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Uniform measures have played a fundamental role in geometric measure theory since they

naturally appear as tangent objects. They were first studied in the groundbreaking work

of Preiss where he proved that a Radon measure is n-rectifiable if and only if the n-density

at almost every point of its support is positive and finite (see [P]). However, very little is

understood about them: for instance the only known n-uniform measures not supported on

an affine n-plane were constructed by Preiss in 1987.

In this thesis, we prove that the Hausdorff dimension of the singular set of any n-uniform

measure is at most n− 3. Then we characterize 3-uniform measures with dilation invariant

support and construct an infinite family of 3-uniform measures all distinct and non-isometric,

one of which is the Preiss cone.
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Chapter 1

INTRODUCTION

1.1 Introduction to n-uniform measures

The notion of n-uniform measure arose from the study of the relation between the rectifiabil-

ity of a measure and its density. In [Be1], [Be2] and [Be3], Besicovitch proved the following

theorem.

Theorem 1.1.1 (Besicovitch). If E ⊂ R2 is such that

lim
r→0

H1(B(x, r) ∩ E)

2r
= 1 (1.1.1)

for H1 almost every x ∈ E, then H1 almost all of E can be covered by a countable union of

continuously differentiable curves.

This led to the natural question of whether this result generalizes to higher dimensional

euclidean spaces and higher densities. To answer that question for d = 3 and n = 2,

Marstrand introduced a seminal notion of weak tangent planes in [Mar], which was then

extended by Mattila in [Mat1] to general n, d.

Theorem 1.1.2 (Marstrand-Mattila). Let 0 < n ≤ d < ∞ be integers and ωn denote the

Lebesgue measure of the unit ball in Rn. If E ⊂ Rd is such that

lim
r→0

Hn(B(x, r) ∩ E)

ωnrn
= 1 (1.1.2)

for Hn almost every x ∈ E, then Hn almost all of E can be covered by a countable union of

continuously differentiable n-submanifolds.

The main idea of the proof of this theorem is that it is enough to prove that the set

E has weak tangent planes at almost every point to deduce rectifiability: this means that
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at any small enough scale r, the set E is close in measure to some plane Vr In [P], Preiss

formalized and extended the notion of weak tangent planes to the more general idea of

tangent measures, and proved the following remarkable theorem relating the density of a

measure and its rectifiability (See Definition 2.1.11).

Theorem 1.1.3 (Preiss). Let 0 < n ≤ d <∞ be integers, and Φ be a Radon measure in Rd.

There exists ω̃ = ω̃(n, d) that satisfies the following property. If Φ is such that

0 < lim sup
r→0

Φ(B(x, r))

rn
≤ (1 + ω̃) lim inf

r→0

Φ(B(x, r))

rn
<∞ (1.1.3)

for Φ-almost every x ∈ Rd, then Φ ≪ Hn and Φ-almost all of Rd can be covered by a

countable union of continuously differentiable n-submanifolds.

One of the main insights in the proof of this theorem is that the “closer” a measure is to

having n-density, the closer its tangents are to being n-uniform, i.e. the measure of a ball

of radius r centered at any point of the support is crn for some absolute positive constant

c. In particular, if a measure has n-density at almost every point, then its tangents are

n-uniform measures at almost every point. Having weak tangent planes at a point translates

to having all tangent measures flat at this point, i.e. at almost every point of the support,

every tangent measure is of the form cHn V for some n-subspace V . Notice that if V is an

affine n-subspace of Rd, then the measure Hn is n-uniform. Indeed, it is trivial that for every

p ∈ V , we have for every r > 0

Hn(B(p, r) ∩ V ) = ωnr
n.

One is therefore tempted to make the following conjecture:

Conjecture 1.1.4. Every n-uniform measure in Rd is flat.

This conjecture is true for n = 1, 2, d. If that conjecture were true in general, then Preiss’

theorem would follow from the (relatively easy to prove) fact that tangents are n-uniform at

almost every point. However, in [P], Preiss showed that it is not.
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Theorem 1.1.5. (Preiss) Let C ⊂ R4 be the following cone:

C =
{

(x, y, z, t) ∈ R4;x2 + y2 + z2 = t2
}
. (1.1.4)

Then, for every p ∈ C and r > 0, we have:

H3(B(p, r) ∩ C) =
4

3
πr3. (1.1.5)

Therefore, to prove Theorem 1.1.3, one needs a better description of the geometry of n-

uniform measures. Marstrand had already proven that at almost every point of the support of

a measure Φ having positive and finite density, there exists at least one flat tangent measure.

Preiss’ approach to solving this problem was to prove a connectedness theorem for tangent

measures. Roughly speaking, he proved on one hand that the set of tangent measures at a

point is connected in the metric of weak convergence of measures, and on the other that flat

and non-flat measures are in distinct connected components. This implies that the existence

of one flat measure in the set of tangent measures at a point forces all tangent measures at

this point to be flat.

Since n-uniform measures appear as tangents to a large class of measures, any improve-

ment in their description leads to a better understanding of the regular and singular sets

of the measures they are tangent to. For instance, the results on the connectedness of the

set of tangent measures and the separation of flat and non-flat measures had far reaching

consequences in different areas of analysis. (See [KPT], [PTT], [DKT].) Very little is known

about n-uniform measures. Kirchheim and Preiss proved in [KiP] that the support of such

a measure is an analytic variety and Tolsa showed in [T] that it is uniformly rectifiable.

However, since the only two known examples of n-uniform measures. up to taking cartesian

products, were the flat measures and the cone C, it is difficult to make sense of the "separa-

tion between flat and non-flat" result as it describes a landscape that is essentially unknown.

One of the main contributions of this thesis is a construction of new examples.
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1.2 Structure of the thesis

The thesis is divided into two further chapters. We briefly present their content, as a proper

introduction is contained within each individual chapter.

