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Uniform measures have played a fundamental role in geometric measure theory since they
naturally appear as tangent objects. They were first studied in the groundbreaking work
of Preiss where he proved that a Radon measure is n-rectifiable if and only if the n-density
at almost every point of its support is positive and finite (see [P]). However, very little is
understood about them: for instance the only known n-uniform measures not supported on
an affine n-plane were constructed by Preiss in 1987.

In this thesis, we prove that the Hausdorff dimension of the singular set of any n-uniform
measure is at most n — 3. Then we characterize 3-uniform measures with dilation invariant
support and construct an infinite family of 3-uniform measures all distinct and non-isometric,

one of which is the Preiss cone.
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Chapter 1
INTRODUCTION

1.1 Introduction to n-uniform measures

The notion of n-uniform measure arose from the study of the relation between the rectifiabil-
ity of a measure and its density. In [Bel], [Be2] and [Be3|, Besicovitch proved the following

theorem.

Theorem 1.1.1 (Besicovitch). If E C R? is such that
4B E
(BN B)

r—0 2r

=1 (1.1.1)

for H' almost every x € E, then H' almost all of E can be covered by a countable union of

continuously differentiable curves.

This led to the natural question of whether this result generalizes to higher dimensional
euclidean spaces and higher densities. To answer that question for d = 3 and n = 2,
Marstrand introduced a seminal notion of weak tangent planes in [Mar], which was then

extended by Mattila in [Mat1] to general n,d.

Theorem 1.1.2 (Marstrand-Mattila). Let 0 < n < d < oo be integers and w,, denote the
Lebesgue measure of the unit ball in R™. If E C R? is such that

lim H"(B(z,r) N E)

r—0 wWpr™

—1 (1.1.2)

for H™ almost every x € E, then H™ almost all of E can be covered by a countable union of

continuously differentiable n-submanifolds.

The main idea of the proof of this theorem is that it is enough to prove that the set

E has weak tangent planes at almost every point to deduce rectifiability: this means that



at any small enough scale r, the set E is close in measure to some plane V, In [P], Preiss
formalized and extended the notion of weak tangent planes to the more general idea of
tangent measures, and proved the following remarkable theorem relating the density of a

measure and its rectifiability (See Definition 2.1.11).

Theorem 1.1.3 (Preiss). Let 0 < n < d < oo be integers, and ® be a Radon measure in R%.
There exists @ = w(n,d) that satisfies the following property. If ® is such that
(B(z, 1))

®(B
0 < timsup 2 BE) g 4 gy fiming ZEET) (1.1.3)

r—0 T r—0 rm

for ®-almost every x € R%, then ® << H" and ®-almost all of R? can be covered by a

countable union of continuously differentiable n-submanifolds.

One of the main insights in the proof of this theorem is that the “closer” a measure is to
having n-density, the closer its tangents are to being n-uniform, i.e. the measure of a ball
of radius r centered at any point of the support is ¢r™ for some absolute positive constant
c. In particular, if a measure has n-density at almost every point, then its tangents are
n-uniform measures at almost every point. Having weak tangent planes at a point translates
to having all tangent measures flat at this point, i.e. at almost every point of the support,
every tangent measure is of the form ¢H"LV for some n-subspace V. Notice that if V' is an
affine n-subspace of R?, then the measure H" is n-uniform. Indeed, it is trivial that for every

p € V, we have for every r > 0

H"(B(p,r) NV) = wpr™.
One is therefore tempted to make the following conjecture:
Conjecture 1.1.4. Every n-uniform measure in R? is flat.

This conjecture is true for n = 1,2, d. If that conjecture were true in general, then Preiss’
theorem would follow from the (relatively easy to prove) fact that tangents are n-uniform at

almost every point. However, in [P], Preiss showed that it is not.



Theorem 1.1.5. (Preiss) Let C C R* be the following cone:

C={(z,y,2,t) eRY* +y* + 2 =7} . (1.1.4)

Then, for every p € C and r > 0, we have:

H*(B(p,r)NC) = %17?7"3. (1.1.5)

Therefore, to prove Theorem 1.1.3, one needs a better description of the geometry of n-
uniform measures. Marstrand had already proven that at almost every point of the support of
a measure ¢ having positive and finite density, there exists at least one flat tangent measure.
Preiss’ approach to solving this problem was to prove a connectedness theorem for tangent
measures. Roughly speaking, he proved on one hand that the set of tangent measures at a
point is connected in the metric of weak convergence of measures, and on the other that flat
and non-flat measures are in distinct connected components. This implies that the existence
of one flat measure in the set of tangent measures at a point forces all tangent measures at
this point to be flat.

Since n-uniform measures appear as tangents to a large class of measures, any improve-
ment in their description leads to a better understanding of the regular and singular sets
of the measures they are tangent to. For instance, the results on the connectedness of the
set of tangent measures and the separation of flat and non-flat measures had far reaching
consequences in different areas of analysis. (See [KPT], [PTT], [DKT].) Very little is known
about n-uniform measures. Kirchheim and Preiss proved in [KiP] that the support of such
a measure is an analytic variety and Tolsa showed in [T] that it is uniformly rectifiable.
However, since the only two known examples of n-uniform measures. up to taking cartesian
products, were the flat measures and the cone C, it is difficult to make sense of the "separa-
tion between flat and non-flat" result as it describes a landscape that is essentially unknown.

One of the main contributions of this thesis is a construction of new examples.



1.2 Structure of the thesis

The thesis is divided into two further chapters. We briefly present their content, as a proper

introduction is contained within each individual chapter.

In Chapter 2, we study the singular set of an n-uniform measure in R?. Let u be an
n-uniform measure in R?. At every point x of its support 3, there exists a unique tangent
measure ¥ up to normalization. Moreover, this tangent measure is conical: this means that
for every Borel set A, and every r > 0, v*(rA) = r"v*(A). Whenever v* = ¢H"V,, for some
n-subspace V., we say x is a regular or flat point of u. Every non-flat point is called singular.
We can therefore decompose ¥ into its regular part R, which is an open set and its singular
part S, which is a closed set. Our aim is to prove a bound on the Hausdorff dimension of
Sy

Our main result is that the Hausdorft dimension of S, is at most n — 3. Moreover, this
result is sharp: Preiss’ example (1.1.4) allows one to construct n-uniform measures with
S, =R"3.

This result is proven in two steps: we first consider the case of a 3-uniform conical
measure and prove that it is a C** submanifold away from the origin. The second step is an
inductive dimension reduction argument on the singular set of general n-uniform measures.
The dimension reduction argument assumes that one’s object of study has the property that
its singularities are “stable” under blow-ups. We therefore have to prove such a stability
result for n-uniform measures. This follows from a generalization of the connectedness of

tangent measures result of Preiss: it will force singularities to blow up to singularities.

In Chapter 3, we answer the question of the existence of non flat 3-uniform measures
different from the cone C' constructed by Preiss, in the affirmative. To do this, we build on
a result from Chapter 2 describing the spherical component of a conical 3-uniform measure
to be a bounded 2-uniform measure up to r = 2. We use this to give a characterization of
conical 3-uniform measures via their spherical component: the latter need to be a union of

2-spheres. The problem of constructing 3-uniform measures is thus reduced to the combina-



torial problem of finding configurations of 2-spheres that satisfy certain conditions in terms
of their centers and relative angles. The chapter ends with a construction of a family of such

examples.



Chapter 2

A SHARP BOUND ON THE HAUSDORFF DIMENSION OF
THE SINGULAR SET OF N-UNIFORM MEASURES

This chapter gives a sharp bound on the Hausdorff dimension of the singular set of an
n-uniform measure in R?, where a point is called singular if its tangent is not n-flat: we
prove that the Hausdorff dimension of the singular set of an n-uniform measure is at most
n — 3. This bound effectively proves that the case of Preiss’ 3-uniform cone is in fact the
worst in terms of the dimension of its singular set.

A measure P is n-rectifiable if it is absolutely continuous to H™ and there exists a count-
able collection of C' n-manifolds {M;}, such that O(RN\ Y ; M;) = 0. In [P], Preiss proved

the following remarkable theorem relating the rectifiability of a measure to its density.

Theorem 2.0.1 (|P]). A Radon measure ® of R is n-rectifiable if and only if it satisfies

the following property:

(B
The density ©"(x) = lir% M exists and is positive and finite for ® — a.e. © € R%
r— Wpr™
(2.0.1)

To prove this theorem, Preiss studies the geometry of n-uniform measures which appear
as tangents (blow-ups) to measures satisfying (2.0.1). A measure x is said to be n-uniform
if there exists a constant ¢ > 0 such that for any x in the support of p and any radius r > 0,

we have:

u(B(x,r)) =cr™. (2.0.2)

In [P], Preiss also provides a classification of the cases n = 1,2 in R? for any d. In these

cases, i is n-Hausdorff measure restricted to a line or a plane respectively.



Interestingly, flat measures are not the only examples of uniform measures. Indeed, in
[KoP], Kowalski and Preiss proved that p is (d— 1)-uniform in R? if and only if u = ¢H4 1LV
where V' is a (d — 1)-plane, or d > 4 and there exists an orthonormal system of coordinates
in which ¢ = H4 1 (C x W) where W is a (d — 4)-plane and C is the Preiss cone. The
classification for n > 3 and codimension d — n > 2 remains an open question.

Kirchheim and Preiss later proved in [KiP] that the support 3 of a uniformly distributed
measure (of which n-uniform measures are an example) is a real analytic variety, namely
the intersection of countably many zero sets of analytic functions. An application of the
stratification theorem for real analytic varieties implies that > must be a countable union of
real analytic manifolds and the singular set has Hausdorff dimension at most (n — 1).

We investigate the Hausdorff dimension of the singular set S, of an n-uniform measure

. Our main result is the following theorem.

Theorem 2.0.2. Let ;1 be an n-uniform measure in R? , 3 < n < d and denote the support

of w by X. Then X can be written as a disjoint union
YX=R,US, (2.0.3)
where S, the singular set is a closed set,
dimy(S,) <n — 3, (2.0.4)

and R, is a CY* submanifold of dimension n in R Here dimy denotes the Hausdorff

dimension.

In the cases n = 3, d = 3, it is a standard result that the only 3-uniform measure (up to
normalization) is 3-Lebesgue measure. In this case, the bound is obvious. To see that this

bound cannot be improved, let n > 3, d > n and consider the measure p defined as:
w=H"'"M, (2.0.5)
where M is the set

M ={(z1,...,zq);0; =2 + 25+ 25 and Ty = ... =24 =0}. (2.0.6)



By [KoP], since products of uniform measures are uniform, yx is n-uniform. Moreover, the
singular set of y is R"~® which has Hausdorff dimension n — 3.

This theorem is first proven for the base case n = 3. The crux of this argument is a
theorem stating that conical 3-uniform measures have at most one singularity at the origin.
We then prove that singular sets of n-uniform measure behave nicely under blow-ups. This
allows us to adapt Federer’s dimension reduction argument to generalize our base case to
any dimension n.

We briefly discuss the steps of our proof. In the first section, we limit our investigation to
n-uniform conical measures. A conical uniform measure is a measure that is dilation invariant
up to appropriate scaling. We first obtain a polar decomposition for such a measure. By
polar decomposition, we mean that the measure decomposes into a spherical and a radial
component. Using this decomposition, we isolate the spherical component of a 3-uniform
measure and prove that it is locally 2-uniform. This allows us to deduce that every point of

the spherical component is flat from which the following theorem follows.

Theorem 2.0.3. Let v be a conical 3-uniform measure in R and let ¥ be its support. Then

there exists v > 0 such that X\ {0} is a C* submanifold of dimension 3 .

In the case where v is a conical n-uniform measure, for general n, the spherical component
turns out to be uniformly distributed. This means that there exists a function ¢ : R, — R,

such that for any point = of its support, and any positive radius r > 0

v(B(z,r)) = ¢(r).

We use this result to show that for a conical n-uniform measure, Kirchheim and Preiss’ result

can be improved to an algebraic variety that is symmetric with respect to the origin.

Theorem 2.0.4. Let v be a conical n-uniform measure in R? and ¥ its support. Then ¥ is

an algebraic variety and

Y =-3. (2.0.7)



In the second section, we first start by proving a lemma about the connectedness of blow-
ups along a sequence of points. This connectedness is expressed in terms of a measure’s
distance from flat measures. To this effect, we use a positive functional F' defined on Radon

measures satisfying F'(¢) = 0 if and only if p is flat .

Lemma 2.0.5. There exists ¢g > 0 such that the following holds. Let p be an n-uniform
measure in R, (zp)r C supp(p) and (1)x, (o) sequences of positive numbers decreasing to

0. We also assume that oy, < 1, and that there exist n-uniform measures o and B such that:

fay,ze = @ and flo, o — 3.

Then:
F(a) <e = F(B) < .

We use this lemma to deduce a theorem about the convergence of singular sets. Roughly

speaking, blow-ups preserve singularity.

Theorem 2.0.6. Let i be an n-uniform measure in R, xq € supp(), (z;); C Sy, (r;); any

sequence of positive numbers decreasing to 0. Also assume that y; = ==

Then

€ B(0,1), y; = y.

j
yes,,
where v is the tangent to p at xy with appropriate normalization.

2.1 Preliminaries

Let us start by defining Hausdorff measure and the concepts of upper and lower density.
Though these definitions are standard, we make them to keep track of the constants, espe-

cially in the second section.

Definition 2.1.1. We define w, to be the constant:
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so that in particular w,, is the volume of the unit ball B™(0,1) when m € N. For § € (0, 00|,
define H3, s < d, to be the measure in R? defined in the following way. If A C R?

= ((diam(E;)\*
S A — f J
H5(A) = wsin ;(—2 ) ,
where the infimum is taken over all countable coverings {Ej}j of A such that diam(E;) < 6.
Then define s-Hausdorff measure H® to be

He(A) = lim Hi(A),

6—0

= sup H5(A). (2.1.1)

6>0

It is a standard result of measure theory that H* is a Borel reqular measure on RY.

Definition 2.1.2. Let ® be a measure on R?, x € R%. We define the lower density 03(®, )

and upper density 0°(®,x) of ® at x to be

03 (®, x) = lim inf M

r—0 wer?

o(B
0**(®, ) = limsup M

sup — 2 (2.1.2)

If the limsup and the liminf coincide, we call their common value the density of ® at x and

denote it by 6°(P, x).

We will need the two following theorems in Section 3 of the paper. The co-area formula
will allow us to decompose a conical uniform measure into a spherical and a radial component.
As for the area formula, it will be used to compute the measure of a ball by the spherical

component.

Theorem 2.1.3 ([S]). [The area formula] Let f : R™ — R? be a 1-1 C function where

m < d. Then, for any Borel set A C R™, we have:

/A Jf(x)dL™(z) = H™(F(A)) (2.1.3)
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where

= Vdet((df (x))* o df (x)), (2.1.4)

and (df (x))* is the adjoint of df ().

The co-area formula can be viewed as a more general form of Fubini’s theorem. To state
it, we first need to define a notion of gradients for Lipschitz functions whose domain is a
rectifiable set.

Let M be an n-rectifiable set in R? (in particular n < d) that is, M can be written as
a countable union of C' manifolds {/N;} up to a set of H"-measure zero. Let f: M — R™
with f = (f1,..., fm) be a Lipschitz function. Then by Rademacher’s theorem, f is almost
everywhere differentiable (the same holds for each f;). With this in mind, for x € N; for
some j (in particular this is true for H™ almost every x € M), T, M = T,N; the tangent
plane at z as a point of N;. At H"-almost every point of M, we can define the gradient
VM f, = Vi f; of f; and the linear map d™ f(z) : T,M — R™ in the following way:

d" fx)(r) = (m, VM fi(x)) e, (2.1.5)

J=1

where {e;} is an orthonormal basis of R™.

Theorem 2.1.4 ([S|). [The co-area formula] Let M C R? be an n-rectifiable set and f :
M — R™ m < n < d a Lipschitz function. Then for any non-negative Borel function

g: M — R, we have:

/M (@) i f(e)dH" @ /m/ 2)dH" " (2)dL™ (y), (2.1.6)

where

Jarf (@) = V/det(dM f(z) o (dM f(x))*). (2.1.7)

When studying the convergence of Radon measures, it is often very useful to metrize the

space of Radon measures. We start by defining the notion of the support of a measure.
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Definition 2.1.5. Let i be a measure in RY. We define the support of ju to be
supp(p) = {z € R%: w(B(z,r)) > 0, for allr > 0}. (2.1.8)
Note that the support of a measure is a closed subset of R%.
We can define weak convergence for a sequence of Radon measures.

Definition 2.1.6. Let ®, ®;, j > 0 be Radon measures in RY. We say that ®; converges
weakly to @ if for every f € C.(RY), the following holds:

/f(z)d@j(z) — /f(z)dcb(z) (2.1.9)
We denote it by ®; — @.
The results in this section appear in this form in [Matl1].

Theorem 2.1.7. Let ®; be a sequence of Radon measures on RY. Then ®; — @, if and only
if for any K compact subset of RY and any G open subset of R¢ the following hold:

1. ®(K) > limsup ®,(K).
2. ®(G) < liminf ®,;(G).
Theorem 2.1.8. Let ®; be a sequence of Radon measures on R? such that

sup(®;(K)) < oo,

J

d .
for all compact sets K C R®. Then there is a weakly convergent subsequence of ®;.
We now want to define a metric on the space of Radon measures.

Definition 2.1.9. Let 0 < r < co. We denote by L(r) the set of all non-negative Lipschitz
functions f on R? with spt(f) C B(r) and with Lip(f) < 1. For Radon measures ® and ¥

on R, set

F,(@,@):sup{’/fd@—/quf‘ :feﬁ(r)}.
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We also define F to be
F(®,0) = 27"F(®,0).
k

It is easily seen that F, satisfies the triangle inequality for each r > 0 and that F is a metric.

Proposition 2.1.10. Let ®, ®;, be Radon measures on R%. Then the following are equivalent:

2. lim F(®,,®) — 0
3. For allr >0, lim;_,o F,.(®;,®) = 0.

