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Abstract

Convex and Dynamic Optimization with Learning for Adaptive Biologically
Conformal Radiotherapy

Fatemeh Saberian

In external beam radiotherapy for cancer, ionizing radiation kills tumor cells but also dam-

ages nearby normal tissue. The goal therefore is to maximize tumor-control while keeping

toxic effects of radiation on healthy anatomies within tolerable limits. This is attempted

by following a two-pronged approach that includes a spatial and a temporal component.

On the spatial side, the goal is to modulate the intensity profile of the radiation fields so

as to deliver high radiation-dose to the tumor while limiting the dose to nearby healthy

tissue. This is called fluence-map optimization. On the temporal side, the planned dose is

split into multiple treatment sessions, called fractions, which are often administered daily

over several weeks. Such fractionation gives the healthy tissue sufficient time to recover be-

tween sessions, as healthy cells are believed to possess better damage-repair capabilities than

tumor cells. In addition, emerging advances in functional imaging are beginning to offer

new opportunities to dynamically incorporate tumor’s observed response into the treatment

planning process; some experts believe that this could start a new era of spatiotemporally

integrated treatment planning.

The research objective of this dissertation is to apply convex and dynamic optimiza-

tion methods to establish a rigorous mathematical framework called Adaptive Biologically

Conformal Radiotherapy (ABCRT) for spatiotemporally integrated radiotherapy planning.

The standard log-linear-quadratic survival model is employed to model the tumor’s and the

normal tissue’s dose-response throughout this dissertation.

As a first step toward the above objective, a spatiotemporally separated optimal fraction-

ation problem is studied in Chapter 2. In this problem, a nominal fluence-map is assumed to



be available and the goal is to find the number of treatment sessions and the corresponding

tolerable sequence of doses (obtained by scaling the given fluence-map) that maximize the

biological effect on the tumor. This formulation incorporates any number and any combina-

tion of maximum dose, mean dose, and dose-volume type constraints for serial and parallel

normal tissues. Furthermore, it does not a priori assume that the doses are invariant across

fractions. Sufficient conditions for optimality of equal-dosage and single-dosage fractiona-

tion are provided. These conditions require the treatment planner to order the values of

the tumor’s and the normal tissue’s dose-response parameters, and they yield a closed-form

formula for the optimal dose when the number of fractions is fixed. This formula is then

employed to prove that the biological effect on the tumor is a quasiconcave function of the

number of fractions. This leads to a simple procedure for finding an optimal number of

fractions when the aforementioned sufficient conditions are met. Extensive computer sim-

ulations and sensitivity analyses on ten head-and-neck and prostate cancer test cases are

performed to gain clinically relevant insights.

Chapter 3 further investigates the spatiotemporally separated optimal fractionation

problem for a fixed number of sessions, but this time, without restricting to any specific or-

dering of the dose-response parameters. This yields a nonconvex quadratically constrained

quadratic programming (QCQP) formulation. Nonconvex QCQPs are typically difficult to

solve, and in general, belong to the class NP-hard. We prove that an optimal solution to the

nonconvex QCQP formulation of the fractionation problem can be derived in closed-form

by instead solving a two-variable linear program with a few constraints.

In Chapter 4, a spatiotemporally integrated formulation of the optimal fractionation

problem, where the fluence-map and the number of fractions are optimized simultaneously,

is considered. An efficient convex programming method is proposed to approximately solve

the resulting large-scale model. Through extensive computer simulations on ten head-and-

neck and prostate cancer test cases with a broad range of radiobiological parameters, we

compare the biological effect on tumor obtained by this integrated approach relative to that

from two other models. The first is a traditional IMRT fluence-map optimization model that



does not optimize the number of fractions. The second (from Chapter 2) assumes that a

fluence-map is available a priori from a traditional fluence-map optimization model and then

optimizes the number of fractions, thus separating the spatial and temporal components.

The results of these simulations suggest that integrated optimization of the fluence-map

and the number of fractions could improve tumor-control.

In Chapter 5, we start to focus on developing fluence-maps that adapt to the uncertain,

spatiotemporal evolution of various key determinants of treatment efficacy. Specifically, we

propose a theoretical stochastic control framework for adapting radiotherapy to hypoxia.

Hypoxia, that is, an inadequate supply of oxygen in living tissue, has long been known to

adversely affect the outcome of radiotherapy in solid tumors. The aim of Chapter 5 therefore

is to estimate any potential benefits of such adaptive planning. This requires the solution

of computationally challenging, high-dimensional stochastic control problems. We propose

an approximate control scheme that involves solving a sequence of large-scale, convex, non-

linear problems. We present a simulation-based comparison of this method against static

treatment plans on five head-and-neck test cases. These simulations suggest that adaptive

planning could improve tumor-control. Through these simulations, we gain insights into

when and why adaptive planning is likely to yield the largest benefits.

In Chapter 6, we present a framework based on Bayesian dynamic programming to

learn a patient-specific distribution of tumor-response uncertainty over the treatment course

while simultaneously optimizing fluence-maps. Specifically, we assume that a particular

tumor-response parameter has a Categorical distribution and that the decision maker uses

a Dirichlet prior on this Categorical distribution. We then exploit the conjugate property of

the Categorical-Dirichlet pair to formulate a Bayesian dynamic programming formulation

of our optimal learning problem. We then extend the approximate control scheme from

Chapter 5 to tackle this problem. We show via computer simulations on one head-and-neck

test case that we are able to efficiently learn the tumor-response parameter distribution over

the treatment course. Opportunities for future research are outlined in Chapter 7.
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Chapter 1

INTRODUCTION

The 2014 World Cancer Report [2] estimated that by 2030 there could be 17 mil-

lion cancer-deaths annually worldwide. There are different types of cancer treatment

such as surgery, chemotherapy, and radiotherapy. Surgery is used to remove tumors,

or parts of tumors, and surrounding normal tissue during an operation. Surgery is

often followed by other therapies to make sure all cancerous cells have been removed.

Chemotherapy uses chemical substances to damage cancer cells. It uses one or more

anti-cancer drugs to target all rapidly dividing cells which include tumor cells. Radi-

ation therapy uses radiation to kill cancer cells by damaging their DNA permanently.

Radiation targeted toward the cancerous regions however also passes through other

nearby healthy anatomies, thus damaging both tumor and healthy cells. The goal

therefore is to maximize tumor-damage while limiting toxic effects of radiation on

nearby healthy cells.

According to the American Cancer Society, at least 50% of cancer patients undergo

some type of radiation therapy as a part of their treatment [3]. Two common types

of radiotherapy are external beam radiation therapy and brachytherapy. The main

difference between these two types of radiotherapy is the location of radiation source.

In brachytherapy, small radioactive seeds are placed into the patient’s body close to

cancerous region. Therefore, the delivered radiation is localized as much as possible.

In external beam radiotherapy, a linear accelerator is used to pass ionizing radiation

through the affected part of the patient’s body in order to kill tumor cells. In this

thesis, we focus on external beam radiotherapy.

Intensity modulated radiation therapy (IMRT) technology is used to deliver ex-
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ternal beams of radiation. One popular way to deliver IMRT is to use a dynamic

multi-leaf collimator (MLC), that is fitted in the aperture of the linear accelerator

gantry. The MLC is comprised of dozens of leaf pairs that can stay stationary or move

during the treatment. Individual leaves in the MLC work together to dynamically

change the shape of the exposed beam. The position and speed of movements of

MLC leaves can be controlled to create intensity modulation of the beam. Radiation

fields from multiple directions are often used to avoid tumor cold-spots. These are

regions where insufficient dose would otherwise be delivered in an attempt to spare

the normal tissue. Typically, radiotherapy is administered daily over several weeks to

give healthy cells time to recover between sessions, which is called fractionation. That

is, the total amount of radiation that is to be delivered is split into smaller portions

that are administered over the entire treatment horizon. It is partly motivated by

the empirical observation that healthy cells have better damage repair ability than

tumors. Therefore, by spreading out the treatment over many days, healthy cells have

a chance to recover between treatment sessions.

The starting point in radiation therapy planning is an image of the internal

anatomies including the cancerous targets, and nearby unspecified normal tissue and

organ(s)-at-risk (OAR) (collectively, “normal tissue”). OARs are healthy anatomies,

such as the spinal cord or heart, that are close to the cancerous regions and need to be

spared as much as possible. The necessary geometrical information is obtained using

an anatomical image such as computed tomography (CT) or a magnetic resonance

imaging (MRI) scan. Once a CT or MRI scan is taken, a physician can contour the

relevant tumor volume and delineate the critical organs close to the cancerous regions.

The physician also specifies the set of constraints that need to be met such as a limit

on the maximum or mean dose delivered to each OAR. The distribution of the ra-

diation dose over the patient’s anatomy is then tuned to optimize some quantitative

measure of treatment efficacy.

Optimization plays an important role in achieving an effective radiation treatment

plan. There are different decision variables that can be optimized in order to deliver
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a suitable treatment plan. The main variables, that are often considered, are the

intensity of the radiation beams, and the angles from which to deliver the radiation.

Several approaches have been developed for dealing with the beam angle optimization

problem. Due to the nonconvexity of this problem [4], many of these approaches are

based on heuristic methods [5]. After determining angles of radiation fields, the in-

tensities of the beams are optimized. In this thesis, as is common in the literature, we

will focus on the optimization of beam intensities, assuming that the beam directions

are given.

The topic of beam intensity optimization in radiation therapy has received a lot

of attention from the optimization community [6–8]. The references [9, 10] provide

comprehensive reviews of the existing literature. Conventional radiation treatment

plans decouple the spatial and temporal aspects of radiotherapy, and mostly ignore

uncertainty in dynamic biological processes, and in particular, cannot adapt to the

patient’s actual response over the treatment course. Repair of sublethal damage in

normal tissue, and redistribution, repopulation, and reoxygenation of tumor cells,

called the four Rs of radiobiology, determine efficacy of fractionated radiotherapy

[11]. Mathematical modeling of such cell activity has traditionally been difficult ow-

ing to incomplete understanding of the underlying biochemical processes, variations

in cells within a tumor, differences between types of tumors, and between individ-

ual patients. Therefore, most existing optimization approaches ignore this crucial

temporal-biological, uncertain component of fractionated radiotherapy.

Recent technological advances in biological imaging are enabling researchers to

track tumor-response over time. For example, positron emission tomography (PET)

radio-labeled with fluorine-18 (18F) and fluorodeoxyglucose (FDG) tracer, or mag-

netic resonance spectroscopic imaging (MRSI) of choline/citrate ratio can provide

spatiotemporal information about tumor clonogen density [12–15]. PET with iodine-

124-iododeoxyuridine can measure tumor proliferation rates. 18F-MISO PET can

map spatiotemporal evolution of hypoxia (lack of oxygen reduces radiosensitivity).

At the same time, mathematical models of tumor-response are also becoming more
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sophisticated [16–20]. Potential benefits of adapting treatment based on informa-

tion obtained from biological images taken over several weeks of treatment, and also

of using spatiotemporally integrated mathematical models of tumor-response, have

recently been documented [14, 15, 21].

1.1 Research contributions and thesis organization

Our research objective in this thesis is to apply convex and dynamic optimization

methods to establish a rigorous mathematical framework called Adaptive Biologically

Conformal Radiotherapy (ABCRT) for spatiotemporally integrated radiation treat-

ment planning. An initial foundation for this type of treatment planning was recently

laid in [22–24]. We further build upon this foundation by making the following con-

tributions.

In Chapter 2, we present a formulation of the optimal fractionation problem (the

problem of determining the optimal number of fractions and the corresponding radi-

ation dose per fraction) that includes multiple normal tissues. This formulation uses

the standard log-linear-quadratic survival model. Our model can tackle any com-

bination of maximum dose, mean dose, and dose-volume type constraints for serial

and parallel normal tissues as this is characteristic of most treatment protocols. We

also allow for a spatially heterogeneous dose distribution within each normal tissue.

Furthermore, we do not a priori assume that the doses are invariant across fractions.

We establish sufficient conditions under which equal-dosage fractionation is optimal.

Finally, we perform extensive numerical experiments using ten head-and-neck and

prostate test cases to uncover several clinically relevant insights.

In Chapter 3, we develop a two-variable linear program that can solve the noncon-

vex QCQP fractionation problem from Chapter 2 to optimality. Nonconvex QCQPs

are typically difficult to solve, and in general, they belong to the class NP-hard. Ex-

isting mathematical literature on the fractionation problem therefore uses heuristic

methods without any analyses about solution quality, or derives exact solutions in

stylized special case. However, we show that an optimal solution to this nonconvex
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QCQP can in fact be derived in closed-form. A particularly appealing feature of this

two-variable LP model is that the number of constraints is equal to the number of

OARs which is typically a small number.

In Chapter 4, we present a spatiotemporally integrated formulation of the optimal

fractionation problem. Specifically, we simultaneously optimize the fluence-map and

the number of fractions. Our objective is to maximize the total biological effect

of tumor dose averaged over all voxels subject to maximum dose, mean dose, and

dose-volume constraints for various normal tissues. We propose an efficient convex

programming method to approximately solve this model. This method yields an

exact solution when the treatment protocol does not include dose-volume constraints.

Through extensive computer simulations on ten head-and-neck and prostate cancer

test cases with a broad range of radiobiological parameters, we compare the biological

effect on tumor obtained by our integrated approach relative to that from two other

models. The first is a traditional IMRT fluence-map optimization model that does

not optimize the number of fractions. The second (from Chapter 2) assumes that

a fluence-map is available a priori from a traditional IMRT optimization model and

then optimizes the number of fractions, thus separating the spatial and temporal

components. The improvements in tumor biological effect over IMRT were 9%-52%

with average 22%, and 53%-108% with average 69%, for head-and-neck and prostate,

respectively. The improvements in tumor biological effect over the spatiotemporally

separated model were 15%-45% with average 27%, and 17%-23% with average 21%, for

head-and-neck and prostate, respectively. This suggests that integrated optimization

of the fluence-map and the number of fractions could improve treatment efficacy as

measured within the linear-quadratic framework.

In Chapter 5, we start to focus on developing fluence-maps that adapt to the un-

certain, spatiotemporal evolution of various key determinants of treatment efficacy.

Specifically, we propose a theoretical stochastic control framework for adapting radio-

therapy to hypoxia. Hypoxia, that is, an inadequate supply of oxygen in living tissue,

has long been known to adversely affect the outcome of radiotherapy in solid tumors
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[15, 25, 26]. Moreover, oxygen partial pressure within tumors varies both spatially

and temporally over the treatment course and there is a considerable inter-patient

variation in intra-tumor oxygen partial pressure. The aim of Chapter 5 therefore

is to estimate any potential benefits of such adaptive planning. This requires the

solution of computationally challenging, high-dimensional stochastic control prob-

lems. We propose an approximate control scheme that involves solving a sequence of

large-scale, convex, non-linear problems. We perform numerical experiments on five

test cases by using a first-order vector autoregressive process with exponential and

rational-quadratic covariance functions from the spatiotemporal statistics literature

to simulate hypoxia evolution. Our results suggest that dynamic planning could lead

to 13%-66% improvement in the number of tumor cells remaining at the end of the

treatment course.

In Chapter 6, we present a framework based on Bayesian dynamic programming to

learn a patient-specific distribution of tumor-response uncertainty over the treatment

course while simultaneously optimizing fluence-maps. This is in contrast to Chapter 5

and the work in [22–24], where the distribution of tumor-response was assumed to be

known a priori. Specifically, we assume that a particular tumor-response parameter

has a Categorical distribution (note that this is the most general discrete distribution

with finite support) and that the decision maker uses a Dirichlet prior on this Categor-

ical distribution. We then exploit the conjugate property of the Categorical-Dirichlet

pair to formulate a Bayesian dynamic programming formulation of our optimal learn-

ing problem. We then extend the approximate control scheme from Chapter 5 to

efficiently tackle this problem. We show via computer simulations on one head-and-

neck test case that we are able to efficiently learn the tumor-response parameter

distribution over the treatment course. Our simulations suggest that the TNTCR at-

tained by our learning approach is close to that obtained by a hypothetical, idealized,

clairvoyant algorithm.

In Chapter 7, we outline directions for future research. These include a non-

stationary formulation of the optimal fractionation problem from Chapter 4; a robust
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formulation of the optimal fractionation problem from Chapter 3 and 4; and an opti-

mal stopping extension of the optimal fractionation problem from Chapters 2, 3, and

4.

The test cases used for computer simulations reported in this thesis were generated

using an in-house MATLAB software. This software is described in the Appendix.
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Chapter 2

OPTIMAL FRACTIONATION IN RADIOTHERAPY WITH
MULTIPLE NORMAL TISSUES

2.1 Introduction

In external beam radiation therapy for cancer, ionizing radiation targeted toward the

cancerous region also passes through nearby normal tissue and thus damages both.

The goal therefore is to maximize tumor damage while ensuring that the healthy

anatomies can safely tolerate the resulting toxic effects of radiation. In intensity mod-

ulated radiation therapy (IMRT) [27], this is attempted by following a two-pronged

approach that includes a spatial and a temporal component.

The first, spatial component of this approach in essence is to prescribe a uniform

or non-uniform high dose to the cancerous region and put upper limits on the dose de-

livered to the healthy anatomies. The intensity profile of the radiation field, which is

also called the fluence-map, is then optimized so that the delivered dose is as close as

possible to this tumor-conforming prescription. This is called fluence-map optimiza-

tion. The fluence-map optimization problem has been studied extensively over the

last two decades. Increasingly sophisticated dose prescriptions have been proposed

and efficient optimization algorithms to find the corresponding intensity profiles have

been designed, tested clinically, and incorporated into commercial treatment planning

systems [6, 9, 28–31].

The second, temporal, component of the two-pronged approach involves breaking

the total planned dose into several equal-dose fractions that are administered in mul-

tiple, well-separated treatment sessions (called fractions) spread over many weeks.

This is called fractionation and it is designed mainly to give healthy anatomies suf-

ficient time to recover between consecutive treatment sessions as healthy cells have

better damage-repair capabilities than tumor cells [11, 32]. The key challenge on this
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temporal side of the equal-dosage fractionation problem is to find the optimal num-

ber of fractions and the corresponding dose in different fractions. Roughly speaking,

using several sessions with a small dose in each session reduces the damage done to

the healthy anatomies. This may enable the treatment planner to administer a much

larger total dose to the tumor as compared to using only a few sessions with a higher

dose per session. However, especially in fast proliferating tumors, long treatment

courses may adversely affect the likelihood of adequate tumor control. Several alter-

native number of fractions have been clinically studied over more than a hundred years

[33–43]. Many of these studies were conducted before the IMRT technology became

widely available in the late 1990s. It is generally believed that the optimal number

of fractions depends on the relative difference between the radiation dose-response of

the tumor and that of the healthy anatomies, and also on the anatomy of the tumor

and the healthy tissues relative to the radiation field. Currently, the most widely

accepted mathematical framework for radiation dose-response is the linear-quadratic

(LQ) model [11]. Using this model, some researchers have mathematically explored

the effect of model parameters on the optimal number of fractions. We review these

studies next.

2.2 Limitations of existing work

To the best of our knowledge, the use of the LQ model to determine the optimal num-

ber of fractions started in the 1990s with Fowler’s work [44, 45] and the investigation

in Jones et al. [46]. Specifically, Fowler showed in a series of papers using insightful

calculations that some treatment courses are too short and some treatment courses

are too long; there is a range in between these two extremes that should include the

optimal number of treatment sessions [44, 45, 47–49]. These papers consider a tumor

and a single normal tissue both receiving dose d in each of the N fractions. From

an IMRT perspective, the assumption that the tumor and the normal tissue receive

a homogeneous and identical dose essentially ignores the spatial side of the problem.

The key idea that repeatedly occurs in all papers in this area is to choose the number
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of fractions N and the corresponding dose d per fraction that is delivered to the tumor

to maximize the biological effect (BE) on the tumor for a fixed biologically effective

dose (BED) delivered to the normal tissue [11]. The papers by Fowler and coauthors

were arithmetic in nature in that they calculated and plotted the BE on tumor as a

function of N to reach their conclusions (without rigorously proving the structure of

the tumor-BE as a function of N).

Jones et al. [46] also considered a single normal tissue and proposed a model that

was conceptually similar to Fowler’s. They employed calculus to maximize the tumor-

BE by setting its derivative with respect to N to equal zero. This led to a quadratic

equation for the optimal dose per fraction. The positive solution of this equation was

then used in turn to derive a formula for the optimal number of fractions. Thus, to the

best of our knowledge, Jones et al. obtained the first analytical results in this area.

However, Jones et al. did not include a time-lag before tumor proliferation begins

after treatment initiation (see [49] for a discussion of the importance of including

this time-lag). Jones and co-authors later improved their earlier model by including

such a time-lag [50]. However, these two papers by Jones and co-authors ignored the

constraint that N must be an integer and did not rigorously prove that setting the

derivative with respect to N to zero was a sufficient condition for global optimality

in their model (that is, they did not investigate concavity properties of tumor-BE by

computing its second derivative).

Yang and Xing [51] also studied a model similar to Fowler’s but they utilized

an extension of the basic LQ model to incorporate redistribution and reoxygenation

of tumor cells [52] and included two normal tissues. They applied the simulated

annealing heuristic to optimize the number of fractions without any guarantee of

optimality. Their broad conclusions were similar to Fowler’s. Bertuzzi et al. [53]

recently considered a model with two normal tissues and used Karush-Kuhn-Tucker

(KKT) conditions to characterize the structure of optimal solutions, but the number

of fractions was fixed in their model.

Mizuta et al. [54] recently considered a slight generalization of Fowler’s calcula-
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tions, where the tumor and the single normal tissue received doses d and sd in each

fraction, respectively, but they did not consider tumor proliferation. Here, s is called

the sparing factor and it attempts to model the realistic possibility that the tumor

and the normal tissue do not receive identical doses. They reached the intuitive con-

clusion that the optimal number of fractions also depends on the sparing factor s in

addition to the α/β ratios of the tumor and the normal tissue in the LQ model. In

fact, a similar observation was made much earlier by Jones et al. [46].

Unkelbach et al. [55] recently generalized the result in Mizuta et al. They also

considered a single normal tissue but explicitly allowed for a spatially heterogeneous

normal tissue dose distribution. Consequently, the analysis in Unkelbach et al. is a

notable exception to all previous efforts toward optimizing the number of fractions.

In particular, they used voxel-dependent sparing factors for each normal tissue voxel.

The use of such sparing factors is justified because optimization models in radiother-

apy routinely model dose as a linear transformation of the fluence-map. See [56–60]

and Section 2.4 for more details about how this transformation is defined using a

dose-deposition coefficient matrix. Unkelbach et al. derived an effective sparing fac-

tor, seffective, which was a function only of the voxel-dependent sparing factors. The

specific functional form of this effective sparing factor depends on whether the normal

tissue constraint is a maximum dose constraint or a mean dose constraint. Their key

conclusion was that a single fraction is optimal if (α/β)tumor ≤ (α/β)normaltissue

seffective
and

an infinite number of fractions is optimal otherwise. A similar conclusion was also

reached independently by Keller et al. in [61]. However, and crucially, Unkelbach et

al. and Keller et al. did not incorporate tumor proliferation and this was the reason

for the optimality of an infinite number of fractions.

Bortfeld et al. [62] extended the model in Unkelbach et al. by including tu-

mor proliferation, but they did not include a time-delay before proliferation starts.

Specifically, their focus was on modeling accelerated tumor re-population whereby

the tumor exhibits faster growth toward the end of the treatment course. They used

dynamic programming to demonstrate how dose per fraction increases over the treat-
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ment course under accelerated re-population; this was the main contribution of their

paper. As an aside, they rigorously proved the correctness of a previously known

closed-form formula (as for example in Jones et al. [46] and Armpilia et al. [50])

for the optimal number of fractions under constant re-population. However, as in

Unkelbach et al., Bortfeld et al. also only considered a single normal tissue.

In fact, the inability to simultaneously include two or more normal tissues is a ma-

jor practical limitation of all work in this area that derives a provably optimal number

of fractions. Cancer sites always include at least two normal tissues — unspecified

normal tissue and an organ at risk such as the spinal cord. In fact, in most cases, sev-

eral serial and parallel normal tissues play a role in limiting the tumor-dose. Finally,

the existing works do not explicitly describe precisely how their optimal fractionation

models could be implemented in practice. Specifically, it is not clear exactly how

sparing factors are to be calculated and how the resulting temporal dosing schedule

is to be combined with a spatially optimized fluence-map. In short, these works do

not integrate their models with state-of-the-art IMRT methods. In this thesis, we are

able to simultaneously overcome these limitations, and yet rigorously derive optimal

dosing schedules as summarized next.

2.3 Our contributions

We present a mathematical formulation of the optimal fractionation problem based on

the LQ model using sparing factors. This formulation allows for doses to vary across

fractions. It incorporates (i) any combination of several maximum dose, mean dose

and dose-volume type constraints on multiple normal tissues that receive spatially

heterogeneous doses; and (ii) tumor proliferation with a time-lag. Finally, since the

starting point for our model is a spatially optimized fluence-map (say from any treat-

ment planning system) it is implementable after appropriate clinical validation in the

future without requiring any additional hardware or technological developments. The

generality of our model introduces several challenges. In this section, we highlight

our contributions in the context of these challenges.
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• Optimality of equal-dosage fractionation: Although equal-dosage fractionation is

ubiquitous in practice and in the existing literature, it is not known whether this

strategy is in fact optimal in the case of multiple normal tissues. Consequently,

our formulation does not a priori assume equal-dosage fractionation. As a result,

our initial formulation is a mixed-integer, nonconvex , quadratically constrained

quadratic program (QCQP); such problems belong to the class NP-hard [63].

Fortunately, we are able to prove two simple sufficient conditions under which

equal-dosage fractionation is optimal (see Propositions 2.5.1 and 2.5.4). Based

on the prevalent estimates of the parameters of the LQ model, we expect these

conditions to hold in many commonly studied tumors such as head-and-neck

and prostate. We thus devise an equal-dosage reformulation of our problem and

study it in detail in all subsequent sections.

• Switching of the dose-limiting normal tissue: When the problem formulation

includes a single normal tissue, that normal tissue, by definition, is what lim-

its tumor-dose. This facilitates the derivation of a simple closed-form formula

for the optimal number of fractions and the corresponding dose per fraction.

However, in the case of multiple normal tissues, we show that the dose-limiting

normal tissue may depend on the number of fractions (see, for example, our Fig-

ure 2.2(a), which demonstrates that the limiting normal tissue switches from the

unspecified normal tissue to the right parotid). Furthermore, it is not evident

if and when such a switch occurs as this is a function of many model parame-

ters especially when the formulation includes several maximum dose, mean dose

and dose-volume type constraints to mimic realistic anatomies and treatment

protocols, and allows for heterogeneous dose distributions.

• Nonmonotonic behavior of tumor-BE: The tumor-BE without proliferation is

monotonic in the number of fractions in optimal fractionation problems that

include a single normal tissue. We show that this is no longer true with mul-

tiple normal tissues; see, for example, our Figure 2.2(b), which illustrates that
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the tumor-BE without proliferation can first increase and then decrease as the

number of fractions is increased. In particular, even without proliferation, when

(α/β)tumor >
(α/β)normaltissue

seffective
, a finite number of fractions may be optimal in the

case of multiple normal tissues (contrast this with the aforementioned conclusion

in Unkelbach et al. and Keller et al. that with a single normal tissue, an infinite

number of fractions is optimal). More generally, when a proliferation term is

included, the tumor-BE is either decreasing or strictly concave in the number

of fractions in the case of a single normal tissue (see Section 2.7). Again, this

is at the heart of the derivation of a simple closed-form formula for the optimal

number of fractions and the corresponding dose per fraction. In the case of mul-

tiple normal tissues, the behavior of tumor-BE (with or without proliferation)

as a function of the number of fractions is complicated owing to the possible

switching of the limiting normal tissue and this has not been investigated in the

existing literature.

• Piecewise convexity of the limiting dose per fraction and quasiconcavity of

tumor-BE: We perform a rigorous mathematical analysis of our model to com-

pletely characterize how the limiting dose and tumor-BE behave as functions of

the number of fractions (see Lemmas 2.6.1 and Theorem 2.6.3). Specifically, in

Equation (2.94), we obtain a closed-form formula for the limiting dose, and show

that it is a strictly decreasing, piecewise strictly convex function of the number

of fractions (see Lemma 2.6.1 and Figure 2.1). This leads to a closed-form for-

mula for the corresponding tumor-BE. Furthermore, we establish in Theorem

2.6.3 that this tumor-BE eventually decreases and that it is a quasiconcave [64]

function of the number of fractions.

• Simple calculation procedure for problem solution: We propose a simple cal-

culation procedure rooted in the above quasiconcavity property to obtain an

optimal number of fractions and the corresponding dose per fraction. Specif-

ically, we calculate the tumor-BE using our closed-form formula for dose per
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fraction sequentially for N = 1, 2, . . . until the tumor-BE “turns around” to cor-

rectly identify the optimal number of fractions (see Theorem 2.6.3 and Corollary

2.6.4). We note here that in the case of multiple normal tissues, it is not possible

to find the optimal number of fractions in closed-form by setting a derivative to

equal zero unlike the single normal tissue case as in Jones et al., Bortfeld et al.,

and our Section 2.7.

• Uncovering clinically relevant insights through numerical experiments: In Sec-

tion 5.4, we perform extensive numerical experiments and sensitivity analyses

using five head-and-neck cancer cases and five prostate cancer cases to gain

further insight into the optimal fractionation problem. Some examples of such

insights are listed here.

– Mismatch between predictions of our model with multiple normal tissues

and existing models with a single normal tissue: We show in Section 2.8.3

that the optimal number of fractions in our model with multiple normal

tissues cannot in general be found simply by choosing from the set of optimal

number of fractions obtained from separately solving single normal tissue

problems one by one. This point is especially important as all existing

analytical literature considers only a single normal tissue, and furthermore,

the difference between the optimal number of fractions from our model and

that obtained from a single normal tissue model can be rather large.

– Sensitivity to tumor doubling time: We demonstrate in Section 2.8.4 that

the optimal number of fractions increases as the tumor doubling time in-

creases — that is, a longer treatment schedule is optimal for slower growing

tumors. We demonstrate that the sensitivity of the optimal number of frac-

tions to the tumor doubling time is higher when the alpha over beta ratio

of the tumor is larger as compared to that of a normal tissue.

– Effect of time-lag before proliferation starts: We show that when the suffi-
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cient condition in Proposition 2.5.1 is met, it is not optimal to administer

less than 1+Tlag fractions where Tlag is the lag in days before tumor prolifer-

ation begins (see Remark 2.5.2). When the tumor doubling time is smaller

than a threshold determined by Tlag and other model parameters, it is op-

timal to administer exactly 1 + Tlag fractions. When the doubling time is

larger than this threshold, the optimal number of fractions is larger than

1 + Tlag but (otherwise) no longer sensitive to Tlag. Our numerical results

in Section 2.8.5 further illustrate this behavior for our head-and-neck cases.

The rest of this chapter is organized as follows. In the next section, we describe our

problem formulation in detail. In Section 2.5, we prove sufficient conditions for equal-

dosage fractionation. Then in Section 2.6, we present an equal-dosage reformulation

of our original model. We then present its mathematical analysis, and propose a

simple solution procedure. A previously known closed-form formula for the optimal

number of fractions in the case of a single normal tissue is derived in Section 2.7 for

the sake of completeness and notational consistency as we will need this formula in

Section 2.8.3 when its results are compared with our multiple normal tissue model.

We present numerical results in Section 5.4. Finally, in Section 5.5, we conclude by

discussing opportunities for extensions of our work here.

2.4 Problem formulation

Our overall methodology is to choose the number of fractions to maximize the BE of

the average tumor-dose subject to constraints on normal tissue doses. All components

of this methodology are described next.

2.4.1 Expression for the objective function

Let N be the number of fractions. This is the key decision variable in our optimization

model. We assume that a single fraction is administered every day. As we will

describe in Section 5.5, our model can be easily extended to tackle other fractionation
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schedules such as the one that administers treatment on weekdays only or the one

that administers treatment twice daily on weekdays. Let Tdouble be the doubling time

for the tumor [44–46] and let Tlag be the time-lag after which tumor proliferation

starts after treatment initiation [49]; both these are measured in days. Finally, let α0

and β0 denote the parameters of the LQ model for the tumor.

