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Mixed organic-inorganic halide perovskite solar cells (PSCs) have emerged as promising
candidates for photovoltaic applications due to their exceptional optoelectronic properties, high
defect tolerance, low cost, and ease of fabrication. However, their instability under environmental
stress remains a major barrier to commercial viability. Recent studies have focused on
understanding the degradation mechanisms in these solar cells under varied environmental
conditions to develop predictive models for operational lifetimes.

Given the limited understanding of these mechanisms, data-driven approaches—
particularly those leveraging machine learning (ML) tools guided by domain knowledge—have
become central to lifetime prediction. However, due to the significant time and cost associated
with generating the requisite data on PSC degradation, available datasets are typically small, often

containing only hundreds, or even just dozens, of meticulously gathered trials. This scarcity of data



is a common challenge not only in PSC research but also in other experimental fields within
chemistry and materials science, limiting the effectiveness of popular data-hungry ML techniques
such as neural networks.

In this work, I present a case study using in-house PSC degradation datasets to explore the
challenges and strategies of modeling with small data. First, I outline criteria for identifying when
a dataset falls within the small data regime or is considered too small for reliable predictive
modeling. I then review recent ML advances tailored to such contexts and present a modeling
workflow that includes feature construction, feature selection, assessment of metrics (such as
sparsity level, false-discovery and ground-truth recovery), and uncertainty quantification. Using
simulated datasets generated from known ground-truth variables, I demonstrate that prediction
error alone is not always the most reliable metric for feature selection. These simulations, designed
to reflect real-world scientific conditions, yield heuristic insights that are then applied to real PSC
datasets.

Overall, with the help of the in-house PSC degradation datasets, I present a practical
framework to guide researchers in selecting appropriate machine learning methods based on data
availability. This work aims to educate scientists and engineers on statistically rigorous modeling

techniques for small datasets.
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1 INTRODUCTION

In 2024, the global electricity demand rose by 4.3%, a sharp increase from 2.5% in 2023.!
This surge was accompanied by a 0.8% rise in energy-related carbon-dioxide (CO2) emissions,
reaching a record high of ~38 gigatons,' alongside the warmest global temperatures recorded since
1850.2 Meeting this growing energy demand while reducing CO» emissions underscores the urgent
need to adopt clean, renewable energy technologies, with solar energy emerging as one of the most
promising. In the U.S., photovoltaic (PV) systems accounted for nearly 82% of new utility-scale
generation capacity in 2024, totaling around 30 GW.? This growth is driven by a steep decline in
the levelized cost of utility-scale solar energy?, from 23¢/kWh in 2010 to 5.7 ¢/kWh in 20234,
though it remains slightly above the 4.4 ¢/kWh cost of the cheapest natural gas combined cycle
power generation.’ To surpass fossil fuel technologies and achieve the U.S. Department of
Energy’s SunShot 2030 target of 3 ¢/kWh®, further cost reductions in PV systems are essential.

With the cost of crystalline silicon (c-Si) modules—the incumbent PV technology—
plateauing, low-cost alternatives with comparable power conversion efficiencies are needed to
sustain the downward trend in PV energy costs.” Over the past decade, mixed organic-inorganic
halide perovskites, commonly referred to as hybrid perovskites (HPs), have demonstrated a

remarkable increase in efficiency—from 14% in 2013 to 27% in 2025—positioning them as strong

* Levelized cost of energy calculates the present value of the total capital, operational and
maintenance cost over an assumed lifetime divided by the total energy produced, without
considering the investment tax credit. The values shown here assume a 30-year operational
lifetime, and averaged across different locations in the U.S.



candidates for next-generation PV technologies.® HPs exhibit exceptional optoelectronic
properties, including tunable band gaps, high defect tolerance, and long carrier lifetimes.’ Being
solution-processable, these are compatible with low-cost, scalable manufacturing techniques such
as roll-to-roll printing'® and vapor deposition.!! However, HPs are prone to rapid degradation under
environmental stressors such as thermal stress, light, oxygen and moisture, following degradation
pathways distinct from those observed in traditional c-Si absorbers.!?!° In perovskite solar cells
(PSCs), additional factors such as perovskite crystallization kinetics at interfaces,'¢ degradation of

17,18

non-perovskite ETL or HTL layers or their interfaces with the perovskite, '® corrosion of metallic

contact interfaces,!” ionic migration under electric fields,?**!

and trapping of volatile reactive
species due to encapsulation,?>? further complicate these degradation pathways.

To assess if PSCs are a viable replacement for the incumbent c-Si technologies, it is vital
to evaluate not only their power conversion efficiencies but also their durability under outdoor
operational conditions.?* A commonly used metric for this purpose is the tg, lifetime, defined as
the time it takes for a device’s power conversion efficiency to decline to 80% of its value prior to
stressing.?>” Determining this metric typically involves testing PV devices under environmental
conditions that are at least as severe as those encountered outdoors,?® continuing until they reach
their tg, lifetimes—experiments that can span weeks or even months. Although accelerated testing
protocols have been proposed, these still require several hours or even days to complete and may
exhibit significant variability, necessitating multiple replicates for each test condition.”>?” As a
result, it is beneficial to have an accurate predictive model that can quickly estimate the tg, lifetime

of a PV device based on its initial quality, the early-time dynamics of its performance and the

applied stress conditions, eliminating the need for full-duration, time-consuming experiments.



One approach to building a tgg prediction model is to derive expressions based on a
mechanistic understanding of the underlying degradation processes. For instance, as thermally
activated degradation often follows Arrhenius-type behavior,* many studies have used the inverse
of early-time degradation rates in power conversion efficiency as proxy for effective tg,
lifetimes.?® 3! While this approach may be feasible under simple stress conditions or for pristine
perovskite absorber layers,!® it becomes highly impractical for multi-layered PSCs subjected to
general stress conditions, where the degradation mechanisms often follow complex and elusive
pathways.?? In such cases, statistical methods, particularly machine learning (ML) techniques
guided by domain expertise, can be effective for constructing tg, predictive models. However,
these models still require a representative set of experiments for training. Due to the extended
length of PV durability experiments, the datasets available in laboratory settings are often too small
for many common ML algorithms, especially deep learning models, which require large datasets
to train effectively due to the large number of parameters they fit. Nevertheless, there are
appropriate ML techniques that remain suitable for such data-scarce scenarios.

A previous report’! from our lab demonstrated the use of sparse linear regression models
(specifically, LASSO?? and a hybrid best-subset selection scheme known as the £,£, method®) to

model tgy lifetimes of PSCs based on methylammonium lead iodide (MAPbI3), a baseline

2 It describes a non-linear dependence on temperature T as follows: e ~Fa/T

an effective positive activation energy (in temperature units).
® This method is explained in detail in Chapter 3.

, where E, represents



perovskite composition. The best-performing model achieved a prediction error of 38%,* which is
remarkably low given that it used only the first 90 minutes of time-series data to predict tgq
lifetimes extending to thousands of minutes, all while relying on a dataset of just 45 accelerated
durability experiments.?! Such models provide a practical means to assessing the long-term
feasibility of PSCs, even when data is scarce. While readers may be familiar with headlines** about
advances in ML with big data, there have also been significant advances*** in ML with small
datasets like this—though these often receive little attention in research fields where they are most
needed. Data scarcity, as encountered in PSC durability testing, is a common challenge across
many experimental domains in chemistry and materials science. It is therefore worthwhile for
scientists and engineers in these fields to be well-informed about statistical strategies specifically
designed for small datasets.

Utilizing small in-house tg, lifetime datasets collected on two types of perovskite solar
cells—methylammonium lead iodide (MAPbI3) and formamidinium-cesium lead iodo-bromide
(FA0.8Cs0.2Pb(I0.83B10.17)3)—as case studies, this work provides an overview of the main tools and
methods that modern statistics offers for learning target-feature relationships from small data. As
alternatives to popular ML methods like neural networks, I employ classical statistical modeling
techniques, focusing on linear regression of the form y = 3, + BX. Linear regression with small

data is a rapidly evolving field in statistics. This work reviews modern advances such as sparse

 This is the median test error evaluated from multiple models trained over the available dataset
using a leave-one-out testing scheme, which is outlined in detail in chapter 3.



regression,>>¥ knockoff filtering,**>>" and conformal prediction.**** These methods are presented
as part of a workflow (or modelling pipeline), from constructing features and training datasets to
validating the model predictions. Further, I evaluate the capabilities of these methods on synthetic
datasets (simulated datasets generated using a model with known ‘ground-truth’ features). These
synthetic datasets recreate some of the common challenges in modeling real-world datasets
encountered in science and engineering and provide a baseline for what to expect from real data.*’

Finally, I demonstrate the application of these methods in predicting the tg, lifetimes using
the two in-house PSC datasets based on MAPDIz and FAosCso2Pb(lo.83Bro.17)3 perovskite
compositions. In summary, this work aims to provide an accessible introduction to important recent
results in statistics and their applicability to researchers in science and engineering. This is crucial
for faster percolation and adoption of statistically sound analysis methods of small data in the areas

of research where they are pivotal.

1.1 Outline

In Chapter 2, I contrast the large and small datasets using examples and discuss the
underlying causes for data scarcity in the latter. Moreover, I also discuss mitigatory strategies—
such as active learning and data augmentation—often employed by scientists and engineers in
parallel with data acquisition, in contrast to the traditional approach of training ML models on
already-collected data. When such proactive strategies are impractical, I discuss the advantages
and disadvantages of applying high-parameter ML models, such as neural networks and tree-based

ensembles to these datasets. In Chapter 3, I introduce criteria for determining when a dataset can



be considered sufficient or small for a given statistical method, with a particular emphasis on the
use of sparse linear regression in small data scenarios. Furthermore, I discuss informatic-theoretic
limits which serve as heuristic guidelines for identifying sample sizes that may be too small even
for sparse linear models.

In Chapter 4, I review statistical machine learning tasks related to sparse linear regression
for each part of the modeling pipeline, including constructing features, feature selection,
determining model complexity, and quantifying uncertainty. In Chapter 5, I compare various
statistical methods using synthetic datasets (with known ground-truths). Seeing how the various
methods perform in this idealized case will give scientists and engineers an idea of what to expect
with real data from their laboratories. Furthermore, I introduce specific characteristic properties of
these methods, such as false-discovery and ground-truth recovery, which require precise
knowledge of the ground-truths and are therefore not directly measurable in real-world scenarios.
To assess these properties in specialized synthetic datasets (e.g., those where the ground-truth
variables are deliberately excluded from the feature set available for modeling), I propose modified
characterization metrics that are more general and robust.

In Chapters 6 and 7, I finally apply these methods on two real-world laboratory datasets
developed in our lab—the tg, lifetime datasets of MAPbI; and FA(.8Cso2Pb(lo.83Bro.17)3. I compare
these results with the simulation outcomes in Chapter 5 to apply heuristic insights gained from
synthetic data. Throughout the manuscript, I use simplified notation and terminology (wherever
possible) to make the work accessible to researchers from diverse disciplines, while providing

references for more details or depth.



1.2 Notation

In general, the objective of a predictive model is to predict the unknown value of a variable
of interest (referred to as the target variable) based on the known values of descriptive variables
(referred to as features) by training on data that includes known values of both the target variable
and the features (referred to as training data). The tacit assumption is that the target variable
depends solely on these features.*® By capturing empirical relationships between the target variable
and the features through the training data, these models aim to predict target variable values in
new, previously unseen trials, which constitute the testing data.*

Throughout this manuscript, bold typeface is used to represent sets, vectors, and matrices,
while a regular typeface is used for individual variables and functions. Let Y be the target variable
(also called the output variable) whose value is to be inferred based on a number (given by p) of
other variables called features (or, equivalently, descriptors, inputs, attributes or covariates) whose
values are known. Let the features be collectively represented by the set F = [Fy, F,, ..., F,]. Let
the predictive model for Y be denoted by f (F), which is a deterministic predictor even though the
measured values of Y may include noise. If f is chosen to be linear, it takes the form f(F) = S, +

5-;1 B; Fj, where B = [ﬁl, Ba, ..., ﬁp] is the vector of parameters or coefficients, each

corresponding to a specific feature. The term [, is an additive constant, commonly referred to as
the intercept. The values of B and [, are obtained by fitting (or, equivalently, training or learning)
f over a training dataset where the values of Y along with all features are known.

In a typical modeling task, each independent measurement of the target variable y; is paired

with its corresponding feature values x;, where x; = [xl-l, Xi2, o) xl-p] denotes the p-dimensional



row vector of feature values corresponding to y;. The pair (x;, y;) is referred to as a data-point and
represents the results of a single experimental (or computational) trial or run. The total number of
data-points is denoted by N°t and represents the sample size. During modeling, the collection of
data-points (the dataset, or simply the data) is divided into two collections referred to as training
data and test data. Here, N represents the sample size of the training dataset, and y denotes the N-
dimensional column vector of values of the target variable, y = [y, 5, ..., ¥y17, where superscript
T denotes matrix transpose. The row-wise concatenation of the corresponding p-dimensional
feature-data row vectors, [Xq, X5, ..., Xy]7, forms the design matrix X with dimensions N X p. Each

column X; in X corresponds to the values of the feature F; across the N data-points.

In addition to the values of the f# and [, parameters, fitting the model to training data also

T
selects a subset of features FS from F. Let yP"e? = [y?P red, ypred, ...,yﬁred] denote the N-

dimensional column vector of predicted target values where each prediction yipred is obtained by
evaluating the fitted model at each x;, Each feature F; not selected by a particular fit has a
corresponding coefficient value equal to zero (B; = 0). The size of F S is referred to as the level of
sparsity, denoted here by s (where s is the cardinality of the set with 1 < s < p). When s is
significantly smaller than p, that is, when the majority of the coefficients in 8 are zero, the model
is said to be sparse. As yP"? depends only on the FS features, a sparse model represents a situation
where the target variable is predicted well by a small subset of the features. Ideally, the learned
model must only select relevant features, and ‘zero out’ the coefficients of the remaining irrelevant
ones. When N is small, sparsity becomes important to train the predictive models reliably.

Selecting FS from among a set of p features is called feature selection; along with sparse



regression, it is a central topic of this review. For a summary of notation, see Table 4.2 in the

Supplementary Information section of Chapter 4.



10

2  MACHINE LEARNING WITH SMALL DATA IN SCIENTIFIC RESEARCH

For centuries, simple data-driven linear models (like linear regression) have been used in
science engineering*’*® to make predictions in situations where mechanistic models are
impractical due to a limited understanding of the underlying processes*® or the complexity of the
underlying equations. Over the past several decades, the sophistication of data-driven predictive
modeling has increased dramatically,* employing various ML tools such as neural networks and
tree-based ensembles. When data is abundant, these models have proven highly effective in
tackling prediction tasks across various domains of scientific research. However, many areas of
scientific research continue to face persistent data scarcity, requiring the use of simpler ML tools.
This scarcity is often caused by high cost or difficulty of data generation. While proactive strategies
like active learning®® and data augmentation®! can help mitigate these challenges during data
collection, they are not universally applicable. Although training ML models on small data can
offer some advantages, it also introduces significant risks to model reliability. This chapter briefly

explores each of these topics.

2.1 Predictive Modeling with ML across the Data Spectrum

ML has evolved as a go-to approach for predictive modeling across many scientific
domains. The sophisticated black-box nature of many ML methods enables them to effectively
capture intricate underlying predictive mechanisms.*® However, their remarkable success across
scientific disciplines mainly depends on the availability of large training datasets to satisfy their

data-hungry nature.> For instance, in the field of material science, Li et al.”® used an ML method
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called LightGBM (Light Gradient Boosting) to predict thermoelectric material quality based on a
dataset of over 5,000 materials and 57 features. In the field medicine, Arai et al.’* trained an
alternating decision tree on clinical data from approximately 27,000 patients, described by 15
features, to predict the risk of a certain complication following stem cell transplant.

7 even larger

In other areas like protein folding, bioinformatics,® and meteorology’
datasets are available where the number of data-points outnumber the features by several orders of
magnitude. In many of these situations deep neural networks may be used to make astounding
predictions. For example, AlphaFold®* is a neural-network-based model that predicts the in vivo
folded structure of a protein from its linear amino acid sequence. The model was trained on
approximately 10 million amino acid sequences, using over 33,000 features derived from each
sequence and its homologues. In 2020, AlphaFold significantly outperformed other models based
on mechanistic approaches and simpler ML techniques.’® The success of the approach and the
impact it has had on molecular biology was recognized by the 2024 Nobel Prize for Chemistry.
The remarkable success of AlphaFold is an inseparable result of both the algorithm and the
availability of a large training dataset generated over many decades.

However, in many scientific settings data is scarce, and there is significant time and cost
associated with generating the requisite data.’’> As a result, it is not possible to use the data-
hungry techniques mentioned above with modeling tasks that have only hundreds, or even dozens,
of data-points. However, there are appropriate techniques that can be used. For instance,

1'60

Avadhanula et al.”” examined the diagnosis odds of human thyroid dysfunction in patients with

alkaptonuria, arare inherited disorder, using logistic regression with more than a dozen descriptive

features. The training dataset for this study consisted of only 125 patients, due to the disease’s

1'15

extreme rarity. In a separate study, Meng et al.”> developed a predictive model for the degradation
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rate of perovskite photovoltaic thin films that uses best-subset selection to select 3 features (from
a menu of 15) based on 42 controlled degradation experiments. Meanwhile, Nasonova et al.®!
predicted certain properties of aqueous soil extracts using partial least squares linear regression
with over 1800 features derived from mid-infrared absorption spectra, collected from just 216 soil
extracts due to the study’s seasonal dependence and logistical constraints. The number of patients,
experiments, or samples in each of these is not only small but also comparable to, or even smaller
than, the number of features. As a result, data scarcity remains a significant challenge for ML in

many scientific domains. In such cases, scientists and domain-experts must leverage appropriate

statistical methods and computational tools to overcome this challenge.

2.2  What leads to Small Datasets?

In many scientific fields, the datasets are small because of high data collection costs, often
associated with instrumentation, personnel or materials. Costs may be particularly high for long-
duration experiments such as photovoltaic device reliability testing® that can span years,
longitudinal medical studies involving tracking patients for months or years®’, and molecular
simulations demanding hundreds or thousands of high-performance computing (HPC) hours.*
Sometimes, the rate of data collection cannot be controlled; for instance, obtaining data about a
rare disease or condition is limited by the number of individuals having that condition.®

Sometimes, labeling data, which is typically performed by humans, adds significantly to
the data collection costs. While many traditional labeling tasks like simple object recognition can
be handled by laypersons, specialized tasks such as identifying tumors from images require domain

experts.’! Moreover, labeling may also involve additional experiments. For instance, in material
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science, researchers may need to run specific experiments to obtain the desired labels (e.g. the
degradation lifetimes of a variety of photovoltaic material compositions), in addition to the
experiments required to collect feature data (e.g. initial material characterizations). These added
costs associated with labeling often limit the sizes of scientific datasets.

The ‘curse of dimensionality’ is another challenge frequently encountered in many
scientific settings. Each trial, run, or experiment may generate a lot of data, and thus there may be
many features (large p). For instance, a single image (from optical microscopy) or a single
spectrum (from mass spectroscopy, NMR, XRD, etc.) yields a large number of potential
descriptors (edges, shapes, peak positions, etc.). In these and similar situations, the number of
potential features often exceeds the number of trials (p > N). Thus, even when N is large, such
datasets may still be considered small due to the relatively large p. Reaching sound conclusions in

these data-scarce situations requires careful use of statistics and appropriate computational tools.

2.3 Advantages and Risks

Given the prevalence of small datasets are in many scientific domains, it is important to
understand how these can affect the modeling process. From a computational standpoint, small
data is advantageous for economical data processing, modeling and visualization. Many statistical
methods (such as exhaustive searches for the best subset of features from a feature menu)
combined with leave-one-out cross-validation scale significantly with the size of the dataset.*®
Consequently, while these methods become infeasible for large datasets, they are easily applicable

to small datasets. However, from a statistical perspective, models trained with small datasets risk
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failing to generalize effectively to unseen test data. When N is small compared to p, the fitted
model becomes highly sensitive to variations in the target variable (including noise), leading to
poor predictions on test data. This phenomenon, known as overfitting, is particularly pronounced
when models with a large number of parameters (such as neural networks) are trained on small

datasets.*¢

2.4 Are Proactive Strategies Effective?

To address the risks associated with small datasets, many strategies have been explored,
particularly in experimental domains of chemistry and materials science.®® Rather than exploring
ML techniques suitable for already-collected small datasets, experimentalists have increasingly

67,68 and

sought strategies integrated into the data acquisition process itself (e.g., data augmentation
active learning®®) or designed to borrow statistical power from external datasets (e.g., transfer
learning®®7?). In some domains, these strategies have gained popularity and have been shown to

improve predictive performance.®® However, they may not be universally applicable across all

domains.

2.4.1 Data Augmentation

Data augmentation techniques, which use transformative or generative algorithms to
synthetically expand training datasets, are often proposed as straightforward solutions to address
the small data challenge. Transformative algorithms are typically applied to image data and involve

simple operations such as cropping, translation, and rotation to generate new data.’' Generative
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algorithms, on the other hand, rely on mechanisms developed using domain expertise or statistical

1.9 used mechanistic simulations to

modeling to produce artificial data. For instance, Lee et a
artificially generate X-ray diffraction (XRD) pattern replicates for a small dataset of solid-state
electrolytes by introducing slight perturbations to the lattice parameters. However, this approach
becomes impractical in certain fields, such as medicine, where simulating the true governing
processes is highly complex or impossible.®’ In such cases, an alternative strategy is the use of
deep learning tools like generative adversarial networks (GANs), which employ two neural
networks—one to generate artificial data and the other to evaluate it against real data.®’

Nevertheless, these tools require large training datasets to avoid overfitting, making them less

effective for applications with limited data.

2.4.2 Data-Efficient Modeling

Many researchers have proposed active learning®®"°

as an effective strategy to model small
datasets. In this approach, new trials are iteratively added to the training data using a Bayesian
approach (called adaptive sampling) based on the predictions of the model trained from the
previous iteration’s data. Though this is a clever approach to sample a large prospective training
data space for an optimization problem, it does not fundamentally address the issue of predictive
modeling with small data. It still requires training a regression model at each iteration using the
limited available data and fixed feature set.

66,69

Another common example is transfer learning which involves re-adjusting the

parameters of an oft-the-shelf model, typically a deep neural network, that is previously trained on

a large dataset to fit well over a smaller dataset at hand. This strategy is inapplicable in many

69,72

situations because it requires these datasets to share identical or similar features and
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mathematical relationships.”> Though some reports’! show low prediction errors achieved via
transfer learning, this comes at the expense of decreased model interpretability. Considering these
limitations, scientists and engineers need alternative modeling techniques that are interpretable and

directly applicable to already-collected datasets.

2.5 Summary

Small data is a prevalent challenge in scientific domains such as material science and
chemistry, often arising from the time and cost constraints associated with data collection. Many
ML methods, such as neural networks and tree-based ensembles, although widely known for their
ability to capture intricate underlying predictive mechanisms,*® require large training datasets
which are unattainable in these small data settings. When applied to small datasets, they pose a
high risk of overfitting. Although some researchers attempt to mitigate the small data problem
through proactive strategies such as active learning and data augmentation, these approaches are
not universally applicable. This necessitates the use of modeling techniques that can be effectively
applied on already-collected small datasets.

In Chapter 4, 1 review various modeling methods and data-efficient strategies developed
by statisticians to address this issue. However, before selecting an appropriate strategy or model,
it is important to first assess whether the given dataset is small or too small for the intended method.

In the next chapter, I introduce certain heuristic rules that can guide this process.
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3 DEMARCATING THE SMALL DATA REGIME

Considering the risks associated with small datasets, it is worthwhile to identify the
conditions under which a given dataset can be considered small. This process of “demarcating”
the small data regime is particularly interesting to many scientists and engineers as it helps validate
the applicability of a statistical method. However, there is no consensus on how this demarcation
should be carried out.

From a scientific or modeling perspective, a dataset may be considered small when its
sample size N is insufficient for a purely data-driven approach to distinguish between possible
predictive models. In such cases, domain knowledge (including laws of nature, heuristics, and
human expertise) is required to constrain the parametric form or the features entering the model.
However, even with such knowledge, one may need to further constrain the model to be as simple
as possible. For instance, using linear regression acts as a useful constraint, as it limits the number
of parameters approximately to the number of features p.

