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University of Washington, Department of Oceanography, Seattle

(Manuscript received June 8, 1957, revised version April IS, 1959)

Abstract
Differential equations, boundary, and discontinuity conditions are obtained which relate

the internal tide to the surface tide in a two-layer system. Solutions of these equations give
internal tides which may be large compared to the surface tide. In the coastal region these
internal tides are standing waves and futther offshore they attain the characteristics of pro­
gressive waves traveling seaward.

Introduction

Although internal waves of tidal period have
been observed in various regions of the oceans,
their distribution and manner of generation
have remained largely unknown. No suitable
theory has been developed as a guide to an
adequate observational program or with which
the results of such a program can be compared.
Such a theory should eventually permit predic­
tion of the range and phase of the internal tide
from a knowledge of the important oceano­
graphic variables.

Recently, DAVIS and PATTERSON (1956) have
summarized our knowledge on the creation
and propagation of internal waves. In the
majority of cases where current measurements
were obtained simultaneously with observa­
tions of the vertical displacements, the inter­
nal tides were progressive waves, although in
certain instances they had the nature of
standing waves. Present evidence, as suggested
by RUDNICK and COCHRANE (1951), RATTRAY
(1954, 1957 a), and REID (1956), points to
coastal generation of the internal tides. How­
ever, although PROUDMAN (1953) has shown
under similar conditions that an ordinary tide

wave, on passing over a high submarine
barrier will give rise to an internal wave the
actual mechanism of coastal generation has not
yet been demonstrated.

In order to explain the observed internal
tides, it is proposed here to investigate how
they might possibly be generated in coastal
regions and to determine the characteristics
of the resulting waves.

Nature of internal tides generated in
coastal regions

The generation of internal tides in coastal
regions depends on a coupling between the
surface tide and the internal tide, due pri­
marily to marked variations in depth but also
influenced by the local distribution of oceano­
graphic properties. Although the variations
of range and· time of tide along the coast have
been shown to have an important influence on
the longshore component of the tidal current
(RATTRAY, 1957 b), the wave length of the
internal tide is sufficiently short compared to
that of the surface tide for these variations in

1 Contribution No. 232 of the Depart nent of Oceanography, University of Washington.
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and the lower layer are:

dV" "iit + 2£OU = o.

ap' ,
"Jt + 2£OU = 0,

(6)

(5)!!.. (h'U') = dC" _ac'
dX at dt

for the upper layer, and

d ( ) ac"dX h"u" =-iji"

for the lower layer.
Here a primed quantity refers to the upper

layer and a douole-primed quantity to the
lower layer where 11 and v are the horizontal
components of velocity; £0 is the vertical
component of the earth's angular velocity of
rotation; g is the acceleration due to gravity;

L1eis the relative density difference between
e

the two layers; Cis the elevation of the upper
surface of a layer; and h is the layer depth.

With the time factor taken as eiat, where
O'=2n/period, the equations become, after
eliminating Vi and v":

. ( 4(02
), dC''a 1 - - 11 = - g-

0'2 dx

The equation of continuity is

variation in a direction parallel to the coastline
and in which the difference in density between
the two layers is very small compared to the

density of the water in either layer, i.e. L1e «1.
e

The effects of friction and vertical acceleration
will be assumed to be negligible. Then the
equations of motion for the upper layer are:

dU" _2£OV" = _g (1 _b.e) dC' _gb.edC", (3)
at e ax e dX

nlost cases to have only a small effect on the
internal tide. Therefore, where the depth
contours are reasonably parallel to the coastlfue,
the crests of the internal waves will also be
approximately parallel to the coastline.

In the coastal region, these internal tides will
behave as astandingwave because oftheproxim­
ity of the coast, but further offihore their
nature will change to that of a progressive
wave traveling seaward. In travelitig offshore
these progressive waves will lose their energy
from friction and finally will become undetect­
able. While their rate of dissipation will
depend on the particular oceanographic condi­
tions (RATTRAY, 1954, 1957 a), the waves in
most cases will be found to retain an appreciable
amplitude for considerable distances from their
source, but will be damped out before they
impinge on another coastline. Thus, energy
is continually removed from the coastal re­
gion by the progressive internal waves and,
for steady state conditions, this energy must
be supplied at the same rate by the coupling
between the internal and surface tides. Con­
siderations of resonance, then, are not appli­
cable to this problem. For maximum internal
tides in the ocean, maximum energy must be
s~pplied to the internal motion by the surface
tIdes.

