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In many applications, it is of interest to uncover patterns from a high-dimensional data set

in which the number of features, p, is larger than the number of observations, n. We consider

the areas of graph estimation and cluster analysis, which are often used to construct gene

expression network and to partition the observations or features into subgroups, respectively.

For graph estimation, we propose a framework to estimate graphical models with a few hub

nodes that are densely-connected to many other nodes. We apply our framework to three

widely used probabilistic graphical models: the Gaussian graphical model, the covariance

graph model, and the binary Ising model. For cluster analysis, we propose a novel method-

ology for partitioning both observations and features into groups simultaneously, which we

refer to as sparse biclustering. We also propose a framework to account for the correlation

among the observations and features when we perform sparse biclustering. In addition, we

study the statistical properties of convex clustering, a recent proposal for cluster analysis,

which involves solving a convex optimization problem.
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Chapter 1

INTRODUCTION

In recent years, there has been considerable interest in uncovering patterns from high-

dimensional data in which the number of features, p, is larger than the number of obser-

vations, n. We consider two popular tools for exploratory analysis in the high-dimensional

setting:

1. Graphical models, which characterizes the relationships among variables. A graph

consists of a set of p nodes, each representing a variable, and a set of edges between

pairs of nodes. The presence of an edge between two nodes indicates that there is a

relationship between the two variables [54].

2. Cluster analysis, which partitions the observations or features into groups based on

some similarity measure. Some widely used clustering methodologies are hierarchical

clustering, K-means clustering, and spectral clustering [44, 68].

As a motivating example, consider a gene expression data set with n subjects and p

genes. Gene expression data is high-dimensional in the sense that the number of genes is

much larger than the number of subjects. An interesting scientific problem is to explore the

relationships among the genes. A typical way of visualizing the relationships among the genes

is to estimate a gene regulatory network or an undirected graph from the gene expression

data. On the other hand, one might be interested in exploring whether there are potential

subgroups among subjects or genes that share similar gene expression levels. Clustering

methods such as hierarchical clustering or K-means clustering are often performed for this

purpose.
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The problem of graph estimation is well-studied in the classical setting when n > p (for

a detailed review, we refer the reader to [54]). However, in the high-dimensional setting,

the number of edges to be estimated is much larger than the number of observations. This

poses significant challenges to existing methods for constructing graphical models. Many

authors have studied the use of regularization or penalization on the parameter of interest.

The `1 regularization has been particularly popular since it shrinks some of the parameters

to exactly zero, resulting in a sparse and more interpretable graph [95]. However, the `1

penalty implicitly assumes that each edge is equally likely and independent of all edges. This

is unrealistic in many real-world networks, in which we believe that certain nodes (which

are not known a priori) have many more edges than other nodes. To address this issue, we

propose a general framework to accommodate a network with very densely-connected hub

nodes: nodes that are connected to a very substantial number of other nodes in the network.

We present this work in Chapter 2.

Classical clustering methodologies such as hierarchical clustering and K-means clustering

have been widely used in the scientific literature for the past century (see, for example,

[44, 68]). Many of the classical methodologies involve clustering the n observations of the

data matrix on the basis of the p features, or clustering the p features on the basis of the n

observations. We will refer to such proposals as one-way clustering. In high dimensions, one

might expect that the true underlying clusters differ only with respect to a small fraction of

the features. To address this, a number of authors have developed sparse one-way clustering

methodologies (among others, [76, 103, 106]).

However, in certain cases, we may be faced with transposable data, characterized by

the fact that both the rows and columns are of scientific interest and may contain clusters

or other structure [55]. In this setting, one-way clustering seems inappropriate since it

does not reflect the fact that both the rows and the columns are of scientific interest. To

address this shortcoming, a number of proposals have been made for biclustering, which

involves simultaneously clustering the rows and columns of a data matrix (see, for instance,

[15, 37, 55, 56]). However, most of the existing proposals do not have an underlying statistical



3

model. We propose a sparse biclustering procedure based on the assumption that the data

is normally distributed with some bicluster-specific mean and common variance, and that

some biclusters have approximately zero mean. We present this work in Chapter 3.

Most of the current one-way clustering methodologies such as hierarchical clustering, k-

means clustering, and spectral clustering take a greedy approach. In recent years, a number of

authors have proposed formulations for convex clustering [16, 47, 60, 77]. It involves solving

a convex optimization problem with a squared error loss and a penalty that encourages the

n observations to have the same estimated mean. Many authors have proposed efficient

algorithms to solve the resulting convex optimization problem. However, the statistical

properties of convex clustering are not well understood in the literature. We present the

statistical properties of convex clustering in Chapter 4.
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Chapter 2

LEARNING GRAPHICAL MODELS WITH HUBS

This work is published in Journal of Machine Learning Research [91].

Graphical models are used to model a wide variety of systems, such as gene regulatory

networks and social interaction networks. A graph consists of a set of p nodes, each rep-

resenting a variable, and a set of edges between pairs of nodes. The presence of an edge

between two nodes indicates a relationship between the two variables. In this chapter, we

consider two types of graphs: conditional independence graphs and marginal independence

graphs. In a conditional independence graph, an edge connects a pair of variables if and

only if they are conditionally dependent—dependent conditional upon the other variables.

In a marginal independence graph, two nodes are joined by an edge if and only if they are

marginally dependent—dependent without conditioning on the other variables.

In recent years, many authors have studied the problem of learning a graphical model in

the high-dimensional setting, in which the number of variables p is larger than the number

of observations n. Let X be a n × p matrix, with rows x1, . . . ,xn. Throughout the rest of

the text, we will focus on three specific types of graphical models:

1. A Gaussian graphical model, where x1, . . . ,xn
i.i.d.∼ N(0,Σ). In this setting, (Σ−1)jj′ = 0

for some j 6= j′ if and only if the jth and j′th variables are conditionally independent

[68]; therefore, the sparsity pattern of Σ−1 determines the conditional independence

graph.

2. A Gaussian covariance graph model, where x1, . . . ,xn
i.i.d.∼ N(0,Σ). Then Σjj′ = 0

for some j 6= j′ if and only if the jth and j′th variables are marginally independent.

Therefore, the sparsity pattern of Σ determines the marginal independence graph.
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3. A binary Ising graphical model, where x1, . . . ,xn are i.i.d. with density function

p(x,Θ) =
1

Z(Θ)
exp

[
p∑
j=1

θjjxj +
∑

1≤j<j′≤p

θjj′xjxj′

]
,

where Θ is a p×p symmetric matrix, and Z(Θ) is the partition function, which ensures

that the density sums to one. Here, x is a binary vector, and θjj′ = 0 if and only if

the jth and j′th variables are conditionally independent. The sparsity pattern of Θ

determines the conditional independence graph.

Chapter outline In Chapter 2.1, we provide a brief summary on some recent proposals

for graph estimation. We present the hub penalty function in Chapter 2.2. We then apply

the hub penalty function to the Gaussian graphical model, the covariance graph model, and

the binary Ising graphical model in Chapter 2.3, 2.4, and 2.5, respectively. In Chapter 2.6,

we apply our approach to a webpage data set and a gene expression data set. We close with

a discussion in Chapter 2.7. The proofs are in Appendix A.

2.1 Existing Work

To construct an interpretable graph when p > n, many authors have proposed applying an

`1 penalty to the parameter encoding each edge, in order to encourage sparsity. For instance,

such an approach is taken by [35], [86], [113], and [115] in the Gaussian graphical model; [7],

[8], [12], [29], [87], and [110] in the covariance graph model; and [48], [57], and [83] in the

binary Ising graphical model.

However, applying an `1 penalty to each edge can be interpreted as placing an independent

double-exponential prior on each edge. Consequently, such an approach implicitly assumes

that each edge is equally likely and independent of all other edges; this corresponds to

an Erdős-Rényi graph in which most nodes have approximately the same number of edges

[30]. This is unrealistic in many real-world networks, in which we believe that certain nodes

(which, unfortunately, are not known a priori) have a lot more edges than other nodes. An

example is the network of webpages in the World Wide Web, where a relatively small number
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of webpages are connected to many other webpages [5]. A number of authors have shown

that real-world networks are scale-free, in the sense that the number of edges for each node

follows a power-law distribution; examples include gene-regulatory networks, social networks,

and networks of collaborations among scientists (among others, [4, 5, 51, 58, 59, 74]). More

recently, [42] have shown that certain genes, referred to as super hubs, regulate hundreds of

downstream genes in a gene regulatory network, resulting in far denser connections than are

typically seen in a scale-free network.

In this chapter, we refer to very densely-connected nodes, such as the “super hubs” con-

sidered in [42], as hubs. When we refer to hubs, we have in mind nodes that are connected to

a very substantial number of other nodes in the network—and in particular, we are referring

to nodes that are much more densely-connected than even the most highly-connected node in

a scale-free network. An example of a network containing hub nodes is shown in Figure 2.1.

We propose a convex penalty function for estimating graphs containing hubs. Our for-

mulation simultaneously identifies the hubs and estimates the entire graph. The penalty

function yields a convex optimization problem when combined with a convex loss function.

We consider the application of this hub penalty function in modeling Gaussian graphical

models, covariance graph models, and binary Ising models. Our formulation does not re-

quire that we know a priori which nodes in the network are hubs.

In related work, several authors have proposed methods to estimate a scale-free Gaussian

graphical model [22, 62]. However, those methods do not model hub nodes—the most highly-

connected nodes that arise in a scale-free network are far less connected than the hubs that we

consider in our formulation. Under a different framework, some authors proposed a screening-

based procedure to identify hub nodes in the context of Gaussian graphical models [32, 45].

Our proposal outperforms such approaches when hub nodes are present (see discussion in

Chapter 2.3.5.4).

In Figure 2.1, the performance of our proposed approach is shown in a toy example in

the context of a Gaussian graphical model. We see that when the true network contains hub

nodes (Figure 2.1(a)), our proposed approach (Figure 2.1(b)) is much better able to recover
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the network than is the graphical lasso (Figure 2.1(c)), a well-studied approach that applies

an `1 penalty to each edge in the graph [35].

(a) (b) (c)

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

Figure 2.1: (a): Heatmap of the inverse covariance matrix in a toy example of a Gaussian
graphical model with four hub nodes. White elements are zero and colored elements are
non-zero in the inverse covariance matrix. Thus, colored elements correspond to edges in the
graph. (b): Estimate from the hub graphical lasso. (c): Graphical lasso estimate.

2.2 The General Formulation

In this chapter, we present a general framework to accommodate network with hub nodes.

2.2.1 The Hub Penalty Function

Let X be a n × p data matrix, Θ a p × p symmetric matrix containing the parameters of

interest, and `(X,Θ) a loss function (assumed to be convex in Θ). In order to obtain a

sparse and interpretable graph estimate, many authors have considered the problem

minimize
Θ∈S

{`(X,Θ) + λ‖Θ− diag(Θ)‖1} , (2.1)

where λ is a non-negative tuning parameter, S is some set depending on the loss function,

and ‖ · ‖1 is the sum of the absolute values of the matrix elements. For instance, in the

case of a Gaussian graphical model, we could take `(X,Θ) = − log det Θ + trace(SΘ), the

negative log-likelihood of the data, where S is the empirical covariance matrix and S is the
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set of p × p positive definite matrices. The solution to (2.1) can then be interpreted as an

estimate of the inverse covariance matrix. The `1 penalty in (2.1) encourages zeros in the

solution. But it typically does not yield an estimate that contains hubs.

= + +

⇥ Z V VT

Figure 2.2: Decomposition of a symmetric matrix Θ into Z + V + VT , where Z is sparse,
and most columns of V are entirely zero. Blue, white, green, and red elements are diagonal,
zero, non-zero in Z, and non-zero due to two hubs in V, respectively.

In order to explicitly model hub nodes in a graph, we wish to replace the `1 penalty in

(2.1) with a convex penalty that encourages a solution that can be decomposed as Z+V+VT ,

where Z is a sparse symmetric matrix, and V is a matrix whose columns are either entirely

zero or almost entirely non-zero (see Figure 2.2). The sparse elements of Z represent edges

between non-hub nodes, and the non-zero columns of V correspond to hub nodes. We achieve

this goal via the hub penalty function, which takes the form

P(Θ) = min
V,Z: Θ=V+VT+Z

λ1‖Z− diag(Z)‖1 + λ2‖V − diag(V)‖1 + λ3

p∑
j=1

‖(V − diag(V))j‖q

 . (2.2)

Here λ1, λ2, and λ3 are nonnegative tuning parameters. Sparsity in Z is encouraged via the

`1 penalty on its off-diagonal elements, and is controlled by the value of λ1. The `1 and

`1/`q norms on the columns of V induce group sparsity when q = 2 [90, 114]; λ3 controls

the selection of hub nodes, and λ2 controls the sparsity of each hub node’s connections to

other nodes. The convex penalty (2.2) can be combined with `(X,Θ) to yield the convex
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optimization problem

minimize
Θ∈S,V,Z

{
`(X,Θ) + λ1‖Z− diag(Z)‖1 + λ2‖V − diag(V)‖1

+λ3

p∑
j=1

‖(V − diag(V))j‖q

}
subject to Θ = V + VT + Z, (2.3)

where the set S depends on the loss function `(X,Θ).

Note that when λ2 →∞ or λ3 →∞, then (2.3) reduces to (2.1). In this chapter, we take

q = 2, which leads to estimation of a network containing dense hub nodes. Other values of

q such as q = ∞ are also possible (see, for example, [73]). We note that the hub penalty

function is closely related to recent work on overlapping group lasso penalties in the context

of learning multiple sparse precision matrices [73].

2.2.2 Algorithm

In order to solve (2.3) with q = 2, we use an alternating direction method of multipliers

(ADMM) algorithm (see, for example, [10, 25, 26]). ADMM is an attractive algorithm

for this problem, as it allows us to decouple some of the terms in (2.3) that are difficult

to optimize jointly. In order to develop an ADMM algorithm for (2.3) with guaranteed

convergence, we reformulate it as a consensus problem, as in [65]. The convergence of the

algorithm to the optimal solution follows from classical results (see, for instance, the review

papers [10, 25]).

In greater detail, we let B = (Θ,V,Z), B̃ = (Θ̃, Ṽ, Z̃),

f(B) = `(X,Θ) + λ1‖Z− diag(Z)‖1 + λ2‖V − diag(V)‖1 + λ3

p∑
j=1

‖(V − diag(V))‖2,

and

g(B̃) =

0 if Θ̃ = Ṽ + ṼT + Z̃

∞ otherwise.

Then, we can rewrite (2.3) as

minimize
B,B̃

{
f(B) + g(B̃)

}
subject to B = B̃. (2.4)
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Algorithm 1 ADMM Algorithm for Solving (2.3).

1. Initialize the parameters:

(a) primal variables Θ,V,Z, Θ̃, Ṽ, and Z̃ to the p× p identity matrix.

(b) dual variables W1,W2, and W3 to the p× p zero matrix.

(c) constants ρ > 0 and τ > 0.

2. Iterate until the stopping criterion
‖Θt−Θt−1‖2F
‖Θt−1‖2F

≤ τ is met, where Θt is the value of Θ

obtained at the tth iteration:

(a) Update Θ,V,Z:

i. Θ = arg min
Θ∈S

{
`(X,Θ) + ρ

2‖Θ− Θ̃ + W1‖2F
}

.

ii. Z = S(Z̃−W3,
λ1
ρ ), diag(Z) = diag(Z̃−W3). Here S denotes the soft-thresholding

operator, applied element-wise to a matrix: S(Aij , b) = sign(Aij) max(|Aij | − b, 0).

iii. C = Ṽ −W2 − diag(Ṽ −W2).

iv. Vj = max
(

1− λ3
ρ‖S(Cj ,λ2/ρ)‖2 , 0

)
· S(Cj , λ2/ρ) for j = 1, . . . , p.

v. diag(V) = diag(Ṽ −W2).

(b) Update Θ̃, Ṽ, Z̃:

i. Γ = ρ
6

[
(Θ + W1)− (V + W2)− (V + W2)T − (Z + W3)

]
.

ii. Θ̃ = Θ + W1 − 1
ρΓ; iii. Ṽ = 1

ρ(Γ + ΓT ) + V + W2; iv. Z̃ = 1
ρΓ + Z + W3.

(c) Update W1,W2,W3:

i. W1 = W1 + Θ− Θ̃; ii. W2 = W2 + V − Ṽ; iii. W3 = W3 + Z− Z̃.
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The scaled augmented Lagrangian for (2.4) takes the form

L(B, B̃,W) = `(X,Θ) + λ1‖Z− diag(Z)‖1 + λ2‖V − diag(V)‖1

+ λ3

p∑
j=1

‖(V − diag(V))j‖2 + g(B̃) +
ρ

2
‖B− B̃ + W‖2

F ,

where B and B̃ are the primal variables, and W = (W1,W2,W3) is the dual variable. Note

that the scaled augmented Lagrangian can be derived from the usual Lagrangian by adding

a quadratic term and completing the square [10].

A general algorithm for solving (2.3) is provided in Algorithm 1. The derivation is in

Appendix A.1. Note that only the update for Θ (Step 2(a)i) depends on the form of the

convex loss function `(X,Θ). In the following chapters, we consider special cases of (2.3)

that lead to estimation of Gaussian graphical models, covariance graph models, and binary

networks with hub nodes.

2.3 The Hub Graphical Lasso

Assume that x1, . . . ,xn
i.i.d.∼ N(0,Σ). The well-known graphical lasso problem (see, for

example, [35]) takes the form of (2.1) with `(X,Θ) = − log det Θ + trace(SΘ), and S the

empirical covariance matrix of X:

minimize
Θ∈S

{
− log det Θ + trace(SΘ) + λ

∑
j 6=j′
|Θjj′|

}
, (2.5)

where S = {Θ : Θ � 0 and Θ = ΘT}. The solution to this optimization problem serves as

an estimate for Σ−1. We now use the hub penalty function to extend the graphical lasso in

order to accommodate hub nodes.

2.3.1 Formulation and Algorithm

We propose the hub graphical lasso (HGL) optimization problem, which takes the form

minimize
Θ∈S

{− log det Θ + trace(SΘ) + P(Θ)} . (2.6)
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Again, S = {Θ : Θ � 0 and Θ = ΘT}. It encourages a solution that contains hub nodes,

as well as edges that connect non-hubs (Figure 2.1). Problem (2.6) can be solved using

Algorithm 1. The update for Θ in Algorithm 1 (Step 2(a)i) can be derived by minimizing

− log det Θ + trace(SΘ) +
ρ

2
‖Θ− Θ̃ + W1‖2

F (2.7)

with respect to Θ (note that the constraint Θ ∈ S in (2.6) is treated as an implicit constraint,

due to the domain of definition of the log det function). This can be shown to have the

solution

Θ =
1

2
U

(
D +

√
D2 +

4

ρ
I

)
UT ,

where UDUT denotes the eigen-decomposition of Θ̃−W1 − 1
ρ
S.

The complexity of the ADMM algorithm for HGL is O(p3) per iteration; this is the

complexity of the eigen-decomposition for updating Θ. We now briefly compare the compu-

tational time for the ADMM algorithm for solving (2.6) to that of an interior point method

(using the solver Sedumi called from cvx). On a 1.86 GHz Intel Core 2 Duo machine, the

interior point method takes approximately 3 minutes, while ADMM takes only 1 second,

on a data set with p = 30. We present a more extensive run time study for the ADMM

algorithm for HGL in Appendix A.5.

2.3.2 Conditions for HGL Solution to be Block Diagonal

In order to reduce computations for solving the HGL problem, we now present a necessary

condition and a sufficient condition for the HGL solution to be block diagonal, subject to

some permutation of the rows and columns. The conditions depend only on the tuning

parameters λ1, λ2, and λ3. These conditions build upon similar results in the context of

Gaussian graphical models from the recent literature (see, for example, [21, 69, 73, 104, 112]).

Let C1, C2, . . . , CK denote a partition of the p features.

Theorem 2.1. A sufficient condition for the HGL solution to be block diagonal with blocks

given by C1, C2, . . . , CK is that min
{
λ1,

λ2
2

}
> |Sjj′ | for all j ∈ Ck, j′ ∈ Ck′ , k 6= k′.
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Theorem 2.2. A necessary condition for the HGL solution to be block diagonal with blocks

given by C1, C2, . . . , CK is that min
{
λ1,

λ2+λ3
2

}
> |Sjj′ | for all j ∈ Ck, j′ ∈ Ck′ , k 6= k′.

The proofs of Theorems 2.1 and 2.2 are in Appendix A.2. Theorem 2.1 implies that one

can screen the empirical covariance matrix S to check if the HGL solution is block diagonal

(using standard algorithms for identifying the connected components of an undirected graph;

see, for example, [94]). Suppose that the HGL solution is block diagonal with K blocks,

containing p1, . . . , pK features, and
∑K

k=1 pk = p. Then, one can simply solve the HGL

problem on the features within each block separately. Recall that the bottleneck of the

HGL algorithm is the eigen-decomposition for updating Θ. The block diagonal condition

leads to massive computational speed-ups for implementing the HGL algorithm: instead of

computing an eigen-decomposition for a p×p matrix in each iteration of the HGL algorithm,

we compute the eigen-decomposition of K matrices of dimensions p1× p1, . . . , pK × pK . The

computational complexity per-iteration is reduced from O(p3) to
∑K

k=1O(p3
k).

We illustrate the reduction in computational time due to these results in an example with

p = 500. Without exploiting Theorem 2.1, the ADMM algorithm for HGL (with a particular

value of λ) takes 159 seconds; in contrast, it takes only 22 seconds when Theorem 2.1 is

applied. The estimated precision matrix has 107 connected components, the largest of which

contains 212 nodes.

2.3.3 Some Properties of HGL

We now present several properties of the HGL optimization problem (2.6), which can be

used to provide guidance on the suitable range for the tuning parameters λ1, λ2, and λ3. In

what follows, Z∗ and V∗ denote the optimal solutions for Z and V in (2.6). Let 1
s

+ 1
q

= 1

(recall that q appears in Equation 2.2).

Lemma 2.1. A sufficient condition for Z∗ to be a diagonal matrix is that λ1 >
λ2+λ3

2
.

Lemma 2.2. A sufficient condition for V∗ to be a diagonal matrix is that λ1 <
λ2
2

+ λ3
2(p−1)1/s

.
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Corollary 2.1. A necessary condition for both V∗ and Z∗ to be non-diagonal matrices is

that λ2
2

+ λ3
2(p−1)1/s

≤ λ1 ≤ λ2+λ3
2

.

Furthermore, (2.6) reduces to the graphical lasso problem (2.5) under a simple condition.

Lemma 2.3. If q = 1, then (2.6) reduces to (2.5) with tuning parameter min
{
λ1,

λ2+λ3
2

}
.

