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KRrRzyYszTOF BURDZY
ELLEN H. ToOBY
RurH J. WILLIAMS

1. Introduction. In this paper, we continue the study initiated in Burdzy and
Williams (1986) of the local properties of Brownian excursions in Lipschitz domains.
The focus in part I was on local path properties of such excursions. In particular, a
necessary and sufficient condition was given for Brownian excursions in a Lipschitz
domain to share the local path properties with Brownian excursions in a half-
space. This condition holds for C1**-domains (« > 0), but there is a C'-domain
for which it fails. Here we consider the distributions of a selection of local events
for excursions. In particular, we focus on the asymptotics of these distributions as
the region of locality shrinks to a point. We show that when a Lipschitz domain
is locally approximated by a half-space, the asymptotics for excursions in the two
domains are comparable.

Our choice of which local events to examine was influenced by the desire to give
a representation for Brownian local time on the boundary of a Lipschitz domain.
The definition of local time we use here may seem somewhat unorthodox, however,
it is quite natural in the context of exit systems. Specifically, we define the local
time to be the continuous additive functional of Brownian motion whose Revuz
measure (relative to Lebesgue measure as invariant measure) is equal to the surface
area measure on the boundary of the Lipschitz domain (Revuz (1970)). Using the
results of parts I and II, for a class of Lipschitz domains that includes the C1“-
domains (a > 0), we give several representations for Brownian local time in terms
of limits of numbers of excursions of a certain “size”.

Representation theorems of this type are well known for one-dimensional Brown-
ian motion (see Fristedt and Taylor (1983) or Williams (1979)) and have been ob-
tained for multi-dimensional reflected Brownian motion in a C3-domain (see Hsu
(1986), Theorem 6.1). Although we consider unconstrained Brownian motion rather
than reflected Brownian motion, we require less regularity of the boundary than
Hsu (1986), and it seems that a modification of our approach would yield a re-
laxation of his assumptions. Another closely related paper is that of Bass (1984)
who discussed convergence of continuous additive functionals of Brownian motion.
His results can be used to give some representation theorems for Brownian local
time on a Lipschitz surface. In contrast, the representations we give are in terms
of limits of discontinuous additive functionals that count the number of excursions
of a certain size.

The key to our representations is a link we establish between the local behavior
of excursions and the boundary behavior of the Green function. The potential of
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this connection has not been exhausted here, for further representation theorems
could be obtained almost automatically once more about the Green function was
known. In fact, some results of this nature have recently been obtained and will be
discussed in a forthcoming paper by Baniuelos and Burdzy (1988).

The remainder of this paper is organized as follows. Section 2, introduces no-
tation and reviews some known results. Section 3 presents explicit formulas for
some distributions of excursions in a half-space. In Section 4 we show that when
a Lipschitz domain is locally approximated by a half-space, the asymptotics of the
distributions of a selection of local events for excursions in the two domains are
comparable. These results are an improvement of those in Chapter 4 of Burdzy
(1987). Representation theorems for local time are proved in Section 5. Section 6
contains some potential theoretic results which are needed in Section 4. This sec-
tion relies heavily on the results of Fabes et al. (1986) and does not use probability,
hence it is relegated to the end of the paper.

The authors would like to thank Rodrigo Banuelos and Donald Sarason for their
most valuable suggestions.

2. Preliminaries. In this section we establish notation and review some known
results that are fundamental to our study. The reader is advised to consult Doob
(1984) concerning Brownian motion and potential theory. Fabes et al. (1986) is an
excellent reference concerning the boundary behavior of parabolic functions. We
use the version of excursion theory presented in Burdzy (1987) which is based on
more general results of Maisonneuve (1975).

Since the paper of Fabes et al. (1986) will be referred to repeatedly in Section 6,
we adopt its notation with slight modifications.

Let R™ denote n-dimensional Euclidean space for some n > 2. The points of R"
will be denoted as x, ¥y, etc. In describing local properties at different points on the
boundary of a domain in R™, it will be convenient to use orthonormal coordinate
systems that vary from point to point. The notation (z1,...,z,) will be used to
denote the coordinates of a point x in R™ in some orthonormal coordinate system,
where the choice of coordinate system will always be made clear in the context.

We will then write 7 = (z1,...,2Z,_1), in particular 0 = (0,...,0) € R*~'. The
complement of a set D in R™ will be denoted D¢ = R"\ D.

A set D C R™ will be called a Lipschitz domain if it is a non-empty domain and
there exists A < oo such that for each x € 9D there is a non-empty neighborhood
U of z, an orthonormal coordinate system CS(z), and a Lipschitz function ¢, :

R"~! — R with constant \, satisfying D NU = {y ceU:y, > gom(’g;)} in CS(x).
Then for r > 0, x € 9D and t € R, let

U, (2,t) = {(y,u) € D xR: |z —y| <rt—ul <r’},
Ay(x,t) =V, (z,t) N (0D x R),

where W,.(z,t) denotes the closure of ¥,.(z,t) in R and for x = (z1,...,2,) in
CS(z), let

A (x,t) = (%, Ty +1,t+ 27’2) )

A (z,t) = <%, Ty + 1t — 27"2) .
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For a domain U C R™ and open interval I C R, a function f : U x I — R will be
called parabolic if the first and second partial derivatives of f in U and first partial
derivative of f in I are continuous on U x I, and

Za2f aat(l’t) 0 for (z,t)eUxI.

For (y,u) € ¥,(z,t), the caloric measure P(y,u) o0 OW,(z,t) is the unique Borel
probability measure that does not charge {(z,s) € OV, (z,t) : s = t + r?} and
satisfies

flyu) = / F (22 8) iy (2. d5)
OV, (z,t)

for every parabolic function f in W, (x,t) which is continuous in ¥, (z,t) (Fabes et
al. (1986)).

