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This dissertation consists of three chapters. The first two develop new methods for causal in-

ference, focusing on settings with limited identification or complex data structures, while the

third develops a framework for policy learning that incorporates distributional and welfare

considerations.

In the first chapter, coauthored with Yanqin Fan, Carlos A. Manzanares, and Hyeonseok

Park, we develop a sensitivity analysis of the surrogacy assumption for the surrogate index

approach in Athey et al. [2025b]. We introduce “Weighted Surrogate Indices (WSIs),” the

analog of the surrogate index under the surrogacy assumption. We show that under com-

parability, the average treatment effect (ATE) on WSI identifies the ATE on the long-term

outcome when a copula of the treatment and the long-term outcome conditional on baseline

covariates and surrogates is known. When the copula is unknown, we establish the identified

set of the ATE on the long-term outcome. Furthermore, we construct debiased estimators

of the ATE for any given copula and develop asymptotically valid inference in both point-

identified and partially identified cases. Using data from a poverty alleviation program in



Pakistan, we demonstrate the importance of sensitivity checks as well as the usefulness of

our approach.

In the second chapter, coauthored with Yiqi Liu, we discuss estimation and inference of

conditional treatment effects in regression discontinuity (RD) designs with multiple scores. In

addition to local linear regressions and the minimax-optimal estimator proposed by Imbens

and Wager [2019], we argue that two variants of random forests, honest regression forests

and local linear forests, should be added to the toolkit of applied researchers working with

multivariate RD designs; their validity follows from results in Wager and Athey [2018] and

Friedberg et al. [2020]. We design a systematic Monte Carlo study with data generating

processes built both from functional forms that we specify and from Wasserstein Generative

Adversarial Networks that closely mimic the observed data. We find no single estimator

dominates across all specifications: (i) local linear regressions perform well in univariate

settings, but the common practice of reducing multivariate scores to a univariate one can

incur undercoverage, possibly due to vanishing density at the transformed cutoff; (ii) good

performance of the minimax-optimal estimator depends on accurate estimation of a nuisance

parameter and its current implementation only accepts up to two scores; (iii) forest-based

estimators are not designed for estimation at boundary points and are susceptible to finite-

sample bias, but their flexibility in modeling multivariate scores opens the door to a wide

range of empirical applications, as illustrated by an empirical study of COVID-19 hospital

funding with three eligibility criteria.

In the third chapter, coauthored with Yanqin Fan and Gaoqian Xu, we propose an optimal

policy that targets the average welfare of the worst-off α-fraction of the post-treatment

outcome distribution. We refer to this policy as the α-Expected Welfare Maximization

(α-EWM) rule, where α ∈ (0, 1] denotes the size of the subpopulation of interest. The

α-EWM rule interpolates between the expected welfare (α = 1) and the Rawlsian welfare

(α → 0). For α ∈ (0, 1), an α-EWM rule can be interpreted as a distributionally robust

EWM rule that allows the target population to have a different distribution than the study



population. Using the dual formulation of our α-expected welfare function, we propose a

debiased estimator for the optimal policy and establish its asymptotic upper regret bounds.

In addition, we develop asymptotically valid inference for the optimal welfare based on the

proposed debiased estimator. We examine the finite sample performance of the debiased

estimator and inference via both real and synthetic data.
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1

Chapter 1

A Sensitivity Analysis of the Surrogate Index Approach for

Estimating Long-Term Treatment Effects

1.1 Introduction

In a variety of applications, researchers are interested in the effect of a treatment on outcomes,

where the outcomes take a substantial amount of time to mature. If so, it may be useful

to measure the effect of treatment on a set of intermediate or “surrogate” outcomes, which

are predictive of long-term outcomes. For example, when measuring the effect of a job

training program on long-term employment and earnings outcomes, short-term employment

and earnings may serve as useful surrogates.

A literature has characterized the assumptions required to identify average treatment

effects of interventions through surrogates when researchers have access to two data samples,

an experimental and an observational data sample (Athey et al. [2025b]). In this setting,

the experimental data sample contains observations labeled with treatment assignments and

surrogates. The observational data sample contains observations labeled with surrogates

and long-term outcomes of interest. Both samples contain information on a set of pre-

treatment characteristics. The goal is to identify the average treatment effect (ATE) on

long-term outcomes of interest, even though long-term outcomes and treatments are observed

in different data samples.

Athey et al. [2025b] introduce the Surrogate Index (SI) and show that under four as-

sumptions, the ATE of the long-term outcome is identified as the ATE of the SI. The SI is

the conditional expectation of the long-term outcome given the surrogates and pre-treatment

characteristics in the observational data sample. A critical assumption in Athey et al. [2025b]

is the Prentice Criterion (Prentice [1989]) or the surrogacy assumption. The surrogacy as-

sumption requires that, conditional on surrogates and pre-treatment characteristics, treat-
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ment assignment is independent of long-term outcomes. If this assumption holds, the effect

of the treatment is fully mediated by the surrogates. However, the surrogacy assumption is

often not satisfied (Freedman et al. [1992]). In many cases, the ATE is only partially medi-

ated by the surrogates. For example, in medical contexts, low-density lipoprotein cholesterol

(LDL-c) is often used as a surrogate for long-term cardiovascular disease (CVD), given that

low levels of LDL-c are correlated with better CVD outcomes. However, some hormone

replacement therapies have been found to lower LDL-c but also increase CVD through other

causal pathways (Yetley et al. [2017]). In education, smaller class size may lead to changes

in non-cognitive traits not fully captured by standardized exams (Heckman et al. [2006]).

In online advertising, increasing customer ad-load may generate short-term ad revenue but

also frustrate customers, leading to long-term purchase drops not well-proxied by short-term

ad-revenue (Hohnhold et al. [2015]).

When the surrogacy assumption fails, researchers have two available strategies.1 First,

they can find different surrogates or add more of them. Better surrogates or adding proxies of

confounding surrogates may meet the surrogacy assumption, see Cai et al. [2024]. However,

there are many applications where this strategy fails (Bernard et al. [2023]). Second, they

can evaluate worst-case bounds on the ATE leading to the worst-case identified set, see Athey

et al. [2025b] for binary outcomes. The worst-case identified set shows how much ATEs can

vary when the surrogate assumption fails.

This paper contributes a third strategy. This strategy extends the scope of applications

of the SI approach in Athey et al. [2025b] from full mediation to partial mediation. This is

accomplished by modeling the joint distribution of the long-term outcome and the treatment

via a copula, conditional on surrogates and pre-treatment covariates. When the copula

is the independence copula, the surrogacy assumption holds. Conversely, a general non-

independence copula implies failure of the surrogacy assumption. It characterizes partial

mediation of the surrogate variables on the effect of treatment on the long-term outcome.
1When treatment is observed in the observational data set, the surrogacy assumption is not needed, see

Athey et al. [2025a], Chen and Ritzwoller [2023], Obradović [2024], and Park and Sasaki [2024].
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We extend the identification result in Athey et al. [2025b] from full mediation (the in-

dependence copula) to partial mediation (any non-independence copula). Specifically, we

introduce “weighted surrogate indices (WSIs)” and show that the ATE on the long-term

outcome is identified as the “ATE on WSIs”, see Eq. (1.3.2). The WSIs reduce to the SI in

Athey et al. [2025b] when the copula is the independence copula. Numerically, we provide

evidence of the sensitivity of the ATE to the strength of the global dependence between

treatment and long-term outcome (which parameterizes the copula). We also show the ro-

bustness of the ATE to the shape of the copula. Using the identification result, we establish

the sign of the surrogacy bias for stochastically monotone copulas.

Our approach subsumes point identification of the ATE under the surrogacy assumption

in Athey et al. [2025b] and the worst case bounds as special cases. For example, at one

extreme, when the long-term outcome and treatment are independent (conditional on surro-

gates and pre-treatment variables), the surrogacy assumption holds and our result reduces

to the point identification of the ATE in Athey et al. [2025b]. At the other extreme, when

the copula varies between the lower and upper bound copulas, our approach leads to the

worst-case bounds on the ATE for any outcome type including binary outcomes as studied

in Athey et al. [2025b]. Researchers can evaluate the risk of the surrogacy assumption failing

on ATEs for their application by evaluating the worst-case bounds.

More importantly, our identification result allows researchers to explicitly model scenar-

ios in-between these two extremes. This is especially helpful when an application allows

researchers to rule out certain relationships a priori. For example, in an educational set-

ting, it may be reasonable to assume smaller class sizes are non-negatively related to future

earnings after conditioning on short-term test score surrogates. These surrogates do not

fully control for improvements in non-cognitive measures, which also improve future earn-

ings. This can be achieved by varying the copula from an independence copula to the upper

bound copula. Restricting the joint distribution of class size and future earnings in this way

(conditional on short-term test scores) reduces the range of relevant ATE bounds.
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We develop a complete set of estimation and inference methods for both the point identi-

fied case, when the copula is known, as well as the partially identified case, when the copula

is unknown. Specifically, we construct debiased estimators of the ATE for any given copula

including the worst-case bounds. We establish the asymptotic normality of our debiased

estimator for any given copula. We also establish the joint normality of the debiased esti-

mators of the worst-case bounds. The orthogonal moment functions for non-independence

copulas including the lower and upper Fréchet copulas are more complicated than those in

Chen and Ritzwoller [2023] and Athey et al. [2025b]. To verify the general conditions in

Chernozhukov et al. [2018b], we adapt the technical proofs in Chen and Ritzwoller [2023],

Dorn et al. [2024], and Semenova [2025] to our setting.

Empirically, using data from a poverty alleviation program in Pakistan (obtained from

Banerjee et al. [2015]), we demonstrate that relaxing the surrogacy assumption can substan-

tially alter conclusions. In particular, this often reverses the sign of the estimated treatment

effect assuming surrogacy, which highlights the importance of these robustness checks.

The rest of the paper is organized as follows. Section 1.2 reviews the setup and identifica-

tion of the ATE using the surrogacy assumption. Section 1.3 introduces weighted surrogate

indices, showing the conditions under which the ATE is point identified. It also presents a

numerical illustration of how the ATE changes as a function of Kendall’s tau, which describes

the concordance relationship between the treatment and long-term outcome (conditional on

surrogates). Section 1.4 focuses on the worst-case bounds, their debiased estimation, and

inference results for the ATE when the surrogacy assumption fails. Section 1.5 generalizes

results in Section 1.4 to a general copula and partial identification. Section 1.6 applies the

proposed framework to a household poverty alleviation dataset [Banerjee et al., 2015], con-

ducting sensitivity analysis and deriving partial identification bounds. Section 1.7 concludes.

Technical details and proofs are presented in Appendices A.1–A.7.
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1.2 Setup and Identification Under Surrogacy Assumption

To be self-contained, this section formally reviews the setup and three critical assumptions

used in Athey et al. [2025b] to identify the ATE on the primary (long-term) outcome. This

identification is achieved using two different datasets 1) an experimental data sample, which

contains information on treatment assignment and baseline characteristics (but not the pri-

mary outcome), and 2) an observational data sample, which contains information on baseline

characteristics and the primary outcome (but not treatment assignment). We also restate

the surrogate index representation of the ATE in Athey et al. [2025b].

Let Wi denote the treatment status (binary) of unit i, Yi(0), Yi(1) denote the potential

primary (long-term) outcomes, Si(0), Si(1) denote the potential short-term outcomes (sur-

rogacy variables), and Xi denote a vector of baseline covariates that are not affected by

treatment. Further, let Yi := WiYi(1) + (1 −Wi)Yi(0) and Si := WiSi(1) + (1 −Wi)Si(0).

Assumption 1.2.1. We have a single random sample of size N drawn from the joint

distribution of (Pi, Xi, Si,Wi, Yi), where we observe for each unit in the sample Zi, where

Zi := (Pi, Xi, Si,1Pi=EWi,1Pi=OYi).

Assumption 1.2.1 states that sample information comes from two data sets: one labeled

observational data that contains observations on (Pi = O,Xi, Si, Yi) and the other labeled

experimental data that contains observations on (Pi = E,Xi, Si,Wi).

Remark 1.2.1. We point out that Assumption 1.2.1 can be replaced with the following

assumption: {Xi, Si, Yi}Pi=O and {Xi,Wi, Si}Pi=E are two independent samples and each is

a random sample. This makes it clear that treatment status is not found in the observational

data sample.

The experimental data satisfy the following assumption.

Assumption 1.2.2 (Unconfounded Treatment Assignment/Strong Ignorability). (i)

Wi |= (Yi(0), Yi(1), Si(0), Si(1))|Xi, Pi = E;



6

(ii) 0 < ρ(x) < 1 for all x ∈ X , where ρ(x) := P(Wi = 1|Xi = x, Pi = E) is the propensity

score.

Let τ denote the ATE on the primary outcome in the population from which the exper-

imental sample is drawn:

τ := E [Yi(1) − Yi(0) | Pi = E] . (1.2.1)

We are interested in identifying τ using the sample information satisfying Assumption 1.2.1.

Athey et al. [2025b] adopts two additional assumptions.

Assumption 1.2.3 (Surrogacy). (i) Wi |= Yi|Si, Xi, Pi = E; (ii) 0 < ρ(s, x) < 1 for all

s ∈ S, x ∈ X and 0 < P(Pi = E) < 1, where ρ(s, x) := P(Wi = 1|Si = s,Xi = x, Pi = E) is

the surrogacy score.

Assumption 1.2.3 (surrogacy) implies that the conditional distribution of Yi given (Wi, Si, Xi, Pi =

E) is the same as that of Yi given (Si, Xi, Pi = E). Thus, given Xi, the surrogate variable Si

completely mediates the effect of Wi on the primary outcome Yi for the experimental sample.

For expositional simplicity, we refer to this scenario as full mediation.

Assumption 1.2.4 (Comparability of Samples). (i) Pi |= Yi|Si, Xi; (ii) φ(s, x) < 1 for all

s ∈ S, x ∈ X , where φ(s, x) = P(Pi = E|Si = s,Xi = x).

Definition 1.2.1 (Surrogate Index, Athey et al. [2025b]). The surrogate index (SI) is the

conditional expectation of the primary outcome given the surrogate outcomes and the pre-

treatment variables, conditional on the sample:

µ(s, x, p) = E [Yi|Si = s,Xi = x, Pi = p] , p = O,E.

The SI µ(Si, Xi, O) is identified from the observational data. Theorem 1 in Athey et al.

[2025b] shows that Assumption 1.2.1-Assumption 1.2.4 imply that τ is identified as the ATE

on the SI, µ(Si, Xi, O). We restate this result in the lemma below. The proof relies on the
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following expressions:

E[Yi(1)|Pi = E] = E
[

1
ρ(Xi)

E [YiWi|Si, Xi, Pi = E] | Pi = E

]
, (1.2.2)

E[Yi(0)|Pi = E] = E
[

1
1 − ρ(Xi)

E [Yi(1 −Wi)|Si, Xi, Pi = E] |Pi = E

]
. (1.2.3)

Lemma 1.2.1 (Athey et al. [2025b]). Under Assumption 1.2.1-Assumption 1.2.4, τ is iden-

tified as

τ = E
[
µ(Si, Xi, O) Wi

ρ(Xi)
| Pi = E

]
− E

[
µ(Si, Xi, O)

(
1 −Wi

1 − ρ(Xi)

)
| Pi = E

]

= E
[

ρ(Si, Xi)
ρ(Xi)(1 − ρ(Xi))

µ(Si, Xi, O) | Pi = E

]
− E

[
1

1 − ρ(Xi)
µ(Si, Xi, O) | Pi = E

]
.

Remark 1.2.2. Subsequent work such as Yang et al. [2024] extends the SI approach in Athey

et al. [2025b] to CATE estimation and policy learning using SI µ(Si, Xi, O). Specifically, the

CATE denoted as τ(x) is identified as

τ(x) = E [µ(Si, x, O) | Wi = 1, Xi = x, Pi = E] − E [µ(Si, x, O) | Wi = 0, Xi = x, Pi = E]

and the first-best policy is 1(τ(x) > 0).

1.3 Point Identification Without Surrogacy Assumption

The surrogate index µ(Si, Xi, O) identified from the observational data plays a critical role

in Athey et al. [2025b]: under Assumption 1.2.1-Assumption 1.2.4, τ is identified as the

ATE on the SI, µ(Si, Xi, O). Athey et al. [2025b] discuss the plausibility and implications of

violation of either Assumption 1.2.3 or Assumption 1.2.4. Under Assumption 1.2.4, Athey

et al. [2025b] state that without Assumption 1.2.3, the ATE on the SI may not identify the

ATE on the primary outcome. Motivated by this and the abundant empirical evidence on

the possible failure of Assumption 1.2.3, we propose a new framework to study identification
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of the ATE on the primary outcome relaxing the surrogacy assumption.

By the conditional version of Sklar’s Theorem, there exists a copula Co(u, v|Si, Xi, Pi =

E), (u, v) ∈ [0, 1]2, such that

(Yi,Wi)|Si, Xi, Pi = E ∼ Co(FY (·|Si, Xi, Pi = E), FW (·|Si, Xi, Pi = E)|Si, Xi, Pi = E).

(1.3.1)

Assumption 1.3.1. Suppose that Co in Eq. (1.3.1) is known.

Since W is discrete, Co is not unique. However, as we show later, for continuous out-

comes, the identification result depends on the unique sub-copula only. In the special case

that the sub-copula is the independence sub-copula, Assumption 1.3.1 is equivalent to As-

sumption 1.2.3 and the surrogate Si fully mediates the effect of Wi on Yi given Xi.

Example 1.3.1 (Families of Copulas). (i) A Gaussian copula with constant correlation ϑ

takes the following form:

Co(u, v|Si, Xi, Pi = E) = Φϑ(Φ−1(u),Φ−1(v)) = Co(u, v|Pi = E),

where Φ(·) is the cumulative distribution function of the standard normal distribution and

Φϑ(·, ·) is the cumulative distribution function of the standard bivariate normal distribution

with correlation ϑ ∈ [0, 1].

(ii) Archimedean copulas are a widely used class of copulas defined by a generator function

ϕ:

C(u1, . . . , un) = ϕ
(
ϕ−1(u1) + · · · + ϕ−1(un)

)
,

where ϕ : [0,∞) → [0, 1] is a strictly decreasing, convex function satisfying ϕ(0) = 1 and

ϕ(∞) = 0. Notable examples of Archimedean copulas are Clayton with generator function

ϕ(t) = (1+t)−1/ϑ for ϑ ∈ [−1,∞)\{0}; Gumbel copula with ϕ(t) = exp(−t1/ϑ) for ϑ ∈ [1,∞);

and Frank copula with ϕ(t) = − 1
ϑ

log
(
1 − (1 − e−ϑ)e−t

)
for ϑ ∈ R \ {0}.
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(iii) Let C−(u, v) := max(u + v − 1, 0) and C+(u, v) := min(u, v) denote the Fréchet-

Hoeffding lower and upper bound copulas. When Co = C− or Co = C+, Assumption 1.3.1

implies that Yi and Wi are comonotonically dependent on each other given Si, Xi so that Si

does not mediate any effect of Wi on Yi given Xi.

In the rest of this section, we establish point identification of the ATE on the primary

outcome under Assumption 1.3.1, extending the identification under full mediation or As-

sumption 1.2.3 in Athey et al. [2025b] to known partial mediation or Assumption 1.3.1.

For notational convenience, we sometimes ignore the conditional arguments in the copula

and write Co(u, v) instead of Co(u, v|Si, Xi, Pi = E) and denote the ATE as τCo to indicate

its dependence on the copula Co.

1.3.1 Weighted Surrogate Indices

Our identification strategy relies on the Weighted Surrogate Index (WSI) introduced in the

following.

Definition 1.3.1 (Weighted Surrogate Indices). Let (U, V ) ∼ Co(u, v), where Co is defined

in Assumption 1.3.1. For α ∈ (0, 1), let Co(α|u) := Pr(V ≤ α|U = u). We define two

Weighted Surrogate Indices associated with w = 0, 1 for each p = E,O as

µCo,w(Si, Xi, p) =
∫ 1

0
F−1

Y (u|Si, Xi, Pi = p)σCo,w(u; 1 − ρ(Xi, Si))du,

where σCo,w(u;α) = (w − Co(α|u)) /(w − α).

The WSIs in Definition 1.3.1 extend the SI in Athey et al. [2025b]. We show in Theo-

rem 1.3.1 that the ATE of the primary outcome is identified as ATE of the WSIs defined

in Eq. (1.3.2). When the outcomes are continuous and Co is smooth in u, the WSIs de-

pend only on the unique sub-copula. To see this, we note that µCo,1 (µCo,0) depends on

Co(1 − ρ(Si, Xi)|u) = ∂uCo(u, 1 − ρ(Si, Xi) (or Co(u, 1 − ρ(Si, Xi)) only: Co(u, 1 − ρ(Si, Xi)
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is unique because the sup-copula of Y and W given Si, Xi, Pi = E is unique. When the

sub-copula is the independence sub-copula, σCo,w(u;α) = 1 and

µCo,w(Si, Xi, O) =
∫ 1

0
F−1

Y (u|Si, Xi, Pi = O)du = µ(Si, Xi, O), for w = 0, 1

where µ(Si, Xi, O) is the SI in Athey et al. [2025b]. For a non-independence sub-copula, the

weights σCo,1(u;α) and σCo,0(u;α) are generally non-constant functions of u ∈ [0, 1] and are

not equal leading to two different surrogate indices µCo,w(Si, Xi, O) for w = 0, 1.

Remark 1.3.1. It is interesting to observe that WSIs are closely related to two distinct

classes of functions, one in finance and risk management and the other in social choice and

welfare. Specifically, let

r :=
∫ 1

0
F−1

Y (u)σ(u)du.

When σ(·) is a non-decreasing function, r is a Distortion Risk Measure, where higher ranked

Y ’s are given higher weight, see Pichler [2015] and Pflug [2006]. When σ(·) is a non-

increasing function, r is known as Rank-dependent Social Welfare Function, where higher

ranked Y ’s are given lower weight, see Yaari [1987]. For a general copula Co, the weight

σCo,w(u;α) in WSIs may not be monotone.

Example 1.3.2 (AVaR and WSIs for Upper and Lower Bound Copulas). When σ(u) =

1(u ∈ (α, 1])/(1 − α) for some α ∈ [0, 1), r is the well-known AVaR of Y at level α:

AV aRα(Y ) = 1
1 − α

∫ 1

α
F−1

Y (u)du.

It is insightful to examine the WSIs when the outcome and treatment are perfectly dependent

on each other conditional on the surrogates and pre-treatment covariates. When Co = C+,
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for any α ∈ (0, 1), it holds that

σC+,1(u;α) = 1(u ∈ (α, 1])
1 − α

and σC+,0(u;α) = 1(u ∈ [0, α])
α

.

Thus for w = 1, the top ρ(Xi, Si) percentile of the conditional distribution of Yi is given equal

positive weight and the bottom 1 − ρ(Xi, Si) percentile is given zero weight; for w = 0, the

bottom 1 − ρ(Xi, Si) percentile is given equal positive weight and the top ρ(Xi, Si) is given

zero weight. Consequently,

µC+,1(Si, Xi, O) =
∫ 1

0
F−1

Y (u|Si, Xi, Pi = O)1(u ∈ (1 − ρ(Xi, Si), 1])
ρ(Xi, Si)

du

= AV aR1−ρ(Xi,Si)(Yi | Si, Xi, Pi = O) and

µC+,0(Si, Xi, O) = −AV aRρ(Xi,Si)(−Yi | Si, Xi, Pi = O).

Similarly, for Co = C−,

σC−,1(u;α) = 1(u ∈ [0, 1 − α])
1 − α

and σC−,0(u;α) = 1(u ∈ (1 − α, 1])
α

.

As a result, µC−,1(Si, Xi, O) is the conditional mean of Yi for the bottom ρ(Xi, Si) percentile

of the conditional distribution of Yi and µC−,0(Si, Xi, O) is the conditional mean of Yi for the

top 1 − ρ(Xi, Si) percentile.

1.3.2 Identification of ATE

Theorem 1.3.1 below shows that “the ATE on WSIs” defined on the right hand side of

Eq. (1.3.2) identifies the ATE of the primary outcome thus extending Lemma 1.2.1 or The-

orem 1 in Athey et al. [2025b] under the surrogacy assumption to partial mediation.

Consider E[Yi(1)|Pi = E]. Under Assumption 1.2.2 (unconfoundedness), Eq. (1.2.2)
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implies that

E[Yi(1)|Pi = E] = E
[
ρ(Xi, Si)
ρ(Xi)

E [Yi|Wi = 1, Si, Xi, Pi = E] | Pi = E

]
.

Similarly,

E[Yi(0)|Pi = E] = E
[

1 − ρ(Xi, Si)
1 − ρ(Xi)

E [Yi|Wi = 0, Si, Xi, Pi = E] |Pi = E

]
.

Below we extend Proposition 2 (iii) in Athey et al. [2025b] under the surrogacy assumption

to any copula Co.

Proposition 1.3.1. Under Assumption 1.2.4, it holds that

µCo,w(Si, Xi, O) = µCo,w(Si, Xi, E) = E[Yi|Wi = w,Xi, Si, Pi = E] for w = 0, 1.

Proposition 1.3.1 implies that E [Yi|Wi = w, Si, Xi, Pi = E] = µCo,w(Si, Xi, E) and under

comparability, µCo,w(Si, Xi, E) is identified as µCo,w(Si, Xi, O) for any copula Co and hence

Theorem 1.3.1 holds.

Theorem 1.3.1 (Known Sub-copula). Suppose Assumption 1.2.1, Assumption 1.2.2, As-

sumption 1.2.4, and Assumption 1.3.1 hold. Then τCo is identified as

τCo = E
[
µCo,1(Si, Xi, O) Wi

ρ(Xi)
| Pi = E

]
− E

[
µCo,0(Si, Xi, O)

(
1 −Wi

1 − ρ(Xi)

)
| Pi = E

]

(1.3.2)

= E
[

ρ(Xi, Si)
ρ(Xi)[1 − ρ(Xi)]

µCo,1(Si, Xi, O) | Pi = E

]
− E

[
1

1 − ρ(Xi)
µ(Si, Xi, O) | Pi = E

]
.

When the conditional distribution of Yi given Si, Xi, Pi = O is degenerate, τCo = τΠ and is

thus identified even if Co is unknown.

When the outcomes are continuous and Co is smooth in u, the WSIs depend on the

unique sub-copula only and τCo is identified from the sub-copula. Equipped with the WSIs
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(µCo,1(Si, Xi, O), µCo,0(Si, Xi, O)), Theorem 1.3.1 allows to identify ATE of the primary out-

come regardless of full or partial mediation of Si on the effect of Wi on Yi as long as Co is

known which includes the lower and upper bound copulas.

Remark 1.3.2. Analogously to Yang et al. [2024], under Assumption 1.2.1, Assumption 1.2.2,

Assumption 1.2.4, and Assumption 1.3.1, the CATE denoted as τCo(x) is identified as

τCo(x) = E [µCo,1(Si, x, O) | Wi = 1, Xi = x, Pi = E] − E [µCo,0(Si, x, O) | Wi = 0, Xi = x, Pi = E]

and the first-best policy is 1(τCo(x) > 0).

1.3.3 Surrogacy Bias—Stochastically Monotone Copulas

Theorem 4 (ii) in Athey et al. [2025b] provides an expression for the surrogacy bias. For a

copula Co, it follows directly from Theorem 1.3.1 that

τCo − τΠ = E
[

ρ(Xi, Si)
ρ(Xi)[1 − ρ(Xi)]

{µCo,1(Si, Xi, O) − µ(Si, Xi, O)} | Pi = E

]
. (1.3.3)

For the class of stochastically monotone copulas, we will establish the sign of the surrogacy

bias.

Definition 1.3.2. Let (U, V ) ∼ Co. Then V is stochastically increasing (decreasing) in U ,

if Co(α|u) = Pr(V ≤ α|U = u) decreases (increases) in u for every α.

Commonly used copulas are monotone copulas. For example, the Gaussian and Frank

copulas are monotonically increasing when ϑ > 0 and monotonically decreasing when ϑ < 0.

The Clayton copula is monotonically increasing for ϑ > 0 and monotonically decreasing for

ϑ ∈ (−1, 0). The Gumbel copula is monotonically increasing. Definition 1.3.2 implies that

when V is stochastically increasing (decreasing) in U , σCo,1(u;α) is an increasing (decreasing)

function of u ∈ [0, 1] for every α and σCo,0(u;α) is a decreasing (increasing) function of

u ∈ [0, 1] for every α. As a result, we expect τCo to be larger (smaller) than τΠ when V is
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stochastically increasing (decreasing) in U . We show in the rest of this section that this is

indeed the case.

Definition 1.3.3 (Concordance Order). The copula C1 is smaller than the copula C2 in

concordance order denoted as C1 ≺c C2 iff C1(u, v) ≤ C2(u, v) for all (u, v) ∈ [0, 1]2.

It follows from the proof of Proposition 1.3.1 that for any copula C,

µC,1(s, x,O) = 1
ρ(s, x)

∫ ∫
ywdC(FY (y|s, x, E), FW (w|s, x, E)|s, x, E).

This and Theorem 1 of Cambanis et al. [1976] imply the statement for µC,1 in Proposi-

tion 1.3.2 below. The statement for µC,0 follows from that of µC,1 and the following relation:

(1 − ρ(s, x))µC,0(s, x,O) = E[Y ] − ρ(s, x)µC,1(s, x,O).

Proposition 1.3.2. For any (s, x) ∈ S ⊗ X , if C1(., .|s, x, E) ≺c C2(., .|s, x, E), then

µC1,1(s, x,O) ≤ µC2,1(s, x,O) and µC1,0(s, x,O) ≥ µC2,0(s, x,O).

If {Co(·|u)} is stochastically increasing in u, then Π ≺c Co, see Sections 2.8 and 8.3 of

Joe [2014]. The following corollary follows from Proposition 1.3.2 and Eq. (1.3.3).

Corollary 1.3.1 (The Sign of the Surrogacy Bias). Suppose Assumption 1.2.1, Assump-

tion 1.2.2, and Assumption 1.2.4 hold. If {Co(·|u)} is stochastically increasing (decreasing)

in u, then τCo − τΠ > 0 (< 0).

Consequently, if {Co(·|u)} is stochastically increasing (decreasing) in u, then the ATE of

the SI under-estimates (over-estimates) τCo , the ATE of the long term outcome.

1.3.4 A Numerical Illustration

In this section, we use several parametric families of copulas to gauge the sensitivity of τCo

on the shape of Co and the strength of global dependence by varying their parameters.
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We consider the Gaussian copula and several copulas from the Archimedean family. For

simplicity, we assume that the conditional copula is the same as the unconditional copula. For

common (bivariate) copulas such as the Gaussian, Clayton, Gumbel, and Frank copulas, the

dependency parameter can be expressed in terms of Kendall’s tau ϱK , a rank-based measure

of monotonic dependence. This parameterization makes dependency strength interpretable

and comparable across different copula families. Appendix A.5 collects the mapping between

ϱK and ϑ for the aforementioned copulas.

For illustration, consider the following data generating process for both the experimental

and observational data samples:

Xi ∼ U [0, 1], Wi ∼ Bernoulli(ρ), Si = Xi +Wi + ηS
i , where ηS

i ∼ N (0, 1),

Yi = Si + 0.5Xi + ηY
i , where ηY

i ∼ N (0, 1).

We investigate ρ ∈ {0.1, 0.5, 0.9}. The copula structure is independent of Si, Xi, i.e., we set

Co(u, v;ϑ|Si, Xi, Pi = E) = Co(u, v;ϑ|Pi = E), for Co(u, v;ϑ|Pi = E) being the Gaussian,

Clayton, Gumbel, and Frank copulas. For each copula family, we solve for ϑ for each ϱK

in the corresponding grid of appropriate ϱK values. Note that the Clayton copula is more

commonly used to model positive dependence, while the Gumbel copula exclusively models

positive dependence. Therefore, the range of ϱK is adjusted to ensure the corresponding ϑ

falls within its valid range.

In Figure 1.1, we plot how τCo in Theorem 1.3.1 changes with ϱK , with computational

details in Appendix A.5. Consistent with the DGP, Figure 1.1 shows that for any ρ ∈ (0, 1),

if Co(u, v;ϑ | Pi = E) is the independence copula (ϱK = 0), the true long-term ATE is

τΠ = 1. The surrogacy bias τCo −τΠ increases in magnitude as |ϱK | increases. When ρ = 0.5,

the threshold for τ to change sign is ϱK ≈ −0.55, which is consistent across the copulas

considered here that allow for negative dependence (Gaussian and Frank). In other words,

if the negative dependence between W and Y is strong enough with Kendall’s tau smaller
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than −0.55, assuming an independence copula will produce the wrong sign for the long-term

ATE. For ρ = 0.1 or 0.9, the same threshold for the Gaussian copula is around −0.41. Note

that the form of the copula is not crucial for ρ = 0.5. This is intuitive because values of

ρ(s, x) tend to be around 0.5 as well, making the conditional dependence Co(1 − ρ(s, x)|u)

in σCo,1(·; ·) relatively insensitive to the copula family. In contrast, when ρ takes more

extreme values like 0.1 or 0.9, differences in tail dependence across copula families lead

to more pronounced variation in conditional behavior, thereby affecting τCo . In general,

in a randomized controlled trial with relatively balanced treatment and control groups, if

S depends only weakly on W (i.e., S carries limited information about W ), the choice of

copula serves mainly as a functional tool for achieving the desired dependence level, while

ϱK captures the essential dependence information relevant for τCo .

Figure 1.1: Relationship between Kendall’s tau (ϱK) and τ given ρ ∈ {0.1, 0.5, 0.9} for the
Gaussian, Clayton, Gumbel, and Frank copulas.

1.4 Worst-Case Bounds, Debiased Estimation, and Inference

In practice, the copula Co is rarely known. Section 1.3.4 provides a numerical illustration of

the application of Theorem 1.3.1 to check sensitivity of τΠ to the violation of the surrogacy

assumption by letting the copula Co deviate from the independence copula. Theorem 1.3.1

can also be used to establish sharp bounds on τCo when Co is unknown but lies between two

known copulas.
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The following corollary follows immediately from Theorem 1.3.1 and Proposition 1.3.2.

Corollary 1.4.1 (Identified Set). Suppose Assumption 1.2.1, Assumption 1.2.2, and As-

sumption 1.2.4 hold. Furthermore, suppose the copula Co satisfies CL(·, ·|s, x, E) ≺c Co(·, ·|s, x, E) ≺c

CU(·, ·|s, x, E) for almost all (s, x) ∈ S ⊗X , where CL(·, ·|s, x, E) and CU(·, ·|s, x, E) are two

known copula functions. Then τCo is partially identified with the identified set [τCL
, τCU

].

When the conditional distribution of Yi given Si, Xi, Pi = O is degenerate, the identified set

is singleton: τCL
= τCU

= τΠ.

Corollary 1.4.1 implies that the worst case bounds on τCo are τC− and τC+ . As a result,

τC− can be interpreted as the smallest ATE when the surrogacy assumption fails. Conversely,

τC+ is the largest ATE when the surrogacy assumption fails. Another implication is that

the ATE under the surrogacy assumption in Athey et al. [2025b] is the least ATE among

copulas dominating the independence copula in concordance order. It is also the greatest

ATE among copulas dominated by the independence copula in concordance order.

1.4.1 Comparison with Lemma 1 in Athey et al. [2025b]

We restate the expressions for τC− , τC+ in the following proposition which also shows that

they are the same as Lemma 1 (ii) in Athey et al. [2025b] for binary outcomes.

Proposition 1.4.1. Suppose Assumption 1.2.1, Assumption 1.2.2, and Assumption 1.2.4

hold. Then the identified set of τCo is [τC− , τC+ ], where τC− , τC+ ∈ R are given by

τC− = E
[
µC−,1(Si, Xi, O) Wi

ρ(Xi)
| Pi = E

]
− E

[
µC−,0(Si, Xi, O)

(
1 −Wi

1 − ρ(Xi)

)
| Pi = E

]
,

τC+ = E
[
µC+,1(Si, Xi, O) Wi

ρ(Xi)
| Pi = E

]
− E

[
µC+,0(Si, Xi, O)

(
1 −Wi

1 − ρ(Xi)

)
| Pi = E

]
,

in which

µC−,0(Si, Xi, O) = AV aRρ(Xi,Si)(Yi | Si, Xi, Pi = O),
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µC−,1(Si, Xi, O) = −AV aR1−ρ(Xi,Si)(−Yi | Si, Xi, Pi = O),

µC+,1(Si, Xi, O) = AV aR1−ρ(Xi,Si)(Yi | Si, Xi, Pi = O), and

µC+,0(Si, Xi, O) = −AV aRρ(Xi,Si)(−Yi | Si, Xi, Pi = O).

When the outcome is binary, the identified set [τC− , τC+ ] is the same as Lemma 1 (ii) in

Athey et al. [2025b].

Proposition 1.4.1 implies that the ATE is partially identified regardless of the outcome

type/range and for binary outcomes. The identified interval in Proposition 1.4.1 is the same

as that in Lemma 1 (ii) in Section 5.2 of Athey et al. [2025b]. However, it differs from

Lemma 1 (i) in Section 5.2 of Athey et al. [2025b] which states that “If the outcome can

take on values on the whole real line, then there is no value for the average treatment effect

τ that can be ruled out.” Their proof seems to have ignored the fact that FY (· | s, x, E) is

identified from FY (· | s, x,O) under Assumption 1.2.4. In contrast, our proof makes use of

the identified FY (· | s, x, E) and the following expression for µCo,1(Si, Xi, O) in Eq. (1.3.3):

µCo,1(s, x,O) = 1
ρ(s, x)

∫ ∫
ywdCo(FY (y|s, x, E), FW (w|s, x, E)|s, x, E).

Since both FY (y|s, x, E) and FW (w|s, x, E) are point identified, Theorem 1 of Cambanis

et al. [1976] implies that µCo,1(s, x,O) is partially identified.

1.4.2 Debiased Estimation

Athey et al. [2025b] and Chen and Ritzwoller [2023] develop debiased estimation of τΠ

for which WSIs reduce to the SI µ(Si, Xi, O) = E (Yi | Si, Xi, Pi = O). For the worst-case

bounds, the WSIs are related to conditional AVaR of Yi instead of the conditional mean of

Yi and also depend on the surrogacy score ρ(Si, Xi). As a result, it is more challenging to

derive the orthogonal moment functions for the worst-case bounds τC+ and τC− .

To proceed, we make use of the dual representations of the worst-case WSIs in terms of
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conditional means of the following newly defined functions:

HU(Yi, s, α) := s+ 1
α

(Yi − s)+ and HL(Yi, s, α) := s− 1
α

(Yi − s)− .

Specifically, from the dual form of AVaR (c.f., Rockafellar and Uryasev [2002] and Acerbi

and Tasche [2002]), it follows that

µC−,0(Si, Xi, O) = E[HU(Yi, qC−(Si, Xi, O), 1 − ρ(Si, Xi)) | Si, Xi, Pi = O],

µC−,1(Si, Xi, O) = E[HL(Yi, qC−(Si, Xi, O), ρ(Si, Xi)) | Si, Xi, Pi = O],

µC+,0(Si, Xi, O) = E[HL(Yi, qC+(Si, Xi, O), 1 − ρ(Si, Xi)) | Si, Xi, Pi = O],

µC+,1(Si, Xi, O) = E[HU(Yi, qC+(Si, Xi, O), ρ(Si, Xi)) | Si, Xi, Pi = O],

where

qC+(Si, Xi, O) := F−1
Y (1 − ρ(Xi, Si)|Si, Xi, O) and

qC−(Si, Xi, O) := F−1
Y (ρ(Xi, Si)|Si, Xi, O).

Let φ(x) := P(Pi = E|Xi = x), φ := P(Pi = E), and for w = 0, 1,

µ̄C+,w := E[µC+,w(Si, Xi, O)|Wi = w,Xi, Pi = E] and

µ̄C−,w := E[µC−,w(Si, Xi, O)|Wi = w,Xi, Pi = E].

Finally, let η denote the collection of all the nuisance functions, i.e.,

η = (µC−,0, µC−,1, µC+,0, µC+,1, µ̄C−,0, µ̄C−,1, µ̄C+,0, µ̄C+,1, qC+ , qC− , ρ(s, x), ρ(x), φ(x), φ(s, x), φ).
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Then τC+ satisfies the moment condition: E[mC+(Zi, τC+ , η)] = 0, where

mC+(Zi, τC+ , η)

= 1Pi=E

φ

 Wi

ρ(Xi)
(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi)) − 1 −Wi

1 − ρ(Xi)
(µC+,0(Si, Xi, O) − µ̄C+,0(0, Xi))


+ 1Pi=E

φ
(µ̄C+,1(1, Xi) − µ̄C+,0(0, Xi) − τC+)

+ 1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

ρ(Si, Xi)
ρ(Xi)

(HU(Yi, qC+(Si, Xi, O), ρ(Si, Xi)) − µC+,1(Si, Xi, O))

− 1 − ρ(Si, Xi)
1 − ρ(Xi)

(HL(Yi, qC+(Si, Xi, O), 1 − ρ(Si, Xi)) − µC+,0(Si, Xi, O))


+ 1Pi=E

φ

1
ρ(Xi)

[
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

]
(Wi − ρ(Si, Xi))

+ 1Pi=E

φ

1
1 − ρ(Xi)

[
qC+(Si, Xi, O) − µC+,0(Si, Xi, O)

]
(Wi − ρ(Si, Xi)) .

The first three terms in the orthogonal moment function mC+ are analogous to those in

Equation (4.4) of Athey et al. [2025b] and Theorem 3.1 of Chen and Ritzwoller [2023], and

the last two terms are new and correct for the effect of estimating ρ(Si, Xi) in the dual

representations of the WSIs.

Similarly, τC− satisfies: E[mC−(Zi, τC− , η)] = 0, where

mC−(Zi, τC− , η)

= 1Pi=E

φ

 Wi

ρ(Xi)
(µC−,1(Si, Xi, O) − µ̄C−,1(1, Xi)) − 1 −Wi

1 − ρ(Xi)
(µC−,0(Si, Xi, O) − µ̄C−,0(0, Xi))


+ 1Pi=E

φ
(µ̄C−,1(1, Xi) − µ̄C−,0(0, Xi) − τC−)

+ 1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

ρ(Si, Xi)
ρ(Xi)

(HL(Yi, qC−(Si, Xi, O), ρ(Si, Xi)) − µC−,1(Si, Xi, O))

− 1 − ρ(Si, Xi)
1 − ρ(Xi)

(HU(Yi, qC−(Si, Xi, O), 1 − ρ(Si, Xi)) − µC−,0(Si, Xi, O))


+ 1Pi=E

φ

1
ρ(Xi)

[
qC−(Si, Xi, O) − µC−,1(Si, Xi, O)

]
(Wi − ρ(Si, Xi))
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+ 1Pi=E

φ

1
1 − ρ(Xi)

[
qC−(Si, Xi, O) − µC−,0(Si, Xi, O)

]
(Wi − ρ(Si, Xi)) .

Our debiased estimators τ̂C− and τ̂C+ are defined as the solutions to 1
n

∑n
i=1 mC−(Zi, τ, η̂) =

0 and 1
n

∑n
i=1 mC+(Zi, τ, η̂) = 0, respectively, where η̂ is estimated by cross-fitting over K

even folds, which ensures that the nuisance estimators remain independent of the samples

to which they are applied [Chernozhukov et al., 2018b].

Our orthogonal moment conditions in debiased estimation allow for greater flexibility

in estimating nuisance parameters, enabling the use of both parametric regressions and

machine learning methods. For example, the estimation of ρ(x), ρ(s, x), φ(x), and φ(s, x)

readily accommodates methods such as Lasso, random forests, gradient boosting, and neural

networks. In contrast, estimating the worst-case WSIs (µC−,0, µC−,1, µC+,0, and µC+,1) relies

on previously obtained cross-fitted estimates of ρ(Xi, Si) and is more involved due to the

computation of conditional AVaRs. We follow the two-stage, locally robust approach of Olma

[2021] with our chosen model specifications: the first stage requires estimating a conditional

quantile, which we do nonparametrically using quantile forests; the second stage involves

fitting a linear sieve model to a generated outcome variable whose derivative with respect

to the conditional quantile, evaluated at the truth, is zero. With estimates of the worst-

case WSIs as pseudo-outcomes, µ̄C−,0, µ̄C−,1, µ̄C+,0, and µ̄C+,1 can then be estimated either

parametrically or nonparametrically. Finally, qC+ and qC− are again estimated using quantile

forests with cross-fitted ρ̂(Xi, Si). More details can be found in Algorithm 1 of Appendix

A.5.

1.4.3 Asymptotic Theory

We adopt conditions similar to those of Chen and Ritzwoller [2023], Dorn et al. [2024], and

Semenova [2025] to establish the asymptotic joint normality of τ̂C− and τ̂C+ .

Assumption 1.4.1 (Regularity Conditions). (i) For a continuous outcome, we assume that

its distribution is absolutely continuous with bounded support and conditional density function
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f(y|s, x,O) that is continuous with respect to y for each s and x, and is uniformly bounded

above and below by positive absolute constants; For a binary outcome, we assume that the

random variable [µ(Si, Xi, O) − ρ(Si, Xi)] has bounded density.

(ii) There exists some absolute constant t such that for each w ∈ {0, 1} and b ∈ {C−, C+},

either (1) or (2-1, 2-2) holds with probability one:

(1) E[(µ̄b,1(1, Xi) − µ̄b,0(0, Xi) − τb)2|Xi, Pi = E] > t or

(2-1) Var
(

1
ρ(Xi)

(Yi − qC+(Si, Xi, O))+ + 1
1 − ρ(Xi)

(Yi − qC+(Si, Xi, O))−|Si, Xi, O)
)
> t and

(2-2) Var
(

1
1 − ρ(Xi)

(Yi − qC−(Si, Xi, O))+ + 1
ρ(Xi)

(Yi − qC−(Si, Xi, O)−|Si, Xi, O)
)
> t.

The assumption of bounded support of Y and boundedness of the conditional density

function in Assumption 1.4.1 (i) are similar to Semenova [2025]. Assumption (1) or (2-1, 2-2)

in Assumption 1.4.1 (ii) ensures that the asymptotic variances of τC+ and τC− are positive.

Assumption 1.4.2 (Realization Set). Let q > 2 be a positive constant and ϵ be a constant

such that 0 < ϵ < 1/2, ω = (ωρ, ωφ) with ωρ = (ρ(Si, Xi), ρ(Xi)), ωφ = (φ(Si, Xi), φ), and

κ = (µC+,1(Si, Xi, O), µC+,0(Si, Xi, O), µC−,1(Si, Xi, O), µC−,0(Si, Xi, O),

µ̄C+,1(1, Xi), µ̄C+,0(0, Xi), µ̄C−,1(1, Xi), µ̄C−,0(0, Xi), qC+(Si, Xi, O), qC−(Si, Xi, O)).

For all probability measures P satisfying Assumptions 1.2.1, 1.2.2, and 1.2.4, the following

condition holds; for some sequences ∆n → 0 and δn → 0 with δn ≥ n−1/2 with probability

1 − ∆n, the estimator of nuisance parameter belongs to the realization set Rn which contains

η̃ such that

∥η̃ − η∥P,q ≤ C, P(ϵ ≤ ρ̃(Si, Xi) ≤ 1 − ϵ) = 1,

P(ϵ ≤ φ̃(Si, Xi) ≤ 1 − ϵ) = 1, ∥η̃ − η∥P,2 ≤ δn,

∥ω̃ − ω∥P,2 × ∥κ̃− κ∥P,2 ≤ δnn
−1/2,
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∥ω̃ρ − ωρ∥P,2 × ∥ω̃φ − ωφ∥P,2 ≤ δnn
−1/2, (1.4.1)

and for continuous outcomes,

∥q̃C+ − qC+∥2
P,2 ≤ δnn

−1/2; (1.4.2)

for binary outcomes,

∥µ̃(Si, Xi, O) − µ(Si, Xi, O)∥∞ ≤ δn, ∥µ̃(Si, Xi, O) − µ(Si, Xi, 0)∥2
∞ ≤ δnn

−1/2.

Most of the conditions in Assumption 1.4.2 are similar to those in Chen and Ritzwoller

[2023]. Since our moment function has additional correction terms for ρ, we impose additional

conditions on the rate of the cross-product in Eq. (1.4.1). Condition (1.4.2) and conditions

for the binary case are similar to Dorn et al. [2024].

Theorem 1.4.1. Suppose Assumptions 1.2.1, 1.2.2, 1.2.4, 1.4.1, and 1.4.2 hold. Then

√
n

τ̂C+ − τC+

τ̂C− − τC−

 → N


0

0

 ,
 σ2

C+ ρσC+σC−

ρσC+σC− σ2
C−


 ,

where σ2
C+ = E[m(Zi, τC+ , η0)2] > 0, σ2

C− = E[m(Zi, τC− , η0)2] > 0, and −1 ≤ ρ ≤ 1.

Our proof strategy builds on Chen and Ritzwoller [2023] and Dorn et al. [2024]. Departing

from Chen and Ritzwoller [2023] which checks the orthogonality condition in Assumption 3.1

and the statistical rate for second-order derivative of moment condition r′
N in Assumption

3.2 (c) in Chernozhukov et al. [2018b], similar to Dorn et al. [2024], we directly verified the

following high-level condition in the proof of Theorem 3.1 of Chernozhukov et al. [2018b]:

√
n∥E[m(Wi, τC+ , η̂)|I−k] − E[m(Wi, τC+ , η)]∥ = op(1).

Note that this high-level condition is satisfied when both the orthogonality condition in
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Assumption 3.1 in Chernozhukov et al. [2018b] and the statistical rate for second-order

derivative of moment condition r′
N in Assumption 3.2 (c) in Chernozhukov et al. [2018b]

hold.

Let V denote the asymptotic variance-covariance matrix in Theorem 1.4.1. That is,

V = E[(mC+(Zi, τC+ , η0),mC−(Zi, τC− , η0))[(mC+(Zi, τC+ , η0),mC−(Zi, τC− , η0))]⊤].

We provide a consistent estimator of V by following Theorem 3.2 in Chernozhukov et al.

[2018b].

Theorem 1.4.2. Suppose Assumptions 1.2.1, 1.2.2, 1.2.4, 1.4.1, and 1.4.2 hold. In addition,

we assume that δn ≥ n−[((1−2/q)∧1/2] for all n ≥ 1. Then, V can be consistently estimated by

1
K

K∑
k=1

Er,k[(mC+(Zi, τ̂C+ , η̂k),mC−(Zi, τ̂C− , η̂k))(mC+(Zi, τ̂C+ , η̂k),mC−(Zi, τ̂C− , η̂k))⊤],

where K is the number of folds in K-fold cross-fitting, and r := [n/K] is the number of

observations in each fold, and Er,k is operator for sample expectation from empirical data in

k-the fold, i.e., Er,k[g(Xi)] = r−1∑
i∈Fk

g(Xi) where Fk is the k-th fold of indices {1, . . . , n}.

Wald inference on each bound is straightfoward and inference on the true ATE can be

carried out by applying the misspecification-adaptive confidence interval in Stoye [2020]

which allows for the covariance matrix to be degenerate.

1.5 Debiased Estimation and Inference—General Copula

The debiased estimators of τC+ and τC− constructed in Section 1.4.2 rely critically on the

dual representations of the WSIs (associated with C+ and C−) obtained from the existing

dual representation of AVaR.

For a general copula Co, we establish dual representation for r introduced in Remark 1.3.1

when σ is of bounded variation in Lemma 1.5.1 below. Our proof builds on the proof of
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Pichler [2015] and Section 2.4.2. in Pflug and Römisch [2007] for non-decreasing function

σ(·) and the dual representation for AVaR.

Lemma 1.5.1. Assume that Y is bounded and σ(u) is of bounded variation on [0, 1]. Then,

r = σ(0)E[Y ] +
∫ 1

0

(
(1 − u)F−1

Y (u) + E[[Y − F−1
Y (u)]+]

)
dσ(u) (1.5.1)

= σ(1)E[Y ] −
∫ 1

0

(
uF−1

Y (u) − E[[Y − F−1
Y (u)]−]

)
dσ(u). (1.5.2)

Lemma 1.5.1 extends the dual representation for AVaR to r with a general weight function

σ. However, in contrast to AVaR for which F−1
Y (u) ∈ argminG{(1−u)G(u)+E[[Y −G(u)]+},

F−1
Y may not be an argmin of the following minimization problem:

min
G

∫ 1

0
((1 − u)G(u) + E[[Y −G(u)]+]) dσ(u). (1.5.3)

This is because the sign of the second-order derivative may not be positive in the minimiza-

tion problem (1.5.3).

1.5.1 Orthogonal Moment Function and Debiased Estimator

We construct a debiased estimator of τCo from the dual representation in Lemma 1.5.1 under

the following assumption.

Assumption 1.5.1. The outcome variable is continuous, and it has a bounded support. In

addition, Co(α|·) is of bounded variation.

Lemma 1.5.1 implies that under Assumption 1.5.1,

µCo,1(Si, Xi, O) = E[hCo,1(Yi;F−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi))|Si, Xi, Pi = O] and

µCo,0(Si, Xi, O) = E[hCo,0(Yi;F−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi))|Si, Xi, Pi = O], (1.5.4)
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where

hCo,1(Yi;F−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi))

= σCo,1(0; 1 − ρ(Si, Xi))Yi

+
∫ 1

0

(
(1 − u)F−1

Y (u|Si, Xi, O) +
[
Yi − F−1

Y (u|Si, Xi, O)
]

+

)
dσCo,1(u; 1 − ρ(Si, Xi)) and

hCo,0(Yi;F−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi))

= σCo,0(1; 1 − ρ(Si, Xi))Yi

−
∫ 1

0

(
uF−1

Y (u|Si, Xi, O) −
[
Y − F−1

Y (u|Si, Xi, O)
]

−

)
dσCo,0(u; 1 − ρ(Si, Xi)).

