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University of Washington

Abstract

An Electrodynamic Inverse Problem

in Chiral Media
by Stephen R. McDowall

Chairperson of Supervisory Committee
Professor Gunther Uhlmann

Department of Mathematics

We consider the inverse problem of determining the electromagnetic material param-
eters of a body from information obtainable only at the boundary of the body; such
information comes in the form of a boundary map which we assume to be known. In
particular we consider the question in the case of a chiral body. In such a body, the
relationship between the electromagnetic fields depends not only on the conductiv-
ity, electric permittivity and magnetic permeability of the body, but further on the
chirality.

We consider two problems. The first is determination of the parameters and their
normal derivatives at the boundary of the body. We show that in both the chiral
and non-chiral cases, such information is obtainable for all the parameters. We
also show how a layer stripping algorithm may be derived to estimate the unknown
parameters near the boundary in both situations. The approach is to calculate an
explicit asymptotic expansion for the symbol of the boundary map which is shown to
be a pseudo-differential operator; this expansion is shown in each case to determine

the unknown parameters at the boundary.



The second problem is that of interior determination. We show that knowledge of
the boundary map determines the electromagnetic parameters in the interior under
the assumption that we know the parameters to infinite order at the boundary. We
rewrite Maxwell’s equations as a first order perturbation of the Laplacian and con-

struct exponentially growing solutions. and obtain the result in the spirit of complex

geometrical optics.
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Chapter 1

INTRODUCTION

The inverse problem considered herein is an inverse boundary value problem. Such
a problem may be described as a problem of “non-destructive determination” which
refers to determining information about the interior of a body without the need to
destroy it in the process. The information one has to work with comes in the form of
boundary measurements. An example is Electrical Impedance Tomography: Suppose
you have a conducting body and you wish to determine how the conductivity varies
throughout the body. By applying voltage potentials to the boundary and measuring
the induced current flux at the boundary, can one reconstruct, or uniquely identify,
the function which describes the conductivity? In {17], Sylvester and Uhlmann proved
that the conductivity of a body can be uniquely identified from such information,
obtained only from the boundary. It was assumed that the conductivity has certain
smoothness and that it depends only on the position in the body, not on the direction
through that position. That is to say, the conductivity is assumed to be tsotropic and
is thus a scalar valued function. All results of this work are for isotropic parameters.

The questions of identifiability of anisotropic parameters are still largely open.

If instead of applying a constant (time-independent) potential the body is im-
mersed into a time-dependent electric field, a time-dependent magnetic field is in-
duced. The relationship between these fields is described by Maxwell’s equations,
which depend on the electromagnetic parameters of the body (for example, the con-

ductivity). In [16] Somersalo et al. presented a boundary map for time-harmonic



fields at a fixed frequency which maps the tangential component of the electric field
on the boundary to the tangential component of the induced magnetic field on the
boundary, and raised the question of whether the parameters describing the electro-
magnetic properties of the body could be determined from knowledge of this bound-
ary map. They showed that these parameters could be recovered approximately
provided they differed only slightly from known constants. In [11] this assumption
was dropped and it was shown that the parameters are recoverable provided they are
known in a small neighborhood of the boundary of the body.

In all these treatments, the constituent equations, which describe the dependence
of the electric displacement and the magnetic induction on the electric and magnetic
fields, do not take into account the chirality of the body. Instead, they depend only
on the conductivity, electric permittivity and magnetic permeability of the body.
Chirality is an asymmetry in the molecular structure; a molecule is chiral if it cannot
be superimposed onto its mirror image, and a chiral material is one which has chiral
molecules in its molecular structure. A basic example of a chiral molecule is a carbon
based molecule, which is tetrahedral in structure; if there are four different atoms
or molecules attached to a central carbon atom. interchanging any two results in
a molecule which differs from the original in its handedness. Presence of chirality
results in the rotation of electromagnetic fields. For example, if plane-polarized light
is passed through a chiral liquid. the plane of polarization is rotated and the degree of
rotation depends on the chirality of the liquid. Chirality is experimentally observable,
particularly in the microwave range, and such experimental observations are used in
physical chemistry to characterize molecular structures. For a detailed treatment of
chirality and time-harmonic electromagnetic fields see {5].

In this work we treat the case of a chiral body, and so the constituent equations
depend on a fourth parameter 8 which describes this chirality.

To have a well posed inverse problem for an electromagnetic body we must show

that there is a well defined boundary map. For a non-chiral body, a boundary map



was introduced in [16]; in chapter 2 we prove that the analogous boundary map is
well defined for a chiral body. The map is again that which maps the tangential
component of the electric field on the boundary to the tangential component of the
induced magnetic field on the boundary.

In order to prove results about the identifiability of parameters in the interior of
a body, it is typically necessary to have some information about the parameters at
the boundary. In the case of the conductivity problem, it was necessary to know the
conductivity and its first normal derivative at the boundary in order to prove the
interior result. For an electromagnetic body, the result of [11] assumed knowledge
of the parameters of the body in a neighborhood of the boundary. In chapter 3 we
show that knowledge of the boundary map for an electromagnetic body determines
the electromagnetic parameters and their first normal derivatives at the boundary.
We do this for both non-chiral and chiral bodies.

The main result is that of chapter 4 in which we show that knowledge of the
boundary map for a chiral body uniquely determines all four electromagnetic param-
eters of the body, in particular the chirality. As mentioned earlier. all parameters are
assumed to be isotropic. and we assume them to be smooth throughout the body.
The precise statement of the result is given in chapter 4, and an outline of the proof

is in the first section of that chapter.



Chapter 2

THE BOUNDARY ADMITTANCE MAP

Let Q be a bounded connected subset of R® with connected complement and with
smooth boundary 9. We restrict our interest to time-harmonic electromagnetic

fields on Q, at fixed frequency w. i.e. if £ and H are the electric and magnetic fields

respectively then
E = e“'E(z), H = e“* H(z).
For such time-harmonic fields, Maxwell’s equations are
VAE =1wB. VAH=—wD. (2.1)

Using the Born-Fedorov formulation for a chiral body, (see [5]) the magnetic induction

B and the electric displacement D are related to £ and H through the constituent

equations
B=i(H+ 3V AH), D =EE+BVAE).

Here € = 0+ (¢/w)y where o is the electric permittivity and + is the conductivity, and
£ is the magnetic permeability of the body. The chirality of the body is described
by B. The parameters o, v, g and 3 are real-valued and we assume here that &,

and S are smooth and are constant outside a compact set. We assume
o2>09>0, ¥=>0, B2 fe>0 (22)
for constants o¢ and fip. We shall be using an equivalent formulation but with

é I _ —iwéip

E= —m/mm, = = —=.
1 — w2Eaf? SR PEYTY L 1 — w2Eaf?



We are assuming that | — w2&if? # 0; this means that we assume that the electric
and magnetic fields never become parallel. Given the bounds (2.2), there is wo > 0
such that this assumption is satisfied for w € (—wo,wp); if w € (0,wp), then £ and

u are bounded away from zero as for £ and . With this change of parameters, we

have the constituent equations
B=uH - 3E, D=cFE+ 3H. (2.3)

We are assuming further that there are no magnetic poles or electric sinks or sources

in ; that is to sav we assume the induction and displacement to be divergence free:
V.-B=V.(uH - J3F)=0, V.-H=V.(e£+[H)=0. (2.4)

We remark that 1 — w2232 # 0 is equivalent to eu + 3% # 0.

If F is a function space, we denote by F* the space of k-vectors whose components
are in F, and by F*** the space of k x k matrices whose components are in F. We
shall need the following function spaces: H*(2)* consists of k-dimensional vector
fields whose components are in the usual L?-based Sobolev space H*. Let Div denote
the surface divergence on the boundary of . and v(z) be the outward unit normal

vector at z € J12, and define the following space of tangential fields:
THE, (3Q) = {FeH}89)° | v F=0, and DivF € H}(00)} .

THEOREM 2.1. Let F € TH%‘-”((?Q). There is a discrete set D containing no limit
points in (0,wo) such that for all w € (0,wo)\D there ezist unique (E, H) € D'(2)3 x
D’(Q)? solving the following boundary value problem:

VAE=1w(uH - BEF)
VAH=—iw(eE + 3H) (2.5)
vAE|yq=F.



