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Entanglement between valence quarks and the sea in hadrons is shown to be deeply connected
to important features of QCD, namely chiral symmetry breaking and confinement. The sea
degrees of freedom can be traced over to give a reduced density matrix, and it is shown that
the resulting entanglement entropy acts as an order parameter of chiral symmetry breaking
and potentially confinement in the nucleon. A general decomposition of the nucleon state in
components labeled by definite chiral transformation properties is considered. In particular,
the most general expression of the nucleon state in the chiral basis with three valence quarks
is constructed, consistent with known QCD constraints, and its properties are studied. In
the chiral basis, the nucleon state is naturally a bipartite system where all non-valence spin
can be traced over to give a reduced density matrix for the valence spin. It is shown that
the resulting entanglement entropy acts as an order parameter of chiral symmetry breaking
on the null-plane. In the large-N. limit, the entanglement entropy is minimized and the
valence spin accounts for all of the nucleon spin, while in the limit of maximal entanglement
entropy, the nucleon loses all memory of the valence spin and is therefore entirely accounted
for by the non-valence spin. This suggests that the small observed valence content of the
proton spin is a signature of strong entanglement in the nucleon between the valence quarks
and the sea. The nucleon state vector in the chiral basis, fit to low-energy data, gives a

valence spin content consistent with experiment and lattice QCD determinations, and has



large entanglement entropy.

Entanglement between valence and sea quarks in 1+1d QCD is also considered. While
predecessors to QCD such as the parton model had a clear distinction between valence
and sea particles, the Fock state expansion of a hadron gives no unambiguous definition
of which quarks are valence quarks and which belong to the parton sea aside from their
flavor. A rigorous definition of valence-sea (VS) entanglement in QCD is developed, which
is consistent with the observation that it vanishes in the large-N, limit and will remain
low when finite-NV,. states resemble their large-N,. counterparts. We perform a numerical
study of VS entanglement in 141 dimensional discrete light-cone quantized QCD, and in the
process develop a method for building the color-singlet basis of 1+1d QCD that is manifestly
complete and orthogonal by construction. We find that the VS entanglement entropy for
the first few excited states of both mesons and baryons is relatively low compared to all
other states in the spectrum, with the VS entropy of ground state hadrons providing a
minimum. We also see that for ground state mesons the entropy is well described in the
1/N, approximation. These results suggest that low energy hadrons may be the only QCD
bound states for which the large- N, expansion, and perhaps the parton model, provide an
accurate description. This work also provides evidence that the VS entanglement entropy of
QCD in 3+1d, which would likely serve as an order parameter for the QCD phase transition,
may be perturbatively accessible through a large- V. expansion, and we develop a qualitative

picture of what the VS entanglement entropy of nucleons in real QCD may look like.
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Chapter 1

INTRODUCTION

The study of nuclear physics is the study of the strong nuclear force. It is called the
"strong” nuclear force because at a distance of 1 femtometer or more it is orders of magnitude
larger than the other three fundamental forces. This interaction is relevant for a class of
subatomic particles called hadrons, which includes protons, neutrons, and pions. All atomic
nuclei are composed of hadrons, and the vast majority of the mass of any atom comes from
this nucleus. In turn, hadrons themselves are composite states which are bound together due
to the strong interaction, and the masses of hadrons are primarily due to the energy stored
in the interactions. The forces that bind atomic nuclei together are also described by this

interaction, as a residual force mediated by light hadrons called pions [1].

In the theory of the strong interactions, fundamental particles called quarks interact via
a fundamental force that is mediated by particles called gluons. These are the only particles
that interact this way because they carry a color charge, which is similar to how particles
with electric charge interact through exchanges of photons. One big difference between the
strong force and electromagnetism are that quarks have three different types of color charge,
simply called ”colors”, along with another three anti-charges of anti-quarks, whereas the
electric charge has just one type along with its opposite. In addition, when the three colors
are brought together, they form a color neutral combination called a ”singlet” which is largely

inert under the strong interaction.

Another difference is that the gluons that mediate the interaction have color charge
and will interact with other gluons, while the photons that mediate electromagnetism have
no electric charge. This leads to the strong interaction building up with distance instead of

tapering off, causing the quarks to bind into color neutral combinations, forming the hadrons



we observe in nature. These differences are the reason why the strongest fundamental force
only seems to matter at subatomic scales; the different charges necessarily form singlets
and cancel each other out, leaving a residual interaction between hadrons that falls off very
quickly with distance [1]. Additionally, there is no way to isolate a quark from other quarks
at large distances, as an attempt to do so would generate enough energy to create quark-
antiquark pairs that form more singlet hadrons. Consequently, The existence of quarks is
inferred from the properties of hadrons.

There are many different types of hadrons, and each one can be defined by a handful
of the constituent quarks called valence quarks. There is a heavier class of hadrons, called
baryons, which have three valence quarks, and a lighter class called mesons that have one
quark and one antiquark as valence particles. There are six flavors of quark, and different
combinations of these create the different kinds of hadrons in nature. However, only the up
and down quarks, which are the two lightest flavors, are abundant in nature. As an example,
the proton always has two up quarks and one down quark as its valence quarks, while the
neutron has two downs and one up. The up quark has an electric charge of %e, where e is
the magnitude of charge of the electron, while the down quark has a charge of —%e. This
results in the proton having a total charge of e and the neutron having no charge at all. This
shows how the intrinsic properties of the valence quarks determine the same quantities of

the hadrons they represent.

The valence quarks are not the only particles that make up hadrons. There are also
a myriad of sea quarks and gluons, which have significant contributions to some hadron
properties such as their mass and helicity [2]. This suggests that there could be a significant
degree of connection between the valence and sea contributions inside of hadrons. To be
more specific, the hadrons exist as definite quantum states that are superpositions of valence
and sea quark states. A quantum superposition means that measuring the valence and sea
quarks in the hadron states will not give a deterministic answer, it will be a probabilistic
outcome. Since the quarks are in superposition when the hadron is not, this implies that

there is some information in the hadron state that cannot be obtained from measuring the



quark states alone. This is what is referred to as quantum entanglement, and it can be
quantified using what is known as entanglement entropy. Many of the chief results of this
work revolve around the presence of entanglement between quarks inside of hadrons.

In the rest of Chapter 1, we will explain a bit more about theory of the strong interactions
as well as a description of quantum entanglement and entropy. The theory of the strong
interactions, known as quantum chromodynamics (QCD), has a number of key features
that are central topics in nuclear physics, and we will briefly discuss them here as they are
motivating factors for our research. We will also overview some of the background related
to QCD that will be relevant for our research in later chapters. We will also describe
information theory, entropy, and entanglement to establish these concepts, as they can be

difficult to understand yet are similarly central to this work.
1.1 Quantum Chromodynamics

Quantum chromodynamics, or QCD, is currently the best theory of the strong interactions,
and it is part of the Standard Model of particle physics. The Standard Model is currently
the most accurate and most complete description of particle physics available to us. It
incorporates the strong nuclear force, electromagnetism, and the weak nuclear force all in
one theory, and describes how matter interacts under these forces. Since this is the strongest
of the four fundamental forces by several orders of magnitude, it makes sense to look at
this theory separately from the rest of the Standard Model. It is a quantum field theory, so
describing QCD will necessarily require an overview of what that is and how we use it. The
majority of this section will be devoted to establishing the building blocks of quantum field
theories, specifically those that are relevant for QCD. Much of the material in this section is
also covered in standard textbooks on quantum field theory, such as [3].

The fundamental element of a quantum field theory is, as the name implies, the quantum
fields corresponding to the kinds of particles found in the theory. In QCD, we have the fields
qe,1.s(z) representing a quark with one of three color charges ¢, one of six flavors f, and one of

four spinor indices s at a point in spacetime x. Also, we have the fields AZ(JZ) that represent



a gluon with four-vector component p and adjoint color charge a at a point in spacetime x.

A quantum field theory can be defined by its action S, which is a quantity made up of
field operators that ultimately contains all of the information about the dynamics of a given
quantum field theory. In QCD, the action splits into two parts, the part with quark fields
Sy and the part with only gluons S;. The quark part of the action is given by

6 3 8 3
Sq = /d4l‘ > (Z Ge.s () (100" —my) qe () + D gAL(x) (Z @c,f(x)V“Té‘é/qc',f(Jf)>>
=1 \=1 a=1 e, /=1

(1.1)
Here we have made the spinor indices implicit, so that the quark fields are effectively vectors
in spin space, with the y*’s as matrices in spinor space. There are also matrices in color
space T, quark masses for each flavor given by my, and the coupling constant g of the
strong interactions. The first term under the integral, called the kinetic term, determines the
dynamics of the quarks in the absence of all interactions, and the second term proportional
to g determines how the quarks interact with gluons. In particular, it shows that a quark or
antiquark can emit or absorb a gluon, a quark and antiquark can annihilate and become a

gluon, or a gluon could become and quark-antiquark pair.
The gluon-only part of the action S, can also be separated into kinetic and interaction

terms. With A,(z) =3°_, Al (z)T* as a matrix in color space, we have for the kinetic term
1
Sk = / A ST (B, (2) — B Au(2)) 04" (1) (1.2)

This also encodes how the gluons behave without interaction. The interaction term looks

like

Sg.int = /d4x (—ig Tr [[Au(z), Ay(z)] 0V A*(x)] + %QTI [Au(x), Ay ()] A“(x)A”(x)])
(1.3)
Where [A,(x), A, (x)] = Au(2)A,(z) — Ay (x)A,(z) and g is yet again the strong coupling
constant. These interactions show that a single gluon can absorb and emit one or two other

gluons at a time, or two gluons can directly exchange properties when they meet.



The action as a whole can be made much simpler if we consider what is known as gauge
symmetry. A symmetry of the action describes a transformation of the quark and gluon
fields that does not modify the action, and a gauge symmetry describes a transformation
that depends on space and time. The presence of a gauge symmetry implies that parts of
the fields are not physical, so all measurable quantities in the theory must also exhibit this

symmetry. The gauge symmetry transformation of the QCD action is given by
)
qr(x) = Ulx)gs(x) Au(r) = U(@)Au(2)U' (2) + EU(QS)@;LU*(:E), (1.4)

where U(x) can be any 3 x 3 special unitary matrix in color space. This gauge symmetry is
ultimately what defines QCD from a theoretical perspective, as it is the most basic theory
of quarks and gluons that transform under the Lie group SU(3). It turns out that the quark
and gluon terms in the action are separately gauge invariant. To see this, we can define
the operator D, = 9, — igA,(x), which transforms as D, — U(z)D,U'(z), with the UT(x)
being applied before the derivative. With this, the quark part of the action can be written

as simply
6
Si= [ d Yo ae) (D" — ) asla). (15)
f=1

Likewise, we can simplify the gluon-only term by defining the field strength tensor F),, (z) =
(0,4, () — 0,A,(x) — ig [Au(x), A, (x)]) which transforms as F,, — U(z)F,U'(z). The
action then becomes

S, = / d'x _TlTr [E, F™]. (1.6)

This gives us a fairly simple expression for the full action

S:/d493 (Zw@) (iDu’Vu_mf)Qf(x)_;LTr [FWF’W]>~ (1.7)
/=1

In fact, the gauge symmetry helps explain why all three interactions use the same coupling
constant g, as there would be no symmetry if they we allowed to be different.
While the action itself is fairly simple to formulate, using it as a starting point to calculate

a physical quantity can be a long and arduous process. The action is used as part of a weight



function within a path integral, where the quark and gluons fields at each position treated
as variables that are integrated over to get physical quantities. We do not know how to do
these path integrals by hand for nearly all interacting theories, but perturbative methods
exist where the interactions are expanded out into an infinite series of calculable terms. If
the series converges for a given physical quantity, only the first few terms in the series will
be needed to get an accurate result. Unfortunately, this expansion does not converge for
QCD in the low energy regime where hadrons form. This is because the coupling constant
g turns out to not be constant at all. Due to subtleties of the quantum field theory, it
acquires a dependence on the energy scale of the physical quantity, with ¢ decreasing as the
scale increases and vice-versa [1, 5]. This is the reason why QCD exhibits both asymptotic
freedom at high energies and confinement at low energies, but it also makes the theory much
more difficult to work with, and the complete description of a hadron in terms of quark and

gluon degrees of freedom is generally very difficult to obtain.

There are other approaches to working with QCD that do not involve perturbation theory.
Chief among them are lattice methods, where spacetime is split up into discrete points, which
renders the path integral calculable numerically by computers. Lattice calculations can be
very resource intensive, however, and the precision of such calculations is limited by the
technological capabilities of modern supercomputers. A promising future alternative would
be lattice calculations done on quantum computers [6]. These simulations would use QCD in
the Hamiltonian formalism, where the quark and gluon fields are rendered as operators that
act on states in a Hilbert space. These states represent possible configurations of particles in
the universe at a given time, and states at all other times are obtained from the Hamiltonian
operator H. This operator is the generator of time translations in the theory, and it also
determines the energy spectrum of the theory. The time translation operator is unitary, and
quantum computers are much better suited to performing unitary operations than classical

ones. The vast majority of this work will deal with QCD in the Hamiltonian formalism.

There is another important symmetry to consider in QCD, which is chiral symmetry. Chi-

rality is another property of spin—% fermions that, like its spin, can take one of two values,



dubbed ”left-handed” and ”right-handed”. In fact, the spinor field v that represents such a
fermion can be thought of in a particular basis as a 4-component vector, where each com-
ponent corresponds to a specific choice of both spin and chirality simultaneously. Chirality
originates from the representation theory of the Lorentz group, which is the symmetry group
for the changing of reference frames in special relativity. The generators of spatial rotations
J* and the generators of boosts K can be reorganized into the operators N% = \%(J’ +iK"),
which have the commutation relations [N%, N7] = ie;j, Nf and [N7, N’] = 0. These are ex-
actly the same relations as the generators of an SU(2) x SU(2) symmetry group, where each
different SU(2) factor allies to the two different chiralities. Chiral symmetry specifically
refers to the symmetry group SUL(Ny) x SUr(Ny) for Ny quark flavors, where we apply uni-
tary transformation to the quarks that may rearrange the flavors, and we can do completely

different transformations to the two different chiralities.

However, QCD is not actually symmetric under the full chiral symmetry group for a
couple of reasons. First, the quark masses break chiral symmetry explicitly as the mass term
in the action couples the left- and right-handed quarks and is flavor dependent. Also, and
perhaps more importantly, the QCD vacuum state does not exhibit full chiral symmetry,
which is a phenomenon known as spontaneous symmetry breaking. It is known that when
this occurs on its own, there will be single particle excitations above the vacuum known as
Nambu-Goldstone bosons which have no mass [7, 8]. If the quark masses were zero, then
this mechanism would guarantee that pions and other light mesons would have zero mass.
Instead, the quark masses make these mesons into pseudo-Goldstone bosons, whose masses
are proportional to the square root of the quark masses [J]. This mechanism explains why
the pions and other light mesons are as light as they are compared to the baryons, as the
lightness of the quarks themselves transfers over to the mesons as well.

Throughout this dissertation, we will be working in the null-plane formalism. Ordinarily
when working with state vectors in a quantum field theory we define them at a specific time,
then evolve the states to a different time using the Hamiltonian H = F,, in what is known

as the instant form. In the null-pane formalism, we instead define the states using light-cone



coordinates z* = \%(mo + 23) at 7 = 0 and evolve the states to a different value of z™

with the null-pane Hamiltonian P~. The benefit of this formalism comes from considering
the full Poincaré group and the dynamical generators, which are the generators that evolve
states out of the initial plane that they are defined in. The Poincaré group is the group
generated by the momentum operators P*, which generate spacetime translations, along
with the rotation and boost generators M*” from the Lorentz group of special relativity. In
the instant form, these generators are more commonly used in the form J* = feg;;, M7* for
spatial rotations and K* = M for boosts. They can also be written in terms of spacetime
coordinates as M* = x"0" — V0" + S*, where S is a matrix that acts upon spin degrees
of freedom. The dynamical generators in the instant form are the time translation operator

P° and the boosts K* since they contain time derivatives.

In the null plane, the dynamical generators contain the derivative 0~ = 0., which include
P~ M~ and M—2. M~ would be a dynamical generator as well since it contains a term
given by 707, but on the null plane z* = 0 so this term vanishes, so this generator
turns out to not be dynamical after all. Thus there are only 3 dynamical generators on
the null plane compared to the usual 4. This is especially useful when we repackage these
generators using M? = 2P~ P — (P1)? — (P?)? instead of P~ and J" instead of M " for
r = 1,2. With the Pauli-Lubanski operator defined by W, = %ewagP”M @8 the operators
J" are defined by MJ" = W" — f;—iW*, along with J3 = VIL/—I which is not dynamical.
The operator M? commutes with all other Poincaré generators, while the operators J* for
i = 1,2,3 obey [J%, J?] = i€e;;#J" among each other and commute with the remaining
generators P, P" M+~ and M™" [10]. This means that the dynamics transformations in
the null plane formalism can be separated algebraically from the kinematics on the plane.
Note that this would not be possible in the instant form since the 4th dynamical generator

given by 327 | PK" is not contained in the Pauli-Lubanski operators and therefore cannot

be algebraically separated from the other Poincaré generators.

There are a number of ways to modify the theory of QCD which can maintain some

aspects of the original theory while being simpler to work with. One such method is to



change the number of color charges in the theory [I1-13]. For a QCD-like theory with a
number of colors N,., the corresponding action will look identical to that of QCD, except
that the gauge symmetry will be SU(NV,), with the quarks in its fundamental representation
and the gluons in its adjoint representation. It turns out that the limit in which N, becomes
infinite, known as the large- N, limit, is a much simpler theory to work with that still resemble
real QCD in a number of ways. This is because the large-N, limit suppresses interactions
where quark-antiquark pairs are created and annihilated, leaving only the quark interactions
where they absorb and emit gluons. The mesons in large-N, are thus only composed of one
quark, one antiquark, and gluons. Baryons in large-N,. are much more difficult to work with
because they must contain N, valence quarks and so some of its properties go to infinity,
such as its mass, but not all of them do. The large-N, limit will be important in the chapters
to come because they only contain valence quarks, so there are no sea quarks to be entangled
with, making this limit an important touchstone for defining quark entanglement.

Another useful way to modify the theory of QCD is to change the number of spatial
dimensions, in particular looking at QCD in one space and one time dimension. Again, the
action will look identical in terms of the field, but the fields themselves will change. In this
case, the quark fields will be 2-component spinors instead of 4, losing their spin entirely
but keeping chirality, while the gluons are 2-component vectors. The gauge symmetry can
be used to eliminate one of the two gauge field components, and the remaining one can
be integrated out within the path integral to leave a theory in terms of only quarks. This
makes it particularly suitable for an analysis in the Hamiltonian formalism, which we will
use extensively later on. This variation on QCD is useful because it exhibits confinement

[14], so it can be a helpful toy model for understanding QCD at low energy scales.
1.2 Information Theory, Entropy, and Entanglement

This section is intended to define and explain the concepts of entropy and entanglement to
the extent that they will be needed for this dissertation. For a more complete introduction

on information theory, see [15]. Information theory is exactly what it sounds like: the study
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of information and how it can be used. It is primarily under the domain of computer science,
but it has seen some applications in physics through topics such as statistical mechanics
and holography. The rising interest in quantum computing, which is by nature in the in-
tersection between physics and computer science, also relies heavily on information theory
for its development and application. This has also sparked an increase in research toward
a broader application of information theory to quantum physics as the understanding of
how current physical theories hold and move information would aid their simulation on a
quantum computer.

Perhaps the most important quantitative measure of information is the entropy of a sys-
tem. Readers may have first heard of entropy in the context of thermodynamics and its
second law which states that it may never decrease in a closed system such as our uni-
verse. Entropy in information theory is deeply connected to but not quite the same as
thermodynamic entropy. In this work, we refer exclusively to the concept of entropy used in
information theory.

Entropy can be thought of as potential information to be gained through measurement.
To understand this, consider a single computational bit, which can either be on or off. If we
know what it is, then has an entropy of 0, and if the value it takes is completely unknown to
us with an equal probability of both outcomes, then we define it to have 1 unit of entropy.
If we have n unknown bits, then they have a total entropy of n units. This highlights that
we want the entropy of disjoint systems to be additive. A more general formula for a system
with D possible outcomes that are equally likely to is given by S = log,(D).

Now consider the output of two completely random bits being put through an AND gate.
The output bit will have a 75% chance of being off and a 25% chance of being on. We
don’t know exactly what the bit is, so its entropy should be greater than 0, but we do have
some information about since we expect it to be off more than we expect it to be on, so its
entropy should be less than 1. We want entropy to be additive, so that the total entropy
of the two random input bits is equal to the entropy of the AND output plus the expected

value of the entropy after measuring said output. If the output bit is on, then we know
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that both of the input bits must be on as well, so there is no missing information left and
the entropy is 0. If the output bit is off, then the input bits could be in any of the other 3
configurations of off and on, so this outcome has an entropy of log,(3). Thus the residual
entropy is 2 log,(3) since there is a 75% chance of it being log,(3) and a 25% chance of it
being 0 after the measurement. Since the total entropy prior to measurement was 2, the

entropy of the measurement alone must be

3 1 1 3 3
S 1 0g5(3) 4 089 (4> 1 082 (4) (1.8)
If we apply this reasoning to a general system with n outcomes, each with an associated

probability p; of the ith outcome occurring, then we obtain a formula for the Shannon entropy
Slp) =— Zpi log; (p:) (1.9)

We see from the end of Eq. (1.8) that the entropy of the single bit from our example does
indeed match this expression. The Shannon entropy has a number of useful properties that
make it a suitable candidate for quantifying information. The maximum value is given by
log,(n) for a system of n outcomes, while the minimum value is 0. This means that the
entropy is largest when we know nothing about the system and is 0 when we know it exactly,
which is what we intend for a measure of information. For two disjoint systems A and B
where the probabilities are given by pag = pa * pg, the Shannon entropy is additive so that
Sap = Sa+Sp. The Shannon entropy is also concave, meaning that if we linearly interpolate
between two probability distributions, the entropy of the interpolated distribution is greater
than or equal to the linear interpolation of the two entropies of the distributions.

So far, we have been discussing entropy in the context of purely classical information
theory. The quantum bit, or qubit, can not only take binary values |0) and |1), but it
can also take superpositions of both. This adds an entirely new dimension to the notion
of quantifying information, since we now have to worry about the basis that we measure in
addition to the state. A quantum state given by \% (10) 4+ |1)) is a completely specified state

and should therefore have 0 entropy, but if we measure whether it is in the |0) of |1) state we
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get a completely random result. We need a better way to define entropy that doesn’t rely
on measurement.

To do this, we need to introduce the notion of a density matrix. For a completely
specified state |1), usually called a pure state, the corresponding density matrix is given by
p = |Y) (¢]. There are also mixed states, which are randomized pure states p = Y. a;p;
for some probability distribution «. In all cases, the trace of a density matrix is equal to 1,
which is just a consequence of the total probability being equal to 1. We can now define the

quantum analog of Shannon entropy, known as the von Neumann entropy, to be
S(p) = =Tr[plogy p] = = > Ailogy X, (1.10)

where the \;’s are the eigenvalues of the density matrix p. This has a lot of the same
properties as the Shannon entropy, such as additivity, concavity, and being minimized for
pure states and maximized for a purely random result. This can be interpreted in the
following way. Since in a quantum system we can change the basis in a myriad of ways,
defining the entropy as the Shannon entropy of a density matrix in a given basis will yield
a range of different values, given by —p;; log, pi;, where p;; is the ith diagonal element of p
in some basis. It can be shown that these entropies are all greater than or equal to the von
Neumann entropy, where equality occurs of the basis in question is a diagonal basis of the
density matrix p. Thus the von Neumann entropy represents the basis-independent potential
information to be gained through measurement, as measuring the density matrix in any basis
will give you this amount of information plus an additional basis-dependent contribution
which may be zero.

With the distinction between pure states and mixed states defined, we can now discuss
entanglement. Quantum entanglement describes the correlation between quantum states
that arises from them being in superposition as part of a larger state. It is a purely quantum
phenomenon, and is responsible for the potential advantages of quantum computing. It is
easiest to describe using an example. Consider the two-qubit state \% (J00) +]11)). It is a

pure state, so it has no entropy as a complete quantum state, but if we look at the individual
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qubits we see that we have no knowledge of what either one will be. Thus the one-qubit
entropy is 1 while the two-qubit entropy is 0, so we say that there is 1 unit of entanglement
entropy between the two quarks. This represents information that is in some sense stored
between the two qubits. In classical information theory, the entropy of two bits can never
be less than the entropy of either of the bits that compose it, but we see here that this is
not true in quantum theory, and the violation of this classical rule is a telltale signature of

quantum entanglement.

More generally, we can define the entanglement entropy of a pure state as follows. If
the space of states that the pure state |1)) exists in can be separated into two regions A
and B, then we can define a reduced density matrix to be pa = Trp [|¢) (¢|], where we are
taking the density matrix of the pure state and trace out only the states in region B. The
entanglement entropy of state [¢)) between regions A and B is given by the von Neumann
entropy of the reduced density matrix S(p4). Defining entanglement entropy for mixed states
is much trickier. This is because the entanglement entropy needs to be separated from the
rest of the entropy which is classical in origin, and there are multiple ways to define this for
a mixed state. One such way is through entanglement distillation [16], where we take a large
number of copies of a mixed state and transform then into as many Bell pairs as possible,
which are states that have exactly 1 unit of entanglement entropy. Another method is to
find the entanglement cost [17], which asks the opposite question of what is the minimum
number of Bell pairs needed to form the mixed state. For pure states these are all equivalent
to the von Neumann entropy, and in this work we are only considering the entanglement of

pure states, so these measures will not be needed later.

The rest of this dissertation will proceed as follows. Chapter 2 details the contents
of Ref. [18], where we established a connection between the entanglement of valence and
non-valence spin degrees of freedom and chiral symmetry breaking in QCD. To do this, we
constructed a simple model for helicity entanglement in nucleons involving only two basis
states. When fit to experimental data, the entropy in this model approaches it’s maximum,

providing a picture of the spin decomposition of the nucleon which is not dominated by
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the valence quark contribution. Chapter 3 presents further work yet to be published that
extends this model to include many chiral basis states, based solely in the symmetries of
QCD and general physical principles. In these models, the null-plane formalism will be used
to justify representing the nucleon state with only a handful of chiral basis states defined by
the helicity and isospin representations of the valence quarks. By fitting experimental data
for static nuclear properties such as the axial coupling g4 to their results in the chiral basis,
we will be able to obtain results that are sensitive to chiral symmetry breaking. Chapter
4 details another paper yet to be published which focuses on quark entanglement in 1 4 1
dimensional QCD. Here we define a notion of valence-sea entanglement that is applicable to
general states in QCD. This is used alongside discrete light-cone quantization to quantify the
entanglement between quark in the hadrons of 1 + 1d QCD, whose results are applicable to
real QCD in the confined phase. The dissertation concludes in Chapter 5 with a discussion
of how all of these results give us a sketch of the valence-sea entanglement of real nucleons

as a function of scale.
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Chapter 2

CHIRAL SYMMETRY BREAKING, ENTANGLEMENT, AND
THE NUCLEON SPIN DECOMPOSITION

2.1 Introduction

An important goal of present-day nuclear science is the development of a qualitative and
quantitative understanding of the structure of the proton directly from the underlying QCD
interactions. For instance, the decomposition of the spin of the proton into components that
have a well-defined interpretation in terms of the fundamental quark and gluon degrees of
freedom of QCD is a primary goal [19]. QCD reveals that the proton is a complicated many-
body quantum system, and therefore the breakdown of its spin content is highly complex
and requires intrinsically non-perturbative methods to unravel. Recent work in lattice QCD
addresses the nucleon spin decomposition in a quantitative manner with controlled uncer-
tainties [20-22]. Lattice QCD and experimental input suggest that the valence quark spins,
the gluons, and the quark sea contribute 30-40%, 20-30%, and 10% [2], respectively, to the
total proton spin. However, qualitative features of this decomposition, such as the relative
size of the nucleon’s valence spin content, remain enigmatic, and call out for an explanation
grounded in QCD.

