(©Copyright 2015
Cody Holdaway



Path Algebras and Monomial Algebras
of Finite GK-dimension as Noncommutative
Homogeneous Coordinate Rings.

Cody Holdaway

A dissertation
submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

University of Washington

2015

Reading Committee:
S. Paul Smith, Chair
Julia Pevtsova

James Zhang

Program Authorized to Offer Degree:
Mathematics



University of Washington

Abstract

Path Algebras and Monomial Algebras
of Finite GK-dimension as Noncommutative
Homogeneous Coordinate Rings.

Cody Holdaway

Chair of the Supervisory Committee:
Professor S. Paul Smith
Mathematics

This thesis sets out to understand the categories QGr A where A is either a monomial algebra

or a path algebra of finite Gelfand-Kirillov dimension. The principle questions are:

1. What is the structure of the point modules up to isomorphism in QGr A?

2. Given two such algebras A and A’, when is QGr A = QGr A’?

These two questions turn out to be intimately related.

It is shown that up to isomorphism in QGr A, there are only finitely many point modules
and these give all the simple objects in the category. Then, a finite quiver F 4, which can
be constructed from the algebra A rather simply, is associated to the category QGr A. The
vertices of /4 are in bijection with the point modules and the arrows are determined by the
extensions between point modules. Lastly, it is shown that QGr A = QGr A’ if and only if
Ey=FEu.
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Chapter 1
INTRODUCTION

1.1 Initial thoughts.

Let k£ be a field, the term algebra will mean k-algebra.

One of the basic methods for understanding noncommutative graded algebras geometri-
cally is to understand the structure of their point modules. This idea was used effectively in
[3] to better understand the three dimensional AS-regular algebras originally studied in [1].

Given a graded k-algebra A = @;>0A;, a point module over A is a cyclic graded right A-
module M = ®;>0M,; such that dimy M; = 1 for all« > 0. Point modules are so named as they
are thought of as the “closed” points of the noncommutative projective scheme determined
by A. Let Gr A denote the category of Z-graded right A-modules with degree preserving
homomorphisms and QGr A the quotient of Gr A by the Serre subcategory Tors A consisting
of all the torsion modules. Point modules determine simple objects in QGr A, however, there
may be other simple objects not coming from point modules.

Let S(a, b, ¢) denote the 3-dimensional Sklyanin algebra with parameters (a, b, ¢) (assume

k=k). If
(a,b,c) ¢ ®:={(0,0,1),(0,1,0),(1,0,0)} U {(a,b,c) | a® = b* =},

then S(a,b,c) is a Noetherian domain with finite GK-dimension and the point modules are
parameterized nicely by an elliptic curve with an automorphism. However, Smith shows
in [11] that when S(a,b,c) is a degenerate Sklyanin algebra, that is, if (a,b,¢) € D, then

2=w?=0or

S(a, b, c) is a monomial algebra with 3 generators u, v, w such that either u? = v
wv = vw = wu = 0. In both cases, S(a, b, ¢) is not Noetherian and has infinite GK-dimension.

For the degenerate Sklyanin algebras, the point modules are no longer parameterized by an



elliptic curve, in fact, they don’t seem to be nicely parameterized at all.

As another example, consider the quantum planes

Ay = k(z,y)/(xy — qy),

where ¢ € k. If ¢ # 0, then A, is a Noetherian domain with finite GK-dimension and
the point modules are parameterized by P!. When ¢ # 0, point modules are isomorphic
in QGr A, if and only if they are isomorphic in Gr A,. Thus, the point modules are still
parameterized by P! up to isomorphism in QGrA,. When ¢ = 0, A, = k(z,y)/(zy) is
a monomial algebra. However, unlike the case for degenerate Sklyanin algebras above, A
still has finite GK-dimension. Even though there are infinitely many point modules up to

isomorphism in Gr Ay, it will be shown there are only two up to isomorphism in QGr Ay.

Unlike the degenerate Sklyanin algebras, the structure of point modules for the degenerate
quantum plane Ay in some sense trivializes. The distinction seems to be that Ag still has

finite GK-dimension while the degenerate Sklyanin algebras have infinite GK-dimension.

By [7, 8], given any finitely presented monomial algebra (hereafter just monomial algebra),
we can find a quiver )4 and a graded morphism f : A — k@4 such that the functor
— ®a kQ 4 induces an equivalence of categories QGr A = QGr kQ) 4. Moreover, if A has finite
GK-dimension then so does kQ) 4.

If M is a point module over k(@) 4, it can be shown that M is a point module when viewed
as a module over A via f. The only property to check is that M is cyclic over A. If A has
finite GK-dimension, it will be shown that up to isomorphism in QGr A, every point module

over A comes from a point module over kQ) 4.

Since graded modules over path algebras can be viewed as graded representations of the
quiver, it is useful to work with the algebras kQ 4 instead of A itself. Hence, the rest of the

paper will focus on path algebras of finite GK-dimension.



1.2 Main results.

If kQ is a path algebra of finite GK-dimension, there is associated to each cyclic vertex v of

(2 a canonical point module which will be denoted by O,. Here are the main results:

Theorem 1.2.1 (See Theorem 3.1.8). Let kQ be a path algebra of finite GK-dimension.

Then every simple object of QGr kQ is isomorphic to a unique O, for some cyclic vertex v.

Thus, the isomorphism classes of simple objects of QGr k(@ are in bijection with the cyclic
vertices of () of which there are only finitely many. In particular, the point modules O, give
all the point modules up to isomorphism in QGr kQ.

Outside of being in bijection with the simple objects of QGr kQ), the cyclic vertices deter-

mine another structure which plays a big role in determining the structure of the category
QGr kQ.

Definition 1.2.2. Let kQ be a path algebra of finite GK-dimension. The Ext-quiver of
QGr kQ), denoted by Eq, is defined by:

1. The vertices of Eq are the cyclic vertices of Q.

2. Letv and w be cyclic vertices and let n and m be the lengths of the simple cycles which
contain v and w respectively. There is 1 arrow v — w in Eg if there is a path in @

from v to w whose length is a positive multiple of nm.

If A is a monomial algebra of finite GK-dimension, define E4 to be the quiver Eg, where
Q4 is the Ufnarovskii graph of A.

The next two theorems show the Ext-quiver is determined by QGr k() and determines

QGr k@ up to equivalence.

Theorem 1.2.3 (See Theorem 3.2.6). Let kQ be a path algebra of finite GK-dimension.

Then given two cyclic vertices v and w,

Extocr ig(Ovs Ow) # 0



if and only if there is an arrow from v to w in Eg.

Theorem 1.2.4. Let kQ and kQ' be path algebras of finite GK-dimension. Then QGr kQ =
QGr k@' if and only if Eqg = E¢ .

The proof of Theorem 1.2.4 will be established in different sections. For the direction
QGrk@ = QGrkQ' = Eg = Eg, see the remarks directly after Theorem 3.2.6. For the
direction Eqg = Eg = QGrkQ = QGr k(Q)’, see the remarks after Theorem 4.4.1.

Let (P, =) be a finite poset. We can consider P as a quiver, which will also be denoted

P, in the following way:
e the vertices of the quiver P are just the elements of the poset P,

e for vertices x and y, there is an arrow x — y if and only if x < y.

Such quivers will be called poset quivers. It will be shown that for any quiver ) for which
k@ has finite GK-dimension, the Ext-quiver E is a poset quiver. More specifically, we can
view (the vertices of) Eg as a poset by defining v < w, for cyclic vertices v and w, if there
is an arrow v — w in Eg. See section 3.3 for details.

Let P be a finite poset. Define I'(P) to be the quiver whose vertices are the elements of
P and where there is an arrow x — y if and only if x < y. I'(P) is nothing more than the
quiver P except now there is a loop placed at each vertex. The path algebra kI'(P) has finite
GK-dimension and Er(py = P. Hence, we get the following interesting corollary to Theorem

1.2.4:

Corollary 1.2.5. If A is either a monomial algebra or a path algebra of finite GK-dimension,

then there is a finite poset P and an equivalence
QGr A = QGrkT'(P).

Proof. Just take P to be the poset E4 and apply Theorem 1.2.4. O]



This corollary says that the path algebras k['(P) for P a finite poset form a class of
canonical noncommutative homogeneous coordinate rings for the noncommutative projective

schemes Proj, . A where A is a monomial algebra or path algebra of finite GK-dimension.



Chapter 2
BACKGROUND

2.1 Notation and Conventions.

Throughout, £ is a fixed field.

2.1.1 Quivers.

@ will always denote a quiver (i.e., directed graph) with a finite number of vertices and arrows.
The set of vertices and arrows will be denoted )y and ), respectively while s,t: Q1 — Qo
will be the source and target maps.

A path in @) is an ordered tuple of vertices and arrows

p = (Vo, a1, V1, Um—1, Qm, U

where v;_; = s(a;) and v; = t(a;). It is more common to use the shorthand notation
P = aias---a,y. If pis a path then the source of p is the source of a; and the target of p is

the target of a,,. Below is some common terminology used in later sections.
Definition 2.1.1. Let p = (vg, a1, v1,+ -+, Qm, V) be a path in Q.

1. p is a chain if a; # a; for i # j.

2. p is a simple chain if v; # v; fori # j.

3. p is closed, or is a closed path, if vg = v,,.

4. pis a cycle if it is a closed chain.

5. p is a simple cycle if vg = v, but v; # v, otherwise.



A wvertex is called cyclic if it is part of some cycle, otherwise it is acyclic. A quiver is called

acyclic if it contains no cycles. An arrow with the same source and target is called a loop.

A simple cycle is necessarily a chain. A cycle is simple if and only if no two distinct
arrows in the cycle have the same source if and only if no two distinct arrows in the cycle

have the same target. Pictorially, a simple cycle is anything of the form

O
.

k@ will denote the path algebra of (). For each vertex v, let e, = (v) denote the trivial

2.1.2  Path algebras.

path at that vertex. A basis for kQ is given by all paths in @), including trivial paths, and
multiplication of two paths is given by concatenation.

More explicitly, if p = (vo, a1, ..., am, vy) and ¢ = (ug, b1, . . ., by, uy,), then
bq = (U();ala"'7amavm :u07bl7"'7bn7un)

if v,,, = ug while pq = 0 if v,,, # uyg.
The algebra k@ is given the natural grading where each trivial path has degree 0 and

each arrow has degree 1.
2.2 The category of quasi-coherent sheaves.

If A is an N-graded k-algebra, we write Gr A for the category of Z-graded right A modules.
Given a graded module M, an element m € M is called torsion if mA-, = 0 for some n.
A module M is called torsion if every element of M is torsion and is torsion free if no

non-zero element is torsion.



The full subcategory of all torsion modules is denoted Tors A. The quotient of Gr A by
Tors A is labeled QGr A and we let

™ :GrA— QGrA

denote the canonical quotient functor. Tors A is a localizing subcategory, that is, 7* has a
right adjoint which will be denoted by .

The category QGr A is interpreted as the category of quasi-coherent sheaves on the non-
commutative projective scheme Proj,,.(A). More explicitly, the non-commutative projective

scheme Proj, .(A) is defined implicitly by declaring
Qcoh(Proj,.(A)) :== QGr A.

Every graded module M € Gr A has a largest submodule contained in Tors A which is
denoted 7M. Moreover, M /TM is torsion free and 7*M = 7*(M /T M).
Two graded modules M and N are called tails equivalent if M-, = N, for some

n € Z. If M and N are tails equivalent, then 7*M = 7*N in QGr A.

2.3 Point modules.

Definition 2.3.1. Let A be an N-graded k-algebra generated by A, over Ag. A graded right

module M = @&M,; is a point module if

® M:MQA,

e dimy M; =1 for alli > 0.

Point modules determine simple objects in QGr A. In general however, the category
QGr A can have simple objects other than those coming from point modules. A counterex-
ample is the free algebra on two generators, or more generally, a path algebra of infinite

GK-dimension.



