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The work presents an approach to generate a dynamically feasible trajectory for UAVs to

perform continuous image acquisition along the trajectory. When given a rough 3D scene

proxy, the algorithm generates trajectory and required sensor poses, which yields a high-

quality 3D scene reconstruction. We introduce a novel formulation for viewpoint generation,

addressing the minimum viewpoint coverage problem in two stages. In the first stage, we

solve the linear program with linear constraints that enforce the completeness of 3D re-

construction. In the second stage, we introduce nonlinear integer constraints on the sensor

variables, linearize them around the solution of the first stage, and solve a sequence of con-

vex subproblems until convergence. The solution leads to an optimal or near-optimal subset

of selected sensors. These viewpoints are then utilized as waypoints to solve a constrained

optimal control problem.
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Chapter 1

INTRODUCTION

Visual perception, a key element in interpreting the three-dimensional structure of the

environment, is instrumental in decision-making and task execution for humans and robots.

While humans have a natural ability to process visual information for future action planning,

robots rely on sophisticated algorithms to interpret data from range sensors such as stereo

cameras, LiDAR, etc., enabling them to make planning decisions to achieve similar goals.

1.1 Motivation and Problem Statement

Over the last few decades, autonomous robots have seen significant advancement. Coverage

and surveillance have become critical problem domains where Unmanned Aerial Vehicles

(UAVs) are extensively deployed. These UAVs are tasked with covering specific ground

areas for crucial applications, including but not limited to wilderness search and rescue

operations [7, 36, 39, 60], surveillance [24], delivery [4, 17, 26], site inspection [69], and scene

exploration and 3D reconstruction [5,10,21,27–29,35,48,52,63,64], among others. UAVs have

become indispensable in the realm of autonomous robotics due to their versatility, efficiency,

and, most importantly, their cost-effectiveness. Their ability to perform various tasks and

their reliability make them crucial in the above missions.

Despite these benefits, one of the critical challenges in autonomous UAV navigation

is effectively handling occlusions. Occlusions can significantly hinder achieving complete

coverage of every point in the target environment and create dense environment mapping.

Therefore, a significant challenge to facilitate autonomous coverage planning capabilities

would be to efficiently cover a given target area.

Most off-shelf planners generate conservative trajectories like an orbit, spiral, or lawn-
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mower pattern to cover the scene, irrespective of the geometry of the scene under consid-

eration, and are unable to handle complex structures. Model-based methods for 3D scene

reconstruction employ a two-phase mission planning framework, Explore-then-Exploit (ETE).

In the first phase, a 3D scene proxy is generated by exploratory flight. The primary effort

in acquisition planning is then devoted to the next phase, which focuses on a detailed scene

reconstruction [15,28,48,64]. Traditionally, acquisition planning further involves two stages.

The first involves identifying a “good” set of viewpoints around the object, and the second

involves planning a path that goes through all the selected points.

This work adopts a two-phase mission planning framework, Explore-then-Exploit (ETE)

for 3D scene reconstruction. For the second phase, a two-step optimization approach is

proposed to generate a set of optimum viewpoints and a dynamically feasible trajectory for

continuous image acquisition along the trajectory.

1.2 Primary Contribution

A systematic optimization-based framework is proposed for model-based trajectory planning

for 3D scene reconstruction. This framework aims to identify a “good” set of viewpoints and

compute a dynamically feasible trajectory that passes through these viewpoints. Two key

contributions of this work include

• A novel formulation is introduced for solving integer linear programs and used to solve

the minimum viewpoint problem.

• An optimization-based trajectory planning method is used that encodes the line-of-

sight constraint in the trajectory planning problem.

1.3 Thesis Outline

This thesis is divided into three branches. The first branch, covered in Chapter 2, defines the

pre-processing methods to be applied to the input 3D scene proxy for identifying clusters of

interest for data acquisition. The proposed two-step optimization is detailed in Chapters 3
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and 4. Chapter 3 introduces the formulation of the minimum viewpoint problem and presents

a novel approach for solving integer linear programs. Chapter 4 discusses the formulation of

trajectory optimization for continuous data acquisition. Chapter 5 integrates the methods

proposed in chapters 2 to 4, demonstrating how they generate a dynamically feasible tra-

jectory with coverage guarantees. Chapter 6 discusses some limitations and concludes with

future scope.
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Chapter 2

GEOMETRY PROXY AND SEGMENTATION FOR OBJECT
IDENTIFICATION

2.1 Introduction

The following chapter outlines the primary steps in processing and analyzing 3D environment

data to identify clusters of interest. These clusters play a crucial role in the second phase of

mission planning, i.e., viewpoint and trajectory optimization.

The process begins with obtaining a geometric proxy, followed by ground filtering, seg-

mentation, and generating convex hulls. These steps are crucial for isolating relevant objects

in the environment. The methods used to represent the data are fundamental as they influ-

ence the modeling and analysis of the environment.

The remainder of this chapter is structured as follows: Section 2.2 discusses different

visual sensors used to capture 3D information about the environment and different data

structures that are used to represent the captured information. Section 2.3 and Section 2.4

discusses ground filtering and segmentation operation on the input cloud. Section 2.5.

2.2 Geometry proxy axquisition

A geometry proxy is a simplified, coarse representation of the environment that can be

efficiently processed and analyzed. Typically, the geometry proxy is generated from the data

acquired by range sensors, and it serves as the foundation This data captures the spatial

distribution of surfaces in the environment, providing a comprehensive view of the scene.
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2.2.1 Depth Sensor Types

The creation of a geometry proxy relies on the type of depth sensors are used. The data col-

lected measures the distance between the sensor and various points in the environment. The

type of depth sensor to be used depends on the application as each has its own strengths and

limitations. The most common types include stereo cameras, Time-of-Flight(ToF) sensors,

and LiDAR.

(a) Stereo Sensor (b) Time of Flight Sensor (c) Light Detection Ranging

Figure 2.1: Types of Depth Sensors(source: [2])

Stereo Cameras

Stereo sensors use two or more cameras placed at a fixed distance apart, called the baseline,

to capture images from slightly different viewpoints. The disparity between these images is

analyzed, and the depth of each point in the scene is calculated using triangulation.

These sensors are relatively inexpensive compared to other depth sensors, making them

accessible for a wide range of applications. They capture both depth and color information

simultaneously, which is helpful for tasks that require both 3D structure and visual details,

such as object recognition. Unlike active sensors, stereo cameras rely on ambient light.

Thus, the accuracy of the depth estimation relies on good lighting conditions. The accuracy

of depth measurement decreases with distance, and stereo cameras are generally less effective

for long-range applications compared to LiDAR or ToF sensors.
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Time-of-Flight (ToF) Sensors

Time-of-flight sensors measure the time taken by the light pulse to travel from the sensor to

an object and back. This delay is directly proportional to the distance, allowing the sensor

to calculate the depth of each point in the scene.

ToF sensors can capture depth information at high frame rates, making them suitable

for real-time applications. These sensors provide accurate depth measurements even in low-

light conditions. These sensors are typically small and lightweight, making them easy to

integrate into various devices. ToF sensors can be affected by interference, thus reducing

accuracy in certain environments. Unlike stereo cameras, ToF sensors typically have lower

resolution, which may limit their effectiveness in applications requiring detailed depth maps.

Inaccuracies may also by the presence of highly reflective or absorptive surfaces.

Light Detection and Ranging (LiDAR)

LiDAR sensors emit laser pulses and measure the time it takes for the pulse to bounce off

surfaces and return to the sensor. Scanning the environment with LiDAR creates a highly

accurate 3D map or point cloud of the surroundings.

LiDAR provides precise distance measurements over long ranges, making it ideal for

mapping a large environment. They operate independently of the ambient light, thus allowing

them to function in both low and bright-light conditions. Unlike stereo cameras and ToF

sensors, LiDAR is expensive and bulkier, thus limiting their use in certain applications. Data

captured by LiDAR demands significant computational resources for processing and analysis.

2.2.2 Data Representation Methods

After the 3D data has been captured using the depth sensors mentioned above, it must

be represented in a form that is suitable for processing and analysis, as the choice of data

structure will strongly affect the strategy for view-path planning [63].
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(a) Chemical Plant: Point Cloud (b) Chemical Plant: Mesh

Figure 2.2: Data representations

Point Cloud Representation

A point cloud is one of the most common representations used for data collected by the

majority of the depth sensors. It stores spatial information defined by x, y, and z coordinates

and can also include additional attributes like reflection intensity and color information

within the data structure. This versatility makes point clouds a preferred representation for

3D mapping and inspection. Point clouds are relatively easy to work with, making them

ideal for real-time applications. However, the data collected in this format is unstructured,

meaning there is no inherent connection between individual points. As a result, further

processing, such as generating an octree [42], is often necessary to establish relationships

between neighboring points and to facilitate tasks like spatial indexing and efficient search.