Let u be a Radon measure on R? and X its support. For a € R?, r > 0, define T}, to be

the following homothety that blows up B(a,r) to B(0,1):

T, (1) = =2,

r

We define the image T, ,[p] of p under T, , to be the following measure:

Torul(A) = (T, 1 (A)),
= u(rA+a), ACRL

Definition 2.1.11 ([P|). We say that v is a tangent measure of u at a point ro € RY if
v is a non-zero Radon measure on R™ and if there exist sequences (r;) and (¢;) of positive

numbers such that r; | 0 and:
¢iToyrllt] = v asi — oo, (2.1.10)

where the convergence in (2.1.10) is the weak convergence of measures. We write v €

Ta’n(lu’a ]30)-
Remark 2.1.1. By Remark 14.4.3 in [Mat2], if

0 < O (1, o) < O™ (,x0) < 00, (2.1.11)
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and if v € Tan(u, 7o), then we can choose (r;) such that:
i Ty r;[1t] = cv as i — oo, (2.1.12)

for some ¢ > 0. In the setting of this paper, (2.1.11) will always hold and we will only use

(2.1.12) when talking about tangent measures.

Definition 2.1.12. A measure on R? is called n-flat if it is equal to cH™_V , where V is an
n-plane, and 0 < ¢ < 0.

Let i be a Radon measure on R and xy be a point in the support ¥ of p. We will call
xo a flat (or reqular) point of X if there exists an n-plane V' such that

Tan(p, xg) = {cH"LV ; ¢ > 0}. (2.1.13)
Any point of X that is not flat will be called a singular (or non-flat) point.

Definition 2.1.13. Let p be a Radon measure in R.

o We say p is uniformly distributed if there exists a positive function ¢ : Ry — R, such
that:
w(B(x,r)) = ¢(r), for allz e 3,r > 0.

We call ¢ the distribution function of .
o [f there exists ¢ > 0 such that ¢(r) = cr™, we say p is n-uniform.

o If p is an n-uniform measure such that Ty .[u] = r™p for all v > 0, we call it a conical

n-uniform measure.

In [[P], Theorem 3.11|, Preiss showed that if p is an n-uniform measure, there exists a

unique n-uniform measure A such that:
r "y (1] = A, as r — oo, (2.1.14)

for all z € R%. ) is called the tangent measure of ; at co.
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The following theorem describes a basic but essential property of uniformly distributed

measures: how radial functions integrate against them.

Theorem 2.1.14. Let u be a uniformly distributed measure on R? and f be a non-negative

Borel function on Ry. For all z,y € supp(u), we have:

[ = 2dute) = [ £(4e = )duto)

Proof. This is a simple application of Fubini’s theorem. Indeed, if f = a)x, where o > 0

and I = (¢,d) is an interval

[ = <dute) = o [t ate = 2 =
= a (u(B(z,d) N B(z,d)°)),
= a (u(B(y,d) N B(y,c))), since u(B(z,7)) = p(B(y,r)) for all r
- / £ — yl)du).

The result follows for general non-negative Borel functions by linearity of the integral and

density of step functions. O

In [P], Preiss introduced the following k-forms which were essential to understand the

structure of uniform measures.

Definition 2.1.15 (3.4.(1), [P]). For p uniformly distributed measure in R?, s > 0 and
k € N, define the following symmetric k-linear form by, € OFR?:

bes(ur © ... Oug) = (25)F(I(s)k!)) /(z, w) ..z ) e du(z), (2.1.15)
where

I(s) = /e_5|z|2d,u(z).

We will quote a theorem by Preiss describing Taylor expansions of those forms, and two

consequences of this expansion.
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Theorem 2.1.16 (3.6, [P]). Let u be a uniformly distributed measure in R,
1. There are symmetric forms b,(f ) € O*RY such that:

(a) brs=>] 133 —|—0(sq) as s 0 for every k =1,2,... and every g =1,2,....
(b) bfj) = 0 whenever 2i < k.

(c) S22, b,iq)(xk) = |z[*? for every ¢ =1,2,... and every x € X.
Moreover, the forms b,ij) are uniquely determined by (la).

i k
2. There are symmetric forms b,(g ) € ® R? such that:

. ')
(a) s7*bp, = > 1S 3% - +o(s7) as s T oo, for every k = 1,2,... and every
qg=1,2,..., and

(b) Bg) = 0 whenever k > 2i.
Moreover, the forms l;,(j) are determined uniquely by (2a).

If 1 is assumed to be conical, one gets the following improvement on Theorem 2.1.14 and

Theorem 2.1.16.

Theorem 2.1.17 (3.10,[P]). Let u be a uniformly distributed conical measure. Then there

exists n such that p is n-uniform and:

o ifxeX and A > 0, then \x € X3, where X is the support of .

e whenever u € ¥, e € R, |u] = |e| and f is a non-negative Borel function on R? then:
/df(|2|2, (z,u))du(z) = C | f(jz], (x,e))dL" (). (2.1.16)
R R
e Foreverys>0andk=1,2,..., we have
o

bor—1s = 0 and by, = b’;k (2.1.17)

k!
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o [f > denotes the support of u we have:

2 C () {z € R, (2™) = |2} (2.1.18)

k>0

The following theorem is an important consequence of Theorem 2.1.16. Note that the
statement here is slightly different from Theorem 3.11 in [P]. Indeed, we restate this theorem

on convergence of measures in term of the metric from Definition 2.1.9.

Theorem 2.1.18 (3.11, |P]). Let u be an n-uniform measure in R:. Then, for every x €

Y. U {oo}, there exists a unique conical n-uniform measure A\, such that:
o Tan(u,x)={cA;;c >0}
o lim, o F(r"Tp.[p1], \s) =0 if x # c0.
o lim, oo F(r"T,.[u], \oc) = 0 for each y € R%.

Moreover, for p-almost every x € 3, \, s flat.

We know from Theorem 2.0.1 that an n-uniform measure is n-rectifiable. We can translate

this into a corollary on the rectifiability of the support of an n-uniform measure.

Corollary 2.1.19. Let u be an n-uniform measure in R% with ¥ = supp(p) and let ¢ > 0 be
such that for x € %, r >0
w(B(x,r)) =cr™. (2.1.19)

Then ¥ is n-rectifiable and
p=cw, "H" Y. (2.1.20)

Proof. By Theorem 2.1.30, since p is n-uniform, 3 is a C'%® n-manifold in the neighborhood
of H™-almost every point. In particular, denoting the n-density of ¥ at x by 0"(X, z), we

have:

6" (3, xz) =1, for H" almost every = € X. (2.1.21)
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Let D(z) denote D(u, H", z) the Radon-Nikodym derivative of u with respect to H" at x.
For x € 3,

D(x) = 0" (n, 2)0"(S,2)~",

= cw, 102, 1)t
Theorem 2.12 from [Mat2] implies that for all A C ¥
pu(A) = cwgl/ZQ”(E,x)_ldH"(x). (2.1.22)
Combining (2.1.21) and (2.1.22), we get
p=cw, " H"LY. (2.1.23)

Now since p is n-rectifiable by Theorem 2.0.1, there exists an n-rectifiable set M such

that:

(RN M) = 0. (2.1.24)

Combining (2.1.23) and (2.1.24), we see that there exists a set N = X N M¢ of H"-measure

zero such that:

X=MUN.

In particular, ¥ is n-rectifiable.

]

Definition 2.1.20. Let u be an n-uniform measure in R, 2o € supp(p)U{oo}. We will call

™ the normalized tangent measure to p at xo if p*° € Tan(p, o), and p*(B(0,1)) = w,y,.

One of the most remarkable results in Preiss’ paper [P] is a separation between flat and
non-flat measures at infinity. We will state a reformulation of this theorem by De Lellis from

[Del] which is better adapted to our needs.
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Theorem 2.1.21 (|P]). Let u be an n-uniform measure in RY, ¢ its normalized tangent at
oo (in the sense of Definition (2.1.20)). If n > 3, then there exists ¢g > 0 (depending only
onn and d) such that, if

min dist?(z, V)d((2) < e, 2.1.25
i [ dist V) < (21.2)

then w 1s flat.

In particular, if @ is conical and

min dist?(z, V)du(z) < e, 2.1.26
VeG(n,d)/B(o 1) ( Jaulz) ’ ( )
then v is flat.

[Del] defines certain functionals that measure how far from flat a measure is and behave
well under weak convergence.
Definition 2.1.22. Let ¢ € C.(B(0,2)), 0 < ¢ <1 and ¢ =1 on B(0,1). We define the
functional F : M(R?) — R as
VeG(n,d)

F(®):= min /cp(z)distQ(z,V)d@(z)

Lemma 2.1.23 ([Del|). Let ®; , ® be Radon measures such that ®; — ®. Then F(P®;) —
F(®).

We can now reformulate Theorem 2.1.21 in terms of the functionals F'.

Corollary 2.1.24. Let 1 be an n-uniform measure on R%, ¢ its normalized tangent at in-

finity. If n > 3, there exists g > 0 (depending only on n and d) such that
F(() <e¢ = p is flat.
In particular, if p is conical and F(u) < € then p is flat.

Proof. By definition of ¢, we have:

XBo,n(7) < (),
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for all z € R%. This implies that

min dist*(z,V)d((z) < F((),
o [ dist V)ac(s) < PO

and in particular, if €y is the constant from Theorem 2.1.21

F(()<e¢ = min dist?(z, V)d((2) < e,
O = [ iV <

—> u is flat.
This ends the proof. O

Another result concerning the geometry of supports of uniformly distributed measures
was proven in [KiP], with the added condition that their support be bounded. This result

states that in this case, the support is in fact an algebraic variety.

Theorem 2.1.25 (|KiP|). Let u be a uniformly distributed measure over RY with bounded
support and let uw € 3. Then x € X if and only if:

Py(z) = / (z—x,z—x)" = (z—u, 2 —u)du(z) = 0, (2.1.27)
Rd
for every k € N.

In [DKT] and [PTT], the authors proved that for measures with nice density ratios, Theo-
rem [P] can be improved in the sense that the support is a C'#-manifold in the neighborhood
of every flat point, for some # > 0. Let us start with some definitions. For x € ¥ where X

is a closed set and r > 0, set:

1
O(x,r) = —inf {D [E N B(xz,r), LN B(xz,r)| : L affine n-plane through a:} , (2.1.28)
r

where,

D[E, F] = sup{dist(y, F) : y € E} +sup{dist(y,E) : y € F'} (2.1.29)

denotes the Hausdorfl distance between the closed sets E and F'.
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Definition 2.1.26. Let 6 > 0 be given. We say that the closed set ¥ C RY is §-Reifenberg-flat
of dimension n if for all compact sets K C X there is a radius rg > 0 such that:

O(z,r) < forallz € K and 0 < r < rg. (2.1.30)

Definition 2.1.27. We say that the closed set X is Reifenberg flat with vanishing constant

of dimension n if for every compact subset K of >:

Tl_i)r& Ox(r)=0 (2.1.31)
where
Ok (r) = supO(x,r). (2.1.32)
zeK

Definition 2.1.28. Let u be a Radon measure on R,

o We say that p has n-density ratio locally C if, for each compact set K C %, there is

a constant C'i such that:

‘M _ 1‘ < Crr, (2.1.33)

WpT™

forxe K and 0 <r < 1.

o IfreX, r>0andt € (0,1], define the quantity:

p(B(z,tr))

Bule.m) = Bl

— . (2.1.34)

We say 1 is asymptotically optimally doubling if for each compact set K C X, x € K,
and t € [3,1]

lim sup |Ri(x,r)| = 0. (2.1.35)

r—0t zecK

The following results from [PTT]| and [L]| describe the geometry of the support of a

measure based on information on its density ratio.
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Theorem 2.1.29 (1.9, [PTT]). For each a € (0,1], there exists 5 = B(a) > 0 with the

following property. Suppose p is a positive Radon measure supported on ¥ C RY and for

each compact set K C Y there exists a constant C'x such that:
1
|Ri(x,r)| < Cgr® forr e (0,1],t € [5, 1] and z € K. (2.1.36)

Then:
o Ifn=1,2, % is a CYP-submanifold of dimension n in R.

o If n > 3 there exists a constant §(n,d) such that if ro € ¥ and ¥ N B(xg,2Ry) is
§-Reifenberg-flat, then ¥ N Bz, Ry) is a CYP-submanifold of dimension n in R?.

Theorem 2.1.30 (|[PTT], |[L]). For each o > 0, there exists § = [(«) with the following

property. If u is a positive Radon measure supported on ¥ C R whose n-density ratio is

locally C*, then:
e (1.10, [PTT)) if n = 1,2, ¥ is a CY* submanifold of dimension n in RZ.

e (1.10,[PTT])ifn > 3, ¥ is a CY* submanifold of dimension n in R? away from a closed
set S such that H"(S) =0, where S = X\R and R = {z € ¥;limsup,_,,0(z,r) = 0}.

o (1.7,[L]) If n =3, d =4, and x is a non-flat point of X2, there exists a neighborhood of
x which is CY* diffeomorphic to an open piece of the KP-cone C in (1.1.4), containing

the singular point 0.

Theorem 2.1.31 (IIL5.9, [DS]). Let {u;}; be a sequence of n-uniform measures with con-

stant ¢, converging weakly to a Radon measure X\. Then for every ball B C R, we have:

J=00 \ zeBNSUpp(N)

lim ( sup dist(x, supp;zj)) =0

and

lim ( sup dist(x, supp/\)> =0.

gm0 \ weBNSUPP(u;)
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As a corollary of Theorem 2.1.30 and Theorem 2.1.31, we get:

Corollary 2.1.32. [[PTT]] Let i be an n-uniform measure in R?, let 3 be its support and
x € X a flat point. Then there exists R > 0 depending on x, n, d, u and B such that
YN B(z, R) is a C** n-submanifold.

Proof. 1t is clear from Theorem 2.1.30 that we only need to prove that every flat point of p is
in R, namely that lim,_,o 6(z,7) = 0 for such an 2. But taking x; to be i, ,, and A = H"V,
where V' is the tangent plane at x, the result follows directly from Theorem 2.1.31. [
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2.2 Polar decomposition of a conical 3-uniform measure

We first study the case where v is a conical 3-uniform measure. We start by proving that v
decomposes into a uniformly distributed spherical component and a radial component.
Let v be a conical n-uniform measure in R?, with 0 in its support. Let ¥ be the support

of v. In particular, since v is conical, for any r > 0, we have by Theorem 2.1.17
Y=r.
By Theorem 2.1.19, normalizing v if necessary,
v=H"LY.

Definition 2.2.1. Let v be a conical n-uniform measure in R?, with 0 in its support, ¥ its

support. We define o to be the spherical component of v, namely:
o=H"1(SNS,
where 71 = {z € RY 2| = 1}.
Definition 2.2.2. Let £ C S* ! and p > 0. We define pE the dilate of E by:
_ d. Y _
pE={y e R — € E,|y| = p}.

||
We define E?, the (r,0)- neighborhood of E, or §-neighborhood of rE to be:

|y

Our first goal is to prove a polar decomposition for v, namely that v decomposes into its

B = {y; e Byl € (r(1 —4),r(1 +5))} . (2.2.1)

spherical component and a radial component.

Theorem 2.2.3. Let v be a conical n-uniform measure in R?. Let g be a Borel function on

Re. Then:
[at@avte) = [~ [ atpariotarp (222)

o

where p = |z| and x' = -
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Proof. Let u: R? — R, be the function given by: u(z) = |z|. Our first aim is to prove that

for any g = ya where A C R? is a Borel set, we have:

[s@avie)= [~ [ atpariotaip (2.2.3)

Note that if A is a Borel set, % N S9! being the intersection of the pre-image of A by
the dilation homeomorphism, with the Borel set S?!, is also Borel.

Now, since u is Lipschitz (in fact smooth away from 0), and Jiu = |V>u| we can apply
the co-area formula (2.1.6) to the rectifiable set 3, the Lipschitz function v and the Borel

function y 4 to get:

[owammew = [ [ s . @2

Note that by Theorem 2.1.30, away from a closed set S of H" measure 0, ¥ is a C1®
submanifold of dimension n. Therefore, in (2.2.4) , we can define V=u to be the gradient in
the manifold sense at almost every point.

We first claim that |V*u|(z) = 1 for almost every x € ¥. Let x be a flat point of &
(namely a point where v admits a unique flat tangent). We can take 7, = 12 to be an element
of an orthonormal basis of P,. Indeed, = being a flat point, by Corollary 2.1.32, ¥ is a C'b5-
manifold in a neighborhood of x, and the tangent space at = is P,. Now consider the curve
v(t) = tr, + x. Since x € ¥ and v is conical, v € X, v(0) = x and +/(0) = 7,. Complete
the unit vector 7, = 7, to a full orthonormal basis {7;}"_, of RY. We have Vu(z) = 7,.
Therefore: V*u =171, .7, =1 and Viu =7, . 7; = 0 for j > 1, by construction of the basis.

Since almost every point of X is flat, this proves that |[V*u| = 1 almost everywhere, proving

the claim. Moreover, if E C S% ! is a Borel set, since v is conical and ¥ = p we have:

H' ' (pEND) =H"! <p (E n %)) )

)
= "I (E N ;) : (2.2.5)

= pIHH(ENY).



26

Therefore,

/A N dH"(y) = /A N S u(y)dH" (y),

= / / Xans (y)dH" ™ (y)dp,
0 Ju=l(p)

:/ H (XN ANIB,)dp, (2.2.6)
0

° > A
= / PHH(E N =N OB,)dp,
0 PP

e A
= / NS ﬂ — N dBy)dp, since ¥ is conical,

/ /XApz Ydo (2')dp.

Now let g be a non-negative Borel function. Then there exists an increasing sequence
of simple functions {gx} converging pointwise to g. In particular, if g, increase to g point-
wise, then Gy increase pointwise to G where Gi(p) = p" ! [ gr(pr)do(z’) and G(p) =
p" ! [ g(pa’)do(z’). By the monotone convergence theorem and linearity of the integral,
(2.2.2) also holds for non-negative Borel functions. The extension to general Borel functions

follows easily. O]

Having proven that v decomposes into two components, we now study the spherical com-
ponent o. By using the polar decomposition, we can prove that o is uniformly distributed.
Of particular interest to us is the case where v is 3-uniform: the spherical component is then
locally 2-uniform. We start with some notations. Denote XN S9! by Q. Then o = H"'L{).

