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Abstract

Analysis of Plasma Detachment through Magnetic Nozzle via Canonical Field Theory

Yu Takagaki
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Assistant Professor Setthivoine You

Aeronautics and Astronautics

In this paper, I have investigated the mechanism of plasma detachment through magnetic
nozzle via canonical field theory, especially by considering canonical vorticity flux ¥, contour
and dissipative force ﬁa. As one of the most recent experimental proofs of plasma detach-
ment, Olsen et al[5]., observed and investigated three key indications of plasma detachment.
However, after solving for numerical fits with their experimental data, I found that constant
ion flux lines did not actually separate from constant magnetic flux lines. Thus, their first
key indication becomes incorrect now. Whereas, my analytical results are consistent with
the other two key indications. At the beginning, plasma detached from canonical vorticity
flux contours due to non-zero dissipative force and attached on magnetic flux lines instead.
However, ﬁa ~ () force makes plasma re-attach on canonical vorticity flux contours around
the plume edge region. As the most significant and notable result through my analysis, I

confirmed the existence of returning plasma flow around the plume edge region.
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Chapter 1

INTRODUCTION

In the 1920s, the Noble prize laureate Irving Langmuir pioneered the scientific study of
plasma. Around the 1940, after Hannes Alfvén developed the MagnetoHydroDynamics
(MHD) theory to understand various astrophysical phenomena, plasma came to be treated
essentially as a conducting fluid. In the 1950s, plasma physics reached a certain major turn-
ing point. The production of power from thermonuclear fusion has been suggested as one of
the most promising application of plasma, and plasma physics theory has been widely and

successfully developed|8][78].

For other practical purposes, plasma jets started to be widely used in manufacturing (e.g.,
metallurgical and chemical purposes) and electric propulsion fields. Electric propulsion is one
of the most promising devices for a deep space exploring mission and a manned interplanetary
mission. To produce high specific impulse and relatively larger thrust with high efficiency,
plasma flow is generally guided and controlled by properly shaped electromagnetic fields. In
particular, nozzle shaped magnetic field is called a "magnetic nozzle.” Like a physical nozzle,
a magnetic nozzle produces sub-to-super sonic transition through converging and diverging
shape of the nozzle. Also, it can achieve even sub-to-super Alfvénic transition when we have
enough energy. Thus, a magnetic nozzle can essentially work as a nozzle with a flexible wall.
Whereas interactions between plasma flow and applied or self-generated electromagnetic
fields produce additional complexities and difficulties to fully control plasma jets. Therefore,

it is quite important to understand physics of plasma jets through a magnetic nozzle.

In this paper, I will utilize canonical field theory to investigate whole physics of plasma jets,



especially plasma detachment instead of using typical two-fluid model or MHD theory. In
section 2, I will explain an overview of plasma detachment issues; section 3 presents VASIMR
experimental investigations as some of the most recent research on plasma detachment; in
section 4, I will introduce key definitions and equations for canonical field theory; section 5
produces analytical results via canonical field theory which are consistent with experimental

ones; in section 6, I will give my conclusion and summary of this paper.



Chapter 2

OVERVIEW OF PLASMA DETACHMENT THROUGH
MAGNETIC NOZZLE

2.1 What is Plasma Detachment

The simplest method of controlling plasma flow through a magnetic nozzle is using frozen-in
theorem. In ideal MHD theory, total magnetic flux 1 through a certain closed contour is

constant in the frame moving with plasma. Magnetic flux is defined by
= / B-dS (2.1)

where B is magnetic field and dS is a vector element of area of closed contour. The change
in v is

@ _ o

dt—8t+(U-V)¢:7{(ﬁ—U)x§-dl:0 (2.2)

where « and ¢ are plasma velocity and reference frame velocity, respectively. From Eq. 2.2,

I can present the typical statement; magnetic flux is frozen-in plasma.

On the other hand, for some practical purposes, especially for propulsion, we want to make
plasma detach from magnetic flux contour. Otherwise we cannot obtain net thrust because
plasma will move with a closed magnetic flux contour. This issue is called as ”plasma
detachment,” and is one of the biggest challenges in a propulsion field. In short, plasma

detachment cannot be simply explained by using ideal MHD theory.



2.2 Historical Research Progress on Magnetic Nozzle and Plasma Detach-
ment

Until the 1950s, ideas for many different types of electric propulsion had been introduced and
developed. At the same time, a concept of magnetic nozzle was proposed for more practical
purposes. In the 1960s, as an initial approach to understand notable characteristics of a
magnetic nozzle, Chu[12] analyze sub-to-super sonic transition and sub-to-super Alfvénic
transition for infinitely conducting plasma via single fluid model. Through his analysis, he
confirmed the existences of those transitions through a magnetic nozzle like a physical nozzle
for neutral fluids. Also, Andersen et al.[13], built experimental magnetic Laval nozzle and
produced supersonic plasma flow. Otis[14] observed Hall potential due to an interaction

between supersonic plasma flow and guiding magnetic field.

During the 1970s, Kuriki and Okada[15] measured a potential barrier due to Hall param-
eter and an additional ion acceleration to an isentropic expanding magnetic nozzle case.
Gohda[16] numerically solved MHD equations to investigate the interactions between shock-
heated plasma flow and a magnetic nozzle via two-step Lax-Wendroff method. In 1977, F.
R. Chang Diaz proposed the VASIMR engine concept. While a strong research progress on
a magnetic nozzle could not be seen during the 1980s, a concept of magnetic nozzle became
more popular and was widely applied in propulsion and manufacturing fields (e.g., welding,

cutting, solid waste processing and plasma deposition).

