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This thesis considers asymptotically hyperbolic manifolds that have a finite boundary in addition to
the usual infinite boundary — cornered asymptotically hyperbolic manifolds. A theorem of Cartan-
Hadamard type near infinity for the normal exponential map on the finite boundary is proved, and
this is used to construct a corner normal form, analogous to the usual asymptotically hyperbolic
normal form, and suitable for studying questions near the corner. Formal expansion at the corner of
a boundary value problem for the scalar Laplacian is then studied in the special case that the finite
boundary makes constant angle 7 with the infinite boundary, and a formal existence and uniqueness
result is proved. The thesis then takes up the study of cornered asymptotically hyperbolic Einstein
metrics, with a constant mean curvature umbilic boundary condition imposed at the finite boundary.
First, recent work of Nozaki, Takayanagi, and Ugajin is generalized and extended showing that
such metrics cannot have smooth compactifications for generic corners embedded in the infinite
boundary. Then unique formal existence at the corner, up to order equal to the boundary dimension,
of Einstein metrics in normal form and polyhomogeneous in polar coordinates is demonstrated
for arbitrary smooth conformal infinity. Finally it is shown that, in the special case that the finite
boundary is taken to be totally geodesic, there is an obstruction to existence beyond this dimension,

which defines a conformal hypersurface invariant.
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Chapter 1

INTRODUCTION

Over the past thirty years, the analysis and geometry of asymptotically hyperbolic (AH) man-
ifolds have been highly active areas of research. Two topics that have received much attention are
the behavior and properties of AH Einstein metrics, and the scalar Laplacian. The field of AH
Einstein metrics in its modern form was opened by [FG85], which established formal existence of
AH Einstein metrics given a conformal infinity, with a view to studying conformal invariants. This
was substantially expanded in [FG12], and the technique has generated myriad papers on confor-
mal invariants. Global existence of AH Einstein metrics given a specified conformal infinity also
quickly became a focus. Notable papers on the subject include [GL91], [Biq00], [Lee06], and a set
of papers on four-manifolds by Michael Anderson described, for example, in [And08a]. Attention
was also given to the boundary regularity of AH Einstein metrics. A result for n = 4 was given
in [And03], and a global regularity result yielding an asymptotic expansion at the boundary in all
dimensions was proved in [CDLS05]. Local regularity, again in the form of a specific asymptotic
expansion at the boundary, was proved for odd boundary dimension in [Hel08], and for all dimen-
sions in [BH14]. Concurrently, the properties of scalar elliptic operators on conformally compact
spaces have been studied since the seminal paper [MM87], which described the resolvent of the
Laplacian. An enormous number of papers have followed, such as [GZ03], which analyzed the

Dirichlet problem at infinity.

We begin a study of two of these problems in the case when the infinite boundary itself has a
boundary, so that there is a corner at infinity. Specifically we analyze formal Einstein metrics and
formal solutions to Laplace’s equation. There are many similarities between these problems and
both the analogous problems on AH manifolds, on the one hand, and previous analysis of cornered

spaces, on the other. The combination of both features, however, has received scant attention.



An AH manifold X"*! always has a boundary at infinity, M". We define a cornered space
as a manifold X"*! with two boundary components M and Q that meet in a codimension-two
corner S = Q N M # @, and a cornered AH (CAH) space as a cornered space equipped on the
interior with a metric g4 such that g4 is smooth and nondegenerate at Q \ S but asymptotically
hyperbolic at M. Like a usual AH space, a CAH space has a conformal infinity [#] on M. It will
often be convenient to let [#] be a conformal class of AH metrics on (M, S), though at times we
will consider smooth classes; there is a canonical one-to-one correspondence between smooth and
AH conformal classes, as discussed on page 19, so the distinction is largely one of convenience. In
both of the problems we study, we will need to prescribe boundary conditions on Q in addition to
the usual asymptotic boundary conditions on M. Throughout the paper, we will take n > 2.

The paradigm example of a CAH space is a portion of hyperbolic space bounded by a hyper-
plane. Let H*™! = {xo > 0} be the upper half-space model of hyperbolic space, with g, the

hyperbolic metric

B (dx0)2 4+ et (dx”)2
a (x)? '

g+ (1.1)

Leto € R, and X = {(x°...,x") € H'*! : x" > ax®}, with 0 = {x" =ax’} and M =
{x® = 0 and x" > 0}. The conformal infinity [/] is that of the Euclidean metric on M. We will

return to this example below.

The question of regularity of a cornered AH Einstein metric has received some attention in at
least two prior papers. In [BH14], the authors proved local boundary regularity of an AH Einstein
metric. The authors carried out analysis of an AH Einstein metric on a half-ball, where the flat face
is the infinite boundary and the curved face a finite one. Their space therefore did feature a corner
that had to be dealt with, but because their interest was primarily in regularity at points away from
the corner, they introduced a family of function spaces with a two-parameter family of weights
designed to avoid having to analyze detailed behavior at the corner.

The paper [NTU12] reflects an interest in this setting from physicists who wish to study the
AdS/CFT correspondence when the conformal field theory is on a space with boundary; see the

references given there. In the first part of that paper, the authors considered a conformally compact



manifold X whose infinite boundary, (M™", [h]), was a piece of R? or R? with smooth boundary
S and endowed with the conformal class of the flat metric. They then added a finite boundary
Q of X, intersecting M precisely at S, imposing the boundary condition that Q was umbilic
with constant mean curvature (CMC umbilic) with respect to the hyperbolic metric g on the upper
half-space. They proceeded to study constraints on S by performing a first-order expansion of
the umbilic condition on Q, and concluded that, if n = 3 (or, they posited, larger), S must be a
sphere or a plane. As we review in Section 6.1, this result actually follows for all n > 2 from
the classical theorem characterizing the umbilic surfaces in hyperbolic space. This theorem, in
particular, implies that Q is part of a sphere or a plane, and it follows that § = Q N R” must itself

be a sphere or a plane.

The authors of [NTU12] pointed out that this condition on S may be regarded as a consequence
of the smoothness of the compactified metric § = ¢?g, up to the corner, where ¢ is any defining
function for M in X. We consider such consequences in a general context in Section 6.1. Let
(M, [h]) be a smooth compact manifold with boundary S, equipped with a conformal class. Sup-
pose that (X, g+) is a cornered AH Einstein space having (M, [h]) as its infinite boundary, with
finite boundary Q satisfying the umbilic boundary condition Ky = Ag|ro with a constant coeffi-
cient A, where K is the second fundamental form of Q; and such that the compactified metric g is
smooth up to the corner S. We ask what conditions on g+ and Q may be derived at the corner from
these conditions. We find that the condition that g be smooth imposes constraints on the geometry
of § itself as a submanifold of M, just as we have seen in R"”. For example, S must always be
umbilic in M, which in the case that M is Euclidean space of dimension n > 3 implies the result
mentioned in [NTU12] that S is a sphere or hyperplane. We also perform a higher-order analysis,
which yields by the same method the same result in the case n = 2, and adds new conditions in
higher dimensions. See Corollary 6.3 and Proposition 6.5 and the surrounding discussion.

Having found that the assumption that g is smooth puts onerous conditions on the geometry of
g+ and S, we next remove the condition of smoothness up to the corner and consider in general
the regularity and generic formal radial asymptotic expansion at the corner of a CMC-umbilically

cornered AH Einstein metric. This was considered to first order in the distance to .S in the second



half of [NTU12], where the authors allow the interior metric to be a specified type of infinitesimal
perturbation of the four-dimensional hyperbolic metric. They found that infinitesimal perturbations
can arise that have an expansion involving first powers in the distance. We prove a formal existence
and uniqueness result for the Einstein equation, up to order n in a radial coordinate, for arbitrary
conformal infinity. We follow [NTU12] in imposing a CMC-umbilic boundary condition at Q; this
is one of the most natural boundary conditions, and requires perhaps the least data — only a single
constant A, as opposed to (say) a tensor field on Q if we wished to use a Dirichlet condition. As
we will show in Section 6.1, this boundary condition ensures that Q and M make constant angle
By € (0, ) with respect to a compactified metric g, and that A = — cos(6y); thus, we must have
Ae(—1,1).

In order to study expansions involving radial (and also angular) coordinates, we follow the
usual expedient of blowing up X along S to obtain smooth polar coordinates, obtaining a blown
up space ()? M, Q .S ), with a blow-down map b : X — X. This has the properties that b[ g\
X \'§ — X\ S is a diffeomorphism, as are bl : M — M and blg : Q — @, while
blg : S — S is a fibration with fibers diffeomorphic to the closed unit interval. We will denote
such a diffeomorphism equivalence by X \ S~ X \ § (for example). We note that the blown-up
face S has an edge structure in the sense of [Maz91], which meets the AH face M , and we define
0-edge bundles as the natural bundles associated to this structure.

As seen earlier, in studying the Einstein problem we will need to use polar coordinates and
allow metrics that are smooth on the blowup but not on the base. Thus, we study a somewhat wider
class of metrics than those of the form b*g for g4 a smooth cornered AH metric on X. (We
call a CAH metric smooth or C* if its compactifications ¢2g, by smooth defining functions are
smooth or C* .) In Definition 3.2 we define admissible metrics, which differ from such a pullback
by a perturbation that is smooth on X and vanishes in a 0-edge sense at M and S. Thus, such a
metric may be written g = b*g, + &£ for appropriate £. Given any admissible metric g, there is
a well-defined angle function ® on S , which serves as a fiber coordinate. Any admissible metric
induces a C° CAH metric gx on X satisfying g = b*gy.

As is well known, the Einstein equations are invariant under the diffeomorphism group, and



thus in general coordinates they are badly underdetermined. It is therefore necessary to gauge
break the equations, and there are various ways to do this. Fefferman and Graham ([FG85]) put
the metric into a normal form ([GL91]) that, subject to the boundary conditions they considered,
breaks the gauge invariance. The same normal form has been of considerable importance in the
subsequent study of AH metrics and their invariants, as well; see, e.g., [Gra00]. As a first order of
business, then, we wish to construct a corner normal form for CAH metrics that will be similarly
useful, and which we can use to gauge-break the Einstein equations.

It is natural to our space to consider polar-like coordinates. As motivation, then, we consider
the hyperbolic metric (1.1) on the cornered space X, discussed above. In this space, the geodesics
normal to Q are precisely the intersections with X of the circles (x°)? + (x")? = a? (where

a e R, x! =x2=... =1

= const. The corner normal form in the hyperbolic case is
obtained by introducing polar coordinates (8, p), in which Q, M, and S are all given by constant
coordinates:

x% = psinh, x" = pcosé.

In these coordinates, the metric takes the form

(1.2)

d2 d12 dn—lz
g+:CSC2(9)|:d92+ p+(x)+2 il G )].
0

We will construct the corner normal form on general CAH spaces by studying geodesics leaving
O normally. The normal exponential map exp of O\ S ~ O \ S is defined on the inward-pointing
normal ray bundle N+(§ \ S ). With v the inward-pointing unit normal field on Q \ S, this bundle
has a natural decomposition N (Q \S) & [0, 00), x (@ \S) given by the prescription (¢, q) — tv,.
We compactify N+(§ \ S) by adding faces corresponding to t = oo and to [0, oo] x (Q N S), and

we denote the compactification by N+(§ \ S ), a manifold with corners of codimension two.

Our first main result is as follows.

Theorem 1.1. Let (X~ M, Q .S ) be the blowup of a cornered space, and g an admissible metric
on X. There is a neighborhood V of Q NS in Q and a neighborhood U of S in X such that exp

extends to a diffeomorphism exp : Ny (V \ §) —U.



One of the consequences of this theorem is that near S there is a distinguished representative
of the conformal infinity [4] on M \ S, which itself is conformally compact on (M, S). To see this,
simply note that e~ is a defining function for M via the diffeomorphism in the theorem, so that
e ' g| i is a well-defined element of (b|7)*[h] on M~M depending only on the geometry of
(Y , g). We call this the induced metric on M.

Theorem 1.1 allows us to prove two normal form theorems. The first applies generally, while

the second requires that Q and M make a constant angle with respect to the compactified gx, but

gives a normal form with better properties.

Theorem 1.2. Let (Y M, Q .S ) be the blowup of a cornered space, and g an admissible metric
on X. For sufficiently small neighborhoods W of M N S in M, there exist a neighborhood U of S
in X and a unique diffeomorphism ¢ : [0, 1], x W — U such that Clioyxw = idw and so that

_du® + by,

(g =" (13)

with hy (0 < u < 1) a smooth one-parameter family of smooth conformally compact metrics on

(W, M N S), and such that M = ¢({u = 0}) and O = ¢({u = 1}).

We also prove a version in which we fix Q instead of M ; see Theorem 4.15.

Notice that (1.3) is in normal form in the usual asymptotically hyperbolic sense relative to M,
while under the subsitution # = —logu, it is in the usual geodesic normal form relative to @ . In
particular, ¢ is the distance to Q .

The metrics h,, for fixed u are generally not asymptotically hyperbolic. The asymptotic curva-
ture depends on both u and the angle between Q and M at the point of S approached. However,
when the two boundary components M and Q make constant angle 6, with respect to gy — a

setting we call a constant-angle CAH space — we can say more. By making the change of variable

csc B—cot 0

U = o Op—cot Bp °

we obtain a normal form with AH slice metrics. We prove several versions of
this result. Of particular interest is the following, which we will use to gauge-break the Einstein

equations and state our results.



Theorem 1.3. Let (X, M, Q, S) be the blowup of the cornered space (X, M, Q), and g = b*g, +
£ an admissible metric on X. Suppose that there is some 0y € (0, ) such that, for any defining
function ¢ for M, the boundary components M and Q make constant angle 6y with respect to the
compactified metric ¢*gx.

For sufficiently small neighborhoods W of M NS in M, there is a neighborhood U of SinX
and a unique diffeomorphism  : [0, 0plg x W — U such that Clioyxw = idw and
_dO% + hy

* : 1.4
' sin” 6 (14

where hg (0 < 0 < 6,) is a smooth one-parameter family of smooth asymptotically hyperbolic
metrics on (W, M N S), and such that M = ({0 = 0}) and Q = C({0 = 6y}). Moreover,
O110.001x(3105) = ¢ O, and 8959|p=0 = 0, where hg = p*hg and p is any defining function for
MnSinw.

Note that in this statement, p is defined on W C M , which in turn defines it on [0, B0] x W by
extending it to be constant in 6. Notice also that in the case of hyperbolic space, (1.4) reduces to
(1.2).

A normal form for edge spaces was constructed in [GK12]. However, the normal form derived
there corresponds to a flow transverse to the edge boundary, whereas the flow generated by d,, in
(1.3) is tangent to the edge face S. Another difference is that the normal form constructed here
takes a special form at two different faces, M and Q , as opposed to one.

Having introduced CAH metrics and constructed a normal form for them, we study the Laplace
operator on such spaces in Chapter 5, and in particular study formal existence near the corner of
harmonic functions satisfying an inhomogeneous Dirichlet condition at M and a homogeneous
Neumann condition at Q . This is both interesting in its own right and a model problem for the
analysis of the more complicated Einstein problem to follow.

The analysis proceeds in several steps. The key idea, as in general for such constructions, is
to define and then study the indicial operator of the Laplacian, which is an operator on C °°(§ )
defined by I, (u) = p~" Az (p"1)|p=0, Where p is a particular defining function for Sin X and i

is an extension of u to X. However, we here meet a significant difference from the usual AH case:



whereas the indicial operator is there an algebraic operator, due to the edge structure of g at S,
it here restricts to a second-order ordinary differential operator on each fiber of S, with a regular

singularity at 6 = 0:
I,(u) = sin2(9)8§u + (1 —n)sin(0) cos(8)dgu + v(v + 1 — n) sin?(0)u (1.5)

For any v, the indicial roots of /,, at 6 = 0 are 0 and n. The key content of section 5.1, then,
is an analysis of this operator with the Dirichlet boundary condition at & = 0 and Neumann at
0 = 6y, for 0 < 6y < m. We study the mapping properties of the Green’s operator, and also
study the indicial roots of the Laplacian, or values of v for which the indicial operator fails to
be injective with the given boundary conditions. The latter is equivalent to studying the singular
Sturm-Liouville eigenvalue problem for the operator L = —d3 + (n — 1) cot(6)dg. We estimate
the lowest eigenvalue, and can characterize the eigenvalues in general as the roots of an equation
involving hypergeometric functions. In the case that 6y = 7, we can calculate explicitly that they
are Ay = vr(vk + 1 —n) for vy = n + 2k (k > 0). For this reason, we restrict our full analysis
to the case 0y = 7: although similar ideas would apply in the general case, it would be difficult to
be as specific as we can be when we know the eigenvalues explicitly. For that case, in Section 5.2
we formally construct a harmonic function order by order in p, solving at each order j an equation
of the form /;u = f;. When j = n + 2k is an indicial root, we show that we can proceed by
including powers of log(p) in the solution, although uniqueness is lost. A formal solution could
be uniquely parametrized by u|;; and by {ux}z—,, where vx € C*°(S) parametrizes the formal
freedom at order n + 2k.

We define the space J’(XN ) to be functions on X that have an asymptotic expansion in p, 6,
6™ log(0) to the first power, and p"+2* log(p)¥ (k > 0), where p is a defining function for MnS

in M ; see (3.15) for a precise definition. Our result is as follows.

Theorem 1.4. Let ()?”H, M, Q, §) be the blowup of a cornered space (X, M, Q), with g =
b*gx an admissible metric such that M and Q make constant angle % with respect to gx. Let

(VS C°°(1\7). There exists u € J’(Y) such that Agu = O(p), such that u =  along M, and



such that d,ul 0= 0, where 0, is the normal derivative at Q. If uy and u, are two such functions,

thenuy —u, = O(p"), and p™" (U1 —uz)|5 = vo sin” O, where vy € C°°(§) is constant on fibers.

Having constructed a normal form in Chapter 4 and studied the Laplace operator in Chapter 5,
we turn finally to constructing Einstein metrics in Section 6.2. As mentioned earlier, the choice
of boundary condition K5 = Agl o ensures that our space will be constant-angle with angle Oy =
cos~!(—A). It is this that allows us to break the gauge using (1.4). In this gauge, the CMC umbilic
condition at Q becomes the Neumann condition dghg|g—=g, = O on /; see Lemma 6.6. We define
M (6o, M) to be the set of families iy (0 < 6 < 6p) of smooth AH metrics on M such that
hg = p>hg is smooth in @ (in case n is odd or n = 2) or such that it is smooth in 6 and 6" log(0)
(if n > 4 is even). See page 27 for full details. In the following statement, 7 = O,(f) for T a
tensor field means |T'|, = O(f).

Theorem 1.5. Let M" be a manifold with boundary, let A € (—1, 1), and let [h] be a conformal
class on M. Set Oy = cos™'(—A). Then there exists a one-parameter family hg € M(0y, M) of

smooth AH metrics on M, such that if g is the normal-form metric
g = csc?(0) [dO® + hy]
onX = [0, B0]lg X M, then
(a) ho € [h];
(b) dphglp=0 = 0;
(c) the second fundamental form of Q\ S = {00} x (M \ S) satisifes K5 = Ag|p5; and
(d) the formal Einstein condition

Ric(g) +ng = Og(p")

is satisfied.
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Moreover, if hg, hy are two such families, then hg — i;’g = O(p").

This theorem is concerned with smooth formal series in p. As we will show, the lowest non-
negative indicial root y of the Einstein operator satisfies n — 1 < yo < nif 6p > 7, yo = n if
b = Z,andn < yp < 00 if g < 7. Thus, if 7 < 6y < 7, then we would expect additional
solutions with leading asymptotics p”, where n — 1 < y < n. If 6y < 7, then uniqueness would
hold mod O(p") even allowing non-integral powers of p. If 6y = 7, then a term of the form
p" log(p) would generically appear; see Theorem 1.6 below. The form of the solution to higher
order depends on indicial roots, which depend on 6,. Uniqueness fails at order 7 in every case,

however.

Notice that the given data is only (M, [h]) and A, and that we get an Einstein metric in normal
form that is unique up to order n. In particular, the induced metric i € [h] is an AH representative

of the conformal class that is invariantly defined to order n given only [k] and A.

Uniqueness in Theorem 1.5 should hold without (b), but we do not yet have a proof of this; it

will entail uniqueness analysis of a system of nonlinear ODEs.

The proof of Theorem 1.5 is conceptually similar to that of the simpler Theorem 1.4, but
significant complications arise in the Einstein setting: for example the operator we now study,
the Einstein operator E(g) = Ric(g) + ng, is nonlinear, acts on tensors instead of scalars,
and has a gauge invariance. We define an indicial operator, as in the scalar case, by IV (p) =
p Y (E(g+p"¢)—E(g))|p=0, Where ¢ is a section of an appropriate bundle; and as in [GL91], we
decompose it into its irreducible parts, in this case seven of them. Once again, and unlike in that
paper, the indicial operator is a second-order system of regular singular ordinary differential oper-
ators as opposed to algebraic operators. As in the AH case, the part of the indicial operator acting
on the trace-free part of the metric perturbations tangent to .S is identical with the indicial operator
of the scalar Laplacian. We construct the Einstein metric term-by-term in p. At each order, this
gives us a system of second-order regular singular ordinary differential equations to solve, which
is overdetermined because of the gauge-broken form (1.4). An additional complication in the anal-

ysis comes from the fact that, since the Einstein metric is unique to order n, then as observed
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after Theorem 1.1 and unlike in the case of the usual AH normal form, the induced metric in the
conformal infinity is uniquely determined and cannot be chosen arbitrarily in the conformal class.
These two problems are solved in tandem. For our boundary data, we take & € [h] to be arbitrary
(but AH), and then impose the boundary condition iy = yh, where y € C*°(M) is some scalar
function to be determined order by order in p along with g. Thus the induced metric is determined
simultaneously with the metric g. At each order, we use four of the seven irreducible parts of the
indicial operator to solve uniquely for the perturbation of the metric at that order. We then use the
Bianchi identity to show that the remaining three equations are also satisfied. However, this turns
out to be true only for a unique choice of the perturbation of y, and thus we get uniqueness both for
g and yh (within [A]) up to order n. The behavior of the system changes at order n. The trace-free
part of the indicial operator has a set of eigenvalues going to infinity; in the special case that A = 0
By = %), the first of these is at order n, as mentioned above, and this obstruction allows us to

identify a new conformal hypersurface invariant.

Theorem 1.6. Let M" (n > 2) be a manifold with boundary S, and t a smooth metric on M. Let
[h] be the AH conformal class corresponding to [t]. There is a generically nontrivial symmetric,
trace-free 2-tensor field K (t) on S, defined by (6.38), whose nonvanishing obstructs the formal
existence of a smooth normal-form metric g = csc?(0)[d6? + hg] on [0, 21 X M satisfying (a) -
(c) from Theorem 1.5, and also satisfying Ric(g) + ng = O (p"™).

Moreover, if T = Q%1 for @ € C®(M), then X () = (Q|s)> " K (7).

The thesis is organized as follows.

In Chapter 2, we review background results about AH metrics and conformal geometry.

In Chapter 3, we define CAH spaces and their blowups, as well as construct a class of special
polar decompositions that will be ubiquitous in Chapter 4. We also develop the 0-edge structure
point of view, and then use this to define and discuss admissible metrics. We then introduce func-
tion spaces that we will use in our later analysis. Finally, we define the notation that will be used
throughout the rest of the thesis.

In Chapter 4, we study the basic properties of admissible metrics, analyze their geodesics, and
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prove Theorems 1.1 - 1.3 and other versions of normal form results. In Section 4.1, inspired by
the convexity arguments of [BO69], we use a natural asymptotic solution to Vf,w = wg to derive
the central properties of the g-geodesics leaving Q normally. Our result shows that they approx-
imately generalize the behavior of the analogous geodesics in hyperbolic space, namely that they
do not return to Q or S and that they approach M normally. In Section 4.2, we study the geodesic
flow equations to extend the exponential map to the compactified normal bundle and show that
the extended map is smooth and a local diffeomorphism. The extensive debt this chapter owes to
[Maz86] is especially clear here, where we regularize the flow equations using the method devel-
oped there. The final substantial step, in Section 4.3, is to show that the normal exponential map is
actually injective on a suitably restricted neighborhood of S. Many of the previous (and elegant)
Cartan-Hadamard-type proofs adapt with difficulty, if at all, to the noncomplete and local setting
studied here. The homotopy-lifting approach of [Her63], however, adapts well to this setting, and
it enables us to show injectivity. In Section 4.4, Theorems 1.1 through 1.3 and other normal form
results follow quickly.

In Chapter 5, we study the scalar Laplacian on constant-angle CAH spaces. After calculating
the scalar Laplace operator, we then compute its indicial operator (1.5), and prove theorems about
its eigenvalues and the mapping properties of its Green’s operator. We do this for general 6, and
arbitrary integral powers of log(6), since although these features are unnecessary for our analysis
of the linear scalar problem with 6y = 7, they will be used in the nonlinear Einstein setting. We
then prove Theorem 1.4.

In Chapter 6, we turn to Einstein metrics. In Section 6.1, we study smooth Einstein metrics
and deduce the compatibility conditions along S for their existence that were discussed earlier. In
Section 6.2, we study formal existence for aribtrary S, enlarging the class of metrics from those
smooth on X to those polyhomogeneous on X = [0, Bp] x M in the form (1.4); and prove Theorems
1.5-1.6.

Finally, in Chapter 7, we discuss future research directions and questions raised by this work.
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Chapter 2
BACKGROUND

We begin by reviewing some basic relevant results. Recall that, if S C M is an embedded
submanifold of a smooth manifold M, then ¢ € C>*(M) is a defining function for S if § =

¢~ 1({0}) and d¢|g is nonvanishing as a section of 7*M .

Definition 2.1. A conformally compact manifold is a compact manifold with boundary X" ' with
nonempty boundary M", such that the interior X of X is equipped with a Riemannian metric g
such that, for any smooth defining function ¢ for M, ¢*g extends to a Riemannian metric on X.

We may denote a conformally compact manifold by (X, M, g).