The complex decomposition of the nucleon spin is a striking signature of strong entangle-
ment among the nucleon’s constituents. How does one characterize nucleon entanglement in
a strongly-coupled quantum field theory like QCD? One way is to partition the nucleon state
vector into a bipartite system, trace over one of the subspaces, and obtain an entanglement
entropy. This partitioning has been done in momentum space in the context of high-energy
scattering [23], and in position space in the context of deep-inelastic scattering [24]. These

partitionings rely on being in a regime of large momentum transfer where non-perturbative
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aspects of QCD are subsumed into parton distribution functions. Many interesting find-
ings and potential experimental signatures are found in these studies; a common qualitative
conclusion is that in high energy processes the nucleon constituents decohere, giving rise
to a maximal entanglement entropy given by the logarithm of the number of gluons in the
nucleon, which grows exponentially with energy in a known manner [25, 20].

In this chapter, it is argued that spin entanglement between valence and non-valence
spin degrees of freedom provides valuable insight into the nucleon spin decomposition, and,
more generally, into the nature of chiral symmetry breaking in QCD. As a first step toward
addressing spin entanglement in the nucleon, special care must be taken to define a relativistic
nucleon state vector which represents the internal degrees of freedom of the nucleon in a
manner that is independent of kinematics. This is achieved through the use of light-cone
coordinates; that is, using null-planes as quantization surfaces. In the Fock-space basis, which
emerges naturally in light-cone coordinates, the nucleon state vector of definite helicity is
built out of elements labeled by the number of fundamental QCD constituents, which we
will refer to in this work as partons. The nucleon state vector can also be expressed in a
chiral basis, which makes use of a fundamental property of the null-plane quark fields: states
of definite helicity transform irreducibly with respect to the chiral symmetry group. The
chiral basis therefore suggests a natural bipartite Hilbert space description of the nucleon
state vector: the valence space is by definition the space which carries non-vanishing chiral
charge, while the non-valence space, or parton sea, carries spin, but no chiral charge. The
entanglement entropy between these two subspaces drives chiral symmetry breaking in the
nucleon and provides both a qualitative and quantitative explanation of why the valence spin

content of the nucleon is not expected to be the dominant component.
2.2 A relativistic state vector

In non-relativistic quantum mechanics, the state vector of a many-body system describes
the internal degrees of freedom in a manner that is independent of the choice of reference

frame. This is because the underlying kinematics is governed by the Galilean group, and
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Galilean boosts do not depend on the interaction. By contrast, in a relativistic theory of
quantum mechanics, the spacetime symmetry group is the Poincaré group. In general, the
Poincaré boost operator depends on the interaction, unless a foliation of spacetime is chosen
such that the boost operator is non-dynamical [27]. This can be realized if null-planes are
chosen as initial quantization surfaces [10, 27, 28]. In this choice of light-cone coordinates,
the energy and the two transverse components of spin are dynamical, while the boosts, the
momenta and the longitudinal component of spin —the helicity —are kinematical. In an
arbitrary reference frame, the energy and transverse spin which act on the internal degrees of
freedom are described by the (Hamiltonian) operators M? and M7, (r = 1,2), respectively,
which commute with boosts and momenta, and together with 75, satisfy the algebra of the
Poincaré group [10]. An eigenstate of momentum and helicity, describing a nucleon, N, can

be expressed as
|N7A;p+7pL>:|NaA>®|p+apL>7 (21)

where p™ and p, are the longitudinal and transverse components of the nucleon momenta,
respectively!, and A is the total helicity, the eigenvalue of J5. The direct product on the
right indicates that the part of the state which describes the internal degrees of freedom
can be separated completely from the kinematics. Achieving this separation is essential as
otherwise there is no starting point for a description of the state vector of a nucleon which
represents the internal degrees of freedom. In principle, specification of the operators M?
and MJ,, which act on the state |V, A), followed by diagonalization completely solves the
dynamics. While this is intractable in QCD, the symmetry properties of these operators can

be exploited to powerful effect, as will be seen below.

2.3 Fock-space expansion and the chiral basis

The separation of dynamics and kinematics described above allows the Fock-basis expansion

of the nucleon state, in which the state vector is given by a (infinite) sum of contributions

!The conventions for the light-cone coordinates and momenta are defined and described in Ref. [29, 30].
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labeled by the QCD field content 2. The contributions involving the fewest numbers of
partons have been worked out in Refs. [30, 33-35]. The dynamical light-cone quark field
is

= > / dwkoL = {ba(k*, kL) (B, A)e ™™ (2.2)

2k+(2
A=1]
+d§<k+,m>v+<k,»eik'z} ,
where z is the light-cone coordinate, k™ and k| are the light-cone longitudinal and transverse

momenta, respectively, u,,v, are Dirac wavefunctions, by(k™, k) destroys a quark and

d:r\(k:*,k: 1) creates an antiquark, and the flavor and color indices have been suppressed.

With standard normalization, the simplest Fock component in the proton state with A = %
is then
da][d?k abe
juyuydr, 3,0) = § [ I G, ma, ma) (2.3)

x utl (21, oy ) {uj@;g, ko)A (s, kgt ) — (u > d)} 10)

where x; is the longitudinal momentum of the quark in units of the proton longitudinal
momentum, the shorthand, x; = (z;, k;1), has been used, the integrations are over all con-
stituent momenta, and ¢(k1, kg, k3) is the (Fourier transform of the) light-cone wavefunction
for this particular Fock component. Here the states are labeled by the QCD field content,
the total valence quark light-cone helicity, and all other sources of helicity (including or-
bital components), respectively. Therefore, for instance, a Fock component of the helicity-%
proton with, in addition to the valence quarks, one gluon and no source of orbital angular
momentum could be labeled as |uyud gy, —3,1). Note that in Eq. 2.3, the proton is in
the special frame with p© = 1 and p;, = 0. The Fock component in a boosted frame is
obtained by simply re-labeling the momenta of the field creation operators, while leaving the
wavefunction, which carries the internal information, unchanged, in accord with the claim

made above that the internal degrees of freedom are cleanly separated from the kinematics.

2(Clear explanations of the QCD Fock basis are found in Refs. [31, 32].
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The difficulty with the Fock expansion of the nucleon state vector is that there is no small
parameter in QCD to indicate which components should dominate out of the infinite space of
possible contributions (the large- N, approximation is an exception as we will argue below).

Assuming QCD with two massless flavors, and therefore SU(2);, ® SU(2)g chiral sym-
metry, the associated light-cone charges are straightforward to construct [29]. With these
charges, it is found that the light-cone quark fields of definite helicity transform irreducibly
with respect to the chiral group SU(2), ® SU(2)g:

Yy = P € (1,2) , vy = P € (2,1) (2.4)

where (R, Rr) labels the SU(2),®SU(2)r content and Ry, g are SU(2) ., g representations.
Hence in the chiral basis, the most general helicity—% nucleon state, | V , %>, with three va-

lence quarks will, in general, be a linear combination of the six classes * of states: [(2,1), 3, 0),

(2,8)2,3,0),[(1,2), =3, 1),[(3,2)2, -5, 1),](1,2), £, —1), |(2,1), —2, 2), where the

T2 R

states have been labeled as

| (R, Rr)r, Ay p3) = | (RL,Rr)r, A) ®|p3) (2.5)

where R is an SU(2)-isospin representation in the product Rr ® Ry. The total helicity
operator is divided into a valence spin operator, 5'3, and an operator, [AP3, that counts all

other sources of spin, including the quark orbital helicity:
Js=501 + 1@ P, (2.6)

so that S5| A\) = M| \), Ps|ps) = ps|ps) and the total helicity is A = A + ps. In QCD, the
gauge-invariant operator Sy is, up to a factor of two, given by the anomalous U(1)4 chiral
charge [29]. This decomposition is therefore gauge invariant, but scale dependent.

Like the Fock basis, the chiral basis is a priori infinite dimensional, as each of the six
classes of states of definite chiral charge can couple to any number of helicity states in the

sea. An important advantage of the chiral basis is that the chiral transformation properties

3The states with Ry, <+ R are contained in | N, —1).
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Figure 2.1: Nucleon as a collection of partons with some distribution in z (left panel). As the
partons with low-z are integrated out (middle and right panels), the ground state should be
described in terms of some valence degrees of freedom (red dots) and a finite number of sea
partons (black dots), where the blue rings indicate that the partons and their interactions

are dressed by the renormalization-group evolution.

of the energy and transverse spin are known in QCD [29, 36, 37]. In particular, both the
energy M? and the transverse spin M7, transform as linear combinations of (1,1) and (2, 2)
representations of SU(2); ® SU(2)g; that is, in an obvious notation, M? = M3} + M3, and
likewise for the transverse spin.

A second, related, advantage of the chiral basis is that the large-/NV,. limit of the nucleon
A= % state vector is given by the single state |(2, 3)2, % , 0), whose spin is carried entirely by
the valence quarks. The nucleon is joined in this chiral representation by the A (resonance)
whose A = 1 state vector is given by the single state |(2,3)4, 3, 0) (the A = 2 component
is given by |(1,4), 2, 0)). These state assignments are easily shown to be equivalent to
placing the degenerate nucleon and A in the 20-dimensional representation of SU(4) [29,

], which is the large-N, expectation. The success of the large-N. expansion in describing
nucleon properties [39—11] suggests that the nucleon state vector is dominated by the large-
N, component with an admixture of other components which would provide the nucleon-A
mass splitting as well as a source of non-valence spin. It is unclear from the perspective of
the large- N, approximation how to account for subleading corrections to the large-N. limit

in the chiral basis. However, simple renormalization group (RG) arguments suggest that the

nucleon state vector may be well-approximated by a small number of components [12, 13].
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2.4 The renormalization group, wee partons, and the vacuum

Consider a nucleon on the initial hyperplane defined by ™ = 0 and with longitudinal mo-
mentum p* and in a frame with vanishing transverse momentum. On the initial time slice, a
nucleon is defined to be a collection of (quasi)free massless partons, each of which is labeled
by i and carries a longitudinal momentum fraction x; = k; /p™ and a transverse momentum
k;, so that the nucleon energy is

M? = Zﬁ+ (2.7)

P

In null-plane quantization small x; means high energy, and therefore integrating out high-
energy physics is equivalent to integrating out low-z; partons (so-called wee partons). As-
suming, for simplicity, that interactions are local in z; (nearest-neighbor), and integrating
out shells, one first integrates out all partons with z; < z.,. Integrating out these small
x; partons result in “dressed” partons that have new interactions with the “frozen partons”
that are represented by effective Hamiltonians with a hierarchy of interactions governed by

the small parameter z., /z; [12, 13]. Schematically, the energy takes the form

M? = M? + My, (2.8)

Ti>Tey

where the dots represent the frozen degrees of freedom with z; < x.,. The first term repre-
sents the active, dynamical partons, while the second term corresponds to the interaction of
these partons with the frozen sea. As non-perturbative physics in null-plane quantization is
carried by the low-z; partons, this second term carries the chiral-symmetry breaking contri-
bution to the energy; i.e. the part of the energy that carries non-vanishing chiral charge and
transforms as (2,2) with respect to the chiral group: M2,. One can then further integrate
out the partons with x; < z,, etc. Finally this procedure results in a description of the
ground state that involves a minimal number of partons —presumably the valence partons
—interacting with a few sea partons. This procedure of integrating out low-x; partons is

illustrated in Fig. 2.1. The resulting effective Hamiltonians are complicated, because, as
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Figure 2.2: Bipartite Hilbert space H ® Hp consisting of the valence quark helicity (H4)
and the helicity of the parton sea (Hp). This decomposition, as illustrated here, does not

imply that the valence charges are in any sense localized in space.

noted above, non-perturbative physics is low-z; physics and therefore the RG evolution nec-
essarily accounts for the non-perturbative physics of QCD. The practical consequence of this
simple RG argument is that the nucleon ground state can be described by a nucleon state
vector, with a finite number of states of definite chiral charge, whose detailed form can be
fit to experimental data. Crucially, the truncation of the chiral basis is scale dependent as

it depends on the energy cutoff, z..
2.5 Spin entanglement defined

In the chiral basis, the nucleon state vector decomposes into a bipartite Hilbert space H 4 ®
‘Hp, illustrated in Fig. 2.2, in which the valence helicity lives in ‘H 4, and all other sources
of helicity live in Hp. When measuring the valence helicity content of the nucleon, it is

convenient to trace over the sea to give the reduced density matrix of the valence helicity,
pa=trg ([N, AYN, A, 2.9)
and the corresponding entanglement entropy is then

Sy = —tra(palogpa). (2.10)
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The general form of the nucleon state vector is

nx ns

IN,A) = ZZ%| (RL, Rr)R» A)i @ | P3); (2.11)

4 J

where n, (n) is the number of valence (non-valence) states. Generally, it is expected that
ns > n,, as is the case in the Fock expansion where components with arbitrary numbers
of sea partons can contribute, however, the renormalization group argument given above
suggests that many of the components are high-energy degrees of freedom that can be inte-
grated out of the ground-state state vector under consideration. In any event, the Schmidt
decomposition theorem reveals that via a basis change, the state vector can be expressed in
a basis of dimension given by n = min{n,,n,}. It is convenient to view the nucleon state

vector as a perturbation of the large-/NV, result,
|N7%>:|<273>27%70>:‘(273)27%>®|0>7 (212)

which is a product state (n = 1) and therefore has vanishing entanglement entropy. As the
matrix element of the symmetry-breaking energy, M3,, vanishes between these states and
turns on only when the nucleon state vector ceases to be a product state, it is clear that
the spin entanglement defined here is intimately related to chiral symmetry breaking and,
consequently, to the nucleon spin decomposition. Evidently, chiral symmetry is broken in the
nucleon if and only if n > 1. Therefore, some measure of entanglement is acting as an order
parameter of chiral symmetry breaking. This claim is considered in generality in Ref. [11].

Here a simple two-component model which captures the essence of the idea is explored.

2.6 An illustrative model

Consider the simplest nucleon state vector that extends the large- N, result to include chiral

symmetry breaking:
IN, 1) = sin¢(1,2),-1,1) + cosv (2, 3)2, 5, 0). (2.13)

The state orthogonal to the nucleon in this model may be viewed as a collective of isodoublet

excited states of both parities. The vector space spans the reducible chiral representation
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(1,2) @& (2,3). The large-N, limit is recovered as ¢¥» — 0, and the matrix element of the

symmetry-breaking Hamiltonian scales as
(N, 2| M} |N, %) o sin2¢. (2.14)
The valence or intrinsic helicity contribution is
(N, 1SN, Ly = LAYV = Lleos2y . (2.15)
Tracing over the sea gives the density matrix for the valence content

pa = SI*I(L,2))((1,2)] + cos](2,3)2) (2. 3)a) (2.16)

from which follows the entanglement entropy
Sy (1)) = —sin*y log (sin2 @D) — cos? 1 log (coszw) ) (2.17)
The probability amplitude for a spin-flip interaction is
sing = ((1,2), -3, 1|N, 1). (2.18)

This amplitude depends not on the parton momentum fractions, which are integrated over in
the state vector, but rather on the cutoff on the parton momentum fractions, z., as suggested
by the RG arguments given above. A simple way of modeling this amplitude is to neglect sea
quarks and assume that there are interactions between one of the valence quarks —which
carries longitudinal momentum fraction z., and a sea of gluons [15]. Taking G(z.) to be the
density of the sea of gluons relative to valence quarks and P(x.) to be the probability of
a spin-flip interaction between the valence quark and the sea, then 3P (z.)G(z.) + 1 is the
number of spins aligned in the initial direction of the valence quark’s spin and %P(xe)g(xg)
is the number of spins in the opposite direction. Assuming a purely statistical distribution
of the spins among interacting partons gives the probability of a spin-flip interaction

%P(xe)g(%)
14+ P(x)G(x.)

siny) (2.19)
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08 X = AXY = cos2¢

02} X =sin2y
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X

Figure 2.3: Entanglement entropy (in units of its maximum) versus the chiral order parameter
(red curve) and the valence quark helicity content of the proton (blue curve) in the minimal

model of chiral-symmetry breaking. The grey band is determined by experiment.

Note that if there is no spin-flip interaction, then this amplitude vanishes and the large-/V,

result is recovered. In terms of the valence quark spin content of the nucleon,

1

Vo _
AYY = cos2y = PG +1°

(2.20)

Since the density of the sea, as given by the (spin-averaged) gluon distribution function, is

expected to diverge as a power law with x., it is expected that

cos 20 — a° (2.21)

xe—0

where 4 is a positive number (assuming BFKL evolution for the gluon distribution func-
tion [25, 206], § ~ 4asN.log2/m, where ay is the strong coupling constant and N, is the
number of QCD colors). As the cutoff is taken to zero and the density of gluons diverges,
the nucleon is driven to the maximally entangled state with 1) = 45°, and the nucleon spin
is given entirely by the spin of the sea. Of course, this divergence is expected to be cut off
by some kind of saturation mechanism [1(]. The behavior of the entanglement entropy as

a function of chiral symmetry breaking and valence spin content is shown in Fig. 2.3. The
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value of the mixing angle can be fit directly to low-energy data. In this model, it is straight-
forward to find the nucleon and A axial and vector couplings. For instance, |Can| = 2 cos
and [ga] = (4 + cos2¢). Fitting [Can| to the A-resonance decay width to pions gives
1) = 41 44° which determines, among other things [11], g4 = 1.3840.05, AYY = 0.14£0.13
and Sy = 0.98 + 0.02 (in units of the maximum entropy of log2). The result for g4 is to
be compared to the world average g4 = 1.2723 £ 0.0023 [17]. This result for the valence
spin content is to be compared to AXY = 0.41 4 0.06 taken from the JAM collaboration’s
global analysis [15], at a renormalization scale of Q? = 1 GeV? (Note that the JAM number

is quoted with the sea contribution removed).
2.7 Realistic model-independent state vectors

In realistic models of the nucleon state vector, the number of states in the sum, Eq. 2.11,
should grow as the RG scale z. is reduced, with the mass of the highest excitation in the
nucleon’s chiral representation setting the scale of the separation into valence and sea spin.
Detailed construction of such realistic models is beyond the scope of this chapter but may
be found in Ref. [11]. Many of the generic features of the two-component model persist in
more realistic state vectors: for instance, the large- N, component is always dominant due to
the prominent nucleon-A axial transition, but not so much so that it has much of an effect
on the entanglement entropy, which is always near its maximum value*. The valence spin
content in these models is generally small and consistent with the experimental range, as

expected in a system where the entanglement entropy is large.
2.8 Conclusion

Entanglement between the valence and non-valence helicity components of the nucleon state
vector drives chiral symmetry breaking in the nucleon. The entanglement entropy therefore

acts as an order parameter of chiral symmetry breaking in the nucleon, and provides an

4By contrast, recent work has found that entanglement in the nuclear force, as measured by the entan-
glement power, is minimized by the experimental data, and is very near large-N, expectations [19].
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explanation for why the valence spin content of the nucleon is not expected to dominate
in the following sense. The interaction of the valence chiral charge with the sea, which
breaks chiral symmetry, becomes stronger as the density of sea partons increases and the
entanglement entropy rises. The separation between valence and non-valence spin is scale
dependent, and the renormalization group implies that a state vector with a small number of
components should suffice to provide a reasonably accurate description of the ground state.
As the highly-energetic sea partons are integrated out, reducing the size of the vector space,
the entanglement entropy decreases and the valence spin content of the nucleon increases.
Conversely, as more sea partons are integrated in, increasing the size of the vector space, the
entanglement entropy increases till it reaches its maximum value where presumably some
kind of equilibrium or saturation state is achieved. It is interesting that this pattern of RG
evolution is consistent with perturbative QCD evolution [50]. Realistic models of the nucleon
state vector in the chiral basis which are fit to low-energy observables give values of the va-
lence spin content which are consistent with experiment and with lattice QCD simulations,
and possess an entanglement entropy near its maximum value. It would be interesting to

access this chiral entanglement entropy in lattice QCD simulations.

In the next chapter, these ideas will be expanded upon and treated more rigorously
using the null plane formalism. The null plane is useful because the dynamical generators
of the Poincaré group can be cast in such a way that they commute with most of the other
generators. This gives a precedent for building models of the nucleon state that captures
the internal spin structure of the nucleon without needing to explicitly determine its parton
dynamics. These models will further elaborate on the connection between spin entanglement
and chiral symmetry breaking and provide a clearer picture as to how the spin decomposition

of the nucleon come about in QCD.
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Chapter 3

CHIRAL SYMMETRY BREAKING AND SPIN
ENTANGLEMENT IN THE NUCLEON ON THE NULL PLANE

3.1 Introduction

The decomposition of the spin of the proton into components that have a well-defined in-
terpretation in terms of the fundamental quark and gluon degrees of freedom of QCD is
a primary goal of modern nuclear science [19]. The proton is a complicated many-body
quantum-mechanical system, and therefore the breakdown of its spin content according to
the fundamental QCD degrees of freedom is highly-complex and requires intrinsically non-
perturbative methods. Recently, lattice QCD simulations have begun to address the issue in
a quantitative manner [20-22) 51]. The current theoretical and experimental effort largely
focuses on probing the proton at short distances (large %) where a description in terms of
various parton distribution functions is available. The theoretical basis of the parton distri-
butions lies in null-plane quantization of QCD; that is, treating initial surfaces as lightlike
hyperplanes [10, 27, 28]. This is a natural quantization surface because the generalized par-
ton distributions are proton matrix elements of non-local operators that probe correlations
along the light cone. On the other hand, the fundamental quantum mechanical object that
describes the nucleon, the null-plane wavefunction is usually treated as a black box which
can be accessed only via modeling!. This is because the wavefunction carries all the non-
perturbative information about chiral symmetry breaking and confinement that is relevant
to nucleon structure.

In the Fock space picture, in which the nucleon state is built out of contributions with

ever increasing numbers of fundamental QCD constituents, the situation appears theoreti-

1See, for instance, Refs. [33-35, 52, 53]
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cally intractable. While the success of the naive quark model in describing basic nucleonic
observables suggests that the null-plane wavefunction is dominated by Fock components with
valence degrees of freedom and that therefore a truncation of the Fock space expansion to
a few terms would constitute a reasonable approximation, there is no particularly satisfying
a priori understanding of why this is the case. The recovery of the spin-flavor symmetry
of the naive quark model in the large-N, limit of QCD [39—11] does suggest that in some
sense nature is near this limit. However, the current consensus that only a fraction of the
nucleon spin is accounted for by the spins of the valence quarks suggests that there are im-
portant corrections to the large-N, limit in the null-plane wavefunction which are essential

for understanding nucleon structure.

The situation appears even more complex when one considers that nucleon properties
are strongly dependent on nonperturbative phenomena, like spontaneous chiral symmetry
breaking, which are expected to arise from the presence of a divergent number of partonic
constituents in the nucleon. In null-plane quantization, the effect of chiral symmetry breaking
is communicated to the wavefunction via the interaction between the valence degrees of
freedom and partons at very-low x, the wee partons, whose density is expected to grow
with an inverse power of z [12, 13]. Generally, it is expected that a divergent number of
constituents is required to achieve spontaneous symmetry breaking. If the wee partons are
important, then how can the Fock expansion truncated to a few terms capture the essential
physics of spontaneous chiral symmetry breaking? The renormalization group suggests a
qualitative way of thinking about this problem. Low-z partons are high-energy degrees of
freedom and therefore if one views the nucleon as a many-body system of partons, then in
considering the properties of the nucleon ground state, one should successively integrate out
the low-r modes until one is left with the valence degrees of freedom and possibly a few other
degrees of freedom which experience effective interactions which account for the now frozen
low-r modes and transmit the chiral symmetry breaking to the null-plane wavefunction.
This picture suggests that a much simplified description of the nucleon with a finite number

of partons may provide a useful quantitative approximation to the wavefunction. A useful
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fundamental property of the null-plane formulation that will be exploited in this chapter
is that the quark fields of definite helicity have definite chiral transformation properties.
Therefore, assuming a particular valence content for a hadron allows a decomposition of the
hadron state into a finite number of components which transform irreducibly with respect to
the chiral symmetry group. Of course each of these components can contain an arbitrarily

complicated amount of non-valence information.

A fundamental issue that this chapter addresses is that of the entanglement of nucleons
and its relation with symmetry. How does one characterize entanglement in a complicated
QFT like QCD? One way is to consider tracing over some partial volume of the system.
However, this requires a hard probe. Recent work has addressed the issue of entanglement
between different spatial regions probed in the nucleon wavefunction [23, 24, 51-63]. Deep
Inelastic Scattering (DIS) probes a region of size 1/@Q and 1/Mx where @) is the momentum
transfer, M is the nucleon mass and z is Bjorken-x. This separation of the Hilbert space
into product space consisting of two spatial regions is possible only because DIS is a short-
distance process. One qualitative conclusion resulting from these studies is that in high
energy processes the nucleon constituents decohere, which in turn gives rise to a maximal
entanglement entropy which scales as the logarithm of the number of gluons in the nucleon, a
quantity which grows exponentially with energy in a known manner [25, 26]. When probing
chiral symmetry breaking in the nucleon wavefunction, no such spatial separation is possible
since one is strictly in the long-distance, non-perturbative regime of QCD. A qualitative
picture suggests that chiral symmetry breaking arises from high-energy physics of the wee
partons near x = 0. However, it is possible to achieve a bipartite Hilbert space by considering
the entanglement between the spin of the valence quarks and the spin of everything else

(which we refer to as the parton sea).
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3.2 Null-plane QCD constraints

3.2.1 Folliation of spacetime and QQCD conventions

In the front-form of relativistic Hamiltonian dynamics [27], one chooses the initial state of
the system to be on a light-like plane, or null-plane, which is a hypersurface of points = in
Minkowski space such that x - n = 7, which serves as the time variable. Here n is chosen to

be a light-like vector

n*=-1(1,0,0,-1) , n*= \%(1,0,0, 1), (3.1)

which satisfies n? = n*2 = 0 and n - n* = 1. Referring to a null-plane as the surface %7,
the subgroup of the Poincaré group that maps X7 to itself is called the stability group of
the null-plane and determines the kinematics within the null-plane. The seven kinematical
generators which form the stability group include the three momenta, the three boosts and
the helicity operator, J35. The remaining three Poincaré generators map X7 to a new surface,

>

7, and therefore describe the evolution of the system in time. It is convenient to trade

the three dynamical generators which correspond to transverse spin and time evolution with
the three reduced Hamiltonians, M7, with r = 1,2 and M?, respectively, which encode all
non-trivial dynamics of the system. Taking the initial surface to be the null-plane X2, a

coordinate system adapted to null-planes is given by

J:+Ex~n:\/i§(x0+x3), x*Ex-n*:%(ac —2°) (3.2)

which are the time variable and “longitudinal” position, respectively.
It is a straightforward matter to find that the QCD null-plane chiral charges satisfy the
SU(2)r ® SU(2)g algebra

[Q*, Q%] = ie* Q7 (3.3)
[Qg(z7), Q"] = ie*™ Q(a™) (3.4)
[Q2(xh), Q2(ah)] = i Q) (3.5)
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Note that the chiral charges are functions of time. This is the fundamental feature of null-
plane quantization that will be exploited in this chapter. As there are no symmetry-breaking
condensates, all spontaneous chiral symmetry breaking must be present in the reduced Hamil-
tonians, which in turn cannot commute with the chiral charges.