Note also that when λ2 → ∞ or λ3 → ∞, (2.6) reduces to (2.5) with tuning parameter λ1.

However, throughout the rest of this chapter, we assume that q = 2, and λ2 and λ3 are finite.

The solution Θ̂ of (2.6) is unique, since (2.6) is a strictly convex problem. We now

consider the question of whether the decomposition Θ̂ = V̂ + V̂T + Ẑ is unique. We see

that the decomposition is unique in a certain regime of the tuning parameters. For instance,

according to Lemma 2.1, when λ1 >
λ2+λ3

2
, Ẑ is a diagonal matrix and hence V̂ is unique.

Similarly, according to Lemma 2.2, when λ1 <
λ2
2

+ λ3
2(p−1)1/s

, V̂ is a diagonal matrix and

hence Ẑ is unique. Studying more general conditions on S and on λ1, λ2, and λ3 such that

the decomposition is guaranteed to be unique is a challenging problem and is outside of the

scope of this chapter.

2.3.4 Tuning Parameter Selection

In this section, we propose a Bayesian information criterion (BIC)-type quantity for tuning

parameter selection in (2.6). Recall from Chapter 2.2 that the hub penalty function (2.2)

decomposes the parameter of interest into the sum of three matrices, Θ = Z + V + VT , and

places an `1 penalty on Z, and an `1/`2 penalty on V.

For the graphical lasso problem in (2.5), many authors have proposed to select the tuning

parameter λ such that Θ̂ minimizes the following quantity:

−n · log det(Θ̂) + n · trace(SΘ̂) + log(n) · |Θ̂|,

where |Θ̂| is the cardinality of Θ̂, that is, the number of unique non-zeros in Θ̂ (see, for

example, [115]).1

1The term log(n) · |Θ̂| is motivated by the fact that the degrees of freedom for an estimate involving the
`1 penalty can be approximated by the cardinality of the estimated parameter [118].
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Using a similar idea, we propose the following BIC-type quantity for selecting the set of

tuning parameters (λ1, λ2, λ3) for (2.6):

BIC(Θ̂, V̂, Ẑ) = −n · log det(Θ̂) + n · trace(SΘ̂) + log(n) · |Ẑ|+ log(n) ·
(
ν + c · [|V̂| − ν]

)
,

where ν is the number of estimated hub nodes, that is, ν =
∑p

j=1 1{‖V̂j‖0>0}, c is a constant

between zero and one, and |Ẑ| and |V̂| are the cardinalities (the number of unique non-zeros)

of Ẑ and V̂, respectively.2 We select the set of tuning parameters (λ1, λ2, λ3) for which the

quantity BIC(Θ̂, V̂, Ẑ) is minimized. Note that when the constant c is small, BIC(Θ̂, V̂, Ẑ)

will favor more hub nodes in V̂. We take c = 0.2 in this chapter.

2.3.5 Simulation Study

In this section, we compare HGL to two sets of proposals: proposals that learn an Erdős-

Rényi Gaussian graphical model, and proposals that learn a Gaussian graphical model in

which some nodes are highly-connected.

2.3.5.1 Notation and Measures of Performance

We start by defining some notation. Let Θ̂ be the estimate of Θ = Σ−1 from a given

proposal, and let Θ̂j be its jth column. Let H denote the set of indices of the hub nodes in

Θ (that is, this is the set of true hub nodes in the graph), and let |H| denote the cardinality

of the set. In addition, let Ĥr be the set of estimated hub nodes : the set of nodes in Θ̂

that are among the |H| most highly-connected nodes, and that have at least r edges. The

values chosen for |H| and r depend on the simulation set-up, and will be specified in each

simulation study.

We now define several measures of performance that will be used to evaluate the various

methods.

2The term log(n) · |Ẑ| is motivated by the degrees of freedom from the `1 penalty, and the term log(n) ·(
ν + c · [|V̂| − ν]

)
is motivated by an approximation of the degrees of freedom of the `2 penalty proposed

in [114].
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• Number of correctly estimated edges:
∑

j<j′

(
1{|Θ̂jj′ |>10−5 and |Θjj′ |6=0}

)
.

• Proportion of correctly estimated hub edges:∑
j∈H,j′ 6=j

(
1{|Θ̂jj′ |>10−5 and |Θjj′ |6=0}

)
∑

j∈H,j′ 6=j

(
1{|Θjj′ |6=0}

) .

• Proportion of correctly estimated hub nodes: |Ĥr∩H|
|H| .

• Sum of squared errors:
∑

j<j′

(
Θ̂jj′ −Θjj′

)2

.

2.3.5.2 Data Generation

We consider three set-ups for generating a p× p adjacency matrix A.

I - Network with hub nodes: for all i < j, we set Aij = 1 with probability 0.02, and zero

otherwise. We then set Aji equal to Aij. Next, we randomly select |H| hub nodes

and set the elements of the corresponding rows and columns of A to equal one with

probability 0.7 and zero otherwise.

II - Network with two connected components and hub nodes: the adjacency matrix is

generated as A =

A1 0

0 A2

, with A1 and A2 as in Set-up I, each with |H|/2 hub

nodes.

III - Scale-free network:3 the probability that a given node has k edges is proportional to

k−α. [5] observed that many real-world networks have α ∈ [2.1, 4]; we took α = 2.5.

Note that there is no natural notion of hub nodes in a scale-free network. While some

nodes in a scale-free network have more edges than one would expect in an Erdős-

Rényi graph, there is no clear distinction between “hub” and “non-hub” nodes, unlike

3Recall that our proposal is not intended for estimating a scale-free network.
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in Set-ups I and II. In our simulation settings, we consider any node that is connected

to more than 5% of all other nodes to be a hub node.4

We then use the adjacency matrix A to create a matrix E, as

Eij
i.i.d.∼

0 if Aij = 0

Unif([−0.75,−0.25] ∪ [0.25, 0.75]) otherwise,

and set Ē = 1
2
(E + ET ). Given the matrix Ē, we set Σ−1 equal to Ē + (0.1 − Λmin(Ē))I,

where Λmin(Ē) is the smallest eigenvalue of Ē. We generate the data matrix X according to

x1, . . . ,xn
i.i.d.∼ N(0,Σ). Then, variables are standardized to have standard deviation one.

2.3.5.3 Comparison to Graphical Lasso and Neighborhood Selection

In this section, we compare the performance of HGL to two proposals that learn a sparse

Gaussian graphical model.

• The graphical lasso (2.5), implemented using the R package glasso.

• The neighborhood selection approach of [70], implemented using the R package glasso.

This approach involves performing p `1-penalized regression problems, each of which

involves regressing one feature onto the others.

We consider the three simulation set-ups described in the previous section with n = 1000,

p = 1500, and |H| = 30 hub nodes in Set-ups I and II. Figure 2.3 displays the results, averaged

over 100 simulated data sets. Note that the sum of squared errors is not computed for [70],

since it does not directly yield an estimate of Θ = Σ−1.

HGL has three tuning parameters. To obtain the curves shown in Figure 2.3, we fixed

λ1 = 0.4, considered three values of λ3 (each shown in a different color in Figure 2.3), and

4The cutoff threshold of 5% is chosen in order to capture the most highly-connected nodes in the scale-free
network. In our simulation study, around three nodes are connected to at least 0.05× p other nodes in the
network. The precise choice of cut-off threshold has little effect on the results obtained in the figures that
follow.
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used a fine grid of values of λ2. The solid black circle in Figure 2.3 corresponds to the set of

tuning parameters (λ1, λ2, λ3) for which the BIC as defined in Chapter 2.3.4 is minimized.

The graphical lasso and [70] each involves one tuning parameter; we applied them using a

fine grid of the tuning parameter to obtain the curves shown in Figure 2.3.

Results for Set-up I are displayed in Figures 2.3-I(a) through 2.3-I(d), where we calculate

the proportion of correctly estimated hub nodes as defined in Chapter 2.3.5.1 with r = 300.

Since this simulation set-up exactly matches the assumptions of HGL, it is not surprising

that HGL outperforms the other methods. In particular, HGL is able to identify most of the

hub nodes when the number of estimated edges is approximately equal to the true number of

edges. We see similar results for Set-up II in Figures 2.3-II(a) through 2.3-II(d), where the

proportion of correctly estimated hub nodes is as defined in Chapter 2.3.5.1 with r = 150.

In Set-up III, recall that we define a node that is connected to at least 5% of all nodes to be

a hub. The proportion of correctly estimated hub nodes is then as defined in Chapter 2.3.5.1

with r = 0.05× p. The results are presented in Figures 2.3-III(a) through 2.3-III(d). In this

set-up, only approximately three of the nodes (on average) have more than 50 edges, and

the hub nodes are not as highly-connected as in Set-up I or Set-up II. Nonetheless, HGL

outperforms the graphical lasso and [70].

Finally, we see from Figure 2.3 that the set of tuning parameters (λ1, λ2, λ3) selected

using BIC performs reasonably well. In particular, the graphical lasso solution always has

BIC larger than HGL, and hence, is not selected.

2.3.5.4 Comparison to Additional Proposals

In this section, we compare the performance of HGL to three additional proposals:

• The partial correlation screening procedure of [45]. The elements of the partial corre-

lation matrix (computed using a pseudo-inverse when p > n) are thresholded based on

their absolute value, and a hub node is declared if the number of nonzero elements in

the corresponding column of the thresholded partial correlation matrix is sufficiently
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Figure 2.3: Simulation for Gaussian graphical model. Row I: Results for Set-up I. Row II:
Results for Set-up II. Row III: Results for Set-up III. The results are for n = 1000 and
p = 1500. In each panel, the x-axis displays the number of estimated edges, and the vertical
gray line is the number of edges in the true network. The y-axes are as follows: Column
(a): Number of correctly estimated edges; Column (b): Proportion of correctly estimated
hub edges; Column (c): Proportion of correctly estimated hub nodes; Column (d): Sum of
squared errors. The black solid circles are the results for HGL based on tuning parameters
selected using the BIC-type criterion defined in Chapter 2.3.4. Colored lines correspond to
the graphical lasso [35] ( ); HGL with λ3 = 0.5 ( ), λ3 = 1 ( ), and λ3 = 2 ( );
neighborhood selection [70] ( ).
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large. Note that the purpose of [45] is to screen for hub nodes, rather than to estimate

the individual edges in the network.

• The scale-free network estimation procedure of [62]. This is the solution to the non-

convex optimization problem

minimize
Θ∈S

− log det Θ + trace(SΘ) + α

p∑
j=1

log(‖θ\j‖1 + εj) +

p∑
j=1

βj |θjj |

 , (2.8)

where θ\j = {θjj′ |j′ 6= j}, and εj, βj, and α are tuning parameters. Here, S = {Θ :

Θ � 0 and Θ = ΘT}.

• Sparse partial correlation estimation procedure of [78], implemented using the R pack-

age space. This is an extension of the neighborhood selection approach of [70] that

combines p `1-penalized regression problems in order to obtain a symmetric estimator.

The authors claimed that the proposal performs well in estimating a scale-free network.

We generated data under Set-ups I and III (described in Chapter 2.3.5.2) with n = 250

and p = 500,5 and with |H| = 10 for Set-up I. The results, averaged over 100 data sets, are

displayed in Figures 2.4 and 2.5.

To obtain Figures 2.4 and 2.5, we applied [62] using a fine grid of α values, and using

the choices for βj and εj specified by the authors: βj = 2α/εj, where εj is a small constant

specified in [62]. There are two tuning parameters in [45]: (1) ρ, the value used to threshold

the partial correlation matrix, and (2) d, the number of non-zero elements required for a

column of the thresholded matrix to be declared a hub node. We used d = {10, 20} in

Figures 2.4 and 2.5, and used a fine grid of values for ρ. Note that the value of d has no

effect on the results for Figures 2.4(a)-(b) and Figures 2.5(a)-(b), and that larger values of d

tend to yield worse results in Figures 2.4(c) and 2.5(c). For [78], we used a fine grid of tuning

parameter values to obtain the curves shown in Figures 2.4 and 2.5. The sum of squared

5In this chapter, a small value of p was used due to the computations required to run the R package
space, as well as computational demands of the [62] algorithm.
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errors was not reported for [78] and [45] since they do not directly yield an estimate of the

precision matrix. As a baseline reference, the graphical lasso is included in the comparison.

We see from Figure 2.4 that HGL outperforms the competitors when the underlying

network contains hub nodes. It is not surprising that [62] yields better results than the

graphical lasso, since the former approach is implemented via an iterative procedure: in each

iteration, the graphical lasso is performed with an updated tuning parameter based on the

estimate obtained in the previous iteration. [45] has the worst results in Figures 2.4(a)-(b);

this is not surprising, since the purpose of [45] is to screen for hub nodes, rather than to

estimate the individual edges in the network.

From Figure 2.5, we see that the performance of HGL is comparable to that of [62] and

[78] under the assumption of a scale-free network; note that this is the precise setting for

which [62]’s proposal is intended, and [78] reported that their proposal performs well in this

setting. In contrast, HGL is not intended for the scale-free network setting (as mentioned in

the Introduction, it is intended for a setting with hub nodes). Again, [62] and [78] outperform

the graphical lasso, and [45] has the worst results in Figures 2.5(a)-(b). Finally, we see from

Figures 2.4 and 2.5 that the BIC-type criterion for HGL proposed in Chapter 2.3.4 yields

good results.

2.4 The Hub Covariance Graph

In this section, we consider estimation of a covariance matrix under the assumption that

x1, . . . ,xn
i.i.d.∼ N(0,Σ); this is of interest because the sparsity pattern of Σ specifies the

structure of the marginal independence graph (see, for example, [14, 23, 24]). We extend the

covariance estimator of [110] to accommodate hub nodes.

2.4.1 Formulation and Algorithm

[110] proposed to estimate Σ using

Σ̂ = arg min
Σ∈S

{
1

2
‖Σ− S‖2

F + λ‖Σ‖1

}
, (2.9)



22

0 2000 4000 6000

0
10

00
20

00
30

00

(a)

Num. Est. Edges

N
um

. C
or

. E
st

. E
dg

es ●

●

●

●

●

●

●

●

●
●

●
●

●
●●●●●●●●●●●●●●●●●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●●●●●●●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●●●●●●●●●●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●●●●●●●●●●●●●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●●●●●●●●●●

●

●

●

●

●

●
●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●

●

●

●
●

●●●●●●●●●●●●●●●●●●●●●●

●

●

●

●

●
●

●●●●●●●●●●●●●●●●●●●●●●

●

0 2000 4000 6000

0.
0

0.
2

0.
4

0.
6

0.
8

(b)

Num. Est. Edges

P
ro

p.
 C

or
.  

E
st

. H
ub

 E
dg

es

●
●

●●●●
●

●
●

●
●

●●●●●●●●●●●●●●●●●●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●●●●●●

●
●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●●●●●●●●●●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●●●●●●●●●●●●●

●●●●●●●●●●●●
●

●
●●●●●●●●●●●●●

●

●

●

●

●

●
●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●
●

●
●●●●●●●●●●●●●●●●●●●●●●●●

●
●

●
●●●●●●●●●●●●●●●●●●●●●●●●

●

0 2000 4000 6000

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

(c)

Num. Est. Edges

P
ro

p.
 C

or
re

ct
 E

st
. H

ub
s

●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●

●

●

●

●
●

●
●

●●●●●●●●●●●●●●●

●
●

●●●
●

●

●

●

●

●

●

●

●

●
●●●●●●●●●●●●●

●
●●●

●
●

●

●
●

●
●

●

●

●

●

●

●
●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●
●

●

●

●●●●●●●●●●●●●●●●●●●

●●●
●

●

●●●●●●●●●●●●●●●●●●●●●

●

0 2000 4000 6000

13
0

14
0

15
0

16
0

(d)

Num. Est. Edges

S
um

 o
f S

qu
ar

ed
 E

rr
or

s

●

●
●●

●

●

●

●
●

●
●

●
●
●
●●
●●●
●●●●●
●●

●
●

●
●

●
●

●

●

●
●

●
●

●
●

●
●●

●●●●●

●

●

●

●

●
●

●
●

●
●

●

●
●

●
●

●
●●●●●●●●●●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●●●●●●●●●●●●●

●

●

●

●
●

●
●

●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

Figure 2.4: Simulation for the Gaussian graphical model. Set-up I was applied with n = 250
and p = 500. Details of the axis labels and the solid black circles are as in Figure 2.3. The
colored lines correspond to the graphical lasso [35] ( ); HGL with λ3 = 1 ( ), λ3 = 2
( ), and λ3 = 3 ( ); the hub screening procedure [45] with d = 10 ( ) and d = 20
( ); the scale-free network approach [62] ( ); sparse partial correlation estimation [78]
( ).
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Figure 2.5: Simulation for the Gaussian graphical model. Set-up III was applied with n = 250
and p = 500. Details of the axis labels and the solid black circles are as in Figure 2.3. The
colored lines correspond to the graphical lasso [35] ( ); HGL with λ3 = 1 ( ), λ3 = 2
( ), and λ3 = 3 ( ); the hub screening procedure [45] with d = 10 ( ) and d = 20
( ); the scale-free network approach [62] ( ); sparse partial correlation estimation [78]
( ).
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where S is the empirical covariance matrix, S = {Σ : Σ � εI and Σ = ΣT}, and ε is

a small positive constant; we take ε = 10−4. We extend (2.9) to accommodate hubs by

imposing the hub penalty function (2.2) on Σ. This results in the hub covariance graph

(HCG) optimization problem,

minimize
Σ∈S

{
1

2
‖Σ− S‖2

F + P(Σ)

}
,

which can be solved via Algorithm 1. To update Θ = Σ in Step 2(a)i, we note that

arg min
Σ∈S

{
1

2
‖Σ− S‖2

F +
ρ

2
‖Σ− Σ̃ + W1‖2

F

}
=

1

1 + ρ
(S + ρΣ̃− ρW1)+,

where (A)+ is the projection of a matrix A onto the convex cone {Σ � εI}. That is, if∑p
j=1 djuju

T
j denotes the eigen-decomposition of the matrix A, then (A)+ is defined as∑p

j=1 max(dj, ε)uju
T
j . The complexity of the ADMM algorithm is O(p3) per iteration, due

to the complexity of the eigen-decomposition for updating Σ.

2.4.2 Simulation Study

We compare HCG to two competitors for obtaining a sparse estimate of Σ:

1. The non-convex `1-penalized log-likelihood approach of [8], using the R package spcov.

This approach solves

minimize
Σ�0

{
log det Σ + trace(Σ−1S) + λ‖Σ‖1

}
.

2. The convex `1-penalized approach of [110], given in (2.9).

We first generated an adjacency matrix A as in Set-up I in Chapter 2.3.5.2, modified to

have |H| = 20 hub nodes. Then Ē was generated as described in Chapter 2.3.5.2, and we

set Σ equal to Ē + (0.1−Λmin(Ē))I. Next, we generated x1, . . . ,xn
i.i.d.∼ N(0,Σ). Finally, we

standardized the variables to have standard deviation one. In this simulation study, we set

n = 500 and p = 1000.
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Figure 2.6 displays the results, averaged over 100 simulated data sets. We calculated

the proportion of correctly estimated hub nodes as defined in Chapter 2.3.5.1 with r = 200.

We used a fine grid of tuning parameters for [110] in order to obtain the curves shown in

each panel of Figure 2.6. HCG involves three tuning parameters, λ1, λ2, and λ3. We fixed

λ1 = 0.2, considered three values of λ3 (each shown in a different color), and varied λ2 in

order to obtain the curves shown in Figure 2.6.

Figure 2.6 does not display the results for the proposal of [8], due to computational

constraints in the spcov R package. Instead, we compared our proposal to that of [8] using

n = 100 and p = 200; those results are presented in Figure A.1 in Appendix A.4.
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Figure 2.6: Covariance graph simulation with n = 500 and p = 1000. Details of the axis
labels are as in Figure 2.3. The colored lines correspond to the proposal of [110] ( ); HCG
with λ3 = 1 ( ), λ3 = 1.5 ( ), and λ3 = 2 ( ).

We see that HCG outperforms the proposals of [110] (Figures 2.6 and A.1) and [8] (Fig-

ure A.1). These results are not surprising, since those other methods do not explicitly model

the hub nodes.

2.5 The Hub Binary Network

In this section, we focus on estimating a binary Ising Markov random field, which we refer

to as a binary network. We refer the reader to [83] for an in-depth discussion of this type of

graphical model and its applications.
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In this set-up, each entry of the n× p data matrix X takes on a value of zero or one. We

assume that the observations x1, . . . ,xn are i.i.d. with density

p(x,Θ) =
1

Z(Θ)
exp

[
p∑
j=1

θjjxj +
∑

1≤j<j′≤p

θjj′xjxj′

]
, (2.10)

where Z(Θ) is the partition function, which ensures that the density sums to one. Here Θ

is a p × p symmetric matrix that specifies the network structure: θjj′ = 0 implies that the

jth and j′th variables are conditionally independent.

In order to obtain a sparse graph, [57] considered maximizing an `1-penalized log-likelihood

under this model. Due to the difficulty in computing the log-partition function, several au-

thors have considered alternative approaches. For instance, [83] proposed a neighborhood

selection approach. The proposal of [83] involves solving p logistic regression separately,

and hence, the estimated parameter matrix is not symmetric. In contrast, several authors

considered maximizing an `1-penalized pseudo-likelihood with a symmetric constraint on Θ

(see, for example, [39, 40, 48]).

2.5.1 Formulation and Algorithm

Under the model (2.10), the log-pseudo-likelihood for n observations takes the form

p∑
j=1

p∑
j′=1

θjj′(X
TX)jj′ −

n∑
i=1

p∑
j=1

log

(
1 + exp

[
θjj +

∑
j′ 6=j

θjj′xij′

])
, (2.11)

where xi is the ith row of the n × p matrix X. The proposal of [48] involves maximizing

(2.11) subject to an `1 penalty on Θ. We propose to instead impose the hub penalty function

(2.2) on Θ in (2.11) in order to estimate a sparse binary network with hub nodes. This leads

to the optimization problem

minimize
Θ∈S

−
p∑
j=1

p∑
j′=1

θjj′(X
TX)jj′ +

n∑
i=1

p∑
j=1

log

1 + exp

θjj +
∑
j′ 6=j

θjj′xij′

+ P(Θ)

 ,(2.12)

where S = {Θ : Θ = ΘT}. We refer to the solution to (2.12) as the hub binary network

(HBN). The ADMM algorithm for solving (2.12) is given in Algorithm 1. We solve the



26

update for Θ in Step 2(a)i using the Barzilai-Borwein method [6]. The details are given in

Appendix ??.

2.5.2 Simulation Study

Here we compare the performance of HBN to the proposal of [48], implemented using the R

package BMN.