The amplitude of the resulting internal tide
will depend on the actual coupling mecha­
nism between the two tides and on the ampli­
tude of the surface tide. If the couplingremains
constant, the amplitude of the internal tide
in any region will be proportional to the
amplitude of the surface tide along the
adjacent coastline. However, the coupling can
also change with a change in oceanographic
conditions in the 'region. In order to deter­
mine this coupling it is necessary to know the
oceanographic conditions in the coastal and
offshore regions.

The general nature of internal tides here
outlined explains many of their observed
features. However, the question still remains
whether a coupling mechanism can be shown
which will yiela. internal waves of the observed
magnitudes. This problem will now be in­
vestigated.

Derivation of the wave equation

Consideration will be restricted to a two­
layer system in which properties have no
Tellus XII (1960). I
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. ( 4
lO2

)" (Lle) dC'la 1-- U =-g 1----
0'2 . e dx

Lie dC"
-g--e dx

~ (h'u') = ia(C" - C')

d (h" ") . ,."dx U = - ,a"

(8)

(10)

Elimination of CIt, tI' and ,," results in a fourth
order equation for C', and setting h=h' +h" it
can be written:

This equation has four independent solutions,
two which represent surface waves and two
which represent internal waves. The respective
amplitudes of these waves will depend on the
boundary conditions.

Boundary and discontinuity conditions

At the coastline, the x-component of the
total transport and the transport in each layer
must vanish, that is

h'u' = h"u" = 0

At large distances from the coastline, where
the density distribution and the total depth
have become constant, the solution for the
internal tide must be a progressive wave
traveling seaward.

At any discontinuity (actually a change over
a distance short compared to the internal wave
length) of the depths or density dilference,
the total transport, the transport in each layer,
and the pressure must be continuous. These
requirements may be written:

t5 (hu) = 0, (13)

t5 (h'u') = t5 (h",,'') = 0, (14)

t5 r = 0, (I S)

t5 (LlpC") = 0 (16)

Fig. I. Model used in Example I.

where t5 indicates the difference in the desig­
nated quantity on the two sides of the discon­
tinuity.

Solution for the intemal tide

When the surface tide, the bathymetry, and
the internal density distribution are known
over the coastal area, the resulting internal
tide is obtained by solving equation (II) subject
to the above conditions. A solution is always
possible when the density distribution can be
adequately approximated by a two-layer
system. For illustration, two simple examples
of exact solutions are given here to demon­
strate the general nature of these internal tides.

Example 1. A model (Figure I) is taken in
which the continental shelf has a uniform
depth, d, and a width, I, The ocean is given a
depth, D, and the depth of the upper layer, h',
is taken to be a constant. Under these conditions
the differential operator in equation (II) can
be factored and the equation becomes:

[
a2

( 4W2
) ( A / 4h'h" Lle)2' 1-(12 1+V 1-1J2e +

+$h'h"Lie~J.
h e dx2

[
0'2 ( 4lO2) ( / h'h"LI ). - 1-- 1-\ I __4_,..g +
2 0'2 , h2 e

gh'h" Lie d2
] '+---C=o

h e dx2

Now the solutions to these equations are:

C' = C~ + Ci, u' = u; + ui
,." = "s" + "',.', " "" ( 8)" " " u = Us + ui I

Tellus XII (1960). 1
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(28)

~i' = BriktX, for x ~ 1

~i' =Acosk1 x, for 0 ~ x ~ 1

and ~

( 2 2) d
0' - 4(0 hi (d - hi)

where kr=
LIeg-e

( 2 2) D
0' - 4(0 hi (D _ h')

LIeg-e

-(D-/t')ui'=h'ui= - ~BriktX, for x~l

(3 I)

h'ui= (d - h')ul' =~ Asink1 x, foro ~ x~ 1

(29)

(3 0 )

In the case under consideration ~~~~ and
the elevation of the free surface will be taken

to be that due to the surface tide. However 1~i

cannot be neglected. Where h' ~ d the above
results are modified by omitting equation (16)
and substituting d for h' and setting A = 0 in
the final results. Finally, the solutions of
equations (14) and (16) for the wave ampli­
tudes are:

where for example ~~ and ~;, respectively, re­
present the contributions of the surface wave
and internal wave to the surface elevation
and where they satisfy the differential equa­
tions:

