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In this thesis, we discuss inverse boundary value problems for scalar equations and for sys-
tems. First we introduce the famous Calderén problem and its recent developments. We
focus on deriving the stability estimate of the conductivities from the partial Cauchy data.
Second, we consider inverse boundary value problems for Stokes and Navier—Stokes equations

and demonstrate the global uniqueness for viscosity in dimension two.
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GLOSSARY

Q: a bounded open domain of R", n > 2.
0Q : the boundary of 2.

H?(Q) : Sobolev space of order s over ).
SN=1: the unit sphere in RV,

0. Fore >0,ne S 00, ={red: n-v(zx)> e} where v(z) is the unit
outer normal at x € 0f.

00, : 00 . =00\ I, . .

<: there exists a positive constant for which the estimate holds whenever the right
hand side of the estimate is multiplied by that constant.

CGO : complex geometrical optics.
DN MAP : Dirichlet-to-Neumann map.

IBVP : inverse boundary value problems.
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Chapter 1

INTRODUCTION

In 1980 A. P. Calderéon published a short paper entitled “On an inverse boundary value
problem” [9]. This pioneering contribution motivated many developments in inverse prob-
lems, in particular in the construction of “complex geometrical optics” (CGO) solutions of
partial differential equations to solve inverse problems. The problem that Calderén con-
sidered was whether one can determine the electrical conductivity of a medium by making
voltage and current measurements at the boundary of the medium. This inverse method
is known as FElectrical Impedance Tomography (EIT). EIT arises in geophysical prospection
(see [57]) and also in medical imaging (See [23], [24] and [34]).

There are several directions in Calderén problem which are interesting in mathemat-
ics theory and applications such as uniqueness, stability, reconstruction, partial data, etc..
Uniqueness means that the mapping from the conductivity to DN map is injective. We call
it stability if two DN maps are close and one can show that the corresponding conductivities
of these two DN maps are also close in a suitable sense. Reconstruction is to find a procedure
to reconstruct the conductivity. When we only consider boundary measures on a subset of
01, it is the partial data problem.

The uniqueness issue for C* conductivities was first settled by Sylvester and Uhlmann [51].
In 2013, Haberman and Tataru [17] extended the uniqueness result to C' conductivities or
small in the W1 norm. In 2014, Haberman [16] improved their result to W™(Q),n = 3, 4.
About two months later that Caro and Rogers [10] showed uniqueness holds in dimension
n > 3 for Lipschitz conductivities.

As for the stability result with full data, it is well-known that the Calderén problem

is severely ill-posed. A log-type stability estimate was derived by Alessandrini [1] and it



has been shown in Mandache’s paper [43] that this estimate is optimal. For the stability
result with partial data, since less data was known on the boundary, one can expect that
the stability estimate with partial data would be worse than that for the case of full data.
Instead of getting log type stability estimate as in the full data case, we derive a log-log type
stability estimate for less regular conductivities with partial data in Section 2.3. Moreover,
we will discuss a new type of stability estimate which can demonstrate that stability will
increase when we let the frequency grow. This phenomenon is called increasing stability
behavior.

Another interesting inverse problem is to consider inverse boundary value problems
(IBVP) for systems instead of a scalar equation. We will focus on IBVP for the Stokes
and Navier—Stokes equations in Chapter 3. First we show the global uniqueness for viscosity
for Stokes equations in dimension two. The key idea is to reduce IBVP for Stokes equa-
tions to IBVP for the first order system. Second, to study the Navier-Stokes equations, we
apply the linearization method due to Isakov [29] and the result in Li-Wang [41] for three-
dimensional Navier—Stokes equations to prove the uniqueness for viscosity for Navier—Stokes
equations in dimension two.

This thesis is organized as follows. In Chapter 2, we will briefly introduce the Calderén
Problem and its development over the past decades. In addition, we prove a new result show-
ing that stability estimate with partial data holds when the conductivity has less regularity
than previously known. We will also discuss a new aspect in inverse problems, increasing sta-
bility behavior, which has been numerically and rigorously demonstrated in different settings.
In Chapter 3, we consider inverse boundary value problems for systems. More precisely, we
are interested in inverse problems for Stokes equations and Navier—Stokes equations. We

show the global identifiability for viscosity for both systems in dimension two.



Chapter 2
THE CALDERON PROBLEM

2.1 Introduction

The problem of determining the electrical conductivity of a medium by making voltage and
current measurements at the boundary of the medium is known as Electrical Impedance
Tomography (EIT). It has been recently proposed as a possible diagnostic tool in medical
imaging. The mathematical formulation of this problem is due to Calderén’s pioneering
contribution [9] and is referred to as the Calderdn Problem in the mathematical literature
of inverse problems. Calderén’s fundamental paper [9] on inverse problems has continued to
have a crucial impact in the field and has motivated many developments.

We now describe the Calderén problem in more detail. Let 2 C R™, n > 2 be a bounded
domain with smooth boundary. The electrical conductivity of €2 is represented by a bounded
and positive function v € C2?(2). Given the voltage potential f € H'/2(952) on the boundary,
the equation for the potential u € H'(Q2) is given by

div(yVu) =0 in @  ulag = f. (2.1)
The Dirichlet-to-Neumann (DN) map, or voltage-to-current map, is defined by
ou
Af = 7@‘697

where v is the unit outer normal to 9€2. The Calderén problem is to determine the con-
ductivity function 7 from the knowledge of the boundary measurement A,. That is, if the
measured current A, f is known for all boundary voltages f € HY2(92), one would like
to determine the conductivity v. There are several aspects of this inverse problem which

are interesting both for mathematical theory and practical applications such as uniqueness,



stability, reconstruction and partial data. For Calderén problem, uniqueness means that the
mapping from the conductivity to DN map is injective. If one can derive an estimate which
demonstrates that when two DN maps are close, the corresponding conductivities of these
two DN maps are also close in a suitable sense. We call it stability estimate. Reconstruction
is to find a procedure to reconstruct the conductivity. When we only consider boundary
measures on a subset of 0€2, it is the partial data problem.

A crucial ingredient in the solution of Calderén’s problem is the construction of complex
geometrical optics (CGO) solutions. A breakthrough result was achieved by Sylvester and
Uhlmann in [51] where they constructed CGO solutions of (2.1) for C? conductivities in

dimensions n > 2. More precisely, CGO solutions of (2.1) have the form
u=y""2e"P (1 + (),

where ¢ € L2(R"), =1 < § < 0 and p € C" with p-p = 0 and |p| large. Moreover,
¥ € Hj(R™) and for 0 < s < 2, there exists C' = C(n, s,d) > 0 such that

C
] s < —7—-
° T plte

Using the change of variable, v = 7'/2u, one can also reduce the inverse problem with

sufficiently regular conductivities to the inverse boundary value problem for the Schrodinger

equation
(A=qu=0 in€Q  vfpo=y,
where
_A(Y?)
~1/2
The corresponding DN map is defined by
ov

Aq(g) = %‘BQ'



2.2 Uniqueness and Stability Results with Full Data

The determination of the conductivity from the DN map is known as a non-linear inverse
problem. The first result was proven by Sylvester and Uhlmann in [51] where they applied
CGO solutions to solve the uniqueness issue for C? conductivities in dimension n > 3.
In addition, this result has led to further developments. A new result for uniqueness was
given by Haberman and Tataru [17] for continuously differentiable conductivities. The main
idea in [17] is to prove the remainder v of the CGO solutions has certain decay properties in
Bourgain type spaces and the use of averaging technique. Recently, Haberman [16] improved
their result to W'™(Q),n = 3,4. In two dimensions, the uniqueness for the Calderén problem
was completely solved by Astala and Paivérinta for L>(£2) conductivities.

For the Schrédinger equation, Bukhgeim [7] showed that any LP(2), p > 2 potential in
the two-dimensional case can be determined uniquely from the Cauchy data. A new type of

CGO solutions was constructed in [7] by taking solutions of the form
u=e"(1+0(r ™),

where 7 > 0, 2 = x1 + x5 so that the phase function has a non-degenerate critical point at
zero. A inversion formula for potentials was also given in [7].

As for the stability result, it is well-known that the Calderén problem is severely ill-
posed. A log-type stability estimate was derived by Alessandrini [1] and it has been shown
in Mandache’s paper [43] that this estimate is optimal. Since then, many people have worked
on reducing the regularity of the conductivity. A recent result due to Caro, Garcia and Reyes
in [11] is for conductivities v € C14(Q),0 < e < 1. They used Haberman and Tataru’s ideas

in [17] to derive the stability estimate in a Lipschitz domain.

2.2.1 Increasing Stability Phenomena

The study of increasing stability behavior is an important direction in inverse problems

and has attracted also a lot of attention. The main reason is that the logarithmic stability



estimate cannot be used to design a reliable reconstruction algorithms in practice since small
errors in the data of the inverse problem result in large error in numerical reconstruction
of physical properties of the medium. It has been observed numerically that the stability
increases if one increases the frequency in some cases. Moreover, the papers ([25, 30, 31,
32, 33, 45, 48, 49]) rigorously demonstrated the increasing stability phenomena in different
settings.

In the rest of this section, we briefly introduce two different methods of deriving estimates
which can be viewed as an evidence of increasing stability behavior for Schrodinger and
acoustic equation.