2.4 Graded modules and graded representations.

Given a quiver (), the category Gr k() is equivalent to the category GrRep k() of graded
representations of the quiver ). A graded representation of @), denoted (M,, M,), is the
assignment of a graded vector space M, (k is in degree 0) to each vertex v and for each arrow
a a linear map M, : Myq) — Myq) of degree one. A morphism ¢ : (M,, M,) = (N, N,) of
graded representations is a collection of graded vector space maps ¢, : M, — N, such that
for each arrow a, the diagram

M,
M) —— My(q)

‘ps(a)J Jfot(a)

Nita) = Nia)

commutes.

The equivalence is determined by sending a graded module M to the data (Me,, M,)
where M, is the degree 1 linear map determined by right multiplication by a.

Let V ={v1...v,} C Qp. If M is a module over k@) and m € M with m = ZviEV me,,
then we say m is supported on the set V' . In particular, if m = me, for some vertex v then
m is supported on v. If every element of M is supported on V' then we say M is supported

on V.
2.5 Path algebras of finite GK-dimension.

In [12], V. Ufnarovskii gives a criterion which allows one to determine the growth of a quiver,
which is the same as the growth of the path algebra, based on a simple property of the quiver.

Let p = (vg, a1, -+ ,am, vy) be a path in Q. Define Q(p) = (Q(p)o, Q(p)1) to be the sub-
quiver of @) consisting of all the vertices and arrows that make up p, i.e, Q(p)o = {vo, ..., vm}
and Q(p); = {a1,...,an}. Let C be asubquiver of @, call C' a chain(simple chain, closed,
cycle, simple cycle) if C' = Q(p) where p is a chain (simple chain, closed, cycle, simple
cycle).

Two cycles overlap if they have a vertex in common. Let v € )y be a vertex. If there are
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simple cycles p; and py such that Q(p1) # Q(p2) but v € Q(p1)o N Q(p2)o, then v is called
doubly cyclic.

Let @ be a quiver with subquivers C; and Cs which are simple cycles. Define C; < Cy if
there is a simple chain from a vertex of ' to a vertex of C5 or if C; and Cs share a common

vertex. This makes the set of simple cycles in @), which is denoted by €(Q), a finite preorder.

Lemma 2.5.1. Let Q) be a quiver. The preorder €(Q) is a poset if and only if @ has no

doubly cyclic vertices.

Proof. If () has a doubly cyclic vertex then there are distinct simple cycles C} and Cy having

a common vertex. Hence, C} < Cy and Cy < (' showing €(()) is not a poset.

Suppose €(Q) is not a poset. Then there are two distinct simple cycles C; and Cy such
that either C'; and Cy share a vertex or there is a simple chain from a vertex of C; to a
vertex of Cy and a simple chain from a vertex of Cs to a vertex of C;. In both cases, ) has

a doubly cyclic vertex. O

The following Theorem is in [12], though not stated in the following manner.

Theorem 2.5.2. Let Q) be a quiver and €(Q) the associated preorder. If Q has a doubly
cyclic vertex then kQ has exponential growth. Otherwise, kQ) has polynomial growth of degree
d where d is the cardinality of a largest totally ordered subset of €(Q).

Hence, the path algebra of a quiver ) has finite GK-dimension if and only if there are
no doubly cyclic vertices. In this case, the GK-dimension is d where d is the size of a largest

totally ordered subset of €(Q).
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Example 2.5.3. The quivers

e C

0N d
N R
C.% \/ s

have finite GK dimension. The first has dimension 2 while the second has dimension 3. The

following quivers have infinite GK-dimension.

N A
N

Example 2.5.4. As the path algebras of the first two quivers in the previous example have
finite GK-dimension, their Ext-quivers are defined. The FExt-quivers are given below in the

same ordering as the quivers above:

[ ]
[ ]
O<— O0<— O

[ J [ J
Below are a few lemmas about quivers of finite growth that will be used implicitly through-

out.

Lemma 2.5.5. Suppose p is a closed path such that

1. p is not a simple cycle,

2. p# q" for any closed path q and n > 2.
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Then there are two distinct arrows in p with the same source.

Proof. Write p = (vg, a1, ..., 0m, V). Suppose distinct arrows in p have distinct sources but
p is not a simple cycle. As p is not simple there are natural numbers 7, 7 with 0 <i < j <m
and (Z,7) # (0, m) such that v; = v;. Choose such a pair (4, j) such that j — ¢ is minimal.
As p is closed we may assume ¢ = 0. We can write p = ¢gr where ¢ = (v, ay,...,a;,v;) and
r = (vj,aj41,...,Qn, Uy). By the choices made, ¢ is a simple cycle. As p is not simple we
know r is not a trivial path.

Since s(aj+1) = v; = vy = s(a;) and distinct arrows have distinct sources it follows that

aj+1 = ay. Therefore, v; = t(a1) = t(a;4+1) = vj+1. By similar reasoning as for a; and a;4;

we deduce az = a;;9 and by induction a;4; = a; for all 1 < 1 < j. Therefore, p = ¢*r
where 7’ = (vg;, a2j11, - - -, Gm, V). By induction we can continue this to write p = ¢™ where
n=m/j> 1. O

Lemma 2.5.6. A quiver QQ has no doubly cyclic vertices if and only if every closed subquiver

of Q is a simple cycle.

Proof. (<) Suppose v € @ is a doubly cyclic vertex. Then there are distinct simple cycles

p1 = (Vo,a1,...,0Qn,vy) and ps = (ug, by, ..., by, u,) with Q(p1) # Q(p2) but for which

v; = u;. As p; and p, are cycles, we may assume ¢ = j = 0. Consider the closed path

P1P2 = (U07a17--‘>amavm ="y = uOyblu--’abnvun)

and let C'= Q(p1p2). Then C is a closed subquiver which is not a simple cycle.

(=) Suppose C'is a closed subquiver which is not a simple cycle. Write C' = Q(p) where
p = (vo,a1,...,an,Vy) is a closed path. Since Q(p") = Q(p) we can assume p # ¢" where q is
closed and n > 2. Since p is a closed path which is not simple and is not a power, the previous
lemma says there are two distinct arrows in p with the same source u. We may assume
u = vy and write p = gr where ¢ = (vg, aq,...,a;, v, = vo) and r = (v, @11, - - -, A, V) With

ary1 # as.
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If g is not a simple cycle, then we can find vertices v; and v; in ¢ such that 0 <¢ < j </
and (i,7) # (0,1) with v; = v;. If i = 0, then instead of looking at the pair (0, j) look at
the pair (j,1). Consider the path ¢1 = (vo,as,...,a;,v;,a;41,...,v;) which is obtained by
removing the subpath from v; to v; in ¢. Notice ¢; is a closed path of strictly smaller length
than ¢ and still contains the arrow a;. As the length of the path decreases, we can continue
this process only finitely many times.

The only way the process can stop is if we eventually obtain a closed path ¢’ = ¢,, which is
a simple cycle. This simple cycle starts at the vertex vy and contains the arrow a;. Similarly,
we can do the same process to r to obtain a simple cycle r’ which starts at the vertex v; = vy
and contains the arrow a1 # a;. Hence, Q(¢') and Q(r’) are distinct simple cycles which

contain vy showing v, is a doubly cyclic vertex. O]
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Chapter 3
THE SIMPLE OBJECTS OF QGr K@

3.1 Cyclic point modules and the simple objects of QGr k().

Suppose ) has no doubly cyclic vertices and let v be a cyclic vertex. There is a special point
module associated to the cyclic vertex v, which is a quotient of the module e, k@), and will
be denoted by O,. These special point modules will be called cyclic point modules.

In words, O, is the quotient of e,kQ by the right sub-module spanned by all paths
beginning at v but which end at a vertex u not in the cycle p.

Here is a precise description of O,.

Let p = (v = vg,a1,...,a,, v, = v) be the simple cycle which starts at v. As kQ has
finite GK-dimension, a;;; is the only arrow from v; — v;11. Only considering arrows which

start at a vertex in p, the quiver locally looks like

s (3.1-1)
o / \ .
—>
KU al

Every path in () which has source v has one of the forms:

e p"ay---a; such that m € N and 0 <i < n (i = 0 means just p™),

e p"ay---abg where m € N, 0 < i < n, b+# a;y; is an arrow starting at v; (if any) and

q is any path which begins at ¢(b).
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Consider all the submodules p™ay - - - a;bkQ of e ,kQ) where b # a;y; is an arrow which

starts at v;. Since the paths in () form a basis for k() we get

meal ca;bkQ = @pmal - a;bkQ).

where the sums are over all (m,i,b) with m >0, 0 <7 < n, and b an arrow not in p starting
at v;.
O, is the quotient of e,kQ by the submodule @ p™a; - - - a;bkQ. By definition of O,, the

following sequence is exact:

0—— &P pmas---abkQ —— e, kQ O, 0 (3.1-2)

where the map ¢ is simply the inclusion map.

Since the modules e, kQ and p™ay - - - a;bk(Q) are projective in Gr k@), the exact sequence
3.1-2 is a projective resolution of O, in Gr k().

In [10], Smith proves 7*k@ is a projective object in QGrk(Q. Hence, as ©* preserves
coproducts, m*e, k() is a projective object for any vertix v in (). Since the quotient functor
7 Grk@Q — QGrkQ is exact, the sequence 3.1-2 determines a projective resolution of O,
in QGr kQ.

As a vector space, O, has a basis consisting of all paths of the form p™ay---a;. If bis

any arrow in @), then in O,,

pma1 Qg if b= i1

p"ay---a;.b=

0 otherwise.
If j € N, then we can uniquely write j = mn + i for some ¢ < n and we get (O,); =

kp™ay - - - a;. In particular, (O, )y = ke,.

Proposition 3.1.1. Let kQ be a path algebra of finite GK-dimension. For each cyclic vertex

v, O, 15 a point module.

Proof. It was already noted that dim(O,); = 1 for all j. Also, since (O,); = ke, and

pray - a; = e,pay - - a;, we get O, = (0,)okQ. O
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Lemma 3.1.2. Let v and w be cyclic vertices. Then Homqa, kg (O, Ow) # 0 if and only if
v=w. In particular, 70, 2 7O, if v # w.

Proof. 1f v and w are distinct cyclic vertices, then (O, ),, and (O, ), are supported at different
vertices for all n. Hence, the only graded morphism from (O,)s, — O, for all n is zero.

Hence,

HomQGer(OU) Ow) - hEHomGer«Ov)Zn; Ow) = 0.

0
Proposition 3.1.3. Let v be a cyclic vertex and write
p=(vo="0,a1,01,...,0p, 0, =)
for the simple cycle which contains v. Then in GrkQ, O,(1)s¢ = O,,.
Proof. The simple cycle which contains v; is p’ = (vy, as, . .., ay, vo, a1, v1). Notice aq(p')" =

p"ay for all n. Define a linear map ¢ : O,, — O, by sending (p')"as - - - a; to ay(p/)"ag - - - a; =
p"ay -+ - a;. It is easy to check this defines an injective graded module map ¢ : O,, — O,(1).

Since e,, — a1, the image of ¢ is O,(1)>¢. Hence, O,, = O,(1)>o. O

Corollary 3.1.4. Let v be a cyclic vertex with p the simple cycle which contains v. If z € 7,

then in QGrkQ, 70, (z) = 7* O, for some cyclic vertex v’ in p.

Proof. Write p = (vo = v,aq,v1,...,v, = v) for the simple cycle which begins at v. By
Proposition 3.1.3 O,(1)s = O,, which implies

m0,(1) = 7°0,(1)50 = 7°O,,.
On the other hand, O,, ,(1)s9 = O, so we get
70,, (1) =710, ,(1)50 =770,
which shows

70, (—1) =2 70

Un—1"

Hence, the corollary is finished by induction. O]
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Proposition 3.1.5. Let P be a point module over a path algebra of finite GK-dimension.

There is a cyclic vertex v such that 7P = 7*QO,.

