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Keith and Nancy Rattie Endowed Career Development Professor Baosen Zhang

Electrical and Computer Engineering

The increased penetration of renewable energy resources particularly those connected via

inverters to the electric grid like wind and solar, has resulted in the displacement of traditional

synchronous generators. This has subsequently led to a decline in the available rotational

inertia from these synchronous generators that provides immediate frequency response in the

event of a disturbance to the grid. The result is a larger increase in the frequency deviation,

rate of change of frequency, and a slower settling time, all of which can lead to frequency

instability and an eventual collapse of the grid. This network condition has been termed

low-inertia power systems.

The aim of this dissertation is to design control and optimization algorithms that will enable

these inverter-based resources participate effectively and optimally in providing frequency

control response in a low-inertia power systems by controlling their inverter interfaces.

The first part of this dissertation focuses on optimizing the performance of the popular

virtual synchronous machine control structure for inverter-based resources, by developing an

algorithm to optimally design the inertia and damping gain coefficient of its frequency control

loop. This enables these inverter-based resources to participate efficiently in the inertia



response portion of primary frequency control, by producing active power proportional to

frequency measurements, in response to a power imbalance or disturbance to the grid, just

like a synchronous generator.

The second part of this dissertation focuses on designing a novel inverter-based resource

control strategy termed inverter power control, which is based on model predictive control,

to directly determine the optimal active-power set-point for the inverter-based resources in

the event of a power imbalance or disturbance in the system. This proposed control frame-

work alleviates a fundamental drawback of the virtual synchronous machine approach that

constrains the inverter-based resources to behave like synchronous machines when respond-

ing to a frequency event thereby limiting the potentials of these fast acting and flexible

inverter-based resources.
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Chapter 1

INTRODUCTION

1.1 Motivation

There has been a significant growth of installed renewable energy sources (RES) in the electric

power grid. It is projected that RESs will surpass other forms of electricity generation by

2050, not only in the US [1] but also around the world [3]. The bulk part of this increase is

projected to come from solar and wind energy sources, both onshore and offshore, as seen

for the US case in Fig. 1.1, where wind and solar are projected to surpass nuclear and coal

by 2021 and natural gas by 2045 [1].
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Figure 1.1: Energy outlook 2050 for the United States by EIA [1].
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While this development is welcomed from a sustainability perspective, it has undoubtedly

introduced some engineering and operational challenges to the running of the electric grid

which was designed to have only synchronous machine electricity generation, unidirectional

electricity flow and predictable/controllable power output [4, 5]. One of the challenges in-

clude difficulties in performing electric market functions and unit commitment due to the

variable nature of resources such as wind and solar, that can affect generation scheduling

and also impact load forecasting [6,7]. Another challenge which mostly affects the distribu-

tion network is voltage stability, where some buses might experience over-voltage issues due

to bi-directional power flow [8, 9]. At the transmission level, the challenge is mostly with

frequency stability where both variations in output from wind and solar, and also the lack

of physical inertia of these resources results in fluctuations in system frequency and marked

frequency decline, which in severe cases could result in a black-out [10].

The majority of RESs are asynchronous in nature and connected to the grid via power

electronics devices called inverters or sometimes converters, and can be interconnected to the

electric grid through varying configurations [11, 12]. Although the wind RES has a rotating

mass and can be either synchronous or asynchronous in nature depending on the turbine

type used, it is typically decoupled from the grid due to its wide frequency fluctuations

and as such connected via power electronics to the grid [13]. We adopt the term inverter-

based resources (IBR) used by the North American Electric Reliability Corporation (NERC)

“to represent resources asynchronously connected to the grid and are either completely or

partially interfaced with the grid through power electronics” [14]. These IBRs have little to

no physical inertia which contributes to frequency stability issues.

Traditionally the first-stage primary frequency control in the electric grid, called the inertial

response [15], is provided by conventional generating sources such as coal, nuclear, and gas,

which are connected via synchronous machines with huge rotating mass to the grid. In the

event of a power imbalance or disturbance to the grid, these machines by virtue of their

inertia absorb or release the kinetic energy stored in their rotating masses thereby arresting
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frequency deviation and reducing the rate of change of frequency (ROCOF). As the grid

transitions from a network with dynamics fully governed by synchronous machines to a

mixed-source network with dynamics governed by both synchronous machines and IBRs,

there will be an accompanying decline in the available rotational inertia system wide [16],

leading to larger frequency deviations and faster ROCOFs as shown in Fig.1.2. This network

condition has been termed low-inertia power systems [17]. Based on the projected increase

in these IBRs and subsequent retirement of synchronous machines, these frequency events

are expected to be more pronounced.

Time
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Figure 1.2: Effect of inertia on maximum frequency deviation and ROCOF.

Varying techniques have been proposed in literature and practice to combat this low-inertia

issue such as the use of synchronous condensers [18, 19] which provide the physical mass

without providing active power, load shedding [20, 21], demand response [22, 23], and more

recently, leveraging the fast actuation capabilities of the IBRs (coupled with energy storage



4

systems) in injecting active power into the grid by virtue of the speed of its power electronic

circuits. Several control strategies have been proposed based on this later technique and has

been a subject of active research (see [17, 24, 25] and the references within). Of the varying

control strategies proposed for IBRs, droop control [26–30] and virtual synchronous machines

(VSMs) [31–33] are the most popular as they function by mimicking the frequency-power

dynamic response of a synchronous machine.

1.2 Contributions

The aim of this dissertation is to design control and optimization algorithms that will enable

IBRs to participate effectively and optimally in providing frequency control response in a

low-inertia power systems. The contributions of this dissertation will be broadly categorized

into two:

• The first part focuses on optimizing the performance of the popular VSM control

strategy for IBRs, by developing an algorithm to optimally design the inertia and

damping gain coefficients of the VSM. The VSM can then mimic the frequency response

behavior of traditional synchronous machines by injecting active power proportional to

frequency measurements using these optimized gains, thus enabling the IBR participate

efficiently in the inertia response portion of primary frequency control. To achieve this,

we first show that minimizing the H2 norm of the system, which is typically easier

to compute, can be used as a proxy to minimizing standard time domain frequency

response objective such as maximum frequency deviation or frequency nadir, ROCOF

and settling time. We then design this H2 norm objective function to explicitly trade-

off between competing objectives such as maximum frequency deviation and settling

time through the use of a regularization term. Specifically, we formulate the design

problem as a constrained and regularized H2 norm minimization problem, and develop

an efficient gradient algorithm for this non-convex problem.

• The second part of this dissertation focuses on designing a novel IBR control strategy

based on model predictive control, to directly determine the optimal active-power set-
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point for the IBRs in the event of a power imbalance or disturbance in the system. This

proposed control framework alleviates a fundamental drawback of the VSM approach

that constrains the IBRs to behave like synchronous machines when responding to a

frequency event which results in limiting the potentials of the fast acting and flexible

IBRs. Also, in contrast to existing IBR control methods, this proposed control strategy

explicitly takes the hard constraints in power and energy into account. To achieve this:

– We first focus on developing the novel control framework which we call Inverter

Power Control (IPC) in a network with a single IBR, where we assume all IBRs

can be aggregated into one. We reformulate the system dynamics typically gov-

erned by the swing equation to a modified form with the inverter control angle

as the input, such that we can utilize model predictive control to determine the

optimal active-power set-point using the inverter angle as control variable. We

also integrate an observer to estimate the states and disturbance in the system

which arises due to power imbalance, model mismatches, noise and limited com-

munication, thereby making the controller robust.

– With the control framework setup in-place, we further extend the capabilities of

this IPC, including its ability to handle hard constraints, to a multiple IBR system

which we call Multi-IPC (MIPC). Under this MIPC control framework, we relax

the assumption of having only a single IBR to having multiple IBRs connected at

different nodes across the network. We also extend the controller’s configuration

such that it can function under a centralized and a distributed control scenario.

Under the centralized control, a single MIPC central node coordinate and control

the IBRs in the network to provide the fast frequency response while under the

distributed control structure, each IBR runs the MIPC and utilizes state infor-

mation from neighboring generators, by leveraging on an observer to estimate the

unmeasured states and disturbances.
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1.3 Dissertation Outline

The remaining chapters of this dissertation are organized as follows:

• Chapter 2: Review of Frequency Control in Power Systems gives more details

into the concept of low-inertia, its impact on frequency stability, previously proposed

methods in literature to combat this problems and other foundational concepts relied

on to solve this problem.

• Chapter 3: Optimal Design of Virtual Inertia and Damping Gain Coefficients

focuses on developing an efficient algorithm to optimally select the virtual inertia and

damping gain coefficients, and to compute the gradient for this non-convex problem.

• Chapter 4: Inverter Power Control in Low-Inertia Power Systems develops the

mathematical framework for the proposed novel inverter power controller and bench-

marking its performance to an optimally tuned VSM approach.

• Chapter 5: Multi-Inverter Power Control in Low-Inertia Power Systems ex-

tends the functionality of the IPC designed in the previous chapter to cater to a multiple

IBR scenario and a distributed control structure.

• Chapter 6: Conclusion and Future Works summarizes the key take-aways of this

dissertation and potential extensions of the research work.
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Chapter 2

REVIEW OF FREQUENCY CONTROL IN POWER SYSTEMS

2.1 Frequency Stability in Power Systems

Frequency stability in a power systems network is the ability of the system to maintain the

grid frequency within an acceptable range as defined by system’s operation guidelines [34].

This is to ensure the operational security of the power systems as frequency deviation outside

the pre-specified range can lead to the triggering of protective devices such as the under- and

over- frequency load shedding devices which can results in cascading failures and potentially

a system wide blackout [15]. Large deviations in frequency occurs as a result of either the

loss of a huge generator or load, or a transmission line fault connecting a major load area,

ultimately resulting in an imbalance between the power generated and the power demanded.

In its most basic form, the frequency dynamics of an electric grid is governed by [35]:

dfgrid
dt

=
Pgenerated − Pdemand

MT

=
4P
MT

(2.1)

where fgrid is the effective synchronous frequency of the network,
dfgrid
dt

is the rate of change of

frequency (ROCOF) and MT is the total inertia constant of the network. This total inertia

constant MT is obtained by summing up the normalized inertia coefficient of each generator

that has a physical rotating mass in the system. From (2.1), it can be observed that the

ROCOF and therefore the grid frequency fgrid depends on the difference between the power

generated and demanded, denoted as 4P , and the magnitude of MT. In the event of a

disturbance to the network, each rotating mass either releases its stored kinetic energy or

absorbs excess energy from the network in a bid to stop the frequency decline or incline.

In relation to (2.1), the objective of frequency control during a disturbance is to minimize
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the maximum frequency deviation ∆fgrid and slow down the ROCOF
dfgrid
dt

as shown in the

negative power imbalance example of Fig. 2.1.

Time

F
re

q
u
en

cy

Nominal
Frequency

∆fgrid

dfgrid
dt

Figure 2.1: Frequency deviation and ROCOF in the event of a negative power imbalance

disturbance to the grid.

2.2 Low inertia Power Systems

With the continuous integration of more renewable energy sources (RESs) particularly those

connected via power electronics to the grid such as wind and solar, more and more traditional

synchronous machines like coal and nuclear are being retired. This also translates to a

decrease in the total inertia in the system (< MT) in (2.1), resulting in a faster ROCOF and

larger frequency deviation in the event of a power imbalance. With the projected steady

increase in RES [1, 3], this concept which has been termed low-inertia power systems that

was once considered a theoretical issue is gradually becoming prominent and has begun

to manifest in some places around the world. In South Australia, a frequency collapse
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occurred on September 28th, 2016 [10] and investigations into the cause showed that during

a disturbance to the system due to severe weather conditions, there was also reduction in

wind output and not enough reserve to pick up the slacks. This has led to various grid

operators, such as Texas grid [36], Irish grid [37], Australian grid [38] and Nordic grid [39],

developing road maps for dealing with low-inertia issues.

Several approaches have been proposed to mitigate this issues and some of them are reviewed

in the following subsections.

2.2.1 Synchronous Condenser

Synchronous condensers are essentially rotating synchronous machines without a prime

mover, that is, connected to the grid but not supplying active power. Since it is a ro-

tating machine, it has the physical inertia needed and can therefore participate in the inertia

portion of primary frequency control by releasing or absorbing kinetic energy [18]. In relation

to (2.1), integrating more synchronous condensers to the grid helps to increase the magnitude

of MT. The use of synchronous condensers in the grid is not new concept as it has been

used for reactive power compensation and voltage control in the past [40]. The emergence of

power electronics devices such as Static VAr Compensators (SVCs) [41] and STATCOMs [42]

which are cheaper, faster and require less maintenance have since replaced the synchronous

condensers. Several research works in [18, 19, 43–45] have shown the advantages of utiliz-

ing synchronous condensers to mitigate low-inertia issues while grid operators in countries

like Australia [46], and Denmark [19] have included using synchronous condensers as part

of their strategy for improving frequency response in the future grid. While this approach

shows a lot of potentials, it still maintains the same drawback such as being expensive to

run, as it does not produce active power but has to be left spinning, and other strategies

which cost less have shown promises in solving the low-inertia issues [44].
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2.2.2 Demand Response and Load Shedding

Another potential way of reducing the magnitude of 4P in (2.1) is to reduce or increase the

power demanded Pdemand by implementing some demand response scheme or a pre-specified

load shedding schedule.

Demand response involves utilizing self-regulating loads such as air conditioners, water

heaters, refrigerators and electric vehicles that can be controlled using a thermostat [47].

The initial consideration for demand response was to delay or avoid building new transmis-

sion lines and scheduling generators to cater to peak load demand by load shifting [48]. With

the possibility of having autonomous demand response which responds to system signals such

as frequency rather than price signals [49], the prospects of using it in low-inertia situations

is promising according to research works [22,50] and is among the methods being considered

in Britain [23,51].

Load shedding on the other hand involves disconnecting a portion of the total load in some

systemic order to maintain balance with the philosophy that it is better to disconnect in a

controlled manner than to allow cascaded failure [21]. This method is typically considered

as a last resort against frequency collapse and some research works have proposed intelligent

ways of achieving this systemic load shedding such as adaptively activating the under-/over-

load frequency shedding relays using some combinatorial algorithms [52] or utilizing wide area

measurements to trigger these relays [53]. This has led to load shedding being considered in

mitigating low-inertia issues [54–56].

Major drawbacks of the demand response approach are the communication infrastructure re-

quired and the feasibility of coordinating the varying resources which could be a lot especially

when considering thermostatically controlled residential devices [57]. For load shedding, the

drawback is that loads considered low-priority will be the first to get disconnected from the

network thus rendering some parts of the control area without power.
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2.3 Frequency Control using Inverter-Based Resources (IBR)

Recent research efforts on mitigating the low-inertia issue has been centered mostly on uti-

lizing the RESs and energy storage systems, especially those connected to the grid via power

electronics termed inverter-based Sources (IBR), to provide fast frequency response [34,58].

This can be achieved by injecting or absorbing active power based on some function of the

grid frequency. In relation to (2.1), this approach reduces the magnitude of4P by increasing

or decreasing Pgenerated.

IBRs can be interconnected with other IBRs and small scale generators to form a network

commonly known as microgrids. These can either function in an island mode (in either

ac or dc configuration) or can be integrated to the main electric grid (in ac configuration)

consisting of synchronous machines [12]. The interconnection of this microgrid to the electric

grid also depends on their mode of operation and can be classified as grid following, grid

forming or grid supporting inverters [12,59]. In the grid following mode, the IBRs operate as

an active and reactive power source with its frequency and voltage magnitude determined by

its interconnection with the grid that can enable it function in parallel to other inverters and

generators. In the grid forming mode, the IBRs operates as a voltage source that directly

controls its frequency and voltage magnitude while its active and reactive power output is

determined by its interconnection with the grid. The grid supporting mode combines the

attributes of the grid following and grid forming configurations thus making its operations

similar to a synchronous generator. It achieves this by using the droop control or other

control structures to implement a relationship between frequency and active power, and

voltage and reactive power.

Adopting the grid-supporting configuration, from the network point of view, the grid-connected

IBRs is seen as producing a constant power according to a set reference point and maintained

by internal control loops such that it remains synchronized to the grid. For system analysis,

the inverter can be modeled as a voltage source behind a reactance, much like a synchronous

machine [60]. The difference is that while the internal emf angle is the electrical equivalent
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of the rotor angle [15], the internal voltage angle in the inverter model is set by the internal

closed loop control based on the active-power set-point [61]. Some control strategies either

change the modulation index directly or change the active power set-point. The former case

is mostly used in microgrid systems consisting of only IBRs while the later case is mostly

used in mixed source network and is the configuration adopted in this dissertation because

it does not require modifications to the normal operations of the inverter.

In the event of a power imbalance in the network reflected by a frequency deviation, an

IBR does not have a “natural” response to frequency deviation as synchronous machines

does since they are made of power electronics components and have no rotating mass [11].

Therefore, an additional control loop, preferably one that does not alter the normal inverter

operation, is needed to enable the IBRs participate in frequency control by changing its

power set-point based on frequency measurements [62]. This is possible because the control

responses of an inverter are digital and can thus be programmed with various functions

within the limit of the inverter’s capacity [12].

The two most popular frequency control strategy for IBRs are droop control and virtual

inertia control reviewed below:

2.3.1 Droop Control

This control strategy is similar to the speed droop control in synchronous machines and

implements a linear proportional relationship between the frequency deviation and the active-

power output of the IBR [15, 59]. This additional layer of control runs on each IBR thus

allowing them to run autonomously as they rely only on local frequency measurements as

measured by the phase locked loop (PLL) [63, 64]. The droop control is governed by the

equation ω = ω0 − k(P − P 0) where ω0 is the nominal/reference frequency, P is the active

power output of the IBR, P 0 is the IBRs reference active power and k is the proportional

droop constant [65]. This droop control configuration can also be used in voltage control

by implementing a proportional control between voltage and reactive power [66]. Research
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works in [29, 30, 67] advocate instead for a droop between the angle and power such that

δ = δ0 − k(P − P 0) with results showing that this droop type leads to increased stability,

smaller frequency deviations and faster dynamic response. This droop constant can be

optimized over and has been a subject of much research [68–70].

The drawback of the droop control is that droop based systems tend to have slow transient

responses, active power regulation and no inertia control response [33,71].