Let B,(z) = {z € ST |z — x| <r}, and (B,(z))] be as in (2.2.1).

Theorem 2.2.4. Let v be as in Theorem 2.2.3. Then o the spherical component of v is a

uniformly distributed measure.
Proof. Let x € Q, r > 0. Define the set Nyj;,3 C [0,00) x R to be:

Njal,ry = {(a,0) € [0,00) x R; (1 + |z]* = r*)a — 2b < 0} .
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Then:

2

z € (Br(x))] < —z| <r?and|z| € (1—e1+e€)

2|

— (142> =r*)|2| —2(z,2) <O and |z] € (1 —¢,1+¢),

allowing us to rewrite g(2) = X (B, () (2) in the following way:

9(2) = Xy (121, (2, 2)) X(1—e149 (12]) = G(|2], (2, 2)). (2.2.7)

Since v is a conical uniform measure and ¢ is a function of |z| and (z,z) with = in the
support of v, we can apply Theorem 2.1.17 to it. Namely, fix e € R", |e| = 1. Then by

Theorem 2.1.17 and polar decomposition for Lebesgue measure:

(B = [ Gllel. < 2 >)av(z)
= /Rn G(|z], < z,e >)dL"(2),
_ [ ' nl where i = 2
—/0 </{y|p} XB.(e) () X(1-e1+0) ([y]) dH (y)> dp, where y e

= [ [ e e (a0 2.2.8)

where L£" is n-Lebesgue measure. Dividing by 2¢ and letting € go to 0 gives:

H" (B, (e) N S™ 1) = lim ly((BT(:v))i). (2.2.9)

e—0 26

Note that H"(B,(e) N S"!) does not depend on our choice of e.
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On the other hand, by Theorem 2.1.6 and (2.2.5), we get:

00 = [T ([ i () ool ) do

1+e€
= H"H(pB,(x) N X)dp,

1—e

1+e
:/ P HT (B (x) N X)dp, (2.2.10)
1

—€

_ < / o pnldp) (1 (B.(z) %)),

(46— (1= e (

H (B, () NY)).

Dividing by 2¢ and letting € go to 0 gives:
1
H" (B, (r)NY) = lim 2V (Br(2))). (2.2.11)
Combining (2.2.9) and (2.2.11), we get:

o(By(z)) = H" Y (B.(x) N Q) = H" 1 (B.(e) N S" 1), for any x € Q, and any e € S" .
(2.2.12)

In particular, this implies that ¢ is uniformly distributed. O]

One notable consequence of the above, expressed in the following corollary, is that for

n = 3, the spherical component is in fact locally 2-uniform.

Corollary 2.2.5. Suppose v a 3-uniform conical measure on R®. Let o be its spherical
component, and denote the support of o by ). Then there exists a function ¢ : R, — R

such that, for all x € Q, for allr > 0:
o(B(z,r)) = ¢(r). (2.2.13)

Moreover,

P(r) = 7T7"2X(0,2)(7") + 47TX(2,oo)(7")- (2.2.14)
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Proof. (2.2.13) is just a reformulation of Theorem 2.2.4. Let e = (0,0,1) . We only need to
prove that for r < 2, we have:

H*(B,(e) N S?) = 7r’.

First, note that 0B,(e) N1 S? = {(z,y,2) E R} x> +y? + 22 =1, 22 + > + (z — 1) =r?}. If
2

r < /2, B.(e)N S? is the portion of the graph of f(x,y) = /1 — (22 + 42) above z = 1 — =

So we have, by the area formula:

o py/1-(1-20)2
H*(B(e,r)N S?) = / / V' 1+ |V f2pdpdo
0 0

If V2 <r <2, Ble,r) and B(0,1) intersect in z = 1 — % Moreover, note that the part

of S? below the plane z = 1 — % is B(—e, "), where, by applications of Pythagoras’ theorem,

2\ 2 2 2
12 r T
1+ (2-2) - (= -1

=4 — 72

we have:

Therefore, by symmetry (since ' < v/2), we have:

H2:(B(e,r) N S?) = H*(S?) — H*(B(—e,r") N S?),
=4n — 74 —1r?),

= 7
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In [KiP|, Kircheim and Preiss had proved that the support of a uniformly distributed
measure is an analytic variety. We will now deduce from Corollary 2.2.5 that ¥ is in fact an

algebraic variety.

Recall from (2.1.17) that:
bl = klbgy and by, =0,

where
b1 (z) = 25(1(1) (k)™ / (z,z)" e P dp(2) and I(s) = / e du(z2).

Applying Theorem 2.2.3 to by and (1) gives:

bii1(z) = 2k(I(1)k!)_1/(z,x)k e 1 du(z),

= 2F(1(1)kD /Ooop"1/<pz’,x>kep2da(z/)dp,

T Y A
= (s ) Ll [ (o (),
0

= ¢(n, k) / (2 2\ do (),

where c(n, k) = Qk(a(Sd_l)k‘!)_IM. Therefore: b, (x) = kle(n, k) [ (2, 2)" do().

fooo pnilei"ﬁ dp

We can now improve Theorem 2.1.17 in the case of the spherical component ¢ of a conical

n-uniform measure v: indeed, in this case {2 is entirely described by its moments.

Theorem 2.2.6. Let v be a conical n-uniform measure, o its spherical component, po(x) =

b5 (z) and pogy1(x) = bagy1.1(x). Moreover, let Q be the support of . Then
poks1(w) =0 for k> 0,2 € R? (2.2.15)

and

QO = {a; || =130 () {@ par(z) = 2™} (2.2.16)

k>0
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Proof. Call € the right-hand side of (2.2.16). The fact that Q C ' and (2.2.15) follows
from Theorem 2.1.17.
To prove the other inclusion, take any x € R? such that € /. Let us rewrite the

expressions from Theorem 2.1.25. First, note that since |z| = 1:

(12 + |2* — 2(z, z))

= 2;: (i) (1) (J2]* + 1) 7°2%(z, )"

(z —x,2 — )

Il
/\6\
?T‘N
~__
N,
o
&
[\~
ol
QL
2
N
:_/

[\)
T

Note that we have proved that for all z € ', [(z — x,z — x)'do(z) = ¢, where ¢; does not
depend on the choice of . In particular, if u € Q is fixed as in Theorem 2.1.25, since £ C €V,
we have:

/(z —z,z—2) —(z —u,z —u)do(z) = ¢ — ¢ = 0. (2.2.17)

This proves that x € €2 by Theorem 2.1.25.

As an easy consequence of the above claim, we get:

Corollary 2.2.7. Let v be a conical n-uniform measure in R% and ¥ its support. Then ¥ is

an algebraic variety and

Y =X (2.2.18)
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Proof. Let ¥ be (-, {b5:(z) = |z|**}. By (2.1.18), ¥ C ¥'. Now suppose = ¢ ¥. Then
x # 0 and % ¢ Q, where € is the support of the spherical component of v. By Theorem
2.2.6, there exists ko such that : p2k0<|§—|) # 1.

Multiplying by |z|**, we get: b5, (x) # |z|**, and hence = ¢ 3.

By Theorem 2.1.17, for a conical measure, b5, (x) = ba1(z) which is a homogeneous

polynomial of even degree. In particular

reEY = b (r)=|z/* keN

— b (—z)=|—2/* keN
<= —x €.
Hence
Y= =) (2.2.19)

]

We will apply Theorem 2.1.29 to deduce that €2 is a C'"* manifold for some 3 > 0. We
then prove that there exists v > 0 such that 3\ {0} is a C''7-submanifold of dimension 3 in
R

Lemma 2.2.8. Let v be a 3-uniform conical measure in R?, o its spherical component and
Q the support of o. Then there exists B > 0 such that  is a CY® submanifold of dimension
2 in RY.

Proof. According to Theorem 2.1.29, we only need to prove (2.1.36) for o. Let r € (0, 1] and
t € [3,1] so that ¢r € (0,1]. By Corollary 2.2.5, for any = € §, we have % = ti—f = t?
implying that :

1
|R2(z,7)| =0, for r € (0,1],t € [5,1], and x € Q.
[

Theorem 2.2.9. Let v be a 3-uniform conical measure in RY and ¥ its support. Then there

exists v > 0 such that X\ {0} is a C*7 submanifold of dimension 3 .
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Proof. By dilation invariance of ¥, it is enough to prove that ¥ is a C'-manifold in a
neigborhood of zg € . Let o be the spherical component of ». By Lemma 2.2.8, Q is a
C'P submanifold of dimension 2 in R?. In particular, fix xo € ). There exists a 2-subspace
P,, of R? tangent to Q at zy. Let {71, 7} be an orthonormal basis of P,,. Since Q C S971,
T,,82 C TxoSd_1 and hence, xq L 7;, for ¢« = 1, 2. Therefore, letting 73 = x(, we can complete
the orthonormal set {7;}>_, to an orthonormal basis {7;},.

Since Q is a C*# submanifold of dimension 2, there exists a neighborhood Uy of x, such
that QN Uy can be written as a C1# graph over P,,. More specifically, there exist d — 2
C1# functions 1; on a neighborhood G of (0,0) in R? such that 1 (0,0) = 1, ¥;(0,0) = 0 for

7> 1 and:

d—2
QN = {1‘17'1 + xome + Z i(x1, T2)Tige; (21, 22) € G} (2.2.20)

i=1
Denote by ¥ : G — QN Uy the C1# diffeomorphism ¥ (zy, x5) = x17'1+:1727'2+2j;12 Ui(x1, T2)Tiga.
Let U =Uyn SS9 and V = Uf (where Uf is defined as in (2.2.1)) for some € < 1. V is an

open neighborhood of zy and:

yeXNV <= y= Ay, where yp € QNUy,\ € (1 —¢,1+¢), (2.2.21)

< y=\V(21,79), where A € (1 —¢,1+¢), (71,2) € R (2.2.22)

Letting ® : G x (1 —¢,1+¢) — R? be defined as ®((xy, 22), ) = AV(xy, 25), we see that
® is a C'! diffeomorphism on G x (1 —¢,1+¢) and :

PG x(1—el4e))=2NV.

Hence in the neighborhood of every non-zero point, ¥ is a C'! manifold. Consequently, every
non-zero point of ¥ is flat. Another application of Theorem 2.1.32 provides us with a v > 0
such that X is a C7 submanifold of dimension 3 in a neighborhood of every non-zero point.

]

We obtain the following corollary as a consequence of Theorem 2.2.9.
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Corollary 2.2.10. Let p be a 3-uniform measure in Re. If zq € supp(p), and Tan(u, zy) =
{cv,c > 0}, where v is normalized so that v(B(0,1)) = w,, one of the following statements

hold:
o v =H3V,, where V,, is a 3-dimensional subspace.

e The support of v is not a plane, and for all zg € supp(v), zo # 0 we have
Tan(v, z9) = {¢H V., ¢ > 0}

where V,, is a 3-dimensional subspace.

Proof. By Theorem 2.1.18, if x € supp(u), there exists a unique conical 3-uniform measure
v such that Tan(u, zg) = {cv,c > 0}. But by Theorem 2.2.9, Theorem 2.1.18 and Corollary
2.1.19, v = ¢H3_(supp(v)) where supp(v) is a 3-dimensional subspace or a C''*-manifold

away from 0. m
2.3 Dimension reduction of singular sets

In this section, we will use the base case to deduce the Hausdorff dimension of the singular
set of any n-uniform measure. We first prove a theorem about the convergence of the set
of singularities of a sequence of blowups. Once this theorem is proven, we will have all the
tools we need to apply a dimension reduction argument using the base case.

Let us start with some notations. The measure f, , is defined as:

o (A) = wn(u(B(2,1))) " u(rA + @), (2.3.1)

for A C R In particular if ;4 is n-uniform and 2 € supp(u), then it follows from Theorem

2.1.18 that for any sequence 7; | 0
Py — 1, (2.3.2)

where p* is the normalized tangent measure at z as defined in Definition 2.1.20.
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The following fact, which is a direct consequence of the definition of the functional F
from Definition 2.1.22, will be used often in this section: if ® is a flat measure, then F'(®) = 0
and F'(®y ) = 0 for any C > 0.

Recall Definition 2.1.12.

Definition 2.3.1. Let i be an n-uniform measure in R®. If xq is a non-flat point of supp (i),
we call it a singularity of . We denote by S, the set of singularities of p, namely:

S, = {z € supp(p), x is not a flat point } .

We start with a lemma which states that under the appropriate conditions, blow-ups

along the same sequence of points satisfy some sort of connectedness property.

Lemma 2.3.2. Let u be an n-uniform measure in R, (xp)p C supp(p) and (7o)x, (o)x
sequences of positive numbers decreasing to 0. We also assume that o < 7 and that there
exist n-uniform measures o and [ such that:

/’kaﬂ—k — o and /'erva'k - /6'

Then:
F(a) <e = F(B) < eo,

where F' is the functional from Definition 2.1.22 and € is the constant from 2.1.24.

Proof. The proof of this lemma is similar to Preiss’ proof of Theorem 2.6 in [P]. In particular,
it follows closely the proof of Theorem 6.10 in [Del] which is a reformulation of Preiss’ theorem
for uniform measures.

Assume that F'(a) < €y and F(8) > €. Then by Theorem 2.1.23 there exists 0 < k < ¢
and ko > 0 so that for k > kg ,

F(pig, 0,) > & and F(pg, -,) < K.

For k > 0, define the function f : (0,00) — (0,00) to be

Fe(r) = F(payr).
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If s; is a sequence of positive numbers converging to some sy > 0, iz, s, — [lz,.s,- 1 herefore
fr is continuous in r away from 0, for all £ > 0. So for every k > ko, there exists o € [0, Tx]
so that:

F(pig, 5,) =k and F(pg, ) < & for r € [0, 7x). (2.3.3)

By Theorem 2.1.8, without loss of generality, by passing to a subsequence,

My, 5, — 5

where ¢ is a Radon measure. We claim that £ is n-uniform and £(B(0,1)) = w,. Pick
y € supp(§) and R > 0. First note that since the p,, 5, are n-uniform and all have the
same constant w,, (being normalized), we can apply Theorem 2.1.31 to obtain a sequence
Yk, of points in supp(umkj 75kj) such that y,, — y. Without loss of generality, by passing to a
subsequence, y; — y. Fix € > 0. There exists jy such that:

J>d0 = ly—ul <7

On one hand, we have:

§(B(y, R)) < liminf u,, 5, (B(y, R)),
< lim inf /ij’gj(B(yj, R+ ZEL))’

= Wy, <R+i>n.

On the other hand

§(By, R)) = limsup i, 5, (Bly, B = 2)).

> lim Sup a5, (B(yja R — _))7

3e\"
=w, | R—— ] .

Hence, for y € supp(§) and R > 0
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Since € was chosen arbitrarily,

§(B(y, R)) = wnR",

thus proving that £ is n-uniform.

By Theorem 2.1.23, F(§) = k. In particular £ is not flat. We now show that our
assumptions imply that ¢ is flat at infinity. By Theorem 2.1.21 this is a contradiction with
& not being flat.

We first claim that g—: — 00. Assume that g—: — C, C' > 1. Letting By = g—: and writing
Hapm = Br " To,8, [fta.5.] , we have

Mz, Tk - SO,C

since C' # 0, pig, 5, — & and £(B(0,C)) = w,C". But py, ,, — a hence av = §y . The fact
that « is flat and ¢ is not would yield a contradiction.

Now fix R > 1. Since g—: — 00, there exists k1 > ko such that for £ > kq, we have
Rék € [(Sk,Tk].

In particular, since ky > ko, if & > k; we also have, by (2.3.3), F'(ttz, rs,) < k. We deduce
that:

lim sup F'(piey,rs,) < K-
k

Since Fy(ftay,rops S0.8) = B Frs(fay 5., &) for every s > 0, limy_, o0 Fis(ftay rsy, S0,r) = 0 for

every s > 0 and hence pi;, rs, — &o,r- Consequently, by Theorem 2.1.23:
F(éo.r) < k. (2.3.4)

Choosing R; T oo, we have {p r, — % where ¢ is the normalized tangent of £ at oo by
Theorem 2.1.18. Therefore, by (2.3.4), F(¢) < k < ¢y. But by Theorem 2.1.24 this implies
that £ is flat which contradicts F'(§) = k. O

Remark 2.3.1. 1. T would like to thank Max Engelstein for discussions about the con-
nectedness of cones of pseudo-tangent measures along a subsequence which brought

this argument to my attention. It is worth noting that cones of pseudo-tangent sets
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(the same holds for measures) are not connected in general. A counter-example can be
found in Remark 5.5 in [BL]. The interested reader can refer to [P], [KPT] and [BL]

for more detailed discussions of cones of tangent measures.

2. Lemma 2.3.2 would imply that pseudo-tangent measures are in fact connected along the
same subsequence if not for the condition o} < 75. This apparently technical condition
turns out to be necessary for this proof to work. Whether this is just a feature of this
specific proof or an actual necessary condition is not clear to the author and seems like

an interesting question in its own right.

We can now prove a useful theorem about the behavior of singular sets under blow-ups.

Theorem 2.3.3. Let p be an n-uniform measure in RY, xq € supp(), (z;); C Sy, (r;); any

Tj—T0

sequence of positive numbers decreasing to 0. Also assume that y; = € B(0,1), y; = y.

Then

J

y € Sumo,

where p*° is the normalized tangent at xy as defined in Definition 2.1.20.

Proof. Without loss of generality, o = 0. Denote p* by v, and p*/ by v; where pu® are the
normalized tangents at z;. Let us start with some remarks.

We first claim that there exists a conical, non-flat n-uniform measure v*° such that a
subsequence of {l/j}j converges weakly to v*°. Since z;; € S,,, 1/ is non-flat for every j > 0.
The fact that v; is conical and Theorem 2.1.24 then imply that F(v;) > € for all j > 0
where F' is the functional defined in Definition 2.1.22. Moreover, since sup;(v;(B(0, R))) =
wpR" < 00, there exists a Radon measure > and a subsequence of v; converging to v*°.
Without loss of generality, v; — v°°. Moreover, v*° is n-uniform. The proof of this fact is

exactly the same as the proof of the fact that £ in Lemma 2.3.2 is n-uniform.