In Chapter 2, we study the singular set of an n-uniform measure in Rd. Let µ be an

n-uniform measure in Rd. At every point x of its support Σ, there exists a unique tangent

measure νx up to normalization. Moreover, this tangent measure is conical: this means that

for every Borel set A, and every r > 0, νx(rA) = rnνx(A). Whenever νx = cHn Vx for some

n-subspace Vx, we say x is a regular or flat point of µ. Every non-flat point is called singular.

We can therefore decompose Σ into its regular part Rµ which is an open set and its singular

part Sµ which is a closed set. Our aim is to prove a bound on the Hausdorff dimension of

Sµ.

Our main result is that the Hausdorff dimension of Sµ is at most n − 3. Moreover, this

result is sharp: Preiss’ example (1.1.4) allows one to construct n-uniform measures with

Sµ = Rn−3.

This result is proven in two steps: we first consider the case of a 3-uniform conical

measure and prove that it is a C1,α submanifold away from the origin. The second step is an

inductive dimension reduction argument on the singular set of general n-uniform measures.

The dimension reduction argument assumes that one’s object of study has the property that

its singularities are “stable” under blow-ups. We therefore have to prove such a stability

result for n-uniform measures. This follows from a generalization of the connectedness of

tangent measures result of Preiss: it will force singularities to blow up to singularities.

In Chapter 3, we answer the question of the existence of non flat 3-uniform measures

different from the cone C constructed by Preiss, in the affirmative. To do this, we build on

a result from Chapter 2 describing the spherical component of a conical 3-uniform measure

to be a bounded 2-uniform measure up to r = 2. We use this to give a characterization of

conical 3-uniform measures via their spherical component: the latter need to be a union of

2-spheres. The problem of constructing 3-uniform measures is thus reduced to the combina-
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torial problem of finding configurations of 2-spheres that satisfy certain conditions in terms

of their centers and relative angles. The chapter ends with a construction of a family of such

examples.
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Chapter 2

A SHARP BOUND ON THE HAUSDORFF DIMENSION OF
THE SINGULAR SET OF N-UNIFORM MEASURES

This chapter gives a sharp bound on the Hausdorff dimension of the singular set of an

n-uniform measure in Rd, where a point is called singular if its tangent is not n-flat: we

prove that the Hausdorff dimension of the singular set of an n-uniform measure is at most

n − 3. This bound effectively proves that the case of Preiss’ 3-uniform cone is in fact the

worst in terms of the dimension of its singular set.

A measure Φ is n-rectifiable if it is absolutely continuous to Hn and there exists a count-

able collection of C1 n-manifolds {Mj}j such that Φ(Rd\
⋃
jMj) = 0. In [P], Preiss proved

the following remarkable theorem relating the rectifiability of a measure to its density.

Theorem 2.0.1 ([P]). A Radon measure Φ of Rd is n-rectifiable if and only if it satisfies

the following property:

The density Θn(x) = lim
r→0

Φ(B(x, r))

ωnrn
exists and is positive and finite for Φ− a.e. x ∈ Rd.

(2.0.1)

To prove this theorem, Preiss studies the geometry of n-uniform measures which appear

as tangents (blow-ups) to measures satisfying (2.0.1). A measure µ is said to be n-uniform

if there exists a constant c > 0 such that for any x in the support of µ and any radius r > 0,

we have:

µ(B(x, r)) = crn. (2.0.2)

In [P], Preiss also provides a classification of the cases n = 1, 2 in Rd for any d. In these

cases, µ is n-Hausdorff measure restricted to a line or a plane respectively.
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Interestingly, flat measures are not the only examples of uniform measures. Indeed, in

[KoP], Kowalski and Preiss proved that µ is (d−1)-uniform in Rd if and only if µ = cHd−1 V

where V is a (d− 1)-plane, or d ≥ 4 and there exists an orthonormal system of coordinates

in which µ = Hd−1 (C ×W ) where W is a (d − 4)-plane and C is the Preiss cone. The

classification for n ≥ 3 and codimension d− n ≥ 2 remains an open question.

Kirchheim and Preiss later proved in [KiP] that the support Σ of a uniformly distributed

measure (of which n-uniform measures are an example) is a real analytic variety, namely

the intersection of countably many zero sets of analytic functions. An application of the

stratification theorem for real analytic varieties implies that Σ must be a countable union of

real analytic manifolds and the singular set has Hausdorff dimension at most (n− 1).

We investigate the Hausdorff dimension of the singular set Sµ of an n-uniform measure

µ. Our main result is the following theorem.

Theorem 2.0.2. Let µ be an n-uniform measure in Rd , 3 ≤ n ≤ d and denote the support

of µ by Σ. Then Σ can be written as a disjoint union

Σ = Rµ ∪ Sµ (2.0.3)

where Sµ the singular set is a closed set,

dimH(Sµ) ≤ n− 3, (2.0.4)

and Rµ is a C1,α submanifold of dimension n in Rd. Here dimH denotes the Hausdorff

dimension.

In the cases n = 3, d = 3, it is a standard result that the only 3-uniform measure (up to

normalization) is 3-Lebesgue measure. In this case, the bound is obvious. To see that this

bound cannot be improved, let n ≥ 3, d > n and consider the measure µ defined as:

µ = Hn M, (2.0.5)

where M is the set

M =
{

(x1, . . . , xd);x
2
4 = x2

1 + x2
2 + x2

3 and xn+1 = . . . = xd = 0
}
. (2.0.6)
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By [KoP], since products of uniform measures are uniform, µ is n-uniform. Moreover, the

singular set of µ is Rn−3 which has Hausdorff dimension n− 3.

This theorem is first proven for the base case n = 3. The crux of this argument is a

theorem stating that conical 3-uniform measures have at most one singularity at the origin.

We then prove that singular sets of n-uniform measure behave nicely under blow-ups. This

allows us to adapt Federer’s dimension reduction argument to generalize our base case to

any dimension n.

