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Entanglement between valence quarks and the sea in hadrons is shown to be deeply connected

to important features of QCD, namely chiral symmetry breaking and confinement. The sea

degrees of freedom can be traced over to give a reduced density matrix, and it is shown that

the resulting entanglement entropy acts as an order parameter of chiral symmetry breaking

and potentially confinement in the nucleon. A general decomposition of the nucleon state in

components labeled by definite chiral transformation properties is considered. In particular,

the most general expression of the nucleon state in the chiral basis with three valence quarks

is constructed, consistent with known QCD constraints, and its properties are studied. In

the chiral basis, the nucleon state is naturally a bipartite system where all non-valence spin

can be traced over to give a reduced density matrix for the valence spin. It is shown that

the resulting entanglement entropy acts as an order parameter of chiral symmetry breaking

on the null-plane. In the large-Nc limit, the entanglement entropy is minimized and the

valence spin accounts for all of the nucleon spin, while in the limit of maximal entanglement

entropy, the nucleon loses all memory of the valence spin and is therefore entirely accounted

for by the non-valence spin. This suggests that the small observed valence content of the

proton spin is a signature of strong entanglement in the nucleon between the valence quarks

and the sea. The nucleon state vector in the chiral basis, fit to low-energy data, gives a

valence spin content consistent with experiment and lattice QCD determinations, and has



large entanglement entropy.

Entanglement between valence and sea quarks in 1+1d QCD is also considered. While

predecessors to QCD such as the parton model had a clear distinction between valence

and sea particles, the Fock state expansion of a hadron gives no unambiguous definition

of which quarks are valence quarks and which belong to the parton sea aside from their

flavor. A rigorous definition of valence-sea (VS) entanglement in QCD is developed, which

is consistent with the observation that it vanishes in the large-Nc limit and will remain

low when finite-Nc states resemble their large-Nc counterparts. We perform a numerical

study of VS entanglement in 1+1 dimensional discrete light-cone quantized QCD, and in the

process develop a method for building the color-singlet basis of 1+1d QCD that is manifestly

complete and orthogonal by construction. We find that the VS entanglement entropy for

the first few excited states of both mesons and baryons is relatively low compared to all

other states in the spectrum, with the VS entropy of ground state hadrons providing a

minimum. We also see that for ground state mesons the entropy is well described in the

1/Nc approximation. These results suggest that low energy hadrons may be the only QCD

bound states for which the large-Nc expansion, and perhaps the parton model, provide an

accurate description. This work also provides evidence that the VS entanglement entropy of

QCD in 3+1d, which would likely serve as an order parameter for the QCD phase transition,

may be perturbatively accessible through a large-Nc expansion, and we develop a qualitative

picture of what the VS entanglement entropy of nucleons in real QCD may look like.
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Chapter 1

INTRODUCTION

The study of nuclear physics is the study of the strong nuclear force. It is called the

”strong” nuclear force because at a distance of 1 femtometer or more it is orders of magnitude

larger than the other three fundamental forces. This interaction is relevant for a class of

subatomic particles called hadrons, which includes protons, neutrons, and pions. All atomic

nuclei are composed of hadrons, and the vast majority of the mass of any atom comes from

this nucleus. In turn, hadrons themselves are composite states which are bound together due

to the strong interaction, and the masses of hadrons are primarily due to the energy stored

in the interactions. The forces that bind atomic nuclei together are also described by this

interaction, as a residual force mediated by light hadrons called pions [1].

In the theory of the strong interactions, fundamental particles called quarks interact via

a fundamental force that is mediated by particles called gluons. These are the only particles

that interact this way because they carry a color charge, which is similar to how particles

with electric charge interact through exchanges of photons. One big difference between the

strong force and electromagnetism are that quarks have three different types of color charge,

simply called ”colors”, along with another three anti-charges of anti-quarks, whereas the

electric charge has just one type along with its opposite. In addition, when the three colors

are brought together, they form a color neutral combination called a ”singlet” which is largely

inert under the strong interaction.

Another difference is that the gluons that mediate the interaction have color charge

and will interact with other gluons, while the photons that mediate electromagnetism have

no electric charge. This leads to the strong interaction building up with distance instead of

tapering off, causing the quarks to bind into color neutral combinations, forming the hadrons



2

we observe in nature. These differences are the reason why the strongest fundamental force

only seems to matter at subatomic scales; the different charges necessarily form singlets

and cancel each other out, leaving a residual interaction between hadrons that falls off very

quickly with distance [1]. Additionally, there is no way to isolate a quark from other quarks

at large distances, as an attempt to do so would generate enough energy to create quark-

antiquark pairs that form more singlet hadrons. Consequently, The existence of quarks is

inferred from the properties of hadrons.

There are many different types of hadrons, and each one can be defined by a handful

of the constituent quarks called valence quarks. There is a heavier class of hadrons, called

baryons, which have three valence quarks, and a lighter class called mesons that have one

quark and one antiquark as valence particles. There are six flavors of quark, and different

combinations of these create the different kinds of hadrons in nature. However, only the up

and down quarks, which are the two lightest flavors, are abundant in nature. As an example,

the proton always has two up quarks and one down quark as its valence quarks, while the

neutron has two downs and one up. The up quark has an electric charge of 2
3
e, where e is

the magnitude of charge of the electron, while the down quark has a charge of −1
3
e. This

results in the proton having a total charge of e and the neutron having no charge at all. This

shows how the intrinsic properties of the valence quarks determine the same quantities of

the hadrons they represent.

The valence quarks are not the only particles that make up hadrons. There are also

a myriad of sea quarks and gluons, which have significant contributions to some hadron

properties such as their mass and helicity [2]. This suggests that there could be a significant

degree of connection between the valence and sea contributions inside of hadrons. To be

more specific, the hadrons exist as definite quantum states that are superpositions of valence

and sea quark states. A quantum superposition means that measuring the valence and sea

quarks in the hadron states will not give a deterministic answer, it will be a probabilistic

outcome. Since the quarks are in superposition when the hadron is not, this implies that

there is some information in the hadron state that cannot be obtained from measuring the
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quark states alone. This is what is referred to as quantum entanglement, and it can be

quantified using what is known as entanglement entropy. Many of the chief results of this

work revolve around the presence of entanglement between quarks inside of hadrons.

In the rest of Chapter 1, we will explain a bit more about theory of the strong interactions

as well as a description of quantum entanglement and entropy. The theory of the strong

interactions, known as quantum chromodynamics (QCD), has a number of key features

that are central topics in nuclear physics, and we will briefly discuss them here as they are

motivating factors for our research. We will also overview some of the background related

to QCD that will be relevant for our research in later chapters. We will also describe

information theory, entropy, and entanglement to establish these concepts, as they can be

difficult to understand yet are similarly central to this work.

1.1 Quantum Chromodynamics

Quantum chromodynamics, or QCD, is currently the best theory of the strong interactions,

and it is part of the Standard Model of particle physics. The Standard Model is currently

the most accurate and most complete description of particle physics available to us. It

incorporates the strong nuclear force, electromagnetism, and the weak nuclear force all in

one theory, and describes how matter interacts under these forces. Since this is the strongest

of the four fundamental forces by several orders of magnitude, it makes sense to look at

this theory separately from the rest of the Standard Model. It is a quantum field theory, so

describing QCD will necessarily require an overview of what that is and how we use it. The

majority of this section will be devoted to establishing the building blocks of quantum field

theories, specifically those that are relevant for QCD. Much of the material in this section is

also covered in standard textbooks on quantum field theory, such as [3].

The fundamental element of a quantum field theory is, as the name implies, the quantum

fields corresponding to the kinds of particles found in the theory. In QCD, we have the fields

qc,f,s(x) representing a quark with one of three color charges c, one of six flavors f , and one of

four spinor indices s at a point in spacetime x. Also, we have the fields Aaµ(x) that represent
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a gluon with four-vector component µ and adjoint color charge a at a point in spacetime x.

A quantum field theory can be defined by its action S, which is a quantity made up of

field operators that ultimately contains all of the information about the dynamics of a given

quantum field theory. In QCD, the action splits into two parts, the part with quark fields

Sq and the part with only gluons Sg. The quark part of the action is given by

Sq =

∫
d4x

6∑
f=1

(
3∑
c=1

q̄c,f (x) (i∂µγ
µ −mf ) qc,f (x) +

8∑
a=1

gAaµ(x)

(
3∑

c,c′=1

q̄c,f (x)γ
µT acc′qc′,f (x)

))
(1.1)

Here we have made the spinor indices implicit, so that the quark fields are effectively vectors

in spin space, with the γµ’s as matrices in spinor space. There are also matrices in color

space T a, quark masses for each flavor given by mf , and the coupling constant g of the

strong interactions. The first term under the integral, called the kinetic term, determines the

dynamics of the quarks in the absence of all interactions, and the second term proportional

to g determines how the quarks interact with gluons. In particular, it shows that a quark or

antiquark can emit or absorb a gluon, a quark and antiquark can annihilate and become a

gluon, or a gluon could become and quark-antiquark pair.

The gluon-only part of the action Sg can also be separated into kinetic and interaction

terms. With Aµ(x) =
∑8

a=1A
a
µ(x)T

a as a matrix in color space, we have for the kinetic term

Sg,kin =

∫
d4x

1

2
Tr [(∂µAν(x)− ∂µAν(x)) ∂

µAν(x)] . (1.2)

This also encodes how the gluons behave without interaction. The interaction term looks

like

Sg,int =

∫
d4x

(
−ig Tr [[Aµ(x), Aν(x)] ∂

νAµ(x)] +
g2

2
Tr [[Aµ(x), Aν(x)]A

µ(x)Aν(x)]

)
(1.3)

Where [Aµ(x), Aν(x)] = Aµ(x)Aν(x) − Aν(x)Aµ(x) and g is yet again the strong coupling

constant. These interactions show that a single gluon can absorb and emit one or two other

gluons at a time, or two gluons can directly exchange properties when they meet.
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The action as a whole can be made much simpler if we consider what is known as gauge

symmetry. A symmetry of the action describes a transformation of the quark and gluon

fields that does not modify the action, and a gauge symmetry describes a transformation

that depends on space and time. The presence of a gauge symmetry implies that parts of

the fields are not physical, so all measurable quantities in the theory must also exhibit this

symmetry. The gauge symmetry transformation of the QCD action is given by

qf (x) → U(x)qf (x) Aµ(x) → U(x)Aµ(x)U
†(x) +

i

g
U(x)∂µU

†(x), (1.4)

where U(x) can be any 3× 3 special unitary matrix in color space. This gauge symmetry is

ultimately what defines QCD from a theoretical perspective, as it is the most basic theory

of quarks and gluons that transform under the Lie group SU(3). It turns out that the quark

and gluon terms in the action are separately gauge invariant. To see this, we can define

the operator Dµ = ∂µ − igAµ(x), which transforms as Dµ → U(x)DµU
†(x), with the U †(x)

being applied before the derivative. With this, the quark part of the action can be written

as simply

Sq =

∫
d4x

6∑
f=1

q̄f (x) (iDµγ
µ −mf ) qf (x). (1.5)

Likewise, we can simplify the gluon-only term by defining the field strength tensor Fµν(x) =

(∂µAν(x)− ∂µAν(x)− ig [Aµ(x), Aν(x)]) which transforms as Fµν → U(x)FµνU
†(x). The

action then becomes

Sg =

∫
d4x

−1

4
Tr [FµνF

µν ] . (1.6)

This gives us a fairly simple expression for the full action

S =

∫
d4x

(
6∑

f=1

q̄f (x) (iDµγ
µ −mf ) qf (x)−

1

4
Tr [FµνF

µν ]

)
. (1.7)

In fact, the gauge symmetry helps explain why all three interactions use the same coupling

constant g, as there would be no symmetry if they we allowed to be different.

While the action itself is fairly simple to formulate, using it as a starting point to calculate

a physical quantity can be a long and arduous process. The action is used as part of a weight
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function within a path integral, where the quark and gluons fields at each position treated

as variables that are integrated over to get physical quantities. We do not know how to do

these path integrals by hand for nearly all interacting theories, but perturbative methods

exist where the interactions are expanded out into an infinite series of calculable terms. If

the series converges for a given physical quantity, only the first few terms in the series will

be needed to get an accurate result. Unfortunately, this expansion does not converge for

QCD in the low energy regime where hadrons form. This is because the coupling constant

g turns out to not be constant at all. Due to subtleties of the quantum field theory, it

acquires a dependence on the energy scale of the physical quantity, with g decreasing as the

scale increases and vice-versa [4, 5]. This is the reason why QCD exhibits both asymptotic

freedom at high energies and confinement at low energies, but it also makes the theory much

more difficult to work with, and the complete description of a hadron in terms of quark and

gluon degrees of freedom is generally very difficult to obtain.

There are other approaches to working with QCD that do not involve perturbation theory.

Chief among them are lattice methods, where spacetime is split up into discrete points, which

renders the path integral calculable numerically by computers. Lattice calculations can be

very resource intensive, however, and the precision of such calculations is limited by the

technological capabilities of modern supercomputers. A promising future alternative would

be lattice calculations done on quantum computers [6]. These simulations would use QCD in

the Hamiltonian formalism, where the quark and gluon fields are rendered as operators that

act on states in a Hilbert space. These states represent possible configurations of particles in

the universe at a given time, and states at all other times are obtained from the Hamiltonian

operator H. This operator is the generator of time translations in the theory, and it also

determines the energy spectrum of the theory. The time translation operator is unitary, and

quantum computers are much better suited to performing unitary operations than classical

ones. The vast majority of this work will deal with QCD in the Hamiltonian formalism.

There is another important symmetry to consider in QCD, which is chiral symmetry. Chi-

rality is another property of spin-1
2
fermions that, like its spin, can take one of two values,
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dubbed ”left-handed” and ”right-handed”. In fact, the spinor field ψ that represents such a

fermion can be thought of in a particular basis as a 4-component vector, where each com-

ponent corresponds to a specific choice of both spin and chirality simultaneously. Chirality

originates from the representation theory of the Lorentz group, which is the symmetry group

for the changing of reference frames in special relativity. The generators of spatial rotations

J i and the generators of boosts Ki can be reorganized into the operators N i
± = 1√

2
(J i± iKi),

which have the commutation relations [N i
±, N

j
±] = iϵijkN

k
± and [N i

+, N
j
−] = 0. These are ex-

actly the same relations as the generators of an SU(2)×SU(2) symmetry group, where each

different SU(2) factor allies to the two different chiralities. Chiral symmetry specifically

refers to the symmetry group SUL(Nf )×SUR(Nf ) for Nf quark flavors, where we apply uni-

tary transformation to the quarks that may rearrange the flavors, and we can do completely

different transformations to the two different chiralities.

However, QCD is not actually symmetric under the full chiral symmetry group for a

couple of reasons. First, the quark masses break chiral symmetry explicitly as the mass term

in the action couples the left- and right-handed quarks and is flavor dependent. Also, and

perhaps more importantly, the QCD vacuum state does not exhibit full chiral symmetry,

which is a phenomenon known as spontaneous symmetry breaking. It is known that when

this occurs on its own, there will be single particle excitations above the vacuum known as

Nambu-Goldstone bosons which have no mass [7, 8]. If the quark masses were zero, then

this mechanism would guarantee that pions and other light mesons would have zero mass.

Instead, the quark masses make these mesons into pseudo-Goldstone bosons, whose masses

are proportional to the square root of the quark masses [9]. This mechanism explains why

the pions and other light mesons are as light as they are compared to the baryons, as the

lightness of the quarks themselves transfers over to the mesons as well.

Throughout this dissertation, we will be working in the null-plane formalism. Ordinarily

when working with state vectors in a quantum field theory we define them at a specific time,

then evolve the states to a different time using the Hamiltonian H = P0, in what is known

as the instant form. In the null-pane formalism, we instead define the states using light-cone
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coordinates x± = 1√
2
(x0 ± x3) at x+ = 0 and evolve the states to a different value of x+

with the null-pane Hamiltonian P−. The benefit of this formalism comes from considering

the full Poincaré group and the dynamical generators, which are the generators that evolve

states out of the initial plane that they are defined in. The Poincaré group is the group

generated by the momentum operators P µ, which generate spacetime translations, along

with the rotation and boost generators Mµν from the Lorentz group of special relativity. In

the instant form, these generators are more commonly used in the form J i = 1
2
ϵ0ijkM

jk for

spatial rotations and Ki = M0i for boosts. They can also be written in terms of spacetime

coordinates as Mµν = xµ∂ν − xν∂µ+Sµν , where Sµν is a matrix that acts upon spin degrees

of freedom. The dynamical generators in the instant form are the time translation operator

P 0 and the boosts Ki since they contain time derivatives.

In the null plane, the dynamical generators contain the derivative ∂− = ∂+, which include

P−, M−,1, and M−,2. M+,− would be a dynamical generator as well since it contains a term

given by x+∂−, but on the null plane x+ = 0 so this term vanishes, so this generator

turns out to not be dynamical after all. Thus there are only 3 dynamical generators on

the null plane compared to the usual 4. This is especially useful when we repackage these

generators using M2 = 2P−P+ − (P 1)2 − (P 2)2 instead of P− and J r instead of M−,r for

r = 1, 2. With the Pauli-Lubanski operator defined by Wµ = 1
2
ϵµναβP

νMαβ, the operators

J r are defined by MJ r = W r − P r

P+W
+, along with J 3 = W+

P+ which is not dynamical.

The operator M2 commutes with all other Poincaré generators, while the operators J i for

i = 1, 2, 3 obey [J i,J j] = iϵijkJ k among each other and commute with the remaining

generators P+, P r,M+,−, and M+,r [10]. This means that the dynamics transformations in

the null plane formalism can be separated algebraically from the kinematics on the plane.

Note that this would not be possible in the instant form since the 4th dynamical generator

given by
∑3

i=1 P
iKi is not contained in the Pauli-Lubanski operators and therefore cannot

be algebraically separated from the other Poincaré generators.

There are a number of ways to modify the theory of QCD which can maintain some

aspects of the original theory while being simpler to work with. One such method is to
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change the number of color charges in the theory [11–13]. For a QCD-like theory with a

number of colors Nc, the corresponding action will look identical to that of QCD, except

that the gauge symmetry will be SU(Nc), with the quarks in its fundamental representation

and the gluons in its adjoint representation. It turns out that the limit in which Nc becomes

infinite, known as the large-Nc limit, is a much simpler theory to work with that still resemble

real QCD in a number of ways. This is because the large-Nc limit suppresses interactions

where quark-antiquark pairs are created and annihilated, leaving only the quark interactions

where they absorb and emit gluons. The mesons in large-Nc are thus only composed of one

quark, one antiquark, and gluons. Baryons in large-Nc are much more difficult to work with

because they must contain Nc valence quarks and so some of its properties go to infinity,

such as its mass, but not all of them do. The large-Nc limit will be important in the chapters

to come because they only contain valence quarks, so there are no sea quarks to be entangled

with, making this limit an important touchstone for defining quark entanglement.

Another useful way to modify the theory of QCD is to change the number of spatial

dimensions, in particular looking at QCD in one space and one time dimension. Again, the

action will look identical in terms of the field, but the fields themselves will change. In this

case, the quark fields will be 2-component spinors instead of 4, losing their spin entirely

but keeping chirality, while the gluons are 2-component vectors. The gauge symmetry can

be used to eliminate one of the two gauge field components, and the remaining one can

be integrated out within the path integral to leave a theory in terms of only quarks. This

makes it particularly suitable for an analysis in the Hamiltonian formalism, which we will

use extensively later on. This variation on QCD is useful because it exhibits confinement

[14], so it can be a helpful toy model for understanding QCD at low energy scales.

1.2 Information Theory, Entropy, and Entanglement

This section is intended to define and explain the concepts of entropy and entanglement to

the extent that they will be needed for this dissertation. For a more complete introduction

on information theory, see [15]. Information theory is exactly what it sounds like: the study
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of information and how it can be used. It is primarily under the domain of computer science,

but it has seen some applications in physics through topics such as statistical mechanics

and holography. The rising interest in quantum computing, which is by nature in the in-

tersection between physics and computer science, also relies heavily on information theory

for its development and application. This has also sparked an increase in research toward

a broader application of information theory to quantum physics as the understanding of

how current physical theories hold and move information would aid their simulation on a

quantum computer.

Perhaps the most important quantitative measure of information is the entropy of a sys-

tem. Readers may have first heard of entropy in the context of thermodynamics and its

second law which states that it may never decrease in a closed system such as our uni-

verse. Entropy in information theory is deeply connected to but not quite the same as

thermodynamic entropy. In this work, we refer exclusively to the concept of entropy used in

information theory.

Entropy can be thought of as potential information to be gained through measurement.

To understand this, consider a single computational bit, which can either be on or off. If we

know what it is, then has an entropy of 0, and if the value it takes is completely unknown to

us with an equal probability of both outcomes, then we define it to have 1 unit of entropy.

If we have n unknown bits, then they have a total entropy of n units. This highlights that

we want the entropy of disjoint systems to be additive. A more general formula for a system

with D possible outcomes that are equally likely to is given by S = log2(D).

Now consider the output of two completely random bits being put through an AND gate.

The output bit will have a 75% chance of being off and a 25% chance of being on. We

don’t know exactly what the bit is, so its entropy should be greater than 0, but we do have

some information about since we expect it to be off more than we expect it to be on, so its

entropy should be less than 1. We want entropy to be additive, so that the total entropy

of the two random input bits is equal to the entropy of the AND output plus the expected

value of the entropy after measuring said output. If the output bit is on, then we know



11

that both of the input bits must be on as well, so there is no missing information left and

the entropy is 0. If the output bit is off, then the input bits could be in any of the other 3

configurations of off and on, so this outcome has an entropy of log2(3). Thus the residual

entropy is 3
4
log2(3) since there is a 75% chance of it being log2(3) and a 25% chance of it

being 0 after the measurement. Since the total entropy prior to measurement was 2, the

entropy of the measurement alone must be

S = 2− 3

4
log2(3) = −1

4
log2

(
1

4

)
− 3

4
log2

(
3

4

)
(1.8)

If we apply this reasoning to a general system with n outcomes, each with an associated

probability pi of the ith outcome occurring, then we obtain a formula for the Shannon entropy

S(p) = −
∑
i

pi log2 (pi) (1.9)

We see from the end of Eq. (1.8) that the entropy of the single bit from our example does

indeed match this expression. The Shannon entropy has a number of useful properties that

make it a suitable candidate for quantifying information. The maximum value is given by

log2(n) for a system of n outcomes, while the minimum value is 0. This means that the

entropy is largest when we know nothing about the system and is 0 when we know it exactly,

which is what we intend for a measure of information. For two disjoint systems A and B

where the probabilities are given by pAB = pA ∗ pB, the Shannon entropy is additive so that

SAB = SA+SB. The Shannon entropy is also concave, meaning that if we linearly interpolate

between two probability distributions, the entropy of the interpolated distribution is greater

than or equal to the linear interpolation of the two entropies of the distributions.

So far, we have been discussing entropy in the context of purely classical information

theory. The quantum bit, or qubit, can not only take binary values |0⟩ and |1⟩, but it

can also take superpositions of both. This adds an entirely new dimension to the notion

of quantifying information, since we now have to worry about the basis that we measure in

addition to the state. A quantum state given by 1√
2
(|0⟩+ |1⟩) is a completely specified state

and should therefore have 0 entropy, but if we measure whether it is in the |0⟩ of |1⟩ state we
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get a completely random result. We need a better way to define entropy that doesn’t rely

on measurement.

To do this, we need to introduce the notion of a density matrix. For a completely

specified state |ψ⟩, usually called a pure state, the corresponding density matrix is given by

ρ = |ψ⟩ ⟨ψ|. There are also mixed states, which are randomized pure states ρ =
∑

i αiρi

for some probability distribution α. In all cases, the trace of a density matrix is equal to 1,

which is just a consequence of the total probability being equal to 1. We can now define the

quantum analog of Shannon entropy, known as the von Neumann entropy, to be

S(ρ) = −Tr [ρ log2 ρ] = −
∑
i

λi log2 λi, (1.10)

where the λi’s are the eigenvalues of the density matrix ρ. This has a lot of the same

properties as the Shannon entropy, such as additivity, concavity, and being minimized for

pure states and maximized for a purely random result. This can be interpreted in the

following way. Since in a quantum system we can change the basis in a myriad of ways,

defining the entropy as the Shannon entropy of a density matrix in a given basis will yield

a range of different values, given by −ρii log2 ρii, where ρii is the ith diagonal element of ρ

in some basis. It can be shown that these entropies are all greater than or equal to the von

Neumann entropy, where equality occurs of the basis in question is a diagonal basis of the

density matrix ρ. Thus the von Neumann entropy represents the basis-independent potential

information to be gained through measurement, as measuring the density matrix in any basis

will give you this amount of information plus an additional basis-dependent contribution

which may be zero.

With the distinction between pure states and mixed states defined, we can now discuss

entanglement. Quantum entanglement describes the correlation between quantum states

that arises from them being in superposition as part of a larger state. It is a purely quantum

phenomenon, and is responsible for the potential advantages of quantum computing. It is

easiest to describe using an example. Consider the two-qubit state 1√
2
(|00⟩+ |11⟩). It is a

pure state, so it has no entropy as a complete quantum state, but if we look at the individual
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qubits we see that we have no knowledge of what either one will be. Thus the one-qubit

entropy is 1 while the two-qubit entropy is 0, so we say that there is 1 unit of entanglement

entropy between the two quarks. This represents information that is in some sense stored

between the two qubits. In classical information theory, the entropy of two bits can never

be less than the entropy of either of the bits that compose it, but we see here that this is

not true in quantum theory, and the violation of this classical rule is a telltale signature of

quantum entanglement.

More generally, we can define the entanglement entropy of a pure state as follows. If

the space of states that the pure state |ψ⟩ exists in can be separated into two regions A

and B, then we can define a reduced density matrix to be ρA = TrB [|ψ⟩ ⟨ψ|], where we are

taking the density matrix of the pure state and trace out only the states in region B. The

entanglement entropy of state |ψ⟩ between regions A and B is given by the von Neumann

entropy of the reduced density matrix S(ρA). Defining entanglement entropy for mixed states

is much trickier. This is because the entanglement entropy needs to be separated from the

rest of the entropy which is classical in origin, and there are multiple ways to define this for

a mixed state. One such way is through entanglement distillation [16], where we take a large

number of copies of a mixed state and transform then into as many Bell pairs as possible,

which are states that have exactly 1 unit of entanglement entropy. Another method is to

find the entanglement cost [17], which asks the opposite question of what is the minimum

number of Bell pairs needed to form the mixed state. For pure states these are all equivalent

to the von Neumann entropy, and in this work we are only considering the entanglement of

pure states, so these measures will not be needed later.

The rest of this dissertation will proceed as follows. Chapter 2 details the contents

of Ref. [18], where we established a connection between the entanglement of valence and

non-valence spin degrees of freedom and chiral symmetry breaking in QCD. To do this, we

constructed a simple model for helicity entanglement in nucleons involving only two basis

states. When fit to experimental data, the entropy in this model approaches it’s maximum,

providing a picture of the spin decomposition of the nucleon which is not dominated by
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the valence quark contribution. Chapter 3 presents further work yet to be published that

extends this model to include many chiral basis states, based solely in the symmetries of

QCD and general physical principles. In these models, the null-plane formalism will be used

to justify representing the nucleon state with only a handful of chiral basis states defined by

the helicity and isospin representations of the valence quarks. By fitting experimental data

for static nuclear properties such as the axial coupling gA to their results in the chiral basis,

we will be able to obtain results that are sensitive to chiral symmetry breaking. Chapter

4 details another paper yet to be published which focuses on quark entanglement in 1 + 1

dimensional QCD. Here we define a notion of valence-sea entanglement that is applicable to

general states in QCD. This is used alongside discrete light-cone quantization to quantify the

entanglement between quark in the hadrons of 1 + 1d QCD, whose results are applicable to

real QCD in the confined phase. The dissertation concludes in Chapter 5 with a discussion

of how all of these results give us a sketch of the valence-sea entanglement of real nucleons

as a function of scale.
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Chapter 2

CHIRAL SYMMETRY BREAKING, ENTANGLEMENT, AND
THE NUCLEON SPIN DECOMPOSITION

2.1 Introduction

An important goal of present-day nuclear science is the development of a qualitative and

quantitative understanding of the structure of the proton directly from the underlying QCD

interactions. For instance, the decomposition of the spin of the proton into components that

have a well-defined interpretation in terms of the fundamental quark and gluon degrees of

freedom of QCD is a primary goal [19]. QCD reveals that the proton is a complicated many-

body quantum system, and therefore the breakdown of its spin content is highly complex

and requires intrinsically non-perturbative methods to unravel. Recent work in lattice QCD

addresses the nucleon spin decomposition in a quantitative manner with controlled uncer-

tainties [20–22]. Lattice QCD and experimental input suggest that the valence quark spins,

the gluons, and the quark sea contribute 30-40%, 20-30%, and 10% [2], respectively, to the

total proton spin. However, qualitative features of this decomposition, such as the relative

size of the nucleon’s valence spin content, remain enigmatic, and call out for an explanation

grounded in QCD.

The complex decomposition of the nucleon spin is a striking signature of strong entangle-

ment among the nucleon’s constituents. How does one characterize nucleon entanglement in

a strongly-coupled quantum field theory like QCD? One way is to partition the nucleon state

vector into a bipartite system, trace over one of the subspaces, and obtain an entanglement

entropy. This partitioning has been done in momentum space in the context of high-energy

scattering [23], and in position space in the context of deep-inelastic scattering [24]. These

partitionings rely on being in a regime of large momentum transfer where non-perturbative
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aspects of QCD are subsumed into parton distribution functions. Many interesting find-

ings and potential experimental signatures are found in these studies; a common qualitative

conclusion is that in high energy processes the nucleon constituents decohere, giving rise

to a maximal entanglement entropy given by the logarithm of the number of gluons in the

nucleon, which grows exponentially with energy in a known manner [25, 26].

In this chapter, it is argued that spin entanglement between valence and non-valence

spin degrees of freedom provides valuable insight into the nucleon spin decomposition, and,

more generally, into the nature of chiral symmetry breaking in QCD. As a first step toward

addressing spin entanglement in the nucleon, special care must be taken to define a relativistic

nucleon state vector which represents the internal degrees of freedom of the nucleon in a

manner that is independent of kinematics. This is achieved through the use of light-cone

coordinates; that is, using null-planes as quantization surfaces. In the Fock-space basis, which

emerges naturally in light-cone coordinates, the nucleon state vector of definite helicity is

built out of elements labeled by the number of fundamental QCD constituents, which we

will refer to in this work as partons. The nucleon state vector can also be expressed in a

chiral basis, which makes use of a fundamental property of the null-plane quark fields: states

of definite helicity transform irreducibly with respect to the chiral symmetry group. The

chiral basis therefore suggests a natural bipartite Hilbert space description of the nucleon

state vector: the valence space is by definition the space which carries non-vanishing chiral

charge, while the non-valence space, or parton sea, carries spin, but no chiral charge. The

entanglement entropy between these two subspaces drives chiral symmetry breaking in the

nucleon and provides both a qualitative and quantitative explanation of why the valence spin

content of the nucleon is not expected to be the dominant component.

2.2 A relativistic state vector

In non-relativistic quantum mechanics, the state vector of a many-body system describes

the internal degrees of freedom in a manner that is independent of the choice of reference

frame. This is because the underlying kinematics is governed by the Galilean group, and
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Galilean boosts do not depend on the interaction. By contrast, in a relativistic theory of

quantum mechanics, the spacetime symmetry group is the Poincaré group. In general, the

Poincaré boost operator depends on the interaction, unless a foliation of spacetime is chosen

such that the boost operator is non-dynamical [27]. This can be realized if null-planes are

chosen as initial quantization surfaces [10, 27, 28]. In this choice of light-cone coordinates,

the energy and the two transverse components of spin are dynamical, while the boosts, the

momenta and the longitudinal component of spin —the helicity —are kinematical. In an

arbitrary reference frame, the energy and transverse spin which act on the internal degrees of

freedom are described by the (Hamiltonian) operators M2 and MJr (r = 1, 2), respectively,

which commute with boosts and momenta, and together with J3, satisfy the algebra of the

Poincaré group [10]. An eigenstate of momentum and helicity, describing a nucleon, N , can

be expressed as

|N , Λ ; p+ , p⊥ ⟩ = |N , Λ ⟩ ⊗ | p+ , p⊥ ⟩ , (2.1)

where p+ and p⊥ are the longitudinal and transverse components of the nucleon momenta,

respectively1, and Λ is the total helicity, the eigenvalue of J3. The direct product on the

right indicates that the part of the state which describes the internal degrees of freedom

can be separated completely from the kinematics. Achieving this separation is essential as

otherwise there is no starting point for a description of the state vector of a nucleon which

represents the internal degrees of freedom. In principle, specification of the operators M2

and MJr, which act on the state |N , Λ ⟩, followed by diagonalization completely solves the

dynamics. While this is intractable in QCD, the symmetry properties of these operators can

be exploited to powerful effect, as will be seen below.

