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This thesis provides several contributions to data-driven techniques for modeling spatio-

temporal data, both developing the theory of existing methods and proposing new tech-

niques. These methods leverage underlying structures, namely low dimensional and sparse

representations to extract meaningful representations for a variety of dynamical systems.

We first focus on the dynamic mode decomposition (DMD), a popular dimensionality

reduction technique, which assumes the data is governed by linear dynamics. We show

that mean subtraction improves the performance of the method, explicitly characterizing

the behavior theoretically and corroborating the results with real world datasets. This con-

tribution is particularly significant as previous results have shown that mean subtraction

has undesirable effects. We next transition to modeling nonlinear dynamics, and propose a

dimensionality reduction method for time-varying linear dynamics. Our method, the spa-

tiotemporal temporal intrinsic mode decomposition (STIMD), leverages spatial correlations

to decompose data into a linear combination of intrinsic mode functions (IMFs). IMFs have

the beneficial property that they have well-defined instantaneous frequencies. This method

robustly models nonstationary signals, while still preserving much of the interpretibility of

linear methods. We then unify results from differential geometry, time delay embeddings,

and dimensionality reduction to show that nonlinear dynamical systems may be decomposed

into a sparse and structured linear dynamical model plus forcing. We use this perspective



to explain observed behavior in the recently developed Hankel Alternative View of Koop-

man (HAVOK) algorithm. We further propose modifications which not only more closely

align with theory, but also improve model stability and reconstruction. Finally, we propose

a new framework, uncertainty quantification for sparse identification of nonlinear dynamics

(UQ-SINDy), which utilizes compressed sensing and Bayesian statistics to directly extract

governing equations from data, providing explicit quantification of uncertainty in the model.

This method is particularly powerful for systems which have sparse nonlinear representations

and yields state of the art accuracy.
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Chapter 1

INTRODUCTION

The analysis of spatiotemporal signals is of critical importance for characterizing emerg-

ing large-scale measurements in a wide variety of scientific and engineering applications.

Significant advances in sensor cost, data storage, and processing power have led to a rapidly

increasing availability of data in domains including neuroscience, atmospheric sciences, and

finance, to name a few. For the majority of these applications, the underlying dynamics are

nonlinear, non-stationary, and the governing equations are poorly known at best. Therefore,

data-driven modeling tools have become increasingly central, and the ability to extract in-

terpretable structure and provide physical insights are crucial for advancing the field. This

has motivated the study of dynamical systems with the goal of identifying and analyzing

these systems. One key area of focus has been to model these systems, which allows for

characterization, prediction, and control. Although many spatiotemporal datasets are very

high dimensional, these systems can typically be well-represented by a small number of co-

ordinates, which has increased interest in the development of dimensionality reduction and

sparsity promoting techniques. Although these methods have shown great performance on

data, much of their theory is not fully understood. The body of this work is divided into

four chapters, in which we contribute to the theory of existing methods and propose both

new methods and modifications to improve performance in modeling these systems.

1.1 Data Driven Discovery

In recent decades, there has been a rapid growth in measurements of systems generated by

complex, nonlinear dynamics. Discovering meaningful representations of these dynamics are

a long sought after goal, allowing for better characterization, prediction, and control. With
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decreases in sensor cost and increases in computing power, focus has increasingly turned

towards data-driven techniques for discovering these meaningful representations in which

the governing dynamics are easily identifiable.

Utilizing data-driven methods for physics discovery is nothing new. As a prime example,

in the early 1600s, by studying data from the orbits of Mars [197], Johannes Kepler proposed

three governing equations to described planetary motion. Additionally, in the early 1800s

Gauss utilized the novel least squares method to accurately estimate the trajectory of the

dwarf planet Ceres with limited data even when the problem was believed to be intractable.

With recent advances in computing power and computational techniques, data-driven meth-

ods have become increasingly popular tools for analyzing these high dimensional systems.

These methods have shown state of the art performance, for tasks such as forecasting [192],

and control [11].

Although a promising approach, performing data driven discovery in a principled way

presents many challenges, as meaningful representations of data are typically system de-

pendent. Further, many of these methods are empirical in nature, thus making it difficult

to determine their performance on unseen data. In this work we will primarily focus on

two sets of techniques, modal decompositions and sparse identification of governing equa-

tions, exploring the theory of these methods and providing modifications in cases where their

performance is limited.

1.2 Modal Decompositions

Modal decompositions are dimensionality reduction techniques in which the goal is to de-

compose data into a linear combination of interpretable states. These methods are prevalent

throughout physics. Examples include in classical mechanics decomposing coupled oscilla-

tors into sums of normal modes [9, 70, 204, 108, 170, 189], in quantum mechanics decom-

posing the hydrogen atom in a linear combination of eigenstates [34, 45, 185, 176], and in

electrodynamics decomposing the fields in a waveguide into a combination of TE or TM

modes [76, 153, 188].
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More formally, we can think of our data as a matrix X ∈ Rm×n. If our data lies in an r

dimensional space (and therefore consists of r modes), our goal is to learn a decomposition

X = UV ᵀ, (1.1)

where U is an r dimensional basis of the system and V are the associated coordinates in

this basis. For example, in the case of a spring mass system, the columns of U provide

information about the relative orientations of the masses, while the columns of V describe

the temporal evolution of these spatial modes. We define r to be the rank of the data.

This problem of choosing U and V is highly underdetermined. There are in general,

many solutions for U and V that satisfy X = UV T , and different assumptions may be

incorporated depending on the application. In this section we will discuss several recent

methods which play key roles in the following chapters.

1.2.1 Linear Dynamical Systems

One of the most popular modal decompositions for dynamical systems is the dynamic mode

decomposition. This method originated in the field of fluid dynamics starting with Peter

Schmid [180, 181], and has since been applied in a wide range of fields, including neuro-

science [29], the stock market [141], and climate science [124].

For this method we assume that we have a set of snapshots x1, . . . ,xn ∈ Rm, which are

governed by some nonlinear dynamics xj+1 = F (xj), where F is unknown [213]. The goal

of DMD is to determine a best linear approximation

xj+1 ≈ Axj. (1.2)

With the linear dynamics matrix A, we can then compute its eigendecomposition. The

resulting eigenvectors vi, also known as the DMD modes, are the spatial modes of the

system while the eigenvalues λi correspond to the frequencies of the system. Most notably,

using the eigendecomposition we may reexpress the data in the form of (1.1), where vi are

the columns of U and the columns of V are of the form exp iωit, where ωi = ln(λi/∆t).
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In general, m may be very large and solving for A ∈ Rm×m may be computationally

prohibitive. Many techniques have been developed, including the companion matrix ap-

proach [180], Exact DMD [213], and optimized DMD [12]. Furthermore, there have been

a wide variety of modifications to improve performance for specific applications, including

control [163] and uncertainty quantification [201]. DMD is particularly attractive due to its

computational simplicity and its interpretability. This has allowed for explicit characteriza-

tions of many properties such as the effects of noise [50, 84].

From a physical perspective, DMD is very similar to the extraction of normal modes.

However, there is one key difference. Namely, when computing normal modes we choose to

linearize about a fixed point, while in DMD we do not. From a data standpoint this is very

similar to mean subtraction and is a common preprocessing step for several methods, such

as PCA [228] and artificial neural networks. However, the effects of mean subtraction on

DMD remain unknown. We will explore this relationship further in chapter 2.

1.2.2 Time Varying Linear Dynamics

When modeling dynamics with linear methods, such as the dynamic mode decomposition

and the Fourier transform, we typically assume that our data consists of a linear combination

of complex exponentials, or in the case of stable dynamics, sinusoids x(t) = a cos(ωt). Data

of this form satisfies ẋ = Ax. As a first step towards modeling nonlinear dynamics we can

relax these assumptions so that A is a slowly varying function of time [95]. This results in

dynamics of the form x(t) = a(t) cos(ω(t)t), which corresponds to a sinusoid with frequency

modulation and amplitude modulation. Signals of this form are defined as intrinsic mode

functions [98]. Decomposing signals into this form are particularly popular since IMFs have

well-defined instantaneous frequencies ω(t).

One of the most popular techniques for decomposing data of this form is the empirical

mode decomposition EMD [98, 167, 230]. This method assumes that a time series may be

represented by a sum of intrinsic mode functions. This method has been empirically success-

ful, with applications to geology [220], neural recordings [158], and finance [99]. However, its
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theoretical foundation is not well understood and its performance on unseen data is difficult

to predict.

Several modifications have been proposed to improve robustness, and alternative methods

with stronger theoretical foundations have since been proposed [49, 55, 69]. Most notably,

Hou and Shi developed the nonlinear matching pursuit (NMP) method, which leveraged

matching pursuit to extract IMFs from time series [93] . This method has several beneficial

properties, including computational efficiency and convergence guarantees [96].

Although these methods have been successful at extracting IMFs, they are limited to

one dimensional signals. Although multivariate extensions exist, incorporating IMFs into a

modal decomposition framework remains a challenge.

1.2.3 Time Delay Embeddings

An alternative method for modeling nonlinear dynamics is focused on determining an effective

set of coordinates in which the governing equations can be easily identified. For example, by

discovering observables which exhibit linear dynamics, we can apply well understood methods

such as DMD, which then utilize existing methods for modeling, prediction and control [227].

Discovering this set of observables is the key goal of Koopman Theory [33, 121], which has

been a central motivation in the development of DMD [183].

Significant efforts have been focused on discovering such a set of observables [123, 131,

135, 151, 202, 227]. Although these methods have shown strong performance on data, their

performance is typically system dependent. In addition, in many cases the measurements

may not span the phase space, making it difficult to recover and model the dynamics.

One approach to remedy this issue has been to use time delay coordinates. In par-

ticular, to construct the state at time t, we stack x(t) with copies of its history x(t − τ)

delayed by some time τ . This technique gained significant attention with the development

of Taken’s theorem [203], which showed that with sufficient time delays even a single time

series measurement could be used to reconstruct an attractor. Additionally, more recently it

has been shown that high dimensional time delay embeddings have very good low rank ap-
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proximations, making them promising tools for discovering low dimensional representations.

Further results have related dynamics in these coordinates to the Koopman operator [7]

and the Fourier transform [27]. Empirically, time delay embeddings are a core component

in DMD, and other linear methods including, the eigensystem realization algorithm (ERA)

[114], singular spectrum analysis (SSA) [28], and nonlinear Laplacian spectrum analysis [67].

In addition, this structure has also been incorporated into neural network architectures [217].

One recent development is the Hankel alternative view of Koopman (HAVOK) method [30],

which leverages time delay embeddings to decompose chaotic dynamics into linear dynamics

with intermittent forcing. This model was successfully applied to several systems, including

measles outbreaks, Earth’s magnetic field, and double pendulum data. Although empirically

successful, the theoretical foundation for the HAVOK method is not well-understood and is

an active area of research [118]. One surprising result is that for specific systems the linear

model takes a specific structure, namely it is antisymmetric with nonzero elements above the

diagonal. Understanding this structure and the theory of this method is key for improving

the method and understanding its behavior on unseen data.

1.3 Sparse Identification

For many nonlinear dynamical systems, the governing equations may be represented by a few

nonlinear terms. By directly identifying these nonlinear terms allows us to both accurately

model a wider class of dynamics, while constructing meaningful representations. Towards

this goal, there have been several approaches to directly discovering governing equations from

data. One approach that has gained increased interest is on developing sparse representations

of the dynamics, as these parsimonious representations can accommodate complex dynamics

while maintining generalizibility and interpretibility [16, 32, 31, 136, 152, 162, 210, 221].

Here we focus on the Sparse Identification for Nonlinear Dynamics (SINDy) method,

which leverages dictionary learning and compressed sensing to determine the governing equa-

tions [31]. In particular this method, constructs a library of possible terms in the model

and then employs sparse regression to identify relevant terms. This approach has been
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successful in modeling a wide array of fields, including chemistry [90], optics [195], epidemi-

ology [91], and plasma physics [47]. Furthermore, there have been a variety of modifications,

including improved robustness to noise [42, 115], generalizations to partial differential equa-

tions [165, 175, 174], boundary conditions [190], and libraries of rational functions [140, 117].

One limitation of this method is the fact that it is difficult to how the method will

generalize to unknown datasets. In particular, many datasets contain measurement noise

or complex dynamics, which are highly sensitive to initial conditions. The SINDy method

provides only a single candidate model of the data making it difficult to determine the

variability in the results and how the model will generalize to new data.

1.4 Organization and Contributions

This thesis is organized into six chapters. In chapter 2, we show how mean-subtraction im-

proves the dynamic mode decomposition, both from a theoretical perspective and through

several real world examples, contrary to previous results. In chapter 3, we develop a new

modal decomposition technique, the spatiotemporal intrinsic mode decomposition (STIMD),

which leverages spatial correlations to model data with time varying linear dynamics. In

chapter 4, we unify results from time delay embeddings, dimensionality reductions, and dif-

ferential geometry, and show how these three fields can be combined to elicit the structured

linear dynamics recently observed in the Hankel alternative view of Koopman (HAVOK)

method. In chapter 5, we propose an uncertainty quantification for sparse identification of

nonlinear dynamics (UQ-SINDy) framework, which uses sparse bayesian inference to deter-

mine governing equations. In chapter 6, we summarize these results and contributions and

propose areas of future research. Summaries of chapters 2 through 5 follow below.

In chapter 2, we show that DMD with centered data is equivalent to incorporating an

affine term in the dynamic model and is not equivalent to computing a discrete Fourier trans-

form. Importantly, we show that DMD with centering can always be used to model affine

dynamics. However, in many cases DMD without centering cannot model these dynamics,

most notably if the data have full effective rank. Additionally, we generalize the notion of
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centering to extracting arbitrary, but known, fixed frequencies from the data. We corrobo-

rate these theoretical results numerically on three nonlinear examples: the Lorenz system,

a surveillance video, and brain recordings. Since centering the data is simple and compu-

tationally efficient, we recommend it as a preprocessing step before DMD; furthermore, we

suggest that it can be readily used in conjunction with many other popular implementations

of the DMD algorithm.

In chapter 3, we propose a new modal decomposition technique that factors mixed time-

series signals into a sum of spatiotemporal modes, with the constraint that the temporal

components are intrinsic mode functions (IMFs). The key motivation is that IMFs al-

low the computation of meaningful Hilbert transforms of non-stationary data, from which

instantaneous time-frequency representations may be derived. Our spatiotemporal intrin-

sic mode decomposition (STIMD) method leverages spatial correlations to generalize the

extraction of IMFs from one-dimensional signals, commonly performed using the empirical

mode decomposition (EMD), to multi-dimensional signals. Further, this data-driven method

enables future-state prediction. We demonstrate STIMD on several synthetic examples, com-

paring it to common matrix factorization techniques, namely singular value decomposition

(SVD), independent component analysis (ICA), and dynamic mode decomposition (DMD).

We show that STIMD outperforms these methods at reconstruction and extracting inter-

pretable modes. Next, we apply STIMD to analyze two real-world datasets, gravitational

wave data and neural recordings from the rodent hippocampus.

In chapter 4, we unify properties of the Frenet-Serret frame with time delay embeddings

and dimensionality reduction techniques to show that a dynamical system may be decom-

posed into a sparse linear dynamical model with forcing. In particular, the linear dynamical

model is antisymmetric with nonzero elements exclusively along the sub- and super-diagonals

and the forcing term is nonzero only in the last component. The nonzero elements of this

model have a clear geometric meaning; namely they are the curvatures of the system. This

is the first unification of these three fields to the best of our knowledge. This work is mo-

tivated by the recently developed Hankel Alternative View of Koopman (HAVOK) method,
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which combines time delay embeddings and dimensionality reduction techniques to construct

a linear dynamical model with an additional forcing term. With this new perspective we

explore its limitations and requirements and propose how small modifications to the HA-

VOK method induce this structure. These modifications improve model reconstruction and

model stability, which we illustrate on several synthetic and real-world datasets, including

measurements of measles outbreaks and double pendulum data.

In chapter 5, we propose a uncertainty quantification framework for directly extracting

the governing equations for nonlinear dynamics. Our uncertainty quantification for sparse

identification of nonlinear dynamics (UQ-SINDy) method combines advances in compressed

sensing and dictionary learning with Bayesian statistics to determine an explicit parsiminous

representation of the dynamics with estimates of both (1) the uncertainty in parameter values

and (2) the inclusion probabilities of different terms in the model. We demonstrate this on

two synthetic examples and real world dataset of lynx and hare populations. We find that the

UQ-SINDy framework identifies the governing equations, even for highly noisy and sparsely

sampled data and provides highly precise forecasts.
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Chapter 2

CENTERING IMPROVES THE DYNAMIC MODE
DECOMPOSITION

2.1 Introduction

One popular method for modeling dynamical systems is the dynamic mode decomposition

(DMD) [183, 181, 173, 143, 213, 123]. Like principal component analysis (PCA) [110, 228] and

independent component analysis (ICA) [102], DMD is a dimensionality reduction technique

that decomposes data into a set of spatial and temporal modes. Unlike PCA and ICA,

DMD makes the additional assumption that the data are observations from an underlying

dynamical system. In particular, the dynamics are assumed to be approximately linear,

and the data are decomposed into pairs of interpretable spatial and temporal modes. DMD

has been successfully applied in a wide variety of disciplines, including fluid dynamics [182],

neuroscience [29], disease modeling [164], finance [141], and computer vision [77]. In addition,

several extensions and variations to the DMD algorithm have been developed (see [113, 227,

124, 235, 163, 112, 12], among many others).

For many systems of interest, the dynamics we want to model are perturbations about

equilibria. To name a few specific examples, in hydrodynamics we may model motion of a

fluid about a base flow [149, 200]; in video processing we may extract the foreground from a

static background [194]; and in climate science we may analyze anomalies that depart from

long-term averages [82, 60]. Further, linearizing about equilibria provides key information on

the stability of the system about these fixed points. If the data are oscillating about the fixed

point, the mean of the measurement data is a natural estimate of an unknown equilibrium

point; therefore, it is natural to apply DMD on mean-subtracted data.

In a complementary perspective, we may think of DMD computed over a short time
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Table 2.1: Comparison of performance of DMD with and without centering. A 3 indicates

that the method does correctly extract the spectrum and modes of the system in each column.

window as a multivariate Taylor expansion of the dynamics, discarding quadratic and higher

order terms. It follows that the model should include an affine, or bias, term (Fig. 2.1),

which is usually not a part of the DMD model; if DMD is computed on centered data, then

this affine term is expected to be small (in fact, one of our results is that it will be zero).

In this chapter, we show that centering data improves the performance of DMD. Previous

work has suggested that computing the DMD of centered data may be restrictive and have

undesirable consequences [43]. In particular, Chen et al. [43] show that DMD on mean-

subtracted data is equivalent to a temporal discrete Fourier transform (DFT), restricting

the frequencies extracted to be independent of the dataset. This argument hinged on the

mean-subtracted data being full rank; however, here we show that, in linear systems that

contain a nonzero fixed point, mean-subtracted data will always have linearly dependent

columns. Therefore, DMD on centered data does not converge to the DFT. Furthermore, our

proposed method of centering the data successfully extracts the equilibrium and dynamics

about this equilibrium.
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In Section 2.2 we review the DMD algorithm, focusing on comparing the SVD-based

approach to the companion matrix approach. We propose centering the data in Section 2.3,

showing that it is equivalent to incorporating an affine term in the DMD model. Section 2.4

concerns the uniqueness of the DMD modes and whether the DMD problem is well-posed,

generalizing previous results to the case where data may be low rank. Section 2.5 compares

DMD with and without centering, including theory and numerical examples. We find that,

in the case of linear dynamics about an equilibrium point, DMD with centering can always

extract the correct dynamics. However, DMD without centering sometimes produces an

inaccurate model. These results are summarized in Table 2.1. The work by Chen et al. [43]

is discussed in detail in Section 2.6, where we argue that DMD with centering is not equivalent

to a DFT. This notion of data centering is generalized in Section 2.7 to extract dynamics while

subtracting any known fixed frequencies. Section 2.8 demonstrates DMD with centering and

fixed frequency subtraction on three nonlinear examples, the Lorenz system, background-

foreground separation of a video, and brain recordings. Many of the proofs in these sections

assume the data are state observations of a linear system. Applications of DMD do not

necessarily satisfy this assumption. As a practical recommendation, we suggest centering

data as a preprocessing step in DMD.

2.2 Background

Initially developed in the fluid dynamics community, dynamic mode decomposition (DMD)

has become a popular tool for analyzing large-scale dynamical systems in many different

application domains [123, 182]. In this section we briefly review two formulations of this

problem.

Consider a set of T + 1 measurement snapshots xj ∈ Rn for j = 1, . . . , T + 1, which are

generated by linear dynamics,

xj+1 = Axj. (2.1)

Data which exactly satisfy (2.1) form a Krylov sequence [211].
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Figure 2.1: An illustration of the benefit of centering for one-dimensional regression, where

the data (xj, yj) is generated by an affine model with noise. a) Data fit to affine model

y = ax+ b yields a good fit. b) Data fit to linear model y = ax yields a poor fit. c) Centered

data (x̄j ȳj) fit to linear model ȳ = ax̄ yields a good fit.

The goal of DMD is to characterize the dynamics of the system by the eigendecomposition

of the linear operator A ∈ Rn×n:

Avi = λivi for i = 1, . . . , n. (2.2)

The eigenvectors vi are typically refered to as the DMD modes. For our theoretical results,

we typically assume that the eigenvalues λi 6= 0 are distinct. For many systems of interest,

the true dynamics may be nonlinear and/or stochastic. In addition, observations may contain

measurement noise. Where the measurements deviate from true linear dynamics, the goal

of DMD is to find the best linear approximation.

Many alternative methods have been developed to compute these eigenvalue/eigenvector

pairs, including the Arnoldi method, or in the case where A is symmetric the Lanczos

algorithm [10, 126]. However, these methods typically involve explicitly computing A which

may be computationally prohibitive if n is large [181].
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2.2.1 SVD-based DMD

We first summarize the most commonly used formulation of DMD, the SVD-based ap-

proached also known as exact DMD [213]. First, let us define the pair of snapshot matrices

containing the measurement vectors

X1 =




| | |
x1 x2 · · · xT
| | |


 and X2 =




| | |
x2 x3 · · · xT+1

| | |


 . (2.3)

If the snapshots satisfy (2.1), then we have that

X2 = AX1. (2.4)

Otherwise, we hope to discover the “best” A which approximately satisfies this equation.

One solution to (2.4) is obtained by regression with least squares minimization; we define

this solution to be Â. In general, (2.4) may be consistent (having at least one solution),

or inconsistent (having no solution). With these two cases, the corresponding minimization

problem takes the form,

Â =





minA ‖A‖F such that X2 = AX1 if (2.4) is consistent

minA ‖X2 −AX1‖F if (2.4) is inconsistent

. (2.5)

The solution in either case is given by the least squares fit,

Â := X2X
†
1, (2.6)

where X†1 denotes the Moore-Penrose pseudo-inverse of X1 [156]. The DMD modes and

eigenvalues in the SVD approach are the eigenvectors and eigenvalues of Â, respectively.

When n is large, it may not be practical to compute Â ∈ Rn×n and its eigendecomposition

directly. If X1 is low rank or approximately low rank, we may project the dynamics to a

lower dimensional basis. In particular, if X1 has rank r, we may compute the reduced SVD,

Xr
1 := UrΣrV

ᵀ
r , (2.7)
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where the left singular vectorsUr ∈ Rn×r and right singular vectors Vr ∈ RT×r are orthogonal

matrices and Σr is a real positive diagonal matrix [73]. When measurement noise is present,

we define r to be the effective rank of the system (discussed in detail in Section 2.2.3).

We can then define the matrix,

Ã := U ᵀ
rX2VrΣ

−1
r ,

where Ã ∈ Rr×r is much smaller in size than A. Importantly, Tu et al. showed that

the eigenvalues of Ã are precisely the nonzero eigenvalues of A [213]. The corresponding

eigenvectors φi of A can be found by first computing the eigenvectors wi of Ã,

Ãwi = λiwi,

and then projecting into the original measurement space,

φi =
1

λi
X2VrΣ

−1
r wi. (2.8)

In the case where the ranges of X1 and X2 are equal, (2.8) reduces to φi = Urwi.

2.2.2 Companion Matrix Approach

An alternative formulation of DMD focuses on the computation of a so-called companion ma-

trix. Although it is less commonly used in practice, this original formulation by Schmid [181]

is analytically simpler and has been used in some key theoretical work [43, 7].

We again consider T+1 snapshots x1, . . . ,xT+1 ∈ Rn which satisfy (2.1). We may express

the last snapshot T + 1 as a linear combination of the first T states and a residual r ∈ Rn

which is orthogonal to these T states,

xT+1 =
T∑

j=1

cjxj + r such that r ⊥ span{x1, . . .xT},

where cj ∈ R. Equivalently, we may write in matrix form,

X2 = X1C + reᵀT , (2.9)
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where eT = [0, . . . , 0, 1]ᵀ, and

C =




0 0 · · · 0 c1

1 0 · · · 0 c2

0 1 0 c3

...
. . .

...

0 0 1 cT




(2.10)

is called the companion matrix. The least squares solution for c = [c1, . . . , cT ] is then given

by c = X†1xT+1. Note that all of the residual error in the model is placed on the last time

snapshot. The least squares solution C to (2.9) is unique if and only if x1, . . . ,xT are linearly

independent [43]. If x1, . . . ,xT are linearly independent, then C must also equal the least

squares solution,

C = X†1X2.

In some cases, the DMD modes (eigenvalues and eigenvectors of A, assuming (2.1)) are

related to the eigenvalues and eigenvectors of the companion matrix C [181], but these

eigenvalues are, in general, not equal. In particular, the eigenvalues are only guaranteed to

be equal if the columns of X1 are linearly independent [43, 181].

2.2.3 Rank vs. Effective Rank

If X1 has full column rank, then the companion matrix approach described in Section 2.2.2

is equivalent to computing the DMD modes as in (2.2). In the presence of measurement

noise, X1 will almost surely have full column rank even in the case where A is low-rank

(r < T < n). In that case, even though the companion matrix approach (2.10) has a well-

posed solution, it yields the wrong number of eigenvalues. Specifically, the companion matrix

approach yields T modes while there are only r signal modes masked by noise. On the other

hand, the SVD-based approach (2.7) can filter out these noise modes with a good estimate

of rank(A). Formally, we define the effective rank as follows:
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Definition 2.2.1. Given a set of noisy measurements Y = X + ηZ, where X is low rank

and elements of Z are drawn independently from a random distribution with zero mean and

finite variance, we define the effective rank of Y to be the rank of X.

In other words, the effective rank of Y is the rank of the data with no measurement

noise (η = 0). In general, the effective rank of the data is unknown. However, it may be

estimated from the SVD spectrum [62, 218]. We now claim (and later show, in Section 2.6)

that the companion matrix approach yields the DMD modes if and only if X1 not only has

full column rank but also full effective column rank. Although subtle, this distinction will

play an important role in Section 2.6.

2.3 Centering Data

DMD as defined in (2.3) and (2.4) can be thought of as a multivariate regression of the

dynamics. If the mean of X is not zero, as would occur with data measured about a non-

zero equilibrium or data acquired over a short time interval, then the DMD model would be

improved with an additional affine term:

X2 = AX1 + b1ᵀ, (2.11)

where b ∈ Rn and 1 is a vector of length T whose elements are all one. The corresponding

minimization problem to find A and b is given by

Ã, b̃ =





argminA,b ‖A‖F s.t. AX1 + b1ᵀ = X2 if (2.11) is consistent

argminA,b ‖AX1 + b1ᵀ −X2‖2
F if (2.11) is inconsistent.

(2.12)

As illustrated in Fig. 2.1, the incorporation of an affine term in the one-dimensional

regression model is equivalent to centering xj and yj in the data. For high-dimensional data,

we compute the means of X1 and X2 as

µ1 =
X11

1ᵀ1
and µ2 =

X21

1ᵀ1
.
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The corresponding mean-subtracted or centered data matrices are

X̄1 = X1 − µ11
ᵀ and X̄2 = X2 − µ21

ᵀ,

and we now solve the unbiased regression problem

X̄2 = ĀX̄1. (2.13)

The least squares solution to (2.13) is given by

Ā =





argminA ‖A‖F s.t. AX̄1 = X̄2 if (2.13) is consistent

argminA
∥∥AX̄1 − X̄2

∥∥2

F
if (2.13) is inconsistent

. (2.14)

Importantly, the minimization problem (2.14) is simpler to solve than the one in (2.12).

We show in Proposition 2.3.1 that they are equivalent, yielding Ã = Ā. The following

Proposition, which we include for completeness, is well-known among statisticians in the

setting of multivariate regression:

Proposition 2.3.1. Let X1 and X2 ∈ Rn×T be arbitrary matrices. The minimization prob-

lems (2.12) and (2.14) are equivalent, with solutions Ã = Ā and b̃ = µ2 − Āµ1.

Proof. We have two cases to consider, depending on whether the affine system of equations

(2.11) is linearly consistent (has at least one solution) or inconsistent (has no solution). We

will show that system (2.11) is consistent if and only if (2.13) is consistent as well.

Case 1: Consistent

When (2.11) is consistent, the affine problem (2.12) is in the constrained (at least one solution

for A) case. Note that we do not minimize over the norm of b. Multiplying the constraint

by 1
1ᵀ1

yields,

A
X11

1ᵀ1
+ b

1ᵀ1

1ᵀ1
=
X21

1ᵀ1
,

which can be rearranged to find b̃ = µ2 −Aµ1. Thus we can write (2.12) as

min
A
‖A‖F such that X̄2 = AX̄1,
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which is precisely (2.14). Note that, since we assumed the constraint is satisfiable, this

implies that the centered system of equations (2.13) is consistent.

Case 2: Inconsistent

If no solution to (2.11) exists, then we minimize the residual error without constraints.