We briefly discuss the steps of our proof. In the first section, we limit our investigation to

n-uniform conical measures. A conical uniform measure is a measure that is dilation invariant

up to appropriate scaling. We first obtain a polar decomposition for such a measure. By

polar decomposition, we mean that the measure decomposes into a spherical and a radial

component. Using this decomposition, we isolate the spherical component of a 3-uniform

measure and prove that it is locally 2-uniform. This allows us to deduce that every point of

the spherical component is flat from which the following theorem follows.

Theorem 2.0.3. Let ν be a conical 3-uniform measure in Rd and let Σ be its support. Then

there exists γ > 0 such that Σ\ {0} is a C1,γ submanifold of dimension 3 .

In the case where ν is a conical n-uniform measure, for general n, the spherical component

turns out to be uniformly distributed. This means that there exists a function φ : R+ → R+

such that for any point x of its support, and any positive radius r > 0

ν(B(x, r)) = φ(r).

We use this result to show that for a conical n-uniform measure, Kirchheim and Preiss’ result

can be improved to an algebraic variety that is symmetric with respect to the origin.

Theorem 2.0.4. Let ν be a conical n-uniform measure in Rd and Σ its support. Then Σ is

an algebraic variety and

Σ = −Σ. (2.0.7)
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In the second section, we first start by proving a lemma about the connectedness of blow-

ups along a sequence of points. This connectedness is expressed in terms of a measure’s

distance from flat measures. To this effect, we use a positive functional F defined on Radon

measures satisfying F (µ) = 0 if and only if µ is flat .

Lemma 2.0.5. There exists ε0 > 0 such that the following holds. Let µ be an n-uniform

measure in Rd, (xk)k ⊂ supp(µ) and (τk)k, (σk)k sequences of positive numbers decreasing to

0. We also assume that σk < τk and that there exist n-uniform measures α and β such that:

µxk,τk ⇀ α and µxk,σk ⇀ β.

Then:

F (α) < ε0 =⇒ F (β) < ε0.

We use this lemma to deduce a theorem about the convergence of singular sets. Roughly

speaking, blow-ups preserve singularity.

Theorem 2.0.6. Let µ be an n-uniform measure in Rd, x0 ∈ supp(µ), (xj)j ⊂ Sµ, (rj)j any

sequence of positive numbers decreasing to 0. Also assume that yj =
xj−x0
rj
∈ B(0, 1), yj → y.

Then

y ∈ Sν ,

where ν is the tangent to µ at x0 with appropriate normalization.

2.1 Preliminaries

Let us start by defining Hausdorff measure and the concepts of upper and lower density.

Though these definitions are standard, we make them to keep track of the constants, espe-

cially in the second section.

Definition 2.1.1. We define ωs to be the constant:

ωs =
π
s
2

Γ( s
2

+ 1)
,
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so that in particular ωm is the volume of the unit ball Bm(0, 1) when m ∈ N. For δ ∈ (0,∞],

define Hs
δ, s ≤ d, to be the measure in Rd defined in the following way. If A ⊂ Rd

Hs
δ(A) = ωs inf

∞∑
j

(
diam(Ej)

2

)s
,

where the infimum is taken over all countable coverings {Ej}j of A such that diam(Ej) < δ.

Then define s-Hausdorff measure Hs to be

Hs(A) = lim
δ→0
Hs
δ(A),

= sup
δ>0
Hs
δ(A). (2.1.1)

It is a standard result of measure theory that Hs is a Borel regular measure on Rd.

Definition 2.1.2. Let Φ be a measure on Rd, x ∈ Rd. We define the lower density θs∗(Φ, x)

and upper density θ∗,s(Φ, x) of Φ at x to be

θs∗(Φ, x) = lim inf
r→0

Φ(B(x, r))

ωsrs

θ∗,s(Φ, x) = lim sup
r→0

Φ(B(x, r))

ωsrs
. (2.1.2)

If the limsup and the liminf coincide, we call their common value the density of Φ at x and

denote it by θs(Φ, x).

We will need the two following theorems in Section 3 of the paper. The co-area formula

will allow us to decompose a conical uniform measure into a spherical and a radial component.

As for the area formula, it will be used to compute the measure of a ball by the spherical

component.

Theorem 2.1.3 ([S]). [The area formula] Let f : Rm → Rd be a 1-1 C1 function where

m < d. Then, for any Borel set A ⊂ Rm,we have:∫
A

Jf(x)dLm(x) = Hm(f(A)) (2.1.3)
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where

Jf(x) =
√
det((df(x))∗ ◦ df(x)), (2.1.4)

and (df(x))∗ is the adjoint of df(x).

The co-area formula can be viewed as a more general form of Fubini’s theorem. To state

it, we first need to define a notion of gradients for Lipschitz functions whose domain is a

rectifiable set.

Let M be an n-rectifiable set in Rd (in particular n ≤ d) that is, M can be written as

a countable union of C1 manifolds {Ni} up to a set of Hn-measure zero. Let f : M → Rm

with f = (f1, . . . , fm) be a Lipschitz function. Then by Rademacher’s theorem, f is almost

everywhere differentiable (the same holds for each fl). With this in mind, for x ∈ Nj for

some j (in particular this is true for Hn almost every x ∈ M), TxM = TxNj the tangent

plane at x as a point of Nj. At Hn-almost every point of M , we can define the gradient

∇Mfl = ∇Njfl of fl and the linear map dMf(x) : TxM → Rm in the following way:

dMf(x)(τ) =
m∑
j=1

〈
τ,∇Mfj(x)

〉
ej, (2.1.5)

where {ej} is an orthonormal basis of Rm.

Theorem 2.1.4 ([S]). [The co-area formula] Let M ⊂ Rd be an n-rectifiable set and f :

M → Rm, m < n ≤ d a Lipschitz function. Then for any non-negative Borel function

g : M → R, we have:∫
M

g(x)J∗Mf(x)dHn(x) =

∫
Rm

∫
f−1(y)∩M

g(z)dHn−m(z)dLm(y), (2.1.6)

where

J∗Mf(x) =
√
det(dMf(x) ◦ (dMf(x))∗). (2.1.7)

When studying the convergence of Radon measures, it is often very useful to metrize the

space of Radon measures. We start by defining the notion of the support of a measure.
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Definition 2.1.5. Let µ be a measure in Rd. We define the support of µ to be

supp(µ) =
{
x ∈ Rd;µ(B(x, r)) > 0, for all r > 0

}
. (2.1.8)

Note that the support of a measure is a closed subset of Rd.