Proof. Let P be any point module. For each ¢, there is a unique vertex v; such that Pe,, = P
and Pe, = 0 for all u # v;. Hence, we have an infinite sequence of vertices v = (v, vq,. . .).
Let v; and v; 41 be two vertices in v. Since P, = P;k(Q);, there must be an arrow from v; to
vi+1. Hence, the sequence v is the sequence of vertices for some infinite path (vg, aq, vy, ..".)
in (). As kQ has finite GK-dimension, every infinite path in ) must be of the form ¢p*
where ¢ is a finite path, p = (ug, b1, .. ., by, Uy,) is a simple cycle and p™ is the infinite path
which just continually loops around p.

Let n be the length of the path ¢ and consider the point module P’ := Ps,(n). The

infinite sequence of vertices associated to P’ is just

(Uoy Uty v vy Uy = Ugy U, - - -)-

Hence, the only arrow which does not annihilate P} 4; 1s the arrow a;;1 @ u; — Uiy since
a;;1 is the only arrow from u; to u;;1. Hence, it can be seen that P’ is isomorphic to the
cyclic point module O, .

As Ps,(n) = O,,, we get
T P(n) 21 Psy(n) 204y = P = 770y (—n)

By Corollary 3.1.4, 7*O,,(—n) = 7*O, for some cyclic vertex v which shows 7*P = 7*O,

for a cyclic vertex v. []

Proposition 3.1.6. Suppose kQ has finite GK-dimension. Let M be a graded right kQ-
module such that dim M; =1 for j > 0. Then 7*(M) # 0 if and only if there is a cyclic

vertex w such that © (M) = 7*O,,.

Proof. Suppose 7*(M) is not zero. Find n’ € N such that dim(M;) = 1 for i« > n/. The
object m*(Ms,/) is also nonzero which implies there is a homogeneous element m € M,,

with n > n/, that is not torsion. Hence, for every positive integer i, there is a path p of
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length ¢ that does not kill m. Therefore, mkQ); is a nonzero subspace of M, ; which implies
mkQ; = M, 1; as dim M,,; = 1. Hence, M, = mkQ.

Since the module M, (n) is generated in degree zero and satisfies

for all i > 0, M>,(n) is a point module. Hence, by Proposition 3.1.5, there is a cyclic vertex
v such that 7*Ms,(n) = 7*0,. Thus, 7™M, = 7*O0,(—n) = 7*O,, for some cyclic vertex w
from which it follows that

M = 1M, = 170,
]

The following theorem shows that every non-zero object in QGr k() contains a point

module.

Proposition 3.1.7. Let kQ be a path algebra of finite GK-dimension. For any M € Gr k@,
(M) = 0 if and only if
HomQGer(ﬁ*Ov, W*(M)) =0

for every cyclic vertex v.

Proof. Clearly 7*(M) = 0 implies all the Hom spaces are zero. Suppose 7*(M) is not a zero
object. By replacing M with M/7M we may assume M is torsion free.

Let C' be a simple cycle in €(Q) maximal with respect to containing a vertex in the
support of M and denote such a vertex by vy. Pick a nonzero homogeneous m € M such
that m = me,,. Write C' = Q(p) where p = (v =vg,a; - - apn, v, = v).

Suppose there is a path of the form p'a; - - - a;b, with b # a;,,, for which

!/

m' = mpla1-~aib7é 0.

Since m’ is not torsion, there are paths of arbitrarily high degree which do not annihilate

it. Hence, we can find a path ¢’ from #(b) to a cyclic vertex v’ in a simple cycle C" # C
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such that m'q’ = mqp'a; ---a;bg’ # 0. This is a contradiction however as C' < C’ and
C’ containing a vertex in the support of M implies C' is not maximal with this property.
Therefore, mp'a; - - - a;b = 0 for all such paths. From this we find the only elements in kQ
which do not necessarily annihilate m are those of the form p'a; - - - a;. However, as m is not
torsion, none of the elements p'a; - - - a; annihilate m. Hence, mkQ is a nonzero submodule
which has dimension one in high degree.

Thus, we have a submodule mk(Q of M which has dimension 1 in high degree and
7 (mkQ) # 0. By Proposition 3.1.6, there is a point module O,, such that 7*(mkQ) = 7*O,,.
Thus,

Homqer kg (7" O, 7 M) # 0.

We can now prove Theorem 1.2.1.

Theorem 3.1.8 (Theorem 1.2.1.). Let kQ be a path algebra of finite GK-dimension. The
objects

{m*O, | v is a cyclic vertex}
form a complete set of representatives of the isomorphism classes of simple objects in QGr kQ).

Proof. Since O, is a point module, 7*0, is a simple object in QGr kQ for each cylic vertex
v. By Lemma 3.1.2, 7*O, and 7*O,, are not isomorphic unless v = w. If S is any module

for which 7*S is a simple object, then by Proposition 3.1.7,
Homqa ko (m* Oy, 7°5) # 0
for some cyclic vertex v which implies 7*O, = 7*S. m

Corollary 3.1.9. Let kQ and kQ' be path algebras of finite GK-dimension. If QGrkQ =
QGr k@', then Q and Q" have the same number of cyclic vertices.

Proof. This follows from the fact that the number of cyclic vertices is precisely the number

of simple objects in QGr kQ). n
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3.2 Extensions between point modules over path algebras of finite GK-dimension.

Let kQ be a path algebra of finite GK-dimension. In this section a condition is given which
determines when Ext(l;zGr 10(Ou, Oy) # 0 for cyclic vertices v and w.
Let v and w be cyclic vertices. To compute Ext(lgGr kQ(OU, O,) we can use the projective

resolution used to define O,:
0= Prmar--abkQ = e,kQ — O, — 0.

The notation follows that developed in Section 3.1.
Using the long exact sequence associated to Ext and the fact that n*e, k(@ is projective

we get an exact sequence
0— HOHIQGer(OU, Ow) — HomQGer(eka, Ow) — (3.2—3)

— Homoar o (@(pmal L abkQ), (’)w> — Exthr (O, Ou) — 0.

This exact sequence will be useful to determine when Ext'(0,,0,) = 0. However, in the
case where there are non-trivial extensions, we will see how to construct a large family of
them explicitly.

It will be useful to work over Veronese subalgebras when computing Ext' (Oy, Oy). Hence,

the next subsection recalls the relationship between an algebra and its Veronese subalgebras.

3.2.1 Veronese subalgebras of path algebras.

This subsection recalls a theorem of A.B. Verevkin which will be helpful in computing
Ext'(O,, 0,).

Let A be a locally finite graded k-algebra generated by A; over Ay and for d € N~ {0},
let A = ®;>0A;q be the d-th Veronese subalgebra. Define V : Gr A — Gr A to be the
functor which takes M € Gr A to V(M) € Gr A where V(M); = M;4. Conversely, define
T:GrA@ — GrAby T(N) = N ® 4@ A with grading

(N ®aw A)j= D Na®uw A

n-d+l=j
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Theorem 3.2.1 ([13] Section 4.). Using the above Notation, the functors V and T induce a

k-linear equivalence of categories
QGrA = QGrA@
for any d > 1.

Let  be a quiver with incidence matrix Mg. For any natural number d > 0, let Q¥ be
the quiver associated with the d-th power Mg. Since the (v,u) entry of Mg is the number
of paths from v to u of length d, it is easy to see that k(Q@) is isomorphic, as a graded
algebra, to the d-th Veronese subalgebra kQ¥ of kQ. Paul Smith observed this in [10] and
uses A.B. Verevkin’s result above to determine QGr kQ = QGr k(Q@).

The following Lemma can be determined with a little thought.

Lemma 3.2.2. The functor V : GrkQ — GrkQY sends the cyclic point module O, € Gr kQ
to the cyclic point module based at v in GrkQY. Also, V(e;kQ) = e;kQD.
3.2.2  FExtensions between point modules.

The induced equivalence V : QGrkQ — QGrkQ? gives an isomorphism
EXté)Gr kQ(Ovv Ou) = EXt(lggGr kQ(@ (V(0,), V(Ou)).

So to determine when Ext(lgGr 10(Ou, Oy) # 0 we may first move the question to a suitable

Veronese sub-algebra.

Proposition 3.2.3. Let v and w be cyclic vertices in a quiver QQ with finite GK-dimension.
Let n and m be the lengths of the simple cycles which contain v and w respectively. If there

are no paths from v to w whose length is a multiple of nm, then
EXt(lgGer<OqJ, Ow) = 0

Proof. 1f there are no paths in ) from v to w of length Inm for any [ € N, then there are

no paths from v to w in Q™. So by moving to kQ™™ using the Veronese equivalence, we
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may assume there are no paths from v to w in ). Moreover, the only path from v to itself
of length nm is p™ where p is the simple cycle based at v. Hence, in the quiver Q"™ the
simple cycle based at v is a loop. Similar statements apply to the vertex w. Thus, we can
assume there are no paths from v to w and the simple cycles which contain v and w are
loops. Let {p,by,...,b} be all the arrows with source v where p is the loop and let ¢ be the
loop based at w.

Since Ext(lgGr 10Oy, Oy) is a quotient of Homqg, g (P p™0:ikQ, O.,), we just need to show

the latter is zero. However, since

Homaar ko (@D p"0ikQ, Ou) = | [ Homqer ko (0" bikQ, Ou),

we just need to show Homgqe, o (p™b:kQ, Oy) = 0 for all (m,1).

Since there are no paths from v to w, every element of p™b;k() is annihilated by e,,.
However, every nonzero element of O, is not annihilated by e, so we see there can be no
nonzero graded homomorphisms from any submodule of p™b;kQ to O,. Hence, if M C

p"bkQ, then Home, o (M, O,) = 0. Therefore,
HomQGer(pmbikQ, Ow) = liﬂHomGer(M, Ow) =0
where the direct limit is over all M such that p™b;kQ /M is torsion. O

Corollary 3.2.4. Let kQ) be a path algebra of finite GK-dimension. If v and w are two

distinct cyclic vertices in the same cycle, then

Proof. Let p = (v =1g,a1,...,W = Vi41,a;...,a,,v, = v) be the simple cycle which contains
v and w. Since the only paths in @ from v to w have the form p'a; - - - a;, all the paths have
length [ -n 44 with 1 <7 < n. Since [ -n + ¢ is not a multiple of n, Proposition 3.2.3 implies
Ext'(0,, 0,) = 0. O
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Proposition 3.2.5. Let v be a cyclic vertex in a path algebra kQ of finite non-zero GK-
dimension. Then

EXtéGer<O’U7 Oru) == 0

Proof. If n is the length of the simple cycle p which contains v, then the only path of length
In from v to itself is p' (p° = e,). By taking the n-th Veronese of kQ, we may assume the

simple cycle which contains v has length 1, p = (v,a,v). Hence, we have the situation
b1
—
p( v
s o
l

where the arrows by, ..., b; are all the arrows with source v and p is the loop at v. Using the

exact sequence 3.2-3 we know Ext'(O,, 0,) is a quotient of

Hom(EP 7*p™b:kQ, 0,) = | [ Homqa ko (7*p"bikQ, O.).

Since every element of p™b;k() is annihilated by e, but every nonzero element of O, is not,

there are no nonzero morphisms from any submodule of p™b;kQ to O,. Hence
HOH]QGr kQ(ﬂ'*pmbikQ, Ov) = hﬂ HOHlGr kQ(M, OU) = 0

where the limit is over all M C p™b;k(Q) whose cokernel is torsion. As this holds for all (m, ),
we get Homqe, ko (D m*p™0:kQ, O,) = 0 which shows

Extoc rg(Ou, Ou) = 0.
O

Theorem 3.2.6. Let kQ be a path algebra of finite non-zero GK-dimension. Let v and w

be cyclic vertices which are in cycles of length n and m respectively. Then

Extocrg(Ovs Ow) # 0

if and only if v # w and there is a path from v to w of length Inm for some | € Ny.
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Proof. See section 3.2.3 O

Recall the vertices of the Ext-quiver are the cyclic vertices of () and there is an arrow
v — win Eyg if and only if there is a path in @) from v to w of length Imn where n (respectively
m) is the length of the simple cycle that contains v (respectively w). Hence, Theorem 3.2.6
can be rephrased to say that EXt(lgGr 10(Ou, Oy) # 0 if and only if there is an arrow from v
to w in Eg. This is precisely what Theorem 1.2.3 says. Theorems 3.1.8 and 3.2.6 show the
Ext-quiver E is determined by the simple objects of QGr k(@) and their extensions. Since
equivalences preserve simple objects and extensions, it follows that QGrkQ@Q = QGrkQ’

implies Eg = E¢g . This establishes one direction of Theorem 1.2.4.