Taking the gradient with respect to b and setting it equal to 0 yields

1ᵀXᵀ
1A

ᵀ + bᵀ1ᵀ1 = 1ᵀXᵀ
2

and rearranging, we again find that b̃ = µ2 − Aµ1. Plugging this into (2.12), yields the

minimization problem

min
A
‖AX1 + (µ2 −Aµ1) 1ᵀ −X2‖2

F = min
A
‖A (X1 − µ11

ᵀ)− (X2 − µ21
ᵀ)‖2

F

= min
A

∥∥AX̄1 − X̄2

∥∥2

F
,

which is precisely (2.14). Note that this also must be inconsistent, otherwise the affine

problem would be consistent, and we would obtain a contradiction.

Remark 2.3.2. We make no assumptions about the matricesX1 andX2 in Proposition 2.3.1.

Therefore, this result does not depend on the system being linear or being generated by a dy-

namical system, and thus it is applicable in all regression settings.

Instead of centering X1 and X2 individually, we may also choose to subtract the overall

mean µ = 1
T+1

∑T+1
j=1 xj from the data. Mean-subtraction of data and normalization of

variance is standard in matrix factorization algorithms such as PCA [228] and ICA [102]. In

many cases, µ is very similar to µ1 and µ2. In particular, µ1,µ2, and µ are all approximately

equal in the case of neutral dynamics (all of the DMD eigenvalues lie near the unit circle).

Consequently, in this case subtracting the overall mean should yield similar results to using

µ1 and µ2. However, in the presence of transients or unstable behavior, these three values

may be very different.
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2.4 Uniqueness of Modes

The remainder of this paper compares DMD modes and eigenvalues computed with and

without centering. To perform such a comparison, it is necessary that we first establish

uniqueness of the DMD modes and corresponding eigenvalues for a linear system (Section

2.4.1). We then follow with a similar proof for the uniqueness of modes data generated by

an affine linear system (Section 2.4.2). This is key for showing that the modes from DMD

with centering are well-defined.

2.4.1 Uniqueness of Dynamic Mode Decomposition

Following (2.1), (2.3), and (2.4), assume we have sequential snapshots of data x1, . . . ,xT+1 ∈
Rn that are generated by linear dynamics (2.1). In general, there may be infinitely many

matrices A′ that satisfy

xj+1 = A′xj.

Chen et al. show, using the companion matrix approach, that although A′ is not unique,

the corresponding eigenvectors and eigenvalues of A′ are, under specific conditions:

Theorem 2.4.1 (Chen et al. [43], Theorem 1 (rephrased)). For the case of T = n, the

choice of eigenvalues λ1, . . . , λn and corresponding eigenvectors v1, . . . ,vn are unique up to a

reordering in j, if and only if x1, . . . ,xT are linearly independent and λ1, . . . , λn are distinct.

In other words, even though A′ is not unique, all n eigenvalues and eigenvectors of A′

are unique if and only if X has full column rank and the eigenvalues are distinct. In the case

of low-rank data, X will not have full column rank and the eigenvalues of A′ will not be

distinct, since A′ will have a zero eigenvalue with multiplicity greater than 1. Consequently,

this theorem does not provide much relevant information about uniqueness in the case of

low-rank dynamics. To remedy this, we generalize this result to the case of low-rank data

and prove that the nonzero eigenvalues and corresponding eigenvectors are unique. We first

establish two useful lemmas:
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Lemma 2.4.2. Consider the (p+ 1)× q rectangular Vandermonde matrix

Λ =




1 1 · · · 1

λ1 λ2 · · · λq
...

...
...

...

λp1 λp2 · · · λpq



.

Then the q columns of Λ are linearly independent (Λ has full column rank) if and only if

q ≤ p+ 1 and λ1, λ2, . . . , λq are distinct.

Proof. Assume q ≤ p+ 1 (if not, rank(Λ) ≤ p+ 1 < q). We form the q × q submatrix




1 1 · · · 1

λ1 λ2 · · · λr
...

...
...

...

λq−1
1 λq−1

2 · · · λq−1
q



,

which has nonzero determinant [214] if and only if the eigenvalues are distinct.

Lemma 2.4.3. Suppose we have sequential time series snapshots x1, . . . ,xT+1 such that

xj+1 = Axj for j = 1, . . . , T . Assume that A has precisely r distinct, nonzero eigenvalues

and is the matrix with the smallest rank such that this holds.

• If range(X1) = range(X2), then X may be expressed as

X =




| | |
v1 v2 · · · vr
| | |




︸ ︷︷ ︸
V




1 λ1 λ2
1 · · · λT1

1 λ2 λ2
2 · · · λT2

...
...

... · · · ...

1 λr λ2
r · · · λTr




︸ ︷︷ ︸
Λᵀ

, (2.15)

where λ1, . . . , λr and v1, . . .vr are distinct nonzero eigenvalues and eigenvectors of A,

respectively.
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• If range(X1) 6= range(X2), then X may be expressed as

X =




| | | |
v0 v1 v2 · · · vr
| | | |




︸ ︷︷ ︸
V




1 0 0 · · · 0

1 λ1 λ2
1 · · · λT1

1 λ2 λ2
2 · · · λT2

...
...

... · · · ...

1 λr λ2
r · · · λTr




︸ ︷︷ ︸
Λᵀ

, (2.16)

where v0 ∈ Null(A).

Remark 2.4.4. The condition on minimal rank is equivalent to requiring that span{v1, . . . ,vr} =

range(X2). If one considers another A′ that the data are linearly consistent with but with

larger rank, this will lead to another column in V and a corresponding column of zeros in Λ.

Proof. Assume range(X1) = range(X2). SinceX2 = AX1, x1 ∈ range(X1), and range(X1) =

range(X2), then x1 ∈ range(X2) ⊆ range(A). Since the eigenvectors corresponding to the r

nonzero eigenvalues form a basis for these ranges, we may express x1 as a linear combination

of these vectors, scaled appropriately, so that

x1 =
r∑

i=1

vi.

We note that eigenvalues corresponding to the vi’s are distinct. Otherwise, they can be

summed together in the initial condition x1. Recursively applying A to x1,

x2 = Ax1 = A
r∑

i=1

vi =
r∑

i=1

λivr,

x3 = A2x1 =
r∑

i=1

λ2
ivi,

and in general,

xk = Ak−1x1 =
r∑

i=1

λk−1
i vi.

Putting this in matrix form yields (2.15).
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If range(X1) 6= range(X2), then x1 has a component v0 which lies in Null(A). We scale

v0 so that x1 =
∑r

i=0 vi. Since v0 has an associated eigenvalue λ0 = 0, for k ≥ 1,

xk = Ak−1x1 =
r∑

i=0

λk−1
i vi =

r∑

i=1

λk−1
i vi,

which yields the decomposition in (2.16).

Note that since the columns of V correspond to eigenvectors of distinct eigenvalues of

A, V has full column rank. We now introduce a definition of well-posedness for the DMD

problem.

Definition 2.4.5. Suppose we have sequential time series snapshots x1, . . . ,xT+1 such that

xj+1 = Axj. Let A have r nonzero and distinct eigenvalues λ1, . . . , λr and corresponding

eigenvectors v1, . . . ,vr. We say that the DMD problem is well-posed if the conditions

1. x1 is not orthogonal to any v1, . . . ,vr, and either

2a. T ≥ r and X1 and X2 share the same range, or

2b. T ≥ r + 1,

are satisfied.

We are primarily interested in recovering dynamics for a linear system. It is unclear the

meaning of resulting DMD modes for a nonlinear dynamical system even if the data are,

for example, linearly consistent. If we assume that the data come from a linear system,

then whether or not we can recover that dynamical system depends on the properties of A.

These assumptions of well-posedness give sufficient conditions for recovering A. The DMD

problem being well-posed depends on the assumptions made about the underlying system.

In particular, it depends on the rank of the underlying system r. In theory, r is unknown,

but we can estimate it using results such as [62].
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In the following sections we apply different methods (such as DMD with centering and

DMD without centering) to various synthetic and real datasets. To compare their perfor-

mances it is important to establish a notion of uniqueness. In particular, in the following

sections we plot the resulting spectra for these different methods. By showing that the modes

for a given linear system are unique, then we establish that there is a true set of modes for

the linear system. By comparing the spectra extracted using each of these methods to the

true system we can assert whether a method can accurately model the dynamics of that

system.

We now prove our main uniqueness theorem.

Theorem 2.4.6 (Uniqueness). Suppose we have sequential time series snapshots x1, . . . ,xT+1

such that xj+1 = Axj for j = 1, . . . , T , where A has r nonzero and distinct eigenvalues

λ1, . . . , λr and corresponding eigenvectors, v1, . . . ,vr. Let A′ be any other rank r matrix

which satisfies xj+1 = A′xj. If the DMD problem is well-posed, then A′ has the same r

nonzero eigenvalues λ1, . . . , λr and corresponding eigenvectors v1, . . . ,vr as A, and these are

unique up to scaling.

Proof. First, suppose range(X1) = range(X2). Since xj+1 = Axj, if we define X to be the

matrix containing all T + 1 snapshots, then by Lemma 2.4.3 we can factor X as follows,

X =




| | |
x1 x2 · · · xT+1

| | |


 =




| | |
v1 v2 · · · vr
| | |




︸ ︷︷ ︸
V




1 λ1 λ2
1 · · · λT1

1 λ2 λ2
2 · · · λT2

...
...

... · · · ...

1 λr λ2
r · · · λTr




︸ ︷︷ ︸
ΛT

, (2.17)

where vj are the eigenvectors of A scaled appropriately so that x1 =
∑r

i=1 vj. We denote

these matrices V and Λ and note that V and Λ have full column rank (Lemma 2.4.2).

Suppose there exists another solution with corresponding eigenvalues λ′1, . . . λ
′
r and eigen-
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vectors v′1, . . . ,v
′
r. We construct another factorization,

X =




| | |
v′1 v′2 · · · v′r
| | |







1 λ′1 λ
′2
1 · · · λ

′T
1

1 λ′2 λ
′2
2 · · · λ

′T
2

...
...

... · · · ...

1 λ′r λ
′2
r · · · λ

′T
r



.

For the eigenvalues of A and A′ to be different, there must exist some λ′i which does not

equal λ1, . . . , λr. Since
{

[1, λi, λ
2
i , · · · , λTi ] for i = 1, . . . , r

}
spans the row space of X2,

then [1 λ′i λ
′2
i · · ·λ

′T
i ] must lie in this row space. Hence the (r + 1)× (T + 1) matrix,




1 λ1 λ2
1 · · · λT1

1 λ2 λ2
2 · · · λT2

...
...

... · · · ...

1 λr λ2
r · · · λTr

1 λ′i λ
′2
i · · · λ

′T
i




(2.18)

must have low row rank. However, since r + 1 ≤ T + 1 by assumption, and all the λj’s and

λ′i are all distinct, by Lemma 2.4.2 (2.18) must have full row rank. With this contradiction

we conclude that the nonzero eigenvalues of A are unique.

For the eigenvectors of A, recall from Lemma 2.4.3 that X = V Λᵀ. Since Λ has full

column-rank there is a unique solution for V = XΛᵀ† . Thus, the r eigenvectors correspond-

ing to nonzero eigenvalues of A must be unique up to a scaling. Note that since X and Λ

have rank r, V must also have rank r and thus have full column rank.

Note that we assumed that X1 and X2 share the same range. If they do not, since

X2 = AX1, there must be a component of x1 which is in the nullspace of A. This results

in appending an extra column v0, which is in the nullspace of A, to V and an extra row

[1 0 · · · 0] to Λ as in (2.16). Following the same method, we find that T ≥ r must be replaced

with T ≥ r + 1.
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2.4.2 Uniqueness of Affine Linear Model

As we have seen in Section 2.3, DMD with centering is equivalent to an additional affine

term. Thus, in addition to proving that the DMD modes are unique it also important to

show uniqueness of the modes for an affine dynamical system of the form xj+1 = Axj +b. In

the following Theorem, we assume that the matrix A does not contain an eigenvalue equal

to 1. If 1 is an eigenvalue of A, then there is an inherent ambiguity in whether this mode

is an eigenvector of A or incorporated into b. First, we again define some conditions for the

problem to be well-posed:

Definition 2.4.7. Suppose we have sequential time series snapshots x1, . . . ,xT+1 such that

xj+1 = Axj + b. Let A have r nonzero and distinct eigenvalues, λ1, . . . , λr and correspond-

ing eigenvectors v1, . . . ,vr. We say that the affine DMD problem is well-posed if the

conditions

1. A does not have an eigenvalue equal to 1,

2. x1 − c is not orthogonal to v1, . . . ,vr, and either

3a. T ≥ r + 1 and X1 − c1ᵀ and X2 − c1ᵀ share the same range, or

3b. T ≥ r + 2,

are satisfied, where c = (I −A)−1 b.

Theorem 2.4.8 (Uniqueness of Affine DMD). Suppose we have sequential time series snap-

shots x1, . . . ,xT+1 such that xj+1 = Axj + b for j = 1, . . . , T , where A has r nonzero and

distinct eigenvalues, λ1, . . . , λr and corresponding eigenvectors v1, . . . ,vr. Let A′ and b′ be

any other rank r matrix and vector which satisfy xj+1 = A′xj + b′. If the affine DMD

problem is well-posed, then b′ = b and A′ has the same r nonzero eigenvalues λ1, . . . , λr and

corresponding eigenvectors v1, . . . ,vr as A, and these are unique up to scaling.
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Proof. Since A does not have an eigenvalue of 1, then I − A is invertible. Therefore, we

can shift the origin in order to express xj+1 = Axj + b as xj+1 − c = A(xj − c), where

c = (I −A)−1b. By Lemma 2.4.3, we may express X − c1ᵀ as

X − c1ᵀ = V Λᵀ. (2.19)

Similarly for A′ and b′, X − c′1ᵀ = V ′Λ′ᵀ. Taking the difference in these equations,

V Λᵀ = V ′Λ′ᵀ + (c− c′)1ᵀ.

First, assume that both c 6= c′ and that A and A′ do not share all of their eigenvalues. (We

will show that this yields a contradiction.) Without loss of generality, let λ be an eigenvalue of

A but not A′. Hence, λ =
[
1 λ · · · λT

]ᵀ
is a column of Λ but not Λ′. Defining, Λ̃ = [Λ′ 1],

then

V ΛT =
[
V ′ c− c′

]

Λ′ᵀ

1ᵀ


 =

[
V ′ c− c′

]
Λ̃ᵀ.

Since V has full column rank, applying V † on the left to both sides yields,

Λᵀ = V †
[
V ′ c− c′

]
Λ̃ᵀ.

If we apply the orthogonal projection I − Λ̃ᵀ†Λ̃ᵀ on the right to both sides, we see that the

right hand side is 0. However, Λᵀ
(
I − Λ̃ᵀ†Λ̃ᵀ

)
cannot be 0 since, by assumption, Λ and Λ′

have different column spaces. To see this, consider the solution Y to Λ̃Y = Λ. In particular,

consider a single column of this equation:

Λ̃y = λ. (2.20)

If range(X1 − c1ᵀ) = range(X2 − c1ᵀ), then using Lemma 2.4.3 we have



1 1 · · · 1 1

λ′1 λ′2 · · · λ′r 1

λ′1
2 λ′2

2 · · · λ2
r
′

1
...

...
...

...
...

λ′1
T λ′2

T · · · λ′r
T 1




︸ ︷︷ ︸
Λ̃

y =




1

λ

λ2

...

λT




.
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By Lemma 2.4.2, if T + 1 ≥ r + 2, then since λ, λ′1, . . . , λ
′
r, 1 are all distinct, λ cannot be

expressed as a linear combination of the columns of Λ̃ᵀ. If range(X1 − c1ᵀ) 6= range(X2 −
c1ᵀ), then we must append an extra column to Λ̃, and the condition in this case is T + 1 ≥
r+ 3. Thus, there does not exist a solution for y in (2.20), and consequently there does not

exist a solution for Y . Thus, Λ̃Λ̃†Λ 6= Λ. Taking the transpose and rearranging we have

Λᵀ
(
I − Λ̃ᵀ†Λ̃ᵀ

)
6= 0.

This yields a contradiction, from which we conclude that either c = c′, or A and A′ have

the same nonzero eigenvalues, or both.

First, consider the case where c = c′. This implies that V ′Λ′ᵀ = V Λᵀ, and using the

same logic as Theorem 2.4.6, then the nonzero eigenvalues of A′ and A are equal.

Next, suppose that the nonzero eigenvalues of A and A′ are equal. Thus, Λ = Λ′ and

(V − V ′) Λᵀ = (c− c′) 1ᵀ.

Applying I −Λᵀ†Λᵀ to both sides,

0 = (c− c′) 1ᵀ
(
I −Λᵀ†Λᵀ

)
,

and note that the right hand side is an n×(T +1) rank-1 matrix. Now, 1ᵀ
(
I −Λᵀ†Λᵀ

)
6= 0,

since 1 is not in the column space of Λ. Thus, c = c′.

In either case we have that both c = c′ and Λ′ = Λ. From X = V Λᵀ + c1ᵀ, we see that

V is the unique solution, V = (X − c1ᵀ) Λᵀ† . This implies that the eigenvectors v1, . . . ,vr

of A, which correspond to the columns of V , are unique up to scaling.

2.5 Comparison of DMD with Centering to DMD without Centering

In this section, we show that, for linear systems (dynamics generated by xj+1 = Axj),

both DMD with centering and without centering can be used to compute the modes of A.

In particular, DMD with and without centering will yield the same modes, except for the

background mode. For DMD without centering, this background mode corresponds to an
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eigenvalue equal to 1, while for DMD with centering, this is replaced by an eigenvalue equal

to 0 (see Theorem 2.5.2).

For affine systems (dynamics generated by xj+1 = Axj +b), DMD with centering can be

used to extract b and the modes of A. In some cases, DMD without centering can also be

used to compute the modes of A and model the dynamics of the system, but in many cases

it cannot, most notably if A is full-rank. Here we provide necessary and sufficient conditions

for when DMD will and will not be able to successfully model the dynamics.

We then illustrate these results with synthetic examples in Section 2.5.3, and show that

these results generalize to the case of measurement noise in Section 2.5.4.

2.5.1 Linear Systems without Bias

Consider a set of snapshots xj which satisfy xj+1 = Axj. From Theorem 2.4.6, we know

that DMD without centering can be used to extract the nonzero eigenvalues and eigenvectors

of A. We now show that DMD with centering can also be used to compute the same modes.

In particular, if 1 is not an eigenvalue of A, DMD with and without centering yield the same

DMD modes (Theorem 2.5.2). If one is an eigenvalue of A, then DMD with and without

centering will share the same modes, except for the background mode. For DMD without

centering this mode corresponds to an eigenvalue equal to one, while for DMD with centering

this is replaced with an eigenvalue equal to zero.

We first prove a useful lemma.

Lemma 2.5.1. Suppose we have sequential time series such that xj+1 = Axj, and the DMD

problem is well-posed. Then A has an eigenvalue equal to 1 if and only if 1ᵀX†1X = 1ᵀ.

Proof. Let X1 have rank r.1 By Lemma 2.4.3, we may decompose X1 into the product of

two matrices V and Λ which have full column rank.

1In general, we define r to be the rank of A. In many cases, assuming the DMD problem is well-posed,
rank(A) = rank(X1). However, if x1 has a component in the nullspace of A, then rank(X1) = rank(A)+1
and one of the λj ’s will be 0.



31

X1 =




| | |
v1 v2 · · · vr
| | |




︸ ︷︷ ︸
V




1 λ1 λ2
1 · · · λT−1

r

1 λ2 λ2
2 · · · λT−1

2

...
...

... · · · ...

1 λr λ2
r · · · λT−1

r




︸ ︷︷ ︸
Λᵀ

(2.21)

Thus, V †V = I and

X†1X1 = Λ†
ᵀ
V †V Λᵀ = Λ†

ᵀ
Λᵀ = Λ(ΛᵀΛ)−1Λᵀ = ΛΛ†.

First, suppose that 1 is an eigenvalue of A. Without loss of generality, let λ1 = 1.

Consider the solution β to the equation Λβ = 1, or more explicitly,



1 1 · · · 1

1 λ2 · · · λr

1 λ2
2 · · · λ2

r

...
... · · · ...

1 λT−1
2 · · · λT−1

k




β =




1

1
...

1




(2.22)

Clearly, there exists a solution for β, namely β = [1 0 · · · 0]ᵀ. Since the DMD problem is

well posed, the columns of Λ are linearly independent. This implies that the solution for

β is unique, and hence β = Λ†1 = [1 0 · · · 0]ᵀ and X†1X11 = ΛΛ†1 = 1. Since X†1X1

is symmetric 1ᵀ = 1ᵀX†1X1. To conclude the proof for this direction we must show that

1ᵀX†1xT+1 = 1. We can express xT+1 as

xT+1 =




| | |
v1 v2 · · · vr
| | |







1

λT2
...

λTr




︸ ︷︷ ︸
λT

.

Plugging this in,

1ᵀX†1xT+1 = 1ᵀΛ†
ᵀ
V †V λT = 1ᵀΛ†

ᵀ
λT = βᵀλT+1 = 1.
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Combining this fact with 1ᵀ = 1ᵀX†1X1 implies that 1ᵀ = 1ᵀX†1X.

Now suppose 1 is not an eigenvalue of A. Similar to (2.22), we consider the equation,




1 1 · · · 1

λ1 λ2 · · · λr

λ2
1 λ2

2 · · · λ2
r

...
... · · · ...

λT−1
1 λT−1

2 · · · λT−1
r




β =




1

1
...

1



.

In this case, all of the λi’s are distinct and not equal to 1. By Lemma 2.4.2, since T − 1 ≥ r,

1 is not in the span of the columns of Λ and hence Λβ 6= 1 for any value of β. Thus,

ΛΛ†1 6= 1 and therefore 1ᵀX1X
†
1 6= 1ᵀ.

Theorem 2.5.2 (DMD with and without Centering for Linear Systems). Suppose we have

sequential time series snapshots x1, . . . ,xT+1 such that xj+1 = Axj for j = 1, . . . , T . If the

DMD problem is well-posed, then the following holds for Â = X2X
†
1:

1. If Â has an eigenvalue equal to 1, then Ā = X̄2X̄
†
1 will have the same eigenvalues and

corresponding eigenvectors as Â, except the 1 eigenvalue is replaced with a 0 eigenvalue.

2. If Â does not have an eigenvalue equal to 1, then Ā will have the same eigenvalues

and corresponding eigenvectors as Â.

Proof. DMD with centering obtains the centered matrix

Ā = X̄2X̄
†
1 = (X2 − µ21

ᵀ)(X1 − µ11
ᵀ)†. (2.23)

For part 1, suppose that Â has an eigenvalue equal to 1. Then we have that (I−X†1X1)ᵀ1 = 0

by Lemma 2.5.1. Applying the rank one update formula in [157], which is a generalization of

the Sherman-Morrison-Woodbury formula [191] to the case of non-invertible matrices, then

(X1 − µ11
ᵀ)† = X†1

(
I − nn

ᵀ

nᵀn

)
, (2.24)
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where n = X†
ᵀ

1 1 (see Appendix A.1). Plugging (2.24) into (2.23)

Ā = (X2 − µ21
ᵀ)X†

1

(
I − nn

ᵀ

nᵀn

)

= X2X
†
1 − µ21

ᵀX†1 −X2X
†
1

nnᵀ

nᵀn
+ µ21

ᵀX†1
nnᵀ

nᵀn

= X2X
†
1 − µ2n

ᵀ −X2X
†
1

nnᵀ

nᵀn
+ µ2n

ᵀ

= Â


I − X

†ᵀ
1 11ᵀX†1∥∥∥1ᵀX†1

∥∥∥
2


 .

Again applying Lemma 2.5.1, 1ᵀX†1Â = 1ᵀX†1, i.e. 1ᵀX†1 is a left eigenvector of Â with

eigenvalue 1. By Theorem 2.1 in [52], we conclude that Ā shares all the same eigenvalues

Â, except the eigenvalue of 1 is replaced with 0.

For the eigenvectors, first note that by Lemma 2.4.3 we can express X1, X2, and Â, in

terms of the eigenvectors of Â,

X1 = V




1 1 1 · · · 1

1 λ1 λ2
1 · · · λT−1

1

...
...

...
...

1 λr λ2
r · · · λT−1

r




, X2 = V




1 1 1 · · · 1

λ1 λ2
1 λ3

1 · · · λT1
...

...
...

...

λr λ2
r λ3

r · · · λTr



,

and

Â = V




1

λ1

. . .

λr



V †.

In this basis, the mean-subtracted data are

X̄1 =
V

T




0 0 0 · · · 0

1−∑T−1
i=0 λ

i
1 λ1 −

∑T−1
i=0 λ

i
1 λ2

1 −
∑T−1

i=0 λ
i
1 · · · λT−1

1 −∑T−1
i=0 λ

i
1

...
...

...
...

1−∑T−1
i=0 λ

i
r λr −

∑T−1
i=0 λ

i
1 λ2

r −
∑T−1

i=0 λ
i
1 · · · λT−1

r −∑T−1
i=0 λ

i
1



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X̄2 =
V

T




0 0 0 · · · 0

λ1 −
∑T

i=1 λ
i
1 λ2

1 −
∑T

i=1 λ
i
1 λ3

1 −
∑T

i=1 λ
i
1 · · · λT1 −

∑T
i=1 λ

i
1

...
...

...
...

λr −
∑T

i=1 λ
i
r λ2

r −
∑T

i=1 λ
i
1 λ3

r −
∑T

i=1 λ
i
1 · · · λTr −

∑T
i=1 λ

i
1



.

We immediately see that

A′ = V




0

λ1

. . .

λr



V †

satisfies X̄2 = A′X̄1. By Theorem 2.4.6, the nonzero eigenvalues and corresponding eigenvec-

tors of A′ must be the same as those of Ā. We conclude that the eigenvectors corresponding

to the eigenvalues λ1, . . . , λr of Â and Ā must be equal up to scaling.

For part 2, suppose 1 is not an eigenvalue of Â. Like before, we can explicitly com-

pute Ā as a rank one update to Â (Appendix A.1). Since 1 is not an eigenvalue of Â,

then by Lemma 2.5.1,
(
I −X†1X1

)ᵀ
1 6= 0. We know that, since the data are linearly

consistent, then the solution Â to DMD without centering satisfies X2 = ÂX1, and thus

X2

(
I −X†1X1

)
= 0. Now,

Â− Ā =
(
X2X

†
1 − X̄2X̄

†
1

)

=


X2X

†
1 −X2

(
I − 11ᵀ

1ᵀ1

)
I −

(
I −X†1X1

)
11ᵀ

1ᵀ
(
I −X†1X1

)
1


X†1




=


X2




(
I −X†1X1

)
11ᵀ

1ᵀ
(
I −X†1X1

)
1


X†1




= 0.

(2.25)
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2.5.2 Linear Systems with Bias

We will now illustrate what can go wrong applying DMD without centering to data generated

by a linear system with bias. Consider the system

xj+1 =


2 0

0 3


xj +


1

2


 ,

with x1 = [1, 1]ᵀ. This yields data matrices,

X1 =


1 3 7

1 5 17


 and X2 =


3 7 15

5 17 53


 .

It can easily be shown that these data are linearly inconsistent, since X2

(
I −X†1X1

)
6=

0, and so DMD without centering cannot accurately model the data. In particular, the

computed eigenvalues and eigenvectors will not correspond to those from the affine system

and the reconstruction of the data using the DMD model will be poor.

However, for some cases DMD without centering may be able to model data generated

by a linear system with bias, i.e. affine dynamics. In Theorem 2.5.3, we present necessary

and sufficient conditions for when this is possible. These boil down to (1) having “extra

rank” available to capture the bias with an eigenvector of eigenvalue 1 and (2) a technical

condition on the fixed point c and the eigenvectors of A as captured in V .

Theorem 2.5.3 (DMD without Centering for Affine Systems). Consider data which satisfy

the recursive affine equation xj+1 = Axj + b for j = 1, . . . , T , such that the affine problem

is well-posed. Suppose A does not have an eigenvalue equal to 1, and define the fixed point

c = (I −A)−1 b. Like in (2.19), we may factor the data X as

X =
[
V c

]

Λᵀ

1ᵀ


 .

Then there exists an A′ such that xj+1 = A′xj if and only if c is not in the span of the

columns of V .
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Corollary 2.5.3.1. If A is full rank and has distinct eigenvalues, then DMD without cen-

tering will not be able to accurately represent the dynamics. In particular, the eigenvalues

and eigenvectors of DMD without centering will not correspond to the eigenvalues and eigen-

vectors of A and the reconstruction of the data using this linear model will be poor.

Proof. Suppose that c is not in the span of the columns of V . We would like to show that

X = Ṽ Λ̃ᵀ, (2.26)

where Ṽ and Λ̃ have full column rank and Λ̃ is a rectangular Vandermonde matrix. Define

Ṽ = [V c] and Λ̃ = [Λ 1]. Then X satisfies (2.26). By assumption, the columns of

Ṽ are linearly independent, and, since 1 is not an eigenvalue of A, by Lemma 2.4.2, the

columns of Λ̃ are linearly independent. With this factorization, X satisfies a linear model

A′ = Ṽ diag(λ1, . . . , λr, 1)Ṽ †. By Theorem 2.4.6, reading off from Λ̃, the modes of DMD

without centering will be the same eigenvalues and corresponding eigenvectors of DMD with

centering with an additional eigenvalue equal to 1.

Now suppose that c is in the span of the columns of V . To show that a linear system

cannot model the data, we will use proof by contradiction. Suppose that we can express

[V c][Λ 1]ᵀ = Ṽ Λ̃ᵀ,

where Ṽ and Λ̃ have full column rank (Lemma 2.4.3). Since rank([V c]) < rank([Λ 1]), this

requires that rank(Λ̃) < rank([Λ 1]).

For a Vandermonde matrix M , let σ(M ) denote its “spectrum,” i.e. the eigenvalues that

generate the columns, so that σ(Λ) = {λ1, . . . , λr}. We have three cases:

Case 1: σ(Λ̃) is a proper subset of σ([Λ 1]).

In this case, we can partition the columns of [Λ 1] to form two Vandermonde matrices Λ̃

and Λ′, where the spectrum of σ(Λ′) = σ([Λ 1]) \ σ(Λ̃). Employing the same partition on

the columns of [V c], we can form matrices V1 and V2, such that

[
V1 V2

]

Λ̃ᵀ

Λ′ᵀ


 = Ṽ Λ̃ᵀ. (2.27)
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Consider the solution to

B


Λ̃ᵀ

Λ′ᵀ


 = Λ̃ᵀ.