2.3 Fock-space expansion and the chiral basis

The separation of dynamics and kinematics described above allows the Fock-basis expansion

of the nucleon state, in which the state vector is given by a (infinite) sum of contributions

1The conventions for the light-cone coordinates and momenta are defined and described in Ref. [29, 30].
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labeled by the QCD field content 2. The contributions involving the fewest numbers of

partons have been worked out in Refs. [30, 33–35]. The dynamical light-cone quark field ψ+

is

ψ+(x) =
∑
λ=↑↓

∫
dk+d2k⊥

2k+(2π)3
{
bλ(k

+,k⊥)u+(k, λ)e
−ik·x (2.2)

+d†λ(k
+,k⊥)v+(k, λ)e

ik·x
}
,

where x is the light-cone coordinate, k+ and k⊥ are the light-cone longitudinal and transverse

momenta, respectively, u+, v+ are Dirac wavefunctions, bλ(k
+,k⊥) destroys a quark and

d†λ(k
+,k⊥) creates an antiquark, and the flavor and color indices have been suppressed.

With standard normalization, the simplest Fock component in the proton state with Λ = 1
2

is then

|u↑u↓d↑, 12 ,0⟩ = 1
2

∫ [dx][d2k⊥]√
x1x2x3

ϕ(κ1, κ2, κ3)
εabc√

6
(2.3)

×ua†↑ (x1,k1⊥)
{
ub†↓ (x2,k2⊥)d

c†
↑ (x3,k3⊥)− (u↔ d)

}
|0⟩

where xi is the longitudinal momentum of the quark in units of the proton longitudinal

momentum, the shorthand, κi ≡ (xi,ki⊥), has been used, the integrations are over all con-

stituent momenta, and ϕ(κ1, κ2, κ3) is the (Fourier transform of the) light-cone wavefunction

for this particular Fock component. Here the states are labeled by the QCD field content,

the total valence quark light-cone helicity, and all other sources of helicity (including or-

bital components), respectively. Therefore, for instance, a Fock component of the helicity-1
2

proton with, in addition to the valence quarks, one gluon and no source of orbital angular

momentum could be labeled as |u↑u↓d↓g↑,−1
2
,1⟩. Note that in Eq. 2.3, the proton is in

the special frame with p+ = 1 and p⊥ = 0. The Fock component in a boosted frame is

obtained by simply re-labeling the momenta of the field creation operators, while leaving the

wavefunction, which carries the internal information, unchanged, in accord with the claim

made above that the internal degrees of freedom are cleanly separated from the kinematics.

2Clear explanations of the QCD Fock basis are found in Refs. [31, 32].
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The difficulty with the Fock expansion of the nucleon state vector is that there is no small

parameter in QCD to indicate which components should dominate out of the infinite space of

possible contributions (the large-Nc approximation is an exception as we will argue below).

Assuming QCD with two massless flavors, and therefore SU(2)L ⊗ SU(2)R chiral sym-

metry, the associated light-cone charges are straightforward to construct [29]. With these

charges, it is found that the light-cone quark fields of definite helicity transform irreducibly

with respect to the chiral group SU(2)L ⊗ SU(2)R:

ψ+R = ψ↑ ∈ (1,2) , ψ+L = ψ↓ ∈ (2,1) (2.4)

where (RL,RR) labels the SU(2)L⊗SU(2)R content and RL,R are SU(2)L,R representations.

Hence in the chiral basis, the most general helicity-1
2
nucleon state, |N , 1

2
⟩, with three va-

lence quarks will, in general, be a linear combination of the six classes 3 of states: |(2,1) , 1
2
, 0⟩,

|(2,3)2 , 1
2
, 0⟩, |(1,2) , −1

2
, 1⟩, |(3,2)2 , −1

2
, 1⟩, |(1,2) , 3

2
, −1⟩, |(2,1) , −3

2
, 2⟩, where the

states have been labeled as

| (RL,RR)R , λ , p3 ⟩ ≡ | (RL,RR)R , λ ⟩ ⊗ |p3 ⟩ , (2.5)

where R is an SU(2)-isospin representation in the product RR ⊗ RL. The total helicity

operator is divided into a valence spin operator, Ŝ3, and an operator, P̂3, that counts all

other sources of spin, including the quark orbital helicity:

J3 = Ŝ3 ⊗ 1 + 1⊗ P̂3 , (2.6)

so that Ŝ3|λ ⟩ = λ|λ ⟩, P̂3|p3 ⟩ = p3|p3 ⟩ and the total helicity is Λ = λ + p3. In QCD, the

gauge-invariant operator Ŝ3 is, up to a factor of two, given by the anomalous U(1)A chiral

charge [29]. This decomposition is therefore gauge invariant, but scale dependent.

Like the Fock basis, the chiral basis is a priori infinite dimensional, as each of the six

classes of states of definite chiral charge can couple to any number of helicity states in the

sea. An important advantage of the chiral basis is that the chiral transformation properties

3The states with RL ↔ RR are contained in |N , −1
2 ⟩.
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Figure 2.1: Nucleon as a collection of partons with some distribution in x (left panel). As the

partons with low-x are integrated out (middle and right panels), the ground state should be

described in terms of some valence degrees of freedom (red dots) and a finite number of sea

partons (black dots), where the blue rings indicate that the partons and their interactions

are dressed by the renormalization-group evolution.

of the energy and transverse spin are known in QCD [29, 36, 37]. In particular, both the

energyM2 and the transverse spinMJr transform as linear combinations of (1,1) and (2,2)

representations of SU(2)L ⊗ SU(2)R; that is, in an obvious notation, M2 = M2
1 +M2

22 and

likewise for the transverse spin.

A second, related, advantage of the chiral basis is that the large-Nc limit of the nucleon

Λ = 1
2
state vector is given by the single state |(2,3)2 , 1

2
, 0⟩, whose spin is carried entirely by

the valence quarks. The nucleon is joined in this chiral representation by the ∆ (resonance)

whose Λ = 1
2
state vector is given by the single state |(2,3)4 , 1

2
, 0⟩ (the Λ = 3

2
component

is given by |(1,4) , 3
2
, 0⟩). These state assignments are easily shown to be equivalent to

placing the degenerate nucleon and ∆ in the 20-dimensional representation of SU(4) [29,

38], which is the large-Nc expectation. The success of the large-Nc expansion in describing

nucleon properties [39–41] suggests that the nucleon state vector is dominated by the large-

Nc component with an admixture of other components which would provide the nucleon-∆

mass splitting as well as a source of non-valence spin. It is unclear from the perspective of

the large-Nc approximation how to account for subleading corrections to the large-Nc limit

in the chiral basis. However, simple renormalization group (RG) arguments suggest that the

nucleon state vector may be well-approximated by a small number of components [42, 43].
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2.4 The renormalization group, wee partons, and the vacuum

Consider a nucleon on the initial hyperplane defined by x+ = 0 and with longitudinal mo-

mentum p+ and in a frame with vanishing transverse momentum. On the initial time slice, a

nucleon is defined to be a collection of (quasi)free massless partons, each of which is labeled

by i and carries a longitudinal momentum fraction xi ≡ k+i /p
+ and a transverse momentum

ki⊥ so that the nucleon energy is

M2 =
∑
i

k2
i⊥
xi

+ . . . (2.7)

In null-plane quantization small xi means high energy, and therefore integrating out high-

energy physics is equivalent to integrating out low-xi partons (so-called wee partons). As-

suming, for simplicity, that interactions are local in xi (nearest-neighbor), and integrating

out shells, one first integrates out all partons with xi < xϵ1 . Integrating out these small

xi partons result in “dressed” partons that have new interactions with the “frozen partons”

that are represented by effective Hamiltonians with a hierarchy of interactions governed by

the small parameter xϵ1/xi [42, 43]. Schematically, the energy takes the form

M2 = M2
xi>xϵ1

+ M2
xi=xϵ1

+ . . . (2.8)

where the dots represent the frozen degrees of freedom with xi < xϵ1 . The first term repre-

sents the active, dynamical partons, while the second term corresponds to the interaction of

these partons with the frozen sea. As non-perturbative physics in null-plane quantization is

carried by the low-xi partons, this second term carries the chiral-symmetry breaking contri-

bution to the energy; i.e. the part of the energy that carries non-vanishing chiral charge and

transforms as (2,2) with respect to the chiral group: M2
22. One can then further integrate

out the partons with xi < xϵ2 , etc. Finally this procedure results in a description of the

ground state that involves a minimal number of partons —presumably the valence partons

—interacting with a few sea partons. This procedure of integrating out low-xi partons is

illustrated in Fig. 2.1. The resulting effective Hamiltonians are complicated, because, as
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Figure 2.2: Bipartite Hilbert space HA ⊗ HB consisting of the valence quark helicity (HA)

and the helicity of the parton sea (HB). This decomposition, as illustrated here, does not

imply that the valence charges are in any sense localized in space.

noted above, non-perturbative physics is low-xi physics and therefore the RG evolution nec-

essarily accounts for the non-perturbative physics of QCD. The practical consequence of this

simple RG argument is that the nucleon ground state can be described by a nucleon state

vector, with a finite number of states of definite chiral charge, whose detailed form can be

fit to experimental data. Crucially, the truncation of the chiral basis is scale dependent as

it depends on the energy cutoff, xϵ.

2.5 Spin entanglement defined

In the chiral basis, the nucleon state vector decomposes into a bipartite Hilbert space HA ⊗

HB, illustrated in Fig. 2.2, in which the valence helicity lives in HA, and all other sources

of helicity live in HB. When measuring the valence helicity content of the nucleon, it is

convenient to trace over the sea to give the reduced density matrix of the valence helicity,

ρA = trB (|N , Λ ⟩⟨N , Λ |) , (2.9)

and the corresponding entanglement entropy is then

SN = −trA (ρA log ρA) . (2.10)
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The general form of the nucleon state vector is

|N , Λ ⟩ =

nχ∑
i

ns∑
j

aij| (RL,RR)R , λ ⟩i ⊗ |p3 ⟩j (2.11)

where nχ (ns) is the number of valence (non-valence) states. Generally, it is expected that

ns ≫ nχ, as is the case in the Fock expansion where components with arbitrary numbers

of sea partons can contribute, however, the renormalization group argument given above

suggests that many of the components are high-energy degrees of freedom that can be inte-

grated out of the ground-state state vector under consideration. In any event, the Schmidt

decomposition theorem reveals that via a basis change, the state vector can be expressed in

a basis of dimension given by n = min{nχ, ns}. It is convenient to view the nucleon state

vector as a perturbation of the large-Nc result,

|N , 1
2
⟩ = |(2,3)2 , 1

2
, 0⟩ = |(2,3)2 , 1

2
⟩ ⊗ |0 ⟩ , (2.12)

which is a product state (n = 1) and therefore has vanishing entanglement entropy. As the

matrix element of the symmetry-breaking energy, M2
22, vanishes between these states and

turns on only when the nucleon state vector ceases to be a product state, it is clear that

the spin entanglement defined here is intimately related to chiral symmetry breaking and,

consequently, to the nucleon spin decomposition. Evidently, chiral symmetry is broken in the

nucleon if and only if n > 1. Therefore, some measure of entanglement is acting as an order

parameter of chiral symmetry breaking. This claim is considered in generality in Ref. [44].

Here a simple two-component model which captures the essence of the idea is explored.

2.6 An illustrative model

Consider the simplest nucleon state vector that extends the large-Nc result to include chiral

symmetry breaking:

|N , 1
2
⟩ = sinψ |(1,2),−1

2
,1⟩+ cosψ |(2,3)2, 12 ,0⟩. (2.13)

The state orthogonal to the nucleon in this model may be viewed as a collective of isodoublet

excited states of both parities. The vector space spans the reducible chiral representation
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(1,2) ⊕ (2,3). The large-Nc limit is recovered as ψ → 0, and the matrix element of the

symmetry-breaking Hamiltonian scales as

⟨N , 1
2
|M2

22 |N , 1
2
⟩ ∝ sin 2ψ . (2.14)

The valence or intrinsic helicity contribution is

⟨N , 1
2
| Ŝ3 |N , 1

2
⟩ ≡ 1

2
∆ΣV = 1

2
cos 2ψ . (2.15)

Tracing over the sea gives the density matrix for the valence content

ρA = sin2ψ|(1,2)⟩⟨(1,2)|+ cos2ψ|(2,3)2⟩⟨(2,3)2| (2.16)

from which follows the entanglement entropy

SN(ψ) = − sin2ψ log
(
sin2 ψ

)
− cos2 ψ log

(
cos2ψ

)
. (2.17)

The probability amplitude for a spin-flip interaction is

sinψ = ⟨(1,2) , −1
2
, 1|N , 1

2
⟩ . (2.18)

This amplitude depends not on the parton momentum fractions, which are integrated over in

the state vector, but rather on the cutoff on the parton momentum fractions, xϵ, as suggested

by the RG arguments given above. A simple way of modeling this amplitude is to neglect sea

quarks and assume that there are interactions between one of the valence quarks —which

carries longitudinal momentum fraction xϵ, and a sea of gluons [45]. Taking G(xϵ) to be the

density of the sea of gluons relative to valence quarks and P(xϵ) to be the probability of

a spin-flip interaction between the valence quark and the sea, then 1
2
P(xϵ)G(xϵ) + 1 is the

number of spins aligned in the initial direction of the valence quark’s spin and 1
2
P(xϵ)G(xϵ)

is the number of spins in the opposite direction. Assuming a purely statistical distribution

of the spins among interacting partons gives the probability of a spin-flip interaction

sin2ψ =
1
2
P(xϵ)G(xϵ)

1 + P(xϵ)G(xϵ)
. (2.19)
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Figure 2.3: Entanglement entropy (in units of its maximum) versus the chiral order parameter

(red curve) and the valence quark helicity content of the proton (blue curve) in the minimal

model of chiral-symmetry breaking. The grey band is determined by experiment.

Note that if there is no spin-flip interaction, then this amplitude vanishes and the large-Nc

result is recovered. In terms of the valence quark spin content of the nucleon,

∆ΣV = cos 2ψ =
1

P(xϵ)G(xϵ) + 1
. (2.20)

Since the density of the sea, as given by the (spin-averaged) gluon distribution function, is

expected to diverge as a power law with xϵ, it is expected that

cos 2ψ −−→
xϵ→0

xδϵ (2.21)

where δ is a positive number (assuming BFKL evolution for the gluon distribution func-

tion [25, 26], δ ∼ 4αsNc log 2/π, where αs is the strong coupling constant and Nc is the

number of QCD colors). As the cutoff is taken to zero and the density of gluons diverges,

the nucleon is driven to the maximally entangled state with ψ = 45◦, and the nucleon spin

is given entirely by the spin of the sea. Of course, this divergence is expected to be cut off

by some kind of saturation mechanism [46]. The behavior of the entanglement entropy as

a function of chiral symmetry breaking and valence spin content is shown in Fig. 2.3. The
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value of the mixing angle can be fit directly to low-energy data. In this model, it is straight-

forward to find the nucleon and ∆ axial and vector couplings. For instance, |C∆N | = 2 cosψ

and |gA| = 1
3
(4 + cos 2ψ). Fitting |C∆N | to the ∆-resonance decay width to pions gives

ψ = 41±4◦ which determines, among other things [44], gA = 1.38±0.05, ∆ΣV = 0.14±0.13

and SN = 0.98 ± 0.02 (in units of the maximum entropy of log 2). The result for gA is to

be compared to the world average gA = 1.2723 ± 0.0023 [47]. This result for the valence

spin content is to be compared to ∆ΣV = 0.41 ± 0.06 taken from the JAM collaboration’s

global analysis [48], at a renormalization scale of Q2 = 1 GeV2 (Note that the JAM number

is quoted with the sea contribution removed).

2.7 Realistic model-independent state vectors

In realistic models of the nucleon state vector, the number of states in the sum, Eq. 2.11,

should grow as the RG scale xϵ is reduced, with the mass of the highest excitation in the

nucleon’s chiral representation setting the scale of the separation into valence and sea spin.

Detailed construction of such realistic models is beyond the scope of this chapter but may

be found in Ref. [44]. Many of the generic features of the two-component model persist in

more realistic state vectors: for instance, the large-Nc component is always dominant due to

the prominent nucleon-∆ axial transition, but not so much so that it has much of an effect

on the entanglement entropy, which is always near its maximum value4. The valence spin

content in these models is generally small and consistent with the experimental range, as

expected in a system where the entanglement entropy is large.

2.8 Conclusion

Entanglement between the valence and non-valence helicity components of the nucleon state

vector drives chiral symmetry breaking in the nucleon. The entanglement entropy therefore

acts as an order parameter of chiral symmetry breaking in the nucleon, and provides an

4By contrast, recent work has found that entanglement in the nuclear force, as measured by the entan-
glement power, is minimized by the experimental data, and is very near large-Nc expectations [49].
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explanation for why the valence spin content of the nucleon is not expected to dominate

in the following sense. The interaction of the valence chiral charge with the sea, which

breaks chiral symmetry, becomes stronger as the density of sea partons increases and the

entanglement entropy rises. The separation between valence and non-valence spin is scale

dependent, and the renormalization group implies that a state vector with a small number of

components should suffice to provide a reasonably accurate description of the ground state.

As the highly-energetic sea partons are integrated out, reducing the size of the vector space,

the entanglement entropy decreases and the valence spin content of the nucleon increases.

Conversely, as more sea partons are integrated in, increasing the size of the vector space, the

entanglement entropy increases till it reaches its maximum value where presumably some

kind of equilibrium or saturation state is achieved. It is interesting that this pattern of RG

evolution is consistent with perturbative QCD evolution [50]. Realistic models of the nucleon

state vector in the chiral basis which are fit to low-energy observables give values of the va-

lence spin content which are consistent with experiment and with lattice QCD simulations,

and possess an entanglement entropy near its maximum value. It would be interesting to

access this chiral entanglement entropy in lattice QCD simulations.

In the next chapter, these ideas will be expanded upon and treated more rigorously

using the null plane formalism. The null plane is useful because the dynamical generators

of the Poincaré group can be cast in such a way that they commute with most of the other

generators. This gives a precedent for building models of the nucleon state that captures

the internal spin structure of the nucleon without needing to explicitly determine its parton

dynamics. These models will further elaborate on the connection between spin entanglement

and chiral symmetry breaking and provide a clearer picture as to how the spin decomposition

of the nucleon come about in QCD.
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Chapter 3

CHIRAL SYMMETRY BREAKING AND SPIN
ENTANGLEMENT IN THE NUCLEON ON THE NULL PLANE

3.1 Introduction

The decomposition of the spin of the proton into components that have a well-defined in-

terpretation in terms of the fundamental quark and gluon degrees of freedom of QCD is

a primary goal of modern nuclear science [19]. The proton is a complicated many-body

quantum-mechanical system, and therefore the breakdown of its spin content according to

the fundamental QCD degrees of freedom is highly-complex and requires intrinsically non-

perturbative methods. Recently, lattice QCD simulations have begun to address the issue in

a quantitative manner [20–22, 51]. The current theoretical and experimental effort largely

focuses on probing the proton at short distances (large Q2) where a description in terms of

various parton distribution functions is available. The theoretical basis of the parton distri-

butions lies in null-plane quantization of QCD; that is, treating initial surfaces as lightlike

hyperplanes [10, 27, 28]. This is a natural quantization surface because the generalized par-

ton distributions are proton matrix elements of non-local operators that probe correlations

along the light cone. On the other hand, the fundamental quantum mechanical object that

describes the nucleon, the null-plane wavefunction is usually treated as a black box which

can be accessed only via modeling1. This is because the wavefunction carries all the non-

perturbative information about chiral symmetry breaking and confinement that is relevant

to nucleon structure.

In the Fock space picture, in which the nucleon state is built out of contributions with

ever increasing numbers of fundamental QCD constituents, the situation appears theoreti-

1See, for instance, Refs. [33–35, 52, 53]
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cally intractable. While the success of the naive quark model in describing basic nucleonic

observables suggests that the null-plane wavefunction is dominated by Fock components with

valence degrees of freedom and that therefore a truncation of the Fock space expansion to

a few terms would constitute a reasonable approximation, there is no particularly satisfying

a priori understanding of why this is the case. The recovery of the spin-flavor symmetry

of the naive quark model in the large-Nc limit of QCD [39–41] does suggest that in some

sense nature is near this limit. However, the current consensus that only a fraction of the

nucleon spin is accounted for by the spins of the valence quarks suggests that there are im-

portant corrections to the large-Nc limit in the null-plane wavefunction which are essential

for understanding nucleon structure.

The situation appears even more complex when one considers that nucleon properties

are strongly dependent on nonperturbative phenomena, like spontaneous chiral symmetry

breaking, which are expected to arise from the presence of a divergent number of partonic

constituents in the nucleon. In null-plane quantization, the effect of chiral symmetry breaking

is communicated to the wavefunction via the interaction between the valence degrees of

freedom and partons at very-low x, the wee partons, whose density is expected to grow

with an inverse power of x [42, 43]. Generally, it is expected that a divergent number of

constituents is required to achieve spontaneous symmetry breaking. If the wee partons are

important, then how can the Fock expansion truncated to a few terms capture the essential

physics of spontaneous chiral symmetry breaking? The renormalization group suggests a

qualitative way of thinking about this problem. Low-x partons are high-energy degrees of

freedom and therefore if one views the nucleon as a many-body system of partons, then in

considering the properties of the nucleon ground state, one should successively integrate out

the low-x modes until one is left with the valence degrees of freedom and possibly a few other

degrees of freedom which experience effective interactions which account for the now frozen

low-x modes and transmit the chiral symmetry breaking to the null-plane wavefunction.

This picture suggests that a much simplified description of the nucleon with a finite number

of partons may provide a useful quantitative approximation to the wavefunction. A useful
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fundamental property of the null-plane formulation that will be exploited in this chapter

is that the quark fields of definite helicity have definite chiral transformation properties.

Therefore, assuming a particular valence content for a hadron allows a decomposition of the

hadron state into a finite number of components which transform irreducibly with respect to

the chiral symmetry group. Of course each of these components can contain an arbitrarily

complicated amount of non-valence information.

A fundamental issue that this chapter addresses is that of the entanglement of nucleons

and its relation with symmetry. How does one characterize entanglement in a complicated

QFT like QCD? One way is to consider tracing over some partial volume of the system.

However, this requires a hard probe. Recent work has addressed the issue of entanglement

between different spatial regions probed in the nucleon wavefunction [23, 24, 54–63]. Deep

Inelastic Scattering (DIS) probes a region of size 1/Q and 1/Mx where Q is the momentum

transfer, M is the nucleon mass and x is Bjorken-x. This separation of the Hilbert space

into product space consisting of two spatial regions is possible only because DIS is a short-

distance process. One qualitative conclusion resulting from these studies is that in high

energy processes the nucleon constituents decohere, which in turn gives rise to a maximal

entanglement entropy which scales as the logarithm of the number of gluons in the nucleon, a

quantity which grows exponentially with energy in a known manner [25, 26]. When probing

chiral symmetry breaking in the nucleon wavefunction, no such spatial separation is possible

since one is strictly in the long-distance, non-perturbative regime of QCD. A qualitative

picture suggests that chiral symmetry breaking arises from high-energy physics of the wee

partons near x = 0. However, it is possible to achieve a bipartite Hilbert space by considering

the entanglement between the spin of the valence quarks and the spin of everything else

(which we refer to as the parton sea).
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3.2 Null-plane QCD constraints

3.2.1 Folliation of spacetime and QCD conventions

In the front-form of relativistic Hamiltonian dynamics [27], one chooses the initial state of

the system to be on a light-like plane, or null-plane, which is a hypersurface of points x in

Minkowski space such that x · n = τ , which serves as the time variable. Here n is chosen to

be a light-like vector

nµ ≡ 1√
2
(1, 0, 0,−1) , n∗µ ≡ 1√

2
(1, 0, 0, 1) , (3.1)

which satisfies n2 = n∗2 = 0 and n · n∗ = 1. Referring to a null-plane as the surface Στ
n,

the subgroup of the Poincaré group that maps Στ
n to itself is called the stability group of

the null-plane and determines the kinematics within the null-plane. The seven kinematical

generators which form the stability group include the three momenta, the three boosts and

the helicity operator, J3. The remaining three Poincaré generators map Στ
n to a new surface,

Στ ′
n , and therefore describe the evolution of the system in time. It is convenient to trade

the three dynamical generators which correspond to transverse spin and time evolution with

the three reduced Hamiltonians, MJr with r = 1, 2 and M2, respectively, which encode all

non-trivial dynamics of the system. Taking the initial surface to be the null-plane Σ0
n, a

coordinate system adapted to null-planes is given by

x+ ≡ x · n = 1√
2
(x0 + x3) , x− ≡ x · n∗ = 1√

2
(x0 − x3) (3.2)

which are the time variable and “longitudinal” position, respectively.

It is a straightforward matter to find that the QCD null-plane chiral charges satisfy the

SU(2)L ⊗ SU(2)R algebra

[ Q̃α , Q̃β ] = i ϵαβγ Q̃γ , (3.3)

[ Q̃α
5 (x

+) , Q̃β ] = i ϵαβγ Q̃γ
5(x

+) , (3.4)

[ Q̃α
5 (x

+) , Q̃β
5 (x

+) ] = i ϵαβγ Q̃γ . (3.5)
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Note that the chiral charges are functions of time. This is the fundamental feature of null-

plane quantization that will be exploited in this chapter. As there are no symmetry-breaking

condensates, all spontaneous chiral symmetry breaking must be present in the reduced Hamil-

tonians, which in turn cannot commute with the chiral charges.

The quark fields transform as

[ Q̃α , ψ+ ] = −Tα ψ+ ; [ Q̃α
5 (x

+) , ψ+ ] = −γ5 Tα ψ+ . (3.6)

Breaking down the dynamical null-plane quark fields into left- and right-handed components,

ψ+R = 1
2
(1 + γ5)ψ+ , ψ+L = 1

2
(1− γ5)ψ+ , (3.7)

and noting that

Q̃α = Q̃α
R + Q̃α

L

Q̃α
5 = Q̃α

R − Q̃α
L , (3.8)

one verifies the fermion transformation properties with respect to SU(2)L ⊗ SU(2)R:

ψ+R = ψ↑ ∈ (1,2) , ψ̄+R = ψ̄↓ ∈ (1,2) ; (3.9)

ψ+L = ψ↓ ∈ (2,1) , ψ̄+L = ψ̄↑ ∈ (2,1) . (3.10)

where (RL,RR) labels the SU(2)L⊗SU(2)R content andRL,R are SU(2)L,R representations.

3.2.2 Symmetry breaking Hamiltonians

In null-plane quantization, all dynamical information of a Poincaré invariant theory of quan-

tum mechanics is contained in the three reduced Hamiltonians MJr and M2 which encode

the spin content and spectrum, respectively [10]. The reduced Hamiltonians commute with

six of the kinematical generators of the Poincaré algebra and satisfy the U(2) algebra together

with the seventh kinematical generator J3:

[J3 , MJr ] = i ϵrsMJs , [J3 , M
2 ] = 0 ;

[MJr , MJs ] = i ϵrsM
2J3 , [M2 , MJr ] = 0 , (3.11)
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where r, s are transverse indices. As spin is dynamical, consequences of Lorentz invariance

such as the arrangement of the spectrum of the theory into representations of the Lorentz

group are evident only in the solution of the theory, as we will see explicitly in several

examples below. In particular, while the spin of the system is usually given by the sum

of the spins of the constituents, here that is no longer the case. The spin of the system is

given by the sum of the spins of the constituents as well as by the interactions among the

constituent spins.

The Lie brackets among the reduced Hamiltonians and the chiral charges are

Pαβ;µν [Q̃µ
5(x

+) , [ Q̃ν
5(x

+) , M2]] = Pαβ;µν [Q̃µ
5(x

+) , [ Q̃ν
5(x

+) , MJ±]] = 0 , (3.12)

where Pαβ;µν ≡ δανδβµ − δαβδµν/3 and MJ ± ≡ MJ1 ± iMJ2. It is straightforward to

show that these constraints imply that M2 and MJ± transform as linear combinations of

(1,1) and (2,2) representation of SU(2)L ⊗ SU(2)R. That is,

M2 = M2
1 + M2

22 ; (3.13)

MJ ± = MJ ±
1 + MJ ±

22 . (3.14)

The chiral transformation properties of the energy and transverse spin were first obtained in

Refs. [36, 37, 64] by considering the asymptotic behavior of scattering amplitudes involving

massless pions.

As the chiral-symmetry breaking parts of the Hamiltonians represent the effect of spon-

taneous symmetry breaking on the null-plane, it is imperative that these contributions not

break Lorentz invariance spontaneously. In particular, a fundamental constraint on chiral

symmetry breaking is

[J3 , M
2
22 ] = 0 . (3.15)

As will be seen below, this constraint is remarkably powerful, and leads directly to the picture

of the nucleon as a source of valence spin whose entanglement with the spin of the sea gives

rise to chiral symmetry breaking.
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3.2.3 Hadronic states and selection rules

A general hadronic null-plane momentum eigenstate may be written as

|h , Λ ⟩ ≡ |h , Λ ; p+ , p⊥ ⟩ = |h , Λ ⟩ ⊗ | p+ , p⊥ ⟩ . (3.16)

A useful feature of the front form is that the dynamical and kinematical properties of a

state are cleanly separated. This is related to the fact that the boost operators are purely

kinematical. In the instant form the boost that takes one from one momentum state to

another is dynamical. In this equation n are additional variables that may be needed to

specify the state of a system at rest, and Λ is helicity, the eigenvalue of J3:

J3 |h , Λ ; p+ , p⊥ ⟩ = Λ |h , Λ ; p+ , p⊥ ⟩ . (3.17)

Naively the parity operation interchanges null-plane time and the longitudinal coordinate.

Defining the generalized parity operator, Y ≡ P exp (iπJ2), the product of the parity operator

P and a rotation about the 2-direction gives [65]

Y |h , Λ ; p+ , p⊥ ⟩ = (−1)J−Ληh |h , −Λ ; p+ , (p1,−p2) ⟩ , (3.18)

where ηh is the intrinsic parity of h. Defining canonical angular momentum raising and

lowering operators, Ĵ± whose action on a state of definite spin J (at rest) is

Ĵ+ |h , Λ ⟩ =
√
J(J + 1)− Λ(Λ + 1)|h , Λ + 1 ⟩ , (3.19)

one then has

⟨h , −Λ− 1 | Y Ĵ+ |h , Λ ⟩ =
√
J(J + 1)− Λ(Λ + 1)(−1)J−Ληh . (3.20)

Note that Y is an endomorphism of the chiral algebra [64], as

Y Q̃α
5 (x

+) Y = −Q̃α
5 (x

+) , Y Q̃α Y = Q̃α . (3.21)
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3.2.4 The chiral basis

Consider the hadronic matrix elements between null-plane momentum states of the following

QCD operators

⟨h′,Λ′; p′
+
,p′

⊥|Q̃5
α(x

+)|h,Λ; p+,p⊥ ⟩ = (2π)32p+δ(q+)δ2(q⊥) ⟨h′,Λ′|Q̃5
α|h,Λ⟩ δΛ′,Λ

⟨h′,Λ′; p′
+
,p′

⊥|Q̃α|h,Λ; p+,p⊥ ⟩ = (2π)32p+δ(q+)δ2(q⊥) ⟨h′,Λ′|Q̃α|h,Λ⟩ δΛ′,Λδh′,h

⟨h′,Λ′; p′
+
,p′

⊥|M2|h,Λ; p+,p⊥ ⟩ = (2π)32p+δ(q+)δ2(q⊥) ⟨h′,Λ′|M2|h,Λ⟩ δΛ′,Λδh′,h

⟨h′,Λ′; p′
+
,p′

⊥|MJ ±|h,Λ; p+,p⊥ ⟩ = (2π)32p+δ(q+)δ2(q⊥) ⟨h′,Λ′|MJ ±|h,Λ⟩ δΛ′,Λ±1δh′,h

⟨h′,Λ′; p′
+
,p′

⊥|J3|h,Λ; p+,p⊥ ⟩ = (2π)32p+δ(q+)δ2(q⊥) ⟨h′,Λ′|J3|h,Λ⟩ δΛ′,Λδh′,h . (3.22)

Our goal will be to construct a representation of the operators on the right hand side (using

the same symbol for the operator) which act only on the spin degrees of freedom that

label the state |h,Λ⟩ and satisfy the algebraic constraints which enforce: 1) the correct

pattern of chiral symmetry breaking, Eq. (3.5), and 2) a Poincaré invariant description,

Eq. (3.11), of the hadronic system2. The resulting spin system provides valuable insight

into the nature of chiral symmetry breaking and the structure of baryon states, and imposes

powerful quantitative constraints on the spectrum.