We may thus define the boundary map which, following [15], we term the boundary
admittance map 11 : TH,,(99) — TH3,,(89). Given F € THE, (8Q) let (E. H)

solve (2.5) and define
[IF =II(v A Elsq) = v A Hlsq.
Proof of Theorem 2.1: We define the function spaces

H(VA) = {Ee€L*Q)P|VAEEeL*0)?%
H(VA) = {EeH(V/\)I /VAE~F=/E-V/\FforallF€H(V/\)}
Q Q

We shall use the equivalent Born-Fedorov formulation

VAE = iwaH +iwp3V AH
VAH = —iwéE —iwédV AE

which, following the presentation of [16], we may write as
E
(L—-w—B) =0
H

} : D(L) = L¥Q)® x L¥(Q)®,  and

where

[-zv/\ 0
L =

0 —iVA

B = — ' 7
wippr—1 | 1

The domain of L is D(L) =g (VA) x H(VA); on D(L), L is self-adjoint (see [6]). In

order to solve Maxwell’s equations with
L
vA Elag = F € THJ, (89)
we write £ = £ — RF where R is the right inverse of the tangential trace mapping

tr: HY(Q)® —» THE, (8Q),  tr:E v AEls.



Then the boundary value problem may be written

el

where
327732 =
J=iVARF+ 2P pp g pp
tEp3t—1 w2épp? — 1

LEMMA 2.2. The range of L is closed, the mapping L™' : R(L) — R(L) N D(L)

ezists. and L~' is continuous and compact.
This is proven in [6]. From this we have
L¥Q)® x L¥(Q)* = Ker(L) @ R(L)

and there is a-discrete set S C R containing no limit points such that (L — w)~t

exists and is compact for all w € C\S. The compactness follows from
(L-w)t'=L"'"+wl™Y(L-—w)!

and the compactness of L~!. For v € S. we want to solve

(I =(L-w)"'B) (E) = (L —w)"! (J) .
H K

Recall that w?éif2 — 1 #0forw € A = C\{w |w €R, |w| >wp}, soon A\S, B is
analytic and (L —w)~! exists: at w = 0, B = 0, so by the analytic Fredholm theorem
(for example [13]), (I — (L —w)~'B) ™" exists for all w € A\(SUS’) for some discrete
set S’ containing no limit points in A\S. The theorem follows with D = SUS’. O



Chapter 3

BOUNDARY DETERMINATION

| 3.1 Introduction

In this chapter we consider the inverse problem of determining the electromagnetic
material parameters at the boundary of the body from knowledge of the boundary
admittance map defined in the previous chapter. The approach is as in [3] where
knowledge of the Dirichlet-to-Neumann map was shown to determine the conduc-
tivity and all its derivatives at the boundary of a conducting body subjected to a
time-independent electric potential. The result in [3] was obtained for anisotropic
conductivities; here we shall restrict ourselves to isotropic parameters. The results
of this chapter are in [7].

The chapter is divided into two main sections. In section 3.2 we treat the situation
where the body @ C R® has defined on it three material parameters. its conductiv-
ity, electric permittivity, and magnetic permeability. In section 3.3 we consider the
situation of a chiral body.

We now define the problems more precisely. Take  to be a non-chiral body, a
smoothly bounded subset of R3. We shall assume that the conductivity v, the electric

permittivity o, and the magnetic permeability s are smooth functions satisfying the

following conditions:
v20, o 2o >0, B2 >0

throughout €. Suppose that a time-harmonic electric field with fixed frequency w is
applied to {2 and that the tangential component of the induced magnetic field at the



boundary of 2 is recorded. The electric field £ and magnetic field H are related by

Maxwell’s equations. which in Euclidean coordinates take the form
VAH =(y—-wo)E. VAE =iwuH

where A denotes the R® vector product. The boundary condition is ¥ A E|sq = F, the
tangential component of the applied field at the boundary (see section 3.2.2). The

tangential component of the magnetic field is then v A H. The boundary admittance

map, defined as in chapter 2. is
A F=vA ElaQr—) v A Hlsq.

The inverse problem being considered for the non-chiral body is then the following:
Suppose that we know the map A. From this information can we determine the
unknown parameters v, o and u at the boundary of Q? This question has been
answered in the affirmative in [15]. There Somersalo calculates the principal symbol
of A, and that of the impedance map which, when restricted to the Div-spaces, is
A~!. Here we use an alternate method to calculate not only the principal symbol,
but terms of lower orders of homogeneity in an asymptotic expansion for the full
symbol of A. This approach yields the determination of not only the parameters, but
further their normal derivatives at the boundary of Q. Furthermore, the technique
can be applied to the case of chiral media, and in section 3.3 we prove the analogous
boundary determination for a chiral body. In the case of a non-chiral body, interior
determination of parameters was shown to be possible from the boundary map, as-
suming prior knowledge of the parameters near the boundary (see [11]). To remove
this assumption in the unique determination of parameters throughout , it suffices
to determine the parameters and their first normal derivatives at the boundary; the
result of section 3.2 shows that such information is obtainable from A.

Remark. A Riccati-type differential equation for A can be derived by way of

equations (3.7) and (3.15) (see sections 3.2.1 and 3.2.2), and one may derive a “layer
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stripping” algorithm to estimate the parameters near the boundary, as was done in

[15]. In section 3.3 we point out the analogous derivation of a Riccati equation for

the boundary map in the case of a chiral body.

Section 3.2 is a treatment of the case of a non-chiral body and the details of the
technique are presented. In section 3.2.1 we rewrite Maxwell’s equations in local
coordinates as a second order system and derive a factorization by pseudodifferential
operators. Section 3.2.2 expresses the admittance map in terms of these operators,
and in section 3.2.3 we prove determination of the material parameters by way of

calculating the symbol of A as a pseudodifferential operator.

Section 3.3 follows the format of 3.2, but in the case of a chiral body. The precise

formulation of the problem is left to that section.

3.2 Non-Chiral Media

3.2.1 A Factorization of Mazwell’s Equations

Let Q be a bounded subset of R3 with smooth boundary. Our treatment is local
to a point p in the boundary of Q, and for the moment assume that p = 0 € 99,
Q2 C {z3 > 0} locally, and that 89 is locally characterized by z3 = 0. We consider a
general boundary point at the end of section 3.2. Let (E,H) € T’(Q)% x D’(Q)? be
time harmonic electromagnetic fields at frequency w. In these Euclidean coordinates,

such time-harmonic fields are related via the following form of Maxwell’s equations:

VAH = (y—-iwo)E = —iweE (3.1)
VAE = iwuH (3.2)

Here we use A to denote the R3 vector product, and define iwe = iwo — v. We also

assurmne that

V- (¢E) = 0, V- (uH) = o. (3.3)
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which physically means that there are no electric charge sources or magnetic poles.

Substituting (3.2) into (3.1) we obtain
—AE+V(V-E)—=(Viegu) AV AE —uw*ucE =0.
But V- (¢E)=0,0or V- E=—-FE-Vloge, and so
—-AE -V(E-Vioge) — (Viogu) AV AE —wueE = 0. (3.4)
We introduce some notation: write Vloge = (dey, des, de3), Vieg u = (duy, dpa, dus)
and let ; denote Jz; and D, denote —id;, j = 1,2,3. Let [ denote the 3 x 3 identity
matrix. Then if ' = (z,, ;) we may write (3.4) as
M(z,D)(E) = (D21 - A'I — M(z,Dp) —iP(z)D;, — R(z)) E =0 (3.5)
with M a 3 x 3 system of differential operators of order one in z’ and depending

smoothly on z3, and P(z) and R(z) zero order matrix multipliers. Here, A’ is the

two dimensional Laplacian in z; and z,.
PROPOSITION 3.1. There is a pseudodifferential operator B(z, D.+) of order one in
t’ and depending smoothly on z3 such that

M(z. D) = (DeyI — iP(z) — iB(z, Dy))(Dyy [ + iB(z. Do) (3.6)

modulo a smoothing operator.