In response to active research on electric propulsion, magnetic nozzle research also became a
major research topic in plasma physics. As the theoretical research, Power[17] designed Mi-
crowave Electrothermal Thruster (MET) with a magnetic nozzle as a new electric propulsion
concept, Hoyt et al.[18], analyzed minimized anode fall potential due to a magnetic nozzle
in a coaxial plasma accelerator, Zhugzhada and Nakariakov[19] explained latent heating of
coronal loops due to nonlinear slow body waves generated through a laval magnetic nozzle,

and Schoenberg et al.[20], presented the mechanism of plasma acceleration through a mag-



netic nozzle from MHD point of view. In 1993, Hooper[10] showed the significant constraints
for plasma detachment and characterized a possible plasma detachment due to large Larmor
radius effects and an ambipolar drift of a two-fluid plasma across magnetic field. In experi-
mental research, Black et al.[21], measured a magnetic field configuration through a coaxial
thruster and compared it with a one-dimensional MHD model. Furthermore, Black et al.[22],
observed current sheet propagation as the evidence of an ionizing shock front due to interac-
tions between plasma and applied magnetic field. Regarding numerical simulations, Rederick
et al.[23], investigated hydromagnetic Rayleigh-Taylor instability via two-dimensional MHD
simulations including unsteady flow from a magnetic nozzle. Nakashima et al.[24]a, nu-
merically examined plasma instability in a magnetic nozzle via three-dimensional hybrid

code.

After 2000, non-ideal effects in MHD theory (e.g., resistive collisions, Hall effect, and inertia
effect) were examined to consider more realistic physics and plasma detachment through
a magnetic nozzle. Gerwin[25] summarized those non-ideal effects theoretically through a
converging-diverging magnetic nozzle. Arefiev and Breizman discussed kinetic effects[26] and
analyzed ambipolar ion acceleration due to an existence of sheath at the wall[27]. As the
numerical research, Mikelides et al., investigated the performance of ManetoPlasmaDynamic
(MPD) thruster via MACH 2 code[30], and successfully conducted numerical simulations to
identify non-ideal effects through a magnetic nozzle[31]. Inutake et al.[33], also numerically
confirmed the improved efficiency of MPD arcjet by using a magnetic nozzle. Kajimura
et al.[36][37][38], used three-dimensional hybrid code to control thrust vector through a
magnetic nozzle in a laser fusion rocket, and improved its thrust efficiency. Sefkow and
Choen[76] contributed to develop three-dimensional Particle-In-Cell (PIC) code to study
electrostatic layers. To verify interactions between plasma and magnetic field, and advantages
of using a magnetic nozzle, high power MPD thruster were built with a magnetic nozzle, and
tested by Gilland et al[39][40]. Tobari et al.[41], evaluated diamagnetic effect of the high-beta

plasma in MPD arcjet. They confirmed improved efficiency and thrust via energy conversion



through a magnetic nozzle. As other electric propulsion thruster, Choi et al.[42], developed
and tested KBSI-KAIST-Hanyang (K2H) and Diversified Plasma Simulator (DiPS). Brainerd
and Reisz[43] also built and tested electrodeless experimental electric thruster. In addition,
Winglee et al.[44], designed and tested High Power Helicon thruster (HPH) with a magnetic

nozzle both experimental and numerical ways.

On the other hand, VASIMR research has became a strong candidate for future electric
propulsion since the 2000s. An overview for VASIMR engine is reported by Chang Diaz|[7].
Chavers et al.[45], designed and tested momentum and heat flux sensors for VASIMR experi-
mental research. Inutake et al.[34][35][32], examined the magnetic-laval-nozzle effect in MPD
arcjet and characteristics of Ion Cyclotron Radio-Frequency (ICRF) heated ion flow. Ando
et al.[46], also did some experiments to investigate a performance of ICRF Heating with a
magnetic nozzle. As a numerical approach, Vecchi et al.[47], developed and tested a numeri-
cal tool to study RF-plasma interactions. Through those research, plasma should attach on
magnetic flux contours to be generated and accelerated more efficiently via helicon wave and
ion cyclotron heating wave. Nevertheless, plasma should eventually detach from magnetic
flux contours to produce net thrust. Thereby, plasma detachment research also became an
active research topic. Arefiev and Breizman[28][29] mentioned plasma detachment occurs
when super-Alfvénic plasma flow stretches magnetic field to infinity. Schmit and Fisch[48]
developed Hooper’s plasma detachment model[10] including azimuthal velocity and analyzed
plasma detachment via ambipolar electric field. Gesto et al.[49], numerically showed plasma
detachment occurs if the curvature of the ion reaches to zero due to neutralizations through
current free double layer in Helicon Double Layer Thruster (HDLT'). Kawabuchi et al.[50], in-
dicated a possibility of plasma detachment via ambipolar electric field by using a fully 2D3V
electromagnetic PIC (TRISTAN) code. Breizman et al.[51], extended their super-Alfvénic
plasma flow detachment model[28][29] by developing a Lagrangian code. As experimental
proofs, West et al.[52], confirmed non-magnetized ions in HDLT exhaust and Deline et al.[53],

observed super-Alfv’enic plasma flow deviated from applied magnetic field.



In recent, the magnetic nozzle effect is continuously investigated by theoretically, numeri-
cally, and experimentally. Andreussi and Pegoraro[54] adopted Hamiltonian formulation for
MHD model to analyze general features of plasma acceleration through a magnetic nozzle.
Ahedo and Navarro-Cavalle[55] analyzed a thermodynamic behavior to obtain better thrust
efficiency. Takahashi et al.[59], examined a theoretical limit for axial momentum increase
as strength of magnetic field increases due to an inhibition of a cross-field plasma diffusion.
Lorzel and Mikellides[63] developed time-dependent three-dimensional MACH3 code to in-
vestigate resistive effect. Ahedo and Merino[56][65][64] computed Hall current, pressure,
electric and magnetic forces contributing to thrust by using two-dimensional DIMAGNO
code.Su and Shaing[67] numerically modeled a formation of current-free double layer through
a magnetic nozzle. Tang et al.[68][69], developed two-dimensional axisymmetric PIC code
to analyze a performance of MPD thruster with a magnetic nozzle. Singh et al.[70], sim-
ulated plasma wave effects generated by radial plasma plume. Bering et al.[71], improved
an ICH coupler efficiency through a magnetic nozzle. Longmier et al.[72], verified an ex-
istence of ambipolar ion acceleration in VASIMR VX-200i device. Sheehan et al.[73], also
investigated ambipolar ion acceleration in VASIMR VX-200 engine. Wiebold et al.[74][75],
measured ion acceleration in the Madison Helicon eXperiment (MadHex) through current
free double layer. Takahashi et al., evaluated the performance of helicon and MPD combined
thruster[60][61][62] and confirmed inhibited cross-field plasma diffusion in the thruster[59].
As for plasma detachment, Ahedo and Merino[57][58][66] suggested and investigated three
possible plasma detachment mechanisms (via resistivity, via electron inertia, and via induced
magnetic field). As one of the most detailed and recent experimental research on plasma
detachment, Olsen et al.[5], investigated plasma detachment observed in VASIMR VX-200