2.3.2 Virtual Inertia Control

This control strategy act as a second order oscillator to provide inertia and damping to the

grid and are broadly categorized as virtual synchronous machines (VSM) as they essentially

emulates the inertia control of a conventional synchronous machine [72,73]. There are various

topological configuration of this VSM [24] such as the synchroconverter which tries to mimic

the behavior of an actual synchronous machine by running the full dynamics [74], the swing-

equation based topology which uses the swing equation to determine the inertia emulation

[32, 75] and the frequency-power response topology which produces power proportional to

frequency measurements using inertia and damping gain coefficients [33, 76]. The latter

topology is the most popular and will be adopted in this dissertation. Research works

in [28, 44] show that the VSM control strategy performs better than the droop control due

to the added inertia component and [77] shows conditions under which the VSM and droop

are equivalent. Detailed analysis of the VSM configurations can be found in [25, 33, 78] and

the references contained. The inertia and damping gain coefficients used in the VSM control

strategy can be optimized using a number of techniques [2, 79, 80]. One of the drawback

of the VSM approach as highlighted in [17, 62] is the constraining of IBRs to respond like

a second oscillator in line with the behavior of synchronous machines. This results in a

limited degree of freedom which limits the performance resulting in a trade-off between the

frequency deviation and ROCOF, and the settling time. To mitigate this drawback, works

in [81–83] have proposed an adaptive approach that changes the parameter based on the

measured frequency deviation and ROCOF values. However, it is difficult to find an optimal
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rule to update these parameters in real-time.

2.4 Wide Area Measurements in Frequency Control

As described above, the droop and VSM control typically rely on the local frequency measure-

ment obtained by using PLLs. While the use of local measurement is advantageous in terms

of not requiring any communication infrastructure, it does pose some challenges to achieving

proper control in the network. One of the challenges is that, local measurements do not give

a true picture of the network states, that is, it is not situation aware [84,85]. It is possible for

a local measurement to show a moderate frequency deviation in part of the network while the

actual situation might be two or more areas swinging widely against each other in a scenario

known as inter-area oscillations [86]. The use of this measurements therefore prevents the

controllers from taking optimal and coordinated actions with other controllers. It has been

shown in several research works that the use of local signals in devices like power system

stabilizers (PSS) [85,87], flexible AC trans-mission systems (FACTS) [88,89] and even static

var compensators (SVC) [90] result in undamped inter-area oscillations which can lead to

instabilities in the network. This has led to some research works in [84,91] advocating for the

use of global measurements sometimes in conjunction with local measurements to achieve

desirable control actions. These global measurements are more generally known as wide area

measurements (WAMS) and can be obtained from supervisory control and data acquisition

(SCADA) or phasor measurement unit (PMU) measurements.

SCADA measurements are state estimates of the system states, such as bus voltage mag-

nitude and angles, transmitted every 2-4 seconds, assuming the system is in quasi-steady

state [92, 93]. Due to this slow sampling rate alongside its asynchronous transmission, it is

unable to provide to provide transient dynamic details of the network. It is therefore suitable

for steady state analysis after-the-fact and not suitable for real time protection and control.

PMU measurements on the other hand are more suitable real-time control, operations and

protections as they are real-time measurements of system states with about 30-60 samples

per seconds, time-synchronized geographically (using a GPS receiver) [92, 94, 95]. The mea-
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surements typically obtainable from PMUs are the positive sequence real-time line current

magnitude and phase, and real-time bus voltage magnitude and phase, from which frequency

and rate of change of frequency can be calculated. In some upgraded versions of PMU, it is

possible to obtain these measurements from the individual phases [96].

In order to use these PMU measurements for control applications, especially frequency con-

trol, estimating the rotor angle and speed is required. While most research works, for

example in [97–99], implicitly assume the availability of these states, they in reality cannot

be obtained directly and estimating them has been a subject of various research.

2.4.1 Rotor Angle Estimation

Research works into estimating the rotor angle of synchronous machines from PMU data

can be broadly categorized into two: analytical computations based on using mathematical

properties of the machine and network, and using artificial neural networks. Under the

analytical category, [100] proposed computing the rotor angle from stator reactances obtained

from the observed damper currents, known machine parameters, and PMU measurements.

Similarly, [101] proposes computing the rotor angle purely from terminal PMU measurements

by exploiting the structure of the flux linkage equations to obtain approximate formulas for

the rotor angle. In [102], a sliding mode approach was used to reconstruct the rotor angle and

quadratic-axis transient voltage from frequency measurements from PMUs with the model

taking into account the transient voltage dynamics and insensitive to bounded uncertainties

affecting the dynamics of the synchronous generator. Research work in [103] proposes a

new estimation method using nonlinear extended recursive three-step smoother to estimate

the states and the unknown inputs, such as rotor angle, field voltage, speed and mechanical

power input, of the synchronous machine using data potentially from PMUs. Under the

neural network category, [104] proposes the use of two neural networks trained on voltage

and current phasors date obtained from PMU to estimate the cos and sin of the rotor angle

after which the actual rotor angle can be recovered by simple post-processing.



16

2.4.2 Rotor Speed Estimation

Estimating the speed or frequency from PMU is more straightforward from the frequency

measurements of the PMU. In [105, 106], the use of Kalman filter for dynamic state esti-

mation, consisting of both rotor angle and speed, in a multi-machine system using PMU

data with both small and large disturbances was explored. Extensions to this dynamic state

estimation using varying filters was also carried out in [107, 108] using extended Kalman

filter, in [109, 110] using unscented Kalman filter and [111] using extended particle filter.

Estimation of rotor speed only using PMU data was carried out in [112] using a linear

and model-independent rotor-speed estimation problem based on a concept of the frequency

divider formula.

2.5 Conclusion

Going forward in this dissertation, we leverage on the knowledge gained from these reviewed

techniques to design efficient control algorithms for the inverter interfaces through which

RESs and energy storage systems can be integrated to the electric grid such that the drawback

of integrating these IBRs to the grid due to its lack of physical inertia can be mitigated.
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Chapter 3

OPTIMAL DESIGN OF VIRTUAL INERTIA AND DAMPING
GAIN COEFFICIENTS

3.1 Introduction

3.1.1 Motivation

In a traditional electric power system network with only conventional generators, the rotating

synchronous machines connected to the network possesses kinetic energy as a result of their

rotating mass and releases it as an immediate response in the event of a power imbalance

to reduce the rate of frequency decline [15]. As the electric power grid transitions from this

traditional state to a mix of conventional generators and inverter-based renewable energy

resources (IBRs), this immediate response capability by the synchronous machine is reduced.

This results in an increased rate of change of frequency (ROCOF) and consequently, a higher

frequency deviation which results in a low frequency nadir, that is, the maximum frequency

deviation [113]. The ROCOF, frequency nadir and settling time/frequency are important

frequency response metrics in the power systems network.

3.1.2 Literature Review

To combat this problem, various techniques that utilize IBRs and energy storage systems

(ESS) have been proposed. One of such techniques is called De-loading. This provides

a reserve margin in the wind turbine or Photo-voltaic (PV) by operating on a reduced

power level as compared to its maximum power extraction point [25]. Other techniques

include designing the inverter to behave like a synchronous generator as in the case of a

synchroconverter [24,114], using a swing equation based approach that computes the swing

equation every control cycle to emulate inertia [32,75] or emulating the inertia by monitoring
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the ROCOF and frequency deviation, and producing power proportional to that change as

in the case of the VSM [24]. In the later case, for a variable speed wind turbine such as a

doubly fed induction generator, a suitable controller can be used to release the kinetic energy

stored in the rotating blades based on the ROCOF and frequency deviation [25, 115]. A

similar controller can be used for an ESS with the difference being the source of the energy.

The components of interest in the design the controller for the VSM is the gain blocks mim-

icking the inertia and damping coefficients values. There is a need for these values to be

optimally selected depending on the current system operating conditions and the units com-

mitted to enable the inverters efficiently participate in the inertia response. A variant of

this problem was considered in [80] and [2] where the focus was instead on the placement of

the virtual inertia though the same reasoning applies to the problem being considered. The

difference is that in [80] the optimal virtual inertia and damping placement was computed

with explicit time-domain constraints on the frequency response metrics, while in [2], the op-

timal virtual inertia placement was considered using the H2 norm as performance metrics to

measure the network coherency. The shortcomings of the first approach is its approximations

as it is difficult to explicitly define the time-domain requirements and computational burden,

while the second approach does not optimize over the damping coefficient, utilizes a more

involved gradient derivation process and does not providing a means of trading-off between

competing system objectives. We improve on this later shortcoming by augmenting the H2

norm objective with a tuning parameter that gives control over the frequency performance

metrics and can be adjusted to determine the inertia and damping coefficient values for any

frequency performance requirements we deem more important.

3.1.3 Contributions

The contributions of this chapter are as follows:

• We provide a systematic and efficient way of optimally designing the virtual inertia

and damping coefficient of a VSM that emulates the inertia response of a synchronous
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machine based on the ROCOF and frequency deviation.

• We show that the H2 norm problem can be used as a proxy to capture the important

frequency response metrics by minimizing the control effort required to provide the

frequency response.

• We derive a tuning parameter to augment the H2 norm problem thereby giving us con-

trol over how much of the requirements we want to satisfy as the H2 norm performance

metric cannot by itself simultaneously satisfy the essential time domain frequency per-

formance requirements: slow ROCOF, small frequency nadir and fast settling time.

• We also derive an explicit computationally efficient gradient for the non-convex gain

optimization problem.

The proposed method is validated on a test system with the simulation result in time domain

showing that the defined objective and the expected trade-off is satisfied.

The remaining section are organized as follows: Section 3.2 summarizes the modeling of the

electric power systems and the VSM. Section 3.3 describes the frequency response require-

ments in the power systems and objective functions that can quantify these requirements.

Section 3.4 presents the optimization problem and the proposed gradient for the computa-

tion. Section 3.5 shows the application of the algorithm to a test case.

3.2 Modeling

3.2.1 Power System Model

In a power systems network, the electromechanical dynamics of a synchronous generator is

governed by the swing equation [15]:

dδi
dt

= 4ωi

mi
d4 ωi
dt

+Di
dδi
dt

= Pm,i − Pe,i, ∀i ∈ {1, · · · , n}.
(3.1)

where δi is the rotor angle of the ith generator, 4ωi is the rotor speed deviation of the ith

generator, mi is the ith generator inertia constant, di is the ith generator damping coefficient,
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Pm,i is the mechanical input power of the ith generator, Pe,i is the electric power output from

the ith generator and n is the number of generators.

The swing equation in (3.1) can be linearized around an operating point to obtain a model

suitable for analyzing the response of the generators when subjected to disturbances. This

model can be represented in first order state space form as in (3.2):4δ̇
4ω̇

 =

 0 I

−M−1L −M−1D


︸ ︷︷ ︸

A

4δ
4ω

+

 0

M−1


︸ ︷︷ ︸

B

4P (3.2)

where M = diag(mi) and D = diag(di). 4P represents an imbalance between the me-

chanical and electrical power. Under assumptions constant impedance load and DC power

flow, 4Pi can be simplified to:

4Pi =
∑
j 6=n

Lij(4δi −4δr) =
∑
j 6=n

Lij 4 δir (3.3)

where 4δr is the reference angle which is the angle of designated swing generator. For ease

of notation, we drop the subscript r and use 4δi to represent the relative angle. Under the

assumptions made, L is the network susceptance matrix (shunt admittance ignored) given

by Lii =
∑

i 6=j bij and Lij = −bij.

3.2.2 Virtual Synchronous Machines (VSM)

As discussed earlier, the main idea behind a VSM, is to emulate the inertia response by

controlling the inverter to respond to changes in frequency [24]. A review of this technique

can be found in [31, 32, 116]. The change in output power produced by the inverter in

response to the frequency change functions as described in Fig.3.1 and is governed by4P =

m̃4 ω̇ + d̃4 ω, where m̃ and d̃ are the virtual inertia and damping gain coefficients. The

choice of these values determine how efficiently the inverter responds and should therefore

be optimally selected to achieve the frequency response performance metrics specified by the

operators.
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Figure 3.1: Block Diagram of the frequency control loop of a VSM which utilizes frequency

deviation and ROCOF measurement to produce active power for inertia emulation.

3.3 Performance Metrics

When an event occurs in a power system network, frequency stability is maintained through

the primary, secondary and tertiary frequency controls. The automatic inertia response

which releases the rotational kinetic energy in the machines and the proposed virtual inertia

response falls under the primary control and occurs in the first few seconds (∼10s) of an

event [34]. In a power systems network, the major frequency performance metrics evaluated

to determine the sufficiency of the available frequency controls are the ROCOF, frequency

nadir and settling time/frequency [34]. It is desired to have a slow ROCOF, low frequency

nadir and fast settling time/frequency. To quantify these, we consider the rotating kinetic

energy produced by the generators during an event, this can be represented as the quadratic

function z = 1
2
4 ω̇TM 4 ω̇ and in matrix form as in equation (3.4):

z =

[
0n M

1
2

]
︸ ︷︷ ︸

C

4δ
4ω

 (3.4)

We want to minimize this energy released in the event of a disturbance while ensuring that

the system is stable. This can be used as a performance metric when trying to emulate

this behavior in an IBR with VSM controller. A minimized energy requirement connotes a
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reduced area under the frequency curve. A suitable and well developed control performance

metrics that captures this objective is the H2 norm (commonly interpreted as the impulse-

to-energy gain) [2] [117]. Depending on the system structure, the system objectives might

be competing as in our case. For example, consider a second order mechanical system (mass-

spring-damper system), for a given damping value, a lower mass results in a higher overshoot

but faster settling time while a higher mass results in a smaller overshoot but a slower settling

time.

To provide a means of trading-off between these competing system objectives or explicitly

controlling the frequency performance requirements, consider the swing equation in (3.1),

which can be re-written to obtain the ROCOF (and by extension, the maximum frequency

deviation) as:

d4 ωi
dt

=
1

mi

(4Pi − di4 ωi). (3.5)

If our goal is to slow down or minimize the ROCOF (d4ωi

dt
) in (3.5), then we maximize mi

such that it is larger than (4Pi−di4ωi). Conversely, if in a certain scenario a faster settling

time is required, that is a higher frequency due to inverse proportionality, then as explained

earlier for a second order system where mi ∝ 1
ω2
i
, mi has to be minimized in order to maximize

ωi, thereby minimizing 4ωi. Since these two requirements depend on m in opposite ways,

the tuning control is therefore set as β‖m‖22 where the sign of β varies depending on which

of the objectives we intend to satisfy the most.

3.4 Problem Formulation

3.4.1 Optimization Problem

The total objective function will be a combination of the two objective described in section

3.3. The first is the H2 norm which seeks to strike a balance between two competing objec-

tives: minimizing frequency nadir and ROCOF, and minimizing the settling time, while the

second represented by β‖m̃‖22 gives preference on the control over these competing objec-

tive. The design variables m̃ and d̃ are components of the matrix A,B and C in (3.2) and
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(3.4) as they are meant to mimic the frequency response behavior of synchronous machines.

The H2 norm of a linear system with impulse response G(t) = CeAtB +D is computed

using [118]:

‖G‖2H2
= Tr

[∫ +∞

0

G(t)TG(t)dt

]
= Tr

[
BTQB

]
‖G‖2H2

= Tr

[∫ +∞

0

G(t)G(t)Tdt

]
= Tr

[
CPCT

] (3.6)

such that the H2 norm objective of the system with a mix of synchronous machines and

IBRs running the VSM controller becomes:

J =‖G‖22 = Tr(C(m̃)PC(m̃)T ) (3.7a)

J =‖G‖22 = Tr(B(m̃)TQB(m̃)) (3.7b)

where P and Q are the observability and controllability gramian and satisfy the Lyapunov

equation in (3.8a) and its dual in (3.8b) respectively.

A(m̃, d̃)P + PA(m̃, d̃)T +B(m̃)B(m̃)T = 0 (3.8a)

A(m̃, d̃)TQ+QA(m̃, d̃) + C(m̃)TC(m̃) = 0 (3.8b)

The optimization problem can then be formulated as:

minimize
m̃,d̃

JT (m̃, d̃) =
∥∥∥G(m̃, d̃)

∥∥∥2
2

+ β‖m̃‖22 (3.9a)

subject to m̃ ≤ m̃ ≤ m̃ (3.9b)

d̃ ≤ d̃ ≤ d̃ (3.9c)

A(m̃, d̃)P + PA(m̃, d̃)T +B(m̃)B(m̃)T = 0 (3.9d)

AT (m̃, d̃)Q+QA(m̃, d̃)T + C(m̃)TC(m̃) = 0 (3.9e)

P � 0; Q � 0 (3.9f)
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The upper and lower bound limit on m̃ and d̃ in (3.9b) and (3.9c) are determined by the

RES source or ESS considered. For wind RES, this is determined by the wind turbine rotor

speed which is proportional to the wind speed, and for a battery ESS, it is determined by

the capacity and state of charge. These value typically vary depending on the time of the

day and operating conditions but we assume that they are fixed for the optimization period

which is in seconds.

The constraints on the Lyapunov equation and its dual in (3.9d) and (3.9e) makes the

problem non-convex and difficult to solve using existing algorithms. This non-convexity can

be observed in the multiplication of matrix A and P , and AT and Q which consists of the

design and unknown variables. Despite the non-convexity of the objective function, it is

smooth [119] and therefore an explicit gradient can be derived and the optimal values of the

coefficient obtained using:

αk+1 = ProjC[α
k − γ5J (αk)] (3.10)

where α = [m̃, d̃]T and C is the set of feasible m̃ and d̃ values. A projected gradient descent

technique can be used for the optimization since the constraints on m̃ and d̃ form a boxed

constraint.

3.4.2 Gradient Computation

Inspired by [120], a computationally efficient gradient of the objective function in (3.9) is

obtained as follows:

Let α be a vector of unknown m̃ and d̃ variable in matrix A(m̃, d̃), B(m̃) and C(m̃).