Remark. The definition can trivially be extended to the pseudo-Riemannian case, but we will ex-
clusively deal with the Riemannian case unless otherwise stated. More substantively, the definition
says nothing about the smoothness of the metric g, which a priori might be only a positive definite
continuous section of S 2(T)? ). Throughout this thesis, smooth will mean C*°. For the remainder
of the chapter, we will refer to C* (smooth) conformally compact manifolds to mean that the met-
ric 92 g extends to a C* (smooth) metric on X, for any ¢. If left unspecified, conformally compact

manifold will henceforth imply a smooth metric.

Given a conformally compact manifold (X, M, g) and a defining function ¢ for M, the metric
h = ¢>g|rum is a Riemannian metric on M. The metric & = h, depends on the choice of defining
function ¢, but if ¥ is another such defining function, then hy = (Y ¢~ ')?h,. In particular,
h — hy is a conformal transformation, so it follows that the conformal class [A] is an invariant of
(X, M, g). The class [h] is called the conformal infinity of g.

The motivating example of a conformally compact manifold is the Poincaré ball model of
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hyperbolic space, which is the ball B"*! with metric
ds? — 4 27:11 (dxi)z.
(I—1[x)?
The boundary is S”, and the induced conformal class [/] is the class of the round (canonical) metric
on S”.
It is useful to tighten the analogy to hyperbolic space further. Let ¢ be any defining function for
the boundary M, and let g be the metric § = ¢?g on X. A tedious but straightforward computation

carried out in [Maz88] shows that

Rijir = —|do|3(gigjk — gikgj1) + O(@7>),
where R is the Riemann curvature tensor of g. This motivates the following.

Definition 2.2. A C? conformally compact metric is called asymptotically hyperbolic (AH) if, for
some defining function ¢ for M, and with g = ¢*g, the condition |d(,0|fE = 1 holds on M.

Remark. It is easy to show that this condition holds for all defining functions if it holds for any.

By changing coordinates, an asymptotically hyperbolic metric can be put into a particularly
nice form relative to any representative of the conformal class [4] on M. The following normal
form result is proved in [GL91], and is Proposition 4.3 in [FG12]; it has played a central role in the

development and applications of the theory of AH spaces.

Theorem 2.3. Let (X, M, g) be an asymptotically hyperbolic manifold with conformal infinity
[h]. Let h € [h]. Then there is a neighborhood U of M in X, and a unique diffeomorphism
V¥ : M x[0,&) — U, such that if r is the coordinate on the second factor, then r*y*g|ry = ¥*h.

In these coordinates, \* g takes the form

vrg =r2dr’ + g, 2.1)

where g, is a smooth one-parameter family of smooth metrics on M and go = h. Thus, on U,

|dr|fzg = 1.
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A metric in form (2.1) on M X [0, &) will be said to be in normal form relative to h, and r will

be called a geodesic defining function for M .

Definition 2.4. An asymptotically hyperbolic Einstein manifold is an asymptotically hyperbolic

manifold that satisfies the equation

Ric(g) = —ng.

Remark. If (X, M, g) is Einstein and g is in normal form, then d,g,|,=0 = 0 as a first-order

consequence of the Einstein equation.

The publication of [FG85] initiated the extremely fruitful study of relationships between the
conformal geometry of (M, [h]) and the Riemannian geometry of ()? ,g), where (X, M, g) is an
asymptotically hyperbolic Einstein manifold. The project has led to insights into each geometry in
terms of the other. The subject has become a topic of intense study in physics as well, where it pro-
vides the geometric setting for the so-called AdS/CFT correspondence whose study was initiated
in [Mal98, Wit98].

The idea of [FG85], which was fully developed in [FG12], is that given a smooth compact
conformal manifold (M™", [h]), one can realize M as the boundary of an (n + 1)-manifold X,
and formally develop an AH Einstein metric g on X at M, in powers of a defining function ¢
and with coefficients determined by the geometry of [k]. To the extent that this procedure works
and is well-defined, the Riemannian invariants of (X, g) can then be used to construct conformal
invariants of (M, [h]). Since the construction is formal and completely local, the requirement that
M be compact may in fact be removed.

An AH metric g in normal form on M X [0, ¢), is called even if there exists a smooth extension
of g = r?g to M x (—e¢, ¢) that is symmetric under the map r > —r.

The extent of success of the formal construction turns out to depend on the parity of the dimen-
sion. The primary relevant result of [FG85, FG12] is the following ([FG12], Theorem 4.8). Notice

that regularity depends on the parity of the dimension.
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Theorem 2.5. Let (M, [h]) be a smooth conformal manifold of dimension n, and h a representative
of its conformal class. Let t be a smooth symmetric 2-tensor field on M, such that h't;; = 0. Let

M = M x [0, 00), and let r be the coordinate on the second factor.

e Ifn = 2and ift satisfies t;;7 = —%R, i, where R is the scalar curvature of h, then there
exists an even formal AH Einstein metric g in normal form relative to h, and such that

tf(02g,)r=0 = t. These conditions uniquely determine g, to infinite order at r = 0.

e [fn > 3isodd and if t satisfies t;;/ = 0, then there exists a formal AH Einstein metric
metric in normal form relative to h, such that tf(37 g,|,=0) = t. These conditions uniquely

determine g, to infinite order at r = 0, and the solution satisfies tr(37 g, |,=o) = 0.

e Ifn > 4 is even, then there is a natural Riemannian invariant 1-form b; of h so that if t
satisfies t;; 7 = b;, then there exists a metric g = r=2(dr? + g,) on some neighborhood M ;.
of M in M, such that go = hand Ric(g) = —ng to infinite order along M, and such that

gr has an expansion of the form

o0
gr~ > &M logr)™, (22)
N=0
where each gﬁN) is a smooth family of symmetric 2-tensors on M that is even in r, and

tfy, o7 gSO) |;=0 = t. These conditions uniquely determine the ng) to infinite order at r = Q.

There is a symmetric two-tensor field O;; on M, conformally invariant of weight 2 —n, such

that the solution g, is smooth if and only if O;; vanishes on M .

Remark. The conformally invariant two-tensor field @ in the even-dimensional case of this theo-
rem is called the obstruction tensor. It is discussed in Chapter 3 of [FG12]. In dimension n = 4 it

1s the classical Bach tensor.

This construction of a formal AH Einstein metric has been tremendously successful in the

generation and classification of conformal invariants, beginning with @ itself in even dimensions.
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Notable examples include [BEG94], which classified scalar conformal invariants, and [GIMS92],
which constructed important new conformally invariant differential operators.

In addition to the formal context that has led to such advances in conformal invariant theory,
asymptotically hyperbolic metrics have been much studied. Global existence, for example, has
been analyzed in [GLI1],[Lee06], and [Big00], among several others; it will not concern us here.
Boundary regularity has also been studied, both locally and globally.

An Einstein metric is always smooth on the interior of a space in appropriate coordinates.
The question of interest in this context, then, is how regular a AH Einstein metric must be at the
boundary, given some a priori regularity. An early result was obtained by Anderson in [And03]
for dimension four (n = 3). In [CDLSO05], a global boundary regularity result was achieved that

fully realized the suggestion of Theorem 2.5:

Theorem 2.6. Let (M",[h]) be a smooth compact conformal manifold, let U = M x [0, 1] be a
collar neighborhood of M, and let g be a C* AH Einstein metric on U. Let (x, p) be coordinates
on U, so that p is a defining function for M. Suppose that h = p>g|ra is smooth. Then for any
0 < A < 1, there exists R > 0 and a C'* collar diffeomorphism ® : M x [0, R] < U such that
®| s is the identity; such that *g can be written as

" g =r2(dr? + g);
such that g, is a one-parameter family of metrics on M ; such that g9 = h; and such that

e ifnisodd orn = 2, then g, extends smoothly to M x [0, R], so ®*g is asymptotically

hyperbolic and smooth; and

e ifn > 4 is even, then g, can be written in the form

gr = Y(r,r"logr),

where r = (1, 2) is a two-parameter family of Riemannian metrics on M that is smooth in
all its arguments as a function on M x [0, R] x [R" log R, 0]. Furthermore, ®*g is smooth

if and only if 3, (0, 0) vanishes identically on M .
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The question of global regularity being settled, it was natural next to investigate local regularity.
A result for n odd came in [HelO8], where regularity was shown for metrics on a neighborhood
near a point on the boundary of X”*! with sufficient a priori smoothness. A local regularity result
in all dimensions was obtained in [BH14]. Put coordinates (y = x° x!,...,x") on R"*!. The

main result is as follows:

Theorem 2.7. Let X" be the closed unit half ball {x eR"™ x| <landy > O}. Let D =
{x € X : y = 0} be the disk portion of its boundary. Suppose that the interior is equipped with a
AH Einstein metric g with D the boundary at infinity, and such that the conformal infinity [h] is

smooth. Let h € [h], and suppose further that, if go = dyjj " e have

g — 8o € y°C"*(go)

for some a € (0,1) and & > 0, and where C % is the appropriate Holder space for go. Then there

exist § < 1 and some half ball Y5 = {x eR"™ x| <8andy > 0} C X such that

o ifnisoddorn = 2, then g|y, is smooth in appropriate coordinates; and

e ifn > 4 is even, then in appropriate coordinates, g|y; has a polyhomogeneous expansion at

the boundary.

Establishing this result required a degree of control of the regularity of g near the corner
{x € D :|x| = 1}, but the authors used a two-parameter family of weighted spaces that let them
avoid analyzing the corner regularity in detail.

Asymptotically hyperbolic manifolds are a simple example of a space with an edge structure,
a concept introduced in [Maz91]. This perspective is often useful in carrying out analysis on AH
spaces. An edge space is a manifold X with boundary M, such that M is the total space of a
fibration b : M — Y with fiber F. Edge vector fields are those smooth vector fields V' on X
which lie tangent to the fibers of » along M. There is a natural bundle, T X, called the edge

tangent bundle, of which edge vector fields are precisely the smooth sections.
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In the case of AH manifolds, we let F' and b be trivial, so that each fiber is simply a point.
Then edge fields are those vector fields that vanish at M. If r is a defining function for M, and if
(0x1,+++,0xn+1) is a frame for TX near some point of M, then (rd,1,--- ,7dn+1) is a frame for
the edge bundle, which in this case we denote 0TX. The edge bundle has a dual bundle, 0T*X,

dxn+]

whose fibers are spanned by (del, e ) Thus, for example, an AH metric can be viewed

as a smooth section of S2(°T*X).

Finally, it will be helpful to review the relationship between two types of conformal classes
on a manifold with boundary. Let M be a manifold with boundary S. The first type is the usual
conformal class, [t], where T is a smooth metric on M. Here, [t] is the family of metrics 7’
such that T/ = Q21 for some nonvanishing € C*(M). The second type is an AH conformal
class, [h], where & is an AH metric on M. Here, [h] is precisely the set of metrics WA, where
W € C*®(M) is nonvanishing and ¥|s = 1.

Observe that there is a one-to-one correspondence between ordinary conformal classes [7] and
AH conformal classes [k]. Given a conformal class [z], let t € [r] and let ¢ € C*°(M) be any
defining function for S in M such that |d¢|, = 1 along S. Set h = ¢~27. Then the conformal
class [A] is independent of the choices of ¢ and of t. To see this, suppose ¥ is some other defining
function satisfying |dy|; = 1 along S. Then ¥ 21 = ¥ 2¢?(¢~21). But ¥ = ¥ 2¢? extends
smoothly to all of M, and W|s = 1 by the choice of ¢, ¥. Thus [h] does not depend on ¢.
Similarly, suppose T’ = Q27, and let ¢’ be a defining function for S such that |d¢’|,, = 1 along S.
Then it is easy to check that if ¢ = Q7 1¢’, then |dgp|, = 1 along S; and 9%t = (¢’)"?7’. Thus
the map taking [z] to [/] is well-defined. It is an easy exercise to reverse these steps and show that
it is a bijection.

One may also consider conformal classes of conformally compact metrics. The same argument
as above, without the requirement that |d¢|, = 1 at S, shows that there is likewise a correspon-

dence between conformally compact and smooth conformal classes.
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Chapter 3
CORNERED SPACES AND BLOWUPS

3.1 Context

We take up a natural generalization of conformally compact manifolds by considering manifolds
that have finite boundaries as well as the boundary at infinity; a simple example would be half of
the Poincaré ball. In such spaces, the finite and infinite boundaries meet in a corner, which is at
infinity.

We first give an intrinsic definition of this situation.

Definition 3.1. A cornered space is a smooth manifold with codimension-two corners, X", such

that

(i) There are submanifolds with boundary M"™ C 0X and Q" C 0X of the boundary 0X, such
that @ # S = M N Q is the mutual boundary, and is the entire codimension-two corner of
X, and such that 0X = M U Q; and

(ii) the corner S C M is a smooth, compact hypersurface in M .

We denote a cornered space by (X, M, Q), and we set X=X \ (QUM).

Given a cornered space (X, M, Q), a smooth (resp. C*) cornered conformally compact metric
on X is a smooth Riemannian metric g+ on X \ M such that, for any smooth defining function
@ for M, the metric ¢>g . extends to a smooth (resp. C*) metric on X. We call such a metric a
cornered asymptotically hyperbolic (CAH) metric if for some (hence any) such defining function
@, the condition |d¢|y2, = 1 holds along M.

A smooth (resp. C*) cornered asymptotically hyperbolic (CAH) space is a cornered space
(X, M, Q) together with a smooth (resp. C*) CAH metric g4. We denote such a space by

(X, M, Q, g+). The definition for cornered conformally compact space is analogous.
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For a cornered conformally compact space (X, M, Q, g+), the conformal infinity [h] is the
conformal class [¢?g|7a] on M, where ¢ is a defining function for M . Notice that a consequence
of the fact that X is a manifold with corners is that the boundary components M and Q intersect
transversely.

For each x € S, we define 6y(x) to be the angle between M and Q at X with respect to ¢?g-,
where ¢ is any smooth defining function for M. Plainly 6, € C*°(S).

It will be important to our analysis to be able to view X as a submanifold of a larger AH
manifold without corner. By doubling across Q ([Mel96], Chapter 1) and using partitions of
unity, we may construct a global AH manifold ()f' , £+) with boundary M, such that X is an open
submanifold of X with 9X = M U Q, where M C M and Q C X is a hypersurface in X, and
such that 4 |x\m = g+. The extension g is not canonical, of course.

As we are planning to study polar-like coordinates at the codimension-two hypersurface S,
and since such coordinates must be singular there, we employ the usual measure of blowing up
X along S ([MelO8]). Let X be a cornered space, with M, Q, and S as in the definition. For
s € §,define N;S = Ty X/ TS, which is a vector space of dimension two. Let NS be the vector
bundle NS = Uses N S. Let Ni.S C NS be the inward-pointing normal vectors (including those
tangent to dX = Q U M). Thus N, S is a bundle with fiber a closed cone in R? and base S.
Finally, let S = (N4S \ {0})/R™, which is the total space of a fibration over S with fiber the
closed interval [0, 1]. Set X = X\Svu S, and define the blow-down map b : X > X by
b(x)y=x(xeX\S)and b(5) = n(5) (5 € S), where 7 is the natural projection. Then as shown
in [MelO8], X has a unique smooth structure as a manifold with corners of codimension two such
that b is smooth, b| 0§ X \ S > X \ § is a diffeomorphism onto its image, and d bz has rank
n for § € S. Moreover, polar coordinates on X centered along S lift to smooth coordinates. We
set M = b~ (M \ S) and §= b0\ S). Then bl : M — M and bl : QJ—> Q are
diffeomorphisms.

Recall that an edge structure on a manifold with boundary is a fibration of the boundary, and
the associated edge vector fields are the vector fields that are tangent to the fibers at the boundary

([Maz91]). An important special case is a O-structure ((MMS87]), for which the boundary fibers are
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points and the edge vector fields are those that vanish at the boundary. On our blowup space X, the
blown-up face S is the total space of the fibration b|g : S — S with interval fibers, while we can
view bz : M — M as a fibration whose fibers are points. We will refer to the structure defined
by these two fibrations as a 0-edge structure, and the associated 0-edge vector fields are the smooth
vector fields on X which are tangent to the fibers at S, and which vanish at M.

The 0-edge vector fields may be easily expressed in appropriate local coordinates. Let 6 be a
defining function for M whose restriction to each fiber of S is a fiber coordinate taking values in
[0, 7); let p be any defining function for S ; and locally let x*, 1 < s < n — 1, be the lifts to X of

functions on X that restrict to local coordinates on S. Then the vector fields
0 d 0

sinf—, psinf—, psinf—

00 0x* ap
span the 0-edge vector fields over C*° ()7 ). As in the usual edge case, there is a well-defined vector
bundle %7 X whose smooth sections are the 0-edge vector fields. The smooth sections of the dual

bundle % T*X are locally spanned by

do dx® dp
sinf’  psinf@’  psinf

3.1

By a 0-edge metric we will mean a smooth positive definite section g of S z(oeT*X~ ). This is
equivalent to the condition that locally g may be written as

do

sin 6

— do dx® dp dx®
g ( sin@’ psin@’ psinf )G 0sin 0 ’

dp

psin 6@

where G is a smooth, positive-definite matrix-valued function on X . This allows us to define the

class of metrics that we will study.

Definition 3.2. An admissible metric on X is a 0-edge metric g on X which can be written in the
form

g=0b"gs + &,
where g4 is a smooth cornered asymptotically hyperbolic metric on X and £ is a smooth section

of S2(°¢T*X) that vanishes on S and M.
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The latter condition is the same as saying that £ = (psin 8)¥, for some smooth section £ of
S2(0e T*X ). We will see below that if g is a smooth CAH metric on X, then b*g is a 0-edge

metric.

Since b| R\GIUS) X \ (1\7 UusS) —» X \ M is a diffeomorphism, an admissible g uniquely
determines a smooth metric gx on X \ M satisfying b*gx = g on X \ (1\7 U S). Since &£ vanishes
on S and M, it is not hard to see that gx is a C® CAH metric on X. Thus we will call a metric gy

on X \ M an admissible metric on X if b*gx extends to an admissible metric on X.

Observe that an admissible metric gy on X determines a well-defined angle function ® on the
blown-up face S, which serves as a smooth fiber coordinate. Let § € S, with s = b(s) € S.
Then, under one interpretation, § naturally represents a hyperplane Ps in T3 X containing 7;S. The
angle O(5) between Ps and Ty M is well-defined. It can be computed as follows: let ¢ be any
defining function for M, and gy = ¢?gx. Let vy € Ty M be normal to T,S, inward pointing in
M, and unit gx-length (this is uniquely defined and continuous, by the continuity of admissible
metrics just observed). Similarly, let vp, be inward-pointing in Ps, normal to 7S, and unit length.
Then O(5) = cos™'(gx (P, Vp;)). We could also have defined © using g, and in particular, it
is clear that ® € C °°(§ ). It is easy to show that this is defined independently of ¢. Thus, ® is
well-defined.

Let g+ be a smooth CAH metric on X. We construct a product identification on X that we
will use extensively throughout, and we then use it to show that b* g is a 0-edge metric. Choose
an extension ()? , &+). To each representative h on M we can associate a neighborhood Uof M
in X and a unique diffeomorphism y : [0, ¢), X M — U such that x| 7 = idand y*g; =
r2(dr? + l;r), where fzo = h. Now let y be a geodesic defining function for S in M with respect
to the metric / — that is, a solution near S on M to the equation |dy|§ = 1 with y|g = 0. We
choose y > 0 on M. Then there is a diffeomorphism ¥ from S x (-6, ), to a neighborhood W
of S in M such that w*i; = dy? + k,, where ky, is a smooth one-parameter family of metrics on

S. Thus, we have shown that there is a neighborhood Uof SinX anda unique diffeomorphism
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@ :[0,8), x S x (=8,8), — U, for which ¢|01xsxf0y = idg and

. dr? + h,
Y 8+ = 2 (3.2)
where /1, is a one-parameter family of metrics on S x (=6, §), with
ho = dy* + k. (3.3)

We call this the product identification for g determined by h, and we let ns : U — S be the
projection onto S determined by it.

In cases where Q makes an obtuse angle with M, the values inside X of the functions r and
y just constructed will depend on g, outside X. We will use the product identification to analyze
the behavior of geodesics in X, which of course is independent of the extension chosen.

We obtain smooth coordinates on the blowup X near § by introducing polar coordinates on X .

Using the coordinates defined above, these are given by
r=psinf, y=pcosf, withp>0, 0<6 <. (3.4)

Then locally, a product identification on the blowup is given by p +— (8(p), 7s(p), p(p)). Observe
that S is given precisely by p = 0 and M is given by # = 0. For any admissible metric g on X
such that g = b*g, + £, this identification on the blowup will be called a polar g-identification,
or depending on context, polar g-coordinates. Notice that by (3.2) and (3.3), 0|5 = ©.

Now by (3.4), we have

dr = pcos8df + sinfdp
dy = —psin6d6 + cos Odp.

Let {x* };’;} be local coordinates on S. Extend these into X near S using the product identification.
Note by (3.3) thatin (3.2), hy =d y? +ky + O(r). Itis then straightforward to compute the metric

in our new coordinates:

a9
sin 6

* = do dx’ dp dxs

b &+ ( sinf’ psinB’ psiné )G osind > 3.5
dp

psin 6
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where
1 4+ O(psin® 0) O(psin? 6) O(psin? 6)
G = O(psin® )  kyeso + O(psind)  O(psin6) (3.6)
O(psin’ 6) O(psinb) 1+ O(psinf)

Thus, b* g is a 0-edge metric. Notice that k059 = k, + O(psin® §). This yields the following.

Proposition 3.3. In a polar identification, an admissible metric g on X takes the form

o
~ sin?(9)

dp® +k
[d@z + %] + (psinH)L, 3.7)

where k, is a one-parameter family of metrics on S and { € C°°(SZ(0"’T*5(V)).

We note that the statement that g can be written in the form (3.7) is equivalent to the statement

that it can be written as

1 dp* + kg :| .
= do* + ———2 o)L,
g Sin2(0) [ + e + (psin6)

where £ is as before and where kg , is a two-parameter family of metrics on S such that kg is
independent of 6.
Notice that for the hyperbolic metric, (1.2) exhibits the form (3.7) with k = |dx|? and £ = 0.
It will be useful to have equation (3.7) expressed in block form. On X in the coordinates

(0, x*, p), the metric takes the form

1+ O(psinf) O(sin 6) O(sin 6)
gij = csc*(0) O(sin 0) p %k, + O(p~ ' sin 6) O(p~'sin6) : (3.8)
O(sin 0) O(p~!sin0) p 2+ O(p~!sinb)

This may also be written
1 4+ O(psinB) O(psin6) O(psin6)

gij = csc’(6) A(p) O(psinf)  k,+ O(psinf)  O(psin0) A(p),
O(psin6) O(psin6) 1 4+ O(psinB)
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where
1
Ap =| o
o !
This allows us easily to use Cramer’s rule to find that
1+ O(psinf) O(p?sin 6) O(p? sin 0)
g/ =si* )| 0(?sind)  p*k;'+ O(pPsind)  O(p*sinh) . (39
O(p?sin 0) O(p> sin 0) p? 4+ O(p3sin )

3.2 Function Spaces

In this section we define function spaces that will be of use throughout Chapters 5 and 6.
First we define several spaces of functions on the interval [0, 8y], where 6y € (0, ) is fixed.

Forn > 2 and k > 1, define

k
An i (80) = C([0, 60]) & ED(6" log ) C*([0, o)), (3.10)
i=1
and
Ap (00) = {u € Anp u(0) =0=1u'(f)} . (3.11)
Next, define
Bn,1(60) = OC ([0, 6p]) @ 6" 10g(0)C ([0, b)), (3.12)
and for k > 2, define
k .
Bk (6o) = Bn.1(6o) ® ED(6" log 6)' C*((0. by)). (3.13)

i=2
In general, 6y will be fixed and clear from the context, and we will refer to these spaces simply as
!A’n,k and O(Bn,k.

Now let Y be any manifold with or without boundary, and 'V a vector bundle over Y. We

define spaces of one-parameter families of smooth sections ug : ¥ — V (0 < 6 < 6,) as follows.
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Let C*°(Y,V) be the space of smooth sections of V, i.e., smooth maps o : ¥ — 'V such that

my oo = idy. Set
k
Ank (00, Y. V) = C®([0.65]. C*(Y. V)) & @(6" log )’ C*([0, o). C*(Y. V)).
i=1
Thus, in particular, #4, x(6p) is canonically isomorphic to A, x (6, {0}, R). We similarly de-
fine Ag’k (6o, Y,V) to be the space of functions ug € A, (6o, Y, V) satisfying uglg—=o = 0 and

douglo=g, = 0, and we set
Bu1(09. Y, V) = 0C([0, 0], C°(Y, V) @ 0"t 1og(6)C ([0, 6p], C*®(Y,V))

and for k > 2,

k
Bk (6o, Y. V) = By 1(60. Y. V) ® @6 log 6)' C*([0. 65]. C*(Y. V)).
i=2

In each of these function spaces, if 'V is omitted, then it is taken to be the trivial vector bundle
RxY.

Now if n > 4 is even, then we define #,, x (6o, Y, V) = A, k(60,Y,V); and we let #, (0o, Y, V)
be the space of maps u in C*®((0, 6p], C*(Y,V)) N C"*1([0, 6y], C*°(Y,V)) that have an infinite
asymptotic expansion u ~ Y o u; at = 0, where u; € (0" log 6)' C°°([0, 6], C®(Y, V)). If
n = 2 or n is odd, then for consistency of notation, we define #, x (6o, Y, V) and H#,(6,Y, V) to
be simply C*°([0, 6p], C*°(Y,V)).

If M" is a manifold with boundary, we define M (6y, M) C #,(6y, M, S?>(°T*M)) to be the
sections hg in H,, (0, M, S?(°T*M)) such that, for  fixed, hg is a smooth AH metric on M.

We next define two families of function spaces on [0, 8p]g x [0, €),. For ¢ > 0 an integer, we

let &, 4 be the space of functions 7 that can be written

5+
N, p) = p"* Y log(p)'bi(6),

where each b; € Ag,l. Next, we let ¥, , be the space of functions 1 on [0, 6y] x [0, €) that can be

written
L4 |
n(®,p) =p"" Y log(p)ci(6),

i=0
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where each ¢; € B, ;.