First, in [31], Isakov considered the Schrodinger equation
—Au—ku+cu=01inQ

He proved that the stability of the W1>°(Q) potential coefficient ¢ increases in the Schrodinger
equation from boundary measurement when the frequency is growing.
Theorem 1 (Isakov [31]). Assume ||cjl|wi~ < M for j =1,2. Let ¢ = |[|[A,, — A, ||, E =

—loge > 2.

1. There are constants Cy, Cq such that if

E? E2  EN\VY
k< _Z o2y (———) %2 + 4
- 2 4’ 70 2 4 + 4
then
CoM

lex = eallzy < CoM*(E+ k)™ + + CE2(E® + M%) 27",

(E + k)1/2
2. There are constants Cy, Cq such that if
E <k, CIM <k +2,

then

Co(M? + M)

3 —1/4
e = callia < CoM* (B + )™ + <

+ Cok(k + M?)e.



The idea is to use complex and real-valued geometrical optics solutions to deal with the
low frequencies and high frequencies, respectively.
Second, Nagayasu, Uhlmann and Wang [45] considered the problem of stability for the

refractive index in the space H*(2),s > n/2 + 1 in the acoustic equation, that is,
Au+ k*q(z)u =0 in Q.
The main result in [45] is the following theorem.

Theorem 2 (Nagayasu, Uhlmann and Wang [45]). Let s > n/2+ 1, ||¢;]

) < M and
supp(q1 — q2) C Q. Then there exists a constant Cy, depending on n,s and €2, such that if
k*>1/(CiM) and e < 1/e, then

||CI1 — QQHH_S(]R”) < Cl{?260k2€ + C(k2 + E)n72s (22)
with C > 0 depending on n, s, and M and supp(q; — g2)-

The stability estimate (2.2) was valid for all ranges of the frequency by using the com-
plex geometrical optics (CGO) solutions constructed in [51]. Recently, Isakov, Nagayasu,
Uhlmann and Wang [32] proved the increasing stability behavior in the Schrodinger equa-
tion by using similar computations in [45] and the CGO solutions in [18]. The novelty in

[32] is the coefficient in front of € grows only polynomially in k.
2.3 Uniqueness and Stability Results with Partial Data

The reason to study inverse problems with partial data is because one can measure currents
and voltages only on part of the boundary in several applications in EIT. A general unique-
ness result with partial data was first obtained by Bukhgeim and Uhlmann [8] for C?(Q)
conductivities when the Neumann data were taken on part of 0€2 which is slightly larger
than the half of the boundary. Their result was improved in [36] where the Cauchy data can
be taken on any part of the boundary. The regularity assumption on the conductivity was

relaxed to W3/277:27(Q)) for some r > 0 by Knudsen in [37]. The latest result is proven by



Zhang in [56] where he showed the uniqueness result for C*(Q) N H3/2(Q) conductivities by
using the idea in [17] and following the argument in [37].

For the stability result with partial data, since less data was known on the boundary, one
can expect that the stability estimate with partial data would be worse than that for the
case of full data. Instead of getting log type stability estimate in the full data case, Heck
and Wang [21] obtained log-log type stability estimates. They improved their result to the
log type stability in the paper [22] in 2007 by considering special domains. Using the idea in
[17] to construct CGO solutions in Bourgain type spaces, allowed us to obtain a log-log type
stability estimate in [38] for less regular conductivities. This result reduces the smoothness
assumptions on the coefficients and on the boundary of the domain in Heck and Wang’s

paper [21].

2.8.1 Main Results

In the following subsections, we derive a log-log type stability estimate for less regular con-
ductivities. To state the main result, we first introduce several notations. Picking an € S"~!

and letting € > 0, we define
OV . ={r€dN:n v(xr)>e}, 00 =000, ..
The local Dirichlet-to-Neumann map is given by
]\7 [ y0ulaa .

So A, is an operator from HY2(9Q) to H-Y?(09__), the restriction of H~Y2(9Q) onto

9Q_ .. The operator norm of A, is denoted by ||A,]|..

Theorem 3 (Lai [38]). Let Q C R™,n > 3, be an open, bounded domain with C? boundary.
Let v; € CHo(Q) N H2t(Q) with 0 < o < 1 such that v > >0 and

1illero @ + ||7j||Hg+a(Q) <M



for 7 =1,2 and some constants vy, M > 0. Suppose that
=7 and Oy =072 ond, ..

Then there exist constants 0, 0~, g € (0,1) and constant K such that

6(1—5)

. . . S | . . 1
I = rellcos@ S (1o = Al + 1A — A1 + — log [log 1A, — A |2177)

(2.3)

Along our discussion we follow a recent improvement of the classical method introduced
by Sylvester and Uhlmann in [51] and based on the construction of CGO solutions. This new
improvement is due to Haberman and Tataru (see [17]) and it has allowed us to improve Heck
and Wang’s result in [21] relaxing the smoothness of the coefficients and the smoothness of
the boundary of the domain. To deriving the estimate (2.3), we adapt Zhang’s argument
[56] to the case A, # A,,. Then we will get an estimate of the Fourier transform of
q = (ik)Vv + V(log \/71 + log /72) Vv on some subset of R™ where v = log \/71 — log /72.
Since ¢ can be treated as a compactly supported function, its Fourier transform is real
analytic. We use Vessella’s stability estimate for analytic continuation [55] to our case here.
This idea was first introduced in [21] to get the log-log type stability estimate with partial

measurements.

2.3.2  Preliminary result

Let n > 3 and Q C R™ be an open bounded domain with C* boundary 0 throughout the
paper. Assume that v; € C17(Q) N H%J“’(Q) with 0 <o <landy; > >0for j =1,2.
Let Q C B. We can extend ; to be the function in R" such that v; € C1?(R") with positive
lower bound and ~; — 1 € H27(R") with supp(y; — 1) C B .

Let U; = t"W(tx) where U € C§°(R") supported on the unit ball and [ ¥ = 1. Denote
that ¢ = logy and A = Vlog~. Define ¢, = ¥, x ¢ and A; = U; * A. Then the following
results are from [37] and [47].
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Lemma 1. Let v € CY7(R") for0 <o <1l andvy—1¢€ H%J”’(R") with compact support.
Then

IV - Al ooy < C7,

|pr — @ Loo(mm) < ct'77,

| As — Al poomny < Ct7°,

and

L
HV ° AtHL2(Rn) S Cti I

3,
¢ — @l L2@ny < Ct7277,

|A; — All 2@y < Ct27°.
The following lemma is taken from [56].

Lemma 2 (Zhang [56]). Let Q C R™,n > 2, be a bounded domain with C* boundary and
u € HY(Q). Then there exists a constant C' such that

1/2 1/2
/ u?dS < C’{(/ uzdx) (/ |Vu\2d:v) +/u2d:r}.
o0 Q Q Q

We will need the stable determination of the conductivity at points on the boundary of
2. Since the stability estimate derived in [2] is local, the same estimates hold for the local

Dirichlet-to-Neumann map. This result can be proved by the same arguments as in [2].

Theorem 4. Let v; € CY7(Q) satisfy v; > vo > 0 for j = 1,2. Then

71— el @0 S 1A, — Al (2.4)

and
D10 = 0 pllreoe) S 1A — Al (2.5)
|a|=1

for some 0 < 6 < 1 depending only on o. Here the implicit constants depend on n, 2, g,y

and ||7jllcro @ for j =1,2.
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We will use the following theorem to obtain the stability estimate on a large ball B(0, R)
by controlling an open subset of B(0, R). This idea was introduced in [21].

Proposition 1 (Vessella [55]). Let 19, dg > 0. Let D C R™ be an open, bounded and connected
set such that {x € D : d(x,0D) > 7} is connected for any T € [0,79]. Let E C D be an open
set such that d(E,0D) > dy. If f is an analytic function with

Ma!
HaafHLoo(D) < W, for all « € N™
for some M, p > 0, then
|f(x)| < (QM)1—9(|E\/|D\)<||f||Lw(E))9(|E|/|D|),

where 6 € (0,1) depends on dy,diam D, 19, n, p and d(x,0D).

2.3.83 Complex geometrical optics solutions

In this section, we will review the construction of CGO solutions for the conductivity equa-
tion following the arguments presented in [56], but with the conductivity in C*(Q) N
H%J”’(Q), 0 < 0 < 1. Note that the regularity assumption H%J“’(Q) is used to control the
H'/? norm of the conductivities on the boundary. The detailed discussion will be presented
in Section 4.

First, we introduce the spaces X é’ and X é’ which are defined by the norm

lell e = Il1pe(€)"a(&)ll 2
and
lull o = [1CI¢T + Ipe (D a(€)]l 22,

respectively. Here p(£) = —[¢]* + 2iC - € is the symbol of A +2( - V.
Let Q be an open bounded domain in R”,n > 3 with C? boundary. Let v € C'?(€Q) and
let u be the solution of V- vyVu =0 in Q. Then u satisfies

(—A—A-V)u=0 inQ, (2.6)
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where A = Vlogy € C%(Q). Suppose that the CGO solutions of (2.6) are of the form
u=e 7" (14 w(z,Q)),

with ¢, = U, x ¢ and ( € C*, (- ¢ = 0. Here we denote ¢ = log~y. Then the function w

satisfies the following equation
(A + (A —A)-V+q) (" (1+w)) =0, (2.7)
where ¢, = 3V - A, — 1(Ay)? + 3A - A,. Equivalently, w is the solution of
(—Ac+ (A — A)- Ve +g)w=(A—A)-C—q, 2.8)

where —Ar = A +2(-Vand V. =V + (.