For definitions and properties of pseudodifferential operators see [20].
Proof: We prove the existence of B by explicitly deriving its asymptotic expan-

sion, which is made use of in the sequel. From (3.5) and (3.6), we have
A'+i[D.,,B]+ M + PB+ B*+ R =0. (3.7)

Let B(z, D:r) = (Bji) have symbol b(z, ') = (bjx). Here ¢ is the dual variable to
D.,. Recall that the symbol of B;;Bi is 3__ ;(ag',bjz)(D;',blk), and so the symbol of

B? is the matrix

(ZZ —(Ggb; (D:’blk))



where 7 and k& index the components of the matrix. Similarly one finds that the
symbol of [D,.,, B] = ([D:,, Bjk]) is

labjk

it 0z, )

i(der1éy — duaba)  i(der + dua)éy i(des + dus)é;
m(z,§) = (mu) = | i(de, +du1)a  i(deaby — duy€y)  i(des + dps)s )
0 0 —i(dp &y + duqés)

The symbol of M is

and in terms of symbols. (3.7) becomes

— €' 12851 + Bsbji + Mk + Z Pubie + Z Z —(0gb)(DZbw) + Rie = 0. (3.8)

We write
bix ~ D b0(z,€)
q<1
with bﬁ-',’c) homogeneous of degree ¢ in £, and will determine the bﬁ) inductively in g,
thus proving the proposition. To this end, the terms in (3.8) with homogeneity of

order two give
~IEPS 3 B =~ + () =0

and we choose the solution (bf,l)) —|¢'|I. Next the terms homogeneous of order

one, together with b( ) = = —|€'|d;k give

0 = b(l)+ka+ZPJlb(l)+Z(b(l)b(°) (O)b(1)+ Z 3?: (I)Dab(l)

lal=1
. 0
= mj — P|€'| - 2|¢ lbf'k) .
Since we are solving only modulo smoothing, we put

mir — Pil€ -
bﬁ) = sk 2I£'I1k|§ I . (39)
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Continuing inductively, if ¢ < 0 (the case ¢ = 0 is similar), the terms homogeneous

of order ¢ in (3.8) are

) L a1(5) pa 1(a+lal=s)
0=0sb + > Pubf +3 . > o > b Dby :
{

I 0<lal€—g+2  q+lal-1<s<1
. . -1 . .
The only terms involving 5'%~") are when |a| =0 and s = 1 or s = g — 1 in which
B Jk

case

1 -1 -1 1 K -1)
D05 b + 6 e)) = —21g)Bl
{

and thus we set bﬁ-‘,':” =

1 1 ) Na -3
MpeT M- S LS opposape
{

2|& !
|§ I I ogla|<—q+2 g+lal-1<s<1
. s#£1,9—1 when |a|=0

3.2.2 The Boundary Admittance Map, A

It was shown in [16] that for all but a discrete set of w > 0, with no accumulation
points, the following Dirichlet problem has a unique solution: for F € THI%)iv(aﬂ),
let (E,H) € D'(R2)® x D'(Q)3 be the solution to

VAH=~weFE
VANE=wuH VA Elyq=F (3.10)

where v is the outward unit normal to the boundary of Q.

PROPOSITION 3.2. If E solves (3.10), then

8
523 E|, = BBl (3.11)

modulo a smoothing operator.
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Proof: Certainly, M(z,D)E = 0. Let (z’.z3) be local coordinates, for z; €
[0, T]. Since the principal symbol of M(z, D) is —|€|*[. the plane {z3 = 0} is non-
characteristic, and so M is partially hypoelliptic with respect to this boundary (see
[2] p107). Thus since E solves (3.10), E is smooth in the normal direction; that is,

E € C=([0,T}; D(R?))3 locally. By Proposition (3.1), (3.10) is locally equivalent to

(D, I +iB)E = U, VA E|;=0 = F, (3.12)
(D[ —iP —iB)U = W e C>([0,T] x R?)? (3.13)

with £ and U in C*°([0,T}; D(R?))? (again, (D, + i B) is hypoelliptic with respect
to the boundary). We may view (3.13) as a backwards generalized heat equation;
indeed with t = T — z,,, we have

aa—[tj — (B + P)U = —iW. (3.14)

By interior regularity for M(z, D), E is smooth in the interior of 2, and hence so
is U; in particular, U|;,=T is smooth. Now the principal symbol of B is ! = —|¢'|I

and so the solution operator for (3.14) is smoothing for ¢ > 0 (see [19] p134), and
(D [ +iB)E = U € C([0.T] x R??
locally. In particular,

Day El, g = =i BE|, o + Ul o

r3=0 —

which completes the proof since U], _, is smooth. a
Recall that if (£, H) solves (3.10) then the admittance map A = A(y,0,u) is the

map A : vA E|sq — v A H|sq where v = (0,0, —1) is the outward unit normal to the

boundary 9. From (3.2),

E, , G3E, — O\ E;5
A
-k, — m G3E, — OrE5
0 0

z3=0 £3=0
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By Proposition 3.2.
O3 E; = Bj1Ey + BjEy + Bj3Es, J=1.2.3,
and from (3.3)
OseE3 + 203F5 = — (0, + 016) Ey — (€0 + 8ae) Eo;
combining these, we have
(O3€ + €B33)E3 = —(c B3y + 0, + 016)Ey — (€ Bay + 20, + 0s¢)E,.

Let J(z, D;/) = (O3 + ¢ Ba3), and A'(z, D..) be a pseudodifferential operator of order
-1 in z’ such that the composition K'J is the identity modulo smoothing. Then A is
given by the 2 x 2 system with components for j = 1,2

1

A = 7 (OK = BjsK) (B3 + €0, + Bhe) + Byo)
1
Nz = o ((=0;K + ByaK)(cBay + 01 + die) ~ By). (3.15)

We write the symbol of J as j(zr.£') ~ Zzngl(zvfl) with j7; homogeneous of degree
[ in ¢ and given by

J1 = —z|€, Jjo = s + b, a=ebl), <o
To compute the symbol k of A~ modulo S, we write & ~ ng-x k-(z,€') and
consider the terms of decreasing homogeneity in the identity

l ! a ’ -
1= Z a(a?'k(l'»f (DS j(z,€&)) = the symbol of KJ.

le}20
3.2.3 The Symbol of A and Boundary Determination of u1, o,

In this section we show that knowledge of the boundary admittance map A is sufficient

to determine the unknown parameters o, v and u on the boundary of Q. Let

Mz' &) = A, €)) ~ <Z Aﬁ-z’)

q<1
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be the symbol of A. Since we are assuming complete knowledge of A. we know the
full symbol A(z’, €') for all (z/,£') € R? x R2
First. calculating the terms of homogeneity one in (3.15), one finds that the

principal symbol of A is

Wy o =L [~&& -§
A (wa)— iw,u(:r:’,O)I{'l ( 5? 6162 .

Thus the principal symbol of A determines u on the boundary. Note that A{!) then
also determines the tangential derivatives of 2 on the boundary. We remark that this
is the negative of the principal symbol calculated in [15], the reason for this being
that in [15] §; is taken to be the dual variable to id; = —D;,.

Next, we calculate the terms of homogeneity zero in (3.15). For example.

z'w,uz\ﬁ) =
i€16k_1bQ) — €1626k_y — €16, > 0gk_1 D2 + iiek_des + b — i€26 k.
lal=1

The symbols bgg), b(o) and b9 are given by (3.9), and (3.2.2) yields

-1

ko, = — k_
Tl : ’If’

’3 (1der[€'] + E1dpy + Eadpy + 261dey + 26,de,)
which gives
iwpA{P (', &) = 7|§'|3 (21€'Pdps — E162dpy — E2dpa + i6o|€' |dps) -

Since we have determined y, and hence du; and du,, on the boundary, )\ﬁ) deter-
mines dyug there; this is the only new information to be gained from all four of the
components of the matrix A9,

Remark. A similar analysis of the impedance map A~! shows that the two highest
terms of homogeneity in the expansion of the symbol for A~! determine ¢ and its

normal derivative at the boundary.
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To determine higher order normal derivatives of the parameters at the boundary, it
is necessary to continue and calculate the components of A(=1)(z’, £’). The calculation
is involved. but is straightforward in manner. To extract the desired information we
choose to set & equal to (1,0) and then (0,1). In what follows, f;(z') are known

functions of z’ (each is defined by functions alreadv determined). We find:

2wpA TN (1,0)) = i = dpids, — Hidey (3.16)
2wpA TN (0.1)) = fa = -dide, (3.17)
2wpAF( (1.0)) = fs = —dpide; — (1 + i)(2de? — de? — B,de,)

—(1 = 28)dds; — 2Ppe (3.18)
4iwpd GV, (0,1)) = fi = —B3dus + 201de; — 2wPpe (3.19)

4iwpdiTN(2' (1.0) = fs = OGsdps — 202der + 20’ pe
2wpAT (2, (0,1)) — fo = dugdey + (1 + i)(2de? — de? — Byde,)
+(1 + 2)Bydey + 2w’pe
2iwpAZ (2, (1.0)) - fr dyds, (3.20)
iwpAZ V(2. (0.1)) — fs = —duade, + Sade, (3.21)

It is easy to see that equations (3.16) to (3.21) determine the unknown parameters
on the boundary: (3.16) and (3.17) determine ds,, and (3.20) and (3.21) determine
dey; furthermore, the tangential derivatives of these functions are known. With this
additional knowledge, (3.18) gives €, and hence o and v, and then (3.19) gives 93dus.