Mesh Representation

A mesh is a representation of a 3D object using vertices, edges, and faces, typically in the

form of triangles. It offers a continuous and connected representation of surfaces. Some

view planning approaches [14, 44] use a triangle mesh to represent the environment in the

intermediate step. However, generating and processing mesh is more complicated than han-

dling point clouds. Meshes are usually generated from point clouds, and this conversion can
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introduce errors.

2.3 Ground Filtering

Once the geometry proxy has been generated, the next step involves filtering out ground

points. This is done to isolate objects above the ground, enabling more effective clustering

and analysis. There are many ground filtering algorithms available [62, 66, 67], and an im-

plementation of Progressive Morphological Filter [66] in point cloud library (PCL) [49] is

used for removing ground from the input point cloud. Details about the filter can be found

in [66].

2.4 Segmentation

With the ground points filtered out, the remaining point cloud consists of objects in the

environment. Euclidean clustering groups points based on their spatial proximity, forming

clusters that ideally represent distinct objects. The selection of clustering parameters like

minimum cluster size, maximum cluster size and distance threshold are critical in ensuring

accurate identification of these objects.

Once the Segmentation is done, the goal is to focus on the clusters of interest, depending

on the application. Either a user can define the cluster of interest, or criteria such as cluster

size, location, and geometric features can be used to prioritize clusters.

2.5 Conclusion

This chapter outlined the process of creating a geometric proxy and using it for filtering

and clustering operations in a 3D environment. By understanding the different types of

depth sensors, as well as data representation methods like point clouds and meshes, we can

effectively capture and analyze the environment. In this work, a point cloud representation

of the environment is used. The identified clusters of interest form the basis for further

operations, such as viewpoint and trajectory optimization, ensuring that the drone interacts

with its environment in an informed and efficient manner.
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Chapter 3

INTEGER PROGRAMMING FRAMEWORK FOR VIEW
PLANNING

3.1 Introduction

Identifying “good,” “ideal,” or “reasonable” imaging positions is a crucial research focus

across disciplines such as robotics, computer graphics, computer vision, and photogramme-

try [28, 35]. In applications that require comprehensive surface modeling, such as object

inspection or scene reconstruction, multiple sensor readings from different viewpoints must

be combined to obtain a complete description of the object’s surface. This challenge is par-

ticularly critical when using range sensors, which are limited in capturing an entire scene

from a single viewpoint.

Sensor planning, an extensively researched area, seeks to quantify and optimize the re-

lationship between objects being observed and the sensors observing them. In model-based

tasks, sensor planning helps determine the viewpoints that maximize visibility while min-

imizing occlusions, leading to more efficient data collection and processing. This chapter

focuses on viewpoint optimization within sensor planning, framing it as an integer linear

programming problem.

The combinatorial complexity of selecting optimal viewpoints among a large set of candi-

dates is addressed by leveraging an integer programming framework. The approach models

critical factors such as visibility and occlusions to determine the best subset of viewpoints.

Despite its effectiveness, the traditional integer programming approach faces scalability chal-

lenges when applied to complex environments.

To overcome these challenges, a novel approach is proposed that solves the integer linear

program sequentially. This method enhances computational efficiency by narrowing the
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search space, allowing the solver to converge to near-optimal solutions quickly.

This chapter is structured as follows: Section 3.2 discusses existing approaches used for

view planning. Section 3.3 discusses the formal problem formulation, including objective

functions and constraints. Section 3.4 examines traditional methods for solving integer pro-

gramming problems and highlights their limitations in this context. Section 3.5 presents the

hybrid approach integrating machine learning with integer programming techniques. Section

3.6 provides performance evaluations and results, and the concluding insights are in Section

3.7.

3.2 Related Work

Active vision involves determining the pose and configuration of a visual sensor to gather

useful information for various tasks [63]. Central to active vision are techniques like view

planning, sensor planning, and next-best view (NBV) determination, which are crucial for

enabling robot vision systems to cover or detect target objects by processing progressively

and analyzing sensory data.

These methods have been widely adopted to significantly enhance the efficiency of robots

in perception-aware tasks such as inspection [10, 21, 52, 59], object reconstruction [?, 5, 10,

21, 35, 52, 63, 64], and scene exploration [34], where robots rely on a sequence of views from

visual sensors. Over the past few decades, view planning has been extensively researched.

Scott et al. [51]categorized view planning methods into two main groups: (1) model-based

methods [13,43,59] and (2) non-model-based methods [5, 29,40].

Model-based methods assume that a priori information about the target object or en-

vironment is available, allowing for more precise planning. In contrast, non-model-based

methods rely on a sequence of NBVs to gather data incrementally without prior knowledge

of the environment.

Modern approaches to view planning can be further classified into two categories: (1)

search-based methods and (2) synthesis-based methods [63]. Search-based methods involve

sampling candidate views and selecting optimal ones based on task-specific constraints and
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goals. For instance, object and scene reconstruction tasks prioritize maximizing information

gained from each view, while object detection tasks focus on minimizing uncertainty about

the object. On the other hand, synthesis-based methods determine the NBV by establishing

a causal relationship between sensor parameters and the task objective rather than relying

on an exhaustive search.

An example of a synthesis-based approach is Connolly’s work [12], which uses an octree

to represent the environment, where the leaf nodes denote empty, occupied, or unseen areas.

The viewpoint with the maximum unseen area is selected as the NBV. Similarly, Banta

et al. [5] used a voxel representation of the environment and selected the viewpoint that

covers the unknown voxels as the NBV. Although synthesis-based methods tend to have

lower computational complexity than search-based methods, they are less accurate and may

be unreliable for complex structures with self-occlusion.

This chapter details a search-based approach for solving the model-based view planning

problem, focusing on its application to 3D scene reconstruction.

3.3 View Planning Problem

The objective is to identify a feasible set of viewpoints that, when combined, have the ability

to observe every point on the surface of an object. This is a model-based problem driven

by the requirements of a specific task. The models consist of details about the object in the

environment and the sensors being used. This prior knowledge, along with the understanding

of the task requirements that need to be satisfied, are incorporated into the view planning

problem.

3.3.1 Discretization of Viewpoint Space

Before an optimization formulation can be employed to generate a view plan, the viewpoint

space must be discretized to generate a finite set of candidate viewpoints that covers the

target object or the environment. The viewpoint space defines the positions and orientations

a sensor can take. Discretization involves sampling the points on geometric primitives like
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spheres, cylinders, or other shapes depending on the characteristics of the target object.

The constraints imposed on the sensing operations are that the camera is directed to the

center for a spherical viewpoint space and parallel to the ground for a cylindrical viewpoint

space. The viewpoint space completely contains the object. The viewpoints are sampled at a

distance that meets the sensor’s depth accuracy requirements. Thus, finding a feasible set of

viewpoints becomes a problem of selecting a smaller set from the sampled points distributed

on the surface of the viewpoint space.

3.3.2 Evaluating Viewability

The effectiveness of any viewpoint in a view planning problem hinges on its ability to capture

meaningful information from the surface of the object. This is quantified by evaluating the

viewability of the surface points from a given viewpoint. In this subsection, we introduce a

method to evaluate viewability using a visibility vector, which indicates which surface points

are visible or measurable from the candidate viewpoint. For a surface point to be considered

viewable, it must satisfy two essential conditions: occlusion and surface normal alignment.

• Occlusion Analysis : Occlusion occurs when part of the object, or another object in the

scene, blocks the line of sight between the viewpoint and the target surface point. To

determine whether a surface point is viewable, a hidden point removal filter (HPR) [32].

First, frustum culling is done to filter out the points that lie inside the view frustum,

and then the HPR filter is used on the frustum culled points to identify points that

are not occluded without the need for surface reconstruction. Only unoccluded surface

points are marked as visible (see Figure 3.1a).

• Surface Normal Alignment : For a surface point to be effectively captured by the sensor,

the orientation of the surface relative to the viewpoint must be considered. This is

quantified by examining the angle between the surface normal vector at that point and

the vector from the viewpoint to the surface point. A point is considered viewable only
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if this angle falls within a threshold, ensuring that the sensor captures the surface with

sufficient detail (see Figure 3.1b and 3.1c).