Taking the derivative of (3.7a) w.r.t α, we have:

∂J

∂α
= Tr

(
∂P

∂α
(CTC)

)
+ Tr

(
P
∂(CTC)

∂α

)
(3.11)
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Re-arranging (3.8b) and substituting into (3.11):

∂J

∂α
= Tr

(
∂P

∂α
. − (ATQ+QA)

)
+ Tr

(
P
∂(CTC)

∂α

)
(3.12a)

= −2Tr

(
∂P

∂α
QA

)
+ Tr

(
P
∂(CTC)

∂α

)
(3.12b)

Taking the derivative of (3.8a) w.r.t α, post multiplying by Q and taking the trace of the

resulting equation:

−2Tr

(
∂P

∂α
QA

)
= 2Tr

(
∂A

∂α
PQ

)
+ Tr

(
∂(BBT )

∂α
Q

)
(3.13)

Finally, substituting (3.13) into (3.12b) gives the gradient:

∂J

∂α
= 2Tr

(
∂A

∂α
PQ

)
+ Tr

(
∂(BBT )

∂α
Q

)
+ Tr

(
P
∂(CTC)

∂α

)
(3.14)

The gradient of β‖m̃‖22 is given as 2βm̃. The overall gradient of the objective function JT (α)

will therefore be:

∇Jα = 2Tr

(
∂A

∂α
PQ

)
+ Tr

(
∂(BBT )

∂α
Q

)
+ Tr

(
P
∂(CTC)

∂α

)
+ 2βm̃ (3.15)

3.5 Case Study

The optimization problem in (3.9) is implemented using a modified 12 bus three-area test

case [2] [35] shown in Fig. 3.2. The network is reduced to an equivalent network by removing

the static load buses (3, 7 and 11) using the Krons reduction method. Also, the available

inertia and load damping at the remaining buses are reduced to model a scenario of high

penetration of RES. We assume that there are inverter-connected RES at each bus which

implies that in the matrix representation of the swing equation in (3.2), mT = m + m̃ and

dT = d + d̃ where m and d are the inertia and damping coefficients of the synchronous

generator respectively, while m̃ and d̃ are the virtual inertia and damping coefficients of the

VSM frequency control loop in Fig. 3.1 to be designed.
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Figure 3.2: Schematic diagram of a 12-bus, 6-generator three-area test case system with

IBRs running the VSM algorithm assumed to be connected at each generator node [2].

The disturbance to the system is a partial loss in capacity of the generator at bus 6 which

is modeled as a step input to that bus. The minimum inertia and damping at each bus is

taken to be the modified inertia and damping of the actual generators at buses while the

maximum inertia and damping at each bus is taken to be four times the modified inertia

and damping of the actual generators at buses. To verify the effectiveness of the proposed

algorithm in the result analysis, the optimal result is compared with assigning the relevant

extrema values to the inertia and damping, that is, maximum damping and minimum inertia

(dmax,mmin) which gives a faster response time but bigger overshoot, and maximum damping

and inertia (dmax,mmax) which gives a slower response time but smaller overshoot. The other

combinations give poor results as such will not be used in the analysis.

3.5.1 Disturbance Location Unknown

Fig. 3.3 and 3.4 show the total inertia and damping coefficient distribution across the nodes

when the disturbance location is not known beforehand and therefore equally likely to occur

at any node. These total coefficients (mT & dT ) are a sum of the actual synchronous
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machines coefficients (m & d) and the virtual coefficients of the VSM (m̃ & d̃), and varies

across the network due to the ability to optimize the virtual coefficients. The total inertia and

damping coefficients across the network from each node are
∑
mT,i = 173.54 and

∑
dT,i =

112.50 respectively. It can be observed that the damping coefficient is maximally assigned to

avoid oscillations in the system while the inertia is strategically assigned to ensure that the

overall frequency control objective is minimized. Fig. 3.5 and Fig. 3.6 show the frequency

response at the disturbed node 6, for clearer viewing, and at all the nodes respectively which

results from the inertia and damping placement in Fig. 3.3 and 3.4. From these frequency

responses, it can be seen that the optimal inertia and damping coefficient values result in a

time response that achieves a balance between having a fast settling time but high frequency

nadir and fast ROCOF, and a slow settling time but low frequency nadir and slow ROCOF.

In this situation where it is not possible to simultaneously achieve these objectives, a Pareto

front is achieved by the optimization problem in (3.9).
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Figure 3.3: Optimal inertia coefficient distribution across all nodes assuming the location of

disturbance is unknown.



28

Total Damping Coefficient Distribution
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Figure 3.4: Optimal damping coefficient distribution across all nodes assuming the location

of disturbance is unknown.

Fig. 3.7 sheds more light on the frequency response in Fig. 3.6 by showing the eigenvalues

(pole placements) due the inertia and damping distribution across the network considered.

As observed in Fig. 3.7(a), the farther away the poles are from the imaginary axis, the faster

it takes for the system to arrive at steady state, albeit with a larger deviation due to the

magnitude of the poles, as observed in the response in Fig. 3.6(a). Conversely, as observed in

Fig. 3.7(c), the closer the poles are to the imaginary axis, the slower it takes for the system

to arrive at steady state as observed in the response in Fig. 3.6(c) but it also results in a

smaller deviation due to the magnitude of the poles. The optimal case is able to trade-off

these extremes resulting in a balanced response.

Varying β

The effect of β in (3.9) can be observed in Fig. (3.8). Varying β determines the extent of

the trade-off between the ROCOF/frequency nadir and settling time, for example, in the

case of providing a fast inertia response, a small frequency deviation and slow ROCOF is
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Figure 3.5: Frequency deviation at node 6 due to partial loss of generating capacity at

node 6 assuming the location of disturbance is unknown. The optimal response is a trade of

between a large frequency deviation and ROCOF but fast settling time and a small frequency

deviation and ROCOF but slow settling time.
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Figure 3.6: Frequency deviation at all nodes due to partial loss of generating capacity at

node 6 assuming the location of disturbance is unknown. (a): Frequency response using

the extrema - minimum total inertia and maximum total damping; (b): Frequency response

using the optimum total inertia and damping; (c): Frequency response using the extrema -

maximum total inertia and damping. It shows the same trade-off properties across all nodes

and how the optimal coefficients results in a balanced smoother response at all the nodes.
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Figure 3.7: System eigenvalue analysis when (a): using the extrema - minimum total inertia

and maximum total damping; (b): using the optimum total inertia and damping; (c): using

the extrema - maximum total inertia and damping.
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desired. The β therefore controls the amount inertia in the system to achieve the desired

the ROCOF.
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Figure 3.8: Frequency deviation at node 6 due to step input for different values of β. A

negative β value results in a lower ROCOF and smaller frequency deviation but slower time

response while a positive β value results in a higher ROCOF and larger frequency deviation

but faster time response.

3.5.2 Disturbance Location Known

We consider next, how the inertia and damping coefficient distribution across the nodes

changes if the location of the disturbance is known beforehand due to prior history or vul-
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nerabilities. For this case, we assume the disturbance is likely to occur at node 6, we therefore

have that4P in (3.2) is given by4P = η∆(t). The ∆(t) represents a step input and η is

represented by the standard basis ei in the direction of node 6 and is pre-multiplied by the

matrix B in (3.2) before the optimization. The observations from the results in Fig. 3.9 -

3.12 show a reduction in the optimal inertia and damping coefficient distribution across the

nodes for a similar disturbance and time response compared to the response in Fig.3.3 - 3.6

where no knowledge of the disturbance is assumed. Compared to Fig.3.3, the optimal inertia

allocation in Fig. 3.9 is highest at the disturbed node while the optimal damping values

in Fig. 3.10 is not maximally assigned across board as in the unknown disturbance case in

Fig. 3.4. The total inertia and damping coefficients values for the known disturbance case

are
∑
mi = 118.86 and

∑
di = 85 respectively, which is smaller than the unknown case.

This implies that a possible knowledge of the disturbance enables a more efficient resource

distribution for similar frequency response across the system.
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Figure 3.9: Optimal inertia coefficient distribution across all nodes assuming the location of

disturbance is known.
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Figure 3.10: Optimal damping coefficient distribution across all nodes assuming the location

of disturbance is known.

As stated in the unknown disturbance scenario, Fig. 3.13 also sheds more light on the

frequency response in Fig. 3.12 by showing the eigenvalues (pole placements) due the same

scenarios of inertia and damping distribution across the network considered. It can be

observed that the optimal case is still a trade-off between the extrema and while the poles

appear pushed further to the imaginary axis, the resulting frequency response is still faster

in settling with a smaller frequency deviation.

Based on these analysis, it can be seen that the control weight β gives the ability to control

the frequency performance requirements. Also, computing an optimal value for the m̃ and

d̃ requires some knowledge of the system state and history. If this is unknown, the optimal

values are allocated in a robust way to cater for all disturbance scenarios. The m̃ and d̃

design variables can be recomputed and the new values assigned to the gain blocks of the

inverter controller at every operating point. This will be required as the operating point and

parameters of the power systems network changes depending on the units committed.
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Figure 3.11: Frequency deviation at node 6 due to partial loss of generating capacity at

node 6 assuming the location of disturbance is known. The optimal response is still is a

trade of between a large frequency deviation and ROCOF but fast settling time and a small

frequency deviation and ROCOF but slow settling time, despite reduction in inertia and

damping values
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Figure 3.12: Frequency deviation at all nodes due to partial loss of generating capacity at

node 6 assuming the location of disturbance is known. (a): Frequency response using the

extrema - minimum total inertia and maximum total damping; (b): Frequency response

using the optimum total inertia and damping; (c): Frequency response using the extrema

- maximum total inertia and damping. It shows same trade-off properties across all nodes

and how the optimal coefficients results in a balanced smoother response at all the nodes.
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Figure 3.13: System eigenvalue analysis when (a): using the extrema - minimum total inertia

and maximum total damping; (b): using the optimum total inertia and damping; (c): using

the extrema - maximum total inertia and damping.
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3.6 Conclusion

We considered the problem of optimally designing the virtual inertia and damping coefficient

of a VSM that mimics the inertia response of a synchronous generator by injecting additional

active power proportional to the ROCOF and frequency deviation. We used an augmented

H2 norm objective function to incorporate the time domain frequency response requirements

and provide an explicit computationally efficient gradient to compute the coefficient values.

We applied this method to a test case and our time domain simulation performed as expected

from the theory. We also showed via simulation, how the knowledge of a potential disturbance

location could help in efficiently computing the coefficients.
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Chapter 4

INVERTER POWER CONTROL IN LOW-INERTIA POWER
SYSTEMS

4.1 Introduction

4.1.1 Motivation

The electric grid has been undergoing a transition from a network with dynamics fully

governed by synchronous machines to a mixed-source network with dynamics governed by

both synchronous machines and inverter-based resources (IBRs). This transition is marked

by a reduction in the amount of mechanical inertia in the system, which has led to more

pronounced frequency responses to disturbances and faults in the grid [15,16]. At the same

time, by the virtue of the speed of power electronic circuits, IBRs such as solar, wind and

energy storage have the capability to respond to frequency changes in the grid at a much

faster rate than traditional generators with rotating masses. The challenge of how to best

utilize these new capabilities has spurred much research interest in the last few years (e.g.,

see [17] and the references within).

4.1.2 Literature Review

Various control strategies that utilizes the IBRs has been proposed. The goal of these

strategies is to design the active power response of the IBRs to changes in frequency, such

that some objective is minimized. For example, standard objectives of interests are the

magnitude of the frequency deviation, the rate of change of frequency (ROCOF) and the

settling time. A unique challenge in the control of IBRs is that they tend to face much

tighter limits than conventional machines. For example, solar and wind resources cannot

increase their power output beyond the maximum power tracking point, which introduces a
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hard (and asymmetrical) constraint on the action of the inverters. For a storage unit, it has

only a limited amount of energy that can be used to respond to a disturbance.

Of the varying control strategies proposed for IBRs, droop control [26–28] and virtual syn-

chronous machines (VSMs) [31,32,114] are the most popular as they function by mimicking

the frequency-power dynamic response of a synchronous machine. As suggested by their

names, droop control injects/absorbs an amount of active power in proportion to the fre-

quency deviation, and VSMs act as a second order oscillator to provide inertia and damping

to the grid. The parameters (droop slope, inertia and damping constants) used in these

strategies can be optimized using a number of techniques [2, 79,80].

The structural simplicity of VSMs also leads to a fundamental limitation [79, 81]. Since

there are only two parameters to tune (inertia and damping), there is an inherent trade-off

between different objectives and there is no choice of parameters that will make the frequency

deviation, ROCOF, and settling time small at the same time [79]. In addition, it is difficult

to include hard constraints, since simply thresholding the output once the constraints are

reached tend to lead to very poor performances [121]. Adaptive rules can be used to alleviate

this drawback somewhat, and works in [81–83] change the parameter based on the measured

frequency deviation and ROCOF values. However, it is difficult to find an optimal rule to

update these parameters in real-time.

4.1.3 Contributions

The contributions of this chapter are as follows:

• We propose a novel control strategy called the Inverter Power Control (IPC), based on

model predictive control (MPC), by explicitly formulating the problem of finding the

optimal active power set-point of an IBR to minimize the frequency deviation and the

ROCOF in the network. It turns out that this formulation also implicitly minimizes

the systems settling time.

• We derive a modified swing equation to model the dynamics of a mixed-source net-
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work to be used with the MPC algorithm which requires a model of the system to be

optimized. This derived model is represented in a form such that the active power

set-point is obtained using the IBRs internal angle as control input.

• We model an observer to estimate unmeasured disturbances and states in the event

of disturbances or limited communication in the system, where only limited buses are

equipped with measurement devices (e.g. PMUs). We show that our proposed IPC

framework is still applicable to these variations in systems operating conditions.

More specifically, at any timestep, using system states obtained from wide-area measurements

[98], we simulate the dynamics of the systems for a finite horizon, then find the best set-

points that optimizes the objective over that horizon. The first action is then adopted for

the current timestep, and the process repeats. Our approach is similar in spirit to the

ones in [81–83] since an objective is optimized in an online fashion. However, instead of

optimizing the parameters, we directly find the best power set-points. This approach turns

out to provide both an easier optimization problem and better control performances since

the hard constraints on the IBRs are explicitly included in the optimization process.

Through simulation studies, we show that the IPC strictly outperforms optimally tuned

VSMs for the IEEE 3-machine 9-bus and New England 39-bus system, even under limited

communication and large measurement noises.

The remainder of this paper is organized as follows: Section 5.2 defines the models used in

this paper. Section 4.3 presents the design and formulation of the IPC algorithm. Section 4.4

presents the state and disturbance observer design. Section 5.5 compares the performances

of IPC to VSMs in a standard test system. Section 5.6 concludes the paper.

4.2 Modeling

We denote the real line by R, the cardinality of a set S as |S|, the n × n identity and

zero matrices as In and 0n, respectively. Matrices and vectors are denoted by a bold-faced

variables.
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4.2.1 System Structure

Steady state conditions in a power systems are achieved when there is a balance between

the power produced by the generating sources and the power consumed by loads and lossy

components. For stability analysis, the entire system can be reduced to an equivalent network

via Kron reduction [122]. This eliminates passive and non-dynamic load buses and leaves

only buses with at least one generating source connected. With this in place, frequency

stability analysis can be carried out, with the frequency dynamics governed by the reactions

of buses to active power imbalances in the system.

In this work, we assume the availability of state variables and network information for control

purposes. In a later section, we will relax this assumption to partial availability of state

variables from some generators.

Because the generators and IBRs had different dynamics, we denote their sets by G and I,

respectively. Note that the total number of generating sources in the network is N := G ∪I.

4.2.2 Synchronous Machines

The rotor dynamics of each synchronous generator in a given power system is governed by

the well-known swing equation [123]. Here we adopt a discretized version of the equations,

which in per unit (p.u.) system is:

ωt+1
i = ωti +

h

mi

(
P t
m,i − P t

e,i − diωti
)
,

δt+1
i = ωb

(
δti + h ωt+1

i

)
,

(4.1)

∀i ∈ G where h is the step size for the discrete simulation, δi (rad) is the rotor angle,

ω = ω̄i − ω0 is the rotor speed deviation, ωb is the base speed of the system, mi is the

inertia constant, di is the damping constant, Pm,i is the mechanical input power and Pe,i is

the electric power output of the ith machine.

The electrical output power Pe,i is given by the AC power flow equation in terms of the
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internal emf |Ei| and rotor angle δi:

P t
e,i =

∑
i∼j

|EiEj|[gij cos(δti − δtj) + bij sin(δti − δtj)], (4.2)

∀i, j ∈ G, where gij + jbij is the reduced admittance between nodes i and j. We assume the

internal emf are constant because of the actions of the exciter systems.

The nonlinearity of the AC power flow in (5.2) makes (5.1) difficult to use for control appli-

cations. Linearizing (5.1) around the nominal point and using the DC power flow approxi-

mation [35], the bus dynamics become:

4ωt+1
i = 4ωti +

h

mi

(
4P t

m,i −4P t
e,i − di4 ωti

)
,

4δt+1
i = ωb

(
4δti + h 4 ωt+1

i

)
,

(4.3)

where 4P t
e,i =

∑
i∼j bij 4 δtij is the dc power flow between 2 buses. We model changes

to the mechanical input power 4P t
m,i by a combination of droop and automatic governor

control (AGC) actions [35] according to the discretized equation (see appendix B.1 and B.2

for derivation):

4P t+1
m,i =

1

1 + hk1

([
2 + hk − h2k2

mi

]
4 P t

m,i −4P t−1
m,i + (4.4)

h2

[(
k2di
mi

− k3

)
4 ωti −

k2
mi

(
4P t

e,i

)])
,

where k1, k2 and k3 are the gain coefficients of the droop and AGC controller.

4.2.3 Virtual Synchronous Machine (VSM)

From the network point of view, the grid-connected IBR is seen as producing a constant power

according to its predetermined set-point and fast dynamics governed by closed-loop controls

actions [124]. When configured in the grid-following mode, these controls help maintain the

output power of the IBRs while remaining synchronized to the terminal voltage set by the

grid [59]. For system analysis, the inverter can be modeled as a voltage source behind a

reactance, much like a synchronous machine as shown in Fig. 4.1.
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Figure 4.1: Schematic diagram of a grid-connected IBR showing its configuration and rep-

resentation as a voltage source behind a reactance

In the event of a power imbalance in the network reflected by a frequency deviation, an

inverter does not have a ”natural” response to frequency deviation as synchronous machines

does since they are made of power electronics components and have no rotating mass. To

elicit some response, an additional control loop is therefore needed to enable the invert-

ers participate in frequency control by changing the power set-point of the inverter based

on frequency measurements. The concept of virtual synchronous machine (VSM) has been

proposed in literature to provide this additional control loop and it comes in different con-

figurations [32, 33, 75]. The basic idea is to mimic the behavior of a synchronous machine’s

response to a frequency deviation by choosing appropriate gains corresponding to the in-

ertia and damping of the machines and producing power proportional to the ROCOF and

frequency deviation. Since the response of the inverter is entirely digital, it can be pro-

grammed with almost arbitrary functions.