Let us summarize these findings: recalling the definitions of ds; and du;, the
highest three terms of homogeneity in the asymptotic expansion of A determine o,
v, ¢ and d,u on 99, where 8, denotes the normal derivative. Since these functions
are known on the boundary, we remark that their tangential derivatives are also
known there. We remark further that A(-!) does not determine the normal derivatives
of o and «; it seems reasonable to expect A(-?) to determine these, however the

calculations become considerably more cumbersome. In fact we can expect A to
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determine the derivatives of all the parameters, of all orders, at the boundary.
We now consider the situation where dQ is not flat near p. In local coordinates
near p, if £ = 3, Eia_i-j’ denote by E°® the one-form E* = > E;dz’ obtained via

duality. Then Maxwell’s equations take the form
(«dE®)* = iwpH, («dH®)* = —iweE

where * is the Hodge-star operator for the metric induced from the Euclidean met-
ric in R3. and # reinterprets the one-form as a vector field via duality. We choose
local coordinates near p to be boundary normal coordinates (see [3] p1101) with the
coordinates for J) being Riemann normal coordinates. Then 99 is locally character-
1zed by r3 = 0 and the induced metric is Euclidean at p and has all tangential first
derivatives vanishing at p. With this choice the calculations reduce to those of the
flat case for the two highest order terms in the expansion of A. Thus by considering

A and A~'., the parameters and their first normal derivatives are obtainable at p.

3.3 Chiral Media

Suppose now that Q is a body with chirality described by a smooth function 3. In
this section we wish to apply the techniques of the previous section to determine 3
together with 4, o and v on the boundary of . The same arguments of section 3.2
regarding a general point on the boundary of 2 versus the case of a flat boundary
apply here and so we take 9Q to be {z; = 0} near 0. Recall from chapter 2 that for

a chiral body Maxwell’s equations have the form

VAE = iw(uH - BE) (3.22)
VAH = —iw(eE + 3H) (3.23)

together with the divergence free conditions

V.(uH -BE) = 0, V.-(eE+BH) = 0. (3.24)
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Here the parameters y, ¢ and 3 come from making a change of variables in the Born-
Fedorov formulation of Maxwell’s equations, and determination of these parameters
is equivalent to determination of the conductivity, electric permittivity, magnetic
permeability and chirality. See chapter 2.

The system employed here is not exactly the same as that of section 3.2. It is no
longer possible to use the divergence free conditions to decouple the system and find
the analogue of equation (3.5) in terms of £ alone. Instead we consider the electric

and magnetic fields together. Taking the curl of (3.22) and (3.23), we may write

o) = oa) () -2 ()
-A +V +w =27 (3.25)
H V-H VeA E H

where Z is a zero order matrix multiplier. The conditions (3.24) imply

V-E) 1 (—8VB—uVe) - E+(8Vu—uVE)-H
V-H Sh+08% \ (eVB—BVe)  E+(-3VB—:Vu)-H |

Further, from (3.22) and (3.23),

. -VunH 1 —eVunN 3VuA VAFE
W =
VoA E u+B2\_3ven —uvern ) \vaH

Combining these with (3.25), we obtain an equation of the form

E E
.wz,D)( ) = (Dia—A'—N(z,ozl)—iQ(z)Dm—S(x))( )=o (3.26)
H H

where N(z,D) is a 6 x 6 system of differential operators of order one in z’ and
depending smoothly on z3, and Q(z) and S(z) are zero order matrix multipliers. As
in Proposition 3.1, there is a pseudodifferential operator C(z, D.:) of order one in z’

and depending smoothly on z; factoring N as
N(z,D) = (D, - iQ(z) — iC(z, D)) ( Dz, + iC(z, D)) (3.27)

modulo smoothing.



3.3.1 The Admittance Map Il for Chiral )

Assuming that w is not a Dirichlet eigenvalue for the boundary value problem for
(s e,u,0), from theorem (2.1) we have: if F &€ THfl-)iv(aﬂ), there is a unique
(E.H) e D'(Q) x D'(Q) solving

VA E = iw(uH — 3E)

where v is the outward unit normal to the boundary of 2. With the analogous proof

of Proposition 3.2 we have for such solutions (£, H),

£(3<()

modulo smoothing. From (3.24) and (3.28), on 99,

() (7o) (= )] (2) -

(O1B + 801 + BC31 — uCe1) E\ (02 + 802 + BCa2 — uCs2) E-
—(Owp + 6y — 3C3s + pCes) Hy — (Oppt + 202 — 3C3s + pCes) H2
—(0he + €01 + €C31 + BCe1) E1 — (026 + €02 + €Ca2 + fCe2) E2
—(01B + B +Caq + BCea) Hy — (828 + B0, + Cas + BCes) Ha

Fii P Es 44
= , say.
Fa Fy H; W,

Let G be a pseudodifferential operator of order —1 such that GF = Id modulo

(3.28)

an

or

smoothing. We shall use II = II(e, 4, #) to denote the admittance map for a chiral
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body: using (3.22) and (3.23) this is the map

1 o)
( (8,5, 0,E3)) [ ZE, )
twp 7
E 1 3
—-E - ;-;“(aaEz — Oy E3) —-=E,
—_— ];:l + #
, =L (BsH, — 0, H) S,
e £
—Hll r3=0 ]_ 3
\ = (3sHy — 8,H) \-Zm )
twe r3=0 g r3=0

The components of the 4 x 4 system II can be computed in terms of C and G, for

example.

1
I, = E{Cn +(Cia+ Cis — 81)[G11(8:8 + B8, + BC3y — uCe)

3
—G12(026 + €0, + Cap + Bcsz)] } + ;

-1
M, = H{Cu +(Cis + Ci6 — 01) [G11(B1B8 + B, + BCx2 — uCez)
—Glz(ali + 531 + 5032 + 5062)] }
-1
I = E{C.;z +(Caz + Cas — 01)[G21(828 + 30, + BCz — uCe2)
—Gao(0ae + 0y + =Caq + Bcsz)]}
1
M3, = E{Cu + (Cy3 + Cys — 31)[G21(615 + 801 + 3C32 — pCe)
~Gn(Bie + <01 + <Coa + OCr)] } (3.29)

3.3.2 Boundary Determination of €, y and 3

Writing the symbol of IT as n(z',£’) = 71 (z’, €') ~ qu ”,('Z)» the principal symbol

Fl && & 0
1 K —ff -&1é2

Tr(l)(zl,fl) = —
wl¢'| 1 (—flfz —63)
J

of II is computed to be

0
N\ & L&




Clearly this determines p and ¢ (and hence o and +) at the boundary. The com-
putations for 7(©) are analogous to those for \. We outline the arguments leading

to the determination of the unknown parameters. In what follows, g;(z) are known

functions at each stage, and €' is chosen as appropriate.

T3 (2, (1,0) — gi(z) = o i 32 (3.30)
2, 0
714)(1' 1)) —ge(2') = ( 2#2:; 3#> p” iﬁz

and so these combine to determine J3u. Next.

Oap + 103 l
2w ep+ B2

71"{2)( ,9 (0, 1)) - 93(1?,) = <

determines sy + 32 which, with (3.30), gives 3. Finally
0) —i0:0
T (2 (—, —=)) — _—
11( (\/‘ \/— ) g4( ) 2&1(5# +,02)
determines 958.
To summarize. the two highest order terms in the expansion of 7 determine 3, g,

o and v, and the normal derivatives of each on 9.

3.3.3 Remark: Layer Stripping for Chiral Bodies

For a non-chiral body, a layer stripping algorithm was proposed in [15] to estimate
the parameters near the boundary. This algorithm essentially proceeds as follows:
from the boundary map A, the parameters are determined at the boundary. One
then strips away the known “surface layer” to expose a new boundary, and by way of
a Riccati-type equation for A, an approximate boundary map for the new boundary
is obtained. From this the parameters are estimated a little below the surface and
the proceedure can be repeated. The essential component of this algorithm is the
existence of a Riccati-type equation with which to advance the boundary map in from

the original surface. From (3.26) and (3.27), together with the fact that D., f(z’,0) =



0. we have the following Riccati-type equation for C:
KC=-C*-QC-AN-N-5.

Now we may calculate the composition of normal differentiation with II by way of
(3.29), in terms of operators which are determined from the symbol of II. This yields
a Riccati-type equation for II. and layer stripping may be applied in the case of a

chiral body.



Chapter 4

INTERIOR DETERMINATION
FOR CHIRAL BODIES

4.1 Introduction

In [17], Sylvester and Uhlmann proved that the conductivity of a body can be
uniquely identified from information obtained only from the boundary. If a time
dependence is introduced to the electromagnetic fields, the equations governing these
fields change from a single second order elliptic partial differential equation to the
full Maxwell’s equations. In [16] Somersalo et al. presented a boundary map for
time-harmonic fields at a fixed frequency and raised the question of whether the pa-
rameters describing the electromagnetic properties of the body could be determined
from knowledge of this boundary map. They showed that these parameters could be
recovered approximately provided they differed only slightly from known constants.
In [11] this assumption was dropped and it was shown that the parameters are re-
coverable provided they are known in a small neighborhood of the boundary of the
body.