Chapter 4 discusses various ways to achieve simplicity in modeling by feature construction
and feature selection. In this chapter, I focus on how model simplicity—specifically, sparsity in
the context of linear regression—is linked to the sample size requirements for reliable modeling.
Based on this relationship, one can define heuristic lower bounds on N, below which the data
enters the small data regime. Furthermore, to identify sample sizes that may be foo small, I draw
on guidelines from statistical and information-theoretic literature.>®’#7” Throughout the chapter,
the focus remains on linear regression, and the demarcating sample sizes discussed here serve as

strict conservative lower limits for models with higher complexity, such as neural networks.
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3.1 The Role of Effective Degrees of Freedom

From a statistical viewpoint, whether the dataset falls within the small data regime depends
not solely on N, but on its value relative to the number of (effective) free parameters tuned while
training the model, also known as the effective degrees of freedom, or model complexity. For
example, in classical linear regression, these parameters correspond to the feature coefficients
(and the intercept ) whose values are estimated during model training. Let m denote the number
of such degrees of freedom for a given model and let ratio N /m denote the number of data-points
per degree of freedom. A high N/m ratio is statistically desirable for reliably fitting a model.
Consequently, when N is small, it is important to choose a model with a small m to ensure a
reasonably high N /m ratio. In any model where p features are used, the number of parameters m
is at least as large as p, suggesting that fewer features in a dataset are preferable. Additionally,
caution is needed when using certain ML models, such as tree-based ensembles and neural
networks, where m can significantly exceed p. Instead, one can opt for a model with a lower m,
such as classical linear regression where m = p (or m = p + 1 when the intercept is not ignored).
However, when p is large—making m relatively high—even classical linear regression may not
be a viable option.*®

Mathematically, applying a statistical model requires N/m > 1, a sufficient condition
indicating that there is at least one data-point for every degree of freedom. However, as a rule of
thumb, N is typically required to be at least an order of magnitude larger than m to ensure a reliable

fit and prevent overfitting. Thus, N/m = 10 serves as a heuristic threshold, holding in most cases
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unless the data contains a high level of noise, in which case N/m may need to be significantly
higher. If a small N causes the ratio N/m to fall below the threshold of 10, the dataset may be
insufficient to prevent overfitting unless m is reduced to raise N/m above the threshold. Keeping
p constant, this reduction in m can be achieved in linear regression by using a sparser model,
where only a subset of s features (1 < s < p) from the full feature set F are selected to influence
the predictions.

Suppose the underlying generative mechanism of Y is governed by p, ground-truth
variables, which are also present in the available feature menu F. An ideal sparse model would
select exactly these variables, resulting in s = p,—a task often referred to as exact sparse
recovery. By attempting to identify and use only the ground-truth variables from F for prediction,
a sparse model uses a smaller value of m, denoted as m?.

Figure 3.1 summarizes how a dataset may be classified as sufficient, small or too small for
fitting a linear regression model based on its sample size N relative to m = p and m = p,. The
dataset may be considered sufficient when N is large enough to prevent overfitting (which
heuristically holds when N > 10p). It may be considered small when N is insufficient to prevent
overfitting, unless a sparser model is employed (as indicated by m? < N < 10p). Within the small
data regime, overfitting may still occur for m? < N < 10m? and intensify as N approaches m?,

underscoring the need to consider different types of sparse models (see Chapter 4).
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Figure 3.1. Schematic illustrating the ranges of N where data is considered small or too small
for linear modeling. Let m and m? represent the degrees of freedom in a classical linear model
and a sparse linear models performing exact sparse recovery, respectively. In the classical model,
where m = p, the following thresholds apply: N = 10m (green) indicates data sufficient for
reliable modeling, m < N < 10m (light orange) indicates data that is just sufficient but carries a
risk of overfitting, and N < m (dark orange) indicates data that is insufficient for modeling. The
range of N values that are insufficient for reliable classical linear regression but still allow sparse
linear modeling (where m? < p) is considered the small data regime. However, when N < m?,
the dataset becomes foo small even for sparse linear modeling.

3.2  ‘Too small’ data regime

When N < m?, the dataset is considered too small, as the model is unlikely to accurately
recover the ground-truth variables and may become unreliable. As m? plays a key role in
demarcating this ‘too small’ regime, it is an important factor to assess before performing any
modeling task on a given dataset. However, to do so, one must first understand how the effective
degrees of freedom m? is linked to the ideal sparsity level s = p, and the total number of features

p in the dataset.
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While it is straightforward to see that the effective degrees of freedom in a classical linear
regression model total to p, evaluating this becomes more complex for a sparse model. Although
only s features ultimately influence the predictions in a sparse model, identifying these features
from the full set F requires more than s effective degrees of freedom than s.*® Information theory
provides a framework for approximately estimating the relationship between m?, s (= p,) and p.”
Depending on the degree of correlation among features—a property often referred to as
coherence—and the true underlying coefficients of the ground-truth variables, various expressions
have been derived to estimate m? in different studies.”*’%’® Implicit in these analyses is the
assumption of exact sparse recovery, meaning that all the ground-truth variables are present in F
and are exactly recovered, such that s = p,.* Here, I briefly present the estimates of m? derived
for two generic cases: one where features in F are completely orthogonal (i.e., incoherent), and
another where there are some correlations among the features (i.e., coherent). Then, I explain how

these estimates can be evaluated in common real-world scenarios.

3.2.1 Incoherent Feature Data

If all possible feature subsets of size s = p, are considered from the full set F to recover

the fixed ground-truth features, the sparse modeling algorithm must search over all such subsets,

totaling (;’0) combinations. Here, (50) represents the number of unique ways to select p, features

# As exact sparse recovery is challenging in real-world scenarios, sparse models are often non-
ideal. Nevertheless, estimating m? remains valuable, as it provides a baseline lower bound for the
effective degrees of freedom that can be expected in such non-ideal models.
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from a pool of p features. In information theory, the effective degrees of freedom correspond to
the number of independent pieces (or bits) of information required to evaluate all these subsets of

size s = p,. Consequently, m? can be expressed as:
p

m = log, () &
Po

This holds only when the feature data columns in the design matrix X are strictly
orthogonal, or in other words, the features in F are strictly uncorrelated or only weakly correlated
to each other. In statistics, this property is known as incoherence.” When p < p,, m? is commonly

simplified as follows:

mg = log (p>=log (p—!)=10g (p'(p‘l)"-(p—poﬂ))
’ * \po “\@ = po)! - po! ? Po!
0 ppo _
ms ~ log. | 55 | = Pologz(p/po) 2)
0

This is a remarkable result for very high dimensional settings (where p > N) as it indicates
that a sparse linear model only requires m? =~ p, log,(p/p,) effective degrees of freedom, instead
of m = p, to recover the ground-truths. In signal processing, this approach to recovering a full
signal from an under-sampled one became widely popular in the late 2000s under the name
compressed sensing.’* However, this requires that the design matrix X be strictly incoherent, a
property commonly encountered in signal compression and processing. For coherent matrices,

estimating m? becomes slightly more complex.
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3.2.2 Coherent Feature Data

In many scientific domains of chemistry and materials science, obtaining a strictly
incoherent X is nearly impossible. This is because many features—despite being correlated with
multiple others—are still retained in F, due to unknown and complex interdependencies with the
ground-truth variables, some of which may not even be directly presentin F. As a result,
estimating m? can be more complex than previously outlined.

To obtain generic estimates for X with non-zero correlations, Wainwright” used simulated
design matrices with two types of correlation structures (as shown in Figure 3.2), as follows: (a)
one in which all features are mutually correlated with a Pearson correlation coefficient p (where p
> 0), and (b) another in which only the ground-truth features are correlated with each other, while
the remaining features are uncorrelated with both each other and the ground-truths. Moreover, each

feature follows a standard Gaussian distribution. The estimate for m? in both cases is given below:

o _ Pologz(p —po)
my = 1,

(3)

The (1 — p) in the denominator accounts for the effects of coherence in X, indicating the
need for more degrees of freedom to accurately identify the ground-truth variables. For both design
matrices shown in Figure 3.2, the correlation between any ground-truth feature and a non-ground-
truth feature never exceeded the correlation among the ground-truth features themselves. As long

as this condition is satisfied, eq (3) remains valid.
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Figure 3.2. Correlation structures of the two types of design matrices used by Wainwright”
to derive the m, estimates as per eq (3). The m, estimates assume an ideal sparse model capable
of exact ground-truth recovery with s = p,. For clear visualization, a set of p = 30 features are
used in the figures, where the last py= 15 features are designated as ground-truths. (a) All features
are mutually correlated with a Pearson correlation coefficient p = 0.3. (b) Only the ground-truth
features are corelated to each other at p = 0.3, while the remaining features are orthogonal to one
another and the ground-truths.

Table 3.1 lists the values of m? estimated using eq. (1)-(3) for varying values of p, p, and
p. While all three expressions yield similar estimates for small p,, the estimates begin to diverge
as po increases, with eq. (3) providing conservatively higher values. Figure 3.3 demonstrates these

differences for increasing values of p,, with p fixed at 50.
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Table 3.1. Estimating the effective degrees of freedom m? used by a sparse linear model for
with varying sparsity levels (s) and feature set sizes (p), using eq. (1), (2) and (3). For eq. (1)
and (2), no correlations between features are assumed, while eq. (3) uses p, which represents the
mean Pearson correlation coefficient between all possible pairs of features. All values in the table
are ceiled to the nearest integer.

) _slogz(p —s)
P L il
mg~logz () | ms~ sloga(p/s) 1-p
p=20 p=50 p =20 p=50 | p=20 p=50 | p=20 p=50
=1 5 6 5 6 5 6 6 8
= 8 11 10 9 12 11 14
= 11 15 9 13 13 17 16 21
4 13 18 10 15 16 23 20 28
=5 14 22 10 17 20 28 25 35
p =950
2.5 o <« m? ~plog,(p—po) /(1 —0.7) (3)with p=0.7
/
2.0 /’
/
/7
/
7/
& 1.5+ R
= il m? ~ pologa(p —po) /(1 —0.2) (3)with p=0.2
1.0 - % .
« M ~ pology(p — po) (3) with p=10
o
05 ', e m? == 1[1g2 (; ) (1)
N Po/
m? ~ po log,(n/Po) (2)

12 3 45 6 7
# of ground-truths, p

Figure 3.3. Effective degrees of freedom m? estimated using eq. (1), (2) and (3). The shaded
region represents the range of m? values which are smaller than p.
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3.2.3 Real-world Data

Eq. (1)-(3) provide generic estimates of m?, applicable to many real-world scenarios.
However, two main complexities often hinder accurate estimation: (1) the lack of knowledge about
the ground-truth variables, and thereby the exact value of p,, and (2) the presence of a complex
correlation structure among features. The first issue can be addressed by assuming a plausible
range of p, (guided by domain knowledge) and estimating m? for each value within that range.
This helps assess whether the dataset is too small for the assumed range of p,. To address the
second issue, one must assess the distribution of pairwise correlations among the features before
applying eq. (1)-(3).

In many real-world scenarios, where a small but non-negligible correlation coefficient p,
often below 0.3, is common among features due to noise, eq. (3) provides a more reasonable and
general estimate of m?. In cases where a few feature pairs exhibit high correlations (say, > 0.7),
this estimate still remains applicable by using a p value that reflects the average degree of
correlation among the features. However, in many cases, the assumption of exact sparse recovery
becomes inapplicable, potentially rendering eq. (3) unusable, particularly when the ground-truth
variables are not directly present in F, but only indirectly through correlated features. For instance,
if two features in F are strongly correlated and both are predictive of Y, it becomes difficult to
determine which one represents a ground-truth, as both may serve as ‘proxies’ for a missing
ground-truth variable. In such cases, the objective shifts to identifying as many relevant features
as possible in a parsimonious manner, while minimizing the inclusion of irrelevant ones.
Nevertheless, eq. (3) still serves as a heuristic lower bound for m? in such cases, helping to

determine the minimum sample size N before it becomes too small.
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As a general rule when using eq. (3), the mean absolute Pearson correlation coefficient
over all possible pairs of features in F can be used to assign p. Alternatively, to simulate an
extremely conservative scenario, p can be set to the maximum absolute Pearson correlation
coefficient. The red dashed line in Figure 3.3 illustrates how the estimates of m{ increase
significantly when p is set to 0.7. In conclusion, it is important to note that eq. (3)—and even eq.
(1) and (2)—serve only as heuristic guidelines for estimating approximate values of m?, and thus
the lower bounds on sample sizes. Determining the exact information-theoretic limits remains
challenging for real-world datasets, where features often exhibit non-Gaussian distributions and

complex correlation structures.

3.3 Summary

In summary, when N > 10p, the dataset may be heuristically considered sufficient to
prevent overfitting. If a sparse model is employed and m? is assumed to represent the effective
degrees of freedom required to recover p, underlying ground-truth variables, then when m? <
N < 10p, the dataset can be considered to fall within the small data regime. It is important to note
that overfitting is still likely form? < N < 10m?, and the risk increases as N approaches m2. This
underscores the need to consider different types of sparse models (as discussed in Chapter 4).
When N < m?, the dataset is considered to be in the ‘“oo small’ regime, where it becomes

intractable regardless of the sparse model chosen. Eq. (3) can be used to identify this boundary.
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4 WORKFLOW FOR MACHINE LEARNING WITH SMALL DATASETS

Figure 4.1 illustrates a general workflow for estimating a regression model with a small
dataset. Given a target variable Y, a domain expert begins by collecting all known or measurable
variables that may be relevant to inferring Y. These variables, referred to as primary features, can
be used directly as features, transformed individually, or grouped and combined to create new
features. This process, known as feature construction, is guided by domain expertise to include
physically meaningful features in F, without relying on the observed target values. Each data-point
in the dataset now consists of the measured or calculated target value paired with its corresponding
feature values.

Next, the data is divided into two groups, a training dataset and test set. A sparse modeling
algorithm then uses the training data to select the most predictive subset FS, consisting of s
features, from a total of p features in F. This process of feature selection is performed either
explicitly as a separate step or implicitly during the parameter estimation step. To determine an
appropriate value for s, cross-validation—a procedure that repeatedly splits the dataset into distinct
training and validation sets—or another tuning or regularization method is employed. A procedure
similar to cross-validation can also be applied at the initial stage to split the data into training and
test sets. Once s and F¥ are determined, the sparse parameter vector B and intercept 3, are then
obtained by training an ordinary least square linear regression once more on the entire N data-
points but using only the selected features FS. For a test data-point with feature values x’' =
{x{, s x{,}, the target value is predicted using f*(x"), where f* represents the trained model. At

this stage, conformal prediction*, a framework for estimating model uncertainty at x’, can be used
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to produce a confidence interval around f*(x"). Each of these steps are discussed in detail in this

chapter.
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Figure 4.1. Schematic showing the general strategy for modeling small datasets.

Feature construction encompasses all operations involved in preparing the feature menu F,

performed without accessing the observed values of the target variable. In each operation,

leveraging domain expertise is crucial to ensure the accuracy and interpretability of the final

learned model f*. Feature construction begins with compiling a set of primary features—

measurable variables that the domain expert believes can inform about Y. Subsequent statistical

procedures assume that all explanatory variables that are indispensable for inferring ¥ have been

included in this list of primary features. This leads to the tacit assumption in statistical prediction
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that Y can be explained accurately up to independent noise with the available features. However,
statistics alone cannot determine whether any such variables have been missed. So, it is the domain
expert’s responsibility to compile the list of primary features comprehensively to avoid such
omissions.

For example, in material science, a scientist may attribute the variability of material
properties to certain ground-truth variables describing the underlying atomic and molecular
structures, local electronic environments, particle arrangements and phase boundaries. However,
in practice, the values of these variables cannot be measured or calculated. Therefore, scientists
typically rely on empirical or in silico experiments to probe seemingly relevant primary feature
variables, some of which may indirectly capture the underlying relationships between the ground-
truth and the target variables. While some of these features can be used directly as features for
modeling, new feature variables can be created by applying specific operations or transformations
to other features. In some cases, separate experiments may be required to construct physics-,
chemistry-, or biology-informed features.

Often, experiments result in high-dimensional, highly correlated data-points. A typical
example is image data, with each data-point containing thousands of interrelated pixel values. In
large data settings, it may be possible to incorporate each pixel or measurement as a feature in the
model. For instance, Lee et al.”” accurately predicted the properties of certain inorganic materials
by using powder XRD spectra, where each spectrum’s 8192 intensity values, measured at specific
20 positions, served as distinct features.

For small data, it is more practical to reduce these primary features to simple statistics or

descriptors most relevant to the problem of interest. This could include initial slopes or curvatures
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in monotonic time series, peak characteristics (e.g., positions, heights and widths) in intensity

1.8 also

spectra, and pixel statistics (e.g., mean and variance) in images. For instance, Suzuki et a
used the XRD spectrum for property prediction but only considered the first ten peak positions and
the number of peaks as features rather than using the entire raw spectrum. However, as many such
simplifying reductions are possible for a dataset, it is essential for researchers to apply domain
knowledge to extract the most physically meaningful features from the primary features. This
process may involve specific non-linear transformations and operations, which are particularly
useful for enabling a model that is linear in its features to capture non-linear patterns in the data to

1.81, a study on rheology that investigated

some extent. This was done to great effect in Menon et a
the effects of dispersing polymers in aqueous suspensions. The authors systematically derived
physics-inspired features from measurable primary variables such as polymer composition,
viscosity and osmotic pressure, and subsequently fit a sparse linear model (namely LASSO?>?).
Sometimes, constructing physically meaningful features requires separate experiments that
are distinct from those used solely to collect data for modeling. For instance, Dunlap-Shohl et al.?!
predicted the performance lifetimes of perovskite solar cells under varying environmental

conditions using a feature (a kinetic rate expression that is a non-linear function of the experimental

conditions) that was derived from separate experiments'* on perovskite film degradation.

4.2  Feature Selection

Feature selection involves selecting a subset FS (comprising s features, where 1 < s < p)

from the feature menu F that predicts Y more effectively than the full set. As the underlying
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mechanism generating the values of Y typically depends on certain ground-truth variables, feature
selection methods aim to identify these variables from F. However, real-world datasets often lack
all the ground-truth variables in their feature menus. Instead, they contain features that may
influence Y indirectly through correlations with the missing ground-truth variables, which are
sometimes referred to as ummeasured confounders.®® This makes feature selection more
challenging in real-world settings, requiring more robust schemes. In this section, I discuss various
feature selection methods that may be suitable for such datasets.

In any extensive feature set F, designed to incorporate as many ground-truth variables as
possible, either directly or through correlated features, some features may contribute to predicting
Y, while others may not. A good feature selection method accurately identifies the relevant features
that provide high predictive power, while avoiding irrelevant ones that unnecessarily inflate the
size of the subset F5. Feature selection schemes broadly vary based on their methodology (e.g.,
filter-based, wrapper and embedded methods) and the characteristics of FS they aim to control
(e.g., minimizing prediction error, selecting relevant features without redundancy, or avoiding
irrelevant features).®®> Among these methods, filter-based approaches are the simplest. Here,
features are ranked according to their ability to explain the variation observed in y, and the top-

ranking features are selected. Commonly used metrics for ranking include correlation metrics like

42 (84

the Pearson coefficient™ and the Kendall coefficient®™, as well as information-theoretic metrics
like the mutual information®. However, the major drawback of these filter-based methods is their
tendency to overlook features that appear irrelevant when assessed individually but prove relevant
in combination with other features. Additionally, there is a risk of mistaking spurious correlations

for genuine ones with this method.
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Wrapper methods incrementally select a feature subset FS, generally using a filter-based
method at each iteration to guide the selection process. Most traditional feature selection methods,
such as Orthogonal Matching Pursuit (OMP)®¢, are wrapper methods that explicitly select a feature
subset iteratively before separately estimating the model parameters. In contrast, an embedded
method performs feature subset selection simultaneously with parameter estimation. Sparse linear
regression, also known as penalized or regularized linear regression, is a popular example of this
approach.

A hallmark of feature selection methods is the introduction of a hyperparameter that can
be tuned to adjust the sparsity level, s. While some methods, such as OMP and best-subset
selection (BSS)*, use a hyperparameter that directly represents s, in other cases, the
hyperparameter influences s indirectly. For example, a sparse linear regression selects features by

solving for B and f3, that minimize a penalized least squares loss function*:
Ly, = LOLS(y' ypred) +21-£44(B) 4)

The term Ly 5 (y, y”red) is known as the ordinary least squares (OLS) cost function and is

defined as Z?’zllyi — yipredl2 where yipred = f(x;) = Bo + Z?zlﬁj x;j. Meanwhile, £,(B) is a
penalty function that penalizes the coefficients of insignificant features. Here, A is the
hyperparameter, often called the regularization parameter, that influences s by controlling the
strength of penalization, similar to the maximum tree depth in tree-based models.*¢ Increasing the
value of s leads to a smaller FS, and vice versa. In this section, I describe basic feature selection

methods including LASSO*+*® (a method based on penalizing non-zero coefficients), BSS*-%7 (an

exhaustive search method), OMP?® (a ‘greedy’ iterative method that selects the top-performing
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features at each iteration to achieve an overall optimal solution), and Boruta®® (an iterative method

based on a random forest regressor).

4.2.1 LASSO and Variants

The basic choice for penalization is to set £,(f) = £,(B) = 5’=1| le. Consequently, this

method is sometimes referred to as the £; model (or £, regularization).*® It shrinks the coefficients
of features to zero, thereby implicitly performing feature selection.

An extensive literature has been developed to examine when this method can recover the
“true” sparse model generating the target values, excluding irrelevant features (i.e., exact sparse
recovery).>®”” A fundamental assumption underlying these results is that the features are not overly
dependent on each other. In addition to the general information-theoretic conditions outlined in
Section 3.2, this assumption is often formalized in the £; method through conditions such as the
mutual incoherence’®”’ (see Section 4.8.2 in the Supporting Information), which requires that the
ground-truth features (if any present in F) have no or only weak correlations with the remaining
features. In limited data settings, conditions like these are unlikely to be satisfied, especially in
scientific and engineering contexts where candidate features are often highly interrelated, as they
are derived from the same underlying latent variables. In such cases, £, penalization can still be
applied if only a few features in F are correlated with potentially relevant features and can be easily
removed before fitting.

To induce further ‘sparsification’, some reports*>#%4¢ have suggested using weighted ¢,
models, setting £,(B) = £7Y(B|w) = Z?zle'lﬁj', where w = {wjy,...,w,} represent the

penalizing weights. These models aim to suppress the impact of insignificant features on the
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solution by independently assigning large values to their corresponding weights w. The literature
describes various types of weighted #; models that assign values to w in different ways.>*4

For example, the adaptive #; (£42) method*® first performs unpenalized OLS or ridge
linear regression, and then assigns the inverses of these fitted coefficients to w for use in a
subsequent weighted #; model (see Figure 4.2a). In contrast, iteratively re-weighted #; (£{%)*
method starts by fitting a traditional £; model and then iteratively trains a weighted £; model by
updating w at each step with the fitted coefficients from the previous model (see Figure 4.2b).

While these methods often result in sparser models in practice, they offer limited theoretical

guarantees regarding their solution properties.

(a) Adaptive LASSO (#4?)

*‘ﬁ LLED Fitted coefficients E Evaluate w = [wi. . wpl #H@ > FS
bk FitOLS or pgo" = [g°" 0* Fit £¥ model (features with
B® =1[Bl By ] = i 1 )
Training ridge linear ' Y W= |ﬁp*|V te forj € [, 7] &vg_et flttevi{coefﬂ;[ems nonzero
dataset model J B =B 5] values in g*")
% | EEEE W . »X,F
; i : (b) lteratively Re-weighted LASSO (#7")
X, F i i
==== = Y, A, E @ Get fitted coefficients » n reached s
— n BE = (B, L] max. value? yes »F
k= 3 1 e . : )
p features EH eration: feration ? (features with
Initialize Fit £1 model I update w*** for next iteration nonzero
wk =1[1,1,..,1] 1 no values in
Feature L Update iteration o1 1 ) e
ure o [ Wit = —forj € [1,..,p] ™)
selection k=k+1 ‘/31" | te

Figure 4.2. Weighted £; methods for feature selection. (a) Adaptive £, (£12). The weights w
in this method are typically obtained from preliminary OLS or ridge regression fitted coefficients
B° . Ridge regression is a penalized linear regression that uses the £, penalty: £,(B) = ?:1 ,B]-z.
In this work, we used a ridge regression that is 10-fold cross-validated over a hyperparameter list
A =1[0.01,0.1,10] is utilized. In step 2, ¥ is set to 2 and € to 10725, (b) Iteratively reweighted
£, (£5F). At each iteration k, an £ model is fitted using the feature coefficients ¥ from the
previous iteration as weights w¥. The maximum iteration count, which is used as the stopping
criteria (see step 3), is set to 10. In step 4, y is set to 1, and € is defined as max (1073, 0.1 - g}, ),
where gy, is the standard deviation of nonzero values in B .
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4.2.2 Best Subset Selection (BSS) and Variants

For greater control over sparsity, one can set £4(B) = £,(B) = ?=1 1{B; # 0}, which

simply equals the number of non-zero coefficients in . This approach identifies the best-
performing subset across all possible combinations of features in F, given a specific subset size s.
Historically, this method was not a preferred choice due to the computationally expensive
exhaustive search it requires. However, recent algorithmic advances have made BSS a
computationally feasible option.*'8” Additionally, recent studies®’*°! have shown that BSS is
more resilient than the £, method to correlated features.