We simulated a binary network with p = 50 and |H| = 5 hub nodes. To generate the

parameter matrix Θ, we created an adjacency matrix A as in Set-up I of Chapter 2.3.5.2

with five hub nodes. Then Ē was generated as in Chapter 2.3.5.2, and we set Θ = Ē.

Each of n = 100 observations was generated using Gibbs sampling [39, 83]. Suppose

that x
(t)
1 , . . . , x

(t)
p is obtained at the tth iteration of the Gibbs sampler. Then, the (t + 1)th

iteration is obtained according to

x
(t+1)
j ∼ Bernoulli

(
exp(θjj +

∑
j 6=j′ θjj′x

(t)
j′ )

1 + exp(θjj +
∑

j 6=j′ θjj′x
(t)
j′ )

)
for j = 1, . . . , p.

We took the first 105 iterations as our burn-in period, and then collected an observation

every 104 iterations, such that the observations were nearly independent [39].

The results, averaged over 100 data sets, are shown in Figure 2.7. We used a fine grid

of values for the `1 tuning parameter for [48], resulting in curves shown in each panel of the

figure. For HBN, we fixed λ1 = 5, considered λ3 = {15, 25, 30}, and used a fine grid of values

of λ2. The proportion of correctly estimated hub nodes was calculated using the definition

in Chapter 2.3.5.1 with r = 20. Figure 2.7 indicates that HBN consistently outperforms the

proposal of [48].

2.6 Real Data Application

We now apply HGL to a university webpage data set, and a brain cancer data set.



27

0 50 100 200 300

0
20

40
60

80

(a)

Num. Est. Edges

N
um

. C
or

. E
st

. E
dg

es

●
●

●

●
●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●
●

●
●

●●
●●●●●●●●●●●●●●●●●●●●●●

●

●

●

●

●

●

●
●

●

●

●

●
●

●
●

●

●
●

●●
●

●
●●●●●●●●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●

●
●

●
●

●
●

●●

●
●

●●●●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

0 50 100 200 300

0.
0

0.
1

0.
2

0.
3

0.
4

(b)

Num. Est. Edges

P
ro

p.
 C

or
.  

E
st

. H
ub

 E
dg

es

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●

●

●

●
●

●
●

●
●

●
●

●●
●●●●●●●●●●●●●●●●●●●●●●

●

●

●

●

●
●

●

●
●

●

●
●

●
●

●
●

●

●
●

●●
●

●
●●●●●●●●

●

●

●

●

●

●
●

●

●
●

●
●

●

●
●

●
●

●
●

●
●

●
●●

●
●●●●●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

0 50 100 200 300

0.
00

0.
10

0.
20

0.
30

(c)

Num. Est. Edges

P
ro

p.
 C

or
re

ct
 E

st
. H

ub
s

●
●

●
●

●
●●

●●
●

●

●
●

●
●●●●●

●

●
●

●

●●

●

●

●

●

●

●

●

●
●●

●●●●●●●●●●●●●●●●●●●●

●
●

●

●●
●

●
●

●●
●●●

●
●

●
●

●

●
●

●
●

●
●

●
●
●●

●
●●●

●●

●
●●

●
●

●●●●
●

●
●●

●
●●

●●
●●

●
●

●
●

●
●

●

●
●
●
●●

●

●●
●●

●●
●

●
●●

●●

●

●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

0 50 100 200 300

38
40

42
44

46
48

(d)

Num. Est. Edges

S
um

 o
f S

qu
ar

ed
 E

rr
or

s

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●

Figure 2.7: Binary network simulation with n = 100 and p = 50. Details of the axis labels are
as in Figure 2.3. The colored lines correspond to the `1-penalized pseudo-likelihood proposal
of [48] ( ); and HBN with λ3 = 15 ( ), λ3 = 25 ( ), and λ3 = 30 ( ).

2.6.1 Application to University Webpage Data

We applied HGL to the university webpage data set from the “World Wide Knowledge Base”

project at Carnegie Mellon University. This data set was pre-processed by [13]. The data

set consists of the occurrences of various terms (words) on webpages from four computer

science departments at Cornell, Texas, Washington and Wisconsin. We consider only the

544 student webpages, and select 100 terms with the largest entropy for our analysis. In

what follows, we model these 100 terms as the nodes in a Gaussian graphical model.

The goal of the analysis is to understand the relationships among the terms that appear

on the student webpages. In particular, we wish to identify terms that are hubs. We are not

interested in identifying edges between non-hub nodes. For this reason, we fix the tuning

parameter that controls the sparsity of Z at λ1 = 0.45 such that the matrix Z is sparse. In

the interest of a graph that is interpretable, we fix λ3 = 1.5 to obtain only a few hub nodes,

and then select a value of λ2 ranging from 0.1 to 0.5 using the BIC-type criterion presented in

Chapter 2.3.4. We performed HGL with the selected tuning parameters λ1 = 0.45, λ2 = 0.25,

and λ3 = 1.5.6 The estimated matrices are shown in Figure 2.8.

Figure 2.8(a) indicates that six hub nodes are detected: comput, research, scienc, software,

6The results are qualitatively similar for different values of λ1.
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system, and work. For instance, the fact that comput is a hub indicates that many terms’

occurrences are explained by the occurrence of the word comput. From Figure 2.8(b), we see

that several pairs of terms take on non-zero values in the matrix (Z−diag(Z)). These include

(depart, univers); (home, page); (institut, technolog); (graduat, student); (univers, scienc),

and (languag,program). These results provide an intuitive explanation of the relationships

among the terms in the webpages.
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Figure 2.8: Results for HGL on the webpage data with tuning parameters selected using BIC:
λ1 = 0.45, λ2 = 0.25, λ3 = 1.5. Non-zero estimated values are shown, for (a): (V−diag(V)),
and (b): (Z− diag(Z)).

2.6.2 Application to Gene Expression Data

We applied HGL to a publicly available cancer gene expression data set [102]. The data

set consists of mRNA expression levels for 17,814 genes in 401 patients with glioblastoma

multiforme (GBM), an extremely aggressive cancer with very poor patient prognosis. Among

7,462 genes known to be associated with cancer [82], we selected 500 genes with the highest

variance.
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We aim to reconstruct the gene regulatory network that represents the interactions among

the genes, as well as to identify hub genes that tend to have many interactions with other

genes. Such genes likely play an important role in regulating many other genes in the network.

Identifying such regulatory genes will lead to a better understanding of brain cancer, and

eventually may lead to new therapeutic targets. Since we are interested in identifying hub

genes, and not as interested in identifying edges between non-hub nodes, we fix λ1 = 0.6

such that the matrix Z is sparse. We fix λ3 = 6.5 to obtain a few hub nodes, and we select

λ2 ranging from 0.1 to 0.7 using the BIC-type criterion presented in Chapter 2.3.4.

We applied HGL with this set of tuning parameters to the empirical covariance matrix

corresponding to the 401× 500 data matrix, after standardizing each gene to have variance

one. In Figure 2.9, we plotted the resulting network (for simplicity, only the 438 genes

with at least two neighbors are displayed). We found that five genes are identified as hubs.

These genes are TRIM48, TBC1D2B, PTPN2, ACRC, and ZNF763, in decreasing order of

estimated edges.

Interestingly, some of these genes have known regulatory roles. PTPN2 is known to

be a signaling molecule that regulates a variety of cellular processes including cell growth,

differentiation, mitotic cycle, and oncogenic transformation [67]. ZNF763 is a DNA-binding

protein that regulates the transcription of other genes [67]. These genes do not appear to

be highly-connected to many other genes in the estimate that results from applying the

graphical lasso (2.5) to this same data set (results not shown). These results indicate that

HGL can be used to recover known regulators, as well as to suggest other potential regulators

that may be targets for follow-up analysis.

2.7 Discussion

We have proposed a general framework for estimating a network with hubs by way of a

convex penalty function. The proposed framework has three tuning parameters, so that

it can flexibly accommodate different numbers of hubs, sparsity levels within a hub, and

connectivity levels among non-hubs. We have proposed a BIC-type quantity to select tuning
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Figure 2.9: Results for HGL on the GBM data with tuning parameters selected using BIC:
λ1 = 0.6, λ2 = 0.4, λ3 = 6.5. Only nodes with at least two edges in the estimated network
are displayed. Nodes displayed in pink were found to be hubs by the HGL algorithm.

parameters for our proposal. We note that tuning parameter selection in unsupervised

settings remains a challenging open problem (see, for example, [33, 71]). In practice, tuning

parameters could also be set based on domain knowledge or a desire for interpretability of

the resulting estimates.

The framework proposed in this paper assumes an underlying model involving a set of

edges between non-hub nodes, as well as a set of hub nodes. For instance, it is believed

that such hub nodes arise in biology, in which “super hubs” in transcriptional regulatory

networks may play important roles [42]. We note here that the underlying model of hub nodes

assumed in this paper differs fundamentally from a scale-free network in which the degree

of connectivity of the nodes follows a power law distribution—scale-free networks simply

do not have such very highly-connected hub nodes. In fact, we have shown that existing

techniques for estimating a scale-free network, such as [22] and [62], cannot accommodate

the very dense hubs for which our proposal is intended.
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As discussed in Chapter 2.2, the hub penalty function involves decomposing a parameter

matrix Θ into Z + V + VT , where Z is a sparse matrix, and V is a matrix whose columns

are entirely zero or (almost) entirely non-zero. In this paper, we used an `1 penalty on Z

in order to encourage it to be sparse. In effect, this amounts to assuming that the non-

hub nodes obey an Erdős-Rényi network. But our formulation could be easily modified to

accommodate a different network prior for the non-hub nodes. For instance, we could assume

that the non-hub nodes obey a scale-free network, using the ideas developed in [22] and [62].

This would amount to modeling a scale-free network with hub nodes.

In this work, we applied the proposed framework to the tasks of estimating a Gaussian

graphical model, a covariance graph model, and a binary network. The proposed framework

can also be applied to other types of graphical models, such as the Poisson graphical model

[1] or the exponential family graphical model [111].

An interesting question for future work is to study the theoretical statistical properties of

the HGL formulation. For instance, in the context of the graphical lasso, it is known that the

rate of statistical convergence depends upon the maximal degree of any node in the network

[84]. It would be interesting to see whether HGL theoretically outperforms the graphical

lasso in the setting in which the true underlying network contains hubs. Furthermore, it will

be of interest to study HGL’s hub recovery properties from a theoretical perspective.
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Chapter 3

SPARSE BICLUSTERING OF TRANSPOSABLE DATA

This work is published in Journal of Computational and Graphical Statistics [92].

In recent years, much interest has centered around the unsupervised analysis of gene

expression data and other types of high-dimensional biological data. Many proposals involve

clustering the n observations on the basis of the p features, or clustering the p features on

the basis of the n observations. We will refer to such proposals as one-way clustering in this

chapter, since either the rows or columns of a data matrix are clustered, but not both. An

overview of some popular one-way clustering procedures can be found in [44].

In certain cases, we may be faced with transposable data, characterized by the fact

that both the rows and columns are of scientific interest and may contain clusters or other

structure [55]. One such example is gene expression data, in which the rows represent tissue

samples and the columns represent genes for which expression measurements were obtained.

In this case, there may be subgroups among the rows (corresponding to distinct sets of

patients, perhaps with different subtypes of a disease) or subgroups among the columns

(corresponding to groups of genes with shared expression patterns, potentially revealing

important biological pathways) [28]. In this setting, one-way clustering seems inappropriate

since it does not reflect the fact that both the rows and the columns are of scientific interest.

To address this shortcoming, a number of proposals have been made for biclustering, which

involves simultaneously clustering the rows and columns of a data matrix (among others,

[15, 19, 18, 37, 46, 55, 56, 66, 93]). We define a bicluster to be a subset of the data matrix,

corresponding to a set of observations and a set of features, such that all elements within

the subset are similar to each other; some authors refer to this as a co-cluster. The concept

of similarity must be defined based on the data set and the scientific question.
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Table 3.1: Biclusters with (a): constant values; (b): additive coherent values; and (c):
multiplicative coherent values. Table adapted from [66].

In the literature, various authors have used the term bicluster in different ways. Three

distinct types of biclusters are displayed in Table 3.1. The simplest type of bicluster is a

constant bicluster (Table 3.1(a)), in which all elements take on approximately a constant

value. Within an additive coherent bicluster (Table 3.1(b)), an additive model holds for

each element; this is related to a two-way ANOVA model. Finally, a multiplicative coherent

bicluster (Table 3.1(c)) stems from a multiplicative model. Biclustering proposals have taken

a number of forms, and have been aimed at detecting all three types of biclusters.

Gene expression data is high-dimensional, in the sense that p > n. In this setting, it

might be reasonable to assume that most genes do not contribute much to or differ between

the biological conditions being studied, and so in a sense can be considered to be noise.

A number of authors have recently suggested performing sparse one-way clustering of the

observations in gene expression data, so that just a subset of the genes are used to cluster

the observations [76, 103, 106, 109]. This can yield more accurate clusters, and also allows

biologists to focus their research efforts on those selected genes.

In this chapter, we extend sparse one-way clustering to the biclustering problem. We

propose sparse biclustering under the assumptions that (1) each matrix element is normally

distributed with a bicluster-specific mean, and (2) the biclusters partition the rows and

columns of the matrix. Our proposal can be thought of as a generalization of k-means
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(a) (b) (c) (d)

Figure 3.1: (a): A heatmap of a simulated 100 × 200 data set, with five row clusters and
five column clusters. (b): True underlying mean signal within each cluster. (c): Mean
signal estimated by independent 5-means clustering of the rows and 5-means clustering of
the columns. (d): Mean signal estimated by biclustering, as described in Algorithm 2, with
K=5, R=5, and λ=0. Biclustering results in more accurate clustering of both the rows and
the columns than does independent 5-means clustering.

clustering to biclustering, and also a sparse and constrained version of the SVD. We can

estimate the biclusters by maximizing the corresponding log likelihood. To achieve sparse

biclustering, we maximize the `1-penalized log likelihood. The proposed approach is illus-

trated on a toy example in Figure 3.1, in which it is shown that biclustering can result in more

accurate cluster discovery than independent one-way clustering of the rows and columns of

a data matrix. Our approach identifies constant and contiguous biclusters, as in Table 3.1(a).

Chapter outline In Chapter 3.1, we provide a brief review of the biclustering literature.

Chapter 3.2 contains our proposal for sparse biclustering, and in Chapter 3.3, we motivate our

biclustering proposal further by exploring its connection with the singular value decomposi-

tion. In Chapter 3.4 we present an approach for selecting the tuning parameters associated

with this proposal. In Chapter 3.5 we present the results of simulation studies, and Chap-

ter 3.6 contains an application to a gene expression data set. We propose a more general

formulation for biclustering using the matrix-variate normal distribution in Chapter 3.7. We

close with a discussion in Chapter 3.8. The proofs are in Appendix ??.
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3.1 Existing Work

In the literature, biclustering proposals have taken a number of forms, and date back to at

least [43]. For instance, some authors have independently clustered the rows and the columns

of the data matrix, and others have suggested performing matrix factorization and examining

the resulting singular vectors in order to identify biclusters. In addition, some biclustering

proposals allow overlapping biclusters while some identify biclusters as contiguous block

matrices. A detailed review of past proposals is outside of the scope of this chapter, but

can be found in [66] and [79]. Here, we briefly review three proposals for biclustering that

form the basis for comparisons in the later sections of this chapter. These three methods are

included in comparisons because, like the proposal in this chapter, they assume that most

elements of the data matrix take on a common mean value. If the data matrix is centered

appropriately, then this leads to a sparse estimate of the mean matrix.

[55] introduced the plaid model for transposable data, in which Xij =
∑K

k=1 θijkρikκjk,

where ρik and κjk are binary values that equal one if the ith observation and jth variable

belong to the kth bicluster. The plaid model identifies constant biclusters when θijk = µk,

and additive coherent biclusters result when θijk = µk + αik + βjk. The parameters are

estimated by minimizing the quantity
∑n

i=1

∑p
j=1(Xij −

∑K
k=1 θijkρikκjk)

2. [99] developed

the improved plaid (IP) approach, an improved algorithm for this task, which is challenging

due to the constraint that ρik and κjk are binary.

More recently, [88] proposed an algorithm for finding constant biclusters, termed large

average submatrices (LAS), using the model Xij =
∑K

k=1 µk I(i,j)∈Bk
+εij, where I(i,j)∈Bk

is an

indicator function for whether the ith row and jth column belong to the kth bicluster, µk is a

mean term, and εij is a noise term. The algorithm seeks to find a bicluster that maximizes a

significance score on the residual matrix obtained by subtracting out the biclusters identified

in previous iterations.

An entirely different approach based on the singular value decomposition (SVD) is taken

by [46] and [56]. They proposed to identify multiplicative biclusters using a low-rank ap-
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proximation: X ≈
∑K

k=1 skukv
T
k , where sk is a scalar and uk and vk are vectors of lengths n

and p. [56] estimated the parameters subject to sparsity-inducing penalties on uk and vk; we

will refer to this as the sparse SVD (SSVD) approach. [46] imposed sparsity on the vectors

uk and vk using a Bayesian approach. Both sets of authors declared the matrix elements

corresponding to non-zero elements of uk and vk to make up the kth bicluster.

3.2 Sparse Biclustering

In what follows, X is a n × p matrix with n observations and p features. We assume that

the n observations belong to K unknown and non-overlapping classes, C1, . . . , CK , and the

p features belong to R unknown and non-overlapping classes, D1, . . . , DR.

3.2.1 An Approach for Biclustering

Assume that all matrix elements are independent, and that Xij ∼ N(µkr, σ
2) for i ∈ Ck, j ∈

Dr. We wish to estimate Ck, Dr, and µkr for k = 1, . . . , K and r = 1, . . . , R. Maximizing

the log likelihood of the data under this model is equivalent to

minimize
C1,...,CK ,D1,...,DR,µ∈RK×R

{
K∑
k=1

R∑
r=1

∑
i∈Ck

∑
j∈Dr

(Xij − µkr)2

}
, (3.1)

which is easily seen to reduce to k-means clustering of the observations into K clusters if

R = p, and k-means clustering of the features into R clusters if K = n. Note that solving

(3.1) results in the discovery of KR biclusters, each of which consists of |Ck||Dr| elements –

namely, the observations in Ck and the features in Dr.

3.2.2 Sparse Biclustering

A shortcoming of (3.1) is that every row cluster Ck and column cluster Dr is assigned its own

mean term µkr, where µkr 6= 0 in general. If the data matrix X is centered so that its overall

mean is zero, then we may suspect that some or many biclusters have a mean term that is

approximately zero. In this setting, it may be worth incurring a little bit of additional bias by
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estimating these mean terms to be exactly zero, in the interest of improved interpretability

and reduced variance in the resulting biclusters. It is straightforward to induce sparsity on

the mean elements by penalizing (3.1) using an `1 or lasso penalty [95]. We arrive at

minimize
C1,...,CK ,D1,...,DR,µ∈RK×R

{
1

2

K∑
k=1

R∑
r=1

∑
i∈Ck

∑
j∈Dr

(Xij − µkr)2 + λ
K∑
k=1

R∑
r=1

|µkr|

}
, (3.2)

where λ is a nonnegative tuning parameter. As λ increases, (on average) an increasing

number of µkr’s will be estimated to equal zero. If µ̂kr = 0, then this indicates a bicluster

(Ck, Dr) for which the overall mean is not substantially different from zero. We note that

(3.2) can be viewed as an extension of some recent sparse one-way clustering proposals

[76, 103, 109] to the biclustering setting, in the sense that if R = p then we are performing

sparse k-means clustering of the rows of the data matrix.

Algorithm 2 is a simple iterative approach for finding a local optimum of (3.2). It is

a descent algorithm, and when λ = 0, it amounts to finding a local optimum of (3.1). We

performed Algorithm 2 5,000 times on the same data matrix X, generated as in Chapter 3.5.2,

using random initializations of the row and column clusters. In 5,000 replications, the values

of the objective function (3.2) were always within ±0.5% of the mean of the values.

We note that in the optimization problem (3.2), there is a complex interplay between

the parameters K, R, and λ. For instance, when λ is extremely large, then µkr = 0 for all

k = 1, . . . , K and r = 1, . . . , R, and so the values of C1, . . . , CK and D1, . . . , DR that minimize

(3.2) are not unique. This problem can also manifest itself for more moderate values of λ. For

instance, consider Step 2(a) of Algorithm 2, and suppose that µkr = µk′r = 0 for some k 6= k′

and for all r = 1, . . . , R. Then in Step 2(b),
∑R

r=1

∑
j∈Dr

(Xij − µkr)2 =
∑R

r=1

∑
j∈Dr

(Xij −

µk′r)
2, and so Ck and Ck′ cannot be uniquely assigned. In our implementation of Algorithm 2,

we address this problem when it occurs by simply merging the kth and k′th clusters, thereby

reducing the total number of row clusters from K to K − 1. We take this approach in the

interest of simplicity, though alternative procedures are possible and could lead to lower

values of the objective (3.2).



38

Algorithm 2 Sparse Biclustering

1. Initialize D1, . . . , DR and C1, . . . , CK by performing one-way k-means clustering on the

columns and on the rows of the mean-centered data matrix X.

2. Iterate until convergence:

(a) Holding C1, . . . , CK and D1, . . . , DR fixed, solve (3.2) with respect to µ. That is,

µkr =
S(
∑

i∈Ck

∑
j∈Dr

Xij, λ)

|Ck||Dr|
, (3.3)

where S is the soft-thresholding operator S(a, b) = sign(a)(|a| − b)+, |Ck| is the

cardinality of Ck, and |Dr| is the cardinality of Dr.

(b) Holding D1, . . . , DR and µ fixed, solve (3.2) with respect to C1, . . . , CK , by as-

signing the ith observation to the row cluster for which
∑R

r=1

∑
j∈Dr

(Xij − µkr)2

is smallest.

(c) Repeat Step 2(a).

(d) Holding C1, . . . , CK and µ fixed, solve (3.2) with respect to D1, . . . , DR, by as-

signing the jth feature to the column cluster for which
∑K

k=1

∑
i∈Ck

(Xij − µkr)2

is smallest.



39

3.3 A Spectral Interpretation for Biclustering

[116] established that a relaxation of k-means clustering yields principal components analysis

(PCA), or equivalently, that k-means can be interpreted as a constrained version of PCA

in which the kth principal component must take on values in {0, 1√
nk
}. We will now show

that with K = R (that is, the same number of row and column clusters), the biclustering

optimization problem (3.1) can be relaxed in order to yield the SVD. We first present a

lemma that provides an alternative characterization for the SVD.

Lemma 3.1. Consider the optimization problem

maximize
AT A=IK ,BT B=IK

||ATXB||2F , (3.4)

where A and B are n×K and p×K orthogonal matrices and K ≤ min(n, p). The solution

is given by A = U1:KQ1 and B = V1:KQ2, where U1:K and V1:K are n × K and p × K

matrices whose columns are the first K left and right singular vectors of X respectively, and

Q1 and Q2 are any K ×K orthogonal matrices.