In optimization models in IMRT, various anatomical regions of interest in the pa-

tient’s body are discretized into equal-volume cubes called voxels. Let n denote the

number of such voxels in the tumor. We index these voxels by i = 1, 2, . . . , n. Simi-

larly, the radiation field is also discretized into small segments called beamlets. Let

k be the number of such beamlets. We use u ∈ <k+ to denote a generic k-dimensional

beamlet intensity vector (fluence-map). Let A be the n× k, nonnegative, tumor-dose

deposition coefficient matrix. Let Ai denote its ith row. This row corresponds to

the ith tumor-voxel. Then, according to the linear dose deposition model, the dose

delivered to the ith voxel in the tumor equals Aiu if fluence-map u is used.

We assume that a nominal fluence-map is available to the treatment planner.

For example, this could be obtained by solving any of the standard fluence-map

optimization models as is routinely done in commercial treatment planning systems

available in hospitals. We denote this fluence-map by unominal and it serves as an input

and a starting point for our model. An important benefit of using such a fluence-

map as input is that we are assured that the spatial properties of the treatment

plan such as its dose-volume histograms are clinically acceptable. Let dnominal denote

the average tumor-dose over all tumor-voxels delivered by this nominal fluence-map.

Consider any dose d ≥ 0. According to the linear dose deposition model, a fluence-

map that delivers an average tumor-dose of d can be constructed by scaling unominal

to unominald/dnominal.

Now suppose that average tumor-doses ~d = (d1, d2, . . . , dN) are delivered over the

N fractions; ~d is the second decision variable in our problem. According to the LQ
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model, the BE of delivering average tumor-doses ~d over N fractions equals

α0

N∑
t=1

dt + β0

N∑
t=1

d2
t − τ(N). (2.1)

Here, we have used the notation

τ(N) =
[(N − 1)− Tlag]+ ln 2

Tdouble
. (2.2)

The expression [(N − 1)− Tlag]+, which is defined as max((N − 1)− Tlag, 0), models

the possibility that tumor proliferation does not start until Tlag days after treatment

begins [49]. The appearance of N − 1 instead of N in the above expression may seem

surprising at first; however, note that the time that elapses between the first and the

Nth fractions is actually N − 1 days and hence this is the time over which the tumor

could proliferate. Note that τ(N) = 0 for all N such that N ≤ 1 + Tlag, and that

τ(N) is strictly increasing and linear for all N such that N ≥ 1 + Tlag. In particular,

τ(N) is nondecreasing for all N ≥ 1; it is also convex for all N ≥ 1. These properties

of τ(N) will be used in our mathematical analysis. We next describe the constraints

in our model.

2.4.2 Normal tissue constraints

Let O1, O2, . . . , OM denote the M different normal tissues under consideration. Let

M = {1, . . . ,M} be the set of indices of these normal tissues. For m ∈ M, let nm

denote the number of voxels in Om. These voxels are indexed by j = 1, 2, . . . , nm.

Let Nm denote the set {1, 2, . . . , nm} of these voxels. All normal tissue voxels are

assumed to have equal volume as is standard practice in IMRT. Let Am be the nm×k,

nonnegative, dose deposition coefficient matrix for Om. Let Amj be the jth row of this

matrix; this is the row that corresponds to the jth voxel in Om. That is, according

to the linear dose deposition model, Amj u is the dose delivered to the jth voxel in Om

if fluence-map u is used. For each m ∈ M and j ∈ Nm, let smj denote the sparing

factor for the jth voxel in normal tissue Om. This sparing factor is given by

smj =
Amj unominal

dnominal
. (2.3)
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Then, according to the linear dose deposition model, the scaled fluence-map unominaldt/dnominal

delivers a dose of
Amj unominaldt

dnominal
= smj dt (2.4)

to voxel j in normal tissue Om. Let αm and βm denote the parameters of the LQ

model for normal tissue Om, and let ρm = 1/(αm/βm) denote the inverse of the alpha

over beta ratio for this normal tissue. Then, the BED corresponding to the doses smj
~d

that are delivered to voxel j in Om over N fractions is given by

N∑
t=1

(smj dt) + ρm

N∑
t=1

(smj dt)
2. (2.5)

The above BED formula will be used in our formulation to incorporate the three

most common types of constraints on normal tissue that are used in practice —

maximum dose constraints for serial normal tissue, and mean dose or dose-volume

type constraints for parallel normal tissue. We describe each of these in detail in the

next three sections.

Serial normal tissue

Let M1 ⊆ M be the set of indices of serial normal tissues; these are the normal

tissues whose function is hampered even when a small portion suffers damage [1].

Examples include spinal cord and brainstem. Suppose for any m ∈ M1 that a total

dose Dm
max is known to be tolerated by each voxel in Om if administered in Nm

conv

equal-dose fractions. The BED corresponding to this schedule equals

BEDm
max = Dm

max(1 + ρm(Dm
max/N

m
conv)). (2.6)

Then, doses smj
~d over N fractions can be tolerated by the jth voxel in normal tissue

Om if
N∑
t=1

(smj dt) + ρm

N∑
t=1

(smj dt)
2 ≤ BEDm

max, ∀j ∈ Nm. (2.7)

Thus, for each m ∈M1, our problem formulation will include constraints (2.7).
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Mean dose constraints for parallel normal tissue

Let M2 ⊆ M be the set of indices of parallel normal tissues with mean dose con-

straints; these are the normal tissues where a sufficiently small portion can be dam-

aged without affecting the organ function [1]. Examples include parotid glands, heart,

liver, kidneys, and lungs. Suppose for any m ∈ M2 that mean dose Dm
mean is known

to be tolerated by Om if administered in Nm
conv equal-dose fractions. The BED corre-

sponding to this mean dose is given by

BEDm
mean = Dm

mean(1 + ρm(Dm
mean/N

m
conv)). (2.8)

Then, doses smj
~d in over N fractions can be tolerated by Om if

N∑
t=1

nm∑
j=1

(smj dt + ρm(smj dt)
2) ≤ nmBED

m
mean. (2.9)

As in Unkelbach et al. [55], the quadratic constraint (2.9) can be simplified as

pm

N∑
t=1

dt + ρmqm

N∑
t=1

d2
t ≤ nmBED

m
mean, (2.10)

where we have used the notation

pm ,
nm∑
j=1

smj , and qm ,
nm∑
j=1

(smj )2. (2.11)

We also define the effective sparing factor

smmean , qm/pm, (2.12)

and let

Bm
mean , qmnmBED

m
mean/(pm)2. (2.13)

Then, multiplying both sides by the nonnegative number qm/(pm)2, inequality (2.10)

can be rewritten as

N∑
t=1

smmeandt + ρm

N∑
t=1

(smmeandt)
2 ≤ Bm

mean. (2.14)

Thus, for each m ∈M2, our optimization model will include constraint (2.14).
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Dose-volume constraints

Let M3 ⊆ M be the set of indices of normal tissues with dose-volume constraints.

Examples include rectum, bladder, and lung. In particular, suppose for any m ∈M3

that no more than a volume fraction φm of normal tissue Om can receive a dose more

than Dm
dv if administered in Nm

conv fractions. The BED of total dose Dm
dv administered

in Nm
conv equal-dose fractions is given by

BEDm
dv = Dm

dv(1 + ρm(Dm
dv/N

m
conv)). (2.15)

Since all voxels in Om are assumed to have equal volume, the volume fraction is the

same as the voxel fraction. For each m ∈ M3 and for each voxel j ∈ Nm, we thus

define binary-valued functions fj(~d,N) such that

fj(~d,N) =


1 if

N∑
t=1

(smj dt) + ρm
N∑
t=1

(smj dt)
2 > BEDm

dv,

0 if
N∑
t=1

(smj dt) + ρm
N∑
t=1

(smj dt)
2 ≤ BEDm

dv.

(2.16)

We use the integer Km to denote bnmφmc. Then the dose-volume constraints are

written in our formulation as

nm∑
j=1

fj(~d,N) ≤ Km, for m ∈M3. (2.17)

Here, for simplicity of notation, we have assumed that there is at most one dose-

volume constraint for each normal tissue. This simplifying assumption can be easily

relaxed to allow for multiple dose-volume constraints on one or more of the normal

tissues. In fact, we do this in our computational experiments for prostate cancer in

Section 5.4 (see Table 4.6). For each m ∈M3, our formulation will include constraint

(2.17). We emphasize here that, to the best of our knowledge, despite the prevalence

of dose-volume constraints in practice, they have thus far not been incorporated into

existing optimal fractionation models.
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A formulation of the optimal fractionation problem

Putting together the various components discussed in the above sections, we formulate

our optimal fractionation problem as

(OPTFRAC1) max
N, ~d

α0

N∑
t=1

dt + β0

N∑
t=1

d2
t − τ(N), (2.18)

subjectto
N∑
t=1

(smj dt) + ρm

N∑
t=1

(smj dt)
2 ≤ BEDm

max, j ∈ Nm, m ∈M1,

(2.19)

N∑
t=1

smmeandt + ρm

N∑
t=1

(smmeandt)
2 ≤ Bm

mean, m ∈M2, (2.20)

nm∑
j=1

fj(~d,N) ≤ Km, for m ∈M3, (2.21)

~d ≥ 0, (2.22)

N ≥ 1, integer. (2.23)

Note that for each m ∈ M1, constraint (2.19) is most restrictive for a voxel j ∈ Nm
that has the largest sparing factor. Therefore, as in Unkelbach et al. [55], we define

the effective sparing factor for each m ∈M1 as

smmax , max
j∈Nm

smj . (2.24)

Then, for each m ∈ M1, the group of constraints (2.19) is equivalent to the single

constraint
N∑
t=1

(smmaxdt) + ρm

N∑
t=1

(smmaxdt)
2 ≤ BEDm

max. (2.25)

Now consider constraint (2.21) for any m ∈M3. This dose-volume constraint requires

that
N∑
t=1

(smj dt) + ρm
N∑
t=1

(smj dt)
2 ≤ BEDm

dv for at least nm − Km voxels; this gives us

the flexibility to pick and choose which voxels satisfy this upper bound. Since the

objective function in (OPTFRAC1) is increasing in each dt, for t = 1, 2, . . . , N , the

largest objective function value is obtained by enforcing this upper bound on nm−Km
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voxels with the smallest sparing factors. That is, we should enforce this upper bound

only on the voxels with the smallest, the second smallest, the third smallest, ..., and

the (nm − Km)th smallest sparing factors. But this is equivalent to enforcing the

upper bound on a single voxel with the (nm −Km)th smallest sparing factor. Using

standard order statistic subscript notation, we thus define the effective sparing factor

for normal tissue m ∈M3 as

smdv , sm(nm−Km). (2.26)

Thus, constraint (2.21) reduces to the much simpler constraint

N∑
t=1

smdvdt + ρm

N∑
t=1

(smdvdt)
2 ≤ BEDm

dv. (2.27)

Consequently, we rewrite problem (OPTFRAC1) equivalently as

(OPTFRAC2) max
N, ~d

α0

N∑
t=1

dt + β0

N∑
t=1

d2
t − τ(N), (2.28)

subjectto
N∑
t=1

(smmaxdt) + ρm

N∑
t=1

(smmaxdt)
2 ≤ BEDm

max, m ∈M1, (2.29)

N∑
t=1

smmeandt + ρm

N∑
t=1

(smmeandt)
2 ≤ Bm

mean, m ∈M2, (2.30)

N∑
t=1

smdvdt + ρm

N∑
t=1

(smdvdt)
2 ≤ BEDm

dv, for m ∈M3, (2.31)

~d ≥ 0, (2.32)

N ≥ 1, integer. (2.33)

Observe that (OPTFRAC2) is a nonconvex QCQP in the decision vector ~d and also

includes the integer valued decision variable N . As a result, exact solution of this

optimization problem appears computationally challenging. Fortunately, we are able

to derive two sufficient conditions under which an equal-dosage schedule is optimal

to this problem. Furthermore, we expect these sufficient conditions to hold in many

commonly studied tumors such as head-and-neck and prostate. This motivates the
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equal-dosage reformulation of (OPTFRAC2) that we study in Sections 2.6 and 5.4 of

this Chapter.

2.5 Sufficient conditions for optimality of equal-dosage fractionation

Recall that the set of all normal tissues is denoted by M = {1, . . . ,M} and assume

for simplicity of exposition that M1 ∩ M2 = M2 ∩ M3 = M1 ∩ M3 = ∅. Then

we define Cm to equal the right hand side in the quadratic inequality constraint in

(OPTFRAC2) for normal tissue m ∈ M; similarly, we define σm as the effective

sparing factor for normal tissue m ∈ M. Then (OPTFRAC2) can be compactly

written as

OPTFRAC2 max
N, ~d

α0

N∑
t=1

dt + β0

N∑
t=1

d2
t − τ(N) (2.34)

σm

N∑
t=1

dt + σ2
mρm

N∑
t=1

d2
t ≤ Cm, m ∈M, (2.35)

~d ≥ 0, (2.36)

N ≥ 1, integer. (2.37)

Moreover, for any fixed integer N ≥ 1, we formulate

(OPTFRAC2(N)) max
~d

α0

N∑
t=1

dt + β0

N∑
t=1

d2
t − τ(N) (2.38)

σm

N∑
t=1

dt + σ2
mρm

N∑
t=1

d2
t ≤ Cm, m ∈M, (2.39)

~d ≥ 0. (2.40)

First note that the objective function and the constraint functions in this problem are

continuous and the feasible region is bounded. Thus, by the extreme value theorem

of Weierstrass , the problem has an optimal solution.

We next establish two conditions under which equal-dosage fractionation is optimal

in (OPTFRAC2(N)).
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Proposition 2.5.1. Suppose α0

β0
≥ max

m∈M
αm/βm
σm

. Then it is optimal in (OPTFRAC2(N))

to deliver dose

d∗ = min
m∈M

(
−1 +

√
1 + 4ρmCm/N

2σmρm

)
(2.41)

in each one of the N fractions.

We provide two different proofs of this result, one is algebraic and the other uses

KKT conditions. We expect the condition in this proposition to hold in tumors similar

to head-and-neck cancer where the tumor α/β ratio is believed to be much bigger than

that of surrounding normal tissues [48, 49, 65]. We also emphasize that the key result

of Proposition 2.5.1 is the conclusion that it is optimal to use an identical dose in

every session. Once this is established, it is easy to derive the actual value of the

dose per session by solving a quadratic equation as has been done in most of the

existing literature with a single normal tissue. Finally, in the special case where

there is a single normal tissue, our condition correctly reduces to the condition that

(α/β)tumor ≥ (α/β)normaltissue

seffective
as in the existing literature.

Remark 2.5.2. We note that if α0/β0 > max
m∈M

αm/βm
σm

as in Proposition 2.5.1 then it

is not optimal to administer less than 1 + Tlag fractions. This is because the tumor-

BE g∗(N) = min
m∈M

gm(N) as defined later in (2.112) is increasing over the range

1 ≤ N < 1 +Tlag. This holds because each gm(N) has this same property as shown in

our proof of Lemma 2.7.1 in the case of a single normal tissue. A further discussion

of this issue is included in Section 2.8.5.

An algebraic proof of Proposition 2.5.1: Suppose there exists an optimal solution

~d∗ = (d∗1, d
∗
2, . . . , d

∗
N) where d∗i 6= d∗j for some distinct i and j chosen from the set

{1, 2, . . . , N}. We will show that it is possible to construct an equal-dosage solution

with the same tumor-BE as ~d∗. Since N is fixed, τ(N) has no effect on optimal doses;

we thus ignore τ(N) in this proof.

Since ~d∗ is optimal, at least one of the constraints in (2.39) must be active. Without
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loss of generality, we assume that it is the constraint with m = 1. Thus, we have,

N∑
t=1

(d∗t )
2 =

C1 − σ1

N∑
t=1

d∗t

σ2
1ρ1

. (2.42)

Substituting this in the objective function, we see that the optimal objective function

value is given by

BE∗ ,
C1β0

σ2
1ρ1

+
(
α0 −

β0

ρ1σ1

) N∑
t=1

d∗t . (2.43)

To obtain a contradiction to the optimality of ~d∗, we will now construct an alternative

feasible solution with a larger objective value than BE∗. Toward this end, we first

define dose

δ =

N∑
t=1

d∗t

N
, (2.44)

and the dose vector ~δ = (δ, δ, . . . , δ). We claim that this dose vector is strictly feasible

to all constraints in OPTFRAC2(N). To see this, we first define the notation ||~d||1,

for any nonnegative dose vector ~d, to denote the l1 norm of ~d. Similarly, ||~d||2 denotes

the l2 norm of ~d. We now evaluate the LHS in (2.39) for some any arbitrary m ∈M

by substituting the dose vector ~δ. We get,

σm

N∑
t=1

δ + σ2
mρm

N∑
t=1

δ2 = Nσmδ + σ2
mρmNδ

2 = σm

N∑
t=1

d∗t + σ2
mρmN

( N∑
t=1

d∗t

)2

N2

(2.45)

= σm

N∑
t=1

d∗t + σ2
mρm

(||~d∗||1)2

N
< σm

N∑
t=1

d∗t + σ2
mρm(||~d∗||2)2 (2.46)

= σm

N∑
t=1

d∗t + σ2
mρm

N∑
t=1

(d∗t )
2 ≤ Cm. (2.47)

Here, the strict inequality follows from the well-known norm-inequality ||~d||1 ≤
√
N ||~d||2

(with equality holding only when all components of ~d are identical; note that at least

two components of our vector ~d∗ are distinct by assumption). The second inequality
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holds because ~d∗ is feasible to OPTFRAC2(N). Owing to the strict feasibility of ~δ to

OPTFRAC2(N), there is some slack in every constraint. In particular, there exists

an ε > 0 such that delivering dose δ + ε in each one of the N fractions is feasible.

In fact, we will choose ε to be large enough such that at least one of the constraints

becomes active. Specifically, we let ε = min
m∈M

εm, where εm > 0 for m ∈M is uniquely

defined such that

Nσm(δ + εm) +Nσ2
mρm(δ + εm)2 = Cm. (2.48)

Suppose without loss of generality that ε = ε2. That is, the dose delivered in each

fraction now equals δ + ε2 and

Nσ2(δ + ε2) +Nσ2
2ρ2(δ + ε2)2 = C2, and hence, (2.49)

N(δ + ε2)2 =
C2 −Nσ2(δ + ε2)

σ2
2ρ2

. (2.50)

Now we evaluate the objective function value BE for this new dosing schedule. We

have,

BE = α0N(δ + ε2) + β0N(δ + ε2)2 =
C2β0

σ2
2ρ2

+
(
α0 −

β0

σ2ρ2

)
N(δ + ε2) (2.51)

=
C2β0

σ2
2ρ2

+
(
α0 −

β0

σ2ρ2

) N∑
t=1

d∗t +
(
α0 −

β0

σ2ρ2

)
Nε2. (2.52)

Now we show that BE = BE∗. Since ~d∗ is feasible for constraint (2.39) with m = 2,

we have,

σ2

N∑
t=1

d∗t + σ2
2ρ2

N∑
t=1

d∗2t ≤ C2. (2.53)

Now, by substituting for
N∑
t=1

d∗2t from (2.42), the above inequality simplifies as

σ2

N∑
t=1

d∗t + σ2
2ρ2

(C1 − σ1

N∑
t=1

d∗t

σ2
1ρ1

)
=
σ2

2ρ2C1

σ2
1ρ1

+
(
σ2 −

σ2
2ρ2

σ1ρ1

) N∑
t=1

d∗t ≤ C2. (2.54)

Now, by multiplying both sides of this inequality by the positive term β0
ρ2σ2

2
, we get,

β0C1

σ2
1ρ1

+
β0

σ2
2ρ2

(
σ2 −

σ2
2ρ2

σ1ρ1

) N∑
t=1

d∗t ≤
β0C2

σ2
2ρ2

. (2.55)
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Now by adding (α0 − β0/σ2ρ2)
N∑
t=1

d∗t to both sides of this inequality, we obtain,

BE∗ =
C1β0

σ2
1ρ1

+
(
α0 −

β0

σ1ρ1

) N∑
t=1

d∗t ≤
C2β0

σ2
2ρ2

+
(
α0 −

β0

σ2ρ2

) N∑
t=1

d∗t ≤ BE. (2.56)

Here, the last inequality follows from the definition of BE in Equation (2.52) because

ε2 > 0 and
(
α0 − β0

σ2ρ2

)
=
(
α0 − β0(α2/β2)

σ2

)
≥ 0 by our hypothesis in the statement of

the proposition. But since BE∗ is the optimal tumor-BE, the above inequality implies

that BE = BE∗. This shows that there is no loss of optimality in only considering

equal-dosage fractionation schedules in (OPTFRAC2(N)) under the hypothesis of

this proposition. The fact that the dose in an optimal equal-dosage schedule is given

by (2.41) follows by finding the smallest from the M positive roots of M quadratic

equations defined by the constraints (2.39).

Remark 2.5.3. The idea of using the average of the components of a vector optimal

solution as in (2.44), has often been used to prove optimality of symmetric solutions

to convex problems (see, for example, [66] for an interesting historical account of this

topic). In fact, we used this idea in the context of a convex problem in radiotherapy

in Proposition 4.2.1 in Kim’s doctoral thesis [22]. Since OPTFRAC2(N) is not a

convex problem, our proof of Proposition 2.5.1 relies on a sufficient condition under

which a modification of this “average of components” method works. Below we also

provide a different proof based on KKT conditions.

Proof of Proposition 2.5.1 using KKT conditions: Problem OPTFRAC2(N)

is not convex. However, it is easy to construct a strictly feasible dose vector. Fur-

thermore, the feasible region is convex. In particular, this problem satisfies Slater’s

constraint qualification [64]. Consequently, KKT conditions are necessary for opti-

mality. To write these, we associate Lagrange multipliers λ1, λ2, . . . , λM with the in-

equality constraints in OPTFRAC2(N) and Lagrange multipliers µ1, µ2, . . . , µN with

the nonnegativity constraints on doses. We let ~et, for t = 1, 2, . . . , N , denote the

N -dimensional unit vector with a one as the tth element and zeros everywhere else.
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Then, the KKT conditions are given by

−


α0 + 2β0d1

α0 + 2β0d2

...

α0 + 2β0dN

+
M∑
m=1

λmσm


1 + 2ρmσmd1

1 + 2ρmσmd2

...

1 + 2ρmσmdN

−
N∑
t=1

µt~et = ~0, (2.57)

~d ≥ 0, (2.58)

σm

N∑
t=1

dt + σ2
mρm

N∑
t=1

(dt)
2 ≤ Cm, m ∈M,

(2.59)

(σm

N∑
t=1

dt + σ2
mρm

N∑
t=1

(dt)
2 − Cm)λm = 0, m ∈M, (2.60)

µtdt = 0, t = 1, 2, . . . , N,

(2.61)

λm ≥ 0, m ∈M, (2.62)

µt ≥ 0, t = 1, 2, . . . , N.

(2.63)

Now, for each k = 1, 2, . . . , N , let ~d(k) , (d1, d2, . . . , dk, 0, 0, . . . , 0), where d1 > 0,

d2 > 0, . . ., dk > 0. That is, ~d(k) is a dose vector where the doses in the first k

fractions are positive but the doses in the other fractions are zero. We use the above

KKT conditions to characterize these dose vectors. Note that it suffices to consider

dose vectors where the leading elements are positive and the tail elements are zero;

that is, we need not separately consider vectors such as (0, d2, 0, 0, . . . , 0). This is

because the objective function and the constraints are symmetric with respect to

permutations of elements of dose vectors.

For ~d(k), KKT conditions (2.61) imply that µ1 = µ2 = . . . = µk = 0. Thus,
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Equations (2.57) reduce to

−(α0 + 2β0dt) +
M∑
m=1

λmσm(1 + 2ρmσmdt) = 0, t = 1, 2, . . . , k, (2.64)

µt =
M∑
m=1

λmσm − α0, t = k + 1, . . . , N.

(2.65)

We rewrite the first group of equations above as

2dt(−β0 +
M∑
m=1

λmρmσ
2
m) = α0 −

M∑
m=1

λmσm, t = 1, 2, . . . , k. (2.66)

Since the above right hand side does not depend on t, the left hand sides must also

be equal for different t. Therefore, we have,

ds(−β0 +
M∑
m=1

λmρmσ
2
m) = dt(−β0 +

M∑
m=1

λmρmσ
2
m), s, t = 1, 2, . . . , k. (2.67)

We now consider two cases: (i) (α0/β0) > max
m∈M

(αm/βm)/σm, and (ii) (α0/β0) =

max
m∈M

(αm/βm)/σm.

Case 1: (α0/β0) > max
m∈M

(αm/βm)/σm. We claim that β0 6=
M∑
m=1

λmρmσ
2
m. This would

imply that d1 = d2 = . . . = dk , d∗(k) for some d∗(k) from the above equation. We

proceed by contradiction. So suppose that β0 =
M∑
m=1

λmρmσ
2
m. Substituting this into

(2.66), we get, α0 =
M∑
m=1

λmσm. Thus, (β0/α0) = (
M∑
m=1

λmρmσ
2
m)/(

M∑
m=1

λmσm). But

by (2.62), λm ≥ 0 for m ∈ M. Thus, (β0/α0) is a convex combination of σmβm/αm.

But this is a contradiction since (α0/β0) > (αm/βm)/σm for all m by assumption.

Now, since the right hand side in (2.65) does not depend on t, we must have that

µk+1 = µk+2 = . . . = µN = µ for some µ. Then, (2.65) implies that
M∑
m=1

λmσm = α0+µ.

Substituting this in any one of the group (2.64), we get,

µ = 2d∗(k)
(
β0 −

M∑
m=1

λmσ
2
mρm

)
. (2.68)

From this, we claim that if µ ≥ 0 then d∗(k) < 0 and hence the only possible KKT

point is where µt = 0 for t = 1, 2, . . . , N . Toward this end, suppose µ ≥ 0. Then,
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from (2.65), we have that
M∑
m=1

λmσm ≥ α0. Without loss of generality, suppose that

min
m∈M

σmρm = σ1ρ1. We have,
M∑
m=2

λmσm ≥ α0−λ1σ1. That is, −
M∑
m=2

λmσm ≤ λ1σ1−α0.

Thus,

β0−
M∑
m=1

λmσ
2
mρm ≤ β0−σ1ρ1

M∑
m=1

λmσm = β0−λ1σ
2
1ρ1−σ1ρ1

M∑
m=2

λmσm ≤ β0−α0σ1ρ1 < 0.

(2.69)

Here, the last strict inequality follows because α0/β0 > 1/(ρmσm) for all m, and in

particular, α0/β0 > 1/(ρ1σ1), by assumption. Substituting this in (2.68) implies that

d∗(k) < 0 as claimed. In particular, ~d∗(N) , (d∗(N), d∗(N), . . . , d∗(N)) is the only

possible KKT point and hence an equal-dosage solution must be optimal. The actual

value of d∗(N) can be computed by solving quadratic equations as explained in the

algebraic proof above.

Case 2: (α0/β0) = max
m∈M

(αm/βm)/σm. We assume without loss of generality that

there are no ties in this maximum. In particular, assume without loss of generality

that (α0/β0) = (α1/β1)/σ1 = max
m∈M

(αm/βm)/σm. Now suppose as above that µ ≥ 0

and by similar algebra we see that β0 =
M∑
m=1

λmρmσ
2
m ≤ 0. Then, we consider two

further subcases: (a) β0 =
M∑
m=1

λmρmσ
2
m, and (b) β0 <

M∑
m=1

λmρmσ
2
m.

Case 2a: In this case, by using the above convex combination argument, we see that

λ1 > 0 and λm = 0 for all m ∈ M, m 6= 1. Then (2.66) implies that λ1 = α0/σ1 > 0,

and in particular, (2.60) implies that σ1

k∑
t=1

dt + σ2
1ρ1

k∑
t=1

(d2
t ) = C1. That is, the

corresponding inequality constraint is active and we can eliminate
k∑
t=1

(d2
t ) from the

objective function by substituting

k∑
t=1

(d2
t ) =

C1 − σ1

k∑
t=1

dt

σ2
1ρ1

. (2.70)

But since (α0/β0) = 1/(ρ1σ1), this reduces the objective function to the constant

β0C1/(σ
2
1ρ1). Similarly, we can eliminate

k∑
t=1

(d2
t ) from all other constraints and this
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reduces OPTFRAC2(N) to a problem with a single nonnegative variable z =
k∑
t=1

dt.

Then, an optimal solution to this simplified problem can be found such that d1 =

d2 = . . . = dk. Furthermore, the objective function value itself is independent of the

value of k = 1, 2, . . . , N . That is, an equal-dosage solution is optimal. Case 2b: In

this case, we can show that di < 0 for i = 1, 2, . . . , k by algebra similar to above and

hence this case cannot lead to a KKT solution.

Proposition 2.5.4. Suppose α0

β0
≤ min

m∈M
αm/βm
σm

. Then it is optimal in OPTFRAC2(N)

to deliver dose

d∗ = min
m∈M

(
−1 +

√
1 + 4ρmCm

2σmρm

)
(2.71)

in any one of the N fractions and set the doses in the other N − 1 fractions to zero.

Since this dosing schedule is optimal for every N ≥ 1, it is optimal to use a single

fraction in (OPTFRAC2).

We provide two different proofs of this result, one is algebraic and the other uses

KKT conditions. We expect this condition to hold in tumors similar to prostate cancer

where the tumor α/β ratio is believed to be no larger than that of surrounding normal

tissues [67–69]. The key contribution of Proposition 2.5.4 is the conclusion that it is

optimal to deliver a single dose. Once this is established, it is again easy to derive the

value of this dose by solving a quadratic equation. Finally, in the special case where

there is a single normal tissue, our condition correctly reduces to the condition that

(α/β)tumor ≤ (α/β)normaltissue

seffective
as in the existing literature.

An algebraic proof of Proposition 2.5.4: Suppose that dose vector ~d∗ = (d∗1, d
∗
2, . . . , d

∗
N)

is optimal, and that there exist distinct i and j chosen from the set {1, 2, . . . , N} such

that d∗i > 0 and d∗j > 0. Without loss of generality, we set i = 1 and j = 2 in the rest

of this proof. We will construct a dosing schedule where the dose in the first fraction

is positive but the dose in the second fraction is zero; we will show that this schedule

has the same tumor-BE as that of ~d∗. Then, the claim in this proposition follows by

applying this procedure recursively. Since N is fixed, τ(N) has no effect on optimal

doses; we thus ignore τ(N) in this proof.
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Since ~d∗ is optimal, at least one of the constraints in (2.39) must be active. Without

loss of generality, we assume that it is the constraint with m = 1. Thus, we have,

σ1(d∗1 + d∗2 + d∗3 + . . .+ d∗N) + σ2
1ρ1((d∗1)2 + (d∗2)2 + (d∗3)2 + . . .+ (d∗N)2) = C1. (2.72)

Thus, as in the proof of Proposition 2.5.4, we again define the optimal objective

function value as

BE∗ ,
C1β0

σ2
1ρ1

+
(
α0 −

β0

ρ1σ1

) N∑
t=1

d∗t . (2.73)

Now consider an alternative feasible dose vector ~δ , (d∗1 + ε, 0, d∗3, . . . , d
∗
N), where

ε = min
m∈M

εm, and εm > 0 for all m ∈M are chosen such that

σm(d∗1 + εm + d∗3 + . . .+ d∗N) + σ2
mρm((d∗1 + εm)2 + (d∗3)2 + . . .+ (d∗N)2) = Cm. (2.74)

We assume without loss of generality that ε = ε2. Therefore,

(d∗1 + ε2)2 + (d∗3)2 + . . .+ (d∗N)2 =
C2 − σ2(d∗1 + ε2 + d∗3 + . . .+ d∗N)

σ2
2ρ2

. (2.75)

Note that because ~δ is feasible to constraint (2.39) for m = 1 and that this constraint

is assumed to be active at ~d∗ (recall Equation (2.72)), we have,

σ1(d∗1 + ε2 + d∗3 + . . .+ d∗N) + σ2
1ρ1((d∗1 + ε2)2 + (d∗3)2 + . . .+ (d∗N)2) ≤ (2.76)

σ1(d∗1 + d∗2 + d∗3 + . . .+ d∗N) + σ2
1ρ1((d∗1)2 + (d∗2)2 + (d∗3)2 + . . .+ (d∗N)2). (2.77)

After simplifying the above inequality, we get

ε2 + σ1ρ1(ε22 + 2ε2d
∗
1) ≤ d∗2 + σ1ρ1(d∗2)2, (2.78)

which implies that

ε2 + σ1ρ1ε
2
2 < d∗2 + σ1ρ1(d∗2)2 (2.79)

because 2ε2d
∗
1 > 0. This shows that

ε2 < d∗2. (2.80)
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The objective function value at ~δ is given by

α0(d∗1 + ε2 + d∗3 + . . .+ d∗N) + β0((d∗1 + ε2)2 + (d∗3)2 + . . .+ (d∗N)2) (2.81)

= α0(d∗1 + ε2 + d∗3 + . . .+ d∗N) + β0
C2 − σ2(d∗1 + ε2 + d∗3 + . . .+ d∗N)

σ2
2ρ2

(2.82)

=
β0C2

σ2
2ρ2

+
(
α0 −

β0

σ2ρ2

)
(d∗1 + ε2 + d∗3 + . . .+ d∗N) (2.83)

≥ β0C2

σ2
2ρ2

+
(
α0 −

β0

σ2ρ2

)
(d∗1 + d∗2 + d∗3 + . . .+ d∗N) ≥ BE∗. (2.84)

Here, the first inequality follows because (α0 − β0
σ2ρ2

) ≤ 0 by our hypothesis in the

statement of the proposition and ε2 < d∗2 from (2.80). The proof to show that the

second inequality holds is the same as the corresponding part in the proof for Propo-

sition 2.5.1. But since BE∗ is the optimal tumor-BE, the above inequality implies

that BE = BE∗. This shows that there is no loss of optimality in administering a

single fraction with positive dose in (OPTFRAC2(N)) under the hypothesis of this

proposition. The value of this single dose is easily obtained by finding the smallest

among the M positive roots of the M quadratic equations implied by constraints

(2.39) just as in the proof of Proposition 2.5.1.

