process of creating the true data generating mechanism for each location.

Model A was a linear mixed effects model (Eq. 3.5) fit using the lmer function from the

R lme4 package [2].

log(mc,t,s,i) = xβ + uc + us + εi

uc ∼ N(0, γC)

us ∼ N(0, γS)

εi ∼ N(0, σ2),

(3.5)

where mct is the under-5 mortality rate, xβ is the linear predictor, uc is the location-specific

random intercept, us is the survey-specific random intercept, and εi represents measurement

error.

Model B was a non-linear mixed effects model [3] designed to roughly mirror the current

GBD approach (Eq. 3.6). The primary difference is that data derived from alternative

methods of measuring under-5 mortality have already been adjusted to the reference in this

simulation study, whereas the GBD model adjusts them as part of the non-linear mixed

effects model. This difference was necessary to maintain comparability of the candidate

models, namely that the other models (other than Model B) did not need to conduct an

equivalent in-model adjustment in order to be comparable to Model B.
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mc,t,s,i = exp[β0 + u0cs + (β1 + u1c)LDIct + (β2 + u2c)educationct] + (β3 + u3c)HIVct + εc,t,s,i

u0cs ∼ N(0, γu0cs)

u1c ∼ N(0, γu1c)

u2c ∼ N(0, γu2c)

u3c ∼ N(0, γu3c)

εc,t,s,i ∼ N(0, σ2),

(3.6)

where each u term is a Gaussian distributed random effect (slope or intercept) with variance

denoted by γ, εc,t,s,i is the residual, and the covariates were defined earlier in this section. Pre-

dictions incorporate the location-specific random effects but not the source-specific random

effects.

Model C was a Bayesian spline cascade with time represented as a spline and the LDI,

education and HIV covariates represented as linear fixed effects. The cascade included four

stages: global, super-region, region and location. Every model included random intercepts

by location, except for models that contained data for only one location. In this case, the

variance of random intercepts was constrained to be zero so as not to overidentify the quantity

estimated by the fixed effect intercept. The spline on time was a quadratic B-spline, had

three internal knots spaced according to data density and had linear tails. In each stage,

we re-estimated the spline coefficients with Gaussian priors coming from the parent model

in the hierarchy. For the non-spline covariates, we estimated coefficient values in the global

model and then set them as constant for the subsequent stages of the cascade.

Following the mathematical notation developed in Chapter 1, the global model fits a

spline on time and estimates coefficients for the fixed effects as in a usual meta-regression:

y1
ij = (x1

ij)
Tβ1

j + (z1
ij)

T ζ1
j + ε1ij

ε1ij ∼ N(0, (σ1
j )

2),
(3.7)

where superscript 1 (k = 1) indicates the first stage of the cascade, j indicates a group in
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level k (which for the first stage is only one possible group), x is the design matrix for the

spline, β is the vector of coefficients corresponding to spline bases, z is the design matrix for

the three covariates (LDI, education and HIV ), ζ is the vector of coefficients corresponding

to the covariates, and ε is the residual.

The subsequent stages of the cascade re-estimate β using the parent model’s estimates

coefficients as a Gaussian prior, with the variance of the prior V scaled by user-defined λ

which has been set to 1 for all stages of the cascade. The ζ values remain constant as those

estimated in the first stage:

β̂kj = arg min
β∈Ω

Nj∑
i=1

g(β; ykij,Σ
k
j ) + p(β; β̂k−1

j↑
, λkV k−1

j↑
)

ykij = (xkij)
Tβkj + (zkij)

T ζ̂1
j + εkij,

(3.8)

where the first formula is the general definition of the negative log likelihood in a cascade

model (same as Eq. 1.1 in Chapter 1), the second formula indicates that ζ has been set to

the estimated values from stage 1, and j↑ refers to the parent model specific to model j.

Model D was the XGBoost algorithm fit on annualized differences within survey series:

∆c,s,t =
log(mc,s,t2)− log(mc,s,t1)

t2 − t1
, (3.9)

where ml,s,t2 and ml,s,t1 refer to two observations from the same survey series that are adjacent

in time. We divide the difference in rates by the number of years occurring between the two

surveys to calculate the average annual difference in under-5 mortality during the period.

The resulting annualized difference ∆l,s,t is indexed in time to the midpoint of the time

interval t.