Finally, we present our theorem.

Theorem 3.1. Consider the problem (3.4) with two additional constraints:

1. The elements of the kth column of A are 0 or 1√
nk

with nk ∈ Z+,
∑K

k=1 nk = n.

2. The elements of the kth column of B are 0 or 1√
pr

with pr ∈ Z+,
∑K

r=1 pr = p.

This constrained version of (3.4) is equivalent to the biclustering optimization problem (3.1)

with K = R. Equivalently, a relaxed version of (3.1) yields the SVD.

Theorem 3.1 elucidates the difference between performing independent k-means clustering

on the rows and columns of a data matrix, and performing biclustering. For the relaxed

problem, the two approaches are identical - that is, we know that performing PCA on the

rows of a data matrix and PCA on the columns of a data matrix is equivalent to simply
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computing the SVD of the data matrix. However, for the constrained problem, the two

approaches are different, in the sense that k-means clustering and biclustering yield different

solutions. Biclustering constitutes a more symmetric and systematic approach. A result

closely-related to Theorem 3.1 can be found in [18].

3.4 Tuning Parameter Selection

The sparse biclustering proposal (3.2) involves three tuning parameters: the number of row

clusters K, the number of column clusters R, and the sparsity parameter λ. Here we consider

the problem of selecting these tuning parameters in an automated fashion.

3.4.1 Selection of K and R

In order to select K and R, we recast biclustering as a supervised learning problem, as

follows. We leave out a random subset of elements from the data matrix X, impute those

left-out elements using the overall mean for the data matrix, and bicluster the resulting data

matrix. We then assess the extent to which the estimated bicluster mean for the left-out

elements differs from the true value of the left-out elements, using squared error loss. A

related proposal appears in [107]. This approach, which assumes that λ is fixed, is described

in greater detail in Algorithm 3.

In order to explore the performance of this approach for selecting K and R, we conducted

a small simulation study with various values of n, p, K, and R. First, each row was randomly

assigned into one of the row clusters with uniform probability, and each column was randomly

assigned to one of the column clusters with uniform probability. Then, the elements of the

matrix X were generated independently, Xij
i.i.d.∼ N(µkr, 2

2) for i ∈ Ck, j ∈ Dr where µkr ∼

Unif(-3, 3). We quantified the extent to which Algorithm 3 correctly identified the values of

K and R. Occasionally, Algorithm 3 may return multiple results – for instance, two results

will be returned if both (K = 3, R = 4) and (K = 4, R = 3) satisfy the criterion in Step 3,

and no pair of (K,R) for which K + R < 7 satisfies the criterion. In this case, we gave the

algorithm “partial credit” according to the fraction of returned (K,R) pairs that are correct.
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Algorithm 3 Selecting Number of Row Clusters K and Column Clusters R

1. Repeat the following procedure T times:

(a) Let M denote a set containing np/T elements of the form (i, j), where (i, j) is

drawn uniformly at random from {(1, 1), (1, 2), . . . , (n, p)}.

(b) Construct a new n × p matrix, X∗, for which the elements in M are “missing”

and are imputed using the mean of the non-missing values:

X∗ij =

Xij if (i, j) ∈Mc∑
(i,j)∈Mc Xij/|Mc| if (i, j) ∈M

. (3.5)

(c) For each pair of values (K,R) of interest:

i. Perform sparse biclustering of X∗ with K row and R column clusters.

ii. Construct a n×p matrix A whose (i, j)th element equals the estimated value

of µkr, where i ∈ Ck and j ∈ Dr.

iii. Calculate the mean squared error that results from estimating the “missing”

elements using the corresponding bicluster means,∑
(i,j)∈M

(Xij − Aij)2/|M|. (3.6)

2. For each pair of values (K,R) that was considered in Step 1(c), compute mK,R, the

mean of the quantity (3.6) across all T iterations, as well as sK,R, its standard error.

3. Identify the pairs (K,R) for which mK,R ≤ mK+1,R+1 + sK+1,R+1.

4. Select the (K,R) from Step 3 for which K +R is smallest.
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Results are in Table 3.2.

Table 3.2: Simulation study to evaluate the performance of Algorithm 3 for tuning parameter
selection. Results are reported over 50 simulated data sets. We report the overall accuracy,
that is, the proportion of the data sets for which the correct values of both K and R were
identified. We also report the mean (and standard errors) of the K and R values obtained.

True value of (K,R) n p Overall Accuracy Selected K Selected R

(K = 2, R = 4)

100
100 56% 2 (0) 3.48 (0.0914)

500 66% 2 (0) 3.60 (0.0857)

500
100 70% 2 (0) 3.68 (0.0725)

500 94% 2 (0) 3.94 (0.0339)

(K = 6, R = 3)

100
100 44% 5.26 (0.1100) 3 (0.0286)

500 74% 5.7 (0.0769) 3 (0)

500
100 68% 5.68 (0.0666) 3 (0)

500 94% 5.92 (0.0481) 3 (0)

3.4.2 Selection of λ

We now assume that K and R are known, or else were already selected using Algorithm 3

with λ = 0. We select λ using an approach motivated by BIC. For a given value of λ, we

perform sparse biclustering, and create a (np)× (q+1) design matrix, where q is equal to the

number of non-zero µ̂kr’s in the sparse biclustering output. The first column is a vector of

1’s corresponding to an intercept, and the remaining columns contain 1’s and 0’s, indicating

whether a given element of the matrix is part of the corresponding non-zero-mean bicluster

in the sparse biclustering output. We fit a least squares regression model that uses this

design matrix to predict the matrix elements, and compute BIC using the formula

BIC = np× log(RSS) + np log(q)
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where RSS is the usual residual sum of squares. We then select the value of λ that leads to

the smallest value of BIC.

3.5 Simulation Studies

We compared the performance of our biclustering proposal to independent one-way k-means

clustering of the rows and columns in a simulation setting with constant and contiguous

non-zero biclusters (Simulation 1). In addition, we compared our biclustering proposal to

a number of competitors under three simulation settings: in Simulation 2 there are con-

stant and contiguous biclusters with some of the bicluster means exactly equal to zero, in

Simulation 3 there are multiplicative biclusters, and in Simulation 4 there are overlapping

biclusters.

3.5.1 Biclustering Methods Used in Our Comparisons

We compared the following biclustering methods, which were discussed in Chapters 3.1 and

3.2.

1. Independent one-way k-means clustering of the rows and of the columns.

2. Sparse biclustering using Algorithm 2, with several values of λ.

3. IP [99], which is a variant of the plaid model [55], using the R package biclust available

on CRAN [52].

4. SSVD [56], using the R package s4vd, available on CRAN [89].

5. LAS [88], using Matlab code available at https://genome.unc.edu/las/.

3.5.2 Simulation 1: No Bicluster Means Exactly Equal Zero

We created K = 4 row clusters and R = 5 column clusters by randomly assigning each

row to a row cluster and each column to a column cluster with uniform probability. We
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generated a n× p data matrix X, according to Xij
i.i.d.∼ N(µkr, 4

2) for i ∈ Ck, j ∈ Dr, where

µkr ∼ Unif(−2, 2). Then, we mean-centered the matrix X. We performed independent one-

way k-means clustering on the rows and on the columns of the matrix, as well as sparse

biclustering with various values of λ, as well as with λ selected automatically as described

in Chapter 3.4.2.

The clustering error rate (CER; see, for example, [17, 106]) measures the disagreement

between the true and estimated cluster labels. It is one minus the Rand index [81]. A high

value of CER indicates disagreement between the true and estimated clusters, and a value

of zero indicates perfect agreement. We used the CER to compare the estimated row and

column clusters to the true row and column clusters. We defined the sparsity rate to be the

fraction of the µ̂kr’s that exactly equal zero, and we defined the sparsity error rate to be the

proportion of µ̂kr’s that were incorrectly set to zero or incorrectly set to be non-zero.

Results are reported in Table 3.3. We see that biclustering with λ = 0 leads to consistently

better results than independent clustering of the rows and columns.

3.5.3 Simulation 2: Some Bicluster Means Exactly Equal Zero

We modified Simulation 1 so that µkr ∼ Unif[(−2.5,−1.5) ∪ (1.5, 2.5)] or µkr = 0 with

equal probability. We compared sparse biclustering with several competitors as described in

Chapter 3.5.1:

• For IP, we used the R package biclust to identify constant biclusters, with a back-

ground layer, and with row and column release parameters set to 0.5 as in [99].

• For LAS, we used the default settings in the Matlab code. We discarded biclusters

with a significance-based score below one, as those tend to contain the entire matrix.

• For SSVD, we obtained a rank-1 through rank-4 approximation using the R package

sv4d; note that in our simulation set-up, the rank of the true underlying mean matrix
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Table 3.3: Results from one-way k-means clustering and sparse biclustering for Simulation 1
with n = 200, over 50 simulated data sets. We report the mean (and standard error) of the
CER of the rows and columns, and the mean (and standard error) of the sparsity rate. Note
that λ̄ is the mean of λ selected across 50 simulations using the approach of Chapter 3.4.2.
The correct values of K and R were used, since CER is not comparable across different
numbers of clusters.

p Method Row CER Column CER Sparsity Rate

200

k-means 0.0873 (0.0079) 0.1055 (0.0078) -

Bicluster λ=0 0.0547 (0.0066) 0.0559 (0.0056) -

Bicluster λ=200 0.0520 (0.0053) 0.0575 (0.0057) 0.0779 (0.0071)

Bicluster λ=400 0.0589 (0.0063) 0.0699 (0.0065) 0.1665 (0.0111)

Bicluster λ=800 0.0865 (0.0091) 0.0971 (0.0078) 0.2588 (0.0127)

Bicluster λ̄ = 320 0.0534 (0.0057) 0.0644 (0.0063) 0.1338 (0.0110)

500

k-means 0.0254 (0.0048) 0.0755 (0.0061) -

Bicluster λ=0 0.0108 (0.0034) 0.0474 (0.0043) -

Bicluster λ=200 0.0109 (0.0032) 0.0475 (0.0044) 0.0237 (0.0052)

Bicluster λ=400 0.0095 (0.0031) 0.0478 (0.0042) 0.0560 (0.0061)

Bicluster λ=800 0.0122 (0.0034) 0.0557 (0.0051) 0.1158 (0.0089)

Bicluster λ̄ = 442 0.0100 (0.0032) 0.0480 (0.0043) 0.0891 (0.009)
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is four. Sparsity parameters were selected using BIC. The adaptive weight parameters

were set to two as in [56]. Only the best results obtained are reported.

We quantify the success of the approaches via the proportion of zero elements in the

underlying mean matrix that are correctly identified (correct zeros), and the proportion of

non-zero elements in the underlying mean matrix that are correctly identified (correct non-

zeros). We also report sparsity rate and sparsity error rate as defined in Chapter 3.5.2.

Finally, for one-way k-means clustering and for our sparse biclustering proposal, we report

row and column CER; we do not report this for the other competitors, since they do not pro-

vide a partition of the rows and columns, and instead simply identify (possibly overlapping)

hotspots in the matrix.

The results are presented in Table 3.4. We see that a substantial benefit is obtained by

performing sparse biclustering rather than one-way k-means clustering, in terms of CER.

Now, we discuss the performance of various biclustering methods in terms of proportion

of correctly identified zeros and non-zeros, and also the sparsity error rate. We see from

Table 3.4 that IP fails to identify any biclusters in this simulation set-up. This is due to

the fact that the signal-to-noise ratio in this setting is too low; in related simulation set-ups

with a higher signal-to-noise ratio, IP’s performance is improved. SSVD and LAS perform

comparably in this setting, and by far the best overall performance is achieved by our sparse

biclustering proposal with a large value of λ. For instance, when λ = 1000 and p = 200, the

sparsity error rate is only 14.2%.
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Table 3.4: Results of various competitors in Simulation 2 with n = 200. We report the mean (and standard error) over
50 simulated data sets of the CER of the rows and columns, proportion of correctly identified zeros and non-zeros,
sparsity rate, and sparsity error rate. Note that λ̄ is the mean of λ selected across 50 simulations using the approach
of Section 3.4.2.

p Method Row CER Column CER C. Zeros C. Non-zeros Sparsity Rate Sparsity Error Rate

200

k-means 0.0460 (0.009) 0.0725 (0.008) - - - -

Bicluster λ=0 0.0306 (0.008) 0.0434 (0.007) - - - -

Bicluster λ=200 0.0289 (0.007) 0.0425 (0.007) 0.264 (0.035) 0.994 (0.002) 0.135 (0.018) 0.372 (0.021)

Bicluster λ=500 0.0313 (0.008) 0.0482 (0.007) 0.574 (0.053) 0.985 (0.004) 0.295 (0.028) 0.217 (0.025)

Bicluster λ=1000 0.0552 (0.010) 0.0723 (0.009) 0.749 (0.042) 0.962 (0.007) 0.392 (0.238) 0.142 (0.022)

Bicluster λ̄=475 0.0292 (0.007) 0.0456 (0.007) 0.684 (0.053) 0.987 (0.002) 0.345 (0.028) 0.166 (0.026)

IP - - 1.000 (0.000) 0.000 (0.000) 1.000 (0.000) 0.498 (0.020)

SSVD rank-2 - - 0.683 (0.047) 0.489 (0.052) 0.609 (0.048) 0.388 (0.017)

LAS - - 0.366 (0.008) 0.932 (0.004) 0.217 (0.007) 0.353 (0.012)

500

k-means 0.0168 (0.005) 0.0494 (0.007) - - - -

Bicluster λ=0 0.0100 (0.004) 0.0375 (0.006) - - - -

Bicluster λ=200 0.0097 (0.004) 0.0374 (0.006) 0.127 (0.028) 0.998 (0.001) 0.063 (0.013) 0.440 (0.021)

Bicluster λ=500 0.0103 (0.004) 0.0379 (0.006) 0.287 (0.045) 0.995 (0.001) 0.151 (0.025) 0.354 (0.024)

Bicluster λ=1000 0.0112 (0.004) 0.0401 (0.007) 0.511 (0.058) 0.994 (0.001) 0.261 (0.032) 0.244 (0.028)

Bicluster λ̄=663 0.0098 (0.004) 0.0383 (0.006) 0.530 (0.059) 0.994 (0.0013) 0.264 (0.029) 0.242 (0.029)

IP - - 1.000 (0.000) 0.000 (0.000) 1.000 (0.000) 0.498 (0.020)

SSVD rank-2 - - 0.594 (0.045) 0.623 (0.043) 0.503 (0.044) 0.373 (0.016)

LAS - - 0.443 (0.011) 0.953 (0.004) 0.244 (0.008) 0.305 (0.013)
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3.5.4 Simulation 3: Multiplicative Biclusters

This simulation study is adapted from [56]. Let M = du1v
T
1 be a 100 × 50 matrix with

d = 50,

ũ1 = [10, 9, 8, 7, 6, 5, 4, 3, r(2, 17), r(0, 75)]T ,

ṽ1 = [10,−10, 8,−8, 5,−5, r(3, 5), r(−3, 5), r(0, 34)]T ,

u1 = ũ1/‖ũ1‖2, and v1 = ṽ1/‖ṽ1‖2, where r(a, b) denotes a vector of length b with all

entries equal a. Then, let X = M + ε where εij
i.i.d.∼ N(0, 1). Figures 3.2(a)-(b) display

the data matrix X and the underlying mean matrix M. As mentioned in [56], this is a

challenging biclustering problem since some non-zero entries in M are small relative to the

noise. In particular, this setting is challenging for our sparse biclustering proposal, due to the

presence of multiplicative biclusters, as opposed to the contiguous constant bicluster setting

for which our proposal is intended.

We performed sparse biclustering with K, R automatically selected using Algorithm 3,

and with various values of λ. For IP, LAS, and SSVD, the tuning parameters used are as in

Chapter 3.5.3 unless specified otherwise. For IP, we set the R package biclust to identify

the most flexible model discussed in [55], and ran the algorithm without the background

layer. For SSVD, we set the parameters in the R package s4vd such that one bicluster is

identified.

The results (averaged over 100 simulations) are summarized in Table 3.5. It is not

surprising that SSVD has the best results in this simulation set-up, as in this set-up there

are multiplicative biclusters. Though they have low sparsity error rates, both IP and LAS

fail to correctly identify most of the non-zero elements in the underlying mean matrix. It is

not surprising that LAS performs poorly in this simulation set-up, as LAS was developed to

identify constant biclusters.

How does sparse biclustering perform in this setting, which clearly violates the constant

and contiguous bicluster model? Sparse biclustering with λ = 0 has a sparsity error rate of

0.92, due to the fact that when λ = 0, all elements in the estimated mean matrix are non-
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zero. However, for a moderate value of λ, sparse biclustering performs well, even though it

is designed to identify contiguous constant biclusters. This is because the multiplicative bi-

cluster in Figure 3.2(b) can be approximated as the union of a number of constant biclusters.

Therefore, sparse biclustering leads to Figure 3.2(c), which is a very accurate approximation

of Figure 3.2(b). In particular, Figure 3.2(c) resulted from our sparse biclustering proposal

with K = 3 and R = 5; note that these values were selected automatically by Algorithm 3.

Table 3.5: Results for Simulation 3, averaged over 100 simulated data sets. For sparse
biclustering, K and R were automatically chosen using Algorithm 3. Note that λ̄ is the
mean of λ selected across 100 simulations using the approach of Chapter 3.4.2. Standard
errors are in parentheses.

Method Sparsity Rate C. Zeros C. Non-zeros Sparsity Error Rate

Bicluster λ=0 0.000 (0.000) 0.000 (0.000) 1.000 (0.000) 0.920 (0.000)

Bicluster λ=80 0.829 (0.012) 0.895 (0.013) 0.940 (0.005) 0.101 (0.012)

Bicluster λ=90 0.872 (0.009) 0.944 (0.010) 0.951 (0.005) 0.056 (0.009)

Bicluster λ=100 0.878 (0.014) 0.950 (0.015) 0.955 (0.005) 0.050 (0.013)

Bicluster λ=110 0.804 (0.024) 0.871 (0.025) 0.963 (0.004) 0.122 (0.023)

Bicluster λ̄ = 11.6 0.310 (0.029) 0.336 (0.032) 0.986 (0.004) 0.612 (0.029)

SSVD 0.886 (0.002) 0.963 (0.002) 0.997 (0.001) 0.034 (0.002)

IP 0.972 (0.001) 0.997 (0.001) 0.307 (0.008) 0.059 (0.001)

LAS 0.920 (0.002) 0.963 (0.002) 0.575 (0.009) 0.068 (0.002)

3.5.5 Simulation 4: Overlapping Multiplicative Biclusters

In this section, we investigate an example with overlapping multiplicative biclusters. Let

M = du1v
T
1 + du2v

T
2 be a 100× 50 matrix with d = 50, u1,v1 as defined in Chapter 3.5.4,

ũ2 = [r(0, 13), 10, 9, 8, 7, 6, 5, 4, 3, r(2, 17), r(0, 62)]T ,
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(a) (b) (c)
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Figure 3.2: Heatmaps of (a): data matrix, generated according to Simulation 3. (b) Un-
derlying means used to generate data. (c) Mean matrix estimated by sparse biclustering,
with K and R automatically chosen (K = 3, R = 5) and λ = 10; 84% of the elements are
estimated to equal zero.

ṽ2 = [r(0, 9), 10,−9, 8,−7, 6,−5, r(4, 5), r(−3, 5), r(0, 25)]T ,

u2 = ũ2/‖ũ2‖, and v2 = ṽ2/‖ṽ2‖. Then, let X = M + ε where εij
i.i.d.∼ N(0, 1). Heatmaps of

X and M are shown in Figures 3.3(a)-(b).

We performed the biclustering methods described in the previous section, with the SSVD

parameters set to identify two biclusters. We expect SSVD to perform well in this set-

up, since there are multiplicative overlapping biclusters. In contrast, sparse biclustering’s

assumption of constant and non-overlapping biclusters is clearly violated. Nonetheless, sparse

biclustering performs competitively (Table 3.6), since the multiplicative and overlapping

biclusters can be very accurately approximated using sparse biclustering using a sufficiently

large value of K and R (Figure 3.3(c)). A similar fact was noted in [38].

3.6 Application to a Gene Expression Data Set

In this section, we consider a lung cancer gene expression data set previously analyzed by

[56] and [63], consisting of measurements for 56 samples and 12,625 genes. 17 samples

correspond to normal subjects, 20 correspond to subjects with pulmonary carcinoid tumors,

13 correspond to colon metastases, and six correspond to small cell carcinomas. We selected
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Table 3.6: Results for Simulation 4. Details are as in Table 3.5.

Method Sparsity Rate C. Zeros C. Non-zeros Sparsity Error Rate

Bicluster λ=40 0.648 (0.020) 0.718 (0.023) 0.775 (0.007) 0.274 (0.019)

Bicluster λ=60 0.770 (0.018) 0.849 (0.021) 0.706 (0.007) 0.171 (0.017)

Bicluster λ=80 0.813 (0.016) 0.895 (0.017) 0.679 (0.007) 0.136 (0.015)

Bicluster λ=100 0.859 (0.012) 0.950 (0.014) 0.687 (0.004) 0.088 (0.011)

Bicluster λ=120 0.823 (0.009) 0.915 (0.010) 0.727 (0.006) 0.112 (0.009)

Bicluster λ̄ = 12.2 0.262 (0.021) 0.294 (0.024) 0.928 (0.006) 0.616 (0.020)

SSVD 0.792 (0.008) 0.897 (0.006) 0.834 (0.028) 0.112 (0.004)

IP 0.944 (0.012) 0.995 (0.001) 0.358 (0.007) 0.097 (0.001)

LAS 0.877 (0.002) 0.963 (0.002) 0.634 (0.005) 0.084 (0.002)

(a) (b) (c)
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Figure 3.3: Heatmaps of (a): data matrix, generated according to Simulation 4. (b) Under-
lying means used to generate data. (c) Mean matrix estimated by sparse biclustering, with
K and R automatically chosen (K = 3, R = 6) and λ = 70; 88% of the elements are exactly
equal to zero.
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5,000 genes with largest variance, and we mean-centered the 56 × 5000 data matrix. The

goal is to discover sets of genes whose expression differs from the baseline in a subset of the

patients.

We performed sparse biclustering using K = 4 (which we know to be the true number of

row clusters), R = 10, and λ = 1500. A heatmap of the resulting estimated mean matrix is

shown in Figure 3.4. For visualization purposes, we reordered the genes based on the esti-

mated clusters to which they belong. From Figure 3.4, we see that one subject with small

cell carcinoma is assigned to a cluster of pulmonary carcinoid tumors via sparse bicluster-

ing. Imposing sparsity in estimating the bicluster means provides substantial benefits in

interpretation of the image plot, as µ̂kr = 0 for many values of k and r. Furthermore, we

see from Figure 3.4 that there is substantial variation among the estimated bicluster means.