In this work, we adopt the frequency-power VSM configuration in [33] where the IBR control

measures the grid frequency denoted as 4ωibr using the phase locked loop (PLL) [61] and
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computes the additional power

4P = 4Pkm +4Pkd = Km
d4 ωibr

dt
+Kd4 ωibr (4.5)

by which to modify the initial real power set-point P0 to a new set-point Pref according,

to combat the frequency decline. The gains Km and Kd represent the virtual inertia and

damping constants respectively. A block diagram representing this process is shown in Fig.

4.2. In contrast to synchronous machines where the constants are decided by the physical

parameters, these constants of the VSM can be optimized over [79].

Kd

Km+
+

+
+

Inverter
Operation

P

Pkm

Pkd

PrefP0 Pibr

ωibr
d

dt

Figure 4.2: Block Diagram showing the operation of the VSM control loop which utilizes a

feedback PD control mechanism to enable the IBR participate in frequency control

To simplify the model in (4.5) for simulation purposes, we assume the grid frequency mea-

sured locally by the PLL, that is, the local frequency at the IBR node, is approximately

equal to the center of inertia (COI) frequency [124,125]. This represents an inertia-weighted

average frequency given by:

4ωibr =

∑n
i=1mi4 ωi∑n

i=1mi
(4.6)

where n = |G|, 4ωi is the rotor speed deviation, and mi is the inertia constant of the ith

synchronous generators in the network. Using this COI approximation highlights one of the

drawbacks of existing VSM configuration as it is difficult to numerically determine the local
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frequency at a bus and efforts to utilize geographically close generators to approximate the

local frequency results in poor VSM controller performance.

As stated in the introduction, even though the constants in the VSM can be adjusted, they

do not provide enough degrees of freedom to optimize the active power output of the inverter.

In the next section, we fully leverage the flexibility of the power electronic interfaces using a

MPC framework.

4.3 Inverter Power Control (IPC)

In this work, we propose a novel method for controlling the output power of the IBR, called

the Inverter Power Control (IPC). This controller functions by modifying the initial real

power set-point P0 to a new set-point Pref as shown in Fig. 4.3 at each time step such that

a weighted sum of the frequency deviation and ROCOF is minimized. Due to the timescale

difference between IBRs and synchronous machines, the real power set-points of an IBR

can be set almost instantaneously. Therefore, the important question becomes how to solve

the optimization problem at each time step fast enough to find the real power set-point

and how much communication is required in performing these calculations. In this section,

we describe how to formulate the optimization problem and provide an efficient algorithm,

assuming all of the information are known at the IBR. The next section then discusses how

to deal with limited and noisy measurements, as well as incomplete communication.

For the kth IBR, let uk denote its angle (referenced to the slack-bus). We think of this uk as

the control variable in the optimization problem. Note that the actual control of the IBR is

not done via angle control, rather, we use the optimized uk to find the corresponding active

power output of the inverter, then set the inverter to that power.

To determine this real power set-point at a given time step, consider the power flow equation

in (5.2), we write out the ith generator’s power output Pe,i into two parts: power flowing

from the ith generator to other generator denoted as PeG,i and from the ith generator to IBRs
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Figure 4.3: Block Diagram showing the operation of the IPC controller which utilizes state

and network variables to modify the real power set-point of the IBR at each timestep

denoted as PeI,i, such that:

Pe,i = PeG,i + PeI,i

=
∑

i∼j,i,j∈G

|EiEj|[gij cos(δi − δj) + bij sin(δi − δj)]

+
∑

i∼k,i,∈G,k∈I

|EiEk|[gik cos(δi − uk) + bij sin(δi − uk)],

(4.7)

and the output power from the kth IBR denoted as Pibr,k can also be written in two parts as:

Pibr,k = Pibr,ki + Pibr,kj,

=
∑

k∼i,k∈I,i∈G

|EkEi|[gki cos(uk − δi) + bki sin(uk − δi)]

+
∑

k∼j,j,k∈I

|EkEj|[gkj cos(uk − uj) + bkj sin(uk − uj)],

(4.8)

depending on whether the kth IBR is connected to a synchronous machine or another IBR.

4.3.1 Nonlinear Optimization Problem

At any timestep, we consider the behavior of the system N steps ahead. Without loss of

generality, we start the problem at time t = 0. The control variables are the inverter angles,

which we denote as u0,u1, . . . ,uN−1. Once these are set, the rest of the system are governed
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by their swing equations. As stated before, the objective is to minimize a function of the

frequency deviation and the ROCOF, and the IPC problem is given by:

Min.
{u0,u1,...,uN−1}

N−1∑
t=0

{
‖ωt+1‖22 +

1

h
‖ωt+1 − ωt‖22

}
(4.9a)

s.t. ωt+1
i = ωti +

h

mi

(
P t
m,i − P t

e,i − diωti −4P t
i

)
, ∀i ∈ G (4.9b)

P t
e,i = Equation (4.7), ∀i ∈ G (4.9c)

P t
ibr,k = Equation (5.6), ∀k ∈ I (4.9d)

P t
ibr,min,k ≤ P t

ibr,k ≤ P t
ibr,max,k, (4.9e)

N∑
t=1

P t
ibr,k ≤ Et

ibr, tot,k, (4.9f)

where ωt+1 ∈ R|G| is a vector of all machine frequency deviations at the next time step

and ωt+1 − ωt is a vector of all machine ROCOF between the current and next time step.

The evolution of ω is given in (5.8b) (swing equations) with the added 4Pi used to denote

disturbances to the network which can be either a loss in generation or load, the power

constraints are given in (5.8e) and the energy constraints are in (5.8f). Here we take the

frequency deviation and the ROCOF to be equally weighted for simplicity, but their weighting

can be adjusted as needed for different practical scenarios.

After (5.8) is solved, the control variable u0 is substituted into the power flow equations (4.7)

to find the active power set-points of the IBRs. Then the IBRs hold their power at these

set-points until the next time the optimization problem is solved. Note that even though

only the first control variable u0 is used, we need to solve for all of the other control variables

because of the time coupling in the dynamics of the system.

It turns out that the AC power flow equations in (4.7) and (5.6) makes the problem nonlinear

and difficult to solve in real-time. Therefore, the next two sections uses DC power flow to

obtain an approximate problem that is much easier to solve.
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4.3.2 Unconstrained Linearized Problem

The main source of non-linearity in (5.8) comes from the AC power flow equations in (5.8c)

and (5.8d) and we use the standard DC power flow model from (5.3) to approximate these

equations.

Therefore, at bus i ∈ G (synchronous machines), we have:

4Pe,i = 4PeG,i +4PeI,i
=
∑

i∼j,j∈G

bij(4δi −4δj) +
∑

i∼j,k∈I

bik(4δi − uk),
(4.10)

which can be written in matrix form as:

4Pe =

 bii −bij
−bji bjj


︸ ︷︷ ︸

BGG

4δi
4δj

+

−bik
−bjk


︸ ︷︷ ︸
BGI

uk,
(4.11)

where BGG contains the connection between synchronous generators and BGI contains the

connection between a synchronous generator and IBRs. In state space form, it becomes4ωt+1

4δt+1


︸ ︷︷ ︸

xt+1

=

−M−1D −M−1BGG

In 0n


︸ ︷︷ ︸

Ā

4ωt
4δt


︸ ︷︷ ︸

xt

+

−M−1BGI

0n


︸ ︷︷ ︸

B̄u

ut +

−M−1

0n


︸ ︷︷ ︸

B̄d

4P t︸ ︷︷ ︸
dt

(4.12)

where 4δ ∈ Rn is the rotor angles deviation, 4ω ∈ Rn is the rotor speed deviation,

M = diag(m1, . . . ,mn) ∈ Rn×n, D = diag(d1, . . . , dn) ∈ Rn×n, 4P t ∈ Rn is vector of all

power deviations which comes from the disturbances and noises in the system, denoted by

dt.

Since the IPC does not know the disturbance or noise impacting the system, we use a two

step process to solve the optimization problem. First, we ignore the disturbance term such

that the IPC’s model of the system is:
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4ωt+1

4δt+1


︸ ︷︷ ︸

xt+1

=

−M−1D −M−1Bee

In 0n


︸ ︷︷ ︸

Ā

4ωt
4δt


︸ ︷︷ ︸

xt

+

−M−1BeI

0n


︸ ︷︷ ︸

B̄

ut. (4.13)

Note that in this case the IPC’s model of the system is actually wrong since the disturbances

are not modeled. It turns out that this model is still useful, since the measurements are

updated every time the MPC problem is solved, and this compensates for using a wrong

model. In the rest of this section, we focus on solving the optimization problem using the

model in (4.13) since it illustrates our methodology. Of course, when the measurement noise

in the system is large or not every bus is equipped with wide-area measurement devices, it

becomes necessary to explicitly estimate the mismatch between the model and the actual

system. We do so in section 4.4.

We reformulate the objective function in terms of the network model in (4.13) by defining

the output of the linearized model as the frequency deviation 4ωt:

yt =

[
In 0n

]
︸ ︷︷ ︸

C

xt = 4ωt (4.14)

such that the ROCOF becomes:

4yt =
1

h

[
yt − yt−1

]
=

1

h

[
4ωt −4ωt−1

]
(4.15)

The IPC optimization algorithm in (5.8) without the power limit constraint (5.8e) and total

energy constraints (5.8f) can now be written as a linear quadratic programming problem:

Min.
ut

J =
1

2

N−1∑
t=0

[
yt

T

Q1y
t +4ytTQ24 yt

]
s.t. xt+1 = Āxt + B̄ut

yt = Cxt.

(4.16)
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This can be written in matrix form for N time step ahead as:

Min.
u

J =
1

2
x0TGx0 + x0TFu+

1

2
uTHu. (4.17)

where H and F are constant matrices depending on Ā and B̄.

Not surprisingly, the optimal solution to this unconstrained problem is linear in the starting

point x0:

u∗ = −H−1F Tx0. (4.18)

This solution can be interpreted as a linear policy, where the optimal action is determined

as a linear function of the current state information (see appendix A.1 for derivation of Ā,

B̄ and u∗).

4.3.3 Constrained Linearized Optimization Problem

In the presence of constraints, we need to solve a quadratic programming optimization prob-

lem with linear constraints of the form:

Min.
u

J =
1

2
x0TGx0 + x0TFu+

1

2
uTHu

s.t. Lu ≤W + V x0,

(4.19)

where L,W and V depends on the constraint being considered. In this paper, we consider

constraints on the power output at each time step (5.8e) and constraints on the total energy

available to provide frequency control (5.8f).

Power Output Constraint

In practical considerations, there can be a limit on the amount of instantaneous power that

can be drawn from the IBR due to factors such as the distance to the maximum power

tracking operating point, the current ratings and switching speed of some power electronics

components, and also power capability or C-rate of a battery.

The transformation of the minimum and maximum instantaneous power limit from P t
ibr,min,k ≤

P t
ibr,k ≤ P t

ibr,max,k to the linear constraint in (5.28) involves writing the linearized power out-



52

put of the kth IBR at time step t in terms of the control variable ut and states xt, and then

stacking them in matrix form for the N control horizon.

The linearized output power P t
ibr,k is written in terms of the power flow to generators and to

other IBRs as:

P t
ibr,k =

∑
k∼i,k∈I,i∈G

bki(u
t
k −4δti) +

∑
k∼j,j,k∈I

bkj(u
t
k − utj)

= −
∑

k∼i,i∈G

bki4 δti +
∑
k∈I

bkku
t
k −

∑
k∼j,j∈I

bkju
t
j,

(4.20)

which can be written in matrix form as:

P t
ibr,k =

[
0n −[B]ki

]
xt +

[
−[B]kj [B]kk

]
ut (4.21)

Stacking (5.22) for a N time horizon and writing the linear system dynamics in term of the

initial state results in a form:

Pibr,k = Bp1x
0 +Bp2u, (4.22)

which can finally be written in the linear constraint form of (5.28) as:−Bp2

Bp2


︸ ︷︷ ︸

L

u ≤

−Pibr, min

Pibr, max


︸ ︷︷ ︸

W

+

 Bp1

−Bp1


︸ ︷︷ ︸

V

x0. (4.23)

See appendix A.3 for derivation.

Total Energy Constraint

This constraint occurs when there is a limit on the energy capacity of the IBR as in the case

of a battery. For this constraint to be fully satisfied, the total energy not only at the end of

the control horizon but also at each rolling sum of the consecutive time step should be less

than the maximum energy capacity.
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As with the power output constraint, the total energy constraint
∑N

t=1 P
t
ibr,k ≤ Et

ibr, tot,k can

also be written in the linear constraint form in (5.28) by taking the rolling sum over the

inverter power output matrix in (4.22). This results in another matrix of the form:

Eibr,k = Be1x
0 +Be2u. (4.24)

To avoid a sudden decline in the power output when the maximum available energy limit

is reached, a rate constraint can be added to the power output decline between a specified

consecutive time step. This can also be represent in the form of (5.28) by taking a one time

step difference of the IBR power output matrix in (4.22), that is, a difference between the

next time step and current time step IBR power output. This results in a matrix of the

form:

4Pibr,k , ε = Br1x
0 +Br2u. (4.25)

Equation (4.24) and (4.25) can finally be written in the linear constraint form of (5.28) asBe2

Br2


︸ ︷︷ ︸

L

u ≤

Eibr, tot

ε


︸ ︷︷ ︸

W

+

−Be1

−Br1


︸ ︷︷ ︸

V

x0. (4.26)

where ε is a vector of IBR power output rate limit for each one time step difference. See

appendix A.4 for derivation.

Even with constraints, a linear quadratic program can be solved extremely efficiently for

systems with thousands of variables and constraints [126]. Again, to actually implement the

controller, we compute and set the power output of the IBRs.

4.4 State Estimation and Limited Communication

In section 4.3, the IPC controller was designed using the reduced linearized model of the

network as in (4.13) and under the assumption of a full state measurement. When operat-

ing this controller in a realistic setting, we would want the controller to be robust against

issues such as model mismatch, that is, the difference between the actual system model and
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the linearized model used by the IPC; noisy measurements, and incomplete measurements

because of limited communication between buses.

We address these issues in this section by integrating an observer into the IPC controller

system according to Fig. 4.4 to enable the controller estimate a better model of the system

from the received measurements.

Power 
Systems

Observer
Controller

yt

x̂t

K(yt − ŷt)

IPC

Pibr(u
t)

Figure 4.4: Block diagram showing the operation of an observer integrated IPC in a power

systems. The state measurements received by the observer in addition to the predicted state

by the model is used to estimate the true state of the system.

Let the dynamics of the actual power systems governed by (5.1) be represented concisely as:

xt+1 = f(xt, ut)

yt = g(xt, ut).
(4.27)

A simple discrete observer model design [127] for the system in (5.4) can be written as:

x̂t|t = x̂t|t−1 +K(yt − ŷt)

ŷt = Cx̂t|t−1,
(4.28)

where the notation x̂t|τ means the prediction of xt made at time τ . Therefore the variables

with x̂t|t is the updated observer state prediction based on new measurement yt, x̂t|t−1 is

the observer state prediction of the current time step using measurements from the previous
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time step, and K is a gain chosen such that the error between the measured and predicted

state yt − ŷt is quickly driven to zero.

4.4.1 State and Disturbance Estimation

To estimate the state and disturbance in a noisy system with model mismatch and other

forms of disturbance, we redefine dt as a vector of all disturbances. We then integrate

an input/output constant disturbance model [127] into the IPC system model in (5.11) to

obtain:

x̂t+1 = Āx̂t + B̄uu
t + B̄dd̂

t

d̂t+1 = d̂t

ŷt = Cx̂t + Cdd
t,

(4.29)

where the disturbance d̂ is modeled as a constant disturbance for the control period. Equa-

tion (4.29) can then be written in an augmented form as:x̂t+1

d̂t+1

 =

Ā B̄d

0 I


x̂t
d̂t

+

B̄u

0

ut (4.30)

ŷt =

[
C Cd

] x̂t
d̂t

.
The predicted augmented state and disturbance can then be estimated using the observer

model in (5.5) as: x̂t|t
d̂t|t

 =

x̂t|t−1

d̂t|t−1

+K

yt − [C Cd

] x̂t|t−1

d̂t|t−1


 (4.31)

where K is the gain matrix for the augmented state and disturbance variable. For simplicity,

we adopt a fixed gain structure for the gain matrix K.
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This observer integrated IPC model in (5.14) and (5.15) replaces the linear model in (4.13),

with the augmented state used in place of the original states xt and the rest of the algorithm

follows through for the constrained and unconstrained case.

4.4.2 Limited Communication

While wide area measurement system (WAMS) data, consisting of sensors and communica-

tion infrastructures, is becoming increasingly available [128] in modern power systems, it will

still take some time before full communication coverage across the network can be realized.

Even with these types of infrastructure, there is always the possibility of communication

issues.

To tackle the issue of limited communication, we assume that the initial state measurements

of the generators is available. For example, these can be conveyed using the existing SCADA

system every two to four seconds. The augmented state and disturbance estimate in (5.15)

is then used in estimating the full state and disturbance. The only difference is in the gain

used since the structure and dimension of the gain K will change depending on the number

of generators with available state information, that is, the dimension of yt. As with the

state and disturbance estimation case, these gains are also selected as fixed gains. More

sophisticated gain structures will be explored in future works.

The key idea here is that the mismatch between the evolved initial state of the generators

with limited communication and what the state should be if there was communication is

reflected as a disturbance in the network and can be estimated using the measurements from

available generators.

4.5 Case Studies

In this section, we validate the performance and versatility of the IPC controller by testing

it on the IEEE WECC 3-machine 9-bus system and IEEE New England 10-machine 39-bus

(NE39) system used for power systems dynamics stability studies [123, 129]. We study sce-

narios including constraints on the power and energy output of the IBR, noisy measurements
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and limited communication. Under each scenario, a large disturbance in the form of a partial

generating capacity loss is applied to a generator in the network to initiate an event that can

lead to a marked frequency decline. The performance metrics for the controller is its ability

to maintain the frequency deviation within a small range, quickly recovering to the nominal

frequency value and limiting the ROCOF.