In all these treatments, chirality is neglected. In this work we treat the case of a
chiral body, and so the constituent equations depend on a fourth parameter 3 which
describes this chirality. In [12] Ola and Somersalo simplified the proof of interior
identifiability in [11] by constructing a second order system of differential equations,
which has as its principal part the Laplacian, in such a way that solutions to this
system yield solutions to Maxwell’s equations. They were able to construct a system

with no first order part, that is a Schrodinger equation, and then use the results of



[17] to construct exponentially growing solutions. Here we follow this idea and show
that in the chiral case we are able to construct a system with the Laplacian as its
principal part which again yields solutions to Maxwell's equations. but which has a
first order term. Nakamura and Uhlmann [9] have developed a technique to handle
such first order perturbations of the Laplacian. and it is this technique we employ
here to construct exponentially growing solutions. The ability to construct these
solutions enables us to use complez geometrical optics to prove identifiability of all
four of the material parameters. in particular the chirality, throughout a chiral body.
The results of this chapter appear in [8].

In section 4.2 we state the problem precisely, present the main theorem (theorem
4.1) and briefly outline the proof which comprises the later sections. Section 4.3 sets
up the second order system: in section 4.4 we construct the exponentially growing
solutions. The proof of our result is brought together in section 4.5. Section 4.6 con-

tains a more technical proof of a result used in the construction of the exponentially

growing solutions.’

4.2 Statement of the Result

Let Q be a bounded connected subset of R® with connected complement and with
smooth boundary 9. We restrict our interest to time-harmonic electromagnetic

fields on Q, at fixed frequency w, i.e. if £ and H are the electric and magnetic fields

respectively then
E = e“'E(z), H =e“*H(z).
For such time-harmonic fields, from chapter 2, Maxwell’s equations are
VAE=iwuH - BE), VAH =—iw(eE + GH) (4.1)
together with the divergence free conditions

V. (uH — BE) =0, V-(cE + 8H) = 0. (4.2)



Recall that we are assuming that cu+ 3% # 0, which amounts to assuming the electric
and magunetic fields never become parallel.

The problem considered herein can now be stated.

THEOREM 4.1. Let (Q:cey,u1,31) and (Q; 22, g2, 32) be two electromagnetic’ bodies
L

with the same boundary 0). Suppose that Il = II,; that is, if F € TH}, (09) and

(Ej, Hj) solve (2.5) with parameters (&;,p;,08;) for j = 1.2, then

HlF =VvA Hllaﬂ =VvA Hglaﬂ = HzF.

Assuming that e, = €3, py = po and By = B, on 90, and the same is true for all

normal derivatives at 9N, then in Q,
€1 = &2, K1 = H2, By = Pa.

Remarks: (1) From chapter 3 ([7]), II determines the material parameters and
their first normal derivatives at the boundary. It is expected that the technique of [7]
would show that II also determines all the higher order derivatives at the boundary,
however the computations become unmanageable.

(2) The assumption that the parameters agree to all order at the boundary is
necessary only in the construction of the intertwining operators (see section 4.4).
These operators belong to the Shubin class which require smooth symbols. In [18]
Tolmasky showed that such intertwining operators may be constructed for equations
with non-smooth parameters. This technique should remove the necessity of the
assumption at the boundary, and further should lower the regularity assumptions on
the parameters throughout .

(3) In the case that 3, = 3, = 0, the result of [11] follows without any assumption
on € or u at 9N The reason for this is that exponentially growing solutions are
constructed without the need for intertwining operators, and so the parameters may

be extended outside  in a non-smooth way.
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Under the assumption of the theorem we may extend the parameters smoothly
to all of R?, constant outside Q. and so that s, = ¢5, y; = g, and 3; = J» outside 0.

Fundamental to the proof or theorem 4.1 is the following identity.

PROPOSITION 4.2. Let (E;. H;) solve (4.1) for parameters (z,,u;,3,), j = 1,2. If
Hl = Hg, then

/ﬂ((ﬁl =) (Hi- Ex+ Hy- Ev) + (e1 — 22)Ev - B2 + (p2 — y )Hy - Hy)dz =0
(4.3)

Proof. Integrating by parts. and using the definition of II.

/iW(EIEl'f-BIHl)'Eg dr = ‘/VAH[EQ dz
(7] Q
= —/ uAHl-EzdS(x)—/Hl-V/\Egda:
0N 9]

—/ H]El . E'z dS(.‘L‘) - / H1 . iw(ﬂgHg —ﬂggg)dz

n Q

and similarly

/iw(ézEz'f-BzHg) . E1 dr = —/ H2E2 E1 dS /Ho . ,ulHl - 31E1)d .
Q an

Thus

w./a((ﬁl —32)(Hy - B2+ Hy- Ey) + (61 — €2)Ey - By + (2 — 1) Hy - Hz)dl'

= / (II2E; - Ey — ILLE, - E;)dS(z).
an
The proposition follows if we show that

/ [I,E, - Ey dS(z / E, -1, E, dS(z).

Let (Eo, Hy) be the solution to (2.5) with parameters (€2, p2,082) and with



F=vA Ey|sq- Then

/(HQEQEI—EgngEl)dS(I)=/ (U/\HQ'EI—Eg'I//\Ho)dS(I)
an an
=/ (—HQ'V/\EQ—EQ'V/\HQ)dS(I)
an
=/(V/\H)'EO_Hz'VAEQ—EZ’VAHO+VAE2'HQ)d$
Q
= /(—iw(izEz + ,BQHQ) . Eo - Hg . iw(#gHo - ‘32E0)
Q

+ Ez . iW(EzEQ + ﬁzHo) + lw([,lgHz - J‘_)Ez) . Ho)dl‘

a

The remainder of the chapter is devoted to constructing sufficiently many suitable
solutions to Maxwell’s equations to conclude from (4.3) the claim of theorem 4.1. We
present now an outline of the proof.

The aim is to use compler geometrical optics in the manner of [17] and many
subsequent papers; that is we wish to construct exponentially growing solutions de-
pending on a complex parameter p and to examine the asymptotics as the size of p
gets large. Rather than construct solutions to (4.1) directly, we follow the idea of

Ola and Somersalo in [12] and introduce a new 8 x 8 system
(P(V)+ VI(P(V)+ V)Y =(A+N+Q)Y =0

where P(V) and NV are first order differential operators, and V, V' and Q are matrix
multipliers. We shall do this in such a way that if Y is a solution to this system, and

X =(P(V)+ V)Y

is such that the first and last components of X are zero, then the vector fields

((X2, X3, X4)', (X5, X6, X7)’") will solve Maxwell’s equations.
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We then construct exponentially growing solutions to (A + V + @)Y, =0 of the

form
Y, = e"?(yo., + ¥,)

with p € C® satisfying p - p = 0. with yo, an 8-vector which is constant in z and
chosen to depend on p in a convenient way, and v, constructed so that ¢, — 0 in
some sense as |p| — oo. In [12] where chirality was not taken into account (3 = 0)
the system above included no first order term N, and so the authors were able to
use the methods of [17] to construct exponentially growing solutions to a Schrédinger
equation. When 3 # 0, such a reduction does not seem possible, and so here we must
construct solutions to a first order perturbation of the Laplacian. The techniques
employed are those of [9] where Nakamura and Uhlmann constructed solutions to a
system of a similar form arising from elasticity.

The final ingredient is to set X, = (P(V) + V')e*?(yo,, + ¥,) and show that we
can choose yo,, in such a way that X, yields solutions to Maxwell's equations, and

to use these solutions in (4.3) to prove the claim of theorem 4.1.

4.3 A Reformulation of Maxwell 5s Equations

In this section we introduce a new system of differential equations, the solutions of
which, under certain restrictions yield solutions to Maxwell’s equations. We first

introduce the following 8 x 8 operator

0o V. 0 o0
V 0 VA O
0 -VA 0 V
0 0 V- 0 |

P(V) =

The domain of P(V) is T'(R?) x T/(R3)® x D'(R3)3 x D/(R3). We point out that

P(V)P(V) = A.
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Our aim is to find 8 x 8 matrices V' and V'’ and write
(P(V)+V)(P(V)+V)=A+N+Q

with /V a first order differential operator, and Q a zero order matrix multiplier. Then

if Y solves

(A+N+Q)Y =0 (4.4)

and we put
X=(P(V)+ V)Y

we would like (4.4) to imply that in some sense X solves Maxwell’s equations. The
advantage of this reformulation is that we are in the position of seeking solutions to

(4.4) for which a method is known.
We introduce some notation: for X € D'(R3) x D/(R?)? x T'(R3)? x D'(R3) we

shall write
X =(a, 4, B,b).