The quark fields transform as

[(Q%, Y] = —T¢y 5 [Q2(ah), i) = =Ty . (3.6)

Breaking down the dynamical null-plane quark fields into left- and right-handed components,

Yir = 5(1475)05 ; Yo = $(1— )y, (3.7)

and noting that

Q" = Qi + Q3
Q5 = Qn - QF, (38)

one verifies the fermion transformation properties with respect to SU(2), ® SU(2)r:

Yvir = Py € (1,2) ; Vip = ¢y € (1,2); (3.9)

bop = 0y € (1), du = € (2,1). (3.10)

where (Rr,, Rr) labels the SU(2),®SU(2) g content and Ry, g are SU(2)y, g representations.

3.2.2  Symmetry breaking Hamiltonians

In null-plane quantization, all dynamical information of a Poincaré invariant theory of quan-
tum mechanics is contained in the three reduced Hamiltonians M J, and M? which encode
the spin content and spectrum, respectively [10]. The reduced Hamiltonians commute with
six of the kinematical generators of the Poincaré algebra and satisfy the U(2) algebra together

with the seventh kinematical generator Js:

[\737 M\Z“] = iET'SML7s ) [j?)a MQ} = 07
(MJ,, MJ,] = ieM*Js , [M* MJ.] =0, (3.11)
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where 7, s are transverse indices. As spin is dynamical, consequences of Lorentz invariance
such as the arrangement of the spectrum of the theory into representations of the Lorentz
group are evident only in the solution of the theory, as we will see explicitly in several
examples below. In particular, while the spin of the system is usually given by the sum
of the spins of the constituents, here that is no longer the case. The spin of the system is
given by the sum of the spins of the constituents as well as by the interactions among the
constituent spins.

The Lie brackets among the reduced Hamiltonians and the chiral charges are
P Q8 (), [Q5(a™), MP)) = PO [QE(x), [Q3(e™), MTL]] = 0, (3.12)

where Pl = govgbe _ (50‘55“”/3 and MJ* = MJ, +iMJ,. It is straightforward to
show that these constraints imply that M? and M7, transform as linear combinations of

(1,1) and (2,2) representation of SU(2), ® SU(2)g. That is,

M?* = M; + M, ; (3.13)

MJ* = MJF + MJE. (3.14)

The chiral transformation properties of the energy and transverse spin were first obtained in
Refs. [36, 37, 64] by considering the asymptotic behavior of scattering amplitudes involving
massless pions.

As the chiral-symmetry breaking parts of the Hamiltonians represent the effect of spon-
taneous symmetry breaking on the null-plane, it is imperative that these contributions not
break Lorentz invariance spontaneously. In particular, a fundamental constraint on chiral

symmetry breaking is
(T3, M3y] = 0. (3.15)

As will be seen below, this constraint is remarkably powerful, and leads directly to the picture
of the nucleon as a source of valence spin whose entanglement with the spin of the sea gives

rise to chiral symmetry breaking.
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3.2.3 Hadronic states and selection rules

A general hadronic null-plane momentum eigenstate may be written as
W, Ay=|h, A;pt pL)=|h, A)®|p",pL). (3.16)

A useful feature of the front form is that the dynamical and kinematical properties of a
state are cleanly separated. This is related to the fact that the boost operators are purely
kinematical. In the instant form the boost that takes one from one momentum state to
another is dynamical. In this equation n are additional variables that may be needed to

specify the state of a system at rest, and A is helicity, the eigenvalue of Js:
Js|h, Aspt pr) = Afh, Asp™ pL) . (3.17)

Naively the parity operation interchanges null-plane time and the longitudinal coordinate.
Defining the generalized parity operator, ) = P exp (im.Js), the product of the parity operator

P and a rotation about the 2-direction gives (7]

Vih, Aipt,pr) = (=1 M |h, =A™, (P1.—p2)) (3.18)

where 7y, is the intrinsic parity of h. Defining canonical angular momentum raising and

lowering operators, J* whose action on a state of definite spin J (at rest) is

JUh, Ay = JT(J+1) = AA+1)|h, A+1), (3.19)
one then has
(h, =A—=1]YJT|h,A) = JI(J+1) = AN+ 1)(=1)" 2y, . (3.20)
Note that ) is an endomorphism of the chiral algebra [(1], as

Y)Y = Q=) . YUY = Q. (3.21)
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3.2.4 The chiral basis

Consider the hadronic matrix elements between null-plane momentum states of the following

QCD operators

(W', N5 p P Q0 (@) |k, Asp L) = (2m)°2p0(q )07 (qu) (B, A|Q2 R, A) v
(N D Qulhs A b ) = (2020 0(q)0% () (', @l A) dvadie
(W N5 pT D M2 Aspt pa) = (2m)*2p76(qT)0% (aw) (W, N[ M2 [, A) Sxr a0
(W AN P IMTE b Aspt,pr) = (2m)%2p70(q) 0% (qr) (B, N IMTE |, A) Saras10m
(M,

5Pl At L) = (2m)°2pt8(qT)% (an) (B N Tslhs A) Saradnen - (3:22)

Our goal will be to construct a representation of the operators on the right hand side (using
the same symbol for the operator) which act only on the spin degrees of freedom that
label the state |h,A) and satisfy the algebraic constraints which enforce: 1) the correct
pattern of chiral symmetry breaking, Eq. (3.5), and 2) a Poincaré invariant description,
Eq. (3.11), of the hadronic system®. The resulting spin system provides valuable insight
into the nature of chiral symmetry breaking and the structure of baryon states, and imposes
powerful quantitative constraints on the spectrum.

We will label baryon states as

| (Re: Rr)r s A) (3.23)

where R is an SU(2)-isospin representation in the product Rg ® Ry, For instance, a A = 1
baryon state can be in a (2, 1) which contains a single isodoublet, or it can be in an (2, 3)
state which contains an isodoublet (2,3)y and an isoquartet (2,3)4. The physical baryon
states will be labelled as 22+*1R where .J is the spin of the state. Therefore, we have states

of type 1N and 27F1A.

2Note that Poincaré invariance does not imply the more stringent constraint of Poincaré covariance. This
paper has nothing to say about covariance as that pertains to the action of the Poincaré generators on the
space and time dependence of the wavefunction and here the spatial coordinates are present only as some
orbital contribution to the total spin of the state.
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As the normality parity operator flips the sign of the spin,
y(Qas) vt = (7). (3:24)
the action of normality on the chiral basis states is

Y| (R, Rr)r, A) = ¢[(Rr,Ru)r, —A), (3.25)

where ¢ is a phase chosen for convenience. The total angular momentum operator is given
by the helicity; that is, J5 = S5, where S5/ A) = A \).

As the chiral states are states of definite helicity, it is useful to express the states in
terms of their transformation properties with respect to the permutation group S3. The
construction is similar to the states of the nonrelativistic quark model. However, the chiral
states have less symmetry since they are not eigenstates of the spin operator; indeed the chiral
states are linear combinations of states of definite spin; that is, they transform reducibly with

respect to the Lorentz group.

3.2.5 The Casher-Susskind theorem and entanglement

It is clear that in order to break chiral symmetry without breaking Lorentz invariance, that

is, simultaneously satisfy
[j37M222] =0 ) [Q?’M222] 7&07 (326)

there must be a non-valence source of angular momentum which is denoted P; and defined

such that the total helicity is given by
J3=2501 + 1®Ps . (3.27)

Here, the additional angular momentum generally arises from the sum

~

Py = P10 +10PP ®---+... . (3.28)

This well-known feature of null-plane QCD was demonstrated long ago by Casher and
Susskind [12]. Assume that the total helicity, J3, is given entirely by the valence quark



37

helicity, S5. Then the first commutator in Eq. (3.26) implies that M3, is a function of S,
M2, = MZ2,(Ss), which is clearly inconsistent as then the second commutator must vanish.
However, as soon as there is an additional source of helicity, then the first commutator can
be satisfied by compensating a change in the valence helicity with the additional source; that
is, M2, = M222(j3, ST, S‘[ISJF) and the second commutator need not vanish. The chiral

constraints are then satisfied since
Q7. [Qg, S7)) = §%75*, (3.29)

which implies that S* transforms in the (2,2) representation of SU(2), ® SU(2)g. Here the

angular momentum algebra is assumed to be satisfied by the various components of spin,

150, 8] = iegnSe . [P, P = ieuPl . (3.30)
The valence spin in this case is no longer a constant of the motion and will therefore, like
the chiral charge, induce transitions between states that carry different energy *. We now
have a bipartite Hilbert space in which the valence spin lives in ‘H 4, and all other sources
of spin live in H g, which we denote H4 ® Hp. In QCD, the QCD operator that counts the
valence helicity is gauge invariant, and therefore H 4 and Hp are gauge-invariant subspaces.

Our product basis states are now:

|(Ru,Rr)r, A) ®@|ps) = | (Ru,Rr)r, A; Ps) (3.31)

where [|53| P3) = P3| ps) and the total helicity is now A = A + p3. As
[P, M7] # 0, (3.32)

in general these states of definite helicity, psz, can be expanded in orthonormal states of
definite p:

Np 9p

Ips)@ = > > e ipps)@ (3.33)

p=lps| o=1

30n the null plane, the valence helicity operator coincides with the axial U(1) generator which is anoma-
lous.
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where N, is the maximum allowed integer spin and g, is the number of states of spin p. The

number of states of definite helicity, ps, is

Zp Jp - (3.34)

P=lps|

The normalization condition on the expansions coefficients is:

Np 9p
v E 0’0
Z Z crbecte = gt (3.35)
p=|ps| a=1

A necessary condition for chiral symmetry breaking is that at least one of the following

matrix elements is non-vanishing:

N[p 9p
O(ps£1PHps) = > > ebe e Vp+1) —pslps+1) . (3.36)
p=|p3| a=1

A priori, in QCD, there is no reason to expect that IV, is finite as it governs the maximum spin
state that can be achieved by the parton sea. However, the renormalization group suggests
that many of these spin degrees of freedom are high-energy states and may therefore be
integrated out to give a description in terms of a finite number of spins. Of course the
minimal number will be required to describe the ground state and then more spin modes
will have to be integrated in as higher energy excitations of the system are probed®.

The general chiral decomposition of the baryon null-plane wavefunctions is then as follows

for states with total helicity A. For I = % states,

4For instance, assume that the parton sea is populated by xG(z) non-interacting gluons...
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and for I = % states,

|A;A): (3.38)

The action of normality on the chiral basis states is now

VI (Ru,Rr)r: A; p3) = ¢ (Rr,Ru)r, —A; —p3) , (3.39)

where again ¢ is a phase which depends on the particular chiral representation, and is
determined by ensuring that Eq. (3.18) is satisfied for a particular hadronic state.

Of course a fundamental assumption that we have made in formulating these basis states
is that the valence content of the light baryons is given by three light quarks. If this were
not the case, then baryon states with isospin greater than 3/2 would be observed in the
spectrum and we would have to consider states with additional valence content. However,

we have made no assumption regarding the non-valence contributions to the baryon spin.
3.3 Nucleon state in the chiral basis

3.3.1 The general case

In the chiral basis the nucleon A = 1/2 state can be expressed as the pure state
IN;3) =15:0) + [=5:1) +[3;-1) +|-3;2), (3.40)

where we have adopted the vector notation such that

3 Xo
Y@, 1+ ol(2.3):, 1)) @ 10)?

[3:0) =
=1 (=1
3 x1 ' ‘ . ‘
[=3:1) = 3D (#1(1,2), —3)V +2{1(8,2)2. —3)V) 1)
=1 (=1
2 x1
3:-1) = > > 12, H "M e-1)";
m=1 /=1
2 X2
—-2:2) = > ) opf(2,1), -3 e |2)0, (3.41)

m=1 (=1
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with normalization

6

S tr (@Tycix,) ~ 1. (3.42)

y=1
In the Fock basis these six types of states with orbital angular momentum, three with p = +£1,
two with p = 0 and one with p = 2, have been written down explicitly in terms of null-plane
quark fields in Ref. [33]. Note that we have taken the available valence states from the quark
model wavefunctions constructed in the appendices. This form is the most general form
of the nucleon state as it includes Fock-space components with arbitrary amounts of glue.
Given that in general one expects that the H; Hilbert space is infinite dimensional, it may
seem that constraining this wavefunction is a lost cause. However, here the renormalization
group comes to the rescue. The density of partons and therefore the number of spin states
increases as one goes to lower and lower x. However, these low-z states are high energy
states whose detailed form should be irrelevant to the ground state baryon wavefunction of
the theory. Therefore, it is sensible to assume that the nucleon wavefunction may have only

a few important components in which the valence sector interacts with a frozen parton sea.

3.3.2  Entanglement entropy as an order parameter

The density matrix of the valence spin is defined by
pA:trB(|N7%><N7%|)> (343)

which gives, in supermatrix form,

D(21), 51 O(@3)2, 41 (12, -5 D(B22, -4 ™2, 31 ™(@21), -3
ey, ho [ (@8], (18], 0 0 0 0
123)2, 10 | (Ba®l)ij  (Bad))i 0 0 0 0
= 1(1,2), =3 @ 0 0 (3P (D3®h)i; 0 0
|(3:2)2, —)@) 0 0 (D4®h); (240]);; 0 0
1(12), ) 0 0 0 0 (@501 )n 0
[, - | 0 0 0 0 0 (‘i)ﬁ%)mn




41

from which follows the entanglement entropy

Sn(pa) = —tra(palogpa). (3.44)

The entanglement entropy is non-vanishing if the nucleon state in Eq. (3.40) contains more
than one term. The mixing angles are of course determined by the Hamiltonians. They
deviate from unity if and only if the A/? Hamiltonian contains an off-diagonal component.
Since all off-diagonal components break chiral symmetry, it is clear that the nucleon state
contains chiral symmetry breaking if and only if Sy > 0. This suggests that in null-plane
quantization the entanglement entropy is an order parameter for chiral symmetry breaking.
The maximally entangled state occurs when p4 is proportional to the identity; that is, the

maximal entanglement entropy is the logarithm of the total number of states:
Sn(pa) < log2 + log(3x0+4x1 + x2) - (3.45)

At the maximum value of the entanglement entropy, the valence spin content of the nucleon
vanishes and the neutron does not decay. That is, one finds in this limit AYX = g4 = 0. It
is not clear how this definition of entanglement entropy is useful. It is evidently non-local

since in principle the spin interactions that give rise to it are non-local.

3.83.83 The large-N. limit

The large- N, limit leads to a tremendous simplification and indeed allows an exact solution to
the problem posed by the various algebraic constraints [29, 38]. It is important to emphasize
that this has nothing whatsoever to do with the non-relativistic quark model. The large-NV,
constraints [10, 11] are a consequence of unitarity and, as they place powerful constraints on

axial matrix elements of the nucleon, they must be reflected in the null-plane QCD chiral

constraints. If we take

(Q3, M] = €, (3.46)
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and throw away terms of O(e). This implies that all chiral symmetry breaking must occur
in the spin Hamiltonians, M 7. In this limit, the QCD operator algebra reduces to
(Ti s Ti| = i€ije Tn (3.47)
which generates SU(2) spin, the SU(2);, ® SU(2); algebra of eq. 3.5, and the remaining
non-trivial Lie bracket mixes the chiral generators and the spin Hamiltonians:
P Qs [Q, Jell = 0. (3.48)

Remarkably, this simplified algebra can be put into a familiar form. Consider an operator G;,
which transforms as an adjoint of SU(2) (flavor) and as a vector with respect to rotations.

Identifying G*3 = Qg Detailed consideration of the properties of G leads to [29, 38]

[Gaiy G = 04 €apy Qr + 1 0up €iji Th (3.49)

which together with
[Qom Gﬁz] = ifoaﬁ'y G’yi ) [u7z> Gaj] = Z‘eijlc Gakz ; (350)
[QO&)Qﬁ] = ifocﬂw@v ) [%7\7]] = ieijkjk (351)

close to the algebra of the group SU(4). It is important to stress that this SU(4) symmetry is
truly a dynamical symmetry; it is unrelated to the invariance of QCD in the non-interacting
limit.

(2,3) @ (1,4): the SU(4) (large-N,) limit. We will now describe the mapping between
the symmetric and antisymmetric irreducible representations of SU(4) and representations

of SU(2)r ® SU(2)r. The symmetric 20 of SU(4) is reproduced by

|(2a3)27 %7 O> 3 |(2a3)47 %7 0>

N |

=
||
L

(3.52)
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Note that here p = p3 = 0. The physical positive helicity eigenstates can be written as

|N7%> - |(273)27%70>
’A7%> = |(273>47%a0>7
AL 2) =11,4),35,0) (3.53)

To obtain the negative helicity eigenstates one acts with the ) operator on these states and

fixes the phases in Eq. (3.39) by requiring that Eq. (3.18) be satisfied.

|N7_%> - |(372)27_%70>7
|Av_%> = |(3>2>47_%70>7
|A ) _%> = |(471)7 _%7 0> (354)

Since the physical states are in irreducible representations of the chiral group, this phase

dependence does not appear.
3.4 Realistic nucleon wavefunctions

3.4.1 Saturation scheme 1: Ny, N, A

Hamiltonian constraints

Here the model of the previous section will be considered in more detail. This is consistent
with the nucleon being a mixture of 20 and 4,4 of SU(4). This is the simplest non-trivial
model that extends the SU(4) picture of degenerate nucleon and delta. The positive helicity

eigenstates can be chosen to be

Na, %) = sine|(1,2), =3, 1) +cos¢[(2,3)2, 3, 0)
INp, %) = —cost[(1,2), =1, 1) +siny|(2,3)2, 5, 0)

Acting with the normality operator on the physical states via Eq. (3.18) and on the basis



44

states via Eq. (3.39) gives the negative-helicity mixed states:

(—1)a" 3y, |Na, =) = sin¢n[(2,1), L, 1) +cost)$5)(3,2)2, —3, 0)
1
2

(_I)JNB_%nNB|NBv - > = _COS¢¢1|(271)7 %7 _1> +Sin¢¢2|(372)27 _%a 01356)

where ¢; o are phases. It is clear that the dependence on the total spin and parity of the states
cannot be completely removed by appropriate choice of phases. This is expected since spin
and parity are dynamical quantities that are constrained by interaction, and the presence
of mixing signals dynamical chiral symmetry breaking. Choosing ¢, = ¢9 = (—1)JNA’%77N "

then gives the negative helicity eigenstates:

Ny, — sine[(2,1), 3, —1) +cosv[(3,2)2, —%, 0)

~—

(—1)™8%a [Ny, — —cos[(2,1), 5, 1) +sine|(3,2)2, —1, 0)

(3,2)a, =3, 0) . (3.57)

N N N
~
Il

~—

A

where (—1)™v = (—1)”*~7vn,n,. The Hamiltonians take the form

[(1,2))  1(23)) [(2,0))  132)

(12 | mi, mi, ((12)] | MJaga O

M2 — 7 Mj+ —
(23)] | m3y miy ((2.3)] 0 Mg

As there are three physical squared masses with one orthogonality condition and three mass-
squared matrix elements, one sum rule is expected from the mass-squared Hamiltonian. One

finds
M3, cos®y + My, sin®y = M3 . (3.58)

Only the isodoublet sector is constrained by the spin Hamiltonians and as there are two
physical masses with one orthogonality condition and two spin Hamiltonian matrix elements,

one sum rum is expected. Taking matrix elements of the spin Hamiltonians yields:

(=1)70% (I +5) My = (g +5) Misy - (3.59)
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It is quite clear that this latter constraint is not consistent with a single nucleon as the ground

state. Therefore this saturation scheme is unambiguously inconsistent with experiment.

Axial couplings

In the physical basis, the quark helicity and axial-coupling matrices take the form:

cos 2 sin 2 4 4 cos2 sin 2
AY — 4 v ga = 1 ( V) v (3.60)
sin2vy — cos 2y sin 29 (4 — cos 20))

Identifying N4 with the nucleon, the familiar nucleon axial charges are
ga = (8a)as = 5(A+cos2y) , AX = (AX),, = cos2y . (3.61)
Other axial couplings are
Can, = —2cos?y , Can, = —2siny , Han = —3. (3.62)

The consistency of the scheme is readily checked by taking matrix elements of the chiral
algebra, Eq. (3.5), between all of the states in the saturation scheme, and inserting complete

sets of states. For instance, the matrix elements between nucleon states
<NA’%|[Q;’Q5_”NA’%> - <NAa%|2Q3|NA>%>v (3'63)

and using the matrix elements of definite chirality constructed in the appendices, yields

(gA),%lA + (gA)iB - gCZNA =1, (3.64)
which is of course satisfied. This is the pole-saturated form of the nucleon Adler-Weisberger
(AW) sum rule and points to a fundamental property that must be satisfied by the nucleon
state: it satisfies an exact chiral symmetry regardless of the size of the (reducible) represen-
tation in which it finds itself. These sum rules are all trivial unless the Hamiltonians have
chiral-symmetry breaking contributions, and indeed the Hamiltonian sum rules found above

are checked by taking matrix elements of the algebraic constraints of Eq. (3.12).
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There are, in addition, other interesting sum rules that are particular to the choice of

saturation scheme. For instance, in this scheme one finds

2
AY = gcch — ga . (3.65)

Entanglement entropy

We can trace over the sea and get the density matrix for the valence content
pa=trs ([N, 2)(N, 3]) = sin [(L2)) (1, 2)] + cos?¥](2,8)2) (2, 3)a]  (3.60)

from which follows the entanglement entropy

Sy (1)) = —sin® ¢ log (Sin2 1/)) — cos? 1 log ((3082 w) . (3.67)
The entanglement entropy, given in Eq. (3.67), can be expressed as

Sn(AY) = —1(1-AX)logi(1—-AX)—1(14+AX)logl(1+AY) (3.68)

Sn(ga) = —35(3—ga)logs (5 —ga) —5(ga—1Dlog3 (g4 —1) . (3.69)
3.4.2  Saturation scheme 2: N4, Ng, A4, Ap

Hamiltonian constraints

Consider next the scheme consistent with the nucleon being a mixture of 20g and 20,, of

SU(4). The A = +3 eigenstates can be chosen to be

INa, 1) = sing|(3,2)2,—3,1) + cos¢|(2,3)2,3,0)

INg, 1) = —cos¢|(3,2)2,—3,1) + sing|(2,3)2,3,0)

A4, 3) = sinw|(3,2)4, —3, 1) + cosw|(2,3)s, 35, 0)

Ap,3) = —coswl|(3,2)s, -5, 1) + sinw|(2,3)4, 1, 0), (3.70)



The negative helicity eigenstates are then obtained with the action of Y-

[Nay—3) = sing|(2,3)3,3,—1) + cos$(3,2)3,—3,0)

(=1)™BNa|Np , — = —cos¢](2,3)2,%,—1> + sin¢ (3, 2)27_%’())

| A4, —3) = sinwl(2,3)s, 5, —1) + cosw|(3,2)s, —3, 0)

~ ~ ~ o~

NI N N[RN[R

(~1)"5%4] Ap , -

For both the N and A states, the Hamiltonians take the form

1(3:2)) 1(23)) 1(23))  1(32))

ye (D] i ma Mg (@] | Mize M
(23)] | mige mi, (@23)] | MJra MJoor

There are two sum rules from the mass-squared Hamiltonian:

(M]%,A — MJQVB) cos2y = (MiA — MZB) cos 2w

2 2 2 2
My, + My, = My, + My, ,
and one sum rule from the spin Hamiltonians:

(_1)7TABAA [ (‘]AB + %) MAB _ (_1)7TNBNA (JNA + %) MNA] sin 2¢

= —cosw|(2,3)4, 3, —1) + sinw|(3,2)s, —3,0),
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(3.71)

(3.72)

(3.73)

(3.74)

— (—1)™sNa [ (Japy + ) Ma, — (=1)™524 (Ja, + 1) Ma,] sin 2w (3.75)

It is clear from Eq. (3.74) that this saturation scheme is not useful.

Axial couplings

In the physical basis, the quark helicity and axial-coupling matrices take the form:

Cos 2 sin 2 Cos 2 —sin 2
Ay [ smze) v v

sin2y — cos 2y —sin2yY —cos2y

(3.76)
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3.4.8 Saturation scheme 3: N4, Ng, No, A

The simplest extension of saturation scheme 1 is to add a third 2N state. In the SU(4)
language, this is like adding a second 4 4 state, and since the tensor product of three quarks
gives only a single 4, state, the expectation is that this representation will require heavier
excited states. It is nevertheless interesting to explore due to its relative simplicity and basic

agreement with data.

Hamiltonian constraints

The positive helicity eigenstates can be chosen to be

[Na, 3) = Uul(2,1),3,0) + Ui |(1,2), -1, 1) + Us3](2,3)2, £,0)

[N, 3) = Uanl(2,1),5,0) + Uz|(1,2),~3,1) + Us[(2,3)2, 3,0)

[N, 3) = Unl(2,1),5.0) + Usn|(1,2),—3,1) + Us3[(2,3)2,5,0)

AL 3) = 1(2,3)4. 5,0

AL 3) = [(1.4),3.0). (3.77)

The negative helicity eigenstates are then

(~1)™e¥a|Na, —=3) = Unl(1,2),-3,0) + Ui2[(2,1),5,-1) + Us3/(3,2)2, —3,0)
(—1)™e¥s|Np, —1) = Uy [(1,2),-1,0) + Un|(2,1),3,-1) + Us|(3,2)2, —3,0)
INo, —3) = Ual(1,2),-35,0) + Us|(2,1), 5, —1) + Us3[(3,2)2,~3,0)
A, —3) = 1(8,2)a, —3,0)
AL =3) = l41), -3, 0). (3.78)

For the mixing angles, the following choice of the Euler angles is used:

cospcosf —cosysinfsing —singcost — cospsinfcosy  sinysind

U = cos ¢sin @ + costpcosfsing —singsinf + cospcosfcosp —sintpcosh | . (3.79)
sin ¢ sin ¢ coS ¢ sin Y cos Y
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The Hamiltonians take the form

[(2,0)) [(1,2)) [(23)) [(12)  [(21))  132)

(2, m%a m%h 0 (V] | MIgga MJ1a MJIa2p
2 . .
M*= (a2 | m3,., m%b m%% ) MJ"t = ((1,2)] MJia MJ22¢c 0
((23)] 0 m3y mi, (@3)] | MJgap 0 MJaaq

The assumption that these matrix elements are non-vanishing implies that the sea states that
enter the representation have non-vanishing matrix elements of the sea angular momentum
raising and lowering operators. Here there are four physical squared masses with three
orthogonality conditions and five mass-squared matrix elements, and therefore two sum rules

are expected from the mass-squared Hamiltonian. One finds

M2

A

— M3, cos®tp = (MF, cos®@ + My, sin’0)sin’ ; (3.80)

(M3, — My, )sinfcosfcos¢ = singcost (My, cos’d + My sin’0 — Mf\,c) .(3.81)

Again the spin Hamiltonian act non-trivially only in the isodoublet sector. Here there are
three physical masses with three orthogonality conditions and five spin Hamiltonian matrix

elements and therefore one sum rum is expected. One finds

(=1)™a%e M (Ine + 3) = My, (Jny + 3) sin®0 = (=1)™a% My, (I, + 3) cos6

= tan ¢sinf cosfsecty (My, (Jn, +3) — (=1)™aVe My, (Jn, + 1)) . (3.82)

This scheme has been analyzed previously in Ref. [66].