Finally, let ()?, , M , Q , S ) be the blowup of a cornered space X"*!. Let (0, x, p), where x €
S, be a parametrization of X near S for which 6 and p are defining functions for M and S,
respectively. An example would be the polar decompositions considered in the previous section.
Then we define

R(X) = C®(X) + 6" log(h)C>®(X). (3.14)

Notice that the definition is independent of the choice of 6. Then, define {P()? ) to be the space of

functionsu € C °°(5(V yncnt (f ) that have an asymptotic expansion

u(@.x.p) ~ ao(6.x.p) + ) p"*2U "V log(p) a; (8. x.p). (3.15)

Jj=1

where each a; € CR()?)
3.3 Notation

Throughout this thesis, unless otherwise noted, (j(V , M , § , S ) will be the blowup of a cornered
space (X, M, Q), with blowdown map b : X — X. We let g =b*gx =b*g4 + (psinH)L be an
admissible metric on X. Except where noted otherwise, € and p will denote the polar coordinates
in a polar g-coordinate system. Similarly, r = psin will denote the geodesic defining function
on X C X in terms of which they were defined. The projection onto the S factor will be denoted
s.

X will be of dimension n + 1, where unless otherwise specified, n > 2 always.

We use index notation in polar coordinates. When doing so, 0 will refer to the first factor 6,
and n will refer to the last factor p. The indices 1 < s, < n — 1 will refer to local coordinates on
the second factor, S, while the indices O < i, j < n will run over all n + 1 coordinates. Finally,
I < wu,v < n will run over S and the last factor.

The metric g will be used to raise and lower indices, except that g%/ is the inverse metric. We
write § = p2sin*(0)g = r?g for the metric compactified with respect to polar g-coordinates.

Note that g is degenerate along S, as |% |g = 0 there.
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If a > 0, we define

~

0. ={g€0:0<plg) <af.
and
Q={q€§:0§p(q)<a}-
For general open V' C Q ,wedefine V=V U L, where L is the interior in Q N S of the set of

limit points of V' in S. We also define

)Z,:{xe)?:0<p(x)<a}.

We let v be the inward-pointing unit normal vector field on Q \§ with respectto g. If g € Q \ S,
we let y, denote the g-geodesic that begins at ¢ and has initial tangent vector yé (0) = vy.

If A is a covariant k-tensor, we write A = Og(f) to indicate that |A|, = O(f); or equiva-
lently, that if Y7, ..., Y are g-unit vector fields, then A(Y7,...,Y;) = O(f) with constant inde-
pendent of the Y;. Similarly, if Y is a vector field, we write Y = O, (f) to indicate |Y | = O(f).

Note that this condition is independent of the particular admissible metric g.
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Chapter 4
NORMAL FORM AND GEODESICS

In this chapter, we study geodesics off the finite boundary Q of a blown up space, and use our
results to prove Theorems 1.1 - 1.3 and variations. We take ()7 M, Q .S ) to be the blowup of a

fixed cornered space (X, M, Q), with g = b*g, + (psin0){ a fixed admissible metric.
4.1 Behavior of Normal Geodesics

As a starting point to our study of the normal exponential map over the finite boundary Q of the
blowup, in this section we study the basic behavior of g-geodesics that leave Q normally, where
g 1s an admissible metric on ()7 M, Q .S ). Throughout, we will work in a polar g-identification
as constructed in the Section 3.1, and we will let U bea neighborhood of S in X on which such
coordinates exist.

Our first task is to study the normal field to Q \ S near S.

Lemma 4.1. Sufficiently near S, the normal field v on Q \ S satisfies

.0
V= —s1n9@ + Og(p). 4.1

In particular, v extends smoothly to Q Nns.

Proof. Using the implicit function theorem and the fact that % is transverse to § NS, we may
write Qnear S smoothly as 8§ = ¥ (x, p). Define f (0, x, p) = ¥ (x, p) — 6. Then using (3.9), we

find in local coordinates that

L df 0 ) a
— ol L " (_gin? — 2
grad f =g i 9o (—sin“(0) + O(p))ae + O(p”),

while

|grad f|g =sin€ + O(p).,
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grad f
| grad flg >

follows. u

where we keep in mind that sin 6 is bounded away from O on Q . Asv = the result

It has long been the case that convex functions are important in studying spaces of negative
curvature; see [BO69]. Most of our interior analysis of the g-geodesics leaving Q will follow
from the fact that the cotangent function on a cornered AH space has a Hessian of a very special
form related to convexity. This Hessian equation actually has a history of its own in the negatively

curved setting and beyond; see for example [CC96, HPW15].

Lemma 4.2. Define w € C°°(l7 \ 1\7) by w = cot(0). Then

Viw = wg + O, (p). 4.2)

Remark. This result is motivated by the fact that, in the case of the hyperbolic upper half-space,

the equation holds exactly.

Proof. We will need the Christoffel symbols Fioj. Computing from (3.8) and (3.9) using the equa-
tion T, = 5¢*(3:g1 + 381 — 91g7), we find that

—cot(8) + O(p) o(1) o(1)
Ly = o(1) P2 cot(B)ky + O(p™) 0(p™)
o(1) O(p™") p~2cot(6) + O(p™")
Now dw = —csc?(0)df, and we can use these Christoffel computations to find that
O(p) O() O d6
o 0™ 0(p™ || dx'
o) O™ 0(p™) dp
O(p) O(p) O(p) 4o,
0(p) O(p) O(p) || 5
0(p) O(p) O(p) | \ ;2

(dO,dx*,dp)

V2w = V(dw) = cot(f)g + —
sin” 6

dx’ dp

= cot(0)g + i
- COR)s sinf’ psinf’ psinf

This proves the claim. u
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We next need two technical results.

Proposition4.3. Let D = J XR%u,v) C R3, where J is an interval containing [a,b). Let f : D —
R be continuous and locally Lipschitz, and weakly increasing in u. Define an ordinary differential
operator L by Lu(x) = u"(x) — f(x,u(x),u’(x)). Suppose 0,V : [a,b) — R are C? functions
such that the graphs of t — (0(t),0'(t)) and t — (Y (t),¥'(t)) liein D. If

e 6(a) <¥(a), and
e 0'(a) < ¥'(a); and
e 1O < Ly onla,b),
then 0(t) < Y (t) and 0'(t) < Y'(t) forallt € [a,b).
This is essentially Theorem 11.XVI in [Wal98].

Lemma 4.4. (a) Let0 <6 < 1,a > 0, and b € R, and set f(t) = ae' + be™ + §. Then there
exists a continuous function C = C(a,b,8) > 0 such that, if w(t) > f(t) forallt > 0, then
1+ w()? > C2e* forallt > 0.

(b)Let 0 < § < 1,0 < a; < ay, and by, b, € R. Suppose that a;e' + bie™ + 6§ < w(t) <
are' + bye™ — 8. Then there exists D = D(ay,a,, by, by, ), continuous in its arguments, such

that 1 + w(t)? < D2%e? forallt > 0.

Proof. (a) There exists 7 > 0 such that, for all # > T, we have f(t) > jae’. Let 2 < C be such
that C 22T < 1. The result follows immediately.

The proof of (b) is similar. |
We also recall the following result from [Maz86].

Proposition 4.5 (Propositions 1.8 and 1.9 in [Maz86]). Let (X, M, g) be an asymptotically hyper-
bolic manifold, and ¢ a defining function for M. There exists ¢y > 0 such that, if p € X with
0 < @(p) < o, and ify : [0,00) — Xisa geodesic ray with y(0) = p and (¢ o y)'(0) < 0, then

y asymptotically approaches a well-defined point of M, normally with respect to ¢*g.
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In the introduction, we discussed a subset (X, M, Q) of hyperbolic space H"*! as an example
of a CAH manifold, with Q a Euclidean plane. Recall that geodesics leaving Q normally are semi-
circles that approach the infinite boundary R” orthogonally. The following theorem, which is the
main result of this section, shows that this behavior is approximated by the geodesics in a general
cornered AH space.

First some notation. We let dg be the distance function on S with respect to ko, where ky is as

in (3.8), and &g : U — Sbe projection onto the S factor in the polar g-identification.

Proposition 4.6. Let (Y M, Q .S ) be the blowup of a cornered space (X, M, Q), and g an ad-

missible metric. There exists a > 0 such that for each q € Qa,

o y, existsforallt > 0and y,(t) € onr allt > 0;
o the limit lim;_, Y4 (t) exists and lies in M \ S, and Vq approaches M g-normally; and

o forallt >0, (Boy,) () <O.
Moreover, there exist ¢ > 0 and Ay, A, C > 0 such that, for all q € Q, and all t € [0, 00),
(a) ep(q) < p(yq(1)) < Cp(g);
(b) ds(ms(q), ws(v4(2))) < Cplg); and

(c) Are™" <sin(B(y(1))) < Aze™.

Note that we will improve this result in Proposition 4.7; in particular, it will imply that in (b)

we could write p(g)? instead of p(g), and that in (a) we can take ¢ —~>lasa—0.

Proof. By Lemma 4.1, v = —sin(Q)% + Og(p). Set vg = df(vg). Thus, for g € Q\ S
sufficiently near S, we have —cscz(Q(q))vg = csc(0(q)) + O(p(g)), uniformly in g. Now for
0 € (0, ), we always have csc 6 > | cotf|. Let 0 < § < 1 be such that there exists pp > 0 so that
X, po C U and such that

o= inf (— cscz(G(q))vg — |cot(f(q))| — &) > 0.

qu,D()
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Such a § exists because 6 is bounded away from 0 and 7 on Q . Now let

B = sup (max {—cscz(e(q))vg + |cot(6(q))| + 4, | cscz(Q(q))vg + cot(6(q)) + 8|}) > 0,

q€0p,
which is finite because the cosecant and cotangent functions are bounded on Q near S. Next, let
B > 0 be large enough that, forall Y € T(YPO) with |Y |, = 1, we have |dp(Y')| < Bpsin6; such
B exists by (3.8).

Forg € ona define 6,(¢) = 0(y4(t)), and p, () = p(y4(t)). Next, define w,(t) = cot(6,(1));
thus w, is defined on the same domain as the geodesic y,. Noting that w,(0) = cot(6(q)) and
w, (0) = —csc? (9)1}3, let C be as defined in Lemma 4.4 and set

Ax:sgac(%w@my+wam—ﬁxéw@mrw%«»—ﬁﬁ)>o,
q4€Qp
which is finite. Also let D be as in Lemma 4.4 and set

1 1 1
Eim sup D (500400)+ 1 0) =81, 500y 0) + 1 0) +8). 1 0) = i 0) = ),

qGQpO
%(wq(O) — Wy (0) +6), 8) >0,

which is likewise finite. By shrinking it if necessary, we may assume that pg is small enough that,

ifqg € on’ then

, 0 aE™!

vy + s1n(0)% . g 4.3)

We may similarly suppose, by (3.8), that on Q 00

E—l
sin(#)|goo — csc?(0)| < min ;O;T,B 1} , 4.4)
and thatif Y € TX]| g,, With d6(Y) = 0, then
i) aE™1
sinf—,Y )| < —|Y|,. 4.5)
< 96 >' S0+ vaap)

Now because y, is a geodesic, j—tzzw(yq () = (Vé%w)()'/q, Vq)- It follows by Lemma 4.2 that

Wy = wy + O(py(7)).
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By shrinking pg if necessary, we assume that the O(p) term in this equation is bounded by § for
p < po. Now let 0 < a < 5= po. We henceforth assume ¢ € O..

Now let f. be the solutions to fi = f1 £ 4, with f4(0) = w,(0) and fi (0) = uwg4(0). Then

e () = = (wg(0) + wg(0) £8) e + % (wq(0) — g (0) £ 8) e F 6.

| =

The leading coefficient is always positive, by our choice of §. Moreover, we have

Jom fo= 8 s —wg <8 = fi— f

so by Proposition 4.3, we have
J-(@) = wq(r) = f1(1) (4.6)

for all t > 0 such that p,(#) < po up to ¢, and so long as the geodesic continues to exist. Also by

the same proposition,
f-(0) = bg(1) = S+ (). @.7)

subject to the same constraints. Since both bounding functions are positive, we conclude that
Wy (¢) > 0 for all ¢, and for all # > 0 such that p, () < po. This implies that 6 < 0 for all such
t > 0. In addition, the coefficients appearing in f are uniformly bounded in ¢. It follows that we
have shown that 6, () goes to zero and cot(6,()) goes to infinity exponentially, so long as pg(t)
remains bounded by po and y, exists.

Now by Lemma 4.4 and the definition of f_, we have
csc?(0,(2)) = 1+ wy(2)* > A72e?.

(This and the following continue, for now, to depend on the assumption that p remains bounded by
po.) Hence, also,

sin(6, (1)) < Ae™. 4.8)

Also by (4.6), by definition of E, and by Lemma 4.4, we have

sin(6,(t)) > E~"e™. (4.9)
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It now follows from (4.8) that Z—Z < ABe™, by definition of B. Hence, at least as long as
p < po, we find by integrating that
e 8 p,(0) < pg(t) < eBp,(0). (4.10)

But then, since p,(0) < a < 5%, p,(t) must remain bounded by 2*; so a brief contradiction

2
argument shows that, indeed, (4.6) — (4.10) hold for all time 7 > 0 such that y, exists. We have
also shown that y, remains bounded away from S,ie. p 1s bounded away from 0. This shows that
Y4 never reaches S , and also, with (4.10), yields (a). Also, by (4.8) and (4.9), we have (c).

We next analyze the motion in the tangential directions along §. It follows from the definition

and smoothness of k, in (3.8) that there exists K > 0 such that, for unit-length ¥ € TX, 00» WE
have |ds(Y )|k, < Kpsin(0). It then follows, using (4.8) and (4.10), that

/0 s (7 (t)lkodt < AKeA? p(g).

which yields (b).

Since cot(6) eventually becomes positive with 0 negative, we conclude that 7 is ultimately
negative, and so the fact that y, approaches a defined point of M normally, if it exists for all
time, follows by the analysis of geodesics in the standard AH case, Proposition 4.5. Thus, we have
established all desired behavior, except that the geodesic y, might leave )% and return to Q , ceasing
to exist. Since the geodesic is unit speed, it either exists for all time or returns to Q in finite time,
and so we have only to show that the latter does not happen.

Suppose by way of contradiction that y, does return to Q , say at ¢’ and at time ¢; > 0. Then
p(q") < po, and we have (y,(t1),vy) < 0. Now by (4.7), the definitions of f_ and «, and (4.9),

we deduce that )
CE™'_ 16y(0)]
2 7 osin(6,(2))

for all times ¢ > 0, and in particular #;. Similarly, by (4.7), (4.8), the definition of f., and the

4.11)

definition of 8, we get
8,01 _

6, = AB. 4.12)
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By (4.12) and (4.4), and because | sin 8| < 1, we find that at ¢,
N R 62 )
0—,0— )= —— — csc?(6))6?
< 30 ae> sng T (80— e (®)
< A2,32+A2132 :2A2ﬁ2.

Thus,

< V248. (4.13)

4

. 0
\Qa—e

By (4.3)-(4.5), (4.11)-(4.13), Cauchy-Schwartz, and the triangle inequality, we find that

0 0
(a0} = (Jat),=5in(0) )+ 7y 0w +-5in0)

IRCAG
~ sin(6)

+ <)>q (t1), vy + sin(9)%>

. . 0 0
— (800 — csc?(8)) sin(0) 0, (11) + <)7q (11) = g (1) 55 — Sin(9)@>

aE"!  qE7! aE~! ‘ 0
> — AB) — ———— | 1 + |6 —
>~ sap W 8(1 + /24p) ( 90 g)
. . 0
—Vqlg - [vg + Sm(e)a_e
aE~!
> > 0,
8
which is a contradiction. Hence, as desired, y, does not return to Q . [ |

4.2 The Exponential Map

We continue our analysis of the geodesics leaving Q normally now by turning our attention to the
mapping properties of the exponential map on the normal bundle to Q . We ultimately must prove
that this map is a diffeomorphism on a suitable space. For now, we content ourselves with more
local properties.

Let Ny (Q \ §) be the inward-pointing half-closed normal ray bundle to § \ S, so that N+(§ \

S ) & [0, 00); X (Q \ S ) by the identification v, > (¢, ¢); and similarly for the normal bundle over
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subsets of Q \ S. We denote the normal exponential map by exp. We have shown in Proposition
4.6 that there is some a > 0 such that exp is defined on the entirety of N Qa, and takes its values
inX \ (1\7 usS ). Trivially, {0} x (Q \ S ) is mapped by exp to Q \ S as the identity, and Proposition
4.6 also shows that exp mi 5, (Qa) = {0} x Qa as well. In order to show that the exponential map
induces a diffeomorphism with a neighborhood of S, we will have to analyze it as ¢ — S and
ast — oco. We thus introduce a partial compactification of the normal bundle that includes faces
corresponding to ¢ = oo and to [0, co] X (é ns ), and we will show that the exponential map is
defined and a local diffeomorphism on the entire space.

Let V be a neighborhood of Q NS in Q . Then as observed previously, N+ (V \ S ) has a
natural identification, induced by v, with [0, 00) x (V \ S ). Letting ¢ be the coordinate on the
first factor, we set T = 1 — e™*, and hence obtain an identification with [0, 1) x (V' \ S). We thus

define the compactification N4 (V \ S) = [0,1] x V, and we regard N+ (V \ S) c Np(V \ S)

as a subspace via the identification just described. Note that we have added two new faces in this

compactification: one corresponding to ¢ = oo, and one corresponding to [0, 1] x (Q NS ). We

will consistently let T be the coordinate on the first factor of Ny (V \ S ). The space N+(V \ S )

has a natural smooth structure as a manifold with corners, and Tm) ~ T0, 1] TV

canonically. We note that Ny (V \ S ) is not quite a compactification, since the interior boundary
of V in Q is still not included.

With the compactification of the normal bundle in hand, we are ready to extend the exponential
map to reach the boundary. In proving the following, we follow the approach in [Maz86]. For the

statement, notice that 6 > v () := csc 8 — cot 6 is a diffeomorphism of (0, 7r) with (0, c0).

Proposition 4.7. There exists pg > 0 such that the exponential map exp : Ny Q oo —> X extends

smoothly to a map exp : Ny Q o X, and the extended map is a local diffeomorphism of
manifolds with corners. For q € @ ns, exp maps [0, 1] x {q} to the b-fiber of S containing

q. For such q, exp satisfies

v(®(exp(z.¢))) = v(O(g))(1 - 7); (4.14)

that is, in the v coordinate, exp is a linear function of t.
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Moreover, for1 < u <nandgq € Q and for any t, the equation

x"(exp(t.q)) = x"(q) + O(p(¢)*) (4.15)

holds uniformly in T € [0, 1].
Finally, there exists ¢ > 0 such that, if Y € T, on C T[0,00) ® TQ,O ~ TNy on and
tvy € N+§p0, then
|d exp,,,, (Y)|z = c|Y g (4.16)

Proof. We begin by recalling the equations for the geodesic flow on the cotangent bundle. Let
{x*} be local coordinates for S, so that (6, x*, p) are coordinates on some neighborhood U - X
of a fiber F in S. Let p1 be small enough that Proposition 4.6 holds on Q p1-andlet V C % be
a sufficiently small neighborhood of the point Q N F that normal geodesics off points in V' \ S
remain in U .

The geodesic flow off points of V' \ S then satisfies

X' =g,
. 1 ag.kl
El - _E axi gkél'
We also have
g/EE; = 1. (4.17)

We use this fact to rewrite the geodesic equations in terms of § = p?sin®(0)g or, rather, g~' =
p~2csc?(0)g™ !, obtaining

i = psin(0)278;

. 10 . —
& = T [p2 sm2(9)g"’] Exéi (4.18)
; 1 a—kl
= =2 cou(@)0; — 7 sin®(0) S k.
Jo 2 ax?
This system is obviously degenerate at both & = 0 and p = 0. We thus introduce rescaled

variables, setting
E.=p& (1=<p=<n
£ = sin()&o.

(4.19)
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Hence,
g/x = P&, + Péu = Bgu + Péu
' p (4.20)
£ = cos(@)ééo + sin(@)éo = cot(@)@fo + sin(@)éo.
Now
p=p’sin’(0)gVE; = psin’(0)g"E, + p? sin(6)3"°€o and
(4.21)

0 = p?sin®(0)g%&; = psin®(0)g*E,, + p? sin(0)g°°,.

Thus, rewriting our equations of motion (4.18) and (4.20) in terms of our new variables, we get

i = psin®(0)g"E, + p” sin(6)3" %

z - -z 1
£y = (sin*(0)8"E, + psin(0)&"°60)E, — — 5psin o)
5 . ag.Oc o 1 —00
— p?sin(0)% -bodo — 507 26 (4.22)
b = (pSIH(Q)COS(Q)gO“Eu,%—f> 008(9)g°°So)Eo——COS(9)-—-Sln3(9) SUEA
—00
— psin (9) éoéo p Sln(9) So

Now g% = O(p~2); otherwise g~ is smooth on X by (3.9). It follows that equations (4.22) have

smooth coefficients all the way up to p = 0.

We already know that, for p(g) # 0, solutions exist for all time . We turn to study the case
when p(g) = 0, that is, when the geodesic starts from some point g € V N S. Using (3.9), and
recalling that g, is independent of 6 at p = 0, note that when p = 0, the equations (4.22) are
given by

6 = sin(0)&
xH=0
§0 = cos(9)§§ —cos(0)

£, = sin2(0)E,E, — oy + puEl.

(4.23)
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Our initial conditions for g, by (4.1), (4.17), and the above, are

6(0) = 6(q)

x*(0) = x*(q)

p(0) =0 (4.24)
£0(0) = —1

£.(0) = 0.

Let ¥ (v) be the inverse of the function 8 +— csc — cot@; thus v is defined on (0, 00) and is
monotonic increasing from 0 to . Then observe that the solution to (4.22) with the given initial
conditions is given by
0(t) = Y ((csc 0(q) — cotO(g))e™)
x*(t) = x*(0)

p(t) =0 4.25)
Eo(t) = —1
gu(f) = 0.

This exists for all # > 0, and it satisfies the properties that 6 < 0 for all time and that lim;_ o 0(t) =
0. Using smooth dependence of solutions on initial conditions, we conclude that solutions to the
geodesic equations may be smoothly extended to p = 0 for all time # > 0. Thus, exp is smooth on
[0, 00) x V; and by compactness of S, on [0, 00); X % for some py.

We now turn our attention to 6 = 0, which corresponds to t = co. We compactify the normal

bundle, as above, by setting T = 1 —e™*

, and we wish to show that the exponential map is smooth
to T = 1. It will be important throughout to understand the asymptotic behavior of £ . Now by

(4.17), we have

1=g7'(.%)

sin(0)&o
= ( sin(0)&. psin(0)E, ) B |
( sin(0)§o, psin(6)§, ) psin(0)&,
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where B is a smooth, uniformly positive definite matrix on U. Thus, for some ¢ > 0, we get
c(sin*(0)&5 + 8" p sin*(0)£.6,) < 1.

from which it follows that £ = Of(csc6) and §, = O(p 'csch). Hence, £ = O(1) and
éu = O(csc) = O(e'), both uniformly in the starting point g. Putting this into (4.22), we
find that §M = O(1), from which it follows that we can improve our estimate to éu = 0@) =
O(|logsin 6]). Finally, we put this back into (4.17) and substitute (4.19) to conclude that 53 — 1
ast — oo or 8 — 0, indeed, that §§ =1+ O(e™) = 1 + O(sin(P)). Due to the sign of 0, we

may likewise conclude that
Eo=—1+ 0(e™") = —1 + O(sin(H)).

We here use that p2g% = 1 + O(psin(6)).

Because 6 < 0 for all 7, we may reparametrize our geodesic equations by 6. This amounts,
by the chain rule, to dividing by @, and by (4.21), we have § = psin?(6)g**&, + p*sin(0)g°°&,.
(We recall that g°° = O(p™2), and regard p?>g°° as a single smooth function up to p = 0, which
however does not vanish.) Changing variables on the first equation in (4.22) we then get

dxt _ psin®(0)g"E, + p?sin(0)5"% _ psin(0)g"E, + p°8" %
9~ p sinzw)g‘”év +p2sin(0)3%,  psin(0)2F, + p22"%

Now, the denominator is just which we know by Proposition 4.6 is nonzero as a function of

(9)’
t when ¢ is finite, and thus as a function of & when 6 > 0. On the other hand, when 6 — 0, the
denominator goes to —1 by our above computations of gi asymptotics. Thus, the denominator is
bounded away from zero, and the equation is smooth in a neighborhood of our solutions.

We next study a“ All but two of the terms in é . have a factor of sin(6) and thus yield to the

same analysis we just performed. Focusing on the remaining terms, we have

_ 1,308%
3& = (smooth) — —— Put 3P 5er SO —.
00 psin?(0)gOHE, + p?sin(0)g*0%,

Now if 4 = s # n, the numerator vanishes to order sin(f), so again the equations are smooth

in a neighborhood of our solutions. If u = n, then the numerator is 1 — §§ + O(sin(0)). But
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53 = 14 O(sin(#)), so the numerator is O(sin(8)), and this equation is smooth in a neighborhood
of our solutions. Finally we study %. Once again, only two terms of §0 lack a factor of sin(f),
their sum being cos(6)(p2g°°&2 — 1). For the same reasons as before, this is in fact O(sin()).
Thus, the entire (x*, E,-) system is smooth up to = 0; and so the solutions are smooth as functions
of 8, and depend smoothly on the initial point g € % . All of this analysis is uniform up to p = 0.

It remains to show that 6 is smooth in 7 up to t = 1, and depends smoothly on ¢; of course,
we already know this for T < 1. We have just used 2n + 1 of the equations in (4.22); the remaining

equation, for 0, can now be written as a scalar ODE for 6 in terms of 7, since x* and éi depend

smoothly on 6. Explicitly, the equation is
6 = psin®(0)2"€, + p” sin(6)Z*Eo.