4.5.1 IEEE WECC 3 Machine 9-Bus System

We validate the proposed IPC controller by first testing it on the IEEE WECC 3-machine

9-bus (3m9b) system, a popular system used in stability studies. We transform the network

into a low-inertia network by replacing generator G3 at bus 3 with an IBR (either solar

or wind but coupled with energy storage) total aggregated capacity equal to the replaced

generator as shown in Fig. 4.5. The network is then reduced to an equivalent network by

eliminating the passive and static load buses, that is, buses 4 - 9, using Kron reduction. A

disturbance of 60% loss of capacity is applied to the second generator (G2 ) located at bus 2

from 0.5 to 5 seconds.

G1

G2

IBR

T1

T2 T3

1

4

2 7

5 6

8
9 3

Figure 4.5: IEEE WECC 3-machine 9-bus system schematic with generator G3 at bus 3

replaced with an IBR of equal aggregated capacity.

The performance of the proposed controller is compared to that of an optimally tuned VSM
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controller discussed in Section 4.2.3 with computed optimal gain coefficients of Km = 11.22

and Kd = 60.20 according to [79]. Note that the VSM controllers are not optimized for

power or energy limits and simply saturates when the computed IBR output power exceeds

its limits.
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Figure 4.6: Comparison of IPC and VSM control strategies for an unconstrained scenario in

a 3m9b network. The IPC outperforms the VSM in keeping the frequencies within limits by

utilizing the unlimited resources available to it.

Fig. 4.6 shows the generator frequencies and IBR output power of the unconstrained IPC

and VSM, that is, under the conditions of unlimited IBR power and energy capacities. The
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proposed IPC controller is able to optimally determine the required amount of active power

to ensure a suitable frequency response. Specifically, the IPC keeps the frequencies within

about 0.2 Hz of nominal, while the frequency varies by more than 0.6 Hz under the VSM

controller. This shows that even though unconstrained amount of power is available to

both controllers, the look-ahead and adaptive nature of the proposed controller enables it

outperform the VSM.

It’s interesting to note that Fig. 4.6 also implies that the performance of an IBR is strictly

better than that of a synchronous generator, since the VSM acts as a synchronous generator

with optimized inertia and droop coefficients. Therefore, replacing conventional generators

by renewable resource does not necessarily mean the frequency response is worse. Rather, if

the resource can be optimized, then much better responses are possible.

Power and Energy Constraints

Figs. 4.7 and 4.8 shows the generator frequencies and IBR output power for a power and

energy constrained IPC and VSM, respectively. The maximum power limits at each time

step was set to 1.5pu while the total energy limit was set to 20pu.

Compared to the VSM, the IPC is still able to limit the frequency deviation to about 0.2 Hz

for the limited power case and 0.4Hz for the limited energy case while keeping the system

frequency from rapid oscillation as seen in the VSM case. The IPC is able to integrate

the resource constraints into its optimization and look-ahead to determine the best control

strategy but similar performance is very hard to achieved using a VSM controller since

it lacks an explicit optimization step to deal with hard constraints. Also, in the power

constrained scenario, because the VSM relies on a second order control structure and local

state information, it is not able to maximize the available resource as its active power output

is still less than the power limit.
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Figure 4.7: Comparison of IPC and VSM control strategies under a power constraint of

1.5 p.u. in the 3m9b network. The IPC manages to keep the frequencies deviation within

reasonable limits while respecting the power limits compared to the VSM which does not

utilize the resources available to it up to the power limit.



61

0 5 10 15 20 25 30

Time in seconds

59.2

59.4

59.6

59.8

60

60.2

F
re

qu
en

cy
 in

 H
z

frequency - IPC

Gen1 Gen2

0 5 10 15 20 25 30

Time in seconds

59.2

59.4

59.6

59.8

60

60.2

F
re

qu
en

cy
 in

 H
z

frequency - VSM

Gen1 Gen2

0 5 10 15 20 25 30

Time in seconds

0

0.5

1

1.5

2

P
ow

er
 in

 p
u

inverter output power - IPC

Inv3

0 5 10 15 20 25 30

Time in seconds

0

0.5

1

1.5

2

P
ow

er
 in

 p
u

inverter output power - VSM

Inv3

0 5 10 15 20 25 30

Time in seconds

0

1

2

3

P
ow

er
 in

 p
u

generator output power - IPC

Gen1 Gen2

0 5 10 15 20 25 30

Time in seconds

0

1

2

3

P
ow

er
 in

 p
u

generator output power - VSM

Gen1 Gen2

Figure 4.8: Comparison of IPC and VSM control strategies under an energy constraint of

20 p.u. in the 3m9b network. The IPC controller with its adaptive look ahead properties is

able to prevent large frequency excursion compared to the VSM.
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Robustness of the Controller

Fig. 4.9 demonstrates the robustness of the IPC controller to noise, model mismatch and

external disturbances to the system with the incorporation of the observer model in (5.15).

According to PMU standards in [130], the total vector error of a PMU measurement should

be < 1%(∼ 40dB signal-to-noise ration (SNR)) while [131] suggested that the SNR of PMU

measurements can vary between 30 to 65 dB. We therefore model the effect of noisy mea-

surements adding noise to create SNRs of 30dB and 50dB, respectively. These represent the

worst-case and an average-case SNR scenarios. Fig. 4.9 shows that noise has very little im-

pact to the performance of the IPC (even under only 30 dB of SNR). Of course, the observer

plays an important role in this robustness to noisy measurements.

4.5.2 IEEE New England 10 Machine 39-Bus System

We further validate the proposed IPC controller on a larger system, the IEEE New England

39-bus system, and verify its ability to function effectively even in a limited communication

scenario. The network is transformed into a low-inertia network by removing the intercon-

nection to the rest of the US network and replacing generator 5 at bus 34 with an IBR

(either solar or wind but coupled with energy storage) total aggregated capacity equal to the

replaced generator as shown in Fig. 5.3, and reduced to an equivalent network using Kron

reduction. The disturbance of 60% loss of capacity is applied to the fourth generator (G4 )

located at bus 33 from 0.5 to 5 seconds.

The performance of the proposed controller is compared to that of an optimally tuned VSM

controller discussed in Section 4.2.3 with computed optimal gain coefficients of Km = 201.7

and Kd = 520 according to [79]. Note that the VSM controllers are not optimized for power

or energy limits and simply saturates when the computed IBR output power exceeds its

limits.
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Figure 4.9: Robust IPC under SNR of 30dB and 50dB in the 3m9b network. The IPC

controller is still able achieve a smooth response while keeping the frequency within limit

even in a worst-case noise scenario.
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Figure 4.10: New England 39-bus system schematic with generator 5 at bus 34 replaced with

an IBR of equal aggregated capacity.

Unconstrained Scenario

Fig. 4.11 shows the generator frequencies and IBR output power of the unconstrained IPC

and VSM, that is, under the conditions of unlimited IBR power and energy capacities. For a

clearer viewing, only the frequency response of the second (slack), fourth (disturbed), seventh

and ninth generator are shown. The proposed IPC controller is able to optimally determine

the required amount of active power to ensure a suitable frequency response. Specifically,

the IPC keeps the frequencies within about 0.2 Hz of nominal and restore the frequency to

its nominal value, while under the VSM controller, the frequency varies by about 0.4 Hz and

oscillates longer due to the inability of the VSM to anticipate the impact of the inter-area

swing, that is a groups of generators swinging against each other [132].

This shows that even though an unconstrained amount of power is available to both con-

trollers, the look-ahead and adaptive nature of the proposed IPC controller enables it outper-

form the VSM by utilizing the resources available to satisfy the given objective. It overcomes
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Figure 4.11: Comparison of IPC and VSM control strategies for an unconstrained scenario

in a NE39 network. The plots show the frequency and generator output power for some

select generators and the IBR’s output power. The IPC outperforms the VSM in keeping

the frequencies within limits.
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a particular issue of when the local frequency measurement becomes misleading a network

with different coherent areas swinging against each other. Fig. 4.12 shows the center of

inertia frequency given by (4.6) when utilizing the VSM control structure compared to the

true frequency of each generators, which the former is misleadingly small.
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Figure 4.12: Comparison of the actual frequency of the individual generators in the NE39

network (left) and the inertia weighted frequency called the frequency of the center of inertia

(right) which we take to be the local grid frequency measured for numerical simulation

As observed in the 3m9b case, Fig. 4.11 also implies that the performance of an IBR is

strictly better than that of a synchronous generator, since the VSM mimics the response of

a synchronous generator with optimized inertia and droop coefficients. Therefore, replacing

conventional generators by renewable resource does not necessarily mean the frequency re-

sponse is worse. Rather, if the resource can be optimized, then much better responses are

possible.
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Power and Energy Constraints

Figs. 4.13 and 4.14 shows select generators’ frequency and output power, and also the IBR

output power for a power and energy constrained IPC and VSM, respectively. The maximum

power limits at each time step was set to 7pu while the total energy limit was set to 70pu.

For a clearer viewing, only the frequency response of the second (slack), fourth (disturbed),

seventh and ninth generator are shown. Compared to the VSM, the IPC is still able to

limit the frequency deviation to about 0.3 Hz for the limited power case and 0.4Hz for the

limited energy case while keeping the system frequency from rapid oscillation as seen in the

VSM case. The IPC is able to integrate the resource constraints into its optimization and

look-ahead to determine the best control strategy, but similar performance is very hard to

achieved using a VSM controller since it lacks an explicit optimization step to deal with hard

constraints, therefore unable to utilize the full resource at its disposal.

Robustness of the Controller

Fig. 4.15 demonstrates the robustness of the IPC controller to noise, model mismatch and

external disturbances to the system with the incorporation of the observer model in (5.15).

According to PMU standards in [130], the total vector error of a PMU measurement should

be < 1%(∼ 40dB signal-to-noise ration (SNR)) while [131] suggested that the SNR of PMU

measurements can vary between 30 to 65 dB. We therefore model the effect of noisy mea-

surements by adding noise to create SNRs of 30dB and 50dB, respectively representing the

worst-case and an average-case SNR scenarios and shows that noise has very little impact

to the performance of the IPC (even under 30 dB of SNR). Of course, the observer plays an

important role in this robustness to noisy measurements.

Limited Communication

We further test the performance of the IPC under 2 limited communication scenario. In

scenario A - partial communication scenario, we assume that measurements can be received

from the generators colored green (G3, G4, G6, and G7) while only initial state measurements
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Figure 4.13: Comparison of IPC and VSM control strategies for a power constrained scenario

in a NE39 network. The IPC controller is able to adaptively change its power output to

minimize frequency deviations while respecting the power limits
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Figure 4.14: Comparison of IPC and VSM control strategies for an energy constrained

scenario in a NE39 network. The IPC controller is also able to adaptively change its power

output to ensure that the energy limits over its operation horizon are respected.
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Figure 4.15: Robust IPC under SNR of 30dB and 50dB in a NE39 network. The IPC

controller is still able achieve a smooth response while keeping the frequency within limit

even in a worst-case noise scenario.



71

is received from the generators colored red (G1, G2, G8 and G9) in Fig. 4.16. This case

represents a setting when the faulted generator (G4) is able to communicate with the inverter.

In scenario B - no-communication scenario, we assume a case where we cannot communicate

with any of the generators after the initial state communication but we instead utilize the

local measurement of the system states which we assume to be the averaged value of the states

at each time step. Under this scenario, the IPC controller uses these local measurements

as the states of each of the generators and the control algorithm proceeds as normal. The
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Figure 4.16: New England 39-bus system schematic with the generators divided into two

groups: green and red.

left-side plot of Fig. 4.17 shows the IPCs performance under the partial communication

scenario. By communicating with some buses, the IPC is able to reconstruct enough of the

system-level information to make the computations at the IPC useful. The right-side plot of

Fig. 4.17 shows the IPCs performance under the no-communication scenario, where none of
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the generators can exchange information with each other. Here the IPC performs much like

a VSM. This is expected since without communication, the best IPC can do is to utilize its

local measurements to take actions.
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Figure 4.17: Comparison of IPC control actions in a NE39 network under a partial and

no-communication scenario. The IPC still outperforms the VSM in its ability to minimize

the frequency deviation

4.6 Conclusion

In this chapter, we proposed a novel control strategy called the Inverter Power Control

that optimally determines the active power set-point for an inverter-based resource in real-
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time. Using a model predictive control framework, hard power and energy constraints are

considered explicitly in the optimization process. We show via simulation on a test sys-

tem the superiority of the proposed controller in comparison to the optimally tuned virtual

synchronous machine, under both noisy and limited communication settings. Our future

work explores enhancing the controller to function in a large network with multiple IBRs,

integrating model identification techniques and robustness to communication delays.
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Chapter 5

MULTI-INVERTER POWER CONTROL IN LOW-INERTIA
POWER SYSTEMS

5.1 Introduction

5.1.1 Motivation

In most parts of the world, the present day electric grid consists of a mix of traditional

synchronous generators and inverter-based resources (IBRs) such as solar, wind, and batter-

ies, typically connected via power electronics to the grid. In a bid to render the grid more

sustainable coupled with advancements in technology development of energy storage, there

is a projected increase in the amount of IBRs that will be integrated to the grid by 2050 [3].

Since these IBRs are power electronic devices and therefore lacking in physical inertia, there

will be an accompanying decline in the available rotational inertia system-wide [16,17]. The

benefits of having an adequate amount of physical inertia in the network is that it provides

the first-stage primary frequency control [15] in the event of a disturbance or power imbalance

to the grid by releasing the kinetic energy stored in the rotating mass of the synchronous

machine. The lack of physical inertia by the IBRs can be compensated for by their fast

actuation, that is, the IBRs capability of injecting active power into the grid by the virtue

of the speed of its power electronic circuits. This implies that if the IBRs can be optimally

coordinated and controlled, then they have the capability of responding to frequency changes

in the grid at a much faster rate than traditional generators with rotating masses.

5.1.2 Literature Review

Varying control strategies that utilizes the IBRs as a means of providing this initial fast

frequency response (FFR) has been the subject of a lot of research in recent years e.g.,



75

see [17, 24, 25] and the references within), with the most popular being the Droop Control

and Virtual Synchronous Machines (VSMs). In their most basic forms, the frequency (angle)

droop control injects/absorbs an amount of active power in proportion to the frequency

deviation (relative phase angle) [26–30], while the VSMs act as a second order oscillator to

provide inertia and damping to the grid [31–33]. The parameters (droop slope, inertia and

damping constants) used in these strategies can be optimized over to satisfy some standard

objectives such as magnitude of the frequency deviation, the rate of change of frequency

(ROCOF) and the settling time by using a number of techniques [2, 79,80].

A fundamental drawback of these control strategies is the constraining of IBRs to behave like

synchronous machines when responding to a frequency event as this limits the potentials of

the fast acting and flexible IBRs [62]. In addition to the drawbacks of these control strategies

discussed in chapter 4 and [62], another important drawback is that during transient condi-

tions where there are huge frequency variations across the network with coherent groups of

generators swinging against one another, using control strategies that utilize local informa-

tion can result in the system going unstable [133–135] due to either errors in estimating the

true states and in some cases it does not capture the true frequency dynamics of the whole

network. Also, in a network with multiple IBR resources which are asynchronous in nature,

some form of coordination is required to ensure that the resources do not compete with each

other in trying to provide frequency response. While adaptively changing the parameters

of the controllers might improve its performance [81–83], it is still computationally difficult

to compute these parameters in real-time and also the controller depends on accurately de-

termining the frequency deviation and ROCOF to determine these parameters which local

information cannot reliably provide.

In chapter 4 and in our previous work in [62], we proposed a novel control strategy called

the Inverter Power Control (IPC) based on model predictive control (MPC) to optimally

determine the active power set-point of an IBR that minimizes the frequency deviation and

the ROCOF. We assumed the IBRs integrated to the system can be aggregated into a single
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IBR which runs the IPC algorithm. In a system with multiple IBRs, centralized system

running a modified version of the IPC is needed to coordinate these resources such that there

is no competition amongst the IBRs in injecting active power to the grid to the detriment

of the frequency response. As the grid evolves, we expect to see more IBRs connected at

different points in the grid and the question becomes how to coordinate these resources to

jointly provide fast frequency response in the grid.

5.1.3 Contributions

The contributions of this chapter are as follows:

• We extend the mathematical framework of the IPC, including its ability to handle hard

constraints, to a multiple IBR system which we call Multi-IPC (MIPC).

• We show that by including a weighted IBR power output to the objective function

we are able to coordinate amongst multiple resources to find the optimal active power

set-point of the IBRs that minimizes the frequency deviation and ROCOF.

• We further show how the MPC algorithm is amenable to being used in a distributed

control structure where each IBR utilizes state information from neighboring genera-

tors, that is, a subset of the total number of generators in the network, by leveraging on

an observer and the synchronizing properties of the power system network, to estimate

the unmeasured states and disturbances.

As in the single IBR control case, this formulation also implicitly minimizes the systems

settling time and finds the best IBRs’ set-points at each time step that optimizes the objective

over that control horizon. We finally show through simulation studies, the efficacy of the

MIPC algorithm in coordinating and controlling multiple IBRs scenario in the IEEE 39-bus

system and also its performance under a distributed control structure.

The remainder of this paper is organized as follows: Section 5.2 defines the models used in

this paper. Section 5.3 presents the design and formulation of the MIPC algorithm. Section
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5.4 presents the distributed MIPC control. Section 5.5 shows the performances of MIPC in

a centralized and distributed multiple IBR communication scenario. Section 5.6 concludes

the paper.

5.2 Modeling

We denote the real line by R, the cardinality of a set S as |S|, the n × n identity and

zero matrices as In and 0n, respectively. Matrices and vectors are denoted by a bold-faced

variables.

5.2.1 System Structure

Let the set of generators and IBRs be denote by G and I, respectively such that the total

number of generating sources in the network is N := G ∪ I. For frequency stability anal-

ysis, the dynamics of the network can be reduced to the dynamics of the interconnected

synchronous machine by reducing the entire system into an equivalent network via Kron

reduction [122]. This eliminates passive and non-dynamic load buses and leaves only buses

with at least one generating source connected such that the frequency dynamics is governed

by power imbalances in the system.

5.2.2 Synchronous Machines

The rotor dynamics of each synchronous generator in a given power system is governed by

the well-known swing equation [123] which in discretized per unit (p.u.) form is:

ωt+1
i = ωti +

h

mi

(
P t
m,i − P t

e,i − diωti
)
,

δt+1
i = ωb

(
δti + h ωt+1

i

)
,

(5.1)

∀i ∈ G where h is the step size for the discrete simulation, δi (rad) is the rotor angle,

ω = ω̄i − ω0 is the rotor speed deviation, ωb is the base speed of the system, mi is the

inertia constant, di is the damping constant, Pm,i is the mechanical input power and Pe,i is

the electric power output of the ith machine.