We will label baryon states as

| (RL,RR)R , λ ⟩ (3.23)

where R is an SU(2)-isospin representation in the product RR ⊗RL. For instance, a λ = 1
2

baryon state can be in a (2,1) which contains a single isodoublet, or it can be in an (2,3)

state which contains an isodoublet (2,3)2 and an isoquartet (2,3)4. The physical baryon

states will be labelled as 2J+1R where J is the spin of the state. Therefore, we have states

of type 2J+1N and 2J+1∆.

2Note that Poincaré invariance does not imply the more stringent constraint of Poincaré covariance. This
paper has nothing to say about covariance as that pertains to the action of the Poincaré generators on the
space and time dependence of the wavefunction and here the spatial coordinates are present only as some
orbital contribution to the total spin of the state.
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As the normality parity operator flips the sign of the spin,

Y
(
Q̃α ± Q̃α

5

)
Y−1 =

(
Q̃α ∓ Q̃α

5

)
, (3.24)

the action of normality on the chiral basis states is

Y| (RL,RR)R , λ ⟩ = ϕ| (RR,RL)R , −λ ⟩ , (3.25)

where ϕ is a phase chosen for convenience. The total angular momentum operator is given

by the helicity; that is, J3 = Ŝ3, where Ŝ3|λ ⟩ = λ|λ ⟩.

As the chiral states are states of definite helicity, it is useful to express the states in

terms of their transformation properties with respect to the permutation group S3. The

construction is similar to the states of the nonrelativistic quark model. However, the chiral

states have less symmetry since they are not eigenstates of the spin operator; indeed the chiral

states are linear combinations of states of definite spin; that is, they transform reducibly with

respect to the Lorentz group.

3.2.5 The Casher-Susskind theorem and entanglement

It is clear that in order to break chiral symmetry without breaking Lorentz invariance, that

is, simultaneously satisfy

[J3 , M
2
22 ] = 0 , [ Q̃α

5 , M
2
22 ] ̸= 0 , (3.26)

there must be a non-valence source of angular momentum which is denoted P̂3 and defined

such that the total helicity is given by

J3 = Ŝ3 ⊗ 1 + 1⊗ P̂3 . (3.27)

Here, the additional angular momentum generally arises from the sum

P̂3 = P̂
(1)
3 ⊗ 1⊗ · · ·+ 1⊗ P̂

(2)
3 ⊗ · · ·+ . . . . (3.28)

This well-known feature of null-plane QCD was demonstrated long ago by Casher and

Susskind [42]. Assume that the total helicity, J3, is given entirely by the valence quark
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helicity, Ŝ3. Then the first commutator in Eq. (3.26) implies that M2
22 is a function of Ŝ3,

M2
22 = M2

22(Ŝ3), which is clearly inconsistent as then the second commutator must vanish.

However, as soon as there is an additional source of helicity, then the first commutator can

be satisfied by compensating a change in the valence helicity with the additional source; that

is, M2
22 = M2

22(Ĵ3, Ŝ
+P̂−, Ŝ−P̂+) and the second commutator need not vanish. The chiral

constraints are then satisfied since

[Q̃β
5 , [ Q̃

α
5 , Ŝ

±]] = δαβŜ± , (3.29)

which implies that Ŝ± transforms in the (2,2) representation of SU(2)L⊗SU(2)R. Here the

angular momentum algebra is assumed to be satisfied by the various components of spin,

[ Ŝi , Ŝj ] = i ϵijkŜk , [ P̂
(a)
i , P̂

(a)
j ] = i ϵijkP̂

(a)
k . (3.30)

The valence spin in this case is no longer a constant of the motion and will therefore, like

the chiral charge, induce transitions between states that carry different energy 3. We now

have a bipartite Hilbert space in which the valence spin lives in HA, and all other sources

of spin live in HB, which we denote HA ⊗HB. In QCD, the QCD operator that counts the

valence helicity is gauge invariant, and therefore HA and HB are gauge-invariant subspaces.

Our product basis states are now:

| (RL,RR)R , λ ⟩ ⊗ |p3 ⟩ ≡ | (RL,RR)R , λ ; p3 ⟩ (3.31)

where P̂3|p3 ⟩ = p3|p3 ⟩ and the total helicity is now Λ = λ+ p3. As

[ P̂r , M
2
1 ] ̸= 0 , (3.32)

in general these states of definite helicity, p3, can be expanded in orthonormal states of

definite p:

|p3 ⟩(ℓ) =

Np∑
p=|p3|

gp∑
a=1

cℓapp3
|p,p3 ⟩(a) , (3.33)

3On the null plane, the valence helicity operator coincides with the axial U(1) generator which is anoma-
lous.
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where Np is the maximum allowed integer spin and gp is the number of states of spin p. The

number of states of definite helicity, p3, is

χp3 =

Np∑
p=|p3|

gp . (3.34)

The normalization condition on the expansions coefficients is:

Np∑
p=|p3|

gp∑
a=1

c∗ℓ
′ a

pp3
cℓapp3

= δℓ
′ℓ . (3.35)

A necessary condition for chiral symmetry breaking is that at least one of the following

matrix elements is non-vanishing:

(ℓ′)⟨ p3 ± 1 |P̂±|p3 ⟩(ℓ) =

Np∑
p=|p3|

gp∑
a=1

c∗ℓ
′ a

pp3±1c
ℓa
pp3

√
p(p+ 1)− p3(p3 + 1) . (3.36)

A priori, in QCD, there is no reason to expect thatNp is finite as it governs the maximum spin

state that can be achieved by the parton sea. However, the renormalization group suggests

that many of these spin degrees of freedom are high-energy states and may therefore be

integrated out to give a description in terms of a finite number of spins. Of course the

minimal number will be required to describe the ground state and then more spin modes

will have to be integrated in as higher energy excitations of the system are probed4.

The general chiral decomposition of the baryon null-plane wavefunctions is then as follows

for states with total helicity Λ. For I = 1
2
states,

|N ; Λ ⟩ :



|(2,1) , 1
2
, Λ− 1

2
⟩ , |(2,3)2 , 1

2
; Λ− 1

2
⟩ ,

|(1,2) , −1
2
, Λ + 1

2
⟩ , |(3,2)2 , −1

2
; Λ + 1

2
⟩ ,

|(1,2) , 3
2
; Λ− 3

2
⟩ , |(2,1) , −3

2
; Λ + 3

2
⟩ ,

(3.37)

4For instance, assume that the parton sea is populated by xG(x) non-interacting gluons...
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and for I = 3
2
states,

|∆ ; Λ ⟩ :


|(2,3)4 , 1

2
; Λ− 1

2
⟩ , |(3,2)4 , −1

2
; Λ + 1

2
⟩ ,

|(1,4) , 3
2
; Λ− 3

2
⟩ , |(4,1) , −3

2
; Λ + 3

2
⟩ .

(3.38)

The action of normality on the chiral basis states is now

Y| (RL,RR)R , λ ; p3 ⟩ = ϕ| (RR,RL)R , −λ ; −p3 ⟩ , (3.39)

where again ϕ is a phase which depends on the particular chiral representation, and is

determined by ensuring that Eq. (3.18) is satisfied for a particular hadronic state.

Of course a fundamental assumption that we have made in formulating these basis states

is that the valence content of the light baryons is given by three light quarks. If this were

not the case, then baryon states with isospin greater than 3/2 would be observed in the

spectrum and we would have to consider states with additional valence content. However,

we have made no assumption regarding the non-valence contributions to the baryon spin.

3.3 Nucleon state in the chiral basis

3.3.1 The general case

In the chiral basis the nucleon Λ = 1/2 state can be expressed as the pure state

|N ; 1
2
⟩ = | 1

2
; 0
)

+ | −1
2
; 1
)

+ | 3
2
; −1

)
+ | −3

2
; 2
)
, (3.40)

where we have adopted the vector notation such that

| 1
2
; 0
)

≡
3∑
i=1

χ0∑
ℓ=1

(
Φiℓ

1 |(2,1) , 1
2
⟩(i) + Φiℓ

2 |(2,3)2 , 1
2
⟩(i)
)
⊗ |0 ⟩(ℓ) ;

| −1
2
; 1
)

≡
3∑
i=1

χ1∑
ℓ=1

(
Φiℓ

3 |(1,2) , −1
2
⟩(i) + Φiℓ

4 |(3,2)2 , −1
2
⟩(i)
)
⊗ |1 ⟩(ℓ) ;

| 3
2
; −1

)
≡

2∑
m=1

χ1∑
ℓ=1

Φmℓ
5 |(1,2) , 3

2
⟩(m) ⊗ |−1 ⟩(ℓ) ;

| −3
2
; 2
)

≡
2∑

m=1

χ2∑
ℓ=1

Φmℓ
6 |(2,1) , −3

2
⟩(m) ⊗ |2 ⟩(ℓ) , (3.41)
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with normalization

6∑
γ=1

tr
(
Φ̂†
γΦ̂γ

)
= 1 . (3.42)

In the Fock basis these six types of states with orbital angular momentum, three with p = ±1,

two with p = 0 and one with p = 2, have been written down explicitly in terms of null-plane

quark fields in Ref. [33]. Note that we have taken the available valence states from the quark

model wavefunctions constructed in the appendices. This form is the most general form

of the nucleon state as it includes Fock-space components with arbitrary amounts of glue.

Given that in general one expects that the HL Hilbert space is infinite dimensional, it may

seem that constraining this wavefunction is a lost cause. However, here the renormalization

group comes to the rescue. The density of partons and therefore the number of spin states

increases as one goes to lower and lower x. However, these low-x states are high energy

states whose detailed form should be irrelevant to the ground state baryon wavefunction of

the theory. Therefore, it is sensible to assume that the nucleon wavefunction may have only

a few important components in which the valence sector interacts with a frozen parton sea.

3.3.2 Entanglement entropy as an order parameter

The density matrix of the valence spin is defined by

ρA = trB
(
|N , 1

2
⟩⟨N , 1

2
|
)
, (3.43)

which gives, in supermatrix form,

ρA =



(i)⟨ (2,1) , 1
2 | (i)⟨ (2,3)2 , 1

2 | (i)⟨ (1,2) , − 1
2 | (i)⟨ (3,2)2 , − 1

2 | (m)⟨ (1,2) , 3
2 | (m)⟨ (2,1) , − 3

2 |

| (2,1) , 1
2 ⟩(j) (Φ̂1Φ̂

†
1)ij (Φ̂1Φ̂

†
2)ij 0 0 0 0

| (2,3)2 , 1
2 ⟩(j) (Φ̂2Φ̂

†
1)ij (Φ̂2Φ̂

†
2)ij 0 0 0 0

| (1,2) , − 1
2 ⟩(j) 0 0 (Φ̂3Φ̂

†
3)ij (Φ̂3Φ̂

†
4)ij 0 0

| (3,2)2 , − 1
2 ⟩(j) 0 0 (Φ̂4Φ̂

†
3)ij (Φ̂4Φ̂

†
4)ij 0 0

| (1,2) , 3
2 ⟩(n) 0 0 0 0 (Φ̂5Φ̂

†
5)mn 0

| (2,1) , − 3
2 ⟩(n) 0 0 0 0 0 (Φ̂6Φ̂

†
6)mn


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from which follows the entanglement entropy

SN(ρA) = −trA (ρA log ρA) . (3.44)

The entanglement entropy is non-vanishing if the nucleon state in Eq. (3.40) contains more

than one term. The mixing angles are of course determined by the Hamiltonians. They

deviate from unity if and only if the M2 Hamiltonian contains an off-diagonal component.

Since all off-diagonal components break chiral symmetry, it is clear that the nucleon state

contains chiral symmetry breaking if and only if SN > 0. This suggests that in null-plane

quantization the entanglement entropy is an order parameter for chiral symmetry breaking.

The maximally entangled state occurs when ρA is proportional to the identity; that is, the

maximal entanglement entropy is the logarithm of the total number of states:

SN(ρA) ≤ log 2 + log (3χ0 + 4χ1 + χ2) . (3.45)

At the maximum value of the entanglement entropy, the valence spin content of the nucleon

vanishes and the neutron does not decay. That is, one finds in this limit ∆Σ = gA = 0. It

is not clear how this definition of entanglement entropy is useful. It is evidently non-local

since in principle the spin interactions that give rise to it are non-local.

3.3.3 The large-Nc limit

The large-Nc limit leads to a tremendous simplification and indeed allows an exact solution to

the problem posed by the various algebraic constraints [29, 38]. It is important to emphasize

that this has nothing whatsoever to do with the non-relativistic quark model. The large-Nc

constraints [40, 41] are a consequence of unitarity and, as they place powerful constraints on

axial matrix elements of the nucleon, they must be reflected in the null-plane QCD chiral

constraints. If we take

[ Q̃α
5 , M ] ≡ ϵα , (3.46)
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and throw away terms of O(ϵ). This implies that all chiral symmetry breaking must occur

in the spin Hamiltonians, MJ±. In this limit, the QCD operator algebra reduces to

[Ji , Jj ] = i ϵijk Jk (3.47)

which generates SU(2) spin, the SU(2)L ⊗ SU(2)L algebra of eq. 3.5, and the remaining

non-trivial Lie bracket mixes the chiral generators and the spin Hamiltonians:

Pαβ;µν [Q̃µ
5 , [ Q̃

ν
5 , J±]] = 0 . (3.48)

Remarkably, this simplified algebra can be put into a familiar form. Consider an operatorGαi,

which transforms as an adjoint of SU(2) (flavor) and as a vector with respect to rotations.

Identifying Gα3 ≡ Q̃α
5 . Detailed consideration of the properties of Gαβ leads to [29, 38]

[Gαi , Gβj ] = i δij ϵαβγ Q̃γ + i δαβ ϵijk Jk (3.49)

which together with

[ Q̃α , Gβi ] = i fαβγ Gγi , [Ji , Gαj ] = i ϵijkGαk ; (3.50)

[ Q̃α , Q̃β ] = i fαβγ Q̃γ , [Ji , Jj ] = i ϵijk Jk (3.51)

close to the algebra of the group SU(4). It is important to stress that this SU(4) symmetry is

truly a dynamical symmetry; it is unrelated to the invariance of QCD in the non-interacting

limit.

(2,3) ⊕ (1,4): the SU(4) (large-Nc) limit. We will now describe the mapping between

the symmetric and antisymmetric irreducible representations of SU(4) and representations

of SU(2)R ⊗ SU(2)L. The symmetric 20 of SU(4) is reproduced by

Λ = ±1
2


|(2,3)2 , 1

2
, 0⟩ , |(2,3)4 , 1

2
, 0⟩

|(3,2)2 , −1
2
, 0⟩ , |(3,2)4 , −1

2
, 0⟩

Λ = ±3
2


|(1,4) , 3

2
, 0⟩

|(4,1) , −3
2
, 0⟩ ,

. (3.52)
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Note that here p = p3 = 0. The physical positive helicity eigenstates can be written as

|N , 1
2
⟩ = |(2,3)2 , 1

2
, 0⟩

|∆ , 1
2
⟩ = |(2,3)4 , 1

2
, 0⟩ ,

|∆ , 3
2
⟩ = |(1,4) , 3

2
, 0⟩ . (3.53)

To obtain the negative helicity eigenstates one acts with the Y operator on these states and

fixes the phases in Eq. (3.39) by requiring that Eq. (3.18) be satisfied.

|N , −1
2
⟩ = |(3,2)2 , −1

2
, 0⟩ ,

|∆ , −1
2
⟩ = |(3,2)4 , −1

2
, 0⟩ ,

|∆ , −3
2
⟩ = |(4,1) , −3

2
, 0⟩ . (3.54)

Since the physical states are in irreducible representations of the chiral group, this phase

dependence does not appear.

3.4 Realistic nucleon wavefunctions

3.4.1 Saturation scheme 1: NA, NB, ∆

Hamiltonian constraints

Here the model of the previous section will be considered in more detail. This is consistent

with the nucleon being a mixture of 20S and 4A of SU(4). This is the simplest non-trivial

model that extends the SU(4) picture of degenerate nucleon and delta. The positive helicity

eigenstates can be chosen to be

|NA ,
1
2
⟩ = sinψ |(1,2) , −1

2
, 1⟩+ cosψ |(2,3)2 , 1

2
, 0⟩

|NB ,
1
2
⟩ = − cosψ |(1,2) , −1

2
, 1⟩+ sinψ |(2,3)2 , 1

2
, 0⟩

|∆ , 1
2
⟩ = |(2,3)4 , 1

2
, 0⟩ . (3.55)

Acting with the normality operator on the physical states via Eq. (3.18) and on the basis
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states via Eq. (3.39) gives the negative-helicity mixed states:

(−1)JNA
− 1

2ηNA
|NA , −1

2
⟩ = sinψ ϕ1|(2,1) , 1

2
, −1⟩ + cosψ ϕ2|(3,2)2 , −1

2
, 0⟩

(−1)JNB
− 1

2ηNB
|NB , −1

2
⟩ = − cosψ ϕ1|(2,1) , 1

2
, −1⟩ + sinψ ϕ2|(3,2)2 , −1

2
, 0⟩ ,(3.56)

where ϕ1,2 are phases. It is clear that the dependence on the total spin and parity of the states

cannot be completely removed by appropriate choice of phases. This is expected since spin

and parity are dynamical quantities that are constrained by interaction, and the presence

of mixing signals dynamical chiral symmetry breaking. Choosing ϕ1 = ϕ2 = (−1)JNA
− 1

2ηNA
,

then gives the negative helicity eigenstates:

|NA , −1
2
⟩ = sinψ |(2,1) , 1

2
, −1⟩ + cosψ |(3,2)2 , −1

2
, 0⟩

(−1)πNBNA |NB , −1
2
⟩ = − cosψ |(2,1) , 1

2
, −1⟩ + sinψ |(3,2)2 , −1

2
, 0⟩

|∆ , −1
2
⟩ = |(3,2)4 , −1

2
, 0⟩ . (3.57)

where (−1)πxy ≡ (−1)Jx−Jyηxηy. The Hamiltonians take the form

M2 =


| (1,2) ⟩ | (2,3) ⟩

⟨ (1,2) | m2
1a m2

22

⟨ (2,3) | m2
22 m2

1b

 , MJ + =


| (2,1) ⟩ | (3,2) ⟩

⟨ (1,2) | mj22a 0

⟨ (2,3) | 0 mj22b

 .
As there are three physical squared masses with one orthogonality condition and three mass-

squared matrix elements, one sum rule is expected from the mass-squared Hamiltonian. One

finds

M2
NA

cos2ψ + M2
NB

sin2ψ = M2
∆ . (3.58)

Only the isodoublet sector is constrained by the spin Hamiltonians and as there are two

physical masses with one orthogonality condition and two spin Hamiltonian matrix elements,

one sum rum is expected. Taking matrix elements of the spin Hamiltonians yields:

(−1)πNBNA

(
JNA

+ 1
2

)
MNA

=
(
JNB

+ 1
2

)
MNB

. (3.59)
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It is quite clear that this latter constraint is not consistent with a single nucleon as the ground

state. Therefore this saturation scheme is unambiguously inconsistent with experiment.

Axial couplings

In the physical basis, the quark helicity and axial-coupling matrices take the form:

∆Σ =

cos 2ψ sin 2ψ

sin 2ψ − cos 2ψ

 , gA = 1
3

(4 + cos 2ψ) sin 2ψ

sin 2ψ (4− cos 2ψ)

 . (3.60)

Identifying NA with the nucleon, the familiar nucleon axial charges are

gA = (gA)AA = 1
3
(4 + cos 2ψ) , ∆Σ = (∆Σ)AA = cos 2ψ . (3.61)

Other axial couplings are

C∆NA
= −2 cosψ , C∆NB

= −2 sinψ , H∆∆ = −3 . (3.62)

The consistency of the scheme is readily checked by taking matrix elements of the chiral

algebra, Eq. (3.5), between all of the states in the saturation scheme, and inserting complete

sets of states. For instance, the matrix elements between nucleon states

⟨NA ,
1
2
|[ Q̃+

5 , Q̃
−
5 ]|NA ,

1
2
⟩ = ⟨NA ,

1
2
|2Q̃3|NA ,

1
2
⟩ , (3.63)

and using the matrix elements of definite chirality constructed in the appendices, yields

(gA)
2
AA + (gA)

2
AB − 4

9
C2
∆NA

= 1 , (3.64)

which is of course satisfied. This is the pole-saturated form of the nucleon Adler-Weisberger

(AW) sum rule and points to a fundamental property that must be satisfied by the nucleon

state: it satisfies an exact chiral symmetry regardless of the size of the (reducible) represen-

tation in which it finds itself. These sum rules are all trivial unless the Hamiltonians have

chiral-symmetry breaking contributions, and indeed the Hamiltonian sum rules found above

are checked by taking matrix elements of the algebraic constraints of Eq. (3.12).
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There are, in addition, other interesting sum rules that are particular to the choice of

saturation scheme. For instance, in this scheme one finds

∆Σ =
2

3
C2
∆NC

− gA . (3.65)

Entanglement entropy

We can trace over the sea and get the density matrix for the valence content

ρA = trB
(
|N , 1

2
⟩⟨N , 1

2
|
)
= sin2 ψ|(1,2)⟩⟨(1,2)|+ cos2 ψ|(2,3)2⟩⟨(2,3)2| (3.66)

from which follows the entanglement entropy

SN(ψ) = − sin2 ψ log
(
sin2 ψ

)
− cos2 ψ log

(
cos2 ψ

)
. (3.67)

The entanglement entropy, given in Eq. (3.67), can be expressed as

SN(∆Σ) = −1
2
(1−∆Σ) log 1

2
(1−∆Σ)− 1

2
(1 + ∆Σ) log 1

2
(1 + ∆Σ) (3.68)

SN(gA) = −3
2
( 5
3
− gA) log

3
2
( 5
3
− gA)− 3

2
(gA − 1) log 3

2
(gA − 1) . (3.69)

3.4.2 Saturation scheme 2: NA, NB, ∆A, ∆B

Hamiltonian constraints

Consider next the scheme consistent with the nucleon being a mixture of 20S and 20M of

SU(4). The Λ = +1
2
eigenstates can be chosen to be

|NA ,
1
2
⟩ = sinϕ|(3,2)2,−1

2
,1⟩ + cosϕ |(2,3)2, 12 ,0⟩

|NB ,
1
2
⟩ = − cosϕ |(3,2)2,−1

2
,1⟩ + sinϕ |(2,3)2, 12 ,0⟩

|∆A ,
1
2
⟩ = sinω|(3,2)4 , −1

2
, 1⟩ + cosω|(2,3)4 , 1

2
, 0⟩

|∆B ,
1
2
⟩ = − cosω|(3,2)4 , −1

2
, 1⟩ + sinω|(2,3)4 , 1

2
, 0⟩ , (3.70)
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The negative helicity eigenstates are then obtained with the action of Y :

|NA , −1
2
⟩ = sinϕ|(2,3)2, 12 ,−1⟩ + cosϕ |(3,2)2,−1

2
,0⟩

(−1)πNBNA |NB , −1
2
⟩ = − cosϕ |(2,3)2, 12 ,−1⟩ + sinϕ |(3,2)2,−1

2
,0⟩

|∆A , −1
2
⟩ = sinω|(2,3)4 , 1

2
, −1⟩ + cosω|(3,2)4 , −1

2
, 0⟩

(−1)π∆B∆A |∆B , −1
2
⟩ = − cosω|(2,3)4 , 1

2
, −1⟩ + sinω|(3,2)4 , −1

2
, 0⟩ , (3.71)

For both the N and ∆ states, the Hamiltonians take the form

M2 =


| (3,2) ⟩ | (2,3) ⟩

⟨ (3,2) | m2
1a m2

22c

⟨ (2,3) | m2
22c m2

1c

 , MJ + =


| (2,3) ⟩ | (3,2) ⟩

⟨ (3,2) | mj22e mj1a

⟨ (2,3) | mj1a mj22f

 . (3.72)

There are two sum rules from the mass-squared Hamiltonian:

(
M2

NA
−M2

NB

)
cos 2ψ =

(
M2

∆A
−M2

∆B

)
cos 2ω (3.73)

M2
NA

+M2
NB

= M2
∆A

+M2
∆B

, (3.74)

and one sum rule from the spin Hamiltonians:

(−1)π∆B∆A

[ (
J∆B

+ 1
2

)
M∆B

− (−1)πNBNA

(
JNA

+ 1
2

)
MNA

]
sin 2ϕ

= (−1)πNBNA

[ (
J∆B

+ 1
2

)
M∆B

− (−1)π∆B∆A

(
J∆A

+ 1
2

)
M∆A

]
sin 2ω .(3.75)

It is clear from Eq. (3.74) that this saturation scheme is not useful.

Axial couplings

In the physical basis, the quark helicity and axial-coupling matrices take the form:

∆Σ =

cos 2ψ sin 2ψ

sin 2ψ − cos 2ψ

 , gA = 5
3

 cos 2ψ − sin 2ψ

− sin 2ψ − cos 2ψ

 . (3.76)
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3.4.3 Saturation scheme 3: NA, NB, NC, ∆

The simplest extension of saturation scheme 1 is to add a third 2N state. In the SU(4)

language, this is like adding a second 4A state, and since the tensor product of three quarks

gives only a single 4A state, the expectation is that this representation will require heavier

excited states. It is nevertheless interesting to explore due to its relative simplicity and basic

agreement with data.

Hamiltonian constraints

The positive helicity eigenstates can be chosen to be

|NA ,
1
2
⟩ = U11 |(2,1), 12 ,0⟩ + U12 |(1,2),−1

2
,1⟩ + U13 |(2,3)2, 12 ,0⟩

|NB ,
1
2
⟩ = U21 |(2,1), 12 ,0⟩ + U22 |(1,2),−1

2
,1⟩ + U23 |(2,3)2, 12 ,0⟩

|NC ,
1
2
⟩ = U31 |(2,1), 12 ,0⟩ + U32 |(1,2),−1

2
,1⟩ + U33 |(2,3)2, 12 ,0⟩

|∆ , 1
2
⟩ = |(2,3)4 , 1

2
, 0⟩

|∆ , 3
2
⟩ = |(1,4) , 3

2
, 0⟩ . (3.77)

The negative helicity eigenstates are then

(−1)πNCNA |NA , −1
2
⟩ = U11 |(1,2),−1

2
,0⟩ + U12 |(2,1), 12 ,−1⟩ + U13 |(3,2)2,−1

2
,0⟩

(−1)πNCNB |NB , −1
2
⟩ = U21 |(1,2),−1

2
,0⟩ + U22 |(2,1), 12 ,−1⟩ + U23 |(3,2)2,−1

2
,0⟩

|NC , −1
2
⟩ = U31 |(1,2),−1

2
,0⟩ + U32 |(2,1), 12 ,−1⟩ + U33 |(3,2)2,−1

2
,0⟩

|∆ , −1
2
⟩ = |(3,2)4 , −1

2
, 0⟩

|∆ , −3
2
⟩ = |(4,1) , −3

2
, 0⟩. (3.78)

For the mixing angles, the following choice of the Euler angles is used:

Û =


cosϕ cos θ − cosψ sin θ sinϕ − sinϕ cos θ − cosϕ sin θ cosψ sinψ sin θ

cosϕ sin θ + cosψ cos θ sinϕ − sinϕ sin θ + cosϕ cos θ cosψ − sinψ cos θ

sinψ sinϕ cosϕ sinψ cosψ

 . (3.79)
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The Hamiltonians take the form

M2 =


| (2,1) ⟩ | (1,2) ⟩ | (2,3) ⟩

⟨ (2,1) | m2
1a m2

22a 0

⟨ (1,2) | m2
22a m2

1b m2
22b

⟨ (2,3) | 0 m2
22b m2

1c

 , MJ + =


| (1,2) ⟩ | (2,1) ⟩ | (3,2) ⟩

⟨ (2,1) | mj22a mj1a mj22b

⟨ (1,2) | mj1a mj22c 0

⟨ (2,3) | mj22b 0 mj22d

.
The assumption that these matrix elements are non-vanishing implies that the sea states that

enter the representation have non-vanishing matrix elements of the sea angular momentum

raising and lowering operators. Here there are four physical squared masses with three

orthogonality conditions and five mass-squared matrix elements, and therefore two sum rules

are expected from the mass-squared Hamiltonian. One finds

M2
∆ − M2

NC
cos2ψ =

(
M2

NA
cos2θ + M2

NB
sin2θ

)
sin2ψ ; (3.80)

(
M2

NA
− M2

NB

)
sin θ cos θ cosϕ = sinϕ cosψ

(
M2

NA
cos2θ + M2

NB
sin2θ − M2

NC

)
.(3.81)

Again the spin Hamiltonian act non-trivially only in the isodoublet sector. Here there are

three physical masses with three orthogonality conditions and five spin Hamiltonian matrix

elements and therefore one sum rum is expected. One finds

(−1)πNANCMNC

(
JNC

+ 1
2

)
−MNA

(
JNA

+ 1
2

)
sin2θ − (−1)πNANBMNB

(
JNB

+ 1
2

)
cos2θ

= tanϕ sin θ cos θ secψ
(
MNA

(
JNA

+ 1
2

)
− (−1)πNANBMNB

(
JNB

+ 1
2

))
. (3.82)

This scheme has been analyzed previously in Ref. [66].

Axial couplings

In the physical basis, the quark helicity and axial-coupling matrices ∆Σ and gA, respectively

are easily obtained. Identifying the nucleon with NC one has the nucleon axial couplings

gA = (gA)CC = 5
3
cos2ψ + cos 2ϕ sin2ψ ;

∆Σ = (∆Σ)CC = cos2ϕ cos 2ψ + sin2ϕ , (3.83)
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and the nucleon axial couplings to the excited states

(gA)AC = −1
2

(
cos 2ϕ− 5

3

)
sin 2ψ sin θ − sinψ sin 2ϕ cos θ ;

(gA)BC = 1
2

(
cos 2ϕ− 5

3

)
sin 2ψ cos θ − sinψ sin 2ϕ sin θ . (3.84)

Identifying the delta with ∆, the axial couplings are

C∆NC
= −2 cosψ , C∆NB

= 2 sinψ cos θ , C∆NA
= −2 sinψ sin θ , H∆∆ = −3 . (3.85)

Taking matrix elements of the chiral algebra between nucleon states gives the nucleon AW

sum rule

(gA)
2
CC + (gA)

2
AC + (gA)

2
BC − 4

9
C2
∆NC

= 1 , (3.86)

which is seen to be satisfied by Eqs. (3.83), (3.84) and (3.85).

In this scheme, there is a solution that is consistent with experiment. The angles ψ =

40±5o and ϕ = 23±11o are determined from the experimental values of gA and C∆NC
. With

the nucleon mass, spin and parity and the delta mass as additional input, simultaneous

solutions to the three Hamiltonian sum rules of Eqs. (3.80), (3.81), and (3.82) are searched

for to give the angle θ = 39 ± 33o, and the masses, spins and parities of NA and NB as

tabulated in Table 3.2. This solution is not unique, however other solutions predict states

that are not within one sigma of PDG [47] states. As in scheme 1, the spin content of the

proton can be expressed as

∆Σ =
2

3
C2
∆NC

− gA . (3.87)

As both of these axial couplings are input from experiment, in this scheme, the proton valence

spin content is determined directly from experimental data (see Table 3.2). In QCD, this

quantity is scheme and scale dependent.

Entanglement entropy

The nucleon state in this scheme is determined entirely by the nucleon axial charge and

the delta decay rate. It is instructive to write the nucleon state, with its experimentally
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determined mixing angles, in a manner that exhibits the bipartite nature of the state:

|N , 1
2
⟩ = U31 |(2,1), 12⟩ ⊗ |0⟩(m) + U32 |(1,2),−1

2
⟩ ⊗ |1⟩ + U33 |(2,3)2, 12⟩ ⊗ |0⟩(n),(3.88)

with (m)⟨0|0⟩(n) = δmn to allow for the possibility that there is/are one or two helicity-zero

states. The chiral states are clearly orthogonal. The mixing angles are U31 = 0.24 ± 0.08,

U32 = 0.60 ± 0.07 and U33 = −0.76 ± 0.05. With m ̸= n, the entanglement entropy is (in

units of the maximal entanglement entropy)

SN = −U2
31 logU

2
31 − U2

32 logU
2
32 − U2

33 logU
2
33 = (0.81± 0.18) log 3 (3.89)

and with m = n,

SN = −
(
U2
31 + U2

33

)
log
(
U2
31 + U2

33

)
− U2

32 logU
2
32 = (0.96± 0.23) log 2 . (3.90)

It is interesting that in nucleon chiral representations that are consistent with data, the

entanglement entropy is near its maximum value.