3.3.3 Problem Formulation

Let the set of all candidate viewpoints in the viewpoint space be denoted by V . Each

viewpoint in the set is denoted by vi, where i ∈ {1, 2, · · · , n} and n is the total number of

viewpoints sampled. Let P denote the set of points on the surface of the target object under

consideration. Let L denote the set of leaf nodes in the octree representation of the target

object, and each leaf node lj has a subset of points in P , where j ∈ {1, 2, · · · ,m} and m is

the total number of leaf nodes. Furthermore, let S denote a set which is a subset of the set

L, i.e., si ∈ S consists of leaf nodes lj ∈ L which are visible from the viewpoint vi.

In simple terms, the view planning problem can be viewed as a set-cover-problem, i.e.,

there is a universal set L and a set of subsets of the universal set S such that the union of

all the subsets covers the set L. This formulation may make the problem seem simple, but

it is an NP-hard problem in combinatorial optimization.

To develop an efficient algorithm, it is necessary to simplify the formulation. Octree leaf

nodes are used to represent the target object or environment, enabling the problem to be

formulated without accounting for the empty spaces, unlike the 3D voxel representation of

the environment, thus reducing the size of the problem.

Each viewpoint vi has a viewability vector ai associated with it, which is anm dimensional

binary vector, entries of which are given by:

ai,j =

 1 if ith sensor can see jth grid

0 otherwise
.

These visibility vectors are stacked to form a binary viewability matrix A of dimension m×n

(see Figure 3.2).
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(a) Occlusion

(b) Viewpoint coplanar with the surface to be observed, also results in self-occlusion

(c) Viewpoint with glance angle greater than threshold θg > θh

Figure 3.1: Viewablity Criteria
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Algorithm 1 Generating Viewability Matrix

Input: L,V & A.

1: Initialize A← 0m×n

2: for i = 1 to n do

3: Fl ← Fc(L) ▷ frustum culling on leaf nodes to filter out nodes outside field of view

4: Nv ← Q(Fl). ▷ Filter out the visible nodes

5: for j in Nv do

6: A(i, argwhere(j ∈ L))← 1

7: end for

8: end for

Output: A

3.4 Methods of Solution

In this section, a few of the methods for solving set cover problems are listed, but in this

thesis, an optimization-based method is employed.

3.4.1 Integer Linear Programming

Integer Linear Programming (ILP) is an optimization formulation where both the objective

and constraints are linear, and the variables are integer. The problem of view planning fits

perfectly into this formulation. The viewpoints are either selected or not selected and, thus,

are defined as a binary variable

vi =

 1 if ith viewpoint is selected

0 otherwise
.

The most important constraint is the coverage constraint. Given a set of viewpoints, the

coverage constraint ensures that the leaf nodes are visible by at least one of the viewpoints.

Given the viewability matrix introduced in Section 3.3.3, the coverage constraint is given by,

Av + δ ≥ 1,
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Figure 3.2: Binary formulation of the view planning problem

where 1 is an n-dimensional vector of 1’s. The resulting ILP is given by,

min
v,δ

1n
Tv + 1m

T δ, (3.1a)

s.t. Av + δ ≥ 1, (3.1b)

vi, δk ∈ {0, 1}, i = {1, 2, · · · , n}, k ∈ {1, 2, · · · ,m}, (3.1c)

v ∈ Zn
≥0, δ ∈ Zm

≥0 A ∈ Zm×n
≥0 . (3.1d)

v is the viewpoint vector, and δ is the buffer added to coverage constraint to capture infea-

sibility, i.e., if kth leaf node is not visible by any of the candidate viewpoints, then δk = 1.

As set-cover-problems are NP-hard optimization problems, the computational time to

solve them increases exponentially as the problem size increases. Subsequent sections detail

approximation algorithms that can solve big problems with optimal or near-optimal solutions.
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Also, a new formulation is introduced in Section 3.4.3, which is one of the contributions in

this thesis.

3.4.2 Greedy Approximation Algorithm

Greedy algorithms are effective in getting near-optimal solutions to high-dimensional prob-

lems. It follows an iterative procedure in which, at each step, the viewpoint that can see the

largest number of unseen leaf nodes in the set L is selected. The algorithm selects vi ∈ V ,

such that vi maximizes the cardinality of the intersection between the coverage of vi and the

set of uncovered elements in L. Once a viewpoint has been selected, the elements covered by

that viewpoint are removed from the set L and added to an uncovered set T . This process

continues until all feasible elements in L are covered, i.e., all the feasible elements are in set

T .

Algorithm 2 Greedy Algorithm

Input: L,S, T ,&W .

1: Initialize T ∈ Φ.

2: while U ̸= Φ do

3: select si ∈ S that covers the maximum elements in L

4: T ← si ▷ add si to T

5: W ← vi ▷ add the corresponding viewpoint to W

6: remove si from L

7: end while

Output: W

3.4.3 Sequential Integer Programming

A new approach to solving ILP problems is introduced in this section. If we look at the ILP

formulation carefully in Equation (3.1), it can be seen that it is the integer constraint on

the variables z and δ (Equation (3.1c)) that makes the problem difficult. If we remove that
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constraint temporarily, the formulation is a simple linear programming problem for which

various methods exist to solve it efficiently.

We propose a 2-stage optimization framework to solve the ILP in Equation (3.1) with

some reformulations. In the first stage, we focus on catching any infeasible nodes, i.e., if

there are any nodes not visible by any of the sampled candidate viewpoints. We reformulate

the problem as follows:

min
v,δ

1T δ, (3.2a)

s.t. v ≥ 0, v ≤ 1, (3.2b)

Av + δ ≥ 1, (3.2c)

δ ≥ 0, (3.2d)

v ∈ Rn, δ ∈ Rm, A ∈ Zm×n
≥0 . (3.2e)

The solution to Equation (3.2) (z∗, δ∗) is used as a reference for the second stage, where

integer constraint is imposed on the optimization variable. The second stage formulation is

given by:

min
v,δ

1T z, (3.3a)

s.t. v ≥ 0, v ≤ 1, (3.3b)

Av + δ ≥ 1, (3.3c)

δ ≥ 0, (3.3d)

Integer Constraint , (3.3e)

δ ≤ δ∗, (3.3f)

v ∈ Rn, A ∈ Rm×n, δ ∈ Rm. (3.3g)

Integer Constraint

The integer constraint in Equation (3.3f) can be expressed using the following non-convex

functions:(1) min{x, (1− x)}, (2) x(1− x) = 0, and (3) (x(1− x) + c2)1/2 − c
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Figure 3.3: Integer constraint functions

The second-stage optimization problem is solved using the sequential convex program-

ming (SCP) framework. SCP is a first-order optimization method that relies on solving

a series of convex approximations to the original non-convex problem. One complication

here is the non-convex integer constraint. The minx, 1− x is not continuously differentiable,

which poses difficulties for first-order methods like SCP. Instead of using min{x, 1− x}, we

use the other two functions as they are differentiable.

The non-convex functions are convexified using first-order Taylor series expansion about

ref v∗ and δ∗. If f(x) is the non-convex integer function, we define an operator l(·), which is

given by

l(f(v), v∗) = f(v∗) +
δf

δv

∣∣∣∣
v∗
(v − v∗). (3.4)

3.5 Conclusion

This chapter presents a sequential integer programming framework for solving high-dimensional

complex problems. This framework leverages the benefits of sequential convex programming

to obtain optimal or near-optimal viewpoints that guarantee coverage, a crucial aspect in

applications like inspection, surveillance, and 3D scene reconstruction.

This chapter starts by introducing the view-planning problem and draws similarities
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SIP Formulation
First Stage Optimization

minimize
v,δ

1T
mδ,

subject to.

Box Constraint:

v ≥ 0, v ≤ 1,

Non Negative Constraint:

δ ≥ 0,

Coverage Constraint:

Av + δ ≥ 1

Second Stage Optimization

minimize
v,δ

1T
nv + wTR||v − v∗||22 + wvb||υvb||1

subject to.

Box Constraint:

v ≥ 0, v ≤ 1,

δ ≥ 0, δ ≤ δ∗,

Coverage Constraint:

Av + δ ≥ 1,

Integer Constraint:

f(v∗i ) +
δf

δv

∣∣∣∣
v∗i

(vi − v∗i ) = υvb,i, i ∈ {1, 2, · · · , n}
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Algorithm 3 SIP Algorithm

Input: A, convergence tolerances (ϵtr, ϵvb)

1: v̄, δ∗ ← argmin{Stage-1 Formulation}

2: while not converged do

3: v∗ ← argmin{Stage-2 Formulation}

4: if ||v − v̄||2 < ϵtr and ||vvb||1 < ϵvb then

5: converged

6: end if

7: v̄ ← v∗

8: end while

Output: v∗

with the set cover problem, highlighting the inherent challenges due to its NP-hard nature.