Axial couplings

In the physical basis, the quark helicity and axial-coupling matrices A3 and ga, respectively

are easily obtained. Identifying the nucleon with N one has the nucleon axial couplings

ga = (8a)ce = 2cos*h + cos2¢sin’y ;
AY = (AZ)y, = cos’pcos2y + sin’g (3.83)
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and the nucleon axial couplings to the excited states

(8a)ac = —3(cos2¢— 2)sin2¢sinf — sinysin2¢cos ;

(8a)pe = 3 (cos2¢ —3)sin2¢cosf — sintpsin2¢psing . (3.84)
Identifying the delta with A, the axial couplings are
Can, = —2cos®, Can, = 2singpcost , Cay, = —2sin¢sinfd, Han = —3. (3.85)

Taking matrix elements of the chiral algebra between nucleon states gives the nucleon AW
sum rule

4
(gA>2()C + (gA)ic + (gA)2BC a 5621\/0 =1, (3.86)

which is seen to be satisfied by Eqs. (3.83), (3.84) and (3.85).

In this scheme, there is a solution that is consistent with experiment. The angles ¢ =
40+£5° and ¢ = 23+ 11° are determined from the experimental values of g4 and Cayn,. With
the nucleon mass, spin and parity and the delta mass as additional input, simultaneous
solutions to the three Hamiltonian sum rules of Egs. (3.80), (3.81), and (3.82) are searched
for to give the angle 6 = 39 4+ 33°, and the masses, spins and parities of Ny and Np as
tabulated in Table 3.2. This solution is not unique, however other solutions predict states
that are not within one sigma of PDG [17] states. As in scheme 1, the spin content of the
proton can be expressed as

2
AY = §CZNC —ga - (3.87)

As both of these axial couplings are input from experiment, in this scheme, the proton valence
spin content is determined directly from experimental data (see Table 3.2). In QCD, this

quantity is scheme and scale dependent.

Entanglement entropy

The nucleon state in this scheme is determined entirely by the nucleon axial charge and

the delta decay rate. It is instructive to write the nucleon state, with its experimentally
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determined mixing angles, in a manner that exhibits the bipartite nature of the state:
N, L) = Unl2,1),2)@0)™ + Usp|(1,2),—1) ® 1) + Uss |(2.3)2, 1) ©10)"(3.88)

with ™(0|0)™ = §™" to allow for the possibility that there is/are one or two helicity-zero
states. The chiral states are clearly orthogonal. The mixing angles are Us; = 0.24 4 0.08,
Usy = 0.60 £ 0.07 and Usz = —0.76 + 0.05. With m # n, the entanglement entropy is (in

units of the maximal entanglement entropy)
Sy = —UZlogUs — UZlogUzZ, — UilogUZ = (0.81 +£0.18)log 3 (3.89)
and with m = n,
Sy = — (U3, + Up)log (U3, + Us3y) — UsylogUs, = (0.96£0.23)1log2 . (3.90)

It is interesting that in nucleon chiral representations that are consistent with data, the
entanglement entropy is near its maximum value.

Summary

While this saturation scheme is consistent with experimental data, it involves the coupling of
the nucleon to higher excited states in a rather unnatural way as it “skips” low-lying states
that have significant axial couplings to the nucleon and which one would expect should be

present in the nucleon’s chiral representation.

3.4.4 Saturation scheme 4: Na, Ng, No, Aa , Ap

Hamiltonian constraints

Consider next the scheme consistent with the nucleon being a mixture of 205 and 20,; of
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SU(4). The A = +3 eigenstates can be chosen to be

Na L) = Unl(3.2)2,—51) + Ui |(1,2), 1, 1) + Ui [(2,3)2,3,0)

INg, L) = Uan|(3,2)2,—1,1) + Un|(1,2), 1, 1) + Uss[(2,3)s,3,0)

INo, 3) = Usil(3,2)2,—5,1) + Usn[(1,2), =5, 1) + Us[(2,3)2,3,0)

A4, 3) = sinw|(3,2)s, —3, 1) + cosw|(2,3)4, 3, 0)

|Ap,3) = —cosw|(3,2)4, —5, 1) + sinw|(2,3)s, 3, 0) , (3.91)

where same choice of the Euler angles written down above is used. The negative helicity

eigenstates are then obtained with the action of Y:

(17204 | Ap, -

(=1)™cNa|Ny, —2) = Un1](2,3)2,3,-1) + U2|(2,1),3,—1) + U15((3,2)2,—3,0)
(=1)™cNs|Ng, —3) = Unl(2,3)2,5,—1) + Ux2(2,1),5,—1) + Us3(3,2)2,—3,0)
INew =3) = Usil(2,8)2,5,-1) + Un|(2,1),3,-1) + Us3[(3,2)2, —5,0)
|A4, —3) = sinw|(2,3)4, 3, 1) + cosw|(3,2)s, —5, 0)
3)

= —cosw|(2,3)4, 3, —1) + sinw|(3,2)s, —3, 0), (3.92)
The mass-squared Hamiltonians are

13,2)) [(1.2)) [(2.3))

(2 | mia 0 miy, s 9
(3,2)] Mia Moo
M= (ag | 0 md, miy . M= ) |l (399)
(23)] | Maae  Mic
((2,3)] m%2a m%2b m%c
and the spin Hamiltonians are
[(23))  [(2,0))  132)
[(23))  1(3,2)
(32)| | MJaga Mjaap MJ1a ) )
(B2 | my mj
MJ" = (12| | MJaap MJaae 0 ) MJ" = 2 " (3.94)

_ . (@3] | MJra Mi2ae
(@3] | MJ1a 0 mMJ224

for the V and A states, respectively.
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There are three sum rules from the mass-squared Hamiltonian:

4sin2¢| (MiA - MiB) cos 2w sin?y) + (M?VB - MJ%,A) cos 2¢) cos 26
= (M3}, — MR,) costsin26[(3 cos2¢ — 1) cos 2¢ + 2 cos’¢] ; (3.95)

(MiA + MiB B MJ%[B B MJZVC)
X [cos 1 sin 20 (cos 20(3cos2y + 1) + 2 sin2¢) + 4sin 2¢ cos 29 cos 20]
=—4 (MXA — MiB) cos 2w cos ¢ sin®y (cos ¢ cospsin 20 — 2sin ¢ sin29) : (3.96)
sin 2¢[2sin® o (MR, + My, —2My, ) + (M3, — My,) (cos 2t + 3) cos 26|
= —4 (MR, — M3,) cos2¢ cossin 26 (3.97)
and there are two sum rules from the spin Hamiltonians:

[ (Ine +3) Mye — (Iny + ) My, (—1)™cNe] sin 2¢p =

[(Jan +3) Ma, — (Jay + 1) Ma,(—1)™5%4] sin 2w (sin ¢ + cos ¢ tan @ cos ) ; (3.98)

[(JNB + %) My, — (JNA + %) MNA(—l)“NANB} (2sec 1) sin ¢ sin 0 cos @ — cos ¢ cos 26)

= [(Ing +3) My, + (Iny + 3) My, (—1)™a%s — 2 (I, + 3) My, (—1)™eVz] cos §3.99)

Axial couplings

In the physical basis, the quark helicity and axial-coupling matrices AX and ga, respectively

are easily obtained. Identifying the nucleon with N one has the nucleon axial couplings

ga = (8A)ce = %[4 cos?p + (3 — 2 cos 2¢) cos 21|

AY, = (AXY) . = cos2y, (3.100)
and the nucleon axial couplings to the excited states

(8a)ac = 3[(3—2cos2¢)sin2¢sing — 4cosfsin2¢siny]

1
3
(8A)pe = %sin¢[(20052¢—3)cosw0059 — 4cosgbsin¢sin9] (3.101)
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The delta axial couplings are

Ca,ne = —2(coswcos @+ sinwsin ¢siny) ;
Capne = —2(sinwcos¢ — coswsingsiny) | (3.102)
and
Ha,n, = —3cos2w . (3.103)

Taking matrix elements of the chiral algebra between nucleon states gives the nucleon

AW sum rule

4 4
2 2 2
(gA>cc + (gA)Ac + (gA)BC - §CZANC - §CZBNC =1, (3-104)
which is seen to be satisfied by Eqs. (3.100), (3.101) and (3.102).
This scheme is very constrained and quite consistent with experiment. Table 3.3 gives

the input parameters and some of the predictions. The predicted angles are ¢ = —0.274,

1 =0.749, 0 = 0.632 and w = 2.868.
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Table 3.1: Saturation scheme 1, axial charges. The asterisk indicates an input parameter.

Axial charge Theory Expt [17]
194 * 1.267
Can 1.27 1.51 + 0.10
Haal 3 2.2+0.6
A% —0.2 -
SN (0.97) log 2 —

Table 3.2: Axial charges and masses in saturation scheme 3. The asterisk indicates an input

parameter and masses are given in MeV. The value of AY is taken from the COMPASS

collaboration’s analysis in Ref. [07] at a renormalization scale Q% = 3 GeV?.
Charge Theory Expt [17, 67] Mass Theory (J7) Expt (J7) [47]
|94l % 1.267 My, x 940 (1)
ICan] * 1.51 +0.10 Ma x 1232 (37)
E7NN 3 2.2+0.6 My, | 1667+102 (%) | 1710430 (1)
AX 0.27 & 0.20 0.31 £ 0.05 My, | 1363+129 (17) | 1535410 (17)
| (8A)ac | 0.55 4+ 0.19 0.07 +0.18 — _ _
| (ga)gc| | 0.56 £0.19 0.21 £0.11 - - _
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Table 3.3: Axial charges and masses in saturation scheme 4. The asterisk indicates an input

parameter and masses are given in MeV. The value of AY is taken from the COMPASS

collaboration’s analysis in Ref. [(7] at a renormalization scale Q% = 3 GeV?.

Charge Theory Expt [17, (7] Mass Theory (J7) Expt (J7) [47]
|94 % 1.267 My, % 940 (1)

Caance| 8 1.51 % 0.10 Ma, « 1232 (3%)

Haannl 2.80 + 0.01 2.2+ 0.6 My, 1700 £ 84 (37) 1530 £15 (37)
AY 0.07+0.11 0.31 4 0.05 My, 1442 +35 (37) 1440 £30 (17)

| (8A) 4c | 0.63 +0.14 0.07 £0.18 M, 1654 £ 71 (37) 1710 £20 (37)

| (gA)pc| | 0.0740.05 0.21 +£0.11 - - _
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3.5 Conclusion

In null-plane QCD chiral symmetry and its breaking are properties of the valence quarks
which carry a definite helicity. As symmetry-breaking condensates are absent when null-
planes are chosen as initial quantization surfaces, the effects of spontaneous symmetry
breaking are necessarily properties of hadronic null-plane states which arise from symmetry-
breaking QCD operators which act as reduced Hamiltonians. The null-plane foliation of
spacetime is therefore convenient for studying nonperturbative aspects of QCD because
these symmetry-breaking operators or Hamiltonians in null-plane QCD satisfy algebraic
constraints due to chiral symmetry and Poincaré invariance which must be replicated in
the low-energy theory. This study has constructed simple nucleon state vectors that are

consistent with experimental data.

The models developed present a compelling physical picture of the structure of the nu-
cleon. In the limit that the mixing between the nucleon and its chiral partners is turned off,
the nucleon reverts to its standard quark model interpretation as being in a representation
of SU(4) (the large-N, limit) and having all its angular momentum given by the valence
partonic constituents. Therefore, one sees explicitly that the non-trivial spin content of the
nucleon, including the particular value of the axial charge, find their origin in the leakage
of the chiral charge among the various states in the nucleon chiral multiplet. One might
ask how this pictures from the non-relativistic quark model. In that case, as in the large-N,
limit, the gluonic excitations are assumed to be suppressed in the ground state. In con-
structing the first excited towers in the quark model, orbital angular momentum is added
to the mixed-symmetry SU(4) representations to obtain completely symmetric spin-flavor
wavefunctions. By contrast, in the null-plane description, the gluons clearly must play a

critical role in the ground state itself.

The main conclusions of this chapter are:

e In null-plane QCD chiral symmetry breaking is a property of the hadronic wavefunctions.
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However, in the Fock basis with truncation to a few terms, the presence of chiral symmetry
breaking is not manifest. Here it has been shown that chiral symmetry breaking is indeed a
property of the hadronic wavefunction: it is driven by the entanglement between the valence
quark spins and the parton sea, which is encoded in the bipartite nature of the hadronic

state.

e The large- N, limit corresponds to vanishing entanglement entropy. This suggests that it
may be fruitful to view the large-N. expansion for baryons as an expansion in entanglement

entropy.

e The gluon sea is essential in determining the ground state null-plane wavefunctions of the

nucleon and its chiral partners.

e Chiral symmetry breaking arises from the interactions between valence spins and spins in
the gluon sea, and therefore the entanglement entropy between these two systems serves as

a kind of order parameter for chiral symmetry breaking in the null-plane description.

e Results found here demonstrate the futility of thinking about the nucleon as a state with
physical properties which in some way are separate from those of other baryon excited states.

A holistic approach to the low-lying baryons is required.

e Lattice QCD methods are not making striking progress in determining parton distribution
functions which will ultimately give a highly-accurate systematic determination of these
quantities. What we have attempted to do here is give an understanding based solely in the
symmetries of QCD and general physical principles of why the proton spin content should
be expected to decompose as it does.

We would naturally like to extend this kind of analysis of entanglement to the full nucleon
wavefunction in QCD. This would be an exceedingly difficult task on its own, as the Fock

state representation of the nucleon contains a formally infinite number of terms, and we have
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just seen that the physical properties of the nucleon state require knowledge of other states in
the spectrum as well. Instead, we will compromise in the next chapter by analyzing QCD in
1+ 1 dimensions. This is a sensible choice of theory for investigating quark entanglement as
the large- N, limit of 1+ 1d QCD is exactly solvable, so the connection between the large- N,
expansion and valence quark entanglement will be readily apparent. The chiral properties
of 1+ 1d QCD are very different from those of real QCD, and there will be no gluon sea
in the light-cone, so the results in the next chapter will describe a very different aspect of
QCD than we've seen so far. In particular, 1 +1 QCD is confined at all energy scales, so
the results of the next chapter will pertain to the confined phase of QCD only, as opposed
to the chiral symmetry breaking scale.

In the next chapter, we will define a notion of valence-sea entanglement for any QCD
bound state and use this to examine the quark entanglement of hadrons in 1 + 1d QCD.
The new definition is necessary because there is no unambiguous distinction between valence
and sea quarks outside of flavor in QCD. We find that for this theory the valence quark
entanglement is exceedingly small for ground state hadrons, and gets incrementally larger
for the next few excited states. For mesons, this a direct consequence of the low energy
states’ resemblances to their large- N, counterparts, which is presumably true in some sense
for the baryons as well. This provides more evidence for a connection between the large-
N, expansion and quark entanglement and suggests that the valence-sea entanglement of

nucleons in real QCD is likely small at low energy scales where confinement occurs.
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Chapter 4

ENTANGLEMENT BETWEEN VALENCE AND SEA QUARKS
IN HADRONS OF 141 DIMENSIONAL QCD

4.1 Introduction

It has been well established for decades now that QQCD is the theory of the strong interactions.
Though it is described in quantum field theory with just an SU(3) gauge field coupled to
fermionic matter, it exhibits the rich tapestry of phenomena that we observe in nuclear
processes. In particular, quarks in QCD behave as nearly free particles at large energy scales
beyond 1 GeV (dubbed ”asymptotic freedom”) [, 5], but for lower energies the interaction
is strong enough that quarks become confined and are only observed within bound states
known as hadrons [08]. Despite having the theory of the strong interactions on hand, it
has never been solved analytically, even when no matter fields are present. A multitude
of techniques have been developed over the decades to tackle the strong interactions which

approximated QCD, some of which have existed prior to the development of it.

Given that there are still difficulties in getting complete results in hadronic physics, it may
prove useful to approach problems in nuclear physics from a different perspective. There has
been a lot of recent interest in quantum information theory and its application to other areas
of physics [0], instigated by a surge of interest and developments in quantum computing [69—

|. A key concept in quantum information science is the notion of quantum entanglement
and the corresponding numerical quantity of entanglement entropy. Entanglement is very
important to quantum computing as it allows for these computers to potentially exceed
the capabilities of classical computing, and the entanglement entropy serves as a resource
for these computers. Understanding the entanglement structure of physical theories can

make them more tenable to efficient simulation on quantum computers. There have been
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a number of important results on entropy in field theory [116-123], but these have been
primarily focused on the subjects of black holes, conformal field theories and holography.

In nuclear physics, a quantum information approach has seen relatively little application,
but this is changing. A paper by Kharzeev and Levin [21] obtained some results for the
entanglement entropy of deep inelastic scattering for the purpose of better understanding
the parton model description of the proton. Deep inelastic scattering only probes part of the
internal structure of the proton, so the unknown remainder of the proton structure which
goes into the ensuing hadron shower that is not measured in these experiments is handled
statistically, resulting in a determinable entropy. Prior to this paper, the investigation of
entanglement in nuclear physics had been rather sparse [23, 51, —135], but many papers
have been written on the subject since then [18, 19, 5560, 62, 63, 136—173]. Many of these
papers focus on entanglement in field theories between two non-overlapping regions of space,
with only a few looking into entanglement between other degrees of freedom [133]. Part of
the goal of this project is to introduce a more general notion of entanglement to go beyond
the usual focus on bipartite spatial entanglement, which we will use to define and investigate
the quantum entanglement between the quarks that compose the hadrons in QCD. This
would not be the first attempt to generalize entanglement; the entwinement [171-170] is an
example of such a case.

The parton model, a major predecessor of QCD [I77-179], was a major step toward
developing the theory of strong interactions and in many ways still informs our intuitive
understanding of it. One such way is through the picture of a hadron as being made up of
a small handful of "valence” quarks, corresponding to the flavor quantum numbers of the
hadron, that are embedded inside of a bubbling soup of "sea” quarks and gluons. However, a
more accurate picture originating from QCD more directly would suggest that the hadronic
state is a much more ambiguous superposition of states with many possible numbers of
partons, with the only clear pattern being that the total flavor numbers for these quark
ensemble states are fixed. Thus the notions of valence and sea quarks seem to have almost

entirely vanished from the more accurate theory, despite being a useful picture in the past.
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What this may be indicating is that there can be a high degree of entanglement between
the valence and sea quarks that is being captured by QCD but is largely omitted by the
parton model. QCD is in some sense more quantum mechanical than the parton model, so
it stands to reason that one of the major differences between them would be rooted in a
purely quantum mechanical concept such as entanglement. Through some notion of valence-
sea (VS) entanglement, one may be able to quantify the degree to which the parton model

picture makes sense for a given hadronic state in QCD.

By "parton model,” we are referring to a model where hadrons are approximated as
pointlike constituent particles, with valence partons embedded in a bath of sea partons.
For example, in deep inelastic scattering of an electron off of a proton, the process can be
approximated by the scattering of the electron off of an individual parton inside the proton
that is then integrated over what is known as a parton distribution function (PDF) [180),

| or its generalizations [182-181]. The PDF essentially tells us the probability of finding
a specific parton within the proton that has a fraction x of its total momentum. This turns
out to be the first order approximation in what is known as the twist expansion [181]. On
top of this, the model also assumes that the distribution of quarks can be separated into
valence and sea contribution, and that the sea contributions between quarks and antiquarks
should match. For example, the up quark PDF f,(z) in a proton should be able to split
into valence and sea contributions f,(x) = f,v(x) + fus(x) with f, s(z) = fa(x) under the
parton model. The quark-antiquark symmetry assumes that the parton sea can be divided
neatly into quark-antiquark pairs, which can presumably be used to identify which quarks
are part of the sea and which ones are valence quarks. This all implies that the wavefunction
for the proton is roughly factorizes into valence and sea parts ¥(x) ~ ¥y (x)g(x). If this
was accurate, then the entanglement between valence and sea partons would be zero. This
is the sense in which valence-sea entanglement can measure the applicability of the parton
model, as a large degree of entanglement would indicate a strong violation the assumptions

of the parton model as described here.

Additionally, there is no reason to assume that entanglement is accessible through per-
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turbative methods, so an entanglement-based investigative approach to QCD could provide
new insights into hadron structure. For VS entanglement in particular, it is known that in
large-N. QCD where diagrams with quark-antiquark pairs are suppressed [11-13, 41, -

|, the hadrons in the spectrum have only gluons in their parton seas. Thus there can be
no VS entanglement between quarks at large N., which shows that not even the large-NN,
expansion will capture such a property of the hadrons. This further motivates an investiga-
tion into VS entanglement as a means of gaining more nonperturbative information about

the makeup of hadrons.

The results of this work are obtained using QCD in 1 space and 1 time dimension,
which was extensively analyzed in [189-192]. While QCD in lower dimensions lacks some
of the features of full QCD, such as fermion spin and dynamical gauge field components,
confinement still occurs here, and it’s spectrum has been essentially solved in the large-
N, limit [12]. The relative simplicity of the lower dimensional theory combined with the
presence of confinement makes it a useful model for the low energy spectrum of QCD. From
our work, we find that the VS entanglement that we have defined converges to a finite
value fairly quickly for the lowest energy hadrons, and the values they approach tend to be
rather small. For mesons, this is a result of their wavefunctions strongly resembling their
large- N, counterparts, with this connection diminishing as we go further along the excited
meson spectrum. For baryons, we cannot draw a resemblance to the large- N, wavefunction
specifically, but a similar connection to large-N,. physics more broadly is likely behind the
small values as well. For ground state mesons, the N. dependence of the VS entropy also
fits nicely to a 1/N. curve, which suggests that a large-N. expansion of the VS entropy
should converge rapidly. If this convergence holds in real QCD, it would open the possibility
of calculating it perturbatively with the large-N,. expansion. The VS entanglement of real
QCD would almost certainly be scale dependent, and so it may serve as an order parameter
for the transition between quark and hadron degrees of freedom, which would show that

entanglement between quarks is an important aspect in the process of hadronization.

This paper will proceed as follows. In the first section, we will define two notions of
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quark entanglement: single quark (SQ) entanglement, which we will show is related to parton
distribution functions, and valence-sea (VS) entanglement, which will be the primary interest
of the rest of the paper. The following section will define 1+1d QCD in the Hamiltonian
formalism as well as the 't Hooft model, which is the large- N, limit of this theory. The third
section will discuss discrete light-cone quantization (DLCQ) as it applies to this work, which
is the main tool used to get our entanglement results from 14+1d QCD. More details about
our calculational methods can be found in the appendices. The next section will show how
the VS entanglement entropy relates to matrix elements that can be calculated in DLCQ.
The final section will contain all of our numerical data and calculational results, which is

followed by our conclusions about the work.

4.2 Extension of Entanglement

4.2.1 Definition

We can quantify valence-sea entanglement by defining an associated entropy stemming from
a bipartition of the valence and sea quark degrees of freedom. However, in QCD, there is
no way to make a distinction between the valence and the sea degrees of freedom outside
of the specific flavors of the valence quarks. A general Fock state that is a component of a
hadronic state can have multiple quarks that have the same flavor as a valence quark in the
hadron, so we will need a prescription to determine which quarks count as valence quarks
and which ones are part of the sea. Our approach is to duplicate the Hilbert space, apply
some operators to the density matrix that pull quarks of the proper flavors that match the
valence flavor structure, and then trace out the original Hilbert space to obtain a density
matrix that acts in the valence quark Fock state basis. This effectively adds a contribution
to the valence density matrix for every possible selection of which quarks count as valence
quarks within the Fock state expansion of the hadronic state. This means that our definition
of the valence density matrix is agnostic towards the properties of the valence quarks other

than their flavors, and that Fock states with a higher number of quarks will be weighted
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more heavily than those with fewer quarks because our procedure sums over possible valence
quark assignments rather than averaging over them.

To illustrate how this formalism works, we will begin with a simple example. Consider a
quantum system where particles can occupy two sites labeled A and B. Each site can either
be in an occupied state |1) or an unoccupied state |0). The most general state one can make

in this system is
|Y) = «]00) + B 101) + v [10) + 6 |11), fa+pB*B+y"y+d0=1 (4.1)

with amplitudes «, 3,7, d, where the left digit in the basis states correspond to site A while
the right digit corresponds to site B. The general reduced density matrix for site A is given

by

pa = Trpl[Y) ([] = («]0) +v[1))(a” (O] +~7 (1)) + (B[0) + 0 [1)) (5" (0] + 0" (1)~ (4.2)

As we will see later, the usual notion of bipartite entanglement can always be obtained using

the extended formalism. We can define another reduced density matrix given by

paa = Tri[Xa |¢>1 |00>2 <OO|2 <¢|1 Xal, (4.3)

where we have duplicated the system with our general state |¢) in the original space 1 and
we have chosen our starting vector in the auxiliary space to be the state |00). The operator

X 4 swaps the state in site A1 with the state in site A2, so that
Xa i), 100), = a[00), [00), + £[01), |00), + 7[00, [10), +(01), [10),.  (4.4)

Putting this into the expression for ps4 and tracing out region 1 (and dropping the 2 sub-

scripts on the remaining state vectors), we get

p2a = ([00) +7[10)) (" (00] 47" (10]) + (5 |00) + 6 [10)) (5 (00] + 67 (10]) = pa @ (|0) (0]) 5,

(4.5)
which will give the same results for any measure of entanglement as p4 does by itself. Note
that instead of choosing |00) for our initial auxiliary vector we could have chosen any sepa-

rable state |¢4) |¢pp) and achieved mostly the same result with po4 = pa ® |¢5) (5.
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29 _a 99 99, o 99

Figure 4.1: Illustration of how the operator () acts upon states in the two-site example.
When only one site is occupied ) moves it into the duplicate Hilbert space. When both are
occupied, () adds two contributions, one where the first particle is treated as the valence

particle along with another where the second is treated as the valence particle

This system can also help illustrate what is meant by quark entanglement in this chapter.
Instead of the operator X 4, which probes entanglement between sites A and B, we use the

Hermitian operator () given by

Q=04,013100,,@1pa+14100% @14 2005,4+0, @Lp1Q0 L ,@Lpa+141005 01 4280% ,,
(4.6)

0 1
where 0~ = removes a particle from an occupied state and o™ = adds

00 10
particles to an unoccupied state. We strategically choose |00) for our initial auxiliary vector

here because it is fully unoccupied, so that

Q1)1 100), = (04, ®1p1® 04, @ 1pa+1a1 ®@0p; @ Lan @ 0g,) 1), ]00),

= (100, [01), +~[00), [10), + 6(|01), [10), + [10), [01),). (4.7)

This makes it so that our procedure isn’t generating completely artificial entanglement,
guaranteeing that the entanglement we are measuring strictly originates from the original

state and not the auxiliary one. The reduced density matrix for quark entanglement can
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L

H, Ho

Figure 4.2: Illustration of the procedure for obtaining the valence-sea entanglement for a
baryon in QCD. Our procedure pulls three quarks with appropriate flavors out of the baryon
state in H; and moves them into the vacuum state in Hs. The entanglement between the
valence quarks and the parton sea becomes the entanglement between H; and Hs, which can

then be analyzed using standard methods for bipartite entanglement.

then be written as

PQ = NTrl[Q |77Z)>1 |00>2 <00|2 <¢|1 Q]
= N ((801) +~[10))(8" (01] + v* (10]) + 675(|01) (01 + [10) (10])) , (4.8)
N =3B+ 420" =146 — a*a. (4.9)

Note that the one particle states in |¢)) show up as a pure state contribution to the density
matrix and are only counted once, while the two particle state |11) contributes twice in
the form of an identity matrix. This is a general pattern that will hold for valence-sea
entanglement as well; Fock states that only contain valence quarks do not contribute to the
entropy, and Fock states with many sea quarks generally contribute more to the entropy
than those with fewer sea quarks. This is because every possible assignment of which quarks
count as valence quarks is summed over in the density matrix, so our measure of valence-sea

entanglement is very sensitive to the presence of many sea quarks.

