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Neutron stars present some of the most extreme densities known to be found in the universe. At
such densities, astrophysical study of these exotic objects requires high quality nuclear physics input
in order to interpret. In this thesis, I will present my recent work addressing a range of questions
requiring nuclear calculations that are pertinent to interpretation of astrophysical observations of neutron
stars. In particular, I will discuss recent published work using neutron stars to constrain the parameter
space of axion-gluon couplings, calculations of rates of neutrino interactions in the presence of strong
astrophysical magnetic fields, and the effects that a dense medium of nucleons has on superfluidity at high
density. Additionally, I will briefly discuss new progress on addressing whether the QCD axion can be
constrained by neutron stars and calculating neutrino opacities in the neutron star merger environment
in a computationally efficient formalism.

The axion is a well-motivated dark matter candidate and possible solution to the strong CP problem.
The formation of an axion condensate can become energetically favorable at high baryon density and
neutron star observables may be significantly altered, constraining such a scenario. When the mass of
the axion is lighter than the QCD prediction by more than an order of magnitude, this transition occurs
at densities accessibly in the crust of neutron stars. We provide a constraint on the parameter space of
“exceptionally light” QCD axions by tuning a phenomenological model to match the range of predictions
of a preliminary calculation in Chiral Effective Field Theory.

To access the QCD axion, modifications to nuclear forces in the presence of the axion condensate need
to be better understood, in particular in light of large cutoff dependence we find in naively applied Chiral
EFT. Isospin breaking effects are also amplified in the axion condensed phase, a component not fully
incorporated in our simpler calculation. Presently unconstrained three nucleon forces also contribute
to the energy at these densities. Finally, we will also comment on the relevance of chiral symmetry
restoration for axion condensation.

In the presence of strong magnetic fields, the energy levels of charged particles are quantized. This
quantization is expected to be present in neutron stars with strong magnetic field known as magnetars.
When the energy levels of charged particles are quantized, the direct Urca process becomes available at

lower densities than normally expected. The direct Urca process is responsible for rapidly cooling the



heaviest neutron stars, but without strong magnetic fields is strongly suppressed at densities accessible
in most neutron stars. The quantization of the energy of charged particles introduces resonances in the
density of states that amplify the emissivity in small regions of the neutron star, especially when the
temperature is low.

At low density and high temperatures, the presence of magnetic fields also has important implications
for the opacity of neutrinos. We find greatly amplified opacity for the lowest energy neutrinos in the
presence of magnetic field strengths predicted to be found in neutron star merger ejecta. This enhanced
opacity results from the large anomalous magnetic moment of the nucleons and modifications to the
dispersion relations of electrons and protons.

For an unknown range of densities above nuclear density, it is expected that neutrons will become
superfluid in the 3P, channel. At high density it is also expected that short range forces between nucleons
are strongly repulsive. When including the one loop correction to the interaction between two nucleons,
the Kohn-Luttinger mechanism introduces the possibility that this repulsive force may contribute to
attraction in higher partial waves even if it is purely s-wave at tree level. We calculate the size of
this effect with a variety of central and non-central potentials to assess the relevance of non-central

interactions for induced 2P, pairing in dense matter.
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Chapter 1

Background

Neutron stars (NS) are some of the most extreme objects found in the universe and also some of the
most mysterious. First proposed in 1934 by Baade and Zwicky [1], a NS is one possible endpoint in the
life of a massive star that is heavy enough to undergo a core collapse supernova, but not heavy enough to
collapse to a black hole. With the highest densities currently known to exist in the universe outside of a
black hole, NSs probe the properties of matter at large baryon chemical potential and low temperature.
The first observational evidence of the existence of NSs came in the 1960’s with the first observation of
a radio pulsar by Bell and Hewish [2] and the first observation of an x-ray binary by Giacconi, Gursky,
Paolini, and Rossi [3]. More recently, the 2017 observation of gravitational wave event GW170817 [4]
and subsequent electromagnetic observations [5-9] confirmed binary neutron star mergers as a source of
gravitational waves and r-process nucleosynthesis and began a new era of multi-messenger observations
of neutron stars. With more instruments planned to come online in the next few decades, the discovery
potential continues to grow.

As the only known source of cold, dense nuclear matter, NSs can teach us a great deal about the
high density, low temperature part of the QCD phase diagram and equilibrium or quasiequilibrium
processes that require supranuclear densities to operate. In this introductory chapter, we will summarize
the relevant features of NSs necessary to understand later chapters in which we will study properties
of dense matter and the theories of exotic physics which NS observations can constrain. Chapter 2
presents work originally appearing in Ref. [10] regarding the condensation of axions lighter than the QCD
prediction in neutron stars. Chap. 3 discusses ongoing work to constrain the QCD axion itself. Chapter 4
addresses interactions of neutrinos in the strong magnetic fields found in some isolated neutron stars,
in the supernovae where they are born, and in the binary mergers where they die, originally published
in Ref. [11]. Finally, Chap. 5 presents work from Ref. [12] to study the effect that short-range repulsive

interactions can have on the superfluid gap in neutron stars via interactions with the medium.



1.1 Composition and structure

The outermost kilometer of a NS is made up of a solid crust of nuclei in a Coulomb lattice. In the outer
crust, spherical nuclei are surrounded by free relativistic electrons. The boundary between the inner
and outer crust occurs at the density where the chemical potential for neutrons exceeds their mass in
vacuum. A nucleus found at this chemical potential is past the neutron drip line and would be unbound
in vacuum, but in the inner crust of a NS, an excess of neutrons in nuclei comes into equilibrium with
a background of unbound neutrons (“dripped” neutrons). In the inner crust, exotic neutron-rich nuclei
are immersed in a background of free electrons and dripped neutrons and in the innermost regions of
the inner crust, these nuclei become non-spherical (“nuclear pasta”) [13]. Figure 1.2 shows a schematic
diagram of the different pasta shapes found in the inner crust. The outer part of the core of the NS
is a fluid of neutrons, protons, and charged leptons with muons appearing in the vicinity of saturation
density (nsq: = 0.16 fmfs) when the chemical potential for electrons exceeds the muon mass. It is not
known whether the entire core is composed of hadronic matter or whether a quark phase might appear
at high density. Figure 1.1 shows a diagram of these layers with approximate densities noted. While the

maximum central density of a NS is not known, it is expected to be between 5ng,; and 10ng,¢.
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Figure 1.1: Schematic of the outer layers found in neutron stars. Figure from Ref. [14]

From the crust to the inner core, the Fermi energies of all the relevant particles range from tens to
hundreds of MeV. Once a NS is at least a few seconds old, its temperature falls below an MeV and the
system can be treated as cold [15]. After this initial cooling, any neutrinos produced by weak interactions
have a mean free path greater than the size of the star and they escape. Since all of the energy and
momentum scales are significantly less than the electroweak scale, the Fermi theory of beta decay is
adequate to describe the weak interaction though a fully relativistic treatment should ideally include
weak magnetism (for examples of the effects of weak magnetism, see Refs. [16,17]).

For all constituents of the NS besides neutrinos, the inter-particle spacing and mean free path are a

few fm and the Debye screening length is tens or hundreds of fm. Since the spacetime metric undergoes
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Figure 1.2: Different shapes of nuclei found in the inner crust of neutron stars. Figure from Ref. [18]

O(1) changes over distances of km, we calculate particle dynamics and composition assuming a locally
flat spacetime metric. The exception where the behavior of a field needs to be calculated self-consistently
with gravity occurs when the Compton wavelength is at least O(km) and the field is unscreened.

Being the densest observed objects that are not black holes, the structure of a NS must be calculated

using the TOV equations from general relativity.

dp GM drr3p 2GM\ !

dr =-p+e) 72 (1+ M )(1_ r ) (1.1)
dM
= — Ay 1.2
ar mTree (1.2)

for M (r) the enclosed mass within radius r, p the pressure, and ¢ the energy density. Practical numerical
calculations are made easier by noting that the Schwarzschild radius of the Sun is 2GMg /c? = 2.95km
and performing all numerical calculations in units of solar masses and solar Schwarzschild radii.

Once a NS has gone through its initial proto-neutron star (PNS) evolution, the transport of heat and
particles through the core is efficient and the entire core is in thermal and chemical equilibrium, modified
by general relativity [19]. In a thermally equilibrated core, the redshifted temperature T = T(r)e”(r)
is uniform throughout the core for (") the time-time component of the spacetime metric with the
Schwarzschild boundary condition at the surface. In a chemically equilibrated NS, the redshifted baryon
chemical potential jig = pp(r)e’(") is a constant. The metric function v(r) can be easily found from a

solution to the TOV equations with the relation

dv 1 dp
= — _ et 1.
dr p+edr (1.3)
and the boundary condition at the surface
1 2GM
v(Rs) = ~log [1— 2GM(Fxs) | (1.4)



While the core is isothermal because of its high thermal conductivity, large thermal gradients can occur
in the crust due to their lower thermal conductivity [20]. How rapidly the temperature changes in the
crust is a sensitive function of the composition of the outermost 100 or so meters of the crust, referred
to as the envelope. Heat that will escape the star as blackbody radiation must first pass through the
envelope. When the envelope is composed purely of iron, heat transport in the envelope is inefficient
and the thermal gradient will be large while an envelope with light elements will have enhanced thermal

conductivity and will be more isothermal [21-23], see Fig. 1.3.
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Figure 1.3: Temperature profiles of envelopes with varying composition. Plot from Ref. [21].

1.2 Microphysics of neutron star matter

Since the timescale for weak interactions is short compared to the life of the star, at temperatures
below an MeV, the nucleons and leptons are in equilibrium with respect to the weak interaction and
the relevant conserved charges are baryon number and electric charge. As such, we may define all of
the chemical potentials in terms of the chemical potential associated with baryon number pp and the
chemical potential associated with (negative) electric charge p.. The chemical potential of particle species

1 with baryon number B; and charge @; is then given by

pi = Bipp — Qifie - (1.5)



This relation carries over to quark matter and matter with strangeness so long as weak equilibrium is
maintained.!

The densities present in NSs pose a particular challenge but also an opportunity. Cold laboratory
experiments cannot significantly exceed nuclear density and heavy ion collisions, while achieving supranu-
clear densities, probe temperatures much higher than are found in NSs. Since QCD is non-perturbative
in this regime and lattice QCD is only applicable at zero baryon chemical potential due to the famous sign
problem, we must rely on effective field theory (EFT) methods to perform low energy nuclear physics
calculations. Unfortunately, Chiral EFT (yEFT) has a breakdown scale that is reached between one
and two times saturation density. Above this density, we must rely on nuclear models to do numerical
simulations. Although this has the potential to be quite limiting in the robustness of any predictions
and we must always guard against model-dependence, it also means that the properties of NSs directly
probe densities that are currently inaccessible to both theory and terrestrial experiments.

The composition of the inner core of a NS is not known, with expectations that the central density
of the heaviest NSs may be anywhere from 5ng,; to 10ng,:. At these densities, it is possible that quarks
deconfine and the inner core is a fluid of up, down, and strange quarks as well as a suppressed population
of charged leptons. It is also possible that a population of hyperons or a meson condensate appears,
although both of these scenarios result in a significant softening of the high density equation of state
that is challenging to reconcile with observations of NSs with masses as large as 2M. Such constraints
can be avoided by invoking strong repulsion at high density (for example from three-body forces), but
these scenarios remain speculative. As such, we must remain relatively agnostic on the composition of
the inner core.

As NSs probe the properties of high density matter, they can also be used as detectors for any beyond
Standard Model (BSM) theory that can be sourced by such matter. Light exotic fields with couplings
to nucleons (like axions) are particularly attractive as small modifications to the energy per baryon of
neutron star matter may be enough to source such a field. In Chapter 2, we will address the possibility of

using neutron stars to constrain QCD axions and their lighter cousins “exceptionally light” QCD axions.

1.3 Neutron star equation of state

The first observed NSs were pulsars and NSs in accreting x-ray binaries with a main sequence companion.
The rapid and regular pulse rate of radio pulsars (some reaching a frequency of hundreds of Hz [25]) and
the short orbital periods of x-ray binaries indicated that the objects in these systems were incredibly
compact [3,26]. More recently, the regular pulse periods of radio pulsars have been used to measure NS

masses in binary neutron star (BNS) systems by measuring the Shapiro delay of pulse signals as a function

LAt the high temperatures found in proto-neutron stars and neutron star mergers, an imbalance between the rates of
electron capture and beta decay causes this simple relation to fail. [24]



of orbital phase. Notably, observations of PSR J1614-2230, PSR J0348+0432, and PSR J0740+6620
confirmed the existence of neutrons stars with a mass M 2 2 M, [27-29]. These observations, combined
with nuclear theory predictions from yEFT that the low density equation of state (EOS) has relatively
low pressure (it is “soft”) suggest that the pressure of NS matter must rapidly rise (it becomes “stiff”)
above 2ng,;. Without this rapid stiffening, it is not possible to achieve a maximum mass of 2 Mg [30].
This is intriguing in light of the expectation that at high density QCD must become weakly coupled and
approach the unitary gas limit of sound speed ¢? = 1/3 from below. This suggests that the sound speed

of beta equilibrated matter must be non-monotonic, indicating a possible phase transition.
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Figure 1.4: Maximally soft and stiff EOS allowed by Chiral EFT. Plot from Ref. [31]

Requiring that the low density equation of state match calculations from yEFT but also requiring
that the equation of state be stable, causal, and permit 2 Mg NSs places constraints on the possible
mass-radius relationship (shown in Fig. 1.4) [31]. In particular, the fact that any putative model for high
density matter must accommodate the 2 Mg constraint significantly limits the theory space. A model
with too many degrees of freedom and insufficiently repulsive forces between particles will be unable to
reach this bound, putting strong constraints on scenarios in which hadrons with strangeness or quarks
appear at high density. Requiring that perturbative QCD calculations be matched at high density while
maintaining stability, causality, and thermodynamic consistency further constrains the range of possible
EOSs [32-35] (shown in Fig. 1.5). There remain open questions about how best to implement these
various constraints in a framework with rigorous error bars [36,37]. Further constraints can in principle
be gleaned by relating the EOS at finite isospin chemical potential (where lattice QCD is applicable) to
large baryon chemical potential, though at present such calculations are less constraining than standard

NS phenomenology [38].



Since the TOV equations give a one-to-one correspondence between the EOS and the mass-radius
relationship of a single gravitationally bound fluid, understanding the EOS of dense matter is a central
question in the study of NSs. The observation of a BNS merger in GW170817 [4] and recent results
from NICER [39-41] provide some constraints on the mass-radius relationship of NSs, but uncertainties
remain substantial. While the EOS on its own does not reveal the composition of a NS, it can contain

clues about possible phase transitions or the appearance of exotic degrees of freedom.

1.4 Neutron star cooling

Although GW and x-ray observations can constrain the mass and radius of NSs (and therefore the EOS),
this does not on its own give details about the composition of NSs. In order to probe the composition
of NSs, we must rely on other observables. After its first few seconds of cooling a NS is transparent to
neutrinos and any neutrino emission processes can be used to probe properties of the core. The cooling
of young isolated NSs is dominated by emission of neutrinos from the core. Emission of photons in a

nearly blackbody spectrum from its surface takes over at later times [15].
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Figure 1.5: Causality, stability, and integrability constraints on the equation of state from Chiral EFT
and perturbative QCD. Plot from Ref. [32]

Of particular relevance for this thesis is the direct Urca process. Direct Urca consists of the reactions
n —+p+e+vand e+ p — n+ v. Since neutrinos freely escape the star without interacting, their
density is effectively zero and the neutrons, protons, and electrons are in equilibrium and this process
occurs on the Fermi surfaces of all three particle species. Although direct Urca is by many orders of
magnitude more efficient than other cooling processes available in typical NS conditions [42], it can only
operate when the triangle inequality is satisfied, requiring |kp,| < |kpp| + |kpe| in order to conserve
momentum. In matter containing only neutrons, protons, and electrons, this corresponds to a proton
fraction Y}, > 1/9. In practice, a slightly higher proton fraction is required as muons will appear in the

star before this density is reached, somewhat reducing the population of electrons. As such, the rate of

10



neutrino cooling is a sensitive function of the proton fraction in the vicinity of Y}, ~ 1/9, allowing the
thermal history of NSs to indirectly probe the symmetry energy of nuclear matter.

Some NSs, notably the transiently accreting binary SAX J1808.4-3658, seem to require the presence
of direct Urca to explain their cooling. This system has an observed photon luminosity in quiescence of
less than 103! erg/s and a time averaged accretion rate of 1071 M,/ yr [43-45]. Under the assumption
that this system has been transiently accreting long enough to be in time averaged thermal equilibrium,

its neutrino luminosity can be constrained with the simple relation

Cy(TYy=H—-L,-L, (1.6)

where Cy is the heat capacity, (T') is the time averaged rate of change in temperature, H is the heating
rate, and L, and L, are the photon and neutrino luminosities, respectively. If (T) = 0 and H can
be estimated by observing the accretion rate M , the luminosity in neutrinos can be determined. With
these simple relations, the neutrino luminosity of different nuclear models can be compared to x-ray
observations of x-ray transients in outburst and quiesence. Figure 1.6 shows a sample output of such a
calculation for a relativistic mean field model from Ref. [46] that accesses direct Urca in 1.7 Mg neutron

stars, compared to observational data of transiently accreting x-ray binaries from Ref. [47].

BSP EoS - no pairing BSP EoS - with neutron pairing
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Figure 1.6: Photon luminosity vs. accretion rate for transiently accreting systems in quasi-thermal
equilibrium in a relativistic mean field model (BSP [46]) compared with observational data from Ref. [47]
with SAX J1808.4-3658 circled. Black crosses are data and black arrows are upper limits. In the left

panel superfluidity is ignored while in the right panel the neutrons are paired using pairing gaps given
in Ref. [48].

Using the estimate that approximately one MeV of heat is released per accreted baryon [47], SAX
J1808 appears to require a neutrino luminosity of L, > 1032 erg/ s in spite of having a surface temperature
T < 3 x 10° K. This is impossible to achieve with only slow cooling methods and seems to suggest that
direct Urca must be possible at some density that NSs can probe.

At the same time, the thermal evolution of most NSs is well-explained without invoking direct

Urca [49]. At densities where Y, < 1/9, modified Urca and neutral current bremsstrahlung dominate.
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Modified Urca consists of the reactions N +n — N+p+e+ v and N+ p+e - N + n + v while
bremsstrahlung is achieved with the reaction N + N — N + N + v + . The rates of these processes
combined with uncertainties in envelope composition leading to uncertain inference of core tempera-
ture [22] allow the observed ages and temperatures of most NS to be explained. Either direct Urca is
only accessible at the densities probed by the heaviest NSs, or there is some mechanism that suppresses
it in low mass stars. Superfluidity of nucleons is one such explanation that will be discussed more in
Sec. 1.6 though the high sensitivity of the pairing gap to density makes it questionable as a way to
suppress neutrino cooling across such a broad range of densities. As such, any scenario that predicts a
proton fraction of Y, 2 1/9 at too low baryon density can be often be falsified by invoking observed ages
and temperatures of isolated NSs.

Incorporating mean field nuclear interactions to calculations of cooling rates and other thermal pro-

cesses is straightforward. In a mean field model, the dispersion of nucleons is given by

Epp= /K2 + M2 +U,,,. (1.7)

As such, the Landau effective mass (which we will denote as M; to avoid the unfortunate notation

conflict with the effective mass in the relativistic mean field model) is given in a mean field model by

k
M} = = Vi2 1 M= (1.8)

OE/Ok

which at the Fermi surface is just p,, — Unp. In a non-relativistic calculation (using the formulae in
works like Ref. [42]), this expression for M; and the modified dispersion are the only effects nuclear
interactions have on the calculation. In a relativistic calculation, M; takes the place of the energy in

most parts of the formalism. The phase space factor used in any calculations with Fermi’s golden rule

& &k
/2E(27r)3 _>/2M;(27r)3 (1.9)

and the relativistic spinors for nucleons are also modified.

takes the form

X X
b=VvVE+M| = | Mi+M| (1.10)
o-k o-k
E+M X M+ X

where x is a two-component spinor for spin up or spin down.
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1.5 Magnetic fields

NSs are known to possess strong magnetic fields, with typical NSs having a surface field of 10'2~13 G or
less with a subset of NSs known as magnetars possessing surface fields of up to 10'° G [25,50,51]. Recent
observations of the radio pulsar GLEAM-X J1627 suggest it may have a surface field as strong as 106 G,
motivating the study of matter in the presence of such strong magnetic fields [52]. Although the protons
in the cores of NSs are expected to be superconducting, it is expected that the field of a magnetar is
stronger than the critical field strength and the Meissner effect does not expel the magnetic field in the
core [53].

While the internal magnetic field configuration of magnetars is not fully known, (see Ref. [54] for
a discussion) it is expected that magnetic fields inside magnetars may be several times larger than at
their surface [55]. Although direct observation of radio pulsars only reveals the dipole component of
the magnetic field, it is possible (and in fact likely) that near the surface of a neutron star the field
configuration is more complicated. Simulations indicate that poloidal magnetic fields in rotating NSs
will generically produce mixed poloidal-toroidal fields [56]. Figure 1.7 shows a sample output of such
a simulation. Analysis of the x-ray pulse profile detected by NICER consistently suggests some of the
observed sources have two hot spots in the same hemisphere [39-41], requiring a more complicated

structure than a simple dipole.

Figure 1.7: Magnetrohydrodynamical simulation of magnetic field evolution of a rotating NS in an
initially poloidal field configuration. Plot from Ref. [56].

Magnetic fields seem to contribute to heating of NSs though a mechanism that is not fully understood
(see Ref. [57] for a discussion), resulting in the hottest family of observed isolated neutron stars all being
magnetars [51]. The presence of strong magnetic fields also modifies the dispersion of protons and
electrons when eB 2 Tep for e the Fermi energy and, as a result, modifies the cooling rates of NSs.
In Chapter 4, we will discuss the effects that the modified dispersions of charged particles in a magnetic
field has on the neutrino emissivity of such stars and on capture rates of neutrinos in the ejecta of BNS

mergers.
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1.6 Superfluidity

In the presence of any attractive interaction channel, a system of fermions will be unstable to the
formation of Cooper pairs at sufficiently low temperature (the BCS instability). While the temperatures
in NSs are hot by terrestrial standards, the interactions between nucleons are strong, allowing superfluid
gaps of order O(MeV) [58]. If the inner cores of NSs are composed of deconfined quark matter, the color
degree of freedom opens up a wealth of possible paired phases [59]. For the sake of this thesis, the focus
will be on superfluidity of nucleons though the possibility of color sextet (color symmetric) pairing of
quarks will be discussed briefly in Chap. 5.

The most relevant partial waves for Cooper pairing of nucleons are 'Sy and the three spin triplet
p-wave channels. At low relative momentum, the 'Sy channel is nearly bound and attractive so at lower
densities, pairing in the 'Sy channel is expected to dominate. This is the relevant scenario for dripped
neutrons in the inner crust and protons in the outer part of the liquid core. At center of mass momentum
k = 350 MeV however, the 1S interaction becomes repulsive in vacuum (kr = 350 MeV corresponding to
a density of 0.19 fmfg). At somewhat lower momentum, the 3P, interaction becomes repulsive while the
3Py reaction is repulsive for all momenta. The 3P, interaction, however, becomes increasingly attractive
at large momentum transfer in vacuum and so is expected to be the dominant pairing channel for neutrons
in the core. All the preceding statements are based on scattering experiments with nucleons and as such
do not include the effects of intermediate interactions with the medium. In Chapter 5, we will discuss
the importance of medium corrections to the amplitude of NN scattering when calculating the superfluid
gap.

Superfluidity primarily has two important effects on NS cooling. In the paired phase, the amount of
energy necessary to produce a particle above the Fermi surface is increased by 24, the energy gap of
the spectrum. The presence of a gap in the spectrum depletes the number states immediately around
the Fermi momentum, resulting in fewer particles above the Fermi surface and fewer holes below it,
suppressing any scattering processes. If the temperature is far below the critical temperature (T' < A),
equilibrium processes like Urca processes and bremsstrahlung are suppressed by roughly e=2/7. At the
same time, if the critical temperature for pairing is of the same order as the temperature (A ~ T),
pair breaking and formation (PBF) becomes available as a new cooling channel, more efficient than
modified Urca and bremsstrahlung but less efficient than direct Urca. In the paired phase, the U(1)
symmetry associated with particle number conservation is broken to Z,, representing the fact that pairs
of quasiparticles can enter and leave the condensate of Cooper pairs. Pairs of quasiparticles can annihilate
while their energy produces two neutrinos.

While not as striking an enhancement as direct Urca, PBF is of particular interest because its emis-
sivity is non-monotonic with temperature. Where all of the other neutrino processes scale as some power

of the temperature, PBF is absent at temperatures far above and below the critical temperature for
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pairing and peaks when T ~ T,. This motivates the minimal cooling paradigm proposed in Ref. [49] to
explain the diversity of NS temperatures and ages. Unfortunately, while superfluidity in neutron stars
has many exciting possible signatures, the exact value of the pairing gap is not robustly known and likely

relies on nuclear physics occurring at energy scales that presently available tools cannot access.

15



Chapter 2

Neutron Stars with Exceptionally
Light QCD Axions'

2.1 Introduction

The quantum chromodynamics (QCD) axion is a well-motivated and minimal solution to the Strong
Charge-Parity (CP) problem [60-63], the puzzle of the smallness of the neutron electric dipole moment

(EDM). The neutron EDM is proportional to @, a combination of Standard Model parameters,
0 =0+ argdetY,Yy, (2.1)

where 6 is the QCD 6 angle, while Y,, and Y; are the up- and down-type Yukawa matrices. The

combination is experimentally bounded to be § < 1070 based on the non-observation of the neutron

electric dipole moment [64]. The smallness of f is particularly puzzling since the CP-violating angle

in the Cabibbo-Kobayashi-Maskawa (CKM) matrix has been measured to be O(1), in agreement with

theoretical expectation.

The axion is the pseudo-Nambu-Goldstone boson resulting from the spontaneously broken Peccei-

Quinn symmetry and couples to gluons as
a s\ « ~

LD|——-0)=G"G,,, 2.2

(£-0) g6 (22)

where a is the axion field, f, the axion decay constant, s the strong coupling constant, G*¥ the color

field strength tensor, and é;w = €,,p0GP? /2 its dual. The entire dependence on 6 has been placed in the

gluon term after a chiral rotation of the quarks. At low energies, the axion obtains a periodic potential

I This chapter summarizes work originally found in Ref. [10]
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from the coupling to gluons, and the CP-violating angle § relaxes to zero during cosmic evolution of the
axion field in its potential [65-67].

The QCD axion has inspired a diverse experimental campaign [68-71]. Searches for the QCD axion
and axion-like particles (ALPs) through their electron and photon couplings (see Fig. 2.1 and 2.2 for the
current best constraints) have seen tremendous progress in recent years. The axion-gluon coupling—the
coupling that defines the QCD axion and distinguishes it from ALPs that do not solve the strong CP
problem—is much more difficult to probe in the laboratory [72-76]. The sensitivity of current ground-
based experiments is rapidly improving [77-87], but is as yet orders of magnitude away from the “QCD

(QCD)

axion line” on which the axion decay constant f, and the axion mass mg are related by the QCD

prediction [60],

(QCD) _ MyMg Mg fr 2.3
mg (Mo +ma)?  fo (2.3)

Furthermore, these laboratory searches are at present far weaker than astrophysical constraints from Big
Bang Nucleosynthesis [88], the evolution of supernova 1987A [89-94], stability of the Earth, the Sun and
white dwarfs [95,96], LIGO-Virgo-Kagra (LVK) measurements of binary neutron star inspirals [95,97,98]
and isolated neutron star cooling [99]. See e.g. [100,101], for recent reviews and Fig. 2.4 for the current

best constraints from laboratory and astrophysical searches.
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Figure 2.1: Existing constraints on the axion-photon coupling. The yellow band shows the QCD axion.
Plot from Ref. [69]

Theoretically, there is renewed interest in the parameter space of axions which solve the strong CP

(QCD)

problem but have an exceptionally light mass, m, < mg , in light of the discrete symmetry noted in
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Figure 2.2: Existing constraints on the axion-electron coupling. The yellow band shows the QCD axion.
Plot from Ref. [69]

Ref. [102]. A discrete Zy symmetry can suppress the axion mass below that predicted by Eq. (2.3) in a

technically natural way by a factor of

1/2 _ mg 1
(QCD) 2N/2—10gN (24)

in the large A limit [103]. This is accomplished by coupling 6 to N/ mirror QCDs with a relative shift
of 2nm /N for n an integer between 0 and A/ — 1. As 6 is the only specified portal between each mirror
QCD, all properties of nuclear physics at finite 8 are unchanged in each QCD except for the combined
vacuum potential for 6, shown for N' = 3 in Fig. 2.3.

A natural mechanism to tune down the strength of the axion potential motivates the study of lighter-
than-expected QCD axions—hereafter referred to as exceptionally light QCD axions—that still solve the
strong CP problem (for A" odd). This chapter describes constraints that can be placed on the parameter
space of exceptionally light QCD axions due to their effects on neutron star observables.

Even within the Zr model, we note that as a small § angle is itself technically natural, the very small
£ < 1 parameter space, in particular € < 10719, cannot be well-motivated: it would introduce a tuning
at the level of the original tuning of the Strong CP problem. As we discuss below, due to their high
density, neutron stars provide a unique environment to test exceptional axions close to the QCD line:

values of € close to unity, and Zy models for modest values of A/. We note that the vacuum structure
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Figure 2.3: Vacuum potentials for A/ = 3 mirror QCDs in the Z, model (dashed colored lines) and the
combined potential experienced by an exceptionally light QCD axion in this model (solid black line).

of the Zxr model is significantly different from the phenomenological € model and can result in different
dynamics and constraints.

Observationally, the above-mentioned studies of dense astrophysical objects place strong constraints
on the axion-gluon coupling parameter space, and hence e, especially at small axion masses. These
constraints stem from the effect first noted in Ref. [95]. The axion potential is modified in the presence
of matter, which suppresses the vacuum QCD contribution. For small €, there is a critical density above
which a large, dense object can contain a region with negative effective axion mass which, in turn, shifts
the potential minimum from # = 0 to # = 7 inside the object. For Earth and solar core densities, the
0 = 7 region emerges for ¢ < 10713, while in white dwarfs, § = 7 occurs at e < 1077 [95]. Studies of
the properties and stability of these objects have led to the most stringent constraint on the parameter
space of ¢ <2 x 1077 for f, < 10'6 GeV [96].

In this study, we focus on axion condensation in neutron stars for € > 5 x 10~7. Earlier work has
shown that for small axion masses (m, < 107! eV) the axion condensate extends far outside the ra-
dius of the star [95]. In this scenario, the extended axion field mediates a force between neutron stars
and is constrained by LVK observations of neutron star mergers [95,97,98]. For a heavier axion with
mg = 1078 eV, the axion field is largely confined inside the neutron star, and the effects of axion con-
densation on the neutron star interior need to be understood to predict the observational consequences.
Prior work has considered neutron stars in the axion condensed phase in the non-interacting Fermi gas
approximation [104] and in hybrid stars where axion interactions were included in the quark phase (but
not the nuclear phase) via an effective 't Hooft determinant interaction in the NJL model [105].

In this work, we provide a dedicated study of the equation of state (EOS) for 5 x 1077 < e < 1
and its impact on neutron star structure. To calculate the EOS and phases present in the neutron

star, we compare results from Chiral Effective Field Theory (ChiEFT) and relativistic mean field theory
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Figure 2.4: Existing constraints on the axion-gluon coupling. Plot from Ref. [69]

(RMFT). As noted in Ref. [95], the reduction in the effective mass of the axion in the presence of finite
baryon density also leads to a reduction in the effective mass of nucleons. At fixed chemical potential,
a smaller effective nucleon mass results in a larger baryon density. As a result, the transition from
6 = 0 to § = 7 introduces a discontinuity in the EOS. For different ¢, this transition occurs at different
locations in the neutron star, leading to a variety of observational effects. For € 2 0.1, the neutron star
will have an inner region with § = 7, separated by an axion field profile from the outside region where
6 = 0, while for smaller ¢ the entire star has § = 7 except for a thin region near the surface. When
£ < 0.1, & = 7 becomes energetically favored at a baryon chemical potential lower than that of iron
(upe/A ~ my — 8MeV) and the axion pressure itself becomes important at low density, producing a
state with zero pressure at non-negligible energy density. This may result in a star that is almost entirely
at a density above the neutron drip density or above the crust-core transition density. In this case, the
remaining crust phases will only appear in a thin region where 6 changes from 7 to 0.

Recent observations of neutron stars (NSs) have resulted in reliable measurements of NS masses
and constraints on their size. Radio observations of pulsars have now provided compelling evidence for
neutron stars with masses greater than 2 My, while gravitational wave and x-ray observations suggest
that typical NSs with mass ~ 1.4 M have radii in the range 11-13 km. Taken together, these observations
and recent ChiEFT-based calculations of the EOS of neutron-rich matter indicate that the pressure of
dense matter inside neutron stars is relatively small up to 2ngq, where ng; = 0.16 nucleons per fm?
the nucleon density at nuclear saturation, and increases rapidly at higher densities encountered in the

neutron star inner core to support massive neutron stars [106-108]. A relatively soft EOS in the outer
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core and inner crust of a neutron star has important implications for neutron star structure. As we
discuss, axion condensation at np < ngq could have dramatic effects on the structure and dynamics of
the outer regions of the neutron star with observable consequences.

The outline of this paper is as follows. In Sec. 2.2, we describe the most important features of axion
condensation in a simple gas of non-interacting nucleons. In Sec. 2.3, we discuss the effects of axion
condensation including the potential effects of nuclear interactions, with a focus on ChiEFT and RMFT
models. Section 2.4 describes the impact that axion condensation has on the structure and properties of
neutron stars within our nuclear model. In Sec. 2.5, we describe novel nuclear density objects stabilized
by an axion potential rather than gravity, first proposed in Refs. [96,104] for a non-interacting Fermi gas.
We present constraints in the f,-m, parameter space for the phenomenological € model and comment
on the Zy model based on neutron star observables in Sec. 2.6. Section 2.7 concludes this manuscript

with a summary and outlook.

2.2 Axion condensation in a dilute gas of nucleons

In this section, we summarize the main properties of axions discussed in Refs. [95-98, 104, 109-112],
which lead to the development of an axion profile around compact stellar objects with = 7 inside these
objects and § = 0 outside. We focus here on the scenario of a dilute nucleon gas (see also [104]) and
leave the impact of interactions to Sec. 2.3. We also review the main observational consequences for the
Earth, the Sun, white dwarfs and neutron stars. Henceforth, we take the quark mass matrix to be real

and § = #. Throughout the paper, we work with an axion with the following potential in vacuum

V(0) = —em7 f2 [£(0) - 1], (2.5)

where [113]

£(0) = \/1 - %sﬁ <g) : (2.6)

and 6 = a/f,. The minimum of this potential is at § = 0 and the mass of the axion is?

My = 51/2m£1QCD) _ /2 MyuMg _ mvrfw. (2.7)
(mu + md) fa

2.2.1 Baryon and meson masses

The spectrum of baryons and mesons and the vacuum energy are altered when 6 # 0 [114,115]. The 6
dependence of the pion mass, which is most important for our study, can be calculated by noting that

the 6 term in the QCD Lagrangian can be eliminated by a unitary rotation of the quark fields. When

2The property of the potential in the Zxr model is similar near # = 0 but can be quite different near § = +x. See
sec. 2.4.2 and 2.6.4 for more details.
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only up and down quarks are included, the transformation v — exp{(iys¢,)}u and d — exp{(iy5¢q4)}d

where ¢, + ¢q = 0 fully captures the effect of § # 0. From the relation m2 oc my = m,, + mg, the 0

s

dependence of the mass of the neutral pion is [115]

m2(6) = F(6)mZ (6 = 0). (2.8)

At 6 = 7, the net effect of this transformation is to change the sign of the up quark mass in the quark

mass matrix and the neutral pion mass is m. (0 = 7) = (\/Ma — My //Mg + My )MEYS =~ 80 MeV for
mPhYs = 138 MeV, significantly lighter than at § = 0. The smaller pion mass implies a longer range of
the force; implications for nuclear interactions will be discussed in Sec. 2.3.