Some approximation methods that are used to solve these problems are listed. A novel

sequential approach is then introduced. The proposed two-stage optimization framework

efficiently handles the computational complexity by first solving the relaxed version, i.e.,

without integer constraint, and then solving the minimum viewpoint problem. Using the

SCP framework allows for handling the non-convex integer constraint by linearizing it about

the solution of stage 1 formulation and iteratively refines the solution to ensure integer

constraints are satisfied at convergence.

This framework not only provides a systematic approach to solving the view planning

problem but also opens up avenues for handling large-scale problems. This chapter lays the

foundation for further exploration. While this method requires more thorough study and

testing, it has the potential to set the stage for future work, including the development of

joint optimization strategies that could be applied to other classes of problems involving

integer constraints.
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Chapter 4

TRAJECTORY OPTIMIZATION VIA SUCCESSIVE
CONVEXIFICATION

4.1 Introduction

Trajectory generation is the computation of a time-varying, multidimensional state and

control signal that satisfies specifications while optimizing key mission objectives [37]. This

work focuses explicitly on dynamically feasible trajectories that adhere to the equations

of motion of the vehicle under consideration. This chapter presents a sequential convex

programming (SCP) based trajectory planning algorithm that solves minimum-time, 6-DoF

UAV motion with line of sight (LoS) constraints. An essential contribution of this chapter

is formulating an LoS constraint that ensures continuous-time satisfaction [19] (between

discrete sample points).

Solving autonomous guidance problems quickly and reliably presents several challenges.

First, these problems are inherently nonlinear and non-convex; second, the accuracy of the

discretization scheme heavily influences the validity of numerical solutions; third, selecting an

appropriate reference trajectory to initialize the iterative solution process can be difficult [55].

Convex optimization-based guidance has been considered a prime candidate for on-board

autonomous guidance applications due to its deterministic behavior, global optimality guar-

antees, ability to provide certificates of convergence and infeasibility, and availability of effi-

cient interior point method (IPM) algorithms to solve convex problems in real-time [55]. Suc-

cessive convexification (SCVX) techniques can handle a general class of non-convex optimal

control problems but at the cost of increased computational complexity and weakened opti-

mality and convergence guarantees. These methods transform the non-convex problem into a

sequence of convex subproblems that are solved iteratively until convergence [31,37,38,41,55].
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This chapter employs SCVX for trajectory optimization. The process starts by using

a simple, dynamically inconsistent initial trajectory about which the problem is linearized

and discretized to generate a convex Second-Order Cone Programming (SOCP) subproblem.

This problem is then solved iteratively, where the solution of the previous iteration is used as

a reference to update the convex subproblem until convergence to a local optimal solution.

The converged solution will satisfy the original nonlinear dynamics and constraints. The

remainder of this chapter is structured as follows: Section 4.2 defines the continuous-time

non-convex problem description. Section 4.3 discusses the convex reformulation. Section 4.4

defines the discrete-time convex optimization subproblem.

4.2 Problem Formulation

The following section describes the 6-DoF minimum-time problem for UAV in its original

continuous-time non-convex form. We use the following two frames:

• I : Inertially-fixed frame (North-West-Up coordinate frame)

• B : Body-fixed frame, centered at vehicle’s center-of-mass (North-East-Down frame)

Variables of the form □F are quantities expressed in frame F . The remainder of this section

details the dynamics and kinematics, state and control constraints imposed on the trajectory,

and the boundary conditions enforced at the beginning and end of the trajectory. The section

ends with a brief summary of the problem description.

4.2.1 6-DoF UAV Dynamics

Here, the vehicle is treated as a rigid body subject to constant acceleration due to gravity,

gI ∈ R3 and negligible aerodynamic resistance. The 6-DoF vehicle dynamics are based on

the equations given in [54], and the notation therein is adopted in this work. The variables

rI , vI , qB/I and ωB model the vehicle states ζ ∈ R13, and TB and τB are the control inputs
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u ∈ R6. The vehicle’s attitude dynamics are given by:

q̇B/I(t) =
1

2
Ω(ωB(t))qB/I(t), (4.1)

ω̇B(t) = J−1
B (τB(t)− [ωB(t)×] JBωB(t)) , (4.2)

where Ω(·) is a 4 × 4 skew-symmetric matrix of ωB, which is the angular velocity vector of

B relative to I expressed in B coordinates. JB ∈ S3
++ is the vehicle’s inertia about xB, yB,

and zB and m ∈ R++ is vehicle’s mass.

The position and velocity of the vehicle are expressed in I and are denoted by rI(t) ∈ R3

and vI(t) ∈ R3, respectively. The vehicle’s translation dynamics are given by:

ṙI(t) = vI(t), (4.3)

v̇I(t) =
1

m

(
CB/I(t)TB(t)

)
+ gI , (4.4)

where CB/I(·) is a direction cosine matrix which is associated with qB/I(t), that encodes the

attitude transformation from B to I.

4.2.2 Global State Constraints

1. Box Constraint on position:

rmin, rmax ∈ R3,

rmin ≤ rI(t) ≤ rmax, (4.5)

2. Maximum Speed Constraint:

||vI(t)||2 ≤ vmax, (4.6)

3. Angular Rate Bounds:

ωmax ∈ R3

||MiωB, (t)||∞ ≤ ωmax,i, (4.7)
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where Mi ∈ R3×3, i ∈ {1, 2, 3} and

Mi =


m11 m12 m13

m21 m22 m23

m31 m32 m33

 , mjk =

 1 i = j = k

0 otherwise
,

4. Maximum Tilt Constraint:

cos θmax + z̃TI (qB/I ⊗ z̃B ⊗ q∗B/I) ≤ 0, (4.8)

where θmax is the maximum allowable tilt angle and z̃I and z̃B are pure quaternions

defined as z̃□ = [0, z□]
T and z□ = [0, 0, 1]T .

5. Obstacle Avoidance Constraint: The obstacle is modeled as a convex keep-out zone

(like a cylinder, Polyhedra etc). For simplicity, cylindrical keep-out zone is used. The

keep-out zone constraint is given by:

p(rI(t)) = 1− (rI(t)− rT )TA−1(rI(t)− rT ) ≤ 0, (4.9)

where A ∈ R3×3 is matrix representation of the cylinder T as shown in Figure 4.1.

4.2.3 Line of Sight Constraint

For the line of sight constraints, we try to look at the direction perpendicular to the axis of

the Target object (see Figure 4.1).

d = rI − rT ,

λ =< d, â >,

the projection of d on â is given by :

λâ =< d, â > â = ââTd, (4.10)
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Figure 4.1: Line of Sight Constraint: T is the target object and ψmax is the maximum
allowable relaxation on LoS
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such that:

v̂ = d− λâ = d− ââTd (4.11)

= (I − ââT )d.

Let ψmax be the maximum relaxation on the view direction. The View Direction constraint

is given by the following equation [33,58]:

c1(rI , qB/I) = x̃TB/I v̂ + ||CT
B/I(t)v̂||2 cosψmax ≤ 0,

where x̃B/I defines e1 = [1, 0, 0]T (or x axis) of Body Frame (B) in Inertial Frame (I).

x̃B/I = CB/I(t)e1.

Thus the view direction constraint becomes:

c1(rI , qB/I) = (CB/I(t)e1)
T v̂ + ||CT

B/I(t)v̂||2 cosψmax ≤ 0. (4.12)

4.2.4 Control Constraints

1. Thrust Vector Bounds:

Tmin ≤ ||TB(t)||2 ≤ Tmax. (4.13)

2. Maximum Jerk Constraint:

d

dt
(||TB(t)||2) ≤ jmax. (4.14)

This constraint ensures that the commanded thrust does not change too rapidly.

3. Torque Bounds:

τmax ∈ R3,

||MiτB(t)||∞ ≤ τmax,i, (4.15)
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where Mi ∈ R3×3, i ∈ {1, 2, 3} and

Mi =


m11 m12 m13

m21 m22 m23

m31 m32 m33

 , mjk =

 1 i = j = k

0 otherwise
.

4.2.5 Boundary Conditions

1. Initial and terminal states constraints:

rI(t0) = r0, rI(tf ) = rf , (4.16)

vI(t0) = v0, vI(tf ) = vf , (4.17)

qB/I(t0) = q0, qB/I(tf ) = qf , (4.18)

ωB(t0) = ω0, ωB(tf ) = ωf . (4.19)

2. Initial and terminal control constraints:

TB(t0) = u0, TB(tf ) = uf , (4.20)

τB(t0) = τ0, τB(tf ) = τf . (4.21)

4.2.6 State Triggered Constraints

State-triggered constraints (STCs) [30,46,47,56–58] are those that get activated when the ve-

hicle is within a prescribed trigger window. A cylindrical trigger window is considered. When

the vehicle enters this trigger corridor, the LoS and maximum speed are tightly constrained.