'" h/~~ £ - 1I:ts=d' or~o~x~

and

[
0'2 ( 4(02 ( / 4h'h" LIe)- 1-- 1+ \ 1----- +
2 0'2 h2 e

. +gh'h" LIe~J~i= 0
h e dx1

Since LIe~ I these equations can be approxi­
e

mated by only retaining terms in the lowest

power of LI e. Then
e

I(0'2 - 4(02) +gh::2J~;= 0

~;= ~~, a constant for any x smaIl compared
to wavelength of surface tide. (23)

[
h'h" LI d2

(0'2 - 4(02) +g- J -J ~~ = 0 (22)
h P dx2 I

and solutions to equations (7), (8), (9), (10),
(21), and (22) which satisfy boundary condi­
tions of equations (12), (13), and (15) and are
valid within a distance of the coast small
compared to the wavelength of the surface
wave are:

I " iO'~:,x £ 1
Us=Us = --d-' or o~x~

h/~'rs' = DO, for x~1

I " iO'~~ £ 1
Us=Us = -n' or x~

Tellus XII (1960). 1
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Fig. 2. (A-D): Ratio of internal to surface tidal amplitudes for some cases of Example 1.

where

and

tan p= :: tank,l.

Figure 2 shows the ratio of internal tide
amplitude to surface tide amplitude over a
range of typical conditions.

Several conclusions regarding the ampli­
tudes of the internal tides are immediately

evident; they are proportional to the amplitude
of the surface tide, C~; the depth of the surface

layer, II'; and the factor (J-~) which re­

presents the effect of the change in the total
Clepth. It is interesting to note that this result
implies' preferential generation of waves at

the greater depths. Since values ofh' (J-~)
will range between zero and one, a typical
value can be taken as one-half. The generation
of internal tides, large in amplitude compared
to the surface tide, will depend therefore on

Tellus XII (1960). 1



COASTAL GENERATION OF INTERNAL TIDES 59

h-- (h' + h") -_ x/d, £ 1 ( )or o~x~. 40

This corresponds to a case where a longshore
current exists in balance with this slope.
Since it is normal to find longshore currents at
coastal boundaries, this example is more
realistic than the previous one. For x ~ I,
the conditions are taken to be the same as
for Example 1 and then equations (21) and
(22) will aPl1ly to this region. For 0~ x ~ I,
equation (II) will become

h' = h~x J; Il' ror 0 ~ x~ .

Example 2. A model (Figure 3) in which
the depth of the shelf increases linearly with
distance offshore is more realistic in many
cases and can be obtained by setting

Fig. 3. Model used in Example 2.

Then, in order that equation (II) may be
solved in a simple fashion, the depth of the
upper layer is taken to be

then, to have large internal tides in the im­
mediate coastal region and yet have no
appreciable evidence of such motion in the
leeper water. In no case will the progressive
wave amplitude exceed that of tIie standing
wave. AlSo under the conditions most suitable
for the generation of large internal waves, kll
can undergo sizeable fluctuations with small
changes in water characteristics. On a statistical
basis, the amplitudes of the progressive waves
would be expected to be greater than one­
half those of the standing waves for two­
thirds of the observations.

A
---:---1<

C~h' (~- 2­d D

( 2 2) D
a - 4£0 h' (D - hi)

LI 1<
g~

e

V(U2 - 4",2)h' (J~ Ii)
< LI ~

g-R
e

The general statements above thus pertain
also to the magnitude of these progressive
waves. However, there is an additional factor,
cos kl/, which will range from zero to one
depending on the value of kl It is possible,

Tellus XII (1960). 1

the remammg factor being large compared f ~
to unity. This in turn requires k21~ 1 and L ------
then the approximate range of values of this
factor in equation (34) will lie between kll
and k21 depending on the actual phase kll.
Thus, if large internal waves are to be gener- OC£AN

ated, the approximate ratio of standinginternal- D

wave anlplitude to surface-tide amplitude lies
in the range,

which 'requires that the continental shelf have
a width of at least several internal wave
len~. Broad continental shelves will have,
therefore, a high probability for the generation
of sizeable internal tides. As might be expected
from simple considerations of energy, the
generation of large internal tides is favored by a
relatively small difference in density between
the upper and lower layers. A particularly
interesting result is that the "resonance" condi­
tion a2 ~ 4£02 (DEFANT, 1950; HAURWITz,
1950) is unfavorable for the generation of
internal waves by this mechanism.