The procedure for obtaining the reduced density matrix in a general setting is as follows.
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Given an initial pure state |¢), the definition of the reduced density matrix is given by

p=N Ty |Osz i), [0), (0], (], Ol (4.10)

This requires the duplication of the Hilbert space so that H — H; ® Hs. This duplication
serves the purpose of creating an artificial bipartition of the Hilbert space so that notions of
entanglement can be rigorously defined even when no bipartition exists in the original Hilbert
space. The operator O;2 acts on both Hilbert spaces so that the initial states |¢)) and |0)
are transformed into an entangled state and the density matrix is non-trivial. The specific
choice of operator and initial state |0), defines the type of entanglement being represented
by p. Additionally, there may be a normalization factor A/ necessary to ensure that the trace

of p is fixed appropriately.

There are two main reasons why this definition seems appropriate. First, this formalism
can be used to replicate the entanglement measures of any system that is already bipartite,
including spatial entanglement. To see this, consider a state [¢)4p) in a Hilbert space H =
Ha ® Hp, such as the two-state example we walked through previously. We can define the
density matrix in this formalism by choosing an operator Xi5(A) that swaps components of

the state within A so that

X12<A) WAMBh |¢A¢IB>2 = ‘¢A¢§3>1 WA¢38>2 . (4-11)

along with a separable initial state |0) = |040%). In the example, this is just the operator
that swaps sites A1 and A2. It is straightforward to show that Xi5(A) is both a Hermitian

and unitary operator. Using a set of separable basis states ’qbi’ A¢>;-73>, we can write |[¢)) =
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> i Qi |, a¢; 5)- The density matrix is then defined by

p =N et [Xia(4) [¥am), [0), (01, (Wasl, X1o(4)]

=Y i > apTn UOA¢},B>1 |94,40%) 5 (Dr,40%], <0A¢E,B}1]
i kel

- Z (Z aijo@) |05,40%5), (0k,40%],
ik \

= pa ®|0p) (05|, (4.12)

where pap = Trg [|[ap) (¥ap|] is the usual notion of bipartite entanglement between sub-
spaces A and B. Since pap is equal to a tensor product of psp with a pure state density
matrix |0%) (0], the entanglement entropy of p is equal to the entanglement entropy of pap,
so our formalism reduces to the usual notion of entanglement when the original Hilbert space

is already bipartite.

Second, this construction allows for the VS entanglement of the 't Hooft model mesons
to be zero. The operator corresponding to VS entanglement will take a quark operator,
similar to the operator () from the example, for each valence quark from H; and move them
into Hs before tracing out H;. The initial state |0) is taken to be the free quark vacuum
state so that there are no particles in the duplicate space to move into the original space
and create entirely artificial entanglement, which was also a consideration in the example.
For 't Hooft model mesons, the operator effectively dumps the entire meson state into Ho,
making p a pure state density matrix with zero entropy, which must be the case if this is
to be a sensible measure of entanglement between valence and sea quarks. This also applies
to the parton model state outlined in the introduction where the state ¢ (x) ~ ¥y (x)g(x)
would have ¥y (z) moved to Hy while ¥g(z) is left in H; and traced out, leaving a pure state
density matrix defined only by ¥y (x). Details about how VS entanglement is defined using

this formalism will be given in a later section.
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4.2.2  Single-Quark Entanglement

As an aside, we can also look at how an individual quark is entangled with the rest of a

hadron. A single quark operator of flavor 7 in the light-cone formalism is given by

Q; = /dx_dx‘i_Q Gio(x™, Z)Y qin (2™, 21)

Q= [ dr et gue 7 sl ), (113)
where d is the spacetime dimension. In these equations and the work going forward, we use
the conventions z& = “Uoi—f; for the light-cone coordinates and v+ = voi\};_l. The quark

fields in these expressions are full, unprojected Dirac spinors, though the v in between
them will eliminate parts of these spinors in any practical calculation. Using this as our
entanglement operator and applying several conservation laws, it can be shown that the

resulting density matrix is given by (in light-cone gauge)

1 oo
=N [ [ )
A 0 —00

- de=dz%2 . - B
f@)\(ﬂf,k’L) = /%T)dile—szJrz esz.Zl <\I](P+,PL)

Qi,/\(xPJral;J_)> <%,A($P+,EJ_))

@ () Iy ai(0) [U(PT,PL)) . (4.14)

where

gix(kT, EL)> = bj.’)\(k*, k1) |0) represents a single quark state in d = 2 or 4 spacetime
dimensions with momentum k, flavor i, and helicity A\, while ‘\I/(P+,]3L)> represents a
hadron with total momentum P, x is the fractional momentum k*/P*, and IT) is a helicity
projection operator, given by II, = %(I + A\y°). As with our position coordinates, the light-
cone momenta are defined with the convention p* = Ipi—f;. With d = 4, the expression
for fi(x, k1) turns out to be the expression for a parton distribution function (PDF) in
QCD, including the dependence on helicity and transverse momentum. This provides an
interpretation of PDFs as a measure of quark entanglement within a hadron.

The expression for the SQ density matrix above was specific to light-cone gauge. In
general, a Wilson line is necessary to maintain gauge invariance in both the PDF and another

line for the SQ state vectors in the duplicate space. This work is entirely in light-cone gauge

as it is the natural choice for both PDFs and 14+1d QCD.
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4.2.8  Other Definitions of Reduced Density Matrices

So far, we have defined our reduced density matrix by using a partial trace over the original
Hilbert space. In the literature, given a Hilbert space that can be partitioned into two regions
H = Ha ® Hp, there are three equivalent ways to define reduced density matrices in a field

theory [174]:

1 The standard method of doing a partial trace over the pure state density matrix p =
1) (1] to get a reduced density matrix ps = Trg[p]. In theories with gauge symmetry,
this may become more complicated as extra physical degrees of freedom may need to

be temporarily added to the Hilbert space to perform the partial trace, as in [193].

2 One can also find the density matrix by searching for the matrix ps € H4 that has
expectation values with other operators in H 4 equal to those of the original pure state

|1)). In other words, ps must satisfy
TI"A[pAOA] = <?/J‘(OA®IB) |@ZJ>, VO, € Ha. (415)

The space of operators in H 4 can be defined as the subset of operators in H that have

the form Oy ® Ip.

3 The last definition is to write the density matrix as a path integral, and is primarily
used when applying the replica trick to calculate the entanglement entropy of a low

energy state. One starts with the pure state density matrix

o= / DD Z,(6,¢') |6) (&, (4.16)

where |¢) is some state that diagonalizes the constituent field operators that make up
Y, and Zy (¢, ¢') = (¢'|¢) (¥|¢) will be our path integral. Assuming that |¢) represents
a minimum energy state for a given set of conserved quantum numbers, Z;(¢, ¢') can
be written as a Euclidean path integral with an insertion of some simple operators with

the appropriate quantum numbers, whose upper and lower functional bounds are given
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by ¢ and ¢, respectively. Assuming that this functional basis can be partitioned so
that |p) = |da) |¢B), the reduced density matrix is obtained by setting ¢z = ¢p and

integrating, so that
pa = /D¢AD¢/A (/ DopZy(¢a, ¢5; ¢:47¢B)) @) (Pul - (4.17)

The discussion of a broadened definition of entanglement in the previous section was entirely
in terms of definition 1 above. For SQ entanglement, the density matrix can be obtained
from definition 2 by matching to matrix elements of the form (¢| g;(2)I'y"¢;(y) |¢) for some
arbitrary spinor matrix I". A similar operator definition likely exists for VS entanglement,
but some subtleties discussed below may require a slight modification to either this approach
or the partial trace approach to get a more sensible definition of VS entanglement. Since
definition 3 makes some assumptions about the hadron, it cannot be discussed in general

terms here.

4.3 1+1d QCD and the 't Hooft model

This section will give details on the 1+1d QCD null plane Hamiltonian that will serve as the
mathematical foundation for everything that follows. We will also reproduce the 't Hooft
model in this formalism, which serves as a useful starting point for defining valence-sea (VS)
entanglement as the mesons in this model have no sea and therefore no VS entanglement.
It was first worked out in a paper by 't Hooft in 1974 [12] (see also section 3.2 of [191] for a
discussion of these results using this chapter’s conventions), and it’s Hamiltonian form has
been known since the *90s [195, |. One appealing aspect of the 't Hooft paper at the time
was that it gave us a simple model that exhibited a Regge trajectory in its meson spectrum.
The paper’s method was to find the meson’s wavefunction using the Bethe-Salpeter equation
for the large- N, interactions in d = 14+ 1 QCD. The large- N, limit made it tractable to sum
up all of the relevant diagrams and get a non-perturbative result for the wavefunction. It is
also an example where light-cone coordinates were of more use than conventional space-time

coordinates.
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4.3.1 QCD in 1+1 Dimensions
Null Plane Hamiltonian

The QCD action in d = 2 dimensions reads

1
S = /d2x <Q(W”Du —mgy)q — §TI[FWFW]) : (4.18)

where D, = 0, —igA, is the covariant derivative and m, can in principle be a diagonal
matrix in flavor space for Ny flavors of fermions. To go into the null plane, we will need to
separate the fermion fields into two parts using the projection operators I1+ = %fﬁfyi. With

q+ = IT*q and choosing light-cone gauge A™ = 0, the action becomes

L , 1 ) I
S = /dQ:c (\/ﬁzqm ¢+ +V2igL 0% g — —=(akm g +almy g + V290l ATgs + S (07 AT )2> :

V2
(4.19)

where the index a is the adjoint index for the SU(N.) gauge field. From this expression, we
can see that both ¢_ and A~ are non-dynamical and should be integrated out. The resulting
terms from the integration will be nonlocal in 7, and at this stage we will take care to
define our quantities rigorously.

Define the inverse derivative to be

ettt =5 [ e — oty (4.20)

oo
where €(x) is the sign function, whose derivative is twice the delta function. The advantage

of this definition is that the inverse derivative obeys integration by parts; that is,

/ Z dz~ ((%rgzﬁ(m)) w(z) = — / Z dz~¢(x) (%W(x)) . (4.21)

Now we can define the fields to be

Bt a7) = (076, 17)) + Cyla), (1.22)

The function Cy is necessary to allow ¢ to be a completely arbitrary field under a path

integral.
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Returning to the QCD action, we can use the above conventions to integrate out the

non-dynamical fields and obtain

B b ae m; 1 1 ?
S = /dw da™ ((\@qi)@ 0 —d\, \/éz'qa+q+ -5 (ﬁgaj(qiT Q+)> : (4.23)
We also get a couple of constraints
/ dz=ql (z%,27) =0, / dx™ <qiT“q+) (zF,27) =0. (4.24)
from integrating out C, (z*) and C;**(z"), respectively. Note that through integration by
parts we could have had to integrate out Cy, (z1) as well to get the complex conjugate of the
first constraint. This seems to imply that states with p™ = 0 are not allowed in the Hilbert
space. The second constraint implies that states in the Hilbert space must be invariant under
global SU(N,) transformations in the null plane.

From the above expression for the Lagrangian, we can identify that the fundamental

commutation relation and the null plane Hamiltonian to be

N oL I
{(@)am(z7), (@ on(y)} = ﬁdabémné( y) (4.25)

> My o 14 ’
Pz/_oodx Q+\/§ia+Q++9 (a—+(Q+TafJ+)) ; (4.26)

where the subscripts a,b represent fundamental SU(N,) color indices and m,n represent

flavor indices for Ny flavors. It is clear from this expression that the Hamiltonian is composed
of a kinetic term P; and a potential term V proportional to g*. If we write out the inverse

derivatives in the potential, we get
92 0o ; ;
V= Z/ de=dy~dz"e(z” —y )e(e” — 27 ) (g3 T ) (¥ ) (i Tq4)(27)
2 o)
g o L o o
= 5/ dy~dz"(w6(0) — |y~ — 2~ (g Tq4) (y ) (dh T4 ) (2 7). (4.27)

The divergent 6(0) term seems like it will be a problem at first glance, but upon closer

inspection it is proportional to two factors of the global SU(N,) generator [ daj_qiT“qu,
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which by the second constraint above must vanish for any state in our Hilbert space. In
fact, this is the same infrared divergence that 't Hooft encountered in his derivation of the
self-energy that eventually disappeared in the final result. Thus we can neglect the divergent

term to write the potential as

2 00
g - . _ . _
Ve [yl -yl T O T ) (1.25)
This explicitly shows the linear confining potential of d = 2 QCD. One would get a similar
result for d = 2 QED in the null plane.

Momentum Space Potentials

While this form of the Hamiltonian looks fairly simple, it is not particularly useful for
analyzing the lowest lying energy states. To do this, we need to convert the Hamiltonian

into a momentum space representation. The quark fields can be written as

gu(z) = /0 h 4%“/\/% (b(k)e—ik*f +d*(k)eik*f) , (4.29)

where b(k) and d(k) are the annihilation operators for the quark and antiquark, respectively.

Note that these operators do not have a spin index because in d = 2 spacetime dimensions
there are only 2 components to a Dirac spinor, and one of them was integrated out in the
process of getting to the null plane Hamiltonian. The factor of \/+v/2k™ is a leftover remnant
of the plane wave spinors that act as solutions to the Dirac equation. The fundamental

anticommutation relations between the creation and annihilation operators are given by

{bam (k). b}, (@)} = {dam (k). d} (@)} = A7k 0u0mnd (K — qF), (4.30)

where a,b and m,n continue to represent color and flavor indices, respectively.

We will not go through the derivation of how to get the expression for P~ in terms of the
b(k) and d(k) operators. Rather, we will categorize the different terms that appear in this
expression and briefly discuss each one. In momentum space, we organize the Hamiltonian

into the following terms:

P_=K+VM+VB+‘/Q+‘/;+%—Q. (431)
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K is the free particle kinetic term, given by

K= /Ooo % (bT(k) 221}(1@) + dT(k) o7 d(k)) (4.32)

Note that in this expression and in all of the ones to follow we are suppressing the superscript
+ on the momenta. Unless otherwise stated, all momenta without a superscript now refers
to the + component. Also recall that m, can in principle be a real, diagonal matrix in flavor
space. This term simply adds a factor of to the energy for each particle and antiparticle
in a given state vector.

The constant €2 is the formally divergent vacuum state energy, with contributions from
both the free particle Hamiltonian and the potential. Since it is a constant and only con-
tributes to the overall phase of a given state, we will neglect it going forward.

The first term in the potential, V), is given by

_ 9 <H/ 27r\/%> {ﬁ} (2m)5 (k1 + ks — ks — ka)

g (bl,m(kl)d* <k2>dbn<k3>bbm<k4>—Fblm<k1>d2,n<k:2)db,n<k3>ba,m(k4)), (4.33)

where & refers to the principle value of quantity in brackets. This term is labeled Vj,
because, as we will discuss below, in the large- N, limit it is the only part of the potential
(besides V3) that contributes in the meson sector. We can see that the leading piece corre-
sponds to a quark-antiquark pair in a color singlet being annihilated and recreated. If we
suppose that this term represents some intermediate state that forms and decays during this
process, then it would be a color singlet that has two flavor indices, just like a meson. This
is a further indication that this term is specifically important for the description of mesons.

The term Vj is given by

o= (I vam) 2 L] et 02k

* (bl,m(kl)bl, (F2)ba,n (K3) Db (ka) — Fbgm(kl)bjm(kg)bbm(kg)bm(/@1) +(b— d)) :

(4.34)
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This term is labeled Vg because in the large-N, limit it is the only part of the potential
(besides V4) that contributes in the baryon (or antibaryon) sector. This is also the only term
that counts either quarks or antiquarks exclusively; that is, these are the only 4-operator
terms that do not have both b’s and d’s in them. For mesons, however, this term is subleading
in the Nic expansion. In terms of diagrams, this seems to correspond to two (anti)quarks

exchanging a gluon and swapping color charge in the process.

The term V, is given by

v_Z ﬁ/m dk; L 0m)3(ky + ks — ki — k)
) 1 Jo 22k (k1 + k2)? ! ? ’ !

1

. (b:a,mwl>d£,m<k2>db,n<k3>ba,n<k4> - sz,muﬁ>di,m<k2>db,n<k3>bb,n<k4>) (@)

This term is labeled V; because it corresponds to a quark-antiquark pair in a flavor singlet

but a color adjoint being annihilated and recreated. This suggests that the term represents
some intermediate state with the same quantum numbers as a gluon, and the kinematical

factor of > appears to be the gluon propagator in light-cone gauge. It is subleading in

1
(k1+k2)

1 .
the 5~ expansion.

The term Vj is given by

2 4 00
V, = — ” 2m)0(k1 + ko + k3 — k4) | 00dOpe — =—0apOc
2 (z‘:1/0 27Tv2ki> (k1—|—/€2)2< m)6 (k1 + ko + k3 4)( d0b N. vO0cd

i (B ) 062) (6 1 O () — ] (sl () + () ) (4.36)

This term is labeled V, because these are the only factors that have an unequal number
of creation and annihilation operators, breaking the quark+antiquark number symmetry
and allowing for the existence of sea quarks distinct from valence quarks. This part of the
potential contributes to diagrams with virtual quark-antiquark loops in them. It is subleading
in the NLC expansion, as is known from the counting of N, factors in the diagrammatic

expansion.

Finally, the term V5 is given by

— _ 2% + L t 1
[ e A T (b (k) 57b(k) +d' (k) de(k)) . (4.37)
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This term is labeled V5 since it has the only 2-operator terms in the potential. It corresponds

to the self-energy of a quark, and its only effect is to shift the squared quark masses by a

factor of —g?Ne=!

2o, - 1t survives in the large-N, limit.

4.3.2  Large-N. Limit

Taking the large-/N. limit in the Hamiltonian formalism corresponds to the vanishing of
some of the (anti)commutators between field operators. This is because the anticommutator
between two field operators includes a Kronecker delta for the color indices. The sum over a
Kronecker delta is given by » d4 = 1, while the sum itself goes as N, so the delta function
can be thought of as going as Ni Thus the fundamental anticommutator between quark
fields would seem to vanish in the large-N, limit, but this is not strictly true, such as in
cases where the quark fields are guaranteed to have the same color index. To clearly see
which commutators survive the large-N, limit, we need to work strictly with color singlet
operators.

For the meson sector, the most basic color singlet operators we will need are of the

form b'b, did, b'd, and db. For the first two operators, the commutators with a single field

operator all have the form

(b (k)b (q), 0F . (0)] = (47p0nd (g — p))BL 1K), (4.38)

which is order 1 in the large-N, expansion. Thus all of their commutators will be order 1
and we can consider these operators to be of order 1 as well. The latter two operators, bfd'

and db, are a bit more complicated. Between the two of them, we have

[dbms (62) b,y (1), bF o, (K1), (K2)] = Ne(47k18min, 6 (k1 — 1)) (4 kabrmyny 6 (ko — g2))
- (47rk25m2n2(5<k2 - QQ))b:;,ml(kl)ba,nl (Q1>
— (47k10myny 0 (k1 — QI))dl,mg(l@)da,nQ (42), (4.39)

whose leading term is of order N.. However, the commutators with the former two operators
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is of order 1. For what follows, we will define the operator

1
Lmn(p, 37) = 471_ch(1 — x) da,n<p(1 - x))ba,m(px)
Lo (6 9). L ()] = 47Ky B8 (k — )z — y) — O(—).  (4.40)

Ne

The letter L is chosen because this operator can be thought of as a generator (or annihilator)
of a quark-antiquark loop in a color singlet configuration. With this definition, we now have
all of the color singlet field operators needed for the meson sector (b'b, d'd, L, and L) which

scale as @(1) operators to leading order in the large-N, expansion.

The 't Hooft model is d = 2 QCD in the large-N, limit such that the coupling constant
g~ \/Lﬁ The potential is proportional to g2, so the operators must go as N, or better to
survive the large-/N, limit. The only way to achieve this with a four-operator color singlet
term is with something like (b'd")(db) ~ N,L'L, which exists only in the Vj; term. The

Vs is also proportional to g?N, as is evident from its definition above. Thus the null plane

Hamiltonian for the 't Hooft model can be written as

lim P~ = lim (K*+ Vi)

Ne—o0 Ne—o0
mlw—K+v—/m“7mwM%w+wdew
Neroo 7 ), arxk 2k 2k

QEJW__8W<H/)%W%> {@—%] 7)0(ks + ks — ky — k)
)

s (08 (k1)L (Ka)dy (K3 )by (1)
= ¢ d / dy P
¢ /0 47r/€/ ’ Y

where £2 = 922%, which remains finite in the large-N, limit, and M; = m? — &*. From this

1—kLIm(k,x)Lmn(k,y). (4.41)

Hamiltonian, we can recover 't Hooft’s original results and obtain an equation for the meson

wavefunction that is important for finding their mass spectrum.
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4.3.3 The Meson Wavefunction
The meson state vector is given by
< dky de 1
— U (K, K bl (k)dl L (K2) [0
o) = | | e Vn b )b () 12) 0
1
— [ do @)Ll ) 0. (1.42)
0
\Ijmn(kla kQ;p> = 47?']65(]{3 - p) V 47TZE(1 - x)¢mn(x) (443)

where W, (k1, k2; p) is the total meson wavefunction, k = ky + ko is the total meson momen-

tum, x = k; /k is the fractional momentum of the quark (1 — x for the antiquark), and |0) is
the vacuum state. Since the Hamiltonian commutes with the momentum operator, this state
is an eigenstate of P with eigenvalue p. The state is normalized to (¥, g|v, p) = 4wpd(p—q),

so the wavefunction must have a normalization of

1
|z @) =1 (141
0
This state is a bound state of the null plane Hamiltonian, which means it must satisfy
the equation
2
: _ L ) _nt
Jim P7[.p) = Jim (K Vag) o) = 5 10.9). (4.45)
where g is the mass of the meson. Using the definitions and commutation relations above,

we can apply the Hamiltonian to the state to get

I M2 M?
Jin o) = o [de (B ) @) 0 (4.46)

Jim Vil = o [ da (¢ / iy 7 | ] ) Ehtn 0, @

where M? is the shifted mass squared for a quark of flavor n. Putting these two equations

together, we get an equation for the meson mass of

(Af 1M )%” 5/dy¢@{ )]%m() 1P (). (4.48)

This is precisely the result that 't Hooft obtained in his 1974 paper. From here, we can

numerically solve this equation to find both the wavefunctions and their corresponding mass

values in the meson spectrum.
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4.4 Discrete Light-Cone Quantized Hamiltonian

4.4.1  Overview of DLCQ

While 1+1d QCD in the large-N, limit is exactly solvable, the same cannot necessarily be
said of QCD with a finite number of colors. Thus we will need a way to approximate the
theory in a way that makes it computationally tractable. Since there is no clear perturbative
expansion that can be done to obtain entanglement entropy results, we will instead discretize
the theory to render the Hilbert space finite. The bulk of the investigation into VS and SQ
entanglement will be done using discrete light-cone quantization (DLCQ), using the same
null plane Hamiltonian P~ defined in the previous section. DLCQ is discussed in detail in
[190, 197, 198], with specific applications to 1+1 QCD given in [191, 192, 199]. In DLCQ, we
discretize momentum space of quarks to half-integers with spacing dp. The Hamiltonian P
can be separated into smaller terms based on eigenstates of total momentum P*. Since this
momentum is strictly positive, the total momentum Pt = K dp provides a natural cutoff for
the constituent particles, so no separate large momentum cutoff is necessary. In addition,
M? = 2P P~ has no explicit dependence on dp, but it does enter implicitly through K, so
the continuum limit is approached as K increases toward infinity. Notes about the specifics

of the simulation architecture can be found in Appendix A.

4.4.2  The Hamiltonian

Instead of working with the Hamiltonian directly, we will use the Poincaré invariant mass

squared operator given by
M?=2P"P" =K+ Vy+Vs+V,+V, — Q. (4.49)

All of these terms are directly analogous to the terms of the continuum null plane Hamiltonian

defined in the previous section. K is the free particle kinetic term, given by

m2 m2
K=n,»_ (b; fnthagn + df, fntda f,n) : (4.50)

n
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With €2 = QQNC, the discretized potentials are

21
B &n, 1
Y=y 2 7 (ng — n3)? Oratnatn

ni,n2,n3,n4

1
* (bl,f,nldl,g,ngdbagyn:ibbvfyml - ﬁbl,f,nldz,g,ngdbvgvn3ba7fyn4) : (451)
c

£n 1
VB - 2_]\/vp Z P | (5n1+n2,n3+n4

— 2
n1,N2,13,N4 (n2 n3)

1
* (bl,f,nl bl,g,nzba7gzn3bb7f7n4 - ﬁ (-l;,f,”ﬂ,l bz,g,ngbb7gzn3ba7f»n4 + (b - d)) ) (4'52)
y, = £ 3 L
g Nc (nl + n2)2 ni+nz,n3+ng
ni,n2,n3,nqg
1
* (bg,f,nldz7f,n2db797n3ba797”4 - Fbl,f,nldj;,f,nzdbyg»TLSbb,g,”4) N (4‘53)
c
&n, 1 1
Vs:_ —611 na+ns,n 6a50__6a50
N Z <n1+n2)2 1+n2+n3,ng dYb Nc bYcd
ni,n2,n3,n4
* <bl,f,n1dz,f,n2 (bl,g,k’gbdvg’nél - d;,g,k3d57gan4> + (hc>> . (454)

Since in our numerical work we are always using vector spaces that share the same total
+-momentum, there is no practical difference between working with the Hamiltonian or
working with M?2. However, the single particle energy levels in the M? stay discrete when
extrapolated to the continuum, so it is much easier to identify these states in M? when
varying the total number of momentum units K.

There is no term analogous to V5 is our discrete version of the theory. This is because
we choose to define the principle value for the discrete potential to give the same answer as
it would in the continuum, specifically so that

- -1 11
Z P |:—:| 6n1+n2,n3+n4 =—+ —. (455)

_ 2
S— (nz n3) ny N2
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for positive half-integers n; and ny. This leads to a value of f,, as defined in Appendix D of

n—1/2 1 1
fo=D @t (4.56)
k=1

The extra factor of nil + n—12 coming from this principle value cancels out the V5 term in the
Hamiltonian. This prescription was necessary in order to get a more accurate mass spectrum
as the mass becomes small compared to the coupling strength g. With the more conventional

2 values emerge as the

choice of %f for the principle value, we would see some negative m
potential became stronger, which is a result of the zero modes that appear when the quarks
are massless becoming states with negative m? values upon discretization. Our prescription
for the principal value guarantees that the zero modes in the theory with massless quarks
will continue to be zero modes in DLCQ, and all of the eigenstates of M? do appear to have
physically sound masses with this choice. Details about this choice of principle value are

given in Appendix D.

The diagonal parts of the Hamiltonian applied to a color singlet vector are given by

Vult ) = S S I (000~ 0 Bus(0)
RS g (g o)
R T )
+ &y (1 — %) (Fy+ Fy) [¥, a) . (4.57)

with Fj, and Fj defined in Appendix D with the f,, discussed above.
4.5 Valence-Sea Entanglement

This section details the construction of the valence-sea entanglement for various hadrons. The
initial state |0) is taken to be the light-cone vacuum, while the VS entanglement operator

is a product of multiple ); operators from single-quark entanglement, one for each valence
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quark. All of our results are obtained using DLCQ), so all of our expressions listed here are
given using operators in discretized 14+1d momentum space. The continuum analog can be
obtained fairly straightforwardly by starting with the basic expression for the density matrix
using the definitions for Q; and Q; in Eq. (4.13). Many of the analytic results derived in this

section carry over to the continuum theory.