We let n € S™ 1. Fix k € R" satisfying -k = 0. Let ; € S"! such that k-n, = n-n; = 0.
We choose (; = —sn—i (£ — rpp) and (o = sp—i (£ + rny) such that |k|?/4+1% = s%, ¢ =0
and (; + (o = —ik.

The following lemma lists some inequalities between the norms in ordinary Sobolev spaces

and the spaces X é’ The inequalities in this lemma are taken from Lemma 2.2 in [17] and

Lemma 3.3 in [56].

Lemma 3. Let ®p be a fired Schwartz function and write ugp = ®gu. Then the following

estimates hold:

upl 2@y S 572

lull 2725 Nusllma@n < llull gz
lusllm @ S s llull oz llullx-ve S 572 ullzan.

The following result is contained in Lemma 3.4 and 3.5 in [56].

Theorem 5 (Zhang [56]). Let v; € CY(R™) with ; > v > 0 and v; = 1 outside a ball. Then
for any fixed k € R™, there exists a sequence Cl(n) with |CZ-(”)| = /25, such that

o lxre S 1 (Ain, = 40 - 67 4 Gullg-27 = 0 as 5, oo, (2.9)
ciTL C,L-n
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Moreover,
i ez S sl e s el $ sl ol ge
¢ G"
and

i vy S i goze s Nl S 522wl gge
" "
where wgn) is a solution of (2.8) with t = s, and A; = V¢; = Vlog~; fori=1,2.
From Theorem 5, we take the CGO solutions

n _¢Sn (n)
ug):e e <1+ ()>

and

n _ P25y 2™ n
u;):e 5 G (1+w§)>.

The CGO solutions can also be written as

n Pisy (n) n n
ulM = em T3t <1+w§ )>_% et <1+1/J§ )> (2.10)
¢isn
for i = 1,2. Here @/JZ(") = /Y (e_ 2 1/2> + /e g w . For simplicity, we will not

write the superscripts (n) and the subscripts of s,, unless otherwise particularly specified.

Note that by lemma 1 and Theorem 5, we have

[0l 2y S 57177 + 3_1/2“wi||X<1~/2° (2.11)
Lemma 4 (Lai [38]). For 0 < o < 1, if X is sufficiently large we have
1 2)
2 —20 | y-1
S I =) B dsdn S 374 A (212)

Proof. Let ® be a cut-off function on the support of Ay and A. Then, by Lemma 2.2 in [17]

and Lemma 3, we have

ICA)* 5172 = N4 N5 12 S NAN v S 577

||A'As||§-(51/2—||‘1’(14 A)H2 s S A A ||2 e S8
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Observing that | (V- A4,)(€)] = [¢- Ay] = [€- U (2)A©)] < [W()l oo [€-A] S (V-A)(E)].
Then |V - A ||2 e S < |V- A||2 - Let h = /A and ¥, = h"¥(hz) as in Lemma 1, we have

1 2 ) 1 2 )
— CAgl|% o pdsdn S < A% 1 pdsd
S IV A pdsins 5 IV Al sy

1 2 )
S [ I e A s
1 21
+ X/S A IV (T % A~ A)H;C_l/zdsdn. (2.13)
Using Lemma 3.1 in [17] and Lemma 1, (2.13) follows that
1 2 .
X V- Al s S SV - (8% A4) ey + 100 A= Al e
Sn=1 JX X¢ A (R™) (Rm)
1
SR gk (2.14)

By the definition of ¢, we can deduce that

1 2\ )
—/S 1/ Hqs||~-1/zdsd77

2
S A /Sn 1/ IV - A H2 ek + (A ) Hic—l/'z +||A - AsHi.(C_l/gdsdn
<\

T+ AL (2.15)

1\3\»—‘

~

Applying Lemma 2.2 in [17] and Lemma 3, we get
I(As = A) - ¢I1% vz S < 8714 = A% 2 S < 87 As - AH2 i S 8l As — AllZa -
Thus we derive
1 2
S M=) sy S 3 (2.16)
from Lemma 1. The proof is completed. O

Note that ||w||§.(1/2 S (A —A) - ¢+ qs||§.(_1/2. By lemma 4, we obtain the following
¢ ¢

estimate

1 2)
XL 1/)\ HwHi.(é/gdsdng)\_z"jL)\_l. (2.17)
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The following Carleman estimate is deduced by Zhang by using the Carleman estimate

in the paper [37].

Theorem 6 (Zhang [56]). Let n € S™! and v € H*(Q). Suppose that v € C1(Q). Then

there exists a constant sg > 0 such that for s > sq, we have

C <S2H'LLH%2(Q) + ”VUH%2(Q)) - 0182 /{;Q \u]QdS
- 02/ ud,udS + / 4sR(9,ud,m) — 2s(v - )| Vul* + 25 (v - n)|ul*dS
) o0

< e (=A + (As = A) - V + q5) (e77) [[72(0)- (2.18)
We also need the following result.

Proposition 2 (Knudsen [37]). Suppose v; € CH(Q) and u; € H(Q) satisfy V - v;Vu; = 0
in Q for j = 1,2. Suppose that 1, € H'(Q) satisfies V - 11 Vg = 0 with @, = uy on 9.
Then

~ [t —wyuds+ [ - AR 00— wdn)ds, (219)
o0

o0

where the integral is understood in the sense of the dual pairing between HI/Q(GQ) and

H=Y2(09).

Note that this proposition is slightly different from the Lemma 4.1 in [37] due to different
assumptions on v|sq. In [37], they have 71 = 75 on 912, so the second term on the right hand
side of (2.19) vanishes.

Using Theorem 4 and the trace theorem, we get

2

/BQ (1 = 12)0u2)uadS| < I = Y2l oo oo V2l @ lluall o)

S A = A luallrz @ lun 7 o) - (2.20)
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Note that since 7, € C*9, the elliptic regularity theorem implies that uy € H?(2). By using
the equality that

10, (U1 — ug)ur = (110, — Y20, u2)ur + (71 — 72)Opua)uy

and (2.20), we have

2

/89 110y — up)wrdS| S 1|Ayy — Aoy 2|12l ey a3 ). (2.21)

Proposition 2 and (3.42) imply that

2

[V = VRV ) do

2
<

~Y

/8Q 110y (@1 = uz) widS| + Ay, = Aoy 2 [luz | ooy lun |20 (2.22)
+,e

In the remaining part of this section, we will estimate the first term on the right hand

side of (2.22). Denote uy = e (U —uz) and du = <e¢%s - eﬂA) ug. Let u = ug + du.

Observing that

/ 10, (U1 — ug)urdS| <[+ w1||%2(ag+7g)/ e 279, (U — ug)[*dS
9. 20

+,e

S </ e_2z'5"|ﬁyu|2dS+/ 6_2“"|8,,5u|2d5> . (2.23)
89+,5 aQ+,e

here we use the face that if s is large, ||w; ”_2X1 /2 1s small compared to 1 according to Theorem
¢

5. Thus

11+ wnlzeon, ) S 1+ lwllza: $1

by applying Lemma 2.

Lemma 5 (Lai [38]). Let Q C R™, n > 3, be an open and bounded domain with C* boundary.
Fori=1,2, let v; € C**(Q) N H%”(Q) be a real-valued function and ~y; > 9 > 0. Suppose
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that v1|oq,.. = Y2loa,.. and Ov1laq,.. = Oveloa, .. If s is large, then

/8 e suPas $ (57 4 A = Rl 4 IR - AnZ) (220
| emmsuas 5 (57 1A, - Al). (2.25)

Moreover, we have

/ 2 5udS < 57, (2.26)
89435

/ e 2| JulfdS < s (2.27)
00

when s is sufficiently large.

Proof. We will prove the estimate for [, e™>"*"|Vdul?dS first. We consider

P1s $2s

V(e 2 —e'2 )‘2|u2|2d5

/ e 2|V ul?dS < / e 2
0. 00 .

|Vug|*dS. (2.28)

Using Theorem 4 and Lemma 1, the first term of the right side of (2.28) can be written as

/ e—2x-sn
o0 _

A (G R SV L
0.

P1s $2s
2

V<e2 —e

)‘2 lus|2dS

2
)‘UQ|2CZS
2
S (14 = A3y + 1900 = 22D egomy + 1 = velwiony + 195 = @5l13q
N js il oo @ 71— 72) Lo (89) 71— V2l e (09) js Jll Lo (0
) )
j=1

(11 + wslZ2 o)

S (72 57 iy = Rl 4 1 = Rl (14 k)
2
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We use similar arguments to estimate the second term of (2.28).

/ 6—2904877

o0_ .

<< P1s

N €2 —vmn
0N _ ¢

+ 52 / (
o0 .