The Green function of a Lipschitz domain D C R™ will be denoted Gp(-, ).

Let €2 be the space of paths w : [0,00) — R™U{d} which are continuous on [0, R)
for some R(w) < oo and such that w(t) = 6 for ¢ > R. Thus, R denotes the lifetime
of a path, which may be infinite. Let X be the canonical process i.e., X;(w) = w(t).
Denote F = o {X;,t > 0}, F; = 0 {X,,s < t}. For a stopping time 7" let Fr denote
the usual o-field of pre-T-events and let 6;, t > 0, be the shift operators on (2. For
a set A CR" let

Ty=T(A)=inf{t >0: X; € A}

and
T(A—)=inf{t >0: li%le € A}.

Let P* denote a measure on (€2, F) which makes X the standard n-dimensional
Brownian motion starting from x. Analogously, P, will denote the distribution of
Brownian motion in D, i.e., Brownian motion killed at 7" (D).

An excursion law H* in D C R" is a o-finite measure on ({2, F) which has the
following properties:

(ii) H?* is strong Markov for the Pj-transition probabilities, i.e.,

H (a-b(07)) = H” (a- Py (1)

for all stopping times T" > 0, nonnegative and F-measurable b, and nonneg-
ative and Fp-measurable a.

If D C R™ is a Lipschitz domain and x € 0D then there exists an excursion law
H?* in D.

The following is a version of the exit system theorem. See Maisonneuve (1970)
for more details on exit systems and see Revuz (1970) or Williams (1979) for the
definition and properties of continuous additive functionals (CAF’s).

Suppose that D C R"” is a Lipschitz domain and let y denote the surface area
measure on 0D. Let L be the CAF of the Brownian motion X (with associated
probability measures {P?,z € R"}), whose Revuz measure (relative to Lebesgue
measure as invariant measure) is given by pu , i.e

4(A) = lim> B [ /O t 1A(Xs)dLs] ,

t10t
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for all Borel sets A C R", where v denotes Lebesgue measure on R". Fix some
nonpolar compact set B C D. For p-almost all points x € 0D, the unit inward
normal vector N, is well defined and lime~!P5TNe (T < 00) exists. For such

e—0

let H* be the excursion law in D with the property that H* (T < 00) is equal
to the above limit. For all other z, let H* = 0. Then the pair (dL, H) is an exit
system in D in the following sense.

For u such that X,, € 9D let e, be the excursion of X in D i.e.,

X(u+t) if inf{s >u: X, € D} >u+t,

eu(t) = ,
4] otherwise.

For u such that X, ¢ 0D, define e,, = §. Then (Burdzy (1987), Theorem 7.2),

(2.1) < > Zu-(foew) ) =F (/OOOZSHX(S)(f)dLs)

O<u<oo

for all universally measurable functions f on 2 which vanish on excursions e, = ¢
and nonnegative F;-predictable processes Z.

3. Some explicit formulas for excursions in a half-space.

Let D, = {x € R" : z,, > 0}. There exists a unique excursion law H? in D, such
that H? (Ts < c0) = 1 where B = {z € D, : x,, = 1} (see Burdzy (1987) Theorem
3.1). Denote S, = {z € D, : |z| =1},S, = {x € dD, : |x| < 1},5 = S, U Sy, and
T = min(Ts, R). In the right members below, the symbol dx will denote the
differential of Lebesgue measure in R™, dz will denote the differential of (n — 1)-
dimensional Lebesgue measure (surface measure) on the hyperplane dD,, and do =
do(z) will denote the differential of surface area measure on the semisphere S,.

Theorem 3.1.
(i) HO (X, € dx) =2~ (n=2/2p=n/24=(n42)/2p o=121*/2D gy for t > 0, x € D,,
(ii) HO (|X,| € dr) = 2= (=2/27=V2(T((n+1)/2)) "t~ ("+2/2pne=r* /@0 gy for
t>0,r>0,
(ili) HO(R € dt, X(R—) € dz) = (2r) /2t~ (n+2)/2c=1e/C Gtz fort > 0,z €
oD,
) HO(R € dt) = (2rt) 2 dt  fort >0,
) HY(R > t) =2Y2(xt)=1/2  fort >0,
(vi) HY(X(R-) € dx) =T'(n/2)n~"/?|z|~™d% for x € OD,,
) HY(|X(R-)| >r)=2r""2[0(n/2)/T((n—1)/2)]r~"  forr >0,
)

*

H2 | sup |Xy| € dr) = 27120 ((n+2)/2)/T((n+1)/2)]r 2dr forr >
te(0,R)

(ix) H? ( sup | X¢| > r) =212 ((n+2)/2)/T((n +1)/2)]r~' forr >0,
te(0,R)
) HY(X(T—-) € dz) = T'(n/2)n~"/? (|x| " —1)dzx forx € Sy,
) HY(X(T-) € dz) = 2T((n +2)/2)n " ?x,do  for x € S,,
(xit) H? (X(T-) € S,) = 2r""2[0((n +2)/2)/T((n +1)/2)],
i) The random wvariables T and X (T—) are conditionally independent under
H? given {X (T—) € S.}. The H?-distribution of T given {X(T—) € Sy} is

the same as the distribution of the hitting time of the unit sphere {:E cR"2: x| = 1}

by the (n + 2)-dimensional Brownian motion starting at 0.