Slow-Zone State Triggered Constraint

Let As ∈ R3×3 be the matrix that represents the slow zone trigger, then:

g(r) = (r − rT )TAs(r − rT )− 1 ≤ 0. (4.22)
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Let z ∈ Rnz represent the states that must remain in the set of continuous STCs (cSTCs),

where nz = nr + nv. Thus, the updated trigger condition is given by:

g1(z) = (z − zT )TMs(z − zT )− 1 ≤ 0, Ms =

 As 03×3

03×3 03×3

 . (4.23)

Inside the slow zone, the maximum velocity is restricted by imposing the following constraint:

c1(z) = zTMcz − V 2
slow ≤ 0, Mc =

03×3 03×3,

03×3 I3×3,

 , (4.24)

where Vslow < Vmax. The continuous-gradient formulation of slow zone constraint is given

by:

h1(z) = min(g1(z), 0)
2c1(z) ≤ 0. (4.25)

Line-of-Sight State Triggered Constraint

The trigger window given by Equation (4.22) is used to constraint the LoS constraint given

by Equation (4.12). The cSTC for the LoS constraint is given by:

h2(r, q) = min(g1(r), 0)
2c1(r, q) ≤ 0. (4.26)

4.2.7 Problem Statement

This section presents two UAV path planning scenarios. The formulation in Problem 1 im-

poses the LoS constraint (Equation (4.12)) over the entire time horizon along with other

constraints described in the Equations (4.1) to (4.8) and Equations (4.13) to (4.21). The

formulation in Problem 2 imposes the LoS constraint (Equation (4.12)) only on certain por-

tions of the trajectory, i.e., the constraint is activated when the UAV is within a prescribed

trigger window. Here, we consider a cylindrical trigger window, tightly constrained LoS, and

maximum speed.
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(a) Problem 1: LoS constraint imposed over the entire time horizon

(b) Problem 2: LoS constraint triggered only when UAV is within a prescribed trigger window

Figure 4.2: Problem Formulations with LoS constraint
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Problem 1: Non-convex Continuous time Fixed-Final-Time optimal control

problem (see Figure 4.2a)

minimize
uB(t),ζ(t)

∫ tf

0

||uB(t)||22dt

subject to.

Boundary Conditions rI(0) = ri, rI(tf ) = rf ,

vI(0) = vI(tf ) = 03×1,

qB/I(0) = qi, qB/I(tf ) = qf ,

ωB(t0) = ω0, ωB(tf ) = ωf ,

TB(0) = TB(tf ) = mgI ,

τB(0) = τB(tf ) = 03×1.

Continuous Time Dynamics ζ̇(t) = F (ζ(t), u(t)), ζ ∈ R13, u ∈ R6.

Non-Convex Control Constraints 0 < Tmin ≤ ||TB(t)||2 ≤ Tmax,

∆TB
∆t
≤ ∆Tmax.

State Constraints ||ωB||∞ ≤ ωmax,

||vI(t)||2 ≤ vmax,

cos θmax + zTI (qB/I ⊗ zB ⊗ q∗B/I) ≤ 0,

1− (rI(t)− rT )TP−1
i (rI(t)− rT ) ≤ 0,

(CB/I(t)e1)
T v̂ + ||CT

B/I(t)v̂||2 cosψmax ≤ 0.

Waypoint Constraint ∃ t ∈ [0, tf ] : rI(t) ∈ WP .
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Problem 2: Non-convex Continuous time Fixed-Final-Time optimal control

problem with state triggered line of sight constraint (see Figure 4.2b)

minimize
uB(t),ζ(t)

∫ tf

0

||uB(t)||22dt

subject to.

Boundary Conditions rI(0) = ri, rI(tf ) = rf ,

vI(0) = vI(tf ) = 03×1,

qB/I(0) = qi, qB/I(tf ) = qf ,

ωB(t0) = ω0, ωB(tf ) = ωf ,

TB(0) = TB(tf ) = mgI ,

τB(0) = τB(tf ) = 03×1.

Continuous Time Dynamics ζ̇(t) = F (ζ(t), u(t)), ζ ∈ R13, u ∈ R6.

Non-Convex Control Constraints 0 < Tmin ≤ ||TB(t)||2 ≤ Tmax,

∆TB
∆t
≤ ∆Tmax.

State Constraints ||ωB||∞ ≤ ωmax,

||vI(t)||2 ≤ vmax,

cos θmax + zTI (q ⊗ zB ⊗ q∗) ≤ 0,

1− (r(t)− rt)TP−1
i (r(t)− rt) ≤ 0,

Waypoint Constraint ∃ t ∈ [0, tf ] : rI(t) ∈ V .

continuous State Triggered Constraints h1(z) ≤ 0, z = [r, v],

h2(z̃) ≤ 0, z̃ = [r, q].
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4.3 Convex Formulation

This section discusses the convex formulation for Problem 1 and Problem 2 by applying

modifications to convert a continuous-time non-convex fixed-final-time problem into a convex

fixed-final-time SOCP subproblem. The non-linear dynamics over the entire time-horizon,

governing the evolution of the state x(t) ∈ R13 with control input u(t) ∈ R6, are given by:

ζ̇(t) = F (t, ζ(t), u(t)), t ∈ [0, tf ). (4.29)

This section is organized as follows: Section 4.3.1 details the reformulation of the path

constraint for continuous-time satisfaction. Section 4.3.2 defines an affine map that nor-

malizes time. Section 4.3.3 details the convexification process of non-linear dynamics and

non-convex constraints. Section 4.3.4 details the conversion of an infinite-dimensional opti-

mal control problem to a finite-dimensional problem.

4.3.1 Continuous Time Constraint Satisfaction

Constraint 
Violation

Figure 4.3: Continuous Constraint Satisfaction [19]

Successive convexification takes a discretize-then-optimize approach to solve general op-

timal control problems. As discretization is an important step in this method, the resulting
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solutions suffer from inter-sample constraint violations [18] (see Figure 4.3). To address

this, the path constraints are reformulated and combined with multiple-shooting discretiza-

tion [6, 31] by augmenting path constraints to the system’s dynamics in order to ensure

continuous-time constraint satisfaction.

Let

g(t, ζ(t), u(t)) ≤ 0. (4.30)

h(t, ζ(t), u(t)) = 0, (4.31)

represent inequality and equality path constraints, which are continuously differentiable. We

define a new variable as follows:

y(t) =

∫ t

0

{max{0, g(t, ζ(t), u(t))}2 + h(t, ζ(t), u(t))2}dt, (4.32)

ẏ(t) = max{0, g(t, ζ(t), u(t))}2 + h(t, ζ(t), u(t))2, (4.33)

which can be used to augment the non-linear dynamics in Equation (4.29) as follows:

ẋ(t) =

ζ̇(t)
ẏ(t)

 ,
=

 F (t, ζ(t), u(t))

max{0, g(t, ζ(t), u(t))}2 + h(t, ζ(t), u(t))2

 ,
= f(t, x(t), u(t)).

(4.34)

4.3.2 Time Interval Dilation

The dynamics are evaluated in the sub-interval [tk, tk+1), where 0 < tk < tk+1 < tN = t−f for

all k ⊆ 1 : N − 1. We define an invertible map τk(t) : [tk, tk+1)→ [0, 1) given by:

τk(t) :=
t− tk

tk+1 − tk
. (4.35)

This mapping is known as time-interval-dilation, as it normalizes the time interval to [0, 1)

by either shrinking or expanding–and hence dilating–the original time-interval [31,41]. Thus
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the non-linear dynamics in Equation (4.34) in terms of the dilated time τk are given by

◦
x(t) =

d

dτk
x(t) =

dt

dτk

d

dt
x(t) = (t−k+1 − tk)︸ ︷︷ ︸

sk

ẋ(t),

= skf(t, x(t), u(t)) := Fs(t, x(t), u(t), sk),

(4.36)

where sk ∈ R+ is the dilation factor. At each discrete node on the time grid, the correspond-

ing state and control are denoted as (xk, uk), for all k ⊆ 1 : N − 1.