S (1655 = 6312 + IV = VlE o) (IV02 220 + 2 (1 + alE2com)) )

j=1

S (72 2R = Ral2) (14 sl )
2

P1s $2s
e 2 —e 2

2
’VUledS

2 $2s 2
N e T

P1s
e 2

et — m

2
+ v — vl +

_ S 2) (1+ [wsf?) dS

Thus we have
[ emTaas € (s 4 1 = Rl 4 21— Bl?) (15 el ).
e 2

Since 11]aq, . = 72loa, . and d1laa, . = Ov2laq, ., the estimate of fBQJr,s e 25|V ou|*dS

does not contain the ||A,, — A, terms. Thus,

/ e NV oul|?dS < 57 (1 + Hw2||§.(1/2> .
8Q435 C2
Similarly, we can deduce that
[ s 5 (s 4 1 - Rl (14 )
o0 . G2
and

/ e~ 2| SulPdS < s (1 + sz\@(lm) :
b . <2

Since ng\@l /> 1s small compared to 1 when s is large, we complete the proof. ]
¢2

Lemma 6 (Lai [38]). Under the same assumption as Lemma 5, we have
/ e 2N, ul?dS < 572 57 + H]\% - ]\w ||36 + SQHAw - A“/z”i
004
e (1A = Al + 1A, = Al Jualle o) (2.29)

for some 0 < 0 < 1 when s is sufficiently large.
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Proof. Since v; > 79 > 0, we have
|0, (t — U2)’2 < Mo — 723VU2\2 + (71 = 72) Oy uz|
The interpolation theory implies that
710,01 — '7281/“2”%2(89_75) S 0t — 72311“2”1{1/2(39,,5)||(/~\m - sz)uz||H—1/2(asz,,£)
S (a2 + lluzllm2@) 1A = Aspllslluzll 1)
Thus we can deduce
18, (@1 — ua)l1Z200_ ) < a2 + luzllm2@) 1A, — A ll<lluz]l mio)
+ 1Ay = Ay lluallie )

from Theorem 4. By elliptic regularity theorem and :|an = uzloo, ||t1||m2@) S ||u2llm2@)-

Thus we have

/ 672z-sn|ayu0’2ds 5 / 672$-ST] |au<a1 _ u2>|2 dS
o0

o0 .

S e (1A = Asulle + 1A, = Ay D) [[uallZre g (2.30)

by using the fact that uglsgq = 0. Let v = e **Mu. We substitute v into the Carleman

estimate in Theorem 6, then we get that

/ AR(9,00,0) — 2(v - )| Vo|*dS < s/ lv|*dS —|—/ s*(v-n)|v*dS + 1/ v0,vdS
00 o0 a0 S Jon
1
+ g“@_a}'sn(—A + (As — A1) - V+ qus) (€70) |20
+ / AR(9,00,0) — 2(v - )| Vo|*dS
o0_ .
= I+I1T+1IT+1IV+V.

For I and I1, since ug|sqo = 0 and Lemma 5, it follows that

s [ Pds s [ ersupds S (s 4 sl - A R)
o0 o0



and

[ weplPas g [ ersupas s (s 2y - RJR).
o0 o0

To estimate I11, first we observe that

— 1 1
1/ e 2" 5ud,udS < —/ eQx'S"\éu\QdSJr—/ 6’2’3'5’7|8V(5u]2d5
S Joa S Joa S Joa_ .

1 1
+ —/ 6_2”"'S’7|6Vu0|2d8 + —/ 6_2””'57’|81,u|2d5
S Joa_ . S Jo, .

S5 (572 4 Ry = Bl + 7Ry, — Aoy2)
1
S

Since uglan = 0, we derive that

=2 / e oud, (e "*"u)dS
o0

S

1 —
=—(v- 77)/ e 25| Sul*dS + —/ e~ 2 5ud,udS
o0N o0

S

S 57 (72 1Ay — A2+ %Ay, — Aoull?)

1 1
+ —/ e~ 25 9 up|*dS + —/ e~ 2|9, ul*dS.
SJon_ . S JoQy .
Next we estimate [V,

1
V<= / e 2 (A 4 (Arg — Ay) - V4 qr) e (14 wy) [Pdae
Q

1

=5 / €2 (Ary — Ar) = (Agg — Ag)) - V(€7 (1 + wy))

+ (qus — 2s)€" (1 + wo) [P da.

1
+ —/ e~ 29, uo2dS + —/ e~ 259, uldS.
00 . S Joay .

20
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Then we deduce that
2 2 2
1
1V SJ S/ Z |Aj5 — Aj|2dl’ + S/ Z |Aj5 - Aj|2|w2|2dx + - / Z |Ajs — Aj|2|Vw2|2dx
Q= €= 5Ja T
1 2 1 2 2
+— | |g2s — qus|"dx + = | |qas — qus|"|we| dx
S Ja S Ja
2 2 1
SsY A= Ajll7e + N4y - Aj||%oo||U)2H§-(<1/z + - llaes — sl
j=1 j=1 2
L g — qralZlln )2
52 Xe
S5 s b s w2
¢2

from Lemma 1.

Finally, for V| since ug|sq = 0 implies that Vug = d,ug on 952, we have

/ UR(B,00,7) — 2(v - n)|Vu|2dS
20

< / Vo[2ds
o0

< 32/ e_h's”|5u|2d5+/ 6_22"577|V5u|2d5+/ e~ 259, ug|*dS
o0 . o0 . o9 .

~J

S (572 4 Iy = Rl + 1A,y ~ RlE) + [ e 0,ufas

~Y
90 .

Combining the estimates from I to V', we obtain
/ UR(D,00,7) — 2(v - n)|Vo|2dS
00 .
S 5_20 + 3_1 + ”A’Yl - A’YQHEG + $2H‘/~\’71 - ]\’Yz”z
1
+/ e~ 2 9, up|*dS + —/ e~ 2|9, ul*dS (2.31)
o0 . §JoQy .

since by using Theorem 5, ||w2||§.(1 » can be neglected if s is sufficiently large.
¢2
Moreover, for (v -n) > e > 0, we have

/ AR, 00,7) — 2(v - )| Vo[2dS
004 .

> / (v-n)e 2*10,ul*dS — 32/ e 2| Sul*dS — / e 2IVoul?.  (2.32)
8Q+,E 8Q+,E

aQ+,E
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Combining (2.30), (2.31) and (2.32) and Lemma 5, the proof is completed. O

From (2.23), Lemma 5 and Lemma 6, we can deduce

2
S 57 57 R = A+ PR, - A

/ 71(9”(@1 — ’LLQ)UldS
004 ¢
+e (A = Al + 1A = Al lluallFe).  (2:33)

Note that [Jus||7(q) S € and [lu|3ziq) S €. Therefore,

2

‘/Q (VNnVvre = vVym) - V() d

ST k5T A = R 2+ e (IR — Al +11Ay = A2 (234)

from (2.22) and (2.33).

2.3.4  Stability estimate

We consider the function v := log /71 —log /72 € H 1(Q). This function v is a weak solution
of

Av + V(log /71 +log\/72)Vv =F in () (2.35)
v|on = (log /71 — log v/72)|s0;

with F € H-}(Q).
Since v is also a weak solution of the elliptic equation V - ({/71,/72)Vv = (/11v/72) - F

in 2, we get the following estimate

[l @) S IE N1 + [0l m200)- (2.36)

Using interpolation theory, Theorem 4 and v; € H %“’(Q), we get

1/2 1/2 % y
19l 17200 S 100 ooy 0155 00y S 1Ay = Bg 1172 (2.37)
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Hence, we obtain
ol S IE -1 + 1A, — Ay |22, (2.38)

The stability will now follow after treating ||F'||g-1(q). Following the argument in [19]
and (2.35), let g = V(log /71 + log/72) and denote by f the extension of f € L3(Q2) by
zero to R™. Then for ¢ € H{(2) we have

(F, ) = / —VuVg + (gVv)pde
Q

= —VoVE + (gVv)@dz
R

_ / (W) FFo+ F(gV)) Faar
Hence
)2

0 FVo + Flgo)| (14 k) dk) 16 s

irol< ([

Here F denotes the Fourier transform. Since »; € H217 (), it follows that

—~ —~ 12
HFH?{I(Q)S/ (i) F o+ F(g¥o)| (1+ k%)™ ak
|k|<R
— —~ |2
—I—/ ‘(ik)]—"Vv%—}"(ng)‘ (14 [k?) " dk
|k|>R

< R\ (ik) FVv + F(gV0) 3 50,1

1, = 1
—l—ﬁHgVUHLz(Rn)—i—/ (1—|—|k|2)2

|k|>R

FOu| (1+ k) F dk

< RM|(ik) FVv + F(gV0)l| 1 (50.8))

1, = 1 )
+ mllgVoullezen + IVl y o (2.39)

Now we need to estimate ||(ik) FVov + ‘F(Q%)H%ww(o,m)' Denote ¢ = (ik)Vv + (gVv).
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Substituting u; = \/%; 'e¥% (1 +1;),i = 1,2, into (2.34), we obtain that

2

F(a)(R)]* =

/Qe_“““'”C (z'k:V (log /71 — log /72) + (Vlog /1) — (Vlog \/%)2) dx

2

e (V1 + 1ha + ¢1¢2)> dx

s\/g(ﬁvm—ﬁvmw(ﬁlﬁ

+ 8720 -+ 571 + H]\’Yl - A'Yszg + 663(”‘7\’}’1 - A'YQH* + ”A'Yl - ]\’YQHE) (2'40)

We use the product rule to estimate the first term on the right-hand side of (2.40),

2

/Q<\/%V\/% —vV72Vym) -V (\/7_11\/%6%-3; (V1 + P2 + ¢1¢2)> dx 2
S /Q(\/%V\/% —vV72Vymn) -V (\/V—ll\/%eim> (1 + o + 1apy) du
+ '/Q (VnVVre = VRVym) - (\/7_11\/%‘3]”) (Vihy + Vihy + V (Y110)) da 2