4.5.1 VS Entanglement for Mesons

The simplest example of a valence-sea density matrix is that of a meson where the quark
and antiquark have different flavors. This serves as the 1+1d analog of the 7" meson, where
the valence particles have flavors u for the quark and d for the antiquark. The VS density

matrix for the 7% analog state with total momentum K is given by

prt =N Try [Qqu ‘W+’ K>1 10)4 (0], <7r+, K‘l Qd@“}
= N Z Z fk1k2k3k‘4:ab6d <b;r€1,u,adl];2,d,b |O> <0| dk3’d’cbk4’u’d) ’ (458)

a,b,c,d k;
with discrete momenta k;, color indices a,b, ¢, d for SU(N,) ranging from 1 to N, and a

normalization constant N. The @Q operators in discrete momentum space are defined by

Qi = Z(b;i,cﬁbk’i’c’l + dk,i,c,2dlt,i,c,1>

k,c
Qi = (bricabl;or + Al codiicn), (4.59)
k,c
f above is defined to be
fk1k2k3k4,abcd = <7T+, K| bL47u7de]23,d7cdk2,d,abkl,u,a ‘WJF, K> . (4~60)

Since the meson state is a color singlet, only color singlet configurations of the creation
and annihilation operators in f will give nonzero contributions. The easiest way to get the
color singlet configurations is to get the irreducible representations (irreps) of the creation
operators and the annihilation operators separately, and then join the matching irreps in

as many ways as possible to get the number of singlets. In the case of the 7+ meson, we
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have two pairs of operators of the forms db and b'd', which both form into a singlet and an
adjoint representation. This originates from the group theory of SU(N.), where the quark
in the fundamental representation and the antiquark in the antifundamental representation
combine so that N. ® N. = 1@ (N? — 1), where the 1 on the right-hand side is the singlet
and the N? — 1 is the adjoint representation. For N, = 3, this reduces to the more familiar
form 3® 3 = 1® 8. The singlet is formed by matching the two color indices of the operators
together and summing over them, while the adjoint is formed from every configuration of the
color indices such that it commutes with the conjugate of the singlet operator. This gives
us two singlets overall, one for the combination of the two singlet representations from the
pairs of operators, and one for the singlet combination of the two adjoint representations.
The matrix element f can be decomposed into two terms corresponding to the singlet and

adjoint unification terms

OabOe
Hfbcd = ]l;, a (4.61)
1
Hfbcd - (5ad6bc — ﬁéabécd) (462)
fzi’iikm = T35 frskakshs abed: (4.63)

with an implicit sum over all color indices in the last equation. This means that f can be

written as

1
_ S S A A
fklk2k3k47ade - Habcdfk1k2k3k4 _'_ N2 o 1Habcdfk1k’2k3k4' (464)
C

This implies that the VS density matrix can be separated into an average of two density

matrices

prt = (1% ® pg) + W @ pa), (4.65)

N2 -1
where pg 4 are density matrices in momentum space, while w® and w? = 1 — w’® form a
Bernoulli distribution, representing the chances of measuring the valence quarks to be in
either a singlet or an adjoint representation.

In order to get the Von Neumann entropy of the VS density matrix in terms of f* and f4,

we need to know what matrix multiplication looks like in terms of the color and momentum
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tensor f. If we have two density matrices of the same form as that of the VS density matrix
in Eq. ((4.58)), then p;.py becomes

(f1-S2) k1 kakska,abed = Z Z(fl)klkgnghabBA(f2)q1q2k3k4,ABcd (4.66)

A,B q1,42

at the level of the tensors fi, fo. According to this definition of the product of tensors, the
two color tensors IT° and IT4 have the properties IT%4. I1%4 = [1%4 and I1°. 114 = 0, which
makes then projection operators for two distinct vector subspaces in color space. For the
remaining degrees of freedom in momentum space, we can define matrix multiplication and

the trace for these distributions as

(A‘B)klk2k3k'4 = Z AklkquQ1BQ1Q2k3k4 (467)
q1,92

TI‘[A] = Z Ak1k2k2k1- (468)
k1,k2

With these definitions, we can define the matrix logarithm for f54 and therefore the Von
Neumann entropy of the density matrix in Eq. ((4.58)). The VS entanglement entropy for
the 7 meson can be written as
Spr =N (=Tr [f%.log f°] = Tr [f*.log f*] + Tr [f*] log(NZ — 1)) + log(N!)  (4.69)
N =Tr [f°] + Tr [f4]. (4.70)

This can also be cast in the more illustrative form

w =N Tr [f54] (4.71)
1

Sga = W (=Tr [fS’A. log fS’AD + log (Tr [fS’AD (4.72)

Set = wSg +wrSy +wtlog(N? — 1) — wlogw® — w?logw”. (4.73)

From this form we can see that the VS entanglement entropy of the 7% meson can be
separated into three contributions, stemming from the fact that our density matrix can be
decomposed into

prr =W (IT° @ pg) + WwAIT* @ pa) (4.74)

Nz 1
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with IIg.IT4 = 0. The first contribution is the average of the entropies Sg 4 of pg 4, cor-

responding to the momentum space degrees of freedom. The second part is the average of

1
N2 1

the entropies of IIg and IT#, which serve as the density matrices in color space. The

entropy of Ilg is zero since it only projects one state, while the entropy of N21_1H 4 is the

log(N? — 1) we see in the full entropy expression. Finally, the last term is the entropy of the
distribution formed by w® and w*. This decomposition of entropy contributions also holds
for a continuous momentum variable.

Thus far, we have found expressions for the VS density matrix and entanglement entropy
in terms of a set of expectation values f for a meson state vector under the assumption
that the valence quarks in our meson had to have different flavors. If the valence quark and
antiquark share the same flavor, we can define an entanglement entropy Sy, in terms of the
corresponding fg and f4 tensors in much the same way as we did above for the 7. However,

the singlet density matrix pgn, has an extra vacuum state contribution given by

Psing = Afsing Ty [Qfo |sing, K>1 ‘O>2 <O’2 (sing, K’1 Qfo} (4.75)
= Niing Z Z Jrikakska,abed <b]tl7f’ad12’f’b 0) (O] dkg,f,cblm,f,d)
a,b,c,d k;
+ j\[sing fvac ’0> <0‘ . (476)
foae = Z Z (sing, K| dLQ,f,bdkmf,del,f,adlﬁ,f,a |sing, K . (4.77)
ab k1kz

Thus the von Neumann entropy of this density matrix is somewhat different from S;,,4. They

are related by

—Tr [psing log(psmg)] = 'Afsmg (N_l (SSing - 1Og(N_1)) - fvac log(fvac)) + log(/\/;,:ig), (478)

where Nying = (N7! + fuae) ™! is the normalization constant including the vacuum contribu-
tion, while A is the normalization without this contribution. In our work, we will define Ssing
without the vacuum contribution, as it does not correspond to a valence quark configuration
and it will only serve to obscure the conclusions we are able to draw from our data. In prin-

ciple the vacuum contribution can be important to have to establish the gauge invariance of
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the density matrix. However, since writing down the light-cone Hamiltonian we have been
working in light-cone gauge exclusively, and the vast majority of our expressions would pick
up Wilson lines in any other choice of gauge, complicating the interpretation of the entropy
as a measure of quark entanglement. Thus the gauge invariance consideration is of lesser
importance in this work, though it could become more important in a 3 + 1 dimensional

QCD calculation.

4.5.2 VS Entanglement for Baryons

The process of calculating the valence-sea entanglement for baryons is largely the same as it
is for mesons. The main difference is that baryons have a number of valence quarks equal to
the number of colors. This means that the density matrix becomes much more complicated
as the number of colors increases. It is for this reason that we will only consider 2 and 3
color baryons in this work.

In SU(2), the antifundamental representation is the same as the fundamental, so the VS
density matrix for SU(2) baryons will look very similar to the matrix for SU(2) mesons. We

have for some flavors m and n

men - N Tl"l [Qan |an7 K>1 |O>2 <O|2 <an7 K|1 Qn@m]
=N D Frakakshsabed (blhmﬂb;w,b 10) (0] bks,n,cbk4,m,d> : (4.79)

a,b,c,d k;
for a baryon B,,, with valence flavors m,n and total momentum K. All of the operators

and indices are defined as they were in the previous section. f above for baryons is defined

to be.

fk1k2k3k4,abcd - <Bmm K| b£47m7dbl3,n,cbkg,n,abkl,m,a |Bm’m K> (480)

We can use the fact that the baryon states are color singlets to constrain the color struc-
ture of f, just as we did for mesons. In fact, since the fundamental and antifundamental
representations of SU(2) are the same, the representation breakdown of the operators also

gives us two singlet configurations of the four-quark operator. The group theory of SU(2)
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for combining two fundamental representations tells us that 2 ® 2 = 1 & 3, where the 1
on the right-hand side is the singlet and the N2 — 1 is the triplet. Thus the bb and b'b'
operators pairs each form a singlet and a triplet, where the triplet is analogous to the adjoint
representation in the meson case. The two singlets and triplets each form one overall color

singlet. These two components of f are given by

6ad5bc - 5a05bd

3y = 5 (4.81)
0adObe + 0acl,
H(z;)cd = W (482)
S, T ST
Eikoksks — Habcdfk1k2k3k4,abcd> (483)

with an implicit sum over all color indices in the last equation. This means that f can be

written as

1
S S T A
Jrskakskaabed = Llopea fi kokaks T §Habcdfk1k2k:3k4' (4.84)

Once again, we see that the VS density matrix can be separated into an average of two

density matrices

1
PBe =W (1% © ps) + 5w (117 © pr), (4.85)

where pgr are density matrices in momentum space, while w® and w? = 1 — w* form a
Bernoulli distribution, representing the chances of measuring the valence quarks to be in
either a singlet or a triplet representation.

The multiplication of density matrices leads to a tensor product that is exactly the same
as we found in the meson case. If we have two density matrices of the same form as that of

the VS density matrix in Eq. ((4.79)), then p;.p2 becomes
(fl-f2>k1k2k3k4,abcd = Z Z(.fl)k1k2q2q1,abBA(f2)q1QQk3k4,ABcd (486)
A,B q1,92

at the level of the tensors fi, fo. According to this definition of the product of tensors, the
two color tensors I1° and II7 have the properties I1%7 . [1%T = 19" and IT°.1I" = 0, which

makes then projection operators for two distinct vector subspaces in color space. For the
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remaining degrees of freedom in momentum space, we can define matrix multiplication and

the trace for these distributions as

(A-B)k1k2k3k4 = Z AkleQQQ1Bq1QQk3k4 (487)
q1,92

Te[A] = ) Ak kkokr- (4.88)
k1,k2

With this definition, the VS entanglement entropy for an N, = 2 baryon can be written as

SBpn =N (=Tr [fs.logfs] — Tr [f".log 7]
+ Tr [f7] log(3)) + log(N ™) (4.89)
N =Tr [f°] +Tr [f7]. (4.90)

This can also be cast in the more illustrative form

w =N Tr [f57] (4.91)
1

Ssr = W (—Tr [fS’T. log fS’TD + log (Tr [fSTD (4.92)

Sp, = w’Sg+ wl Sy 4w’ log(3) — w’logw® — w logw?. (4.93)

This form, just as in the meson case, can be separated into three contributions, stemming

from the fact that our density matrix can be decomposed into
1
PBn = (I1° @ ps) + 5w (1" ® pr) (4.94)

with ITg.IIt = 0. The first contribution is the average of the entropies Ssr of pgr, corre-
sponding to the momentum space degrees of freedom. The second part is the average of the
entropies of the color space representations, with factors of log(1) = 0 from the singlet and
log(3) from the triplet. Finally, the last term is the entropy of the distribution formed by w®
and w?. This decomposition of entropy contributions also holds for a continuous momentum
variable.

The case of SU(3) baryons becomes more complicated as there is a third valence quark

which will combine to form more than two irreducible representations. We have for some



91

baryon B with flavors [, m,n and total momentum K

PBimn = N Try [QlQan |Blmnv K>1 |0>2 <0|2 <Blmn7 K|1 Qn@m@l}

=N D D frkakskaksko.abodef (bzl,l,ablg,m,bblg,mc|O> <0|bk4,n,dbk5,m,ebke,l,f>- (4.95)
a,b,e,de,f k;

Again, the operators and indices are defined as they have been previously. f above is defined

to be.

fk1k2k3k4k5k6,abcdef = <Blmn7 K‘ blt;@-,l,szg,,m,ebh,n,dbks7n,0bk2,m;bbk‘1,l,a |Blmn7 K> (496)

Following the procedure we have outlined previously, the group theory of SU(3) for combining
three fundamental representations tells us that 3®3®3 =13&8® 8@ 10. Thus we find that
the operator groupings bbb and b'b'd" form four different irreps of SU(3): one antisymmetric
singlet, two different 8-dimensional adjoint representations of mixed symmetry, and a 10-
dimensional fully symmetric representation. Either of the two adjoints from the bbb operator
can form a color singlet with any of the two adjoints from the b'b'b!, giving us a total of
four singlets that can be made from the mixed symmetry irreps. This gives us a total of six
color singlets when the symmetric and antisymmetric irreps are included. The color tensors

needed for these terms are given by

Sabedef = é(5af(5be5cd + 0padece) + Oae(ObfOcd + Obades) + Oad(Opedes + Opfice)) (4.97)
Aabedes = %(6af(5b65cd — Opddce) — Yae(ObfOcd — Obades) — Oad(Obeder — Opfice)) (4.98)
My abedes = %(5@‘56@ + 8acObf)0cd — Sabedef (4.99)
M ateses = 5 =B = B+ (Bugbic = Bucd) o) (4.100)
M_ 1 apedey = 2_\1/3((6ae(5bd — 04dObe)0cf + (0arObd — Oqaldpf)dce) (4.101)
M__ spedes = %(5@051)@ — 8acObf)0cd — Aabede - (4.102)

These tensors are analogous to the I1 color tensors form before. The + and — subscripts

on the mixed symmetry tensors denote whether it is symmetric or antisymmetric in the first
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two color indices (for the first subscript) or the last two indices (for the second subscript).

The six components of f are then given by

A _

Fiikaksaksh = Aabedes frakakskabsks,abede (4.103)
S _

Tvkakskaksks = Sabedef Jhikakskakske,abede f (4.104)
st

S kokskaksks = Mst,abedef [y kakskakske,abedef (4.105)

for all s,t = + and with implicit sums over the color indices. f can then be written as
Jrikokskaksk,abedef = Aabcdeff;?l@k:mkskﬁ + é Z Mst,abcdeff]jfk2k3k4k5k6 + 1_108abcdeffkslk2k3k4k5k6-

o (4.106)
Unlike in previous cases, these six tensors will not split the entanglement entropy into six
disconnected contributions. To see this, we can look at how these color tensors stitch together
when the density matrix is multiplied to itself, which we need to know in order to apply the
replica trick to derive the entanglement entropy. Matrix multiplication of baryon density
matrices translates to a product of f’s that is defined by

(f1-f2) kkokskakske,abedef = Z Z (f1) k1 kaksqsgaqr.abeCBA(f2) qraoqshkaksks, ABCdef-  (4.107)
A,B,C q1,92,q3

The relevant nonzero products of color tensors for density matrix multiplication are

AawveccBaAapcder = Adbedes (4.108)
SabecBASABCdef = Sabedef (4.109)
Mst,abcCBAMtu,ABCdef = Msu,abcdef- (4110)

for all s,¢,u = . These tensors split the density matrix into three contributions correspond-
ing to the 3 irreducible representations of S3. The density matrix thus splits into three parts
given by

DB = 0AAE pa) + M (M © pag) + 7:05(8 ® ps). (4.111)
Note also the four mixed symmetry tensors M gpcder cOmbine in a way that resembles matrix

multiplication of a 2 x 2 matrix. Thus for the fully symmetric and antisymmetric contri-

butions we can define matrix multiplication and the trace in momentum space much like
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before, where

(A.B)kykskahaksks = Z Akikoksasasas Barasaskakaka (4.112)
q1,92
Tr[A] = Z Ak kokskshaks - (4.113)
k1,ka,ks3

However, for the mixed symmetry contributions there is an extra step where they must be

organized into a 2 X 2 matrix matrix such that

for fak
M k1kokskaksk k1koksksksk
fk1k2k3k4k5k6 _ 1kakskakske 1kokskakske ’ (4.114)

+— fiHr
kikakskakske J kikokskakske

and from here matrix multiplication and tracing is defined by both uniting the momentum
indices as in the previous equation along with the standard multiplication and trace of the
2 x 2 array shown here. With these definitions, the VS entanglement entropy for an N, = 3

baryon can be written as

Sey., =N (—Tr [fA.log fA} —Tr [fM.log fM} —Tr [fs log f‘s}
+ Tr [ ] log(8) + Tr [ f°] log(10)) + log(N") (4.115)
N =Te [fA] + T [fM] + T [£°]. (4.116)

This can also be cast in the more illustrative form

WS = N Ty [fAM] (4.117)

1

Sams = T [JAMS] (=Tr [fA4Y5 Jog fAM5]) +log (Tr [f4M4]) (4.118)

S, = wrS 4 +wMSy 4+ wSSs + wMlog(8) + wS log(10) — wtlogw? — w™ logw™ — wSlogw?.

(4.119)

Once again, we see that the VS entanglement entropy splits into averages over momentum
space entropies, color space entropies, and the entropy of the w distribution, which also holds

in the continuum.
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4.6 Data & Results

In this work we calculate the valence-sea entanglement of an assortment of hadrons given a
variety of parameters such as total momentum, number of colors, and the coupling constant.
To do this, we begin by constructing the discrete light-cone quantized Hamiltonian for 1+ 1d
QCD and finding the eigenstates with the lowest energies. Then we form the appropriate
f tensors described in the previous section by applying the eigenstates we obtained to a
set of state-independent four- or six-quark operators. Finally, we arrange the f tensors into
matrices in momentum space, diagonalize them, and calculate Tr[f] and —Tr[f. log f] for each
color singlet. For the figures in this section, we plot the entropy against either number of
colors, total hadron momentum, or the coupling strength. The quark masses are degenerate
unless otherwise specified. For the coupling strength, since the Hamiltonian separates like
2PYH = m*Opin + g*Opor and both m and ¢ have units of mass, the eigenstates only depend

52

upon the ratio g/m. It is more convenient to define the variables £ = 922% and \ = e

We use £2 because it remains constant in the large- N, limit and it removes a recurring factor
of 1/27 in the calculations. The variable A is preferable as it ranges from 0 to 1, where A = 0
corresponds to a theory of free quarks while A = 1 gives us massless QCD, making it more

amenable to plotting than g/m which ranges from 0 to oco.

The following results show some general patterns in the VS entanglement entropy of low
energy states that seem to hold for mesons and baryons simultaneously. First, we see that in
Figs. 4.4, 4.6, and 4.9 these lower lying energy states tend to a specific value even at fairly
modest values of the total momentum. This convergence becomes weaker as we increase the
relative strength of the potential A. In the plots against the relative coupling strength in
Figs. 4.5, 4.6, and 4.10, we see that the ground state hadron always has low entropy, while
the next few states steadily increase with A, with some of them seeming to plateau near a
particular middling value of S. The low entropy of the ground state is due to the state being
dominated by the minimum particle state that has no quark sea at all, which persists even

for very small quark masses [190]. This is true to a lesser extent for the first few excited
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states, though they seem to have much larger contributions from Fock states with sea quarks
as A increases. If the contributions get too large, there will be a level crossing with a multi-
hadron state at some specific value of A, which causes the behavior of S as a function of A
to suddenly change. This level crossing behavior is what causes the plateauing effect in our
plots. These level crossings also make it difficult for comparisons to large- N, hadrons to be
made, since that requires a clean method for distinguishing single and multi-hadron states

from each other.

4.6.1 Meson Results

This section has plots of the VS entropy of the 7+ meson analog against number of colors
in Fig. 4.3, total momentum in Fig. 4.4, and the relative coupling strength in Fig. 4.5.
The results for the 7% analog are similar, as are the results when a third degenerate quark
flavor is added. In Fig. 4.3, the first three states look like they may eventually taper off to
zero at large N., but the other two are increasing with N,.. This is because large- N, states
with multiple mesons can have nonzero VS entropy due to entanglement. In fact, using the
expression for the entropy in terms of fg and f4 above, we can see that there is a term
proportional to Tr [ fA} log(N? — 1). The Fermi degeneracy creates entanglement between
the mesons that feeds into f4, so the VS entropy for multi-meson states at large N, will
actually tend to infinity. However, fg remains zero for all large N, states, and seems to
decrease asymptotically as N, increases for all 5 states.

In general, the meson spectra seem to fall into two regimes depending on the size of
g/m. If g/m is small (roughly less than 2), then the theory is in the large mass regime
which contains both the free theory and the 't Hooft model. This regime is characterized
by single meson states that are dominated by two-particle Fock states in momentum space.
This makes it easy to distinguish the single meson states from the multiple meson states
in DLCQ. When g/m is large, the theory is in the strong potential regime which contains
the Schwinger model when we have a U(1) gauge field. In this regime, the meson states are

localized in position space and tend to have local color currents that are small. In addition,
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Figure 4.3: Entanglement entropy for the 5 lowest energy 7 states with Ny = 2 that have
K,or = 8 units of momentum, with m? = 922% and g% ~ Nic The lines connecting data points
in the first plot are merely for visual effect and do not communicate additional data. The
second plot shows the entanglement entropy of the ground state meson with a 1/N,. fit. The

theoretical maximum entropy is Sy,u. = 2 Logy(6V,).
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The theoretical maximum entropy is Sy = Logy(2 % 11 %

12) ~ 8.04. The lines connecting these data points are merely for visual effect and do not

communicate additional data.
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the presence of massless fermions leads to zero modes in the spectrum, meaning the quark-
antiquark pairs can be generated fairly easily, so particle number in momentum space cannot
be used to identify bound states in this regime. The transition between these two regimes can
be seen in the plots of the VS entropy against coupling A where the excited state entropies
seem to stop increasing beyond certain large values of \.

The ground state mesons have a particularly low VS entropy compared to all other states.
This is because it bears a close resemblance to its large-/N,. counterpart, and this resemblance
fades for higher excited states. The large- N, connection is also what causes the Fock states
with no sea contribution to dominate the Fock state expansion of the ground state. The
resemblance to the large- N, counterpart also suggests that its V'S entropy could be captured
by a 1/N. expansion, and indeed we see in Fig. 4.4 that it has a good fit to a 1/N. curve.
The value of 0.26 for the fit was chosen because it minimizes the sum of the squares of the
differences between the data points and the fit curve. If this perturbative behavior persists
into 3 4+ 1 dimensions, this could open the door for a perturbative calculation of VS entropy

for ground state hadrons in real QCD.

4.6.2 Baryon Results

The first figure in this section, Fig. 4.6, has plots of the VS entropy of the 2-color NY baryon
analog against total momentum and the relative coupling strength. A surprising result is
that these plots are identical to Figures 4.4 and 4.5 for the pion. It turns out that when
N. = 2, the Hamiltonians for the baryon and meson channels where the valence particles
have different flavors are not only of identical size, but have an identical eigenvalue spectrum.
In other words, these Hamiltonians differ only by a unitary transformation, one that the VS
entropy is apparently insensitive to. In the case that the flavors of the two particles are
the same (as in Figures 4.7 and 4.8), the meson Hamiltonian is over twice as large as the
baryon Hamiltonian, but there is a subsection of the meson’s mass spectrum that matches
the full spectrum of the baryon. A comparison of states with matching eigenvalues is given

in Fig. 4.8.
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baryon states where the constituent quarks have the same flavor, somewhat analogous to
the delta A*. The second plot shows the entanglement entropy for the 5 lowest energy 7°
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data points are merely for visual effect and do not communicate additional data.
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0.01(m? + g*/m), where m? = (m? +m3)/2. The first plot shows the entanglement entropy
for the 5 lowest energy 2-color A*-analogue states. The second plot shows the entanglement
entropy for the 5 7¥ states whose eigenvalues match those of the A* shown above. The
asterisk indicates states whose relative ordering in the full eigenvalue spectrum changes
depending on the coupling; the number or range of numbers listed indicates the usual position
of the state over most of the given values of A\. In both plots, Ny = N, = 2, K;; = 8, and
A= #192' The theoretical maximum entropy for the A™ is ;.. ~ 6.09, while for 7% it is
Smaz &= 7.17. The lines connecting these data points are merely for visual effect and do not

communicate additional data.
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Figure 4.9: Entanglement entropy for the 5 lowest energy 3-color baryon states with Ny = 2
where one constituent quark has a different flavor from the other two, analogous to the
nucleon N ™Y in QCD. The quark masses are degenerate, and m? = %. The lines connecting

these data points are merely for visual effect and do not communicate additional data.
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Figure 4.10: These plots show the entanglement entropy for the 5 lowest energy 3-color
baryon states where Ny = 2, N, = 3, Ky = %, the quark masses are degenerate, and
A= %. The first plot shows the entanglement entropy for states where one constituent
quark has a different flavor from the other two, analogous to the nucleon N in QCD. The
second plot shows states where the constituent quarks all have the same flavor, analogous to
the delta A™* in QCD. The theoretical maximum entropy for the AT is S, & 9.75, while

for Nt0 it is S,,.e ~ 11.47. The lines connecting these data points are merely for visual

effect and do not communicate additional data.



104

'Realistic' N* Coupling Dependence
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Figure 4.11: This plot shows the entanglement entropy for the 5 lowest energy 3-color baryon
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9
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visual effect and do not communicate additional data.
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Fig. 4.9 shows a plot of the VS entropy of the nucleon analog against total momentum,
while Fig. 4.10 shows coupling dependence of both the nucleon analog and the A** analog.
The results for other baryons are similar, as are the results when a third degenerate quark
flavor is added. Fig. 4.11 shows the coupling dependence of the nucleon analog for realistic
quark masses. Removing the heavy strange quarks from the system barely affects the VS
entropy. All of these 3-color baryon entropy plots exhibit similar qualitative features to
those of the mesons and 2-color baryons, such as the very low VS entropy of the ground
state, the dominance of the singlet contribution fg for these low lying energy states, and
the separation of theories into two broad regimes of large mass and strong coupling. These
similarities persist despite these being fermions with 3 valence quarks instead of bosons with
only two, and there is no symmetry that can relate them to the mesonic states like with
the 2-color case. There is also an additional SU(N,) singlet contribution with these baryons
corresponding to the mixed symmetry irrep of S3, but this addition doesn’t seem to greatly
affect the general patterns of the VS entropy of low energy states. This suggests that these
states also maintain features of their large-N,. counterparts, despite the large-N,. baryon
wavefunction being largely inaccessible without making a sweeping assumption about its
general form. Since the connection to large- N, physics seems to hold in 3+ 1 dimensions for
N, = 3, it may even be possible to calculate the VS entropy of real nucleons using a large- /N,
expansion, assuming that the approximate 1/, behavior of the meson ground state entropy

also holds for baryons.
4.7 Conclusion

In this chapter, we've defined a notion of valence-sea entanglement in QCD, despite the
lack of a clear distinction between valence quarks and sea quarks, and analyzed the VS
entanglement entropy in 1+1d QCD. The framework used to define VS entanglement can
potentially be used to define other types of entanglement in situations when a clear bipartition
of the Hilbert space does not exist. It would most likely be useful for defining entanglement

between constituent fields in the bound states of other QFTs, but there could in principle
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be more clever applications of the method. This also naturally leads to a definition of single
quark (or antiquark) entanglement in a hadron using the same framework, in which the
elements of the corresponding density matrix turn out to be parton distribution functions.
This provides an interpretation of PDFs as measures of quark entanglement, which may
highlight some connection between quark entanglement and the operator product expansion

of the DIS cross section.