By Theorem 2.1.23, F(v;) — F(vr*>°) and hence F'(v>°) > €. Moreover, since each v; is
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conical and v; — v*°, it follows that for any r > 0:

TO,r [I/oo] = hm T()’T [Vj],

=r"limy;,
=r"v>e.
This proves that v> is conical.
We also claim that
y € supp(v) and fiy; ,, — V. (2.3.5)

where v, denotes T, 1[v] whenever z € supp(v). Indeed, let § > 0. Then:
: o
v(B(y,06)) > limsup o, | By, —
1—00 ’ 4

=t supo ((50.7)) " (8 () )

But for ¢ large enough |y — y;| < g implying that B(z;, rig) C B(ry, TZT’S). Consequently,
v(B(y,0)) >0

since

(B0 (Bl = &

Let us prove the second part of (2.3.5). Recall Definition 2.1.9.
Fix R > 0. Let ¢ € L(R). Then, on one hand, for j large enough that |y;| < 2, we have:

9

‘ [ e, (21~ [ ot211,00(:)

_ ‘ [ o= wduon, ) - [ o6~ yyav(s)

< Fri2(pog,, V), (2.3.6)

since ¢;(2) = ¢(z —y;) € L(R+2) . On the other hand,

)l

‘ [ ot i) - [ oar,pie)

_ ’ / (6(z — yj) — &= — y)) du(=)

< |y —y;v(B(0, R +2)), (2.3.7)
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since Lip(¢) <1, ¢; and ¢, are supported in B(0, R + 2) where we define ¢,(2) = ¢(z — y).

This gives, taking the supremum over all ¢ € L(R):

Fr(pta; ;s vy) < Frya(ptor,, v) + ly — y;[v(B(0, R + 2)),

for j large enough. Letting j — oo, we get (2.3.5) since R was chosen arbitrarily.

Our proof will now go as follows: we construct sequences of positive numbers o and 7y
decreasing to 0 such that p;, ,, converges weakly to v*° and p;, -, converges weakly to a the
normalized tangent measure to v at y. Here, 7} is a subsequence of z;. We then use Lemma
2.3.2 to deduce that o cannot be flat.

Let us first construct a decreasing sequence ¢, such that

o -
7"_]]- — 0 and g, 5, — V™. (2.3.8)
Let t; = % By Theorem 2.1.18, the blow-ups at a point converge to the tangent along any
sequence going to 0. Moreover this tangent is unique up to normalization. Thus, for every
k, we have

f(lu’xk,%a Vk) — 07

where F is the metric on Radon measures from Definition 2.1.9. Now construct inductively

a decreasing sequence {l;}, such that, for all £ > 0

1
>, = t < Tk2 and F(uxk,tl, I/k) < ? (239)

Let ; =1, and p; = ?
J

We remark that since p; | 0,
(Vy)()’pj —a (2.3.10)

where « is the normalized tangent measure to v, at 0. Equivalently, this is the normalized

tangent measure to v at y. Indeed, since v, = T}, 1[v] and Ty, o T,y = T, ,,, we have

pjinTO,pj [v,] = pjinTovﬂj [Tyalvll,

= pj_nTyypj [v].
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We now construct a sequence 7 such that:

~ AN
/'[/Ilvak a’

for some subsequence z;, of xy.

For every k there exists [, > k, [, > [;,_1 such that whenever [ > [}

n+1

1
Fy (g, vy) < Epk and p; < py, (2.3.11)

since fig,,, — vy and pp — 0. Let 7, = ry, pp and 7, = ay, .
We claim that
Hzp 7 — QL (2312)

Indeed, fix R > 0. On one hand, for k large enough that Rp; <1

FR(:ufck,‘?k? p,;nTka [Vy]) = FR(pI;nTO,Pk [szkﬂ“zk]u PE”To,pk [Vy])7
= plzn_lFRPk (:uz‘lkﬂ”zk ) Vy)v
< p]:n_lFl(Mxlk,rlk7 Vy)a
1

<%.

The laws of composition used in this calculation are explained in Lemma 2.4 of [B].

On the other hand, Fr(p,"To.,, V], ) — 0 by (2.3.10). Since

FR(ﬂimf'k’ Oz) < FR(Mi‘kﬁ’kv pI;nTO,pk [Vy]) + FR(pI;nTQPk [Vy]> O‘)’
Fr(pz, 7, a) — 0. This proves (2.3.12).
Rename 7y, 0;, and 7 to be xy, o3 and 7;. We have proven that:
Hayo, — V7 and fig, -, — @,

with oy < 7 ( since p;, < pg by (2.3.11)) and v* conical and non-flat.
If o were flat, we would have F(a) = 0 < ¢y and F(v™) > ¢y. This contradicts Lemma

2.3.2. Therefore o cannot be flat and y € S,,.
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Remark 2.3.2. The proof of (2.3.12) is similar to the proof of Lemma 2.6 in [B].

We now use Theorem 2.3.2 to deduce two important corollaries.

Corollary 2.3.4. Let pi be a 3-uniform measure in R:. Then the singular set of j is discrete.
Namely, for every K compact subset of R?, |S, N K| < co. Here, |A| denotes the cardinality
of the set A C RY.

Proof. Assume not. Then there exists K compact subset of R? such that |S, N K| = oo .
In particular there exists a sequence of points {xj}j C S8, N K converging to some 7, € K.
Moreover, o, € supp(y) since the support of a measure is a closed set. Let r; = |z; —2| and
Y; = % Then by Theorem 2.1.18, p, », — v, v normalized tangent to p at z, and by
compactness, we can assume by passing to a subsequence if necessary that y; — y € 0B(0, 1).
By (2.3.5), y € supp(v). Since y # 0, y must be a flat point of supp(v) by Corollary 2.2.10.
This contradicts Theorem 2.3.3.

]

Corollary 2.3.5. Let pi be an n-uniform measure in R, xq € supp(u), v normalized tangent
to pu at xg, {rj}j sequence of positive radii decreasing to 0, € > 0. Then there exists N = N (e)

such that:

S#—ZEO

n>N = NB(0,1) C (S,) (2.3.13)

€

Ty

where (S,), = {y € R% dist(y,S,) < €}.

Proof. Suppose not. Then we can construct a subsequence {s;} of {r;} so that:

ST G B0 0 (R(S,),) # .

Sj

Consequently, we can find points z; € S, such that y; = === € B(0,1) , dist(y;,S,) > €
J

and y; — y. In particular, y ¢ S, since d(y,S,) > €. This contradicts Theorem 2.3.3. O

We are now ready to prove the main theorem of this section.
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Theorem 2.3.6. Let p be an n-uniform measure in R? , 3 < n < d and denote the support

of w by X2. Then X can be written as a disjoint union
YX=R,US, (2.3.14)
where S, the singular set is a closed set,
dimy(S,) <n—3, (2.3.15)

and R, is a CY* submanifold of dimension n in R Here dimy, denotes the Hausdorff

dimension.

Proof. We start by proving that S, is a closed set and R, is a C** submanifold. This is a
direct consequence of Theorem 2.1.30. Indeed, in the case where p is n-uniform, we claim
that the condition limsup,_,,6(z, ) = 0 is equivalent to x is a flat point. Rewrite #(x,r) in

the following way:

1
O(xz,r) = —inf {D [E N B(z,r), LN B(x, 7‘)] : L affine n-plane through X} )
r

1 d—
= —inf {D [ ’n B(0,1), LN B(0, 1)} : L n-plane through 0} .

r r

This combined with the fact that there is a unique L, for every z flat such that Tan(u, z) =
{¢H™_L, ; ¢ > 0} ends the proof of the claim.

We now prove our main claim, namely that
dimy(S,) <n —3, (2.3.16)

for p n-uniform.

(2.3.16) holds for n = 3 by Theorem 2.2.9. Let m < d and assume (2.3.16) holds for all
l-uniform measures in R? such that [ < m. We want to prove that it holds for m-uniform
measures.

Let p be an m-uniform measure. Suppose that s € R, is such that H#*(S,) > 0.
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We start with an overview of the proof. We first prove that there exists a singular point

xo of the support of p and a tangent v of y at xy such that the following holds

21°(S, N B(0,1)) > 0.

From that, we deduce that there exists some non-zero singular point £ of the support of v
such that the tangent \ to v at & satisfies H*(Sy N B(0,1)) > 0. Note that by Theorem
2.1.18, since p is m~uniform, v is conical. The advantage of repeating this procedure is that
since v is conical, the support of A is in fact translation invariant along the vector £ and so A
can be decomposed into £! x Ay where £! is 1-Lebesgue measure and A, is (m — 1)-uniform.
We then apply the induction hypothesis to A\g to finish the proof.

We find a singular point z( of the support of u such that the following holds. Let v be

the normalized tangent to p at zp. Then:

H* (S, N B(0,1)) > 0.
By Lemma 4.6 in [Mat2],
H¥(S,) >0 <= H(S,) >0.

We will use 13, instead of H* to allow a larger choice of coverings. Since H5 (S,) > 0, there

exists a compact set K such that H: (S, N K) > 0. Let Su =S, N K. We have
05 (HSLS,, 2) > 2%, (2.3.17)

for H*-almost every z € S,. This follows from Theorem 3.26 (2), in [S] since S, is a compact

subset of R?. In particular, there exists z € S~u such that:
05 (HELS,, o) > 27, (2.3.18)

Consequently, there exists a sequence of radii {r; }j decreasing to 0 such that:

e <B(0, s M) > 97,
T



Since r;j | 0, iy, — v where v = p™, the normalized tangent to u at .

2.3.5, for all € > 0, there exists jp such that:
SM — Zo N . .
—— N B(0,1) C (S,), whenever j > j.
T

Pick § > 0 and let {E}}, be a covering of S, = S, N B(0, 1) such that:

HE(S) > w2~ i(diam(Ek))s — 0.

k=1
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By Theorem

(2.3.19)

We can assume that the sets Fj are open (see Theorem 4.4 in [Mat2]). Since |J E) is open,

S, is compact and S, C J Ex, we can cover S, with finitely many Ey, k = 1,..., K. Letting

FE be the union of this finite cover and € be a number smaller than the minimum of the

diameters of the F}’s in this finite cover, we have:
(S,)e C E.
It follows from (2.3.19) that for j large enough, we have

SjCE,

where S; = @ N B(0,1). Hence, for j large, since {Ej}r_, covers S,
J

Moo (S)) S w27 (diam(Ey))*,

k=1

< H:(S)) + 6.

Since § was chosen arbitrarily, we get H2_(S;) < H2.(S,). Letting j — oo, we get:

27 < limsup H2_(S;) < H2(S,).

This gives H2_(S,) > H2,(S,) > 0. The claim is thus proved.

The advantage of v over y is that it is conical. Thus if we blow up at a non-zero point of v,

we claim that we obtain a measure that is translation invariant. Since H*(S, N B(0,1)) > 0,

by the same reasoning as for p, there exists £ # 0, £ € S, N B(0, 1) such that :

03 (HELS,, &) > 27°.



46

In particular, there exists a decreasing sequence {s;} such that H3 (S, N B(¢, s;)) > 27°s?
and vg ;; — A, where A = ¢ is the normalized tangent measure to v at . Since v is uniform

and £ is a singular point, A is a non-flat conical measure. The same procedure as above gives:

H5(S, N B(0,1)) > 0. (2.3.20)

Let ¥ = supp(\). We claim that
E = Rel EB A

for some A subset of a (d — 1)-plane of R? such that H™ 1A is (m — 1)-uniform. We will

first prove that
Tiea[M = A (2.3.21)

for any ¢ > 0.
Take t > 0. Then, on one hand, noting that for z € R%:

z—&—t&
T(1+t)§75j (Z) - )

we get

- A (2.3.22)

since the sequence % — 0 and s;™ (1 +t)™T, 5 [V](B(0,1)) = A(B(0,1)) = wpn.

T+t &1k
On the other hand, we have

Tasoes, (2) = ————> (i '+ t)g)
J
_ Z—(1+(1—8j)t)§_t€
_ > 7

= Tig1 0 Tt (1-s,)0)¢,5,(2)-
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We now prove that

SjimT(l_F(l_sj)t)g’sj [V] — A\ (2323)

Let ¢ € L(R). Then, for j large enough so that |1 — s;| < 2 we have:

O()dT s s 06, [V /¢ AT anyes, V](2)

—m
< s;

<5 [ 55 €lfdTo 1(2),
B(0,R+(1+2[t)[¢])

< [s5l[€ltlwm (B + (1 + 2[¢))[E])™.

)

/ (612 = (1+ (1= )08) = 6(z = (1 +09) dT>., D)

Taking the supremum over all ¢ € L(R), we get:

Aj = Fr(s; " Ta+-spnes; V], 857 " Tarnes; V),
< Isyl1€]eom (B + (1 + 20 [€])™ (2.3.24)

which goes to 0 as j — oo since s; — 0. We have
FR(Sj_mT(l—f—(l—sj)t)g,sj [I/], /\) < Aj + FR(Sj_mT(1+t)§7sj [l/}, )\) (2325)

Since A; — 0 by (2.3.24) and, according to (2.3.22), Fr(s; ™ T(141)e,s,; V], A) — 0, by using
(2.3.25), we prove (2.3.23).
This proves (2.3.21) from which it follows that

Y—tée=Xfort>0. (2.3.26)
Indeed, for ¢t > 0,

z€X <= Forallr>0,\B(zr)) >0,
<= Forall r > 0,Ty1[N(B(z,7)) > 0,
<= Forallr>0,A(B(z+1tr)) >0,

— ze X -t
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Adding t£ on both sides of 2.3.26, we see that
Y—t&E=Yfort eR. (2.3.27)
Let e; = é—| and A = {z € ¥;z.e; = 0}. We claim that
Y =Re; @ A. (2.3.28)
On one hand, if 2 € Re; @ A, then there exists 2’ € A and ¢t € R such that:
z =2 +tey.

Since A C ¥ by definition, this implies that z € ¥ +te; and consequently, z € ¥ by (2.3.26).

On the other hand, if z € X, we can write:
z=(z—(z,e1)e1) + (z,e1) 1.

Let t; = (z,e1). By (2.3.26), z — t1e; € X. Moreover, (z —tjeq,e;) = 0. Therefore,
z—tie; € Aand z € Re; + A. The uniqueness of such a decomposition follows from the fact
that Re; and A are orthogonal by construction. This proves (2.3.28).

So there exists ¢ > 0 so that A = cw,, "H™_ (Re; @ A) by Corollary 2.1.19. By Theorem
3.11 in [KoP], A\g = H™ 'L A is (m — 1)-uniform.

The final step consists in proving that
S)\ C Re; @ SAO =R x S)\O. (2329)

We start by proving that if y € A is a (m —1)-flat point of A\g, and t € R, then te; +y € &
is an m-flat point of A. By Theorem 2.1.30, if y is a flat point of Ay, since \g is an (m — 1)-
uniform measure, there exists a neighborhood U’ of 3 in R4™! (here R?"! is identified with
the set {z € RY% (z,e1) = 0}) such that ANU" is a C' manifold. More precisely, there exists
(d —m+1) C'- diffeomorphisms {¢;}, from a neighborhood G of R™~" to R such that:

d
UNA= {zzeg+...+zm6m+ Z Vi(z2, oy Z2m)ej; (21, -y 2m) € G} (2.3.30)

i=m-+1
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where {ej};.n:2 is an orthonormal basis of the tangent plane to supp(Ag) at y and {e; }jzl is
a completion of {e; };”:1 to an orthonormal basis of RY. We claim that ¥ is a C*-manifold in
the neighborhood U = {se; + 2/;(s,2) € (t — 1,t + 1) x U’} of tey +y. Indeed, if z € ¥NU,

then by (2.3.26) and (2.3.30) we can write

d
2= z161 + 299 + ...+ Zmlm + Z V(22 ..., 2m)eE;, (2.3.31)
i=m-+1

where z; = (z,¢e;) for j > 1and 2, € (r — 1,7 +1).

We go back to the proof of (2.3.29). Suppose that n € S). Then in particular, n € 3 and
hence n = te; +y where t € R, y € A. If y were a flat point of )y, then 1 would be a flat
point of A\. Therefore, n € R x Sy, .

We deduce from (2.3.29) that

d’LmH(S)\) < dimH(S)\O) + 1. (2332)

Note that this inequality holds because Sy and S\, are Borel sets and the packing dimension

of a line is the same as its Hausdorfl dimension. But since H*(S)) > 0,
dimy(Sy) > s. (2.3.33)
Combining (2.3.32) and (2.3.33), we get:
s —1 < dimy(S)y,)- (2.3.34)

On the other hand, S), being the singular set of an (m — 1)-uniform measure, the induction
hypothesis implies that dims(S,,) < m — 4. Therefore s < m — 3.
We have proven that

H(S,) >0 = s<m-—3.

Therefore,

dimy(S,) <m — 3.
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Chapter 3

CONICAL 3-UNIFORM MEASURES: CHARACTERIZATION &
NEW EXAMPLES

In this chapter, we provide a characterization of 3-uniform conical measures in R? and
describe an infinite family of non-isometric 3-uniform measures. We start by introducing
some definitions in order to give precise statements of our results. We say a Radon measure
p in R? is uniformly distributed if there exists a real-valued function ¢ so that for every
x € supp(p), and every r > 0

p(B(x,r)) = o(r).
If there exists ¢ > 0 so that
o(r) = cr”,
we call g an n-uniform measure. Some obvious examples of n-uniform measures are n-flat
measures, i.e. n-Hausdorff measure restricted to an affine n-plane. Indeed, if V' is an affine

n-plane then for all x € V and r > 0, we have:
H*(B(z,r) N V) = war™,

where w,, denotes the volume of the n-dimensional unit ball. In fact, Preiss proved in [P]
that for n = 1,2, the only n-uniform measures in R? are the n-flat ones.

In [P], Preiss showed that there exist non-flat n-uniform measures in R"*'. Moreover,
in [KoP], he proved in collaboration with Kowalski that in codimension 1, this measure and

flat measures are the only examples of n-uniform measures.
Theorem 3.0.1. [KoP| Let C be the cone in R* defined by:
C= {(:1:1, Ty, T3, 74) € RY: 242 = 2% + 1% + x32} ) (3.0.1)

Then :
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o H3_C is 3-uniform and for all x € C, for all r > 0,

H}(B(z,r)NC) = %ﬂr?’. (3.0.2)

o If i is an n-uniform measure in R"L, then either u is n-flat or, up to isometry, we
have:

p=cH" (C xR"?). (3.0.3)

In higher codimension, there is no such classification result. However, in [KiP], Kirchheim
and Preiss proved that the support of an n-uniform measure in any codimension is an analytic

variety.

