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Abstract

Light-Matter Interaction in Nano-Photonic Systems:
Harnessing the Weakly Interacting Emitter-Cavity System

for Controlling Single Photon Emission

C. Praise Anyanwu

Chair of the Supervisory Committee:
David J. Masiello

Department of Chemistry

This thesis investigates the light-matter interaction of the quantum-electrodynamic

system that consists of a quantum emitter weakly interacting with a nanophotonic

cavity, in order to control single-photon emission through the cavity’s mode. State-

of-the-art single-photon sources that are used to generate nonclassical states of light

rely on strong interaction between the emitter-cavity system. This strong light-

matter interaction between the two-state quantum emitter and the cavity achieves

single-photon nonlinearity in the cavity’s mode, such that a cavity populated with

a single-photon state will repel a subsequent photon upon excitation, a mechanism

often referred to as photon blockade. Thus, the cavity transmits one photon at a

time. This study’s principal result as presented in Chapter 2 is that photon block-

ade can be achieved in a cavity that is weakly interacting with a two-state quantum

system, when the cavity is excited by the field of a weakly interacting scattering emit-

ter. The scattering emitter is pumped by a laser and energy flows from the emitter

to the cavity. However, the contrasting loss rates of energy dissipation between the

“lossy” scattering emitter and the “low-loss”, high-quality cavity yields a Fano in-

terference, such that at the Fano antiresonant frequency, photons are blocked from

flowing through the scattering emitter into the cavity. Thus the cavity populated



with a single-photon state, from weak interaction to a two-state quantum system,

experiences photon blockade when excited through weak interaction with a scatter-

ing emitter under a pump-laser operating at the Fano antiresonance. This result of

photon-blockade through the Fano interference mechanism is novel because it operates

in the weak light-matter interaction regime, for a cavity with a linear response. This

study shows that this photon blockade through the Fano interference mechanism is

akin to the so called non-Hermitian photon blockade, which we generalize, and is also

related to the quantum interference mechanism of the unconventional photon blockade

that has been demonstrated for systems having a large degree of nonlinear response

through strong intra-cavity interactions; fundamental to such systems is the cooper-

ativity factor—that is the ratio between the light-matter interaction to the rates of

energy’s dissipation of the emitter-cavity system. This cooperativity factor must be

greater than one, a prerequisite for photon-blockade via quantum interference.

The ability of nanophotonic cavities to confine and store light to nanoscale dimen-

sions also has important implications for enhancing molecular, excitonic, phononic,

and plasmonic optical responses. Spectroscopic signatures of processes that are or-

dinarily exceedingly weak such as pure absorption and Raman scattering have been

brought to the single-particle limit of detection, while new emergent polaritonic states

of optical matter have been realized through coupling material and photonic cavity de-

grees of freedom across a wide range of experimentally accessible interaction strengths.

Chapters 3 and 4 present both optical and electron beam spectroscopies of cavity-

coupled material systems in different light-matter interaction regimes, which provides

a theoretical basis for understanding the physics inherent to each, and highlights

recent experimental advances and exciting future directions.
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Chapter 1

OVERVIEW ON LIGHT-MATTER INTERACTION

In 1865 James Clerk Maxwell published the so called Maxwell equations that

illustrate the existence of electromagnetic waves traveling at the speed of light. This

has led to the proposition of light being as a mode of the electromagnetic field [1].

Fundamental understanding of how the electromagnetic field interacts with matter

has advanced our ability to use light to observe and manipulate matter at the atomic

scale. For instance, the ion-trap procedure invented in the 1950s by Wolfgang Paul

uses an oscillating electric field to trap a charged particle, about a confining saddle

point of the field’s harmonic potential [2]. Conversely, advances have been made

in using the state of matter to manipulate light. A remarkable example being the

plasmonic quasi-particles of metallic nanostructures that confine the electromagnetic

field at the subwavelength nanoscale, and thereby facilitating strong light-matter

interactions [3, 4, 5].

Later on, in 1946 Edward Purcell’s seminal work on nuclear magnetic resonances

showed that there is an increase in the relaxation rate of a single magnetic spin

interacting with an electric current of a resonant circuit, as opposed to the non-

interacting magnetic spin in vacuum [6], a phenomenon now known as the Purcell

enhancement. This discovery has led to the understanding that the electromagnetic

environment, that is the electromagnetic local density of states, can greatly influence

the relaxation rate—the rate of spontaneous emission of radiation by an excited state

of matter. This insight has given rise to a new frontier of studying light-matter

interactions in a controllable context, which in turn has launched the development of
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cavity quantum electrodynamics, i.e., the study of light-matter interactions between

individual atoms and the spatially confined resonant electromagnetic modes of a cavity

resonator, e.g. the Fabry-Pérot cavity, as shown in Fig. 1.2 [7].

Figure 1.1: Overview of coupled light-matter degrees of freedom involving atomic,
molecular, excitonic, plasmonic, and phononic material components interacting with
individual, composite, and structured nanophotonic cavity environments. The degree
of light–matter coupling (g) relative to loss (γ) dictates the observed physical charac-
teristics of each system. Displayed at the bottom are diagrammatic representations of
familiar light–matter interaction processes which may be probed using both far-field
and near-field optical and electron beam sources. The sinusoidal arrows represent
photons of wavevector k and k′, while the straight arrows represent initial and final
material states labeled by |i⟩ and |f⟩, respectively. Panels reproduced with permis-
sion from Reference [8].
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In 2005, Birbaum et al. [9] demonstrated the trapping of a single atom in an

optical cavity, thereby overcoming the inherent weak interaction between light and

atom. (Such weak interaction between light and atom stems from the fact that the

absorption cross-section of an atom is so small [10], on the order of the fine-structure

constant.) However, the multiple reflections of the light’s field in the cavity’s walls

increases the probability of absorption by the trapped atom, and thus increases the

interaction strength between the atom and the cavity’s field. Such a system with

strong light-matter interactions has led to the successful experimental investigation

of fundamental concepts as the Rabi-frequency (the frequency at which the prob-

ability amplitude of the atom’s two-state system, ground and first excited states,

fluctuate in the resonant electromagnetic field), and as well to the generation of hy-

brid light-matter states known as polaritons, depicted in Fig 1.2. Significantly, the

electric field’s potential of this hybrid light-matter state is anharmonic, and exhibits

an important phenomenon known as single-photon blockade, where by when a single

photon populates the electromagnetic field of the strongly coupled atom-cavity sys-

tem, then a subsequent photon is repelled, as such, the system can transmit only a

single photon at a time.

Matter systems, such as single atoms, Rydberg atoms, quantum dots, nitrogen-

vacancy centers, and transition-metal dichalcogenides that behave as effective two-

state quantum system, are often strongly coupled to the electromagnetic modes of

a cavity in order to achieve single-photon blockade, and thus, serve as single-photon

sources [11, 12, 13, 14, 15]. Encoding information in the state of a single photon (using

degrees of freedom of polarization, momentum, or energy) is highly desirable in secure

quantum communication since photons travel at the speed of light and interact weakly

with the environment over long distances [16, 17]. For example, in the quantum key

distribution protocol, Alice encodes information in the qubit of a photon polarization

state that is securely transmitted through a quantum channel to Bob [18].
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Figure 1.2: a.) A Fabry-Pérot cavity resonator whose resonance frequency is ωc. This
cavity’s field interacts with a two-state quantum system whose excitation frequency
is ωa. Quanta of energy is exchanged between the mode of the cavity’s field and the
dipole excitation of the two-state system at the rate g. For a cavity’s field with a
single mode, this is the so called Jaynes-Cummings system. b.) The eigenspectrum
of the Jaynes-Cummings Hamiltonian with detuned matter, cavity frequencies, i.e.
∆ = ωa − ωc. The left set of horizontal black lines indicates the eigenenergies of
the bare cavity mode and two-state system, while the right portrays the impact of
light-matter coupling. Pairs of states with the same total number of excitations n
hybridize to form new pairs of eigenstates |n,±⟩ known as polaritons, which are split
by the Rabi-frequency Ωn. For the hybridized system that begins in the ground state
|0,−⟩, absorption of one photon of frequency (E1,− −E0,−1) prohibits absorption of a
second of the same frequency due to the additional energy cost U . This phenomenon
is known as photon blockade, and may be used to realize effective photon-photon
interactions and single-photon transmission through cavity mode. Figure reproduced
with permission from Reference [19]
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In this study, we investigate the possibility to achieve single-photon blockade in the

regime of weak light-matter interaction within an emitter-cavity system. The emitter

is the matter having an effective two-state system, due to a large degree of nonlinearity

in its anharmonic potential, which makes other excited states inaccessible. Strong

interaction between the emitter and the field of the cavity’s mode is required in order

to achieve the same degree of anharmonicity, and therefore single-photon blockade in

the field of the cavity’s mode. However, here we employ a well-known phenomenon in

the weak interaction regime known as Fano interference as a means to construct, in

general, a nonclassical state of light in that field of the cavity’s mode that is weakly

nonlinear. This is the thesis focus, which is presented in Chapter 2. Broadly speaking,

the thesis illustrates that a nonclassical state of light can be transmitted through an

emitter-cavity system that is in the weak interaction regime, when a laser excites the

emitter-cavity system at the Fano antiresonance.

The Fano effect was originally observed in the autoionization spectrum of He-

lium vapor by Silverman and Lassettre [20] in 1959. Fano understood the pro-

nounced asymmetric lineshape observed in that spectrum was due to the interac-

tion of two electronic configurations of He [21]—the discrete 2s2p double excita-

tion, which is above the first ionization threshold, and the subsequent autoioniza-

tion to the continuum. In the years that have followed, such asymmetric line-

shapes (now called Fano antiresonances, Fano resonances, or Fano interferences) have

been observed in many different physical systems characterized under both optical

[22, 23, 24, 25, 26] and electron beam [27, 28, 29, 30] probes whenever discrete and

continuum channels weakly interact. In such cases, the spectrum of the interacting

system taken in ratio to the spectrum of the continuum channel can be arranged as

σinteraction(ω)/σcontinuum(ω) = |(qF + ϵ)/(ϵ+ i)|2, where the Fano asymmetry param-

eter qF is a frequency-independent number in the vicinity of the antiresonance that

can be positive, negative, or zero and completely characterizes the asymmetry of the

lineshape, while ϵ is a reduced frequency taken with respect to the frequency of the
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discrete mode.

The thesis periphery as given by Chapter 3 and 4 details spectroscopic techniques

in nanoscopic cavities. In particular, emphasis is given to spectroscopic observations

of weakly and strongly interacting plasmonic, excitonic, molecular, and nanophotonic

cavity-systems reported in the recent literature (Figure 1.1) [8, 31]. Spectroscopic

observables of relevance include both near-field (nanoscale Fourier transform infrared)

and far-field (absorption, Surface-enhanced Raman scattering) optical measurements,

as well as those based upon the inelastic scattering of focused electron beams, such

as electron energy loss, electron energy gain, and cathodoluminescence spectroscopies

performed in an electron microscope.

1.0.1 The Governing Hamiltonian from First Principles

Here we present the general theory for describing a system of charged particles in-

teracting with the electromagnetic field. Without specifying the underlying details a

priori this description can be applied to various platforms comprising electromagnetic

and matter degrees of freedom as presented in the succeeding chapters of this work,

and allows for either a classical or quantum mechanical description depending on the

particular problem we shall address. Comprehensive study on the approach presented

here is detailed in the following references [32, 33, 34, 35]. Based on Hamilton’s prin-

ciple, the Lagrangian L = T − V describes the relationship between the kinetic and

potential energies, T and V respectively, of a mechanical system. First we apply the

Lagrangian approach to the electromagnetic field and illustrate its wave-like behavior

from Maxwell equations. Thereafter we consider the interactions between the fields

and the charged particles that produce the fields. Then under the Legendre trans-

formation, we derive the light-matter system’s Hamiltonian H = T + V = E that

expresses the conservation of energy and that further allows for the field’s quantiza-

tion.
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Given the electromagnetic field’s Lagrangian

Lfield =

∫
dx3

8π

[
ϵ(x)E2 −B2

]
=

∫
dx3

8π

[
ϵ(x)

Ȧ2

c2
− (∇×A)2

]
.

(1.1)

where the electric field has been expressed in terms of the potential A from a source

whose current produces the field such that E = −Ȧ/c, and Maxwell equation tells us

that B = ∇×A. Of interest is the fact that this potential A(x, t) can be expanded in

terms of the a time-dependent amplitude q(t) that yields the harmonic motions of the

electromagnetic wave in a dielectric medium ϵ(x), and a spatial part f(x) (referred to

as the mode function) that yields the profile of the electromagnetic field, such that

A(x, t) =
∑
m

c
√

4π

Vm
qm(t)fm(x). (1.2)

For example, fm(x) describes the set of modes of standing waves on a string or a

dielectric medium of a Fabry-Pérot cavity, where m = 1, 2, 3, ..., denotes the funda-

mental and overtone modes, and Vm is the normalized modal volume of the bounded

region in which the mode exists, defined as

Vm =

∫
d3x ϵ(x)|Em|2

max{ϵ(x)|Em|2}
=

∫
d3x ϵ(x)|fm(x)|2. (1.3)

The harmonic nature of the electromagnetic wave is revealed upon expressing the

Lagrangian in terms of the temporal and spatial expansion of the field’s potential,

such that

Lfield =
1

2

∑
m,n

∫
d3x

 q̇mq̇n
VmVn

ϵfm(x) · fn(x)︸ ︷︷ ︸
δmn

−c2 qmqn
VmVn

(∇× fm(x)) · (∇× fn(x))︸ ︷︷ ︸
fm(x)·(ω2

n/c
2)fn(x)


=

1

2

∑
m

[
1

Vm
q̇m(t)2 − 1

Vm
ω2
mqm(t)2

]
,

(1.4)
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where the first term corresponds to the analogous mechanical oscillator with the

kinetic energy mẋ(t)2 while the second term corresponds to its harmonic potential

energy mω2x(t)2 with the resonance frequency ω; however in the above equation qm(t)

is a generalized coordinate of the mode m.

The Interaction of the Electromagnetic Fields from Two Dielectric Media

Next let us consider the interaction of the electromagnetic fields from two dielectric

media denoted by ϵ1(x) and ϵ2(x), with each medium containing a single mode—without

loss of generality. Since the fields abide by the superposition principle, such that, the

displacement field D of the dielectric media is given by

D = ϵ1E1 + ϵ2E2 (1.5)

it follows that

Lfield−interaction =

∫
d3x

8π

[
D · E−B2

]
=

∑
i=1,2

∫
d3x

8π

ϵiE2
i −B2

i︸ ︷︷ ︸
Lfield

+ (ϵ1 + ϵ2)2E1 · E2 − 2B1 ·B2︸ ︷︷ ︸
Linteraction

 . (1.6)

Considering the part of the Lagrangian describing the field’s interaction, in terms

of the time-dependent amplitudes and the mode functions, yields the electric and

magnetic interaction constants, such that

Linteraction =

∫
d3x

8π
(ϵ1 + ϵ2)2E1 · E2 − 2B1 ·B2

=
1

2

∑
m,n

1√
V1mV2n

[
g(E)
mn q̇1mq̇2n − g(M)

mn q1mq2n,
] (1.7)

where the electric and magnetic constants g
(E)
mn and g

(M)
mn are [36]:

g(E)
mn ≈ 1√

V1mV2n

∫
d3x (ϵ1 + ϵ2)f1m(x) · f2n(x)

g(M)
mn =

1√
V1mV2n

∫
d3x (ω2

1mϵ1 + ω2
2nϵ2)f1m(x) · f2n(x).

(1.8)
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Note that the interaction constants depend both on the mode overlap of the field

profiles from the dielectric media, i.e., f1m(x) · f2n(x); and the mode volume Vm,n. For

free space fields the mode volume is large, and thus diminishes the degree of light-

light interactions; on the other hand nano-photonic systems have the ability to couple

with light and thus confine the fields within nanoscale dimensions, thus providing a

platform for strong interaction of the electromagnetic fields (as discussed in Chapters

3 and 4).

Also, this interaction term Linteraction illustrates how the electromagnetic field in-

teracts with a state matter that produces such a field. Consider the case where the

electric and magnetic fields E1 and B1 are produced by the electric and magnetic

dipole-sources d1 and m1 of charged particles centered at r0. Within the vicinity of

the dipole-source, the field’s profile is identical to the state of matter which produces

it, such that, E1(x) = d1δ(x − x0) [1]. Thus for such a case we find that Linteraction

yields the light-matter interaction:

Linteraction =

∫
d3x

8π
[2ϵ1E1(x0) · E2(x0) − 2B1(x0) ·B2(x0)]

= d1 · E2 −m1 ·B2.

(1.9)

The Electromagnetic Field Interacting with Matter

Formally, the Lagrangian describing the light-matter system can be partitioned as

follows: L = Lmatter + Lfield + Linteraction, where

L =
∑
i

1

2
miṙ

2
i − VCoulomb︸ ︷︷ ︸

Lmatter

+

∫
d3x

8π

[
ϵ(x)

Ȧ2

c2
− (∇×A)2

]
︸ ︷︷ ︸

Lfield

+
1

c

∑
qiṙi ·A(ri)︸ ︷︷ ︸

Linteraction

.

(1.10)

The first part is the kinetic energy of the system of charged particles at posi-

tion ri where the total potential is the Coulomb potential defined by VCoulomb =

1/2
∫

d3xρfΦ. The second part is the energy of the electromagnetic field confined
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within the cavity’s dielectric medium with the relative electric permittivity constant

ϵ(x) = 1 + 4πχ(x), such that in the radiation gauge:

ϵ(x)E = −ϵ(x)
Ȧ

c

B = ∇×A.

(1.11)

where A is the vector potential of the field defined above.

The third part Linteraction is the interaction energy between the matter’s charged

particles and the cavity’s electromagnetic field’s potential A(ri) evaluated at the

positions of the charged particles ri. From this, one can show that the interaction

energy is due to the transition dipole moment of the matter’s charged particles and

the electromagnetic field of the cavity. To see this it is instructive to consider the

limiting case where the spatial extent of the charged particles given by the scale a is

much less than the wavelength λ of the electromagnetic field (λ≫ a). Then, the field

felt by the system is constant and position independent such that

Linteraction =
1

c

∑
qiṙi ·A(ri)

≈ 1

c

∑
qiṙi ·A(r0)

=
1

c
ḋ ·A(r0),

(1.12)

where the constant potential is now evaluated at r0 the center of mass of the parti-

cles in the long-wavelength (dipole) approximation, and d =
∑
qiri is the net dipole

moment of the matter’s system about r0. Finally, recalling that a total time deriva-

tive can be added to the Lagrangian, which leaves the system’s evolution unchanged

according to the principles of least action [35], then we arrive at the result that

Linteraction =
1

c
ḋ ·A(r0) +

1

c

d

dt
(d ·A(r0))

= −1

c
d · Ȧ(r0)

= d · E(r0).