Similar to orthogonal moment functions in the worst case bounds in Section 1.4.2, we

construct the following orthogonal moment function for a general Co using the dual repre-

sentation of the WSIs in Eq. (1.5.4):

mCo(Zi, τ, η) (1.5.5)

= 1Pi=E

φ

 Wi

ρ(Xi)
(µCo,1(Si, Xi, O) − µ̄Co,1(1, Xi)) − 1 −Wi

1 − ρ(Xi)
(µCo,0(Si, Xi, O) − µ̄Co,0(0, Xi))


+ 1Pi=E

φ
(µ̄Co,1(1, Xi) − µ̄Co,0(0, Xi) − τ)

+ 1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

ρ(Si, Xi)
ρ(Xi)

(hCo,1(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi)) − µCo,1(Si, Xi, O))

− 1 − ρ(Si, Xi)
1 − ρ(Xi)

(hCo,0(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi)) − µCo,0(Si, Xi, O))


+ 1Pi=E

φ

1
ρ(Xi)

(dCo(Si, Xi) − µCo,1(Si, Xi, O)) (Wi − ρ(Si, Xi))

+ 1Pi=E

φ

1
1 − ρ(Xi)

(dCo(Si, Xi) − µCo,0(Si, Xi, O)) (Wi − ρ(Si, Xi)) , (1.5.6)

where

η = (F−1
Y (·|Si, Xi, O), ρ(Si, Xi), ρ(Xi), φ, φ(Si, Xi),
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µCo,1(Si, Xi, O), µ̄Co,1(1, Xi), µCo,0(Si, Xi, O), µ̄Co,0(0, Xi), dCo).

in which

µ̄Co,w(w,Xi) = E[µCo,w(Si, Xi, O)|Wi = w,Xi, Pi = E] and

dCo(Si, Xi) =
∫ 1

0
F−1

Y (u|Si, Xi, O)co(1 − ρ(Si, Xi)|u)du.

1.5.2 Asymptotic Theory

Assumption 1.5.2 (Regularity Conditions). (i) There exists some absolute constant t such
that with probability 1, either (1) or (2) holds:

(1) E[(µ̄Co,1(1, Xi) − µ̄Co,0(0, Xi) − τCo
)2|Xi, Pi = E] > t;

(2) Var
(
ρ(Si, Xi)
ρ(Xi)

hCo,1(Yi, F
−1
Y , 1 − ρ(Si, Xi)) − 1 − ρ(Si, Xi)

1 − ρ(Xi)
hCo,0(Yi, F

−1
Y , 1 − ρ(Si, Xi)

∣∣∣Si, Xi, O)
)
> t.

(ii) Co(α|u) is continuously twice differentiable with respect to u, α, and

sup
α∈[ϵ,1−ϵ],u∈[0,1]

∣∣∣∣∣∂Co(α|u)
∂u

∣∣∣∣∣ , sup
α∈[ϵ,1−ϵ],u∈[0,1]

∣∣∣∣∣∂co(α|u)
∂u

∣∣∣∣∣ , sup
α∈[ϵ,1−ϵ],u∈[0,1]

∣∣∣∣∣∂2co(α|u)
∂α∂u

∣∣∣∣∣ ,
supα∈[ϵ,1−ϵ],u∈[0,1] |co(α|u)|, and supα∈[ϵ,1−ϵ],u∈[0,1]

∣∣∣∂co(α|u)
∂α

∣∣∣ are all bounded from above by abso-

lute positive constant for some ϵ > 0.

The conditions in Assumption 1.5.2 (i) are identical to those in Assumption 1.4.1 (ii):

Condition (2) in Assumption 1.5.2 (ii) is reduced to Condition (2) in Assumption 1.4.1 (ii)

when Co is C+ or C−. The conditions in Assumption 1.5.2 (iii) imply that Co(α|u) and

co(α|u) are absolute continuous with respect to u so Lemma 1.5.1 is applicable.

Assumption 1.5.3 (Realization Set). Let q > 2 be a constant and ϵ be a constant such that

0 < ϵ < 1/2, ω = (ωρ, ωφ) in which ωρ = (ρ(Si, Xi), ρ(Xi)), ωφ = (φ(Si, Xi), φ), and

κ = (µCo,1, µ̄Co,1, µCo,0, µ̄Co,0, dCo(Si, Xi, O), F−1
Y (·|Si, Xi, O)).
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and η = (ω, κ). For all P satisfying Assumptions 1.2.1, 1.2.2, and 1.2.4, the following

condition holds: for some sequences ∆n → 0 and δn → 0 with δn ≥ n−1/2 with probability

1 − ∆n, the estimator of nuisance parameter belongs to the realization set Rn which contains

η̃ such that

∥η̃ − η∥P,q ≤ C,P(ϵ ≤ ρ̃(Si, Xi) ≤ 1 − ϵ) = 1,P(ϵ ≤ φ̃(Si, Xi) ≤ 1 − ϵ) = 1,

∥ω̃ρ − ωρ∥P,2 × ∥ω̃φ − ωφ∥P,2 ≤ δnn
−1/2, ∥ω̂ − ω∥P,2 × ∥κ̂− κ∥P,2 ≤ δnn

−1/2,

∥ρ̃(Si, Xi) − ρ(Si, Xi)∥2
P,2 ≤ δnn

−1/2,

∥F̃−1
Y (·|Si, Xi, O) − F−1

Y (·|Si, Xi, O)∥2
P,2 ≤ δnn

−1/2.

Here, with abuse of notation, we denote the Lq norm of a function of the form of G(u|Si, Xi)

where u ∈ [0, 1] by ∥G(·|Si, Xi)∥P,q =
(
E[
∫ 1

0 G
q(u|Si, Xi)du]

)1/q
.

We verify conditions related to Theorem 3.1 in Chernozhukov et al. [2018b]. In particular,

we verify Lemma A.2.1 in Appendix A.2.

Theorem 1.5.1. Under Assumptions 1.2.1, 1.2.2, 1.2.4, 1.3.1, 1.5.1, Assumption 1.4.1 (i),

1.5.2, and 1.5.3,
√
n(τ̂Co − τCo) → N(0, σ2

Co
), where σ2

Co
= E[m(Zi, τC0 , η)2].

Remark 1.5.1. (i) When Co is known, Wald inference can be constructed from Theo-

rem 1.5.1.

(ii) Suppose Co is unknown and satisfies CL(·, ·|s, x, E) ≺c Co(·, ·|s, x, E) ≺c CU(·, ·|s, x, E)

for almost all (s, x) ∈ S ⊗ X , where CL(·, ·|s, x, E) and CU(·, ·|s, x, E) are two known copula

functions. Then Corollary 1.4.1 implies that τCo is partially identified with the identified set

[τCL
, τCU

]. Theorem 1.5.1 can be extended to the joint asymptotic normality of (τ̂CL
, τ̂CU

) and

inference for τCo can be done in the same way as in Section 1.4.
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1.6 Empirical Application

In the same spirit as Section 1.3.4, this section presents results from a sensitivity analysis

using the household poverty alleviation dataset used in Banerjee et al. [2015]. In this data

set, the treatment program allocated productive assets to randomly selected households. The

baseline variables are welfare-related measurements taken before treatment. The short-term

outcomes consist of the same set of measurements taken two years after treatment, while

the long-term outcome is one of these measurements recorded three years after treatment.

We take the data from Pakistan, which has 446 treated units and 408 control units. For

illustrative purposes, consider X and S to include the following five welfare indicators: per

capita consumption, the food security index, the household asset index, the total amount

borrowed, and agricultural income. The long-term outcome, Y , represents the household

asset value in dollars three years post-treatment.

The poverty alleviation data is both experimental and observational in that Wi and

Yi are observed for all households in the sample. To illustrate our method, we randomly

and evenly split the Pakistan data into two parts, removing Yi from the experimental

sample and Wi from the observational sample. τCϑ
is estimated given Cϑ, where Cϑ is a

Frank copula whose dependence parameter ϑ is calibrated to match values of Kendall’s tau

in the set {−0.9,−0.75,−0.5,−0.25,−0.1, 0, 0.1, 0.25, 0.5, 0.75, 0.9}. To estimate the nui-

sance components in the orthogonal moment function (1.5.6), we employ quantile forests

(quantile_forest from the grf package) to estimate the conditional quantile function

F−1
Y (· | Si, Xi, O); use Lasso regressions (cv.glmnet) to estimate the conditional expectation

of the WSI µ̄Co,w(w,Xi); and apply logistic Lasso regressions to estimate the propensity and

surrogacy scores ρ(Xi), ρ(Si, Xi), as well as the selection probability φ(Si, Xi). The nui-

sance functions are cross-fitted with three data folds. Figure 1.2 shows how τ̂Cϑ
varies with

Kendall’s tau. The estimated worst-case bounds are [−$131.8, $148.8], with 95% confidence

intervals of [−$158.9, −$104.8] for the lower bound and [$124.3, $173.4] for the upper bound.
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Figure 1.2: Relationship between τ̂Cϑ
and Kendall’s tau using the Frank copula for Pakistan.

We then repeat the analysis using the Plackett copula. The results, reported in Figure

1.3, indicate that the estimated treatment effects are largely insensitive to the choice of

copula family: for a given Kendall’s tau, the point estimates under the Plackett copula

closely align with those obtained using the Frank copula. This robustness is consistent with

the structure of the empirical application. In our data, both the estimated propensity score

ρ̂(Xi) and the estimated surrogacy score ρ̂(Si, Xi) are tightly centered around 0.5 (with means

≈ 0.54), implying that most observations enter the conditional copula Co(1 − ρ̂(s, x) | u)

in regions far from the tails where copula families differ most sharply in their dependence

behavior. Hence, the copula family itself has little influence on τ̂Cϑ
. What matters most for

the sensitivity analysis is the overall dependence level captured by Kendall’s tau. The wide

identified interval underscores the need for caution when interpreting the results under the

surrogacy assumption. Even moderate departures from the assumed dependence structure

can lead to substantial variation in the long-term treatment effect.
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Figure 1.3: Relationship between τ̂Cϑ
and Kendall’s tau using the Plackett copula for Pak-

istan.

To further examine the behavior of the welfare estimate near the surrogacy benchmark,

Figure 1.4 takes a closer look at small positive values of Kendall’s tau near zero. Specifically,

we conduct a local sensitivity analysis over a fine grid of small positive dependence levels,

re-estimating the long-term treatment effect at each value. This zoomed-in analysis allows us

to pinpoint the minimum degree of dependence at which the welfare estimate becomes sta-

tistically distinguishable from zero. For Pakistan, once Kendall’s tau exceeds approximately

0.032, the confidence intervals no longer include zero, and the estimated effect remains sig-

nificant thereafter. We interpret this Kendall’s tau as a practical breakpoint, capturing the

minimum strength of conditional dependence between treatment and outcome required for

the welfare effect to turn significant.
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Figure 1.4: Local sensitivity analysis near the surrogacy benchmark (Kendall’s tau = 0).

1.7 Concluding Remarks

In this paper, we have extended the SI approach for identifying and estimating long-term

treatment effects in Athey et al. [2025b] from full mediation to partial mediation, substan-

tially broadening the scope of application of the SI approach. Specifically, we develop two

methodologies based on our identification result for a known copula: sensitivity analysis

and partial identification analysis. The usefulness of both is illustrated via synthetic and

real data. Complementing Athey et al. [2025b], we determine the sign of the surrogacy bias

for stochastically monotone copulas and establish the worst-case bounds on the true ATE

regardless of the type of the primary outcome. Our partial identification result applies to

any copula bounds. When applied to copulas that dominate the independence copula in con-

cordance order, the lower bound is the ATE under the surrogacy assumption in Athey et al.

[2025b]. This gives an alternative interpretation of ATE under the surrogacy assumption as

the minimum ATE among all copulas that dominate the independence copula and thus are

robust to such deviations from the surrogacy assumption.

Several extensions are worthwhile and are currently under investigation. First, in a com-

panion article, the authors develop a sensitivity analysis to the comparability assumption.
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Second, the worst-case bounds are often wide, suggesting caution in making the surrogacy

assumption. In addition to exploiting prior knowledge on the range of copulas to shrink

the identified set, in specific applications, side information such as exclusion restrictions,

monotone IV, monotone treatment response may be available. It is worthwhile exploring the

possibility of tightening the worst-case bounds by exploring such information. Third, exten-

sions to multi-valued treatments and continuous treatments would broaden the applicability

of the SI approach further. Finally, on the technical side, it would be worthwhile exploring

the possibility of extending the inference results to sub-copulas.
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Chapter 2

Using Forests in Multivariate Regression Discontinuity Designs

2.1 Introduction

Regression discontinuity (RD) designs are widely used to estimate causal effects in observa-

tional settings, where individuals receive a binary treatment if an observed running variable

is above some known threshold. Under the potential outcomes framework, Hahn et al. [2001]

show that the treatment is as good as random in the subpopulation arbitrarily close to the

threshold, if the conditional expectations of the two potential outcomes are continuous at the

cutoff.1 Estimation and inference of treatment effects in this context are, therefore, a local

problem in the neighborhood of the threshold. Following Hahn et al. [2001] and Porter [2003],

local polynomial regressions remain the most popular estimation strategy in the empirical

RD literature. At the heart of these local methods is bandwidth selection for the weighting

kernel. In designs with one running variable, Imbens and Kalyanaraman [2012] propose an

optimal bandwidth from minimizing the asymptotic mean squared error (MSE) at the cut-

off. This procedure, however, leads to an asymptotically non-vanishing bias. Calonico et al.

[2014] put forth a bias-corrected estimator that first subtracts an estimated bias term and

then adjusts the standard error accordingly.

In many situations, the treatment status is determined by more than one criterion. Yet,

univariate local linear regressions do not readily generalize to the multivariate case: kernel-

based methods are less useful when the dimension far exceeds two [see, e.g., Chapter 6 of

Hastie et al., 2009], and standard bias correction quickly becomes algebraically involved and

computationally difficult. Existing methods for multiple scores include multiple bandwidths

selected from cross-validation [Papay et al., 2011, Choi and Lee, 2018], and Zajonc [2012]
1See, for example, Imbens and Lemieux [2008] and Cattaneo and Titiunik [2022], for early and more

recent reviews on RD designs.
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extends the MSE-optimal bandwidth of Imbens and Kalyanaraman [2012] to the bivariate

case. But, as pointed out by Imbens and Wager [2019], these methods yield oversmoothing

bandwidths and asymptotically biased estimates;2 to avoid selecting a multivariate band-

width, following the literature on minimax linear estimation [e.g., Armstrong and Kolesár,

2018, Kolesár and Rothe, 2018], they propose an estimator that is minimax-optimal over

a class of conditional expectations with second derivatives bounded by a given constant B.

This method, however, requires estimating B and, as we show in Section 2.4, its performance

depends crucially on accurate estimation of this nuisance parameter.

In this paper, we conduct a systematic Monte Carlo simulation to evaluate existing ap-

proaches to multivariate RD designs, including the minimax-optimal estimator of Imbens

and Wager [2019] and the commonly used local linear regression approach with a trans-

formed univariate score: to sidestep the complications of running local linear regressions in

higher dimensions, empirical researchers often reduce the problem to a univariate one. Our

contribution is twofold. First, we point out a potential issue of the common practice of imple-

menting univariate local linear regressions when the running variable is in fact multivariate,

give a formal characterization of when such problem arises, and show in simulations that

it can produce biased estimates even for very large sample sizes. Second, we demonstrate

two additional valid, easy-to-implement estimators that can be leveraged in multivariate RD

designs, and together with a systematic Monte Carlo evaluation of existing estimators and

an empirical application, provide researchers with a menu of nonparametric methods that

they can tailor to different empirical settings.

2.1.1 Related Literature

Despite the prevalence of multi-score RD designs, empirical researchers often adopt a uni-

variate approach. For example, unemployment insurance programs usually set multiple

eligibility criteria, such as age and work history in determining the maximum duration of
2Choi and Lee [2018] also consider rule-of-thumb bandwidths that scale with n−1/6, which are again

oversmoothing in the sense that nh5 ̸→ 0.
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benefits, but Schmieder et al. [2012] subset the data to consider only individuals with eligible

employment histories within their respective age groups, and use age as the effective run-

ning variable [see also Nekoei and Weber, 2017, for another example]. A similar subsetting

approach is taken by Jacob and Lefgren [2004] and Matsudaira [2008] to evaluate education

policies where treatment eligibility is determined by multiple test scores. Another common

approach is to transform the multivariate score into a univariate one, especially when the

treatment boundary takes arbitrary shapes and finding a suitable subset where a univariate

score applies is infeasible. For example, to exploit geographic discontinuities, Black [1999]

considers the shortest distance to the boundary of a geographic region; Keele and Titiunik

[2015] transform bivariate coordinates by taking their rescaled Euclidean (chordal) distance

to a given boundary point and then run univariate local linear regressions, and Bui et al.

[2014] take a similar Euclidean transformation. Other examples include Bleemer and Mehta

[2022] that use the average of two scores, and Battistin et al. [2009] and Clark and Martorell

[2014] that use the minimum of multiple scores.

These approaches, however, have several drawbacks. Considering only subsets of the

data leaves unexplored a rich set of treatment effects that could be identified under a valid

multivariate RD design; see Section 2.2. Heterogeneous treatment effects of this kind can be

important to answer policy questions, as exemplified by our empirical application in Section

2.5. Besides, subsetting does not fully exploit signals from multiple dimensions and could

suffer a loss of precision [Imbens and Wager, 2019]. Perhaps more precarious is the case

where observations with the same distance to the cutoff are collapsed to the same point

on the real line: transforming a multivariate score may incur unexpected behaviors of the

resulting density of the effective univariate score, violating key assumptions needed for both

identification and estimation. In particular, the density of the transformed univariate score

may be zero at the new cutoff. In Section 2.3.1.1, we formally discuss the issue of zero

density and provide a characterization of bivariate densities subject to this problem. We

also show in simulations that such problem can make local linear regressions biased and
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undercover the true treatment effect, even when the sample size gets large. Nevertheless,

these aforementioned issues that could arise when reducing a multivariate RD design to a

univariate one have not received much attention in empirical RD research and are difficult

to detect in practice without knowing the true data generating process (DGP).

What should an empirical researcher do in the presence of multiple scores, then? We

consider, as alternatives to these existing approaches, two estimators that have gained pop-

ularity in estimating heterogeneous treatment effect under unconfoundedness, but have not

been fully exploited in the empirical RD literature—honest regression forests of Wager and

Athey [2018] and local linear forests of Friedberg et al. [2020]. Like local linear regressions,

these ensemble-tree methods construct a neighborhood (i.e., leaf) for a given cutoff, weight-

ing observations by how frequently they fall into the same leaf as the cutoff across all the

trees in the forest. Regression forests return the weighted average of outcomes within that

neighborhood as the estimate, whereas local linear forests use these forest weights to run a

weighted linear regression to capture smooth signals. Thus, regression forests and local linear

forests are, respectively, analogues of local constant and local linear regressions, with forest

weights replacing kernel weights. Since the identified conditional treatment effect at a given

cutoff is simply the difference between two conditional means, we mimic the standard local

linear regression approach by building two forests using treated and control observations,

respectively, and estimate the conditional treatment effect by subtracting the control forest

estimate from the treated counterpart, both evaluated at the same cutoff. These forest-

based estimators are easy to implement, allow valid inference, and can accommodate any

fixed number of scores that does not grow with the sample size.

To evaluate these nonparametric estimators, we design a systematic Monte Carlo study

with DGPs built both from functional forms that we specify, and, following the proposal

of Athey et al. [2021], from Wasserstein Generative Adversarial Networks (WGANs) with

a high degree of complexity that can closely mimic the observed data. We find that no

single estimator dominates across all simulations: (i) local linear regressions perform well
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in univariate settings, but can undercover when multivariate scores are transformed into

a univariate index—a common practice—possibly due to the “zero-density” issue detailed

in Section 2.3.1.1; (ii) the minimax-optimal estimator has good bias-variance properties

when the bound on the second derivative of the conditional expectation function (CEF)

is accurately estimated, but its performance is sensitive to the estimation of this nuisance

parameter and its current implementation only accepts up to two scores; (iii) forest-based

estimators are not designed for estimation at boundary points and can suffer from bias in

finite sample—though local linear forests improve upon regression forests when the underly-

ing signal exhibits strong linear trends—but their flexibility in modeling multivariate scores

opens the door to a wide range of empirical applications in multivariate RD designs.

The rest of the paper proceeds as follows. In Section 2.2, we begin with the identification

of conditional treatment effects in multivariate RD designs. In Section 2.3, we review current

estimation and inference practices using local linear regressions and the issue thereof, as well

as the minimax-optimal estimator, followed by an introduction to honest regression forests

and local linear forests. We present simulation results in Section 2.4 and an empirical appli-

cation in Section 2.5. Section 2.6 concludes. Appendix B.1 collects the proof of Proposition

1, and Appendix B.2 provides additional information on the Monte Carlo study.

2.2 Setup and Identification

Suppose we have a sample of independent and identically distributed observations Sn :=

{(Yi, Xi)}n
i=1, where Yi ∈ R is the outcome of interest and Xi ∈ X ⊆ RdX is the dX-

dimensional running variable that determines the binary treatment status, Di ∈ {0, 1}, of

the i-th unit according to some exogenous treatment assignment rule, A : X → {0, 1}. If

dX = 1, then Di = 1 if and only if A(Xi) = 1{Xi ≥ xc} = 1, where xc is the cutoff as in

the standard sharp RD design with a univariate score. In higher dimensions, the treatment

assignment rule is more complex. For example, Keele and Titiunik [2015] study the effect

of television advertising on election turnout, where the treatment status is determined by a
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geographic media market boundary. Following Zajonc [2012], let

B := {x ∈ X : ∀ϵ > 0, ∃x0, x1 ∈ Ball(x, ϵ) such that A(x0) = 0 and A(x1) = 1}

denote the treatment boundary, i.e., a point x ∈ X lies on the treatment boundary if

every ϵ-ball around it contains both treated and control scores. In univariate designs, B

is simply a singleton containing the one-dimensional cutoff. Let
(
Yi(1), Yi(0)

)
denote the

pair of potential outcomes with and without the binary treatment. We are interested in the

following conditional treatment effect at any xc ∈ B:

τ(xc) := E[Yi(1) − Yi(0)|Xi = xc].

For each unit i, we only ever observe one of the potential outcomes. However, if we assume

(i) the CEFs E [Yi(1)|Xi = xc] and E [Yi(0)|Xi = xc] are continuous at all xc ∈ B, and (ii) X

has a density, fX(·), that is bounded away from 0 in some neighborhood around xc for all

xc ∈ B, then we can identify τ(xc) using neighboring observations around xc:

For all xc ∈ B, τ(xc) = lim
x→xc: A(x)=1

E [Yi(1)|Xi = x] − lim
x→xc: A(x)=0

E [Yi(0)|Xi = x]

= E [Yi|Xi = xc, Di = 1] − E [Yi|Xi = xc, Di = 0] ,

where τ(xc) is identified as the difference between the conditional expectation of the observed

outcome for the treated and control populations, respectively, both evaluated at xc.3 Thus,

under a valid multivariate RD design, we can identify the conditional treatment effect as a

function of scores along the treatment boundary B. Such heterogeneity may be of interest to

the researcher. Alternatively, Zajonc [2012] and Keele and Titiunik [2015] discuss a summary

measure of the average treatment effect along the boundary, i.e., E[Yi(1) − Yi(0)|Xi ∈ B],

which can be estimated given a sample of boundary points by averaging the estimated
3A detailed proof can be found in Zajonc [2012, p.56].
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conditional treatment effects at those sample boundary points. However, as pointed out by

Narita and Yata [2023], the Lebesgue measure of the boundary B is typically zero, and hence

they consider the Hausdorff measure instead and propose a two-stage least squares (2SLS)

estimator for the average treatment effect along the treatment boundary under the Hausdorff

measure. In what follows, we focus on estimating conditional treatment effects at a given

treatment boundary point xc ∈ B and leave how exactly to aggregate these heterogeneous

treatment effects to the empirical researcher.

2.3 Estimation and Inference

In this section, we review the current estimation and inference practices using local linear

regressions and the minimax-optimal estimator of Imbens and Wager [2019] in multivariate

RD designs. We highlight the problem of the common practice of transforming multivariate

scores to a univariate one and then running local linear regressions. We conclude this section

with an introduction to the honest regression forests of Wager and Athey [2018] and the

local linear linear forests of Friedberg et al. [2020], and discuss how they can be leveraged

to estimate heterogeneous treatment effects in RD designs with multiple scores.

2.3.1 Local Linear Regressions

Given a boundary point xc ∈ B, estimation of τ(xc) boils down to estimating two CEFs,

µ+(xc) := E [Yi(1)|Xi = xc] = E [Yi|Xi = xc, Di = 1] ,

µ−(xc) := E [Yi(0)|Xi = xc] = E [Yi|Xi = xc, Di = 0] .

Consider univariate designs first. The standard estimation approach is to run a local linear

regression on each side of the cutoff using some weighting kernel Kh(·) with bandwidth h,

µ̂+
llr(xc;h) :=e⊺1

(
arg min

(β0,β1)⊺

n∑
i=1

1{Xi ≥ xc}Kh(Xi − xc) (Yi − β0 − β1(Xi − xc))2
)
,
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=e⊺1
(
X⊺+W (X+, x

c;h)X+
)−1

X⊺+W (X+, x
c;h)Y+, (2.3.1)

µ̂−
llr(xc;h) :=e⊺1

(
arg min

(β0,β1)⊺

n∑
i=1

1{Xi < xc}Kh(Xi − xc) (Yi − β0 − β1(Xi − xc))2
)
,

=e⊺1
(
X⊺−W (X−, x

c;h)X−
)−1

X⊺−W (X−, x
c;h)Y−, (2.3.2)

where in (2.3.1), the subscript “llr” refers to local linear regression, e1 := [ 1 0 ]⊺ is the

standard basis in R2 that picks out the first element of the minimizer (i.e., the fitted intercept

term β0, as the slope β1 goes away when we evaluate the fitted regression at xc); X+ is the

n1 × 2 design matrix, where n1 is the number of treated observations. The first column of

X+ contains all ones and the second column stacks all {Xi − xc : Xi ≥ xc}. W (X+, x
c;h)

is the n1 × n1 diagonal weighting matrix with the i-th diagonal element being the kernel

weight Kh(Xi − xc) for Xi ≥ xc. Y+ is the n1 × 1 outcome vector that stacks the outcomes

for all treated observations. Notations in (2.3.2) are defined analogously for the control

observations. The treatment effect at xc is estimated as

τ̂llr(xc;h) := µ̂+
llr(xc;h) − µ̂−

llr(xc;h). (2.3.3)

Following Imbens and Kalyanaraman [2012], the choice of the bandwidth h is usually ob-

tained by minimizing the asymptotic expansion of

E
[(
τ̂llr(xc;h) − τ(xc)

)2
]

(2.3.4)

with respect to h. However, Calonico et al. [2014] note that the MSE-optimal bandwidth

obtained from optimizing (2.3.4), denoted as h∗, is oversmoothing in the sense that n(h∗)5

does not converge to 0, leading to a bias term that must be corrected in order to conduct

valid inference. They propose subtracting from τ̂llr(xc;h∗) an estimated bias term and then

adjusting the standard error to account for the uncertainty in the bias estimation. This

procedure, however, does not readily generalize to multivariate RD designs. Although Za-
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jonc [2012] proposes a similar MSE-optimal bandwidth selector in the bivariate case, valid

inference still requires bias correction due to oversmoothing, which is technically challenging

beyond one dimension and to our knowledge there is no such proposal in the existing liter-

ature. In empirical research involving multiple scores, the multivariate problem is usually

reduced to one dimension so that univariate methods can apply.

2.3.1.1 A Problem with Transforming Multivariate Scores

As mentioned earlier, common practices of reducing a multivariate RD design to a univariate

one include subsetting the data and reducing the multivariate score to one dimension, and

each has its own pitfalls. In particular, transforming a multivariate score in some cases incurs

unexpected behaviors of the resulting density of the effective univariate running variable. In

this section, we detail a situation that may arise under such transformation: the transformed

univariate score may have zero density at the new cutoff, violating a key assumption for both

the identification and estimation of treatment effects in RD designs.

We illustrate this problem for a transformation used by Keele and Titiunik [2015], who

transform a bivariate score to a univariate one using rescaled Euclidean (chordal) distance to

a given treatment boundary point and then estimate the treatment effect at the new cutoff

xc = 0 using local linear regression with robust bias correction as in Calonico et al. [2014].

The following proposition gives a general characterization of bivariate densities that have a

zero density at the effective univariate cutoff xc = 0, once the bivariate score is collapsed

to a univariate variable by taking the Euclidean distance between the bivariate score and a

given boundary point.

Proposition 1. Let (X1, X2) be a continuous bivariate random variable with joint density

f(X1,X2)(x1, x2) over the support Ω(X1, X2). Given any point (c1, c2) ∈ Ω(X1, X2), consider

the bivariate transformation (X1, X2) 7→ (E, V ) where E :=
√

(X1 − c1)2 + (X2 − c2)2 and
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V := X1 − c1 with joint support

Ω(E, V ) =
{

(e, v) ∈ R2 : e ∈
[
0, max

(x1,x2)∈Ω(X1,X2)

√
(x1 − c1)2 + (x2 − c2)2

]
, v ∈ [l(e), u(e)]

}
,

where l(e) and u(e) are the lower and upper bound of v that can depend on e.4 Then the

Euclidean distance E to the given point (c1, c2) has zero density at the new cutoff e = 0,

fE(0) = 0, if and only if

(∫ u(e)

l(e)

e√
e2 − v2

{
f(X1,X2)(v + c1,

√
e2 − v2 + c2)

+f(X1,X2)(v + c1,−
√
e2 − v2 + c2)

}
dv

)∣∣∣∣∣
e=0

= 0. (2.3.5)

Intuitively, such transformation involves a loss of information: many distinct multivariate

realizations can map to the same distance on the real line. In particular, for the collapsed

variable to be zero, all coordinates of the original variable must simultaneously have zero

distance—a rare event. We give the proof of Proposition 1 and two examples under which

(2.3.5) holds in Appendix B.1. This characterization depends on the population joint density

of the scores and is specific to the transformation chosen by the researcher.

To illustrate, the first panel of Figure 2.1 is the true density of a transformed bivariate

score that is uniformly distributed over [−1, 1]2, and the point to which we calculate the Eu-

clidean distance is (0, 0); see Example A.1 for the derivation of this density. As in Keele and

Titiunik [2015], we sign the Euclidean distance so that treated (control) observations receive

a positive (negative) transformed score, and the new cutoff after transformation becomes

0, at which the density of the transformed score is exactly 0. In practice, the researcher

has access to only finite samples, and problems of this kind are difficult to detect without

knowing the true DGP. In the last two panels of Figure 2.1, we plot the raw histograms of
4To simplify notation, we assume without loss of generality that the lower and upper bounds of (e, v) are

attained so that the joint support of (E, V ) is a closed subset of R2; otherwise the closed brackets need to
be changed to open brackets accordingly.
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Figure 2.1: True and empirical densities of transformed bivariate scores. From left to right:
(i) True density of a bivariate uniform running variable on [−1, 1]2 transformed by signed
Euclidean distance; (ii) histogram of transformed bivariate coordinates using signed chordal
distance to the selected boundary point, plotted using all 40 million observations drawn
from the WGAN-generated DGP; (iii) histogram of transformed bivariate coordinates using
signed chordal distance to the selected boundary point, plotted using a sample of 1 million
observations from the polynomial DGP. The number of bins for both histograms is 10,000.

the transformed bivariate score with respect to a given treatment boundary point using the

exact same transformation employed by Keele and Titiunik [2015]; each histogram uses data

simulated from a different DGP built using the real data from Keele and Titiunik [2015], and

thus the simulated bivariate scores do not follow any known distributions.5 In all three pan-

els, the empirical density of the transformed bivariate score, be it true or empirical, is zero at

the effective univariate cutoff xc = 0. When such zero-density problem arises, not only is the

conditional treatment effect at the transformed cutoff not identified because the conditional

expectations are not defined, the problem is also reflected in estimation, especially for very

large sample sizes, as we show in the simulations in Section 2.4.

2.3.2 A Minimax-Optimal Estimator

To avoid the problem of choosing a multivariate bandwidth, Imbens and Wager [2019] pro-

pose an estimator based on numerical optimization that is minimax-optimal among all esti-

mators that are linear in the outcome variable over all problems with finite σ2
i := V ar[Yi|Xi]

and a second derivative bound B < ∞ on the CEF of potential outcomes. Specifically, their
5We provide details on how the simulation data is generated in Section 2.4.
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estimator for τ(xc) takes the form

τ̂mm(xc; B) :=
n∑

i=1
γ̂i(xc; B)Yi, (2.3.6)

where

γ̂(xc; B) = arg min
γ∈Rn

{
n∑

i=1
γ2

i σ
2
i + b2(γ; B)

}
,

b(γ; B) := sup
µ+,µ−

{
n∑

i=1
γiµAi

(Xi) − (µ+(xc) − µ−(xc)) : ∀ x, ∥∇2µ+(x)∥ ≤ B, ∥∇2µ−(x)∥ ≤ B
}
,

for µAi
(Xi) = µ+(Xi) if Ai := A(Xi) = 1 and µAi

(Xi) = µ−(Xi) otherwise. The norm ∥·∥

denotes the Euclidean norm when dX = 1 and the operator norm when dX > 1. In words,

the estimator (2.3.6) is a weighted average of the outcomes, where the weights γ̂(xc; B) are

constructed by minimizing the resulting variance plus the worst-case bias over a class of

CEFs with second derivatives bounded by B. Inference follows from obtaining confidence

intervals Iα that achieve uniform coverage over this class of CEFs:

Iα : lim inf
n→∞

inf
{
P[τ(xc) ∈ Iα] : ∀x, ∥∇2µ+(x)∥ ≤ B and ∥∇2µ−(x)∥ ≤ B

}
≥ 1 − α.

Implementing the minimax-optimal estimator (2.3.6) requires estimates of σ2
i and B. Im-

bens and Wager [2019] recommend estimating σ2
i by averaging the residuals from an ordinary

least-squares regression of Yi on the interaction of Xi and A(Xi). Estimating B, however, is

problem-specific and less straightforward. Imbens and Wager [2019, p.273] recommend esti-

mating the CEFs globally using second-order polynomials and then multiplying the maximal

estimated curvature by 2 or 4. In one of our simulations in Section 2.4 using data from Lee

[2008], we find that using second-order polynomials yields estimates of B that are too small,

even after multiplying by 4; only after multiplying the maximal estimated curvature by 30

do we get an estimate that is close to the true (least upper) bound B.
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2.3.3 Honest Regression Forests and Local Linear Forests

We now introduce two additional theoretically valid estimators that can be leveraged in

multivariate RD designs but have been largely overlooked in the literature—the honest re-

gression forests of Wager and Athey [2018] and the local linear forests of Friedberg et al.

[2020]. Both are variants of random forests originally proposed by Breiman [2001] and have

received popularity in estimating heterogeneous treatment effects under unconfoundedness.

2.3.3.1 Honest Regression Forests

A regression forest evaluated at some point x ∈ X , denoted as RF (x), is an average of

B trees, {Tb(x)}B
b=1, each fitted using a bootstrapped sample or a random subsample of

Sn := {(Yi, Xi)}n
i=1. Following Athey et al. [2019a], Friedberg et al. [2020], and Wager and

Athey [2018], we focus on forests built using random subsamples, for which central limit

theorems are established. Given a subsample of size s from Sn, {(Yik
, Xik

)}s
k=1, a regression

tree recursively divides the sample into mutually exclusive and collectively exhaustive convex

subsets called leaves. For x ∈ X , let L(x) denote the leaf that contains x. A tree T estimates

E[Yi|Xi = x] by averaging the outcomes of observations that fall into the same leaf as x:

T (x) = 1
|L(x)|

∑
ik:Xik

∈L(x)
Yik
.

Similar to selecting an MSE-optimal bandwidth for local linear regressions, we look for

partitions of the feature space that are MSE-optimal. Unlike local linear regressions, trees

do not target the MSE at a particular treatment boundary point, nor do they have an

analytical form for the asymptotic expansion of the overall MSE,

E
[(
Yi − T (Xi)

)2
]
,
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and searching for all possible partitions is computationally infeasible. Instead, standard split-

ting rules rely on greedy algorithms that immediately improve the in-sample fit of leaf-wide

averages after each split. As such, estimates from a single tree can be highly unstable with-

out regularization: in the extreme case, one can achieve perfect in-sample fit by partitioning

the sample data so that each leaf contains only one observation.

Regression forests stabilize predictions from individual trees by averaging many of them:

for a collection of b = 1, ..., B trees, we fit each tree Tb(·) using a random subsample of size

s, and obtain the regression forest estimate by averaging the predictions across all B trees,
1
B

∑B
b=1 Tb(x). To achieve a sizable reduction in variance, we may want to decorrelate the

trees as much as possible by, for example, randomly selecting a dimension to split at each

node. Following Wager and Athey [2018], we assume throughout that B is large enough so

that the Monte Carlo variability of which subsamples are drawn is negligible and adopt their

definition of regression forests given the training sample Sn and subsample size s:

RF
(
x; s,Sn

)
:=
(
n

s

)−1 ∑
1≤i1<...<is≤n

Eξ

[
T (x; ξ, {(Yik

, Xik
)}s

k=1)
]
,

which averages across trees fitted using all possible draws of a size-s subsample, marginalized

over an auxiliary random term ξ that serves as a decorrelation tool encoding, for example,

the random split information. To establish asymptotic normality of regression forests, Wager

and Athey [2018] leverage a specific subsampling scheme satisfying a property called honesty

to reduce bias, which requires that the subsample used to make the splits is independent of

the subsample used to estimate the within-leaf conditional means. We refer the reader to

Wager and Athey [2018] for a discussion on honesty and other regularity conditions needed

to establish asymptotic normality of honest regression forests.

We now define the estimator based on honest regression forests for the conditional treat-

ment effect at some point xc ∈ B along the treatment boundary, τ(xc):

µ̂+
rf(xc) := RF

(
xc; s1, {(Yi, Xi) ∈ Sn : A(Xi) = 1}

)
,
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µ̂−
rf(xc) := RF

(
xc; s0, {(Yi, Xi) ∈ Sn : A(Xi) = 0}

)
,

τ̂rf(xc) := µ̂+
rf(xc) − µ̂−

rf(xc). (2.3.7)

Just like estimation using local linear regressions, τ̂rf(xc) takes the difference between a

regression forest fitted using observations that fall into the treated region and a forest fitted

using observations that fall into the control region, both evaluated at the same treatment

boundary point xc ∈ B.

Remark 1. Although it seems that the local linear estimator (2.3.3) depends on one

more parameter, h, than the regression forest estimator (2.3.7), we note that this is not

the case. Each tree T in the regression forest implicitly defines a neighborhood L(xc) for

the treatment boundary point xc. These neighborhoods are then aggregated, producing a

weight for each observation that is proportional to the fraction of time it falls into the same

leaf as xc across all trees in the regression forest. These forest weights are analogous to

the weights generated by a kernel with bandwidth h. Thus (2.3.7) implicitly depends on

some “pseudo-bandwidth” generated by tree partitions across the forest. Analogously, the γ

weights of the minimax-optimal estimator (2.3.6) play the role of kernels and bandwidths.

We can equivalently express regression forests as solutions to weighted least-squares constant

regressions:

µ̂+
rf(xc) = arg min

θ

n∑
i=1

DiW
+
rf(Xi, x

c) (Yi − θ)2 ,

=
(
1⊺n1W

+
rf(X+, x

c)1n1

)−1
1⊺n1W

+
rf(X+, x

c)Y+, (2.3.8)

µ̂−
rf(xc) = arg min

θ

n∑
i=1

(1 −Di)W−
rf(Xi, x

c) (Yi − θ)2 ,

=
(
1⊺n0W

−
rf(X−, x

c)1n0

)−1
1⊺n0W

−
rf(X−, x

c)Y−, (2.3.9)

where the elements in (2.3.8) and (2.3.9) are analogous to the terms in (2.3.1) and (2.3.2),

except X+ and X− are now n1 × 1 and n0 × 1 vectors of ones, denoted respectively by 1n1
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and 1n0 , and we replace the kernel weights with forest weights,

W+
rf(Xi, x

c) := 1
B

B∑
b=1

1{Xi ∈ L+
b (xc)}

|L+
b (xc)| , (2.3.10)

where L+
b (xc) denotes the leaf containing xc in the b-th tree fitted using the treated observa-

tions; W−
rf is defined similarly for the control observations. More generally, the least-square

representation of forests in (2.3.8) and (2.3.9) effectively views µ̂+
rf(xc) and µ̂−

rf(xc) as solu-

tions to E [(Yi − θ)2|Xi = xc, Di = 1] = 0 and E [(Yi − θ)2|Xi = xc, Di = 0] = 0, and solves

for θ using their empirical analogs with forest weights reflective of the importance of each

observation i in terms of minimizing the objective function. Athey et al. [2019a] use forests as

weighting kernels to solve parameters identified by local moments in a more general setting.

2.3.3.2 Honest Local Linear Forests

Though a powerful nonparametric tool and popular in applications, regression forests resem-

ble local constant regressions with convex weights, and hence cannot extrapolate and are

known to have limited ability to capture smoothness or linear trends in the CEF, as noted

by Friedberg et al. [2020] and the references therein, especially at points near the boundary

of the support where we observe data asymmetrically from only one side of a given bound-

ary point. To improve the performance of forests in the presence of strong linear signals,

Friedberg et al. [2020] build on the honest regression forests of Wager and Athey [2018] and

propose a linear regression adjustment by running a ridge local linear regression with forest

weights, under which we have the following estimator for τ(xc):

µ̂+
llf(xc) := e⊺1

(
arg min

(β0,β1)⊺

n∑
i=1

DiW
+
rf(Xi, x

c)
(
Yi − β0 − β⊺1(Xi − xc)

)2 + λ∥β1∥2
2

)
, (2.3.11)

µ̂−
llf(xc) := e⊺1

(
arg min

(β0,β1)⊺

n∑
i=1

(1 −Di)W−
rf(Xi, x

c)
(
Yi − β0 − β⊺1(Xi − xc)

)2 + λ∥β1∥2
2

)
, (2.3.12)

τ̂llf(xc) := µ̂+
llf(xc) − µ̂−

llf(xc), (2.3.13)
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where, similar to the expressions in (2.3.1) and (2.3.2) for local linear regressions, e1 is the

standard basis in R(dX+1) with the first element being 1 and 0 elsewhere to pick out the

fitted intercept β0; W+
rf(Xi, x

c) and W−
rf(Xi, x

c) are the forest weights defined in (2.3.10),6

effectively replacing the kernel weights in (2.3.1) and (2.3.2); λ∥β1∥2
2 is the ridge penalty

term that prevents overfitting to local trends, and as explained in Friedberg et al. [2020],

is needed both to improve finite-sample performance and for proving convergence rates to

establish a central limit theorem for local linear forests. Just like local linear regressions and

regression forests, local linear forests (2.3.11) and (2.3.12) can also be expressed as solutions

to weighted least-square problems; see Equation (5) of Friedberg et al. [2020, p. 507].

The assumptions needed for the asymptotic normality of local linear forests largely over-

lap with those required for honest regression forests to be asymptotically normal. However,

with an additional assumption on the smoothness of the CEF E[Yi|Xi = x]—that it is differ-

entiable with a Lipschitz continuous derivative, as opposed to the Wager and Athey [2018]

condition that only requires it to be Lipschitz continuous—Friedberg et al. [2020] show an

improved convergence rate of local linear forests relative to the honest regression forest rate

that effectively exploits the additional smoothness assumption with a linear adjustment. We

refer the reader to Wager and Athey [2018] and Friedberg et al. [2020] for details on the

technical assumptions and discussions thereof. Pointwise confidence intervals for both esti-

mators are constructed using variance estimates from the bootstrap of little bags algorithm

of Sexton and Laake [2009], with consistency results established by the random forest delta

method of Athey et al. [2019a, Theorem 6]. In our Monte Carlo study, we find that local

linear forests are in general less biased than regression forests and have better coverage rates

whenever the simulation DGP exhibits strong linear trends.

Remark 2. One caveat of using local linear forests in multivariate RD designs is that the
6To account for the fact that local linear forests will use linear regression adjustments to estimate con-

ditional means (as opposed to using simple weighted means, as in the case of regression forests), Friedberg
et al. [2020] also modify the standard splitting rules described in Section 2.3.3.1 to “ridge residual splitting;”
see Section 2.1 of Friedberg et al. [2020].
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point at which we evaluate local linear forests, xc ∈ B, is necessarily a boundary point of

the support of Xi for both treated and control populations. On the other hand, the central

limit theorem of Friedberg et al. [2020, Theorem 1] only applies to points in the interior of

the support, as the proof starts with a usual Taylor expansion of E[Yi|Xi = x] around xc.7

We sidestep this problem by adding an arbitrarily small “buffer” to xc ∈ B: we pick another

point x̃c in the interior of the treated score region such that ∥x̃c −xc∥ = ϵ for an infinitesimal

ϵ > 0 and evaluate the treated local linear forest µ̂+
llf at x̃c to approximate µ̂+

llf(xc); we

do the same for the control local linear forest µ̂−
llf. Under the assumptions in Friedberg

et al. [2020, Theorem 1], both µ+(xc) and µ−(xc) are Lipschitz in xc and therefore very close

to µ+(x̃c) and µ−(x̃c), respectively, for an infinitesimal ϵ. Ideally, one should adjust the

confidence interval accordingly to account for such approximation. We leave this for future

research, and in our simulations and empirical application we choose ϵ = 10−30 so that such

correction is essentially negligible up to machine precision.

2.4 Simulations

In this section, we conduct a systematic Monte Carlo study to evaluate the two existing

estimation and inference practices in multivariate RD designs, as well as the two forest-based

estimators that have not received much attention in the empirical RD literature before. All

replication files can be accessed at github.com/yqi3/RDForest.

2.4.1 Data

We first consider a univariate design simulated using data from Lee [2008], which is a popular

choice in the RD literature to conduct simulations. Lee [2008] studies the effect of being the

current incumbent party in a district on the votes obtained in that district’s next election.

The running variable Xi measures the difference in vote share between the Democratic
7Asymptotic normality of local linear regressions also relies on a similar Taylor expansion, but it is the

CEFs of potential outcomes that get expanded (as opposed to the CEFs of observed outcomes of either the
treated or the control population), and so in this case xc ∈ B is an interior point of the support of X.

https://github.com/yqi3/GRF-RD
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candidate i and their strongest opponent in the current election, and the outcome variable

is the Democratic vote share in the next election. This univariate design normalizes the

assignment cutoff to 0, and units with Xi ≥ 0 are treated (i.e., winning the current election).

We then consider a bivariate design simulated using data from Keele and Titiunik [2015],

who study the effect of television advertising on election turnout, where the running variable

is the two-dimensional geographic coordinate of a voter’s location and the outcome of interest

is election turnout and takes binary values. Treatment status is determined by a geographic

media market boundary. Their data also contains several other outcome variables for placebo

analysis. In addition to election turnout, we include age and housing price per square foot in

our simulation to cover both discrete and continuous outcome variables. Keele and Titiunik

[2015] consider three equally spaced points along the treatment boundary, depicted as black

squares in Figure 2.3, to be the points at which they estimate the treatment effect. For

simplicity, we pick the middle point, circled in green in Figure 2.3, to be the boundary point

of interest in our simulation.

We consider designs up to two scores in our Monte Carlo study because the current R

implementation of the minimax-optimal estimator τ̂mm(xc; B) in (2.3.6) provided by Imbens

and Wager [2019] only accepts up to two scores. In an empirical application in Section 2.5,

we illustrate how to use the forest-based estimators in an RD design with more than two

scores to explore heterogeneous treatment effects along the treatment boundary.

2.4.1.1 Generating Simulation Data

We consider data generating processes built both from functional forms that we specify,

and, following the proposal of Athey et al. [2021], from Wasserstein Generative Adversarial

Networks (WGANs) with a high degree of complexity that can closely mimic the observed

data. We first fit the observed data with a polynomial: Imbens and Kalyanaraman [2012],

Calonico et al. [2014], and Calonico et al. [2019] all use the Lee [2008] data to generate

simulation data by fitting two 5-th order global polynomials separately for the treated and
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control populations, which we also use in our simulation. For the Keele and Titiunik [2015]

data, we fit a 3-rd order interacted polynomial for continuous outcomes (i.e., age and housing

price) and a logistic regression using a 3-rd order interacted polynomial inside the logit link

function for the binary outcome turnout, separately for the treated and control populations.

Details on these polynomial DGPs can be found in Appendix B.2.1.

As argued by Athey et al. [2021], Monte Carlo studies are more credible when the data

used to evaluate the performance of econometric methods does not come from researcher-

chosen functional forms. Following their proposal, we also consider simulation data generated

from WGAN, which trains two neural networks—one called the generator and the other

called the critic—in an adversarial setting to minimize the Wasserstein distance between a

real dataset and the artificial dataset generated from the neural nets. We refer the reader

to Athey et al. [2021] for an introduction to WGAN.

Using WGAN to generate data to evaluate estimators for treatment effects, however, is

task-specific, since we never directly observe the treatment effect in the data, but rather

we “identify” it under a set of identification assumptions. Athey et al. [2021] provide an

example of how to generate simulation data to evaluate estimators of treatment effects under

unconfoundedness, where they train two conditional WGANs to learn Xi|Di and Yi|(Xi, Di)

from the real sample. They then draw an artificial sample of treatment status and covariates

from the WGAN-generated distribution of Xi|Di, and for each (Xi, Di) drawn, an outcome

is drawn from the WGAN-generated distribution of Yi|(Xi, Di). Under unconfoundedness,

Yi|(Xi, Di = d) identifies Yi(d)|Xi and hence for each Yi drawn, its counterfactual outcome

is generated by mutating the corresponding treatment status Di to (1 −Di) but keeping the

same Xi. In other words, the counterfactual outcome is drawn from the WGAN-generated

distribution of Yi|(Xi, 1 − Di). The true average treatment effect is simulated by averaging

the difference between the pair of generated outcome and its counterfactual over a large

WGAN-generated sample.

Our setting, with a different design and identification assumption for the treatment effect
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of interest, requires a different way of using WGAN to generate suitable simulation data.

Specifically, the treatment effects are only identified for Xi ∈ B, so we need to simulate

the treatment effect at each treatment boundary point of interest, instead of simply taking

averages as in the unconfoundedness setting. To do so, we first train two conditional WGANs

to learn Xi|Di and Yi|(Xi, Di) from the real sample, as in Athey et al. [2021]. But for a given

treatment boundary point xc ∈ B, we draw a separate artificial sample to simulate the true

treatment effect at xc: after training the WGAN to learn the distribution of Yi|(Xi, Di),

we generate 100,000 outcomes from Yi|(Xi = xc, Di = 1) and another 100,000 outcomes

from Yi|(Xi = xc, Di = 0), and take the average of their differences as the true treatment

effect at xc.8 Figures 2.2 and 2.3 visualize the actual data and the simulated data from the

polynomial specification and WGAN. In Appendix B.2, we include additional descriptions of

the WGAN-generated DGPs in Figures B.1–B.7, and we report in Table B.2 the Wasserstein

distance between the real and WGAN data. We use the default options available from the

wgan package of Athey et al. [2021] to train the WGANs; see Appendix B.2.3 for details.

Following Section 5 of Athey et al. [2021], we conduct a thorough robustness check to assess

the variability of the Monte Carlo results with respect to sampling variation and WGAN

tuning parameters, with robustness results reported in Appendix B.2.5.
8We note that WGANs do not directly yield closed-form estimates of the fitted distribution, but rather

generate a new, artificial sample of arbitrary size that closely mimics the real sample. This is why we need
to simulate the true treatment effect at a given treatment boundary point xc ∈ B, unlike in the polynomial
case where we can directly calculate the true treatment effects from the coefficients of the fitted polynomials
evaluated at xc.
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Figure 2.2: Lee [2008]: Democratic victory margin in the current election against the vote
share in the next election. Panel A shows the observed data. Panel B plots the model data
fitted using a 5-th order polynomial with different coefficients for the treated and control
observations. Panel C plots the WGAN data. The cutoff is normalized to 0. The figure is
generated using the rdrobust package with default smoothing [Calonico et al., 2014].

Figure 2.3: Keele and Titiunik [2015]: Geographic coordinates and election turnout. The
leftmost panel shows the real data, and the middle and rightmost panels visualize respectively
the simulated polynomial and WGAN DGPs. Coordinates below the black curve (treatment
boundary) are treated, and the green circle shows the boundary point at which we estimate
the treatment effect. To visualize the polynomial DGPs, 2,500 coordinates are sampled with
replacement from the original sample plus a noise term drawn from N (0, 0.012).