Proof of Proposition 2.5.4 using KKT conditions: We only provide a brief

sketch of this proof to avoid repetition. Using a convex combination argument identi-

cal to the KKT proof of Proposition 2.5.1, we can again show that β0 6=
M∑
m=1

λmρmσ
2
m

if (α0/β0) < min
m∈M

(αm/βm)/ρm. In this case, using algebra similar to the correspond-

ing proof of Proposition 2.5.1, we can show that ~d∗(k) , (d∗(k), . . . , d∗(k)︸ ︷︷ ︸
k times

, 0, . . . , 0),

for some d∗(k) > 0, and for k = 1, 2, . . . , N , are the only possible KKT points. In

fact, the best value of d∗(k) is defined precisely as in Equation (2.94) by

d∗(k) = min
m∈M

bm(k), (2.85)

where bm(k) is defined as in (2.93). That is,

bm(k) ,
−1 +

√
1 + 4ρmCm/k

2σmρm
, m ∈M. (2.86)
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Among the N different dosing schedules ~d∗(k), the one that maximizes the tumor-BE

must be optimal. The fact that ~d∗(1) is this tumor-BE maximizing schedule, can be

seen briefly as follows. We define the tumor-BE without proliferation of ~d∗(k) as

f ∗(k) , α0k(d∗(k)) + β0k(d∗(k))2 = α0k( min
m∈M

bm(k)) + β0k( min
m∈M

bm(k))2 (2.87)

= min
m∈M

fm(k), (2.88)

where fm(k) , α0k(bm(k))+β0k(bm(k))2. Now, following our calculus based approach

for the single normal tissue case in Section 2.7, we can see that fm(k) is a decreasing

function of k for each m ∈ M. Consequently, f ∗(k) is also a decreasing function of

k. This shows that ~d∗(1) maximizes tumor-BE. That is, a single-dosage solution is

optimal.

In the other case where (α0/β0) = min
m∈M

(αm/βm)/σm, we again let this minimum

equal (α1/β1)/σ1 without loss of generality. Then there are two further subcases: (a)

β0 =
M∑
m=1

λmρmσ
2
m, and (b) β0 >

M∑
m=1

λmρmσ
2
m. The proof of subcase (a) is similar

to that of Case 2(a) in the proof of Proposition 2.5.1 and the proof of subcase (b) is

similar to the proof of the first case above. In both scenarios, we can conclude that

a single-dosage solution is optimal.

2.6 Optimal equal-dosage fractionation

We now focus on an equal-dosage variation of (OPTFRAC2). When the condition

in Proposition 2.5.1 holds, this equal-dosage variation yields an optimal solution to

(OPTFRAC2). When the condition in Proposition 2.5.4 holds, no further calculations

are necessary as we know that it is optimal to administer a single fraction with dose

given by (2.71). The equal-dosage variation is obtained by setting d1 = d2 = . . . = dN
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and calling this dose d. Thus, (OPTFRAC2) now reduces to the two-variable problem

(P ) max
N,d

α0Nd+ β0Nd
2 − τ(N) (2.89)

N(σmd+ ρm(σ2
md

2)) ≤ Cm, m ∈M, (2.90)

d ≥ 0, (2.91)

N ≥ 1, integer. (2.92)

Because σmd ≥ 0, the quadratic constraints (2.90) can be equivalently written as the

linear constraints

d ≤ bm(N) ,
−1 +

√
1 + 4ρmCm/N

2σmρm
, m ∈M. (2.93)

Moreover, since the objective function in (P ) is increasing in d for each fixed N ≥ 1,

we can eliminate d from (P ) by simply substituting the largest possible value of d

that is allowed by these linear constraints. We denote this largest possible value of d

by d∗(N) and note that it is given by

d∗(N) , min
m∈M

bm(N). (2.94)

For each N ≥ 1, we call dose d∗(N) and any corresponding normal tissue (that

achieves the minimum in (2.94)) “limiting”. Now, with d∗(N) as defined in (2.94) at

our disposal, problem (P ) simplifies to

(P ) max g∗(N) , α0N(d∗(N)) + β0N(d∗(N))2 − τ(N) (2.95)

N ≥ 1, integer. (2.96)

In practice, there is an implicit upper bound Nmax on the number of fractions that

can be administered based on logistical considerations [45]. Consequently, the optimal

number of fractions can be found by evaluating g∗(N) defined in (2.95) for every in-

teger 1 ≤ N ≤ Nmax and then picking the best. In Theorem 2.6.3 in the next section,

we go beyond this brute-force yet practical approach and perform a careful mathe-

matical analysis of the structure of the dose d∗(N) in (2.94) and the corresponding

biological effect g∗(N) in (2.95). This provides additional insights into problem (P )

and leads to a more streamlined procedure for solving (2.95)-(2.96).
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2.6.1 Characterization of the limiting dose and the optimal tumor-BE as functions of the

number of fractions

Lemma 2.6.1. The limiting dose d∗(N) defined in (2.94) is strictly decreasing in N .

When viewed as a function of all real numbers N ≥ 1, d∗(N) is piecewise strictly

convex. See Figure 2.1.

Proof. Observe that dose bm(N) as defined in (2.93) is a strictly decreasing functions

of N for each m ∈ M. Since d∗(N) is the smallest among these doses, it is also

strictly decreasing. Now we view bm(N), for m ∈ M, as functions of all real num-

bers N ≥ 1 and show that they are strictly convex. Thus, it suffices to show that

am(N) ,
√

1 + 4ρmCm/N is strictly convex for each m ∈ M. After some algebraic

simplification, we obtain,

dam(N)

dN
=

−2ρmCm√
N4 + 4ρmCmN3

. (2.97)

As a result, we get,

d2am(N)

dN2
=
ρmCm(4N3 + 12ρmCmN

2)

(N4 + 4ρmCmN3)3/2
. (2.98)

The above second derivative is positive, and hence, am(N) is strictly convex. If the

dose-limiting normal tissue is invariant over all real numbers N ≥ 1, then d∗(N) is

strictly convex (and hence trivially piecewise strictly convex). So we suppose that

this is not the case. Then, owing to the continuity of doses bm(N) in N , there exist

real numbers 1 < i1 < i2 < i3, . . . such that the dose-limiting normal tissues do not

change within the intervals [1, i1), [i1, i2), [i2, i3), . . .. Furthermore, in each of these

intervals, the limiting dose d∗(N) equals one of the strictly convex functions bm(N).

Therefore, d∗(N) is piecewise strictly convex.

The rate at which d∗(N) decreases affects the structure of g∗(N). Our next lemma

puts an N -dependent upper bound on d∗(N).

Lemma 2.6.2. There exists a positive bounding constant B̄ such that d∗(N) ≤ B̄/N

for all N ≥ 1.
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N=1

do
se

fractions

(a)

N=1

do
se

fractionsN1 N2

(b)

Figure 2.1: A schematic illustration of the structure of the limiting dose d∗(N):(a) for a

single normal tissue, the limiting dose is strictly decreasing and strictly convex; (b) with

multiple normal tissues, it is strictly decreasing and piecewise strictly convex; the kinks at

fractions N1 and N2 represent switching of the limiting normal tissues. Also see Figure

2.2(a).

Proof. We show that

B̄ = max
m∈M

(Cm/σm). (2.99)

works. To see this, first consider any m ∈M. We have,

1 + 4ρmCm/N ≤ 1 + 4σmρmB̄/N ≤ 1 + 4σmρmB̄/N + 4σ2
mρ

2
mB̄

2/N2. (2.100)

Here the first inequality follows from the definition of B̄ in (2.99) and the second

inequality follows because 4σ2
mρ

2
mB̄

2/N2 > 0. Then, by taking square roots of both

sides, we obtain √
1 + 4ρmCm/N ≤ 1 + 2σmρmB̄/N, (2.101)

or equivalently,
−1 +

√
1 + 4ρmCm/N

2σmρm
= bm(N) ≤ B̄

N
. (2.102)

This shows from Equation (2.94) that d∗(N) ≤ B̄/N for all N .
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The next theorem is a key result of this Chapter as it characterizes the structure

of the optimal tumor-BE g∗(N).

Theorem 2.6.3. The biological effect g∗(N) in the objective function (2.95) of (P )

has the following properties:

Property 1. there exists an N̂ ≥ 2 such that g∗(N̂ − 1) > g∗(N̂);

Property 2. g∗(N) is either (i) nonincreasing in N for all integers N ≥ 1 or (ii)

nondecreasing in N up to a positive integer and then nonincreasing after this

positive integer; and

Property 3. suppose N̂ ≥ 2 is the smallest fraction N with the property that

g∗(N − 1) > g∗(N) (note that such an N̂ exists by Property 1), then N̂ − 1 is

the optimal number of fractions.

Proof of Property 1. To establish the existence of an N̂ with the said property, it

suffices to focus on N ≥ 1 + Tlag.

We consider two cases: the first case is where there exists an N̂ ≥ 1 + Tlag such

that g∗(N̂) + τ(N̂) ≤ g∗(N̂ − 1) + τ(N̂ − 1); the second case is where such an N̂ does

not exist.

In the first case, we have,

g∗(N̂) + τ(N̂) ≤ g∗(N̂ − 1) + τ(N̂ − 1), (2.103)

τ(N̂ − 1) < τ(N̂), (2.104)

where the second inequality follows because τ(N) is strictly increasing forN ≥ 1+Tlag.

Adding inequalities (2.103) and (2.104) yields that g∗(N̂) < g∗(N̂ − 1) as required.

The second case is more difficult and we resort to an asymptotic analysis over

N to establish our claim. We have that g∗(N) + τ(N) > g∗(N − 1) + τ(N − 1) for

all N ≥ 1 + Tlag. We use z∗(N) to denote g∗(N) + τ(N); thus, z∗(N) is a strictly

increasing sequence for all N ≥ 1 + Tlag.
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From Lemma 2.6.2, we have that

z∗(N) = g∗(N) + τ(N) = α0Nd
∗(N) + β0N(d∗(N))2 ≤ α0B̄ + β0

B̄2

N
≤ α0B̄ + β0B̄

2,

(2.105)

for all N ≥ 1. That is, z∗(N) is a bounded sequence. Since z∗(N) is strictly increasing,

it must then converge. As a result, there exists an N̄ large enough such that

z∗(N)− z∗(N − 1) < ln 2/Tdouble, ∀N ≥ N̄ . (2.106)

For all N ≥ 2 + Tlag, the definition of τ(N) in (2.2) implies that

τ(N − 1) =
((N − 2)− Tlag) ln 2

Tdouble
, (2.107)

τ(N) =
((N − 1)− Tlag) ln 2

Tdouble
, and, (2.108)

τ(N)− τ(N − 1) =
ln 2

Tdouble
. (2.109)

Let ¯̄N = max{N̄ , 2+Tlag}. Then, (2.106) and (2.109) imply that z∗(N)−z∗(N−1) <

τ(N)− τ(N − 1) for all N ≥ ¯̄N . Then using the fact that z∗(N) = g∗(N) + τ(N) and

z∗(N − 1) = g∗(N − 1) + τ(N − 1), we get,

g∗(N) < g∗(N − 1), ∀N ≥ ¯̄N. (2.110)

Then setting N̂ = ¯̄N , we see that g∗(N̂) < g∗(N̂ − 1) as required.

Proof of Property 2. We define the tumor-BE corresponding to dose bm(N) per

fraction over N fractions as

gm(N) , α0Nbm(N) + β0Nb
2
m(N)− τ(N), m ∈M. (2.111)

In this proof of Property 2, we view d∗(N) in (2.94), the above tumor-BE, as well as

g∗(N) in (2.95) as functions of all real numbers N ≥ 1. Based on the definition of

d∗(N) in (2.94) and also of g∗(N) in (2.95), we observe that

g∗(N) = min
m∈M

gm(N). (2.112)
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We will show that gm(N) is quasiconcave in N over N ≥ 1 for each fixed m ∈M. This

would imply that g∗(N) is also quasiconcave because it is the minimum of a collection

of quasiconcave functions (see Section 3.4.4 in [64]). According to Section 3.4.4 in

[64] there are only three possibilities for the structure of a quasiconcave function such

as g∗(N): it is nondecreasing; or it is nonincreasing; or it is nondecreasing first and

then nonincreasing. The first possibility is not feasible in view of Property 1. This

would prove Property 2.

Consider any fixed m ∈M. To show that gm(N) is quasiconcave, we consider the

function

f(N) , α0Nbm(N) + β0Nb
2
m(N). (2.113)

For algebraic simplicity, we define D(N) , Nbm(N) as the total tumor-dose delivered

in N fractions when the tumor-dose per fraction equals bm(N). For all N > 0, we

note that

df(N)

dN
= α0

dD(N)

dN
+ β0

2ND(N)dD(N)
dN
−D2(N)

N2
(2.114)

= α0
dD(N)

dN
+ 2β0bm(N)

dD(N)

dN
− β0b

2
m(N). (2.115)

We have,

dD(N)

dN
=

1

2σmρm

(
− 1 +

2N + 4ρmCm

2
√
N2 + 4ρmCmN

)
(2.116)

=
1

2σmρm

(
√

1 + 4ρmCm/N − 1)2

2
√

1 + 4ρmρm/N
(2.117)

for allN > 0. We use the notation rm , 1/(2σmρm) and also χ(N) ,
√

1 + 4ρmCm/N−

1 for brevity. With this notation, we have bm(N) = rmχ(N) and dD(N)/dN =

rmχ
2(N)/(2(χ(N) + 1)). Then substituting these two into Equation (2.114) we ob-

tain,

df(N)

dN
= α0

rmχ
2(N)

2(χ(N) + 1)
+ 2β0

r2
mχ

3(N)

2(χ(N) + 1)
− β0r

2
mχ

2(N) =
(α0 − 2β0rm)rmχ

2(N)

2(χ(N) + 1)

(2.118)

=
(α0 − αmβ0/σmβm)rmχ

2(N)

2(χ(N) + 1)
. (2.119)
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We now consider two cases. The first case is where σmα0/β0 ≤ αm/βm and the second

case is when σmα0/β0 > αm/βm.

Case 1: σmα0/β0 ≤ αm/βm. In this case, (2.119) implies that df/dN ≤ 0 for

all N > 0. That is, f(N) is nonincreasing for all N > 0, and in particular, for

all N ≥ 1. Since τ(N) is nondecreasing, this implies that the objective function

gm(N) = f(N)− τ(N) is nonincreasing over N ≥ 1.

Case 2: σmα0/β0 > αm/βm. Now, from (2.119), for all N > 0, we have,

d2f(N)

dN2
=

d

dN

(
df(N)

dN

)
=

d

dχ

(
df(N)

dN

)
dχ(N)

dN
(2.120)

=
(α0 − αmβ0/σmβm)rm

2

2χ(N)(χ(N) + 1)− χ2(N)

(χ(N) + 1)2

dχ(N)

dN
(2.121)

=
(α0 − αmβ0/σmβm)rm

2

χ2(N) + 2χ(N)

(χ(N) + 1)2

dχ(N)

dN
. (2.122)

Now recall that χ(N) =
√

1 + 4Cmρm/N − 1 and hence χ(N) > 0 for all N > 0.

Moreover, dχ(N)/dN < 0 for all N > 0. Therefore, d2f(N)/dN2 < 0 and hence

f(N) is strictly concave for all N > 0 (a proof of strict concavity based on a second

derivative was also developed independently by Bortfeld et al. [62] in their work on

a single normal tissue; we nevertheless decided to present our derivatives using our

notation here for the sake of completeness). We now have,

τ(N) =
[(N − 1)− Tlag]+ ln 2

Tdouble
=

max((N − 1)− Tlag, 0) ln 2

Tdouble
, (2.123)

and hence τ(N) is a convex function. As a result, gm(N) = f(N)− τ(N) is a concave

function over N ≥ 1.

The above two cases show that gm(N) is either nonincreasing or concave and hence

it is quasiconcave as claimed. This completes the proof of Property 2.

Proof of Property 3. This property is an immediate consequence of Property 2.

The Theorem 2.6.3 motivates the following streamlined procedure for solving prob-

lem (P ).
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A calculation procedure for solving (P )

Step 1. Set N = 1.

Step 2. Compute the optimal dose per fraction d∗(N) using Equation (2.94). Use

this d∗(N) to compute the biological effect g∗(N) as in (2.95).

Step 3. If N = 1, then set N = 2 and go to Step 2 above.

Step 4. If N > 1 then STOP if g∗(N − 1) > g∗(N), report N − 1 as the optimal

number of fractions, d∗(N − 1) as the optimal average tumor-dose per fraction,

and finally, unominald
∗(N − 1)/dnominal as the fluence-map as per the linear dose

deposition model; otherwise, set N = N + 1 and go to Step 2 above.

The following corollary of Theorem 2.6.3 establishes the correctness of this procedure.

Corollary 2.6.4. The stopping condition in Step 4 of the above procedure is eventually

met; that is, the procedure terminates finitely. Moreover, it correctly identifies the

optimal number of fractions in (P ).

Proof. The first claim follows from Property 1 in Theorem 2.6.3. The second claim

follows from Property 3 in Theorem 2.6.3.

We acknowledge the possibility that neither the condition in Proposition 2.5.1

nor that in Proposition 2.5.4 holds; that is, min
m∈M

αm/βm
σm

< α0/β0 < max
m∈M

αm/βm
σm

. We

provide an example here.

max d1 + 0.2d2
1 + d2 + 0.2d2

2 (2.124)

d1 + 0.1666d2
1 + d2 + 0.1666d2

2 ≤ 44.8762 (2.125)

d1 + 0.3571d2
1 + d2 + 0.3571d2

2 ≤ 79.5918 (2.126)

d1, d2 ≥ 0. (2.127)

It turns out that this problem has exactly two optimal solutions: the first where

d1 ≈ 1.04, d2 ≈ 13.46 and the second where d1 ≈ 13.46, d2 ≈ 1.04. Thus, there is
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no equal-dosage solution that is optimal. Also, it is not optimal to set one dose to

zero and the other to a positive value. Note that this scenario cannot arise when

there is a single normal tissue as in the existing literature. In these situations, our

simple procedure for obtaining an optimal solution to the equal-dosage formulation

(P) yields an approximate solution to (OPTFRAC2). In the next Chapter we propose

a two-variable linear program which can solve this fractionation problem, even when

both conditions are not satisfied, to optimality.

2.7 The special case of a single normal tissue

In this Section, we study a special case of our general model in the main body of this

chapter; it includes a single normal tissue. In this special case, we are able to derive

a closed-form formula for the optimal number of fractions. The formula is valid for a

normal tissue with maximum dose, mean dose, or dose-volume type constraints. The

formula is consistent with other similar closed-form formulas in the existing literature

(reviewed in Section 2.2 of the main body of this Chapter), after accounting for minor

idiosyncratic differences between some of the existing single normal tissue models and

our single normal tissue model.

Consider a special case of problem (P ) in the main text of this Chapter with a

single normal tissue. Thus,M now equals the singleton set {1} and hence we denote

various normal tissue parameters with a subscript of “1”. Then, problem (P ) reduces

to

(Psingle) max α0Nb1(N) + β0Nb
2
1(N)− τ(N) (2.128)

N ≥ 1, integer, (2.129)

where b1(N) is now the limiting dose defined as (−1 +
√

1 + 4ρ1C1/N)/(2σ1ρ1) from

(2.93). We reiterate that problem (Psingle) simultaneously, although in some cases

only slightly, generalizes the models studied by Fowler and his co-authors, Jones et al.,

Unkelbach et al., Keller et al., and Bortfeld et al. We next state and prove one lemma

that provides an optimal fractionation schedule for problem (Psingle). This result is
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not among the main contributions of this Chapter. We include it here mainly for the

sake of completeness, notational consistency, and to ensure that our slightly general

result correctly recovers a previously known formula in the literature. Moreover, our

formula here is used in Section 2.8.3 of the main body of this Chapter while comparing

the optimal number of fractions obtained by separately considering different normal

tissues one by one with those from our multiple normal tissue model. Before we state

our formula, we emphasize here that if α0/β0 ≤ α1/β1
σ1

, then Proposition 2.5.4 implies

that it is optimal to administer a single fraction. We therefore focus here on the

only other possibility for these parameters of our single normal tissue model, namely,

wherein α0/β0 >
α1/β1
σ1

.

Lemma 2.7.1. Suppose that α0/β0 >
α1/β1
σ1

. Then it is not optimal to administer less

than 1 + Tlag fractions. Let r1 , 1/(2seffectiveρ1) and η , ln 2/Tdouble. We also define

N∗ ,
4ρ1C1(

η+
√
η2+2ηr1(α0−α1β0/σ1β1)

r1(α0−α1β0/σ1β1)
+ 1
)2

− 1
. (2.130)

If N∗ < 1 + Tlag, then it is optimal to administer 1 + Tlag fractions; otherwise it is

optimal to administer either bN∗c or dN∗e fractions depending on which one of these

two integers maximizes the objective function in (Psingle).

Proof. Since τ(N) = 0 for all 1 ≤ N ≤ 1 + Tlag, the objective function in problem

(Psingle) equals f(N) , α0Nb1(N) + β0Nb
2
1(N) over this range of N . Then with

algebra identical to the proof of Property 2 in Theorem 2.6.3, we obtain,

df(N)

dN
=

(α0 − α1β0/σ1β1)r1χ
2(N)

2(χ(N) + 1)
, (2.131)

where χ(N) = −1 +
√

1 + 4ρ1C1/N . Since σ1α0/β0 > α1/β1, and χ(N) + 1 =√
1 + 4ρ1C1/N > 0, the above derivative is positive. This implies that f(N) is strictly

increasing over 1 ≤ N < 1 + Tlag. Thus, it is not optimal to administer less than

1 + Tlag fractions. We investigate the objective function in (Psingle) for N ≥ 1 + Tlag.

Let δ =
(1+Tlag) ln 2

Tdouble
. Then, the objective function is given by

g∗(N) , f(N)− ηN + δ, for N ≥ 1 + Tlag, (2.132)
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where f(N) = α0Nb1(N) + β0Nb
2
1(N). Then, similar to (2.131), we get

dg∗(N)

dN
=

(α0 − α1β0/σ1β1)r1χ
2(N)

2(χ(N) + 1)
− η. (2.133)

Also, similar to (2.122), we get,

d2g∗(N)

dN2
=

(α0 − α1β0/σ1β1)r1

2

χ2(N) + 2χ(N)

(χ(N) + 1)2

dχ(N)

dN
. (2.134)

Now recall that χ(N) =
√

1 + 4ρ1C1/N − 1 and hence χ(N) > 0. Moreover,

dχ(N)/dN < 0. Therefore, d2g∗(N)/dN2 < 0 and hence g∗(N) is concave. Moreover,

by Property 1 in Theorem 2.6.3, we know that g∗(N) has a stationary point. If g∗(N)

has a stationary point that is at least 1 + Tlag, then this stationary point maximizes

the objective function in our problem over all real numbers N ≥ 1 + Tlag. If, on the

other hand, g∗(N) does not have such a stationary point (that is, the stationary point

is smaller than 1 + Tlag), then N = 1 + Tlag maximizes the objective function in our

problem over all real numbers N ≥ 1 + Tlag. Thus, we need to first find a stationary

point of g∗(N). In particular, (2.133) implies that we need to solve the quadratic

equation

r1(α0 − α1β0/σ1β1)χ2(N)− 2ηχ(N)− 2η = 0 (2.135)

for χ(N). Since χ(N) must be positive, we investigate whether the above equation

has a positive solution. Solutions of this equation are given by

χ(N) =
η ±

√
η2 + 2ηr1(α0 − α1β0/σ1β1)

r1(α0 − α1β0/σ1β1)
, (2.136)

and since σ1α0/β0 > α1/β1,

χ∗(N) =
η +

√
η2 + 2ηr1(α0 − α1β0/σ1β1)

r1(α0 − α1β0/σ1β1)
(2.137)

is the unique positive solution. Moreover, since χ∗(N) =
√

1 + 4ρ1C1/N∗ − 1, where

N∗ is the unique stationary point of g∗(N), Equation (2.137) implies that

N∗ =
4ρ1C1(

η+
√
η2+2ηr1(α0−α1β0/σ1β1)

r1(α0−α1β0/σ1β1)
+ 1
)2

− 1
. (2.138)
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Finally, because g∗(N) is concave, and the optimal number of fractions must be an

integer, we substitute N = bN∗c andN = dN∗e into g∗(N) and find which one of these

two yields the higher biological effect. That is the optimal number of fractions.

Recall from Section 6.1 that Jones et al. did not prove that setting the derivative of

biological effect to zero was sufficient for global optimality in their model. Moreover,

they ignored the integer restriction on N . Lemma 2.7.1 overcomes these limitations.

Also recall that the optimality of an infinite number of fractions when σ1α0/β0 >

α1/β1 was proven in Unkelbach et al. and Keller et al. However, those papers did not

model tumor proliferation. In a special case of our model where there is no tumor

proliferation, we have, τ(N) = 0 for all N ; thus, the objective function in problem

(Psingle) is given simply by f(N) and the above proof shows that it is strictly increasing

over N for all N when σ1α0/β0 > α1/β1. That is, an infinite number of fractions is

optimal and hence Lemma 2.7.1 recovers the result in Unkelbach et al. and Keller et

al. Bortfeld et al. also independently proved strict concavity of tumor-BE using a

second derivative similar to ours. One very minor difference between our result here

and that of Bortfeld et al. is that we allow for a time-lag before proliferation begins;

setting Tlag = 0 thus correctly recovers their result.

2.8 Numerical results

We are now ready to present numerical experiments and sensitivity analyses. We first

describe in detail the test cases that we used in our experiments. Then, in Section

2.8.2, we demonstrate that the limiting normal tissue can switch as the number of

fractions is varied and that, consequently, tumor-BE without proliferation may not be

monotonic. In Section 2.8.3, we illustrate that the optimal number of fractions cannot

be found by solving separate optimization problems for different normal tissues one

by one. Then in Section 2.8.4, we investigate the sensitivity of the optimal number

of fractions and the optimal tumor-BE to Tdouble. We find that the optimal number

of fractions is smaller for smaller values of Tdouble, which represent faster growing
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tumors. Also, the optimal tumor-BE itself is smaller for these faster growing tumors.

We demonstrate that the optimal number of fractions can be more sensitive to Tdouble

when the tumor alpha over beta ratio is larger relative to that of the normal tissues.

We also find that for each fixed value of Tdouble, and especially when this value is

small, the range for optimal number of fractions over all our head-and-neck cases

and for a wide range of other problem parameters is quite narrow. In Section 2.8.5,

we study the sensitivity of the optimal number of fractions to Tlag. We find that

it is insensitive to Tlag other than the fact that 1 + Tlag provides a lower bound on

the optimal number of fractions as in Remark 2.5.2 under the sufficient condition in

Proposition 2.5.1. We comment that to avoid overcrowding in our figures and in the

interest of brevity, we have included below plots for a single representative case; we

believe that this is sufficient because the qualitative trends in all cases were similar.

2.8.1 Description of test cases

In this section, we first describe the ten test cases that were used in our numerical

experiments. Five of these were head-and-neck cases and the other five were prostate.

All test cases were generated using our in-house software Phantom Creator (PhanC)

written in MATLAB (see Appendix A). These test cases were three-dimensional and

were carefully developed to be representative of clinical scenarios in terms of geometry

and size. All cases used equally spaced coplanar beams and the beamlet resolution

was 5×5 mm2. All voxels were 3×3×3 mm3. All computer simulations were carried

out on a 3.1 GHz iMac desktop with 16 GB RAM using MATLAB.

Head-and-neck cancer cases

All cases used seven beams and included spinal cord, brainstem, left and right parotids

and unspecified normal tissue between these critical organs. The total number of

voxels in the head-and-neck target and in the normal tissues, and the total number

of beamlets is shown in Table 5.1 below.
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case # # of beamlets (k) # of tumor voxels (n) # of normal tissues voxels

1 3910 27576 67386

2 3888 31930 67270

3 4128 36320 76160

4 3003 22372 53176

5 3256 28638 64713

Table 2.1: Description of the geometry used in head-and-neck cancer cases.

The conventional fractionation schedule was assumed to include Nconv = 35 frac-

tions. While formulating problem (P ), we included maximum dose constrains for

spinal cord, brainstem and unspecified normal tissue. A dose-volume constraint for

unspecified normal tissue was also added. Mean dose constrains were used for left

and right parotids. The tolerance dose values for various normal tissues were similar

to [1, 70–72] and are listed in Table 5.2 below.

Normal tissue Dmax (Gy) Dmean (Gy) Ddv (Gy), φ

Spinal cord 45 N/A N/A

Brainstem 50 N/A N/A

Left and right parotids N/A 28 N/A

Unspecified normal tissue 77 N/A 70, 0.05

Table 2.2: Tolerance doses for various normal tissues in our head-and-neck test cases where

the dose is administered in Nconv = 35 equal-dose fractions. Recall that for dose-volume

type constraints no more than a volume fraction φ of the normal tissue can receive dose

more than Ddv.

We needed a nominal fluence-map unominal as a starting point to calculate the spar-

ing factors for different normal tissues as explained in Section 4.2.2. In practice, a
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spatially optimized fluence-map that conforms to an individual hospital’s treatment

protocol would be readily available from a commercial treatment planning system

and could be used for this purpose. We obtained unominal by solving a standard

fluence-map optimization problem where the objective was to minimize the total

squared-deviation of tumor voxel doses from a prescription-dose of 70 Gy subject to

maximum dose constraints for spinal cord and brainstem and mean dose constraints

for parotids with dose tolerance levels as in Table 5.2 (see, for example, [9]). To ensure

that the intensity profile would be deliverable in practice using a multi-leaf collima-

tor, we put linear smoothness constraints on each radiation field. These smoothness

constraints ensured that the absolute percentage difference between intensity values

of two adjacent beamlets was smaller than a threshold. The resulting optimization

problem was convex and it was solved using the MATLAB toolbox CVX [73].

Our parameter values were based on [38, 44, 47–49, 51, 65, 74, 75]. Head-and-

neck tumor was assumed to have α = 0.35 Gy−1. For unspecified normal tissue, α/β

value was fixed at 3 Gy. Our model had four remaining groups of parameters: α/β

ratio for tumor; α/β ratios for spinal cord, brainstem, left and right parotids; and

Tdouble and Tlag for tumor. We performed sensitivity analyses with several values for

these parameters. The α/β ratio for head-and-neck tumor was selected from the set

{8, 10, 12}. The α/β ratios for left and right parotids were assumed to be equal and

the value of this ratio was selected from the set {3, 4, 5, 6}. The α/β ratios for spinal

cord and brainstem were chosen from the set {2, 3, 4, 5, 6}. The doubling time Tdouble

for head and neck was selected from the set {2, 3, 5, 8, 10, 20, 40, 50}; and Tlag was

selected from the set {7, 14, 21, 28, 35}.

Prostate cancer cases

All cases used five beams and included rectum, bladder, left and right femurs and

unspecified normal tissue between these critical organs. The total number of voxels

in the prostate target and in the normal tissues, and the total number of beamlets is
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case # # of beamlets (k) # of tumor voxels (n) Number of normal tissues voxels

1 938 6180 145545

2 847 7225 326703

3 935 4628 367656

4 930 4956 314544

5 870 4840 269450

Table 2.3: Description of the geometry used in prostate cancer cases.

shown in Table 4.5 below.