We can define weak convergence for a sequence of Radon measures.

Definition 2.1.6. Let Φ, Φj, j > 0 be Radon measures in Rd. We say that Φj converges

weakly to Φ if for every f ∈ Cc(Rd), the following holds:∫
f(z)dΦj(z)→

∫
f(z)dΦ(z). (2.1.9)

We denote it by Φj ⇀ Φ.

The results in this section appear in this form in [Mat1].

Theorem 2.1.7. Let Φj be a sequence of Radon measures on Rd.Then Φj ⇀ Φ, if and only

if for any K compact subset of Rd and any G open subset of Rd the following hold:

1. Φ(K) ≥ lim sup Φj(K).

2. Φ(G) ≤ lim inf Φj(G).

Theorem 2.1.8. Let Φj be a sequence of Radon measures on Rd such that

sup
j

(Φj(K)) <∞,

for all compact sets K ⊂ Rd. Then there is a weakly convergent subsequence of Φj.

We now want to define a metric on the space of Radon measures.

Definition 2.1.9. Let 0 < r < ∞. We denote by L(r) the set of all non-negative Lipschitz

functions f on Rd with spt(f) ⊂ B(r) and with Lip(f) ≤ 1. For Radon measures Φ and Ψ

on Rd, set

Fr(Φ,Ψ) = sup

{∣∣∣∣∫ fdΦ−
∫
fdΨ

∣∣∣∣ : f ∈ L(r)

}
.
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We also define F to be

F(Φ,Ψ) =
∑
k

2−kFk(Φ,Ψ).

It is easily seen that Fr satisfies the triangle inequality for each r > 0 and that F is a metric.

Proposition 2.1.10. Let Φ, Φk be Radon measures on Rd. Then the following are equivalent:

1. Φj ⇀ Φ.

2. limF(Φj,Φ)→ 0

3. For all r > 0, limj→∞ Fr(Φj,Φ) = 0.

Let µ be a Radon measure on Rd and Σ its support. For a ∈ Rd, r > 0, define Ta,r to be

the following homothety that blows up B(a, r) to B(0, 1):

Ta,r(x) =
x− a
r

.

We define the image Ta,r[µ] of µ under Ta,r to be the following measure:

Ta,r[µ](A) = µ(T−1
a,r (A)),

= µ(rA+ a), A ⊂ Rd.

Definition 2.1.11 ([P]). We say that ν is a tangent measure of µ at a point x0 ∈ Rd if

ν is a non-zero Radon measure on Rn and if there exist sequences (ri) and (ci) of positive

numbers such that ri ↓ 0 and:

ciTx0,ri [µ] ⇀ ν as i→∞, (2.1.10)

where the convergence in (2.1.10) is the weak convergence of measures. We write ν ∈

Tan(µ, x0).

Remark 2.1.1. By Remark 14.4.3 in [Mat2], if

0 < Θn
∗ (µ, x0) ≤ Θ∗n(µ, x0) <∞, (2.1.11)
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and if ν ∈ Tan(µ, x0), then we can choose (ri) such that:

ri
−nTx0,ri [µ] ⇀ cν as i→∞, (2.1.12)

for some c > 0. In the setting of this paper, (2.1.11) will always hold and we will only use

(2.1.12) when talking about tangent measures.

Definition 2.1.12. A measure on Rd is called n-flat if it is equal to cHn V , where V is an

n-plane, and 0 < c <∞.

Let µ be a Radon measure on Rd and x0 be a point in the support Σ of µ. We will call

x0 a flat (or regular) point of Σ if there exists an n-plane V such that

Tan(µ, x0) = {cHn V ; c > 0} . (2.1.13)

Any point of Σ that is not flat will be called a singular (or non-flat) point.

Definition 2.1.13. Let µ be a Radon measure in Rd.

• We say µ is uniformly distributed if there exists a positive function φ : R+ → R+ such

that:

µ(B(x, r)) = φ(r), for all x ∈ Σ, r > 0.

We call φ the distribution function of µ.

• If there exists c > 0 such that φ(r) = crn, we say µ is n-uniform.

• If µ is an n-uniform measure such that T0,r[µ] = rnµ for all r > 0, we call it a conical

n-uniform measure.

In [[P], Theorem 3.11], Preiss showed that if µ is an n-uniform measure, there exists a

unique n-uniform measure λ such that:

r−nTx,r[µ] ⇀ λ, as r →∞, (2.1.14)

for all x ∈ Rd. λ is called the tangent measure of µ at ∞.
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The following theorem describes a basic but essential property of uniformly distributed

measures: how radial functions integrate against them.

Theorem 2.1.14. Let µ be a uniformly distributed measure on Rd and f be a non-negative

Borel function on R+. For all z, y ∈ supp(µ), we have:∫
f(|x− z|)dµ(x) =

∫
f(|x− y|)dµ(x).

Proof. This is a simple application of Fubini’s theorem. Indeed, if f = αχI , where α ≥ 0

and I = (c, d) is an interval∫
f(|x− z|)dµ(x) = α

∫ 1

0

µ({x;χI(|x− z|) ≥ t})dt,

= α (µ(B(z, d) ∩B(z, d)c)) ,

= α (µ(B(y, d) ∩B(y, c)c)) , since µ(B(z, r)) = µ(B(y, r)) for all r

=

∫
f(|x− y|)dµ(x).

The result follows for general non-negative Borel functions by linearity of the integral and

density of step functions.

In [P], Preiss introduced the following k-forms which were essential to understand the

structure of uniform measures.