2.4.2 Monte Carlo Results

We report simulation results in Table 2.1. All simulations are implemented in R, where we

use the rdrobust package of Calonico et al. [2014] for local linear regressions, the optrdd

package of Imbens and Wager [2019] for the minimax-optimal estimator, and the grf package
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of Athey et al. [2019a] for the two forest estimators.9

Local linear regressions perform well in univariate settings, although they slightly un-

dercover in the polynomial DGP (Panel A, Columns 1-5 of Table 2.1).10 However, they are

generally noisier in bivariate settings, where we follow Keele and Titiunik [2015] to first col-

lapse the bivariate score using rescaled Euclidean (chordal) distance and then run rdrobust,

especially in small samples. Although the variance of local linear regressions shrinks as the

sample size gets large, their bias does not shrink fast enough relative to the diminishing vari-

ance in those bivariate WGAN DGPs (Panels F-H, Columns 1-5 of Table 2.1), and therefore

the coverage rate drops as the sample size increases. This problem arises possibly due to

the zero-density issue of the collapsed multivariate score at the new univariate cutoff, as we

point out in Section 2.3.1.1 and empirically illustrate in the last two histograms of Figure

2.1, cautioning against such univariate transformations.

The minimax-optimal estimator of Imbens and Wager [2019] has a relatively low bias but

tends to overcover, which is expected since it is designed for minimizing the worst-case MSE

and inference aims at achieving uniform coverage over a class of CEFs explained in Section

2.3.2. Nevertheless, its performance is contingent on how precisely the second derivative

bound B is estimated: for the two artificial datasets built using the Lee [2008] data (Panels

A-B of Table 2.1), the minimax-optimal estimator undercovers severely, especially for the

polynomial DGP in Panel A. There, we follow the recommendation of Imbens and Wager

[2019] to estimate the CEFs globally using a second-order polynomial and multiply the

maximal estimated curvature by 4. But this turns out to yield an estimate of B that is

too small; Table B.1 in Appendix B.2.2 shows how the simulation results change with the

constant multiplied by B, and it is only after multiplying the maximal estimated curvature

by 30 do we get an estimate that is close to the true (least upper) bound B.

9For all estimators, we use default options without tuning, except we specify pilot values for a few
hyperparameters of the two forest estimators, for reasons explained in Appendix B.2.6.

10This undercoverage is consistent with the simulation result (90.6% coverage) of Calonico et al. [2019],
where they use the same polynomial DGP but with n = 1000 for a total of 5000 replications; see Table SA-1,
Row 2 and Column 3 in their supplemental appendix. We have done our simulation using their STATA code
and obtained similar results to those reported in Table 2.1.
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Of course, one could argue that estimating B by a global second-order polynomial is a

bad choice to start with. For the bivariate design, we follow their working paper [Imbens

and Wager, 2018, p.21] and estimate B using the 95-th percentile (over all sample points)

of the operator norm curvature via a cross-validated ridge regression with interacted 7-

th order natural splines, which yields good coverage (Panels C-H, Columns 6-10 of Table

2.1). However, without knowledge about the true DGP, choosing a “good” model is not

straightforward, and estimating second derivatives is more difficult when the dimension of

the running variable increases. In addition, the current implementation of optrdd accepts

up to two scores only, limiting its application more broadly.

Honest regression forests and local linear forests have comparable performance to local

linear regressions in the univariate design (Panels A-B, Columns 11-20 of Table 2.1), though

their variances are slightly higher. On the other hand, regression forests are generally more

biased than local linear forests, especially in small samples, which is a known boundary

problem for regression forests. In addition, the variance of regression forests tends to be

smaller than that of local linear forests, exacerbating the undercoverage problem. As dis-

cussed in Section 2.3.3.2, local linear forests are better at capturing smooth signals via a

linear correction, and its advantage over regression forests is especially pronounced when the

underlying DGP exhibits strong linear trends near the boundary point at which we estimate

the treatment effect. In Appendix B.2.5, we examine the robustness of the results in Table

2.1 to the number of training epochs, which is a tuning parameter of WGAN, and increasing

the number of training epochs leads to stronger linear trends near the boundary point (see

Figure B.7); in these cases, the performance of regression forests deteriorates, whereas local

linear regressions have robust performance. With that said, these two forest-based methods

are theoretically valid alternatives to existing methods for multivariate RD designs and can

flexibly model any given number of scores, and empirical researchers may leverage and tailor

them accordingly to fit different empirical settings.
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2.5 Empirical Application

We revisit the empirical analysis in Narita and Yata [2023], who study the effect of hospital

relief funding during COVID-19.

2.5.1 Data

The pandemic inflicted substantial financial pressure on U.S. hospitals, compounding revenue

losses with increasing operational expenses. To alleviate this, the U.S. government enacted

the Coronavirus Aid, Relief, and Economic Security (CARES) Act in March 2020 that

provides emergency financial support to healthcare providers. A $10 billion portion of this

funding was allocated to “safety net” hospitals, as determined by a set of eligibility criteria

that target hospitals serving vulnerable populations. Hospitals were eligible for safety net

funding if they met all of the following three conditions:11

1. Medicare Disproportionate Patient Percentage (DPP) of 20.2% or higher.12

2. Annual Uncompensated Care (UCC) exceeding $25,000 per bed.13

3. Profit margin (defined as net income divided by the sum of net patient revenue and

total other income) of 3.0% or less.

To determine safety net funding eligibility, we use data from the Healthcare Cost Report

Information System (HCRIS) for the 2019 financial year [White, 2018]. The 2019 measure-

ments are the closest available approximation of the values hospitals likely reported when

they applied for funding in 2020.14 For the outcome variable, following Narita and Yata
11Source: Provider Relief Fund Frequently Asked Questions from the Health Resources and Services

Administration, U.S. Department of Health and Human Services.
12For a more detailed definition, see Centers for Medicare & Medicaid Services.
13For a more detailed definition, see Fact Sheet: Uncompensated Hospital Care Cost.
14Although using the 2020 data may seem more temporally aligned with the application timeline, it is

unclear whether these records were actually used by the hospitals at the time of application. Since the
coverage of the 2019 data was low at the time of Narita and Yata [2023]’s study, they use the 2018 HCRIS
data instead. We thank them for their suggestion to use the updated data and help with data preparation.

https://www.hrsa.gov/sites/default/files/hrsa/coronavirus/provider-relief-fund-faq-complete.pdf
https://www.cms.gov/medicare/payment/prospective-payment-systems/acute-inpatient-pps/disproportionate-share-hospital-dsh
https://www.aha.org/fact-sheets/2020-01-06-fact-sheet-uncompensated-hospital-care-cost
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[2023], we use the number of confirmed or suspected COVID patients hospitalized in each

hospital during the week spanning August 2 to August 8, 2020, drawn from the most recent

(June 2024) version of the COVID Reported Patient Impact and Hospital Capacity by Fa-

cility dataset [U.S. Department of Health and Human Services, 2020–2024]. We note that,

due to changes in the reporting format, our weekly outcome is based on a slightly different

weakly reporting window from that of Narita and Yata [2023], which starts from July 31 to

August 6, 2020 using an earlier version of the outcome dataset.

We follow the steps in Appendix H of Narita and Yata [2023] for data cleaning and

missing value imputation.15 The resulting treated and control sample sizes are n1 = 656

and n0 = 3,199, respectively. Figure 2.4 visualizes the sample data as a scatter plot, where

red (black) colored dots correspond to treated (control) hospitals; the treatment boundary

is consisted of three partially bounded planes colored in pink. Under the assumptions in

Section 2.2, we can identify the conditional treatment effect of funding eligibility at any

point on the pink surface.

Figure 2.4: Visualization of the CARES Act data. The treatment boundary is shown in pink,
with its edges colored in blue to represent variation along a single running variable while
holding the other two at their respective cutoffs. The sample observations are displayed as
a scatter plot, with dots colored in black (red) denoting control (treated) observations.

15In addition, we remove one hospital that appears twice in the outcome data, as the two occurrences have
considerably different values for the outcome variable.
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2.5.2 Empirical Results

Safety net funding eligibility criteria create a three-dimensional RD setup, where our frame-

work applies. Acknowledging that directly estimating the conditional treatment effects non-

parametrically at each treatment boundary point Xi “is hard to use in practice, however,

when Xi has many elements (p. 12),” Narita and Yata [2023] propose a 2SLS estimator that

is consistent for a weighted average of conditional treatment effects, nesting both propensity

score matching and regression discontinuity in the case where the overlap condition fails

in the first stage. In their empirical application, they use funding eligibility as an instru-

ment for the amount of funding received and estimate the average effect of received funding

amount on multiple outcomes, including the number of COVID patients hospitalized. Their

findings suggest little to no effect. We find a similar null effect, but our analysis views

funding eligibility as a binary treatment and directly estimates its causal effect. Moreover,

we estimate conditional treatment effects as a function of treatment boundary point, allow-

ing investigation of treatment effect heterogeneity along the treatment boundary. We find

the estimated treatment effects, albeit with confidence intervals (CIs) covering zero, exhibit

sizable heterogeneity along the treatment boundary.

We apply the honest regression forest and local linear forest estimators in (2.3.7) and

(2.3.13) to the CARES Act data and, for ease of illustration, we plot how the treatment

effect varies along each of the three running variables, while holding the other two fixed.

This corresponds to estimating the treatment effect along the three “edges” of the treatment

boundary, shown in blue in Figure 2.4. Due to the potential zero-density issue of local linear

regressions with a collapsed univariate score, and the inability of the minimax-optimal esti-

mator to accommodate more than two scores, we omit analyses using these two estimators.

For simplicity and better generalizability, we do not tune the hyperparameters of the

forest estimators, but instead use the default values and set a few to specific pilot values

as detailed in Appendix B.2.6. We use 50,000 trees for more stable results, as the grf
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Figure 2.5: Treatment effect estimates (blue lines) with 95% CIs (blue shaded regions) for
the honest regression forest estimator (top three panels) and the local linear forest estimator
(bottom three panels).

package is known to be irreproducible across platforms.16 Figure 2.5 presents the estimation

results with 95% CIs. Comparing across the top and bottom panels, we see little qualitative

difference between the two estimators, and the CIs for the point estimates generally cover

zero, supporting Narita and Yata [2023]’s conclusion that the relief funding was not well

targeted toward hospitals most in need. There is, however, noticeable treatment effect

heterogeneity as DPP and profit margin vary, suggesting that more vulnerable hospitals—

those with higher DPP and lower profit margin—tend to utilize the relief funding more

efficiently by providing care to more patients.

16See the grf package manual.

https://grf-labs.github.io/grf/REFERENCE.html#forests-predict-different-values-depending-on-the-platform-even-though-the-seed-is-the-same
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2.6 Conclusion

This paper studies estimation and inference methods for RD designs with multiple scores. We

first highlight the critical but often overlooked zero-density issue with running local linear

regressions using a collapsed univariate score, and then explore the use of nonparametric

estimators based on forests that directly model multivariate scores. Our simulation results

suggest that the zero-density issue, while hard to detect from an empirical dataset, is likely

present and would impair the performance of local linear regressions. Regression forests and

local linear forests, on the other hand, generally require larger sample sizes to achieve good

performance at boundary points, though local linear forests are better at capturing linear

trends. Although this paper does not offer a simple, universal solution to multivariate RD

problems, it adds two forest-based estimators to empirical researchers’ toolkit. Overall, we

recommend using the two forest-based methods as the primary approach when the sample

size is large and the number of scores exceeds two because of their flexibility and theoretical

validity. In cases where the sample size is small, local linear regressions with a collapsed

univariate score can serve as a starting point, but researchers should proceed with caution

and perhaps compare the results against other nonparametric alternatives introduced in this

paper as a way of robustness checks.
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Chapter 3

Policy Learning with α-Expected Welfare

3.1 Introduction

3.1.1 Motivation

Targeted/personalized policy rules assign treatments to individuals based on their observable

characteristics. Learning treatment assignment policies that benefit the relevant population

in a desirable way often require careful consideration. The fact that treatment effects tend

to vary with individual observable characteristics prompts policy makers to design policies

that determine treatment statuses based on individual characteristics. Examples include

deciding which patients should receive medical treatment, assigning unemployed workers to

training programs, and selecting which students to offer financial aid. Using experimental

or observational data from a sample that represents the relevant population, the mean-

optimal policy maximizes the sum of individual welfare in the sample. The empirical welfare

maximization approach in Kitagawa and Tetenov [2018] provides a solution in this regard.

As noted in Kitagawa and Tetenov [2021], maximizing the average social welfare criterion

overlooks distributional impacts. This motivates Kitagawa and Tetenov [2021] to introduce

an equality-minded rank-dependent social welfare function that places greater emphasis on

individuals with lower-ranked outcomes. When the policy class is restricted due to consid-

erations such as implementability, cost, and interpretability, maximizing the average social

welfare may even hurt those who are disadvantaged in the population. For example, if wel-

fare is measured as the (negative) mean blood sugar level of individuals at risk of diabetes

and the treatment is a new medication, a mean-optimal policy may prescribe the medication

to most individuals because it can substantially benefit the low-risk individuals, who form

the majority of the sample, but high-risk individuals who receive the medication may be
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hurt and end up in even worse situations.1 Similarly, if welfare is evaluated by the average

post-training income, a mean-optimal policy is more inclined to select individuals who are

high school graduates and have experienced relatively short periods of unemployment to par-

ticipate in the training program, while overlooking those with lower educational attainment

or longer unemployment durations who might also benefit substantially from the training;

see Section 5.1 in Athey and Wager [2021].

Taking a group-agnostic and risk-averse point of view, this paper proposes to learn an

optimal policy that favors individuals on the lower tail of the outcome distribution. Specif-

ically, for any α ∈ (0, 1), we introduce the α-expected welfare function as the expected

outcome among the worst-affected (α×100)% of the population, i.e., a lower-tail conditional

average. We study non-randomized binary policies which maximize the α-expected welfare

and refer to such policies as α-expected welfare maximization (α-EWM) policies. The choice

of α is problem-specific and should be based on domain knowledge. A smaller α means that

the policy is tailored for the more disadvantaged, whereas a larger α generates a policy that

considers a broader less-advantaged subpopulation but those who are most disadvantaged

receive less attention. From a philosophical standpoint, when α is small, our α-EWM objec-

tive aligns with John Rawls’ difference principle, which aims to maximize the welfare of the

least-advantaged group to maintain social stability and fairness [Rawls, 2001]. Indeed, the

α-expected welfare converges to the essential infimum of the outcome random variable as α

approaches zero. We note that the definition of the α-expected welfare function also applies

to α = 1, in which case it reduces to the standard expected welfare underlying the empirical

welfare maximization studied in Kitagawa and Tetenov [2018] and Athey and Wager [2021].

We refer to such policies as 1-EWM throughout the rest of this paper.

To further motivate our α-EWM for α ∈ (0, 1), we provide a simple numerical comparison

with the 1-EWM criterion from Kitagawa and Tetenov [2018], the equality-minded welfare
1Throughout this discussion, we follow the standard empirical welfare maximization literature [Kitagawa

and Tetenov, 2018] in treating the observed outcome as the welfare-relevant object. This corresponds to
assuming that individuals’ utility is linear in the outcome (risk neutrality).
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criterion from Kitagawa and Tetenov [2021], and quantile maximization from Wang et al.

[2018]. Section 3.2.2 discusses the relationship between our α-EWM and these criteria in

more detail. We use a simple data generating process (DGP) similar to the motivating

example in Wang et al. [2018]:

Y = 20 + 3A+X − 5AX + (1 + A+ 2AX) ϵ, (3.1.1)

where the covariate X ∼ Unif[0, 1], the binary treatment A ∼ Bernoulli(0.5), and ϵ ∼

N(0, 1). We assume that the propensity score eo(·) = 0.5 is known, and the policy class is

defined as Πc = 1{X ≤ c} for the policy parameter c ∈ [0, 1]. We create a superpopulation of

size one million. Since we can generate Yi for both Ai = 0 and Ai = 1, we have full knowledge

of the true outcome distribution induced by any policy c. For comparison, we select values of

c that maximize the following: the 0.1-expected welfare, the standard Gini social welfare, the

0.1-outcome quantile, and the mean outcome. These correspond to the 0.1-EWM, equality-

minded, 0.1-quantile-optimal, and 1-EWM policies, respectively. Figure 3.1(a) displays the

resulting post-treatment outcome densities. We observe a gradual tightening of the outcome

distribution as we move from the 1-EWM policy to the equality-minded policy, then to

the 0.1-quantile-optimal policy, and finally to the 0.1-EWM policy, which yields the most

concentrated distribution with the thinnest tails on both sides.

To further illustrate this pattern within the EWM family, Figure 3.1(b) shows the dis-

tributions for the EWM policies under different α targets. As α decreases, the distributions

become increasingly concentrated, with less probability mass in both tails. This pattern

reflects that targeting smaller lower-tail subpopulations reduces the probability of very poor

outcomes, and it also reduces the occurrence of extremely large outcomes. Taken together,

the two panels illustrate that welfare criteria emphasizing the lower tail, including EWM

with smaller α, generate outcome distributions that are more equal and less dispersed.
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(a) Different welfare types (b) EWM with different α targets

Figure 3.1: Distributions of post-treatment outcomes induced by the optimal policies under
different welfare criteria.

3.1.2 Main Contributions

This paper makes several contributions to the literature on policy learning. First, under the

assumption of unconfoundedness,2 we show that the α-expected welfare function is identi-

fied and propose a debiased estimator. Our debiased estimator utilizes cross-fitted nuisance

estimators and the orthogonal moment function based on the dual form of the α-expected

welfare function. Optimizing the α-expected welfare poses noticeable challenges compared

with 1-EWM. Adopting a group-agnostic perspective, the worst-off subpopulation being tar-

geted changes dynamically with different policies. Consequently, estimating the α-expected

welfare requires the estimation of the α-quantile of the welfare, which serves as a “cutoff”

for computing the tail average (see Section 3.2 for details).

Second, we establish theoretical guarantees of our α-EWM for any α ∈ (0, 1) by deriving

asymptotic upper regret bounds with an explicit expression for the constant. This comple-

ments similar regret bounds for 1-EWM in Kitagawa and Tetenov [2018] and Athey and

Wager [2021].
2The assumption of unconfoundedness is not essential and can be replaced with any assumption that

identifies the conditional marginal distributions of the potential outcomes.
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Third, we develop asymptotically valid inference for the optimal α-expected welfare.

When the optimal policy is unique, Wald-type inference is asymptotically valid. When the

optimal policy is not unique, we develop inference by applying the generalized delta method

for Hadamard directionally differentiable functionals [Fang and Santos, 2019, Hong and Li,

2018].

Fourth, we demonstrate that more comprehensive policy evaluations can be performed

by consistently estimating the welfare of the worst-off (α × 100)% of the population for

any α ∈ (0, 1) and policy. Put differently, even if a policy does not specifically target the

worst-affected (α × 100)%, we can still assess its performance at α to gain insights into the

associated trade-offs. We illustrate our α-EWM method using experimental data from the

National Job Training Partnership Act (JTPA) Study, as analyzed by Bloom et al. [1997]. We

find that targeting smaller subpopulations—such as the bottom 25% or 30% of the outcome

distribution—leads to more robust welfare performance across a range of welfare objectives.

In contrast, targeting broader groups (e.g., the bottom 80% or the expected welfare) can

result in substantial welfare losses for the bottom 25%, indicating that policies aimed at

broader groups may come at the expense of welfare among the most disadvantaged.

Lastly, we conduct simulation studies based on synthetic JTPA data generated using

Wasserstein Generative Adversarial Networks (WGANs) developed by Athey et al. [2024],

to evaluate the performance of our estimator and compare policy outcomes. In the WGAN-

JTPA setup, both the 0.25-EWM and equality-minded policies enhance the welfare of lower-

ranked individuals while reducing that of higher-ranked individuals relative to the 1-EWM

policy, with the 0.25-EWM policy placing much greater emphasis on these adjustments.

Additional simulation studies based on stylized DGPs from Athey and Wager [2021] are

provided in Appendix C.9.3. Across all simulation setups, the debiased estimator and Wald

inference perform satisfactorily for all α values considered.

The rest of the paper is organized as follows. Section 3.1.3 provides an overview of the

related literature. Section 3.2 introduces our model preliminaries, including the α-expected
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welfare measure and its identification under the selection-on-observables assumption. We also

point out relations and differences between four welfare measures: the 1-expected welfare,

equality-minded welfare, quantile welfare, and our α-expected welfare. Section 3.3 reviews

the dual form of the α-expected welfare function and presents its debiased estimator, and

Section 3.4 establishes an asymptotic upper regret bound for our debiased optimal policy.

Section 3.5 constructs asymptotically valid inference for the optimal α-expected welfare.

Section 3.6 presents numerical results, including an empirical application based on experi-

mental data from the JTPA Study and a simulation study using WGAN-generated JTPA

data. Section 3.7 concludes. More details and technical proofs are relegated to Appendices

C.1–C.9.

3.1.3 Related Literature

Our work builds on existing literature on policy learning from experimental and observational

data, as well as statistical inference for the mean outcome under the optimal policy. In the

following, we provide a brief discussion of related work.

Mean-optimal Policy Learning Existing research on policy learning in economics and

statistics has mainly focused on the mean-optimal policy under unconfoundedness [Qian and

Murphy, 2011, Zhao et al., 2012, Zhang et al., 2012, Bhattacharya and Dupas, 2012, Luedtke

and van der Laan, 2016, Kallus, 2018, Luedtke and Chambaz, 2020, Athey and Wager, 2021].

Most work on policy learning focus on establishing theoretical guarantees by deriving regret

bounds. The paper by Kitagawa and Tetenov [2018] explores mean-optimal policy learning

from experimental data in a nonparametric framework. When propensity scores are known

and the policy class denoted as Π has a finite VC dimension, they employ inverse propensity

weighting to estimate the welfare function, achieving n−1/2-rate regret bounds, where n is

the sample size. Athey and Wager [2021] extend this setup to observational studies where

propensity scores are unknown and the policy class Πn may vary with n. They estimate
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the objective function using doubly robust scores, a method that is shown to be efficient

in the sense of Newey [1994]. The resulting policies achieve regret bounds of the order√
VC(Πn)/n. Notably, their regret bound depends on the convergence rate of nuisance

parameter estimation and the semiparametric efficient variance for evaluating an optimal

policy. Finally, under mild conditions, Luedtke and Chambaz [2020] show that the regret

can decay faster than n−1/2 for a fixed data distribution.

Several studies have examined statistical inference for the mean-optimal welfare associ-

ated with the first-best policies. For instance, Luedtke and van der Laan [2016] propose an

online one-step estimator that is
√
n-consistent for the optimal value function, where the

estimated policy and value function are recursively updated using new observations. Simi-

larly, Shi et al. [2020] conduct inference for the optimal welfare via subsample aggregating

and cross-validation. In contrast, Rai [2018] study inference for the optimal mean welfare

under a restricted policy class. The author utilizes bootstrap and numerical delta methods

in e.g., Fang and Santos [2019] and Hong and Li [2018], to approximate the estimator’s

limiting distribution. We apply the same set of tools to develop inference for the optimal

α-expected welfare associated with a pre-specified policy class when the optimal policy may

not be unique.

Fairness and Robustness of Policy Learning. In many real-world scenarios, alterna-

tive objective functions beyond the mean outcome may be more appropriate. Some stud-

ies design objective functions with fairness/equality considerations. Kitagawa and Tetenov

[2021] introduce rank-dependent social welfare functions to prioritize individuals with lower-

ranked outcomes. Wang et al. [2018] estimate the quantile-optimal policies that maximize a

target quantile of the potential outcome distribution. Fang et al. [2023], Viviano and Bradic

[2024], and Kim and Zubizarreta [2023] propose to maximize the average welfare subject to

some fairness constraints.

Another strand of literature addresses distributional robustness or external validity by
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maximizing the expected welfare under the least favorable distribution within an uncertainty

set (or ambiguity set). Notably, Adjaho and Christensen [2022], Kido [2022], Fan et al. [2023],

and Si et al. [2023] develop policies with welfare guarantees, when target populations differ

from the study population. Specifically, the uncertainty sets in the former three studies are

characterized by the Wasserstein distance, whereas Si et al. [2023] employs KL-divergence.

Beyond distributional shifts, Kallus and Zhou [2021] and Lei et al. [2023] focus on robustness

to unobserved confounding and sample selection bias, while Wang [2024] studies optimal

allocation policies that are robust to the presence of multiple Nash equilibria.

The paper most closely related to ours is Qi et al. [2023], which adopts the average value-

at-risk (AVaR) welfare criterion to develop robust individualized decision rules. The AVaR

criterion is the same as our α-expected welfare criterion, and Qi et al. [2023] is motivated

by the distributional robust representation of AVaR, see Eq. (3.2.3). Apart from differences

in motivation, the main results in Qi et al. [2023] and our paper also differ. First, Qi et al.

[2023] focus on experimental data with a known propensity score, allowing direct estimation

of the objective function. Instead, we consider observational studies with unknown propen-

sity scores and estimate our objective function using doubly robust scores and cross-fitting.

Second, we consider a general policy class Πn with a VC-dimension VC(Πn) that may be

changing with n. In contrast, Qi et al. [2023] consider a more restrictive policy class within

a reproducing kernel Hilbert space, which excludes many machine learning algorithms, such

as decision trees and neural networks, from being used to learn the optimal policy. Third,

applied to the class of policies in Qi et al. [2023], our regret bound is sharper than theirs.

Fourth, we develop inference for the optimal welfare in experimental and observational se-

tups. Computationally, Qi et al. [2023] propose a non-convex optimization algorithm based

on a surrogate function that smooths the binary policy function for the use of difference-of-

convex optimization, whereas our optimization is done by derivative-free methods.

We close this section by summarizing the notation used in this paper. We useO, o,OP , oP ,≍

,≳,≲ in the following sense: an = O (bn) if |an| ≤ Cbn for n large enough; an = o(bn) if
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an/bn → 0; Xn = OP (bn), if for any δ > 0, there exist M,N > 0, such that P ||Xn| ≥

Mbn] ≤ δ for any n > N ;Xn = oP (bn), if P [|Xn| ≥ ϵbn] → 0 for any ϵ > 0; an ≍ bn if there

exist k1, k2 > 0 and n0, such that for all n > n0, k1an ≤ bn ≤ k2an if lim an/bn = ∞; an ≳ bn

if bn = O (an) ; an ≲ bn if an = O (bn). Furthermore, we write f(n) = Õ(g(n)) if there is

a function h that grows poly-logarithmically such that f(n) ≤ h(g(n))g(n). The notation

f(n) = Ω(g(n)) means that there is a universal constant co > 0 such that f(n) ≥ cog(n) uni-

formly in n. We use the shorthand [n] = {1, . . . , n}, a∨b = max{a, b} and a∧b = min{a, b}.

The abbreviation i.i.d. stands for independent and identically distributed. In the sequel, let

co denote a generic positive constant, whose value may vary from line to line.

3.2 α-Expected Welfare Function and Optimal Policy

Suppose that we have a random sample (Xi, Yi, Ai)n
i=1, where Xi ∈ X ⊆ Rp denotes the

observable characteristics of individual i (continuous or discrete), Yi ∈ Y ⊆ R represents the

outcome of individual i (or utility/welfare), and Ai ∈ {0, 1} denotes the treatment status of

individual i, for i ∈ [n]. Without loss of generality, larger values of Yi are assumed to be

preferable. To simplify notation, we define Zi := (Xi, Yi, Ai) ∈ Z and Z = X × Y × {0, 1}.

Let Yi(0) and Yi(1) denote the potential outcomes that would have been observed if Ai = 0

and Ai = 1, respectively. Then Yi = AiYi(1) + (1 − Ai)Yi(0) is the realized outcome under

the Stable Unit Treatment Value Assumption [Rubin, 1978, 1990]. Moreover, we denote by

P the distribution of Zi ≡ (Xi, Yi, Ai), and by EP and VarP the expectation and variance

under P , respectively.

3.2.1 α-Expected Welfare Function and Identification

We study non-randomized binary policy/rule π : X → {0, 1}. Let Πo denote the policy class

that contains all Borel measurable functions from X to {0, 1}. For any policy π ∈ Πo, let

Yi(π) := Yi(π(Xi)), the outcome of individual i when π is implemented. Further, let Fπ(y),

y ∈ Y denote the distribution function of Yi(π) and F−1
π (α) = inf {y ∈ R : Fπ(y) ≥ α} denote



73

the quantile function of Yi(π).

As discussed by Kitagawa and Tetenov [2018] and Athey and Wager [2021], practition-

ers may adopt a pre-specified policy class Π ⊆ Πo that incorporates constraints relevant

to the problem context, such as budgetary limitations, specific functional forms, fairness

considerations, and other pertinent factors.

Definition 3.2.1 (α-Expected Welfare and Optimal Policy). Given a policy class Π chosen

by the policymaker, we define the α-expected welfare of Yi(π) as the expected welfare of the

worst-off subpopulation of size α ∈ (0, 1], i.e.,

Wα(π) := 1
α

∫ α

0
F−1

π (t)dt for π ∈ Π. (3.2.1)

An α-expected welfare maximization (α-EWM) policy is defined as

π∗
α ∈ argmaxπ∈Π Wα(π).

As discussed in Section 3.1, limα→0 Wα(π) = essinf Yi(π) and W1(π) = E [Yi(π)]. Our

welfare function Wα(π) therefore flexibly interpolates between the expected welfare and

infimum welfare of the target population by varying α ∈ (0, 1], where α = 1 gives the

expected welfare of the target population adopted in Kitagawa and Tetenov [2018] and

Athey and Wager [2021].

Remark 3.2.1. (i) Our welfare function Wα(π) is identical to Expected Shortfall, a com-

monly used coherent risk measure in finance and risk management. When the distribution

function of Yi(π) is continuous at F−1
π (α), Wα(π) is also the same as Conditional Value

at Risk (CVaR), defined as CVaRα(π) := E [Yi(π) | Yi(π) ≤ F−1
π (α)], see Rockafellar et al.

[2000], Shapiro et al. [2021].

(ii) Wα(π) is also closely related to the generalized Lorenz function, a popular tool for

measuring and comparing inequality, see Greselin and Zitikis [2018] and Shorrocks [1983].
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Specifically, let Lgen
α (Yi(π)) denote the generalized (unnormalized) Lorenz function at level α:

Lgen
α (Yi(π)) :=

∫ α
0 F

−1
π (t)dt. Then Wα(π) = 1

α
Lgen

α (Yi(π)).

Remark 3.2.2. Since the α-EWM objective focuses solely on the lower tail, it may theoret-

ically admit a set of α-optimal policies. To better account for the welfare of the untargeted

population, i.e., the upper 1 − α quantile, we could consider a lexicographic selection rule.

Specifically, from the set of optimal α-EWM policies, one can select the policy that maximizes

the expected welfare.

To identify Wα(π) as defined in Eq. (3.2.1), we note that

Yi(π) = π(Xi)Yi(1) + [1 − π(Xi)]Yi(0).

The conditional (given Xi = x) and unconditional distribution functions of Yi(π) are

Fπ(y|x) = π(x)F1(y|x) + (1 − π(x))F0(y|x) and Fπ(y) =
∫

X
Fπ(y|x)dPX(x), (3.2.2)

where F1(y|x) and F0(y|x) are the conditional distribution functions of Yi(1) and Yi(0) given

Xi = x, respectively.

Eq. (3.2.1) and Eq. (3.2.2) imply that Wα(π) is a function of the policy π(·) and the

conditional distribution functions F1(·|·) and F0(·|·). Consequently, for any π ∈ Πo, Wα(π)

is identified as long as F1(·|·) and F0(·|·) are identified. Any assumption that ensures the

identification of F1(·|·) and F0(·|·) is sufficient to identify Wα(π). In the rest of this paper,

we adopt the selection-on-observables assumption, which includes unconfoundedness and

common support, as detailed in Assumption 3.2.1.

Assumption 3.2.1. (1) Unconfoundedness: (Yi(0), Yi(1)) |= Ai | Xi.

(2) Strong overlap: Let eo(x) := P [Ai = 1 | Xi = x] denote the propensity score. There is

a constant κ ∈
(
0, 1

2

)
such that eo(x) ∈ [κ, 1 − κ] for all x ∈ X .
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Assumption 3.2.1 (1) states that the potential outcomes are independent of the treatments

after conditioning on the observed covariates. Heuristically, it requires that all confounders

that affect both treatments and potential outcomes simultaneously be observed. For identi-

fication, Assumption 3.2.1 (2) can be relaxed to the weaker condition that eo(x) ∈ (0, 1) for

all x ∈ X , but the regret bounds and inference developed in later sections of this paper rely

on it.

Under Assumption 3.2.1, the distribution functions Fa(·|x) for all x ∈ X are point-

identified:

Fa(y|x) := P [Yi(a) ≤ y|Xi = x] = P [Yi ≤ y|Xi = x,Ai = a] .

Consequently, Wα(π) is identified for any π ∈ Πo.

3.2.2 Relations with Other Welfare Maximization Criteria

In this subsection, we compare our α-expected welfare Wα(π), defined for α ∈ (0, 1), with

three welfare functions commonly used in the literature: the expected welfare, the equality-

minded welfare, and the quantile welfare functions.

3.2.2.1 1-Expected Welfare Maximization

1-EWM in Kitagawa and Tetenov [2018] and Athey and Wager [2021] take the mean out-

come E[Yi(π)], which equals W1(π), as the population welfare function, assuming that the

distribution of Yi(π) in the target population is the same as that in the study population.

For α ∈ (0, 1), our α-expected welfare Wα(π) represents a distributionally robust version

of the 1-expected welfare function. To see this, consider the uncertainty set centered at

probability distribution Fπ of the outcome under policy π : X → {0, 1}:

Uα(Fπ) =
{
Q : D∞(Q∥Fπ) ≤ log 1

α

}
= {Q : ∃ P ∈ P(Y), t ∈ [α, 1] s.t. Fπ = tQ+ (1 − t)P} .
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where D∞(Q∥Fπ) = ess sup log dQ
dFπ

. From Rockafellar et al. [2002] and Duchi et al. [2023],

it follows that

Wα(π) = inf
Q∈Uα(Fπ)

EZ∼Q [Z] . (3.2.3)

The uncertainty set Uα(Fπ) is the risk envelope capturing the distributional uncertainty of

Yi(π) in the target population, comprising distributions with minority subpopulations of

at least size α. We can therefore interpret π∗
α as the distributionally robust policy that

maximizes the average welfare under the worst-case perturbation of the study population

in Uα(Fπ). As α decreases, the uncertainty set expands, making the α-expected welfare

function more robust to potential distributional shifts in Yi(π) within the target population.

3.2.2.2 Equality-Minded Welfare Maximization

Since the 1-EWM may worsen inequality, Kitagawa and Tetenov [2021] propose equality-

minded policies by maximizing rank-dependent social welfare functions (SWFs), which assign

greater weights to lower-ranked individuals. Given a decreasing function Λ : [0, 1] → [0, 1]

with Λ(0) = 1 and Λ(1) = 0, the equality-minded welfare under policy π is defined as

WΛ(Fπ) :=
∫ ∞

0
Λ (Fπ(y)) dy =

∫ 1

0
F−1

π (t)ω(t)dt, (3.2.4)

where ω(t) := − d
dt

Λ(t) is the associated weight function. When Λ is strictly convex, the

associated SWF, WΛ, upholds the Pigou-Dalton Principle of Transfers, as rank-preserving

transfers from higher-ranked individuals to lower-ranked individuals are preferred under the

welfare WΛ. The function Λ, chosen by practitioners, captures the degree of inequality

aversion through its level of complexity. An important class of rank-dependent SWFs is the

extended Gini SWFs, where Λ(t) = Λk(t) = (1 − t)k−1 for some k ≥ 2, and the weight

function is ω(t) = ωk(t) = (k − 1)(1 − t)k−2. The expected welfare and the standard Gini

SWF correspond to k = 2 and k = 3, respectively.

Equality-minded SWFs can, in fact, be expressed in terms of our α-expected welfare
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Wα(π). For example, when k > 2, the extended Gini SWF can be written as a weighted

average of Wα(π):

WΛ(Fπ) = (k − 2)
∫ 1

0
Wα(π)α(1 − α)k−3dα. (3.2.5)

Although our α-expected welfare can be written as

Wα(π) = 1
α

∫ α

0
F−1

π (t)dt =
∫ 1

0
F−1

π (t) σ(t)dt, (3.2.6)

where Λ(t) = (1 − t/α)1{0 ≤ t ≤ α} and σ(t) = 1
α
1{0 ≤ t ≤ α}, it does not satisfy the

Pigou-Dalton Principle of Transfers, as Λ(t) is not strictly convex. This principle is satisfied

only if the rank-preserving transfer happens across the probability level α, i.e., from an

individual ranked above α to an individual ranked below α. Transfers on the same side do

not affect Wα(π) since all the individuals involved have the same weight.

3.2.2.3 Quantile Welfare Maximization

To prioritize the lower tail of population welfare over the (weighted) expected welfare, Wang

et al. [2018] propose a quantile-optimal policy, defined as

argmaxπ∈Π VaRα(Yi(π)) = F−1
π (α),

where α ∈ (0, 1) is the quantile level of interest. For the class of linear policies with a

fixed number of covariates Π, Wang et al. [2018] establish the cube root asymptotics for the

estimator of the parameter that defines the optimal linear policy.

Compared with quantile welfare F−1
π (α) that overlooks the welfare of the population

with outcomes below it, our α-expected welfare function Wα(π) integrates F−1
π (t) over the

range [0, α], thereby accounting for welfare levels below the α-quantile and providing a more

comprehensive assessment of the lower tail of the welfare distribution.
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3.3 Debiased Estimation and Practical Implementation

The α-expected welfare function Wα(π) has a convenient dual representation, which we will

use to construct a debiased estimator of Wα(π).

Let (u)− := min (u, 0) and (u)+ := max (u, 0). Further, let θ = (π, η) and

Vα(θ) = 1
α
E
[
(Yi(π) − η)−

]
+ η.

Lemma 3.3.1 (Dual Representation of Wα(π)). For any α ∈ (0, 1] and π ∈ Π,

Wα(π) = sup
η∈R

Vα(π, η).

Furthermore, for α ∈ (0, 1), the supremum is attained on the interval [t⋆, t⋆⋆], where t⋆ =

sup{y ∈ R : Fπ(y) ≤ α} and t⋆⋆ = F−1
π (α). When α = 1, if the support of Yi(π) is bounded,

then the supremum is attained on [F−1
π (1),∞). Otherwise, the supremum is unattainable

and supη∈RV1(π, η) = limη→∞ V1(π, η).

Let

µa(x, η) := E
[
(Yi(a) − η)− |Xi = x

]
for a ∈ {0, 1},

and τ(x, η) := µ1(x, η) −µ0(x, η) for any x ∈ X and η ∈ R. Under Assumption 3.2.1, τ(x, η)

is identified for any given η.

Theorem 3.3.1. Under Assumption 3.2.1, for any 0 < α ≤ 1 and any θ = (π, η) ∈ Πo ×R,

it holds that

Vα(θ) = 1
α

{E [π(Xi)µ1(Xi, η)] + E [(1 − π(Xi))µ0(Xi, η)]} + η,

= 1
α

{E [π(Xi)τ(Xi, η)] + E [µ0(Xi, η)]} + η,

= 1
α
E [w(Xi, Ai, π)(Yi − η)−] + η,

(3.3.1)
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where the function w : X × {0, 1} × Πo → [0,∞) is defined as

w(x, a, π) := aπ(x)
eo(x) + (1 − a) (1 − π(x))

1 − eo(x) .

Remark 3.3.1. (i) When 0 < α < 1, the feasible set in the dual representation of Wα(π)

in Lemma 3.3.1 can be restricted to a compact set. Since |Yi(π)| ≤ |Yi(0)| + |Yi(1)| for all

π ∈ Πo, the α-quantile of |Yi(π)| is no greater than the α-quantile of |Yi(0)| + |Yi(1)|, while

the α-quantile of −|Yi(π)| is no less than the α-quantile of −|Yi(0)| − |Yi(1)|. Therefore, the

solution to supη∈RV(π, η) is VaRα(Yi(π)), which satisfies the bounds

−VaR1−α (|Yi(0)| + |Yi(1)|) ≤ VaRα(Yi(π)) ≤ VaRα (|Yi(0)| + |Yi(1)|) .

Thus, we can express Wα(π) as supη∈BY
Vα(π, η) for some compact set BY ⊂ R.

(ii) When Yi has a bounded support, the claim in (i) holds for α = 1 as well.

As noted in the previous sections, the 1-expected welfare function W1(π) is the same as

the expected welfare E[Yi(π)] in Kitagawa and Tetenov [2018] and Athey and Wager [2021].

In the rest of this paper, we focus on estimation and asymptotic theory for an α-EWM rule

when α ∈ (0, 1).

Theorem 3.3.1 suggests two plug-in methods for estimating Vα(θ) or the welfare function

Wα(π): IPW and outcome equation estimation. It is known that the IPW estimator is

sensitive to the estimator of the propensity score and may suffer from severe bias. The

outcome equation estimator may be sensitive to the estimators of τ (µ1 and µ0). This

motivates the debiased estimator proposed in this section.

Theorem 3.3.1 implies that under Assumption 3.2.1, the function Vα(θ) is identified for

any fixed θ = (π, η). Following Robins et al. [1994] and Robins et al. [1995], we build our

doubly robust score for Vα(θ) by introducing the augmentation term. Given any θ = (η, π),



80

and for any function ě : X → (0, 1) and µ̌a : X × R → R with a ∈ {0, 1}, define

gθ(z; µ̌, ě) = 1
α

[(1 − π(x)) µ̌0(x, η) + π(x)µ̌1(x, η)] + η

+ 1
α

[
(1 − π(x))(1 − a)

1 − ě (x) ((y − η)− − µ̌0(x, η))
]

+ 1
α

[
π(x)a
ě(x) ((y − η)− − µ̌1(x, η))

]
,

(3.3.2)

where µ̌ = (µ̌0, µ̌1) and the augmentation term is defined as the sum of the last two com-

ponents in (3.3.2). The augmentation term has mean zero and the Neyman orthogonality

condition holds:

∂µEP [gθ(Zi;µo, eo)][µ̌− µo] = 0, and ∂eEP [gθ(Zi;µo, eo)][ě− eo] = 0,

where µo = (µ0, µ1). To simplify notation, we let gθ(·) = gθ(·;µo, eo), where the function

gθ(·) indexed by θ is referred to as the (doubly robust) score function for estimating Vα(θ).

It is clear that for any given θ, the function gθ −EP [gθ(Zi)] is the efficient influence function

for Vα(θ); see Luedtke and van der Laan [2016], Kennedy [2016] for more detailed discussion.

Building upon Chernozhukov et al. [2018a] and Chernozhukov et al. [2022], we construct

our doubly robust score ĝθ(Zi) for Vα(θ) based on K-fold cross-fitting, a sample-splitting

method used to validate asymptotic properties and leverage high-level conditions concerning

the predictive accuracy of nuisance estimation methods.

We describe the estimation steps below, see Algorithm 2 in Appendix C.8 for details.

(a) Randomly partition the sample into K folds ∪K
k=1Ik such that |Ik| = n/K.

(b) For each k, define Ic
k = [n] \ Ik. Fit estimators for the nuisance parameters eo(·) and

µa(·, ·) for a ∈ {0, 1} using the observations in the remaining K − 1 folds, specifically,

(Zi)i∈Ic
k
. Denote these estimators as ê(−k)(·) and µ̂(−k)

a (·, ·).
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(c) The doubly robust score is

ĝθ(Zi; µ̂−k(i), ê−k(i)) = 1
α

[
(1 − π(Xi)) µ̂−k(i)

0 (Xi, η) + π (Xi) µ̂−k(i)
1 (Xi, η)

]
+ η

+ 1
α

[
(1 − π(Xi)) (1 − Ai)

1 − ê−k(i) (Xi)
[
(Yi − η)− − µ̂

−k(i)
0 (Xi, η)

]]

+ 1
α

[
π(Xi)Ai

ê(−k(i)) (Xi)
[
(Yi − η)− − µ̂

−k(i)
1 (Xi, η)

]]
,

(3.3.3)

where k(i) is the index in [n] such that i ∈ Ik.

(d) For each θ = (π, η), V(θ) and Wα(π) can be estimated by

V̂n(θ) = 1
n

n∑
i=1

ĝθ(Zi) and Ŵn(π) = sup
η∈BY

V̂n(π, η),

where BY is introduced in Remark 3.3.1.3

(e) The debiased estimator θ̂n = (π̂n, η̂n) is the maximizer of V̂n(θ).

Remark 3.3.2. Since Lemma 3.3.1 implies that Wα(π) = Vα(π, F−1
π (α)), a debiased estima-

tor of π∗ can also be constructed from the expression Vα(π, F−1
π (α)). Noting that F−1

π (α) is

an optimal solution to supη∈RVα(θ), the orthogonal moment function based on Vα(π, F−1
π (α))

is equal to

g(π,F −1
π (α))(z; µ̌, ě) − Vα(π, F−1

π (α)).

A cross-fitting estimator can be constructed from g(π,F −1
π (α))(z; µ̌, ě), but it requires an

estimator of the quantile function F−1
π (α). We leave a detailed comparison between these two

estimators in future work.
3If the support of Yi is bounded, i.e., Assumption 3.5.1 (1) holds, then one can take BY as the support of

Yi. In our numerical work, we took BY as the closed interval with lower and upper bounds as the minimum
and maximum statistics of Yi respectively.
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3.4 Asymptotic Upper Regret Bounds

In this section, we establish asymptotic regret bounds on the debiased α-EWM policy pro-

posed in Section 3.3 for any fixed α ∈ (0, 1). They complement similar regret bounds for

the 1-EWM and equality-minded policies established in Kitagawa and Tetenov [2018], Athey

and Wager [2021] and Kitagawa and Tetenov [2021].

3.4.1 Policy Class and Examples

For each n, let Πn denote the class of candidate policies and Θn = Πn × BY , where BY ⊂ R

is a compact set introduced in Remark 3.3.1. For brevity, we write V(θ) ≡ Vα(θ), omitting

the subscript α.

The following assumption restricts the complexity of the policy class Πn.

Assumption 3.4.1. There exists a constant bo > 0 such that the VC-dimension of Πn is

bounded as VC(Πn) ≤ nbo for all n ∈ N+.

A policy is a classifier that assigns the covariate Xi to a binary treatment status. Any

machine learning classification model can serve as a candidate policy class. In the following,

we list three examples of policy classes and their VC dimensions.

Example 3.4.1 (Linear Rules). The linear policy class can be characterized by

Πn = {1{x′β > 0} : β ∈ B} , (3.4.1)

where B is compact subset of Rpn, where the dimension of the covariates pn is allowed to grow

with the sample size n. Although the eligibility score is linear in β, it can include intercepts,

interaction terms, higher-order terms, and other transformations of the original covariate

Xi. The VC-dimension of Πn is pn + 1.

Example 3.4.2 (Decision Trees). A decision tree is a predictor π : X ⊂ Rp → {0, 1} that

recursively partitions the feature space X into a set of rectangles and assigns a label to each
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resulting partition. Following Bertsimas and Dunn [2017] and Zhou et al. [2023], we define

a decision tree recursively. A decision tree of depth L consists of L levels, with the first

L − 1 levels containing branch nodes and the final L-th level comprising exclusively of leaf

nodes. For any branch node, we choose the split-point b and the variable x(j) that is a single

component of x . If x(j) < b, the path taken is towards the left; if not, the decision leads to

the right branch. Each path will end with a leaf node that is assigned a unique label. Zhou

et al. [2023] show that the VC-dimension of the class Π of decision trees of depth-L over R is

VC(Π) = Õ(2L log p). Choosing the tree depth Ln = O(log n) ensures that the VC dimension

grows polynomially in n, thereby satisfying Assumption 3.4.1.

Example 3.4.3 (ReLU Neural Networks). Formally, a neural network is characterized by

the Rectified Linear Unit (ReLU) activation function, σ(x) = max(0, x), structured as a

directed acyclic graph with weights and biases. Let W denote the total number of parameters

and L the depth. Let Π denote the policy class of deep ReLU networks. Bartlett et al.

(2019) establish that VC(Π) = O (WL logW ) and VC(Π) = Ω (WL log(W/L)). As long

as the network width W and depth L grow polynomially in n, the VC dimension satisfies

Assumption 3.4.1.

3.4.2 Assumptions on Nuisance Estimators and a Preliminary Lemma

In this section, we establish a fundamental lemma showing that the estimation error of the

nuisance parameters can be ignored when V(·) is estimated using the doubly robust score

with cross-fitting. Before presenting the lemma, we introduce additional assumptions.

Let Vn(θ) = Pngθ, where gθ(z) := gθ(z;µo, eo) is defined in (3.3.2). We assume that the

nuisance parameter estimators µ̂a (·, ·) and ê(·) converge to their true values at sufficiently

fast rates.

Assumption 3.4.2. (1) sup(x,η)∈X ×BY
|µ̂a(x, η) − µa(x, η)| = oP (1) for a ∈ {0, 1}, and

supx∈X |ê (x) − eo(x)| = oP (1).
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(2) Suppose there are ζµ > 0 and ζe > 0 such that

sup
η∈BY

[
E |µ̂a(Xi, η) − µa(Xi, η)|2

]1/2
= O(n−ζµ),

[
E |ê (Xi) − eo(Xi)|2

]1/2
= O(n−ζe).

(3) VC(Πn) = o
(
n2ζµ∧2ζe

)
.

Remark 3.4.1. (i) The regression function µa(x, η) can be estimated by regressing the trans-

formed outcome {(Yi − η)− : Ai = a} on {Xi : Ai = a} using standard nonparametric meth-

ods. For example, under Assumption 3.2.1 and standard regularity conditions (e.g., Hölder

smoothness), kernel-based estimators can achieve minimax optimal convergence rates, both

uniform and in L2 [Giné and Guillou, 2002, Giné and Nickl, 2021]. Similarly, sieve-based

approaches can be applied; optimal uniform convergence rates are established by Chen and

Christensen [2015], Belloni et al. [2015]. Furthermore, deep neural networks can be also

used to estimate nuisance parameters, with Schmidt-Hieber [2020] and Kohler and Langer

[2021] establishing nearly optimal L2-convergence rates.

(ii) Alternatively, for a ∈ {0, 1} and x ∈ X , it holds that

µa(x, η) = E
[
(Yi(a) − η)− |Xi = x

]
=
∫ η

−∞
ydFa(y|x) − ηFa(η|x). (3.4.2)

This suggests a plug-in estimator based on an estimator of Fa(y|x).

We conclude this subsection by demonstrating that V̂n(θ) is a good approximation to

Vn(θ) = Pngθ with convergence rate faster than n−1/2. Consequently, we can ignore the

nuisance parameter estimation errors in subsequent asymptotic analysis.

Lemma 3.4.1. Suppose Assumption 3.2.1, Assumption 3.4.1 and Assumption 3.4.2 hold. If

bo/2 < ζe ∧ ζµ, then

EP

[
sup
θ∈Θn

∣∣∣V̂n(θ) − Vn(θ)
∣∣∣] = O(n−1/2).
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3.4.3 Asymptotic Upper Regret Bound

In this subsection, we study the regret upper bound of implementing π̂n under the following

assumption.

Assumption 3.4.3. Yi(a) is L2(P )-bounded, i.e., EP [|Yi(a)|2] < ∞ for a ∈ {0, 1}.

For any policy class Πn, which may depend on n, the regret of deploying a policy π ∈ Πn

relative to the best policy in Πn, is defined as

Reg(π,Πn) = max
π′∈Πn

Wα(π′) − Wα(π).

When Πn is clearly understood from the context, we write Reg(π) = Reg(π,Πn) for nota-

tional simplicity. Our primary result regarding the asymptotic regret of our α-EWM policy

incorporates the following two key quantities:

Ξ := sup
η∈BY

E |γη(Zi)|2 and Ξ† := sup
η∈BY

E
∣∣∣Γ†

η(Zi)
∣∣∣2,

where
γη(z) := τ(x, η) + a− eo(x)

eo(x) (1 − eo(x)) {(y − η)− − µa(x, η)} and

γ†
η(z) := µ0(x, η) + (1 − a)

1 − eo (x) {(y − η)− − µ0(x, η)} .

Theorem 3.4.1. Suppose Assumption 3.2.1, Assumption 3.4.1, Assumption 3.4.2, and As-

sumption 3.4.3 hold. Let K̄ = 3 + 2/κ. If E |γη(Zi)|2 > co > 0 for all η ∈ BY , then for

α ∈ (0, 1), the following inequality holds:

lim sup
n→∞

E [Reg (π̂n)]√
VC(Πn)/n

≤ 30
α

√
Ξ + Ξ† + 72

√
(K̄/α+ 1)2 + Ξ/α2. (3.4.3)

Theorem 3.4.1 complements Theorem 1 in Athey and Wager [2021] for 1-EWM policy.4

The constant in Theorem 3.4.1 depends on α: it increases as α decreases, partly due to
4Athey and Wager [2021] also allow for an approximate optimal policy.
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estimation error. Specifically, estimating the average welfare of the α-worst-affected group

makes use of only an α-fraction of the total sample, leading to greater instability in welfare

estimation.

Remark 3.4.2. Suppose that BY ⊆ [−ηB, ηB] for some ηB > 0. Under the strict overlap

condition in Assumption 3.4.2, it follows that Ξ and Ξ† can be upper bounded as

Ξ ≤
(

1 + 2
κ

) (
E|Yi(0)|2 + E|Yi(1)|2 + ηB

)
and Ξ† ≤

(
1 + 2

κ

) (
E|Yi(0)|2 + ηB

)
.