3.2.8  Proof of Theorem 3.2.6.

If v = w or if there are no paths from v to w of length Imn for some [ > 0, then
Ext'(O,,0,) = 0 by Propositions 3.2.3 and 3.2.5.

Suppose v # w and there is a path of length Imn for some [ > 0. Let r : v — w be a
path of length lmn for some [ > 0. If we take the lmn-th Veronese subalgebra Q""" then
r is a path of length 1 in the quiver Q™ and the simple cycles based at v and w become
loops. Due to the Veronese equivalence QGrkQ = QGr QU™ we can assume there is an
arrow r : v — w in ) and the simple cycles which contain v and w are just loops. Let p be
the loop at v and ¢ the loop at w.

Consider the graded representation M = (M,, M,) where M, = k[t], with its usual
grading, and M, = 0 for all u # v. The map M, : M, — M, is multiplication by ¢ and all
other arrows act trivially. The graded module that M determines is a point module which
is seen to be the cyclic point module O,. There is a similar description of O, as a graded
representation.

Let v € kN and define N = N(v) = (N,, N,) to be the graded representation determined

by the following data:

e As graded vector spaces, N, = N,, = k[t] where deg (t) = 1,
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e N, =0 for all other vertices u,
e Ior the two loops p and ¢, IV, and N, are just multiplication by ¢,

e For the arrow 7 : v — w, N, : k[t] — k[t] is given by

N, (t") = vt

e All other arrows act trivially.

As a graded vector space N(v) = k[t] & k[t] where all of the trivial paths except e, and
e, and all arrows other than p, ¢, r act trivially. The trivial paths e, and e,, and the arrows
p,q and r act as described above, e.g, (at’, ft')e, = (at?,0), (at’, ft")r = (0, avt'), ete ...
For each v, the point module O,, sits inside N(v) as the submodule (0, k[t]). Moreover,

the quotient N(v)/O, is just O,. Hence, for each v € kN, there is an exact sequence
0— Op—Nv)— 0, ——0

in Gr k() which is also exact when considered in QGr kQ).
As before, let {p,b; = r,...,b} be all arrows whose source is v where p is the loop at v
and by = r. Using the projective resolution for O, and the exact sequence involving N (v),

we can construct the following commutative diagram

0—— Pp"bkQ — e, kQ —— O, —— 0

S

0 O. Nv)— O0,——0

where the maps g = ap(v) and oy = (V) exist by the projectivity of e, kQ and ®&p"b;kQ.
The map o is completely determined by ag(e,). If ag(e,) = (a,b) € N(v)y, then
(a,b) = ap(e,) = ap(ey)e, = (a,b)e, = (a,0) shows b = 0. Also, since the right square in the
diagram above must commute we determine a = 1, that is, ag(e,) = (1,0).
Any non-trivial path which starts at v has the form p™ or p™b;p’ where p’ is any path

whose source is £(b;). Since all arrows other than p, ¢ and r annihilate N(v), the only paths
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starting at v which are not necessarily in the kernel of o are those of the form p’ and pirq¢’

for 4,5 > 0. However, for paths of the form p’ and pirg’;

ao(pi) = O‘O(ev)pi = (170)pi = (ti70)>

ao(p'rg’) = (1,0)p'rg’ = (t',0)rq" = (0,1 1)q’ = (0, 12" 7*).

The map «; is just the restriction of agy to the submodule ©&p™bkQ. It is completely
determined by what happens on the paths p™b;;

e ai(p™b;) =0 fori>1,
o a1 (p™h) = a1 (p™r) = vt

The map a; determines an element in EXtclggGr 10(Ou, Oy)(computed using projective res-

olutions). Hence, we have a map
P : k:N — EthGrk;Q(OU7 Ow)

which sends the element v to a;(v). If a is any scalar in k and v € kY, then the map a4 (av) is
the map determined by oy (av)(p™r) = av,,t™ . Hence, a;(av) = aa;(v). Also, if v, u € kY,
then aq (v + p1)(p™r) = (Vm + pm)t™ ™ = (1 (v) + 1 (1)) (p™r). Hence, the map @ is a linear
map.

Since the k-linear exact functor 7* induces a map of vector spaces
Extg, 10O, Oy) — ExtéGr 10(Ou; Ou),

we have a linear map ®* : k" — Extéyay 0(Os, Ou). It will be shown that the kernel of ®*
is all infinite sequences which are eventually zero.

Notice that for each v, the graded module N(v) is torsion free and finitely generated.
Since N (v) is finitely generated, if N’ is a graded submodule of N(v) such that N(v)/N' is
torsion, then N(v)/N’ must be finite dimensional. Hence, N" must contain N(v)>,, for some

n € N.
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Let v and u be elements of kY. Since every submodule N’ of N(v) which has a torsion
cokernel must contain N(v)s, for some n € N, and N(u) is torsion free, it follows that every
morphism f : 7*N(v) — 7*N(u) is represented by a graded module morphism ¢ : N(v)s,, —
N(u) for some n.

Let ¢ : N(v)>, — N(p) be a morphism of graded modules. Then ¢ is determined by
©y © k[t]sn — k[t] and ¢y, : k[t]sn, — k[t] such that

L4 QDUON(V);D:N(,U);DOQOU:
® v, 0 N(v)g = N(t)g© Pu,

o N(p)r 0wy =y o N(),.

As N(v),, N(v)q, N(u), and N(u), are all just multiplication by ¢, the first two bullets
above just say ¢, and ¢, are graded k[t]-module homomorphisms. As every graded kt]-
module homomorphism from kl[t]>, — k[t] is just multiplication by a scalar, we get a pair
(o, B) € k x k such that o, (t") = at’ and @, (t") = t* for all i > n.

The last bullet point above indicates that for all i > n,
O‘NitHl = N(p), o (Pv(ti) = Puw © N(”)T(ti) = ﬂ’/itHl'

Hence, au; = By, for all i > n.
Conversely, if there is a pair (a, 8) such that au;, = Sy; for all i > n, then we have a
graded module morphism ¢ : N(v)>,, — N(u) and hence a morphism f : 7*N(v) — 7*N ().
Suppose f : 7 N(v) — 7*N(pu) and g : 7N () — 7" N(\) are represented by pairs (v, )
and (v, 0) respectively. Then the composite go f : 7*N(v) — 7*N()) is represented by the
pair (ya, 03). Also, if f,g: 7*N(v) — 7*N(u) are represented by the pairs («, ) and (v, d),
then f + g is represented by («a + v, 8 + d). Hence, there is an isomorphism

Homqa k(7" N(v), m*N(p)) = {(a, B) € k x k | ap; = B, for i > 0}

under which composition of maps is given by multiplication of pairs.
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Suppose v is a sequence such that for all n € N, there exists a m > n such that v, # 0.
Let (a, ) represent a morphism f : 7*N(v) — 7*N(v). Since fv; = ay; for all i > 0,
and since there are arbitrarily large ¢ for which v; # 0, we get @« = . Hence, there is an
isomorphism

Endqerro(m*N(v)) = k
which respects multiplication.

Again, let v be an infinite sequence which is not eventually the zero sequence. Since
End(7*N(v)) = k has no nontrivial idempotents, the object 7*N(v) is indecomposable.
Thus, 7* N (v) is a nontrivial extension of O, by O,. This shows that any sequence v which

is not eventually the zero sequence is not in the kernel of ®*. Therefore,

EXt(IQGer(Ova Oy) # 0

and Theorem 3.2.6 is proved.

Suppose v is a sequence which is eventually zero. Find n such that v; = 0 for all 7+ > n.
Consider the graded subspace {(at’,0) € N(v) | a € k,i > n}. Since (at’,0)r = (0,0),
this is a graded submodule of N(v) which is isomorphic to (O,)>,. Hence, we have a map

¢ : (Oy)>n — N(v) such that the composition

(Oy)>n z N(v) O,

is the inclusion. Thus, the map ¢ : (O,)sn, — N(v) determines a map O, — 7*N(v) such
that the composition

™0, — "N () — 710,

is the identity. Therefore, the exact sequence

0 T Oy ™ Ny) — 10, ——0

splits which shows the map kN — ExtéGr 10(Ou, Oy) sends v to 0. Hence, the kernel of &
is the subspace Fin of all infinite sequences which are eventually zero and we get a vector

space embedding

"/ Fin < Extga, i0(Ov, Ow).
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3.3 Properties of the Ext-quiver E.

As before, k@ is assumed to have finite GK-dimension. Recall the set €(Q), which consists
of all the simple cycles in @), is a poset. The relation being C; = (5, for simple cycles C
and Cy, if there is a chain from a vertex of C; to a vertex C;. The Growth of k(@) is then
polynomial of degree d where d is the maximal size of a totally ordered subset of €(Q).

It was mentioned in the introduction that the Ext-quiver E¢ can be thought of as a poset
whose elements are the cyclic vertices of () and where u < v if either u = v or there is an
arrow u — v in Eg. Equivalently, we can define u < v if Ext(l;zGr 10(Ou, Oy) # 0. The next

proposition justifies the claim that Eq is a poset.
Proposition 3.3.1. (Eg, <) is a poset.

Proof. By definition v = v. Suppose v X w and w =< v. If v # w, the vector spaces
Ext'(O,,0,) and Ext'(O,,O,) are both non-zero. By corollary 3.2.4 we know v and w
cannot be in the same simple cycle. However, by Theorem 3.2.6 we know there must be a
path from v to w and a path from w to v. This is a contradiction however as this implies
the existence of a cycle which contains both v and w. Hence, v = w must hold.

Suppose u = v and v < w. If either u = v, v = w or u = w then v < w. Suppose u, v, w
are all distinct cyclic vertices. Necessarily, all three vertices must be in distinct cycles. Let
Ny, Ny and n, be the lengths of the simple cycles, p,, p, and p,, which contain u,v and w
respectively. Since Ext'(0O,, O,) and Ext'(O,, O,,) are not zero, there must be a path ¢ from
u to v of length In,n, for some [ € N and a path ¢ from v to w of length 'n,n,, for some ’.
For any non-negative integers o and v, pS¢q is a path from v to v of length In,n, + an, and
¢'pl is a path from v to w of length I'n,n,, + Yn,.

Pick 6 € N such that gn, > In, and let a = n,, — In,. Similarly, find § € N such that

on, > U'n, and let v = dn,, — I'n,. Then pSqq'p], is a path from u to w of length

any + ngny + Ungng +ny = (@ + ny)ng + (7 + Uny)ne = (8 4 0)nyna,.
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Hence, there is a path from u to w of length which is a multiple of n,n,,. Therefore, there

is an arrow u — w in Fg which is to say u < w. ]

Proposition 3.3.2. Let kQ be a path algebra of finite GK-dimension with €(Q)) and Eq the
posets introduced previously. There is a totally ordered subset in €(Q) of length d if and only
if there is a totally ordered subset of length d in Eq.

Proof. Let v; < -+ < vy be a chain in Eg. Each of the cyclic vertices v; appear in a cycle
C;. Let n; be the length of the cycle C;. Since v; # v; but v; < v; for ¢ < j we know
Ext'(O,,, O,,) # 0. In particular, the simple cycles C; and C; must be different for all pairs
(i,5). As Ext'(O,,, O,,,,) # 0, there must be a path from v; to v;;. Hence, there is a path
from a vertex of C; to a vertex of (;;; so necessarily a chain from a vertex of C; to a vertex
of Ciy1. Hence, C; < -+ < Cy in €(Q).