The right-hand side is O(6), so write the equation as

b = —0a(0), (4.26)

Here a is smooth in 6 all the way to & = 0. It is clear from our earlier analysis of &, that a(0) = 1
for all ¢, and also that a is nonvanishing for 6 along our curves. We reparametrize 6 by t = 1—e ™7,

and (4.26) becomes
(t — l)ﬁ = fa(6).
dt

This is a separable equation; if we write a(6)~! = 1 + 6b(6), then the equation has solution
felo bOE _ c(l—r1),

which holds for 0 < t < 1, and where b is smooth in both 6 and g. Now by the implicit function
theorem, this uniquely defines 6 as a function of ¢ and ¢ near t = 1, smoothly depending on
both variables. Thus, as desired, & — and, hence, the entire (xi , 5,-) system — exists and depends
smoothly on both 7 and ¢ for 7 € [0, 1] and for g up to S,

We have still to show that exp is a local diffeomorphism on N Q po- NOWw it is elementary

that, given a smooth map between manifolds with corner which takes the corner to the corner,
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the boundary interior to the boundary interior, and the interior to the interior, it is a local diffeo-
morphism if and only if its differential is nowhere singular. It suffices, then, to show that d exp
is everywhere a bijection, or that detd exp # 0. Given this last formulation, it suffices to show

this on [0, 1] x (§ NnS)c N, vao, and it will then follow for (z,q) € [0, 1] x on by shrinking

po. Now it is clear from (4.23) that exp |[0,1]X(§ﬂ§) : [0, 1] x (Q’ NS)— Sisa diffeomorphism.
Moreover, by Proposition 4.6(a), (d exp)| ——— takes nonzero transverse vectors to

TN+(Q\S)|[0’]]X(§Q§)
nonzero transverse vectors. Thus, d exp is an isomorphism, and exp is a local diffeomorphism on

all of ]G:Q\po (for po small).

Next we wish to demonstrate (4.15) using (4.22) and the equation of variation. We consider
perturbations about the solution (4.25) starting from g € Q ns , as g varies. Write (4.22) as
(x,&) = F(x,£); let F* be the component of F corresponding to x*. Then the equation of

variation tells us that
9 Ox* _ 9FMdxt  QFM 0

— = , 4+ — 4.27)
ot dp(g)  dx' dp & Op
and because, att = 0, x* are simply the coordinates of g, we have initial condition % = JH",
_ t=0
There is additionally an initial condition for %—if , smooth in ¢, but we do not need to write it
t=0

explicitly.

We claim that the right-hand side of (4.27) is 0 along our solution. By (4.25), we have in
this case p = 0 and §M = 0, and éo = —1. First consider the first term of (4.27), involving
%. By (4.22), F* = psin®(0)g* €, + p?sin(0)g"&,. Because £, = 0 along our solution, the
derivative of the first term of F* vanishes easily, and the derivative of the second term vanishes
because p = 0. Very similar considerations show that the second term of (4.27) vanish because
p = 0 along the solution. Hence, the entire right-hand side of (4.27) vanishes identically along our
solution. Thus, % = §*" 4+ O(p), which establishes (4.15).

We now turn to the final statement. Let U , V, and Q 0o be as above. Notice by (3.8) that

g extends to S as a smooth symmetric positive semidefinite tensor field, and that along S, we

have ker g = span {%}. It follows that g|7y is a metric. Now for any (7,g) € N4 (V \ S), we
have Tz N (V \ ) = R{% @® T,V canonically. For 0 < t < 1, define exp, : V — X by
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exp,(q) = exp(z,q). The function f : [0, 1] x TV — Ygiven by f(r.Y) = |dexp,(Y)|z isa
smooth map. Now exp is a local diffeomorphism such that 0 # d exp, , (3%) € span % = kerg
forg e VN S. We conclude that f is nonvanishing. Thus, it attains a positive minimum on the

compact set [0, 1] x S é TV . This yields the claim. |

The above proof relied in a fundamental way on the behavior of the extension exp to the bound-
ary S in order to show that exp is a local diffeomorphism. It is possible to give a proof on the
interior that exp is a local diffeomorphism using Jacobi fields in a more general setting. The fol-
lowing result is unlikely to surprise practitioners in the area, but we did not find a published proof.
Because of its potential applications in other settings, it may be worthwhile to record explicitly
in the literature, so we state and prove the result, and then use it in Proposition 4.11 to give an

alternate proof of the local diffeormorphism property in Proposition 4.7.

Proposition 4.8. Let B > 0 and 0 < k < \/B and let (Z, g) be a Riemannian manifold with
hypersurface Q having unit normal field v. Suppose that |g"'K| < « on Q, where K is the
second fundamental form of Q and |g~' K| is the maximal absolute value of an eigenvalue of the
shape operator. Moreover, suppose W C N Q is an open subset of the one-sided normal bundle
to Q having the property that whenever Y € W, tY € W for 0 <t < 1. Finally suppose that all
sectional curvatures of g are bounded above by —f3 on exp(W). Then exp is a local diffeomorphism
on W, and if§ : (—e, &) — Q is a smooth curve with vey € W oand if T 1 [0,a) x (—¢&,8) — Z is
given by T'y(s) := I'(t,s) = exp(tve)), then forallt > 0 and s € (—¢,¢), |I;(s)|g = c|&'(s)]g,

_ 1 2
where ¢ = ‘/5( —%)

Proof. Let m : N+ Q — Q be the basepoint map. For convenience, we assume that 7(W) = Q
(or we could just restrict Q). For each p € Q, we let y,, be the geodesic in Z for which y(0) = p
and y’(0) = v,.

Let (19, p) € [0,00) x Q & N4 Q be fixed. Plainly d exp(,, , (%) = v,(to) # 0. For Y €
T,Q with |Y|, = 1 for convenience, let £ : (—&,&) — Q be a smooth curve such that £(0) = p
and £(0) = Y. Let a > 0 be sufficiently small that avg;) € W for each s € (—¢, ¢) (shrinking
¢ if necessary). For (7,5) € [0,a) X (—¢,¢), define I'(¢,5) = yg(5)(¢). Then d exp, ,)(Y) =
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d5I'(t9,0). (We are using the identification T(;, )N+ Q = R @ T, Q.) This is simply the Jacobi
field along y, defined by the smooth variation I' evaluated at #5. Thus, since Y is arbitrary, it
suffices to show that the Jacobi field J(¢) = d;I'(¢, 0) is nonvanishing and is nowhere parallel to

Yp(0). Atz = 0, we have J(0) = &§'(0) = Y L v,. Moreover, by the symmetry lemma we have
DtJ(t) = Dtasr(l, S)|s=0 = Dsatr(t’ s)|s=0’

where D; denotes covariant differentiation along the curve ¢ + I'(¢, s), and similarly for Dg. At
t = 0, this gives
Dy J(0) = Ds¥g(5(0)ls=0 = Dsv L v =y,(0),

since v is a unit vector field. Thus, at ¢ = 0, both J and D;J are normal to y;, which implies that
J 1s anormal Jacobi field. In particular, if nonvanishing, it is nowhere parallel to y; (1).

Set f(t) = (J(t), J(t))g. Then
f(t)z%(],])g =2(D;J, J),. (4.28)

It follows by Cauchy-Schwartz that
£/ <2f ()17 |D,J | (4.29)

As we have seen, D;J|;—o0 = Dsv, which is simply the shape operator applied to Y = £'(0) =

J(0). It follows that, due to our restriction of pg, (D;J, J)g|i=0 > —k, s0
F10) = S Ymo = =2
= —(J, —0 > —2k.
i =0
Now by (4.28), (4.29), and the Jacobi equation, whenever f(¢) # 0 we have

d2
f'(0) = 25 (0. ) = AD2S. ) + 2DiJ. D)

/ 2
> “2R(J (). v, (1). v, (). T (1)) + %ff((tt;
/ 2
> 2Bf(t) + %ffg; @30

since the sectional curvature is less than —f.
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We briefly pause to define weighted hyperbolic trigonometric functions. For n € R, define
coshy (1) = 3 (e’ +ne™"), and sinh, (r) = 3 (e’ —ne™). Itis easy to show that cosh; (1) = sinhy(r)
and sinh’n (t) = cosh,(¢), and also that sinh% (r) = coshf, (t) —n.

Now consider the second-order differential equation given by
17/ (2)?

h”(l‘) = Zﬁh(l) + Em,

2
with 2(0) = 1 and #/(0) = —2«. Let A = ;(1—%2) > 0,B = %(1—ﬁ) > 0, and

n= E:/F%tgi > (. Then a solution to our initial-value problem is 4(#) = A + B cosh, (2 \/Et), as

may be easily checked. We wish to apply Proposition 4.3 to show that f(¢) > h(t), and that thus

£ is bounded below by A = (1 _ g) Define @ : R2 \ ({0} x R) — R by

1 2
a(u,v) =2pu + —v—.
2u

Now define b : R> — R by

2
2Bu + 12 || <2/Blul

b(u,v) = .
4Bu v = 2/Blul

Note that b is Lipschitz, and that whenever u > 0, we have a > b.

Now #h satisfies h”(t) — a(h(t), h'(t)) = 0; and because |h'(t)| < 2\/E|h(t)|, it also satisfies
h"(t)—b(h(t),h'(t)) = 0. Similarly, because f(0) > 0 and because, whenever f # 0, f satisfies
f"(t) = a(f(t), f'(t)), it follows that, at least up until f vanishes for the first time, we have
f"(t) = b(f(t), f'(t)). But b is Lipschitz and is nondecreasing in u. Thus, by Proposition 4.3,
f > h on any interval I = [0, #] such that f is nonvanishing on /. But since f is continuous,
and / is bounded away from 0 by A > 0, we conclude that f must be everywhere greater than A.

This yields the claim, taking ¢ = A = 1/% ( — "‘72) |

To apply this to our situation, we require two lemmas that will also be independently useful in
applications.

Let U be the neighborhood on which a polar identification (6, g, p) exists.
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Lemma 4.9. Let g be an admissible metric on (j(V, M, Q, §) If § = p?sin®(0)g is the compacti-
fied metric on the interior of U, then the second fundamental form K of (@ \ S )N U with respect

to g extends smoothly to Q NnU.

Proof. Notice once again that by (3.8), g extends smoothly to U as a smooth tensor field (although
not as a metric). Let v be the inward unit normal vector field on Q \ S with respect to g. By
Lemma 4.1, v = —%% + Oz(p). We next wish to consider I';p; = %(8,@0]- + 008ij — 0 8io)-
Plainly this is smooth on U. But moreover, by (3.8), we see that it is O(p). (Remember that k,
is independent of 8). All other Christoffel symbols are likewise smooth. Now using Weingarten’s

equation, we have in coordinates
Kij = =gk Viv*
= — gk 00" — V' Ty
= 80;0;(p™") + (smooth).
Since go; = O(p?) for any 0 < j < n, we conclude that K extends smoothly to § Nns. |

Lemma 4.10. Let g be an admissible metric on ()7 , M , @ , S ) and R its curvature tensor. Then
Rijii + (ixgj1 — i1gjk) = Og(psinb).

Proof. We begin by showing that Tjx; := Rijki+(gixgj1—&i18jk) = Og(p), using a modification
of the proof of Proposition 1.10 of [Maz86].

Let r = psinf, so that § = r?g. Now the standard formula for conformal change of the

Riemann tensor shows that
Rijki = r?Rijir 4+ 17> (rje&ir + ragje — riegj — rjgix) — |1Vrlz (gingx — &ikgjt) -

where 7 represents the Hessian of r taken with respect to g. Thus, the expression we are inter-

ested in takes the form

Rijki + (gixgj1 — gi1gix) = r *Rijis + r 3 (rjxgis +rigjx — rikgji — rj18ix)

+ (girgjx — gikgin)(1 — |Vr[2). (4.31)
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Now using the fact that r = psin6 and (3.9), it follows immediately that |Vr|§; =14 O(p).
Thus, the last term is Og(p).

We next turn to computing R; k1. It will be convenient to use the formula

(05:8ik + 0781 — 0518 jk — 954 &Zir) + &7 (Ti1pTing — TjkpLitg) -

N | —

Rijri =

where Tjx = %(8,@ jk + 0j8ij — 0kgij). We thus compute these Christoffel symbols. Using our

polar g coordinates and (3.8), we find that

Tooo = O(p?) Toou = O(p*) Toon = —p + O(p?)
Toso = O(p?) Tosu = O(p)  Tosn = O(p)

Tono = p+ 0(p?) Tonu = O(p)  Tonn = O(p)

Tsi0 = O(p) Lseu = O(1)  Tyn = 0(1)

Tsno = O(p) Tsnu = O(1)  Tyun = O(p)

Tuno = O(p) Ty = O(1)  Tppp = O(1).

Now using these computations, (3.8), and (3.9), it follows straightforwardly that

EOM\)O = O(/O)

Eiuvo = 0(1),
where | < u < mand 0 < i < n. It follows, since sin(@)% and psin(@)axiu are a basis of
approximately g-unit vector fields, that 2R = O, (p).

Finally, we compute that
rij = 2p(i0;) cos(8) — sin(6) 3" Tijx — pcos(0) g% Tiju,

from which it follows that r,,,, = O(1), that ry,, = O(p), and that roo = O(p?). Thus, the second
term of (4.31) is also Ogz(p), which yields the claim that 7 = O, (p).

Now, near neighborhoods in M away from MnS , it follows from the usual curvature result
for asymptotically hyperbolic spaces, given in Proposition 1.10 of [Maz86], that T = O, (sin(6)).

Thus, the result will follow if we can show that 7" is smooth as a section of the bundle ®*(% T*X ).
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But this follows from what we have already done, and in particular from (4.31). First, r 2 R; ikl 18
smooth as a section of the bundle, since no more than two of the indices can be 0, and a smooth
frame for %T*X is given by (3.1). But the second term similarly is smooth, for we have just
seen that r;z = O(p) whenever either index is 0. Thus, T is a smooth section and is O, (p) and

O, (sin(0)). The result follows. |

We can now give the alternate proof of the local diffeomorphism property.

Proposition 4.11. Let (Y M, Q ,S) be the blowup of a cornered space (X, M, Q), and let g
be an admissible metric on X. There exists po > 0 such that the map exp : N4 on - X
is a local diffeomorphism on the normal bundle N Q po- Moreover, there exists some ¢ > 0
such that, if £ : (—e,&) — on is a smooth curve and T" : [0,00) X (—¢&,&) — X is given by

[ (s) :=T'(¢,5) = exp(tves)), then forallt > 0 and s € (—e¢, €), we have |T';(s)|g > c|&'(s)|,-

Proof. 1t suffices to prove the second claim. Let 0 < k¥ < 1 be such that | cos 8| < x on Q ns,
which exists by compactness. Alsoletxk < 8 < 1.

By Lemma 4.10, there is some pg such that the sectional curvatures of g are strictly less than
—p forall x € j(OV ps- BY Proposition 4.6, we can choose po > 0 such that, for g € Q pos Vg TEMAINS
in X, g

We begin by studying the eigenvalues of the second fundamental form of Q , which we denote
by K(Y,Z) = (VyZ,v), (and correspondingly for K with respect to g), and to do this we first
compute the compactified second fundamental form K. For r # 0, the unit g-normal vector field
to @ 00 18 given by b = r~ . (Recall that r = psinf.) A straightforward computation shows that

for any vector fields X, Y tangent to Q , we have
VxY = VxY +r7 ' [dr(X)Y +dr(Y)X — (X.Y)g grad; r].
Forg € Q o and X, Y €T, Q , it follows (taking extensions where necessary) that
K(X,Y) = —(Vx(r™'v),Y);
= YVxv+dr(X)p +dr(®)X — (X, D) gradg r —dr(X)v,Y);

= 'r?’K(X,Y) - g(X,Y)dr(v)).
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Now let Y, Z € TQ be g-unit vectors over the same point, and let Y = r~'Y and Z = r~'Z be

the parallel g-unit vectors. It follows that
K(Y.Z)=g(Y,Z)dr(®) +rK(Y,Z).

Now dr = sinfdp + pcosfdf, and by Lemma 4.1, v = (—% + 0(1))8% + O(p). Thus,
|dr(D)| — | cos(f)| < k as p — 0. Since K is smooth on all of% by Lemma 4.9, it follows that
for p small enough, the eigenvalues of the shape operator g~ K are bounded in absolute value by
K: |A| < k. We restrict pg if necessary to ensure this condition.

The result now follows straightforwardly by applying Proposition 4.8 with Z = X, with Q =
0 o and with W = N1 Q. |

4.3 Injectivity

In the preceding sections, we have shown that there is a neighborhood Q po Of S in X such that exp :

Ny Q oo —> X is a local diffeomorphism. The remaining step to show that exp is a diffeomorphism
onto its image is to prove injectivity.

We will first work on the interior or non-compactified normal bundle N Q near a fixed point
of Q N §. We will then make the result global along Q ns using a compactness argument.

We prove injectivity on the interior using a homotopy lifting argument whose structure is that
of Theorem 2 in [Her63]. We first prove a lifting result. We let 7 : N+(§ \ S ) — (§ \ S ) be the

basepoint map.

Proposition 4.12. Let c, pg be as in Proposition 4.7. Let W C Q 20 be open, q € W, and let
X = expityv, for somet, > 0. Let ot : [0,[] — )% be a smooth curve such that «(0) = x and such
that
a([0,1]) Nexp(x ' (OW)) = 0. (4.32)
Then there is a unique smooth curve o : [0,1] — N W such that 0(0) = tyv, and expo(s) =
a(s). Let§ = w00 :[0,]] > W. Then Lg(§) < ¢ 'L, ().
Moreover, if @ : [0,1] x [0,]] — j(g is a homotopy of smooth curves such that, for each t,

a(t,0) = x and the curve s — oz, s) satisfies (4.32), then there is a unique lift of o to a homotopy
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of curves based at tyv,. That is, there is a unique smooth map o : [0, 1] x [0,1] — N W such that

o0 (t,0) = txv, for each T and such that exp oo = «.
Remark. We are especially interested in the special case where W = Q 20 itself.

Proof. Let x,« be as in the statement. By Proposition 4.7, exp : N+ Q o —> X is a local diffeo-
morphism. Hence, at least some opening interval of & may be lifted uniquely to a smooth curve o
beginning at 7, v, — that is, there is some ¢ > 0 and a unique smooth o : [0,a] — N4 Q 20 such
that 0(0) = t,v, and expoo = «/|[o,q]. Suppose we cannot lift the entire curve, and let b be the
supremum of @ > 0 such that we can uniquely lift |9 4] in the preceding sense. Then there is a
unique lift o of a|[p 5). By continuity and (4.32), o takes values in N4 (W \ §).

As in the statement, define £ : [0,b) — W by & = m o 0. By the canonical identification
NiW = [0,00) x W, we can write o(s) = (¢(s),&(s)). Now for each s < b, expo(s) = «(s);
it follows that, for s < b, (d exp)(0’(s)) = &’(s); and thus that |(d exp)(a/(s))|§ = |oe’(s)|§,.
Under the identification T o) N.+ W =~ Ra% ® T, W, we can write 0'(s) = t'(s)% + &'(s). Let
A = supy,p |o'(s)[2. Then since (d exp) (5) L (d exp)(§'(s)), we have

2
A=) =

. 0
) exp) (57) + (d exp E0)

g
= i(s)* + | (d exp)rv (E'(5))3
> i(s)* + c|£'(s)| (by Proposition 4.11). (4.33)

Thus, both |#(s)| and |€'(s)|, are bounded. It follows that lims_; £(s) exists in W, so £ may
be extended to exist continuously on [0, b] (although a priori £(b) may not lie in W). Because
£ : [0,b] — W has finite length by (4.33), £(b) ¢ S.

Now also by (4.33), lim,_,5 #(s) exists; so lims_,5 0 (s) exists, and 0 may be continuously
extended to [0, b], possibly taking values in N, W O N,W. However, by continuity we have
expo(b) = a(b). Because (4.32) holds, &(s) ¢ oW for any 0 < s < b. Therefore, £([0,b]) C
W, and hence o ([0,b]) C N4yW. Now by Proposition 4.11 and because W < ’QV%O’ exp is a

local diffeomorphism on some ball about o (b), so it follows that o can be smoothly and uniquely
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extended at least some distance beyond b. This is a contradiction, so o can be extended smoothly
and uniquely to all of [0, /].

We now turn to homotopy lifting. Suppose that x is as above, and that « : [0, 1] x [0, /] — )% 1s
a smooth map such that «(z,0) = x for all ¢ and such that, for fixed t, the curve s — «(z,s) =:
o, (s) meets condition (4.32). We wish to show that there is a lift o : [0, 1] x [0,/] — N4+ W such
that expo = «. In the following, we will also use the notation a*(7t) = «/(z, 5).

Let 0y : [0,]] — NW be a lift, as above, of g beginning at #,v,. For each s € [0,/], let
7 > o(t, s) be the lift, starting at o¢(s), of the map 7 +— «(z,s). Theno : [0,1] x [0,/] > N+ W
and o (7, s) = exp oo (t,s). Itis plain that o is smooth in 7. We wish to show that it is smooth in s.

Let so € (0,/]. We will construct a small strip in [0, 1] x [0, /], containing [0, 1] x {so}, such
that o is smooth on the strip. (The case so = 0 is easy because exp is a local diffeomorphism
and o;(0) = x for all 7). Let U C N,W be a coordinate ball, containing o (0, sg), such that
exp |y is a diffeomorphism. Then o~ !(exp(U)) < [0,1] x [0,]] is an open neighborhood of
(0,s0). By continuity of oy, there is some ¢ > 0 such that o¢([so — &,50 + ¢]) C U. Now
if s € [so —&,50 + €] and a > 0 is small enough that [0,a] x {s} C a!(exp(U)), then for
0 <1 <a,themapt — (exp|y) (a(z,s)) is a smooth lift of T > «(t, s) beginning at oy (s).
It follows by uniqueness of lifting that it is equal to t +— o (z, s). Thus, on some neighborhood of
{0} x [so — &, 5o + €], we have 0 = (exp |y) ! o, so in particular, o is smooth on a neighborhood
of (0, s9).

Set

b = sup{d > 0 : o is smooth on a neighborhood of [0, d] x {s¢}.}.

The preceding discussion shows that b > 0. Clearly » < 1, We claim b = 1. Suppose not, by
way of contradiction. Once more, let U be an open set containing o (b, so) such that exp |y is a
diffeomorphism. Then again, a~!(exp(U)) C [0, 1] x [0,/] is an open neighborhood of (b, s0).
Moreover, because ¢*° is smooth in t, we have o(a, s¢g) € U for all a sufficiently near . Let
a; < b be sufficiently near. Then o is smooth on some neighborhood of [0, a;] X {s¢} by definition
of b. Hence by continuity, we conclude that o maps some neighborhood of (a1, s¢) into U. We

can choose some ¢ > 0 such that o({a;} X [so — &, 590 + €]) C U and so that o is smooth on a
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neighborhood of [0, a;] X [so — &, 5o + €]. Thus, for s € [so — &, 50 + €], 0(ay,5) = (exp|y) ' o
a(ay,s). Now, by shrinking ¢ if need be, we can choose a, > b such that [a, as] X [so—¢&, 5o +¢] C
a~Y(exp(U)). Fix s € [sg — &, 50 + €]. The map 7 — (exp |y) ' (a(z,s)) (Where a; < 1T < a,) is
a smooth lift of the map t + «(z, s) beginning at o (a1, s). Then by uniqueness of path lifts, we
have o (7, s) = (exp |y) "' (a(z, 5)) on this rectangle. Thus, o is smooth on [0, a,] x [so — &, 5o + €],

which is a contradiction since a, > b. Thus & = 1. We conclude that o is smooth on all of

[0, 1] x [0, ]. [ |

Remark. It follows from the proof that, if W = Q 20 and R = {q € Q :p(q) = %0}, then the
hypothesis (4.32) could be replaced by d5(q, R) > ¢ 'Lg(a).

This result in hand, we may prove interior injectivity.
Proposition 4.13. There exists a > 0 such that exp : N+ §a — X is injective.

Proof. Let py be small enough that Propositions 4.7 and 4.12 hold on Q po- then define R C § by
Rz{qeétp(q)z%}-

We first prove a result with a topological hypothesis. By Proposition 4.6, there exists p; < ”70
such that if ¢ € Q’ 01> then y, will not intersect exp(m ~!(R)): for if ¢’ € R, then by Proposition
4.6(a), £ < p(yq (1)) for all ¢, whereas y, can be made to remain arbitrarily close to S by
choosing p; sufficiently small.

We will show thatif V' C Q p; 18 connected, and AcX \ (]\7 usS ) is a simply connected open
set such that 4 N exp(m~'(R)) = 0 and such that exp(N, V) C A, then exp is injective on N, V.
Here, once again, 7 : N+(§\ S) — Q\ S is the basepoint map.

Suppose, by way of contradiction, that exp is not injective on N4 V. Then there exists some
x € A u # v € N4V such that exp(u) = x = exp(v). Leto : [0,1] — N4V be a smooth
pathin N4V from u to v, and let « = expoo : [0,1] — A. Then « is a smooth loop segment at
x; and since A is simply connected, there is a smooth homotopy & : [0, 1] x [0, 1] — A such that
@(0,s) = a(s) and @(1,s) = x. Now by construction, &(t, s) avoids exp(w~!(R)) for all 7, 5; so

by Proposition 4.12 with W = Q 20, there exists a lifted homotopy ¢ : [0, 1] x [0, 1] — Ny Q 20,
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based at u, such that expoo = &. Thus, expoo(z,1) = x for all . Moreover, 6(0,1) = v and
6 (1, 1) = u (since the lift of a constant path is constant). Thus, defining ¢ : [0, 1] — Ny Q 20 by
{(r) = o6(z, 1), the curve ¢ must be a smooth path from v to u. On the other hand, exp ol(7) = x
for all 7. But as exp is a local diffeomorphism, exp~!({x}) is discrete. Thus, ¢ is a non-constant
smooth map from a connected space to a discrete space, which is a contradiction. Hence, exp is
injective on N4V, which establishes our claim.