In order to have X a solution to Maxwell’s equations. we will find Y is such a way
that @ = b = 0; for the moment assume that this is.the case. We must choose V
so that (4.4) implies (4.1) and (4.2); in particular, the central 6 rows of (4.4) must

imply (4.1) and the first and last rows must imply (4.2). Let
V,,,=,:V22 st}’ and L=iw[513 /3[3:'
Vaz Va3 =313 pls
where V; are the 3 x 3 blocks in the center of V and I5 is the 3 x 3 identity matrix.
If in fact (A, B) are taken to be (F, H) (that is we don't rescale the fields in any
way), then (4.4) is equivalent to ..

(55)-()
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and so taking V,, = L we obtain (4.1). Now set

—JI. I -V3- Vu-
.W:[ 3#3}. V.M-=[ ' H }, and

U2 Ui3
"[3 3[3 Ve - V3- ) {;43

where 0y, is the 3-vector (vi2, V13, t14), D13 = (v1s, V16, U17), Ua2 = (Vss2, Us3, Us4), and

p—
o
Il
| ——|
=t
~

vys = (vgs, Uss, Us7) in V. Notice that under the condition that su + 32 £ 0, M is

invertible. Conditions (4.2) are equivalent to

V.FE E V.FE E
M + VM. =0, or =-M"1VM- ,
V-H H V-H H

and (P + V)X =0 implies
V-FE E
+ W =0
V-H H

1 (Ve +3VE). (uVB8-3Vpu)-
sut B | (BVe—:2VB)- (eVu+3VE)-

so putting

Vo=M"'VM. =

we have (4.2). At this point, assuming the first and last components a and b of X
are zero, we have determined the central 6 columns of V so that (4.4) implies that
the fields (4. B) satisfy (4.1). We now remove the assumption that ¢ = b = 0 and

choose the rest of V' and all of V' in such a way that
(P(VY+ V)(P(V)+ V) =A+N+Q

has as simple a first order term NV as possible. This term is determined by P(V)V’ +
V P(V); analyzing this row by row and making choices to eliminate first order terms,

we find that we may choose

iwp 512 1713 wpi —lWwE 1723 - 1722 - le
0 we wf 0 0 —wp —wf 0
V= , V=
0 —wf wu 0 0 wf  —iwe 0
—zwﬁ 1742 1743 we zw/3 1.733 —632 —zwy J
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and obtain the first order term

T12-V —013- VA 012-VA §13-V
0 0 0 0
0 0 0 0
Ug2-V —Us3-VA Ugp-VA 045-V ]

N =

We remark that N has compact support since its components consist of derivatives
of the parameters, which are constant outside of a compact set. The zero order term
@ can be calculated easily, but as it will not be needed here we shall not present it
explicitly.

Remark: A natural question to ask is, by rescaling the fields (E, H) can a system
be found that has no first order term, in which case we would have a Schrédinger
equation? Such a system was achieved in [12] for a non-chiral body by rescaling the
fields. For a chiral body, however, the answer to this appears to be no; suppose that

we write (A, B) = R(E, H) for some invertible matrix R of the form

T‘u[s rizfs

R= ,
7‘21[3 T2213
and we set
-~ Vi, Vi ~ -3 I
Vo= 32 33 . and L =iw B3 i3
Vaa Vas —elz =313
then we find that to satisfy (4.1) we must set
V. = ~VRAR™'—RLR™
Vo = =VR-R'+RM™'VYM.R™!

(the notation should be interpreted in the way that makes sense), and this results in

a first order term whose non-zero components are given by the components of

—2VRAR'+RM™'VM .- R
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we conjecture that there is no choice of matrix R which makes this zero. In [12] the

rescaling matrix is

and an easy calculation shows that the first order term vanishes when 3 = 0. An in-
teresting observation is that no matter what choice of R is made. the system obtained
by following this construction always leads to solutions to Maxwell’s equations. The

proof of this is more involved than what is presented here. but the same program

carries through.

4.4 Construction of Solutions - Intertwining Operators

Recall that we wish to construct solutions to (A + N + Q)Y = 0 with Y of the form
Y =e"*(yo, + ¥,). For p € C° with p - p = 0 define the operators

A, =e*"A(e7?-), and N} =e TN +Q)(e™*-)

and so we wish to solve
(A + N5 ) Yo, + ¥,) = 0. (4.5)

We specify v, later by prescribing its asymptotic behavior. Generally speaking, our

approach is to construct pseudodifferential operators A,, B, and C, of order zero

and depending on the parameter p so that
(A, + N:)Ap(yo.p + %) = Bo(A, + Co) (0.0 + ¥5)-

For sufficiently large p, A, is invertible, and we shall always take our operators to
be properly supported, so that there is no problem defining compositions. This
reduction to a zero order perturbation of the Laplacian enables us to use the ex-

tensive knowledge in the literature of constructing exponentially growing solutions.
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Such solutions have been used extensively in identifiability results, initiated by the

conductivity result of [17].

We introduce the class these “intertwining operators” belong to. Let
Z={peC®||p|>1. p-p =0}, and denote by LO(R3, Z) the Shubin class of order
zero (see [14], section 9). We refer the reader to [9] for a discussion of the Shubin

class of operators, and repeat some important properties here. Most importantly we

define the symbol class of L°(R3. Z).

DEFINITION 4.3. Let p € Z; then a,(z,&) € S°(R3, Z) if and only if

1. a, € C°(R3 x R3) for each fixed p € Z, and

2. for any multi-indices @, § and compact set A~ C R3. there exists a constant

Cas.x > 0 such that
sup |08 0a,(z, )| < Cask(l + €] + |p])H!
forany E€R3. pe Z.

We say that q, is the full symbol of A, in the same way as for usual pseudodiffer-
ential operators. We say 4, € L%R3, Z) is properly supported if there exists a closed
set H C R? x R3 such that the support of the Schwartz kernel of A, is contained
in H for all p € Z and the projections of H onto each factor R3 are proper. We
note that if A, € L%R3, Z) is properly supported, then we may expand the symbol

o(A,)(z,€) of A, asymptotically as
~ 1
F(A)(2,6) ~ D, =08 D5a,(x, Y, €)ly=e

PROPOSITION 4.4. Let ¢ € CX(R3) be such that ¢ is identically one on 2. Then
there ezist operators A,, B, and C, in L°(R3, Z)®*8 such that

(Ap + N:)Ap = By(A, +¢Cpp) (4.6)
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We leave the proof of this to a later section. Let
L= {f e [2(R): |fl} = / (1 + 2P| f(2)2dz < oo},

and for s € R let H} be the associated weighted Sobolev space. Assuming (4.6) we

have the following proposition:

PROPOSITION 4.5. Let —1 < § < 0 and yo,, be an 8-vector constant in z and bounded
in p. Then for sufficiently large |p| there ezists v, € HZ(R®)?3, and constant C

depending only on 8. o and C, such that
(Ap +¢Co2) (Yo, +v,) =0

and
%

e (4.7)

”wp“H} =

Proof. We have Ay, = —pCrpoy0, — 9Cop¥,; from [14] C, : H*(R3)® —» H?*(R3)8
continuously with operator norm independent of p, and since ¢ is compactly sup-

ported. 9C,y0, € HZ, (R3)3. Let ro > 0; by [17]. if [p| > ro > 0, we may solve
prio) = —pCryYo.,
for ¥ € H}(R®? and from the estimates for A7t in [17],

Cl(ro, 8
140 < S oComn i,

In general, for any j, ¢C,pp¥ ™" € HZ_ (R3)?® and so for |p| > ro we solve
A,,l/)f,” = —<pCp~pwf,j_l)

with

”¢(J')”m < C(ro,9) (C'(‘P, C,)

J
0.0 (LN ool
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choosing |p| large enough and putting v, = 3 2, »Y), we have v, € HZ(R3?® for

sufficiently large |p|. and

C

2 < —.

Furthermore, (A, + ¢C,#)(yo., + v,) = 0. a

Thus we have a means to construct solutions to (4.4). We have
(8 + V) Ao, + 1) = 0,
and introducing a cut-off to gain compact support. we put
Yo = e™"pAs(Yo, + ¥0); (4.8)

then in @, (A + N 4+ Q)Y, = 0. In order to construct solutions Y, so that X, =
(P(V) + V')Y, are solutions to Maxwell’s equations, we must ensure that the first
and last components of X,, namely (a, b) are zero. We introduce the notation P(p)

to be the 8 x 8 matrix where p replaces V in P(V).

PROPOSITION 4.6. If yo, is chosen so that the first and last components of
P(p)A,yo., are zero, then the first and last components (a,b)’ of X, = (P(V) + VY,

are Zero.