ON BROWNIAN EXCURSIONS IN LIPSCHITZ DOMAINS. PART II 5

Proof. The proofs of parts (i), (iii), (iv), (vi), (viii), (x)-(xiii) were given in Burdzy
(1987), Theorem 5.1. Parts (ii), (v), (vii) and (ix) are straightforward consequences
of (i), (iv), (vi) and (viii). O
We would like to use this occasion to present some formulas for h-processes,
related to excursion laws. Let P} denote the distribution of the h-process (i.e.
conditioned Brownian motion) in D, which starts at y and converges to x; E%‘T
will denote the corresponding expectation. See Doob (1984) for the definition of an
h-process.
Theorem 3.2.
(i) PY¥(R € dt) = 27/2(D(n/2))  a|"t~(+2D/2e= 12/ C0ar for t > 0,2 €
oD.,
z]?/(n—2) ifn>3,
@) sy = { 0N

or x € 0D,
00 ifn =2, J

(iii) PY* | sup |Xi| €dr| =nlz["r~"Vdr  forr > |z|, x € dD,,
" \te(0,R)

(iv) Pg’f < sup | X¢| > r) = (|z|/m)™  forr > |x|,x € OD..
te(0,R)

Proof. Let T, = min (e,inf {¢t > 0: |X;| = ¢}) and apply the strong Markov prop-
erty at T, to obtain for t > ¢,

t
(3.1) Py*(Redt)= / / PY™(R € dt — s)P)" (T- € ds, X (T.) € dy) .
0 D,

Suppose that the following limit exists

(3.2) lim PL*(R € dt — s).
yg)

yGD*
s—0
s>0

Then (3.1) shows that Pg’f(R € dt) is equal to the limit in (3.2).
Observe that

P}, (R € dt,X(R—) € dx)
P}, (X(R-) € dx)

(3.3) PY*(R € dt) =

The hitting time of 0 by the 1-dimensional Brownian motion X,, starting from vy,
has the density v, (27rt3)_1/2 exp (—y2/(2t)) for t > 0. This is the P}, -density of
R. Given {R = t}, the P}, -distribution of X (R—) is normal with the density

(2mt) =D exp(— [z — y[?/(21))

for x € OD,. Multiply the last two formulas to obtain the numerator in (3.3). The
denominator is obtained by integration of the numerator over ¢. It remains to take
the limit, as indicated in (3.2) to obtain part (i) of the theorem. Part (ii) follows
from (i) by integration.
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Although parts (iii) and (iv) may be obtained in a similar, elementary but tedious
way, let us point out that using the notation of Theorem 3.1,

Pg’f ( sup | X <1

> HY(X(T-) € dx)
te(0,R)

HO(X(R-) € dz)

for x € 0D, |x| < 1. Then Theorem 3.1 (vi) and (x) and scaling can be used to
obtain (iii) and (iv). O

Remark 3.1. The above formulas should be compared with (8.1)-(8.3) of Hsu (1986),
although the normalizing constants are not the same.

4. Convergence of excursion laws. Denote By (r) = {y € R" : |y| > r}, Ba(r,v) =
{y € R": y-v > r}, where v is a vector in R™ satisfying |v| = 1, and y - v stands for
the scalar product. For a set D C R™ let Bs(r,D) = {y € R™: dist (y,0D) > r}.
Consider the following events:

Ayt r) = {[Xe >},
As(t, ) = {R >t |X(R=)[ >},
As(t) = {R > t},
Ay(r) = {IX(B=)[ > r},
As(r) = {T (Bu(r)) < oo},
Ag(r,v) = {T (Ba(r,v)) < oo},

A7(r,D) ={T (Bs(r,D)) < oo}

Suppose that D C R" is a Greenian domain. Let fi(z,t) = P (Ag) for 1 <k < 7.
Of course, fi depends also on D and r.

For e > 0, let B(z,e) = {y € R" : |[x — y| < e} and T, . = min (¢2, T(0B(z,¢))).
Apply the strong Markov property at T, . to see that

fula,t) = / /D fe(yst — W)PE (X (Ty) € dy, T, . € du)

for 1 <k <7, provided €2 < t, B(x,e) C D and B(x,e) C D\ By_4 for k =5,6,7.
This averaging property means that the functions fj are parabolic in D x (0, 00)
for k =1,2,3,4 and in (D \ Bi—4) X (0,00) for k = 5,6,7 (see Doob (1984), p.276).

The next proposition contains a comparison result for certain distributions of
Brownian motion in a Lipschitz domain that is locally approximable by a half-
space.

Proposition 4.1. Let D, = {y € R" : y-v > 0} for some v € R™ satisfying |v| =
1, and let f; and fi correspond to domains D, and D (the last one is described
below). For positive \,r,u,« and €, there exist p = p(n, \,r,&,u, ) < min(y/u, @)
and €1 = g1(p) with the following property.
Suppose that ¢ is a Lipschitz function with constant A and D is a domain such
that
{yeD:lyl <1/} ={yeD:lyl <1l/eiyn > ¢(y)}.

Assume that

{yedD: |yl <1/e1} C{yeR": |y| < 1/ey,y-v € (—e1,e1)}.
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Then
fi (4,20,
(4.1 F (A, 00)
77 (4,2(0,u)
2 T (ol =2
and
(4.3) fk((g’ p/32),u) €e(l—g1+¢)
(0, p/32),u)
for1 <k <T.

Remark 4.1. The fraction p/32 appears here because it is used in later estimates.

Proof. First consider (4.2). It obviously holds for k = 4,5,6 and 7 since in these
cases f; does not depend on ¢.

Recall the following explicit formulas from Section 3 and the proof of Theorem
5.1 of Burdzy (1987). Here we use a coordinate system which makes D, the half-
space {y € R" : y,, > 0}.