We note that the §-dependence of the masses of the o and p mesons have been calculated from analysis
of pion-pion amplitudes in Refs. [116-118]. The amplitudes are calculated using chiral perturbation
theory (ChiPT) but depend on the unitarization scheme which is not unique and introduces a systematic
error that cannot be easily quantified. When m.; is reduced to 80 MeV, Refs. [116,117] find a 6% reduction
to the o mass. In Ref. [118] it was found that the logarithmic derivative K, = dlnm,/dlnm, =
0.081 #+ 0.007, which implies &~ 7% reduction to the o mass at # = w. The p meson mass was also found
to decrease with pion mass but to a lesser degree. In Sec. 2.3.3, we shall incorporate these observations
to study the 8 dependence of the nuclear EOS in a relativistic mean field model.

Apart from the mass of the mesons, the masses of baryons, especially protons and neutrons, also

depend on the 6 angle. Such a dependence can be parameterized as

M (0) = mn (0 = 0) + on (F(0) — 1) (1 B (m%) ’

my(0) =my(0 =0)+on (f(0) — 1) (1 + crNAfU(Q)) , (2.9)

where oy is the isoscalar nucleon sigma term and Aoc is the isovector sigma term. Despite much interest
and effort the isoscalar nucleon sigma term is not precisely known and the best estimates from Lattice
QCD and phenomenology indicate that oy ~ 50 & 10 MeV [119]. The value of Ao can be inferred from
the mass splitting of baryons. Determining Ao from the mass splitting of the neutron and proton gives

Ao = (my —my) /2 ~ 1MeV [120]. The mass splitting of the nucleons and E baryon gives a

somewhat larger value of 3.1 MeV [121]. In what follows, we shall adopt oy = 50 MeV and Ao =1
MeV. For this choice, at § = 7, the proton and neutron masses decrease by about 32 MeV and the

neutron-proton mass difference increases by about 3.5 MeV.
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2.2.2 Effective axion potential at finite density

The dependence of the axion potential on the temperature and density of the medium is essential to
understanding the behavior of the axion field in the hot, early universe and in dense astrophysical
objects. The temperature dependence of the axion mass in the early universe is well-known to be key
to obtaining a precise prediction of the range of QCD axion masses that can be the dark matter in the
Universe [122]. The density dependence of the axion mass, on the other hand, is much less explored. In
the limit where the medium can be treated as a dilute gas of nucleons with density np, the axion potential

has been shown to become shallower as the nucleon density increases, following the equation [95]

lonnp nr Ao oNTB 2
m§7eff(nB7nI) = mi (1 — g f;m?}_ <1 — ’]’LBO']V) + 0O l(m%fﬁ) s (210)

where baryon density ng = n, + n, and n; = n, — n, is the isospin density, with proton and neutron

density n, and n,, respectively. The critical density for a phase transition to axion condensed matter is

given by
2 r2 M
n%::mn””::26&%w5<5oev). (2.11)
ON ON

For ¢ = 1, the critical density determined from Eq. (2.11) is sufficiently large that the expansion in
onnp/m2f2 breaks down near the critical density, and it is conceivable that axion condensation does
not occur at any density. We will return to this question in Sec. 2.3.2. However, for ¢ < 0.4, Eq. (2.10)
predicts axion condensation at np < ngqee. At these moderate densities where matter can be described
reliably using nuclear physics, one can conclude that the axion potential is minimized at 8 = 7. If the
nuclear force is significantly modified by axion condensation, § = m may be favored below the saturation
density even for € > 0.4, which we will discuss in more detail in Sec. 2.3 and Sec. 2.4.2.

An interesting consequence of Eq. (2.11) is that, for small enough €, the ground state of nuclear
matter is # = 7w and ordinary nuclei are only stabilized by the fact that the axion field changes on a
length scale of 1/m,, much larger than the size of a typical nucleus. At finite nucleon density, it is
more convenient to analyze the transition to the axion condensed phase as a function of the baryon
chemical potential pp. The phase transition will occur at a critical chemical potential ;% where the free
energy Q(p%,0 = 0) = Q(u$%, 0 = ). Neglecting interactions between nuclei, the free energy of dilute
non-relativistic matter at zero temperature and finite pp is given by, apart from gradient terms,

ki (6)

QW&WZ—PW&m:_Eﬁﬁﬂa

+V(@), (2.12)

where P(pup,0) is the pressure, kp(0) = /% — m2 () and the neutron mass m,,(6) is given in Eq. (2.9).

From Eq. (2.12) we see that axion contribution to the pressure is negative, and for § = m, Payion =

—V(0=7)=¢cf2[m2(0 = ) — m2(6 = 0)]. The importance of this negative pressure was first pointed
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Figure 2.5: Left Panel: Pressure of axion condensed PNM at yp = m,, (6 = 0) in the absence of nuclear

interactions. Insets show free energy as a function of 6 in each region. Right Panel: Phase diagram of a
free neutron gas at € = 0.3.

out in Ref. [96,123] where it was noted that for white dwarfs, which are stabilized by electron degeneracy
pressure, this negative pressure would destabilize a large number of observed white dwarfs in the universe.
This consideration leads to the strongest constraint on the axion parameter space for ¢ < 2 x 1077 [96].
A neutron star, on the other hand, is much denser and balanced by the much larger neutron degeneracy
pressure. It is unlikely that this negative pressure can lead to the collapse of a neutron star into a black
hole, but it might significantly change the EOS of a neutron star [104].

We begin by analyzing the effects of axions on a dilute gas of neutrons. The left panel of Fig. 2.5
shows the pressure of a free Fermi gas of neutrons at § = 7 and up = m, (6 = 0). The insets show
the #-dependence of the free energy in each of the regions depicted. When the pressure is positive,
axion condensation will be favored for dilute neutron matter. In the absence of nuclear interactions,
dilute neutron matter with # = 0 is metastable for 0.005 < ¢ < 0.065 and unstable when ¢ < 0.005. For
€ 2 0.065, the first-order transition to the # = 7 phase occurs at up > m, and low-density neutron matter
with 6 = 0 is stable. In this case, the phase transition to axion condensed matter will occur at finite
density. On the other hand, if ¢ < 0.065, the phase transition will occur at up < m,, and bulk matter
in its ground state will always have 6 > 6., with m,,(6.) = pp. In the case where 2 x 1077 < & < 0.005,
normal matter is unstable, and ordinary stars, planets, and white dwarfs are stabilized by Coulomb forces
between atoms and nuclei. For € > 2x 1077, a system of atoms or nuclei at fixed chemical potential must
significantly increase its density to nucleate the 8 = 7 phase, and an electrical barrier must be overcome
to bring the nuclei closer together. For smaller ¢, the required increase in density is more modest, and
the constraint on axions from the stability of white dwarfs, stars, and planets applies.

For a given ¢, if up inside the star exceeds the critical chemical potential and it is possible to nucleate
the # = 7 phase, axions would condense in the inner region, separated by a domain wall with thickness
Arpw &~ 1/m, from the exterior § = 0 phase. In the Fermi gas model, for ¢ 2 0.065, the neutron star

would consist of three regions: a normal outer region with § = 0, a metastable region which could, in
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principle, exist in the § = 0 phase if the nucleation timescale was long, and inner core characterized by
0 = m. In the right panel of Fig. 2.5, we plot pressure as a function of up for ¢ = 0.3. It consists of the
three regions just mentioned, and the insets show the 6 dependence of the free energy, which delineates

the stable, metastable, and unstable regions.

2.2.3 Axion field profile interpolating between § =7 and 6 =0

The axion field profile across the domain wall, which minimizes the energy, is obtained by solving

A6, u%)

272
9:
12V e

(2.13)
where ;1% is the critical baryon chemical potential at which the transition occurs. This equation, though
used here for a dilute gas of nucleons, remains exact when nuclear interaction is included in (0, u5%).
Such an axion profile will develop as long as the object that contains this dilute gas of nucleons is both
dense enough (see Eq. (2.11)) and its radius, rns, large enough such that the bulk of the star can be

subsumed within a domain wall of thickness

1

Arpwy ~ ————
PV Ima e (np)]

< rxs. (2.14)

We will focus on the condition on the density in Eq. (2.11) for now and return to the effects of the finite
size of stellar objects in Sec. 2.5. For axions with m, < 10~'' eV, the axion profile can be treated as
situated outside the neutron star. In binary systems, this field profile results in axion-mediated forces
and axion radiation, which lead to the most stringent constraint from LVK observations of neutron star
binaries [98]. On the other hand, when m, > 10~!'eV, the axion field profile can reside inside the
neutron star, separating regions with different densities and pressure. Given the prior constraints on
the exceptionally light QCD axion parameter space, we are mostly interested in the region of parameter
space where |m2(ng)| > m2 > 1/rig.

For these larger axion masses, the thickness of the region in which 6 changes from £7 to 0 is much
smaller than the radius of a neutron star. On the other hand, constraints on QCD axions from SN
cooling imply that the axion mass is below the tens of meV scale [93], i.e. the domain wall thickness
is much larger than the relevant microphysical scales: the size of a nucleon, typical separation between
nucleons, Debye screening length, and mean free path of neutrons and protons in a neutron star. As a
result, we can treat the axion field profile in the parameter space of interest as smooth when considering
interactions between the nucleons, while at the same time, studying the properties of the gas of nucleons
in domains where § = +7 and € = 0 separately, and glue them together with a boundary condition at

the location of a thin axion “domain wall.”
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Unlike a normal neutron star where density and pressure are continuous, with an axion field profile,
both the density and pressure are no longer continuous when adopting the approximation that the
domain wall is infinitely thin. In addition to the negative pressure from the condensation of the axion
field itself, the domain wall also exerts a force inward due to domain wall tension of order m, f2/rxs.
For m, > 1/rns, this additional pressure is parametrically smaller in the thin wall limit in the model in

Eq. (2.5). We return to discuss the importance of domain wall pressure in the Zyr model in Sec. 2.4.2.

2.3 Neutron and nuclear matter at 6 =«

In this section, we describe our efforts to model the properties of dense nuclear matter at # = 4, taking
into account changes to the strength of nuclear interactions. Despite developments in Effective Field
Theory (EFT) methods to describe nuclear interactions, the connection between fundamental parameters
that appear in the QCD Lagrangian (the quark mass matrix M, and ¢) and the parameters needed to
describe interactions between nucleons remains elusive. This is because the quark mass dependence of
the low-energy constants (LECs) in the EFT that describe the strength of interactions at short distances
is poorly known. Nevertheless, earlier studies have provided useful insights to address the question of
the quark mass dependence of the nucleon-nucleon interaction.

We first briefly summarize earlier work in Refs. [118,124,125] which are based on nuclear poten-
tials derived from ChiEFT as they are better suited to address how nuclear interactions are altered by
changes to the quark mass matrix. To assess the quark mass dependence of the nuclear interactions at
momentum scales of relevance to the large nuclei and neutron-rich matter encountered in neutron stars,
we next compare results from ChiEFT and the three scenarios in RMFT which we will use to extract
phenomenological results, summarized in Table 2.1.

In ChiEFT, nuclear forces are derived by explicitly including the contribution from pion-exchange as
well as the short-distances components, which are included through a systematic expansion of operators
of increasing dimension constructed from nucleon fields consistent with the symmetries of low-energy
QCD. Such a low energy EFT description is expected to be applicable for ng < 2ng,t, and is described
in Sec 2.3.2. We employ ChiEFT potentials at order N2LO and perform calculations of the energy per
particle in pure neutron matter (PNM) using many-body perturbation theory (MBPT). In this case, the
quark mass dependence is taken into account through its modification of the pion mass, nucleon masses,
the axial coupling constant g4, and the pion decay constant f;.

RMEFT is based on the assumption that scalar and vector interactions provide the dominant con-
tributions to the interaction energy of baryons in large systems. In this phenomenological model, the
interaction between nucleons is mediated by the exchange of scalar and vector mesons. The model and

the quark mass dependence of the model parameters are described in Sec. 2.3.3 (see table 2.1 for a sum-
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Table 2.1: Summary of the three scenarios used in this work as benchmarks of nuclear force modification
in the 8 = 7 region. Parametrized by the logarithmic derivative evaluated at the physical quark mass
K, =dlnm,/dlnm,. See Section 2.3.3 for discussion.

Scenario K, Interpretation
A 0 Nuclear forces are not modified
B 0.08 Corresponds to an m, decrease of ~ 6% as found in Refs. [116-118]
C 0.16 Matches the largest binding of neutron matter found using ChiEFT.

See Figs. 2.6 & 2.8.

mary). While ChiEFT is a microscopic theory in which potentials are constrained by nucleon-nucleon
scattering data and properties of light nuclei, RMFT is a phenomenological model designed to provide
a good description of large nuclei. RMFT also provides a convenient extrapolation to high density and
permits efficient calculation of heterogeneous crust phases. In RMFT Scenario A, the only modification
we make to nuclear physics is to modify the nucleon masses according to Eq. (2.9) since the pion does
not explicitly appear in RMFT. In Scenario B, we modify the meson masses with 6 dependence given by
calculations in Refs. [116-118]. In Scenario C, we consider a more extreme modification to the RMFT
based on the results around saturation density given by ChiEFT.

As noted earlier, in the low energy theory, finite § manifests as a reduction of the pion mass as in
Eq. (2.8). In what follows, we shall assume that the effect of § = 7 can be adequately characterized
by the reduction in the pion mass and calculate all other parameters of relevance to the two-nucleon

interaction using ChiPT.

2.3.1 Pion mass dependence of two-nucleon observables

By explicitly accounting for the m, dependence of the parameters that describe the nucleon-nucleon (NN)
interaction in ChiEFT, one can calculate the quark mass dependence of low-energy NN observables such
as the NN scattering phase shifts and the deuteron binding energy. In ChiEFT, at leading order (LO) in
the momentum expansion, the NN potential is characterized by long-range one-pion exchange (OPE) and
short-range NN contact interactions. While the m, dependence of the parameters associated with the
OPE potential is well understood, the m, dependence of the NN contact interaction, which is typically
called D5, is not well determined and the resulting uncertainty in the scattering length and scattering
phase shifts have been studied in earlier work [124,125].

In Ref. [125], the authors find that when the quark mass is reduced, the binding energy of the deuteron
increases, and the spin-singlet and spin-triplet scattering lengths decrease. To quantify the quark mass

dependence of an observable O, the authors define the logarithmic derivative at the physical point

m dO m2 dO
Kn=—4 ~ (=L 2.1
°~ 0 <qu ) phys ( O dm%) phys (2.15)

My=Mx
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Table 2.2: Quark mass dependence of the scattering lengths and the deuteron binding energy K¢, as
defined in Eq. (2.15).

Reference Kais0 K351 Kgeut
Epelbaum et al. [125] 5£5 1.1+£0.6 —28+1.2
Beane et al. [124] 24+3.0 3.0+£35 —7+6
Berengut et al. [118] 2.3118 0.3270 1% —0.861030

since at leading order in ChiPT, m2 oc m,. The m, dependence of the 1Sy and 3S; scattering lengths
and the deuteron binding energies are captured by the values of K150, Ka3s1, and Kgeut, and their
values obtained in earlier studies are shown in Table 2.2. Results shown in the first row were obtained
using potentials derived from ChiEFT at next-to-leading order (NLO) in Weinberg power counting [125]
and NLO results obtained in Ref. [124] using Kaplan-Savage-Wise power counting [126] are shown in
the second row. In this case, the uncertainty is dominated by the poorly known LEC, Ds, which was
mentioned earlier. Results obtained more recently in Ref. [118] are shown in the third row; here, the
authors employ strategies to go beyond the NLO approach adopted in Refs. [124,125] and use information
from resonance saturation models to constrain the quark mass dependence of the short-range contact
operators and incorporate N2LO corrections to g4, fx, and the nucleon mass.

With decreasing quark mass, these earlier studies found the 'Sy phase shifts were reduced and the
36, phase shifts were enhanced. Thus, in dilute neutron matter where spin singlet interactions dominate,
the interaction energy will be less attractive when s-wave interactions dominate. In dilute nuclear matter
with an equal number of protons and neutrons (symmetric nuclear matter), where spin triplet interactions
dominate, the s-wave interaction energy is larger and more attractive when the quark mass is reduced.
However, when the pion becomes lighter and of longer range, higher partial wave contributions are in
general enhanced [127]. The attraction in the 3Py and ? P, channels is enhanced and the repulsion in the
1Py channel is reduced [125]. For these reasons, the analysis of the scattering lengths and the deuteron
binding energy is insufficient to inform about the behavior of matter at densities of relevance to nuclei and
neutron stars where contributions due to higher partial waves and higher-order quark mass-dependent

short-distance operators can contribute.

2.3.2 Axion condensation in Chiral Effective Field Theory

To address how nuclear interactions influence axion condensation, we first make the simple observation
that axion condensation is favored when the interaction energy per particle decreases with pion mass.
From the discussion in Sec. 2.2, we infer that in this case, condensation would occur at np < 2.6m44+
for e = 1. In ChiEFT, the m, dependence of the long- and intermediate-range parts of the nucleon-

nucleon and three-nucleon (3N) potentials is explicit because pion-exchanges are systematically included

in Weinberg power counting. The m, dependence of the nuclear interaction energy in PNM and symmet-
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Figure 2.6: Difference in the energy per particle (2.17) for the N2LO sim potentials [132] with two
momentum cutoffs A at np = ng.: as a function of m,: A = 500 MeV (left panel) and A = 450 MeV
(right panel), as annotated. In these potentials, we modify my, fr, and the LO LEC Ch s, (different line
styles), whereas g4 is kept at its physical value. The bands depict the variation of the LO LEC Ch So
according to Eq. (2.19). The results were obtained at the Hartree-Fock level (green bands) and using
second-order (blue bands) and third-order MBPT (red bands). The energy per particle at the physical
pion mass obtained from on our third-order calculations is F(ng) = 16.94 MeV and E(ng) = 17.21 MeV
for A = 450 MeV and A = 500 MeV, respectively. See the main text for details.

ric nuclear matter (SNM) has been studied in the context of addressing how (gg), the chiral condensate,
evolves at finite density [128-131]. In these studies, the Feynman-Hellmann theorem was exploited to
relate the change in (gq) to the derivative of the interaction energy with respect to m2. Explicitly, one
finds that

nB (dEmt(”B)> = Ro(np) — R(ng), (2.16)

2 2
fﬂ' dmﬂ' - :mg_hys

where Ej,¢(np) is the interaction energy per nucleon in nuclear matter, R(ng) = (qq)n/{Gq)o is the ratio
of the chiral condensate at a finite density to that in vacuum, and Ry(np) is the same ratio calculated
by neglecting interactions.

ChiEFT-based calculations reported in Refs. [129-131] find that R(ng)/Ro(ng) > 1 over the entire
range of densities where the ChiEFT is expected to be useful. Thus, the interaction energy increases with
decreasing pion mass in the vicinity of m, = mP"s in SNM and PNM. However, the study in Ref. [129],
which was restricted to the case of SNM, found that the ratio R(ng)/Ro(ng) < 1 for smaller m,. Their
calculations indicate that Ro(nsqt) — R(nsat) ~ 0.1 at m,; = 70 MeV and Ry (nsqt) — R(nsqr) ~ 0.3 in the
chiral limit. Together, these results imply that the interaction energy increases with decreasing m, for
my ~ mP"™ and then decreases rapidly for smaller values of m,. The microscopic calculations of the
energy per particle of PNM as a function of m, that we shall describe in the following show a similar

trend.
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Figure 2.6 shows the difference in the PNM energies per particle,
AB(nsar, M) = B(nsat, mx) — B(nsar, my™), (2.17)

for two chiral potentials at np = ng.: as a function of m, (see annotations). Here, we use the family of
bare N2LO potentials with chiral NN and 3N forces developed in Ref. [132]. These nonlocal potentials are
called the sim potentials because they were simultaneously fit to scattering and bound-state observables
in the pion-nucleon, NN, and few-nucleon sectors. Specifically, we use the two N2LO potentials with the
NN and 3N momentum cutoffs A = 500 (left panel) and 450 MeV (right panel); both constrained by NN
scattering data at laboratory energies Tj,p < 290 MeV [132]. The analytic expressions that define these
potentials and were used in this work are summarized in the Appendix of Ref. [133] and Section 5.1.2
in Ref. [134]. To obtain the PNM energy per particle, we apply the Monte Carlo framework for MBPT
nuclear matter calculations developed in Ref. [135]. The green bands in Fig. 2.6 depict the Hartree-Fock
reference energy and the blue and red bands the MBPT results at second and third order, respectively.
All MBPT calculations are performed at the normal-ordered two-body level. More details on MBPT for
nuclear matter can be found in Ref. [108]. This MBPT framework uses the operatorial definition of the
chiral potentials, allowing us to straightforwardly vary the values of physical constants, such as the pion
mass, low-energy couplings, and more. Not all chiral potentials are given in their operatorial form; e.g.,
when evolved to lower resolution scales using renormalization group (RG) methods, their operatorial
definition is usually unknown. For the solid lines in Fig. 2.6, we keep the values of the low-energy
couplings at their best-fit values determined in Ref. [132] and vary only the pion mass, nucleon mass,
and the pion decay constant. The m, dependence of the nucleon mass was discussed in Sec. 2.2.1, and

the m, dependence of the pion decay constant is given by

2

fTr = f |:1 + (167:;702)14] s (2.18)

with its value in the chiral limit f = 86.2 MeV and the LEC I, = 4.3 [118]. The pion-mass dependence
of the axial coupling constant g, is relatively weak in the regime considered here, as can be seen in
Figure 1 in Ref. [118], and thus we keep g4 = 1.29 at the physical value. We use these potentials to
identify overall trends and emphasize the need to explore the pion-mass dependence of a wider range of
chiral potentials in the future.

As noted earlier, the pion-mass dependence of the short-range components of the interaction that are
incorporated through scale-dependent LECs is not well understood or constrained by data. To study the
sensitivity of our results to variations in the short-range interaction, we have calculated the energy per
particle by changing the LEC C: s, that governs the strength of the NN contact interaction at LO in the

18y partial-wave channels. Specifically, we perform calculations for the energy per particle with a scaled
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value for this coupling constant,

(2.19)

Crsy(6) = OB, (22

1+n
where f(0) = (mw(9)/17”L1§’rh-"s)27 n = Dg(mghys)Q/C'}cigO and C’f‘go is the best-fit value in each isospin
channel obtained in Ref. [132]. Here, Ds is the LEC discussed in Ref. [124,126] that captures the pion-
mass dependence at NLO. We choose the two values = 0.1 to set the limits of this variation and adopt
mP»s = 138.04 MeV for the physical pion mass. The dotted and dash-dotted lines in Fig. 2.6 depict
the results for the PNM energy per particle with the modified LO coupling constant (2.19); the solid
lines correspond to n = 0 and thus Ch 50(0) = Ch S, Increasing the strength of Ch s, (8), corresponding to
17 = —0.1, reduces AE(ngq, m,), whereas decreasing the strength, corresponding to n = +0.1, increases
AE(ngqt, My).

Several important insights can be drawn from the results in Fig. 2.6. MBPT appears to converge
more slowly with decreasing pion mass, which could be further investigated using a Weinberg eigenvalue
analysis [136]. Although the leading Hartree-Fock energies indicate a systematic increase in interaction
energy with m, across the range shown in Fig. 2.6, the second-order correction reverses this trend. The
third-order correction is modest and of the same sign as the second-order correction. For relatively small
reductions of the pion mass (m, = 120 MeV for A = 500 MeV and m, = 110 MeV for A = 450 MeV),
the energy difference (2.17) is positive. The sensitivity of the results at the second and third order to the
cutoff variation is larger than that of the LEC variation. These general trends are not altered by varying
the momentum cutoff over the range shown in Fig. 2.6. However, the rather large dependence on the
momentum cutoff is disconcerting and warrants a careful inclusion of the m, dependence of the short-
range components of the force. As discussed earlier, we have studied the effect of the m, dependence of
the leading LEC associated with scattering in the 'Sy channel shows that the qualitative behavior is not
changed. Based on these trends, we conclude that the interaction energy at 6 = w, where m, ~ 80 MeV,
can be smaller than that at § = 0, where m, =~ 138 MeV. However, the energy difference AFE remains
quite sensitive to the regularization scheme.

Constructing a neutron star EOS with # = 7 using ChiEFT poses challenges as more work is needed
to include beta-equilibrium, charge neutrality, and heterogeneity in the crust. We defer this to future
work and instead use the ChiEFT results in PNM to inform the simpler RMFT model, which we shall
describe in the next section. In particular, we utilize the energy per particle of PNM at n = 0 and
momentum cutoff A = 500 MeV to fix a key parameter to account for changes to the nuclear interaction

at 0 = .

31



2.3.3 Axion condensation in Relativistic Mean Field Theory

To derive concrete results for neutron stars, we use a model within RMFT (see Ref. [137] for a review).
The Lagrangian of this theory is given by the following, omitting terms that will be discarded after

taking the meson fields to have their mean field values,

1

Lanr = Y ¥ [la — gowy’ — 59;)0’7073 = (mi — go0) | Vi
i=n,p

2.20
+ Z (i@ — me)tpe + %(fmZJQ +m2w? +m2p%) + Lowp , 20
t=e,
where the nucleon-meson couplings are denoted by ¢,,g. and g,, the meson masses by m,,m, and
m,, and m; are the nucleon masses. The term L, contains all meson-meson couplings that are fit,
along with the nucleon-meson couplings to known properties of nuclear matter for the canonical choice
of meson masses m, = 550 MeV and m,, = m, = 770 MeV. 73 is the third Pauli matrix in isospin space.
We use the IUFSU* parameter set from Ref. [138] because it is optimized for the calculation of finite
nuclei and our study will focus on the crust. The mean field values of the mesons and Fermi momenta
of the nucleons and leptons are calculated by solving the Euler-Lagrange equations for each field and
enforcing charge neutrality and 8 equilibrium.

Since mean field models do not explicitly include pion fields, incorporating the effects of a reduced pion
mass on nuclear interactions presents a challenge. To address this, we model the increased attraction
predicted by ChiEFT at lower pion masses by reducing the mass of the ¢ meson. This approach is
motivated by the fact that the two-pion exchange potential—which provides significant attraction in
ChiEFT—can be effectively represented by scalar (o) meson exchange in mean field models.

We consider three scenarios in our analysis. In Scenario A, we assume no change in the nuclear
interaction, meaning the o-meson mass is independent of #. In Scenarios B and C, we introduce a
modest reduction in the o-meson mass to mimic the decrease in energy per particle predicted by ChiEFT
at m, = 82 MeV. The specific values of m, used in these scenarios are informed by studies of the 6
dependence of meson masses reported in Refs. [116,117].

As noted earlier, Scenario A is the simple case where interactions are unmodified and only the nucleon
masses are modified by finite . For this case, Fig. 2.7 shows the energy per baryon, including axion
energy and the reduction of the mass of the nucleons, of SNM, PNM, and beta equilibrated matter in
this model. At fixed baryon density, the energy per baryon is minimized, leading to axion condensation
due to the reduced nucleon mass. For small €, the energy cost of having non-zero 6 is small and axion
condensation is favored at lower densities. Since the axions themselves contribute to the energy density,
the energy per baryon of axion condensed matter will always diverge in the limit of zero density and

a phase without axions will be favored. This has the effect of producing a minimum in the energy per
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Figure 2.7: Energy per baryon for SNM, PNM, and S equilibrated matter with RMFT EOS with IUFSU*
parameter set including axion energy in Scenario A.

baryon of axion condensed matter when ¢ is sufficiently small and allows a stable zero pressure phase of
nuclear matter at lower energy than normal nuclei. We will return to discuss objects made out of such
matter in Sec. 2.5.

The density where the energy per baryon of uniform nuclear matter has a minimum should be
differentiated from a state with zero pressure not including the axion contribution to the energy per
baryon that will be found in the crust. In the crust, the length scale over which the axion field profile
changes is much longer than the length scale of the lattice of nuclei. When there are no dripped neutrons,
these nuclei must be in a state with zero pressure after including the surface energy of nuclear matter since
the lepton and axion fields take on the same value inside and outside the nuclei. If axion condensation
causes the nuclear force to become more attractive, nuclear matter can be at zero pressure at a larger
isospin asymmetry, resulting in more neutron-rich nuclei.

In a neutron star, the more natural parameter to fix is the baryon chemical potential yug. Due
to the decreased nucleon mass, the value of pup corresponding to a system of nuclei in a lattice with
0 = 0 corresponds to bulk matter at # = 7. As a result, the axion domain wall never separates two
heterogeneous phases. While there can be a transition from homogeneous matter with § = 7 to a normal
crust, there will be no matter outside the domain wall in any star where an axion-condensed crust phase
appears.

Of particular relevance to observations of neutron stars is the pressure at which neutron drip occurs.
Neutron drip refers to the density at which it becomes energetically favorable for neutrons to come out
of nuclei and form a background of free neutrons. As such, the neutron drip phase transition will occur
when the baryon chemical potential is equal to the mass of the neutron (possibly modified by finite 6)
in the case where PNM is not self-bound. If the axion-condensed phase persists to the surface of the
neutron star, but the negative axion pressure is larger than the pressure of electrons at neutron drip

density (nuclei make a small contribution to the pressure), the neutron drip phase transition will not be
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found in the neutron star and the surface of the star will have a thin domain wall covering either a phase
of nuclei in a dripped neutron background or bulk nuclear matter.

Not included thus far is the pion mass dependence of the nuclear force itself. As noted earlier, we use
a simple ansatz for modifications to the nuclear force, we modify the ¢ mass with a tunable parameter

d, as follows:

1+d,f(0)

2.21
1+ds ( )

mg(6) = m (0)
The #-dependence of the masses of the o and p mesons have been calculated in Refs. [116,117]. They find
that, comparing 6 = 0 and 6 = 7, the 0 mass decreases by about 6% and the p mass decreases by about
2%. At low density, the RMFT EOS is dominated by the ¢ meson and its modification is much larger
than that of the vector mesons so we focus on the effect of modifying the scalar interaction. Note that
the logarithmic derivative evaluated at the physical quark mass K, = dlnm,/dlnm, = d,/(2 + 2d,).
Scenario A, in which the nuclear forces are not modified, corresponds to K, = 0. For positive K, the o
mass is lower, leading to a larger mean field value of the o field and a more attractive nuclear force. The
limit K, = 1/2 corresponds to the o mass having the same dependence as the 7 mass. The 6% reduction
to the o mass found in Refs. [116,117] is reached for K, = 0.08. This is the value we adopt in Scenario
B. We also note that Ref. [118] found that K, = 0.081 £ 0.007. For Scenario C, we consider a more
extreme modification to the nuclear force with K, = 0.16, which achieves the same binding for neutron
matter found in our most attractive estimate from ChiEFT found for cutoff A = 500 MeV. These three
scenarios together span the parameter space supported by our ChiEFT calculation. We will refer to our
three scenarios based on the value of K, evaluated at the physical point, but the actual 8-dependence
is given by Eq. (2.21) and K, is not a constant when 6 is varied. Scenarios B and C are tuned to
the properties of axion condensed matter at § = w; K, at the physical point is merely a convenient
benchmark. The leading modification to the effective axion mass from this modification to the nuclear

force is given by

2
_ Lowns (1 4 Kogons mAU)] (2.22)

mz,eff(nanI) =m { - F2m2 onYmZ  np oy
where g, is a parameter of the RMFT model and x is the volume fraction of nuclei when in a hetero-
geneous phase and unity in a homogeneous phase. At saturation density, g2ns../onym?2 ~ 11 for the
RMFT model we use so for Scenario B, axion condensation should be expected below ng,t for e < 0.8
and in Scenario C, axion condensation should be expected below ng,t, even for € = 1! While this is a
striking prediction, it should be noted that RMFT is a model for the nuclear interaction that does not
have explicit pions and we are parameterizing the expected effects of a reduced pion mass via the meson

masses and where Scenario C is chosen to recreate the most extreme prediction of ChiEFT. While the

o meson is typically understood as a two pion resonance, this comparison is certainly incomplete. More
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Figure 2.8: Kinetic and nuclear interaction energy per baryon for SNM, PNM, and 3 equilibrated matter
at & = 7 with RMFT EOS with IUFSU* parameter set and our three choices of K,. The estimate
for the binding of PNM from ChiEFT is shown with the approximate error bar including cutoff- and
n-dependence.

detailed study is required to determine the fate of neutron matter at saturation density. The predictive
power of this model is additionally limited by the fact that we only consider isoscalar effects on the nu-
clear force. Axion condensation may also have an important impact on the symmetry energy of nuclear
matter beyond the effect of Ac. We expect this to have a more pronounced effect at high density where
our model of the nucleon-axion interaction breaks down.

Figure 2.8 shows the kinetic and interaction energy per baryon for Scenarios A, B, and C at 6§ = 7.
Since this only includes the energy from the kinetic energy of baryons and nuclear forces, this quantity
is independent of €. Note that this differs from Fig. 2.7 in that the reduction of the nucleon masses is
not included in this value.

When ¢ is small enough that axion condensed matter is favored down to zero pressure, there can
be striking effects on the crust of the star. We construct an axion-condensed inner crust of nuclei in
a background of dripped neutrons, including Coulomb and surface energies. Since the constraints we
derive on axion parameter space are tied to the properties of the crust, we choose a surface tension
o = 0.75 MeV/fm2 tuned to recreate neutron drip pressure at § = 0 calculated with more detailed
microphysics (see, e.g., Ref. [139]). To be self-consistent between the two phases, the phase transition
will be calculated between the RMFT model in all crust phases for all values of # rather than using
a tabulated crust EOS. Where relevant, we compare quantitative results to the calculation of crust
properties calculation in the BPS and NV EOSs [139, 140].

For sufficiently large K,, PNM saturates even for ¢ = 1, giving zero pressure solutions at finite
density. For 0.035 2 K, 2 0.025, there are two positive pressure branches to the PNM EOS, producing
a jump in density in the inner crust. For K, 2 0.035, the neutron drip phase transition would become
a first-order phase transition to a phase of saturated neutrons if it appeared in the neutron star, but as
we will show later, within this model the neutron dripped phase is never favored for such large values of

K,.
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Figure 2.9: Phase diagram for RMFT model with ITUFSU* parameter set and our three choices of K, .
The colored diagonal lines show the domain wall pressure for a fiducial neutron star radius R = 12 km
and two example axion masses. The blue shading (no shading) indicates the pressures for which § = 7
(0 = 0) is the favored phase. The hatching indicates the regions of increasing density within the neutron
star: outer crust (cross-hatched), inner crust (diagonal hatched) and core (no hatch).

Figure 2.9 shows a phase diagram for the RMFT model as a function of pressure and . In the
blue-shaded region, § = 7 is favored while in the unshaded region, 8§ = 0 is favored. The cross-hatched
regions contain the outer crust of nuclei and electrons and the diagonal-hatched regions contain the inner
crust of nuclei, dripped neutrons, and electrons. Regions without hatching are composed of homogeneous
nuclear matter. The diagonal colored lines show the domain wall pressure for an axion of a given mass
with the specified ¢ if the radius of the domain wall is 12 km. When the boundary region is treated
as infinitely thin, this is the pressure difference across the domain wall. For small ¢ where the axion
condensed phase is favored for all densities, this acts as a cutoff pressure at the surface of the star; lower
pressures can only exist in the finite size of the domain wall itself. Effects of the domain wall will be
discussed in more detail in Sec. 2.4.2.