By assumption, the columns of [Λ̃ Λ′] are linearly independent, and so there is a unique

solution B = Λ̃ᵀ


Λ̃ᵀ

Λ′ᵀ



†

= [I 0]. Multiplying both sides of (2.27) on the right by


Λ̃ᵀ

Λ′ᵀ



†

,

we find

[
V1 V2

]
= Ṽ Λ̃ᵀ


Λ̃ᵀ

Λ′ᵀ



†

=
[
Ṽ 0

]
.

However, V2 cannot be 0, since it comes from a partition of the nonzero columns of [V c].

Case 2: σ(Λ̃) = σ([Λ 1]).

The two spectra cannot be equal, since this would imply that rank(Λ̃) = rank([Λ 1]).

Case 3: There exists some λ ∈ σ(Λ̃) with λ 6∈ σ([Λ 1]).

Therefore, Λ̃ contains a column which is not in the column space of [Λ 1]. This means that

there is a column in Λ̃ which is linearly independent from the columns of [Λ 1]. Thus, there

does not exist a linear combination C such that

C


Λᵀ

1ᵀ


 = Ṽ Λ̃ᵀ,

which is a contradiction.

2.5.3 Synthetic Examples

To review our results so far, we compare the eigenvalue spectra from DMD with centering

and DMD without centering for four sets of measurements of affine systems xj+1 = Axj +b.

The results are shown in Figure 2.2. The two top spectra correspond to data with n < T ,

while the bottom two correspond to n > T .
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a)

c)

b)

d)

Figure 2.2: Comparison of the eigenvalues from DMD with centering (green) and DMD

without centering (orange) to the true eigenvalues (black) of A for four different affine

systems xj+1 = Axj + b. a) n < T and A is low rank. DMD with and without centering

both yield the eigenvalues of A, except DMD with centering has an extra eigenvalue of 1,

corresponding to the background mode. b) n < T and A is full rank. DMD with centering

yields the true eigenvalues of A while DMD without centering does not. c) n > T and A is

low rank. This yields the same result as a). d) Since T < r, the DMD problem is not well-

posed and neither DMD with centering nor DMD without centering yields the eigenvalues

of A.
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For n < T if A is low rank (r < n), then DMD without centering has the same spectra

as DMD with centering, but with an additional eigenvalue equal to 1. If A is full rank

(r = n), DMD with centering computes the correct modes. However, by Corollary 2.5.3.1

DMD without centering cannot accommodate the affine term and yields incorrect eigenvalues

and a poor one step reconstruction of
∥∥∥X2 − ÂX1

∥∥∥ = 0.019.

For n > T with A low rank, DMD without centering has the same spectrum as DMD

with centering, but with an additional eigenvalue equal to 1. If r > T , by Theorem 2.4.6

the system is undersampled then the DMD problem is not well-posed and the modes of A

are not unique. Consequently, the DMD modes for both with and without centering do not

equal the true modes of A. That being said, since the data are linearly consistent, all of the

models are able to reconstruct the data.

2.5.4 The Effects of Noise

In Theorem 2.5.2 we showed that, for a linear system, DMD with centering and DMD without

centering will yield the same modes, except that the constant mode without centering is

replaced with a zero mode. However, one of the key assumptions in our proofs is that there

exists A, so that xj+1 = Axj. For real data with measurement noise, this assumption will

not hold. We find empirically that these predictions do hold true, with uncertainty on the

order of the noise level.

We simulated data Y = X + ηZ, where the elements of Z are from a standard normal

distribution and perform DMD. We performed this for 500 instantiations of Z for each of

20 values of η ranging uniformly on a logarithmic scale from 10−9 to 1. Values of n = 10,

T = 30, and r = 7 were used. For both DMD with centering and DMD without centering,

we compute the sum of the distances from the computed eigenvalues of Ā and Â to the

nearest true eigenvalue of A, then report the median.

Our results are shown in Figure 2.3. The eigenvalue distances, shown at top, for Â and

Ā scale linearly with η. These distances are very close for these two methods. Note that,

when computing the sums for DMD without centering, we exclude the eigenvalue closest to
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one to establish a fairer comparison between these two methods.

For a specific example, in the bottom of Figure 2.3 we plot the eigenvalues computed

using these two methods for η = 0.005 over 100 realizations of the noise. The black crosses

show the true eigenvalues. As expected, the deviations of the eigenvalues from the true

values are roughly the same. Note the presence of the additional eigenvalue equal to 1 for

DMD without centering.

2.6 DMD with Centering is not a Temporal Discrete Fourier Transform

Similar to DMD, the temporal discrete Fourier transform (temporal DFT) can be used

to decompose the times series data x1, . . .xT+1 into linear combinations of modes with

exponential time dependence. In particular, the temporal DFT is defined as [48, 81],

x̂j :=

{
1

T + 1

T+1∑

k=1

exp

(
−2πi(j − 1)(k − 1)

T + 1

)
xk

}
,

with inverse transform

x′k :=

{
T+1∑

k=1

exp

(
2πi(j − 1)(k − 1)

T + 1
x̂k

)}
. (2.28)

In [43], Chen argues that when subtracting the mean µ = 1
T+1

∑T+1
j=1 xj the eigenvalues lj of

the companion matrix C are independent of the data:

lj = exp

(
2πij

T + 1

)
j = 1, . . . , T + 1.

and the eigenvectors wj are given by

xk =
T+1∑

j=2

exp

(
2πi(j − 1)(k − 1)

T + 1

)
wj.

Comparing this to (2.28) we see that the eigenvectors of the companion matrix correspond

to those given by the temporal DFT. Most significantly, this has the unintended consequence

of restricting the eigenvalues to be roots of unity.
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a)

b)

Figure 2.3: Comparison of DMD with centering and DMD without centering in the presence

of measurement noise. a) For fixed A, we compute the sum of the distances from the

computed eigenvalues of A to the nearest true eigenvalue. For both methods, the sum scales

linearly with noise level. b) For fixed noise level 0.005, we plot the eigenvalues ofA computed

using both method for 100 instantiations of noise. The fluctuations of the eigenvalues from

the true values (black crosses) are roughly the same for both methods.
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It is important to note that this argument is based on (1) the companion matrix approach

and (2) the fact that the companion matrix is unique and hence the data matrix X1 − µ1ᵀ

has full rank. We note that if the data is not full rank, then the companion matrix approach

yields different modes than SVD-based DMD [43, 181].

Clearly, if we subtract the mean µ1 from X1, then X1 − µ11
ᵀ will be low-rank and

therefore have linearly dependent columns. Hence, the argument above does not apply to

this case. In particular, we do not expect the DMD with centering method (2.14) to be

equivalent to the companion matrix approach X1 − µ11
ᵀ or equivalent to the DFT.

If we subtract the overall mean µ from the data as in [43], if X1 is low rank, then the

argument above does not apply. Morevover, even if X1 is full rank, if there is a stationary

mode, then X1−µ1ᵀ will be low rank. This is proven in Proposition 2.6.1 below. In the case

of low rank data or a nonzero stationary mode, if we subtract µ, the SVD-based approach

will not equal the companion matrix. Furthermore, the assumptions in [43] are not satisfied

and neither the SVD-based approach, nor the companion matrix approach is expected to

equal the DFT. We have found it not to be equal to the DFT in all experiments we have

considered for these cases.

Proposition 2.6.1. Suppose we have sequential time series such that xj+1 = Axj which

are used to define the matrices X and X1 as in (2.3) and (2.17). If

1. the DMD problem is well-posed,

2. Â = X2X
†
1 has eigenvalue 1, and

3. X has nonzero mean µ = 1
T+1
X1 6= 0,

then rank(X1 − µ1ᵀ) ≤ rank(X1)− 1.

Proof. To prove that X1 − µ1ᵀ is rank deficient, we will show that there exists a nonzero

vector v which is in the nullspace of X1 − µ1ᵀ, but not in the nullspace of X1.
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First, we need to show that range(X2) ⊆ range(X1). To see this, we only need to

consider the case where range(X2) 6= range(X1). Then, since the DMD problem is well-

posed, T ≥ r + 1. Thus, X1 contains at least r linearly independent vectors which are in

the range of Â. Thus, range(Â) ⊆ range(X1), and since X2 = ÂX1, then range(X2) ⊆
range(Â) ⊆ range(X1).

Since, range(X2) ⊆ range(X1), then there exists c ∈ Rn−1 such that X1c = xT+1. One

possible solution to this is c = X†1xT+1. Define α =
1+X†1xT+1

T+1
. By definition,

0 6= µ =
1

T + 1
X1

=
1

T + 1
(X11 + xT+1)

=
1

T + 1
X1 (1 + c)

= X1α.

Thus, α is not in the nullspace of X1 and therefore cannot be 0. By Lemma 2.5.1, since Â

has eigenvalue 1, then 1ᵀX†1xT+1 = 1ᵀc = 1. Thus,

(X1 − µ1ᵀ)α = X1

(
I − 1

T + 1
(1 + c) 1ᵀ

)
(1 + c)

T + 1

= X1
(1 + c)

T + 1
−X1

1

T + 1
(1 + c) 1ᵀ (1 + c)

T + 1

= X1
(1 + c)

T + 1
−X1

(1 + c)

T + 1

= 0.

In conclusion, the dimension of the null space of the centered data (X1 − µ1ᵀ) must be

greater than the dimension of the null space of the uncentered data (X1) and the centered

data must have a lower rank than the uncentered data.

Remark 2.6.2. Even in the case where the system has measurement noise, X1 − µ1ᵀ is

effectively rank deficient. Thus, the companion matrix modes are not the DMD modes even

if the data is mean subtracted using µ.
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To illustrate this point we generate data for an affine system xj+1 = Axj +b (2.11) with

n = 10, T = 7, and r = 5. In Figure 2.4, we plot the true modes (crosses), the spectrum

computed with DMD with centering and the spectrum computed using the companion matrix

on data with the total mean subtracted. We see that DMD with centering extracts out the

correct modes. However, the companion matrix approach does not. Since the data X1−µ1ᵀ

is low rank, the eigenvalues of the companion matrix are not the roots of unity. In addition,

note that the companion matrix has seven nonzero eigenvalues even though A has only 5.

Next, we add some Gaussian distributed measurement noise with zero mean and standard

deviation 0.001. Like the noiseless case, DMD with centering extracts the correct eigenvalues.

Since the data are full rank the companion matrix approach yields a temporal DFT. However,

since the data has low effective rank, the eigenvalues of the companion matrix do not equal

the eigenvalues of A.

2.7 Extracting Arbitrary Frequencies

By subtracting the means of X1 and X2 individually, we have shown by Theorem 2.5.2

that we can successfully extract the dynamics about a background mode (corresponding to

a DMD mode with eigenvalue equal to 1). We generalize this result to modes with fixed

frequencies that correspond to known eigenvalues other than 1. As a concrete example,

electrical recordings taken in the presence of an alternating current power source are often

corrupted with a “background” signal at a fixed frequency (60 Hz in most countries). This

line noise corresponds to a mode with a precisely known eigenvalue that we want to subtract

from the measurements.

To subtract a mode of known frequency, note that in (2.11) the eigenvalue of 1 comes in

through the decision to use 1ᵀ. By adding this term we enforce that

1ᵀ =
[
1 1 · · · 1

]
, (2.29)

appears in the rowspace of the data. We remove this mode by subtracting the mean from
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a) b)

Figure 2.4: Comparison of performance of DMD with centering and the companion matrix

approach on mean subtracted data. a) DMD modes (green) match with the true modes

(black crosses). Since total mean subtracted data X1 − µ1ᵀ is low rank, the companion

matrix eigenvalues do not equal the true eigenvalues. b) Same system as a) but with added

measurement noise. DMD with centering yields the correct eigenvalues. Since the data is

full-rank, the companion matrix eigenvalues equal the roots of unity. However, since the

data has low effective rank, these modes do not equal the true modes of the system.



46

the data or equivalently applying the orthogonal projection,

I − 11ᵀ

1ᵀ1
, (2.30)

to X1 and X2.

If we know that another eigenvalue λ exists in the data, then we simply replace (2.29)

with

λᵀ =
[
1 λ λ2 λ3 · · ·λT−1

]
.

Thus, (2.11) becomes

X2 = AX1 + bλᵀ. (2.31)

Multiplying both sides by λᵀ† = λ∗

λᵀλ∗ , then

X2
λ∗

λT ∗λ
= b

λᵀλ∗

λT ∗λ
+AX1

λ∗

λT ∗λ

b = X2
λ∗

λT ∗λ
−AX1

λ∗

λT ∗λ
.

Plugging this into (2.31)

AX1

(
I − λ

∗λᵀ

λᵀλ∗

)
= X2

(
I − λ

∗λᵀ

λᵀλ∗

)
.

Thus, solving (2.31) is equivalent to applying the orthogonal projection, I− λ∗λᵀ
λᵀλ∗ to the data.

If there are multiple known distinct eigenvalues λ1, . . . , λk, then applying the same pro-

cedure we construct the matrix

Λᵀ =




λ1 λ2
1 λ3

1 · · · λᵀ1

λ1 λ2
1 λ3

1 · · · λT1
...

...
...

. . .
...

λk λ2
k λ3

k · · · λTk



,

and assume that the data satisfies

X2 = AX1 +BΛᵀ. (2.32)
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In the case that k < T , since Λ is a Vandermonde matrix it has full column rank (Lemma

2.4.2), and thus Λ†Λ = I. Multiplying (2.32) by Λᵀ† , and rearranging terms we get

B = X2Λ
ᵀ† −AX1Λ

ᵀ† .

Plugging this into (2.32) yields

AX1

(
I −Λᵀ†Λᵀ

)
= X2

(
I −Λᵀ†Λᵀ

)
.

So, solving (2.32) is equivalent to DMD after applying the orthogonal projection I −Λᵀ†Λᵀ

to the data. As an example, we generate data with samples which satisfy,

xj+1 = Axj + bλj−1 for j = 1, . . . , T + 1. (2.33)

We choose n = 10, T = 9, r = 5 and λ = −i. The eigenvalues of A (black crosses) are shown

alongside the eigenvalues computed using DMD without fixing an eigenvalue (orange) and

DMD with a fixed eigenvalue (green). As expected, DMD with a fixed eigenvalue extracts out

the eigenvalues of A while DMD without a fixed eigenvalue includes an additional eigenvalue

with value −i.

2.8 Examples

We demonstrate DMD with centering on three nonlinear examples, including one synthetic

example and two real-world datasets. For the Lorenz system, Section 2.8.1 shows that DMD

with centering improves the model of the dynamics, especially in the presence of measurement

noise. Section 2.8.2 describes the surveillance video example, where the data is effectively

low rank; DMD with and without centering extract the same foreground and background

modes, as detailed in Section 2.5. From these two examples we see that DMD with centering

performs at least as well as, if not better than, DMD without centering. Last, Section 2.8.3

shows extraction of modes at arbitrary frequencies (Section 2.7) using an example of brain

activity recordings contaminated by 60 Hz line noise.
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a) b)

Figure 2.5: Comparison of DMD with fixed frequency subtraction versus ordinary DMD.

Data was generated as in (2.33), where A has six nonzero eigenvalues with one fixed to be

−i. a) Eigenvalues computed using DMD with fixed frequency subtraction (green) compared

to true eigenvalues of A. b) DMD modes computed without a fixed eigenvalue (orange)

compared to true eigenvalues of A. DMD without fixed frequency subtraction contains the

additional eigenvalue equal to −i.
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2.8.1 Lorenz System

As an example, we analyze the Lorenz (1963) system [133] which is defined by the set of

differential equations

ẋ1 = σ(x2 − x1)

ẋ2 = x1 (ρ− x3)− x2

ẋ3 = x1x2 − βx3.

These equations appear in a variety of systems including, fluid dynamics [130], lasers [224],

and chemical reactions [54]. This system is nonlinear and thus the corresponding data matrix

X ∈ R3×T+1 has linearly independent rows.

For this analysis, we will focus on applying DMD to a short trajectory that spirals

outward from the unstable nonzero fixed point (
√
β(ρ− 1),

√
β(ρ− 1), ρ − 1). We choose

to use the common values σ = 10, ρ = 28, and β = 8/3. We simulate 4800 timepoints using

the standard Runge-Kutta 4th-order method with fixed timestep 0.001 and initial condition

x1 = [6.7673, 6.1253, 25.8706].

In Figure 2.6 we plot the trajectory along with the reconstructed trajectories (forecasts

from the initial time) using DMD with centering and DMD without centering. The corre-

sponding eigenvalues from these two methods are shown on the right. DMD with centering

and DMD without centering have different eigenvalues in this case. However, both meth-

ods give similar reconstructions. Note that DMD has an eigenvalue very close to 1, which

indicates that there is a fixed point or nonzero mean in the data.

Next we add Gaussian measurement noise with variance 0.032, which is quite small rela-

tive to the variable scales. It is well-known that noise shrinks DMD eigenvalues towards the

origin [14, 50, 84]. For DMD with centering, even though the eigenvalues shrink towards the

origin, the reconstruction is still centered about the fixed point. In addition, since two of the

DMD with centering eigenvalues remain outside of the unit circle, the reconstructions have

the same growing trend as the simulation. However, for DMD without centering all of the
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eigenvalues fall within the unit circle, which causes the reconstruction to decay to the origin.

So, we conclude that not centering the data can result in drastically different forecasts and

estimates of stability.

2.8.2 Background Subtraction for Video Surveillance

Next we analyze an application to video surveillance. Here, we focus on one objective,

namely foreground/background separation in video. In particular, we would like to split

the data into two pieces: a slowly varying, highly correlated background and a foreground

containing moving objects of interest. Several techniques have been developed to address

this objective [206, 137, 83, 35]. In [77], Grosek and Kutz show that when DMD is applied

to videos with static backgrounds, one of the DMD modes typically has an eigenvalue close

to 1. This mode is a good approximation to the background and consequently the difference

in the data and this mode is an estimate for the foreground. Here we illustrate the impli-

cations of Theorem 2.5.2 and show that DMD with centering yields the same eigenvalues

and eigenvectors as DMD without centering, except the eigenvalue of 1 is replaced with an

eigenvalue equal to 0. Using DMD with centering we show that the background mode can

be computed using the means µ1, µ2, and A.

For this type of data, we expect the video to be approximately low rank. Hence, the

foreground from Exact DMD should be approximately equal to the mean subtracted data.

In addition, we assume the background corresponds to a nonzero fixed point c, where

X2 − c1ᵀ = Ā(X1 − c1ᵀ).

Taking the difference between this equation and the equation for DMD with centering

X2 − µ21
ᵀ = Ā (X1 − µ11

ᵀ) ,

then

c− Āc = µ2 − Āµ1,
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Figure 2.6: Comparison of performance of DMD with and without centering using Lorenz

(1963) attractor data. Top left: Reconstruction of z plotted against reconstruction of y for

the two methods. Top center: Reconstruction of x, y, and z as a function of t individ-

ually using different methods. Both methods produce similar reconstructions. Top right:

Eigenvalue spectra for DMD with and without centering. Bottom row: Same as top row

except simulation has added Gaussian measurement noise. Note that all of the eigenvalues

for DMD without centering have magnitude less than one and decay to zero, causing the

reconstructed trajectory to decay to zero. However, some of the DMD with centering modes

have magnitude greater than one, yielding a better reconstruction. One eigenvalue equal to

0.8866 is not shown for DMD with centering.
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and hence

c = (I − Ā)−1(µ2 − Āµ1).

Note that I − Ā is invertible since Ā does not have an eigenvalue equal to 1 according to

Theorem 2.5.2. In general, A may be prohibitively large to compute c in (2.8.2). We note

that this computation may be performed in the smaller r-dimensional space (see Appendix

A.2).

We apply these methods to surveillance video of highway traffic from the CDNET dataset

[222]. The video has a height and width of 120 × 160 pixels and consists of 41 frames. In

this case, the foreground is the cars and the background is the grass, road, trees, etc. In

Figure 2.7 we show a sample frame, the stationary mode from DMD without centering, the

fixed point c from DMD with centering, and the overall mean of the data. The stationary

mode and fixed point are visually identical but not equal to the overall mean of the data.

As we increase the number of frames in this analysis, the stationary mode and fixed point

converge to the overall mean. We choose a short number of frames for this study to illustrate

the difference between these quantities. In practice, a larger number of frames will yield

better foreground/background separation. Additionally, as predicted by Theorem 2.5.2, the

spectra for DMD with and without centering are nearly identical except for the presence of

the additional eigenvalue equal to 1 for DMD without centering.

2.8.3 Fixed Frequency Subtraction for Brain Activity Recordings

As a final example, we study an application of Section 2.7 to brain activity recordings

and illustrate how fixed frequency subtraction naturally fits within the DMD framework. In

particular, we study intracranial electrocorticography (ECoG) measurements from electrodes

placed on a human brain surface [219]. The data we use contain 64 channels of measurements

and are sampled for a duration of 5 seconds with a frequency of 1000 Hz.

One common source of signal pollution is 60 Hz power line hum, which results from the

AC current in power lines [15, 128]. To illustrate the results of Section 2.7, we may apply our



53

t

a) c) e)

b) d) f)

Figure 2.7: a) Sample frames from video of traffic. b) Overall mean µ of video. c) Eigenvalues

of modes computed using DMD and d) static mode corresponding to eigenvalue closest to

one. e) Eigenvalues of modes computed using DMD with centering and f) static mode

corresponding to fixed point. Note that the spectra for these two methods is nearly identical

with the exception of the eigenvalue at 1 corresponding to the static mode/fixed point.
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method of fixed frequency subtraction to denoise the signal. In particular, we multiply X1

and X2 by the orthogonal projection I − λ∗λᵀ
λᵀλ∗ and then apply DMD to these data matrices.

λ in this case is generated by an eigenvalue which corresponds to a frequency of 60 Hz. In the

top left of Figure 2.8, we plot the subset of these channels. The corresponding power spectra

computed using the temporal DFT and DMD are shown in the middle left and bottom left

plots, respectively. As expected, there is a distinct peak near 60 Hz in both of these plots.

On the right we show the corresponding plots after applying the fixed frequency subraction

at 60 Hz. In the power spectrum we see that the peak near 60 Hz is suppressed by an order of

magnitude. In addition, the mode near 60 Hz in the DMD spectrum is completely removed.

Surprisingly, even though the original mode is not at exactly 60 Hz, frequency subtraction is

able to remove it. As an alternative method, a notch filter can also be used to remove known

frequencies and is the recommended method in practice, since a well-designed filter is less

likely to introduce artifacts. In general, there may be additional frequencies corresponding

to higher harmonics which we may choose to remove. The results of Section 2.7 may also be

used in this case.

2.9 Discussions

In this chapter, we have proposed mean subtraction as a natural and computionally efficient

preprocessing step when performing DMD. We have shown that DMD on mean subtracted

data is equivalent to an additional affine term in the DMD framework, but is not equivalent

to a temporal discrete Fourier transform (temporal DFT). In addition, we showed that, in

a special subset of cases, DMD without centering extracts the same spectra as DMD with

centering. However, in the case where the data are full rank, DMD with centering can extract

the underlying dynamics even when DMD without centering cannot. By thinking of centering

the data as subtracting a zero-frequency mode, we generalized this result to extracting non-

zero, known frequencies in the data. Finally, we illustrated DMD with centering on three real

examples with nonlinear dynamics, namely a trajectory of the Lorenz system, a surveillance

video, and brain recordings.
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Figure 2.8: Application of fixed frequency subtraction to brain activity recordings . Top left:

Raw voltage signals from subset of channels. Center left: Corresponding discrete Fourier

transform power spectrum. Bottom left: Power spectrum computed using DMD. Right:

Same as left column after fixed frequency of 60 Hz has been subtracted.
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Many of the theorems in this work have depended on the assumption of sequential time

series sampled at a fixed frequency. In particular, the uniqueness of the DMD modes (Theo-

rem 2.4.6) is based on this assumption. However, exact DMD has been shown to successfully

extract modes from data that is not sequential. One potential starting point is the theory

of exponential Vandermonde matrices [169, 231]. It remains to be demonstrated that the

modes extracted for non-sequential times data by exact DMD, or similar methods such as

optimized DMD, are well-posed and unique. Furthermore, future work remains to more

thoroughly explore the effects of noise on the DMD estimator and obtain a fully statistical

theory.

Our analysis In this chapter has focused on computing DMD by what is known as the

(SVD-based) exact DMD algorithm [213]. There exist many other algorithms for comput-

ing the DMD, including forward/backward DMD [50], total least squares DMD [84], and

optimized DMD [12]. Although we suggest that data centering is generally advantageous,

the consequences of centering remains to be explicitly characterized when using these other

algorithms.
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Chapter 3

SPATIOTEMPORAL MODAL DECOMPOSITION FOR
NONSTATIONARY SIGNALS

3.1 Introduction

Here, we introduce the spatiotemporal intrinsic mode decomposition (STIMD) method, which

factors spatiotemporal data into a product of spatial modes and temporal modes, with the

constraint that the temporal modes are intrinsic mode functions (IMFs [98, 100]). Our

method allows us to perform instantaneous time frequency analysis by computing a Hilbert

transform of the data; in addition, it is possible to make future-state predictions of the

spatiotemporal system.

The Fourier transform is a very widely used technique for analyzing the power spec-

tral features in time-series signals. However, this technique assumes periodic systems and

performs poorly when the signal is nonlinear and non-stationary. A large variety of very

successful methods have been developed to work with such signals, including windowed ver-

sions of Fourier analysis and wavelet analysis [48]. One related method is the empirical mode

decomposition (EMD [98, 167, 230, 101]), which had been developed with the motivation to

compute instantaneous time frequency analysis of non-stationary signals. EMD decomposes

real-valued signals into a set of intrinsic mode functions (IMFs), which have the feature

that they are suitable for computing meaningful Hilbert transforms. EMD has been widely

applied in a variety of application domains [99, 158, 220]. Thus, EMD is able to analyze

non-stationary time-series data, where frequencies vary in time. However, EMD is an em-

pirical algorithm that was developed without a rigorous mathematical foundation [167]. As

alternatives to EMD, the synchrosqueezed wavelet transform [49] and the nonlinear match-

ing pursuit method (NMP) [93, 96] have been developed. Like EMD these methods can be
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used to extract IMFs. However, these methods have greater mathematical justification in

addition to greater statistical robustness.

For systems with spatiotemporal dynamics, it is often possible and desirable to use several

sensors placed at different locations to simultaneously gather data about the system. These

additional measurements and their correlations in space may be leveraged to produce more

accurate models. A large family of methods have been developed for factoring spatiotemporal

data into products of two sets of modes—one spatial and one temporal. This factorization

problem is also known as the blind source separation problem; in other words, the goal is

to extract and disambiguate the underlying signals that comprise the measurement data.

The solution to the decomposition is generally underdetermined, and various results can be

obtained by making different assumptions [66]. We give a brief overview of some of the most

widely used decomposition methods in Section 3.2.

In this chapter, we propose a new solution to the blind source separation problem for

spatiotemporal non-stationary signals. This spatiotemporal intrinsic mode decomposition

(STIMD) is motivated by EMD and builds on the NMP method to factor spatiotemporal

data into a set of spatial modes and IMF temporal modes. To our knowledge, no other de-

composition has been described to satisfy these assumptions. With STIMD, we can compute

an instantaneous time-frequency representation with a Hilbert transform and also perform

future state prediction. In Section 3.3, we describe the STIMD method and characterize

its behavior on several synthetic non-stationary time-series data examples; in particular, we

focus on signals containing frequency modulation. We show that STIMD extracts the under-

lying source signals more accurately and reliably than several other commonly used factor

analysis techniques. Further, we illustrate its dependence on noise magnitude and initial

conditions. Next, in Section 3.4, we apply our method to two real-life datasets, namely

measurements of gravitational waves from the laser interferometer gravitational observatory

(LIGO) experiment and recordings from neural activity from the rodent hippocampus. Our

results show that leveraging the architectures jointly greatly improves the performance of

spatiotemporal decompositions. A summary and future improvements are found in Sec-
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tion 3.5.

3.2 Related Work

Our STIMD algorithm is based on a number of recent innovations in time frequency anal-

ysis of single signals, specifically the empirical mode decomposition (EMD) and nonlinear

matching pursuit (NMP). We first describe these techniques and summarize their approach

as algorithms in Sections 3.2.1, 3.2.2, 3.2.3.

Next, we give an overview of blind source separation and factor analysis methods to

decompose spatiotemporal signals in Section 3.2.4. We highlight the common structure and

differing assumptions of three widely used techniques: singular value decomposition (SVD,

Section 3.2.5), independent component analysis (ICA, Section 3.2.6), and dynamic mode

decomposition (DMD, Section 3.2.7).

3.2.1 EMD and the Hilbert Transform

Consider a signal f(t) : [t0, t1] → R on which we would like to perform time-frequency

analysis, extracting both the temporal and frequency features of the signal simultaneously.

If the signal is stationary, we may choose to perform the Fourier transform, which decomposes

the signal into a basis of sines and cosines; this basis may also be called a dictionary [92].

For non-stationary signals, a dictionary of sines and cosines do not well represent the

signal, so we must choose to decompose our signals using a different basis set. One possible

dictionary is the set of all intrinsic mode functions (IMFs); an IMF has the important

property that it has a well-defined Hilbert spectrum.

IMFs are defined by the following criteria:

1. The number of extrema and the number of zero crossings of the function must be equal

(or differ by at most one).

2. At any point of the function, the average of the upper envelope and the lower envelope
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defined by the local extrema must be zero; in other words, the function is symmetric

with respect to zero).

Mathematically, all real-valued time-series s(t) obeying these criteria may be expressed

in the form

s(t) = a(t) cos(θ(t)) (3.1)

for some a, θ : [t0, t1]→ R such that θ′(t) > 0 [98].