Definition 2.1.15 (3.4.(1), [P]). For µ uniformly distributed measure in Rd, s > 0 and

k ∈ N, define the following symmetric k-linear form bk,s ∈ �kRd:

bk,s(u1 � . . .� uk) = (2s)k(I(s)k!)−1

∫
〈z, u1〉 . . . 〈z, uk〉e−s|z|

2

dµ(z), (2.1.15)

where

I(s) =

∫
e−s|z|

2

dµ(z).

We will quote a theorem by Preiss describing Taylor expansions of those forms, and two

consequences of this expansion.
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Theorem 2.1.16 (3.6, [P]). Let µ be a uniformly distributed measure in Rd.

1. There are symmetric forms b(j)
k ∈ �kRd such that:

(a) bk,s =
∑q

j=1 s
j b

(j)
k

j!
+ o(sq) as s ↓ 0 for every k = 1, 2, . . . and every q = 1, 2, . . ..

(b) b(i)
k = 0 whenever 2i < k.

(c)
∑2q

k=1 b
(q)
k (xk) = |x|2q for every q = 1, 2, . . . and every x ∈ Σ.

Moreover, the forms b(j)
k are uniquely determined by (1a).

2. There are symmetric forms b̂(j)
k ∈ �

k
Rd such that:

(a) s−kbk,s =
∑q

j=1 s
−j b̂

(j)
k

j!
+ o(s−q) as s ↑ ∞, for every k = 1, 2, . . . and every

q = 1, 2, . . ., and

(b) b̂(i)
k = 0 whenever k > 2i.

Moreover, the forms b̂(j)
k are determined uniquely by (2a).

If µ is assumed to be conical, one gets the following improvement on Theorem 2.1.14 and

Theorem 2.1.16.

Theorem 2.1.17 (3.10,[P]). Let µ be a uniformly distributed conical measure. Then there

exists n such that µ is n-uniform and:

• if x ∈ Σ and λ > 0, then λx ∈ Σ, where Σ is the support of µ.

• whenever u ∈ Σ, e ∈ Rn, |u| = |e| and f is a non-negative Borel function on R2 then:∫
Rd
f(|z|2, 〈z, u〉)dµ(z) = C

∫
Rn
f(|x|2, 〈x, e〉)dLn(x). (2.1.16)

• For every s > 0 and k = 1, 2, . . ., we have

b2k−1,s = 0 and b2k,s =
sk

k!
bk2k. (2.1.17)
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• If Σ denotes the support of µ we have:

Σ ⊂
⋂
k>0

{
x ∈ Rd; bk2k(x

2k) = |x|2k
}
. (2.1.18)

The following theorem is an important consequence of Theorem 2.1.16. Note that the

statement here is slightly different from Theorem 3.11 in [P]. Indeed, we restate this theorem

on convergence of measures in term of the metric from Definition 2.1.9.

Theorem 2.1.18 (3.11, [P]). Let µ be an n-uniform measure in Rd. Then, for every x ∈

Σ ∪ {∞}, there exists a unique conical n-uniform measure λx such that:

• Tan(µ,x)={cλx; c > 0}

• limr→0F(r−nTx,r[µ], λx) = 0 if x 6=∞.

• limr→∞F(r−nTy,r[µ], λ∞) = 0 for each y ∈ Rd.

Moreover, for µ-almost every x ∈ Σ, λx is flat.

We know from Theorem 2.0.1 that an n-uniform measure is n-rectifiable. We can translate

this into a corollary on the rectifiability of the support of an n-uniform measure.

Corollary 2.1.19. Let µ be an n-uniform measure in Rd with Σ = supp(µ) and let c > 0 be

such that for x ∈ Σ, r > 0

µ(B(x, r)) = crn. (2.1.19)

Then Σ is n-rectifiable and

µ = cω−1
n Hn Σ. (2.1.20)

Proof. By Theorem 2.1.30, since µ is n-uniform, Σ is a C1,α n-manifold in the neighborhood

of Hn-almost every point. In particular, denoting the n-density of Σ at x by θn(Σ, x), we

have:

θn(Σ, x) = 1, for Hn almost every x ∈ Σ. (2.1.21)
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Let D(x) denote D(µ,Hn, x) the Radon-Nikodym derivative of µ with respect to Hn at x.

For x ∈ Σ,

D(x) = θn(µ, x)θn(Σ, x)−1,

= cω−1
n θn(Σ, x)−1.

Theorem 2.12 from [Mat2] implies that for all A ⊂ Σ

µ(A) = cω−1
n

∫
Σ

θn(Σ, x)−1dHn(x). (2.1.22)

Combining (2.1.21) and (2.1.22), we get

µ = cω−1
n Hn Σ. (2.1.23)

Now since µ is n-rectifiable by Theorem 2.0.1, there exists an n-rectifiable set M such

that:

µ(Rd ∩M c) = 0. (2.1.24)

Combining (2.1.23) and (2.1.24), we see that there exists a set N = Σ ∩M c of Hn-measure

zero such that:

Σ = M ∪N.

In particular, Σ is n-rectifiable.

Definition 2.1.20. Let µ be an n-uniform measure in Rd, x0 ∈ supp(µ)∪{∞}. We will call

µx0 the normalized tangent measure to µ at x0 if µx0 ∈ Tan(µ, x0), and µx0(B(0, 1)) = ωn.

One of the most remarkable results in Preiss’ paper [P] is a separation between flat and

non-flat measures at infinity. We will state a reformulation of this theorem by De Lellis from

[Del] which is better adapted to our needs.
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Theorem 2.1.21 ([P]). Let µ be an n-uniform measure in Rd, ζ its normalized tangent at

∞ (in the sense of Definition (2.1.20)). If n ≥ 3, then there exists ε0 > 0 (depending only

on n and d) such that, if

min
V ∈G(n,d)

∫
B(0,1)

dist2(z, V )dζ(z) ≤ ε0, (2.1.25)

then µ is flat.

In particular, if µ is conical and

min
V ∈G(n,d)

∫
B(0,1)

dist2(z, V )dµ(z) ≤ ε0, (2.1.26)

then µ is flat.