=141l

For I, using Theorem 5 and the definition of ¢; = /% <6_%5 — \/%71) + %6_%5% =:
Y™ 4+ 4™ we can deduce from (2.11) that
1S (k2 +1) (11l + Il + 1913210032
S Qi+ 1) (5772 45 (Jlfy + sl )
¢1 ¢2
<k2(s22"+51(w 2 w2 >>
< I Jon s + sl

2

To estimate I1, we divide it into two parts.

| [ v - vaEvvi- ) (U VU () o 2
v /Q (VY — VAL ( \/7_11 ﬁek> (V2 + Vib2) da 2

= Jl + JQ.
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For J;, using Lemma 1,

Ji S 572 4 [l 2 IVl 2 4 (2]l 2 |V || 2

S (s s ulle ) (570 4 st )
Y ¢2

+ <s” +s%|\w2||X1/2> <s°' + séuwlnX;p) .
) 1

To estimate Js, first we have

2
+

2
J2 S ||w1|]%2(9) + ||w2||%2(9) + ’/ ®pVwidx
R’ﬂ

/ ®pVwydx

Note that since v; € H 3/ 2(Q), the function ®p has compact support and is in the space

Hl/Q(Rn>. Then |fR" (I)valdl"Q ,S HCI)BH%ﬂ/z(

RH)HQBwIH?{l/Q(Rn)- We derive

b5 (nwlnim . ||w2||§-(m) . (nwln;m i ||w2||§m>
¢ Co <1 ¢2

—-1/2

by applying [|w||r2@) < s Hwaé/Q from Lemma 3.
1

Based on the argument above, we have the estimate

@ S W (5722 57 (Il + ualiye ) ) + (lnlBy + ualiye)
¢1 ¢ <1 C2
_1_
5 gl o+ ool | o
¢ <1 <2

57 5T [ = A e (1A, = Al 185, — Al (241)

Integrating on both sides of (2.41), we get

1 2
WP S (v g [ (ke + sl ) ) dsn
Sn—1.J) <1 ¢2
1 2A 2 2
N . 1/2 - 1/2 dsd
25 L (bl el ) dsa

1 2
w3 L (Nl + Tl gylhwal gy ) d
A gn—1 J\ ¢ 9! 2

A A Ay = R 24 e (1A, — Ryl + 1Ry, — Asy ).
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Applying estimate (2.17

)
1 2 2 2 1
- 1 adsdn SANTHTH AT
)\/Sn—l/)\ ||f('U||_X'<1/2 S T’N + )

we have

(@) (k)2 S [k (A2 4 A72) 4 A2 4 A7

+ HA% - A'm”ie + eC)\(HA’Yl - ]\’DH* + HA’Yl - ]\’YQHE) (2'42)

Let n vary in a small conic neighborhood U, € S™!, we get the estimate (2.42) uniformly
for all k € E = {k € R" : k orthogonal to some 7 € U, }.

Fixed R > 0 and k € R™. Let f(k) = F(q)(Rk). Since ¢ is compactly supported, F(q) is
analytic by the Paley-Wiener theorem and

Rlel Rlal ekt

DRI < Nallevo Grmmr e = ©a@am@ e = ¢ @am@ ™

for any v € N*. Let D = B(0,2) and £ = EN B(0,1) with M = Ce" and p = diam(Q)~".

From Proposition 1, there exists § € (0,1) such that

F(@) (k)] = |f(k/R)| < Ce™® D £[|7 _ 2 < Ce"FOD F(g) (k)| i) (2.43)

L>e(E
for all k € B(0, R).
Using (2.43), together with (2.42) and (2.39), we get

|FI sy S R B0 (3727 4 37 Ry, = R
- ~ ~ - 0
e (s = Al + 1Ay, = Al?) + R
if A\ > R? > 1. Thus,
3 n onR1Z0 |\ _op n 9pRIZ0 % X120
HFHH—I(Q) S Rie TN+ Rie 7 A — Al
1-6

+ RIMT MMy = Al + 1Ay, — A+ BT (244)

Here we denote
B=0o if0<o<3,

g=1 ifi<o<l.



Choosing

1

\ = (Rn+162n3(1—é)> 260

such that

n

R562nR%~§)\—26 _ R_%,
the estimate (2.44) is bounded by

2 n onRpl=f . % ~
HF”;}ﬂ(Q) S Roe”™ 3 1A, — A |2

—6

+ REPRT N Ay — Ayl + Ay — A, |2+ R77

Using the fact that

RE BIG A _ R 2nRIGbe(R A N1S0) 200

n(1—0)

nyonl=0 . ntl ~
< exp (e[§+2 AT RT ]R) for all R > 0.

. n _0 n n 1—0~
Setting K = 2 + 2n179 +c+ ﬁ + (55 L (2.45) leads to

KR
e

2 3 re e re re re e _1
HFH;I—l(Q) S/ (HA71 - A'mHzg + HA’Yl - Aﬁ’z”* + HA’Yl - A'yzHi) + R,

27

(2.45)

(2.46)

The arguments above are valid if A > \g. There exists a small § such that if [|A,, —A., ||, <

0 and R = % log [ log ||f~\71 — /~\72||z|, we have A > )\g. To be more precise, if
Ao < A= <Rn+1e2nR(1—é)> 257 < (eR(nH)ean(l_é)) %%
then )
230
R > — log A\g =: Ry.
“Sntl_ong 0T

We take 0 < § < §p < 1 with ) < e P Thyg
i

- . - | . _ 1 2
1Py (1 = Rl 10y = 170+ o o I, = Al )

(2.47)



For any f € L>(R") and 0 < & < 1, we deduce that
o 5 2 2
@) < I 1 ()]
for almost every x € R". Then we have

2(1-4)

I — ’}/QHWLﬁ(Q) Slin— ’Y2HH1’EQ).

From Theorem 5 in Ch. 5 in [13], we obtain that
It = vellons @ S 15 = el st -
Applying (2.38), (2.47), (2.48) and (2.49), the estimate

- - - —_— 1 ~
s =l 5 (Mo = Rl + Wiy = 10+ o o

holds.

Now if |A,, — A, |ls > & > 0, then we have

C 06(1—5) 99(1-5)

71 = 2llcos @) < (SMT&)& S A Al

for some C' > 0. The proof of Theorem 1.1 is completed.

28

(2.48)

(2.49)

0(1—5)

~ 0 _1
— Ay lli]

(2.50)
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Chapter 3

INVERSE BOUNDARY VALUE PROBLEMS FOR THE
STOKES AND THE NAVIER-STOKES EQUATIONS

3.1 Introduction

Inverse boundary value problem for the Stokes and the Navier—Stokes equations is closely
related to the conductivity inverse problem arising in the modeling of EIT. However, the
mathematical approach that is used to recover the conductivity in EIT cannot be applied in
solving the inverse problems for Stokes equations and Navier—Stokes equations. This is due
to the fact that we have a system instead of a scalar equation.

The Stokes equations is formulated as follows. Let €2 be an open bounded domain in
R"™ with smooth boundary. Assume that €2 is filled with an incompressible fluid. Let u =

(ug, -+ ,u,)T be the velocity vector field satisfying the Stokes equations

divo(u,p) =0 in £,
divu =0 in €2,

(3.1)

where o (u, p) = 2ue — pl,, is the stress tensor and € = ((Vu) + (Vu)T)/2, u is the viscosity
and p is the pressure. Here the notation [, is the n x n identity matrix.

Physically, zero viscosity is observed only in superfluids the have the ability to self-propel
and travel in a way that defies the forces of gravity and surface tension. Otherwise all fluids
have positive viscosities. Thus, we can assume that g > 0 in Q. The second equation of (3.1)
is the incompressibility condition. Because of the conservation of mass, the incompressibility
condition is equivalent to the material derivative of the density function p to be zero, that
is,

Dp — 9p _
i = B +u-Vp=0. (3.2)
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When p is constant, (3.2) is satisfied. The above equation also holds for nonconstant density
functions. We can conclude that a nonconstant viscosity p is possible since the viscosity
function is a function of density. A fluid with nonconstant viscosity is called a non-Newtonian
fluid which is relatively common, such as blood, shampoo and custard.

Let g € H3/2(0Q) satisfy the compatibility condition

/mg -ndS =0, (3.3)

where n is the unit outer normal to 9€). This condition leads to the uniqueness of (3.1), that
is, there exists a unique solution (u,p) € H?*(2) x H'(Q) (p is unique up to a constant) of

(3.1) and u|gn = g. We could define the Cauchy data for the Stokes equations (3.1) by
C, = {(u,0(u,p)n) |aq : (u,p) satisfies (3.1)} .

The inverse problems we consider in this paper is to determine y from the knowledge of the
Cauchy data C,.

In higher dimensions, the global uniqueness of identifying the viscosity using the Cauchy
data has been well-studied. For the Stokes equations, the uniqueness for the inverse boundary
problem was established by Heck, Li and Wang [20] in dimension three. In [41], Li and Wang
proved the unique determination of u for the three-dimensional Navier—-Stokes equations. In
two dimensions, the first result was given by Imanuvilov and Yamamoto [27] in 2014, where

they studied the same inverse problem with the DN map defined by

Au(g) = <%,p> ‘aﬂ-

They showed that the knowledge of the DN map uniquely determines the viscosity p of the
Navier—Stokes equations. In a joint work with Gunther Uhlmann and Jenn-Nan Wang [39]
in 2014, we discussed the Stokes and the Nevier—Stokes equations with Cauchy data in the
two-dimensional case. Recently, Imanuvilov and Yamamoto proved the DN map and the
Cauchy data are equivalent in [28].