For instance, the genes in the second column cluster have a very large mean value in normal

patients and a very small mean value in carcinoid patients.

Small%

Normal%

Colon%

Carcinoid%

1% 2% 3% 4% 5% 6410%

Figure 3.4: Heatmap of the estimated mean matrix from sparse biclustering using K = 4,
R = 10, and λ = 1500 on a subset of the lung cancer data set consisting of the 5,000 genes
with highest variance. The rows are ordered by true cancer subtype. The genes are reordered
based on the estimated clusters for visualization purposes. The column labels are the gene
clusters. Note that all elements in column clusters 6-10 are estimated to equal zero.
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The estimated mean matrix shown in Figure 3.4 is similar to the three image plots ob-

tained using SSVD in [56]. This is not surprising, since our biclustering proposal can be

interpreted as a constrained version of the SVD (see Chapter 3.3). However, SSVD has

a major interpretational disadvantage relative to our proposal: whereas sparse biclustering

explicitly returns cluster labels for both the rows and columns of the data matrix, the SSVD

instead returns a series of sparse singular vectors. The analyst must then take a post hoc ap-

proach to interpret these singular vectors in order to determine the row and column clusters.

In other words, SSVD does not directly output a single interpretable figure as in Figure 3.4.

We note that Algorithm 3 led to selection of K = 5 and R = 25 on this example. One

of these row clusters contains just a single subject, and the others correspond perfectly to

the subjects’ cancer types. Here we reported results using R = 10 instead of R = 25 for

simplicity; however, using R = 25, a figure that is qualitatively very similar to Figure 3.4

emerges.

3.7 Matrix-variate Normal Biclustering

Recently, proposals have emerged to use the matrix-variate normal distribution to model

high-dimensional transposable data [2, 41]. To indicate that a n × p data matrix X has a

matrix-variate normal distribution, we write

X ∼MVN(A,Σ,∆), (3.7)

where A is a n×p matrix containing the mean for each element of X, Σ is a n×n covariance

matrix for the rows of X, and ∆ is a p× p covariance matrix for the columns of X.

A consequence of the matrix-variate normal model (3.7) is that the rows and columns of

X are marginally multivariate normal. For instance, letting Xi and Ai be the ith rows of X

and A, respectively, then

Xi ∼ N(Ai,Σii∆). (3.8)

We note that in the case Σ = ∆ = I, this model reduces to Xij
i.i.d.∼ N(0, 1).
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3.7.1 General Formulation of Matrix-variate Normal Biclustering

Now assume that the n×p data matrix X is drawn from a matrix-variate normal distribution

of the form (3.7) and that A has constant biclusters : that is, for all i ∈ Ck and j ∈ Dr,

Aij = µkr. Without loss of generality, suppose that the rows and columns are ordered such

that k < k′, i ∈ Ck, and i′ ∈ Ck′ implies that i < i′, and similarly r < r′, j ∈ Dr, and

j′ ∈ Dr′ implies that j < j′. In other words, we use the model

X ∼ MVN




(µ11) . . . (µ1R)
...

. . .
...

(µK1) . . . (µKR)

 ,Σ,∆

 , (3.9)

where (µkr) is a |Ck|× |Dr| matrix, all of whose elements equal µkr. This is a natural formu-

lation for biclustering since it easily accommodates constant biclusters as well as arbitrary

row and column covariances. Fitting the model (3.9) requires estimating the n × n matrix

Σ and the p × p matrix ∆ using the n × p matrix X; a proposal to do this using `1 or `2

penalties is presented in [2].

A further simplification to the model (3.9) is natural. Though we might expect correlation

between observations within a row cluster, or between features within a column cluster,

correlations between observations in two different row clusters or between features in two

different column clusters are less easily interpreted. This leads to the model

X ∼ MVN




(µ11) . . . (µ1R)
...

. . .
...

(µK1) . . . (µKR)

 ,


Σ1

. . .

ΣK

 ,


∆1

. . .

∆R


 , (3.10)

where Σ and ∆ are now block diagonal with blocks of dimension |C1|× |C1|, . . . , |CK |× |CK |

and |D1| × |D1|, . . . , |DR| × |DR|, respectively. The formulation (3.10) is attractive not

only because it provides a natural model for biclustering, but also because it has as special

cases some well-known formulations for one-way clustering. In particular, consider (3.10)

with R = p and Σk = I for k = 1, . . . , K. Then (3.10) amounts to a simple and well-studied

model in which all observations come from a multivariate normal distribution with a common
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diagonal covariance matrix and a cluster-specific mean vector [34]. If furthermore ∆ = σ2I,

then this amounts to the usual formulation for one-way k-means clustering. By symmetry

of the matrix normal distribution, (3.10) also reduces to model-based clustering or k-means

clustering of the columns. Note that if we assume that Σ = σ2I and ∆ = I, then this

corresponds to our proposal in Chapter 3.2.

3.7.2 Sparse Matrix-variate Normal Biclustering

The log likelihood corresponding to (3.10) takes the form

l(µ,Σ,∆) =
p

2

K∑
k=1

log |Σ−1
k |+

n

2

R∑
r=1

log |∆−1
r | −

1

2

K∑
k=1

R∑
r=1

tr(Σ−1
k (Xk,r − µkr)∆−1

r (Xk,r − µkr)T ),

(3.11)

where Xk,r is a |Ck| × |Dr| submatrix of X that consists of the elements Xij for i ∈ Ck and

j ∈ Dr. We would like to fit the model (3.10) by maximizing (3.11). However, two problems

arise. First, the maximum likelihood estimates of Σk and ∆r may be singular. Second, we

may want to encourage sparsity in µkr. To address these two points, we propose to maximize

the penalized log likelihood

lp(µ,Σ,∆) = −1

2

K∑
k=1

R∑
r=1

tr
(
Σ−1
k (Xk,r − µkr)∆−1

r (Xk,r − µkr)T
)

+
p

2

K∑
k=1

log |Σ−1
k |

+
n

2

R∑
r=1

log |∆−1
r | − λ

K∑
k=1

R∑
r=1

|µkr| − α
K∑
k=1

||Σ−1
k ||

d − β
R∑
r=1

||∆−1
r ||d. (3.12)

Here, α, β, and λ are nonnegative parameters that determine the extent of penalization. We

take d = 1 or d = 2. The last two terms in (3.12) can be understood as ||W||d =
∑

i,j |Wij|d.

To maximize (3.12), we take an iterative approach in which we update the parameters µ,

Σ, ∆, C1, . . . , CK , D1, . . . , DR sequentially, holding all other parameters fixed as we update

the current set of parameters. We begin with two simple lemmas.

Lemma 3.2. With Σ−1
1 , . . . ,Σ−1

K , ∆−1
1 , . . . ,∆−1

R , C1, . . . , CK, and D1, . . . , DR held fixed,

then maximizing (3.12) with respect to µ results in the update

µkr = S

(
tr(Σ−1

k 1∆−1
r XT

k,r)

tr(Σ−1
k 1∆−1

r 1T )
,

λ

tr(Σ−1
k 1∆−1

r 1T )

)
, (3.13)
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where 1 is a |Ck| × |Dr| matrix comprised solely of 1’s, and S is the soft-thresholding operator.

Lemma 3.3. With µ, ∆−1
1 , . . . ,∆−1

R , C1, . . . , CK, and D1, . . . , DR held fixed, maximizing

(3.12) with respect to Σ−1
k reduces to

maximize
Σ−1

k

{
log |Σ−1

k | − tr(Σ−1
k Sk)− (2α/p)||Σ−1

k ||
d
}

(3.14)

where Sk = 1
p

∑R
r=1(Xk,r − µkr)∆−1

r (Xk,r − µkr)T .

Note that if d = 1, the graphical lasso algorithm [35] can be used to solve (3.14), and

the estimate for Σ−1
k will be sparse if the tuning parameter α is sufficiently large. When

d = 2, then a simple analytical solution in terms of the eigenvectors and eigenvalues of Sk is

available [105]. A similar approach can be used to solve (3.12) with respect to ∆−1
r , with µ

and Σ−1
1 , . . . ,Σ−1

K held fixed.

In order to update C1, . . . , CK with D1, . . . , DR, ∆−1, Σ−1, and µ held fixed, we note

that by (3.8), the ith row of X has a multivariate normal distribution given by

Xi ∼ N(µk,Σii∆) (3.15)

if that observation belongs to the kth cluster. In (3.15), µk is a p-vector whose jth element

equals µkr if j ∈ Dr. So we update the row cluster of the ith observation by assigning that

observation to the class for which the log likelihood resulting from (3.15) is largest. We note

that this approach for updating the row clusters is not completely rigorous, since we are

assigning each observation to a new row cluster without regard to the covariance structure

among the rows. In particular, this approach is not guaranteed to increase the log likelihood,

but performs well empirically. A similar approach is taken to update the column clusters.

The steps just described for maximizing (3.12) are summarized in Algorithm 4. Although

Steps 2(b) and 2(d) in Algorithm 4 could potentially lead to a decrease in (3.12), in our

experience, the algorithm tends to converge within 35 iterations in the simulation set-up of

Chapter 3.7.3.
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Algorithm 4 Matrix-variate Normal Biclustering

1. Initialize C1, . . . , CK , D1, . . . , DR, Σ−1
1 , . . . ,Σ−1

K , ∆−1
1 , . . . ,∆−1

R , µ.

2. Iterate until convergence or until a fixed number of iterations is reached:

(a) Holding C1, . . . , CK and D1, . . . , DR fixed, perform the following updates:

i. Holding Σ−1 and ∆−1 fixed, update µ using (3.13).

ii. Holding µ and ∆−1 fixed, update Σ−1
k as in Lemma 3.3 for k = 1, . . . , K.

iii. Holding µ and Σ−1 fixed, update ∆−1
r as in Lemma 3.3 for r = 1, . . . , R.

(b) Holding Σ−1
1 , . . . ,Σ−1

K , ∆−1
1 , . . . ,∆−1

R , µ, and D1, . . . , DR fixed, update the row

clustering. To do this, iterate through the rows and assign each row to the row

cluster for which the log likelihood resulting from (3.15) is largest.

(c) Repeat Step 2(a).

(d) Holding Σ−1
1 , . . . ,Σ−1

K , ∆−1
1 , . . . ,∆−1

R , µ, and C1, . . . , CK fixed, update the column

clustering, as in Step 2(b), with the roles of the rows and columns reversed.
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3.7.3 A Simulation Study

We created K = 4 row and R = 5 column clusters by randomly assigning each row to a

row cluster with uniform probability, and each column to a column cluster with uniform

probability. We generated a n × p mean matrix A as follows: for each i ∈ Ck and j ∈ Dr,

Aij = µkr, where µkr ∼ Unif[(−2.5,−1.5) ∪ (1.5, 2.5)] or µkr = 0 with equal probability.

Then, the n × p matrix X is generated according to X ∼ MVN(A,Σ,∆), where Σ and ∆

are block diagonal covariance matrices with blocks corresponding to the row and column

cluster memberships, respectively.

We performed one-way k-means clustering on the rows and on the columns, sparse bi-

clustering, and matrix-variate normal biclustering with d = 1. We considered the cases when

Σ−1 and ∆−1 are known and unknown. We set the tuning parameters α and β in (3.12)

to equal 0.05. In addition, we considered IP, LAS, and SSVD, where the tuning parameters

were chosen as described in Chapter 3.5.3. The same evaluation criteria as in Chapter 3.5.3

were used to evaluate the performance of various biclustering methods. Results are reported

in Table 3.7.

We see that matrix-variate normal biclustering leads to consistently better results than

sparse biclustering and one-way clustering of the rows and columns via k-means. When both

Σ−1 and ∆−1 are known, matrix-variate normal biclustering results in the lowest CER.
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Table 3.7: Results for simulation study with n = p = 200 as described in Chapter 3.7.3. Sparse biclustering and MVN
biclustering were performed, with various values of λ, and with λ chosen automatically (λ̄). MVN biclustering was
performed with Σ−1 and ∆−1 known (MVN bicluster known) and unknown (MVN bicluster).

Method Row CER Column CER C. Zeros C. Non-zeros Sparsity Rate Sparsity Error Rate

k-means 0.124 (0.013) 0.145 (0.008) - - - -

Bicluster λ = 0 0.075 (0.013) 0.081 (0.010) - - - -

Bicluster λ = 200 0.068 (0.012) 0.078 (0.009) 0.556 (0.031) 0.978 (0.003) 0.272 (0.014) 0.248 (0.023)

Bicluster λ = 400 0.065 (0.012) 0.079 (0.009) 0.782 (0.029) 0.960 (0.006) 0.394 (0.015) 0.139 (0.020)

Bicluster λ̄ = 430 0.066 (0.012) 0.078 (0.009) 0.791 (0.033) 0.962 (0.007) 0.398 (0.019) 0.137 (0.023)

MVN bicluster λ = 0 0.071 (0.013) 0.081 (0.010) - - - -

MVN bicluster λ = 15 0.060 (0.012) 0.073 (0.009) 0.649 (0.028) 0.975 (0.005) 0.323 (0.013) 0.199 (0.020)

MVN bicluster λ = 30 0.087 (0.014) 0.095 (0.011) 0.809 (0.025) 0.922 (0.013) 0.432 (0.015) 0.141 (0.018)

MVN bicluster λ̄ = 18.8 0.060 (0.012) 0.073 (0.010) 0.716 (0.039) 0.969 (0.009) 0.354 (0.019) 0.169 (0.025)

MVN bicluster known, λ = 0 0.027 (0.008) 0.044 (0.007) - - - -

MVN bicluster known, λ = 100 0.025 (0.008) 0.041 (0.007) 0.475 (0.027) 0.997 (0.001) 0.245 (0.018) 0.258 (0.016)

MVN bicluster known, λ = 250 0.034 (0.008) 0.053 (0.009) 0.693 (0.027) 0.987 (0.006) 0.358 (0.020) 0.155 (0.014)

MVN bicluster known, λ̄ = 257.5 0.057 (0.017) 0.048 (0.009) 0.712 (0.039) 0.993 (0.002) 0.344 (0.020) 0.163 (0.026)

IP - - 1.000 (0.000) 0.000 (0.000) 1.000 (0.000) 0.500 (0.020)

SSVD rank-2 - - 0.716 (0.040) 0.449 (0.051) 0.640 (0.044) 0.387 (0.014)

LAS - - 0.334 (0.006) 0.917 (0.004) 0.208 (0.005) 0.376 (0.012)
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3.7.4 Application to real data

We again consider the lung cancer data set described in Chapter 3.6. Once again, we selected

5,000 genes with largest variance, and mean-centered the data matrix. We performed MVN

biclustering with K = 4, R = 10, λ = 1500, α = 0.35, β = 0.35, and d = 1, where α, β,

and d are given in (3.12). A heatmap of the estimated mean matrix resulting from MVN

biclustering is shown in Figure 3.5.

Small%

Normal%

Colon%

Carcinoid%

1% 2% 3% 4% 5% 6410%

Figure 3.5: Heatmap of the estimated mean matrix from MVN biclustering using K = 4,
R = 10, λ = 1500, α = 0.35, and β = 0.35 on a subset of the lung cancer data set consisting
of the 5,000 genes with highest variance. Details are as in Figure 3.4.

We see from Figure 3.5 that MVN biclustering perfectly identifies the four types of sub-

jects. On this data set, since α is large and n is small, the estimate for Σ−1 obtained is

diagonal – in other words, here our MVN biclustering does not model conditional depen-

dencies among the samples. In contrast, the estimate obtained for ∆−1 has many non-zero

elements within each of the blocks. In particular, 13.45% of the partial correlations in cluster

1, 73% of the partial correlations in cluster 2, 58.23% of the partial correlations in cluster 3,

40.96% of the partial correlations in cluster 4, 73.22% of the partial correlations in cluster

5, and 0.057% of the partial correlations in clusters 6-10 are non-zero. By inspection of Fig-

ure 3.5, we see that the gene clusters with expression levels that differ substantially among
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cancer subtypes tend to contain genes that are conditionally dependent. This is scientifi-

cally plausible, since we believe that genes that participate in the same pathways tend to be

conditionally dependent, and may have similar expression levels in each biological condition.

3.8 Discussion

In this chapter, we have proposed a novel approach for biclustering. Sparsity in the bicluster

means is achieved using an `1 penalty, and our biclustering proposal is extended to a more

general setting using the matrix-variate normal distribution. We have shown that k-means

clustering can be seen as a special case of our biclustering proposal. Just as a relaxation of

k-means clustering yields PCA, a relaxation of our biclustering approach yields the SVD.

A possible drawback of our sparse biclustering proposal is that it does not allow for

overlapping biclusters — that is, it assigns each element of the data matrix to exactly one

bicluster. While allowing for overlapping biclusters can be beneficial in certain contexts

[66], we argue that it results in too much complexity as well as challenges in interpretation.

Furthermore, we demonstrate in Chapters 3.5.4 and 3.5.5 that even though our sparse bi-

clustering proposal assumes constant and contiguous biclusters, it performs competitively

when there are multiplicative biclusters and overlapping biclusters.
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Chapter 4

STATISTICAL PROPERTIES OF CONVEX CLUSTERING

Let X ∈ Rn×p be a data matrix with n observations and p features. We assume for conve-

nience that the rows of X are unique. The goal of clustering is to partition the n observations

into subgroups based on some similarity measure. Traditional clustering methods such as

hierarchical clustering, k-means clustering, and spectral clustering take a greedy approach

(see, e.g., [44]).

In recent years, several authors have proposed formulations for convex clustering [16, 47,

60, 77]. Convex clustering of the rows, X1., . . . ,Xn., of a data matrix X involves solving the

convex optimization problem

minimize
U∈Rn×p

1

2

n∑
i=1

‖Xi. −Ui.‖2
2 + λQq(U), (4.1)

where Qq(U) =
∑

i<i′ ‖Ui. − Ui′.‖q for q = {1, 2,∞}. The penalty Qq(U) generalizes the

fused lasso penalty proposed in [96], and encourages the rows of Û, the solution to (4.1), to

take on a small number of unique values. On the basis of Û, we define the estimated clusters

as follows.

Definition 4.1. The ith and i′th observations are estimated by convex clustering to belong

to the same cluster if and only if Ûi. = Ûi′..

The tuning parameter λ controls the number of unique rows of Û, i.e., the number of

estimated clusters. When λ = 0, Û = X, and so each observation belongs to its own cluster.

As λ increases, the number of unique rows of Û will decrease. For sufficiently large λ, all

rows of Û will be identical, and so all observations will be estimated to belong to a single

cluster. Note that (4.1) is strictly convex, and therefore the solution Û is unique.
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To simplify our analysis of convex clustering, we rewrite (4.1). Let x = vec(X) ∈ Rnp

and let u = vec(U) ∈ Rnp, where the vec(·) operator is such that x(i−1)p+j = Xij and

u(i−1)p+j = Uij. Construct D ∈ R[p·(n
2)]×np, and define the index set C(i, i′) such that the

p × np submatrix DC(i,i′) satisfies DC(i,i′)u = Ui. − Ui′.. Furthermore, define Pq(Du) =∑
i<i′ ‖DC(i,i′)u‖q =

∑
i<i′ ‖Ui. −Ui′.‖q = Qq(U). Problem (4.1) can be rewritten as

minimize
u∈Rnp

1

2
‖x− u‖2

2 + λPq(Du). (4.2)

When q = 1, (4.2) is an instance of the generalized lasso problem studied in [97]. Let û be

the solution to (4.2). By Definition 4.1, the ith and i′th observations belong to the same

cluster if and only if DC(i,i′)û = 0. In what follows, we work with (4.2) instead of (4.1) for

convenience.

Let D† ∈ Rnp×[p·(n
2)] be the Moore-Penrose pseudo-inverse of D. We state some properties

of D and D† that will prove useful in later chapters.

Lemma 4.1. The matrices D and D† have the following properties.

1. rank(D) = p(n− 1).

2. D† = 1
n
DT .

3. (DTD)†DT = D† and (DDT )†D = (DT )†.

4. D(DTD)†DT = 1
n
DDT is a projection matrix onto the column space of D.

5. Define Λmin(D) and Λmax(D) as the minimum non-zero singular value and maximum

singular value of the matrix D, respectively. Then, Λmin(D) = Λmax(D) =
√
n.

Recently, [80] studied the statistical properties of a closely related problem to convex

clustering with q = 1. On the other hand, [117] studied the condition needed for convex

clustering with q = 2 to recover the correct clusters. The authors assume that the observa-

tions are within some fixed constant of the mean and that the n observations are partitioned
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into two non-overlapping clusters, D1 and D2. They showed that if the cluster sizes are ap-

proximately equal, a sufficient condition for convex clustering to recover the correct clusters

is

min
i∈D1,i′∈D2

‖Xi. −Xi′.‖2 = Ω(
√
p),

where we use the Landau symbol f(n) = Ω(g(n)) to indicate that there exists a constant

c > 0 such that f(n) ≥ c · g(n) for two sequences f(n) and g(n).

Chapter outline In Chapters 4.1 and 4.2, we study the dual problem of (4.2), and use it to

establish that convex clustering is closely related to single linkage clustering. In Chapter 4.3,

we present some properties of convex clustering. More specifically, we characterize the range

of the tuning parameter λ in (4.2) such that convex clustering yields a non-trivial solution.

We also provide a finite sample bound for the prediction error, and an unbiased estimator

of the degrees of freedom for convex clustering. In Chapter 4.4, we conduct a simulation

study to evaluate the empirical performance of convex clustering relative to some existing

proposals. We close with a discussion in Chapter 4.5. The proofs are in Appendix C.

4.1 Dual Problem of Convex Clustering

In this chapter, we analyze convex clustering (4.2) by studying its dual problem. Let P∗q(·)

denote the dual norm of Pq(·). We refer the reader to [11] for an overview of the concept of

duality.

Lemma 4.2. The dual problem of convex clustering (4.2) is

minimize
ν∈R[p·(n

2)]

1

2
‖x−DTν‖2

2 subject to P∗q(ν) ≤ λ, (4.3)

where ν ∈ R[p·(n
2)] is the dual variable. Furthermore, let û and ν̂ be the solutions to (4.2)

and (4.3), respectively. Then,

Dû = Dx−DDT ν̂. (4.4)
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While (4.2) is strictly convex, its dual problem (4.3) is not strictly convex, since D is not

of full rank by Lemma 4.1.1. Therefore, the solution ν̂ to (4.3) is not unique. Lemma 4.1.4

indicates that 1
n
DDT is a projection matrix onto the column space of D. Thus, the solution

Dû in (4.4) can be interpreted as the difference between Dx, the pairwise difference between

rows of X, and the projection of a dual variable onto the column space of D.