Note that points in the axion condensed phase with the same pressure but different & have different
energy densities. Equal pressure but larger € corresponds to larger energy density both from the energy of
the axions themselves, but also because pressure equality results in a larger baryon density to compensate
for the negative axion pressure. In the normal phase, this effect is not present and all points of a given
pressure have the same density. For ¢ — 0, if the nuclear force is not modified the phases present in the
neutron star look very similar to what is found in a star without axions, but for intermediate values of
€, some phases may be missing because the negative axion pressure cuts off the edge of the neutron star
before the density for that phase is reached. In this case, the missing phases will only be found in the
domain wall region.

As K, is increased from 0, the pressure of the PNM surrounding the nuclei in the inner crust
decreases significantly and, as a result, the chemical potential corresponding to the crust-core transition
(the boundary between the diagonally hatched and unhatched regions) decreases. At the same time, a

more attractive nuclear interaction causes nuclei to become more neutron-rich, increasing the electron

36



chemical potential. An increased electron density corresponds to a larger pressure at neutron drip (the
boundary between the diagonal hatched and cross-hatched regions). For sufficiently large K, if ¢ is
small enough for an axion condensed crust to be present, there will be a phase transition directly from
bulk nuclear matter to a phase with nuclei and free electrons, with no dripped neutrons. This occurs
because bulk matter is favored when the chemical potential is less than m, (0 = 7) + I',,(0 = 7) where
I, (0) is the binding of PNM in the case where neutron matter is self-bound (Scenarios B and C) and 0

in the case where it is not.

2.3.4 EOS of axion condensed matter

Figure 2.10 shows the RMFT EOS for charge neutral, S-equilibrated matter for several choices of ¢ in
the three scenarios discussed. We focus on the crust and outer regions of the core as those are the
densities at which the effects of axion condensation are well understood. The solid red curve corresponds
to the normal EOS without axions. For comparison, the black dotted curve shows the BPS+NV crust
EOS [139,140].

We first focus on the left panel of Fig. 2.10. For ¢ = 107%, the axion field itself contributes very
little to the energy density and pressure at the densities pictured, and Scenario A looks very similar to
the case with no axions. At pressures of order em? f2 ~ 10 x ¢ MeV/ fm® the curve for Scenario A will
diverge from the EOS without axions and go to zero pressure at finite energy density. For e = 107° this
corresponds to p ~ 107°MeV/ fm3, outside the plot range shown. This occurs because zero pressure in
the axion condensed phase occurs when the pressure of nuclear matter exactly cancels the negative axion
pressure, corresponding to a much larger baryon density than normally found in nuclear matter at zero
pressure. The point where the curves for Scenario B and C in the left panel diverge from Scenario A and
the EOS without axions corresponds to the neutron drip phase transition for Scenario A and the EOS
without axions. When K, is large enough that the inner crust is absent, the pressure is larger (the EOS
is “stiffer”) at energy densities where ordinarily dripped neutrons would be present because there are
fewer degrees of freedom in the system, resulting in the lepton density being larger. At the crust-core
transition, however, there is a large jump in energy density from the mixed phase to bulk nuclear matter,
resulting in a lower pressure (the EOS is “softer”) in the outermost part of the core.

The center and right panels of Fig. 2.10 can be understood in terms of the basic trends in the left
panel. For ¢ = 1073, the outermost regions of the star are still axion condensed, and the only difference
between the center and left panels is the much larger energy density and negative pressure from the axion
field itself. This results in the equation of state going to zero pressure at large energy density because
the nuclear matter at zero net pressure must contribute enough pressure to cancel the much larger axion
pressure. In the right panel, Scenario B and C remain axion condensed down to zero pressure but the

much larger value of € means that this occurs before the crust-core phase transition and the jump in
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Figure 2.10: The RMFT EoS for three example values of € and the three K, scenarios using the IUFSU*
parameter set. The standard no axion RMFT EoS and the BPS+NV EoS for the crust are shown for
comparison [139,140]. See section 2.3.4 for details.

energy density seen at lower ¢ is not present. In Scenario A in the right panel, axion condensation is not
favored at the lowest densities and there is a phase transition from axion condensed matter to normal
matter, producing a discontinuity in the energy density due to the much lower baryon density in the

normal phase.

2.4 Neutron stars with 0 = 7 matter

In this section, we describe the modification to the neutron star EOS taking into account the effects
we discussed in Secs. 2.2 and 2.3, including the negative pressure at § = 7m and modifications to the
nucleon masses and interactions, as well as the axion field profile and domain wall pressure. Neutron
star structure can be derived by combining gravity and these new effects that depend on the axion
coupling and masses, parameterized by £ and m,. Qualitatively, for larger m, (m, > 1/Rns), the axion
field profile can be treated as a thin wall over which the gravitational potential does not change, and the
gravity and axion effects can be accounted for separately. We will first discuss neutron star structure in
the simpler case where this approximation is valid, before commenting on the criteria for the validity of

the approximation and working out the more general cases.

2.4.1 Neutron star structure in axion condensed stars

An ordinary neutron star has an outer crust composed of nuclei in a background of free electrons and an
inner crust composed of nuclei in a background of free electrons and dripped neutrons, together having
a thickness of around a kilometer (see the left panel of Fig. 2.11 for a sketch). The possibilities for the
outer structure of a neutron star become more varied in the presence of axion condensation, depending
on the value of ¢ and any modifications to the nuclear force. In the simplest case, for ¢ 2 0.1, the center

of the star is axion condensed with a transition to normal matter at some intermediate radius. That
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Figure 2.11: Layers of a normal neutron star (left) and a neutron star with an axion condensed inner
core (right). The thickness of layers is not to scale. See section 2.4.1 for discussion.

radius may be large enough that portions of the normal crust are missing with, e.g., a transition directly
from bulk matter at § = 7 to an outer crust at § = 0 with possibly a thin inner crust in the domain
wall region. For larger ¢, the entire normal crust is present and only a portion of the bulk matter in the
center of the star is axion condensed, with a domain wall region of thickness Arpyw ~ 1/mg s in which
the energy density changes rapidly but the pressure is nearly constant. This case is sketched in the right
panel of Fig. 2.11.

For smaller ¢, different structures for the outermost layers of the star are possible. For 0.01 <& < 0.1,
there is no positive pressure where a heterogeneous phase is favored in all three scenarios and bulk matter
at 6§ = 7 persists almost to the edge of the star. A crust in this case is only present in the thin domain
wall region where the pressure of bulk matter is negative and hydrostatic equilibrium is maintained by
the pressure produced by the axion gradient. In this case, pouik & —pgraa = —f2(V6)?/2. This case is
sketched in the left panel of Fig. 2.12 for Scenario A. Scenarios B and C look the same, but without a
phase of dripped neutrons. If € is smaller, it is possible to have an axion-condensed crust at positive
pressure. In this case (sketched in the right panel of Fig. 2.12 for Scenario A), if the nuclear force is not
significantly modified, some or all of the normal layers of the crust will be present in the 8 = 7 region.
The domain wall region still has a positive gradient pressure in this case and will support more crust at
a negative bulk pressure.

Although our treatment of axion condensed matter does not apply at arbitrarily high density, we
can still speculate about the effects of axion condensation on neutron star masses and radii. A similar
calculation was performed in Ref. [104] for a non-interacting gas of neutrons, see also Ref. [141] for scalar
effects on the crust thickness and EoS. As can be seen in Fig. 2.10, at low density, the EOS is typically
softer for # = 7 and € not too small because of the contribution of the axion field. A naive extrapolation
of nuclear matter to high density with only the axion-nucleon interaction we have considered thus far

will eventually yield a stiffer EOS because of the lighter nucleon mass. This results in heavy neutron
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Figure 2.12: Layers of a neutron star with a crust only in the domain wall region (left) and one with
an axion condensed crust (right) in Scenario A. Scenario B and C are the same, but with no dripped
neutron phase. The thickness of layers is not to scale. See section 2.4.1 for discussion.
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Figure 2.13: Mass-radius relationship for neutron stars with three fiducial € values and K, in RMFT. We
consider only the leading interaction between nucleons and axions (which leads to unknown uncertainties
for M 2 1.4 M) and neglect the thickness of the domain wall.

stars having larger radii and larger maximum mass. Figure 2.13 shows the relationship between mass
and radius for neutron stars with various € within this simplistic picture of the high density EOS and
treating the domain wall as thin (1/m, < rng).

Counter-intuitively, larger K, yields larger NS radii for very small e, pointing to a stiffer EOS. At
high density, larger K, results in a stiffer EOS because of greater reduction to the effective nucleon mass.
At low density, larger K, corresponds to nuclei with larger isospin asymmetry increasing the electron
pressure once the neutron dripped phase is missing, again giving a stiffer EOS. Only in a range of energy
densities just above the crust-core phase transition do Scenario B and C give a softer EOS than Scenario
A with Scenario C having such a small region of softening that it has a minimal effect on the mass-radius
curve and radii are larger for all masses.

For € where the lowest density parts of the crust are missing, low mass stars may have very small radii,
with a mass-radius relation akin to strange quark stars. Unlike a strange quark star, however, neutron

stars with a condensed axion field lack a confining potential at their surface, and as a result have a thin

40



Scenario A: K,=0 Scenario B: K,=0.08 Scenario C: K,=0.16

1.5 \

=== crust thickness

== == crust mass

=== outer crust thickness
* outer crust mass

10~

Figure 2.14: Crust and outer cruss mass and thickness of a 1.4 Mg neutron star as a function of ¢ for
RMFT EOS. The three panels correspond to the three interaction scenarios (Table 2.1). The curves are
normalized to 1 for a star without axions.

crust of matter at intermediate 6 in the domain wall region. Since the density and chemical potential
smoothly go to zero on a length scale determined by the axion field profile, unusual surface properties
of strange quark stars (see, e.g., Ref. [142] for a detailed discussion) are not present in axion condensed
stars. For the same reason, the radius of an axion condensed star does not go to zero for vanishing mass
for any e but will always be limited by the finite size of the domain wall. The minimum stable mass and
radius of a compact axion condensed object will be addressed in greater detail in Sec. 2.5.

Since our treatment of the interaction between axions and nucleons is only strictly accurate at densities
around or below nuclear density, predictions from our calculation of the mass-radius relationship should
be considered speculative for M 2 1.4 M. As such, the constraints we draw will all be based on the
structure of the crust in axion condensed stars. We will use masses and radii of 1.4 M, stars calculated
with the uncertain high density equation of state as a starting point to calculate the crust and domain
wall, but these will only have an effect by altering the gravitational potential and explicit dependence of
gradients on the radius in spherical coordinates. Since the inclusion of axion condensation changes the
radius of a 1.4 Mg, star by up to approximately a kilometer, and the uncertainties from nuclear physics
are £1-3km (cf. Fig. 3 in Ref. [143]), this is a sub-leading source of uncertainty.

Focusing on the crust, Fig. 2.14 shows the total thickness and mass of the crust and thickness and
mass of the outer crust alone of a 1.4 My neutron star as a function of €, normalized to the value for a
star without axions. In Scenario A, the stars at very small € have nearly the entire crust and look very
similar to a star without axions, though the envelope (the region of the crust with p < 10'° g/cmB) is
still diminished, providing a constraint from the cooling of isolated neutron stars, as will be discussed in
Sec. 2.6.2. In Scenarios B and C, there is less overall mass in the crust because of the lack of dripped
neutrons. This will reduce the moment of inertia in the crust and can be constrained with pulsar glitches,

as will be discussed in Sec. 2.6.3. In all three scenarios, when 10™* < & < 0.1 the overall thickness of the

41



crust is diminished. Observations of the thermal relaxation timescale of neutron stars in x-ray binaries

put a lower limit on the necessary thickness of the crust and will be discussed in Sec. 2.6.1.

2.4.2 Axion domain wall

An axion domain wall separates regions with densities that are larger and smaller than ng ~ em?2 f2 /o .
This profile, in general, should be solved together with the density and pressure profile of the neutron
star. In the limit where m@©P > m, > 1/rys, the axion profile is a thin domain wall, located at a radius
r, from the center of the neutron star. The tension o, of this field profile wrapping the nuclear matter
inside the neutron star exerts a pressure of o, /2r,, the minimal pressure of the matter inside the domain
wall.

We solve the axion field profile in two regimes, extending the formalism described in section 2.2.3
to include nuclear interactions. First, consider the limit where an axion domain wall is in a smooth
background of nuclear matter which is changing slowly over length scales much longer than 1/m,. In

this case, we can solve the axion field profile in PNM as

o2y (m2 _on(l+ 5“‘“”)%(7")) £, sinfa/ f.]

¢ 12
(2.23)
(loc)
~ O'N(l —}-a(s 1 ) dn(yllT(r) o (T _ ra) Sin[a/fa],

where §(°9) & K, ng/ onxm? is an order-one quantity that encodes the m, dependence of the effective
axion mass. Details can be found in App. B.

For axion profiles with thickness much smaller than r,, at linear order in a/f,, the solution of this
equation is an Airy function, where the field profile changes over a length scale of (m2/r,)~/3. The
domain wall tension of this axion profile is o, < m,f2 and the resulting pressure difference due to this
domain wall profile between inside and outside is smaller than that due to the vacuum energy difference
of m2 f2.

The smooth density profile would be a good approximation only for the largest e, where the axion
domain wall is situated close to nuclear density. As we showed in Sec. 2.3, for most of the € we consider,
the domain wall is between regions with drastically different densities, and the density (and pressure) of
the matter outside the domain wall is effectively zero. In this second case, inside the domain wall, the
density n;, is such that the degeneracy pressure is

2\2/3
(37r)/ 5/3 242
5m Ny =Mglg >
n

(2.24)
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and the axion mass in the region inside the domain wall is much larger than the axion mass in vacuum

at small e, by a factor of

ma(ni)  (onm\"?  o)*(Gma)1° 15 (2.25)
me  \m2f2) T Ba)s(m2f2) s el '

In this limit, the field profile is changing mainly inside the region of low density, and the field profile has
an extent of 1/m,. This exerts a pressure of ~ m, fg /rNns on the matter inside, again smaller than the
pressure difference due to the changing vacuum energy?.

For axion masses that are not too small, the chemical potential can be treated as approximately
constant in the domain wall crust. Across a domain wall crust, the changing nucleon mass modulates
the Fermi momenta in the same way that a changing baryon chemical potential does in a normal star,
but on a much shorter distance scale. This approximation is good as long as the condition dupg/dr <
dmpy(6)/d0 x df/dr. Since 6 changes on a distance scale 1/m, and the local chemical potential can
be expressed in terms of the local spacetime metric e(") = ggo (r) and redshifted chemical potential jig
according to up(r) = fige™ ("), this condition can be translated into a condition on the axion mass and

the gravitational potential near the surface of the star,

M
GMns MmN L9 x107MeV, (2.26)

mg >
@ T%S(l — 2GMN5/TN3) ON

with the final value given for a 1.4 M, star with a radius of 12 km. In what follows, we will consider axion
masses mq > 1071%eV when calculating the domain wall crust and will treat the chemical potential as
approximately constant in this regime.

The equivalent condition in the case where the domain wall is inside the star is

(2.27)

GM, Ihe <1 N 47rr2pc)

a,e > -
mact(ne)l > a S e T o M,

where r, is the radius of the domain wall, M, is the mass contained within r» < r,, and p. and u,. are the
critical pressure and chemical potential where the phase transition occurs. In practice, p. < 0.1 MeV/ fm?
for € where the crust is strongly affected and the GR correction is at most a few percent and we can

instead use the approximate form

GM, e
(1—2GM,/ry) on’

[Maen(np)l > — (2.28)

3In the Zx model, the vacuum energy difference is m2 f2 /A2, while the domain wall pressure becomes comparable to
this vacuum pressure when rng >~ /\f2/ma7 that is me ~ 1078 eV for € ~ 2 x 10~7. The density ni, for which Eq. (2.24)
is satisfied is still much larger than the critical density for which Eq. (2.11) saturates, since the equation Eq. (2.25) is only
modified by logarithmic corrections.
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This approximation fails in the case where the domain wall is very near the center of the star and M, is
small. In practice, this is a challenging constraint to implement since mq g changes sign in the vicinity
of the domain wall. In the core where the baryon density changes more slowly, this leads to a very
extended domain wall even for axion masses that are larger than 1/Rns, with the extent of the domain
wall becoming comparable to the gravitational scale for m, < 1072 eV. For the sake of calculating the

~

contribution of the domain wall to the crust, we limit ourselves to axion masses m, > 10~ eV when the
domain wall is inside the star. This does not affect the final constraint we determine.

Apart from the two special cases, more generally, in order to numerically solve the axion field profile,
we will work in the limit where the baryon chemical potential changes on a length scale that is long
compared to the length scale for 6 to change, set by Eq. (2.26) for the case where the domain wall is at

the surface of the star and Eq. (2.28) for the case where the domain wall is in the interior of the star. In

this case, we can solve the axion field profile at fixed chemical potential according to

1 dQ
20 e
v f2 do
1 Ao (2.29)
= 2 { o SN ) + O] + T3 0) = 0l 0] - e 211°6).
where ngs) = JF/Om, is the scalar density of baryon species ¢ which at leading order in bulk matter

is given by ngs) = n; — k3, /[107?m?2(0)], the spatial gradients include corrections from gravity, and the

scalar densities are found at fixed baryon chemical potential. The quantity 61°®) comes from the explicit

mgy-dependence of the RMFT Lagrangian and is approximately given by

2
5(loc) ~ Ko 9o (s) + (s) (2 30)
~ on m, np n,, s .

where ¢, is the coupling of the ¢ meson to nucleons in the RMFT model and x is equal to the volume
fraction of nuclei in the outer crust and unity in the core. Exact expressions including higher-order
RMFT corrections and the more complicated expression for the inner crust can be found in App. B.
This correction is order one for both Scenarios B and C in the outer crust and core and should not
be neglected, but is suppressed in the inner crust. Note that this correction is due only to explicit m,,
dependence of the RMFT Lagrangian; implicit dependence via the effect of m, on the Fermi momenta
of the nucleons and the mean-field value of the o field vanishes since the mean-field approximation will
always give Fermi momenta and a mean-field value for the o field that minimize the free energy.

The fixed baryon chemical potential approximation leads to overestimating the amount of matter in
the crust irrespective of the location of the crust. In the case where the domain wall is at the surface of
the star, the small decrease to the baryon chemical potential in the domain wall will cause the baryon

density to decrease more rapidly, resulting in a thinner crust. In the case where the domain wall is
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inside the star, a domain wall that is too broad would result in overestimating the size of the crust since,
in reality, part of the domain wall would extend into the crust rather than being a separate layer that
gets added to a normal crust. Since our constraint is derived from layers of the crust being missing or
diminished, this approximation is conservative.

It is worth noting that the equations of hydrostatic equilibrium do not need to be solved separately
in the domain wall because they are automatically satisfied by solving the Fuler-Lagrange equation for

the axion field given by Eq. (2.29). This can be seen by observing that

dppu _ d2d8 5,
dr dodr JaV70

de 1d,, 9 dpgrad
— = = . 2.31
AV = (231)

The differential equation given by Eq. (2.29) can be solved by a shooting procedure, varying the initial
conditions at the inner edge of the domain wall until a solution is found that smoothly goes from 6 = &
to zero. In practice, solving this equation is greatly simplified by making a change of variables to confine
0 to be between zero and m, 8(y) = 7/(1+€¥) and solving the resulting equation for y. Numerical results
from this calculation will be presented in Sec. 2.6.

Since we perform calculations in the domain wall region only in RMFT, the entire #-dependence in the
domain wall is contained in the nucleon and meson masses and the energy of the axion field itself. There
are additional terms in the nuclear Lagrangian that contribute only when 6 is at some intermediate value
that violates parity and a detailed calculation of the domain wall from first principles should include

these terms that we neglect. For further discussion, see App. A.

2.5 Finite size objects at zero pressure

As was first noted in Refs. [96,104], an object comprised of nuclear matter at § = 7 can be stabilized by
the negative pressure m?2 f2, rather than gravity. These objects, which we call 7-balls, are held together
by the attractive axion potential as long as the baryon chemical potential is too small to allow nucleons
to escape (see also [141,144,145]). Given the constraint from white dwarf stability of ¢ > 2 x 1077,
a zero-pressure object balanced by electron degeneracy pressure cannot exist. If a neutron star has a
central density large enough to be unstable against axion condensation, it is possible that when such a
neutron star is disrupted in a binary neutron star merger, m-balls may be part of the ejecta. Having
an axion field surrounding them, these objects may produce a unique electromagnetic signature. Such
questions of production and observational signatures of 7-balls will be explored in the future; in this
work, we merely comment on their basic properties.
An object with size R > 1/m, made of PNM is stable at almost zero pressure when

(371_2)2/3
5my,

2
pow = e _ _cp2 2 - pmy) 4

5/3
57 nd/3 (2.32)
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Figure 2.15: Minimum stable radius of a m-ball made of SNM and PNM as a function of €. Thin lines:

mg = 1072 eV, thick lines: m, = 107%eV. The dotted black lines show lines of R = m/m,, for the two
axion masses.
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Figure 2.16: The corresponding minimum stable mass of a m-ball made of SNM and PNM. Thin lines:
mq = 1072 eV, thick lines: mg = 107%eV. The black dotted line is the maximum mass before gravity
becomes important from Eq. (2.35).

and the Fermi energy of the neutrons is smaller than the kinetic energy required to escape the § = 7

region
2\2/3
(37%) ni/s

T <on[l— f(m)], (2.33)

which, when combined with Eq. (2.32), is identical to the condition for the appearance of the § = 7
region (onn, > £f2m?) if the domain wall pressure is small. The mass-radius relation of this object can

be found to be

M~ 47 R® m,, (5my,em? f2)3/5 8/8

mqy,Mmyg

3 (3m2)2/5 [1 —Jm+ 2Rma(my + ma)? ’

R\
~ 2 % 1018¢3/5 (lm> kg,

(2.34)
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where the last equality holds if m, R > 1. The maximal radius of this object where gravity can be ignored
can be found by equating the gravitational potential energy with the Fermi energy of the neutrons on

the surface of this object, which yields R ~ 56"/ km and the resulting maximal mass is

Mooy ~ 0.123100 (2.35)

beyond which the gravitational binding energy/pressure cannot be ignored. The minimal mass of a 7-ball
can either be found at R = m/m,, when the thin wall approximation fails, or when the domain wall
pressure becomes large enough that the baryon chemical potential exceeds the bare neutron mass. When
the baryon chemical potential becomes larger than the bare neutron mass, it is energetically favorable for
neutrons to leave the § = 7 region. In the dilute approximation where nuclear interactions are ignored,
the condition set by Eq. (2.33) is saturated when R ~ 1.2¢'/2/m,, which is smaller than 1/m, for any

€ < 0.7. This leads to the final minimal mass of

21/10 (107%eV
Mo =~ 8 x 10°%/2 MeV* /m3 = 2 x 1077 My, (105_1) (me) . (2.36)

In practice, to calculate the minimum mass of a stable object, nuclear interactions must be included.
In the case of PNM, the minimum stable size is determined by the requirement that the baryon chemical
potential not exceed the bare neutron mass. In the case of SNM, the minimum stable size is determined
by the requirement that the baryon chemical potential be less than the energy per baryon of the most
bound symmetric nucleus, pp./A = my — 8 MeV.

Figure 2.15 shows the minimum stable radius for 7-balls made of SNM and PNM and Fig. 2.16 shows
the minimum stable mass, including nuclear interactions from the RMFT model and stabilized by axions.
The horizontal dotted lines in Fig. 2.15 show when m,R = 7 and the domain wall approximation fails.
The black dotted lines in Fig. 2.16 show the mass at which gravity cannot be neglected from Eq. (2.35).
Note that when the constraints on axion parameter space from neutron star measurements we will
derive in section 2.6 are taken into account, these w-balls should typically have masses larger than the
Earth. They will have masses comparable to heavy planets or brown dwarfs, and sizes as large as a few

kilometers. Observation of one of these objects would be quite remarkable.

2.6 Observable implications and constraints

In this section, we estimate constraints on the exceptionally light axion parameter space from neutron star
observations. We focus on three observables based on modifications to the crust of an axion-condensed
neutron star: thermal relaxation times of the crust in accreting systems (Sec. 2.6.1), cooling rates of

isolated neutron stars based on a diminished envelope, first considered in Ref. [99], (Sec. 2.6.2), and
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Table 2.3: Range of ¢ corresponding to different locations of the domain wall in the thin-wall approxi-
mation (m, > 1078 eV).

~

Region (A) K, =0 (B) K, =0.08 (C) K, =0.16
DW at surface € < 0.068 €< 0.27 € <0.61
DW in crust 0.068 < e < 0.27 0.268 < £ < 0.56 0.61 < ¢ < 0.96
DW in core at ng < ngat 0.27 << 0.38 0.56 < e <0.75 096 <e <1

fractional moment inertia of the crust as inferred from pulsar glitches (Sec. 2.6.3). All of these rely only
on the understanding of neutron star matter and dynamics below saturation density. In Sec. 2.6.4, we
summarize the constraints in the context of the Z model of exceptionally light axions.

We note also that the mass-radius relation of axion condensed stars has some unusual features (see
Sec. 2.4.1) which could lead to constraints on axion models. Current measurements of the masses and
radii of neutron stars are not yet precise enough to draw conclusions. Next-generation experiments may
significantly reduce the error bars and yield a useful constraint if the EOS for a range of densities, and
for both # = 0 and 6 = 7, is better understood.

To understand the constraint from observation, we apply the methods discussed in Sec. 2.4 and
specifically the understanding of the axion domain wall established in Sec. 2.4.2. There are three distinct
regions for this calculation. First, when # = w is the favored phase all the way to zero pressure, the
domain wall sits at the surface and forms a thin shell surrounding the rest of the star at negative bulk
pressure, resulting in a thinner crust if € is not too small (cf. Fig. 2.14). Second, when the transition
from 8 = 7 to § = 0 occurs in the crust of the normal phase, the domain wall connects a homogeneous
axion condensed phase to a heterogeneous normal phase and the size of the crust is diminished. Third,
when the phase transition to § = m occurs at a density above the crust-core phase transition, the entire
normal crust is present and we draw no constraint.

If the domain wall is inside the star, the entire normal envelope is present and constraints can only
be drawn from thermal relaxation and glitches, although the constraint from thermal relaxation is much
weaker. When the domain wall is at the surface, all three constraints are relevant. Thus far we have
focused on results for € > 107; here, for the sake of calculating a constraint from the lack of an envelope,
we consider ¢ as low as 5 x 10™7 as this is the € at which the envelope appears for positive pressure at

6 = 7 (i.e. not only in the domain wall). Table 2.3 shows the ranges of ¢ relevant for each region.

2.6.1 Constraint from crust thermal relaxation in x-ray binaries

Neutron stars in transiently accreting x-ray binaries go through periods of outburst and quiescence,
reaching a quasi-steady state on astronomical timescales [146]. During outburst, matter is rapidly ac-
creted onto the neutron star surface from a companion and pycnonuclear reactions deep in the crust heat

the star. On timescales of tens to hundreds of days (see, e.g., Ref. [147]) the crust cools and comes back
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into thermal equilibrium with the core. Properties of the crust of neutron stars in these x-ray binaries
can be inferred by observing the timescale for the crust to thermally relax following an outburst. The
thermal timescale is roughly given by 7, ~ Cy (Ar)?/k where Cy is the specific heat of the crust, & is
the thermal conductivity, and Ar is the thickness of the crust [148].

The specific heat capacity, Cy, in the crust of a neutron star is influenced by electrons, ions, and
neutrons, depending on the ambient temperature. However, the thermal conductivity, x, is primarily
determined by electrons across all relevant temperatures [149]. For typical crustal temperatures in the
range of 107-10% K, as found in accreting neutron stars, the electron contribution provides a lower bound
for Cy, while the neutron contribution—typically suppressed due to superfluidity—sets an upper bound.

In Scenario A, since nuclear interactions remain unchanged, the crust’s composition is also rela-
tively unaltered for pressures much larger than the axion pressure. In Scenarios B and C we expect
an increase in electron density above the neutron drip pressure of normal nuclear matter with a maxi-
mum increase by a factor of 3-4 near the crust-core boundary in Scenario C. In all scenarios, electron
conduction is primarily limited by electron-phonon scattering. To estimate uncertainties in electron
scattering rates due to electron-phonon interactions in Scenarios B and C, we modified the phonon
spectrum for solids with varying nuclear charge Z, mass number A, and the corresponding plasma fre-
quency, w, ~ (4me?Z%n;/Am,)*/? [150]. Axion condensation softens the spectrum of phonons, enhancing
electron-phonon scattering and suppressing the contribution of phonons to Cy (for a review of thermal
transport in neutron star crusts, see Ref. [20]).

At equal nuclear pressure (i.e. not including the negative axion pressure) the lack of dripped neutrons
generically enhances k in Scenarios B and C due to a significantly larger electron density when nuclei
are treated in mean field theory. In order to outweigh the effects of increased electron density, Z/A
would need to decrease by about an order of magnitude. At these densities, A > 100 and including shell
effects is unlikely to produce such a massive change. Nonetheless, lacking an ab initio calculation of
neutron-rich nuclei in the axion condensed phase, we place a generous uncertainty on this prediction. At
low temperatures, the effect on Cy from axion condensation is dominated by a decreased contribution
from phonons, which as with x is susceptible to modifications from shell effects. For 7> 5 x 107 K the
increased electron density dominates the change to the heat capacity and shell effects are less important
for Cyy. When shell effects are neglected, the increase to Cy at high temperature is always smaller than
the increase to k, leading to a net decrease in Cy /k.

We do not include any free neutrons in the heat capacity in our comparisons as the neutrons form a
superfluid at most densities they appear; including them would only strengthen this claim by introducing
an additional reservoir of heat. Furthermore, Cy /k decreases as a function of nuclear pressure at these
densities, so at equal pressure after including the axion pressure, Cy /k would be expected to increase

in the axion condensed phase at equal total pressure. At the lowest densities, shell effects in nuclei are
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Scenario A: K,=0 Scenario B: K,=0.08 Scenario C: K,=0.16
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Figure 2.17: Total crust thickness of a 1.4 Mg star as a function of m, and ¢ in the RMFT model for
three values of K. In the hatched region, the domain wall approximation fails. In the white band, the
entire normal crust is present.

expected to dominate and it is challenging to predict the exact properties of these nuclei. However, in
the range of ¢ that we constrain with thermal relaxation, the part of the crust with positive pressure is
all above the normal neutron drip pressure and these shell effects are only dominant in the thin domain
wall.

To establish a bound on axion condensation from crust relaxation—without performing detailed self-
consistent calculations of Cy and xk—we exploit the quadratic dependence of the thermal relaxation
timescale on crust thickness. As a conservative constraint, we require that the total crust thickness be
at least 0.2 km, which is approximately one-fifth of its value in a normal neutron star. This assumption
effectively limits the increase of Cy /k to no more than a factor of 25 when 6§ = m, larger than the
maximum increase in Cy /k of a factor of 10 at § = 7 suggested by the preceding arguments.

Figure 2.17 shows the total crust thickness as a function of m, and ¢ for a 1.4 M, neutron star for our
three scenarios in the RMFT model. The white band covers regions of the parameter space where the
entire normal crust is present (i.e., the phase transition happens at a pressure greater than the crust-core
boundary in a normal star) and the hatched region shows where the in-medium axion mass is low enough
in the domain wall region that the constant chemical potential approximation fails. The solid black line
divides the region where the domain wall is at the surface of the star and the region where it is inside
the star. Based on the conservative estimate that the total crust thickness must be at least 0.2 km, our
constraint is shown for our three scenarios in Fig. 2.18. Table 2.4 shows the constraint on ¢ in our three
scenarios for m, > 1078 eV where the domain wall becomes insignificant and the constraint is dependent
on ¢ only.

Scenario B gives the strongest constraint for small € from crust thermal relaxation because the
pressure at the crust-core phase transition that determines at what € the crust appears is non-monotonic
as a function of K, (cf. Fig. 2.9). As K, is increased from zero, the pressure for the crust-core phase

transition decreases because the neutron matter surrounding nuclei in the inner crust becomes more
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Figure 2.18: Constraint from crust thermal relaxation assuming a total crust thickness of Ar < 0.2 km
is disfavored by observation of thermal relaxation timescales. Three scenarios are shown, assuming no
change to nuclear interactions (A), which we take as the conservative bound, and moderate (B) or large
(C) increases of attractive nuclear interactions in 6 = 7 matter (see Sec. 2.3 for details). The grey
shaded regions are excluded by prior studies of the Sun and white dwarf stability [95,96], black hole
superradiance [151,152] and neutron star inspiral gravitational wave emission [98]. Recent constraints
from isolated neutron star cooling [99] are shown as a contour. Plots of past constraints are generated
with code from Ref. [69].

Table 2.4: Constraint on ¢ from crust thermal relaxation for m, > 10~8eV.

(A) K, =0 (B) K, = 0.08 (C) K, =0.16
Min. excluded e 2.2 x 1073 8.7 x107% 2.5 x 1073
Max. excluded ¢ 0.10 0.32 0.69

attractive. At the same time, pressure in the outer crust that is dominated by electrons is increasing
as nuclei become more neutron-rich. The pressure at the crust-core phase transition will decrease as
K, is increased, giving a stronger bound on small €, until the crust-core phase transition occurs at the
same pressure as the transition from inner to outer crust (neutron drip pressure). The pressure at the
crust-core phase transition will grow if K, is increased further, giving a weaker bound on €, since there

are no more dripped neutrons in the crust and the pressure due to electrons increases with K.

2.6.2 Constraint from isolated neutron star cooling

The cooling of isolated neutron stars has been used to constrain light QCD axions in Ref. [99]. Their
constraint hinges on the envelope being thinner in a star with an axion-condensed crust than in a normal
neutron star, providing less thermal insulation between the core and exterior of the star and shortening

the cooling timescale of the core. Taking the boundary of the envelope to be at an energy density of 101°

o1



Scenario A: K,=0

Scenario B: K,=0.08

Scenario C: K,=0.16

.
3

- - ~~
- -
_ - -t - r 4 2
10 1] e g 1 1 " E
ST [ ' ' \ ‘\ \ ~
- NN N SN \\ R ]
-~ ila \ \ \ 3 S F107° @
A S8 PR e
-3 \ \ \ N ! / ll 5
w 10774 i1 7 ll\) = & b E 8§ E
Ly X < g :
7o) 3 \ =] -3
Q v \ L
\ ~ ; ) } \ 3 ! 107 o
\ \ N, N\ N\ 1 \ 1 2
10-5 1 P D ] ] 1 g v o
1 R \ \ \ AN >
\ \ \ \\ \\ \\ '\ I\ I\ [_5
N UERS MO S SOEES -
T f T T T T
1010 10-° 1078 1010 107° 1078 10710 1070 1078
mq (eV) mq (eV) mq (eV)

Figure 2.19: Envelope thickness of a 1.4 M, neutron star as a function of m, and € in the RMFT model
for the three K, scenarios. In the white band, the entire normal envelope is present.

Table 2.5: Constraint on € from isolated neutron star cooling for m, > 10~ 8eV.

~

(AYK, =0 (B) K, = 0.08 (C) K, =0.16
Min. excluded e 52x 1077 58 x 10~7 5.6 x 10~
Max. excluded ¢ 0.068 0.27 0.61

g/cm?® when the energy density of the axion is not included, we find that for the range of € we consider,
the entire envelope is in the domain wall region.

Figure 2.19 shows the thickness of the envelope as a function of m, and €. In the white band, the
phase transition to axion condensed matter occurs inside the star and the entire normal envelope is
present. The feature around € ~ 1072 in all three panels is a result of a jump in the EOS just as the
crust-core phase transition is at the bottom edge of the domain wall. Ref. [99] found that when the
envelope is at least a few times thinner than its normal ~ 100 m, the star cools too quickly and this
region of parameter space is excluded. Taking a conservative estimate that the envelope must be at
least 5 m thick to explain neutron star cooling data, we show the constraint for our three scenarios in
Fig. 2.20. Notably, this indicates that the constraint in Ref. [99] extends to lower axion masses and
larger € than previously considered when the modification to the nuclear force is taken into account.
This occurs because the chemical potential in the crust is significantly lower for larger K, due to nuclei
being more strongly bound. At a chemical potential much lower than that of normal nuclei, the baryon
density goes to zero much more rapidly as 6 decreases in the domain wall, resulting in a thinner envelope.
The envelope constraint applies for all € we consider where the domain wall is at the surface of the star
(given by the first row of Table 2.3). At larger &, the domain wall is inside the star and the entire normal
envelope is present. Table 2.5 shows the constraint on € in our three scenarios for m, > 10~8eV where
the domain wall becomes insignificant and the constraint is dependent on ¢ only.