The conventional fractionation schedule was assumed to include Nconv = 45 frac-

tions. In our formulation of problem (P ), we included a maximum dose constraint

for unspecified normal tissue, and included dose-volume constraints for all normal

tissues. There were no mean dose constraints. The dose-volume constraints for all

normal tissues were similar to [1, 70–72] and are listed in Table 4.6.

We needed a nominal fluence-map unominal to calculate sparing factors for different

normal tissues. As in the head-and-neck cases, unominal was obtained by solving

a standard fluence-map optimization problem where the goal was to minimize the

total squared-deviation of tumor voxel doses from a prescription-dose of 81 Gy with

maximum dose constraints of 85, 89 and 65 Gy for rectum, bladder, and femurs,

respectively. Smoothness constraints were also included as explained in the head-

and-neck case. Again, the resulting optimization problem was convex and it was

solved using the MATLAB toolbox CVX [73].

Here, our parameter values were based on [41, 45, 68, 69, 71, 76–79]. Prostate

tumor was assumed to have α = 0.15 Gy−1. For unspecified normal tissue, α/β value

was fixed at 3 Gy. After fixing these values, our model had four remaining groups

of parameters: α/β ratio for tumor; α/β ratios for rectum, bladder, and femurs; and

Tdouble and Tlag for tumor. We performed sensitivity analyses with several values for
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Normal tissue Ddv (Gy), φ

Rectum
50, 0.5

85, 0.05

Bladder

50, 0.5

70, 0.35

75, 0.25

80, 0.15

89, 0.05

Femurs 65, 0.05

Unspecified normal tissue 81, 0.05

Table 2.4: Dose-volume constraints for various normal tissues when dose is administered in

Nconv = 45 equal-dose fractions — no more than a volume fraction φ of the normal tissue

can receive dose more than Ddv.

these parameters. The α/β ratio for prostate was selected from the set {2, 3, 4, 6}.

The α/β ratios for left and right femurs were assumed to be equal and the value of

this ratio was selected from the set {3, 4, 5, 6}. The α/β ratios for rectum and bladder

were chosen to be equal and from the set {3, 4, 5, 6}. The doubling time Tdouble for

prostate was selected from the set {5, 20, 40, 60, 80}; and Tlag was selected from the

set {7, 14, 21, 28, 35}.

2.8.2 Switching of the limiting normal tissues and nonmonotonic behavior of the tumor-BE

without proliferation

As stated in Section 6.1, the dose-limiting normal tissue of course does not change

with the number of fractions when the optimization model includes only one normal

tissue to begin with. We demonstrate by example here that this is no longer the case

when the optimization model includes multiple normal tissues. In particular, Figure

2.2(a) plots the limiting doses corresponding to individual normal tissues as functions
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of N . The overall limiting dose itself is the minimum of such individual limiting doses.

The figure shows that the limiting normal tissue switches from the unspecified normal

tissue to the right parotid as the number of fractions is varied from 35 to 45 in this

case. The qualitative trend in this figure is similar to our schematic in Figure 2.1(b)

and is consistent with Lemma 2.6.1. This type of switching between limiting normal

tissues is essentially why it is not possible to develop a closed-form formula for the

optimal number of fractions with multiple normal tissues. A related point is that,

as stated in Section 6.1, the tumor-BE without proliferation is either increasing or

decreasing in N when the problem formulation includes only one normal tissue. We

demonstrate in Figure 2.2(b) that this is no longer the case when the optimization

model includes multiple normal tissues. In fact, the figure illustrates that whether or

not the tumor-BE without proliferation is monotonic depends on problem parameters.

Moreover, since some believe [68, 69] that the α/β ratio for prostate tumors could be

quite low, and in particular, it could be smaller than that of nearby normal tissues,

there are even more possibilities for the qualitative trend in prostate tumor-BE as a

function of the number of fractions. These are illustrated in Figures 2.3(a), (b).

2.8.3 Comparison with results obtained by separately considering each normal tissue one-

by-one

Since a closed-form formula for the optimal number of fractions is available for the

single normal tissue case (see for example Jones et al. [46], Armpilia et al. [50],

Bortfeld et al. [62] and other references therein, as well as our Section 2.7), the

question arises as to whether the optimal number of fractions in the multiple normal

tissue case can be obtained somehow by separately applying the closed-form formula

to each normal tissue one by one. We show in Table 2.5 that this is not the case.

In particular, the columns corresponding to different values of Tdouble in Table 2.5

with parotid α/β = 3 Gy show that there is no single normal tissue that can always

correctly predict the optimal number of fractions obtained from our model. For
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Figure 2.2: This figure was generated for our head-and-neck case 1 with tumor α/β = 8

Gy. The α/β ratios for all normal tissues were fixed at 3 Gy, except for the parotids. (a)

Switching of the limiting normal tissue with varying number of fractions; the α/β ratio for

the parotids was fixed at 6 Gy; (b) Monontonic and nonmonotonic behavior of the tumor

BE without proliferation with varying number of fractions for different values of the α/β

ratio for the parotids. Also note that the kink in the tumor-BE without proliferation occurs

exactly where there is a switch in the limiting normal tissue.

instance, when Tdouble = 2, 3, 5 days, unspecified normal tissue correctly predicts the

number of fractions from our model; when Tdouble = 8 days, brainstem best-predicts

the number of fractions from our model; when Tdouble = 10 days, spinal cord is the best

predictor; and finally, when Tdouble = 20, 40, 50 days, parotids are the best predictors.

Moreover, in some cases, the optimal number of fractions from our model does not

equal any of the numbers obtained from the single normal tissue model; for instance,

see the column of Tdouble = 20 with parotid α/β = 4 Gy, and the columns of Tdouble =

20, 40, 50 with parotid α/β = 5 Gy.

The intuition behind why models with a single normal tissue cannot predict the
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Figure 2.3: This figure was generated for our prostate case 2. The α/β ratios for all normal

tissues were fixed at 3 Gy, except for rectum and bladder for which the ratios were fixed as

shown in the figure. (a) The α/β ratio for the prostate tumor was fixed at 2 Gy; (b) The

α/β ratio for the prostate tumor was fixed at 6 Gy. When the α/β for the rectum and the

bladder was fixed at 6 Gy, the limiting normal tissue switched at N = 4 as suggested by

the kink in the corresponding tumor-BE plot; there was no switching for the other values

of this α/β ratio.

optimal number of fractions from our model is illustrated in Figure 2.4. In particular,

the actual tumor-BE as a function of N in our model is the “lower-envelop” of the

tumor-BEs from the group of models that include a single normal tissue one by one as

formalized in Equation (2.112). As a result, the maximizer of this lower-envelop can

be far from the maximizers of the individual tumor-BE curves for different normal

tissues.
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Figure 2.4: Tumor-BE with proliferation obtained by considering different normal tissues

one by one. The actual tumor-BE with proliferation is given by the lower-envelop of all

curves. These figures were generated using our head-and-neck case 1. Tumor α/β ratio was

fixed at 10 Gy and normal tissue α/β ratios were fixed at 3 Gy; Tlag was fixed at 7 days.

(a) Tdouble was 2 days. In this case, the optimal number of fractions obtained from our

model happened to equal the number that would have resulted if only unspecified normal

tissue with a maximum dose constraint were included in a single normal tissue model. More

generally speaking, the maximizer of the lower-envelop occurs at the same location as that of

one of the normal tissues. (b) Tdouble was 8 days. Here, the maximizer of the lower-envelop

occurs far from the maximizers of any of the individual normal tissue curves.

2.8.4 Sensitivity to tumor doubling time

It is known from previous work on optimization models with a single normal tissue

that shorter treatment courses would be better when the tumor grows fast as charac-

terized by smaller values of the tumor doubling time Tdouble (see, for example, Figure 1

in [44]). We observed this trend with multiple normal tissues as well. As an example,

the tumor-BE with proliferation is plotted against N for various values of Tdouble in
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Figures 4.1(a), (b) for our head-and-neck case 1 and prostate case 1. The figures show

that the optimal number of fractions is smaller for faster growing tumors. Also, the

optimal tumor-BE itself is smaller for faster growing tumors. The figures also show
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Figure 2.5: Sensitivity of the optimal number of fractions and the optimal tumor-BE to

tumor doubling time Tdouble (days) when Tlag = 7 days. (a) Head-and-neck case 1; tumor

α/β was 8 Gy, and the α/β ratio for all normal tissues was 3 Gy. (b) Prostate case 1; tumor

α/β was 6 Gy, and the α/β ratio for all normal tissues was 3 Gy. Some believe that the

prostate α/β is much smaller than 6, and in particular, even smaller than 3; in most of those

cases, as suggested by Proposition 2.5.1, it is optimal to administer a single fraction. We

used this higher value of the α/β ratio here mainly to generate a broader range of curves

for completeness.

that the tumor-BE can sometimes grow very slowly with N before it starts decreasing.

When this is the case, the benefit of continuing treatment beyond a certain point, all

the way up to the optimal number of fractions, is negligible especially when compared

to other factors such as financial cost of treatment and logistical inconvenience to the

patient. For each Tdouble value, we therefore tracked the smallest number of fractions



58

at which the tumor-BE reached 99% of its optimal value. We denote this number of

fractions by N∗99. The range of this number over all combinations of tumor α/β ratios

and normal tissue α/β ratios for our five head-and-neck cases is reported in Table 4.8.

The table shows that for each Tdouble value, the range is quite narrow over all cases

and over all combinations of α/β ratios. This observation may be helpful in practice

given the uncertainty in and difficulty in estimating α/β values.

The table also shows that the effect of increasing Tdouble values on N∗99 seems to be

saturating beyond Tdouble ≈ 10 (there are only a very few combinations for which the

right-end of the range is a relatively high number such as 56 or 63).

All optimal fractionation numbers in this table are at least 8, that is, 1 + Tlag is a

lower bound on the optimal number of fractions (see Remark 2.5.2).

Finally, we did not include a similar table for our prostate cases here because

it was optimal to administer a single fraction in most parameter combinations (see

Proposition 2.5.4).

We also investigated how the sensitivity of the optimal number of fractions to

Tdouble depended on the relative values of the α/β ratios for the head-and-neck tumor

and the normal tissues. To achieve this, we fixed the α/β ratios of the spinal cord

and the brainstem at 3 Gy, and varied the α/β ratios for the parotids over the set

{3, 4, 5, 6}. We also varied the head-and-neck tumor α/β ratio over the set {8, 10, 12}.

The optimal number of fractions was plotted against Tdouble in Figure 2.6. This figure

shows that the sensitivity of the optimal number of fractions to Tdouble increases with

increasing α/β ratio for the tumor. The qualitative trend in N∗99 was similar although

it was less sensitive to Tdouble.

2.8.5 Sensitivity to time-lag before proliferation begins

We now investigate sensitivity of the optimal number of fractions to Tlag. Our Remark

2.5.2 shows that the optimal number of fractions is not sensitive to Tlag other than

the fact that 1 + Tlag is a lower bound on the optimal number of fractions when the



59

0 5 10 15 20 25 30 35 40 45 50
0

10

20

30

40

50

60

70

80

90

Tdouble

O
p

ti
m

a
l 
n

u
m

b
e

r 
o

f 
fr

a
c
ti
o

n
s

 

 

alpha/beta for parotids=3

alpha/beta for parotids=4

alpha/beta for parotids=5

alpha/beta for parotids=6

(a)

0 5 10 15 20 25 30 35 40 45 50
0

10

20

30

40

50

60

70

80

90

100

Tdouble

O
p
ti
m

a
l 
n
u
m

b
e
r 

o
f 
fr

a
c
ti
o
n
s

 

 

alpha/beta for parotids=3

alpha/beta for parotids=4

alpha/beta for parotids=5

alpha/beta for parotids=6

(b)

0 5 10 15 20 25 30 35 40 45 50
0

10

20

30

40

50

60

70

80

90

100

Tdouble

O
p
ti
m

a
l 
n
u
m

b
e
r 

o
f 
fr

a
c
ti
o
n
s

 

 

alpha/beta for parotids=3

alpha/beta for parotids=4

alpha/beta for parotids=5

alpha/beta for parotids=6

(c)

Figure 2.6: Sensitivity of the optimal number of fractions to Tdouble as a function of the

relative difference between the α/β ratios for the tumor, and for the parotids. This figure

was generated for our head-and-neck case 2. The α/β ratios for the spinal cord and the

brainstem were fixed at 3 Gy. Tlag was 7 days. (a) The α/β ratio for the tumor was 8 Gy;

(b) The α/β ratio for the tumor was 10 Gy; (c) The α/β ratio for the tumor was 12 Gy.

sufficient condition in Proposition 2.5.1 holds. A closer look at our closed-form formula

(2.130) for the optimal number of fractions in the single normal tissue case and the

statement of Lemma 2.7.1 shows that this lower bound is relevant mainly when Tdouble

is small. Although we do not have a closed-form formula for the optimal number of
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fractions in the case of multiple normal tissues, we intuitively expect this logic to

hold. To obtain further insight into this matter, we performed sensitivity analyses

for head-and-neck cases as summarized in Table 4.12. Our analyses confirmed that

for small values of Tdouble relative to Tlag, the optimal number of fractions is equal to

1 + Tlag; for larger value of Tdouble, the optimal number of fractions is not sensitive

to Tlag. Again, we did not include a similar table for our prostate cases because the

optimal number of fractions was one in most instances and thus it was not sensitive

to Tlag.

2.9 Discussion

As stated in Section 6.1, several alternative fractionation schedules have been tested

clinically. For example, one popular schedule involves administering once daily treat-

ment only over weekdays; another schedule involves twice daily treatment only over

weekdays. Our formulation (P ) can be easily modified to accommodate such frac-

tionation schemes. To see how this can be achieved, suppose that the N fractions are

well-separated and are administered in T (N) days. Here, the mathematical meaning

of the phrase well-separated is that there exists a time-interval of ∆ days such that

T (N + 1) − T (N) ≥ ∆ for all N ≥ 1. Thus, T (N) is a strictly increasing function

of N . Note also that T (1) = 0. For example, if treatment is administered once

daily as in Sections 2.4 and 5.4, then T (N) = N − 1 for all N ≥ 1. Similarly, if

treatment is administered once daily but only over weekdays, then T (N) = N − 1

for N = 1, 2, . . . , 5; T (N) = N + 1 for N = 6, 7, . . . , 10; and so on. We emphasize

here that this notation is general enough to encompass essentially any plausible frac-

tionation schedule. For instance, consider a hypothetical schedule that administers

two fractions on the first day with a twelve hour gap in between and then skips the

next day and administers a third fraction forty eight hours after the second fraction;

in this case, we would have T (1) = 0, T (2) = 1/2 a day, and T (3) = 2.5 days. On

the other hand, if the gap between the first two fractions is forty eight hours and the
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third fraction is administered twelve hours after the second fraction, then we would

have T (1) = 0, T (2) = 2 days and T (3) = 2.5 days. To accommodate such schedules

in our formulation (P ), we only need to generalize the definition of τ(N) in (2.2) as

τ(N) =
[T (N)− Tlag]+ ln 2

Tdouble
. (2.139)

Lemmas 2.6.1 and 2.6.2, and Property 1 in Theorem 2.6.3 continue to hold in this

general case without change. However, we have not been able to prove that Properties

2 and hence Property 3 in Theorem 2.6.3 hold. The reason is that our proof of

Property 2 relies on convexity of τ(N) as defined in (2.2) but the generalization

in (2.139) may not be convex. Thus, our algorithm in Section 2.6.1 will become a

heuristic. However, this is not a limitation in practice. As stated earlier, the optimal

number of fractions can be found by a brute-force method that utilizes an upper

bound Nmax on the number of fractions.

In this Chapter, as in all existing literature on determining the optimal number of

fractions using the LQ model with tumor proliferation, we treated the spatial and the

temporal components of the problem separately. That is, a fluence-map unominal was

assumed to be available and the optimal number of fractions was determined by scaling

this fluence-map. Such separation of the two components is suboptimal. Unkelbach

et al. [80] and Kim et al. [23] have recently proposed optimization models where the

fluence-map is optimized also using the BED concept; our problem (OPTFRAC2(N))

can be seen as a special case of their general models. However, their general models

were not solved to optimality owing to computational difficulties rooted in noncovexity

and the large size of their problems. Those two papers also did not explicitly include

tumor proliferation and hence did not optimize the number of fractions. In Chapter

4, we will extend our work here to simultaneously optimize the fluence-map and the

number of fractions. However, that formulation will be a large-scale (with several

thousand variables and tens of thousands of constraints), nonconvex, mixed integer

optimization problem and hence it will be computationally challenging to solve. As a

result, it will not be possible to rigorously guarantee optimality. So the research there



62

will focus on the development of an efficient algorithm for approximate solution.
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parotid α/β = 3 Gy Tdouble (days)

2 3 5 8 10 20 40 50

Our model 12 20 35 39 39 44 71 82

One normal tissue

Spinal cord 9 14 23 34 41 70 112 130

Brainstem 9 15 25 38 46 79 126 146

Left parotid 8 8 14 22 26 44 71 82

Right parotid 8 8 14 22 26 44 71 81

Unspec. normal tissue (max) 12 20 35 55 67 117 192 223

Unspec. normal tissue (dv) 12 20 34 52 63 109 178 206

parotid α/β = 4 Gy Tdouble (days)

2 3 5 8 10 20 40 50

Our model 12 20 35 39 39 40 40 45

One normal tissue

Spinal cord 9 14 23 34 41 70 112 130

Brainstem 9 15 25 38 46 79 126 146

Left parotid 8 8 8 11 13 23 39 45

Right parotid 8 8 8 11 13 23 39 45

Unspec. normal tissue (max) 12 20 35 55 67 117 192 223

Unspec. normal tissue (dv) 12 20 34 52 63 109 178 206

parotid α/β = 5 Gy Tdouble (days)

2 3 5 8 10 20 40 50

Our model 12 20 35 39 40 40 40 40

One normal tissue

Spinal cord 9 14 23 34 41 70 112 130

Brainstem 9 15 25 38 46 79 126 146

Left parotid 1 1 1 1 1 1 8 8

Right parotid 1 1 1 1 1 1 1 8

Unspec. normal tissue (max) 12 20 35 55 67 117 192 223

Unspec. normal tissue (dv) 12 20 34 52 63 109 178 206

Table 2.5: A comparison of the optimal number of fractions obtained from our model with

the optimal number of fractions that would have resulted if we had used a model with a

single normal tissue and then had applied our results in Section 2.7. The table was generated

for our head-and-neck case 1. The α/β ratio for the tumor was fixed at 10 Gy; the α/β

ratios for spinal cord and brainstem were fixed at 3 Gy. The α/β ratio for the parotids was

varied as shown in the table. Tlag was set at 7 days.
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Tdouble (days)

Head-and-neck case # 2 3 5 8 10 20 40 50

1 8-10 13-16 23-28 33-35 35-36 37-38 37-50 37-56

2 8-10 14-17 24-29 28-35 29-36 31-42 34-63 34-70

3 8-10 13-16 24-28 37-41 41-44 44-47 45-57 45-65

4 8-10 13-16 24-28 36-39 38-41 41-43 42-59 42-66

5 8-10 14-17 24-29 34-37 36-39 38-40 39-56 39-63

Table 2.6: The range of values of N∗99 for five head-and-neck cases with Tlag = 7 days over

all combinations of tumor and normal tissue α/β ratios. Here, in case N∗99 was less than

1 +Tlag we reset it to 1 +Tlag as we know that this is a lower bound on the optimal number

of fractions as in Remark 2.5.2.
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Tlag = 14 (days) Tdouble (days)

Head-and-neck case # 2 3 5 8 10 20 40 50

1 15 15-16 23-28 33-35 35-36 37-38 37-50 37-56

2 15 15-17 23-29 28-35 29-36 31-41 34-63 34-70

3 15 15-16 23-28 37-41 41-44 44-47 45-57 45-65

4 15 15-16 23-28 36-39 38-41 41-43 42-59 42-66

5 15 15-17 24-29 34-37 36-39 38-40 39-56 39-63

Tlag = 21 (days) Tdouble (days)

Head-and-neck case # 2 3 5 8 10 20 40 50

1 22 22 23-28 33-35 35-36 37-38 37-50 37-56

2 22 22 23-29 28-35 29-36 31-41 34-63 34-70

3 22 22 23-28 37-41 41-44 44-47 45-57 45-65

4 22 22 23-28 36-39 38-41 41-43 42-59 42-66

5 22 22 24-29 34-37 36-39 38-40 39-56 39-63

Tlag = 28 (days) Tdouble (days)

Head-and-neck case # 2 3 5 8 10 20 40 50

1 29 29 29 33-35 35-36 37-38 37-50 37-56

2 29 29 29 29-35 29-36 31-41 34-63 34-70

3 29 29 29 36-41 40-44 44-47 45-57 45-65

4 29 29 29 35-39 38-41 41-43 42-59 42-66

5 29 29 29 34-37 36-38 38-40 39-56 39-63

Tlag = 35 (days) Tdouble (days)

Head-and-neck case # 2 3 5 8 10 20 40 50

1 36 36 36 36 36 36-38 37-50 37-56

2 36 36 36 36 36 36-41 36-63 36-70

3 36 36 36 36-41 40-44 44-47 45-57 45-65

4 36 36 36 36-39 38-41 41-43 42-59 42-66

5 36 36 36 36-37 36-38 38-40 39-56 39-63

Table 2.7: The range of values of N∗99 for five head-and-neck cases with different combina-

tions of Tdouble and Tlag over all combinations of tumor and normal tissue α/β ratios.
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Chapter 3

A TWO-VARIABLE LINEAR PROGRAM TO SOLVE AN OPTIMAL
FRACTIONATION PROBLEM

The optimal fractionation problem involves finding a sequence ~d = (d1, d2, . . . , dN)

of tumor doses for N > 1 treatment sessions. Within the well-known linear-quadratic

(LQ) dose-response framework [11], one common approach to this problem is to max-

imize the biological effect of ~d on the tumor while ensuring that the corresponding

biologically effective dose (BED) given to various nearby serial and parallel organs-

at-risk (OAR) can be tolerated.

A majority of research on the optimal fractionation problem has considered a single

OAR and in that case an optimal solution is known in closed-form (see, for example,

[44–46, 54, 55, 62] and references therein). Over the last few years, researchers have

started studying more general and realistic formulations with the recent focus being

on the multiple OAR case (see, for example, Chapter 2, [80] and literature reviews

therein). To the best of our knowledge, the most recent formulation was discussed in

Chapter 2, and it has the following form.

(OPTFRAC) max
~d

α0

N∑
t=1

dt + β0

N∑
t=1

d2
t , (3.1)

subject to
N∑
t=1

dt + smmaxρm

N∑
t=1

(dt)
2 ≤ BEDm

max/s
m
max, m ∈M1, (3.2)

N∑
t=1

dt + smmeanρm

N∑
t=1

(dt)
2 ≤ Bm

mean/s
m
mean, m ∈M2, (3.3)

N∑
t=1

dt + smdvρm

N∑
t=1

(dt)
2 ≤ BEDm

dv/s
m
dv, for m ∈M3, (3.4)

~d ≥ 0. (3.5)

Here, α0 and β0 are the LQ dose-response parameters for the tumor. Set M1
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is the set of serial OAR with maximum dose constraints; M2 is the set of par-

allel OAR with mean dose constraints; and M3 is the set of parallel OAR with

dose-volume constraints. We assume for simplicity that an OAR has either a max-

imum dose constraint or a mean dose constraint or a dose-volume constraint; that

is, M1 ∩M2 = M2 ∩M3 = M1 ∩M3 = ∅. Thus, the set of all OAR is denoted

by M = M1 ∪M2 ∪M3. We also assume for simplicity that an OAR has at most

one dose-volume constraint. Both these assumptions can be removed by using more

complicated notation. For OAR m ∈ M, ρm = βm/αm is the ratio of its LQ dose-

response parameters αm and βm. The upper limit parameters BEDm
max, BEDm

mean, and

BEDm
dv are BED values that the various OAR are known to tolerate, as for example,

those derived from standard treatment guidelines available in [1]. Examples of precise

formulas for BEDm
max, BEDm

mean, and BEDm
dv are included in Chapter 2. Finally, pa-

rameters smmax, smmean, smdv are the so-called effective sparing factors for the OAR with

maximum dose, mean dose and dose-volume constraints, respectively. Again, precise

formulas for these are available in Chapter 2 and , for other examples, in [55, 61, 62].

As all constraints in (OPTFRAC) have the same structure, we henceforth use Cm

to denote the right hand side upper bound in the constraint for OAR m ∈M and use

sm to denote the effective sparing factor for OAR m ∈M. As a result, (OPTFRAC)

can now be written more compactly as

(OPTFRAC) max
~d

α0

N∑
t=1

dt + β0

N∑
t=1

d2
t , (3.6)

subject to
N∑
t=1

dt + smρm

N∑
t=1

(dt)
2 ≤ Cm, m ∈M, (3.7)

~d ≥ 0. (3.8)

Formulation (3.6)-(3.8) is a nonconvex quadratically constrained quadratic pro-

gram (QCQP) — although the constraints and hence the feasible region is convex

in ~d, the objective is to maximize a convex function (this latter being the source of

nonconvexity). Such problems are typically computationally difficult to solve, and in
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general belong to the class NP-hard [63]. A recurrent theme in the aforementioned

literature on optimal fractionation therefore is either to contemplate algorithms for

approximate solution or to derive sufficient conditions on problem parameters under

which single-dosage or equal-dosage solutions∗ are optimal. However, and somewhat

unsatisfactorily, such sufficient conditions are not necessary; for instance, an equal-

dosage solution may be optimal even when the corresponding sufficient condition is

violated. The special interest in single-dosage and equal-dosage solutions stems partly

from the belief that, based on currently available parameter values, they are likely

to be optimal for prostate and head-and-neck tumors, respectively. Moreover, opti-

mal single-dosage and equal-dosage solutions can be obtained in closed-form even in

the multiple OAR case (see Chapter 2). However, in the multiple OAR case, such

single-dosage or equal-dosage solutions may not be optimal. In that scenario, an op-

timal unequal multiple-dosage solution is desired†. Unfortunately, there has been no

known method that is guaranteed to find an optimal unequal multiple-dosage solu-

tion (in closed-form or otherwise). Moreover, the existing literature does not provide

sufficient or necessary conditions for the optimality of unequal multiple-dosage solu-

tions. Neither does it provide sufficient or necessary conditions for precisely when

no single-dosage and no equal-dosage solution is optimal and thus one must seek un-

equal multiple-dosage solutions. As such, problem (OPTFRAC) has thus remained

unsolved.

We show in Theorem 3.0.1 below that an optimal solution to (OPTFRAC) can be

derived in closed-form from the solution of a two-variable linear program (LP). This

theorem and its Corollaries 3.0.2 and 3.0.3 also provide all the aforementioned, and

previously elusive, sufficient and necessary conditions.

Before we present our two-variable LP, we introduce additional notation. We

∗Equal-dosage solutions use d1 = d2 = . . . = dN ; single-dosage solutions set all doses except one to zero.

†By this we mean any solution that is neither single-dosage nor equal-dosage.
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define, as in Chapter 2 and elsewhere,

bmmax(N) ,
−1 +

√
1 + 4ρmBEDm

max/N

2smmaxρm
, m ∈M1, (3.9)

bmmean(N) ,
−1 +

√
1 + 4ρmBEDm

max/N

2smmeanρm
, m ∈M2, (3.10)

bmdv(N) ,
−1 +

√
1 + 4ρmBEDm

dv/N

2smdvρm
, m ∈M3. (3.11)

We also use bmmax(1), bmmean(1), and bmdv(1) to denote the quantities obtained by substi-

tuting N = 1 into formulas (3.9)-(3.11). Moreover, we define, as in Chapter 2,

γ∗ , min

(
min
m∈M1

bmmax(1), min
m∈M2

bmmean(1), min
m∈M3

bmdv(1)

)
, and (3.12)

c∗ , min

(
min
m∈M1

bmmax(N), min
m∈M2

bmmean(N), min
m∈M3

bmdv(N)

)
. (3.13)

Here, γ∗ is the largest possible (and hence optimal) dose in a single-dosage solution,

whereas c∗ is the largest possible (and hence optimal) dose per session in an equal-

dosage solution. Now consider the two-variable LP

(2VARLP) max
x,y

α0x+ β0y, (3.14)

subject to x+ smρmy ≤ Cm, m ∈M, (3.15)

y ≤ γ∗x, (3.16)

c∗x ≤ y, (3.17)

x ≥ 0, (3.18)

y ≥ 0. (3.19)

Theorem 3.0.1. Let x∗, y∗ be‡ an optimal solution to (2VARLP). Then exactly one

of the following three situations must hold.

1. x∗ =
√
y∗: in this case, it is optimal to set dt = γ∗ in exactly one session t and

set the other N − 1 doses ds, for s 6= t, to zero; that is, a single-dosage solution

is optimal.

‡(2VARLP) does indeed have an optimal solution because its feasible region is bounded.
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2. x∗ =
√
Ny∗: in this case, it is optimal to set dt = c∗, for t = 1, 2, . . . , N ; that

is, an equal-dosage solution is optimal.

3.
√
y∗ < x∗ <

√
Ny∗: in this case, we have an uncountable number of unequal

multiple-dosage optimal solutions; as a concrete example of one such solution,

the two-dose solution where d3 = d4 = . . . = dN = 0, and

d1 =
x∗ +

√
2y∗ − (x∗)2

2
, d2 = x∗ − d1, (3.20)

is optimal when x∗ <
√

2y∗.

Proof. First, we use the variable transformations x =
N∑
t=1

dt and y =
N∑
t=1

d2
t and equiv-

alently reformulate (OPTFRAC) as

max
~d,x,y

α0x+ β0y, (3.21)

subject to x+ smρmy ≤ Cm, m ∈M, (3.22)

x =
N∑
t=1

dt, (3.23)

y =
N∑
t=1

d2
t , (3.24)

~d ≥ 0, (3.25)

x ≥ 0, (3.26)

y ≥ 0. (3.27)

Since ~d ≥ 0, x and
√
y can be seen as the l1 and l2 norms of ~d, respectively. Con-

sequently, every x, y, ~d combination that is feasible to constraints (3.23)-(3.25) also

satisfies the two inequalities
√
y ≤ x ≤

√
Ny (this is a well-known relationship be-

tween l1 and l2 norms). Thus, we first add these two inequalities to the above problem
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without altering its feasible region. This yields

max
~d,x,y

α0x+ β0y, (3.28)

subject to x+ smρmy ≤ Cm, m ∈M, (3.29)

x =
N∑
t=1

dt, (3.30)

y =
N∑
t=1

d2
t , (3.31)

~d ≥ 0, (3.32)

√
y ≤ x, (3.33)

x ≤
√
Ny, (3.34)

x ≥ 0, (3.35)

y ≥ 0. (3.36)

We claim that variable ~d and constraints (3.30)-(3.32) can now be dropped to

equivalently rewrite the above problem as

max
x,y

α0x+ β0y, (3.37)

subject to x+ smρmy ≤ Cm, m ∈M (3.38)

√
y ≤ x, (3.39)

x ≤
√
Ny, (3.40)

x ≥ 0, (3.41)

y ≥ 0. (3.42)

In particular, an optimal sequence of doses that satisfies (3.30)-(3.32) can be recovered

in closed-form from any optimal solution of (3.37)-(3.42). To prove this intermediate

claim, we let x̄, ȳ denote an optimal solution to (3.37)-(3.42). If
√
ȳ = x̄, then the

single-dosage solution d1 = x̄, dt = 0 for t = 2, 3, . . . , N , x̄, ȳ is optimal to (3.28)-

(3.36). This follows from the property that the l2 norm of a nonnegative vector
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equals its l1 norm if and only if exactly one of the elements of the vector is positive

and the others are zero. If
√
Nȳ = x̄, then the equal-dosage solution dt = x̄/N for

t = 1, 2, . . . , N , x̄, ȳ is optimal to (3.28)-(3.36). This again follows from the property

that the l2 norm of an N -dimensional nonnegative vector is
√
N times its l1 norm if

and only if all elements of the vector are identical. Finally, if
√
ȳ < x̄ <

√
Nȳ, then

any nonnegative ~d that satisfies the equations x̄ =
N∑
t=1

dt and ȳ =
N∑
t=1

(dt)
2 is optimal to

(3.28)-(3.36) and the set of such ~d is uncountable. Again, from a property of l1 and l2

norms, no single-dosage or equal-dosage solution can satisfy this system of equations.