In datasets with high levels of noise, adding an additional €, penalty, defined as £,(f) =

2, to the loss function can help mitigate the effects of any potentially ill-conditioned

P

j=1|'8j
coefficient vectors during the subset selection process.**> The combination of these penalties has
been coined as the 4, penalty, which is shown to further improve feature selection without

significantly increasing computation time.*!-%%-%2

4.2.3  Orthogonal Matching Pursuit (OMP) and Variants

OMP?® and its variant, iterative sure-independence screening (ISIS),*? are both wrapper-
based approaches that iteratively add features to FS (see Figures 4.3 and 4.4). At each iteration
(say, the k'), both methods begin employ a correlation-based screening step to choose a subset of
important features (referred to as the active set and denoted here as FAk). An ordinary least squares
linear regression is then performed over these features to compute the residuals of y, which are
subsequently used to identify relevant features from the remaining variables to update the active

set. While ISIS uses a penalized model over the residuals to select these features, OMP selects
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single feature most correlated with the residuals. This procedure is repeated until the desired level

of sparsity is achieved. Although OMP and ISIS are straightforward to implement, they may not

yield significantly different results compared to the £; method.

Sparsity s setting I
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Figure 4.3. Schematic of the Iterative Sure Independence Screening (ISIS) algorithm.*> From
F, features are initially ranked based on their correlation with the residuals Ay* as shown in steps
1 and 2. For the first iteration k = 1, Ay* = y. In step 3, the top-d features are selected to fit Ay*
using a cross-validated, penalized linear model, denoted as g, typically an £; model. The selected
features are added to an initially empty set, called the active set, which expands iteratively as FAk
after each k' iteration. If the desired sparsity level s is reached after iteration k, the algorithm
terminates, outputting the active set as the solution F5. Otherwise, an OLS regressor fits y over
the active set to generate new residuals Ay, (step 6). Steps 2 and 3 are then repeated over the
remaining features, that is, F — FA-1_ The sparsity level s is implicitly controlled in step 4 by

regulating the number of iterations
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Figure 4.4. Schematic of the Orthogonal Matching Pursuit (OMP) algorithm.®® This method
is identical to ISIS (Figure 4.3), except in step 3, where the top-ranked feature from step 2 is
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selected and added to the active set. Since each iteration adds only one feature, the number of
iterations directly determines the sparsity level s of the solution.

4.2.4 Boruta
Unlike previous methods that focus on selecting relevant features, Boruta®® eliminates

irrelevant features (see Figure 4.5). In this method, for every feature F; in F, a shadow feature F}

is introduced, with its values artificially generated by randomly shuffling those of its counterpart

F;. As aresult, these shadow features are designed to be non-informative. When the combined set

of original and shadow features is used to train a random forest, the shadow features serve as a
negative control group.

When the impact of individual features on Y is evaluated (typically using impurity or
permutation methods*®), original features that perform similarly to their shadow counterparts are
considered insignificant. Because these features offer little more predictive value than random
guessing, they are eliminated from the model. A similar, but more statistically rigorous approach

with theoretical guarantees, known as the knockoffs scheme®>’

, also utilizes a negative control
group of features. However, the values of features generated by the knockoffs method exhibit more

stringent properties, including correlation structures identical to those of the original features. This

method is discussed in detail in Section 4.3.2.
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Figure 4.5. Schematic of the Boruta algorithm. In each of the M repeats, g is independently
fitted, and feature importances are evaluated (step 2a) to compare each feature F; against all

shadow features. In each iteration, a feature is either be assigned a “hit” or not. After M repeats,
the probability of hits for each feature is calculated. Using a binomial distribution, a one-tailed test
identifies features with a significantly high probability of hits as F5.

4.2.5 Summary

In summary, the methods outlined above represent a diverse range of feature selection
schemes that are suitable for small datasets. To build a sparse model after using an explicit feature
selection method, such as OMP or Boruta, an unpenalized OLS linear regression can be used on
the training data with the selected features to estimate the values of the sparse parameter vector 8
and the intercept y. In contrast, an implicit feature selection method like LASSO estimates the
values of B and [, simultaneously without requiring a separate fitting procedure. Nevertheless, an
OLS linear regression for 8 estimation can still be applied after implicit feature selection if the
final predictions are to remain comparable across different methods on equal footing.”®

Feature selection results in fewer degrees of freedom than direct fitting with the full feature
menu, thereby reducing the risk of overfitting. On the other hand, feature selection methods

generally require a separate strategy to determine the sparsity level s of the solution FS, either
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directly or implicitly through hyperparameter tuning. In the next section, I explore how to choose

the appropriate level of sparsity for feature selection schemes in small datasets.

4.3 Selecting the Model Sparsity

Selecting a large FS not only captures more relevant variables but also includes many
irrelevant features. Therefore, determining the optimal sparsity must balance these opposites. This
is typically performed after a sparse model is independently learned for a range of hyperparameters
(that either directly represent the sparsity levels or indirectly influence them like the regularization
parameter A). Here, I explore two strategies to choose the value of s——cross-validation, the
traditional approach that focuses on minimizing prediction error, and the knockoffs scheme, a
modern indirect approach that aims at minimizing false discoveries. While cross-validation
independently estimates several versions of the same model for each hyperparameter on distinct
subsets of the training data, the knockoffs method estimates these versions on the entire training
data. From these versions of models, the optimal one is chosen, and its hyperparameter (and

thereby the corresponding sparsity level s) is retained.

4.3.1 Cross-Validation

A common strategy is to select a hyperparameter value—and thus the value of s and the
corresponding FS—that minimizes prediction error over a validation dataset set aside from the
training and testing data. For each candidate hyperparameter value, a feature selection method is

applied using the training data, and the validation data is then used to evaluate the selected features.
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In small datasets where withholding a validation set is not affordable, K-fold cross-validation
(CV)* is usually employed (see Figure 4.7a).

In K-fold CV, the full training dataset is first split into K disjoint subsets (or folds) of
roughly equal size. Each fold can be &eld out as a validation set, while the model is trained on the
remaining K — 1 folds. This is repeated K times, with each fold acting as the hold-out once during
the training process. Thus, each candidate hyperparameter value is used to fit a model on K distinct
training datasets, each producing a distinct feature subset which is then validated on the hold-out.
The mean or median of the resulting K validation errors serves as the overall validation error for
the current hyperparameter value. From a range of candidate hyperparameter values, the one that
minimizes the overall validation error is then selected. This value is used with the full training data
to determine the final F*, which is then used to obtain the final sparse trained model. If the features
selected by the chosen hyperparameter vary significantly across the K splits and the full training
set, this indicates that the feature selection method lacks robustness, and the final feature subset
should be interpreted with caution.”?

As N decreases, it is recommended to increase K to ensure that the training data in each
split doesn’t become too small. For datasets with significantly fewer data-points (e.g., N < 50 as
a general rule of thumb), it becomes feasible to set K = N, where only one data-point is withheld
for validation in each split, while the remaining N — 1 data-points are used for training. This

special case of CV is known as leave-one-out (LOO) cross-validation.*
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4.3.2  Knockoffs Scheme

While CV directly controls the size of F® based on estimated prediction accuracy, the
knockoffs approach follows a different principle: ensuring that F$ does not include too many
irrelevant features.’’ This approach aims to minimize the false discovery rate (FDR), a metric
representing the fraction of irrelevant features in FS (see Section 5.3 and Section 4.8.3 in
Supporting Information for more details). Similar to Boruta (in Section 4.2.4), it employs a
negative control group of notional features called knockoffs (hence the method’s name). However,
knockoffs are assigned values through a more sophisticated process than random shuffling,
ensuring that certain theoretical guarantees related to FDR estimation in the solution are upheld.

For every feature Fj, a knockoff feature F; (where j € [1,2,...,p]) is introduced as an

inherently non-informative or irrelevant feature, uncorrelated with Y. Unlike the shadow features

in Boruta, F; is additionally required to be indistinguishable from the original feature F; in terms
of its joint distribution with other features. This ensures that swapping the data of F; with its
knockoff counterpart F} at a given column index j in the design matrix X does not alter the pairwise
correlation between that column and the remaining features (see Section 4.8.3 in Supporting
Information). Despite the close resemblance between knockoff features and the original ones, the
main intuition is that an original feature should be preferred over its knockoff by a significant
margin during feature selection unless it is truly irrelevant.

The effectiveness of this approach depends on how well the knockoff features satisfy these

properties, making the generation of knockoff data the most critical and challenging step. This

t37,94 36,95

process requires either a large datase or prior knowledge of the feature data distribution.

Consequently, this approach shows great potential for laboratory datasets where the distributions
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of many features are either exactly known (e.g., specimen temperature and material composition,
which are directly controllable) or can be inferred using domain expertise. For small datasets,
where the available data-points are insufficient to accurately represent the true underlying
distribution, approximate knockoff data generators have been proposed®® (see Section 4.8.3 in
Supporting Information).

Similar to the random forest used in Boruta, the knockoffs approach requires an embedded
feature selection method to operate on a combined menu of original and knockoff features.
Typically, penalized linear regression, such as the £; method, is employed as the embedded
method®’, with its sparsity level controlled by a regularization hyperparameter 1. Based on the
subsets of features selected from the combined feature menu as A is varied, a feature importance

statistic W is calculated for each original feature F;, quantifying its relative significance compared

to its knockoff counterpart F;. The original features whose W; values surpass a set threshold Ty, are
then finally selected as F® (see Figure 4.7b). The value of this threshold is determined using a
theoretical framework that guarantees the true FDR in the solution to be less than or equal to a
nominal value q (where 0 < g < 1), specified by the user (see Figure 4.12 in Supporting
Information). Lowering the value of q raises Ty, resulting in fewer features being selected into F S,
Thus, g serves as the primary hyperparameter that indirectly determines the sparsity level by
nominally controlling the FDR of the solution.

Although FDR can theoretically reach zero, lowering g below a certain minimum value
typically results in an empty FS solution. By selecting this minimum q, the knockoffs scheme
produces a non-empty FS with the smallest possible FDR. This value of q also serves as a

conservative estimate of the true FDR, which cannot be exactly calculated in real-world datasets
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where the underlying ground truths influencing Y are typically unknown. Section 4.8.3 in
Supporting Information provides a more detailed technical description of this method. In
conclusion, the level of sparsity and the corresponding subset of features selected are determined
using the training dataset, which is used in its entirety for the knockoffs approach but divided into

multiple training and validation subsets in K-fold cross-validation.

4.4 Leave-one-out Testing Scheme

Traditionally, when data is large, the training set is initially separated from a test dataset,
which is ultimately used to evaluate the generalizability of the selected feature subset FS. But, if
the available data is small, making it impractical to withhold a test set, a K-fold scheme, similar to
K-fold cross-validation, can be employed. The full dataset with N°* data-points can be divided
into K disjoint folds of equal size, with each fold serving as a test set while the remaining K — 1
folds serve as the training set (see Figure 4.5). For datasets with significantly fewer trials, a leave-
one-testing (LOO) scheme can be used where each fold contains only one data-point. This
approach maximizes the utilization of the available data by withholding only a single data-point
as test set in each split, while the model is trained on the remaining N*** — 1 data-points. Thus,
across all the LOO splits, N®* — 1 independently trained models are obtained and tested on their
corresponding held-out test data-points, yielding N*°t — 1 test errors. The mean or median of these
errors may be used to infer the model’s overall performance.

Similarly, the trained feature coefficients can be individually averaged across the LOO

splits to obtain the overall trained feature coefficient vector . The non-zero values of 8 then
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define the final selected feature subset FS. The standard deviation of the coefficients across the
LOO splits reflects each feature’s selectivity by the model. A small standard deviation suggests
that the model consistently identifies the feature as relevant or irrelevant, by either selecting or
excluding it in most splits.”> Conversely, a large standard deviation indicates inconsistency in the
model’s selection of the feature, suggesting uncertainty about its relevance. However, even if all
these steps are performed correctly, the inferences may change due to fluctuations in new data,
which can be significant for scientific settings. In the next section, I introduce a family of methods
known as Conformal Prediction (CP)* to evaluate a model’s sensitivity to variations in data with
rigorous statistical guarantees.

K-fold testing

Loop: split iteration n = 1 to K

X — X[’Ot y — ytot
e . n
» A nth S| umE E N X",y" | By Feature
© train-test : P F_’ selection
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S : : : I ~ - Test on each
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- Distribution of Median

Figure 4.6. Schematic illustrating the K-fold testing scheme. For small datasets where
withholding a separate test set is impractical, multiple training and testing sets can be generated
using the K-fold scheme. When K is set to Ny, it reduces to a leave-one-out scheme.
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Figure 4.7. Schematic illustrating sparsity level selection for each n™ training set, X" and y",
in Figure 4.6. (a) Cross validation. In Loop-2, a feature selection algorithm (as discussed in
Section 4.2) is applied several times—once over each value of the sparsity-controlling
hyperparameter (4) which varies depending on the selection algorithm. For example, in an #4
model, A represents the regularization parameter. In Boruta, A corresponds to the inverse of the
desired sparsity level, i.e., 1/s. (b) Knockoffs scheme. The nominal false-discovery rate (q)
serves as the sparsity-controlling hyperparameter. See Section 4.8.3 for more details on how the
threshold T, is derived for each q.
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4.5 Uncertainty Quantification (UQ)

4.5.1 Why Quantify Uncertainty?

In many scientific settings, predictions by a fitted model often deviate from newly observed
values, even when experimental trials are replicated with only slight perturbations in the feature
data. These deviations may stem from instrumentation or human error, as well as fluctuations in
unaccounted yet influential phenomena (see Figure 4.8a). In such cases, beyond merely predicting
the target value for a test data-point, it is beneficial to also provide a confidence interval that
quantifies the model’s uncertainty for that data-point.* This is especially important in high-risk
fields such as medical diagnostics, where poor model reliability can lead to life-threatening
situations.**

Confidence Intervals (CI) are a standard form of uncertainty (UQ). The user chooses a
confidence level 1 — a, where a (0 < a@ < 1) is a small probability representing the acceptable
level of risk of the user. For a test trial (x', y"), a trained predictive model aims to estimate a single
real value that closely approximates y’. Given a real value a, let C,(x") denote such a confidence
interval satisfying the condition:

Py’ €C,(x)z1-a ()

Here, P(y' € C,(x")) represents the coverage, which is the probability that y' lies within
C,(x"). This probability is expected to be higher than or equal to 1 — . For instance, for a = 0.05,
a 95% CI is a range of Y values that is statistically guaranteed to contain the true y’ with a

probability of at least 95%.
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Note that such an interval is not unique, and that different statistical methods can output
slightly different intervals. The coverage is the actual probability that y’ lies within C,(x"), thus it
should always be at least 1 — . If a statistical method is used inappropriately, then the coverage
can be smaller, giving the user a false sense of accuracy. For example, statistical packages provide
CIs for the predicted Y values based on the assumption that the noise in the observed y;, ..., yy 1S
Gaussian. When this assumption does not hold in practice, the Cls are not correct, meaning that
their coverage is below the level 1 — a. Here, I describe methods that estimate Cls, with theoretical
guarantees on coverage. These methods are part of an active area of statistics called Conformal

Prediction (CP), and the intervals obtained by them are called prediction intervals.

4.5.2 The ‘Naive’ Approach to UQ

A straightforward but “naive” approach® is to use the distribution of training residual
values [Ry, R,, ..., Ry], where each residual is evaluated as R; = |y; — f*(x;)|, with f* being the
predictive model trained over the full training set. For a test input x’,the a™ and (1 — a)™
quantiles of the R; distribution can heuristically define an uncertainty interval around f*(x"), with
these quantiles representing the maximum deviations below and above f*(x') respectively.
However, the intervals generated by this approach are typically smaller than required to satisfy eq.
(5). This is because the predictive model f* is specifically trained to minimize residuals on the
training data. As a result, the R; distribution does not accurately represent the true variability or
deviations that may occur in new, unseen test data.

To address this issue, many CP procedures** rely on calculating C,(x") using a separate

dataset, known as the calibration set, which is withheld prior to training. In small datasets,
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withholding a separate set is not recommended, as it would reduce the already small size of the
training data. On the other hand, with small data, it is computationally feasible to retrain the model
f in a leave-one-out (LOO) procedure, which can be leveraged to estimate accurate a level
confidence intervals. These are Jackknife, an inexact precursor method, and Jackknife+ and
Jackknife-minimax, two recent CP methods derived from it.** Figure 4.8b outlines the LOO

procedure involved here.

4.5.3  4.5.3. Jackknife—an early UQ method

In these approaches, for every i data-point (where i = 1, ..., N) that is held out, let the
LOO model trained on the remaining data be denoted as f*;. The residual |y; — f;(x;)|, evaluated
on the held-out data-point x; using this model, is denoted as R_;. These residuals, generated using
unseen data, provide unbiased estimates of uncertainties for predictions. Figure 4.8b illustrates
how this approach generates N models, each denoted as f; with its corresponding residual R_;,
resulting in a distribution of N residuals. To estimate the uncertainty interval for a test input x’,
Jackknife uses the a'™ and (1 — @)™ quantiles of the R_; distribution as maximum deviations
below and above the prediction f*(x") respectively. Though this approach yields slightly larger

intervals than the “naive” approach, these intervals do not satisfy eq. (2).*

4.5.4  Jackknife+ and Jackknife-minmax—CP methods derived from Jackknife

Jackknife+ and Jackknife-minmax, on the other hand, generate prediction intervals with
coverage guarantees as outlined in eq. (5).*® Unlike the traditional Jackknife, which centers the

uncertainty intervals around f*(x"), these approaches use the predictions from the LOO models,
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f3(x"), to define the intervals. Jackknife+ uses the a'™ quantile of the distribution of
|£;(x") — R_;| values as the lower bound of the uncertainty interval and the (1 — a)™ quantile of
the |f*;(x") + R_;| values as the upper bound. Jackknife-minmax is a more conservative estimator
that produces a confidence interval at a new observation x’ using not just the quantiles of the
residuals, but also the widest gap in predictions between any of the LOO estimators f*;(x") fit on
the previous N data-points. Table 1 provides a summary of the intervals obtained by each CP
method discussed. Figure 4.8c illustrates how these methods can be applied using nested leave-

one-out schemes to obtain prediction intervals for all data-points in the dataset, similar to the leave-

one-out testing approach discussed in Section 4.4 and Figure 4.6.

Table 4.1. Estimation of uncertainty intervals using CP approaches for a test data-point
(x',y") expecting a coverage of 1 — a. f* denotes the model trained on the full training set, and
£~ denotes the LOO model trained on data with i" held out. R; denotes the residual |y; — f*(x;)/,
and R_; denotes |y; — f=;(x;)|. @, denotes the a-quantile function. For example, Q,(R;) denotes
the a'™ quantile of the distribution of the R; values.

CP method Lower bound Upper bound
Naive £ (x) — Qu(R) fr(x') + Qi-a(R)
Jackknife fr(x") = Qa(R-1) fr(x') + Q1-o(R-y)
Jackknife+ Qu(f:(x) — R_) Q1o (fZ;(x") + R_)

Jackknife-minimax min f2i(x") — Qq(R-) max (") + Qo (R-)
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Figure 4.8. Conformal Prediction. (a) Schematic illustrating how slight perturbations in feature
data can lead to large variations in observed target value. For data-points repeated for an arbitrary
feature data vector xg, a distribution of y, may be obtained instead of a single value. Once this
distribution is learned, its median and confidence interval (CI) can be determined. The parameter
a (0 < a <1) represents to the significance level of the confidence interval. (b) Schematic
demonstrating how the LOO-based CP approach generates N independent models and residuals.
Depending on the subsequent method used (e.g., Jackknife+ or Jackknife-minimax), these models
and residuals can be utilized to construct the prediction interval C,(x") for a test data-point (x’, y").
(¢) Schematic illustrating how independent prediction intervals can be generated for all data-points
using a leave-one-out testing scheme.
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4.6 Prescriptive Guidelines to Modeling with Small Data

Here, I present some practical guidelines to be followed while modeling with small data, based

on the concepts presented thus far:

1. Applying domain expertise during feature construction is essential in order to incorporate
physically meaningful features into the models. During this process, caution must be
exercised to ensure that only the primary feature data and hypotheses based on domain-
knowledge are utilized, without relying on observed target values y. This is to separate the
information in data used for feature construction, which should depend solely on the
distribution of X, from the information used for regression, which should depend on the
conditional distribution of y given X. Moreover, creating new features from independent
data sets or experiments is encouraged, as it brings valuable domain-specific prior

information to the modeling workflow.

2. Feature selection methods, which yield sparse linear models when coupled with linear
regression, provide a convenient approach to reducing the effective degrees of freedom m?
when the dataset’s sample size N is small. However, certain filter-based selection methods
select or discard features based on their correlation with y and then reuse the same (X, y)

data to fit the regression model. This is not valid as it reuses the information in (X, y).
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3. Before beginning feature selection, it is worthwhile to evaluate whether the available
dataset is not too small. To ensure this, the heuristic rule of N > m? should be satisfied,
where m? represents the effective number of degrees of freedom required for exact sparse
recovery with s = p,, where p, denotes the number of underlying ground-truth variables
(see Section 3.2). As p, is unknown in a real-world dataset, m2 = pylog,(p — po)/(1 —
p) can be evaluated for a plausible range of p,, (guided by domain knowledge) to determine
whether the dataset is too small in each value in the range. For p, the mean absolute Pearson

correlation coefficient can be used as a representative value for the pairwise correlations.

4. K-fold cross-validation is a valid statistical procedure for selecting model sparsity, as each
fold ensures that the training data remains independent of the validation data. Afterwards,
the scores from all folds are averaged for each candidate hyperparameter value evaluated.
It 1s valid to use this procedure to select a particular hyperparameter, and then to use the
same dataset in its entirety to fit a final model with the selected hyperparameter. Note that
the selected features and the sparsity levels may vary between the individual folds and the

final model.

5. Leave-one-out testing scheme is a powerful approach yielding statistically valid inferences
even when datasets are small. N < 50 can be used as a rule of thumb for applying leave-
one-out testing. For larger N, where this procedure can be computationally demanding, a

K-fold testing scheme can be employed. When a leave-one-out or a K-fold testing scheme
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produces multiple training sets, any cross-validation used to determine model sparsity must

be performed independently within each training set in a nested manner.

4.7 Summary

In this chapter, I presented a sparse modeling workflow using linear models, specifically
tailored for small datasets commonly encountered in scientific research. This workflow includes
constructing features using domain expertise, applying a feature selection method, determining the
optimal sparsity level, and validating the final model using conformal prediction. Among the
feature selection methods, LASSO?? (referred to here as the traditional #; method) has been widely
used in high-dimensional settings due to its ability to accurately identify relevant features when y
has low noise and the features exhibit low mutual coherence (i.e., pairwise correlations). However,
in real-world scenarios, where these conditions may not hold, variants with weighted £; penalties,
such as 42 and #!R, have been proposed.’>*? Recently, BSS (referred to here as the £, method)
and its hybrid variant £,¢,,°> which were historically computationally expensive, have gained
popularity due to algorithmic advances*!#” that significantly reduce their time complexity. Other
methods, such as OMP and ISIS, originally developed in signal processing,*>* have also seen
increased adoption in regression tasks. However, caution must be exercised when using ¢, £¢?,,
OMP and ISIS methods in cases with strong non-linear dependencies between the target variable
and the features.

While these methods focus on minimizing prediction error, Boruta®® aims to eliminate

irrelevant features by introducing a set of shadow features that serve as a negative control group.
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Similar to this, but a more statistically rigorous approach is the knockoffs method, which not only
suppresses the selection of irrelevant features (i.e., false discoveries) but also provides a theoretical
estimate g of the underlying false discovery rate (FDR). These estimates can be used to select a
sparsity level s corresponding to the lowest value of g, in contrast to cross-validation, which selects
model sparsity based on the lowest validation error. By focusing on eliminating the irrelevant
features rather than attempting to identify the relevant ones, Boruta and knockoft-based feature
selection methods can be effective in cases with strong non-linear dependencies between the
features and the target variables, with the latter being preferable due to its theoretical guarantees.
Additionally, I discussed how a leave-one-out testing scheme can be employed to
maximize data utilization when the sample sizes are small. Beyond its use for target prediction,
this approach can also be used for uncertainty quantification, as it estimates prediction intervals
for each observed value in y through the Jackknife+ and Jackknife-minmax conformal prediction
methods (see Figure 4.8c). In the next chapter, I benchmark the methods discussed here using

synthetic datasets in which the underlying ground-truth models are known.
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4.8 Supporting Information

4.8.1 Summary of Notation

Table 4.2. Table of notation and description of each variable.

Symbol? Description

N Number of trials (also referred to as runs, data-points, samples, observations,
calculations or experiments depending on the context) in the training dataset.

p Number of features in the feature set F available for modeling.

S Number of features selected from F by a feature selection method (implicitly or
explicitly), and consequently the number of non-zero feature coefficients in a
sparse linear model operating over F.

Do Number of ground truth features influencing Y (as defined in a synthetic dataset).
Y Target variable whose values are to be predicted.
F Set of p feature variables (each denoted by F; for j = 1,2,..,p) available for
modeling.
F* Subset of F containing s features, selected by a feature selection method.
F' Set of p shadow feature variables (each denoted by F}-’ forj=1,2,..,p)used in

the Boruta feature selection method.

# A bold symbol represents a set, vector, or matrix while regular font is used for variables and
functions.



57

F Set of p knockoff feature variables (each denoted by ﬁ] forj=1,2,..,p)used in
the knockoffs scheme.

X; p-dimensional array of feature values (each denoted by x;; corresponding to F; for
j=1,2,..,p) of the i" trial.