Proof. We first show that (a,b)’ is harmonic. Since (P(V) + V)X, =0,
cE+(H
Al %) +iwv. PHY Lo,
b —BFE + uH
But

o ( E+BH \ _ | Ve VB B\ | e 8|(veE
—BE+uH | | -v3. Wu. H B ul|\Vv.H

_ Ve VB | e 8|, oy E

-Vg3- Vu- -8 u H

= 0,
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which a straight-forward calculation shows. Thus A(a.b)’ = 0. Next we use the fact

that X, = (P(V) + V")Y,:

X, = (P(V)+ Ve 0 Ay, + ¥,)
= er.p{P(P)‘PApyO.p + P(p)pAs ¥, + P(V)p A (Yo, + v,) +
VoA, (Yo, + wn)}

= e"?{P(p)eAoyo, + X}, say.
a (¢]y] a,
= TP +
A, e = — o .
b, bo

Now X, € L (R%?® and has compact support, so in particular (a,,b,)’ € LZ(R3)2.

loc
From [17], A, is invertible on L? and since (aq, b9)’ = (0,0)’. the proposition follows.
a

If we write

then

We will show later. in the proof of proposition 4.4. that the symbol a,(z, &) of A,

is of the form

a;y a2 -+ a17 as
0 0
lg
0 .0
| @81 ds2 --- dag7y ass J

where g is the 6 x 6 identity matrix, and that a,(z, £) is homogeneous of degree zero
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in € and p. Thus

P (Y2, y3. ys)

(@1 - Yo,)p + P A (s, Y6y Yr)
P(p)pAsgo, = | 7 (4.9)

(as. - Yo.0)p — P A (Y2, Y3, ys)

P (y57 Ys, y?) i

where y; are the components of yp, and &,. and ds. are the first and last rows of

a,. To satisfy the conditions of proposition 4.6 we must therefore choose yo , so that

P (y2,¥3,¥4) = p- (ys, Y6, y7) = 0.

4.5 Proof of Theorem 4.1
We first investigate the asymptotics in p of A,.
PROPOSITION 4.7. If f € L}(Q)® then for all z € Q,

A f(z) = a,(2,0)f(z) + R, f(z)

modulo smoothing, and

R, flle2q) < fllzza
| By fllz20) 1+|p|“ [L2(q)

for a constant C > 0 independent of p and f. Recall that a,(z.£) is the symbol of
A,.

Proof. Let x € C>(R3) be such that x(z) =1 on {|z] < 1}, x(z) =0 on {|z| > 2},
and let o(y) € C=(R3) be such that

o(y)=1on {y| 3 r € Q with x(z — y) # 0}.
For z € Q,
Afle) = [z — y)ayln,€)f(u)dy de
+ f D1 — x)(z - y)a,(a, €) fly)dy de
B / eV ex(z — y)ay(z, E)(o f)(y)dy d + g ()
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where g, € C(R3)8 since the second integral is smoothing. Here we have used o =1

where y(z — y) # 0. Expanding x in a Taylor series about y = z we have, modulo

smoothing,

A4,f(z) = / eI (2. €)(0 f)(y)dy de
- / e=a,(z.€)(a F)(€)de

where g denotes the Fourier transform of g. We now expand a,(z,£) in a Taylor

series about £ = 0 to obtain
A,f(z) = / €= a,(z, 0)(a )(€)de

+f =3 / (96,0,)(z £€)dt(o F)(€)de

=1

= a,(z,0)f(z) + R (o f)(2)
modulo smoothing. Let &( Rf,l)) denote the symbol of Rf,l); on the one hand, since
a, € SO(R:!’ Z)8x8

Cl¢|
1 + |p|

l5(RM)| =

3 1
>6 [ Gaa i <

=1

for some constant C' > 0, but on the other hand. since (R{!) = a,(z,€) — a,(z,0),

it is homogeneous of degree 0 in £ and p, and so

C
(R < i
[6(R,")| < T3]
Therefore,
C C
(1) < — < )
IR, (o f)llz2e) < T llo fllLamsy < T+ 10l I fll 2oy

We have denoted R,(f) = Rf,l)(df). O
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COROLLARY 4.8. If f € H?(Q)® then there ezxists a constant C > 0 independent of

f and p such that
P(V)A,f(z) = (P(V)ay(z.0))f(z)+ a,(z,0)(P(V)f)(z)
+R,(P(V)f)(z) + R, f(z)

modulo smoothing, and with

C
R +||R <
” p”L’(Q).L’(Q) ” p”L’(ﬂ),L’(Q) > 1+ Ipl

Here || - ||L2(q).c2(q) denotes the operator norm.
COROLLARY 4.9. If X, = (P(V) + V")Y, and Y, is as in ({.8), then in Q,
X, = e"?(P(p)a,(z,0)yo, + W,)
and there is a constant C > 0 such that
[Wollay < C.

Proof. We have

X, = e"?(P(p)Apyo, + Xp.s)
where

Xos = P(p)Astby + P(V)(Apyo, + Asthp) + V' Ap(Yo.0 + 15)-

Applying proposition 4.7 and corollary 4.8 together with the estimate (4.7) from

proposition 4.5, the corollary follows. a

Let F) and F, be the projections so that F1X = E = (X, X3,X,) and [, X =
H = (X5, Xs,X7). In constructing solutions to use in the identity (4.3), we must
make choices of p; and yo,, in such a way that, for example, the inner products

H, - E; and H; - E, grow in |p| at a different rate from the products E; - E; and
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H, - H,. This will enable us to isolate the (3, — 3,) term. From corollary 4.9 and
expression (4.9) the fields have the form
E = e FP(p)ay(z,0)yo, + O(s°)
= e"*[(a@1. - Yo.,)o + p A (ys, Ye, y7)] + O(s°) (4.10)
H = e FP(p)ay(z.0)yo, + O(s°)
= €"(@s. - yo.,)p = p A (Y2, y3,44)] + O(s°) (4.11)
and so our choices for p and yo,, are to control the growth in |p| in the inner product

of such terms.

We now make these choices for p; and yo,,. Fix k € R3and for s € R. s > 0, let

n, £ € R3 be such that
(n, k) = (n,&) =(k,€) =0
2
Inf? = I%I-+sz
l¢1* = 1.

Notice that 71 is of order one in s and £ and k are bounded in s: as evident in the

following expressions for p;, |p| grows with the parameter s. Set

o1 =U+i(§+s§)
p2 = —n+i(§ —sf)
so that
pr+p2 =1k (4.12)
pi-pi=0,7=12

To specify yo,,,, we define y;, y, € C° as

1 . 2 )
Y= ;(1 +1)€ - l—k—li(l + 1)k

1 . 2 3
Yo = ;(1 - 1) + W(l i)k
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and set
Yo,y = (0’070,0,"’3/1"‘ 0)
yovﬁ? =(07'.'y2... 70?090,0)-

Observe that yo,,, is bounded in s, j = 1,2, and with this choice

pj'yj=09 j=172'

This ensures that the conditions of proposition 4.6 are satisfied, which in turn en-
sures that the divergence free conditions of Maxwell’s equations are satisfied by the
constructed fields. As evident in the expressions (4.10) and (4.11), to compute E,

and H,, we must compute p; A y; and p; A ya:

_ k| 2s 2|n| In|
mim = (2s|n|+|knnl)’7 IR

. || 2s 2In| ] }
- k
*’{( "3|17|+lkllnl) kSt S

_ 2|ni
= Ikll I(1+ i) + ] (14 +0(s°)

where we have used the fact that n is of order 1 in s and k and £ are bounded in s.

Similarly,

_ 2l
P2 Ny = — |k” I( +i)n + I&] —(1 =12)§+ O(s%).

For j = 1,2, given the chosen p; let X, be solutions constructed as in section 4.4
with parameters (¢j,u;,5;). Using (4.10), (4.11) and (4.12), we have
E\-H, = e+ F P(p1)a,,(,0)y0,, - F2P(p2)an(z,0)y0,, + O(s°)

= €@ Yo )01 + p1 Ayt] - [(@ras. - Your )2 — P2 A ] + O(°).

In this expression we wish to calculate the highest order terms in s. To this end,
b = Ik =0(s0),
pr-(P2Ay2) = (p1Ap2)-1a
(=55tn = dtnllKl) 31 = 0(6)
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and

(1 Ayr) - (p2 A y2)
2s 20l ;L ae) . (2 2n|
(Ik” L+ i+ (1 + )€) - (- L+ (1 i)€) +0(s)

L
_ 8inj? )
1£7||2‘ — i)+ O(s)
52 .
= ITP'(]. - l) + O(S)
Thus
El-Hg=e Iklz(l—l + O(s).