In this case, for example, setting d3 = d4 = . . . = dN = 0, d1 =
x̄+
√

2ȳ−x̄2
2

, d2 = x̄− d1

works. These values of d1 and d2 were derived by solving the two equations d1+d2 = x̄

and d2
1 + d2

2 = ȳ using the standard quadratic equation formula. Also note that these

values of d1 and d2 are indeed nonnegative but in fact are both positive as required

for an unequal multiple-dosage solution. This holds because, again, from the l1, l2

properties, we have,
√
ȳ < x̄ ≤

√
2ȳ, which implies that ȳ < x̄2 ≤ 2ȳ. These last

two inequalities imply that 0 ≤ 2ȳ − x̄2 < x̄2, which means that x̄/2 ≤ d1 < x̄ and

0 < d2 ≤ x̄/2.

Although problem (3.37)-(3.42) only includes two variables, it is nonconvex be-

cause of constraint (3.33). We surmount this difficulty by showing that constraints

(3.33)-(3.34) can be replaced with constraints (3.16)-(3.17) without loss of optimality,

which yields (2VARLP). A geometric proof of this fact is shown in Figure 3.1. The

idea is that replacing the constraints this way does not exclude any optimal solution(s)

of problem (3.37)-(3.42) and does not introduce any new optimal solutions. That is,

(2VARLP) cannot have any optimal solutions in the newly added region (shown with

vertical hatch lines) between the dotted line segment OA and the thick black curve

y = x2 also connecting O and A. Note in the figure that that the function y = x2 is

convex in x and hence line segment OA is above the curve y = x2. Similarly, (3.37)-

(3.42) does not have any optimal solutions in the chopped off feasible region (shown

with horizontal hatch lines) between the dotted line segment OD and the thick black
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best single-dosage solution

best equal-dosage solution

y=x2/N 
(equal-
dosage)

y=x2 
(single-
dosage)

y =γ*x

y=c*x

A

D

B
C

x

y

best unequal multiple-dosage solution

OAR dose constraint

O

Figure 3.1: A geometric proof of the equivalence between problem (3.37)-(3.42) and problem

(2VARLP). Based on properties of l1 and l2 norms discussed in the text, the curve y = x2

corresponds to the set of single-dosage solutions whereas the curve y = x2/N corresponds to

the set of equal-dosage solutions. Problem (2VARLP) is created by (i) adding the vertically

hatched area to the feasible region of (3.37)-(3.42) and (ii) by removing the horizontally

hatched area from the feasible region of (3.37)- (3.42). Nevertheless, optimal solutions to

both problems occur at points such as A, B, C, or D depending on the slope of the objective

function (see the green, blue, and red objective function lines for example).

curve y = x2/N also connecting O and D. Note again that the function y = x2/N

is convex in x and hence the line segment OD is above the curve y = x2/N . These

facts about the precise locations of optimal solutions (3.37)-(3.42) and (2VARLP) are

rooted in the structure of problem (3.37)-(3.42) in that (i) all of its linear constraints

as well as its objective function have negative slopes; (ii) the only location where

an optimal solution to (3.37)-(3.42) can occur on the curve y = x2 is at its corner

point (point A in Figure 3.1) and this property also holds for the segment OA given
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by y = γ∗x in (2VARLP); and (iii) the only location where an optimal solution to

(3.37)-(3.42) can occur on the curve y = x2/N is at its corner point (point B in Figure

3.1) and this property also holds for the segment OD given by y = c∗x in (2VARLP).

In summary, (2VARLP) is equivalent to (OPTFRAC) and every optimal solution of

one problem can be transformed in closed-form into an optimal solution of the other

problem.

The three possibilities stated in the theorem then follow from the properties of l1

and l2 norms discussed above and then deriving the best single-dosage, the best equal-

dosage, and any feasible unequal-dosage solution that satisfies the system x∗ =
N∑
t=1

dt

and y∗ =
N∑
t=1

(dt)
2, respectively. In particular, the best single-dosage solution delivers

dose γ∗ is a single session; the best equal-dosage solution delivers dose c∗ in each one

of the N sessions; and finally, the stated two-dose solution is one optimal unequal

multiple-dosage solution that satisfies x∗ = d1 + d2 and y∗ = d2
1 + d2

2 as explained

above.

More generally, given x∗ and y∗, an optimal dosing schedule can be obtained by

setting the dose in one session to d1, the doses in the other N − 1 sessions to d2 and

solving the two equations

d1 + (N − 1)d2 = x∗ (3.43)

d2
1 + (N − 1)d2

2 = y∗ (3.44)

for d1 and d2. This yields

d2 =
x

N

[
1−

√
1−

(
1− y∗

(x∗)2

)( N

N − 1

)]
(3.45)

d1 = x∗ − (N − 1)d2. (3.46)

We emphasize that the sufficient conditions for the optimality of single-dosage and

equal-dosage solutions in Theorem 3.0.1 are equivalent to the other known sufficient

conditions in Chapter 2. For instance, referring back to Figure 3.1, we note that the
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only point in the feasible region of (2VARLP) where the pair x∗, y∗ satisfies x∗ =
√
y∗

is at corner point A. An optimal solution to (2VARLP) occurs at corner point A if

the magnitude of the slope of the objective function line is less than or equal to the

magnitudes of the slope of all OAR constraint lines. That is, if

α0

β0

≤ min
m∈M

{
αm/βm
sm

}
. (3.47)

This is precisely the sufficient condition reported in Chapter 2 for the optimality

of a single-dosage solution. Similarly, referring back to Figure 3.1 again, we note

that the only point in the feasible region of (2VARLP) where the pair x∗, y∗ satisfies

x∗ =
√
Ny∗ is at corner point D. An optimal solution to (2VARLP) occurs at corner

point D if the magnitude of the slope of the objective function line is at least as big

as the magnitude of the slope of all OAR constraint lines. That is, if

α0

β0

≥ max
m∈M

{
αm/βm
sm

}
. (3.48)

This is also precisely the sufficient condition reported in Chapter 2 for the optimality

of an equal-dosage solution. However, these previously known sufficient conditions

(3.47) and (3.48) for the optimality of single-dosage and equal-dosage solutions are

somewhat unsatisfactory because they are not necessary. For instance, it is possible

to construct numerical examples where condition (3.47) does not hold but a single-

dosage solution is optimal. Similarly for (3.48) regarding equal-dosage solutions. We

show next that (2VARLP) does not suffer from this limitation.

Corollary 3.0.2. The three conditions stated in Theorem 3.0.1 are necessary. That

is,

1. Suppose a single-dosage solution is optimal. Then there exists a pair (x∗, y∗)

that is optimal to (2VARLP) such that x∗ =
√
y∗.

2. Suppose an equal-dosage solution is optimal. Then there exists a pair (x∗, y∗)

that is optimal to (2VARLP) such that x∗ =
√
Ny∗.
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3. Suppose an unequal multiple-dosage solution is optimal. Then there exists a pair

(x∗, y∗) that is optimal to (2VARLP) such that
√
y∗ < x∗ <

√
Ny∗.

Proof. Follows from the correspondence between optimal solutions to (OPTFRAC)

and to (2VARLP).

Finally, the existing literature does not provide any insights into the uniqueness of

optimal solutions to (OPTFRAC). Since single-dosage and equal-dosage solutions are

easier to implement in practice, it would be helpful to know precisely when they are

the only optimal solutions and also precisely when they are not optimal. The next

corollary of Theorem 3.0.1 provides a complete answer to this issue.

Corollary 3.0.3. We have the following three sufficient and necessary conditions for

the uniqueness and lack of optimality of single-dosage and equal-dosage solutions.

1. There are no optimal solutions other than the N different single-dosage optimal

solutions described in Theorem 3.0.1 if and only if there is a unique optimal

solution (x∗, y∗) to (2VARLP) and it satisfies x∗ =
√
y∗.

2. The equal-dosage solution described in Theorem 3.0.1 is the unique optimal so-

lution if and only if there is unique optimal solution (x∗, y∗) to (2VARLP) and

it satisfies x∗ =
√
Ny∗.

3. No single-dosage solution is optimal, no equal-dosage solution is optimal, and

an uncountable number of unequal multiple-dosage solutions (including the two-

dosage solution defined in Theorem 3.0.1) are optimal if and only if every pair

(x∗, y∗) that is optimal to (2VARLP) satisfies
√
y∗ < x∗ <

√
Ny∗.

Proof. Follows from the correspondence between optimal solutions to (OPTFRAC)

and to (2VARLP) and from the properties of l1, l2 norms discussed in the proof of

Theorem 3.0.1.
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We conclude by discussing one extension and one limitation of our work.

Theorem 3.0.1 and its corollaries also hold without change if a tumor proliferation

term is included in calculating the biological effect on tumor as in Chapter 2. More-

over, by including tumor proliferation this way, one can also optimize the number

of treatment sessions N . This can be done by plotting the optimal biological effect

versus N after solving (2VARLP) for different values of N within a clinically viable

range and then choosing an N that maximizes this optimal biological effect as in

Chapter 2 and elsewhere.

Although Theorem 3.0.1 and its corollaries completely resolve a particular form of

the optimal fractionation problem that has recently been studied in the radiotherapy

literature, their proofs and conclusions appear fragile in that they are highly depen-

dent on the structure of (OPTFRAC). Consequently, similar results are unlikely to

hold for other variations of the optimal fractionation problem that may arise in the

future.
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Chapter 4

SPATIOTEMPORALLY OPTIMAL FRACTIONATION

4.1 Introduction

In external beam radiotherapy, radiation damages both the cancer cells and the nor-

mal tissue. Thus, the goal is to maximize damage to the tumor while limiting toxic

effects on nearby normal tissue. This is attempted by spatial localization and tempo-

ral dispersion of radiation dose.

Spatial localization is achieved by prescribing a high dose to the cancerous re-

gion and putting upper limits on the dose to healthy anatomies. The well-developed

Intensity Modulated Raditation Therapy (IMRT) technology, the associated spatial

optimization models and solution algorithms are employed to optimize the radiation

intensity profile (also called the fluence-map). One standard formulation of this prob-

lem minimizes the total squared deviation from the tumor prescription dose of the

doses delivered to all voxels in the tumor. This spatial side of radiation therapy has

been studied extensively [6, 9, 27–31].

On the temporal side, the prevalent strategy is to break the total planned dose

into multiple, well-separated treatment sessions, called fractions, that are adminis-

tered over several weeks. An identical dose is planned for each fraction; this is called

equal-dosage fractionation. Since normal cells typically have better damage-repair

capabilities than tumor cells, such temporal dispersion gives the normal tissue some

time to recover between sessions. For many tumors, using a large number of fractions

with a small dose in each fraction may allow the treatment planner to administer a

larger total tumor dose as compared to that using a small number of fractions with

a large dose in each fraction. Thus, it would seem that for these tumors, the longer

the treatment course the better. However, tumors may proliferate over the treatment
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course, and then shorter treatment courses are believed to work better as they kill

tumor cells quickly before significant proliferation. Moreover, there is an increasing

interest in shorter treatment courses as they are logistically more convenient. Such

tradeoffs in determining an optimal number of fractions have been clinically studied

over the last several decades [33–43]. This question of choosing the number of frac-

tions and the corresponding dose per fraction is generally referred to as the optimal

fractionation problem.

The optimal number of fractions depends on the relative difference between the

tumor’s and the normal tissue’s response to radiation as well as on the anatomy of the

cancerous region with respect to the positioning of the radiation fields. The linear-

quadratic (LQ) model is the prevalent framework for quantifying the tumor’s and the

normal tissue’s response to radiation [11]. Competing fractionation schedules are thus

compared using the LQ model. However, existing research on optimal fractionation

that utilizes the LQ framework is limited to stylized formulations that often lead to

a closed-form formula for the optimal number of fractions. This formula is derived

using single-variable calculus. The idea is to maximize the biological effect (BE) of

radiation dose on the tumor subject to an upper bound constraint on the biologically

effective dose (BED) delivered to the normal tissue [11]. This type of literature

includes [44–50, 54, 55, 61, 62]. Table 4.1 below summarizes the contributions of

these models.

One limitation of most existing stylized models is that they only consider a single

normal tissue. This not only may lead to an incorrect prediction of the number of

fractions but also may yield a dose that cannot be tolerated by other nearby normal

tissues that were excluded from the formulation. This important concern stems from

the fact that essentially all anatomical regions of interest include multiple normal

tissues. Another limitation of the stylized models is that they do not explicitly model

intensity modulation and thus essentially ignore the spatial side of the problem even

though IMRT technology is now ubiquitous. Such limitations curtail the practical
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References ≥ 2 normal tissues closed-form for dose spatiotemporally optimal

[44, 45, 47–49] No No No

[46, 50] No Yes No

[51] Yes No No

[54] No Yes No

[55, 61, 62] No Yes No

Chapter 2 Yes Yes No

Table 4.1: A summary of some optimal fractionation models that use the LQ framework.

applicability of these stylized models and thus they were addressed in Chapter 2.

Although, to the best of our knowledge, our model in Chapter 2 is currently the

most comprehensive formulation of the optimal fractionation problem based on the

LQ framework, it has an important limitation — it separated the spatial and temporal

components of the problem. That is, a spatially optimized fluence-map was assumed

to be available a priori and the number of fractions was then optimized with respect

to this map using the concept of sparing factors. This approach simplified the optimal

fractionation problem considerably — we were able to characterize the BE on tumor

as a quasiconcave function of the number of fractions, which led to a simple procedure

for optimizing this number. Unfortunately, this is suboptimal especially because the

spatial optimization problem that is solved a priori does not directly depend on any

biological dose-response parameters of the tumor or the normal tissue. Therefore,

in this paper, we build a spatiotemporally integrated optimal fractionation model

where the fluence-map and the number of fractions are both optimization variables.

This formulation is computationally difficult to solve. We thus propose an efficient

algorithm rooted in convex programming for its approximate solution.

Through computer simulations on head-and-neck and prostate cancer test cases,

we compare the tumor-BE achieved by this spatiotemporally integrated model with
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that attained by (i) a traditional IMRT fluence-map optimization model that does not

optimize the number of fractions, and (ii) our spatiotemporally separated model in

Chapter 2. In our simulations, the spatiotemporally integrated approach shows 22%

and 69% improvements in tumor-BE over the traditional IMRT model on an average

in our head-and-neck and prostate cases, respectively. Similarly, it achieves 27% and

21% improvements in tumor-BE over the spatiotemporally separated model on an

average in our head-and-neck and prostate cases, respectively. This suggests that,

within the LQ framework, even approximate solution of our computationally diffi-

cult, spatiotemporally integrated model may offer some benefit over solving existing

stylized models.

4.2 Problem formulation

Our overall methodology is to choose a fluence-map and a number of fractions so as

to maximize the total-BE of average dose over all tumor voxels subject to constraints

on normal tissue dose and on the smoothness of the fluence-map. The mathematical

notation and terminology here is standard in the literature and is borrowed from

Chapter 2.

4.2.1 Expression for the tumor objective function

Let n denote the number of tumor voxels, indexed by i = 1, 2, . . . , n. The radiation

field is discretized into small segments called beamlets. Let k be the number of

beamlets and let u ∈ <k+ denote the k-dimensional beamlet intensity vector used

in each treatment session. Let A be the n × k, nonnegative tumor dose deposition

matrix and let Ai denote its ith row, which corresponds to the ith tumor voxel. That

is, according to the standard linear dose deposition model [56–60], Aiu is the dose

delivered to the ith tumor voxel and Āu ,

n∑
i=1

Aiu

n
is the average dose over all tumor

voxels in each session.

Now consider a treatment course with N once-daily fractions. Let Tdouble (days)
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denote the doubling time for the tumor and Tlag (days) denote the time-lag after which

tumor proliferation starts after treatment initiation. The expression [(N−1)−Tlag]+,

which is defined as max((N−1)−Tlag, 0), is the time over which the tumor proliferates.

We define

τ(N) ,
[(N − 1)− Tlag]+ ln 2

Tdouble

, (4.1)

and let α0 and β0 denote the parameters of the LQ model for the tumor. Then,

according to the LQ model, the total N -session BE of the average tumor dose is given

by

Nα0(Āu) +Nβ0(Āu)2 − τ(N). (4.2)

We wish to choose N within a clinically viable range 1 ≤ N ≤ Nmax and a fluence-map

u to maximize (4.2). This objective is nonconvex in u because we are maximizing

a convex function. Fortunately, we are able to show later in Section 5.3 that this

objective can be easily re-written in a convex (in fact, linear) form. This is achieved

by observing that, when N is fixed, maximizing (4.2) is equivalent to maximizing Āu,

a linear function.

Note here that, as is common in IMRT, there are other possible choices for the

objective function in this formulation. One option is to maximize the BE of the

minimum tumor dose over all voxels. It turns out that, similar to our objective

function, this alternative objective function can also be converted into a convex (in

fact, linear) form. This is achieved by observing that, when N is fixed, maximizing

the BE of the minimum tumor dose is equivalent to maximizing the minimum tumor-

dose itself; the minimum tumor-dose can be maximized by instead maximizing a new

variable t and adding a linear constraint for each tumor voxel enforcing that the dose

to this voxel is at least t.

Both the average tumor-dose and the minimum tumor-dose are special cases of the

well-known concept of generalized equivalent uniform dose (gEUD) [81]. This gEUD
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is parameterized by a single parameter p, and is given by

gEUD ,

(
n∑
i=1

(Aiu)p/n

)1/p

. (4.3)

The gEUD can be seen as a generalized average and it is well-known that it reduces

to the average tumor-dose when p = 1 and to the minimum tumor-dose as p→ −∞

(see [81]). Thus, both our approach of maximizing the BE of the average tumor-dose

and the aforementioned alternative approach of maximizing the BE of the minimum

tumor-dose can be seen as maximizing the BE of a particular tumor-gEUD. Con-

sequently, both these choices of objective functions are consistent with the original

motivation for the concept of EUD (see [82]). We decided not to use the alternative

maximin objective function because, as one would expect in a formulation that max-

imizes the worst-case BE, it led to fluence-maps that were too conservative in our

preliminary numerical experiments.

Another possibility for the objective function is to maximize the average BE of the

doses delivered to all tumor-voxels. This alternative, nonconvex objective is perhaps

biologically more meaningful because it adds the BE over individual voxels to quantify

the combined effect. Interestingly, the standard approach for solving this nonconvex

problem reduces to using our objective in expression (4.2). The reasoning for this

is as follows. The alternative nonconvex objective function cannot be equivalently

written in a convex form. The resulting optimization problem is thus computationally

intractable. The standard approach for approximate solution of such problems is to

instead solve a relaxation of the objective function (see, for example, the literature

review in [63]). The standard relaxation of the alternative objective is based on

the fact that the sum of squares is no bigger than the square of the sum; and this

relaxation of the alternative objective function yields our objective function in (4.2).

We next describe our constraints in detail.
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4.2.2 Normal tissue tolerance and fluence-map smoothness constraints

Let O1, O2, . . . , OM denote the M different normal tissues under consideration. Let

M = {1, . . . ,M} be the set of indices of these normal tissues. For m ∈ M, let nm

denote the number of voxels in Om. These voxels are indexed by j = 1, 2, . . . nm. Let

Nm denote the set {1, 2, . . . , nm} of these voxels. All normal tissue voxels are assumed

to have equal volume. Let Am be the nm× k, nonnegative dose deposition matrix for

Om. Let Amj be the jth row of this matrix; this is the row that corresponds to the

jth voxel in Om. That is, Amj u is the dose delivered to the jth voxel in Om in each

session. Let αm and βm be the parameters of the LQ model for normal tissue Om and

we define ρm , 1/(αm/βm) for brevity. Then, the BED of the dose delivered to the

jth voxel in Om over N fractions is given by

N(Amj u) + ρmN(Amj u)2. (4.4)

Our model includes the three most common types of constraints on normal tissues:

maximum dose constraints, mean dose constraints, and dose-volume constraints.

Maximum BED constraints for serial normal tissues

LetM1 ⊆M be the set of indices of serial normal tissues for which we wish to include

maximum dose constraints. These are the normal tissues whose function is hampered

even when a small region is damaged by radiation. Suppose, for any m ∈M1, that a

total dose Dm
max is known to be tolerated by each voxel in Om if administered in Nm

conv

equal-dose fractions. The BED of this schedule equals

BEDm
max = Dm

max(1 + ρm(Dm
max/N

m
conv)). (4.5)

We use the standard approach of comparing normal tissue BED. Thus, a dose of

N(Amj u) over N fractions can be tolerated by the jth voxel in normal tissue Om if

N(Amj u) +Nρm(Amj u)2 ≤ BEDm
max, ∀j ∈ Nm. (4.6)

Thus, for each m ∈M1, our problem formulation will include constraints (5.7).
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Mean BED constraints for parallel normal tissues

Let M2 ⊆ M be the set of indices of parallel normal tissues for which we wish

to include mean dose constraints. These are the normal tissues where a sufficiently

small portion can be damaged without affecting the organ function. Suppose, for any

m ∈ M2, that mean dose Dm
mean is known to be tolerated by Om if administered in

Nm
conv equal-dose fractions. The BED of this mean dose is given by

BEDm
mean = Dm

mean(1 + ρm(Dm
mean/N

m
conv)). (4.7)

Then, for normal tissue Om, we write the mean BED constraint as

N
nm∑
j=1

(Amj u) +Nρm
nm∑
j=1

(Amj u)2

nm
≤ BEDm

mean. (4.8)

There is a subtle difference between the left hand side of this inequality and its

right hand side. The left hand side quantifies the average BED of doses delivered to

different voxels; the right hand side quantifies the BED of the average dose delivered

to different voxels. An alternative way to express the left hand side is to use the BED

of average dose. That is, to write

N(Āmu) +Nρm(Āmu)2 ≤ BEDm
mean, (4.9)

where Āmu ,
nm∑
j=1

Amj u/nm is the average dose. However, the left hand side of our

quadratic constraint (4.8) is biologically more meaningful than the alternative expres-

sion in (4.9) because it adds the BED for individual voxels to construct the combined

effect. The left hand side in (4.8) also leads to a more conservative fluence-map be-

cause this left hand side is an upper bound on the left hand side in (4.9) owing to

the aforementioned property about sum of squares. On the other hand, there are

two benefits to using the alternative expression in (4.9). The first is that it makes

the left hand side consistent with the right hand side. Secondly, this alternative con-

straint can be equivalently expressed in terms of a linear constraint on the average

dose (in Section 5.3, we show how to do this in the context of inequality (5.7), and
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the conversion would be identical for inequality (4.9)). This latter will be a computa-

tional advantage as a single linear constraint will be easier to handle than the convex

quadratic constraint in (4.8). Nevertheless, we decided to use the constraint in (4.8)

for its aforementioned clinically sound foundation despite it being computationally

more challenging than the linearized equivalent of constraint (4.9).

Dose-volume constraints for parallel normal tissues

Let M3 ⊆ M be the set of indices of normal tissues with dose-volume constraints.

Suppose, for any m ∈M3, that no more than a volume fraction φm of normal tissue

Om can receive a dose more than Dm
dv if administered in Nm

conv fractions. The BED of

total dose Dm
dv administered in Nm

conv equal-dosage fractions is given by

BEDm
dv = Dm

dv(1 + ρm(Dm
dv/N

m
conv)). (4.10)

Since all voxels in Om have equal volume, the volume fraction is the same as the voxel

fraction. For each m ∈ M3 and for j = 1, 2, . . . , nm, we thus define binary-valued

functions fmj (N, u) as

fmj (N, u) =

1 if N(Amj u) +Nρm(Amj u)2 > BEDm
dv,

0 if N(Amj u) +Nρm(Amj u)2 ≤ BEDm
dv.

(4.11)

In words, fmj (N, u) is one if the BED of dose delivered by fluence-map u to voxel

j in N sessions exceeds the tolerance BEDm
dv; fmj (N, u) is zero otherwise. We use

the integer Km to denote bnmφmc, that is, the largest integer that is at most nmφm.

Then, the dose-volume constraints are written in our optimization model as

nm∑
j=1

fmj (N, u) ≤ Km, m ∈M3. (4.12)

These constraint ensure that there are at most Km voxels for which N(Amj u) +

Nρm(Amj u)2 > BEDm
dv; in other words, there are at least nm −Km voxels for which

N(Amj u) + Nρm(Amj u)2 ≤ BEDm
dv. Here, for simplicity, we have assumed that there
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is at most one dose-volume constraint for each normal tissue. This assumption is not

needed anywhere in our algorithm and hence can be removed. In fact, we do this in

our computational experiments for prostate cancer in Section 5.4.

Fluence-map smoothness constraints

To ensure that the intensity profile is deliverable in practice using a multi-leaf colli-

mator, we put a smoothness constraint on each radiation field [83, 84]. In particular,

for each radiation field, we bound the absolute relative difference between intensities

of each pair of nearest neighbor beamlets by a fraction ε. Then the smoothness con-

straints can be written compactly in matrix format as Su ≤ 0, where S is a block

diagonal matrix with entries −(1 + ε), (1 − ε), −1, 0, +1 at appropriate locations.

We are now ready to provide our complete optimization model.

4.2.3 Complete optimization model

Based on the above discussion, we formulate the optimal fractionation problem as

(P ) F ∗ = max
N,u

Nα0(Āu) +Nβ0(Āu)2 − τ(N), (4.13)

N(Amj u) +Nρm(Amj u)2 ≤ BEDm
max, ∀j ∈ Nm, m ∈M1, (4.14)

N
nm∑
j=1

(Amj u) +Nρm

nm∑
j=1

(Amj u)2 ≤ nmBEDm
mean, m ∈M2, (4.15)

nm∑
j=1

fmj (N, u) ≤ Km, m ∈M3, (4.16)

Su ≤ 0, (4.17)

u ≥ 0, (4.18)

1 ≤ N ≤ Nmax, integer. (4.19)

This formulation includes all constraints that are essential for capturing the trade-

off between tumor-BE and the BED for serial and parallel normal tissue. Additional

constraints can also be added to this formulation if required by the treatment protocol.
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For instance, a minimum dose constraint on tumor could be easily added to avoid cold-

spots; similarly, a maximum dose constraint on tumor could be added to increase

dose-uniformity. These constraints, being linear, pose no additional computational

hurdles. Moreover, these additional constraints might make our formulation more

relevant for clinical practice. However, we decided not to include these constraints

in the formulation for two reasons: (i) in our preliminary numerical experiments, we

observed that the qualitative trends discovered in our sensitivity analyses continue to

hold even when these constraints are included; and (ii) our smoothness constraints at

least to some extent attempt to ensure dose-uniformity.

Observe that for each fixed N , the functions fmj (N, u) are discontinuous in u. In

fact, it is well-known in the IMRT literature that dose-volume constraints are difficult

to handle [6]. In realistic instances of (P ), the number of beamlets k is likely to equal

a few thousand. The number of constraints can also be in the tens or hundreds

of thousand depending on the total number of normal tissue voxels. As a result,

exact solution of (P ) is computationally intractable. We next develop an algorithm

for efficient, approximate solution of (P ). This method uses a simple constraint

generation approach that is rooted in the fact that when N is fixed, if we drop the

dose-volume constraints, then the resulting problem, although seemingly nonconvex,

can be equivalently re-written as a linear program with convex, quadratic constraints.

We emphasize here that if the treatment protocol does not include any dose-volume

constraints, then our method produces an exact solution to (P ).
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4.3 An efficient solution method

We first define a sequence of problems P (N), obtained by fixing N at 1, 2, . . . , Nmax

in (P ). We have,

P (N) F ∗(N) = max
u

Nα0(Āu) +Nβ0(Āu)2, (4.20)

N(Amj u) +Nρm(Amj u)2 ≤ BEDm
max, ∀j ∈ Nm, m ∈M1, (4.21)

N
nm∑
j=1

(Amj u) + ρmN
nm∑
j=1

(Amj u)2 ≤ nmBEDm
mean, m ∈M2, (4.22)

nm∑
j=1

fmj (N,~u(N)) ≤ Km, m ∈M3, (4.23)

Su ≤ 0, (4.24)

u ≥ 0. (4.25)

Note that

F ∗ = max
N∈{1,2,...,Nmax}

F ∗(N)− τ(N). (4.26)

Thus, problem (P ) can be solved by first solving the sequence of problems P (N), for

N = 1, 2, . . . , Nmax, and then choosing an N that yields the best tumor-BE and using

the corresponding optimal fluence-map.

Without loss of generality, we assume that for every normal tissue m ∈M, every

row of the dose deposition matrix Am has at least one strictly positive entry. For if

not, then the normal tissue voxel corresponding to a zero row in Am can be removed

from further consideration as radiation does not reach that voxel. Also without loss of

generality, we assume that there exists either a serial normal tissue m ∈M1 or a par-

allel normal tissue m ∈M2 with the property that every column of its dose deposition

matrix Am includes at least one strictly positive entry. For if there exists a column c

without any strictly positive entries, then it turns out that the cth component of u,

denoted uc, can be increased arbitrarily without damaging any normal tissue. This

assumption is met in practice for example when maximum dose constraints are in-

cluded on the unspecified normal tissue because each radiation beamlet must pass
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through at least some unspecified normal tissue and hence the corresponding row of

Am will have a strictly positive entry.

Lemma 4.3.1. Problem P (N) has an optimal solution for each N ≥ 1; this implies

that (P ) has an optimal solution as well.

Proof. For every m ∈ M3, dose-volume constraints (4.23) imply that, the BED for

at least Lm , nm − Km and at most nm voxels in Om should be less than BEDm
dv.

As a result, there are Wm =
nm∑
l=Lm

(
nm

l

)
ways to express the dose-volume constraint

(4.23). Each of these enforce that some combination of Lm ≤ l ≤ nm out of the

nm voxels in Om satisfy the appropriate BED limit. We index these distinct ways

by wm = 1, 2, . . . ,Wm and let Jwm(N) ⊆ Nm be the set of voxels in Om for which

the dose-limit is enforced in the wmth way of expressing the dose-volume constraint

for Om. Thus, there are a total of W =
∏

m∈M3

Wm ways to express our dose-volume

constraints. Let ~w ,
(
w1, w2, . . . , w|M3|

)
. We create W subproblems from P (N),

each representing one of these W ways of expression.

P
(
~w;N

)
max
~u(N)

Nα0(Āu) +Nβ0(Āu)2, (4.27)

N(Amj u) +Nρm(Amj u)2 ≤ BEDm
max, ∀j ∈ Nm, m ∈M1, (4.28)

N

nm∑
j=1

(Amj u) +Nρm

nm∑
j=1

(Amj u)2 ≤ nmBEDm
mean, m ∈M2, (4.29)

N(Amj u) +Nρm(Amj u)2 ≤ BEDm
dv, j ∈ Jwm(N), m ∈M3, (4.30)

Su ≤ 0, (4.31)

u ≥ 0. (4.32)

An optimal solution to P (N) can be recovered by choosing the best among optimal

solutions to these subproblems. Thus, we prove that each of the above W problems

has an optimal solution. Let U(~w;N) ⊂ <k denote the set of feasible fluence-map

vectors u. This set is nonempty because the trivial fluence-map u = ~0 is feasible to

P (~w;N). Suppose a serial normal tissue m ∈M1 has a strictly positive entry in each
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column of its dose deposition matrix Am (if instead a parallel normal tissue possesses

this property, then the proof can be modified easily). For any l = 1, 2, . . . , k, let Il
denote the set of rows of Am in which the entry in the lth column is strictly positive.

For all i ∈ Il, we denote the corresponding positive entries of Am by Ami,l. Since all

entries in Am are nonnegative, the maximum dose constraint on this normal tissue

implies that Ami,lul ≤ BEDm
max for t = 1, 2, . . . , N . In other words, ul ≤ BEDm

max

N min
i∈Il

Ai,l
.

Thus, the feasible region is bounded. It is also closed as all constraint functions are

continuous. Moreover, the objective function in P (~w;N) is also continuous. Thus,

P (~w;N) has an optimal solution as claimed.