One notable property of an IMF is that it has a well-defined Hilbert spectrum. Specifi-

cally, the function s(t) has the analytic continuation s̃(t) : R→ C :

s̃(t) = a(t)eiθ(t), (3.2)

which has a well-defined instantaneous frequency

ω(t) =
dθ

dt
. (3.3)

In 1998, Huang introduced a method for decomposing a signal x(t) into a sum of IMFs sj(t)

and a residual ρ(t) through a recursive sifting process known as EMD [98]:

x(t) =
∑

j

sj(t) + ρ(t). (3.4)

Briefly, at each recursive step of EMD, a cubic spline is fit to the local minima and maxima

of the data, forming two envelopes. The mean of these envelopes m(t) is then subtracted

from x(t) to form a residual. If the residual ρ(t) is an IMF, it is extracted and the process

is applied to the remainder of the data. Otherwise, this process is applied recursively to

the residual until an IMF is obtained. Specifically, the jth IMF computed after k iterations

(assuming that it satisfies the definition of an IMF) is

sj(t) = xj(t)−
k∑

i=1

mj,i(t), (3.5)

where xj(t) =
∑j−1

l=1 sl(t) and mj,i(t) is the mean of the envelopes computed after j iterations

[98, 19].
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This method has been demonstrated to be successful in practice on a wide number of

applications [220, 158, 99]. In addition, several multivariate and multidimensional exten-

sions have been developed [168, 139, 59]1. However, EMD is empirical in nature and its

mathematical foundation is still poorly understood; therefore, the next section describes an

alternative mathematical architecture with a more rigorous foundation.

3.2.2 Nonlinear Matching Pursuit Method (NMP)

One recent alternative to EMD is the nonlinear matching pursuit (NMP) method developed

by Hou and Shi [93]. In particular, for NMP we assume that x(t) can be represented by only

a few IMFs. Thus, the goal of NMP is to solve the optimization problem

minM such that x(t) =
M∑

j=1

sj(t). (3.6)

We further assume in this algorithm that the IMFs sj contain only interwave frequency

modulation, as defined in the following definition. Since θ(t) is monotonic by the Invertible

Function theorem, we can express an IMF s(·) as a function of θ

s(θ) = a(θ) cos(θ). (3.7)

s(θ) is defined to have interwave frequency modulation if a(θ) and θ′(θ) := dθ
dt
|θ are smoother

than cos(θ)2. Saying that a(θ) and θ′ are smoother than cos(θ) means that a(θ) and θ′ are

in the set

V (θ, λ) = span

{
1, cos

(
kθ

2Lθ

)
, sin

(
kθ

2Lθ

)
: 1 ≤ k ≤ 2λLθ

}
, (3.8)

where Lθ =
⌊
θ(t1)−θ(t0)

2π

⌋
and λ = 1/2. Note that the parameter λ is important in the

implementation of NMP, as described in Section 3.2.3.

1To the best of our knowledge none of these previous methods perform a matrix factorization comparable
to the STIMD method described in Section 3.3.

2Since θ′ > 0, by the Inverse Function Theorem, there is a one-to-one mapping between t and θ, so that
we can thus express the IMF in θ space without losing information.
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Physically, the signals with interwave frequency modulation roughly correspond to solu-

tions of second order differential equations of the form

ẍ+ b(t)ẋ+ c(t)x = 0, (3.9)

where b(t) and c(t) are sufficiently smooth. More details about this solution can be found

in [97].

To summarize, the dictionary of interwave frequency modulated IMFs is

D = {a(θ) cos(θ) : a ∈ V (θ), θ′ ∈ V (θ) and θ′(t) ≥ 0}, (3.10)

and the minimization problem for the NMP method becomes

min
aj ,θj

M such that x =
M∑

j=1

aj cos θj and aj cos θj ∈ D ∀j ∈ 1, . . . ,M. (3.11)

In other words, we would like to find the minimum number M of IMFs aj cos θj (for j =

1, . . . ,M) which sum up to the original signal x [93]. In the case of signals with noise, the

equality in (3.11) is replaced with the inequality
∥∥∥x−

∑M
j=1 aj cos θj

∥∥∥
2
≤ δ.

3.2.3 NMP Implementation for Periodic Signals

The NMP minimization problem is solved using matching pursuit. As with the EMD algo-

rithm, each IMF is discovered by a greedy optimization and subtracted from the residual

rj(t) at each step. Specifically, given the signal x(t) we extract the first IMF, by solving the

minimization problem

argmin
a,θ

‖x(t)− a(θ(t)) cos (θ(t))‖2
2 , where a(θ), θ′(θ) ∈ V (θ). (3.12)

The solution to this problem leads to the corresponding IMF, s1(t) = a(θ(t)) cos(θ(t)). To

find the second and subsequent IMFs, we replace the signal x(t) with the residual rj(t) =

x(t)−∑j−1
l=1 sl(t).

To solve the NMP minimization problem an alternating scheme is used by fixing θ and

minimizing over a, then fixing a and updating θ. It is also important to note that we first
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minimize

argmin
a,θ

‖x(t)− a(θ(t)) cos (θ(t))‖2
2 , where a(θ), θ′(θ) ∈ V (θ, λ), (3.13)

with λ = 0 and slowly increase the value of λ up to 1/2. The corresponding pseudocode is

in Algorithm 1.

The minimization in (3.13) is nontrivial to compute. To solve it, Hou and Shi use the fact

that projecting a(θ) into V (θ) is equivalent to applying a low pass filter in the θ-coordinate

[93]. Pseudocode for this algorithm is shown in Algorithm 3. It is important to note that,

in addition to taking in the measured signal x(t), the minimization requires an initial guess

for θ(t). Thus in the following sections, we will denote the NMP method as NMP(x, θ).

3.2.4 The Blind Source Separation Problem

For systems with spatiotemporal dynamics, mixed time-series data from multiple sensors

may be factored into a sum of spatiotemporal modes. This problem is commonly known as

blind source separation or factor analysis.

Generally, suppose we have spatiotemporal data X ∈ Rm×n, which contains n snapshots

and m measurement features at each snapshot. The goal is to decompose X into the product

of two matrices B ∈ Rm×r and S ∈ Rr×n such that

X = BS. (3.14)

Equivalently, X may be expressed as

X =
r∑

j=1

bjsj, (3.15)

where bj ∈ Rm is the jth column of B and sj ∈ Rn is the jth row of S. The column vectors

bj contain the spatial structure of the data, while the row vectors sj contain the temporal

structure. In other words, the bj’s are the spatial modes and the sj’s are the temporal modes

of the data. m is typically referred to as the dimension of the system. For many systems, this

quantity corresponds to the number of channels of measurements. The rank r is typically
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chosen to optimize some objective; if r < m, then the decomposition can be used to reduce

the dimensionality of X by representing the data in the basis of bj’s.

This decomposition is highly under-determined; given different assumptions and con-

straints, a large variety of different results for B and S may be obtained. For example,

methods such as SVD and ICA make assumptions about the orthogonality and the statis-

tical independence of the data, but they do not assume explicit temporal dynamics. Other

methods such as DMD enforce a strict temporal structure on data with a linear dynamic

model. Stronger assumptions restrict the types of data that can be modeled and recon-

structed accurately; however, these assumptions, if appropriate for the system, may denoise

the data and improve the interpretability of the results. Sections 3.2.5, 3.2.6, and 4.2.1 give

an overview of these methods, and their properties are summarized in Table 3.1.

3.2.5 Singular Value Decomposition (SVD)

One of the most widely used methods in matrix factorization is the SVD3. Given a matrix

X ∈ Rm×n, SVD decomposes X into a product of three matrices

X = UΣV T , (3.16)

where the left singular vectors U ∈ Rm×m and the right singular vectors V ∈ Rn×n are

unitary matrices, and Σ ∈ Rm×n is diagonal [72, 111]. It is customary that the diagonal

3Depending on the domain, this method (with small variations) is also known as Principal Component
Analysis (PCA), Proper Mode Decomposition (POD), and the Karhunen-Loẽve Decomposition, among
others.
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elements of Σ be expressed as

Σ =




σ1 0 0 . . . 0

0 σ2 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . σn

0 0 0 . . . 0
...

...
...

...
...

0 0 0 . . . 0




,

where the singular values are in decreasing order, σ1 ≥ σ2 ≥ . . . σn. The rank of X is R,

which corresponds to the number of nonzero σj’s [122]. Equivalently, we may incorporate

the weightings Σ into U . Letting B = UΣ and S = V T we recover (3.14).

When X is spatiotemporal data, we may interpret B as the spatial modes of X and S

as the temporal modes of X. Consider the matrix Xr defined as

Xr =
r∑

j=1

bjsj, (3.17)

where 0 ≤ r ≤ R. This matrix has rank r; importantly, Xr is the best rank r approximation

to X. More precisely, if Y is a rank r ≤ R matrix, then ‖X − Y ‖ is minimized for

Y = Xr with respect to both the `2 and Frobenius norms. The relative error in the rank r

approximation with respect to the `2 norm is

‖X −Xr‖2

‖X‖2

=
σr+1

σ1

. (3.18)

From this, we see that if the singular values σi decay sufficiently rapidly such that σr+1 � σ1,

then Xr will be a very good approximation to X. This property makes SVD a popular tool

for performing dimensionality reduction and mode extraction.

3.2.6 Independent Component Analysis (ICA)

Independent component analysis is another commonly used method for performing blind

source separation. Common applications of ICA include brain imaging, finance, and image
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feature extraction [13, 129, 104, 103]. Like other blind source separation problems, we assume

that there is a set of r signals s1, . . . , sr ∈ Rn and we measure linear combinations bi,j ∈ R

to form the signals xi(t) ∈ Rm, as in (3.15)

xi =
r∑

j=1

bi,jsj. (3.19)

ICA makes the following assumptions:

1. The source signals sj are mutually statistically independent.

2. The sj’s follow non-gaussian distributions.

3. The mixing matrix B is orthogonal.

By the central limit theorem, a linear combination of signals tends to be more Gaussian

than the distribution of a single signal. Consequently, many ICA algorithms, compute the

B and S matrices by maximizing the nongaussianity of the source signals, which can be

computed using kurtosis or negentropy. Alternatively, some methods optimize the statistical

independence between signals by minimizing their mutual information or by employing joint

diagonalization [36, 18, 20].

One of the most popular algorithms for performing ICA is FastICA [105]. To solve this

problem, FastICA uses the method of projection pursuit: find the direction wj such that

the projection wTj X maximizes the measure of nongaussianity. Constraining the wj’s to be

orthogonal yields a solution to WX = S (where the jth row of W is wj). By construction,

W is an orthogonal matrix, letting B be the pseudoinverse W † = W T to yield X = BS

as desired.

3.2.7 Dynamic Mode Decomposition (DMD)

As with SVD and ICA, we have some data X ∈ Rm×n, but here we define x(tk) ∈ Rm to be

the state of the system at time tk. We will further assume that the state has been sampled



67

evenly in time at some spacing ∆t at a total of n snapshots. DMD has become a popular

tool to model dynamical systems in the fields of fluid mechanics, neuroscience, and image

analysis [173, 181, 125, 29].

The goal of DMD is to determine the best linear operator to B : Rm → Rm such that

x(tk+1) ≈ Bx(tk). (3.20)

We let

Xn−1
1 =




| | · · · |
x(t1) x2(t2) · · · x(tn−1)

| | · · · |


 and Xn

2 =




| | · · · |
x(t2) x(t3) · · · x(tn)

| | · · · |


 .

Then, we can equivalently define B ∈ Rm×m to be the operator such that

Xn
2 ≈ BXn−1

1 . (3.21)

To find B, we must solve the minimization problem

min
B

∥∥Xn
2 −BXn−1

1

∥∥
F
, (3.22)

where ‖·‖F denotes the Frobenius norm. A unique solution to this problem can be obtained

using the exact DMD method [212]. For noisy data, we can use more robust methods such

as optimized DMD [12].

One key benefit of DMD is that it builds an explicit temporal model, which allows

for future state prediction. Specifically, if we let {λj} and {bj} be the eigenvalues and

eigenvectors of B, respectively, then

x(t) =
r∑

j=1

bje
ωjtcj, (3.23)

where ωj = ln(λj)/∆t and c ∈ Rm corresponds to the initial conditions of the state. Thus,

to compute the state at an arbitrary time t, simply evaluate (3.23) at that time.
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Defining sj(t) = exp(ωjt)cj, then we have

x(tk) =
r∑

j=1

bjsj(tk). (3.24)

Thus, we can think of DMD as a matrix factorization as in (3.15), where the spatial modes

are the bj’s, and the temporal modes sj all have complex exponential temporal dependence.

3.3 Spatiotemporal Intrinsic Mode Decomposition (STIMD)

Our STIMD algorithm leverages the mathematical and algorithmic structures of EMD and

NMP for improved spatiotemporal decompositions. The mathematical framework and algo-

rithmic implementation are given in the following subsections.

3.3.1 Method Description

As introduced in Section 3.2, we assume we have a set of source signals sj for j = 1, . . . , r

that are linearly mixed to form the observed signals xi,

xi(t) =
r∑

j=1

bi,jsj(t), (3.25)

or equivalently in matrix form

X = BS. (3.26)

Here we assume that all modes sj are IMFs with interwave frequency modulation, as

defined in Section 3.2.2. Thus, each sj takes the form

sj(t) = aj(θj(t)) cos(θj(t)) = aj(θj) cos(θj), (3.27)

where aj(θj), θ
′
j ∈ V (θj) are as defined in (3.8).

As summarized in Table 3.1, this mathematical architecture provides a compromise be-

tween ICA, SVD and DMD. We obtain a model of the temporal dynamics that are constrained

to obey a set of dynamics commonly found in physical systems, but they are not restricted

to be stationary signals as in DMD. In addition, we have the ability to compute a Hilbert

spectrum and perform future state prediction of non-stationary signals.
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Table 3.1: Comparison of assumptions, features, and limitations of the spatiotemporal de-

composition algorithms.

SVD ICA DMD STIMD

Derives orthogonal spatial modes X X 5 5

Models temporal dynamics 5 5 X X

Adapts to non-stationary signals X X 5 X

Predicts future states 5 5 X X

Suitable for Hilbert spectrum computation 5 5 X X

3.3.2 Method Implementation

Our goal is to find a set of directions bj and IMFs sj for j = 1, . . . , r, which minimize the

remainder

R = min
bj ,sj

∥∥∥∥∥X −
r∑

j=1

bjsj

∥∥∥∥∥
2

such that sj ∈ D, (3.28)

where D is the dictionary of IMFs with interwave frequency modulation described in (3.10).

To solve this minimization problem we employ a variation on multichannel matching pur-

suit [74]. In particular, we first search for the IMF s1 and vector b1 which best satisfies

R1 = min
b1,s1
‖X − b1s1‖2 such that s1 ∈ D (3.29)

and solve

Rj = min
bj ,sj

∥∥∥∥∥X −
j∑

k=1

bksk

∥∥∥∥∥
2

such that sj ∈ D (3.30)

for subsequent IMFs 1 < j ≤ r. To solve (3.29) we first note that for given b1, the solution

for s1 is approximately

s1 ≈ NMP(b†1X) = NMP(bT1X). (3.31)

Note that we apply NMP to the least squares solution to constrain s1 to be in D. In addition,

without loss of generality we can constrain b1 to unit norm, incorporating scaling factors into
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s1. Thus, the pseudoinverse of b1, b†1, is equal to bT1 [157].

To find b1 we substitute (3.31) into (3.29), which yields

b1 = argmin
w

∥∥wNMP(wTX, θ1)−X
∥∥2

2
subject to ‖w‖2 = 1. (3.32)

To find the next IMF, we apply the same method to the remainder R1,

R1 = X − b1s1. (3.33)

Thus, to find the jth IMF sj we solve the minimization problem

bj = argmin
w

∥∥wNMP(wTRj−1, θ1)−Rj−1

∥∥2

2
subject to ‖w‖2 = 1, (3.34)

where Rj is given by

Rj = X −
j∑

k=1

bksk. (3.35)

The jth IMF sj is then

sj = NMP(bTj Rj−1). (3.36)

This decomposition in matrix form produces



− x1 −
− x2 −
...

...
...

− xm −




︸ ︷︷ ︸
X

≈




| | · · · |
b1 b2 · · · br

| | · · · |




︸ ︷︷ ︸
B




− s1 −
− s2 −
...

...
...

− sr −




︸ ︷︷ ︸
S

. (3.37)

We note that this method is based on NMP which has dependence on initial guesses for

θ(t). We discuss STIMD’s robustness to initial guesses in Section 3.3.5. The corresponding

pseudocode for STIMD is shown in Algorithm 2.

Future State Prediction

As a consequence of the connection to NMP, it is easy to extract the phase θ(t) for each IMF

sj evaluated in time from STIMD. From (3.8), we know that for each IMF sj(θ) = a(θ) cos(θ)
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we have assumed that θ′(θ) ∈ V (θ). In particular,

θ′(θ) = α0 +
∑

k

βk cos

(
kθ

Lθ

)
+ γk sin

(
kθ

Lθ

)
. (3.38)

The coefficients α0, βk, and γk can all be computed using the Fourier transform in the θ

coordinate. With these coefficients, we now have an implicit first order differential equation

that can be integrated to compute θ(t), forming a model of sj(θ(t)) at any future time.

3.3.3 Experiments on Synthetic Examples

We demonstrate STIMD on a number of synthetic examples. In addition to showing its ability

to accurately extract mixed non-stationary source signals, we characterize its sensitivity to

noise and initial conditions.

2D Example

First, we consider a simple two-dimensional example. The true signals s1 and s2 are oscilla-

tory signals with frequency modulation,

s1(t) = sin(10πt)

s2(t) = sin(20π(t+ 0.4)2),

for t ∈ [0, 1], and the mixing matrix B is given by

B =


cos(φ0) − sin(φ0)

sin(φ0) cos(φ0)


 ,

where φ0 = 0.7. By construction, B is orthogonal, since the matrix used is a standard

rotation matrix. Adding a small amount of measurement noise to each of the sensors

N1(t), N2(t) ∼ N (0, 0.1), the observed (mixed signals) X = BS +N are given by

x1(t) = cos(φ)s1(t)− sin(φ)s2(t) +N1(t)

x2(t) = sin(φ)s1(t) + cos(φ)s2(t) +N2(t).
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Figure 3.1: Comparison of temporal modes extracted by several blind signal separation

algorithms for a two-dimensional system. Top row: The observed mixed measurement signals

in blue. These correspond to linear combinations of source signals plus a small amount of

Gaussian-distributed noise. Row 2: The two true source signals in black. Row 3: Modes

extracted by STIMD in red. Row 4–6: Modes extracted by ICA (green), SVD (orange), and

by optimized DMD (purple), respectively.
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Figure 3.1 shows the source signals (s1, s2) (black), mixed noisy measured signals x1(t), x2(t)

(blue) and the signals extracted using STIMD (red). Initial guesses of θ1(t) = 10πt and

θ2(t) = 30πt are used. For comparison, the modes extracted from SVD (green), ICA (or-

ange), and optimized DMD (purple) are also shown. From this, we see that the STIMD

modes closely capture the true source signals. The SVD modes are clearly still a mixture of

the measured signals. The ICA modes contain some amplitude modulation in time not seen

in the true signals. More importantly, the modes extracted by SVD and ICA are not IMFs

and consequently are not guaranteed to have meaningful Hilbert spectrums. Lastly, using

the optimized DMD algorithm, neither non-stationary mode is extracted correctly.

3D Example

Next, we consider an example containing 3 modes. The source signals are

s1(t) = cos(20πt− 5 sin(πt))

s2(t) = cos(60πt+ 2 sin(4πt))

s3(t) = cos(90πt+ 3 sin(8πt)),

and the mixing matrix is

B =




cos(φ1) sin(φ2) − sin(φ1) cos(φ1) cos(φ2)

sin(φ1) sin(φ2) cos(φ1) sin(φ1) cos(φ2)

cos(φ2) 0 − sin(φ2)


 ,

with φ1 = 0.6 and φ2 = 0.7. As before, the observed signals xi are the linear combinations




− x1(t) −
− x2(t) −
− x3(t) −




︸ ︷︷ ︸
X

= B




− s1(t) −
− s2(t) −
− s3(t) −




︸ ︷︷ ︸
S

,

or writing it more succinctly, X = BS.
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Figure 3.2: Example of STIMD applied to spatiotemporal data with three modes. Top:

Observed signals which are linear combinations of source signals. Center: The source signals.

Bottom: Signals reconstructed using STIMD.

The original modes (s1, s2, s3) the observed signals (x1, x2, x3) and the modes extracted

by STIMD are shown in Figure 3.2. The modes extracted by STIMD are nearly identical to

the original signals. Note that the initial guesses θ1(t) = 20πt, θ2(t) = 60πt and θ3(t) = 90πt

are used.

We next consider how the results are affected by noise. As an example, we add Gaussian

noise with standard deviation σ = 0.3 to the measurements like for the 2D example. As in

the noiseless case, we plot the original signals sj the measured signals xi and the STIMD

modes (Figure 3.3). There is a small amount of amplitude modulation not present in the

original signals (which all have amplitude 1). Even so, the frequencies are nearly identical

to the true signals.

Figure 3.4 characterizes how the results are affected for various noise levels. Here we add

Gaussian noise to the measured signals, sweeping standard deviations σ from 10−4 to 1. For

each value of σ we perform 100 trials and record the relative error of the extracted modes to

the source signals with respect to the 2-norm. As expected, the error increases for increasing

σ and only becomes order 1 (about the same size as the signals) when σ is of the same order
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Figure 3.3: Example of STIMD applied to spatiotemporal data with three modes in the

case of measurement noise. Top: The source signals. Center: Observed signals which

are linear combinations of source signals plus Gaussian distributed noise. Bottom: Signals

reconstructed using STIMD.

of magnitude.

Figure 3.5 illustrates how the STIMD results from this three-dimensional system can

be used for future state prediction, as described in Section 3.3.2. As an example, consider

the STIMD modes (red) over the range t ∈ [0, 1] for the noiseless system(see Figure 3.2).

We compute and predict the modes (black dotted lines) over the greater range of t ∈ [0, 2]

(Figure 3.5). The predicted modes follow the STIMD modes accurately over the interval

[0, 1] and accounts accurately for the frequency modulation and amplitude modulation over

[1, 2]. Note that the state prediction will be only as good as the original reconstruction. In

the case of noise the error in the prediction will go as the error in the STIMD modes.
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Figure 3.4: Characterization of accuracy of STIMD modes as a function of measurement

noise. For each given value of noise 100 realizations of Gaussian distributed noise (with

standard deviation σ) were added to the true signal. The relative error between the IMFs

extracted by STIMD and the true IMFs are plotted. Random uniform jitter is added on a

log-scale to each set of trials for visualization.

3.3.4 4D Example

As a final synthetic example, we show STIMD applied to the case of eight (8) observed

signals and four (4) source signals

s1(t) = cos(20πt− 5 sin(πt))

s2(t) = cos(30πt+ sin(4πt))

s3(t) = cos(60πt+ 3 sin(5πt))

s4(t) = cos(80πt+ 4 sin(5πt)).

Thus, the mixing matrix B ∈ R8×4 is a non-square matrix. Noise with standard deviation

σ = 0.1 is added.

The source signals S, the observed signals X, and the STIMD modes are shown in
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Mode 1 Mode 2 Mode 3

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
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Figure 3.5: Example of future state prediction for spatiotemporal data with three modes.

Observed signals, and corresponding STIMD modes are shown in Figure 3.2. Top row: The

STIMD modes (red) were computed over the interval t ∈ [0, 1], while the state was predicted

over the window t ∈ [0, 2] (black dotted). Note that the prediction ranges over the full

interval. However, for illustration only the future state is shown. Bottow row: Same system

as in the top row, zoomed in over the interval t ∈ [0.8, 1.2].

Figure 3.6. Initial conditions θ1(t) = 20πt, θ2(t) = 30πt, θ3(t) = 60πt, and θ4(t) = 80πt are

used. Besides a small amount of amplitude modulation, once again the STIMD modes are

nearly identical to the original signals.

3.3.5 Initial Conditions

It is important to emphasize that the NMP algorithm, and consequently the STIMD algo-

rithm, takes as input initial guesses for the phases θj(t) of the IMFs. In many cases, only

coarse guesses are needed. For example, for the 3D example, guesses corresponding to the

central frequencies, θ1(t) = 20πt and θ2(t) = 60πt and θ3(t) = 90πt are needed. For one

dimension, Shi recommends taking the Fourier transform and picking the peaks in the spec-

trum as initial guesses [93]. For the STIMD algorithm, we recommend using the peaks in

the Fourier spectra of the temporal modes computed using FastICA.

In addition, choosing the order in which the guesses are applied can affect the IMFs
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Figure 3.6: Example of STIMD applied to spatiotemporal data with four modes in the case

of measurement noise, and eight measured signals. Top row: The source signals. 2nd row

and 3rd row: Observed signals which are linear combinations of source signals plus Gaussian

distributed noise. Bottom row: Signals reconstructed using algorithm.
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extracted from STIMD. Here, two examples are presented in Figure 3.7. For this system,

the source signals (shown in black) are

s1(t) = sin(14πt− 5 sin (πt))

s2(t) = cos(30πt+ 4 sin(2πt)),

and a 2× 2 mixing matrix is used. STIMD is then applied to the mixed signals with initial

guesses for frequencies ranging from 1 s−1 to 25 s−1 (or equivalently θ′ ranging from 2π rad/s

to 50π rad/s).

The squared error between the STIMD modes and the true source signals is visualized on

the right. The purple region corresponds to the region where the modes are visually correct.

The blue regions with relative errors near 0.5 typically correspond to when one of the two

modes was correct. When the relative error is near 1 (corresponding to the green and yellow

regions) the modes extracted are completely incorrect.

For the second example, the source signals (like in Section 3.3.3) are

s1(t) = sin(10πt)

s2(t) = sin(20π(t+ 0.4)2).

It’s important to note that, in both examples, the guesses need to be within a few Hz of

the central frequencies of the source signals to obtain accurate results. Also, note that the

distributions are not symmetric. In other words, the order in which the guesses are made for

each frequency matters. In general, we recommend guessing frequencies in ascending order.

This makes sense since the NMP algorithm is based on successive applications of low-pass

filters.

To give some indication of the computational expense of executing STIMD in practice,

Figure 3.8 evaluates the run times for different numbers of time samples and mixing matrices.

Simulations and timing scores were produced by a 32 core Intel Xeon E5-2620v4 computer

with 128 GB RAM.
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Figure 3.7: Two examples of the effect of initial conditions on the resulting STIMD modes.

On the left are the source signals. STIMD is applied to the corresponding mixed signals. On

the right is the relative error between the true source signals and the STIMD modes.

3.4 Experiments on Real World Data

In this section, we present results of STIMD on two real-world datasets in diverse domains.

3.4.1 Gravitational Waves from the LIGO Experiment

The Laser Interferometer Gravitational Wave Observatory (LIGO) is a recent Nobel prize-

winning physics experiment with the goal of discovering and studying gravitational waves

resulting from merging black holes [1]. The experiment consists of two detectors, one in Han-

ford, Washington and one in Livingston, Louisiana. These two detectors perform independent

measurements, which can then be combined to increase confidence that a gravitational wave

has been detected. These waves tend to be sinusoidal in nature, containing both frequency

and amplitude modulation. The frequency modulation comes from the fact that as the black

holes merge they rotate around each other with increasing frequency.
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Figure 3.8: Runtimes for measured for different numbers of time samples and for different

mixing matrix sizes.

The signals measured in the first gravitational wave detection are shown in Figure 3.7a.

For their analysis, the LIGO collaboration computed a spectrogram (reproduced in Figure

3.7c). Here the chirp corresponding to the signal is readily apparent. In addition, there are

clearly many other residual effects from using the Fourier transform. For example, there are

clearly nonphysical high frequency components during earlier times.

Using initial guesses for the phases of θ1(t)/2π = 50t and θ2(t)/2π = 128t, we obtained

the IMF shown in Figure 3.7b, which clearly corresponds to the primary chirp seen in the

data.

3.4.2 Neural Recordings from Rodent Hippocampus

As a second example, we analyze recordings of neural activity. This data is available at

[79] and has been described previously [78]. It is well known that these local field potential

signals in the rodent hippocampus contain rhythmic activity, with frequency and amplitude

modulation [147].

Here we analyze a subset of the recordings from six neighboring electrodes, placed at
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Figure 3.9: Application of STIMD to sample data from LIGO experiment. (a) Signals

measured in LIGO experiment using two detectors. (b) STIMD modes. (c) Spectrogram

computed in LIGO analysis. (d) Hilbert spectrum computed using STIMD modes. Yellow

corresponds to frequencies of greater intensity while purple corresponds to frequencies of

lower intensity.

equal spacing, over a 300ms period. Using peaks in the signals, we chose initial guesses

for the phases θ1(t) = 20πt − π/2 and θ2(t) = 200πt, respectively. The mixing matrix B

consequently has dimensions 6× 2. In Figure 3.10, we show the observed signals (blue), the

STIMD modes (red), the SVD modes (green), the ICA modes (orange), and the reconstructed

signals (black) computed by multiplying the mixing matrix B and the STIMD modes. Note

that in contrast to ICA and SVD, STIMD is able to separate the modes by their frequencies.

It is unclear if the SVD or ICA decompositions are interpretable for this case. In addition,

STIMD extracts spatial modes; in particular, the second STIMD mode, which corresponds

to a high frequency wave, has higher amplitude in the central electrodes.
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3.5 Conclusions

Principled mathematical methods for spatiotemporal decompositions are critically enabling

for many emerging large-scale applications across the physical and biological sciences. Of

particular interest is the ability to perform blind source separation on data generated from

nonlinear and non-stationary dynamical processes. Our proposed STIMD mathematical

architecture provides a compromise between the commonly used methods of ICA, SVD, and

DMD. Specifically, STIMD is not constrained like DMD to model stationary signals and

Fourier modes in time. However, we still make use of the constraint that our data must

obey a certain set of dynamics commonly found in physical systems. In addition, we have

the ability to compute a Hilbert spectrum and perform future state prediction, which is not

guaranteed for ICA or SVD.