We proved the global identifiability of the viscosity in an incompressible fluid by making

boundary measurements (u, o(u, p)n) |sq.
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The main result of this chapter is the following global uniqueness result. Note that the

following theorem also holds for the Navier-Stokes equations.

Theorem 7 (L.-Uhlmann-Wang [39]). Let Q be a simply connected bounded domain in R?
with smooth boundary. Suppose that py and ps are two wiscosity functions for the Stokes

equations. Assume that y; € C3(Q) and p; > 0 with
0%uilon = 0%pualoa  for all |a] < 1.

Let C,, and C,, be the Cauchy data associated with py and po, respectively. If C,, = C,,,
then py = pg in €.

To study the Navier—Stokes equations, Heck, i and Wang [20] applied the linearization
technique due to Isakov [29]. The idea is to reduce the semilinear inverse boundary value
problem to the corresponding linear one. When applying the linearization method to the
Navier—Stokes equation, the difficulty is to show the existence of particular solutions to
the Navier—Stokes equations with certain controlled asymptotic properties. The idea of
linearization used in [41] is independent of the spatial dimension. It works for the two-
dimensional case as well. Therefore, the global identifiability for the 2D Stokes equations
implies that for the 2D Navier—Stokes equations. We will briefly describe the result in Section
3.4.

Like the 2D Calderén problem, the inverse boundary value problem for the 2D Stokes
equations is formally determined. The global identifiability can not be proved by just using
complex geometrical optics solutions in high frequencies as we did for the 3D Stokes equations
in [20]. Our first strategy for proving Theorem 7 is to show that the inverse boundary
value problem for the 2D Stokes equations and that for the thin plate-like are equivalent.
The equivalence is known to hold for the 2D isotropic elastic equation and the thin plate
equation. Recently, Kang, Milton and Wang [35] gave explicit formulas showing that the
Cauchy data of the elasticity system determines the Cauchy data of the thin plate equations,

and vice versa (see also [26]). Since the Stokes equations can be viewed as an elasticity system
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with incompressibility, we can prove a similar equivalence by using the similar arguments
in [35]. Having established the equivalence of two inverse boundary value problems, we
then transform the thin plate equations into a first order system. Albin, Guillarmou, Tzou
and Uhlmann [4] showed that the Cauchy data of the first order system D + V uniquely
determine V if V is diagonal, where D is an operator with 0 or J at its diagonal. When V
is not diagonal, they reduced it to the diagonal case so that the similar result holds for the
non-diagonal one. For the Stokes equation, the potential V' contains the function p up to
the second order derivative, we apply their result and the assumption on the boundary of u

to deduce the global uniqueness.

3.2 [Equivalence of boundary data for the plate and for the 2D Stokes equa-
tions

In this section we would like to connect the inverse boundary value problem for the thin

plate equations to that for the Stokes equations. We define the 4-th order tensor R by

RM = RTMR,
for any 2 x 2 matrix M, where
0 1
R, =
-1 0

Hereafter, for any function u, the notation u ; means the derivative of u with respect to z;,

j =1,2. Denote o = (0;;).Componentwise, the first equation of (3.1) is equivalent to
o111 +0122 =0, 0911+ 022 =0.
It follows that there exist potentials ¥ and 5 such that
011 = 1/)1,2, O12 = —¢1,17 0921 = ¢2,2, 0929 = —1/12,1- (3-4)

Since 019 = 091, We have

Y11+ a2 = 0.
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Thus there exists a potential ¢ such that

V1 =02, Y2=—0¢;. (3.5)

The potential ¢ is called the Airy stress function. Substituting (3.5) into (3.4), we see that

;= RV = G2z —Pa2 (3.6)
—P21 O
where V2¢ denotes the Hessian of ¢, i.e.,
V2 — b1 Qa2
21 P22
In light of o = 2ue — ply and (3.6), we get
1
e=— (RV’¢+pl). (3.7)
24
The divergence-free condition divu = 0 implies that
1
0=1uy1 + Uz =tr(e) = % (A¢ + 2p),
thus
A¢

Note that the physical significance of the pressure p is that —p is the mean of the two normal
stresses at a point, that is,

1
p= —5(011 + 099).

From (3.7) and (3.8), it follows that

0 = divdiv(Re) = divdiv (%R (RV?¢ +p[2)>
I

= divdiv <i (v% - %12»
%(¢,11 - ¢,22) ¢,12

1
= divdiv % : (3.9)
H ? 12 5(022 — 1)
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Conversely, if divdiv(Re) = 0, then
€22.11 + €11,22 — 261212 = 0,

where ¢ = (g;;). If Q is simply connected, then there exists a function u such that ¢ =
((Vw) 4+ (Vu)T) /2. (For the proof of the existence of such function u, we refer to [14], page
99-103). Based on (3.9), the function u also satisfies divu = 0. Let p = —A¢/2, then (u,p)
satisfies the Stokes equations (3.1). Thus we have proved that the two systems (3.1) and
(3.9) are equivalent if € is simply connected.

Next we would like to discuss the equivalence of the Cauchy data. We define the operator

PM(¢) by

1 _
P,(¢) := divdiv 1 2 (011 = 0.22) ®.12
2M ¢’12 %(¢,22 - ¢711)

and denote u,, = Vu-n and u; = Vu -t, where n = (ny,ny) is the unit normal and
t = (—ng,n;) = RTn is the unit tangent vector field along OQ in the positive orientation.
The Dirichlet data associated with (3.9) is described by the pair {¢, ¢, } and the Neumann

data by the pair

e (4 (o))
o (- 10)) s e (- 0)1),

We define the Cauchy data for (3.9) by

— {(6, s Moy (M)1) o2 : & € HA(R), Pu(0) = 0} .

We now adopt the arguments used in [35] to show that on|sq determines {¢, ¢, } on 09
and u|po determines {M,, (M;)+} on 0f2, and vice versa. Therefore, the Cauchy data C,,
for the Stokes equations and the Cauchy data C}; for (3.9) are equivalent. Assume for the
moment that v € C***(Q) for some « € (0,1). It follows from (3.6) that

Rlon = (V2¢)t = zzl : . (3.10)
20
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For j = 1,2, we integrate V¢ ;- t along 02 from some point zy € 0€2, we recover V¢ (up to a
constant) on 092. Hence ¢, and ¢, are recovered. We integrate ¢, along 0€2, then ¢ on oS
is known (also up to a constant). The appearance of integrating constants is evident from
(3.9). In other words, the traction on uniquely determines the Dirichlet data ¢ and ¢,. On
the other hand, if ¢ and ¢, are given, then V¢ is known. Hence, the boundary traction on
is recovered via (3.10).

To show that M,, and (M;); can be recovered from u. Since € = ((Vu) + (Vu)?)/2, we

get that
1
R€ - R{E:RJ_ = UZ’2 _§(U2’1 + u1’2)
_%(ull + u1,2) Uy
and thus
1
U — =(u +u
div (Re) = 12,21 2( 2,12 122)
—§(U2,11 + uy01) + Ur 12
1 U —-Uu 1
= 2,12 122 | §R{V (s — 1),

Uy,12 — U211

Consequently, we obtain

. 1
div (RE) 1N = (RJ_H) -V (ULQ - u271) = —ét -V (ULQ - u2,1)

(U2,1 - U172)7t .

NSRS NN

Recall that (M), = div(Re) -n+ (t - (Re)n); and therefore

1
(Mt),t = § (Ugjl — u172),t + (t . ('Ré)n)’t. (311)
Integrating (3.11) along 02 from some point zy € 02 and choosing an appropriate (ug; —

u12)(xo), we obtain

1
Mt = 5 (’LL271 — ULQ) +t- (Re)n. (312)
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We observe that

1 0 Luig—u
3 (ugy —ur2) = RY (112 2.) Rin| -t.
%(UQJ - U1,2) 0
The second term on the right side of (3.12) can be written as
U Luio 4w
t-(Re)n= | RY b 3 (2 + tz) Rin| -t.
%(Um + u21) U3 2
Thus we have
Ul U
M= RT| ™ " | Rin| -t
U1 U22
=R (Vu)t-t
= —n- (Vu)t. (3.13)
Moreover, using the definition of M,,, we get
M,=n-Ren=n-RIcR n=t-(Vu)t. (3.14)
From (3.13) and (3.14), we deduce that
Uy = —Mtn -+ Mnt, (315)

which implies the Neumann data M,, and M, can be recovered from u,. On the other hand,
we use the formula (3.15) and integrate —M;n + M, t along 0€2. Thus, the velocity field u is
determined.

By a density argument the above discussion holds for the slightly relaxed regularity
assumption on the boundary data g € H%2(99). Hence, we can remove the assumption that
u € C**(Q). We therefore conclude that knowing the Cauchy data of the Stokes equations

is equivalent to knowing that of the thin plate-like equations (3.9).
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3.3 Global uniqueness for the Stokes equations

From the previous section, we have concluded that to study the inverse boundary value for
the Stokes equations (3.1), it suffices to consider the same question for the plate-like equation
(3.9). Our strategy now is to deduce a first order system DU + VU = 0 from (3.9). The
most nontrivial property that we will show is that C} determines the Cauchy data of the
first order system DU + VU = 0. Having obtained this result, the global identifiability of
p for the Stokes equations is reduced to the uniqueness problem for this first order system.
The global uniqueness of the inverse boundary value problem for such a first order system
was recently studied by Albin, Guillarmou, Tzou and Uhlmann in [4]. Consequently, the
proof of the uniqueness question for the Stokes equations follows from their result.