For each of 30 bootstrap samples of the data, we fit an XGBoost model optimizing

maximum tree depth and number of iterations through 5-fold cross-validation. The effects

of LDI and education were constrained to be monotonically decreasing, and the effect of

HIV was constrained to be monotonically increasing. Covariates for super-region, region

and location were passed to the model using target encoding [30]. The country covariate

was independent while region, super-region, LDI, education and HIV were allowed to freely
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interact with each other. This allows region-specific effects of HIV on under-5 mortality, for

example, but not country-specific effects. The predicted annualized difference for location c

in year t is the mean of bootstrap predictions:

∆̂c,t =
30∑
b=1

ψ(yb,xb)/30 (3.10)

where ψ is the XGBoost algorithm described above. We obtained a final time series estimate

by predicting annual differences for all years in a location, taking the cumulative sum, and

intercept-shifting the resulting relative curve such that squared differences with observed

data in the most detailed geography available are minimized:

log(m̂c,t) = πc + log(m̂r
c,t)

log(m̂r
c,t) =

∑
t′<t

∆̂c,t′

πc =
n∑
i=1

(log(mg,t,i)− log(m̂r
c,t))

2/n

g ∈ {country, region, superregion},

(3.11)

where log(m̂r
c,t) is a country’s relative time series at year t and πc is the intercept that brings

a country’s relative time series back to the level of the observed data in geography g.

Model E was an ensemble of Models A, B, C and D, taking the average prediction for each

combination of location and year for years 1950 through 2019. Model F was an ensemble

of predictions that result from using Models A, B, C and D as the first stage predictions

in Spatiotemporal Gaussian Process Regression (ST-GPR). With 250 posterior draws from

each component model, Model F obtained the point estimate by taking the unweighted

mean of the pooled draws and obtained the uncertainty interval by taking the 2.5% and

97.5% quantiles of the pooled draws.

3.2.5 Spatiotemporal Gaussian Process Regression (ST-GPR)

ST-GPR is a modeling framework designed to estimate a full time series for each country

and several subnational regions, typically stratified by sex and age group [4]. In the first
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stage of ST-GPR, the default method is to employ a mixed-effects linear regression to make

predictions for GBD demographics defined by age, sex, location and year where applicable.

Country-level and study-level covariates are incorporated in this stage and are not needed

in subsequent stages. Alternative models may be used for the first stage. Residuals of this

model are then smoothed by age, year and location in the “space-time” (ST) stage. User-

defined hyperparameters control the degree of residual smoothing in each of three dimensions:

λ for time, ω for age and ζ for sharing information across levels of the geographical hierarchy.

The λ parameter is defined as: wc,a,s,t = 1
eλ|t−t0|

, where w is the weight, t is a point in time,

and t0 is another point in time. The ζ parameter is defined as wc,a,s,t = ζ |c−c0|, where ζ0

is for country data, ζ1 is for regional data not from the country being estimated, ζ2 is for

data from other regions in the same super-region, and ζ2 is for global data from other super

regions. For purposes of the simulation, we optimized the values of λ and ζ through cross-

validation using adaptive grid search to settle on final values. ω has no influence in this

particular model because only one age group is modeled. The hyperparameter values used

in this analysis were λ = 0.2, ζ = 0.02, and ω = 1.

Formal definitions of these hyperparameters can be found in the methods appendix to

the GBD 2019 risk factors paper [4]. Finally, Gaussian process regression (GPR), a non-

parametric and Bayesian form of regression, further smooths the estimates and produces

uncertainty intervals. The GPR step takes as a prior the mean prediction mc,a,s(t) with

Matern covariance:

gc,a,s(t) ∼ GP (mc,a,s(t), Cov(mc,a,s(t))) (3.12)

. Matern covariance is defined as:

M(t, t′) = σ2 21−v

Γ(v)
(
d(t, t′)

√
2v

l
)vKv(

d(t, t′)
√

2v

l
) (3.13)

where σ2 is the marginal variance, estimated as normalized absolute deviation between the

first-stage prediction and the smooth residuals; v is degree of differentiability, a smoothness

parameter set as a constant; and l is length scale, a user-defined parameter roughly meaning

the distance at which points become uncorrelated.
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The mean function is defined as:

mc,a,s(t) = Xc,a,sβ + h(rc,a,s,t), (3.14)

where Xc,a,sβ is the linear predictor from a mixed effect linear regression (which may be

replaced with another model) and h(rc,a,s,t) is the smoothed residual for a population defined

by country, age group, sex and time [4]. In the current version of ST-GPR, variance of the

input data (“data variance”) for each observation is considered in the GPR step but not the

first stage or residual smoothing steps. In the simulation, data variance for each observation

is set to be the country-specific within-survey variance used to generate the simulated data.

3.2.6 Assessing model performance

Finally, we assessed all predictions against the underlying true mean function in terms of

root mean squared error (RMSE), mean error and coverage of the confidence interval. RMSE

assesses how closely the predictions align with the data generating mechanism that produced

the simulated datasets:

RMSE =

√
1

|S|
∑
c,t∈S

e2
c,t

ec,t = E(y|xc,t)− τ(t)c,

(3.15)

where E(y|xc,t) is the model prediction conditional on covariates and τ(t)c is the underlying

true log-scale under-5 mortality rate in country c at time t.