In this chapter, the STIMD method is applied on synthetic data to evaluate its feature

extraction performance. The method leverages recent key innovations for signal processing

from EMD and NMP. Indeed, by exploiting the IMF time constraint, the STIMD method

frames an optimization problem that extracts meaningful features and low-rank modes from

spatiotemporal data. We demonstrate the method on two real-world data sets, the LIGO

experiment for the discovery of gravity waves and neural activity recordings from the rodent

hippocampus. In both cases, the STIMD method produces a clean spatiotemporal decompo-

sition with interpretable modes. We suggest STIMD as a method for data-driven discovery

that may be widely applied to many domains with spatiotemporal data.
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Algorithm 1 Nonlinear Matching Pursuit (NMP) Method

1: Input: measured signal x(t) and initial guess for phase of IMF θ0(t). For the 2nd and

subsequent IMFs x(t) is replaced with the remainder rk(t).

2: Output: IMF s(t)

3: θ0 := θ0(t), η := 0

4: while η < λ do

5: n = 0

6: while n = 0 or ‖θn+1 − θn‖2 > ε0 do

7: an+1, bn+1 := arg mina,b ‖x− a cos(θn)− b sin(θn)‖2
2 s.t. a(θ), b(θ) ∈ V (θ, η) {Update

a and b}
8: ∆θ′ := PV (θ; η)

(
d
dt

arctan
(
b(t)
a(t)

))

9: ∆θ(t) :=
∫ t

0
∆θ′(s)ds

10: θn+1 := θn − β∆θ where β := max{α ∈ [0, 1] : d
dt

(θn − α∆θ) ≥ 0} {θ must be

monotonic}
11: n := n+ 1

12: end while

13: η = η + ∆η

14: end while

15: a :=
√

(an+1)2 + (bn+1)2

16: θ := θn+1

17: return a cos(θ)
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Algorithm 2 STIMD

Input: measured signals X = [x1, x2, . . . , xn]T and initial guess for phases of IMFs θ =

[θ1, θ2, . . . , θr]
T

Output: Matrix of IMFs S = [sT1 , s
T
2 , . . . , s

T
r ]T and mixing matrix B.

R0 := X

for j ∈ {1, . . . , r} do

bj := arg minw
∥∥wNMP(wTRj−1, θi)−Rj−1

∥∥2

2
s.t. ‖w‖2 = 1

sj := NMP(bTj Rj−1)

Rj := Rj−1 − bjsj
end for

B := [b1, b2, . . . , br]

S := [sT1 , s
T
2 , . . . , s

T
r ]T

return B,S
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Figure 3.10: Application of STIMD to sample rodent neural recordings in hippocampus.

Blue: Measured neural recordings. Red: STIMD modes. Green: SVD modes. Orange: ICA

modes. Black: Signals reconstructed using STIMD modes and mixing matrix.
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Chapter 4

TIME DELAY EMBEDDINGS AND THE FRENET-SERRET
FRAME

4.1 Introduction

Dimensionality reduction techniques require that the dynamics are fully embedded in the

data. However, in practice, the number of measurements necessary to embed the dynamics is

unknown or difficult to measure. One method for addressing this is to use a delay embedding,

in which the state at a given time t is constructed using the original state x(t) and successive

snapshots x(t−τ). Originally applied to the study of turbulence [203], delay embeddings have

since been applied in a variety of domains including neuroscience [6], epidemiology [8, 86],

and finance [223], due to several beneficial properties. Most notably, Takens showed that

for a chaotic system given a sufficient number of time delays, the corresponding time delay

embedding will be diffeomorphic to the original attractor [203]. In addition, recent work has

shown that measurements of a time delay embedding is approximately low rank and hence

well-approximated by a low dimensional representation [17]. Brunton et al. [30] combined

time-delayed embeddings with the SVD and DMD to develop a method called the Hankel

Alternative View of Koopman (HAVOK) to model the dynamics. Using this technique,

Brunton found that the dynamics could be modeled using a linear model with an additional

forcing term. Curiously, it was observed that for the Lorenz system the linear model took

an antisymmetric structure with nonzero elements only on the off-diagonals.

To understand this tridiagonal antisymmetric structure, we can incorporate results from

differential geometry. In the field of differential geometry a key goal is to find a set of

intrinsic coordinates in which to measure the dynamics [53]. In general, the basis evolves in

time and therefore cannot be accurately discovered using linear techniques, such as SVD. One
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Figure 4.1: In Brunton et al., the Hankel Alternative View of Koopman (HAVOK) method

was proposed, which decomposes the dynamics of a system into a linear model plus an addi-

tional forcing term. In general this linear model is unconstrained. However, Brunton et al.

observed that for the Lorenz system the dynamics take a specific form: namely the dynamics

matrix is antisymmetric with nonzero elements only on the off-diagonal and the forcing term

only in the last coordinate. In this work, we unify key results from dimensionality reduction,

time-delay embedding, and the Frenet-Serret frame to explain this structure.

popular set of natural coordinates is the Frenet-Serret frame, which is formed by applying the

Gram-Schmidt method to the derivatives of the trajectory ẋ(t), ẍ(t),
...
x(t), . . . [150, 187, 196].

Using the properties of derivatives and orthogonality, it can be shown that the trajectory

in this basis satisfies time varying-linear dynamics. Most notably, the dynamics matrix is

antisymmetric with nonzero elements only on the off-diagonals. The nonzero terms have a

clear geometric meaning, namely they correspond to the curvatures of the system.

A key goal for this work is to understand this tridiagonal antisymmetric structure. To do

this, we utilize results in dimensionality reduction, time-delay embedding, and differential

geometry. With these results, we develop a new method structured HAVOK (sHAVOK)

which encourages the structure in the dynamics seen by Brunton et al. for the Lorenz

system.

As illustrated in Figure 4.1, In this chapter we connect properties of Frenet-Serret frame



89

with time delay embeddings and dimensionality reduction and show that together these three

techniques provide a theoretical foundation for the structure of the HAVOK model observed

for the Lorenz system. In Section 4.2, we review dimensionality reduction methods, time

delay embeddings, and the Frenet-Serret frame. We additionally discuss current connections

between these fields with particular focus on the HAVOK method and recent work by Vizoso

et al.. In Section 4.3, we connect the SVD, time delay systems and the Frenet-Serret frame

and show how together these three methods give rise to the tridiagonal antisymmetric struc-

ture seen in Figure 4.2. We then illustrate this theory on a synthetic example. In Section

4.4, we explore the limitations and requirements of the theory, giving recommendations for

achieving this structure in practice. In Section 4.5, based on this theory we provide modifi-

cations to the HAVOK method. This set of modifications which we call structured HAVOK

(sHAVOK) more closely aligns with the theory and consequently yields the tridiagonal an-

tisymmetric form more in practice. We illustrate this method on three nonlinear synthetic

examples and two real datasets, namely measurements of oscillations of a double pendulum

and measles outbreak data, and show that sHAVOK yields a more stable and more accurate

reconstruction.

4.2 Related Work

4.2.1 Dimensionality Reduction

Recent advancements in sensor and measurement technologies have led to a significant in-

crease in the collection of time-series data from complex, spatio-temporal systems. Although

such data is typically high dimensional, in many cases it can be well approximated with a low

dimensional representation. One key goal is to learn the underlying structure of this data.

Although there are many data-driven dimensionality reduction methods, here we focus on

linear dimensionality reduction techniques. In particular, given a data matrix X ∈ Rm×n,

the goal of these techniques is to decompose X into the product of matrices

X = UV ᵀ, (4.1)
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where U ∈ Rm×k and V ∈ Rn×k are low rank (k < min(m,n)). The problem of determining

U and V is highly underdetermined. Thus given different assumptions, we obtain different

results for these two matrices. Here we review two popular linear dimensionality reduction

techniques: singular value decomposition (SVD) and dynamic mode decomposition (DMD).

Both of these methods are key elements of the HAVOK algorithm, and will play a key role

in determining the underlying tridiagonal antisymmetric structure in Figure 4.2.

Singular Value Decomposition (SVD)

The singular value decomposition is one of the most popular dimensionality reduction meth-

ods, which has been applied in a wide range of applications, including genomics [4], physics [178],

and image processing [145]. Given the data matrix X ∈ Rm×n, the SVD decomposes X into

the product of three matrices,

X = UΣV ᵀ,

where U ∈ Rm×m and V ∈ Rn×n are unitary matrices, and Σ ∈ Rm×n is a diagonal matrix

with nonnegative entries [73, 109]. We will denote the ith columns of U and V as ui and

vi, respectively. Typically the diagonal elements of Σ, σi, are written in descending order

and are defined as the singular values of X. The rank of the data is defined to be r, which

equals the number of nonzero singular values. Consider the low rank matrix approximation

Xk =
k∑

j=1

ujσjv
T
j ,

with k ≤ r. An important property of Xk is that it is the best rank k approximation to X

in the least squares sense. More precisely, for a rank k matrix Y with k ≤ r, then

‖X − Y ‖

is minimized by Y = Xk with respect to both the l2 and Frobenius norms. In particular,

the relative error in this rank k approximation (using the l2 norm) is

‖X −Xk‖l2
‖X‖l2

=
σk+1

σ1

.
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From this, we immediately see that if the singular values decay rapidly, (σj+1 � σj), then

Xk will be a good low-rank approximation to our original data X. This makes the SVD a

popular tool for compressing data and is the underlying algorithm for principal component

analysis (PCA).

Dynamic Mode Decomposition (DMD)

The dynamic mode decompostion is an alternative linear dimensionality reduction technique

which has become a popular tool for modeling dynamical systems in such diverse fields as

fluid mechanics [173, 181], neuroscience [29], and computer vision [77, 58]. Like the SVD,

we begin with a data matrix X ∈ Rm×n. Here we assume that our data is generated by an

unknown dynamical system. In particular, the columns of X, xk, are time snapshots related

by some, possibly nonlinear, function xk+1 = F (xk). The goal of DMD is to determine the

best-fit linear operator A : Rm → Rm such that

x(tk+1) ≈ Ax(tk).

If we define the two time-shifted matrices,

Xn−1
1 =




| | · · · |
x(t1) x2(t2) · · · x(tn−1)

| | · · · |


 , and Xn

2 =




| | · · · |
x(t2) x(t3) · · · x(tn)

| | · · · |


 ,

then we can equivalently define A ∈ Rm×m to be the operator such that

Xn
2 ≈ AXn−1

1 .

To find A, we must then solve the minimization problem

A = min
A′

∥∥Xn
2 −A′Xn−1

1

∥∥
F
,

where ‖·‖F denotes the Frobenius norm. A unique solution to this problem can be obtained

using the exact DMD method and the Moore-Penrose pseudo-inverse A = Xn
2

(
Xn−1

1

)†
[213,
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123]. For noisy data, we can use more robust methods such as optimized DMD which de-

biases the DMD eigenvalues and eigenvectors [12].

One key benefit of DMD is that it builds an explicit temporal model, which allows for

future state prediction. Defining {λj} and {vj} to be the eigenvalues and eigenvectors of A,

respectively, then

x(tk) =
r∑

j=1

vje
ωjtk , (4.2)

where ωj = ln(λj)/∆t and the eigenvectors are normalized such that
∑r

j=1 vj = x(t1). Thus,

to compute the state at an arbitrary time t, simply evaluate (4.2) at that time. Additionally,

letting vj be the columns of U and {expωjtk for k = 1, . . . r} be the columns of V , then we

can express data in the form of (4.1).

4.2.2 Time Delay Embedding

Suppose we have a dynamical system

dξ

dt
= F (ξ),

where ξ(t) ∈ Rm for some unknown nonlinear differential equation. Typically, we measure

some possibly nonlinear, function x(ξ) ∈ Rk at discrete time points t = 0,∆t, . . . , q∆t.

In general, the dimensionality of the underlying dynamics is unknown, and the choice of

measurements are limited due to constraints. Consequently, it is difficult to know whether the

measurements x are sufficient for modeling the system. For example, k may be smaller than

m. One of the primary goals of data-driven methods is to discover a good set of observables,

or coordinates, in which to measure the system. Choosing a good set of observables is

critical for analyzing the underlying dynamical system and performing accurate future state

prediction.

In this work we are primarily interested in the case of k = 1; in other words, we have only

a one dimensional time series for the system. We can construct an embedding of our system

using successive time delays x(t− τ). Given a single measurement of our dynamical system
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x(t) ∈ R, for t = 0,∆t, . . . q∆t, we can form the Hankel matrix H ∈ Rm×n by stacking time

shifted snapshots [155],

H =




x1 x2 x3 x4 · · · xn

x2 x3 x4 x5 · · · xn+1

...
...

...
...

. . .
...

xm xm+1 xm+2 xm+3 · · · xq



. (4.3)

With this representation we can think of our data as an m-dimensional trajectory measured

over n snapshots in time.

There are several benefits of using time delay embeddings. Most notably, given a chaotic

attractor, Taken’s embedding theorem states that a time delay embedding of the system

will be diffeomorphic to the original attractor [203]. In addition, recent results have shown

that time delay matrices are guaranteed to have strongly decaying singular value spectra.

Beckerman et al. [17] prove the following theorem.

Theorem 4.2.1. Let Hn ∈ Rn×n be a positive definite Hankel matrix, with singular values

σ1, . . . , σn. Then σk ≤ Cρ−k/ lognσ1 for constants C and ρ and for k = 1, . . . , n.

Equivalently,Hn can be approximated up to an accuracy of ε ‖Hn‖2 by a rankO(log n log 1/ε)

matrix. With this in mind we see that Hn can be well-approximated by a low-rank matrix.

Many methods have been developed to take advantage of this structure, including the

eigensystem realization algorithm (ERA) [114], singular spectrum analysis (SSA) [28], and

nonlinear Laplacian spectrum analysis [67]. In addition, this structure has also been incorpo-

rated into neural network architectures [217]. Here we will be primarily focused on HAVOK

[30].

4.2.3 HAVOK (Dimensionality Reduction and Time Delay Embeddings)

The Hankel Alternative View of Koopman (HAVOK), originally developed by Brunton et

al. [30], combines time delay embeddings and dimensionality reduction to construct a low
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Figure 4.2: Outline of steps in HAVOK method. First, given a dynamical system a single

variable x(t) is measured. Time-shifted copies of x(t) are stacked to form a Hankel matrix

H . The singular value decomposition (SVD) is applied to H , producing a low dimensional

representation V . The dynamic mode decomposition (DMD) is then applied to V to form

a linear dynamical model and a forcing term.

dimensional model of a dynamical system. Most notably, the method combines time delays

with SVD to learn ”good” measurements of the system and estimate its intrinsic dimension-

ality. Additionally, the HAVOK model is simple, consisting of a linear model and a forcing

term which can be used for short term forecasting.

In this method, we begin with a one dimensional time series x(t) for t = 0,∆t, . . . , q∆t.

We construct a higher dimensional representation using time delay embeddings, producing a

Hankel matrix H ∈ Rm×n as in (4.3). We compute the singular value decomposition of H ,

H = UΣV ᵀ.

If H is sufficiently low rank (with rank r), then we need only consider the reduced SVD,

Hr = UrΣrV
ᵀ
r ,
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where Ur ∈ Rm×r and Vr ∈ Rn×r are orthogonal matrices and Σr ∈ Rr×r is diagonal. Now

V ᵀ
r = Σ−1

r U
ᵀ
rHr. We can think of

V ᵀ
r =

[
v1 v2 · · · vn

]

as a lower dimensional representation of our high dimensional trajectory. For quasi-periodic

systems, the SVD decomposition of the Hankel matrix results in principal component trajec-

tories (PCT) [56], which allows for the reconstruction of dynamical trajectories in terms of

periodic orbits. To discover the linear dynamics, we apply DMD. In particular, we construct

the time shifted matrices,

V1 =
[
v1 v2 · · · vn−1

]
and V2 =

[
v2 v3 · · · vn

]
.

We can compute the best linear approximation Â such that V2 = ÂV1, where Â = V2V
†

1 .

V †1 denotes the pseudoinverse of V1 [156]. In the continuous case,

V̇ = AV ,

which is related to first order in ∆t to the discrete case by

A ≈
(
Â− I

)
/∆t.

For a general nonlinear dynamical system this linear model will yield a poor reconstruction.

To remedy this Brunton et al. [30] proposed a nonlinear forcing term:

v̇(t) = Av(t) +Bvr(t)

where v(t) ∈ Rr−1, A ∈ Rr−1×r−1, and B ∈ Rr−1. In this case, V2 is defined as columns

2 to n of the SVD singular vectors with an r − 1 rank truncation V ᵀ
r−1. Â ∈ Rr−1×r−1 and

B̂ ∈ Rr−1×1 are computed as
[
Â, B̂

]
= V2V

†
1 . The continuous analog of B̂, B, is computed

by B ≈ (B̂ − I)/∆t.

Brunton et al. [30] showed this to be a succesful model for a variety of systems, including

a double pendulum and switchings of Earth’s magnetic field. Most notably, it was discovered
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that for the Lorenz system [133], the HAVOK model yielded a particular structure. Namely,

the dynamics matrix was antisymmetric with nonzero elements only on the superdiagonal

and subdiagonal (Figure 4.2).

Much work has been done to study the properties of the HAVOK method. Namely,

Arbabi et al. [7] showed that under certain properties (about ergodicity) in the limit of an

infinite number of time delays (m→∞) A converges to the Koopman operator [7]. Bozzo et

al. [27] showed that in a similar limit, for periodic data HAVOK converges to the temporal

discrete Fourier transform. Kamb et al. [118] connects HAVOK to the use of convolutional

coordinates. The primary goal of this work is to connect the HAVOK work to the concept

of curvature in differential geometry, and with these new insights, improve the HAVOK

algorithm.

4.2.4 The Frenet-Serret Coordinate Frame

Suppose we have a smooth curve γ(t) ∈ Rm measured over some time interval t ∈ [a, b]. As

before, we would like to determine a good set of coordinates in which to represent our data.

In the case of DMD or SVD, the basis discovered, corresponding to the spatial modes of the

data, is constant in time. However, for many systems it is sometimes natural to express both

the coordinates and basis as functions of time [9, 142]. One popular method for developing

this noninertial frame is the Frenet-Serret coordinate system, which has been applied in a

wide range of fields, including robotics [46, 166], aerodynamics [160], and general relativity

[25, 107].

Let us assume that γ(t) has r nonzero continuous derivatives, γ ′, (t),γ ′′(t),γ ′′′(t), . . . and

‖γ ′(t)‖ 6= 0 for all t. Using the Gram-Schmidt algorithm, we can form the orthonormal
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basis, e1, e2, . . . , er,

e1(t) =
γ ′(t)

‖γ ′(t)‖

e2(t) =
γ ′′(t)− 〈γ ′′(t), e1(t)〉e1(t)

‖γ ′′(t)− 〈γ ′′(t), e1(t)〉e1(t)‖
...

er(t) =
γ(r)(t)−∑r−1

k=1〈γ(r)(t), ek(t)〉ek(t)∥∥γ(r)(t)−∑r−1
k=1〈γ(r)(t), ek(t)〉ek(t)

∥∥ .

(4.4)

We choose r ≤ m so that these vectors are linearly independent and hence form an orthogonal

basis. The expression 〈·, ·〉 denotes an inner product.

We are interested in the evolution of this basis. To be more precise, let us define the

matrix Q(t) = [e1(t), e2(t), . . . , er(t)]
ᵀ ∈ Rr×m. We are interested in the matrix K(t) such

that
dQ

dt
= ‖γ ′(t)‖K(t)Q, (4.5)

where K(t) ∈ Rr×r. To understand the structure of K(t) we can derive two key properties:

1. Ki,k(t) = −Kk,i(t) (antisymmetry):

Proof. Since r ≤ m, then by construction Q(t) is a unitary matrix with QQᵀ = I.

Taking the derivative with respect to t, we find that dQ
dt
QT +QdQᵀ

dt
= 0, or equivalently

dQ

dt
Qᵀ = −

(
dQ

dt
Qᵀ

)ᵀ

.

Since Q is unitary, then Q−1 = Qᵀ, and hence

K(t) =
1

‖γ(t)‖
dQ

dt
Qᵀ,

from which we immediately see that K(t) = −K(t)ᵀ.

2. Ki,k(t) = 0 for k ≥ i+ 2:

We first note that since ei(t) ∈ span{γ ′(t), . . . ,γi(t)}, then its derivative must sat-

isfy e′i(t) ∈ span{γ ′(t), . . . ,γ(i+1)(t)}. Now by construction using the Gram-Schmidt
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method, ek is orthogonal to span{γ ′(t), . . . ,γ(i+1)(t)} for k ≥ i + 2. Since e′i(t) is

in the span of this set, then ek must be orthogonal to e′i for k ≥ i + 2. Thus,

Ki,k(t) = 〈e′i(t), ek〉 = 0 for k ≥ i+ 2.

With these two constraints, K(t) takes the form,

K(t) =




0 κ1(t) 0

−κ1(t)
. . . . . .

. . . 0 κr−1(t)

0 −κr−1(t) 0



. (4.6)

ThusK(t) is antisymmetric with nonzero elements only along the superdiagonal and subdiag-

onal. The values κ1(t), . . . , κr−1(t) are defined to be the curvatures of the trajectory. From a

geometric perspective, e1(t), . . . , er(t) form an instantaneous (local) coordinate frame which

moves with the trajectory. The curvatures define how quickly this frame changes with time.

If the trajectory is a straight line the curvatures are all zero, if the trajectory lies completely

in the plane κ2, . . . , κr are all zero and so on. If κ1 is constant and nonzero, while all other

curvatures are zero, then the trajectory lies on a circle. If κ1 and κ2 are constant and nonzero

with all other curvatures zero, then the trajectory lies on a helix. Comparing the structure

of (4.6) to Figure 4.2 we immediately see similarity. Over the following sections we will shed

light on this connection.

4.2.5 SVD and Curvature

Before introducing our innovations, we review recent work connecting the SVD to the Frenet-

Serret frame, which will be critical for understanding the structure seen in Figure 4.2. As

previously stated, given time series data, the SVD constructs an orthonormal basis which is

fixed in time. The Frenet-Serret frame on the other hand constructs an orthonormal basis

which moves with the trajectory. In recent work, Alvarez-Vizoso et al. [5] showed that these

frames are related. In particular, the Frenet-Serret frame converges to the SVD frame in the

limit as the time interval of the trajectory goes to zero.
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To understand this further, consider a trajectory γ(t) ∈ Rm as described in Section

4.2.4. If we assume that our measurements are from a small neighborhood t ∈ (−ε, ε) (where

ε� 1), then γ(t) is well-approximated by its Taylor expansion,

γ(t)− γ(0) = γ ′(0)t+
γ ′′(0)

2
t2 +

γ′′′(0)

6
t3 + · · ·

Writing this in matrix form we have that

γ(t)− γ(0) =




| | | |
γ ′(0) γ ′′(0) γ ′′′(0) · · ·
| | | |




︸ ︷︷ ︸
Γ




1

1
2

1
6

. . .




︸ ︷︷ ︸
Σ




− t −
− t2 −
− t3 −
− ... −




︸ ︷︷ ︸
T ᵀ

. (4.7)

Recall, one key property of the singular value decomposition is that the rth rank truncation

in the expansion is the best rank r approximation to the data in the least squares sense.

Since ε � 1, then each subsequent term in this expansion will be much smaller than the

previous term

‖γ ′(0)t‖2 �
∥∥∥∥
γ ′′(0)

2
t2
∥∥∥∥

2

�
∥∥∥∥
γ ′′′(0)

6
t3
∥∥∥∥

2

� . . . , (4.8)

From this, we see the that expansion in (4.7) is strongly related to the SVD. However, in

the SVD we have the constraint that the U and V matrices are orthogonal, while for the

Taylor expansion Γ and T have no such constraint. However, Alvarez et al. [5] show that

in the limit as ε → 0, then U is the result of applying the Gram-Schmidt process to the

columns of Γ, and V is the result of applying the Gram-Schmidt process to the columns of

T . Comparing this to above we see that

U =




| | | |
e1(0) e2(0) e3(0) · · ·
| | | |


 and V =




| | | |
p1(t) p2(t) p3(t) · · ·
| | | |


 ,

where e1(t), e2(t), . . . , er(t) is the basis for the Frenet-Serret frame defined in (4.4) and

pi(t) =
ti −∑i−1

k=1 〈ti, pk(t)〉 pk(t)∥∥∥ti −
∑i−1

k=1 〈ti, pk(t)〉 pk(t)
∥∥∥

for i = 1, 2, 3, . . . (4.9)
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We note that pi(t) are a set of orthogonal polynomials independent of the dataset. In this

limit, the curvatures depend solely on the singular values,

κj(t) =
√
aj

σj+1

σ1(t)σj(t)
, where aj−1 =

(
j

j + (−1)j

)2
4j2 − 1

3
.

4.3 Unifying Singular Value Decomposition, Time Delay Embeddings, and
the Frenet-Serret Frame

The method HAVOK utilizes time-delay embeddings, SVD, and DMD to construct a linear

model of a dynamical system with an additional forcing term. Most notably, in the case of

the Lorenz system the linear model takes a particular tridiagonal antisymmetric form seen

in Figure 4.2. In Section 4.3.1, we combine key results about the Frenet-Serret frame, time

delays, and the singular value decomposition to explain this structure. In Section 4.3.2,

we follow this theory with a simple synthetic example to illustrate this process. In this

perspective, we must define a set of orthogonal polynomials. In Section 4.3.3, we explicitly

describe these polynomials, comparing their properties to the Legendre polynomials.

4.3.1 Connecting SVD, Time Delay Embeddings, and Frenet-Serret Frame

In this section we provide a new perspective on the antisymmetric tridiagonal structure which

appears for the Lorenz system. In particular, we will show that the properties of time-delay

matrices, the Frenet-Serret frame, and the SVD combined with the results of [5] induce this

structure. This perspective is summarized in Figure 4.3.

Like in Section 4.2.3, consider a one-dimensional time series x(t) ∈ R for t = 0,∆t, . . . q∆t

and the corresponding time delay embedding H ∈ Rm×n. In particular, this embedding can

be thought of as n snapshots of a trajectory h(t) ∈ Rm for t = 0, . . . , n∆t.

Suppose that this trajectory occurs over a short interval in time. By Section 4.2.5, since

the trajectory occurs over a short period of time, then the SVD of the data approximates the

Frenet-Serret frame over that interval. Performing DMD (regression on the dynamics) on

the Frenet-Serret frame at that instant will yield the antisymmetric tridiagonal dynamics.
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Figure 4.3: Illustration of how antisymmetric linear model arises from time delay data.

Starting with a one dimensional time-series we construct a m×n Hankel matrix using time-

shifted copies of the data. Assume that n � m, in which case H can be thought of as an

m dimensional trajectory over a long period (n snapshots in time). Due to the properties

of time-delay matrices, the transpose of H , may be thought of as a high dimensional (n

dimensional) trajectory over a short period (m snapshots) in time. With this interpretation,

the results of [5] show that the singular vectors ofH after applying centering yield the Frenet-

Serret frame. Applying the dynamic mode decomposition (DMD) to the Frenet-Serret frame

yields the tridiagonal antisymmetric linear model with an additional forcing term, which is

nonzero only in the last component.

By the properties of the Frenet-Serret frame, this dynamics matrix will have exactly the

structure seen in the Lorenz system.
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One key assumption in this argument is that the trajectory h(t) is measured over a short

time interval n � m. However, for data such as the Lorenz attractor this assumption does

not hold. In fact, for the Lorenz system originally studied in Brunton et al. [30] n � m,

and each component of h(t) ∈ Rm is measured over a long period of time, covering several

cycles around the fixed point. Instead of thinking of the trajectory defined by the columns

of H , we may choose to consider the trajectory h(t) ∈ Rn defined by the columns of Hᵀ.

Like the trajectory defined by H , this trajectory consists of time-shifted snapshots of x(t).

Since m� n, this trajectory does occur over a short period of time. From this perspective,

applying the SVD to the singular vectors of Hᵀ will form the Frenet-Serret frame and

regression on these vectors will yield a corresponding antisymmetric tridiagonal dynamics

matrix.

More formally, let’s begin with the time series x(t) for t = 0,∆t, . . . , q∆t. We construct

a time delay embedding H ∈ Rm×n which we will assume is a short and fat matrix (m� n).

Now let’s consider the transpose Hᵀ ∈ Rn×m. The columns of this matrix can be thought of

as a trajectory h(t) ∈ Rn for t = 0,∆t, . . . , (m− 1)∆t. For simplicity, we redefine the origin

of time so that h(t) spans t = −(m− 1)∆t/2, . . . , 0, . . . (m− 1)∆t/2, and we denote h(i∆t)

as hi. In this form,

Hᵀ =




| · · · | · · · |
h(−m+1)/2 · · · h0 · · · h(m−1)/2

| · · · | · · · |


 .

Subtracting the central column h0 of Hᵀ from Hᵀ (or equivalently the central row of H)

yields the centered matrix

H̄ᵀ = Hᵀ − h01
ᵀ.

We can express hi as a Taylor expansion about h0,

hi − h0 = h
′

0i∆t+
1

2
h′′0(i∆t)2 +

1

3!
h′′′0 (i∆t)3 + · · · .

With this in mind we can apply the results of [5] in Section 4.2.5. Namely, we compute the
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SVD1,

H̄ᵀ =




| | |
e1

0 e2
0 e3

0 · · ·
| | |




︸ ︷︷ ︸
V




σ1

σ2

σ3

. . .




︸ ︷︷ ︸
Σ




− p1 −
− p3 −
− p3 −

...




︸ ︷︷ ︸
Uᵀ

.

The singular vectors in V correspond to the Frenet-Serret frame (the Gram-Schmidt method

applied to the vectors, h′0,h
′′
0,h

′′′
0 ),

e0 =
h′0
‖h′0‖

ei0 =
h

(i)
0 −

∑i−1
k=1〈h

(i)
0 , e

k
0〉ek0∥∥∥h(i)

0 −
∑i−1

k=1〈h
(i)
0 , e

k
0〉ek0

∥∥∥
.

The matrix U is similarly defined by the discrete orthogonal polynomials

p1 =
1

c 1
p

pi =
1

ci

(
pi −

i−1∑

k=1

〈pi,pk〉pk
)
,

where p is the vector

p =
[
(−m+ 1)/2 (−m+ 2)/2 · · · 0 · · · (m− 2)/2 (m− 1)/2

]
, (4.10)

and where ci is the normalization constant so that 〈pi,pi〉 = 1. Note that pi means raise p

to the power i element-wise. This is similar to the discrete orthogonal polynomials defined

in [68], except p is the normalized ones vector 1
c1

[1 · · · 1]. These polynomials will be further

discussed in Section 4.3.3.