Let C; < C5 be two simple cycles of lengths n and m respectively. Write C; = Q(p1)
where p; = (vg, a1, ..., a,,v,) and Cy = Q(ps) where py = (wg, b, ..., by, wy,). There is a
chain p from a vertex in 'y to a vertex in C;. We may assume the chain p starts at vy and
ends at wy. Let [ be the length of p. Pick any cyclic vertex v; in C, then the path a; - - - a,p
is a path from v; to wy which has length [ +n — 7. Find o € N such that anm >1+4+n — 1
and let 8 = anm — (I +n —i). Write 8 = I'm + j with j < 8. Then a; - - - a,pphb - - - b; is a

path from v; to w; of length
l+n—i+I'm+j=Il+n—i+B3=anm.

Hence, Ext'(O,,, Ouw,;) # 0 and we have v; < w;.

Now suppose we have a chain | < --- < Cy_1 < C4 with n; the length of C;. By
induction, we can find vertices v; in C; for i < d such that v; < --- < v4_1. Now consider
the vertex vg_1 of Cy_1. Using the same argument as above we can find a vertex vy in Cy

and a path from v4_1 to vg of length Iny_1ng for some I. Hence, vy_1 < v4 and we have
v < =g

n EQ. O
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Corollary 3.3.3. The GK-dimension of kQ equals the mazimal length of a totally ordered

subset in Lg.

Proof. This follows from the previous proposition since the GK-dimension of k() is the

maximal length of a totally ordered subset in €(Q). O

Corollary 3.3.4. Suppose QQ and Q' are quivers such that QGrk@Q = QGrkQ'. Then
GKdim £Q = GKdim kQ’.

Proof. 1f k(@) has infinite GK-dimension it can be shown QGr k() has infinitely many isomor-
phism classes of simple objects. Hence, QGr kQ’ has infinitely many simple objects which
implies k@' has infinite GK-dimension. Therefore, if one algebra has infinite GK-dimension
then so does the other.

If kQ has finite GK-dimension then so must £Q’. Since QGrkQ = QGrk(Q’ implies
Eq = Eg, GKdim kQ) = GKdim k@’ by Corollary 3.3.3. m
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Chapter 4
THE GROTHENDIECK GROUP K((QGr KQ)

4.1 Why the Grothendieck group is helpful.

The remarks following Theorem 3.2.6 established one direction of Theorem 1.2.4; that is
QGrkQ@ = QGrkQ' implies Eg = Eg. To establish the other direction, it will be shown
that the Grothendieck group of the category QGr k@, computed using finitely generated
projectives, is completely determined by the Ext-quiver Eg. This is useful for the following
reason:

In [10], Smith showed that for any path algebra k@ (no assumption on GK-dimension),

there is an ultramatricial algebra S(Q) and an equivalence of categories
QGrkQ@ = Mod S(Q)

where Mod S(Q) is the category of right S(Q)-modules. The relationship between ultrama-

tricial algebras and their Grothendieck groups is especially strong in the following sense:

Theorem 4.1.1 ([6], Cor. 15.27 page 222). Let R and S be ultramatricial algebras. Then
Mod R = Mod S if and only if Ko(R) = Ko(S) as pre-ordered abelian groups.

From the equivalence QGr k@ = Mod S(Q) and the fact that S(Q) is ultramatricial, we

get the following Corollary to Theorem 4.1.1

Corollary 4.1.2. Let kQ and kQ' be path algebras. Then QGr kQ = QGr kQ' if and only if
Ko(QGrkQ) = Ko(QGr kQ') as pre-ordered abelian groups.

Hence, to prove that Eg = E¢ implies QGrk@Q = QGrkQ' for path algebras of finite
GK-dimension, it will be shown that Egy = Eg implies Ko(QGrkQ) = Ko(QGrkQ') as

preordered abelian groups.
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One of the tools that will be useful in calculating Ky(QGr k@) will be the equivalence
QGr k@ = Mod S(Q). Since the algebra S(Q) is a direct limit of matricial algebras, Ko(S(Q))
is computed using a direct limit of finite rank free groups. We start of with a description of

the ultramatricial algebras S(Q).

4.2 A description of S(Q).

Let @ be any quiver. Assume we have labeled the vertices as Qo = {1,...,r} and let
Mg = (a;j) be the incidence matrix for () with respect to this labeling. The convention is

that a;; is the number of arrows from vertex 7 to vertex j. Consider the sequence of vectors

Pn1
b= |
Pn,r
where pg = (1---1)7 and
Pnt1 = Mgpn.

Associated to this sequence of integer valued vectors is a sequence of matricial algebras
T
S = [ My, ().
i=1

As ppy1 = Mg Pn, we have unital algebra homomorphisms 6,, : S, — 5,41 determined by

the matrix Mp (see Chapter 4 of [5]). Let

S(Q) is called ultrmatricial because it is a limit of matricial algebras. In [10], Smith proves

there is an equivalence of categories
QGrkQ = Mod S(Q).
Since Ky commutes with direct limits,

Ko(QGrkiQ) = Ko(S(Q)) = ligﬂKo(Sn)
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as preordered abelian groups. As S, = [['_, M, (k) is a matricial algebra, Ko(S,) =
Z". Moreover, under the identifications K(S,) = Ko(Sn+1) = Z", the morphism Ky(6,,) :
Ko(Sn) = Ko(Snt1) is given by left multiplication by M} (see Chapter 4 of [5]).

Using the simple fact that (MAv)" = v Mg, if we view vectors in Z” as row vectors,
the map Ky(6,,) is given by right multiplication by the incidence matrix Mg. Viewing Z" as
row vectors and Ko (6,,) as right multiplication by Mg will make some labeling choices later
a little more convenient.

Thus, to compute the group Ky(S(Q)) = Ko(QGrkQ), we need to compute the direct
limit
Mq

Mq Mq Mq

il z" zr (4.2-1)

Also, Since Ky(S,)" = N, the positive cone Ky(QGr kQ)™ is the union in Ky(QGr kQ) given
by

Mq Mq Mq Mq

N” N” N"

(4.2:2)

Proposition 4.2.1. Let Q be a quiver. The Grothendieck group (Ko(QGr kQ)) is isomorphic
to the direct limit of the system 4.2-1 where the elements of Z" are considered as row vectors
and the maps are giwven by right multiplication by the incidence matriz Mqg. Moreover, the

positive cone is the subset given by the direct limit of 4.2-2.

Example 4.2.2. Let () be the quiver

C.—).Q

with
11
Mg =
0 1
A simple induction shows
. 1 n
MQ —

e}
—
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As Mg is invertible over Z, the direct limit of 4.2-1 is Z* with maps

Mq

Hence, Ko(QGrkQ) = Z*. The positive cone is all elements (21, 22) € Z7 such that (21, z0) M§ €
N2 forn > 0. As

(21, 22) Mg = (21,m21 + 22)

we determine (21, z2) € K (QGrkQ) if and only if (21, 22) € (0,N) or (z1,22) € (Nsg,Z).
4.3 An ordered abelian group associated to a finite poset.

Let (P, =) be a finite poset. Without loss of generality, we can assume P = {1,2,...,n}
and ¢ = j implies 7 < 7 where < is the usual ordering of integers. Associate to P the free
abelian group Z" of rank n = |P| and let e; be the element (0,---,1,---,0) where the 1 is

in the i-th position. For each integer i € P, define
A(P)Z = <N+6i + Z Z€k> U {O}
i<k

which is a submonoid of Z" and let A(P) be the submonoid Y " | A(P);.

Lemma 4.3.1. The monoid A(P) generates Z™ as an abelian group and is a strict positive

cone.

Proof. That A(P) generates Z" as an abelian group follows since e; € A for all i € P. Every
element v € A(P) can be written as
VvV = Z(n,ez + Z z,’ﬁek)
i€P i<k
for some nonnegative integers n; and integers zi. If n; = 0 then 2} = 0 for all k. Let m be

minimal, in the usual < ordering on integers, such that n,, # 0. Then

v=1(0,...,0,n,...)
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where n,, > 0. Hence, if v € A(P) is not zero, then the first nonzero entry in v is positive.
Hence, the first nonzero entry of —v, for v.€ A(P), is negative and so cannot be in A(P).

Thus, the only element v such that v and —v are in A(P) is v = 0. O

Let v = (vy,...,v,) € Z". Define supp(v), the support of v, to be
supp(v) = {1 <i<n|wv; #0}.
Since supp(v) is a subset of P, it inherits a poset structure whenever it is not empty.

Lemma 4.3.2. Let v = (vq,...,v,) be a nonzero element in Z". Then v € A(P) if and

only if v; > 0 for all j minimal in supp(v).

Proof. Suppose v = (v1,...,0,) = Y ,cp(nie; + 2,21 zhex) € A(P). If we write
nie; + Z Ziep = (24,...,2L),
i<k
then zi = 0if i Z k and 2! = n; > 0. Also, n; = 0 implies 2z} = 0 for all k.
Using this notation,
v; = sz :nj+Zz;.
i=1 i#j
(=)Suppose v; < 0. Since n; > 0, this forces z;l < 0 for some i; < j. As zjl 2% 0, then
necessarily n;, # 0. If v;; # 0, then i; € supp(v) and i; < j which shows j is not minimal in
supp(v). If v;; = 0, then since v;; = n;, + -, z! and n;, > 0, there exists an iy < 4; such
that 22 < 0 and hence that n;, > 0. If v;, # 0 then i» < j and i» € supp(v) which shows j

is not minimal. If v;, = 0, we can continue this process to get a sequence
gty =g

However, as j > i1 > 19 > --- > 1, this process must stop. The only way for it to stop is if
an element 4, is reached in which v; ## 0 since v;, = 0 implies the existence of a i,,1. As
v, # 0, i, € supp(v) and 7, < 7 which shows j is not minimal. Thus, if j € supp(v) is

minimal, then v; > 0.
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(<) Suppose v = (vy,...,v,) satisfies v; > 0 for all minimal j € supp(v). Let i; < iy <
- < 4; be all the minimal elements of supp(v). If [ = 1, then supp(v) has one minimal
element and v, # 0 implies i; < k. Hence,
v =uv; 6, + Z vier € A(P).
i<k
Now suppose [ > 1. Define
Vi1 = v,6;; + Z Vg€l
i1<k
Since v;, > 1, we know vi € A(P). Let v =v — vy = (v},...,v)). If iy <k, then v}, =0
while ¢; A k implies v}, = vy. Since supp(v’) = supp(v)~{k | i = k} and iy, ...7 € supp(v’),
these are all of the minimal elements of supp(v’). Therefore, v is a vector for which v} > 0

for all minimal j € supp(v’) and there are only [ — 1 minimal elements. Hence, by induction,

v/ € A(P) and it follows that v = v, + v/ € A(P) since vy and v’ are in A(P). O
4.4 Ko(QGrkQ) for a path algebra of finite GK-dimension.

Let @ be a quiver such that k(@) has finite GK-dimension and let M = Mg be its incidence
matrix. By Proposition 4.2.1, Ky(QGr kQ) is the direct limit of the direct system 4.2-1 with

positive cone determined by 4.2-2. Recall that we can view E as a finite poset.

Theorem 4.4.1. Let kQ) be a path algebra of finite GK-dimension and Eq the associated

Ext-quiver with p = |(Eq)o| the number of cyclic vertices. There is an isomorphism
¢ Ko(QGrkQ) = 7P
such that (Ko(QGrkQ)"™) = A(Eg).

The proof of Theorem 4.4.1 is somewhat long and will be given in the section 4.5.

If kQ and kQ' are path algebras of finite GK-dimension such that Eg = Ej,, then it
follows from Theorem 4.4.1 that Ko(QGr kQ) = Ko(QGr kQ’) as pre-ordered abelian groups.
Hence, by Corollary 4.1.2

QGrkQ = QGrkQ'.
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Thus, the direction of Theorem 1.2.4 which states that Eg = E¢g implies QGr kQ) = QGr kQ’
has been established. These remarks together with the remarks following Theorem 3.2.6

proves Theorem 1.2.4.
4.5 Proof of Theorem 4.4.1.

Let kQ be a path algebra of finite GK-dimension and let €(Q) = {Cy,...,C,} be the set of
simple cycles in (). Let [; be the length of C; and L = [, ---1,. By Verevkin’s result, the
categories QGr kQ and QGr k(Q)) are equivalent. Moreover, by the choice of L, every cycle
in Q™ has length one, i.e, is just a loop at a cyclic vertex.