Summary

While this saturation scheme is consistent with experimental data, it involves the coupling of

the nucleon to higher excited states in a rather unnatural way as it “skips” low-lying states

that have significant axial couplings to the nucleon and which one would expect should be

present in the nucleon’s chiral representation.

3.4.4 Saturation scheme 4: NA, NB, NC, ∆A , ∆B

Hamiltonian constraints

Consider next the scheme consistent with the nucleon being a mixture of 20S and 20M of
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SU(4). The Λ = +1
2
eigenstates can be chosen to be

|NA ,
1
2
⟩ = U11 |(3,2)2,−1

2
,1⟩ + U12 |(1,2),−1

2
,1⟩ + U13 |(2,3)2, 12 ,0⟩

|NB ,
1
2
⟩ = U21 |(3,2)2,−1

2
,1⟩ + U22 |(1,2),−1

2
,1⟩ + U23 |(2,3)2, 12 ,0⟩

|NC ,
1
2
⟩ = U31 |(3,2)2,−1

2
,1⟩ + U32 |(1,2),−1

2
,1⟩ + U33 |(2,3)2, 12 ,0⟩

|∆A ,
1
2
⟩ = sinω|(3,2)4 , −1

2
, 1⟩ + cosω|(2,3)4 , 1

2
, 0⟩

|∆B ,
1
2
⟩ = − cosω|(3,2)4 , −1

2
, 1⟩ + sinω|(2,3)4 , 1

2
, 0⟩ , (3.91)

where same choice of the Euler angles written down above is used. The negative helicity

eigenstates are then obtained with the action of Y :

(−1)πNCNA |NA , −1
2
⟩ = U11 |(2,3)2, 12 ,−1⟩ + U12 |(2,1), 12 ,−1⟩ + U13 |(3,2)2,−1

2
,0⟩

(−1)πNCNB |NB , −1
2
⟩ = U21 |(2,3)2, 12 ,−1⟩ + U22 |(2,1), 12 ,−1⟩ + U23 |(3,2)2,−1

2
,0⟩

|NC , −1
2
⟩ = U31 |(2,3)2, 12 ,−1⟩ + U32 |(2,1), 12 ,−1⟩ + U33 |(3,2)2,−1

2
,0⟩

|∆A , −1
2
⟩ = sinω|(2,3)4 , 1

2
, −1⟩ + cosω|(3,2)4 , −1

2
, 0⟩

(−1)π∆B∆A |∆B , −1
2
⟩ = − cosω|(2,3)4 , 1

2
, −1⟩ + sinω|(3,2)4 , −1

2
, 0⟩ , (3.92)

The mass-squared Hamiltonians are

M2 =


| (3,2) ⟩ | (1,2) ⟩ | (2,3) ⟩

⟨ (3,2) | m2
1a 0 m2

22a

⟨ (1,2) | 0 m2
1b m2

22b

⟨ (2,3) | m2
22a m2

22b m2
1c

 , M2 =


| (3,2) ⟩ | (2,3) ⟩

⟨ (3,2) | m2
1a m2

22c

⟨ (2,3) | m2
22c m2

1c

 (3.93)

and the spin Hamiltonians are

MJ + =


| (2,3) ⟩ | (2,1) ⟩ | (3,2) ⟩

⟨ (3,2) | mj22a mj22b mj1a

⟨ (1,2) | mj22b mj22c 0

⟨ (2,3) | mj1a 0 mj22d

 , MJ + =


| (2,3) ⟩ | (3,2) ⟩

⟨ (3,2) | mj22e mj1a

⟨ (2,3) | mj1a mj22f

(3.94)
for the N and ∆ states, respectively.
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There are three sum rules from the mass-squared Hamiltonian:

4 sin 2ϕ
[ (
M2

∆A
−M2

∆B

)
cos 2ω sin2ψ +

(
M2

NB
−M2

NA

)
cos 2ψ cos 2θ

]
=
(
M2

NA
−M2

NB

)
cosψ sin 2θ[(3 cos 2ϕ− 1) cos 2ψ + 2 cos2ϕ] ; (3.95)

(
M2

∆A
+M2

∆B
−M2

NB
−M2

NC

)
×
[
cosψ sin 2θ

(
cos 2ϕ(3 cos 2ψ + 1) + 2 sin2ψ

)
+ 4 sin 2ϕ cos 2ψ cos 2θ

]
= −4

(
M2

∆A
−M2

∆B

)
cos 2ω cosϕ sin2ψ

(
cosϕ cosψ sin 2θ − 2 sinϕ sin2θ

)
; (3.96)

sin 2ϕ
[
2 sin2 ψ

(
M2

NA
+M2

NB
− 2M2

NC

)
+
(
M2

NA
−M2

NB

)
(cos 2ψ + 3) cos 2θ

]
= −4

(
M2

NA
−M2

NB

)
cos 2ϕ cosψ sin 2θ , (3.97)

and there are two sum rules from the spin Hamiltonians:[ (
JNC

+ 1
2

)
MNC

−
(
JNB

+ 1
2

)
MNB

(−1)πNCNB

]
sin 2ψ =[ (

J∆A
+ 1

2

)
M∆A

−
(
J∆B

+ 1
2

)
M∆B

(−1)π∆B∆A

]
sin 2ω (sinϕ+ cosϕ tan θ cosψ) ; (3.98)

[ (
JNB

+ 1
2

)
MNB

−
(
JNA

+ 1
2

)
MNA

(−1)πNANB

]
(2 secψ sinϕ sin θ cos θ − cosϕ cos 2θ)

=
[ (
JNB

+ 1
2

)
MNB

+
(
JNA

+ 1
2

)
MNA

(−1)πNANB − 2
(
JNC

+ 1
2

)
MNC

(−1)πNCNB

]
cosϕ.(3.99)

Axial couplings

In the physical basis, the quark helicity and axial-coupling matrices ∆Σ and gA, respectively

are easily obtained. Identifying the nucleon with NC one has the nucleon axial couplings

gA = (gA)CC = 1
3
[4 cos2ϕ+ (3− 2 cos 2ϕ) cos 2ψ]

∆Σ = (∆Σ)CC = cos 2ψ , (3.100)

and the nucleon axial couplings to the excited states

(gA)AC = 1
3

[
(3− 2 cos 2ϕ) sin 2ψ sin θ − 4 cos θ sin 2ϕ sinψ

]
(gA)BC = 2

3
sinψ

[
(2 cos 2ϕ− 3) cosψ cos θ − 4 cosϕ sinϕ sin θ

]
(3.101)
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The delta axial couplings are

C∆ANC
= −2 (cosω cosϕ+ sinω sinϕ sinψ) ;

C∆BNC
= −2 (sinω cosϕ− cosω sinϕ sinψ) , (3.102)

and

H∆A∆A
= −3 cos 2ω . (3.103)

Taking matrix elements of the chiral algebra between nucleon states gives the nucleon

AW sum rule

(gA)
2
CC + (gA)

2
AC + (gA)

2
BC − 4

9
C2
∆ANC

− 4

9
C2
∆BNC

= 1 , (3.104)

which is seen to be satisfied by Eqs. (3.100), (3.101) and (3.102).

This scheme is very constrained and quite consistent with experiment. Table 3.3 gives

the input parameters and some of the predictions. The predicted angles are ϕ = −0.274,

ψ = 0.749, θ = 0.632 and ω = 2.868.
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Table 3.1: Saturation scheme 1, axial charges. The asterisk indicates an input parameter.

Axial charge Theory Expt [47]

|gA| ∗ 1.267

|C∆N | 1.27 1.51± 0.10

|H∆∆| 3 2.2± 0.6

∆Σ −0.2 −

SN (0.97) log 2 −

Table 3.2: Axial charges and masses in saturation scheme 3. The asterisk indicates an input

parameter and masses are given in MeV. The value of ∆Σ is taken from the COMPASS

collaboration’s analysis in Ref. [67] at a renormalization scale Q2 = 3 GeV2.

Charge Theory Expt [47, 67] Mass Theory (Jη) Expt (Jη) [47]

|gA| ∗ 1.267 MNC
∗ 940 (12

+
)

|C∆N | ∗ 1.51± 0.10 M∆ ∗ 1232 (32
+
)

|H∆∆| 3 2.2± 0.6 MNA
1667± 102 (12

+
) 1710± 30 (12

+
)

∆Σ 0.27± 0.20 0.31± 0.05 MNB
1363± 129 (12

−
) 1535± 10 (12

−
)

| (gA)AC | 0.55± 0.19 0.07± 0.18 − − −

| (gA)BC | 0.56± 0.19 0.21± 0.11 − − −
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Table 3.3: Axial charges and masses in saturation scheme 4. The asterisk indicates an input

parameter and masses are given in MeV. The value of ∆Σ is taken from the COMPASS

collaboration’s analysis in Ref. [67] at a renormalization scale Q2 = 3 GeV2.

Charge Theory Expt [47, 67] Mass Theory (Jη) Expt (Jη) [47]

|gA| ∗ 1.267 MNC
∗ 940 (12

+
)

|C∆ANC
| ∗ 1.51± 0.10 M∆A

∗ 1232 (32
+
)

|H∆A∆A
| 2.80± 0.01 2.2± 0.6 MNA

1700± 84 (12
−
) 1530± 15 (12

−
)

∆Σ 0.07± 0.11 0.31± 0.05 MNB
1442± 35 (12

+
) 1440± 30 (12

+
)

| (gA)AC | 0.63± 0.14 0.07± 0.18 M∆B
1654± 71 (32

−
) 1710± 20 (32

−
)

| (gA)BC | 0.07± 0.05 0.21± 0.11 − − −
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3.5 Conclusion

In null-plane QCD chiral symmetry and its breaking are properties of the valence quarks

which carry a definite helicity. As symmetry-breaking condensates are absent when null-

planes are chosen as initial quantization surfaces, the effects of spontaneous symmetry

breaking are necessarily properties of hadronic null-plane states which arise from symmetry-

breaking QCD operators which act as reduced Hamiltonians. The null-plane foliation of

spacetime is therefore convenient for studying nonperturbative aspects of QCD because

these symmetry-breaking operators or Hamiltonians in null-plane QCD satisfy algebraic

constraints due to chiral symmetry and Poincaré invariance which must be replicated in

the low-energy theory. This study has constructed simple nucleon state vectors that are

consistent with experimental data.

The models developed present a compelling physical picture of the structure of the nu-

cleon. In the limit that the mixing between the nucleon and its chiral partners is turned off,

the nucleon reverts to its standard quark model interpretation as being in a representation

of SU(4) (the large-Nc limit) and having all its angular momentum given by the valence

partonic constituents. Therefore, one sees explicitly that the non-trivial spin content of the

nucleon, including the particular value of the axial charge, find their origin in the leakage

of the chiral charge among the various states in the nucleon chiral multiplet. One might

ask how this pictures from the non-relativistic quark model. In that case, as in the large-Nc

limit, the gluonic excitations are assumed to be suppressed in the ground state. In con-

structing the first excited towers in the quark model, orbital angular momentum is added

to the mixed-symmetry SU(4) representations to obtain completely symmetric spin-flavor

wavefunctions. By contrast, in the null-plane description, the gluons clearly must play a

critical role in the ground state itself.

The main conclusions of this chapter are:

• In null-plane QCD chiral symmetry breaking is a property of the hadronic wavefunctions.
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However, in the Fock basis with truncation to a few terms, the presence of chiral symmetry

breaking is not manifest. Here it has been shown that chiral symmetry breaking is indeed a

property of the hadronic wavefunction: it is driven by the entanglement between the valence

quark spins and the parton sea, which is encoded in the bipartite nature of the hadronic

state.

• The large-Nc limit corresponds to vanishing entanglement entropy. This suggests that it

may be fruitful to view the large-Nc expansion for baryons as an expansion in entanglement

entropy.

• The gluon sea is essential in determining the ground state null-plane wavefunctions of the

nucleon and its chiral partners.

• Chiral symmetry breaking arises from the interactions between valence spins and spins in

the gluon sea, and therefore the entanglement entropy between these two systems serves as

a kind of order parameter for chiral symmetry breaking in the null-plane description.

• Results found here demonstrate the futility of thinking about the nucleon as a state with

physical properties which in some way are separate from those of other baryon excited states.

A holistic approach to the low-lying baryons is required.

• Lattice QCD methods are not making striking progress in determining parton distribution

functions which will ultimately give a highly-accurate systematic determination of these

quantities. What we have attempted to do here is give an understanding based solely in the

symmetries of QCD and general physical principles of why the proton spin content should

be expected to decompose as it does.

We would naturally like to extend this kind of analysis of entanglement to the full nucleon

wavefunction in QCD. This would be an exceedingly difficult task on its own, as the Fock

state representation of the nucleon contains a formally infinite number of terms, and we have
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just seen that the physical properties of the nucleon state require knowledge of other states in

the spectrum as well. Instead, we will compromise in the next chapter by analyzing QCD in

1+ 1 dimensions. This is a sensible choice of theory for investigating quark entanglement as

the large-Nc limit of 1+ 1d QCD is exactly solvable, so the connection between the large-Nc

expansion and valence quark entanglement will be readily apparent. The chiral properties

of 1 + 1d QCD are very different from those of real QCD, and there will be no gluon sea

in the light-cone, so the results in the next chapter will describe a very different aspect of

QCD than we’ve seen so far. In particular, 1 + 1 QCD is confined at all energy scales, so

the results of the next chapter will pertain to the confined phase of QCD only, as opposed

to the chiral symmetry breaking scale.

In the next chapter, we will define a notion of valence-sea entanglement for any QCD

bound state and use this to examine the quark entanglement of hadrons in 1 + 1d QCD.

The new definition is necessary because there is no unambiguous distinction between valence

and sea quarks outside of flavor in QCD. We find that for this theory the valence quark

entanglement is exceedingly small for ground state hadrons, and gets incrementally larger

for the next few excited states. For mesons, this a direct consequence of the low energy

states’ resemblances to their large-Nc counterparts, which is presumably true in some sense

for the baryons as well. This provides more evidence for a connection between the large-

Nc expansion and quark entanglement and suggests that the valence-sea entanglement of

nucleons in real QCD is likely small at low energy scales where confinement occurs.
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Chapter 4

ENTANGLEMENT BETWEEN VALENCE AND SEA QUARKS
IN HADRONS OF 1+1 DIMENSIONAL QCD

4.1 Introduction

It has been well established for decades now that QCD is the theory of the strong interactions.

Though it is described in quantum field theory with just an SU(3) gauge field coupled to

fermionic matter, it exhibits the rich tapestry of phenomena that we observe in nuclear

processes. In particular, quarks in QCD behave as nearly free particles at large energy scales

beyond 1 GeV (dubbed ”asymptotic freedom”) [4, 5], but for lower energies the interaction

is strong enough that quarks become confined and are only observed within bound states

known as hadrons [68]. Despite having the theory of the strong interactions on hand, it

has never been solved analytically, even when no matter fields are present. A multitude

of techniques have been developed over the decades to tackle the strong interactions which

approximated QCD, some of which have existed prior to the development of it.

Given that there are still difficulties in getting complete results in hadronic physics, it may

prove useful to approach problems in nuclear physics from a different perspective. There has

been a lot of recent interest in quantum information theory and its application to other areas

of physics [6], instigated by a surge of interest and developments in quantum computing [69–

115]. A key concept in quantum information science is the notion of quantum entanglement

and the corresponding numerical quantity of entanglement entropy. Entanglement is very

important to quantum computing as it allows for these computers to potentially exceed

the capabilities of classical computing, and the entanglement entropy serves as a resource

for these computers. Understanding the entanglement structure of physical theories can

make them more tenable to efficient simulation on quantum computers. There have been
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a number of important results on entropy in field theory [116–123], but these have been

primarily focused on the subjects of black holes, conformal field theories and holography.

In nuclear physics, a quantum information approach has seen relatively little application,

but this is changing. A paper by Kharzeev and Levin [24] obtained some results for the

entanglement entropy of deep inelastic scattering for the purpose of better understanding

the parton model description of the proton. Deep inelastic scattering only probes part of the

internal structure of the proton, so the unknown remainder of the proton structure which

goes into the ensuing hadron shower that is not measured in these experiments is handled

statistically, resulting in a determinable entropy. Prior to this paper, the investigation of

entanglement in nuclear physics had been rather sparse [23, 54, 124–135], but many papers

have been written on the subject since then [18, 49, 55–60, 62, 63, 136–173]. Many of these

papers focus on entanglement in field theories between two non-overlapping regions of space,

with only a few looking into entanglement between other degrees of freedom [133]. Part of

the goal of this project is to introduce a more general notion of entanglement to go beyond

the usual focus on bipartite spatial entanglement, which we will use to define and investigate

the quantum entanglement between the quarks that compose the hadrons in QCD. This

would not be the first attempt to generalize entanglement; the entwinement [174–176] is an

example of such a case.

The parton model, a major predecessor of QCD [177–179], was a major step toward

developing the theory of strong interactions and in many ways still informs our intuitive

understanding of it. One such way is through the picture of a hadron as being made up of

a small handful of ”valence” quarks, corresponding to the flavor quantum numbers of the

hadron, that are embedded inside of a bubbling soup of ”sea” quarks and gluons. However, a

more accurate picture originating from QCD more directly would suggest that the hadronic

state is a much more ambiguous superposition of states with many possible numbers of

partons, with the only clear pattern being that the total flavor numbers for these quark

ensemble states are fixed. Thus the notions of valence and sea quarks seem to have almost

entirely vanished from the more accurate theory, despite being a useful picture in the past.
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What this may be indicating is that there can be a high degree of entanglement between

the valence and sea quarks that is being captured by QCD but is largely omitted by the

parton model. QCD is in some sense more quantum mechanical than the parton model, so

it stands to reason that one of the major differences between them would be rooted in a

purely quantum mechanical concept such as entanglement. Through some notion of valence-

sea (VS) entanglement, one may be able to quantify the degree to which the parton model

picture makes sense for a given hadronic state in QCD.

By ”parton model,” we are referring to a model where hadrons are approximated as

pointlike constituent particles, with valence partons embedded in a bath of sea partons.

For example, in deep inelastic scattering of an electron off of a proton, the process can be

approximated by the scattering of the electron off of an individual parton inside the proton

that is then integrated over what is known as a parton distribution function (PDF) [180,

181] or its generalizations [182–184]. The PDF essentially tells us the probability of finding

a specific parton within the proton that has a fraction x of its total momentum. This turns

out to be the first order approximation in what is known as the twist expansion [181]. On

top of this, the model also assumes that the distribution of quarks can be separated into

valence and sea contribution, and that the sea contributions between quarks and antiquarks

should match. For example, the up quark PDF fu(x) in a proton should be able to split

into valence and sea contributions fu(x) = fu,V (x) + fu,S(x) with fu,S(x) = fū(x) under the

parton model. The quark-antiquark symmetry assumes that the parton sea can be divided

neatly into quark-antiquark pairs, which can presumably be used to identify which quarks

are part of the sea and which ones are valence quarks. This all implies that the wavefunction

for the proton is roughly factorizes into valence and sea parts ψ(x) ∼ ψV (x)ψS(x). If this

was accurate, then the entanglement between valence and sea partons would be zero. This

is the sense in which valence-sea entanglement can measure the applicability of the parton

model, as a large degree of entanglement would indicate a strong violation the assumptions

of the parton model as described here.

Additionally, there is no reason to assume that entanglement is accessible through per-
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turbative methods, so an entanglement-based investigative approach to QCD could provide

new insights into hadron structure. For VS entanglement in particular, it is known that in

large-Nc QCD where diagrams with quark-antiquark pairs are suppressed [11–13, 41, 185–

188], the hadrons in the spectrum have only gluons in their parton seas. Thus there can be

no VS entanglement between quarks at large Nc, which shows that not even the large-Nc

expansion will capture such a property of the hadrons. This further motivates an investiga-

tion into VS entanglement as a means of gaining more nonperturbative information about

the makeup of hadrons.

The results of this work are obtained using QCD in 1 space and 1 time dimension,

which was extensively analyzed in [189–192]. While QCD in lower dimensions lacks some

of the features of full QCD, such as fermion spin and dynamical gauge field components,

confinement still occurs here, and it’s spectrum has been essentially solved in the large-

Nc limit [12]. The relative simplicity of the lower dimensional theory combined with the

presence of confinement makes it a useful model for the low energy spectrum of QCD. From

our work, we find that the VS entanglement that we have defined converges to a finite

value fairly quickly for the lowest energy hadrons, and the values they approach tend to be

rather small. For mesons, this is a result of their wavefunctions strongly resembling their

large-Nc counterparts, with this connection diminishing as we go further along the excited

meson spectrum. For baryons, we cannot draw a resemblance to the large-Nc wavefunction

specifically, but a similar connection to large-Nc physics more broadly is likely behind the

small values as well. For ground state mesons, the Nc dependence of the VS entropy also

fits nicely to a 1/Nc curve, which suggests that a large-Nc expansion of the VS entropy

should converge rapidly. If this convergence holds in real QCD, it would open the possibility

of calculating it perturbatively with the large-Nc expansion. The VS entanglement of real

QCD would almost certainly be scale dependent, and so it may serve as an order parameter

for the transition between quark and hadron degrees of freedom, which would show that

entanglement between quarks is an important aspect in the process of hadronization.

This paper will proceed as follows. In the first section, we will define two notions of
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quark entanglement: single quark (SQ) entanglement, which we will show is related to parton

distribution functions, and valence-sea (VS) entanglement, which will be the primary interest

of the rest of the paper. The following section will define 1+1d QCD in the Hamiltonian

formalism as well as the ’t Hooft model, which is the large-Nc limit of this theory. The third

section will discuss discrete light-cone quantization (DLCQ) as it applies to this work, which

is the main tool used to get our entanglement results from 1+1d QCD. More details about

our calculational methods can be found in the appendices. The next section will show how

the VS entanglement entropy relates to matrix elements that can be calculated in DLCQ.

The final section will contain all of our numerical data and calculational results, which is

followed by our conclusions about the work.

4.2 Extension of Entanglement

4.2.1 Definition

We can quantify valence-sea entanglement by defining an associated entropy stemming from

a bipartition of the valence and sea quark degrees of freedom. However, in QCD, there is

no way to make a distinction between the valence and the sea degrees of freedom outside

of the specific flavors of the valence quarks. A general Fock state that is a component of a

hadronic state can have multiple quarks that have the same flavor as a valence quark in the

hadron, so we will need a prescription to determine which quarks count as valence quarks

and which ones are part of the sea. Our approach is to duplicate the Hilbert space, apply

some operators to the density matrix that pull quarks of the proper flavors that match the

valence flavor structure, and then trace out the original Hilbert space to obtain a density

matrix that acts in the valence quark Fock state basis. This effectively adds a contribution

to the valence density matrix for every possible selection of which quarks count as valence

quarks within the Fock state expansion of the hadronic state. This means that our definition

of the valence density matrix is agnostic towards the properties of the valence quarks other

than their flavors, and that Fock states with a higher number of quarks will be weighted
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more heavily than those with fewer quarks because our procedure sums over possible valence

quark assignments rather than averaging over them.

To illustrate how this formalism works, we will begin with a simple example. Consider a

quantum system where particles can occupy two sites labeled A and B. Each site can either

be in an occupied state |1⟩ or an unoccupied state |0⟩. The most general state one can make

in this system is

|ψ⟩ = α |00⟩+ β |01⟩+ γ |10⟩+ δ |11⟩ , α∗α + β∗β + γ∗γ + δ∗δ = 1 (4.1)

with amplitudes α, β, γ, δ, where the left digit in the basis states correspond to site A while

the right digit corresponds to site B. The general reduced density matrix for site A is given

by

ρA = TrB[|ψ⟩ ⟨ψ|] = (α |0⟩+ γ |1⟩)(α∗ ⟨0|+ γ∗ ⟨1|) + (β |0⟩+ δ |1⟩)(β∗ ⟨0|+ δ∗ ⟨1|) (4.2)

As we will see later, the usual notion of bipartite entanglement can always be obtained using

the extended formalism. We can define another reduced density matrix given by

ρ2A = Tr1[XA |ψ⟩1 |00⟩2 ⟨00|2 ⟨ψ|1XA], (4.3)

where we have duplicated the system with our general state |ψ⟩ in the original space 1 and

we have chosen our starting vector in the auxiliary space to be the state |00⟩. The operator

XA swaps the state in site A1 with the state in site A2, so that

XA |ψ⟩1 |00⟩2 = α |00⟩1 |00⟩2 + β |01⟩1 |00⟩2 + γ |00⟩1 |10⟩2 + δ |01⟩1 |10⟩2 . (4.4)

Putting this into the expression for ρ2A and tracing out region 1 (and dropping the 2 sub-

scripts on the remaining state vectors), we get

ρ2A = (α |00⟩+γ |10⟩)(α∗ ⟨00|+γ∗ ⟨10|)+(β |00⟩+ δ |10⟩)(β∗ ⟨00|+ δ∗ ⟨10|) = ρA⊗ (|0⟩ ⟨0|)B,

(4.5)

which will give the same results for any measure of entanglement as ρA does by itself. Note

that instead of choosing |00⟩ for our initial auxiliary vector we could have chosen any sepa-

rable state |ϕA⟩ |ϕB⟩ and achieved mostly the same result with ρ2A = ρA ⊗ |ϕB⟩ ⟨ϕB|.
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Figure 4.1: Illustration of how the operator Q acts upon states in the two-site example.

When only one site is occupied Q moves it into the duplicate Hilbert space. When both are

occupied, Q adds two contributions, one where the first particle is treated as the valence

particle along with another where the second is treated as the valence particle

This system can also help illustrate what is meant by quark entanglement in this chapter.

Instead of the operator XA, which probes entanglement between sites A and B, we use the

Hermitian operator Q given by

Q = σ+
A,1⊗1B,1⊗σ

−
A,2⊗1B,2+1A,1⊗σ

+
B,1⊗1A,2⊗σ

−
B,2+σ

−
A,1⊗1B,1⊗σ

+
A,2⊗1B,2+1A,1⊗σ

−
B,1⊗1A,2⊗σ

+
B,2,

(4.6)

where σ− =

0 1

0 0

 removes a particle from an occupied state and σ+ =

0 0

1 0

 adds

particles to an unoccupied state. We strategically choose |00⟩ for our initial auxiliary vector

here because it is fully unoccupied, so that

Q |ψ⟩1 |00⟩2 = (σ−
A,1 ⊗ 1B,1 ⊗ σ+

A,2 ⊗ 1B,2 + 1A,1 ⊗ σ−
B,1 ⊗ 1A,2 ⊗ σ+

B,2) |ψ⟩1 |00⟩2

= β |00⟩1 |01⟩2 + γ |00⟩1 |10⟩2 + δ(|01⟩1 |10⟩2 + |10⟩1 |01⟩2). (4.7)

This makes it so that our procedure isn’t generating completely artificial entanglement,

guaranteeing that the entanglement we are measuring strictly originates from the original

state and not the auxiliary one. The reduced density matrix for quark entanglement can
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ℋ1 ℋ2

Figure 4.2: Illustration of the procedure for obtaining the valence-sea entanglement for a

baryon in QCD. Our procedure pulls three quarks with appropriate flavors out of the baryon

state in H1 and moves them into the vacuum state in H2. The entanglement between the

valence quarks and the parton sea becomes the entanglement between H1 and H2, which can

then be analyzed using standard methods for bipartite entanglement.

then be written as

ρQ = NTr1[Q |ψ⟩1 |00⟩2 ⟨00|2 ⟨ψ|1Q]

= N ((β |01⟩+ γ |10⟩)(β∗ ⟨01|+ γ∗ ⟨10|) + δ∗δ(|01⟩ ⟨01|+ |10⟩ ⟨10|)) , (4.8)

N−1 = β∗β + γ∗γ + 2δ∗δ = 1 + δ∗δ − α∗α. (4.9)

Note that the one particle states in |ψ⟩ show up as a pure state contribution to the density

matrix and are only counted once, while the two particle state |11⟩ contributes twice in

the form of an identity matrix. This is a general pattern that will hold for valence-sea

entanglement as well; Fock states that only contain valence quarks do not contribute to the

entropy, and Fock states with many sea quarks generally contribute more to the entropy

than those with fewer sea quarks. This is because every possible assignment of which quarks

count as valence quarks is summed over in the density matrix, so our measure of valence-sea

entanglement is very sensitive to the presence of many sea quarks.

The procedure for obtaining the reduced density matrix in a general setting is as follows.
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Given an initial pure state |ψ⟩, the definition of the reduced density matrix is given by

ρ = N Tr1

[
O12 |ψ⟩1 |0⟩2 ⟨0|2 ⟨ψ|1O

†
12

]
. (4.10)

This requires the duplication of the Hilbert space so that H → H1 ⊗H2. This duplication

serves the purpose of creating an artificial bipartition of the Hilbert space so that notions of

entanglement can be rigorously defined even when no bipartition exists in the original Hilbert

space. The operator O12 acts on both Hilbert spaces so that the initial states |ψ⟩ and |0⟩

are transformed into an entangled state and the density matrix is non-trivial. The specific

choice of operator and initial state |0⟩2 defines the type of entanglement being represented

by ρ. Additionally, there may be a normalization factor N necessary to ensure that the trace

of ρ is fixed appropriately.

There are two main reasons why this definition seems appropriate. First, this formalism

can be used to replicate the entanglement measures of any system that is already bipartite,

including spatial entanglement. To see this, consider a state |ψAB⟩ in a Hilbert space H =

HA ⊗HB, such as the two-state example we walked through previously. We can define the

density matrix in this formalism by choosing an operator X12(A) that swaps components of

the state within A so that

X12(A) |ψAψ′
B⟩1 |ϕAϕ

′
B⟩2 = |ϕAψ′

B⟩1 |ψAϕ
′
B⟩2 . (4.11)

along with a separable initial state |0⟩ = |0A0′B⟩. In the example, this is just the operator

that swaps sites A1 and A2. It is straightforward to show that X12(A) is both a Hermitian

and unitary operator. Using a set of separable basis states
∣∣ϕi,Aϕ′

j,B

〉
, we can write |ψ⟩ =
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∑
i,j αij

∣∣ϕi,Aϕ′
j,B

〉
. The density matrix is then defined by

ρ = N Tr1

[
X12(A) |ψAB⟩1 |0⟩2 ⟨0|2 ⟨ψAB|1X

†
12(A)

]
=
∑
i,j

αij
∑
k,l

α∗
klTr1

[∣∣0Aϕ′
j,B

〉
1
|ϕi,A0′B⟩2 ⟨ϕk,A0

′
B|2
〈
0Aϕ

′
l,B

∣∣
1

]
=
∑
i,k

(∑
j

αijα
∗
kj

)
|ϕi,A0′B⟩2 ⟨ϕk,A0

′
B|2

= ρAB ⊗ |0′B⟩ ⟨0′B| , (4.12)

where ρAB = TrB [|ψAB⟩ ⟨ψAB|] is the usual notion of bipartite entanglement between sub-

spaces A and B. Since ρAB is equal to a tensor product of ρAB with a pure state density

matrix |0′B⟩ ⟨0′B|, the entanglement entropy of ρ is equal to the entanglement entropy of ρAB,

so our formalism reduces to the usual notion of entanglement when the original Hilbert space

is already bipartite.

Second, this construction allows for the VS entanglement of the ’t Hooft model mesons

to be zero. The operator corresponding to VS entanglement will take a quark operator,

similar to the operator Q from the example, for each valence quark from H1 and move them

into H2 before tracing out H1. The initial state |0⟩ is taken to be the free quark vacuum

state so that there are no particles in the duplicate space to move into the original space

and create entirely artificial entanglement, which was also a consideration in the example.