device. I will introduce details of their research in section 3.



Chapter 3

PLASMA DETACHMENT OBSERVED IN VASIMR
RESEARCH

As one of the most recent studies on plasma detachment through a magnetic nozzle, C.S.
Olsen et al.[5], observed and investigated plasma detachment in VAriable Specific Impulse
Magneto-plasma Rocket (VASIMR) VX-200 engine. In their article, they showed three key
indications for plasma detachment. At first, they indicated that ion flux contours detached
from magnetic flux ones. Second key indication was that ion velocity was not parallel to
magnetic field around the plume edge, which means ions became unmagnetized at larger
radial locations in cylindrical coordinates. Lastly, they observed high-frequency electric field
between detached ions and attached electrons on a magnetic flux contour. In this section, I
will introduce the details of their experimental investigations, and I will analyze their results

via canonical field theory in section 4.

3.1 Experimental Setup

3.1.1 VASIMR VX-200 Engine

"The VASIMR engine is a high-power, radio frequency-driven magnetoplasma rocket, capa-
ble of exhaust modulation at constant power” [7]. The first research on VASIMR engine was
began at the Charles Stark Draper Laboratory and the Massachusetts Institute of Technol-
ogy (MIT) in late 1970s and became more popular during 2000s. Recently, C.S. Olsen et
al.[5], designed and built VASIMR VX-200 engine to investigate its performance and plasma
detachment from a magnetic nozzle. "The VX-200 (VASIMR experimental-200kW) device



is a laboratory prototype operating from 2009 to 2012 demonstrating high-power densities
(6 MW /m? across the exit area), specific impulse ranging between 2000 and 5000s, and thrust
up to 6/N”[5].The main components of VX-200 engine shown in Fig. 3.1 are helicon wave
plasma source for Argon propellant, experimental super-conducting magnets producing a

magnetic nozzle, and Ion Cyclotron Heating (ICH) device which energizes ions.

ICH stage couples RF
power to ions

Expanding magnetic field

converts perpendicular ion
kinetic energy to directed
parallel ion kinetic energy

-

Propellant injected into \

engine core

Helicon coupler ionizes
propellant

np“‘“fa:o, -
Superconducting coils Im
generate ~ 2 T magnetic
field that confines plasma \

Figure 3.1: Conceptual schematic of VASIMR VX-200 engine|5]

3.1.2 Plasma Diagnostics

To measure plasma properties adequately, various plasma diagnostic devices shown in Fig.
3.2 were used in their experiments. From left to right, they had Retarding Potential Ana-
lyzer (RPA), High-Frequency (HF) electric field probe (recessed), backup plasma momentum
flux sensor (PMFS), primary PMFS, 3-axis magnetometer, guard-ring Langmuir probe, az-
imuthal flux probe, lower ion flux probe array, and upper ion flux probe array. The detailed

descriptions for each diagnostic devices can be seen in their article[5].
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Force Impact Target #1

RPA

Horizontal mid-plane -

‘ Force Impact Target #2

3-axis Magnetometer

‘ Swept Langmuir Probe

\ lon Flux Probe Array #1

‘ lon Flux Probe Array #2

Figure 3.2: Image of plasma diagnostics[5]

3.2 Experimental Results and Discussion

3.2.1 Comparison between Ion Flux Contour and Magnetic Flux Contour

As an initial approach to verify plasma detachment, they compared ion flux contour lines
with magnetic flux ones. A typical experimental schematic, Fig. 3.3, shows a convergent
detachment of spatially integrated ion flux contour from magnetic flux one measured through
magnetic nozzle. " The process for the investigation begins with the continuity equation under
the assumption that charge sources and losses are negligible and that the flow is in steady
state” [5]

dp

a—f—V-(pﬂ)zS—L:O (3.1)

They also stated that

”This form of the continuity equation is valid based on the steady mass flow rate shown in
Fig. 3.4 and losses being minimized due to lower background pressures and interaction cross

sections. The sources term is also presumed negligible based on verification from spectral
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Figure 3.3: "Illustrating the method of spatially tracking lines of constant integrated ion flux
and magnetic flux. Convergent detachment is shown (x-section insets) and appears as ion

flux (pink) expanding slower than magnetic flux (blue)” [5].
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data of a singly ionized plume, low-ion collision rate, and lack of additional external energy
sources. The continuity equation permits the measurement of the plasma/magnetic flux

expansion without worry of external influences.” [5]

To obtain ion flux contour lines and magnetic flux ones, they numerically solved following
set of operations at each axial locations where radial profile data were taken by Langmuir

probe arrays facing at axial direction.