The electrical output power Pe,i is given by the AC power flow equation in terms of the
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internal emf |Ei| and rotor angle δi:

P t
e,i =

∑
i∼j

|EiEj|[gij cos(δti − δtj) + bij sin(δti − δtj)], (5.2)

∀i, j ∈ G, where gij + jbij is the reduced admittance between nodes i and j. We assume the

internal emf are constant because of the actions of the exciter systems.

The nonlinearity of the AC power flow in (5.2) makes it difficult to use (5.1) for control

applications, so we utilize the DC power flow [35] such that the bus dynamics become:

4ωt+1
i = 4ωti +

h

mi

(
4P t

m,i −4P t
e,i − di4 ωti

)
,

4δt+1
i = ωb

(
4δti + h 4 ωt+1

i

)
,

(5.3)

where 4P t
e,i =

∑
i∼j bij 4 δtij which is the dc power flow between 2 buses.

We model changes to the mechanical input power 4P t
m,i by a combination of droop and

automatic governor control (AGC) actions [35].

5.2.3 Observer Design

In dynamic system modeling and control, observers can be used to estimate unknown system

states and estimate unknown inputs affecting the system dynamics such as disturbances and

noise. It can also to used estimate model mismatch which arises as a result of differences

between the actual system dynamics and the model of the system used for control purposes

[136]. Let the dynamics of the actual power systems governed by (5.1) be represented

concisely by:

xt+1 = f(xt, ut, dt)

yt = g(xt, ut, dt).
(5.4)

A simple discrete observer model design [127] for the system in (5.4) can be written as:

x̂t|t = x̂t|t−1 +K(yt − ŷt)

ŷt = Cx̂t|t−1,
(5.5)
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where the notation x̂t|τ means the prediction of xt made at time τ . Therefore the variables

with x̂t|t is the updated observer state prediction based on new measurement yt, x̂t|t−1 is

the observer state prediction of the current time step using measurements from the previous

time step, and K is a gain chosen such that the error between the measured and predicted

state yt − ŷt is quickly driven to zero. This gain should be chosen carefully as too high of

a gain can result in the controller saturating.

5.3 Multi-Inverter Power Control (MIPC)

In this work, we improve on our proposed IBR output power control algorithm in [62] by

extending its performance to handle scenarios where there are multiple IBRs in the network.

We term this extended controller as multi-inverter power controller (MIPC). This MIPC

controller functions by modifying the initial real power set-points of all the IBRs in the

network, that is from P0k to a new set-point Prefk as shown in Fig. 4.3 based on not only

system state and network information, but also on the output power of the participating

IBRs.

When dealing with multiple IBRs in the network, the consideration of how the power imbal-

ance response should be shared amongst the IBRs is needed. This power sharing capability

amongst the IBRs can be incorporated into the control algorithm as a weighted minimiza-

tion of the individual IBRs output power, noting that the IBR output power is a function

of the system state and the IBR internal angle as will be discussed later. This is somewhat

similar in spirit to the droop configuration in synchronous machines where the individual

droop settings of the machines determines how much power each machine contributes to the

power imbalance in the network. This allows multiple machines work in tandem to share the

responsibility of balancing out the power without competing each other [35]. The difference

is that while the droop is a linear map between frequency and power output, the assigned

weights here is not necessarily linear.
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Pref2Pibr2Pibr1

Optimization
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Figure 5.1: Block Diagram showing the operation of the centralized MIPC controller which

utilizes state and network information to modify the real power set-point of the IBRs at each

timestep

5.3.1 Nonlinear Optimization Problem

Let uk denote the kth IBR angle (referenced to the slack-bus) and considered as the control

variable in the optimization problem. It should be noted that the actual control action of

the IBR is not achieved by directly changing the IBRs angle since we do not want to alter

the normal operation of the IBR, rather, the optimized uk which is the IBRs angle is used

to find the corresponding active power output of the IBR, which is the actual control action

taken.

Let the total power flowing out of the kth IBR be denoted as Pibr,k such that:

Pibr,k =
∑

k∼i,k∈I,i∈G

|EkEi|[gki cos(uk − δi) + bki sin(uk − δi)]

+
∑

k∼j,j,k∈I

|EkEj|[gkj cos(uk − uj) + bkj sin(uk − uj)],
(5.6)
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and the total power flowing out of the ith synchronous machine be denoted as Pe,i such that:

Pe,i =
∑

i∼j,i,j∈G

|EiEj|[gij cos(δi − δj) + bij sin(δi − δj)]

+
∑

i∼k,i,∈G,k∈I

|EiEk|[gik cos(δi − uk) + bij sin(δi − uk)].
(5.7)

At any timestep, we consider the behavior of the system N steps ahead. The control variables

are the IBR angles denoted as u0,u1, . . . ,uN−1. Once these are set, the rest of the system

are governed by their swing equations. As stated earlier, the objective is to minimize a

function of the frequency deviation, ROCOF, and the weighted output power of the IBRs.

The MIPC problem is then given by:

Min.
{u0,u1,...,uN−1}

N−1∑
t=0

{
‖ωt+1‖22 +

1

h
‖ωt+1 − ωt‖22 + ‖r � P t

ibr‖22
}

(5.8a)

s.t. ωt+1
i = ωti +

h

mi

(
P t
m,i − P t

e,i − diωti −4P t
i

)
, ∀i ∈ G (5.8b)

P t
e,i = Equation (5.7), ∀i ∈ G (5.8c)

P t
ibr,k = Equation (5.6), ∀k ∈ I (5.8d)

P t
ibr,min,k ≤ P t

ibr,k ≤ P t
ibr,max,k, (5.8e)

N∑
t=1

P t
ibr,k ≤ Et

ibr, tot,k, (5.8f)

where ut ∈ R|I| is the vector of all IBR angles, ωt+1 ∈ R|G| is a vector of all machine

frequency deviations at the next time step, ωt+1 − ωt is a vector of all machine ROCOF

between the current and next time step, P t
ibr ∈ R|I| is a vector of all IBR output power and

r ∈ R|I| is a vector of ’droop’ weights for the IBRs. The evolution of ω is given in (5.8b)

(swing equations) with the added 4Pi used to denote disturbances to the network which

can be either a loss in generation or load, the power constraints are given in (5.8e) and the

energy constraints are in (5.8f). Here we take the frequency deviation and the ROCOF to be

equally weighted for simplicity, but their weighting can be adjusted as needed for different

practical scenarios. The IBR output power on the other hand is weighted by the IBR droop.
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After (5.8) is solved, the control variable u0 is substituted into the IBR output power equa-

tion in (5.6) to find the active power set-points of the IBRs. Then the IBRs hold their

power at these set-points until the next time the optimization problem is solved. Due to

the nonlinearity of the AC power flow equations in (5.6) and (5.7) it is difficult to solve

this optimization problem in real-time. Therefore, we use the DC power flow to obtain an

approximate problem that is much easier to solve and does not necessarily impact the ability

of the MIPC to provide frequency response.

5.3.2 Unconstrained Linearized Problem

To setup the mathematical framework of this problem, we first consider the unconstrained

version of (5.8), that is, the MIPC optimization algorithm without the power limit constraint

(5.8e) and total energy constraints (5.8f).

State Space Formulation

The main difficulty in solving (5.8) lies in the non-linearity of (5.6) and (5.7). We can use

the standard DC power flow model from (5.3) to approximate these equations such that the

total output power from the generators can be written as:

4Pe,i = Pe,ij + Pe,ik

=
∑

i∼j,j∈G

bij(4δi −4δj) +
∑

i∼j,k∈I

bik(4δi − uk),

= (
∑
i∼j

bij +
∑
i∼k,

bik)4 δi +
∑

i∼j,j∈G

−bij 4 δj +
∑

i∼j,k∈I

−bikuk.

(5.9)

which can be written in matrix form as:

4Pe =

 bii −bij
−bji bjj


︸ ︷︷ ︸

BGG

4δi
4δj

+

−bik
−bjk


︸ ︷︷ ︸
BGI

uk,
(5.10)



83

where BGG contains the connection between synchronous generators and BGI contains the

connection between a synchronous generator and IBRs.

Writing the linearized discretized swing equation in (5.3) in state space form and incorpo-

rating (5.10) in it results in4ωt+1

4δt+1


︸ ︷︷ ︸

xt+1

=

−M−1D −M−1BGG

In 0n


︸ ︷︷ ︸

Ā

4ωt
4δt


︸ ︷︷ ︸

xt

+

−M−1BGI

0n


︸ ︷︷ ︸

B̄u

ut +

−M−1

0n


︸ ︷︷ ︸

B̄d

4P t︸ ︷︷ ︸
dt

(5.11)

where 4δ ∈ Rn is the rotor angles deviation, 4ω ∈ Rn is the rotor speed deviation,

M = diag(m1, . . . ,mn) ∈ Rn×n, D = diag(d1, . . . , dn) ∈ Rn×n ∈ Rn, 4P ∈ Rn is vector of

all power deviations which comes from the disturbances and noises in the system, denoted

by dt.

Assuming full observability of states, the output equation can be written as:

yt =

[
In 0n

]
︸ ︷︷ ︸

C̄

4ωt
4δt


︸ ︷︷ ︸

xt

.
(5.12)

Let n = |G|, m = 2 × n, p = |I| and nd = |d| such that |Ā| = m × m, |B̄u| = m × p,

|B̄d| = m× nd, and |C̄| = m×m.

State and Disturbance Estimation

In the event of a disturbance to the network, such as a loss of generating capacity or load,

the IPC does not know the location and magnitude of this disturbance. Furthermore, due

to the use of the linearized state space model in (5.11) there will be a difference between

predicted and measured output as a result of the model mismatch. All these can lead to

an incorrect estimation of the system states at each time step and an offset in the eventual

steady state value of the system states.
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To estimate the state and disturbance with model mismatch and other forms of disturbance,

we first redefine dt and B̄d in (5.11) as a vector of all possible disturbances and some

weighting matrix respectively. We then integrate the IPC state space model in (5.11) with

an input/output constant disturbance model [127] to obtain:

xt+1 = Āxt + B̄uu
t + B̄dd

t

dt+1 = dt

yt = C̄xt + Cdd
t,

(5.13)

where the disturbance d is modeled as a constant disturbance for the control period such

that it follows an integral dynamics. Equation (5.13) can then be written in an augmented

state space form as: xt+1

dt+1


︸ ︷︷ ︸
zt+1

=

Ā B̄d

0n In


︸ ︷︷ ︸

A

xt
dt


︸ ︷︷ ︸
zt

+

B̄u

0


︸ ︷︷ ︸
B

ut

yt =

[
C̄ C̄d

]
︸ ︷︷ ︸

C

xt
dt


︸ ︷︷ ︸
zt

.

(5.14)

The predicted augmented state and disturbance can then be estimated using the linear

observer model in (5.5) as:

ẑt|t = ẑt|t−1 +

Kx

Kd


︸ ︷︷ ︸
K

(
yt − Cẑt|t−1

)
(5.15)

where K is the gain matrix for the augmented state and disturbance variable. For simplicity,

we adopt a fixed gain structure for the gain matrix K with Kx ∈ Rm×m and Kd ∈ Rm×m

chosen such that the estimator is stable.
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Remark 1 The augmented system in (5.14) is observable if and only if (C̄, Ā) is observable

and Ā− In B̄d

C̄ C̄d

 (5.16)

has full column rank (see [127] for proof).

Remark 2 For condition in (5.16) to be satisfied, the number of disturbances in d has to be

smaller or equal to the number of available measurements, that is, if yt ∈ Rm and dt ∈ Rnd,

then nd ≤ m (see [137, 138] for proof)

In this work, we choose nd = m, such that B̄d ∈ Rm×m and C̄d ∈ Rm×m can be chosen to

satisfy the observability condition in (5.16).

Model Predictive Control (MPC)

With the model of the system defined and the ability to predict future evolutions guaranteed,

we reformulate the L2-norm objective function in (5.8a) in terms of the network model in

(5.14) as follows:

a) Frequency deviation:

4ωt =

[
In 0n 0n

]
︸ ︷︷ ︸

Cp

ẑt,
(5.17)

such that

‖ωt‖22 = (Cpẑ
t)T Q̄1(Cpẑ

t) = ẑt
T

CT
p Q̄1Cp︸ ︷︷ ︸
Q̂1

ẑt.
(5.18)

b) ROCOF:

1

h

[
4ωt −4ωt−1

]
=

1

h
Cp

[
ẑt − ẑt−1

]
= Ĉp4 ẑt (5.19)
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such that

1

h
‖4ωt −4ωt−1 ‖22 = (Ĉp4 ẑt)T Q̄2(Ĉp4 ẑt) =4ẑtT ĈT

p Q̄2Ĉp︸ ︷︷ ︸
Q̂2

4ẑt.

(5.20)

c) Output IBR Power: To compute the weighted IBR out power in terms of the network

model, we utilize the DC power flow model in (5.3) such that

P t
ibr,k =

∑
k∼i,i∈G

bki(u
t
k −4δti) +

∑
k∼j,j∈I

bkj(u
t
k − utj)

=
∑
i

bkiu
t
k −

∑
i

bki4 δti +
∑
j

bkju
t
k −

∑
j

bkju
t
j

= −
∑
i

bki4 δti +
∑
i

bkiu
t
k +

∑
j

bkju
t
k︸ ︷︷ ︸∑

(bki+bkj)=
∑
bkk

+
∑
j

bkju
t
j

= −
∑

k∼i,i∈G

bki4 δti +
∑

bkku
t
k −

∑
k∼j,j∈I

bkju
t
j,

(5.21)

which can be written in matrix form as:

P t
ibr,k =

[
0n −[B]ki 0n

]
︸ ︷︷ ︸

Bp1

ẑt +

[
[B]kk −[B]kj

]
︸ ︷︷ ︸

Bp2

utk
utj


︸ ︷︷ ︸
ut

(5.22)

such that

‖r � P t
ibr‖22 = (r � P t

ibr)
T R̄(r � P t

ibr) = P tT

ibr r
T R̄r︸ ︷︷ ︸
R̂

P t
ibr,

= (Bp1ẑ
t +Bp2u

t)T R̂(Bp1ẑ
t +Bp2u

t),

= (Bp1ẑ
t)T R̂(Bp1ẑ

t) + (Bp1ẑ
t)T R̂(Bp2u

t)

+(Bp2u
t)T R̂(Bp1ẑ

t) + (Bp2u
t)T R̂(Bp2u

t)

= ẑt
T

R̂zzẑ
t + ẑt

T

R̂zuu
t + ut

T

R̂uzẑ
t + ut

T

R̂uuu
t.

(5.23)
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In combination, the total objective function

J = ‖ωt+1‖22 +
1

h
‖ωt+1 − ωt‖22 + ‖r � P t

ibr‖22

= ẑt
T

Q̂1ẑ
t +4ẑtT Q̂24 ẑt + ẑt

T

R̂zzẑ
t + ẑt

T

R̂zuu
t + ut

T

R̂uzẑ
t + ut

T

R̂uuu
t

= ẑt
T

(Q̂1 + R̂zz)︸ ︷︷ ︸
Q̂R

ẑt +4ẑtT Q̂24 ẑt + ẑt
T

R̂zuu
t + ut

T

R̂uzẑ
t + ut

T

R̂uuu
t

(5.24)

For an unconstrained case, that is, the IPC optimization algorithm in (5.8) without the

power limit constraint (5.8e) and total energy constraints (5.8f), the MPC is reduced to a

linear quadratic programming (LQR) problem which can then be written as:

Min.
ut

J =
1

2

N−1∑
t=1

[
ẑt

T

Q̂Rẑ
t +4ẑtT Q̂24 ẑt + ẑt

T

R̂zuu
t + ut

T

R̂uzẑ
t + ut

T

R̂uuu
t
]

s.t. ẑt+1 = Aẑt +But.

(5.25)

For a N control horizon duration, (5.25) can be re-written as:

J =
1

2
ẑ0T

Gmodẑ
0 +

1

2
uTHmodu+ ẑ0T

Fmodu, (5.26)

where Hmod and Fmod are constant matrices depending on A and B.

For an infinite-horizon LQR problem, the optimal solution is linear in the starting point ẑ0

such that:

u∗ = −H−1
modF

T
modẑ

0. (5.27)

This solution can be interpreted as a linear policy, where the optimal action is determined

as a linear function of the current state information. (see appendix A.2 for derivation of A,

B and u∗).
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5.3.3 Constrained Linearized Problem

We now consider the constraints on the power output at each time step (5.8e) and constraints

on the total energy available to provide frequency control (5.8f) in (5.8). This is for the most

part similar to the constraint considered in chapter 4 but extended to a multi-IBR case and

repeated in this chapter for completeness.

In the presence of constraints, (5.26) becomes of the form.

Min.
u

J =
1

2
ẑ0T

Gmodẑ
0 +

1

2
uTHmodu+ ẑ0T

Fmodu

s.t. Lu ≤W + V ẑ0,

(5.28)

where L,W and V depends on the constraint being considered. Equation (5.28) can no

longer be solved as a linear programming problem but as a quadratic programming optimiza-

tion problem with linear constraints which can be solved extremely efficiently for systems

with thousands of variables and constraints [126].

Power Output Constraint

In practical considerations, there can be a limit on the amount of instantaneous power that

can be drawn from the IBR due to factors such as the distance to the maximum power

tracking operating point, the current ratings and switching speed of some power electronics

components, and also power capability or C-rate of a battery.

The linearized instantaneous output power P t
ibr,k derived in (5.22) with the minimum and

maximum power limit of P t
ibr,min,k ≤ P t

ibr,k ≤ P t
ibr,max,k for a N time horizon can be written

in the linear constraint form of (5.28) (see appendix A.3) as

−B̃p2

B̃p2


︸ ︷︷ ︸

L

u ≤

−P̃ibr, min

P̃ibr, max


︸ ︷︷ ︸

W

+

 B̃p1

−B̃p1


︸ ︷︷ ︸

V

ẑ0.
(5.29)
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Total Energy Constraint

This constraint occurs when there is a limit on the energy capacity of the IBR as in the case

of a battery. For this constraint to be fully satisfied, the total energy not only at the end of

the control horizon but also at each rolling sum of the consecutive time step should be less

than the maximum energy capacity.