8.8.1 (0%,0°%) system

As usual, we define z = x + iy,
1 /0 0 1[0 0
82 = - — = — s af _= — B — ) —— .
2 (6’x Zay) 2 <8x —Hay)
The complex version of Gauss integral formulas are given by

/ Ozw(z)dxdy = i w(z)dz, / O.w(z)dzxdy = —i, w(z)dz (3.16)
Q 2t Joo Q 2i Jo

for w € C1(Q) N C(Q) lead to the Cauchy Pompeiu representations

1 ac 1 dédn
w2) =5 [ 0@ -2 [0 OF L, sen (3.17)
1 ¢ 1 dédn
wie) =50 [ wOZs - /Qa“”(og— L zeq (3.18)
where ( = & 41n. Iterations of these formulas give the following higher order representations
S c 1 CZae i X [ g2
w2) =5 [ 0O =5 [ oOF=dc+ 1 [ Bt acan (319
and
_ L 1 ST TN NG
w) =g [ w0t g [ a0 = [ e 20

for w € C%(Q) N CL(Q) (see [7, Page 272]). In the sequel, we need a technical lemma.
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Lemma 7 (L.-Uhlmann-Wang [39]). Let Q2 be an open bounded domain in C and f € C*(Q)
for k > 2. Define

z—C
ded
-+ | 10 = asan
Then u(z) is in C*(Q) and satisfies
Ozul(z) = f(2) (3.21)
i Q. Likewise, if we define
—¢
/ f(¢ Cdfd

then u(z) is in C*(Q) and satisfies

i 2.

Proof. We adopt the proof of a similar result in [12, Theorem 2.1.2] to our case here. We
only prove the first part of the lemma, the other part is treated similarly. We first consider
f € C¥(C). Changing variable ¢/ = z — ¢ in u and differentiation under the integral sign
implies that u € C*(C). To verify (3.21), we apply Gauss integral formula twice and (3.19)
(note that f is compactly supported). We get

-~ [ ez

For the general situation, let zp € Q and x € C3°(C), 0 < x < 1, x = 1 in some neighborhood

/&f %m 1(2).

V of 2y and supp x C €2. Thus,

s
—— | 50 =¢dean

Coen i [ 7=
=[xt = dsan+ - [ (- xo) 0 ey

=:uy(2) + uz(2).
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Since 02uy = 0 in V, from the previous argument for Q2 = C, we have
02u(z) = 02u1 (2) + O2us(2) = x(2)f(2) = f(2)

forz e V.
O]

Lemma 8 (L.-Uhlmann-Wang [39]). Let Q be an open bounded domain with smooth boundary
0. Suppose that f,g € C*(Q) N CY(Q). Suppose that the compatibility condition

Oif =0%g inQ (3.22)
is satisfied. Then there exists a function w € C*(Q) satisfies

Pw=7f inQ,
Zw=g inQ.

(3.23)

Proof. Let us make an ansatz

w(z) =~ / o) S dean + 1 / O= gdﬁdn

s z—C
</ 02f(N) —d dt) Z_Cdfdﬁ+¢1(z)+¢2(2)a
Q z—(
where
u N —
e (] Q(‘)&f ERN) (- Olon(z O
( / Fx 1 )<z—<>1og(m>d<
o0 o0
/aﬂ ([ a0 —AdA) 2~ (P log(z ~ Q)¢
and

1

0a(2) = =55 | 0ca(Q)lz = (P logz = O = 5 | 9(OE=0)logz = O,

Here we take the principal value for the log. Since z —( does not vanish for all z € 2 and ¢ €

0Q, h(z,¢) =log(z — () is well-defined on Q x D where D = {( € 90,0 < arg(z — () < 27}.
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Moreover, for fixed { € 02, the function h(z,() is holomorphic in 2. We can interchange

the differentiation and the integral sign see Chapter 8 in [40] and get

3§¢1(2) = O, 8;@(,2) =0 in Q.

On the other hand, we can compute that

2 o1 E z—=C
%012) = Gy /an ( o TN A‘“) % (z = <> @

1 1 S
_ KA dA d
(2mi)? /aﬂ< o0 Af( )C—)\ ) —( “
and
1 o _C _ 1 — _
on(s) = o [ a0 (Z28) o o [ eIt

Using the compatibility condition (3.22), Lemma 7, and Gauss’s formula (3.16) twice, we

can see that

C A z—C
( / (/ &f C Adsdt) ﬁdﬁdn)
C A ¢ 1 —¢
:33( /</ 92g(\ = )\dsdt)j Cdfdn) 7T/Qagg(g)z_cdgdn

=2 Lot (=) asan+ o [ o (=2) @

27 a0
1
(

—-— [ 99(C)

211 a0

N

dc.

—C

N | W

By the above relation and the ansatz, we then deduce

() =~ [ g(c)0? (7) dédn + 1(2)

™

—af( /</ d3g( —d dt) gdgdn> + 0261 (2) + O2¢ha(2)

= f(2).



On the other hand, from (3.19), we have that

X, 1 1 1 (—X
/Qa§f()\)<_—/\dsdt—f(§) +21/ ey (C A) A+ o Qﬁxf(k)c_—AdA,

which implies that

h(z) == ag( /(/ O2f (A —;d dt) gdgdn>
1 2(2—¢C
-1 [ 0 (=) dean o
1 1 C—A 2 (2—€
ta [ 0 () o [ vz o (2= e

Applying (3.16) twice yields

In view of Lemma 7 and h, we conclude that

=
—ag( / ( / B2 C "d dt) 2d§dn)+8§¢1(2)+8§¢2(z)

]

Note that the above lemma also holds when f,g € H?(Q) since we can approximate a

H? function by a sequence in C*°(Q) in the H%(Q) space.
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3.83.2 0z system

Let A and B be two 2 x 2 matrices. We define A - B = tr(ABT). We write equation (3.9) in

nondivergence form

0 = divdiv (i (V%zs - %12»
20 2
1 1 1 1 1 A
= —A? — —]-V(A -vi-)- 20— —1,|.
Ap PraV (u) V(o) 5V (u) (V v 2)
Since p > 0, the equation above is equivalent to

A%p +2uV (i) -V (A¢) +2uV? (%) : (v% — %IQ) =0, (3.24)

which implies that
02020 + ad?0z¢ + SO ¢ + @0, 02¢ + BO2p = 0, (3.25)
where

B 1 arYe:

With equation (3.25) in mind, we define a first order system D + V acting on functions

with values in C* as follows

& 0 0 0 a B a f
0 & 0 0 -1 0 0 0
D+V = + e (3.27)
0 0 9. 0 a B a f
0 0 0 0, 0 0 —1 0

The corresponding Cauchy data of D 4+ V is
Cpsv = {Ulon : U € H'(Q,C*), U is a solution of (D+V)U=0} .

The next key step is to show that the Cauchy data C}; for (3.9) determine Cp;y. To do so,
we begin the following lemma saying that C; determines all derivatives of the solution on

the boundary up to third order under suitable assumption.
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Lemma 9 (L.-Uhlmann-Wang [39]). Assume that 0"pu1|oq = 0% uslea for all |k < 1. If
C,, =0C,, ie,

M2’

{¢17 le,nu Ml,nu (Mt)l,t} = {¢27 ¢2,n7 M2,n7 (Mt>2,t}7

where ¢; is the solution to the equation P, (¢;) =0, j = 1,2, then
"1 = 0Py on 0N for |k| < 3.
Proof. The equalities ¢1 = ¢ and ¢y, = @2, gives Vo = Vi, on 001, ie.,
G171 = P21, P12 = 2o on O
and thus
Vo1t =Veor-t, k=12 on (3.28)

Moreover, since M, ,, = M, by the definition of M, and the hypothesis 11 ]sq = po|oq, we

obtain

(n} —n3)(P1.11 — P211) — (N — 13) (1,22 — Po92) + 4nina(d1 12 — Po12) = 0. (3.29)

From (3.28) and (3.29), we have

—Ny ny 0 1,11 — G211
AU = 0 . n G112 — Po1z | =0 on O (3.30)
n% — n% 4ning n% — n% 1,22 — P2,22

Since the matrix A is invertible, we get that ¢, ;; = ¢2,; on 9 for 1 <4, j < 2.
With ¢4 ;; = ¢2,; on 0f2, we can deduce

Vorij -t =V -t,
that is,

—No®1.1ij + M P1,2ij = —N2P2.1ij + N1D2,2ij- (3.31)
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Using the condition (M) = (M¢)2, and ¢y ;5 = ¢, on 0 for 1 <4, j < 2, it follows that

div <2im(v2¢1 — %Iﬂ) -n = div (Qiﬂz(v%b2 — %5)) .n. (3.32)
Putting (3.31), (3.32) together and using the boundary assumption of u, we obtain that
—ng M 0 0 ¢1,111 - ¢2,111
0 —na2 M 0 @1,112 - ¢2,112 —0.
0 0 —nNg M ¢1,122 - ¢2,122
ni ng ny  ng ¢1,222 - ¢2,222

Since the matrix above is invertible, we deduce that ¢y ;. = @9, for 1 <4, 5,k < 2.