Py (X; edy) = (27rt)*"/2 exp (—|m — y|2/2t) (1 —exp (—2z,y,/t)) dy,

PP (R e dt) = (27rt3)_1/2 Ty, €XP (—wi/ 2t) dt,
Ph (Redt,X(R-) € dy)

= (27t%) 2 2, exp (—22/2t) (2mt) "V 2 exp(—|T — §|?/ 2t)dt dy.
Given these explicit formulas, it is elementary to check that for fixed r and wu,

i (A4(0,u))
as ¢ — 0, for k = 1,2,3. Choose p € (0, min(y/u, «)) so that (4.2) holds even with

1/2 replaced by 3/4.
Now for the proof of (4.1) and (4.3), let

—1

D" ={yeR": |yl <1/e1,y-v>er}
and
DM ={yeR™:|y|>1/syory-v > —€1}.

Observe that D™ C D, ¢ DM and D™ c D ¢ DM. Let f"* and fM correspond
to D™ and D™ . The continuity of probability implies that for a fixed € D, and
t>0,

(4.4) fit (@) = fil (z,t) — 0
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ase; — 0 for 1 <k < 7. Since f; is a monotone function of D for k =1, 3,5, 6, the
formula (4.4) implies that for these values of k and fixed z € D, and t > 0,

(4.5) fi(z,t) — fr(z,t) > 0ase; — 0.
It is easy to see that for any fixed x, the P® probability of the union of the events
{[Top >t and | X (Typ)| > r] and [Typ, <t and | X (Tsp,)| <]}

and
{[Tap* > t and |X(TaD*)| > T] and [TaD <tor |X(T3D)| < 7“]}

tends to zero as €1 — 0. It follows that
(4.6) filx,t) = fr(z,t) = 0as ey — 0

for k = 2 and, for similar reasons, for kK =4 and 7.

Let (z,t) = ((0,p/32),u) in (4.5) and (4.6) to see that (4.3) holds for suitably
small £7.

When A,/ 5(0,u) and A,/2(0,u) are substituted for (z,t) in (4.5) and (4.6) then
these formulas, together with (4.2) (recall this holds with 3/4 in place of 1/2), imply
that (4.1) holds for small e;. O

Let D be a Lipschitz domain in R”. Fix some 2° € D and let
B:{yED:GD(y,ZO) 21}.

Theorem 4.1. For each € > 0 there exists €1 = £1(e,n, ) such that the following
holds.
Suppose that a > 0 satisfies

{yeD:|y<a/ei}={yeD: |yl <a/er,yn > (y)} C D\ B

where ¢ is a Lipschitz function with constant A\, ¢(0) = 0, and for some v with
|U’ =1,

{yedD: |yl <a/ei} C{yeR":|y|<a/e1,y-v € (—ae1,ae1)}.

Let HY be an excursion law in D with H® (Tg < 0o) € (0,00). In the definitions of
events Ap,1 <k <7, letr =a,t=a? andv and D be as above. Then

Gp (av,zo)
HO (T < )

for 1 <k < 7. Here the di’s are given by

H (Ag) - € (de(1 =), dr(1 +¢))

dy = / 9= (1=2)/2,1/2(D(( 4 1)/2)) L s"e=/2ds,

dy = / / 9—(n—2)/2 —1/2( ((n—1)/2))_15_("+2)/2r”_2e_r2/(25)dsdr,
= (2/n) 1/2,
d4 =21~ 2[[(n/2)/T((n - 1)/2)],

ds =2~ "2[T((n +2)/2)/T((n + 1)/2)],
ds = dy = 1.
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Proof. Denote fg(x,t) = x-v for z € D, & {yeR":y-v>0},t > 0, and
fs(z,t) = aGp (m,zo)/GD (av,zo) for x € D,t > 0. Let e9,63 > 0 be small
constants which will be specified later.

By the proof of Proposition 4.1 and scaling it is possible to choose p < min(1, 32e2/a)
and g7 > 0 small enough so that for 1 < k£ <7,

i (Aapy2 (0.0%))

<47) fk (Zap/Z (07 a2)) - 1/2’
Ix (Aap/2 (0"1 ))
(4.8) 77 (Aap/2(07a2)) >1/2
and
(4.9) fk(<g, CL,O/32),CL2) S (1 —62,1+€2).

We have obviously

* 2
(4.10) —— =1

and

fS(Aap/Q(()? a2))
fS(Aap/Q(O, CL2))
The Green function in a half-space behaves near the boundary like a linear

function. It is easy to see that for fixed x and 2°, Gp(x,2°) — Gp,(x,2°) as
g1 — 0 and, therefore, for £; small enough

(4.11) =1.

~

Ji((0,0p/32), @) _ ((0,0p/32) - 0)Gi(av,2") _ (4

£5((0,ap/32), a?) Gp((0,ap/32), 2%)a

and this together with (4.9) implies that

fk((07 ap/32)7 CL2) fék((O, a,0/32), CL2)
fr((0,ap/32),0?) fs((0,ap/32),a?)
Now Corollary 6.1 will be applied. Its assumptions are satisfied due to (4.7)-(4.12).

Let eo (and consequently 1) be so small that (6.21) holds with ¢ = e3 for the
functions fx, f, fs and f3 i.e.,

(4.12) € ((1—e2)% (14e2)?).

m & ‘%@”)eu—f&1+@y
(m,t)ﬂ(O,aQ) fS(I,t) (y,u)H(O,aZ) fk (yau)
zeD yeD,

t>0 u>0
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Define dj, by declaring that the second limit in the above formula is equal to a/dy.
Choose 0 < €4 < a so small that {z : |z| <e4} N B =0 and

fr(z,t)a

(4.13) —fs(ﬂv, 1y

€ (1 —2e3,1+ 2¢e3)

for z € D, |z| < &4, |t — a*| < 3. Denote

T =min (5,7 {y €R" : |y| > e4})) .