Theorem 3.0.2. (1.4,/KiP]) Let ju be a uniformly distributed measure over R Then
supp(p) is an analytic variety and there ezists an integer n € {0,1,...,d}, a constant

c € (0,00) and an open subset G of R? such that:

1. G N supp(p) is an n-dimensional analytic submanifold of RY.

2. RAG is the union of countably many analytic submanifolds of R of dimensions less

than n and p(RNG) = H"(RN\G) = 0,
3. p(A) = cH"(AN G N supp(p)) = cH (AN supp(p)) for every subset A C R,
We denote G N supp(p) by R and supp (u)\G by S and write:
supp(p) = RUS.

The only other information on n-uniform measures that appeared since was proved by
X. Tolsa. In [T], he proved that n-uniform measures are uniformly rectifiable, a quantified
notion of rectifiability.

In this chapter, we show that there are other non-isometric examples of 3-uniform mea-

sures in any co-dimension: more specifically, we construct a family of 3-uniform measures
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of which H3?LC is a particular example. Moreover, we give a geometric and graph-theoretic
characterization of conical 3-uniform measures.

Section 1 consists of preliminaries. It is divided into two subsections, one dealing with
results of a geometric and analytic nature and the other with results from discrete mathe-
matics.

We call an n-uniform measure v conical if for every A C RY, for every r > 0, it satisfies
v(rA) =r"v(A). (3.0.4)

Conical measures are of particular interest as they appear as tangent measures of n-uniform
measures. One interesting feature of a 3-uniform conical measure is that its spherical com-
ponent o is a locally 2-uniform measure (See Theorem 2.2.4. We use this to get a better
description of 0. Theorem 3.0.2 says that almost every point of the support of an n-uniform
measure is smooth. With this in mind, in [KoP], Kowalski and Preiss start by considering
a locally n-uniform measure with smooth support M. Fixing a point z in its support and
using the area formula, they write a Taylor expansion for the measure of B(x,r), in terms
of r. By equating this expansion with w,r", they are then able to obtain equations on the
curvature of M and its derivatives. In particular they prove that in the case where n = 2,
the ambient space is R?, and the manifold M is connected, M has to be a piece of a 2-plane
or of a 2-sphere. Thus looking at configurations of 2-spheres seems like the natural approach
to the problem of describing locally 2-uniform measures. In Section 2, we carry out a similar
argument on o, the spherical component of v, where the ambient space is R?, d > 3, to
deduce that it is an umbilic manifold. More precisely, we prove that its support is a finite
union of disjoint 2-spheres (see Theorem 3.2.1).

In Section 3, we study the configuration of these spheres. Indeed, the fact that o is locally
2-uniform implies a certain rigidity. In Theorem 3.3.5, we find a sufficient condition for a
configuration of 2-spheres in R? to be the support of a locally 2-uniform measure. They must
have the same radius and be contained in translations of the same linear 3-plane. Moreover,

their centers have to be in a specific position: we say they are r-layered (see Definition 3.3.4).
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In Theorem 3.3.6, we show that when d = 5, the only possible conical 3-uniform measure
which is neither flat nor the cone from (1.1.4) is given, up to isometry and normalization, by

the following equation:

v=H"L(C,UQCy), (3.0.5)
where
Cr={x; z, =0} m {z; 3 (z1® + 22> + 23°) = z5°}, (3.0.6)
and
Cy = {x DTy = 2\/§x5} m {.73 0 3 (x12 + 192 + x32) =+ :U52} . (3.0.7)

We now know that to produce a conical 3— uniform measure, we only need to construct a
set of r-layered points which will be the centers of its spherical component’s 2-spheres. This
condition of being r-layered is the natural geometric condition to consider but it is difficult
to work with. Our aim is to find a systematic or algorithmic way of constructing such a set
of points. In other words, if we are given an even number 2m, we want to be able to find
the coordinates of all possible well r-layered points in some R

In Section 4, we invoke graph theory to do such a construction. We construct a graph
associated to a configuration of r-layered points and in Lemma 3.3.12, we translate the
existence of such a configuration in Euclidean space to a necessary and sufficient condition
on the graph. The advantage of this condition is that it is computable, expressed as a bound
on the eigenvalues of the Laplacian matrix associated to the graph. We finally prove Theorem
3.3.14 where we describe how to find the coordinates of those centers in the corresponding
ambient space and the rank of the linear space generated by the centers. We also show that
the number of centers is divisible by 4 .

Finally, in Section 5, we explicitly construct an infinite family of non-isometric 3-uniform
measures in Fuclidean spaces of different dimensions. To do that, we first construct rectan-
gular parallelotopes whose vertices are r-layered (see Lemma 3.4.1). Using this construction,
we produce a family of 3-uniform measures (in Theorem 3.4.2). These configurations of

points are highly symmetric. To illustrate the fact that this need not be true in general, we
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construct an example with much less symmetry.
3.1 Preliminaries

3.1.1 Geometry and analysis preliminaries

We state two theorems which will be crucial to the description of the geometry of the spherical
components. In [KoP|, Kowalski and Preiss proved that the curvature of a manifold whose

surface measure is locally n-uniform must satisfy the following equation.

Theorem 3.1.1. [KoP] If a hypersurface M C R™** of class C® is such that for all x € M,

there exists ro > 0 such that for all r < rq,
H"(B(x,r) N M) = w,r", (3.1.1)
then we have along M :
_>
h? =2|| h|]* = 2T,
— —
where h denotes the second fundamental form, h the trace of h, T the scalar curvature

and ||.|| the norm of a tensor with respect to the Riemannian inner product.

When n = 2, this theorem essentially says that all points of the manifold are umbilic.

The following is a classical geometry theorem describing umbilic manifolds.

Theorem 3.1.2. [Sp] Forn > 2, let M™ C R be a connected immersed submanifold of R?
with all points umbilics. Then either M lies in some n-dimensional plane or else M lies in

some n-dimensional sphere in some (n + 1)-dimensional plane.

In [KiP], Kirchheim and Preiss proved that the support of a uniformly distributed measure
is an analytic variety. We need the following theorem by Lojasiewicz to describe the geometry

of an analytic variety.

Theorem 3.1.3. [L] Let ®(z1,...,2q) be a real analytic function on R in a neighborhood
of the origin. We may assume ®(0,...,0,24) # 0. After a rotation of the coordinates
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(21,...,24-1), one has that there exist numbers §; > 0, j = 1,...,d such that the set Z
defined as :
Z=A{x=(v1,...,2q) : |xj| <0;, forall j and ®(x) =0},

has a decomposition
Z=Vtu. . uve (3.1.2)
The set V0 is either empty or consists of the origin alone. For 1 <k <d —1, we may write
V¥ as a finite, disjoint union of analytic k-submanifolds of RY.
Moreover, Z is stratified in the following sense: for each k, the closure of V¥ contains all

the subsequent V;’s, i.e. defining () to be
Q= {:c e R |z;] < &5, for allj} ,
we have:
VOu...uvFtcQnVk (3.1.3)

Corollary 2.2.5 says that the spherical component of a conical 3-uniform measure is locally
2-uniform. The following proves the converse: if €2 is a subset of S¥~! such thatH?_(2 is locally

2-uniform, and ¥ is the cone over Q then H3LY is 3-uniform.

Lemma 3.1.4. Let Q be a set in R? contained in S™™, 0 = H2Q and assume that o satisfies

the property that for all x € ), forr < 2,
o(B(z,r)) = 7r’. (3.1.4)
Define 33 to be:
= {xeRd;% eQ}u{O}, (3.1.5)

and v to be H3LY.
Then for all x € 33, for r > 0, we have:

v(B(z,r)) = %71’7“3. (3.1.6)

In particular, v is 3-uniform.
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Proof. We prove that v(B(e,r)) = 373, for e € Q, r > 0. The theorem then follows for any

x € Y. Indeed, if z € X, x # 0 then e = ﬁ € (). Moreover, by the definition of ¥ we have

% = % for any u > 0. This gives:

H3(B(z,r)NT) = H> <|g;| (B (e, é) N %)) = |zPH3 (B (e, é) N 2) - §7r7"3.

On the other hand, let z; = ¢ for some e € €2 and let r > 0. Then since XB(zir)(2) —

XB(0,)(2), for v-almost every z, we get:

%”ﬁh:iﬁiyﬂﬂwmrﬁ==VUﬂ0ﬂ7)

Let us now prove the theorem for e € €. Let r > 0 and ¢(2) = Xp(er)(2). Then, by
Lemma 2.2.3,

vt = [0 [atoaoio = [0 [xnesdo= [ Ooa(B (;;))dp

Let us compute o(B(5, 7)).

P
We first express B(£, %) NS as a ball centered on e. Let z € B(£,£) NS?"". Then an

easy calculation gives

Therefore,

(m(G0) = o (o 5) ) e

We now compute v(B(e,r)). To this effect, we need to consider two cases: when r <1
and r > 1.

If r < 1, by (2.2.3),

V(Ble,r)) = /f o (B <§ 2)) dp = w/j (2 — (p— 1)2)dp, = gmﬁ.

In the case where r > 1, notice that when p <r—1, 9B, C B(e,r), and when p > r+1,
0B, N B(e,r) = (. Therefore, we can write:
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r+1

r—1 4
v(B(e,r)) = 477/ p2dp + / (p(r* = 1) = 2p* +2p°) dp = 5777"3.
0 r

-1

r2—(

Note that when p € [r — 1,7 + 1], +1)2 < 4, justifying the fact that:
2 _ -1 2 2 _ -1 2
olBle ) 2le=D)) _ == 17
p p

We also state a theorem due to Archimedes: it says that the surface measure of a 2-sphere

]

is the support of a locally 2-uniform measure. We provide a proof using the area formula.

Lemma 3.1.5 (Archimedes). Let S be a sphere of radius R in R3. Then for allu € S, for
all p < 2R, we have:
HA(B(u, p) N S) = mp?. (3.1.7)

Proof. Without loss of generality, Hausdorff measure being invariant under isometries and

under dilation up to appropriate normalization, we can assume that S = S* and u = (0,0, 1)

We claim that for e = (0,0,1) and r < 2,
H2A(S* N Ble,r)) = 7. (3.1.8)

First, note that 0B(e,7) N S? = {(z,y,2) E R 2? + > + 22 =1, 2 + 9y + (2 — 1) = r?}. If
r < /2, B(e,r)NS? is the portion of the graph of f(z,y) = /1 — (22 + y2) above z = 1—%.

So we have, by the area formula:

o py/1-(1-22)2
H*(Ble,r) N S?%) = / / V14|V f|2pdpdd = 7.
o Jo

If V2 <r <2, Ble,r) and B(0,1) intersect in z = 1 — g Moreover, note that the part
of S? below the plane z = 1 — % is B(—e, "), where, by applications of Pythagoras’ theorem,

we have > = 4 — 12 Therefore, by symmetry (since 7 < v/2), we have:

H?(B(e,7) N S?) = H*(S?) — H*(B(—e, ') N S?) = w2
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This proves (3.1.8).

Therefore, since p < 2R, we have:

H? (S N B(u, p)) = H? (R (SQ NB (e, }%))) = R’m (}%)2 = mp°.

3.1.2 Discrete mathematics preliminaries

In Section 4, we need to understand what conditions on a set of distances guarantees their

embeddability in Euclidean space. To this end, we use a theorem of embeddability from [B].

Definition 3.1.6. Let X be a set. We call X a distance space if there exists a distance
function dx : X x X =Y, where Y 1is called the distance set. Typically Y will be taken to
be R, .

We call a distance space (X,dx) semimetric if dx has co-domain Ry U {0} and if dx
satisfies for all p,q € X:

e dx(p,q) =0 < p=gq,
o dx(p,q) = dx(q,p).

We remind the reader of the geodesic distance of two points on a sphere.

Definition 3.1.7. For two points x,y € tS™ C R™*L, for some t > 0, we define the distance

| . |ssm to be:

|z — y|sgm = t. arccos ((xt,2y>) , (3.1.9)

where (,) is the Fuclidean inner product.

Theorem 3.1.8. /B Let X = {p1,...,pn} be a semimetric space, t > 0 and define the n xn

A= (Cos (M))M . (3.1.10)

matriz A to be:
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Then there exist points {&};—, in tS"~? such that:

& — &jlisn—2 = dx (pi, ;) (3.1.11)

if and only if dx (pi,p;) < wt, the matriz A has rank at most n and all its principal minors

are non-negative (or equivalently A is positive semidefinite).

An application of this theorem leads to a characterization of a measure v by a graph

associated to it. We give some basic notions of graph theory.

Definition 3.1.9. A graph G consists of:
o A set of vertices V(G) = {v;}_,,

o A set of edges E(G) = {{Uivj}}ivje‘] for J a subset of the set of subsets of cardinality
two of {1,...,n}.

Definition 3.1.10. 1. We call two edges having a vertex in common adjacent. We say

two vertices u and v are adjacent and denote u ~ v if {u,v} € E(G).
2. A weighted graph is a graph to which we associate a weight function w : E(G) — R,.
3. The degree d(v) of a vertex v is defined as d(v) =), w({u,v}).

4. A k-edge coloring of G is a function ¢ : E(G) — {1,...,k} such that c(e) # c(f) if e

15 adjacent to f

Example. An example of a graph which will be used in Section 4 is the complete graph
K,,. This graph has n vertices V(G) = {v;},_, and its edges are all the subsets of V(G) of
cardinality 2 i.e. E(G) = {{viv;}}o; i<,

To each graph are associated two matrices that encode information about its structure:

the adjacency matrix and the Laplacian matrix.
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Definition 3.1.11. Let G be a weighted graph.

1. The adjacency matric A = (Ai;)i; of G is defined as:

4, = 0, ifi =j, or {vi,v;} ¢ E(G) (3.1.12)

w({vi,v;}), if i # j, {vi, v} € E(G).
2. The degree matrix D of G is the diagonal matriz with entries:

Dy = d(v). (3.1.13)

3. The Laplacian L = (L;;); ; of G is defined as
L=D-— A, (3.1.14)

where D is the degree matriz. Its second smallest eigenvalue \g is called the spectral

gap of L.
4. The normalized Laplacian matrixz L,., is defined as

Lnor - Di%LDiéu

1.€
.
L, if i =,
(Lnor)ij = —m if i # 7, {vi,v;} € B(Q), (3.1.15)
0, otherwise.

\

The spectral gap of the Laplacian a graph encodes information about the connectedness
of a graph. One can interpret it as a quantified version of connectivity in view of the following

proposition.
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Proposition 3.1.12. [C] Let G be a weighted graph on n wvertices and L its Laplacian.
Denote by \y < Ay < ... < )\, the eigenvalues of L.

Then Ay = 0 with eigenvector e = (1,...,1) and
A =0 — G s disconnected.
We call Ay =: \g the spectral gap of L.
3.2 The spherical component is a union of 2-Spheres

We now study the geometry of the support of the spherical component o of the 3-uniform
measure V.

Our aim is to prove that €2 is a finite union of disjoint 2-spheres.

Theorem 3.2.1. Let v be a conical 3-uniform measure in RY, o its spherical component and

Q the support of o. Then
a=[Js; (3.2.1)
where the S;’s are mutually disjoint 2-spheres.

We start by proving the following intermediate lemma.

Lemma 3.2.2. Let ji be a 3-uniform measure in R?, o its spherical component and supp(c) =

Q. Then:

RCUS(X,

where the S, ’s are 2-spheres and R s the regular part of ) as defined in Theorem 3.0.2.

We divide the proof of this lemma into claims which will be proven separately. The setting
of the claims is the following: we pick Q € R. Without loss of generality, by rotating and
translating €2, we can assume that Q = 0 and Q C 0B(—p,0) where p = (0,0,1,0,...,0).
We can choose a basis {ej1, ea} of P = Ty satisfying the following: in a neighborhood U of

0, writing = the projection of x on P, there exist d — 2 real analytic functions z; of T so that
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d
QNU = {T—FZzi(f)ei;TEPﬂU}, (3.2.2)
i=3
and such that z;(0) =0, V2;(0) = 0 for all  and V?24(0) = diag(\1, \2).
Claim 1.
, -1 0
\% 23(0) =
0 -1
Proof. Indeed since 2 C S%! — p,
i+ ri 4+ (m+ 1)+ 20+ =1 (3.2.3)

Differentiating (3.2.3) with respect to x; then x5, and plugging in z;(0) = 0 and Vz;(0) = 0,
we get:

and hence 020123(0) = 010523(0) = 0. Differentiating (3.2.3) twice with respect to z; and

plugging in 2;(0) = 0 and Vz;(0) = 0, we get:
14 (23(0) + 1)010,25(0) = 0 (3.2.5)
and hence 0,0,23(0) = —1. Similarly, we get 050223(0) = —1. O
We now write for every j > 5

K15 T

V22;(0) = (3.2.6)

mj o H2j
Denoting by p = /2% + 23, we can write the following Taylor expansions for the z;’s:

1
2= =50 +0(p"), (3.2.7)

1
Z4 = 5()\133'% + )\237%) + O(pg), s (328)

1
2 = 5527 + pa s + 2mzazs) + O(p°). (3.2.9)
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We will first use the area formula to write a Taylor expansion for H?(B(0,7) N Q) for r small
in terms of the \;’s , u;;’s and m;’s. We then use the fact that H*_Q is locally 2-uniform
to establish relations between the A;’s, i, ;s and m;’s. We start by writing the integrand D

appearing in the area formula in terms of the the A;’s , u; ;’s and m;’s.

Claim 2. For T = (x1,22) € PNU, we have:

D(T) = 1 + azi + Bas + yr1me + O(p*), (3.2.10)
where
a=1+X+) (47, +m)), (3.2.11)
J
B=1+X+) (u3,;+m3), (3.2.12)
J
= Z 2my(p15 + Hayg)- (3.2.13)

j
Moreover, if we write x1 = pay and x4 = pas where a; = a1(0) = cos(0) and as = az(0) =

sin(0), then (3.2.10) becomes:
D(p,0) =1+ B(0)p* + O(p*) (3.2.14)
where B(6) = aa? + Ba3 + ya,ay.