X N X p matrix containing feature data for N trials, where each row x; (i =
1,2, ..., N) represents an individual trial, and each column X j Gg=12,..,p)
corresponds to one of the p features. Note that X is standardized before modeling
so that each column has a mean of 0 and a variance of 1.

y N-dimensional array of Y’s observed values (each denoted by y; fori =
1,2, ..., N) in the training dataset.

yrred N-dimensional array of Y’s predicted values (each denoted by yipred = f*(x;) for

i=1,2,..,N) corresponding to trials from the training dataset.

f Function representing the predictive model, which takes a p-dimensional feature
data array as input and outputs a real-valued prediction of Y.

B p-dimensional vector of parameters or coefficients (each denoted by f;
corresponding to feature F; for j = 1, 2,..,p) used in a linear model f.

Bo Intercept parameter used in a linear model f.

B B Optimal values of the parameters 8 and 3 respectively, obtained after fitting f to
the training data.

fr Fitted predictive model obtained by assigning optimal values to the parameters in

f.

C,(x" Prediction interval range for a trial with feature data x" such that it contains the
observed target value y' with a probability of at least 1 — «.

T A bold symbol represents a set, vector, array, or matrix while regular font is used for variables
and functions.
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4.8.2  Mutual Incoherence in €1 method

As discussed in Section 3.2, the information-theoretic estimations of m? provide the lower
bounds on the sample size for reliable recovery of ground-truth variables that constitute the
generative mechanism governing Y. However, these limits underestimate these bounds when there
are correlations (or coherence) present between the features in the design matrix X (see Section
3.2.2). In this section, I discuss a condition called mutual incoherence (also referred to as
irrepresentability)*®"’, specifically in context of the £; method. This condition determines when
the method can exactly recover all and only the ground-truth features from F, depending on the
degree of dependence among the features in F. It assumes that among the p features in F, a subset
of py mutually uncorrelated features (1 < p, < p) represents the ground truth variables. Loosely
speaking, the condition requires these p, ground truth features to be either uncorrelated or only
weakly correlated with the remaining p — p,, features in F.

Let § =[1,2,...,p] denote the ordered set of indices corresponding to all the features in
F = [F;, F,, ..., E)], and let §° (c S) represent the set of indices corresponding to the ground truth
features within F. Thus, § — S° represents indices of the p — p, features in F that are not ground
truths. Suppose an ordinary least squares (OLS) linear regression is performed to model each of

these p — p, features (denoted as F;, where j € (S — 59)) as a function of only the p, grounds

truths. Then, let B0~/ = [ﬁf_)j By ac So_)j | denote the corresponding fitted coefficient values,
each associated with a specific ground truth feature. The irrepresentability condition is then

mathematically expressed as follows:

0-j 1
;oA 4, (B77) < (6)



59

Po
where #,(B%7) = ZIB,?*"I (7)
k=1

If any of the ground truths are correlated with a feature F; for j € (S — $9), the corresponding

%77 will have nonzero values, resulting in a nonzero £, (%) norm.

To analyze how (6) is influenced by dataset parameters such as N, p and p,, in addition to
pairwise correlations between features, I conducted simulations using synthetic data, following the
approach reported by Hastie et al.® For each feature in F, data is independently sampled from a
standard Gaussian distribution. A subset of p, features is then randomly selected from F to form
the set of ground truths and the corresponding index set $°. Furthermore, a feature is randomly
chosen from the remaining p — p, features and assigned values such that it maintains a specific
non-negative Pearson correlation coefficient value (p) with a randomly selected ground truth
feature. As a result, the left-hand side of (6) depends solely on this correlated feature pair. For a
given combination of N, p and p,, smaller values of p increase the likelihood of satisfying (6),
suggesting that removing correlated features from F is beneficial.

Alternatively, when p, p, and p values are fixed, (6) holds only if N exceeds a certain
minimum value, indicating that an insufficient number of trials may hinder selection consistency
in the #; model. Figure 4.9 presents these minimum N values (averaged over 25 replicated
datasets) as curves across various combinations of p, py and p values. The vertical dashed line,
corresponding to p, = 0.2 X p, serves as a visual guide to illustrate how the minimum N required
for the exact recovery of ground-truths increases with p and p. In real world scenarios, the ground
truths often do not appear directly in F, but are instead represented through relevant features that

correlate with them. In such cases, the irrepresentability condition establishes a theoretical
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baseline, demonstrating that more data is typically required than what is anticipated. Here, exact
ground-truth recovery can be treated as equivalent to identifying all relevant features in F while
excluding all irrelevant ones. Figure 4.9 also shows minimum N required for ground-truth recovery

based on the information-theoretic limit N/m2 > 1, discussed in Section 3.2, using eq. (1)-(3).

Eqg. (6) Simulation with ¢,

@® =0
p=07

Min. N/p

Information-theoretic limits (Section S3)

=== Eq. (3)with p=0.7

m— Eq. (3) With p=0.2

= Eq. (3) with p=0
)
)

1 2 3 45 6 7 £l
# of ground-truths, p — Eq. (2

Figure 4.9. Minimum N needed for an £ solution to be consistent according to the mutual
incoherence condition (see eq. 6). For each data set with a total of p features in F, p, ground-
truth features are randomly chosen. Each point on the curve is a mean of minimum N values
obtained from 25 simulations. For the curve corresponding to p = 0 (green), data of every feature
in F is independently sampled from a standard Gaussian distribution. For curves with p > 0
(orange), a feature from F that is not a ground truth is randomly chosen and modified such that it
is correlated with a randomly chosen ground truth feature with a Pearson correlation coefficient
equal to p. The red shaded region indicates a high-dimensional region where N < p. Other curves
are made using eq. (1)-(3), which provide information-theoretic limits to N based on the heuristic
rule N/m? < 1. For each of these equations, s is set to p,, assuming an ideal model that recovers
all and only ground-truths.
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4.8.3 Detailed Description of Knockoffs Scheme

Since its introduction by Barber et al*” in 2015, the knockoffs scheme has been an effective
method for controlling model sparsity by minimizing false discovery. Additionally, it provides a
theoretical estimate of the false discovery rate (FDR) in real-world datasets where the ground truth
features that constitute the generative mechanism for Y are unknown. Initially proposed as Fixed-
X knockoffs*” for low-dimensional cases where N > p, the method was later extended to other
cases>® under the name Model-X knockoffs, which is the focus of discussion here.

In the Model-X scheme, a copy X j (where j € [1,2,...,p]) of each original feature data

column X; is generated in a special manner to represent the data of an abstract feature variable K
called the knockoff feature of F;. Let F be the set of all the knockoff features for j € [1,2, ...,p],
and let X be the corresponding knockoff feature data matrix, obtained by concatenating all X f
columns in order. For the method to be effective, X must be designed to be independent of Y,
meaning that all features in F are inherently irrelevant in explaining Y. Additionally, the
distribution of X should match that of X, ensuring that each X ; and its knockoff X ; are statistically
indistinguishable.

To achieve these properties, X must satisfy the pairwise exchangeability property, as
illustrated in Figure 4.10. In simple terms, the joint distribution of any two data columns, X; and
Xy (j # k), must remain unchanged even if one or both columns are swapped with their knockoff

counterparts. Designing such X is particularly challenging when the correlation structure is

complex, as seen in the correlation heatmaps of the hypothetical example in Figure 4.10.
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(a) Original X (top) (b) Knockoff X and  (c) X with some of its cols. (d) For any two feature data
and its correlation its corr. structure swapped with that of X,and its columns X; and X; (j # k), the
structure (bottom) same as that of X. corr. structure same as that of X. joint distribution (as

represented by the spread of

points in the scatter plot below)

BEEE H EEEE = EEEE = remains the same even if X;

5 5 : : : : and/or X, are swapped with X;
and/or X. respectivelv

Feature index, k

s W N
hr g

Feature index, k
Feature index, k

2 oe N

1T 11 21 31 4 1T 11 21 31 41 1T 11 21 31 41
Feature index, j Feature index, j Feature index, j

Figure 4.10. Demonstration of the pairwise exchangeability property of the knockoff feature
data X. In (a)-(c), the correlation structure is displayed using a heatmap that corresponds to the

absolute values of the pairwise Pearson correlation coefficients (p) between the features data
columns.

The most challenging step in generating such X is extracting knowledge about the
distribution of X. This is difficult especially in the small data regime, where the available data may
not be sufficiently representative to capture the true underlying distribution. As a result, only
approximate X that satisfies the exchangeability property to some extent’® can be generated. A
common strategy is to assume that X follows a multivariate Gaussian distribution and estimate its
covariance matrix Xy, which is then used to produce a second order approximation of X, as shown
in Figure 4.11a. If X is purely Gaussian, this method generates exact model-X knockoff data X.
While this approach is simple and computationally efficient, it may not perform well on scientific
datasets where one or more features deviate from a Gaussian distribution.

For such cases, an alternative deep learning approach using a neural network to learn the

underlying distribution of X has been proposed.”* However, this method is inefficient for small
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datasets and requires slight modifications to generate a reliable approximation of X, known as deep
knockoff data. Figure 4.11b illustrates a strategy for generating deep knockoff X from X with
minimal trials. During the intermediate step of preparing the synthetic data matrix for neural

network training, domain expertise is valuable in effectively estimating the distribution of X.

O (a) Second-order approx. knockoff generation

Feature data Knockoff data
matrix, X matrix, X
XX, X3 X, Estimatethe Ey Zy—D %, %, Xy ¥
covariance Zx Estimate the cov. Generate Ll A
- matrix Xy . matrix Zy g, for the Ix—-D Iy gaussian [X X] "
© —_— | - - @
= : assuminga i| augmented [X X] TR and thus X --- - .g
= multi-variate ., matrix as shown where D is a diag. matrix : e
Gaussian pxp below that is solved for such that =
INIEEE W= distribution iy ) is positive definite. EEE =
_—
p features p features
o (b) Deep knockoff generation
Feature data p features Knockoff data
. — T  » o
matrix, X Builda matrix, X
X1Xz X3 X, Estimatethe synthetic data £ Train the XXX X
2 covta_ria;ce Zx matrix with £ deep ‘ Generate . P
= matrix Xy . many trials o _nheura </ X 2
o HENE N-— " _rawrEs o 5 > ! - PEEE W | =
) : : assuminga (say 10p) 9 network ] using . . o
- multi-variate . using £ and € (DNN) Trained yx : : =]
; Gaussian BEP any other EEmEm EEAZ onthis DNN v
ENENENE W distribution knowledge : & expanded HEE =
p features from X. EmEmEm @m0 p features

Figure 4.11. Knockoff feature data generation. (a) Second order approximation (b) Deep
Knockoff data generation when the number of trials is small, say N < 10p, where p is the number
of features. When N is larger than 10p, then the deep neural network can be directly trained on
the original X.

After generating the knockoff data matrix X, the knockoffs scheme (Figure 4.12) is applied
to obtain the final solution FS with an optimal sparsity level s. Step 2 (Figure 4.12) typically

involves using a sparse learner g that functions as a nested embedded feature selection

method operating over the augmented [X, X] matrix. If g does not preferentially select an original

feature F; over its knockoff counterpart F;, then F; can be eliminated as irrelevant. To quantify the

importance of F; relative to the inherently irrelevant F;, a feature importance statistic I¥; is used.
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Figure 4.13 presents the common feature importance statistics used in the knockoffs
scheme. While originally designed for the traditional £; model as g, these metrics can also be
extended to other sparse models, such as £1°, £{F, £,, and €,£,.”” Other types of W; have been

98-100

proposed recently , offering slight improvements over those in Figure 4.13. Steps 3-4 in the

knockoffs scheme (Figure 4.12) theoretically guarantee that the false discovery rate (FDR), which
is the fraction of irrelevant in the solution F3%, does not exceed the nominal value qi used in its
derivation.””"!°! Thus, this method not only controls FDR but also provides a theoretical estimate,
which is valuable for real-world datasets where ground truth features are typically unknown,
making exact FDR evaluation impossible. To obtain the final sparsity level s and the corresponding

FS, one can select the F*% with the smallest nominal FDR value qk-

Training
dataset Knockoff feature
X, X, data X Generate a list g of nominal FDR
, X, F % % values, each denoted by gy (< 1)
@ A O ——— q
£ ——— . > HHH- w 4 Choose
= II] = F P Obtain a threshold Ty, for each gy s.t. = FS = FSa
==== = Generate knockoff . {W } that is non-
_ X ENEE E + i< —t
feature data X HT Tl T, =min |t: £ >0, W | <G empty and
p features k |{W, > f}l has the
¥ smallest
IZ] nominal
Use a sparse learner M:[m]: Obtain a feature set, F%a for each FDR g
g over the augmented nominal FDR g s.t.
[X, X] to evaluate feat. Sap — (F. : W. >
importance stat. W; for each F; Fak {F} WJ = Tf(k}

Figure 4.12. Flowchart describing the Knockoff feature selection scheme.
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M. (b) Regularization path signed max (psm)
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Figure 4.13. Evaluating the feature importance statistic W; for use in knockoffs scheme.
(a) Coefficient difference (cd) measure (b) Regularization path signed maximum (psm) measure.
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5 FEATURE SELECTION WITH SYNTHETIC DATA

Before applying the feature selection methods discussed in Chapter 4 to the PSC tg,
lifetime datasets, it is important to first evaluate their efficacy. Synthetic data—where target
variable data is artificially generated with relationships based on known ground truth variables—
provides an ideal setting for assessing how well these methods can recover the underlying ground
truth variables (either directly or through correlated ‘proxy’ features) from F, while avoiding the
irrelevant features. The enable evaluation of certain metrics such as false-discovery rate (FDR),
ground-truth recovery rate (0) and redundancy (§), which are discussed in detail in this chapter.
These metrics assess how closely the selected feature subset F® aligns with the ground-truth
variables. Unlike common metrics like prediction error, which relies solely on the observed and
predicted values of the target variable, accurately estimating FDR, 6 and & requires exact
knowledge of which features in F are truly relevant, irrelevant or redundant. However, this
information is unavailable in real-world scenarios, which is precisely why feature selection
methods are employed in the first place.

Additionally, synthetic datasets provide greater control over data properties such as N, p,
noise level, probability distributions, non-linearity in target-feature dependencies, the proportion
of relevant features in F and the degree of collinearity among features. These properties can be
systematically varied to study their effects on the feature selection methods.*> As the underlying
mechanism for generating the values of Y can be specified in synthetic datasets, they can be
designed to mimic typical datasets from a specific domain. When feature selection algorithms are

evaluated on such synthetic datasets that emulate real-world conditions, the resulting inferences



67

can be heuristically extended to real-world scenarios.*’ These datasets are particularly valuable for
selecting a “good” feature selection algorithm for a given domain, especially when real-world data
is scarce or lacks diversity. In this chapter, I present several types of synthetic data generated to
evaluate the feature selection methods suited for small datasets. Furthermore, 1 also discuss
modified versions of FDR and 6 metrics, which are more general and robust than their traditional
counterparts. The results of these simulations provide insight into how these methods perform on

the real-world tg, lifetime datasets discussed in Chapters 6 and 7.

5.1 Designing Synthetic Datasets

The design of a synthetic dataset is controlled by several factors, such as the number of
features, parameters influencing the generative mechanism for the target values, the strength of the
influence exerted by each ground truth variable within the mechanism, the relationships between
the ground-truth variables and the features, and the correlations among the features. Each factor
can be adjusted to generate a myriad of combinations, with each representing a distinct type of
synthetic data. However, in this chapter, I focus on a small subset of these combinations that
effectively capture the characteristics of small real-world datasets commonly encountered in fields
such as materials science and chemistry. I present three types of synthetic data, labeled as Type I
to /1] based on the increasing complexity of their feature correlation structures (see Figure 5.1a-c).
Within each type, I further vary additional controlling factors to create datasets with different levels
of complexity, as discussed later. In all types, a total of p = 50 features and four ground-truth

variables (denoted as p, = 4) are used.
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DType I is the simplest type, with a Pearson correlation coefficient of approximately 0.2
between each pair of features (see Figure 5.1d). This type of synthetic dataset, where features are
only weakly correlated with each other, is commonly used for preliminary evaluation of selection
algorithms. In Type II, F is divided into three equal-sized groups—Ilabeled as F4, FB and F¢—
which together create a distinct correlation structure that challenges feature selection methods with
variables exhibiting strong dependencies among them (see Figure 5.1¢). Features in F4 and FB are
designed to be only weakly correlated with each other, as in Type I. Meanwhile, features in F¢ are
individually correlated with those in FZ in a one-on-one correspondence. Out of the four ground-
truth variables, two are selected from F4 and two from F&.

Type III is identical to Type II, except that the two ground-truth features from FZ are
removed, while maintaining a total of p features in the final menu F. This forces feature selection
methods to rely on the correlated features from F¢ to indirectly incorporate ground-truths into the
solution—a possible scenario in real-world data. While synthetic datasets have been widely used
in previous studies to compare feature selection methods, they are mostly of Type I, as introduced
here, and often fail to adequately represent the real-world scenarios. The dataset types introduced
in this study aim to address this limitation. For all dataset types, the target variable Y is formed by

a linear combination of the ground-truths with fixed coefficient values, plus an intercept of one.
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Figure 5.1. (a-c¢) Schematics of the three types of synthetic datasets as described in Section 5.1.
(d) Heatmap of the correlation structure for a typical 7ype I dataset, such that the mean of the
Pearson correlation coefficients of all feature pairs (Fj, Fy) (where 1 < j, k <50 and j # k) is 0.2.
(e) Heatmap of the correlation structure for a typical Type II dataset, highlighting three feature
groups—F4, FB and F¢—based on the pairwise Pearson correlations (maximum correlation =
0.8). Out of the four ground truth variables, two are selected from F4 and two from FB. Type 1II
datasets follow the correlation structure as in (e) but are initially generated with 52 variables. Out
of the four ground truth variables, the two chosen from FZ are subsequently removed to form the
final feature set with p = 50.

5.2 Simulation Setup

Each feature selection method is applied to the three types of synthetic datasets introduced
in Section 5.1. Fixing p = 50 and p, = 4, the sample size N and the target signal-to-noise ratio

(SNR) are varied within each dataset type. Within each dataset, 50 data-points are initially set aside
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as the test set, while the training set varies with varying sample sizes N. For each combination of
N, SNR and dataset type, 20 unique datasets are generated and fitted separately to obtain averaged
results. Across these replicates, the correlation structure of the feature data matrix X, the ground-
truth variables, and their corresponding coefficient values remain unchanged. Thus, any variation
observed in feature selection across these datasets reflects each method’s sensitivity to fluctuations
in X. The feature selection methods used in the simulations are listed in Table 5.1. Methods that
employ the knockoffs scheme to determine the model’s sparsity level are labeled with a “/ko+”
suffix, while those using cross-validation (CV) retain their original names.

For the simulations in Section 5.4, the four ground truth variables are assigned fixed
coefficients 0 0.9, 0.1, 0.9 and 0.1 respectively. In Types II and I11, each ground-truth pair selected
from FA4 and FB receives the coefficients [0.9, 0.1] respectively. Variations in coefficient
magnitudes pose a challenge for feature selection methods in recovering ground-truth variables
with smaller coefficients. As a control study, I repeated these simulations with all four ground-
truth coefficients fixed at 0.5 (see Section 5.6.2 in the Supporting Information for results).

All features in the datasets from Sections 5.4 and 5.6.2 follow a Gaussian distribution—a
common simplifying approximation in synthetic datasets to mimic unimodal distributions
observed in real data. However, many real-world datasets also contain features with flat or uniform
distributions. For instance, a stimulus variable such as temperature may be uniformly varied by an
experimenter to observe its effects on the target variable. To evaluate how feature selection
methods respond to such non-Gaussian features, I conducted another set of simulations where all

features were uniformly distributed, and the ground-truth coefficients were fixed at [0.9, 0.1, 0.9,
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0.1] (see Section 5.6.3 in the Supporting Information for results). The full list of control parameters
and their values are listed in Table 5.1.

Given that the noise levels are not excessively high, all datasets fall within the small data
regime (as N < 10p = 500). Moreover, no dataset is too small for modeling, as all N values listed
in Table 5.1 exceed the estimated m?2, given by md =~ p,log,(p — po)/(1 — p) ~ 28 (see Section
3.2 for more details). Here, s = p, represents the ideal sparsity level when a model performs exact
sparse recovery, and m? represents the corresponding effective degrees of freedom. For the
estimation of m?2, p is set to 0.2, which is the mean absolute Pearson correlation coefficient for all

dataset Types (see Figure 5.1d-e).
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Table 5.1. Values of the control parameters used for evaluation of the feature selection methods.

Control parameter Control values
Type of dataset Type - I 11, 111
# of selectable features (p) 50
# of ground-truth features (py)* 4
Training data size (N) 50, 75, 100, 300, 1000
Signal-to-noise ratio (SNR)° 4,6,8,12,512
Feature selection methods® CV 44, {"fD, 2R 2., £o¢5, 1SIS, OMP, Boruta
(Method) Knockoffs® £,/ko+, £4P/ko+, 1R /ko+
[0.9,0.1,0.9,0.1] (Section 5.4 and 5.6.3)
Ground-truth coefficients
[0.5,0.5,0.5,0.5] (Section 5.6.2)
Gaussian (Section 5.4 and 5.6.2)
Feature data distribution
Uniform (Section 5.6.3)

 Feature indices designated as ground-truths are fixed. For Types Il and /11, two out of four ground-
truths are taken from F4, while the remaining two are from FZ (see Figure 5.1e).

® SNR is the ratio of variance of true y to that of the added gaussian noise, indicating that a lower
SNR corresponds to higher noise levels.

¢ 4D = Adaptive £,; £k = Iteratively reweighted £, ; ISIS = Iterative Sure Independence
Screening, OMP = Orthogonal Matching Pursuit.

4 Knockoffs scheme here uses second-order approximation for knockoft feature data construction,
and regularization path signed maximum (psm) as the feature importance statistic (see Section
4.8.3 for more details).
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5.3 Characterization Metrics for Simulations

Test prediction errors and goodness-of-fit are widely used preliminary metrics for
evaluating the effectiveness of a feature selection method. However, in various scientific contexts,
the selected feature subset FS is also expected to be condensed, comprising only a few features
that are physically meaningful and sufficiently predictive. As a result, a smaller FS (one with a
small s) is often preferred over the subset with the lowest test error when the difference in error is
marginal. In synthetic datasets, the key advantage is the precise knowledge of ground-truth
variables, enabling the evaluation of additional properties of FS—such as false-discovery,
redundancy and ground-truth recovery—characteristics that are otherwise infeasible to assess in
real-world settings. These are explained below.

The tendency of a feature selection method to select irrelevant features is commonly known
as false discovery. Among the s features in F5, let s¢ denote the number of irrelevant features. The
false discovery rate (FDR) is then defined as follows:

FDR =2 (6)
s
This represents the proportion of selected features that are falsely identified as relevant.
Additionally, correlations may exist among the remaining s — sy features that are relevant,

rendering some redundant for predicting Y. Let s¢ denote the number of such redundant features

in F$, which do not provide any new information about Y but unnecessarily inflate s. The metric

¢ is then defined as follows:

$== (7)
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It represents the proportion of selected features that are relevant but redundant.

Incorporating the underlying ground truth variables (which may be indirectly present in F
through correlated relevant features) is crucial for a feature selection method to achieve high
predictive power. The ability of a feature selection method to accurately identify such relevant
features from F, referred to here as ground truth recovery, can be assessed using a metric 6. Let
po denote the number of ground truth variables that constitute the underlying mechanism
generating the values of Y. Then, 0 is defined as the fraction of ground truth variables incorporated

into FS, calculated as follows:
0 =— (8)

Here, pj represents the selected ground truth variables appearing in FS either directly or indirectly
through correlated features, out of a total of p,.

Highly sparse solutions (that is, those with very small s) risk excluding ground truth
variables, thereby reducing 8. Conversely, solutions with many selected features may increase 6,
but also inflate FDR and & by incorporating many irrelevant and redundant features. An effective
feature selection method aims to achieve a solution with a small value of s and low prediction
error while maintaining a good balance of reasonably high 8, low FDR, and low €.

Calculating the test error and s is straightforward, but determining other metrics can be
challenging depending on the design of the synthetic datasets. Metrics like FDR and 6 work well
for Type I and 11 datasets. However, for the Type III datasets, where the ground truth variables are
excluded from F and are only accessible indirectly through correlated features, these metrics

become ineffective. In such cases, FDR is invariably one, as any feature that is not a ground truth
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is categorized as wholly irrelevant, even if it is correlated with a ground truth. Similarly, 8 is
invariably zero, as no ground truth is considered fully recovered unless it is directly present in
F and selected.

To address this issue, I developed new metrics FDR™ and 6%, which count features
“fractionally” rather than wholly as in their traditional counterparts. FDRt employs mutual
information® (MI)—an information-theoretic metric that quantifies the information shared
between the data of two variables. This allows features in F to be considered partially relevant or
irrelevant based on the amount of information they share with the ground truths through
correlations. Rather than categorizing each feature that is not a ground truth as wholly irrelevant,
FDR* accounts for the fractional contribution of each feature based on its deviation from the
ground truth variables. Meanwhile, 8% simply counts every ground truth variable that is selected—
whether wholly or partially through correlated features. Section 5.6.1 explains these metrics in

more detail.