[Del] defines certain functionals that measure how far from flat a measure is and behave

well under weak convergence.

Definition 2.1.22. Let ϕ ∈ Cc(B(0, 2)), 0 ≤ ϕ ≤ 1 and ϕ = 1 on B(0, 1). We define the

functional F :M(Rd)→ R as

F (Φ) := min
V ∈G(n,d)

∫
ϕ(z)dist2(z, V )dΦ(z)

Lemma 2.1.23 ([Del]). Let Φj , Φ be Radon measures such that Φj ⇀ Φ. Then F (Φj) →

F (Φ).

We can now reformulate Theorem 2.1.21 in terms of the functionals F .

Corollary 2.1.24. Let µ be an n-uniform measure on Rd, ζ its normalized tangent at in-

finity. If n ≥ 3, there exists ε0 > 0 (depending only on n and d) such that

F (ζ) ≤ ε0 =⇒ µ is flat.

In particular, if µ is conical and F (µ) ≤ ε0 then µ is flat.

Proof. By definition of ϕ, we have:

χB(0,1)(x) ≤ ϕ(x),
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for all x ∈ Rd. This implies that

min
V ∈G(n,d)

∫
B(0,1)

dist2(z, V )dζ(z) ≤ F (ζ),

and in particular, if ε0 is the constant from Theorem 2.1.21

F (ζ) ≤ ε0 =⇒ min
V ∈G(n,d)

∫
B(0,1)

dist2(z, V )dζ(z) ≤ ε0,

=⇒ µ is flat.

This ends the proof.

Another result concerning the geometry of supports of uniformly distributed measures

was proven in [KiP], with the added condition that their support be bounded. This result

states that in this case, the support is in fact an algebraic variety.

Theorem 2.1.25 ([KiP]). Let µ be a uniformly distributed measure over Rd with bounded

support and let u ∈ Σ. Then x ∈ Σ if and only if:

Pk(x) =

∫
Rd
〈z − x, z − x〉k − 〈z − u, z − u〉kdµ(z) = 0, (2.1.27)

for every k ∈ N.

In [DKT] and [PTT], the authors proved that for measures with nice density ratios, Theo-

rem [P] can be improved in the sense that the support is a C1,β-manifold in the neighborhood

of every flat point, for some β > 0. Let us start with some definitions. For x ∈ Σ where Σ

is a closed set and r > 0, set:

θ(x, r) =
1

r
inf
{
D
[
Σ ∩B(x, r), L ∩B(x, r)

]
: L affine n-plane through x

}
, (2.1.28)

where,

D[E,F ] = sup {dist(y, F ) : y ∈ E}+ sup {dist(y, E) : y ∈ F} (2.1.29)

denotes the Hausdorff distance between the closed sets E and F .
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Definition 2.1.26. Let δ > 0 be given. We say that the closed set Σ ⊂ Rd is δ-Reifenberg-flat

of dimension n if for all compact sets K ⊂ Σ there is a radius rK > 0 such that:

θ(x, r) ≤ δ for all x ∈ K and 0 < r ≤ rK . (2.1.30)

Definition 2.1.27. We say that the closed set Σ is Reifenberg flat with vanishing constant

of dimension n if for every compact subset K of Σ:

lim
r→0+

θK(r) = 0 (2.1.31)

where

θK(r) = sup
x∈K

θ(x, r). (2.1.32)

Definition 2.1.28. Let µ be a Radon measure on Rd.

• We say that µ has n-density ratio locally Cα if, for each compact set K ⊂ Σ, there is

a constant CK such that: ∣∣∣∣µ(B(x, r))

ωnrn
− 1

∣∣∣∣ ≤ CKr
α, (2.1.33)

for x ∈ K and 0 < r < 1.

• If x ∈ Σ, r > 0 and t ∈ (0, 1], define the quantity:

Rt(x, r) =
µ(B(x, tr))

µ(B(x, r))
− tn. (2.1.34)

We say µ is asymptotically optimally doubling if for each compact set K ⊂ Σ, x ∈ K,

and t ∈ [1
2
, 1]

lim
r→0+

sup
x∈K
|Rt(x, r)| = 0. (2.1.35)

The following results from [PTT] and [L] describe the geometry of the support of a

measure based on information on its density ratio.
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Theorem 2.1.29 (1.9, [PTT]). For each α ∈ (0, 1], there exists β = β(α) > 0 with the

following property. Suppose µ is a positive Radon measure supported on Σ ⊂ Rd and for

each compact set K ⊂ Σ there exists a constant CK such that:

|Rt(x, r)| ≤ CKr
α for r ∈ (0, 1], t ∈ [

1

2
, 1] and x ∈ K. (2.1.36)

Then:

• If n = 1, 2, Σ is a C1,β-submanifold of dimension n in Rd.

• If n ≥ 3 there exists a constant δ(n, d) such that if x0 ∈ Σ and Σ ∩ B(x0, 2R0) is

δ-Reifenberg-flat, then Σ ∩B(x0, R0) is a C1,β-submanifold of dimension n in Rd.

Theorem 2.1.30 ([PTT], [L]). For each α > 0, there exists β = β(α) with the following

property. If µ is a positive Radon measure supported on Σ ⊂ Rd whose n-density ratio is

locally Cα, then:

• (1.10, [PTT]) if n = 1, 2, Σ is a C1,β submanifold of dimension n in Rd.

• (1.10, [PTT]) if n ≥ 3, Σ is a C1,β submanifold of dimension n in Rd away from a closed

set S such that Hn(S) = 0, where S = Σ\R and R = {x ∈ Σ; lim supr→0 θ(x, r) = 0}.

• (1.7, [L]) If n = 3, d = 4, and x is a non-flat point of Σ, there exists a neighborhood of

x which is C1,β diffeomorphic to an open piece of the KP-cone C in (1.1.4), containing

the singular point 0.