Proof. D is the sum of the squares of all 2 x 2 minors of the matrix Jz(Z) which is given (up

to a term O(p?) in each entry) by:

1 0
0 1
—x1 —To
AT AoTo (3.2.15)

H1,4T1 + MyTo 2 4T2 + My

M1,4T1 + MaZa o, 4T2 + Mgy
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If we denote by 7 the permutation of 1 and 2 then:

d 2 )
Z (s +m;r )
j=4 i=1

2 2
D@pﬂ+zp%m%4<quwum@>+
=1

i=1,2

d 2 2 2 2

j=4 i=1 i=1

9 2
+ > <Z(—1)i+1(/~6z’ﬂz’ + M) (H2,kTr(i) + mwi)) +0(p°).
j 1

4<j<k<d

It is easily seen that the only sums contributing terms of order p? or lower are the sums
on the first line. By expanding the squares, we get (3.2.10) of which (3.2.14) is a direct

consequence. 0

Claim 3. For r small enough that B(0,r) C U, we have:

™ 'B(6 B(0
H*(B(0,7)NQ) = mr? + 7“4/ (% - %) do + O(r%) (3.2.16)
0
where
d
B(0) =Y B(0).
=3
1
B3 - 57
B4 _ )\1@% + )\2@%’
2
and
B — muy a3 + pig a3 + 2mla1a2’ forl>s.

2

Proof. Let F : R> — R? be the map:

F(@) = (T, (), . .., 2a(T)).
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By the area formula, we have:

HA(B(0,r)NQ) = /F—1<B<o ; D(7)dA (3.2.17)
— /27r /p(a) (1 + @ + O(p4)) pdpd®, (3.2.18)

2rr 2 T p(9)
_/0 [%Jr @p‘*ﬁm(/ﬁ)h do. (3.2.19)

p(0) +> 2 =1 (3.2.20)

By (3.2.7), (3.2.8) and (3.2.9), (3.2.20) becomes:

P2 (0) + ZBf(@),ﬁ(e) =2 (3.2.21)
p*(0) + Bp*(0) = r*. (3.2.22)

Expressing p as a power series in terms of r and substituting in (3.2.22), we get:

p(0) =r— —Bég)r‘% +0(r), (3.2.23)
and consequently
p*(0) = r* — B(O)r* + O(r°), (3.2.24)

p'(0) = '+ 0").

Plugging (3.2.24) in (3.2.19), we get:

H*(B(0,7) N Q) = 7r? + 1 /27r (@ _ B

< T) do + O(r%). (3.2.25)
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Let us express B in term of the \;’s, y; ;’s and m;’s. We have :
d
=35t
1=3
1 12 d
:Z+ZZ<)\2+ZMZJ>G +4 (2)\1)\2+22u1]u2]+4m> CL% (3226)

=1 =5
A
+ 1 Zm]m]) alag + - <Z m],uzj) a1a2
J
1
=7 (14 daj + eaj + waja + waias + kajay) (3.2.27)
where

d
(e
j=5
d
(e
j=5
d
— <2)\1)\2 —+ 2 Z ,ul’j,uzj + 4m3> s

J=5

d
w = (Z mj/h,j) )
j=5
and
R = (Z mjuzj) .
J
We now use the fact that H?Q is locally 2-uniform to deduce a relation between the \;’s,

Y 9
i ;’s and m;’s.

Claim 4. We have:

and for all 7 > 5

f1j = po,; = iy and m; = 0.
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Proof. On one hand, by Corollary 2.2.5, we have H?*(B(0,r) N Q) = 7r%. On the other hand,
EIQ] _)

by (3.2.16) , we have H*(B(0,r)) = wr? +r4 fo < — ) df+O(r®). By equating them
we get
2r o
[0 s, pam
. 8 2

Rewrite this in term of a; and as to get:

2 2 2 (5 2 2 2
g/ 2d6+6/ d@——/ de——/ ai‘d@—f/ agde—i/ a2a2df = 0, (3.2.29)
8 0 0 8 0 8 0 8 0

by using the fact that

/O " cos(@)sin(0)db = /0 " cos%(0)sin(0)d0 = /0 " cos(6)sin*(6)d6 = .

Moreover, since

2m
/ cos*(0)df = / sin“(0)df = 7
0 0
2 27
/ cos*(0)df = / sin*(0)dh = 57
0 0 4
2 T
/ cos*(0)sin?(0)df = —,
0 4

(3.2.29) becomes:
da+45 —8—36 —3e —1=0.

Replacing the letters by their values in terms of the \;’s, p; ;’s and m;’s gives:

(AT + A3 = 200) + ) (13, + 13y — 2 25) + Y 4m3 =0 (3.2.30)

J J

This implies that Ay — Ay = p11; — poj = m; = 0 for all j.

We can now prove Lemma 3.2.2

Proof. Write
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where each M; is a connected analytic 2-submanifold of R?. Since every point of M;, i > 0,
is analytic, it is umbilic and therefore by Theorem 3.1.2 M; lies in some 2-dimensional sphere

Si (not necessarily distinct). O
We now finish the proof of Theorem 3.2.1.

Proof. First, we claim that there are only finitely many M,’s in (3.2.31). Indeed, by Theorem
3.1.3, for every x € €2, there exists a neighborhood N, such that 2N N, can be written as :

QNN, =V2uviuve, (3.2.32)

where V? is a finite union of analytic 2-submanifolds, V! a finite union of analytic 1-
submanifolds and V? is a finite union of points.
By compactness of €2, and by taking a finite cover of it by such neighborhoods, we can

write € as:

Q=Vv2uvtuve, (3.2.33)

where V2 is a finite union of analytic 2-submanifolds, V! a finite union of analytic 1-
submanifolds and V? is a finite union of points.
Calling the analytic 2-submanifolds M; where each M; C S; and noting that V'UV? ¢ V2,

we have:

QclJs. (3.2.34)
=1

We now proceed to prove that M; = S; for all 2 and 2 = R.
Suppose that there exists ¢ such that M; # 5;, and assume without loss of generality that
i=1. Pick y € 9(QN Sy) (by 0(2NS;) we mean the boundary in the subspace topology of

St in the following). We first claim that y € U;£1.5;. Suppose not. Then there exists € such
that B(y,€) C (Ui;ﬂ 51')8. In particular, by (3.2.34),

B(y,e)NQ = B(y,e) N QN Sy.
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On the other hand, since y € 9(2 N S1), there exists a ball B C B(y,e) N Q°N S, and
consequently, H?(B(y,¢) N Q¢N S;) > 0. Thus we have, since H* Q) and H?_S; are locally

2-uniform,

e’ = H*(B(y,e) N Q) = H*(B(y,e) NN S),
<H*(B(y,e) N QN S;) +H*(Bly,e) NQ°NS),
= H*(B(y,e) N S1) = mé?,

which yields a contradiction. Hence, y € (J;,, Si- In other words, for each y € 9(€2N S)
there exists a finite index set I, 1 € I, such that y € QN (),.;S;. We now prove that
such a set consists of a unique point. Let e € QN [),.;S;. By Theorem 3.1.3, for every 1,
S;NQ = M; UOM;. In particular, since e € S; N (), there exists a sequence of points e; € M;
( possibly all identified with e) such that e; — e. But Q being a C** submanifold (Theorem
2.2.8 from Chapter 12), the tangent planes T¢, €2 converge to 7.Q. On the other hand, 7,,S;
also converge to 1..S;. Since T,,S; = 1.2, we get T.Q0 = T.S;, for all . In other words the
spheres S; are tangent in e. This implies that 9(€2 N S}), being a subset of a finite union of
such intersections, is a finite union of points. Therefore, 2N S is a finite union of points. So
any sphere S; such that M; # S; only intersects €2 in a finite union of points. Since it is clear
that two spheres cannot intersect in points from M; (from a simple density argument), we
can exclude a sphere intersecting €2 in a discrete set from our decomposition (3.2.34). This
ends the proof that for every i, M; = S;.

Note that this argument also proves that the spheres are disjoint and that {2 = R, since

8MZ = @, for all 7.
[]

We end this section by proving two simple lemmas about €2 which will be useful in

describing the 2-spheres composing it.
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Lemma 3.2.3. Fori > 0, let r; be the radius of S;. Then if e € M;, we have:
B(e,2r;) N (Q\S;) =0 (3.2.35)
Proof. Let p € (0,2r;). Clearly, r; < 1 since S; is a subset of S*"!. By Theorem 2.2.5,
o(Ble, p)) = np*. (3.2.36)
On the other hand,

a(B(e, p)) = H*(B(e, p) N ),
= H*(B(e, p) N S;) + H*(Be, p) N (Q\S)),
= 7p? + H*(B(e,p) N (Q\S;)) , by (3.1.7).

In particular,

H2(B(e,p) N (Q\S;)) =0 (3.2.37)
Assume there exists = € B(e, p) N Q\S;. Then there exists § > 0 such that

QN B(x,0) C Ble,p)\S; (3.2.38)

and consequently

H2(Ble, p) N (Q\S:)) > H2(Q N B(z,8)) > 0,

yielding a contradiction.

O
Lemma 3.2.4. Fori >0, e € S;, there ezists z € Q\S; (not necessarily unique) such that:
|z —e| = 2r;.
In particular, this combined with (3.2.35) implies that dist(z,Q\S;) = 2r;.
Proof. For € > 0 small enough,

o(B(e,2ri(14€))) — o(S;) = 4mrie(2 +€) > 0. (3.2.39)
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On the other hand,
a(B(e,2ri(14€))) — a(S;) = H*((2N B(e, 2ri(1 4 €))) \Sy). (3.2.40)
In particular, for all j > 0, 5 large enough,

(Q N Ble, 2r;(1 + %))) \S; # 0,

and there exists z; € (Q N B(e, 2r;(1 + %))) \\S;. Passing to a subsequence if necessary,
z; = 2z, z € , |z —e| = 2r;. Moreover, z ¢ S;. If it were, then for j large enough,

dist(z, zj) < 2r; contradicting 3.2.35.

3.3 Understanding the configuration of the 2-spheres

We now want to obtain a better description of the spheres that compose the support of €.

We start with two lemmas of elementary geometry.

Lemma 3.3.1. Let S be a two 2-dimensional sphere in R? such that S C T, where T is an
affine 3-plane. We let e € R? and follow the notation d(e,S) = D, r(S) = p and d(e, T) = .
Then, for D < R:

B(e,R)NnS = B(p,x) NS, (3.3.1)

where {p} = B(e,D)NT and

22 = f (R D).
p+(D? = 6%)2

Proof. Let f be such that:
Ble,o)nT ={f}.

Then:
B(e,R)NT = Bs(f, R),

and

B<€7D)HT:B3(]C7D)7
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where B; denotes the three-dimensional ball in T, R?2 = R? + 62 and D? = D? + §2. Also
note that By(e, R)NT NS = Bs(f,R) N S since S C T.

Let ¢ be the center of S. Then f, p and ¢ are aligned since S and dBs(F, D) are tangent
at p.

Moreover, B(f, ]:2) and S intersect in a circle C. For any u,v € C, |[p —u| = |p — v| = x.
Indeed, since |f —u| = |[f —v| = R, |¢ — u| = |¢ — v| = p, and f, p, q aligned, p is in the

bisecting plane of any two such points. Therefore,
Ba(p,2) NS = Bs(p,z) NS = Bs(f,R)N S = Byle,R) N S.

To end the proof, we compute z. Choose m € C and let n be its projection on the line (fq).
We work in the 2-plane T; containing f, ¢ and m. Then |p —m| ==z, [¢ —m| = |p — ¢| = p,
|f—p| = D and |f —m| = R. Moreover, we denote |m—n| and |[p—n| by [ and # respectively.
Then, applying Pythagoras’ theorem, we get:

PP =0+ (p—1)7 (3.3.2)
2? =%+ 1% (3.3.3)
R*=1+(D+1)% (3.3.4)

Then (3.3.2) becomes [? = 2pt — t* and plugging this into (3.3.3) gives

z? = 2pt, (3.3.5)

and (3.3.4) becomes

R? - D?
200+ D)
Finally, (3.3.5) gives:
2 P D2 2

= ——=(R*— D?). 3.3.6
R D) (3:3:6)
Expressing R and D in terms of R, D and § ends the proof. m

Lemma 3.3.2. Let S be the 2-sphere in S™' defined by:

S:{zESd_1;|z—5]=7‘,Z€V‘|‘€}>
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where V is a linear 3-plane. Then for all = € R?, if P,(2) # 0, denoting the closest point to
2 and furthest point to z on S by Ps and Pg, we have:

z)=r Py (2)
Ps(z) (o) +¢, (3.3.7)
and
Bols) = _p Lv(2)

where Py is the linear projection on V. In particular, if we denote by Dg(z) the distance

from z to S and Dg(z) the distance between z and the furthest point to z on S, we have:
Ds(z) = |z — Ps(2)],

and

Ds(z) =z = Ps(2)].

Proof. We start by proving that Py ¢(z) = Py(2) 4§, where Py ¢ denotes the affine projec-
tion on V' 4 £. First note that £ is normal to V. Indeed, if e is a unit vector of V', we have

|+ re| = |€ —rel = 1 since £ + re and € — re are points of S C S, This gives

<€7£+T6> = <£7€_T6>7

and consequently £.e = 0.
Py ¢(#) is the point € that minimize |z—é| for € € V4. Writing € = e+¢&, Pyi¢(z) = e+£

where e minimizes |z —e — &|,e € V. But, since
|z —e— &P = [Pr(z) — el +|Pya(z) — €[,

it is clear that e = Py(z) is the minimizer we're looking for. This proves that Py ¢(z) =
Py(2) +¢&

Now if u € S C V + £ minimizes (resp. maximizes) |z — u|, by writing

|z —ul® = [Prie(z) —ul + ’P\ﬁg(z)’z,
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we see that « minimizes (resp. maximizes) |Pyy¢(2) —u| = |Py(2) — (u—&)| and consequently
u maximizes (resp. minimizes) (Py(z),u — &) . Therefore, “T_g = @Eg\ (respectively, “T_g =
_ Pv(z)

\PV(Z)\)' [

Using Lemma 3.3.1, Lemma 3.3.2 and the fact that o is locally 2-uniform, we deduce the
following technical lemma which will be our first step towards a description of the spherical

component.

Lemma 3.3.3. Let Q C S, and 0 = H?.Q. Assume that o satisfies:
o(B(z,r)) = 7r?, (3.3.9)

for every 0 < r < 2, for every x € Q. From Theorems 3.2.1 and 2.2.7 we know that
Q = UM, S; where S; is a 2-sphere of radius rs,. Let & = X, {S;} and fix = € Q.
Define the integer m(z), the indices {i}"?, the radii {R;(2)}™ ) and the subsets {Ci(z)}z(f),
{c]

(z)}0<j<i<m(z) of & inductively in the following manner

e Ri(z) = 2r, where r, is the radius of the sphere S, such that z € S..

o (%) = Cy(z) = {9},

o The first layer C'(z) = C(2)
zero-th to the first layer C3(z)

U{{S}; Ds(z) = Ri(z)} and the contribution of the
0,

e If1<i, Ri(z) =inf {Dg(2); S € C""!(2)}, and Ci(z) = U{{S}; Ds(z) = Ri(2)}.
e For 0 <j <1, the contribution of the j-th layer to the i-th layer

Ciz)= |J {{5}:Ds(z) > Ri(2)}.

SeCi(z)
e Cl(z) = Uogjgz‘ C;(Z)

o m(z) to be the first integer so that Ry, =2 and C;-n(z) =0 for all j < m(z).
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Then, 2 = —Q and for every z, letting

,
cs(z) = S ,

rs+ (Ds(2)? — 05(2)2)?

we have for every 0 < i < m(z),

43 Y ri= ) cs(2)Dg(2)? (3.3.10)

1<j<k SeCi—1\C9J SECk(2)
and
> es(z) =1 (3.3.11)
SeCk(z)

In particular, for every 0 <i <m(z), C*(2) # 0 and Q@ = Uycjcm(z) Useci S-

Proof. By Lemma 3.2.1, we know that (2 = Ui‘il S; and Q = —Q. Fix z € . By Lemmas
3.2.4 and 3.2.35, we know that C*(2) # (). For any i, if S € C%(2), then Dg(z) < R;(z) and
Ds(2) > Ri(2) so that whenever S € C?(z) and Ri(z) < R < Ri;1(2), we have SN B(z, R) #
0 and SN (B(z, R))" # 0. Moreover, if S € |J,., C'"""\C", then Dg(z) < Ri(z). Hence, for
Ri(2) < R < Riy1(2),

B(z,R)NQ = U U sIUl U snB(zR) (3.3.12)

I=1 SeC=1(2)\C!(z) SeCi(z)

Applying H? on both sides, we get from the fact that o is locally 2-uniform and by Lemma
3.3.1 and (3.1.7),

thi Y dmi+ ) wes(2)(R? - Ds(2)). (3.3.13)

I=1 SeC!=1(2)\Cl(z) SeCi(z)

Differentiating twice with respect to R gives (3.3.11) and plugging (3.3.11) back into (3.3.13)
gives (3.3.10). Note that (3.3.11) directly implies that every C* is non-empty since cg(z) > 0

for every S.
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We now use this theorem to prove that the support of a locally 2-uniform measure is
layered in a sense that will be made precise. Let us start by defining a notion of layering

points.

Definition 3.3.4. We call the set L C S, of permutations {li}ﬁgl a layering if for each i,

l; has the following properties:
1. 1o(j) = J,
2. 1;(1)=i+1,
3. For alli # k, for all j, 1;(5) # lx(J).
4. =1,
Moreover, if r >0 and {ay, ..., an} is a set of points in R? such that:
o — ay,)| = 2ir, for all j,i (3.3.14)

then we call it an r-layered set of points.

Finally, for 1 <1 < j <m, we denote by d;; the integer such that:
la,; (1) = J, (3.3.15)

and set

for alli. We call the function d such that d(i,j) = d;; the distance function of the layering.