(1.13)
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The Hamiltonian for the Electromagnetic Field Interacting with a Two-State Quantum

System

Next, we make a connection between the Lagrangian and the Jaynes-Cummings model

that describes the two-state quantum system of matter interacting with a single mode

of the cavity’s electromagnetic field. The Legendre transformation from the general-

ized coordinate to the generalized momenta (r, ṙ) → (r, p) allows us to define the

Hamiltonian in order to quantize the system. Thus, defining the conjugate momenta

to the matter and field coordinates as

pik =
∂L

∂ṙik
= miṙik

Πk =
∂L
∂Ȧk

=
ϵ(x)

4πc2
Ȧk − (dk/c)δ(r− r0)

(1.14)

yields the following Hamiltonian

H =
∑
i

P2

2mi

+ VCoulomb +

∫
d3x

8π

[
(4πc)2

ϵ(x)
Π2 + (∇×A)2

]
≈

∑
i

P2

2mi

+ VCoulomb︸ ︷︷ ︸
Hmatter

+

∫
d3x

8π

[
ϵ(x)E2 + B2

]
︸ ︷︷ ︸

Hfield

+ d · E︸ ︷︷ ︸
Hinteraction

.
(1.15)

Then the Jaynes-Cummings Hamiltonian can be derived by expanding the above

matter-field Hamiltonian in terms of the ground state |g⟩ and the excited state |e⟩ of

the two-state quantum system [33], such that

Hmatter = (|g⟩⟨g| + |e⟩⟨e|)Hmatter(|g⟩⟨g| + |e⟩⟨e|)

= h̄ωg|g⟩⟨g| + h̄ωe|e⟩⟨e|

≡ h̄ωe/2 (1|e⟩⟨e| − 0|g⟩⟨g|) ,

(1.16)

where the zero of energy is set to the ground state energy h̄ωg = 0, and the resonance

energy of transition between the two-state system of the matter is h̄ωe. Carrying out

the same expansion for the matter-field interaction term yields

Hinteraction = (|g⟩⟨g| + |e⟩⟨e|)d(|g⟩⟨g| + |e⟩⟨e|) · E

= ⟨g|d|e⟩ · E
(
|g⟩⟨e| + |e⟩⟨g|

)
,

(1.17)



12

where ⟨g|d|e⟩ = ⟨e|d|g⟩ is the matrix element of the transition dipole moment be-

tween the two-state system of the matter. Finally, defining the quantized single-mode

electromagnetic field [37],∫
d3x

8π

[
ϵ(x)E2 + B2

]
= h̄ωc

(
â†â+ 1/2

)
E =

∑
λ

êλ
(
E â+ E∗â†

)
B = c/ω

∑
λ

k× êλ
(
E â+ E∗â†

)
,

(1.18)

with the creation and annihilation operators â, â† associated with the amplitude of

the single-mode electromagnetic field having the unit vector of polarization êλ, the

modal amplitude E and the resonance energy in the cavity’s dielectric medium h̄ωc,

thus yields the fully quantized Hamiltonian

H =
h̄ωe

2
σ̂z︸ ︷︷ ︸

Hmatter

+ h̄ωc

(
â†â+ 1/2

)︸ ︷︷ ︸
Hfield

+ h̄g(â+ â†)(σ̂+ + σ̂−)︸ ︷︷ ︸
Hinteraction

,
(1.19)

where the Pauli-matrix operator σ̂+ = |e⟩⟨g| denotes the transition from the ground

state to the excited state upon the matter’s interaction with the field, and vice-versa

for σ̂− = |g⟩⟨e|. The matter-field interaction constant is defined as

g =
⟨g|d|e⟩ · eλE

h̄
, (1.20)

which, for a resonant excitation, defines the Rabi-frequency Ωn = |g|2
√
n of energy

exchange between the matter-field polaritonic states in the strong light-matter in-

teraction regime (see Fig. 1.2). Neglecting the constant term h̄ωc/2 that does not

contribute to the system’s dynamics, and then transforming into the co-rotating frame

(as described in the theoretical section of Chapter 2 and in [33]) with the rotating wave

approximation, thus yields the Jaynes-Cummings Hamiltonian describing a two-state

quantum system of matter interacting with a single-mode electromagnetic field:

H =
h̄ωe

2
σ̂z︸ ︷︷ ︸

Hmatter

+ h̄ωcâ
†â︸ ︷︷ ︸

Hfield

+ h̄g(â†σ̂− + âσ̂+)︸ ︷︷ ︸
Hinteraction

. (1.21)
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The description of the Jaynes-Cummings Hamiltonian is applicable to the evolution

of the emitter-cavity system discussed in Chapter 2, for the generation of nonclassical

light in the weak light-matter interaction regime.
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Chapter 2

NONCLASSICAL LIGHT THROUGH THE FANO
ANTIRESONANCE

2.1 State-of-the-Art Generation of Nonclassical Light

A fundamental example of a nonclassical state of light is the single-photon state radi-

ated by a quantum emitter. The basic idea for generating single photons on demand

in state-of-the-art approaches involves the pulsed excitation of a single quantum emit-

ter, and thereafter, filtering of the emitted single-photon with the desired properties

[38]. A scheme for selecting the desired single-photon involves embedding the quan-

tum emitter in an optical cavity that has a high-quality factor and a small mode

volume, in order to improve the efficiency, direction, polarization, and ultimately the

indistinguishability of the single-photon emitted. This is often achieved by the res-

onant excitation of the cavity that strongly interacts with the emitter; such strong

interaction induces a photon blockade at the Rabi-frequency of the coupled emitter-

cavity system that guarantees the desired single-photon emission [9, 39, 40, 41, 42]. It

is known that epitaxial III-V semiconductor quantum dots in cavities have been the

leading platform for nonclassical light generation. However not only does this system

suffer from large inhomogeneous broadening [39] that prevents scaling of the system

to large generation of many indistinguishable single photons, it also suffers from the

need of cryogenic temperatures, in only which the quantum dot can operate [38].

2.1.1 Nonclassical Light from Conventional and Unconventional Photon Blockade

Having smaller inhomogeneous broadening and the ability to operate at room temper-

ature, color-centers in group IV semiconductors have recently emerged as alternative
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quantum emitters. (c.f. Beverators et al. 2002b; Neu et al, 2011; Rogers et al.,

2014; Widmann et al., 2015 in [38].) Although ensembles of color-centers in group IV

semiconductor cavities present a promising platform for the implementation of new

regimes of photon blockade, there is still the challenge imposed by the requirements of

the photon blockade mechanism: strong light-matter interaction between the optical

mode of the cavity and the dipole mode of the quantum emitter. Achieving such

strong light-matter interaction between the emitter-cavity system requires such com-

plex experiments of ion-trapping in order to place the quantum emitter in the optimal

region of the cavity’s spatial mode profile [9]. More so, this strong interaction is a

prerequisite for the unnatural degree of nonlinearity that the coupled cavity system

must have in order to achieve photon blockade, and thus single-photon transmission

through the optical mode of the cavity.

Recently, an unconventional photon blockade (UPB) mechanism has emerged as a

companion approach towards generating nonclassical light [43, 44]. The nature of this

UPB mechanism is such that the need for an unnaturally high degree of nonlinearity

is relaxed. The UPB framework could be applied to a silicon photonic cavity where

the χ(3) response naturally yields a weakly nonlinear Kerr-medium. [45, 46] (c.f. refs.

20, 35, 36 in [43]) The key requirement is to couple at least two optical cavity modes

with one of the modes having a non-negligible degree of nonlinearity, in order to assist

quantum interference between excitation pathways [47, 48, 46, 43]. Thus by means

of a coupled pair of driven-dissipative Kerr-resonators —with an arbitrarily small

single-photon Kerr-nonlinearity —this UPB framework can achieve the non-Guassian

(nonclassical) state of light that has a strongly sub-Poissonian photon statistics, a

signature often referred to as photon antibunching. Although the drawback is to work

with a pair of intracavity modes having fields below unity occupation, and to accept

a probabilistic single-photon emission, it is still a promising pathway for integrable

and scalable single-photon source because it forgoes the need for the large degree of

single-photon nonlinearity afforded by quantum emitters.
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Figure 2.1: A schematic of a mode of a microresonator (cavity), that is weakly inter-
acting with a two-state quantum system, which populates the cavity with a single-
photon state. Excitation of the cavity occurs through weak interaction with a scat-
tering emitter (here depicted as a metallic nanoparticle) that is laser-excited by Elaser.
The rate of energy exchange between the laser-excited emitter and the cavity is given
by g which is proportional to the emitter-cavity interaction energy. Here, γs and γc
are the rates of energy’s dissipation from the scattering emitter and the cavity to the
environment. In the regime of weak emitter-cavity interaction, such that γc ≫ g > γs,
then Fano interference can result to photon blockade in the cavity’s mode, when the
system is excited at the Fano antiresonance.

Evidence of the UPB system as a viable path for single-photon emission has been

successfully demonstrated [44] [cite the one from Science]. However, there are two ac-

cepted technical challenges involved in the experimental realization of UPB [43]: (i.)

the optimal sub-Poissonian photon statistics is obtained only for certain parameter

regimes of the cavity-cavity interaction strength, the nonlinearity, and the pump-laser

detuning with respect to the cavity, and thus requires fine tuning of these parameters

of the system [45, 46] (ii.) the weak nonlinearity imposes a need for strong intracav-

ity interaction that results in fast oscillation of the achieved nonclassical light; this

oscillation is on a time scale much smaller than the cavity’s lifetime, which makes it

difficult to detect the nonclassical light.
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2.1.2 Nonclassical Light from Fano Antiresonance

Leveraging the aforementioned works, this study envisions the feasible QED-like sys-

tem that incorporates a photonic mode of a microcavity weakly interacting with the

dipole mode of an emitter (see Fig. 2.1, top panel). This system is akin to that

of the hybrid metallodielectric cavity, c.f. [49, 50, 51, 22, 52, 53, 54] in [55], where

the contrasting losses (that is the rate of energy’s dissipation) between the scattering

emitter and high-quality cavity yields a Fano resonance upon weak interaction. This

Fano resonance has recently provided a novel platform for single-photon emission ex-

periments [56, 57] that differs from the unconventional-photon-blockade counterpart

because it bypasses not only the need for a high degree of nonlinearity in the cavity’s

degrees of freedom, but also the need for a strong light-matter interaction between

the emitter-cavity system.

Here we illustrate how the deconstructive Fano interference occurring at the an-

tiresonant frequency can be used to achieve photon blockade in a high-quality cavity

that is excited through weak interaction with a scattering emitter, as illustrated in

Fig. 2.1. Here, the cavity has a negligible degree of nonlinearity, and the cavity is un-

der weak interaction with a two-state quantum system (where the two-state quantum

system is the source of single photon emission in the cavity). This hitherto missing

description of photon-blockade through Fano interference—which we also show is akin

to the recently explored non-Hermitian photon blockade [57] —stands to harness the

degree of antibuching and thus the purity of the single-photon state observed in the

experiment [56].

2.2 The Nonclassical Probability Distribution of the Light in the Emitter-
Cavity System Laser-Excited at the Fano Antiresonance

To determine the nonclassical nature of the light transmitted through the emitter-

cavity system, we calculate the photon-statistics. The coherent state of light from a

laser is characterized by a field whose amplitude has a spatial probability distribu-
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tion that is Poissonian, i.e., the mean squared deviation (the variance) of the field’s

amplitude is equal to the square of the mean field’s amplitude [58, 59], i.e.

⟨I(t, ω)I(t+ τ, ω)⟩ − ⟨I(t, ω)⟩2 =
[
g(2)(t, τ, ω) − 1

]
⟨I(t, ω)⟩2. (2.1)

where ⟨I(t, ω)⟩2 is the square of the mean field’s amplitude; and ⟨I(t, ω)I(t+ τ, ω)⟩

is the variance of the field’s amplitude. This variance is determined by the mean-

product of the split-beam from the light source, where the field’s intensity count

I(t, ω) is measured at one detector at a time t, and I(t + τ, ω) is measured at a

second detector at a time t2 = t + τ . This variance defines the correlation between

the split beams, such that for a coherent state: ⟨I(t, ω)I(t+ τ, ω)⟩ = ⟨I(t, ω)⟩2, and

the normalized correlation as defined above is g(2)(t, τ, ω) = 1. However, for a single

photon-state radiated by the quantum emitter, g(2)(t, τ = 0, ω) = 0. The latter result

follows from the fact that the single-photon amplitude can only exist in either one of

the two detectors and not both. Thus a sub-Poissonian photon-statistics, as defined

by g(2)(t, τ = 0, ω) < 1, characterizes a nonclassical state of light.
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Figure 2.2: Top panel: a.) Scheme of a single-mode cavity, depicted as a microres-
onator, that is populated with a single-photon state through weak interaction with
a two-state quantum system; the cavity’s mode is excited through weak interaction
with a laser-excited scattering emitter, in the Fano regime γs ≫ g > γc, as described
in Fig. 2.1. b.) Scheme of the photon blockade through the Fano interference mecha-
nism of the above system a. Photon blockade occurs in the cavity’s high-quality mode
when the system is excited at the antiresonant frequency ω = ωanti. c.) The second

order correlation of the light’s field in the cavity g
(2)
c (t, τ = 0, ω). For the cavity with

a single-photon state: g
(2)
c (t, τ = 0, ω = ωanti) ≈ 0 when the cavity is excited through

interaction with the scattering emitter while g
(2)
c (t, τ = 0, ω = ωanti) > 1 when the

cavity is non-interacting with the scattering emitter and is excited through some
other channel (i.e., in the non-Fano regime), black curve. The Fano anti-resonant
frequency is ωanti = ω̃c, which is the dressed resonance frequency of the cavity defined
by ω̃c(N) = ωc + UN ; the χ(3) Kerr-nonlinearity is proportional to U = γc → 0;
N = 1, is the average photon-number in the cavity; |Elaser| = g; g = 4.9 × 10−2γs;
γc = 10−9γs; γs = 63.5 meV; all results produced from QuTip simulation [60], with
the Hamiltonian defined in §2.3, Eq. 2.15 or Eq. 2.16.
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Here we set out to determine the g(2)(t, τ = 0, ω) of the field in a harmonic cavity

mode that is initialized with a single-photon state and then excited by a weakly inter-

acting scattering emitter Fig. 2.2. We note that the single-photon state that initially

populates the cavity could be achieved by weak coupling to a two-state quantum

emitter (described in §2.3). Thus, the initial state of the emitter-cavity system is

defined as:

|ψ0⟩ = |0s⟩|1c⟩|0fk⟩ (2.2)

where |0s⟩ is the vacuum state of the scattering emitter’s mode, |1c⟩ is the single-

photon state in the cavity’s mode; and for the first proof of concept we assume an

initially evacuated bath, |0fk⟩, such that the Boltzmann population distribution of the

thermal bath is nth = 0 (as described see §2.3). We want to explain the result of Fig.

2.2 c that at the Fano antiresonance the deconstructive interference—due to the field

of the high-quality cavity’s mode that is resonant and out-of-phase with the excitation

from the field of the laser-excited scattering emitter—yields g(2)(t, τ = 0, ω = ωanti) →

0. Here, ω = ωdip is the antiresonant frequency such that ωanti = ω̃c; where ω̃c is the

dressed resonant frequency of the cavity. This dressed resonant frequency depends on

the degree of nonlinearity and the field’s amplitude (photon-number) in the cavity,

such that ω̃c(Nc) = ωc + UNc, where U is proportional to a Kerr-nonlinearity (see

section §2.3); and Nc is the average photon-number in the cavity. For our purpose U

is negligible.

2.2.1 Deconstructive Fano Interference of the Second-Order Correlation of the Fields

in the Cavity-Modes at the Fano Antiresonance

In general, we define the second-order correlation for the photon-amplitudes of the

fields from both the modes of the scattering emitter and cavity:

g(2)s, c(t, τ = 0, ω) =
⟨I(t, ω)I(t+ τ, ω)⟩

⟨I(t, ω)⟩2
=

∣∣∣∣∣∣∣
Ψ

(2)
s, c(t, ω)(

Ψ
(1)
s, c(t, ω)

)2

∣∣∣∣∣∣∣
2

, (2.3)
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which depends on the single-photon and two-photon detection amplitudes [61]:

Ψ(1)
s, c(t, ω) = Σm

〈
mc, 0s

∣∣Ê+
s, c(t, ω)

∣∣ψ0

〉
.

Ψ(2)
s, c(t, τ = 0, ω) = Σm

〈
mc, 0s

∣∣Ê+
s, c(t+ τ, ω)Ê+

s, c(t, ω)
∣∣ψ0

〉
.

(2.4)

These detection-amplitudes are of the positive/negative frequency components of the

field, such that: Ê±
s, c(t, ω) = Es, ce±it∆s

[
Âs, c(t, ω)

]
; with the transformed annihilation

operator: Âs, c(t, ω) = ˆ̃as, ce
it∆s , described in §2.3, Eqs. 2.22-2.24.

To solve for the two-photon amplitude of the cavity’s field, first we solve for the

operator associated with the amplitude of the cavity’s field, i.e. Âc(t, ω), using the

Heisenberg-Langevin equations of motion derived in §2.3, Eq. 2.24. We find that the

two-photon amplitude of the cavity’s field is

Ψ(2)
c (t, ω) ≈ e−itγs[q−i(g/(γs/2))2]⟨0c|Â2

c(0)|1c⟩ − (γs/2)−1V eit∆sgF (q(Nc), δ, t, t
′)×[

e−it(γs/2)[q−i(g/(γs/2))2] [1 + F (q(Nc), δ, t, t
′)F (q(Nc − 1), δ, t, t′)] ⟨0c|Âc(0)|1c⟩

+ (γs/2)−1V eit∆sgF (q(Nc), δ, t, t
′′)
]
.

(2.5)

The first term in Ψ
(2)
c (t, ω) is purely due to the amplitude from the single-photon

state that initially populates the cavity’s mode, and it does not contribute to the

two-photon amplitude. It follows that the two-photon amplitude of the field in the

cavity is due to the second term, the interference between the amplitudes of the single-

photon state and the coherent state from the excitation field of the weakly interacting,

laser-excited scattering emitter, where the energy-transfer rate between the laser and

the scattering emitter is given by |Elaser| = V , and the energy-transfer rate from the

scattering emitter to the cavity is given by g.

The defined integrated phase factor, F (q(Nc), δ, t, t
′), describes the evolution of

these fields that interfere in the cavity’s mode. This interference is due to the phase

of the laser-excited emitter’s scattered field, δ = ∆s(γs/2)−1 = (ωs − ω)(γs/2)−1, and



22

the phase of the interacting cavity’s field q(Nc) given by

q(Nc) =
[(
ωc + U⟨nc|ˆ̃a†c(t)ˆ̃ac(t)|nc⟩ − iγc/2

)
− ωs

]
(γs/2)−1

≈ [(ωc + UNc − iγc/2) − ωs] (γs/2)−1,
(2.6)

with the assumption that the average photon-number in the cavity’s mode doesn’t

vary in time, in the regime (γs/2)−1 ≪ t < (γc/2)−1. Also, in the Fano regime,

(γs/2) ≫ g ≫ (γc/2), then q(Nc) ≈ [(ωc+UNc)−ωs](γs/2)−1 = [ω̃c(Nc) − ωs] (γs/2)−1.