For ’t Hooft model mesons, the operator effectively dumps the entire meson state into H2,

making ρ a pure state density matrix with zero entropy, which must be the case if this is

to be a sensible measure of entanglement between valence and sea quarks. This also applies

to the parton model state outlined in the introduction where the state ψ(x) ∼ ψV (x)ψS(x)

would have ψV (x) moved to H2 while ψS(x) is left in H1 and traced out, leaving a pure state

density matrix defined only by ψV (x). Details about how VS entanglement is defined using

this formalism will be given in a later section.
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4.2.2 Single-Quark Entanglement

As an aside, we can also look at how an individual quark is entangled with the rest of a

hadron. A single quark operator of flavor i in the light-cone formalism is given by

Qi =

∫
dx−dxd−2

⊥ q̄i,2(x
−, x⃗⊥)γ

+qi,1(x
−, x⃗⊥)

Q̄i = −
∫
dx−dxd−2

⊥ q̄i,1(x
−, x⃗⊥)γ

+qi,2(x
−, x⃗⊥), (4.13)

where d is the spacetime dimension. In these equations and the work going forward, we use

the conventions x± = x0±xd−1
√
2

for the light-cone coordinates and γ± = γ0±γd−1
√
2

. The quark

fields in these expressions are full, unprojected Dirac spinors, though the γ+ in between

them will eliminate parts of these spinors in any practical calculation. Using this as our

entanglement operator and applying several conservation laws, it can be shown that the

resulting density matrix is given by (in light-cone gauge)

ρi = N
∑
λ

∫ 1

0

dx

∫ ∞

−∞
dkd−2

⊥ fi,λ(x, k⃗⊥)
∣∣∣qi,λ(xP+, k⃗⊥)

〉〈
qi,λ(xP

+, k⃗⊥)
∣∣∣

fi,λ(x, k⃗⊥) =

∫
dz−dzd−2

⊥
2(2π)d−1

e−ixP
+z−eik⃗⊥.z⃗⊥

〈
Ψ(P+, P⃗⊥)

∣∣∣ q̄i(z)Πλγ
+qi(0)

∣∣∣Ψ(P+, P⃗⊥)
〉
, (4.14)

where
∣∣∣qi,λ(k+, k⃗⊥)〉 = b†i,λ(k

+, k⃗⊥) |0⟩ represents a single quark state in d = 2 or 4 spacetime

dimensions with momentum k, flavor i, and helicity λ, while
∣∣∣Ψ(P+, P⃗⊥)

〉
represents a

hadron with total momentum P , x is the fractional momentum k+/P+, and Πλ is a helicity

projection operator, given by Πλ =
1
2
(I+ λγ5). As with our position coordinates, the light-

cone momenta are defined with the convention p± = p0±pd−1
√
2

. With d = 4, the expression

for fi,λ(x, k⃗⊥) turns out to be the expression for a parton distribution function (PDF) in

QCD, including the dependence on helicity and transverse momentum. This provides an

interpretation of PDFs as a measure of quark entanglement within a hadron.

The expression for the SQ density matrix above was specific to light-cone gauge. In

general, a Wilson line is necessary to maintain gauge invariance in both the PDF and another

line for the SQ state vectors in the duplicate space. This work is entirely in light-cone gauge

as it is the natural choice for both PDFs and 1+1d QCD.
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4.2.3 Other Definitions of Reduced Density Matrices

So far, we have defined our reduced density matrix by using a partial trace over the original

Hilbert space. In the literature, given a Hilbert space that can be partitioned into two regions

H = HA ⊗HB, there are three equivalent ways to define reduced density matrices in a field

theory [174]:

1 The standard method of doing a partial trace over the pure state density matrix ρ =

|ψ⟩ ⟨ψ| to get a reduced density matrix ρA = TrB[ρ]. In theories with gauge symmetry,

this may become more complicated as extra physical degrees of freedom may need to

be temporarily added to the Hilbert space to perform the partial trace, as in [193].

2 One can also find the density matrix by searching for the matrix ρA ∈ HA that has

expectation values with other operators in HA equal to those of the original pure state

|ψ⟩. In other words, ρA must satisfy

TrA[ρAOA] = ⟨ψ| (OA ⊗ IB) |ψ⟩ , ∀OA ∈ HA. (4.15)

The space of operators in HA can be defined as the subset of operators in H that have

the form OA ⊗ IB.

3 The last definition is to write the density matrix as a path integral, and is primarily

used when applying the replica trick to calculate the entanglement entropy of a low

energy state. One starts with the pure state density matrix

ρ =

∫
DϕDϕ′Zψ(ϕ, ϕ

′) |ϕ⟩ ⟨ϕ′| , (4.16)

where |ϕ⟩ is some state that diagonalizes the constituent field operators that make up

ψ, and Zψ(ϕ, ϕ
′) = ⟨ϕ′|ψ⟩ ⟨ψ|ϕ⟩ will be our path integral. Assuming that |ϕ⟩ represents

a minimum energy state for a given set of conserved quantum numbers, Zψ(ϕ, ϕ
′) can

be written as a Euclidean path integral with an insertion of some simple operators with

the appropriate quantum numbers, whose upper and lower functional bounds are given
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by ϕ′ and ϕ, respectively. Assuming that this functional basis can be partitioned so

that |ϕ⟩ = |ϕA⟩ |ϕB⟩, the reduced density matrix is obtained by setting ϕ′
B = ϕB and

integrating, so that

ρA =

∫
DϕADϕ′

A

(∫
DϕBZψ(ϕA, ϕB;ϕ′

A, ϕB)

)
|ϕA⟩ ⟨ϕ′

A| . (4.17)

The discussion of a broadened definition of entanglement in the previous section was entirely

in terms of definition 1 above. For SQ entanglement, the density matrix can be obtained

from definition 2 by matching to matrix elements of the form ⟨ψ| q̄i(x)Γγ+qi(y) |ψ⟩ for some

arbitrary spinor matrix Γ. A similar operator definition likely exists for VS entanglement,

but some subtleties discussed below may require a slight modification to either this approach

or the partial trace approach to get a more sensible definition of VS entanglement. Since

definition 3 makes some assumptions about the hadron, it cannot be discussed in general

terms here.

4.3 1+1d QCD and the ’t Hooft model

This section will give details on the 1+1d QCD null plane Hamiltonian that will serve as the

mathematical foundation for everything that follows. We will also reproduce the ’t Hooft

model in this formalism, which serves as a useful starting point for defining valence-sea (VS)

entanglement as the mesons in this model have no sea and therefore no VS entanglement.

It was first worked out in a paper by ’t Hooft in 1974 [12] (see also section 3.2 of [194] for a

discussion of these results using this chapter’s conventions), and it’s Hamiltonian form has

been known since the ’90s [195, 196]. One appealing aspect of the ’t Hooft paper at the time

was that it gave us a simple model that exhibited a Regge trajectory in its meson spectrum.

The paper’s method was to find the meson’s wavefunction using the Bethe-Salpeter equation

for the large-Nc interactions in d = 1+ 1 QCD. The large-Nc limit made it tractable to sum

up all of the relevant diagrams and get a non-perturbative result for the wavefunction. It is

also an example where light-cone coordinates were of more use than conventional space-time

coordinates.
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4.3.1 QCD in 1+1 Dimensions

Null Plane Hamiltonian

The QCD action in d = 2 dimensions reads

S =

∫
d2x

(
q̄(iγµDµ −mq)q −

1

2
Tr[F µνFµν ]

)
, (4.18)

where Dµ = ∂µ − igAµ is the covariant derivative and mq can in principle be a diagonal

matrix in flavor space for Nf flavors of fermions. To go into the null plane, we will need to

separate the fermion fields into two parts using the projection operators Π± = 1
2
γ∓γ±. With

q± = Π±q and choosing light-cone gauge A+ = 0, the action becomes

S =

∫
d2x

(√
2iq†+∂

−q+ +
√
2iq†−∂

+q− − 1√
2
(q†+mqγ

−q− + q†−mqγ
+q+) +

√
2gq†+A

−q+ +
1

2
(∂+A−,a)2

)
,

(4.19)

where the index a is the adjoint index for the SU(Nc) gauge field. From this expression, we

can see that both q− and A− are non-dynamical and should be integrated out. The resulting

terms from the integration will be nonlocal in x−, and at this stage we will take care to

define our quantities rigorously.

Define the inverse derivative to be

1

∂+
ϕ(x+, x−) =

1

2

∫ ∞

−∞
dy−ϵ(x− − y−)ϕ(x+, y−), (4.20)

where ϵ(x) is the sign function, whose derivative is twice the delta function. The advantage

of this definition is that the inverse derivative obeys integration by parts; that is,∫ ∞

−∞
dx−

(
1

∂+
ϕ(x)

)
π(x) = −

∫ ∞

−∞
dx−ϕ(x)

(
1

∂+
π(x)

)
. (4.21)

Now we can define the fields to be

ϕ(x+, x−) =
1

∂+
(∂+ϕ(x+, x−)) + Cϕ(x

+). (4.22)

The function Cϕ is necessary to allow ϕ to be a completely arbitrary field under a path

integral.
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Returning to the QCD action, we can use the above conventions to integrate out the

non-dynamical fields and obtain

S =

∫
dx−dx+

(
(
√
2iq†+)∂

−q+ − q†+
m2
q√

2i∂+
q+ − 1

2

(√
2g

1

∂+
(q†+T

aq+)

)2
)
. (4.23)

We also get a couple of constraints∫ ∞

−∞
dx−q†+(x

+, x−) = 0,

∫ ∞

−∞
dx−

(
q†+T

aq+

)
(x+, x−) = 0. (4.24)

from integrating out Cq−(x
+) and C−,a

A (x+), respectively. Note that through integration by

parts we could have had to integrate out Cq+(x
+) as well to get the complex conjugate of the

first constraint. This seems to imply that states with p+ = 0 are not allowed in the Hilbert

space. The second constraint implies that states in the Hilbert space must be invariant under

global SU(Nc) transformations in the null plane.

From the above expression for the Lagrangian, we can identify that the fundamental

commutation relation and the null plane Hamiltonian to be

{(q+)a,m(x−), (q†+)b,n(y−)} =
1√
2
δabδmnδ(x

− − y−) (4.25)

P− =

∫ ∞

−∞
dx−

(
q†+

m2
q√

2i∂+
q+ + g2

(
1

∂+
(q†+T

aq+)

)2
)
, (4.26)

where the subscripts a, b represent fundamental SU(Nc) color indices and m,n represent

flavor indices for Nf flavors. It is clear from this expression that the Hamiltonian is composed

of a kinetic term P−
0 and a potential term V proportional to g2. If we write out the inverse

derivatives in the potential, we get

V =
g2

4

∫ ∞

−∞
dx−dy−dz−ϵ(x− − y−)ϵ(x− − z−)(q†+T

aq+)(y
−)(q†+T

aq+)(z
−)

=
g2

2

∫ ∞

−∞
dy−dz−(πδ(0)− |y− − z−|)(q†+T aq+)(y−)(q

†
+T

aq+)(z
−). (4.27)

The divergent δ(0) term seems like it will be a problem at first glance, but upon closer

inspection it is proportional to two factors of the global SU(Nc) generator
∫
dx−q†+T

aq+,
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which by the second constraint above must vanish for any state in our Hilbert space. In

fact, this is the same infrared divergence that ’t Hooft encountered in his derivation of the

self-energy that eventually disappeared in the final result. Thus we can neglect the divergent

term to write the potential as

V = −g
2

2

∫ ∞

−∞
dx−dy−|x− − y−|(q†+T aq+)(x−)(q

†
+T

aq+)(y
−). (4.28)

This explicitly shows the linear confining potential of d = 2 QCD. One would get a similar

result for d = 2 QED in the null plane.

Momentum Space Potentials

While this form of the Hamiltonian looks fairly simple, it is not particularly useful for

analyzing the lowest lying energy states. To do this, we need to convert the Hamiltonian

into a momentum space representation. The quark fields can be written as

q+(x) =

∫ ∞

0

dk+

4πk+

√√
2k+

(
b(k)e−ik

+x− + d†(k)eik
+x−
)
, (4.29)

where b(k) and d(k) are the annihilation operators for the quark and antiquark, respectively.

Note that these operators do not have a spin index because in d = 2 spacetime dimensions

there are only 2 components to a Dirac spinor, and one of them was integrated out in the

process of getting to the null plane Hamiltonian. The factor of
√√

2k+ is a leftover remnant

of the plane wave spinors that act as solutions to the Dirac equation. The fundamental

anticommutation relations between the creation and annihilation operators are given by

{ba,m(k), b†b,n(q)} = {da,m(k), d†b,n(q)} = 4πk+δabδmnδ(k
+ − q+), (4.30)

where a, b and m,n continue to represent color and flavor indices, respectively.

We will not go through the derivation of how to get the expression for P− in terms of the

b(k) and d(k) operators. Rather, we will categorize the different terms that appear in this

expression and briefly discuss each one. In momentum space, we organize the Hamiltonian

into the following terms:

P− = K + VM + VB + Vg + Vs + V2 − Ω. (4.31)



76

K is the free particle kinetic term, given by

K =

∫ ∞

0

dk

4πk

(
b†(k)

m2
q

2k
b(k) + d†(k)

m2
q

2k
d(k)

)
. (4.32)

Note that in this expression and in all of the ones to follow we are suppressing the superscript

+ on the momenta. Unless otherwise stated, all momenta without a superscript now refers

to the + component. Also recall that mq can in principle be a real, diagonal matrix in flavor

space. This term simply adds a factor of
m2

q

2k
to the energy for each particle and antiparticle

in a given state vector.

The constant Ω is the formally divergent vacuum state energy, with contributions from

both the free particle Hamiltonian and the potential. Since it is a constant and only con-

tributes to the overall phase of a given state, we will neglect it going forward.

The first term in the potential, VM , is given by

VM = −g
2

2

(
4∏
i=1

∫ ∞

0

dki

2π
√
2ki

)
P

[
1

(k2 − k3)2

]
(2π)δ(k1 + k2 − k3 − k4)

∗
(
b†a,m(k1)d

†
a,n(k2)db,n(k3)bb,m(k4)−

1

Nc

b†a,m(k1)d
†
b,n(k2)db,n(k3)ba,m(k4)

)
, (4.33)

where P refers to the principle value of quantity in brackets. This term is labeled VM

because, as we will discuss below, in the large-Nc limit it is the only part of the potential

(besides V2) that contributes in the meson sector. We can see that the leading piece corre-

sponds to a quark-antiquark pair in a color singlet being annihilated and recreated. If we

suppose that this term represents some intermediate state that forms and decays during this

process, then it would be a color singlet that has two flavor indices, just like a meson. This

is a further indication that this term is specifically important for the description of mesons.

The term VB is given by

VB =
g2

4

(
4∏
i=1

∫ ∞

0

dki

2π
√
2ki

)
P

[
1

(k2 − k3)2

]
(2π)δ(k1 + k2 − k3 − k4)

∗
(
b†a,m(k1)b

†
b,n(k2)ba,n(k3)bb,m(k4)−

1

Nc

b†a,m(k1)b
†
b,n(k2)bb,n(k3)ba,m(k4) + (b→ d)

)
.

(4.34)
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This term is labeled VB because in the large-Nc limit it is the only part of the potential

(besides V2) that contributes in the baryon (or antibaryon) sector. This is also the only term

that counts either quarks or antiquarks exclusively; that is, these are the only 4-operator

terms that do not have both b’s and d’s in them. For mesons, however, this term is subleading

in the 1
Nc

expansion. In terms of diagrams, this seems to correspond to two (anti)quarks

exchanging a gluon and swapping color charge in the process.

The term Vg is given by

Vg =
g2

2

(
4∏
i=1

∫ ∞

0

dki

2π
√
2ki

)
1

(k1 + k2)2
(2π)δ(k1 + k2 − k3 − k4)

∗
(
b†a,m(k1)d

†
b,m(k2)db,n(k3)ba,n(k4)−

1

Nc

b†a,m(k1)d
†
a,m(k2)db,n(k3)bb,n(k4)

)
. (4.35)

This term is labeled Vg because it corresponds to a quark-antiquark pair in a flavor singlet

but a color adjoint being annihilated and recreated. This suggests that the term represents

some intermediate state with the same quantum numbers as a gluon, and the kinematical

factor of 1
(k1+k2)2

appears to be the gluon propagator in light-cone gauge. It is subleading in

the 1
Nc

expansion.

The term Vs is given by

Vs =
g2

2

(
4∏
i=1

∫ ∞

0

dki

2π
√
2ki

)
1

(k1 + k2)2
(2π)δ(k1 + k2 + k3 − k4)

(
δadδbc −

1

Nc

δabδcd

)
∗
(
b†a,n(k1)d

†
b,n(k2)(b

†
c,m(k3)bd,m(k4)− d†d,m(k3)dc,m(k4)) + (h.c.)

)
. (4.36)

This term is labeled Vs because these are the only factors that have an unequal number

of creation and annihilation operators, breaking the quark+antiquark number symmetry

and allowing for the existence of sea quarks distinct from valence quarks. This part of the

potential contributes to diagrams with virtual quark-antiquark loops in them. It is subleading

in the 1
Nc

expansion, as is known from the counting of Nc factors in the diagrammatic

expansion.

Finally, the term V2 is given by

V2 = −g2N
2
c − 1

2πNc

∫ ∞

0

dk

4πk

(
b†(k)

1

2k
b(k) + d†(k)

1

2k
d(k)

)
. (4.37)
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This term is labeled V2 since it has the only 2-operator terms in the potential. It corresponds

to the self-energy of a quark, and its only effect is to shift the squared quark masses by a

factor of −g2N
2
c−1

2πNc
. It survives in the large-Nc limit.

4.3.2 Large-Nc Limit

Taking the large-Nc limit in the Hamiltonian formalism corresponds to the vanishing of

some of the (anti)commutators between field operators. This is because the anticommutator

between two field operators includes a Kronecker delta for the color indices. The sum over a

Kronecker delta is given by
∑

a δab = 1, while the sum itself goes as Nc, so the delta function

can be thought of as going as 1
Nc
. Thus the fundamental anticommutator between quark

fields would seem to vanish in the large-Nc limit, but this is not strictly true, such as in

cases where the quark fields are guaranteed to have the same color index. To clearly see

which commutators survive the large-Nc limit, we need to work strictly with color singlet

operators.

For the meson sector, the most basic color singlet operators we will need are of the

form b†b, d†d, b†d†, and db. For the first two operators, the commutators with a single field

operator all have the form

[b†b,ℓ(k)bb,m(q), b
†
a,n(p)] = (4πpδmnδ(q − p))b†a,ℓ(k), (4.38)

which is order 1 in the large-Nc expansion. Thus all of their commutators will be order 1

and we can consider these operators to be of order 1 as well. The latter two operators, b†d†

and db, are a bit more complicated. Between the two of them, we have

[db,m2(q2)bb,m1(q1), b
†
a,n1

(k1)d
†
a,n2

(k2)] = Nc(4πk1δm1n1δ(k1 − q1))(4πk2δm2n2δ(k2 − q2))

− (4πk2δm2n2δ(k2 − q2))b
†
a,m1

(k1)ba,n1(q1)

− (4πk1δm1n1δ(k1 − q1))d
†
a,m2

(k2)da,n2(q2), (4.39)

whose leading term is of order Nc. However, the commutators with the former two operators
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is of order 1. For what follows, we will define the operator

Lmn(p, x) =
1√

4πNcx(1− x)
da,n(p(1− x))ba,m(px)

[Lm1m2(q, y), L
†
n1n2

(k, x)] = 4πkδm1n1δm2n2δ(k − q)δ(x− y)− O(
1

Nc

). (4.40)

The letter L is chosen because this operator can be thought of as a generator (or annihilator)

of a quark-antiquark loop in a color singlet configuration. With this definition, we now have

all of the color singlet field operators needed for the meson sector (b†b, d†d, L, and L†) which

scale as O(1) operators to leading order in the large-Nc expansion.

The ’t Hooft model is d = 2 QCD in the large-Nc limit such that the coupling constant

g ∼ 1√
Nc
. The potential is proportional to g2, so the operators must go as Nc or better to

survive the large-Nc limit. The only way to achieve this with a four-operator color singlet

term is with something like (b†d†)(db) ∼ NcL
†L, which exists only in the VM term. The

V2 is also proportional to g2Nc as is evident from its definition above. Thus the null plane

Hamiltonian for the ’t Hooft model can be written as

lim
Nc→∞

P− = lim
Nc→∞

(K∗ + VM)

lim
Nc→∞

K∗ = K + V2 =

∫ ∞

0

dk

4πk

(
b†(k)

M2
q

2k
b(k) + d†(k)

M2
q

2k
d(k)

)
lim

Nc→∞
VM = −ξ2 π

Nc

(
4∏
i=1

∫ ∞

0

dki

2π
√
2ki

)
P

[
1

(k2 − k3)2

]
(2π)δ(k1 + k2 − k3 − k4)

∗
(
b†a,m(k1)d

†
a,n(k2)db,n(k3)bb,m(k4)

)
= −ξ2

∫ ∞

0

dk

4πk

∫ 1

0

dx

∫ 1

0

dy P

[
1

(x− y)2

]
1

2k
L†
mn(k, x)Lmn(k, y). (4.41)

where ξ2 = g2Nc

2π
, which remains finite in the large-Nc limit, and M2

q = m2
q − ξ2. From this

Hamiltonian, we can recover ’t Hooft’s original results and obtain an equation for the meson

wavefunction that is important for finding their mass spectrum.
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4.3.3 The Meson Wavefunction

The meson state vector is given by

|ψ, p⟩ =
∫ ∞

0

dk1
4πk1

∫ ∞

0

dk2
4πk2

Ψmn(k1, k2; p)
1√
Nc

b†a,m(k1)d
†
a,n(k2) |0⟩

=

∫ 1

0

dx ψmn(x)L
†
mn(p, x) |0⟩ , (4.42)

Ψmn(k1, k2; p) = 4πkδ(k − p)
√
4πx(1− x)ψmn(x) (4.43)

where Ψmn(k1, k2; p) is the total meson wavefunction, k = k1+k2 is the total meson momen-

tum, x = k1/k is the fractional momentum of the quark (1− x for the antiquark), and |0⟩ is

the vacuum state. Since the Hamiltonian commutes with the momentum operator, this state

is an eigenstate of P+ with eigenvalue p. The state is normalized to ⟨ψ, q|ψ, p⟩ = 4πpδ(p−q),

so the wavefunction must have a normalization of∫ 1

0

dx ψ†
mn(x)ψmn(x) = 1 (4.44)

This state is a bound state of the null plane Hamiltonian, which means it must satisfy

the equation

lim
Nc→∞

P− |ψ, p⟩ = lim
Nc→∞

(K∗ + VM) |ψ, p⟩ = µ2

2p
|ψ, p⟩ , (4.45)

where µ is the mass of the meson. Using the definitions and commutation relations above,

we can apply the Hamiltonian to the state to get

lim
Nc→∞

K∗ |ψ, p⟩ = 1

2p

∫ 1

0

dx

(
M2

m

x
+

M2
n

1− x

)
ψmn(x)L

†
mn(p, x) |0⟩ (4.46)

lim
Nc→∞

VM |ψ, p⟩ = 1

2p

∫ 1

0

dx

(
−ξ2

∫ 1

0

dy P

[
1

(x− y)2

]
ψmn(y)

)
L†
mn(p, x) |0⟩ , (4.47)

where M2
n is the shifted mass squared for a quark of flavor n. Putting these two equations

together, we get an equation for the meson mass of(
M2

m

x
+

M2
n

1− x

)
ψmn(x)− ξ2

∫ 1

0

dy P

[
1

(x− y)2

]
ψmn(y) = µ2ψmn(x). (4.48)

This is precisely the result that ’t Hooft obtained in his 1974 paper. From here, we can

numerically solve this equation to find both the wavefunctions and their corresponding mass

values in the meson spectrum.
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4.4 Discrete Light-Cone Quantized Hamiltonian

4.4.1 Overview of DLCQ

While 1+1d QCD in the large-Nc limit is exactly solvable, the same cannot necessarily be

said of QCD with a finite number of colors. Thus we will need a way to approximate the

theory in a way that makes it computationally tractable. Since there is no clear perturbative

expansion that can be done to obtain entanglement entropy results, we will instead discretize

the theory to render the Hilbert space finite. The bulk of the investigation into VS and SQ

entanglement will be done using discrete light-cone quantization (DLCQ), using the same

null plane Hamiltonian P̂− defined in the previous section. DLCQ is discussed in detail in

[190, 197, 198], with specific applications to 1+1 QCD given in [191, 192, 199]. In DLCQ, we

discretize momentum space of quarks to half-integers with spacing δp. The Hamiltonian P̂−

can be separated into smaller terms based on eigenstates of total momentum P̂+. Since this

momentum is strictly positive, the total momentum P+ = K δp provides a natural cutoff for

the constituent particles, so no separate large momentum cutoff is necessary. In addition,

M2 = 2P̂+P̂− has no explicit dependence on δp, but it does enter implicitly through K, so

the continuum limit is approached as K increases toward infinity. Notes about the specifics

of the simulation architecture can be found in Appendix A.

4.4.2 The Hamiltonian

Instead of working with the Hamiltonian directly, we will use the Poincaré invariant mass

squared operator given by

M2 = 2P+P− = K + VM + VB + Vg + Vs − Ω. (4.49)

All of these terms are directly analogous to the terms of the continuum null plane Hamiltonian

defined in the previous section. K is the free particle kinetic term, given by

K = np
∑
n

(
b†a,f,n

m2
q

n
ba,f,n + d†a,f,n

m2
q

n
da,f,n

)
. (4.50)
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With ξ2 = g2Nc

2π
, the discretized potentials are

VM = −ξ
2np
Nc

∑
n1,n2,n3,n4

P

[
1

(n2 − n3)2

]
δn1+n2,n3+n4

∗
(
b†a,f,n1

d†a,g,n2
db,g,n3bb,f,n4 −

1

Nc

b†a,f,n1
d†b,g,n2

db,g,n3ba,f,n4

)
. (4.51)

VB =
ξ2np
2Nc

∑
n1,n2,n3,n4

P

[
1

(n2 − n3)2

]
δn1+n2,n3+n4

∗
(
b†a,f,n1

b†b,g,n2
ba,g,n3bb,f,n4 −

1

Nc

b†a,f,n1
b†b,g,n2

bb,g,n3ba,f,n4 + (b→ d)

)
, (4.52)

Vg =
ξ2np
Nc

∑
n1,n2,n3,n4

1

(n1 + n2)2
δn1+n2,n3+n4

∗
(
b†a,f,n1

d†b,f,n2
db,g,n3ba,g,n4 −

1

Nc

b†a,f,n1
d†a,f,n2

db,g,n3bb,g,n4

)
. (4.53)

Vs =
ξ2np
Nc

∑
n1,n2,n3,n4

1

(n1 + n2)2
δn1+n2+n3,n4

(
δadδbc −

1

Nc

δabδcd

)
∗
(
b†a,f,n1

d†b,f,n2
(b†c,g,k3bd,g,n4 − d†d,g,k3dc,g,n4) + (h.c.)

)
. (4.54)

Since in our numerical work we are always using vector spaces that share the same total

+-momentum, there is no practical difference between working with the Hamiltonian or

working with M2. However, the single particle energy levels in the M2 stay discrete when

extrapolated to the continuum, so it is much easier to identify these states in M2 when

varying the total number of momentum units K.

There is no term analogous to V2 is our discrete version of the theory. This is because

we choose to define the principle value for the discrete potential to give the same answer as

it would in the continuum, specifically so that

∞∑
n3,n4=1/2

P

[
−1

(n2 − n3)2

]
δn1+n2,n3+n4 =

1

n1

+
1

n2

. (4.55)
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for positive half-integers n1 and n2. This leads to a value of fn as defined in Appendix D of

fn =

n−1/2∑
k=1

1

k2
+

1

n
(4.56)

The extra factor of 1
n1

+ 1
n2

coming from this principle value cancels out the V2 term in the

Hamiltonian. This prescription was necessary in order to get a more accurate mass spectrum

as the mass becomes small compared to the coupling strength g. With the more conventional

choice of π2

6
for the principle value, we would see some negative m2 values emerge as the

potential became stronger, which is a result of the zero modes that appear when the quarks

are massless becoming states with negative m2 values upon discretization. Our prescription

for the principal value guarantees that the zero modes in the theory with massless quarks

will continue to be zero modes in DLCQ, and all of the eigenstates of M2 do appear to have

physically sound masses with this choice. Details about this choice of principle value are

given in Appendix D.

The diagonal parts of the Hamiltonian applied to a color singlet vector are given by

V0 |ψ, α⟩ =
ξ2np
Nc

∑
I,J

δfIfJ
(nI + nJ)2

(|ψ, α⟩ − |ψ,∆IJ(α)⟩)

− ξ2np
Nc

∑
I,I′

θ×(nI′ − nI)δfIfI′
(nI′ − nI)2

(
|ψ, α⟩ − 1

Nc

∣∣ψ,Xb
II′(α)

〉)
− ξ2np

Nc

∑
J,J ′

θ×(nJ ′ − nJ)δfJfJ′

(nJ ′ − nJ)2

(
|ψ, α⟩ − 1

Nc

∣∣ψ,Xd
JJ ′(α)

〉)
+ ξ2np

(
1− 1

N2
c

)
(Fq + Fq̄) |ψ, α⟩ . (4.57)

with Fq and Fq̄ defined in Appendix D with the fn discussed above.

4.5 Valence-Sea Entanglement

This section details the construction of the valence-sea entanglement for various hadrons. The

initial state |0⟩ is taken to be the light-cone vacuum, while the VS entanglement operator

is a product of multiple Qi operators from single-quark entanglement, one for each valence
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quark. All of our results are obtained using DLCQ, so all of our expressions listed here are

given using operators in discretized 1+1d momentum space. The continuum analog can be

obtained fairly straightforwardly by starting with the basic expression for the density matrix

using the definitions for Qi and Q̄i in Eq. (4.13). Many of the analytic results derived in this

section carry over to the continuum theory.

4.5.1 VS Entanglement for Mesons

The simplest example of a valence-sea density matrix is that of a meson where the quark

and antiquark have different flavors. This serves as the 1+1d analog of the π+ meson, where

the valence particles have flavors u for the quark and d for the antiquark. The VS density

matrix for the π+ analog state with total momentum K is given by

ρπ+ = N Tr1
[
QuQ̄d

∣∣π+, K
〉
1
|0⟩2 ⟨0|2

〈
π+, K

∣∣
1
QdQ̄u

]
= N

∑
a,b,c,d

∑
ki

fk1k2k3k4,abcd

(
b†k1,u,ad

†
k2,d,b

|0⟩ ⟨0| dk3,d,cbk4,u,d
)
, (4.58)

with discrete momenta ki, color indices a, b, c, d for SU(Nc) ranging from 1 to Nc, and a

normalization constant N . The Q operators in discrete momentum space are defined by

Qi =
∑
k,c

(b†k,i,c,2bk,i,c,1 + dk,i,c,2d
†
k,i,c,1)

Q̄i =
∑
k,c

(bk,i,c,2b
†
k,i,c,1 + d†k,i,c,2dk,i,c,1), (4.59)

f above is defined to be

fk1k2k3k4,abcd =
〈
π+, K

∣∣ b†k4,u,dd†k3,d,cdk2,d,abk1,u,a ∣∣π+, K
〉
. (4.60)

Since the meson state is a color singlet, only color singlet configurations of the creation

and annihilation operators in f will give nonzero contributions. The easiest way to get the

color singlet configurations is to get the irreducible representations (irreps) of the creation

operators and the annihilation operators separately, and then join the matching irreps in

as many ways as possible to get the number of singlets. In the case of the π+ meson, we
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have two pairs of operators of the forms db and b†d†, which both form into a singlet and an

adjoint representation. This originates from the group theory of SU(Nc), where the quark

in the fundamental representation and the antiquark in the antifundamental representation

combine so that Nc ⊗ N̄c = 1 ⊕ (N2
c − 1), where the 1 on the right-hand side is the singlet

and the N2
c − 1 is the adjoint representation. For Nc = 3, this reduces to the more familiar

form 3⊗ 3̄ = 1⊕ 8. The singlet is formed by matching the two color indices of the operators

together and summing over them, while the adjoint is formed from every configuration of the

color indices such that it commutes with the conjugate of the singlet operator. This gives

us two singlets overall, one for the combination of the two singlet representations from the

pairs of operators, and one for the singlet combination of the two adjoint representations.

The matrix element f can be decomposed into two terms corresponding to the singlet and

adjoint unification terms

ΠS
abcd =

δabδcd
Nc

(4.61)

ΠA
abcd =

(
δadδbc −

1

Nc

δabδcd

)
(4.62)

fS,Ak1k2k3k4
= ΠS,A

abcdfk1k2k3k4,abcd, (4.63)

with an implicit sum over all color indices in the last equation. This means that f can be

written as

fk1k2k3k4,abcd = ΠS
abcdf

S
k1k2k3k4

+
1

N2
c − 1

ΠA
abcdf

A
k1k2k3k4

. (4.64)

This implies that the VS density matrix can be separated into an average of two density

matrices

ρπ+ = ωS(ΠS ⊗ ρS) +
1

N2
c − 1

ωA(ΠA ⊗ ρA), (4.65)

where ρS,A are density matrices in momentum space, while ωS and ωA = 1 − ωS form a

Bernoulli distribution, representing the chances of measuring the valence quarks to be in

either a singlet or an adjoint representation.