Mean error maintains the sign of the difference between predictions and truth, which

enables a determination for whether a model systematically overestimates or underestimates

the true value:

ME =
1

|S|
∑
c,t∈S

ec,t. (3.16)

Coverage is, for a given set of predictions based on simulated data in which the true under-

lying value is known, the proportion of true values that lie within the uncertainty interval.

For a 95 percent uncertainty interval, the optimal value is 0.95.
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3.3 Results

3.3.1 Overview

We report metrics quantifying how well the candidate models performed in the task of

discovering the true under-5 mortality rate, using noisy simulated data in various scenarios

where data are missing for select years and locations. Based on patterns that appeared in

the quantitative results, we investigate five observations further by looking at examples from

various countries and more detailed performance metrics. The detailed performance metrics

include stratifying results by whether or not a location had only a single data source (always

a vital registration system), and results for an ensemble approach that takes draws from the

posterior GPR distributions for each component model.

Performance metrics are stratified by whether a unique location-year combination was

in-sample or out-of-sample for a given missingness scenario (Figure 3.1). For simplicity, we

Figure 3.1: Examples of the four missingness scenarios for simulated data in a given location;
performance metrics are reported separately for in-sample and out-of-sample populations
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call a unique location-year combination a population. In-sample populations are those that

contained data for the model that defined the data generating mechanism (and therefore

received a value that represents truth) and also had simulated data in the missingness sce-

nario. Out-of-sample populations are those that contained data for the model that defined

the data generating mechanism but did not have simulated data in the missingness scenario.

The models were exposed only to the simulated data in a given missingness scenario (e.g.

the black points), and were assessed on how well they predicted the underlying true curve

(black line in Figure 3.1).

In addition to stratification by in-sample and out-of-sample populations, we also stratify

results by whether the prediction came directly from a particular candidate model (“first

stage”), after space-time smoothing (“ST”), or after the GPR step (“GPR”). Note that

uncertainty is reported only for GPR outputs. Performance metrics for out-of-sample pop-

ulations are not applicable to the ”Full data” scenario and are not reported.

3.3.2 Quantitative results, out-of-sample metrics

Table 3.1 shows performance metrics among out-of-sample prediction populations under

three missingness scenarios. Considering first stage predictions, the ensemble model (Model

E) had the lowest RMSE in all three scenarios. Among the non-ensemble models, the spline

cascade (Model C) had the lowest RMSE in all scenarios and had much lower bias than the

next best alternative when extrapolating into the future (mean error = 0.0001 compared to

-0.0205). XGBoost (Model D) had the highest RMSE in two scenarios and second-highest

in the time extrapolation scenario. The poor performance of XGBoost in the scenario with

missing locations is somewhat expected because the model was primarily designed to estimate

a relative time trend, and the intercept shift is based on the most detailed geography with

data.

Considering the effect of ST smoothing, all models had lower RMSE than their respective

original predictions used in the first stage. The ensemble model had the lowest RMSE in

two scenarios and the second-lowest in the other scenario. The spline cascade model had
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Table 3.1: Performance metrics calculated among out-of-sample prediction populations, av-
erage of five random realizations

the lowest RMSE in the scenario requiring extrapolation forward in time. Regarding mean

error, many of the models in scenarios missing periods of time were biased upward, the only

exception being XGBoost having a slight downward bias in the “Missing years 1990 to 1999”

scenario.

GPR further decreased RMSE in all cases except one, but the amount of decrease was

substantially less compared to the effect of ST smoothing. Note that ST and GPR are

the same by definition in the “Missing 20 percent of locations” scenario. Coverage of the

uncertainty interval was lower than 0.95 in all scenarios. The model with the highest coverage

was the linear mixed effects model in the scenario with missing data for years 1990 to 1999
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Table 3.2: Performance metrics calculated among in-sample populations, average of five
random realizations

(coverage = 0.71). The ensemble (Model F) increased coverage in all cases except one.

Coverage in general was best (closest to 0.95) when predicting for years missing in the

middle of the time series, next best when extrapolating forward in time, and worst when

predicting for entirely missing locations.
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3.3.3 Quantitative results, in-sample metrics

Table 3.2 shows performance metrics among in-sample prediction populations under four

missingness scenarios including the full data scenario. Considering the first stage predictions,

RMSE was lowest for the ensemble model (Model E) and highest for the linear mixed effects

model (Model A) in all scenarios. Mean error was most negative for the linear mixed effects

model but was generally small in all cases. The non-linear mixed effects model (Model B)

and XGBoost were the least biased on average in terms of absolute mean error. Among non-

ensemble models, XGBoost generally had the lowest RMSE, with the exceptions that the

spline cascade model had slightly lower RMSE in the ”Missing years 1990 to 1999” scenario

and the non-linear mixed effects model had slightly lower RMSE in the “Missing years 2000

and later” scenario. XGBoost and the non-linear mixed effects model had the least bias on

average in terms of absolute mean error.