Theorem 2.1.31 (III.5.9, [DS]). Let {µj}j be a sequence of n-uniform measures with con-

stant c, converging weakly to a Radon measure λ. Then for every ball B ⊂ Rd, we have:

lim
j→∞

(
sup

x∈B∩supp(λ)

dist(x, suppµj)

)
= 0

and

lim
j→∞

(
sup

x∈B∩supp(µj)

dist(x, suppλ)

)
= 0.
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As a corollary of Theorem 2.1.30 and Theorem 2.1.31, we get:

Corollary 2.1.32. [[PTT]] Let µ be an n-uniform measure in Rd, let Σ be its support and

x ∈ Σ a flat point. Then there exists R > 0 depending on x, n, d, µ and β such that

Σ ∩B(x,R) is a C1,β n-submanifold.

Proof. It is clear from Theorem 2.1.30 that we only need to prove that every flat point of µ is

in R, namely that limr→0 θ(x, r) = 0 for such an x. But taking µj to be µx,rj and λ = Hn V ,

where V is the tangent plane at x, the result follows directly from Theorem 2.1.31.
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2.2 Polar decomposition of a conical 3-uniform measure

We first study the case where ν is a conical 3-uniform measure. We start by proving that ν

decomposes into a uniformly distributed spherical component and a radial component.

Let ν be a conical n-uniform measure in Rd, with 0 in its support. Let Σ be the support

of ν. In particular, since ν is conical, for any r > 0, we have by Theorem 2.1.17

Σ = rΣ.

By Theorem 2.1.19, normalizing ν if necessary,

ν = Hn Σ.

Definition 2.2.1. Let ν be a conical n-uniform measure in Rd, with 0 in its support, Σ its

support. We define σ to be the spherical component of ν, namely:

σ = Hn−1 (Σ ∩ Sd−1),

where Sd−1 =
{
x ∈ Rd; |x| = 1

}
.

Definition 2.2.2. Let E ⊂ Sd−1 and ρ > 0. We define ρE the dilate of E by:

ρE = {y ∈ Rd;
y

|y|
∈ E, |y| = ρ}.

We define Eδ
r , the (r, δ)- neighborhood of E, or δ-neighborhood of rE to be:

Eδ
r =

{
y;

y

|y|
∈ E, |y| ∈ (r(1− δ), r(1 + δ))

}
. (2.2.1)

Our first goal is to prove a polar decomposition for ν, namely that ν decomposes into its

spherical component and a radial component.

Theorem 2.2.3. Let ν be a conical n-uniform measure in Rd. Let g be a Borel function on

Rd. Then: ∫
g(x)dν(x) =

∫ ∞
0

ρn−1

∫
g(ρx′)dσ(x′)dρ, (2.2.2)

where ρ = |x| and x′ = x
|x| .
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Proof. Let u : Rd → R+ be the function given by: u(x) = |x|. Our first aim is to prove that

for any g = χA where A ⊂ Rd is a Borel set, we have:∫
g(x)dν(x) =

∫ ∞
0

ρn−1

∫
g(ρx′)dσ(x′)dρ. (2.2.3)

Note that if A is a Borel set, A
ρ
∩ Sd−1 being the intersection of the pre-image of A by

the dilation homeomorphism, with the Borel set Sd−1, is also Borel.

Now, since u is Lipschitz (in fact smooth away from 0), and J∗Σu = |∇Σu| we can apply

the co-area formula (2.1.6) to the rectifiable set Σ, the Lipschitz function u and the Borel

function χA to get:∫
A∩Σ

|∇Σu|(y)dHn(y) =

∫ ∞
0

∫
u−1(ρ)

χA∩Σ(y)dHn−1(y)dρ. (2.2.4)

Note that by Theorem 2.1.30, away from a closed set S of Hn measure 0, Σ is a C1,α

submanifold of dimension n. Therefore, in (2.2.4) , we can define ∇Σu to be the gradient in

the manifold sense at almost every point.

We first claim that |∇Σu|(x) = 1 for almost every x ∈ Σ. Let x be a flat point of Σ

(namely a point where ν admits a unique flat tangent). We can take τx = x
|x| to be an element

of an orthonormal basis of Px. Indeed, x being a flat point, by Corollary 2.1.32, Σ is a C1,β-

manifold in a neighborhood of x, and the tangent space at x is Px. Now consider the curve

γ(t) = tτx + x. Since x ∈ Σ and ν is conical, γ ∈ Σ, γ(0) = x and γ′(0) = τx. Complete

the unit vector τ1 = τx to a full orthonormal basis {τi}ni=1 of Rd. We have ∇u(x) = τx.

Therefore: ∇τxu = τx . τx = 1 and ∇τju = τx . τj = 0 for j > 1, by construction of the basis.

Since almost every point of Σ is flat, this proves that |∇Σu| = 1 almost everywhere, proving

the claim. Moreover, if E ⊂ Sd−1 is a Borel set, since ν is conical and Σ = Σ
ρ
, we have:

Hn−1(ρE ∩ Σ) = Hn−1

(
ρ

(
E ∩ Σ

ρ

))
,

= ρn−1Hn−1

(
E ∩ Σ

ρ

)
, (2.2.5)

= ρn−1Hn−1 (E ∩ Σ) .
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Therefore,∫
A∩Σ

dHn(y) =

∫
A∩Σ

J∗u(y)dHn(y),

=

∫ ∞
0

∫
u−1(ρ)

χA∩Σ(y)dHn−1(y)dρ,

=

∫ ∞
0

Hn−1(Σ ∩ A ∩ ∂Bρ)dρ, (2.2.6)

=

∫ ∞
0

ρn−1Hn−1(
Σ

ρ
∩ A
ρ
∩ ∂B1)dρ,

=

∫ ∞
0

ρn−1Hn−1(Σ ∩ A
ρ
∩ ∂B1)dρ, since Σ is conical,

=

∫ ∞
0

ρn−1

∫
χA(ρz′)dσ(z′)dρ.