4.3.3 Linearization

Dynamics

The nonlinear system defined by Equation (4.36) is linearized about an arbitrary refer-

ence trajectory (x̄, ū, s̄), which yields a linear time-varying (LTV) system, given by Equa-

tion (4.37):
◦
x(τk) ≈ A(τk)x(τk) +B(τk)u(τk) + S(τk)s(τk) + d(τk), (4.37)

where:

A(τk) := ∇xFs(τk, x̄(τk), ū(τk), s̄(τk)), (4.37a)

B(τk) := ∇uFs(τk, x̄(τk), ū(τk), s̄(τk)), (4.37b)

S(τk) := ∇sFs(τk, x̄(τk), ū(τk), s̄(τk)), (4.37c)

d(τk) := Fs(τk, x̄(τk), ū(τk), s̄(τk))− A(τk)x̄(τk)−B(τk)ū(τk)− S(τk)s̄(τk). (4.37d)

Non-Convex State and Control Constraints

Assuming that the functions defining non-convex state and control constraints are at least

once differentiable almost everywhere we approximate every non-convex constraint using

the operator T (·), which is the first-order Taylor series approximation given a non-convex

function ξ(·) linearized around z̄:

T (ξ(·), z, z̄) ≈ ξ(z̄) +
δξ

δz

∣∣∣∣
z̄

(z − z̄). (4.38)
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4.3.4 Discretization

Discretization converts the linear-time-varying continuous-time problem into a linear-time-

varying discrete-time parameter optimization problem. The entire time horizon is distributed

into K evenly spaced nodes with K − 1 subintervals, each temporal node associated with an

index k ∈ {1, 2, . . . , K} and corresponding normalized time τk defined in Equation (4.35).

First-order hold parameterization is done on the control input signal at discrete temporal

nodes, and the continuous-time control input signal is obtained by linearly interpolating

between the discrete values at successive nodes. Thus over time normalized interval τk ∈ [0, 1)

corresponding to t ∈ [tk, tk+1), the control profile is parameterized as

u(τk) = (1− τk)uk + τkuk+1, k ∈ {1, . . . , N − 1}. (4.39)

The LTV dynamics in Equation (4.37) is then re-written using the control parameteri-

zation in Equation (4.39) and using deviations from the reference, i.e., (x̄, ū, s̄) as shown in

Equation (4.40). Henceforth, “=” is used instead of “≈” for simplicity, as Equation (4.40)

is a first-order approximation of the original non-linear dynamics:

∆
◦
x(τk) = A(τk)∆x(τk) +B(τk)(1− τk)∆u(τk)

+B(τk)τk∆u(τk+1) + S(τk)∆s(τk).
(4.40)

Equation (4.40) has a unique solution [37,38], given by Equation (4.41), ∀t ∈ [tk, tk+1), τk ∈

[0, 1):

∆x(τk) = Φ(τk, 0)∆x(0) +

∫ τk

0

Φ(τk, ξ)

{B(ξ)(1− τk)∆uk +B(ξ)τk∆uk+1 + S(ξ)∆sk}dξ,
(4.41)

Equation (4.41) when evaluated at τk = 1− gives Equation (4.42)

∆x(1−) = Ak∆x(0) +B−
k ∆uk +B+

k ∆uk+1 + Sk∆sk. (4.42)
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Here,

Ak = Inx + lim
z→τ−k+1

∫ z

τk

A(ξ)ΨA(ξ)dξ, (4.43a)

B−
k = lim

z→τ−k+1

∫ z

τk

{A(ξ)ΨB−(ξ) +B(ξ)(1− ξ)}dξ, (4.43b)

B+
k = lim

z→τ−k+1

∫ z

τk

{A(ξ)ΨB+(ξ) +B(ξ)ξ)}dξ, (4.43c)

Sk = lim
z→τ−k+1

∫ z

τk

{A(ξ)ΨS(ξ) + S(ξ)}dξ, (4.43d)

which are solutions to the initial value problems given by Equation (4.44) :

◦
ΨA(ξ) = A(ξ)ΨA(ξ), (4.44a)

◦
ΨB−(ξ) = A(ξ)ΨB−(ξ) +B(ξ)(1− ξ), (4.44b)

◦
ΨB+(ξ) = A(ξ)ΨB+(ξ) +B(ξ)ξ, (4.44c)

◦
ΨS(ξ) = A(ξ)ΨS(ξ) + S(ξ). (4.44d)

The discretized dynamics in terms of absolute variables are given by Equation (4.45b)

xk+1 = Ak(xk − x̄k) +B−
k (uk − ūk) +B+

k (uk+1 − ūk+1) + Sk(sk − s̄k) + xpropk+1 , (4.45a)

xk+1 = Akxk +B−
k uk +B+

k uk+1 + Sksk + dk, (4.45b)

where:

xpropk+1 = x̄k + lim
z→τ−k+1

∫ z

τk

F (ξ, x̄(ξ), ū(ξ), s̄)dξ,

dk = xpropk+1 − (Akx̄k +B−
k ūk +B+

k ūk+1 + Sks̄k).

4.4 Successive Convexification

This section outlines the successive convexification process, which approximately solves a

non-convex optimization problem by iteratively solving related convex sub-problems. The

ith iteration is denoted by superscript i. Two important modifications to the subproblem are

introduced: (1) trust regions and (2) virtual buffer and controls.
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4.4.1 Trust Region

The trust region concerns the distance between the solution of the subproblem and the refer-

ence about which the problem is linearized to create the subproblem. Linear approximations

are accurate only in a neighborhood around the reference; thus, the subproblem solution

must be kept close to the linearization point defined by the reference [37]. Another reason

for having a trust region is to not deviate too far from the reference, as in certain cases,

linearization can render the solution unbounded below (phenomenon also known as artificial

unboundedness). To avoid this, a soft quadratic trust region is added to the subproblem cost

function:

JTR(x, u, s)
∆
=

N∑
k=1


xk − x̄k

uk − ūk

T

WTR

xk − x̄k
uk − ūk

+ s2k ∗Ws

 , (4.46)

where WTR ∈ Sm×m
++ is a positive definite matrix where m = nx + nu and Ws > 0. This

penalizes the optimizer’s distance from the reference trajectory, ensuring the solution doesn’t

venture too far.

4.4.2 Artificial Infeasibility

Linear approximations and a poor initial guess may cause the subproblem to become infeasi-

ble even if a feasible solution to the original problem exists exists. One way to mitigate this

is to add slack variables to the linearized non-convex constraints but penalize them heavily

so that the subproblem is feasible in every iteration. When penalized properly, these slack

variables go to zero at convergence for the solution to be feasible to the original problem. The

slack variable is usually referred virtual control (Equation (4.47)) when added to linearized
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dynamics, and virtual buffer (Equation (4.49)) when added to linearized constraints [37]:

xk+1 = Akxk +B−
k uk +B+

k uk+1 + Sksk + dk + υc,k, (4.47)

Jvc = wvc

[
N−1∑
k=1

||υc,k||1

]
, (4.48)

h(x̄(τk))+
δh

δx

∣∣∣∣
x̄(τk)

δx(τk)) + υb,k ≤ 0, (4.49)

Jvb = wvb

[
N∑
k=1

||υb,k||

]
. (4.50)

Problem 3: Discrete-time Free-Final-Time optimal control problem

minimize
u[1:N ],s[1:N ]

wf

[
N∑
1

||uk||22

]
+ JTR + Jvc,

subject to.

Boundary Conditions r1 = ri, rN = rf ,

v1 = vN = 03×1,

q1 = qi, qN = qf ,

ω1 = ωi, ωN = ωf ,

T1 = TN = mgI ,

τ1 = τN = 03×1.

Dynamics xk+1 = Akxk +B−
k uk +B+

k uk+1 + Sksk + dk + υc,k.

Waypoint Constraint ∃ k ∈ [1, N ] : rk ∈ WP .
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Problem 4: Discrete-time Free-Final-Time optimal control problem with

state triggered line of sight constraint

minimize
u[1:N ],s[1:N ]

wf

[
N∑
1

||uk||22

]
+ JTR + Jvc,

subject to.

Boundary Conditions r1 = ri, rN = rf ,

v1 = vN = 03×1,

q1 = qi, qN = qf ,

ω1 = ωi, ωN = ωf ,

T1 = TN = mgI ,

τ1 = τN = 03×1.

Dynamics xk+1 = Akxk +B−
k uk +B+

k uk+1 + Sksk + dk + υc,k.

Waypoint Constraint ∃ k ∈ [1, N ] : rk ∈ WP .
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Chapter 5

MODEL-BASED TRAJECTORY PLANNING FOR 3D SCENE
RECONSTRUCTION

5.1 Introduction

In this chapter, we use the methods described in the previous chapters to generate a dy-

namically feasible trajectory for continuous image acquisition for dense scene reconstruction.

This chapter is structured as follows: Section 5.2 covers existing methods being used for 3D

scene reconstruction or inspection. Section 5.3 details the approach described in previous

chapters in the context of 3D scene reconstruction. Section 5.4 concludes by discussing the

results of our approach.