Remark 3.3.1. 1. If {a;} is r-layered by {l;} for some r then for all j,

{5:6G), - lma ()} = {1, m}
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2. The [;’s organize the points of P into layers. Let P; be the sequence:

P = (aj, 1,35y, -+ Q1 (5))-

Each P; is a rearrangement of P,“viewed through the lens" of a;: ay,(;) is the i-th layer

of P; and is at a distance 2/ir from ;.

Theorem 3.3.5. Let Q) C S, 0 = HAQ. Assume Q is a layered union of spheres i.e
Q= (U™ S;) where:

1

1. Fori=1,...,2m, S; is the 2- sphere of radius r = and center &;,

%\

2. Fort=m +1... 2m, Sz = —ng+1_i
3. Foralli=1,...,2m, S; CV + & where V is a linear 3-plane such that & € V*+.

4. {&}f;nl is an r-layered set of points.

Then

o(B(z, 7)) =7r? forz € Q, 0<r <2 (3.3.16)

Proof. First note that conditions 2 and 4 are compatible. Indeed, for ¢ > m, we have

€14 Camr1-i” = 216017 + [€ami1-il*) — 21&1 — Eampail?,
= 4% + 4(2m — i)r?,
=402m — 1 —2m +14)r?,

=4(i — 1)r?,

We first claim that if €2 is a layered union of spheres, then for fixed j, for all z € .S, for

all 7 we have:

DSli(j)(z) - 2\/%7“ - Dsziflm(z)' (3317)
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We prove it for 5 = 1. The proof for other j’s is exactly similar. First note that by

the definition of a layered union of spheres, we have Pyi(z) = & for z € S;. Moreover

|Py(2)| = |Pvie, (2) — &| = r. Thus

Ds,(2)" = |z = Ps,(2)[*,
= |Py(2) + & — Pu(z) = &P,
=& — &P,
=4(i —1)r*

and

D, (2) = |z =P ()2
= |Py(2) + &+ Pr(z) — &
= 4Py (2)]* + &1 — &,
= 4r” +4(i — 2)r?,

=4(i — 1)r?

We now show that (3.3.16) holds. Pick z € €. Without loss of generality, we can assume
that 2 € S;. Let 0 < R < 2. Then there exists 7 such that 2vir < R < 2i+ 1r. If
R = 2V/ir, then by Lemma 3.3.3, B(z, R) N Q = |Ji._, S and
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If 2v/ir < R < 2v/i + 17, then B(z, R) N = ( L Sk> U (S; N B(z, R)) and

H*(B(z, R)NQ) = i H?(Sk) + H2(S; N B(z, R)),

k=1

= 1Dg,(2)* + 7(R* — Ds,(2)*), by Lemma 3.3.1 and (3.1.7),

= 1R
O]

Theorem 3.3.6. Let o be the spherical component of a conical 3-uniform measure in R,

Q = supp(c). Then Q is a layered union of spheres.

Proof. Assume S; is the sphere with smallest radius and denote rg, by r. First note that we
can assume r < \/75 Indeed, if r = */75, then Dg, = 2r = v/2 which implies that S, = —S;
and Dg, = 2. Therefore, Q = S; U (—S;) which ends the proof. But r < ‘/75: indeed, on one
hand the sum of the squares of the radii is 1 since for any z € €,

im = 0(B(2,2)) =47 Y rs’,
Se6

and on the other hand the fact that Q2 = —Q and Q # S? x {0} implies that there are at
least 2 2-spheres in ). Hence r < \/75

Assume that S; = (Vi + &) N'S? ! where V; is a linear 3-plane normal to £ and £ is the
center of Sy.

We first claim that for all z € Sy, if the sphere S is in C'(2), we have:
r(S) = ry.

Suppose this were not the case r := r(S) > r;. Denoting Ps(z) by ¢ € S, we have by Claim
3.2.4

¢ — 2| = 2r; < 2r,

which implies dist((, S;) < 2r, contradicting 3.2.4. This proves the claim.
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Now set C1(1) = |..q, C*(2) the first layer with respect to Sy, pick S € C! with radius

€S
r and center 1. We can write S = V + 7, for some linear 3-plane V' normal to 7. Set
As={z€eVi+¢&; |z — Ps(z)| = 2r}. We wish to write an equation for Ag as an object in
the 3-space Vi + £. Choose orthonormal bases {e;}>_, of Vi and (u,v,w) for V and write
¢ = te. In the following we will denote (z, e;) by z; and (z,€e) by z.

On one hand, we have

|z — Ps(2)]* = 4r,

,
[Py (2)](1 - |PV—(Z)|>2 + |Pyi(2) — n|* = 4%, by Lemma 3.3.2,

[Py (2)[* + 1% = 2| Py (2)| + [Pyo (2)]” + Inf* = 2(n, 2) = 4%,
2 —2(r|Py(2)| + (n,2)) = 4r?, since |n|* +r* =1, and |2| = 1,

2 — 4r?
r|Py(z)] = K — (n,z), where K = 5 =

(3.3.18)

We first square and expand the right hand side of (3.3.18). Writing (z,n) = n121 + 7220 +
1323 + tn. and expanding the right hand side we get:

3 3
(K = (n,2)* = K* + *0 = 2Ktne + Y _mfzi+ ) 2mmzze+ ) (20 — 2K )niz,

i=1 1<j<k<3 i=1

(3.3.19)

3 3
= (K +1tn.)* + Z ni2? + Z 2nNkz; 2k + 2(225776 — 2Kz (3.3.20)

i=1 1<j<k<3 i=1

We now square and rewrite the left hand side of (3.3.18). Since Py(z) = (z,u)u +

(z,0) v + (z,w) w, we write |Py(2)|> = (z,u)* + (z,v)* + (z,w)>. Finally we write (z,u) =

z1u1 + zous + z3uz and expand the square to get:



3
7| Py (2)]* = Z r?(uf + vl +wh)zt + Z 2% (ujug + Vv + wjwE) 252,
i=1 1<j<k<3

3
+ Z 2% (uett; + vev; + wew;)z; + 12 (u? + v? 4+ w?),

=1

=D PRl + D 2 (Prle). Peleg)) 5

1<j<k<3
3
+ 3 2tr® (Py(e:), Pyr(e)) 2z + | Py (e) .
=1
(3.3.18) becomes:

3 3

a4+ Y bpzam+ Y ez = (K —tn.)? — r* 2| Py(e)?,
i=1 1<j<k<3 i=1
where
a; = 1*|Py(e;)]> — 03,
bjr = 2r* (Py(e;), Py(ex)) — 20k,
and

ci = (2tr* (Py(e), Py (e;)) — 2tn, + 2K)n;.
So each Ag is a quadric in V; + &.
Note that
Si=|J (4snsy).

SeC1

81

(3.3.21)

(3.3.22)

(3.3.23)

(3.3.24)

(3.3.25)

Indeed, if z € S;, then there exists S € C' so that S € C1(2). In other words, dist(z,S) = 2r,

or z € Ag. But there are only finitely many S’s in C! since € is a finite union of spheres.

So there exists at least one Ag N S; of dimension 2. But two distinct quadrics can intersect

only in a curve or a point if at all. This implies that Ag and S; are trivially identified. In

other words we can identify the coefficients of the quadric (3.3.25) with the coefficients of

the quadric

(3.3.26)
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up to a multiple A € R.
We now claim that this implies that V' = V. Indeed since dim(V+V;) <5, dim(VNV;) >
1. We can assume without loss of generality that e; = u and e; € V N V;. In this case,

2

we get a; = r* since 1; = 0, n being normal to V. This implies that A = 1 in (3.3.26) and

consequently,
r?|Py(en)|* —mf =17,
for i = 2, 3.
But Py being the projection on V/,

¥ Py (e;)[* —mf <%,

unless e; € V and 7; = 0. This proves that V =V}

Now write
C'=Cluq,
where
Cl ={S;dim(AsN S;) < 2},
and

Cl={S;AsN S = Si}.

Since V :=V} = Vg for every S € C3, we have for z € S} and S € C},

D(z) = 33(z) =1z = Po(2)l” = |z = Praa()F", (33.27)
= 1Br(z) = PP+ [Pes(e) =P = [Pz s (33.28)
— (o) (33.29)

Thus (D%(z) — 5%(,2))% = r, — 7 since rg > 71 (in fact, for the “first layer” C!, rg = rq,

but we assume less so that the proof follows through for other layers) and

rs
2rg — 1

cs (3.3.30)
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Note that for S € C3, cs(2) is independent of z and

s 1

> 152 3.3.31
7 ore T2 ( )

By (3.3.31),
1
Z Cs > (#021) . 5,

SeCl(z)

which implies that C; contains only one sphere. Call it S,.

Now, pick z € 57\ <US€CllAS N Sl). By the above, z has only Sy in its first layer.
Therefore, cg,(z) = 1 which implies that rg, = r. We finally deduce that C! = (). Indeed,

suppose that S € C} and z € Ag N S;. Since Ss is also in the first layer of z, we have:

1= Z s = cs,(2) +es(z) > 1,
SeCl(z)

yielding a contradiction. This proves that C* = {S,}.

Note that since C! is composed of a unique sphere of radius 7 contained in Vi + & we

have:

Dg, = |Pv(2) + & — Pv(z) = &| = [& — &l
In particular,
&1 — &of = 2.
Moreover, for all z,

Ds,(2)" =z = P(2)%,
= 4P (2)]* + |6 — &I,

= 8r?.
Now suppose that for some k, and all 1 < k

1. There exists a unique sphere S;;; such that for all z € Sy, C*(z) = {Si11},
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2. Sipi CV 4+ &,

3. rs.., =T,

i+1
4. For all z € Sy, Ds,,,(2) = Dg,(2) = |& — &a] = 2V/ir.

Then repeating the exact same proof as for Sy, while replacing Dg, = 2r with Dg,,, =

2v/ir, we get the same result for S;o.
Note that since Q = —Q, we have Q = (U2, S;) U (UZ, —5:).

Moreover for i < m, we have

6+ &P =216 + &) — 216 — &%,
= 4t? + 4(i)r?,
=4(2m — 1 +10)r?,

=4(i — 1)r*.

We rename —S; to be Sy,,11_; for i < m.

We can now prove that {¢;} is r-layered: choose any j and let /;(j) be such that C'(j) =
{Sli(j)}, where C(j) is the i-th layer with respect to S;. Since the spheres all have same
radius the same proof as for S; can be repeated to show that for all z € S;, Dslj(i) (2) = 2\/jr
and & — &§,)| = DSzju)(Z)' (1) and (2) from Definition 3.3.4 are obvious. We prove that [;
is bijective for every 7. Indeed this follows from the fact that for all 7,

2m—1

U Cz(]> — {Sl, ey SQm} — {Sj’, Sll(j)a [P 7Sl2m—1(j)} .
=0

To show (3) from Definition 3.3.4, suppose that there existed j such that ;(j) = lx(j). Then
C'(j) = C*(j) which would in turn imply that Dg, = = 2/ir = 2Vkr = Ds, ,, and i = k.
Finally

& — &)l = 2Vir = lioli(j) = j.

This proves that the centers are r-layered.
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Finally to see that r = \/%Tn’ fix z € supp(o) and consider B(z,2). We have 41 =
o(B(2,2)) = 322" H*(S;) = 8mar? from which the claim follows.
[l

As a consequence we get a classification of conical 3-uniform measures in R®. We first need
to prove a lemma stating that a set of layered points is the support of a discrete uniformly

distributed measure.

Lemma 3.3.7. Let {&},_, C R? be an r-layered set of points. Then for any ¢ > 0, the

measure
A=c) e
=1

is uniformly distributed.

Proof. Fix i. Then, for all 0 < j <m — 1, for 2¢/jr <r < 2y/5 + 1r,

M(B(&i,7)) = )\({Szk(i)}1§k§j), (3.3.32)
= ¢, (3.3.33)

and if r > 2v/m — 1r, u(B(&,r) = cm.
[l

Theorem 3.3.8. Let v be a Radon measure in R5 such that for all v > 0, supp(v) =
rsupp(v). Moreover, suppose that supp(v) is not isometric to any affine 3-space nor to the
cone in (1.1.4). Then v is a 3-uniform measure if and only if, there exists ¢ > 0 such that,
up to isometry,

v=CcHL(CLUCY), (3.3.34)

where
Cy={z; z, =0} m {x 03 (m12 + 292 + x32) = x52} ; (3.3.35)
and

02 = {I , Ty = 2\/5%5} m {QL' ; 3 (1’12 + 1'22 + ZE32) = l’42 + I52} . (3336)
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Proof. First, by Theorem 3.3.6, Q0 = supp(r) N'S* is a layered union of 2p 2-spheres of same
radius r = \/%, and there exists a linear 3-plane V' such that for every sphere S; of €2,
S; C V +¢& where & is the center of S; and |¢| = /1 — r2. Moreover, for every i, & € V*.
Since V' is 3-dimensional, we can assume without loss of generality that {¢;}, C R?. We
want to prove that p = 2 unless supp(v) is the Kowalski-Preiss cone. By Lemma 3.3.7, if o
is the spherical component of a conical 3-uniform measure, and €2 is its support, then the
centers of the 2-spheres in €2 are the support of a discrete uniformly distributed measure
on R? supported on ¢S'. By Proposition (2.4) in [KiP] where planar uniformly distributed
measures with compact support are classified , these centers are either the vertices of a
regular n-gon or the vertices of 2 regular n-gons of same center and same radius. The fact
that, in the definition of r-layered points, for a fixed ¢, & cannot be equidistant to two other
centers implies that the centers are either two antipodal points or two pairs of antipodal

points. The first case reduces to the cone (1.1.4). Indeed, up to isometry, we can take the

1
5

Then, taking the sphere S; to be:

1

two centers to be ¢; = (0, 0,0, 0) and ¢3 = —¢; since r = 7 implies that |c; — co = V2.

1
Sy = {(217227 23,0,0) +c15 2% + 2 + 2 = 5} : (3.3.37)

So = =51 and 2 = 57U Sy, it is easily seen that €2 is the spherical component of the cone in
(1.1.4).

As for the second case, we have r = % and we get a rectangle with width 1 and length
V2. Viewing the plane as embedded in R® we can find the equation for the support of v, up
to isometry, in the following manner. Choose the centers of the 4 2-spheres {Sl}?zl, each of
which has radius %, to be ¢ = (O, 0,0,0, ‘/7§>, Cco = (0,0,0, %, \%), c3 = —cq and ¢4 = —co.
One can easily verify that |¢; — co| = 1, the line passing through ¢; and ¢, is parallel to the
line passing through ¢; and ¢4 and that these two lines are at a distance /2 of each other.

Moreover suppose the sphere S; is described by

1
Sl = {(21722,23,0,0) +c, 212 +ZQ2 —|—z32 = Z}
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Let ('} and C be the cones given by:

Cy = {g: € RS % €S U 53} , (3.3.38)
and
Cy = {a: eR®; % € S,U 54} . (3.3.39)

Then denoting the projection onto the i-th coordinate by p; we have, on one hand:

x x V3
S 01 <~ D4 (m) =0 and Ps (m) = Zt?, (3340)

and, on the other hand,

2
x€(Cy < py <%> = :l:Li and ps <i> = :I:%. (3.3.41)

V3 |z
This gives:
Cr={x; z, =0} m {z; 3 (x1® + 22> + 23°) = 57}, (3.3.42)
and
02 = {ZC , Ty = 2\/5275} ﬂ {l’ ; 3 (31'12 + %’22 + £C32) = LU42 + 1'52} . (3343)

Then, by Proposition 7?7, v is given by
v=cH’ (CLUCQCy), (3.3.44)

for some ¢ > 0.

O

Our aim now is to find a systematic way of producing layerings. To do this we need to
define a graph associated to each layering and find conditions on the graph guaranteeing its

embeddability in R?.

Definition 3.3.9. Let o be the spherical component of a 3-uniform conical measure v in RY
and let {51}1221 be the centers of the spheres in its support, as described in Theorem 3.3.8.
We define the graph G, of v to be the weighted graph composed of
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1. the vertices V(G) = {Ui}gp

2. the edges E(G) = {{vi,vj}}ngjSQp
3. the weight w ({v;,v;}) = d;; where d;; are the distance functions that arise from L, .

More generally, we can define the graph associated to an r-layering of points in a similar

way.

We start by proving the simple observation that a layering {l;};", consists of an edge-

coloring of the complete graph.

Proposition 3.3.10. Let G = Ky, be the complete graph on the vertices {Ui}?zl.

Then £ = {l;}}" is a layering if and only if the assignment ¢ : E(Kyp) — {1,...,2p — 1}
of colors defined by c({v;,v;}) = d;; is a (2p — 1) coloring of the edges of K,. We call G
the graph associated to the layering.

Moreover, if there exist numbers d;;, for 1 < i < j < 2p such that d;; € {1,...,2p — 1}
for alli,j and the assignment c(v;,v;) = d;; defines a (2p— 1) edge-coloring of G, define the

functions L = {lk}?ial in the following manner:

o lo(j) =17 forallje{l,...,2p— 1},
o (i) = j for k >0, where j is the integer such that d;; = k.

Then, up to relabeling of the vertices, L is a layering.

Proof. The proof follows directly from the definition of a layering. Indeed, for ¢ to define an
edge-coloring, we only need to prove that d;; = d;; implies that j = k. Clearly,if d;; = d;
then Iy, (1) = j and g, (i) = k = j.

Conversely, if GG is as described, we first prove that the functions [, are well-defined
bijections. Pick any £ > 0 and 1 <7 < 2p. Since v; is adjacent to 2p — 1 edges, and c is a

(2p — 1) coloring, there exists a unique j such that d;; = k.
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We can relabel the vertices so that [;(1) = k + 1. The fact that [, = I is a consequence
of the fact that d;; = dj;. Finally, suppose that there exists j such l;(j) = l(j) = ¢. Then
k = k' = d;;. This ends the proof.

O

This says that every conical 3-uniform measure gives rise to a (2p — 1) edge-coloring of
the complete graph K5, for some p.

We now wish to get results in the other direction. In other words, if a weighted graph is
given, what conditions will guarantee that there exists a 3-uniform conical measure associated
to it? More precisely, by defining the weighted graph G associated to a (2p — 1)-coloring
of Ky, (which assigns to each edge the weight c({v;,v;}) = d;;), what conditions on G
guarantee the existence of a conical 3-uniform measure v such that G = G, By Theorem
3.3.8, every set of 2p r-layered points for r = 1/2p gives rise to a 3-uniform measure. We will
use 3.1.8 to find conditions on a set of distances d;; associated to a layering that guarantee

its embeddability in Fuclidean space.