In order to get the Von Neumann entropy of the VS density matrix in terms of fS and fA,

we need to know what matrix multiplication looks like in terms of the color and momentum



86

tensor f . If we have two density matrices of the same form as that of the VS density matrix

in Eq. ((4.58)), then ρ1.ρ2 becomes

(f1.f2)k1k2k3k4,abcd =
∑
A,B

∑
q1,q2

(f1)k1k2q2q1,abBA(f2)q1q2k3k4,ABcd (4.66)

at the level of the tensors f1, f2. According to this definition of the product of tensors, the

two color tensors ΠS and ΠA have the properties ΠS,A.ΠS,A = ΠS,A and ΠS.ΠA = 0, which

makes then projection operators for two distinct vector subspaces in color space. For the

remaining degrees of freedom in momentum space, we can define matrix multiplication and

the trace for these distributions as

(A.B)k1k2k3k4 =
∑
q1,q2

Ak1k2q2q1Bq1q2k3k4 (4.67)

Tr[A] =
∑
k1,k2

Ak1k2k2k1 . (4.68)

With these definitions, we can define the matrix logarithm for fS,A and therefore the Von

Neumann entropy of the density matrix in Eq. ((4.58)). The VS entanglement entropy for

the π+ meson can be written as

Sπ+ = N
(
−Tr

[
fS. log fS

]
− Tr

[
fA. log fA

]
+ Tr

[
fA
]
log(N2

c − 1)
)
+ log(N−1) (4.69)

N−1 = Tr
[
fS
]
+ Tr

[
fA
]
. (4.70)

This can also be cast in the more illustrative form

ωS,A = N Tr
[
fS,A

]
(4.71)

SS,A =
1

Tr [fS,A]

(
−Tr

[
fS,A. log fS,A

])
+ log

(
Tr
[
fS,A

])
(4.72)

Sπ+ = ωSSS + ωASA + ωA log(N2
c − 1)− ωS logωS − ωA logωA. (4.73)

From this form we can see that the VS entanglement entropy of the π+ meson can be

separated into three contributions, stemming from the fact that our density matrix can be

decomposed into

ρπ+ = ωS(ΠS ⊗ ρS) +
1

N2
c − 1

ωA(ΠA ⊗ ρA) (4.74)
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with ΠS.ΠA = 0. The first contribution is the average of the entropies SS,A of ρS,A, cor-

responding to the momentum space degrees of freedom. The second part is the average of

the entropies of ΠS and 1
N2

c−1
ΠA, which serve as the density matrices in color space. The

entropy of ΠS is zero since it only projects one state, while the entropy of 1
N2

c−1
ΠA is the

log(N2
c − 1) we see in the full entropy expression. Finally, the last term is the entropy of the

distribution formed by ωS and ωA. This decomposition of entropy contributions also holds

for a continuous momentum variable.

Thus far, we have found expressions for the VS density matrix and entanglement entropy

in terms of a set of expectation values f for a meson state vector under the assumption

that the valence quarks in our meson had to have different flavors. If the valence quark and

antiquark share the same flavor, we can define an entanglement entropy Ssing in terms of the

corresponding fS and fA tensors in much the same way as we did above for the π+. However,

the singlet density matrix ρsing has an extra vacuum state contribution given by

ρsing = Nsing Tr1
[
QfQ̄f |sing,K⟩1 |0⟩2 ⟨0|2 ⟨sing,K|1QfQ̄f

]
(4.75)

= Nsing

∑
a,b,c,d

∑
ki

fk1k2k3k4,abcd

(
b†k1,f,ad

†
k2,f,b

|0⟩ ⟨0| dk3,f,cbk4,f,d
)

+Nsing fvac |0⟩ ⟨0| . (4.76)

fvac =
∑
a,b

∑
k1,k2

⟨sing,K| d†k2,f,bdk2,f,bd
†
k1,f,a

dk1,f,a |sing,K⟩ . (4.77)

Thus the von Neumann entropy of this density matrix is somewhat different from Ssing. They

are related by

−Tr [ρsing log(ρsing)] = Nsing

(
N−1

(
Ssing − log(N−1)

)
− fvac log(fvac)

)
+ log(N−1

sing), (4.78)

where Nsing = (N−1 + fvac)
−1 is the normalization constant including the vacuum contribu-

tion, while N is the normalization without this contribution. In our work, we will define Ssing

without the vacuum contribution, as it does not correspond to a valence quark configuration

and it will only serve to obscure the conclusions we are able to draw from our data. In prin-

ciple the vacuum contribution can be important to have to establish the gauge invariance of
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the density matrix. However, since writing down the light-cone Hamiltonian we have been

working in light-cone gauge exclusively, and the vast majority of our expressions would pick

up Wilson lines in any other choice of gauge, complicating the interpretation of the entropy

as a measure of quark entanglement. Thus the gauge invariance consideration is of lesser

importance in this work, though it could become more important in a 3 + 1 dimensional

QCD calculation.

4.5.2 VS Entanglement for Baryons

The process of calculating the valence-sea entanglement for baryons is largely the same as it

is for mesons. The main difference is that baryons have a number of valence quarks equal to

the number of colors. This means that the density matrix becomes much more complicated

as the number of colors increases. It is for this reason that we will only consider 2 and 3

color baryons in this work.

In SU(2), the antifundamental representation is the same as the fundamental, so the VS

density matrix for SU(2) baryons will look very similar to the matrix for SU(2) mesons. We

have for some flavors m and n

ρBmn = N Tr1
[
QmQn |Bmn, K⟩1 |0⟩2 ⟨0|2 ⟨Bmn, K|1 Q̄nQ̄m

]
= N

∑
a,b,c,d

∑
ki

fk1k2k3k4,abcd

(
b†k1,m,ab

†
k2,n,b

|0⟩ ⟨0| bk3,n,cbk4,m,d
)
. (4.79)

for a baryon Bmn with valence flavors m,n and total momentum K. All of the operators

and indices are defined as they were in the previous section. f above for baryons is defined

to be.

fk1k2k3k4,abcd = ⟨Bmn, K| b†k4,m,db
†
k3,n,c

bk2,n,abk1,m,a |Bmn, K⟩ (4.80)

We can use the fact that the baryon states are color singlets to constrain the color struc-

ture of f , just as we did for mesons. In fact, since the fundamental and antifundamental

representations of SU(2) are the same, the representation breakdown of the operators also

gives us two singlet configurations of the four-quark operator. The group theory of SU(2)
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for combining two fundamental representations tells us that 2 ⊗ 2 = 1 ⊕ 3, where the 1

on the right-hand side is the singlet and the N2
c − 1 is the triplet. Thus the bb and b†b†

operators pairs each form a singlet and a triplet, where the triplet is analogous to the adjoint

representation in the meson case. The two singlets and triplets each form one overall color

singlet. These two components of f are given by

ΠS
abcd =

δadδbc − δacδbd
2

(4.81)

ΠT
abcd =

δadδbc + δacδbd
2

(4.82)

fS,Tk1k2k3k4
= ΠS,T

abcdfk1k2k3k4,abcd, (4.83)

with an implicit sum over all color indices in the last equation. This means that f can be

written as

fk1k2k3k4,abcd = ΠS
abcdf

S
k1k2k3k4

+
1

3
ΠT
abcdf

A
k1k2k3k4

. (4.84)

Once again, we see that the VS density matrix can be separated into an average of two

density matrices

ρBmn = ωS(ΠS ⊗ ρS) +
1

3
ωT (ΠT ⊗ ρT ), (4.85)

where ρS,T are density matrices in momentum space, while ωS and ωT = 1 − ωS form a

Bernoulli distribution, representing the chances of measuring the valence quarks to be in

either a singlet or a triplet representation.

The multiplication of density matrices leads to a tensor product that is exactly the same

as we found in the meson case. If we have two density matrices of the same form as that of

the VS density matrix in Eq. ((4.79)), then ρ1.ρ2 becomes

(f1.f2)k1k2k3k4,abcd =
∑
A,B

∑
q1,q2

(f1)k1k2q2q1,abBA(f2)q1q2k3k4,ABcd (4.86)

at the level of the tensors f1, f2. According to this definition of the product of tensors, the

two color tensors ΠS and ΠT have the properties ΠS,T .ΠS,T = ΠS,T and ΠS.ΠT = 0, which

makes then projection operators for two distinct vector subspaces in color space. For the
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remaining degrees of freedom in momentum space, we can define matrix multiplication and

the trace for these distributions as

(A.B)k1k2k3k4 =
∑
q1,q2

Ak1k2q2q1Bq1q2k3k4 (4.87)

Tr[A] =
∑
k1,k2

Ak1k2k2k1 . (4.88)

With this definition, the VS entanglement entropy for an Nc = 2 baryon can be written as

SBmn = N
(
−Tr

[
fS. log fS

]
− Tr

[
fT . log fT

]
+ Tr

[
fT
]
log(3)

)
+ log(N−1) (4.89)

N−1 = Tr
[
fS
]
+ Tr

[
fT
]
. (4.90)

This can also be cast in the more illustrative form

ωS,T = N Tr
[
fS,T

]
(4.91)

SS,T =
1

Tr [fS,T ]

(
−Tr

[
fS,T . log fS,T

])
+ log

(
Tr
[
fS,T

])
(4.92)

SBmn = ωSSS + ωTST + ωT log(3)− ωS logωS − ωT logωT . (4.93)

This form, just as in the meson case, can be separated into three contributions, stemming

from the fact that our density matrix can be decomposed into

ρBmn = ωS(ΠS ⊗ ρS) +
1

3
ωT (ΠT ⊗ ρT ) (4.94)

with ΠS.ΠT = 0. The first contribution is the average of the entropies SS,T of ρS,T , corre-

sponding to the momentum space degrees of freedom. The second part is the average of the

entropies of the color space representations, with factors of log(1) = 0 from the singlet and

log(3) from the triplet. Finally, the last term is the entropy of the distribution formed by ωS

and ωT . This decomposition of entropy contributions also holds for a continuous momentum

variable.

The case of SU(3) baryons becomes more complicated as there is a third valence quark

which will combine to form more than two irreducible representations. We have for some
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baryon B with flavors l,m, n and total momentum K

ρBlmn
= N Tr1

[
QlQmQn |Blmn, K⟩1 |0⟩2 ⟨0|2 ⟨Blmn, K|1 Q̄nQ̄mQ̄l

]
= N

∑
a,b,c,d,e,f

∑
ki

fk1k2k3k4k5k6,abcdef

(
b†k1,l,ab

†
k2,m,b

b†k3,n,c |0⟩ ⟨0| bk4,n,dbk5,m,ebk6,l,f
)
. (4.95)

Again, the operators and indices are defined as they have been previously. f above is defined

to be.

fk1k2k3k4k5k6,abcdef = ⟨Blmn, K| b†k6,l,fb
†
k5,m,e

b†k4,n,dbk3,n,cbk2,m,bbk1,l,a |Blmn, K⟩ (4.96)

Following the procedure we have outlined previously, the group theory of SU(3) for combining

three fundamental representations tells us that 3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10. Thus we find that

the operator groupings bbb and b†b†b† form four different irreps of SU(3): one antisymmetric

singlet, two different 8-dimensional adjoint representations of mixed symmetry, and a 10-

dimensional fully symmetric representation. Either of the two adjoints from the bbb operator

can form a color singlet with any of the two adjoints from the b†b†b†, giving us a total of

four singlets that can be made from the mixed symmetry irreps. This gives us a total of six

color singlets when the symmetric and antisymmetric irreps are included. The color tensors

needed for these terms are given by

Sabcdef =
1

6
(δaf (δbeδcd + δbdδce) + δae(δbfδcd + δbdδcf ) + δad(δbeδcf + δbfδce)) (4.97)

Aabcdef =
1

6
(δaf (δbeδcd − δbdδce)− δae(δbfδcd − δbdδcf )− δad(δbeδcf − δbfδce)) (4.98)

M++,abcdef =
1

2
(δafδbe + δaeδbf )δcd − Sabcdef (4.99)

M+−,abcdef =
1

2
√
3
((δbfδce − δbeδcf )δad + (δafδce − δaeδcf )δbd) (4.100)

M−+,abcdef =
1

2
√
3
((δaeδbd − δadδbe)δcf + (δafδbd − δadδbf )δce) (4.101)

M−−,abcdef =
1

2
(δafδbe − δaeδbf )δcd −Aabcdef . (4.102)

These tensors are analogous to the Π color tensors form before. The + and − subscripts

on the mixed symmetry tensors denote whether it is symmetric or antisymmetric in the first
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two color indices (for the first subscript) or the last two indices (for the second subscript).

The six components of f are then given by

fAk1k2k3k4k5k6 = Aabcdeffk1k2k3k4k5k6,abcdef (4.103)

fSk1k2k3k4k5k6 = Sabcdeffk1k2k3k4k5k6,abcdef (4.104)

f stk1k2k3k4k5k6 =Mst,abcdeffk1k2k3k4k5k6,abcdef (4.105)

for all s, t = ± and with implicit sums over the color indices. f can then be written as

fk1k2k3k4k5k6,abcdef = Aabcdeff
A
k1k2k3k4k5k6

+
1

8

∑
s,t=±

Mst,abcdeff
st
k1k2k3k4k5k6

+
1

10
SabcdeffSk1k2k3k4k5k6 .

(4.106)

Unlike in previous cases, these six tensors will not split the entanglement entropy into six

disconnected contributions. To see this, we can look at how these color tensors stitch together

when the density matrix is multiplied to itself, which we need to know in order to apply the

replica trick to derive the entanglement entropy. Matrix multiplication of baryon density

matrices translates to a product of f ’s that is defined by

(f1.f2)k1k2k3k4k5k6,abcdef =
∑
A,B,C

∑
q1,q2,q3

(f1)k1k2k3q3q2q1,abcCBA(f2)q1q2q3k4k5k6,ABCdef . (4.107)

The relevant nonzero products of color tensors for density matrix multiplication are

AabcCBAAABCdef = Aabcdef (4.108)

SabcCBASABCdef = Sabcdef (4.109)

Mst,abcCBAMtu,ABCdef =Msu,abcdef . (4.110)

for all s, t, u = ±. These tensors split the density matrix into three contributions correspond-

ing to the 3 irreducible representations of S3. The density matrix thus splits into three parts

given by

ρBlmn
= ωA(A⊗ ρA) +

1

8
ωM(M ⊗ ρM) +

1

10
ωS(S ⊗ ρS). (4.111)

Note also the four mixed symmetry tensorsMst,abcdef combine in a way that resembles matrix

multiplication of a 2 × 2 matrix. Thus for the fully symmetric and antisymmetric contri-

butions we can define matrix multiplication and the trace in momentum space much like
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before, where

(A.B)k1k2k3k4k5k6 =
∑
q1,q2

Ak1k2k3q3q2q1Bq1q2q3k4k3k4 (4.112)

Tr[A] =
∑

k1,k2,k3

Ak1k2k3k3k2k1 . (4.113)

However, for the mixed symmetry contributions there is an extra step where they must be

organized into a 2× 2 matrix matrix such that

fMk1k2k3k4k5k6 =

f−−
k1k2k3k4k5k6

f−+
k1k2k3k4k5k6

f+−
k1k2k3k4k5k6

f++
k1k2k3k4k5k6

 , (4.114)

and from here matrix multiplication and tracing is defined by both uniting the momentum

indices as in the previous equation along with the standard multiplication and trace of the

2× 2 array shown here. With these definitions, the VS entanglement entropy for an Nc = 3

baryon can be written as

SBlmn
= N

(
−Tr

[
fA. log fA]− Tr

[
fM . log fM

]
− Tr

[
fS . log fS]

+ Tr
[
fM
]
log(8) + Tr

[
fS] log(10))+ log(N−1) (4.115)

N−1 = Tr
[
fA]+ Tr

[
fM
]
+ Tr

[
fS] . (4.116)

This can also be cast in the more illustrative form

ωA,M,S = N Tr
[
fA,M,S] (4.117)

SA,M,S =
1

Tr [fA,M,S ]

(
−Tr

[
fA,M,S . log fA,M,S])+ log

(
Tr
[
fA,M,S]) (4.118)

SBlmn
= ωASA + ωMSM + ωSSS + ωM log(8) + ωS log(10)− ωA logωA − ωM logωM − ωS logωS .

(4.119)

Once again, we see that the VS entanglement entropy splits into averages over momentum

space entropies, color space entropies, and the entropy of the ω distribution, which also holds

in the continuum.
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4.6 Data & Results

In this work we calculate the valence-sea entanglement of an assortment of hadrons given a

variety of parameters such as total momentum, number of colors, and the coupling constant.

To do this, we begin by constructing the discrete light-cone quantized Hamiltonian for 1+1d

QCD and finding the eigenstates with the lowest energies. Then we form the appropriate

f tensors described in the previous section by applying the eigenstates we obtained to a

set of state-independent four- or six-quark operators. Finally, we arrange the f tensors into

matrices in momentum space, diagonalize them, and calculate Tr[f ] and−Tr[f. log f ] for each

color singlet. For the figures in this section, we plot the entropy against either number of

colors, total hadron momentum, or the coupling strength. The quark masses are degenerate

unless otherwise specified. For the coupling strength, since the Hamiltonian separates like

2P+H = m2Okin+g
2Opot and both m and g have units of mass, the eigenstates only depend

upon the ratio g/m. It is more convenient to define the variables ξ2 = g2Nc

2π
and λ = ξ2

m2+ξ2
.

We use ξ2 because it remains constant in the large-Nc limit and it removes a recurring factor

of 1/2π in the calculations. The variable λ is preferable as it ranges from 0 to 1, where λ = 0

corresponds to a theory of free quarks while λ = 1 gives us massless QCD, making it more

amenable to plotting than g/m which ranges from 0 to ∞.

The following results show some general patterns in the VS entanglement entropy of low

energy states that seem to hold for mesons and baryons simultaneously. First, we see that in

Figs. 4.4, 4.6, and 4.9 these lower lying energy states tend to a specific value even at fairly

modest values of the total momentum. This convergence becomes weaker as we increase the

relative strength of the potential λ. In the plots against the relative coupling strength in

Figs. 4.5, 4.6, and 4.10, we see that the ground state hadron always has low entropy, while

the next few states steadily increase with λ, with some of them seeming to plateau near a

particular middling value of S. The low entropy of the ground state is due to the state being

dominated by the minimum particle state that has no quark sea at all, which persists even

for very small quark masses [190]. This is true to a lesser extent for the first few excited
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states, though they seem to have much larger contributions from Fock states with sea quarks

as λ increases. If the contributions get too large, there will be a level crossing with a multi-

hadron state at some specific value of λ, which causes the behavior of S as a function of λ

to suddenly change. This level crossing behavior is what causes the plateauing effect in our

plots. These level crossings also make it difficult for comparisons to large-Nc hadrons to be

made, since that requires a clean method for distinguishing single and multi-hadron states

from each other.

4.6.1 Meson Results

This section has plots of the VS entropy of the π+ meson analog against number of colors

in Fig. 4.3, total momentum in Fig. 4.4, and the relative coupling strength in Fig. 4.5.

The results for the π0 analog are similar, as are the results when a third degenerate quark

flavor is added. In Fig. 4.3, the first three states look like they may eventually taper off to

zero at large Nc, but the other two are increasing with Nc. This is because large-Nc states

with multiple mesons can have nonzero VS entropy due to entanglement. In fact, using the

expression for the entropy in terms of fS and fA above, we can see that there is a term

proportional to Tr
[
fA
]
log(N2

c − 1). The Fermi degeneracy creates entanglement between

the mesons that feeds into fA, so the VS entropy for multi-meson states at large Nc will

actually tend to infinity. However, fS remains zero for all large Nc states, and seems to

decrease asymptotically as Nc increases for all 5 states.

In general, the meson spectra seem to fall into two regimes depending on the size of

g/m. If g/m is small (roughly less than 2), then the theory is in the large mass regime

which contains both the free theory and the ’t Hooft model. This regime is characterized

by single meson states that are dominated by two-particle Fock states in momentum space.

This makes it easy to distinguish the single meson states from the multiple meson states

in DLCQ. When g/m is large, the theory is in the strong potential regime which contains

the Schwinger model when we have a U(1) gauge field. In this regime, the meson states are

localized in position space and tend to have local color currents that are small. In addition,



96

● ● ● ● ● ● ● ● ●

■ ■ ■ ■ ■ ■ ■ ■ ■

◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

▲
▲

▲

▲
▲

▲ ▲ ▲ ▲

▼

▼
▼

▼ ▼ ▼ ▼ ▼ ▼

2 4 6 8 10
0

1

2

3

4

5

6

7

Nc

S
π+ Color Dependence

● 1st

■ 2nd

◆ 3rd

▲ 4th

▼ 5th

●

●
●

● ● ● ● ● ●

0.26
Nc

2 4 6 8 10
0.00

0.05

0.10

0.15

0.20

Nc

S

π+ Color Dependence

● 1st

Figure 4.3: Entanglement entropy for the 5 lowest energy π+ states with Nf = 2 that have

Ktot = 8 units of momentum, with m2 = g2Nc

2π
and g2 ∼ 1

Nc
. The lines connecting data points

in the first plot are merely for visual effect and do not communicate additional data. The

second plot shows the entanglement entropy of the ground state meson with a 1/Nc fit. The

theoretical maximum entropy is Smax = 2 Log2(6Nc).
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and m2 = g2

π
. The theoretical maximum entropy is Smax = Log2(2Ktot(Ktot + 1)). The lines

connecting these data are merely for visual effect and do not communicate additional data.
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Figure 4.5: Entanglement entropy for the 5 lowest energy π+ states with Nf = 2, Nc = 2,

Ktot = 11, and λ = g2

πm2+g2
. The theoretical maximum entropy is Smax = Log2(2 ∗ 11 ∗

12) ≈ 8.04. The lines connecting these data points are merely for visual effect and do not

communicate additional data.
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the presence of massless fermions leads to zero modes in the spectrum, meaning the quark-

antiquark pairs can be generated fairly easily, so particle number in momentum space cannot

be used to identify bound states in this regime. The transition between these two regimes can

be seen in the plots of the VS entropy against coupling λ where the excited state entropies

seem to stop increasing beyond certain large values of λ.

The ground state mesons have a particularly low VS entropy compared to all other states.

This is because it bears a close resemblance to its large-Nc counterpart, and this resemblance

fades for higher excited states. The large-Nc connection is also what causes the Fock states

with no sea contribution to dominate the Fock state expansion of the ground state. The

resemblance to the large-Nc counterpart also suggests that its VS entropy could be captured

by a 1/Nc expansion, and indeed we see in Fig. 4.4 that it has a good fit to a 1/Nc curve.

The value of 0.26 for the fit was chosen because it minimizes the sum of the squares of the

differences between the data points and the fit curve. If this perturbative behavior persists

into 3 + 1 dimensions, this could open the door for a perturbative calculation of VS entropy

for ground state hadrons in real QCD.

4.6.2 Baryon Results

The first figure in this section, Fig. 4.6, has plots of the VS entropy of the 2-color N0 baryon

analog against total momentum and the relative coupling strength. A surprising result is

that these plots are identical to Figures 4.4 and 4.5 for the pion. It turns out that when

Nc = 2, the Hamiltonians for the baryon and meson channels where the valence particles

have different flavors are not only of identical size, but have an identical eigenvalue spectrum.

In other words, these Hamiltonians differ only by a unitary transformation, one that the VS

entropy is apparently insensitive to. In the case that the flavors of the two particles are

the same (as in Figures 4.7 and 4.8), the meson Hamiltonian is over twice as large as the

baryon Hamiltonian, but there is a subsection of the meson’s mass spectrum that matches

the full spectrum of the baryon. A comparison of states with matching eigenvalues is given

in Fig. 4.8.
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Figure 4.6: Entanglement entropy for the 5 lowest energy 2-color baryon states with Nf = 2

where the constituent quarks have different flavors, somewhat analogous to the neutron N0.

In the first plot, m2 = g2

π
. In the second plot, Ktot = 11 and λ = g2

πm2+g2
. Note the extreme

similarity to the results for the π+ above. The lines connecting these data points are merely

for visual effect and do not communicate additional data.
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Figure 4.7: The first plot shows the entanglement entropy for the 5 lowest energy 2-color

baryon states where the constituent quarks have the same flavor, somewhat analogous to

the delta ∆+. The second plot shows the entanglement entropy for the 5 lowest energy π0

states. In both plots, Nf = Nc = 2, Ktot = 11, and λ = g2

πm2+g2
. The theoretical maximum

entropy for the ∆+ is Smax ≈ 6.98, while for π0 it is Smax ≈ 8.04. The lines connecting these

data points are merely for visual effect and do not communicate additional data.
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Figure 4.8: In these plots, there is a small difference in the quark masses given by m2
2−m2

1 =

0.01(m̄2 + g2/π), where m̄2 = (m2
1 +m2

2)/2. The first plot shows the entanglement entropy

for the 5 lowest energy 2-color ∆+-analogue states. The second plot shows the entanglement

entropy for the 5 π0 states whose eigenvalues match those of the ∆+ shown above. The

asterisk indicates states whose relative ordering in the full eigenvalue spectrum changes

depending on the coupling; the number or range of numbers listed indicates the usual position

of the state over most of the given values of λ. In both plots, Nf = Nc = 2, Ktot = 8, and

λ = g2

πm̄2+g2
. The theoretical maximum entropy for the ∆+ is Smax ≈ 6.09, while for π0 it is

Smax ≈ 7.17. The lines connecting these data points are merely for visual effect and do not

communicate additional data.
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Figure 4.9: Entanglement entropy for the 5 lowest energy 3-color baryon states with Nf = 2

where one constituent quark has a different flavor from the other two, analogous to the

nucleon N+,0 in QCD. The quark masses are degenerate, and m2 = 3g2

2π
. The lines connecting

these data points are merely for visual effect and do not communicate additional data.
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Figure 4.10: These plots show the entanglement entropy for the 5 lowest energy 3-color

baryon states where Nf = 2, Nc = 3, Ktot = 21
2
, the quark masses are degenerate, and

λ = 3g2

2πm2+3g2
. The first plot shows the entanglement entropy for states where one constituent

quark has a different flavor from the other two, analogous to the nucleon N+,0 in QCD. The

second plot shows states where the constituent quarks all have the same flavor, analogous to

the delta ∆++ in QCD. The theoretical maximum entropy for the ∆++ is Smax ≈ 9.75, while

for N+,0 it is Smax ≈ 11.47. The lines connecting these data points are merely for visual

effect and do not communicate additional data.
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Figure 4.11: This plot shows the entanglement entropy for the 5 lowest energy 3-color baryon

states analogous to the proton N+ in QCD, where Nf = 3, Nc = 3, and Ktot =
17
2
. It is

”realistic” in the sense that the quark masses are defined using approximately physical values

relative to the average of the squares of the valence quark masses m̄2 =
2m2

u+m
2
d

3
. The values

used for the masses are m2
u

m̄2 = 0.45,
m2

d

m̄2 = 2.1, m2
s

m̄2 = 834, and λ = 3g2

2πm̄2+3g2
. The theoretical

maximum entropy is Smax ≈ 10.58. The lines connecting these data points are merely for

visual effect and do not communicate additional data.
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Fig. 4.9 shows a plot of the VS entropy of the nucleon analog against total momentum,

while Fig. 4.10 shows coupling dependence of both the nucleon analog and the ∆++ analog.

The results for other baryons are similar, as are the results when a third degenerate quark

flavor is added. Fig. 4.11 shows the coupling dependence of the nucleon analog for realistic

quark masses. Removing the heavy strange quarks from the system barely affects the VS

entropy. All of these 3-color baryon entropy plots exhibit similar qualitative features to

those of the mesons and 2-color baryons, such as the very low VS entropy of the ground

state, the dominance of the singlet contribution fS for these low lying energy states, and

the separation of theories into two broad regimes of large mass and strong coupling. These

similarities persist despite these being fermions with 3 valence quarks instead of bosons with

only two, and there is no symmetry that can relate them to the mesonic states like with

the 2-color case. There is also an additional SU(Nc) singlet contribution with these baryons

corresponding to the mixed symmetry irrep of S3, but this addition doesn’t seem to greatly

affect the general patterns of the VS entropy of low energy states. This suggests that these

states also maintain features of their large-Nc counterparts, despite the large-Nc baryon

wavefunction being largely inaccessible without making a sweeping assumption about its

general form. Since the connection to large-Nc physics seems to hold in 3+ 1 dimensions for

Nc = 3, it may even be possible to calculate the VS entropy of real nucleons using a large-Nc

expansion, assuming that the approximate 1/Nc behavior of the meson ground state entropy

also holds for baryons.

4.7 Conclusion

In this chapter, we’ve defined a notion of valence-sea entanglement in QCD, despite the

lack of a clear distinction between valence quarks and sea quarks, and analyzed the VS

entanglement entropy in 1+1d QCD. The framework used to define VS entanglement can

potentially be used to define other types of entanglement in situations when a clear bipartition

of the Hilbert space does not exist. It would most likely be useful for defining entanglement

between constituent fields in the bound states of other QFTs, but there could in principle
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be more clever applications of the method. This also naturally leads to a definition of single

quark (or antiquark) entanglement in a hadron using the same framework, in which the

elements of the corresponding density matrix turn out to be parton distribution functions.

This provides an interpretation of PDFs as measures of quark entanglement, which may

highlight some connection between quark entanglement and the operator product expansion

of the DIS cross section.

To get the VS entanglement, we also described much of the framework needed to do the

calculation of the entanglement entropy in 1+1d QCD. We’ve gone over the terms in the

Hamiltonian formalism of 1+1d light front QCD, recovered the spectrum of the ’t Hooft

model by taking the large-Nc limit in said formalism, and applied discrete light-cone quanti-

zation to render the Hamiltonian as a finite matrix. The expression for the VS entanglement

in these hadrons was found to separate into different contributions coming from the different

SU(Nc) irreps of the valence quarks, as well as separating additively into momentum space

and color space terms. Appendix A also details a method for deriving DLCQ operators in a

basis of color singlet states that is manifestly orthonormal and complete from the beginning.

To our knowledge, this has not been done in the literature as of yet, since the papers that

have done explicit QCD calculations in 1+1 dimensions mention rendering the Hamiltonian

in an incomplete basis as an intermediate step [191, 192, 199].

Our numerical results show that the VS entanglement is unusually low for low energy

eigenstates of the QCD Hamiltonian. For mesons, this results from the fact that these states

at finite Nc have almost no sea quarks and closely resemble the corresponding eigenstates

in the large-Nc limit. For baryons, the connection to large-Nc cannot be made easily, but

the states seem to have next to no sea quarks as well. If we treat VS entanglement as a

measure of the applicability of the parton model as discussed in the introduction, then this

would imply that the parton model is only applicable to the lowest mass hadrons in 1+1d

QCD. This is of course consistent with our observations in real QCD, but it remains to

be seen if the model breaks down for highly excited hadrons. The low values of the VS

entropy also suggest that the large-Nc expansion may fail for higher excited states, perhaps
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even suggesting a connection between the applicability of the parton model and the large-Nc

expansion. This may not be the case in real QCD, as several papers have shown that large-Nc

results in 3+1 dimensions generally agree with experiment for Nc = 3 [200–202].

We also found for mesons in their ground states that the VS entanglement entropy ap-

proximately follows a 1/Nc curve, indicating that the entropy for these specific states can be

calculated perturbatively in a next to leading order 1/Nc expansion. Given that the ground

state baryons also have very low VS entropy, it may also be perturbative in the same way.

Given that the large-Nc expansion works surprisingly well in real QCD for ground state

hadrons, it may be reasonable to expect the VS entropy in real QCD to be calculable in a

1/Nc expansion as well. The elements of the VS density matrix resemble parton distribution

functions, which are scale dependent in real QCD, so the corresponding VS entanglement

entropy ought to as well. Also, it would likely be small at both large scales where the cou-

pling is weak and small scales where the hadrons resemble large-Nc states, but this may not

hold true in between. Having access to this quantity could therefore lead to some very inter-

esting insights into the transition between quark and hadron degrees of freedom, as it would

likely be scale dependent and function as an order parameter for this transition. However,

the presence of extra spin degree of freedom and transverse gauge fields compared to 1+1d

QCD makes it difficult to make solid claims about what VS entanglement would look like in

reality.
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Chapter 5

CONCLUSION

In Chapter 2 and in [18], we designed a simple model for helicity entanglement in nucleons

involving only two chiral basis states. It was found that this entropy quickly shot up to

near its maximum value when fit to data even with only two states. This suggests that

entanglement between the valence and non-valence helicity components of the nucleon state

vector drives chiral symmetry breaking in the nucleon. The entanglement entropy therefore

acts as an order parameter of chiral symmetry breaking in the nucleon, and provides an

explanation for why the valence spin content of the nucleon is not expected to dominate.

This work provides a qualitative picture for how entanglement between valence and sea

partons behaves in QCD, which is further developed what follows.

In Chapter 3, The model for helicity entanglement in nucleons was extended to include

many chiral basis states, based solely in the symmetries of QCD and general physical prin-

ciples. In these models, the null-plane formalism was used to separate the dynamical, spin-

based generators of Poincaré symmetry from the kinematical, momentum-based generators.

It was argued that it may be sensible to represent a nucleon and its first few excitations

through a handful of chiral basis states defined by the helicity and isospin representations

of the valence quarks. Fitting experimental data for static nuclear properties such as the

axial coupling gA to their results in the chiral basis, one could find a change of basis ma-

trix between nuclear and chiral states, and from there the entanglement entropy between

the different valence representations could be calculated for the nucleon. It was found that

this entropy quickly shot up to near its maximum value as before in all models analyzed.