We now consider a modification to the convex clustering problem (4.2). Recall from

Definition 4.1 that the ith and i’th observations are in the same estimated cluster if DC(i,i′)û =

0. This motivates us to estimate u′ = Du directly by solving

minimize
u′∈R[p·(n

2)]

1

2
‖Dx− u′‖2

2 + λPq(u
′). (4.5)

We establish a connection between (4.2) and (4.5) by studying the dual problem of (4.5).

Lemma 4.3. The dual problem of (4.5) is

minimize
ν′∈R[p·(n

2)]

1

2
‖Dx− ν ′‖2

2 subject to P∗q(ν
′) ≤ λ, (4.6)

where ν ′ ∈ R[p·(n
2)] is the dual variable. Furthermore, let û′ and ν̂ ′ be the solutions to (4.5)

and (4.6), respectively. Then,

û′ = Dx− ν̂ ′. (4.7)

We see that the solution for convex clustering in (4.4) and the solution to our modified

problem in (4.7) are closely related. In particular, both solutions involve taking the difference

between Dx and some function of a dual variable that has P∗q(·) norm less than or equal to

λ. The main difference is that for convex clustering (4.4), we project the dual variable into

the column space of D.

Problem (4.5) is quite simple, and in fact it amounts to a thresholding operation on Dx.

For instance, when q = 1 or q = 2, the solution û′ is obtained by performing soft thresholding

on Dx, or group soft thresholding on DC(i,i′)x for all i < i′, respectively [3].
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4.2 Convex Clustering and Single Linkage Clustering

4.2.1 Connection to Single Linkage Clustering

We now establish a connection between convex clustering and single linkage clustering by

showing that the estimated clusters of (4.5) with q = 2 are equivalent to those of single

linkage clustering.

Let û′ be the solution to (4.5). It can be verified that û′C(i,i′) = 0 if and only if

‖DC(i,i′)x‖2 = ‖Xi. −Xi′.‖2 ≤ λ. For convenience, we define the set

Ŝ(λ) = {(i, i′) : ‖Xi. −Xi′.‖2 < λ, i < i′} . (4.8)

It might be tempting to conclude that a pair of observations (i, i′) belong to the same cluster

if û′C(i,i′) = 0, or equivalently, (i, i′) ∈ Ŝ(λ). However, by inspection of (4.8), it could happen

that (i, i′) ∈ Ŝ(λ) and (i′, i′′) ∈ Ŝ(λ), but (i, i′′) /∈ Ŝ(λ). To overcome this problem, we define

the n× n adjacency matrix A(λ) as

Aii′(λ) =


1 if i = i′,

1 if (i, i′) ∈ Ŝ(λ) or (i′, i) ∈ Ŝ(λ),

0 if (i, i′) /∈ Ŝ(λ).

(4.9)

Subject to a rearrangement of the rows and columns, A(λ) is a block-diagonal matrix with R

blocks. On the basis of A(λ), we define R estimated clusters: the indices of the observations

in the rth cluster are the same as the indices of the observations in the rth block.

We now present a lemma on the equivalence between single linkage clustering and the

clusters identified by (4.5) using (4.9).

Lemma 4.4. [50, 72]. Let D̂1, . . . , D̂K denote the clusters that result from performing single

linkage clustering on the dissimilarity matrix defined by the Euclidean distance between the

observations, and cutting the dendrogram at the height of λ > 0. Let Ê1, . . . , ÊR index the

blocks within the adjacency matrix A(λ). Then K = R, and there exists a permutation π

such that Dk = Eπ(k) for k = 1, . . . , K.
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In other words, Lemma 4.4 implies that single linkage clustering and (4.5) yield the same

estimated clusters. Recalling the connection between (4.2) and (4.5) established in Chap-

ter 4.1, this implies a close connection between convex clustering with q = 2 and single

linkage clustering.

4.2.2 Sufficient Condition for Consistent Clustering

We have shown that convex clustering is closely related to single linkage clustering. We now

study the properties of single linkage clustering, in order to establish that the conditions

needed for single linkage clustering to successfully recover the true clusters are similar to

those of convex clustering. Suppose that the n observations are partitioned into K clusters

D1, . . . , DK , i.e., Dk is the index set for the observations in the kth cluster. Let S = {(i, i′) :

i, i′ ∈ Dk, i < i′} be a set containing pairs of indices for observations that belong to the

same cluster. Let µk ∈ Rp be the mean vector for the kth cluster. We will now establish

a sufficient condition on the minimum distance between µk and µk′ such that the event{
Ŝ(λ) = S

}
holds with high probability.

Assumption 4.1. The minimum distance between the means of any two clusters is

δ = min
k 6=k′
‖µk − µk′‖2 ≥ 2

√
2σ
√
p

√√√√1 +

√
12 log n

p
+ 6

log n

p
.

Theorem 4.1. Assume that Xi. ∼ MVN(µk, σ
2I) for i ∈ Dk. Then, given Assumption 4.1,

we have that Pr
(
Ŝ(δ/2) = S

)
≥ 1− 2

n
.

Theorem 4.1 guarantees that with high probability, (4.5) identifies the correct cluster

memberships for the observations, provided that the minimum signal δ is sufficiently large.

Assuming log n = o(p), we obtain δ = Ω(
√
p). We see that the signal requirement for

(4.5) with q = 2 is on the same order as that of convex clustering (4.1) with q = 2 [117].

This suggests that (4.5), or equivalently, single linkage clustering, may do as well as convex

clustering. We will explore this in Chapter 4.4 in a simulation study.
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4.3 Properties of Convex Clustering

We now study the statistical properties of convex clustering (4.2) with q = 1 and q = 2. In

Chapter 4.3.1, we establish the range of the tuning parameter λ in (4.2) such that convex

clustering yields a non-trivial solution with more than one cluster. We provide finite sample

bounds for the prediction error of convex clustering in Chapter 4.3.2. Finally, we provide

unbiased estimates of the degrees of freedom for convex clustering in Chapter 4.3.3.

4.3.1 Range of λ that Yields Non-trivial Solution

In this chapter, we establish the range of the tuning parameter λ such that convex clustering

(4.2) yields a non-trivial solution.

Lemma 4.5. Let

λupper :=


min
ω

∥∥ 1
n
Dx +

(
I− 1

n
DDT

)
ω
∥∥
∞ for q = 1,

min
ω

{
max
i<i′

{∥∥∥( 1
n
Dx +

(
I− 1

n
DDT

)
ω
)
C(i,i′)

∥∥∥
2

}}
for q = 2.

(4.10)

Convex clustering (4.2) with q = 1 or q = 2 yields a non-trivial solution of more than one

cluster if and only if λ < λupper.

By Lemma 4.5, we see that calculating λupper boils down to solving a convex optimization

problem. This can be solved using a standard solver such as CVX in MATLAB. In the absence

of such a solver, a loose upper bound on λ can be obtained by taking λupper to be ‖ 1
n
Dx‖∞

for q = 1, or max
i<i′
‖ 1
n
DC(i,i′)x‖2 for q = 2.

Therefore, to obtain the entire solution path of convex clustering, we need only consider

values of λ that satisfy λ ≤ λupper.

4.3.2 Bounds on Prediction Error

We provide finite sample bounds for the prediction error of convex clustering (4.2). Let λ

be the tuning parameter in (4.2) and let λ′ = λ
np

.
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Lemma 4.6. Assume that x ∼ MVN(u, σ2I). Let û be the estimate obtained from (4.2)

with q = 1. If λ′ ≥ 4σ

√
log(p·(n

2))
n3p2

, then

1

2np
‖û− u‖2

2 ≤
3λ′

2
‖Du‖1 + σ2

[
1

n
+ 2

√
log(np)

n2p
+ 2

log(np)

np

]

holds with probability at least 1− 2

p·(n
2)
− 1

np
.

We see from Lemma 4.6 that the average prediction error is bounded by the oracle quantity

‖Du‖1 and a second term that decays to zero as n, p → ∞. Convex clustering with q = 1

is prediction consistent only if λ′‖Du‖1 = o (1). We now provide a scenario for which

λ′‖Du‖1 = o (1) holds.

Suppose that we are in the high-dimensional setting in which p > n and the true under-

lying clusters differ only with respect to a fixed number of features [106]. Also, suppose that

each element of Du — that is, Uij − Ui′j — is of order O(1). Therefore, ‖Du‖1 = O(n2),

since by assumption only a fixed number of features have different means across clusters.

Assume that

√
n log(p·(n

2))
p2

= o(1). Under these assumptions, convex clustering with q = 1

is prediction consistent. Next, we present a finite sample bound on the prediction error for

convex clustering with q = 2.

Lemma 4.7. Assume x ∼ MVN(u, σ2I). Let û be the estimate obtained from (4.2) with

q = 2. If λ′ ≥ 4σ

√
log(p·(n

2))
n3p

, then

1

2np
‖û− u‖2

2 ≤
3λ′

2

∑
i<i′

‖DC(i,i′)u‖2 + σ2

[
1

n
+ 2

√
log(np)

n2p
+ 2

log(np)

np

]

holds with probability at least 1− 2

p·(n
2)
− 1

np
.

Under the scenario described above, ‖DC(i,i′)u‖2 = O(1), and therefore
∑

i<i′ ‖DC(i,i′)u‖2 =

O(n2). Convex clustering with q = 2 is prediction consistent if

√
n log(p·(n

2))
p

= o(1).
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4.3.3 Degrees of Freedom

Convex clustering recasts the clustering problem as a penalized regression problem, for which

the notion of degrees of freedom is established [27]. Under this framework, we provide an

unbiased estimator of the degrees of freedom for clustering. Recall that û is the solution

to convex clustering (4.2). Suppose that Var(x) = σ2I. Then, the degrees of freedom for

convex clustering is defined as 1
σ2

∑np
j=1 Cov(ûj, xj) (see, e.g., [27]). An unbiased estimator of

the degrees of freedom for convex clustering with q = 1 follows directly from [98].

Lemma 4.8. [98] Assume that x ∼ MVN(u, σ2I), and let û be the solution to (4.2) with

q = 1. Furthermore, let B̂1 = {j : |(Dû)j| 6= 0}. We define the matrix D−B̂1 by removing

the rows of D that correspond to B̂1. Then

d̂f1 = tr
(
I−DT

−B̂1
(D−B̂1D

T
−B̂1

)†D−B̂1

)
= number of unique elements in û

(4.11)

is an unbiased estimator of the degrees of freedom of convex clustering with q = 1.

There is an interesting interpretation of the degrees of freedom estimate for convex clus-

tering with q = 1. Suppose that there are K estimated clusters, and all elements of the

estimated mean corresponding to the K estimated clusters are unique. Then the unbiased

estimate of the degrees of freedom is Kp, the product of the number of estimated clusters and

the number of features. Next, we provide an unbiased estimator of the degrees of freedom

for convex clustering with q = 2.

Lemma 4.9. Assume that x ∼ MVN(u, σ2I), and let û be the solution to (4.2) with q = 2.

Furthermore, let B̂2 = {(i, i′) : ‖DC(i,i′)û‖2 6= 0}. We define the matrix D−B̂2 by removing

rows of D that correspond to B̂2. Let P =
(
I−DT

−B̂2
(D−B̂2D

T
−B̂2

)†D−B̂2

)
be the projection

matrix onto the complement of the space spanned by the rows of D−B̂2. Then

d̂f2 = tr

I + λP
∑

(i,i′)∈B̂2

(
DT
C(i,i′)DC(i,i′)

‖DC(i,i′)û‖2

−
DT
C(i,i′)DC(i,i′)ûûTDT

C(i,i′)DC(i,i′)

‖DC(i,i′)û‖3
2

)−1

P


(4.12)
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is an unbiased estimator of the degrees of freedom of convex clustering with q = 2.

When λ = 0, ‖DC(i,i′)û‖2 6= 0 for all i < i′. Therefore, P = I ∈ Rnp×np and the degrees of

freedom estimate is equal to tr(I) = np. When λ is sufficiently large that B̂2 is an empty set,

one can verify that P = I − DT (DDT )†D is a projection matrix of rank p, using the fact

that rank(D) = p(n− 1) from Lemma 4.1.1. Therefore d̂f2 = tr(P) = p.

We now assess the accuracy of the proposed unbiased estimates of the degrees of freedom.

We simulate the data as described in Chapter 4.4 with n = p = 20 and σ = 1. We perform

convex clustering with q = 1 and q = 2 across a fine grid of tuning parameters λ. For each

λ, we compare the quantities (4.11) and (4.12) to

1

σ2

np∑
j=1

(ûj − uj)(xj − uj), (4.13)

which is an unbiased estimator of the true degrees of freedom, 1
σ2

∑np
j=1 Cov(ûj, xj), averaged

over 500 data sets. Note that (4.13) cannot be computed in practice, since it requires

knowledge of the unknown quantity u. Results are displayed in Figure 4.1. We see that the

proposed estimators agree with the true degrees of freedom.

4.4 Simulation Studies

We compare convex clustering with q = 2 to the following proposals:

1. Single linkage clustering. Based on Chapter 4.2, we expect single linkage clustering to

give similar results to convex clustering with q = 2.

2. The k-means clustering algorithm [64].

3. Average linkage hierarchical clustering [44].

In our simulation studies, we create K = 2 row clusters by randomly assigning each observa-

tion to a row cluster with equal probability. We generate an n× p data matrix X according
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Figure 4.1: We compare the true degrees of freedom of convex clustering (y-axis), given
in (4.13), to the proposed unbiased estimators of the degrees of freedom (x-axis), given in
Lemmas 4.8 and 4.9. Panels (a) and (b) contain the results for convex clustering with q = 1
and q = 2, respectively. The red line is obtained by varying λ for convex clustering. The
black line indicates y = x.

to Xi. ∼ MVN(µk, σ
2I) for i ∈ Dk, where µ1 = 1p and µ2 = −1p. We consider n = p = 50

and σ = {1, 2}.

We implement convex clustering (4.1) with q = 2 using the R package cvxclustr. In

order to obtain the entire solution path for convex clustering, we use a fine grid of λ values

for (4.2), in a range guided by Lemma 4.5. We apply the other methods by allowing the

number of clusters to vary over a range from 1 to n clusters.

We use the Rand index to quantify the performance of the clustering methods [81]. A

high value of the Rand index indicates good agreement between the true and estimated

clusters. The Rand indices, averaged over 200 data sets, are summarized in Figure 4.2.

We see from Figure 4.2(a) that when the noise level is small, σ = 1, the performance of

both convex clustering and single linkage clustering are approximately the same, and both

of these methods outperform k-means clustering and average linkage clustering. However,

when the noise level increases from σ = 1 to σ = 2, single linkage clustering outperforms con-
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vex clustering (Figure 4.2(b)). Moreover, k-means clustering and average linkage clustering

outperform the two methods. This suggests that the minimum signal needed for convex clus-

tering to identify the correct clusters may be larger than that of average linkage hierarchical

clustering and k-means clustering.

0 10 20 30 40 50

0.
5

0.
7

0.
9

(a) σ = 1

Number of Estimated Clusters

R
an

d 
In

de
x

0 10 20 30 40 50

0.
5

0.
7

0.
9

(b) σ = 2

Number of Estimated Clusters

R
an

d 
In

de
x

Figure 4.2: Simulation study for convex clustering and other clustering methods, n = p = 50,
averaged over 200 data sets, for two noise levels. Colored lines correspond to single linkage
clustering ( ), average linkage clustering ( ), k-means clustering ( ), and convex
clustering ( ).

4.5 Discussion

Convex clustering recasts the clustering problem into a penalized regression problem. By

studying its dual problem, we show that there is a connection between convex clustering and

single linkage clustering. In addition, we establish several statistical properties of convex

clustering. Through some numerical studies, we illustrate that the performance of convex

clustering may not be appealing relative to traditional clustering methods when the signal-

to-noise ratio is low.

Many authors have proposed a modification to the convex clustering problem (4.1),

minimize
U∈Rn×p

1

2

n∑
i=1

‖Xi. −Ui.‖2
2 + λQq(W,U), (4.14)
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where W is an n×n symmetric matrix of positive weights, and Qq(W,U) =
∑

i<i′Wii′‖Ui.−

Ui′.‖q [16, 47, 60, 77]. For instance, the weights can be defined asWii′ = exp (−φ‖Xi. −Xi′.‖2
2)

for some constant φ > 0, which may yield better empirical performance than (4.1). In fu-

ture work, it would be interesting to study the statistical properties of (4.14) and to explore

whether there is a connection between (4.14) and a modified version of single linkage clus-

tering.
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Appendix A

APPENDIX FOR CHAPTER 2

A.1 Derivation of Algorithm 1

Recall that the scaled augmented Lagrangian for (2.4) takes the form

L(B, B̃,W) = `(X,Θ) + λ1‖Z− diag(Z)‖1 + λ2‖V − diag(V)‖1

+ λ3

p∑
j=1

‖(V − diag(V))j‖2 + g(B̃) +
ρ

2
‖B− B̃ + W‖2

F .
(A.1)

The proposed ADMM algorithm requires the following updates:

1. B(t+1) ← argmin
B

L(B, B̃t,Wt),

2. B̃(t+1) ← argmin
B̃

L(B(t+1), B̃,Wt),

3. W(t+1) ←Wt + B(t+1) − B̃(t+1).

We now proceed to derive the updates for B and B̃.

Updates for B

To obtain updates for B = (Θ,V,Z), we exploit the fact that (A.1) is separable in

Θ,V, and Z. Therefore, we can simply update with respect to Θ,V, and Z one-at-a-

time. Update for Θ depends on the form of the convex loss function, and is addressed in

the main text. Updates for V and Z can be easily seen to take the form given in Algorithm 1.

Updates for B̃
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Minimizing the function in (A.1) with respect to B̃ is equivalent to

minimize
Θ̃,Ṽ,Z̃

{ρ
2
‖Θ− Θ̃ + W1‖2

F +
ρ

2
‖V − Ṽ + W2‖2

F +
ρ

2
‖Z− Z̃ + W3‖2

F

}
subject to Θ̃ = Z̃ + Ṽ + ṼT .

(A.2)

Let Γ be the p × p Lagrange multiplier matrix for the equality constraint. Then, the La-

grangian for (A.2) is

ρ

2
‖Θ− Θ̃ + W1‖2

F +
ρ

2
‖V − Ṽ + W2‖2

F +
ρ

2
‖Z− Z̃ + W3‖2

F + 〈Γ, Θ̃− Z̃− Ṽ − ṼT 〉.

A little bit of algebra yields

Θ̃ = Θ + W1 −
1

ρ
Γ,

Ṽ =
1

ρ
(Γ + ΓT ) + V + W2,

Z̃ =
1

ρ
Γ + Z + W3,

where Γ = ρ
6
[(Θ + W1)− (V + W2)− (V + W2)T − (Z + W3)].

A.2 Conditions for HGL Solution to be Block-Diagonal

We begin by introducing some notation. Let ‖V‖u,v be the `u/`v norm of a matrix V. For

instance, ‖V‖1,q =
∑p

j=1 ‖Vj‖q. We define the support of a matrix Θ as follows: supp(Θ) =

{(i, j) : Θij 6= 0}. We say that Θ is supported on a set G if supp(Θ) ⊆ G. Let {C1, . . . , CK}

be a partition of the index set {1, . . . , p}, and let T = ∪Kk=1{Ck×Ck}. We let AT denote the

restriction of the matrix A to the set T : that is, (AT )ij = 0 if (i, j) /∈ T and (AT )ij = Aij

if (i, j) ∈ T . Note that any matrix supported on T is block-diagonal with K blocks, subject

to some permutation of its rows and columns. Also, let Smax = max
(i,j)∈T c

|Sij|. Define

P̃(Θ) = min
V,Z

‖Z− diag(Z)‖1 + λ̂2‖V − diag(V)‖1 + λ̂3‖V − diag(V)‖1,q

subject to Θ = Z + V + VT ,
(A.3)
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where λ̂2 = λ2
λ1

and λ̂3 = λ3
λ1

. Then, optimization problem (2.6) is equivalent to

minimize
Θ∈S

− log det(Θ) + 〈Θ,S〉+ λ1P̃(Θ), (A.4)

where S = {Θ : Θ � 0,Θ = ΘT}.

Proof of Theorem 2.1 (Sufficient Condition)

Proof. First, we note that if (Θ,V,Z) is a feasible solution to (2.6), then (ΘT ,VT ,ZT ) is

also a feasible solution to (2.6). Assume that (Θ,V,Z) is not supported on T . We want to

show that the objective value of (2.6) evaluated at (ΘT ,VT ,ZT ) is smaller than the objective

value of (2.6) evaluated at (Θ,V,Z). By Fischer’s inequality [49],

− log det(Θ) ≥ − log det(ΘT ).

Therefore, it remains to show that

〈Θ,S〉+ λ1‖Z− diag(Z)‖1 + λ2‖V − diag(V)‖1 + λ3‖V − diag(V)‖1,q >

〈ΘT ,S〉+ λ1‖ZT − diag(ZT )‖1 + λ2‖VT − diag(VT )‖1 + λ3‖VT − diag(VT )‖1,q,

or equivalently, that

〈ΘT c ,S〉+ λ1‖ZT c‖1 + λ2‖VT c‖1 + λ3(‖V − diag(V)‖1,q − ‖VT − diag(VT )‖1,q) > 0.

Since ‖V − diag(V)‖1,q ≥ ‖VT − diag(VT )‖1,q, it suffices to show that

〈ΘT c ,S〉+ λ1‖ZT c‖1 + λ2‖VT c‖1 > 0. (A.5)

Note that 〈ΘT c ,S〉 = 〈ΘT c ,ST c〉. By the sufficient condition, Smax < λ1 and 2Smax < λ2.

In addition, we have that

|〈ΘT c ,S〉| = |〈ΘT c ,ST c〉|

= |〈VT c + VT
T c + ZT c ,ST c〉|

= |〈2VT c + ZT c ,ST c〉|

≤ (2‖VT c‖1 + ‖ZT c‖1)Smax

< λ2‖VT c‖1 + λ1‖ZT c‖1,
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where the last inequality follows from the sufficient condition. We have shown (A.5) as

desired.

Proof of Theorem 2.2 (Necessary Condition)

We first present a simple lemma for proving Theorem 2.2. Throughout the proof of Theo-

rem 2.2, ‖ · ‖∞ indicates the maximal absolute element of a matrix and ‖ · ‖∞,s indicates the

dual norm of ‖ · ‖1,q.