5.4 Simulation Results

In this section, I discuss the simulation results for synthetic datasets in which all features follow
Gaussian distributions and the ground-truth coefficients are fixed at [0.9, 0.1, 0.9, 0.1]. Results for
the other synthetic datasets—one with Gaussian-distributed features and ground-truth coefficients
are fixed at [0.5, 0.5, 0.5, 0.5], and another with uniformly-distributed features and ground-truth

coefficients are fixed at [0.9, 0.1, 0.9, 0.1]—are presented in Sections 5.6.2 and 5.6.3 respectively
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in the Supporting Information. As these mostly show only minor differences from the results

discussed here, they are referenced briefly, with attention drawn only to the major differences.

5.4.1 Prediction Errors and Sparsity Levels

Figure 5.2 displays the outcomes of applying the feature selection methods (outlined in
Sections 4.2 and 4.3) for N = 50 and SNR = 6. While the mean squared test errors (normalized to
the variance of noise) of all methods do not change significantly from Type I to I, they increase
from Type 11 to 11l (Figure 5.2a-c), as expected, due to removal of the ground-truth variables from
FB in Type 1II datasets. Similarly, the test R? scores (Figure 5.2d-f), which quantify the alignment
of test data along the observed versus predicted parity line, remain unchanged from Type I to 11 but
decline from Type II to III. However, the variation of errors and R? scores across the selection
methods remains insignificant within each dataset type.

In contrast, the sizes of FS (that is, the sparsity levels) for certain methods—#, ISIS, and
OMP—are significantly higher than those of others (Figure 5.2g-1). This underscores that
prediction error alone is not a reliable indicator for selecting an optimal feature selection method.
To understand why some methods can produce sparser solutions without a substantial loss in
prediction accuracy, it is worthwhile to evaluate their selectivity towards irrelevant, relevant, and

redundant features using the FDR™, 8% and ¢ metrics respectively.
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Figure 5.2. Simulation results for N =50 and SNR = 6 for Types I-111, where p =50 and p, =
4 , and ground-truth coefficients = [0.9, 0.1, 0.9, 0.1]. (a-c) Mean squared test error (MSE)
normalized with the variance of the added gaussian noise (62,;,,) (d-f) R’ score between observed
and predicted y values of the test data (g-i) Size (s) of the selected feature subset F¥ (j-1) Fractional
false discovery rate FDR* (m-o0) Fractional ground-truth recovery 6*. For each metric, the bar
value represents its mean, while the error bar represents its standard deviation across the 20
artificial datasets used for the (N, SNR, dataset Type) combination. The dashed vertical line
represents the test MSE = 62, line in (a-c), the R? = 1 line in (d-f), the s = po = 4 line in (h-j),
and 6% =1 line in (k-m). Methods with the suffix ‘ko+’ (highlighted by a gray shade) use the
knockoffs scheme, as outlined in Section 4.3.2 for sparsity level control. The rest use leave-one-
out cross-validation to determine the sparsity level. All features follow a Gaussian distribution.
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Figure 5.3. Simulation results for N =50 and SNR = 6 for Types I-111, where p =50 and p, =
4 , and ground-truth coefficients = [0.9, 0.1, 0.9, 0.1]. (a-c) Median percentage test error (d-f)
Traditional false discovery rate FDR (g-i) Traditional ground-truth recovery rate 6 (j-1)
Redundancy & (m-o) Fraction of selected features belonging to the F4 and FB groups (represented
as FS4B) In Type I, all features belong to the F4 group, making this fraction always equal to one.
For each metric, the bar value represents its mean, while the error bar represents its standard
deviation across the 20 artificial datasets used for the (N, SNR, dataset 7Type) combination. The
dashed vertical line represents the 8 = 1 line in (g-1). Methods with the suffix ‘ko+’ use the
knockoffs scheme (highlighted by a gray shade), as outlined in Section 4.3.2 for sparsity level
control. The rest use leave-one-out cross-validation to determine the sparsity level. For Tipe 111, 6
and FDR invariably take 0 and 1, respectively as shown in (i) and (1). For Type I, ¢ invariably takes
0 as shown in (j).
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5.4.2 False-Discovery and Ground-Truth Recovery

As the ground-truth features are known for the synthetic datasets, the results of FDR™ and
0+ are also available for the simulations (Figure 5.2j-0). For Types I and II, these metrics exhibit
values similar to their traditional counterparts, FDR and 6 (Figure 5.3d-1). However, for Type I11,
where the two ground-truth variables from FZ are removed, 6 values drop significantly across all
methods, while FDR values rise abruptly—both reaching levels that exhibit reduced variation
across methods. Despite these shifts, FDR™ and 8% remain stable, continuing to exhibit noticeable
variation across methods. This illustrates how the refined versions of these metrics are particularly
useful to compare these methods in specialized synthetic data scenarios like Type I11.

Among the methods, ¢, ISIS, and OMP consistently exhibit slightly larger 8%. When
recovering ground-truth variables with smaller coefficients, these methods perform noticeably
better than the rest (see Figure 5.4), which explains their larger 6% values. However, when all
ground-truth variables are assigned the same coefficient values, 8% approaches unity across all
methods due to the easy recovery of all four ground-truth variables (see Figure 5.8 in Supporting
Information). Meanwhile, regardless of the ground-truth coefficient values, ¢;, ISIS, and OMP
consistently tend to select numerous irrelevant features, as evidenced by their significantly high
FDR™ values, ultimately undermining the advantage of their higher 8% values. These methods,
characterized by low prediction errors but high s, and consequently high FDR* values, are best
suited for purely predictive applications where obtaining a compact feature subset with only a few

meaningful variables is not a priority.
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Figure 5.4. Simulation results for N =50 and SNR = 6 for Types I-111, where p =50 and p, =
4, and ground-truth coefficients = [0.9, 0.1, 0.9, 0.1]. Selection probabilities of ground-truth
variables whose coefficients in the generative mechanism are set to (a-c) 0.9 (d-f) 0.1 (g-i) 0.9 (j-
1) 0.1. For each (N, SNR, dataset Type) combination, the selection probability P(Ff™¢ € F%) of a
given ground-truth feature F"™€ (where 1 < k < p,) is estimated by the fraction of the number of
times the feature is selected among the 20 datasets generated with the combination. The dashed
vertical lines represent the probability of one. In Type III, where F™“¢ and Ff""¢ are absent from
F, their selection probabilities are invariably zero. Methods with the suffix ‘ko+’ use the knockoffs
scheme (highlighted by a gray shade), as outlined in Section 4.3.2 for sparsity level control. The
rest use leave-one-out cross-validation to determine the sparsity level.
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Analyzing the correlation patterns in the Type II and 11I datasets—comprising the partitions
FA, FB and F¢—provides insight into some of the variations across these methods (see Figure
5.1e). In Type III, little variation is observed between the methods regarding their selectivity
towards features from F4 and F® (see Figure 5.30). However, in Type I, the presence of both
ground-truth variables from FZ and their correlated counterparts from F¢ poses a challenge to this
behavior. The weighted £, methods (i.e., £4P and #!R), £,, £,¢5, and knockoffs-based methods
preferentially select features from F4 and FB, while avoiding those from FC¢ as desired,
demonstrating their resilience to correlations among features (see Figure 5.3n). This explains the
small s and FDR™ values of these methods, in contrast to £, ISIS and OMP methods, which tend
to select a considerable number of features from F¢. Meanwhile, Boruta is a unique case; although
it yields small s values by restricting its selection to ground-truth variables, it also redundantly

selects the correlated counterparts from F¢, which explains its large & value (Figure 5.31).

5.4.3  Sensitivity to Fluctuations in X

When a sparse solution (i.e., one with a small s) is desired, the weighted £; methods, ¢,
£o?,, and knockoffs-based methods yield desirable results based on their averages across the 20
replicate datasets. However, it is also important to consider the error bars in Figure 5.2d-f, which
represent the standard deviations of these results, while assessing these methods. As the correlation
structure of the feature data matrix X, the ground-truth variables, and their corresponding
coefficient values remain unchanged across these replicate datasets, these standard deviations

reflect each method’s sensitivity to fluctuations in X. For the sparsity level s, although the weighted
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£, methods exhibit lower averaged values, their standard deviations are much higher than those of
4y, £yt and the knockoffs-based methods, indicating greater sensitivity (Figure 5.2g-1).

Figure 5.5 illustrates how the results of Figure 5.2 vary with N. According to the heuristic
rules introduced in Section 3.2, although N = 50 doesn’t fall within the oo small regime (because
N > m? ~ 28), it still remains below 10m? (~280), suggesting a risk of overfitting with certain
sparse modeling methods, while others may perform adequately. Such overfitting may explain the
large inconsistencies in s values observed for the weighted £; methods across the replicate
datasets, as evidenced by their substantial standard deviations. As shown in Types I and II (Figure
5.5g-h), the error bars around the mean s values shrink as these values converge towards p, with
increasing N, whereas convergence cannot be guaranteed in Type III. €4, ISIS and OMP exhibit
slow convergence at the current noise level (SNR = 6) but converge more rapidly at a lower noise

level (SNR =512, as shown in Figure 5.11 in the Supporting Information).
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Figure 5.5. Simulation results for N = [50, 75, 100, 300, 1000] and SNR = 6 for Types I-
111, where p =50 and py =4, and ground-truth coefficients = [0.9, 0.1, 0.9, 0.1]. (a-c) Mean
squared test error (MSE) normalized with the variance of the added gaussian noise (0;;s,) (d-f)

R” score between observed and predicted y values of the test data (g-i) Size (s) of the selected
feature subset F° (j-1) Fractional false discovery rate FDR' (m-o0) Fractional ground-truth
recovery 6%, For each metric, the bar value represents its mean, while the error bar represents its
standard deviation across the 20 artificial datasets used for the (N, SNR, dataset 7jpe) combination.
The dashed horizontal line represents the test MSE = 62,;,, line in (a-c), the R? = 1 line in (d-f),
the s = py = 4 line in (h-j), and 67 = 1 line in (k-m). Methods with the suffix ‘ko+” use the
knockoffs scheme, as outlined in Section 4.3.2 for sparsity level control. The rest use leave-one-
out cross-validation to determine the sparsity level. The legend describing the markers is shown
below the plots. All features follow a Gaussian distribution. The vertical blue dashed line
represents N = 10p = 500 below which the small data regime begins. For a sparse model
performing exact sparse recovery such that s = p,, the degrees of freedom m? is given by
polog,(p —py)/(1 — p) = 28, with p set to 0.2 (see Section 3.2). The boundaries of the red
shaded regions represent values of N corresponding to 2 m? (=56), 5 m? (=140) and 10 m?
(=280), as indicated by the labels.
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5.4.4 Summary

In summary, €, €,£,, and knockoffs-based methods display a good balance of low s, low
FDR* and reasonably high 6% values without compromising predictive power, while
demonstrating minimal sensitivity to fluctuations in feature data. When simulations are repeated
in Section 5.6.3 in the Supporting Information with uniformly distributed features instead of
Gaussian ones, the standard deviations of prediction errors and sparsity levels—particularly for
24P and £, in Type II—increase (see Figure 5.9 in the Supporting Information), displaying these
methods’ high sensitivity to non-Gaussian distributions. In contrast, €, (¥, and the knockoffs-

based methods remain stable, exhibiting reasonably small standard deviations.

5.5 Conclusions

Synthetic datasets, where ground-truth variables are known, enable certain evaluations of
feature selection methods that are otherwise infeasible with real-world datasets. Many of the
feature selection techniques discussed in Chapter 4 may underperform when applied to real-world
datasets commonly encountered in fields of chemistry and materials science, due to several
inherent complexities of these datasets. These include diverse feature data distributions including
non-Gaussian ones, pairwise correlations within F, the absence of ground truth variables in F, and
differences in the magnitudes of their underlying coefficients. As a result, synthetic datasets
intended to evaluate the applicability of feature selection methods to real scientific data must
account for such complexities—especially the possibility of ground truths being absent from F, a

factor often overlooked by the statistics and signal processing communities. This chapter begins
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by designing three types of datasets with increasing complexities. To address cases where ground
truths are absent from the feature set, I introduced two new metrics—FDR™ and 8*t—which
account for the fractional contributions of features to being relevant or irrelevant.

Among the feature selection methods discussed, ¢, £,£, and the knockoff-based methods
emerged as promising alternatives to traditional approaches like £; and OMP. These methods not
only produced accurate and sparse solutions but also low FDR* and reasonably high 8% values—
metrics that are impossible to evaluate in real-world scenarios. However, caution must be exercised
when using £, and €,#, in cases with strong non-linear dependencies between the target variable
and the features. Overall, these heuristic insights are valuable when applying these methods to
practical scientific problems.

In the next two chapters, I evaluate these feature selection methods on two real-world
datasets, where the features deviate from a Gaussian distribution and exhibit more complex
correlation structures. While real-world datasets can be compared to 7ypes I and I/ by analyzing
their respective correlation structures, 7ype I11 cannot be directly compared to real world data. This
is because, in practice, it is generally unknown whether the ground-truth variables are directly
present in a real-world feature set. Nevertheless, Type I1I provides insight into how challenging a

dataset can become, relative to Type 11, if any ground-truths are missing from F.
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5.6 Supporting Information

5.6.1 Evaluation of FDR' and 6%

Beyond test prediction error, metrics such as FDR and 0 (as introduced in Section 5.3) can
be precisely evaluated in simulations with synthetic data, where the ground-truth variables are
known. In this section, I demonstrate how FDR and 6 have been traditionally defined in statistics.
Additionally, I discuss the refinements introduced in this work to generalize them.

Suppose there are no correlations between the features in F. Let F? represent the set of p,
ground truth features that truly govern Y, such that F® € F and p, < p. Each feature in the selected
subset FS (of size s) is classified as a true-positive if it belongs to F° and a false-positive otherwise.
Traditionally, the false-discovery rate (FDR) is defined as the fraction of features in FS that are

false-positives and is evaluated as:

k=1 “IEP
FDR = ==—— 9)

where af’ takes a value of 1 if the corresponding F; is a false-positive and 0 otherwise. Thus,

aFP

= [af?, alP, ..., afP] forms a binary status set indicating whether each feature in F* is a false-
positive. In non-statistical fields, false-positives are often loosely referred to as irrelevant features.
Let s4 represent the number of such irrelevant features. Then, sy = Z§=1 af® and FDR = S¢/s
(see Section 5.3).

Besides false discovery, the ability of a features selection method in recovering the ground

truths from F is assessed by a separate metric, represented here by 8, which is the fraction of

ground truths from F° that are selected into F® (see Section 5.3) and is calculated as:
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|Fa| _ S
Po Po

0= (10)

where F{ represents the set of ground-truth features selected into FS (and thus classified as true-
positives), and py = |F 8| is the number of elements in it. FDR and @ are fractions related to FS
and FO respectively and have values between 0 and 1. An effective feature selection method
produces F® whose FDR is close to zero and 6 close to one, consequently resulting in a low
prediction error.

Note that the FDR and 6 defined earlier were originally proposed for datasets used in sparse
signal recovery applications, where F® € F, and all features in F are independent. However, these
definitions are not well-suited for application to the Type III synthetic datasets introduced in this
work (see Section 5.1). In these datasets, ground truths are not directly present in F but are instead
included indirectly through correlated ‘proxy’ features. As a result, any selected feature—despite
being correlated with a ground truth—is classified as a false-positive under the traditional
definition, as it does not belong to F®. Consequently, the traditional FDR and 6 metrics invariably
yield values of 1 and 0, respectively. To address this, I introduce a generalized version of the

traditional FDR, called the fractional false discovery rate (FDR™), defined as follows:

s aFP+
FDR* = 2k 15 k (8)

where af"* takes a real value between 0 and 1, representing the ‘fractional’ contribution of the
selected feature F;; to being a false-positive. Similar to af?, all values of af * for k € [1,2, ..., s]
collectively form the status set af®*. For datasets where F® € F and the features in F are

uncorrelated to each other, aF* reduces to af?, making FDR™" equivalent to FDR.
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To evaluate afP*, I leverage the information-theoretic concept of mutual information (M1),
that quantifies the information shared between the data of two variables. The higher the value of
MI between two variables, the more strongly they are correlated. Figure 5.6 illustrates this concept

using a hypothetical example where a selected feature Fjs is correlated with one ground truth Fy

and two irrelevant features, F,, and F,, which do not share any information with any ground truth.

In this example, the fractional contribution of Fjs to the count of false positives, ¥, can be

expressed as:

— MI(Fy, F®) + MI(Fy, F)
@ = S S 0
MI(E,, F) + MI(Ey, F¥) + MI(F,, FY)

%)

Thus, I interpret the fractional contribution afF

g * as the proportion of information in the data of P}-S

(excluding noise) that is irrelevant for explaining Y.
Suppose F is correlated with a ground-truth 7/,
and two irrelevant features £, and £,

MI(Fp, FF)

\\x 7 g 0
QU6 v
MI(F,, F)

Noise

Figure 5.6. Schematic illustrating a hypothetical example to explain mutual information. For
an arbitrary feature variable F;, H (F;) represents the amount of information, also known as entropy

in information theory, contained in its data. Suppose Fj is another arbitrary variable, then
MI(F}, Fy) denotes the mutual information between F; and Fy, which quantifies the information

shared between their data. In a hypothetical dataset, let Fjs be a selected feature that is uncorrelated

with all features except the ground truth F and two irrelevant features, F,, and F,, which do not
share any information with any ground truth. In the figure, the Venn diagram on the left illustrates
how the information in P}-S is shared with E,,, F, and F?. Each circle represents the entropy H(...)
of the corresponding variable, while the degree of overlap between the circles indicates the mutual
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information MI(...) shared between them. The diagram on the right explains how the information
in the data of F}S can be decomposed based on the mutual information it shares with other variables.

Analogously, I introduce 8% as the fraction of ground truths from F© that are selected into
F3, either directly or via correlated proxy features, and define it as:

|F8.|
Pt = 10
o (10)

where FQ, represents the set of ground truth features from FO that are selected into FS either
directly or through correlated features, and |Fg.. | denotes the number of elements in this set. By
considering not only ground truths explicitly selected but also those correlated with any selected
feature, 0% serves as a useful metric for evaluating the effectiveness of a feature selection method,
even in datasets of Type III where ground truths are absent in F. In this paper, to estimate MI, |
used the mutual info regression() function from the open-source Python package
sklearn.feature_selection. This function employs a certain non-parametric approach to estimate

entropy for data of continuous feature variables.!?>1%


https://scikit-learn.org/stable/modules/generated/sklearn.feature_selection.mutual_info_regression.html
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5.6.2 Simulation Results: Synthetic Data with Ground-Truth Coefficients = [0.5, 0.5, 0.5, 0.5]

and Gaussian-distributed Features
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Figure 5.7. Simulation results for N =50 and SNR = 6 for Types I-111, where p =50 and p, =
4, and ground-truth coefficients = [0.5, 0.5, 0.5, 0.5]. (a-¢c) Mean squared test error (MSE)

normalized with the variance of the added gaussian noise (62,;,,) (d-f) R’ score between observed
and predicted y values of the test data (g-i) Size (s) of the selected feature subset FS (j-1) Fractional
false discovery rate FDR* (m-o0) Fractional ground-truth recovery 6*. For each metric, the bar
value represents its mean, while the error bar represents its standard deviation across the 20
artificial datasets used for the (N, SNR, dataset Type) combination. The dashed vertical line
represents the test MSE = g2, line in (a-c), the R?=1 line in (d-f), the s = py = 4 line in (h-j),
and 8 = 1 line in (k-m). Methods with the suffix ‘ko+’ use the knockoffs scheme (highlighted by
a grey shade), as outlined in Section 4.3.2 for sparsity level control. The rest use leave-one-out
cross-validation to determine the sparsity level. All features follow Gaussian distribution.
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Figure 5.8. Simulation results for N =50 and SNR = 6 for Types I-111, where p =50 and p, =
4, and ground-truth coefficients = [0.5, 0.5, 0.5, 0.5]. Selection probabilities of ground-truth
features whose coefficients in the generative mechanism are set to (a-c) 0.9 (d-f) 0.1 (g-i) 0.9 (j-1)
0.1. For each (N, SNR, dataset Type) combination, the selection probability P(F{"™¢ € FS) of a
given ground-truth feature F™¢ (where 1 < k < p,) is estimated by the fraction of the number of
times the feature is selected among the 20 datasets generated with the combination. The dashed
vertical lines represent the probability of one. In Type III, where F™*¢ and F{""¢ are absent from
F, their selection probabilities are invariably zero. Methods with the suffix ‘ko+’ use the knockoffs
scheme (highlighted by a gray shade), as outlined in Section 4.3.2 for sparsity level control. The
rest use leave-one-out cross-validation to determine the sparsity level.
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5.6.3  Simulation Results: Synthetic Data with Ground-Truth Coefficients = [0.9, 0.1, 0.9, 0.1]
and Uniformly-Distributed Features
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Figure 5.9. Simulation results for N = 50 and SNR = 6 for Types I-IIl (with uniformly
distributed feature data columns), where p =50 and py =4, and ground-truth coefficients =
[0.9, 0.1, 0.9, 0.1]. (a-c) Mean squared test error (MSE) normalized with the variance of the added
gaussian noise (0,,;s.) (d-f) R’ score between observed and predicted y values of the test data (g-
i) Size (s) of the selected feature subset F* (j-1) Fractional false discovery rate FDR* (m-o)
Fractional ground-truth recovery 8*. For each metric, the bar value represents its mean, while the
error bar represents its standard deviation across the 20 artificial datasets used for the (N, SNR,

dataset Type) combination. The dashed vertical line represents

the test MSE = 6%, line in (a-c),

n

the R?=1 line in (d-f), the s = p, = 4 line in (h-j), and 87 = 1 line in (k-m). Methods with the
suffix ‘ko+’ use the knockoffs scheme (highlighted by a gray shade), as outlined in Section 4.3.2
for sparsity level control. The rest use leave-one-out cross-validation to determine the sparsity

level. All features follow a uniform distribution.
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Figure 5.10. Simulation results for N = 50 and SNR = 6 for Types I-1II (with uniformly
distributed feature data columns), where p =50 and p, = 4, and ground-truth coefficients =
[0.9, 0.1, 0.9, 0.1]. Selection probabilities of ground-truth features whose coefficients in the
generative mechanism are set to (a-c) 0.9 (d-f) 0.1 (g-i) 0.9 (j-1) 0.1. For each (N, SNR, dataset
Type) combination, the selection probability P(Fi™*¢ € F5) of a given ground-truth feature F;i"¢
(where 1 < k < p,) is estimated by the fraction of the number of times the feature is selected
among the 20 datasets generated with the combination. The dashed vertical lines represent the
probability of one. In Type III, where Fi'™“¢and Ff"™“¢are absent from F, their selection
probabilities are invariably zero. Methods with the suffix ‘ko+’ use the knockoffs scheme, as
outlined in Section 4.3.2 for sparsity level control. The rest use leave-one-out cross-validation to

determine the sparsity level.
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5.6.4 Supplementary Figures
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Figure 5.11. Selected feature subset sizes s obtained for N =[50, 75, 100, 300, 1000],
SNR = 512, p = 50, and p, = 4 for Types I-III in three simulation studies. (a-c) Gaussian-
distributed feature data columns with ground-truth coefficients (B*€) = [0.9, 0.1, 0.9, 0.1], as
presented in Section 5.4. (d-f) Gaussian-distributed feature data columns with ground-truth
coefficients = [0.5, 0.5, 0.5, 0.5], as presented in Section 5.6.2. (g-i) Uniformly-distributed feature
data columns with ground-truth coefficients = [0.9, 0.1, 0.9, 0.1], as presented in Section 5.6.3. At
a given (N, SNR, dataset Type) combination, the marker point represents the mean subset size, and
the error bar represents its standard deviation across the 20 artificial datasets used with the
combination. The dashed horizontal line represents the s = py = 4 line. Methods with the suffix
‘ko+’ use the knockoffs scheme, as outlined in Section 4.3.2 for sparsity level control. The rest use
leave-one-out cross-validation to determine the sparsity level. The legend describing the markers



95

is shown below the plots. The vertical blue dashed line represents N = 10p = 500 below which
the small data regime begins. For a sparse model performing exact sparse recovery such that s =
Do, the degrees of freedom m? is given by py log,(p — po)/(1 — p) =~ 28, with p set to 0.2 (see
Section 3.2). The boundaries of the red shaded regions represent values of N corresponding to 2
m? (=56), 5 md (=140) and 10 m? (=280), as indicated by the labels.

Gaussian-distr. Features, **¢ =1[0.9, 0.1, 0.9, 0.1]
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Figure 5.12. Comparison of the observed FDR* and predicted nominal false-discovery rates
q in knockoffs-based methods for Types I to 111 with p = 50, p, = 4, SNR = 6, Gaussian-
distributed features and ground-truth coefficients = [0.9, 0.1, 0.9, 0.1]. (a-c) Observed
fractional false-discovery rate (FDR*) (d-f) Nominal false-discovery rate (g) as predicted by the
knockoffs scheme. (g-i) Ratio of FDR™ to gq. For each metric, the marker represents its mean,
while the error bar represents its standard deviation across the 20 artificial datasets used for the
(N, SNR, dataset Type) combination. The dashed horizontal line in (e-f) represents the FDR* /q =
1 line. The legend describing the markers is shown below the plots. The vertical blue dashed line
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represents N = 10p = 500 below which the small data regime begins. For a sparse model
performing exact sparse recovery such that s = p,, the degrees of freedom m? is given by
polog,(p —py)/(1 — p) = 28, with p set to 0.2 (see Section 3.2). The boundaries of the red
shaded regions represent values of N corresponding to 2 m? (=56), 5 m? (=140) and 10 m?
(=280), as indicated by the labels.