Thus the two-photon amplitude due to the interference of the fields is negligible

when F (q(Nc), δ, t, t
′) → 0. Given the expression of the integrated phase factor,

F (q(Nc), δ, t, t
′) =

∫ t

0

dt′ exp
[
−i(t− t′)(γs/2)

(
δ + q(Ne) − i (g/(γs/2))2

)]
≈ −

1 − exp
[
−it(γs/2)

(
δ + q(Nc)

)]ω − (ωc + UNc)︸ ︷︷ ︸
ω̃c

−ig2(γc/2)−1

 , (2.7)

we find that the two-photon amplitude from the interfering fields in the cavity’s mode

vanishes for two cases: when the system is resonant, i.e. ω = ωs = ωc, and with a

high degree of nonlinearity, U = 20γ; this is the conventional single-photon blockade.

However, the main result of this study, as shown in Fig. 2.2 c is that this single-photon

blockade can be achieved even for a negligible degree of nonlinearity U ≈ γc → 0, in

the Fano regime, when the cavity is excited through a broadband scattering emitter,

at the Fano antiresonance, i.e., ω = ωanti. At this antiresonance there is an out-of-

phase, deconstructive interference, δ = −q, between the laser-excited cavity’s mode

and the interacting cavity’s mode.

Since the field of the scattering emitter is due to the pumping of coherent laser, and

as well as due to the interaction with the field of single-photon state of the cavity,

we find that the state of light from the scattering emitter’s field is akin to the so

called single-photon-added coherent state [62]. Here the degree of nonclassical light,

g
(2)
s (t, τ = 0, ω = ωanti) < 1, becomes more evident for smaller initial amplitudes of
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Figure 2.3: Left panel: The photon-statistics of the field in the laser-excited scattering
emitter that is weakly interacting with the single-photon state of the cavity. The
second-order correlation attains a minimum value at the Fano antiresonance: ωanti =
ω̃c; g

(2)(t >> τs, τ = 0, ω = ω̃c) < 1. Right panel: The Fano profile, black curve,
and a line segment of the second-order correlation function, red curve, at the cavity’s
steady state t ≫ τs = (γs/2)−1; the correlation function attains its minimum value
at the Fano antiresonance ϵ(ω̃c) = qF . Here ωc − ωs = (1/16)γs; |Elaser| = 0.69g; all
other parameters as above in Fig. 2.2.

the laser’s coherent state, |α|2 ≈ V 2(γs/2)−2 ≪ 1. Thus given that the field of the

laser-excited scattering emitter is

Ê+
s (t, ω) = iEse−i∆st

[
(γs/2)−1V eit∆s + (γs/2)−1gÂc(t)

]
, (2.8)

where the amplitude of the scattering emitter’s field is due the coupled laser’s coherent

amplitude (γs/2)−1V and that of the interacting cavity’s single-photon amplitude

(γs/2)−1gÂe. From this follows that the two-photon amplitude from the field of the



24

scattering emitter is

Ψ(2)
s (t, ω) ≈ (γs/2)−2

〈
0s

∣∣V 2ei2∆st − 2gV ei∆st
[
e−i(γs/2)t[q−i(g/(γs/2))2]×(

1 − 1

2
(γs/2)−1g2[F (q(Nc), δ, t, t

′) + F (q(Nc − 1), δ, t, t′)]
)
⟨0c|Âc|1c⟩

+ (γs/2)−1V ei∆stgF (q(Nc), δ, t, t
′)
(

1 − 1

2
(γs/2)−1g2F (q(Nc), δ, t, t

′′)
)]∣∣0s

〉
.

(2.9)

As Figure 2.3 shows, for a weak laser-excitation amplitude (γc/2)−1V ≪ 1, with a

weak nonlinearity U ≈ γ, and at the antiresonance where F (q(Nc), δ, t, t
′) → 0, then

g
(2)
s (t, τ = 0, ω = ωanti) < 1 but g

(2)
s (t, τ = 0, ωanti) > 0.5. This is the case, as observed

in ref. [56], for the field of the pumped broadband mode (which in our study is that

of the scattering emitter). Therefore, total deconstructing interference occurs in the

narrow mode, here represented as the high-quality microresonator cavity, whose field

yields g
(2)
c (t, τ = 0, ωanti) → 0.

The Fano Antiresonance and the Fano Profile

In Fig. 2.4 (top left panel) the spectral distribution of the scattering emitter’s field

shows the characteristic Fano profile that arises from the weakly interacting scattering

emitter and high-quality cavity modes with contrasting losses: i.e., the scattering

emitter’s broadband mode weakly interacting with the cavity’s high-quality mode.

We see that, first, defining the spectral distribution of the scattering emitter-cavity

spectral distribution [63]:

S(ω) = lim
t→∞

1/πRe

∫
dτ⟨Â†

s(t, ω)Âs(t+ τ, ω)⟩e−iτ∆sδ(τ)

=
1

π

∣∣∣∣ V

∆s − iγs/2

∣∣∣∣2 ∣∣∣∣qF + ϵ

ϵ+ i

∣∣∣∣2 (2.10)

yields the prefactor that is the spectral distribution of the non-interacting (uncoupled)

scattering emitter’s spectrum, i.e., S(ω)g=0 = limt→∞ 1/π|V/(∆s − iγs/2)|2, see black

curve in the top left panel of Fig. 2.4. The reduced spectral distribution defined as
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Figure 2.4: Top left: spectra profiles of the laser-excited scattering emitter weakly
interacting with the cavity, red curve S(ω), and that of the isolated laser-excited
scattering emitter, black curve, S0(ω), where g = 0. For the interacting emitter, an
asymmetric spectral profile—due to Fano interference—arises about the resonance
frequency of the cavity’s high-quality mode ω̃c. Bottom left: the reduced spectra that
reveals the Fano profile F (ϵ(ω), qF ) = S(ω)/S0(ω). The minimum of the asymmetric
spectral profile occurs at the antiresonant frequency ωanti = ω̃c where there is de-
constructing interference between the scattering emitter and the high-quality cavity.
Top right: The second-order correlation of the cavity’s mode in a single-photon state.
Photon blockade occurs at the Fano antiresonance, g

(2)
c (t, τ = 0, ω = ωanti) ≈ 0, as

described in Fig 2.2c c.) Bottom left: the average photon number in the cavity’s
mode, corresponding to the calculations in the top right panel. Note that photon
blockade at the antiresonance occurs for times τs ≪ t < τc, where τs, c = (γs, c/2)−1

are the coherence times of the scattering emitter and cavity modes.

S(ω)/S(ω)g=0 is the characteristic asymmetric Fano profile F(ϵ, qF ) = |(qF + ϵ)/(ϵ+

i)|2 of the Fano interference [22, 50], as shown in the bottom left panel of Fig. 2.4. The
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deconstructing interference occurs when ϵ = (ω − Ωc)/(Γ/2) is equal and opposite to

qF = (Ωc−ω̃c)/(Γ/2), with Γ being the line-width of the Fano profile; this occurs at the

aforementioned antiresonance ω = ωanti = ω̃c, where ϵ(ωanti) = −qF ; and at the Fano

antiresonance photon is blocked from transmitting through the scattering emitter and

into the cavity with a single-photon state, such that g
(2)
c (τ = 0, ω = ωanti) → 0.

2.2.2 Comparison Between the Photon-Blockade through Fano Antiresonance and

the Unconventional Photon Blockade through Quantum Interference.

Ultimately, the photon antibunching through the mechanism of Fano interference can

still be understood as a quantum interference of the transition probabilites in the ex-

citation pathways, where the nonclassical effect of photon antibunching is pronounced

for the so called cooperativity: g2/γsγc ≫ 1 [47, 46, 55]. Note that this cooperativity

is satisfied for both conventional and unconventional photon blockade, and for the

proposed scheme through Fano interference in the weak interaction regime. Also,

as observed in ref. [47] the amplitude of the cavity’s field is formed by the (out-of-

phase) interference of the radiated dipole’s field and the empty cavity excitation: we

also note that such out-of-phase deconstructive interference is the principle behind

the Fano interference at the antiresonance.

We also observe that this blockade effect through Fano interference is akin to the

non-Hermitian photon-blockade [55], where photon antibunching has been shown to

occur only when the laser’s frequency is resonant with the cavity’s mode. We note

that this non-Hermitian photon-blockade corresponds to the photon blockade from

the Fano interference mechanism when the weakly interacting emitter-cavity system

is resonant, i.e., q ≈ qF = 0, as shown in the middle panel of Fig. 2.5. However,

this study generalizes this condition for weakly interacting emitter-cavity modes that

are non-resonant, qF > 1 left panel Fig. 2.5 or qF < 1 right panel Fig. 2.5, with

the result that the photon antibunching occurs when the laser’s frequency is at the

anti-resonant frequency, which is approximately the frequency of the low-loss mode,
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Figure 2.5: Photon-statistics of the laser-excited scattering emitter’s field that is
interacting with the field of the single-photon state from the high-quality cavity,
as function of the Fano asymmetric parameter, black curves: left, qF < 1; middle,
qF = 0; right, qF > 1. In each case, the second-order correlation function, red curve, is
calculated at the scattering emitter’s steady state: t≫ τs = (γs/2)−1; the correlation
function attains its minimum value at the Fano antiresonance ϵ(ω̃c) = −qF .

i.e. ϵ(ω = ω̃c) = −qF .

2.3 Theoretical Description of the Weakly Driven, Weakly Interacting
Emitter-Cavity System for Photon Blockade

The Analogous Jaynes-Cummings Hamiltonian

It is known that a two-state quantum emitter that is interacting with a single-mode

cavity is described by the Jaynes-Cummings Hamiltonian §1.0.1:

ĤJC =
h̄ωe

2
σ̂z + h̄ωkâ

†
kâk + h̄g(â†kσ̂− + âkσ̂+) (2.11)

where σ̂−, σ̂+, and σ̂z, are the Pauli operator amplitudes describing the relaxation

and excitation of the dipolar mode of the two-state quantum system; while âk, and

â†k are the operator amplitudes describing the annihilation or creation of photon in

the cavity’s single-mode labeled k; and h̄g is the interaction energy between the fields
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of the dipolar mode of the emitter and the single-mode of the cavity. The nonlinear

spectral distribution of the field of the two-state quantum system can be mapped onto

an analogous nonlinear system of a Kerr resonator [45] or that of a transmon [64],

such that, σ̂− → âc and σ̂+ → â†c, ωe → ωc:

ĤJC−analog = h̄ωcâ
†
câc + h̄

U

2
â†câ

†
câcâc + h̄ωkâ

†
kâk + h̄g(â†kâc + âkâ

†
c) (2.12)

with the degree of Kerr nonlinearity given by U. This analogous Hamiltonian to that

of a two-state quantum system is valid when the degree of nonlinearity is much greater

than the inhomogeneous broadening, γc, such that U ≈ 20γc [45].

However, in this study, photon blockade is considered in such a single-mode Kerr

cavity with negligible nonlinearity, i.e. U ≈ γc → 0, and this weak nonlinear Kerr

cavity, or rather harmonic high-quality cavity is populated with a single-photon via

weak interaction with the field of a two-state quantum system. We find that photon

blockade can be achieved in this harmonic cavity that is weakly interacting with a

two-state quantum system when the cavity is excited via weak coupling to a scattering

emitter’s field, given by the operator amplitude âk ≡ âωs/c ≡ âs. The conditions being

that the scattering emitter’s field must have a spectral line-width broadening γs that

is much larger than that of the cavity γc, i.e. in the Fano regime γs ≫ g > γc; and that

the excitation must occur at the Fano antiresonant frequency where deconstructing

interference prevents transfer of energy from the scattering emitter into the cavity’s

mode occupied with a single-photon. The Hamiltonian for such a system is defined

as

Ĥemitter−cavity = h̄ωcâ
†
câc + h̄

U

2
â†câ

†
câcâc + h̄ωsâ

†
sâs + h̄g(â†sâc + âsâ

†
c)+ h̄g2(â

†
cσ̂− + âcσ̂+),

(2.13)

where âs, â
†
s are the annihilation, creation operator amplitudes associated with the

field of the scattering emitter.

The emitter-cavity system is pumped by a coherent continuous wave of a laser,

whose monochromatic field is given by Elaser(t) = El
2
êl(e

−iωt + eiωt), with amplitude
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El, and the unit vector of polarization êl. Since the laser pumps the emitter-cavity

system through the mode of the scattering emitter, this part of the Hamiltonian is

described by

Ĥpump = h̄V (e−iωt + eiωt)(âs − â†s) (2.14)

where h̄V = Elaser ·ds ≡ Jl(t)êl · Âs(t)ês is the interaction energy between the laser’s

field and scattering emitter’s induced dipole moment ds; and Jd(t) is the current

density of the laser’s field and Âs(t) is the vector potential of the field of the scattering

emitter’s induced dipolar mode.

Thus the Hamiltonian describing the weakly pumped emitter-cavity system is

given by

Ĥsystem = Ĥemitter−cavity + Ĥpump. (2.15)

and the the system’s initial state is |ψ0⟩ = |0s⟩|0c⟩|e⟩. Numerical calculations of the

Lindbladian show that the above Hamiltonian Ĥsystem yields results in Fig. 2.2 c that

are equivalent to the following Hamiltonian

Ĥ(1)
system = Ĥ(1)

emitter−cavity + Ĥpump, (2.16)

Ĥ(1)
emitter−cavity = h̄ωcâ

†
câc + h̄

U

2
â†câ

†
câcâc + h̄ωsâ

†
sâs + h̄g(â†sâc + âsâ

†
c), (2.17)

with the following initial state: |ψ0⟩ = |0s⟩|1c⟩. In other words, the effect of coupling to

the excited state of the two-state quantum system is to populate the cavity mode with

a single-photon state. This is the starting point of the analytic discussion presented

in §2.2.

For the analytic discussion presented in §2.2, we use the Heisenberg-Langevin

formalism to describe the interaction of the modes with the environment, which in-

troduces the rates of energy dissipation to the environment, γs and γc, that broadens

the line-width of the spectral distributions of the bosonic modes of the scattering

emitter and high-quality cavity. This part of the Hamiltonian is

Ĥdissipation = Σkh̄ωkf̂
†
kf̂k + Σk

[
h̄V s

k f̂
†
kâs + h̄V c

k f̂
†
kâc + h.c.

]
. (2.18)



30

This formalism describes the environment as a continuum of bosonic modes associated

with the annihilation and creation operators f̂k, f̂
†
k, and the modes of the scattering

emitter and cavity dissipate energy to this environment through the weak interaction

energy h̄V c
k and h̄V s

k .

Thus the Hamiltonian describing the weakly pumped emitter-cavity system is

given by

Ĥ ≡ Ĥsystem−environment = Ĥ(1)
system + Ĥdissipation. (2.19)

This Hamiltonian is time-dependent due to the coherent oscillation of the laser’s am-

plitude. We simplify the Hamiltonian by performing a unitary transformation, with

the operator U = eS and S = −iωt(â†sâs + â†câc + f̂ †
kf̂k), that rotates the Hamilto-

nian into a frame now oscillating with the laser’s resonant frequency. This unitary

transformation is defined by [65]

T : Ĥ ≡ ˆ̃H = U †ĤU + ih̄U̇ †U, (2.20)

and if the period T = 2π/ω is very small with respect to a reference time, i.e. the

experimental observation, then the effective Hamiltonian that averages over a period

would suffice for any further analysis. This approximation is akin to the rotating

wave approximation, which yields the time-independent Hamiltonian:

Ĥeff =

∫ T

0

dt ˆ̃H(t)

= h̄∆c
ˆ̃a†cˆ̃ac + h̄

U

2
ˆ̃a†cˆ̃a

†
c
ˆ̃acˆ̃ac + h̄∆s

ˆ̃a†sˆ̃as + h̄g(ˆ̃a†sˆ̃ac + ˆ̃asˆ̃a
†
c)

+ Σkh̄ωk
ˆ̃f †
k

ˆ̃fk + Σk

[
h̄V s

k
ˆ̃f †
k
ˆ̃as + h̄V c

k
ˆ̃f †
k
ˆ̃ac + h.c.

]
+ h̄V (ˆ̃as − ˆ̃a†s),

(2.21)

with ˆ̃as = âse
−iωt. In the frame rotating with the pump-laser’s frequency the energies

of the modes are now with respect to the detuning between the modes’ natural reso-

nant energies and the drive’s: e.g., h̄ωsâ
†
sâs → h̄∆s

ˆ̃a†sˆ̃as, with the scattering emitter’s

modal detuning defined as ∆s = ωs − ω.
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The Heisenberg Equation of Motion and the Heisenberg-Langevin Formalism

The Heisenberg-Langevin approach is particularly suitable for the calculations of two-

time correlation functions of the system’s operators [63]. For instance, the spectral dis-

tribution function of the single-mode cavity is given by S(ω) = 1/πRe
∫∞
0

dτ⟨â†c(t)âc(t+

τ)⟩e−iωτ and the second-order correlation function of two-photon absorption by the

single-mode cavity is given by G(2)(t, t+ τ) = ⟨â†c(t)â†c(t+ τ)âc(t+ τ)âc(t)⟩. First, the

Heisenberg equation of motion for the system’s operators is

˙̃̂ac =
i

h̄
[Ĥeff , ˆ̃ac]

= −i∆c
ˆ̃ac − iU ˆ̃a†cˆ̃acˆ̃ac − igˆ̃as − iΣkV

c∗
k

ˆ̃fk

˙̃̂as = −i∆s
ˆ̃as − igˆ̃as − iΣkV

s∗
k

ˆ̃fk + iV

˙̃̂
fk = −iωk

ˆ̃fk − iV s
k

ˆ̃as − iV c
k

ˆ̃ac.

(2.22)

To solve the system’s dynamics we employ the Heisenberg-Langevin approach.

The dynamics of the reservoir operators f̂k(t) can be formally integrated and with its

solution we can express the system’s dynamics in terms of only the degrees of freedom

of the emitter-cavity operators ˆ̃as(t), ˆ̃ac(t). Then converting to the slowly varying

operators Âs(t) = ˆ̃as(t)e
i∆st and Âc(t) = ˆ̃ac(t)e

i∆st yields the modified equations of
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motion:

˙̂
As(t) = −igÂc(t) + iV ei∆st

− Σk[iV s∗
k

ˆ̃fk(0)e−i(ωk−ωs)t

+ |V s
k |2

∫
dt′Âs(t

′)e−i(ωk−ωs)(t−t′)

+ V s∗
k V c

k

∫
dt′Âc(t

′)e−i∆k(t−t′)−i∆ct′+∆st]

˙̂
Ac(t) = −i

[
(ωc − ωs) + U ˆ̃a†cˆ̃ac

]
Âc(t) − igÂs(t)

− Σk[iV c∗
k

ˆ̃fk(0)e−i(ωk−ωc)t

+ |V c
k |2

∫
dt′Âc(t

′)e−i(ωk−ωc)(t−t′)

+ V c∗
k V s

k

∫
dt′Âs(t

′)e−i∆k(t−t′)−i∆st′+∆ct].

(2.23)

The final terms in both equations of motion correspond to multiple scattering

events that are negligible since the modes do not interact through the reservoir [66];

this approximation is also valid with a discrete mode that barely interact with the

reservoir. The remaining integral-terms can be handled using Weisskopf-Wigner ap-

proximation [63] so that

˙̂
Ac(t) = −γc

2
Âc(t) − i

[
(ωc − ωs) + (U/2)ˆ̃a†cˆ̃ac

]
Âc(t) − igÂs(t) + F̂c(t)

˙̂
As(t) = −γs

2
Âs(t) − igÂc(t) + iV ei∆st + F̂s(t)

(2.24)

with the dissipative terms defined as [63, 66]

γc = 2π|V c
ωc/c|

2D(ωc)

γs = 2π|V s
ωs/c|

2D(ωs)

= 4ω3
s |ds|2/3h̄c3.