It is the second-order growth in s of this term which isolates it from the remaining

inner products in (4.3): by the choices of Yo,0, and the above calculations, we have

E-Hy = e F\P(p2)ay,(z,0)y0,, - F2P(p1)a,, (z,0)y0,, + O(s°)
= e Mapn1 Y0,0,)P2 * (@pr8 ~ Yoo )1 + O(s°)
= O(so),

and similarly

El'Ez = O(S)
Hi-H, = O(s).

We may thus use these solutions and the s-asymptotics in the identity (4.3). We

have

0 = lim =~ ""((ﬂl )Iklz(' )+O(s))dx

=0 32 N

. 8
iz-k -
= /e (ﬂl —_ Bg)W(Z - l)dI
where we have used the fact that 5; and G, have been extended to be equal outside

Q0. This holds for all non-zero vectors k in R, and so by inversion of the Fourier

transform we have 8; = 3, throughout . .



With the knowledge that 3, = 3,, identity (4.3) becomes
/((51 —&)Ey - By + (u2 — ) Hy - Hy)dz = 0.
n .

We must now make similar choices of p; and yo,, to isolate (&, — £2)E; - E;. We

choose p; as before, and

Yo, = (0,0,0,0,---y;---,0)
Yoo, = (0,0,0,0,---y2---,0).

With these choices, computing as before we find

k83
|&[?
H1 - H2 = O(S )

E,-E, =—(1—1) + O(s),

We thus obtain €; = €; in the same manner, and finally that p;, = p,.

4.6 Proof of proposition 4.4

Let S, = Char(4,) = {£ € R®| - [£]> +2ip- £ = 0}. In a neighborhood of S,, we

will construct A,, = B,, and so in such a neighborhood, (4.6) is equivalent to
(A 4]+ NFA, — A,0C0 = 0. (4.13)

We define A, by defining its symbol a,(z.£) € S%(R3 x R® x Z)8*8, an 8 x 8 matrix.
Write

p =n+1k, with n,k € R3,
Computing terms of homogeneity of order 1 in £ and p in (4.13) we have

1
(L1 +iL2)a® + -2|—|n,,a<°) =0 (4.14)
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where a!’ ) is the principal svmbol of 4,,
3 3
l d 1
P z:: '3z, Pl g "

and n, is the principal symbol of .V}. Observe that so long as L, and L, are linearly

independent. there is a change of variables mapping L, + i L, to 9 where

- 1 ad 0
0= (azl a—)

in some of the proofs that follow we shall assume that L, + iL, = 9 to simplify the
exposition. [t is easy to see that L, and L, are linearly independent on and hence
near 5,, which for fixed p = n + ik is the circle orthogonal to n of radius [k| and
center —A.

We now describe a partition of unity of R?-space which depends smoothly on p,
and which divides the space into a tubular neighborhood of S, and the complement.

Let

U, = {feR3||f—sp:<f.:px}, U?.p={€€R3H§—Spl<N-Ipl}

3v2
l
U, = <EeR*||6-5, > _:'}. U?:{ eR® ‘—SJ>— }
= {eer s b w2 {eeriie-sis o
For [p| = 1 let {31,,2.,} be a partition of unity subordinate to the open cover

{th , Us ,} of R?, depending smoothly on p, and such that
S, =1 on i, and 22, =0o0nlU],.

Then {€ | 31,(&) = 1 and £2.,(€) = 0} is a tubular neighborhood of S, of radius
Ip|/3v/2. On this neighborhood. L, and L, are linearly independent. Now extend
Pi.0 to all of R x Z to be homogeneous of degree zero in € and p for |p| > 1 say, and
arbitrarily for [p| < 1; that is define
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SO

A
e ASYPY

PROPOSITION 4.10. Let ~1 < § < 0. There is a unique a\)(z,£) € S%RS3, 2Z)

"raj,.\p(’\f) = ( )= 50] ﬁ(| I ‘rai,p(f)-

solving (4.14) with o — [ € L? }(R3); furthermore, a is invertible for large p.

Proof. We shall only need the solution on the support of (3,, where L, and L, are

linearly independent, and so we shall prove the result for J:

= 1
520 + L, 20— .
a,”’ + 2|pln,,a’, (4.15)
Write ) = d, + I, and d, = 8d,; thus we must solve
- 1
I+ — n@")d:——n. 4.16
(143 ST (4.10)

We shall need the following lemmas.
LEMMA 4.11. If -1 <d§ <0 then

W‘I'n 3— L§+1(Ri) - L§+1(Ri)

is compact.

Proof. From [10] Theorem 2.1 (withn =3, p=p' =2. p=4§, m =1, r = 0), for
v € C3°(R?)

lolley < Clldvllea,,

and since H} is the completion of C°(R?) in this norm, the same estimate holds for

all v € Hj(R?) such that dv € L},,. Thus
97': L}, — H}
continuously. Since n, is compactly supported (in z), we have

2 g-1 n incl
Lssy ? Hsl ‘ct—i* Hl(supp(n,,)) -w‘mlpa’c';* Lz(supp(n,,)) —’ L6+1
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LEMMA 4.12. The equation

1 =_1\ 3
<[+-2—|an6 )dp=0

has only the trivial solution in L} ,(R32).

Proof. With d, = §-'d,, we show that d, = 0 is the unique solution in L? to
od, + —

Since supp(n,) C {z | |z| £ R} for some R, d, is analytic for [z] > R. From

-1 1 n,(w)d,(w)

- dw A dw
2mt Jiy<p 2 —w 2p|

dy(z) =

it follows easily that d,(z) decays to all orders at infinity; since d, is also analytic
in a neighborhood of infinity, it follows that d,(z) =0 in a neighborhood of infinity.

Now by (Cor. 5.3.8, [21]) unique continuation implies d,(z) is identically zero. = O

From the above lemmas and the Fredholm alternative, there is a unique d, € L? 1
solving (4.16), or if we write a = [+8-'d,, a" ~ [ € L%(R3) and a!¥ solves (4.15).

To prove that a? is invertible we exploit the structure of n, (see section 4.3)

- -

Uiz (p+1§) —DiaA(p+i) TrAlp+i) b (p+ i)
0 0 0 0
0 0 0 0

_1742'(P+i§) ~Ug A (p+18) T2 A (p+if) gz - (p+i€) |

This implies that ') is of the form

[ afz(.)l)l al, ool ) ]
0 0
Is
0 o
ol ol i, |
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where [ is the 6 x 6 identity matrix. It follows that

(0) (0)

0)y _ p11 0,18 _ ~(0)
det(af, )) = det o o |= det(ay”’), say,
a,81 %88

and &f,o) satisfies

a_ago) + —1_ Nyi11 Npy.18 &E,O) — 0
2|p| np.8l np.88
and so det(a'") satisfies
- n n
ddet(@®) +tr | M T | det(a®) = 0. (4.17)
Np81 MNpss

Furthermore, a{”) — I € L}(R3) implies | det a{” — 1| = 0 as |z] = co. From this and
the compact support of n,, (4.17) has unique solution with det(&f,o))—l € Li(R)given
by det(al”) = e~ where dr = (1/2lp])(Rp11 + npss). Thus detal” = detal® # 0
and af,o) is invertible. The smoothness of af,o) follows from differentiating equation
(4.15) and from the fact that the change of coordinates transforming L, + iL, to 3
is smooth.

We define aE,j ) for J < 0 iteratively to be homogeneous of order j in £ and p by

considering terms of homogeneity j + 1 in (4.13) and write a, as an asymptotic sum

of the af,j ). This completes the proof of proposition 4.10. O

Recall that we have been restricting ourselves to a neighborhood of S, where we
may consider L; +iL, to be J; now define a, on all of R3 x R? x Z, by taking
P18, + P2,,] - abusing notation, we shall call this a,. Since (;, are homogeneous
of degree 0 in € and p, a, € S°(RI x R? x Z,).

To achieve (4.6) we now define C, € L°(R3, Z) by

AppCop = [Ap, Af] + N:Ap (4.18)
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for large |p| so that A, is invertible. Next we define B, € L°(R3, Z) by
B, = 14, + @2,(8, + N:)AD(AP +¢C,p)™" (4.19)

observing that A, + ¢C,¢ is invertible on supp@2, which is disjoint from S,. To
summarize, where ¢, , = 1, A, = B, and we have (4.6) via (4.13); where 3,, =1,

(4.19) gives (4.6), and in between,

Bp(Ap + ‘PCp‘P) = Sal.pAp(Ap + ‘PCp‘P) + ¢2.p(AP + N:)Ap
= (‘151.19 + ¢2.p)(Ap + N:)Ap

by (4.18). This completes the proof of proposition 4.4. a
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