Let n be the number of vertices of Q¥) (equivalently Q). Since every closed path in Q*)
is just some power of a loop based at a cyclic vertex, we can label the vertices of Q%) with
the integers {1,...,n} in such a way that if there is an arrow from i to j, then i < j. With
this labeling, the incidence matrix M = Mgy becomes upper triangular with the diagonal
entries being either zero or one. The number of 1’s down the diagonal is precisely the number
of cyclic vertices in Q) (equivalently Q). Let p be the number of cyclic vertices.

Considering M as a linear operator acting on the right on Q", it is possible that the
rank of M' is greater than the number of ones down the main diagonal. However, we can
put M’ into Jordan canonical form over Q as all eigenvalues of M* lie in Q. Hence, the

Jordan form of M is
JL,n)@---®J(1,n) & J0,m) B - J(0,my).

Here, J(A,m) is the Jordan block matrix of size m and diagonal entries A, ny +--4+n; =p
is the number of cyclic vertices and n; + --- +n; +my + - -+ + m, = n. Since each matrix
J(0,m;) is nilpotent of degree m; and m; < n, J(0,m;)™ = 0. Hence, for all m > n, the
matrix (M%2)™ = M*™ will have rank n; + - - - +n; = p which is the number of cyclic vertices
in Q.

Now M %" is the incidence matrix for (Q*)(™ = Q™ under the given labeling of vertices.

Also, since n is the number of vertices of Q") if there is a path in Q") from a cyclic
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vertex 1 to a cyclic vertex j, then there must be a path of length n. Hence, in the quiver
(QUN)™ = QU there is a path from i to j if and only if there is an arrow in Q™) from i
to j for cyclic vertices 7 and j.

Putting the last few paragraphs of discussion together, we now have the following situa-

tion. To compute Ko(QGr kQ), we assume @) is a quiver such that:

Every simple cycle of () is a loop at a cyclic vertex,

The incidence matrix M is upper triangular with diagonal entries in {0, 1},

The rank of M is p which is the number of cyclic vertices,

For cyclic vertices ¢ and 7, there is a path from 7 to j if and only if there is an arrow

from 7 to j.

For m € N, let a;j(m) be the ij-th entry of M™ and R;(m) the i-th row of M™. Let
v < --- < v, be the indices for which the diagonal elements a,,,, = 1, i.e., {v1,...,1,} are
the cyclic vertices of (). With this labeling of the cyclic vertices, we realize the poset Eg
as the set {1,...,p} and for which ¢ < j if v; < v;, that is, if there is an arrow in @ from
Vi = Uj.

The rows {R,,, ..., R,,} provide a Q-basis for Q"M as M has rank p and the rows R,,

are linearly independent. Suppose v € Z", then there are rational numbers b; such that

p
vM =) bR,
=1

Find j minimal in the usual ordering of integers such that b; # 0. Since the first nonzero
entry of R, is a one and all the nonzero entries of R,, for [ > j occur further to the right,
the first nonzero entry of > 7 ; bRy, is bj. Hence, b; must be an integer since vM has integer

entries. Considering the element

p
VM — bR, = (v —bje, )M = > bR,

i=j+1
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we determine by the same reasoning that the next nonzero b; for [ > j is also an integer
and can continue to conclude that each b; is an integer for all i. Therefore, the vectors
{R,,,..., Ry, } provide a Z-basis for the group Z"M.

For any row R,, of M, we can write
p
R,M =) bR,
j=1
for some integers b;;. Let N = (b;;) be the p x p matrix with b;; as the ij-th entry and R be

the p x n matrix whose i-th row is R,,:

Ry,
no| -
R,,
By the definition of N and R,
NR = RM.

Note that R,,M = R,.(2), the v;-th row of M?. As M is upper triangular, we know M?
is upper triangular, moreover, the (v, ;) entry of M™ is a one for all m. Hence, the first
nonzero entry of R,, M, which is a 1, occurs in column v;. As R, M = > bi;R,; and R, has
a 1 in the v;-th column, we get b;; = 0 for j < 7. Also, from this we see b;; = 1 as b;; is the
first nonzero entry of ) by R, .

As the entries of N are the b;;, the fact that b;; = 0 if j < ¢ and b; = 1 implies N is an
upper triangular matrix with 1’s down the main diagonal. Hence, NV is an automorphism of

7ZP. Consider the following commutative diagram:

gp N ygp N N gp N gp N, (4.5-3)
o o

where the maps are right multiplication by the matrix listed.

Proposition 4.5.1. The group Ko(QGr kQ) is free of rank p.
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Proof. As N is an automorphism, the direct limit of the top row in diagram 4.5-3 is just Z".
The direct limit of the bottom row is the Grothendieck group Ko(QGr kQ). Since the rows of
the matrix R are linearly independent, right multiplication by R is an injective map. Also, all
the squares in the diagram commute so R induces an injective map ¢ : ZP — Ko(QGr kQ).
Since the rows of R are a basis for the image of the matrix M, we know Z"M = Z’R.
Thus, the map ¢ is surjective and hence an isomorphism. This establishes the fact that

Ko(QGrkQ) is a free abelian group of rank p which is the number of cyclic vertices. H

Because N can have negative entries we cannot get the positive cone directly from the
previous isomorphism induced by R. Nevertheless, V is still useful in computing the positive
cone.

If # € QGrkQ is finitely generated projective, there is an isomorphism

M= @ (@ W*eikQ(—nij)m”>
i€Qo \jeJ;
for some finite sets J;, n;; € Z, and m;; € N(see Proposition 3.2 in [10]). Hence, the
Grothendieck group Ko(QGrkQ) is generated by the elements [1*e;kQ(2)] for i € Qo and
z € 7.
In GrkQ),

Since ak@Q = eyq)kQ(—1),
(€kQ)=12 P ewkQ(-1) = @D ekQ(—1)%
a€Q1,s(a)=1 J€Qo
where a;; is the number of arrows from ¢ to j. Hence, in QGr kQ), we get
7T*€Z‘/€Q & 6 /{,'Q >1 @ ™ €J]€Q EBaij
JEQo

and this implies,

e kQ(2 @ TreikQ(z — 1)%%

J€Qo
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for z € Z.

Write ;(z) for n*e;kQ(z). The above isomorphism gives the following relation in

Ko(QGrkQ):

(Pi(2)] = ) ay[2(z = 1)]. (4.5-4)
J€Qo
Let 2(z) = ([21(2)],...,[Z.(2)])T, the relation in (4.5-4) can be written more succinctly

as

P(z) = MP(z - 1).

Consider all the non cyclic vertices Qo ~ {v1,...,1,}. Let ¢ be a non cyclic vertex and
consider the set {p},..., p}} of all paths that start at ¢+ and do not pass through any cyclic

vertex until ending at a cyclic vertex. More explicitly, {p{,...,p] } are all paths which satisfy:
(i) s(p)) =1.
(ii) t(p) is a cyclic vertex.

(iii) If [p| > 1 and a is an arrow in p} such that p} # ga for any path ¢, then t(a) is not a

cyclic vertex.

For example, consider the quiver

The vertex 1 is not cyclic and all paths which satisfy the above 3 conditions are {a1, as, azas}.

For the non cyclic vertex ¢ consider the submodule of e;k() given by

l;
Drire.
j=1
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Let m = max{|p|,...,

pj.|} where |p;| is the length of the path p; Then every path in @)

starting at ¢ of length at least m has the form p;q for some path ¢. Hence,
l;
(€ikQ)zm € D PikQ C eikQ.
j=1

As e;kQ/(e;kQ)>m has finite dimension, e;kQ)/ @?:1 p;'»kQ has finite dimension. Therefore,
e kQ = 69?21 mpikQ in QGrkQ.
Since pikQ = et(p;)kQ(—\pﬂ), we get

l;
ek = @ 7T*et(p§)kQ(_|p;'|)'
j=1
in QGr kQ. By shifting we get, for any z € Z, an isomorphism in QGr kQ)
l;
T ekQ(z) = @ ey kQ(= — [pj)).
j=1

Again, by Proposition 3.2 of [10], given any finitely generated projective .#Z € QGr k@, there
is an isomorphism

M= @ (EB ﬂ*eikQ(—nij)m”’) .

1€Q0 \JjEJ;

However, for every non cyclic vertex ¢, the summands 7*e;kQ(—n;;) will be isomorphic to
a sum of shifts of the projectives {m*e,, kQ} for cyclic vertices v;. Hence, given any finitely

generated projective .# € QGr k@), there is an isomorphism

M= @ (@ W*eyikQ(—nU)miJ) :

i=1 \jeJ;
Therefore, the group Ko(QGr kQ) is generated by all the elements

{[me,kQ(2)] = [2,,(2)] |0 <i < p,z € Z}.

The relation (4.5-4) requires using the elements [#;(z)] for all vertices i, not just the

cyclic vertices. However, as NR = RM we get

RP(z2) = RMP(z—1)=NRZP(z—1).
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Now R,,Z(z) is the v;-th entry of M Z(z) which is just [Z,,(z + 1)], and hence,
RP(z) = ([P, (z+1)],...,[2,(z+ 1))

If we let 2'(2) = ([P, (2)],...,[Z,(2)])T then we get a way to relate the [22,,(z)] with
the [Z2,.(z — 1)] with out using the other elements [Z7;(z — 1)] where i is a non cyclic vertex,

namely:
P'(z+1)=NP'(2).

As N is an invertible matrix over Z, we also get &?'(2) = N~ '2'(z +1). Tt follows by

induction that
P'(z) = N*7'(0) (4.5-5)
for all z € Z. As 2'(0) = (2], ..., [Z,])" we find that

{Zul; - (2]}

is a set of generators for Ko(QGr kQ). Since Ko(QGr kQ) is a free abelian group of rank p and
the elements {[Z,,],...,[Z,,]} generate Ko(QGrkQ) they are a Z-basis for Ko(QGrkQ).

Thus, we have established the following proposition:

Proposition 4.5.2. Ky(QGrkQ) is a free abelian group with basis

{20, 20,1}

Moreover, every finitely generated projective M € QGr kQ is isomorphic to a sum of shifts
of the objects {P,,,..., P, }.

Let ¢ : Ko(QGr kQ) — ZP be the isomorphism ¢ ([Z,.]) = e;, where e; is the usual i-th
basis vector in ZP. As was already noted, every element in QGr k() is isomorphic to a direct
sum of &, (z) and these are related by equation (4.5-5). Hence, to understand the positive

cone Ko™ (QGr kQ), we need to understand the matrices N* for z € Z.
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The matrix N was defined so that NR = RM where R is the p X n matrix whose ¢-th

row is R,, the v;-th row of the matrix M. The elements b;; of N satisfy
p
R,(2) =) bR, (4.5-6)
j=1

Moreover, b;; = 0 if j < 4, and b; = 1. Using this we can recursively solve for the b;; in

terms of the a;;. Comparing the k-th entries of both sides of 4.5-6 yields
p P
aVuk<2) = Z bZ]al/Jk — a/l/ik + Z szal/]k
J=1 j=i+1

If we pick k = v;141, then a,, =0 for 7 > i+ 1 and hence

WVit1
Qu; v (2) = Qu; 044 + biai+1aVi+17Vi+l
giving

bisit1 = Qupiy (2) = Quyysy -

More generally, picking k& = v;; gives

p
aVi7Vi+l(2) = § :bijanyVi+l'
Jj=1

Since a,, ., , =0if j >i+1, b;; = 01if 7 <i and b; = 1, the sum reduces to
i+ l
a’”iﬂ’i+l<2) = Qu;v; 4, + Z bivjaljijiJrl = Qu; ;4 + Z bi,i+ja1/z'+j,l/¢+z‘
j=it+1 j=1

Hence, because a,,,,,,,, = 1, we can solve for b;;,; to get

-1
bi,i-&-l = aViyVi+l(2> — Quvi — Z bi,i+jal/i+j,w+l'

j=1

Proposition 4.5.3. For the moment, let a;; denote ay,,,. The elements b;; of the matriz