Ly (r) =27 /07‘ Jir/qrdr (3.2)
() = 3.3)
O, (r)=2rm /T B.rdr (3.4)
Jo=®.(rs) (3.5)

Eq. 3.2 and 3.3 describe ion flux and ion plume fraction, f;, which are used to map constant
ion flux lines. 744 is @ geometric projection of the magnetic field from the inner wall shown
in Fig. 3.3. Eq. 3.4 and 3.5 describe the radial magnetic flux integration and magnetic flux
originally enclosing the baseline of an ion plume fraction line. To verify plasma detachment,
they plotted f; and fg in Fig. 3.5 as a comparison between constant ion flux lines and
constant magnetic flux ones. While they showed other results in their article for the case
where only helicon plasma source was used, in this paper I particularly focus on results from
the operations using both helicon source and ICH. Note that these equations are slightly
different from theirs shown in their article because I found few issues in their definitions. At
first, they defined magnetic flux fraction by

fo (r) = ®. (r)

= 3. (ry) (3.6)

However, if they used their definition adequetly, their magnetic flux fraction lines would not
match with their black dashed lines shown in Fig. 3.5. For example, when they mapped

fo (r) = 90% line, their fg line would indicate 90% of magnetic flux starting from the baseline
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Figure 3.4: ”Standard shot configuration including uncertainty bounds (dashed lines). Data
analysis windows for the low- and high-power configurations were taken from 0.4— 0.5 and
0.65— 0.75 s, respectively. Top: average RF forward power profile. Middle: steady 3600-
scem (~ 107 mg/s) argon flow. Bottom: exhaust region chamber pressure measured by
separate hot cathode ion gauges.”[5]
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1.2

Plume Radius (m)

2.79 3.29 3.79 4.29 4.79 5.29
Axial Distance (m)

Figure 3.5: Lines of constant f; (red solid) during the helicon + ICH operation compared
with lines of constant enclosed magnetic flux (black dashed)[5]

of 90% ion plume fraction line, which means that their fg line could not enclose the baseline
of 90% ion plume fraction line. That fs line would rather be inside of that baseline and this
would contradict with their statement. Therefore, their definition of fg expressed by Eq. 3.6
should be revised by Eq. 3.5.

In addition, they deﬁned ’Z as
I iz I

 To: (Teage) 87)
However, since they did not define Iy, (7cqge ), I believe the denominator should be L'y, (regge)-
Indeed, the co-author J. P. Squire et al.[6], defined f; by using Eq. 3.3 to investigate plasma
detachment in their paper where C.S. Olsen was the second author. Nevertheless, just in
case, I tried to find f; numerically fitting with their f; by using Eq. 3.7 in B where I
assumed that they solved I'g, (7cqqe) only at the baseline (z = 2.79 [m]), not at each axial
positions. As a result, I obtained non-realistic results and those results indeed contradicted

with their statement such as they obtained collimated flow comparing with magnetic flux

lines. Thereby, I re-write Eq. 3.7 into Eq. 3.3. This modification for the reference ion flux
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Loz (Tedge) Will indeed bring a serious issue to their statement.

From Fig. 3.5, they concluded that the separation between ion plume fraction lines and
magnetic flux lines indicated the separation between ion flux contours and magnetic flux
contours originally enclosing the ion plume fraction lines. However, since they plotted con-
stant f; lines instead of constant I';, (r) lines, their statement could be valid only when the
denominator I';, (7eqge) is constant. For example, when f; = const and the denominator
I';2 (Tedge) 1s not constant, the numerator I';, () cannot become constant neither. One possi-

ble case that satisfies this example can be seen in Fig. 3.6. In their experiments, since they

Plasma Edge

CL

r{'.(rerigejl < Diotar r{'.(redge] = lotar

Figure 3.6: Possible shapes of plasma plume and 7gge

defined 744 as a magnetic field line, it does not have to fit with the plasma plume edge line
after leaving the physical inner wall. Thus, I';, (reqge) is not necessarily constant throughout
magnetic nozzle. Consequently, I can state that the deviations of f; lines from magnetic flux
ones did not always indicate the deviations of constant ion flux I';, (r) lines from magnetic
flux ones. In other words, their first key indication of plasma detachment such as ion flux

contours detached from magnetic flux ones is not necessarily correct.
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3.2.2  Ion Unmagnetization

As the second key indication of plasma detachment, they compared ion velocity vectors
with magnetic field ones by using RPA data. Contour plots of an ion velocity distribution
function as a function of radial and axial ion velocity with a local magnetic field vector are

shown in Fig. 3.7. They stated that "If the ions were magnetized much of the distribution

.
Longyglt) (0% m¥)

Figure 3.7: Contour maps of the ion velocity distribution function as a function of v, and v,
at five radial locations and z = 3.9 [m]. ”The local magnetic field vector is overlain in each
plot (black arrow)”[5]

would be expected to be more preferentially organized near the angle of the magnetic field
vector”[5]. In fact, at the larger radial positions where the field has begun to curve away,
axial component of ion velocity seemed to be more dominant comparing with magnetic
field vector. This result was the proof of ion unmagnetization and became the second key

indication of plasma detachment.
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3.2.83 Existence of High-frequency FElectric Field

As the third key indication, they observed high-frequency electric field, especially around the
plume edge, due to loss of adiabaticity. According to [9], the breakdown of loss of adiabaticity
occurs when the change in Larmor radius becomes comparable with itself.

ArLi . AQM . V; ‘VB‘ -
TLi B Qi _Qci B B

1 (3.8)

In their experiments, the breakdown for ions occurred at the green dashed line in Fig. 3.8,

while electrons did not lose their adiabaticity over the entire measurement region. After

12

Plume Radius (m)
=41

0.2

2.8 3.2 36 4 44 48 5.2
Axial Distance (m)

Figure 3.8: "Image summarizing various regions associated with detachment process. The
flow lines (blue) are based on the integrated ion flux fraction and extended out along the
linear region. Lines showing the transition above unity for kinetic and thermal beta are
displayed for reference (red dashed)”[5]

losing adiabaticity, plasma entered the ion trapping region. In this region, perturbed high-
frequency electric field appeared between unmagnetized ions and magnetized electrons. This
electric field worked as E x B force and that force produced diamagnetic current. Then,

-

J x B force eventually worked as centrifugal force on ions. In particular, since magnetic field
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was still strong around the nozzle exit, the centrifugal force was dominant comparing with

electrostatic force; hence ions seemed to be trapped.