Lemma A.1. The dual representation of P̃(Θ) in (A.3) is

P̃∗(Θ) = max
X,Y,Λ

〈Λ,Θ〉

subject to Λ + ΛT = λ̂2X + λ̂3Y

‖X‖∞ ≤ 1, ‖Λ‖∞ ≤ 1, ‖Y‖∞,s ≤ 1

Xii = 0, Yii = 0,Λii = 0 for i = 1, . . . , p,

(A.6)

where 1
s

+ 1
q

= 1.

Proof. We first state the dual representations for the norms in (A.3):

‖Z− diag(Z)‖1 = max
Λ

〈Λ,Z〉

subject to ‖Λ‖∞ ≤ 1,Λii = 0 for i = 1, . . . , p,

‖V − diag(V)‖1 = max
X

〈X,V〉

subject to ‖X‖∞ ≤ 1, Xii = 0 for i = 1, . . . , p,

‖V − diag(V)‖1,q = max
Y

〈Y,V〉

subject to ‖Y‖∞,s ≤ 1, Yii = 0 for i = 1, . . . , p.
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Then,

P̃(Θ) = min
V,Z

‖Z− diag(Z)‖1 + λ̂2‖V − diag(V)‖1 + λ̂3‖V − diag(V)‖1,q

subject to Θ = Z + V + VT

= min
V,Z

max
Λ,X,Y

〈Λ,Z〉+ λ̂2〈X,V〉+ λ̂3〈Y,V〉

subject to ‖Λ‖∞ ≤ 1, ‖X‖∞ ≤ 1, ‖Y‖∞,s ≤ 1

Λii = 0, Xii = 0, Yii = 0 for i = 1, . . . , p

Θ = Z + V + VT

= max
Λ,X,Y

min
V,Z
〈Λ,Z〉+ λ̂2〈X,V〉+ λ̂3〈Y,V〉

subject to ‖Λ‖∞ ≤ 1, ‖X‖∞ ≤ 1, ‖Y‖∞,s ≤ 1

Λii = 0, Xii = 0, Yii = 0 for i = 1, . . . , p

Θ = Z + V + VT

= max
Λ,X,Y

〈Λ,Θ〉

subject to Λ + ΛT = λ̂2X + λ̂3Y

‖X‖∞ ≤ 1, ‖Λ‖∞ ≤ 1, ‖Y‖∞,s ≤ 1

Xii = 0, Yii = 0,Λii = 0 for i = 1, . . . , p.

The third equality holds since the constraints on (V,Z) and on (Λ,X,Y) are both compact

convex sets and so by the minimax theorem, we can swap max and min. The last equality

follows from the fact that

min
V,Z

〈Λ,Z〉+ λ̂2〈X,V〉+ λ̂3〈Y,V〉

subject to Θ = Z + V + VT

=

 〈Λ,Θ〉 if Λ + ΛT = λ̂2X + λ̂3Y

−∞ otherwise.

We now present the proof of Theorem 2.2.

Proof. The optimality condition for (A.4) is given by

0 = −Θ−1 + S + λ1Λ, (A.7)
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where Λ is a subgradient of P̃(Θ) in (A.3) and the left-hand side of the above equation is a

zero matrix of size p× p.

Now suppose that Θ∗ that solves (A.7) is supported on T , i.e., Θ∗T c = 0. Then for any

(i, j) ∈ T c, we have that

0 = Sij + λ1Λ∗ij, (A.8)

where Λ∗ is a subgradient of P̃(Θ∗). Note that Λ∗ must be an optimal solution to the

optimization problem (A.6). Therefore, it is also a feasible solution to (A.6), implying that

|Λ∗ij + Λ∗ji| ≤ λ̂2 + λ̂3,

|Λ∗ij| ≤ 1.

From (A.8), we have that Λ∗ij = −Sij

λ1
and thus,

λ1 ≥ λ1 max
(i,j)∈T c

|Λ∗ij|

= λ1 max
(i,j)∈T c

|Sij|
λ1

= Smax.

Also, recall that λ̂2 = λ2
λ1

and λ̂3 = λ3
λ1

. We have that

λ2 + λ3 ≥ λ1 max
(i,j)∈T c

|Λ∗ij + Λ∗ji|

= λ1 max
(i,j)∈T c

2|Sij|
λ1

= 2Smax.

Hence, we obtain the desired result.

A.3 Some Properties of HGL

Proof of Lemma 2.1
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Proof. Let (Θ∗,Z∗,V∗) be the solution to (2.6) and suppose that Z∗ is not a diagonal matrix.

Note that Z∗ is symmetric since Θ ∈ S ≡ {Θ : Θ � 0 and Θ = ΘT}. Let Ẑ = diag(Z∗), a

matrix that contains the diagonal elements of the matrix Z∗. Also, construct V̂ as follows,

V̂ij =

 V∗ij +
Z∗ij
2

if i 6= j

V∗jj otherwise.

Then, we have that Θ∗ = Ẑ + V̂ + V̂T . Thus, (Θ∗, Ẑ, V̂) is a feasible solution to (2.6).

We now show that (Θ∗, Ẑ, V̂) has a smaller objective than (Θ∗,Z∗,V∗) in (2.6), giving us a

contradiction. Note that

λ1‖Ẑ− diag(Ẑ)‖1 + λ2‖V̂ − diag(V̂)‖1 = λ2‖V̂ − diag(V̂)‖1

= λ2

∑
i 6=j |V∗ij +

Z∗ij
2
|

≤ λ2‖V∗ − diag(V∗)‖1 + λ2
2
‖Z∗ − diag(Z∗)‖1,

and

λ3

∑p
j=1 ‖(V̂ − diag(V̂))j‖q

≤ λ3

∑p
j=1 ‖(V∗ − diag(V∗))j‖q + λ3

2

∑p
j=1 ‖(Z∗ − diag(Z∗))j‖q

≤ λ3

∑p
j=1 ‖(V∗ − diag(V∗))j‖q + λ3

2
‖Z∗ − diag(Z∗)‖1,

where the last inequality follows from the fact that for any vector x ∈ Rp and q ≥ 1, ‖x‖q is

a nonincreasing function of q [36].

Summing up the above inequalities, we get that

λ1‖Ẑ− diag(Ẑ)‖1 + λ2‖V̂ − diag(V̂)‖1 + λ3

∑p
j=1 ‖(V̂ − diag(V̂))j‖q ≤

λ2+λ3
2
‖Z∗ − diag(Z∗)‖1 + λ2‖V∗ − diag(V∗)‖1 + λ3

∑p
j=1 ‖(V∗ − diag(V∗))j‖q <

λ1‖Z∗ − diag(Z∗)‖1 + λ2‖V∗ − diag(V∗)‖1 + λ3

∑p
j=1 ‖(V∗ − diag(V∗))j‖q,

where the last inequality uses the assumption that λ1 >
λ2+λ3

2
. We arrive at a contradiction

and therefore the result holds.

Proof of Lemma 2.2
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Proof. Let (Θ∗,Z∗,V∗) be the solution to (2.6) and suppose V∗ is not a diagonal matrix. Let

V̂ = diag(V∗), a diagonal matrix that contains the diagonal elements of V∗. Also construct

Ẑ as follows,

Ẑij =

 Z∗ij + V∗ij + V∗ji if i 6= j

Z∗ij otherwise.

Then, we have that Θ∗ = V̂+V̂T + Ẑ. We now show that (Θ∗, Ẑ, V̂) has a smaller objective

value than (Θ∗,Z∗,V∗) in (2.6), giving us a contradiction. We start by noting that

λ1‖Ẑ− diag(Ẑ)‖1 + λ2‖V̂ − diag(V̂)‖1 = λ1‖Ẑ− diag(Ẑ)‖1

≤ λ1‖Z∗ − diag(Z∗)‖1 + 2λ1‖V∗ − diag(V∗)‖1.

By Holder’s Inequality, we know that xTy ≤ ‖x‖q‖y‖s where 1
s

+ 1
q

= 1 and x,y ∈ Rp−1.

Setting y = sign(x), we have that ‖x‖1 ≤ (p− 1)
1
s‖x‖q. Consequently,

λ3

(p− 1)
1
s

‖V∗ − diag(V∗)‖1 ≤ λ3

p∑
j=1

‖(V∗ − diag(V∗))j‖q.

Combining these results, we have that

λ1‖Ẑ− diag(Ẑ)‖1 + λ2‖V̂ − diag(V̂)‖1 + λ3

p∑
j=1

‖(V̂ − diag(V̂))j‖q

≤ λ1‖Z∗ − diag(Z∗)‖1 + 2λ1‖V∗ − diag(V∗)‖1

< λ1‖Z∗ − diag(Z∗)‖1 +

(
λ2 +

λ3

(p− 1)
1
s

)
‖V∗ − diag(V∗)‖1

≤ λ1‖Z∗ − diag(Z∗)‖1 + λ2‖V∗ − diag(V∗)‖1 + λ3

p∑
j=1

‖(V∗ − diag(V∗))j‖q,

where we use the assumption that λ1 <
λ2
2

+ λ3

2(p−1)
1
s
. This leads to a contradiction.

Proof of Lemma 2.3

In this proof, we consider the case when λ1 >
λ2+λ3

2
. A similar proof technique can be used

to prove the case when λ1 <
λ2+λ3

2
.
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Proof. Let f(Θ,V,Z) denote the objective of (2.6) with q = 1, and (Θ∗,V∗,Z∗) the optimal

solution. By Lemma 2.1, the assumption that λ1 > λ2+λ3
2

implies that Z∗ is a diagonal

matrix. Now let V̂ = 1
2

(
V∗ + (V∗)T

)
. Then

f(Θ∗, V̂,Z∗)

= − log det Θ∗ + 〈Θ∗,S〉+ λ1‖Z∗ − diag(Z∗)‖1 + (λ2 + λ3)‖V̂ − diag(V̂)‖1

= − log det Θ∗ + 〈Θ∗,S〉+
λ2 + λ3

2
‖V∗ + V∗T − diag(V∗ + V∗T )‖1

≤ − log det Θ∗ + 〈Θ∗,S〉+ (λ2 + λ3)‖V∗ − diag(V∗)‖1

= f(Θ∗,V∗,Z∗)

≤ f(Θ∗, V̂,Z∗),

where the last inequality follows from the assumption that (Θ∗,V∗,Z∗) solves (2.6). By

strict convexity of f , this means that V∗ = V̂, i.e., V∗ is symmetric. This implies that

f(Θ∗,V∗,Z∗) = − log det Θ∗ + 〈Θ∗,S〉+
λ2 + λ3

2
‖V∗ + V∗T − diag(V∗ + V∗T )‖1

= − log det Θ∗ + 〈Θ∗,S〉+
λ2 + λ3

2
‖Θ∗ − diag(Θ∗)‖1 (A.9)

= g(Θ∗),

where g(Θ) is the objective of the graphical lasso optimization problem, evaluated at Θ,

with tuning parameter λ2+λ3
2

. Suppose that Θ̃ minimizes g(Θ), and Θ∗ 6= Θ̃. Then, by

(A.9) and strict convexity of g, g(Θ∗) = f(Θ∗,V∗,Z∗) ≤ f(Θ̃, Θ̃/2,0) = g(Θ̃) < g(Θ∗),

giving us a contradiction. Thus it must be that Θ̃ = Θ∗.

A.4 Simulation Study for Hub Covariance Graph

In this section, we present the results for the simulation study described in Section 2.4.2

with n = 100, p = 200, and |H| = 4. We calculate the proportion of correctly estimated hub

nodes with r = 40. The results are shown in Figure A.1. As we can see from Figure A.1,

our proposal outperforms [8]. In particular, we can see from Figure A.1(c) that [8] fails to

identify hub nodes.
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Figure A.1: Covariance graph simulation with n = 100 and p = 200. Details of the axis
labels are as in Figure 2.3. The colored lines correspond to the proposal of [110] ( ); HCG
with λ3 = 1 ( ), λ3 = 1.5 ( ), and λ3 = 2 ( ); and the proposal of [8] ( ).

A.5 Run Time Study for the ADMM algorithm for HGL

In this section, we present a more extensive run time study for the ADMM algorithm for

HGL. We ran experiments with p = 100, 200, 300 and with n = p/2 on a 2.26GHz Intel Core

2 Duo machine. Results averaged over 10 replications are displayed in Figures A.2(a)-(b),

where the panels depict the run time and number of iterations required for the algorithm

to converge, as a function of λ1, with λ2 = 0.5 and λ3 = 2 fixed. The number of iterations

required for the algorithm to converge is computed as the total number of iterations in Step

2 of Algorithm 1. We see from Figure A.2(a) that as p increases from 100 to 300, the run

times increase substantially, but never exceed several minutes. Note that these results are

without using the block diagonal condition in Theorem 2.1.

A.6 Update for Θ in Step 2(a)i in Algorithm 1 for Binary Ising Model using
Barzilai-Borwein Method

We consider updating Θ in Step 2(a)i of Algorithm 1 for binary Ising model. Let

h(Θ) = −
p∑
j=1

p∑
j′=1

θjj′(X
TX)jj′ +

p∑
i=1

p∑
j=1

log

(
1 + exp

[
θjj +

∑
j′ 6=j

θjj′xij′

])

+
ρ

2
‖Θ− Θ̃ + W1‖2

F .
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Figure A.2: (a): Run time (in seconds) of the ADMM algorithm for HGL, as a function of
λ1, for fixed values of λ2 and λ3. (b): The total number of iterations required for the ADMM
algorithm for HGL to converge, as a function of λ1. All results are averaged over 10 simulated
data sets. These results are without using the block diagonal condition in Theorem 2.1.

Then, the optimization problem for Step 2(a)i of Algorithm 1 is

minimize
Θ∈S

h(Θ), (A.10)

where S = {Θ : Θ = ΘT}. In solving (A.10), we will treat Θ ∈ S as an implicit constraint.

The Barzilai-Borwein method is a gradient descent method with the step-size chosen to

mimic the secant condition of the BFGS method (see, for example, [6, 75]). The convergence

of the Barzilai-Borwein method for unconstrained minimization using a non-monotone line

search was shown in [85]. Recent convergence results for a quadratic cost function can be

found in [20]. To implement the Barzilai-Borwein method, we need to evaluate the gradient

of h(Θ). Let ∇h(Θ) be a p× p matrix, where the (j, j′) entry is the gradient of h(Θ) with

respect to θjj′ , computed under the constraint Θ ∈ S, that is, θjj′ = θj′j. Then,

(∇h(Θ))jj = −(XTX)jj +
n∑
i=1

[
exp(θjj +

∑
j′ 6=j θjj′xij′)

1 + exp(θjj +
∑

j′ 6=j θjj′xij′)

]
+ ρ(θjj − θ̃jj + (W1)jj),
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and

(∇h(Θ))jj′ = −2(XTX)jj + 2ρ(θjj′ − θ̃jj′ + (W1)jj′)

+
n∑
i=1

[
xij′ exp(θjj +

∑
j′ 6=j θjj′xij′)

1 + exp(θjj +
∑

j′ 6=j θjj′xij′)
+
xij exp(θj′j′ +

∑
j 6=j′ θjj′xij)

1 + exp(θj′j′ +
∑

j 6=j′ θjj′xij)

]
.

A simple implementation of the Barzilai-Borwein algorithm for solving (A.10) is detailed

in Algorithm 5. We note that the Barzilai-Borwein algorithm can be improved (see, for

example, [6, 108]). We leave such improvement for future work.

Algorithm 5 Barzilai-Borwein Algorithm for Solving (A.10).

1. Initialize the parameters:

(a) Θ1 = I and Θ0 = 2I.

(b) constant τ > 0.

2. Iterate until the stopping criterion
‖Θt−Θt−1‖2F
‖Θt−1‖2F

≤ τ is met, where Θt is the value of Θ

obtained at the tth iteration:

(a) αt = trace
[
(Θt −Θt−1)T (Θt −Θt−1)

]
/trace

[
(Θt −Θt−1)T (∇h(Θt)−∇h(Θt−1))

]
.

(b) Θt+1 = Θt − αt∇h(Θt).
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Appendix B

APPENDIX FOR CHAPTER 3

B.1 Proof of Lemma 3.1

Proof. Let X = UDVT denote the SVD of X, where U and V are orthogonal n × n and

p × p matrices and D is a n × p matrix with decreasing nonnegative diagonal elements.

Note that any n×K orthogonal matrix A can be written as A = Uα for some orthogonal

n×K matrix α, and any orthogonal p×K matrix B can be written as B = Vβ for some

orthogonal p×K matrix β. Thus, instead of solving (3.4), we can solve

maximize
αTα=IK ,β

Tβ=IK

||αTDβ||2F . (B.1)

By inspection, (B.1) is solved by α = In×KQ1 and β = Ip×KQ2, where Q1 and Q2 are

any K × K orthogonal matrix, and where In×K and Ip×K and n × K are p × K identity

matrices. Therefore, the solution to (3.4) takes the form A = UIn×KQ1 = U1:KQ1, and

B = VIp×KQ2 = V1:KQ2.

B.2 Proof of Lemma 3.2

Proof. We must minimize the quantity

tr(Σ−1
k (Xk,r − µkr)∆−1

r (Xk,r − µkr)T ) + 2λ|µkr|

with respect to µkr. This amounts to minimizing

µ2
krtr(Σ

−1
k 1∆−1

r 1T )− 2µkrtr(Σ
−1
k 1∆−1

r XT
k,r) + 2λ|µkr|,
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where 1 is a |Ck| × |Dr| matrix with all entries equal to 1. Completing the square, we see

that this is equivalent to minimizingµkr√tr(Σ−1
k 1∆−1

r 1T )−
tr(Σ−1

k 1∆−1
r XT

k,r)√
tr(Σ−1

k 1∆−1
r 1T )

2

+ 2λ|µkr|

with respect to µkr. The result follows directly.

B.3 Proof of Theorem 3.1

Before we prove Theorem 3.1, we present a simple lemma.

Lemma B.1. Let X̄ denote the mean of the elements in X. Then,

n∑
i=1

p∑
j=1

(Xij − X̄)2 =
n∑
i=1

p∑
j=1

X2
ij − np(X̄)2 =

1

2np

n∑
i=1

p∑
j=1

n∑
i′=1

p∑
j′=1

(Xij −Xi′j′)
2. (B.2)

Now we proceed with a proof of Theorem 3.1.

Proof. Problem (3.4) is equivalent to the problem

minimize
AT A=IK ,BT B=IK

{
||X||2F − ||ATXB||2F

}
, (B.3)

which is equivalent to

minimize
AT A=IK ,BT B=IK

{
n∑
i=1

p∑
j=1

X2
ij −

K∑
k=1

K∑
r=1

(
n∑
i=1

p∑
j=1

AikXijBjr)
2

}
. (B.4)

Since (3.4) constrains A to be orthogonal, the two additional constraints in the theorem

statement imply that the kth column of A contains exactly nk elements that are equal to

1√
nk

, and n− nk elements that equal zero. Moreover, the non-zero elements of each column

of A are non-overlapping. A similar claim holds for B. Let Ck denote the indices of the

non-zero elements in the kth column of A, and similarly let Dr denote the indices of the

non-zero elements in the rth column of B. Then (B.4) leads to

minimize
C1,...,CK ,D1,...,DK

{
K∑
k=1

K∑
r=1

(∑
i∈Ck

∑
j∈Dr

X2
ij − nkpr(

1

nkpr

∑
i∈Ck

∑
j∈Dr

Xij)
2

)}
. (B.5)
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Finally, applying Lemma B.1 reveals that this is equivalent to

minimize
C1,...,CK ,D1,...,DK

{
K∑
k=1

K∑
r=1

∑
i∈Ck

∑
j∈Dr

(Xij − X̄kr)
2

}
. (B.6)

Now one can easily show that this is equivalent to the biclustering optimization problem in

equation 3.1 in the case that K = R.
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Appendix C

APPENDIX FOR CHAPTER 4

C.1 Proof of Lemma 4.2

Proof. We rewrite problem (4.2) as

minimize
u∈Rnp,γ∈R[p·(n

2)]

1

2
‖x− u‖2

2 + λPq(γ) subject to γ = Du,

with the Lagrangian function

L(u,γ,ν) =
1

2
‖x− u‖2

2 + λPq(γ) + νT (Du− γ), (C.1)

where ν ∈ R[p·(n
2)] is the Lagrangian dual variable. In order to derive the dual problem, we

need to minimize the Lagrangian function over the primal variables u and γ. Recall from

Chapter 4.1 that P∗q(·) is the dual norm of Pq(·). It can be shown that

inf
γ∈R[p·(n

2)]
L(u,γ,ν) =


1
2
‖x− u‖2

2 + νTDu if P∗q(ν) ≤ λ,

−∞ otherwise,

and

inf
γ∈R[p·(n

2)],u∈Rnp

L(u,γ,ν) =

−
1
2
‖x−DTν‖2

2 if P∗q(ν) ≤ λ.

−∞ otherwise.

Therefore, the dual problem for (4.2) is

minimize
ν∈R[p·(n

2)]

1

2
‖x−DTν‖2

2 subject to P∗q(ν) ≤ λ. (C.2)

We now establish an explicit relationship between the solution to convex clustering and

its dual problem. Differentiating the Lagrangian function (C.1) with respect to u and setting

it equal to zero, we obtain

û = x−DT ν̂,
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where ν̂ is the solution to the dual problem, which satisfies P∗q(ν̂) ≤ λ by (C.2). Multiplying

both sides by D, we obtain the relationship (4.4).

C.2 Proof of Lemma 4.3

Proof. We rewrite (4.5) as

minimize
u′∈R[p·(n

2)],η∈R[p·(n
2)]

1

2
‖Dx− u′‖2

2 + λPq(η) subject to η = u′,

with the Lagrangian function

L(u′,η,ν ′) =
1

2
‖Dx− u′‖2

2 + λPq(η) + (ν ′)T (u′ − η), (C.3)

where ν ′ ∈ R[p·(n
2)] is the Lagrangian dual variable. In order to derive the dual problem, we

minimize the Lagrangian function over the primal variables u′ and η. It can be shown that

inf
η∈R[p·(n

2)]
L(u′,η,ν ′) =


1
2
‖Dx− u′‖2

2 + (ν ′)Tu′ if P∗q(ν
′) ≤ λ,

−∞ otherwise,

and

inf
η∈R[p·(n

2)],u′∈R[p·(n
2)]
L(u′,η,ν ′) =

−
1
2
‖Dx− ν ′‖2

2 if P∗q(ν
′) ≤ λ.

−∞ otherwise.

Therefore, the dual problem for (4.5) is

minimize
ν′∈R[p·(n

2)]

1

2
‖Dx− ν ′‖2

2 subject to P∗q(ν
′) ≤ λ. (C.4)

We now establish an explicit relationship between the solution to (4.5) and its dual problem.