The results show that chiral symmetry breaking in the null plane formalism originates from

the hadronic wavefunction, and that the gluon sea is essential in determining the ground
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state null-plane wavefunctions of the nucleon and its chiral partners. It was also found that

the large-Nc limit corresponds to vanishing entanglement entropy, suggesting a connection

between the large-Nc expansion for baryons and the presence of entanglement entropy.

In chapter 4, we defined a notion of valence-sea entanglement in QCD, despite the lack of

a clear distinction between valence quarks and sea quarks, and analyzed the VS entanglement

entropy in 1+1d QCD. This naturally leads to a definition of single quark entanglement in

a hadron in which the elements of the corresponding density matrix turn out to be parton

distribution functions, providing an interpretation of PDFs as measures of single-quark en-

tanglement. The expression for the VS entanglement in these hadrons was found to separate

into different contributions coming from the different SU(Nc) irreps of the valence quarks,

as well as separating additively into momentum space and color space terms. Appendix A

also details a method for deriving DLCQ operators in a basis of color singlet states that is

manifestly orthonormal and complete from the beginning.

Our numerical results from this chapter show that the VS entanglement is unusually

low for low energy eigenstates of the QCD Hamiltonian. For mesons, this results from

the fact that these states at finite Nc have almost no sea quarks and closely resemble the

corresponding eigenstates in the large-Nc limit. For baryons, the connection to large-Nc

cannot be made easily, but the states seem to have next to no sea quarks as well. We also

found for mesons in their ground states that the VS entanglement entropy approximately

follows a 1/Nc curve, indicating that the entropy for these specific states can be calculated

perturbatively in a next to leading order 1/Nc expansion. Given that the large-Nc expansion

works surprisingly well in real QCD for ground state hadrons, it may be reasonable to expect

the VS entropy in real QCD to be calculable in a 1/Nc expansion as well. The VS entropy

in real QCD would likely be scale dependent and function as an order parameter for this

transition, as it does for chiral symmetry breaking in the chiral basis models from Chapter

3.

While it may seem like the results from chapters 2 and 3 contradict the claim in chapter

4 that the VS entropy of real hadrons will be small, this is not the case as the models of
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entanglement between the valence and sea quarks in each chapter are probing very different

aspects of real QCD. In chapters 2 and 3, the models devised for the baryon state vectors

are sensitive to chiral symmetry breaking and are constrained entirely by static nuclear

properties. The only information about the interior dynamics of the bound quarks comes

implicitly through the experimental data for the masses and charges used as input, which

only provides information about the average entanglement over multiple energy scales. In

chapter 4, we focused on QCD in 1 + 1 dimensions, which does not have chiral symmetry

breaking, but was found to be simple enough to be investigated numerically at the quark

level. Since 1 + 1d QCD is always in the confining phase, our results for this theory apply

only to real QCD at low energy scales where confinement occurs.

This gives us a picture for how VS entanglement in real QCD may behave, sketched out

in Fig. 5.1. Due to asymptotic freedom, the quark interactions are weak at very high energy

scales, so we can expect low VS entanglement at scales well beyond ΛQCD. From our work in

chapter 4, we can also expect that VS entanglement is low for ground state hadrons at scales

below ΛQCD. The question remains as to how entangled the quarks are near ΛQCD, but the

results of chapters 2 and 3 suggest that the average VS entropy is large. The only possible

source for that entanglement must therefore be at scales near ΛQCD, which also tracks with

chiral symmetry breaking being the source of entanglement in those models. Thus we expect

that the VS entropy in real QCD should act as an order parameter for the transition between

quark and hadron degrees of freedom, as it should remain low except near the scale at which

hadrons begin to form and chiral symmetry is spontaneously broken.
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Figure 5.1: This shows a sketch of what the VS entropy of a ground state hadron in real

QCD is expected to look like. The red line labeled ”Static Model” shows what results a

model built from only static properties would give, such as those of Chapters 2 and 3. At

high energy scales where the quarks are asymptotically free, the entropy should be close to

zero. Our results suggest that it will also be low in the confining phase as well. This implies

that the region near ΛQCD must have high entropy, or else the static model entropy would

be much lower.
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Appendix A

ALGORITHM DETAILS & YOUNG’S ORTHOGONAL BASIS

In this appendix, we will explain some of the details of the algorithm used to generate

the DLCQ Hamiltonian, as well as the other algorithms needed to obtain the entanglement

entropies. A suitable computational basis in DLCQ is the Fock state basis containing the

finite set of states with a given total momentum and flavor content, where states are labeled

by the momenta, flavors, and color charges of each quark in a state. Doing calculations in

this basis is fairly straightforward, but since physical quantities are always calculated using

color singlet states using this basis would be incredibly inefficient due to the large number

of color charged states that ultimately do not contribute to any quantities of interest. We

would rather restrict our computational basis to the subset of color singlet Fock states to

improve the efficiency of the calculation.

A convenient way to construct color singlets from a Fock state with nq quarks and nq̄

antiquarks is to organize them both into the nq-dimensional and nq̄-dimensional irreducible

representations (irreps) of SU(Nc), and then unite the irreps for the quarks and antiquarks

that are dual to each other, which is guaranteed to produce exactly one singlet per quark-

antiquark irrep combination. The irreps of SU(Nc) can be organized and parametrized using

Young tableaux, and the number of copies of a given irrep that is formed from n quarks is

equal to the number of ways that the tableau for that irrep can be formed from n boxes,

which is in turn equal to the dimension of the irrep of the symmetric group Sn corresponding

to the same tableau. Furthermore, operations in color space can be implemented through

permutations that swap the color indices of the creation operators within the color singlet

states. These permutations can be written as matrices that can be derived from the tableaux,

in a basis known as Young’s orthogonal basis. Thus we can exploit the structural similarities
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between the irreps of SU(Nc) and Sn, which are encoded into Young tableaux, to implement

operations in color space via matrix operations in the symmetric group. The vast majority

of this appendix will be devoted to describing how this is done.

The implementation of the Hamiltonian and density matrices can be separated into three

broad categories. The kinetic term of the Hamiltonian is two-quark operator the conserves

momentum and flavor, so it can be implemented by simply adding a factor of np
m2

q

k
for each

quark and antiquark in the state to the relevant diagonal element of the Hamiltonian. The

potential in the Hamiltonian as well as the density matrices for mesons and 2-color baryons

are composed of four-quark operators, which can be broken down into a product of two-quark

color singlet operators that may not conserve momentum or flavor. Finally, we also have

six-quark operators needed for the 3-color baryon density matrices, but these can also be

broken down into two-quark color singlet operators. Thus we can get everything we need by

focusing on the actions of general two-quark color singlet operators on our Fock state basis.

These come in four different types: operators of the form b†aba, d
†
ada, daba, and b

†
ad

†
a, where a

is the color index that is implicitly being summed over.

The action of singlet operators of the form b†aba or d†ada can be implemented by simply

changing the momentum and flavor indices of the Fock state to reflect the removal and

addition of one particle, followed by the application of a permutation matrix in color space.

The matrix stems from having to restore the normal ordering of the creation operators,

which necessitates a permutation of the color indices. Since the action of these operators

in color space amounts to a simple permutation matrix, they do not mix states in different

irreps. Some simplifications can be made along the diagonal terms of the Hamiltonian matrix

since they map states onto themselves. In this case only one permutation matrix is applied

instead of two since the best a four-quark operator made only of b†aba or d†ada can do on

the diagonal is swap two creation operators around. Details on the construction of the

permutation matrices are given in the next section. For color singlet operators of the form

daba, a more involved color matrix is applied to reflect that the SU(Nc) irreps get truncated

by the operator. Details on the construction of that matrix are given in another section
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below. Singlet operators of the form b†ad
†
a can be obtained from Hermitian conjugation of

daba.

A.1 Permutation Matrices in Young’s Orthogonal Basis

Young’s orthogonal basis is a vector basis for the symmetric group in which the permutation

matrices are rendered orthogonal. The orthogonality is of vital importance as it corresponds

to the unitarity of the operators that swap quark and antiquark creation operators. The

systematic method for deriving these permutation matrices from Young tableaux is detailed

here. First, for a given Young tableau, we write out all the ways that the boxes of a tableau

can be numerically labeled from 1 to n, where n is the number of boxes in the tableau. Each

numbered tableau represents one of the color singlet basis vectors in the irrep represented by

the tableau. The labeling is ordered such that the upper-left most box is always labeled 1,

each following numerical label must be to the right of and below other labeled boxes, unless

it is in the same column or row as the first box. This is essentially counting and labeling

the distinct ways in which a given tableau can be assembled from n individual boxes, such

that we are always assembling valid tableau of sizes ranging from 1 to n along the way.

The number of distinct ways to form a tableau is same as the dimension of the Sn irrep

represented by the tableau.

Now that we have our basis states organized and labeled, we can use this to derive the

orthogonal permutation matrices. To get the permutation matrices that swap elements i and

i + 1, where i ranges from 1 to n − 1, we can get the nonzero elements from the positions

of boxes i and i + 1 in the numbered tableaux. The diagonal elements are given by ±1/d,

where d is the length under the taxicab metric between boxes i and i + 1, and the sign is

positive(negative) when i+1 is to the right(left) of and/or above(below) i. The off-diagonal

elements are only non-zero when the two numbered tableau involved nearly identical except

that boxes i and i+ 1 are swapped. The value of these elements are given by
√

(d2 − 1)/d,

using the value d corresponding to the labeled tableau involved. The permutations that

swap elements i and i+1 form a multiplicative basis for all other permutations, so all of the
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Figure A.1: The three permutation matrices T12, T23, and T34 for the antifundamental irrep

of S4 written in Young’s orthogonal basis. The numbered Young tableaux correspond to the

basis elements of the vector space and are required to derive these matrices as described in

Appendix A.

other permutation matrices can be formed from products of the above matrices. In practice,

the only permutations that are needed are ones that either swap two different elements and

leave the rest alone or ones that cycle the order of a string of adjacent elements forward or

back by one step.

Examples of this process are given in Fig. A.1. For T12 on the left, all of the diagonal

elements are ±1 since boxes 1 and 2 in the numbered tableaux representing the basis states

are always adjacent to each other. The first two are negative since box 2 is always found

under box 1, while the third is positive because its corresponding tableau has box 2 to the

right of box one. All of the off diagonal elements involving this state are equal to 0.

For T23 in the middle, we need to look at the relative positions of boxes 2 and 3. In the

first tableau, box 3 is directly below box 2, so d = 1 and the sign of the diagonal element

is negative, so the diagonal element is −1 and all off-diagonal elements involving this state

are 0. The remaining two tableaux are related by a swap of boxes 2 and 3, so they will have

the same value of d, with one diagonal element positive and one negative, with off-diagonal

elements between them given by
√
(d2 − 1)/d. For these tableaux, boxes 2 and 3 are two

boxes apart since they are separated by box 1, so d = 2, and since the first of the two
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tableaux has box 3 above and to the right of box 2, the diagonal elements are +1/2 followed

by −1/2, with off diagonal elements given by
√
(22 − 1)/2 =

√
3/2.

For T34 on the right, boxes 3 and 4 are relevant. The first two tableaux are related by

a swap of boxes 3 and 4, so their off-diagonal elements will be non-zero. There are two

boxes between boxes 3 and 4, so d = 3 and therefore the off-diagonal elements are given by√
(32 − 1)/3 = 2

√
2/3. The first tableau has box 4 above and to the right of box 3, so the

diagonal elements are +1/3 followed by −1/3. Finally, the last tableau has boxes 3 and 4

adjacent to each other with box 4 below box 3, so the last remaining nonzero element is the

third diagonal, which is given by −1.

A.2 Transformation from standard basis

To further convince the reader that Young’s orthogonal basis is a valid choice of basis for

color singlet Fock states, we can take a look at how this basis is related to a more naive but

more intuitive choice of defining the color singlet Fock states. If we assume that we have a

number of quarks n and an equal number of antiquarks, we can define all color singlet states

of this type using the form

|n,Pn⟩ = δa1...an;Pn[b1...bn] b
†
1,a1

...b†n,and
†
1,b1
...d†n,bn |0⟩ , (A.1)

where δa1...an;b1...bn = δa1b1δa2b2 ...δanbn and Pn is some permutation of n elements. We also

assume that each quark and antiquark operator is distinguishable from all others by quantum

numbers other than color. This set of states is unnormalized, not orthogonal, and if the

number of colors is less than n it is overcomplete. However, this basis does have the advantage

that an operator Tb(Pn) which permute the quark creation operators by a permutation Pn
has the effect

Tb(Pn) |n,P ′
n⟩ = (−1)n−ℓ(Pn) |n,Pn.P ′

n⟩ , (A.2)

where ℓ(Pn) gives the number of disjoint cycles in the permutation Pn, including 1-cycles

corresponding to particles that do not get moved. Likewise, the similar operator Td(Pn) that
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permutes the antiquark operators gives

Td(Pn) |n,P ′
n⟩ = (−1)n−ℓ(Pn)

∣∣n,P ′
n.P−1

n

〉
. (A.3)

The overlap of two states in this basis is given by

⟨n,Pn| |n,P ′
n⟩ = δa1...an;(P−1

n .P ′
n)[a1...an]

= N ℓ(P−1
n .P ′

n)
c . (A.4)

In contrast, states corresponding to Young’s orthogonal basis form a complete orthonor-

mal basis. They are labeled by the state |λ;uλ, vλ⟩, where λ refers one of the irreducible

representations of the symmetric group Sn and both uλ and vλ are vector space indices for

the irrep λ. The effects of the permutation operators are

Tb(Pn) |λ;uλ, vλ⟩ = (−1)n−ℓ(Pn)(TPn)u′λuλ |λ;u
′
λ, vλ⟩ , Td(Pn) |λ;uλ, vλ⟩ = (−1)n−ℓ(Pn)(TPn)v′λvλ |λ;uλ, v

′
λ⟩ ,

(A.5)

where TPn is the permutation matrix for irrep λ written in Young’s orthogonal basis, which

was discussed earlier in this appendix. The Fock states can be written in terms of this basis

by

|n,Pn⟩ =
∑
λ

dλ∑
uλ,vλ=1

√
Dλ (TPn)uλvλ |λ;uλ, vλ⟩ , (A.6)

where λ is summed over the irreducible representations of the symmetric group Sn, dλ is the

dimension of the irrep λ, Dλ is the dimension of the irrep λ, uλ and vλ are vector indices for

the irrep λ, and TPn is the permutation matrix in Young’s orthogonal basis discussed above

corresponding to the irrep λ.

To see how this works, consider the actions of Tb(Pn) and Td(Pn) on the right side of the

equation. Permuting the quarks gives

(−1)n−ℓ(Pn)Tb(Pn) |n,P ′
n⟩ =

∑
λ

dλ∑
uλ,vλ=1

√
Dλ (TP ′

n
)uλvλ(TPn)u′λuλ |λ;u

′
λ, vλ⟩

=
∑
λ

dλ∑
uλ,vλ=1

√
Dλ (T(Pn.P ′

n))uλvλ |λ;uλ, vλ⟩ = |n,Pn.P ′
n⟩ , (A.7)
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so this matches. The antiquark permutation gives

(−1)n−ℓ(Pn)Td(Pn) |n,P ′
n⟩ =

∑
λ

dλ∑
uλ,vλ=1

√
Dλ (TP ′

n
)uλvλ(TPn)v′λvλ |λ;uλ, v

′
λ⟩

=
∑
λ

dλ∑
uλ,vλ=1

√
Dλ (T(P ′

n.P
−1
n ))uλvλ |λ;uλ, vλ⟩ =

∣∣n,P ′
n.P−1

n

〉
,

(A.8)

so this also matches. Finally, the overlap is given by

⟨n,Pn| |n,P ′
n⟩ =

∑
λ

dλ∑
uλ,vλ=1

Dλ (TPn)uλvλ(TP ′
n
)uλvλ

=
∑
λ

Dλ Tr
[
T(P−1

n .P ′
n)

]
=
∑
λ

Dλ χλ(µ(P−1
n .P ′

n)), (A.9)

where χλ(µ) is the character associated with the irrep λ and the conjugacy class µ and µ(Pn))

is the conjugacy class of the partition Pn.

To prove that
∑

λDλ χλ(µ(Pn)) = N
ℓ(Pn)
c , we will need to introduce the Frobenius formula

for calculating the values of characters. We start with the polynomial given by

Pn(x⃗, µ) = An(x⃗)

ℓ(µ)∏
k=1

(
Nc∑
i=1

xµki

)
=

Nc+n−1∑
α1,...,αNc=1

cα1...αNc
(µ)

Nc∏
i=1

xαi
i , (A.10)

An(x⃗) =
Nc∏
i=1

Nc∏
j=i+1

(xi − xj) =
Nc+n−1∑

a1,...,aNc=1

ϵa1...aNc

Nc∏
i=1

xNc−ai
i , (A.11)

where x⃗ is a Nc-element vector of variables, µk is the kth element of the integer partition of

n corresponding to the conjugacy class µ, ℓ(µ) is the length of this partition, and ϵa1...aNc
is

the Levi-Civita tensor with ϵ1...Nc = +1. The Frobenius formula states that the polynomial

Pn(x⃗, µ) is a generator of the characters in the sense that

cα1>α2>...>αNc
(µ) = χλ(µ), λi = αi − n+ i, (A.12)

where λi is the length of the ith row of the tableau associated with the irrep λ, so that the

second equation above gives a connection between the αi’s and the irrep λ of the character.
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From the formulas of Pn(x⃗, µ) and An(x⃗) above, we can see that both polynomials are

antisymmetric under any exchange of two of the xi variables, so we can go a step further

and say that

cα1...αNc
(µ) = −χλ(µ)ϵα1...αNc

. (A.13)

To connect this back to our original expression
∑

λDλ χλ(µ), we will need an explicit

expression for Dλ. It can be written as

Dλ =
Nc∏
i=1

(Nc + λi − i)!

(Nc − i)!

dλ
n!
, (A.14)

where dλ = χλ(1) is the dimension of the irrep λ, equivalent to the character of the irrep under

the conjugacy class of the identity matrix. We can then show that our original expression is

equivalent up to a constant to the quantity

Pn(∇⃗, 1)Pn(x⃗, µ) =

 Nc+n−1∑
β1,...,βNc=1

cβ1...βNc
(1)

Nc∏
j=1

∇βj
j

 Nc+n−1∑
α1,...,αNc=1

cα1...αNc
(µ)

Nc∏
i=1

xαi
i

=
Nc+n−1∑

α1,...,αNc=1

cα1...αNc
(1)cα1...αNc

(µ)

(
Nc∏
i=1

(αi)!

)

=
Nc+n−1∑

α1,...,αNc=1

dλ χλ(µ)(ϵα1...αNc
)2

(
Nc∏
i=1

(Nc + λi − i)!

)

= n!(Nc)!

(
Nc∏
i=1

(Nc − i)!

)(∑
λ

Dλ χλ(µ)

)
. (A.15)

On the other hand, if we use the other definition of Pn for this expression, we get

Pn(∇⃗, 1)Pn(x⃗, µ) = An(∇⃗)

(
Nc∑
i=1

∇i

)n
An(x⃗) ℓ(µ)∏

k=1

(
Nc∑
i=1

xµki

) . (A.16)

Since An(x⃗) is a product of differences between pairs of variables and
(∑Nc

k=1∇k

)
(xi−xj) = 0

for any pairing of indices i and j, we have that
(∑Nc

i=1∇i

)
An(x⃗) = 0. Also, if we expand the

product
∏ℓ(µ)

k=1

(∑Nc

i=1 x
µk
i

)
, each term in the sum will have exactly n factors of x variables, so
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the derivatives
(∑Nc

k=1∇k

)n∏ℓ(µ)
k=1

(∑Nc

i=1 x
µk
i

)
is equal to the n! times the number of terms

in the polynomial. Thus we have

Pn(∇⃗, 1)Pn(x⃗, µ) =
(
An(∇⃗)An(x⃗)

)
n!N ℓ(µ)

c . (A.17)

The remaining polynomial and derivative term gives

An(∇⃗)An(x⃗) =
Nc+n−1∑
b1,...,bNc=1

ϵb1...bNc

Nc∏
j=1

∇Nc−bj
j

 Nc+n−1∑
a1,...,aNc=1

ϵa1...aNc

Nc∏
i=1

xNc−ai
i


=

Nc+n−1∑
a1,...,aNc=1

(
ϵa1...aNc

)2 Nc∏
i=1

(Nc − ai)! = (Nc)!
Nc∏
i=1

(Nc − i)!. (A.18)

Now, with our two different expressions for Pn(∇⃗, 1)Pn(x⃗, µ) we obtain the relation

1

n!(Nc)!
∏Nc

i=1(Nc − i)!
Pn(∇⃗, 1)Pn(x⃗, µ) =

∑
λ

Dλ χλ(µ) = N ℓ(µ)
c , (A.19)

Thus we can finally show that the overlap of the Fock states is given by

⟨n,Pn| |n,P ′
n⟩ =

∑
λ

Dλ χλ(µ(P−1
n .P ′

n)) = N ℓ(µ(P−1
n .P ′

n))
c (A.20)

when we assume it can be written in terms of the Young’s orthogonal basis states.

We can also show what the Young’s orthogonal basis states are in terms of the Fock

states. To derive this, we will need to find a closed form for the quantity

SuλuΛ,vλvΛ =
∑
Pn

(TPn)uλvλ(TPn)uΛvΛ , (A.21)

where TPn is the permutation matrix in Young’s orthogonal basis for a permutation Pn and

an irrep λ or Λ. Since we are summing over all permutations and the TPn are orthogonal,

we can show that

(TPn)uλu′λSu′λuΛ,vλvΛ =
∑
P ′
n

(TPn.P ′
n
)uλvλ(TP ′

n
)uΛvΛ

=
∑
P ′′
n

(TP ′′
n
)uλvλ(TP−1

n .P ′′
n
)uΛvΛ = Suλu′Λ,vλvΛ(TPn)u′ΛuΛ . (A.22)
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Likewise, we also have

(TPn)vλv′λSuλuΛ,v′λvΛ = SuλuΛ,vλv′Λ(TPn)v′ΛvΛ . (A.23)

If we view TPn as a matrix not just for a specific irrep but as a block diagonal matrix over

all irreps, then these formulas tell us that S commutes with all of the TPn ’s as a matrix over

the u and v indices separately. The only way that this is possible is if S has the form

SuλuΛ,vλvΛ = αλ δλΛ δuλuΛδvλvΛ . (A.24)

for some yet to be determined constant αλ. In other words, the tensor S is zero unless the

two irreps are the same, in which case it is proportional to the outer product of the identity

matrix in that irrep with itself.

To find this constant, we can take the sum over the diagonal elements of S using its

definition and by the form above. On one hand, the sum over the diagonal elements of S is

just αλd
2
λ, where dλ is the dimension of the irrep λ. On the other hand, the original definition

of S gives us a sum that looks like∑
uλ,vλ

∑
Pn

(TPn)uλvλ(TPn)uλvλ =
∑
uλ

∑
Pn

1 = n! dλ, (A.25)

where n corresponds to the symmetric group Sn and we used the fact that the matrix TPn is

orthogonal. Thus we have that

SuλuΛ,vλvΛ =
∑
Pn

(TPn)uλvλ(TPn)uΛvΛ =
n!

dλ
δλΛ δuλuΛδvλvΛ . (A.26)

From here, it is relatively easy to achieve the original goal of writing a Young’s orthogonal

basis state in terms of Fock states. We have that∑
Pn

(TPn)uλvλ |n,Pn⟩ =
∑
Λ

∑
uΛ,vΛ

√
DΛ

(∑
Pn

(TPn)uλvλ(TPn)uΛvΛ

)
|Λ;uΛ, vΛ⟩ =

√
Dλ

n!

dλ
|λ;uλ, vλ⟩ .

(A.27)

Thus the Young’s orthogonal basis state can be written as

|λ;uλ, vλ⟩ =
dλ

n!
√
Dλ

∑
Pn

(TPn)uλvλ |n,Pn⟩ . (A.28)
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So far, we have discussed Fock states with an equal number of quarks and antiquarks,

which are directly relevant to forming an orthonormal basis for mesons. This basis conversion

can also be used for baryons as well, by attaching a Levi-Civita tensor to one of the quarks

and treating it as a fully antisymmetrized collection of Nc − 1 antiquarks.

A.3 Action of dcbc type operators in Young’s orthogonal basis

The goal of this subsection is to illustrate how to find the matrix element ⟨λ, uλvλ| dj,cbi,c |Λ, uΛvΛ⟩,

where |Λ, uΛvΛ⟩ is a Young’s orthogonal basis state composed of n distinct quarks and an-

tiquarks for an irrep Λ in Sn, |λ, uλvλ⟩ is a Young’s orthogonal basis state composed of the

same quarks and antiquarks except for the ith quark and the jth antiquark for an irrep λ

in Sn−1, and dj,cbi,c annihilates quark i and antiquark j with an implicit sum over the color

index c. To simplify things, we can use permutation matrices to move the ith quark and

the jth antiquark to their respective nth positions in the Fock state so that the annihila-

tion operators always manipulate the nth color indices. This means that as far as the color

structures are concerned the matrix element is numerically equivalent to

⟨λ, uλvλ| dj,cbi,c |Λ, uΛvΛ⟩ = (−1)i+j

(
n−1∏
k=i

Tk,k+1

)
uΛu

′
Λ

(
n−1∏
l=j

Tl,l+1

)
vΛv

′
Λ

⟨λ, uλvλ| dn,cbn,c |Λ, u′Λv′Λ⟩ ,

(A.29)

where Tk,k+1 is the permutation matrix in the Λ irrep of Sn that swaps the color indices of

operators k and k + 1. This is helpful because it gives us the explicit i and j dependence of

the matrix element relative to the choice where i = j = n.

To find the remaining matrix element, it will be most convenient to find the action

of dn,cbn,c on Fock states, and then change the basis to Young’s orthogonal basis. The

permutation Pn in Sn can either be written as pn−1 ⊗ 1, meaning that it is a permutation

pn−1 in Sn−1 that does not move element n, or if Pn(i) = n it can be written in the form

Pn = Tin.(pn−1 ⊗ 1), where Tin swaps the elements i and n. In the former case the operator

simply annihilates the nth quark and antiquark and so

dn,cbn,c |n, pn−1 ⊗ 1⟩ = (−1)n−1Nc |n, pn−1⟩ , (A.30)
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where the factor of Nc comes from the sum over the color index c. For the latter case, when

the n quark and antiquark operators get annihilated, their color indices get matched together

so that the resulting permutation moves i→ n→ pn−1(i). Thus we get

dn,cbn,c |n, Tin.(pn−1 ⊗ 1)⟩ = (−1)n−1 |n, pn−1⟩ . (A.31)

A Young’s orthogonal basis matrix acted upon by the operator becomes

dn,cbn,c |Λ, uΛvΛ⟩ =
dΛ

n!
√
DΛ

∑
Pn

(TPn)uΛvΛdn,cbn,c |n,Pn⟩

=
(−1)n−1dΛ

n!
√
DΛ

(
Nc

∑
pn−1

(Tpn−1⊗1)uΛvΛ +
∑
i

∑
pn−1

(Tin.Tpn−1⊗1)uΛvΛ

)
|n− 1, pn−1⟩

= (−1)n−1dΛ
n!

∑
λ

√
Dλ

DΛ

∑
u′Λ

∑
uλ,vλ

(
NcδuΛu′Λ +

n−1∑
i=1

(Tin)uΛu′Λ

)

×

(∑
pn−1

(Tpn−1⊗1)u′ΛvΛ(Tpn−1)uλvλ

)
|λ;uλ, vλ⟩ . (A.32)

Thus the remaining matrix element is

⟨λ, uλvλ| dn,cbn,c |Λ, uΛvΛ⟩ = (−1)n−1dΛ
n!

√
Dλ

DΛ

∑
u′Λ

RuΛu
′
Λ
Suλu′Λ,vλvΛ , (A.33)

with

SuλuΛ,vλvΛ =
∑
pn−1

(Tpn−1)uλvλ(Tpn−1⊗1)uΛvΛ . (A.34)

and

RuΛu
′
Λ
=

(
NcδuΛu′Λ +

n−1∑
i=1

(Tin)uΛu′Λ

)
. (A.35)

For the first tensor S, we can see that it is very similar to the tensor S given in

Eq. ((A.26)). This new tensor has the similar property

(Tp)uλu′λSu′λuΛ,vλvΛ = Suλu′Λ,vλvΛ(Tp⊗1)u′ΛuΛ (A.36)

for a permutation p in Sn−1, with a similar equation for the v indices. As with the tensor S,

these relations imply that S is a direct product of two matrices, so that

SuλuΛ,vλvΛ = βλΛ(MλΛ)uΛuλ(MλΛ)vΛvλ . (A.37)
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Figure A.2: The matrix MλΛ where Λ is the antifundamental irrep of S4 and λ is the mixed

symmetry irrep of S3, all written in Young’s orthogonal basis. The numbered Young tableaux

correspond to the basis elements of the vector space and are required to derive this matrix

as described in Appendix A. Note that the only nonzero elements occur when the numbered

tableau on the left matches the numbered tableau on top with box 4 removed.

for some matrix MλΛ with the property

Tp⊗1.MλΛ =MλΛ.Tp. (A.38)

This implies that the matrix MT
λΛ.MλΛ is proportional to the identity in the smaller basis.

Since we define MλΛ through S using an undetermined constant βλΛ, we can choose MλΛ to

be defined such thatMT
λΛ.MλΛ = 1 exactly. This also implies that the rows of the matrixMλΛ

are orthonormal vectors, which means that the matrix MλΛ.M
T
λΛ is a projection operator in

the larger basis.

Looking at the way that Young’s orthogonal matrices are constructed, we can see that

the matrix MλΛ is actually a section of the identity matrix in the larger space, where the

ones appear where the numbered tableau on the smaller basis is the same as the numbered

tableau in the larger basis with box n removed, as seen in Fig. A.2.
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To find βλΛ, we can once again take traces of the tensor S to get∑
uλ,uΛ

SuλuΛ,uλuΛ = βλΛ dλ =
∑
µ

dµ χλ(µ)χΛ(ν), (A.39)

where dλ is the dimension of the smaller irrep λ, µ is one of the conjugacy classes of the

permutations in Sn−1, ν is the conjugacy class in Sn such that if µ corresponds to a permu-

tation p, then ν corresponds to p⊗ 1, the characters χλ(µ) and χΛ(ν) originate from traces

of permutation matrices, and dµ is the dimension of the conjugacy class µ, equivalent to the

number of matrices in the conjugacy class µ. The character χΛ(ν) can be written in terms

of the characters χλ(µ) by using the Frobenius formula. The polynomial corresponding to

the conjugacy class ν can be written in terms of the smaller ones for µ by

Fn(x, ν) = Fn−1(x, µ)

(
n∑
i=1

xi

)
. (A.40)

This implies that χΛ(ν) =
∑n

i=1 χλi(µ), where λi is the irrep obtained from taking the tableau

associated with Λ and removing one box from row i. The character will be equal to zero if λi

does not correspond to a valid tableau. Finally, we note that χλ(µ) is orthogonal as a vector

in the irreps λ, and if that vector is normalized it will also be orthonormal in the conjugacy

classes µ. The normalization factor is equal to (n − 1)!/dµ for a class µ in Sn−1. Thus we

can put this all together to get

βλΛ =
1

dλ

∑
µ

n∑
i=1

dµ χλ(µ)χλi(µ) =
(n− 1)!

dλ

n∑
i=1

δλiλ. (A.41)

This tells us that the tensor S is zero unless the tableau for the irrep Λ is the same as λ

except for one extra box. We now have that, when the tensor S is nonzero, it is equal to

SuλuΛ,vλvΛ =
∑
pn−1

(Tpn−1)uλvλ(Tpn−1⊗1)uΛvΛ =
(n− 1)!

dλ
(MλΛ)uΛuλ(MλΛ)vΛvλ . (A.42)

The other tensorR is a matrix that can be shown to commute with any permutation of the

form p⊗ 1 since that permutation will only rearrange the indices i in the sum over matrices

that defines R. This implies that the matrix MT
λΛ.R.MλΛ is proportional to the identity
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since it commutes with every permutation matrix in Sn−1. Also, it can be shown using the

definition of S as a sum over permutations that (R.MλΛ)⊗MλΛ = MλΛ ⊗ (R.MλΛ), which

further indicates that R.MλΛ is proportional to MλΛ. It turns out that the proportionality

constant is given by

R.MλΛ = (Nc + Λa − a)MλΛ, (A.43)

where a is the row of the tableau for Λ that is different from the tableau for λ and Λa is the

ath value of the permutation corresponding to Λ. This factor is equal to the Nc dependent

factor coming from the box in Λ that is not in λ when determining the dimension of the

SU(Nc) irrep corresponding to Λ.