(2.25)

The free space density of state is D(ω) = V ω2/π2c3 [63], and ds is the dipole moment

of the scattering emitter [66], and the continuum modes from the environment are
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associated with the so called noise operators

F̂c(t) = −iΣkV
c∗
k

ˆ̃fk(0)e−i(ωk−ωc)t

F̂s(t) = −iΣkV
s∗
k

ˆ̃fk(0)e−i(ωk−ωs)t.
(2.26)

These noise operators are crucial in preserving the canonical commutation relation

between the creation and annihilation operators. For instance, given the solution for

the cavity’s dynamics

Âc(t) = Âc(0)e−
γc
2
t

− i

∫
dt′

[
gÂs(t

′)e−i(ωs−ωc)t′ + F̂c(t
′)
]
e−

γc
2
(t−t′),

(2.27)

then for the dissipative mode of a cavity that is non-interacting with the scattering

emitter, one finds that

[Âc(t), Â
†
c(t)] = e−γct

+ ie−γct

∫
dt′e−

γc
2
t′
[
Âc(0)F̂ †

c (t′) − F̂c(t
′)Â†

c(0)
]

+

∫
dt′

∫
dt′′e−

γc
2
(t−t′)e−

γc
2
(t−t′′)F̂c(t

′)F̂ †
c (t′′)

(2.28)

Note that Âc(0) and F̂c(t
′) are statistically independent so that

[Âc(t), Â
†
c(t)] = e−γct +

∫
dt′

∫
dt′′e−

γc
2
(t−t′)e−

γc
2
(t−t′′)F̂c(t

′)F̂ †
c (t′′). (2.29)

The above equation shows that the noise operators with the appropriate properties

preserve the commutation relation at all times. This is the so called fluctuation-

dissipation theorem, i.e., dissipation is always accompanied by fluctuations of systems.

Assuming the reservoir is in thermal equilibrium, it can be shown that
〈
F̂c(t

′)F̂ †
c (t′′)

〉
=

γc(nth+1)δ(t′−t′′), with the average thermal boson number nth = (exp(h̄ωc/kBT ))−1[63].

For proof of concept, let us assume an initially evacuated reservoir state so that

nth = 0; then it follows that
〈

[Âc(t), Â
†
c(t)]

〉
= 1.
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Chapter 3

SPECTROSCOPY IN NANOSCOPIC CAVITIES –
MODELS AND RECENT EXPERIMENTS

Copyright © (2024) Annual Review of Physical Chemistry. All rights reserved.

3.1 Abstract

The ability of nanophotonic cavities to confine and store light to nanoscale dimen-

sions has important implications for enhancing molecular, excitonic, phononic, and

plasmonic optical responses. Spectroscopic signatures of processes that are ordinarily

exceedingly weak such as pure absorption and Raman scattering have been brought to

the single-particle limit of detection, while new emergent polaritonic states of optical

matter have been realized through coupling material and photonic cavity degrees of

freedom across a wide range of experimentally accessible interaction strengths. In this

review, we discuss both optical and electron beam spectroscopies of cavity-coupled

material systems in weak, strong, and ultrastrong coupling regimes, providing a theo-

retical basis for understanding the physics inherent to each, while highlighting recent

experimental advances and exciting future directions.

3.2 Introduction

Environmental boundaries can strongly influence otherwise unremarkable free space

wave behavior leading to unexpected and even exceptional wave phenomena. Acous-

tic whispering galleries in domed architectural structures [1], efficient radio-frequency

surface wave propagation near the Earth’s surface [2], optical cloaking in metamate-

rials [3, 4], and even corralling [5] and scarring [6] of quantum matter waves represent



42

just a few examples spanning acoustic, electromagnetic, and quantum realms.

Reported originally in 1966, Drexhage experimentally examined the important sit-

uation of a molecular dye (a europium dibenzoylmethane complex) positioned in the

vicinity of a gold interface, acting as a mirror boundary for the molecule’s fluorescent

emission [7, 8]. When excited, the dye’s radiation was reflected from the gold mir-

ror, subsequently interfering against its own non-reflected emission, and resulting in

observed modifications to the dye’s free-space angular radiation profile and lifetime.

Intuitive arguments based on path length differences between the non-reflected and

reflected emission components were later quantitatively shored up in the theoretical

work of Kuhn [9] and summarized in Chance, Prock, and Silbey’s famous review [10],

where the dye’s lifetime and resonance frequency modifications were made explicit

through use of a damped-driven oscillator model incorporating the reflected field set

up by the specific boundary conditions of the gold mirror.

EMLDOSThe electromagnetic local density of states counts the number of elec-

tromagnetic states per unit volume per unit frequency.

Today we understand Drexhage’s experiments, like Purcell’s earlier description of

the enhancement of spontaneous emission of nuclear magnetic moment transitions

coupled to a resonant electrical circuit [11], to be fundamentally governed by the in-

crease in the electromagnetic local density of states (EMLDOS), ρ, induced by the

environment over that occurring in free space ρ0 = ω2/π2c3. (Gaussian units are

used throughout, and dimensions of all important quantities are provided in the Sup-

plemental Material.) Essentially all radiative processes in which emitters interact

with modified electromagnetic environments can also be explained by modification

of ρ/ρ0. Surface-enhanced Raman scattering (SERS), surface-enhanced fluorescence,

and scanning near-field optical microscopy represent three notable examples that take

advantage of the remarkable ability of surface plasmon resonances, occurring in metal-

lic nanocavities [12, 13], to modify the EMLDOS through their efficient coupling

of free-space radiation to the near-field. In addition to metallic cavities, a diverse
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range of dielectric microcavities [14], including whispering gallery mode microres-

onators (WGM) [15], (e.g., microtoroid, microsphere, and microbubble platforms),

Fabry-Pérot interferometers [16], and photonic crystals [17, 18, 19], may be viewed

as receptacles for light with high quality (Q) factors, capable of trapping and stor-

ing electromagnetic waves for exceedingly long times (∼ 100 ns), thereby providing

substantial EMLDOS modification capabilities. This review will examine recent ex-

periments in which nanophotonic cavities are utilized to detect and spectroscopically

characterize a broad range of molecular, solid state, and nanophotonic systems.

Prominent in each of these examples is the central role and influence of the environ-

ment upon the system. Such processes operate in a regime of weak coupling, whereby

the rate of energy lost to the environment exceeds the rate of energy transferred

between system components. In either case the environment serves as a perturba-

tively connected reservoir, but the original basis characterizing the system remains

the physically relevant basis of description. As a result, spectroscopic features are

qualitatively reminiscent of the system in empty space.

In the opposite regime lie physical systems that are so well isolated that environ-

mental coupling can be completely ignored and only coherent energy exchange be-

tween different system components is of importance. In this so-called strong coupling

regime, spectroscopic signatures of the system no longer resemble those of its original

uncoupled states and the appropriate representation is that of mixed or normal modes

such as the familiar in-phase and out-of-phase oscillations of a pair of coupled oscil-

lators. Such strongly coupled systems can occur in many different ways, blended in

either matter-matter, matter-light, or light-light combinations, and realized, e.g., in

coupled plasmonic nanostructures composed of noble metal nanoparticles, solid-state

exciton polaritons formed through the hybridization of 2D transition metal dichalco-

genides and nanophotonic cavities, or photonic molecules constructed in exquisitely

engineered assemblies of optical resonators, respectively. In some cases, experimental

knobs exist to actively tune the degree of mode mixing, while in exceptional situations
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there exists so much control that strongly coupled systems can even be driven into

the weak coupling regime and back again such as in tip-enhanced photoluminescence

(TEPL) measurements.

In this review, we focus on spectroscopic observations of weakly- and strongly-

coupled plasmonic, excitonic, molecular, and nanophotonic systems reported in the

recent literature (Figure 3.1). Spectroscopic observables of relevance herein include

both near- (TEPL and nanoscale Fourier transform infrared (nano-FTIR)) and far-

field (absorption, SERS) optical measurements as well as those based upon the inelas-

tic scattering of focused electron beams such as electron energy loss (EEL), electron

energy gain (EEG), and cathodoluminescence (CL) spectroscopies performed in an

electron microscope. Specifically, we do not discuss molecular vibrational polariton

chemistry, and only briefly describe spectroscopic observations of systems character-

ized by ultrastrong coupling, where the intrasystem coupling rate approaches that of

the natural frequencies of the individual system components themselves.

Broadly, this review is divided into two main sections, weak and strong coupling,

and emphasis is placed on the introduction of simple theoretical models that (i)

capture the most salient characteristics encoded within experimental observables, (ii)

provide insights on how nanophotonic cavities work to modify emission rates, and

(iii) serve as a basis for more sophisticated treatments and future research directions.

It is our hope that beginning graduate students and advanced researchers who are

interested in learning a new field will find this review useful as a first step into the

recent literature and in understanding the basic concepts upon which it depends.

3.3 Weakly Coupled Systems

The rate at which energy is lost from a physical system to its environment can be due

to a myriad of different radiative and nonradiative mechanisms and pathways. The

weak coupling regime is distinguished by the situation in which the rate of system-

environmental coupling (γ) exceeds that of intrasystem coupling (g). In this regime
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Figure 3.1: Overview of coupled light-matter degrees of freedom involving atomic,
molecular, excitonic, plasmonic, and phononic material components interacting with
individual, composite, and structured nanophotonic cavity environments. The degree
of light-matter coupling (g) relative to loss (γ) dictates the observed physical charac-
teristics of each system. Displayed at the bottom are diagrammatic representations of
familiar light-matter interaction processes which may be probed using both far-field
and near-field optical and electron beam sources. The sinusoidal arrows represent
photons of wavevector k and k′, while the straight arrows represent initial and final
material states labeled by |i⟩ and |f⟩, respectively.
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different system components merely dress each other as energy flows from one com-

ponent to another, only to be immediately outcoupled to the envionment and forever

lost. From a theoretical perspective, perturbation theory serves as an effective calcu-

lation tool. However, gone are the familiar Hermitian Hamiltonians and their unitary

time evolution: description of such open systems requires Hamiltonians that are fun-

damentally non-Hermitian in character [20, 21].

Numerous important spectroscopic phenomena in micro and nanoscopic cavities

are well characterized as occurring in the weak-coupling regime. Examples include:

(i) the Purcell effect whereby the rate of spontaneous emission of a quantum emitter

to the radiation field can be influenced by its coupling to a mode of an optical or plas-

monic cavity in/on which it is located [22, 23, 24, 25, 26, 27]; (ii) the plasmonic Fano

effect in which a spectrally narrow plasmonic mode is weakly coupled to and receives

energy from another that is significantly lossier [28, 29, 30, 31, 32, 33, 34] leading to

pronounced asymmetric resonance lineshapes or “cut-outs” in the composite system

spectrum. Such antiresonance phenomena were originally characterized by Fano in

his theoretical analysis of the autoionization spectrum of He vapor [35] measured by

Lassettre and Silverman [36, 37] via EEL spectroscopy; and (iii) surface-enhanced

Raman scattering where the exceedingly small cross section for inelastic light scat-

tering by a molecular system is increased due to coupling of the incident laser and

scattered molecular fields to the strong antenna-like resonances of a nearby plasmonic

nanostructure [38, 39, 40, 41, 42].

Many other notable examples of cavity-modified spectroscopic phenomena exist

in the literature, but here we focus primarily on the Fano, Purcell, and SERS effects.

Specific discussion of these effects appears below in Sections 2.1, 2.4, and 2.6. Generic

to such phenomena are the following set of Newton equations, which may be derived

either classically or quantum mechanically, representing a weakly coupled emitter-
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cavity system [31]

mq̈e +mγnre q̇e +mω2
eqe − gpq(s)

√
m

V
q̇c = −eE0e

−iωt +
2e2

3c3
...
q e

1

V
q̈c +

1

V
γtotc (ω)q̇c +

1

V
ω2
cqc + gpq(s)

√
m

V
q̇e = 0

(3.1)

with coupling strength gpq(s) = −e
√

4π/mV f(s) · q̂e. Here, qe (qe = q̂eqe) represents

the emitter’s dynamical coordinate with effective mass m, nonradiative decay rate

γnre , and natural frequency ωe, and qc represents the cavity’s dynamical coordinate

of mode volume V , spatial mode profile f(x), total (nonradiative + radiative) decay

rate γtotc (ω), and natural frequency ωc. Treatment of lossy cavities necessitates a

more nuanced description where the mode functions f(x) become quasinormal modes

with associated complex-valued eigenfrequencies [43, 44, 45, 46, 47, 48, 49]. The

emitter, located at the position s within the cavity field E(x, t) = −(
√

4π/V )f(x)q̇c(t),

is coupled to a harmonic driving field E0 and to the free radiation field via the

radiation reaction force Frad = (2e2/3c3)
...
q e = −mγrade (ω)q̇e with radiative decay

rate γrade (ω) = 2e2ω2/3mc3 = (2π2e2/3m)ρ0 [50] expressed in terms of the free space

EMLDOS, where −e is the elementary charge and c is the speed of light in vacuum.

For multimode cavities, the mode functions fℓ(x) and their associated dynami-

cal coordinates qcℓ(t) define the cavity vector potential (in the generalized Coulomb

gauge ∇ · [ε(x)A(x)] = 0) as A(x, t) =
∑

ℓ(
√

4πc/Vℓ)fℓ(x)qcℓ(t), where the individ-

ual spatial mode functions satisfy the vector Helmholtz equation ∇×
(
∇× fℓ(x)

)
=

ε(x)(ω2
ℓ/c

2)fℓ(x) on the domain of the cavity described by the piecewise dielectric

function ε(x) with eigenfrequencies ωℓ, mode amplitudes qcℓ(t), and mode volumes

Vℓ =
∫
ε(x)|fℓ(x)|2d3x/max[ε(x)|fℓ(x)|2]. In such cases the cavity electric field gen-

eralizes accordingly as E(x, t) = −
∑

ℓ(
√

4π/Vℓ)fℓ(x)q̇cℓ(t), as does the light-matter

coupling gpq(s) = −e
∑

ℓ

√
4π/mVℓfℓ(s) · q̂e.

In the simplified case of a single cavity mode coupled weakly to an emitter driven

in steady state, the emitter oscillates with the frequency of the driving field E0(t) =
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Re{E0(ω)e−iωt}, such that qe(t) = Re{qe(ω)e−iωt}, with oscillator amplitude

qe(ω) =
−eE0/m

ω2
e − Re

g2ω2

ω2
c − iωγtotc − ω2︸ ︷︷ ︸

ω̃2
e

−i
[
ωγtote + Im

g2ω2

ω2
c − iωγtotc − ω2︸ ︷︷ ︸
ωγ̃e

]
− ω2

=
−eE0/m

ω2
e − iωγtote − ω2︸ ︷︷ ︸

q0e(ω)

· ω2
c − iωγtotc − ω2

ω2
c −

g2ω2(ω2
e − ω2)

(ω2
e − ω2)2 + (ωγtote )2︸ ︷︷ ︸

ω̃2
c

−iω
[
γtotc +

g2ω2γtote

(ω2
e − ω2)2 + (ωγtote )2︸ ︷︷ ︸

γ̃c

]
− ω2

,

(3.2)

where γtote (ω) = γnre + γrade (ω) is the total decay rate of the emitter. The first form of

the emitter’s oscillator amplitude shows how its natural resonance frequency ω̃e(ω)

and decay rate γ̃e(ω) are modified due to coupling with a cavity. In the weak coupling

regime both ω̃e(ω) ≈ ω̃e(ωe) and γ̃e(ω) ≈ γ̃e(ωe) are well approximated by their values

at the free-space emitter frequency ωe. The second form shows how the emitter’s

oscillator amplitude can be interpreted as the amplitude of the isolated emitter q0e(ω)

multiplied by a factor that depends upon the cavity, which will become useful in the

description of Fano antiresonances.

Central to the observation of such weakly coupled light-matter systems are the

cross sections for absorption and scattering. Recall that the cross section is given by

the ratio of the time-averaged power absorbed or emitted (or scattered) by the emitter

relative to the time-averaged incident flux of optical energy, i.e., P/⟨S⟩, where ⟨S⟩ =

cE2
0/8π [50]. With the emitter’s oscillatory amplitude defined, the time averaged

power for absorption and scattering becomes

Pabs(ω) =
ω

2π

∫ 2π/ω

0

Re
{
−mγnre q̇e(t)

}
· Re

{
q̇e(t)

}
dt

Pscat(ω) =
ω

2π

∫ 2π/ω

0

Re
{
−mγrade (ω)q̇e(t)

}
· Re

{
q̇e(t)

}
dt,

(3.3)

where 2π/ω is the period of oscillation. These equations show that the power absorbed

or scattered stem from the work performed by the dissipative forces Fnr = −mγnre q̇e
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and Frad = −mγrade (ω)q̇e upon the oscillator. It follows that the absorption and

scattering cross sections can be expressed as

σabs(ω) =
4πω2

c

m

E2
0

γnre |qe(ω)|2

σscat(ω) =
4πω2

c

m

E2
0

γrade (ω)|qe(ω)|2.
(3.4)

Recognizing that the cavity-dressed emitter’s induced dipole moment is defined as

d(ω) = −eqe(ω) = α(ω)E0, implicitly defines the dressed polarizability as

α(ω) =
e2/m

ω̃2
e − iωγ̃e − ω2

(3.5)

which reduces back to the familiar free-space emitter polarizability α0(ω) = (e2/m)/(ω2
e − iωγtote − ω2)

in the limit g → 0. In this limit, the above cross sections attain their familiar forms

[31]

σabs(ω) =
4πω

c

γnre
γtote

Imα0(ω) =
4πω

c

(
ωγnre

) e2/m

(ω2
e − ω2)2 + (ωγtote )2

σscat(ω) =
4πω

c

γrade (ω)

γtote

Imα0(ω) =
8π

3

(ω
c

)4∣∣∣ e2/m

ω2
e − iωγtote − ω2

∣∣∣2, (3.6)

and the sum defines the extinction (total) cross section σext(ω) = σabs(ω) +σscat(ω) =

(4πω/c)Imα0(ω). The absorption cross section is a measure of the amount of incident

electromagnetic energy that is dissipated into heat, while the scattering cross section

characterizes the amount of incident electromagnetic energy returned back into the

radiative far field.

3.3.1 Fano Resonance

Relevant to a set of experiments measuring the absorption spectra of individual nano-

objects independently from scattering, extinction, and emission, is the Fano effect,

which was originally observed in the autoionization spectrum of He vapor by Sil-

verman and Lassettre [36] in 1959. Fano understood the pronounced asymmetric

antiresonance lineshapes measured in the spectrum as being due to the interaction of
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two electronic configurations of He [35]—the discrete 2s2p double excitation, which

is above the first ionization threshold, and the autoionization continuum. In the

years that have followed such asymmetric lineshapes (now called Fano antiresonances,

Fano resonances, or Fano interferences) have been observed in many different phys-

ical systems characterized under both optical [29, 31, 51, 52, 53] and electron beam

[30, 54, 34, 28, 55] probes whenever discrete and continuum channels weakly interact.