To allow a general topology, and in particular a full neighborhood of S, first note that if B € S
is simply connected, then so is b~1(B). This is because S — S is a trivial fibration, since S is the

intersection of two globally defined hypersurfaces. For such B, and for « > 0, we define
Z(B,K) = {(G,p,p) € Y:p € Band0<p</<},

where we are using our polar identification. Notice that by taking « small enough, we may always
assure that exp(7~1(R)) N Z(B,K) = (. Also, Z(B,K) will be simply connected for « small.
Now let § > 0 be less than the injectivity radius of S with respect to kg = g|rs. For p € §, let
Bs(p) denote the §-ball about p with respect to ko. Thus, for each p € S, Bs(p) € S is simply
connected. Let ko > 0 be small enough for the above conditions to hold for Bs(p) atevery p € S.
Set A, = A(Bs(p). ko).

By Proposition 4.6, there are ¢ > 0, k; > 0 such that for each p € S, exp(N4+ (;r(B\,3 (p), k1) N
Q)) - Zp. Set V, = Z(B%(p),/cl) N Q Then {Vp}pES covers S N Q ~ §, and by compactness

N
we may take a finite subcover {Vp,.} . We will denote V; = V.. Now since there are finitely
i=1

many V;, we may apply Proposition 4.6(b) to conclude that by shrinking «; if necessary, we may
ensure that exp(N+V;) Nexp(N4V;) = @ whenever V; NV, = @.

Set V= U;V;. We claim that exp is injective on N V. For suppose that there exist u; =
11Vg,, U2 = I2Vg, € N4V such that exp(u;) = exp(uz). By what has just been said, we must have
¢1 € V; and g, € V; where V; N'V; # @. Let p; = ms(q;). Then by definition of V;, V;, we have
qi1.q2 € Ve 1= Z(Bg(pl), K1) N Q; and since, by choice of ¢, we have exp(V;) C Zpl , and by the
simply connected case, we may conclude that g; = ¢,. Thus taking a small enough that Qa cVv

yields the theorem. u
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L ——

This result may be extended to the compactified bundle, N Q a-

L —

Proposition 4.14. There exists a > 0 such that exp : Ny Qa — X is injective.

Proof. Let a be as in Proposition 4.13. As before, we label points in N Qa by (z,¢q) € [0, 1] x

@ ~ Ny Qa. Throughout this proof, we regard exp as a function of 7 € [0,1] and g € Qa.
We already know that exp is injective when restricted to the set {0 < v < 1, p(q) > 0}. We may
quickly extend this to [0, 1]x S the exponential map takes [0, 1]x S injectively to S by the explicit
solution (4.14), and by Proposition 4.6 no other points are mapped to S. Moreover, since {1} x Qa
is mapped to M \ S, its image is disjoint from the image of ([0, 1) X Qa) U ([0,1] x (S N Q))
Therefore, we need only show that for ¢, # ¢, € Qa, exp(1, qq1) # exp(1, q2).

Suppose, by way of contradiction, that exp(1, g;) = exp(l, g2), with ¢1,¢> € Qa. Let Qa )
B1 > g1 be open such that g, ¢ B;. Then [0, 1] x B; is open in @ and so since exp is a
local diffeomorphism, exp([0, 1] x By) is open in X. Let Ve» - [0,1] — X be the rescaled geodesic
given by 74,(tr) = exp(z, ¢2), which in particular is continuous. Thus, 7, Lexp([0, 1] x By)) is
nonempty and is open in [0, 1], and so there is some 7, < 1 such that y,,(72) € exp([0, 1] x By).

]
Since 7, < 1, we must have y,,(t) € X, and so there is some g3 € By, 13 € [0, 1) such that

exp(t3, q3) = exp(12, ¢2). This contradicts interior injectivity and thus Proposition 4.13. |

4.4 Normal Form Theorems

Proof of Theorem 1.1. By Proposition 4.7, there exists po > 0 such that the exponential map exp :

Ny Q o —> X extends to a local diffeomorphism exp : N4 Q po —> X. By Proposition 4.14, it is

injective for py small enough. Taking V = Q po and U= exp(V), this yields the claim. |

We next state versions of Theorems 1.2 and 1.3 in which Q , and not M, is fixed. We prove

these first, and derive Theorems 1.2 and 1.3 as consequences.

Theorem 4.15. Let ()7 M, § .S ) be the blowup of a cornered space, and g an admissible metric
on X. For sufficiently small neighborhoods V of Q NS in Q there exist a neighborhood U of S
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in X and a unique diffeomorphism Y [0,1], xV — U such that Vlayxy = idy and

. du® + h,
Vg = —-—, (4.34)

u2
with h, (0 < u < 1) a smooth one-parameter family of smooth conformally compact metrics on

(V.0 N S), and such that M = ¥ ({u = 0}) and O = ¥ ({u = 1}).

Theorem 4.16. Let ()7, M, Q, §) be the blowup of the cornered space (X, M, Q), and g =
b*g+ + £ an admissible metric on X. Suppose that there is some 0y € (0, ) such that, for
any defining function ¢ for M, the boundary components M and Q make constant angle 6y with
respect to the compactified metric p>g ..

For sufficiently small neighborhoods V' of Q NS in Q, there is a neighborhood U of SinX
and a unique diffeomorphism ¥ : [0, 6plg X V — U such that Vloo1xv = idy and

. dO? + hg
Ve = sin? 0

’

where hg (0 < 0 < 6,) is a smooth one-parameter family of smooth asymptotically hyperbolic
metrics on (V, Q N M), and such that M = Vv ({0 = 0}) and Q = v ({0 = 6Oy}). Moreover,
O110.601x(5n5) = V' O. Also 89ﬁ9|p=0 = 0, where hg = p2hg and p is any defining function for
Q NSinV.

Proof of Theorems 4.15 and 4.16. By Theorem 1.1, we may take po > O such thatexp : N4 Q oo —>

X isa diffeomorphism onto its image. Let V C Q po be a neighborhood of Q N S, and set

U = exp(NL(V \ §)) Now under the canonical decomposition Ny (V' \ §) ~ Ry x (V' \ §), we

have

(exply, 1n\5) & = dt* + g, (4.35)
where g, is a one-parameter family of metrics on V' \ S. Nowletu = 1 —1 = e, so that
t = —logu. Then in these coordinates,

2 2
du® + U g_iogu
u? ’

(exp |N+(V\§))*g = (4.36)

Set h, = u?g_ logu»> SO that this takes the form (1.3). Now u obviously extends to a global co-

ordinate on N (V' \ S ), and we have already observed that exp is a diffeomorphism. Taking
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Y(u,q) = exp(l —u,q) and U = Y(NL(V\ S~)), we plainly have ¢ ({u = 0}) = UnM,
Yv(u=1}) = Un Q , and ¥|(13xy = id. Uniqueness of ¥ follows from uniqueness of the form
(4.35), because all the intermediate steps are reversible. To prove Theorem 4.15, it thus remains
only to show that /,, extends smoothly down to ¥ = 0 and that each 4, is a conformally compact
metricon V.

Since ¥ is a diffeomorphism, we do our calculation on U and regard u as a function on U. For
0<c<lsetV, = {x eU: u(x) = c} ~ V. Let {x*} be a local coordinate system on S, and
(8, x*, p) a polar identification. Then locally, u = u(6, x*, p), so taking the exterior derivative of

both sides of the equation u = ¢, we find that along V,

ou ou ou
0=du=2do + 2ax + Lap,
S A M P

Now g—’g # 0, and so for some smooth functions a, by, we have

dO = adp + bydx* (4.37)
on V.. Notice that =5 is smooth and nonvanishing on U. Then by (3.7),
2 2 2 2402 2
) u , dp —I—kp) 5 . u”  p*d0* +dp* +k, 5 .
= d0” + ———— |+ (pu“sin(0)f) = +(pu~ sin(6)1).
i Yo sin0)0) = e (o1 sin(6)0)

It is then clear by (4.37) that the restriction of u?g to any V, gives a smooth conformally compact

metric on V' depending smoothly on ¢ all the way up to ¢ = 0. Thus Theorem 4.15 is proved.
Now suppose that Q makes a constant angle 6y with M, so that Q NS is given by {6 = 6,}.

Let o = (csc By — cotBy) !, and define a coordinate ¢ on N (V \ S) by u = a(csc(¢p) — cot(¢)).

Notice that ‘fl—” = ;fl—‘fﬁ Thus, the metric (1.3) transforms to

. dpP 1,
8= i)

where we have defined y : [0,6)] x V — U by x(¢.q) = Y (u(¢),q) and [y = Siz#hu(@.

(4.38)

We view ¢ as a function on U via the diffeomorphism y. Now by (4.14), we see that 8 = ¢ on
[0, 1] x (Q’ N S); or put differently, that § = ¢ + O(p). Because the level sets of ¢ and u are the
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same, we get (4.37) again, and so by an identical calculation to the preceding, we find that

sin®(¢) p2d0? + dp? + k,

@) = S5 S (psin®(@)sin(@)0),

which is asymptotically hyperbolic as desired on each V, because ““¢ =14 O(p).

We now prove the final claim. For this purpose, we define a change of coordinates (¢, y*) by
setting y* = x* on Q and extending y* to be constant along orbits of the exponential map. These
are coordinates by Theorem 1.1. We wish to show that (y")?l4|,—0 is constant in ¢. Now notice

that it follows by (4.15) that for 1 < u <n,

9 8 90 9
— 0
Gy = axn T ayuag T OW)

Since % € ker g at p = 0, we have, for p € (7, Thus,

_ 0 0
g dyr’ dyv

The right-hand side is constant in ¢ for p = 0 by (3.8). But

9 9 9 9
n 21 R — ol -
o) ¢(8y“’3y“) g(ay“’ay”)

at p = 0, and as we have seen, the right-hand side is constant in ¢ there. This yields the claim.

_( 90 0
= # (53| 000D

Renaming ¢ by 0, x by ¥, and /4 by hg yields the result. |

Proof of Theorems 1.2 and 1.3. We prove Theorem 1.2. Let V C Q, UcCX,and Y [0,1]xV —
U be as in Theorem 4.15. Set W = ¥ ({0} x V), a neighborhood in Mof MNS. Let ¢:V->W
be the diffeomorphism given by ¢(g) = ¥ (0, ¢). Define ¢ (u, m) = ¥ (u, =1 (m)).

Uniqueness follows from uniqueness in Theorem 4.15, the construction can be reversed to

recover ¥ from (. |

For the statement of the next result, we let [k] = {h|rs : h € [h]}; so [k] is a conformal class

of metrics on §'.
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Corollary 4.17. Let (f, M, Q, §), (X, M, Q), and g be as in Theorem 1.3, with again a constant
angle 0y between Q and M. For any k € [k] and for sufficiently small ¢ > 0, there is a neigh-
borhood U 0f§ in X and a unique diffeomorphism y : [0,6p]g x S x [0,¢), — U such that

b o ylioixsxfoy = ids and

d0? + hg
g = ———— 4.39
xE sin” 6 (439)
where hg is a smooth one-parameter family of smooth AH metrics on S x [0, &) with
dp® + k,
=T
where k, is a smooth one-parameter family of smooth metrics on S with ko = k, and where

M = x({6 = 0}), Q = y({0 = 60p)), and S = x({p = 0}). Moreover, 89(};9|p=0) = 0, where
= p?h.

S

Notice this generalizes the form of the hyperbolic metric in (1.2).

Proof. Let W, U, hg, and ¢ be as in Theorem 1.3. Now /g is an asymptotically hyperbolic met-
ric. So by the existence result for the standard geodesic normal form ([GL91]), there is a unique
diffeomorphism ¢ : S x [0,¢), — W such that ¢*hy = p~2(dp* + k,), where k, is a smooth
one-parameter family of metrics on S such that kg = k; and such that ¢|{pyxs = ids. The desired
diffeomorphism is then given by y = ¢ o (idjo,9,) X¢). The claimed properties follow immediately.

(Note that the p in Corollary 4.17 is not the same as that appearing in polar g-coordinates). |



61

Chapter 5
THE LAPLACIAN AND ODE ANALYSIS

In this chapter, we study the scalar Laplacian on cornered asymptotically hyperbolic spaces
and prove Theorem 1.4. We study the formal asymptotics of harmonic functions on a CAH space
with given boundary conditions. Along the way, we prove results about some ODEs that will also
be important in the next chapter.

Throughout, let (X, M, Q) be a cornered space and (Y M, Q .S ) its blowup, with g an admis-
sible metric on X. We will let 6, x, p be coordinates in which g takes the form (3.8), with k, as in
that equation. We also introduce the following notation, motivated by [GL91]. We will write E* to
denote any polynomial of degree less than or equal to k in sin(@)% and p sin(@)axiu (1 <pu=<n),
with coefficients in C*° ()7 ).

We first compute the Laplace operator of g.

Lemma 5.1. Let ()? ntl M, Q .S ) be the blowup of a cornered space, and g an admissible metric

on XNexpressed in the form (3.8). Then for u € C°°(X~\ (1\7 U §))

Agu = sin2(0)8§u + (1 —n) sin(0) cos(8)dgu + p* sin2(9)8f,u+

(2 —n)psin®(0)d,u + p? sinz(G)Akpu + psin(8) E?(u).

Proof. Using the formula A,u = g='/29;(g" g'/29;u), this follows easily from (3.8) and (3.9).
|

We wish to carry out an asymptotic analysis of solutions to a boundary-value problem for the
equation Agu = 0. To carry out our analysis, we will expand the solution order-by-order in p.
Consequently, we work in terms of the indicial operator of A,. For v € R, this is the operator
I, : C®(S) — C*(S) defined by extending u € C®S)toi € Coo(f), and then setting

I,(u) = p7VAg(p"ti)|p=0. The following is immediate from Lemma 5.1.
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Lemma 5.2. Let v € R. Then
I,(u) = sin2(9)8§u + (1 — n)sin(8) cos(0)dgu + v(v + 1 — n) sin*(0)u. (5.1

We now specialize to the constant-angle case, supposing that M and  make constant angle
6 with respect to gx. We will assume the metric is in the form given by Corollary 4.17; however,
we will suppress the diffeomorphism y and will simply regard (6, x, p) as a parametrization of
X = [0, 65] x S x [0, ¢) near S. Thus, we will take g to be given by

g= ﬁ [d6” + he], (5.2)
where /g is a smooth family of smooth AH metrics on the hypersurface M = {0} x S x [0, ) and
where hy = @. We impose the inhomogeneous boundary condition u|z = ¥ at M (where
Y eC °°(Z\7 )) and the homogeneous Neumann condition d,u = 0 at Q . Notice that for the metric
(5.2), this last is equivalent to dgu|g=g, = 0. These boundary conditions are motivated partially
by their relevance to the Einstein problem in the next chapter.

Notice that, with the constant-angle hypothesis, the indicial operator (5.1) restricts to each fiber
as an operator independent of the fiber, if each fiber is identified with the interval [0, 6y]. Since
we will construct solutions order-by-order in p using the indicial operator, our problem turns on
an analysis of the equation /,u = f, with homogeneous Neumann boundary condition at 8 = 6,

and Dirichlet boundary condition at § = 0. We turn to an analysis of this equation.
5.1 ODE Analysis

We will refer to an indicial root as a value of the spectral parameter v for which 7, is not injective
on the space of smooth functions u on [0, 6] satisfying u(0) = 0 = u’(6p). This is equivalent
to saying it is a value of v for which A, := v(v + 1 — n) is an eigenvalue of the operator L =
—92 + (n — 1) cot(9)dg = —sin" " (0)dg(sin' 7" (#)dp). This factoring of the eigenvalues of L
is motivated by Lemma 5.2, and we call v the spectral parameter. The operator L has a limit
point singularity at & = 0, and we impose the homogeneous Neumann condition at 6 = 6. It

is a fact from the theory of singular Sturm-Liouville problems that the L? spectrum of L, spec L,
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is discrete when the boundary conditions are suitably interpreted; moreover the eigenfunctions,
which are smooth, form an orthonormal basis for L2([0, 8,]) with the measure sin' ™ (0)d6. The
discreteness of the spectrum will also follow from our results in this section. Since for all v, the
indicial roots of 7, at § = 0 are 0 and n, all eigenfunctions of L satisfying the given boundary
conditions are of the form sin” (8)v(0) for some smooth v(0).

We begin with the following elementary result.

Lemma 5.3. Letu,v € C2([0, 0y]) be such that one is O(0) and the other is O(0"), and such that
u'(6p) = 0 =v'(6y). Then

(@) [ (Luyvsin'™(0)d0 = [ (Bou)(@gv) sin' ™" (0)db;
(b) [ (Luyvsin'™(0)d0 = [° u(Lv) sin'~"(0)d0.

Proof. Part (a) follows using integration by parts from the realization that we can write Lu(6) as

Lu(9) = —sin"! (9);—9 [sinl_" (O)u’ (9)]. Part (b) follows from part (a) by symmetry. |

We next study the eigenvalues of L. First, we state a singular Sturm comparison theorem from

[Nail2].

Proposition 5.4 (Theorem 3 from [Nail2]). Suppose that u € C?((a, b)) satisfies the equation

(p()u") 4+ q(t)u =0,

on the interval (a,b), where p € C'((a,b)) and g € C°((a, b)), and p(t) > 0. Suppose further

that [, dt = oo, and that | b1t = . Suppose further that u(t) has exactly n — 1

1
p(u()? p(u()?

zeros on the interval (a, b), where n € N.
Now let P € C'((a,b)) and O € C°((a,b)) be such that p(t) > P(t) > 0and Q(t) > q(t)
on (a,b), and that Q(t) # q(t). Suppose that v € C?((a, b)) satisfies the equation

(P()V) + O(t)v = 0.

Then v(t) has at least n zeroes in (a, b).
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Proposition 5.5. Let n > 2 and 0y € (0, ). Then the smallest eigenvalue of L for the boundary
conditions u(0) = 0 and u’(6y) = 0

o liesin (0,n) if 5 < 6y < m;
° isnif@ozg;and
o liesin (n,00) if 0 < 6p < 3.

Remark. In terms of the spectral parameter v, this says that A, is not an eigenvalue for 0 < v <

n — 1, and that the first eigenvalue occurs for v in (n — 1,n), at n, or in (n, 00), respectively.

Proof. 1t is immediate from Lemma 5.3 that the lowest eigenvalue A, satisfies A¢ > 0. From the
same lemma, it follows that the only solutions u to Lu = 0 are the constant functions. These,
however, do not satisfy 1(0) = 0 (or in short, they are not L? with respect to sin' ™ (8)).

Suppose 0y € (0, Z] and that A € (0,n). Suppose that u € C®°([0, 6]) satisfies our boundary
conditions, and that that Lu = Au. By considering once again the indicial roots of this equation,

we can write u(0) = sin” (0)v(0), where v(6) is smooth. The equation then transforms to
v"(0) + (n + 1) cot(0)v'(0) + (A —n)v(6) =0, (5.3)
and since u’(6y) = 0, we conclude that
v'(6p) = —n cot(6p)v(6y). (5.4)
Then we have
sin” T (0)v”(0) 4+ (n + 1) sin” (9) cos(9)v'(0) = (n — A) sin" "1 (O)v(H). (5.5)
Thus,

5—9 [sin" "1 (0)v'(8)] = (n — 1) sin" "1 (B)v(6). so

/ ’ v(0) L [sin"*1(0)v'(6)] d6 = (n — X) / ’ sin"* (0)v(6)2d6
0 de B 0 '
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Integrating by parts, we get
P 0() 00
sin”“(9)1)(9)1/(9)|00 —/ sin" 1 (0)v'(0)%d0 = (n — /\)/ sin" T (0)v(9)*db.
0 0
Applying our boundary condition gives

6o 6o
—n sin™ (By) cos(6p)v(6y)? —/ sin” 1 (0p)v'(09)?dO = (n — /\)/ sin" T (0)v(0)*d6 > 0
0 0

Since 6y < 7, it is plain that this equality can hold only if v(6) = 0.

Now suppose that A = n, and that (5.3) holds for some v satisfying the boundary condition
(5.4). It follows immediately that sin(6)v”(0) + (n+ 1) cos(6)v'(6) = 0, from which we conclude
that v/(9) = b sin” " (0) for some b. Thus, for some a,

4
v@)=a+b / sin~ "tV (p)dg.
6o
Since v is smooth, we conclude that » = 0. Then v = a can be nonvanishing and satisfy (5.4) if
and only if 6y = 7. In that case, we see that u(¢)) = sin”(6) is a solution to Lu = Au.
Before handling the last case, let v(6) = u'(f) = sin" ' (0) cos(f). Then by differentiating

both sides of the equation Lu = nu, we find that v satisfies the equation
—0"(0) + (n — 1) cot(H)v'(0) + (1 —n) csc*(H)v(9) = nv(6),

with boundary conditions v(0) =0 =v (%) Multiplying through by —sin'™"(6), we can rewrite

this equation as
(sin' ()" (0)) + [(n — 1) csc" T (B) + nesc™ 1 (0)]v() = 0.

Obviously, v(6) has no zeros on (0, Z). Notice also that [, Si“:(_el)ge)de = 00 = f% Sin:(_el) © 4.

Now let A > n, and suppose that w(6) satisfies
(sin' ™ (@)w’(0)) + [(n — 1) esc" 1 (0) + A csc” 1 (B)]w(P) =0

on (0, Z). Then w has at least one zero on (0, Z) by Theorem 5.4.
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Now suppose that 8y € (%, n). Let A9 > 0 be the lowest eigenvalue of L, with eigenfunction
ug satisfying u¢(0) = 0 = ug(6p). Set vo(6) = uy(0). We have already shown that 1o # n. Now

differentiating both sides of Lu = Aou, we find that v satisfies the equation
—v"(0) + (n — 1) cot(§)v'(9) + (1 — n) csc*(H)v(9) = Aov(0) (5.6)

with homogeneous Dirichlet conditions at both endpoints. Moreover, A must be the lowest eigen-
value of this boundary value problem as well, or we could produce a lower eigenvalue to Lu = Au
by integration. Now as is well known, the lowest eigenfunction of a positive operator with homo-
geneous Dirichlet boundary values is nonvanishing away from the endpoints. This can be shown,
for example, by adapting the proof of Proposition 5.2.4 of [Tay11] to the simpler ODE case, using
the maximum principle given in Theorem 26.XVIII of [Wal98]. So we may conclude that v(6) has

no zeros on (0, 6y), and in particular on (0, %) Thus, it follows that Ay < n. [ |
We can in fact characterize all of the eigenvalues of L.

Proposition 5.6. The eigenvalues of L are the values A,, where v > 0 runs over the non-negative

d [ .., 14 . 6
4o (o 3]

Here F;, (x) is the hypergeomtric function.

solutions to the equation

= 0. 5.7
0=0,

Note that by the identity f—xFacb (x) = %Fa":ll p+1(X), the equation (5.7) is equivalent to

nq . 00 (\) — I’l)(v + 1) 242 . 00
ncot(bo) F,>, 11 (sm2 (?)) = —— F2 i 4n | sin? )

Proof. We look for solutions u(6) to the equation /,u(6) = 0, satisfying u(0) = 0 = u’(6). As

shown before, such a solution will necessarily be O(6"). We thus write u(0) = sin” (0)v(0); it
was shown earlier that v then satisfies equation (5.3). We introduce the substitution x = sin® (g),
and set v(¢)) = [(x(0)). Then settinga = n—v,b = v + 1, and ¢ = 7 + 1, equation (5.3)
transforms to

x(1=x)I"(x)+ (c— (1 +a+ b)x)l'(x) —abl(x) = 0.
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This is the hypergeometric equation, and the solution that is smooth at x = 0 is (up to scaling)
the hypergeometric function FS (x). Thus, we find u(0) = sin” (Q)Fn%_t’lv +1 (sin® (£)). The claim

then follows by differentiating u and requiring that u’(6y) = 0. |

LS

In the case 6 = 5

we can say much more.

Proposition 5.7. Let L be as in Proposition 5.5, and 0y = 7. Then the spectrum is given in terms of
the spectral parameter by spec(L) = {)L,, :v =n+ 2k, wherek € ZZO}, and the eigenfunctions

1+4n
are given by wi(0) = sin"(0)C,,> (cos(0)), where C} are the Gegenbauer polynomials.

Proof. In the equation Lu = A,u, we assume a solution of the form u(8) = sin”(8)v(cos(0)).

This gives the equation
sin?(0)v”(cos(8)) — (n + 2) cos(8)v'(0) + (v — n)(1 + v)v(cos(d)) = 0. (5.8)
We make the substitution x = cos(f), and get the equation

(1 =x*)v"(x) = (n +2)xv'(x) + (v —n)(1 + v)v(x) = 0.

This is the Gegenbauer equation (1—x2)v"(x)—(1420)xv'(x)+k (k+2)v(x) = O wither = £~
and k = v — n. Recall that a solution to this equation for each integer k > 0 is given by the kth-
degree Gegenbauer polynomial C}*(x); that the polynomials {C fa (x)};;o= , are an orthonormal basis
for L2 ([—1,1], (1 — x2)*/271); and that each polynomial C{*(x) has the same parity as k, with the
even polynomials being nonvanishing at 0. It follows that if we let uz(6) = sin”"(6)Cf(cos(6)),
then uy is a solution of the equation Lu = A, xu, and that the solutions for k even satisfy the
condition that ), (%) = 0. By the orthonormal basis property of the Gegenbauer polynomials,

it follows that every solution to the equation is one of the ux; and we conclude that precisely the

solutions for even k satisfy our boundary conditions. |

We now turn to the mapping properties of /,,. Recall that the function spaces mentioned in the

following proposition are defined in Section 3.2.
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Proposition 5.8. Fixn > 2 € N, and 0, € (0, ). Forv € R=°, and k > 1, I, given by (5.1) maps
‘A’g,k 10 By k. If Ay & spec(L), then I, : *’4’2,1{ — By, is bijective. Otherwise, dimker I, = 1 and
the kernel is spanned by a smooth function w,,; the image in that case is the orthogonal complement
in By x of w, with respect to the measure sin~" TV (6)46.

When v ¢ spec(L), the inverse of I, is given by the Green’s operator

)
61(¢)f(¢)d¢+ © )/ P(¢)f(¢)

in" 1 (¢) n+1(¢) (5.9

G1(6) = p(®) /
where q(60) = O(0") is smooth, and

e ifnisoddor0 <v < nisintegral, then p(0) is smooth and even in 6; while

o ifnisevenandv ¢ {0,1,--- ,n — 1}, then p(6) € C>°([0, 6y]) + 6" 1og(0)C>°([0, 6y)), and

is even up to order n.