Uniformly-distr. Features, g**=1[0.9, 0.1, 0.9, 0.1]

Small data}
(a) 10 _:D.m..nl —TT i&;'"‘- (d) 0.6p—r T T (g) 3.0 I
5 I3 — 05 (- 25 !
08k :u 4 = : :
_ & Z 04f | 1 = 20F |
e 06 |r - [ 1 + 1
g IS i = 03 4 = 15 i
|2' =3 04 1 - c I g 1
: 1 £ 0.2~ 1 1.0 g == -1-- +---
1 [s] I
02 I3 Zo1f L 05 e
0.0 . 0.0 1 —— 0.0 :
10> 10° 10° 10° 10° 10°
N N N
(b) 10T g (e) 06T T (h)
! = 05 -
08 : 4 = :
= 1 OC,: 0.4 =
1 [T ] +
I £ 0.2 I =
1 o ]
1 Z 01k [—
]
0.0k “““I;‘ PR P |
10 10
N
f) 0.6p—rrrrmy e (i) 30
< 05 L 251
% 04f- L =20F
[T ] +
— 03 = 15
g 1 2
‘E 0.2 1 =~ 1.0
[s} I
Z 01 : - 051
0.0 1:)2 . 1:)3 0.0

® i /kot @ 47 /kot @ (/% kot

Figure 5.13. Comparison of the observed FDR* and predicted nominal false-discovery rates
q in knockoffs-based methods for Types I to III with p = 50, p, = 4, SNR = 6, uniformly-
distributed features and ground-truth coefficients = [0.9, 0.1, 0.9, 0.1]. (a-c) Observed
fractional false-discovery rate (FDR*) (d-f) Nominal false-discovery rate (g) as predicted by the
knockoffs scheme. (g-i) Ratio of FDR™ to q. For each metric, the marker represents its mean,
while the error bar represents its standard deviation across the 20 artificial datasets used for the
(N, SNR, dataset Type) combination. The dashed horizontal line in (e-f) represents the FDR* /q =
1 line. The legend describing the markers is shown below the plots. The vertical blue dashed line
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represents N = 10p = 500 below which the small data regime begins. For a sparse model
performing exact sparse recovery such that s = p,, the degrees of freedom m? is given by
polog,(p —py)/(1 — p) = 28, with p set to 0.2 (see Section 3.2). The boundaries of the red
shaded regions represent values of N corresponding to 2 m? (=56), 5 m? (=140) and 10 m?
(=280), as indicated by the labels.
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6 PREDICTION OF tgy LIFETIMES IN METHYLAMMONIUM LEAD IODIDE

SOLAR CELLS

Despite the recent popularity of hybrid perovskite materials as promising candidates for
photovoltaic applications, their instability under environmental stress has hindered their
commercialization.>** Methylammonium lead iodide (MAPDI3), often abbreviated as MAPI, is the
simplest perovskite composition, whose degradation behavior under exposure to environmental
stressors, including elevated temperatures, light, oxygen, and moisture, has been widely
studied.!>1%17:23.104 M APbI; is known to decompose at elevated temperatures due to the escape of
volatile species,'?* and to react with moisture and oxygen in the presence of light, forming photo-
inactive compounds.'* When incorporated into a solar cell alongside other non-perovskite layers,
additional degradation pathways emerge, including degradation of non-perovskite ETL or HTL

105,106

layers or their interfaces with the perovskite, corrosion of metallic contact interfaces,'® ionic

migration under electric fields,?%?!

and reactions with trapped volatile species due to
encapsulation.???* These factors collectively contribute to the degradation of the device leading to
a gradual decline in power conversion efficiency (PCE) over time.

The resilience of a solar cell to environmental stress is commonly quantified by its tg,
lifetime, defined as the time it takes for the cell’s power conversion efficiency (PCE) to decline to
80% of its initial value.??>2?% As reaching tg, through testing can be time-consuming, often

2327 it would be useful to predict this lifetime

requiring weeks or even months of experiment time,
based on the device’s initial quality, early-time dynamics of its performance, and the environmental

stress conditions, without conducting full-duration experiments. Given the complexity of the
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underlying degradation mechanisms in a MAPDI; solar cell, it is preferable to use a physics-
informed statistical model to predict tg,, rather than attempting to derive a fully mechanistic
model. However, statistical models still require a representative set of experiments for training,
which is particularly challenging in this context due to the slow-pace of experimentation. As a
result, this leads to a small data scenario for modeling purposes.

To address this, Dunlap-Shohl et al.>! (which includes contributions from me) previously
developed a preliminary ML model using an in-house dataset containing tg, lifetimes of only N =
45 MAPDI; solar cells stressed in air under 1 sun illumination, and varying cell temperatures and
moisture levels. The dataset includes numerous features extracted from time-series measurements
of current-voltage (J-V) characteristics, wide-field photoluminescence (PL), and dark-field (DF)
images.?! In this chapter, using this small dataset as a case study, I apply the various modeling
strategies discussed in Chapter 4 to more comprehensively evaluate the development of ML
models for tgy prediction in MAPbI3 solar cells. This includes outlining the various stages of the
modeling workflow—feature construction, feature selection and model fitting, and uncertainty
quantification—as introduced in Chapter 4. I also present results that incorporate insights obtained
from simulations on synthetic data (Chapter 5) and provide a physical interpretation of the selected
features. Overall, this dataset serves as a valuable real-world example for applying the small data
modeling techniques discussed throughout this work.

Depending on the ambient conditions, the tg, lifetime of a perovskite solar cell in operation
can vary by several orders of magnitude—from several months under inert, encapsulated
conditions?’ to just a few hours under accelerated stress in oxygen- or moisture- rich environments

at elevated temperatures®'. The thermally-activated nature of the underlying physicochemical
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processes (their dependence of a factor of eF4/ksT) 3! causes much of this variation. To account
for this non-linearity, I assign the base-10 logarithm of the lifetime (log,q tgo), with tg expressed
in minutes, as the target variable Y, thereby linearizing its dependence on the input features.'®’

This serves as an example of how relatively simple domain knowledge may be used to simplify

the machine learning task.

6.1 Feature Construction

6.1.1 A priori Known Features

As discussed in Section 4.1, the first step in the modeling workflow is feature construction.
Temperature and humidity level (expressed in partial pressure units)—both controlled variables
known to influence the tg, lifetime—are the first features added to the feature menu F. However,
the exact relationship between these features and the tgq lifetime is not fully known. Some reports
have suggested estimating the early-time degradation rates in PCE using an Arrhenius-type
relationship? with temperature and using the inverse of these rates as proxies for effective tgq
lifetimes. While this approach may be viable under simple stress conditions, it becomes impractical
when the underlying degradation mechanisms are more complex, requiring the development of

more sophisticated, physics-informed features.*?

@ It describes a non-linear dependence on temperature T as follows: e ~%4/T

an effective positive activation energy (in temperature units).

, where E4 represents
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Using pristine films, Siegler et al.'* (our group) derived a non-linear function of
temperature, moisture, illumination intensity and oxygen concentration that approximates the
decomposition rate of the MAPbI3 perovskite absorber layer when there are no mass transport
limitations on the supply of reactants or the removal of volatile products. To incorporate this
physics and chemistry domain knowledge, I included this rate function (73,4p;) in the feature menu

F, defined as follows:

_ E\G;\;,fDPO Po, PHzoliOri7
Tmapr = KowpoeXp|— T >
2 (14 Ko Po, (1 + Kay )
1k exp (- Exbpo Po,lir’
0.DPO kBT 1 + KZDPOZ(l + K3DII:OT.I7)
EAeflfl m ng{h rm
+ kpym €Xp (— 2+ k exp | ————— (9
hum kBT therm kBT

Here, T, Py,0, Po, and I;, represent the temperature, partial pressures of water and oxygen, and
the incident illumination intensity, respectively. The remaining variables correspond to various
constants, such as the effective rate constants and activation energies associated with the different
steps in the MAPbI; degradation mechanism (see Siegler et. al.'* for more details). Eq. (9)
illustrates how a highly complex, non-linear dependence of early-time degradation dynamics on
environmental conditions can be captured through a physics-informed feature built using domain

expertise.

6.1.2 Experimental Features

Features such as temperature, humidity, illumination intensity, or the idealized chemical

degradation rate (ry4p;), Whose values are known or can be calculated prior to the start of the
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experiment, capture some of the apparent factors that may potentially affect the tg, lifetimes.
However, these features cannot account for variations in the tg, lifetime arising from elusive
underlying phenomena in multi-layered devices, such as the defects that arise from small variations
in processing conditions and crystallization kinetics at interfaces,'® or degradation of the non-

perovskite layers or their interfaces with the perovskite, 9519

or defect migration driven by electric
fields.?>?! To incorporate these sample-dependent effects into tg, prediction, additional
complementary characterization measurements that can be performed quickly in sifu alongside
PCE measurements are necessary.

Photoluminescence quantum yield (PLQY) is one such measurement that reflects the
fraction of photo-excited charge carriers undergoing radiative recombination, as opposed to
following destructive non-radiative pathways through deep electronic defects in the bulk or at the
interfaces of the perovskite photo-absorber layer.!%1% This measurement can be easily integrated
into the characterization sequence by illuminating the device under an optical microscope during
operation.?! By tracking the changes in PLQY with time, one can record the accumulation of
defects in the bulk or at the interfaces of the perovskite layer due to operational degradation, which
correlates with a decline in PCE. Wide-field PL imaging enables spatial mapping of PLQY, while
capturing several of these images within a short time interval (5 seconds) allows for analysis of its
temporal dynamics at each spatial location. Additionally, dark-field (DF) imaging can also be
incorporated into these time-series microscopy measurements.?"*'%” DF records the scattered light
resulting from spatial variations in refractive index at grain or phase boundaries, or from gradients

in film morphology.?! As non-perovskite phases form and grow as degradation products, DF

imaging provides spatially resolved insights into this process. Finally, additional current-voltage
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(J-V) measurements, including stabilized measurements under short-circuit and open-circuit
conditions, and J-V sweeps, can be integrated into the characterization sequence to more
effectively capture underlying physicochemical and electronic phenomena that may contribute to
the decline in PCE. For instance, the short-circuit current serves as a proxy to capturing photo-
absorption and carrier mobility losses, while the open-circuit voltage is linked to the losses in
photo-excited charge carrier lifetimes due to bulk and interfacial degradation in the perovskite
layer.?!"?® Figure 6.1 illustrates the experimental setup used in this work.

Top view of sample
with 8 p-i-n devices
-

Calibrated LED
 Callbrated LED | g

=
Microscope Calibrated For devices £
with PL Filter Widefield | Photoluminescence (PL) w0 Ag
and dark-field (DF Y
Above Eg Camera - . (DF) ¥y
DF excitation Imaging |« 1.5 cm »
1 For devices Cross-sectional view
------ Source | MPP tracking, Stabilized A O
— Measure power, Voltage sweeps BCP > ceo Ag
= Unit ’ Perovskite
Sample | NiOX »

Glass substrate

Figure 6.1. Experimental setup used for the degradation studies of perovskite solar cells in
this work. The sample is placed in an environmental chamber and illuminated with 1 sun above-
bandgap equivalent photon-flux under an upright optical microscope for both stressing and
probing. During the stressing process, in situ wide-field PL, DF and J-V measurements are taken
periodically. Each sample (1.5 cm x 1.5 cm) contains 8 p-i-n devices (each with an area of ~ 0.067
cm?), only one of which is stressed and characterized in each experiment. The inset on the right
shows the top view and the cross-sectional view of the illuminated device within each sample. See
Section 6.6.2 in the Supporting Information for more details.

To leverage the sample-specific information obtained from these measurements, I derive

features whose values are determined based on the initial dynamics of their time-series data. For
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example, from time series data consisting of scalar measurements, such as the current and voltage
across the cell, recorded at regular intervals, I computed the early-time slope and curvature, and
used them as features. For spatially-resolved measurements, such as PL and DF images acquired
over time, I applied statistical operations (e.g., mean or standard deviation across pixels) to reduce
each two-dimensional image to a scalar value at each time point, yielding a corresponding scalar
time series. The early-time slope and curvature of this time-series were then calculated and used
as additional features. Using the dataset from Dunlap-Shohl et al.?! and the methods described
above, I constructed a comprehensive feature menu consisting of p = 34 features. This was
achieved by additionally eliminating features that exhibited very high correlations (i.e., absolute
Pearson correlation coefficient greater than 0.9) with other features and retaining those believed to

influence Y based on domain knowledge.
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Figure 6.2. (a) Absolute Pearson correlation structure of the MAPbDI;3 perovskite solar cell tg
degradation lifetime dataset. A feature set of p = 34 is obtained after removing highly-correlated
features that exceeded an absolute Pearson correlation value of 0.9. (b) Distribution of absolute

Pearson correlation coefficients. |p;;| represents the mean value and | pjklmax represents the

maximum value.
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6.2 Model Setup and Testing

Given the complexity and the time-intensive nature of each experiment, this dataset
comprises only N =45 data-points, which is below the 10p (=340) heuristic value, placing it within
the small data regime. To ensure that the dataset doesn’t fall into the foo small regime, N must
exceed m2 = pylog,(p —po)/(1 — p), which represents the effective degrees of freedom
required by a sparse model for exact sparse recovery of all p, ground-truth variables (see Section
3.2). For p, the mean value of the absolute Pearson correlation coefficients (= 0.2) is used, as it
serves as a representative value for the majority of pairwise correlations among the features (see
Figure 6.2). Since p, is unknown, I consider a reasonable range of values between 1 and 7. Within
this range, the estimated m lies between 7 and 42, satisfying the condition N > m?. Thus, while
the current dataset is not too small for modeling, it still poses a risk of overfitting for certain
methods, as N < 10m?.

I applied the feature selection schemes (as outlined in Section 4.2 and 4.3) and fit an OLS
linear model using the selected features. A leave-one-out (LOO) testing scheme (as discussed in
Section 4.4) was used to evaluate the median error by predicting Y = log,y(tge) (With tg
expressed in minutes) for each left-out trial using the model trained on the remaining trials.
Additionally, the R? between the predicted tg, values at the left-out test trials and their respective
observed values, denoted as RZ;, was calculated for each method. A high R%, value indicates

good model generalizability. Finally, Jackknife+ and Jackknife-minmax methods were employed
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to estimate the confidence intervals for predictions (as discussed in Section 4.5) by the best-

performing feature selection method.

6.3 tgy Prediction Results

6.3.1 Observations

Figure 6.3a shows the feature subsets selected by each selection method, along with their
corresponding median prediction error and R%,., values. Although #,/ko+ achieves the highest R?
value, ¢iR/ko+ exhibits the lowest median error while maintaining a similar RZ, (of 0.71) and
sparsity level s as the former. Figure 6.3b displays how well the observed tg, values, left out in
each LOO iteration, align with their predictions by the #{%/ko+ method. Figure 6.3¢ depicts the
selection of features in individual LOO test iterations, while Figure 6.3d displays the nonzero mean
values of the coefficients and their standard deviations evaluated across the N =45 LOO iterations.
Among the features with nonzero mean coefficients, four features—T (K), 1a4p;, DFmeq (¢€=0),
d?DF,.;/dt? and dFF /dt—display smaller standard deviations (in relative to their means) due
to being frequently selected by £{R/ko+ across the LOO iterations (Figure 6.3c). T (K) and Ty 4p;,
in particular, are selected by all feature selection methods (Figure 6.3a), indicating their

significance in predicting the tg, value.
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Figure 6.3. tg, degradation lifetime prediction in MAPDbI, perovskite solar cells. (a) Heatmap

displaying mean coefficients of features selected from a list of p = 34 by each selection method.
The intensity of colors represents the magnitude of the mean feature coefficients, evaluated over
N = 45 leave-one-out (LOO) train-test splits. Red and blue hues indicate negative and positive
coefficients, respectively. The green graph on the right shows the median percentage test errors
(i.e., |observed tgo — predicted tgo|/ observed tgy %), evaluated over the LOO train-test splits. The
black graph shows the test R? value between the observed and the predicted tg, values of the LOO
test points. The bar chart shows the overall sparsity of each method, evaluated based on the number
of non-zero mean coefficients, obtained from the LOO models. (b) Parity plot comparing the
observed and the predicted tg, values at the LOO test points for the £\R/ko+ method, which has
the best balance of parsimony, median test error and R? value as shown in (a). The dashed line in
(b) represents the x = y parity line. The legend for the markers is provided below the parity plot.
(c) Heatmap displaying coefficients selected by the £1R/ko+ method across the LOO test-train
splits. The red and blue hues indicate negative and positive coefficients respectively, while the
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intensity of the color indicates the magnitude. The green graph on the right shows the percentage
test errors (i.e., |observed tgy — predicted tgy|/ observed tgy %) evaluated over each LOO test
point. (d) Mean coefficients of the features selected by the #1%/ko+ method, evaluated from the N
=45 LOO fits. The error bars indicate the standard deviations along the LOO test-train splits.
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Figure 6.4. Heatmap of standard deviations of feature coefficients during tg, degradation
lifetime prediction in MAPDI; perovskite solar cells. The intensity of colors represents the
standard deviation of the feature coefficients evaluated over N=45 leave-one-out (LOO) train-test
splits. The green graph on the right shows the median percentage test errors (i.e., [observed tgy -
predicted tgq|/ observed tgy %), evaluated over the LOO train-test splits. The black graph shows
the test R? value between the observed and the predicted tg, values of the LOO test points. The
bar chart shows the overall sparsity of each method, evaluated based on the number of non-zero
median coefficients, obtained from the LOO models.
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6.3.2 Discussion

Similar to the synthetic datasets in Section 5.4, the sample size N of the current dataset
falls below the 10 m? heuristic threshold, posing a risk of overfitting. I estimated the signal-to-
noise (SNR) ratio of the current dataset to be approximately 7 (see Figure 6.9 in the Supporting
Information), which makes the synthetic datasets in Section 5.4 with SNR = 6 to be considered at
least as hard as the current dataset. Figure 6.2a demonstrates the correlation structure of feature
data in the current dataset, which closely resembles that of the Type II synthetic datasets. Although
the current dataset is more complex with non-Gaussian feature data distributions (see Figure 6.6
in the Supporting Information) and non-linear feature-target dependencies, certain inferences
obtained from the generically designed synthetic datasets still remain extendable to this dataset.

Across the feature selection methods, #;, OMP and the weighted #; (i.e., £{P and ¢¥)
methods yield large feature subsets for the current dataset, as evidenced by the large number of
non-zero mean coefficients (see Figure 6.3a). As shown in Figure 6.4, most features selected by
these methods exhibit large standard deviations across the LOO splits, possibly due to overfitting
within each LOO training set. Figure 6.7b (in the Supporting Information) illustrates how feature
selection by #4? varies drastically across the LOO test iterations, despite the fact that the training
sets in any two iterations differ only by a couple data-points, leading to large number of features
with nonzero mean coefficients. The weighted £; methods exhibited similar behavior in Type 11
simulations in Section 5.4, showing sensitivity to small fluctuations across the replicate datasets,
which then intensified when the features became uniformly distributed in Section 5.6.3. Owing to
complex non-Gaussian distributions and non-linearity in the current dataset, the variability of these

methods across LOO iterations has further intensified.
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Figure 6.4 shows that each of the knockoffs-based methods—#;/ko+, £#4P/ko+, and
¢iR [ko+— always selects four features (which are not necessarily the same across methods due to
correlations among features) with small standard deviations, along with two features exhibiting
large standard deviations. This suggests that four specific features are frequently selected across
LOO iterations by each method, while two features are selected only occasionally, leading to six
features with non-zero mean coefficients (see Figure 6.3c and 6.3d for #R/ko+’s results).
Additionally, the strength of these methods lies in their ability not only to suppress false discoveries
but also to provide estimates (q) of the underlying false discovery rates (see Section 4.3.2), even
without the precise knowledge of the ground-truth variables. As these estimates closely matched
the observed values on average for N = 50 in the Type II datasets (see Figures 5.12 and 5.13), it is
reasonable to assume similar behavior for the current dataset, which exhibits a much lower average
q-estimate of 0.2 (see Figure 6.10 in the Supporting Information). This suggests that the two
inconsistently selected features out of the total six may be irrelevant. Meanwhile, €,#, method
provides the most parsimonious solution without significant selecting two features—T (K) and
ryap;—consistently across the LOO iterations, and two features occasionally, leading to a total of
four nonzero mean coefficients.

The behaviors of the knockoffs-based methods and the £,#, method are similar to those
observed in Type II datasets, where these methods yielded highly sparse solutions with little
variation across the replicate datasets. Meanwhile, ¢,, which performed similarly to £,¢, in the
synthetic datasets, exhibit substantial variations in its feature selection across the LOO splits,
possibly due to the increased complexity of the current dataset. The presence of an additional £,

penalty in the £,€, method might have helped mitigate this. In summary, supported by results from
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generically designed synthetic datasets, the knockoffs-based and the £, methods, serve as

effective feature selection methods for tg, prediction in MAPbI3 solar cells.

6.3.3 Physical Interpretation of Selected Features

Selection of the four features—T (K), Ty apr> D Fmeq (t=0), d*DFyy/dt? and dFF /dt—is
consistent with previous reports explaining the decay of PCE in MAPDI;3 solar cells. Dunlap-Shohl
et al.?! identified the degradation of the perovskite layer in MAPbI; (characterized by 73,4p;) as
the dominant cause of PCE decay, which is further accelerated by the degradation of other layers
at high temperatures.!”!8! Degradation of MAPDI; results in the formation of photo-inactive
phases such as lead iodide, its hydroxide derivatives, and/or hydrates.!* This process typically
begins at the interfaces with adjacent layers, such as the ETL and HTL, where the ingress of oxygen
and moisture, as well as the escape of volatile degradation products, is most pronounced.?! In situ
dark-field (DF) microscopy, which measures the diffusely-reflected light from surface of the solar
cell, has been previously used to observe this phenomenon by capturing light scattered at phase
boundaries and from the film roughness that accompanies degradation.?!"” As the solar cell
degrades over time, changes in the film morphology, grain boundary structure, or phase
distributions, generally lead to increased light scattering, resulting in higher DF signal intensity.'%’
In the models presented here, the median pixel intensity of the DF image taken at time 0 (i.e.,
DF,, .4 (t=0)) and the curvature of the standard deviation of pixel intensities from DF images taken

within the first 90 minutes of stressing (i.e., d*DFg.4/dt?) serve as effective proxies for capturing

these changes. As these DF-derived features are evaluated at time O or during early-time
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degradation, they reflect the sample-specific variations in PCE decay arising from initial device
quality.

Furthermore, dFF /dt, despite exhibiting a coefficient with a small nonzero mean and a
large standard deviation with the £{R/ko+ method (see Figure 8d), is selected as a relevant feature
by every selection method. This feature represents the initial rate of change of the solar cell fill
factor (FF)—a metric indicating how close the solar cell is to ideal operation. The positive
coefficient is believed to link the early-time rise in FF to improved tg, lifetimes, suggesting
potential interfacial or bulk trap passivation during early light exposure, or the alleviation of the

inherently ‘built-in’ electric field under maximum power point biasing.?!

6.4 Uncertainty Quantification in tgy Predictions

Finally, I estimate the uncertainties around the tg, predictions caused by perturbations in
data using Jackknife+ conformal prediction (CP), as discussed in Section 4.5. Figure 6.5 shows
the median tg, predictions and their confidence intervals with @ = 0.1 (corresponding to a
theoretical coverage of 90%), obtained using the £i¥/ko+ method. In Figure 6.5a, an apparent
coverage estimate of 96% 1s determined by counting the median tg, predictions that fall within
their respective CP intervals. Unlike Figure 6.3b, the parity plot in Figure 6.5a provides a median-
centered prediction interval rather than a single prediction for each observed tg, value, allowing
for an assessment of the sensitivity of the feature selection method to data fluctuations.