5.2 Related Work

5.2.1 Off-the-Shelf Flight Planners

The most common practice for UAV-based data-capturing tasks is by using off-the-shelf flight

planners like Pix4D capture1, DJI Terra2, DJI flight planner3, UgCS4, DroneDeploy5, Pix-

Hawk Ardu Mission Planner6, Precisionhawk7, QGroundControl8. The flight planners offer

very limited parameter settings and generate conservative trajectories like an orbit, a zigzag,

1https://www.pix4d.com/product/pix4dcapture

2https://www. dji.com/de/dji-terra

3https://www. djiflightplanner.com/

4https://www.ugcs.com/

5https://www.dronedeploy.com/product/mobile/

6https://ardupilot.org/planner/index.html

7https://www.precisionhawk.com/

8http://qgroundcontrol.com/
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or a lawnmower pattern to cover the scene, regardless of the scene geometry and structure.

Hence, they typically oversample some regions while undersampling others, especially if there

are complex objects with self-occluding structures. Also, most of them use the trajectory

without structure from motion (SfM) and Multiview Stereo (MVS) constraint, crucial for

3D scene reconstruction from images acquired from monocular camera [35]. Agisoft recently

developed Metashape, an optimum path planning tool for image capturing using a rough

3D scene proxy [1, 35]. It generates a set of camera positions with sufficient overlap around

the object to cover the entire object. However, it does not guarantee complete coverage in

real-world situations [35].

5.2.2 Mode-Based Methods

Model-based methods leverage prior information about the environment, i.e., a 3D scene

proxy, to generate a set of optimal viewpoints and trajectories. Agisoft’s Meatshape uses a

rough 3D scene proxy for mission planning [1,35]. Although the camera network is generated

with sufficient overlap, it does not guarantee complete coverage.

Recently, Explore-then-Exploit (ETE) approach has become popular for planning UAV-

based data capturing. This approach consists of two phases. The first is the exploratory

phase, which is used to get a geometric proxy by using planning techniques similar to off-

the-shelf planners. The second phase is the exploitation phase, where the geometric proxy

is leveraged to design the optimum viewpoints and trajectories to acquire images for 3D

reconstruction.

This thesis focuses on the second phase of mission planning, i.e., the exploitation phase,

as mentioned in Chapter 1. Hoppe et al. [28] used a generate-and-test approach, where they

first generated a set of candidate camera poses by assigning a fronto-parallel view to each

triangle of the proxy-mesh. Then, they create camera clusters relative to their intersection

angles given the center of the triangular mesh. They then generate angular bins with a

width of 10◦ and discard cameras with an angle greater than 40◦. The camera score is then

evaluated by the number of histograms a camera is visible in, i.e., if a camera is in many
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bins, that camera is crucial for overall reconstruction as these cameras cover many points

on the object’s surface. One downside of this method is the camera position initialization.

They sample candidate cameras for each triangular mesh in the proxy mesh, which could

result in dense search space for bigger-scale structures.

Roberts et al. [48] proposed a unified global optimization problem for viewpoint selection

and trajectory planning, modeled as a submodular orienteering problem. This method finds

a path that maximizes scene coverage while satisfying SfM and MVS heuristics within the

UAV’s limited travel budget. Once the coverage model has been created, approximated

optimal orientations of all candidate cameras are computed, and the submodular orienteering

is then converted to an additive orienteering problem, which is solved as an integer linear

problem. However, the method has limitations, particularly the monotonicity of the coverage

model, i.e., selecting more cameras never reduces the coverage score. Moreover, they use the

travel budget as the stopping criterion, which does not take into account the complexity of

the object.

Hepp et al. [27] developed a system for 3D reconstruction of building-scale scenes, which

uses a coarse scene proxy to generate a volumetric occupancy map, categorizing the voxels as

occupied, free-space, and unobserved. Each voxel is also assigned a measure of observation

quality. They used an approximate camera model to calculate the expected information gain

from each viewpoint independently without considering MVS heuristics, thus encouraging

fronto-parallel views. The submodular optimization with travel budget constraint is solved

using a recursive strategy introduced in [9]. This strategy splits the trajectory and travel

budget into two parts, selecting the reachable viewpoint with maximum information gain.

All the methods discussed above share a common focus: finding a set of “good” locations

for capturing images, which then serve as waypoints for computing the trajectory for the UAV

during the path-planning step. As shown in Table 5.1, the path is typically obtained using

heuristic solutions, such as formulating it as a traveling salesman problem (TSP) to ensure

that all the selected waypoints are visited. The resulting trajectory for image capture is

generally piece-wise linear, consisting of straight lines connecting waypoints. However, these
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Exploration

Orbit Flight, Nadir Flight, Oblique

Images, 2D map and estimated

building height

Exploitation

Position
Uniform Sampling on Primitive

shapes, Random Sampling

Orientation

Fronto-parallel to normal, Regular

pitch & yaw sampling, Random

sampling with a bias towards the

region of interest (key points)

Pose Computation

SFM & MVS heuristics, Information

Gain Maximization, Genetic

Algorithm, Max-Min Optimization,

ILP

Path Planning RRT*, TSP, A*, Dijkstra

Table 5.1: Characteristics of Model-based approach [35]

paths often have sharp turns, leading to increased battery consumption due to the frequent

acceleration and deceleration required to track the path. Zhang et al. [64] addressed this issue

by formulating viewpoint selection and path planning as a joint optimization problem. Their

formulation aims to (1) maximize information gain over the entire trajectory, (2) maximize

information gain per unit length of the trajectory, and (3) minimize total turning angles

along the trajectory to avoid sharp turns, thereby improving path quality. Although the

resulting trajectory is smooth, rewiring the search tree after a fixed number of iterations

is required to get the best path in the search tree, which is a computationally expensive

process. Furthermore, image acquisition is continuous in the sense that there are viewpoints

in between the waypoints.

This thesis presents a new application of SCP-based methods for viewpoint and trajectory
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planning for continuous image acquisition. Compared to the above works, the formulation

is different. Even though, at the core, both the problems are handled separately as done

in [27, 28], the selected viewpoints are treated as waypoints when planning dynamically

feasible trajectory, where LoS constraint 4.12 has to be satisfied in continuous time [19], i.e.,

not only at the waypoints but also between them, thus resulting in a smooth and dynamically

feasible trajectory.

5.3 Methodology

In this section, the two-step optimization framework is employed for 3D scene reconstruction

via continuous image acquisition. Here, finding a “good” set of viewpoints is treated as one

problem (as covered in Chapter 3), and generating a dynamically feasible trajectory through

those viewpoints is treated as waypoints, is addressed as a separate problem (as covered in

Chapter 4). For both problems, SCP-based methods are used, which provide convergence

guarantees [38]. Figure 5.1 gives an overview of the proposed algorithm.

This section is structured as follows: Section 5.3.1 gives a brief overview of processing

done on scene proxy. Section 5.3.2 gives a brief on workflow for viewpoint optimization.

Section 5.3.3 gives a brief about the trajectory optimization framework.

5.3.1 Point Cloud Processing

Given a 3D scene proxy, point cloud processing operations are done to identify clusters

and generate convex hulls, which are used as keep-out zones for the trajectory planning

framework.

5.3.2 Viewpoint Optimization

After the cluster of interest has been identified, the first task is to sample candidate view-

points on some primitive shape (cylinder, cube, etc.). Discretize the environment. Here,

octree representation is used to simplify the environment. Then, the viewability vector is
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Figure 5.1: Algorithm Overview: The algorithm takes a 3D geometry proxy to generate a

set of optimum viewpoints to maximize the visibility of the object. These viewpoints then

serve as waypoints for trajectory optimization

Figure 5.2: Point cloud processing workflow
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Figure 5.3: Viewpoint optimization workflow

evaluated for all the candidate viewpoints and stacked together to get the viewability matrix.

Given matrix A, viewpoint set V , the set-cover problem is formulated and solved via SIP

(see SIP Formulation).

5.3.3 Trajectory Optimization

Once a “good” set of viewpoints is available, these are used as waypoints to be visited by

the UAV. TSP formulation is leveraged to order these waypoints with respect to an initial

and final position. The ordered waypoint set is then used to generate a dynamically feasible

trajectory with LoS constraint (see Problem 3 and Problem 4).