We mention in passing that a detailed calculation of constraints from neutron star cooling should
include the modification to the Direct Urca threshold from axion condensation. When the central density

of a neutron star exceeds the Direct Urca threshold (set by the density at which kg, < kg, + kpe,
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Figure 2.20: Constraint from isolated neutron star cooling based on the lack of an envelope in our three
scenarios. We use the envelope thickness of 5 m as a conservative minimum consistent with neutron
star cooling. Our scenario (A) is in good agreement with the neutron star cooling bound of Ref. [99].
Parameter space as in Fig. 2.18.

Table 2.6: Baryon density at the Direct Urca threshold (krn < kpp + kre) in the RMFT model.

No axion (A) K, =0 (B) K, =0.08 (C) K, =0.16
npy (fm=?) 0.61 0.54 0.48 0.42

equivalently ¥, > 0.11 in matter containing neutrons, protons, and electrons), rapid cooling becomes
possible. The isovector contribution to the nucleon masses from finite # will result in a larger proton
fraction at @ = m, lowering the Direct Urca threshold. Additionally, a more attractive nuclear force with
a lighter effective nucleon mass will result in a larger symmetry energy and a lower Direct Urca threshold.

In the RMFT model, the symmetry energy is given by

k2 ng (9, \
F P
gy = ————+ — | == , 2.37

o 6 k% + m*2 8 (mp> ( )

where kp is the Fermi momentum of SNM and m* is the effective nucleon mass, decreased from its
vacuum value by the effect of the ¢ meson. Finite K, results in a smaller effective nucleon mass m*,
increasing the symmetry energy and lowering the Direct Urca threshold. The exact value of the Direct
Urca threshold in nuclear matter is not known and the effects of the axion at the relevant baryon densities
is uncertain. Table 2.6 shows the baryon density at the Direct Urca threshold for the IUFSU* RMFT
parameter set we have used throughout. These values should be considered illustrative of possible impacts

of axion condensation on neutron star cooling and not a concrete prediction.
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2.6.3 Constraint from pulsar glitches

Pulsars are spinning neutron stars that emit regular pulses of EM radiation at twice their spin frequency.
Pulsar timing studies since the 1970s have cataloged about 3000 sources that exhibit remarkable stability.
Precise measurements of the spin period and its steady rate of change have provided useful insights about
neutron star populations and their magnetic fields. Some pulsars, however, have been observed to glitch,
a phenomenon in which the rotation frequency rapidly increases on timescales of less than a minute. For
a concise review of pulsar timing and glitches see [153].

In crust-based models of neutron star glitches, the phenomenon is thought to result from a sudden
transfer of angular momentum from an interior superfluid that stores angular momentum in quantized
vortices to the crust. As the star gradually spins down, the superfluid cannot adjust smoothly because
its vortices are pinned—or otherwise hindered—Dby a lattice of neutron-rich nuclei [154-157]. Over time,
this creates a buildup of angular momentum stress between the superfluid and the rest of the star.
Eventually, this tension is released in a sudden, dramatic, and still poorly understood event that unpins
many vortices at once, rapidly spinning up the star.

The spin-up is proportional to the ratio of the moment of inertia of the superfluid component,
denoted by I, to the moment of inertia of the star, denoted by I. The Vela pulsar places the most
stringent constraint on glitch models, requiring that the ratio of superfluid moment of inertia to the total
moment of inertia lies between 1.6% and 7% [158]. While there remains ongoing debate about whether
nuclear physics models can account for values at the upper end of this range [158-160]—and speculation
about additional angular momentum reservoirs being necessary to fully explain Vela’s glitches [161]—the
conventional model, involving a neutron superfluid in the inner crust, remains both natural and viable.

The glitches of the Vela pulsar are challenging to describe in terms of other available models for
glitch behavior. Starquakes are a possible alternate explanation for pulsar glitches [162,163] and recent
observations suggest that the Vela pulsar may experience starquakes [164]. However, to explain the
high frequency of glitches in the Vela pulsar with starquakes requires either an extreme equation of
state in tension with observations of NS masses and radii [165] or results in the Vela pulsar having
an unrealistically small mass [166] with the connection between starquakes and glitches still typically
requiring the presence of a neutron superfluid [167]. While the possibility of a phase transition deep
in the neutron star is potentially relevant for glitches, without any concrete evidence for such a phase
transition, this explanation remains speculative.

In the following, we constrain € within the framework of the standard glitch model, which requires a
substantial superfluid component in the inner crust with I;/I > 1.6%. In our Scenarios B and C, when
axions condense in the crust, the crust-core phase transition occurs at a baryon density below the neutron
drip, and there is no region of coexistence of solid and superfluid matter in the crust. Consequently,

glitches cannot be explained in the presence of an axion condensate at the surface of the star when the
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nuclear force is more attractive. Thus, within the standard glitch models, ¢ < 0.27 is ruled out for
Scenario B and ¢ < 0.61 is ruled out for Scenario C provided that f, is not so large that the surface of
star has small 6 due to the large domain wall. Even in the domain wall, the increasing nucleon mass
brings matter below neutron drip before the interactions become sufficiently repulsive to force neutrons
out of nuclei. This result is in part a consequence of the fact that in the ansatz we use in the RMF model,
the nuclear force becomes monotonically more attractive as 6 increases. If nuclear matter with moderate
isospin asymmetry were only more attractive near § = 7 and rapidly became repulsive for intermediate
0, it is possible that enough neutrons could be present in the domain wall to explain glitches when
m, < 1078eV. This is an issue that warrants further exploration in light of the prediction from our
MBPT calculation that neutron matter will be more repulsive at intermediate # and the work of past
authors [128-131] that showed that reducing the pion mass made nuclear interactions in neutron matter
more repulsive in the vicinity of the physical pion mass (but not at significantly reduced pion mass, as
in the axion condensed phase).

We estimate this critical f, by treating the neutron star as a uniform sphere of saturation density
matter. The approximation of constant density is conservative since most of the star is at a higher density
than the reference density used but is also not particularly impactful since within this approximation
f2 o< n% and n$ changes by only a factor of at most 3 — 5 within the core of a 1.4 M, star. Within this

a

constant density approximation, the maximum f, can be found by solving an inhomogeneous Poisson’s

equation.
1 sinf
V3 = ———— 2.38
7 £0) (23
where 1 is given by
_o onnsar(1460°9)
ry? = s 72 —m2. (2.39)

In practice, m, has a very small effect on this constraint for ¢ that are not very close to the QCD axion
line, which this part of the constraint does not touch. In the regime of m, < 1/Rys ~ 10719V,
this can be solved by matching the surface boundary condition to the lowest energy configuration of
a massless field, 0(r) = 8gRng/r, where 6y is the critical 6 at which dripped neutrons can appear at
positive pressure. The bound on f, we find is below the value necessary for the system to be stable
against condensation due to the large extent of the axion field. At the € relevant for this part of the
constraint, B-equilibrated matter at or above saturation density is unstable to axion condensation and
the system can adiabatically evolve to its ground state. If a more detailed calculation of the nuclear
forces shows that g-equilibrated matter becomes significantly more repulsive for intermediate 6 before
becoming attractive at large 6, the exact limits of this bound will need to be revisited but the findings

will be qualitatively unchanged.
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Table 2.7: Constraint on e from observation of crust-based pulsar glitches for m, > 10~8eV.

(A) K, =0 (B) K, =0.08 (C) K, =0.16
Min. excluded ¢ 8.3 x 1073 0 0
Max. excluded ¢ 0.17 0.42 0.79

In Scenario A where dripped neutrons can appear in an axion condensed crust or in any scenario when
the critical pressure occurs in the outer crust of a normal star, if the domain wall is large a significant
number of neutrons can be present in the domain wall region. For this case, we limit m, > 1078eV
so that the domain wall has a thickness of O(10m), more than an order of magnitude smaller than is
normally seen. Since the neutron superfluid mechanism for glitches as currently understood requires
nearly all of the superfluid neutrons to participate in a normal star, a reduction this severe excludes this
possibility. This applies for Scenario A for 0.0083 < ¢ < 0.17, for Scenario B for 0.27 < 0.42, and for
Scenario C for 0.61 < € < 0.79.

Lacking a complete and detailed picture of the crust glitch mechanism, we refrain from making a con-
crete numerical estimate of exactly how many neutrons are necessary to be in tension with observations
and rely on the fact that near the boundaries of our constraint the quantity of neutrons changes by many
orders of magnitude for relatively small changes in axion parameters. Scenario B and C are particularly
notable for the fact that the neutron dripped phase is completely absent for much of the parameter
space. The constraint that the quantity of neutrons is reduced by less than an order of magnitude is
shown for our three scenarios in Fig. 2.21. Table 2.7 shows the constraint on € in our three scenarios
for m, > 1078 eV, where, as before, the domain wall does not play an important role and the constraint
only depends on . Note that in Fig. 2.21, there is a small notch in the constraint curves for Scenarios
B and C at m, = 10~%eV. While this is a small effect on the typical log scale for constraint plots, it
is a relevant difference when assessing how close constraints come to the QCD axion line at large and
small axion masses. It should be noted that only this region of larger axion masses can be confidently
constrained within this scheme when using the Z, model, which will be discussed in greater detail in

the next section.

2.6.4 7, model

The discrete Zy symmetry proposed in Ref. [102] provides a concrete realization of the exceptionally

light QCD axion. This model predicts a suppression factor e of the axion mass for odd integer N, given

by
/2= _Ma LN3/2ZN71(1 +2)V1— 22~ LI (2.40)
- m((LQCD) ﬁ IN/2—log N’ '
where z = m,, /mg and the large N limit has been taken [103]. For small N, the Z, model results in a
modest change to the axion mass: for N’ = 3, m, /méQCD) = 0.94. The first significant decrease comes
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Figure 2.21: Constraint from observation of crust-based pulsar glitches in our three scenarios requiring
the quantity of neutrons be reduced by less than an order of magnitude. Parameter space as in Fig. 2.18.

at N = 5 giving m, /m((lQCD) = 0.65 and A/ = 11 corresponds to approximately an order of magnitude

suppression.

In the Zx model for the exceptionally light QCD axion, the axion potential has a period of 27 /N
and the negative axion pressure is suppressed by an additional factor of A2 [102]. In the simple case
where the domain wall connects § = 0 and € = 7 smoothly and the axion mass is sufficiently large that
the domain wall pressure is unimportant, the results are identical to our existing calculation but with a
modified axion potential provided N is small enough that normal matter at saturation density is unstable

> 1078eV, the constraint on the Zx model

~

to the nucleation of the § = 7 phase. Thus, in the range m,
parameter space can be inferred directly from the constraint on ¢ we have derived. The lower limit on
N is determined from the difference in vacuum energy between the maximum at § = 7 and minimum at
6 = 0 of the potential given in Ref. [103] since the dependence on the relationship between m, and f,
and the change to the period of the axion potential is minimal in this region. This lower limit on A for

> 108 eV, the combined constraint is the

~

the various effects and scenarios is given in Table 2.8. For m,,
same for all three scenarios, N' > 19. Combined with the upper limit from white dwarf of N' < 31 [96],
this leaves a gap of 19 < A < 31. On the other hand, the upper limit on A is also determined by
the conditions for the appearance of the domain wall in Tab. 2.3. Although A/ = 3 and 5 appear to
be constrained in Scenario A and N' = 3 appears to be constrained in Scenario B (see Table 2.8), for
those choices of NV and K, the axion mass remains positive near § = 0 in the Zy model. Therefore,
even though the ground state of matter is axion condensed, since matter at saturation is only metastable
in these cases, it is conceivable that the axion mass squared is always positive near § = 0 anywhere in

the neutron star, and these N cannot be conclusively excluded. However, it is possible that if axion
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condensation is favored at a sufficiently large density where the axion mass squared turns negative near
0 = 0, these N values could also be excluded in Scenarios A & B.

This might not be a complete story, if we were to only solve for the possible axion field profile inside
a neutron star, while neglecting how neutron stars formed. For large N, when only modifications to
the nucleon masses are included, it was pointed out in Ref. [96] that the ground state of matter below
the critical density is no longer § = 0 but § = (M — 1)7/N, resulting in a vanishing axion potential
but lighter nucleon masses . If this ground state is found, the full crust and envelope could be present
at 6 = (N — 1)7/N and the constraint from neutron star cooling would not apply. In Scenario A, the
constraints from crust thermal relaxation and glitches also likely do not apply in this case since a normal
crust would be present. When nuclear interactions, and their dependence on 6 are taken into account,
the conclusion of Ref. [96] can be modified. In Scenarios B and C, the Zy model may still be excluded
since the lack of a dripped neutron phase precludes crust-based glitches. Additionally, in Scenarios B
and C, the dependence of the free energy as a function of # is modified and the minimum N where the
6 = 7 state is stable (instead of § = (N — 1)m/N) at zero pressure decreases. In our Scenario C, for
N =17& 19, the ground state remains at § = 7 at zero pressure, and is disfavored as a result.

A better understanding of the nuclear physics at § = 7 is necessary to provide a constraint on the
Z model that is independent of our knowledge about how neutron stars are created, and how the axion
condensed phase could form following a supernova. On the other hand, it is unclear how a profile with
6 = 7 in the core of a neutron star, and §# = (N — 1)7/N in most of inner and outer crust could form in
the event of neutron star formation in, for example, a core collapse supernova. In an event of a supernova,
as the density of the core grows past the critical density in Eq. 2.11, a region of § = 7 emerges in the
core, with a domain wall interpolating between the original § = 0 region and the newly formed 6 = =
region. This domain wall, in particular the part that interpolates between § = (N — 1)7/A and 6 = 0,
will need to expand significantly such that most of the inner and outer crust is at § = (N — 1)7/N
(see Fig. 8 of [96]). During this process, as described in [109], the domain wall gains energy that is
O(on/my), roughly 5% of the total mass energy of the progenitor star, or at least the total mass energy
of the inner and outer crust of the proto-neutron star. This energy, as outlined in [109], will be released
slowly, heating up the medium surrounding the neutron star, leading to persistent bright X-ray /optical
emissions from the supernova remnant that is not observed. Whereas it is possible that the axion field
profile form nearly at rest and are not subsequently accelerated outward, it is hard to imagine how the
field profile could gain this much energy through interactions with the baryons, while at the same time,
experience exact the right amount of friction to land exactly at the boundary of the outer crust in every
single supernova we observed [109,112]. As a result, we do not consider this scenario further.

For axion masses below 1078eV, the distribution and properties of nuclear matter in the axion

domain wall region are significantly affected by the change of the period of the axion potential in the Z s
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Table 2.8: Minimum allowed A in the Z,r model for m, > 10~8eV when the domain wall connects
0 =0 and 0 = 7. In Scenario A, the envelope constraint also permits ' = 3. N must be an odd integer
for the axion to solve the strong-CP problem in these models. Note that these bounds assume the inner
region is at 0 = 7, as is preferred in a dynamical formation of the neutron star [109], rather than the

critical density minimum at § = (N — 1)m/N. See text for further discussion.

Constraint (A) K, =0 (B) K, =0.08 (C) K, =0.16
Crust thickness 7 9 7
Envelope 19 19 19
Glitches 7 5 5

Combined constraint

Combined constraint (no glitches)

2 3
T Sl B (el el

m, [eV] m, [eV]

Figure 2.22: Combined constraint from crust thermal relaxation (Sec. 2.6.1), neutron star cooling
(Sec. 2.6.2), and pulsar glitches (Sec. 2.6.3) (left) and without glitches (right) in our three scenarios
accounting for modification of nuclear interactions in § = 7w matter. In Scenario A, neutron star cooling
is the dominant signature for ¢ < 1 while crust thermal relaxation and pulsar glitches set the strongest
constraints for € ~ 1. For Scenarios B and C, the glitch constraint covers the entire excluded parameter
space. We consider the pink shaded region (Scenario A, no modification to nuclear interactions) to be
the conservative benchmark constraint. Increasingly attractive nuclear interactions in axion condensed
matter (Scenarios B and C) would cause the modification of crust structure to occur closer to the QCD
axion line. Parameter space as in Fig. 2.18.

model, which requires further study. The parameter space in the gaps, as well as the lower axion mass
region, might be probed by other considerations of the formation of neutron stars during a supernova

explosion [109]. We leave a more detailed study of the Zy model to future work.

2.7 Conclusions

In this paper, we present a comprehensive study of the neutron star equation of state in the presence of
exceptionally light QCD axions. In dense objects, the axion potential receives corrections proportional
to the nucleon density due to axion couplings to QCD. For a wide range of € (see Eq. (2.4)), a neutron
star is both dense enough such that the minimum of the axion potential shifts to # = 7, and large enough
such that it is energetically favorable for a 8 = 7 region to emerge at the center of the star and an axion
domain wall profile between the 6 = 7 inside and 6 = 0 outside to develop. In the § = 7 region, there

are three main effects, namely, a negative axionic pressure of order —m?2 f2, lighter nucleon masses, and
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a decrease of the pion mass from 138 MeV to about 80 MeV. The latter can lead to the modification of
nuclear interactions.

We study these changes with Chiral Effective Field Theory and Relativistic Mean Field Theory. The
results of ChiEFT are somewhat inconclusive at # = 7 and a pion mass of about 80 MeV, with the
convergence of many-body perturbation theory becoming worse as the pion mass is decreased. Never-
theless, an initial assessment indicates that the nuclear force may become significantly more attractive
at 6 = m leading to self-bound neutron matter and axion condensation at npg ~ ng, even for € ~ 1. We
model this reduction of the pion mass in RMFT with a decrease of the o mass (K, > 0, see definition
given by Eq. (2.21), Table 2.1, and related discussion), resulting in an increase of the strength of the
attractive part of the nuclear interaction. Using RMFT, we calculate modifications to the equation of
state of nuclear matter at different densities at § = m. Combining these modifications to the nucleon
masses and nuclear interaction strength, the negative axion pressure, axion domain wall profile, and
gravity, we compute the neutron star equation of state and structure at different m, and & shown in
Figs. 2.9, 2.11, and 2.12. Qualitatively, the negative axion pressure, the lighter nucleon masses, and the
more attractive nuclear force at § = 7 lead to neutron stars with a reduced or missing inner crust and a
much reduced outer crust that is partially or entirely at a negative pressure in the axion domain wall for
¢ < 0.1. Our preliminary investigations of the m,—dependence of the nuclear EOS in ChiEFT suggest
the intriguing possibility of axion condensation for ¢ >~ 1 at ng < 2ng,: and will be explored separately
in future work. Our future work will also more closely examine the m, -dependence of the underlying
nuclear interactions, which is generally not well understood, especially those terms that are typically
assumed to just renormalize the low energy constants.

This finding has observational consequences that are significantly constrained by isolated neutron
star cooling (also recently considered in Ref. [99]), crust thermal relaxation, and pulsar glitches. The
combination of these constraints is shown in Fig. 2.22 with and without pulsar glitches as the pulsar
glitch mechanism is the least understood of these three observational constraints and most amenable to
alternative explanations, difficult to fully justify as those may be. These all depend primarily on the
equation of state at ng < ngy where our treatment of the interaction between axions and nucleons is
robust. As the most conservative bound, Scenario A in the figure shall be considered as the benchmark
constraint, while Scenarios B and C shall be considered as a generous estimate of the uncertainty and
possibly stronger constraints to be drawn once the #-dependence of QCD has been explored in greater
detail. The possibility that much of the parameter space can be excluded by a lack of dripped neutrons
in the crust invalidating the crust-based glitch mechanism for pulsars is an intriguing prediction which
warrants further exploration. In particular, the pion mass dependence of the low energy constants in
ChiEFT must be determined from Lattice QCD and the convergence of nuclear many-body perturbation

theory at decreased pion mass must be addressed. Additionally, in the domain wall region, parity-
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violating nuclear interactions may become relevant and should be included in a detailed treatment in
ChiEFT. More details are available in App. A.

We also suggest two intriguing observational consequences that require further observational and
theoretical investigation, also previously noted in Ref. [104] (see also Ref. [141] for similar effects of
scalar fields with Yukawa couplings to SM fermions). As shown in Fig. 2.13, the mass-radius relation of
neutron stars with a § = 7 core is indicative of rapid stiffening of the equation of state at intermediate
density. Additionally, for some e there are missing crust layers, resulting in very small radii for low-mass
neutron stars, similar to strange quark stars. With data from the NICER x-ray observations as well as
neutron star merger measurements with LVK and future gravitational wave observatories, a precisely
known mass-radius relation would strongly constrain the presence or absence of a § = 7 core. A second
intriguing possibility is self-bound objects at § = 7 which we call m-balls, with densities close to nuclear
density and stabilized by the attractive axion potential rather than gravity. These objects can have
different masses and sizes, ranging from planet to white dwarf masses. Further studies are required to
understand their formation in violent events such as supernovae or neutron star mergers, their growth

in the interstellar and intergalactic medium, as well as the resulting observational signatures.
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Chapter 3

Does the QCD axion condense in

neutron stars?

3.1 Introduction

In the previous chapter, we discussed constraints on exceptionally light QCD axions (axions with the
same coupling as the QCD axion but a lighter mass) from neutron star observations. An axion condensate
in dense matter is equivalent to varying the CP violating angle 6 in the QCD Lagrangian, resulting in
lighter pions and nucleons. Since exceptionally light axions condense at densities below saturation density,
constraints can be qualitatively understood in terms of properties of the crust. An axion with a mass
at the QCD prediction, however, would be expected to condense above twice saturation density when
nuclear interactions are neglected. At these densities, interactions are crucial to understand whether such
an axion will condense and the uncertainties in our previous calculation (see. Fig. 2.6) are unacceptably
large in order to make any concrete predictions. The focus of this chapter will be on what steps we must
take to reduce this uncertainty so that we can make robust predictions about the QCD axion. Final
results will be deferred to future publications, but here we describe the steps that must be taken in order
to address this problem.

Chiral EFT (xEFT) is an expansion for nuclear potentials with robust and systematically improvable
error estimates. Since it is an expansion in momentum, there is a maximum density of 1.5 — 2ny,; below
which the theory is applicable. While many aspects of YEFT carry over directly to finite 8 with modified
hadron masses, some new ingredients are necessary. Isospin breaking effects are amplified in the presence
of an axion condensate, requiring the calculation of operators typically neglected in xYEFT because isospin
breaking is weak at the physical pion mass. To understanding the domain wall that connects the outside

of the star at § = 0 to the inner core at § = 7, it is also necessary to consider CP violating effects. CP
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violation results in a new operator for three nucleon forces (3NFs) which, along with Dy (and the related
F) discussed in the previous chapter and in greater detail in this chapter, contribute to chiral 3NFs at
N2LO and should be included in our calculations.

In the many body calculation of the previous chapter, the energy of neutron matter was found to have
significant cutoff dependence. Ideally any EFT calculation should depend on its regulator only within
the error estimate of the EFT truncation, so this is concerning. In our prior treatment, short-range
forces with pion mass dependence had unintended chaotic running with the cutoff because we used a
standard chiral force tuned to work well only at the physical pion mass. This resulted in excessive cutoff
dependence, at odds with standard theoretical predictions. Regulator artifacts when the pion mass is
varied need to be better understood in order to diminish or eliminate this difficulty.

A careful treatment of the chiral forces in a fully consistent nuclear model reveals a crucial fact not
relevant for the Zy model (described in detail in the introduction to Chap. 2): when the QCD axion
condenses it is unavoidable that chiral symmetry be restored. The poses a challenge as YEFT is not
a valid theory in the chirally symmetric phase but also an opportunity to find new constraints if the
chirally symmetric phase is accessible below twice nuclear density.

First, we begin in Sec. 3.2 with a summary of the relevant features of YEFT needed to understand
the problem of 6 dependence in low energy nuclear physics. This is followed by Sec. 3.3 summarizing
the results of prior work by ourselves and other authors discussing the qualitative features of the axion
condensed phase and nuclear interactions near threshold. One deficiency of this past work is that it
focused primarily on 6 dependence arising from explicit dependence on the pion mass. To consider the
full range of 6 dependence, we must consider the full range of quark mass dependent operators and
how they evolve with #. The structure of these operators and which are relevant at N2LO is discussed
in Sec. 3.4 while Sec. 3.5 specifically addresses operators that break isospin or violate CP. Section 3.7
addresses steps needed to reduce regulator dependence in our many body calculation. Sec. 3.6 discusses
new 3NFs required by chiral symmetry and renormalizability that arise at N2LO. Finally, Sec. 3.8

discusses the relevance of chiral symmetry restoration for the study of the QCD axion in neutron stars.

3.2 Chiral EFT in brief

Chiral EFT is an effective theory of nucleons and pions with a heavy scale set by the QCD scale Agcp,
approximately 1 GeV. Equivalently, the heavy scale is approximately the nucleon mass, the mass of the
heavy SU(2) mesons (the w and the p), or the loop suppression in diagrammatic analysis of potentials
involving pions (roughly 4x f; for fr = 92.4MeV). The light scale of the EFT is either the momentum
(approximately 260 MeV in isospin symmetric nuclear matter at saturation density) or the pion mass

(138 MeV when averaged between neutral and charged pions). The pions appear as light degrees of
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freedom because they are the pseudo-Goldstone bosons of broken chiral symmetry. This is based on the
observation that the two flavor QCD Lagrangian is nearly invariant with respect to transformations of
the quarks

qHexp[iozo+i’y560+i07~7?+i755~77 q (3.1)

where @ and 5 are independent three-vectors, 7° differentiates between left- and right-handed quarks
and 7 is a vector of Pauli matrices in isospin space. The chiral symmetry associated with 3 is violated
in the Lagrangian only by the small quark masses, m, ¢ < Aqcp. This appears to give the UV theory
a SU(2) x SU(2) x U(1) x U(1) symmetry, but the low energy theory is organized into multiplets of
SU(2) with a single conserved charged and no degeneracy between multiplets. Note for example that
there is only one isospin doublet of nucleons and that the two isospin triplets (the pions and the p)
have completely different mass scales. The symmetry of the system has been broken according to the
following.

SU(Q)L X SU(Q)R X U(l)L X U(I)R — SU(Q)V X U(l)\/ (32)

This corresponds to a spontaneously broken SU(2)4 and an anomalous U(1)4 where V' (vector) corre-
sponds to o; = 3; and A (axial) corresponds to o; = —;. The remaining U(1)y symmetry corresponds
to conserved baryon number and SU(2)y corresponds to isospin symmetry. Since there are three spon-
taneously broken generators, we expect the low energy theory to have three Goldstone bosons. These
are precisely the three pions which have a small non-zero mass because the original symmetry is weakly
broken by the non-zero quark masses. The broken U(1)4 does not have an associated Goldstone boson
because it is anomalous and is not a good symmetry in the UV or the IR.

The prescription of Weinberg for power counting the nuclear potential, also known as naive dimen-
sional analysis (NDA), is to associate to any Feynman diagram a power (p/A)™ where p represents either
powers of the momentum or powers of the pion mass and A is the heavy scale. A careful analysis of the
structure of operators that respect the chiral symmetry and the topology of Feynman diagrams gives the

following method for counting the order of any diagram: [168]
v=—4+2N+2L+ > Vi (3.3)

where N is the number of nucleons participating in the diagram, L is the number of loops, A; is the
power of the i-th vertex in the diagram and V; is the multiplicity of vertices with power A;. This simple
formula demonstrates the origin of the empirical observation that two nucleon forces dominate the energy

of nuclear systems while 3NFs and higher body forces are suppressed. When considering the structure
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of a given vertex, the following rule is used to calculate the value of A;,
1
A, =d; + 571,’ -2 (34)

where d; is the number of derivatives in the operator (quark mass insertions count as two derivatives)
and n; is the number of nucleon legs in the vertex (count both incoming and outgoing). For example,
the axial vector coupling

Lay = _QQTANT (o-V)rN (3.5)

is A =0 (d; = 1 and n; = 2) but the leading contribution to the pion mass dependence of the nucleon
masses

2
LD e NNm2 (1 - ”—2 + ) (3.6)
2w

isA=1(d; =2 and n; = 2).

The relatively simple prescription of NDA has been used to great effect for a wide range of applications
of nuclear forces. Scattering phase shifts in peripheral partial waves where no LECs contribute (i.e. there
are no free parameters to improve the fit to data) are successfully reproduced by chiral forces [133,169].
Weinberg eigenvalues have been calculated for chiral potentials to verify that they are perturbative
(see Ref. [170] for a detailed discussion), but practical computational issues presently limit the range
of cutoffs over which calculations can be performed and the possibility of lingering regulator artifacts
remains an issue of concern. Chiral forces based on NDA have been used to reproduce the binding energy
of nuclei [171-173] and to predict properties of dense matter [170,174,175]. See Fig. 3.1 for an example
of such a calculation for neutron matter. However, NDA experiences some difficulties when 6 dependence
becomes involved. As will be discussed in greater detail in Secs. 3.4, 3.5, and 3.6, sometimes this power
counting needs to be modified for certain applications.

It should be noted that in calculations of forces between nucleons, this is an expansion for nuclear
potentials, not amplitudes. Nucleon propagators should in principle be summed to all orders in vacuum
(in the two nucleon system in momentum space, equivalent to solving the Lippmann-Schwinger equation).
Calculations of individual diagrams should only have off-shell nucleons and should never include summing
over nucleon poles as those will be included when nucleons are summed to all orders. For an extensive
discussion of the convergence of YEFT in matter, see Ref. [170]. For contrast with a theory where the

EFT is applied to amplitudes rather than potentials, see Ref. [126].

3.3 Nuclear observables near threshold

In dilute matter (kr — 0), the energy associated with a system of nucleons is contained in the masses of

the nucleons, the s-wave scattering lengths of the NN interaction, and the energy of any bound states.
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Figure 3.1: Energy per baryon in pure neutron matter with N3LO chiral forces. The error band includes
theory uncertainties from the convergence of the many body expansion, truncation at finite chiral order,
and resolution scale. Figure from Ref. [175]

The masses of baryons and mesons is typically decreased for finite 6 [114,115]. The 6 dependence of
nuclear physics can be calculated by noting that the 8 term in the QCD Lagrangian can be eliminated
by a chiral rotation of the quark fields. In the limit m, 4 < ms, the transformation u — exp{(ivs¢.) }u
and d — exp{(iv5¢4)}d where ¢, + ¢pq4 = 0 fully captures the effect of § # 0. When considering only
0 =0 and 0 = m, the effect of finite # is to flip the sign of the lightest quark. At intermediate 6, more
complicated dependencies that violate CP appear which will be discussed in Sec. 3.5. From the relation

m2 o my, + mg, the 0 dependence of the mass of the neutral pion is [115]

m2(0) = f()m: (0 = 0) (3.7)
where
B _ 4dmymg gin? 0
f0) = \/1 7(771“ —" 5" (3.8)

Since long range nuclear forces are carried by pions which produce attraction at intermediate range, it
is generally expected that finite § will produce longer range forces which are possibly more attractive.
The only other hadrons to explicitly appear in standard yEFT are the nucleons. Their dependence can
be parameterized as
Ao
0) = 0=0)+o0, ) —1H)|1l— ———
ma0) = a0 =0) + o (706) < 1) (1= 52

1y (6) = mp(8 = 0) + o (F(6) — 1) (1 T W%)) ,

(3.9)

where o,y is the isoscalar nucleon sigma term and Ao is the isovector sigma term. Despite much interest

and effort the isoscalar nucleon sigma term is not precisely known and the best estimates from Lattice
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Table 3.1: Quark mass dependence of the scattering lengths and the deuteron binding energy Ko, as
defined in Eq. (3.10).

Reference Kais0 K351 Kgeut
Epelbaum et al. [125] 5£5 1.1+£0.6 —28+1.2
Beane et al. [124] 24+3.0 3.0+£35 —7+6
Berengut et al. [118] 2.3118 0.3270 1% —0.861030

QCD and phenomenology indicate that o ~ 50 £+ 10 MeV [119]. The value of Ag can be inferred from
the mass splitting of baryons. Determining Ao from the mass splitting of the neutron and proton gives
Ao = (mp —myp), /2 ~ 1MeV [120]. As we will see, the leading contributions to o,y and Ao
appear in the A = 1 chiral Lagrangian from the operators proportional to ¢; and c¢5 respectively.

In leading order (LO) xEFT, the NN potential is composed of a long-range one-pion exchange (OPE)
and short-range NN contact interaction. While the dependence of all parameters in the OPE is known,
the leading contact (often called Cp) gets a contribution from the operator Dy (to be discussed throughout
this chapter), whose value is not well-constrained. This gives an effective coupling of Cy + Dym?2 whose
separate contributions cannot be disentangled by NN scattering data. The effects of Dy on the scattering
length and phase shifts have been studied in earlier work [124, 125].

In Ref. [125], the authors find that with reduced pion mass, the deuteron is more bound and the
s-wave scattering lengths decrease in magnitude. While uncertainties in the size of Dy are sufficient that
a bound 'Sy state in the axion condensed phase is not out of the question, this is a more exotic scenario
that we will not consider. If the 'S state is bound, this likely has little relevance for matter above

saturation density.! To quantify the quark mass dependence of an observable O, the authors define the

logarithmic derivative at the physical point

m dO m2 dO
°T 0 (qu ) phys ( O dm? ) phys (3.10)

Myg=—Mx

since at leading order in YEFT m2 oc m,. The pion mass dependence of the 1Sy and 2S; scattering
lengths and the deuteron binding energy are captured by the values of K,150, Ka3s1, and Kgeut, and
their values obtained in earlier studies are shown in Table 3.1. For more details on the assumptions of
these studies, see Sec. 2.3 of the previous chapter.

The results of these studies imply that the 3S; channel that has a positive scattering length becomes
more attractive at finite 6 (negative Kgeus and positive K,351). Since the 1Sy channel has a negative
scattering length, positive K,;50 corresponds to a less attractive 'Sy interaction. Thus, in dilute neutron
matter where spin singlet interactions at low momentum dominate, matter will be less bound at finite 6.

In contrast, symmetric nuclear matter with an equal number of protons and neutrons at low density is

11t would, however, place strong constraints on the presence of an axion condensate at the time of Big Bang nucleosyn-
thesis. At the densities expected when T' ~ B, for B, the deuteron binding energy, there is no hope of the QCD axion
condensing so this remains relevant only for exceptionally light axions.
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dominated by spin triplet interactions, and greater nuclear binding would be predicted at finite 8. While
this is true in the limit of very dilute matter where s-wave interactions give the leading contribution to
the nuclear force, when the pion mass is reduced higher partial waves are generically enhanced [127]. The
attraction in the 3Py and 3P, channels is enhanced and the repulsion in the ! P; channel is reduced [125].
Since the QCD axion is expected to condense above saturation density if it condenses at all, these higher
partial wave interactions surely cannot be neglected and nuclear observables at threshold will not contain

the full dependence of nuclear interaction energy on 6 necessary to study the QCD axion in neutron stars.

3.4 Quark mass dependence in Chiral EFT

Quark mass dependence appears in YEFT via insertions of the following operator.

% — uMbu + uf Mgult (3.11)
where M, = diag(m,, mq) is the quark mass matrix, B is an order Aqcp constant that sets the size
of the pion mass, u?> = U, and U = exp|iT - 7/ f,] contains the pion fields. To determine the full quark
mass dependence of nuclear forces, we need to consider the full range of dependencies these operators
can generate, not just (yi) oc m2 (where (-) means a trace in isospin space). This simple dependency
contributes to almost all of the terms considered in Chap. 2 (o,n, D2, the pion mass, ¢4, and the axion

vacuum potential itself). Useful expansions of x4+ to two pion fields are given by

- 2%}# [Re[m] (1 - ;J;) + Re[om)] (73 - ;W) + Imfm]r - };] (3.12)

and

Yo = M#Efyyﬁ [Re[m] ( — 7 };) + Re[6m] ( - ;:) + Im[m)] (1 - ;,z)] (3.13)

where m = m, +mg, dm = m,, —mg, and terms without Pauli matrices have an implied identity matrix
in isospin space. Im[ém] contributions are omitted because they cancel in the two flavor case and are
O(my,q/ms) when strange quarks are included. The various quark mass combinations are modified in

the axion condensed phase as follows [115].