Next we compute the derivatives of ei for i = 1, . . . , r and perform DMD, to recover

the dynamics with the tridiagonal antisymmetric form seen in (4.6). We note that we have

1We define the left singular matrix as V and the right singular matrix as U . This can be thought of as
taking the SVD of the transpose of this matrix. H −h01

ᵀ. This keeps the matrices the definitions of the
matrices more inline with the notation used in HAVOK.
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measured the Frenet-Serret frame ei for i = 1, . . . , r at a fixed point of time, and thus cannot

immediately employ a finite difference scheme (or an alternative differentiation method). To

compute the derivatives dV
dt

we once again take advantage of the structure of time delay

embeddings. With respect to Hᵀ, e1, e2, . . . form a instantaneous basis for a trajectory in

Rn. From the dual perspective, we can think about this set of vectors as being the coordinates

of an r dimensional time series. Using the second interpretation, ei can each be thought of

as a one dimensional time series, in which case dei
dt

is computed by simply applying a finite

difference method to this vector. Once ei and dei
dt

have been computed we can compute

the corresponding dynamics matrix, which will have precisely the tridiagonal antisymmetric

structure in Figure 4.2. The superdiagonal and subdiagonal elements correspond to the

curvatures scaled by ‖h′0‖.

4.3.2 Synthetic Example

To illustrate the integration procedure, we start with a simple example. We apply the

steps of HAVOK and show the resulting modes and dynamics model. We then compute the

curvatures of the time delay system and show how they compare to the superdiagonal and

subdiagonal of the HAVOK dynamics matrix. We consider the one dimensional time-series

governed by

x(t) = sin(t) + sin(2t),

for t ∈ [0, 10] and with ∆t = 0.001. We follow the steps of HAVOK, forming the time

delay matrix H ∈ R41×9961. We next center the data, subtracting the middle row h0 from

all other rows, which forms H̄ . We next apply the SVD to H̄ᵀ = V ΣU ᵀ. We plot the

columns of U ∈ R41×4 and the columns of V ∈ R9961×4 in Figure 4.4. The columns of U

correspond to the orthogonal polynomials described in Section 4.3.3 and the columns of V

are the instantaneous basis vectors ei for the 9961 dimensional Frenet-Serret frame.

To compute the derivative of the state we now treat V as a 4 dimensional trajectory with
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9961 snapshots. Applying DMD to V forms the A matrix,

A =




−1.245× 10−3 1.205× 10−2 4.033× 10−6 1.444× 10−7

−1.224× 10−2 3.529× 10−4 4.458× 10−3 2.283× 10−6

−9.390× 10−4 −3.467× 10−3 5.758× 10−4 6.617× 10−3

3.970× 10−4 −6.568× 10−4 −7.451× 10−3 2.835× 10−4



. (4.11)

This matrix is approximately antisymmetric and tridiagonal as we expect.

Next, we compute the Frenet-Serret frame for the time delay embedding using analytic

expressions and show that HAVOK indeed extracts the curvatures of the system multiplied by

‖h′0‖. Forming the time delay matrix, we can easily compute h0 = [x0.02, x0.02+∆t . . . , x9.98].

h0 =
[
sin(t) + sin(2t) for t ∈ [0.02, 0.021, . . . , 9.98]

]

and the corresponding derivatives,

ḣ0 =
[
cos(t) + 2 cos(2t) for t ∈ [0.02, 0.021, . . . , 9.98]

]

ḧ0 =
[
− sin(t)− 4 sin(2t) for t ∈ [0.02, 0.021, . . . , 9.98]

]

...
h0 =

[
− cos(t)− 8 cos(2t) for t ∈ [0.02, 0.021, . . . , 9.98]

]

h
(4)
0 =

[
sin(t) + 16 sin(2t) for t ∈ [0.02, 0.021, . . . , 9.98]

]
.

The 5th derivative h(5) is given by cos(t) + 32 cos(2t) and can be expressed as a linear

combination of the previous derivatives. Namely, h
(5)
0 = −5

...
h0−4ḣ0. This can also be shown

using the fact that x(t) satisfies the 4th order ordinary differential equation x(4)+5ẍ+4x = 0.

Since only the first four derivatives are linearly independent we know that only the first

three curvatures will be nonzero. We can compute the exact values of the first two curvatures

using the formulas [80],

κ1 =

√
det(

[
ḣ0 ḧ0

]ᵀ [
ḣ0 ḧ0

]
)

∥∥∥ḣ0

∥∥∥
3/2

and κ2 =

√
det(

[
ḣ0 ḧ0

...
h0

]ᵀ [
ḣ0 ḧ0

...
h0

]
)

det(
[
ḣ0 ḧ0

]ᵀ [
ḣ0 ḧ0

]
)

.

These formulas yields the values κ1 = 0.01205 and κ2 = 0.00446. As we expect these values
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Figure 4.4: Frenet-Serret frame (left) and corresponding orthogonal polynomials (right) for

HAVOK applied to time-series generated by x(t) = sin(t) + sin(2t).

are very close to those measured with HAVOK.2 In Section 4.5, we propose a modification

to HAVOK which will provide an even better approximation to the Frenet-Serret frame.

4.3.3 Orthogonal Polynomials and Centering

In the HAVOK method, we apply the SVD to the centered matrix H̄ . The columns of the

matrix U in this decomposition yield a set of orthonormal polynomials, which are defined

by (4.9). In the continuous case the inner product in (4.9) is 〈a(t), b(t)〉 =
∫ p
−p a(t)b(t)dt,

while in the discrete case 〈a, b〉 =
∑p

j=−p ajbj. Here we list the first five of these polynomials

pi(x) in the continuous case. The first five polynomials in the discrete case may be found in

2In particular, the superdiagonal of the matrix appears to be a very good approximation to the curvatures.
Understanding why the superdiagonal is so close in value to the true curvatures is an active area of research.
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Appendix C.1.

p1(x) =
x

c1(p)
where c1(p) =

√
6
√
p3

3

p2(x) =
x2

c2(p)
where c2(p) =

√
10
√
p5

5

p3(x) =
1

c3(p)

(
x3 − 3

5
p2x

)
where c3(p) =

2
√

14
√
p7

35

p4(x) =
1

c4(p)

(
x4 − 5

7
p2x2

)
where c4(p) =

2
√

2
√
p9

21

p5(x) =
1

c5(p)

(
x5 +

5

21
p4x− 10

9
p2x3

)
where c5(p) =

8
√

22
√
p11

693
.

By construction pi(t) for i = 1, 2, . . . form a set of orthonormal polynomials, where pi(t)

has degree i. The Legendre polynomials li are a similar set of orthogonal polynomials [2, 226].

They are defined by the recursive relation

l1 =
1

c 1

[
1 1 · · · 1 · · · 1 1

]

li =
1

pi

(
pi −

i−1∑

k=1

〈pi, lk〉
)
,

where p is defined in (4.10). For the corresponding Legendre polynomials normalized over

[−p, p] we refer the reader to [68]. The primary difference, between these two sets of polyno-

mials is that the first polynomial p1 is linear, while the first Legendre polynomial is constant

(corresponding in the discrete case to the normalized ones vector). In particular, if H

is not centered before the SVD applied, the resulting columns of U will be the Legendre

polynomials. However, the resulting V will no longer be the Frenet-Serret frame. The re-

sulting frame in this case would correspond to applying the Gram-Schmidt method to the

set {γ(t), ,γ ′(t),γ ′′(t), ...} instead of {γ ′(t),γ ′′(t),γ ′′′(t)...}. Recently it has been shown that

using centering as a preprocessing step is beneficial for the dynamic mode decomposition [88].

That being said, since the derivation of the tridagonal and antisymmetric structure seen in

the Frenet-Serret frame is based on the properties of the derivatives and orthogonality this

same structure can be computed without the centering step.
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4.4 Limits and Requirements

From Section 4.3.1, we showed that HAVOK will yield a good approximation to the Frenet-

Serret in the limit that the time interval spanned by each row H goes to zero. To be more

precise, HAVOK will yield the Frenet-Serret frame if (4.8) is satisfied. However, this can be

difficult to check in practice. Here we establish approximate rules which can be followed:

1. Choose ∆t to be small. The specific constraint we have from (4.8) is

‖h′0ti‖ �
∥∥∥∥
h′′0
2
t2i

∥∥∥∥�
∥∥∥∥
h′′′0
6
t3i

∥∥∥∥� · · · �
∥∥∥∥∥
h

(k)
0

k!
tki

∥∥∥∥∥ ,

for −m∆t/2 ≤ ti ≤ m∆t/2 or more simply |ti| ≤ m∆t, where ∆t is the sampling

period of the data and m is the number of delays in the Hankel matrix H . If we

assume that m∆t < 1, then rearranging,

m∆t� 2 ‖h′0‖
‖h′′(0)‖ ,

3 ‖h′′0‖
‖h′′′0 ‖

, . . . ,
k
∥∥∥h(k−1)

0

∥∥∥
∥∥∥h(k)

0

∥∥∥
. (4.12)

In practice, the series of ratios of derivatives defined in (4.12) grows, in which case

it is only necessary to check the first inequality. By choosing the sampling period of

the data to be small we can constrain the data to satisfy this inequality. To illustrate

this we show in Figure 4.5 the resulting dynamics matrix A from HAVOK for several

different values of ∆t. As we expect, as we decrease the sampling period the dynamics

becomes antisymmetric and tridiagonal.

2. Choose the number of columns n to be large. The number of columns comes into

the Taylor expansion through the derivatives
∥∥∥h(k)

0

∥∥∥, since h
(k)
0 ∈ Rn. In general,

the number of necessary columns is system dependent. For the synthetic example

x(t) = sin(t) + 2 sin(t) we can show that the ratio 2 ‖h′0‖ / ‖h′′0‖ saturate to a fixed

value in the limit as n goes to infinity (see Appendix C.2). However, for short time

series (small values of n) this ratio can be arbitrarily small, and hence (4.12) will be

difficult to satisfy.
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Increasing Sampling Frequency

Increasing Number of Data Columns

Figure 4.5: Effects of sampling frequency and number of columns on HAVOK model for the

Lorenz system. Given the Hankel matrix H , the linear dynamical model is plotted for values

of sampling period ∆t (top) equal to 0.01, 0.005, 0.001, 0.0005 for a fixed number of rows and

fixed time span of measurement (top). Similarly, the model is plotted for values of number

of columns n equal to 1001, 2001, 5001, and 10001 for fixed sampling frequency and time

span of measurement q∆t(bottom). As we increase the sampling frequency and the number

of columns the data becomes more antisymmetric with nonzero elements only on the super-

and sub-diagonals. This is in line with the results in Section 4.4.
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In general, due to practical constraints and restrictions, it may be difficult to guarantee that

given data satisfies these two requirements. In Section 4.4.1 and Section 4.5 we propose

methods to remedy this.

4.4.1 Interpolation

From the first requirement, we see that the sampling frequency ∆t needs to be sufficiently

small to recover the antisymmetric structure. However, this assumption may not always be

satisfied in practice due to, for example, measurement constraints. One solution to remedy

this is to use interpolation. To be more precise, we can fit the data to splines. We then

construct a new dataset by evaluating these models at a finer ∆t that satisfies (4.12). We

note that the ratio of the derivatives ‖h′0‖ / ‖h′′0‖ , ‖h′′0‖ / ‖h′′′0 ‖ , . . . may also contain some

dependence on ∆t, but is not significantly affected in practice.

As an example, we consider a set of time series measurements time generated from the

Lorenz system (see 4.5 for more details about this system). We choose a sampling period of

∆t = 0.1. This time series is plotted in Figure 4.6. Applying HAVOK with centering with

m = 201, we plot the A matrix and the first three columns of U . As expected, A is not

antisymmetric and U are not the orthogonal polynomials like from the synthetic example in

Figure 4.4.

Next, we applied cubic spline interpolation, evaluating at a sampling rate of ∆t = 0.001.

This interpolated data is in gray. Applying HAVOK to this interpolated data yields a new

A matrix. As predicted, this matrix has a antisymmetric structure and the U corresponds

to the orthogonal polynomials in Section 4.3.3.

4.5 Structured HAVOK (sHAVOK)

We see that in general, under these assumptions about the number of delays and sampling size

and with the incorporation of centering, the HAVOK model is a method for approximately

computing the Frenet-Serret frame. Here we propose a modification of HAVOK to induce this

antisymmetric structure for a smaller number of delays n. We focus on the step in HAVOK
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Interpolated Data

Figure 4.6: In the case where a dynamical system is sparsely sampled, interpolation can be

used to recover a more tridiagonal and antisymmetric matrix for the linear model in HAVOK.

First, we simulate the Lorenz system, measuring x(t) with sampling period of ∆t = 0.1. The

resulting dynamics model A and corresponding singular vectors of U are plotted. Due to the

low sampling frequency these values do not satisfy the requirements in (4.12). Consequently

the dynamics matrix is not antisymmetric and the singular vectors do not corresponding

to the orthogonal polynomials in Section 4.3.3. Next, the data is interpolated using cubic

splines, and subsequently sampled using a sampling period of ∆t = 0.001. In this case the

data satisfies the assumptions in (4.12), which yields the tridiagonal antisymmetric structure

for A and orthogonal polynomials for U as predicted.

of splitting V into V1 and V2. In the Frenet-Serret framework we measure the evolution of

the orthonormal frame e1(t), e2(t), . . . , er(t). Comparing this to HAVOK, V1 and V2 should

correspond to instances of this frame. Although V is a unitary matrix in general, V1 and

V2 which consist of removing a column from V are not. To enforce this orthogonality, we
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propose to split H̄ into two time-shifted matrices H̄1 and H̄2 and compute two SVDs with

rank truncation r,

H̄1 = U1Σ1V
ᵀ

1 and H̄2 = U2Σ2V
ᵀ

2 .

By construction, V1 and V2 are now orthogonal matrices and thus

Â = V ᵀ
2 V1.

or in the continuous case A = (V ᵀ
2 V1 − I) /∆t. If this system is not closed (nonzero forcing

term), then V2 is defined as columns 2 to n − 1 of the SVD singular vectors with an r − 1

rank truncation V ᵀ
r−1. Â ∈ Rr−1×r−1 and B̂ ∈ Rr−1×1 are computed as

[
Â, B̂

]
= V ᵀ

2 V1.

Corresponding pseudocode may be found in Appendix C.3.

This simple adjustment to HAVOK yields a new method shown in Figure 4.7, which

we denote as structured HAVOK (sHAVOK). As a simple example, we first apply sHAVOK

with centering to the synthetic example introduce in Section 4.3.2 generated by x(t) =

sin(t) + sin(2t). The resulting dynamics matrix is

A =




−1.116× 10−5 1.204× 10−2 −1.227× 10−5 8.728× 10−8

−1.204× 10−2 −1.269× 10−5 4.458× 10−3 4.650× 10−6

2.053× 10−5 −4.458× 10−3 −4.897× 10−6 6.617× 10−3

−9.956× 10−8 −1.118× 10−7 −6.617× 10−3 −3.368× 10−6




We see immediately that with this small modification, in comparison to (4.11), the estimates

of the curvatures both below and above the diagonal are now equal and the rest of the

elements in the matrix, which should be zero, are almost all smaller by an order of magnitude.

In addition, the curvatures are equal to the true values to three decimal places.

Although these two methods converge in the limit of infinite data, the difference is most

prominent in the case of shorter time series, in which case we may not have measurements

over a large period of time. We demonstrate these results on three nonlinear systems, the

Lorenz attractor, the Rössler attractor, and a double pendulum. For each of these systems we

apply both the HAVOK and sHAVOK methods to this data and compute the corresponding
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Figure 4.7: Outline of steps in structured HAVOK (sHAVOK) method. First, given a dy-

namical system a single variable x(t) is measured. Time-shifted copies of x(t) are stacked

to form a Hankel matrix H . H is split into two time-shifted matrices, H1 and H2. The

singular value decomposition (SVD) is applied to these two matrices individually. This re-

sults in reduced order representations, V1 and V2, of H1 and H2, respectively. The matrices,

V1 and V2 are then used to construct an approximation to this low dimensional state and

its derivative. Finally, linear regression is performed on these two matrices to form a linear

dynamical model with an additional forcing term in the last component.

dynamics matrices A. In all of these cases the sHAVOK dynamics matrix is much more an-

tisymmetric and tridiagonal than the corresponding HAVOK matrix. This can be attributed

to the fact that sHAVOK better approximates the Frenet-Serret frame than HAVOK.

In addition to the dynamics matrices, we plot the eigenvalues ofA, ωk ∈ C for k = 1, . . . r

for HAVOK (teal) and sHAVOK (maroon). We additionally plot the eigenvalues (black

crosses) corresponding to the data measured in the large data limit, but at the same sampling

frequency. In this large data limit both sHAVOK and HAVOK yield the same antisymmetric
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tridiagonal dynamics matrix and corresponding eigenvalues. Comparing the eigenvalues we

immediately see that eigenvalues from sHAVOK are much closer in value to those computed

in the large data limit than those of HAVOK. Thus, we see that even with a short trajectory

we can still recover key information about the corresponding dynamics. Below, we describe

each of the systems and their configurations.

Lorenz Attractor: We first illustrate these two methods on the Lorenz system. Origi-

nally developed in the fluids community, the Lorenz (1963) system is governed by three first

order differential equations [133]:

ẋ = σ(y − x)

ẏ = x(ρ− z)− y

ż = xy − βz.

The Lorenz system has since been used to model systems in a wide variety of fields, includ-

ing chemistry [161], optics [224], and circuits [85]. We simulate 3, 000 samples with initial

condition [−8, 8, 27] and a stepsize of ∆t = 0.001, and measure the variable x(t). We use

the common parameters σ = 10, ρ = 28, and β = 8/3. This trajectory is shown in Figure

4.8, and corresponds to a few oscillations about a fixed point. We apply both the HAVOK

and sHAVOK methods to this data and compute the corresponding dynamics matrices A.

Clearly, the sHAVOK dynamics matrix is much more antisymmetric than the corresponding

HAVOK matrix. We compare the spectra to that of a longer trajectory containing 300, 000

samples.

Rössler Attractor: The Rössler attractor is given by the following nonlinear differential

equations [172, 171]:

ẋ = −y − z

ẏ = x+ ay

ż = b+ z(x− c)

We choose to measure the variable x(t). This attractor is a canonical example of chaos, like
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the Lorenz attractor. Here we perform a simulation with 70, 000 samples and a stepsize of

∆t = 0.001. We choose the following common values of a = 0.1, b = 0.1 and c = 14 and the

initial condition x0 = y0 = z0 = 1. We similarly plot the trajectory and dynamics matrices.

We compare the spectra in this case to a longer trajectory using a simulation for 300, 000

samples.

Double Pendulum: The double pendulum is a similar nonlinear differential equation,

which models the motion of a pendulum which is connected at the end to another pendulum

[193]. This system is typically represented by its Lagrangian, L(θ1, θ2, θ̇1, θ̇2)

L =
1

6
ml2

(
θ̇2

2 + 4θ̇2
1 + 3θ̇1θ̇2 cos (θ1 − θ2)

)
+

1

2
mgl (3 cos θ1 + cos θ2) , (4.13)

where θ1 and θ2 are the angles between the top and bottom pendula and the vertical axis,

respectively. m is the mass at the end of each pendulum, l is the length of each pendulum

and g is the acceleration constant due to gravity. Using the Euler-Lagrange equations,

d

dt

∂L
∂θ̇i
− ∂L
∂θi

= 0 for i = 1, 2,

we can construct two second order differential equations of motion. The trajectory is com-

puted using a variational integrator to integrate the equations to approximate

δ

∫ b

a

L(θ1, θ2, θ̇1, θ̇2)dt = 0.

We simulate this system with stepsize of ∆t = 0.001 and for 1200 samples. We choose

m1 = m2 = l1 = l2 = 1 and g = 10, and use initial conditions θ1 = θ2 = π/2, θ̇1 = −0.01

and θ̇2 = −0.005. As our measurement for HAVOK and sHAVOK we use x(t) = sin(θ1(t)),

and compare our data to a trajectory containing 100, 000 samples.

4.5.1 Real Data

Here we apply sHAVOK to two real datasets, the trajectory of a double pendulum and

measles outbreak data. Similar to the synthetic examples, we find that the the dynamics

matrix from sHAVOK is much more antisymmetric and tridiagonal compared to the dynamics
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matrix for HAVOK. In both cases, some of the HAVOK eigenvalues contain positive real

components. However, for sHAVOK they do not, resulting in much more accurate and

stable reconstructions.

Double Pendulum: We first look at measurements of a double pendulum. [116]. A

picture of the setup can be found in Figure 4.9. The Lagrangian in this case is very similar to

that in (4.13). One key difference in the synthetic case is that all of the mass is contained at

the joints, while for in this experiment, the mass is spread over each arm. To accommodate

this, the Lagrangian can be slightly modified

L =
1

2

(
m1(ẋ2

1 + ẏ2
1) +m2(ẋ2

2 + ẏ2
2)
)

+
1

2

(
I1θ̇

2
1 + I2θ̇

2
2

)
− (m1y1 +m2y2) g

where x1 = a1 sin(θ1), x2 = l1 sin(θ1) + a2 sin(θ2), y1 = a1 cos(θ1), and y2 = l1 cos(θ1) +

a2 cos(θ2). m1, and m2 are the masses of the pendula, l1 and l2 are the lengths of the

pendula, a1 and a2 are the distances from the joints to the center of masses of each arm, and

I1 and I2 are the moments of inertia for each arm. When m1 = m2 = m, a1 = a2 = l1 = l2,

and I1 = I2 = ml2 we recover (4.13). We sample the data at ∆t = 0.001s. We plot sin(θ2(t))

over a 15s time interval. The data over this interval appears approximately periodic.

Measles Outbreaks: Last, as a final example we apply measles outbreak data. Measles

data has been shown to exhibit chaotic behavior [179, 198]. Brunton et. al applied HAVOK

to measles data and successfully showed that the method could extract transient behavior

[30]. Here, we apply sHAVOK to data corresponding to the number of measles cases in New

York City between 1928 to 1964 [132].

For both systems, we first apply sHAVOK and interpolation to a subset of the data cor-

responding to shown in Figure 4.9. We then compare that to HAVOK applied over the same

interval. We use, m = 101 delays with a r = 5 rank truncation for the double pendulum, and

m = 51 delays and a r = 6 rank truncation for the measles data. Like in previous examples,

the sHAVOK dynamics is tridiagonal and antisymmetric while the HAVOK dynamics matrix

is not. Next, we plot the corresponding spectra for these two methods, in addition to the

eigenvalues applied to HAVOK over the entire time series. Most noticeably, the eigenvalues
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from sHAVOK are closer to the long data limit values. In addition, two of the HAVOK

eigenvalues lie to the right of the real axis, and thus have positive real components. All of

the sHAVOK eigenvalues, on the other hand, have negative real components. This difference

is most prominent in the reconstructions of the first singular vector. In particular, since two

of the eigenvalues from HAVOK are positive, the reconstructed time series grows exponen-

tially. In contrast, for sHAVOK the corresponding time-series remains bounded providing a

much better reconstruction to the true data.

4.6 Discussion

In this chapter, we connect results from time delay embeddings, dimensionality reduction

techniques, and differential geometry to decompose sparse linear dynamical model plus a

forcing term. Furthermore this linear model has a very specific structure. Namely, it is

antisymmetric with nonzero elements only along the sub- and super-diagonals. This structure

was previously observed in the Lorenz system for the HAVOK model. We show that if certain

requirements about our measurements are satisfied, this structure can be observed in other

systems. In the case, where these requirements are not satisfied, we provide methods to

overcome this barrier. In particular, interpolation may be used as a preprocessing step if

the sampling frequency of the data is low. In the case where the length of data is limited

we provide a modification to the HAVOK method, sHAVOK, which is closer connected to

theory. We demonstrate sHAVOK on three chaotic examples, and two real world examples

from measurements of a double pendulum and measles outbreaks. Using this modification,

we observed improved stability in the model and better reconstructions of the dynamics.

Connecting these three fields opens up a wide variety of applications and future work.

Namely, by understanding this new perspective, we now better understand the requirements

and limitations of HAVOK and have proposed simple modifications to the method which im-

prove its performance on data. However, the full implications of this theory remain unknown.

Going forward, we encourage the exploration of these connections. Differential geometry, di-

mensionality reduction and time delay embeddings are all well-established fields, and by
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understanding these connections we can develop more robust methods for modeling time

series.

More concretely, in this thesis by connecting HAVOK to the Frenet-Serret frame, we

recognized the importance of enforcing orthogonality for V1 and V2, and consequently devel-

oped sHAVOK. However, with this theory we can incorporate further improvements on the

method. For example, sHAVOK can be thought of as a first order forward difference method,

approximating the derivative and state by (V2 − V1) /∆t and V1, respectively. By employing

a central difference scheme, such as approximating the state by V , we have observed this

to further enforce the antisymmetry in the dynamics matrix and move the corresponding

eigenvalues towards the imaginary axis.

Throughout this analysis, we have focused purely on linear methods. In recent years

nonlinear methods for dimensionality reduction, such as autoencoders and diffusion maps,

have gained popularity [44, 146]. Like these methods, we would like nonlinear methods to

achieve similar goals, of sparsity and interpretibility. By understanding these structures in

the linear domain, we hope to generalize these methods to create more accurate and robust

methods which can accurately model a greater class of functions.
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Figure 4.8: Comparison of HAVOK and structured HAVOK (sHAVOK) for three example

systems. For each system, we simulated a trajectory extracting a single coordinate (gray).

We then apply HAVOK and sHAVOK to a subset of this trajectory shown in black. The

resulting linear dynamical models are plotted. The resulting model for sHAVOK yields an

antisymmetric structure with nonzero elements only along the subdiagonal and superdiago-

nal. The corresponding eigenvalue spectra for HAVOK and sHAVOK are additionally plotted

in teal and maroon, respectively. Additionally, we plot the eigenvalues from HAVOK for the

full trajectory. In all cases, the eigenvalues of sHAVOK are much closer in value to those

in the long trajectory limit than HAVOK. Thus, sHAVOK can inform us about long term

dynamics, even with a much shorter trajectory.
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Figure 4.9: Comparison of HAVOK and structured HAVOK (sHAVOK) for two real world

systems: a double pendulum and measles outbreak data. For each system, we measure a

trajectory extracting a single coordinate (gray). We then apply HAVOK and sHAVOK to a

subset of this trajectory shown in black. The resulting linear dynamical models are plotted.

The resulting model for sHAVOK yields an antisymmetric structure with nonzero elements

only along the subdiagonal and superdiagonal. The corresponding eigenvalue spectra for HA-

VOK and sHAVOK are additionally plotted in teal and maroon, respectively. Additionally,

we plot the eigenvalues from HAVOK for a long trajectory. In both cases, the eigenvalues

of sHAVOK are much closer in value to those in the long trajectory limit than HAVOK. In

addition, some of the eigenvalues of HAVOK contain positive real components. The corre-

sponding reconstructions of the first singular vector of the corresponding Hankel matrices,

in addition to the true values are plotted. Note that that the HAVOK reconstruction ex-

ponentially grows due to the unstable eigenvalues, while the sHAVOK reconstruction does

not.
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Chapter 5

SPARSE SYSTEM IDENTIFICATION WITH UNCERTAINTY
QUANTIFICATION

5.1 Introduction

In recent years there has been a rapid increase in measurements gathered from complex

nonlinear dynamics for which their governing equations are unknown. A key challenge is

to discover explicitly representations of these equations, which can then be used for system

identification, forecasting and control. Measurements are often contaminated by random

noise or may exhibit chaotic behavior, in which case it is critical to quantify how uncertainty

affects the model discovery process. In order to address this challenge, we introduce the un-

certainty quantification sparse identification of nonlinear dynamics (UQ-SINDy) framework,

which leverages sparsity promotion in a Bayesian probabilistic setting to extract a parsimo-

nious set of governing equations. Our method provides uncertainty estimates of both the

parameter values and the inclusion probabilities for different terms in the models.

Discovery of governing equations plays a fundamental role in the development of phys-

ical theories. In more recent years, with increasing computing power and data availabil-

ity, there have been substantial efforts to identify the governing equations directly from

data [26, 184, 232]. There has been particular emphasis on parsimonious representations as

they have the benefit of promoting interpretibility and generalize well to unknown data [16,

32, 31, 136, 152, 162, 210, 221]. In [31], Brunton et. al proposed the SINDy method, which

leverages dictionary learning and sparse regression to model systems. This approach has

been successful in modeling a wide array of fields, systems, including chemistry [90], op-

tics [195], epidemiology [91], and plasma physics [47]. Furthermore, there have been a

variety of modifications, including improved robustness to noise [42, 115], generalizations
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to partial differential equations [165, 175, 174], boundary conditions [190], and libraries of

rational functions [140, 117].

Although these methods identify the equations, measurements often contain observation

error and are governed by complex or chaotic behaviors, making it difficult to determine

how these models will generalize to unknown datasets. A common approach to remedy this

is to use the Bayesian probability framework, in which uncertainty is quantified in terms of

probability, and in which priors are employed to encode assumptions and prior knowledge

about model parameters [63, 225]. Bayesian methods have been powerful tools for uncertainty

quantification in time series models, with applications to weather forecasting [3, 57, 233],

disease modeling [21, 127, 234], traffic flow [40, 199, 237], and finance [65, 208, 229], among

many others. More recently, these methods have been incorporated into model discovery

frameworks, showing state of the art performance for system identification in the presence of

noise [61, 148, 232]. Although these methods provide a range of possible values, realizations

of these models are in general not sparse and consequently lack the capability to identify

relevant terms in the model.