5.4 Results

The proposed framework was tested on Airsim [53]. The data collection and 3D reconstruc-

tion were done using [3]. Discrete formulation of Problem 1 and Problem 2 (Problem 3 and

Problem 4 respectively) were tested, and a comparison is shown in Table 5.2.
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5.4.1 Reconstruction Quality

(a) Point Cloud Generated using Nadir Flight with lawnmower pattern

(b) Point Cloud Generated using Proposed Method with state triggered Line of Sight Constraint

Figure 5.4: 3D Scene Reconstruction (visualization done using [11])

5.4.2 Path Quality

Problem Type Time (s) Distance (m)

Formulation 1 478.94 729.25

Formulation 2 523.56 733.195

Table 5.2: Flight time and distance comparison for the two formulations

Figure 5.5 shows the 3D scene reconstructions produced from images captured using

Nadir flight with lawnmower pattern 5.5a and the proposed method 5.5b. As seen in Table

5.2, the trajectory generated by Problem 1 takes less time and travels less distance than
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(a) Point Cloud Generated using Nadir Flight with lawnmower pattern

(b) Point Cloud Generated using proposed method

Figure 5.5: 3D Scene Reconstruction (visualization done using [68])
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Figure 5.6: Continuous Image Acquisition using the proposed framework

Problem 2. Also, the LoS constraint in Problem 1 is satisfied over the entire horizon (see

Figure 5.7). In contrast, Problem 2 exhibits some violations of LoS constraint when the UAV

is within the prescribed trigger corridor (see Figure 5.8).
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(a) 3D Position Plot

(b) LoS constraint satisfaction plot

Figure 5.7: Problem 3: line of sight constraint over the entire horizon



52

(a) 3D Position Plot

(b) LoS constraint satisfaction plot

Figure 5.8: Problem 4: State-triggered line of sight constraint
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Chapter 6

CONCLUSION AND FUTURE WORK

6.1 Summary of Contributions

This thesis presented a comprehensive approach to model-based trajectory planning for 3D

scene reconstruction, focusing on optimizing viewpoint selection and trajectory generation

separately. The approach integrates key concepts from point cloud processing, view planning,

and Sequential Convex Programming (SCP) to solve the non-convex optimization problem.

The thesis starts by exploring the context in which UAVs are employed in applications like

search and rescue, surveillance, inspection, and scene reconstruction. The success of these

tasks relies on how effectively trajectory planning and viewpoint selection are done. Following

this, a framework for generating candidate viewpoints based on geometric primitives such

as spheres, cylinders, and other shapes provides flexible coverage around a target object.

Techniques like frustum culling and occlusion culling filters are used to evaluate viewpoints.

The first contribution of this work is reformulating the integer linear program problem

for view planning to solve it using the SCP framework. The proposed framework captures

crucial elements like visibility coverage and can handle bigger problems. Experimental results

demonstrated the framework’s effectiveness in achieving optimal or locally optimal viewpoint

configuration while managing the complexity of large-scale problems.

The second contribution of this work is using an optimization-based trajectory planning

method, SCVX, for planning trajectory through candidate viewpoints with continuous data

acquisition for dense scene reconstruction. Two scenarios, Problem 1 and Problem 2 were

developed. Problem 2 introduces a novel formulation that incorporates STCs [30,46,47,56–

58] within the ctcs framework [19], which is crucial for ensuring smooth transitions between

multiple target objects while maintaining LoS constraints.
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This work aimed to develop a systematic approach using a 3D scene proxy to generate a

dynamically feasible and efficient trajectory for inspection.

6.2 Limitations

While the proposed framework demonstrates significant advantages, certain limitations must

be acknowledged:

• As the viewpoint selection depends on the geometric proxy, sparse point cloud data can

result in false positives on cloud visibility when evaluating the viewpoints for generating

visibility vector, which results in an inaccurate visibility matrix (see Figure 6.1)

• Despite achieving significantly better cloud reconstruction quality using Problem 2

compared to the off-the-shelf planner (see Figure 5.5), the LoS constraint was vio-

lated at some nodes within the prescribed trigger window. The state-triggered LoS

constraint is useful when there are multiple target objects, as it facilitates a smooth

transition between them. Problem 1 and Problem 2 combine path and control con-

straints with the system dynamics to ensure continuous-time satisfaction, as outlined

in [19]. However, incorporating STCs within the ctcs framework is unprecedented and

requires thorough investigation to address the issues highlighted in Figure 5.8b. While

Problem 1 implements the LoS constraint in the ctcs [19] framework without trigger re-

gion, a comprehensive evaluation is needed to determine the root cause of the observed

behavior.

6.3 Future Directions

A key assumption or requirement of this framework is the availability of a 3D scene proxy,

either pre-existing or gathered during an initial exploratory flight. An interesting direction

for future research would be to extend or adapt the methods discussed in this thesis to handle

environments where the 3D scene is unknown.
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(a) Sparse input point cloud generated from exploration

(b) Reconstructed point cloud

Figure 6.1: Problem Formulations with LoS constraint
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Additionally, another promising avenue would be to explore the integration of view plan-

ning and path planning into a unified optimization approach. Instead of the two-step process

adopted in this thesis, where viewpoint optimization and trajectory planning are handled sep-

arately, a joint optimization framework that simultaneously considers optimal sensor poses

and a dynamically feasible trajectory could lead to more efficient and robust solutions. This

combined approach could potentially enhance performance in real-world applications.

Currently, after getting a feasible or good set of viewpoints, these viewpoints, which are

waypoints for the UAV, are ordered using heuristics, such as formulating it as TSP to ensure

every viewpoint is visited. An interesting idea would be to leverage the Signal Temporal Logic

(STL) [61] formulation for waypoint constraint and combine it with trajectory optimization.
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[55] Michael Szmuk and Behçet Açikmese. Successive convexification for 6-dof mars rocket
powered landing with free-final-time. arXiv: Optimization and Control, 2018.

[56] Michael Szmuk, Danylo Malyuta, Taylor P. Reynolds, Margaret Skye Mceowen, and
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Appendix A

QUATERNIONS

A.1 Representation

The complex number representation of quaternion is given by:-

q = q0 + q1î+ q2ĵ + q3k̂,

Where,

î2 = ĵ2 = k̂2 = îĵk̂ = −1

îĵ = k = −ĵ î

ĵk̂ = i = −k̂ĵ

k̂î = j = −îk̂,

The vector representation of quaternion is given by:-

q =

[
q0︸︷︷︸

scalar

[
q1 q2 q3

]
︸ ︷︷ ︸
axis of rotation

]T

,

The Axis-Angle representation of a quaternion is given by:-

q =
[
cos θ

2
a sin θ

2

]T
,

where θ is the angle of rotation and a is the axis of rotation
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A.2 Product

The product of two quaternions p and q is denoted by p⊗ q and is defined as:-

p⊗ q = (p0 + p1î+ p2ĵ + p3k̂︸ ︷︷ ︸
pv

)(q0 + q1î+ q2ĵ + q3k̂︸ ︷︷ ︸
qv

),

= p0q0 − pTv qv︸ ︷︷ ︸
scalar

+ p0qv + q0pv + pv × qv︸ ︷︷ ︸
vector

=

p0 −pTv
pv p0I+ [pv×]

q0
qv


=

q0 −qTv
qv q0I− [qv×]


︸ ︷︷ ︸

Ω(q)

p0
pv

 ,

where:

[qv×] =


0 −q3 q2

q3 0 −q1
−q2 q1 0

 ,

Ω(q) =


q0 −q1 −q2 −q3
q1 q0 q3 −q2
q2 −q3 q0 q1

q3 q2 −q1 q0

 ,

A.3 3D Rotation

qB/I
1 is the quaternion of frame B with respect to frame I. Let qB/I =[

q0 q1 q2 q3

]
. If pB ∈ R4 is a quaternion representation of a parameter in B frame

(pB =
[
0 Bpx

Bpy
Bpz

]T
), then we can get the parameter in inertial frame, pI =

1B/I ≡ I ← B, orientation of B wrt I
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[
0 Ipx

Ipy
Ipz

]
by the following equation:

pI = qB/I ⊗ pB ⊗ q∗B/I ,

Where q∗B/I =
[
q0 −q1 −q2 −q3

]T
is the conjugate of qB/I . We can covert the above

quaternion product to a series of matrix multiplication as follows:-
0

Ipx

Ipy

Ipz

 =


q0 −q1 −q2 −q3
q1 q0 −q3 q2

q2 q3 q0 −q1
q3 −q2 q1 q0




q0 q1 q2 q3

−q1 q0 −q3 q2

−q2 q3 q0 −q1
−q3 −q2 q1 q0




0

Bpx

Bpy

Bpz

 ,


Ipx

Ipy

Ipz

 =


q20 + q21 − q22 − q23 2(q1q2 − q0q3) 2(q0q2 + q1q3)

2(q1q2 + q0q3) q20 + q22 − q21 − q23 2(q2q3 − q1q0)

2(q1q3 − q0q2) 2(q2q3 + q0q1) q20 + q23 − q21 − q22


︸ ︷︷ ︸

CB/I


Bpx

Bpy

Bpz

 ,

Where CB/I is the Direction Cosine Matrix for qB/I .
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