Considering the effect of ST smoothing, all models had lower RMSE than the original

predictions used as each of their respective first stages. Compared to first stage predictions,

mean error was higher in all cases. Considering the additional effect of GPR, RMSE was

approximately the same and mean error was slightly higher in all cases. Coverage was highest

for Model A and second-highest for Model F in all scenarios. Note that it is possible for

the ensemble of draws to have lower coverage than an individual model, for example, when

the individual model’s uncertainty interval fully encompasses that of the other component

models. Coverage was otherwise roughly the same across models and scenarios, ranging from

0.591 (Model E in the full data scenario) to 0.672 (Model A in the “Missing years 1990 to

1999” scenario).

3.3.4 Observation 1: In first stage predictions, the ensemble model (E) had lower RMSE

than any individual model.

Predictions for Bulgaria are an example of the overall result (across all locations) that the

ensemble performed better in terms of RMSE than any individual model. Figure 3.2 shows
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that variation in the model predictions for Bulgaria are approximately centered around the

underlying true curve. This observation is especially apparent in years after 2000 where

model-specific prediction variation is greater. Because the ensemble model (Model E) is

an average of the four candidate models, the ensemble predicts well in this case. The four

candidate models in these and subsequent figures are Model A: “lme4 default v1”, Model

B: “nlme v1”, Model C: “spline cascade v1”, and Model D: “xgbootstrap v1”. The red

line represents truth, and the various model predictions are represented by lines of different

patterns. The left column is the “Full data” scenario, the right column is the “Missing years

after 2000” scenario, and the rows are different random realizations of the data generating

mechanism. The figure shows only three of the five random realizations from the simulation.

Figure 3.2: Under-5 mortality predictions for Bulgaria, three random realizations of scenarios
with full data and data missing years 2000 and later
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3.3.5 Observation 2: In first stage predictions, XGBoost did best on average among in-

sample populations, but sometimes behaved erratically for out-of-sample populations.

The aforementioned Figure 3.2 is also an example of the overall result that XGBoost tends

to outperform other models among in-sample populations. Where data are plentiful, the

alternating dotted line labeled “xgbootstrap v1” appears generally closer to the true curve

compared to other models.

Where data were less plentiful, XGBoost sometimes behaved erratically across different

random realizations of the data generating mechanism. Figure 3.3, for example, shows the

various models’ attempts to extrapolate trends into the future (right column). The plot

in the first row (right column) shows a steep drop in predicted log-scale under-5 mortality

during years 2004 to 2008 according to “xgbootstrap v1”. The plot in the second row shows

essentially a linear decline (no drop), and the plot in the third row has a shallower drop.

This occurred in spite of several measures taken to prevent overfitting, including monotonicity

constraints, interaction constraints, hyperparameter optimization and bootstrapping. The

covariate values for Timor-Leste shed some light on why this set of predictions might be

unusual; the lag-distributed income (LDI) variable has a sharp increase during years 2004 to

2008. XGBoost fit on different random realizations of the same data generating mechanism,

and with the same covariate values, handled the sudden LDI increase very differently. We

discuss this observation in greater detail in the Discussion section.

3.3.6 Observation 3: Bayesian spline cascades outperformed other individual models for

out-of-sample populations.

Figure 3.5 shows predictions for Comoros from the four candidate models. Extrapolations

into the future (right column) are closest to the true curve for the spline cascade model (Model

C), which is consistent with low RMSE and very low mean error for such extrapolations in

the overall results.
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Figure 3.3: Under-5 mortality predictions for Timor-Leste, three random realizations of
scenarios with full data and data missing years 2000 and later

Figure 3.4: Covariate values for Timor-Leste over time, under-5 child mortality model



80

Figure 3.5: Under-5 mortality predictions for Comoros, three random realizations of scenarios
with full data and data missing in years 2000 and later

3.3.7 Observation 4: ST smoothing reduced the RMSE of predictions in all scenarios; GPR

did to a lesser degree.

Figure 3.6 shows an example from Guatemala of how smoothing residuals by geography and

time (“space-time” smoothing, or “ST” in the plot) improves the model fit to the data.

Whereas the purpose of the first-stage model is to capture general relationships between

covariates and the outcome, the purpose of the ST step is to make predictions more sensitive

to the characteristics of the particular population. The ST fit to the data is clearly an

improvement over the first-stage model. GPR had relatively little additional benefit.

The ST step does not always bring the first-stage prediction back to the data, however.