Under the above conditions, the value for
~e amplitude of the seaward progressive waves
IS
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and

[(0'2 - 4002) +gh~ (I - ~) LJe!!-(~ ~)J Ci 1:1 o.d e dx 1dx
(44)

The solutions of differential equations (7),
(8), (9), (10), (21), (22), (43), and (44) subject
to the boundary conditions of equations (12),
(13), and (IS) are:

C; = C~, a constant for any x small compared
to wavelength of surface tide (45)

, " iO'C~1 £. I
Us = Us = - d' or 0 ~ x ~

7-" _ MC~ £ ~ I
\:)s - D' or x~

- (D - hDui' = h;ui= - ;2Be-ikl%, for x~ ~

(53)

( 2 2) d
0' - 400 had- hD

where /if = LJ (54)
g~

e

( 2 2) D
0' -400 hi(D - hD

and 14= LJ (55)
g~

e

Again as in Example I, Ci has been neglected
compared to C~. Where h~ ~ d the above
results are modified by omitting equation (16),
and substituting d for h~, setting A = 0 in the
final results. Application of equations (14)
and (16) give solutions for the wave amplitudes,
analogous to equations (34) and (35) which are

A - C'h' (I I) / I+ 1412
- ., r D \ u.(2k,ll)"+ ~[J'(2k,m"

ei(<<-V>, (56)

and

where

(58)

, II iO'C~x
Us=U c = - D' for x~l (49)

Ci' = A]o(2k1rl·x1/.), for 0 ~ x ~ I (so)
. rl

hiui= -(d-hi)ui'=-kJO'AtiJl(2k1rl.x1/.),
1 x I

for o~ x~ I (51)

Figure 4 shows the ratio of internal tide
amplitude to surface tide amplitude over a
range of typical conditions. The general
remarks made for Example I also apply to
this case. The only significant difference occurs
in the standing wave, whidl here increases
in amplitude and decreases in wave length
towards the coast. For numerical illustration,

TeJlus XII (1960). 1
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Fig. 4. (A-D): Ratio of internal to surface tidal amplitudes for some cases of Example 2.
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= 65 m,

consider the following conditions, typical
of the Washington coast:

h~ = 100 m,
d = 200 m,
D = 1,000 m,
LIe
e
1

latitude = 47° N,
period = 12 hrs.,

tidal range, 2C~ = 2 m.

Then the calculated range of the internal tide
is 5.6 m in deep_ water and at the edge of the
continental shelf. A small change in inshore
conditions could increase this range to 7.8 m.
According to the theory it would become 46 m
at the coastline. Evidently the approximations
here used are violated in the shallower water
but there is no doubt that these large waves
would have a profound effect on the oceano­
graphic conditions in this region.

Summary and conclusions

Possible generation of appreciable internal
tides by the surface tides has been shown in
regions where the depth has marked variations
with horizontal position. These internal tides
behave like standing waves in the coastal
region but further offihore they change to
progressive waves traveling seaward. At any
given location the amplitude and phase of
the internal tide relative to that on the surface
will depend on the particular depth and density
distributions occurring in the generating region
and in the area between it and the observing
location.

In order to be useful in predicting internal
tides, the above theory for a two-layer system
must be generalized to the case of a continuous
density distribution. The general features de­
monstrated above would still be valid but
certainly the detailed motion could not be
determined directly from these results. How­
ever, the validity of the postulated Inechanisms
for the generation of die internal tide can be
determined by suitable current and hydro­
graphic observations. This will require running
a grid of stations situated over and just off
the continental shelf to determine the mean
density distribution in the area and then
obtaining time studies at selected stations to
determine the nature of the internal waves.
These time studies should include measure­
ment of the variations in the vertical distribu­
tion of properties and the horizontal currents
associated with these variations. Multiple ship­
operations would seem preferable in order to
compare the simultaneous oscillations at
several locations. However, if the mean density
distribution remains fixed over the time of
the survey, one vessel should be able to obtain
significant results.

To the author's knowledge, no observations
to this date are sufficiently detailed to show
more than a general agreement with the above
theory. It is hoped that future measurelnents
on internal tides will obtain all the required
data to answer this question.
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