We are now ready to prove the crucial step.

Lemma 10 (L.-Uhlmann-Wang [39]). Assume that p € C3(2). Suppose that 0% |oq =
O paloa, V |k| < 1. The Cauchy data C; of P, determines the Cauchy data Cpyv of D+V.

Proof. Assume that CZI = C;Q with two parameters p; and po. Let Uy = (uy, ug, uz, us)? be

a solution of (D + V;)U; = 0, then

g 0 0 0 ar B o 51 Uq
d 0 0 -1 0 O 0 Uy
(D+ W)U, = + B =0,
0 0 0. O ap B By Uug
0 0 0 o, 0O 0 -1 0 Uy

where «a;, §; are defined in (3.26) with respect to p;, j = 1,2, respectively. The 2nd and 4th
equations of the system (D + V1)U, = 0 gives

Oy = uy, O,y = Us. (3.33)
Likewise, the 1st and 3rd equations of (D + V4))U; = 0 implies
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It immediately follows from (3.33) and (3.34) that
O2uy = 0?uy. (3.35)
In view of (3.35) and Lemma 8, there exists a function ®; satisfying
020, = uy, 020 = uy. (3.36)
Substituting (3.36) into (3.33) gives
U = OzUy = 838;@1, Uz = Oy = 83(3;(1)1. (3.37)
The 1st equation of (D + V;)U; =0, i.e.,
Ozuy + aug + Bug + aug + fug = 0
with wuy, -+ ,us replaced by (3.36) and (3.37) above, is equivalent to
P,(®;)=0 in Q

(cf. (3.25)). Similarly, for V5 and U, satisfying (D + V5)Us = 0 in Q associated with
2, we obtain a @y solving P,,(®2) = 0 in Q where the components of U, and ®, satisfy
corresponding equations like (3.36), (3.37). The assumption C}; = C}:  implies

{¢17 (1)1,717 Ml,n; (Mt)l,t} == {@2, q)Q,na MQ,na (Mt)27t}

and Lemma 9 gives

8“(@1 - q)g)|aQ =0 for |I€| S 3.

Since Uy = (020:D9, 02®y, 0,028, 02®,)T, we obtain (U; — Us)|sq = 0 and thus Cpiy; =

CD+V2 .
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3.3.83  Proof of the uniqueness result

We denote
a Q@
A= g and Q = & ,
-1 0 0 0
then the system D + V' can be represented as
ozI, 0 A Q
D+V= ’ + ©
0 0.1, QR A

In the following lemma, we show that p is uniquely determined by the Cauchy data Cp,y .

Lemma 11 (L.-Uhlmann-Wang [39]). Let (ay,5;),j = 1,2 be in C1(Q). Assume that
0" u1laa = 0% uslaq for all |k| < 1. If Cpyv, = Cpiv,, then py = po in .

Proof. Using that Cpyy, = Cpiy,, we apply Theorem 4.1 in [4] to obtain that there exist
invertible matrices F; € C(Q, C? & C?) such that F; = F, on 99. Moreover,

&ZF} = F]Aj and Ql = F@2F717 (338)

where F := F[ ' F, is an invertible matrix.
Let us denote the two rows of the matrix F j_l by a; and b;, then the first relation of

3.38) implies 0:F; ! = —A;F;! and hence
J I
1o ' (3.39)

with the help of the form of A;. We now write

Pl h v
m o

Using the condition Q; = FQ,F~!, we have that

mOél = mﬂl =0
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and

hay = hag +mpBe, hfy = vag + 1. (3.40)

Then m = 0 in €', where Q' = {x € Q : ay(z) # 0 or fi(x) # 0}. Note that if z is in the
complement of €', then (ay(z), f2(x)) must be zero by (3.40) since F' is invertible. Thus
a1 = ap = 0 in the complement of . If € is empty, then a; = 0 = ay in Q. By the
boundary condition 0%y = 0"us for |k| < 1, we conclude that p; = po. Actually, in this
case, we obtain that p; = py = constant.

Now we suppose that ' is a nonempty open set. Since m = 0 in €', F~! can be rewritten

as
h v

0 r
in V. Using F' = F;'F, and (3.39), we can deduce that

F1=

h&zbl + 'Ubl = &zbg, Tbl = bg, in Q,,

which implies
F= in . (3.41)

In deriving (3.41), we used the fact that 0:b; and by are linearly independent due to the
invertibility of F,'. Note that since F is invertible, 7 never vanishes at any point in €Y.

We observe that

&ZF_l = a?(FQ_lFl) = aEFQ_lFl + F2_1(95F1

= —AF '+ A,
then it follows that
20:1 = (0q — ag)r (3.42)
and

&2r = (b1 — Pa)r — g0z, (3.43)
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From (3.42), we have
202r = 10:(a1 — a) + (g — ap) 0. (3.44)
Substituting (0sr = (a1 — ag)r/2) into (3.43) and (3.44) gives
202r = (281 — 202 — (o — az)) 1 = (O=(on — 2) + (a1 — ) /2) 7,
which implies
261 — 262 — an(a1 — ) = Oz(ay — o) + (g — az)?/2. (3.45)

Note that r does not vanish in §2’. By direct computation and the definition of «; and §; in
(3.26), it follows that
20; = Oz + . (3.46)
Then we obtain
o =aj in (3.47)
by substituting (3.46) into (3.45). Combining (3.47) and the previously derived fact
a;=ay=0 in Q\,

we have that

i =aj in Q,

which is equivalent to

(Vlog n)® = (Vlog p1z)* in €.
Since p1]aa = p2laq and by the continuity of p; and Vp,, j = 1,2, we obtain
Vioguy = Vogpus in €.

Using the boundary condition p|g9q = p2|an again, we finally conclude that p; = pg in 2.

]

Proof of theorem 7. From Section 3.2 we have known that the Cauchy data for the Stokes
equations and that for the equation P,(¢) = 0 are equivalent, that is, C,,, = C,, is equivalent

to C};, = C,. Therefore, Theorem 7 follows from Lemma 10 and Lemma 11.
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3.4 Global uniqueness for the stationary Navier—Stokes equations

In this section we consider the unique determination of the viscosity in an incompressible fluid
described by the stationary Navier—Stokes equations. In higher dimensions, this problem has
been solved by Li and Wang in [41] using the linearization technique. Since their methods
are independent of spatial dimensions, we could apply their ideas to show the uniqueness
result of p for the Navier-Stokes equations in the two dimensional case.
Let u = (uy,us)? be the velocity vector field satisfying the stationary Navier-Stokes
equations
diveo(u,p) — (u-V)u=0 in Q,
divu =0 in €2,

(3.48)

and the corresponding Cauchy data is denoted by
C,, = {(u, o (u, p)n) |aq : (u, p) satisfies (3.48)} .

Let u|asq = ¢ € H3?(00) satisfy (3.3). We choose ¢ = et with 1 € H??(082) and let
(ue,pe) = (evs,eq.) satisfy (3.48). The problem (3.48) is reduced to
divo(ve, g.) — e(ve - V)v. =0 in Q,
dive. =0 in Q, (3.49)
Ve =1 on Of.
We are looking for a solution of (3.49) with the form v. = vy + ev and ¢. = qo + £q, where
(vo, qo) satisfies the Stokes equations
divo(vg, o) =0 in £,
diveg=0  in©, (3.50)
vy = Y on 0f),
and (v, q) satisfies
—divo(v,q) +e(vo - Vv +e(v-V)vg +e*(v-V)v=f inQ,
diveo =0 in (3.51)
v=20 on 02,
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with f = —(vo - V).
In [41], it is shown that for any v € H3?(9Q), let (vo,q) € H?*(Q) x H'(Q) be the
unique solution (go is unique up to a constant) of the Stokes equations (3.50). There exists

a solution (u.,p.) of (3.48) of the form
u, = evg + €%v, p. = eqo +£q

with the boundary data u.|sq = €7 for all || < g, where g9 depends on |[1)[| ys/2(9g). Here

(v,p) is a solution of (3.51) and satisfies the regularity result

ol + llall mr@)m < CZ 191737290

7j=2
where C' is independent of € and ||q| ;1 (q)/r := infeer ||q + ¢|| 1) Hence, we have
||5_1u€ — UOHHZ(Q) = ||€’U||H2(Q) — O,

e pe — 9l ) r = lleq||mr@)mr — 0,
as € — 0, which imply
||€_1u5|ag — UO|8Q||H3/2(8Q) — 0, (352)

and

le™ o (e, po)nlag — o(vo, go)nloa | rr1/2(90) — 0, (3.53)

/pgd:p = / qodx = 0.
Q Q

From (3.52) and (3.53), we can deduce that the Cauchy data C,, of the Navier-Stokes equa-

provided

tions uniquely determines the Cauchy data C), of the Stokes equations. In other words,
é’m = C~’“2 implies C},, = C,,,. Therefore, the uniqueness of the viscosity for the Navier—

Stokes equations follows from Theorem 7. We have the following theorem.
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Theorem 8 (L.-Uhlmann-Wang [39]). Let Q be a simply connected bounded domain in R?
with smooth boundary. Suppose that py and pe are two wviscosity functions for the Navier—

Stokes equations. Assume that ju; € C3(Q) and p; > 0 with
0" 1loa = 0 paloq for all |k| < 1.

Let C’m and C~'H2 be the Cauchy data associated with p; and o, respectively. If C’m = C’m,
then py = g n 2.
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