Remark 3.4.3. Recall that we learn the optimal policy by simultaneously solving out π̂n and

η̂n from max(π,η)∈Πn×BY
V̂n(π, η). Let θ̂ ≡ (π̂, η̂) ∈ Πn ×BY denote any near-optimal solution

satisfying

V̂n(θ̂) ≥ sup
θ∈Θn

V̂n(θ) − oP (rn) ,

where rn = supθ∈Θn

∣∣∣V̂n(θ) − Vn(θ)
∣∣∣. In fact, Theorem 3.4.1 holds if the exact optimizer π̂n

is replaced by any near-optimal welfare maximizer π̂ and rn = oP (n−1/2). The term oP (rn)

enables us to find an approximate solution to maxθ∈Θn V̂n(θ), which is particularly useful

when the optimization is non-concave.

3.4.3.1 Technical Comparisons with Kitagawa and Tetenov [2018], Athey and Wager [2021]

The regret bounds in Theorem 3.4.1 and those in Kitagawa and Tetenov [2018], Athey and

Wager [2021] are all of order
√

VC(Πn)/n. In addition, Theorem 3.4.1 and Theorem 1 in

Athey and Wager [2021] provide explicit expressions for the constants which require more

delicate technical proofs than Kitagawa and Tetenov [2018, 2021].

Following Kitagawa and Tetenov [2018, 2021], the proof of the order of the regret bounds

of π̂n relies on the lemma below.

Lemma 3.4.2. Suppose Assumption 3.2.1, Assumption 3.4.1 and Assumption 3.4.2 hold. If
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bo/2 > ζe ∧ κµ, then

Reg(θ̂n) ≤ 2 sup
θ∈Θn

|(Pn − P ) gθ| + rn,

where rn = oP (n−1/2).

Lemma 3.4.2 implies that it is sufficient to study the concentration of the empirical

process:

Vn(θ) − V(θ) = (Pn − P )gθ over θ ∈ Θn.

In contrast to Kitagawa and Tetenov [2018, 2021] and Athey and Wager [2021], the score

function for the α-expected welfare gθ is nonlinear in θ rendering the VC dimension of the

function class GΘn := {gθ : θ ∈ Θn} difficult to derive. Instead of exploiting the VC dimension

of the corresponding function classes as in Kitagawa and Tetenov [2018, 2021] and Athey

and Wager [2021], we directly upper bound the covering number of GΘn and then apply the

classic empirical process maximal inequality, such as Theorem 2.14.1 in van der Vaart and

Wellner [1996].

Lemma 3.4.3. If Assumption 3.4.3 holds, then there is an envelope function G for GΘn and

constant co > 0 not depending on n and p such that

N
(
ϵ∥G∥Q,2,GΘn , L

2(Q)
)

≤ (co/ϵ)24VC(Πn)+48 , ∀ϵ > 0,

for all finite discrete probability measures Q on Z.

Assumption 3.4.3 and Assumption 3.2.1 (2) ensure the existence of an envelope function

that is bounded in L2(P ). Applying Theorem 2.14.1 in van der Vaart and Wellner [1996]

and Lemma 3.4.3, we conclude that there is a universal constant co > 0 not depending on n

such that

EP

[
sup
θ∈Θn

|(Pn − P )gθ|
]

≤ co

√
VC(Πn)/n, (3.4.4)

where the constant co is characterized in Theorem 3.4.1 and Remark 3.4.2.
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Compared with Kitagawa and Tetenov [2018, 2021], one of the technical challenges ad-

dressed by Athey and Wager [2021] on 1-EWM policy lies in handling the doubly robust

estimator of the welfare function. They show that as long as VC(Πn) does not grow too

rapidly with n, the use of cross-fitting and ML/nonparametric estimation of nuisance pa-

rameters results in a regret bound of the order
√

VC(Πn)/n. Building on Kitagawa and

Tetenov [2018, 2021] and Athey and Wager [2021] on 1-EWM policy, we establish an up-

per bound for α-EWM for any α ∈ (0, 1) with an explicit expression for the constant co in

Eq. (3.4.4). Similar to Athey and Wager [2021], we employ a classical chaining argument to

derive an upper bound for the Rademacher complexity of the score function class. However,

due to the nonlinearity of score function gθ with respect to θ, the slicing technique used

in Athey and Wager [2021] is difficult to implement. Instead, we introduce a new condi-

tional semi-metric and apply the classical Dudley’s chaining argument to directly bound the

Rademacher complexity of GΘn . We refer interested reader to Appendix C.4.4 for details.

3.5 Inference for the Optimal Welfare

In this section, we develop asymptotically valid inference for the optimal α-expected welfare.

Compared with regret bounds, inference on optimal welfare is lacking even for 1-EWM except

for the first-best policy; see Luedtke and van der Laan [2016, 2018], Shi et al. [2020], and

Appendix B of the Online Supplement to Kitagawa and Tetenov [2018].

We first impose conditions including the uniqueness of the optimal solution denoted as

θo to ensure asymptotic normality of supθ∈Θ V̂n(θ) based on which we construct Wald-type

inference. We then summarize a general inference procedure that relaxes the uniqueness as-

sumption. A detailed treatment of the general inference procedure is postponed to Appendix

C.3.

For simplicity, we assume that the policy class does not change with the sample size n,
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i.e., Πn = Π for all n, and write Θ = Π × BY . We define a metric space (Θ, ∥ · ∥), where

∥θ1 − θ2∥ ≡ |η1 − η2| + ∥π1 − π2∥P,2 = |η1 − η2| +
√
E|π1(Xi) − π2(Xi)|2.

for any θ1, θ2 ∈ Θ. This premise will be upheld throughout the subsequent analysis.

3.5.1 Assumptions

We establish asymptotic normality under two assumptions, the bounded support assumption

and the uniqueness assumption.

Assumption 3.5.1. (1) The outcome Yi = Yi(Ai) has bounded support, i.e., P (|Yi| ≤ co) =

1 for some constant co > 0.

(2) The policy class Π has finite VC-dimension, i.e., VC(Π) < ∞.

Assumption 3.5.1 is widely adopted in policy learning research, see, e.g., Kitagawa and

Tetenov [2018, 2021], Rai [2018], Kallus and Zhou [2018], Luedtke and van der Laan [2016],

Luedtke and Chambaz [2020].5 Assumption 3.5.1 (1) implies that the feasible set BY of

the dual reformulation of Wα(π) can be restricted to [−co, co] and the regression functions

|µa(x, η)| ≤ 2co for all η ∈ BY and a ∈ {0, 1}. Moreover, the functions gθ(·) are also uniformly

bounded, i.e., supθ∈Θ ∥gθ∥∞ < ∞.

Assumption 3.5.2 (Uniqueness). There exists a θo ≡ (πo, ηo) ∈ Θ such that for all ϵ > 0,

V(θo) > sup{V(θ) : θ ∈ Θ, ∥θ − θo∥ > ϵ}.

Assumption 3.5.2 is a standard condition in extremum estimation. It ensures that

θo ∈ Θ is a unique and well-separated point of maximum of θ 7→ V(θ). Lemma 14.4

in Kosorok [2008] gives some sufficient conditions for this assumption. If for all ϵ > 0,

W(πo) > supπ:∥π−πo∥>ϵ W(π) and Yi(π) has positive density at VaRα(Yi(π)) for all π ∈ Π,
5Although studies like Athey and Wager [2021] do not adopt this assumption for regret bounds, it sub-

stantially simplifies the technical analysis for statistical inference.
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then Assumption 3.5.2 is satisfied. For policy learning, Assumption 3.5.2 is strong, although

it is adopted in Wang et al. [2018], Section 2.3 of Kitagawa and Tetenov [2018], and Section

2.3 of Luedtke and Chambaz [2020].

Remark 3.5.1. For 1-EWM, uniqueness of the first-best optimal policy excludes a special

class of distributions known as exceptional distributions. For α-EWM with α ∈ (0, 1), we

show in Lemma C.1.1 in Appendix C.1 that the first best policy is given by πo = 1{τ(x, ηo) ≥

0} with ηo = η∗
FB defined in Lemma C.1.1. Assumption 3.5.2 excludes the class of exceptional

distributions for which P [τ(Xi, ηo) = 0] > 0. This is because Assumption 3.5.2 implies that

θo = (πo, ηo) is the unique and well separated maximizer. As a result,

1{τ(Xi, ηo) ≥ 0} = 1{τ(Xi, ηo) > 0}, P -a.s.,

and P(τ(Xi, ηo) = 0) = 0.

3.5.2 Asymptotic Normality

To establish asymptotic normality of V̂n(θ̂n), consider the following decomposition:

V̂n(θ̂n) − V(θo) = V̂n(θ̂n) − Vn(θ̂n)︸ ︷︷ ︸
=oP (n−1/2)

+Vn(θ̂n) − V(θ̂n)︸ ︷︷ ︸
≈Vn(θo)−V(θo)

+V(θ̂n) − V(θo)︸ ︷︷ ︸
=−Reg(π̂n,Π)

. (3.5.1)

Note that the first term on the RHS of Eq. (3.5.1) is oP (n−1/2) due to Lemma 3.4.1.

In the rest of this section, we will show that

(i) the second term on the RHS of Eq. (3.5.1) is asymptotically equivalent to Vn(θo) −

V(θo);

(ii) the third term on the RHS of Eq. (3.5.1) is of order oP (n−1/2).

Consequently,
√
n
[
Vn(θ̂n) − V(θo)

]
=

√
n [Vn(θo) − V(θo)] + oP (1)

=
√
n(Pn − P )gθo + oP (1).
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and asymptotic normality follows.

To show (i), we first prove ∥θ̂n − θo∥ = oP (1) in Lemma 3.5.1 below. Since GΘ ≡ {gθ :

θ ∈ Θ} is P -Donsker by Lemma 3.4.3, (i) follows.

Lemma 3.5.1. Under Assumption 3.2.1, Assumption 3.4.2, Assumption 3.5.1 and Assump-

tion 3.5.2, it holds that ∥θ̂n − θo∥ = oP (1).

To show (ii), we note that

Reg(π̂n) = V(θo) − V(θ̂n) = V(θo) − V̂n(θo) + V̂n(θo) − V̂n(θ̂n) + V̂n(θ̂n) − V(θ̂n)

≤ V(θo) − Vn(θo) + Vn(θ̂n) − V(θ̂n) + rn

= (Pn − P )(g
θ̂n

− gθo) + rn,

where the inequality follows from V̂n(θo) − V̂n(θ̂n) ≤ 0. Similar to Luedtke and Chambaz

[2020], one can show that under mild conditions including boundedness and uniqueness,

asymptotic equicontinuity arguments ensure that (Pn − P )(g
θ̂n

− gθo) = oP (n−1/2) for any

policy class Π satisfying VC(Π) < ∞.

Summing up, we obtain asymptotic normality of V̂n(θ̂n).

Theorem 3.5.1. Suppose conditions in Lemma 3.5.1 hold. Then,

V̂n(θ̂n) − VP (θo) = (Vn − VP )(θo) + oP (n−1/2)

= 1
n

n∑
i=1

{gθo(Zi) − EP [gθo(Zi)]} + oP (n−1/2),

where the function gθo, defined in Eq. (3.3.2), is evaluated at θ = θo. In particular,

√
n
[
V̂n(θ̂n) − V(θo)

]
⇝ N

(
0, σ2

o

)
,

where σ2
o = Var [gθo(Zi)].

Remark 3.5.2. Drawing on Newey [1994], Luedtke and van der Laan [2016], and under
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the assumptions stated in Theorem 3.5.1 and other mild conditions, our optimal welfare

estimator achieves semiparametric efficiency bound.

The next theorem presents a consistent estimator of the asymptotic variance σ2
o .

Theorem 3.5.2. Consider the following estimator of σ2
o:

σ̂2
o = 1

n

n∑
i=1

[
g

θ̂n

(
Zi; µ̂(−k(i)), ê(−k(i))

)]2
−
[

1
n

n∑
i=1

g
θ̂n

(
Zi; µ̂(−k(i)), ê(−k(i))

)]2

.

Under the conditions of Lemma 3.5.1, it holds that σ̂2
o = σ2

o + oP (1) and

√
nσ̂−1

o

[
V̂n(θ̂n) − V(θo)

]
⇝ N (0, 1) .

3.5.3 Uniform Inference

Appendix C.3 develops uniform inference for the optimal welfare without requiring the opti-

mal policy to be unique, thereby relaxing Assumption 3.5.2. It improves upon the inference

proposed in Appendix B of the Online Supplement to Kitagawa and Tetenov [2018]. We

provide a summary of the procedures here and refer to interested reader to Appendix C.3

for technical details.

Define the supremum functional ψ : ℓ∞(Θ) → R as ψ : h 7→ supθ∈Θ h(θ). Consider the

multiplier bootstrap Ĝ∗
n : Θ → R defined as

Ĝ∗
n : θ 7→ n−1/2

n∑
i=1

ξi

[
ĝθ(Zi) − V̂n(θ)

]
, (3.5.2)

where {ξi}n
i=1 are i.i.d. random variables independent of (Zi)n

i=1, with E(ξi) = 0, E(ξ2
i ) = 1

and E [exp |ξi|] < ∞. For given ϵn = o(1) with n1/2ϵn → ∞, let

ψ̂′
n(Ĝ∗

n) =
ψ
(
V̂n + ϵnĜ∗

n

)
− ψ(V̂n)

ϵn

. (3.5.3)

For any γ ∈ (0, 1), let cγ denote the γ-empirical quantile of ψ̂′
n(Ĝ∗

n) which can be obtained



93

from a large number of bootstrap samples. The one-sided confidence interval at the desired

level γ is [
sup
θ∈Θ

V̂n(θ) − c1−γ/
√
n,∞

)
, (3.5.4)

with correct asymptotic coverage:

lim
n→∞

inf
P ∈Pn

P
[
VP (θo) ≥ sup

θ∈Θ
V̂n(θ) − c1−γ/

√
n

]
≥ 1 − γ,

where Pn is a collection of distributions satisfying some regularity conditions specified in

Assumption 3.5.1 in Appendix C.3. Define q1−γ as the (1 −γ)-empirical quantile of
∣∣∣ψ̂′

n(Ĝ∗
n)
∣∣∣

for any γ > 0. The corresponding two-sided confidence interval is

[
sup
θ∈Θ

V̂n(θ) − q1−γ/
√
n, sup

θ∈Θ
V̂n(θ) + q1−γ/

√
n

]
, (3.5.5)

which attains the correct asymptotic coverage for any fixed distribution P ∈ Pn:

lim
n→∞

inf
P ∈Pn

P
[∣∣∣∣∣sup

θ∈Θ
V̂n(θ) − VP (θo)

∣∣∣∣∣ ≤ q1−γ/
√
n

]
≥ 1 − γ.

3.6 Empirical Application and Simulations

This section presents extensive numerical results on the finite sample performance of our

debiased estimator and proposed inference using both real data and synthetic data.6

3.6.1 The JTPA Study

Kitagawa and Tetenov [2018] apply 1-EWM method to experimental data from the National

Job Training Partnership Act (JTPA) Study. The study randomized whether applicants

are eligible to receive training and job-search assistance provided by the JTPA. The pre-

treatment covariates included in the data are years of education (edu) and pre-program
6Data and codes for this section can be accessed at https://github.com/yqi3/alpha-EWM.

https://github.com/yqi3/alpha-EWM
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earnings (prevearn) and the outcome variable is an applicant’s earnings 30 months after the

assignment (earnings). The sample size is 9,223 and the propensity score is known to be

2/3. We adopt this data studied by Kitagawa and Tetenov [2018] and, similar to Kitagawa

and Tetenov [2018], we analyze welfare from an intent-to-treat standpoint, considering hypo-

thetically making available the training program to eligible individuals, who may decline it.

For detailed data description and evaluation of average program effects, we refer the reader

to Bloom et al. [1997].

We consider three policy classes: simple (treat all or none) and linear with and without

squared and cubic edu. More specifically, the two linear policy classes take the form

ΠLES :=
{
{x : β0 + β1edu+ β2prevearn > 0}, (β0, β1, β2) ∈ R3

}
and (3.6.1)

Π3
LES :=


{x : β0 + β1edu+ β2prevearn+ β3edu

2 + β4edu
3 > 0},

(β0, β1, β2, β3, β4) ∈ R5

 . (3.6.2)

We investigate α ∈ A := {0.25, 0.3, 0.4, 0.5, 0.8, 1}. For each α ∈ A and policy class, we

estimate µa(x, η) = E
[
(Yi(a) − η)− | Xi = x

]
for a ∈ {0, 1} and a given η, using random

forests (RF) developed by Athey et al. [2019b]. We then apply simulated annealing (SA),

proposed by Kirkpatrick et al. [1983], to select the combination of parameters that (approxi-

mately) maximizes the objective function.7 SA is a derivative-free probabilistic optimization

algorithm aiming at finding approximate solutions by iteratively exploring the solution space

and gradually decreasing the probability of accepting worse solutions as the algorithm pro-

gresses.8

7We build RF using regression_forest() in R package grf and implement SA using optim_sa() in the
R package optimization [Athey et al., 2019b, Husmann et al., 2017]. We use default tuning parameters for
RF. For SA, the specifications are more problem-specific. A good strategy is to plot the loss function and
inspect if there is sufficient evidence of convergence.

8Geman and Geman [1984] establish convergence of simulated annealing to the global optimum under
idealized conditions, including infinitesimally slow cooling and an infinite number of iterations. Our imple-
mentation uses a practical finite-iteration schedule and is therefore intended as an approximate optimization
routine. Other derivative-free methods, such as genetic algorithms, could also be employed for this purpose.
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Treat None Treat All Linear Linear with
edu2 and edu3

Panel 1: α = 0.25
% treated 0% 100% 35% 33%
Ŵα(π̂n) $377 $451 $531 $546
95% CI (normal) ($299, $455) ($373, $529) ($439, $622) ($446, $646)
95% CI (ϵ = n−1/4) (−$48, $802) ($154, $748) ($146, $915) ($156, $937)

Panel 2: α = 0.3
% treated 0% 100% 51% 33%
Ŵα(π̂n) $696 $839 $918 $918
95% CI (normal) ($586, $806) ($729, $949) ($794, $1,042) ($777, $1,059)
95% CI (ϵ = n−1/4) ($153, $1,238) ($491, $1,187) ($458, $1,378) ($507, $1,329)

Panel 3: α = 0.4
% treated 0% 100% 82% 82%
Ŵα(π̂n) $1,648 $1,947 $2,038 $2,039
95% CI (normal) ($1,469, $1,826) ($1,768, $2,126) ($1,846, $2,231) ($1,840, $2,239)
95% CI (ϵ = n−1/4) ($995, $2,300) ($1,519, $2,375) ($1,477, $2,600) ($1,516, $2,563)

Panel 4: α = 0.5
% treated 0% 100% 83% 83%
Ŵα(π̂n) $2,981 $3,419 $3,525 $3,527
95% CI (normal) ($2,746, $3,216) ($3,185, $3,654) ($3,274, $3,775) ($3,269, $3,785)
95% CI (ϵ = n−1/4) ($2,233, $3,729) ($2,910, $3,928) ($2,952, $4,098) ($2,898, $4,156)

Panel 5: α = 0.8
% treated 0% 100% 87% 79%
Ŵα(π̂n) $8,672 $9,522 $9,662 $9,691
95% CI (normal) ($8,327, $9,017) ($9,177, $9,868) ($9,293, $10,030) ($9,310, $10,072)
95% CI (ϵ = n−1/4) ($7,816, $9,528) ($8,877, $10,168) ($8,940, $10,383) ($8,984, $10,398)

Panel 6: α = 1
% treated 0% 100% 96% 95%
Ŵα(π̂n) $15,241 $16,520 $16,673 $16,678
95% CI (normal) ($14,815, $15,668) ($16,093, $16,946) ($16,227, $17,118) ($16,233, $17,123)
95% CI (ϵ = n−1/4) ($14,150, $16,333) ($15,724, $17,316) ($15,755, $17,590) ($15,776, $17,581)

Table 3.1: Estimated Wα(πo) for different α’s and policy classes that condition on edu and
prevearn. Baseline results for treating none or all of the individuals are shown in the first
two columns. The third and fourth rows of each panel report the 95% CI based on normal
and uniform inference, respectively.

Estimation and inference results for Wα(πo) are organized in Table 3.1. The first two

columns consist of the class of simple policies and serve as baselines for ΠLES and Π3
LES

in the third and fourth columns. Details on the optimal policies can be found in Appendix

C.9.1. The observed increase in Ŵα(π̂n) across panels reflects that, as α grows, the lower-tail

subpopulation expands to include relatively better outcomes, raising the α-expected welfare.

The percentage of treated individuals tends to increase with α as well. The 95% confidence

intervals (CIs) constructed using normal inference are reported in the third row of each panel

in Table 3.1. The 95% CIs based on uniform inference, obtained via multiplier bootstrap
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with ϵ = n−1/4 and B = 100, are shown in the last row of each panel. For each combination

of α and policy class, the CI from uniform inference is wider than that from normal inference.

While we cannot verify uniqueness, a simulation study calibrated to the JTPA sample in

Section 3.6.2 finds that the Wald-type CIs achieve approximately 95% coverage, offering

supporting evidence for their validity in this application.

Examining the point estimates of welfare, we see that for all α ∈ A, a simple policy of

treating all outperforms treating none. Moreover, relative to treating all, there is a con-

siderable increase in the targeted welfare generated by the optimal policy of class ΠLES.

Linear policies with edu2 and edu3 only bring tiny welfare improvements. Figures 3.2 and

3.3 highlight the optimal treatment regions. Following Kitagawa and Tetenov [2018], we

bin the individuals by (edu, prevearn), and the number of individuals with each combined

characteristic is represented by the size of the corresponding dot. When α = 1, our setup

is comparable in theory to that of Kitagawa and Tetenov [2018], who also estimate optimal

policies within ΠLES and Π3
LES. Our estimated treatment regions nevertheless differ from

theirs, which is not unexpected: Kitagawa and Tetenov [2018] select policies by maximizing

a sample analog of the welfare objective, potentially using plug-in estimators of outcome

regressions or propensity scores, whereas our approach is based on a doubly robust, or-

thogonalized welfare criterion implemented via double machine learning. As a result, the

corresponding finite-sample optimization problems differ, so the resulting estimated policies

(and their implied welfare levels) need not coincide, even under the same policy class.
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Figure 3.2: Optimal policies from the linear class ΠLES conditioning on edu and prevearn.
The number of individuals with characteristics closest to each (edu, prevearn) in the grid is
represented by the size of the corresponding dot.
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Figure 3.3: Optimal policies from the linear class Π3
LES conditioning on edu, prevearn, edu2,

and edu3. The number of individuals with characteristics closest to each (edu, prevearn) in
the grid is represented by the size of the corresponding dot.

Tables 3.2 and 3.3 examine welfare gains and losses as we switch between different tar-

geting policies and estimate the resulting welfare of different targeted subpopulations. For

example, the first row in Table 3.2 shows the estimated welfare of the worst-off 25% of the

population when the optimal linear policies are targeting the worst-off 25%, 30%, 40%, 50%,
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80%, and 100%, respectively. The diagonal entries (i.e., the row maximums) are highlighted

as these optimal policies are targeting the actual subpopulations of interest. Tables 3.2 and

3.3 demonstrate a valuable strength of our method, as we are able to conduct rich policy

evaluations by estimating the expected welfare at any α for any given policy. In other words,

even when a policy is not targeting the worst-affected (α × 100)%, we can still evaluate its

performance at α to obtain a clear picture of the trade-offs, which opens up possibilities for

learning policies that promote greater equality across subpopulations.

Based on Tables 3.2 and 3.3, Tables C.2 and C.3 in Appendix C.9.1 report the percentage

welfare loss for every combination of actual α and α′ for policy selection. For ΠLES, adopting

the mean-optimal linear policy (α′ = 1) leads to a 14.6% decrease in the average welfare of the

worst-affected quarter of the population (α = 0.25), compared to implementing the optimal

linear policy targeting the worst-affected quarter (α = α′ = 0.25). Conversely, adopting the

policy targeting the worst-affected quarter (α′ = 0.25) only leads to a 5.4% decrease in the

expected welfare (α = 1) relative to implementing the mean-optimal policy (α = α′ = 1).

Similar patterns emerge with the inclusion of edu2 and edu3 in treatment assignment (Π3
LES).

For both policy classes, the bottom quarter of the population is particularly vulnerable when

the policy targets some α′ ≥ 0.4 instead. Thus, policymakers aspiring for greater equality

should prioritize smaller levels of α, such as 0.25 or 0.3, as evidenced by the small percentage

welfare losses in the first two columns of Tables C.2 and C.3 in Appendix C.9.1, all of which

are below 5.5%.
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α of Interest
α′ for Policy Selection 0.25 0.3 0.4 0.5 0.8 1

0.25 531 525 501 495 467 453
(47) (48) (43) (46) (41) (41)

0.3 899 918 909 897 862 843
(66) (63) (63) (62) (58) (58)

0.4 1,945 2,021 2,038 2,035 1,993 1,964
(109) (105) (98) (100) (97) (95)

0.5 3,331 3,485 3,522 3,525 3,493 3,460
(148) (141) (131) (128) (132) (124)

0.8 9,146 9,451 9,552 9,588 9,662 9,609
(216) (209) (186) (185) (188) (179)

1 15,773 16,093 16,232 16,266 16,404 16,673
(266) (261) (230) (231) (231) (227)

Table 3.2: Estimated Wα(πo) for different actual α’s of interest and α′’s for linear policy
selection (policy class ΠLES). Standard errors are reported in parentheses, and all values are
in USD.

α of Interest
α′ for Policy Selection 0.25 0.3 0.4 0.5 0.8 1

0.25 546 543 504 497 476 455
(51) (51) (45) (45) (42) (39)

0.3 917 918 911 897 872 846
(68) (72) (63) (62) (62) (58)

0.4 1,972 1,974 2,039 2,036 2,005 1,970
(109) (109) (102) (101) (102) (94)

0.5 3,365 3,369 3,526 3,527 3,510 3,469
(144) (146) (130) (132) (135) (122)

0.8 9,198 9,192 9,556 9,598 9,691 9,619
(216) (215) (186) (186) (194) (178)

1 15,816 15,810 16,243 16,284 16,482 16,678
(267) (267) (231) (231) (244) (227)

Table 3.3: Estimated Wα(πo) for different actual α’s of interest and α′’s for linear policy
selection with edu2 and edu3 (policy class Π3

LES). Standard errors are reported in parentheses,
and all values are in USD.

3.6.2 Simulations Based on WGAN-Generated JTPA Data

We next present simulation results based on a superpopulation generated using Wasserstein

Generative Adversarial Networks (WGANs) to evaluate the finite-sample performance of our

debiased estimator. We focus on this simulation setup in the main text because the generated

data more closely resembles real-world data distributions, making it more illustrative of

practical applications. For comparison, we also conduct two additional simulation studies

inspired by the DGPs in Athey and Wager [2021], with adjustments that make the treatment
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assignment exogenous. Since the results across all three designs are qualitatively similar—our

estimator consistently exhibits decreasing mean squared error as the sample size increases,

and the coverage rates approach the nominal 95% level in larger samples—we relegate the

latter two studies to Appendix C.9.3.

In all three simulation setups, the propensity scores are assumed to be known, i.e.,

ê(·) = e(·). Cases with unknown propensity scores can be analyzed analogously using an es-

timator ê(·) that satisfies Assumption 3.4.2. Since uniform inference based on the multiplier

bootstrap is computationally intensive, we report only the coverage rates based on confidence

intervals constructed via Wald inference. We examine α ∈ {0.25, 0.3, 0.4, 0.5, 0.8}.

We employ WGANs developed by Athey et al. [2024] to construct a hypothetical su-

perpopulation, referred to as WGAN-JTPA, consisting of one million observations based on

the JTPA data in Section 3.6.1. As mentioned by Athey et al. [2024], a benefit of using

WGAN-generated data for simulations is that this practice largely rules out the possibility

for researchers to choose particular DGPs that favor their proposed methods. This subsec-

tion demonstrates robust performance of our debiased estimator even when the underlying

superpopulation is built from real datasets like the JTPA, which has highly skewed outcome

and covariate distributions. Appendix C.9.2 discusses the training process in more detail

and presents some summary statistics.

While technical details of WGANs can be found in Athey et al. [2024], we highlight that

to build the superpopulation, since we generate X|A followed by Y |(X,A) and apply the

same generator on (X, 1 −A) to obtain Y |(X, 1 −A), both potential outcomes are available

for each individual. As a result, we can directly compute the true expected welfare at any α

induced by any policy, which is simply a tail average of post-treatment outcomes. For each

α ∈ A, we run SA to find a linear policy πo ∈ ΠLES (as defined in (3.6.1)) that maximizes

Wα(π) and treat the resulting optimum Wα(πo) as the population truth.

As an illustration, we use WGAN-JTPA to compare the 0.25-EWM policy with the 1-

EWM (mean-optimal) and equality-minded (standard Gini social welfare-optimal) policies.
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Figure 3.4: Between-quantile differences in outcomes for the 0.25-EWM, 1-EWM, and
equality-minded policies using the WGAN-JTPA data.

Inspired by Figure 3 in Kitagawa and Tetenov [2021], Figure 3.4 plots the between-quantile

differences in post-treatment outcomes across these policies. The figure shows that both

the 0.25-EWM and equality-minded policies raise the welfare of lower-ranked individuals

while lowering the welfare of higher-ranked individuals relative to the 1-EWM policy at

the population level, with the 0.25-EWM policy placing much greater emphasis on these

adjustments.

In the simulations, for each replicate, we draw a sample of size n ∈ {2,000, 5,000, 10,000}

without replacement from WGAN-JTPA. The propensity score is fixed at the population

mean of A, which is approximately 0.66475.9 For each pair (n, α), we apply Algorithm 2

in Appendix C.8 to 1,000 sample draws and organize the results in Table 3.4. As shown

by the marginal histogram for earnings in Figure C.1 of Appendix C.9.2, WGAN-JTPA

inherits the high skewness present in the original JTPA data. Consequently, larger sample

sizes are required to achieve satisfactory coverage. From Table 3.4, our optimal welfare

estimator achieves acceptable coverage when n = 5,000, which is a realistic sample size for
9This is very close to the mean of A in the actual JTPA data, 0.66497. In the JTPA Study, treatment

was randomized with probability 2/3, and we assume randomized treatment in WGAN-JTPA as well.
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Sample size 2,000 5,000 10,000

Panel 1: α = 0.25, truth = 1,119
Avg. % treated using π̂n 53% 55% 55%
Bias 192 82 44
Variance 46,486 18,779 9,050
MSE 83,270 25,505 10,947
95% Coverage 93.1% 93.7% 94.9%

Panel 2: α = 0.3, truth = 1,908
Avg. % treated using π̂n 54% 54% 56%
Bias 207 96 49
Variance 55,138 22,734 11,799
MSE 97,934 32,002 14,166
95% Coverage 92.0% 94.3% 94.8%

Panel 3: α = 0.4, truth = 3,461
Avg. % treated using π̂n 56% 57% 58%
Bias 229 101 48
Variance 59,134 24,046 13,456
MSE 111,699 34,292 15,763
95% Coverage 91.8% 93.9% 94.3%

Panel 4: α = 0.5, truth = 4,868
Avg. % treated using π̂n 58% 60% 62%
Bias 205 96 50
Variance 58,786 22,458 12,335
MSE 100,721 31,742 14,810
95% Coverage 92.3% 94.4% 95.3%

Panel 5: α = 0.8, truth = 9,475
Avg. % treated using π̂n 76% 83% 88%
Bias 211 93 53
Variance 80,007 33,275 16,695
MSE 124,481 41,873 19,453
95% Coverage 93.5% 93.9% 95.3%

Table 3.4: Simulation results based on WGAN-JTPA data (1,000 replications). All quantities
inherit the units of USD from the empirical data; units are omitted for brevity.

both experimental and observational studies (for reference, the original JTPA sample used

by Kitagawa and Tetenov [2018] contains 9,223 observations).

3.7 Concluding Remarks

The α-expected welfare function considered in this paper offers a flexible interpolation be-

tween the Rawlsian welfare (α → 0) and the empirical welfare maximization (α = 1) ap-
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proach proposed by Kitagawa and Tetenov [2018]. Like Athey and Wager [2021] for the

empirical welfare maximization, our development of the doubly robust scores facilitates

asymptotic inference for the optimal welfare and allows practitioners flexibility in how they

estimate the nuisance parameters. Besides learning the optimal policies, our estimation

strategy also enables more thorough policy evaluations by computing the average welfare

of the worst-affected subpopulation of any size (fraction of the population). In addition to

establishing regret bounds for the debiased estimator, we also develop inference for the opti-

mal α-expected welfare for any α ∈ (0, 1). Results from extensive numerical studies based on

both JTPA data and simulated data demonstrate the efficacy and practical value of policy

learning through α-EWM.

We are currently working on several extensions of this paper. Methodologically, it is

important to develop statistical tests to compare whether one policy is superior to another.

Practically, it would be beneficial to determine who is actually targeted by the optimal policy.

For example, what characteristics do the worst-affected individuals have? Information like

this could present a more comprehensive picture of the relevant population and promote the

design of more equitable policies.

Finally, we acknowledge that the α-EWM objective may admit a set of optimal policies,

raising the question of how to select among them to avoid potential detriment to the top

1 − α quantiles. While the lexicographic selection rule discussed in Remark 3.2.2 offers a

practical mitigation, a more formal approach would be to maximize the objective subject

to a stochastic dominance constraint, i.e., ensuring Fπ(y) ≤ F0(y) for all y. We leave the

rigorous integration of such constraints for future research due to two fundamental challenges.

First, such a constraint is often too stringent for policy classes with limited complexity (e.g.,

linear rules), frequently causing the feasible set to collapse to the trivial treat-none policy.

Second, unlike our approach which relies on conditional moments, the stochastic dominance

formulation requires consistent estimation of full conditional distributions and enforcing

infinitely many moment inequalities, presenting significantly greater computational burdens.
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Chapter A

Appendices for A Sensitivity Analysis of the Surrogate Index

Approach for Estimating Long-Term Treatment Effects

A.1 Proofs in Section 1.3

A.1.1 Proof of Theorem 1.3.1

Proof. It follows from the proof of Lemma 1.2.1 that

τ = E [Yi(1) − Yi(0) | Pi = E]

= E
[
E [YiWi|Si = s,Xi = x, Pi = E]

(
1

ρ(Xi)
+ 1

1 − ρ(Xi)

)
| Pi = E

]

− E
[

1
1 − ρ(Xi)

E [Yi|Si = s,Xi = x, Pi = E] | Pi = E

]

= E
[
ρ(Si, Xi)E [Yi|Wi = 1, Si = s,Xi = x, Pi = E]

(
1

ρ(Xi)
+ 1

1 − ρ(Xi)

)
| Pi = E

]

− E
[

1
1 − ρ(Xi)

E [Yi|Si = s,Xi = x, Pi = E] | Pi = E

]
.

As a result of Proposition 1.3.1, we get

τCo = E
[

ρ(Xi, Si)
ρ(Xi)[1 − ρ(Xi)]

µCo,1(Y | Si, Xi) | Pi = E

]
− E

[
1

1 − ρ(Xi)
µ(Si, Xi, O) | Pi = E

]

= E
[
µCo,1(Y | Si, Xi)

Wi

ρ(Xi)
| Pi = E

]
− E

[
µCo,0(Y | Si, Xi)

(
1 −Wi

1 − ρ(Xi)

)
| Pi = E

]
,

where the second equality follows from the definition of µCo,w.

In conclusion, τCo is identified from the sample information, because (i) F−1
Y (u|Si, Xi, Pi =

O) is identified from the observational data and (ii) ρ(Xi, Si) is identified from the experi-

mental data.
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A.1.2 Proof of Proposition 1.3.1

Proof. Note that we have

Pr(Yi ≤ y,Wi ≤ w) = Co(FY (y|Si, Xi, Pi = E), FW (w|Si, Xi, Pi = E)|Si, Xi, Pi = E).

Consequently, we get

E [YiWi|Si, Xi, Pi = E]

=
∫ ∫

ywdCo(FY (y|Si, Xi, Pi = E), FW (w|Si, Xi, Pi = E)|Si, Xi, Pi = E)

=
∫ 1

0

∫ 1

0
F−1

Y (u|Si, Xi, Pi = O)F−1
W (v|Si, Xi, Pi = E)|Si, Xi, Pi = E)dCo(u, v|Si, Xi, Pi = E)

=
∫

(u,v)∈[0,1]×(1−ρ(Xi,Si),1]
F−1

Y (u|Si, Xi, Pi = O)dCo(u, v|Si, Xi, Pi = E)

=
∫ 1

0
F−1

Y (u|Si, Xi, Pi = O)
(∫ 1

1−ρ(Xi,Si)
dCo(v|u, Si, Xi, Pi = E)

)
du

=
∫ 1

0
F−1

Y (u|Si, Xi, Pi = O)(1 − Co(1 − ρ(Xi, Si)|u, Si, Xi, Pi = E))du

= ρ(Xi, Si)
∫ 1

0
F−1

Y (u|Si, Xi, Pi = O)σCo,1(u; 1 − ρ(Xi, Si))du

= ρ(Xi, Si)µCo,1(Y | Si, Xi),

where we have used Assumption 1.2.4 (comparability). Similarly,

E [Yi(1 −Wi)|Si, Xi, Pi = E]

= E [Yi|Si, Xi, Pi = E] − E [YiWi|Si, Xi, Pi = E]

=
∫ 1

0
F−1

Y (u|Si, Xi, Pi = O)du− ρ(Xi, Si)
∫ 1

0
F−1

Y (u|Si, Xi, Pi = O)σCo,1(u; 1 − ρ(Xi, Si))du,

= (1 − ρ(Xi, Si))
∫ 1

0
F−1

Y (u|Si, Xi, Pi = O)σCo,0(u; 1 − ρ(Xi, Si))du

= (1 − ρ(Xi, Si))µCo,0(Y | Si, Xi).
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A.2 Proofs for Section 1.4.2

A.2.1 Proof of Proposition 1.4.1

Proof of Proposition 1.4.1. The proof of Proposition 1.4.1 consists of two parts. We will

discuss the worst-case bound in Part 1 below and the binary case in Part 2 below.

Part 1. It follows from the Fréchet-Hoeffding inequality and Corollary 1.4.1 that the

identified set of τCo is [τC− , τC+ ] and the conclusion follows from Example 1.3.2. It is easy to

see that

σC+,1(u;α) = 1(u ∈ (α, 1])
1 − α

and σC+,0(u;α) = 1(u ∈ [0, α])
α

for any α ∈ [0, 1). Thus

µC+,1(Si, Xi, O) =
∫ 1

0
F−1

Y (u|Si, Xi, Pi = O)σC+,1(u; 1 − ρ(Xi, Si))du

=
∫ 1

0
F−1

Y (u|Si, Xi, Pi = O)1(u ∈ (1 − ρ(Xi, Si), 1])
ρ(Xi, Si)

du

= AV aR1−ρ(Xi,Si)(Yi | Si, Xi, Pi = O) and

µC+,0(Si, Xi, O) = −AV aRρ(Xi,Si)(−Yi | Si, Xi, Pi = O).

Similarly,

σC−,1(u;α) = 1(u ∈ [0, 1 − α])
1 − α

and σC−,0(u;α) = 1(u ∈ (1 − α, 1])
α

.

As a result,

µC−,1(Si, Xi, O) = −AV aR1−ρ(Xi,Si)(−Yi | Si, Xi, Pi = O) and

µC−,0(Si, Xi, O) = AV aRρ(Xi,Si)(Yi | Si, Xi, Pi = O).
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Part 2. Note that

E
[
µC+,1(Si, Xi, O)ρ(Si, Xi)

ρ(Xi)
|Pi = E

]

= E
[
E
[
µC+,1(Si, Xi, O)ρ(Si, Xi)

ρ(Xi)
|Si, Xi, Pi = E

]
|Pi = E

]

= E
[
E
[
µC+,1(Si, Xi, O) Wi

ρ(Xi)
|Si, Xi, Pi = E

]
|Pi = E

]

= E
[
E
[
µC+,1(Si, Xi, O) Wi

ρ(Xi)
|Xi, Pi = E

]
|Pi = E

]

= E
[
E
[
µC+,1(Si, Xi, O)|Wi = 1, Xi, Pi = E

]
|Pi = E

]
.

Similarly, we have

E
[
µC+,0(Si, Xi, O)1 − ρ(Si, Xi)

1 − ρ(Xi)
|Pi = E

]
= E

[
E
[
µC+,0(Si, Xi, O)|Wi = 0, Xi, Pi = E

]
|Pi = E

]
.

Then, according to Theorem 4 (ii) in Athey et al. [2025b] and its proof on p. 68, we have

τC+ = E
[
µC+,1(Si, Xi, O)ρ(Si, Xi)

ρ(Xi)
− µC+,0(Si, Xi, O)1 − ρ(Si, Xi)

1 − ρ(Xi)
|Pi = E

]

= E[µ(Si(1), Xi, O)|Pi = E] − E[µ(Si(0), Xi, O)|Pi = E]

+ E
[
(µC+,1(Si, Xi, O) − µC+,0(Si, Xi, O))

{
ρ(Si, Xi)(1 − ρ(Si, Xi))

ρ(Xi)(1 − ρ(Xi))

}
|Pi = E

]
.

(A.2.1)

When Y is binary,

µC+,1(Si, Xi, O) = AV aR1−ρ(Si,Xi)(Yi | Si, Xi, Pi = O)

= 1
ρ(Si, Xi)

∫ 1

1−ρ(Si,Xi)
F−1

Y (u)du

= µ(Si, Xi, O)
ρ(Si, Xi)

1(µ(Si, Xi, O) < ρ(Si, Xi)) + 1(µ(Si, Xi, O) ≥ ρ(Si, Xi)), and

µC+,0(Si, Xi, O) = −AV aRρ(Si,Xi)(−Yi | Si, Xi, Pi = O)
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= 1
1 − ρ(Si, Xi)

∫ 1−ρ(Si,Xi)

0
F−1

Y (u)du

= µ(Si, Xi, O) − ρ(Si, Xi)
1 − ρ(Si, Xi)

1(µ(Si, Xi, O) ≥ ρ(Si, Xi))

= −1 − µ(Si, Xi, O)
1 − ρ(Si, Xi)

1(µ(Si, Xi, O) ≥ ρ(Si, Xi)) + 1(µ(Si, Xi, O) ≥ ρ(Si, Xi)).

Consequently, we obtain that

µC+,1(Si, Xi, O) − µC+,0(Si, Xi, O)

= µ(Si, Xi, O)
ρ(Si, Xi)

1(µ(Si, Xi, O) < ρ(Si, Xi)) + 1 − µ(Si, Xi, O)
1 − ρ(Si, Xi)

1(µ(Si, Xi, O) ≥ ρ(Si, Xi))

= min
(
µ(Si, Xi, O)
ρ(Si, Xi)

,
1 − µ(Si, Xi, O)

1 − ρ(Si, Xi)

)
. This equals ∆U

S on page 72 of Athey et al. [2025b].

A.2.2 Proof of Theorem 1.4.1

A.2.2.1 Introduction and Technical Lemma

The proof of Theorem 1.4.1 verifies the conditions for Theorem 3.1 of Chernozhukov et al.

[2018b]. In particular, we would verify the modified version of Assumption 3.2 in Cher-

nozhukov et al. [2018b] because the moment function is not differentiable for the binary

case.

Consider the moment function with the following affine form.

m(Zi, τ, η) = ma(Zi, η)τ +mb(Zi, η).

We denote by {δn}∞
n=1 and {∆n}∞

n=1 the sequences of positive constants converge to zero such

that δn ≥ n−1/2. We restate asymptotic theory for DML estimators in Chernozhukov et al.

[2018b] with preliminary conditions.
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Lemma A.2.1 (c.f., Theorem 3.1 of Chernozhukov et al. [2018b]). For n ≥ 3 and P ∈

PN , the true parameter τ and true nuisance parameter η satisfy the moment condition

EP [m(Wi, τ, η)], and the nuisance parameter η̂n := η̂n(F c
i ) belongs to the realization set Rn

with probability 1−∆n, where Rn contains true parameter η and is governed by the following

conditions.

(a) (Identification condition) The singular values of the matrix EP [ma(Zi; η)] are between

positive constants t and T .

(b) (Moment conditions) For some q > 2,

sup
η̃∈Rn

∥ma(Zi, η̃)∥P,q ≤ T, (A.2.2)

sup
η̃∈Rn

∥m(Zi, τ, η̃)∥P,q ≤ T. (A.2.3)

by some absolute positive constant T .

(c) (The statistical rates)

sup
η̃∈Rn

∥EP [ma(Zi, η̃)] − EP [ma(Zi, η)]∥ ≤ δn, (A.2.4)

sup
η̃∈Rn

∥m(Zi, τ, η̃) −m(Zi, τ, η)∥P,2 ≤ δn, (A.2.5)

λn := sup
η̃∈Rn

∥EP [m(Zi, τ, η̃) − EP [m(Zi, τ, η)]∥ ≤ n−1/2δn (A.2.6)

The DML estimator follows the asymptotic normality with variance

EP [m(Zi, τ, η)m(Zi, τ, η)T ].

The asymptotic variance is positive definite when its singular values is bounded below by

positive constant.
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Note that Equation (A.2.6) is a high-level condition that is verified in the proof of

Theorem 3.1 of Chernozhukov et al. [2018b]. Equation (A.2.6) is satisfied when the near-

orthogonality condition and the statistical rate of the second-order derivative in Assumptions

3.1 and 3.2 of Chernozhukov et al. [2018b] are satisfied.

Proof. It comes directly from the proof of Theorem 3.1 in Chernozhukov et al. [2018b]. All

conditions except Condition (A.2.6) and positive-definiteness of variance matrix are the same

as Assumption 3.2 in Chernozhukov et al. [2018b]. Therefore, all steps except Step 3 and

Step 5 in the proof of Theorem 3.1 in Chernozhukov et al. [2018b] works. Also, the proofs in

Step 2 holds except for I4,k. Therefore, it is enough to discuss I4,k in the proof of Theorem

3.1.

Condition (A.2.6) directly verified that I4,k in Equation (A.16) of Chernozhukov et al.

[2018b] is less than δn.

I4,k :=
√

|Fk|∥E[m(Zi, τ, η̂) − E[m(Zi, τ, η)]∥ = OPn(
√
nλn).

Therefore, the asymptotic normality of DML estimators holds by the central limit theorem

that allows degenerate case. (e.g., Theorem 10.2 (b) in Pötscher and Prucha [1997].) The

asymptotic variance is positive definite when its singular values are bounded below by a

positive constant.

A.2.2.2 Main Proof

From Lemma A.2.1, it is sufficient to verify that conditions in Lemma A.2.1 holds for

m(Wi, τ, η) = [mC+(Zi, τC+ , η),mC−(Zi, τC− , η)]T , where τ = (τC+ , τC−)T . Note that we can

write m(Zi, τ, η) in the following affine form.

m(Zi, τ, η) = ma(Zi, η)τ +mb(Zi, η), where ma(Zi, η) =

1Pi=E/φ 0

0 1Pi=E/φ

 .
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Lemma A.2.2. Under Assumptions 1.2.1, 1.2.2, 1.2.4, 1.4.1, and 1.4.2, Conditions in

Lemma A.2.1 hold. In addition,

E[m2
C+(Zi, τC+ , η)] > c0 and E[m2

C−(Zi, τC− , η)] > c0 (A.2.7)

for some positive constant c0 which only depends on c and ϵ.

Proof of Lemma A.2.2 . The proof is motivated by the proofs of Theorem 4.1 of Chen

and Ritzwoller [2023] and Theorem 2 of Dorn et al. [2024]. In this proof, we focus on

mC+(Zi, τC+ , η) except for the verification of Condition (a). This is because we can have the

similar result for mC−(Zi, τC− , η), and we can use (a2 + b2)1/2 ≤ (|a| + |b|) to conclude results

for m(Zi, τ, η).
We introduce some notation for the reader’s convenience. Let ma

C+(Zi, η) = 1Pi=E/φ,
and

m1(Zi, τC+ , η) = 1Pi=E

φ

Wi

ρ(Xi)
(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi)),

m2(Zi, τC+ , η) = −1Pi=E

φ

1 −Wi

1 − ρ(Xi)
(µC+,0(Si, Xi, O) − µ̄C+,0(0, Xi)),

m3(Zi, τC+ , η) = 1Pi=E

φ
(µ̄C+,1(1, Xi) − µ̄C+,0(0, Xi) − τC+),

m4(Zi, τC+ , η) = 1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

ρ(Si, Xi)
ρ(Xi)

(HU (Yi, qC+(Si, Xi, O), ρ(Si, Xi)) − µC+,1(Si, Xi, O)),

m5(Zi, τC+ , η) = −1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

1 − ρ(Si, Xi)
1 − ρ(Xi)

(HL(Yi, qC+(Si, Xi, O), 1 − ρ(Si, Xi)) − µC+,0(Si, Xi, O)),

m6(Zi, τC+ , η) = 1Pi=E

φ

1
ρ(Xi)

[
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

]
(Wi − ρ(Si, Xi)) ,

m7(Zi, τC+ , η) = 1Pi=E

φ

1
1 − ρ(Xi)

[
qC+(Si, Xi, O) − µC+,0(Si, Xi, O)

]
(Wi − ρ(Si, Xi)) .

Note that

mC+(Zi, τC+ , η) =
7∑

j=1
mj(Zi, τC+ , η).

Parts 1 to 4 below verify the conditions in Lemma A.2.1

Part 1: Verification of Condition (a). It holds because EP [ma(Zi, η)] = I2.
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Part 2: Verification of Condition (b). We verify conditions (A.2.2) and (A.2.3) in

Parts 2-1 and 2-2 below.

Part 2-1: Verification of Condition (A.2.2). Condition (A.2.2) holds because

sup
η̃∈Rn

∥ma
C+(Zi, η̃)∥ = sup

η̃∈Rn

∣∣∣∣∣φφ̃
∣∣∣∣∣ ≤ 1 − ϵ

ϵ
.

Part 2-2: Verification of Condition (A.2.3). We will look at ∥mj(Zi, τC+ , η̃)∥P,q for

j = 1, . . . , 7. Note that |Y | < T for some absolute constant T under boundedness of Y .

∥m1(Zi, τC+ , η̃)∥P,q ≤ ϵ−2
∥∥∥µ̃C+,1(Si, Xi, O) − ˜̄µC+,1(1, Xi)

∥∥∥
P,q

≤ ϵ−2
∥∥∥µ̃C+,1(Si, Xi, O) − µC+,1(Si, Xi, O)

∥∥∥
P,q

+ ϵ−2
∥∥∥˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi)

∥∥∥
P,q

+ ϵ−2
∥∥∥µC+,1(Si, Xi, O)

∥∥∥
P,q

+ ϵ−2
∥∥∥µ̄C+,1(1, Xi)

∥∥∥
P,q

≤ Tϵ

for some positive constant Tϵ which only depends on T and ϵ because of Assumptions 1.4.2
and the boundedness of Y , which implies that µC+,1(Si, Xi, O) and µ̄C+,1(1, Xi) are bounded.
Similar calculation shows that ∥mj(Zi, τC+ , η̃)∥P,q ≤ Tϵ by some constant Tϵ which only
depends on T and ϵ for j = 2, 3, 6, 7.

∥m4(Zi, τC+ , η̃)∥P,q ≤ (1 − ϵ)
ϵ3

∥∥ρ̃(Si, Xi)q̃C+(Si, Xi, O) + [Yi − q̃C+(Si, Xi, O)]+ − ρ̃(Si, Xi)µ̃C+,1(Si, Xi, O)
∥∥

P,q

≤ (1 − ϵ)2

ϵ3
∥∥q̃C+(Si, Xi, O) − qC+(Si, Xi, O)

∥∥
P,q

+ (1 − ϵ)2

ϵ3
∥∥µ̃C+,1(Si, Xi, O) − µC+,1(Si, Xi, O)

∥∥
P,q

+ (1 − ϵ)
ϵ3

∥∥[Yi − q̃C+(Si, Xi, O)]+ − [Yi − qC+(Si, Xi, O)]+
∥∥

P,q

(1 − ϵ)2 + (1 − ϵ)
ϵ3

∥∥q̃C+(Si, Xi, O) − qC+(Si, Xi, O)
∥∥

P,q

+ (1 − ϵ)2

ϵ3
∥∥µ̃C+,1(Si, Xi, O) − µC+,1(Si, Xi, O)

∥∥
P,q

≤ Tϵ,

where Tϵ is a positive constant which only depends on T and ϵ. Here, the second last
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equality holds because r 7→ [Y − r]+ is Lipchitz continuous. Similar calculation shows that

∥m5(Zi, τC+ , η̃)∥P,q ≤ Tϵ. It concludes ∥mC+(Zi, τC+ , η̃)∥P,q ≤ Tϵ.

Part 3: Verification of Condition (b).

Part 3-1: Verification of Condition (A.2.4).

sup
η̃∈Rn

∥E[ma
C+(Zi, η̃)] − E[ma

C+(Zi, η)]∥ = EP

[
1Pi=E

φφ̃
(φ̃− φ)

]
≤ ϵ−2∥φ̂− φ̂∥P,2 ≤ ϵ−2δn.

Part 3-2: Verification of Condition (A.2.5).

Note that

∥mC+(Zi, τC+ , η̃) −mC+(Zi, τC+ , η)∥P,2 ≤
7∑

k=1
∥mk(Zi, τC+ , η̃) −mk(Zi, τC+ , η)∥P,2

We will show in Parts 3-2-1 to 3-2-4 that

∥mk(Zi, τC+ , η̃) −mk(Zi, τC+ , η)∥P,2 ≤ Tϵδn

for some positive constant Tϵ which depends on T and ϵ only. This concludes Part 3-2.