Now observe that because the objective in P (N) is increasing in Āu, it is equivalent

to maximizing Āu. Thus, we rewrite P (N) as

P (N) max
u

Āu, (4.33)

N(Amj u) + ρmN(Amj u)2 ≤ BEDm
max, ∀j ∈ Nm, m ∈M1, (4.34)

N
nm∑
j=1

(Amj u) + ρmN
nm∑
j=1

(Amj u)2 ≤ nmBEDm
mean, m ∈M2, (4.35)

nm∑
j=1

fmj (N, u) ≤ Km, m ∈M3, (4.36)

Su ≤ 0, (4.37)

u ≥ 0. (4.38)

Moreover, since Amj u ≥ 0, constraints (4.34) can be equivalently rewritten as linear

constraints wherein the right hand side is obtained by solving a quadratic equation.
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This yields the equivalent problem

P (N) max
u

Āu, (4.39)

Amj u ≤
−1 +

√
1 + 4ρmBEDm

max/N

2ρm
, ∀j ∈ Nm, m ∈M1,

(4.40)

N

nm∑
j=1

(Amj u) + ρmN

nm∑
j=1

(Amj u)2 ≤ nmBEDm
mean, m ∈M2, (4.41)

nm∑
j=1

fmj (N, u) ≤ Km, m ∈M3, (4.42)

Su ≤ 0, (4.43)

u ≥ 0. (4.44)

The objective function in this problem is linear; constraints (4.40) and (4.43) are

linear; constraints (4.41) are convex, quadratic. Thus, the only remaining computa-

tional challenge is posed by the dose-volume constraints (4.42). We therefore propose

a simple and natural constraint generation approach to surmount this difficulty. In

particular, we first solve P (N) without constraints (4.42). Suppose û is an optimal

solution to this problem. Then, for each m ∈ M3, we find nm −Km voxels that re-

ceive the smallest doses among the nm voxels in Om under fluence-map û. Let subset

Nm(û, N) ⊆ Nm denote this group of voxels. We then re-solve P (N) but this time by

replacing constraints (4.42) with tolerance limits on all voxels in the set Nm(û, N).

Finally, we note that these tolerance limits, which appeared in definition (5.11) of

functions fj(u,N), can be equivalently re-written as linear constraints whose right
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hand side is obtained by solving a quadratic equation. This yields the problem

Q(N) G∗(N) , max
u

Āu, (4.45)

Amj u ≤
−1 +

√
1 + 4ρmBEDm

max/N

2ρm
, ∀j ∈ Nm, m ∈M1,

(4.46)

N

nm∑
j=1

(Amj u) +Nρm

nm∑
j=1

(Amj u)2 ≤ nmBEDm
mean, m ∈M2, (4.47)

Amj u ≤
−1 +

√
1 + 4ρmBEDm

dv/N

2ρm
, ∀j ∈ Nm(û, N), m ∈M3,

(4.48)

Su ≤ 0, (4.49)

u ≥ 0. (4.50)

Problem Q(N) has a linear objective and only includes linear or convex quadratic

constraints and hence it can be solved efficiently. We conclude this section by sum-

marizing our overall algorithm for approximate solution of (P ).
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Algorithm for solving (P )

1. For N = 1, 2, . . . , Nmax,

(a) solve problem P (N) as in (4.39)-(4.44) but without dose-volume con-

straints (4.42); let û denote a fluence-map that is optimal to this problem,

and let Nm(û, N), for each m ∈M3, be the set of voxels that receive the

smallest doses among the nm voxels in Om under fluence-map û;

(b) solve problem Q(N) to denote its optimal solution by u∗(N) and use its

optimal value G∗(N) to approximate the optimal value F ∗(N) of problem

P (N) formulated in (4.20)-(4.25) as F ∗(N) ≈ F̄ (N) , Nα0G
∗(N) +

Nβ0(G∗(N))2;

end the loop over N .

2. Use F̄ (N) as an approximation to F ∗(N) in (4.26) to obtain an optimal number

of fractions N∗ and use the corresponding optimal fluence-map u∗(N∗) in each

fraction.

In the next section, we apply this algorithm to ten test cases in head-and-neck

and prostate cancer. We perform sensitivity analyses and also quantify the potential

benefit of our spatiotemporally integrated approach.

4.4 Results

In this section, our computational experiments are designed to illustrate two key

points — (i) the qualitative trends in the effect of various problem parameters on the

optimal number of fractions and the corresponding optimal tumor-BE are identical

to those in our spatiotemporally separated model in Chapter 2 and also to those

in some of the earlier stylized models [44–50, 54, 55, 61, 62]; and, crucially, (ii) the

spatiotemporally integrated approach achieves a higher tumor-BE than both a model
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that uses a spatially optimized IMRT fluence-map without optimizing the number of

fractions, and our spatiotemporally separated model in Chapter 2. The first of these

two points is studied in Section 4.4.2, and it serves as an indirect validation of our

model. The second point, studied in Section 4.4.3, hints at the potential increase in

treatment efficacy, within the LQ framework, that could be obtained by solving our

integrated model instead of solving existing stylized models in the literature.

4.4.1 Description of test cases

We first describe the ten test cases that were used in our experiments. Five of these

were head-and-neck cases and the other five were prostate. All test cases were gener-

ated using our in-house phantom creator software PhanC written in MATLAB (see

Appendix A), and they were identical to the ones we used in Chapter 2. These test

cases were three-dimensional and were carefully developed to be representative of clin-

ical scenarios in terms of geometry and size. Specifically, our test cases were similar to

those discussed in [6, 85–88]. All voxels were 3× 3× 3 mm3. The beamlet resolution

was 5 × 5 mm2 in all cases. All cases used equally spaced coplanar beams (seven

for head-and-neck and five for prostate). Computer simulations were performed on

a 3.1 GHz iMac desktop with 16 GB RAM using the MATLAB convex optimization

toolbox CVX [73].

Head-and-neck cancer cases

All cases used seven beams and included spinal cord, brainstem, left and right parotids

and unspecified normal tissue between these critical organs. The total number of

voxels in the head-and-neck target and in the normal tissues, and the total number

of beamlets is shown in Table 5.1 below.

The conventional fractionation schedule was assumed to include Nconv = 35 frac-

tions. While formulating problem (P ), we included maximum dose constrains for

spinal cord, brainstem and unspecified normal tissue. A dose-volume constraint for
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case # # of beamlets (k) # of tumor voxels (n) # of normal tissues voxels

1 3910 27576 67386

2 3888 31930 67270

3 4128 36320 76160

4 3003 22372 53176

5 3256 28638 64713

Table 4.2: Description of the geometry used in head-and-neck cancer cases. This data is

identical to Chapter 2.

unspecified normal tissue was also added. Mean dose constrains were used for left

and right parotids. The tolerance dose values for various normal tissues were similar

to [1, 70–72] and identical to Chapter 2. These are listed in Table 5.2 below. All

radiobiological parameter values used are listed in Table 4.4 along with their source.

Normal tissue Dmax (Gy) Dmean (Gy) Ddv (Gy), φ

Spinal cord 45 N/A N/A

Brainstem 50 N/A N/A

Left and right parotids N/A 28 N/A

Unspecified normal tissue 77 N/A 70, 0.05

Table 4.3: Tolerance doses for various normal tissues in our head-and-neck test cases where

the dose is administered in Nconv = 35 equal-dose fractions. Recall that for dose-volume

type constraints no more than a volume fraction φ of the normal tissue can receive dose

more than Ddv. This treatment protocol is similar, for example, to [1].
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Structure parameter value(s) source

Head-and-neck tumor

α 0.35 Gy−1 [44, 47–49]

α/β {8, 10, 12} Gy [48, 65, 75]

Tdouble {2, 3, 5, 8, 10, 20, 40, 50} days [44, 48, 51, 75]

Tlag {7, 14, 21, 28, 35} days [48]

Unspecified normal tissue α/β 3 Gy [89–91]

Parotids α/β {3,4,5,6} Gy [44, 48, 51]

Spinal cord and brainstem α/β {2,3,4,5,6} Gy [44, 48, 51]

Table 4.4: Values of various radiobiological parameters used in sensitivity analyses for head-

and-neck cancer.

Prostate cancer cases

All cases used five beams and included rectum, bladder, left and right femurs and

unspecified normal tissue between these critical organs. The total number of voxels

in the prostate target and in the normal tissues, and the total number of beamlets is

shown in Table 4.5 below.

case # # of beamlets (k) # of tumor voxels (n) Number of normal tissues voxels

1 938 6180 145545

2 847 7225 326703

3 935 4628 367656

4 930 4956 314544

5 870 4840 269450

Table 4.5: Description of the geometry used in prostate cancer cases. This data is identical

to Chapter 2.
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The conventional fractionation schedule was assumed to include Nconv = 45 frac-

tions. In our formulation of problem (P ), we included a maximum dose constraint

for unspecified normal tissue, and included dose-volume constraints for all normal

tissues. There were no mean dose constraints. The dose-volume constraints for all

normal tissues were similar to [1, 70–72] and identical to Chapter 2. These are listed

in Table 4.6. All radiobiological parameter values used are listed in Table 4.7 along

with their source.

Normal tissue Ddv (Gy), φ

Rectum
50, 0.5

85, 0.05

Bladder

50, 0.5

70, 0.35

75, 0.25

80, 0.15

89, 0.05

Femurs 65, 0.05

Unspecified normal tissue 81, 0.05

Table 4.6: Dose-volume constraints for various normal tissues when dose is administered in

Nconv = 45 equal-dose fractions — no more than a volume fraction φ of the normal tissue

can receive dose more than Ddv. This treatment protocol is similar, for example, to [1].

4.4.2 Sensitivity to tumor doubling time and to time-lag before proliferation

As in previous work in this area, we found that the optimal number of fractions is

smaller for faster growing tumors as characterized by smaller values of the tumor

doubling time Tdouble. As an example, the tumor-BE is plotted against N for various
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Structure parameter value(s) source

Prostate tumor

α 0.15 Gy−1 [44, 47–49]

α/β {2, 3, 4, 6} Gy [45, 68, 69, 76]

Tdouble {5, 20, 40, 60, 80} days [45, 68, 78, 79]

Tlag {7, 14, 21, 28, 35} days [78, 79]

Unspecified normal tissue α/β 3 Gy [89–91]

Femurs α/β {3,4,5,6} Gy [45, 77, 90]

Rectum and bladder α/β {3,4,5,6} Gy [41, 45, 77, 90]

Table 4.7: Values of various radiobiological parameters used in sensitivity analyses for

prostate cancer.

values of Tdouble in Figures 4.1(a), (b) for our head-and-neck case 1 and prostate case

1. Also, the optimal tumor-BE itself is smaller for faster growing tumors.

Our simulations showed that the tumor-BE can sometimes grow very slowly with

N before it starts decreasing. We therefore tracked the smallest number of fractions

at which the tumor-BE reached 99% of its optimal value. We denote this number of

fractions by N∗99. The range∗ of this number over all combinations of tumor α/β ratios

and normal tissue α/β ratios for our five head-and-neck cases is reported in Table 4.8.

The table shows that the ranges did not change significantly across different cases.

The table also shows that for some fixed values of Tdouble, the range of N∗99 is somewhat

broad; this is especially true for slower proliferating tumors as characterized by larger

Tdouble values. These broad ranges for N∗99 resulted from our choice of a somewhat

broad range for α/β values. To further illustrate this point, we present a more detailed

set of results for head-and-neck case 1 as an example in Table 4.9. These results were

obtained for Tdouble = 10 days and Tlag = 7 days by fixing the α/β ratios for the

∗Based on our analysis in Chapter 2, 1 + Tlag is likely to be a lower bound on the optimal number of
fractions; thus, when N∗99 was smaller than 1 + Tlag, it was reset to 1 + Tlag.
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Figure 4.1: Sensitivity of the optimal number of fractions and the optimal tumor-BE to

tumor doubling time Tdouble (days) when Tlag = 7 days. (a) Head-and-neck case 1; tumor

α/β was 10 Gy, and the α/β ratio for all normal tissues was 3 Gy. (b) Prostate case 1;

tumor α/β was 6 Gy, and the α/β ratio for all normal tissues was 3 Gy.
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unspecified normal tissue, spinal cord and brainstem at 3 Gy and then varying the

α/β ratios for the two parotids over the set {3, 4, 5, 6} Gy and the α/β ratios for the

tumor over the set {8, 10, 12} Gy. The table shows that for a fixed value of parotid

α/β ratio, N∗99 increases with increasing values of tumor α/β. Similarly, for a fixed

value of tumor α/β ratio, N∗99 decreases with increasing values of parotid α/β. In

summary, N∗99 becomes larger as the relative difference between tumor and parotid

α/β grows.

Tdouble (days)

Head-and-neck case # 2 3 5 8 10 20 40 50

1 8 8-11 8-19 10-28 12-33 23-55 38-73 44-75

2 8 8-13 9-22 15-33 19-39 34-63 52-76 58-78

3 8 8-13 9-22 15-32 18-38 32-63 52-76 58-78

4 8 8-12 8-20 13-30 16-36 29-59 49-75 55-77

5 8-9 8-14 10-22 16-34 20-40 36-64 55-77 60-78

Table 4.8: Range of N∗99 across five head-and-neck cases with Tlag = 7 days and all combi-

nations of tumor and normal tissue α/β ratios.

In all prostate cases where the tumor α/β ratio was 2 or 3, it was optimal to

administer a single fraction for all combinations of α/β ratios for normal tissues as

has been noted in the existing literature on stylized models. The range of N∗99 for all

combinations of α/β ratios for normal tissues and α/β = 4, 6 for tumor is shown in

Table 4.10 for our five test cases. The table shows that the ranges did not change

significantly across different cases. To shed further light on the somewhat broad

range of N∗99 values for some fixed values of Tdouble, we present more detailed results

for prostate case 1 as an example in Table 4.11. These results were obtained by fixing

Tdouble = 30 days and Tlag = 7 days, fixing the unspecified normal tissue and femur
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tumor α/β

parotid α/β 8 10 12

3 22 29 33

4 18 25 30

5 15 22 27

6 12 20 25

Table 4.9: Range of N∗99 for head-and-neck case 1 with Tdouble = 10 days, Tlag = 7 days, and

different combinations of tumor and parotid α/β ratios with α/β for unspecified normal

tissue, spinal cord, and brainstem fixed at 3 Gy.

α/β at 3 Gy, varying the bladder and rectum α/β ratios over the set {3, 4, 5, 6} Gy,

and varying the tumor α/β ratio over the set {4, 6} Gy. As in head-and-neck, N∗99

increases with increasing relative difference between tumor and normal tissue α/β.

Tdouble (days)

Prostate case # 5 8 10 20 30 40 60 80

1 8 8-12 8-16 8-31 8-44 8-56 8-68 8-72

2 8 8-12 8-16 8-32 8-46 8-58 8-69 8-73

3 8 8-11 8-15 8-30 8-43 8-54 8-67 8-71

4 8 8-12 8-16 8-32 8-46 8-57 8-68 8-72

5 8 8-12 8-16 8-32 8-46 8-58 8-69 8-73

Table 4.10: Range of N∗99 for five prostate cases with Tlag = 7 days and α/β = 4, 6 for tumor

and all combinations of normal tissue α/β ratios.

We also investigated the sensitivity of the optimal number of fractions to Tlag.
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tumor α/β

rectum and bladder α/β 4 6

3 8 44

4 8 26

5 8 20

6 8 18

Table 4.11: Range of N∗99 for prostate case 1 with Tdouble = 30 days, Tlag = 7 days, and

different combinations of tumor, rectum and bladder α/β ratios with α/β for unspecified

normal tissue and femurs fixed at 3 Gy.

Our experiments confirmed (see Tables 4.12 and 4.13) that for small values of Tdouble

relative to Tlag, the optimal number of fractions is equal to 1 + Tlag; for larger value

of Tdouble, the optimal number of fractions is not sensitive to Tlag. As in Tables 4.8

and 4.10, the range of N∗99 did not vary across different test cases; therefore, in Tables

4.12 and 4.13, we simply listed the range of N∗99 over all head-and-neck and prostate

cases, respectively, rather than separating them case-by-case. For each Tdouble, Tlag

combination, the somewhat broad range of N∗99 again resulted from our broad range

of α/β values as previously demonstrated in Tables 4.9 and 4.11.

4.4.3 Improvement in tumor-BE

Comparison with conventional IMRT

First, we compare the tumor-BE obtained by our spatiotemporally integrated ap-

proach with that from a conventional IMRT optimization model that does not op-

timize the number of fractions. The number of fractions and the prescription dose

were fixed at Nhn
conv = 35, Dhn

presc = 70 Gy for head-and-neck cancer, and Npr
conv = 45,
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Tdouble (days)

Tlag (days) 2 3 5 8 10 20 40 50

14 15 15 15-22 15-33 15-40 22-64 38-76 44-78

21 22 22 22 22-33 22-40 22-64 38-76 44-78

28 29 29 29 29 29-33 29-55 38-73 44-75

35 36 36 36 36 36 36-55 38-73 44-75

Table 4.12: Range of N∗99 over five head-and-neck cases over all combinations of tumor and

normal tissue α/β ratios.

Tdouble (days)

Tlag (days) 5 8 10 20 30 40 60 80

14 8-15 10-15 8-16 8-32 10-46 8-58 10-69 8-73

21 8-22 8-22 8-22 8-32 10-46 10-58 10-69 8-73

28 8-29 8-29 8-29 8-32 8-46 8-58 8-69 8-73

35 8-36 8-36 8-36 8-36 8-45 8-57 8-69 8-73

Table 4.13: Range of N∗99 over five prostate cases for α/β = 4, 6 for tumor over all combi-

nations of normal tissue α/β ratios.

Dpr
presc = 81 Gy for prostate cancer similar to [1]. The IMRT optimization model min-

imized the total squared-deviation of tumor voxel doses from the prescription doses.

Maximum dose constraints for spinal cord and brainstem and mean dose constraints

for parotids with dose tolerance levels tabulated in Section 4.4.1 were included for

head-and-neck cases. Maximum dose constraints of 85, 89 and 65 Gy for rectum,

bladder, and femurs, respectively were included for the prostate cases similar to [1].

Smoothness constraints were also included in all ten cases.
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The resulting model for head-and-neck was as follows:

(HN − CONV ) min
n∑
i=1

|Ahn
i u−Dhn

presc/N
hn
conv|2

Nhn
convA

spinal
j u ≤ Dspinal

max , for all voxels j in spinal cord,

Nhn
convA

stem
j u ≤ Dstem

max , for all voxels j in brainstem,

Nhn
conv

nleft parotid∑
j=1

Aleft parotid
j u

nleft parotid

≤ Dleft parotid
mean ,

Nhn
conv

nright parotid∑
j=1

Aright parotid
j u

nright parotid

≤ Dright parotid
mean ,

Shnu ≤ 0,

u ≥ 0.

Suppose uhn is an optimal solution to this problem. Then, its tumor-BE is computed

using formula (4.2) as

Nhn
convα

hn
0 (Āhnuhn) +Nhn

convβ
hn
0 (Āhnuhn)2 − τ(Nhn

conv).

The model for prostate was as follows:

(PR− CONV ) min
n∑
i=1

|Apr
i u−Dpresc/N

pr
conv|2

Npr
convA

rectum
j u ≤ Drectum

max , for all voxels j in rectum,

Npr
convA

bladder
j u ≤ Dbladder

max , for all voxels j in bladder,

Npr
convA

left femur
j u ≤ Dleft femur

max , for all voxels j in left femur,

Npr
convA

right femur
j u ≤ Dright femur

max , for all voxels j in right femur,

Spru ≤ 0,

u ≥ 0.

Suppose upr is an optimal solution to this problem. Then, its tumor-BE is computed

using formula (4.2) as

Npr
convα

pr
0 (Āprupr) +Npr

convβ
pr
0 (Āprupr)2 − τ(Npr

conv).
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The improvements in tumor-BE obtained by our spatiotemporally integrated ap-

proach over conventional IMRT are listed in Figures 4.2(a) and (b) for head-and-neck

and prostate, respectively, for Tlag = 7 days as an example since the trends in im-

provements were not sensitive to Tlag.

Figure 4.2(a) for head-and-neck cases shows that the improvement in tumor-BE

achieved by our spatiotemporally integrated approach over conventional IMRT first

decreases and then increases with increasing values of Tdouble. Specifically, the poten-

tial benefit of our integrated approach is likely to be the largest for fast and slowly

proliferating head-and-neck tumors. In particular, the most significant benefits are

likely to be achieved for fast proliferating tumors. This overall trend is consistent with

the fact that the optimal number of fractions obtained by our integrated approach is

closest to the conventional value of 35 for moderately proliferating tumors as seen in

Table 4.8.

Figure 4.2(b) for prostate cases shows a different trend. For each case, the improve-

ment decreases with increasing values of Tdouble. The magnitude of the improvement

itself seems to be bigger than that in head-and-neck. This is because, as seen in Table

4.10, the optimal number of fractions is significantly different from the conventional

value of 45 for most parameter combinations.

A more detailed analysis of the trends in Figures 4.2(a), (b) is provided in Figures

4.3(a), (b) for head-and-neck case 1 and prostate case 1, respectively. For head-

and-neck, Figure 4.3(a) shows that, for most values of Tdouble, the spatiotemporally

integrated model achieves larger improvements over conventional IMRT for larger

values of tumor α/β when all normal tissue α/β ratios are fixed at 3 Gy. This is

because the difference between the optimal number of fractions derived from our

integrated model and the conventional value of 35 increases for larger values of tumor

α/β. For prostate, Figure 4.3(b) shows that the largest improvement is achieved when

tumor α/β is 2 or 3 Gy when all normal tissue α/β ratios are fixed at 3 Gy. This is

because, as stated earlier, a single fraction is optimal in those cases and this value is

significantly different from the conventional value of 45.
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Comparison with a spatiotemporally separated model

Second, we compare the tumor-BE achieved by our spatiotemporally integrated model

with that attained by our spatiotemporally separated model in Chapter 2. In that

model, the objective was to maximize the biological effect of average tumor dose

subject to the same dose constraints on normal tissues as in our formulation (P ).

However, there, a spatially optimized IMRT fluence-map as in Section 4.4.3 was as-

sumed to be available as input and fixed a priori ; the number of fractions was then

optimized with respect to this fluence-map using a sparing factors approach. This led

to a closed-form formula for the average tumor-dose per fraction as a function of the

number of fractions. The tumor-BE of this average tumor-dose was then character-

ized as a quasiconcave function of the number of fractions using formula (4.2). This

resulted in a simple procedure for finding an optimal number of fractions.

The improvements in tumor-BE obtained by our spatiotemporally integrated ap-

proach over the spatiotemporally separated model are plotted in Figures 4.2(c) and

(d) for head-and-neck and prostate, respectively, for Tlag = 7 days as an example. The

qualitative trend in the improvements shown in Figure 4.2(c) for our head-and-neck

cases is similar to that in Figure 4.2 (a). For our prostate cases plotted in Figure

4.2(d), the improvement is much less sensitive to Tdouble since the optimal number of

fractions obtained by our integrated approach and the separated model is similar in

most cases as this number is often 1 or 1 + Tlag.

We conclude this section by elaborating on one observation that might seem sur-

prising at first. A comparison of Figures 4.2(a) and (c) shows that the improvement

achieved by our spatiotemporally integrated approach over the spatiotemporally sep-

arated approach is sometimes larger than that over conventional IMRT. This seems

counterintuitive, because the spatiotemporally separated model uses a conventional,

spatially optimized IMRT fluence-map for a conventional number of fractions as in-

put and improves upon it by optimizing the number of fractions. Specifically, the

improvement over IMRT should be at least as large as the improvement over the spa-
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tiotemporally separated model. This intuition is correct. The apparent contradiction

is rooted in the fact that the constraints in our spatiotemporally separated model in

Chapter 2 were more conservative than in the conventional IMRT model used here.

This is because, for reasons explained in Section 5.2.2, the spatiotemporally separated

model in Chapter 2 also puts an upper bound on the average BED over all normal

tissue voxels as in this paper, whereas conventional IMRT uses an upper bound on

the average dose over all voxels.

4.5 Discussion

We built a spatiotemporally integrated model for the optimal fractionation problem

using the LQ framework. Decision variables in this formulation correspond to the

number of fractions as well as the fluence-map. We proposed an efficient, convex

programming algorithm for approximate solution of this problem. Computer simula-

tions on test cases suggest that this approach could potentially increase the tumor-BE

within the LQ framework as compared to a conventional IMRT optimization model

that does not optimize the number of fractions and also as compared to a recently pro-

posed model that separates the spatial and the temporal components of the problem.

Our sensitivity analyses provided insights into the effect of various model parameters

on the resulting solutions.

Our algorithm tackles dose-volume constraints in a simple, natural, and efficient

manner while preserving convexity. It should also be possible to use other existing

methods to handle dose-volume constraints although we did not pursue this direction

here as it is not the main focus of this paper (see, for example, the literature review

and methods in [6]). We believe that our qualitative observations in this paper will

hold for such alternative formulations.

Many alternative fractionation schedules have been tested clinically. Examples

include once daily treatment but only over weekdays and twice daily treatment only

over weekdays. Our formulation (P ) can be easily modified to accommodate such
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Figure 4.2: The average percentage improvement achieved by our spatiotemporally inte-

grated approach over: (a) IMRT for head-and-neck, (b) IMRT for prostate, (c) spatiotem-

porally separated model in Chapter 2 for head-and-neck, and (d) spatiotemporally separated

model in Chapter 2. These numbers are for Tlag = 7 days and averaged over all combinations

of tumor and normal tissue α/β ratios.
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Figure 4.3: The average percentage improvement achieved by our spatiotemporally inte-

grated approach over IMRT for: (a) head-and-neck case 1, (b) prostate case 1. These

numbers are for Tlag = 7 days with all normal tissue α/β ratios fixed at 3 for different

tumor α/β ratios as shown in the legends.

fractionation strategies by redefining function τ(N) in Equation (4.1) as described in

our previous work in Chapter 2.

Finally, one limitation of our formulation is the assumption that an identical

fluence-map is used in every session; that is, it only considers equal-dosage frac-

tionation. This is consistent with prevalent practice. However, it has been suggested

in Chapter 3 and in [80] that this may not be optimal. It would be interesting to

formulate and solve a more general version of our spatiotemporally integrated model

that allows for the fluence-map to change across sessions. The number of variables in

such a model will be an order of magnitude larger than that in our model here. We

therefore defer the development of efficient algorithms for its approximate solution to

future research.
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Chapter 5

A THEORETICAL STOCHASTIC CONTROL FRAMEWORK FOR
ADAPTING RADIOTHERAPY TO HYPOXIA

5.1 Introduction

Hypoxia, that is, an inadequate supply of oxygen in living tissue, has long been known

to adversely affect the outcome of radiotherapy in solid tumors and especially in head-

and-neck tumors [14, 15, 25, 92–98]. Specifically, hypoxia induces radioresistance in

these tumor cells and hence a higher radiation dose may be needed to achieve the

same degree of cell-kill as compared to that for well-oxygenated tumor cells.

Oxygen partial pressure within tumors varies both spatially and temporally over

the treatment course [14, 15, 97, 99, 100]. Moreover, there could be a considerable

inter-patient variation in intra-tumor oxygen partial pressure [14, 101]. Similarly,

there could be a variation in oxygen partial pressure among tumors that are otherwise

histologically identical [102]. Intensity Modulated Radiation Therapy (IMRT) can in

principle be used to selectively boost radiation dose to tumor subregions that are

known to be hypoxic with the hope of improving tumor control in individual patients

[14, 15, 21, 97, 103, 104]. However, traditionally, invasive techniques were needed

to measure spatiotemporal distribution of oxygen partial pressure in solid tumors

[97, 99–101, 105–107]. This curtailed the prevalence of such dose boosting in practice

[105].

Non-invasive functional imaging techniques are now becoming available for di-

rectly or indirectly assessing intra-tumor oxygen partial pressure and other rele-

vant biological information in vivo [13, 26, 105, 108–112]. Examples include mag-

netic resonance spectroscopic imaging (MRSI), single photon emission computed to-

mography (SPECT), and positron emission tomography (PET). For instance, 18F-

fluoromisonidazole (FMISO) is an extensively studied PET agent whose intracellular
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retention depends on oxygen concentration. FMISO was the first radiopharmaceutical

employed to quantitatively image hypoxia in human tumors with PET [102, 105, 113].

Similarly, PET imaging with the 18F-2-deoxyglucose (FDG) tracer, and MRSI with

choline/citrate ratios can be used to assess spatial distribution of tumor cell den-

sity (and hence to indirectly locate radioresistant tumor regions of high cell density)

[21, 104, 114, 115]. Research is currently ongoing to enhance the accuracy and pre-

cision of such functional imaging techniques. There seems to be hope in the medical

community that this type of imaging will become clinically viable within a decade

[14, 21, 104]. This creates the future possibility of adapting IMRT treatment plans

to the uncertain, spatiotemporal evolution of oxygen partial pressure and tumor cell

density as inferred from functional images acquired over the treatment course for

individual patients [14, 15, 21, 97, 104, 108, 116–118].

Stochastic control is the appropriate mathematical framework for rigorously for-

mulating the problem of optimally adapting IMRT plans. Thus, the aim of this

study is to estimate any potential benefits of such adaptive planning using computer

simulations of computer-generated head-and-neck cancer test cases within a general,

theoretical stochastic control framework that we originally envisioned in [23].

5.2 A theoretical stochastic control formalism

The conceptual idea in the abstract stochastic control formalism that we outlined in

[23] is to view the tumor and normal tissues as a dynamic system whose state evolution

over the treatment course is affected stochastically by the control variables chosen by

the treatment planner in different treatment sessions. The planner’s goal is to optimize

some quantitative measure of treatment efficacy. Any concrete implementation of this

abstract idea calls for precise mathematical definitions of the tumor state dynamics,

the normal tissue state dynamics, the feasible control variables, and the treatment

efficacy measure. These definitions are of course problem dependent. We formalize

them in detail in the specific context of hypoxia in this section.

We consider a treatment course with T sessions indexed by t = 1, 2, . . . , T . The
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number of beamlets in the radiation field is K and we use ut ∈ <K+ to denote the

fluence-map, that is, the beamlet intensity vector, employed in the tth treatment

session.

5.2.1 Tumor state dynamics

In our model, the tumor state includes the cell density and oxygen partial pressure in

all tumor voxels as observed in functional images taken prior to a treatment session.

The tumor is assumed to include n equal-volume voxels (each with volume ν) indexed

by i = 1, 2, . . . , n. Let A denote the n×k tumor dose deposition coefficient matrix and

let Ai denote its ith row that corresponds to the ith tumor voxel. That is, according

to the linear dose deposition model, Aiu
t is the dose deposited in the ith tumor voxel

in the tth session. Let xti denote the tumor cell density in tumor voxel i as assessed

from a functional image acquired at the beginning of the tth session.

We model the evolution of tumor cell density in each voxel using the standard

linear-quadratic (LQ) dose-response model from radiobiology [11]. Let αti and βti

denote the radiosensitivity parameters of the LQ model in session t for tumor voxel

i. The dependence of these radiosensitivity parameters on oxygen partial pressure

is characterized using the standard notion of Oxygen Enhancement Ratio (OER)

[14, 97, 98]. Specifically, let yti denote the oxygen partial pressure in tumor voxel i

as assessed from a functional image acquired at the beginning of session t. Then, we

have, for i = 1, 2, . . . , n,

αti =
α

OERα

(
ytiOERα + κ

yti + κ

)
, and (5.1)

βti =
β

(OERβ)2

(
ytiOERβ + κ

yti + κ

)2

, (5.2)

where α and β are radiosensitivity parameters under well-oxygenated conditions, and

OERα, OERβ, and κ are other parameters of the OER model. The tumor cell dy-

namics are then given by the standard LQ formula

xt+1
i = xti exp(−αti(Aiut)− βti(Aiut)2), i = 1, 2, . . . , n. (5.3)
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As in [15, 94], we ignore the effect of tumor proliferation for notational simplicity; it

can, however, be incorporated without any changes to our methodology.

Currently, quantitative data on voxel-by-voxel spatiotemporal evolution of oxygen

partial pressure over the treatment course are not available. In addition, as stated

above, there is an inter-tumor and an inter-patient uncertainty in this evolution. We

therefore model the stochastic, spatiotemporal evolution of oxygen partial pressure

using a random walk as an example. Specifically, we assume that the oxygen partial

pressure evolves according to

ln yt+1 = ln yt + θt. (5.4)

Here, θt ∈ <n is stochastic noise that we assume to be independent across t with

zero mean and with a spatial covariance matrix Σ. Thus (5.4) can also be seen as

a first order vector autoregressive process. This particular choice for modeling par-

tial pressure evolution is mainly for concreteness. It seemed more realistic than the

current approach in the theoretical literature of sampling hypoxia values as indepen-

dent and identically distributed random variables over space and time [119]. This

random walk has the added benefit that the resulting probability distribution of oxy-

gen partial pressure well-approximates the lognormal distribution (existing clinical

studies have employed the lognormal distribution to fit oxygen partial pressure data

[101, 106, 119]). Our stochastic control formalism can be easily generalized to any

Markovian model of oxygen partial pressure evolution. In fact, as we shall see in

Remark 5.3.1, our treatment plan optimization algorithm is model-free in that it does

not actually require an explicit model of hypoxia evolution. In this sense, our ran-

dom walk model here serves as a means to simulate hypoxia evolution on a computer

within our theoretical framework so that we could test our optimization algorithm

without real hypoxia images.