Ifnisoddand f € By, is even in 0 through order n + 1, then Gf is smooth.

Proof. For convenience, we set I = [0, 0p].

It is straightforward that 7, maps Ag’k into B, . The anomaly in the definition of B, ; is
because 7 is an indicial root of 1,,, so that 1,,(6"u) = O(6"*!) for any u € C®([I).

We first wish to identify independent global solutions to the equation /,u = 0. As before,
we set x = sin’ (g), and let /(x) be defined by u(6) = [(x(6)). Then transforming the equation

I,u = 0 yields the equation
n
x(1 = x)I"(x) + (1 -5-@- n)x) I'(x) +v(v + 1 —n)l(x) = 0. (5.10)
Leta = —v,lethb=v+1—n,andletc =1 — % Then (5.10) becomes
x(1=x)!"(x)+(c—0+a+b)x)l'(x) —abl(x) =0,

which is again the hypergeometric differential equation. The indicial roots of the equation are s =
0and s = 7. It follows that we can find two independent solutions 1o and u, having the following

properties: u, € C°(I) and u, = 0O(0"), while uy(0) # 0. If n is odd, then uy € C*°(1),
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while if n is even, then it follows by standard hypergeometric theory (for example, section 15.10
of [NIS]) that ug € C*°(I) if v = 0,1,2,--- ,n — 1, and that uyg € C*®(I) 4+ 0" log(0)C>°(1)
otherwise, with nonzero logarithmic coefficient.

We already know that [, is injective if and only if A, ¢ spec L. We now show that 7, is
surjective whenever it is injective. Let ¢ () be the solution to /,¢ = 0 with limg_,o+ ¢(0)/60" = 1.
Let p(6) be the solution to 7, p = 0 with p’(6y) = 0 and p(0) = 1 (this can be taken to be nonzero
by the assumption of injectivity). It follows that p is some linear combination of u, and u, with
nontrivial coefficient for 1. Now by Abel’s identity, the Wronskian of p and g is ¢ sin” ! (8) for

some ¢ # 0. It thus follows from standard formulas that the Green’s function for /, is given by

a0)p(@) 0 <¢

D(0.¢) = @ ,
9@)p®) g > ¢
csin"T1(¢) -

and it is elementary to show that the Green’s operator

q(¢).f(¢)

csin"t(¢)

PO @)

csin"t(¢)

0 6o
G1(6) = p(6) /0 de + q(6) /9 p 5.11)

is aright inverse to I, when f € B, x, and a left inverse to /,, when f = [,u withu € Ag’k. (For
the formula in the statement, we may absorb ¢ into g.) We wish to show that the equation /,u = f
can be solved whenever f € B, x, and that in particular, G maps B, i to Agg - Itis easy to check
that (Gf)'(6p) = 0 and that, for f € B, %, Gf(0) = 0. Thus, if Gf € A, x, then Gf € A] . It
remains to show that Gf(0) € A, k.

We do this in two steps. We first show that G maps B, x into o, ; + 6%+ log(6)FF1C (1)
by asymptotically expanding the integrands in (5.11) and considering the kinds of terms that can
arise.

Suppose f € 6C°°(I). Then since g(¢) = O(¢"), the integral in the first term of (5.11) is
smooth. The factor p(6) may contain a term with a factor of 8” log(0) if n is even. Thus, the first
term is in oA, .

Because, in general, 6/ foe 0—%dh is smooth for 0 < k < J unless k = 1, the integral in

the second term is smooth unless either p(¢) has a ¢” log ¢ term in it (which could happen if n
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is even), or there is a nonvanishing term of order ¢p~! in the expansion of the integrand. In the
first case, when p(¢) has a term in its expansion of the form ¢" log(¢), the term yields a log at
order 8”2 log(6) and at higher powers in 8. When the integrand contains a term of order ¢!, the
second term yields a term of the form 6" log(0). Thus, in this case, Gf € A, .

Now suppose that f € 6"tllog(6)C>(I). Then the first integral yields a log at order
0" *11og(0), and a possible log(0)? at order 62" ! log(6)?2, if p(0) has a term of the form 6" log(#).

When the integrand of the second term is expanded in an asymptotic series, we get several
nonsmooth terms. First, at lowest order we get a term of the form 6”1 log(6), with logs at higher

orders as well. Now, it is an elementary result that
9 . .
/ 07 log(0)*d6 = 67 (2(1 + j)7> —2(1 + j)*log(6) + (1 + j) ' log(6)?).
0

Thus, if p(¢) has a term of the form ¢" log(¢), then we get a term of the form 62" 1! log(6)? as
well. If k = 1, we have shown, as desired, that Gf € A, + §*+D+1og(@)FF1Co(1). If
k > 1, then in both the cases so far considered, we have seen that Gf € A, k.

Now suppose that k > 1 and that £(0) € (8" log(0))’ C>®°(I) for some 2 < j < k. Taking
account of the possible 6” log(6) term in p(6), an integral formula analogous to the above shows
that the first term yields a function in @{:01 (9™ log(9))'C>°(I). This clearly lies in the desired
space. It is easy to see that the second term lies in the same space.

Thus, we have seen that Gf € s, + 0% T 10g(9)k+1C ([0, H,]). Our second step is now
to show that, in fact, the last term does not arise. We have seen that /,Gf = f € B, . But for
no k > 1is (k 4+ 1)n an incidial root of the operator 7, at = 0. Thus, if 0 % u € C*°([]), then
I,(0%+D 1og(0)k+1y) yields a term in 0% +17 [og(9)*+1C (1), which is not canceled by any
other term, and this preclues /,u from lying in 8, x. Thus, we must in fact have that G : B, x —
AL,

Now [, is injective, and it has a right inverse. Thus, it is a bijection.

It remains to show that if 7, is not injective, then it is also not surjective. Suppose that ker /,, #
@. Renaming ¢, let 0 # g € ker [, C Ag’k. Then Lemma 5.3(b) makes it clear that any f € Im I,

must be orthogonal to ¢ with respect to measure sin~'*™(8)d0. Since v = sin(f)g € Bk is
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clearly not orthogonal to ¢, we conclude that 7, is not surjective.

If ¢ is orthogonal to f with respect to the measure sin~ """ (6), then let p be any solution of
the equation /,p = 0 with p(0) = 1. Then it is easy to check that with p and ¢ reinterpreted
according to these definitions, equation (5.11) still gives a solution, of course not unique, to the
equation /,u = f, with u(0) = 0 = u’(6p). The hypothesis that ¢ is orthogonal to f is necessary
in showing that u’(6y) = 0.

We finally turn to the last claim. If # is odd and f € B, x is even through order n + 1, then no
term of the form 6~! can appear in the integrand in (5.9), and no logarithms appear in p or ¢. This

yields the claim. u

This result will be used, for general k, in our formal solution of the Einstein equations in the

next chapter.

5.2 The Laplacian

We now continue to study the Laplace boundary value problem at hand. Recall that we are letting
X = [0, B0] xS %[0, &) be the pullback of the blowup of a cornered space by a diffeormophism as in
Corollary 4.17, and are assuming that g is the pullback of a constant-angle admissible metric on the
blowup, in the form (5.2). The goal of this section is to prove Theorem 5.1. This problem requires
only the k = 1 case of Proposition 5.8 since it deals with a linear equation. For this section, we
specialize to the case 6y = 7, for which we have a full, explicit solution to the eigenvalue problem.
The techniques we use would be of relevance in studying other cases as well, although the behavior
would depend crucially on the spectrum, which might display a variety of behaviors in general.

Now it is easy to show that for v € C (S),
Ag (0" 108(0)*v) =p” [10g(0)* 1o + k(1 + v — k) log(p)* " sin*(6)v
Fh(k — 1) log(p)<~2 sin2(0)v] +0(p").
Motivated by this, we define an operator J,, on &, , (see page 27) by setting
Tntq (0" 10g(p) ) =p"* 1 (10g(0)* 114 (h) + k(1 + 1 + ¢ — k) log(p)*~" sin*(0)b

+ k(k — 1) sin*(8) log(p)*~?b),
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where b € A°

n.1» and extending linearly. For g even, we define

g+1
€0, =11 =p"t"> log(p)'bi(0) : by € ker Isy

i=0

For consistency of notation, we define €, , = &, 4 when ¢ is odd.

Proposition 5.9. For g > 1 odd, J,1q : &nq — Fngq is an isomorphism. For ¢ > 0 even,
Jntq : 8,?’ g — Fnq is surjective, with a one-dimensional kernel spanned by o te wq, where wq

is as in Proposition 5.7.

Proof. That J, 4 has the given codomains follows immediately from the definitions of &, 4, &, .
Fn,g-and J.

For the isomorphism claim, we assume ¢ = 2j + 1 is odd. We set J = J,4,. By Proposi-
tions 5.7 and 5.8, I, 4241 : 0‘\’2,1 — B, 1 is a bijection. So suppose we wish to solve Jn = f,
where 7 = p" T2+ 3 log(p)ih;(6) and f = p" TP+ Y log(p)ici(8). We will do this
term by term, starting with the highest power of log and working down. We can uniquely solve
Inyajt1bjsr = 1. Set nUtD = p+2/+ log(p)/+1h; 4 (0), and note that f — JpUTD =
p" T2/l sz:o log(,o)ici(j 1) (6), where cl-(j + may differ from c¢;. Now suppose, by way of induc-
tion, that we have constructed ¥ € &, 5,41 such that f — Jy® = pr+21+1 3" Viog(p)ic®.
Then we can uniquely solve the equation I,45j41b;—1 = cl(l_)l, and setting n¢=Y = n® 4
p" T2+ og(p)!~1h;_;, we easily see that f — JpU—D = prt2i+l Zf;% log(p)ici(l_l). Thus,
by induction, we can solve Jn = f. At each step, the solution is unique, and so we see that J is
an isomorphism.

We now address the even case, ¢ = 2j. In this case, /,4,; has a one-dimensional kernel
spanned by wg, that is, wj. We wish to solve the equation Jn = f, where we take n =
p" 2 Z{;LOI log(p)b;(0) and f = p"*t?/ sz:o log(p)ic;(A). We cannot necessarily solve the
equation /,4,;b; = c;, since ¢; may not be orthogonal to w;, generically (see Proposition 5.8).

However, we may solve this using our freedom in the log(p)/ ! term. First, notice that sin*(0)w ;

{cj,wj)

is not orthogonal to w;. Now letb; +1 = e T

w;, where (, ) here refers to the L?
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norm on [0, 6y] with measure sin~"*T1(0)d6. (This is finite since w;j = 0(0") and c; = 0(0).)
Set nU+D = %2 Jog(p)/T1h;. Then f — JpUTD = p"+2/ 3°7_ log(p)i eV, where c§j+1)
is orthogonal to w;. We can now proceed by induction as in the odd case; except that at each step
[, we uniquely add a multiple of w; to b; to ensure that cl(l_)1 is orthogonal to w;. By induction,
we may thus solve the equation. However, a solution is unique only up to addition of a multiple of

LUj. [ ]

The following lemma follows easily from Lemma 5.1, and particularly from the fact that O and

n are indicial roots of the Laplacian at 8 = 0.

Lemma 5.10. Suppose that u € JP(Y) Then Agu € e?’()7) as well. Moreover, suppose that for
any fixed x € S, u(0,x,p) € 8,?,61 for some q independent of x. Then for each fixed x, there is
some f € Fy 4 such that Agu (6, x, p) = (6, p) + o(p"19).

Proof of Theorem 1.4. We work in the decomposition given by Corollary 4.17. In particular, U,0,
and p are as in that corollary. We write ¥ = ¥ (x, p). Throughout the proof, primes will refer to a
derivative with respect to 6.

Define ug € C°°(5) by uo(0, x, p) = ¥ (x, p). Then by Lemma 5.1, Aguy = O(p).

Now suppose that 0 < k < n — 1 and that u; has been smoothly and uniquely defined in 32()7 )

so that
(a) Agug = O(pF*1);
(b) uklgp=o = ¥; and

(©) up(6o) = 0.

We wish to find 41 € A (%, S) so that ugy1 = ug + p* T gy satisfies each of these con-
ditions with k replaced by k + 1. Define fry; € Bna (%S) by fry1 = p_(k+1)Aguk|p:0.
By Lemma 5.1, fi+; = O(6), and indeed, since A,(0") = O(0"*Y), fit1 € Bn,1(5.9) as

desired. Fix x € S. By Proposition 5.8, we can uniquely solve Ix4+1¢0x+1(0,X) = — fr+1(0, x)
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40
in A, |,

with ¢(0,x) = 0 and ¢; (6, x) = 0. Plainly ¢, depends smoothly on x. Thus,
Yk+1 € ‘A’;Oz,k (%, S ) is determined as desired. By induction and Proposition 5.8, we thus can con-
struct a function u,_; € JR()? ), unique through order n — 1, such that u,_;|; = V¥, such that
u,,_,(6p) = 0, and such that Au,_; = O(p").

At order n, I, is not surjective, so our procedure generically fails unless, for each x, f,(6, x)
is orthogonal to sin” (8) with respect to the measure sin~ """ (6)d#, i.e., unless it is orthogonal to
csc(f). To proceed, we must introduce logarithmic terms, and for this we will use Proposition 5.9.
Let f, = p7"Agup—1|p=0 € By.1 as above, and fix x. Then notice that p" f, (-, x) € F, 0. Thus,
by Proposition 5.9 with ¢ = 0, there exists a solution ®, € &, to J,P,(0) = p" f»(0, x), which
however is determined only up to a term that is a multiple of p” sin”(6). Set ¢, = p " ®,, and
Un = Uu—1) + p"@n. Then since this procedure is smooth in x, u, (6, x, p) satisfies Ayu = o(p"),
and the boundary conditions u,| 5 = ¥ and u, (5) = 0 are satisfied. Notice that u, € {P(Y ).

We proceed by induction. Suppose thatu,4,; € & (f ) has been successfully defined satisfying
Aguniz; = 0(p" %), with both boundary conditions as desired, and containing (j + 1)st powers
of log(p). Then since Ay is linear, Agu,4,; will likewise contain at most (j + 1)st powers of
log(p). Fix x € S. Let Fy42j4+1 € Fu2j+1 be such that Agu,i2;(0,x,0) = Fuizj+1(0,p) +
o(p"*t2/*1). Such an F exists by Lemma 5.10. We wish to solve the equation J,+2;+1®Pp12j+1 =
Fy42;+1; by Proposition 5.9, we may do so, and plainly the solution varies smoothly in x. Then
set Upt2j+1 = Unt2j + Pnyoj41. Clearly, uy2j41 € fP(Y) satisfies Aguni2j41 = o(p"t2th)
and our boundary conditions.

Next we wish to find u,,15(; +1), satisfying our boundary conditions, such that Agu, 5(j+1) =
o(p"+t2U+D)  But this is exactly the same as the odd case, except that by Proposition 5.9, the
solution will be unique only up to a term of the form p* 20Dy j+1, where w; 1 is as in Propo-
sition 5.7. Hence, by induction, we get an infinite sequence {u )2, such that Aguy; = 0(p"),
Ul = ¥, and dpuklp=z = 0, and such that each member of the sequence {ux} has at most
LH%J powers of log(p).

Thus, by Borel’s Lemma, as stated in [Erd56], there exists a function u € fP(j(v ) such that

Agu = O(p™), such that dgu|g—z = 0, and such that u|; = . |



75

Notice that, in order to uniquely determine a solution, we would need to specify not only ¥,

but also a scalar function nx € C*°(S) at order n + 2k for all k > 0.
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Chapter 6

EINSTEIN METRICS

In this chapter, we consider formal existence of CAH Einstein metrics on a cornered space
(X, M, Q). This has famously been studied in the AH setting in [FG12], where the boundary data
is a conformal class on the conformal infinity M . Here, we must additionally prescribe a boundary
condition at Q. One of the most natural is that considered in [NTU12], which requires that Q be
totally umbilic and of constant mean curvature, so that its second fundamental form Ko satisfies
Ko = Ag|ro away from the corner S = Q N M. We follow that paper in imposing this boundary
condition. It requires less data than a Dirichlet condition would — only the constant A is required,
whereas that would require the prescription of an entire tensor field. Moreover, as we will see, it

interacts particularly nicely with the geometry of CAH spaces.

In section 6.1, we prove basic results about Einstein spaces satisfying our boundary conditions,
such as the fact that A € (—1, 1) necessarily. We also study compatibility conditions that are
imposed on the corner S if the Einstein metric g is to have smooth compactification. These prove

to be severe with the given boundary conditions.

In section 6.2, we then pursue the question of formal existence of Einstein metrics in normal
form, given an arbitrary manifold M with boundary S and a conformal class. Our setting is
analogous to that of Theorem 2.5 in the AH case. As the results of [NTU12] and of section
6.1 show, we must allow metrics without smooth compactification if we are to hope to solve this
problem. We construct instead metrics on the blowup in the normal form (1.4), and show that

Einstein metrics are unique to order » in that form.
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6.1 Smooth Compatibility Conditions

We first consider whether and when we can hope for a smooth CAH Einstein metric with CMC-
umbilic boundary condition on a cornered space, given arbitrary initial data. Suppose a manifold
M"™ with boundary S is given, and is equipped with a Riemannian conformal class [4], which
throughout this section will be taken to be a smooth conformal class. In this section, we will inves-
tigate, if (M, [h]) is to be the conformal infinity of a smooth CAH Einstein space (X, M, Q, g+)
satistying Ko = Ag|ro, what we can deduce from M and S about the developments of g and Q;
and what constraints are put on S. Because we will frequently want to use indices on g4, and no
blowups occur, for convenience we break in this section with the notation used in the rest of this
thesis and write g = g. Elsewhere, g will remain an admissible metric on X. As mentioned in
the introduction, this situation has been analyzed in [NTU12] with the a priori assumption that g is
the hyperbolic metric. We remove this assumption to investigate the general case. In this section,
we will work directly on (X, M, Q) and not the blowup; thus, we will not use the machinery or
notation of Chapter 4.

First, we state a classical result.

Theorem 6.1. Let n > 2, and let M" C H"t! be an umbilic hypersurface. Then the umbilic
coefficient A, = A is the same at all points p € M. Moreover, as a subset of R"*', M is either

part of a sphere or part of a hyperplane. In particular, M falls into one of the following classes:

(i) M is part of a geodesic sphere. In this case, M is part of a Euclidean sphere entirely con-

tained in H" %!, In this case, |A| > 1;

(ii) M is a horosphere: either it is part of a Euclidean sphere contained entirely in H" 1! except
for one point, which lies on the boundary R"; or it is part of a Euclidean plane contained in

H"*1 and parallel to R". In either case, |A| = 1;

(iii) M is totally geodesic. In this case, M is either part of a Euclidean hemisphere that meets the
boundary R"™ normally, or part of a Euclidean hyperplane that meets the boundary normally.

In either event, L = 0; or
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(iv) M is part of a Euclidean sphere or Euclidean hyperplane that intersects the boundary R"
non-normally. In the case of a sphere, M lies in the upper part of a sphere of radius r, such
that its center (y, x) satisfies 0 < |y| < r. Either case is called an equidistant hypersur-
face, because it lies at fixed distance from the totally geodesic hypersurface S such that the
intersection of S with R" is the same as that of the plane or sphere in which M lies. In this

situation, 0 < |A| < 1.

See [Spi99, chap. IV.7] for a discussion and proof.

We next prove a lemma in a more general context.

Lemma 6.2. Let (X, g) be a Riemannian manifold with a smooth metric g, and with embedded
hypersurfaces Q and M that intersect transversely in an embedded submanifold S. Denote by K
the scalar second fundamental form with respect to a fixed unit normal vector. By Kg, we will
mean the second fundamental forms of S considered as a submanifold of M, while Kjr and Ko

will mean the second fundamental forms of M and Q as submanifolds of X. Then

ks = Re=vo-vm)Ku| ©6.1)

{(vo,vs) s

where vg is unit the g-normal to S in M, and vg and vy are the unit g-normal vectors to Q and

MinX.

Proof. Denote by 11 the vector second fundamental form, with the same conventions as for K in
the statement: so, for example, I /s is the vector second fundamental form of S as a submanifold
of (M, g|ra). We compute each second fundamental form. We will use P to denote an orthogonal
projection operator, while V will denote the Levi-Civita connection on X. First, for p € S and

X,Y € T,S, extended smoothly to a neighborhood,

IIs(X,Y) = Prg. PryuVxY

= (VXY, Vs)l)s.
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Next,

I1y(X,Y) = PrpyVxY
= (VxY, UM)I)M.

Now write vg = vévs + vg vy (such a decomposition must be possible at S since 'S C TQ).

Then we have

IIQ(X, Y) = (V)(Y, UQ)VQ
= (vg(VXY, vs) + vg(VXY, vM))(vgvS + vgvM)
= ())*(VxY.vs)vs + vvy (Vx Y. vs)var + (Vx Y, var)vs)

+ (g ) (VxY, vp)vn.
Hence,
(I1o(X.Y).vs) = (v))*(Vx Y. vs) + vgvd (VxY.var)
= (vo,vs)*(I1s(X,Y),vs) + (vo,vs)(vo, vm ) (Ku (X, Y), va),

where the last line follows from our prior computations. Now since M and Q are transverse,

(vo.,vs) # 0. Moreover, (I1o(X,Y),vs) = Ko(X,Y){vg,vs). Thus, we find
Ko(X.Y) = (vg,vs)Ks(X,Y) + (vo.vm)Ku(X.Y),
which yields the claim. |

We now continue in the CAH Einstein context, where we get an immediate corollary from the

preceding result.

Corollary 6.3. Let (M, [h]) be a compact manifold with boundary S, equipped with a conformal
class [h]. Suppose (X, M, Q, g, A) is a CMC-umbilically cornered AH Einstein space, with smooth
conformal infinity [h]. Further, suppose that, for smooth defining functions, the compactified metric

g is smooth. Then S is umbilic in M with respect to any metric h € [h].
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Proof. It certainly suffices to consider only /, as umbilicity is a conformally invariant condition.
For the same reason, it follows that Q is g-umbilic. Because g is a CAH Einstein metric, M is
g-totally geodesic. Thus, since & = g|7ps (Where r is an appropriate defining function), the claim

follows directly from (6.1). [ |

This corollary gives a substantial obstruction to the existence of a smooth CMC-umbilically
cornered CAH Einstein space realizing (M, [h]) as its conformal infinity. For n > 2, for example,
it provides a proof relying only on the boundary geometry that, if X is hyperbolic space H"*! and
M is a subset of R”, then the boundary S of M must be a sphere or a hyperplane, as these are
the only umbilic surfaces in Euclidean space. (This proof does not work if n = 2, since every
hypersurface of a 2-space is umbilic). We may even further characterize the geometry near the
boundary as we further expand the umbilic condition.

First we define some helpful coordinates. Fix a metric 2 € [h]. On a neighborhood V near a

point of § in M, we may always choose geodesic normal coordinates x!, ..., x" such that S =
{x" = 0} and such that ag" L1y TS, with ‘Bxi”‘ = 1 and i))ci”((axi”’ axin)) = 0atS. Letr be
a geodesic defining function for M, so that i = r?g|rp, such that |d ’”|§; = 1, and such that
x% =r,x!, ..., x" are coordinates for some X D U ~ [0, &) x V, where a% 1 TM.

When working with these coordinates, we will use the Roman indices 0 < i, j,k < n to label
coordinates on X; the Greek indices 0 < «, B8, y < n—1 to label coordinates on Q; and the Roman
indices 1 < s,f,u <n — 1 to label coordinates on S'.

Before continuing to explore the consequences of smoothness, we state a useful result that is

true more generally.

Proposition 6.4. Let (X, M, Q) be a cornered space, and let g be a smooth CAH Einstein metric
on X satisfying Ko = Ag|ro, where K¢ is the second fundamental form of Q with respect to the
inward-pointing normal vector. Let vy be the X -inward g-unit normal to M, and let vs be the

M -inward h-unit normal to S in M. Then at every point p € S, cos(6yg(p)) = —A. In particular
Ae(—1,1).

Notice that the proof given here depends only on the continuity of K¢ up to S; thus, by Lemma
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4.9, this proposition remains true if g is only admissible.

Proof. Let v be the inward-pointing unit normal field on Q, and K the second fundamental form
of Q, both with respect to g; and let v = Vg be the inward-pointing unit normal field on Q with

respect to g. Now the umbilic condition is equivalent by Weingarten to
(Vxv,Y)e = —A(X,Y ),

forall X,Y € C>®(TQ). For r # 0, the unit normal to Q with respect to g is given by v = r~1v.
We wish to compute K (X, Y), the second fundamental form of Q with respect to g.
A straightforward computation shows that for any vector fields X, Y, we have
VxY =VxY +r7 ' [dr(X)Y +dr(Y)X — (X.Y)ggradgr].
Forg € Q and X, Y € TQ]y, it follows (taking extensions where necessary) that
K(X,Y)=—(Vx(r™'v),Y)g
= —r! (VXV +dr(X)v +dr(v)X — (X,v) gradg r —dr(X)v, Y)g

=r ' (rPK(X,Y)—dr(v){X,Y)g). (6.2)

Therefore,

K = @g(}(, Y) (6.3)

is equivalent to Ko = Ag.

Thus, we see that for r # 0, Q is g-umbilic with possibly non-constant umbilic coefficient.
But we also see that, for K to remain smooth up to the boundary — which it surely must, since g is
a smooth metric — we must have

dr(@) — 2.

In particular, since d, is the inward-pointing unit g-normal at M, which we denote by Vs, we find

that (denoting v = v for clarity)
(VQ,VM>§ = /1, (7‘ = O), (64)

is equivalent to K = Ag + O(r™ ). Since cos(6) = —(Vg, Var), our claim is established. |
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As mentioned, the above result actually holds even for admissible metrics. We now obtain a
result that in general does not. We will henceforth in this section assume that inner products are

with respect to g if not otherwise specified.