Before we derive the bounds for the right-hand side, we mention that the boundedness of Y

implies that

EP [((Yi − qC+(Si, Xi, O)]+)2|Si, Xi, Pi = 0] ≤ T0,

EP [((Yi − qC+(Si, Xi, O)]−)2|Si, Xi, Pi = 0] ≤ T0,

∥µ̄C+,1(1, Xi) − µ̄C+,0(1, Xi) − τC+∥P,2 ≤ T0,

∥µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi)∥P,2 ≤ C, ∥µC+,0(Si, Xi, O) − µ̄C+,0(0, Xi)∥P,2 ≤ T0.

for some positive constant T0.

Part 3-2-1: Bounds of ∥mk(Zi, τC+ , η̃) −mk(Zi, τC+ , η)∥P,2 for j = 1, 2.
We focus on ∥m1(Zi, τC+ , η̃)−m1(Zi, τC+ , η)∥P,2 since ∥m2(Zi, τC+ , η̃)−m2(Zi, τC+ , η)∥P,2
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can be dealt in a similar way.

∥m1(Zi, τC+ , η̃) −m1(Zi, τC+ , η)∥P,2

=
∥∥∥∥1Pi=E

φ̂

Wi

ρ̂(Xi)
(µ̃C+,1(Si, Xi, O) − ˆ̄µC+,1(1, Xi)) − 1Pi=E

φ

Wi

ρ(Xi)
(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi))

∥∥∥∥
P,2

≤ ϵ−2
∥∥∥∥φ 1

ρ̂(Xi)
(µ̃C+,1(Si, Xi, O) − ˆ̄µC+,1(1, Xi)) − φ̂

1
ρ(Xi)

(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi))
∥∥∥∥

P,2

≤ ϵ−2
∥∥∥∥ 1
ρ̂(Xi)

(µ̃C+,1(Si, Xi, O) − ˜̄µC+,1(1, Xi)) − 1
ρ(Xi)

(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi))
∥∥∥∥

P,2

+ ϵ−2
∥∥∥∥(φ− φ̂) 1

ρ(Xi)
(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi))

∥∥∥∥
P,2

≤ ϵ−4
∥∥∥∥ρ(Xi)(µ̃C+,1(Si, Xi, O) − ˜̄µC+,1(1, Xi)) − ρ̂(Xi)(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi))

∥∥∥∥
P,2

+ ϵ−3
∥∥∥∥(φ− φ̂)(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi))

∥∥∥∥
P,2

≤ ϵ−4
∥∥∥∥(µ̃C+,1(Si, Xi, O) − µC+,1(Si, Xi, O)

∥∥∥∥
P,2

+ ϵ−4∥˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi)
∥∥∥∥

P,2

+ ϵ−4
∥∥∥∥(ρ(Xi) − ρ̂(Xi))(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi))

∥∥∥∥
P,2

+ ϵ−3

(
E

[∣∣∣∣(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi))
∣∣∣∣2
])1/2

|φ− φ̂|

≤ (2ϵ−4 +
√
T0ϵ

−4 +
√
T0ϵ

−3)δn.

The first inequality comes from |a/b − c/d| = |da − cb|/|bd|. Similarly, we can show that

∥m2(Zi, τC+ , η̃) −m2(Zi, τC+ , η)∥P,2 ≤ T2δn where T2 depends on T and ϵ only.
Part 3-2-2: Bounds of ∥m3(Zi, τC+ , η̃) −m3(Zi, τC+ , η)∥P,2.

∥m3(Zi, τC+ , η̃) −m3(Zi, τC+ , η)∥P,2

=
∥∥∥∥1Pi=E

φ̃
(˜̄µC+,1(1, Xi) − ˜̄µC+,0(0, Xi) − τC+) − 1Pi=E

φ
(µ̄C+,1(1, Xi) − µ̄C+,0(0, Xi) − τC+)

∥∥∥∥
P,2

≤ ϵ−2
∥∥∥φ(˜̄µC+,1(1, Xi) − ˜̄µC+,0(0, Xi) − τU ) − φ̃(µ̄C+,1(1, Xi) − µ̄C+,0(0, Xi) − τC+)

∥∥∥
P,2

≤ ϵ−2
∥∥∥φ(˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi))

∥∥∥
P,2

+ ϵ−2
∥∥∥φ(˜̄µC+,0(0, Xi) − µ̄C+,0(0, Xi))

∥∥∥
P,2

+ ϵ−2 ∥∥(φ− φ̃)(µ̄C+,1(1, Xi) − µ̄C+,0(0, Xi) − τC+)
∥∥

P,2

≤ ϵ−2
∥∥∥˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi)

∥∥∥
P,2

+ ϵ−2
∥∥∥˜̄µC+,0(0, Xi) − µ̄C+,0(0, Xi)

∥∥∥
P,2

+ ϵ−2 ∥∥µ̄C+,1(1, Xi) − µ̄C+,0(0, Xi) − τC+

∥∥
P,2 |φ̃− φ|

≤ T3δn
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where T3 only depends on T and ϵ.

Part 3-2-3: Bounds of ∥mk(Zi, τC+ , η̃) −mk(Zi, τC+ , η)∥P,2 for j = 4, 5.

Let’s define V1(Si, Xi) and V2(Si, Xi) by

1
V1(Si, Xi)

= 1
φ

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ(Xi)

,
1

Ṽ1(Si, Xi)
= 1
φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

V2(Si, Xi) = V1(Si, Xi)/ρ(Si, Xi), Ṽ2(Si, Xi) = Ṽ1(Si, Xi)/ρ̃(Si, Xi).

Under our assumption, we have min{V1(Si, Xi), Ṽ1(Si, Xi)} ≥ ϵ3/(1−ϵ) := ϵ1 and min{V2(Si, Xi), Ṽ2(Si, Xi)} ≥

ϵ3/(1 − ϵ)2 := ϵ2. The Mean-value theorem implies that

|Ṽ1(Si, Xi) − V1(Si, Xi)| ≤ Cϵ (|φ̂− φ| + |φ̃(Si, Xi) − φ(Si, Xi)| + |ρ̃(Xi) − ρ(Xi)|)

|Ṽ2(Si, Xi) − V2(Si, Xi)| ≤ Tϵ

(
|φ̃− φ| + |φ̃(Si, Xi) − φ(Si, Xi)|

+ |ρ̃(Xi) − ρ(Xi)| + |ρ̃(Si, Xi) − ρ(Si, Xi)|
)
,

where Tϵ is a positive number which only depends on T and ϵ.

Therefore, the bound of ∥m4(Zi, τC+ , η̃) −m4(Zi, τC+ , η)∥P,2 can be derived as follows.

∥m4(Zi, τC+ , η̃) −m4(Zi, τC+ , η)∥P,2

=

∥∥∥∥∥∥1Pi=O

φ̂

φ̂(Si, Xi)
1 − φ̂(Si, Xi)

ρ̂(Si, Xi)
ρ̂(Xi)

(HU(Yi, q̃C+(Si, Xi, O), ρ̃(Si, Xi)) − µ̃C+,1(Si, Xi, O))

− 1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

ρ(Si, Xi)
ρ(Xi)

(HU(Yi, qC+(Si, Xi, O), ρ(Si, Xi)) − µC+,1(Si, Xi, O))

∥∥∥∥∥∥
P,2

≤

∥∥∥∥∥∥ 1Pi=O

Ṽ2(Si, Xi)
(q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)) − 1Pi=O

V2(Si, Xi)
(qC+(Si, Xi, O) − µC+,1(Si, Xi, O))

∥∥∥∥∥∥
P,2

+

∥∥∥∥∥∥ 1Pi=O

Ṽ1(Si, Xi)
(Yi − q̃C+(Si, Xi, O))+ − 1Pi=O

V1(Si, Xi)
(Yi − qU(Si, Xi, O))+

∥∥∥∥∥∥
P,2

≤ ϵ−2
2

∥∥∥∥∥∥V2(Si, Xi)(q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)) − Ṽ2(Si, Xi)(qC+(Si, Xi, O) − µC+,1(Si, Xi, O))

∥∥∥∥∥∥
P,2
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+ ϵ−2
1

∥∥∥∥∥∥1Pi=O

∣∣∣∣∣V1(Si, Xi)(Yi − q̃C+(Si, Xi, O))+ − V̂1(Si, Xi)(Yi − qC+(Si, Xi, O))+

∣∣∣∣∣
∥∥∥∥∥∥

P,2

≤ ϵ−2
2

∥∥∥∥∥∥V2(Si, Xi)
(

(q̃C+(Si, Xi, O) − qC+(Si, Xi, O)) − (µ̃C+,1(Si, Xi, O) − µC+,1(Si, Xi, O)
)∥∥∥∥∥∥

P,2

+ ϵ−2
2

∥∥∥∥∥∥(V2(Si, Xi) − Ṽ2(Si, Xi))(qC+(Si, Xi, O) − µC+,1(Si, Xi, O))

∥∥∥∥∥∥
P,2

+ ϵ−2
1

∥∥∥∥∥∥1Pi=O

∣∣∣∣∣V1(Si, Xi)
[
(Yi − q̃C+(Si, Xi, O))+ − (Yi − qU(Si, Xi, O))+

]∣∣∣∣∣
∥∥∥∥∥∥

P,2

+ ϵ−2
1

∥∥∥∥∥∥1Pi=O

∣∣∣∣∣
(
V1(Si, Xi) − Ṽ1(Si, Xi)

)
(Yi − qC+(Si, Xi, O))+

∣∣∣∣∣
2
∥∥∥∥∥∥

P,2

≤ T4δn

where T4 depends on T and ϵ only. We can similarly show that ∥m5(Zi, τC+ , η̃)−m5(Zi, τC+ , η)∥P,2 <

T5δn where T5 > 0 depends only on T and ϵ.

Part 3-2-4: Bounds of ∥mk(Zi, τC+ , η̃) −mk(Zi, τC+ , η)∥P,2 for j = 6, 7.

∥m6(Zi, τC+ , η̃) −m6(Zi, τC+ , η)∥P,2

=

∥∥∥∥∥∥1Pi=E

φ̃

1
ρ̂(Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)

]
(Wi − ρ̃(Si, Xi))

− 1Pi=E

φ

1
ρ(Xi)

[
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

]
(Wi − ρ(Si, Xi))

∥∥∥∥∥
P,2

≤

∥∥∥∥∥∥1Pi=E

φ̂

1
ρ̃(Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)

]

− 1Pi=E

φ

1
ρ(Xi)

[
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

] ∥∥∥∥∥∥
P,2

+

∥∥∥∥∥∥1Pi=E

φ̃

ρ̃(Si, Xi)
ρ̃(Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)

]

− 1Pi=E

φ

ρ(Si, Xi)
ρ(Xi)

[
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

] ∥∥∥∥∥∥
P,2

≤ ϵ−4

∥∥∥∥∥∥φρ(Xi)
[
q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)

]
− φ̃ ˆρ(Xi)

[
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

] ∥∥∥∥∥∥
P,2
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+ ((1 − ϵ)/ϵ2)2

∥∥∥∥∥∥ φρ(Xi)
ρ(Si, Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)

]

− φ̃ρ̃(Xi)
ρ̃(Si, Xi)

[
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

] ∥∥∥∥∥∥
P,2

≤ ϵ−4

∥∥∥∥∥∥φρ(Xi)
[
(q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)) − (qC+(Si, Xi, O) − µC+,1(Si, Xi, O))

] ∥∥∥∥∥∥
P,2

+ ϵ−4

∥∥∥∥∥∥(φρ(Xi) − φ̃ρ̃(Xi))
[
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

] ∥∥∥∥∥∥
P,2

+ (1 − ϵ)2

ϵ4

∥∥∥∥∥∥ φρ(Xi)
ρ(Si, Xi)

[
(q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)) − (qC+(Si, Xi, O) − µC+,1(Si, Xi, O))

] ∣∣∣∣∣∣
P,2

+ (1 − ϵ)2

ϵ4

∥∥∥∥∥∥
(
φρ(Xi)
ρ(Si, Xi)

− φ̂ρ̂(Xi)
ρ̂(Si, Xi)

) [
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

] ∥∥∥∥∥∥
P,2

≤ T6δn

where T6 depends on T and ϵ only. We can similarly show that ∥m7(Zi, τC+ , η̃)−m7(Zi, τC+ , η)∥P,2 ≤

T7δn where T5 > 0 depends only on T and ϵ.

Part 3-3: Verification of Condition (A.2.6).

Lemma A.6.1 implies that we have

EP [m(Wi, τC+ , η̃) −m(Wi, τC+ , η)] =
7∑

j=1
EP [mj(Wi, τC+ , η̃) −mj(Wi, τC+ , η)] =

8∑
j=1

Jj,

where

J1 = −EP

[(
1Pi=E

φ̃

Wi

ρ̃(Xi)
− 1Pi=E

φ̃

Wi

ρ(Xi)

)
(˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi))

]

J2 = EP

[(
1Pi=E

φ̃

1 −Wi

1 − ρ̃(Xi)
− 1Pi=E

φ̃

1 −Wi

1 − ρ(Xi)

)
(˜̄µC+,0(1, Xi) − µ̄C+,0(1, Xi))

]

J3 = EP

[
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

×
[
(ρ(Si, Xi)q̃C+(Si, Xi, O) + [Yi − q̃C+(Si, Xi, O)]+)

− (ρ(Si, Xi)qC+(Si, Xi, O) + [Yi − qC+(Si, Xi, O)]+)
]]
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J4 = −EP

[(
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

)

×
[
ρ(Si, Xi)(µ̃C+,1(Si, Xi, O)) − µC+,1(Si, Xi, O))

]]

J5 = EP

[(
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

)

×
[
(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O))

]

J6 = −EP

[
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

×
[(

(1 − ρ(Si, Xi))q̃C+(Si, Xi, O) − [Yi − q̃C+(Si, Xi, O)]−)

−
(
(1 − ρ(Si, Xi))qC+(Si, Xi, O) − [Yi − qC+(Si, Xi, O)]−

)]∣∣∣∣
]

J7 = EP

[(
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ̃(Xi)

)

×
[
(1 − ρ(Si, Xi))(µ̃C+,0(Si, Xi, O)) − µC+,0(Si, Xi, O))

]]

J8 = EP

[(
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ̃(Xi)

)

×
[
(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,0(Si, Xi, O))

]
.

Because Y is bounded and P(ϵ ≤ φ(Si, Xi) ≤ 1 − ϵ) = 1 and P(ϵ ≤ ρ(Si, Xi) ≤ 1 − ϵ) = 1,

we have the followings bounds for Jj for j = 1, . . . , 8.

(1) Bounds for J1, J2, J4, J7.

|J1| ≤ Tϵ∥ρ̃(Xi) − ρ(Xi)∥P,2 × ∥˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi)∥P,2 ≤ Tϵn
−1/2δn,

|J2| ≤ Tϵ∥ρ̃(Xi) − ρ(Xi)∥P,2 × ∥˜̄µC+,0(0, Xi) − µ̄C+,0(0, Xi)∥P,2 ≤ Tϵn
−1/2δn,

|J4| ≤ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥µ̃C+,1(Si, Xi, O) − µC+,1(Si, Xi, O)∥P,2 ≤ Tϵn
−1/2δn,

|J7| ≤ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥µ̃C+,0(Si, Xi, O) − µC+,0(Si, Xi, O)∥P,2 ≤ Tϵn
−1/2δn,

for some positive absolute constant Tϵ that only depends on ϵ and T .
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(2) Bounds for J5 and J8. Note that

J5 = EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)

×
[
(ρ̃(Si, Xi) − ρ(Si, Xi))(qC+(Si, Xi, O) − µC+,1(Si, Xi, O))


+ EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)
(ρ̃(Si, Xi) − ρ(Si, Xi))

×
[[

(q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)) − (qC+(Si, Xi, O) − µC+,1(Si, Xi, O))
].

It implies that

|J5| ≤ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥ρ̃(Si, Xi) − ρ(Si, Xi)∥P,2

+ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥q̃C+(Si, Xi, O) − qC+(Si, Xi, O)∥P,2

+ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥µ̃C+,1(Si, Xi, O) − µC+,1(Si, Xi, O)∥P,2

≤ Tϵn
−1/2δn,

where Tϵ is a positive constant that depends only on ϵ and T .

Similarly, we have the following bounds for J8.

|J8| ≤ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥ρ̃(Si, Xi) − ρ(Si, Xi)∥P,2

+ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥q̃C+(Si, Xi, O) − qC+(Si, Xi, O)∥P,2

+ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥µ̃C+,0(Si, Xi, O) − µC+,0(Si, Xi, O)∥P,2

≤ Tϵn
−1/2δn,

where Tϵ is a positive constant that depends only on ϵ and T .

(3) Bounds for J3 and J6. We focus on J3 since the bound of J6 can be derived in a

similar way. This part is motivated by the proof of Theorem 2 in Dorn et al. [2024].
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Note that

J3 = EP

1 − φ

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

ρ(Si, Xi)
ρ̃(Xi)

J3(Si, Xi, O)
∣∣∣∣∣Pi = O,

.
where

J3(Si, Xi, O) =
[(

q̃C+(Si, Xi, O) + EP [[Yi − q̃C+(Si, Xi, O)]+|Si, Xi, Pi = O]
ρ(Si, Xi)

)

−
(
qC+(Si, Xi, O) + EP [[Yi − qC+(Si, Xi, O)]+)|Si, Xi, Pi = O, ]

ρ(Si, Xi)

)]

(Continuous Case:) Lemma 2 in Dorn et al. [2024] and P(ϵ ≤ ρ(Si, Xi) ≤ 1 − ϵ) imply:

|J3| ≤ Tϵ∥q̃C+(Si, Xi, O) − qC+(Si, Xi, O)∥2
P,2 ≤ Tϵn

−1/2δn,

where Tϵ depends on ϵ and T only.

(Binary Case:) Note that

qC+(Si, Xi, O) =


1 if µ(Si, Xi, O) > ρ(Si, Xi),

0 otherwise

The discussion in Section C.8.2 in the supplementary material of Dorn et al. [2024] implies

that

∣∣∣∣∣
(
q̃C+(Si, Xi, O) + EP [[Yi − q̃C+(Si, Xi, O)]+|Si, Xi, Pi = O]

ρ(Si, Xi)

)

−
(
qC+(Si, Xi, O) + EP [[Yi − qC+(Si, Xi, O)]+)|Si, Xi, Pi = O]

ρ(Si, Xi)

) ∣∣∣∣∣∣
=
∣∣∣∣∣1 − µ(Si, Xi, O)

ρ(Si, Xi)

∣∣∣∣∣1(µ(Si, Xi, O) ≤ ρ(Si, Xi) < µ̃(Si, Xi, O) or µ̃(Si, Xi, O) ≤ ρ(Si, Xi) < µ(Si, Xi, O))

If µ(Si, Xi, O) ≤ ρ(Si, Xi) ≤ µ̃(Si, Xi, O) or µ̃(Si, Xi, O) ≤ ρ(Si, Xi) ≤ µ(Si, Xi, O), then
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|µ(Si, Xi, O) − ρ(Si, Xi)| ≤ ∥µ̃(Si, Xi, O) − µ(Si, Xi, O)∥∞. Therefore, we have

|J3(Si, Xi, O)| =
∣∣∣1 −

µ(Si, Xi, O)
ρ(Si, Xi)

∣∣∣1(µ(Si, Xi, O) ≤ ρ(Si, Xi) ≤ µ̃(Si, Xi, O) or µ̃(Si, Xi, O) ≤ ρ(Si, Xi) ≤ µ(Si, Xi, O))

≤
∣∣∣1 −

µ(Si, Xi, O)
ρ(Si, Xi)

∣∣∣1(|µ(Si, Xi, O) − ρ(Si, Xi)| ≤ ∥µ̃(Si, Xi, O) − µ(Si, Xi, O)∥∞)

≤
1
ϵ

|µ̃(Si, Xi, O) − µ(Si, Xi, O)∥∞1(|µ(Si, Xi, O) − ρ(Si, Xi)| ≤ ∥µ̃(Si, Xi, O) − µ(Si, Xi, O)∥∞).

This implies that when µ(Si, Xi, O) − ρ(Si, Xi) has the bounded density, we have

|J3| ≤ Tϵ|µ̃(Si, Xi, O) − µ(Si, Xi, O)∥∞P(1(|µ(Si, Xi, O) − ρ(Si, Xi)| ≤ ∥µ̃(Si, Xi, O) − µ(Si, Xi, O)∥∞)

≤ Tϵ|µ̃(Si, Xi, O) − µ(Si, Xi, O)∥2
∞

≤ Tϵn
−1/2δn.

Similar reasoning gives the bound for J6. Note that

J6 = −EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1 − ρ(Si, Xi)
1 − ρ̃(Xi)

J6(Si, Xi, O)
∣∣∣∣∣Pi = O


where

J6(Si, Xi, O) =
[(
q̃C+(Si, Xi, O) − EP [[Yi − q̃C+(Si, Xi, O)]−|Si, Xi, Pi = O]

1 − ρ(Si, Xi)
)

−
(
(1 − ρ(Si, Xi))qC+(Si, Xi, O) − EP [[Yi − qC+(Si, Xi, O)]−|Si, Xi, Pi = O]

1 − ρ(Si, Xi)
)].

Similar to |J3|, |J6(Si, Xi, O)| have the following.

|J6(Si, Xi, O)| =
∣∣∣1 −

1 − µ(Si, Xi, O)
1 − ρ(Si, Xi)

∣∣∣1(µ(Si, Xi, O) ≤ ρ(Si, Xi) < µ̃(Si, Xi, O) or µ̃(Si, Xi, O) ≤ ρ(Si, Xi) < µ(Si, Xi, O)).

With similar approach, we have

|J6| ≤ Tϵ|µ̃(Si, Xi, O) − µ(Si, Xi, O)∥2
∞ ≤ Tϵn

−1/2δn.
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This implies that

|EP [m(Wi, τC+ , η̃) −m(Wi, τC+ , η)]| ≤
8∑

j=1
|Jj| ≤ Tϵn

−1/2δn.

where Tϵ depends only on T and ϵ.
Part 4: Verification of Condition (A.2.7).

EP [mC+(Zi, τC+ , η)2]

= EP

[( 2∑
j=1

mj(Zi, τC+ , η) +m3(Zi, τC+ , η) +
7∑

j=6
mj(Zi, τC+ , η)

)2
]

+ EP

[( 5∑
j=4

mj(Zi, τC+ , η)
)2
]

= EP

[( 2∑
j=1

mj(Zi, τC+ , η)
)2
]

+ E

[( 7∑
j=6

mj(Zi, τC+ , η)
)2
]

+ 2E
[( 2∑

j=1
mj(Zi, τC+ , η)

)( 7∑
j=6

mj(Zi, τC+ , η)
)]

+ EP [m2
3(Zi, τC+ , η)] + EP

[( 5∑
j=4

mj(Zi, τC+ , η)
)2
]

≥ EP [m2
3(Zi, τC+ , η)] + EP

[( 5∑
j=4

mj(Zi, τC+ , η)
)2
]

≥ t.

A.3 Proofs for Section 1.5

A.3.1 Proof of Dual Form of µCo,w

Proof of Lemma 1.5.1. The proof of Lemma 1.5.1 comes from Pichler [2015] and Section

2.4.2 of Pflug and Römisch [2007] with the dual form of AVaR. The integration by parts can

be applied for functions of bounded variation when one of them is continuous. (c.f. Theorem

5.3 of Convertito and Cruz-Uribe [2023], Theorem 6.2.2 of Carter and Van Brunt [2000]).

Consequently, their proof works for our case. To be self-contained, we present it below.

Here, it is enough to show

r = σ(0)
∫ 1

0
F−1

Y (u)du+
∫ 1

0

(∫ 1

u
F−1

Y (s)ds
)
dσ(u) (A.3.1)
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= σ(1)
∫ 1

0
F−1

Y (u)du−
∫ 1

0

(∫ u

0
F−1

Y (s)ds
)
dσ(u). (A.3.2)

First, Eq. (A.3.2) can be derived as follows.

σ(1)
∫ 1

0
F−1

Y (s)ds−
∫ 1

0

(∫ u

0
F−1

Y (s)ds
)
dσ(u)

= σ(1)
∫ 1

0
F−1

Y (s)ds+
∫ 1

0
σ(u)d

(∫ u

0
F−1

Y (s)ds
)

− σ(1)
∫ 1

0
F−1

Y (s)ds

=
∫ 1

0
F−1

Y (u)σ(u)du.

The first equality comes from the integration by parts with functions of bounded variation

where one of them is continuous. (c.f., see Theorem 5.3 of Convertito and Cruz-Uribe [2023],

Theorem 21.67 and Remark 21.68 of Hewitt and Stromberg [1965], or Theorem 6.2.2 of

Carter and Van Brunt [2000]) Note that σ(u) is of bounded variation and u →
∫ u

0 F
−1
Y (s)ds

is absolute continuous on [0, 1].

Eq. (A.3.1) and Eq. (A.3.2) are identical because

σ(1)
∫ 1

0
F−1

Y (s)ds−
∫ 1

0

(∫ u

0
F−1

Y (s)ds
)
dσ(u)

= σ(1)
∫ 1

0
F−1

Y (s)ds−
∫ 1

0

(∫ 1

0
F−1

Y (s)ds−
∫ 1

u
F−1

Y (s)ds
)
dσ(u)

= σ(1)
∫ 1

0
F−1

Y (s)ds− (σ(1) − σ(0))
∫ 1

0
F−1

Y (s)ds+
∫ 1

0

(∫ 1

u
F−1

Y (s)ds
)
dσ(u)

= σ(0)
∫ 1

0
F−1

Y (s)ds+
∫ 1

0

(∫ 1

u
F−1

Y (s)ds
)
dσ(u).

It concludes the proof.

A.3.2 Main Proof for Theorem 1.5.1

From Lemma A.2.1, it is sufficient to verify that conditions in Lemma A.2.1 holds for

mCo(Wi, τCo , η). Note that we can write mCo(Wi, τCo , η) in the following affine form.

mCo(Wi, τ, η) = ma
Co

(Zi, η)τ +mb
Co

(Zi, η), where ma
Co

(Zi, η) = 1Pi=E/φ.
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Lemma A.3.1. Under Assumptions 1.2.1, 1.2.2, 1.2.4, 1.3.1, 1.5.1, 1.4.1 (i), 1.5.2, and

1.5.3, Conditions in Lemma A.2.1 hold. In addition, E[m2
Co

(Zi, τCo , η)] > c0 for some positive

constant c0 which only depends on c and ϵ.

The proof of Lemma A.3.1 is almost identical to the proof of Lemma A.2.2. The proof

will be presented in Appendix A.7.
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A.4 Cross-Fitting Algorithm

Algorithm 1 Estimation of worst-case bounds for long-term treatment effect
1: Input: a K-fold random partition of the dataset {Pi, Xi, Si,1Pi=EWi,1Pi=OYi}n

i=1, denoted as
∪K

k=1Fk, where |Fk| = n/K.
2: for k ∈ [K] do
3: Construct ρ̂−k(i)(s, x) and ρ̂−k(i)(x) using {(Xi, Si,Wi) : i ∈ Fc

k ∧ Pi = E};
4: Construct φ̂−k(i)(s, x) and φ̂−k(i)(x) using {(Xi, Si, Pi) : i ∈ Fc

k}.
5: For {(Xi, Si) : i ∈ Fc

k ∧Pi = E}, compute µ̂C−,0(Si, Xi, O), µ̂C−,1(Si, Xi, O), µ̂C+,0(Si, Xi, O),
and µ̂C+,1(Si, Xi, O) using the two-stage estimator [Olma, 2021]:

1) Compute ρ̂(Si, Xi) based on leave-one-out within {(Xi, Si, Yi) : i ∈ Fc
k ∧ Pi = E}, and

compute F̂−1
O (·) based on leave-one-out within {(Xi, Si, Yi) : i ∈ Ic

k ∧ Pi = O} using
quantile forests.

2) Construct a linear sieve model with the pseudo-outcome defined in Equation (3)
of Olma [2021] and predict µ̂C−,0(Si, Xi, O), µ̂C−,1(Si, Xi, O), µ̂C+,0(Si, Xi, O), and
µ̂C+,1(Si, Xi, O).

6: Construct ̂̄µ−k(i)
C−,0 (s, x), ̂̄µ−k(i)

C−,1 (s, x), ̂̄µ−k(i)
C+,0 (s, x), and ̂̄µ−k(i)

C+,1 (s, x) using {(Xi, Si) : i ∈ Fc
k ∧Pi =

E} and the pseudo-outcomes from line 5.
7: for i ∈ Fk do
8: Evaluate ρ̂−k(i)(Si, Xi), ρ̂−k(i)(Xi), φ̂−k(i)(Si, Xi), φ̂−k(i)(Xi), φ̂−k(i) = K|{i∈Fc

k:Pi=E}|
n(K−1) ,̂̄µ−k(i)

C−,0 (Si, Xi), ̂̄µ−k(i)
C−,1 (Si, Xi), ̂̄µ−k(i)

C+,0 (Si, Xi), and ̂̄µ−k(i)
C+,1 (Si, Xi), and compute

1) µ̂C−,0(Si, Xi, O), µ̂C−,1(Si, Xi, O), µ̂C+,0(Si, Xi, O), and µ̂C+,1(Si, Xi, O) using the
two-stage estimator [Olma, 2021], where ρ̂−k(i)(Si, Xi) is used, and F̂−1

O (·) is esti-
mated based on {(Xi, Si, Yi) : i ∈ Fc

k ∧ Pi = O};

2) q̂C+(Si, Xi, O) and q̂C−(Si, Xi, O) using quantile forests based on {(Xi, Si, Yi) : i ∈
Fc

k ∧ Pi = O}, where ρ̂−k(i)(Si, Xi) is used;

9: end for
10: end for
11: Compute τ̂C− and τ̂C+ as closed-form solutions to 1

n

∑n
i=1 m̂C−(Zi, τ, η̂) = 0 and

1
n

∑n
i=1 m̂C+(Zi, τ, η̂) = 0, respectively. For i ∈ [n], recompute vectors ΓC− := m̂C−(Zi, τ̂C− , η̂)

and ΓC+ := m̂C+(Zi, τ̂C+ , η̂).
12: Return (τ̂C− , τ̂C+) and

([
τ̂C− ± Φ−1((1 + γ)/2)ŝeC−

]
,
[
τ̂C+ ± Φ−1((1 + γ)/2)ŝeC+

])
as γ-CIs,

where ŝeC− :=
√

1
n(n−1)

∑n
i=1 Γ2

C−,i and ŝeC+ :=
√

1
n(n−1)

∑n
i=1 Γ2

C+,i.
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A.5 Common Copula Families, Kendall’s Tau, and Mathematical

Details for ATE Computation

This section supplements Section 1.3.4 by collecting explicit formulas for the copula families

used: the Archimedean generators, the one-to-one relationship between Kendall’s tau ϱK

and each family’s parameter ϑ, and the numerical steps for computing the ATE τCo .

• Gaussian Copula: The copula parameter ϑ is the linear correlation coefficient of the

underlying normal distribution. Kendall’s tau is given by:

ϱK = 2
π

arcsin(ϑ), so ϑ = sin
(
π

2ϱK

)
.

• Clayton Copula: The generator function ϕ(t) = (1 + t)−1/ϑ leads to:

ϱK = ϑ

ϑ+ 2 , so ϑ = 2ϱK

1 − ϱK

.

• Gumbel Copula: ϕ(t) = exp(−t1/ϑ) yields:

ϱK = 1 − 1
ϑ
, so ϑ = 1

1 − ϱK

.

• Frank Copula: With ϕ(t) = − 1
ϑ

log
(
1 − (1 − e−ϑ)e−t

)
,

ϱK = 1 − 4
ϑ

(1 −D1(ϑ)) ,

where D1(ϑ) is the Debye function:

D1(ϑ) = 1
ϑ

∫ ϑ

0

t

et − 1 dt.

Solving for ϑ given ϱK requires numerical root-finding, as the relationship is not ana-
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lytically invertible.

In Figure 1.1, we approximate and plot how

τCo = E
[

ρ(Xi, Si)
ρ(Xi)[1 − ρ(Xi)]

µCo,1(Si, Xi, O) | Pi = E

]
− E

[
1

1 − ρ(Xi)
µ(Si, Xi, O) | Pi = E

]

changes with ϱK . Note that in the DGP in Section 1.3.4, ρ(Xi) = ρ, and ρ(Si, Xi) = P(W =

1|S,X) can be derived as follows: Using Bayes’ rule,

P(W = 1|S,X) = P(S|W = 1, X)P(W = 1|X)
P(S|W = 1, X)P(W = 1|X) + P(S|W = 0, X)P(W = 0|X) . (A.5.1)

Since S|W = w,X ∼ N (X + w, 1), the conditional densities are:

P(S|W = 1, X) = 1√
2π

exp
(

−(S − (X + 1))2

2

)
,

and P(S|W = 0, X) = 1√
2π

exp
(

−(S −X)2

2

)
.

Since W ∼ Bernoulli(ρ), we have: P(W = 1|X) = ρ and P(W = 0|X) = 1−ρ. Thus, (A.5.1)

simplifies to:

P(W = 1|S,X) =
ρ · exp

(
− (S−(X+1))2

2

)
ρ · exp

(
− (S−(X+1))2

2

)
+ (1 − ρ) · exp

(
− (S−X)2

2

)
= 1

1 + ((1 − ρ)/ρ) · exp (− [(S −X)2 − (S − (X + 1))2] /2)

= 1
1 + ((1 − ρ)/ρ) · e−(S−X−0.5) .

To approximate the expectation over (Si, Xi), we need the joint density of (Si, Xi):

fS,X(s, x) = fX(x) · fS|X(s|x) =


(1 − ρ) · ϕ(s− x) + ρ · ϕ(s− x− 1), 0 ≤ x ≤ 1,

0, otherwise,
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where ϕ(z) is the probability density function of the standard normal distribution. We

truncate the range of S to (−4, 6), since the joint density of (S,X) outside this range of S

is negligible. Then,

τCo = E
[

ρ(Xi, Si)
ρ(Xi)[1 − ρ(Xi)]

µCo,1(Si, Xi, O)
]

− E
[

1
1 − ρ(Xi)

µ(Si, Xi, O)
]

≈
∫ 1

0

∫ 6

−4

ρ(x, s)
ρ(1 − ρ)

(∫ 1

0
F−1

Y (u|s, x)σCo,1(u; 1 − ρ(x, s))du
)
fS,X(s, x)dsdx

−
∫ 1

0

∫ 6

−4

µ(s, x)
1 − ρ

fS,X(s, x)dsdx,

with F−1
Y (u|s, x) = s + 0.5x + Φ−1(u) and µ(s, x) = s + 0.5x based on the DGP. Inside

σCo,1(u; 1−ρ(x, s)), Co(1−ρ(x, s)|u) is calculated using the analytical form of the conditional

copula for each of the four copula families:

Co(1 − ρ(x, s) | u) = ∂Co(u, 1 − ρ(x, s))
∂u

.

To compute τCo , we use adaptIntegrate in R twice—first to evaluate µCo,1(Si, Xi, O) for a

given (Si, Xi), and then to approximate the outer expectation over all (Si, Xi).

A.6 Technical Lemmas for Lemma A.2.2

We remind you of notation used in the proof of Lemma A.2.2. Let ma
C+(Zi, η) = 1Pi=E/φ,

and

m1(Zi, τC+ , η) = 1Pi=E

φ

Wi

ρ(Xi)
(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi)),

m2(Zi, τC+ , η) = −1Pi=E

φ

1 −Wi

1 − ρ(Xi)
(µC+,0(Si, Xi, O) − µ̄C+,0(0, Xi)),

m3(Zi, τC+ , η) = 1Pi=E

φ
(µ̄C+,1(1, Xi) − µ̄C+,0(0, Xi) − τC+),

m4(Zi, τC+ , η) = 1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

ρ(Si, Xi)
ρ(Xi)

(HU (Yi, qC+(Si, Xi, O), ρ(Si, Xi)) − µC+,1(Si, Xi, O)),

m5(Zi, τC+ , η) = −1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

1 − ρ(Si, Xi)
1 − ρ(Xi)

(HL(Yi, qC+(Si, Xi, O), 1 − ρ(Si, Xi)) − µC+,0(Si, Xi, O)),

m6(Zi, τC+ , η) = 1Pi=E

φ

1
ρ(Xi)

[
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

]
(Wi − ρ(Si, Xi)) ,
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m7(Zi, τC+ , η) = 1Pi=E

φ

1
1 − ρ(Xi)

[
qC+(Si, Xi, O) − µC+,0(Si, Xi, O)

]
(Wi − ρ(Si, Xi)) .

Note that

mC+(Zi, τC+ , η) =
7∑

j=1
mj(Zi, τC+ , η).

We will show the following technical lemma.

Lemma A.6.1.

EP [m(Wi, τC+ , η̃) −m(Wi, τC+ , η)] =
7∑

j=1
EP [mj(Wi, τC+ , η̃) −mj(Wi, τC+ , η)] =

8∑
j=1

Jj,

where

J1 = −EP

[(
1Pi=E

φ̃

Wi

ρ̃(Xi)
− 1Pi=E

φ̃

Wi

ρ(Xi)

)
(˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi))

]

J2 = EP

[(
1Pi=E

φ̃

1 −Wi

1 − ρ̃(Xi)
− 1Pi=E

φ̃

1 −Wi

1 − ρ(Xi)

)
(˜̄µC+,0(1, Xi) − µ̄C+,0(1, Xi))

]

J3 = EP

[
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

×
[
(ρ(Si, Xi)q̃C+(Si, Xi, O) + [Yi − q̃C+(Si, Xi, O)]+)

− (ρ(Si, Xi)qC+(Si, Xi, O) + [Yi − qC+(Si, Xi, O)]+)
]]

J4 = −EP

[(
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

)

×
[
ρ(Si, Xi)(µ̃C+,1(Si, Xi, O)) − µC+,1(Si, Xi, O))

]]

J5 = EP

[(
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

)

×
[
(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O))

]

J6 = −EP

[
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

×
[(

(1 − ρ(Si, Xi))q̃C+(Si, Xi, O) − [Yi − q̃C+(Si, Xi, O)]−)
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−
(
(1 − ρ(Si, Xi))qC+(Si, Xi, O) − [Yi − qC+(Si, Xi, O)]−

)]∣∣∣∣
]

J7 = EP

[(
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ̃(Xi)

)

×
[
(1 − ρ(Si, Xi))(µ̃C+,0(Si, Xi, O)) − µC+,0(Si, Xi, O))

]]

J8 = EP

[(
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ̃(Xi)

)

×
[
(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,0(Si, Xi, O))

]

Proof of Lemma A.6.1. We show the result by computing EP [mj(Wi, τ, η̃)−mj(Wi, τ, η)] for

j = 1, . . . , 7.

Part 1: Calculation of EP [mj(Wi, τ, η̃) −mj(Wi, τ, η)] for j = 1, . . . , 7.

(1) EP [mj(Wi, τC+ , η̃) −mj(Wi, τC+ , η)] for j = 1, 2.

EP [m1(Wi, τC+ , η̃) −m1(Wi, τC+ , η)]

= EP

1Pi=E

φ̃

Wi

ρ̃(Xi)
(µ̃C+,1(Si, Xi, O) − ˜̄µC+,1(1, Xi)) − 1Pi=E

φ

Wi

ρ(Xi)
(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi))


= EP

1Pi=E

φ̃

Wi

ρ̃(Xi)

[
(µ̃C+,1(Si, Xi, O) − ˜̄µC+,1(1, Xi)) − (µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi))

]
+ EP

1Pi=E

(
1
φ̃

Wi

ρ̃(Xi)
− 1
φ

Wi

ρ(Xi)

)
(µC+,1(Si, Xi, O) − µ̄C+,1(1, Xi))


︸ ︷︷ ︸

=0 by the definition of µ̄C+,1(1, Xi).

= EP

1Pi=E

φ̃

Wi

ρ̃(Xi)
(µ̃C+,1(Si, Xi, O) − µC+,1(Si, Xi, O))


− EP

1Pi=E

φ̃

Wi

ρ̃(Xi)
(˜̄µC+,1(1, Xi)) − µ̄C+,1(1, Xi))


= EP

1Pi=E

φ̃

Wi

ρ̃(Xi)
(µ̃C+,1(Si, Xi, O) − µC+,1(Si, Xi, O))


− EP

1Pi=E

φ̃

Wi

ρ(Xi)
(˜̄µC+,1(1, Xi)) − µ̄C+,1(1, Xi))


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− EP

(1Pi=E

φ̃

Wi

ρ̃(Xi)
− 1Pi=E

φ̃

Wi

ρ(Xi)

)
(˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi))

.
The first two terms will be canceled out when we sum all of EP [mj(Wi, τ, η̂k) −mj(Wi, τ, η)]

for all j = 1, . . . , 7. Therefore, the first term will be more important.

Similarly, we have the following result.

EP [m2(Wi, τC+ , η̃) −m2(Wi, τC+ , η)]

= −EP

1Pi=E

φ̃

1 −Wi

1 − ρ̃(Xi)
(µ̃C+,0(Si, Xi, O) − µC+,0(Si, Xi, O))


+ EP

1Pi=E

φ̃

1 −Wi

1 − ρ(Xi)
(˜̄µC+,0(0, Xi) − µ̄C+,0(0, Xi))


+ EP

(1Pi=E

φ̃

1 −Wi

1 − ρ̃(Xi)
− 1Pi=E

φ̃

1 −Wi

1 − ρ(Xi)

)
(˜̄µC+,0(0, Xi) − µ̄C+,0(0, Xi))



(2) EP [mj(Wi, τC+ , η̃) −mj(Wi, τC+η)] for j = 3.

EP [m3(Wi, τC+ , η̃) −m3(Wi, τC+ , η)]

= EP

[
1Pi=E

φ̃
(˜̄µC+,1(1, Xi) − ˜̄µC+,0(0, Xi) − τC+) − 1Pi=E

φ
(µ̄C+,1(1, Xi) − µ̄C+,0(0, Xi) − τC+)

]

= EP

[
1Pi=E

φ̃

[
(˜̄µC+,1(1, Xi) − ˜̄µC+,0(0, Xi)) − (µ̄C+,1(1, Xi) − µ̄C+,0(0, Xi))

]]

+ EP

[(
1Pi=E

φ̃
− 1Pi=E

φ

)
(µ̄C+,1(1, Xi) − µ̄C+,0(0, Xi) − τC+)

]
︸ ︷︷ ︸

=0, which comes from the definition of τC+ , µ̄C+,1, and µ̄C+,1.

= EP

[
1Pi=E

φ̃

[
(˜̄µC+,1(1, Xi) − ˜̄µC+,0(0, Xi)) − (µ̄C+,1(1, Xi) − µ̄C+,0(0, Xi))

]]
.

Note that this term will be canceled out by the second terms in EP [mj(Wi, τC+ , η̃)−mj(Wi, τC+ , η)]

for j = 1, 2.

(3) EP [mj(Wi, τC+ , η̂k) −mj(Wi, τC+ , η)] for j = 4, 5.
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Note that

m4(Wi, τC+ , η) = 1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ(Xi)

× (ρ(Si, Xi)qC+(Si, Xi, O) + [Yi − qC+(Si, Xi, O)]+ − ρ(Si, Xi)µC+,1(Si, Xi, O)).

EP [m4(Wi, τC+ , η̂k) −m4(Wi, τC+ , η)]

= EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

ρ̃(Si, Xi)
ρ̃(Xi)

(
q̃C+(Si, Xi, O) + [Yi − q̃C+(Si, Xi, O)]+

ρ̃(Si, Xi)
− µ̃C+,1(Si, Xi, O)

)
− EP

1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

ρ(Si, Xi)
ρ(Xi)

(
qC+(Si, Xi, O) + [Yi − qC+(Si, Xi, O)]+

ρ(Si, Xi)
− µC+,1(Si, Xi, O)

)
= EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

×
[
(ρ̃(Si, Xi)q̃C+(Si, Xi, O) + [Yi − q̃C+(Si, Xi, O)]+ − ρ̃(Si, Xi)µ̃C+,1(Si, Xi, O))

− (ρ(Si, Xi)qC+(Si, Xi, O) + [Yi − qC+(Si, Xi, O)]+ − ρ(Si, Xi)µC+,1(Si, Xi, O))
]

+ EP

(1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

− 1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ(Xi)

)

×(ρ(Si, Xi)qC+(Si, Xi, O) + [Yi − qC+(Si, Xi, O)]+ − ρ(Si, Xi)µC+,1(Si, Xi, O))


︸ ︷︷ ︸
=0 by definition of µC+,1 and its dual representation.

= EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

×
[
(ρ(Si, Xi)q̃C+(Si, Xi, O) + [Yi − q̃C+(Si, Xi, O)]+ − ρ(Si, Xi)µ̃C+,1(Si, Xi, O))

− (ρ(Si, Xi)qC+(Si, Xi, O) + [Yi − qC+(Si, Xi, O)]+ − ρ(Si, Xi)µC+,1(Si, Xi, O))
]

+ EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O))


= EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)
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×
[
(ρ(Si, Xi)q̃C+(Si, Xi, O) + [Yi − q̃C+(Si, Xi, O)]+)

− (ρ(Si, Xi)qC+(Si, Xi, O) + [Yi − qC+(Si, Xi, O)]+)
]

− EP

(1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

)

× ρ(Si, Xi)(µ̃C+,1(Si, Xi, O)) − µC+,1(Si, Xi, O))


− EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

ρ(Si, Xi)(µ̃C+,1(Si, Xi, O)) − µC+,1(Si, Xi, O))


+ EP

(1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

)

×
[
(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O))


+ EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

[
(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O))



Note that

m5(Wi, τ, η) = −1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

(1 − ρ(Si, Xi))
1 − ρ(Xi)

×
(
qC+(Si, Xi, O) − [Yi − qC+(Si, Xi, O)]−

(1 − ρ(Si, Xi))
− µC+,0(Si, Xi, O)

)
.

Then, we have the following result.

EP [m5(Wi, τC+ , η̃) −m5(Wi, τC+ , η)]

= −EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

×
(
(1 − ρ̃(Si, Xi))q̃C+(Si, Xi, O) − [Yi − q̃C+(Si, Xi, O)]− − (1 − ρ̃(Si, Xi))µ̃C+,0(Si, Xi, O)

)
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+ EP

1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ(Xi)

×
(
(1 − ρ(Si, Xi))qC+(Si, Xi, O) − [Yi − qC+(Si, Xi, O)]− − (1 − ρ(Si, Xi))µC+,0(Si, Xi, O)

)
= −EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

×
[(

(1 − ρ̃(Si, Xi))q̃C+(Si, Xi, O) − [Yi − q̃C+(Si, Xi, O)]− − (1 − ρ̃(Si, Xi))µ̃C+,0(Si, Xi, O)
)

−
(
(1 − ρ(Si, Xi))qC+(Si, Xi, O) − [Yi − qC+(Si, Xi, O)]− − (1 − ρ(Si, Xi))µC+,0(Si, Xi, O)

)]
− EP

(1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

− 1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ(Xi)

)

×
(
(1 − ρ(Si, Xi))qC+(Si, Xi, O) − [Yi − qC+(Si, Xi, O)]− − (1 − ρ(Si, Xi))µC+,0(Si, Xi, O)

)
︸ ︷︷ ︸

=0 by definition of µC+,1 and its dual representation.

= −EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

×
[(

(1 − ρ(Si, Xi))q̃C+(Si, Xi, O) − [Yi − q̃C+(Si, Xi, O)]+ − (1 − ρ(Si, Xi))µ̃C+,0(Si, Xi, O))

−
(
(1 − ρ(Si, Xi))qC+(Si, Xi, O) − [Yi − qC+(Si, Xi, O)]− − (1 − ρ(Si, Xi))µC+,0(Si, Xi, O))

]
+ EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

[
(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,0(Si, Xi, O))


= −EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

×
[(

(1 − ρ(Si, Xi))q̃C+(Si, Xi, O) − [Yi − q̃C+(Si, Xi, O)]−)

−
(
(1 − ρ(Si, Xi))qC+(Si, Xi, O) − [Yi − qC+(Si, Xi, O)]−

)]
+ EP

(1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ̃(Xi)

)

×
[
(1 − ρ(Si, Xi))(µ̃C+,0(Si, Xi, O)) − µC+,0(Si, Xi, O))

]
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+ EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ̃(Xi)

(1 − ρ(Si, Xi))(µ̃C+,0(Si, Xi, O)) − µC+,0(Si, Xi, O))


+ EP

(1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ̃(Xi)

)

×
[
(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,0(Si, Xi, O))


+ EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ̃(Xi)

[
(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,0(Si, Xi, O))

.
(4) E[mj(Wi, τC+ , η̃) −mj(Wi, τC+ , η)] for j = 6, 7.

E[m6(Wi, τC+ , η̃) −m6(Wi, τC+ , η)]

= EP

1Pi=E

φ̃

1
ρ̃(Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)

]
(Wi − ρ̃(Si, Xi))


− EP

1Pi=E

φ

1
ρ(Xi)

[
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

]
(Wi − ρ(Si, Xi))


= −EP

1Pi=E

φ̃

1
ρ̃(Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)

]
(ρ̃(Si, Xi) − ρ(Si, Xi))


− EP

(1Pi=E

φ̃

1
ρ̃(Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)

]

− 1Pi=E

φ

1
ρ(Xi)

[
qC+(Si, Xi, O) − µC+,1(Si, Xi, O)

] )

× (Wi − ρ(Si, Xi))
.

︸ ︷︷ ︸
=0 by definition of ρ(Si, Xi).

= −EP

1Pi=E

φ̃

1
ρ̃(Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O)

]
(ρ̃(Si, Xi) − ρ(Si, Xi))



EP [m7(Wi, τC+ , η̃) −m7(Wi, τC+ , η)]

= EP

1Pi=E

φ̃

1
1 − ρ̃(Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,0(Si, Xi, O)

]
(Wi − ρ̃(Si, Xi))


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− EP

1Pi=E

φ

1
1 − ρ(Xi)

[
qC+(Si, Xi, O) − µC+,0(Si, Xi, O)

]
(Wi − ρ(Si, Xi))


= −EP

1Pi=E

φ̃

1
1 − ρ̃(Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,0(Si, Xi, O)

]
(ρ̃(Si, Xi) − ρ(Si, Xi))


− EP

(1Pi=E

φ̃

1
1 − ρ̃(Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,0(Si, Xi, O)

]

− 1Pi=E

φ

1
1 − ρ(Xi)

[
qC+(Si, Xi, O) − µC+,0(Si, Xi, O)

] )

× (Wi − ρ(Si, Xi))
.

︸ ︷︷ ︸
=0 by definition of ρ(Si, Xi).

= −EP

1Pi=E

φ̃

1
1 − ρ̃(Xi)

[
q̃C+(Si, Xi, O) − µ̃C+,0(Si, Xi, O)

]
(ρ̃(Si, Xi) − ρ(Si, Xi))


Part 2. By combining all results in Part 1, we have

EP [m(Wi, τC+ , η̃) −m(Wi, τC+ , η)] =
7∑

j=1
EP [mj(Wi, τC+ , η̃) −mj(Wi, τC+ , η)] =

8∑
j=1

Jj,

where

J1 = −EP

(1Pi=E

φ̃

Wi

ρ̃(Xi)
− 1Pi=E

φ̃

Wi

ρ(Xi)

)
(˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi))


J2 = EP

(1Pi=E

φ̃

1 −Wi

1 − ρ̃(Xi)
− 1Pi=E

φ̃

1 −Wi

1 − ρ(Xi)

)
(˜̄µC+,0(1, Xi) − µ̄C+,0(1, Xi))


J3 = EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

×
[
(ρ(Si, Xi)q̃C+(Si, Xi, O) + [Yi − q̃C+(Si, Xi, O)]+)

− (ρ(Si, Xi)qC+(Si, Xi, O) + [Yi − qC+(Si, Xi, O)]+)
]

J4 = −EP

(1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

)
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×
[
ρ(Si, Xi)(µ̃C+,1(Si, Xi, O)) − µC+,1(Si, Xi, O))

]
J5 = EP

(1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

)

×
[
(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,1(Si, Xi, O))


J6 = −EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

×
[(

(1 − ρ(Si, Xi))q̃C+(Si, Xi, O) − [Yi − q̃C+(Si, Xi, O)]−)

−
(
(1 − ρ(Si, Xi))qC+(Si, Xi, O) − [Yi − qC+(Si, Xi, O)]−

)]∣∣∣∣∣


J7 = EP

(1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ̃(Xi)

)

×
[
(1 − ρ(Si, Xi))(µ̃C+,0(Si, Xi, O)) − µC+,0(Si, Xi, O))

]
J8 = EP

(1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

− 1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ̃(Xi)

)

×
[
(ρ̃(Si, Xi) − ρ(Si, Xi))(q̃C+(Si, Xi, O) − µ̃C+,0(Si, Xi, O))



A.7 Proof of Lemma A.3.1

A.7.1 Technical Lemma

With the abuse of the notation, we define

m1(Zi, τ, η̃) = 1Pi=E

φ̃

Wi

ρ̃(Xi)
(µ̃Co,1(Si, Xi, O) − ˜̄µC0,1(1, Xi)),

m2(Zi, τ, η̃) = −1Pi=E

φ̃

1 −Wi

1 − ρ̃(Xi)
(µ̃Co,o(Si, Xi, O) − ˜̄µCo,0(0, Xi)),
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m3(Zi, τ, η̃) = 1Pi=E

φ̃
(˜̄µCo,1(1, Xi) − ˜̄µCo,0(0, Xi) − τ)

m4(Zi, τ, η̃) = 1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

ρ̃(Si, Xi)
ρ̃(Xi)

(hCo,1(Yi, F̃
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − µ̃Co,1(Si, Xi, O)),

= 1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

(h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − ρ̃(Si, Xi)µ̃Co,1(Si, Xi, O)),

m5(Zi, τ, η̃) = −1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1 − ρ̃(Si, Xi)
1 − ρ̃(Xi)

(hCo,0(Yi, F̃
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − µ̃Co,0(Si, Xi, O)),

= −1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

× (h̃Co,0(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi)) − (1 − ρ̃(Si, Xi))µ̃Co,0(Si, Xi, O)),

m6(Zi, τ, η̃) = 1Pi=E

φ̃

1
ρ̃(Xi)

(d̃Co,1(Si, Xi) − µCo,1(Si, Xi, O)) (Wi − ρ̃(Si, Xi)) ,

m7(Zi, τ, η) = 1Pi=E

φ̃

1
1 − ρ̃(Xi)

(d̃Co,0(Si, Xi) − µCo,0(Si, Xi, O)) (Wi − ρ̃(Si, Xi)) .

where

h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi))

= (1 − Co(1 − ρ̃(Si, Xi)|0))Yi +
∫ 1

0

(
(1 − u)F−1

Y (u|Si, Xi, O) + [Yi − F−1
Y (u|Si, Xi, O)]+

)
d(1 − Co(1 − ρ̃(Si, Xi)|u),

h̃Co,0(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi))

= Co(1 − ρ̃(Si, Xi)|1)Yi −
∫ 1

0

(
uF−1

Y (u|Si, Xi, O) − [Yi − F−1
Y (u|Si, Xi, O)]−

)
dCo(1 − ρ̃(Si, Xi)|u)

Note that

mCo(Zi, τCo , η) =
7∑

j=1
mj(Zi, τCo , η).