Figure 3.7 shows an example from the Netherlands where the first-stage model slightly under-

estimates the true curve in years after 2000, but the ST and GPR stages pull the prediction

upward and farther away from the data. The pattern is similar for other countries that in-

clude only one data source as a data input to the model. Table 3.3 quantifies this observation

by disaggregating performance metrics for the “Full data” scenario by whether a location
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Figure 3.6: Under-5 mortality predictions for Guatemala, linear mixed effects model (Model
A); three random realizations of scenarios with full data

Figure 3.7: Under-5 mortality predictions for the Netherlands, linear mixed effects model
(Model A); three random realizations of scenarios with full data
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had one single data source, which was always a vital registration system, or multiple data

sources. The countries with one source were: Andorra, Antigua and Barbuda, Australia,

Austria, Barbados, Canada, Croatia, Czech Republic, Denmark, Dominica, Finland, France,

Germany, Greece, Grenada, Iceland, Ireland, Israel, Italy, Japan, Lithuania, Luxembourg,

Malta, Mauritius, Monaco, Netherlands, New Zealand, Norway, Saint Kitts and Nevis, Saint

Lucia, Saint Vincent and the Grenadines, San Marino, Singapore, Slovakia, Slovenia, Spain,

Sweden, Taiwan, The Bahamas, UK and USA. We found that ST-GPR had higher RMSE,

higher mean error and lower coverage for these countries. Two explanations are likely. First,

the higher quality of data from vital registration systems might be underappreciated in the

ST step because residuals are not weighted according to data variance. Second, the hyperpa-

rameter governing the degree of spatial smoothing could be too high, in contrast to the GBD

under-5 mortality model which essentially removes location-based smoothing for countries

with VR data. Vital registration systems are more common in high-income countries where

under-5 mortality is low, so spatial smoothing could lead to an upward bias. We discuss

potential explanations for this finding further in the Discussion.

Table 3.3: Performance metrics in locations with one data source (always a vital registration
system) versus multiple data sources, average of five random realizations

3.3.8 Observation 5: Uncertainty intervals were too narrow but generally improved after

making an ensemble of posterior draws.

We found that 95 percent uncertainty intervals included the true underlying value approx-

imately 60 to 65 percent of the time in data rich prediction populations (Table 3.2) and
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less often when extrapolating forward in time or predicting for locations with no data (Table

3.1). In the Discussion section we discuss possible explanations, including the potential effect

of the bias noted in Observation 4. Even when mean predictions are unbiased on average,

however, uncertainty intervals may be too narrow when not all sources of uncertainty are

not incorporated into the model. For that reason, with existing model outputs, we assessed

a new ensemble model (Model F) that takes 250 draws from each of the posterior GPR

distributions of Model A, Model B, Model C and Model D. Performance metrics are given

in Table 3.2 and Table 3.1.

Compared to GPR results in Table 3.1 and Table 3.2 for the other ensemble model (Model

E) – taking the mean of first-stage predictions from the four candidate models and passing

the result to ST-GPR – Model F had comparable RMSE and mean error, and higher coverage

in every scenario. Coverage was especially improved for out-of-sample prediction populations

(“Missing years 1990 to 1999”: 0.704 versus 0.610, “Missing years 2000 and later”: 0.656

versus 0.397, and “Missing 20 percent of locations”: 0.911 versus 0.378).

3.4 Discussion

3.4.1 Overview

In this validation study, we evaluated several approaches for estimating levels and trends

of under-5 mortality for every country. With such a complete historical record, data about

under-5 mortality provide a robust empirical basis for validating descriptive epidemiological

models. The main findings are consistent with the state of the science for predictive mod-

eling: ensemble modeling improved both point prediction and uncertainty quantification,

machine learning performed better than alternatives in data rich settings, and Bayesian

models performed better than alternatives in data sparse settings. The simulation also pro-

vided insight into the Spatio-temporal Gaussian Process Regression (ST-GPR) model and

potential areas for improvement. While ST-GPR improves point estimation for both data

rich and data sparse settings in terms of Root Mean Square Error, there appears to be some
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upward bias resulting from the space-time (ST) smoothing step. This bias is likely due to

excessive spatial smoothing among countries with vital registration systems, a characteristic

of this particular ST-GPR model that is not present in the current Global Burden of Disease

under-5 mortality model.

3.4.2 Ensemble modeling and model uncertainty

Ensemble modeling is “a technique using multiple learning algorithms, or multiple statistical

models, and combining them to improve estimates and predictive performance” [5]. Theo-

retical research has examined why ensemble models seem to have a comparative advantage

over individual models [31; 32]. The ensembling methods used in the present study were

relatively simple. Model E was the average of point estimates from Models A, B, C and D.

Model F took 250 draws from the posterior distributions of Models A, B, C and D to obtain

an overall mean estimate and uncertainty intervals. Among first stage predictions, Model E

proved more effective than individual models in all scenarios for both in-sample and out-of-

sample populations. The comparative advantage was lessened after passing these predictions

to ST-GPR; one model in one scenario had better performance on RMSE, the spline cascade

model in the task of extrapolating forward in time. Given the gains in performance observed

in this study using a simple method, further research is needed to understand how more so-

phisticated methods of forming the ensemble might perform better, for example, weighting

the models according to a cross-validated performance metric as suggested by Bannick and

colleagues [5].