N are given by b i11 = a;i11(2) — a;i11 and for 1 > 1,

biivi = (A5,41(2) — ai41) + (4.5-7)
-1
> (=D)(@i,555, (2) = i) @iy itgo @it o itgs *~ Qit gt
d=1 1<j1 <ja<---<jq<Il-1



46

Proof. The case [ = 1 was already observed. Suppose the formula holds for all 1 < j < {

and ¢ 4+ < p. b; ;4 is related to b; ;1 ; for 1 < j <1 by the relation

-1
biivi = Qiip1(2) — @iy — E biitjQivjiti-
=1

By the inductive hypothesis, each b; ;;; term has the form 4.5-7. Therefore,

biitjQivjirt = (Qiit;(2) = Qiivj)@itjivt +
7j—1
oD (D H@441(2) = Qi) Gty G

d=1 1<j1<--<jg<j—1

Hence,
-1 -1
Y biiiigginn = (@i (2) = @iy +
=1 j=1
-1 j—-1

Y>> (=) M(@i5451(2) = i) @itgrits = ijgitiGit it

J=2 d=1 1<j1 < <jg<j—1

Using the fact that 22;12 Zfi;ll = 22;21 é;ld .1, changing some summation variables and

inputting a few extra minus signs we can rewrite the above equation as

-1 -1
_ 1
E i il = — E (=1) (@614, (2) = @iiggy) @iy ivt —
7=1 Jj1=1
-2 -1
d+1
§ (=) i1 (2) = Qi jy ) Wit jritgn * " CigjasitiGitjiti
d=1 j=d+11<j1<-<jg<j—1
. . . . . -1
Thinking of j = ja1 we can write the sum Y .75 1 D71 o) o cjicjo1 88 Doicj cocjucion<it-
Hence,
-1 -1
_ 1
g biitjQitjitt = — E (=1) (@011 (2) = @iigy ) Qi gy ivt —
j=1 J1=1
-2
d+1
> (=) (@151 (2) = Qiijy ) Qi jritgo * Qitjasitiass Gitjasr it

d=1 1<j1<-<jg1<l-1



We can rewrite the equation above as

-1 -1
D biigtipgine = — (1) (@i (2) = Ciiggy) i i —
Jj=1 ji=1
-1
> (=) (@15451(2) = i) @igritgs Qo itja@itjaitl
d=2 1<j1<-<jg<l-1
-1

d
= (= 1) @,i45,(2) = @iigjy ) Cikjridga *** Vi gy itja Bickja,it
d=1 1<ji << jg<i—1

Therefore,

-1

biivt = Qiip1(2) — Qiipy — E biitj@itjivt = Qiip1(2) — @iy +
j=1

-1
> > ()N @i1 (2) = Qi )i it Qi i
d=1 1<j1<-<jg<l—1

showing the formula holds for b; ;1.
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O

Proposition 4.5.4. If v; and v,y are incomparable, then b; ;1 = 0. If v;1; is minimal over

v; then

biji+1 = aViaViJrl(Q) — Qy,y, > 0.

Proof. Recall that we are working with a quiver () in which every simple cycle is a loop, and

for which there is a path between two distinct cyclic vertices if and only if there is an arrow

between them. Hence, v; < v; if and only if a; ;4; # 0. Recall we are writing a; ;4 for a,,,

Viti1®

If v; and v;4; are incomparable, then a;;+;(m) = 0 for all m as there are no paths from

v; to Viy].

Consider a typical term in the sum in equation 4.5-7:
i ity (1) Qi i+ * Qi it
where n is either 1 or 2. If this is not zero then there is a path of the form

Vz'—>Vi+j1 —_— —)I/H_jd — Vi
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which shows v; < 1,1, < -+ < v which is a contradiction. Hence, every term in the sum
in equation 4.5-7 is zero. As a;;4;(m) = 0 for all m we deduce from equation 4.5-7 that
biivi = 0.

Suppose ;1 is minimal over v;. Since v; = v;4, there is an arrow from v; to v;4;. For every
such arrow a, we get two paths from v; to v;,; of length 2 by either first traversing the loop at
v; then followed by a or traversing a followed by the loop at v;,,;. Hence, a,, ,, , (2) > 2ay, ., "

which implies a,, ,,,,(2) = Gu, 0, = Gy > 0.

Vit — Vit1

Again, if any term a; 1, (1)@t it - - Qitjyini 0 the sum of equation 4.5-7 is not zero,
then there must be a path from v; to v;,; which passes through another cyclic vertex. This
is a contradiction to the assumption that 1;,; is minimal over v;. Hence, every term in the

sum is zero and we are left with
biji+1 = anViJrz(z) — y,y, > 0.
O]

The binomial coefficients (T), for a fixed i, determine polynomial functions with rational

coefficients:

m\ m(m—1)---(m—i+1)
i 7!
Let f;(m) denote this polynomial function. Then f; has degree i and the roots are precisely

{0,1,...,i—1}.

Consider the n x n Jordan block matrix

110 --- 0

o011 -0
J(1,n) =

000 --- 1

For any function g analytic around 1, the ij-th entry of g(J(1,n)) is 0 if ¢ > j and
g¥=9(1)/(j — i)' if i < j. In particular, if g(t) = t* for z € Z, then

1 (d)itz|tlzz(z—l)--i(z—z’%—l)

il \ dt ol

dt = fil2)
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Therefore, for all z € Z, (J(1,n)%);; = 0 if ¢ > j while

(J(1,n)%)y = fi-i(2)

for ¢« < 7.

For the matrix N = (b;;), all the eigenvalues of N are 1 and N is upper triangular.
Hence, we can put N into Jordan canonical form over Q. Therefore, there is an invertible
matrix S € M,(Q) such that N = S~ (J(1,n1) ®--- ® J(1,ny)) S where ny + -+ +n; = p.
Therefore,

N =S (JA,m)* @@ J(1,m)%)S.

Since the entries of J(1,n;)? are rational polynomial functions of z and the entries of S and
S~1 are rational, we determine that the entries, b;;(z), of N* are rational polynomials of z.
The matrix N can be written as N = [ + U where [ is the identity matrix and U is a
strictly upper triangular matrix. Since U and I commute, U™ = 0 for m > p and (T) =0 if
m < [, we can write
(M 1 = (m !
N™=(I+0) IZZO:(Z)U ;(Z)U.
If we let u;;(l) be the ij-th entry of U' then we determine

p—1

b = 3 (1) Jutt) = jzzéfxm)uijm

=1

which is a rational polynomial function in m. Since b;;(z) and S0~ fi(2)u;;(1) are rational

polynomials and b;;(m) = S0 fi(m)u;(1) for all m € N,
p—1

bii(2) = Y fi(2)uis (1)
1=0

As N is upper triangular we know b;;(z) = 0 if ¢ > j. We can also see that b;;(z) is a

polynomial of degree at most j — i since w;;(1) =0 if I > j —i.

Proposition 4.5.5. If v; and v,y are incomparable, then b; ;1 (2) = 0. If v;qy is minimal

over v;, then b i(2) = biipr - 2 = (w0, (2) = Q)2
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Proof. Tf v;y; is minimal over v; then we know b;;4; = a,, ..., (2) — ;v > 0 by Proposition

4.5.4.
The elements u;;(m), for m > 2, are given by
p p
uij(m) = Z T Z Wi ky Wk kg * " Uk 1,5
ki=1  kpo1=1
The entries of U satisfy w;; = b;; if © < j while u;; = 0 if ¢ > j. Hence, in a typical
term w; g, Uk, ko * * Uk, 4.5, if k1 < 4, then w;, = 0, if &,y > j then w, ,; = 0 or if

kix1 < k; then uy, ., = 0. Hence, the only time the term is not necessarily zero is when

1< ky <---<kp_1<jin which case

Wi oy Wy kg~ " Ukyy—_q,j = biJfl bk17k2 T bkm—hj'

If v; and v;,; are incomparable then for any ¢ < ky < --- < k,,,_1 <7+ [, the term

Di ey Oky ey =+~ Ok

must be zero. If not, then by Proposition 4.5.4, it follows that v; < v, <+ < vk, | < Vi
which is a contradiction as v; 4 v;4;. Hence, u;;+(m) = 0 for m > 2. However, u; (1) =

Ui i1 = ;i = 0 and w;,;4,(0) = 0 also holds. Hence,

p—1
biavi(2) = > fi(2)uiia(j) = 0.
Jj=0
In the case where v;,; is minimal over v;, we have
Diskey Oy sy *+ * Oy it = 0

for otherwise, b;k,, bk, kiy1» Okyn_i,it 7 0 implies v; < v, < -+ < ;4 which contradicts the
minimality of v;4; over v;. Thus, u;;+;(m) = 0 for m > 2. Therefore,

p—1

biivi(2) = Z Jm(2)uiip1(m) = 1 550(0) + f1(2)uii0a(1) = 2044

m=0
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Recall, the group Ko(QGr kQ) is free with basis

{2l (2]}

and there are the relations

P'(z) = N*2'(0)

where 2'(2) = ([, (2)], ..., (2, (2)])T. Hence, in Ko(QGrkQ),

z)] = Zbij(z)[@

It was already observed that every finitely generated projective .# € QGr kQ is isomor-
phic to a direct sum of objects of the form &, (z) = 7*e,, kQ(z). Hence, the positive cone
of Ko(QGr kQ) is generated as a monoid by the elements {[2,,(z)] | z € Z,i =1,...,p}.

We have an isomorphism ¢ : Ko(QGr kQ) — ZP which sends [Z2,,] to e;. It will now be
shown that under this isomorphism, ¢(Ko(QGrkQ)") = A(Eg).

Recall that A(Eg) is the submonoid of Z? generated by elements of the form

e; + Z Z2k€k
i<k
where z, € Z. Since b;j(z) = 0if i > j, b;i(2) = 1 and b;;(2) = 0 if 1; and v; are incomparable,
we determine
V(12 (2)]) = D_bi(2)0((2]) = e+ Y _bis(2)e; € A(Eq).
Jj=1 i=<j
Hence, ¥(Ko " (QGrkQ)) C A(Eg).

Since Eg is a finite poset, it has maximal elements. Let L; be the set of all maximal
elements of Ey. Inductively define L, to be the set of maximal elements of the poset
Eg~ (LyU---U L,_1) if the latter is non empty, otherwise L,, = 0.

Let v = (v1,...,v,) € A(Eg). If supp(v) C Ly, then every element in supp(v) is
minimal in supp(v) and we can write v = Ziesupp(v) n;e; where n; > 0. Hence, the element

A = [@lesupp ) )] is in K{ (QGrkQ) and ¢([.#]) = v.
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Suppose we have shown every element v € A(Eg) for which supp(v) C Ly U---U L, is
in ¢(Ky (QGrkQ)).

Consider an element

nie; + Z zrer € A(EQ)
i<k
where ¢ € L,yy and n; > 1. Let ¢,...,% be all the elements in Eg which are minimal

over i. Since v;; is minimal over v;, Propositions 4.5.4 and 4.5.5 imply b;;,(2) = b;;;z and

bii; = al,i,,,ij(Q) — ;> 0. Hence, we can find a z € Z such that z;, — b;;;(2) > 0 for all

i
Write
n;e; + Z zrer = (ny — D)e; + ¢, + Z bir(z)ex + Z(Zk — bir(z))ex.
i<k i<k i<k
Notice the support of the vector v = (vi,...,vp) = >, (2 — bix(2))ex is contained in

(i,00) ={k |i <k} C L1U---UL,. Also, by the choice of z, the term v;, = z;; —b;;,(2) > 0
for all i; minimal over ¢. By Lemma 4.3.2, v € A(Eg) since v, > 0 for all £ minimal in
supp(v).