Lemma A.7.1.

EP [m(Wi, τCo , η̃) −m(Wi, τCo , η)] =
7∑

j=1
EP [mj(Wi, τCo , η̃) −mj(Wi, τCo , η)] =

14∑
j=1

Jj,

where

J1 = −EP

[(
1Pi=E

φ̃

Wi

ρ̃(Xi)
− 1Pi=E

φ̃

Wi

ρ(Xi)

)
(˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi))

]

J2 = EP

[(
1Pi=E

φ̃

1 −Wi

1 − ρ̃(Xi)
− 1Pi=E

φ̃

1 −Wi

1 − ρ(Xi)

)
(˜̄µC+,0(1, Xi) − µ̄C+,0(1, Xi))

]
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J3 = EP

[
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ̃(Si, Xi))

]

J4 = EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)

× (h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi)))

]

J5 = −EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)
(ρ̃(Si, Xi) − ρ(Si, Xi))µ̃Co,1(Si, Xi, O)

]

J6 = −EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)
ρ(Si, Xi)(µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O))

]

J7 = EP

[
1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi)))

]

J8 = −EP

[
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

× (h̃Co,0(Yi, F̃
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F

−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi))

]

J9 = −EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

1 − ρ̃(Xi)

× (h̃Co,0(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F

−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi)))

]

J10 = −EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

1 − ρ̃(Xi)
(ρ̃(Si, Xi) − ρ(Si, Xi))µ̃Co,0(Si, Xi, O)

]

J11 = EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1 − ρ(Si, Xi)

1 − ρ̃(Xi)
(µ̃Co,0(Si, Xi, O) − µCo,0(Si, Xi, O))

]

J12 = −EP

[
1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,0(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F

−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi)))

]
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J13 = −EP

[
1Pi=E

φ̃

1
ρ̃(Xi)

d̃Co,1(Si, Xi) (ρ̃(Si, Xi) − ρ(Si, Xi))
]

J14 = −EP

[
1Pi=E

φ̃

1
1 − ρ̃(Xi)

d̃Co,0(Si, Xi) (ρ̃(Si, Xi) − ρ(Si, Xi))
]
.

Proof of Lemma A.7.1. We show the result by computing EP [mj(Wi, τ, η̃)−mj(Wi, τ, η)] for

j = 1, . . . , 7.

Part 1: Calculation of EP [mj(Zi, τCo , η̃) −mj(Zi, τCo , η)] for j = 1, . . . , 7

(a) Calculation of EP [mj(Zi, τCo , η̃) −mj(Zi, τCo , η)] for j = 1, 2, 3.

It is identical to the computation in the proof of Lemma A.6.1.

(b) Calculation of EP [mj(Zi, τCo , η̃) −mj(Zi, τCo , η)] for j = 4, 5.

EP [m4(Zi, τCo , η̃) −m4(Zi, τCo , η)]

= EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

(h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − ρ̃(Si, Xi)µ̃Co,1(Si, Xi, O))


− EP

1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ(Xi)

(h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ(Si, Xi)) − ρ(Si, Xi)µCo,1(Si, Xi, O))


= EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

(h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − ρ̃(Si, Xi)µ̃Co,1(Si, Xi, O))


− EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

(h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ(Si, Xi)) − ρ(Si, Xi)µCo,1(Si, Xi, O))


+ EP

(1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

− 1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ(Xi)

)

×(h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ(Si, Xi)) − ρ(Si, Xi)µCo,1(Si, Xi, O))


︸ ︷︷ ︸

=0 because of the definition of µCo,1(Si, Xi, O) and its dual representation.

= EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)
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× (h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi)))


− EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

(ρ̃(Si, Xi)µ̃Co,1(Si, Xi, O) − ρ(Si, Xi)µCo,1(Si, Xi, O))


= EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ̃(Si, Xi))


+ EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi)))


− EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

(ρ̃(Si, Xi) − ρ(Si, Xi))µ̃Co,1(Si, Xi, O)


− EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

ρ(Si, Xi)(µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O))


= EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ̃(Si, Xi))


+ EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)

× (h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi)))


− EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)
(ρ̃(Si, Xi) − ρ(Si, Xi))µ̃Co,1(Si, Xi, O)


− EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)
ρ(Si, Xi)(µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O))


+ EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi)))


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− EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

(ρ̃(Si, Xi) − ρ(Si, Xi))µ̃Co,1(Si, Xi, O)


− EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

ρ(Si, Xi)(µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O))
.

Similarly,

EP [m5(Zi, τCo , η̃) −m5(Zi, τCo , η)]

= −EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

× (h̃Co,0(Yi, F̃
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F

−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi))


− EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

1 − ρ̃(Xi)

× (h̃Co,0(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F

−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi)))


− EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

1 − ρ̃(Xi)
(ρ̃(Si, Xi) − ρ(Si, Xi))µ̃Co,0(Si, Xi, O)


+ EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1 − ρ(Si, Xi)

1 − ρ̃(Xi)
(µ̃Co,0(Si, Xi, O) − µCo,0(Si, Xi, O))


− EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,0(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F

−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi)))


− EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
1 − ρ̃(Xi)

(ρ̃(Si, Xi) − ρ(Si, Xi))µ̃Co,0(Si, Xi, O)


+ EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1 − ρ(Si, Xi)
1 − ρ̃(Xi)

(µ̃Co,0(Si, Xi, O) − µCo,0(Si, Xi, O))


(7) Calculation of EP [mj(Zi, τCo , η̃) −mj(Zi, τCo , η)] for j = 6, 7.
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EP [m6(Zi, τCo , η̃) −m6(Zi, τCo , η)]

= EP

1Pi=E

φ̃

1
ρ̃(Xi)

(d̃Co,1(Si, Xi) − µ̃Co,1(Si, Xi, O)) (Wi − ρ̃(Si, Xi))


− EP

1Pi=E

φ

1
ρ(Xi)

(dCo,1(Si, Xi) − µCo,1(Si, Xi, O)) (Wi − ρ(Si, Xi))


= −EP

1Pi=E

φ̃

1
ρ̃(Xi)

(d̃Co,1(Si, Xi) − µ̃Co,1(Si, Xi, O)) (ρ̃(Si, Xi) − ρ(Si, Xi))


+ EP

(1Pi=E

φ̃

1
ρ̃(Xi)

(d̃Co,1(Si, Xi) − µ̃Co,1(Si, Xi, O)) − 1Pi=E

φ

1
ρ(Xi)

(dCo,1(Si, Xi) − µCo,1(Si, Xi, O))
)

× (Wi − ρ(Si, Xi))


︸ ︷︷ ︸
=0 by the definition of ρ(Si, Xi).

= −EP

1Pi=E

φ̃

1
ρ̃(Xi)

d̃Co,1(Si, Xi) (ρ̃(Si, Xi) − ρ(Si, Xi))


+ EP

1Pi=E

φ̃

1
ρ̃(Xi)

µ̃Co,1(Si, Xi, O) (ρ̃(Si, Xi) − ρ(Si, Xi))


Similarly, we have

EP [m7(Zi, τCo , η̃) −m7(Zi, τCo , η)]

= −EP

1Pi=E

φ̃

1
1 − ρ̃(Xi)

d̃Co,0(Si, Xi) (ρ̃(Si, Xi) − ρ(Si, Xi))


+ EP

1Pi=E

φ̃

1
1 − ρ̃(Xi)

µ̃Co,0(Si, Xi, O) (ρ̃(Si, Xi) − ρ(Si, Xi))


Part 2. By combining the results in Part 1, we have

EP [m(Wi, τCo , η̃) −m(Wi, τCo , η)] =
7∑

j=1
EP [mj(Wi, τCo , η̃) −mj(Wi, τCo , η)] =

14∑
j=1

Jj,
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where

J1 = −EP

(1Pi=E

φ̃

Wi

ρ̃(Xi)
− 1Pi=E

φ̃

Wi

ρ(Xi)

)
(˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi))


J2 = EP

(1Pi=E

φ̃

1 −Wi

1 − ρ̃(Xi)
− 1Pi=E

φ̃

1 −Wi

1 − ρ(Xi)

)
(˜̄µC+,0(1, Xi) − µ̄C+,0(1, Xi))



J3 = EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ̃(Si, Xi))


J4 = EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)

× (h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi)))


J5 = −EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)
(ρ̃(Si, Xi) − ρ(Si, Xi))µ̃Co,1(Si, Xi, O)


J6 = −EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)
ρ(Si, Xi)(µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O))


J7 = EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi)))



J8 = −EP

1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

× (h̃Co,0(Yi, F̃
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F

−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi))


J9 = −EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

1 − ρ̃(Xi)
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× (h̃Co,0(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F

−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi)))


J10 = −EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

1 − ρ̃(Xi)
(ρ̃(Si, Xi) − ρ(Si, Xi))µ̃Co,0(Si, Xi, O)


J11 = EP

1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1 − ρ(Si, Xi)

1 − ρ̃(Xi)
(µ̃Co,0(Si, Xi, O) − µCo,0(Si, Xi, O))


J12 = −EP

1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,0(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F

−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi)))



J13 = −EP

1Pi=E

φ̃

1
ρ̃(Xi)

d̃Co,1(Si, Xi) (ρ̃(Si, Xi) − ρ(Si, Xi))


J14 = −EP

1Pi=E

φ̃

1
1 − ρ̃(Xi)

d̃Co,0(Si, Xi) (ρ̃(Si, Xi) − ρ(Si, Xi))
.

A.7.2 Proof of Lemma A.3.1

Proof of Lemma A.3.1. The proof is almost identical to the proof of Lemma A.2.2. There-

fore, we look at Eqs. (A.2.3), (A.2.5) and (A.2.6) and asymptotic variance.
With abuse of the notation, we define

m1(Zi, τ, η̃) = 1Pi=E

φ̃

Wi

ρ̃(Xi)
(µ̃Co,1(Si, Xi, O) − ˜̄µC0,1(1, Xi)),

m2(Zi, τ, η̃) = −1Pi=E

φ̃

1 −Wi

1 − ρ̃(Xi)
(µ̃Co,o(Si, Xi, O) − ˜̄µCo,0(0, Xi)),

m3(Zi, τ, η̃) = 1Pi=E

φ̃
(˜̄µCo,1(1, Xi) − ˜̄µCo,0(0, Xi) − τ)

m4(Zi, τ, η̃) = 1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

ρ̃(Si, Xi)
ρ̃(Xi)

(hCo,1(Yi, F̃
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − µ̃Co,1(Si, Xi, O)),

= 1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

(h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − ρ̃(Si, Xi)µ̃Co,1(Si, Xi, O)),

m5(Zi, τ, η̃) = −1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1 − ρ̃(Si, Xi)
1 − ρ̃(Xi)

(hCo,0(Yi, F̃
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − µ̃Co,0(Si, Xi, O)),



157

= −1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

× (h̃Co,0(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi)) − (1 − ρ̃(Si, Xi))µ̃Co,0(Si, Xi, O)),

m6(Zi, τ, η̃) = 1Pi=E

φ̃

1
ρ̃(Xi)

(d̃Co,1(Si, Xi) − µCo,1(Si, Xi, O)) (Wi − ρ̃(Si, Xi)) ,

m7(Zi, τ, η) = 1Pi=E

φ̃

1
1 − ρ̃(Xi)

(d̃Co,0(Si, Xi) − µCo,0(Si, Xi, O)) (Wi − ρ̃(Si, Xi)) .

where

h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi))

= (1 − Co(1 − ρ̃(Si, Xi)|0))Yi +
∫ 1

0

(
(1 − u)F−1

Y (u|Si, Xi, O) + [Yi − F−1
Y (u|Si, Xi, O)]+

)
d(1 − Co(1 − ρ̃(Si, Xi)|u),

h̃Co,0(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi))

= Co(1 − ρ̃(Si, Xi)|1)Yi −
∫ 1

0

(
uF−1

Y (u|Si, Xi, O) − [Yi − F−1
Y (u|Si, Xi, O)]−

)
dCo(1 − ρ̃(Si, Xi)|u)

Verification of Eq. (A.2.3)

We focus on ∥mj(Zi, τCo , η̃∥P,q ≤ Tϵ for j = 4, . . . , 7 since Lemma A.2.2 shows that

∥mj(Zi, τCo , η̃∥P,q ≤ Tϵ for j = 1, 2, 3.

Under Assumption 1.5.3 with boundedness of Y , we can show that

∥m4(Zi, τCo , η̃∥P,q

≤ Tϵ∥1Pi=E|h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi))|∥P,q

+ Tϵ∥1Pi=Eh̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi))|∥P,q

+ Tϵ∥µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O)∥P,q + Tϵ∥µCo,1(Si, Xi, O)∥P,q

≤ Tϵ∥
∫ 1

0
|F̃−1

Y (u|Si, Xi, O) − F̃−1
Y (u|Si, Xi, O)|dCo(1 − ρ̃(Si, Xi)|u)∥P,q

+ Tϵ∥h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi))|∥P,q

+ Tϵ∥µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O)∥P,q + Tϵ∥µCo,1(Si, Xi, O)∥P,q

≤ Tϵ.

We can show ∥m4(Zi, τCo , η̃∥P,q ≤ Tϵ in a similar way.
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∥m6(Zi, τCo , η̃∥P,q ≤ Tϵ∥d̃Co,1(Si, Xi) − µ̃Co,1(Si, Xi)∥P,q

≤ Tϵ∥
∫ 1

0
F−1

Y (u|Si, Xi, O)co(1 − ρ̃(Si, Xi|u)du− µCo,1(Si, Xi)∥P,q

+ Tϵ∥
∫ 1

0

∣∣∣F−1
Y (u|Si, Xi, O) − F−1

Y (u|Si, Xi, O)
∣∣∣ du∥P,q

+ Tϵ∥µ̃Co,1(Si, Xi) − µCo,1(Si, Xi)∥P,q

≤ Tϵ.

We can show ∥m7(Zi, τCo , η̃∥P,q ≤ Tϵ in a similar way.

Verification of Eq. (A.2.5)

We consider ∥mj(Zi, τCo , η̃)−mj(Zi, τCo , η)∥P.2 for j = 4, 5, 6, 7 because ∥∥P.2 for j = 1, 2, 3

are identical.

Let’s define V1(Si, Xi) and V2(Si, Xi) by

1
V1(Si, Xi)

= 1
φ

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ(Xi)

,
1

V̂1(Si, Xi)
= 1
φ̂

φ̂(Si, Xi)
1 − φ̂(Si, Xi)

1
ρ̂(Xi)

V2(Si, Xi) = V1(Si, Xi)/ρ(Si, Xi), V̂2(Si, Xi) = V̂1(Si, Xi)/ρ̂(Si, Xi).

Under our assumption, we have minV1(Si, Xi), V̂1(Si, Xi) ≥ ϵ3/(1 − ϵ) := ϵ1 and

minV2(Si, Xi), V̂2(Si, Xi) ≥ ϵ3/(1 − ϵ)2 := ϵ2. Mean-value theorem implies that

|V̂1(Si, Xi) − V1(Si, Xi)| ≤ Tϵ (|φ̂− φ| + |φ̂(Si, Xi) − φ(Si, Xi)| + |ρ̂(Xi) − ρ(Xi)|)

|V̂2(Si, Xi) − V2(Si, Xi)| ≤ Tϵ

(
|φ̂− φ| + |φ̂(Si, Xi) − φ(Si, Xi)|

+ |ρ̂(Xi) − ρ(Xi)| + |ρ̂(Si, Xi) − ρ(Si, Xi)|
)

where Tϵ is a positive number which only depends on ϵ.
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Then, the bound for ∥m4(Zi, τCo , η̃) −m4(Zi, τCo , η)∥P,2 is given as follows.

∥m4(Zi, τCo
, η̃) −m4(Zi, τCo

, η)∥P,2

=

∥∥∥∥∥1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

ρ̃(Si, Xi)
ρ̃(Xi)

(hCo,1(Yi, F̃
−1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − µ̃Co,1(Si, Xi, O))

− 1Pi=O

φ

φ(Si, Xi)
1 − φ(Si, Xi)

ρ(Si, Xi)
ρ(Xi)

(hCo,1(Yi, F
−1
Y (·|Si, Xi, O), 1 − ρ(Si, Xi)) − µCo,1(Si, Xi, O))

∥∥∥∥∥
P,2

≤

∥∥∥∥∥ 1Pi=O

Ṽ1(Si, Xi)
h̃Co,1(Yi, F̃

−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − 1Pi=O

V1(Si, Xi)
hCo,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi)))

∥∥∥∥∥
P,2

+

∥∥∥∥∥ 1Pi=O

Ṽ2(Si, Xi)
µ̃Co,1(Si, Xi, O)) − 1Pi=O

V2(Si, Xi)
µCo,1(Si, Xi, O))

∥∥∥∥∥
P,2

≤ ϵ−2
2

(
E

[
1Pi=O

∣∣∣∣V1(Si, Xi)h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi) − Ṽ1(Si, Xi)h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi))

∣∣∣∣2
])1/2

+ ϵ−2
2

(
E

[
1Pi=O

∣∣∣∣V2(Si, Xi)µ̃Co,1(Si, Xi, O)) − Ṽ2(Si, Xi)µCo,1(Si, Xi, O))
∣∣∣∣2
])1/2

≤ ϵ−2
2

(
E

[
1Pi=O

∣∣∣∣V1(Si, Xi)
(
h̃Co,1(Yi, F̃

−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi))

)∣∣∣∣2
])1/2

+ ϵ−2
2

(
E

[
1Pi=O

∣∣∣∣(V1(Si, Xi) − V̂1(Si, Xi))h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ(Si, Xi))

∣∣∣∣2
])1/2

+ ϵ−2
2

(
E

[∣∣∣∣V2(Si, Xi)
(
µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O

)∣∣∣∣2
])1/2

+ ϵ−2
2

(
E

[∣∣∣∣(V2(Si, Xi) − V̂2(Si, Xi))µCo,1(Si, Xi, O))
∣∣∣∣2
])1/2

≤ ϵ−2
2

(
E

[
1Pi=O

∣∣∣∣V1(Si, Xi)
(
h̃Co,1(Yi, F̃

−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ̃(Si, Xi))

)∣∣∣∣2
])1/2

+ ϵ−2
2

(
E

[
1Pi=O

∣∣∣∣V1(Si, Xi)
(
h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi))

)∣∣∣∣2
])1/2

+ ϵ−2
2

(
E

[
1Pi=O

∣∣∣∣(V1(Si, Xi) − V̂1(Si, Xi))h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ(Si, Xi))

∣∣∣∣2
])1/2

+ ϵ−2
2

(
E

[∣∣∣∣V2(Si, Xi)
(
µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O

)∣∣∣∣2
])1/2

+ ϵ−2
2

(
E

[∣∣∣∣(V2(Si, Xi) − V̂2(Si, Xi))µCo,1(Si, Xi, O))
∣∣∣∣2
])1/2

≤ ϵ−2
2

(
E

[
1Pi=O

∣∣∣∣V1(Si, Xi)
(∫ 1

0
|F̃−1

Y (u|Si, Xi, O) − F−1
Y (u|Si, Xi, O)|d(1 − Co(1 − ρ̃(Si, Xi)))

)∣∣∣∣2
])1/2
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+ ϵ−2
2 Cϵ

(
E

[
1Pi=O

∣∣∣∣V1(Si, Xi)
(

|ρ̃(Si, Xi) − ρ(Si, Xi)
)∣∣∣∣2
])1/2

+ ϵ−2
2

(
E

[
1Pi=O

∣∣∣∣(V1(Si, Xi) − V̂1(Si, Xi))h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ(Si, Xi))

∣∣∣∣2
])1/2

+ ϵ−2
2

(
E

[∣∣∣∣V2(Si, Xi)
(
µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O

)∣∣∣∣2
])1/2

+ ϵ−2
2

(
E

[∣∣∣∣(V2(Si, Xi) − V̂2(Si, Xi))µCo,1(Si, Xi, O))
∣∣∣∣2
])1/2

≤ T4δn

where T4 depends on ϵ and T only. Note that in the last inequality, we can show that

|h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi))| ≤ Tϵ|ρ̃(Si, Xi) − ρ(Si, Xi)|

under Assumption 1.5.2. We can similarly show that (E[|m5(1) −m5(0)|2])1/2
< T5δn where

T5 > 0 depends only on T and ϵ.

The bound for ∥m6(Zi, τCo , η̃) −m6(Zi, τCo , η)∥P,2 is given as follows.

∥m6(Zi, τCo , η̃) −m6(Zi, τCo , η)∥P,2

=
E

∣∣∣∣∣1Pi=E

φ̃

ρ̃(Si, Xi)
ρ̃(Xi)

(d̃Co(Si, Xi, O) − µ̃Co,1(Si, Xi, O)) (Wi − ρ̃(Si, Xi))

− 1Pi=E

φ

ρ(Si, Xi)
ρ(Xi)

(dCo,1(Si, Xi, O) − µCo,1(Si, Xi, O) (Wi − ρ(Si, Xi))
∣∣∣∣∣
2
1/2

≤

E
∣∣∣∣∣1Pi=E

φ̃

ρ̃(Si, Xi)
ρ̃(Xi)

d̂Co,1(Si, Xi, O) − 1Pi=E

φ

ρ(Si, Xi)
ρ(Xi)

dCo,1(Si, Xi, O)
∣∣∣∣∣
2
1/2

+
E

∣∣∣∣∣1Pi=E

φ̃

ρ̃2(Si, Xi)
ρ̃(Xi)

d̂Co,1(Si, Xi, O) − 1Pi=E

φ

ρ2(Si, Xi)
ρ(Xi)

dCo,1(Si, Xi, O)
∣∣∣∣∣
2
1/2

+
E

∣∣∣∣∣1Pi=E

φ̃

ρ̃(Si, Xi)
ρ̃(Xi)

µ̃Co,1(Si, Xi, O) − 1Pi=E

φ

ρ(Si, Xi)
ρ(Xi)

µCo,1(Si, Xi, O)
∣∣∣∣∣
2
1/2

+
E

∣∣∣∣∣1Pi=E

φ̃

ρ̃2(Si, Xi)
ρ̃(Xi)

µ̃Co,1(Si, Xi, O) − 1Pi=E

φ

ρ2(Si, Xi)
ρ(Xi)

µCo,1(Si, Xi, O)
∣∣∣∣∣
2
1/2
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≤ ((1 − ϵ)/ϵ2)2

E
∣∣∣∣∣ φρ(Xi)
ρ(Si, Xi)

d̃Co,1(Si, Xi, O) − φ̃ρ̃(Xi)
ρ̃(Si, Xi)

dCo,1(Si, Xi, O)
∣∣∣∣∣
2
1/2

+ ((1 − ϵ)2/ϵ2)2

E
∣∣∣∣∣ φρ(Xi)
ρ2(Si, Xi)

d̃Co,1(Si, Xi, O) − φ̃ρ̃(Xi)
ρ̃2(Si, Xi)

dCo,1(Si, Xi, O)
∣∣∣∣∣
2
1/2

+ ((1 − ϵ)/ϵ2)2

E
∣∣∣∣∣ φρ(Xi)
ρ(Si, Xi)

µ̃Co,1(Si, Xi, O) − φ̃ρ̃(Xi)
ρ̃(Si, Xi)

µCo,1(Si, Xi, O)
∣∣∣∣∣
2
1/2

+ ((1 − ϵ)2/ϵ2)2

E
∣∣∣∣∣ φρ(Xi)
ρ2(Si, Xi)

µ̃Co,1(Si, Xi, O) − φ̃ρ̃(Xi)
ρ̃2(Si, Xi)

µCo,1(Si, Xi, O)
∣∣∣∣∣
2
1/2

≤ ((1 − ϵ)/ϵ2)2

E
∣∣∣∣∣ φρ(Xi)
ρ(Si, Xi)

[
d̃Co,1(Si, Xi, O) − dCo,1(Si, Xi, O)

] ∣∣∣∣∣
2
1/2

+ ((1 − ϵ)/ϵ2)2

E
∣∣∣∣∣
(
φρ(Xi)
ρ(Si, Xi)

− φ̃ρ̃(Xi)
ρ̃(Si, Xi)

)
dCo,1(Si, Xi, O)

∣∣∣∣∣
2
1/2

+ ((1 − ϵ)2/ϵ2)2

E
∣∣∣∣∣ φρ(Xi)
ρ2(Si, Xi)

[
d̃Co,1(Si, Xi, O) − dCo,1(Si, Xi, O)

] ∣∣∣∣∣
2
1/2

+ ((1 − ϵ)/ϵ2)2

E
∣∣∣∣∣
(

φρ(Xi)
ρ2(Si, Xi)

− φ̃ρ̃(Xi)
ρ̃2(Si, Xi)

)
dCo,1(Si, Xi, O)

∣∣∣∣∣
2
1/2

+ ((1 − ϵ)/ϵ2)2

E
∣∣∣∣∣ φρ(Xi)
ρ(Si, Xi)

[µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O)]
∣∣∣∣∣
2
1/2

+ ((1 − ϵ)/ϵ2)2

E
∣∣∣∣∣
(
φρ(Xi)
ρ(Si, Xi)

− φ̃ρ̃(Xi)
ρ̃(Si, Xi)

)
µCo,1(Si, Xi, O)

∣∣∣∣∣
2
1/2

+ ((1 − ϵ)2/ϵ2)2

E
∣∣∣∣∣ φρ(Xi)
ρ2(Si, Xi)

[µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O)]
∣∣∣∣∣
2
1/2

+ ((1 − ϵ)/ϵ2)2

E
∣∣∣∣∣
(

φρ(Xi)
ρ2(Si, Xi)

− φ̃ρ̃(Xi)
ρ̃2(Si, Xi)

)
µCo,1(Si, Xi, O)

∣∣∣∣∣
2
1/2

≤ T6δn

where T6 depends on ϵ and T only. We can similarly show that ∥m7(Zi, τCo , η̃)−m7(Zi, τCo , η)∥P,2 <

T7δn where T7 > 0 depends only on T and ϵ.

Part 3: Verification of Eq. (A.2.6)
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Lemma A.7.1 implies that we have

EP [m(Wi, τCo , η̃) −m(Wi, τCo , η)] =
7∑

j=1
EP [mj(Wi, τCo , η̃) −mj(Wi, τCo , η)] =

14∑
j=1

Jj,

where

J1 = −EP

[(
1Pi=E

φ̃

Wi

ρ̃(Xi)
− 1Pi=E

φ̃

Wi

ρ(Xi)

)
(˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi))

]

J2 = EP

[(
1Pi=E

φ̃

1 −Wi

1 − ρ̃(Xi)
− 1Pi=E

φ̃

1 −Wi

1 − ρ(Xi)

)
(˜̄µC+,0(1, Xi) − µ̄C+,0(1, Xi))

]

J3 = EP

[
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
ρ̃(Xi)

× (h̃Co,1(Yi, F̃
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ̃(Si, Xi))

]

J4 = EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)

× (h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi)))

]

J5 = −EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)
(ρ̃(Si, Xi) − ρ(Si, Xi))µ̃Co,1(Si, Xi, O)

]

J6 = −EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)
ρ(Si, Xi)(µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O))

]

J7 = EP

[
1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

(h̃Co,1(Yi, F
−1
Y (·|Si, Xi, O), ρ̃(Si, Xi)) − h̃Co,1(Yi, F

−1
Y (·|Si, Xi, O), ρ(Si, Xi)))

]

J8 = −EP

[
1Pi=O

φ̃

φ̃(Si, Xi)
1 − φ̃(Si, Xi)

1
1 − ρ̃(Xi)

× (h̃Co,0(Yi, F̃ −1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F −1

Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi))
]

J9 = −EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
−

φ(Si, Xi)
1 − φ(Si, Xi)

) 1
1 − ρ̃(Xi)

× (h̃Co,0(Yi, F −1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F −1

Y (·|Si, Xi, O), 1 − ρ(Si, Xi)))
]

J10 = −EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
−

φ(Si, Xi)
1 − φ(Si, Xi)

) 1
1 − ρ̃(Xi)

(ρ̃(Si, Xi) − ρ(Si, Xi))µ̃Co,0(Si, Xi, O)
]
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J11 = EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
−

φ(Si, Xi)
1 − φ(Si, Xi)

)1 − ρ(Si, Xi)
1 − ρ̃(Xi)

(µ̃Co,0(Si, Xi, O) − µCo,0(Si, Xi, O))
]

J12 = −EP

[
1Pi=O

φ̃

φ(Si, Xi)
1 − φ(Si, Xi)

1
ρ̃(Xi)

(h̃Co,0(Yi, F −1
Y (·|Si, Xi, O), 1 − ρ̃(Si, Xi)) − h̃Co,0(Yi, F −1

Y (·|Si, Xi, O), 1 − ρ(Si, Xi)))
]

J13 = −EP

[
1Pi=E

φ̃

1
ρ̃(Xi)

d̃Co,1(Si, Xi) (ρ̃(Si, Xi) − ρ(Si, Xi))
]

J14 = −EP

[
1Pi=E

φ̃

1
1 − ρ̃(Xi)

d̃Co,0(Si, Xi) (ρ̃(Si, Xi) − ρ(Si, Xi))
]
.

Because Y is bounded and P(ϵ ≤ φ(Si, Xi) ≤ 1−ϵ) = 1 and P(ϵ ≤ ρ(Si, Xi) ≤ 1−ϵ) = 1,

we have the followings bounds for Jj for j = 1, . . . , 14.

(1) Bounds for J1, J2, J6, J11.

|J1| ≤ M∥ρ̃(Xi) − ρ(Xi)∥P,2 × ∥˜̄µC+,1(1, Xi) − µ̄C+,1(1, Xi)∥P,2 ≤ Mn−1/2δn,

|J2| ≤ M∥ρ̃(Xi) − ρ(Xi)∥P,2 × ∥˜̄µC+,0(0, Xi) − µ̄C+,0(0, Xi)∥P,2 ≤ Mn−1/2δn,

|J6| ≤ M∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥µ̃C+,1(Si, Xi, O) − µC+,1(Si, Xi, O)∥P,2 ≤ Mn−1/2δn,

|J11| ≤ M∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥µ̃C+,0(Si, Xi, O) − µC+,0(Si, Xi, O)∥P,2 ≤ Mn−1/2δn,

for some absolute constant M that only depends on ϵ and C.

(2) Bounds for J5, J10.
Note that

J5 = −EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)
(ρ̃(Si, Xi) − ρ(Si, Xi))µCo,1(Si, Xi, O)

]

− EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)
(ρ̃(Si, Xi) − ρ(Si, Xi))(µ̃Co,1(Si, Xi, O) − µCo,1(Si, Xi, O))

]
.

Therefore, we have

|J5| ≤ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥µ̃C+,1(Si, Xi, O) − µC+,1(Si, Xi, O)∥P,2
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+ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥ρ̃(Si, Xi) − ρ(Si, Xi)∥P,2

≤ Tϵn
−1/2δn,

where Tϵ is a generic absolute constant which only depends on T and ϵ.

Similarly, we can show that

|J10| ≤ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥µ̃C+,0(Si, Xi, O) − µC+,0(Si, Xi, O)∥P,2

+ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥ρ̃(Si, Xi) − ρ(Si, Xi)∥P,2

≤ Tϵn
−1/2δn.

(3) Bounds for J3, J8.

Similar to the proof in Part 3-3-2-(3) Lemma A.2.2, we can show that

|J3| ≤ TϵE

 ∫ 1

0

(
F̃−1

Y (u|Si, Xi, O) − F−1
Y (u|Si, Xi, O)

)2
d(1 − Co(1 − ρ̃(Si, Xi)|u))


≤ TϵE

 ∫ 1

0

(
F̃−1

Y (u|Si, Xi, O) − F−1
Y (u|Si, Xi, O)

)2
du


≤ Tϵn

−1/2δn,

where the last inequality works since supα∈[ϵ,1−ϵ],u∈[0,1]

∣∣∣∂Co(α|u)
∂u

∣∣∣ are bounded by Assump-

tion 1.5.2 (3).

Similarly, we can show that

|J8| ≤ TϵE

 ∫ 1

0

(
F̃−1

Y (u|Si, Xi, O) − F−1
Y (u|Si, Xi, O)

)2
d(1 − Co(1 − ρ̃(Si, Xi)|u))


≤ TϵE

 ∫ 1

0

(
F̃−1

Y (u|Si, Xi, O) − F−1
Y (u|Si, Xi, O)

)2
du


≤ Tϵn

−1/2δn
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(4) Bounds for J4, J9.
Note that we can write J4 as follows.

J4 = EP

[
1Pi=O

φ̃

(
φ̃(Si, Xi)

1 − φ̃(Si, Xi)
− φ(Si, Xi)

1 − φ(Si, Xi)

)
1

ρ̃(Xi)

×
(∫ 1

0
F−1

Y (u|Si, Xi, O)(1 − Co(1 − ρ̃(Si, Xi)|u))du−
∫ 1

0
F−1

Y (u|Si, Xi, O)(1 − Co(1 − ρ(Si, Xi)|u))du
)]

.

by Lemma 1.5.1.

Then, under Assumption 1.5.2, we have the following.

J4 ≤ Tϵ∥φ̃(Si, Xi) − φ(Si, Xi)∥P,2 × ∥ρ̃(Si, Xi) − ρ(Si, Xi)∥P,2 ≤ Mn−1/2δn.

(5) Bounds for J7 + J13, J12 + J14.
We can write J7 + J13 as follows.

J7 + J13

= EP

[
1Pi=E

φ̂

1
ρ̃(Si, Xi)

×
(

−
∫ 1

0
F−1

Y (u|Si, Xi, O)Co(1 − ρ̃(Si, Xi)|u)du+
∫ 1

0
F−1

Y (u|Si, Xi, O)Co(1 − ρ(Si, Xi)|u)du

− (ρ̃(Si, Xi) − ρ(Si, Xi))
∫ 1

0
F−1

Y (u|Si, Xi, O)co(1 − ρ̃(Si, Xi)|u)du
)

− (ρ̃(Si, Xi) − ρ(Si, Xi))
∫ 1

0
(F̃−1

Y (u|Si, Xi, O) − F−1
Y (u|Si, Xi, O))co(1 − ρ̃(Si, Xi)|u)du

)]
.

Under Assumption 1.5.2, we can see that

|J7 + J13| ≤ Tϵ∥ρ̂(Si, Xi) − ρ(Si, Xi)∥2
P,2

+ Tϵ∥ρ̂(Si, Xi) − ρ(Si, Xi)∥P,2

(
E
[∫ 1

0
(F̃−1

Y (u|Si, Xi, O) − F−1
Y (u|Si, Xi, O))2du

])1/2

≤ Tϵn
−1/2δn
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Similarly, we can show that

|J12 + J14| ≤ M∥ρ̂(Si, Xi) − ρ(Si, Xi)∥2
P,2

+M∥ρ̂(Si, Xi) − ρ(Si, Xi)∥P,2

(
E
[∫ 1

0
(F̃−1

Y (u|Si, Xi, O) − F−1
Y (u|Si, Xi, O))2du

])1/2

≤ Tϵn
−1/2δn

All computations in (1)-(5) in Part 3-2 implies that

∥EP [mCo(Zi, τCo , η̃) −mCo(Zi, τCo , η)]∥ ≤

∥∥∥∥∥∥
14∑

j=1
Jj

∥∥∥∥∥∥ ≤ Tϵn
−1/2δn

for some positive constant Tϵ which only depends on T and ϵ.

Step 4: Asymptotic Variance

With the similar calculation as in Part 4 in the proof of Lemma A.2.2, we can show that

E[m2
Co

(Zi, τ, η)] ≥ CϵE[(µ̄Co,1(1, Xi) − µ̄Co,0(0, Xi) − τCo)2] + CϵE[V (Si, Xi, O)] > 0,

where Cϵ depends on ϵ and

V (Si, Xi, O) = Var
(
hCo,1(Yi, F

−1
Y , 1 − ρ(Si, Xi)) − hCo,0(Yi, F

−1
Y , 1 − ρ(Si, Xi))

)
.
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Chapter B

Appendices for Using Forests in Multivariate Regression

Discontinuity Designs

B.1 Proof

Proof of Proposition 1. Define Z = (X2 − c2)2. Consider the mapping (X1, Z) 7→ (E, V ),

which is one-to-one. We can find the joint density of (X1, Z) by

P(X1 ≤ x1, Z ≤ z) = P
(
X1 ≤ x1, c2 −

√
z ≤ X2 ≤ c2 +

√
z
)

= F(X1,X2)
(
x1, c2 +

√
z
)

− F(X1,X2)
(
x1, c2 −

√
z
)

=⇒ f(X1,Z)(x1, z) = ∂2P(X1 ≤ x1, Z ≤ z)
∂x1∂z

= 1
2
√
z

[
f(X1,X2)

(
x1, c2 +

√
z
)

+ f(X1,X2)
(
x1, c2 −

√
z
)]
.

Since X1 = V + c1 and Z = E2 − V 2, we have the Jacobian

J(X1,Z)(e, v) =

 0 1

2e −2v



and |J(X1,Z)(e, v)| = 2e. By the bivariate transformation theorem,

f(E,V )(e, v) = f(X,Z)(x, z)|J(X1,Z)(e, v)|

= e√
e2 − v2

[
f(X1,X2)

(
v + c1, c2 +

√
e2 − v2

)
+ f(X1,X2)

(
v + c1, c2 −

√
e2 − v2

)]
.

This implies that the marginal distribution of E is

fE(e) =
∫ u(e)

l(e)

e√
e2 − v2

[
f(X1,X2)(v + c1,

√
e2 − v2 + c2) + f(X1,X2)(v + c1,−

√
e2 − v2 + c2)

]
dv
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and the claim follows. □

B.1.1 Examples

Example A.1. Let (X1, X2) be uniformly distributed over [−1, 1]2. Then f(X1,X2)(x1, x2) =
1
4 over the support Ω(X1, X2) = [−1, 1]2. First consider the boundary point at (0, 0). The

bivariate transform (E, V ) in this case has joint support

Ω(E, V ) =
{
(e, v) ∈ R2 : e ∈ [0,

√
2] ,

v ∈ [−e, e] if e ∈ [0, 1] and v ∈
[√
e2 − 1, 1

]
∪
[
−1,−

√
e2 − 1

]
if e ∈

(
1,

√
2
]}
.

Then

fE(e) = 1{e ∈ [0, 1]}
∫ e

−e

e

2
√
e2 − v2

dv

+ 1{e ∈ (1,
√

2]}
(∫ 1

√
e2−1

e

2
√
e2 − v2

dv +
∫ −

√
e2−1

−1

e

2
√
e2 − v2

dv

)
.

Following Proposition 1,

fE(e) =


πe/2, if e ∈ [0, 1]

e
[
sin−1(1/e) − sin−1(

√
e2 − 1/e)

]
, if e ∈ (1,

√
2]. (B.1.1)

Hence fE(0) = 0. Note that this is not specific to the chosen boundary point, (0, 0). In fact,

the issue remains for any boundary point (c1, c2) ∈ [−1, 1]2 with respect to which we calculate

the Euclidean distance. To see this, suppose without loss of generality that c1, c2 > 0; other

cases follow similarly. Then

E =
√

(X1 − c1)2 + (X2 − c2)2, V = X1 − c1,
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where

|V | ≤ E ≤
√
V 2 + (1 + c2)2, E ∈

[
0,
√

(1 + c1)2 + (1 + c2)2
]
.

Then the joint support of (E, V ) when E takes value in [0, 1 − c1] is

Ω (E, V |E ∈ [0, 1 − c1]) =
{
(e, v) ∈ R2 : e ∈ [0, 1 − c1], v ∈ [−e, e]

}
.

The case where E ∈
(
1 − c1,

√
(1 + c1)2 + (1 + c2)2

]
is irrelevant to deriving fE(0). Then

Equation (B.1.1) still holds for e ∈ [0, 1 − c1] and therefore fE(0) = 0.

Example A.2. Let (X1, X2) be independently normally distributed with mean 0 and

variance σ2. Then f(X1,X2)(x1, x2) = 1
2πσ2 exp{−x2

1/2σ2} exp{−x2
2/2σ2} over the support

Ω(X1, X2) = R2. First consider the boundary point at (0, 0). The bivariate transform

(E, V ) in this case has joint support

Ω(E, V ) =
{
(e, v) ∈ R2 : e ≥ 0, v ∈ [−e, e]

}
. (B.1.2)

Then

fE(e) =
∫ e

−e

e√
e2 − v2

1
πσ2 exp

{
−e2/2σ2

}
dv

= e

σ2 exp{−e2/2σ2}

Hence fE(0) = 0. Note that this is again not specific to the choice of the boundary point,

as for any (c1, c2) ∈ R2, Equation (B.1.2) still holds.

B.2 More on Simulations

This section provides additional information on the Monte Carlo simulations in Section 2.4.
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B.2.1 Details on the Polynomial DGPs

B.2.1.1 Univariate Design: Lee [2008] Data

Following Imbens and Kalyanaraman [2012], Calonico et al. [2014] and Calonico et al. [2019],

we build the polynomial DGP using the Lee [2008] data as follows:

Yi = µ(Xi) + ϵi, Xi ∼ (2Beta(2, 4) − 1), ϵ ∼ N(0, σ2)

where Beta denotes the Beta distribution, µ(·) is constructed by fitting a 5-th order global

polynomial with different coefficients for the treated and untreated groups taking the form:

µ(x) =


0.48 + 1.27x+ 7.18x2 + 20.21x3 + 21.54x4 + 7.33x5 if x < 0

0.52 + 0.84x− 3.00x2 + 7.99x3 − 9.01x4 + 3.56x5 if x ≥ 0
(B.2.1)

and σ is estimated from the residuals of the regression and is equal to 0.1295. Under this

DGP, the true treatment effect at the 0 cutoff is 0.04.

B.2.1.2 Bivariate Design: Keele and Titiunik [2015] Data

For the continuous outcome variables, housing price and age, the models are of the form

Yij = µj(Xi) + ϵij, where j ∈ {price, age} and ϵij ∼ N(0, σ2
j ).
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We fit third-order interacted polynomials for µj(Xi). Below are the model specifications,

where x̃i1, x̃i2 are demeaned versions of xi1, xi2 (i.e., latitude, longitude) respectively:

µprice(xi) =



13544.3 + 150.2xi1 − 11847.6x̃2
i1 − 29821.7x̃3

i1

+259.3xi2 − 15479.8x̃2
i2 − 207469.6x̃3

i2 + 24446.9x̃i1x̃i2 if i is treated,

230407.6 − 9713.5xi1 + 537644.5x̃2
i1 − 8356369.6x̃3

i1

−2164.6xi2 − 9998.4x̃2
i2 + 748352.9x̃3

i2 + 55631.1x̃i1x̃i2 if i is control,

and σprice = 32.6334.

µage(xi) =



−477.8 − 70.0xi1 − 111.9x̃2
i1 − 54704.1x̃3

i1

−44.9xi2 + 4564.6x̃2
i2 + 107699.6x̃3

i2 − 5863.3x̃i1x̃i2 if i is treated,

77307.5 − 1026.2xi1 + 60847.1x̃2
i1 − 749930.1x̃3

i1

+481.1xi2 − 13224.5x̃2
i2 + 185693.5x̃3

i2 − 16725.5x̃i1x̃i2 if i is control,

and σage = 15.9496. For the discrete outcome, election turnout, we consider a logit con-

ditional expectation function P (Yi = 1|Xi) = epoly(Xi)

1+epoly(Xi) , where poly(Xi) is a third-order

interacted polynomial as before. Below is the specification for poly(Xi):

poly(xi) =



−200.4 + 3.7xi1 + 224.4x̃2
i1 + 1028.1x̃3

i1

−0.7xi2 + 57.1x̃2
i2 + 3778.1x̃3

i2 − 127.5x̃i1x̃i2 if i is treated,

10399.6 − 286.5xi1 + 10516.0x̃2
i1 − 114884.8x̃3

i1

−15.4xi2 − 423.8x̃2
i2 + 12700.1x̃3

i2 + 228.7x̃i1x̃i2 if i is control.

Figure B.1 visualizes the polynomial and WGAN DGPs for age and housing price.
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Figure B.1: Visualization of the sample data in Keele and Titiunik [2015] (left in each
row) as well as simulated polynomial and WGAN DGPs (middle and right in each row,
respectively). The outcome variable for the first (resp. second) row is housing price (resp.
age). Coordinates below the black curve (treatment boundary) are treated, and the green
circle shows the boundary point at which we estimate the treatment effect. The plot for
actual housing prices uses a different dataset, which has fewer observations than the other
two outcome cases. To visualize the polynomial DGPs, 2,500 coordinates are sampled with
replacement from the original sample plus a noise term N(0, 0.012). We fit third-order
interacted polynomials for housing price and age, and the plots show the model predictions
at each pair of coordinates sampled.

B.2.2 Estimating the Second Derivative Bound

In this section, we consider estimating the second derivative bound B for the univariate

polynomial DGP based on the real data from Lee [2008] by fitting a global quadratic func-

tion and multiplying the maximal estimated curvature by different constants. The results
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are reported in Table B.1, along with the results using the infeasible least upper bound B

calculated from the true polynomial DGP in (B.2.1). Imbens and Wager [2019] recommend

multiplying by 2 or 4, but in this example these choices do not yield reasonable estimates

for the second derivative bound and thus lead to biased estimates and poor coverage rates,

as in Panels A-B, Columns 6-10 of Table 2.1. Only after multiplying the maximal estimated

curvature by 30 do we get a B̂ close to the true B.

True B = 14.36 B̂ = 2×max.curvature B̂ = 4×max.curvature

Sample size n = 1, 000 5, 000 10, 000 1, 000 5, 000 10, 000 1, 000 5, 000 10, 000

Bias 0.0538 0.0471 0.0453 0.0432 0.0345 0.0297 0.0364 0.0252 0.0211
Variance 0.0019 0.0006 0.0003 0.0006 0.0002 0.0001 0.0009 0.0002 0.0002
95% coverage 96.7% 96.7% 97.0% 67.6% 36.7% 24.7% 80.3% 69.7% 64.0%
Average B̂ - - - 0.8372 0.8363 0.8369 1.6555 1.6736 1.6791

B̂ = 6×max.curvature B̂ = 10×max.curvature B̂ = 30×max.curvature

Sample size n = 1, 000 5, 000 10, 000 1, 000 5, 000 10, 000 1, 000 5, 000 10, 000

Bias 0.0306 0.0203 0.0166 0.0241 0.0145 0.0120 0.0115 0.0067 0.0056
Variance 0.0011 0.0003 0.0002 0.0013 0.0004 0.0002 0.0020 0.0005 0.0003
95% coverage 87.6% 85.0% 80.3% 93.0% 90.1% 89.8% 95.9% 96.5% 96.4%
Average B̂ 2.5116 2.5161 2.5217 4.1695 4.1910 4.1817 12.6209 12.5831 12.5993

Table B.1: Simulation results based on different estimates of the second derivative bound.
The true least upper bound on the second derivative of the DGP (B.2.1) is B = 14.36. The
table reports the average bias, variance, and 95% coverage rate over the 1,000 Monte Carlo
replications using the true bound as well as estimated bounds by fitting a global quadratic
and then multiplying the maximal curvature of the fitted model by different constants ∈
{2, 4, 6, 10, 30}. Also reported is the Monte Carlo average of estimated bounds.

B.2.3 Details on the WGAN DGPs

To construct artificial datasets that closely resemble the observed samples in Keele and

Titiunik [2015] near the treatment boundary, we employ the WGAN approach in Athey

et al. [2021] and constrain the input data to a window defined by the start and end points

of the treatment boundary, i.e., using the boundary as a rough diagonal. This window and

the sample data points involved are represented by the plots on the left in Figures 2.3 and

B.1. The resulting input data consists of 2,628 treated and 2,969 control observations for
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turnout and age, and 117 treated and 206 control observations for housing price.

We use the default options available from the wgan package of Athey et al. [2021] to train

the WGAN for the results reported in Table 2.1.1 We note that the current implementation

of WGAN is only available in Python, whereas implementations of the minimax-optimal

estimator and the two forests estimators are in R, and therefore we cannot, for each Monte

Carlo replication, generate a new sample from WGAN in Python, keep the generated sample

in memory, and then take it to R and fit the estimators: for one iteration of 1000 Monte

Carlo replications and each with a sample size of n, such procedure requires n × 1000 ob-

servations, which quickly runs out of computer memory as we increase n. Instead, for each

dataset that we fit a WGAN to, we draw a WGAN-generated sample of 40 million obser-

vations, and use this large artificial sample to run the Monte Carlo simulations, treating

it as a “superpopulation” from which we draw random subsamples of size n used in each

Monte Carlo replication.2 Figures B.2–B.6 display graphical comparisons between the actual

turnout, housing price and age samples and their WGAN-generated counterparts.

Figure B.2: Marginal histograms for the actual turnout and age samples (real) and their
WGAN-generated counterparts (fake). The two observed samples share the same geographic
coordinates, so the latitude and longitude comparisons are produced once (two plots on the
left).

1These default specifications can be found at wgan package manual.
2Each WGAN sample is corrected based on the geographic coordinates of the treatment boundary to

ensure that for each hypothetical household, the generated coordinates match the generated treatment
status. This correction is minor, affecting fewer than 2% of the observations in the WGAN sample.

https://ds-wgan.readthedocs.io/en/latest/api.html#specifications
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Figure B.3: Marginal histograms for the actual housing price sample (real) and its WGAN-
generated counterpart (fake). The geographic coordinates in the observed price sample are
a subset of those in the turnout/age sample, so the latitude and longitude comparisons are
regenerated, while the WGAN coordinates are generated once and fixed across the three
outcomes.

Figure B.4: Between-variable correlations for the observed turnout sample (real) and its
WGAN-generated counterpart (fake).

Figure B.5: Between-variable correlations for the observed housing price sample (real) and
its WGAN-generated counterpart (fake).
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Figure B.6: Between-variable correlations for the observed age sample (real) and its WGAN-
generated counterpart (fake).

B.2.4 Wasserstein Distances between Real and Artificial Data

Athey et al. [2021] combine generative adversarial networks (GANs) with the Wasserstein

distance objective to create a hypothetical dataset that closely mimics the observed sam-

ple, enabling effective Monte Carlo simulations. In this subsection, we consider the two-

dimensional example in Keele and Titiunik [2015] and show that the datasets constructed

by WGAN are indeed more similar to the actual samples in terms of Wasserstein distance,

as compared to the datasets generated by the polynomial DGPs in Section B.2.1.2. While

we use the default options when training the WGAN DGPs used in the main text (training

the neural network for 1,000 epochs, for example), we report the Wasserstein distances for

2,000, 3,000, and 4,000 epochs as well. As elaborated in Section B.2.5.3, these specifications

serve as robustness checks for the estimators proposed in the main text.

Following Athey et al. [2021], we compute the exact Wasserstein distances via linear pro-

gramming, averaging over 10 random samples from the WGAN dataset, each of equal size to

the original dataset. Table B.2 organizes the Wasserstein distances for the outcome variables

considered in Section B.2.3. We note that the Wasserstein distance between distributions P

and P′, defined as

W (P,P′) := inf
γ∈Π(P,P′)

E
(R,S) d∼γ

[||R − S||]

with Π(P,P′) denoting the set of joint distributions with marginals P and P′ such that R d∼ P

and S d∼ P′, is not normalized with respect to the scale of random variablesR and S. Thus, its
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magnitude can depend on the scale of the data being compared. This explains why housing

price has the largest Wasserstein distances and turnout has the smallest. Comparing across

rows in Table B.2, all the WGAN DGPs considerably outperform the polynomial ones in

terms of Wasserstein distance. Within the WGAN entries, the distances for turnout and age

tend to shrink with increasing training epochs. However, for housing price, the small sample

size (117 treated and 206 control observations) may explain the instability in training the

networks and calculating the distances.