On the other hand, as magnetic field was weakened, the fluctuating electrostatic force be-
came dominant and plasma entered the anomalous transport region. In this region, ef-
fective collision rate for interparticle collisions was increased, and then effective resistivity
became anomalous resistivity [5],[56],[10],[11]. In consequence, the tug-of-war between elec-

trostatic force and centrifugal force enabled plasma to transport anomalously across magnetic

field.

Beyond the anomalous transport region, the ions’ trajectories became linear and the fluctu-
ating electric fields were dissipated. However, since electrons were still magnetized, I believe
that anomalous transport and fluctuating electric fields should still exist in the ballistical

detached plasma region. Regarding this point, they mentioned that

7 Although not directly observed, anomalous transport may still be occurring in the weak
magnetic field regions beyond the limits of the translation stage. It may be the focus of
future experiments to explore the plume further out in radius during plasma operation at

lower ion energy.” [5]

3.3 Summary of VASIMR VX-200 Research

In summary, they observed three key indications of plasma detachment. At first, they showed
ion detachment from a magnetic flux contour, although it was not necessarily correct. Next,
they indicated ion unmagnetization at larger radial positions. Lastly, they observed the
existence of high-frequency electric field between magnetized electrons and unmagnetized

ions due to loss of adiabaticity.
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Chapter 4

CANONICAL FIELD THEORY

To investigate the plasma detachment described in section 3, I will apply canonical field
theory formalized by You [1], [2], [3]. In general, interactions between plasma flow and
electromagnetic field produce additional complexities and difficulties like non-ideal effects
seen in MHD theory (e.g., resistive collisions, Hall effect, inertia effect, pressure gradient
and pressure tensor). Around a plasma plume edge, density gradient might produce kinetic
effects which cannot be investigated via fluid regime. To reduce those complexities and cost
for investigations, most of analyses and numerical simulations do not include those realistic

effects.

Whereas, You formalized canonical field theory from the most fundamental point-of-view
using generalized Lagrangian-Hamiltonian formalism for dynamics of single particle, kinetic
and fluid regimes[3]. As one of the biggest advantages of using canonical field theory, it
allows us to consider more fundamental plasma physics including non-ideal and even non-
fluid-regime effects. Moreover, it has one-to-one relationship with MHD theory. For example,
there exist one-to-one relationships between canonical vorticity field Q, and magnetic field
B , between canonical force field %, and electric field E, and between general enthalpy h,
and some of plasma energy (e.g., kinetic energy, electrostatic potential energy, and pres-
sure energy). Using these one-to-one relationships, we can simply apply conventional MHD

intuition for canonical field theory.



20

4.1 Governing Equations

In this section, I will introduce governing equations in canonical field theory. Whole detailed
derivations are shown in [3]. First and foremost, let me define canonical momentum P, for
certain plasma species o as

P, = nomyii, - ngqgffg (4.1)
General enthalpy is defined as

he = ~NeMg2 + NgGed + P (4.2)

N | —

Canonical vorticity field is defined by

1

ol
Q

Il
<
X
Q
~
o

Canonical force-field is defined by

o oP
Yo = —Vhy — —2
g VO' at

(4.4)

From generalized Lagrangian-Hamiltonian formalism, generalized form of Ohm’s law (equa-

tion of motion) can be written as

S+ (ﬁg x ﬁg) - R, (4.5)
where dissipative force R, is
— 1 0?2
R, = -V [ 2eX2 - -2 (4.6)
2 20,

Youl[3] explained Eq. 4.6 by stating that ”dissipative forces represent an incomplete conver-

sion of canonical vorticity ”potential” energy ——= into canonical force-field "kinetic” energy

2o
1 2 »
560—20.

Next, let me derive generalized form of Maxwell’s equations in canonical field theory. First of

all, generalized Faraday’s law can be derived by taking curl of canonical force field f]g,

. o9,
S =—
V X gy

(4.7)
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Taking divergence of canonical vorticity QU, I can obtain generalized Gauss’s law for canonical
vorticity field such as

V-Q,=0 (4.8)

Defining canonical source term gy, for canonical force field as

llaled =V. [ﬁa — (ﬁa X QU)] (4.9)

€o

generalized gauss’s law for canonical force field can be derived as

V.5, = o (4.10)

€o

Lastly, taking curl of canonical vorticity brings us generalized Ampére’s law

- . 0%,
V X Q= pigdy + MUEJW (4.11)

where canonical current density is defined as
Jo = o, i, (4.12)

To keep gauge-invariant for canonical momentum, canonical Lorentz gauge condition can be
written as
Ohs

VP, 4 e, —2 =0 413
+ Hots . (4.13)

In summary, all governing equations compared with MHD theory can be seen in Table 4.1

and in Table 4.2.
4.2 Frozen-in Theorem for Canonical Field Theory

Likewise ideal MHD theory, I will derive frozen-in theorem for canonical field theory. At

first, canonical vorticity flux is defined as

1!

v, = /ﬁg-ds (4.14)
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Table 4.1: Comparison of governing equations between MHD Theory and Canonical Field
Theory

MHD Theory Canonical Field Theory

Ohm’s law E + <ﬁ X é) = ﬁnon—ideal io + (ﬁo X ﬁa) - ﬁa

) - — 8.§ S 860‘
Faraday’s law VXxE=-% VxE,=-%=
Gauss’s law V-B=0 V-QU:()
Gauss’s law V-FE= Z—g V.Y, = qeﬂio
Ampére’s law V x B = poJ + CL2@_€ V x Qp = pigJy + Maﬁaagf
Lorentz gauge condition | V - A + C%a—f =0 V-P,+ Lo €o 3;; 0

Using Stokes’ theorem,
v, = j{ﬁa cdl = ]{ <n0maﬁg + naqog) dl (4.15)

Using canonical Ohm’s law with zero dissipative force, ég = 0, and canonical Faraday’s law,

the change in ¥, in the frame moving with plasma is

dv, v,

o BT —i—(v‘V)\I/U:j{(u—v)an-dl:O (4.16)

Therefore, I can state that canonical vorticity flux is frozen-in plasma when R, =0.