In summary, the cell density vector xt , (xt1, . . . , x
t
n) ∈ <n+ and the oxygen partial

pressure vector yt , (yt1, . . . , y
t
n) ∈ <n+ define the tumor states in our model with

dynamics given by Equations (5.3) and (5.4).
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5.2.2 Control variables and normal tissue dynamics

The control variables in our stochastic control formalism correspond to the fluence-

maps ut employed in different treatment sessions. Feasible fluence-maps are subject

to maximum dose, mean dose and dose-volume constraints on serial and parallel

normal tissues. To explicitly model the temporal component of the problem, these

constraints are expressed in terms of biologically effective dose (BED) equivalents.

We also include smoothness constraints on the fluence-maps. The details of these

components of our formulation are described in this section.

Let O1, O2, . . . , OM denote the M different normal tissues under consideration.

Let M = {1, . . . ,M} be the set of indices of these normal tissues. For m ∈ M, let

nm denote the number of voxels in Om. These voxels are indexed by j = 1, 2, . . . nm.

Let Nm denote the set {1, 2, . . . , nm} of these voxels. All normal tissue voxels are

assumed to have equal volume. Let Am be the nm×K, non-negative dose deposition

matrix for Om. Let Amj be the jth row of this matrix; this is the row that corresponds

to the jth voxel in Om. That is, Amj u is the dose delivered to the jth voxel in Om in

each session. Let αm and βm be the parameters of the LQ model for normal tissue Om

and we define ρm , 1/(αm/βm). Then, the BED corresponding to the dose delivered

to the jth voxel in Om in the tth session is given by

(Amj u
t) + ρm(Amj u

t)2. (5.5)

The set of feasible fluence-maps in session t is defined through BED and smoothness

constraints as described next.

Maximum BED constraints for serial normal tissues

Let M1 ⊆ M be the set of indices of serial normal tissues for which we wish to

include maximum dose constraints. These are the normal tissues whose function is

hampered even when a small region is damaged by radiation. For example, maximum

dose constraints are included on the spinal cord in head-and-neck cancer. Suppose for

any m ∈M1, that a total dose Dm
max is known to be tolerated by each voxel in Om if
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administered in Nm
conv equal-dose fractions. The BED corresponding to this schedule

equals

BEDm
max = Dm

max(1 + ρm(Dm
max/N

m
conv)). (5.6)

We use the standard approach of comparing normal tissue BED. In particular, let

zt,mj denote the BED of doses delivered to voxel j in Om in the first t − 1 sessions.

Then, a dose of (Amj u
t) can be tolerated by the jth voxel in Om in session t if

zt,mj + (Amj u
t) + ρm(Amj u

t)2 ≤ BEDm
max, j = 1, 2, . . . , nm. (5.7)

Thus, for each m ∈M1, we define the BED vectors zt,m , (zt,m1 , . . . , zt,mnm
) as the state

of Om at the beginning of session t.

Mean BED constraints for parallel normal tissues

Let M2 ⊆ M be the set of indices of parallel normal tissues for which we wish

to include mean dose constraints. These are the normal tissues where a sufficiently

small portion can be damaged without affecting the organ function. For example,

mean dose constraints are included on the parotid glands in IMRT for head-and-neck

cancer. Suppose for any m ∈ M2, that mean dose Dm
mean is known to be tolerated

by Om if administered in Nm
conv equal-dose fractions. The BED corresponding to this

mean dose is given by

BEDm
mean = Dm

mean(1 + ρm(Dm
mean/N

m
conv)). (5.8)

Let vt,m denote the mean BED over all voxels in Om of doses delivered in the first

t− 1 sessions. These will be included among our normal tissue state variables. Then,

doses (Amj u
t) delivered to voxels j ∈ Nm in session t can be tolerated by Om if

vt,m +

nm∑
j=1

(Amj u
t) + ρm

nm∑
j=1

(Amj u
t)2

nm
≤ BEDm

mean. (5.9)

Thus, for each m ∈ M2, we define the mean BED vt,m as the state of Om at the

beginning of session t.
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Dose-volume constraints for parallel normal tissues

Let M3 ⊆ M be the set of indices of normal tissues with dose-volume constraints.

Examples include rectum, bladder, and lung. In particular, suppose for any m ∈M3,

that no more than a volume fraction φm of normal tissue Om can receive a dose more

than Dm
dv if administered in Nm

conv fractions. The BED of total dose Dm
dv administered

in Nm
conv equal-dosage fractions is given by

BEDm
dv = Dm

dv(1 + ρm(Dm
dv/N

m
conv)). (5.10)

Let wt,mj denote the BED of doses delivered to voxel j in Om in the first t−1 sessions.

Since all voxels in Om have equal volume, the volume fraction is the same as the voxel

fraction. For each m ∈ M3 and for j = 1, 2, . . . , nm, we thus define binary-valued

functions fmj (ut;wt,m) such that

fmj (ut;wt,m) =

1 if wt,m + (Amj u
t) + ρm(Amj u

t)2 > BEDm
dv,

0 if wt,m + (Amj u
t) + ρm(Amj u

t)2 ≤ BEDm
dv.

(5.11)

In words, fmj (ut;wt,m) is one if the BED resulting after delivering dose by fluence-map

ut to voxel j exceeds the tolerance BEDm
dv; fmj (ut;wt,m) is zero otherwise. We use the

integer Km to denote bnmφmc, that is, the largest integer that is at most nmφm. Then,

the dose-volume constraints are expressed as

nm∑
j=1

fmj (ut;wt,m) ≤ Km, m ∈M3. (5.12)

These constraints ensure that there are at most Km voxels for which wt,m + (Amj u
t) +

ρm(Amj u
t)2 > BEDm

dv; in other words, there are at least nm − Km voxels for which

wt,m + (Amj u
t) + ρm(Amj u

t)2 ≤ BEDm
dv. Thus, for each m ∈ M3, we define the BED

vectors wt,m , (wt,m1 , . . . , wt,mnm
) as the state of Om at the beginning of session t.

Fluence-map smoothness constraints

Finally, to ensure that the intensity profile is deliverable in practice using a multi-leaf

collimator, we put a smoothness constraint on each radiation field similar to Chapter
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4 [83, 84]. In particular, for each radiation field, we bound the absolute relative

difference between intensities of each pair of nearest neighbor beamlets by a fraction

ξ. Then the smoothness constraints can be written compactly in matrix format as

Su ≤ 0, (5.13)

where S is a block diagonal matrix with entries −(1 + ξ), (1 − ξ), −1, 0, +1 at

appropriate locations.

Set of feasible fluence-map policies

Recall that the states of various normal tissues at the beginning of treatment session

t are denoted by zt,m for m ∈ M1, vt,m for m ∈ M2, and wt,m for m ∈ M3,

respectively. Let |M1|, |M2|, and |M3| denote the cardinalities of sets M1, M2,

andM3, respectively. We now define the more compact normal tissue state notation

#»z t , (zt,1, . . . , zt,|M1|), #»v t , (vt,1, . . . , vt,|M2|), and #»w t , (wt,1, . . . , wt,|M3|). Thus,

the combined state of all normal tissues is written as [ #»z t; #»v t; #»w t]. The set of feasible

fluence-maps in session t depends on this normal tissue state through constraints (5.7),

(5.9), and (5.12). The set of fluence-maps ut ∈ <K+ that satisfy these constraints as

well as the smoothness constraint (5.13) is denoted by U t([ #»z t; #»v t; #»w t]) ⊂ <K+ . Then,

in the standard language of the stochastic control literature [120], a feasible policy

assigns a fluence-map from the set U t([ #»z t; #»v t; #»w t]) to every possible combination

of tumor and normal tissue states [xt; yt; #»z t; #»v t; #»w t] in each treatment session t =

1, 2, . . . , T . We denote the set of such feasible policies by P and generic policies in

this set by π.

5.2.3 Bellman’s equations of dynamic programming

As in [23? ], we use the total number of tumor cells remaining (TNTCR) as our

treatment efficacy measure. That is, our goal is to minimize the TNTCR, which is
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given by

TNTCR ,
n∑
i=1

νxT+1
i . (5.14)

Note that this perhaps less familiar objective is equivalent to the more common ob-

jective of maximizing tumor control probability (TCP); this is because the negative

natural logarithm of TCP equals TNTCR. We employ the TNTCR objective here

because it turns out to be algebraically less cumbersome than TCP while writing

our models and our convexity proof in Lemma 5.3.3. Moreover, when the initial cell

density is equal in all tumor voxels, which is an assumption we will later make, as

in [94], in our simulation experiments, the improvement in TNTCR achieved by one

solution method over another does not depend on the value of this initial cell density;

this is not the case with TCP. This feature of TNTCR made it appealing for us as

compared to the TCP. Finally, numerical calculations with TNTCR on our computer

platform also seemed more reliable and less ill-conditioned than those with TCP.

Now recall that the initial state is given by [x1; y1; z1; v1;w1]; in fact, note that

all components of z1, v1, and w1 are zero since no dose is delivered prior to the

first session. Let J1
π([x1; y1; z1; v1;w1]) denote the TNTCR achieved by the end of

the treatment course if policy π ∈ P is implemented through the treatment course

starting in state [x1; y1; z1; v1;w1] at the beginning of the first session. The problem

of minimizing the TNTCR can then be formulated as the stochastic control problem

J1
∗ , min

π∈P
J1
π([x1; y1; z1; v1;w1]). (5.15)

The standard approach for solving such problems, at least in principle, is to employ

Bellman’s backward recursive algorithm of dynamic programming [120]. In order to

present this algorithm, we define the optimal TNTCR-to-go functions J t([xt; yt; zt; vt;wt])

for all possible states [xt; yt; zt; vt;wt] and for t = 1, 2, . . . , T+1. Specifically, J t([xt; yt; zt; vt;wt])

is interpreted as the minimum TNTCR reached at the end of the treatment course

given that the state at the beginning of session t is [xt; yt; zt; vt;wt]. These functions

can in principle be obtained by solving, in the backward order t = T, T −1, . . . , 1, the
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non-linear stochastic optimization problems

J t([xt; yt; zt; vt;wt]) = min
ut∈Ut([zt;vt;wt])

Eθt
(
J t+1([xt+1; yt+1; zt+1; vt+1;wt+1])

)
, (5.16)

subject to

xt+1
i = xti exp(−αti(Aiut)− βti(Aiut)2), i = 1, 2, . . . , n, (5.17)

ln yt+1 = ln yt + θt, (5.18)

zt+1,m
j = zt,mj + (Amj u

t) + ρm(Amj u
t)2, j = 1, 2, . . . , nm, m ∈M1, (5.19)

vt+1,m = vt,m +

nm∑
j=1

(Amj u
t) + ρm

nm∑
j=1

(Amj u
t)2

nm
, m ∈M2, (5.20)

wt+1,m
j = wt,mj + (Amj u

t) + ρm(Amj u
t)2, j = 1, 2, . . . , nm, m ∈M3, (5.21)

for all possible states [xt; yt; zt; vt;wt] starting with the boundary condition

JT+1([xT+1; yT+1; zT+1; vT+1;wT+1]) =
n∑
i=1

νxT+1
i . (5.22)

The fluence-maps ut ∈ U t([zt; vt;wt]) that achieve the minimum in (5.16) then define

an optimal policy for the stochastic control problem (5.15).

Unfortunately, for our problem, this backward algorithm is not implementable

in practice because it requires that the minimization in (5.16) be performed for an

uncountable number of states. Thus a state discretization would be necessary, which

is again computationally impractical due to the curse of state-space dimensionality

[121]. Moreover, even if such a state discretization were possible, each minimization

in a discrete version of (5.16) would require the solution of a non-linear stochastic

programming problem which itself is impractical due to the curse of action-space

dimensionality [121]. Thus, as in [23], we instead consider an approximate dynamic

programming technique called Certainty Equivalent Control [120] that exploits the

structure of our stochastic control problem and does not require discretization.
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5.3 Solution method: Certainty Equivalent Control

Certainty Equivalent Control (CEC) [120] is an easy to implement approximation

technique for stochastic control problems. It begins by assuming that all future noise

in the problem is replaced by its nominal values, for example, the expected values,

thus leading to a deterministic control problem. This control problem is then solved

to obtain an optimal sequence of controls for all future periods. However, only the

control obtained for the first period is implemented while the others are discarded.

The system then evolves stochastically to the next state and the process is repeated

until the terminal course is completed. Thus, in one complete run of CEC, a total

of T deterministic control problems are solved; the first one includes T sessions, the

second includes T − 1 sessions, and ultimately, the last one involves only one session.

Certainty Equivalent Control

INITIALIZE: Set t = 1 and begin with a given initial state [x1; y1; z1; v1;w1].

DO WHILE t ≤ T ,

1. let the state at the beginning of session t be [xt; yt; zt; vt;wt];

2. fix the oxygen partial pressure vectors yt, yt+1, . . . , yT at some “nominal” values

ŷt, ŷt+1, . . . , ŷT . Substitute these in expressions (5.1) and (5.2) to obtain nominal

radiosensitivity parameters α̂ti, α̂
t+1
i , . . . , α̂Ti and β̂ti , β̂

t+1
i , . . . , β̂Ti for tumor voxels

i = 1, 2, . . . , n;

3. for each m ∈M3 and for j = 1, 2, . . . , nm, define binary-valued functions

gmj (ut, ut+1, . . . , uT ;wt,m) =


1 if wt,m +

T∑
l=t

[(Amj u
l) + ρm(Amj u

l)2] > BEDm
dv,

0 if wt,m +
T∑
l=t

[(Amj u
l) + ρm(Amj u

l)2] ≤ BEDm
dv;

(5.23)
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4. solve the deterministic optimization problem

(Pt) min
n∑
i=1

νxti

T∏
l=t

exp(−α̂li(Aiul)− β̂li(Aiul)2) (5.24)

subject to

T∑
l=t

[(Amj u
l) + ρm(Amj u

l)2] ≤ BEDm
max − z

t,m
j , j = 1, 2, . . . , nm, m ∈M1,

(5.25)

T∑
l=t

[
nm∑
j=1

(Amj u
l) + ρm

nm∑
j=1

(Amj u
l)2] ≤ nmBEDm

mean − nmvt,m, m ∈M2,

(5.26)
nm∑
j=1

gmj (ut, ut+1, . . . , uT ;wt,m) ≤ Km, m ∈M3, (5.27)

Sul ≤ 0, l = t, t+ 1, . . . , T, (5.28)

ul ≥ 0, l = t, t+ 1, . . . , T ; (5.29)

to obtain an optimal sequence of fluence-maps ut∗, u
t+1
∗ , . . . , uT∗ ;

5. discard ut+1
∗ , ut+2

∗ , . . . , uT∗ and use fluence-map u∗t in session t;

6. calculate αti and βti via expressions (5.1)-(5.2) using the imaged hypoxia values

yti , for i = 1, 2, . . . , n; update tumor cell density and normal tissue states using

u∗t as

xt+1
i = xti exp(−αti(Aiut∗)− βti(Aiut∗)2), i = 1, 2, . . . , n, (5.30)

zt+1,m
j = zt,mj + (Amj u

t
∗) + ρm(Amj u

t
∗)

2, j = 1, 2, . . . , nm, m ∈M1, (5.31)

vt+1,m = vt,m +

nm∑
j=1

(Amj u
t
∗) + ρm

nm∑
j=1

(Amj u
t
∗)

2

nm
, m ∈M2, (5.32)

wt+1,m
j = wt,mj + (Amj u

t
∗) + ρm(Amj u

t
∗)

2, j = 1, 2, . . . , nm, m ∈M3; (5.33)

7. sample θt from its probability distribution and set ln yt+1 = ln yt + θt;
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8. update t← t+ 1.

END DO

Remark 5.3.1. If this CEC approach were implemented in practice, the fluence-map

ut∗ would be employed in the tth session and then the imaged oxygen partial pressure

vector yt evolves stochastically to a new state yt+1 that is again imaged at the beginning

of the t + 1st session. Consequently, an explicit model for oxygen partial pressure

evolution, such as our random walk model, is not needed. Specifically, Step 7 in the

above algorithm is then not needed; this step is needed in our computer simulation of

this physical process based on our stochastic model of oxygen partial pressure evolution.

Remark 5.3.2. We emphasize that only one cell density image is needed in order to

implement the CEC approach above in practice. This cell density image is acquired at

the beginning of the treatment course wherein the planner can observe the initial cell

density x1. All subsequent cell densities are then calculated, when needed, via formula

(5.30) using radiosensitivity parameters αti and βti obtained by the OER expressions

(5.1)-(5.2) using the imaged hypoxia values yti , for i = 1, 2, . . . , n. In fact, if we

assume that the initial tumor cell density is homogeneous across all tumor voxels, that

is, if x1
i = c, for i = 1, 2, . . . , n, where c is some fixed cell density value, then even

an initial cell density image is not needed. This is because c factors out from all our

objective functions and thus has no effect on the fluence-maps obtained by our solution

method. As such, the value of c is not needed anywhere by the above algorithm. It is

for this reason that we call the above algorithm “CEC with hypoxia images” in

Section 5.4 below.

It remains to choose nominal values of oxygen partial pressure vectors in Step 2 of

the loop over sessions t and then to devise an efficient procedure for solving problem

(Pt). We do this in the next section.
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5.3.1 Efficient solution of problem (Pt)

Exact solution of (Pt), as formulated in the above CEC algorithm, is computationally

intractable. It is well-known in the IMRT literature that dose-volume constraints are

some of the most difficult to handle [6]. Even without the dose-volume constraints

(5.27), (Pt) is a non-convex problem because although the constraints are convex,

the objective function is in general not. In realistic instances of (Pt), the number of

beamlets K is likely to equal a few thousand [6]. With T = 35 (this is the number

of fractions typical in current treatment guidelines [1]), this implies that (Pt) can

include about a hundred thousand variables. Also, the number of constraints can be

in the tens of thousands depending on the total number of normal tissue voxels [6].

We therefore propose an efficient procedure for approximate solution of (Pt).

The first step is to choose nominal values for oxygen partial pressures. Since the

partial pressure map yt is already available in the state as observed in the functional

image acquired prior to treatment session t, we set ŷt = yt. Moreover, if the treat-

ment planner were not to re-plan in subsequent sessions, it is natural to plan the

remaining sessions assuming that oxygen partial pressures in the subsequent sessions

will be as seen in the image at the beginning of session t. As a result, we also set

ŷt+1 = ŷt+2 = . . . = ŷT = yt. Now, given that the nominal values of oxygen partial

pressures in all remaining sessions are chosen to be identical, and in fact equal to

yt, we denote them by ŷ for simplicity. This also implies that the radiosensitivity

parameters α̂ti, α̂
t+1
i , . . . , α̂Ti and β̂ti , β̂

t+1
i , . . . , β̂Ti can be simply denoted by α̂i and β̂i,

where, from formulas (5.1) and (5.2), we have,

α̂i =
α

OERα

(
ŷiOERα + κ

ŷi + κ

)
, and (5.34)

β̂i =
β

(OERβ)2

(
ŷiOERβ + κ

ŷi + κ

)2

, (5.35)

for tumor voxels i = 1, 2, . . . , n. Now, since the tumor’s dose-response parameters

are time-invariant, it is natural, although not necessarily optimal (see Chapter 3 and
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[80]), to search for equal-dosage treatment plans. That is, we set ut = ut+1 = . . . = uT

and simply call these fluence-maps u. Note that this thought is also consistent with

the current practice of using identical fluence-maps in all sessions. This simplifies

problem (Pt) to

(Qt) min
n∑
i=1

νxti exp(−(T − t+ 1)(α̂i(Aiu) + β̂i(Aiu)2)) (5.36)

subject to

(T − t+ 1)[(Amj u) + ρm(Amj u)2] ≤ BEDm
max − z

t,m
j , j = 1, 2, . . . , nm, m ∈M1,

(5.37)

(T − t+ 1)[
nm∑
j=1

(Amj u) + ρm

nm∑
j=1

(Amj u)2] ≤ nmBEDm
mean − nmvt,m, m ∈M2,

(5.38)
nm∑
j=1

gmj (u, u, . . . , u;wt,m) ≤ Km, m ∈M3, (5.39)

Su ≤ 0, (5.40)

u ≥ 0. (5.41)

Moreover, since Amj u ≥ 0, constraints (5.37) can be equivalently rewritten as linear

constraints wherein the right hand side is obtained by solving a quadratic equation.
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This yields the equivalent problem

(Qt) min
n∑
i=1

νxti exp(−(T − t+ 1)(α̂i(Aiu) + β̂i(Aiu)2)) (5.42)

subject to

Amj u ≤
−1 +

√
1 + 4ρm(BEDm

max − z
t,m
j )/(T − t+ 1)

2ρm
, j = 1, 2, . . . , nm, m ∈M1,

(5.43)

(T − t+ 1)[
nm∑
j=1

(Amj u) + ρm

nm∑
j=1

(Amj u)2] ≤ nmBEDm
mean − nmvt,m, m ∈M2,

(5.44)
nm∑
j=1

gmj (u, u, . . . , u;wt,m) ≤ Km, m ∈M3, (5.45)

Su ≤ 0, (5.46)

u ≥ 0. (5.47)

The dose-volume constraints (5.45) in problem (Qt) are still difficult to tackle. We

therefore propose a constraint generation approach to surmount this difficulty.
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Constraint generation method

In particular, we first solve (Qt) but without constraints (5.45). This problem is given

by

(Q̂t) min
n∑
i=1

νxti exp(−(T − t+ 1)(α̂i(Aiu) + β̂i(Aiu)2)) (5.48)

subject to

Amj u ≤
−1 +

√
1 + 4ρm(BEDm

max − z
t,m
j )/(T − t+ 1)

2ρm
, j = 1, 2, . . . , nm, m ∈M1,

(5.49)

(T − t+ 1)[
nm∑
j=1

(Amj u) + ρm

nm∑
j=1

(Amj u)2] ≤ nmBEDm
mean − nmvt,m, m ∈M2,

(5.50)

Su ≤ 0, (5.51)

u ≥ 0. (5.52)

Suppose û is an optimal solution to problem (Q̂t). Then, for each m ∈ M3, we

find nm − Km voxels that receive the smallest doses among the nm voxels in Om

under fluence-map û. Let subset N t
m(û) ⊆ Nm denote this group of voxels. We then

re-solve (Qt) but this time by replacing the dose-volume constraints with tolerance

limits on all voxels in the set N t
m(û). Finally, we note that these tolerance limits can

be equivalently re-written as linear constraints whose right hand side is obtained by
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solving a quadratic equation. That is, this problem is given by

(Q̄t) min
n∑
i=1

νxti exp(−(T − t+ 1)(α̂i(Aiu) + β̂i(Aiu)2)) (5.53)

subject to

Amj u ≤
−1 +

√
1 + 4ρm(BEDm

max − z
t,m
j )/(T − t+ 1)

2ρm
, j = 1, 2, . . . , nm, m ∈M1,

(5.54)

(T − t+ 1)[
nm∑
j=1

(Amj u) + ρm

nm∑
j=1

(Amj u)2] ≤ nmBEDm
mean − nmvt,m, m ∈M2,

(5.55)

Amj u ≤
−1 +

√
1 + 4ρm(BEDm

dv − w
t,m
j )/(T − t+ 1)

2ρm
, j ∈ N t

m(û), m ∈M3,

(5.56)

Su ≤ 0, (5.57)

u ≥ 0. (5.58)

In the next section, we describe a log-barrier interior point algorithm for solving (Q̂t)

and (Q̄t).

Log-barrier interior point algorithm for solving (Q̂t) and (Q̄t)

Since problems (Q̂t) and (Q̄t) are identical in structure, we present the interior point

algorithm only for (Q̂t). Before proceeding, we equivalently re-write (Q̂t) in a more

compact and convenient form. In particular, we use numbers bmj , for j = 1, 2, . . . , nm

and m ∈ M1 to denote the right hand sides in constraint (5.49). Similarly, we use

positive definite matrices Qm, matrices Pm, and numbers rm to compactly write the
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quadratic constrains (5.50). That is, we have,

(Q̂t) min
n∑
i=1

νxti exp(−(T − t+ 1)(α̂i(Aiu) + β̂i(Aiu)2)) (5.59)

subject to

Amj u− bmj ≤ 0, j = 1, 2, . . . , nm, m ∈M1, (5.60)

u′Qmu+ Pmu− rm ≤ 0, m ∈M2, (5.61)

Su ≤ 0, (5.62)

u ≥ 0. (5.63)

Lemma 5.3.3. Problem (Q̂t) as formulated in (5.59)-(5.63) is convex if α2 ≥ 2β and

OERα ≤ OERβ. This convexity property also holds for (Q̄t).

Proof. The constraints in (Q̂t) are linear and convex quadratic. So it only remains to

show that the objective function is convex if α2 ≥ 2β and OERα ≤ OERβ. That is,

we need to show that
n∑
i=1

νxti exp(−(T − t + 1)(α̂i(Aiu) + β̂i(Aiu)2)) is convex. Since

a non-negative linear combination of convex functions is convex, it suffices to show

that exp(−(T − t + 1)(α̂i(Aiu) + β̂i(Aiu)2)) is convex for each i. To prove this, we

first establish an intermediate claim below.

Claim: For all real numbers a ≥ 0 and b ≥ 0, the single variable function h(z) =

exp(−az − bz2) is convex over z ≥ 0 if a2 ≥ 2b.

Proof of Claim: Observe that

dh

dz
= −(a+ 2bz) exp(−az − bz2), and (5.64)

d2h

dz2
= (a+ 2bz)2 exp(−az − bz2)− 2b exp(−az − bz2) = exp(−az − bz2)(a2 + 4abz + 4b2z2 − 2b).

(5.65)

Therefore, because a ≥ 0 and b ≥ 0, d2h
dz2

is non-negative (and hence h(·) is convex)

over z ≥ 0 when a2 ≥ 2b. Since composition of a convex function with an affine

mapping is convex (see Section in [64]), and since Aiu ≥ 0 for all u ≥ 0, we have that

exp(−(T − t + 1)(α̂i(Aiu) + β̂i(Aiu)2)) is convex over u ≥ 0 for each i if α̂2
i ≥ 2β̂i.
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From formulas (5.34) and (5.35), we see that α̂2
i ≥ 2β̂i if

α2(ŷiOERα + κ)2

OER2
α

≥ 2β(ŷiOERβ + κ)2

OER2
β

. (5.66)

After algebraic simplification, this yields that α̂2
i ≥ 2β̂i if α2 ≥ 2β and OERα ≤

OERβ.

Fortunately, this sufficient condition for convexity is met for the values of α, β,OERα,OERβ

currently available in the clinical literature for head-and-neck cancer. Consequently,

as discussed in [64], the log-barrier interior point algorithm with Newton’s method

with backtracking line search is particularly suitable for solving (Q̂t) and (Q̄t). Dif-

ferent components of this algorithm are described in various sections of [64] and we

refer the interested reader to that book for a rigorous convergence analysis of such

algorithms. We present this algorithm here using our notation for completeness.

For any log-barrier parameter µ > 0, the log-barrier function for problem (5.59)-

(5.63) is given by

φ(u;µ) ,
n∑
i=1

νxti exp(−(T − t+ 1)(α̂i(Aiu) + β̂i(Aiu)2))− (1/µ)
( ∑
m∈M1

nm∑
j=1

ln(bmj − Amj u)+

∑
m∈M2

ln(rm − Pmu− u′Qmu) +
K∑
k=1

lnuk +
L∑
l=1

ln(−Slu)
)
. (5.67)

The idea (see Algorithm 11.1 on page 569 of [64]) then is to use Newton’s procedure

(Algorithm 9.5 on page 487 of [64]) to solve a sequence of unconstrained problems

minφ(u;µη) for a strictly increasing and divergent sequence of parameters {µη}∞η=1.

We use ∇φ(u;µ) and ∇2φ(u;µ) to denote the gradient and Hessian of φ(u;µ) with

respect to the decision variables u ∈ <K . The step-size δ in Newton’s method is

chosen by performing a backtracking line search (Algorithm 9.2 on page 464 of [64])

with parameters 0 < p < 0.5 and 0 < q < 1. Finally, note that the total number of

constraints in (Q̂t) is K + L + |M2| +
∑

m∈M1

nm and we use C to denote this integer

in our stopping condition below.
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Log-barrier interior point algorithm

INITIALIZE: Set η = 1 and begin with an initial guess fluence-map u in the interior

of the feasible region of (Q̂t). Set tolerance to ε and pre-select a strictly increasing

sequence of log-barrier parameters µη →∞.

DO WHILE C/µη ≥ ε

λ2 ,∞.

DO WHILE λ2/2 > ε

∆u , −∇2φ(u;µη)∇φ(u;µη), and λ2 , −(∇φ(u;µη))
′∆u.

δ = 1.

DO WHILE φ(u+ δ∆u;µη) > φ(u) + pδ∇φ(u;µη)∆u

δ = qδ.

END DO

u , u+ δ∆u.

END DO

η ← η + 1.

END DO

TERMINATE: Report fluence-map u as an optimal solution to (Q̂t).

5.3.2 A streamlined version of CEC

Based on the above discussion, we propose the following simplified version of CEC

for approximate solution of our stochastic control problem.

Streamlined CEC

INITIALIZE: Set t = 1 and begin with a given initial state [x1; y1; z1; v1;w1].

DO WHILE t ≤ T ,

1. let the state at the beginning of session t be [xt; yt; zt; vt;wt];

2. fix the oxygen partial pressure vectors yt, yt+1, . . . , yT all at yt and call this ŷ.

Substitute ŷ in Equations (5.34) and (5.35) to obtain nominal radiosensitivity

parameters α̂i and β̂i for tumor voxels i = 1, 2, . . . , n;
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3. solve problem (Q̂t) using the log-barrier interior point algorithm that uses New-

ton’s method along with a line search procedure (see Section 5.3.1 above) to

obtain an optimal fluence-map û and, for each m ∈ M3, let N t
m(û) ⊆ Nm de-

note the subset of nm−Km voxels that receive the smallest doses among the nm

voxels in Om under fluence-map û;

4. solve problem (Q̄t) using the log-barrier interior point algorithm that uses New-

ton’s method along with a line search procedure (see Section 5.3.1 above) to

obtain an optimal fluence-map u∗ and use it in session t;

5. calculate αti and βti via expressions (5.1)-(5.2) using the imaged hypoxia values

yti , for i = 1, 2, . . . , n; update tumor cell density and normal tissue states using

u∗ as

xt+1
i = xti exp(−αti(Aiu∗)− βti(Aiu∗)2), i = 1, 2, . . . , n, (5.68)

zt+1,m
j = zt,mj + (Amj u∗) + ρm(Amj u∗)

2, j = 1, 2, . . . , nm, m ∈M1, (5.69)

vt+1,m = vt,m +

nm∑
j=1

(Amj u∗) + ρm
nm∑
j=1

(Amj u∗)
2

nm
, m ∈M2, (5.70)

wt+1,m
j = wt,mj + (Amj u∗) + ρm(Amj u∗)

2, j = 1, 2, . . . , nm, m ∈M3; (5.71)

6. sample θt from its probability distribution and set ln yt+1 = ln yt + θt;

7. update t← t+ 1.

END DO

This CEC method assumes that a hypoxia image is acquired at the beginning

of every treatment session. Another alternative is to not use hypoxia images but

instead acquire cell density images at the beginning of every session. Note that,

after a few treatment sessions, hypoxia information is at least indirectly included in

the cell density image because hypoxic regions are radioresistant, and hence, ceteris

paribus, are likely to have a higher cell density. One change that is needed to the
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above CEC algorithm in this case is in Step 2 of the DO WHILE loop over t ≤ T —

since a hypoxia image is not acquired, we do not know the oxygen partial pressure

values yt and hence we cannot employ Equations (5.1) and (5.2) to calculate the

values of α̂i and β̂i; we thus instead simply use the constant values α and β under

well-oxygenated conditions. Another change is in Step 5 — since the values of αti

and βti cannot be calculated, we cannot use the update (5.68) to calculate the next

cell density vector xt+1. Instead, this cell density is directly observed in an image

acquired at the beginning of the t+1st session. Consequently, we call this alternative

approach “CEC with cell density images” below.

In the next section, we apply the CEC methodology developed here to five head-

and-neck cancer test cases.

5.4 Results

We first describe the five test cases that were used in our simulation experiments.