Polynomial WGAN

1,000 Epochs 2,000 Epochs 3,000 Epochs 4,000 Epochs

Turnout 142.8712 0.1603 0.0147 0.0242 0.0047
Housing Price 330.3712 3.6796 6.5035 6.1220 7.0828
Age 147.0418 1.9824 1.1613 1.3046 1.0996

Table B.2: Wasserstein distances between generated and observed data.

B.2.5 Robustness of the WGAN simulations

For the bivariate designs in Table 2.1, results on the housing price outcome appear to be

most sensitive to changes in sample size and estimator choice. To complement Section 2.4.2,

we consider three robustness checks: robustness to subsamples, model architectures, and the

number of training epochs. The first two checks are also considered by Athey et al. [2021] to

assess the ranking of a set of estimators for the average effect for the treated. We omit the

third robustness check in Athey et al. [2021]—robustness to the size of training data—since

the sample size of the housing price data (117 treated and 206 control observations) is too

small for most of the fractions considered in Athey et al. [2021, Table 11].

B.2.5.1 Robustness to Subsamples

Following Athey et al. [2021, Section 5.1], we run the WGAN algorithm on 10 subsamples

randomly drawn without replacement from the original data; each subsample is 80% of the
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size of the original data.3 For each subsample, we train a WGAN superpopulation of size 5

million and run 1,000 Monte Carlo simulations with sample size 10,000 for each of the four

estimators to estimate the treatment effect at the boundary point.4 Table B.3 shows the

bias, variance and coverage averaged across the 10 hypothetical populations trained from the

10 random subsamples of the original data. Standard deviations are enclosed in parentheses.

The averaged metrics from using the subsamples do not differ considerably from those from

using the full sample, see Table 2.1, Panel G under n = 10,000.

Local Linear Regression Minimax-Optimal Honest Regression Forest Honest Local Linear Forest

Bias 5.2632 (1.4239) 0.0176 (0.5703) 4.7418 (1.3558) 3.5876 (0.9605)
Variance 82.4645 (25.0978) 106.13 (42.6781) 28.7466 (6.2132) 42.3938 (12.0164)
95% coverage 94.22% (0.71%) 98.07% (0.59%) 84.88% (5.71%) 88.43% (3.05%)

Table B.3: Robustness results for housing price: average and standard deviations of metrics
over 10 subsamples drawn from the original sample. Each random subsample for generating
the WGAN superpopulation is 80% of the original sample size. The sample size is 10,000
for each Monte Carlo trial.

B.2.5.2 Robustness to Model Architectures

The default architecture in the WGAN algorithm for the generator and critic neural networks

consists of three hidden layers with 128 units each. To examine whether our qualitative

comparisons in Section 2.4.2 are sensitive to the architecture specification, we adopt two

alternative model architectures from Athey et al. [2021, Section 5.2]. Both alternatives have

a three-layer generator and a three-layer critic. In the first alternative, the generator (critic)

has layer dimensions of [64, 128, 256] ([256, 128, 64]). In the second alternative, the generator

(critic) has layer dimensions of [128, 256, 64] ([64, 256, 128]). Both WGAN superpopulations

are of size 5 million, and the sample size is 10,000 for each Monte Carlo replication. Results
3More specifically, the WGAN coordinates (Xi) and treatment statuses (Di) are generated from 80% of

the turnout/age data, and the corresponding housing prices (Yi|(Xi, Di)) are generated from 80% of the
housing price data. This is because the coordinates in the housing price data are a subset of those in the
turnout/age data, which has more observations.

4We consider a smaller superpopulation size because we need to train a WGAN for each of the subsamples
drawn, and repeatedly generating a superpopulation of size 40 million as in Section 2.4 turned out to be too
computationally intensive.
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from varying the model architecture are organized in Table B.4.

Local Linear Regression Minimax-Optimal Honest Regression Forest Honest Local Linear Forest
Main (generator: [128, 128, 128], critic: [128, 128, 128])
Bias 5.6543 −0.0903 4.9030 4.2545
Variance 80.8610 109.4033 31.7393 44.7507
95% coverage 93.0% 97.2% 85.3% 85.5%
Alternative 1 (generator: [64, 128, 256], critic: [256, 128, 64])
Bias 4.6898 0.1933 2.9349 2.3774
Variance 60.4756 88.1598 23.5457 31.2027
95% coverage 95.0% 97.8% 90.6% 91.4%
Alternative 2 (generator: [128, 256, 64], critic: [64, 256, 128])
Bias 6.1217 0.3147 6.6993 5.5907
Variance 97.7364 155.9217 31.0610 48.2774
95% coverage 93.3% 97.3% 78.4% 81.8%

Table B.4: Robustness results for housing price, with the first (second) alternative archi-
tecture having a generator hidden layer with dimensions [64, 128, 256] ([128, 256, 64]) and a
critic hidden layer with dimensions [256, 128, 64] ([64, 256, 128]). The sample size 10,000.

B.2.5.3 Robustness to the Number of Training Epochs

In this subsection, we vary the number of training epochs specified in the WGAN algorithm

for the housing price outcome as a robustness check. We consider running the algorithm for

2,000, 3,000, and 4,000 epochs, noting that 1,000 is the default option used for constructing

the datasets in the main text. Each Monte Carlo trial uses a sample size of 10,000, which

is moderate-to-large for RD studies. Figure B.7 shows three-dimensional surface plots that

visualize the simulated CEFs of housing price from the polynomial and the four WGAN

DGPs, with the original observations scattered around the surfaces (i.e., CEFs). While the

WGAN surfaces generally exhibit less curvature than the polynomial ones, we point out that

the curvature of the treated WGAN surface (surrounded by treated dots in red) tends to

increase with the number of training epochs. This instability may be attributed to the small

sample size of the original data, which includes only 117 treated observations. Nevertheless,

such variability in curvature could highlight certain strengths and weaknesses of the four

estimators discussed in the main text. Table B.5 presents the simulation results using the

three alternative DGPs. Similar to the 1,000-epoch DGP in the main text, for n = 10,000,
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local linear regressions perform well, and the minimax-optimal estimator overcovers.5 Honest

regression forests, however, gradually fail to capture linear signals in the treated surface near

the boundary point as the surface becomes more tilted. Local linear forests alleviate this

problem through the inclusion of a linear correction, as shown by their robust performance

across DGPs. Nevertheless, forest-based estimators generally require larger sample sizes to

achieve good coverage rates.

Local Linear Regression Minimax-Optimal Honest Regression Forest Honest Local Linear Forest
2,000 Epochs
Bias 2.2475 −0.8902 6.8735 3.4928
Variance 190.9314 142.4837 24.5066 71.0147
95% coverage 94.3% 99.4% 73.8% 85.0%
3,000 Epochs
Bias −3.2831 −1.8100 10.7442 4.4552
Variance 304.8468 122.9466 21.3419 82.1174
95% coverage 93.9% 99.3% 40.5% 79.9%
4,000 Epochs
Bias −3.4504 −1.2560 11.3784 3.1766
Variance 258.7163 151.0802 24.7439 103.9739
95% coverage 93.7% 98.4% 39.0% 81.4%

Table B.5: Robustness results for housing price, with {2,000, 3,000, 4000} training epochs
in the WGAN specification. The sample size 10,000.

B.2.6 Hyperparameters for Regression and Local Linear Forests

For all forest-based estimators, we set the number of trees (argument B of the regression_forest()

function in the grf package) to 5,000 for the simulations and 50,000 for the CARES Act

empirical application. More trees generally reduce overfitting but at a higher computa-

tional cost. At each sufficiently large tree node, we randomly pick one feature to make

the split (mtry = 1). Note that in univariate designs, mtry is always 1. Small val-

ues of mtry can reduce the between-tree correlations, which would lower the overall vari-

ance. For regression forests, our choice of the subsample fraction is based on the condition

in Athey et al. [2019a, Theorem 5] that the subsample sizes s1 and s0, for the treated
5Although not shown in Table B.5, we note that consistent with Panel G in Table 2.1, the coverage rates

for local linear regressions again deteriorate as we further increase the sample size. This deterioration is
possibly due to the zero-density issue of the collapsed multivariate score.



181

Figure B.7: Surface plots for simulated housing price using the polynomial DGP detailed
in Section B.2.1.2 and the WGAN DGP introduced in Section 2.4.1.1 with 1,000, 2,000,
3,000 and 4,000 training epochs. Each point on the surfaces represents the average of 2,000
simulated housing prices at the corresponding geographic location. The outcome at the
focal point is evaluated both as treated (solid red dot) and not treated (solid black dot), also
averaged over 2,000 simulations. The original sample is displayed as a scatter plot around
the surfaces, with red (treated) and black (control) semi-transparent dots.

and control samples respectively, should satisfy s1 ≍ nβ
1 and s0 ≍ nβ

0 for some β lower

bounded by βRF
min :=

(
1 + mtry×log(1−α)

d log(α)

)−1
, where α is the maximum imbalance of a split

that defaults to 0.05. Given this condition, we set the subsample fraction to ceil[nβRF
min

j ]/nj

times a constant c ∈ [0.05, 0.5] for j ∈ {0, 1}. We leave the other tunable parameters of

regression_forest() at their default values for simplicity and generalizability.6

6See the grf package manual.

https://cran.r-project.org/web/packages/grf/grf.pdf


182

Figure B.8: Comparisons of different choices of the scaling constant c using the datasets
simulated by the polynomial DGPs. The horizontal axis corresponds to c ∈ {0.2, 0.3, 0.4, 0.5}
as well as the “Default” option, in which case the subsample fraction defaults to 0.5 without
depending on c, β, or n. The left vertical axis corresponds to values of the Monte Carlo
bias squared (red), variance (blue), and MSE (green); the right vertical axis corresponds to
values of the empirical 95% coverage rate (black).

Figures B.8 and B.9 show, for each DGP we consider with sample size n = 5,000, how

the squared bias, variance, MSE and the 95% coverage rate across the 1000 Monte Carlo

replications change with the scaling constant c we use. As c gets smaller, the bias problem and

undercoverage become more pronounced, whereas the variance decreases. We recommend

setting c in the range of [0.4, 0.5] for small to moderate datasets; smaller values of c can be

considered with larger sample sizes. In this paper, the empirical application and simulations

for all forest-based estimators are conducted with c = 0.4.

For local linear forests, the lower bound for β is instead given by Friedberg et al. [2020,

Theorem 5]: βLLF
min := 1 −

(
1 + d

1.3×mtry · log(α)
log(1−α)

)−1
. Following Friedberg et al. [2020],

we make residual splits (enable.ll.split = TRUE) to minimize the corresponding pre-

diction errors on ridge regression residuals, as opposed to standard splits that minimize
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Figure B.9: Comparisons of different choices of the scaling constant c using the datasets
simulated by the WGAN DGPs. The horizontal axis corresponds to c ∈ {0.2, 0.3, 0.4, 0.5}
as well as the “Default” option, in which case the subsample fraction defaults to 0.5 without
depending on c, β, or n. The left vertical axis corresponds to values of the Monte Carlo
bias squared (red), variance (blue), and MSE (green); the right vertical axis corresponds to
values of the empirical 95% coverage rate (black).

prediction errors from employing leaf-wide averages. We standardize the ridge penalty by

the covariance matrix (ll.split.weight.penalty = TRUE). Other tunable parameters of

ll_regression_forest() are set to their default values, except the ridge penalty term λ is

automatically tuned by cross-validation.

Although we do not tune the parameters in regression_forest() and ll_regression_forest()

for ease of computation and to demonstrate the general applicability of the default specifica-

tions, we note that tuning may improve performance in terms of MSE but worsen coverage

rates. This occurs because tuning targets out-of-bag MSE and trades off between bias and

variance, which can lead to more biased results but smaller variances, thereby affecting the

coverage rates.
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Chapter C

Appendices for Policy Learning with α-Expected Welfare

C.1 First Best α-EWM Policy

It is insightful to compare the first-best (FB) policies based on expected welfare function

and the AVaR welfare function for α ∈ (0, 1). In EWM, the FB policy is

1 {x ∈ X : τ(x) > 0} ,

where τ(x) = E [Yi(1) − Yi(0) | Xi = x] is the CATE. We now provide a similar representa-

tion of the FB policy in our set-up. The FB (optimal) policy is defined as

π∗
FB ∈ argmaxπ∈Πo

Wα(π).

We assume the existence of π∗
FB, which maximizes the average welfare of the size-α lowest-

ranked subpopulation.

Recall µ1, µ0, and τ defined in Section 3.3. Under Assumption 3.2.1, for any given

η, τ(x, η) is identified. Moreover, let χ1(η) ≡ E [µ1(Xi, η)1{τ(Xi, η) ≥ 0}] and χ0(η) ≡

E [µ0(Xi, η)1{τ(Xi, η) < 0}].

Lemma C.1.1. Suppose the functions χ0(·) and χ1(·) are continuous. Then, for each α ∈

(0, 1], there is a constant η∗
FB depending on α such that the policy given by

π∗
FB(x) = 1 {τ (x, η∗

FB) > 0} ,

maximizes Wα(π) over π ∈ Πo.
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Proof. From Lemma 3.3.1 and Remark 3.3.1, it follows that

Wα(π) = AVaRα(Yi(π)) = sup
η∈BY

{ 1
α
E [(Yi(π) − η)−] + η

}
. (C.1.1)

Hence,
sup
π∈Πo

Wα(π) = sup
π∈Πo

sup
η∈BY

{ 1
α
E
[
(Yi(π) − η)−

]
+ η

}

= sup
η∈BY

sup
π∈Πo

{ 1
α
E
[
(Yi(π) − η)−

]
+ η

}
.

For a fixed η ∈ BY , consider the following maximization:

sup
π∈Πo

1
α
E
[
(Yi(π) − η)−

]
+ η.

An optimal solution to this problem is given by π∗
η(x) = 1 {τ(x, η) ≥ 0}. As a result,

sup
π∈Πo

Wα(π) = sup
η∈BY

{ 1
α
E
[(
Yi(π∗

η) − η
)

−

]
+ η

}

= sup
η∈BY

{ 1
α
E
[
(Yi(1) − η)− 1{τ(Xi, η) ≥ 0} + (Yi(0) − η)− 1{τ(Xi, η) < 0}

]
+ η

}

= sup
η∈BY

{ 1
α
E [µ1(Xi, η)1{τ(Xi, η) ≥ 0} + µ0(Xi, η)1{τ(Xi, η) < 0}] + η

}
.

Since χ0 and χ1 are continuous, the function 1
α
E
[(
Yi(π∗

η) − η
)

−

]
+ η is also continuous in

η. Consequently, it attains its maximum at η∗
FB over the compact set BY . Therefore, we

conclude that 1 {τ(x, η∗
FB) ≥ 0} is the FB policy.

When α = 1, our FB policy π∗
FB(·) reduces to 1{τ(x) ≥ 0}, the FB policy under EWM.

When α ∈ (0, 1), π∗
FB(·) depends on the distribution of post-treatment outcomes through

the optimal cutoff η∗
FB.
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C.2 Improved Rate Under the Margin Assumption

In this section, we demonstrate that the asymptotic regret bound presented in Theorem 3.4.1

can be further tightened under the margin assumption, a commonly adopted condition in

the statistical learning literature. Throughout this subsection, we continue to uphold As-

sumption 3.5.1.

C.2.1 Curvature or Margin Assumption

Since θo is the unique maximizer of V(θ), the first order derivative of V(θ) should vanish at

θo and the second-order derivative should be negative definite. Motivated by this intuition,

we introduce the following curvature (or margin) assumption.

Assumption C.2.1 (Curvature). Suppose there exist constants ρo ≥ 1 and co > 0 such that

for every θ in some nonempty neighborhood of θo, the following inequality holds:

V(θo) − V(θ) ≥ co ∥θ − θo∥ρo .

Let θ̌n denote a maximizer of the function Vn(θ) = Pngθ. Assumption C.2.1 plays a

pivotal role in establishing the convergence rate of θ̌n as well as establishing the oracle regret

bound, i.e., the convergence rate of V(θo)−V(θ̌n). The parameter ρo is commonly referred to

as the margin parameter in the statistical learning literature (see Tsybakov [2004], Schölkopf

and Smola [2002]). From this perspective, Assumption C.2.1 serves as an analogue to the

restricted eigenvalue condition in the Lasso framework. Let X be the design matrix, and let β̂

denote the Lasso estimator for β. The margin assumption helps to establish the relationship

between the prediction error
∥∥∥X ′(β̂ − β)

∥∥∥ and the estimation error ∥β̂ − β∥. In the context

of Lasso estimation, ρo is set to be one, whereas ρo = 2 in classical M-estimation theory (see

van der Vaart and Wellner [1996], Kosorok [2008]).

In the following example, we verify Assumption C.2.1 for the linear rules introduced in
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Example 3.4.1.

Example C.2.1 (Linear Rules). We consider the policy class Π = {πβ = 1{x′β > 0} : ∥β∥ = 1}.1

To verify Assumption C.2.1, we apply the primitive conditions stated in Assumption C.2.2.

With a slight abuse of notation, we write θ = (β, η) and gθ = g(πβ ,η), and let θo = (βo, ηo)

denote the maximizer of the function (β, η) 7→ V(πβ, η).

Assumption C.2.2 (Curvature Assumption for Linear Rules). (1) The function θ 7→ V(θ)

is twice continuously differentiable in a neighborhood of θo with a negative definite Hes-

sian matrix ∇2
θV(θ) evaluated at θ = θo.

(2) Margin Assumption: There are t∗ > 0 and ρ ≥ 1 such that P (0 < |X ′
iβo| ≤ t) ≲ tρ for

all t ∈ (0, t∗).

(3) The support X of Xi is bounded.

Assumption C.2.2 (1) is a standard assumption in parametric M-estimation (see van der

Vaart and Wellner [1996], van der Vaart [2000], Kosorok [2008], Kim and Pollard [1990],

Shi et al. [2018]). In contrast, Assumption C.2.2 (2) is widely used in statistical and policy

learning, as noted by Kitagawa and Tetenov [2018], Luedtke and Chambaz [2020], Tsybakov

[2004], Zhao and Cui [2023]. It is straightforward to see that Assumption C.2.2 (2) and (3)

together imply ∥πβ − πβo∥L2(P ) ≲ ∥β − βo∥ρ/2. As a result, Assumption C.2.2 provides the

necessary conditions to verify Assumption C.2.1 for linear policies, which can be established

via a Taylor expansion:

V(θ) − V(θo) < −co

(
∥β − βo∥2 + |η − ηo|2

)
≤ −co

(
∥πβ − πβo∥ρ

L2(P ) + |η − ηo|2
)
,

where co > 0 is a constant does not depends on θ = (β, η).
1The restriction ∥β∥ = 1 ensures that if β1 ̸= β2 with ∥β1∥ = ∥β2∥ = 1 then πβ1 ̸= πβ2 .
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C.2.2 Faster Rate

In this subsection, we derive a sharper oracle regret bound than the one presented in The-

orem 3.4.1. For illustrative purposes, this subsection focuses on the oracle regret bound

based on the true influence scores gθ(·).2 Fundamentally, the convergence rate of the regret

V(θ̌n) − V(θo) is largely determined by the modulus of continuity of the empirical process
√
n(Pn − P )gθ, indexed by θ. This can be effectively controlled using maximal inequalities

under uniform entropy conditions, see van der Vaart and Wellner [1996, 2011], Chernozhukov

et al. [2014].

To establish the improved oracle regret bound rate under Assumption 3.5.2, we introduce

the following technical assumption. This helps circumvent measurability issues and enables

the use of Talagrand’s inequality to control the local empirical process effectively.

Assumption C.2.3. There is a countable subset Θ′ of Θ satisfying that for any θ ∈ Θ,

there is a sequence (θk)∞
k=1 in Θ′ such that limk→∞ gθk

(z) = gθ(z) for P -a.s. z ∈ Z.

Theorem C.2.1. Suppose that Assumption 3.4.2, Assumption 3.5.1 (1), Assumption 3.5.2,

Assumption C.2.1, and Assumption C.2.3 hold. If τ(x, η) is uniformly bounded, i.e., supx,η |τ(x, η)| <

∞, then there is a universal constant co > 0 not depending on n such that

EP

[
Reg(θ̌n)

]
≤ co (VC(Π)/n)ρo/(2ρo−1) , ∀n ∈ N+.

Remark C.2.1. Let us analyze the role of the margin parameter ρo. If we remove the as-

sumption on the margin parameter (i.e., letting ρo → ∞), the regret convergence rate becomes

O(
√

VC(Π)/n), identical to the rate in Theorem 3.4.1, and independent of ρo. Notably, the

knowledge of the margin parameter ρo is not required, as it neither needs to be estimated nor

plays a role in constructing the optimal policy.
2Based on Eq. (C.4.2), the regret bound can be upper-bounded by the sum of the oracle regret bound

combined with the nuisance parameter estimation error or the uniform coupling error, as established in
Lemma 3.4.1.
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C.3 Uniform Inference for the Optimal Welfare

In this section, we develop inference for the optimal welfare without Assumption 3.5.2.

It improves upon the inference proposed in Appendix B in the supplemental material to

Kitagawa and Tetenov [2018]. Throughout this section, we assume that VC(Π) is finite, i.e.,

Assumption 3.5.1 is satisfied.

To develop uniform inference, we define a distance dΠ to measure the dissimilarity between

policies in Π, independent of the the underlying distribution P . To do so, let ν = ν1 ×· · ·×νp

on Rp be a product finite measure. The distance dΠ is defined as

dΠ(π, π̃) =
∫
Rp

|π(x) − π̃(x)|dν(x), ∀π, π̃ ∈ Π.

A typical choice for ν is the Lebesgue measure on Rp. Moreover, we introduce a pseudometric

dΘ on Θ, defined by dΘ(θ, θ̃) = dΠ(π, π̃)+|η−η̃| for all θ = (π, η) and θ̃ = (π̃, η̃). Furthermore,

the estimated functions ê (·) and µ̂a (·, ·) need to satisfy Assumption 3.4.2 uniformly across

a collection of distributions P ∈ Pn. This, in turn, requires the nonparametric/ML models

used to estimate eo(·) and µa(·, ·) to be not excessively complex. To formalize this condition,

let ∆n, ψn, and τn ↘ 0 be sequences that approach zero from above at a rate no faster than

polynomial in n (e.g. ∆n > n−c for some c > 0). Let Mn,a and Dn denote the classes of

measurable functions µ̌a, ě such that ∥µ̌a −µa∥P,2 ≤ τn/2 and ∥ě− eo∥P,2 ≤ τn/2. Finally, let

Fn = {gθ (·; µ̌, ě) : θ ∈ Θ, µ̌a ∈ Mn,a, ě ∈ Dn} ,

where gθ(z; µ̌, ě) is defined in Eq. (3.3.2). We impose the following regularity conditions.

Assumption C.3.1. There exists no ∈ N+ and a constant co > 0 such that the following

conditions hold for all n ≥ n0 and P ∈ Pn.

(1) |Yi| ≤ co P -a.s. and Assumption 3.2.1 holds.
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(2) X ∈ Rp has density fP : X → R+ such that ∥fP ∥∞ ≤ co, with respect to ν.

(3) Suppose τ 2
n

√
n ≤ δn, and the estimated functions µ̂a(·, ·) ∈ Mn,a and ê (·) ∈ Dn, with

probability at least 1 − ∆n. Let an ≥ n ∨ e and sn ≥ 1 be two sequences such that

n−1/2
(√

sn log an + n−1/4sn log an

)
≤ τn and

τ 1/2
n

√
sn log an + snn

−1/4 log an · log n ≤ ψn.

The function class Fn is suitably measurable and its uniform covering entropy satisfies:

sup
Q

logN (ϵ∥F1∥Q,2,Fn, ∥ · ∥Q,2) ≤ sn log (an/ϵ) ∨ 0,

where F1 is an envelope for Fn with ∥F1∥∞ ≤ C for all n.

Define the supremum functional ψ : ℓ∞(Θ) → R as ψ : h 7→ supθ∈Θ h(θ). We can

verify that ψ is Hadamard directionally differentiable tangentially to Cb(Θ), which allows

the application of generalized delta method, see Belloni et al. [2017], Fang and Santos [2019],

Hong and Li [2018]. Let Π⋆
P := arg maxθ∈Θ VP (θ). It is known that the directional derivative

of ψ at VP is ψ′
P : Cb(Θ) → R as ψ′

P (h) = supθ∈Π⋆
P
h(θ).

To construct uniform inference, we follow the approach in Belloni et al. [2017], Fang

and Santos [2019], Hong and Li [2018]. It involves three steps. In the first step, we estab-

lish uniform weak convergence of the empirical process
√
n(V̂n − V) to a Gaussian process

in Lemma C.6.1 in Appendix C.6; in the second step, we apply the delta method to the

supremum functional, validated by Lemma C.6.3:
√
n
[
supθ∈Θ V̂n(θ) − supθ∈Θ V(θ)

]
to de-

rive its limiting distribution in Theorem C.3.1; finally we estimate the limiting distribution

by the numerical delta method introduced by Hong and Li [2018], see Lemma C.6.3 and

Lemma C.6.4 in Appendix C.6.
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Theorem C.3.1. Suppose VC(Π) < ∞ and Assumption C.3.1 hold. Then

√
n
[
ψ
(
V̂n

)
− ψ (VP )

]
⇝ ψ′

P (GP ) = sup
θ∈Π⋆

P

GP (θ),

where GP : θ 7→ GPgθ is a mean zero tight Gaussian process on ℓ∞(Θ) with covariance

function

CovP (θ1, θ2) = E [GP (θ1)GP (θ2)] .

Moreover, the paths θ 7→ GP (θ) are a.s. uniformly continuous on (Θ, dΘ), satisfying the

following conditions:

sup
P ∈Pn

EP

[
sup
θ∈Θ

|GP |
]
< ∞ and lim

δ↘0
sup

P ∈Pn

EP

 sup
dΘ(θ,θ̄)≤δ

∣∣∣GP (θ) − GP (θ̄)
∣∣∣
 = 0.

When the maximizer of VP is unique, i.e., Π⋆
P = {θo} is a singleton, Theorem C.3.1

implies that
√
n
[
ψ
(
V̂n

)
− ψ (VP )

]
weakly converges to the normal distribution defined in

Theorem 3.5.1. When Π⋆
P is not a singleton,

√
n
[
ψ
(
V̂n

)
− ψ (VP )

]
no longer converges

weakly to normal distribution. Although Theorem C.3.1 establishes the asymptotic dis-

tribution of the estimator for the optimal welfare, conducting valid inference still requires

information on the distribution of GP and the directional derivative ψ′
P . We utilize the

bootstrap approach to approximate the distribution of GP . In particular, we consider the

multiplier bootstrap Ĝ∗
n : Θ → R defined as

Ĝ∗
n : θ 7→ n−1/2

n∑
i=1

ξi

[
ĝθ(Zi) − V̂n(θ)

]
,

where {ξi}n
i=1 are i.i.d. random variables independent of (Zi)n

i=1, with E(ξi) = 0, E(ξ2
i ) = 1

and E [exp |ξi|] < ∞. We apply the numerical delta method proposed by Hong and Li [2018]

to estimate the directional derivative ψ′
P (GP ).3 This is justified by Theorem 3.1 in Hong

3Other methods than the numerical delta method introduced by Hong and Li [2018] can be used to
estimate ψ′

P (GP ) = supθ∈Π⋆
P
GP (θ) as well; see, for example, Firpo et al. [2023].
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and Li [2018] or Lemma C.6.3 in Appendix C.6. For given ϵn = o(1) with n1/2ϵn → ∞, we

estimate the ψ′
P (GP ) using the distribution of the random variable:

ψ̂′
n(Ĝ∗

n) =
ψ
(
V̂n + ϵnĜ∗

n

)
− ψ(V̂n)

ϵn

. (C.3.1)

C.4 Proofs for Results in the Main Text

Proof. For 0 < α < 1, the results can be found in Theorem 6.2 of Shapiro et al. [2021]. For

α = 1, we first note that (Yi(π) − η)− + (Yi(π) − η)+ = Yi(π) − η. Therefore, we have

sup
η∈R

V1(π, η) = sup
η∈R

{
E
[
(Yi(π) − η)−

]
+ η

}
= sup

η∈R

{
E
[
(Yi(π) − η) − (Yi(π) − η)+

]
+ η

}
= E [Yi(π)] − inf

η∈R
E
[
(Yi(π) − η)+

]
.

We note that η 7→ (Yi(π) − η)+ is decreasing and converges to zero almost surely as η → ∞.

Moreover, we have 0 ≤ (Yi(π) − η)+ ≤ |Yi(π)| + |η|, applying the dominated convergence

theorem yields:

inf
η∈R

E
[
(Yi(π) − η)+

]
= lim

η→∞
E
[
(Yi(π) − η)+

]
= 0.

This shows that supη∈RV1(π, η) = E [Yi(π)] = limη→∞ V1(π, η).

C.4.1 Proof of Theorem 3.3.1

Proof. First, it is easy to see that

E
[
π(Xi) (Yi(1) − η)− |Xi

]
= π(Xi)E

[
(Yi(1) − η)− |Xi

]
= π(Xi)µ1(Xi, η),
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and
E
[
(1 − π(Xi)) (Yi(0) − η)− |Xi

]
= (1 − π(Xi))E

[
(Yi(0) − η)− |Xi

]
= π(Xi)µ0(Xi, η).

Applying the law of iterated expectations gives

E
[
(Yi(π) − η)−

]
= E

[
(1 − π(Xi)) (Yi(0) − η)−

]
+ E

[
π(Xi) (Yi(1) − η)−

]
= E

{
E
[
(1 − π(Xi)) (Yi(0) − η)− | Xi

]}
+ E

{
E
[
π(Xi) (Yi(1) − η)− | Xi

]}
= E [π (Xi)µ1(Xi, η)] + E [(1 − π (Xi))µ0(Xi, η)] .

This ends the proof of the first part of Eq. (3.3.1). Next, we consider the following derivation:

E
[
Ai (Yi(Ai) − η)− | Xi

]
= E

[
Ai (Yi(Ai) − η)− | Xi, Ai = 1

]
P(Ai = 1 | Xi)

=(1) E
[
(Yi(1) − η)− | Xi, Ai = 1

]
eo(Xi)

= E
[
(Yi(1) − η)− | Xi

]
eo(Xi)

= µ1(Xi, η)eo(Xi),

where Equation (1) follows from conditional independence. Therefore,

E
[
Aiπ(Xi)
eo(Xi)

(Yi − η)− | Xi

]
= π(Xi)
eo(Xi)

E [Ai(Yi − η)− | Xi] = π(Xi)µ1(Xi, η).

Using the similar argument displayed above, one has

E
[
(1 − Ai) (Yi(Ai) − η)− | Xi

]
= µ0(Xi, η) [1 − eo(Xi)] ,

and hence

E
[

(1 − Ai)(1 − π(Xi))
(1 − eo(Xi))

(Yi − η)− | Xi

]
= (1 − π(Xi))µ0(Xi, η).
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As a result, we have

E
[
w (Zi, π) (Yi − η)−

]
= E [π(Xi)µ1(Xi, η)] + E [(1 − π(Xi))µ0(Xi, η)] ,

and the desired result follows.

C.4.2 Proof of Lemma 3.4.1

Proof. Let g(x, a) = a−eo(x)
eo(x)(1−eo(x)) , and define

ϕi(η) = 1
α
τ(Xi, η) + g(Xi, Ai) [(Yi − η)− − µAi

(Xi, η)] ,

ϕ̂i(η) = 1
α
τ̂ (Xi, η) + ĝ (Xi, Ai) [(Yi − η)− − µ̂Ai

(Xi, η)] ,

ψi(η) = µ0(Xi, η) + 1 − Ai

α (1 − e (Xi))
[(Yi − η)− − µ0 (Xi, η)] ,

ψ̂i(η) = µ̂0(Xi, η) + 1 − Ai

α (1 − ê (Xi))
[(Yi − η)− − µ̂0 (Xi, η)] .

By the definition of g(x, a), and we estimate it by ĝ (x, a) = a−ê(x)
ê(x)(1−ê(x)) . Under Assump-

tion 3.2.1 (2) and Assumption 3.4.2, we have

sup
x,a

|ĝ (x, a) − g(x, a)| = oP (1),
[
E |ĝ (Xi, Ai) − g(Xi, Ai)|2

]1/2
= O(n−ζe).

We divide V̂n(θ) − Vn(θ) into two parts:

V̂n(θ) − Vn(θ) = 1
n

n∑
i=1

π(Xi)
[
ϕ̂i(η) − ϕi(η)

]
+ 1
n

n∑
i=1

[
ψ̂i(η) − ψi(η)

]
.

The proof is divided into following two steps for bounding the two terms displayed above.
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Step 1. We first bound the first summand by considering the following decomposition:

1
n

n∑
i=1

π(Xi)
[
ϕ̂i(η) − ϕi(η)

]
= 1
n

n∑
i=1

π(Xi) [(Yi − η)− − µAi
(Xi, η)]

[
ĝ(−k(i))(Xi) − g(Xi)

]
+ 1
n

n∑
i=1

π(Xi)
[
τ̂ (−k(i)) (Xi, η) − τ(Xi, η) − g(Xi)

(
µ̂

(−k(i))
Ai

(Xi, η) − µAi
(Xi, η)

)]
︸ ︷︷ ︸

=ϕ̂
(−k(i))
η (Zi)

− 1
n

n∑
i=1

π(Xi)
[
µ̂

(−k(i))
Ai

(Xi, η) − µAi
(Xi, η)

] [
ĝ(−k(i))(Xi) − g(Xi)

]
.

Denote these three summands by Π1(θ), Π2(θ), and Π3(θ). We will bound all three summands

separately.

To bound the first term, it suffices to consider the contribution of each folder. For any

folder k ∈ [K], let

Π (k)
1 (θ) = 1

n

∑
i∈Ik

π(Xi) [(Yi − η)− − µAi
(Xi, η)]

[
ĝ(−k(i)) (Xi) − g (Xi)

]
.

By Assumption 3.4.2, we have

sup
x∈X

∣∣∣ĝ(−k(i))(x) − g(x)
∣∣∣ ≤ 1,

with probability tending to one. Moreover, E
[
(Yi − η)− − µAi

(Xi, η) | Xi, Ai, ĝ
(−k(i))

]
= 0.

By Lemma C.7.1 and applying Theorem 2.14.1 in van der Vaart and Wellner [1996] gives

that there is a universal constant co > 0 such that the following inequalities hold for all n

large enough:

EP

[
sup
θ∈Θn

|Π (k)
1 (θ)|

∣∣∣∣ ĝ(−k)
]

≤ co

√
VC(Πn)/n

√
E
[
|ĝ(−k)(Z) − go(Z)|2 |ĝ(−k)(·)

]
.

Therefore, given VC(Πn) = o(n2ζe) and by Jensen’s inequality, taking expectation on both
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hand-sides gives

E
[

sup
θ∈Θn

|Π (k)
1 (θ)|

]
≤
co

√
VC(Πn)/n
nζe

= o(n−1/2).

Next, we bound the second term Π2(θ). By Assumption 3.2.1 and cross-fitting, one has

E
[
ϕ̂(−k(i))

η (Zi)
∣∣∣∣Xi, τ̂

(−k(i))(·), µ̂(−k(i))
Ai

(·)
]

= 0,

for all η ∈ BY . Given ĝ(−k), µ̂(−k)
a , the class of function H(−k) ≡ {z 7→ ϕ̂(−k)

η (z) : η ∈ BY } is

Lipschitz in η, i.e., there is some constant co > 0 such that

∣∣∣ϕ̂(−k)
η1 (z) − ϕ̂(−k)

η2 (z)
∣∣∣ ≤ co|η1 − η2|,

for all η1, η2. By Theorem 2.7.11 in van der Vaart and Wellner [1996], there is a universal

K > 0 such that

N(ϵ,H(−k), L2(Q)) ≤ N[](ϵ,H(−k), L2(Q)) ≤ N (ϵ/co,BY , ∥ · ∥) ,

for all finitely discrete distribution Q on Z. Let F (−k)
n = Πn ⊗ H(−k), and F (−k)

n has an

envelope function

F̂ (−k)(z) = sup
η∈BY

∣∣∣ϕ̂(−k)
η (z)

∣∣∣ ,
where ∥F̂ (−k)∥∞ = oP (1) by Assumption 3.4.2. Since supη∈BY

∥ϕ̂(−k)
η ∥∞ = oP (1), then for any

π, π1 ∈ Πn with ∥π−π1∥P,2 ≤ ϵ/2 and η, η1 ∈ BY such that ∥ϕ̂(−k)
η −ϕ̂(−k)

η1 ∥∞ ≤ (ϵ/2)∥F̂ (−k)∥∞,

one has

∥∥∥πϕ̂(−k)
η − π1ϕ̂

(−k)
η1

∥∥∥
P,2

≤ ∥π∥P,2

∥∥∥ϕ̂(−k)
η − ϕ̂(−k)

η1

∥∥∥
P,2

+ ∥π − π1∥P,2

∥∥∥ϕ̂(−k)
η1

∥∥∥
P,2

≤ ϵ,

with probability tending to one. Therefore, the following inequality holds with probability
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tending to one:

logN
(
ϵ,F (−k), L2(Q)

)
≤ logN

(
ϵ/2,Πn, L

2(Q)
)

+ logN
(
ϵ/2,H(−k), L2(Q)

)
≤ VC(Πn) log(2/ϵ) + log (2co/ϵ) ,

for all finitely discrete distribution Q. Applying maximal inequality in van der Vaart and

Wellner [2011] or Chernozhukov et al. [2014] gives

EP

[
sup
θ∈Θn

|Π (k)
2 (θ)|

∣∣∣∣τ̂ (−k(·), µ̂(−k
a (·)

]
= O

√VC(Πn)
nk

√E
[∣∣∣F̂ (−k)

∣∣∣2∣∣∣τ̂ (−k(·), µ̂(−k
a (·)

]
.

Taking expectation on both hand sides yields and applying Jensen’s inequality, we have

EP

[
sup
θ∈Θn

|Π (k)
2 (θ)

]
= o(n−1/2).

Using the similar argument, we can establish an upper bound for Π3(θ) as follows:

E
[

sup
θ∈Θn

|Π3(θ)|
]

= o(n−1/2).

Step 2. We bound the second term n−1∑n
i=1[ψ̂i(η) −ψi(η)]. Consider the following decom-

position:

1
n

n∑
i=1

[
ψ̂i(η) − ψi(η)

]
= 1
n

n∑
i=1

[
µ̂

(−k(i))
0 (Xi, η) − µ0 (Xi, η)

] [
1 − 1 − Ai

1 − e(Xi)

]

+ 1
n

n∑
i=1

(1 − Ai) [(Yi − η)− − µ0 (Xi, η)]
[

1
1 − ê(−k(i)) (Xi)

− 1
1 − e (Xi)

]

− 1
n

n∑
i=1

(1 − Ai)
[
µ̂

(−k(i))
0 (Xi, η) − µ0 (Xi, η)

] [ 1
1 − ê(−k(i)) (Xi)

− 1
1 − e (Xi)

]
.

Denote these three summands by I(k)
1 (η), I(k)

2 (η) and I
(k)
3 (η), and we can bound three sum-
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mands using the similar argument in step 1 as follows,

√
nE

[
sup

η∈BY

∣∣∣I(k)
1 (η)

∣∣∣] = O
(
n−ζµ

)
,

√
nE

[
sup

η∈BY

∣∣∣I(k)
2 (η)

∣∣∣] = O
(
n−ζe

)
,

√
nE

[
sup

η∈BY

∣∣∣I(k)
3 (η)

∣∣∣] = O
(
n−ζe−ζµ

)
.

Therefore, combination of step 1 and step 2 shows

√
nEP

[
sup
θ∈Θn

∣∣∣V̂n(θ) − Vn(θ)
∣∣∣] = O(n−ao),

where ao = ζµ ∧ ζe − bo/2 > 0.

C.4.3 Proof of Lemma 3.4.2

Proof. By the definitions of Wα(π) and V(π, η), the regret of π relative to the policy class

Πn can be written as

Reg(π,Πn) = max
π′∈Πn

[
sup

η∈BY

V(π′, η)
]

− sup
η∈BY

V(π, η).

Noting that for θ̂n ≡ (π̂n, η̂n), we obtain

Reg(θ̂n) = sup
π′∈Πn

Wα(π′) − Wα(π̂n) = sup
θ′∈Θn

V (θ′) − V(θ̂n). (C.4.1)

We consider the following expression:

V(θ) − V(θ̂n) = V(θ) − Vn(θ̂n) + Vn(θ̂n) − V(θ̂n).
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Let θ̌n = argmaxθ∈Θn
Vn(θ). By the definitions of θ̌n and θ̂n, it follows that:

V(θ) − Vn(θ̂n) ≤ V(θ) − Vn(θ) + Vn(θ) − Vn(θ̌n)︸ ︷︷ ︸
≤0

+Vn(θ̌n) − V̂n(θ̌n)︸ ︷︷ ︸
=oP (n−1/2)

+ V̂n(θ̌n) − V̂n(θ̂n)︸ ︷︷ ︸
≤0

+ V̂n(θ̂n) − Vn(θ̂n)︸ ︷︷ ︸
oP (n−1/2)

≤ V(θ) − Vn(θ) + rn,

where rn = oP (n−1/2) and
√
nE|rn| → 0 by Lemma 3.4.1. Thus, for all θ ∈ Θn:

0 ≤ V(θ) − V(θ̂n) ≤ Vn(θ̂n) − V(θ̂n) + V(θ) − Vn(θ) + rn

≤ 2 sup
θ∈Θn

|Vn(θ) − V(θ)| + rn

= 2 sup
θ∈Θn

|(Pn − P ) gθ| + rn.

(C.4.2)

Without loss of generality, suppose that there exists θ∗
n ∈ Θn such that V(θ∗

n) = maxθ∈Θn V(θ).

If no such θ∗
n exists, the proof can be adapted using an ε-approximate optimizer, where ε → 0.

Substituting θ∗
n into the preceding expression yields

0 ≤ V(θ∗
n) − V(θ̂n) ≤ 2 sup

θ∈Θn

|(Pn − P )gθ| + rn.

C.4.4 Proof of Theorem 3.4.1

Inspired by Lemma 2 in Athey and Wager [2021], this proof follows the classical chaining

argument while incorporating a novel, conditionally-defined semi-distance.
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New Conditional Semi-distance Recall that g(x, a) = a−eo(x)
eo(x)(1−eo(x)) , and gθ defined in

Eq. (3.3.2) can be rewritten as

gθ(z) = 1
α

[
µ0(x, η) + (1 − a)

1 − eo (x) {(y − η)− − µ0(x, η)}
]

︸ ︷︷ ︸
≡γ†

η(z)

+η

+ 1
α
π(x) [τ(x, η) + g(x, a) {(y − η)− − µa(x, η)}]︸ ︷︷ ︸

≡γη(z)

.

(C.4.3)

Since η 7→ ∑n
i=1 |γη(Zi)|2 is continuous almost surely and BY is compact, then there is a

ηn ∈ BY at which the function ∑n
i=1 |γη(Zi)|2 attains its maximum. Given (Zi)n

i=1, define a

conditional 2-norm distance between two policies π1 and π2 as

D2
n(π1, π2) =

∑n
i=1 |γηn(Zi)|2 (π1(Xi) − π2(Xi))2∑n

i=1 |γηn(Zi)|2
. (C.4.4)

Let NDn (ϵ,Πn, (Zi)n
i=1) denote the ϵ-covering number under distance Dn. For simplicity, let

Γi = γηn(Zi). To bound NDn by the ϵ-Hamming entropy, we can construct a sample (X ′
j)m

j=1

with X ′
j contained in the support of (Xi)n

i=1 such that for all i ∈ [n]:

∣∣∣∣∣∣|{j ∈ [m] : X ′
j = Xi}| −mΓ2

i /
n∑

j=1
Γ2

j

∣∣∣∣∣∣ ≤ 1.

As a result, one has

∣∣∣∣∣∣ 1
m

m∑
j=1

1{π1(X ′
j) ̸= π2(X ′

j)} −
∑n

i=1 Γ2
i (π1(Xi) − π2(Xi))2∑n

i=1 Γ2
i

∣∣∣∣∣∣ ≤ n

m
.

It is clear that, for any policies π1 and π2, one has

∣∣∣∣∣∣ 1
m

m∑
j=1

1{π1(X ′
j) ̸= π2(X ′

j)} −D2
n(π1, π2)

∣∣∣∣∣∣ ≤ n

m
.

Moreover, recall that the Hamming covering number does not depend on sample size, so
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letting m → ∞, one has NDn (ϵ,Πn, (Zi)n
i=1) ≤ NH(ϵ2,Πn).

Proof of Theorem 3.4.1. Recall Θn = Πn × BY . First we construct a sequence of ϵ-nets for

Πn with decreasing scale. Without loss of generality, we assume BY = [−ηB, ηB] for some

constant ηB > 0. For any j ∈ N+, construct the set B(j) ⊆ BY as

B(j) ≡
{
−ηB + k · 2−j : 1 ≤ k ≤

⌊
ηB2j+1

⌋}
.

Moreover, for each j ∈ N+, we also construct sets Π(j)
n ⊂ Πn such that for any π ∈ Πn there is

a π(j)
n ∈ Π(j)

n such thatDn(π, π(j)
n ) ≤ 2−j. We write Θ(j)

n = Π(j)
n ×B(j), and define the operators

Ψj : Θn → Θ(j)
n as Ψj(θ) = (ΨΠ,j(π),ΨBY ,j(η)), where ΨΠ,j(π) = arg min

π0∈Π(j)
n
Dn(π0, π)

and ΨBY ,j(η) = arg minη0∈B(j) |η − η0|. Let J0 = 1 J(n) = (log n)(3 − 2bo)/8 and J+(n) =

(log n)(1 − bo), and we consider the following decomposition:

1
n

n∑
i=1

ξig(Xi, θ) = 1
n

n∑
i=1

ξig (Xi,ΨJ0(θ))

+
J(n)∑

j=J0+1

1
n

n∑
i=1

ξi [g (Xi,Ψj(θ)) − g (Xi,Ψj−1(θ))]

+
J+(n)∑

j=J(n)+1

1
n

n∑
i=1

ξi [g (Xi,Ψj(θ)) − g (Xi,Ψj−1(θ))]

+ 1
n

n∑
i=1

ξi

[
g (Xi, θ) − g

(
Xi,ΨJ+(n)(θ)

)]
.

(C.4.5)

Recall the expression of gθ given in Eq. (C.4.3), define

Ŝn = sup
θ∈Θn

1
n

n∑
i=1

|gθ(Zi)|2 , Ξ̂n = sup
η∈BY

1
n

n∑
i=1

|γη(Zi)|2 , Ξ̂†
n = sup

η∈BY

1
n

n∑
i=1

∣∣∣γ†
η(Zi)

∣∣∣2 .
By the definition of Eq. (C.4.3), it is clear that Ŝn ≤ 2

α2

[
Ξ̂n + Ξ̂†

n

]
+ 2η2

B. Moreover, it is

helpful to restrict the proof on the event

An =
{

inf
η∈BY

1
n

n∑
i=1

|γη(Zi)|2 > co/2 and Ξ̂n, Ξ̂†
n ≤ Mo

}
,
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where Mo > 0 is a sufficient large constant. The function class {|γη| : η ∈ BY } is of VC-

type with L2(P )-bounded envelope function, as established in the proof of Lemma 3.4.3.

Moreover, the assumption of Theorem 3.4.1 ensures that infη∈BY
E|γη(Zi)|2 > c0. By the

Glivenko–Cantelli Theorem (e.g., Theorem 2.4.3 in van der Vaart and Wellner [1996]), we

have

inf
η∈BY

1
n

n∑
i=1

|γη(Zi)|2 a.s−→ inf
η∈BY

E|γη(Zi)|2.

Similarly, we can show Ξ̂n ≤ Mo and Ξ̂†
n ≤ Mo, almost surely. This shows that limn→∞ P(An) =

1 and further

lim
n→∞

√
n {E [Rn(Θn)] − E [Rn(Θn)1An ]} = 0.

It is noted that on the event An, the conditional distance Dn on Πn is well defined.

Therefore, throughout the remainder of the proof, we will assume that the event An has

occurred whenever appropriate. We structure the proof into the following four steps.

Step 1. We upper bound the first term of Eq. (C.4.5). By applying a union bound with

Hoeffding’s inequality, one has for all t ≥ 0,

Pξ

[
sup

θ∈Θn(J0)

∣∣∣∣∣ 1√
n

n∑
i=1

ξigθ(Zi)
∣∣∣∣∣ ≥ t

]
≤2|Θ(J0)

n | sup
θ∈Θ(J0)

n

exp
[
− t2/2
n−1∑n

i=1 |gθ(Zi)|2

]

=2|Θ(J0)
n | exp

[
−t2/(2Ŝn)

]
.

We note the following fact: if X is a non-negative random variable satisfying P(X ≤

tk) ≤ 1 − 2−k for all k ∈ N+, then E(X) ≤ ∑∞
k=1 2−ktk. Consequently, by setting tk =

2Ŝ1/2
n

√
k + log 2|Θ(J0)

n | for all k ∈ N+, we have

Eξ

[
sup

θ∈Θn(J0)

∣∣∣∣∣ 1√
n

n∑
i=1

ξigθ(Zi)
∣∣∣∣∣
]

≤ 2Ŝ1/2
n

∞∑
k=1

1
2k

√
log |Θ(J0)

n | + log 2 + k

≤ 2Ŝ1/2
n

∞∑
k=1

1
2k

√
log |Θ(J0)

n | + 2Ŝ1/2
n

∞∑
k=1

1
2k

(√
k + log 2

)
≤ 2Ŝ1/2

n

√
log 2|Θ(J0)

n | + 3Ŝ1/2
n .
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It is clear that

log 2|Θ(J0)
n | = log |Π(J0)

n | + log |B(j)| + log 2

≤ logNH(4−J0 ,Πn) + log
(
ηB2J0+1

)
+ log 2

≤ (10 log 2)J0VC(Πn) + (J0 + 2) log 2 + log(ηB),

then

Eξ

[
sup

θ∈Θn(J0)

∣∣∣∣∣ 1√
n

n∑
i=1

ξigθ(Zi)
∣∣∣∣∣
]

≤ 2Ŝ1/2
n

[√
(10 log 2)J0VC(Πn) + (J0 + 2)) log 2 + log(ηB) + 3

2

]
.

By choosing J0 = 1, the inequality above is reduced to

Eξ

[
sup

θ∈Θn(J0)

∣∣∣∣∣ 1√
n

n∑
i=1

ξigθ(Zi)
∣∣∣∣∣
]

≤ 2Ŝ1/2
n

[√
(10VC(Πn) + 3) log 2 + log(ηB) + 3

2

]
.

From the proof of Lemma 3.4.3, it is evident that the function classes {gθ : θ ∈ Θn} admit

a uniform envelope function for all n, which is bounded in L2(P ). Therefore, by applying

Jensen’s inequality together with the Glivenko–Cantelli Theorem (e.g., Theorem 2.4.3 in

van der Vaart and Wellner [1996]), we obtain

EŜ1/2
n ≤

∣∣∣EŜn

∣∣∣1/2
≤ S1/2

n ≡ sup
θ∈Θn

√
E|gθ(Zi)|2 < ∞.

As a result, we have

E
[

sup
θ∈Θn(J0)

∣∣∣∣∣ 1√
n

n∑
i=1

ξigθ(Zi)
∣∣∣∣∣
]

≤ 2S1/2
n

[√
(10VC(Πn) + 3) log 2 + log(ηB) + 3

2

]
.

Step 2. By the definition of the operators Ψj for all j ∈ N+, one hasDn (ΨΠ,j(π),ΨΠ,j+1(π)) ≤

2−j and |ΨBY ,j+1(η) − ΨBY ,j(η)| ≤ 2−j. It is not difficult to see that for all z ∈ Z and θ ∈ Θn,
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we have |g(x, a)| ≤ 1
κ

and

1
n

n∑
i=1

∣∣∣gΨj(θ)(Zi) − gΨj+1(θ)(Zi)
∣∣∣2 ≤ 2

(
K̄/α+ 1

)2
|ΨBY ,j(η) − ΨBY ,j+1(η)|2

+ 2
α2D

2
n (ΨΠ,j(π),ΨΠ,j+1(π)) Ξ̂n

≤ 2−2j+1
(
K̄/α+ 1

)2
+ 2−2j+1Ξ̂n.

For notational simplicity, let Pξ and Eξ represent the conditional probability and expectation

given (Zi)n
i=1, with randomness only from (ξi)n

i=1. Then, by Hoeffding’s inequality, for any

λ ≥ 0 and θ ∈ Θn, one has

Pξ

[∣∣∣∣∣ 1√
n

n∑
i=1

ξi

{
gΨj(θ)(Zi) − gΨj+1(θ)(Zi)

}∣∣∣∣∣ ≥ λ

]

≤ 2 exp

− λ2/2
n−1∑n

i=1

∣∣∣gΨj(θ)(Zi) − gΨj+1(θ)(Zi)
∣∣∣2


≤ 2 exp
[
− λ2/2
K̄2 |Ψj(η) − Ψj+1(η)|2 +D2

n (Ψj(π),Ψj+1(π)) Ξ̂n/α2

]

≤ 2 exp
[
− λ2/2

4−jK̄2 + 4−jΞ̂nα2

]
= 2 exp

[
− 22j−1λ2

(K̄/α+ 1)2 + Ξ̂n/α2

]
,

For any given δ > 0, we choose λj for each j ∈ N+ as follows:

λj = 2−j+1/2
√(

K̄/α+ 1
)2

+ Ξ̂n/α2
√

log |Θn(j + 1)| [2 log j + log(2/δ)].