As with the power output constraint, the total energy constraint
∑N

t=1 P
t
ibr,k ≤ Et

ibr, tot,k

can be obtained by taking the rolling sum over the linearized instantaneous output power

P t
ibr,k derived in (5.22). To avoid a sudden decline in the power output when the maximum

available energy limit is reached, a rate constraint can also be added to the power output

decline between a specified consecutive time step. This can be obtained by by taking a

one time step difference of the power output matrix in (5.22), that is, a difference between

the next time step and current time step power output. For a N time horizon, these two

constraint can be written in the linear constraint form of (5.28) (see appendix A.4) asB̃e2

B̃r2


︸ ︷︷ ︸

L

u ≤

Ẽibr, tot

ε


︸ ︷︷ ︸

W

+

−B̃e1

−B̃r1


︸ ︷︷ ︸

V

ẑ0.
(5.30)

where ε is a vector of IBR power output rate limit for each one time step difference. See

chapter appendix (A.4) for derivation.

5.4 Distributed Control

In section 5.3, we assumed that a centralized control center exists that receives state informa-

tion, computes the MIPC algorithm and sends the active power set-points to the IBRs across

the network. In a more realistic setting, especially in a large network where IBRs are inter-

spersed, it might be difficult to get all state information to a central server and afterwards

disperse to all IBRs. Under this setting, a form of distributed control strategy [139, 140]

can be adopted where each IBR evaluates the same global objective function in the MIPC

algorithm using the the network wide model and state information available to them, usually

from a subset of the generators.
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To achieve this, we assume at t = 0, the full state information is available to all IBRs after

which we assume no further communication but instead rely on the synchronizing properties

of the power systems [141]. It is well known that the frequencies of the synchronous machines

are tightly coupled such that a disturbance to one generator is reflected across the network

in the frequencies of the other generators [15]. At the next timestep, the IBR receives state

information from a subset of generators as seen in Fig.5.2 and carries out an individual state

and disturbance estimation using a reduced-order form of the augmented observer model

in (5.16). That is, each IBR first estimates the missing states and then compensates for a

possible mismatch by estimating the disturbance.

+
+

+
+

NetworkInverter 1
Operation

Inverter 2
Operation

P1 P2

P01
P02Pref1

Pref2Pibr2Pibr1

OptimizationOptimization

Partial
Measurements

Partial
Measurements

Figure 5.2: Block Diagram showing the operation of the distributed MIPC controller running

on each IBR which utilizes partial state and network information to modify the real power

set-point of the IBRs at each timestep

Consider the operation of one of the IBRs Ik ∈ I that receives state variable information
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from a subset of generators Gk ∈ G, where |Gk| = w, such that (5.16) becomes:x̂t|tk
d̂
t|t
k


︸ ︷︷ ︸
ẑ
t|t
k

=

x̂t|t−1
k

d̂
t|t−1
k


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ẑ
t|t−1
k

+
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k


 (5.31)

where ytk ∈ R2w is the state information received from Gk, and Lk is the augmented gain

matrix for the kth IBR such that Lkx , Lkd ∈ Rm×2w. In this form, each IBR can then compute

the MIPC algorithm in (5.25) such that:

Min.
ut
k

Jk =
1

2
ẑ0T

k Gmodẑ
0
k +

1

2
uTkHmoduk + ẑ0T

k Fmoduk,

s.t. ẑt+1
k = Aẑtk +Butk.

(5.32)

Under this algorithm, each IBR can predict the possible output of other IBRs and adjust its

output accordingly. This means that after (5.32) is solved, each IBR substitutes the control

variable uk
0(t) into (5.6) to determine its active power set-point. We show via simulation in

the result section that the IBRs under this setup are able to stabilize the system.

5.5 Results

In this section, we validate the performance of the MIPC controller by testing it on the IEEE

New England 10-machine 39-bus (NE39) system used for power systems dynamics stability

studies [129]. We study scenarios of up to four IBR integration into the network and of con-

straints on the power and energy output of the IBRs. We also study the performance of the

MIPC controller in a limited communication centralized and distributed control framework.

Under each scenario, a large disturbance in form a partial generating capacity loss is applied

to a generator in the network to initiate an event that can lead to a marked frequency decline.

The performance metrics for the MIPC controller is its ability to maintain the the frequency

deviation within a small range, limiting the ROCOF, and quickly recovering to the nominal

frequency value.
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The NE39 network is transformed into a low-inertia network by removing the interconnection

to the rest of the US network and replacing the generator at certain buses with IBRs (either

solar or wind but coupled with energy storage) of aggregated capacity equalling that of the

replaced generator, and reduced to an equivalent network using Kron reduction. For the

one IBR case, gen 5 at bus 34; for the two IBRs case as shown in Fig. 5.3, gen 3 and 5

at buses 32 and 34 respectively; for the three IBRs case, gen 3, 5 and 7 at buses 32, 34

and 36 respectively; and for the four IBRs case, gen 1, 3, 5 and 7 at buses 30, 32, 34 and

36 respectively, are replaced with IBRs. The disturbance is applied to the fourth generator

(G4 ) located at bus 33. Its power output starts of at 6.32pu, then decreases to 3.16pu at

0.5 seconds and later increases to 4.42pu at 2 seconds. We utilize this disturbance structure

to ensure that the dynamics of the systems are well-excited.
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Figure 5.3: New England 39-bus system schematic with the generators 3 and 5 at bus 32

and 34 respectively, replaced with an IBRs of equal aggregated capacity.
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5.5.1 Centralized Control

Under an unconstrained scenario, that is, under the conditions of unlimited IBR power and

energy capacities, Fig. 5.4 shows the frequency response of select generators and inverter

output power of the IBRs. For a clearer viewing, only the frequency response of the second

(slack), fourth (disturbed), sixth and ninth generator are shown. When more than one IBR

is integrated into the network, the MIPC is able to efficiently determine the optimal active

power output of the individual IBR to ensure a suitable frequency response. The MIPC is

able to share the total power response amongst the IBRs by weighting the output power of the

IBRs similar to the way power output response is shared in a synchronous machine network.

Furthermore, Fig. 5.4 shows that a better frequency response performance is obtained when

using multiple IBRs as the frequency is able to return to its nominal value more quickly, with

reduced oscillations as the number of IBRs increase, and the positive frequency deviation is

reduced. In general, the MIPC controller is able to keep the frequency deviation within a

0.2Hz margin. The higher the number of IBRs the lower the amount of active power each

IBR has to contribute.

As discussed in 5.3.3, one of the advantages of the MIPC control strategy is the ability to

incorporate hard constraints into its optimization problem and constraints such as power

and energy limit on IBRs are quite popular. Fig. 5.5 shows the frequency response of select

generators and the inverter power outputs when two IBRs are integrated to the network,

with a power limit of 7 pu and energy limit of 70 pu placed on the IBR (inv 3 ) connected

at bus 32 in Fig. 5.3. Again for clearer viewing, only the frequency response of the second

(slack), fourth (disturbed), sixth and ninth generator are shown.

In the power limit scenario, it can be observed that despite the limit on inv 3, the frequency

response of the generators is the same as that of the unconstrained case in Fig. 5.4b, that

is, about 0.2 Hz of negative deviation and about 0.05 Hz of positive deviation. In the energy

limit scenario, the frequency response is slightly different from the unconstrained scenario

in Fig. 5.4 as the positive deviation extends to about 0.1 Hz. Despite the limits, the MIPC
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Figure 5.4: Plot showing frequency response of some select generators and inverter output

power using centralized MIPC control strategy in an unconstrained scenario when multiple

IBRs are integrated into the NE39 network. (a) One IBR connected as inv 5 at bus 34, (b)

Two IBRs connected as inv 3 and 5 at bus 32 and 34 respectively, (c): Three IBRs connected

as inv 3, 5 and 7 at bus 32, 34 and 36 respectively, and (d): Four IBRs connected as inv 1,

3, 5 and 7 at bus 30, 32, 34 and 36 respectively. The power output across the inverter is

shared according to the weight assigned to each inverter.
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Figure 5.5: Plot showing frequency response of some select generators and inverter output

power using MIPC control strategy in a power (left) and energy (right) constrained scenario

when two IBRs are integrated into the NE39 network. The Power limit of inv 3 is constrained

to 7 pu, and the total energy limit of inv 3 is constrained to 70 pu. The MIPC is able to

leverage on other IBRs in the network when there is a limit on one thus ensuring that the

same frequency frequency response for the power limit case and an almost similar response

for the energy limit case when compared to the unconstrained case in Fig. 5.4b
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is able to look ahead and also leverage on other IBR without an active constraint to ensure

that the best strategy for an optimal frequency response is achieved.

We further consider a scenario where the centralized control system running the MIPC looses

communication with some generators. Fig. 5.6 shows the comparison of the response under

this scenario to when a full state communication is available. It can be observed that even

under a partial communication scenario, the MIPC controller is able to estimate the impact

of the unobserved state as a disturbance and drive the system to stability while keeping the

frequency deviation at about 0.2Hz.

5.5.2 Distributed Control

The results shown thus far relies on a centralized MIPC control structure where the algo-

rithm computation is carried out on a centralized system and the optimal power set-point is

communicated to the IBRs in the network. Fig. 5.7 shows the frequency response of select

generators and the inverter power outputs when two IBRs are integrated to the network

under the modified distributed control scenario discussed in 5.4 compared to a centralized

control scenario.

It can be observed that the observer model in the MIPC algorithm running on each IBR

is able to estimate the unavailable states and also the disturbances, which is reflected as

a mismatch between the available state measurement and the model predicted state. A

combination of these estimates is able to capture enough of the system level information

to determine what the optimal power output of each inverter should be. It can also be

observed that at the start of the disturbance, the inverter output power response initially

varies significantly compared to the centralized case but is able to eventually settle to the

same power output.

We conjecture that the synchronizing properties of the electric grid [141] as well as its full

connectivity enables the distributed MIPC controllers on each IBR individually arrive at

steady state conditions.
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Figure 5.6: Plot showing a comparison of the frequency response of some select generators

and inverter output powers using centralized MIPC control strategy in a full communication

(left) and limited communication (right) scenario.
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Figure 5.7: Plot showing a comparison of the frequency response of some select generators

and inverter output powers using MIPC control strategy in a centralized control scenario

(left) and a distributed control scenario (right) when two IBRs are integrated into the NE39

network with each individual IBRs running MIPC control but do not communicate with each

other.
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5.6 Conclusion

In this chapter, we extended the functionality of our previously proposed control strategy

to handle coordination and control of multiple IBRs participating in frequency control at

different locations in the grid in both a centralized and distributed control scenario. We

validated the performance of this controller on the IEEE 39-bus system and showed that its

control performance does not deteriorate with the addition of more IBRs (actuators) even

under distributed control scenarios.

Future works will explore optimal location specific deployment of IBRs as it can be seen that

the location of the IBR determines the significance of its participation in frequency control.

Also more theoretical work on stability guarantees both in a centralized and distributed

framework especially in a network with strong interactions amongst the nodes due to the

synchronizing properties of the power system structure.
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Chapter 6

CONCLUSION

6.1 Conclusion

This dissertation has addressed the participation of inverter based resources (IBRs) in pro-

viding frequency response in a low-inertia power systems. It achieves this by proposing

efficient control and optimization algorithms for the frequency response control loop of the

inverters through which these resources are connected to the grid, and validates the proposed

algorithms on standard IEEE test cases. It adopts the definition of IBRs as asynchronous

renewable energy resources (RES) and energy storage systems typically connected via power

electronics to the grid. Based on this definition, it assumes each IBR is a combination of

renewable resources such as wind and solar, and energy storage such as batteries to ensure

available capacity to participate in frequency response. The control and optimization ap-

proaches proposed are divided into two categories: optimizing the performance of the virtual

synchronous machine (VSM) and a novel control strategy termed inverter power control

(IPC).

The first approach detailed in chapter 3 focused on optimizing the virtual inertia and gain

coefficients of the VSM, using the network’s H2 norm as a proxy for its time domain fre-

quency control objectives such as maximum frequency deviation, rate of change of frequency

(ROCOF) and settling time. Due to the non-convexity of the resulting optimization problem,

an efficient gradient with respect to the virtual gain was proposed, derived and used in com-

puting the virtual gains via projected gradient descent due to the box constraint property

of the gains’ limits. The major conclusion using this approach is the trade-off in competing

multi-objective scenario, that is, a scenario where it is not possible to simultaneously achieve
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two or more objectives. In this case, a Pareto front is achieved by the optimization problem

as reflected in the optimal virtual inertia assignment which achieves a balance between hav-

ing a fast settling time but high frequency nadir and fast ROCOF, and a slow settling time

but low frequency nadir and slow ROCOF when validated in a test system.

The second approach detailed in chapter 4 and 5 proposed a novel control strategy based on

model predictive control (MPC) termed inverter power control (IPC) which relies on state

measurements to directly determine the active-power set-point of the IBRs. This IPC control

strategy sought to alleviate the fundamental drawback of the VSM approach that constrains

the IBRs to behave like synchronous machines (second-order oscillator) when responding

to frequency events, thus limiting the potentials of the fast acting and flexible IBRs. The

mathematical framework for the IPC controller based on MPC was first setup for a single IBR

integration to the system in conjunction with an observer design to enhance the robustness

of the algorithm in situations of model mismatch, noise and limited communications. This

algorithm was further extended to cater to a more realistic scenario where there are multiple

IBRs connected at various location in the grid and showed how this controller, termed MIPC

can be modified to function in a distributed control scenario with each IBR running the

MIPC and optimizes over the global objectives. Case studies via simulations was conducted

to validate the performance of the IPC controller which demonstrated the superiority of the

IPC to the VSM especially its ability to include hard constraints, such as power and energy

limits, that might be encountered during operation to the optimization problem. The case

studies also showed that the MIPC controller running in a centralized configuration was able

to coordinate and control the multiple IBRs and did not deteriorate the overall network

performance compared to a single IBR running the IPC, and while the performance in the

distributed control case had a bit more deviation compared to the centralized case, it also

did not deteriorate the overall network performance significantly.

A noteworthy conclusion from this dissertation is that using either of the control approaches

proposed, shows that replacing conventional generators with renewable energy resources
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would not necessarily result in a decline in frequency control response in the electric grid.

Rather, if the resource can be optimized coupled with availability of data, then much better

responses are possible, thus facilitating the transition to more sustainable energy sources.

6.2 Future Works

Some potential ways of extending the research carried out in this dissertation are as follows:

6.2.1 Theoretical Stability Guarantees for Networks with IBR integration

In literature, the transient stability of power systems and synchronization of non-uniform

Kuramoto oscillators have been shown under certain assumptions to be closely related prob-

lems [141–143]. These analysis rely on having only synchronous machines in the network

with rotor angle and frequency as states, second order oscillator properties of these syn-

chronous machines and a complete graph network topology based on the transmission line

interconnections between the generators. Under this framework, some necessary and suffi-

cient conditions for stability are guaranteed based on system parameters such as damping

and inertia and network topology [141,142].

In the present day power systems with renewable energy resources connected to the grid

via asynchronous devices - inverters, which do not have inertia and damping components, a

new stability analysis is required. Questions to be answered include: stability guarantees in

a network with synchronous and asynchronous sources, impact on stability with increased

asynchronous sources, stability guarantee under the actions of external controllers such as

the (M)IPC. This dissertation shows via simulation that the above question are true but a

rigorous theoretical analysis is required to determine the conditions under which stability

will hold. In chapter 4 of this dissertation, a mathematical model of the dynamics of a power

systems with synchronous and asynchronous sources based on a modified swing equation was

derived where the inverter angle is transformed to become the input to the system. This

model shows promises of being used as a first step for the required theoretical analysis.
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6.2.2 IBR placement

In order for IBRs to participate effectively in providing frequency control response, they have

to be placed strategically in the network regardless of the control strategy. Some research

effort has gone into trying to solve this problem [2,80] and chapter 3 of this dissertation by

extension attempts to address this problem [79].

These methods typically rely on a Kron reducing a network to only buses with generators

and also assumes the IBRs have some form of inertia and damping coefficient such that

it can be represented as a synchronous machine, therefore making it amenable to popular

optimal placement algorithms based on eigenvalue properties. Realistically though, IBRs do

not physically have inertia and damping coefficient and the concept of virtual inertia and

damping coefficient only manifest themselves in frequency response conditions. Also, the

optimal location to cite the IBR might be at a node without an active component which

has already been lost in the Kron reducing process of the network. In this dissertation,

the IBRs were arbitrarily placed but a better placement approach that does not make these

assumptions and is robust to disturbance location is required to enable the IBR with control

to respond to frequency events adequately.

6.2.3 Local Frequency Estimation for Stability Analysis

In traditional power systems stability simulation studies, frequency control actions typically

rely on local frequency and rotor angle estimates of the synchronous machines and can be

obtained as part of the states from dynamic models of the machines. In a mixed source

network, in order for IBRs which are asynchronous in nature to participate in frequency

control, they will require an estimate of the grid frequency (or frequency deviation from

nominal) from voltage measurements at their point of interconnection to the grid. This is

typically done using phase locked loop (PLL). For transient stabilities simulation studies,

some works have proposed integrating the full IBR model, which includes the PLL model,

in conjunction with the synchronous machine models [124]. The drawback of this strategy is

that using the full sixth order state of each IBRs can be computationally cumbersome and
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the timescale difference between the machines and IBR can also introduce some challenges.

Also the use of PLLs introduces errors due to the calculation of numerical derivatives carried

out and also introduces a phase delay in the resulting measurements [134,135]. The center of

inertia (COI) concept, which was utilized in this dissertation, is a widely used technique [144]

because its ease of computation but due its inertia weighted nature, it averages out important

trends and also assumes the frequency is the same across all nodes regardless of its location

in the system.

Therefore an easier and less computationally intensive process is required to accurately de-

termine the local frequency estimate at different buses in the network from dynamic states

of the synchronous machine. Some machine learning algorithms could possibly be applied

to determine this relationship, or some mathematical frameworks that rely on the network

topology and parameters using either real world measurements or simulation measurements.

Some research works have proposed some methods to address this [145] but the results cap-

tures the general trend not the exact value.

6.2.4 System Identification from Data

In this dissertation and in most power systems control research, it is typical to use the

linearized swing equation with an assumption that the system parameters are time-invariant

and the system states remain close to the chosen equilibrium. While the inertia component

which relies on the physical presence of the generators might be constant all through the

control period, the damping coefficient is typically time varying since it is not a physical

quantity but an abstraction that depends on a combination of factors in the system [146].