From frozen-in theorem for canonical field theory, plasma flow can be controlled by obtaining
appropriate shape of canonical vorticity flux tube. Considering plasma detachment, when
]%U = 0, plasma detaches from 1) contour, but attaches on ¥, contour. On the other hand,
when R, # 0, plasma must detach from ¥, contour and could attach on v contour when
plasma is magnetized. To understand the mechanism of plasma detachment, it is important

to consider canonical vorticity flux ¥, and dissipative force R,.
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Table 4.2: One-to-one relationships between MHD Theory and Canonical Field Theory

MHD Theory Canonical Field Theory
E 55

nqeo hy

B q.

A B

Pec =14 o,

Rypon—ideat = 1J + Zan (fx B-VP, —-V- ﬁe> R, =-V (%%Zg B 2%
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Chapter 5

ANALYSIS OF PLASMA DETACHMENT VIA CANONICAL
FIELD THEORY

From Eq. 4.15, there are three key steps to map canonical vorticity flux ¥, contour: finding
vector potential A, finding number density profile n,, and finding velocity profile u,. In
this section, I will present analytical fits with experimental data shown in section 3, and

investigate the mechanism of plasma detachment via canonical field theory.
5.1 Constant Ion Flux Contour

5.1.1 Magnetic Field Configuration

In the experiments, the magnetic field is produced from experimental superconducting mag-
nets. However, due to less information about those magnets (e.g., location, width, radius,
and current carried) in their article, let me assume that an ideal single current loop produces
magnetic field

o 4la (2 — k) K (k) — 2B (k)

Ay = Ho
’ 4T \/a2? + 12 + 22 + 2ar k2

(5.1)

where a is a radius of a circular current loop carrying current /I and the argument £ of the

elliptic integral is
dar

R =
a? + 12+ 22+ 2ar

(5.2)

Taking curl of ff, I can obtain the following similar enough magnetic field configuration
shown in Fig. 5.1 and Fig. 5.2. Note that there are three different experimental results in

Fig. 5.1; one is for vacuum case, another one is for helicon plasma source with ICH case, the
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Figure 5.1: Comparison for the strength of magnetic field on z-axis for vacuum case (black),
helicon only case (blue), and helicon + ICH case (red) in experiments and my analytical one
(green)|[5]

other one is for helicon plasma source without ICH case. Olsen et al., mentioned that these

three experimental results were mostly overlapped, and the largest difference was only 2%.

5.1.2  Number Density Profile

Number density profile can be derived from current density profile measured by Langmuir

probe arrays such as
iz (r,2) = €7 2m; (r,2) gics (2) (5.3)

where T assumed quasineutral plasma (n. = n;). Bohm velocity ¢ (z) can be derived from
current density and number density data measured on z-axis where I assumed radially uni-
form Bohm velocity because of less information about its radial profile.

e_%ni 0,2) ¢

cs (2) = (5.4)
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Plume Radius (m)

2,79 3.29 3.79 4.29 4.79 5.29
Axial Distance (m)

Figure 5.2: Comparison for experimental magnetic flux lines (black dashed), experimental
magnetic flux fraction f; lines (red) and my analytical magnetic flux (blue dashed)[5]

Regarding radial current density profile, I assumed Gaussian distribution j;, (r, z) emar’

and numerically solved for ion plume fraction lines f; fitting with experimental ones shown

in Fig. 5.4. From Fig. 5.4, I can confirm that my analytical constant ion plume fraction f;

Jiz [AIm*2]
3000
2000

1000

Radial Distance r [m]

T o0 0.5 1.0 1.5 20 25

Axial Distance z [m] 0

Figure 5.3: Axial ion current density contour map

lines (blue) seem to match with measured ones (red).

Plotting number density contour map with regee line (yellow dashed line) in Fig. 5.5, I can
see that req4 at the beginning is indeed placed inside the plume edge like I expected in

Fig. 3.6. From this result, I can state that I'; (rcqge) is not necessarily constant at each
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Figure 5.4: Comparison between experimental ion flux fraction f; lines (red) and my ana-
lytical f; lines (blue) with experimental magnetic flux ¢ lines (black dashed) and analytical
magnetic flux ¢ lines (light blue dashed)[5]
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Figure 5.5: number density contour map with .44 (yellow dashed). Red point indicates the

basepoint of 7¢gge



28

axial position. In fact, calculating I'; (reqqe), I can show non-constant I'; (1e44.) in Fig. 5.6.

As a result, I can conclude that their first key indication, ”ion flux contour detached from

3.4x10%"
32x10%'
30x102' [ :
28x10°" |
26x10°' |
2.4x10%' |
22x10%' |

0.0 0.5 1.0 1.5 20 25

Reference lon Flux Gamma_edge [ionss]

Axial Distance z [m|

Figure 5.6: number density contour map with r.ge (yellow dashed). Red point indicates the
basepoint of 7¢gge

magnetic flux contour” was incorrect. Plotting actual constant ion flux contour lines in Fig.
5.7, T can see that most of constant ion flux contour lines did not actually separate from

magnetic flux contour ones.