Sparse regression is a popular tool to identify a small subset of variables which explain

the data. However, finding the true minimum is computationally intractable in practice. In

the frequentist setting, a popular solution is to use the Lasso, which corresponds to an l1

penalty term [207]. In the Bayesian setting, sparsity is generated by fundamentally different

mechanisms. Most notably, although the corresponding prior (the Laplace prior) shares the

same maximum likelihood estimator as the Lasso [154], the distribution has fat tails and

thus does not produce sparse realizations [41]. The spike and slab model remedies this by

explicitly using Bernoulli variables to determine whether a term is present in the model,

and has become the “gold standard” for sparsity in the Bayesian framework [144, 106, 138].

One disadvantage to this prior however is its dependence on discrete variables. This makes

the inference prohibitively expensive for high dimensional systems. Smooth approximations,

such as the horseshoe [38, 39], Horseshoe+ prior [22], Dirichlet-Laplace prior [24], and R2-

D2 prior [236], have been shown to yield comparable to performance. For this work we will
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primarily focus on the regularized horseshoe prior, also known as the Finnish horseshoe [159].

In this work, we propose a robust uncertainty quantification SINDy (UQ-SINDy) frame-

work which provides uncertainty estimates of both the parameter value and inclusion prob-

abilities and promotes sparsity in realizations of the model. This model leverages advances

in Bayesian approaches to solving ODEs and sparsity to achieve this goal. In sections 5.2.1

and 5.2.2 we review the SINDy method and Bayesian inference for ordinary differential

equations. In section 5.2.3 we review sparsity promoting priors, namely the spike and slab

and regularized horseshoe priors, comparing their performance to the Laplace prior. In sec-

tion 5.3.1, we introduce two sparsity promoting Bayesian methods, spike and slab SINDy

and regularized horseshoe. In sections 5.3.2 and 5.3.3, we illustrate these methods on two

synthetic nonlinear models, a Lotka Volterra model and nonlinear oscillator, and real world

lynx hare population data. We find that these methods are able to extract accurate and

meaningful Bayesian models even in the presence of significant noise and sparse samples.

These results are summarized future improvements are discussed in section 3.5.

5.2 Background

5.2.1 SINDy

The sparse identification of nonlinear dynamics (SINDy) method is a recently developed

technique which leverages compressed sensing and machine learning techniques to identify

the governing equations from a given time series (Figure 5.1). In particular, we start with

a time series x(t) = [x1(t), x2(t), . . . xd(t)]
ᵀ ∈ Rd for t = t1, . . . , tn, which is governed by the

differential equation,

ẋ = f(x),

for some unknown function f : Rd → Rd. The goal of SINDy is to discover f .
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Figure 5.1: Comparison of SINDy algorithm and UQ-SINDy. Top: Schematic of SINDy

algorithm. A dynamical system governed by unknown governing equations is measured.

Next, we computed the derivative of the time series Ẋ and construct a library Θ(X) of

candidate terms. Last, we perform sparse regression to identify the terms in the model

which can to reconstruct the time series. Bottom: Schematic of UQ-SINDy algorithm. A

dynamical system governed by unknown governing equations is measured. Next, we compute

a library Θ(X) of candidate terms. Last, we perform sparsity promoting Bayesian inference

to compute inclusion probability of each term in the model and probability distribution for

each term in the model. An ensemble of reconstructions can then be compute, which provides

uncertainty quantification in the reconstruction.
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To do so, we first define X = [x1,x2, . . . ,xn]ᵀ ∈ Rn×d as the collection of snapshots and

construct a library of possible terms in our model

Θ(xᵀ) =




| | | |
θ1(xᵀ) θ2(xᵀ) θ3(xᵀ) · · · θl(xᵀ)

| | | |


 ∈ Rn×l.

For example, a commonly used library is a polynomial library

Θ(xᵀ) =




| | | |
x1(t) θ(x2(t) x2

1(t) x1x2(t) · · ·
| | | |




We then measure or compute the time derivative of the data Ẋ and solve the following

equation for Ξ ∈ Rl×d,

Ẋ = Θ(X)Ξ. (5.1)

A key assumption of SINDy is that f(x) may be represented by a small number of terms from

Θ. Thus, (5.1) is typically solved through sparse regression, using minimization techniques

such as sequential least squares thresholding (STLSQ) [31] or LASSO [207]. This then yields

a set of nonlinear differential equations

ẋ = Ξᵀ (Θ(xᵀ))ᵀ . (5.2)

This is a symbolic differential equation which may be used for system identification, predic-

tion, and control.

5.2.2 Bayesian Inference for Data-Driven Discovery

Suppose we have data pairs (xi, yi) which we would like to fit to a linear regression model.

In the frequentist setting, our goal is to determine a vector β such that

yi = βᵀxi + εi, (5.3)
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where εi ∼ N (0, σ2) is Gaussian distributed measurement noise with variance σ2. For

Bayesian inference, our goal is to determine a distribution of possible values for β given

the data, i.e. p(βj|y).

To compute this distribution, we leverage Bayes’ rule,

p(βj|y) ∝ p(y|βj)p(βj). (5.4)

The prior term p(βj) incorporates any domain knowledge about the distribution of the βj’s.

The term p(y|βj) defines the marginal likelihood, also known as the model evidence of the

observed data given a set of parameters.

Here we are primarily interested in the case of determining the governing equations. In

the case of identifying ordinary differential equations, the underlying dynamics are governed

by an equation of the form ẏᵀ = Θ(yᵀ)Ξ, in which case we would like to find the optimal

initial condition x0, and parameters Ξ such that

x(ti)
ᵀ =

∫ ti

0

Θ(x(t)ᵀ)Ξdt+ εi. (5.5)

Bayes’ rule then takes the form

p(Ξ,x0,σ,D|X) ∝ p(X|Ξ,x0,σ,D)p(D)p(σ)p(Ξ)p(x0), (5.6)

where σ is the noise level of the data and D is any additional parameters inferred in

the model. In general, computing the posterior distribution is in general not analytically

tractable, in which case Monte Carlo sampling methods may be used. For this analysis,

we use the No-U-Turn Sampler (NUTS) [89]. This method is a specific Hamiltonian Monte

Carlo method which leverages gradient information to efficiently sample high dimensional

distributions. NUTS is particularly popular since it requires minimal parameter tuning.

Computing the gradient of (5.5) with respect to Ξ and x0 is particularly challenging. To

do this we use the adjoint of the equation. For more information about this see [186]. We

note that computing the gradients are incorporated into the PyMC3 library and do not need

to be explicitly computed by the user.
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With these posterior distributions of the parameters, we may then compute reconstruc-

tions and forecasts of the data [64, 209]. In particular, to compute the range of values of x

at an arbitrary time t, we can compute the following integral

p(x(t)|X) =

∫∫∫
p(x(t)|Ξ,x0,σ,D)p(Ξ,x0,σ,D|X)dΞdx0dσdD, (5.7)

where p(x(t)|Ξ,x0,σ,D) is related to the likelihood used in (5.6). p(x(t)|X) is defined to be

the posterior predictive distribution (PPD) and the integral in (5.7) is approximated using

sampling.

5.2.3 Sparsity Promoting Priors

Figure 5.2: Comparison of posterior distributions Laplace, spike and slab, and regularized

horseshoe prior for linear regression problem. Both the spike and slab and regularized horse-

shoe priors promote sparsity in the posterior distributions, while the Laplace prior does

not.

Consider the regression problem in (5.3). In many cases we assume only a few components

of xi are correlated with yi, in which case we expect β to be sparse. In the Bayesian
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setting, there have been many approaches to developing a prior for β which induce sparsity.

We describe a few of these approaches below, namely the Laplace, spike and slab and the

regularized horseshoe priors.

Laplace Prior

Originally proposed by Laplace [51], the Laplace distribution, also known as the double

exponential distribution [63], corresponds to the probability distribution function (PDF)

f(x|µ, b) given by

f(x|µ, b) =
1

2b
e−|

x−µ
b
|.

We typically denote this distribution as

βj|λj, b ∼ Laplace(µ, b).

Most notably, the maximum a posterior (MAP) for this prior corresponds to performing

regression with L1 regularization of the coefficients βj [154],

β̂MAP = arg max
β

P (y|β) = arg min
β
||y − βᵀX|22 + ‖β‖1 .

In the frequentist setting solving this regression problem, also known as the LASSO method,

has been shown to yield sparse solutions for β [207]. This sparsifying behavior of the Laplace

distribution is attributed to the fact that for values of x smaller than b, the distribution is

sharply peaked, thus pushing many terms towards 0. For values of x greater than b, the

distribution is super-Gaussian allowing elements to escape significant shrinkage.

Although this induces sparsifying behavior in the frequentist case, in the Bayesian setting

the resulting posterior distributions are not sparse [41]. In particular, in the Bayesian case

we must consider the whole distribution simultaneously. With the Laplace prior every βj

has probability mass simultaneously pushed towards the origin and away from the origin,

forcing relevant βj’s to be shrunk towards the origin and irrelevant terms to have significant

probability mass far away from the origin.
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To illustrate this we simulate 400 samples of data (xi, yi) satisfying (5.3), where xi ∼
N (0, 1) ∈ R10, εi ∼ N (0, 0.52) and β ∈ R10 is chosen to be the sparse vector

β = [0.3, 0.2,−0.3, 0, 0, 0, 0, 0, 0, 0]ᵀ.

We perform Bayesian inference to estimate β using a Laplace prior, and in Figure 5.2 we

plot the resulting posterior distribution. We note that using the Laplace prior, the posterior

distributions are centered about the true value β. However, many distributions are peaked

at nonzero values, making it difficult to differentiate between relevant and irrelevant vari-

ables. Further, due to the wide widths of all the distributions, samples from this posterior

distribution will not be sparse. To better enforce sparsity in a Bayesian setting and induce

sparse realizations, the distribution of each βj must either be fully shrunk towards the origin

or pushed away from the origin. In sections 5.2.3 and 5.2.3 we discuss two priors which

satisfy these properties.

Spike and Slab Prior

The Spike and Slab prior is one of the popular sparsifying priors and is typically referred to

as the “gold standard” [144, 106, 138] for sparsity in the Bayesian setting. For this prior we

assume that β is the product of a Bernoulli and normal distribution. In particular,

βj|λj, c ∼ N (0, c2)λj (5.8)

λj = Ber(π), (5.9)

where π is the probability that λj is 1. Otherwise λj is 0. From this we immediately see that

if λj is 1, then the jth term belongs to the model, and βj follows a normal distribution. If

λj is 0 then the jth term is not in the model βj a delta spike at zero.

The distribution may be relaxed to

βj|λj, c ∼ λjN (0, c2) + (1− λj)N (0, ε2)

λj = Ber(π),
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where ε � c. This is similar to before, except when λj = 0, βj follows a narrow normal

distribution with variance ε, in contrast to a delta spike.

This prior for β is very intuitive and has shown a robust performance on data. In

Figure 5.2, we plot the resulting posterior distribution for the example in section 5.2.3. Most

notably we see that, similar to the Laplace prior the spike and slab prior extracts out wide

distributions for the three nonzero coefficients. The seven zero coefficients, on the other

hand, are spikes at the origin. Consequently, any sampling of this posterior distribution will

be sparse. Compared to the Laplace distribution this makes it much more clear which terms

are nonzero. Furthermore, the means of the λj’s provides us with an explicit likelihood that

a particular βj is relevant to the model.

Although this prior has many beneficial properties, one downside is that due to the incor-

poration of Bernoulli distribution, this prior is not differentiable. Consequently, computation

of the posterior distribution scales exponentially with the number of dimensions. Many ap-

proaches have been made to develop smooth approximations to this distribution. We discuss

one recent approach in section 5.2.3.

Regularized Horseshoe Prior

The horseshoe prior and the recently developed regularized horseshoe prior are smooth priors,

that have shown comparable performance to the spike and slab model. The horseshoe is

defined as

βi|λi, τ ∼ N (0, λ2
i τ

2)

λi ∼ C+(0, 1)

τ ∼ C+(0, τ0),

where C+ denotes the half-Cauchy distribution [23, 38, 39]. The key intuition for this prior

is that τ promotes global sparsity, shrinking the posterior distributions of all βi. λi, also

known as the local shrinkage parameters have a half-Cauchy prior. This prior has a long

tail allowing some of the βi’s to escape significant shrinkage. Many analyses have focused on
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choosing an optimal value of τ0. [159] recommend to choose a value of τ0 = m0

M−m0

σ
N

, where

is m0 is an estimate of the number of relevant βj. We note that decreasing the value of τ ,

increases the sparsity in β.

One downside of the horseshoe is that relevant terms which “escape” are unregularized,

and thus elements of the posterior distribution may become arbitrarily large. One notable

advancement to remedy this by [159] proposed to include a small amount of regularization

on λ,

βi|λ̃i, τ ∼ N (0, λ̃2
i τ

2)

λ̃i ∼
cλi√

c2 + τ 2λ2
i

λi ∼ C+(0, 1)

c2 ∼ Inv-Γ
(ν

2
,
ν

2
s2
)

τ ∼ C+(0, τ0).

(5.10)

For small values of λi, λiτ � c, and therefore λ̃i approaches λ, thus approximating the

original horseshoe prior. However, for large values of λi,λiτ � c, λ̃ → c/τ , and hence βi is

normally distributed about c. This regularizes βi, constraining it to be on the order of c.

We illustrate the performance of this prior in Figure 5.2, for the example in section 5.2.3.

Similar to the spike and slab model the nonzero coefficients have wide distributions. The

zero coefficients, on the other hand are more spiked than those of the Laplace prior, thus

promoting sparser realizations.

Unlike for the spike and slab prior there is no explicit estimate for the inclusion prob-

abilities. One approach to computing a pseudo-probability is to compute the maximum

likelihood with a flat prior (i.e. no prior) and compare it to the maximum likelihood from

the regularized horseshoe. The ratio of these two values is called the shrinkage

κi =
β̂RHi

β̂Flati

The shrinkage of the coefficients has been used to define inclusion pseudo-probabilities for

the model. In general these ratios may not lie between 0 and 1. To improve numerical
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stability, for our analysis we replace the flat prior with a Gaussian prior.

5.3 UQ-SINDY

In this section we combine advancements in Bayesian inference of ODEs and sparsity pro-

moting priors to propose a UQ-SINDy framework that quantifies both the the uncertainty of

coefficients and the inclusion probabilities of the model. In particular, within this framwork

we introduce two methods: spike and slab SINDy (ss-SINDy) and a smooth relaxation reg-

ularized horseshoe SINDy (rh-SINDy). The ss-SINDy provides state of the art performance

for estimating uncertainty of coefficients and inclusion probability, while the rh-SINDy is a

smooth approximation which shows comparable performance. We outline this framework

below.

5.3.1 Method

We start with a set of time series measurements X = [x1,x2 . . .xn]ᵀ ∈ Rn×d. We assume

that our data is governed by some underlying equation

dx

dt

ᵀ

= Θ(xᵀ)Ξ

for some sparse Ξ. Our goal is to determine the posterior distribution p(Ξ,x0,σ,D|X).

Step 1: Construct library: We first compute a library Θ : R1×d → R1×m of candidate

terms:

Θ(xᵀ) = [x1, x2, x3, x
2
1, x1x2, . . .].

We emphasize that here Θ is a symbolic function of the inputs y1, . . . , yd. This

is in constrast to the original SINDy algorithm, in which Θ(X) is a fixed matrix

computed from the initial data.
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Step 2: Construct model priors and model likelihood In the case of normally dis-

tributed noise the likelihood, takes the form

p(X|Ξ,x0,σ,D) =
d∏

j=1

1

σj
√

2π
e

−||xj−
∫ t
t0

Θ(x(t′)ᵀ)Ξdt′||2

σ2
j (5.11)

For some cases, the values of X takes nonnegative values, such as for populations,

in which case we may choose to use a lognormal likelihood instead.

p(X|Ξ,x0,σ,D) =
d∏

j=1

1

σj
√

2π
e

−|| log(xj)−log(
∫ t
t0

Θ(x(t′))Ξdt′)||2

σ2
j (5.12)

We must choose priors for several parameters, in particular, the noise level σj, initial

condition x0 in addition to any other model parameters D. These priors are typically

chosen using knowledge about about the type of parameter (i.e. the parameter is

nonnegative) and the scales of the data.

Step 3: Choose sparsity promoting prior Following section 5.2.3, for spike and slab

SINDy (ss-SINDy) we use the prior

Ξj|λj, c ∼ Laplace(0, 1)λj

λj = Ber(π),

where λj is the inclusion of term j in the model. We note that we use a Laplace

here instead of a normal distribution due to its wider tails. For regularized horseshoe

SINDy (rh-SINDy) we use the prior

Ξi,j|λ̃i,jτ ∼ N (0, λ̃2
i,jτ

2)

λ̃i,j ∼
cλi,j√

c2 + τ 2λ2
i,j

λi ∼ C+(0, 1)

c2 ∼ Inv-Γ
(ν

2
,
ν

2
s2
)

τ ∼ C+(0, τ0).
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Step 4: Bayesian Inference Using the priors and likelihood, we perform Bayesian inference

using (5.6) to compute the inclusion probability and posterior distributions for each

term in the model. Using (5.7), we may also compute a posterior predictive distribu-

tion for model reconstruction or forecasting. For our analysis, we use PyMC3 [177]

and sunode (a python wrapper for the CVODES library for efficiently solving ODEs)

to efficiently perform Bayesian inference [186].

5.3.2 Synthetic Examples

In this section we apply the spike and slab and regularized horseshoe priors in the UQ-SINDy

framework and illustrate their performance on three examples: two synthetic and one real

world time series of lynx and hare populations. For each example we compute the likelihood

of each term belonging to the underlying dynamical equations providing both an inclusion

probability and a distribution of likely values for each parameter. We compare these results

to the original SINDy algorithm and show that UQ-SINDy significantly outperforms SINDy

in identifying the underlying dynamics and associated parameter values.

Nonlinear Oscillator

To illustrate this method, we first consider a damped nonlinear oscillator, which takes the

form

ẋ = αx3 + βy3 (5.13)

ẏ = γx3 + δy3. (5.14)

Following [165], we use the values α = −0.1, β = −2, γ = 2, δ = −0.1. We use an initial

condition of [x0, y0] = [2, 0]. We sample the time series over the interval t ∈ [0, 20], with a

sampling period of ∆t = 0.5.

Here we add a small amount of Gaussian distributed noise N (0, 0.022) to the measure-

ments. The observed trajectory is shown in Figure 5.3. We use a library of polynomial terms
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Spike and Slab Prior Regularized Horseshoe Prior

x

Figure 5.3: UQ-SINDy applied to nonlinear oscillator system with Gaussian noise. Posterior

distributions of parameters in model for spike and slab prior and regularized horseshoe

prior. For both priors the terms in the model are correctly identified, with nonzero terms

having wide distributions and zero terms corresponding to spikes at the origin. We plot the

trajectories directly below. We additionally plot the 90% credibility intervals and means for

the associated posterior predictive distributions (PPDs).
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Θ(x, y) = [1, x, y, xy, x2, y2, x2y, y2x, x3, y3]. Since we have two sets of measurements, Ξ is a

2× 10 matrix. Our goal is to perform sparse Bayesian inference on the differential equation

[
ẋ ẏ

]
=
[
1 x y x2 y2 xy x2y y2x x3 y3

]
Ξ.

Since we have Gaussian distributed noise we choose to use the likelihood in (5.11). For the

noise level and initial condition we use σ ∼ Γ(1, 0.1) and x0, y0 ∼ Laplace(0, 1), respectively.

We first apply the spike and slab prior for Ξ as in (5.9), with parameters π = 0.8,

and c = 1, and perform Bayesian inference. We plot the posterior distributions for Ξ in

Figure 5.3. As we expect from the distributions of Ξ we see that sixteen of the terms

correspond to spikes centered on the origin and four of the terms have wider distributions

centered away from zero. Further, these four nonzero terms correspond directly to the four

terms in the model. The modes of these distributions are shown in Table 4. These values

are close in value to the true values and are well within the 90% credibility interval of these

values. Next, we present the model inclusion probabilities λj in Table 5.1. All four nonzero

terms have inclusion probabilities close to 1, while the other 16 terms have values close to

zero. We compare the means of the posterior distributions to that of the SINDy model. Note

that for this the SINDy model is not sparse and does not learn the correct model.

Next we apply the regularized horseshoe prior for Ξ as in (5.10), with parameters τ0 =

0.1, ν = 2 and s = 4. We note that these values of ν and s are suggested in [159]. We

plot the posterior distributions for Ξ in Figure 5.3. We see that the regularized horseshoe

provides comparable distributions and similar maximum values.

Last, in Figure 5.3, we plot the predictive posterior distribution (PPD) of the reconstruc-

tion. In particular, for each sampling time we compute the mean values (dashed lines), the

5th and 95th percentiles (shaded regions), in addition to the measured values (crosses). Both

the regularized horseshoe and spike and slab show similar confidence intervals. Further, we

see that the true data lies well within these predictive posterior distributions, as expected.
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Figure 5.4: UQ-SINDy applied to synthetic Lotka Volterra system with lognormal noise.

Posterior distributions of parameters in model for spike and slab prior and regularized horse-

shoe prior. For both priors the terms in the model are correctly identified, with nonzero

terms having wide distributions and zero terms corresponding to spikes at the origin. We

plot the trajectories directly below. We additionally plot the 90% credibility intervals and

means for the associated posterior predictive distributions (PPDs).

Lotka Volterra Model

The Lotka Volterra model, also commonly refered to as the predator prey model, is a popular

system used to model the interaction between two competing groups [71, 216]. Originally
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developed by Lotka to model chemical reactions [134], the system has also been studied as a

model in economics [75] and for biological systems [119, 205, 215]. We explore one biological

example in Section 5.3.3. This system is governed by two nonlinear differential equations

ẋ = αx− βxy

ẏ = −γy + δxy.

For this example, we simulate the system with the commonly used initial condition [x0, y0] =

[10, 5] and parameters α = 1, β = 0.1, γ = 1.5, δ = 0.075, which results in a periodic trajec-

tory. We sample 50 snapshots over a time interval of t ∈ [0, 24]. We additionally multiply the

trajectory with multiplicative noise following the distribution Lognormal(0, 0.1). The log-

normal distribution is nonnegative and thus commonly used for systems, like populations,

for which possible values must be greater or equal to zero.

The resulting time series is shown in Figure 5.4 from which we see that the trajectory

covers approximately four periods of oscillation. We apply UQ-SINDy for both the spike and

slab prior and regularized horseshoe prior. We use a library containing all possible constant,

linear and quadratic terms (12 terms in total). In Table 5.2 we show the likelihood of each

term belonging to the the model for the spike and slab prior. We see significantly higher

probabilities for the four true nonzero terms compared to all other terms. Further we can

compute pseudo-probabilities for the regularized horseshoe. Although these values are not

constrained between zero and the relevant terms are easily identified with values near to or

greater than 1. Next, we plot the posterior distributions. From this we immediately see that

for both priors the parameters which belong to the model have broad distributions centered

about the true means, while the other 8 terms have narrow peaks centered about 0. In

Table 5.2 we compare the peak values of these posterior distributions to the true values.

We additionally apply SINDy to the data and compare those values. We see that SINDy is

unable to identify the correct dynamics. Furthermore, we note that due to their sparsifying

behavior, the peak values for both the spike and slab and regularized horseshoe priors are

close to the true values.



139

Last, in Figure 5.4, we plot the predictive posterior distribution of the reconstruction,

computing the mean values (dashed lines), the 5th and 95th percentiles (shaded regions) and

the observed values (crosses). Like for the nonlinear oscillator, both the regularized horseshoe

and spike and slab show similar confidence intervals. We also note that the range of values

in the posterior predictive distribution is much wider than for the nonlinear oscillator, which

is expected due to the increased noise present in these measurements.

5.3.3 Lynx Hare Population Model

As a final example, here we illustrate the performance of the sparsifying priors for modeling

the populations of two species in Canada. In particular, this data consists of measurements

by the Hudson Bay Company of lynx and hare pelts between 1900 and 1920 (see Figure 5.5)

[37, 87]. The number of pelts between for these two species is thought to be proportional

to the true populations. Hares are a herbivorous relative of the rabbit while the lynx is a

type of wildcat whose diet depends heavily on hares. This predator prey interdependence

between the two species has been shown to be well characterized to first order by the Lotka

Volterra model in Section 5.3.2, where u and v correspond to the population of hares and

lynxes, respectively.

In Figure 5.5 we plot the number of pelts recorded for these two species. Modeling this

data with SINDy is particularly challenging as we have relatively few samples (n = 21)

which cover only two cycles. In addition, factors including the weather and the consistency

of trapping between years adds a high level of uncertainty to the measurements.

Here we compare the performance of the ss-SINDY, and rh-SINDY. The library as in the

previous example contains all constant, linear and quadratic terms. In addition we normalize

the data. From the posterior distributions for the spike and slab prior we see the distinct

nonzero peaks corresponding for the terms in equation 5.3.2. The likelihood of these four

terms belonging to the model are very high. We additionally see a small peak near zero in

the u term for the u̇. This term is highly correlated with a nonzero term appearing in the

constant term. We see a similar peak for the regularized horseshoe model. However, in this
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TRUE SINDy SS-Prior Rh-prior

u̇ : 1 0 0.44 0.00 0.00

v̇ : 1 0 0.05 0.00 -0.01

u̇ : u 0 0.58 0.00 0.00

v̇ : u 0 -0.60 0.00 0.00

u̇ : v 0 0.75 0.00 0.00

v̇ : v 0 -0.12 0.00 0.00

u̇ : uv 0 -0.33 0.00 0.00

v̇ : uv 0 -0.07 0.00 0.00

u̇ : u2 0 -1.80 0.00 0.01

v̇ : u2 0 -0.37 0.00 0.00

u̇ : v2 0 0.47 0.00 -0.01

v̇ : v2 0 0.34 -0.08 0.00

u̇ : u2v 0 0.39 -0.12 -0.03

v̇ : u2v 0 0.47 -0.01 -0.01

u̇ : v2u 0 0.55 0.00 0.00

v̇ : v2u 0 -0.35 0.00 0.00

u̇ : u3 -0.1 -1.44 -0.04 -0.08

v̇ : u3 2 -0.48 2.03 2.02

u̇ : v3 -2 0.02 -1.96 -1.96

v̇ : v3 -0.1 -0.09 -0.10 -0.12

SS-prior Rh-prior

u̇ : 1 0.00 -0.05

v̇ : 1 0.01 -0.33

u̇ : u 0.10 -0.03

v̇ : u 0.00 -0.08

u̇ : v 0.05 0.04

v̇ : v 0.08 -0.06

u̇ : uv 0.08 -0.21

v̇ : uv 0.06 0.00

u̇ : u2 0.07 0.01

v̇ : u2 0.07 0.00

u̇ : v2 0.142 0.03

v̇ : v2 0.5 -0.02

u̇ : u2 0.70 0.03

v̇ : u2 0.17 0.06

u̇ : v2 0.01 0.05

v̇ : v2 0.02 -0.14

u̇ : u3 0.50 1.20

v̇ : u3 1.00 1.01

u̇ : v3 1.00 1.00

v̇ : v3 1.00 0.92

Table 5.1: Left: Posterior distributions p(Ξ) for each term in model for nonlinear oscillator.

Right: Corresponding inclusion probabilities.

case the peak is even more pronounced. Looking at Table 5.3, we see that the spike and

slab model correctly identifies the terms and places high values for the inclusion probabilities
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TRUE SINDy SS-Prior Rh-prior

u̇ : 1 0 0.861 0 0.04

v̇ : 1 0 0 0 0

u̇ : u 1 0.39 1.06 0.97

v̇ : u 0 0 0 -0.01

u̇ : v 0 -0.64 0 -0.01

v̇ : v -1.5 -1.24 -1.44 -1.35

u̇ : uv -0.68 -0.226 -0.74 -0.66

v̇ : uv 0.82 0.664 0.78 0.7

u̇ : u2 0 0 0 0.01

v̇ : u2 0 0 0 0.02

u̇ : v2 0 0 0 0

v̇ : v2 0 0 0.01 0.01

SS-prior Rh-prior

u̇ : 1 0.36 0.26

v̇ : 1 0.17 -0.32

u̇ : u 1 3.29

v̇ : u 0.13 0.07

u̇ : v 0.27 0.15

v̇ : v 1 1.01

u̇ : uv 1 1.10

v̇ : uv 1 1.19

u̇ : u2 0.09 0.27

v̇ : u2 0.01 0.24

u̇ : v2 0.19 -1.92

v̇ : v2 0.03 -0.02

Table 5.2: Left: Posterior distributions p(Ξ) for each term in model for Lotka Volterra data.

Right: Corresponding inclusion probabilities.

for the four terms in the model. The regularized identifies horseshoe three terms correctly.

Last, in Figure 5.5, we plot the predictive posterior distribution (PPD) of the reconstruction,

computing the mean values (dashed lines), the 5th and 95th percentiles (shaded regions) and

the observed values (crosses). We note that all of the original time series lies within these

confidence bounds, as we expect.

5.4 Conclusions and Future Work

In this work, we proposed a new framework for identifying governing equations directly

from data. We leveraged advances in Bayesian inference of ODE’s and sparse regression to

identify relevant terms, quantifying the uncertainty in the values of each parameter and its
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Param est SINDy SS prior RH prior

u̇ : 1 0 0 0 0.01

v̇ : 1 0 0 0 0

u̇ : u 0.55 0.384 0.47 0

v̇ : u 0 0 0 -0.01

u̇ : v 0 -0.143 0 0

v̇ : v -0.84 -0.613 -0.76 -0.74

u̇ : uv -0.455 -0.226 -0.51 -0.42

v̇ : uv 0.5433 0.664 0.52 0.52

u̇ : u2 0 0 0 0.01

v̇ : u2 0 0 0 0

u̇ : v2 0 0 0 0

v̇ : v2 0 0 0 -0.01

SS-prior Rh-prior

u̇ : 1 0.47 0.035

v̇ : 1 0.35 0.00

u̇ : u 0.85 0.00

v̇ : u 0.34 0.02

u̇ : v 0.54 0.00

v̇ : v 0.99 0.73

u̇ : uv 0.96 0.78

v̇ : uv 1 2.01

u̇ : u2 0.581 0.03

v̇ : u2 0.08 0.02

u̇ : v2 0.31 -0.50

v̇ : v2 0.35 -0.06

Table 5.3: Left: Posterior distributions p(Ξ) for each term in model for lynx and hare

population data. Right: Corresponding inclusion probabilities.

inclusion probability. Further, this method is very robust to noise and can accommodate

sparse samples.