Re[m] = mf(0) (3.14)
Re[om] = % (3.15)
. 2mymyg sin @
Im[m] = p— ) (3.16)
Im[dm] =0. (3.17)
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Recalling that f(7) ~ 1/3, these dependencies reveal a necessary modification to NDA when analyzing
0 dependence of nuclear forces. When comparing the shift from 6 = 0 to § = m, a term that scales
as (Re[m])™ will introduce a correction that scales as roughly (1/3™ — 1). As n becomes large, the
size of this correction is bounded. In contrast, a term that scales as (Re[dm])™ will cause a correction
scaling as (3" — 1), which is not bounded as n becomes large. As a result, isospin breaking terms that
are normally neglected in chiral forces must be included because their relative importance is magnified
when considering corrections from finite 6, even if their absolute size remains small. Indeed, terms with
quark mass dependence should be systematically analyzed to determine which operators, if any, must be
promoted to a lower order in the chiral expansion in order to accurately capture their relevance. The
issue of isospin breaking in the pion masses will be addressed later in this section while new isospin
breaking forces that need to be promoted will be addressed in Sec. 3.5.

The full set of quark mass dependent operators we need to consider at N2LO are given by the following

terms.
2
£5 L0+ VN + Nt — ()N + S DU D) - T
| (3.18)
_ %(XJ NoN -V(NN) + éNU’TN -V(NTN)| — %<X+>(NN)2

The first two terms of Eq. (3.18) when expanded give the familiar contribution to the Hamiltonian
1
H O —f2m2f(0) + 5mfrf(a)ﬁ T —emif()NTN . (3.19)

The term proportional to ¢5 in Eq. (3.18) is a standard term in the A = 1 chiral Lagrangian though it
is typically neglected because it is small. The term with ¢4 is responsible for the pion mass dependence
of fr, ¢7 provides the leading strong correction to the pion mass splitting, and cg is a new operator
first proposed in Ref. [176] that will be discussed in greater detail in Secs. 3.5 and 3.6. While there
are additional terms in the A = 2 Lagrangian for pions with quark mass dependence other than ¢4 and
{7, these are the only two that we need consider at this order because ¢, introduces a wavefunction
renormalization on the pions and /7 is isospin breaking. The wavefunction renormalization from /4
manifests as pion mass dependence for f;.

€4m3r
1672 fo

fﬂ(mﬂ‘) = fO + (320)

where fy ~ 86.2MeV is the value of f, in the chiral limit. Other terms with pion mass dependence
involving nucleons do not arise until the A = 2 Lagrangian (ds, di6, d17, d1s, and dig). A subset of these
terms were addressed in Ref. [115] and they are all enumerated in App. A. The only terms potentially

relevant at N2LO are generated by the following vertices (apart from the regular Golberger-Treiman
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discrepancy, accounted for in our choice of g4?)

Van D (dis + 2d19)q - omZ

Q(md—mu 1 7 (3.21)

Md—Mu 2 To 1 2m,mq  sin(0) 772)

The first term is an isospin breaking contribution to the Golberger-Treiman discrepancy and is in principle
N2LO while the second enters at O(p®) in NN and 3N forces, possibly of marginal relevance after isospin
breaking enhancement. The current laboratory data gives a value for the combination dig + 2d19 that is
consistent with zero, so we shall neglect this term [177].

Implementing the leading corrections to the pion mass splitting is straightforward since, for the
modifications we consider, corrections to the p mass are negligible (approximately 2% in the axion
condensed phase [116,117]). At this order, the electromagnetic contribution to the mass squared splitting
of the charged pions from the isospin symmetric pion mass is constant. Note that since the overall pion
mass is reduced, a constant mass squared splitting leads to a larger absolute splitting in the axion
condensed phase. The leading strong correction comes from the term proportional to ¢7 [178,179] which

gives rise to a shift to the neutral pion mass of

phys)2 2
om? = o9l ((m”mf) 5m> (3.22)

Using these scaling relations along with modern lattice results [180] for the size of the strong and elec-

tromagnetic contributions to the pion mass splitting gives

mypr = /f(0) x 135.18 MeV (3.23)

Jm2, —m2pp = 34.73MeV (3.24)
7.35 MeV
/2oy —m2, = T (3.25)

where m, pr is the unsplit pion mass that appears explicitly in the Lagrangian in terms like orn, c1,
D5, and corrections to fr. In the axion condensed phase, this gives a neutral pion mass of 78.76 MeV, a
charged pion mass of 88.46 MeV, and a Lagrangian pion mass of 81.36 MeV. The average pion mass to
use in propagators is 85.23 MeV. The correction to a term proportional to m?2 in the I = 1 np channel

scales as follows.
2mi, —mi, —mipr 0132 0.003

oy RN IOINIGE

When f(6) = 1, this error is approximately O(p?/ Ai) and can be neglected beyond the LO pion exchange

(3.26)

when working at N2LO. This is consistent with ¢7 being a A = 2 operator. However at § = m, this

2In practical calculations it is usually preferable to leave g4 constant and neglect diagrams that renormalize g4 as well
as the pion mass dependence of the Golberger-Treiman discrepancy (i.e. fix g4 = 1.29). As was shown in Ref. [118], g4 is
a nearly constant but very slowly converging function of m, and expanding it to what appears to be a consistent order in
NDA leads to spurious shifts in g4.
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becomes an error of 43% and terms that are at least quadratic in the pion mass should have this splitting
promoted two orders and be accounted for in all pion exchanges.

In RG corrections to the running of the contact interactions, logarithmic corrections to the pion mass
splitting return to O(p?/ Ai) or less and the average pion mass can be used, leaving nearly all of the isospin
breaking in short range forces due to pion mass splitting in C's. In the standard treatment, C's already
differentiates between isospin projections so this introduces no difficulties. At N2LO, the only potentially
problematic part of the pion mass splitting to implement is the short range correction proportional to
cymyT1 - 2. However with just a single power of the pion mass, this is an order 10% correction that is
at most promoted one order and only becomes important at N3LO. All other appearances of the pion
mass are either isoscalar or come in the long range part of the force and can be implemented identically

to the long range part of the pion exchanges at LO as follows.

V(mag,) I=+I,=1
Vi(mz)m 72 = $ —V(mg,)+2V(mg,) I=1,1=0 (3.27)

—V(mg, —2V(img,) I=1,=0

3.5 CP violating and isospin breaking NN and 3NN forces

At N2LO, there are several isospin breaking and CP violating terms that appear in the A = 1 Lagrangian,
generated by the operator proportional to ¢; in Eq. (3.18). Although ¢5 is normally ignored because it
is small, it is amplified relative to other N2LO corrections in the axion condensed phase because it is
isospin breaking and should be included. As a point of reference, ¢; enters at the same order as c5 and
where ¢, contributes to oy, ¢5 contributes to Aco. The ratio of the importance of these operators scales
roughly as Ac/[f(0)%0,n] which is about 2% when 6 = 0 but grows to about 20% when 6 = 7.

Using c5 is challenging because it is not fitted as part of the normal procedure of generating a chiral
potential because its effect at § = 0 is small. Since c5 gives the leading strong correction to the nucleon
mass splitting, we parameterize it with Ao. The two- and three-body forces generated by c5 are given

by the following.
V2NF _ gala (mphve)?
B 16mfd  m2

™

(1§ + 75)W* A(q) (3.28)

Note that although this is an isospin breaking operator, because it has I, = 0, it does not violate isospin

in the NN sector.
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When adding forces of this form to a typical chiral potential that does not normally include c5 the
contribution at 8 = 0 should always be subtracted so that the normal phase is not modified. The only

CP violating contribution we need consider at N2LO is given by

2m,m (mlf’hys)2 (01 — 02)

2NF d . ga 4 1 2

[/CP = T1 " Tg 72,“ 2A0'51119 7r2 2 2 2 2
mg — ms ms5 f2 ¢+ m2

2 w 2 phys\4 1 1
+ (22 agsing ) (20

2 2 4 2 2 2
my — My, mz f7rq +m7r

(3.30)

where for the sake of the first term, ¢ is defined as the momentum transfer from 1 to 2. Note that since
this term is CP violating, it is only relevant in the domain wall and does not affect 6 = 0 or 6 = .

It was pointed out in Ref. [176] that regulating the 1Sy — 3Py transition generated by cs in the
presence of finite 6 requires a new operator. Looking at the expansions of x4 in Eqgs. (3.12) and (3.13),
the only option for a CP-violating short range force between nucleons is generated by (x_) giving the
term proportional to ¢y in Eq. (3.18). Note that Ref. [176] refers to the LEC we call cg as Cy. Since
this operator lacks a standard notation and Cj is commonly used to refer to the leading order contact
interaction while ¢p and cg are LECs generating 3NF's, we prefer the name cp. Regulating the nuclear
force in the presence of non-zero 6 requires promoting this operator from A = 3 to A = 1. The CP

violating short range force generated by cp that regulates the potential in Eq. (3.30) is given by

2mymy

5sinf
(M +ma)?

f0)

(mz™)

Vr =cr e q- (o1 —02). (3.31)

This LEC is also responsible for a three nucleon force that will be discussed in Sec. 3.6. At the present
time, there are limited avenues to constrain the size of cp. A renormalization group (RG) calculation of

the same style as that for Do and F5 gives an approximate size for this operator.

d cp gAAO'M?VOOCQ
dlogp = 1672 f2

(3.32)

where Cy is projected onto the 'Sy channel and C5 is projected onto the 3Py channel.?> Note that for cp
to regulate the 1.5y — 3 P, transition, it should be A = 1 though this estimate gives a size that is closer to
A = 2. However, since this is an isospin breaking correction, its size is amplified in the axion condensed

phase and it should be included in 3NF at N2LO for the sake of calculating 6 dependence.

3.6 New three nucleon forces

Three nucleon forces (3NFs) are an important component of high density nuclear matter as they provide

additional repulsion at increasing density, an ingredient necessary to produce high mass NSs. At N2LO

3We prefer not to use notation like C150 as the spectroscopic LECs have a standard normalization in the literature that
does not match the standard expressions for the RG running of Dy and F5.
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Figure 3.2: Leading 3NF in PNM arising at N2LO in the chiral expansion due to the LECs ¢; and c3.

in neutron matter, the 3NFs historically included are particularly simple because only one topology of
diagram is present, shown in Fig. 3.2. This 3NF, known as the Fujita-Miyazawa term, is increasingly
repulsive at reduced pion mass, leading to competition between more attractive forces in the two body
sector and more repulsive 3NFs. Other 3NF's associated with the operators cp and cg (sometimes called
D and E in older literature) do not have an effect on PNM in the limit of large cutoff due to the
requirement that interactions between fermions be antisymmetric.

This, however, is not the whole story. It was recently noted in Ref. [181] that promoting Dy to LO
also requires promoting the leading 3NF generated by Ds (shown in the first two panels of Fig. 3.3)
to N2LO. That work also introduces operators Fs and Fj that couple to the time-like and space-like
derivatives of the interacting nucleon pair that must also be promoted. Since E5 couples to the frequency
of the nucleon pair, it is effectively a higher order in nucleon interactions and we need only consider Dy
and F,. This makes it possible to estimate the size of Dy for use in 'Sy scattering by analyzing properties

of dense matter and light nuclei.

Figure 3.3: Feynman diagrams for new 3NF. The left and center panel use operators Dy and Fs and the
right panel uses cp

An additional 3NF must be introduced proportional to cp. Although this operator was introduced
to regulate a part of the nuclear force that scales with sin 6, chiral symmetry dictates that it contributes
to the nuclear force even when § = 0 or 7 and CP is a good symmetry. This operator produces a 3NF

of the same topology as that generated by ¢p (shown in the right panel of Fig. 3.3) but that, unlike c¢p,
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does contribute to pure neutron matter (PNM) given by

dmga (mphy5)2 (Uk . Qk)(o" . q-) Ti o T
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The Hartree-Fock energy associated with this operator in PNM is given by

E 0)? —my
== (/’Flgég;g(mghy5)8m[12u2—72u4+32u6+96u3 tan~" (2u) — (3+36u?) log (1 + 4u”)] (3.34)

for u = kp/m-(0). As with the new 3NFs generated by Ds, Fy, and ¢5 the correction from this diagram
is effectively N2LO in the axion condensed phase and introduces another unknown LEC that must be
accounted for in our error budget. It is possible that the values of Dy, F5, and cg could be determined by
fitting to properties of few nucleon systems or nuclear matter although the contribution of cp is expected
to be so small in the normal phase, the uncertainty from such an extraction is likely to be substantial.

Future study will determine whether these avenues will bear fruit.

Hartree-Fock 3NF energies of PNM at rgy
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Figure 3.4: Shift to the Hartree-Fock energies of each 3NF in PNM at ng,: compared to the physical
point as a function of pion mass. The values of ¢; and ¢z are from the Roy-Steiner analysis of Ref. [182].
Together ¢; and ¢3 make up the Fujita-Miyazawa force. ¢ is fitted to Ao. Dy and Fy are varied within
the range predicted by Ref. [126] and ¢ is varied within the range predicted by Eq. (3.32).

To compare the relevance of these terms, Fig. 3.4 shows the Hartree-Fock energies associated with
the Fujita-Miyazawa force (separated into contributions from the LECs ¢; and c¢3), D2 and Fy (using
expressions from Ref. [181]), and the operators ¢; and cr. Note that ¢; and cp have unimportant
contributions at the physical point because their expected size scales with Ao, but because they are
isospin breaking they produce corrections of the same scale as the correction from the 3NF generated by

D2 and FQ.
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Figure 3.5: Additional diagrams contributing to renormalization of C's and Cr at NLO. There are three
more diagrams that are mirror images of these three.

3.7 Regulator dependence

In the previous sections, we have enumerated multiple important corrections not included in our prior
analysis needed to confidently predict the properties of neutron star matter at finite . However, these do
not address the most significant deficiency of our prior calculation: the large cutoff dependence. Since, in
the standard treatment of chiral forces, short range components of pion exchanges are absorbed in LECs
and diagrams that only renormalize LECs are neglected since LECs are fitted to data, not explicitly
accounting for these changes in the axion condensed phase is equivalent to employing a regulator scheme
in which all of these corrections are absorbed into Dy and equivalent operators in other partial waves.
However, the calculation of Ref. [126] that determined the expected size of Dy and established that its
RG behavior was not pathological assumed that pion exchanges that can be predicted from theory and
LECs that must be fitted to data have not been mixed. The procedure we previously employed had the
effect of generating artificially large and chaotic running of D and the equivalent operators in higher
partial waves. As a result, our prior calculation which varied Dy within a constant modest range had
significant regulator artifacts.

To cancel out these effects, the LECs should be modified from their best-fit value which implicitly
include parts of the pion exchanges and several diagrams that are neglected in the standard scheme.
These corrections have a part that is independent of regularization scheme (the standard § function)
and a part that is scheme-dependent. While calculable in any given scheme, the scheme-dependent
contributions are only meaningful when we have a prediction for the value of Dy from experiment, so
they should instead be included in our final error budget. Although including all these effects does not
fix the value of Dy and related operators, it restores the validity of the RG prediction for the expected

size of Dy and the smoothness of its running so that uncertainty can be meaningfully quantified.
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3.7.1 New diagrams

There are a group of diagrams at NLO which are normally neglected as they only renormalize C's and
Cr. This covers the six diagrams where a LO contact has a pion loop added. Three representative
diagrams are shown in Fig. 3.5 while the other three are mirror images. No new diagrams of this kind
arise at N2LO. Throughout the calculation of these diagrams, we use LECs at their normal physical
point. Technically speaking, this introduces errors as the physical LECs include the very contributions
from pion exchanges and new diagrams that we are quantifying in this section. However, these errors
would appear at N3LO as possible double counting of diagrams. Since we work at N2LO, this is not
an issue, but a future calculation at N3LO would require careful analysis in order to include all LEC
renormalization self-consistently.

We will need the angular integral
1 P 1
7/(196'01@'0’2:*01'0'2. (335)
dT 3

When the pion leg connects the same leg incoming and outgoing and Cg is at the contact, this just

multiplies by ¢2 for ¢ the loop three momentum. For Cr, a spin structure appears of the form

o4(o1 - O)ciay - 0= ohoy - L0 + ik i gh)
=01 Loy - 0+ ieTF LI (0F 4 qemFnmon)
(3.36)
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where the final line is the result after doing the angular part of the loop integral. When the pion connects

two incoming or two outgoing legs, a spin structure appears of the form

(o1 - Lot)(og - boh) = (01 4 i F I oh) (00 4 ie™ ™™ o)
=0 — (Poy-09— 0y Loy - 0) (3.37)
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When the pion connect incoming and outgoing legs from different nucleon currents, the same spin struc-

ture is the same but with one ¢ replaced by —i in the first line, giving

2
€2+(€20'1'O'2—0'1'£02~€—>(1+§0'1'0'2)€2. (338)
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The contribution of all six diagrams is, therefore:
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where I is given by the divergent integral
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where as per the usual Weinberg prescription, the nucleon poles have been ignored. In dim reg, this is

(3.40)

given by
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With cutoff regularization, this is given by
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After doing a Fierz transformation to return to the standard operator basis, this gives a final result of

2
) m2(co + X + 2log %) (3.43)

9 3
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Am fr

for these six diagrams where X = v — 1/3 —log 4 for dim reg and 5/3 — 2log 2 for cutoff and Y is u or
A respectively.

One might initially be concerned by the fact that unphysical combinations of C's, C'r, and spin opera-
tors appear in this expression. This is easily resolved by noting that this calculation has assumed isospin
symmetry but at this order there are three different 'Sy phase shifts. In terms of these components, the

terms in Eq. (3.43) should be modified as follows:

ci™ 5 C’S —3Cr — (140 () _ o) _ clep)y _ 3¢y, (3.44)
cm 5 ZCS —3Cr — (9(1(nn +50PP) o0ty _ 30y (3.45)
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where all LECs are evaluated at the physical pion mass (arguments and overall factors dropped for

brevity). In the next section, we will show expressions including pion mass splitting corrections.

3.7.2 Renormalized contact operators

With only scheme-independent contributions, the following corrections to the LECs are needed at N2LO.
The pion mass dependent LECs in the 1Sy and 3S; channels are Dy and D) respectively. The normaliza-
tion is chosen for Do such that the prediction of Ref. [126] is approximately 1/5f and the expectation
from naive dimensional analysis would be 1/f2A2. The shorthand Af(mg) = f(mg) — f(mE™) is
used throughout. p is the characteristic scale of the regulator scheme employed (whether a cutoff or
dimensional regularization). If the charge of the pion is ever not specified, the average pion mass should
be used. Expressions for the short range part of the normal NLO and N2LO two pion exchanges are
adapted from Ref. [169].
The corrections to C's common to all isospin projections is given by

Dy + 3D
g Am
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The isospin breaking corrections are given by
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and
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We use the convention that Cp is common to all isospin channels, giving the following.
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The NLO contacts are renormalized as follows.
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3.8 Chiral symmetry restoration in the axion condensed phase

One crucial way in that the the QCD axion differs from the Zy model (described in detail in the
introduction to Chap. 2) is that the Zx model explicitly differentiates between axion and pion couplings
resulting from operators containing x4. Since the axion is coupled to multiple mirror QCDs while any
pions in a neutron star only couple to our QCD, the behavior of the self energy of the pion and axion
can be quite different. In terms of 1PI diagrams contributing to the axion self energy in the Zx model,
the diagrams with only axions are suppressed compared to diagrams where axions couple to pions.
Contributions to the axion mass from modifications to the pion masses can be thought of as summing
up all possible even numbers of external axion lines connecting to pion propagators in normal MBPT
diagrams, or equivalently 1PT insertions of (x) in a massless pion propagator. For examples of the

interactions contributing to the axion mass seen in diagrammatic language, see Fig. 3.6. Note that all of
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these diagrams could equally well have external pion legs instead of axions. Comparing the strengths of
the couplings for axions and pions, in the Z, model the vacuum mass of the axion is relatively suppressed
while for the QCD axion theory, the relative sizes of these operators are the same between the pion and
the axion.

The result is that if there is a density at which the effective axion mass goes to zero for the QCD
axion, then w = k = 0 will be a solution to the pion equation of motion up to errors of order Ac /o, N.
Such a solution does not appear in the Zy model at the density where the axion becomes massless
because in the Zy model the axion receives contributions from A copies of QCD while the pions only
see effects from their own QCD.

The presence of an w = k = 0 solution to the pion equation of motion is not equivalent to the effective
pion mass going to zero. The pion has important frequency dependence in medium that the axion does
not share (Jpa operators are suppressed by 1/f, in the EFT) and it seems likely that this zero frequency
solution to the pion should be understood as a sound mode if it is a well-defined mode at all (which we

will shortly see it is not).

Figure 3.6: Example diagrams contributing to axion effective mass. The left panel is the 1PI diagram
giving the axion its vacuum mass. The center panel is the leading linear density contribution coming
from the isoscalar . The right panel is an example of a diagram contributing to the axion mass via the
effect of the axion on the pion mass in a pion exchange Fock diagram.

More importantly, a density at which the effective axion mass is zero is one at which d(E/A) /df = 0.

The Hellman-Feynman theorem allows us to write the chiral condensate as a function of this quantity.

(qq) = /\m% (3.59)

In the isospin limit, the density at which the axion becomes massless is the exact density at which chiral
symmetry is restored. Since yEFT is an expansion around the ground state of the chirally broken phase,
it is no longer a good expansion when chiral symmetry is restored. In this phase, the pion is no longer
a good degree of freedom, its coupling diverges, and the predictions of YEFT can no longer be trusted.

More generally, if xEFT predicts some function E/A(m,) at a given density with a finite allowed

domain for m;, the ground state of the system must be at a value of m, such that d(E/A) /dm, =0
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unless it is at one of the boundaries of the domain. If it as the minimal allowed m, then it is also
possible that the ground state has d(E/A) /dm, < 0 while if it is at the maximal allowed m, then
the ground state may have d(E/A) /dm, > 0. However, chiral symmetry remains broken only so long
as d(E/A) /dm, > 0. Since finite 6 necessarily decreases the pion mass, if the ground state of QCD
is at finite 6, it is impossible that chiral symmetry remain broken in the conventional way in such a
phase. In retrospect, it becomes clear that the behavior found in our prior MBPT calculation where
the interaction energy per baryon increased at small 8 before decreasing at large 6 was the only possible
behavior favoring axion condensation that would not have indicated the breakdown of YEFT . Future
analysis of axion constraints should include this non-monotonic behavior with 6. Note that this argument
relies on the fact that o, > Ac. If it were not the case that (@u) ~ (dd) then it is possible that isospin
breaking effects may modify this prediction.

This places us in a difficult position. While a calculation in yEFT might rule out axion condensation
below the breakdown scale of the EFT, it can never definitely show such a phase must exist nor can it
describe such a phase. Calculating trends at densities below the critical density for condensation can
give us clues about whether one should expect the onset of a chirally restored phase if the axion exists,
but this does not on its own indicate the value of 8 in such a phase and does not indicate any properties
of such a phase. Constraints on the QCD axion in neutron stars will likely require some amount of
speculation about the properties of the chirally restored phase. These issues will be explored in future

publications.

3.9 Conclusion

We have identified the necessary modifications to the parameters of a YEFT calculation at reduced pion
mass in order to mitigate significant regulator dependence and have enumerated the additional operators
that must be included up to N2LO in a MBPT calculation. Isospin breaking effects are amplified in the
axion condensed phase, requiring a modification of the power counting. The most relevant impact of
this modification is the inclusion of the pion mass splitting in the NLO and N2LO pion exchanges and
renormalization of the LECs. Although several CP violating and isospin breaking operators potentially
contribute to pion-nucleon interactions at N2LO, the only ones with concrete empirical justification for
their inclusion are the operator associated with c¢; and the neutral pion mass correction. The isospin
breaking and CP violating forces generated by cp also ought to contribute at this order by requiring the
renormalizability of the theory at arbitrary 6.

Although the picture for nuclear forces at reduced pion mass in the axion condensed phase seems

relatively under control in the two nucleon sector, three nucleon forces continue to pose challenges as the
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associated LECs can be troublesome to fit. A full error budget for an N2LO calculation should include
at minimum, the inclusion of three nucleon forces generated by Do, F5, and cp.

One final wrinkle that must be addressed before neutron stars might be used to constrain the QCD
axion is the issue of chiral symmetry restoration. If the pion mass is allowed to vary and the minimum of
the energy of the system is not at the maximum allowed pion mass, it is guaranteed that chiral symmetry
restoration must precede the appearance of such a phase. As such, YEFT will not be able to describe the
axion condensed phase and can merely point to the likelihood (or not) of its presence. If the existence
of the QCD axion would hasten the restoration of chiral symmetry at high density, that would in itself

be an intriguing prediction that warrants further study.
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Chapter 4

Effects of Landau quantization on

neutrino emission and absorption’

4.1 Introduction

Observing the thermal evolution of neutron stars is one means by which to probe their interiors. Young
neutron stars cool primarily via emission of neutrinos produced by weak reactions in nuclear matter
(see Refs. [15,42,49] for reviews). Since these neutrinos originate deep in the NS, they provide useful
information about the composition of the core. In Chap. 2 the cooling history of NSs was one means by
which we could constrain the presence of an axion condensate in neutron star cores. In this chapter we
will focus on the particular features of neutrino cooling in strong magnetized NSs, known as magnetars.
The tools we develop will also have applicability to calculating neutrino opacities in the presence of
strong magnetic fields, an important ingredient for understanding the dynamics of BNS mergers and
supernovae. At the end of this chapter, we present an initial development of these ideas. Appendix C
contains more details about how to perform such a calculation in a computationally efficient manner.
One of the fastest cooling channels available is the Direct Urca (DU) process, consisting of the
reactions n — p+ e+ 7 and p+ e — n + v. This mechanism is very efficient but can only operate
at high density because the Fermi momenta of the particles must obey the so-called triangle inequality
(lkpn| < |krp| + |kre]) in order to conserve momentum. Due to constraints of § equilibrium and
charge neutrality in NS matter, this is only possible for large proton fraction (Y, > 1/9 for matter
containing neutrons, protons, and electrons). At sufficiently high density (the “DU threshold”), DU
becomes available causing more massive NSs to cool rapidly. Below this threshold, slower neutrino
emission processes dominate. Modified Urca (MU), in which a spectator nucleon conserves momentum,

and neutral current Bremsstrahlung are the primary sources of neutrino cooling at these densities [49].

1This chapter summarizes work originally found in Ref. [11]
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In the presence of strong magnetic fields, electrons and protons have their momentum perpendicular
to the field quantized into Landau levels (LL) [183]. The momentum-space wavefunction associated
with each LL has a long tail allowing momentum to be conserved in DU reactions even at low densities
[184,185]. For higher energy states, denoted by quantum number n, there is a larger contribution from
high momentum components. Higher values of n correspond to larger amounts of energy stored in motion
perpendicular to the field, in analogy with larger momenta perpendicular to the field for a free particle.

Understanding which NSs can access Direct Urca is important information in order to match theory
onto observation since the cooling histories of stars above and below the Direct Urca threshold are so
different. As mentioned in the introduction, most NSs have magnetic fields of around 1012713 G [25,50],
too small to see this effect. Magnetars, however, have surface magnetic fields of 10*® G [51] (or possibly
more [52]) at which point eB ~ MeV? and quantization effects occur at the nuclear scale. The thermal
evolution of magnetars in particular is also a subject worth exploring as magnetars make up the hottest
observed NSs and have rich phenomenology for the purposes of x-ray astronomy that will be affected by
how they age and cool [186].

When many LL are available, one can make the quasiclassical (QC) approximation and treat the
levels as nearly continuous. The DU rate in the presence of a strong magnetic field has been calculated in
Refs. [42,184,185] in the QC approximation, giving useful formulae at NS densities for magnetic fields B <
10'® G, and in the limit of super-strong fields B > 10'® G where all of the charged particles are confined
to the lowest LL. In this work, we address the region in between the quasiclassical and strong field limits
where a finite number of LL are occupied and quantization effects cannot be neglected. Recent work in
Ref. [187] extended the quasiclassical result to high temperatures relevant for NS mergers, incorporating
a finite isospin chemical potential necessary at high temperatures first discussed in Refs. [24,188]. Our
calculation differs from theirs in that our matrix element is fully relativistic and we consider lower
temperatures where the isospin chemical potential is insignificant, but where quantization effects are
important and the proton anomalous magnetic moment cannot be neglected. A similar calculation
was also performed in Ref. [189] where mean field and relativistic effects were included, taking the low
temperature limit and setting the momenta of the particles to their Fermi momenta. We find that even
at temperatures as low as a few keV, this is a troublesome approximation due to quantization effects
and also perform our calculation higher temperatures than they considered.

The case of a finite number of populated LL has been studied in the context of supernovae [16,190]
where neutrino processes in hot, low density matter were considered, including terms up to O(k/My)
for My the nucleon mass. Those works found modest modifications to the neutrino cross section at field
strengths of 1016 G and temperatures of a few MeV. This work is complementary, first considering high
density matter at keV to MeV temperatures and later considering low density matter at temperatures

exceeding an MeV and stronger fields. Our high density calculation is fully relativistic for the V-A weak
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Lagrangian going beyond O(k/My) used by previous authors, but does not include additional terms in
the weak nucleon current as is done in Ref. [16]. We defer this improvement to future work. At low
density, we apply the same tools for stronger fields and at similar and higher temperatures than considered
by Refs. [16,190] which may have applications to simulations of binary NS mergers. It is expected that
magnetic fields in some regions of the merger remnant may be as strong as 10'7 G, strongly modifying
particle dispersions and opacities [191,192]. If the opacity for neutrinos is strongly amplified in regions of
the merger remnant, this may have implications for the viability of the r-process nucleosynthesis which
sensitively depends on the proton fraction. Detailed thermal simulations of supernovae and neutron
star mergers may also need to include these effects as the densities at which neutrinos decouple can be
significantly modified, especially for low energy neutrinos.

In Sec. 4.2 we describe our nuclear Lagrangian and the modifications the magnetic field and nuclear
mean field potentials make to the nucleon and lepton wavefunctions. In Sec. 4.3 we calculate the full DU
emissivity, including the effects of interactions, relativity, and Landau quantization (LQ). The calculation
of Fermi-Dirac factors and integration over phase space is complicated by singularities in the density of
states and must be treated carefully. We present a semi-analytic (SA) approximation to this calculation
and discuss computational approaches to performing the full integration in each Landau level. We then
give results for the DU rate in NSs. Turning to neutrino absorption, Sec. 4.4 gives expressions for
neutrino opacities at low density and discusses appropriate approximations for this energy regime. We
then present results for the neutrino opacity, comparing to prior results that were calculated at more

modest magnetic field. Sec. 4.5 summarizes our results and concludes.

4.2 Nuclear model and wavefunctions

To include the effects of nuclear interactions, we use a relativistic mean field model (RMF) (for a review,

see Ref. [193]). The charged particle species also couple to the electromagnetic field.

— . 1 14+
L= Z 77[% |:Za - gww’yo - igppfyo’rii +e 2 > A - (MN - ga’a) 1/% + Eo'wp
1=n,p

(4.1)

Grcosf,

T (LLNY 4 NLLF) £ 37 (il — oA = ma)+ ,i0Prby ~ Fw

L=e,p

where 73 is the third Pauli matrix in isospin space, Pj, projects onto the left-handed neutrino, G is the
Fermi constant, and the Cabibbo angle 6. ~ 13°. We use the standard notation % = v*v,. The charged

weak currents L* and N* are given by

LF =, 4" (1= 7" ) (4.2)
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NH = Ep’yu (gV - gA’Y5)1/}n (43)

where gy = 1 and g4 = 1.27 are the vector and axial vector form factors of the nucleon. Since the
contribution of muons to any weak processes is suppressed by their large mass and low density, we do
not consider muonic charged current interactions. The o, w, and p meson fields take on their mean field
value given by their equations of motion, enforcing charge neutrality and beta equilibrium. These modify
the in-medium effective mass and dispersion of the nucleons given by E(k) = Vk2 4+ M*2 + U where
M* = Mn—g,(0) and U = g,,(w)%g,(p)/2 where the plus sign is for protons and the minus for neutrons.
Lowp contains the free Lagrangian for the meson fields as well as meson-meson interactions which are
tuned to reproduce known properties of nuclear matter and finite nuclei (see Refs. [46,193] for details).
We use the IUFSU* choice of RMF parameters from Ref. [46] because it produces NSs with maximum
mass Mroy ~ 2Mg and Ry 4 ~ 12km, in line with observational constraints [27,28, 39,40, 194-197].
Additionally, the Direct Urca threshold for [TUFSU* is approximately 4ng,;, well above the central density
of the canonical 1.4Mg NS we shall focus on. For fields less than 10'® G, the calculated equation of state,
particle densities, and Fermi momenta are nearly identical whether or not one includes the effects of LQ.
We do not implement anomalous magnetic moments at the Lagrangian level and instead modify the
dispersion following Ref. [198]. This has the advantage of making shifts to available LL intuitive, but
produces discrepancies with a more detailed microphysical approach at order e B/M? (cf. Refs. [189,199])

which are negligible for field strengths we consider. This gives a dispersion for the proton:

Ey(kap,np, ) = \/kgp + M*2 + 2n,eB — (g — 2)eBs + U, (4.4)

where s is the spin of the proton (£1/2) and g is the gyromagnetic ratio of the proton. For the proton,
g ~ 5.6, making this an important contribution when determining when new LLs become available for
each choice of spin. The electron and muon have g ~ 2.002 and the anomalous magnetic moment can
be ignored. The neutron also has an anomalous magnetic moment of a similar scale to the proton, but
since the density of states for the neutron is smooth, the effect of the anomalous magnetic moment is
unimportant at high density, contributing about an MeV to the energy of the neutron at the strongest
field strengths we consider. At low density, the magnetic energy of the neutron is a sizable fraction of
the neutron energy and of the same order as the mass splitting of the proton and neutron and must be
included.

Following Ref. [183] we consider a magnetic field in the Z direction and a vector potential in a
symmetric gauge.

A==(—y, x,0) (4.5)
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Solving the Dirac equation with such a potential gives quantized wavefunctions for the electron and
proton.
7!

Ly p(@) = (| e ™22 () (4.6)

’ n!

L7 is a generalized Laguerre polynomial, n indexes the LL of the wavefunction, and » < n indexes the
degeneracy of each level. If n or r is negative, this is set to zero. The dimensionless argument = takes
the form eBx? /2 in the wavefunction where z, is the radial coordinate perpendicular to the direction
of the magentic field.

We add modifications to the spinors to clarify the normalization and include mean field effects. Note
that we retain the dimension of the space L to make clear how the unusual dimensional scaling of the
emissivity is resolved. From here on, we use M to refer to the in-medium effective mass of the nucleon
M = My — go{o) and Mj to refer to the Landau effective mass M} = k/(OE/0k). For leptons, there
are no modifications to the dispersion from interactions and the Landau effective mass is just the energy
of the lepton. For nucleons in a mean field model, M} = E — U. The electron wavefunction is given by

the following [183].
—i(Eet—kzez) pi(ne—re)d
€ € ul® (4.7)

we:\/EIe \/m e

eiiqﬁ-z'ngfl,rE (6352/2) 0
0 I, r.(eBE?/2)
u = =] (4.8)
Ree 061, 1, (BE/2) R e
i\/ 27’L56B kze
L E—GIne,TE i L F. Ine’r‘i (6B52/2> i

Note that the electron spin up spinor is zero if n = 0 since there is no spin up state in the lowest LL. The
proton wavefunctions are the same as for the electron, but with a non-zero mass, nuclear interactions,

and flipped charge.
efi(Eptkapz)eii(npirP)(ﬁ

M: + M ul®) 4.9
Lp \2rL/eB P (4.9)
In,.r,(eBE*/2) 0
0 €I, 1, (eBE/2)

ul) = L) =

i (4.10)
Kzp In o, (6352/2) iy/2npeB

sz—i-M MZP+M Np,Tp
ERAVELLEER e e, (eBE2)2)
sz+M ny—1,rp ] sz+M np—1,7p |

The neutron and neutrino spinors are standard.