Since v € A(Eg) and supp(v) C Ly U---U L,, we know v = ¢([.#]) for some finitely
generated projective object 4 € QGr kQ. Therefore,

V([P e P (2) ® M) = (ni — 1)e; + e + Z bir(2)er + v =nie; + Z 2ek-
i<k i<k

Thus, every element of the form n;e; + 3., zrer with ¢ € L,y is in (KoM (QGrkQ)). If
v € A(Eq) and supp(v) C L1 U+~ UL, U Ly41, then we can write v.=>_,.; ., . (i€ +
> <k ztey) where the n; > 0 and 2 = 0 for all ¢ < k if n; = 0. Since every element of the
form ne; + Y, zher appearing in v is in (Ko " (QGrkQ)), we get v € ¢(Ko™ (QGrkQ)).
Therefore, every vector v € A(Eg) with supp(v) € Ly U---U L,4q, is in the image of
Ko™ (QGrkQ).

Since Eg C LyU---UL, for n > 0, we get by induction that A(Eqg) C ¥ (K" (QGrkQ)).

Thus, ¢ : Ko(QGrkQ) — ZP is a group isomorphism such that

(Ko™ (QGrkQ)) = A(Eq)



and Theorem 4.4.1 is proved.
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Chapter 5
AN EXPLICIT EQUIVALENCE

5.1 An equivalence coming from progenerators.

The proof of Theorem 1.2.4 using Grothendieck groups gives the existence of an equivalence
QGrkQ@ = QGrk@" when Ey = Eg. This Section gives an explicit description of an
equivalence.

Given a path algebra k() of finite GK-dimension, the element (1,1,---,1) € A(Eg) C Z?

is an order unit. To see this just note that for any (vy,...,v,) € Z?,
n(l,...,1) = (v1,...,v,) € N° C A(Eg)

for n > 0.

The isomorphism from Ko(QGrkQ) — ZP was constructed by first using the Veronese
equivalence V : QGrk@ — QGrkQ™ for a sufficient choice of n and then mapping the
elements [7*e,, kQ™] — e; where the v; are the cyclic vertices of Q. Let P = ¢, kQ & --- @
e, kQ € Grk@Q. Then under the isomorphism Ko(QGr kQ) — ZP;

[ ey, kQ| — [@F_, me,, kQM] LN (1,...,1)

Therefore, the element [7*P] is an order unit in Ko(QGr kQ).

For an ultramatricial algebra A, a finitely generated projective module is an order unit
in Ko(A) if and only if it is a generator, see Chapter 20 of [6]. Hence, 7*P is a finitely
generated projective generator in the category QGr k@ = Mod S(Q) which implies there is

an equivalence of categories
HOmQGer(ﬂ'*P, —) : QGI‘ /{ZQ — Mod EHdQGer(ﬂ'*P).

Following the ideas in [10], we can show Endqa, k(7" P) is an ultramatricial algebra.
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A basis of the graded vector space P consists of all paths in ) that begin at a cyclic
vertex. The torsion elements of P are all paths which end at a vertex v which is the source
of only finitely many paths. Hence, the torsion submodule 7P has a basis consisting of all
paths in @) that start at a cyclic vertex and end at a vertex v which is the source of only
finitely many paths. The natural quotient map P — P/7P is an isomorphism in QGr kQ

and thus induces an isomorphism of algebras
EndQGer(ﬂ'*P> = EndQGer(ﬂ'*(P/TP)).

Write P’ for P/TP.
By definition,
EndQGer(w*(P’)) == thomGer(M, P//N)
where the direct limit is over all pairs M, N such that P'/M and N are torsion. Since P’ is a
finitely generated module, if P’/M is torsion then P’'/M must be finite-dimensional. Thus,

M > P, for some n. As P’ is torsion free it follows that
EHdQGer(ﬂ'*Pl) = hﬂHomGer(Pén, Pl)

where the structure maps in the direct limit are given by restriction of morphisms.

Since graded morphisms must preserve degree,
Homg;, 1o (P%,,, P') =2 Homer kg (P2, PZ,))
as vector spaces and thus there is an isomorphism of vector spaces
Endqersg (" P') 2 lim Homy g (PL,,, PL,,)
n

However, from the definition of composition in QGr k(@) it can be checked that this isomor-
phism of vector spaces respects composition and is thus a k-algebra isomorphism.

As PL, = P}kQ, each morphism ¢ € Homg,rq(F%,, P%,) is completely determined by
@|p, + P, — P which is a morphism of right kQ-modules. Hence, there is an injective
k-algebra map

Homg, wo( P, PL,) — Homyg, (P, P,).
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Suppose ¢ € Homyg, (P}, P)). Given a path p =a; ---ay - - - ap4; of length n + ¢ which is

not in 7P, define

o(p) = plar - ap)ans1---a; € P

Since paths in P not in 7P form a basis for P’ = P/7P, this extension of ¢ defines a graded
vector space map ¢ : PL, — P, which can be seen to be morphism of graded kQ-modules.
Hence, the natural map Home, ko (F%,) — Homgg, (P}, ;) is an isomorphism.

As a vector space, we can write P, = ®;cq, P e;. Any right kQy module morphism ¢ :
P! — P! must satisfy ¢(P)e;) C Pe;. Hence, any ¢ € Endy,(P,) is completely determined
by linear transformations ¢, : Pe; — Pe;. Moreover, given linear maps v; : Ple; — Ple;,
there is a right kQo-module homomorphism ¢ : P, — P} such that v|p., = ;. Hence,
Homyg, (P, P!) is a product of matrix algebras.

Thus, the endomorphism algebra Endqg, k(7" P) = Endger k(7" P’) is a direct limit of

matricial algebras and is thus an ultramatricial algebra.

Proposition 5.1.1. Let kQ be a path algebra of finite GK-dimension. Let P = @e, kQ
where the sum is over all cyclic vertices. Then Endqa, kg (7 P) is an ultramatricial algebra.
Moreover, ™ P is a finitely generated projective generator so the functor Homqg, ko (7* P, —)

is an equivalence of categories
QGI‘ kQ = Mod EndQGr kQ (W*P)

From the equivalence Mod Endqa, k(7" P) = QGrkQ, we get an isomorphism of pre-

ordered abelian groups
(Ko(Endqar k(7™ P)), Ko™ (Endqarno (7" P)) = (27, A(Eq))

which sends [Endqe, ko (7*P)] to the element (1,...,1).
Suppose k@' is another path algebra of finite GK-dimension and Eg = Eg. Let P’ be

the element ®e,,kQ’ where the sum is over cyclic vertices of ¢)'. Then we get isomorphisms
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of preordered abelian groups

(Ko(Endacrre(m"P)), Ko(Endgar k(7" P) ™) — (Z°, A(Eq)) =
(Zp, A(EQ/) — (Ko(EDdQGer/ (W*Pl)), Ko(EndQGr Q' (W*P/)+)
where [Endqe,kg(7*P)] — [Endqar kg (7°P)).
Hence, Endqg;, ko (7*P) and Endqe ke (7*P') are ultramatricial algebras for which there
is an isomorphism of their Grothendieck groups which sends the order unit [Endgg; ko (7*P)]

to the order unit [Endqe, kg (7" P’)]. The following Theorem in [6] then implies Endqe, ko (7 P)

and Endqg;, g/ (7" P’) are isomorphic as k-algebras.

Theorem 5.1.2 ([6], Thm 15.26 page 221). Let R and S be ultrmatricial algebras. If there
is an isomorphism (Ko(R), Ko (R)) — (Ko(S), Ko " (S)) which sends [R] — [S], then R~ S

as k-algebras.
Hence, we now have an explicit description of the equivalence QGr kQ = QGr kQ)'.
QGr kQ —— Mod End(7* P) —— Mod End(7* P') «+—— QGr kQ’

The first and third equivalences are coming from “homing” out of the objects 7* P and

7* P’ respectively while the middle is due to the isomorphism

Endqer k(7" P) = Endqar kg (7" P').
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Chapter 6
THE CASE OF SEMI-SIMPLCITY

6.1 Path Algebras of GK-dimension one.

This last section shows QGr k() is a semisimple category when the path algebra has GK-
dimension 1. This also takes care of the left and right Noetherian path algebras as such
algebras will be shown to have GK-dimension at most 1.

Suppose k(@ is a path algebra of GK-dimension one. Given any cycle C' in (), there are
no cycles larger than C. Hence, if v is a cyclic vertex, then there are only finitely many
paths that start at v which do not end at a vertex in C'. Using the notation set up at the

beginning of section 3.1, the projective resolution for P, is

0—— &P pma---abkQ —— e, kQ P, 0.

Since there are only finitely many paths of the form bg when b # a; starts at a cyclic vertex,

we know
p"ay - a;bkQ

is finite dimensional and hence torsion. Hence, pushing the above exact sequence through

7* induces an isomorphism

7 (e,kQ) = 7 O,.

This shows in particular, that the simple objects in QGr kQ are projective.
The progenerator 7*P = ®7*e, k() is therefore isomorphic to the sum of the cyclic point

modules

TP = @ 70,,.
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Lemma 6.1.1. Let M be a point module over an N-graded k-algebra A. Then
Endggra(m™"M) = k.
Proof. Write M = @ ke; where e; is a basis element for M;. By definition,
Endggra(n*M) = hﬂ Homg, a(M', M/M")

where the direct limit is over all graded submodules M’, M" of M such that M /M’ and M”
are torsion. Since M is a point module, the only non-zero graded submodules are those of
the form Ms,, for n > 0. Since none of these submodules are torsion and all have torsion
cokernels, we get

Endqerro(m*M) = lim Homg, A(Msy, M).
If o : M>, — M, then for all i > n, there exi;:s B; € k such that p(e;) = Bie;. Since M is a
point module, there exists a; € A; such that e;,; = e;a;. Hence,

Bieir1 = Bieia; = p(ei)a; = p(eia;) = p(eir1) = Biti€it
which implies §; = (3, for all ¢ > n. This shows
Homgy a(Ms,,, M) = k

for all n € N. Moreover, the canonical map

Homey a(Msy, M) — Homey A(Mspyi, M),

which determines the direct limit, is the identity when the Hom spaces are identified with
k. Thus,
El’ldQGer(ﬂ'*M> = k.

[]

Proposition 6.1.2. Let kQ be a path algebra of GK-dimension one. Let P = ®e;k(Q) be the
object defined above. Then
EndQGer(ﬂ'*P) =~ k"

where n is the number of cyclic vertices in ().
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Proof. By Lemma 6.1.1 we know Endqako(O,) = k for each cyclic vertex v. Moreover,

0, # O, if v # w. Hence,

EndQGr kQ (W*P) = H EHdQGer(Ov) = k"
where n is the number of cyclic vertices. O]

Theorem 6.1.3. Let kQ be a path algebra of GK-dimension one. Then there is an equiva-
lence of categories

QGr kQ = Mod k"

where n is the number of cyclic vertices in Q).

Proof. This follows from the equivalence QGr k@ = Mod Endqa,ko(7*P) and the isomor-

phism Endqe, ko (7*P) = k™ where n is the number of cyclic vertices. O
6.2 Noetherian path algebras.

As before, path algebras are assumed to be have infinite dimension.
There is a simple condition on the quiver () which determines when kQ is right or left

Noetherian.

e A path algebra k@ is left Noetherian if and only if for each cyclic vertex v, there is

only one arrow whose target is v.

e A path algebra kQ is right Noetherian if and only if for each cyclic vertex v, there is

only one arrow whose source is v.

Notice that the presence of a doubly cyclic vertex implies the existence of a cyclic vertex
which is the source of at least two distinct arrows. Hence, a left or right Notherian path
algebra has no doubly cyclic vertices. Therefore, if k(@) is left or right Noetherian, then k£Q)

has finite GK-dimension.
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If ' and C are distinct simple cycles of ), then a path from a vertex of C to vertex of Cy
implies there are cyclic vertices v and u such that v is the source of more than one arrow and
u is the target of more than one arrow. Hence, there can be no paths between simple cycles
in @ if kQ is left or right Noetherian. Therefore, if k(@) is left or right Noetherian, then every
element of the poset €(Q) is maximal (and minimal) which implies k@) has GK-dimenion

one.

Since a right or left Noetherian path algebra has GK-dimension one, Theorem 6.1.3 has

the following corollary.

Corollary 6.2.1. Let kQ) be a left or right Noetherian path algebra. Then
QGr kQ = Mod k"

where n is the number of cyclic vertices in Q).
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