Apply the strong Markov property at T', and use (4.13) together with the definition
of fg, to see that

HY(Ap) = / /fk Y, a —s)HO(X(T)Edy, T € ds)
/ / (di/a) 1+253)f8(y,a —S)HO T)edy, T €ds)

= (di/a) (1 + 2e3) a/Gp (av, 2° /0 DGD Y, 2z )HO(X(T)Edy, T € ds)

= di (1 + 2e3) /Gp (av, 2° /Py (Tp < 00) HY(X(T) € dy, T € ds)
o Jp

[dk(1+253 /Gp (av z )] HO (Ts < 00)

To obtain the second last equality we have used the fact that Gp(y,z°) and
PY(Tp < o0) are equal on D\ B, both being harmonic there with the same boundary
values and vanishing at infinity if D is unbounded. Analogously,

(Ak) [dk (1 — 263) /GD (CLU ZO)} HO (TB < OO)
Set €3 to £/2 to obtain the desired result. As for the dj’s, note that di/a = HO(Ay)

and apply Theorem 3.1 to find their values. [J

5. Local time representations. Let D be a Lipschitz domain in R". Recall the
definition of an excursion e; of X in D and of the local time L of the Brownian
motion X, {P?,x € R"}, from Section 2.

Theorem 5.1. Suppose €1 > 0 and hy, : R" ! — R, k = 1,2, are Lipschitz
functions with constant A > 0, satisfying hy < 0 < he and

(5.1) / |hi(z)||z] "dx < 00, k=1,2.
{zeR"—1:|z|<1}

Further suppose that for each x € OD there is a Lipschitz function ¢, : R"~! — R
with constant X\ such that ¢,(0) = 0, and in a suitable orthonormal coordinate
system CS(x) where x = 0, we have

{yedD:|y|<er} ={yeR": |y| <e1,yn = ¢a(y)}
C{yeR": |yl < e, hi(y) < yn < ha(y)}.
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Let Ntk(s) be the number of excursions ey of X in D such that s <t and es € Ay.
Here the Ay are the events defined in Section 4; in their definition we take r =
e,t =2, and v to be the inward unit normal vector at e4(0), if it exists, otherwise
v=(1,0,...,0).

Then for eacht > 0,1 < k <7,

lir% e-NF(e)/dy = Ly
E—>

where the convergence holds in P*-probability (for each x € R™). See Theorem 4.1
for formulas for the dy,.

Proof. First we prove an asymptotic comparison result (5.14) for the Green function
in D. Fix some z € 9D and use the coordinate system CS(zx). Let

Dy ={yeR": |yl <er,yn > h(y)}, k= 1,2,
20 = (0,e1/2),
V={yeD:y=(0,b),b>0}.
Theorem 4.2 of Burdzy and Williams (1986) implies in view of (5.1) that

(5.2) ;1_% Gp, (2°,2) /2| = qi € (0,0), k=12
z€V

Let €5 > 0; its value will be specified later. Find €5 > 0 so small that one has (use

(5.2))

(5.3) Gp, (2°,2) / (|zlq1) € (1 —e2,1 + &2)
and
20, 2 )

for z € V,|z| < e3e1.

It follows from the elliptic boundary Harnack principle (see the version presented
in Theorem 2.2 of Burdzy (1987)) that there exists €4 > 0 such that if g; and g,
are positive harmonic functions in

ar ~
D ={y e R": |y| <era,yn > hi(y)}, a<1/2,

which vanish on 0D \ Dy, and y™ € Dy, |y™| < e1aeq, m = 1,2, then

g1 (yl) g2 (?Jz)

(5:5) 91 (¥?) g2 (1)

€(1—e9,14e3).

The constant €4 depends only on n, A and es.
It is elementary to prove that (5.1) implies that

(5.6) lim Ry (y) /|yl =0, k=1,2
y—)
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Denote M = 0D¢ N Dj,. We can choose a sufficiently small that

1
Ppo (T (Mf'—) < o0)

oD Ph, (T (M5 ) < o0)

€ (1 —¢e9,1+ey)

where 2! € V, |2!| < 1 min(e3, £4a)/2. Apply (5.5) to see that

Pj. (T (M) < 00) Gp, (2°, 2)

(5.8) Plz)‘f (T'(M{—) < 00) Gp, (29, 21)

6(1—82,1—|—€2)

for z € Dy, |z| < e164a and

Phe (T (M3 =) < o0) Gp, (29, 21)
Ppy (T (Mg—) < 00) Gp, (2% 2)

€ (1l —e9,1+4+¢e9)

for z € Do, |z| < e1€4a. The last two formulas imply that

Phg (T (M§—) < 00) Py (T (M —) < 00)
Pha (T (M=) < o0) P, (T (M§—) < o0)

5.9
59 GD1 (zo,z) G
( G

(z z ) c <(1_€2)2’(1+€2)2)

Do
D, (29, 21)
for z € V,|2| < e1e4a. Let e5 = min (e3,e4a). Then (5.4), (5.7) and (5.9) imply

Plz)g (T (M3 —) < o0) c (1-— 82)3 (1+ 82)3
Pho (T (Mf'=) <00) ~ \ (1+e2)" (1 —e2)°

(5.10)

for z € V,|2| < e1¢5.
Let D*={y e D: |y| <era},M* =0D*N D. Since D{ C D* C Dg, one has

P (T (Mg—) < 00) < Pp. (T (M*~) < 50) < P (T (M{'—) < o0).

It follows from this and (5.10) that

Pho (T (M=) <o) _((1-e3)° (1+e2)’°
(5.11) PE? (T (M&—) < 00) = ((1 —1—62)2’ (1- 82)2)

for z € V) |z| < €165. Combine (5.3), (5.8) and (5.11) to see that

Ph. (T (M*—) < o0) Gp, (%,2") (1—e)! (146
12 2] 01 Pp (T (Mf~) < o) : <(1 +e2)’ (1 —52)3)

for z € V,|z| < e165. By (5.5), for any 22 ¢ D¢,

Gp (#2,2) Pj. (T (M°—) < )
Gp (#2,2') Ph. (T (M2—) < o0)

6(1—82,1+€2),
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which combined with (5.12) yields

(5.13) Gp (2%2) || c <(1 —e2)” (14 52)9>

lz| Gp(22,21) (14e)% (1—g)®

for z € V, |z| < e165.