In such cases the spectrum of the interacting system taken in ratio to the spectrum

of the continuum channel can be arranged as σint(ω)/σcont(ω) = |(Q + ϵ)/(ϵ+ i)|2,

where the Fano asymmetry parameter Q is a frequency-independent number in the

vicinity of the antiresonance that can be positive, negative, or zero and completely

characterizes the asymmetry of the lineshape, while ϵ is a reduced frequency taken

with respect to the frequency of the discrete mode.

Through appropriate choice of parameters, the pair of coupled oscillator equations

in Eq. (3.1) can be used to model the absorption spectra of individual emissive nano-

objects coupled, e.g., to a nanophotonic resonator cavity, where Fano resonances are

observed whenever the nano-object’s linewidth is large in comparison to that of the

nanophotonic resonator modes to which it is weakly coupled. With the emitter’s total

decay rate being large relative to that of the cavity, i.e., γtote ≫ γtotc and the emitter

cavity coupling rate g being less than γtote , the absorption spectrum of the composite

emitter-cavity system becomes

σabs(ω) =
4πω2

c

m

E2
0

γnre |qe(ω)|2

=
4πω2

c

m

E2
0

γnre |q0e(ω)|2︸ ︷︷ ︸
σ0
abs

·
∣∣∣∣(ω̃2

c + iωγc − ω2
c )/(ωγ̃c) + (ω2 − ω̃2

c )/(ωγ̃c)

(ω2 − ω̃2
c )/(ωγ̃c) + i

∣∣∣∣2

= σ0
abs(ω) ·

∣∣∣∣Q + ϵ

ϵ+ i

∣∣∣∣2 ,
(3.7)

where the factor modifying the absorption spectrum σ0
abs(ω) of the isolated free-space

emitter accounts for the fact that the emitter is weakly coupled to a high-Q cav-
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ity in addition to the radiation continuum. It is this factor that produces a sharp

asymmetric lineshape, centered about ωc or ϵ(ω) = −Q, which appears as a “cut-

out” (or antiresonance) in the Lorentzian absorption spectrum σ0
abs(ω) of the emitter.

Implicitly defined within Eq. (3.7) are the equations ϵ(ω) = (ω2 − ω̃2
c )/ωγ̃c and

Q(ω) = (ω̃2
c + iωγc − ω2

c )/ωγ̃c. In the limit of a lossless cavity, Q → (ω̃2
c − ω2

c )/ωγ̃c,

making explicit the dependence of the Fano lineshape upon detuning. While the latter

is a function of frequency, we emphasize that Fano resonances are described only when

Q is constant in the vicinity of the cavity resonance at ωc. Accurate spectroscopic de-

termination of Q must be treated with care [29, 31, 51, 52] as, e.g., interfering optical

pathways occurring in scattering observables may spuriously enhance/suppress spec-

tral asymmetries, making pure absorption measurements ideal for quantification of

Q. Figure 3.2(a), (b) show examples of Fano antiresonance lineshapes associated with

Q < 0, Q = 0, and Q > 0, measured via single-particle absorption spectroscopy.

3.3.2 Absorption

Absorption measurements of individual nano-objects (nanoparticles or molecules)

have been widely reported since the first demonstration of single-molecule absorption

at cryogenic temperatures in 1989 [56] and subsequently at room temperature in 2010

[57, 58]. Since absorption and scattering cross sections have different dependencies

upon target size (absorption and scattering depend linearly and quadratically upon

volume, respectively), the absorption spectrum of a small nano-object (in comparison

to the wavelength) can be approximated by extinction and obtained by measuring

its reflected and/or transmitted power as its scattering cross section is negligible.

However, for a larger nano-objects that appreciably scatter, measuring absorption

independent of scattering in the far field is challenging.

An indirect measurement based on the photothermal effect leverages photothermally-

induced changes in a nano-object’s local refractive index due to optical excitation

[59, 52, 60, 61, 62, 63] to provide an avenue to separate absorption from scattering
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for nano-objects that are large enough to scatter. One class of spectroscopies that

takes advantage of such photothermal absorption utilizes optical microresonators as

near-field thermometers to measure the absorption of single nanoparticles [52, 29,

31, 51, 64, 65, 66, 67] and polymers [68, 69]. Using this approach, the absorption

spectra of individual gold nanoparticles coupled to a microcavity were systematically

investigated [52, 29, 31, 51].

In 2016, Heylman et al. employed ultrahigh-quality-factor (Q) whispering-gallery-

mode (WGM) toroidal microcavities as single-particle absorption spectrometers to

examine single gold nanorods coupled to toroidal microcavities [52]. The measured

absorption spectra (Figure 3.2a) were imprinted with distinctive spectral features as a

result of the weak coupling between the nanoparticle’s lossy dipolar localized surface

plasmon (LSP) and the spectrally narrow photonic modes of the microresonator. This

lead to cavity-modified resonances on top of a broad LSP absorption envelope. Due

to the weakly coupled broad LSP mode and quasidiscrete WGM modes, Fano antires-

onance signatures with linewidths of a few µeV were observed within the absorption

spectrum of each individual gold nanorod (Figure 3.2a). These Fano signatures man-

ifested as distinctly asymmetric lineshapes with constructive and destructive interfer-

ence peaks and dips as the LSP-WGM detuning was varied. Subsequently, Thakkar

et al. realized a thermal annealing method to control LSP-WGM detunings and con-

sequently sculpt the asymmetry profile of the Fano lineshapes [29], where it was found

that the small but finite damping of the resonator’s WGM modes was important in

the description of the Fano lineshape evolution (Figure 3.2b). The thermal annealing

strategy employed was found to be a facile route to tune the degree of LSP-WGM

hybridization and was ultimately used to obtain an optimized Purcell factor of 104.

Another way to tune plasmonic-photonic interactions is to directly control LSP-

WGM coupling. Pan et al. implemented a WGM microfluidic platform, allowing

one to control mode overlap by changing the dielectric environment [51]. Specifically,

additional WGMs were made accessible to the LSP mode by flowing solvents within
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the microbubble resonator, thereby creating glass-liquid interfacial modes with better

mode overlap (Figure 3.2c). Huang et al. utilized a direct absorption measurement

approach in a different plasmonic-photonic system where absorption dominates over

extinction. A large absorption enhancement was observed and was continuously tun-

able across a large spectral range (600−1000 nm), as opposed to the weak absorption

measured in uncoupled gold nanostars [70]. The Lorentzian peak lineshape was pre-

served across the uncoupled LSP’s absorption range, unlike in LSP-WGM coupled

systems. This absorption enhancement was enabled by photonic crystal guided mode

resonances, where the angle-dependent spectral tunability for absorption enhance-

ment follows the photonic crystal guided mode resonance dispersion (Figure 3.2d).

3.3.3 Reflection, Transmission, and Electron Probes

Plasmonic-photonic coupled systems can also be interrogated through tapered optical

fiber transmission [71, 31] or (free-space or fiber) reflection measurements [72, 73, 74,

75]. In a coupled LSP-WGM system, Ruesink et al. observed a blue shift in the

measured transmission resonance through a tapered optical fiber as the pitch size in

an array of nanoantennas decreased [71]. Such strong resonance shifts perturbed by

the nanoantennas, which exceeded the effects exerted by the nanoantenna’s polariz-

ability, were attributed to a nontrivial phase relationship between the WGM cavity

and LSP radiation (Figure 3.3a). In a similar system, the authors measured specu-

lar reflection from the array of nanoantennas coupled to a WGM cavity through a

high-NA objective while changing the incident angle [73]. The resonance lineshapes

in the reflection spectra were found to vary drastically as the in-plane k-vector in-

creased. These measurements suggest that nanoantenna polarizability can be con-

trolled through backaction via a single cavity mode for the entire nanoantennna array

(Figure 3.3b). Recently the authors showed the ability to obtain fiber reflection,

transmission, and free-space scattering simultaneously (Figure 3.3c) by driving the

coupled system with a narrow-band tunable laser through a tapered optical fiber
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Figure 3.2: Absorption measurements of plasmonic-photonic coupled systems. (a)
Fano lineshapes as a function of LSP-WGM detuning. (b) Detuning LSP resonance
from a single WGM via thermal annealing. (c) Active control of plasmonic-photonic
coupling in a microfluidic cavity. (d) Absorption amplification across an extended
spectral range through varying incident angle of excitation. Panel (a) adapted with
permission from Reference [52]; Copyright 2016 Nature. Panels (b), (c), and (d)
adapted with permission from References [29], [51], and [70] respectively; Copyright
2017, 2019, 2022 American Chemical Society.
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[74, 75]. Single plasmonic nanoparticles were deterministically positioned on WGM

microcavities through electron-beam lithography. A perturbed cavity mode with a

broader lineshape than that for the unperturbed cavity mode suggested LSP-WGM

hybridization, which was further confirmed by scattering images. Pan et al. demon-

strated simultaneous measurement of absorption and transmission through a single

tapered optical fiber to elucidate energy pathways in a weakly coupled LSP-WGM

system [31] (Figure 3.3d). Through a combination of experimental measurement and

theoretical modeling, key system parameters were found to span across 9 orders of

magnitude, including LSP and WGM nonradiative and radiative dissipation rates and

their mutual coupling strength.

Beyond these optical measurements, there are several recent demonstrations [30,

76] where electrons were used to probe weakly coupled systems using an electron mi-

croscope. Smith et al. combined EEL spectroscopy and theoretical modeling to reveal

infrared plasmonic Fano antiresonances in a gold disk-rod dimer system (Figure 3.3e)

due to the coupling between quasidiscrete Fabry-Pérot modes in the gold rod and the

quasicontinuum LSP mode in the gold disk [30]. In a nanocube-microsphere coupled

system (Figure 3.3f), EEL spectroscopy and CL were used to examine the broad LSP

resonance in a silver nanocube modulated by discrete WGMs [76]. Interestingly, the

excitation of WGMs with transverse-magnetic and/or transverse-electric polarization

were controlled by changing the electron probe position on the nanocube.

3.3.4 Purcell Enhancement

Since Purcell’s original report in 1946 of the ability to modify spontaneous emis-

sion rates beyond their vacuum values [11], numerous physical realizations of cavity-

modified emissive processes have appeared in the literature [77]. In the context of

an emitter coupled weakly to a nanophotonic cavity, the coupled equations of motion

(Eq. 3.1) again suffice to describe the cavity-induced modifications to the emitter’s

radiative decay.
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Figure 3.3: Reflection, transmission, and electron probes. (a) Transmission measure-
ment of a WGM microcavity coupled to an array of gold nanoparticles through a
tapered optical fiber. (b) Addressing the LSP-WGM coupled system through back-
focal-plane reflection imaging. (c) Measuring cooperative effects between a lithograph-
ically positioned plasmonic nanoparticle and a WGM microcavity through tapered
optical fiber reflection and transmission, and free-space scattering measurements. (d)
Simultaneous measurement of absorption and two-sided transmission of a plasmonic-
photonic coupled cavity. (e) EEL spectroscopy of a disk-rod dimer consisting of gold
nanodisk and microrod (left) and their components (right). (f) EEL spectroscopy
of a silver nanocube coupled to a WGM glass microsphere. Reprinted Panels (a),
(b) and (e) with permission from [71], [73] and [30]; Copyright (2015), (2018) and
(2019) respectively, by the American Physical Society. Panel (c) adapted from [75];
Copyright (2019) Springer Nature. Panels (d) and (f) reprinted with permission from
[31] and [76]; Copyright (2019) and (2021) respectively, American Chemical Society.
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In the absence of a cavity, the power scattered by an isolated emitter (into free

space) recovers the well known Larmor result [50], i.e.,

P 0
scat =

ωe

2π

∫ 2π/ωe

0

Re
{
−mγrade (ω)q̇0e(t)

}
· Re

{
q̇0e(t)

}
dt =

π2e2ω2
e

3
ρ0|q0e |2 (3.8)

for a dipole oscillator oscillating at frequency ωe, where ρ0 = ω2
e/π

2c3 is the free-space

EMLDOS. When positioned in a cavity, determination of the modifications to the

emitter’s dynamics requires calculation of the power scattered by the emitter into the

cavity via

Pcav =
ωe

2π

∫ 2π/ωe

0

Re
{
gpq(s)

√
m

V
q̇c(t)

}
· Re

{
q̇0e(t)

}
dt

=
2πe2

V

ω4
eγc|f(s) · q̂e|2

(ω2
c − ω2

e)2 + (ωeγc)2
|q0e |2

=
2π3e2c3

V

ω2
eγc|f(s) · q̂e|2

(ω2
c − ω2

e)2 + (ωeγc)2
ρ0|q0e |2,

(3.9)

where both the emitter and cavity modes oscillate in time as e−iωet, so that the ratio

FP =
Pcav

P 0
scat

=
6πc3

V

γc|f(s) · q̂e|2

(ω2
c − ω2

e)2 + (ωeγc)2
(3.10)

defines the Purcell enhancement factor. If the detuning (ωc−ωe) is large relative to the

cavity decay rate (γc) then emission is inhibited. Oppositely, if the cavity is tuned into

resonance with the emitter (ωc = ωe) then Purcell enhancement is maximized when

the emitter’s transition dipole moment is aligned with the cavity field and located at

its maximum so that |f(s) · q̂e|2 = 1. In this case

FP =
6πc3

ω3
e

Q

V
=

3λ3e
4π

Q

V
, (3.11)

Quality factorA dimensionless quantity that describes a cavity’s temporal decay rate

and therefore its ability to localize light in time. expressed in terms of the cav-

ity quality factor Q = ωc/γc by rewriting the emitter’s resonance frequency as the

wavelength λe = 2πc/ωe. Eq. (3.11) can also be written as the ratio

FP =
2Q/πωeV

ω2
e/3π

2c3
=

2Q/πωeV

ρ0/3
, (3.12)
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where the quantity in the numerator can be thought of as the cavity-enhanced density

of electromagnetic states ρ = 2Q/πωeV , providing a new interpretation of the physical

origin of the Purcell enhancement factor.

3.3.5 Plasmonic-Photonic Coupled Systems for Emission Control

Beyond the tailored light-matter interactions described previously, plasmonic-photonic

hybrid cavities have also shown great promise in emission control [53, 75] due to their

significantly modified EMLDOS as a coupled system. In 2016, Doeleman et al. the-

oretically demonstrated that such plasmonic-photonic cavities can achieve stronger

emission enhancements (Figure 3.4a) than the cavity or antenna alone [53]. They

subsequently showed Fano-lineshape engineering of the EMLDOS in a coupled cavity

where single quantum dots (QDs) were precisely placed in the system’s plasmonic hot

spot [75]. When the nanoantenna LSP was on-resonance with WGMs, the nanoan-

tenna EMLDOS was suppressed. However, when the LSP-WGM resonances were

off-resonant, for instance, when the LSP was blue-detuned from the WGMs, the

nanoantenna and WGM cavity cooperatively enhanced the EMLDOS and therefore

boosted the system’s fluorescence emission. It was also found that the plasmonic-

photonic modes directly reshaped the emission spectra of individual QDs into Fano

lineshapes ranging from pure suppression to nearly Lorentzian enhancement (Figure

3.4b). Figure 3.4 panels (c) and (d) display examples of inelastic surface-enhanced Ra-

man scattering achieved using hybrid plasmonic-photonic cavity architectures, which

are discussed more fully in the Supplementary Material.

3.3.6 Surface-Enhanced Raman Scattering

Raman scattering is a second order, instantaneous two-photon inelastic scattering

process, whereby molecular analytes annihilate an incoming photon at frequency ω

and emit an outgoing photon at frequency ω′. Processes involving emitted photons

with energy less than (greater than) that of the incoming photon are referred to as
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Figure 3.4: Plasmonic-photonic coupled systems. (a) Antenna-cavity hybrid systems
enhancing emission. (b) The evolution of emission enhancement in single QDs as
a function of antenna-cavity detuning by changing antenna’s length. (c) Raman
scattering enhanced by a antenna-cavity hybrid system. (d) A gold dimer decorated
with BPT molecules coupled to a SiN photonic crystal nanobeam cavity. Panels
(a), (b), and (c) adapted with permission from [53], [75] and [78]; Copyright (2016),
(2020) and (2021) American Chemical Society. Panel (d) reprinted with permission
from [79]; Copyright (2023) by the American Physical Society.

Stokes (anti-Stokes) scattering (Figure 3.5a,b, and energy differences h̄ωR = |h̄ω−h̄ω′|

must be equal to that between initial and final internal (often vibrational) molecu-

lar states. Although the molecular vibrational spectra accessed by Raman scattering

encode detailed molecular structure information, Raman signals are generally quite

low, e.g., the total Raman scattering cross section for pyridine is σ ∼ 10−30 cm2.

However, enormous enhancement in measured Raman scattering of analytes in the

presence of metal substrates with nanoscale features was observed in 1974 [82] and

independently in 1977 [40, 83] with the proper interpretation based on excitation of
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Figure 3.5: Surface-enhanced Raman scattering. (a) Example SERS spectrum. (b)
Feynman diagrams for Stokes and anti-Stokes scattering along with their respective
level scheme depictions. (c) Two-step phenomenological description of SERS. (d) Op-
tomechanical model of SERS. (e) The cavity-laser drive detuning ∆ dictates whether
amplification (Γopt < 0) or cooling (Γopt > 0) of molecular vibrations occurs within
the optomechanical model. Panels (a) and (d) adapted from [80]; Copyright (2016)
Springer Nature. Panel (e) reprinted with permission from [81]; Copyright (2017)
Royal Society of Chemistry.

resonant surface modes beginning shortly thereafter [84]. Today, surface-enhanced

Raman scattering enhancement factors, variably defined [85], but generally a ratio of

scattered powers in the presence/absence of a nanophotonic cavity, of 108−12 are rou-

tinely achievable with carefully designed nanocavity systems, in some cases allowing

vibrational spectra of individual molecules to be recorded with single-molecule SERS

[41, 42]. While imperfect, the overall enhancement factor (EF) underlying SERS is

conventionally decomposed into electromagnetic enahncement (EME) and chemical

enhancement (CE) contributions with (total EF) = (EME) × (CE). CE mechanisms

involve chemical modification of molecular vibrational characteristics via interaction

with the cavity, e.g., due to charge transfer, necessitating a detailed microscopic quan-

tum mechanical description [86]. This Review blackfocuses on the EME mechanism,

which arises from the modification of the EMLDOS at the positions of the analyte
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molecules in the presence of a nanocavity, and is generally the dominant source of

SERS enhancement. An expanded discussion of current perspectives on SERS is

provided in Ref. [86].

While many descriptions of SERS have been presented at varying levels of the-

oretical sophistication, from classical coupled dipole treatments [87], to quantum-

mechanical electronic structure methods [88, 89], to many-body theories of coupled

molecule-plasmon systems [90], perhaps the simplest descriptions are those provided

by phenomenological models. Although truly an instantaneous second-order scatter-

ing process, one such phenomenological description of Raman scattering involves a

two-step sequence consisting of induced dipole and re-emission steps as depicted in

Figure 3.5c [85]. The presence of a nanophotonic cavity influences each of these steps

via its modifications to the EMLDOS. During step one, a Purcell-enhanced Raman

dipole moment dR(ω′) = ᾱR ·E(ω) is induced that oscillates at frequency ω′. The Ra-

man polarizability ᾱR = (QR−Q0
R) ·

[
∂

∂QR
ᾱ(ω)

]∣∣
QR=Q0

R
is defined through the Taylor

expansion of the static polarizability ᾱ, with the vibrational normal mode coordinate

QR oscillating around its equilibrium position Q0
R at the vibrational frequency ωR,

establishing the relationship ω′ = ω ± ωR.