—ikyn-x

AT * € s
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(s)
Uy, ok (4.12)
where x(®) is a two component vector in spin space. The antineutrino wavefunction is similar.

zk -z

Vo =V E, g (4.13)

ALV

o = Ev (4.14)

X

The positron and neutrino wavefunctions are analogous. We will use the following identities along with

standard trace techniques to calculate the matrix element:

(s = M (4.1
u uy) = —= 15)
XS: M;, + M
T o5 = K (4.16)
v o) = :
x EV

The tilde indicates additional mean field effects on the normal spin sum.

fen = [Mzn kon  kyn  Fen (4.17)

4.3 Direct Urca Emissivity

4.3.1 Reduced matrix element

To summarize the contributions of the wavefunctions and spatial integrations, we calculate a reduced

matrix element for 8 decay defined as

Mred - (MLn

Z Z ‘/d2‘rJ_e7/(kLn_kLu)Iie_l(ne_"e_np"l"’p)d)

SpPins Te,Tp (4.18)
2

X (" (gv — 9a7”)un) (v, (1 —~°)v,)

Since the neutrino momentum is order 7" and the neutron momentum is order «/2M e at high density and
V2MT at low density where e is the Fermi energy of the neutron, make the approximation k,,, —k,, ~

k1 n. Using the following formula from Refs. [16,200], the spatial integration can be carried out.

oo 2m
/ x dx) / do ei}“""”*i(”f“*”P“P)‘ﬁInmr? (eBz? /2)I,,. . (eBx? /2)
0 0

21
eB

(4.19)
e (12 (26B)T,, p, (K2, /2¢B)
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This allows us to make many simplifications. Note that while some elements in the spinor may have
index n or n — 1, all of them have the same r, so every term in M,.q has a common factor Ifemp. Using

the following two identities, this term can be simplified:

ZIn,T'(x)In’,r(x) - 571,7‘/ (420)

BL?
Yi= € 5 (4.21)
i

The normalization e B/27 L? exactly cancels with this term and the prefactor from the spatial integration.
Additionally, notice that all final terms in the sum will have the same factors of i and e**» except for
the terms with explicit eiwln,l,r. After cancelling out the global phase, the matrix element can be
calculated simply by taking the spin sum of the product of the currents in the second line of Eq. (4.18)

squared, with the following substitutions.
et 5 Fien L, Ly — Ly (4.22)
To analytically continue to cases where n — n’ < 0, use the following identity.
Ly (2) = (=1)" " Ly (4.23)

We use a trick to calculate the contribution of the spinors for the charged particles. Define a set of

four-vectors a, b, ¢, and d:

> ulTl) = g, + 9%, + £+ (4.24)
TS = 41 1208y + f50 40 (4.25)

While it is convenient to sum over spins for the electron, for the proton the matrix element for each spin
must be calculated separately since the large anomalous magnetic moment of the proton means different
LL are available for each spin. This decomposition of the matrix is equivalent to a decomposition
into scalar, vector, tensor, axial vector, and pseudoscalar terms, but is written in such a way to easily
utilize trace identities. The spin sums for charged particles in a magnetic field has been calculated in
Ref. [201] (see also the calculation in Ref. [189]), but we prefer this approach as it makes the traces more
straightforward and the intermediate expressions more compact. The coefficients of a — d are easily found

with the help of Mathematica or equivalent.
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In terms of these vectors, the square of the currents can be found simply. The nucleon current gives
the following.

@7 (gv — 947 )un) @7 (gv — gar®)un)t = (g + g2 TV K, AP (4 + £997)]

i (4.26)
+ 29y ga Ty k2 (50 + 40990 + M (g3 — 2T 20 + d))]
The leptonic current is given by

(@eva(1 = 7°)0) (@eya(1L = 7°)vn)! = 2T [yak, Vs (d, + £,) (1 +7)]. (4.27)

Taking the traces and dropping terms that vanish after doing the neutrino angular integration, this takes
a compact form.

Mieqa = 64[(gv + QA)QMzn(ae +ce) - (ap + Cp) + (gv — QA) (a —C )if “(ae + ce)

(4.28)
+ Mgy — g3)(dyp - (G + ) — by(ad + )]

For the final matrix element, use the following shorthand.

2 2
4] = 1 2 [ = (u MﬂM) Ip] = (m> (4.20

M, +M

Filling in the final values for a—d and dropping terms that go to zero after integrating over ¢,,, gives the

final matrix element with the argument of all the I,,, ,,, functions being k2 /2eB. For spin up protons

Ne,Np

M, = 16(gy + ga)2Mj, [12 ol + 2y i lpslle]

k. 2eB,/fen
+ 2Ine,n Inﬁfl np—1 1- * z * L :|
’ e Mp,+M | (M}, +M)E,

T 8(gy — ga)? [(Mzn k) (2, e+ 12, il

(4.30)
(Mt ko) (22 (o7l ] + Iiel,npltpane-])}
k2
+16(g3 — g2)M [Ize,n,, (‘1 + %M) [+ I3, 10,1 [pB]le7]

2eB,/ncny
— 2I7Le,np In€_17np_1 kZp (_sz—’——M)Q_E
P €
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For spin down protons:

MY, = 16(gv + 94)°M;, [z sllet] + 2.y 1lpt]le]

k 2eB, /men.
+2Ine,nplne—1,np—1 + ]\4,k L * N :l
T+ M ) (M;, + M)E,

T 8(gy — ga)? [(Mzn ko) (2 ol I [Tl
(4.31)
(Mt k) (22 [o5lle] 22y znen}

k2
+ 16(9‘2/ - 9124) |: Ne,Np [pB][ ] np—l np—1 <_1 + m) [67]

2eB, /ey ]

+ QIne,annc—l,np—lksz

Integrating over momenta and adding normalizations gives the total neutrino emissivity, doubled to

account for the reverse process.

eBG2 cos? 0, APk dk dk
Q —9 27F " 7c F Z Z / . n . Zp ze
or L} s 2F, 271' 32M;, (2m)3 2MLP(27T) 2E.(27)
. (sp) (4.32)

x (M7, + M)E.E,npp(Ey — pn) nrp(ftp — Ep) nep (e — Ee) Moy

x (2m)25(Ey, — Ep — Eo — E,)6(kan — kap — ko — k)

where npp(E — p) = (exp[(E — p)/T] + 1)1 is the Fermi-Dirac distribution. The angular integration
is done in a straightforward way by noticing that k, is much smaller than all the other momenta and
removing it from the momentum J-function. We add an explicit sum over the sign of k., and k.. and

set the limits of integration to [0,00). ©(z) is a step function that is one if z > 0 and zero otherwise.

> ] d dQy (kap — kap — = Z O(kp — |kap + ke (4.33)

n

k.signs k.signs

The §-function is used to set the value of k., which along with k,,, in the matrix element should be set
based on the values of k., and k.. Note that in the process of this integration, we did free integrals df2,,
and d¢,. These cause many terms in the matrix element to cancel, which we have already accounted

for.

4.3.2 Levels of approximation

Calculating the phase space integral has the first major deviation from the standard DU calculation. We

must calculate
eBG2 cos? 6, Z Z MLp +M

@= 56 (4:34)

Ne,Np Sp=
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where @ is given by

knd|ky|

q)(ne7np=3p) = WE ES dE, d|k2p|d|kze|nFD(En — Hn) nED(thyp _Ep)
Ln

(4.35)
x npp (e — B)(Ey — By — Be — B,) M)

For B < 10*° G, LL are spaced closely together and a quasiclassical (QC) approximation can be
made, disregarding effects of LQ [185]. The emissivity is given by Q = RpQY where @} is the emissivity
for zero magnetic field given by [42]

Q0 = 457T1G% cos? 0.(1 + 39%)
v 10080

M3, M T (4.36)

and Rp quantifies the amount of suppression from being in the “forbidden region” where DU is not

normally allowed. In the forbidden region, the QC suppression R% is given by [185]

4eB "pme
[e%s} s 2
xr?/?’/ ds/ 9 sin®/3 g Ai2 (m) : (4.38)
—00 0

24/3 5in2/3 9

krokre
RY :2/(i(:ost9pd(30s9e Fple ra O(kpn — |kpp cos O, + kpe cos be]) (4.37)

where x = [k%,, — (kpp + kpe)Q]/(k%pNgi/?’) quantifies how far the density is from the DU threshold.
Equation (22) of Ref. [185] gives useful approximate expressions for this integral that we will use when
comparing to our results.

To do better, the integral can be performed for each LL separately. Following the spirit of the standard
calculation of the DU rate without a magnetic field (see, for example, the appendix of Ref. [202]), the
Fermi surface approximation can be made by setting explicit factors of the energy and momenta as being
on the Fermi surface in the second expression.

M7 1 1
ple dl’p dl‘e e—Te + 1 e—%p n 1

/d|k:zp\ dlkse|npp(—Ep)npp(—E.) — T? (4.39)

|szeszp‘

where x; = (E; — p;)/T. This presents an obvious problem: this expression is infinite at the exact energy
where a new LL becomes available, since at that energy k, = 0 in the highest LL on the Fermi surface.
This occurs because the density of states has a resonance at these energies. Near the resonance, k, is
small and a large range of k, corresponds to energies within 7" of the Fermi surface. Doing the full integral
gives an enhancement from the resonance in the density of states. In the highest LLs, finite temperature
effects are important, even if T < e, since T may be of the same order as k?/E. Additionally, the
functions Iy, ,, oscillate rapidly as a function of k%, /2eB for large n. and n,, and applying a Fermi
surface approximation to the argument of I,,, ,, in order to avoid the computationally costly repeated

evaluation of the modified Laguerre polynomial introduces errors.
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These resonances were observed in Refs. [187,189] when calculating the DU rate at low temperature
and in Refs. [16,190] when calculating the neutrino cross section in low density matter and neglecting
the nucleon momentum. Including the nucleon momentum is equivalent in our case to doing the full
finite temperature momentum integral, smearing out the resonance due to thermal effects.

An analytical approximation to ® can be used based on the substitution in Eq. (4.39) when the
ratios k%.,/peT and k%.,,/MT are both not too small for a given pair of LLs. Continuing with the

Fermi surface approximation and performing the integrals, the emissivity for a specific LL is given by

4577 (M}, + M)p.

FSA 2 cog2 6 E e
e =eBG 90T 1900910

Q""" (ne, np) = eBG cos 1290240 2= [khraphre|

Z Mred (440)

k.signs

So long as the following conditions are met, this approximation is robust.

V2MNT T
cosfp, > 17/;\], cos 0 > 73 (4.41)
Np Ne

In what follows, we will use this result for LL with the simple prescription that both cos 6. and cos 8, are
greater than 0.2 and neither the electron nor the proton are in their highest two LLs, giving a speed boost
of a factor of 5-10. We use these values because the maximum value that the quantity /2MyT/ nzl,/ 3
takes for T = 100keV is about 0.16. The condition that the highest two LL be calculated numerically
catches edge cases of poor accuracy at low density. These choices ensure that the dominant contributions
to the emissivity (which come from LLs with small kg,) are computed in full, while speeding up the
computation in parameter space that affects the final result less. If a greater speed boost is desired,
a more precise implementation of these conditions can be used. We call this the semi-analytic (SA)
approximation. The error introduced by the SA approximation is generally low, particularly for low
temperatures, and can be made arbitrarily small by adjusting the tolerance lower. The choice of how
stringently to use the SA approximation depends on the desire for accuracy versus computational speed.

For the highest few LL, the full integral must be calculated. The integral over the neutron energy

can be done analytically.

o (Tp — e —1p)3
doy "2 "P2 = 6 Lig(—e "= 4.42

Lis(z) is the polylogarithm of order 4, defined by > p- | 2*/k* where it converges and its analytic con-

tinuation elsewhere. Making the substitution k,; — ki =k /T gives

D= —6T6/dEZEdEZPnFD(—xe)nFD(—a:p)Li4(—efxﬁfz”)@(an |kzp + kZ”DMred . (4.43)
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Figure 4.1: Rp comparing the semi-analytic and quasi-classical approximations with the full calculation
just below the DU threshold at B = 5 x 10'6 G. In the left panel the semi-analytic approximation and
full calculation are indistinguishable.

This integral can be found numerically. Figure 4.1 compares Rp in the full calculation with the SA
and QC approximations for B = 5x 106G at T = 1 keV and 100 keV. Clearly visible at low temperature
are the densities at which new LLs become available and there is an enhancement to the emissivity. Since
the proton has a large anomalous magnetic moment, there are separate peaks when new LLs become
available for electrons and for spin up and spin down protons. The deviation from the QC calculation
at high density is due to relativistic corrections that we include that the QC approximation neglects.

Different LL for the proton are spaced much more closely together in energy than for the electron
because of the large mass of the proton. When the temperature is of the same order as the energy
splitting T' ~ eB /M, peaks in the emissivity due to new proton LL become are thermally smeared. For
a magnetic field of 1016 G this becomes an important effect at T' > 100keV and LL above the Fermi
surface should be included. In contrast, the energy splitting of the electron LL is \/m for ne > 1.
Thermal smearing of electrons becomes important for n, < 100 and B = 10'° G only when 7' > 1 MeV.
Once the star is more than a few seconds old, thermal smearing of electron LL can be neglected for such

strong fields.

4.3.3 Solutions to computational challenges

Computing I, »(z) is the main bottleneck for the calculation of the full emissivity (and later the opacity).

A significant improvement can be gained by using the identity

L' (z) — (“

r)M(—r,n—r—!—l,x) (4.44)

to remove the need for recursive computation of Laguerre polynomials. To get a more significant im-

provement for modest densities, we pre-compute I,,, () for ne,n, < 250. For a given pair of indices
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ne and ny, I, ,, (k3 ,,/2eB) is mostly confined to the region

2eB(y/ne — /1p)? < k7, < 2eB(V/ne + /1p)° . (4.45)

Far above and below this range, the function I, ,,, (k% ,,/2eB) is suppressed. This condition is equivalent
to the requirement that the electron and proton wavefunctions contain transverse momentum components
of the same order as the transverse momentum of the neutron. When in the forbidden region, the integral
solely samples values of k,, near the boundaries of this region and values should be precomputed
somewhat beyond these limits. Additionally, I, n, has ne + 1 extrema if ne < n, and n, + 1 extrema
if n, < n.. If one of n. or n, is small, relatively few points need to be pre-computed to capture the full
functional dependence on k| .

Based on these observations, the final computation of Iy, n, uses alookup table, with values ofk,, in
the relevant region and precision scaling with the number of extrema. Between the precomputed points,
quadratic Lagrange interpolation approximates the value of the function. This reduces the runtime of
the function from tens of microseconds to 200-300 nanoseconds, with relative error less than 0.1% for

almost all values of k£ ,,.

4.3.4 Emissivity results

To understand the relevance of our results to the thermal evolution of NSs, we compare the Direct Urca
emissivity calculated in the QC approximation, in our SA approximation, and by calculating the full
integral. Where relevant, we compare these emissivities to the cooling rates calculated for Modified Urca
and bremsstrahlung processes calculated with zero magnetic field.

Figures 4.2 and 4.3 show the emissivity as a function of radius for a 1.4 Mg NS with a redshifted
temperature T = 1keV and 100keV respectively with various choices of magnetic field. We consider a
1.4Mg NS as a representative example where effects below the Direct Urca threshold are important as,
in our equation of state, the entire star is below the Direct Urca threshold. Integrated total emissivity
is given in Table 4.1. For a field strength of 2 x 10'® G, slow cooling is many orders of magnitude
more efficient than Direct Urca while for larger fields DU dominates. At B = 2 x 101 G, our results are
parametrically lower than the QC approximation because we include relativistic corrections while the QC
approximation is non-relativistic. At larger magnetic fields, we find that the QC approximation somewhat
underestimates the emissivity but is unexpectedly robust even when only tens of LL are occupied. Since
relativistic corrections in general decrease the emissivity we find, a non-relativistic calculation of the full
emissivity would find a somewhat larger deviation from the QC approximation, but the results would

still be within the same order of magnitude.
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Figure 4.2: Radial profiles of the DU emissivity for various magnetic field strengths in a NS with M =
1.4Mg, and redshifted temperature T = 1 keV. At this temperature, the semi-analytic approximation
and full calculation are indistinguishable.
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Figure 4.3: Radial profiles of the DU emissivity for various magnetic field strengths in a NS with
M = 1.4Mg and redshifted temperature 7' = 100 keV.

Table 4.1 gives the total emissivity of a 1.4 Mg NS for a variety of temperatures and magnetic
fields. Since the peaks due to resonances are averaged over, the enhancement from the full calculation
is modest. For the purposes of a simulation of an entire NS to predict its observed surface temperature,
this is probably not an important correction. Only if some phenomenon hinges on the thermal behavior
of the star at specific densities does this effect become important. It is possible that transport coefficients
are one such parameter, with Urca processes being a source of viscosity in neutron star matter [203].
The possibility of a non-monotonic viscosity sourced by resonant Urca processes may have implications

for understanding the oscillations of magnetars and should be further studied.

Table 4.1: Total emissivity (erg/s) of a 1.4 My NS for Direct Urca calculated in full, in the SA approxi-
mation, and in the QC approximation in the presence of a strong magnetic field. Slow cooling (Modified
Urca and bremsstrahlung) with zero magnetic field shown for comparison.

B (106 G) T (keV) Full DU SA DU QC DU Slow (B = 0)
2 1 2.83 x 10%* 2.84 x 10%4 2.74 x 10%4 5.40 x 10%4
2 100 1.65 x 1036 2.05 x 1036 2.74 x 1036 5.40 x 1040
5 1 1.67 x 10%° 1.68 x 10%° 1.05 x 10%° 5.40 x 10%*
5 100 1.35 x 10%! 1.56 x 10*! 1.05 x 10%! 5.40 x 100
10 1 1.48 x 103! 1.49 x 103! 6.89 x 1030 5.40 x 10%4
10 100 1.33 x 10%3 1.45 x 1043 6.89 x 1042 5.40 x 1040
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4.4 Neutrino Opacities

4.4.1 Low density conditions

The same tools we use to calculate the DU emissivity can be applied to calculate the opacity for neutrinos
to capture on neutrons (v +n — e+ p) and for antineutrinos to capture on protons (7 +p — et + n). In
the ejecta from a NS merger, the neutrino decoupling region ranges from 7' ~ 10 MeV and n ~ 0.1 ngy,; for
soft neutrinos (E, ~ 3MeV) to T ~ 2MeV and n ~ 1075 ng, for harder neutrinos (E, ~ 50 MeV) [204].
Magnetohydrodynamic instabilities in the merger remnant can amplify the magnetic field of the merging
NSs by many orders of magnitude, possibly larger than 10'¢ G [191,192]. We calculate modifications
to the neutrino opacity in the merger environment due to magnetic fields. This is similar to previous
calculations performed in Refs. [16,190] where minimal deviation from the zero field result was found,
but we will consider stronger magnetic fields and higher densities where Maxwell-Boltzmann statistics
they utilize are no longer appropriate and final state blocking becomes relevant.

The opacity for neutrinos capturing on neutrons not including the effects of stimulated absorption is

given by

G cos? .eB Sn,Sp
b = CEC IS [ by B — iy + b~ b )M
flﬁ,’rsf; (4.46)

X nFD(En - Nn)nFD(,U/p - Ep)nFD(/ie - Ee) .

To include stimulated absorption, this quantity should be multiplied by 1/(1 — F,) for F,, the invariant
distribution function for neutrinos that need not be in chemical equilibrium. Note that we are using a
different normalization for the reduced matrix element at low density so that it is dimensionless and does
not have an internal sum over the neutron spin since at low density the neutron anomalous magnetic
moment is important. The opacity for antineutrinos capturing on protons is given by

~ G%cos?0.eB e
P pard Z /dkze dkzp En©(kn — |kzp + ko — kzel)Ml(red )

X
<
S

Sn,Sp

s (4.47)

X npp(pn — En)nrp(Ep — pp)npp(—pe — Ee) .

For simplicity, we expand the matrix element to zeroth order in the momentum of the nucleons since
we are considering matter well below saturation density. As noted in Ref. [16], one cannot neglect the
nucleon momentum when calculating chemical equilibrium and energy conservation without producing
spurious infinities, even at low density. However, the matrix element can safely be expanded to low order
in the momentum at low density since the dependence is linear in k/M. At this order, and within the

approximation E, < vV2MT =~ k,, the matrix elements for both processes are the same and are given
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Table 4.2: Conditions in which we calculate the opacity

Label B (G) T (MeV)
1 5 x 1016 1
11 5 x 1016 3
111 1017 1
Y% 1017 8

by the following [16].

k‘

M = 2(gy + ga)? (1 + ) (1+cosb,)I7 .

E.

kze
+2(gv — ga)? (1— )(1—C089)n1n

E,
(sn=4,8p= kze
Mred SgA E 1 + COSQ n .—1,np—1
N © (4.48)

M£Z§:_7SP ) _ = 8¢% ( Ze) (1 —cos®,) ne ny

€

Dj

MI(AZg:*gSp:*) QV + gA (1 ) 1 — cosf ) ne—1mp—1

26) (1+COS€ ) Ne,Np—1

+2(gv —ga)? ( 15
e

To compare with the literature, we also calculate the cross sections for these processes using Maxwell-
Boltzmann statistics for the target nucleon. Figure 4.4 shows the cross section for these two processes
(given by the same integration as Eqs. (4.46) and (4.47), without final state blocking and dividing by the
target nucleon density) for neutrinos propagating perpendicular to the magnetic field. The orientation of
the neutrino momentum was found in Refs. [16,190] to have a very small effect on the neutron branch and
almost no effect on the proton branch. As a benchmark, we compare with the cross sections calculated in
Ref. [16] at B = 109G and 7' = 2MeV and the cross section with no magnetic field. Table 4.2 lists the
choices of magnetic field and temperatures we use. At low neutrino energy, the cross section is strongly
enhanced by the magnetic field because of the contribution of the anomalous magnetic moment of the
neutron shifting the effective mass splitting of the nucleons. For sufficiently large fields, the cross section
for capture on protons does not go to zero even for zero neutrino energy because the contribution of the
anomalous magnetic moment is of the same order as m,, + m. — m, ~ 1.8 MeV.

As expected, the first resonance occurs at higher neutrino energy and enhances the cross section by
a much larger factor than at smaller magnetic field. This warrants further inquiry, particularly at a
larger range of densities, temperatures, and with the necessary additional angular integrations to safely
consider higher neutrino energies. The results of Refs. [16,190] indicate that at large neutrino energy, the
opacities should approach the value with zero field with small corrections. Whether the highest energy

neutrinos from a neutron star merger are in this regime for such strong fields is unclear.
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Figure 4.4: Cross sections for neutrinos to capture on nucleons. Green circles correspond to B = 5x10'6 G
while blue triangles are for B = 10'7 G. Filled marks are at T = 1 MeV while unfilled are at 7' = 3 MeV
and 8 MeV, respectively. (See Table 4.2) The black curve for comparison was calculated in Ref. [16] at
B =106 G and T = 2 MeV.
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Figure 4.5: Neutrino opacities at np = 0.001ng, and Y, = 0.25. Green circles correspond to B =
5 x 10'6 G while blue triangles are for B = 10'7 G. Filled marks are at T = 1MeV while unfilled are
at T = 3MeV and 8 MeV, respectively. (See Table 4.2) Curves show results calculated at zero magnetic
field.

4.4.2 Opacity results

We calculate k,,, and Kz, at two densities in the ejecta, 0.1ng,¢ and 0.001ng,e with proton fraction
Y, = 0.1 and Y,, = 0.25 respectively. Figures 4.5 and 4.6 show our results for x,, and kg, at our low and
high density respectively and show the results for the opacity at the same densities and temperatures
with no magnetic field.

The most important effects the magnetic field has on the opacity for capturing on neutrons is due
to suppression of Pauli blocking of electrons at very low density. At 0.001 ng, and Y, = 0.25 (Fig. 4.5),
a strong magnetic field suppresses the electron chemical potential by a factor of a few because the
density is linearly dependent on p, when the number of LL is small, bringing the system much closer
to beta equilibrium and suppressing Pauli blocking of electrons. This enhances the opacity by many

orders of magnitude (compare Conditions I and III in the left panel of Fig. 4.5, both at T'=1MeV but
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Figure 4.6: Neutrino opacities at ng = 0.1 nga and Y, = 0.1. Green circles correspond to B = 5 x 1016 G
while blue triangles are for B = 10'7 G. Filled marks are at T = 1 MeV while unfilled are at T = 3 MeV
and 8 MeV, respectively. (See Table 4.2) Curves show results calculated at zero magnetic field. At
T = 1MeV, the opacity for capture on neutrons is strongly suppressed with or without a magnetic field
due to being far out of beta equilibrium.

with different magnetic field strength). At 0.1ng and Y, = 0.1 (Fig. 4.6), the electrons are strongly
degenerate and the system is far from beta equilibrium, suppressing capture on neutrons even in the
presence of a strong magnetic field. The opacity with a magnetic field is suppressed relative to the zero
field calculation since the energy available for an electron (approximately ., — p, + E,) is only sufficient
to populate the lowest few LL. As the neutrino energy is increased, the opacity approaches the zero field
value.

For capture on protons, the most important effect for low energy neutrinos is from the magnetic
moments of the nucleons. Since this process produces positrons, the leptons are not Pauli blocked.
Normally, the opacity for neutrinos with energy F, < m.+m, —m, to capture on protons is suppressed.
For the strongest magnetic fields we consider B ~ 10'7 G, the energy contribution of the anomalous
magnetic moments of the nucleons are of the same order as the positron mass and the mass splitting of
the nucleons and this suppression is lifted. In the presence of a strong magnetic field, neutrinos with
energies F, < 10MeV have their opacity to capture on protons enhanced by orders of magnitude due to
this effect. For higher energy neutrinos, the opacity is suppressed just like the capture rate on neutrons
is suppressed at 0.1 ng,; due to only being able to access the lowest few LLs. At higher neutrino energies

once many LL can be populated, the opacity will approach the zero field value.

4.5 Conclusion

In this work, we calculate the Direct Urca emissivity in the presence of magnetic fields B > 2 x 10'6 G in-
cluding the effects of Landau quantization and full relativity for the V-A weak Lagrangian. We find that
relativistic corrections tend to suppress the emissivity, but that the often utilized quasiclassical approxi-

mation of Ref. [185] underestimates the emissivity for fields B > 5 x 10'6 G. We present a semi-analytic
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approximation, in which analytic results within the Fermi surface approximation given by Eq. (4.40) are
used for Landau levels far from resonance and the full phase space integral given by Eq. (4.35) is calcu-
lated for the highest few Landau levels. The semi-analytic approximation captures resonances at specific
densities that the quasiclassical approximation misses, especially at low temperatures. When calculating
the emissivity of an entire neutron star, we find that the quasiclassical approximation is correct to within
less than an order of magnitude even for these very large fields and the high thermal conductivity of
the core likely washes out these resonances when considering global thermal evolution. Whether these
resonances might have implications for transport warrants further study.

Applying the same techniques, we calculate neutrino opacities in conditions relevant for binary neu-
tron star merger ejecta at magnetic fields B > 5 x 10 G. We find significant enhancement to the rates
of absorption at these strong fields for low energies neutrinos relative to the zero field result. This is
due to the large anomalous magnetic moments of the nucleons and suppression of the electron chemical
potential by the magnetic field at low density. If small regions of strong magnetic fields develop in the
ejecta of a neutron star merger, neutrino capture would be locally enhanced, the neutrinosphere could
become distorted, and the proton fraction in these regions would be changed. These results motivate a
more exhaustive study of neutrino opacities at superstrong magnetic fields which may have important
implications for neutrino transport and nucleosynthesis in binary neutron star merger simulations. Ini-
tial progress on this topic is summarized in App. C where analytic expressions in different regimes of

neutrino energy and magnetic field are given applicable at low density.
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Chapter 5

The Kohn-Luttinger effect in dense
matter and its implications for

neutron stars'

5.1 Introduction

The discovery of massive neutron stars by radio observations of pulsars [27,28,194] confirmed that the
maximum mass of neutron stars My.x > 2 M, and gravitational wave and x-ray observations constrain
the radius of a neutron star with mass ~ 1.4 Mg to the range 11 — 13 km [39, 40, 195-197]. These
constraints and theoretical calculations of the EOS of neutron-rich matter at ng < 2ngq: [30,172,205-207],
taken together strongly suggest a rapid increase in the pressure and the speed of sound in the NS
core [208]. This, in turn, implies strong repulsive interactions are necessary for any putative phase of
high-density matter in the core. This chapter addresses whether such repulsion can have other observable
consequences. In particular, we investigate if such repulsion can lead to Cooper pairing between fermions
with non-zero angular momentum due to the Kohn-Luttinger(KL) effect [209] in the cores of neutron
stars.

Cooper pairing in neutron stars is expected across a range of densities and in a variety of channels.
In the crust, neutrons are expected to form a 'Sy superfluid while protons form a 'Sy superconductor
in the core due to their lower density. The 'Sy gap for neutrons in the crust is shown in Fig. 5.1 where
the uncertainties are relatively small. At higher densities, the 1S interaction between nucleons becomes
repulsive and attraction in the 3P, channel is expected to dominate for neutrons. The exact size of

the 3P, gap and what densities it appears over remains highly uncertain. Figure 5.2 shows a recent

L This chapter summarizes work originally found in Ref. [12]
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Figure 5.1: Recent calculation of the 1Sy gap for neutrons in YEFT. The left column uses a free spectrum
for neutrons and the right column uses Hartree-Fock. Figure from Ref. [210].

calculation of the 3P, gap in xYEFT. At the highest densities, a variety of pairing channels are available
for quarks if they deconfine in neutron stars. Figure 1.1 sketches the approximate regions of the NS over
which each type of superfluidity is expected to dominate.

The KL effect, which arises because the interaction at the Fermi surface is modified due to screening
in the medium, implies that the Cooper pairing instability in high angular momentum states is inevitable
and occurs even when the bare interaction is repulsive [209]. The effect has been discussed extensively
in condensed matter physics (For a recent pedagogic review, see Ref. [211]). In the context of dense
nuclear matter, early work in [212-214] recognized that the interaction between nucleons induced by
polarization effects in the medium would significantly alter the pairing gaps (for recent reviews, see
[58,215]). The induced interaction, typically calculated in second-order perturbation theory or Fermi
liquid theory, naturally incorporates the KL effect. In dilute Fermi systems with attractive s-wave short-
range interactions, it has been known since the work of Gor’kov and Melik-Barkhudarov that the induced
interaction suppresses the s-wave pairing gap relative to the BCS prediction [216]. In neutron matter,

when the s-wave interaction is repulsive, the induced interaction was initially expected to increase the
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Figure 5.2: Recent calculation of the 2 P, gap for neutrons in yEFT. The left column uses a free spectrum
for neutrons and the right column uses Hartree-Fock. Figure from Ref. [210].

p-wave attraction between neutrons [212]. However, more recent work in Ref. [217] finds that the induced
spin-orbit interaction can dominate and result in a net suppression instead at modest density. Here, we
revisit calculating the induced interaction in high-density matter characterized by a large sound speed
to study its implications for 3P, pairing. We consider short-range interactions that contain central and
non-central components and study the competition between the attractive and repulsive components of
the induced p-wave interaction and its density dependence.

In quark matter, when the Fermi surfaces of up, down, and strange quarks are split due to charge
neutrality and a larger strange quark mass, the KL effect provides a mechanism to pair quarks of the
same flavor and color. However, in this case, we find that p-wave interaction induced by short-range
repulsion introduced to increase the pressure of quark matter is too small to be of phenomenological
relevance.

Our study, which relies on extrapolating results derived from perturbation theory to strong coupling,

provides order-of-magnitude estimates for the pairing gaps. Although the method we employ is inade-
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Figure 5.3: Schematic showing different regions for neutron superfluidity and a possible region of quark
color superconductivity in the inner core.

quate to make quantitative predictions, it identifies a mechanism for 2P, pairing in dense Fermi systems
with large repulsive interactions mediated by short-range interactions mediated by heavy vector bosons.

In section 5.2, we review the KL mechanism for non-relativistic fermions. In section 5.3, we derive the
induced interaction between neutrons at high density by assuming that the bare interaction is due to the
exchange of heavy vector mesons. In section 5.4, we consider the possible effects of the KL, mechanism in
quark matter. We discuss the implications for neutron star cooling in section 5.5, summarize our main

findings, and discuss open questions in section 5.6.

5.2 Kohn-Luttinger Mechanism

Kohn and Luttinger showed that a short-range repulsive potential can induce attraction in large odd
partial waves due to medium effects that can overscreen the effective interaction between fermions at
finite density [209]. There has been renewed interest in studying the KL effect in condensed matter
systems because calculations suggest that the induced pairing gaps in p-waves and low-order partial
waves could be large enough to be realized in experiments (see, for example, [218-221]). KL’s original
calculation included terms at second order in the potential; more recent analysis [222] calculates the
potential up to fourth order in a constant potential characterized by a large scattering length as well
as including retardation effects where pairing occurs away from the Fermi surface, also contributing at
fourth order.

In weak coupling, the KL effect arises naturally at second order in the potential by evaluating the

diagrams in Fig. 5.4. We refer to these diagrams from left to right as the screening, vertex, and
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exchange diagrams, respectively. The vertex diagram also has a mirror image, which must be included.
We consider interactions that occur at the Fermi surface, so |k| = |k’| = kp. The momentum transfer is

labeled ¢ = k' — k.

Figure 5.4: Irreducible second order diagrams for Kohn-Luttinger mechanism

For a short-range potential with zero range and strength denoted by Up, the non-relativistic calcu-
lation of these diagrams is straightforward. In this case, the screening diagram cancels the contribution
from the two vertex diagrams, and only the exchange diagram contributes. The exchange diagram also

gets an overall sign since it is crossed and is given by

1 d3¢ 1 1
V) =U5— 5.1
kulg) =Us g ;/ @ lo— EJam by — (0 + 4)2m &)
0
Notice that since |k| = |k’|, the frequency transfer gy is just zero. Taking the Matsubara sum and

simplifying it gives a singular contribution to the potential. Since we are considering the effects of
interactions with the medium, the loop integral has a factor ng(¢?/2m) = 1/(65([2/2’"*“) + 1) and does
not need to be regulated. At the low temperatures we consider (T < ep = k%/2m) this simplifies

np(0?/2m) ~ O(kp — £). The momentum integral in Eq. (5.1) yields the Lindhard function defined by

m @(kp—é) mkr 1 62 1—@/2
=— Q = 1—-=(1—-=)1 5.2
Ula) 47r3q/€d£d ZCOSqu—q/2€ 472 { q< 1) 1+7g/2 (52)
where ¢ = ¢/kp. Thus, Eq. (5.1) can be written as
Vicr(q) = U5 Ulg) (5.3)

For any potential, the contribution to the induced potential from the singularity at ¢ = 2kp of the
Lindhard function scales as (—1)LL=* for large L [209,223] where L is the angular momentum quantum
number. Since the regular contributions to the total potential falls off exponentially with L, attraction

is guaranteed for large odd partial waves.
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Although these results are only generically true for large L, they persist for relatively low partial
waves for some potentials. It was shown by [218,222] that the constant potential calculated above would
result in p-wave attraction. The p-wave contribution from the potential in Eq. (5.3) can be found easily
by making a change of integration variable from fi1 dcosf to f02 gdq. The matrix element in the Born
approximation should be doubled due to a diagram with outgoing momenta switched, but we will absorb
this normalization into the gap equation to match the literature. The p-wave potential from the exchange
diagram and its crossed counterpart is then given by

kaFi

Vet = U052

(2log2 — 1) (5.4)

The superfluid gap due to the induced attraction in p-waves was calculated several decades earlier in

Ref. [212,224]. In the BCS approximation, the p-wave gap

el (i)} e ol )} o

where ep = kZ/2m is the Fermi energy, N(0) = mkp/27? is the density of states at the Fermi surface

for each spin, and the scattering length a = mUy /47 in weak coupling.