Proposition 6.5. Let X, M, Q, g, A, and K¢ be as in Proposition 6.4. Let vy be the X -inward
g-unit normal to M, and let Vs be the M -inward h-unit normal to S in M. Moreover, let R be the
curvature tensor of 3. Write Ks = nh, where Ks is the second fundamental form of S in M with

respect to h and vs, and n € C*°(S); we can write this by Corollary 6.3. Then for any Z € TS,

Z(n) = —R(m. Z,oum, Vs). 6.5)
Proof. Letv, K and v be as in the previous proof. We will assume that (6.4) holds, and we multiply
through by r in (6.3) to obtain

rK(X,Y) = (A~ (vg,3,)8(X.,Y). (6.6)

This equation holds on Q for any X,Y € C*(TQ) if and only if K = Ag. We will repeatedly
differentiate it covariantly to obtain new equations.

Before proceeding, we write Q locally as the graph of a function,

x" =o(r,xt, . . x"h),
Notice that (0, x!,...,x""1) = 0 by our choice of coordinates on M. We next define a local
frame on Q by
a dp 0
Ey = 4

dx®  9x® gx"
In particular, { £ }Z;i is also a local frame for S at r = 0, in fact the coordinate frame.

Define f € C*°([0,e) x V) by f = ¢ — x". Then f vanishes precisely on Q, and we may

. — —gradg f
write v = .
| gradg f|

Using this and the fact that, at r = 0, the normal v may be written as
V=240, + V1 —A20n (6.7)

by (6.4), it is straightforward to show that

g —A
s = (6.8)
ar r=0 \Y 1 - A‘Z
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We intend to apply Vg ,» the Levi-Civita connection of g|rg, to both sides of (6.6). Doing this

once, and utilizing the metric property of the Levi-Civita connection, we obtain

J— _Q J— o

Kaﬂ +rvE0Ka/3 =—Fy ((ar, V)) 8aB> (6.9)
which should hold for all r, along Q. Taking r = 0, we get

Kop = —Eo({0,,7)80up (6.10)

Now

Eo({0,,V)) = (VE0r, V) + (0,, VE,V) 6.11)

(where V is still the Levi-Civita connection for gon TX). Since Ey = 0, + g—‘faxn, we have

0, = Eog — ‘;—faxn. Hence,
S - s - J¢ = -
(3,, VEO\)) = (Eo, VEOU) — g(axn, VE0U>

de

= —K(Eo. Eo) = 5 (9. V&,D). (6.12)

Moreover,

(VEydr, V) = (VE,Eo. V) — (VE, (3‘”3 ) V)

or
_ 9 9
— K(Eo, Eo) — Eo [ 22 ) (8.0, 7) — 22V 80, 7)
ar ar
82 9o —
— K(Eo, Eo) — —<axn,v> — 0 Ve, D). (6.13)
dar2 ar
From (6.11),(6.12), and (6.13), we get
92 9

Eolor. ) = = (5.5 020, + 3 B0 7)) (6.14)

Now 1 = |F|§ =g (V,0,:)(V,d,,). We apply E, to this equation, take » = 0, and use the facts
that 7S C TQ, sothat v Lz T'S; that 0,n(|0x2|g) = 0 on S; and that, because g is Einstein,

0,2|r=0 = 0 to conclude that

(ax”aU)E0<ax”»v> + (ar’U)EO«)r»v) = 0. (615)
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Combining this with (6.4), (6.8), (6.10), and (6.14), we finally obtain

Kaop = (1-22)? (g f) Zp  (r=0). (6.16)

By applying Lemma 6.2, the fact that M is totally geodesic, and (6.7), we may conclude that

82
Ks = (1—A2)( g”)glrs (6.17)

We have thus expressed the second-order term of the development of Q in terms of the geometry
of Sin M.

We can use the foregoing computations to rewrite (6.9) as
— —0 — 02 _ 0 —
Kaﬂ +rVE0Ka5 = ((8_’2) <8xn,v> + (82?) Eo(axn V)) gaﬂ

To this, we now apply V%O once again. We obtain

— — _ _ 83 82
Ve Kup + (V) Kap = [(a_’f) (30, 7) + 2 (a ‘f) Eo (9., 7) (6.18)

dp =
+ (W) Eg(axn, U)] gotﬂ
We take r = 0 and utilize equation (6.15) and find in particular that, at r = 0,
_Q N . _
2V Kap = —E5((3;, 7)) &up- (6.19)

We next wish to apply the Codazzi-Mainardi equation (see, e.g., [Spi99], Theorem III.1.11).

Codazzi states that
— . —0 — —0 —
(R(Ey. E)Ep, ) = (V5,K) (Eer Eg) — (V5,K) (Ey. Ep).

Hence, taking y = 0,
0= _ =0 = _
Vi, Kep = Vg, Kop + (R(Eo, Eo)Ep, V). (6.20)

We next take« = s (i.e., 1 <a <n —1)and B = 0. Hence, we have

0= =0 _
Vi, Kso = Vg Koo+ (R(Eo, Es) Eo, V). (6.21)
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But along S, K is known by (6.16), and we find that

=0 — a3 _
Vi Koo = (1—22)3? (ar2 ;"xs) Zoo- (6.22)

Atr =0, gy = # (recall that this is expressed in the { E,} frame, not the coordinate frame).
This allows us to conclude, via (6.21) and (6.22), that
3

VE Ko = VT2 (5 ) + (R(Ew, ) Ea.D).

or2oxs

We can now substitute v and the definitions of E, in terms of the coordinate frame to compute
this curvature term in the coordinate basis. (Every appearance of R in index notation will be with
reference to local coordinates, not the frame on Q). We also utilize that, because g is Einstein,
M is totally geodesic in X with respect to g, and so again by Codazzi, (R(0n, 0xs)0,, 0xn) = 0.

Carrying this straightforward computation out at » = 0, we find that

1 _
ﬁROSOn .

Applying these computations to (6.19) and noting that g, = 0 at r = 0, we conclude that

(R(Eo, E5)Eo,v) =

03 1 —
Brooxs 1= a2 Xosom: (623)

In conjunction with (6.17), this yields the claim. |

Remark. Because Euclidean space is flat, this is precisely what we needed to ensure that, in
the n = 2 hyperbolic case, only circles and lines can occur at the corner boundary: if g is the
hyperbolic metric on H?, then one choice for the compactified metric g is the Euclidean metric
itself. In this case, R = 0, so by (6.5), S has a constant umbilic coefficient in (M, g|7ar). But the
only umbilic hypersurfaces in Euclidean 2-space with constant umbilic coefficients are circles and
straight lines. Notice that in terms purely of the local boundary geometry, this restriction occurs at

higher order for n = 2 than for n > 3, where it is implied by Corollary 6.3.

The arguments of the preceding proposition can be extended to yield further conditions on g

and Q, and perhaps S. For example, let us return to (6.20), this time with ¢ = s and 8 = ¢
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(1 <s,t <n—1). The term vgjo, can be evaluated using our earlier calculations. We get
9 = I 213/2 AN
VESKOIZVES (I—A ) m gOIZO'

Hence, atr = 0,

_Q R J— _
vEOI<SI = R(E09ES9 Et’ \)).

Expanding the right-hand side in the coordinate frame again yields

_Q J— J—
VEol<st = A(ROstO - Rnstn)- (6-24)
By (6.19), tf; vgjst = 0; thus we conclude that along S,

A tf§|TS (ﬁOstO - Enstn) =0.

This represents an additional ¢-independent condition on g.
We can generalize this process to see the structure of the conditions that would arise as we

differentiated more. Covariantly differentiating (6.6) k — 1 times by E, yields
_Q 1= _ _
k(vEO)k lKoeﬂ = E(I)c((ar’ V0))8ep-

At each step, takingae = f = Oora = 5,8 = t yields new constraints on g];—f|,:0 and also on
g, its curvature tensor, and its derivatives. Taking o« = 0, 8 = s yields additional constraints on
lower-order (that is, already-developed) r-derivatives of ¢, possibly also putting further constraints
on g, as in (6.24). In this way, a vastly overdetermined system of equations for g and ¢ would be
produced. Actually carrying these computations out to higher order becomes quickly unwieldly;
in any case, we have already developed extremely restrictive constraints on a smooth solution. We
therefore turn now to studying formal existence of normal-form metrics on the blowup. As we will

see, this is precisely the right relaxation of smoothness to allow relatively unique general solutions.
6.2 Formal Existence

We now consider formal existence in greater generality. We will take as our data a smooth manifold

M"™ with boundary S, equipped with an asymptotically hyperbolic conformal class [k]; and a
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constant A € (—1, 1). Ideally, we would like to realize M as the infinite boundary of an appropriate
cornered space (X, M, Q), and then to construct an Einstein CAH metric g satisfying Ric(g) +
ng = 0 to as high an order as possible at the corner, and satisfying Ko = Ag|ro along a finite
boundary . We know by the previous section that this problem cannot be solved if we take g to
be smooth. We thus look for solutions on a blowup space, relaxing the requirement that they be
smooth on X.

Motivated by Proposition 6.4 and Theorem 1.3 and by our need to break the gauge in the
Einstein equations, we take X = [0, 8o] x M, where 6y = cos™!(—A). We look for metrics in the
normal form (1.4). We then take S = [0, 6] x S, O = {60} x M, and M = {0} x M. We look
for a metric g on X \ (1\7 U S), of the form

g = csc?(0) [dO” + hg], (6.25)

where hg is a smooth one-parameter family of AH metrics on M with Ao € [h], and satisfying the
Einstein equation to as high an order as possible at S and the equation K5 = A g|T§ along Q . Our
goal is to prove Theorem 1.5.

Note that there is no loss of generality in our choice of X: although a general cornered space
(X, M, Q) might have boundary components M and Q of differing topology, our construction is
formal and at S, where the topology is determined by S = dM alone.

Throughout this section, it will be convenient to work explicitly with sections of the 0-edge
bundle %7T*X and its tensor products, as well as the O-bundle °7*M. We let {x*} be local
coordinates near a point p of M, so that (6, x*) gives a coordinate system on X near [0, Bo] x {p}.

We define a frame for % T*X given by

W0 — do
~ sin(6)
b dx*
psin(6)

(where p = x™).

It will be useful to compute the umbilic condition in normal form.
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Lemma 6.6. For a metric g on X in the form (6.25), let K 0 be the second fundamental form of

Q\ S, and A = — cos(6y). Then the condition K5 = Agly g is equivalent to the condition
dghglo=6, = 0.

Proof. Plainly, the inward-pointing normal to Q is given by v = — sin(@o)%. By Weingarten’s

equation,

Kp,v = _gkvv,u,vk

= Siﬂ(eo)r;wv,

where T'j0p = %(%gm} +09guv —0vgov) = %%gw. Since g, = csc?(0)h,,, and dg(csc*(0)) =
—2csc2(0) cot(), the result follows. |

As discussed in the introduction, to prove Theorem 1.5 we will choose a conformal represen-
tative h € [h]; we will take it to be in AH normal form. Then /¢ in (6.25), as discussed, will be
of the form yh, where y is a function to be determined. This motivates the following proposition,

which we will use to prove the theorem. Recall that M (6y, M) is defined in Section 3.2.

Proposition 6.7. Let n > 2, and suppose S is a smooth manifold of dimension n — 1. Given a one-
parameter family of metrics k, on S, there exists a one-parameter family of smooth AH metrics
{he 10 <6 <0y} onS x|0,¢), and a function y € C*(S x[0, ¢)), with hg = p*hg and y unique
mod O(p"), such that hg € M(6y, S x [0, ¢)), and

(b) daholo—g, = 0 for all p;
(c) 8959|p=0 = 0 forall 0;

(d) ho = y(dp* + k,); and
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(e) if g is the metric on [0, Og] x S x [0, &) given by
g = csc?(0)[d6* + hq), (6.26)
then Ric(g) +ng = Oq(p").
Moreover, ﬁ@ is even in 0 to order n.

We next prove that, assuming Proposition 6.7 is true, Theorem 1.5 follows.

Proof of Theorem 1.5 using Proposition 6.7. Let h € [h], andlet ¥ : S x [0,6) - W C M
be a diffeomorphism with a neighborhood W of S in M such that *h = dpzp—“;k”, with k, a one-
parameter family of metrics on S. Then ¥ induces a diffeomorphism id x ¥ : [0, 6] x S x[0, &) —
X =1[0,60] x M.

By Proposition 6.7, there exists a one-parameter family hg € M6y, S x [0, )) of AH metrics
on S x [0, &), and a smooth function y € C*°(S X [0, ¢)) satisfying conditions (a) - (d), and such
that g = csc?(0)(d6? + h ¢) is Einstein mod O, (p"); moreover, both Za and y are uniquely defined
mod O(p").

Let hg = (Y V)*hg € M0, W), and g = ((id x ¥)~1)*g; then it is clear that g =
csc?(0)(dO? + hy), that hg = (Y ~")*x)h € [h], and that Ric(g) + ng = O, (p"). Moreover, by
condition (b) in Proposition 6.7, we conclude that dghg|p=g, = 0. By Lemma 6.6, and because
cos(8y) = —A, it follows that along Q \ S, we have K g = Aglg- Thus, existence is established.

For uniqueness, suppose now that we have another one-parameter family 4 of AH metrics on
M such that g’ = csc?(0)[d6? + h] is also Einstein mod Og(p"), hy, € [h], and K’g = gl
Suppose also that dg(p>hg)|g = 0. Now let b, = ¥*hj, and &' = (id xy)*g’. Notice that if
we write hy = Q2hg, then Q|s = 1. Then it is easy to see that g’ and l;/@ satisfy conditions (a)

- (e) of Proposition 6.7. Thus, g — g’ = Oz(p"). Pushing forward again, we may conclude that
g—8 = O4(p"). u

We now begin working toward a proof of Proposition 6.7. Since we will have no further cause

to refer to the setting of Theorem 1.5, for the remainder of this section we will for convenience let
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X = [0, Bo] x S x [0,8),let1\7 ={0} x S x[0,¢),let M = S x [0, ¢), let Q: {6p} x S x [0, ¢),
and let S = [0, 6y] x S x {0}.
We begin by computing the following.

Lemma 6.8. Let S be a manifold of dimension n — 1, let 6y € (0, ), and let g be a metric in the
normal form (6.26) on X = [0, 00] x S x [0,¢),. Set E = Ric(g) +ng. Then E = Eijdxidxj =

Eijw'w’, where
1. 2 NINVEVAN 1. LUV 1 1. 2 r 12
Eoo = — 5 sin”(0)h"" 0gh ., + 5 sin(0) cos(8)h"" dgh . + 1 sin“(0) }Beh‘}—l (6.27)

Eoo =% sin?(0) [ 1 8o () po — 10" Dol + p (Vo) = Vo ((96h)’,)) | (6.28)

n—1

1 _ _ o _
Epy = = 5 sin*(0)8 s + Sin(9) cos(0) gy + o sin® ()7 By () o (hur)

1 _ _ _ 1 _ _
-7 sin?(0)h" 3 (h2) e (,10) + 5 sin(#) cos(0)h™ g (y2) o

(6.29)
+ (1= n)sin2(0) (1dpl2 = 1) i + (1 = 2)psin® () Vyupy + pSin®(O)V" pyiy
+ p?sin?(6) RiC(/’_l)lw.
Here indices are raised and covariant derivatives taken with respect to h = p?h, and h =

hyydxtdx’.

Proof. Using the form (6.26) of the metric, we compute the Christoffel symbols as follows in
coordinates:

Tooo = —csc(f) cot(8) Tpuvo = p~2csc?(0) cot(9), — 072 csc2(0)dgh .,

Copo =0 Coue = —p 2 csc?(6) cot(0) 1,0 + 2p72 csc2(0)dph 0

- _ (6.30)
Tive = — 202 csc?(0)ho(upvy + p > csc®(0) 0 po

Foos =0 B
+ 10_2 CSC2 (Q)Fuvaa
where T is the Christoffel symbol of /2. The result now follows from a tedious but straightforward

computation using the equation

1
Riy = &' (9 gk + Ot — 05187 — 080) + 8" (TupTikg — Tijplktg) - (631)
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We state the following, which will be of use later.

Lemma 6.9. If hg € #, (00, M, S>(°T*M)) for some | > 0 and dghg|,—o = 0, then for each
j >0, 8£E(g)|p:0 € 6}3:’1;0(9” log(Q))iC°°(§, Sz(oeT*Y)) for some finite m; > 0. Moreover
if hg is even in 0 through order k > 2, then E(g) is even through the same order as a section of
S2 (Oe T* Y)

Proof. We sketch the proof for Egy in (6.27). The evenness claim is clear, since the number of
factors of sin(6) is the same as the number of derivatives with respect to € in each term. For the
first claim, inspect each term and notice that at each finite power of p, there is a bounded power
of 8" log(#) by the hypothesis on hg. The powers of 6" log(6) in A~ are bounded at each finite
order in p due to the hypothesis that dohe |p)=0 = 0. The proof for the other components of E is

similar. u

Our approach to proving Proposition 6.7 will be to construct the metric term by term in powers
of p by solving the indicial equation, just as for the scalar Laplacian. There are two complications
compared to that case: because the operator is nonlinear and acts on sections of a 0-edge bundle,
the definition of the indicial operator is more involved and depends on the metric; and because
the indicial operator acts differently on different parts of the isotypic decomposition of the metric
tensor, there are in effect really several indicial operators. This also occurs in the usual AH case —
see e.g. [GLI1]. In that case, however, the various parts of the indicial operator are all algebraic,
not differential operators.

At each order, we will have to solve a regular singular system of ODEs given by the indicial

operators. Because we have gauge-broken the Einstein equations by requiring the metric to be in

n(n+1) t n+1)n+2)
2 2

normal form, the system is overdetermined — we have unknowns, bu equations.

We will therefore follow the usual expedient of using the Bianchi identities to show that the extra

n(n+1)

equations are automatically satisfied once we have determined the solution using ==

equations.
It is by the Bianchi equations, as we will see, that y will be uniquely determined at each order.

Because of the form of metric (6.26), we will be interested in perturbations

g g+ e,
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where y > 0 and ¢ = ¢ 0 0’ = p~?csc?(0)guydxtdx” is a section of the bundle T =
{77 €S Z(OeT*Y ): sin(@)% an = O}. A section o of T can be identified with a one-parameter
family o (0 < 6 < 6,) of sections of S2(°T* M) over M. We will also refer to ¢ = p? sin®(6)¢p =
@uvdxtdx?, which is a section of S2T*X with the property that % J¢ = 0. Fix a metric g €
C>®(X,S52(°T*X)). We now define the indicial operator I¥ : C®(S,T) — C>(S, $2(°T*X)),
depending on g, as follows. Letp € C (S, 7) be a section, andletp € C °°()7 , ) be any smooth

extension of ¢ to X . Then define I Y(¢) by

I"(p) = p" (E(g + p"¢) — E(8)) |p=o0,

where the restriction to p = 0 is taken as a section of S z(OeT*Y ). The definition is independent

of the extension ¢ chosen. As in the scalar case, /7 is an ordinary differential operator acting in 6.

Proposition 6.10. The indicial operator 17 for a metric g in the normal form (6.26) has the form

_ 7 i J
IV (¢) = I;;(p)w' ®!, where

210 () = — sin®(0) " 020, + sin(0) cos(0)* dg @, (6.32)
213, (p) =sin®(0) [(y —n) p"do@ps — (v — 1) poh™ Do@us | (6.33)
21),(¢) = — sin*(0) 35 @nn + (n — 1) sin(6) cos(6)dg@nn

+ sin(8) cos(0)dg (h** puv) + (¥ — (¥ + 1 —n) sin*(0)gun (6.34)

+y(2 = y)si® (0" gy
20 17, (9) = — sin®(0)03 (R 9y) + (21 — 1) sin(6) cos(0)dp (R 9,) (6.35)
+2(y —n)(y + 1 —n) sin?(0)@nn — 2y (y — n) sin?(0) " @,
217 (¢) = — sin®(0) 05 ¢sn + (n — 1) sin(6) cos(0)dp@sn (6.36)

217,(p) = — sin?(0)3 s + (n — 1) sin(B) cos(@)dadse — y(y + 1 —n) sin?(O)@ye, (6.37)
where (Est = Q51 — ﬁﬁ’qquﬁs,, and similarly for fst.

Note that on each fiber F of S, I restricts to an operator I : C®°(F,T) — C*°(F, SZ(OET*X~)).



93

Proof. We set § = g + p’¢u,0tw’. Writing g in the form (6.26), we see that the change
g — g is equivalent to the change ﬁwdx“dx” > (};,w + pYuv)dx*dx’. We use this ex-
pression in equations (6.27) - (6.29) to compute 1),, 1o, and 1)}, using the formula 17 (¢) =
p Y [E(g + p"@) — E(g)] | p=0. We then specialize I, with various choices of u and v to obtain
the result. We will carry out only the computation for /¢g; the rest are similar.

Because 8959|p=0 = 0, then in particular dghy = O(p) and dgh~! = O(p). It follows that the
effect of the perturbation on the inverse metric i may be ignored, as may the last term in (6.27).

Formula (6.32) then follows immediately. [ |

Before proving Proposition 6.7, we define some notation that will be useful. Notice that, by the
product structure of X, there is a natural decomposition T X ~ %T[0, 6] ® TS & %T[0, ¢),
where the summands on the right have their obvious meanings. Similarly, there is a natural de-
composition °TM ~ °TS @ °T|0, ¢). For a section T € C®(X, S2(°T*X)), we let T|rs be the
restriction of T to the middle factor in the above three-way decomposition. Now if k is a metric on
S, then p2k is a metric on °T'S. For T € C*®(X, S2(°*T*X)) and k a metric on S, we will define
the notation

the T := th2 (T|7s),

so that tf T is a section in csc2(8)C®(X, S2(°TS)). In components, this takes the usual form
U ra
(tfk T)st = Tst - I’lle qukst-

Similarly, if T is a section of S?(°T*M), then tfy, T will refer to tf (T'|7s). We will also use the

notation tfg 7 in its usual sense when 7' is an ordinary symmetric two-tensor.

Proof of Proposition 6.7. We will construct a solution order-by-order in p. At each step, we will
solve the regular singular system of ODEs given by the operators (6.32) - (6.37). As mentioned
earlier, we will actually use only some of the equations to solve for ¢, and will show that the others
are satisfied by our solution using the Bianchi identity.

We are determining /¢ in (6.26); although we will work instead with h 9 = p*hg. Our boundary

condition at @ = 6, is that dg/g lo=g, = 0. At M, our boundary condition is that ho = x(dp*+k,),
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where y is as-yet an undetermined function.

We assume for now that n > 2.

We define I;éo) = dp® + k,, and g© = csc?(0)(d6? + p~2h©®). It is straightforward to show
using Lemma 6.8 that E© := Ric(g®) + ng® = 0, (p) — only terms on the last two lines of
(6.29) are nonvanishing. We similarly define y® € C®(M) by y© = 1.

We will now proceed by induction. Let 1 < y < n — 1, and suppose for purpose of induc-
tion that we have a metric g~ = csc2(9) [d@z + p_zﬁgy_l)} and a smooth function @~V e

Cc® (1\7 ) such that
(@) ol " lp=0 = 0;
(i) 7Y™V € H,1(00, M, S>T*M) for some [;
(iii) y € C*(M);
(iv) 99hY lo—s, = 0;
W) X0 Vlpm0 = 11
vi) Ay P lo=o = x ¥V (dp* + k,);
(vii) EO7V = E(g77V) = O4(p");
(viii) ﬁ(gy_l) is even in 6 through order n;
(ix) p77 thy EYV|,20 € Bpm(Bo, S, S2(°T*M)) for some m; and
(x) 1D and 2" satisfying conditions (i) - (vii) are uniquely defined modulo O(p”).

We wish to show that we can construct a function y*) and a family of metrics h™ such that these
conditions are all satisfied with y everywhere replaced by y 4 1. (Conditions (viii) - (ix) will be

used at several points in the induction step.) Put differently, we wish to show that we may uniquely
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define perturbations ¢ € csc?(8)H,.1/(0y, S, S2(°T*M)) (for some [) and ¥ € C®(S)
such that, taking A1) = AY~D 4 prg® and y@ = y@=D 4 pYy @) the desired conditions
are satisfied. Actually, condition (vi) will be satisfied only through order y, due to the impact on
higher-order terms on the right-hand side of changing y at order y; we will restore (vi), however,
without affecting any other conditions by adding one more perturbation that is independent of 6.
We will henceforth refer just to ¢ and ¥, leaving the (y) implicit.

Define f = p7E¥~V|,_y € C"'(S, Sz(oeT*)?)lg). It is easy to see that we will have

completed the induction if we can find ¢ and ¥ such that

(1) 17(¢) = —f, where 17 is the indicial operator defined above;
() unlo=0 = V;
3) I @ulo=o = ny;
@) ¢nslo=0 = 0;
(5) Gsilo=o0 =0
(6) dg@lo=g, = O;
(7) ¢ is even in 6 through order n;
(8) ¢ € Hy1(0y,S,S*T*M) for some ',
9) ¥ € C®(M); and
(10) p~ OVt E (gW))\p:O € B (0o, S, S?(°T*M)) for some m’,

with ¢ and y determined uniquely by conditions (1) - (6). Notice by the induction hypothesis and

Lemma 6.9 that f is even in 6 at least through order 7.



96

Fixx € M NS ~ S, which we regard as determining a fiber. We will determine ¢ and ¥ on
the fiber [0, Op] x {x} x {0}. Since our constructions will all depend smoothly on x, we suppress
it when convenient and write ¢ as a function of 6 alone. We first regard ¥ (x) as a free parameter
and show that, for any choice of ¥ (x), ¢(x, €) is uniquely determined. Thus, for now regard ¥ (x)

as given, and y) = ¥~V 4 pry.

We first determine (,ZS, = tfx, . Our boundary condition at 6 = 6, is, as noted above,
d9¢|o=g, = 0. Our boundary condition at = 0 is @s: = 0. Now we wish to solve Iost(ga) = —fc;,.
By (6.37), [ acts as a scalar on @. Moreover, [ is merely % times the indicial operator of the scalar
Laplacian, by Lemma 5.2. Now by (ix), f:t € Bu.m(0o, S, S>(°T*M)), and so by Propositions
5.5 and 5.8, the equation Iost(<p) = —fit has a unique solution @, in n.m (0o, S, S2(°T*M)). By

the form (5.9) of the Green’s operator, we also may conclude that @, is even to order 7 in 6.