Treating the Raman dipole and nanocavity as interacting classical dipoles at po-

sitions xd and xp, respectively, with E0(xd) ≈ E0(xp) ≡ E0,

dR = ᾱR · (E0 + Ḡdp · ᾱp · E0) = ᾱR ·
[
Ī + M̄loc(ω)

]
· E0, (3.13)

where blackM̄loc(ω) = Ḡdp(xd,xp, ω) · ᾱp is the local field enhancement tensor at

frequency ω determined by the EMLDOS, which enhances (or suppresses) the local

field E(xd) = Ḡdp(xd,xp, ω) · p at xd, and p is the dipole moment of the laser-driven

cavity. Purcell-enhanced emission occurs similarly during the second step, which can

be accounted for by considering the total radiated power from the combined Raman-

dipole-nanocavity system when sourced by the Raman dipole oscillating at the shifted

frequency ω′. Under these conditions, the total dipole moment µtot = dR +p is found
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to be

µtot =
[
Ī + M̄loc(ω

′)
]
· ᾱR ·

[
Ī + M̄loc(ω)

]
· E0. (3.14)

Comparing the total power scattered in the presence P cav
tot and absence P 0

tot of the

cavity using the Larmor power expression in Eq. 3.8, it is observed that (i) P cav
tot ∝

|E0|2, i.e., the scattered power depends linearly on the incident field intensity, and

(ii) the enhancement factor

P cav
tot

P 0
tot

∼ |E(ω′)|2

|E0(ω′)|2
· |E(ω)|2

|E0(ω)|2
∼ |E(ω)|4

|E0(ω)|4
, (3.15)

recovering the well-established local field enhancement factor with its fourth power

dependence upon the local field relative to the applied field when the frequency shift

of the emitted light is neglected. It is worth noting that if the Raman and cavity

dipoles are allowed to interact self-consistently [87, 90], then the enhancement factor

is found to be P cav
tot /P

0
tot = (1+Mloc)

2/(1−M2
loc)

2, within a one-dimensional model for

simplicity. This result differs from that of the two-step model only by the presence

of the denominator, which is responsible for the classical image dipole effect that

renormalizes the cavity and molecular frequencies and lifetimes.

Despite the successes of these single molecule phenomenological models, they fail

to provide simple descriptions of other important aspects of SERS, such as nonlin-

ear Stokes and anti-Stokes emission under strong driving and correlations amongst

molecular vibrations. Beginning in 2015, molecular optomechanical models of SERS

were introduced, allowing for dynamic interaction between two parametrically cou-

pled, non-resonant harmonic molecular vibrational and cavity oscillators within the

framework of cavity quantum electrodynamics [80, 91]. In analogy with the two-step

model introduced earlier, the interaction Hamiltonian is taken to be

Ĥint = −Ê(xd) · d̂R

= −Ê(xd) ·
1

2

{
(Q̂R − Q̂0

R) ·
[
∂

∂QR

ᾱ(ω)

]∣∣∣
QR=Q0

R

· Ê(xd)

}
≈ −gR

(
b̂+ b̂†

)
â†â,

(3.16)
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where the rotating wave approximation (RWA) has been invoked and the last line

involves the introduction of the quantized vibrational coordinate and cavity electric

field operators Q̂R−Q̂0
R =

√
h̄/2mωe

(
b̂eiϕ+ b̂†e−iϕ

)
and Ê(x) = i

√
2πh̄ωc/V

(
f(x)â−

f∗(x)â†
)

expressed in terms of the bosonic molecular vibration b̂ (b̂†) and cavity â (â†)

lowering (raising) operators, respectively. Together with the additional assumptions

that xd is positioned at an antinode of the cavity field and is aligned with the local field

polarization, the optomechanical coupling is gR =
[

∂
∂QR

ᾱ(ω)
]∣∣

QR=Q0
R

√
h̄/2mωe(2πh̄ωc/V )

when ϕ = π is chosen. In the presence of a coherent continuous-wave laser drive at

frequency ωd, the Hamiltonian in the frame rotating at the drive frequency becomes

Ĥ = h̄∆â†â+ h̄ωeb̂
†b̂− gR

(
b̂+ b̂†

)
â†â+ ih̄Ω(â† − â), (3.17)

in terms of the cavity-drive detuning ∆ = ωc−ωd where Ω characterizes the strength of

driving by the (classical) applied field E0(t) = E0e
−iωdt. Rotating Wave Approxima-

tionNeglect of the rapidly oscillating interaction picture light-matter coupling terms

proportional to e±i(ωc+ωe)t. See Section 3.4.1 for additional details.

The molecular optomechanical Hamiltonian is formally equivalent to the well-

studied cavity optomechanical Hamiltonian describing a coherently driven Fabry-

Pérot cavity with one mirror mounted on a spring (Figure 3.5d) [92]. The dynamics

of the open coupled mode system in the presence of incoherent cavity and molecu-

lar vibration decay at rates κ and γm, respectively, have been investigated using the

Langevin [80] as well as master equation [91, 81] approaches. Despite some differences

in the expressions for steady-state phonon occupancies, both approaches show that

dynamical backaction introduces additional pathways for phonon creation and anni-

hilation characterized by rates Γ+ and Γ−, respectively, which can lead to stimulated

phonon amplification and cooling. For example, the cavity-mediated phonon creation

and annihilation rates from the master equation approach are

Γ± =
g20|α|2κ

(∆ ± ωm)2 + (κ/2)2
, (3.18)
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where α is the coherent state amplitude of the driven cavity mode. The steady-state

phonon population at temperature T is

nss =
γm

γm + Γopt

nth +
Γ+

γm + Γopt

, (3.19)

where Γopt = Γ− − Γ+, and nth = [exp(h̄ωm/kBT ) − 1]−1 is the thermal phonon

occupancy. Inspection of Eq. 3.18 shows that when the laser detuning is such that

∆ < 0 (∆ > 0), Γopt < 0 (Γopt > 0) leading to phonon amplification (cooling) as

depicted in Figure 3.5e. Vibrational pumping, therefore, arises naturally within the

optomechanical model, and leads to the prediction of nonlinear scaling of anti-Stokes

SERS with increasing continuous-wave laser excitation, which has been observed in

single-molecule SERS measurements within low-temperature picocavities [93]. The

model also predicts that with still stronger blue-detuned driving (typically beyond

what has been experimentally achievable with cw lasers before the onset of sample

damage), Γopt = −γm, which causes the phonon population in Eq. (3.19) to diverge

and the onset of phonon lasing, which is known as parametric instability. Figure

3.6 presents examples from the recent literature that report signatures of collective

phenomena in SERS predicted by the optomechanical model [94, 95, 96], which are

more fully discussed in the Supplemental Material.

3.4 Strongly Coupled Systems

Just as strong contact of an environment with a physical system is a defining feature

of weak coupling, environmental isolation is the hallmark of physical systems in the

strong coupling regime. Here, the rate of energy transfer (g) between system com-

ponents is so large relative to environmental loss (γ) of any form that outcoupling

to the environment can be largely neglected. Strongly coupled systems are charac-

terized by repeated and coherent intrasystem energy transfer and are thus described

accurately by Hermitian Hamiltonians and unitary time evolution. In the absence of

external forces, normal modes (or super modes or molecular orbitals depending upon
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Figure 3.6: Collective optomechanical effects in SERS. (a) Calculated Stokes and
anti-Stokes emission intensities as a function of laser intensity and the number of
identical molecules N coupled to the cavity under blue-detuned cw laser drive. (b)
Anti-Stokes scattering intensity as a function of N exhibiting quadratic dependence
in the vibrational pumping regime (shaded gray in panel (a)). (c) Measured super-
linear Stokes scattered power dependence from monolayer MoS2 placed within the gap
regions of nanocube-on-mirror structures under blue-detuned drive. (d) Intermolec-
ular vibrational coupling between polar bonds analyte molecules (4NTP) embedded
within self-assembled monolayers composed of inert spacer molecules (BPT) leads to a
measurable frequency shift detectable in SERS. Panels (a), (b), (c) and (d) reprinted
with permission from [94], [94], [95] and [96]; Copyright (2020), (2020), (2022) and
(2022), respectively, American Chemical Society.
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the parlance of the particular research community) arise as the natural, independent

(i.e., noninteracting) basis in which all driven states of the system including spectra

can be decomposed.

Normal modes can vary considerably in their character ranging from weakly mixed

forms that closely resemble the uncoupled system components to maximally mixed,

even-weighted superpositions of the original uncoupled system components. In the

case of two coordinate-coordinate (q1q2) coupled oscillators with Hamiltonian [97]

H =
p21

2m1

+
1

2
m1ω

2
1q

2
1 +

p21
2m1

+
1

2
m2ω

2
2q

2
2 − gqq(s)q1q2, (3.20)

the general forms of its normal mode coordinates and frequencies are

q− = q1

(
m1

m2

)1/4

cos θ + q2

(
m2

m1

)1/4

sin θ

q+ = −q1
(
m1

m2

)1/4

sin θ + q2

(
m2

m1

)1/4

cos θ

(3.21)

ω− =

√
ω2
1 cos2 θ + ω2

2 sin2 θ − 2gqq√
m1m2

sin θ cos θ

ω+ =

√
ω2
1 sin2 θ + ω2

2 cos2 θ +
2gqq√
m1m2

sin θ cos θ

(3.22)

written in terms of the angle θ = (1/2) tan−1 2gqq/
√
m1m2(ω

2
2 − ω2

1) dictating the

degree of mode mixing experienced between the coupled coordinates q1 and q2. At

zero detuning, the energetic splitting between the normal modes is h̄
√

2g/
√
m1m2.

Such equations might, e.g., describe two coupled plasmonic nanoparticles with dipolar

coordinates d1 = −eq̂1q1 and d2 = −eq̂2q2, and coupling strength gqq(s) = e2q̂1 ·

G(s) · q̂2 derived from the interaction energy Hint = −E1(s) · d2 = −d1 · E2(−s) =

−d1 ·G(s) · d2 = −gqq(s)q1q2, where

G(s) =
[
(3ŝŝ− 1)

( 1

s3
− ik

s2

)
− (ŝŝ− 1)

k2

s

]
eiks (3.23)

is the free-space dipole relay tensor [50] with k = ω/c relaying the electric field

E(s) = G(s) · d produced by one dipole to the other located at the position s = ŝs
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away. The effective mass mi of each plasmonic dipole mode (i = 1, 2) [98, 99] can

be derived from the Clausius-Mossotti polarizability together with a Drude model of

the nanoparticle’s bulk free carrier response. This dipolar coupling scheme as well as

other more sophisticated couplings can all be derived from the exact minimal coupling

formalism [100].

Other strongly coupled light-matter and light-light systems are governed by sim-

ilar Hamiltonians with a few replacements. For massless light modes, such as the

optical eigenmodes of nanophotonic cavities, the effective mass m is replaced by the

inverse mode volume V . Additionally, the form of the interaction energy changes to

coordinate-momentum (q1p2) coupling for interacting light-matter [29, 31, 51, 52] sys-

tems and to doubly coupled coordinate-coordinate (q1q2) and momentum-momentum

(p1p2) couplings for interacting light-light [101, 102] systems.

PolaritonsThe emergent collective excitations of strongly coupled light-matter de-

grees of freedom. Interacting light-matter Hamiltonians arise, e.g., in the description

of high quality (Q) nanophotonic cavity coupled atomic, molecular, excitonic, or plas-

monic degrees of freedom blended into new hybrid states called polaritons. In general,

polaritons are the collective excitations that emerge in the hybridization of optical

and material degrees of freedom and can be engineered to vary in their degree of mode

mixing in analogy to Eq. (3.21) by exerting control over parameters such as detuning

and coupling strength. Given the light-matter interaction energy Hint = −E(s) · d

with cavity electric field E = −Ȧ/c and cavity magnetic field B = ∇ × A, the

light-matter Hamiltonian becomes [31]

H =

∫
E2 + B2

8π
d3x+

p2e
2m

+
1

2
mω2

eq
2
e − E(s) · d

=
V p2c

2
+

1

2V
ω2
cq

2
c +

p2e
2m

+
1

2
mω2

eq
2
e −

√
mV gpq(s)pcqe

(3.24)

in the case of one nanophotonic cavity mode A(x, t) = (
√

4πc/V )f(x)qc(t) of fre-

quency ωc, volume V , spatial mode profile f(x), and dynamical coordinates (pc, qc)

strongly coupled to one material emitter oscillator of frequency ωe, effective mass
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m, and dynamical coordinates (pe, qe) with strength gpq(s) = −e
√

4π/mV f(s) · q̂e.

Note that the Newton equations in Eq. (3.1) describing a weakly coupled emitter-

cavity system are also derivable from Eq. (3.24), but must be supplemented with

phenomenological velocity-dependent frictional forces to account for the effects of

radiative and nonradiative damping. It is also interesting to note that the inverse

cavity mode volume V inherits the analogous role of an effective mass, but of the

nanophotonic cavity. In the strong coupling regime where environmetnal losses can

be neglected, the above Hamiltonian (Eq. (3.24)), when quantized in the canonical

manner such that [q̂c, p̂c] = ih̄ and [q̂e, p̂e] = ih̄ [100], serves as the starting point

for a hierarchy of quantum optical Hamiltonians including the celebrated Jaynes-

Cummings and Tavis-Cummings models described below.

3.4.1 Jaynes-Cummings Model

The Jaynes-Cummings (JC) model [103] describes the interaction between a two-level

system (TLS) and a single optical cavity mode. It derives from quantization of the

light-matter Hamiltonian in Eq. (3.24) together with replacement of the bosonic

description of the matter with that of a TLS representing the ground |g⟩ and ex-

cited state |e⟩ of an emitter. By defining the dipole and electric field operators as

d̂ = d̂(+) + d̂(−) and Ê = Ê(+) + Ê(−), where d̂(+) = |e⟩⟨e|d̂|g⟩⟨g| = |e⟩deg⟨g|,

Ê(+)(x) = i
√

2πh̄ωc/V f(x)âe−iϕ, and d̂(−) = [d̂(+)]† and Ê(−) = [Ê(+)]†, the light-

matter Hamiltonian becomes

Ĥ = h̄ωcâ
†â+ h̄ωeσ̂+σ̂− − Ê(s) · d̂

= h̄ωcâ
†â+ h̄ωeσ̂+σ̂− +

[
− Ê(+)(s) · d̂(+) − Ê(−)(s) · d̂(−)

]
︸ ︷︷ ︸

Ĥ
(res)
int

+
[
− Ê(+)(s) · d̂(−) − Ê(−)(s) · d̂(+)

]
︸ ︷︷ ︸

Ĥ
(antires)
int

(3.25)
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in terms of the TLS excitation and de-excitation operators σ̂+ = |e⟩⟨g| and σ̂− =

|g⟩⟨e|. Expressed in the interaction picture, the antiresonant and resonant interactions

Ĥ
(res)
int (t) = −Ê(+)(s) · degσ̂+ − Ê(−)(s) · dgeσ̂−

= −ih̄
[√

2πh̄ωc

V

f(s) · deg

h̄

]
︸ ︷︷ ︸

g

e−i(ωc−ωe)tâe−iϕσ̂+ + H.c.

Ĥ
(antires)
int (t) = −Ê(+)(s) · dgeσ̂− − Ê(−)(s) · degσ̂+

= −ih̄
[√

2πh̄ωc

V

f(s) · dge

h̄

]
︸ ︷︷ ︸

ḡ

e−i(ωc+ωe)tâe−iϕσ̂− + H.c.

(3.26)

are characterized by phase factors e−i(ωc−ωe)t and e−i(ωc+ωe)t with the former (energy

conserving) phase oscillating slowly while the latter (non-energy conserving) phase

oscillates rapidly when the cavity-emitter detuning δ = ωc − ωe is small (using the

convention that ωg = 0). Under the RWA the latter is neglected completely, resulting

in the JC Hamiltonian

ĤJC = h̄ωcâ
†â+ h̄ωeσ̂+σ̂− + h̄gâσ̂+ + h̄g∗â†σ̂− (3.27)

in the Schrödinger picture, after choosing the arbitrary phase angle ϕ = −π/2. Due

to the TLS’s limited state space of ground (|g⟩) and excited (|e⟩), only |g, n⟩ and

|e, n − 1⟩ states become coupled through Ĥ
(res)
int and the Fock state representation of

the JC Hamiltonian decomposes into 2 × 2 subspaces with n total excitations

ĤJC,n = (n+ 1)h̄ωc

1 0

0 1

 + h̄

 0 g∗
√
n

g
√
n −δ

 , (3.28)

expressed in terms of the cavity-emitter detuning δ. The energy levels and eigenstates

within the nth manifold are

En± = nh̄ωc −
h̄δ

2
± h̄

2

√
δ2 + 4|g|2n, (3.29)

|+, n⟩ = cos θn|e, n− 1⟩ + sin θn|g, n⟩

|−, n⟩ = − sin θn|e, n− 1⟩ + cos θn|g, n⟩
(3.30)
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Figure 3.7: Probing strongly-coupled systems with tip-enhanced measurements. (a)
Reversible and dynamical interrogation of single CdSe/ZnS QDs in the strong cou-
pling regime using TEPL spectroscopy. (b) Deterministic room temperature strong
coupling of individual colloidal QDs to a plasmonic notch resonator at the tip of
a scanning probe measured using TEPL. (c) Nano-FTIR scheme, calculated spatial
map of the model system response field, and measured amplitude spectra of the bare
(blue) and molecule-covered (red) nanobeam. Upper and lower polaritons were ob-
served in the amplitude spectra S3(ω) of the combined system at frequencies above
and below the uncoupled molecular vibration frequency ωCBP. Panels (a) and (b)
are adapted with permission from [104] and [105]; Copyright (2019) and (2018), re-
spectively, Science. Panel (c) reprinted with permission from [106]; Copyright (2022)
Springer Nature.

with coupling angle θn = (1/2) tan−1 2
√
n|g|/(ωe − ωc) and splitting En+ − En− =

√
nh̄Ω at zero detuning defining the Rabi frequency Ω = 2|g| = 2

√
2πh̄ωc/V |f(s) · deg|/h̄ =

2|E(+)(s) · deg|/h̄. See the Supplemental Material for an expanded discussion of the

JC model, as well as its generalization to N identical TLSs (the Tavis-Cummings

model) and the inclusion of losses.