In strong coupling, we cannot calculate the effective interaction at the Fermi surface reliably, and in
the following, we shall assume that Eq. (5.5) provides a useful estimate. Further, we shall also assume
that the s-wave scattering amplitude between quasi-particles at the Fermi surface, denoted by fy, is
directly related to the strength of the bare interaction Uy. In Fermi liquid theory (FLT), the sound

speed

o= T _ ST R, (5.6)

3mm*

where Fy = N(0)fo is dimensionless measure of the quasi-particle interaction and m* is the fermion
effective mass at the Fermi surface. Using this relation, we can estimate the interaction strength Uy =~ fo
at a given density if ¢; and m* are known. If m* ~ m and Uy = fj, then the induced p-wave gap in

Eq. (5.5) can be rewritten as

s ~er | (< =) o0

to illustrate its extreme sensitivity to Fj and the sound speed through Eq. (5.6). For example, models
of high-density neutron matter typically predict Fy = 2 for ng 2 3 nget [225]. Under these conditions,
Eq. (5.7) predicts robust p-wave pairing with gaps A, 22 1 MeV due to the induced interaction.

In the next section, we will calculate the induced interaction between neutrons in more realistic
scenarios where the bare potential is momentum-dependent and contains central and non-central com-

ponents.
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5.3 Induced p-wave pairing in dense neutron matter

The s-wave potential at the Fermi surface becomes repulsive in the neutron star core when ng 2 ngq:/2.
At these higher densities, 3P, pairing is favored because the bare potential in this channel remains
attractive, and non-central components of the interaction, especially the spin-orbit interaction, favor
the alignment of spin and orbital angular momentum. Calculations of the 3P, pairing gap in the BCS
approximation reported in Refs. [48,215] show that the pairing gaps are model dependent, especially for
np > 2ng.: because the nucleon-nucleon potentials at the relevant momenta are not well constrained by
scattering data. In these calculations, the maximum value of the gap Asp, ~ 1 —2 MeV occurs between
2 — 3 ngqt and decreases rapidly with increasing density. At lower density, when the nucleon momenta
p < A, where A, ~ 500 MeV is the breakdown scale of chiral EFT, a recent study used chiral EFT
potentials and found that the maximum value Asp, ~ 0.4 MeV was reached at np ~ 1.3 ngq: and its
decrease at higher density was found to be sensitive to the details of the short-distance physics [210].
Together, these findings suggest that if neutron matter persists at the highest densities encountered in
neutron stars, the bare 3P, potential could be small, and Asp, depends on model assumptions about the
nuclear interaction at short distances.

When the bare 3P, potential weakens, the gap is especially sensitive to corrections due to induced
interactions in the medium (see, for example, the discussion in section 3.4 of Ref. [215]). In early work,
the interaction induced by the central components of the nuclear force was found to increase the 3P,
gap [212,226], as would be expected from the discussion of the KL mechanism in section 5.2. However,
as mentioned earlier, calculations that employed realistic low-energy nuclear potentials with significant
non-central components found that the interference between the central and spin-orbit component of the
nuclear force led to significant suppression of the 3P, gap for ng < 2ng. [217].

At np Z 2ngq, the description of nuclear interactions relies on model assumptions since the typical
nucleon momenta p 2 A,. To investigate the competition between a strong and repulsive central force
and the spin-orbit component of the nuclear force at high density, we revisit the calculation of the induced
interaction in simple models. In what follows, we shall assume that the dominant contribution to the
nucleon-nucleon interaction at short distances is due to the exchange of heavy vector mesons such as
the w and p mesons with masses m,, =~ m, ~ 800 MeV. For ng < 4nsq, kr/A where A >~ m,, remains
a useful expansion parameter. In this case, including terms up to O[(kr/A)?], the interaction can be

described by the potential

V(q,q') = Co+ Coor - o2 + Coq® + ¢2) + Ch(q — ¢)
+ [62((]2 + q/2) -+ C’é(q’Q _ QZ)} o109+ iVso q X q/ . (01 + 02) (5.8)

+VT(]'O’1(]‘02.
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In neutron matter, due to the Pauli principle, only the combinations Cy = Cy — 3Cy, Ca = Cy — 3Cs,
and C) = C% 4 C! are relevant. In the full expansion of the vector meson potential, there is also a term
proportional to (¢ X ¢’ - 01)(g X ¢’ - 02) and higher powers of momentum in the central and spin-orbit
interactions. An exchange tensor term proportional to ¢’ - 014’ - o2 is also allowed by the symmetries
of the interaction but is not present in the vector exchange. In this exploratory study, we shall neglect
the spin-orbit squared and tensor exchange components and truncate the potential at order k%. In this
case, 5 LECs denoted by Cy, Co, C%, Vso, and Vp are adequate. The large and attractive spin-orbit
interaction, whose strength is set by Vso plays an important role, as discussed below. Since we consider
incoming and outgoing momenta at the Fermi surface with zero center-of-mass momentum, ¢ = k1 — k3
and ¢’ = k1 — k4 with the momenta of neutrons in the initial state are given by k; and ks, and the final
state momenta are k3 and ky.

It is straightforward to repeat the calculation of the diagrams described in the preceding section with

the potential in Eq. (5.8). However, it is simpler to define the anti-symmetrized potential

V(q,q") = Co(613024 — 814623) + Ca(q® + ¢'*) (513624 — 614023)

+ Cé(q,2 - qz)(513524 + 514523) + 00(013 ©024 — 014 023) (5 9)

+ C~'2(q2 + q/2)(013 <094 — 014 - 023) + C’é(q/Q - QQ)(UB 094 + 014 - 023)

+2iVsoq X ¢’ - (013024 + 024613) + Vr(q - 013G - 024 — ¢’ - 014¢ - 023)

that includes the effect of the exchange processes. We use the notation 6;; = X;Xi and 0;; = X;‘O'Xi for
incoming and outgoing two-component spinors y; and x}. In this case, the induced interaction at second-

order is calculated by evaluating the diagrams depicted in Fig. 5.5. The diagram on the left is called

i — kK — kK k'

k —k L —k

Figure 5.5: ZS (left) and ZS’ (right) diagrams. The shaded gray blobs represent the anti-symmetrized
interaction defined in Eq. (5.9).

the zero-sound diagram and denoted as ZS, and the diagram on the right is called the exchange zero-
sound diagram and is denoted by the symbol ZS’. A detailed derivation of the total induced interaction

Vina = VZ5 — V25" is presented in Appendix D.

ind ind
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First, we present the result obtained by neglecting the momentum-dependent components of the bare

central interaction. In this case, the induced potential

Vind — (€2 4 3C2)(U(q)d14023 — U(q')613024) + 6CoCo(U(q)013024 — U(q')514023)
+ (—=C2 +2CoCo) (013 - 024 — 014 - 393)(U(q) + U(q")) (5.10)

—3C3(013 - 024 + 014 - 023)(U(q) — U(q))

The s- and p-wave potentials given by this interaction are

; ~omk
vizd(0) = Cg%(210g2 +1) -

; ~o Mk
VIR (0) = —C3

055 (2log2 - 1).

where again Cy = C — 3C, is the momentum-independent bare 1S, potential.

The calculation of the induced potential, including the momentum-dependent central interactions, is
tedious, and the analytic results contain a large number of terms. Details of the intermediate expressions
can be found in Appendix D.

We find analytic results for the second-order induced potentials in the s and p induced potentials.

The induced 'Sy and 3P; potentials calculated to O(mk32.) are given by

. o 1 - = 2

5 16 (5.12)
+ COCQW(7 —4log2) — COVT@Q +log 2)],
and
in ~ 1 ~
Vipd = mkngﬁ(l —2log2) + mk%[COCQW(SQ — 68log2)
2
— CoCl—=—(29 + 521log 2 5.13
00021057T2(9+5 0g?2) (5.13)
- C*OVTm5—2(91J2 — 221 + 50 + (224J2 — 5447 + 220) log 2)],
Y
respectively.

When momentum dependence of the central interaction is neglected, the bare spin-orbit force does
not contribute to the induced interaction, and the leading order dependence of the induced potential on
J is determined by the tensor interaction. See Appendix D for a detailed discussion.

These contributions have the same behavior as the leading order KL result. The contribution to
the induced interaction in a particular partial wave arising from terms in the bare interaction that do
not contribute to that partial wave is strongly influenced by the KL singularity at ¢ = 2kp. For this
reason, their contribution is suppressed relative to other terms in the interaction at the same order in

the expansion. Notice, for example, that in the p-wave induced potential, the term proportional to CoC%
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has a numerical factor five times larger than CyCs and fifteen times larger than CoVy for 3P,. This
implies that the singularity at ¢ = 2kp does not play an essential role when C% is of modest size. By
comparing the relevant terms in Eq. (5.13), we find that the KL singularity plays an essential role only
when C} < Cy/(16k3). In what follows, we shall continue to use the term Kohn-Luttinger effect to refer
to the induced interaction, but it should be borne in mind that the singularity at ¢ = 2kr does not play
a dominant role for typical values of C%) we explore in this study.

Since the spin-orbit force is strong and important in the 3P, channel, we expect that it may contribute
to the induced interaction even though it enters at a higher order in the momentum expansion. To
investigate the impact of the spin-orbit coupling, we calculate a subset of the terms that contain the

central and spin-orbit interactions at O(mk%). These corrections to the induced potentials are given by:

Vl(ég = mk? [02231572(277 +961log 2) — C*g"ﬁ(@ + 241log 2) -
+ 62051035712(37 + 6log2) + Vgo?);%(w + 1610g 2)],
and
VS = mk [03%(83 —24log2) + CF ——— (34 — 3log 2)
567 567
_ 020;%(523 +20410g2) + C4Vso[J(J + 1) — 4]%(43 +241og 2) 515)
FVaVsolJ(J 4+ 1) 74]%(4“241%2) '
+ V3o (TJ* —17J + 10)%(43 +24log 2)] .

These are not all of the terms that contribute at O(mk%). Not included are terms proportional to C'QVT,
ChVp, and V2.
From Eq. (5.15), we deduce that when the bare spin-orbit interaction is attractive, it could enhance
3P, pairing if
2C5 + Vr + %Vso >0. (5.16)

The relation of this result to the suppression of 3P pairing at low density due to spin-orbit interactions
found in Ref. [217], which employed a realistic low-momentum nucleon-nucleon potential fit to scattering
data warrants further study.

We consider three scenarios to study the implications of these results for dense neutron matter. Each
scenario is defined by a specification of the LECs that appear in the bare potential defined in Eq. (5.8). In
scenario A, we shall assume that the exchange of heavy vector mesons mediates the interactions between

neutrons. When the mass of the vector meson is large compared to the neutron Fermi momentum, and
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interaction is described by a current-current four-fermion Lagrangian

G
Lint = —TV(mMn)(m#n). (5.17)

Retaining only the leading terms in the k/m,, expansion, the LECs appearing in Egs. (5.12) and (5.13)

are given by

5Gv -, 3Gy 3Gy Gy
— = 1
Vr 4m?2 (5.18)

n

C=Cv. =g “Tge VT e

Although the simple vector interaction cannot capture the complex nature of interactions between neu-
trons, which could involve a richer operator structure due to pion exchange and many nucleon forces, it is
able to describe the qualitative aspects of the nucleon-nucleon interaction at high momentum; it predicts
negative phase shifts in the 1Sy, 3Py, and 3P, channels. The phase shift in the 3P, channel vanishes
because Vgo = —C%, and the spin-orbit interaction exactly cancels the contribution from the central
force. This aspect of short-range vector interactions that leads to a vanishing bare potential in the 3P,
channel is a generic feature of any four-fermion interaction without derivative couplings since initial and
final states constructed only from spin and helicity operators cannot be combined to form a tensor of
rank greater than 1. As a result, such an interaction cannot generate potentials in channels with J > 2 at
the tree level. Including momentum dependence in the meson propagator, explicit derivative couplings
(i.e., momentum dependence beyond that found in the Dirac spinors), or momentum dependence from

loops lifts this restriction.
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Figure 5.6: Total potential for heavy vector boson exchange at O(mk%) (left) and at O(mk?%) (right).
The coupling constant is tuned to Fy = 3 at 3nga:.

The couplings are related to the Fermi liquid parameters Fy and Gy. In the mean-field theory, Fy

and Gy depend only on the central components of the interaction and are given by

Fo = N(0) (Co +2k2(Cy + 30'2’)) , (5.19)

Go = —N(0) (C*o 4 2k2(Cy — 62’)) , (5.20)
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where N (0) = \/k2 + m2kp /272 is the density of states for each spin at the Fermi surface. Thus, if F,
and (G are specified, the strength of the s-wave components of the interaction are constrained by the
equation (2Cy + 4k%C3) = (Fy — 3Gy)/2N(0) and the p-wave component is obtained using the relation
Ch = (Fy + Go)/(8N(0)k%). In scenario A, the interaction contains just one parameter, Gy . In this
case, Fy and G are not independent and Gy is determined by specifying Fy, which we take to be in the

range 2 —4 at np = 3 Ngqt-

101' -

Asp, (MeV)
2

20 25 3.0 35 40 2.0 25 3.0 35 40
np/Mgy np/Mgy

Figure 5.7: The 3P, gap corresponding to the short-range vector interaction in Eq. (5.17). Results at
O(mk3.) are shown in the left panel and at O(mk%) in the right panel. The coupling constant is tuned
to the given value of Fjy at 3ngq;.

The induced and total p-wave interactions at the Fermi surface are shown in Fig. 5.6 for F; = 3 at
np = 3Nsqt. The actual value shown VN(0)/2 is the quantity in the exponent of the BCS equation.
The model naturally prefers 3P, pairing because although the induced interaction at the Fermi surface
is attractive for all values of the total angular momentum J = 0,1,2, the sum VPae 4+ Vird g only
attractive for .J = 1,2 and the net attraction is larger for J = 2. In Fig. 5.7, we show the ?P» pairing
gaps calculated using the BCS formula in Eq. (5.5). Results are shown for three choices of the coupling
Gy obtained by setting Fy = 2,3 and 4 at ng = 3 ngay-

To study the interplay between the central p-wave and the spin-orbit interactions, we consider scenario
B, in which we introduce parameters £, and g0 to control the strength of the central p-wave interaction
and the spin-orbit interaction, respectively. In this case, we neglect the tensor coupling, and the LEC

constants are given by:

. e e e
Co =Gy, CQZTZv Czipr‘;, VSO:*SSOT‘Q/, Vr=0 (5.21)

As a generic choice at the same order as the nucleon and meson masses, we take A = 1 GeV. Fig.5.8
shows curves of constant VN (0)/2 in the space of §, and £so for Gy = 20 GeV™? and Gy = 40 GeV 2.
Corresponding values of Fy for each value of &, are shown on the right axis. The black line shows where

the bare interaction is zero. Above this line, the bare interaction is repulsive, and below it is attractive.
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Figure 5.8: Contours of constant 3P, potential in model B in the &, — 5o plane for two choices of Gy
at 3ngq. Fo, calculated using Eq. (5.19) is also shown. The black dashed line shows where the bare
interaction vanishes.

The general behavior of the induced interaction is set by terms proportional to C_'éz, C_'QVSO, and VS20
with some secondary effects from terms proportional to CyC% and C2C%. Even though some of these
terms enter at higher order in the gradient expansion, they are generally more important than lower-
order terms in the induced interaction because they do not rely on the KL singularity to contribute to
the 3P, potential. Of these five terms, the only ones that can be attractive are CoC% and CyC% when &
is positive, and C4Vso when £so and &, are of the same sign. As a result, for stronger couplings, the
overall interaction is repulsive when , is negative and of reasonable size, even though that corresponds
to a more attractive bare interaction. There is significant net attraction only when £, and £so are both
positive and &, is not much larger than {so as this leads to a more repulsive bare interaction without
producing enough induced attraction to match.

Fig.5.9 shows the 3P, gap as a function of {50 for a few choices of &, and the same choices of Gy .
This interplay between the relative size of &, and £so sensitively determines the size of the gap. This
model is not detailed enough to make quantitative predictions, but the general trend remains that high-
order terms in the expansion play an important role in determining the size of the gap. An attractive
spin-orbit appears to be necessary to have gaps of a reasonable size. An attractive bare p-wave potential
precludes pairing even though the bare interaction is stronger because of the repulsion due to the induced
interaction.

To incorporate trends observed in the nucleon-nucleon phase shifts that have been measured up
to Fiap ~ 300 MeV which correspond poy = \/m ~ 375 MeV, we consider scenario C in
which we incorporate a non-zero Vr by introducing a parameter £ that sets the strength of the tensor
interaction, and Vp = —Gy&p/A2. This allows us to obtain any desired ordering of the p-wave phase
shifts for J = 0,1, 2 and match scattering data that require a weakly attractive bare 3P, interaction and
repulsive interactions in the ® Py and 3Py channels. Since the induced interaction at O(mk3) in Eq. (5.15)

neglected the part of the potential proportional to C4Vr, the results we present here are strictly only
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Figure 5.9: 3P, gap as a function of £go in model B for a few choices of & and Gy at 3ngge.

valid for &7 < £so. Thus, scenario C must be viewed as an initial exploration into the effects of Vr to
be continued in future work.

To obtain the correct ordering of the p-wave interactions, the parameters must satisfy the following
conditions. To have an attractive bare 3P, potential, {50 > &, and to have a repulsive bare 3P,
& + 2650 — 3¢7/2 > 0. The condition 2£50/5 < &r < 2€so ensures that the 3Py potential is most

repulsive and 3P, is most attractive. We define o and 3 to be the ratio between the bare potentials given

by
o= Vap, _ &p — &so
- Vap, &+ 28so — 3Er/2 (5.22)
ﬂz%Pl— & +E&so +&r '

Vsp, & +28s0 — 3&r/2

Phase shifts for lab energies between 250 MeV and 350 MeV favor o between —1 and —3 and g between
2 and 4. The blue horizontal hatched and orange vertical hatched bands in Fig. 5.10 and Fig. 5.11
identify regions —3 < a < —1 and 2 < 8 < 4, respectively with the correct sign for each bare potential.
We only show regions with £so > 0 and &7 > 0 since this is required to obtain the correct ordering of
p-waves phase shifts. These are also the signs favored by a tensor interaction arising from pion exchange
and a spin-orbit force from heavy meson exchange.

To illustrate the relevance of the induced interaction, Fig. 5.10 shows the interaction for scenario
C broken down into bare potential, O(mk?2) induced potential, and O(mk3,) corrections to the induced
potential for a few choices of 5o and &{r and the same two values of Gy used for scenario B. In the
right panel, {50 is fixed to match the value of £, so that the bare interaction is always zero, as is found
in the meson exchange model. The range of £, chosen is motivated by the observation that meson
exchange models predict 0.5 < &, < 1.5 and matching to phase shifts between 250 and 350 MeV predicts
—0.5 < &, < 0. As seen before, the O(mk?.) induced interaction is dominated by the term proportional

to CpC% and gives more attraction for positive £, and repulsion for negative &,. The induced interaction
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Figure 5.10: The bare 3P, potential, the induced potential at O(mk?.), and the induced Vso at np =
3nsar. Gy = 40GeV ™2 in the upper panel and Gy = 20GeV ™2 in the lower panel. Blue horizontal
hatched and orange vertical hatched bands indicate where —3 < o < —1 and 2 < 8 < 4 respectively
with the correct sign for all phase shifts for a and 8 defined in Eq. (5.22).

does not exactly go through the origin for £, = 0, but the KL suppression of the terms that do not
include C} or Vso is sufficient that it is not visible on this scale. Negative values of &p lead to more
repulsive O(mk3.) corrections, with this effect being stronger for larger values of £5o.

Fig. 5.11 shows the contours of constant potential for scenario C. As in scenario B, negative or zero
&p corresponds to repulsion for most of the parameter space. However, unlike scenario B, when &7 is
of reasonable size, increasing £so results in repulsion much more quickly. This is a result of the term
proportional to VrVgo. The contribution of the spin-orbit terms can be easily summarized in terms of

the constants of this model:

(550) 4€s0 G} 32mk3,
Vip,  =&s0 (fT + = - 2§p> A4 0452 (43 +24log2) (5.23)

In scenario A, &7 is negative and £go = §p, so the term in parentheses is always negative, and the
spin-orbit corrections give additional attraction. However, when we allow the constants to vary and take
&r positive as is favored by pion exchange and phase shift data, much of the favored region of the phase
diagram shows suppression due to these corrections. The black dashed line in Fig. 5.11 shows where
&r +4€so/5 — 2¢, = 0. The spin-orbit corrections suppress the potential above and to the right of this

line, while the potential is enhanced below and to the left.
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Figure 5.11: Curves of constant total potential for different choices of &, at 3ns.:. The black dashed
line shows where the spin-orbit correction vanishes. The coupling constant is Gy = 40 GeV~2. Blue
horizontal hatched and orange vertical hatched bands indicate where —3 < o < —1 and 2 < 8 < 4
respectively with the correct sign for all phase shifts for @ and 3 defined in Eq. (5.22).
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Figure 5.12: 3P, gap as a function of ¢, for a few choices of Gy, {50, and &7 at np = 3ngqe.

Fig. 5.12 shows the 3P, gap at 3ns, as a function of &, for a few choices of £5o and &r. For negative
&p, even though the bare interaction is more attractive, the induced interaction strongly suppresses the
gap. The contribution of positive {7 suppresses the gap. For positive £,, MeV-scale gaps are possible.
These results are sensitive to the value of Fp, as can be inferred by comparing the upper and lower panels
of Fig.5.10. For smaller Fy, the relative importance of the induced interaction is diminished, and for
most of the parameter space, the induced interaction suppresses an attractive bare interaction. This still
has a significant effect as the gap is exponentially sensitive to the potential. In this case, for almost all
the explored parameter space, the induced interaction suppresses the gap by an order of magnitude or

more.

5.4 Induced p-wave pairing in quark matter

The inner cores of neutron stars may be made up of deconfined quark matter. Quarks are expected to form

a color superconductor at asymptotic densities, with the dominant pairing being in the color antitriplet
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channel (antisymmetric). See [59] for a review. Color symmetric pairing is generally not considered since
gluon exchange in the color sextet (symmetric) is repulsive, while the antitriplet channel is attractive.
At asymptotic densities, pairing all three colors and flavors (up, down, and strange) in color and flavor
antisymmetric pairs is expected (the CFL phase). At lower densities where the strange quark mass
cannot be neglected, up and down quarks can pair in the color antisymmetric channel. This pairing
involves two colors, typically denoted as red and green, and is called the 2SC phase. In this phase, the
strange quarks and blue-up and blue-down quarks are unpaired.

Pairing of quarks of the same flavor and color was considered in Ref. [227] in which possible pair-
ing channels were found for strange quarks in color symmetric and antisymmetric channels for a bare
interaction with the quantum numbers of gluon exchange. The attractive color symmetric channel they
find is model-dependent and, in the case of massive quarks with all contributions from gluon exchange,
receives competition from repulsive terms with the same spin and angular momentum quantum numbers
but different chirality. Since they consider contact interactions without explicit derivative couplings,
they explore J = 0 and 1. Pairing of quarks of the same flavor was also studied in Ref. [228] in which
attractive color antisymmetric channels with J = 1 were considered, finding the transverse color-spin
locked phase to be favored.

The possibility that quarks left over in the 2SC phase could pair due to the KL mechanism in QCD
was first studied in Ref. [229]. This study investigated the KL effect in gauge theories where fermions
interact via long-range forces that are dynamically screened due to Landau damping of the magnetic
gauge bosons. Here, the energy dependence of the interaction plays a critical role, and the results of
Ref. [229] indicate that a gap arises via a mechanism analogous to the Kohn-Luttinger effect but conclude
that it is too small to be phenomenologically relevant.

To assess if the KL mechanism could be relevant in quark matter with short-range interactions that are
independent of energy, we shall calculate the induced interaction in the 3 P, channel between quarks of the
same flavor and color due to the short-range, flavor and color-independent, repulsive vector interaction.
Such pairing would include the strange and the up and down blue quarks. In what follows, we shall
focus on the induced interaction between strange quarks of the same color at moderate density when
mg > kps The specific question we address here is if repulsive short-range interactions introduced to
stabilize quark matter inside neutron stars [230] can lead to pairing gaps of phenomenological relevance.

For concreteness, we consider a description of quark matter within the purview of the Nambu-Jona-
Lasino(NJL) models (see [231] for a comprehensive review). In these models, defined by the interaction
Lagrangian [230-232]

Ly = G(qq)* + H(qq)(q9) — gv (q7.9)*, (5.24)

where G and H are the four-fermion scalar quark-antiquark and diquark coupling strengths, and vector

coupling gy is introduced to generate higher pressures as noted earlier. The scalar interaction between
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quarks and antiquarks leads to a non-trivial vacuum with (Gg) # 0 that spontaneously breaks chiral
symmetry and the coefficient G is determined by hadron masses and the pion decay constant in the
vacuum. For typical momentum cut-off Anyr, &~ 600 MeV, GAZ;y; ~ 2 [231]. At densities of interest to
neutron stars, chiral symmetry remains broken. The constituent strange quark mass is expected to be
300 — 500 MeV, while the up and down quark masses can be significantly smaller. The diquark coupling
H and the vector coupling gy are expected to be of similar size because they can be thought of as arising
from the same underlying high-energy color current-current interactions in QCD [232]. Their values
at the densities of interest to neutron stars are determined phenomenologically. The diquark coupling
H., which encodes the attraction in the color antisymmetric channel, leads to s-wave pairing between
quarks. For H ~ (G, the s-wave pairing gap between up and down quarks is about 50 MeV and is typically
inadequate to induce pairing between strange quarks and light quarks [233], as mentioned above. The
analysis of the quark matter EOS in [230,234] concluded that vector coupling needed to be of moderate
size with gy ~ G to support the large sound speed needed to support a two solar mass neutron star.
First, we note that the contribution to the induced interaction from the closed fermion loop (the
first diagram in Fig. 5.4) is enhanced by a factor NyN.. This is because the bare vector interaction
introduced to stiffen the quark matter EOS is independent of color and flavor. Thus, in contrast to
the one-component Fermi system, where the contribution from the closed fermion loop was canceled by
the diagram that encoded the vertex corrections, in quark matter with Ny = N, = 3, the first diagram
in Fig. 5.4 makes the dominant contribution to the induced potential. In computing this diagram, the
up and down quarks must be treated as relativistic particles, leading to a somewhat more complicated
expression. After doing the Matsubara sum and noting that ugguy = Uggus for u; and uo incoming and

ug and 44 outgoing spinors, the induced potential from the first diagram is given by:

Er+m dldQy (ks — L) -

ind _ 2 = k s £ fC v v

U3y, U U 2010Y — gL - 2
V gv (tzyur) (Uay 2)( 5. ) E /1 34Es o q/%( gt q) (5.25)

The calculation of the induced interaction, including both the electric (#y*u for i = 0) and magnetic
(wy'u for i = (1,2,3)) components is unwieldy. In what follows, we shall focus on the electric component
as the magnetic component is suppressed by the strange quark mass. In this case, setting y = v =0 in

Eq. (5.25) we find that

ind _ 9013024 / _dldcge 2
20° — — 2 — . 2
1% o2 E o — 4/20 f:Eu d( 14 chqg)e)(kfc £) + 2tmsO (ks — £) (5.26)

After performing the momentum integrals, we find that

. k2
ind __ 2 _ fc q rel q rel q _
V = gv(513524 E E ( o2 + *2 U (kfc> Qkifc <k C)) 2U(q) (527)

¢ |f=ud f
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Figure 5.13: Induced p-wave potential between strange quarks for gy = 2 /A?V g5, Anyr =600 MeV, and
ms = 350 MeV.

where the relativistic Lindhard functions U and U3®! defined in Appendix F.

Note that by not including the magnetic part of the vector integration (@vy‘u for i = (1,2, 3)), explicit
dependence on J has been removed, and all the p-waves have the same potential. Nonetheless, the 3P,
gap remains of primary interest because the bare interaction vanishes for J = 2, while it is repulsive
for J = 0,1. Fig. 5.13 shows the induced p-wave potential for strange quarks of mass 350 MeV, for
gv = 2/A%;; and Any = 600MeV. Densities of each color and flavor are determined assuming
2S5C pairing of up and down quarks, charge neutrality, and beta equilibrium. Since the pairing gap
A~ p exp{(2/Vina(kr)N(0))}, from Fig. 5.13 we can deduce that the induced potential is too small to
be relevant for neutron star phenomenology. This is mostly due to the fact that the value of gy needed
in NJL models to support massive neutron stars is significantly smaller than the coupling we considered

for nucleons.

5.5 Implications for Neutron Stars

The thermal evolution of neutron stars, especially those that are reheated by accretion from a companion
at late times, is sensitive to heat capacity and neutrino emissivity in their cores [19,235,236]. The neutrino
emissivity and the specific heat of dense matter are both strongly modified by Cooper pairing. When
the pairing gap is large compared to the temperature, the neutrino emissivity and the specific heat
are exponentially suppressed by the factor exp{(—A/kpT)}. Additionally, in the vicinity of the critical
temperature, Cooper pair breaking and formation (PBF) processes enhance the neutrino emissivity. This
enhancement is especially important for neutron Cooper pairing in the 2P, channel in the core of the
neutron star [19,236]. Studies of isolated neutron star cooling reported in Ref. [236] that include the

modified URCA (nn — mpe™ 7, and e pn — nnv,) reactions and the PBF process but discount the
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possibility of other more rapid neutrino emission processes such as direct URCA [237] find that a critical
temperature for 3P, pairing, T. ~ Asp, /1.7, that is larger than 5 x 108 K (~ 50 keV) throughout the
inner core would be disfavored by observations. This favors a scenario in which the Asp, is suppressed
at the modest density encountered in the outer core due to the competition between the interactions
induced by the central and spin-orbit components of the nuclear forces [217] but is insensitive to the
behavior of the gap at higher density.

Accreting neutron stars exhibit a diversity of cooling behaviors, and a few neutron stars show behavior
that requires rapid neutrino cooling [235,238]. Such rapid neutrino cooling can be realized in the dense
nuclear matter when the proton fraction in the core exceeds about 11% to lift kinematic restrictions on
the direct URCA reactions e~ +p — n+ v, and n — e~ + p + 7, [237]. In addition, rapid cooling
would also require 3P, pairing to be absent at high density. Our finding that the induced interaction
disfavors 3P, when the spin-orbit and tensor forces are strong and attractive provides some insight into
the conditions necessary to realize unpaired neutron matter at high density characterized by a high
sound speed. On the other hand, if the central component of the p-wave interaction is strongly repulsive
and the non-central components are weak, the induced interaction favors 3P, pairing between neutrons,
and rapid neutrino cooling cannot be realized in nuclear matter at high density. In this scenario, rapid
cooling in neutron stars would require new ungapped fermionic excitations, such as hyperons or quarks,

to enable the direct URCA reaction.
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Figure 5.14: Contours for Asp, = 10keV for Gy = 40 GeV ™2 at 3ng,, for a few choices of &p. Below and
to the right of the contour, the gap is larger than 10 keV.

In transiently accreting neutron stars, inference of the heat deposition due to deep crustal heating from
observations of accretion outbursts and the inference of the core temperature from subsequent observation
in quiescence have been used to derive a lower limit to the neutron star core heat capacity [238,239].

Further, if the neutron stars cooling can be observed during quiescence, an upper limit on the core
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heat capacity can also be deduced from observations [238,239]. For neutron stars in the low mass x-ray
binaries KS 1731-260, MXB 1659-29, and XTE J1701-462, with core temperatures in the range 107 — 108
K, the lower limit was found to be a factor of a few below the core heat capacity expected if neutrons and
protons in the core are paired. However, upper limits from future cooling observations in these systems
could constrain the extent of neutron pairing in the neutron star core. For example, the analysis in
Ref. [238] suggests that if the neutron star in MXB 1659-29 cools by about 4% during a 10-year period,
a very large fraction of the neutrons in the neutron star core must be superfluid with a gap that is much
larger than a few keV. If observed, it would disfavor a large attractive tensor interaction and would
require an attractive spin-orbit interaction as shown in Fig.5.14. Repulsive bare p-wave interactions

permit larger regions of parameter space, while attractive bare p-wave interactions are more restrictive.

5.6 Conclusion

We have calculated the induced potential between fermions at the Fermi surface to study the role of polar-
ization effects in the dense medium. We find that short-range repulsive interactions due to the exchange
of heavy vector mesons between neutrons, whose strength is related to the Fermi liquid parameter Fjy and
the sound speed at high density, induce an attractive p-wave potential. Using a model that allows us to
independently vary the strength of central and non-central p-wave interactions, we have investigated the
competition between the bare and induced interactions to determine the conditions necessary to realize
3P, pairing in neutron matter at high density. When neutron matter is characterized by a large speed

of sound ¢? > 1/3 and F, > 2, the induced interaction plays an important role. We find that

e The contribution to the induced interaction in a particular partial wave arising from terms in
the bare interaction that do not contribute to that partial wave are suppressed because their
contribution is strongly influenced by the KL singularity at ¢ = 2kp. For this reason, the bare
p-wave and the spin-orbit interactions are generally more important than lower-order terms for the

induced 3P, potential.

e The induced interaction favors 3P, pairing if the central component of the s-wave and p-wave
interaction are strongly repulsive and the non-central components are small. The resulting gap,
Asp,, can be in the range 0.1 — 10 MeV in the neutron star core and is exponentially sensitive to

the induced potential.

e When the central p-wave and the spin-orbit interaction are both strong and attractive, the induced
interaction is repulsive. Although the bare interaction is strongly attractive, the induced repulsion

can preclude pairing or suppress Asp, by orders of magnitude.
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e In the presence of a strongly attractive spin-orbit interaction, the induced interaction favors 3P,
pairing when the central p-wave is repulsive. Pairing persists even when the strength of the central

p-wave repulsion is greater than the attractive spin-orbit interaction.

An important caveat to these findings is our assumption that the bare interaction at the Fermi surface is
well represented by Eq. (5.8). Further, at the high momenta of relevance when np > 2ng,¢, the nucleon-
nucleon potential, and thereby the parameters of our model, are not well constrained by scattering data.
Nonetheless, results obtained within the purview of the model allowed us to explore the connection
between pairing and the strong repulsive central interactions needed to generate a high sound speed and
large F{y at densities expected in the cores of massive neutron stars. Our calculation, which includes the
effect due to strong spin-orbit forces, provides useful formulae to gauge the interplay between repulsive
central interaction and attractive spin-orbit interactions. However, further study of the role of strong
tensor interactions warrants further study.

Another aspect that warrants mention is the role of many-body forces. Although we have not explicitly
accounted for them in our study here, earlier work has demonstrated that three-body forces can be
incorporated through a density-dependent two-body potential that can then be constructed by normal
ordering the three-body force with respect to a convenient reference state, such as the ground state of the
non-interacting many-body system [205,240]. Including the three-body force would thereby introduce
a density dependence to the parameters of our model that set the strength of the two-body s-wave
and p-wave interactions in dense matter. We believe the large range of parameter values we explored
should be sufficient to account for corrections due to many-body forces partially. The density-dependence
of the two-nucleon partial-wave matrix elements at the Fermi surface and the correlation between the
parameters induced by the 3-body forces will be explored in future work. Finally, as cautioned earlier, the
magnitude of the 3P, gap was calculated using the BCS approximation, which restricted the interaction

to the Fermi surface. More work is needed to assess the reliability of this approximation.
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Chapter 6

Summary and outlook

In this thesis we have studied the properties of matter in neutron stars in order to constrain theories of
axions and to understand the properties of interactions in dense matter. Such calculations are crucial in
order to accurately interpret astrophysical observations.