Now, given any ¢ > 0, by choosing e, sufficiently small, it follows from the
above that there exists e7 > 0 which depends on n, A and €4 (but not z) such that
for any 22 € D, |z2 — a:‘ >e1/2,23 €V, }z3| <er,

2] Gp (2% 2)
5.14 li € (1—¢q,1 .
( ) Gp (23, 22) Zlgr’?ﬁ’ 2] ( €6, 1+ €6)

The limit above exists according to Theorem 4.2 of Burdzy and Williams (1986)
whose assumptions are satisfied due to (5.1).

We now use (5.14) to prove the local time representation result. Recall the
definition of an exit system (dL, H) in D, from Section 2. The continuous additive
functional L has the surface area measure on 0D as its Revuz measure. Fix some
2?2 € D with dist (22, 8D) > £1/2 so that the assumptions of (5.14) are satisfied for
every x € 0D. Let

B:{yED:GD(z2,y) 21}.

Then Gp (2%,y) = P} (I'p < o) for y € D\B. It follows from the comments
following (5.14) that for each x € 0D

lir%Pf) (T < o0) /|2
Zev

exists (the formula is expressed in C'S(x)). The excursion laws are normalized so
that
H* (Tp < 00) = ;EI%)PE (Tp < ) /|z| in CS(z).
zeV
In view of (5.6), Theorem 4.1 and (5.14) imply that for each g > 0 one may choose
€9 > 0 so that for 1 <k <7

(5.15) HT (Ay) € (dy (1 — e5) e, dy, (1 + e3) /2)

if r =¢ <eg and t = 2 in the definition of Ay.

Denote o(s) = inf{t > 0: Ly > s}. Theorem T4 from Chapter II of Brémaud
(1981) and the exit system formula (2.1) imply that for € < g9 the process s —
N 5(3)(5) is Poisson with a random intensity which by (5.15) is bounded below by
di (1 — eg) /e and above by di (1 + €g) /e. When € — 0, one may let £g go to 0 as
well and for a fixed s, e - N f(s)(s) /dy. converges in probability to s; this may be
easily deduced for example from formula (1.9) of Chapter II of Brémaud (1981).

It is now elementary to see that ¢ - NJ(g)/d) converges in probability to L, for a
fixed t. [

Remark 5.1. The above representation theorem works, for example, for C1® do-
mains with o > 0, i.e., for domains which have boundaries represented locally by
functions whose first partial derivatives are a-Holder continuous.
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6. A parabolic boundary Harnack principle. The following result is a stronger
version of Lemma 2.1 of Burdzy (1987).

In the sequel, inequalities involving zero divisors are to be interpreted as those
obtained by multiplication by the divisors.

Lemma 6.1. Suppose thatb,c,d € (0,1), and f1, f2, 9z, gy are real-valued, nonneg-
ative measurable functions defined on a set W = U UV where U and V are disjoint
measurable sets. Let v be an arbitrary positive measure on W. Assume that

(6.1) fﬁ;zl) > cfﬁil(‘z) for allv,w e W, k=1,2,
and
(6.2) % > d ZEB for all v,w € V.
Let y

) = [ g [ o). vto)
and

hi(z) = / frg.dv & / fr(0)g. (v)dv(v)
14 |4
for k=1,2 and z = x,y. Suppose that
(6.3) 00 > hyu(z) > bhy(2)
fork=1,2 and z = x,y. Then

h2 (l’)
hl (1‘)

> 1) [c+b%d*(1 - ¢)].

Proof. Choose vy € V' so that

9 (v0) / gy (v0) = q € (0,00).

It is easy to see that if such a vy does not exist then the lemma trivially holds. By
(6.2), gz(v) > dq gy(v) for all v € V. It follows that g(v) >0 for all v € V, where

9(v) € gu(v) — dq gy ().

By (6.2), gy(v) > gz(v)d/q. Apply this inequality to see that

(6.4) hi(y) = /V Frgydv > /V Frgs(d/q)dy = T (2)d/q.

(6.5) fo(v) fi(w) > ef1(v) fo(w) for all v,w € W.
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() ([ ) 2 ) (] )

or equivalently

Hence,

(6.6) hl(y)/ fogdy > chg(y)/ frgdv.
1% 1%
In an analogous way, we obtain from (6.5) the following inequalities.
(67) () [ fogudv = chaly) [ frgaav
U U
and
(6.8) hg(aj)/ figydv > chl(a:)/ fagydv.
U U

By the definition of g, (6.6) and (6.4),

o ()1 (y) = ( / fogdv + dg / fzgde) B (y)

~

/ foGdv + dgha( )) h(y)

g
<L/ﬁmw+@m<ﬂﬁxw
(- f 1) )

= (ch(2) + dq(1 — ) h1 (y))ha(y)
- N

(
> (chi(z) + d*(1 — C)hl(ﬂﬁ))hQ(y)
— (c+ (1= ¢))ha(2)ha(y).

By (6.7), (6.9) and (6.3),

(/ fggxdlj—l—/ fggIdV>
( / fogaddi + T )hl(w
(

c/ Fugadv + c+d2(1—c))%1(g;)> ha(y)

v

~

— (chi () + d*(1 — )ha (2)) ha(y)
> (chi(x) + d*(1 — c)bha () ha(y)
— (c+bd*(1 = ) (2)ha(y).