Putting all of this together and using the formulas for the dimensions dλ and Dλ to

simplify things, we find that

⟨λ, uλvλ| dn,cbn,c |Λ, uΛvΛ⟩ = (−1)n−1

√
Dλ

DΛ

dΛ
n dλ

(Nc + Λa − a)(MλΛ)uλuΛ(MλΛ)vλvΛ

= (−1)n−1

√
DΛ

Dλ

(MλΛ)uΛuλ(MλΛ)vΛvλ , (A.44)

where we have used that DΛ

Dλ
= dΛ

dλ

1
n
(Nc + Λa − a). Thus the full matrix element for any

operator dj,cbi,c is given by

⟨λ, uλvλ| di,cbj,c |Λ, uΛvΛ⟩ = (−1)n−1+i+j

√
DΛ

Dλ

((
n−1∏
k=i

Tk,k+1

)
.MλΛ

)
uΛuλ

((
n−1∏
l=j

Tl,l+1

)
.MλΛ

)
vΛvλ

.

(A.45)

A.4 Near-degeneracy and scale factors in basis states

So far, we have exclusively worked with Fock states that have completely distinguishable

quarks and antiquarks. In practice, though, many of the basis states will have nearly de-

generate quarks in them, meaning that there are multiple quarks that share all quantum

numbers except for color charge. In those cases, the basis has to be truncated into one

where the nearly degenerate quarks are antisymmetrized. We can do this by working in the

full, non-degenerate basis and then truncate the result using the appropriate change of basis
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matrices for the states involved in the matrix element. Care must be taken when taking this

approach with four-quark and six-quark operators, as the intermediate color singlet states

formed by applying part of the full operator may have a higher degree of near-degeneracy

that either of the two basis states in the matrix element. If this is not avoided or accounted

for, then the result will have extra contributions from states that should not exist. This can

be avoided by either finding an alternative way of calculating the matrix elements, as can

be done for certain diagonal elements, or by carefully ordering the two-quark color singlet

operators so that intermediate states alway have less antisymmetry than the basis states

corresponding to the matrix element.

Like the permutation matrices, these projection matrices can be built from the labeled

tableau. The procedure for doing this is to first note which quarks and antiquarks need

to have their color indices antisymmetrized. Then, we group up all of the labeled tableau

that are identical up to permutations of the numerical labels that are antisymmetrized. If a

labeled tableau from the full basis does not match a tableau from the reduced basis up to

antisymmetrized permutations, then the matrix element between those two tableau must be

zero. Finally, we calculate the nonzero elements of the projection matrix using the distances d

as defined above between all pairs of boxes that are antisymmetrized. The non-zero elements

are found by taking a factor of 1/
√
n! coming from the change in normalization, where n

is the number of near-degenerate quarks, and then multiplying a factor of ∓
√

1∓ 1/d for

every pair within each group of antisymmetrized boxes, where ±d is defined as it is above

for a pair of boxes.

Examples of these projection matrices are given in Fig. A.3. The first example shows

the matrix needed when quarks 2 and 3 are antisymmetrized, with the two relevant 4-box

tableaux derived in the first of the direct products shown on the left. The second example

shows the matrix needed when particles 2, 3, and 4 are all antisymmetrized, with the single

relevant 4-box tableau derived in the other direct product shown on the left.

For the first matrix on the left, we first need to group each of the numbered tableau in

the full basis with one of the tableau in the reduced basis to see which elements must be
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Figure A.3: Two change of basis matrices for the antifundamental irrep of S4 written in

Young’s orthogonal basis. The first matrix changes from Young’s orthogonal basis to a basis

where particles 2 and 3 are antisymmetrized, as illustrated by the first direct product. The

second matrix changes from Young’s orthogonal basis to a basis where particles 2,3, and

4 are antisymmetrized, as illustrated by the second direct product. The numbered Young

tableaux correspond to the basis elements of the vector space and are required to derive

these matrices as described in Appendix A.
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zero. The first tableau in both bases are identical, and no other tableau match them up

to permutations of boxes 2 and 3, so the first column must be all zeros except for the first

one. The remaining two tableaux in the full basis match the second tableau in the reduced

basis up to a permutation of boxes 2 and 3, so only the first element in the second column is

guaranteed to be zero. For the first tableau, we have between boxes 2 and 3 a value ±d = −1,

so the value of the first element in the matrix is ∓
√

(1∓ 1/d)/n! = +
√
(1 + 1)/2! = 1.

The values of d between boxes 2 and 3 for the remaining two tableaux are ±d = 2 and

±d = −2, so the remaining two elements of the matrix are −
√

(1− 1/2)/2! = −1/2 and

+
√

(1 + 1/2)/2! =
√
3/2.

For the second matrix on the right, there is only one state in the reduced basis, and

all three tableaux in the full basis match it up to permutations in boxes 2, 3, and 4, so

all elements of the matrix can be nonzero. To find these elements, we need the values of d

between boxes 2 and 3, between 2 and 4, and between 3 and 4 for each of the tableaux in

the full basis. For the first element and tableau, we have ±d23 = −1,±d24 = 2,±d34 = 3, so

the value of the element is given by

(∓)23(∓)24(∓)34
√

(1∓ 1/d23)(1∓ 1/d24)(1∓ 1/d34)/n! = +
√
(1 + 1)(1− 1/2)(1− 1/3)/3! = 1/3.

(A.46)

For the next one, we have ±d23 = 2,±d24 = −1,±d34 = −3, so the matrix element is

−
√
(1− 1/2)(1 + 1)(1 + 1/3)/3! = −

√
2/3. Finally, the last one has ±d23 = −2,±d24 =

−3,±d34 = −1, which becomes +
√

(1 + 1/2)(1 + 1/3)(1 + 1)/3! =
√

2/3.

Finally, there will also be a scale factor needed to account for changes in normalization

and degeneracy factors. Each creation operator added to a state incurs a factor given by the

square root of the near-degeneracy of the added state after the operator is applied, while for

any annihilation operator we get the square root of the near-degeneracy before the state is

removed. This is because the near-degeneracy of states needs to be normalized by an extra

factor of 1/
√
g!, where g is the number of near-degenerate copies of a specific type of quark

or antiquark, so when a new state with the same quantum numbers is added we get a state
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that is
√
g + 1 times bigger than its normalized counterpart. For annihilation operators, this

means that the norm is initially off by 1/
√
g, but the annihilation operator will also generate

g copies of this state since it fails to anticommute with each copy of the quark, so we get an

over all factor of
√
g.
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Appendix B

QUARK MODEL CHIRAL STATES

B.1 Representations of S3

Here we will review some necessary aspects of the S3 representation theory [203, 204]. There

are three irreducible representations: the one-dimensional symmetric representation S, the

one-dimensional antisymmetric representation A, and the two-dimensional mixed represen-

tation M = (Mρ,Mφ). The mixed representations are defined via

P12Mρ = −Mρ , P12Mφ = −Mφ ; (B.1)

P13Mρ =
1

2
Mρ −

√
3

2
Mφ , P13Mφ = −

√
3

2
Mρ −

1

2
Mφ , (B.2)

where Pab permutes elements a and b. The tensor products of the irreducible representations

are given by

S ⊗ S = S , S ⊗ A = A , A⊗ A = S ; (B.3)

S ⊗M = M , A⊗M = M , M ⊗M = S ⊕ A⊕M . (B.4)

It is useful to think of the action of S3 on the states of definite isospin and the states of

definite helicity separately and then form the baryonic product state. The product rules for

combining mixed representations are

S =
1√
2
(MρMρ + MφMφ) (B.5)

A =
1√
2
(MρMφ − MφMρ) (B.6)

Mρ =
1√
2
(MρMφ + MφMρ) (B.7)

Mφ =
1√
2
(MρMρ − MφMφ) . (B.8)
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B.2 Helicity states

Spin is not a good quantum number however the third component of spin, helicity, is a good

quantum number and it is expected that each state of definite helicity is a linear combination

of states of definite spin. There is a single λ = +3
2
state. This state is in the S representation

of S3 and is denoted

|ξS3/2⟩ = | ↑ ↑ ↑⟩ . (B.9)

The most general λ = +1
2
state is

α1| ↓ ↑ ↑⟩ + α2| ↑ ↓ ↑⟩ + α3| ↑ ↑ ↓⟩ , (B.10)

where the α’s are mixing angles. In general, this decomposes into S ⊕M of S3. Application

of the rules of the previous section yields the normalized helicity states

|ξS1/2⟩ =
1√
3
(| ↓ ↑ ↑⟩ + | ↑ ↓ ↑⟩ + | ↑ ↑ ↓⟩) ; (B.11)

|ξφ1/2⟩ =
1√
6
(2| ↑ ↑ ↓⟩ − | ↑ ↓ ↑⟩ − | ↓ ↑ ↑⟩) ; (B.12)

|ξρ1/2⟩ =
1√
2
(| ↑ ↓ ↑⟩ − | ↓ ↑ ↑⟩) . (B.13)

The negative helicity states are

|ξS−3/2⟩ = | ↓ ↓ ↓⟩ ; (B.14)

|ξS−1/2⟩ =
1√
3
(| ↑ ↓ ↓⟩ + | ↓ ↑ ↓⟩ + | ↓ ↓ ↑⟩) ; (B.15)

|ξφ−1/2⟩ = − 1√
6
(2| ↓ ↓ ↑⟩ − | ↓ ↑ ↓⟩ − | ↑ ↓ ↓⟩) ; (B.16)

|ξρ−1/2⟩ = − 1√
2
(| ↓ ↑ ↓⟩ − | ↑ ↓ ↓⟩) . (B.17)

With this choice of phases, the |ξSλ ⟩ states form a spin quartet, and the |ξφλ ⟩ and |ξρλ⟩ states

form independent spin doublets. This has not been assumed but rather is a consequence of

the S3 symmetry.
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B.3 Isospin states

Isospin is a good symmetry. There are two 2 representations given by

|ϕφp ⟩ =
1√
6
(2|uu d⟩ − |u d u⟩ − |d u u⟩) ; (B.18)

|ϕφn⟩ = − 1√
6
(2|d d u⟩ − |d u d⟩ − |u d d⟩) , (B.19)

and

|ϕρp⟩ =
1√
2
(|u d u⟩ − |d u u⟩) ; (B.20)

|ϕρn⟩ = − 1√
2
(|d u d⟩ − |u d d⟩) . (B.21)

There is a single 4 representation given by

|ϕS∆++⟩ = |uuu⟩ ; (B.22)

|ϕS∆+⟩ =
1√
3
(|uu d⟩ + |u d u⟩ + |d u u⟩) ; (B.23)

|ϕS∆0⟩ =
1√
3
(|d d u⟩ + |d u d⟩ + |u d d⟩) ; (B.24)

|ϕS∆−⟩ = |d d d⟩ . (B.25)

B.4 Chiral states

The chiral states are readily constructed as products of the helicity and isospin states. The

λ = ±1
2
states in the 2 of isospin which transform irreducibly with respect to S3 are:

|SN , λ⟩ =
1√
2
(|ϕρN⟩|ξ

ρ
λ⟩ + |ϕφN⟩|ξ

φ
λ ⟩) ; (B.26)

|AN , λ⟩ =
1√
2
(|ϕρN⟩|ξ

φ
λ ⟩ − |ϕφN⟩|ξ

ρ
λ⟩) ; (B.27)

|Mρ
N , λ⟩ =

1√
2
(|ϕρN⟩|ξ

φ
λ ⟩ + |ϕφN⟩|ξ

ρ
λ⟩) ; (B.28)

|Mφ
N , λ⟩ =

1√
2
(|ϕρN⟩|ξ

ρ
λ⟩ − |ϕφN⟩|ξ

φ
λ ⟩) ; (B.29)

|M̄ρ
N , λ⟩ = |ϕρN⟩|ξSλ ⟩ ; (B.30)

|M̄φ
N , λ⟩ = |ϕφN⟩|ξSλ ⟩ . (B.31)
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Now defining

|Oρ,φ
N , λ⟩ =

1√
2

(
|Mρ,φ

N , λ⟩ + |M̄ρ,φ
N , λ⟩

)
; (B.32)

|Nρ,φ
N , λ⟩ =

1√
2

(
|Mρ,φ

N , λ⟩ − |M̄ρ,φ
N , λ⟩

)
(B.33)

it is straightforward to show, using the results of the previous section that |AN ,
1
2
⟩, |Oρ

N ,
1
2
⟩,

and |Oφ
N ,

1
2
⟩ transform as (2,1), |AN ,−1

2
⟩, |Oρ

N ,−1
2
⟩, and |Oφ

N ,−1
2
⟩ transform as (1,2) and

|SN ,
1
2
⟩, |Nρ

N ,
1
2
⟩, and |Nφ

N ,
1
2
⟩ transform as (2,3)2, |SN ,−1

2
⟩, |Nρ

N ,−1
2
⟩, and |Nφ

N ,−1
2
⟩ transform

as (3,2)2. The λ = ±3
2
states in the 2 of isospin which transform irreducibly with respect

to S3 are:

|P ρ
N , λ⟩ = |ϕρN⟩|ξSλ ⟩ ; (B.34)

|Pφ
N , λ⟩ = |ϕφN⟩|ξSλ ⟩ . (B.35)

The |P ρ
N ,

3
2
⟩ states transform as (1,2) and the |P ρ

N ,−3
2
⟩ states transform as (2,1). The

λ = ±1
2
states in the 4 of isospin which transform irreducibly with respect to S3 are:

|S∆, λ⟩ = |ϕS∆⟩|ξSλ ⟩ ; (B.36)

|Qφ
∆, λ⟩ = |ϕS∆⟩|ξ

φ
λ ⟩ ; (B.37)

|Qρ
∆, λ⟩ = |ϕS∆⟩|ξ

ρ
λ⟩ . (B.38)

The |S∆,
1
2
⟩, |Qφ

∆,
1
2
⟩ and |Qρ

∆,
1
2
⟩ states transform as (2,3)4, and |S∆,−1

2
⟩, |Qφ

∆,−1
2
⟩ and

|Qρ
∆,−1

2
⟩ states transform as (3,2)4. Finally, the λ = ±3

2
states in the 4 of isospin which

transform irreducibly with respect to S3 are:

|S∆, λ⟩ = |ϕS∆⟩|ξSλ ⟩ . (B.39)

the |S∆,
3
2
⟩ states transform as (1,4) and the |S∆,−3

2
⟩ states transform as (4,1). Note that

the states |SN , λ⟩, |AN , λ⟩ and |Qρ,φ
∆ , λ⟩ for λ = ±1

2
and the states |S∆, λ⟩ for λ = ±1

2
,±3

2

are spin eigenstates, whereas the states |Nρ,φ
N , λ⟩ and |Oρ,φ

N , λ⟩ for λ = ±1
2
and |P ρ,φ

N , λ⟩ for
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λ = ±1
2
transform reducibly. In particular,

Ŝ+|Nρ,φ
N ,−1

2
⟩ = −1

2

(
|Oρ,φ

N , 1
2
⟩ − 3|Nρ,φ

N , 1
2
⟩
)
; (B.40)

Ŝ+|Oρ,φ
N ,−1

2
⟩ = 1

2

(
3|Oρ,φ

N , 1
2
⟩ − |Nρ,φ

N , 1
2
⟩
)
; (B.41)

Ŝ+|P ρ,φ
N ,−3

2
⟩ =

√
3
2

(
|Oρ,φ

N ,−1
2
⟩ − |Nρ,φ

N ,−1
2
⟩
)
; (B.42)

Ŝ+|Nρ,φ
N , 1

2
⟩ = −

√
3
2
|P ρ,φ

N , 3
2
⟩ ; (B.43)

Ŝ+|Oρ,φ
N , 1

2
⟩ =

√
3
2
|P ρ,φ

N , 3
2
⟩ . (B.44)

In summary, the states of definite isospin and chiral symmetry can be expressed in terms of

the states transforming irreducibly with respect to S3 as

|(2,1) , 1
2
⟩A,ρ,ϕ ≡ {|AN ,

1
2
⟩, |Oρ

N ,
1
2
⟩, |Oφ

N ,
1
2
⟩} ;

|(2,3)2 , 1
2
⟩S,ρ,ϕ ≡ {|SN ,

1
2
⟩, |Nρ

N ,
1
2
⟩, |Nφ

N ,
1
2
⟩} ;

|(1,2) , 3
2
⟩ρ,ϕ ≡ {|P ρ

N ,
3
2
⟩, |Pφ

N ,
3
2
⟩} ;

|(2,3)4 , 1
2
⟩S,ρ,ϕ ≡ {|S∆,

1
2
⟩, |Qρ

∆,
1
2
⟩, |Qφ

∆,
1
2
⟩} ;

|(1,4) , 3
2
⟩ ≡ |S∆,

3
2
⟩, (B.45)

and

|(1,2) , −1
2
⟩A,ρ,ϕ ≡ {|AN ,−1

2
⟩, |Oρ

N ,−1
2
⟩, |Oφ

N ,−1
2
⟩} ;

|(3,2)2 , −1
2
⟩S,ρ,ϕ ≡ {|SN ,−1

2
⟩, |Nρ

N ,−1
2
⟩, |Nφ

N ,−1
2
⟩} ;

|(2,1) , 3
2
⟩ρ,ϕ ≡ {|P ρ

N ,−3
2
⟩, |Pφ

N ,−3
2
⟩} ;

|(3,2)4 , −1
2
⟩S,ρ,ϕ ≡ {|S∆,−1

2
⟩, |Qρ

∆,−1
2
⟩, |Qφ

∆,−1
2
⟩} ;

|(4,1) , −3
2
⟩ ≡ |S∆,−3

2
⟩. (B.46)

B.5 SU(4) states

The 64 chiral states listed in Eqs. (B.45) and (B.46) must map onto states obtained by placing

the three quarks in the fundamental of SU(4). The available states then transform in the
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product: 4⊗ 4⊗ 4 = 4A⊕ 20S ⊕ 20ρM ⊕ 20φM where these irreducible SU(4) representations

in turn decompose to the spin-isospin states:

4A : 2N ;

20S : 2N ⊕ 4∆ ;

20ρ,φM : 2N ⊕ 4N ⊕ 2∆ . (B.47)

It is a simple matter to find the relation between the chiral states and the SU(4) states:

|4A,2N, 12⟩ = |(2,1) , 1
2
⟩A ; (B.48)

|20S,2N, 12⟩ = |(2,3)2 , 1
2
⟩S ;

|20S,4∆, 12⟩ = |(2,3)4 , 1
2
⟩S ;

|20S,4∆, 32⟩ = |(1,4) , 3
2
⟩ ; (B.49)

|20ρ,φM ,2N, 1
2
⟩ = 1√

2

(
|(2,1) , 1

2
⟩ρ,φ + |(2,3)2 , 1

2
⟩ρ,φ
)
;

|20ρ,φM ,4N, 1
2
⟩ = 1√

2

(
|(2,1) , 1

2
⟩ρ,φ − |(2,3)2 , 1

2
⟩ρ,φ
)
;

|20ρ,φM ,4N, 3
2
⟩ = |(1,2) , 3

2
⟩ρ,ϕ ;

|20ρ,φM ,2∆, 1
2
⟩ = |(2,3)4 , 1

2
⟩ρ,φ . (B.50)
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Appendix C

IRREDUCIBLE CHIRAL TENSORS

C.1 N in a (2,1) or a (1,2)

Here the positive helicity baryon states transforming as (2,1) or (1,2) will be constructed.

We have a λ = +1
2
state transforming as (2,1) and a λ = +3

2
state transforming as (1,2).

The negative helicity states are then obtained by acting with the Y operator as in Eq. (3.39).

Consider the field operator SL that creates a state that transforms as (2,1) under

SU(2)L ⊗ SU(2)R; that is,

SaL → (L)ab S
b
L . (C.1)

This isodoublet is assigned particle content

S1 = pS , S2 = nS . (C.2)

The field operator creates the isodoublet state |SaL , λ ⟩ = |(2,1)a , λ ⟩, where λ = 1
2
or −3

2
.

The transformation property of the field operator SL is expressed algebraically as

[ Q̃α
L , S

a
L ] = SbL(T

α)ba , [ Q̃α
R , S

a
L ] = 0 . (C.3)

Acting with these commutators on the vacuum state then gives

Q̃α|SaL , λ ⟩ = (Tα)ba|SbL , λ ⟩ , Q̃α
5 |SaL , λ ⟩ = −(Tα)ba|SbL , λ ⟩ . (C.4)

Note that both charges annihilate the vacuum state. The axial charges can then be read off;

with the axial charge defined as

gA ≡ ⟨ pS , 1
2
|
(
Q̃1

5 + iQ̃2
5

)
|nS , 1

2
⟩ = ⟨ pS , 1

2
| 2Q̃3

5 |pS , 1
2
⟩ , (C.5)
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one finds gA = −1. It is now straightforward to construct the state that transforms as (2,1)

in the chiral basis. The (2,1) state of opposite helicity can be obtained by acting with the

normality operator. Equivalently one constructs the field operator SR that creates a state

that transforms as (1,2) under SU(2)L ⊗ SU(2)R; that is, |SaR , λ′ ⟩ = |(1,2)a , λ′ ⟩, where

λ′ = −1
2
or 3

2
. Algebraically this operator satisfies

[ Q̃α
R , S

a
R ] = SbR(T

α)ba , [ Q̃α
L , S

a
R ] = 0 . (C.6)

Proceeding as above one then finds, for instance, gA = 1.

C.2 ∆ in a (1,4)

Here the positive helicity baryon states transforming as (1,4) will be constructed. We have

a λ = +3
2
state transforming as (1,4). The negative helicity states are then obtained by

acting with the Y operator as in Eq. (3.39).

We introduce the field D which transforms as (1,4) under SU(2)L⊗SU(2)R and creates

the isoquartet state |Dabc , 3
2
⟩ = |(1,4)abc , 3

2
⟩. The transformation property is

Dabc → (R)a
′

a (R)b
′

b (R)
c′

c Da′b′c′ . (C.7)

D is symmetric under the interchange of all of the right-handed indices and therefore trans-

forms like SRSRSR. Using the results of the previous section it follows that D satisfies the

algebraic constraints

[ Q̃α , Dabc ] = [ Q̃α
5 , D

abc ] = (Tα)daDdbc + (Tα)dbDadc + (Tα)dcDabd . (C.8)

It is then easy to work out the isospin transformation properties and find the particle content

D111 = ∆++
D ,

1√
3
(D112 +D121 +D211) = ∆+

D

1√
3
(D122 +D221 +D212) = ∆0

D , D222 = ∆−
D . (C.9)

Defining

H∆∆ ≡ −3
√
3⟨ ∆++

D , 3
2
|
(
Q̃1

5 + iQ̃2
5

)
|∆+

D ,
3
2
⟩ , (C.10)

then gives H∆∆ = −3.
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C.3 N and ∆ in a (2,3)

Here the positive helicity baryon states transforming as (2,3). We have a λ = +1
2
state

transforming as (2,3). The negative helicity states are then obtained by acting with the Y

operator as in Eq. (3.39).

It is straightforward to embed an N state and a ∆ state into a single irreducible repre-

sentation of SU(2)L ⊗ SU(2)R, the (2,3). There are several ways to do this. Consider the

field operator ΓαR which transforms as (1,3) and therefore satisfies the algebraic constraints

[ Q̃α
R , Γ

β
R ] = iϵαβγΓγR , [ Q̃α

L , Γ
β
R ] = 0 . (C.11)

The tensor tαa = SLa Γ
α
R with one fundamental and one adjoint index therefore transforms as

(2,1)⊗ (1,3) = (2,3), and satisfies the algebraic constraints

[ Q̃α , tβa ] = (Tα)bat
β
b + iϵαβγtγa

[ Q̃α
5 , t

β
a ] = −(Tα)bat

β
b + iϵαβγtγa . (C.12)

This representation has mixed transformation properties under isospin, transforming as 2⊕4.

The states of definite isospin are easily found to be

1√
3

(
−it12 + t22 − it31

)
= pt

1√
3

(
−it11 − t21 + it32

)
= nt (C.13)

for the 2 and

1√
2

(
−it11 + t21

)
= ∆++

t

1√
6

(
−it12 + t22 + 2it31

)
= ∆+

t

1√
6

(
it11 + t21 + 2it32

)
= ∆0

t

1√
2

(
it12 + t22

)
= ∆−

t (C.14)
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for the 4. One then finds obtains

gA =
5

3
, C∆N = −2 , H∆∆ = −3 , (C.15)

where

C∆N ≡ −
√

3

2
⟨ ∆++

t , 1
2
|
(
Q̃1

5 + iQ̃2
5

)
|pt , 1

2
⟩ . (C.16)
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Appendix D

PRINCIPAL VALUES IN DLCQ

This appendix elaborates on our choice of principle value for the momentum space po-

tentials in 1+1d QCD. For a more general definition of the principle value given by(
P

[
−1

(n2 − n3)2

]
δn1+n2,n3+n4

)
n1=n4,n2=n3

= fn1 + fn2 . (D.1)

The parts of the potential that require a principle value are given by

VB = −ξ
2np
2Nc

∑
n1,n2,n3,n4

P

[
−1

(n2 − n3)2

]
δn1+n2,n3+n4

∗
(
b†a,f,n1

b†b,g,n2
ba,g,n3bb,f,n4 −

1

Nc

b†a,f,n1
b†b,g,n2

bb,g,n3ba,f,n4 + (b→ d)

)
, (D.2)

VM =
ξ2np
Nc

∑
n1,n2,n3,n4

P

[
−1

(n2 − n3)2

]
δn1+n2,n3+n4

∗
(
b†a,f,n1

d†a,g,n2
db,g,n3bb,f,n4 −

1

Nc

b†a,f,n1
d†b,g,n2

db,g,n3ba,f,n4

)
. (D.3)

When the incoming and outgoing momenta are the same, then we have

(VB)0 = −ξ
2np
2Nc

∑
n1,n2

(fn1 + fn2)

∗
(
b†a,f,n1

b†b,g,n2
ba,g,n2bb,f,n1 −

1

Nc

b†a,f,n1
b†b,g,n2

bb,g,n2ba,f,n1 + (b→ d)

)
, (D.4)

(VM)0 =
ξ2np
Nc

∑
n1,n2

(fn1 + fn2)

∗
(
b†a,f,n1

d†a,g,n2
db,g,n2bb,f,n1 −

1

Nc

b†a,f,n1
d†b,g,n2

db,g,n2ba,f,n1

)
. (D.5)
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With Fq =
∑

n(fn)b
†
a,f,nba,f,n and Fq̄ =

∑
n(fn)d

†
a,f,nda,f,n, these potentials become

(VB + VM)0 =
ξ2np
N2
c

(NcU0 + (Nq −Nq̄)(Fq − Fq̄)− Fq − Fq̄) . (D.6)

U0 =
∑
n1,n2

(fn1 + fn2)
(
b†a,f,n1

d†a,g,n2
db,g,n2bb,f,n1

)
−
∑
n1,n2

fn1

(
b†a,f,n1

b†b,g,n2
ba,g,n2bb,f,n1 + (b→ d)

)
(D.7)

The state vector for a set of quarks and antiquarks ψ in a color singlet α is given by

|ψ, α⟩ = Tα{ai},{aj}
∏
i

(
b†ai,fi,ni

)∏
j

(
d†aj ,fj ,nj

)
|0⟩ , (D.8)

where |0⟩ is the light-cone vacuum. The operator U0 acting on this state gives

U0 |ψ, α⟩ =

(∑
I

fnI

(∑
J

T
∆IJ (α)
{ai},{aj} −

∑
I′ ̸=I

T
Xb

II′ (α)

{ai},{aj}

)

+
∑
J

fnJ

(∑
I

T
∆IJ (α)
{ai},{aj} −

∑
J ′ ̸=J

T
Xd

JJ′ (α)

{ai},{aj}

))

∗
∏
i

(
b†ai,fi,ni

)∏
j

(
d†aj ,fj ,nj

)
|0⟩ , (D.9)

where

T
∆IJ (α)
{ai},{aj} =

∑
A

(
Tα{ai},{aj}

)
aI=aJ=A

δaI ,aJ , (D.10)

T
Xb

II′ (α)

{ai},{aj} =
(
Tα{ai},{aj}

)
aI↔aI′

, (D.11)

T
Xd

JJ′ (α)

{ai},{aj} =
(
Tα{ai},{aj}

)
aJ↔aJ′

. (D.12)

Since Tα corresponds to an SU(Nc) color singlet, the ∆IJ piece summed over the antiquark
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indices can be written as∑
J

T
∆IJ (α)
{ai},{aj} =

∑
J

∑
bI ,bJ

(
Tα{ai},{aj}

)
aI=bI ,aJ=bJ

δbI ,bJ δaI ,aJ

=
∑
J

∑
bI ,bJ

(
Tα{ai},{aj}

)
aI=bI ,aJ=bJ

(2(TA)aI ,bI (T
A)aJ ,bJ +

1

Nc

δaI ,bIδaJ ,bJ )

=
∑
I′ ̸=I

∑
bI ,b

′
I

(
Tα{ai},{aj}

)
aI=bI ,a

′
I=b

′
I

2(TA)aI ,bI (T
A)a′I ,b′I +

∑
bI ,cI

2(TA)aI ,bI (T
A)bI ,cI

(
Tα{ai},{aj}

)
aI=cI

+
1

Nc

Nq̄T
α
{ai},{aj}

=
∑
I′ ̸=I

(
Tα{ai},{aj}

)
aI↔a′I

+ (Nc −
1

Nc

(Nq −Nq̄))T
α
{ai},{aj}

=
∑
I′ ̸=I

T
Xb

II′ (α)

{ai},{aj} + (Nc −B)Tα{ai},{aj}. (D.13)

Similarly, the ∆IJ piece summed over the quark indices can be written as∑
I

T
∆IJ (α)
{ai},{aj} =

∑
J ′ ̸=J

T
Xd

JJ′ (α)

{ai},{aj} + (Nc +B)Tα{ai},{aj}. (D.14)

The expressions in parenthesis above can then be written as(∑
J

T
∆IJ (α)
{ai},{aj} −

∑
I′ ̸=I

T
Xb

II′ (α)

{ai},{aj}

)
= (Nc −B)Tα{ai},{aj} (D.15)

(∑
I

T
∆IJ (α)
{ai},{aj} −

∑
J ′ ̸=J

T
Xd

JJ′ (α)

{ai},{aj}

)
= (Nc +B)Tα{ai},{aj}. (D.16)

Therefore, U0 acting on a color singlet vector is given by

U0 |ψ, α⟩ =

(∑
I

fnI
(Nc −B) +

∑
J

fnJ
(Nc +B)

)
|ψ, α⟩

= ((Fq + Fq̄)Nc − (Fq − Fq̄)B) |ψ, α⟩ . (D.17)

and the forward scattering part of the potentials are given by

(VB + VM)0 |ψ, α⟩ =
ξ2np
N2
c

(
(Fq + Fq̄)N

2
c − (Fq − Fq̄)NcB +NcB(Fq − Fq̄)− Fq − Fq̄

)
|ψ, α⟩

= ξ2np

(
1− 1

N2
c

)
(Fq + Fq̄) |ψ, α⟩ . (D.18)
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Thus even with a fairly general expression for the principle value the contribution to the

Hamiltonian will be fairly simple, and this is what allows the V2 term to be subsumed into

the principle value of the momentum space potential.
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Appendix E

PDFS IN DLCQ

The null plane field operator is written in terms of creation and annihilation operators

by

q(y) =

∫ ∞

0

dk

2π
√
2k

(
b(k)e−iky + d†(k)eiky

)
(E.1)

b(k) =
√
2k

∫ ∞

−∞
dy q(y)eiky (E.2)

d(k) =
√
2k

∫ ∞

−∞
dy q†(y)eiky (E.3)

The PDF is defined as

fq(x) =
1

4π

∫ ∞

−∞
dy e−ixPy ⟨P | q†(y)q(0) |P ⟩ (E.4)

fq̄(x) =
1

4π

∫ ∞

−∞
dy e−ixPy ⟨P | q(y)q†(0) |P ⟩ (E.5)

After discretization, we have

q(y) =

√
a

2π

∞∑
n=1/2

(
bne

−iany + d†ne
iany
)

(E.6)

bn =

√
a

2π

∫ π/a

−π/a
dy q(y)eiany (E.7)

dn =

√
a

2π

∫ π/a

−π/a
dy q†(y)eiany (E.8)
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and

fq(n) =

∫ π/a

−π/a
dy e−iany ⟨K| q†(y)q(0) |K⟩

= ⟨K| b†nbn |K⟩ (E.9)

fq̄(n) =

∫ π/a

−π/a
dy e−iany ⟨K| q(y)q†(0) |K⟩

= ⟨K| d†ndn |K⟩ (E.10)

with ⟨K| K ′⟩ = δKK′ and {b†m, bn} = {d†m, dn} = δmn.
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