Model F incorporated model uncertainty into the predictions, resulting in uncertainty

interval coverage closer to the optimal value compared to most individual models. The

concept of model uncertainty refers to a degree of arbitrariness in the selection of one among

many valid estimation procedures [24]. These might represent different yet equally valid sets

of covariates, smoothing hyperparameters in a non-linear model, priors in a Bayesian analysis,

or completely different modeling strategies as in this analysis. Even when a single model is

chosen on principled grounds, model uncertainty is unaccounted for if other valid methods
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would have yielded different results. Ensemble modeling allows for the quantification of

such model uncertainty. Model F improved coverage the most in out-of-sample populations,

likely because model predictions diverged the most under those conditions. The simulation

also showed the counter-intuitive result that taking an ensemble of posterior draws does not

necessarily increase coverage. If the uncertainty interval of an individual model completely

encompasses those of the other component models, for example, the ensemble’s uncertainty

interval can be smaller in comparison to the individual model.

3.4.3 Machine learning

Machine learning (ML) algorithms, such as the XGBoost algorithm used in this study, are

known as big data methods. ML has performed well in many settings [33; 34]. In the

health field, ML has been used to improve clinical diagnoses [35], prediction of adverse

health outcomes [36], health service delivery [37] and drug discovery [38] among other areas.

Despite the success of machine learning in general, understanding the limitations of a specific

algorithm for a specific use case is important. For example, one limitation of XGBoost is that

it cannot extrapolate outside the domain of the feature space. For a single-covariate model

with an increasing trend, for instance, XGBoost predictions will be constant for covariate

values above the maximum value. This is a problem for descriptive epidemiological models

that aim to make comprehensive global predictions. Data exist only for some locations

in some years, so extrapolation beyond the existing data is required. We parameterized

the XGBoost model as an annualized-difference model for this reason, to aid in the task

of extrapolating forward and backward in time. While beneficial, our approach did not

fundamentally solve the problem as time is not the only variable requiring extrapolation.

Given the diversity and complexity of ML algorithms and their corresponding limitations, it

is perhaps not surprising that many models have not lived up to expectations in real-world

applications [39].

The problem with the use of big data methods in descriptive epidemiology is the need to

predict for populations with little or no data. Big data methods require that data is, indeed,
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big for the populations of interest. A distinction is required here. Big data methods –

XGBoost, deep learning and others – achieve unparalleled results in terms of out-of-sample

predictive validity when data are plentiful. The term “out-of-sample predictive validity”

refers to the ability to guess what the value of a previously unseen observation is, based

only on the observation’s covariate values. When the data are fully representative of the

population of interest, big data methods can take a dataset of millions of observations,

separate the information content of the data from its idiosyncracies, and make out-of-sample

predictions based on general patterns better than any other available method. Where big

data methods might struggle, however, is taking a dataset with observations predominantly

from high-income countries and making predictions for a low-income country. Predicting

out-of-sample is not the same thing as predicting for data sparse areas of the feature space.

In this sense, for descriptive epidemiology, the “big” aspect of big data methods might be

considered an unfortunate requirement rather than a desirable attribute.

What is needed for making accurate predictions in data sparse areas of the feature space?

The model needs to be supplemented with prior information, or information not included

in the data itself. Often prior information is implemented as a particular constraint on the

flexibility of the model. Again, a distinction is required here. Many big data methods have

hyperparameters that control the degree of the model’s flexibility, and these hyperparameters

can be optimized through cross-validation. In the present study, for example, we optimized

XGBoost’s maximum tree depth and number of iterations through five-fold cross-validation in

an attempt to minimize overfitting. This does not solve the problem, however, because while

hyperparameter optimization does decrease the potential for overfitting in general, cross-

validation optimizes with respect to the observations that already exist in the dataset. Data

sparse populations are still relatively underprioritized. The additional information needs to

come from outside the dataset, which is to say that the modeler needs to make a reasoned

argument for constraining the model in a particular way. We implemented such constraints

for XGBoost in the present analysis. The effects of income and education covariates on

under-5 mortality were constrained to be negative, and the effect of the HIV death rate
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covariate was constrained to be positive. These are established relationships in the literature

on under-5 mortality [1]. We also implemented interaction constraints that forced the model

to use regional covariate patterns of covariate effects rather than, for example, having a

country-specific effect of income. This was a judgment we made based on the expectation of

little heterogeneity of covariate effects within a region.

The result was that, on average, XGBoost had the overall best performance in data rich

settings (see Table 3.2) and worse performance in data sparse settings relative to other mod-

els (see Table 3.1). We noted in Observation 2 that XGBoost sometimes behaved erratically.