Going forward, one of the primary limitations of this method is its scalability to very large

libraries of terms. This is primarily due to the computational intensity to sample high di-

mensional spaces using Markov Chain Monte Carlo. One remedy for this is to use variational

inference, which matches classes of functions to the posterior distribution. This method has

been particuarly effective for high dimensional model, most notably neural networks, with

comparable accuracy to sampling methods.

In addition, for this work we are primarily focused on situations in which coordinate

which induce a sparse representation is known. However, in general this ”effective” set of
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Spike and Slab Prior Regularized Horseshoe Prior

Coefficient Value Coefficient Value

x

PPDObserved 
Data Mean

!
"

Figure 5.5: UQ-SINDy applied to lynx and hare population data. Posterior distributions of

parameters in model for spike and slab prior and regularized horseshoe prior. For both priors

the terms in the model are correctly identified, with nonzero terms having wide distributions

and zero terms corresponding to spikes at the origin. We plot the trajectories directly below.

We additionally plot the 90% credibility intervals and means for the associated posterior

predictive distributions (PPDs).

coordinates may be unknown. Recent work has incorporated SINDy into neural network

architectures, to simultaneously learn the parsimonous governing equations and associated
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coordinates [42]. Incorporating UQ-SINDy into these neural network architecture could

greatly improve robustness and confidence in these models and the associated forecasts.
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Chapter 6

CONCLUSIONS

In this thesis, we discussed four contributions to the theory and methods of data driven

modeling of physical systems. We first proposed mean subtraction as a natural and com-

putationally efficient preprocessing step when performing the dynamic mode decomposition.

This is defended by rigorous theory and is contrast to previous results that have shown

mean subtraction to yield undesirable results. Next, we developed a novel modal decom-

position, STIMD, which decomposes spatiotemporal data into time varying linear dynamics

and associated spatial modes. We showed that STIMD outperforms comparable methods

such as DMD, SVD, and ICA, and illustrated this method on two real world examples, grav-

itational wave data and neural recordings from a rodent hippocampus. Third, we explored

the recently developed HAVOK method, which combines time delay embeddings and dimen-

sionality reduction to decompose nonlinear dynamics into a linear model plus intermittent

forcing. Utilizing properties of the Frenet-Serret frame we showed that under certain condi-

tions the linear model yields a specific antisymmetric tridiagonal structure. With this new

perspective we provided a simple modification, which we denote structured HAVOK (sHA-

VOK), which promotes this structure. Fourth, we proposed a UQ-SINDy framework which

leverages sparse Bayesian inference to identify governing equations with uncertainty quan-

tification in both parameter values and inclusion probabilities for each term. This method

is illustrated on two synthetic examples and a real world dataset consisting of lynx and hare

populations. In this chapter we summarize these contributions and propose possible areas

of future research.
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6.1 DMD with Centering

In chapter 2, we showed that centering data improves the performance of the dynamic mode

decomposition (DMD). In particular, we showed that DMD with centering is equivalent to an

additional affine term in the DMD model. However, it is not the same as the discrete Fourier

transform, contrary to previous results. In the case of affine linear dynamics, we showed

that DMD with centering yields the same spectra as DMD without centering in certain

cases. However, if the data is full rank, then DMD with centering can recover the dynamics,

while DMD without centering cannot. We illustrated this theory on video surveillance data

and simulations of the Lorenz system. As predicted by theory, for the video surveillance

data the linear model from DMD is low rank, and hence DMD with centering is equivalent

to DMD without centering. However, for the Lorenz system, in which the linear dynamics

are full rank, DMD with centering provides a better reconstruction in the presence of noise.

Further, by considering the DMD with centering as subtracting the zero frequency mode

from the data, we generalized our results to show how to subtract modes of arbitrary fre-

quencies within the DMD framework. This is particularly relevant in the case where there is

prior knowledge of a subset of frequencies. We illustrated this on ECOG data, showing that

we can remove 60Hz line noise from the signal of interest.

6.2 STIMD

In chapter 3, we introduced a novel modal decomposition, called the spatiotemporal intrinsic

mode decomposition (STIMD), which leverages spatial correlations and nonlinear match-

ing pursuit (NMP) to decompose data into linear combinations of intrinsic mode functions

(IMFs). IMFs have the beneficial properties that they can accurately model nonstationary

dynamics, a key advantage over techniques such as DMD and the Fourier transform. Fur-

thermore, the IMFs have a well-defined Hilbert transform, which can be used to measure the

underlying instantaneous frequencies of the data, a key benefit over methods, such as SVD

and ICA. By utilizing properties of the NMP method we showed that STIMD may be used
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for short term forecasting. Furthermore, we showed that STIMD is highly robust to noise

and initial conditions required for the method. We illustrated STIMD on two examples,

namely neural recordings from a rodent hippocampus and gravitational wave signals from

merging black holes in the LIGO experiment. For both examples, we showed that STIMD

is able to extract out the relevant frequencies from the data.

6.3 sHAVOK

In chapter 4, we unified results from time delay embeddings, dimensionality reduction tech-

niques, and differential geometry to decompose nonlinear dynamics into a sparse linear dy-

namical model plus a forcing term. We showed that the linear model has a very specific

structure. In particular it is antisymmetric with nonzero elements along the sub- and super-

diagonals. We connected this to previous results showing similar structure for the Lorenz

system in the HAVOK algorithm.

With this new perspective we explored the limitations of this structure and proposed

modifications to HAVOK to induce this structure. We suggested interpolation when the

dynamics are sparsely sampled. In the case where the length of data is limited, we proposed

a small modification called structured HAVOK (sHAVOK), which is more closely connected

to theory. We illustrated sHAVOK on three synthetic examples and two real world examples,

a double pendulum and measles outbreak data. In these cases, the sHAVOK model induces

more stable dynamics and better reconstructions.

6.4 UQ-SINDy

In chapter 5, we proposed a new uncertainty quantification for sparse identification of non-

linear dynamics (UQ-SINDy) framework, which utilizes sparse priors to identify governing

equations. In particular, we proposed to use two sparsifying priors: the spike and slab prior,

which is the gold standard for sparse Bayesian inference, and the regularized horseshoe, a

smooth relaxation. We illustrated this framework on two synthetic examples, a nonlinear

oscillator and a Lotka-Volterra system. We find that UQ-SINDy well outperforms the orig-
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inal SINDy method in accurately identifying dynamics in addition to putting tight bounds

on the uncertainty. We further applied these methods to lynx and hare population data,

confirming the hypothesis that the data is well modeled using the Lotka-Volterra equations.

6.5 Future Directions

• Nonsequential time series

In chapter 2, many theorems are based on the assumption the measurements were

sampled at a fixed frequency. However, one of the most popular DMD methods, exact

DMD, can accommodate non-uniformly sampled measurements. Although likely, it

remains to be shown that the DMD modes are unique for nonuniformly sampled data

and that centering will be beneficial in this general case. One possible starting point

for proving these results is the theory of exponential Vandermonde matrices [169, 231].

Additionally, our analysis focused on the SVD based DMD method, exact DMD. How-

ever, many other DMD algorithms exist, including forward backward DMD [50], total

least squares DMD [85], and optimized DMD [12]. The effects of centering for these

alternative methods remain to be explicitly characterized.

• Efficient for higher dimensional datasets

The STIMD method was shown to be extremely robust to measurement noise and ini-

tial conditions, which were both explicitly characterized in chapter 3. One limitation

of the method is the optimization problem in algorithm 2. The current optimization

does not explicitly use gradient information. Consequently, the method scales expo-

nentially with dimensionality making it prohibitively expensive for high dimensional

datasets. We suggest exploring different optimization techniques by leveraging gradient

information to improve efficiency without sacrificing robustness.

We additionally note that this method leverages the NMP method, which extracts sig-

nals with interwave frequency and amplitude modulation. In other words, this method
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requires that the modulation frequency is lower than the frequency of the wave. How-

ever, many signals such as electrocardiogram data contain intrawave modulation. Ex-

tracting IMFs with intrawave modulation is significantly more difficult, though recent

advancements have been made for one dimensional signals [94]. We believe this could

be incorporated into the STIMD framework, thus generalizing this model to a greater

class of functions.

• Connecting time delay embeddings, dimensionality reduction and the Frenet-

Serret frame

In chapter 4, we unified key results from the theory of time delay embeddings, dimen-

sionality reduction techniques, and differential geometry to explain the antisymmetric

tridiagonal structure observed in HAVOK. This new perspective enabled us to dis-

cover modifications to the method, which were closer connected to theory and yielded

improved model reconstruction in practice.

Differential geometry, dimensionality reduction and time delay embeddings are all well-

established fields and by fully exploring these connections greater insights and further

improvements could be made. More specifically, by connecting HAVOK and the Frenet-

Serret frame, we discovered the significance of V1 and V2 being orthogonal matrices,

resulting in the development of modifications, which we denote sHAVOK. These mod-

ifications resulted in improved stability and model reconstruction. Furthermore, with

this new perspective we recognized that HAVOK may be thought of as a first order

forward difference scheme, approximating the derivative of V by (V2 − V1) /∆t. By

modifying HAVOK to behave like a central order difference method, we have observed

that the dynamic model becomes more antisymmetric, which more closely aligns with

Frenet-Serret theory.

• Scalibility and coordinate discovery in UQ-SINDy framework

In chapter 5, we proposed a new framework for identifying governing equations directly
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from data. We leverage advances in Bayesian inference of ODE’s and sparse regression

to identify relevant terms, quantifying the uncertainty in the values of each parameter

and its inclusion probability. Further, this method is very robust to noise and can

accommodate sparse samples.

Going forward, one of the primary limitations of this method is its scalability to very

large libraries of terms. This is primarily due to the computational intensity to sample

high dimensional spaces using Markov Chain Monte Carlo. One remedy for this is to use

variational inference, which matches classes of functions to the posterior distribution.

This method has been particuarly effective for high dimensional model, most notably

neural networks, with comparable accuracy to sampling methods.

In addition, for this work we are primarily focused on situations in which coordinates

which induce a sparse representation is known. However, in general this “effective”

set of coordinates may be unknown. Recent work has incorporated SINDy into neural

network architectures to simultaneously learn the parsimonous governing equations

and associated coordinates [42]. Incorporating UQ-SINDy into these neural network

architecture could greatly improve robustness and confidence in these models and the

associated forecasts.
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Appendix A

A.1 Rank one Update

Here we will derive (2.23) and (2.25). Namely we will show that if X2 = AX1 then

X̄†1 =





X†1
(
I − nnᵀ

nᵀn

)
if (I −X†1X1)ᵀ1 = 0(

I − (I−X†1X1)11ᵀ

1ᵀ(I−X†1X1)1

)
X†1 otherwise

(A.1)

where n = X†
ᵀ

1 1. To derive this we use the rank-one update formula (3.2.7) from [157] to

compute X̄†1 = (X1 − µ11
ᵀ)†.

First, let’s assume
(
I −X†1X1

)
1 = 0. Letting A = X1, c = −µ1, and d = 1, then

β = 1− 1ᵀX†1µ1 = 1− 1ᵀX†1X11

1ᵀ1
= 0

w = −(I −X1X
†
1)
X11

1ᵀ1
= 0

m = (I −X†1X1)ᵀ1 =
(
1ᵀ − 1ᵀX†1X1

)ᵀ
= 0

v = −X†1µ1 = −X†1
X11

1ᵀ1
= − 1

1ᵀ1

n = X†
ᵀ

1 1

Note that ‖v‖2 = 1
1ᵀ1

. Since β = ‖m‖ = ‖w‖ = 0, we are in Case 6 and the pseudoinverse

is given by

X̄†1 = X†1 −
1

‖v‖2vv
ᵀX†1 −

1

‖n‖2X
†
1nn

ᵀ +
vᵀX†1n

‖v‖2 ‖n‖2vn
ᵀ

Noting that in first term
vᵀX†1
‖v‖2 = nᵀ and in the third term vᵀX†1n =

1ᵀX†1X
†ᵀ
1 1

1ᵀ1
=

‖n‖2 ‖v‖2, then the first and third terms equal −vnᵀ and vnᵀ. These cancel, yielding

the first case of (A.1). Thus, by Theorem 2.1 in [52], Â and Ā share all the same eigenvalues
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and eigenvectors except the eigenvalue of Â equal to 1 which becomes

1− n
ᵀX2X

†
1n

‖n‖2 = 1− n
ᵀÂn

‖n‖2 = 1− nᵀn

‖n‖2 = 0.

Now, let’s assume 1ᵀ
(
I −X†1X1

)
6= 0. This corresponds to Case 3 in [157].

w = −
(
I −X1X

†
1

)X11

1ᵀ1
= 0

m =
(
I −X†1X1

)ᵀ
1 6= 0

β = 1− 1ᵀX†1X11

1ᵀ1
=
‖m‖2

1ᵀ1
6= 0

v = −X
†
1X11

1ᵀ1

n = X†
ᵀ

1 1

X̄†1 = X†1 +
1

β
mvᵀX†1 −

β

‖v‖2 ‖m‖2 + |β|2

(
‖v‖2

β
m+ v

)(
‖m‖2

β

(
X†1

)ᵀ
v + n

)ᵀ

Now
‖m‖2

β

(
X†1

)ᵀ
v + n = −1ᵀ1X†

ᵀ
1 X

†
1

X11

1ᵀ1
+X†

ᵀ
1 1 = 0

since X†1X1 is symmetric. Hence,

X̄†1 = X†1 +
1

β
mvᵀX†1

=


I −

(
I −X†1X1

)
11ᵀ

1ᵀ
(
I −X†1X1

)
1


X†1.

A.2 Efficient Computation of Fixed Point

We provide an efficient algorithm for computing a fixed point in the case where range(X1) =

range(X2). In the SVD-based DMD algorithm, we efficiently compute the DMD with

centering modes by projecting Ā onto the singular vectors Ur of X1: Ār = U ᵀ
r ĀUr =

U ᵀ
rX2VrΣ

−1. The matrix Ār satisfies the linear model

x̃j+1 = Ārx̃j,
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where x̃j = U ᵀ
r xj. The means µ̃1, µ̃2 in the lower-dimensional space are similarly related to

µ1 and µ2 by µ̃i = U ᵀ
rµi for i = 1, 2.

Consider the solution c̃ to the background mode in the lower dimensional space:

c̃ =
(
I − Ār

)−1
µ̃2 − Ārµ̃1.

Like before, I − Ār is invertible, since Ār and Ā have the same nonzero eigenvalues, and Ā

does not have an eigenvalue equal to 1. This computation is done in the lower r dimensional

space in contrast to the original n dimensional space, so c̃ can be efficiently computed by

solving an r × r linear system. We will show that c is related to c̃ by c = Urc̃.

Multiplying both sides by I − Ār,

(
I − Ār

)
c̃ = µ̃2 − Ārµ̃1.

Plugging in the relations between Ā and Ār, µ1 and µ̃1, and µ2 and µ̃2,

(
I −U ᵀ

r ĀUr

)
c̃ = U ᵀ

rµ2 −U ᵀ
r ĀUrU

ᵀ
rµ1.

Note that since range(X1) = range(X2), then µ1,µ2 ∈ range(X1) and range(Ā) ⊆ range(X1).

Hence, UrU
ᵀ
rµ1 = µ1, UrU

ᵀ
rµ2 = µ2, and UrU

ᵀ
r Ā = Ā. Multiplying both sides by Ur and

using the previous identities

(
I − Ā

)
Urc̃ = µ2 − Āµ1.

Since I − Ā is invertible,

Urc̃ =
(
I − Ā

)−1 (
µ2 − Ā

)
µ1 = c.
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Appendix B

B.1 NMP Minimization Implementation

For the NMP method we must solve the minimization problem

min
a
‖x(t)− a(θ(t)) cos (θ(t))‖2

2 , where a(θ) ∈ V (θ). (B.1)

In Ref. [93], Shi and Hou solve this by noting that constraining a(θ) to lie in V (θ) is equivalent

to applying a low-pass filter in θ-space. The corresponding algorithm is shown in

Algorithm 3 Minimization Algorithm for Nonlinear Matching Pursuit (NMP) Method for

Periodic Data

1: Input: measured signal x(t) and phase function of IMFs θ(t).

2: Output: a(t), b(t)

3: Define the normalized phase function θ̄(t) = θ(t)−θ(0)
θ(T )−θ(0)

4: Lθ = θ(T )−θ(0)
2π

5: x(θ) := Interpolate(x(t), θ(t)) {Reexpress x(t) in terms of the θ coordinate}.
6: x̂(ω) = F (x(θ))

7: a(θ) := F−1 (x̂(ω + Lθ) + x̂(ω − Lθ) · χλ(ω/Lθ))
8: b(θ) := F−1 (i · (x̂(ω + Lθ)− x̂(ω − Lθ) · χλ(ω/Lθ)))
9: a(t) = Interpolate(a(θ), t)

10: b(t) = Interpolate(b(θ), t)

11: return a, b

In this algorithm F , and F−1 denote the Fourier Transform, and inverse Fourier Trans-



155

form respectively

F(r) =
1

N

M∑

j=1

rje
−i2πωθ̄j , ω = −N/2 + 1, · · · , N/2

F−1(r̂) =
1

N

N/2∑

ω=−N/2+1

r̂ei2πωθ̄
n
k,j , j = 0, . . . , N − 1.

χλ(ω) is the cutoff function used in the low-pass filter. Here we use the function

χλ(ω) =





1 + cos(πω/λ) −λ < ω < λ

0 otherwise

.
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Appendix C

C.1 Discrete Orthogonal Polynomials

In Section 4.3.3 we introduced a set of orthogonal polynomials that appear in HAVOK, and

listed these polynomials in the continuous case. The first five polynomials in discrete case

are listed below.

p1(n) =
n

c1

p2(n) =
n2

c2

p3(n) =
1

c3

(
n3 − n (3 p2 + 3 p− 1)

5

)

p4(n) =
1

c4

(
n4 − 5n2 (3 p4 + 6 p3 − 3 p+ 1)

7 (3 p2 + 3 p− 1)

)

p5(n) =
1

c5




5

(
n (3 p2+3 p−1)

5
− n3

)
(2 p2 + 2 p− 3)

9
− n (3 p4 + 6 p3 − 3 p+ 1)

7
+ n5




c1 =

√
p (2 p+ 1) (p+ 1)

3

c2 =

√
p (2 p+ 1) (p+ 1) (3 p2 + 3 p− 1)

15

c3 =

√
p (2 p− 1) (2 p+ 1) (2 p+ 3) (p− 1) (p+ 1) (p+ 2)

175

c4 =

√
p (2 p− 1) (2 p+ 1) (2 p+ 3) (p− 1) (p+ 1) (p+ 2) (15 p4 + 30 p3 − 35 p2 − 50 p+ 12)

2205 (3 p2 + 3 p− 1)

c5 =

√
4 p (2 p− 1) (2 p+ 1) (2 p− 3) (2 p+ 3) (2 p+ 5) (p− 1) (p+ 1) (p− 2) (p+ 2) (p+ 3)

43659
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C.2 Column Rule for Synthetic Example

In Section 4.4, we state that when applying HAVOK to the synthetic example in 5.3.2 in the

limit as the number of columns n in the Hankel matrix H goes to infinity, the derivatives

in (4.12) converges to fixed values. Here we prove that the first ratio in the series
2‖h′0‖
‖h′′

0‖
approaches a constant as n→∞. Further terms in the sequence, can be shown to have the

same behavior using a similar proof.

We start with the system x(t) = sin(t) + sin(2t). The central row of the matrix h0 will

be of the form x(t) for some a, b ∈ Z such that

t =
[
a∆t (a+ 1)∆t (a+ 2)∆t . . . b∆t

]
.

In particular b = n+ a. Thus, showing that the limit as n→∞ is equivalent to the limit as

b→∞.

||h′′0||
||h′0||

=
|| − sin(t)− 4 sin(2t)||
|| cos(t) + 2 cos(2t)||

=
||
[
− sin(a∆t)− 4 sin(2a∆t) . . . − sin(b∆t)− 4 sin(2b∆t)

]
||

||
[
cos(a∆t) + 2 cos(2a∆t) . . . cos(b∆t) + 2 cos(2b∆t)

]
||

=

√∑b
k=a(sin(k∆t) + 4 sin(2k∆t))2

∑b
k=a(cos(k∆t) + 2 cos(2k∆t))2

=

√∑b
k=a(sin

2(k∆t) + 8 sin(k∆t) sin(2k∆t) + 16 sin2(2k∆t))∑b
k=a(cos2(k∆t) + 4 cos(k∆t) cos(2k∆t) + 4 cos2(2k∆t))

=

√√√√
∑b

k=a(
17
2

+ 4 cos(k∆t)− 1
2

cos(2k∆t)− 4 cos(3k∆t)− 8 cos(4k∆t))
∑b

k=a(
5
2

+ 2 cos(k∆t) + 1
2

cos(2k∆t) + 2 cos(3k∆t) + 2 cos(4k∆t))

In the last step we have used the trigonometric identities sin2(a) = 1
2
(1 − cos(2a)), and

cos2(a) = 1
2
(1 + cos(2a)).

Using [120], we have the identity

q∑

k=0

cos(Bk) =
sin
[
( q+1

2
)B
]

cos
[
( q

2
)B
]

sin(B
2

)
, B, q ∈ R.
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b∑

k=a

cos(Bk) =
sin
[
( b+1

2
)B
]

cos
[
( b

2
)B
]
− sin

[
(a

2
)B
]

cos
[
(a−1

2
)B
]

sin(B
2

)
, B, a, b ∈ R.

Defining g(b) and h(b) as the numerator and denominator under the radical,

g(b) =
b∑

k=a

(4 cos(k∆t)− 1

2
cos(2k∆t)− 4 cos(3k∆t)− 8 cos(4k∆t))

=
4(sin[(b+ 1)(∆t

2
)] cos[b(∆t

2
)]− sin[a(∆t

2
)] cos[(a− 1)(∆t

2
)])

sin[∆t
2

]

− sin[(b+ 1)∆t] cos[b∆t]− sin[a∆t] cos[(a− 1)∆t]

2 sin[∆t]

− 4(sin[(b+ 1)(3∆t
2

)] cos[b(3∆t
2

)]− sin[a(3∆t
2

)] cos[(a− 1)(3∆t
2

)])

sin[3∆t
2

]

− 8(sin[(b+ 1)(2∆t)] cos[b(2∆t)]− sin[a(2∆t)] cos[(a− 1)(2∆t)])

sin[2∆t]

h(b) =
b∑

k=a

(2 cos(k∆t) +
1

2
cos(2k∆t) + 2 cos(3k∆t) + 2 cos(4k∆t))

=
2(sin[(b+ 1)(∆t

2
)] cos[b(∆t

2
)]− sin[a(∆t

2
)] cos[(a− 1)(∆t

2
)])

sin[∆t
2

]

+
sin[(b+ 1)∆t] cos[b∆t]− sin[a∆t] cos[(a− 1)∆t]

2 sin[∆t]

+
2(sin[(b+ 1)(3∆t

2
)] cos[b(3∆t

2
)]− sin[a(3∆t

2
)] cos[(a− 1)(3∆t

2
)])

sin[3∆t
2

]

+
2(sin[(b+ 1)(2∆t)] cos[b(2∆t)]− sin[a(2∆t)] cos[(a− 1)(2∆t)])

sin[2∆t]

Note that we have the following:

lim
b→∞

g(b)

b
= 0 and lim

b→∞

h(b)

b
= 0
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. Using this fact, then

lim
b→∞

2||h′′0||
||h′0||

= 2 lim
b→∞

√√√√
∑b

k=a
17
2

+
∑b

k=a(4 cos(k∆t)− 1
2

cos(2k∆t)− 4 cos(3k∆t)− 8 cos(4k∆t))
∑b

k=a
5
2

+
∑b

k=a(2 cos(k∆t) + 1
2

cos(2k∆t) + 2 cos(3k∆t) + 2 cos(4k∆t))

= 2 lim
b→∞

√
17
2

(b− a+ 1) + g(b)
5
2
(b− a+ 1) + h(b)

= 2 lim
b→∞

√√√√
17
2
− 17a

2b
+ 17

2b
+ g(b)

b

5
2
− 5a

2b
+ 5

2b
+ h(b)

b

= 2

√
17

5
.

C.3 Structured HAVOK (sHAVOK) algorithm

Here we present pseudocode for the sHAVOK algorithms with and without forcing terms.

Algorithm 4 Structured HAVOK (sHAVOK) without forcing

Input: Measured signal x(t), number of delays m, and rank of Hankel Matrix r.

Output: Dynamics matrix Â ∈ Rr×r.

H := Hankel(x(t),m)

H1 := H [:, 1 : n− 1]

H2 := H [:, 2 : n]

U1Σ1V
ᵀ

1 := SVD(H1, r)

U2Σ2V
ᵀ

2 := SVD(H2, r)

Â := V ᵀ
2 V1
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Algorithm 5 Structured HAVOK (sHAVOK) with forcing

Input: Measured signal x(t), number of delays m, and rank of Hankel Matrix r.

Output: Dynamics matrix Â ∈ Rr−1×r−1 and forcing term B̂ ∈ Rr−1.

H := Hankel(x(t),m)

H1 := H [:, 1 : n− 1]

H2 := H [:, 2 : n]

U1Σ1V
ᵀ

1 := SVD(H1, r)

U2Σ2V
ᵀ

2 := SVD(H2, r − 1)

[Â, B̂] := V ᵀ
2 V1
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[40] Enrique Castillo, José Maŕıa Menéndez, and Santos Sánchez-Cambronero. Predicting
traffic flow using bayesian networks. Transportation Research Part B: Methodological,
42(5):482–509, 2008.
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Frank Thiele. A hierarchy of low-dimensional models for the transient and post-
transient cylinder wake. J. Fluid Mech., 497:335–363, 2003.

[150] Barrett O’neill. Elementary differential geometry. Academic press, 2014.

[151] Samuel E Otto and Clarence W Rowley. Linearly recurrent autoencoder networks
for learning dynamics. SIAM Journal on Applied Dynamical Systems, 18(1):558–593,
2019.

[152] Vidvuds Ozoliņš, Rongjie Lai, Russel Caflisch, and Stanley Osher. Compressed modes
for variational problems in mathematics and physics. Proceedings of the National
Academy of Sciences, 110(46):18368–18373, 2013.



174

[153] Vincent Pagneux, N Amir, and Jean Kergomard. A study of wave propagation in
varying cross-section waveguides by modal decomposition. part i. theory and validation.
The Journal of the Acoustical Society of America, 100(4):2034–2048, 1996.

[154] Trevor Park and George Casella. The bayesian lasso. Journal of the American Statis-
tical Association, 103(482):681–686, 2008.

[155] Jonathan R Partington, James Riddick Partington, et al. An introduction to Hankel
operators, volume 13. Cambridge University Press, 1988.

[156] Roger Penrose. A generalized inverse for matrices. In Mathematical Proceedings of
the Cambridge Philosophical Society, volume 51, pages 406–413. Cambridge University
Press, 1955.

[157] Kaare Brandt Petersen, Michael Syskind Pedersen, et al. The matrix cookbook, 2008.

[158] Andrea Pigorini, Adenauer G Casali, Silvia Casarotto, Fabio Ferrarelli, Giuseppe
Baselli, Maurizio Mariotti, Marcello Massimini, and Mario Rosanova. Time-frequency
spectral analysis of tms-evoked eeg oscillations by means of Hilbert-Huang transform.
Journal of neuroscience methods, 198(2):236–245, 2011.

[159] Juho Piironen, Aki Vehtari, et al. Sparsity information and regularization in the
horseshoe and other shrinkage priors. Electronic Journal of Statistics, 11(2):5018–5051,
2017.
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Journal de mathématiques pures et appliquées, pages 193–207, 1851.

[188] Ofer Shapira, Ayman F Abouraddy, John D Joannopoulos, and Yoel Fink. Complete
modal decomposition for optical waveguides. Physical review letters, 94(14):143902,
2005.

[189] Steven W Shaw and Christophe Pierre. Normal modes for non-linear vibratory systems.
Journal of sound and vibration, 164(1):85–124, 1993.

[190] Daniel E Shea, Steven L Brunton, and Nathan Kutz. Sindy-bvp: Sparse identification
of nonlinear dynamics for boundary value problems. arXiv preprint arXiv:2005.10756,
2020.



177

[191] Jack Sherman and Winifred J Morrison. Adjustment of an inverse matrix corresponding
to a change in one element of a given matrix. Ann. Math. Stat., 21(1):124–127, 1950.

[192] Xingjian Shi and Dit-Yan Yeung. Machine learning for spatiotemporal sequence fore-
casting: A survey. arXiv preprint arXiv:1808.06865, 2018.

[193] Troy Shinbrot, Celso Grebogi, Jack Wisdom, and James A Yorke. Chaos in a double
pendulum. American Journal of Physics, 60(6):491–499, 1992.

[194] Andrews Sobral and Antoine Vacavant. A comprehensive review of background sub-
traction algorithms evaluated with synthetic and real videos. Comput. Vis. Image
Und., 122:4–21, 2014.

[195] Mariia Sorokina, Stylianos Sygletos, and Sergei Turitsyn. Sparse identification for
nonlinear optical communication systems: Sino method. Optics express, 24(26):30433–
30443, 2016.

[196] Michael D Spivak. A comprehensive introduction to differential geometry. Publish or
perish, 1970.

[197] Bruce Stephenson. Kepler’s physical astronomy, volume 13. Springer Science & Busi-
ness Media, 2012.

[198] George Sugihara and Robert M May. Nonlinear forecasting as a way of distinguishing
chaos from measurement error in time series. Nature, 344(6268):734–741, 1990.

[199] Shiliang Sun, Changshui Zhang, and Guoqiang Yu. A bayesian network approach
to traffic flow forecasting. IEEE Transactions on intelligent transportation systems,
7(1):124–132, 2006.

[200] Gilead Tadmor, Oliver Lehmann, Bernd R Noack, and Marek Morzyński. Mean field
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