To get the VS entanglement, we also described much of the framework needed to do the
calculation of the entanglement entropy in 14+1d QCD. We've gone over the terms in the
Hamiltonian formalism of 1+1d light front QCD, recovered the spectrum of the 't Hooft
model by taking the large- N, limit in said formalism, and applied discrete light-cone quanti-
zation to render the Hamiltonian as a finite matrix. The expression for the VS entanglement
in these hadrons was found to separate into different contributions coming from the different
SU(N,) irreps of the valence quarks, as well as separating additively into momentum space
and color space terms. Appendix A also details a method for deriving DLCQ operators in a
basis of color singlet states that is manifestly orthonormal and complete from the beginning.
To our knowledge, this has not been done in the literature as of yet, since the papers that
have done explicit QCD calculations in 141 dimensions mention rendering the Hamiltonian
in an incomplete basis as an intermediate step [191, , ].

Our numerical results show that the VS entanglement is unusually low for low energy
eigenstates of the QCD Hamiltonian. For mesons, this results from the fact that these states
at finite V. have almost no sea quarks and closely resemble the corresponding eigenstates
in the large-N, limit. For baryons, the connection to large-N,. cannot be made easily, but
the states seem to have next to no sea quarks as well. If we treat VS entanglement as a
measure of the applicability of the parton model as discussed in the introduction, then this
would imply that the parton model is only applicable to the lowest mass hadrons in 1+1d
QCD. This is of course consistent with our observations in real QCD, but it remains to
be seen if the model breaks down for highly excited hadrons. The low values of the VS

entropy also suggest that the large- N, expansion may fail for higher excited states, perhaps
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even suggesting a connection between the applicability of the parton model and the large- N,
expansion. This may not be the case in real QCD, as several papers have shown that large- N,
results in 3+1 dimensions generally agree with experiment for N, = 3 [200-202].

We also found for mesons in their ground states that the VS entanglement entropy ap-
proximately follows a 1/N, curve, indicating that the entropy for these specific states can be
calculated perturbatively in a next to leading order 1/N, expansion. Given that the ground
state baryons also have very low VS entropy, it may also be perturbative in the same way.
Given that the large-N, expansion works surprisingly well in real QCD for ground state
hadrons, it may be reasonable to expect the VS entropy in real QCD to be calculable in a
1/N. expansion as well. The elements of the VS density matrix resemble parton distribution
functions, which are scale dependent in real QCD, so the corresponding VS entanglement
entropy ought to as well. Also, it would likely be small at both large scales where the cou-
pling is weak and small scales where the hadrons resemble large- N, states, but this may not
hold true in between. Having access to this quantity could therefore lead to some very inter-
esting insights into the transition between quark and hadron degrees of freedom, as it would
likely be scale dependent and function as an order parameter for this transition. However,
the presence of extra spin degree of freedom and transverse gauge fields compared to 14+1d
QCD makes it difficult to make solid claims about what VS entanglement would look like in
reality.
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Chapter 5

CONCLUSION

In Chapter 2 and in [18], we designed a simple model for helicity entanglement in nucleons
involving only two chiral basis states. It was found that this entropy quickly shot up to
near its maximum value when fit to data even with only two states. This suggests that
entanglement between the valence and non-valence helicity components of the nucleon state
vector drives chiral symmetry breaking in the nucleon. The entanglement entropy therefore
acts as an order parameter of chiral symmetry breaking in the nucleon, and provides an
explanation for why the valence spin content of the nucleon is not expected to dominate.
This work provides a qualitative picture for how entanglement between valence and sea

partons behaves in QCD, which is further developed what follows.

In Chapter 3, The model for helicity entanglement in nucleons was extended to include
many chiral basis states, based solely in the symmetries of QCD and general physical prin-
ciples. In these models, the null-plane formalism was used to separate the dynamical, spin-
based generators of Poincaré symmetry from the kinematical, momentum-based generators.
It was argued that it may be sensible to represent a nucleon and its first few excitations
through a handful of chiral basis states defined by the helicity and isospin representations
of the valence quarks. Fitting experimental data for static nuclear properties such as the
axial coupling g4 to their results in the chiral basis, one could find a change of basis ma-
trix between nuclear and chiral states, and from there the entanglement entropy between
the different valence representations could be calculated for the nucleon. It was found that
this entropy quickly shot up to near its maximum value as before in all models analyzed.
The results show that chiral symmetry breaking in the null plane formalism originates from

the hadronic wavefunction, and that the gluon sea is essential in determining the ground
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state null-plane wavefunctions of the nucleon and its chiral partners. It was also found that
the large- N, limit corresponds to vanishing entanglement entropy, suggesting a connection
between the large- N, expansion for baryons and the presence of entanglement entropy.

In chapter 4, we defined a notion of valence-sea entanglement in QCD, despite the lack of
a clear distinction between valence quarks and sea quarks, and analyzed the VS entanglement
entropy in 141d QCD. This naturally leads to a definition of single quark entanglement in
a hadron in which the elements of the corresponding density matrix turn out to be parton
distribution functions, providing an interpretation of PDFs as measures of single-quark en-
tanglement. The expression for the VS entanglement in these hadrons was found to separate
into different contributions coming from the different SU(NV,) irreps of the valence quarks,
as well as separating additively into momentum space and color space terms. Appendix A
also details a method for deriving DLCQ operators in a basis of color singlet states that is
manifestly orthonormal and complete from the beginning.

Our numerical results from this chapter show that the VS entanglement is unusually
low for low energy eigenstates of the QCD Hamiltonian. For mesons, this results from
the fact that these states at finite V. have almost no sea quarks and closely resemble the
corresponding eigenstates in the large-N. limit. For baryons, the connection to large-N,
cannot be made easily, but the states seem to have next to no sea quarks as well. We also
found for mesons in their ground states that the VS entanglement entropy approximately
follows a 1/N, curve, indicating that the entropy for these specific states can be calculated
perturbatively in a next to leading order 1/N, expansion. Given that the large-N, expansion
works surprisingly well in real QCD for ground state hadrons, it may be reasonable to expect
the VS entropy in real QCD to be calculable in a 1/N, expansion as well. The VS entropy
in real QCD would likely be scale dependent and function as an order parameter for this
transition, as it does for chiral symmetry breaking in the chiral basis models from Chapter
3.

While it may seem like the results from chapters 2 and 3 contradict the claim in chapter

4 that the VS entropy of real hadrons will be small, this is not the case as the models of
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entanglement between the valence and sea quarks in each chapter are probing very different
aspects of real QCD. In chapters 2 and 3, the models devised for the baryon state vectors
are sensitive to chiral symmetry breaking and are constrained entirely by static nuclear
properties. The only information about the interior dynamics of the bound quarks comes
implicitly through the experimental data for the masses and charges used as input, which
only provides information about the average entanglement over multiple energy scales. In
chapter 4, we focused on QCD in 1+ 1 dimensions, which does not have chiral symmetry
breaking, but was found to be simple enough to be investigated numerically at the quark
level. Since 1+ 1d QCD is always in the confining phase, our results for this theory apply
only to real QCD at low energy scales where confinement occurs.

This gives us a picture for how VS entanglement in real QCD may behave, sketched out
in Fig. 5.1. Due to asymptotic freedom, the quark interactions are weak at very high energy
scales, so we can expect low VS entanglement at scales well beyond Agep. From our work in
chapter 4, we can also expect that VS entanglement is low for ground state hadrons at scales
below Agep. The question remains as to how entangled the quarks are near Agep, but the
results of chapters 2 and 3 suggest that the average VS entropy is large. The only possible
source for that entanglement must therefore be at scales near Agep, which also tracks with
chiral symmetry breaking being the source of entanglement in those models. Thus we expect
that the VS entropy in real QCD should act as an order parameter for the transition between
quark and hadron degrees of freedom, as it should remain low except near the scale at which

hadrons begin to form and chiral symmetry is spontaneously broken.
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Figure 5.1: This shows a sketch of what the VS entropy of a ground state hadron in real
QCD is expected to look like. The red line labeled ”Static Model” shows what results a
model built from only static properties would give, such as those of Chapters 2 and 3. At
high energy scales where the quarks are asymptotically free, the entropy should be close to
zero. Our results suggest that it will also be low in the confining phase as well. This implies
that the region near Agcp must have high entropy, or else the static model entropy would

be much lower.
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Appendix A

ALGORITHM DETAILS & YOUNG’S ORTHOGONAL BASIS

In this appendix, we will explain some of the details of the algorithm used to generate
the DLCQ Hamiltonian, as well as the other algorithms needed to obtain the entanglement
entropies. A suitable computational basis in DLCQ is the Fock state basis containing the
finite set of states with a given total momentum and flavor content, where states are labeled
by the momenta, flavors, and color charges of each quark in a state. Doing calculations in
this basis is fairly straightforward, but since physical quantities are always calculated using
color singlet states using this basis would be incredibly inefficient due to the large number
of color charged states that ultimately do not contribute to any quantities of interest. We
would rather restrict our computational basis to the subset of color singlet Fock states to

improve the efficiency of the calculation.

A convenient way to construct color singlets from a Fock state with n, quarks and ng
antiquarks is to organize them both into the n,-dimensional and ng-dimensional irreducible
representations (irreps) of SU(N,), and then unite the irreps for the quarks and antiquarks
that are dual to each other, which is guaranteed to produce exactly one singlet per quark-
antiquark irrep combination. The irreps of SU(N..) can be organized and parametrized using
Young tableaux, and the number of copies of a given irrep that is formed from n quarks is
equal to the number of ways that the tableau for that irrep can be formed from n boxes,
which is in turn equal to the dimension of the irrep of the symmetric group 5,, corresponding
to the same tableau. Furthermore, operations in color space can be implemented through
permutations that swap the color indices of the creation operators within the color singlet
states. These permutations can be written as matrices that can be derived from the tableaux,

in a basis known as Young’s orthogonal basis. Thus we can exploit the structural similarities
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between the irreps of SU(N.) and S,,, which are encoded into Young tableaux, to implement
operations in color space via matrix operations in the symmetric group. The vast majority
of this appendix will be devoted to describing how this is done.

The implementation of the Hamiltonian and density matrices can be separated into three
broad categories. The kinetic term of the Hamiltonian is two-quark operator the conserves
momentum and flavor, so it can be implemented by simply adding a factor of nmeg for each
quark and antiquark in the state to the relevant diagonal element of the Hamiltonian. The
potential in the Hamiltonian as well as the density matrices for mesons and 2-color baryons
are composed of four-quark operators, which can be broken down into a product of two-quark
color singlet operators that may not conserve momentum or flavor. Finally, we also have
six-quark operators needed for the 3-color baryon density matrices, but these can also be
broken down into two-quark color singlet operators. Thus we can get everything we need by
focusing on the actions of general two-quark color singlet operators on our Fock state basis.
These come in four different types: operators of the form bib,, dld,, d.bs, and bld!, where a

a~a’

is the color index that is implicitly being summed over.

The action of singlet operators of the form bfb, or did, can be implemented by simply
changing the momentum and flavor indices of the Fock state to reflect the removal and
addition of one particle, followed by the application of a permutation matrix in color space.
The matrix stems from having to restore the normal ordering of the creation operators,
which necessitates a permutation of the color indices. Since the action of these operators
in color space amounts to a simple permutation matrix, they do not mix states in different
irreps. Some simplifications can be made along the diagonal terms of the Hamiltonian matrix
since they map states onto themselves. In this case only one permutation matrix is applied
instead of two since the best a four-quark operator made only of bib, or d!d, can do on
the diagonal is swap two creation operators around. Details on the construction of the
permutation matrices are given in the next section. For color singlet operators of the form
d.ba, a more involved color matrix is applied to reflect that the SU(N,) irreps get truncated

by the operator. Details on the construction of that matrix are given in another section
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below. Singlet operators of the form bld! can be obtained from Hermitian conjugation of

dgbg.
A.1 Permutation Matrices in Young’s Orthogonal Basis

Young’s orthogonal basis is a vector basis for the symmetric group in which the permutation
matrices are rendered orthogonal. The orthogonality is of vital importance as it corresponds
to the unitarity of the operators that swap quark and antiquark creation operators. The
systematic method for deriving these permutation matrices from Young tableaux is detailed
here. First, for a given Young tableau, we write out all the ways that the boxes of a tableau
can be numerically labeled from 1 to n, where n is the number of boxes in the tableau. Each
numbered tableau represents one of the color singlet basis vectors in the irrep represented by
the tableau. The labeling is ordered such that the upper-left most box is always labeled 1,
each following numerical label must be to the right of and below other labeled boxes, unless
it is in the same column or row as the first box. This is essentially counting and labeling
the distinct ways in which a given tableau can be assembled from n individual boxes, such
that we are always assembling valid tableau of sizes ranging from 1 to n along the way.
The number of distinct ways to form a tableau is same as the dimension of the 5, irrep
represented by the tableau.

Now that we have our basis states organized and labeled, we can use this to derive the
orthogonal permutation matrices. To get the permutation matrices that swap elements i and
1+ 1, where ¢ ranges from 1 to n — 1, we can get the nonzero elements from the positions
of boxes i and ¢ 4+ 1 in the numbered tableaux. The diagonal elements are given by +1/d,
where d is the length under the taxicab metric between boxes ¢ and ¢ + 1, and the sign is
positive(negative) when i + 1 is to the right(left) of and/or above(below) i. The off-diagonal
elements are only non-zero when the two numbered tableau involved nearly identical except
that boxes i and 7 + 1 are swapped. The value of these elements are given by \/m,
using the value d corresponding to the labeled tableau involved. The permutations that

swap elements ¢ and ¢ 4+ 1 form a multiplicative basis for all other permutations, so all of the
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Figure A.1: The three permutation matrices T, To3, and T34 for the antifundamental irrep
of S; written in Young’s orthogonal basis. The numbered Young tableaux correspond to the
basis elements of the vector space and are required to derive these matrices as described in

Appendix A.

other permutation matrices can be formed from products of the above matrices. In practice,
the only permutations that are needed are ones that either swap two different elements and
leave the rest alone or ones that cycle the order of a string of adjacent elements forward or
back by one step.

Examples of this process are given in Fig. A.1. For T, on the left, all of the diagonal
elements are £1 since boxes 1 and 2 in the numbered tableaux representing the basis states
are always adjacent to each other. The first two are negative since box 2 is always found
under box 1, while the third is positive because its corresponding tableau has box 2 to the
right of box one. All of the off diagonal elements involving this state are equal to 0.

For T53 in the middle, we need to look at the relative positions of boxes 2 and 3. In the
first tableau, box 3 is directly below box 2, so d = 1 and the sign of the diagonal element
is negative, so the diagonal element is —1 and all off-diagonal elements involving this state
are 0. The remaining two tableaux are related by a swap of boxes 2 and 3, so they will have
the same value of d, with one diagonal element positive and one negative, with off-diagonal
elements between them given by \/m For these tableaux, boxes 2 and 3 are two

boxes apart since they are separated by box 1, so d = 2, and since the first of the two
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tableaux has box 3 above and to the right of box 2, the diagonal elements are +1/2 followed
by —1/2, with off diagonal elements given by \/W = \/ﬁ

For T34 on the right, boxes 3 and 4 are relevant. The first two tableaux are related by
a swap of boxes 3 and 4, so their off-diagonal elements will be non-zero. There are two
boxes between boxes 3 and 4, so d = 3 and therefore the off-diagonal elements are given by
\/m = 2\/2/_3. The first tableau has box 4 above and to the right of box 3, so the
diagonal elements are +1/3 followed by —1/3. Finally, the last tableau has boxes 3 and 4
adjacent to each other with box 4 below box 3, so the last remaining nonzero element is the

third diagonal, which is given by —1.
A.2 Transformation from standard basis

To further convince the reader that Young’s orthogonal basis is a valid choice of basis for
color singlet Fock states, we can take a look at how this basis is related to a more naive but
more intuitive choice of defining the color singlet Fock states. If we assume that we have a
number of quarks n and an equal number of antiquarks, we can define all color singlet states

of this type using the form

17, Pr) = Oar.aniPulor.bn] Ol oy 0] d}bl...dl’bn 0), (A1)

l,a1* n,an

where Oa, . anibr.bn = Oayby Oagby---Oanb, and P, is some permutation of n elements. We also
assume that each quark and antiquark operator is distinguishable from all others by quantum
numbers other than color. This set of states is unnormalized, not orthogonal, and if the
number of colors is less than n it is overcomplete. However, this basis does have the advantage
that an operator T,(P,) which permute the quark creation operators by a permutation P,

has the effect

To(Po) In, Pp) = (=1)" P n, P Pr) (A.2)

where ((P,) gives the number of disjoint cycles in the permutation P,, including 1-cycles

corresponding to particles that do not get moved. Likewise, the similar operator 74(P,,) that
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permutes the antiquark operators gives
Ta(Py) In, Pp) = (=1)" ) |n, PLP). (A.3)
The overlap of two states in this basis is given by
(1 Pal 1 P1) = Gyt Profaran = NETT T, (A.4)

In contrast, states corresponding to Young’s orthogonal basis form a complete orthonor-
mal basis. They are labeled by the state |\;uy,v,), where A refers one of the irreducible
representations of the symmetric group .5,, and both u, and v, are vector space indices for

the irrep A. The effects of the permutation operators are

%(Pn) |>\7 U, /U)\> = <_1)n7£(7)n) (TPn)u’)\u/\ |>\7 ul)\7 /U)\> ) %(PTL) ‘)\7 U, U)\> = (_1)nif(Pn)(T73n)v;v,\ ’)\a U, U£\> )
(A.5)
where T’p, is the permutation matrix for irrep A written in Young’s orthogonal basis, which

was discussed earlier in this appendix. The Fock states can be written in terms of this basis

by

|n>7)n> = Z Z \/ZTA (Tpn)u)\“)\ |)\;u,\,v,\> ) (A'G)

A unva=1
where A is summed over the irreducible representations of the symmetric group 5, d, is the
dimension of the irrep A\, D, is the dimension of the irrep A, uy and v, are vector indices for
the irrep A, and T’p, is the permutation matrix in Young’s orthogonal basis discussed above
corresponding to the irrep A.

To see how this works, consider the actions of T,(P,) and T4(P,) on the right side of the

equation. Permuting the quarks gives

(_1)”*5(7)71 ( |n PI Z Z \/ T’P’ UNV T’Pn)u)\uA |)\ 'LL)\,’U)\>

A uy,vyz=1

dx
- Z Z VD (Tp, P1))uren [N ur, 0a) = [0, P Pr), (A7)

A uy,vp=1
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so this matches. The antiquark permutation gives

(_1)71_((7)” ( |7’L Pl Z Z \/ TP’ UNVN TPn)v)\vA |)\ U)\,U)\>

A uyn,vp=1
dx
= Z Z \/ D)\ (T(p;r'pgl))u)\vk ’)\a U, U/\> - |TL, ,P7/’L7)7:1> )
A un,vz=1

(A.8)

so this also matches. Finally, the overlap is given by

dx

(1, Pl |TL7'P7,I> = Z Z Dx (Tp, )uyo, (TPLJUWA

A u>\,v)\:1

_ZDATr[ )| = > Pa (P 7)) (A.9)

where x, (1) is the character associated with the irrep A and the conjugacy class p and u(P,))
is the conjugacy class of the partition P,.
To prove that ), Dy xa(u(Pn)) = NEP) | we will need to introduce the Frobenius formula

for calculating the values of characters. We start with the polynomial given by

f(u) Ne Ne+n—1 Ne
Po(&,p) = Au(@) ] (Z x”) = > caan (W ] (A.10)
k=1 =1 =1

ap,..,an,=1

Nc Nc Ne+n—1 N¢
| | E Ne—a;
H - :I:J - 6a1...a1\]c H xi Z, (All)
i=1 j=i+1 ai,...,.an.=1 i=1

where 7 is a N.-element vector of variables, uy is the kth element of the integer partition of
n corresponding to the conjugacy class p, £(p) is the length of this partition, and €, .ay, is
the Levi-Civita tensor with €.y, = +1. The Frobenius formula states that the polynomial

P, (7, p) is a generator of the characters in the sense that

Carsan>..>an, (1) = Xa(1),  ANi=a; —n+1i, (A.12)

where )\; is the length of the ith row of the tableau associated with the irrep A, so that the

second equation above gives a connection between the «;’s and the irrep A of the character.
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From the formulas of P,(Z,u) and A,(¥) above, we can see that both polynomials are
antisymmetric under any exchange of two of the x; variables, so we can go a step further

and say that

Cal...aNC (M) = _X)\(/JJ>€CM1...QNC- (AlS)

To connect this back to our original expression ), Dy xa(x), we will need an explicit

expression for Dy. It can be written as

Ne

H (Nc+)\i —i)!d)\

D, = 2
A (N.— i)l nl’

(A.14)

i=1
where d) = x(1) is the dimension of the irrep A, equivalent to the character of the irrep under

the conjugacy class of the identity matrix. We can then show that our original expression is

equivalent up to a constant to the quantity

Ne+n—1 Nc Ne+n—1 Nec
Po(V, 1) Po(Z, 1) = Y s ][V > Caran ) ]2
B1,PN.=1 j=1 iy, N, =1 i=1
Ne+n—1

_ Z Caroan, (1)Car.an, (1) (ﬁ(ai)!>

ai,...,an, =1 i=1

Ne+n—1

= 2 B’ (l_C[(NCHi—i)!)

ag,..,an.=1 =1

= nl(Ne)! <1_1(Nc - Z)') <Z D, XA(M)) : (A.15)

i=1

On the other hand, if we use the other definition of P, for this expression, we get
Nc " tn) [ Ne
Po(V, 1) Po(Z, 1) = An(V) (Z vi> A (E) (Z :c) : (A.16)
i=1 ;

Since A, (%) is a product of differences between pairs of variables and (ZkNil Vk> (xi—x;) =0
for any pairing of indices i and j, we have that (Zf\ﬁl Vi> A, (Z) = 0. Also, if we expand the

i

product Hi(j{ (Zf\il ! ’“), each term in the sum will have exactly n factors of x variables, so
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n
the derivatives (ij;l Vk> ffj} (Zf\il ! ’“) is equal to the n! times the number of terms

i

in the polynomial. Thus we have
Po(V,1)P,(Z, 1) = (An(ﬁ)An(f)) RN, (A.17)

The remaining polynomial and derivative term gives

Ne+n—1 N¢ Ne+n—1 N¢
=, — Nc—b c—a;
AVAE) = Y e [V Y earan, [
b1,....bn.=1 j=1 a1,...,aN,=1 i=1
NC+TL—1 NC N(:
2 .
= D (€arean) (Ve = ai)l = (N T [(Ne =)L, (A.18)
a1,..,aN,=1 i=1 i=1

Now, with our two different expressions for Pn(ﬁ, 1)P,(Z, u) we obtain the relation

1 -
Po(V, 1) Py(&, ) = ) D = N, A19
AT (VD) = 2 Paxali) = N (A19)

Thus we can finally show that the overlap of the Fock states is given by

(0, Pl In, Py = 3 Dy xa(u(Py L PL)) = NP 7)) (A.20)
A

when we assume it can be written in terms of the Young’s orthogonal basis states.
We can also show what the Young’s orthogonal basis states are in terms of the Fock

states. To derive this, we will need to find a closed form for the quantity

SUAUA»UAUA = Z(Tpn)uxvx (Tpn)uAvA7 (A'Ql)

Pn
where Tp, is the permutation matrix in Young’s orthogonal basis for a permutation P, and
an irrep A or A. Since we are summing over all permutations and the T  are orthogonal,

we can show that

(Tpn)uw; Su;u/\,vw/\ - Z(Tpn-ﬁ’,ﬁ)mw (TP,’L)uAvA
Py

- Z(TPZ>UAU>\ (Tp,jl,P,q)u/wA = Suwj\mw/\ (T’Pn)UQ\UA- (A.22)
P
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Likewise, we also have

(T’Pn)v)\vi\ Su,\uA,v’AvA = Su,\uA,vAv;X (TPn )v;\vA . (A23)

If we view T, as a matrix not just for a specific irrep but as a block diagonal matrix over
all irreps, then these formulas tell us that S commutes with all of the T, ’s as a matrix over

the v and v indices separately. The only way that this is possible is if S has the form

SUAUAHUAWA = () (5)\/\ 0. ) . (A24)

UNUA TUNVA

for some yet to be determined constant a;,. In other words, the tensor S is zero unless the
two irreps are the same, in which case it is proportional to the outer product of the identity
matrix in that irrep with itself.

To find this constant, we can take the sum over the diagonal elements of S using its
definition and by the form above. On one hand, the sum over the diagonal elements of S is
just axd3, where dy, is the dimension of the irrep A. On the other hand, the original definition
of S gives us a sum that looks like

> (Tr)uren (Tr, )unes ZZ 1 =n!d,, (A.25)
ux,Ux Pn uyx Pn
where n corresponds to the symmetric group 5,, and we used the fact that the matrix Tp, is
orthogonal. Thus we have that
n!
SUAUA,UWA = Z(Tpn>u/\v)\ (Tpn>UAUA = d_)\ OxA 5UAUA5U)\UA’ (A‘26)
Prn
From here, it is relatively easy to achieve the original goal of writing a Young’s orthogonal

basis state in terms of Fock states. We have that

|
Z(T'Pn)uAvA |n773 Z Z V DA (Z TPn uAUA(TPn)uAvA> ‘A, UA,UA> =V D Z)\ |)\ U)\,U)\>
Pn A up,vA

(A.27)

Thus the Young’s orthogonal basis state can be written as

’)\7 U, U)\> -

dy
TP, )usw sy ) - A28
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So far, we have discussed Fock states with an equal number of quarks and antiquarks,
which are directly relevant to forming an orthonormal basis for mesons. This basis conversion
can also be used for baryons as well, by attaching a Levi-Civita tensor to one of the quarks

and treating it as a fully antisymmetrized collection of N, — 1 antiquarks.

A.3 Action of d.b. type operators in Young’s orthogonal basis

The goal of this subsection is to illustrate how to find the matrix element (X, uyvy| djob;c |A, upvy),
where |A, upvy) is a Young’s orthogonal basis state composed of n distinct quarks and an-
tiquarks for an irrep A in S, |\, u\vy) is a Young’s orthogonal basis state composed of the
same quarks and antiquarks except for the ith quark and the jth antiquark for an irrep A
in S,,_1, and d; .b; . annihilates quark 7 and antiquark j with an implicit sum over the color
index c¢. To simplify things, we can use permutation matrices to move the ith quark and
the jth antiquark to their respective nth positions in the Fock state so that the annihila-
tion operators always manipulate the nth color indices. This means that as far as the color

structures are concerned the matrix element is numerically equivalent to

VAV

n—1 n—1
(A unvoal djebic | A, upva) = (=1)" (H Tk,k+1> <H Tu+1> (A, urva] di,cbn e |A vy )
k=1 upu, =y

(A.29)
where T} ;11 is the permutation matrix in the A irrep of S, that swaps the color indices of
operators k and k + 1. This is helpful because it gives us the explicit ¢ and j dependence of
the matrix element relative to the choice where ¢ = j = n.