3.4.2 Characterizing Strongly Coupled Systems – Near-Field Probes

Many characteristics of strongly coupled systems have been studied with a broad

range of molecular and solid state emitters coupled to a variety of nanophotonic cav-

ities [107, 108, 109]. In particular, far-field optical spectroscopies have repeatedly

verified the utility of Eq. 3.29 (and its non-Hermitian analog) in describing the evo-

lution of upper and lower polariton energies as system parameters are varied to tune

the uncoupled mode energies, as well as the
√
N dependence of the Rabi splitting on
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the number of emitters coupled to the cavity (Supplemental Material). An appreci-

ation was also developed regarding the role played by the measurement observables

in the determination of system parameters. For example, it was shown that Rabi

splittings inferred from scattering measurements can be over-estimated, and that it

is, therefore, preferable to employ absorption or photoluminescence measurements

to determine Rabi splitting energies [110, 111]. Albeit in the weak coupling regime,

Refs. [31, 30] independently came to the same conclusion in the quantification of

Fano antiresonances in both optical and electron beam spectroscopies. Recent ex-

amples of TEPL measurements employing movable metallic tips to controllably and

dynamically interrogate strong coupling to emitters are presented in Figure 3.7, with

additional discussion provided in the Supplemental Material.

3.4.3 Free Electron Probes

In addition to the optical spectroscopies discussed thus far, free-electron-based mea-

surements in scanning transmission electron microscopes (STEMs) have also demon-

strated unique access into the properties of nanophotonic structures and their de-

tailed optical responses. Specifically, EEL spectroscopy, where the excitation spec-

trum of an interrogated sample is encoded in the difference in kinetic energy of a

probing free electron before and after interaction, has been used for over a decade to

spatially and spectrally map excitations of plasmonic [117, 99] as well as nanopho-

tonic [118, 76] systems. Due to recent progress in monochromation and aberration

correction technologies, 10 meV energy resolution is achievable in modern STEMs,

opening the door to performing high-resolution spectroscopy of visible to far-infrared

frequency excitations with spatial resolution (1 nm) far below the optical diffraction

limit [118, 119, 120]. The Supplemental Material contains an expanded discussion of

recent studies leveraging EEL spectroscopy and related techniques to probe strongly

coupled nanophotonic systems, which are highlighted in Figure 3.8.
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Figure 3.8: Probing strong coupling with free electrons. (a) Calculated EEL spectra
of a bare Ag rod (left) and an Ag rod coated by an emitter medium shell (right)
for various electron beam positions marked by color-coded crosses. (b) Experimental
spectral and spatial mapping of upper and lower polaritons using EEL spectroscopy
for an Ag nanoprism coupled to WS2 excitons at room temperature. (c) Calculated
EEG spectra of a one-dimensional plasmonic array structure as a function of the in-
cident CW laser in-plane momentum K∥, which encodes the array energy-momentum
dispersion E(k∥). Spatially-resolved spectrum image calculations are presented at the
upper and lower polariton energies for the same array structure embedded within a
homogeneous slab of emitters. (d) Experimental measurement of Bloch mode E(k∥)
dispersion in a photonic crystal (top) using free electrons. Images below show direct
spectral mapping of Bloch modes in real space. (e) Coherent free electron probing of
laser-stimulated light-matter targets in the strong coupling regime. Panels (a) and
(b) are adapted with permission from [112] and [113]; Copyright (2018) and (2019),
respectively, American Chemical Society. Panel (c) reprinted with permission from
[114]; Copyright (2022) by the American Physical Society. Panel (d) reprinted with
permission from [115]; Copyright (2020) Springer Nature. Panel (e) reprinted with
permission from [116]; Copyright (2023) Science.
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3.4.4 Ultrastrong Coupling Regime

Distinctly new behavior arises when the light-matter coupling rate (g) and bare ex-

citation frequency (ωe) become comparable. In such situations, the system is said to

be in the ultrastrong coupling (USC) regime [125, 126], and JC description of the in-

teraction between a single cavity mode of frequency ωc and a single TLS of excitation

frequency ωe must be replaced by the quantum Rabi (QR) model Hamiltonian

ĤQRM = h̄ωcâ
†â+ h̄ωeσ̂+σ̂− + h̄gâσ̂+ + h̄g∗â†σ̂−︸ ︷︷ ︸

resonant

+ h̄ḡâσ̂− + h̄ḡ∗â†σ̂+︸ ︷︷ ︸
antiresonant

. (3.31)

This Hamiltonian derives directly from Eqs. 3.25 and 3.26, differing from the JC

Hamiltonian only in that the anti-resonant terms neglected within the RWA are re-

tained within the QR model. As displayed in Figure 3.9(a), the RWA underlying

the evaluation of the JC model eigenvalues (red) fails to accurately replicate the QR

model eigenvalues (black) in the USC regime [121, 122]. The Supplemental Material

contains an expanded discussion of USC, including the modification of the ground

state composition and recent studies involving nanophotonic systems (Figure 3.9).

3.5 Summary and Future Outlook

Over half a century since the influential experiments of Purcell and Drexhage, re-

searchers today have achieved exquisite ability to tailor the interactions between

light and matter through precision engineering of nanophotonic cavities capable of

confining light to the nanoscopic dimensions of molecular, excitonic, phononic, and

plasmonic excitations. Through weak coupling to nanophotonic cavities, exceedingly

fragile optical processes have been enhanced to the point where the spectra of individ-

ual quantum objects can be resolved and investigated at room temperature with new

levels of control, heralding separate renaissances in multiple fields of spectroscopy. In

other contexts, entirely new states of emergent polaritonic matter have been coaxed

into existence and manipulated, sometimes actively, to realize novel strongly-coupled
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Figure 3.9: Ultrastrong coupling. (a) Comparison of JC model (black) and QR model
(red) eigenenergies as a function of coupling strength. (b) QR model eigenenergies in
the USC regime, which is subdivided into perturbative USC (green), nonperturbative
USC to nonperturbative deep strong coupling (tan), and perturbative deep strong
coupling (red). (c) Total number of excitations in each QR eigenstate as a function of
coupling strength within the pUSC and npUSC regimes. (d) Measured CL spectra of
metal-insulator-metal cavities filled with CdZnS/ZnS QD, which exhibit Rabi split-
tings indicative of USC. (e) TDDFT calculations indicate that certain types of single
organic molecules coupled to plasmonic dimers can reach the USC regime. The plot
on the right depicts the calculated ground state energy shift arising from virtual pho-
ton excitations. Reprinted Panels (a), (b) and (c) with permission from [121], [122]
and [122]; Copyright (2011), (2016) and (2016) respectively, by the American Physical
Society. Panel (e) adapted with permission from [123]; Copyright (2022) American
Chemical Society. Panel (d) adapted with permission from [124]; Copyright (2020)
Royal Society of Chemistry.
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optical phenomena that serve as playgrounds for exploration of quantum many-body

physics.

In both weak and strong coupling regimes, not only have far-field optical mea-

surements been employed to characterize nanoscale material responses, but so too

have more sophisticated near-field optical and electron beam probes capable of si-

multaneously recording spectra and correlated images with spatial resolution below

the diffraction limit of light. Owing to their ability of measuring nanoscale optical

processes at their native energy, length, momentum, time, and polarization scales,

such near-field spectroscopies—or nanospectroscopies—represent some of the most

information-rich observables available today and, looking forward, we anticipate nu-

merous future directions of inquiry that will benefit from the new limits of resolution

that they offer.

Alongside the nanospectroscopic measurements highlighted in this review comes

the companion need for detailed theoretical modeling of the specific experimental

observables being measured, as the observed spectra (and microscope images) often do

not directly map to those of the isolated material excitation as is commonly assumed

in many other molecular spectroscopies. This difference is due to the significance of

interactions and losses shared between nanoscale material excitations and their local

optical cavity environments as well as the convolution of experimental signals by the

specific response functions of the probes themselves. Said differently, the Hamiltonian

eigenspectrum of the isolated material response is often a poor representation of the

observed spectrum and significant theoretical work is required to connect the two.

With these advances in cavity and emitter synthesis/fabrication, near- and far-

field materials characterization, and theory, now is an exciting time for spectroscopists

investigating the optical properties individual, few, and ensembles of emitters coupled

to nanophotonic cavity environments. Going forward, the future holds great promise

for detailed exploration of cavity-enhanced optical processes at the nanoscale across

varying interaction strengths and their associated physical regimes, opening new vis-
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tas in basic scientific research and the downstream technological applications that it

enables.
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[74] Kévin G Cognée, Hugo M Doeleman, Philippe Lalanne, and AF Koenderink.
Cooperative interactions between nano-antennas in a high-Q cavity for unidi-
rectional light sources. Light Sci. Appl, 8(1):115, 2019.

[75] Hugo M Doeleman, Christian D Dieleman, Christiaan Mennes, Bruno Ehrler,
and A Femius Koenderink. Observation of cooperative Purcell enhancements
in antenna–cavity hybrids. ACS Nano, 14(9):12027–12036, 2020.

[76] Yves Auad, Cyrille Hamon, Marcel Tencé, Hugo Lourenço-Martins, Vahagn
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tral classification of coupling regimes in the quantum Rabi model. Phys. Rev.
A, 96:013849, Jul 2017.

[123] Mikael Kuisma, Benjamin Rousseaux, Krzysztof M Czajkowski, Tuomas P
Rossi, Timur Shegai, Paul Erhart, and Tomasz J Antosiewicz. Ultrastrong cou-
pling of a single molecule to a plasmonic nanocavity: A first-principles study.
ACS Photonics, 9(3):1065–1077, March 2022.

[124] Li Li, Lei Wang, Chenglin Du, Zhongyuan Guan, Yinxiao Xiang, Wei Wu,
Mengxin Ren, Xinzheng Zhang, Aiwei Tang, Wei Cai, et al. Ultrastrong cou-
pling of CdZnS/ZnS quantum dots to bonding breathing plasmons of aluminum
metal–insulator–metal nanocavities in near-ultraviolet spectrum. Nanoscale,
12(5):3112–3120, 2020.

[125] P. Forn-Dı́az, L. Lamata, E. Rico, J. Kono, and E. Solano. Ultrastrong coupling
regimes of light-matter interaction. Rev. Mod. Phys., 91:025005, Jun 2019.



89

[126] Anton Frisk Kockum, Adam Miranowicz, Simone De Liberato, Salvatore
Savasta, and Franco Nori. Ultrastrong coupling between light and matter. Nat.
Rev. Phys., 1(1):19–40, 2019.



90

Chapter 4

NANOSCALE CHARACTERIZATION OF INDIVIDUAL
THREE-DIMENSIONAL SPLIT RING RESONATOR

SYSTEMS

Copyright © (2023) Annual Chemical Society. All rights reserved.

4.1 Abstract

In this article we investigate the hybridization of three-dimensional plasmonic split

ring resonator (SRR) pairs using focused electron beam nanospectroscopy and model

their combined electric and magnetic responses using electromagnetic theory and nu-

merical calculations. Specifically, we fabricate 3D SRR dimers with varying in-plane

rotations and out-of-plane tilts, and perform electron energy loss spectroscopy (EELS)

measurements to elucidate the impact of their 3D electric and magnetic interactions

upon the EEL spectrum of each individual SRR dimer. Based on the competition

between the SRR’s electric and magnetic interactions within our model, we find that

varying the 3D tilt angle diminishes the magnetic coupling, but increases the over-

all mode mixing. Through further modeling of the experimental data, we determine

the system’s electric and magnetic coupling constants, as well as the overall effec-

tive coupling constant, a useful metric for characterizing the strength of light-matter

interaction. We additionally explore the potential for geometric frustration in the

magnetic mode ordering of a coupled SRR trimer using both EELS experiment and

companion theoretical modeling. Taken together, the insight gained into the behavior

of coupled 3D SRRs serves as a stepping stone to the rational design of 3D photonic

metamaterials endowed with even richer optical functionality.
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4.2 Introduction

Negative index of refraction (NIR) metamaterials have found significant importance

in nanophotonics owing to their remarkable optical properties that are unable to be

achieved in naturally occurring materials [1, 2, 3, 4, 5, 6, 7, 8]. Fundamental to

the design of NIR metamaterials is the split ring resonator (SRR), which has been

used in a variety of applications including perfect lenses [9, 10, 11, 12], biosensors

[13, 14], antennas [15, 16], and absorbers and filters [17, 18]. When arranged in

an array, individual SRRs act as “atoms” with the emergent optical properties of

the metamaterial arising through their mutual coupling, thus providing impetus for

detailed studies of the fundamental two-body interactions between pairs of SRR units.

[19, 20]

While far-field optical characterization techniques are commonly used to investi-

gate SRR-based metamaterials [21, 22], few studies have employed sub-diffraction-

limited probes such as scanning transmission electron microscopy (STEM) electron

energy loss spectroscopy (EELS) to measure SRR couplings at their own native length

scale. [23] STEM-EELS provides nanometer-scale spatial information together with

correlated spectroscopic responses capable, e.g., of revealing dark modes undetectable

by far-field characterization tools. Clear distinction of the bright and dark modes is

critical to quantify the strength and to elucidate the nature of light-matter interac-

tion. In Ref. [24], von Cube et al. showed the progression from distinct optically

bright and dark eigenmodes in small arrays (i.e., 2 − 4 SRRs) to the formation of

a quasi-continuum of modes in the interior, and edge modes at the boundaries of a

large array. In another EELS study, Liang et al. [25] investigated individual Au SRR

dimers, fabricated with either 0◦, 90◦, and 180◦ relative planar angle to elucidate the

hybridization of their fundamental modes. These studies combined numerical simula-

tions with experimental EELS measurements to elucidate the interplay between the

SRR’s electric and magnetic dipole moments in the hybridization of coupled SRRs
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within a planar or two-dimensional geometry.

Moving beyond planar structures, little consideration has been given to 3D SRRs

with electric and magnetic responses that can be oriented arbitrarily in three dimen-

sional space, which would produce an even richer set of interactions and emergent

responses. Ref. [26] has investigated “vertical” oriented SRRs using cathodolumi-

nescene and EELS to study the fundamental magnetic dipole mode. However, due

to challenges of fabricating 3D SRRs, it remains difficult to clearly distinguish the

magnetic mode and elucidate its role in the hybridization of SRR pairs. To this end,

the work presented in Ref. [27] achieves a breakthrough in fabricating plasmonic 3D

SRR nanoresonators, using focused electron beam induced deposition (FEBID) to

deposit nonplasmonic 3D scaffolds, which are subsequently isolated with a conformal

SiO2 layer and then coated with a gold layer to create functional 3D plasmonic nanos-

tructures. Building from this work, here we investigate the effect of 3D out-of-plane

tilting on the electric and magnetic dipole couplings in individual nanofabricated SRR

dimers, and the downstream impacts in metamaterial design using monochromated

aberration corrected STEM-EELS and companion theoretical modeling.

The STEM-EELS measurements presented in this study expose the effects of 3D

geometry upon the interaction between individual SRRs. Theoretical analysis of the

observed data accounts for the induced electric and magnetic dipoles on each SRR as

well as their mutual near-field couplings in SRR dimers as probed by STEM electron

beam. We then map the dynamics of the SRR surface current density onto effective

oscillator equations of motion, with an effective coupling constant exhibiting both 2D

and 3D angular dependence. This description is well suited for an analytic analysis

of the EEL probability which shows that for a particular orientation, increasing the

3D tilt angle diminishes the magnetic coupling, but enhances the overall light-matter

interaction strength. Based upon this model, we additionally examine the hybridiza-

tion of individual 2D SRR trimers measured using EELS. Taken together, this study

elucidates the geometric effects of 3D tilt on the SRR magnetic dipole moment and
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its role in the hybridization of coupled 3D SRRs, thus serving as a stepping stone for

nano-engineering NIR metamaterials composed of coupled 3D SRR units.

4.3 Results and Discussion

Fig. 4.1 and 4.2 display a series of Au SRR pairs with varying in-plane orientations

and out-of-plane tilts, each SRR with 450 nm diameter, 270◦ arc length. To provide

a baseline for the out-of-plane tilting in the three-dimensional study, first, the pair of

SRRs are lithographically patterned on a SiNx membrane, with a relative planar angle

of 0◦, 45◦, 90◦, 135◦, or 180◦, as shown on the top panel, Fig. 4.1b-f. Experimental

EELS measurements are performed on each SRR pair, with the electron beam probe

positioned at the colored dots, traveling into the plane of the page. Fig. 4.1a displays

the corresponding color codded EEL spectra showing a single peak for the 90◦ orien-

tation and a clear peak splitting into the bonding and antibonding dipolar modes for

the 0◦, 45◦, 135◦, and 180◦ planar orientations. The signatures of the bonding and

antibonding modes are identified by the experimental EEL spectrum images, illus-

trated in Fig. 4.1g-o: The in-phase bonding modes are observed at the lower energy

maps (Fig. 4.1g-h, j-k) with the zero EELS intensity signature in the gap; while the

out-of-phase antibonding modes are observed at the higher energy maps (Fig. 4.1l-o)

with the high EELS intensity signature in the gap.

The geometric effect on the spectrum of a coupled pair of SRRs, arbitrarily ori-

ented in space, results from their doubly coupled electromagnetic interaction. In

particular, the progression of the mode mixing in the STEM-EELS of Fig. 4.1 is

a known characteristic behavior that stems from the interplay between electric and

magnetic interactions of coupled planar SRRs [19, 28]. Describing the EEL spectra

within a model that can be generalized to three dimensions requires knowledge of the

potential energy of interaction between the SRR and the evanescent electric field of

a STEM electron beam, as well as the interaction energy between coupled SRRs.
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Figure 4.1: (a) Experimental (solid), simulation (circle), and model (dashed) EEL
spectra taken at the SRR outer tip for planar rotational study. (b-f) HAADF images
of each SRR dimer with a colored circle indicating where the spectra in panel a were
acquired. Corresponding spectrum images show the lower-energy (g-k) and higher-
energy (l-p) normal modes of the system. Scale bar = 300 nm.

Analysis of the electron-beam-driven SRR dimer

An electron beam oriented such as to point into the plane of the page of Fig. 4.1

drives current about the circular path of one of the pair of SRRs, with the following

interaction potential energy,

Uel =

∮
Fel · ds1

≈ q1Eel · x̂1,

(4.1)

where q1 is the total charge for the fundamental dipole mode. Thus the force from the

evanescent electric field of the electron beam polarizes the driven SRR in the direction

defined by the unit vector x̂1 across the split of the ring; the polarized field induced

on the SRR has a dominant dipolar electromagnetic response that prevails within the

spectral window of the STEM-EELS analysis, and it is well separated from higher

energy modes [27]. With its large distance to the second SRR, the influence of the

electron beam upon the second SRR is neglected, with the beam positioned at each
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of the bullets in the upper panels of Fig. 4.1b-f.