Differentiating the Lagrangian function (C.3) with respect to u′ and setting it equal to zero,

we obtain

û′ = Dx− ν̂ ′,

where ν̂ ′ is the solution to the dual problem, which we know from (C.4) satisfies P∗q(ν̂
′) ≤

λ.
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C.3 Proof of Theorem 4.1

In order to prove Theorem 4.1, we need two lemmas on the tail bounds for Chi-square and

non-central Chi-square distributions.

Lemma C.1. [53] For all c > 0,

Pr
(
χ2
ν ≥ ν + 2

√
νc+ 2c

)
≤ e−c.

Lemma C.2. [9] Let χ2
ν(δ) denote a χ2

ν random variable with non-centrality parameter δ.

For all c > 0,

Pr
(
χ2
ν(δ) ≤ ν + δ − 2

√
(ν + 2δ)c

)
≤ e−c.

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1:

Proof. Recall from Chapter 4.2 that S = {(i, i′) : i, i′ ∈ Dk, i < i′}. Also, recall from (4.8)

that Ŝ(λ) = {(i, i′) : ‖Xi. −Xi′.‖2 < λ, i < i′}. Note that the event

{Ŝ(δ/2) 6= S} = {∃ (i, i′) ∈ S such that ‖Xi. −Xi′.‖2 ≥ δ/2}⋃
{∃ (i, i′) /∈ S such that ‖Xi. −Xi′.‖2 < δ/2}

=

 ⋃
(i,i′)∈S

(‖Xi. −Xi′.‖2 ≥ δ/2)

⋃
 ⋃

(i,i′)/∈S

(‖Xi. −Xi′.‖2 < δ/2)


By the union bound,

Pr
(
Ŝ(δ/2) 6= S

)
≤ Pr

 ⋃
(i,i′)∈S

(‖Xi. −Xi′.‖2 ≥ δ/2)

+Pr

 ⋃
(i,i′)/∈S

(‖Xi. −Xi′.‖2 < δ/2)

 .

We now provide an upper bound for each term separately.
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Upper bound for Pr

( ⋃
(i,i′)∈S

(‖Xi. −Xi′.‖2 ≥ δ/2)

)
: For (i, i′) ∈ S, the ith and i’th

observations have the same mean. Therefore, ‖Xi. −Xi′.‖2
2 ∼ 2σ2χ2

p. By the union bound,

Pr

 ⋃
(i,i′)∈S

(‖Xi. −Xi′.‖2 ≥ δ/2)

 ≤ ∑
(i,i′)∈S

Pr (‖Xi. −Xi′.‖2 ≥ δ/2)

≤ n2Pr

(
χp ≥

δ

2
√

2σ

)
,

where the last inequality follows from the fact that |S| < n2. By Assumption 4.1 and taking

c = 3 log n in Lemma C.1, we obtain

n2Pr

(
χp ≥

δ

2
√

2σ

)
≤ n2Pr

χp ≥ √p
√√√√1 +

√
12 log n

p
+ 6

log n

p

 ≤ 1

n
.

Therefore, Pr

( ⋃
(i,i′)∈S

(‖Xi. −Xi′.‖2 ≥ δ/2)

)
≤ 1

n
.

Upper bound for Pr

( ⋃
(i,i′)/∈S

(‖Xi. −Xi′.‖2 < δ/2)

)
: We first recall that a random

variable A is said to be stochastically larger than the random variable B if Pr(A < t) ≤

Pr(B < t) for all t. For non-centrality parameters δ1 > δ2 ≥ 0, χ2
p(δ1) is stochastically larger

than χ2
p(δ2) [101]. For (i, i′) /∈ S, ‖Xi. − Xi′.‖2

2 ∼ 2σ2χ2
p

(
‖µk(i)−µk(i′)‖22

2σ2

)
, where µk(i) is the

mean vector corresponding to the ith observation. By the union bound,

Pr

 ⋃
(i,i′)/∈S

(‖Xi. −Xi′.‖2 < δ/2)

 ≤ ∑
(i,i′)/∈S

Pr (‖Xi. −Xi′.‖2 < δ/2)

=
∑

(i,i′)/∈S

Pr

(
√

2σχp

(
‖µk(i) − µk(i′)‖2

2

2σ2

)
< δ/2

)

=
∑

(i,i′)/∈S

Pr

(
χp

(
‖µk(i) − µk(i′)‖2

2

2σ2

)
<

δ

2
√

2σ

)
.

By the definition of δ in Assumption 4.1, χp

(
‖µk(i)−µk(i′)‖22

2σ2

)
is stochastically larger than

χp

(
δ2

2σ2

)
. Using the above fact and the fact that there are at most n2 possible pairs of (i, i′)
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not in S, we obtain

∑
(i,i′)/∈S

Pr

(
χp

(
‖µk(i) − µk(i′)‖2

2

2σ2

)
<

δ

2
√

2σ

)
≤ n2Pr

(
χp

(
δ2

2σ2

)
<

δ

2
√

2σ

)
.

We now present two facts needed to obtain an upper bound for n2Pr
(
χp

(
δ2

2σ2

)
< δ

2
√

2σ

)
.

By Lemma C.2 and taking c = 3 log n, we have

n2Pr

(
χ2
p

(
δ2

2σ2

)
< p+

δ2

2σ2
− 2
√

3(p+ δ2/σ2) log n

)
≤ 1

n
.

Now, note that the inequality p + δ2

2σ2 − 2
√

3(p+ δ2/σ2) log n > δ2

8σ2 holds by choosing n, p

such that logn
p
≤ 1

16
. Therefore,

n2Pr

(
χp

(
δ2

2σ2

)
<

δ

2
√

2σ

)
= n2Pr

(
χ2
p

(
δ2

2σ2

)
<

δ2

8σ2

)
≤ n2Pr

(
χ2
p

(
δ2

2σ2

)
< p+

δ2

2σ2
− 2
√

3(p+ δ2/σ2) log n

)
≤ 1

n
.

We have shown that Pr

( ⋃
(i,i′)/∈S

(‖Xi. −Xi′.‖2 < δ/2)

)
≤ 1

n
.

Combining the results, we obtain

Pr
(
Ŝ(δ/2) = S

)
= 1− Pr

(
Ŝ(δ/2) 6= S

)
≥ 1− 2

n
.

C.4 Proof of Lemma 4.5

Proof. Since D is not of full rank by Lemma 4.1.1, the solution to (4.3) in the absence of

constraint is not unique, and takes the form

ν̂ = (DDT )†Dx + (I−D(DTD)†DT )ω

= (DT )†x + (I−DD†)ω

=
1

n
Dx + (I− 1

n
DDT )ω,

(C.5)
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for ω ∈ R[p·(n
2)]. The second equality follows from Lemma 4.1.3 and the last equality follows

from Lemma 4.1.2.

Let û be the solution to (4.2). Substituting ν̂ given in (C.5) into (4.4), we obtain

Dû = Dx−DDT ν̂

= Dx− 1

n
DDTDx−DDTω +

1

n
DDTDDTω

= Dx−Dx−DDTω + DDTω

= 0.

Recall from Definition 4.1 that all observations are estimated to belong to the same cluster

if Dû = 0. For any ν̂ in (C.5), picking λ = P∗q(ν̂) guarantees that the constraint on the

dual problem (4.3) is inactive, and therefore that convex clustering has a trivial solution of

Dû = 0.

Since ν̂ is not unique, P∗q(ν̂) is not unique. In order to obtain the smallest tuning

parameter λ such that Dû = 0, we take

λupper := min
ω∈R[p·(n

2)]
P∗q

(
1

n
Dx +

(
I− 1

n
DDT

)
ω

)
.

Any tuning parameter λ ≥ λupper results in an estimate for which all observations belong to

a single cluster.

C.5 Proof of Lemma 4.6

In order to simplify our analysis, we start by reformulating (4.2) as in [61]. Let D = AΛVT
β

be the singular value decomposition of D, where A ∈ R[p·(n
2)]×p(n−1), Λ ∈ Rp(n−1)×p(n−1), and

Vβ ∈ Rnp×p(n−1). Construct Vα ∈ Rnp×p such that V = [Vα,Vβ] ∈ Rnp×np is an orthogonal

matrix, that is, VTV = VVT = I. Note that VT
αVβ = 0.

Let β = VT
βu ∈ Rp(n−1) and α = VT

αu ∈ Rp. Also, let λ′ = λ
np

. Optimization problem

(4.2) then becomes

minimize
α∈Rp,β∈Rp(n−1)

1

2np
‖x−Vαα−Vββ‖2 + λ′Pq(Zβ), (C.6)
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where Z = AΛ ∈ R[p·(n
2)]×p(n−1). Note that rank(Z) = p(n − 1) and therefore, there exists

a pseudo-inverse Z† ∈ Rp(n−1)×[p·(n
2)] such that Z†Z = I. Recall that the set C(i, i′) contains

the row indices of D such that DC(i,i′)u = Ui. −Ui′.. Let the submatrices ZC(i,i′) and Z†C(i,i′)

denote the rows of Z and the columns of Z†, respectively, corresponding to the indices in the

set C(i, i′). By Lemma 4.1.5,

Λmin(Z) = Λmin(D) =
1

Λmax(Z†)
=
√
n and Λmax(Z) = Λmax(D) =

1

Λmin(Z†)
=
√
n.

(C.7)

Let α̂ and β̂ denote the solution to (C.6).

Proof of Lemma 4.6:

Proof. We establish a finite sample bound for the prediction error of convex clustering with

q = 1 by analyzing (C.6). First, note that û = Vαα̂ + Vββ̂ and u = Vαα + Vββ. Thus,

1
2np
‖û − u‖2 = 1

2np
‖Vα(α̂ − α) + Vβ(β̂ − β)‖2. Recall that P1(Zβ) = ‖Zβ‖1. By the

definition of α̂ and β̂, we have

1

2np
‖x− (Vαα̂+ Vββ̂)‖2 + λ′‖Zβ̂‖1 ≤

1

2np
‖x− (Vαα+ Vββ)‖2 + λ′‖Zβ‖1,

implying

1

2np
‖Vα(α̂−α) + Vβ(β̂ − β)‖2 + λ′‖Zβ̂‖1 ≤

1

np
G(α̂, β̂) + λ′‖Zβ‖1, (C.8)

where G(α̂, β̂) = εT
[
Vα(α̂−α) + Vβ(β̂ − β)

]
. Recall that VT

αVα = I and VT
αVβ = 0.

By the optimality condition of (C.6),

α̂ = VT
α(x−Vββ̂)

= VT
α

(
Vαα+ Vββ + ε−Vββ̂

)
= α+ VT

αε.
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Therefore, substituting α̂−α = VT
αε into G(α̂, β̂), we obtain

1

np

∣∣∣G(α̂, β̂)
∣∣∣ =

1

np

∣∣∣εT [Vα(α̂−α) + Vβ(β̂ − β)
]∣∣∣

=
1

np

∣∣∣εTVαVT
αε+ εTVβ(β̂ − β)

∣∣∣
≤ 1

np
εTVαVT

αε+
1

np

∣∣∣εTVβ(β̂ − β)
∣∣∣

=
1

np
εTVαVT

αε+
1

np

∣∣∣εTVβZ
†Z(β̂ − β)

∣∣∣
≤ 1

np
εTVαVT

αε+
1

np
‖εTVβZ

†‖∞‖Z(β̂ − β)‖1.

We now establish bounds for 1
np
εTVαV

T
αε and 1

np
‖εTVβZ

†‖∞ that hold with high probability.

Bound for 1
np
εTVαV

T
αε:

From Lemma 9.3 of [31], 1
σ2ε

TVαV
T
αε ∼ χ2

p since VαV
T
α is a projection matrix of rank p.

By Lemma C.1 and taking ν = p and c = log(np), we have that

Pr
(
εTVαV

T
αε ≥ σ2

[
p+ 2

√
p log(np) + 2 log(np)

])
≤ 1

np
. (C.9)

Bound for 1
np
‖εTVβZ

†‖∞:

Let ej be an indicator vector of length p ·
(
n
2

)
with a one in the jth entry and zeroes

in the remaining entries. Let vj = eTj (Z†)TVT
β ε. Using the fact that Λmax(Vβ) = 1 and

Λmax(Z†) = 1√
n

(C.7), we know that each vj is a Gaussian random variable with mean zero

and variance at most σ2

n
. Therefore,

Pr

(
√
n · vj ≥ 2σ

√
log

(
p ·
(
n

2

)))
≤ Pr

(
N(0, σ2) ≥ 2σ

√
log

(
p ·
(
n

2

)))
.

Thus,

Pr

(
√
n ·max

j
|vj| ≥ 2σ

√
log

(
p ·
(
n

2

)))
≤ 2p

(
n

2

)
Pr

(
N(0, σ2) ≥ 2σ

√
log

(
p ·
(
n

2

)))
≤ 2

p ·
(
n
2

) ,
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which follows from an application of the union bound and the fact that

Pr

(
N(0, 1) ≥ 2

√
log

(
p ·
(
n

2

)))
=

∫ ∞
2
√

log(p·(n2))

1√
2π

exp

(
− t

2

2

)
dt

≤
∫ ∞

2
√

log(p·(n2))
t exp

(
− t

2

2

)
dt

=
1(

p ·
(
n
2

))2 .
Using the above facts, we obtain

Pr

‖εTVβZ
†‖∞ ≥ 2σ

√
log(p ·

(
n
2

)
)

n

 ≤ 2

p ·
(
n
2

) . (C.10)

Combining the two upper bounds: Setting λ′ > 4σ

√
log(p·(n2))
n3p2

and combining the results from

(C.9) and (C.10), we obtain

1

np
G(α̂, β̂) ≤ σ2

[
1

n
+ 2

√
log(np)

n2p
+ 2

log(np)

np

]
+
λ′

2
‖Z(β̂ − β)‖1 (C.11)

with probability at least 1− 2
p·(n2)

− 1
np . Substituting (C.11) into (C.8), we obtain

1

2np
‖Vα(α̂−α) + Vβ(β̂ − β)‖2 + λ′‖Zβ̂‖1

≤ σ2

[
1

n
+ 2

√
log(np)

n2p
+ 2

log(np)

np

]
+
λ′

2
‖Z(β̂ − β)‖1 + λ′‖Zβ‖1.

We get Lemma 4.6 by an application of the triangle inequality and by rearranging the terms.

C.6 Proof of Lemma 4.7

Proof. We establish a finite sample bound for the prediction error of convex clustering with

q = 2 by analyzing (C.6). Recall that P2(Zβ) =
∑

i<i′ ‖ZC(i,i′)β‖2. By the definition of α̂

and β̂, we have

1

2np
‖x−(Vαα̂+Vββ̂)‖2 +λ′

∑
i<i′

‖ZC(i,i′)β̂‖2 ≤
1

2np
‖x−(Vαα+Vββ)‖2 +λ′

∑
i<i′

‖ZC(i,i′)β‖2,
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implying

1

2np
‖Vα(α̂−α)+Vβ(β̂−β)‖2+λ′

∑
i<i′

‖ZC(i,i′)β̂‖2 ≤
1

np
G(α̂, β̂)+λ′

∑
i<i′

‖ZC(i,i′)β‖2, (C.12)

where G(α̂, β̂) = εT
[
Vα(α̂−α) + Vβ(β̂ − β)

]
. Again, by the optimality condition of

(C.6), we have that α̂−α = VT
αε. Substituting this into 1

np
G(α̂, β̂), we obtain

1

np

∣∣∣G(α̂, β̂)
∣∣∣ =

1

np

∣∣∣εT [Vα(α̂−α) + Vβ(β̂ − β)
]∣∣∣

=
1

np

∣∣∣εTVαVT
αε+ εTVβ(β̂ − β)

∣∣∣
≤ 1

np
εTVαVT

αε+
1

np

∣∣∣εTVβ(β̂ − β)
∣∣∣

=
1

np
εTVαVT

αε+
1

np

∣∣∣εTVβZ
†Z(β̂ − β)

∣∣∣
=

1

np
εTVαVT

αε+
1

np

∣∣∣∣∣∑
i<i′

(εTVβZ
†
C(i,i′))(ZC(i,i′)(β̂ − β))

∣∣∣∣∣
≤ 1

np
εTVαVT

αε+
1

np

∑
i<i′

∣∣∣(εTVβZ
†
C(i,i′))(ZC(i,i′)(β̂ − β))

∣∣∣
≤ 1

np
εTVαVT

αε+
1

np

∑
i<i′

‖εTVβZ
†
C(i,i′)‖2‖ZC(i,i′)(β̂ − β)‖2

≤ 1

np
εTVαVT

αε+
1

np
·max
i<i′
‖εTVβZ

†
C(i,i′)‖2

∑
i<i′

‖ZC(i,i′)(β̂ − β)‖2,

where the second inequality follows from an application of the triangle inequality and the

third inequality from an application of the Cauchy-Schwarz inequality. We now establish

bounds for 1
np
εTVαV

T
αε and 1

np
·max
i<i′
‖εTVβZ

†
C(i,i′)‖2 that hold with large probability.

Bound for 1
np
εTVαV

T
αε:

This is established in the proof of Lemma 4.6 in (C.9), i.e.,

Pr

(
1

np
εTVαV

T
αε ≥ σ2

[
1

n
+ 2

√
log(np)

n2p
+ 2

log(np)

np

])
≤ 1

np
.

Bound for 1
np
·max
i<i′
‖εTVβZ

†
C(i,i′)‖2:
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First, note that there are p indices in each set C(i, i′). Therefore, for each set C(i, i′), we

obtain

‖εTVβZ
†
C(i,i′)‖2 ≤

√
p · ‖εTVβZ

†
C(i,i′)‖∞.

Note that

1

np
·max
i<i′
‖εTVβZ

†
C(i,i′)‖2 ≤

√
1

n2p
·max
i<i′
‖εTVβZ

†
C(i,i′)‖∞ =

√
1

n2p
· ‖εTVβZ

†‖∞. (C.13)

Therefore, using (C.13),

Pr

 1

np
·max
i<i′
‖εTVβZ

†
C(i,i′)‖2 ≥ 2σ

√
log
(
p ·
(
n
2

))
n3p


≤ Pr

‖εTVβZ
†‖∞ ≥ 2σ

√
log
(
p ·
(
n
2

))
n


≤ 2

p ·
(
n
2

) ,
(C.14)

where the last inequality follows from (C.10) in the proof of Lemma 4.6.

Therefore, for λ′ > 4σ

√
log(p·(n

2))
n3p

, we have λ′

2
< 1

np
·max
i<i′
‖εTVβZ

†
C(i,i′)‖2 with probability

at most 2

p·(n
2)

. Combining the results from (C.9) and (C.14), we have that

1

np
G(α̂, β̂) ≤ σ2

[
1

n
+ 2

√
log(np)

n2p
+ 2

log(np)

np

]
+
λ′

2

∑
i<i′

‖ZC(i,i′)(β̂ − β)‖2 (C.15)

with probability at least 1− 2

p·(n
2)
− 1

np
. Substituting (C.15) into (C.12) , we obtain

1

2np
‖Vα(α̂−α) + Vβ(β̂ − β)‖2 + λ′

∑
i<i′

‖ZC(i,i′)β̂‖2

≤ σ2

[
1

n
+ 2

√
log(np)

n2p
+ 2

log(np)

np

]
+
λ′

2

∑
i<i′

‖ZC(i,i′)(β̂ − β)‖2 + λ′
∑
i<i′

‖ZC(i,i′)β‖2.

We get Lemma 4.7 by an application of the triangle inequality and by rearranging the

terms.
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C.7 Proof of Lemma 4.9

Proof. We derive the degrees of freedom for û for (4.2) when x ∼ MVN(u, σ2I). Directly

from the dual problem (4.3), we can see that the solution DT ν̂ is the projection of x onto

the convex set K =
{
DTν : P∗2(ν) ≤ λ

}
. Using the primal-dual relationship û = x−DT ν̂,

we see that û is the residual from projecting x onto the convex set K. By Lemma 1 of [98],

û is continuous and almost differentiable with respect to x. Therefore, by Stein’s formula,

the degrees of freedom can be characterized as E
[
tr
(
∂û
∂x

)]
.

Recall that DC(i,i′) denotes the rows of D corresponding to the indices in the set C(i, i′).

Let B̂2 = {(i, i′) : ‖DC(i,i′)û‖2 6= 0}. By the optimality condition of (4.2) with q = 2, we

obtain

(x− û) = λ
∑
i<i′

DT
C(i,i′)gC(i,i′), (C.16)

where

gC(i,i′) =


DC(i,i′)û

‖DC(i,i′)û‖2
if (i, i′) ∈ B̂2.

∈ {Γ : ‖Γ‖2 ≤ 1} if (i, i′) /∈ B̂2.

We define the matrix D−B̂2 by removing the rows of D that correspond to elements in B̂2.

Let P =
(
I−DT

−B̂2
(D−B̂2D

T
−B̂2

)†D−B̂2

)
be the projection matrix onto the complement of

the space spanned by the rows of D−B̂2 .

By the definition of D−B̂2 , we obtain D−B̂2û = 0. Therefore, Pû = û. Multiplying P

onto both sides of (C.16), we obtain

Px− û = λP
∑
i<i′

DT
C(i,i′)gC(i,i′)

= λP
∑

(i,i′)∈B̂2

DT
C(i,i′)DC(i,i′)û

‖DC(i,i′)û‖2

,
(C.17)

where the second equality follows from the fact that PDT
C(i,i′) = 0 for any (i, i′) /∈ B̂2.

[100] showed that there exists a neighborhood around almost every x such that the

solution B̂2 is locally constant with respect to x. Therefore, the derivative of (C.17) with
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respect to x is

P− ∂û

∂x
= λP

∑
(i,i′)∈B̂2

(
DT
C(i,i′)DC(i,i′)

‖DC(i,i′)û‖2

−
DT
C(i,i′)DC(i,i′)ûûTDT

C(i,i′)DC(i,i′)

‖DC(i,i′)û‖3
2

)
∂û

∂x
, (C.18)

using the fact that for any matrix A with ‖Av‖2 6= 0, ∂
∂v

AT Av
‖Av‖2 = AT A

‖Av‖2 −
AT AvvT AT A
‖Av‖32

.

Solving (C.18) for ∂û
∂x

, we have

∂û

∂x
=

I + λP
∑

(i,i′)∈B̂2

(
DT
C(i,i′)DC(i,i′)

‖DC(i,i′)û‖2

−
DT
C(i,i′)DC(i,i′)ûûTDT

C(i,i′)DC(i,i′)

‖DC(i,i′)û‖3
2

)−1

P. (C.19)

Therefore, an unbiased estimator of the degrees of freedom is of the form

tr

(
∂û

∂x

)
= tr

I + λP
∑

(i,i′)∈B̂2

(
DT
C(i,i′)DC(i,i′)

‖DC(i,i′)û‖2

−
DT
C(i,i′)DC(i,i′)ûûTDT

C(i,i′)DC(i,i′)

‖DC(i,i′)û‖3
2

)−1

P

 .