(y)

15
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Then, by the last inequality, (6.8) and (6.3), we obtain

ha ()b (y) = ( /U Frgydv + /V flgydv) ha(a)
= ([ o+ 10 tate)

> (C/Ufggydy+(c+bd2(1—c))%2(y)> I (2)

— (cha(y) + bd*(1 = Yha(y))hn (x)
> (cha(y) + b*d*(1 — ¢)ha(y))ha (x)
= (c+b*d*(1 — ¢))ha(y)hi(z). O

Suppose that D is a Lipschitz domain and moreover D = {z € R" : z,, > o(z)}
where | (z) — ¢(y)| < Az —y| and ¢(0) = 0.

Recall the definitions of ¥, A, A and A from Section 2.
Theorem 6.1. There exists a function ¢ = c(a,b,n, \,€), a,b,\,e > 0,n > 2, with
the following properties.

(i) c € (0,1), c is decreasing in € and increasing in a and b.
(ii) For fized a, b, n and X,

lim c(a,b,n, A\, e) = 1.
el0

(iii)) Let s > 0 and 0 < r < +/s and suppose that fi(z,t) and fa(z,t) are
positive and parabolic in V,.(0,s) and they vanish continuously on A,(0,s). Then,
for (x,t), (y,u) € ¥(0,s), e <r/16,k = 1,2, we have

fele,t) o fulyw)
fa—k(m,t) — fa_x(y,u)

where

. fi (Ar/2(075)> f2 <Ar/2( )) e

fl (A’I”/2(O’S)) f2 (AT/Q( 78))

Proof. We will suppress (0, s) in the notation i.e., ¥, = ¥,(0,s),A, = A (0, s) etc.
We first establish some inequalities so that we can apply Lemma 6.1 and then we
use induction to obtain the theorem.

By Theorem 1.6 (see also inequality (1.28)) of Fabes et al. (1986) we have for
k=1,2,and (2,t), (y,u) € ¥, /g,

(6.10) fe(z,t) o fily ) h <4r/2> f2 <Ar/2>
: foor(w,t) = fa(y,u) f1 (Apye) fo (Ar)2)

where ¢; = ¢1(A,n) > 0. Now let

f1 (Ar/2) f2 (Ar/2>

fl (ZT/Z) f2 (Zr/2)

Cy =
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Fix some p < r/16 and assume that there is a constant ¢z > 0 such that

fk(xat) fk:(y,u)
Fsn(@.0) = Fan(y,)

(6.11)

for k = 1,2, (z,t),(y,u) € ¥,. Let p, ) denote the caloric measure on 0¥, for

(z,t) € ¥, and A, ] {(z,t) €0V, :t =s—p?}. Recall that p(, () does not
charge {(y,u) € ¥, : u = s + p?}. For a Borel measurable set B C A, the
function (z,t) — gy (B) is parabolic in ¥, and vanishes continuously on

{(z,t) € 0¥, :t € (s—p2,8+,02)}.

It follows from Corollary 2.2 of Fabes et al. (1986) that

(6.12) pia, o (B) = canz,  (B).

The constant ¢, depends only on n and A although in the paper of Fabes et al.
(1986) it depends on the diameter of ¥, as well. The last dependence may be
removed by scaling.

Let B,C be Borel measurable sets in A . If p.(B) > 0 and p.(C) > 0 on ¥,
then by Theorem 1.6 of Fabes et al. (1986) and (6.12) we have

H(ml,tl)(B) HA, s (B)

P T R b o

a0 (C) (€)
(B)

C)

> CQ o H(z2 tz)(B)

N(a:Z,tQ)(C)

p/8

(613) Z 0104 p/s
p/S(

for (z',t'), (2%,t*) € ¥,/64. By the forward and backward Harnack principles
(see Theorem 0.2 and Theorem 2.1 of Fabes et al. (1986)), if pu ¢ (B) = 0 for
some (x,t) € ¥, then p.(B) = 0 in ¥, and similarly for u.(C). Thus it follows
by our convention for zero divisors that (6.13) holds for all Borel measurable sets
B,C C A,. Fix some (a:o,to) € 0V, such that t' = s + p?, |x0‘ < p,z° € D. Then
for each (z,t) € ¥,, the caloric measure p(, ) is absolutely continuous with respect
to (0 10y (Fabes et al. (1986), page 540). Let g(, . denote the Radon-Nikodym
derivative dji(, 1)/ dpi(z0 40y on OV ,. Then (6.13) implies that

(614) g(z1 t1) (y17u1) > % Zglg(m:2 t2)( ! ul)
9y (Y2,u?) — 9@2,2) (Y*, u?)

for (:L’k,tk) € W,/64, (yk,u’“) € A,k =1,2. As above, we assume our convention
about zero divisors here. Although strictly speaking (6.14) only holds for ji(0 s0)-
a.e. (yF,ub) € ép, by changing g, ¢1) and g(;2 42) on a set of p o ;0)-measure
zero (possibly depending on (z!,t!), (2%,¢?)), we can make (6.14) hold for all
(y*,u¥), k= 1,2, as indicated.
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Fix a point y° € D with ’y0’ > r and let Gp(-, -) be the Green function in
D. Then G(z,t) A Gp (yo,:):) is parabolic in ¥, and vanishes on A,. Choose

cs = c5(n,A) > 0 so small that the ball By with center (0, p/2) and radius 2pcs
is contained in D. Let By be the concentric ball with half the radius of B;. By
the elliptic Harnack principle, G(z,t) > ¢¢G(y,u) for z,y € Bs, t,u > 0 and
cg = cg(n).