Then, for all j ∈ N+,

Pξ

[
sup
θ∈Θn

∣∣∣∣∣ 1√
n

n∑
i=1

ξi

{
gΨj(θ)(Zi) − gΨj+1(θ)(Zi)

}∣∣∣∣∣ ≥ λj

]
≤ δ/j2.
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It is clear that

log(|Θn(j + 1)|) = log |Π(j+1)
n | + log |B(j+1)|

≤ logNDn

(
2−j−1,Πn, (Zi)n

i=1

)
+ (j + 1) log 2

≤ logNH(4−j−1,Πn) + (j + 1) log 2

≤ 10(j + 1)VC(Πn) + (j + 1) log 2.

For any δ > 0, one has

Pξ

 sup
θ∈Θn

∣∣∣∣∣∣ 1√
n

n∑
i=1

ξi

Jn−1∑
j=J0

[
gΨj(θ)(Zi) − gΨj+1(θ)(Zi)

]∣∣∣∣∣∣ ≥
∞∑

j=J0

λj

 ≤ 1 − δ.

Therefore, by setting δk = 2−k for all k ∈ N+, one has

Eξ

 sup
θ∈Θn

∣∣∣∣∣∣ 1√
n

n∑
i=1

ξi

Jn−1∑
j=J0

[
gΨj(θ)(Zi) − gΨj+1(θ)(Zi)

]∣∣∣∣∣∣


≤
∞∑

j=J0

λj ≤
√(

K̄/α+ 1
)2

+ Ξ̂n/α2
(

18
√

VC(Πn) + 5
)
,

where the last inequality holds due to J0 = 1 and the following derivation:

∞∑
j=J0

λj =
√(

K̄/α+ 1
)2

+ Ξ̂n/α2
∞∑

j=J0

2−j+1/2
√

[10(j + 1)VC(Πn) + (j + 1) log 2] · log(2/δj)

+
√(

K̄/α+ 1
)2

+ Ξ̂n/α2
∞∑

j=J0

2−j+1/2
√

[10(j + 1)VC(Πn) + (j + 1) log 2] · 2 log j

≤
√(

K̄/α+ 1
)2

+ Ξ̂n/α2
[√

(10 log 2)VC(Πn) + log 2
] ∞∑

j=J0

2−j+ 1
2 (j + 1)

+
√(

K̄/α+ 1
)2

+ Ξ̂n/α2
[√

20VC(Πn) +
√

2 log 2
] ∞∑

j=J0

2−j+ 1
2 (j + 1)1/2

√
log j

≤ 17
4

√(
K̄/α+ 1

)2
+ Ξ̂n/α2

[√
(10 log 2)VC(Πn) + log 2

]
+ 151

100

√(
K̄/α+ 1

)2
+ Ξ̂n/α2

[√
20VC(Πn) +

√
2 log 2

]
.



206

Then, it follows that

E

 sup
θ∈Θn

∣∣∣∣∣∣ 1√
n

n∑
i=1

ξi

Jn−1∑
j=J0

[
gΨj(θ)(Zi) − gΨj+1(θ)(Zi)

]∣∣∣∣∣∣
 ≤

√
(K̄/α+ 1)2 + Ξ/α2

(
18
√

VC(Πn) + 5
)
.

Step 3. We verify that the third term in Eq. (C.4.5) with J(n) ≤ j < J+(n) are asymp-

totically negligible. We note that ΨJ(n)(θ) = ΨJ(n)(ΨJ+(n)(θ)), applying a union bound with

Hoeffding’s inequality gives

Pξ

[
sup
θ∈Θn

∣∣∣∣∣ 1√
n

n∑
i=1

ξi

[
gΨJ(n)(θ)(Xi) − gΨJ+(n)(θ)(Xi)

]∣∣∣∣∣ ≥ t

]

= Pξ

[
sup

θ∈Θn(J+(n))

∣∣∣∣∣ 1√
n

n∑
i=1

ξi

[
gθ(Xi) − gΨJ(n)(θ)(Xi)

]∣∣∣∣∣ ≥ t

]

≤ 2|Θn (J+(n)) | exp
[
− 22J(n)−1t2

(K̄/α+ 1)2 + Ξ̂n/α2

]
.

It is easy to see that

log |Θn (J+(n)) | = log |ΠJ+(n)
n | + log |BJ+(n)|

≤ logNDn

(
2−J+(n),Πn, (Zi)n

i=1

)
+ log ηB + (J+(n) + 1) log 2

≤ logNH

(
4−J+(n),Πn

)
+ log ηB + (J+(n) + 1) log 2

≤ (5 log 4)J+(n) · nbo + (J+(n) + 1) log 2.

Thus, recall J+(n) = (log n)(1 − bo) and J(n) = (log n)(3 − 2bo)/8, one has

Eξ

[
sup
θ∈Θn

∣∣∣∣∣ 1√
n

n∑
i=1

ξi

[
gΨJ(n)(θ)(Xi) − gΨJ+(n)(θ)(Xi)

]∣∣∣∣∣
]

≤ |Θn(J+(n))| 2−2J(n)(K̄2 + Ξ̂n)1/2

≤ (5 log 4)J+(n) · nbo + (J+(n) + 1) log 2
4J(n)

√(
K̄/α+ 1

)2
+ Ξ̂n/α2 = oP (1).
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Since the function class
{
γ2

η : η ∈ BY

}
is P -Glivenko-Cantelli, then

sup
η∈BY

1
n

n∑
i=1

|γη(Zi)|2 a.s.−→ sup
η∈BY

E |γη(Zi)|2 = Ξ.

Applying dominated convergence theorem on the term
√(

K̄/α+ 1
)2

+ Ξ̂n/α2 gives

lim
n→∞

E
[

sup
θ∈Θn

∣∣∣∣∣ 1√
n

n∑
i=1

ξi

[
gΨJ(n)(θ)(Xi) − gΨJ+(n)(θ)(Xi)

]∣∣∣∣∣
]

= 0.

Step 4. The forth term in Eq. (C.4.5) can be upper bounded as

sup
θ∈Θn

∣∣∣∣∣ 1n
n∑

i=1
ξi

[
gθ(Xi) − gΨJ+(n)(θ) (Xi)

]∣∣∣∣∣ ≤ sup
θ∈Θn

∣∣∣∣∣ 1n
n∑

i=1

[
gθ(Xi) − gΨJ+(n)(θ) (Xi)

]2∣∣∣∣∣
1/2

≤ 2−J+(n)+1/2
√(

K̄/α+ 1
)2

+ Ξ̂n/α2 P−→ 0.

Applying Donsker’s theorem gives Ξ̂n
P→ supη∈BY

E |γη(Zi)|2. Since J+(n) = (1 − bo) log n,

applying Jensen’s inequality and the dominated convergence theorem yields

E
[

sup
θ∈Θn

∣∣∣∣∣ 1√
n

n∑
i=1

ξi

[
gθ(Xi) − gΨJ+(n)(θ) (Xi)

]∣∣∣∣∣
]

→ 0.

As a result, combining these four steps, we have for n large enough,

√
nEP [Rn(Θn)] ≤

√
(K̄/α+ 1)2 + Ξ/α2

(
18
√

VC(Πn) + 5
)

+ 2S1/2
n

[√
(10VC(Πn) + 3) log 2 + log(ηB) + 3

2

]
≤
[
5.3S1/2

n + 18
√

(K̄/α+ 1)2 + Ξ/α2
]√

VC(Πn)

+ 5
√

(K̄/α+ 1)2 + Ξ/α2 + (3 + 2 log(ηB))S1/2
n + 3,

(C.4.6)

Finally, as argued by Bartlett and Mendelson [2002] in the proof of their Theorem 8, we
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have

EP

[
sup
θ∈Θn

(P − Pn)gθ

]
≤ 2EP [Rn(Θn)] and EP

[
sup
θ∈Θn

(Pn − P )gθ

]
≤ 2EP [Rn(Θn)] .

(C.4.7)

Recall Eq. (C.4.2), we have:

0 ≤ Reg (π̂n) = V(θ) − V(θ̂n) ≤ Vn(θ̂n) − V(θ̂n) + V(θ) − Vn(θ) + rn

Taking expectations on both sides and combining this with Lemma 3.4.1, Eq. (C.4.6), and

Eq. (C.4.7), we have

lim sup
n→∞

EP [Reg (π̂n)][
5.3S1/2

n + 18
√

(K̄/α+ 1)2 + Ξ/α2
]√

VC(Πn)/n
≤ 4.

Moreover, since Sn ≤ 2
α2

[
Ξ + Ξ†

]
,

lim sup
n→∞

EP [Reg (π̂n)]√
VC(Πn)/n

≤ 30
α

√
Ξ + Ξ† + 72

√
(K̄/α+ 1)2 + Ξ/α2.

C.4.5 Proof of Lemma 3.4.3

Proof of Lemma 3.4.3. Recall that gθ = ∑5
j=0 gj,θ, where the functions gj,θ : z 7→ gj,θ(z)

are defined in Eq. (C.7.1), and GΘn ⊂ ⊕5
i=0Gj,Θn where Gj,Θn = {gj,θ : θ ∈ Θn}. We first

construct envelope functions Gj for each Gj,Θn , provided Assumption 3.4.3 holds. Since BY

is compact, there is ηB > 0 such that BY ⊂ [−ηB, ηB]. It is clear that for all x and η ∈ BY :

|µa(x, η)| =
∣∣∣E [(Yi(a) − η)− | Xi = x,Ai = a

]∣∣∣
≤ E

[
| (Yi(a) − η)− | | Xi = x,Ai = a

]
≤ E [|Yi(a)| | Xi = x,Ai = a] + ηB ≡ Ga(x),
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where the first inequality follows from Jensen’s inequality and the second inequality holds

due to BY ⊂ [−ηB, ηB]. Moreover, it is easy to see Ga are L2(P )-bounded for a ∈ {0, 1}

due to Assumption 3.4.3 and Ga are envelope functions for Ga,Θn for a ∈ {0, 1}. Note that

1/eo ≤ κ−1 and 1/(1 − eo) ≤ (1 − κ)−1, letting K̄ = κ−1 ∨ (1 − κ)−1, one has |g3,θ(z)| ≤

G3(z) ≡ K̄G0(z) and |g5,θ(z)| ≤ G5(z) ≡ K̄G1(z) for all z and θ ∈ Θn. Finally, for j = 2, 4,

|gj,θ(z)| ≤ Gj(z) ≡ K̄(|y| + ηB),

where Gj are obviously L2(P )-bounded.

By Theorem 2.6.7 in van der Vaart and Wellner [1996] and Lemma C.7.1, there are

constants co > 0 such that

sup
Q
N
(
ϵ∥Gj∥,Gj,Θn , L

2(Q)
)

≤ (co/ϵ)2VC(Gj,Θn) , ∀ϵ ∈ (0, 1).

Let G = ∑5
j=0 Gj that is also L2(P )-bounded, and an application of Lemma C.7.2 gives

sup
Q
N
(
ϵ∥G∥Q,2,GΘn , L

2(Q)
)

≤ (co/ϵ)24VC(Πn)+24 ,

where supremum is taken over all discrete probability measures Q on Z.

C.4.6 Proof of Lemma 3.5.1

Proof of Lemma 3.5.1. Lemma 3.4.3 and Theorem 2.5.2 in van der Vaart and Wellner [1996]

implies GΘ = {gθ : θ ∈ Θ} is P -Donsker and hence P -Glivenko-Cantelli. Consequently,

sup
θ∈Θ

|Vn(θ) − V(θ)| = sup
θ∈Θ

|(Pn − P )gθ| = oP (1).
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Consider the following derivation:

Vn(θ̂n) − Vn(θo) =Vn(θ̂n) − V̂n(θ̂n)︸ ︷︷ ︸
=oP (n−1/2)

+ V̂n(θ̂n) − V̂n(θ̌n)︸ ︷︷ ︸
≥0

+ V̂n(θ̌n) − Vn(θ̌n)︸ ︷︷ ︸
=oP (n−1/2)

+Vn(θ̌n) − Vn(θo)︸ ︷︷ ︸
≥0

,

where the first and third terms are oP (n−1/2) by Lemma 3.4.1, and the second and fourth

terms are guaranteed to be greater than zero according to the definitions of V̂n and Vn.

This shows Vn(θ̂n) ≥ Vn(θo) − oP (1), and hence Theorem 5.7 in van der Vaart [2000] implies

∥θ̂n − θo∥ = oP (1).

C.4.7 Proof of Theorem 3.5.1

Proof of Theorem 3.5.1. Since Πn = Π for all n, it follows from Lemma 3.4.3 that Θ =

Π × BY is Donsker. Leveraging Lemma 3.4.1 and an argument analogous to Theorem 1 in

Luedtke and Chambaz [2020], we can establish that (Pn − P )(g
θ̂n

− gθo) = oP (n−1/2) and

V(θ̂n) − V(θo) = oP (n−1/2). Consequently, from Eq. (3.5.1), we have:

V̂n(θ̂n) − V(θo) = (Vn − V)(θo) + (Pn − P )(g
θ̂n

− gθo) + (V̂n − V)(θ̂n) + V(θ̂n) − V(θo)

= (Vn − V)(θo) + oP (n−1/2)

= (Pn − P )gθo + oP (n−1/2).

The desired result follows from the central limit theorem.

C.5 Proofs of Results for Improved Rates under Margin Assump-

tion

The proof of Theorem C.2.1 relies on Lemma C.5.1, which provides control over the continuity

modulus of the empirical process θ 7→ Gngθ.
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Lemma C.5.1. Suppose Assumption 3.5.1 (1) holds. There is a universal constant co > 0

not depending on n such that for every θ ∈ Θ, for any δ > 0 small enough, one has

E
[

sup
θ′∈Θ:∥θ′−θ∥≤δ

|Gn(gθ′ − gθ)|
]

≤ co(VC(Π)1/2 + n−1/2VC(Π))δ.

Proof. Fix θ ∈ Θ, we write G−
j,δ ≡ {gj,θ′ − gj,θ : ∥θ′ − θ∥ < δ, θ′ ∈ Θ} for 0 ≤ j ≤ 5, and

all the functions in these classes are uniformly bounded due to Assumption 3.5.1 (1) and

Assumption 3.2.1. We study the first term. Fix any δ > 0. There is a universal constant

K > 0 such that for θ′ ≡ (π′, η′) ∈ Θ with ∥θ′ − θ∥ < δ,

|g0,θ′(z) − g0,θ(z)| ≤ µ0(x, η′) (π′ − π) (x) + π(x) [µ0(x, η′) − µ0(x, η)]

≤ sup
x∈X ,η∈BY

|µ0(x, η)| |(π′ − π)(x)| + δ.

Let Go(z) ≡ δ
(
1 + supx∈X ,η∈BY

|µ0(x, η)|
)
. Since VC(G−

0,δ) ≤ 2VC(Π) + 3, then there are

constants A > 0 such that

sup
Q

logN(ϵ∥Go∥,G−
0,δ, L

2(Q)) ≲ VC(Π) log (A/ϵ) ,

for all finitely discrete measure Q. We note that supf∈G−
1,δ
Pf 2 ≲ δ2 ≤ ∥Go∥2

P,2, and an

application of Corollary 5.1 in Chernozhukov et al. [2014] yields

EP

[
∥Gn∥G−

0,δ

]
≲
√

VC(Π)δ2 logA+ VC(Π)∥Go∥∞√
n

logA

≲ δ
[
VC(Π)1/2 + n−1/2VC(Π)

]
.

Using the identical argument, we can show

EP

[
∥Gn∥G−

j,δ

]
≲
(
VC(Π)1/2 + n−1/2VC(Π)

)
δ, ∀1 ≤ j ≤ 5.
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The desired result follows from

E
[

sup
θ∈Θ:∥θ−θo∥<δ

Gn (gθ − gθo)
]

≤
5∑

j=0
EP

[
∥Gn∥G−

j,δ

]
≲ δ

[
VC(Π)1/2 + n−1/2VC(Π)

]
.

Proof of Theorem C.2.1. By Assumption C.2.1, there is a small constant δo > 0 such that

{θ : V(θo) − V(θ) ≤ coδ
ρo} ⊂ {θ : ∥θ − θo∥ ≤ δ} , ∀δ < δo.

Hence, to obtain the convergence rate of ∥θ̌n − θo∥, we only need to study the concentration

of V(θ̌n) − V(θo). The rest of the proof is highly inspired by Theorem 2 in Massart and

Nédélec [2006]. Let Θ′ be a countable dense subset of Θ. Let

ϵn =
[
(VC(Π)/n)1/2 + VC(Π)/n

]ρo/(2ρo−1)
,

and there must be θ′
o ∈ Θ′ such that V(θo) − V(θ′

o) ≤ ϵ2
n. We start from the identity

V(θo) − V(θ̌n) = ℓ(θo, θ
′
o) − Pn(gθ′

o
− gθ̌n

) + (Pn − P )(gθ′
o

− gθ̌n
)

≤ ϵ2
n + (Pn − P )

(
gθ′

o
− gθ̌n

)
.

Let x = cot
1/2ϵn, where K is a constant to be chosen later and

Vn(x) = sup
θ∈Θ′

(Pn − P )(gθ′
o

− gθ)
P (gθ′

o
− gθ) + ϵ2

n + x2 .

Since V (θo) = Pgθo ≥ Pgθ′
o

= V(θ′
o), then

V(θo) − V(θ̌n) ≤ V(θo) − V(θ′
o) + Vn(x)

[
V(θo) − V(θ̌n) + x2 + ϵ2

n

]
.
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On the event Vn(x) < 1
2 , one has

V(θo) − V(θ̌n) < 2 [V(θo) − V(θ′
o)] + ϵ2

n + x2 ≤ 3ϵ2
n + x2,

and hence

P
[
V (θo) − V(θ̌n) ≥ 3ϵ2

n + x2
]

≤ P [Vn(x) ≥ 1/2] .

Since τ(x) is uniformly bounded, it is clear that there is some sufficiently large co > 0 such

that

sup
z∈Z

|gθ(z) − gθo(z)| ≤ co ∥θ − θo∥ .

As a result, the class {gθo − gθ : θ ∈ Θ} is uniformly bounded, and hence

sup
θ∈Θ′

Var
[

(gθo − gθ)(Zi)
P (gθo − gθ) + x2

]
≤ cox

−4 and sup
θ∈Θ′

∥∥∥∥∥ (gθo − gθ)(Zi)
P (gθo − gθ) + x2

∥∥∥∥∥
∞

≤ cox
−2.

Applying the Talagrand’s inequality yields that the follow inequality holds

Vn(x) < E [Vn(x)] +
√
K (x−2 + 4E [Vn(x)]) t

nx2 + 2cox
−2t

3n

with probability greater than 1 − e−t. By the definition of x = cot
1/2ϵn, applying Lemma

A.5 in Massart and Nédélec [2006] and Lemma C.5.1 gives

E[Vn(x)] ≤ E
[

sup
θ∈Θ′:∥θ−θo∥<δ/co

(Pn − P ) (gθo − gθ)
V(θo) − V(θ) + x2

]

≤ E
[

sup
θ∈Θ′:V(θo)−V(θ)<δ

(Pn − P ) (gθo − gθ)
V(θo) − V(θ) + x2

]
≤ 4n−1/2x−2φn(x)

= 4n−1/2(cot
1/2ϵn)−2co

(
VC(Π)1/2 + n−1/2VC(Π)

)
ϵ1/ρo

n .

By the definition of ϵn, we can choose co > 0 large enough, and there is No such that
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E [Vn(x)] < 1/100 for all n ≥ No. Choosing co large enough, it follows that

2cox
−2t

3n <
1

100 and
√
co (x−2 + 4E [Vn(x)]) t

nx2 <
1

100 .

As a result, P [Vn(x) < 1/2] ≥ 1 − e−t, and

P
[
V (θo) − V(θ̌n) ≥ 3ϵ2

n + x2
]

≤ e−t.

By the definition of x and t ≥ 1, there must be a large co > 0 not depending on n such that

P
[
V (θo) − V(θ̌n) ≥ cotϵ

2
n

]
≤ e−t.

Since V (θo) − V(θ̌n) ≥ 0, an application of Lemma 2.2.13 in Durrett [2019] gives

EP

[
ℓ(θo, θ̌n)

]
≲ (VC(Π)/n)

ρo
2ρo−1 .

C.6 Proofs of Results for Uniform Inference for the Optimal Wel-

fare

Let ℓ∞(Θ) denote the space of all uniformly bounded functions from Θ to R. Let Cb(Θ)

denote the space of continuous and uniformly bounded functions on Θ.

C.6.1 Proof of Theorem C.3.1

As stated in Appendix C.3, Theorem C.3.1 directly follows from the uniform weak con-

vergence of
√
n(V̂n − V) and the uniformly valid functional delta method. Lemma C.6.1

establishes this uniform weak convergence, while Lemma C.6.2 verifies that the supremum

functional is Hadamard directionally differentiable, thereby enabling the application of the
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delta method to construct inference for the optimal welfare.

Lemma C.6.1. Under the same assumptions in Theorem C.3.1, the following asymptotic

approximation holds uniformly for all P ∈ Pn:

√
n
(
V̂n(θ) − VP (θ)

)
θ∈Θ

= (Gngθ)θ∈Θ + oP (1), in ℓ∞(Θ).

Moreover, we obtain the uniform weak convergence of
√
n
(
V̂n − VP

)
⇝ GP , namely

√
n
(
V̂n(θ) − VP (θ)

)
θ∈Θ
⇝ (GPgθ)θ∈Θ , in ℓ∞(Θ),

uniformly in P ∈ Pn, where GP : θ 7→ GPgθ is defined in Theorem C.3.1. The process
√
n(V̂n − VP ) is stochastically equicontinuous uniformly over P ∈ Pn.

Proof of Lemma C.6.1. Lemma A.1 in Rai [2018] implies that (Π, dΠ) is totally bounded,

and its covering number satisfies N(ϵ,Π, dΠ) ≤ C(e/ϵ)VC(Π) for some universal constant

C > 0. To establish this theorem, we apply Theorem 5.1 from Belloni et al. [2017]. Given

Assumption C.3.1, it remains to verify Assumptions 5.1 and 5.2 in Belloni et al. [2017].

Assumption 5.1 in Belloni et al. [2017] is readily verified in our setting, as VP (θ) is

identified by a linear moment condition and is uniformly bounded over all P ∈ Pn.

Next, we verify Assumption 5.2 in Belloni et al. [2017] holds. Since |Yi| ≤ co under all

P ∈ Pn, without loss of generality, we assume BY = [−co, co]. We note that η ∈ BY , where

BY is bounded and eP ∈ (δ, 1 − δ) for all P ∈ Pn. Moreover, for all η, η̃ ∈ BY , one has

|(y − η) − (y − η̃)−| ≤ |η − η̃| and

|µa,P (z, η) − µa,P (z, η̃)| = EP [(Yi(a) − η)− − (Yi(a) − η̃)−|Xi = x]

≤ |η − η̃|.

Then it is easy to show gθ(z, µP , eP ) is Lipschitz continuous in θ, i.e., there is a constant C
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such that

|gθ(z, µP , eP ) − gθ̃(z, µP , eP )| ≤ C [|π̃(x) − π(x)| + |η − η̃|] .

Therefore, by Assumption C.3.1 (2), there is a constant C > 0 such that the following

inequality holds for all θ, θ̃ and P ∈ Pn:

∥gθ,P − gθ̃,P ∥P,2 ≤ C [∥π − π̃∥P,2 + |η − η̃|] ≤ CdΘ(θ, θ̃).

Lemma C.6.2. The functional ψ : h 7→ supΘ h(θ) mapping ℓ∞(Θ) to R is Hadamard

directionally differentiable at VP with with the linear derivative map ψ′
P : h 7→ supθ∈Π⋆

P
h(θ).

Specifically, for any sequences {hn} ⊂ ℓ∞(Θ) and {tn} such that hn → h ∈ ℓ∞(Θ) and

tn ↘ 0, it holds that

lim
n→∞

∣∣∣∣∣ψ(VP + tnhn) − ψ(VP )
tn

− ψ′
P (h)

∣∣∣∣∣ = 0.

Proof. Since hn → h in ℓ∞(Θ), it is clear that

∣∣∣∣∣ψ(VP + tnhn) − ψ(VP + tnh)
tn

∣∣∣∣∣ ≤ sup
θ∈Θ

|hn(θ) − h(θ)| → 0.

By the triangle inequality, to show this lemma, it suffices to show

lim
n→∞

∣∣∣∣∣ψ(VP + tnh) − ψ(VP )
tn

− ψ′
P (h)

∣∣∣∣∣ = 0.

For any δ > 0, define Θδ = {θ ∈ Θ : VP (θ) + δ > supθ∈Θ VP (θ)}. Since hn ∈ Cb(Θ), we

let δn = 2tn∥h∥∞ and it is clear that

supθ∈Θ {VP (θ) + tnh(θ)} − VP (θo)
tn

=
supθ∈Θδn

{VP (θ) + tnh(θ)} − VP (θo)
tn

.
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The term on the RHS satisfies

sup
θ∈Θ⋆

P

h(θ) ≤
supθ∈Θδn

{VP (θ) + tnh(θ)} − VP (θo)
tn

≤ sup
θ∈Θδn

h(θ). (C.6.1)

We finish the proof by using contradiction to show supθ∈Θδn
h(θ) → supθ∈Θ⋆

P
h(θ). Suppose

that there is ε0 > 0 such that

lim sup
n→∞

sup
θ∈Θδn

h(θ) − max
θ∈Θ∗

P

h(θ) > ε0.

Without loss of generality, we assume supθ∈Θδn
h(θ) − maxθ∈Θ∗

P
h(θ) > ε0 for all n. For all

n, let θn ∈ Θδn such that h(θn) > supθ∈Θδn
h(θ) − 1/n. Since Θ is totally bounded, {θn}

has a subsequence {θnk
}k≥1 that converges to θ̄0 ∈ Θ. We note that VP : θ 7→ VP (θ) is

continuous, then VP (θnk
) → VP (θ̄0). By the definition of Θδn , |VP (θo) − VP (θkn)| ≤ δkn and

letting n → ∞ yields VP (θ̄0) = VP (θo) = supθ∈Θ VP (θ) and θ̄0 ∈ Θ∗
P . Since h ∈ Cb(Θ) is

continuous, h(θ̄0) − maxθ∈Θ∗
P
h(θ) > ε0/2 for n large enough. Thus, h(θ̄0) > maxθ∈Θ∗

P
h(θ),

which contradicts θ̄0 ∈ Θ∗
P .

Therefore, by Eq. (C.6.1) and letting n → ∞ gives

lim
n→∞

supθ∈Θδn
{VP (θ) + tnh(θ)} − VP (θo)

tn
= sup

θ∈Θ∗
P

h(θ) = V′
P (h).

C.6.2 Proof of Lemmas C.6.3 and C.6.4

Recall the numerical derivative ψ̂′
n(Ĝ∗

n) as defined in Eq. (3.5.3). We establish that this

quantity consistently estimates ψ′
P (GP ) for any fixed P ∈ Pn. Recall that {ξi}n

i=1 are i.i.d.

random variables independent of (Zi)n
i=1, with E(ξi) = 0, E(ξ2

i ) = 1 and E [exp |ξi|] < ∞.

Lemma C.6.3. Under the same assumptions in Theorem C.3.1, then ψ̂′
n(Ĝ∗

n) P→ ψ′
P (GP ),

for any fixed P ∈ Pn.
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Proof of Lemma C.6.3. The result follows directly from Theorem 3.1 in Hong and Li [2018].

Next, we show that the one-sided confidence interval in Eq. (3.5.4) is uniformly valid over

P ∈ Pn, whereas the two-sided confidence interval in Eq. (3.5.5) is valid for any fixed P ∈ Pn.

Recall cγ denoted the γ-empirical quantile of ψ̂′
n(Ĝ∗

n) and q1−γ denotes the (1 − γ)-empirical

quantile of
∣∣∣ψ̂′

n(Ĝ∗
n)
∣∣∣ for any γ > 0.

Lemma C.6.4. Under the same assumptions in Theorem C.3.1, then

lim
n→∞

inf
P ∈Pn

P
[
VP (θo) ≥ sup

θ∈Θ
V̂n(θ) − c1−γ/

√
n

]
≥ 1 − γ. (C.6.2)

Moreover, for any fixed P ∈ Pn

lim inf
n→∞

P
[∣∣∣∣∣sup

θ∈Θ
V̂n(θ) − V(θo)

∣∣∣∣∣ ≤ q1−γ/
√
n

]
≥ 1 − γ. (C.6.3)

Proof of Lemma C.6.4. The validity of the two-sided confidence interval, as stated in Eq. (C.6.3),

follows directly from Lemma C.6.3. The uniform validity of the one-sided confidence interval

in Eq. (C.6.2) can be established either by applying Theorem 3.5 in Hong and Li [2018], or

by adapting the proof of Theorem 3 in Rai [2018]. Noting the convexity of ψP and invoking

Lemma C.6.5, the desired result follows by the same argument used in Rai [2018].

The following lemma verifies the validity of multiplier bootstrap in our context.

Lemma C.6.5. Under the same assumptions in Theorem C.3.1, we have

sup
P ∈Pn

sup
h∈BL1(ℓ∞(Θ))

∣∣∣EBn [h(Ĝ∗
n)] − E[h(GP )]

∣∣∣ = oP (1),

where EBn denotes the expectation over the multiplier weights (ξi)n
i=1 holding (Zi)n

i=1 fixed.

Proof. Define G∗
n denote the stochastic process θ 7→ n−1∑n

i=1 ξi[gθ(Zi) − VP (θ)]. It is clear
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that

sup
h∈BL1(ℓ∞(Θ))

∣∣∣EBn [h(Ĝ∗
n)] − E[h(GP )]

∣∣∣ ≤ sup
h∈BL1(ℓ∞(Θ))

∣∣∣EBn [h(Ĝ∗
n)] − EBn [h(G∗

n)]
∣∣∣

+ sup
h∈BL1(ℓ∞(Θ))

|EBn [h(G∗
n)] − E[h(GP )]| .

Thus, it is sufficient to show

sup
h∈BL1(ℓ∞(Θ))

∣∣∣EBn [h(Ĝ∗
n)] − EBn [h(G∗

n)]
∣∣∣ = oP (1)

sup
h∈BL1(ℓ∞(Θ))

|EBn [h(G∗
n)] − E[h(GP )]| = oP (1).

First, we note that

sup
h∈BL1(ℓ∞(Θ))

∣∣∣EBn [h(Ĝ∗
n)] − EBn [h(G∗

n)]
∣∣∣ = sup

h∈BL1(ℓ∞(Θ))

∣∣∣EBn [h(Ĝ∗
n) − h(G∗

n)]
∣∣∣

≤ EBn

[
2 ∧ sup

θ∈Θ

∣∣∣∣∣n−1/2
n∑

i=1
ξi(ĝθ − gθ)(Zi)

∣∣∣∣∣
]

+ EBn

[
2 ∧ sup

θ∈Θ

∣∣∣∣∣n−1/2
n∑

i=1
ξi(V̂n − VP )(θ)

∣∣∣∣∣
]
.

(C.6.4)

The sequence (ξi)n
i=1 is independent of (ĝθ − gθ(Zi))n

i=1 and and, by Assumption 3.4.2, we

have supθ,z |ĝθ(z) − gθ(z)| = oP (1). Using an argument similar to the proof of Lemma 3.4.1,

it follows that the first term on the RHS of Eq. (C.6.4) is oP (1). Moreover, by Lemma 3.4.1,

supθ∈Θ |(V̂n −Vn)(θ)| = oP (n−1/2). Consequently, the second term on the right-hand side of

Eq. (C.6.4) also converges to zero in probability.

Therefore, to end the proof, it suffices to show

sup
h∈BL1(ℓ∞(Θ))

|EBn [h(G∗
n)] − E[h(GP )]| = oP (1).

Since the function class {gθ : θ ∈ Θ} is P -Donsker, this result follows from Theorem 2.9.6 in

van der Vaart and Wellner [1996] or Theorem B.2 in Belloni et al. [2017].
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C.7 Auxiliary Lemmas

Lemma C.7.1. Define functions indexed by θ as

g0,θ(z) = π(x)µ0(x, η), g1,θ(z) = (1 − π(x))µ1(x, η),

g2,θ(z) = (1 − a)(1 − π(x))(y − η)−

1 − eo(x) ,

g3,θ(z) = −(1 − a)(1 − π(x))µ0(x, η)
1 − eo(x) ,

g4,θ(z) = π(x)a(y − η)−

eo(x) , g5,θ(z) = −π(x)aµ1(x, η)
eo(x) .

(C.7.1)

Let Gj,Θn ≡ {gj,θ : θ ∈ Θn} and G−
j,θ ≡ {gj,θ − gj,θo : θ ∈ Θn} for 0 ≤ j ≤ 5, where the

function gj,θ are defined in Eq. (C.7.1). Then, for 0 ≤ j ≤ 5,

VC(Gj,θ) ≤ 2VC(Πn) + 2 and VC(G−
j,θ) ≤ 2VC(Πn) + 3.

Proof. By Theorem 2.6.18 in van der Vaart and Wellner [1996], to finish the proof, it suffices

to consider the VC-dimension of Gj,Θn . The subgraph of g0,θ is the union of disjoint sets

C+
θ = {(x, t) : π(x) > 0} ∩ {(x, t) : µ0(x, η) > t},

C−
θ = {(x, t) : π(x) ≤ 0} ∩ {(x, t) : t < 0}.

First, we note that Πn is of VC-index VC(Πn). Since the subgraph of x 7→ µ0(x, η1) is

contained in the subgraph of x 7→ µ0(x, η2) if η1 ≤ η2, then the collection of sets that take

the form of {(x, t) : µ0(x, η) > t} has VC-index 2. As a result, {C+
θ : θ ∈ Θn} has VC-index

at most VC(Πn)+1. Similarly, {C−
θ : θ ∈ Θn} has VC-index at most VC(Πn)+1. Therefore,

{g0,θ : θ ∈ Θn} is VC with index 2VC(Πn) + 1.

Using the similar argument, one has VC (Gj,θ) ≤ 2VC(Πn) + 2 for 1 ≤ j ≤ 5. The result

for VC(G−
j,Θn

) follows from Theorem 2.6.18 in van der Vaart and Wellner [1996].

Lemma C.7.2 (Theorem 3 in Andrews [1994]). Let F1 and F2 be two function classes with
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envelope functions F1 and F2, respectively. If we set

F1 ⊕ F2 ≡ {f1 + f2 : f1 ∈ F1, f2 ∈ F2}

F1 ⊗ F2 ≡ {f1 · f2 : f1 ∈ F1, f2 ∈ F2} ,

then F1 ⊕ F2 and F1 ⊗ F2 admit envelope functions F1 + F2 and F1 · F2, respectively. Their

covering number are upper bounded as

N
(
ϵ∥F1 + F2∥Q,2,F1 ⊕ F2, L

2(Q)
)

≤ N
(
ϵ∥F1∥Q,2,F1, L

2(Q)
)
N
(
ϵ∥F1∥Q,2/2,F1, L

2(Q)
)
,

sup
Q
N
(
ϵ∥F1F2∥Q,2/2,F1 ⊗ F2, L

2(Q)
)

≤
[
sup

Q
N
(
ϵ∥F1∥Q,2,F1, L

2(Q)
)] [

sup
Q
N
(
ϵ∥F2∥Q,2,F2, L

2(Q)
)]
.

C.8 Algorithm for Welfare Optimization, Estimation and Infer-
ence

Algorithm 2 Welfare Optimization, estimation and inference of with cross-fitting
1: Input: Level α ∈ (0, 1), estimators ê, µ̂1, and µ̂0, and a K-fold random partition of the

dataset {(Xi, Yi, Ai)}n
i=1, denoted as ∪K

k=1Ik, where |Ik| = n/K.
2: Run simulated annealing to find π̂n, η̂n that maximize the mean of the doubly robust

scores Γi := gθ (Zi; µ̂i, êi) and report Ŵα(π̂n) and its CI, where for a given (π, η),
3: for k ∈ [K] do
4: Using {(Xi, Yi, Ai)}i∈Ic

k
and pseudo-outcome Y̌i (η) = (Yi − η)−, construct

5: ê−k(i)(x) with {(Xi, Ai) : i ∈ Ic
k},

6: µ̂
−k(i)
1 (x, η) with {(Xi, Y̌i(η), Ai) : i ∈ Ic

k ∧ Ai = 1}, and
7: µ̂

−k(i)
0 (x, η) with {(Xi, Y̌i(η), Ai) : i ∈ Ic

k ∧ Ai = 0}.
8: for i ∈ Ik do
9: Evaluate êi := ê−k(i)(Xi), µ̂1,i := µ̂

−k(i)
1 (Xi, η), µ̂0,i := µ̂

−k(i)
0 (Xi, η), and compute

10: the doubly robust score Γi = gθ (Zi; µ̂i, êi).
11: end for
12: end for
13: Return π̂n, Ŵα(π̂n) = 1

n

∑n
i=1 Γi, and

[
Ŵα(π̂n) ± Φ−1((1 + γ)/2)ŝe

]
as γ-CI, where ŝe =√

1
n(n−1)

∑n
i=1

(
Γi − Ŵα(π̂n)

)2
.
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C.9 Empirical Application and Simulation Studies: Supplemen-

tary Materials

This section provides additional details for the empirical analysis of the JTPA Study in

Section 3.6.1 and for the simulations based on WGAN-JTPA in Section 3.6.2. In addition,

we present results from two further simulation studies, using DGPs similar to those in Athey

and Wager [2021] with some modifications.

C.9.1 Additional Results from the JTPA Study

This subsection complements Section 3.6.1. Expressions for the optimal policies under dif-

ferent combinations of α ∈ A and policy class are organized in Table C.1. We normalize the

policy coefficient associated with prevearn to have an absolute value of 1.

Based on the welfare point estimates in Tables 3.2 and 3.3, Tables C.2 and C.3 compute

the percentage losses in welfare as we switch between the optimal policy targeting an α of

interest to policies targeting other levels of α′. We highlight the diagonal entries as these

policies are targeting the actual subpopulations of focus, therefore having zero loss in welfare

(as compared to themselves). Larger welfare losses tend to appear when the actual α and

the α′ for policy selection differ more. α = 0.25 is particularly vulnerable if the policy is

instead targeting some α′ ≥ 0.4.
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Linear Linear with edu2 and edu3

α0 = 0.25

Optimal policy 1[−6371.583 + 634.221edu − prevearn > 0] 1[−18085.19 + 2272.77edu − 24.88edu2

−2.52edu3 − prevearn > 0]
% treated 34.761% 32.896%

α0 = 0.3

Optimal policy 1[3163.752 − 123.104edu − prevearn > 0] 1[−17881.079 + 2235.937edu − 22.299edu2

−2.598edu3 − prevearn > 0]
% treated 50.992% 32.820%

α0 = 0.4

Optimal policy 1[−16400.524 + 2069.530edu − prevearn > 0] 1[−10421.477 + 943.370edu + 41.482edu2

+0.795edu3 − prevearn > 0]
% treated 82.392% 81.969%

α0 = 0.5

Optimal policy 1[−13704.005 + 1825.869edu − prevearn > 0] 1[−15844.957 + 2096.331edu + 9.463edu2

−1.361edu3 − prevearn > 0]
% treated 83.400% 83.379%

α0 = 0.8

Optimal policy 1[3849.726 + 333.043edu − prevearn > 0] 1[−871.769 + 1532.005edu − 65.590edu2

−1.093edu3 − prevearn > 0]
% treated 86.783% 79.204%

α0 = 1

Optimal policy 1[1197760.134 − 77052.986edu + prevearn > 0] 1[−112427.345 + 37881.222edu − 1305.923edu2

−48.090edu3 − prevearn > 0]
% treated 95.880% 95.414%

Table C.1: Optimal policies under different combinations of α and policy class.

α of Interest
α′ for Policy Selection 0.25 0.3 0.4 0.5 0.8 1

0.25 0.00% 1.04% 5.61% 6.67% 11.90% 14.60%
0.3 2.08% 0.00% 0.99% 2.30% 6.06% 8.13%
0.4 4.60% 0.86% 0.00% 0.15% 2.23% 3.63%
0.5 5.49% 1.12% 0.07% 0.00% 0.89% 1.83%
0.8 5.33% 2.18% 1.13% 0.76% 0.00% 0.54%
1 5.40% 3.47% 2.65% 2.44% 1.61% 0.00%

Table C.2: Percentage welfare loss for every combination of actual α and α′ for policy
selection, relative to implementing the optimal linear policy targeting the worst-affected
(α× 100)%.

α of Interest
α′ for Policy Selection 0.25 0.3 0.4 0.5 0.8 1

0.25 0.00% 0.53% 7.73% 9.09% 12.86% 16.74%
0.3 0.11% 0.00% 0.77% 2.28% 5.02% 7.86%
0.4 3.29% 3.20% 0.00% 0.15% 1.71% 3.40%
0.5 4.60% 4.47% 0.04% 0.00% 0.49% 1.65%
0.8 5.09% 5.15% 1.39% 0.95% 0.00% 0.74%
1 5.17% 5.21% 2.61% 2.37% 1.18% 0.00%

Table C.3: Percentage welfare loss for every combination of actual α and α′ for policy
selection, relative to implementing the optimal linear policy with edu2 and edu3 targeting
the worst-affected (α× 100)%.
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C.9.2 Simulations Using the WGAN-JTPA Superpopulation Data: Details

We employ the wgan package in Python developed by Athey et al. [2024] to construct an

artificial superpopulation that closely mimics the JTPA data in Bloom et al. [1997]. Following

the instructions in Athey et al. [2024], we first generate the covariates conditional on the

treatment status, i.e., (edu, prevearn)|A, then generate the outcome conditional on both the

treatment status and the covariates, i.e., earnings|(edu, prevearn,A). We set a constraint

that earnings and prevearn are lower bounded by 0, and since edu takes integer values

between 7 and 18, we set it to be a categorical variable. In the training step where neural

networks are utilized, we set the batch size to 4,096, the maximum number of training

epochs to 1,000 and the learning rate for both the generator and the critic to 0.001. To

obtain the population counterfactuals, the generator for earnings|(edu, prevearn,A) is re-

applied on (edu, prevearn, 1 −A). Table C.4 presents summary statistics for WGAN-JTPA,

and Figures C.1 and C.2 display graphical comparisons between JTPA and WGAN-JTPA.

A = 0 (33.503% of WGAN-JTPA) A = 1 (66.497% of WGAN-JTPA)
mean s.d. mean s.d.

earnings 13,647.50 12,227.77 14,648.81 12,904.37
edu 11.48 1.55 11.50 1.63
prevearn 2,657.61 3,678.91 2,695.75 3,709.31

Table C.4: Summary statistics for WGAN-JTPA.

Figure C.1: Marginal histograms for JTPA and WGAN-JTPA data.
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Figure C.2: Between-variable correlations for JTPA and WGAN-JTPA data.

At the population level, Table C.5 echoes Tables 3.2 and 3.3 in the main text by evaluating

the α-expected welfare under policies targeting different α′’s. α′ = 1 is equivalent to a mean-

optimal policy. Similar to the JTPA estimation results in Section 3.6.1, there are notable

changes in welfare across α′s, indicating a potential risk of welfare impairment for the most

disadvantaged when implementing a policy that targets the population mean, or a large α′

in general.

α of Interest
α′ for Policy Section 0.25 0.3 0.4 0.5 0.8 1

0.25 1,119 1,119 1,119 1,119 1,045 1,029
0.3 1,908 1,908 1,908 1,908 1,828 1,809
0.4 3,461 3,461 3,461 3,461 3,386 3,366
0.5 4,867 4,868 4,868 4,868 4,811 4,793
0.8 9,323 9,329 9,329 9,329 9,475 9,473
1 14,346 14,352 14,352 14,352 14,639 14,644

Table C.5: Wα(πo) for every combination of actual α and α′ for policy selection using WGAN-
JTPA. All values are in USD.

To complement Figure 3.4 in the main text, we compare the 0.25-EWM policy with the

0.25-quantile-optimal policy, both of which target the lower tail but optimize different welfare

criteria. Figure C.3 plots the difference between their outcome quantiles across the entire

distribution. The pattern parallels the main-text comparison between 0.25-EWM and the

other welfare criteria. Relative to the 0.25-quantile-optimal policy, the 0.25-EWM policy
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yields higher outcomes for individuals below the 0.25 quantile, reflecting the fact that α-

EWM averages over the entire worst-off α-fraction of the population rather than focusing

solely on the α-quantile itself. For individuals above the 0.25 quantile, the 0.25-EWM policy

results in lower outcomes, capturing the trade-off inherent in reallocating welfare toward the

lower tail. Overall, this comparison highlights how α-EWM places broader emphasis on the

lower-tail distribution than quantile-maximizing policies.

Figure C.3: Between-quantile differences in outcomes for the 0.25-EWM and 0.25-quantile-
optimal policies using the WGAN-JTPA data.

C.9.3 Two Simulation Studies Based on DGPs in Athey and Wager [2021]

Section 5.2 of Athey and Wager [2021] uses simulated data to exhibit the welfare improve-

ments of their learned policies, which optimize the population mean outcome. We emulate

their specifications of the outcome and CATE, while making treatment exogenous with a

known propensity score 2/3. Below are our DGPs, with n ∈ {300, 500, 1000, 1500}:

X ∼ N(0, I4×4), ϵ|X ∼ N(0, 1), A ∼ Bernoulli(2/3), Y = 10 + (X3 +X4)+ + Aτ(X) + ϵ,
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where τ(·) has two specifications:

τ(X) = ((X1)+ + (X2)+ − 1) /2, or (C.9.1)

τ(X) = sign(X1X2)/2. (C.9.2)

We construct two size-one-million superpopulations, one for each specification of τ(·),

and we restrict the policy class to linear rules of the form

ΠLES :=
{
{x : β0 + β1X1 + β2X2 + β3X3 + β4X4 > 0}, (β0, β1, β2, β3, β4) ∈ R5

}
.

Since we can generate Yi for both Ai = 0 and Ai = 1, we have full knowledge of the true

outcome distribution induced by any π ∈ ΠLES. To obtain the population truth for each

α ∈ A and specification of τ(·), we run SA to select a πo ∈ ΠLES that maximizes the α-AVaR

of the outcome distribution and take the resulting maximum.

At the population level, Tables C.6 and C.7 present the α-expected welfare under different

α′-EWM policies. In Table C.6, the changes in welfare across columns are noticeably small,

which implies that different targeting policies generally have minimal impact on the welfare

of the disadvantaged subpopulation when τ(·) is specified as (C.9.1). Table C.7 shows slightly

greater changes in welfare across columns, when τ(·) is specified as (C.9.2).

α of Interest
α′ for Policy Selection 0.25 0.3 0.4 0.5 0.8 1

0.25 9.09461 9.09461 9.09461 9.09461 9.09457 9.09457
0.3 9.22146 9.22146 9.22146 9.22146 9.22142 9.22142
0.4 9.44289 9.44289 9.44289 9.44289 9.44287 9.44287
0.5 9.63925 9.63925 9.63925 9.63925 9.63925 9.63925
0.8 10.18965 10.18965 10.18965 10.18965 10.18967 10.18967
1 10.67678 10.67678 10.67678 10.67678 10.67682 10.67682

Table C.6: Wα(πo) for every combination of actual α and α′ for policy selection using the
DGP in Section C.9.3; τ is specified as (C.9.1) and the superpopulation size is one million.
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α of Interest
α′ for Policy Selection 0.25 0.3 0.4 0.5 0.8 1

0.25 9.04758 9.04754 9.04749 9.04521 9.04414 8.97402
0.3 9.17424 9.17431 9.17430 9.17252 9.17163 9.10875
0.4 9.39510 9.39533 9.39537 9.39463 9.39403 9.34376
0.5 9.59071 9.59105 9.59113 9.59143 9.59110 9.55145
0.8 10.13745 10.13808 10.13820 10.14084 10.14116 10.12731
1 10.61981 10.62073 10.62059 10.62466 10.62532 10.62593

Table C.7: Wα(πo) for every combination of actual α and α′ for policy selection using the
DGP in Section C.9.3; τ is specified as (C.9.2) and the superpopulation size is one million.

Similar to Figure 3.4 in the main text, we plot the between-quantile differences in post-

treatment outcomes to compare the 0.25-EWM policy with the 1-EWM and equality-minded

policies. Figure C.4 corresponds to τ(·) as (C.9.1), and Figure C.5 corresponds to τ(·) as

(C.9.2). Interestingly, in Figure C.4, the equality-minded optimal policy is identical to the

1-EWM policy. In contrast, Figure C.5 shows that the 0.25-EWM and equality-minded

policies both enhance the welfare of lower-ranked observations while reducing the welfare of

higher-ranked observations in comparison to the 1-EWM policy, with the 0.25-EWM policy

focusing more on these adjustments. In Figure C.4, such changes made by the 0.25-EWM

policy are smaller in magnitude and more volatile.

For each τ(·), we run Algorithm 2 with K = 2 on 1,000 random samples, each drawn

without replacement from the corresponding superpopulation, for every combination of α

and n. µ1 and µ0 are estimated using random forests with default tuning parameters. As

demonstrated by the simulation results in Tables C.8 and C.9, our debiased estimator Ŵα(π̂n)

performs satisfactorily even when n is as small as 500.
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Figure C.4: Between-quantile differences in outcomes for the 0.25-EWM, 1-EWM, and
equality-minded policies using the DGP in Section C.9.3; τ is specified as (C.9.1) and the
superpopulation size is one million.

Figure C.5: Between-quantile differences in outcomes for the 0.25-EWM, 1-EWM, and
equality-minded policies using the DGP in Section C.9.3; τ is specified as (C.9.2) and the
superpopulation size is one million.
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Sample size 300 500 1,000 1,500

Panel 1: α = 0.25, truth = 9.095
Avg. % treated using π̂n 33% 32% 35% 35%
Bias 0.016 −0.016 −0.012 −0.026
Var 0.017 0.010 0.005 0.004
MSE 0.017 0.010 0.005 0.004
95% Coverage 92.5% 94.7% 95.5% 94.6%

Panel 2: α = 0.3, truth = 9.221
Avg. % treated using π̂n 34% 32% 36% 34%
Bias 0.012 −0.020 −0.017 −0.022
Var 0.015 0.010 0.005 0.003
MSE 0.015 0.010 0.005 0.004
95% Coverage 92.6% 93.7% 94.9% 94.4%

Panel 3: α = 0.4, truth = 9.443
Avg. % treated using π̂n 35% 32% 35% 34%
Bias 0.011 −0.019 −0.018 −0.016
Var 0.013 0.009 0.004 0.003
MSE 0.013 0.009 0.004 0.004
95% Coverage 95.4% 94.1% 95.7% 93.9%

Panel 4: α = 0.5, truth = 9.639
Avg. % treated using π̂n 34% 32% 35% 35%
Bias 0.011 −0.022 −0.021 −0.016
Var 0.012 0.008 0.004 0.003
MSE 0.012 0.008 0.004 0.003
95% Coverage 94.7% 94.9% 94.3% 94.1%

Panel 5: α = 0.8, truth = 10.190
Avg. % treated using π̂n 38% 36% 36% 36%
Bias 0.007 −0.019 −0.015 −0.022
Var 0.011 0.007 0.003 0.002
MSE 0.011 0.007 0.003 0.003
95% Coverage 96.3% 94.3% 94.5% 94.2%

Table C.8: Simulation results based on the DGP in Appendix C.9.3 (1,000 replications); τ
is specified as (C.9.1).
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Sample size 300 500 1,000 1,500

Panel 1: α = 0.25, truth = 9.048
Avg. % treated using π̂n 34% 30% 21% 24%
Bias 0.058 0.028 −0.012 −0.009
Var 0.015 0.010 0.005 0.004
MSE 0.018 0.011 0.005 0.004
95% Coverage 91.7% 93.4% 95.2% 94.4%

Panel 2: α = 0.3, truth = 9.174
Avg. % treated using π̂n 34% 31% 23% 24%
Bias 0.057 0.025 −0.007 −0.011
Var 0.013 0.009 0.005 0.003
MSE 0.016 0.009 0.005 0.003
95% Coverage 92.6% 94.0% 95.7% 96.7%

Panel 3: α = 0.4, truth = 9.395
Avg. % treated using π̂n 37% 34% 22% 29%
Bias 0.055 0.020 −0.013 −0.014
Var 0.011 0.007 0.004 0.003
MSE 0.014 0.008 0.004 0.003
95% Coverage 93.2% 94.4% 95.6% 95.7%

Panel 4: α = 0.5, truth = 9.591
Avg. % treated using π̂n 38% 35% 28% 31%
Bias 0.056 0.019 −0.015 −0.012
Var 0.011 0.007 0.003 0.002
MSE 0.014 0.007 0.004 0.003
95% Coverage 92.1% 95.4% 96.8% 95.9%

Panel 5: α = 0.8, truth = 10.141
Avg. % treated using π̂n 44% 44% 39% 40%
Bias 0.067 0.030 −0.007 −0.012
Var 0.009 0.005 0.003 0.002
MSE 0.013 0.006 0.003 0.002
95% Coverage 94.3% 96.8% 96.8% 95.1%

Table C.9: Simulation results based on the DGP in Appendix C.9.3 (1,000 replications); τ
is specified as (C.9.2).
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