Figure 6.5b shows that the normalized sizes of these intervals are nearly identical across

the range of observed tg, values, with only a subtle downward trend, potentially attributable to
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slightly increased fluctuations in data at lower tg, values. This suggests that £:R/ko+ more
accurately captures the model’s uncertainty behavior by producing larger intervals for more
challenging data. This property of producing varying interval sizes, known as adaptivity, is
desirable in CP as it goes beyond merely generating small intervals**. Meanwhile, the CP intervals
obtained using the Jackknife-minimax scheme are much larger, indicating more conservative
estimates with higher empirical coverages (see Figure 6.11 in the Supporting Information).
Overall, by assessing model uncertainty using CP, one can not only provide prediction intervals

with statistical guarantees but also identify regions in data that are challenging for prediction.
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Figure 6.5. Conformal Prediction (CP) of tg, degradation lifetimes in MAPDbI; perovskite

solar cells using Jackknife+ with £.R/ko+ (a) Parity plot showing CP intervals and the median
predictions at each observed tg, value, generated with & = 0.1 using scheme outlined in Figure
4.8c. Markers represent the median predicted tg, values, while the error bars around them represent
the CP intervals. The empirical coverage (of ~96%) indicates the percentage of observed tg, values
lying within their corresponding CP intervals (b) Variation of normalized CP interval sizes (i.e.,
CP interval sizes AC,, divided by their respective observed tg, values) in (a) with the observed tg,
values. The orange line is linearly fit trend line to guide the eye. The horizontal dashed line
indicates the cases when the CP interval sizes are equal to their respective observed tg, values.
The histogram on the right displays the distribution of the CP interval sizes.
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6.5 Conclusions

Measuring tg, lifetimes requires time-consuming experimentation, which has limited the
size of the current dataset. Starting with feature construction and culminating in uncertainty
quantification using conformal prediction, I provided a comprehensive demonstration of the
overall modeling strategy that predicts the tg, lifetimes, along with confidence intervals, in
MAPDI; solar cells, despite the small nature of the dataset. First, I discussed the importance of
constructing features that are physically meaningful using domain expertise. Besides the a priori

known features such as temperature (T), partial pressure of water (py,o) and the kinetically-

modeled MAPbI3 degradation rate (ry;4p;), €Xperimental features derived from PL, DF and J-V
measurements, performed after the start of the experiment, provide sample-specific information
that is crucial for accurate tg, prediction.

The use of a leave-one-out testing scheme enabled maximal utilization of the small dataset
for modeling. Among all features, T, 1y 4p;, certain early-time features derived from time series of
DF images, and the initial rate of change in solar cell fill factor (FF) were consistently selected as
important by most feature selection methods. These observations align with previous qualitative

analyses performed by our group?! and others,!>!718

which identified degradation of the perovskite
layer as the dominant driver of PCE decay in unencapsulated MAPbI; devices. Changes in DF
intensity, which track the formation of non-perovskite phases, further confirm this hypothesis.

Early-time passivation effects, such as charge carrier trap passivation and alleviation of inherently

built-in electric fields, are reflected in the initial rise in FF.
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Among the models used, #}R/ko+, which applies a knockoffs scheme to the #F feature
selection method, displayed the best predictive performance with a median test prediction error of
20%. This is significantly lower than the 36% previously reported by our group (Dunlap-Shohl et
al.?!) on the same dataset, despite using fewer features. This result highlights how carefully
choosing a feature selection method, guided by domain expertise and backed by insights from
synthetic data, can yield a high predictive accuracy, even with a small dataset. Additionally, the
confidence intervals obtained through conformal prediction—evidenced by their large sizes at
smaller tg, lifetimes—indicate the increased difficulty of predicting tg, lifetimes for more
aggressive environmental conditions such as high temperature and humidity. This is expected, as
the rapid degradation dynamics under such conditions make tg, lifetimes more sensitive to noise
from unaccounted factors, such as the delays during manual experiment setup, lag time between
the onset of stressing and the start of data acquisition, etc. Overall, the prediction of tg, prediction
in MAPDI; solar cells serves as a valuable real-world case study to demonstrate the applicability

of techniques discussed in this work.
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6.6 Supporting Information

6.6.1 Solar Cell Fabrication Methods

The perovskite composition MAPbI; has a bandgap of ~1.61 eV, as reported by Dunlap-
Shohl et al,?! and the same fabrication protocol is outlined here. The solar cells used in this chapter
have a p-i-n architecture as follows: ITO / NiOx / MAPbI3 (300 nm) / C60 (40 nm) / BCP (7 nm)
/ Ag (100 nm). 1.0 M perovskite ink was prepared using methylammonium iodide (GreatCell
Solar) and Pbl; (Alfa Aesar, 99 999%, ultra-dry), dissolved in a 7:3 v/v mixture of y-butyrolactone
and dimethyl sulfoxide (both solvents anhydrous grade from Sigma Aldrich), and stored for 1-2
hours before use. ITO-coated glass slides (1.5 x 1.5 cm, 15 Q sq—1 , Yingkou Shangneng
Photoelectric Material Co.) were sonicated in the following solutions: (1) Alconox detergent
solution, (2) deionized water, (3) acetone, and (4) isopropanol. Each sonication step was performed
for 10 minutes, rinsing in deionized water in between each step. After this, the slides were dried
under flowing nitrogen and cleaned under in argon plasma for 10 min. The substrates were then
transferred to a nitrogen-filled glovebox (maintained at temperature between 25 — 27 °C) for spin-
coating with a solution of 0.1 M Ni(OAc)2.4H20 (Sigma Aldrich, 99.998% trace metals basis) and
0.1 M ethanolamine (Sigma Aldrich, 99.5%) in ethanol (Sigma Aldrich, anhydrous) at 3000 rpm
for one minute. The substrates were then removed from the glovebox and annealed at 300 °C for
60 min in air to form the NiOx hole transport layer. The substrates were then returned to the
glovebox for perovskite deposition, where 50 uL of perovskite ink was spin-cast onto the NiOx-
coated substrates at 4000 rpm for 45 s. 15 seconds prior to the end of the spin step, 580 mL of
toluene (Sigma Aldrich, anhydrous grade) was poured onto the substrate to promote nucleation of

the perovskite precursors. After the spin step, the films were annealed on a hot plate at 100 °C for
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10 min. During perovskite deposition, the glovebox was continuously purged with flowing
nitrogen to avoid solvent buildup. After the perovskite deposition, the substrates were transferred
to a separate glovebox with a thermal evaporator (Angstrom Engineering Nexdep.) for C60
(Lumtec) and bathocuproine (BCP, Sigma Aldrich, sublimed grade) evaporation at maximum
deposition rates of 0.5 and 0.3 A s7!, respectively. The substrates were then withdrawn from the
evaporator, placed beneath a shadow mask (device area ~ 0.067 cm?), and returned to the
evaporator to deposit patterned Ag (Kurt Lesker, 99.99%) contacts at a maximum rate of 2 A s,
All evaporation steps were conducted at a base pressure of 5 x 107° Torr or lower. After Ag

deposition, completed devices were stored in the dark in a nitrogen-filled glovebox until use.

6.6.2 In situ Degradation Experiments

12! is outlined here. Each

The same experimental procedure reported by Dunlap-Shohl et a
device was placed in a home-built sealable environmental chamber equipped with electrical
contacts, gas connections, glass window for illumination, and electrical heater, connected to a
closed-loop thermocouple temperature control system. The atmosphere was controlled by a
mixture of N> and dry air, allowing the O> content to be varied while maintaining constant total
gas flow set at 2.0 L min"!. The humidity of the chamber is controlled by flowing the gas mixture
through an appropriately mixed solution of glycerol and water, before feeding it into the
environmental chamber. The device was illuminated using an upright microscope (Olympus
BX53M, equipped with a 5x Mitutoyo Plan Apo NIR HR objective lens) fitted with a Lumencor
Spectra X Light Engine LED light source. A wavelength of 542 nm green LED was used, whose

intensity was calibrated to yield a photon flux equivalent to that absorbed by the perovskite band

gap under AM1.5G illumination. The microscope allows capture of photoluminescence (PL) and
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dark-field (DF) images by switching between appropriate filter cubes in the light path. For PL, a
dichroic mirror with 665 nm cutoff (Semrock FF665-Di02-25x36) was used; a long-pass filter on
the emission side of the cube with 664 nm cutoff (Semrock BLP01-664R-25) further attenuates
spurious signal due to reflected excitation light. For DF, a standard Olympus U-MDF filter cube
was used. During degradation experiments, the PL and DF cubes were switched automatically
using a homemade drive mechanism controlled by an Arduino Uno microcontroller. Electrical
measurements were made using Keithley 2400 source/measure unit, with the PL cube in place (1
sun equivalent illumination) every 15 minutes, until at least tg, was observed. For each
measurement, the following characterization sequence is followed: (1) wide-field PL
measurements under 1 sun illumination and open-circuit (OC) conditions; (2) DF measurements
under ~0.01 sun illumination and open-circuit conditions; (3) steady Voc measurement for 10 s;
(4) a short J-V sweep to determine the maximum power point followed by steady measurement at
maximum power point (MPP) for 10 seconds; (5) steady short-circuit current (Jsc) measurement

~!'; and (7) reverse and forward

for 10 s; (6) reverse and forward light J-V sweeps taken at 0.25 V s
dark J-V sweeps taken at 0.25 V s~!. Between consecutive measurements, the device was
maintained at the voltage corresponding to the most recently determined MPP under 1 sun

illumination. Data acquisition was controlled by a house-developed control script written in

Python.
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6.6.3 Supplementary Figures
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Figure 6.6. Individual data distributions of features in the MAPDI; perovskite solar cell tg,
lifetime dataset.
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Figure 6.7.tg, degradation lifetime prediction in MAPbI; perovskite solar cells using 4P

method (least parsimonious model). (a) Parity plot comparing the observed and the predicted
tgo values at the leave-one-out (LOO) test data-points for the £42 method, which yields the largest
s value as shown in Figure 6.3a. (b) Heatmap displaying coefficients selected by the 4P method
(as shown in Figure 6.3a) across the LOO test-train splits. The red and blue hues indicate negative
and positive coefficients respectively, while the intensity of the color indicates the magnitude. The
green graph on the right shows the percentage test errors (i.e., |observed tg, — predicted tgg|/
observed tg, %) evaluated over each LOO test point. (¢) Mean coefficients of the features selected
by the #4P method, evaluated from the N = 45 LOO fits. The error bars indicate the standard
deviations along the LOO test-train splits.
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Figure 6.8. tg, degradation lifetime prediction in MAPbI,; perovskite solar cells using €y,
method (most parsimonious model). (a) Parity plot comparing the observed and the predicted
tgo values at the leave-one-out (LOO) test data-points for the £,¢, method, which yields the
smallest s value as shown in Figure 6.3. (b) Heatmap displaying coefficients selected by the £,¢,
method (as shown in Figure 6.3a) across the LOO test-train splits. The red and blue hues indicate
negative and positive coefficients respectively, while the intensity of the color indicates the
magnitude. The green graph on the right shows the percentage test errors (i.e., |observed tgy -
predicted tgq|/ observed tgy %) evaluated over each LOO test point. (¢) Mean coefficients of the
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features selected by the £,¢, method, evaluated from the N =45 LOO fits. The error bars indicate
the standard deviations along the LOO test-train splits.
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Figure 6.9. SNR estimation for the MAPDbI3 perovskite solar cell tg, lifetime degradation
dataset. Three models are taken based on the characteristics of their solutions. (a-b) £I¥ /ko+ is
the best-performing solution with the best balance of parsimony and error. (c-d) £4P is the least
parsimonious model with the largest s, (e-f) £(¥, is the most parsimonious model with the smallest
s. Plots a, b and c show the predicted tg, values obtained by fitting the full dataset using the
features selected across the LOO splits (as shown in Figure 6.3a), and plots b, d, and f show the
residuals R obtained from these predictions, where R; = log(obs. tgy); — log(pred. tgy); fori =
1, ...,45. From these residuals, assuming the trained predictor as a good approximation of the
underlying ‘signal’, we can estimate SNR as a2 (log(pred. tgy))/o(R) where o2(...) indicates
variance. Here, £y¥, underestimates SNR as ~4 because the model might be omitting some
ground-truths due to its parsimonious nature, whereas £4° overestimates SNR as ~17 because the
model might be fitting even the noise as signal. As a result, the underlying SNR value can be
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assumed to be between ~4 and ~17. £{R/ko+, which is a well-balanced model, gives an estimate of
~T7.
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Figure 6.10. Distribution of nominal false-discovery rates q corresponding to the selected
feature susbets across the leave-one-out (LOO) iterations, as predicted by (a) £;/ko+ (b)
24P [ko+ (¢) £1R/ko+ for tg, degradation lifetime prediction in MAPbI, perovskite solar cells. Here,
U, M and o represents the mean, median and standard deviation of q values across the N =45 LOO
iterations.
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Figure 6.11. Conformal Prediction (CP) of tg, degradation lifetimes in MAPbI; perovskite

solar cells using Jackknife-minmax with £1%/ko+ (a) Parity plot showing CP intervals and the
median predictions at each observed tgy value, generated with ¢ = 0.1 using scheme outlined in
Figure 4.8c. Markers represent the median predicted tg, values, while the error bars around them
represent the CP intervals. The empirical coverage (of 98%) indicates the percentage of observed
tgo values lying within their corresponding CP intervals (b) Variation of normalized CP interval
sizes (i.e., CP interval sizes AC, divided by their respective observed tg, values) in (a) with the
observed tg, values. The orange line is linearly fit trend line to guide the eye. The horizontal
dashed line indicates the cases when the CP interval sizes are equal to their respective observed
tgo values. The histogram on the right displays the distribution of the CP interval sizes.
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7 PREDICTION OF tgy LIFETIMES IN FORMAMIDINIUM-CESIUM LEAD I10DO-

BROMIDE SOLAR CELLS

The long-term stability of solar cells based on methylammonium lead iodide (MAPbI3)—
the archetypal perovskite composition—remains a critical challenge due to the volatility of the
methylammonium (MA™) cation and the iodide (I') anion. To address this, alternative perovskite
compositions have been explored to enhance stability while preserving desirable optoelectronic
properties.!' A popular alternative is formamidinium-cesium lead iodo-bromide (FAxCsi-
«Pb(IyBri.y)3), in which a mixture of formamidinium (FA™) and cesium (Cs") cations replaces the

MA", and bromide (Br’) anions substitute for a portion of the I in the perovskite lattice.!!* 112 In

113 the incorporation of large FA* and the small Cs*

addition to enhancing entropic stability,
cations—along with Br™ anions replacing some of the I'—in the right proportions induces optimal
tilting of the PbXe¢ octahedra within the perovskite lattice, resulting in improved crystal
packing.''1"* Consequently, FAxCsixPb(IyBri.y); compositions have demonstrated significant
improvements in both performance and stability compared to the traditional MAPbI3

composition,!>112

making them promising candidates for commercial PV applications.
Additionally, tuning the cation and anion composition enables precise control over the bandgap,
key advantage for tandem PV applications.!!*!1? However, these compositions still degrade under
illumination in the presence of oxygen and moisture,''> and even in inert atmospheres,'? raising
concerns about their long-term durability.

As a result, similar to the MAPbI3 solar cells discussed in Chapter 6, a comprehensive

evaluation of the stability of FAxCsi«xPb(IyBriy)s: solar cells, using metrics such as the tg,
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lifetimes, is crucial. For this, it would be beneficial to have a predictive model capable of
estimating tg, based on the device’s initial quality, early-time dynamics of its performance, and
the environmental stress conditions, without requiring full-duration durability experiments, which
are typically slow-paced and can take days or even months. Following the approach used for
MAPDI; in Chapter 6, ML tools are preferable to fully mechanistic models for this purpose, given
the complexity of the degradation mechanisms in FAxCs1xPb(IyBri.y)3 solar cells, which are even
more complicated than those in MAPbI3. However, the datasets available for training such models
are typically small in laboratory settings due to the slow-pace of the durability experiments,
resulting in a small data scenario.

In this chapter, I present an in-house dataset of N = 51 durability experiments conducted
on FA¢.8Cso2Pb(lo.83Bro.17)3 solar cells, which were stressed under varying temperatures, humidity
levels, oxygen concentrations and biasing conditions, until they reached their tg, lifetimes. The
dataset is small due to the long duration of these experiments, which can extend up to a week. For
each experiment, the same setup described in Chapter 6 was used to collect time-series
measurements of current-voltage (J-V) characteristics, wide-field photoluminescence (PL), and
dark-field (DF) images. With the goal of predicting tg, lifetimes in these solar cells, I implement
the modeling workflow introduced in Chapter 4, comprising feature construction, feature selection
and model fitting, and uncertainty quantification. In addition to incorporating insights from
simulations on synthetic data (Chapter 5), I also provide a physical interpretation of the selected
features. Overall, this dataset serves as another valuable real-world case study for demonstrating

the small data modeling techniques discussed throughout this work.
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Due to the thermally-activated nature of the underlying physicochemical processes (their
dependence of a factor of efa/koT) the tg, lifetime of a FAosCso2Pb(lo.s3Bro.17)s solar cell in
operation can vary by several orders of magnitude—from several months under inert, encapsulated
conditions?’ to just a few hours under accelerated stress in oxygen- or moisture- rich environments
at elevated temperatures®'. To account for this non-linearity, I assign the base-10 logarithm of the
lifetime (logq tgo), With tgy expressed in hours, as the target variable Y, thereby linearizing its

dependence on the input features.'"’

7.1 Feature Construction

Temperature, humidity level, and oxygen concentration—controlled variables known to
influence the tg lifetime—are the first features added to the feature menu F. The humidity level
and the oxygen concentration are expressed in partial pressure units. As the exact relationship
between these features and underlying degradation processes is not fully known, they are included
directly, without applying non-linear transformations or estimating degradation rates or tg
lifetimes, as was done in the case of MAPDbI3 (see Section 6.1.1). Temperature (T'), however, is
incorporated in its inverse form (1/T), based on the assumption that tg, is governed by thermally-
activated degradation processes, following a dependence of the form ef4/¥T Given that the target
variable is the base-10 logarithm of tg,, this exponential dependence simplifies to a linear
relationship with 1/T, justifying its use as a feature in place of T. To incorporate variable biasing
conditions, two stress modes are used: one under illumination and maximum power point bias, and

another under dark and short-circuit bias (i.e., zero voltage at the contacts). A binary-valued feature
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labeled as Nsuns is used to represent this condition, with a value of 1 for illumination and O for
dark conditions.
To account for variations in the tg, lifetimes arising from sample-specific factors—such as

crystallization kinetics at interfaces,'® degradation of the non-perovskite layers or their interfaces

105,106 20,21

with the perovskite, or defect migration driven by electric fields,””“'—characterization
measurements including wide-field PLQY and DF microscopy, and J-V measurements are
performed. These can be performed quickly in situ alongside PCE measurements. Similar to the
MAPDI; case discussed in Section 6.1.2, features derived from the initial dynamics (observed in
the first 60 mins) of these time-series measurements are included in the feature set F. Due to the
high interdependencies observed among features of this dataset, those exhibiting high mutual

correlations (i.e., absolute Pearson correlation coefficient greater than 0.7) were removed, resulting

in a final feature set with p = 9.

7.2 Model Setup and Testing

Given the complexity and the time-intensive nature of each experiment, this dataset
comprises only N =51 data-points. Although the number of features is lower in this case compared
to Chapter 6, the fact that N falls below the 10p (=90) heuristic value still places it within the small
data regime. To ensure that the dataset doesn’t fall into the foo small regime, N must exceed
m2 =~ pylog,(p — py)/(1 — p), which represents the effective degrees of freedom required by a
sparse model for exact sparse recovery of all p, ground-truth variables (see Section 3.2). For p,

the mean value of the absolute Pearson correlation coefficients (= 0.2) is used, as it serves as a
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representative value for the majority of pairwise correlations among the features (see Figure 7.1).
Since p, is unknown, I consider a reasonable range of values between 1 and 5. Within this range,
the estimated m? lies between 4 and 13, satisfying the condition N > m2. Thus, while the current
dataset is not too small for modeling, it still poses a risk of overfitting for certain methods, as N <
10m? for most assumed p, values.

I applied the feature selection schemes (as outlined in Section 4.2 and 4.3) and fit an OLS
linear model using the selected features. As in Chapter 6, a leave-one-out (LOO) testing scheme
(as discussed in Section 4.4) was used to evaluate the median error by predicting Y = log;(tgo)
(with tgy expressed in hours) for each left-out trial using the model trained on the remaining trials.
Additionally, the R? between the predicted tg, values at the left-out test trials and their respective
observed values, denoted as R, was calculated for each method. A high R, value indicates
good model generalizability. Finally, Jackknife+ and Jackknife-minmax methods were employed
to estimate the confidence intervals for predictions (as discussed in Section 4.5) by the best-

performing feature selection method.
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Figure 7.1. (a) Absolute Pearson correlation structure of the FAo.s8Cso.2Pb(lo.s3Bro.17)3
perovskite solar cell tg, degradation lifetime dataset. A feature set of p = 9 is obtained after
removing highly-correlated features that exceeded an absolute Pearson correlation value of 0.7.
(b) Distribution of absolute Pearson correlation coefficients. |p;;| represents the mean value

and |p -k| represents the maximum value.
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7.3 tgo Prediction Results

7.3.1 Observations

Figure 7.2a shows the feature subsets selected by each selection method, along with their
corresponding median prediction error and RZ, values. Notably, the top five features—d//dt,
fpLprighe (t50), Nsuns, DF (t=0), and Py, ,—are consistently selected across nearly all methods,
with similar mean coefficient values, highlighting their importance in explaining the variation in
tgo. In contrast to the MAPDI; case, where the weighted £; models (i.e., £ and #iF) performed
poorly by selecting many irrelevant features (see Figure 6.3a), these methods performed similar to
their knockoff versions, selecting fewer features. Surprisingly, the ¢, and €,¢, methods
underperformed, selecting large feature subsets. Meanwhile, £; and ISIS selected large feature

subsets as expected, consistent with the trends observed in the synthetic data simulations.
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Figure 7.2. tg, degradation lifetime prediction in FAo.sCso2Pb(lo.s3Bro.17)3 perovskite solar
cells. (a) Heatmap displaying mean coefficients of features selected from a list of p = 9 by each
selection method. The intensity of colors represents the magnitude of the mean feature coefficients,
evaluated over N=51 leave-one-out (LOO) train-test splits. Red and blue hues indicate negative
and positive coefficients, respectively. The green graph on the right shows the median percentage
test errors (i.e., |observed tg, — predicted tgy|/ observed tgy %), evaluated over the LOO train-test
splits. The black graph shows the test R? value between the observed and the predicted tg, values
of the LOO test points. The bar chart shows the overall sparsity of each method, evaluated based
on the number of non-zero mean coefficients obtained from the LOO models. (b) Parity plot
comparing the observed and the predicted tg, values at the LOO test points for the iR method,
which has the best balance of parsimony, median test error and R? value as shown in (a). The
dashed line in (b) represents the x = y parity line. The legend for the markers is provided next to
the parity plot. (¢) Heatmap displaying coefficients selected by the #iR method across the LOO
test-train splits. The red and blue hues indicate negative and positive coefficients respectively,
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while the intensity of the color indicates the magnitude. The green graph on the right shows the
percentage test errors (i.e., |observed tgy — predicted tgy|/ observed tgy %) evaluated over each
LOO test point. (d) Mean coefficients of the features selected by the #1¥ method, evaluated from
the N =51 LOO fits. The error bars indicate the standard deviations along the LOO test-train splits.
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Figure 7.3. Heatmap of standard deviations of feature coefficients during tg, degradation
lifetime prediction in FAo.8Cso.2Pb(lo.s3Bro.17)3 perovskite solar cells. The intensity of colors
represents the standard deviation of the feature coefficients evaluated over N=51 leave-one-out
(LOO) train-test splits. The green graph on the right shows the median percentage test errors (i.e.,
|observed tg, - predicted tgy|/ observed tgy %), evaluated over the LOO train-test splits. The black
graph shows the test R? value between the observed and the predicted tg, values of the LOO test
points. The bar chart shows the overall sparsity of each method, evaluated based on the number of
non-zero median coefficients, obtained from the LOO models.
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Figure 7.2b displays how closely the observed tgq values, left out in each LOO iteration,
align with their predictions by the best-performing £/¥ method, which yielded a median test error
of 41%. This is remarkably low given that the model used only the first 60 minutes of time-series
data to predict tgq lifetimes extending to hundreds of hours, all while relying on a dataset of just
51 experiments. Figure 7.2c depicts the selection of features in individual LOO test iterations,
while Figure 7.2d displays the nonzero mean values of the coefficients and their standard
deviations evaluated across the N =45 LOO iterations. The small standard deviations (in relative
to their means) indicate that the selected features consistently have similar coefficient values across

the LOO iterations (Figure 7.2¢).

7.3.2  Discussion

Similar to the synthetic datasets in Section 5.4, the sample size N of the current dataset
falls below the heuristic threshold of 10 m?2, posing a risk of overfitting. Figure 7.1a demonstrates
the correlation structure of feature data in the current dataset, which closely resembles that of the
Type I synthetic datasets. As shown in Figures 5.2a and 5.2d, Type I datasets exhibited smaller
differences between the errors and RZ values across the methods. However, substantial
differences were observed in the sizes of the selected feature subsets across the methods. The
subset sizes of the £;, OMP and ISIS methods remained large, whereas those for the remaining
methods converged close to py.

Similarly, in the current dataset, the £, and ISIS methods consistently select more than five
features across the LOO iterations, while the weighted #; (i.e., #2P and #R) and their knockoffs

versions select exactly five features. Contrary to expectations, OMP also selects only five
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features—similar to the weighted 1 methods—while the BSS-based methods (¢, and £, £,) select
even more features than £, and ISIS, as indicated by the number of non-zero mean coefficients
(see Figure 7.2a). To better understand this behavior, it is helpful to examine the standard
deviations of the feature coefficients across the LOO iterations, as shown in Figure 7.3.