Now suppose 7 is odd. Because /1 is even to order n in @, in particular dgh = O(6). It
then easily follows from (6.29) that ]i, is in fact even to order n + 2. Then, by Proposition 5.8,
it follows that g?) is smooth and contains no logarithmic terms. Whether n is even or odd, then,

Gst € Hum(0o, S, S2T*M).

We next determine the trace i_z’“’gow, which for convenience we denote £(6) for the remainder
of this proof. Because of the overdetermined nature of our system, it would appear a priori possible
to use either 1), or #1** I, to do this. However, I}, is simpler because it involves only the trace
of ¢, whereas M T ,’jv involves both the trace and ¢, ,. (Because h at p = 0 is independent of 6,
we may regard 1), as giving a differential equation for £.) We thus proceed with 1J,. As usual, we
wish to solve the equation 1],(¢) = — foo, subject to the conditions £(0) = ny(x) and £'(6p) = 0.
We claim that foo = O(6*): by the induction hypothesis, d9h?~D = O(0), so the last term in
(6.27) is O(6*). The other two terms may be written — sin?(8)(h**33h,,, — cot(6)h*'dgh,,,). But
since A7~V is even in 6 to order n, the term in parenthesis is 0(6?), as claimed. Moreover, since

dghy is even through order n in 6, it follows from (6.27) that fyo is as well. It is easy to verify that
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a solution to the equation 1),¢ = — fyo satisfying £(0) = ny(x) and £'(6p) = 0 is given by

0

Bo
£(0) =2 (008(9)[9 csc® () foo(P)dep +f0 cot(¢) csc*(¢) foo(#)de

)
- [0 CSC3(¢)f00(¢)d¢) 4y ().

The solution is easily shown to be unique: the homogeneous equation is linear, with general
solution a cos(f) + b. Given the requirements that £(0) = 0 = {'(6y), we may deduce that
a = 0 = b. Furthermore, since fyo is even in 6 through order n, the solution £(6) is as well.
This may be easily verified by differentiating the above solution formula, obtaining ¢'(0) =
—sin(6) f:o csc (@) foo(@)de. Similarly, Lemma 6.9 implies that foo € H,1/ (6o, S) for some
I', and since [ 67 log(0)?d6 = O(67* ' 1og(#)?), we conclude that £(0) € Hy 1/ (0o, S) as well.

Next we wish to determine ¢y, for which we use 1;,. We get the equation

(y —=m)dopnn = (v — DE'(6) — fon(0),

with conditions ¢,,(0) = ¥ (x) and ¢, ,(6p) = 0. Now £'(6p) = 0 by construction. Moreover,
by (6.28) and our inductive hypothesis — according to which 895(1’_1”9:90 = (0 — we see that
fon(6p) = 0 as well. Thus, the right hand side vanishes at 6 = 6, and our boundary condition at
By is satisfied automatically. We can therefore integrate to uniquely determine ¢,, subject to the
condition that ¢,,(0) = y(x). By construction of £(6) and by (6.28), the right-hand side of the
above equation is odd through order n — 1; therefore, ¢,,(0) is even through order n. A similar
argument as for the trace also shows that ¢,, € #, (6o, S).

We have only to determine ¢, 5, which is to say, (% 2 ([)) |7s. To do this, we use Io;. We get

the equation
(V - n)ae(pns = _fOS(e)-

As in the previous case, the boundary condition at 6, is automatically satisfied, and we can in-
tegrate to get a unique solution satisfying our conditions; parity is preserved as desired, and

§0ns € Jgn,m(GOy S, T*M)
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We have determined ¢, and thus have constructed a g so that E)),, E};, and l%sy, = Oz (p"*).
However, it remains to analyze h E ,’1,,, E},, and E}, since their corresponding indicial operators
were not used in our construction. (We will henceforth omit the (y) from E for clarity.) For this,
we will use the contracted Bianchi identities, which state that 2V E; i =V;E l’ or working now in

the coordinate frame, that
0= Bi = 2gjk8kEij — gjkaiEjk — 2gjkgqujkql:?,-l.

We apply this to g using our earlier computations (6.30) of Christoffel symbols. Still working
in the coordinate frame, we find
By =sin?(0)dg Ego + 207 sin®(0)i**d, Eq,, — p? sin®(0)h*"dg E
+ 2(1 — n) sin(#) cos(0) Ego + sin>(6)h"" dg (EW)EOO +2(2 = n)psin®(0)p* Eoy
—2p? sin2(0)h_“”ﬁ"'lfuunﬁox§
B, =25in(0)dg Eoy — sin?(0)dy Eoo + 202 sin?(0)1*V 0, E 16
— p2sin®(0)h*V 3y E 1,y 4 2(1 — 1) sin(8) cos(0) Eog + sin?(0)1* 3 (h,1,) Eos
+22—n)p sin2(9),o'll7j’0)L —2p? sinz(Q)I;”“”ﬁ“fwnEM,
where T is the Christoffel symbol of /.

We evaluate By mod O(p?*!), using the fact that we already know the following:

o

Eq=0(""") Eu=0(")  Euy=00p""
Ens = 0(0"?) Eun = 0(0"?) W Ey, = 0(p77?).
The first row are all Og(p?*!), as desired, but the second row are one order lower. Putting these

into the equation for By and setting it equal to 0 yields
R 89 E,, = O(p" ™).

This says that pl_”ﬁ”’”l:? v lp=0 is a constant, say 7. We need ¢ = 0. By definition of the indicial
operator, the equation pl_”l;“”l%w,b:o = 5 is equivalent to saying 2};’“’1,“, () + Zﬁl‘vflw = c.

The left-hand side of this latter equation, of course, is already determined up to choice of v, since
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¢ is. Notice in (6.35) that T v depends on ¢,, and ﬁ‘“’(pw,, which in turn we have determined
using the operators (6.33) and (6.32), respectively. Neither of these operators has a zeroth-order
part, and so adding § to ¥ adds § to ¢,, and né to ﬁ”“"(pw, by our boundary conditions (2) and (3).
Now using equation (6.35), but shifting it to the coordinate frame, we see that adding § to ¥ adds
2(1 =n)(y —n)(y + 1)8 to 21,,,(¢). Thus, since y # n, there is a unique choice of ¥ (x) such
that ¢ = 0; and so we find that Y = y~1 4 p¥y is uniquely determined up through order y
so that A’ E w = Og(p”); and there remains no further freedom in our system.

It remains to analyze E‘ng. We next look at B;. We find that
200pEns + 22 —n)Eps = 0(p" ™).

Now write E,; = £,0”~2, which we may do by the above computations. Putting this into our

equation, we find
(v —mé = 0" ™),

as desired.
Before proceeding to E,n, we note that we can write EAW = ap? 2 pupv + 2600 + ,l,”;uv +
Nuv. Where pH€, = 0 = ﬁ’“’nw and 0 = p*n,,, and finally 7,, = 7n¢.). Then every term here

except ap?” "2 is O(p?~1) by our earlier analysis. Now using the Bianchi identity B, = 0, we find
200pEnn +2Q2 —n)Eyy = 00" ™).

Since E,, = ap?’~2, we find that (y — n)a = O(p), and thus, since y # n, we conclude that
Eun = 0(p"7Y).

Thus, E(g™) = O, (p”*'). Now l;((;') lies in H,. (0o, S, S?T*M) for some I’, is even to
order n in 6, and satisfies our boundary conditions. Also it is unique subject to these conditions. It
remains only to show that (10) obtains. This is trivial if n is odd; so let n be even.

Consider equation (6.29). Let v be any term on the right hand side except for the first two and

except for

1 _ _
w=> sin(0) cos(8)1™* 3 (3 )y
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then since /_19 € A, (6o, S, S2T*M), it follows easily that for every j > 0, we have
8/{;v|p=0 € By (0, S.S*(°T*M)) (some m').

For example, take v = %sinz(Q)ﬁ“a@(ﬁM)ag (hy3). The lowest order at which log(6) can ap-
pear in dghg is at power 07!, Since there is a factor of sin?(6), log(f) therefore does not
appear in v before order 871! (and in fact 6”%2, since dghy = O(H) as well). Similarly, for
i > 1, log(#)' never appears before order 6", due to the factor of sin®(f) and the hypothesis that
he € A 11(6o, S, S?T*M). The remaining terms are similar. Likewise, if v is the sum of the
first two terms, we have the same result, because n is an indicial root at 6 = 0 of the operator
—sin®(0)02 + (n — 1) sin(6) cos(6)dg. Now 0 = 9}, (Ef}{)) | p=o; since the only term in (6.29)
that might contribute a term of the form 6” log(f) is w, we may conclude that, in fact, w does not
contribute such a term for 7 (as there is nothing to cancel it out). Since 89ﬁ ;y) = 0(6), and thus
the 6" log(#) terms that might be present in 4"* and fzf}’v) cannot contribute a log(6) to w at order
6", we conclude that 3} (sin(6) cos(0)1"*8g1 )] =0 € B (6. S) for 0 < j <7y.

Now consider tfy, (o~ +DEM)) p=0- As we have seen by analyzing (6.29), every term lies in

B (0o, S, S*(°T*M)) except possibly

1
—(y+1) _ +1
tho (0™ T W) | p=0 = mtfko 8% wlp=0
. - A’ - -
= m tfxq azﬂ(sm(Q) cos(0)h"" dg(hpa)huw)lp=0-
But since tfy, h st = 0, this term vanishes unless at least one factor of d, falls on }_z,w. This

leaves at most y derivatives to fall on sin(6) cos(@)fz"kag(ﬁnl); and as just seen, for any j < v,

8{; (sin(6) COS(Q)ﬁnAagﬁnA)lpzo € B m (6o, S). We therefore may conclude that
they 0 VTVED | 2o € By (6. S, S?(°T*M)).

Thus, i;gy) satisfies all our desired conditions except (vi). As mentioned earlier, however, this is
easily fixed. Set b = M (dp? + k,) — hY’ € C*(M,S2T*M), and extend it to a section in
Cc*> ()? ,S2T*M ) by making it constant in 6. Now replace 1) by /%) 4 b. Since b is independent

of 6, this obtains condition (vi) without compromising our other conditions.
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And so by induction, we may construct g*~1 such that E(g®*~V) = O, (p"), satisfying the
desired boundary condition at M to order p" and to infinite order at Q . This completes the proof
forn > 2.

If n = 2, the above proof needs slight modification. At the first step, we define ﬁ(go) = dp*+ko,
which is constant in 6 and also in p; and also define y® = 1. It follows that E©® = 0, (p?), since
the only term in the Einstein equations that does not vanish is the Ricci term in (6.29). We need
only solve one more equation, the first-order perturbation, to be done. We set };él) = ﬁéo) + py.
The equation we wish to solve is 7! (p) = 0, with boundary conditions dg¢|g—g, = 0 and @|g—o =
D3, h, where y = y© + pyr.

Now E(()?,) =0and E(()g) = 0, so the above analysis of equations (6.32) and (6.33) goes through
without problem; this determines ﬁ“”go,w, ©Onn, and @,s. It remains to determine g?)s,. But notice
that when n = 2 and y = 1, any constant is a solution to I st(@) = 0; so we may simply set
és, = ytfj Bpl_l |p)=0. We have thus determined g, subject to the freedom in ; the Bianchi

analysis goes through as before, determining . |

Notice that it is clear from the above proof that the Taylor coefficients of &g in p are, through
order n — 1, universal functions of 6 and of k, the derivatives of k, at p = 0, and their tangential
derivatives. Moreover, the jth Taylor coefficient function depends only of 8i,kp|p:0 for j <i.

If 6o > 7, then by Proposition 5.5 there will be an indicial root y, for I ” between n and
n — 1, and uniqueness in Proposition 6.7 will not be quite to order n without the requirement of
smoothness; we will expect additional solutions with leading asymptotics at order p°.

We will now focus on the proof of Theorem 1.6. Suppose that 6§y = 7. By Propositions 5.7,
5.8, and 6.10, we know that n is an indicial root, and that we can solve the tracefree part of the
Einstein equations to order O, (p" ') by a smooth perturbation only if the tracefree tangential part
of p™E (g™~ 1)|,= is orthogonal to wy = sin”(6) with respect to the measure sin~ "D (9)d6.
This suggests a way to define the obstruction tensor promised in Theorem 1.6. Suppose M" is
a manifold with boundary S, and equipped with a metric r. Near S, we can uniquely define a

diffeomorphism 7 : S x [0, &), <> M so that n*t = dp* + k,, and so that | sx(o; = ids. Then by
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Proposition 6.7, there is a metric g in the normal form (6.26) on 5(% , Where X = [O, %] x 8§ x[0,¢),
and a function y € C°(S x [0, £)) such that (a) - (€) hold. Now notice that for any section °T €
C>(S,S 2/(0e T*X ) satisfying T = O, (sin*(6)), we can get a well-defined corresponding section
T € C>(S,S2T*X) by setting T = p>(°T). Now observe that E(g) € C®(S2(°¢T*X)), with
E(g) = Og(p"). In particular, p™" tfy, E(g)|,=0 € C®(S,S%(°T*X)). Moreover, E(g) =
Og (sin?(0)). This follows easily from equations (6.27) - (6.29), remembering that dghg = O0(0)
by evenness in 6. Thus, p*[p™" tfx, E(g)lp=0] € C®(S,S2T*X). For shorthand, we write
> "ty E(g)]p=0 € Cc>(S,S 2T*X ). Thus, we define a smooth symmetric tracefree tensor

K (t) on S by

K (v) = (p*7" thiey E(8)lp=0 Wo) 4w+ (940

g

— 2 / * ese(0) E(g)do

0

(6.38)
€ S2T*S,

p=0

[e]
where E here refers to tfy, E.

Proof of Theorem 1.6. We first must show that K (t) is well defined. First, the integral (6.38)
converges, since E,, = O(6) by (6.29). Next, although hg is only determined mod O(p"),
perturbations of the form hy +— hg + p"@ satisfying @lg—o = 0 and doPlo=g, = O leave
(thko 0> E(@)|5.75> Wo), —nsn) (6)a0 Wnchanged, since 7 is an indicial root of I I and, by Proposi-
tions 5.7, 5.8, and 6.10, the image of 1" is orthogonal to sin” (). Thus, K () is well defined.

Next, we must show that the conformal transformation law holds. Suppose 7 = 21, where
Qe C®M). Letn: S x[0,e); < M be a diffeomorphism onto a neighborhood of S so that
Nt = dp* + lgﬁ and so that 7| sxqo; = ids. Let };9 and y satisfy (a) - (e) in Proposition 6.7, in
particular with };190 = 7(dp? + kp). Similarly, we take § = csc2(0)[d02 + hg].

Set hg = 7*(7~")*hg, as well as § = 7*(p~))*y and 5 = 7*(~1)*p. Similarly set @ = 7H*Q.
Now plainly

This implies that ﬁo = %ﬁo. Since ﬁo and ﬁo are both AH metrics on S x [0, €), we must
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therefore have

p .
= = Q2|p=0-
Now
S I P .
p*ho = Zp°ho = Q72 1(dp* + kp),
P P
where /p;_iﬁ—z X = 1. Thus, by the uniqueness statement in Proposition 6.7, hy = }Azg mod

p=0 )
O(p"). Set g = csc?(0)[dO? + hg] = H*(n~!)*g. It then follows from the discussion in the first

paragraph of this proof and the fact that n|,—¢ = 7|;=¢ = id that

K (2) = (p*7" thy E(8)lo=0. Wo)jy—+1) (940
= < 2-n tf,go E(2)|p=0, w0>

F

sin~ ™+ (0)do

sin~ ™+ (09)do
An—2
= '?n— </32_" tf; E(§)lrs, w0>
o2 0 sin~ ("D (0)do |

= Q5K (D)
= Q52K (D),

which is the desired result.

We need finally to show that X is generically nontrivial. We will do this by showing that
K () = ¢ty akal,o=0 + K'(1), (6.39)

where ¢ # 0 and K'(t) depends only on Bﬁkp|p=0 for j < n. To proceed, let k = 97kpp=o0,
and extend it to be a section in C °°(§ ,S2T*S) by taking it to be constant in . Define ¢ €
H, (0. S,S2T*S) by Bgﬁst = kst + 95((x — Dkp)|p=0 + ¢, where the second term, like «,
is extended to be constant in 6. Notice that the second term depends only on 8{;kp| p—=o for
J < n. Plainly, we have ¢|p=¢ = 0 and dp@|9=g, = 0. It follows then that the inner product
(p* " tfy, E|p=0, wo) is independent of @, by the discussion in the first paragraph of this proof. We
wish to find the coefficient of Ky; in (p>™ tfx, £, wo), and in particular to show that it is nonvan-

ishing.
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Consider now the last term of E,,, in (6.29), which is u,, = p* sin?(0) Ric(h) wv- Recall that

the expression for Ric(h) v 18
- 1- - - o
Ric(h),,, = 5h"*(aikhm—a hur—02 00— 0% hna) + "™ W (Tuao Toge— Tive Tyaz) (6.40)

Now because ﬁgl p=0 = dp? + ko, we see that the third term contributes to u a term of the form

1

— 31 sin?(6) p" 8Zﬁw. No other term of (6.40) contributes a multiple of 8’;}; wv at order p”.

Thus, in particular, u contributes a term of the form — 1 3 sin? (9) ,o”/%s, (as well as terms involv-

2(n—2
ing @5, and lower orders of k,) to E,.

Consider next the second-last term of (6.29), which is p sin® (Q)V”pnﬁ wv- Because of the factor
of p, it does not make any contribution of the form p" K tO E?? ot

Next consider the third-last term, v, = (n — 2)psin®*(8)V,,p,. It is easy to compute that this

takes the form

-2 _ -
SIHZ(Q)P(aphuv —20(uhvyn) + O(p).

UILV =

The third-last term thus contributes a term of the form ( 1), sin (0) ol Kss tO E St

We claim that no other term of (6.29) contributes a term involving « to E at order p”. The
first two terms do not, because xk does not depend on 6. The next three terms do not because
d¢h = O(p); and the next, because |d,o|% — 1 = O(p). Thus, the only contributions of K; to l%s,

are those already calculated from the seventh and ninth terms; their sum is 5 p" sin?(0)Ks;.

1)'

But it is plain that the coefficient of p” here is not orthogonal to csc(6); mdeed,

- . o —1 % . °
m(SIHZ(Q)K”, wO)Sin_(”+1)(9)d9 = m/(; Sln(Q)KstdQ

-1
T2
Thus, (6.39) holds with ¢ = 2(n_——11)' Now t (thus k,) may be changed at order p” inde-

pendently of any lower orders; and we have seen above that changing ¢ does not alter the inner

product (pz_”Eo|p=0, Wo) -+ (gyag- Thus, for generic choices of tfy, 07kp|p=0 = K, K (1) is

sin

nonvanishing. u
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Chapter 7

FUTURE DIRECTIONS

The preceding work puts focus on several natural lines of inquiry.

Theorem 1.4 suggests that a polyhomogeneity result should obtain for harmonic functions (and
perhaps eigenfunctions of the Laplacian) on CAH spaces with inhomgeneous Dirichlet conditions
at M and the homogeneous Neumann condition at Q. Proving such a theorem, in addition to its
inherent interest, will be a valuable first step to developing tools for doing geometric analysis on
0-edge spaces. Appropriate function spaces will have to be developed on the blowup to handle
conditions at all three boundary faces at once, and then bootstrapping techniques adapted. One
could also pursue a pseudodifferential calculus for these spaces, which was the approach used in
the edge case in [Maz91]. (See also [Hua06].) Obvious generalizations of this problem would then
be to study different boundary conditions and their effects, as well as more general elliptic 0-edge

operators.

Having studied regularity, it will be interesting to pursue also questions of existence and unique-
ness of scalar harmonic functions with different choices of boundary values at M and Q. These

questions should use many of the same tools developed for regularity.

A related problem is to pose and then study the scalar scattering problem on a CAH Einstein
space, analogous to the scattering problem studied in [GZ03]. That paper also relates the scattering
matrix on an AH space to interesting geometric invariants of the boundary, such as at the Q-
curvature. It will be interesting to see what, if any such relationships hold at the corner of a CAH
Einstein space. Another significant application of scattering in the AH setting has been in studying
the fractional Laplacian, which may be defined holographically in terms of a scattering problem
([CdAMG11]). Thus, one could hope to start with a manifold M with boundary, realize it as the

infinite face of a cornered space X, put a boundary condition (say the totally geodesic one) on Q,
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and then use a scattering problem for the (formally) Einstein metric on X to give a new definition
of the fractional Laplacian on a manifold with boundary. This could be useful, for example, in
studying Dirichlet problems for the fractional Laplacian.

The problems suggested for the scalar Laplacian largely have much more challenging analo-
gies for the Einstein operator, which on the other hand should be more interesting. Much as
the Fefferman-Graham formal existence result (Theorem 2.5,[FG85]) suggested a regularity re-
sult (Theorem 2.6,[CDLS05]) so our formal existence result, Theorem 1.5, suggests a regularity
theorem of polyhomogeneity type for CAH Einstein metrics satisfying the CMC umbilic condition
Ko = Ag|ro at Q. Due to the analysis carried out in this thesis of the tracefree tangential part of
the Einstein operator, we may expect that the regularity behavior of Einstein metrics will depend
crucially on the value of A (and thus of 6y = cos~'(—A)). If 6, = Z, for example, corresponding
to the totally geodesic condition A = 0, we expect that Theorem 1.5 can be extended to powers
beyond 7 by the introduction of logarithmic terms as in Theorem 1.4, and that a polyhomogeneity
result will follow in turn. (It follows from work not included in this thesis that there is no obstruc-
tion to infinite-order formal existence other than the obstruction at each order n + 2k to solving
the trace-free tangential part of the indicial equation.) For other values of A, more complicated
behaviors can be expected, including non-integer powers of the radial coordinate.

Attacking this problem will require significant analysis of operators on spaces of 0-edge tensor
fields, analogous to that carried out in the usual case in [Lee06], but complicated by the presence,
on the blowup, of three boundary faces instead of one and boundary conditions at two faces. The
related fact, already seen in this thesis, that indicial operators are regular singular ordinary differen-
tial operators as opposed to algebraic ones will also again change the analysis. Since the Laplacian
is the principal part of the trace-free part of the gauge-broken Einstein operator, the analysis carried
out in the scalar case will be very useful in this work.

Additional questions include studying regularity for different boundary conditions on Q; see
[AndO8b].

Studying existence of Einstein metrics has proved to be an extremely challenging problem

even in the usual AH setting, still open in most cases, and there is every reason to expect it to be
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even more challenging with a corner. A classic result in the AH setting is the perturbation result
([GL91]) on the sphere, wherein existence is shown for perturbations of the conformal infinity [/]
of the sphere. This was generalized to other manifolds in [Biq00] and [Lee06]. Given the machin-
ery that could be developed in studying the regularity problem, it may be possible to reproduce the
AH perturbation result in the CAH setting. Another such problem, which has no analogue in the
non-cornered AH setting, is to study existence under perturbations of A, given a value for which
an Einstein metric exists.

Olivier Biquard has pointed out to us that a global perturbation existence result in the case of
totally geodesic finite boundary Q should follow from low-regularity versions of the usual AH
perturbation existence theorem ([GL91],[Biq00],[Lee06]). Specifically, suppose we are given a
cornered space (X, M, Q) with a CAH Einstein metric g and conformal infinity [k] on M, and
such that Q is totally geodesic. We may double X across Q, and extend g to a C! metric on 2X
because Q is totally geodesic. The doubled infinite boundary, 2M , is a manifold without boundary,
and has a double conformal infinity 2[/], which likewise will only be C!. And so, by the usual
perturbation result, but with low regularity requirements, it would follow that any sufficiently small
perturbation of 2[] will lead to a new Einstein metric g’ on 2X . Restricting this new metric to X
then produces a perturbation result on X. There are, of course, many details to work through in
working out this argument fully.

There have been some very interesting rigidity theorems for AH Einstein manifolds, such as
in [Qin03] and [STOS]. Generalizing these results to CAH spaces gives another set of interesting
problems.

A quite novel feature of CAH spaces, and specifically of their blowups, is that they contain
a corner that is the intersection of two faces with edge structures. (Such a situation has been
considered before only in [Hua06], to our knowledge.) Many of the novel features that arise in
studying the aforementioned problems will be manifestations of this fact. A fruitful path to pursue
after some of the above questions have been studied may therefore be to generalize the tools and
results that are developed to more general spaces with intersecting edge structures. Examples

would include AH spaces with corners of higher codimension, or the setting of [MW14] with the
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addition of boundary knots (which is a situation the authors of that paper have begun studying).

In addition to these questions in geometric analysis, the work in this thesis raises several more
geometric questions. It would be interesting to understand more about the properties of the confor-
mal hypersurface invariant identified as an obstruction in Theorem 1.6. Other conformal hypersur-
face invariants have recently arisen in the study of the singular Yamabe problem (see [GW15] and
[Gral6]), of renormalized area of minimal surfaces ([GR]), and of the the conformal Gauss map
([QWZ16]). Where this obstruction falls among them, however, is not yet completely clear.

Another invariant object which we have not studied in depth so far is in the setting of Theorem
1.5 with a given, fixed value of A. The induced metric 7o on M, or rather its (n — 1)-jet at S, is
invariantly defined. A natural question is — does this lead to any interesting conformal invariants?
Although it is not proved in this thesis, we have done work that shows that uniqueness fails in
general at order n in the expansion, even if A # 0. In case A € (—1, 1) is such that no indicial
roots are integers, we would like to understand whether there are any additional natural conditions
that would restore uniqueness and determine an infinite invariant jet for #y. This would be a way
of singling out a specific representative in a conformal class (to infinite order), something we can
currently do only through order n — 1.

A further geometric question that merits study is the generalization to the cornered setting of
the renormalized volume, and its relation, if any, to the normal form we have given in this paper.

Finally, the definition given in this paper of admissible metrics g on a blowup b : X > X
depends on the existence of a smooth metric g4+ on X such that g = b*g, + L. It would be
interesting to know whether an intrinsic definition can be given that relies only on the structure of
X asa 0-edge space, perhaps with some additional invariant structure arising from ». Examples of

such conditions can be found in [GK12].
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