In Timor Leste, the effect of a sudden increase in lag-distributed income was handled very

differently by XGBoost models fit on different random realizations of the same data generat-

ing process (see Figure 3.3). This occurred in spite of optimizing hyperparameters through

cross-validation, encoding prior information into the structure of the model, and attempting

to stabilize estimates by averaging over 30 bootstraps [40]. In principle, more constraints

could be added to the model in order to stabilize the estimates further. In practice, it can

be difficult to know when the implemented constraints are not adequate, especially outside

of a simulation environment. If decision-makers are to make consequential choices based on

a model’s results, they deserve an explanation for why a prediction is a certain way. And,

unfortunately, explainability methods like “SHapley Additive exPlanations” (SHAP) [41] do

not help in this case. It is not sufficient, for example, to say that the SHAP values for

lag-distributed income were large for one random realization and small for another. The

difference is, by definition, random.

In summary, big data methods are not designed to predict well for data sparse areas of the

feature space. The flexibility that is so valuable for data rich settings leads to instability in

data sparse settings, a behavior that is problematic for models in descriptive epidemiology

where extrapolation outside the data is usually required. For this reason, we hesitate to

recommend big data methods like XGBoost when predicting for a comprehensive set of

global locations despite performing better than alternatives in data rich settings. An irony

of global health is that populations with the worst health problems also tend to have the worst
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data. To the extent that population health information makes a real difference, selecting

predictive models that deprioritize data sparse populations is likely to exacerbate health

inequalities. As we describe in Chapter 2, for epidemiological datasets, flexible methods

that let the data speak freely are perhaps better suited for tasks like exploratory analysis

and hypothesis generation that do not require extrapolation to data sparse populations.

Questions like “Why is the prediction like that?” can then be considered a prompt for more

in-depth research on the topic.

3.4.4 Bayesian modeling

Bayesian modeling is well-suited to the task of predicting for data sparse areas of the feature

space. Predictions must be informed by something, and in the absence of data the only

alternative is prior information provided by the modeler. In the most general sense, any

assumption or structure that constitutes the functional form of a statistical model can be

considered a prior. Linear regression, for example, assumes among other things that the

effect of a covariate is linear and errors are Gaussian distributed. These are important

attributes of the model that affect the resulting predictions, but are not themselves derived

from the data. Bayesian modeling extends this idea by allowing modelers to provide prior

information about estimated coefficients. If we have reason to believe that the slope of the

linear effect should be within 0.2 and 0.4, for example, we can communicate this to the model

as a Uniform [0.2, 0.4] prior in a Bayesian formulation of the model. The question remains,

however, as to how a modeler should choose priors. A full answer to that question would

require a diversion into epistemology and what counts as justified belief. For the purpose of

the present study, we limit the discussion to empirical priors as implemented in the Bayesian

spline cascade method.

In Chapter 1, we introduced a hierarchical Bayesian implementation of splines in which

estimated coefficients from a model are passed as Gaussian priors to models fit on subsets of

the data. The subsets in the present study are geographic subsets; coefficients estimated in

the global model are passed as priors to region-specific models, and region to country. The
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non-linear effect modeled as a spline was time. Thus the time trend estimated for a location

results from a combination of the prior from the region-specific model and data in the par-

ticular location. Structuring the time effect as a geographical hierarchy is a modeling choice

that, in itself, can be considered a prior that aids in predicting for data sparse populations.

The actual coefficients passed as empirical priors further aid in this task. The result was that

the spline cascade method had lower RMSE than all other individual models in predictions

for data sparse populations. Considering ST-GPR outputs, the spline cascade method had

lower RMSE for data sparse populations even compared to the ensemble. The improved

performance was made possible by the inclusion of additional information not derived from

the data, specifically that time trends should be correlated as a geographical hierarchy.

3.4.5 ST-GPR and uncertainty

ST-GPR reduced RMSE for all models in all scenarios among both data rich and data

sparse populations. Most of these gains occurred in the space-time (ST) residual smoothing

step, which borrows information from nearby observations more than observations farther

away. The GPR step reduced RMSE somewhat in out-of-sample populations, but conferred

no additional benefit in terms of RMSE in-sample populations. Distance metrics for ST

smoothing are defined separately for age, for time and for sharing information across levels

of the geographical hierarchy. We expected this process to improve predictions in data rich

populations, and the finding that it improves prediction for data sparse populations further

demonstrates its utility. Two observations require further investigation, however.

First, mean error was higher in ST-GPR outputs than it was for the corresponding

first-stage predictions. With few exceptions, mean error was higher after ST smoothing

compared to first stage predictions, and higher after GPR compared to ST smoothing. It is

not immediately clear what causes this bias. One potential explanation is that residuals in

the ST step are not weighted by inverse data variance in the process of smoothing. In this

case, smoothing across time could lead to a plateauing effect at the extremes (i.e. recent

years) in a way that is incongruent with the true strength of evidence for vital registration
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systems, for example, which have low data variance. Figure 3.7 is an example. Alternatively,

because vital registration systems are most common in high-income countries where under-5

mortality is low, and residuals are not weighted by data variance, the information sharing

across locations leads to an upward bias in the places with vital registration systems. Finally,

another potential explanation is an error in the code base for the GPR step, for example,

that the mean of the posterior distribution might be calculated in linear space rather than

the space in which the model is fit.