On the other hand, my analytical constant ion flux I'; (r) lines are consistent with their
second key indication. At z = 1.2 in Fig. 5.7 (at z = 3.9 in their experiments), I'; (r) lines
start to separate and be collimated at larger radial positions. This result is consistent with
their second indicator such that ”ions became unmagnetized and collimated as r increases.”
As another possible counter-argument to my analysis, it can be stated that I'; (r) lines might
not be true constant ion flux lines because they used informal definition for ion flux. In

general, ion flux should be defined as
Fitrue = /nlﬁl . dg (55)

Whereas, in their article, ion flux was defined by using current density obtained from Lang-
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Figure 5.7: n; contour map with constant ion flux I'; (r) lines (blue solid), constant magnetic
flux 1 lines (light blue dashed), and 744 (yellow dashed)

muir probes

Liew = /6_;77,0055 -dS (5.6)

This informal definition would bring inadequate plots for ion flux contour lines. However,
since my analytical I'; (r) lines are consistent with their second evidence based on RPA data,
at least I can state that my I'; (r) lines are approximately equal to the true ones, I';er ™~ Uipue,

except for the plume edge region.

5.2 Canonical Vorticity Flux Contour

5.2.1 Velocity Profile

To understand plasma detachment around the plume edge region, we need to plot canonical
vorticity flux W, contour lines. The last step to map ¥, contours, I need to find velocity

profile. Unfortunately, since we have less information about the radial profile of ion velocity,
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let me assume electrons are fully magnetized as they stated[5],

U = Ue = u.b (5.7)

Additionally, since VASIMR VX-200 engine is electrodeless, assuming zero net plasma cur-

rent,

;: niq; (Uz - ﬁe) =0 (5-8)

ﬁi = ﬁe = Uei) == Uzi) (59)

As a result, I can state that ions are also magnetized, otherwise my two assumptions are
incorrect such that there should be net current or both ions and electrons are unmagnetized.
However, since most of constant I'; (r) lines attached on 1 lines in Fig. 5.7, let me use

magnetized plasma velocity to plot canonical vorticity flux ¥, contour map.

5.2.2  Comparison between Ion Flur Contour and lon Canonical Vorticity Flux Contour

¥, contour lines are plotted in Fig. 5.8. From this figure, I will mention five notable points.
First and foremost, in the core plasma plume region, while ions are mostly magnetized, W;
lines (orange) derived by using magnetized velocity did not fit with I'; (r) lines (blue). On
the other hand, around the plume edge region, I expected that ¥; lines would not fit with
the plume edge line since I'; (r) lines (blue) are unmagnetized; however, ¥, lines surprisingly
fitted with the plume edge line quite well. Thirdly, there exist returning plasma flows as
r increases. Before mentioning all five notable points, let me describe these three notable

points in the following sections.
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Figure 5.8: n; contour map with constant canonical vorticity flux ¥; lines (orange), constant
ion flux I'; (r) lines (blue), constant magnetic flux ¢ lines (light blue dashed), and 7e4g.
(yellow dashed)

5.2.8 Dissipative Term R, makes Plasma Detach from Canonical Vorticity Flux Con-

tour

As for the first notable point, I can simply explain by using non-zero dissipative force, R, # 0.
As I had already mentioned in section 4, when ﬁa # 0, plasma can detach from W, contour.
Therefore, in the core plasma plume region, non-zero dissipative force, R, # 0, makes plasma
detach from V¥, lines (orange) and attach on ¢ lines (light blue dashed). Thereby both ions

and electrons can be magnetized.

In contrast, ﬁg = ( force enables plasma to attach on W, contour lines around the plume
edge region. In that region, since n, — 0, I can write QU — 0 and E_ja — 0. Hence, even if
we used inaccurate velocity profile to plot ¥, , like magnetized velocity, canonical vorticity
flux and dissipative term would become ¥, — cst and R, —0. Asa result, I can state my
analytical W, lines are approximately equal to the true ones that should be derived by using
the true velocity profile around the plume edge region, and exactly same at the plume edge

due to é,, = 0.
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5.2.4  Returning Plasma Flow

The existence of returning plasma flow is guaranteed by Gauss’s law for canonical vorticity
field such as V - QU = 0 like a closed loop of magnetic field. However, unlike magnetic field,
since O, is defined by using number density n,, all returning paths should be enclosed by a

. . . 8\110_ _
plasma plume edge. Mathematically, these returning points appear when <= = 0.

ov, P, -  [|0n, [ . oi,  0A
cdl = f [ P (maug + qu> +n, <mg— + q05>

2= o dl (5.10)

In general, n, — 0 and ‘%" — 0 around the plume edge region. Therefore, I can infer that

returning points will appear around the plume edge region.

5.2.5 Additional Notable Points

Another notable point from Fig. 5.8 is that ion flux I'; (r) lines around the nozzle exit
separate from W, lines and diverge to infinity. In my opinion, since Olsen et al., measured
the current density by using —z directed Langmuir probes, they could not measure returning
plasma flow appropriately. For this reason, ion flux I'; (r) lines around the nozzle exit seem

to diverge to infinity.

Regarding the high-frequency electric field, I can explain the existence and dissipation of
this electric field by considering canonical vorticity flux for ions ¥; and for electrons V.. In
the core plume region, since both ions and electrons are magnetized, it is difficult to observe
electric field. In fact, the author stated that the strength of electric field was larger as r
increases. Around the plume edge region, since R, ~ 0, both ions and electrons try to re-
attach on their own canonical vorticity flux ¥, contours. Then, when constant ¥; lines do
not match with constant W, lines, electric field appears, vice versa. Considering canonical

vorticity flux for each species, the biggest difference can be seen in their inertia terms.
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v, = ]{ (nemeﬁe + neqe/_f> dl (5.12)

Around the nozzle exit, since the inertia effects for each species are not negligible, constant
U, lines deviate from constant W, lines. In contrast, since number density becomes much
smaller at the far downstream region than that around the nozzle exit, those inertia effects
can become negligible. As a result, high-frequency electric field can be dissipated. This
explanation is consistent with their third key indication such that they observed strong

perturbed electric field around the plume edge and it dissipated as z increases.
5.3 Summary of Analysis

I confirmed that my analytical results via canonical field theory are consistent with two of
three key indications observed in VASIMR experimental research. At first, their first key
indication becomes incorrect now because I'; (re4q) is actually not constant, and constant ion
flux lines did not actually separate from magnetic flux ones. Secondly, my analytical ion flux
['; () lines showed the consistent result with their second key indication, namely analytical
['; (r) lines are also deviated and collimated at larger radial positions. Lastly, while electrons
are neither fully magnetized around the plume edge region because of R, ~ 0, I can explain
the existence of high-frequency electric field by considering deviations between ¥, lines and
U, lines. Also, the dissipation of the electric field at larger axial locations can be explained

by matching of ¥; lines and W, ones.