All test cases were generated using our in-house software Phantom Creator (PhanC)

written in MATLAB (documentation provided as supplementary material not for

publication). These test cases were three-dimensional and were carefully developed

to be representative of clinical scenarios in terms of geometry. Specifically, our test

cases were similar to those we used in Chapter 4, which were in turn similar in

structure to those in [6, 85–88]. All cases used seven equally spaced coplanar beams

and the beamlet resolution was 5 × 5 mm2. All voxels were 5 × 5 × 5 mm3 leading

to ν = 125mm3. We acknowledge that this voxel size is somewhat larger than what

is used in the clinic today. This size helped us efficiently run hundreds of computer

simulations to derive qualitative insights that we believe should hold independently

of the voxel size. Another practical issue in any future clinical implementation is that

the voxel resolution used in IMRT planning is likely to be finer than what is detectable

with reasonable accuracy in a functional image. Since our tumor states correspond to

voxel-by-voxel information acquired from functional images, we preferred to employ

a coarser voxel resolution so as to avoid using a tedious notation that would account
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for two different resolutions in our problem formulation.

All cases included spinal cord, brainstem, left and right parotids and unspecified

normal tissue between these critical organs. The total number of voxels in the head-

and-neck target and in the normal tissues, and the total number of beamlets is shown

in Table 5.1 below.

case # # of beamlets (k) # of tumor voxels (n) # of normal tissues voxels

1 1680 9096 17040

2 1485 6384 15360

3 1500 7248 16536

4 1584 7350 13850

5 1746 8640 21720

Table 5.1: Description of the geometry used in head-and-neck cancer cases.

The conventional fractionation schedule was assumed to include Nconv = 35 frac-

tions. We included maximum dose constrains for spinal cord, brainstem and unspec-

ified normal tissue. A dose-volume constraint for unspecified normal tissue was also

added. Mean dose constrains were used for left and right parotids. The tolerance dose

values for various normal tissues were similar to [1, 70–72] and are listed in Table 5.2

below.

Dose-response parameter estimates were chosen from the existing clinical literature

[38, 44, 47–49, 51, 65, 75]. Head-and-neck tumor was assumed to exhibit α = 0.35

Gy−1 and β = 0.035 Gy−2 under well-oxygenated conditions. The α/β ratios for all

normal tissues were fixed at 3 Gy. Parameters OERα, OERβ, and κ were fixed at 2.5,

3, and 3.28 mm Hg, respectively, as in [14, 97, 98]. Note that the two sufficient con-

ditions for convexity in Lemma 5.3.3 hold for this choice of parameters. All computer

simulations were performed on a 3.1 GHz iMac desktop with 16 GB RAM.

The stochastic vectors θt were assumed to be independent across treatment sessions



135

Normal tissue Dmax (Gy) Dmean (Gy) Ddv (Gy), φ

Spinal cord 45 N/A N/A

Brainstem 50 N/A N/A

Left and right parotids N/A 28 N/A

Unspecified normal tissue 77 N/A 70, 0.05

Table 5.2: Tolerance doses for various normal tissues in our head-and-neck test cases where

the dose is administered in Nconv = 35 equal-dose fractions. Recall that for dose-volume

type constraints no more than a volume fraction φ of the normal tissue can receive dose

more than Ddv.

and to have a multivariate normal distribution with zero mean. Intuitively, tumor

voxels that are close to each other should have similar oxygen partial pressures. This

was captured by using a distance-based covariance matrix Σ for each θt. Suppose Dij

denotes the distance between tumor voxels i and j. We used two standard covariance

functions from spatiotemporal statistics [122] to define matrix Σ: the exponential

function and the rational-quadratic function. That is, the entries σij of matrix Σ

were obtained by

σij = exp(−Dij/σ) (5.72)

for the exponential case, and by

σij =

(
1 +

D2
ij

2σ

)−σ
(5.73)

for the rational-quadratic case, where σ > 0 is a parameter of these functions. Note

that other researchers have also used different distance-based (deterministic) models

of hypoxia evolution [14, 118], and our thought process here is similar to theirs.

Finally, the initial cell density was fixed at the normalized value of 1 in all tumor

voxels since our results below do not depend on this value as long as it is invariant

across voxels. This assumption of homogeneous initial cell density is also made in

[94], and in fact can be easily relaxed without any change to our solution procedure
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here.

We first compare the TNTCR values attained by three different methods for all

five test cases. The first method, which we see as the base case or the conventional

approach, is static; that is, it does not acquire any images, and hence does not adapt

to hypoxia either directly or indirectly. In particular, we simply solved problem Q1

once at the beginning of the treatment session with tumor radiosensitivity values

fixed at α = 0.35 Gy−1 and β = 0.035 Gy−2, and used the resulting fluence-map

vector in all sessions. The second method employed CEC with hypoxia images and

the third method employed CEC with cell density images as described above. For

each test case, we performed two sets of 30 simulations each. For one set, we used

the exponential covariance function and for the second set, we used the rational-

quadratic function. The σ value was fixed at 0.1 for all simulations (we also tried a

few other values of σ, but our qualitative conclusions were identical in all cases, so

we report results for only one value here). We compared the average TNTCR over 30

simulations for these three methods. The percentage improvements of the two CEC

methods over the static method were computed as follows:

Percentage improvement =

30∑
sim=1

TNTCRstatic
sim −

30∑
sim=1

TNTCRCEC
sim

30∑
i=1

TNTCRstatic
sim

× 100. (5.74)

The improvement numbers are reported in Table 5.3. Figures 5.1(a) and (b) show

the improvement in TNTCR for each simulation for all cases, for the exponential

and rational-quadratic covariance functions, respectively, when only hypoxia images

are used. Similarly, Figures 5.2(a) and (b) show the improvement in TNTCR for all

cases, for the exponential and rational-quadratic covariance functions, respectively,

when only cell density images are used.

Table 5.3, and Figures 5.1 and 5.2 show that adapting the treatment plan to the

spatiotemporal evolution of hypoxia, either directly via hypoxia images or indirectly
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Percentage improvement in TNTCR

Exponential covariance, σ = 0.1 rational-quadratic covariance, σ = 0.1

case # hypoxia images cell density images hypoxia images cell density images

1 14% 13% 24% 22%

2 63% 62% 66% 63%

3 60 % 59% 59% 58%

4 13% 11% 26% 24%

5 45% 42% 46% 42%

Table 5.3: Improvement in average TNTCR obtained by CEC over the static approach for

exponential and rational-quadratic covariance functions.
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Figure 5.1: Improvement in TNTCR obtained by CEC using hypoxia images over the

static approach for: (a) exponential covariance function, (b) rational-quadratic covariance

function.

via cell density images, led to an improvement in average TNTCR for both covariance

functions; in fact, adaptive treatment led to a better TNTCR in every simulation.
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Figure 5.2: Improvement in TNTCR obtained by CEC with cell density images over the

static approach for: (a) exponential covariance function, (b) rational-quadratic covariance

function.

The improvements were essentially identical no matter whether hypoxia images

were used or cell density images were used. This seems to corroborate our original

belief that sufficient information about the spatiotemporal evolution of hypoxia might

be included in cell density images. A potential clinical implication of this could be

that the treatment planner might be able rely on other logistical and technological

considerations in choosing which images to use in future practice.

There was a marked difference in the improvement achieved by CEC, with both

covariance functions, for cases 1 and 4 as compared to cases 2, 3 and 5. Specifically,

the improvement for cases 1 and 4 was smaller than that for cases 2, 3 and 5. We

believe that this can be explained based on the difference in the geometry of these

cases. The spinal cord and brainstem were much closer to the tumor in cases 1 and

4 than in cases 2, 3 and 5. This implies that cases 2, 3 and 5 inherently had more

leeway for improvement via better treatment planning; as such, cases 2, 3 and 5 were



139

“easier”.

A careful comparison of Figure 5.1(a) with Figure 5.1(b) shows that the variance

in improvements across different simulations was higher with the rational-quadratic

covariance function than the exponential one. Similarly for Figures 5.2(a) and (b). We

believe that this is rooted in the fact that the rational-quadratic covariance decreases

with increasing distance at a slower rate than the exponential function. This means

that the oxygen partial pressure in distant voxels tends to be more correlated in the

rational-quadratic case thus leading to a higher variance in improvements.

We wanted to study the root-cause of the improvements achieved by CEC over the

static method. Intuitively, it should be that CEC is better able to spatiotemporally

redistribute dose based on observed images. This is verified by Figures 5.3, 5.4, 5.5,

and 5.6. Specifically, Figures 5.3 and 5.4 show that the average dose (over all tumor

voxels) delivered by CEC in various treatment sessions was different and in fact was

higher in almost every simulation than that delivered by the static method. The CEC

dose showed an upward trend over treatment sessions. This temporal dose boost can

be explained, for example in the case of cell density images, as follows. Both the CEC

and static methods start out with an identical dose distribution in the first treatment

session. As treatment progresses, the CEC method, which gets the opportunity to

re-plan, discovers that there is room for higher doses that will reduce the TNTCR

while still protecting the normal tissues; it thus administers these higher doses in later

sessions. Figures 5.5 and 5.6 further elaborate this point by contrasting the spatial

distribution of the doses delivered by CEC in each simulation against that delivered

by the static method, for cases 3 and 2 with the rational-quadratic and exponential

covariance functions, respectively.

Finally, we employed a random walk model to simulate the spatiotemporal evolu-

tion of oxygen partial pressure in this paper. In lieu of actual hypoxia images, it is

therefore important to validate that this simulation method generates a reasonable
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Figure 5.3: The average (over all tumor voxels) dose (Gy) per session delivered by CEC

with hypoxia images in each one of the 30 simulations over 35 treatment sessions in case

1: (a) exponential covariance function (b) rational-quadratic covariance function. The solid

flat line shows the constant dose (Gy) delivered by the static method in every session.

distribution of hypoxia. Toward this end, as an example, we show histograms of the

hypoxia distribution generated over different treatment sessions in one simulation for

case 2 with the exponential covariance function in Figure 5.7. The figure shows that

the shape of the hypoxia distribution does indeed look lognormal, and in fact, as the

treatment progresses, matches with the shapes shown in [101, 106, 118, 119] based on

clinical literature as well as simulation studies. Histograms of the corresponding αti

and βti values are also shown in Figures 5.8 and 5.9. The spikes in the histograms near

100mm Hg are somewhat artificial because we truncated the partial pressure values

at 100mm Hg. We believe that this truncation has essentially no effect on our results

since the radiosensitivity parameters αti and βti asymptotically and monotonically ap-

proach their well-oxygenated values of 0.35 Gy−1 and 0.035 Gy−2, respectively, as the

oxygen partial pressure increases. In fact, these parameters are already close to their
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Figure 5.4: The average (over all tumor voxels) dose (Gy) per session delivered by CEC

with cell density images in each one of the 30 simulations over 35 treatment sessions in case

1: (a) exponential covariance function (b) rational-quadratic covariance function. The solid

flat line shows the constant dose (Gy) delivered by the static method in every session.

well-oxygenated values at 100mm Hg. The specific value of 100 was chosen from the

histograms shown in [94, 119].

5.5 Conclusions and discussion

We applied the general stochastic control formalism for dynamic radiotherapy plan-

ning from [23] to hypoxia. We developed in detail a concrete implementation of an

approximate control method called CEC by specifically tailoring it to our problem.

This method involved the solution of a sequence of convex optimization problems;

dose-volume constraints were tackled via a simple constraint generation procedure.

We implemented two versions of this CEC method. One used (simulated) hypoxia

images and hence adapted to the spatiotemporal evolution of hypoxia directly; the
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other used (simulated) cell density images and thus adapted indirectly. The evolu-

tion of oxygen partial pressure was simulated using a first order vector autoregressive

process with a distance-based covariance matrix from the literature in statistics. This

simulation approach led to partial pressures that followed a lognormal distribution

as observed in the clinical literature. The effect of hypoxia on tumor-radiosensitivity

was modeled using the well-known OER approach from radiobiology.

We performed computer simulations to quantify any potential benefits of dynam-

ically redesigning the fluence-maps based on hypoxia or cell density information ac-

quired over the treatment course. Our simulations suggest that such dynamic planning

could offer an improvement over static planning. This conclusion is similar in essence

to t [15, 94] using dynamic planning to treat a canine patient and also to that in

[14, 118] using more stylized (spherical) models of hypothetical tumors.

Significant challenges would need to be overcome, however, before any future clin-

ical implementation of our theoretical approach. Potential benefits of adaptive plan-

ning are likely to depend crucially on the accuracy of the functional images used.

There is hope that functional imaging technology will continue to improve over the

next few decades; this could impact the value of adaptive planning. Ultimately, clin-

ical trials will need to be run to assess the benefits of adapting to hypoxia. We hope

that computer simulation studies, such as the one we presented here, would help guide

the design of such trials.
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Figure 5.5: The dose (Gy) delivered by CEC with hypoxia images and by the static method

in various treatment sessions for case 3 with the rational-quadratic covariance function.
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Figure 5.6: The dose (Gy) delivered by CEC with cell density images and by the static

method in various treatment sessions for case 2 with the exponential covariance function.
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Figure 5.7: A histogram of oxygen partial pressure in different tumor voxels for various

treatment sessions for case 2 with the exponential covariance function.
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Figure 5.8: A histogram of tumor alpha values (Gy−1) over different tumor voxels for various

treatment sessions for case 2 with the exponential covariance function.
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Figure 5.9: A histogram of tumor beta values (Gy−2) over different tumor voxels for various

treatment sessions for case 2 with the exponential covariance function.
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Chapter 6

OPTIMAL LEARNING OF TUMOR RESPONSE

6.1 Introduction

In all previous chapters of this dissertation, as well as in other existing work in this

area [22–24], the overarching assumption is that the distribution of uncertainty in

tumor-response parameters is known to the treatment planner, perhaps based on

population estimates. In the radiation oncology community, there has been a recent

surge of excitement generated by the future possibility of using tumor-images acquired

over the treatment course to learn patient-specific parameter distributions [123]. The

ultimate goal in this context is to learn a tumor’s response while optimally dosing a

patient over the treatment course. In this chapter, we provide the first mathematical

framework as an initial step toward this goal. Our work here falls within the fast-

growing field of optimal learning, where a decision-maker chooses good-quality actions

while learning his/her environment; we refer the reader to [124] for a survey/tutorial.

We continue to use the same notation as in Chapter 5. Recall that the tumor-

response parameters for voxel i in session t are given by αti and βti , and we use

ρti , βti/α
t
i. There is a large body of clinical literature that reports good population-

based estimates of this so-called α over β ratio. So we assume that this ratio is a

fixed constant r but the patient-specific uncertainty in response is captured by the

radiosensitivity parameter αti. Then, the tumor-cell dynamics in session t are written

as

xt+1
i = xti exp(−αti[(Aiut) + r(Aiut)

2]), i = 1, 2, . . . , n. (6.1)

As is prevalent in the existing literature [22–24], we assume that αti are random vari-

ables that are independent and identically distributed across t and i. For concreteness,

we assume that these random variables follow a Categorical distribution with k cat-



149

egories denoted by the vector ~b , (b1, b2, . . . , bk) and the corresponding probability

vector ~p , (p1, p2, . . . , pk). That is, the probability that αti takes a value bj equals

pj, for j = 1, 2, . . . , k. Now, if this probability vector were known to the treatment

planner, the Bellman’s equations for the stochastic control problem of minimizing the

expected TNTCR would be given by

J t([xt; zt; vt;wt]) = min
ut∈Ut([zt;vt;wt])

E~p

(
J t+1([xt+1; zt+1; vt+1;wt+1])

)
, (6.2)

subject to

xt+1
i = xti exp(−αti[(Aiut) + r(Aiu

t)2]), i = 1, 2, . . . , n, (6.3)

zt+1,m
j = zt,mj + (Amj u

t) + ρm(Amj u
t)2, j = 1, 2, . . . , nm, m ∈M1, (6.4)

vt+1,m = vt,m +

nm∑
j=1

(Amj u
t) + ρm

nm∑
j=1

(Amj u
t)2

nm
, m ∈M2, (6.5)

wt+1,m
j = wt,mj + (Amj u

t) + ρm(Amj u
t)2, j = 1, 2, . . . , nm, m ∈M3, (6.6)

for all possible states [xt; zt; vt;wt] starting with the boundary condition

JT+1([xT+1; zT+1; vT+1;wT+1]) =
n∑
i=1

νxT+1
i . (6.7)

Again, for the reasons discussed in Chapter 5, this problem is not computationally

tractable. Consequently, a much simpler, yet still intractable, version of this problem

was studied using CEC in [22, 23]. Here, our goal is to study a more difficult version

of this problem, where the distribution ~p is not known to the decision maker.

Specifically, we pursue a Bayesian approach to tackle this optimal learning prob-

lem. We assume that the treatment planner has a Dirichlet prior with hyperparameter

vector generically written as ~a = (a1, a2, . . . , ak) on the unknown Categorical distri-

bution ~p. A key benefit of this approach is that the Dirichlet distribution is conjugate

to the Categorical distribution. This means that the posterior distribution, after ob-

serving each tumor-voxel’s response, is also Dirichlet and furthermore, the posterior

hyperparameters are obtained via a simple update formula. In particular, if the hy-

perparameters at the beginning of session t are given by ~at = (at,1, at,2, . . . , at,k), and
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if the realized values of the random variables αti in that session are such that cj of the

values belong to category j for j = 1, 2, . . ., then the posterior hyperparameters are

simply given by ~at+1 = (at,1 + c1, at,2 + c2, . . . , at,k + ck). Note that the realized values

of the random variables αti are not observed but rather are calculated by inverting

Equation (6.1) given xt,i, xt+1,i, and ut. In this calculation process, which we call

“information update”, xt and xt+1 are observed in images and ut is chosen by the

decision maker. As such, this conjugate prior property allows us to simply use the

hyperparameters as the information state in a Bayesian stochastic control problem

whose Bellman’s equations are written as

J t([~at;x
t; zt; vt;wt]) = min

ut∈Ut([zt;vt;wt])
E~at

(
J t+1([~at+1;xt+1; zt+1; vt+1;wt+1])

)
, (6.8)

subject to

xt+1
i = xti exp(−αti[(Aiut) + r(Aiu

t)2]), i = 1, 2, . . . , n, (6.9)

~at+1 = ~at + ~c, (6.10)

zt+1,m
j = zt,mj + (Amj u

t) + ρm(Amj u
t)2, j = 1, 2, . . . , nm, m ∈M1, (6.11)

vt+1,m = vt,m +

nm∑
j=1

(Amj u
t) + ρm

nm∑
j=1

(Amj u
t)2

nm
, m ∈M2, (6.12)

wt+1,m
j = wt,mj + (Amj u

t) + ρm(Amj u
t)2, j = 1, 2, . . . , nm, m ∈M3, (6.13)

for all possible states [~at;x
t; zt; vt;wt] starting with the boundary condition

JT+1([~aT+1;xT+1; zT+1; vT+1;wT+1]) =
n∑
i=1

νxT+1
i . (6.14)

Since the original clairvoyant problem (6.2) is computationally intractable, its

Bayesian learning modificiation in (6.8) is also intractable. We therefore again resort

to CEC for its approximate solution. Unlike the problem studied in [22, 23] and the

problem studied in Chapter 5, the present optimal learning problem has two sources

of uncertainty — one in the tumor-response parameter and the other in the treatment

planner’s belief about the distribution of this parameter. In each session, our CEC
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approach derives a deterministic nonlinear problem by replacing both these uncer-

tainties with their expected values. Specifically, in session t, the treatment planner

chooses the fluence-map ut by assuming that the components p1, p2, . . . , pk of the

Categorical probability vector ~p equal the corresponding component-expectations of

the current Dirichlet belief, and that the tumor-response parameter equals the ex-

pected value of this resulting Categorical distribution. That is, the treatment planner

solves a T − t + 1-session deterministic nonlinear problem by assuming that for all

subsequent treatment sessions l = t, t + 1, . . . , T , αl,i =
k∑
j=1

pjbj, where pj =
at,j
k∑

j=1
at,j

for j = 1, 2, . . . , k. This deterministic nonlinear problem is identical in structure to

the one in Chapter 5 and we therefore solve it using the interior point methodology

described in detail there. The fluence-map so obtained is implemented and then the

system stochastically evolves to the next state. The process continues until the end

of the treatment session.

6.2 Numerical results

In this section, we use test case 1 from Chapter 5 to numerically test the performance

of the aforementioned CEC approach. This case includes spinal cord, brainstem, left

and right parotids and unspecified normal tissue between these critical organs. The

tolerance doses for various normal tissues for this case were similar to the ones in

Chapter 5. The α/β ratios for all normal tissues were fixed at 3 Gy and the α/β for

tumor is fixed at r = 10.We assume that αti variables follow a Categorical distribution

with k = 15 categories with ~b = (0.1, 0.11, 0.12, · · · , 0.6). We used three probability

vectors for the categorical distribution. The first one is based on a normal distri-

bution between 0.1 and 0.5 with 0.35 and 0.25/3 for mean and standard deviation,

respectively. The second and third probability factors are based on beta distributions,

Beta(6,8) and Beta(2,6). Figure 6.1 shows this probability vector values.

We compare the TNTCR values attained by two different methods for this head-

and-neck test case. In the first method, we assume that the probability vector for
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Figure 6.1: Three different probability vectors for tumor dose response parameter

the categorical distribution is known. In the second method, we learn the probability

vector while optimizing dose over the treatment course. We compared the average

TNTCR over 10 simulations for these two methods. Figure 6.3 shows the process of

learning the probability vectors over 35 treatment sessions for one simulation.

The percentage difference between the TNTCR of both methods is shown in Figure

6.3. This percentage difference was computed as follows:

Percentage difference =

∣∣∣∣ 10∑
sim=1

TNTCRCEC
sim −

10∑
sim=1

TNTCRknown
sim

∣∣∣∣
10∑
i=1

TNTCRknown
sim

× 100. (6.15)

The TNTCR achieved while learning the distribution of the tumor dose-response

parameter is only about 7.7% different on average over 10 simulations than the

TNTCR when we know the distribution of the tumor dose-response parameter.

6.3 Conclusions

We developed a framework based on Bayesian dynamic programming to learn a

patient-specific distribution of tumor-response uncertainty over the treatment course
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Figure 6.2: Learning the probability vector over 35 treatment sessions for normal and beta

distributions

while simultaneously optimizing fluence-maps. Specifically, we assumed that a partic-

ular tumor-response parameter has a Categorical distribution and that the decision

maker uses a Dirichlet prior on this Categorical distribution. We then exploited the

conjugate property of the Categorical-Dirichlet pair to formulate a Bayesian dynamic
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Figure 6.3: Percentage difference between the TNTCRs for 10 simulations for normal and

beta distributions

programming formulation of our optimal learning problem. We then extended the

approximate control scheme from Chapter 5 to efficiently tackle this problem. We

showed via computer simulations on one head-and-neck test case that we were able to

efficiently learn the tumor-response parameter distribution over the treatment course.

Our simulations suggest that the TNTCR attained by our learning approach is close

to that obtained by a hypothetical, idealized, clairvoyant algorithm.
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Chapter 7

FUTURE WORK

There are several potentially fruitful directions for extending the research reported

in this dissertation. We briefly outline them in this chapter.

It was shown in Chapter 3, in the context of our spatiotemporally separated model,

that it may be suboptimal to use an equal-dosage or a single-dosage solution. It was

recently shown by example in [80], in the context of a spatiotemporally integrated

model, that equal-dosage solutions could be suboptimal. Unfortunately, a spatiotem-

porally integrated formulation of a problem that allows the fluence-maps to change

across fractions is computationally difficult to solve. This is because the number of

variables, which number already in the thousands in the equal-dosage formulation, is

dozens of times larger in the non-stationary formulation. It would thus be interesting

to devise approximate solution techniques to solve such problems by extending our

convex programming method from Chapter 4.

The α and β values for both the tumor and the normal tissues were assumed to

be known in Chapter 2, 3, and 4. It would be interesting to relax this assumption by

formulating robust counterparts of these models. Specifically, it would be interesting

to study whether the two-variable linear programming formulation from Chapter 3

can be utilized in exact or approximate solution of its robust counterpart. Moreover,

it might be worthwhile to investigate a robust formulation and corresponding solution

methods for our spatiotemporally integrated model from Chapter 4.

Lastly, our formulations of the optimal fractionation problem in Chapter 2, 3,

4 focussed on the deterministic case. When tumor-response is uncertain, it will be

interesting to consider optimal stopping variants of these formulations. The basic

groundwork for this idea was laid in [22] and its benefits were demonstrated using sim-
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ulations on small-scale examples. In the future, it may be fruitful to implement these

ideas on more full-scale problems as in Chapter 4, and in fact, compare the tumor-

biological effect attained by such optimal stopping extensions with those achieved by

the deterministic approach.
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Appendix A

PHANC: A MATLAB SOFTWARE FOR CREATING PHANTOM
TEST CASES ON A COMPUTER

This document describes how to generate the dose coefficient matrix A in PhanC

software. Accurate dose calculation in the region of interest within a body resulting

from a treatment field requires significant computation time, typically in the order

of minutes. Beamlet intensity (fluence map) optimization involves a number of dose

calculations at various optimization stages, and therefore it is widely used to approx-

imate the dose calculation using a dose deposition coefficient matrix A in order to

speed the optimization process. Suppose that there are N voxels in the region of in-

terest and K beamlets in the treatment fields. A voxel is a small 3D segment within

a body and a beamlet is a small 2D segment of treatment fields. Then the dose D is

approximated by

D = Au, (A.1)

D ∈ R+
N , A ∈ R+

N×K , u ∈ R+
K , (A.2)

where uj is the jth beamlet intensity, and Aij is the dose deposited in voxel i from the

jth beamlet with unit intensity. Therefore, Di is the dose deposited in voxel i from

all K beamlets. It should be noted that Aij does not represent the actual dose from

such a small beamlet, where the lateral electronic equilibrium lacks. The accurate

dose in voxel i cannot be obtained by summing the dose from each small beamlet

in the treatment field since the beam profile of an individual beamlet is different

from that of a broad beam. Our goal is to achieve a reasonable D using the above

linear approximation with matrix A. Accurate dose calculation must follow for clinical

treatment plans, which is beyond the scope of this document.
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A.1 Input data

The starting point in to create the ultimate matrix A is to import and load an image of

the internal anatomies including the cancerous targets, and nearby unspecified normal

tissue and organ(s)-at-risk (OAR). OARs are healthy anatomies, such as the spinal

cord or heart, that are close to the cancerous regions and need to be spared as much

as possible. The required geometrical information is obtained using an anatomical

image such as Computed Tomography (CT) or a Magnetic Resonance Imaging (MRI)

scan. Once a CT or MRI scan is taken, a physician can contour the relevant tumor

volume and delineate the critical organs close to the cancerous regions. This geometry

information of the region of interest in patient’s body can be stored as a 3D Geometry

matrix, G, which is the first input for PhanC. Each entry inG represents a voxel within

patient’s body. Value of each entry in matrix G shows the voxel type, which can be

either tumor, organ at risk or unspecified normal tissue between organs. These values

are defined as following:

• Tumor voxels: −1 should be used in G to represent the tumor voxels.

• OAR voxels: Integer numbers from 1 to the number of OARs should be used to

show different OARs. For example, in head and neck cancer, if we consider four

ORAs: spinal cord, brain stem, right and left parotid, then integer numbers 1

to 4 should be used to show the voxels belong respectively to these organs.

• Unspecified normal tissue voxels: To show the voxels between different organs

(OARs and tumor), −4 should be used.

Construction of matrix G is the initial step in providing the inputs for PhanC and

constructing the ultimate matrix A. Once the user constructs the matrix G with

above mentioned specification, it should be saved under the name and file extension

”G.mat” in the main directory(This file will be used later while running the code).
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The rest of the inputs are provided step-by-step via the Graphic User Interface (GUI).

The instruction for filling each row of this GUI is as follows:

Figure A.1: PhanC Graphic User Interface (GUI)

• Number of beamplanes: In this box, user should insert number of radiation

fields that is determined to deliver the radiation.

• Angle of beamplanes: This box is for the angles from which to deliver the

radiation. The input could be just one number or a vector of numbers depending

on the number of beam planes. The user should enter the angles as a coefficient

of π. As an example, if the chosen angles are [π/4, π/2, π, 3π/2], the input should

be 1/4,1/2,1,3/2.

• Beam resolution: This input represents the length of each beamlet in cm. For

example, if the size of each beamlet is 5 x 5 mm2, the input should be 0.5.
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• Voxel resolution: Similar to the previous box, this box is for each voxel size.

For instance, if the size of each voxel is 3 x 3 x 3 mm3, the input should be 0.3.

• Number of OARs: Finally, the last box is to enter the number of organ(s)-

at-risk which user has included for this case.

A.2 Method

Consider a geometry shown in Figure A.2, where d1 represents the distance from the

source to the body surface and d2 is the distance from the source to the voxel of

interest, i. Then Aij is given by

Aij = TMR(d2 − d1)×DF (d2)×OF (Seq)× SF, (A.3)

where each factor in the above equation is as explained below. Note that it is normal-

ized so that it yields 1cGy at dmax (depth at which the dose achieves its maximum

along the beam central axis), where the distance from the 10cm x 10cm radiation field

to dmax is set to 100cm. This is identical to the calibration condition for the linear

accelerators in practice.

Figure A.2: Geometry to calculate the dose deposition coefficients, Aij , in matrix A
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• TMR: Tissue maximum ratio (TMR) is the ratio of the dose at an arbitrary

depth to the dose at dmax from 10cm x 10cm radiation field size. The distance

from the radiation field to the point of measurement is constant at 100cm.

Therefore, TMR is a function of depth and photon energy. Note that TMR

is normalized so that it is unity at dmax.

• DF: Distance factor (DF) is to account for the fact that the dose is inversely

related to the square of distance since TMR is measured at 100cm whereas the

dose calculation is done at d2 from the source. It is defined as DF =
(

100
d2

)2

.

• OF: Output factor (OF) is the ratio of the dose from an arbitrary field size to

the dose from 10cm x 10cm field size at dmax. An arbitrary field size is converted

to its equivalent square (Seq) with which the OF was measured. Seq is the square

that has the same 4×Area
Perimeter

as the original arbitrary field size, see Table A.1.

• SF: Scaling factor (SF) is applied to account for the penumbra of the treatment

field, and is dependent on the depth of a voxel, i.e., d2 − d1. Let E1 and E2

denote the set of beamlets that are located outermost and second outermost

respectively. All other beamlets are considered as interior beamlets denoted by

I as shown in Figure A.3. For each voxel i, primary beamlets, Pi, are defined as

the set of beamlets that are within the specified distance from the orthogonal

projection of a voxel i to the beam plane.

For the beamlet j ∈ I, SF is unity if j is the primary beamlet of the voxel

i, and zero otherwise. For the beamlets in E1 and E2, SF is provided by the

measured penumbra profiles from 10cm x 10cm radiation field at various depths

(d2 − d1). In profiles, x axis represents the distance from the beamlet j (outer

side for j ∈ E1 and inner side for j ∈ E2 - see Figure A.3(c)) to the orthogonal

projection of the center of the voxel i to the beam plane, and y axis is the

relative dose normalized to the dose at the center of the field. Using E1 and E2
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ensures that the edge of the field corresponds to 50% of the dose at the center

of the field, and the dose outside the radiation field is approximated using the

measured profile.

All measured profiles are obtained from the data using University of Washington

Medical Center, Elekta Synergy C machine with 6 MV.

In summary, SF is given by

SF(i, j, d2 − d1)

=



1 ∀ j ∈ I, and j ∈ Pi
0 ∀ j ∈ I, and j /∈ Pi

profile (See Figure A.4, blue curve) ∀j ∈ E1, and j ∈ Pi
0 ∀j ∈ E1, and j /∈ Pi

profile (See Figure A.4, red curve) ∀j ∈ E2


.

(a) Beam plane (b) (c)

Figure A.3: Definition of (a) interior and exterior beamlets (b) primary beamlets Pi for

voxel i (c) x-axis in profiles
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Figure A.4: Measured penumbra from 10cm x 10cm field at various depths

A.3 Validation

The cube phantom with a size of 20 × 20 × 20 (cm3) was created. The isodose

distributions at 1.5 (6MV dmax), 5, 10, and 15 (cm) depths from the field size of

10 × 10, 20 × 20, 30 × 30(cm2) with unit radiation intensities were calculated using

PhanC and compared with the measured profiles.

Plots should show “calculated (dashed line)” vs “measured (solid line)” in the

same plot - errors are estimated by the maximum difference in percentage (flat area)
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or the distance to match (high gradient area)



165

Field size, cm Output factor (OF) at dmax

2 0.913

3 0.933

4 0.948

5 0.957

6 0.970

7 0.976

8 0.987

9 0.992

10 1.000

11 1.003

12 1.011

13 1.015

14 1.021

15 1.024

20 1.044

25 1.053

30 1.062

35 1.065

40 1.066

Table A.1: OF is the ratio of the dose from an arbitrary field size to the dose from 10cm x

10cm field size at dmax
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