Second, coverage of the uncertainty interval was too low for all models in all scenarios.

Incorporating model uncertainty (Model F) into the ensemble predictions generally improved

coverage, as previously discussed, but coverage for Model F was still typically around 0.65.

One potential explanation for the low coverage could be that the uncertainty interval is

appropriately wide for an unbiased model, but the model is indeed biased. This is plausible

as Table 3.3 showed that coverage was closer to 0.95 in locations where the prediction was

less biased. A mechanism for this explanation could be that residuals in the ST smoothing

step are not weighted by inverse data variance, but observations are weighted during the

GPR step. For vital registration systems, for example, this would lead the uncertainty to be

appropriately tight due to the use of inverse variance weights in the GPR step while still being

subject to the bias from not using weights in ST smoothing. Another potential explanation

is that data are used redundantly in the model. Observations are first used to generate the

mean function as an input to GPR. Then they are used again in GPR itself. This explanation

could be offset by the incorporation of non-sampling variance as an input to GPR in the

form of marginal variance, but the topic may be worth further investigation in simulation. A

third potential explanation is that inputs to the Matern covariance function of GPR might be

inaccurate somehow. These include marginal variance, degree of differentiability and length

scale, previously defined in Formula 3.13.
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3.4.6 Limitations

This study had a number of limitations. First, the creation of a true underlying data gener-

ating mechanism for each location required making some distributional assumptions. These

include that measurement error is Gaussian distributed in log space, random intercepts are

Gaussian distributed in log space and that the mean function can be accurately represented

as a thin-plate spline. We minimized the impact of these assumptions by using only location-

years with at least two observations. We also visually inspected the spline fit for each location

to verify that the time trend is reasonable. Second, while we attempted to roughly approxi-

mate the GBD’s current method for under-5 mortality modeling, some differences do exist.

The GBD model adjusts non-reference observations as part of the model fitting process,

whereas we conducted the adjustment as a preliminary step. This was needed to ensure

consistency across candidate models, so that differences can be attributed to the modeling

strategy rather than the adjustment method. We also used the standard implementation of

ST-GPR rather than the custom version used in GBD, which for example has differences in

how the space-time smoothing weights are specified. The GBD model also varies the degree

of spatial smoothing as a function of data density; data rich locations (i.e. ones with vital reg-

istration systems) share virtually no information across locations, while the implementation

in the present study had a non-negligible degree of spatial smoothing applied equally to all

locations. For this reason, conclusions drawn about Model B (non-linear mixed effects model)

do not necessarily apply to the GBD model. Third, our implementation of XGBoost was

customized to the modeling exercise. The choice of modeling annualized differences within

surveys series, for example, was based on the observation that under-5 mortality sources

tended to be repeated over many consecutive years, an observation that may not apply as

readily to other modeled parameters. Fourth, other machine learning algorithms might have

performed better than XGBoost but were not represented in this study. Conclusions drawn

about machine leaning in general from this exercise should be updated in light of newer and

potentially better alternatives. Fifth, the results of this study may not be generalizable to
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other descriptive epidemiological parameters if the underlying data generating mechanism

is substantially different. Sixth, using the unweighted average of model predictions is the

simplest way to form an ensemble. Better methods exist, such as weighting components of

the ensemble by an out-of-sample performance metric. However, the results of this study are

sufficient to show that further exploration of ensemble methods is warranted for ST-GPR

and similar descriptive epidemiological models.

3.4.7 Conclusion

Model validation is a key step in the process of developing descriptive epidemiological models,

which aim to describe health loss in populations. Data on under-5 mortality provide a ro-

bust empirical basis for validating models designed to make comprehensive global predictions

through time. The simulation confirmed several theoretical results from the predictive mod-

eling literature: ensemble models perform better than individual models; machine learning

performs best in data rich environments; Bayesian models shine in data sparse environments;

and incorporating all sources of uncertainty, including model uncertainty, is important. The

findings provided concrete examples for a fruitful discussion about the relative benefits of ma-

chine learning and Bayesian methods, in which we concluded that XGBoost may not be the

most appropriate method for comprehensive global predictions given instability of estimates

in out-of-sample populations. In contrast, the Bayesian spline cascade method performed well

for out-of-sample populations. The study also found that ST-GPR substantially improved

the precision of estimates relative to ground truth, although findings regarding higher mean

error and low coverage of uncertainty intervals require further investigation.
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