Figure 7.3 shows small standard deviations of the coefficients for the top five features
selected by the weighted £; methods, their knockoffs versions, and OMP, indicating that these
features are consistently selected across the LOO iterations (see also Figure 7.2c¢). While the
standard deviations for dJsc/dt, fpp prign: (t50), and Nsuns remain low, those for DF (t=0) and
Py, are slightly higher, suggesting some variability in their coefficient estimates after selection.
In contrast, the remaining methods exhibit significantly higher standard deviations for the
coefficients of features beyond the top five, reflecting inconsistent selection across LOO iterations.
This also explains the relatively low mean coefficient values of these features in comparison to the
top five. For £, and ISIS, this high sensitivity to fluctuations in data was also observed in the Type
I synthetic dataset, as evidenced by the large standard deviations in subset sizes (represented by
error bars) in Figure 5.2g. Meanwhile, OMP showed a small standard deviation in subset sizes in
the Type I datasets, which aligns with its reduced variability in the current dataset.

Interestingly, £, and £,¥, demonstrate large variation in the features they select across the
LOO iterations (see Figure 7.7b in the Supporting Information), which is contrary to the results
observed in 7ype I and MAPDI; datasets (in Figure 5.2d and 6.3a respectively). This may be due
to a strong underlying non-linear relationship between the target and the features, which these
methods—designed to exhaustively search feature subsets under the assumption of linear

dependence—fail to capture. This highlights the importance of incorporating physics-informed
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non-linear features, such as r4p; discussed in Chapter 6, for datasets like this. Moreover, the high
level of noise in this dataset, estimated at SNR =~ 2.5 (see Figure 7.9 in the Supporting
Information), may have further amplified the variability in feature selection by these methods
across the LOO iterations. Meanwhile, the small number of features and weak correlations among
the features may have enabled £F and #4P to perform well on this dataset, unlike in the MAPbI;
dataset discussed in Chapter 6. Their knockoffs versions—#4P/ko+ and #{% /ko+—also performed
well, consistent with their behavior in the MAPDbI; case. Additionally, these methods provide
estimates (q) of the underlying false discovery rates (see Section 4.4.2), even without the precise
knowledge of the ground-truth variables. Since these estimates closely matched the observed
values on average for the Type I datasets (see Figures 5.12 and 5.13), it is reasonable to assume
similar behavior for the current dataset, which exhibits a much lower average g-estimate of 0.2
(Figure 7.10 in the Supporting Information).

In summary, the weighted £; methods and their knockoff versions consistently select the
same five features across the LOO iterations, demonstrating robustness to fluctuations in data.
Although the remaining methods select features beyond these five, they are selected inconsistently
across the LOO iterations, leading to large standard deviations in their coefficient estimates.
Nevertheless, the mean coefficients of these additional features remain significantly lower than

those of the top five, indicating the usefulness of these top five features in predicting tg.

7.3.3  Physical Interpretation of Selected Features

Among the top five selected features, two—Nsuns and Py, o—are a priori known variables

representing the environmental conditions. This aligns with previous studies,'>!*!"!15 which
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reported accelerated degradation of unencapsulated FA(.sCso.2Pb(Io.83Bro.17)3 when exposed to light
and moisture. The formation of hexagonal photo-inactive phases has been observed when stressed

under light in moisture-rich environments,'!®

while exposure to light in an inert atmosphere has
been linked to the formation of reduced-lead containing species, which are detrimental to charge
carrier transport.'2

The remaining features— dJsc/dt, fppprigne (t50), and DF (t=0)—are sample-specific
features, with values obtained after the start of the experiments. Unlike the tg, predictions in
MAPDI; solar cells, where temperature (T') and the kinetically-modeled rate of the perovskite
absorber (1 4p;) Were dominant descriptors,?! the top two features in the current case are sample-
specific. One possible reason for this distinction is the absence of a strong physics-informed
feature, like 73, 4p;,>! that effectively captures the non-linear dependence of tg, on environmental
conditions. Alternatively, this may be a result of sample-to-sample variation contributing more
significantly to the variation in tg, than the controlled environmental conditions. Nevertheless, a
low median test error of ~40% indicates that these experimental features effectively capture this
variation. Several studies''"!'%!17 have reported the high sensitivity of FAxCsixPb(IyBri.y)3 solar
cell stability to fluctuations in processing conditions, which likely explains the observed sample-
to-sample variation. As a result, the selected experimental features serve as proxies for the initial
qualities of these devices.

The top-ranked feature, dJsc/dt, captures the rate of change in the short circuit current
within the first 60 minutes of stressing. This feature reflects the early-time ‘burn-in’ behavior
(referring to the steep concave drop in J,.), likely caused by the redistribution of accumulated ionic

defects near the interface between the perovskite layer and the ETL or HTL.!!8-120 This hypothesis
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was validated through a separate experiment in which a low quality FA 8Cso.2Pb(lo.83Bro.17)3 device
was stressed under 25 °C, 2% relative humidity (RH), 2% v/v oxygen (O2) concentration, 1 sun
equivalent illumination, and maximum power point (MPP) bias (see Figure 7.4). The device was
periodically probed using the following measure sequence: (1) measure stabilized short-circuit
current (Ig-) under 1 sun, (2) apply a 0.5V bias in the dark for 2 minutes, and (3) measure the
discharge current (I;;5) under dark and short-circuit conditions for 45 seconds. Figure 7.4a and
7.4b show the dynamics of I5. and the subsequent 1 ;;; measurements at different stress times. Each
I4is curve was individually integrated over the probing time period to obtain the corresponding
ionic charge (Q) accumulated in the perovskite layer near the interfaces during dark biasing. Figure
7.4c demonstrates a correlation between the initial drop in stabilized Is. and Q, thereby linking

early-time carrier transport losses to initial ionic defect concentration—an indicator of device

quality.
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Figure 7.4. Demonstrating correlation between the initial drop in /- and the early-time ionic
defect redistribution in a low-quality FAosCso.2Pb(lo.s3Bro.17)3 photovoltaic device stressed
under 25 °C, 2% RH, 2% v/v O concentration, 1 sun equivalent illumination, and MPP bias. (a)
Stabilized short-circuit current (Ig;) measurement recorded at each stressing time. (b) Discharge
current measurements taken under short-circuit, dark conditions for 45 s, immediately following a
2-minute dark bias at 0.5 V. The area under each curve represents the accumulated ionic charge
during dark biasing, denoted as Q. (c) Plot of I and Q versus stressing time, illustrating a
correlation between their early-time declines.
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The next dominant feature, fpy prigne (£=0), represents the fraction of pixels in the time 0
wide-field PL video that exhibit photo-brightening (i.e., an increase in PLQY) for 5 seconds. This
feature effectively captures spatial heterogeneity by probing the spatial variation in PL photo-
brightening, which is also linked to the initial ionic defect concentration and its redistribution upon
illumination.'?>!?! Similarly, DF (t=0)—another sample-specific experimental feature—also
reflects spatial heterogeneity. It represents the mean pixel intensity of DF image captured at time
0, which corresponds to light scattering from grain or phase boundaries, and film roughness. As
the initial quality of FAxCsixPb(IyBriy)s solar cells is also known to be influenced by the
distribution of non-perovskite phase impurities formed during processing, this DF-based feature
serves as an effective proxy.!'®!!” Thus, incorporating sample-specific information related to the
initial device quality is valuable for tgy prediction, as poor initial quality is a known driver of

degradation in FA«Cs1«Pb(IyBri.y)s solar cells."'*'"”

7.4 Uncertainty Quantification in tgy Predictions

Finally, I estimate the uncertainties in the tg, predictions caused by perturbations in data
using Jackknife+ conformal prediction (CP), as discussed in Section 4.5. Figure 7.5 presents the
median tg, predictions and their confidence intervals with @ = 0.1 (corresponding to a theoretical
coverage of 90%), obtained using the R method. In Figure 7.5a, the apparent coverage closely
matches the theoretical value of 90%.

Similar to the MAPDbI3 case (see Figure 6.5), the sizes of the confidence interval (relative

to the observed tg, values) in Figure 7.5b show a downward trend with increasing tg,, due to
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increased fluctuations in data with low tg, values. Moreover, the interval sizes in this dataset are
larger than those observed for MAPbIz, due to three factors that make tg, prediction more
challenging in FAxCs1xPb(IyBri.y)3 solar cells: (1) prediction of much longer tg, lifetimes, up to
several hundred hours, from only the first 60 minutes of time-series data; (2) substantial sample-
to-sample variation due to differences in initial device qualities; and (3) the absence of a strong
physics-informed feature like 73,4p;, Which captures the non-linear dependence of tg, on
environmental conditions. Figure 7.11 (in the Supporting Information) displays uncertainty
quantification using the Jackknife-minmax method, which demonstrates similar confidence
intervals as Jackknife+ but with slightly higher coverage. Overall, the CP methods effectively

estimate confidence intervals and help identify regions in the data that are particularly challenging

for prediction.
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Figure 7.5. Conformal Prediction (CP) of tg, degradation lifetimes in
FAo.3Cs02Pb(lo.s3Bro.17); perovskite solar cells using Jackknife+ with £R (a) Parity plot
showing CP intervals and the median predictions at each observed tg, value, generated with a =
0.1 using scheme outlined in Figure 4.8c. Markers represent the median predicted tg, values, while
the error bars around them represent the CP intervals. The empirical coverage (of 90%) indicates
the percentage of observed tgq values lying within their corresponding CP intervals (b) Variation



138

of normalized CP interval sizes (i.e., CP interval sizes AC, divided by their respective observed
tgo values) in (a) with the observed tg, values. The orange line is linearly fit trend line to guide
the eye. The horizontal dashed line indicates the cases when the CP interval sizes are equal to their
respective observed tg, values. The histogram on the right displays the distribution of the CP
interval sizes.

7.5 Conclusions

The tg, lifetime dataset for FAs8Cso2Pb(lo.83Bro.17)3 solar cells is small due to the long
durations of the degradation experiments. For building a predictive model to estimate tg, in these
solar cells, all stages of the modeling workflow including feature construction, feature selection,
and uncertainty quantification, were covered. A leave-on-out testing scheme was employed to
maximize the use of the available data. Unlike MAPDI; solar cells, the tgy prediction models in
this chapter preferably select sample-specific experimental features derived from J-V
characteristics, wide-field PL, and DF measurements. This indicates substantial sample-to-sample
variation in the dataset, likely due to the high sensitivity of device quality to fluctuations in
fabrication conditions.

Contrary to expectations, both £, and £#, selected large subsets of features, likely due to
a strong non-linear underlying relationship between the target and the features, as well as the
absence of a physics-informed non-linear features such as ry4p;. Nevertheless, the best-
performing R model (whose results were identical to those of £4°, £1R/ko+, and £4° /ko+) yielded
a median test error of 41 %—a notable result given that it predicts tg, values spanning over two
orders of magnitude (up to several hundreds of hours) using only 60 mins of early-time data. This
highlights the importance of choosing an appropriate feature selection method to achieve high

predictive accuracy in a parsimonious manner, even with a small, noisy dataset. Additionally, the
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confidence intervals obtained through conformal prediction—Ilarge than those observed for
MAPbI;—reflect the increased difficulty of predicting tg, lifetimes for this perovskite
composition, due to both sample-to-sample variation and slower degradation rates. Meanwhile,
both datasets exhibit a similar downward trend in interval size with increasing tg, values,
suggesting the need for more data with shorter tg, values. Overall, the prediction of tg, in
FA¢.8Cs0.2Pb(l0.83Bro.17)3 solar cells serve as a valuable real-world case study, demonstrating the

practical applicability of the techniques discussed throughout this work.

7.6 Supporting Information

7.6.1 Solar Cell Fabrication Methods

The perovskite composition FAosCso2Pb(Io.83B10.17)3 has a bandgap of ~1.65 eV. The solar
cells used in this chapter have a p-i-n architecture as follows: ITO / poly-TPD / PFN-P2 (~1 nm) /
FA0.8Cs0.2Pb(10.83Bro.17)3 (300 nm) / C60 (50 nm) / BCP (7 nm) / Ag (100 nm). 1.0 M perovskite
ink was prepared using Pbl, (TCI America, 99.99%, trace metals basis), PbBr, (TCI America,
>98.0%), FAI (Greatcell Solar Materials, >99.99%), and Csl (Fisher Scientific, 99.998%) in
appropriate amounts to obtain the desired composition, in a 1:1 (v/v) mixture of N,N-
Dimethylformamide (DMF) and N-Methyl pyrrolidone (NMP), and stored overnight at room
temperature in a nitrogen-filled glovebox. ITO-coated glass slides (1.5 x 1.5 cm, 15 Q sq—1,
Yingkou Shangneng Photoelectric Material Co.) were sonicated in Alconox detergent solution,
deionized water, acetone, and isopropanol for 10 min each, rinsing in deionized water in between

each step. The slides were then blow-dried in nitrogen and plasma-cleaned in argon for 10 min.
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The substrates were then transferred to a nitrogen-filled glovebox (maintained at temperature
between 25 — 27 °C) for spin-coating with a solution of Poly-TPD (Poly[N,N’-bis(4-butylphenyl)
-N,N’-bis(phenyl)-benzidine], Sigma Aldrich, MW >20,000 g/mol) in chlorobenzene (1 mg/mL
concentration). After dripping 60 uL of solution, the substrate was spun at 4000 rpm (reached by
an acceleration of 2000 rpm s ') for 30s, immediately annealed on a hot plate at 60 °C for 10 mins
and cooled at 25 °C for 5 mins. Next, a 50 uL of PFN-P2 (Poly(9,9-bis(3’-(N,N-dimethyl)-N-
ethylammoinium-propyl-2,7-fluorene)-alt-2,7-(9,9- dioctylfluorene))dibromide, Sigma-Aldrich)
solution (0.5 mg/mL in methanol) was dropped within 3 s on the rotating substrate at 5000 rpm
(max acceleration) for 20s, and the substrates were dried at 25 °C for 28-32 mins. Finally, 100 uL.
of the perovskite ink was spin-coated at 4000 rpm (reached by an acceleration of 2000 rpm s ')
for 45 s, during which 700 uL of toluene (Sigma Aldrich, anhydrous grade) was dripped (within
5-6 seconds) with 15 s remaining. The substrates were then annealed at 120 C for 15 mins. During
perovskite deposition, the glovebox was continuously purged with flowing nitrogen to avoid
solvent buildup. After the perovskite deposition, the substrates were transferred to a separate
glovebox with a thermal evaporator (Angstrom Engineering Nexdep.) for C60 (Lumtec) and
bathocuproine (BCP, Sigma Aldrich, sublimed grade) evaporation at maximum deposition rates of
0.5 and 0.3 A s7!, respectively. The substrates were then withdrawn from the evaporator, placed
beneath a shadow mask (device area ~ 0.0453 cm?), and returned to the evaporator to deposit
patterned Ag (Kurt Lesker, 99.99%) contacts at a maximum rate of 2 A s™!. All evaporation steps
were conducted at a base pressure of 5 x 1076 Torr or lower. After Ag deposition, completed devices

were stored in the dark in a nitrogen-filled glovebox until use.
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7.6.2 In situ Degradation Experiments

The same experimental setup and characterization protocol described in Section 6.6.2

was used here.

7.6.3  Supplementary Figures
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Figure 7.6. Individual data distributions of features in the FAo.8Cso.2Pb(lo.83Bro.17)3 perovskite
solar cell tg, lifetime dataset.
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Figure 7.7. tg, degradation lifetime prediction in FAo.sCso2Pb(lo.s3Bro.17)3 perovskite solar
cells using £,£, method (least parsimonious model). (a) Parity plot comparing the observed and
the predicted tgy values at the leave-one-out (LOO) test data-points for the £,¢, method, which
yields the smallest s value as shown in Figure 7.2a. (b) Heatmap displaying coefficients selected
by the £,£, method (as shown in Figure 7.2a) across the LOO test-train splits. The red and blue
hues indicate negative and positive coefficients respectively, while the intensity of the color
indicates the magnitude. The green graph on the right shows the percentage test errors (i.e.,
|observed tg, - predicted tgy|/ observed tgy, %) evaluated over each LOO test point. (¢) Mean
coefficients of the features selected by the £, £, method, evaluated from the N = 51 LOO fits. The
error bars indicate the standard deviations along the LOO test-train splits.
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Figure 7.8. tg, degradation lifetime prediction in FAo.sCso2Pb(lo.s3Bro.17)3 perovskite solar
cells using Boruta method (most parsimonious model). (a) Parity plot comparing the observed
and the predicted tg, values at the leave-one-out (LOO) test data-points for the Boruta method,
which yields the smallest s value as shown in Figure 7.2a. (b) Heatmap displaying coefficients
selected by the Boruta method (as shown in Figure 7.2a) across the LOO test-train splits. The red
and blue hues indicate negative and positive coefficients respectively, while the intensity of the
color indicates the magnitude. The green graph on the right shows the percentage test errors (i.e.,
lobserved tg, — predicted tgg|/ observed tg, %) evaluated over each LOO test point. (¢) Mean
coefficients of the features selected by the Boruta method, evaluated from the N = 51 LOO fits.
The error bars indicate the standard deviations along the LOO test-train splits.
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Figure 7.9. SNR estimation for the FAo.8Cso.2Pb(lo.s3Bro.17)3 perovskite solar cell tg, lifetime
degradation dataset. Three models are taken based on the characteristics of their solutions. (a-b)
2IR is the best-performing solution with the best balance of parsimony and error. (¢c-d) £,¢, is the
least parsimonious model with the largest s, (e-f) Boruta is the most parsimonious model with the
smallest s. Plots a, b and ¢ show the predicted tg, values obtained by fitting the full dataset using
the features selected across the LOO splits (as shown in Figure 7a), and plots b, d, and f show the
residuals R obtained from these predictions, where R; = log(obs. tgy); — log(pred. tgy); fori =
1, ...,51. From these residuals, assuming the trained predictor as a good approximation of the
underlying ‘signal’, we can estimate SNR as a2 (log(pred. tgy))/o(R) where o2(...) indicates
variance. Here, Boruta underestimates SNR as ~1.3 because the model might be omitting some
ground-truths due to its parsimonious nature, whereas €,¢, overestimates SNR as ~2.6 because
the model might be fitting even the noise as signal. As a result, the underlying SNR value can be
assumed to be between ~1.3 and ~2.6. £I%, which is a well-balanced model, gives an estimate of
~2.5.
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Figure 7.10. Distribution of nominal false-discovery rates q corresponding to the selected
feature susbets across the leave-one-out (LOO) iterations, as predicted by (a) £;/ko+ (b)
24P /ko+ (¢) £’ /ko+ for tg, degradation lifetime prediction in FAosCso2Pb(lo.s3Bro.17)3 perovskite
solar cells. Here, 4, M and o represents the mean, median and standard deviation of g values across
the N =51 LOQO iterations.
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Figure 7.11. Conformal Prediction (CP) of &g, degradation lifetimes in
FAo.3Cs0.2Pb(I0.s3Bro.17)s perovskite solar cells using Jackknife-minmax with R (a) Parity
plot showing CP intervals and the median predictions at each observed tg, value, generated with
a = 0.1 using scheme outlined in Figure 4.8c. Markers represent the median predicted tg, values,
while the error bars around them represent the CP intervals. The empirical coverage (of 94%)
indicates the percentage of observed tg, values lying within their corresponding CP intervals (b)
Variation of normalized CP interval sizes (i.e., CP interval sizes AC, divided by their respective
observed tg, values) in (a) with the observed tg, values. The orange line is linearly fit trend line
to guide the eye. The horizontal dashed line indicates the cases when the CP interval sizes are equal
to their respective observed tg, values. The histogram on the right displays the distribution of the
CP interval sizes.
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8 CONCLUSIONS AND FUTURE OUTLOOK

This work offers an educational perspective on identifying and modeling small datasets, which are

common in science and engineering. While the prediction of operational lifetimes in hybrid

perovskite solar cells is used as a case study, the insights presented here are broadly applicable

across various scientific domains that rely on small laboratory datasets. The work outlines several

key principles essential for applying machine learning to small datasets, providing guidance not

only for researchers in the perovskite community but also for those in other fields facing similar

data limitations:

Small data remains a persistent challenge in scientific research, primarily due to the high
costs and complexities associated with data collection. These limitations often cannot be
fully addressed through proactive strategies such as active learning or data augmentation
(Chapter 2).

Statistical and information-theoretic concepts offer heuristic guidelines for determining
when a dataset qualifies as small. Sparse linear modeling—through explicit or implicit
feature selection—provides a practical approach by controlling the effective degrees of
freedom used in model fitting. Depending on the sample size relative to these degrees of
freedom, datasets can be categorized into regimes of sufficient, small, or too small data
(Chapter 3).

For small datasets, particularly those encountered in scientific domains, a structured
modeling workflow using linear models is recommended. This workflow, guided by

domain knowledge and statistical tools, includes constructing features based on domain
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expertise, applying feature selection methods, determining the optimal sparsity level, and
validating the final model using conformal prediction. Feature selection is especially
challenging in real-world datasets, where feature sets often do not contain the ground truth
variables that directly influence the target Y, but instead contain features correlated with
these ground truths. This underscores the need for careful implementation of the workflow
(Chapter 4).

Synthetic datasets, designed to mimic real-world scientific data and equipped with known
ground truths, offer a practical means to evaluate the effectiveness of these modeling
techniques. BSS-based methods (£, and £y¥,), weighted £; methods (£4P and #!F) and
knockoffs-based methods have shown a good balance of low FDR™ and high 8%, while
producing parsimonius solutions with a low prediction error (Chapter 5). However, in
datasets with many features and complex correlation structures, the weighted £; methods
may fail to yield parsimonius solutions (Chapter 6). On the other hand, when there is a
strong non-linear dependence of the target variable on the features, the BSS-based methods
may struggle to yield a parsimonius solution (Chapter 7). In contrast, knockoffs-based
approaches remain robust under these complexities.

Durability research in the perovskite community exemplifies a data-scarce domain, where
experiments are time-intensive and data acquisition is slow. For tasks such as
tgo prediction, the statistical principles outlined in this work—combined with domain
expertise and insights from synthetic data simulations—are invaluable. For instance,
predicting tg, values in MAPDI; solar cells, which span several orders of magnitude up to

thousands of minutes, has been achieved with a test error of just 20%. This was
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accomplished using a knockoffs-based variant of LASSO (i.e., #{R/ko+), relying solely on
features derived from stressing conditions, the first 90 minutes of data, and a limited
number of training experiments (Chapter 6).

e Even when datasets are both small and noisy, the principles discussed remain applicable.
For example, predicting tg, values in FAo3Cso2Pb(lo.83Br0.17)3 solar cells—ranging up to
several hundred hours—has been achieved with a test error of only 41%. This was done
using LASSO variants (¢/f and #4P) and their knockoffs counterparts (£:R/ko+ and
24P /ko+), using just the first 60 minutes of feature data and a small number of training

experiments (Chapter 7).

During my Ph.D., perovskite materials gained widespread attention as promising candidates
for PV applications due to their excellent optoelectronic properties. However, their instability has
kept the field in its early stages, necessitating further investigation into their long-term durability.
Compounding this challenge is the slow pace of durability experiments, which significantly limits
dataset sizes in this domain. This highlights the importance of the modeling techniques presented
in this work, which help sustain the pace of research despite data scarcity. The perovskite datasets
used here thus serve as valuable real-world examples of small data, effectively demonstrating the
applicability of these methods.

Similarly, several emerging fields in materials science and chemistry—such as
photocatalysts, quantum materials, solid-state battery materials, and biomimetic materials—also
suffer from limited data availability. The methods presented here are particularly valuable in such

contexts. While computational studies in many domains within materials science and chemistry
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often employ common machine learning techniques like neural networks, such methods are
frequently unsuitable for small data scenarios, leaving many scientists and engineers without
effective tools. Although the statistics literature does cover modeling strategies for small data, it
often assumes a high level of prior knowledge required to navigate the field-specific jargon of
academic statistics, making it difficult for researchers from other disciplines to engage with these
ideas.

To support continued scientific progress in these data-scarce domains, the following thrusts
can be useful: (1) effective collaboration with statisticians to quickly adopt ML tools tailored for
small datasets, (2) proactive educational publishing by data scientists with backgrounds in
chemistry and materials science to bridge the gap between theory and practice, and to introduce
these tools to research areas where they are most needed, and (3) development of open-source
software with user-friendly documentation, enabling scientists and engineers from non-

programming backgrounds to apply these tools effectively.
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9 DATAAND CODE AVAILABILITY

The code and data related to simulations on the synthetic datasets (Chapter 5) and real-world data

modeling (Chapters 6 and 7) are available on www.github.com/hillhouse-group/small-data-ml. For

specialized feature selection methods, the following open-source Python packages have been used:
(1) celer'*'% for minimizing the #; (and the weighted #,) regularized loss functions (2) abess™!

to fit the £, and ¢y¥, models (3) boruta py from scikit-learn-contrib repository on GitHub,

contributed by Kursa et al.®, for the Boruta method, (4) knockpy'** for knockoff feature

construction.


http://www.github.com/hillhouse-group/small-data-ml
https://github.com/scikit-learn-contrib/boruta_py
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