The transitions of dissipative force and the mechanism of plasma detachment through mag-

netic nozzle are summarized in Fig. 5.9.
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Figure 5.9: Summary of plasma detachment via canonical force field theory
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Chapter 6

SUMMARY

In this paper, I have investigated the mechanism of plasma detachment through magnetic
nozzle via canonical field theory. As one of the most recent experimental proofs, Olsen et
al[5]., observed and investigated plasma detachment through magnetic nozzle in VASIMR
VX-200 engine. In their article, they observed three key indications of plasma detachment;
constant ion flux lines deviated from constant magnetic flux ones; ions became unmagnetized
at larger radial locations; high-frequency electric field appeared and dissipated as z increases.
However, since I found some issues in their definitions, in particular their calculations for the
reference ion flux I'; (7eqge ), their first key indication becomes incorrect now. After solving
for numerical fits with their experimental results, I found that constant ion flux I'; (r) lines
did not actually separate from constant magnetic flux ones. Whereas, my analytical results
are consistent with the other two key indications. My analytical constant ion flux I'; (r) lines
are collimated and deviated from magnetic flux ones as r increases. In addition, their third
key indication can be explained by considering the separation between canonical vorticity

flux contours for each ions and electrons.

To explain the mechanism of plasma detachment, I utilized frozen-in theorem in canonical
field theory likewise ideal MHD theory; canonical vorticity flux is frozen-in plasma when
dissipative force R, = 0. At the beginning, plasma detached from canonical vorticity flux
¥, contours due to non-zero dissipative force ﬁg # 0 and could attache on rather magnetic
flux lines. However, since number density n, decreases as r increases, dissipative force is
getting close to zero. As a result, R, ~ 0 force makes plasma re-attach on canonical vorticity

flux W, contours. Also, at the quite far downstream region from magnetic nozzle, since most
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€g 22 Q—g> ~ (0 and

of plasma parameters become approximately uniform, ]%U = -V (% o~

plasma try to re-attach on ¥, contour.

Another notable point for W, contour is the existence of returning plasma flow. Likewise
magnetic field, since canonical vorticity field O, also satisfies Gauss’s law, ), should have a
closed loop trajectory. On the other hand, unlike magnetic field, since O, is defined by using

ng, all returning paths should be enclosed by a plasma plume edge. Therefore, as n, and

oneg

52 decrease and get close to zero at larger radial positions,

axial gradient of number density

plasma should re-attach on ¥, lines and eventually returns to the nozzle.

Meanwhile, constant V¥, lines do not have to match with constant ¥, lines even around
the plume edge region. In particular, around the nozzle exit, since inertia effects cannot
be negligible, the deviations of each W, trajectories generate high-frequency electric field
around the plume edge region. At the far downstream region, by contrast, since n, decreases
through diverging magnetic nozzle, inertia effects become negligible and ¥, trajectories for
each species match with one another. Eventually, electric field between ions and electrons
dissipates at the far downstream region. This is consistent with their third key indication

observed in the VASIMR experiment.

In conclusion, canonical field theory can explain the mechanism of plasma detachment by
considering canonical vorticity flux contour and a transition of dissipative force. The analyses
via canonical field theory are mostly consistent with VASIMR, VX-200 experimental results.
To verify the existence of the returning plasma flow, I suggest to use Mach probes instead
of using Langmuir probes. Also, it is necessary to plot true canonical vorticity flux contour
by using true velocity profile obtained from Mach probes or RPA arrays. For more practical
purposes, it is also quite important to investigate the dynamics of canonical vorticity flux
tube for analyzing plasma detachment and a formation of returning plasma flow through a

plasma jet.
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FROZEN-IN THEOREM

Frozen-in theorem in ideal MHD theory is derived based on

@ _

dt_o

Using Eq. 2.1,

dip dB - ~ dAS
= = B —=
it it ds+/ it

The first term becomes

/d—B-d§=lim B(t_l—&)_B(t)-dngaB(t)~d§
dt 5t—0 ot ot

Using Faraday’s law and Ohm’s law,

/%.d§:/Vx(ﬁx§>~d§

Using Stokes’ theorem,

/VX(axé).d§:7§(ﬁx§)-dT

The second term 1is

_ dAS L ddt x Al .
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(A.4)

(A.5)

(A.6)

From Eq. A.5 and A.6, these two terms are cancelled out one another by considering triple

scalar product. Therefore, I can derived Eq. A.1.
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Appendix B

CONSTANT T';; (Rppcr) CASE

Likewise section 5.1.2, let me find f; numerically fitting with experimental data. Assuming
that they solved Iy, (reqqe) only at the baseline (z = 2.79[m]), I can plot current density, ion
fraction lines, and number density in Fig. B.1, B.2, and B.3 where I assumed radial current

density profile as Gaussian distribution.
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Figure B.1: Axial ion current density contour map

From these figures, I could not find the best numerical fit with experimental data. Also, I
can state that these results are unrealistic and contradicts with their statement that they
obtained collimated plasma plume. As one possible case, the current density distribution

could not look like Gaussian distribution. For example, plasma could have a shear flow.
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Figure B.2: Comparison between experimental ion flux fraction f; lines (red) and my ana-
lytical f; lines (blue) with experimental magnetic flux ¢ lines (black dashed) and analytical
magnetic flux ¢ lines (light blue dashed)[5]
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