To find the remaining matrix element, it will be most convenient to find the action
of dy b, on Fock states, and then change the basis to Young’s orthogonal basis. The
permutation P, in S,, can either be written as p,_; ® 1, meaning that it is a permutation
Pn—1 in S,_1 that does not move element n, or if P, (i) = n it can be written in the form
P = Tin-(pn_1 ® 1), where T}, swaps the elements ¢ and n. In the former case the operator

simply annihilates the nth quark and antiquark and so

dn,cbn,c |n,pn—1 X ]—> = (_1)n_1Nc ‘napn—l> ) (ASO)
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where the factor of N, comes from the sum over the color index ¢. For the latter case, when
the n quark and antiquark operators get annihilated, their color indices get matched together

so that the resulting permutation moves i — n — p,_1(#). Thus we get
dn,cbn,c |TL, ,Tm'(pn—l ® 1)> - (_1)n—1 |n’pn—1> . <A31)

A Young’s orthogonal basis matrix acted upon by the operator becomes

da
dn,cbn,c |A7 uA“A) - m ;(Tpn)uAvAdn,cbn,c |n773n>
- E O (N 0t + 3 Y T Ty | = 1)
nl\/’ZTA — DPn—1 AVA < 'nl AVA )
Dy N6 S T,
Z Dy 2 2 | Nedunuy + 3 (Tiduny
wlh o UXUA =1

X (Z(Tpn_@l)uj\v/\(Tpn_l)uxvx) | Astx; va) - (A.32)

Pn—1

Thus the remaining matrix element is

no1dn | Dy
(A, unvx| dpcbn e |[A, upvp) = (—1) 1H 'D_A ZRUAUQ\SuAuQ\,vwm (A.33)
Ul
with
S“AUA’UAUA - Z(Tpnfl)“t)\v)\ (Tpn71®1)uAUA' <A34)
Pn—1
and

=1

n—1

For the first tensor S, we can see that it is very similar to the tensor S given in

Eq. ((A.26)). This new tensor has the similar property

(TP>UAU/>\SU/>\UA7UAUA = Suwﬁ\,vw/\ (Tp®1)u§\u1\ (A.36)

for a permutation p in S,_1, with a similar equation for the v indices. As with the tensor S,

these relations imply that S is a direct product of two matrices, so that

Su/\uA,va = BAA(M/\A)uAu,\(MAA)vAvA- (AS?)
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N =

EEE
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EEE

Figure A.2: The matrix M, where A is the antifundamental irrep of S, and A is the mixed
symmetry irrep of S3, all written in Young’s orthogonal basis. The numbered Young tableaux
correspond to the basis elements of the vector space and are required to derive this matrix
as described in Appendix A. Note that the only nonzero elements occur when the numbered

tableau on the left matches the numbered tableau on top with box 4 removed.

for some matrix My, with the property

Tyor. Myy = My T, (A.38)

This implies that the matrix M],.M,, is proportional to the identity in the smaller basis.
Since we define My, through & using an undetermined constant 5y5, we can choose My, to
be defined such that M, .M, = 1 exactly. This also implies that the rows of the matrix M
are orthonormal vectors, which means that the matrix My,. M}, is a projection operator in

the larger basis.

Looking at the way that Young’s orthogonal matrices are constructed, we can see that
the matrix My, is actually a section of the identity matrix in the larger space, where the
ones appear where the numbered tableau on the smaller basis is the same as the numbered

tableau in the larger basis with box n removed, as seen in Fig. A.2.
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To find (yp, we can once again take traces of the tensor S to get

> Susunanun = Ban da =Y du xa(w)xa(v), (A.39)
17

ux,up
where d) is the dimension of the smaller irrep A\, p is one of the conjugacy classes of the
permutations in S,_1, v is the conjugacy class in S,, such that if x corresponds to a permu-
tation p, then v corresponds to p ® 1, the characters x,(u) and ya(v) originate from traces
of permutation matrices, and d,, is the dimension of the conjugacy class p, equivalent to the
number of matrices in the conjugacy class p. The character x,(v) can be written in terms
of the characters x,(u) by using the Frobenius formula. The polynomial corresponding to

the conjugacy class v can be written in terms of the smaller ones for u by

F.(x,v) = F,_1(x, p) (Z x,) ) (A.40)

This implies that xa(v) = > | x», (1), where ); is the irrep obtained from taking the tableau
associated with A and removing one box from row i. The character will be equal to zero if \;
does not correspond to a valid tableau. Finally, we note that y,(u) is orthogonal as a vector
in the irreps A, and if that vector is normalized it will also be orthonormal in the conjugacy
classes p1. The normalization factor is equal to (n — 1)!/d, for a class p in S,_;. Thus we

can put this all together to get

ﬂ/\A—d/\ZZduXA 1) X ( n—l Z5AA (A.41)

This tells us that the tensor S is zero unless the tableau for the irrep A is the same as A

except for one extra box. We now have that, when the tensor S is nonzero, it is equal to

(n—1)!

SU)\“AfU)\UA - Z <Tpn71 )UAU)\ (Tpn—1®1)“AvA = T)\ (MAA>UAU>\ (M)\A)UAUA‘ (A42)
Pn—1

The other tensor R is a matrix that can be shown to commute with any permutation of the

form p ® 1 since that permutation will only rearrange the indices 7 in the sum over matrices

that defines R. This implies that the matrix MY, .R.M,, is proportional to the identity



140

since it commutes with every permutation matrix in S,,_;. Also, it can be shown using the
definition of S as a sum over permutations that (R.Mxa) ® My = Myp ® (R.M)yy), which
further indicates that R.M,, is proportional to Mys. It turns out that the proportionality
constant is given by

'R,.M)\A = (NC + Aa - CL)MAA, (A43)

where a is the row of the tableau for A that is different from the tableau for A and A, is the
ath value of the permutation corresponding to A. This factor is equal to the N, dependent
factor coming from the box in A that is not in A when determining the dimension of the
SU(N,) irrep corresponding to A.

Putting all of this together and using the formulas for the dimensions d) and D, to

simplify things, we find that

D, d
(N upvy| dyy obne | A upvp) = (1)1 lTin_?lA(Nc + Ao — @) (Man)uyup (Man)vyo,

= (_1)n1\/g:i<M)\A)uAu>\ (M) vpos s (A.44)

where we have used that g—;‘ = Z—i%(NC + A, —a). Thus the full matrix element for any

operator d; .b; . is given by

o 1) n—1 n—1
(A wavy] dicje |A upvp) = (=1)" D—A << Tk,k+1> -M/\A) ((H Tl,l-i—l) -M/\A>
A :
k=i upu

- (A.45)

VAV

A.4 Near-degeneracy and scale factors in basis states

So far, we have exclusively worked with Fock states that have completely distinguishable
quarks and antiquarks. In practice, though, many of the basis states will have nearly de-
generate quarks in them, meaning that there are multiple quarks that share all quantum
numbers except for color charge. In those cases, the basis has to be truncated into one
where the nearly degenerate quarks are antisymmetrized. We can do this by working in the

full, non-degenerate basis and then truncate the result using the appropriate change of basis



141

matrices for the states involved in the matrix element. Care must be taken when taking this
approach with four-quark and six-quark operators, as the intermediate color singlet states
formed by applying part of the full operator may have a higher degree of near-degeneracy
that either of the two basis states in the matrix element. If this is not avoided or accounted
for, then the result will have extra contributions from states that should not exist. This can
be avoided by either finding an alternative way of calculating the matrix elements, as can
be done for certain diagonal elements, or by carefully ordering the two-quark color singlet
operators so that intermediate states alway have less antisymmetry than the basis states
corresponding to the matrix element.

Like the permutation matrices, these projection matrices can be built from the labeled
tableau. The procedure for doing this is to first note which quarks and antiquarks need
to have their color indices antisymmetrized. Then, we group up all of the labeled tableau
that are identical up to permutations of the numerical labels that are antisymmetrized. If a
labeled tableau from the full basis does not match a tableau from the reduced basis up to
antisymmetrized permutations, then the matrix element between those two tableau must be
zero. Finally, we calculate the nonzero elements of the projection matrix using the distances d
as defined above between all pairs of boxes that are antisymmetrized. The non-zero elements
are found by taking a factor of 1/ v/n! coming from the change in normalization, where n
is the number of near-degenerate quarks, and then multiplying a factor of :F\/m for
every pair within each group of antisymmetrized boxes, where +d is defined as it is above
for a pair of boxes.

Examples of these projection matrices are given in Fig. A.3. The first example shows
the matrix needed when quarks 2 and 3 are antisymmetrized, with the two relevant 4-box
tableaux derived in the first of the direct products shown on the left. The second example
shows the matrix needed when particles 2, 3, and 4 are all antisymmetrized, with the single
relevant 4-box tableau derived in the other direct product shown on the left.

For the first matrix on the left, we first need to group each of the numbered tableau in

the full basis with one of the tableau in the reduced basis to see which elements must be
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Figure A.3: Two change of basis matrices for the antifundamental irrep of S; written in
Young’s orthogonal basis. The first matrix changes from Young’s orthogonal basis to a basis
where particles 2 and 3 are antisymmetrized, as illustrated by the first direct product. The
second matrix changes from Young’s orthogonal basis to a basis where particles 2,3, and
4 are antisymmetrized, as illustrated by the second direct product. The numbered Young
tableaux correspond to the basis elements of the vector space and are required to derive

these matrices as described in Appendix A.
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zero. The first tableau in both bases are identical, and no other tableau match them up
to permutations of boxes 2 and 3, so the first column must be all zeros except for the first
one. The remaining two tableaux in the full basis match the second tableau in the reduced
basis up to a permutation of boxes 2 and 3, so only the first element in the second column is
guaranteed to be zero. For the first tableau, we have between boxes 2 and 3 a value +£d = —1,
so the value of the first element in the matrix is F/(1F 1/d)/n! = +/(1+1)/2! = 1.

The values of d between boxes 2 and 3 for the remaining two tableaux are +d = 2 and
+d = —2, so the remaining two elements of the matrix are —y/(1 —1/2)/2! = —1/2 and
+/(1+1/2)/2! =/3/2.

For the second matrix on the right, there is only one state in the reduced basis, and
all three tableaux in the full basis match it up to permutations in boxes 2, 3, and 4, so
all elements of the matrix can be nonzero. To find these elements, we need the values of d
between boxes 2 and 3, between 2 and 4, and between 3 and 4 for each of the tableaux in
the full basis. For the first element and tableau, we have +dy3 = —1, +doy = 2, £d34 = 3, s0

the value of the element is given by

(F)23(F)2a(F)aav/ (L F 1/dos) (1 F 1/doa) (1 F 1/dsa) /nl = ++/(1 + 1)(1 — 1/2)(1 — 1/3)/3! = 1/3.
(A.46)

For the next one, we have +dy3 = 2,+dsy = —1,+d3s = —3, so the matrix element is

—/(1=1/2)(1 +1)(1 +1/3)/3! = —/2/3. Finally, the last one has +dog = —2, +doy =

—3, +dyy = —1, which becomes ++/(1+ 1/2)(1 + 1/3)(1 +1)/3! = 1/2/3.

Finally, there will also be a scale factor needed to account for changes in normalization
and degeneracy factors. Each creation operator added to a state incurs a factor given by the
square root of the near-degeneracy of the added state after the operator is applied, while for
any annihilation operator we get the square root of the near-degeneracy before the state is
removed. This is because the near-degeneracy of states needs to be normalized by an extra
factor of 1/4/g!, where g is the number of near-degenerate copies of a specific type of quark

or antiquark, so when a new state with the same quantum numbers is added we get a state
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that is v/g + 1 times bigger than its normalized counterpart. For annihilation operators, this
means that the norm is initially off by 1/,/g, but the annihilation operator will also generate
g copies of this state since it fails to anticommute with each copy of the quark, so we get an

over all factor of \/g
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Appendix B
QUARK MODEL CHIRAL STATES

B.1 Representations of S;

Here we will review some necessary aspects of the S3 representation theory [203, |. There
are three irreducible representations: the one-dimensional symmetric representation S, the
one-dimensional antisymmetric representation A, and the two-dimensional mixed represen-

tation M = (M,, M,). The mixed representations are defined via

PlgMp == —Mp s 'PmM(p == _MSO; (Bl)

1 3 3 1
PuM, = —Mp—iMw . PuM, = By Ly

92 9 9 P 5 @ (BQ)

where P, permutes elements a and b. The tensor products of the irreducible representations

are given by
SsS =85 , SeA=A , ARA =S5; (B.3)
SoM = M , AQQM =M , MM = SoAEM. (B.4)
It is useful to think of the action of S3 on the states of definite isospin and the states of

definite helicity separately and then form the baryonic product state. The product rules for

combining mixed representations are

S = 5 (MM, + M,M,) (B.5)
1

A = %(Mpr - M,M,) (B.6)
1

, = E(Mpr + M¢Mp) (B.7)

= (MM, — M,M,) . (B.9)
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B.2 Helicity states

Spin is not a good quantum number however the third component of spin, helicity, is a good
quantum number and it is expected that each state of definite helicity is a linear combination
of states of definite spin. There is a single A = —i—% state. This state is in the S representation

of S5 and is denoted
€52 = 1111 (B.9)
The most general A = +% state is

arl J11) + o T41) + as| 1), (B.10)

where the a’s are mixing angles. In general, this decomposes into S @ M of S3. Application

of the rules of the previous section yields the normalized helicity states

1
€5, = ﬁ<|m>+|m>+|m>>; (B.11)
b L ) ) |
€50 = Z=CITTD = [14D) = 1111) 5 (B.12)
€0 = (1) = [411) . (B.13)

S

2

The negative helicity states are

€%, = 1444 (B.14)
s . 1 |

€2,,) = \/g(\ T+ 141 + 14 (B.15)
e v _ _ L B 3 .

) =~z @~ 141D = 1) (B.16)
€)= (1D — |11 . (B.17)

V2
With this choice of phases, the |£7) states form a spin quartet, and the |£F) and |£F) states

form independent spin doublets. This has not been assumed but rather is a consequence of

the S3 symmetry.
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B.3 Isospin states

[sospin is a good symmetry. There are two 2 representations given by

£y = i wud) — ludu) — |[duu)) ;
95) = \/6(2| d) — [udu) — |duu)) ; (B.18)
oy = _ L u) — |dud) — |u
or) = \/E(QIdd ) — ldud) — [udd)) , (B.19)
and
Py = i udu) — |[duu)) ;
o) = \/§(| du) — |duw)) ; (B.20)
00) = =5 (ldud) — fudd)) . (B.21)
There is a single 4 representation given by
050) = luuu) ; (B.22)
sy = L uu udu uwu)) ;
[Pa+) = \/g(l d) + ludu) + [duu)) ; (B.23)
1
|¢pR0) = %(lddu) + |dud) + |udd)) ; (B.24)
05-) = lddd) . (B.25)

B.4 Chiral states

The chiral states are readily constructed as products of the helicity and isospin states. The
A= i% states in the 2 of isospin which transform irreducibly with respect to Ss are:

1

Sv ) = = (ORIED + D) (B.26)
) = = (I — 19DIED) (B.27)
MEA) = = (RIED + 9IER) (B.28)
MEX = = (RN — DI (B.29)
ML) = 16R)IED) (B.30)

IME,X) = [62)&5) - (B.31)
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Now defining

027, 0) = (IME2,N) + [ME#,N) (B.32)

Sl

2
1

‘NJ/\JI’SD7>‘> = 5

(IME#2,A) — [ME?,N)) (B.33)

S

it is straightforward to show, using the results of the previous section that |Ay, %), |O%, %>,
and |O%, 1) transform as (2,1), |Ay, —1), |O%, —3), and |O%, —3) transform as (1,2) and
1Sy, 1), |N&, 3), and | NE, 3) transform as (2, 3)a, | Sy, —1), [N§, —3), and [N, —1) transform
as (3,2)2. The A = :I:% states in the 2 of isospin which transform irreducibly with respect

to S3 are:

[PGA) = 100)IED) (B.34)
IPEA) = 160)1€3) - (B.35)

The |Pf,2) states transform as (1,2) and the |P{,—3) states transform as (2,1). The

A= i% states in the 4 of isospin which transform irreducibly with respect to Ss are:

[Sa,2) = [¢2)1EX) 5 (B.36)
QLN = 21€5) 5 (B.37)
QLA = ¢2)1€5) - (B.38)

The ]SA,%>, |Qﬁ,%> and ]QZ,%) states transform as (2,3)4, and \SA,—%), ]Qf,—%) and

|QX, —%) states transform as (3,2)4. Finally, the A = j:% states in the 4 of isospin which

transform irreducibly with respect to Ss are:

[Sa,A) = [g2)1€R) - (B.39)

the |Sa, 3) states transform as (1,4) and the |S,, —2) states transform as (4,1). Note that
the states [Sy,A), |[Ay,A) and [QX¥, A) for A = +1 and the states [Sa, A) for A = +1,+3

are spin eigenstates, whereas the states [N&?, A) and |O¥, \) for A = £5 and |P{%, \) for



A= j:% transform reducibly. In particular,

STING?, —3) =
STI0%* —3) =
SH|Pge,—3) =
§+|Np<p %) _
S0, 5) =

—3 (108%,3) = 3IN%%.9)) (B.40
3 BlOF7, ) — INR%. D) (B.41

VEloe, -3 - INgZ, 1))
_J3
NE

Pre 3

N72

pe 3
PR¥, 5

)
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In summary, the states of definite isospin and chiral symmetry can be expressed in terms of

the states transforming irreducibly with respect to Sz as

and

|<27 1) ? %>P,¢
|(37 2)4 ) _% >57P:¢
(4,1), —3)

B.5 SU(4) states

{|Ax, 3), 0%, 5),10%, 5)} ;

{1Sx,3), INK, 3), INE, 5)} 5

{IP5.3).1P%, 5)}

{154, 3),1Q%, 3),1Q%, 3)}

155,3), (B.45)
{lAx, =3), 0%, =), 10%, =)} 5

{19, =), INK, —3), INZ, =)} 5

{IPg, —2), IP%. =)}

{194, =3), 104, —3), 1Q%, —3)} 5

|Sa, —3). (B.46)

The 64 chiral states listed in Egs. (B.45) and (B.46) must map onto states obtained by placing

the three quarks in the fundamental of SU(4). The available states then transform in the
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product: 4®4®4 = 4,4 ® 20g & 20,, @ 20%, where these irreducible SU(4) representations

in turn decompose to the spin-isospin states:

4,: 2N ;
205 : 2N @A ;
2057 AN @ N @ 3A . (B.47)

It is a simple matter to find the relation between the chiral states and the SU(4) states:

|4A72N7 %) = |(2a 1) ) % >A ) (B48)
|20572N7%> = |(273>27 %>S ;
‘20574A7%> = ’(273)47 %>S ;
20572N,5) = 5 (12:1), 5000 + 1(2,3)2, 3)00)

120507 2N,

o=

)

)
200729 = |

)

(1,2)
205720, 3) = [(2,3)1, 300 - (B.50)
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Appendix C
IRREDUCIBLE CHIRAL TENSORS

C.1 Nina(2/1)ora(1,2)

Here the positive helicity baryon states transforming as (2,1) or (1,2) will be constructed.
We have a A = +1 state transforming as (2,1) and a A = +3 state transforming as (1, 2).
The negative helicity states are then obtained by acting with the )’ operator as in Eq. (3.39).

Consider the field operator Sp that creates a state that transforms as (2,1) under

SU(2), ® SU(2)g; that is,

S — (L), Sy . (C.1)
This isodoublet is assigned particle content

Si=ps , So=ng. (C.2)

The field operator creates the isodoublet state |S§, A) = |(2,1)*, X), where A = 1 or —32.

The transformation property of the field operator Sy, is expressed algebraically as
(QF. 53] = Sp(T*) . [Q%,Si]=0. (C.3)
Acting with these commutators on the vacuum state then gives
QUSE. A) = (T)™[Sp, A) . Q31SE, A) = —(T)"|Sy, A). (C4)

Note that both charges annihilate the vacuum state. The axial charges can then be read off;

with the axial charge defined as

ga = (ps, 51 (@1 +iQ2)Ins, 3) = (s, 312Q%Ips, 1) (C.5)
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one finds g4 = —1. It is now straightforward to construct the state that transforms as (2,1)
in the chiral basis. The (2, 1) state of opposite helicity can be obtained by acting with the
normality operator. Equivalently one constructs the field operator Sg that creates a state
that transforms as (1,2) under SU(2), ® SU(2)g; that is, |S%, X) = [(1,2)*, \'), where

N = —% or % Algebraically this operator satisfies
[Q%, Sk] = ST , [QF, 5% =0. (C.6)

Proceeding as above one then finds, for instance, g4 = 1.
C.2 Aina (1,4)

Here the positive helicity baryon states transforming as (1,4) will be constructed. We have
a = —i—% state transforming as (1,4). The negative helicity states are then obtained by
acting with the )’ operator as in Eq. (3.39).

We introduce the field D which transforms as (1,4) under SU(2);, ® SU(2)g and creates

3
’ 2

Duse — (R)? (R)Y (R)S

a Cc

the isoquartet state [D, 3) = |(1,4)%*¢, 3). The transformation property is

/

Dyye . (C.7)
D is symmetric under the interchange of all of the right-handed indices and therefore trans-
forms like SpSgrSR. Using the results of the previous section it follows that D satisfies the
algebraic constraints

[C?oz7 Dabc] — [Q?’ Dabc] — (Ta>daDdbc + (Ta)dbDadc =+ (Ta)chabd ] (08)
It is then easy to work out the isospin transformation properties and find the particle content

1
Dy = AEJF ) % (D112 4+ Dio1 + Dony) = AJ]S
1

73 (D122 + Dogy + Daa) = A}, , Dago = Ap . (C.9)

Defining
Han = —3VB(ARH, 31 (Q+iQ2) 185, %), (C.10)

then gives Han = —3.



153

C.3 N and A in a (2,3)

Here the positive helicity baryon states transforming as (2,3). We have a A = —I—% state
transforming as (2,3). The negative helicity states are then obtained by acting with the )
operator as in Eq. (3.39).

It is straightforward to embed an N state and a A state into a single irreducible repre-
sentation of SU(2), ® SU(2)g, the (2,3). There are several ways to do this. Consider the

field operator I'}, which transforms as (1, 3) and therefore satisfies the algebraic constraints

The tensor t& = SET% with one fundamental and one adjoint index therefore transforms as

(2,1) ® (1,3) = (2, 3), and satisfies the algebraic constraints

(Q° ] = (Thaty + it

[Q?a tg] = —(Ta)bat’f + ieamtz . (C.12)

This representation has mixed transformation properties under isospin, transforming as 2®4.

The states of definite isospin are easily found to be
(—ity + 15 — it?) = p;

— (—ity — T+ it3) =y (C.13)

w w

for the 2 and

= (it + ) = A

i@‘ (—ity + 5 + 2it]) = Af

i6 (it} + 5 + 2it3) = A)

L) =ay (C.14)
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for the 4. One then finds obtains
ga = 5, Can = =2, Han = =3 (C.15)
where

Cov = —/BA 11 (@ @) b c16)
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Appendix D
PRINCIPAL VALUES IN DLCQ

This appendix elaborates on our choice of principle value for the momentum space po-

tentials in 14+1d QCD. For a more general definition of the principle value given by

-1
<gZ [ 2:| 5n1+n2,n3+n4) - fn1 + fng. (Dl)
(n2 N 713) n1=ng4,n2=n3
The parts of the potential that require a principle value are given by
&y -1
b 2Nc (n2 — TL3)2 1+n2,n3+ng
ni,n2,n3,n4
ISP L YR WP A S B W b—d D.2
* \ Ya.fin Pb.g.nsVa.gns 0. fna N a.f:n17bgng  b:gmsCa, fina +(b—=d) |, (D.2)

Vi = S >, 2 L s
o N n1,n2,Mn3,M4 (n2_n3>2 n1+nz,n3+ng

1
T T T
* (ba,f,nldl,g,nzdbagyniibbvf»ml - N a’fmldb7g7n2db,g,n3ba,f,n4) : (D3)
c

When the incoming and outgoing momenta are the same, then we have

2
(VaJo = =532 D (o + fi)

1
* (bl,f,nlbljg,g,ngbaygyn2bb7f7n1 - ﬁ (Tz,f,nlbz,g,ngbbyg7n2bayﬁn1 + (b — d)) ) (D4)
£n
(VM)OZ NP (fn1+fn2)

ni,n2

1
T
* <b;f7n1d;g,n2db,g,n2bb,f,n1 - Fbjz,f,nldb,g,ngdb797n26a7fﬂ1) : (D5)
c
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With F, =" (fa)b! ynbafn and Fg = Zn(fn)d;f’nda,ﬁn, these potentials become

2
(Ve + V) = §N2 (NUp+ (N, — Ng)(Fy — F;) — F, — F) . (D.6)
Z (fnl + fnz) ( afnldagngdbgn2bbfn1>
- Z fn1 < a,fni bgngba79,n2bb7f,n1 + (b - d)) (D7)

The state vector for a set of quarks and antiquarks 1 in a color singlet « is given by

’¢7 Oé> = Tﬁ{li},{a]‘} H (b;,fl,nz> H <dlj,fj,nj> |0> ? (D8)

J

where |0) is the light-cone vacuum. The operator Uy acting on this state gives

AIJ(CY) X7y (@)
v = (Sh (S, - S

'+
AIJ a) X9 ,(a)
+ me ( Tt tasy ~ T{ai}&a.f}))
J'E
t f
H (baz fis m) H <da] fi nJ> |0> ) (Dg)
( J
where
Arg(a) _ «
Tialf oy = 2 (T{ai},{aj})aI:aJ: daras (D.10)
A
b (o) o
T{af]{ {aj} = <T{ai}’{aj})a,<»a,, ) (D.11)
X9, () o o
Talytag) = (T{ai},{aj}kﬁaﬂ' (D.12)

Since T corresponds to an SU(N,) color singlet, the A;; piece summed over the antiquark
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indices can be written as

> Tait oy = ZZ( {a, {ag}) Ob1,bs%ar,0s
J

=br,a;=b
T by by ar=br,ay=bs

1
o Z Z < {a:}, {a3}> (Q(TA%IJ?I (TA)aJ,bJ + F5al,b15aJ7bJ)

ar=br,ay;=by

J brby
= Z Z < {a;} {a3}>a — 2(TA)a1,b1 (TA>a},b} + Z Q(TA)ath (TA)bLCI (T{Oéi}{aj})a]:q
I'#1 by bl brier

1 e
oy Nl e )

1 (e}
=2 ( fau), {ag}> , N = 5 (No = Na))Tay o)

I'#] ¢
=> T{a’f ta } + (Ne = B)T{o5 () (D.13)
I'£1

Similarly, the A;; piece summed over the quark indices can be written as

TA /
{af]{{aj Z T{aJ}J{a } + (Ne + B)T{a }{aj} (D.14)
I J#J

The expressions in parenthesis above can then be written as

Aqs(a) X0 () |\ o
( Taiqayy — T{afi{aj}> = (Ne = B)T{,3 1ay) (D.15)
J I'#1

INSIC) X9(@ | o
( Taii qayy — T{#}f{aﬁ) = (Ne+ B)T{03 a5 (D.16)
T oy

Therefore, Uy acting on a color singlet vector is given by

mm@=(2ﬁ¢m—m+zymm+m>mw
= ((Fy + F))Ne — (F, — Fp)B) [,0). (D.17)

and the forward scattering part of the potentials are given by

&ny
N2

=0, (1= 3 ) (B £ v0). (D.15)

(Vs + Vo v, a) = 258 (Fy + F)NE = (Fy = F)NeB + N.B(F, — Fy) = Fy = Fy) [, )
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Thus even with a fairly general expression for the principle value the contribution to the
Hamiltonian will be fairly simple, and this is what allows the V5 term to be subsumed into

the principle value of the momentum space potential.
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Appendix E

PDFS IN DLCQ

The null plane field operator is written in terms of creation and annihilation operators
by

o) = [ ST e+ dl (1))

(E.1)
= V2k / dy q(y)e™ (E.2)
= V2k / dy q'(y)e™ (E.3)
The PDF is defined as
1 > —ix
=/ dye "7 (Pl q"(y)q(0) | P) (E.4)
s
1 —ix
=1 dye "7 (Pq(y)q'(0)|P) (E.5)
™ —00
After discretization, we have
—ian, t ian
— L o Z Yt df e'm) (E.6)
n=1/2
7r/a
= /= / elany (E.7)
w/a

w/a
d, = / d elany
27 /w/a yq
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and
w/a

f(n) = / dy e (K| ¢} (4)(0) | )

—7/a
— (K| bba | K) (£.9)
w/a '
faln) = / e (K40 0) )

= (K|d!d, |K) (E.10)

with (K| K') = dxre and {b1 b} = {d, , du} = Gun.
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