As the electric grid evolves due to the integration of renewable energy sources, and as such

operating at the limits, these assumptions will no longer be tenable.

The increasing availability of phasor measurement unit (PMU) data [147] makes it possible

to identify the time-varying parameters in the system and potentially provide an accuracy

bound on the uncertainty in the system models. For controllers that capitalize on the struc-
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ture of the network or utilizes the parameter in the state-space model, extracting the system

model in its original basis is required for effective control. While various techniques, typically

using singular value decomposition and least squares methods, exist in literature to identify

system models and also hybrid models from data [148–151], they often return a model that

maps the input-output relationship without considering the physical interpretations of the

model and suffer from the non-uniqueness of the identified system model. This then requires

some complicated techniques to transform the model to its original basis by finding the

appropriate similarity transformation. Also in most identification techniques, input-output

data is required to identify the system model but for the power systems case, there is only

potential access to output data from the PMU as there is no knowledge in advance of the

disturbance input to the system. Therefore, more research work is required to identify the

state-space system model in its original basis from output-only data and also estimate some

uncertainty bound for robust control applications.
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[98] F. Dörfler, M. R. Jovanović, M. Chertkov, and F. Bullo, “Sparsity-promoting optimal
wide-area control of power networks,” IEEE Transactions on Power Systems, vol. 29,
no. 5, pp. 2281–2291, 2014.

[99] D. Molina, G. K. Venayagamoorthy, J. Liang, and R. G. Harley, “Intelligent local
area signals based damping of power system oscillations using virtual generators and
approximate dynamic programming,” IEEE Transactions on Smart Grid, vol. 4, no. 1,
pp. 498–508, 2013.

[100] M. Jha, S. Chakrabarti, and E. Kyriakides, “Estimation of the rotor angle of a syn-
chronous generator by using pmu measurements,” in 2015 IEEE Eindhoven PowerTech,
pp. 1–6, IEEE, 2015.

[101] V. Venkatasubramanian and R. G. Kavasseri, “Direct computation of generator inter-
nal dynamic states from terminal measurements,” in 37th Annual Hawaii International
Conference on System Sciences, 2004. Proceedings of the, pp. 6–pp, IEEE, 2004.

[102] G. Rinaldi, P. P. Menon, C. Edwards, and A. Ferrara, “Sliding mode based dynamic
state estimation for synchronous generators in power systems,” IEEE control systems
letters, vol. 2, no. 4, pp. 785–790, 2018.

[103] J. Lavenius and L. Vanfretti, “Pmu-based estimation of synchronous machines un-
known inputs using a nonlinear extended recursive three-step smoother,” IEEE Access,
vol. 6, pp. 57123–57136, 2018.

[104] A. Del Angel, P. Geurts, D. Ernst, M. Glavic, and L. Wehenkel, “Estimation of rotor
angles of synchronous machines using artificial neural networks and local pmu-based
quantities,” Neurocomputing, vol. 70, no. 16-18, pp. 2668–2678, 2007.

[105] Z. Huang, K. Schneider, and J. Nieplocha, “Feasibility studies of applying kalman filter
techniques to power system dynamic state estimation,” in 2007 International Power
Engineering Conference (IPEC 2007), pp. 376–382, IEEE, 2007.

[106] K. P. Schneider, Z. Huang, B. Yang, M. Hauer, and Y. Nieplocha, “Dynamic state
estimation utilizing high performance computing methods,” in 2009 IEEE/PES Power
Systems Conference and Exposition, pp. 1–6, IEEE, 2009.

[107] Z. Huang, P. Du, D. Kosterev, and B. Yang, “Application of extended kalman filter
techniques for dynamic model parameter calibration,” in 2009 IEEE Power & Energy
Society General Meeting, pp. 1–8, IEEE, 2009.

[108] L. Fan and Y. Wehbe, “Extended kalman filtering based real-time dynamic state and
parameter estimation using pmu data,” Electric Power Systems Research, vol. 103,
pp. 168–177, 2013.

[109] E. Ghahremani and I. Kamwa, “Online state estimation of a synchronous generator



115

using unscented kalman filter from phasor measurements units,” IEEE Transactions
on Energy Conversion, vol. 26, no. 4, pp. 1099–1108, 2011.

[110] A. K. Singh and B. C. Pal, “Decentralized dynamic state estimation in power systems
using unscented transformation,” IEEE Transactions on Power Systems, vol. 29, no. 2,
pp. 794–804, 2013.

[111] N. Zhou, D. Meng, and S. Lu, “Estimation of the dynamic states of synchronous
machines using an extended particle filter,” IEEE Transactions on Power Systems,
vol. 28, no. 4, pp. 4152–4161, 2013.

[112] F. Milano, A. Ortega, and A. J. Conejo, “Model-agnostic linear estimation of gener-
ator rotor speeds based on phasor measurement units,” IEEE Transactions on Power
Systems, vol. 33, no. 6, pp. 7258–7268, 2018.

[113] P. Tielens and D. Van Hertem, “Grid inertia and frequency control in power systems
with high penetration of renewables,” 2012.

[114] Q.-C. Zhong and G. Weiss, “Synchronverters: Inverters that mimic synchronous gen-
erators,” IEEE Transactions on Industrial Electronics, vol. 58, no. 4, pp. 1259–1267,
2011.
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Appendix A

GAIN MATRICES AND CONSTRAINT FORMULATION

A.1 Constant Gain Matrix for IPC

The matrices H and F in 5.3.2 can be obtained as follows: writing the linear system model

in (4.13) for N time steps ahead in matrix form, we have:

x0

x1

x2

...

xN


︸ ︷︷ ︸

x

=



0 0 . . . 0

B̄ 0 . . . 0

ĀB̄ B̄ . . . 0
...

...
. . .

...

Ā
N−1

B̄ Ā
N−2

B̄ . . . B̄


︸ ︷︷ ︸

S


u0

u1

...

uN−1


︸ ︷︷ ︸

u

+



I

Ā

Ā
2

...

Ā
N


︸ ︷︷ ︸
M

x0 (A.1)

The objective function in (5.25) can then be written in terms of the state variable as:

yTQ1y = (Cx)TQ1(Cx) = xT CTQ1C︸ ︷︷ ︸
Q̂1

x (A.2)

=



x0

x1

x2

...

xN





Q̂1 0 0 . . . 0

0 Q̂1 0 . . . 0

0 0 Q̂1 . . . 0
...

...
. . .

...

0 0 0 . . . Q̂1


︸ ︷︷ ︸

Q̃1



x0

x1

x2

...

xN



= (Su+Mx0)T Q̃1(Su+Mx0) (A.3)



120

Let

Θ = S[0 : N − 1; 1 : N ]− S[1 : N ; 1 : N ] (A.4)

Γ = M [0 : N − 1]−M [1 : N ]

4x = x[0 : N − 1]− x[1 : N ]

such that

4yTQ24 y = (C 4 x)TQ2(C 4 x) (A.5)

=4xT CTQ2C︸ ︷︷ ︸
Q̂2

4x

= (Θu+ Γx0)T Q̃2(Θu+ Γx0)

Therefore (5.25) becomes:

J =
1

2

(
(Su+Mx0)T Q̃1(Su+Mx0) + (Θu+ Γx0)T Q̃2(Θu+ Γx0)

)
=

1

2
x0T

[
MT Q̃1M + ΓT Q̃2Γ︸ ︷︷ ︸

G

]
x0 +

1

2
uT
[
ST Q̃1S + ΘT Q̃2Θ︸ ︷︷ ︸

H

]
u

+ x0T
[
MT Q̃1S + ΓT Q̃2Θ︸ ︷︷ ︸

F

]
u

J =
1

2
x0TGx0 +

1

2
uTHu+ x0TFu

(A.6)

For optimality, ∇Ju = Hu+ Fx0 = 0, such that the optimal control action at a given

start point for N time horizon ahead becomes:

u∗ = −H−1F Tx0. (A.7)
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A.2 Constant Gain Matrix for MIPC

The matrices Hmod and Fmod in 5.3.2 can be obtained as follows: writing the linear system

model in (5.14) for N time steps ahead in matrix form, we have:

ẑ0

ẑ1

ẑ2

...

ẑN


︸ ︷︷ ︸

ẑ

=



0 0 . . . 0

B 0 . . . 0

AB B . . . 0
...

...
. . .

...

AN−1B AN−2B . . . B


︸ ︷︷ ︸

S


u0

u1

...

uN−1


︸ ︷︷ ︸

u

+



I

A

A2

...

AN


︸ ︷︷ ︸
M

ẑ0 (A.8)

such that

ẑTQRẑ = (Su+Mẑ0)TQR(Su+Mẑ0) (A.9)

where QR = blkdiag[Q̂R].

Also, let

Θ = S[0 : N − 1; 1 : N ]− S[1 : N ; 1 : N ]

Γ = M [0 : N − 1]−M [1 : N ]

4ẑ = ẑ[0 : N − 1]− ẑ[1 : N ]

(A.10)

such that

4ẑT Q̂24 ẑ = (Θu+ Γẑ0)TQ2(Θu+ Γẑ0) (A.11)
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Therefore (5.25) becomes:

J =
1

2

(
(Su+Mẑ0)TQR(Su+Mẑ0) + (Θu+ Γẑ0)TQ2(Θu+ Γẑ0) + uTRuuu

+ (Su+Mẑ0)TRzuu+ uTRuz(Su+Mẑ0)
)

=
1

2
ẑ0T
[
MTQRM + ΓTQ2Γ︸ ︷︷ ︸

Gmod

]
ẑ0 +

1

2
uT
[
STQRS + ΘTQ2Θ +Ruu + 2STRzu︸ ︷︷ ︸

Hmod

]
u

+ ẑ0T
[
MTQRS + ΓTQ2Θ +MTRzu︸ ︷︷ ︸

Fmod

]
u

J =
1

2
ẑ0T

Gmodẑ
0 +

1

2
uTHmodu+ ẑ0T

Fmodu

(A.12)

For optimality, ∇Ju = Hmodu+ Fmodẑ
0 = 0, such that the optimal control action at a given

start point for N time horizon ahead becomes:

u∗ = −H−1
modF

T
modẑ

0. (A.13)

A.3 Power Limit

The linear constraint equation for the IBR power limit in (5.29) can be derived by stacking

(5.22) for a N step control horizon as follows:
P 1
ibr,k

P 2
ibr,k

...

PN
ibr,k


︸ ︷︷ ︸
Pibr,k

=


Bp1 0 . . . 0

Bp1 Bp1 . . . 0
...

...
. . .

...

Bp1 Bp1 . . . Bp1


︸ ︷︷ ︸

Bp1,N


ẑ1

ẑ2

...

ẑN


︸ ︷︷ ︸

ẑ

+


Bp2 0 . . . 0

Bp2 Bp2 . . . 0
...

...
. . .

...

Bp2 Bp2 . . . Bp2


︸ ︷︷ ︸

Bp2,N


u0

u1

...

uN−1


︸ ︷︷ ︸

u

.
(A.14)

From (A.8), we have that ẑ = Su+Mẑ0, therefore (A.14) becomes,

Pibr,k = Bp1,NSu+Bp1,NMẑ0 +Bp2,Nu

= (Bp1,NS +Bp2,N︸ ︷︷ ︸
B̃p1

)u+Bp1,NM︸ ︷︷ ︸
B̃p2

ẑ0. (A.15)
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The lower power limit can then be written as

−B̃p1u ≤ −P̃ibr, min + B̃p2ẑ
0 (A.16)

and the upper power limit as

B̃p1u ≤ P̃ibr, min − B̃p2ẑ
0 (A.17)

resulting in a combined form of:−B̃p2

B̃p2


︸ ︷︷ ︸

L

u ≤

−P̃ibr, min

P̃ibr, max


︸ ︷︷ ︸

W

+

 B̃p1

−B̃p1


︸ ︷︷ ︸

V

ẑ0.
(A.18)

where P̃ibr, min and P̃ibr, max are matrices of P̃ t
ibr, min and P̃ t

ibr, max stacked together for N

horizon.

A.4 Total Energy Limit

The linear constraint equation for the IBR power limit in (5.30) can be derived from the

power limit in (A.15) by taking the rolling sum such that:

[B̃p1u+ B̃p2ẑ
0]T1N ≤ Ẽibr, tot (A.19)

resulting in

1TNB̃p1︸ ︷︷ ︸
B̃e1

u ≤ Ẽibr, tot − 1TNB̃p2︸ ︷︷ ︸
B̃e2

ẑ0.
(A.20)

The rate limit, represented as ε in this work, can be incorporated by taking the difference

between time steps of the output power in (A.15) such that:

[B̃p1u+ B̃p2ẑ
0][1:N−1] − [B̃p1u+ B̃p2ẑ

0][2:N ] (A.21)

resulting in

B̃p1u+ B̃p2ẑ
0][1:N−1] − [B̃p1u+ B̃p2ẑ

0][2:N ] (A.22)
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The combined form of these two constraints is:B̃e2

B̃r2


︸ ︷︷ ︸

L

u ≤

Ẽibr, tot

ε


︸ ︷︷ ︸

W

+

−B̃e1

−B̃r1


︸ ︷︷ ︸

V

ẑ0.
(A.23)
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Appendix B

MODELS

B.1 Droop Equation

B.1.1 Continuous Time Form

4Pm,i =
(
−4 ωi −R4 Pm,i

) K
s

(B.1)

4Ṗm,i = −K 4 ωi −KR4 Pm,i (B.2)

Let τg = 1
KR

=⇒ K = 1
τgR

= Kd

τg
where Kd = 1

R

4Ṗm,i = −K 4 ωi −
4Pm,i
τg

(B.3)

4Ṗm,i = −Kd

τg
4 ωi −

4Pm,i
τg

(B.4)

Let

k1 =
1

τg
and k2 =

Kd

τg
(B.5)

Then

4Ṗm,i = −k14 Pm,i − k24 ωi (B.6)

B.1.2 Discrete Time Form

From (B.6)

4P t+1
m,i = 4P t

m,i − h
(
k14 P t

m,i + k24 ωti

)
(B.7)
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B.2 Automatic Governor Control (AGC) Equation

B.2.1 Continuous Time Form

ACE = 4Ptie +B 4 ω (B.8)

4Pm =

[
K

s
ACE − 1

R
4 ω

]
1

1 + sτg
(B.9)

4Pm = −K
s
ACE

[
1

1 + sτg

]
−Kd4 ω

[
1

1 + sτg

]
(B.10)

4Pm = − K

s+ s2τg
ACE − Kd

1 + sτg
4 ω (B.11)

(s+ s2τg)4 Pm = −K ACE −Kds4 ω (B.12)

s4 Pm + s2τg 4 Pm = −K ACE −Kds4 ω (B.13)

τg 4 P̈m = −4 Ṗm −K[4Ptie +B 4 ω]−Kd4 ω̇ (B.14)

4P̈m,i = −4Ṗm,i
τg

− K 4 Ptie
τg

− KB 4 ωi
τg

− Kd4̇ωi
τg

(B.15)

Let

k1 =
1

τg
, k2 =

Kd

τg
, k3 =

KB

τg
, and k4 =

k3

B
(B.16)

Then

4P̈m,i = −k14 Ṗm,i − k24 ω̇i − k34 ωi − k44 Ptie (B.17)

From swing equation:

4ω̇i =
1

mi

(
Pm,i − Pe,i − di4 ωi

)
(B.18)

δ̇i = ωi − ωs = 4ωi
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Substituting (B.17) with 4ω̇i from (B.18) results in:

4P̈m,i = −k14 Ṗm,i −
k2

mi

(
4Pm,i −4Pe,i −4Pl,i − di4 ωi

)
− k34 ωi − k44 Ptie

(B.19)

4P̈m,i = −k14 Ṗm,i −
k2
mi

(
4Pm,i −4Pe,i −4Pl,i

)
+

(
k2di
mi

− k3

)
4 ωi − k44 Ptie

(B.20)

Since tie-line power is not considered in this scenario, 4Ptie = 0, such that:

4P̈m,i = −k14 Ṗm,i −
k2
mi

(
4Pm,i −4Pe,i −4Pl,i

)
+

(
k2di
mi

− k3

)
4 ωi (B.21)

B.2.2 Discrete Time Form

From (B.21), using 2nd order forward difference for 4P̈m,i and 1st order forward difference

for 4Ṗm,i, we have that:

4P̈m,i ≈
4P t+1

m,i − 24 P t
m,i +4P t−1

m,i

h2
(B.22)

and

4Ṗm,i ≈
4P t+1

m,i −4P t
m,i

h
(B.23)

Therefore:

4P t+1
m,i − 24 P t

m,i +4P t−1
m,i

h2
= −k1

(
4P t+1

m,i −4P t
m,i

h

)
− k2
mi

4 P t
m,i+ (B.24)[

− k2
mi

(
−4 P t

e,i −4P t
l,i

)
+

(
k2di
mi

− k3

)
4 ωti

]

4 P t+1
m,i = 24 P t

m,i −4P t−1
m,i − h2k1

(
4P t+1

m,i −4P t
m,i

h

)
− h2k2

mi

4 P t
m,i+ (B.25)

h2

[
− k2
mi

(
−4 P t

e,i −4P t
l,i

)
+

(
k2di
mi

− k3

)
4 ωti

]
4 P t+1

m,i = 24 P t
m,i −4P t−1

m,i − hk14 P t+1
m,i + hk14 P t

m,i − h2
k2
mi

4 P t
m,i+ (B.26)

h2

[
− k2
mi

(
−4 P t

e,i −4P t
l,i

)
+

(
k2di
mi

− k3

)
4 ωti

]
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(1 + hk1)4 P t+1
m,i =

[
2 + hk1− h2k2

mi

]
4 P t

m,i −4P t−1
m,i + (B.27)

h2

[
− k2
mi

(
−4 P t

e,i −4P t
l,i

)
+

(
k2di
mi

− k3

)
4 ωti

]

4 P t+1
m,i =

[
2 + hk1− h2k2

mi

]
4 P t

m,i −4P t−1
m,i + h2

[
− k2
mi

(
−4 P t

e,i −4P t
l,i

)
+
(
k2di
mi
− k3

)
4 ωti

]
1 + hk1

(B.28)

4 P t+1
m,i =

[
2 + hk1− h2k2

mi

]
4 P t

m,i −4P t−1
m,i + h2

[(
k2di
mi
− k3

)
4 ωti − k2

mi

(
4P t

e,i +4P t
l,i

)]
1 + hk1

(B.29)
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