Exceptionally light QCD axions are at present strongly constrained though substantial theoretical
uncertainties remain regarding the nature of nuclear forces at reduced pion mass. We have identified
the modifications to existing nuclear forces and new operators necessary to address this question within
a cohesive framework and possibly probe the QCD axion itself (¢ = 1). Future publications will show
these results.

We extended prior results calculating the Direct Urca rate below the threshold Y, = 1/9 in the
presence of a strong magnetic field. Past approximations neglected the effect of resonances in the density
of states that lead to local enhancements of the neutrino emissivity. Although these effects are washed
out in the high thermal conductivity core of the neutron star, it is possible that this may be relevant for
transport. Of greater note was the observation that in the presence of strong magnetic fields, the opacity
of low energy neutrinos to capture on nucleons was strongly enhanced. We will address this question in
more detail in a future study in order to understand its relevance for nucleosynthesis and simulations of
supernovae and binary neutron star mergers.

We calculated the effect of the induced interaction on superfluidity in high density matter. At large
sound speed and Fj, the induced interaction was an important contribution to the overall interaction
strength, breaking the expectations of the gradient expansion in cases where the Kohn anomaly was
a necessary ingredient to produce an interaction. The contribution from the induced interaction was

sufficient to produce keV to MeV gaps, potentially observable in the cooling of isolated neutron stars.
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Appendix A

Additional nuclear interactions in

the axion domain wall

The energy density and pressure of the axion domain wall has a somewhat weak effect on the EoS of
typical neutron stars. However, inside the axion domain wall, the properties of nuclear matter can be

=

affected by the following additional terms [115],

My, Mg Sin 0

Low D i(Cf + 404)
[m2 + m?2 4 2m,mg cos 0 (A1)

_ qora :

NN

My Mg Sin 0

+c+ 17
[m2 + m?2 + 2m,mq cos 0]

where A contains both nucleon fields and 7 are the Pauli matrices in isospin space.

The LEC ¢y is equivalent (up to overall normalization) to ¢5 in the normal chiral power counting.
The term with ¢4 in Eq. (A.1) is exactly equivalent to the first term in our Eq. (3.30). Similarly, c_ and
¢4 refer to the same operators as dig and dig in the normal chiral language, which gives a contribution
consistent with zero up to the uncertainty of modern nuclear data [177]. The total set of 6 dependent
operators in the A = 2 pion-nucleon Lagrangian is given in Table A.1 [243]. We do not need to include

any of these terms at N2LO.

Table A.1: Table showing all 6§ dependent operators at A = 2 coupling nucleons and pions. v is the
nucleon 4-velocity, S is the spin operator, and D is the chiral covariant derivative.

LEC Operator Description

ds Nx—,v-u|N Pion mass correction to Weinberg-Tomozawa vertex
dig NS - uN{x) Renormalization of g4

di7 NN(S -ux) Isospin breaking renormalization of g4

dig zg\_f [S-D,x-]N  Golberger-Treiman discrepancy
dig iN[S-D,{x-)]N Isospin breaking Golberger-Treiman discrepancy
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Appendix B

RMFT corrections to the domain

wall calculation

In general, §(°9) is given by:
1 o dm,
UNTLS;) om, db

§doc) — (B.1)

where ng)

is the total scalar density of baryons. In the outer crust and core, the expression in terms of

the mean-field value of the o field is simple.

2
5000) do X (mo)
B+ 20,70 70 \ 4o

x [<go<a>>2 + B (g,(0))* +

hys hys
3mRY 12(m&"")?

Ry

(9o{0))*

where ¢,, k3, and k4 are parameters of the RMFT model, x is the volume fraction of nuclei (or one
in the core), and g, (o) = mn(0) — mi (0) for m%,(0) the effective mass of the nucleon with mean field

effects included. In the inner crust, this expression becomes more complicated.

2
sooy - do 1 (’”o)
on 2+ 24, 0] 0 \ g0

K3 3 K4
hys (ga <U>n110) + 7}1
3mRys 12(m3™®)2

X {x [(gc,<a>mm)2 + (ga(0>nuc)41 (B.3)

K3

(ga <U>Ilellt)3 + %};5)2(90 <U>Ileut)4l }

+(1-x) l(ga<0>neuc) + SmBhs 12(my

where (o) is the mean field value of the sigma field in nuclei and (') yeus is the mean field value of the

sigma field in the dripped neutron phase. Since ng) is dominated by the dripped neutron phase except
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in the vicinity of the neutron drip phase transition, but the ¢ field has a small mean field value in the

dripped neutron phase, this suppresses §1°¢) in the inner crust.
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Appendix C

Neutrino opacity in magnetic fields

for neutron star merger simulations

In this appendix we lay out the necessary steps to simplify the calculation of neutrino opacities in

magnetic fields for use in simulations.

C.1 Regimes of interest

There are four distinct regimes in supernovae and neutron star merger ejecta with magnetic fields that
we need to consider that have different features that need to be included (though the last two are very

similar in terms of computations) and a fifth regime where the zero field result holds.

Table C.1: Table showing relevant conditions of magnetic field strength and temperature where each
approximation is appropriate and what features must be included in that regime

Name Conditions e~ quantized? p* quantized? AMM important?
Strong field eBZ> MT yes yes yes
Medium field MT > eB > T? yes no low E, only
Weak field T?orE? > eB > MAM/g no no low E, only
Low T E2>eB > MT no no yes

Zero field MAM/g > eB no no no

For the first three rows, we assume E, ~ T and AM ~ 1.3 MeV is the mass splitting of the nucleons.
The strong field regime is only applicable for T' < 2MeV when B < 10'7 G and the weak field regime is
only applicable for T' > 40 MeV or E, 2 40 MeV.

The use of Maxwell-Boltzmann statistics is justified for nucleons so long as the following condition is

met.

T 3/2 Nsat
—_— 1
<10 MeV) n > 30 (©-1)
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where n is the number density of the particle species in question. For electrons, one can use Maxwell-

Boltzmann statistics only when

A N TR (C.2)
10MeV ) n. ’ '

While the former condition is true in all but the densest part of the merger ejecta, the latter is only
true in the most dilute regions. As such, for computational expediency we will use Maxwell-Boltzmann
statistics for nucleons throughout while using Fermi-Dirac statistics for electrons.

The most computationally intensive part of the Direct Urca calculation was dealing with the functions
1. However, the low density regime permits several helpful approximations because the relative quan-
tization of the electron and proton levels consistently scales with T'/M. In the regime where the proton
is quantized (eB 2 MT), the electron can only access its lowest Landau level. Since the generalized

Laguerre polynomial L{j(z) = 1, we can use the following simplification.

1
I, 0(z) = e 2yl (C.3)

Np:

In the regime where the electron is quantized and the proton is not, the following limit can be used.

lim Iy n, () = On, .0 (C4)

where the right-hand side is a Kronecker delta. Note that this is a natural consequence of Eq. (4.45) when
np > n. and the expectation that in the zero field limit one should recover the normal Dirac spinors. As
such, in the large temperature and low density regime of neutron star mergers and supernovae, one need
not calculate I, , and more importantly one need not calculate any generalized Laguerre polynomials,
one of the most severe computational bottlenecks of the high density calculation. It is easy to verify that
after doing azimuthal integrations, the matrix element without a magnetic field reduces to precisely the
one given in Eq. (4.48) with all special functions set to 1.

The next simplification comes from the observation that due to the electron being ultra-relativistic and
the nucleons being non-relativistic, energy conservation is dominated by the electron while momentum
conservation is dominated by the nucleons.
kfp npeB K2, k2

_Zen_ Bla 4 (g, — By)| — 6(E. — ) (C.5)

0 2M M 2M  2M

Olkzp — kon £ (kze — k2)] = 0(kap — kzn £ k20) (C.6)

where Ey = E, £ (AM + gnspptB — gpsppB) contains the neutrino energy, nucleon mass splitting, and
nucleon magnetic moments and the sign is chosen based on whether the reaction has an electron or a

positron.
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Using Maxwell-Boltzmann statistics for nucleons is a necessity for expedient calculations since it
permits the separation of transverse and longitudinal momenta so that most integrals are Gaussian with
simple solutions. Note that the normalization for the proton distribution has an unusual normalization

when the anomalous magnetic moment is neglected

eB (2m)3 1 k% + 2n,eB
Eup, = tanh — -2 = C.7
naip (Kep, np) = tan [2MT} MT eB P ( 9MT (©1)
and the following normalization when it is included
. eB gpeB1 [(27m)3 1 k% +2nyeB — (g, — 2)speB
k., = sinh h |22 — -z . .
mar (sp, mp) = sin {QMT] see [4MT} MT eB 7P 2MT (©8)
The following are the more non-trivial integrals.
2 —w? /2eB —k2, /2MT _ 2reBMT —k% /(2¢B+2MT)
/d kine e B MT¢ (C.9)
2 2 e (W1 )"
/d ke vi/%e <263) = 2meB(n,!) (C.10)
/ Ak dkpe Fn/2MT =K 2MT 5 (g fo k) = e R/ AMT /T (C.11)
2 np Np
/koL o—wl/2eB k%, /2MT wi — —Ki/2MT 2eBMT MT
" 2eB eB+ MT \eB+ MT
(1 1 1 11 k2 eB
I'(n-— - | = |1 F = = Y
x;(j> (n J+2) <J+2)1 1<]+2’2’2MT(6B+MT) (C.12)
_ e*kiy/(2€B+2MT) 27T€BMT MT npn 'L _ kiyeB
eB+ MT \eB+ MT L 2MT(eB+ MT)
Also useful to deal with the last integral is the relation
- 1
Z tnLn(Z) = me_tm/(l_t) (013)
n=0

for 0 < ¢t < 1. Note that in these limits, all terms at O[(T/M)°] in the matrix element with explicit
cos ¢, integrate to zero. Also since the electron momentum has been entirely decoupled from the neutrino
momentum, terms with explicit k.. dependence in the O[(T/M)°] matrix element will integrate to zero.

The recipe to find the results in each regime are the following.
e Use either Eq. (C.3) or (C.4) to get rid of the special functions.

o Use the energy delta function to set E. = E, £ (AM + gns,uB — gpspuB). When the electron is
strongly quantized, the highest LL should be averaged over an energy range of Eq+T to avoid the

singularity in the density of states.
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e Use the momentum delta function to give the proton momentum in terms of neutron momentum

and external neutrino momentum.

e Do Gaussian integrals over nucleon momenta exploiting separability of Maxwell-Boltzmann statis-
tics. Note that this is often easier in Cartesian coordinates than cylindrical when the azimuthal

momentum of the neutrino needs to be included (either in a delta function or w?).

C.2 Summary of opacities

Below the formulae for matrix elements and opacities in the different regimes are summarized. Number
densities of protons and neutrons are denotes as p, and p,, to avoid confusion with the proton Landau
level. The relevant matrix elements are given by the following. Note that factors of (1 — d,,,0) are
removed since when doing the final integrals we will shift the sums anyway so this has no effect. In the
strong field regime, n, = 0 always and terms with (1 — 4, o) should be removed. In the medium field

regime, the n, = 0 case will need to be handled within whatever ansatz is used for the resonances.

MEZ;‘:J“S":H =2(gy +94)*(1 +cosb,) +2(gv — ga)*(1 — cosb,)(1 — 9n..0)

ME=T=7) 862 (1 4 c0s6,) (1 — 6. 0)

(C.14)
M= =864 (1 — cosh,)
Mﬁ:g:_’sl’z_) =2(gv + g4)*(1 — c080,)(1 — 6. 0) +2(gv — ga)*(1 + cos )
For convenience, define the quantities
EX = B, + (AM — gps,uB + gps,uB) (C.15)
Elf = E, £ [AM — gps,uB + (g, — 2)s,uB] (C.16)
where p is the nuclear magneton (e/2M) and also define the following.
k% eB
=— Z C.17
* T T9MT(eB + MT) (CA7)
~ G2 cos®0.eB
Gy = £ - C.18
4 cosh[g,eB/4MT)] ( )
~ G% cos? f.eB
Gy = b - C.19
P 4r cosh[gn,eB/4MT) ( )

Note that the following only apply when E’Oi > 0 (upper sign for neutrons, lower sign for protons). To
handle the case of negative E’Oi (relevant for particularly strong fields or v+p+e — n), the delta function

must be treated differently.
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C.2.1 Strong field (MT < eB)

Remember that in this case n., = 0 so several terms in the matrix element are removed. Since this case

has several intermediate steps, first we show one intermediate expression.

én n S S
Koy = 14 Z Mr;d v onsneB/2MT —kiy/(zeB+2MT) [Me . E(/J+]
B (9p—2)speB/2MT / o 3/2 B
Z eb  ppe il sinh [ 52 | g—nweB/MT —k2, /AMT (C.20)
coshlgpeB/AMT| \ MT 2MT

"r(  MT
s, L L,
(€B+MT) <eB+MT5'1”+ np(2)+6sp, Np 1(Z)>

1
§ /‘ SmS ( p—2)speB/2MT
Rop = Gppp tanh |:2MT:| M Peld |:1 _ e—eB/MT
P eInsneB/2MT ki k2 . 3/2 a
_ — v 1 21
cosh[g,eB/AMT] 7 ( 2B + 2MT 4MT) (MT) (c-21)

mT o B/MT MT
BT e ————0s,,+Ln 8s _ Ly _
X;(eB—i—MT) ¢ eB+ MT pot p(z)+ P p 1(2)

After doing the sum over n,, the final opacities in the strong field regime are given by the following.

- 3/2
= n,On Z M npp e — Eff|e9nsneB/2MT |y _ ppelorer DEBIMT [ 7 / sinh B
red coshlg,eB/AMT| \ MT

Sn,Sp

y 2MT . k2, eBe¢B/MT k2,
<o [ — _
eB + MT(1 — e—<B/MTY “P\ 7 9B 4 OMT eB + MT(1 — e—<B/MT) ~ 4MT
(C.22)
B 1 p egnsneB/2MT T 3/2
oy = h Sn»Sp gpSp 1)63/2MT _ n
Fop = Gpppsin [QMT Z Miei e 1— ¢ ¢B/MT " coshlg,eB/AMT] \ MT
MT k3 1 — e eB/MT k2
X exp | — My _ zv
eB+ MT(1— e eB/MT) 2 eB+ MT(1— e eB/MT)  AMT
(C.23)
C.2.2 Medium field (7? < eB < MT)
C?npn C (E+)2 Sn;Sp Spe
St (C.24)
<1 ppegpspEB/QMT T \3/2 . eB \MT _y2/unir
_ dinh [ ——— | =k
coshlg,eB/AMT] \ MT 9MT ) eB ©
A . eB | MT = [(Bg)?T 4 gsms0 o9p5peB/2MT
kop = Gpppsinh [ZMT} B Z V{ 9e B M. e
A (©.25)
o 11— prednsneB/2MT ™ o~ k2 /AMT
2cosh[g,eB/4AMT]\ MT
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where the function V' contains all the resonance information. When V = 1, as is the case in the strong
field limit, it is straightforward to show that this result is the weak field limit of Egs. (C.22) and (C.23).

In the low temperature limit, V is given by

L] -1
lim V(2?) =Y (1 - "2) (C.26)
while in the continuum limit, it is given by

lim V(z?) = 222, (C.27)

Tr—r00

The latter choice would be equivalent to the quasiclassical approximation from Ref. [185] in this context.

A useful finite temperature ansatz is given by the following.

lz] o
V(z?) ~ Z/ du e~ (w=)%eB/T? B 2 (C.28)
o v \ 7121 = n/u?) erfe[VeB(v/n — )/T|

This function becomes computationally intensive for large = quite rapidly. For z = 10 (or maybe even

lower) it is advisable to use the large = approximation. A computationally inexpensive approximation

that captures the most important functional dependence but does not capture resonances is the following.

R
—_
8

[

IN

N|—=

V(z?) = (C.29)

N[

C.2.3 Weak field (MAM/g S eB < T?) or low T (MAM/g < eB < E?)

ann (E‘(%)F)2 S8 nSneB/2MT
Kum = =5 Z 5 nEplpe — o) ME P e9nn /

Snotp (C.30)

Spe 2
< 11— pperer B/aMT ™ o—ki/AMT
2coshlg,eB/AMT| \ MT

_ Gupp Z (Ea)sz;éspegpspeB/gMT

frr = T eB
oot (C.31)
.l pnegnsneB/21WT x O\ 32 k2 jaT
_ e~ kL
2 cosh[gneB/AMT|\ MT

It is straightforward to show that using the continuum limit of V given in Eq. (C.27), these are the
weak field limit of Eqgs. (C.24) and (C.25). When the magnetic field goes to zero and Pauli blocking is

neglected, this gives precisely the cross sections found in Ref. [17].
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Appendix D

Induced interactions

In this appendix, we derive analytic results for the induced interaction in two steps. First, for the sake of

simplicity and clarity, we assume that the bare potential only contains a momentum-independent s-wave

interaction characterized by the Cy and Cy, and spin-orbit force with strength Vgo. In this case, the ZS

diagram involves the product Vj, x Vg, where

Vi = Co(6130ab — 016643) + Co(013 - Oap — T1p - Taz) — Vso2ig X (£ + k') - (0130ap + 0apdi3)

Vi = Co(0240pa — 02404) + Co(024 - Opa — 24 - Tpa) + Vs 2ig X (£ — k) - (0240pq + Tpadaa) -

Evaluating term-by-term, we find that the C2 contribution is given by

Cs Z (0136ab — 0160a3) (0240b0 — 8240p4) = C3 614023
ab={11}

To calculate the CZ contribution, we use the following identities:

i J 1]
E TabTha = 20

ab={1,1}
Z Ugc(fib = XlUjUiXa = 0ap0" —ig"k ok,
b={14}
3 . 3 4
Z Zafzdaicfféb = Zx&az(%” —0'0?)xe = —0,
be={1,J} i=1 i=1

to find that

C‘S Z (013 - Oab — O1b - 0a3)(024 + Opq — O2q - Opa) = 03(4013 - 094 + 3014023 + 2014 - 023)
ab={1,1}
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The CyCy contribution is calculated by noting that Y b 0ab0ba = Trjo] = 0 and ), 0y - 0ap = 3dac-

Explicitly,

CoCo > (5136 — 616043) (024 - Oba — O2a - Oba) + (013 - Oab — O1 - Ta3) (024000 — G200p4)]
ab=(1.1} (D.5)

= Ooéo[—2(3513524 + 013 - 024) + 2014 - 093]

We have calculated the leading order contributions from the spin-orbit interaction, proportional to

Co Vso and Cy Vso and find that their contributions vanish. First, consider the Cy Vso term

CoVso Y [(0130ap — 6160a3)2iq X (£ — k) - (0240ha + Tbadas)
ab={t,}}

+ (6240ba — 0200p4)2ig X (—0 — k') - (0130ab + Tapd13)] (D.6)
=2iCoVsolg x (¢ — k) - (2013024 — 024013 — 013024)

+ g x (=0 — k') (2024013 — 013024 — 024013)] .

Eq. D.6 can be simplified further by noting that terms proportional to ¢ x £ vanish upon integrating
over the angle 6,0 and using the fact that ¢ x k = ¢ x k' = —¢ x ¢’/2. We find the induced interaction

proportional to Cy Vso

iCoVsolg x ¢' - (2013024 — 024613 — 013024 + 2024013 — 013024 — 024013)] =0 (D.7)

To see that ¢ x £ terms vanish, notice that the only angular dependence from the loop integral is on
the angle between ¢ and ¢. Consider the integral fngé- ﬁf(g G) where f(f - 4) contains the angular
dependence of the loop integral and l-q corresponds to terms like ¢ X £- 0. Rotate €, so that ¢ = Z and
¢¢ = 0 corresponds to the azimuthal angle of @ calling these angles 04 and ¢,¢. Also define the polar
angle of @ as 0,4 Now /-4 =sin Oqe €OS Py sin Oyq + cos 44 cos 0,4. Doing the integral f dpoyp €OS Pyp = 0
so the only term that survives is proportional to cosf,,. In the spin-orbit terms, ¢ always enters as

gxLl-0=1L-(0xq) with o x g orthogonal to ¢, so this contribution always vanishes.
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Similarly, the contribution proportional to CoVso can also be simplified by making the substitutions

2ig x (0 — k) — ig x ¢’ and 2ig X (—€ — k') — ig x ¢’ and using the identities in Eq. D.3. We find that

CoVso Y (013 0ab — 01 0a3)iq X q' - (0240ha + Tpadas)
ab= {1t}

+ (024 - Oba — 024 - 0ba)iq X ' - (01304p + Tap013)]

o D.8
= CoVso iq X q' - (2013024 — 3024013 + 013024 (D-8)
+ 2094013 — 3013024 + 024013)

=0.

Thus, spin-orbit terms do not contribute to the induced interaction at leading order in Vgso. Up to
this order, including all of the non-zero terms associated with the product Vi x Vi and performing the

particle-hole loop integration, we find that the induced interaction due to the ZS diagram is given by

Vit = ~U(q) [(CS +302)814023 — 60{)00513524)]
(D.9)
- Ulq) [(403 —2CoCo)o13 - 024 + (2C2 +2CCo) 014 - 023)

where

B Z/ a3t 1 1
T B (2m)3 Lo — £2/2m Ly — (£ + q)%/2m

_ k?F / dcos oqﬁ (DlO)
27r2 1 o8040 —q/20

k2 1 2 1—q/2k
= _oF [—q+<1— a )10 ‘q/ F
The contribution from the ZS’ diagram is obtained by switching indices 3 and 4 and by replacing ¢

2rn2q | 2kp 4k2 1+ q/2kp

is the positive Lindhard function.

by ¢’ in the loop integral. Explicitly,

Vys =-U(q) [(03 +3C3)813024 — 6CoCo014023)
(D.11)
— U(q') [(403 — 20000)0’14 - 0923 + (208 + 20060)(713 . (724):| .

The calculation of the momentum-dependent part of the induced potential is similar but a bit more
tedious and the analytic results involves a large number of terms. To obtain useful formula with fewer

terms we present results for the spin singlet and spin-triplet contributions. These will require the second
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and fourth moments of the Lindhard function denoted U and U,. Us is defined as follows:

ke dcos
=g [ [ et

212q Jo 108040 —q/20 (D.12)

__mkp [__a ¢ (g |Lm a2k

2m2q 12k 16]{;% 4 16kj,1, 1+ q/2kp

U, is defined analagously and is given by:
mkS q ¢ ¢ 1 ¢° 1—q/2kp

Ui(q) = —=——L£ |- - — 1- — D.13
10 = ~55, { 30kp  T2k% 06k | 6 64KS. 1+ q/2kr (D-13)

Five momentum structures appear corresponding to the five pairings of the combinations of constants
given above. The momentum-dependent parts of Vi, and Vg take the following form for the spin-

independent terms. The spin-dependent terms are analagous.

VL D Co((—€ — k)2 + ¢*)(6130ab — 010a3) + Co((—€ — k)2 — ¢*)(6130ap + 01043)

(D.14)
Vi D Co((€ — k)* + ¢°) (624650 — 02a0b4) + C5((€ — k)* — ¢%)(0240pa + 020 0p4)
The contributions of the momentum dependence to the induced potential are:
1 d3e
(@) == —=A)AL (=Y +(—k)?
£(a) ﬁ%:/(%)?’ (OA(C+ QR+ (~€~ K+~ K]
dgf 2 "2 2
&la) == AL+ q)[-2¢" + (L= K')" + (€ — k)7]
1 d3¢
(q) = = —A)A =K+ A — k) + 2
(0 6%/(%)3 (OAC+ Q)€ ~ K + (€~ K+ o

=33 [ %A(@A(H IS (R
0= 5 X | GO Ol =K =N R )

+ (0= K)?+ ) (€ = k) = ¢°)]
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A(f) = (bg — £2/2m)~ 1 is the fermion propagator. After doing the loop integral, these give:

ka‘%

fala) = 55— (¢® + 2k7)U(q) — 2Ua(q)
&(q) = —2;22% + (3¢ — 2k%)U(q) — 2Ua(q)
£(q) —n::z% %k% + 172612) - (k“F + quk% + q;) Ul(q)
- 242U(a) - Uila) (D.16)
Salq) = —n:z% ?k% - iq2> — (ki‘w ¢k + %7 ) Ul(q)

mk3, (22 q>
e = - k2 -

7
) - (2k4p — ki — 4q4> +q°Us(q) — 2Us(q)
The total central induced potential in the spin triplet channel:

Vi = —C3(U(q) = U(q')) + CoC2(&a(q) — a(d)) + CoC4(&(q) — &(d))

+ C5(c(q) — &c(d) + 507 (Lalq) — €a(d)) + C2Ch(ée(q) — &e(d))

(D.17)

The total central induced potential in the spin singlet channel:

Vird = C2 (U(q) + U(q')) — CoCa(alq) + €ald’)) + 3CoCh(&(q) + & ()

— O3 (&c(@) +€c(d) + 3 (CF (€ala) + €al(d)) + C2Ci(Ec(q) + Ee(d)) -

(D.18)

This gives s- and p-wave central potentials:

kaF

1Sy : C3 (1—|—210g2)—|—mk3 [C'OC’Q—(5—|—4log2)

+ 0002 (7 4log2)] + mky[C3 318 (277 + 96 log 2) (D.19)

_ 8 _
- CF (43 + 241log 2) + CoCY

32
L 2% (37 + 6log 2
2 10572 2 1052 (37 + Glog2)]

3PJ : 6_12 mkF

05 (1= 2log2) + mkg[CoCs (59 — 68 1log 2)

10572
~ =, 2

64
56772

D.20
025672(83 241og 2) (D.20)

(523 + 204 1og 2)]

(34 — 3log2) — C2C}

+ 0 G2 283572

The spin-orbit potential gives an additional contribution to the p-waves:

26’5‘/50% %: / (sj_ig)A(f)A(é + q)[((—€ — k/)2 — qz)iq X (E — k’) . (35130'24 + 5240’13)

+ ((é - k)Z - q2)2q X (_E - k/) . (35240’13 + 6130'24)] (D21)

= CiVs0iq X ¢ - (013024 + 024613)&£(q)
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The function £5(q) is given by:

ka%

52 T (5¢% — 4k2)U(q) (D.22)

§r(q) = —

This gives a contribution to the p-waves after including the ZS’ diagram:

32mk?
UE (43 + 2410g 2) (D.23)

3 . _ ! -
Py [J(J-‘r 1) 4]02‘/5'0 9152 (

Details of the angular integration are given in the next section App. E. We calculate the contribution of

the tensor interaction only to O(mk%.). The term proportional to CoVr gives:

1 d3e o 9
CoVr— E / 73A(K)A(€ + q)[—(513524((—f —k ) + (f — k) ) —2q-013q - 024
Bz (2m) (D.24)

+ (—ﬁ— k/) . 0'23(—5— k/) - 014 + (f— k) . 0'23((— k) . 0'14]

Doing the calculation for the CyVp term gives —3 times the result for the term proportional to CoVip
after reducing to spin singlet or triplet. The potentials in these channels after including the ZS’ diagram

are given by:

Vi = —CoVr(24°U(q) + 2¢°U(¢')) (D.25)
- mkd . . . 3
Ve = CoVr 67T2F (=G 013G 020+ ¢ - 013" - 024) + U(q) <4q 101349 " 024
1 2 1 12
- 5‘1/ ~013¢" - 024 + q4> - Ul(d") <iq/ ~o13q - 024 — 590139 024 + (14) (D.26)

+ Ua(q)(1 + G- 013G - 024) — Ua(q' ) (1 4G - 013G - 024)}

where we define the unit vector ¢ = ¢/|q|. For the spin triplet, outgoing spin indices are exchanged on

some terms to simplify the equations. Doing the integrals gives:

16mk3.
2+ log?2
152(+og)

150 : —CoVT

3Py —COVT (1 —log?2)

1;) (D.27)
3p;: —COVT 5 (4 + 5log2)

k
3P0 : CQVT (5 + 22 log 2)
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The part of the interaction proportional to VSQO takes the form:

3
8205 Y [ GrAOAC+0lla x (0= K) -or)(ax (£=8) o)
Lo

+ 013024(q X (=€ = K')) - (g x (£ — k))]

2mk?
- SWQF (¢* (013 - 024 + 2013624) — (¢~ 013)(q - 024)) + U(q)[q" 015 - 024

—q*(q-013)(q - 024) +2(q x ¢' - 513)(q X ¢ - 024) + 8024624¢° k%]

— Uz(q)[4(qP013 - 024 — (q - 013)(q - 024)) + 8813024¢°]
A tedious calculation gives the following contribution:

Smk?
1 2 F

: — (1 16log 2
SO VSO 3571_2 ( 7416 og )
5 128mk3.

3 .
Py Vio e (43 +2410g2)

3P150

5 64mk

3 .
Po: Vsog s

(43 + 241og 2)
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Appendix E

Angular integrations for non-central

interactions

In order to determine the contribution of an arbitrary potential given in momentum space to a given
partial wave, we must make a change of basis.
1 l ’ AT
VLSJ = E Z /koko' <J7mj‘L7m2757ms> <L7mf|k>

memjmsm/

X (/%’, S, m;|V|/%, S, m) (I%|L7mg> (L,my, S,m}|J, m;)

! (E.1)
Jm; Jm; el A
=5 X Ol Clutsn, [ iy Y )
memymsm/
x (K, S, m.|V|k,S,ms)
where Cg:zz sm. are Clebsch-Gordan coefficients. When V' contains non-central interactions, m; = my +

my is conserved but m, and mg in general are not. In the case of a central potential, m, and mg are
both conserved and V755 depends only on L. In this case, the calculation of Vg ; reduces to a standard

calculation of partial waves.

1 m; Jm; *my 7 ™mye (1],
Viss= 1= Y Clitsn Clitsn, [ dudtyy )Yy ()

memjmsm/

V (k- k)6
XV k- K )om.m; (E.2)

1 ~ ~ A~ A
- / A Y™ (Y )V (- )
vy

= %/dCOSgkk/PL(COSakk/)V(COSQkk/)

Although we do include tensor interactions which in general couple different L, we neglect the effect of

coupled channels. Note that V75 is independent of m; and so whichever m; gives the most straightfor-
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ward calculation may be used. For example, when calculating the *P; potential of some interaction, it
is often more convenient to calculate the m; = 0 state since C1J; is zero and there will be fewer terms
with simpler spin structure than when calculating the same interaction with m; = £1.

The basic recipe for doing this calculation will be illustrated with the spin-orbit spin structure but
is applicable to any rotationally invariant potential. Throughout, I will use the shorthand ¢ = cos#,
¢ = cost, and cpp = cos Oy for Op = k- k' (and the same for s, §', sgr but with sine instead of

cosine). The relevant angular integration for the 3P, potential is of the form

1 - A
I THEYY ! (R)ig x ¢ - 22F (g )dQdQY (E.3)
where F'(cgy/) is some spin-independent function that comes from the momentum integration (e.g. the

Lindhard function). We want to rewrite the spin-orbit part and spherical harmonics in terms of an

integral over only cix/. The steps to do this are

e Rewrite integral in terms of ¢ = ¢ — ¢’. Typically, terms that cannot be rewritten this way go to
zero, but this must be checked. This usually can be determined by treating F' as a power series in

Ckk! = SS/ COS (5 + CC/~
e Replace cos ¢ = (cprr — cc’)/ss’

e Replace the d) integral with an integral dcyy d¢.r where ¢, is the azimuthal angle relative to
the z-axis. Le. rotate the axes of d€)’ so that the z’-axis points in the direction of k and the 2/-axis
points in the direction of the z-axis. This results in the replacement ¢’ = ccpys + cos ¢4 ssgr. The

¢.1 integral is usually done easily.

e Typically there will be no remaining ¢ dependence (if things that go to zero were dropped earlier)
so the ¢ integral just gives an overall factor of 2. The remaining integrals are decdcyys and the dc in-
tegral can easily be done analytically. This will leave an expression of the form f degr g(crrr ) F(Crr

exactly as desired.
Showing these steps for 3P, spin-orbit interaction

1 ~ ~
- THENY L (R)ig x ¢ - 25 F (cppr )dQSY =
7I

3k
1672

/ 525" sin ¢e'® F(cppr )dQSY (E.4)
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Remembering to treat F' as a power series in cos ¢, we see that only the term in the integral that goes

as sin® ¢ will survive. Doing the integral:

2
Zk—g /828/2(1 — cos? ) F(cppr )dQSY
m

3k2
= 871; (525"% — (cppr — ) F(cppr )dQY
T
3k% 2 2 / 120 .2 2
= W (S — Clg/ +c (QCCkk/) —C (S +c ))F(Ckk’)dgdckk’d(bzk/ (E5)
3k , ) ) L, i
= g [2(1 —C — Ckk‘/) + 4C Ckk./ - (1 —C + Ckk/(fl + 3C ))]F(Ckk/)deCkk/

= k% /(1 — CikI)F(Ckk’)dek’

So, for example, the induced interaction that couples the spin-orbit and second-order p-wave potential

is given by:

. 8mk?3
ChVsoks / (cow — 1) [ ;TQF + (8kZ% — 10¢>)U(q) + (8k% — 10¢*)U(¢') | degp (E.6)

Making the substitution f_ll degg = f02 qdq where § = K — IAc, this integral is easily done with Mathe-

matica, giving:
128mk?,

~/
C3Vs0 gz (43 + 2410g2) (E.7)
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Appendix F

Induced interaction between quarks

Treating quarks relativistically, the screening diagram is given by

| B +my\ = 1 d*t
ind _ 2 (= U K >
ViR = gy (g ) (tay,uz) <2ms) ;5;/(%)3
,c Co

Lt [V + g+ mpy (f+my))
(€5 — 02 —m3) (€5 — (L + q)* —m3)

(F.1)

where f = u,d,s and ¢ = r,g,b denotes the flavor and color of quarks that appear in the particle-hole
loop. Since the screening diagram is enhanced by the number of flavors and colors and the other diagrams
are not, we calculate only this part of the potential. We neglect anti-particle contributions by discarding
the Matsubara sums that produce terms proportional to (exp[B3(E + u)] + 1)~!, which are negligible at

small temperatures. Doing the trace and noticing that usgui = usgus = 0, Eq. F.1 can be written as

. Ei 4+ mg £dldQ), kfc — f) -
yind — 02 (g T4y / 20007 — ghv e - F.2
gv (g ur)(Uayyuz) ( S, ) Z 1734 B, cos Oy — q/%( g"e-q) (F.2)
k. is the Fermi momentum of flavor f and color ¢ with the normal subscript F' suppressed for readability.
Since the Fermi momentum of strange quarks is approximately the same for all colors, also suppress the
color label on ks. Expanding to zeroth order in ks/ms, only the p = v = 0 components contribute and

we get:

dcqg

: 1
Vlnd — 2 8126 /
9013024 2m2q ; /gg + m2 cos by — q/2¢

O (ke — £)(20% + 2m7 — 20q cos bq¢) (F.3)

145



Setting m,, = my = 0 and discarding components from the strange quark that are not proportional to

ms gives:

. k7
de _ 2 5126 _ Ve iUrel q 2k []1rel q - 2U F.4
9v 013024 Z Z ( o2 T Ko fe Kre (q) (F.4)

c f=u,d

where the mass in the Lindhard function U(q) is the strange quark mass and we define relativistic dimen-
sionless Lindhard functions in analogy with the relativistic ones (defining § = ¢/ky. to be distinguished
from q = q/k;):

_ 1 —G/20
rel _
U0 = /iy = 5o [ dltoe |1 S22

1 2 g 1-G/2
_ %zq [log 1+ ' <1 2>log‘1+c’1‘/2H .
U3 (q dllog ‘{/%
+q/20
1 g4 2 ¢ 1-q/2
- log |1 1- L))
677 [2+4 ST ’ ( s )8 1+a

Analytical expressions for s- and p-wave potentials can easily be found with Mathematica or equivalent,

but are long and unenlightening so we do not reproduce them here.
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