The induced current about the circular path of the driven SRR sets up a magnetic

dipole moment whose field is normal to the SRR plane and orthogonal to the electric

dipole field set across the split direction. It is through this electric field and induced

magnetic flux density of these electric and induced magnetic dipoles that the two

SRRs interact. The interaction can be expressed from Lorentz force, such that,

U12 =

∮
∂s2

F1 · ds2

= q

∮
∂s2

(
E1 +

v2

c
×B1

)
· ds2,

(4.2)

where E1 and B1 are the electric field and the induced magnetic flux density, both

from the first ring, acting on the closed circular, surface path ∂s2 of the second ring. In

this system the drift velocity v2 about the second ring is due to the current induced

by the field E1. To clarify the interaction mechanism, we express the interaction

potential as

U12 = q

∮
∂s2

E1 · ds2 +

∮
∂s2

(
v2

c
×B1

)
· ds2

= q

∮
∂s2

E1 · ds2 −
∮
∂s2

B1 ·
(
v2

c
× ds2

)
≈ [E1 · p2 −B1 ·m2],

(4.3)

where p2 and m2 are the induced electric and magnetic dipole moments of the second

SRR, with p2 in the direction across the split and m2 normal to the SRR plane. For

the orientation in Fig. 4.1d, E1 and p2 are orthogonal so the first term vanishes and

the interaction is purely magnetic, however small, resulting in a weak mode mixing

and thus a negligible spectral splitting of the normal modes. However in Fig. 4.1a

and 4.1b, E1 and p2 are either in phase or out-of-phase, resulting in a deconstructive

or constructive interaction with the B-field, thus giving rise to mode mixing having

varying normal mode splitting.
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Theoretical description of the EEL spectra

The following paragraphs set out the derivation of an analytic expression for the

observed STEM-EELS measurements in Fig. 4.1 and Fig. 4.2. It also resolves the

in-plane ϕ and out-of-plane θ angular dependence of the interaction terms defined in

Eqn. (3). These interaction terms relate to the coupling constant quantifying the

strength of light-matter interaction between the coupled SRR pair. This coupling

constant will quantify the geometric effect of 3D tilting on mode mixing in Fig. 4.2.

Figure 4.2: EEL spectra of individual coupled 3D SRR dimers. For each dimer,
the SRRs are placed side-by-side. (a) Experimental (solid) and model (dashed) EEL
spectra, with the electron probe placed at one of the SRR’s outer tips. The electron
probe is represented as a color-coded circle in the HAADF image, corresponding to
each color-coded spectrum. For the blue curves, the 3D out-of-plane tilt (θ) angles are
30◦-30◦, respectively, for the electron probe driven-undriven SRRs in the dimer, while
for the red curves the θ angles are 30◦-45◦, respectively. (b) The planar orientation
for the SRR dimer is as such in Fig. 4.1d, and then the EEL spectra are acquired for
same the 3D tilt orientations conducted in (a).

Fig. 4.2a shows a 3D tilt study of a coupled SRR dimer placed side-by-side. The

setup is shown in the adjacent high angle annular dark field (HAADF) image: the

top SRR tilts out-of-plane at 30◦ and the bottom SRR tilts at 30◦ (left panel) and
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45◦ (right panel). Thus for the left and right panels, the relative tilt angles between

the top and bottom SRRs are θ = 0◦ and θ = 15◦, respectively. The EEL spectra

in panels a,b are measured with the electron beam placed at the colored circles at

the outer tip of the top SRR. In both spectra, the hybridized modes result from the

electric and induced magnetic dipole interactions.

In contrast, Fig. 4.2b shows a case where the bottom SRR has been rotated 90◦

in-plane to uncouple the electric field interaction between both SRRs. The result

is a weakly coupled dimer, as shown in the negligible spectral splitting, due to a

weak, purely magnetic interaction, and as the bottom SRR tilts out-of-plane at 45◦,

the magnetic interaction weakens further, and the spectra reduces to the uncoupled

system identical to the SRR monomer.

To evaluate the electric and magnetic coupling constants and to analyze the role

of the magnetic interaction in the STEM-EEL measurements of Fig. 1 and Fig. 2,

we will need to derive the EEL probability [29, 30]

ΓEEL(ω) =
|Eel(R, ω) · x̂1|2

πh̄
Imα1(ω) (4.4)

of an SRR dimer from a model containing both electric and magnetic interactions.

In this expression Eel is the evanescent field of the STEM electron and α1 is the

polarizability of the first SRR coupled to the second SRR via near-field electric and

magnetic dipole interactions. It is defined as

α1Eel(R, ω) = q1(ω)x̂1 (4.5)

in terms of the dynamical coordinate q1(ω) representing the total charge on the driven

SRR. The Lagrangian governing the dynamics of the coupled SRR dimer in the ex-

ternal field of the electron beam is given by

L = T − U12 − Uel

=
∑
i

Aq̇2i −
∑
i

Bq2i −
1

2

∑
i,j
i ̸=j

[
Ei(qj) · pj −Bi(qj) ·mj

]
−
∑
i=1

Eel(qi) · pi.
(4.6)
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The generalized coordinate is the time-dependent amplitude of the total charge q(t) on

each SRR. More so, assuming identical SRRs, then A and B are constants equal across

all SRRs. The quantity A has dimensions of inductance (s2·cm−1), which behaves as

the inertial quantity analogous to the mass on a mechanical oscillator. And it follows

that B has units of inverse capacitance (cm−1), such that the resonance frequency of

the SRR is given by
√
B/A. Then the simplified Lagrangian yields

L = A

[∑
i

q̇2i − ω2
0q

2
i +

1

2

∑
ij
i ̸=j

βq̇iq̇j − gEqiqj

]
−

∑
i=1

(Eel · x̂i)qi, (4.7)

where β and gE are geometric coupling constants of the near-field electric and mag-

netic interactions, respectively. In the absence of the drive field of the electron beam,

Eq. (7) is similar to the well know Lagrangian of coupled SRRs [31, 20, 32, 33, 34].

However, Eq. (7) yields the steady state solution q1(ω) of the electron beam driven,

coupled SRR.

It follows that the Euler-Lagrange equations of motion produce an electric, po-

sition dependent coupling, as well as a magnetic, velocity dependent coupling. Fol-

lowing the procedure outlined in reference [35] (appendix A), a linear transformation

of the Euler-Lagrange equations from Eq. (7) yields the following coupled effective

oscillator equations of motion representing the coupled fundamental dipolar modes of

an SRR pair, such that,

q̈1(t) + γ1q̇1 + Ω2
0q1 +Gq2 = −Eel · x̂1

2A
(4.8)

q̈2(t) + γ2q̇2 + Ω2
0q2 +Gq1 = 0, (4.9)

where in an ad hoc fashion we have added a term that depends on the generalized

velocity γ1 = γ2 = γ0, for dissipative loss. Note that the dimer system bears new

effective oscillator parameters, with defined effective resonance frequency and coupling
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constant, i.e.,

Ω2
0 = ω2

0 −
gEβ

4
(4.10)

Geff =
∣∣∣ G
Ω0

∣∣∣. (4.11)

The coupling constant G expresses the angular dependence of the electric and mag-

netic near-field interaction such that

G = [gE(ϕ) − β(θ)ω2
0]/2

= [gE(ϕ) − gB(θ)]/2

= [|gE| cosϕ− |gB| cos θ]/2.

(4.12)

(Here the angles ϕ and θ correspond to the relative in-plane rotation and out-of-plane

tilts, respectively, of the second SRR with respect to the first, as shown in Fig. 4.1

and 4.2.) Finally we express the dynamics of the total charge on the driven SRR

dipole oscillator in the frequency domain as

q1(ω) =
−Eel(R, ω) · x̂1

2A

1

Ω2
0 − ω2 − iγ1ω − G2

Ω2
0−ω2−iγ2ω

. (4.13)

Eq. (13) yields the solution to Eq. (5), the polarizability of the driven SRR. The

self energy term in the denominator of Eq. (13) expresses the perturbation due to

the near-field interaction with the second SRR. With these equations, the analytic

expression of the EEL probability distribution function in Eq. (4) and the effective

coupling constant in Eqs. (11-12) capture the behavior of the observed STEM-EELS

measurements in Fig. 4.1 and 4.2.

To illustrate, first, in Fig. 4.1 (without tilting, θ = 0◦), the strength of the

light-matter interaction Geff approaches a minimum and maximum value for the

planer orientations ϕ = 90◦ and ϕ = 180◦. This value corresponds to the normal

mode spectral splitting of the coupled SRR pair. For instance, the weak interaction

strength at ϕ = 90◦ is due to the purely magnetic interaction
[
|gE| sin(ϕ = 90) −

|gB| cos(θ = 0)|
]
/Ω0 = |gB|/Ω0. More so, Eq. (12) predicts that 3D tilting (θ ̸= 0)
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has the effect of strengthening SRR couplings by decreasing the counteraction of the

induced magnetic interaction on the strong electric interaction. As in Fig. 4.2a, the

spectral splitting increases as the 3D tilt angle increases. This result justifies the claim

that tilting out-of-plane diminishes the induced magnetic interaction, yet enhancing

the overall light-matter interaction between coupled SRRs.

Furthermore, Fig. 4.2b explores the purely induced magnetic interaction in 3D.

First, the initial frame of the SRR pair is as such in the orientation at ϕ = 90◦.

Then the undriven, coupled SRR is tilted out-of-plane. In this case, the coupling

strength reduces to the simple expression |gB|/Ω0 cos θ. Thus tilting out-of-plane

(where θ → 90◦) results in a negligible near-field interaction, and the spectra reduces

to the case of the uncoupled system identical to the SRR monomer, as observed in Fig.

4.2b and in the estimates of the fit parameters in Tables 4.1. In general, this 3D tilt

study distinguishes the magnetic dipole, and characterizes its role in the hybridization

scheme of coupled SRRs.

Model application: estimating the interaction strength of coupled SRRs

Table 4.1: 3D Parameter estimates

ϕ [deg] θ [deg] h̄Ω0 [meV] h̄γ0 [meV] h̄|Geff| [meV] h̄ω0 [meV]

0 0 389 52 33 410

0 15 387 51 85 ∼

90 0 390 78 20 ∼

90 15 404 48 15 ∼

As mentioned, Fig. 4.1 provides a baseline for the 3D study. Applying the EEL

probability distribution function in Eq. (4) as a fit function to the data in Fig. 4.1

yields estimates for the system parameters (see Table II). First the fit of Eq. (4) to
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the simulation data of the SRR monomer spectrum (according to the experimental

system) yields estimates of the natural resonance frequency ω0, and the inductance

A. Then the fit to the simulation data of the SRR dimer spectrum at the initial

orientation (Fig. 4.1b, ϕ = 0) and the pure magnetic orientation (Fig. 4.1d, ϕ = 90)

yields estimates of the coupling constant magnitudes |gE| and |gH |. With these pa-

rameters, calculations using Eqs. (10) and (12) yield the effective resonance frequency

Ω0, and coupling constant G. The values of Ω0 and G calculated from the model serve

as bounds for the fitting procedure to the experimental STEM-EELS measurements,

from which the true values of Ω0 and G are determined. We note that in the fitting

procedure outlined, γ0 is the only free parameter. Finally with the estimates of the

system parameters, as shown in Table II, the model is overlain to the STEM-EELS

spectra.

Table 4.2: Parameter estimates

A [s2 · cm−1] h̄ω0 [meV] h̄|gE| [meV2] h̄|gH | [meV2]

1.885 × 10−31 359 6.5 × 10−2 9.0 × 10−3

ϕ [deg] h̄Ω0 [meV] h̄γ0 [meV] h̄|Geff| [meV]

0 362 47 65

45 360 47 54

90 359 47 25

135 365 55 64

180 370 58 82

Applying the parameter estimates A, ω0, |gE|, and |gB| to Eqs. (10) and (12) for Ω0

and G yields the normal mode energies Ω∓ =
√

Ω0(ϕ, θ)2 ∓G(ϕ, θ). Fig. 4.3a is the

anti-crossing graph of the normal mode energies. These normal mode calculations are

benchmarked with the fit estimates of Ω0 and G from the numeric and experimental
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Figure 4.3: (a) Anti-crossing of the normal mode energies from the derived analytical
expression Ω∓ =

√
Ω0(ϕ, θ)2 ∓G(ϕ, θ) (solid) and fit estimates of the experimental

(black dots) and numerical e-DDA (magenta dots) normal mode energies for the
planar rotational study in Fig. 1. The progression of the normal mode splitting is
tuned by changing the coupling strength as a function of the in-plane ϕ orientation
of the second SRR. Numerical e-DDA electric (b-f) and magnetic (g-k) field profiles
of the bonding modes are compared against electric (i-o) and magnetic (p-s) field
profiles of the anti-bonding modes.

data. In essence Fig. 4.3a shows that changing the orientation of the SRRs tunes the

degree of normal mode mixing, where Ω− and Ω+ are the in- and out-of-phase normal

mode energies whose mode profiles are shown in the EM field maps of Fig. 4.3b-s.

Moreover, the EM field maps in Fig. 4.3b-s show a phase change in the normal

mode of the induced magnetic dipoles when the second coupled SRR changes orien-

tation from ϕ = 0◦ to ϕ = 180◦. For example, the B-fields of the induced magnetic

dipoles are in-phase in the lower energy normal mode at ϕ = 0◦, however, out-of-phase

at ϕ = 180◦ (see Fig. 4.3g and k). This apparent inversion is due to Faraday’s law of

induction, i.e., changing the orientation of the coupled SRR from ϕ = 0 to ϕ = 180◦

changes the direction of the induced current about its loop, and thus, changes the

direction of the B-field normal to its plane.
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Magnetic ordering of the SRR trimer

In Fig. 4.4, a planar trimer of SRRs (450 nm diameter, 270◦ arc length) is arranged

in a D3h symmetry to explore the effects of geometric frustration in the magnetic

dipole ordering of its normal modes. EEL spectra are acquired at the inner arm and

at the gap of the SRR trimer (see colored dots in the HAADF image in Fig. 4.4a) to

preferentially excite the lower- and higher-energy normal modes, respectively. Note

that the beam position located in the gap center (blue) excludes the lower-energy

in-phase normal mode by symmetry. Fig. 4.4b shows the measured EEL spectra with

resonant energies at 300 meV and 400 meV, while Fig. 4.4 c-d displays the measured

spectrum images collected at these resonant energies. The results from numerical

EEL simulation of the SRR trimer (Fig. 4.4e-h) show the electric and magnetic mode

profiles of the in-phase lower-energy normal mode (Fig. 4.4e,g) and out-of-phase

higher-energy normal mode (Fig. 4.4f,h), which is doubly degenerate. These field

profiles are consistent with their respective measured spectrum images from panel c.

In the lower-energy normal mode, the electric dipoles are in-phase (all pointing

head-to-tail), and in this point group symmetry, the direction of the circular current

is the same on each loop of the SRR; this gives rise to magnetic dipole moments with

ferromagnetic (FM) ordering (all pointing out-of-plane). In the higher-energy normal

mode, however, the electric dipoles are out-of-phase, and thus, the direction of the

circular current is different on each loop of the SRR; this gives rise to magnetic dipole

moments with anti-ferromagnetic (AFM) ordering. Thus by correlating experimental

EELS measurements with calculated induced electric and magnetic field profiles, Fig.

4 shows that the magnetic dipole ordering within a given SRR trimer normal mode is

dictated by the specific current path about each loop of each SRR as excited by the

STEM electron probe at particular impact parameters.
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b. Exp. Spectra

FM

AFM
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300 meV

Figure 4.4: EEL point spectra, spectrum images, and induced electric and magnetic
field profiles of a planar SRR trimer with D3h symmetry. (a) HAADF image of
the trimer. Scale bar = 300 nm. (b) Experimental EEL spectra acquired at the
beam positions indicated in panel a. (c-d) Experimental spectrum images at the
resonant energies of 300 meV and 400 meV with FM and AFM ordering, respectively,
shown in the simulated field profiles of (e) the electric dipole in-phase lower-energy
normal mode, (f) the electric dipole out-of-phase higher-energy normal mode, (g) the
magnetic dipole in-phase lower-energy normal mode, (h) the magnetic dipole out-of-
phase higher-energy normal mode.

4.4 Conclusion

In this paper, we combine STEM-EELS experiment with theoretical modeling to

study the 3D geometric effects of electric and magnetic plasmon mode mixing in

nanofabricated 3D SRR dimers with varying out-of-plane tilt angles. Spectral split-
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ting of the normal modes arising from the 3D tilt has been interpreted by theoretically

mapping the SRR electromagnetic responses onto effective dipole oscillators, with an

effective coupling that reveals a competition between interactions mediated by elec-

tric and magnetic SRR dipole fields. Importantly, our results confirm that varying

the 3D tilt angle between coupled SRRs diminishes the magnetic coupling, however,

enhances the overall mode mixing, and for a certain planar orientation and tilt angle,

the SRR dimer becomes uncoupled, with a response reminiscent of a single SRR.

We have also described the influence of the electric dipole’s circular current path

on the magnetic ordering of a coupled SRR trimer arranged in a planar triangular

D3h symmetry, where the hybridized magnetic dipoles are ferromagnetically ordered

in the lower-energy in-phase normal mode and anti-ferromagnetically ordered in the

higher-energy out-of-phase normal mode. The EELS measurements and correspond-

ing theoretical analysis presented in this study shed light on the rational design of a

new class of NIR metamaterials formed from embedded 3D SRR units.

4.5 Materials and Methods

Planar SRR Fabrication. The planar split ring resonators are fabricated via

electron-beam lithography (JEOL 9300FS) using a lift-off process. A 300 µm Si

wafer with 30 nm of low pressure chemical vapor deposited SiNx is spin coated with

PMMA 495 A4 and exposed. The pattern is then developed using methyl isobutyl

ketone:isopropyl alcohol (IPA) (1:3). 25 nm of Au is sputter deposited via DC mag-

netron sputtering onto the substrate followed by soaking in a heated NMP bath,

sonicating in NMP and acetone, and rinsing with IPA and deionized water. The

backside of the wafer is then spin coated with P20 and S1818 and exposed using

photolithography to create the windows of the TEM. Reactive ion etching is used

to remove the backside nitride layer and the wafer is subsequently submerged in a

heated KOH bath to etch the Si windows and TEM grid edges.

3D SRR Fabrication. 3D split ring resonators were fabricated using a hybrid
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synthesis approach utilizing focused electron beam induced deposition (FEBID) as

scaffold for plasmonic materials.[27] The FEBID scaffolds were subsequently coated

with SiO2 and Au. The 22 nm conformal SiO2 layer was deposited via ALD to

enhance the structural integrity of the scaffolds, which also isolates the Au layer

from the PtCx scaffold to minimize possible plasmon damping. Due to its well-known

plasmonic properties as well as its stability in atmosphere, 25 nm Au was subsequently

deposited on the scaffolds via dc magnetron sputtering (7 W, 3 mTorr).

Experimental STEM-EELS. Low-loss EEL spectra were collected using a Nion

aberration-corrected high energy resolution monochromated EELS-STEM (Nion HER-

MES) operating at 100 kV accelerating voltage. Point spectra and spectrum images

were collected with a convergence semiangle of 30 mrad and a collection semiangle of

15 mrad, with a beam current of ∼ 8 pA [36, 37]. Scattered electrons were dispersed

in a Nion Iris spectrometer at 1.2 meV/channel and the energy resolution (full width

half maximum of the zero loss peak (ZLP)) was approximately 16 meV. Point spectra

had their ZLP maxima normalized to unity.

Numerical EELS Simulations. Simulations of the EEL spectra were performed

using the electron driven discrete dipole approximation (e-DDA) [38, 39]. The SRR

shapes were modeled as toroids cut according to the geometry and dimensions of the

experiment. We note that the nonmetal layers, substrates, and pillar were omitted

to simplify the simulations. The electron beam energy was set at 100 keV, and the

impact parameters for all spectra were taken between 9 − 12 nm. The tabulated

dielectric data for gold in Ref. [40] was used, and all field maps were calculated 45

nm above the plane containing the SRR structures.
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