Apply Theorem 1.6 of Fabes et al. (1986) to see that

St th) .- Te(4,)2)
Gl tY) = G4, )’
G(2?,t?) . G(4,/2)
fe@2, %) = 7 (A )

and, therefore,

fr(a,th) > ¢ gf (4,,2) G(4,,2) G(z!,t)

(6.15) Ji(@?, %) fk:( r2) G(A,)2) G(2%, 1)
fk?(—’r/2)
fk( r/2>
for (acl,tl) ( , ) S \I'T/w,xl,mz € Bs.
For k=1,2,(x,t) € ¥, let
(616) }k(mat) :/ fk(yuu)d:u(m,t)(y7u)
a,

The function fj is parabolic in ¥, and vanishes continuously on A, since fj
vanishes on A, C A,. Let By = {(z,1) € A,z € By}. It is easy to see that

(6.17) pa,,, (By) 2 ¢ = cr(n,A) > 0.
By (6.15),
(6.18) fr(y,u) > fu(Ayp2)ct %M
fk‘( T/2>
for (y,u) € By, k =1,2. Combine (6.16), (6.17) and (6.18) to see that
~ fi(4,/2)
fk(Ap/Z) > cr fiu(A p/2)clc%Wr;z)

Theorem 1.6 of Fabes et al. (1986) implies that

~

fr(z,t) > e f (4,/2)

(6.19) Fe(a,t) = 7 fi(A, )
> 6362C7$
- (AT/Z)
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for (fL',t) S \ij/167k = 1,2
Now Lemma 6.1 will be applied with fi(v), f2(v), gz (v), gy (v), W and V replaced
by f1(2,), f2(2,0), 9(z,t) (25 V), 9(y,u)(2,v), 0¥, and A . Note that

fk(x7t) = 5 fk(zav)dU(m,t)(Z7v> = /8\11 fk(zvv)g(m,t)(zvU)du(xo,to)(zvv)7
v, ,

for k =1,2,(z,t) € ¥,. Let

cs = c3cter min fildyp) f2(4,)0)
8 1¢6C7 fl(zr/2); fz(zr/z) .

Observe that (6.11) extends to (z,t), (y,u) € 0¥, by the continuity of fi, k =1,2,
and our convention about zero divisors. With this, (6.14) and (6.19), the hypotheses
of Lemma 6.1 are verified and so

fe(x,t) fr(y,u)
Js—k(z,1) = fa—k(y,u) 0

for (z,t), (y,u) € ¥, /64, k = 1,2 and ¢y = 3+ (1 — ¢3) cfcici.

It then follows by induction from the above that

fk(x7t> > fk:(yau)
fg_k(l',t) - fS—k(Z/,U

C10
)

for k =1,2,(z,t), (y,u) € ¥,.9-6m and

C10 = Clo(m),
c10(1) = co,

cio(m +1) = cio(m) + (1 — cro(m)) clcic, m > 1.

Note that ¢1,cq4,c8 € (0,1), so ¢19(m) is increasing as m — oo and, moreover,
cio(m) — 1. It is easy to check that c19 depends only on m, n, A, f1(4, )/ f1(4;/2)
and

fa(4A, /5)/ f2(Ayj2) and it is an increasing function of f1(4, )/ fi(Ay/2) and

fo(4,)5)/ fo(Arp2). O

Suppose that for k = 1,2, ¢* is a Lipschitz function with constant A, ¢* : R*»~1 —
R, o*(0) = 0,D* = {z € R™ : x,, > ©*(2)} and let UF(z,t), A¥(z,t) etc. be defined
relative to DF.

Corollary 6.1. There exists ¢ = c (a1, as,as,aq,n, \, ) with the following proper-
ties.

(i) ¢ € (0,1), ¢ is increasing in € and decreasing in ay,az,as and ay.

(ii) For fized ay,as,as,aq,n and X,

lifn c(ay,az,as,aq,m,\ ) =0.
el0
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(iii) Suppose that for k = 1,2, functions fi and gy are positive and parabolic in
Uk(0,s) and vanish continuously on AF(0,s), where s > 0, 0 < r < \/s. Assume
that

fl (.fl?l,tl) 92 (xlatl)
fa (21, 1) g1 (21,11)

for some (z',t) € WL(0,s) N W2(0,s),e < r/16. Then

(6.20) €E(l—e1+4¢)

: fi(z, 1) . 92(y, u)
6.21 lim . lim ce(l—c,1+c
(6.21) (@)—(0,5) g1(2,t) (=) fa(y,u) ( )
(z,t)€TL(0,s) (y,u)€T2(0,s)
where
N1 (4:20:9) £ (409) 91 (420.9) 62 (4,0.5)
c=2¢c¢ — > — 5 — 5 — y T, AL E
fl (AT/2(07 S)) f? (Ar/2(07 S)) g1 (AT/2(07 S)) g2 (Ar/2(07 S))

In particular, the limits in (6.21) exist.

Proof. Let ¢y denote the constant ¢ in Theorem 6.1 (iii) with f1, g1 in place of fi, fo
there. Then,

g1 (xlatl) fl(xat)
fi (@t th) gi(z,t)

(6.22) € (e, e1t)

for (x,t) € W1(0,s). Similarly, let co denote the constant ¢ obtained in Theorem
6.1 (iii) with f3, g2 in place of f1,g1. Then

fo (z',t") ga(y, u)
g2 (zt,t') fay,u)

for (y,u) € ¥2(0, s). By multiplying (6.22) and (6.23) and using (6.20) we obtain

(6.23) € (c2,e5),

Ji(z,t) g2(y,u)
g1(z,t) fa(y,u)

for (z,t) € V1(0,s) and (y,u) € ¥2(0,s). The existence of the limits in (6.21)
follows immediately from Theorem 6.1. The existence of a ¢ such that (i)-(iii) hold
then follows from (6.24) and the properties of ¢1,co. O

(6.24) € (crea(1 =€), c; ey (1 4 €))
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