Definition 3.3.11. Let £ = {li}?gl be a layering. We define the matrix Az associated to

the layering to be

2 — 1 — 2d;;
A i':—w.
( L)] 2p_1

Theorem 3.3.12. Letp e N, L = {li}?ﬁgl be a layering, r = \/LZT) andt =+1—1r2 =, /27’2—;1.
Then there exists an r-layered set of 2p points {@-}fﬁl in tS?P=2 if and only if the spectral gap
Ag of the Laplacian of the graph G, associated to the layering satisfies:

Ao > p(2p—1) (3.3.45)

if and only if

Ag>1

where Ag is the spectral gap of the normalized Laplacian of G.
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Proof. By Theorem 3.1.8, if we take our semi-metric space to be {Sz}?ﬁ , with the distance

set { V2L arecos (%) }, there exist points {fi}?ﬁl C R?71|&| = t with distance set

V2p
& — &ilis = V\Q/%l arccos (%_Qd”) = d;; if and only if the matrix A given by:
dy; 2p — 1 — 2d;;
Ajj=cos|—L) = e | (3.3.46)
t 2p—1

is positive semi-definite.
Note that for this choice of Eij, if we find points {51}12 , with the prescribed distance set,

their euclidean distance will be:

&6 — &1° = 1&I" + I&1" — 2(&. &)

2p — 1 2p — 1 dij
—9 2P o P s (Y ,
2p 2p t

2p — 1 5 2p—1 2p—1—d;
2p 2 2p—1

We will first rewrite the matrix A in terms of the Laplacian of G and the fact that A
is positive semi-definite will then allow us to deduce the lower bound on Ag. Denote the
Laplacian of G by L. For i # j,

2 2

Ajyj=1——d; =1 Li; 3.3.47
J 2p -1 J + 2p -1 J ( )
and for i = 7,
2 2p(2p — 1) 2
A;=1=1 : —2p=14——L;y; — 2p. 3.3.48
Ty 2 P=it o P (3.:3.48)
Therefore,
2
Az’j =1 2]96@' —+ m[zi]’,

where 0;; is the Kronecker symbol. This follows from the fact that each vertex of G has
degree %. Indeed, each v; has 2p — 1 edges adjacent to it, all of distinct weight between

1 and 2p — 1. So d(v;) = Z?ﬁ;lz = 2p(2§_1)‘
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This implies that

2
A=J-2pl —L 3.3.49
where J is the matrix whose entries are all 1 and Iy, is the identity matrix.
J has eigenvalues 2p and 0, the vector e; = (1,...,1) is a common eigenvector of .J for

the eigenvalue 2p and of L for the eigenvalue 0. Hence we can choose e; to be a common
eigenvector corresponding to the 0 eigenvalue for L. Let e be an eigenvector of L orthogonal
to e; and A the corresponding eigenvalue. Since e is orthogonal to e,

2
2p—1

2\
(=2 _9 .
(229—1 p) ‘

Hence, A is positive semi-definite if and only if 2§—ﬁ1 —2p > 0if and only if A > p(2p—1).

A.e=Je—2pe+ A

€,

In particular, if Ag is the second smallest eigenvalue of L, A is positive semi-definite if and

only if A\¢ > p(2p —1). The bound on A¢ follows from the fact the vertices of G all have the
same degree p(p — 1) which implies L,,, = mL.

m

The fact that the matrix A from the proof of Theorem 3.3.8 is positive semi-definite

encodes information on the geometry of the set of points it describes. We start with a

lemma.
Lemma 3.3.13. If {fz}fﬁl is an r-layered set of points, and {l;} the functions layering it,
then for j =1,...,2p we have:

1.l a(j)=2p+1—3

2. ljo l2p—1 = l2p—1 ol; = l2p—1—i

Proof. To prove 1. , note that |§; — &,,_,(;)| = 2v/2p — 1Ir = 2 V\Q/%l = 2t. So §; and &, (5

are antipodal points. Now pick j. Since §; and &, _,(;) are antipodal, we have:

&= &1+ 16— &y ()P = &1y — &1
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which implies, after dividing by 472, that
J— 14l () —1=2p—1

since ;(j) = j + 1 for all j. This proves 1. Now to prove 2. and 3., consider the rectangle
formed by &, &,(j)s &tap-10)» Stap-ro(j)- We have

& — &) P+ 165 = Enpronp]? = 20 — 1.
This implies that i + |§; — &,,_,on(5)]* = 2p — 1 and
lop—1 0l =lop_1-4. (3.3.50)
Applying I; to the left in (3.3.50), we get:
lop—1 = lop_1-; 0 l;. (3.3.51)
We obtain the other identities similarly. m

Theorem 3.3.14. Let {li}?ﬁgl be a layering and let A be the matrizc A = J —2pl,, + %%L
where J is the matriz with 1 in all its entries, Iy, is the identity matriz and L is the Laplacian
of the graph associated to the layering. Then, if A is positive semi definite, there exists a

matriz A of rank at most p such that:

A=ATA (3.3.52)

and the columns {&}?gl of A form a set of r-layered points in tS**~1 where r = 2ip and

t= 2’;—;1. Moreover p must be even.

Proof. Since A is positive semi-definite, there exists a set of r-layered points {&;} in ¢S?P—2
by Theorem 3.3.8.

We prove that p is even. Consider the sets A; = {7,11(7),,l2p-1()), l2p—2(j)}. We claim
that for j # k, either A; = Ay or A;N Ay, = (). Suppose that A; N Ay # () and let s be in the
intersection. Notice that by Lemma 3.3.13 if s € A; N Ay, then 11(s), lap—1(s), lop—2(s) are all
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in A; N Ag. Since those elements are all distinct, A; = Aj. Therefore these sets partition

{1,...,2p} which implies that 4 divides 2p and p is even.

To prove that A has rank at most p, we rewrite it in a more convenient way. Let {e;}
be an orthonormal basis of R?. Define for each i = 0,...,2p — 1 the permutation matrix A;

defined by

Ai(ej) = ey ;) (3.3.53)

We claim that A can be written as:

p—1 .
2p—1-2
A= p2 LA — Agyi). (3.3.54)
1=0 P — 1
First note that % = —%. Now the image of e; by the matrix on the right of

3.3.53 is:

p1 ; p—1 ) ‘
2p—1— 24 2p —1—2i 2p—1—2(2p—1—1)
; w—1 (Ajej — Agp1-i.65) = ; 1 e, + o1 Cloy 1_:(j)>

proving the claim.

Consider the orthogonal basis {ul}z | defined in the following way:

€j + €apyij, J <P
ej —ept1-j, J 2 p+ L

We claim that Au; =0 for j < p and Au; € span {ups1,...,us} for j > p+1.

Indeed, for 57 < p,



94

Plop—1-2
Auj = Z W (Aluj — Agp_l_i.uj') y
=0

Plop—1—2
= Z W (Ai-ej + Ai-e2p+1—j - A2p—1—i-€j - A2p—1—i'€2p+1—j) )
i=0

p-1 ,
2p—1—-2
- zz:; W (eli(j) + €L@2pr1—) — Clap1i(i) — 612p717¢(2p+17j)> )

Elop—1—2
- Z W (eli(j) €y i) T Clap_1—i(G) — eli(j)) , by Lemma 3.3.50,
=0

=0
On the other hand, for j > p + 1:

Elop—1—2
AU] = Z W (Aluj — AQp—l—i'uj) y
i=0

Pl op—1—2
= Z 5. 1 (Ai-ej - Ai-€2p+1—j - A2p—1—i-ej + AQp—l—i'er-i—l—j) )

p—1
2p—1—23
= Z W (elz‘(j) = €Li(2p+1—j) ~ Clap_1i(j) T €l2p,1,i(2p+1—j)) )

Plop—1-9
= Z W (eli(j) — €y 1 i(j) — Clop_r_i(j) T eli(j)) , by Lemma 3.3.50,
i=0

p—1 .
=2)" %umin(u(y)m_l-i(j))
i=0
This proves that A has rank at most p.
Finally, we describe how to find the corresponding r-layered points. Since A;; = (&;,§;)
for the points whose existence is guaranteed by Theorem 3.1.8, if we find a matrix A with

columns z; such that

A= ATA,

then A;; = (z;,x;) and we can set { = z;. To find such a matrix, we diagonalize A.

Since it is symmetric, there exists an orthogonal matrix P and a diagonal matrix D so that:
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A = PDPT. Since A is positive semi-definite, all the entries of D are non-negative. Denoting

by D3 the diagonal matrix with entries the square roots of the entries of D, we can write:
A= PD:D3PT.

Choose AT to be PD2. By Theorem [7.2.10] in [HJ], A and A have the same rank, which
ends the proof. O

We can now put those results together in the following theorem.

Theorem 3.3.15. Let & be the set of weighted graphs G satisfying:

.G:K4p7p€N;

o G is weighted by w : E(G) — {1,...4p — 1} and the assignment of labels corresponding

to w is an edge-coloring of GG,

e The second smallest eigenvalue Ag of the (non-normalized) Laplacian of G satisfies:

p(4p —1)

Ag > 5

For every graph G € &, |V(G)| = 4p, let L be the layering associated to it. Construct the
set of points {&}fﬁl C R~ associated to L, set ¢; = (0,0,0,&) fori=1,...,4p and define
S; to be the 2-sphere of radius r = \/:ip centered at ¢;, such that S; = (V + ¢;) NS+ where
V =R3 x {0}. Setting Q =2, S; and

T
E:{xeR”‘p”; meQ}U{O},

and v = H3.Y, we have for allz € X, r > 0,

In particular, v is 3-uniform.

Proof. The theorem is a direct consequence of Theorems 3.3.8, 3.3.14 and 3.3.12. m
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3.4 Examples of 3 uniform measures

We already know an example of an €2 that is locally 2-uniform. Indeed, if C' is the KP-cone
described in 1.1.4, take €2 to be its spherical component. Then by Theorem 2.2.5, € is locally

2-uniform . The following two results state that there exist other non-isometric examples.

Lemma 3.4.1. Let r = 2_nT+1, n=0,1,.... Construct the rectangular parallelotope R, 1
in R™ inductively in the following manner. Let o be the origin and oy be any point such
that |an| = 2r. Assume the rectangular parallelotope Ry with vertices oy, . .., aqr has been
constructed and is contained in an affine k-plane L. Let . be a vector normal to Ly such
that |vx| = 2V/2kr. Set Qokyy = g+ fori=1,... 2%

Then the vertices of R,1 are r-layered and translating R,.1, we can assume that its

vertices are contained in 0B(0,t) where t = /1 — r2.

Proof. Let a; be the origin and ay be any point such that |as| = 2r, and define [; to be
the permutation of 1 and 2. Moreover, let L; be the line passing through a; and a,. We
construct the set inductively. Assume that for 1 < k < n, we have constructed 2* points

{041}12:17 an affine k-plane L; and an index set Jj, such that:

. {al}l?il are the vertices of a rectangular parallelotope ), of edges {[c;oy]} con-

tained in L,

e The main diagonal of Ry has length 2/2F — 1r.

Let v, be a vector normal to Ly such that |y;| = 2v2Fr and set agr i, = uy + 5 for
m=1,...,2~
We first define the action of the existing layering functions on the newly constructed

points in the following manner: for ¢ € {1, 2,..., 2’“}, define
(28 +m) =25 + [;(m), for m e {1,2,...,2"}. (3.4.1)

Since |vgr i1, (m) — Qorym| = |Gm — agomy| = 2/ir, then (3.3.14) from Definition 3.3.4 is
satisfied. Moreover, [;*(2% +m) = [;(2¥ + [;(m)) = 2F + 1;>(m) = 2* +- 1;*(m). So I;* = 1,.
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We also claim that [; is bijective on {1, 2,000, 2’““}. Indeed, on one hand on {1,... &k}

and

L({28+1,28+2,... 28 ) c {2F 41,28 + 2, 2MY

On the other hand, for m,m’ € {1, 2,..., 2’“},

— m=m.

It is clear that 1 and 2 from Definition 3.3.4 are satisfied. To see that 3 is satisfied, suppose
there exists 7, ¢ and p such that [;(2* + j) = ,(2¥ + 7). Then 2% +1;(j) = 2* +1,(j) implying
that ¢ = m. Since [; is bijective on {1, e ,2"3} by definition this proves the claim.

We now define the 2 new layering functions. First define Iy in the following manner:

m+2F ifme{1,2,... 2%}
lor(m) =

m—2F ifme {2F+1,2F 42, 2FF1]

Clearly, Iy is a permutation, and satisfies (2), (4) and (3.3.14) from Definition 3.3.4.
We claim that lx also satisfies 3. Indeed suppose that there existed i < 2* and j such
that lyx(j) = l;(j). Then either j < 2* in which case [;(j) < 2% and lox(j) > 2F yielding a
contradiction. Similarly, if j > 2%, ;(j) > 2* while I, (j) < 2*. This proves the claim.

If i < 2% the fact that [;|; and lu|; have disjoint ranges for J = {1, o ,2’“} or J =
{28 +1,...,2"1} proves that ;(j) # lox (j) for all 5.

We now define the remaining layering functions {lyx;} in the following manner:

2"+ 1;(m)  ifme{1,2,... 2"}
lyeyi(m) =

i m—2F) itme {261,282, 281}
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It m,i € {1,2,...,2%},

| — Qo gy () |* = [ tm — @ my — 0%,
= |am - ali(m)|2 + |7k|2a since Yk 1 (am - ali(m)>7
= dir? + 4.2F2

= 4(2% +4)r?.

So (3.3.14) is satisfied. We claim that (3) is also satisfied. Indeed, on one hand, if i < 2%,
p < 2%, the fact that {;(j) # lor,,(j) for all j follows similarly as for lox and /;. On the other
hand,

i () =ln(j) = 2"+ 1(j)=2"+j = j=0.

It is easily seen that,
ey ({1,2,...,2)) = {2 + 1,2V +2,.. . 281}

and

ey ({28 + 1,28+ 2,... 251 )) = {1,2,...,2"},

by definition of l,x,; and the bijectivity of I; (and I;') on its domain. Therefore, Iy, is
bijective.

Finally for j < 2%,
Loy i 2(5) = Ly i (28 + 1 (5)) = 28 + 1.2 (m) = 28 + m.

A similar argument shows that Iy ;*(j) = j if j > 2*. Therefore 4 is satisfied.

This proves that {ay, ..., a1} is an r-layered set.

Note that {a,}?jl are the vertices of a rectangular parallelotope contained in the (k+1)-
affine space Ljy1 spanned by Ly and ;. This parallelotope has R as one of its faces, all
the edges of Ry, {[aiyorcjyor] }(z',j)eJk and {[a;vior]};or as its edges. Moreover, the main

diagonal of Ry has length |ay — agrr1| = 2¢/2F+1 — 1r. By induction, repeating this process

for k = n, we get 2"™! points forming a rectangular parallelotope R, ; in R™"! with main
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diagonal having length 2v/27*+1 — 1r = 2¢. This implies that R, is inscribed in a sphere of
radius ¢. By translating, we can assume that R, is inscribed in 0B;(0).
= 2t. Since a; and oy are in 0B;(0) they must

]

Finally, note that |o; — oy

2n+1_1(7;)‘ 2n+1_1(i)

be antipodal points. Therefore, o; = —ay,, ., ()

This allows us to construct a locally 2-uniform measure in R"**. More precisely,

Corollary 3.4.2. Letn>1,r = Qn%; t=+1—=72 and {ay...,am+1} be an r-layered set

as in Lemma 3.4.1, such that |a;| =t, for j =1,...2"" Define the points ¢; in R"™ to be
¢; =(0,0,0, )
and the corresponding 2-spheres S; as:
Si={z e R 2= (21,22, 23,0), 21" + 22° + 23" =17} (3.4.2)

In particular, for each i, S; C S"*3. Let Q be the set

0= <2U Si) , (3.4.3)

and o the measure

o =H1LO. (3.4.4)

Then for all x € Q, for r < 2, we have:
o(B(z,r)) = 7r’. (3.4.5)

Proof. This follows directly from the fact that the ¢; are r-layered and Theorem 3.3.5.

Using Corollary 3.1.4 we obtain the following theorem.

Theorem 3.4.3. Let R, .1 be the parallelotope from Lemma 3.4.1, n > 0. For every | =

1,...,2"" set the point ¢; € R to be:

Cp = (0,0,0,0zl) . (346)
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Let V be a linear 3-plane in R*™, S; be the 2-sphere
S; = (V + Cl) N Sn+3,

centered at ¢, €1 be the set
2n+1

Q=Js, (3.4.7)
=1

and > be the set

> = {:c cR L ¢ Q} {0} (3.4.8)

]

Then v = H3Y is a 3-uniform measure and for any x € X, r > 0,

v(B(x,r)) = %71’7’3, (3.4.9)

Proof. This is a direct consequence of Corollary 3.4.2 and Lemma 3.1.4. O

It is interesting to note however that these are not the only examples. To illustrate this,

we give another example with less symmetry.

Example. Consider the graph whose adjacency matrix is given by

0123456 7|
10352476
23016745
35107624 5410,
45670123
24761035
67452301
76243510

One can easily verify that the entries d;; of the matrix A give an edge coloring of Kj.

Moreover the matrix 7A | where A is as in Definition 3.3.11, is given by:



101

7T 5 3 1 -1 -3 =5 —7

5 7 1 -3 3 -1 -7 =5

3 1 7 5 -5 -7 -1 =3

1 -3 5 7 =7 =5 3 -1 (3.4.11)
-1 -3 -5 -7 7 5 3 1

3 -1 -7 -5 5 7 1 =3

-5 -7 -1 -3 3 1 7 5
_—7 -5 3 -1 1 -3 5 7 |

which has 4 positive eigenvalues and 4 null eigenvalues. This means that there exist points
{fi}le with prescribed distances |§; —&;| = 1/ %, embedded in the sphere tS*® where t = \/g ,
which are well \/ig—layered. This configuration is composed of the tetrahedron given by {fi}le
and its antipode on tS?. Of course, one can construct a 3-uniform measure in R” using these

points as in Theorem 3.3.5.
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