Now let g be a non-negative Borel function. Then there exists an increasing sequence

of simple functions {gk} converging pointwise to g. In particular, if gk increase to g point-

wise, then Gk increase pointwise to G where Gk(ρ) = ρn−1
∫
gk(ρx

′)dσ(x′) and G(ρ) =

ρn−1
∫
g(ρx′)dσ(x′). By the monotone convergence theorem and linearity of the integral,

(2.2.2) also holds for non-negative Borel functions. The extension to general Borel functions

follows easily.

Having proven that ν decomposes into two components, we now study the spherical com-

ponent σ. By using the polar decomposition, we can prove that σ is uniformly distributed.

Of particular interest to us is the case where ν is 3-uniform: the spherical component is then

locally 2-uniform. We start with some notations. Denote Σ∩Sd−1 by Ω. Then σ = Hn−1 Ω.

Let Br(x) =
{
z ∈ Sd−1; |z − x| < r

}
, and (Br(x))ε1 be as in (2.2.1).

Theorem 2.2.4. Let ν be as in Theorem 2.2.3. Then σ the spherical component of ν is a

uniformly distributed measure.

Proof. Let x ∈ Ω, r > 0. Define the set N{|x|,r} ⊂ [0,∞)× R to be:

N{|x|,r} =
{

(a, b) ∈ [0,∞)× R; (1 + |x|2 − r2)a− 2b < 0
}
.
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Then:

z ∈ (Br(x))ε1 ⇐⇒
∣∣∣∣ z|z| − x

∣∣∣∣2 < r2 and |z| ∈ (1− ε, 1 + ε)

⇐⇒
(
1 + |x|2 − r2

)
|z| − 2 〈z, x〉 < 0 and |z| ∈ (1− ε, 1 + ε),

allowing us to rewrite g(z) = χ(Br(x))ε1
(z) in the following way:

g(z) = χN{|x|,r}(|z|, 〈z, x〉).χ(1−ε,1+ε)(|z|) = G(|z|, 〈z, x〉). (2.2.7)

Since ν is a conical uniform measure and g is a function of |z| and 〈z, x〉 with x in the

support of ν, we can apply Theorem 2.1.17 to it. Namely, fix e ∈ Rn, |e| = 1. Then by

Theorem 2.1.17 and polar decomposition for Lebesgue measure:

ν((Br(x))ε1) =

∫
G(|z|, < z, x >)dν(z)

=

∫
Rn
G(|z|, < z, e >)dLn(z),

=

∫ ∞
0

(∫
{|y|=ρ}

χBr(e) (y′)χ(1−ε,1+ε) (|y|) dHn−1(y)

)
dρ, where y′ =

y

|y|
,

=

∫ ∞
0

ρn−1

∫
Sn−1

χBr(e)(y
′)χ(1−ε,1+ε)(ρ)dσn−1(y′)dρ (2.2.8)

=

(∫ 1+ε

1−ε
ρn−1dρ

)(
Hn−1(Br(e) ∩ Sn−1)

)
,

=
(1 + ε)n − (1− ε)n

n

(
Hn−1(Br(e) ∩ Sn−1)

)
.

where Ln is n-Lebesgue measure. Dividing by 2ε and letting ε go to 0 gives:

Hn−1(Br(e) ∩ Sn−1) = lim
ε→0

1

2ε
ν((Br(x))ε1). (2.2.9)

Note that Hn−1(Br(e) ∩ Sn−1) does not depend on our choice of e.
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On the other hand, by Theorem 2.1.6 and (2.2.5), we get:

ν((Br(x))ε1) =

∫ ∞
0

(∫
Σ∩{|y|=ρ}

νBr(x)

(
y

|y|

)
ν(1−ε,1+ε)(|y|)dHn−1(y)

)
dρ,

=

∫ 1+ε

1−ε
Hn−1(ρBr(x) ∩ Σ)dρ,

=

∫ 1+ε

1−ε
ρn−1Hn−1(Br(x) ∩ Σ)dρ, (2.2.10)

=

(∫ 1+ε

1−ε
ρn−1dρ

)(
Hn−1(Br(x) ∩ Σ)

)
,

=
(1 + ε)n − (1− ε)n

n

(
Hn−1(Br(x) ∩ Σ)

)
.

Dividing by 2ε and letting ε go to 0 gives:

Hn−1(Br(x) ∩ Σ) = lim
ε→0

1

2ε
ν((Br(x))ε1). (2.2.11)

Combining (2.2.9) and (2.2.11), we get:

σ(Br(x)) = Hn−1(Br(x) ∩ Ω) = Hn−1(Br(e) ∩ Sn−1), for any x ∈ Ω, and any e ∈ Sn−1.

(2.2.12)

In particular, this implies that σ is uniformly distributed.

One notable consequence of the above, expressed in the following corollary, is that for

n = 3, the spherical component is in fact locally 2-uniform.

Corollary 2.2.5. Suppose ν a 3-uniform conical measure on Rd. Let σ be its spherical

component, and denote the support of σ by Ω. Then there exists a function φ : R+ → R+

such that, for all x ∈ Ω, for all r > 0:

σ(B(x, r)) = φ(r). (2.2.13)

Moreover,

φ(r) = πr2χ(0,2)(r) + 4πχ(2,∞)(r). (2.2.14)
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Proof. (2.2.13) is just a reformulation of Theorem 2.2.4. Let e = (0, 0, 1) . We only need to

prove that for r < 2, we have:

H2(Br(e) ∩ S2) = πr2.

First, note that ∂Br(e) ∩ S2 = {(x, y, z) ∈ R3;x2 + y2 + z2 = 1, x2 + y2 + (z − 1)2 = r2}. If

r <
√

2, Br(e)∩S2 is the portion of the graph of f(x, y) =
√

1− (x2 + y2) above z = 1− r2

2
.

So we have, by the area formula:

H2(B(e, r) ∩ S2) =

∫ 2π

0

∫ √
1−(1− r2

2
)2

0

√
1 + |∇f |2ρdρdθ

= 2π

∫ √
1−(1− r2

2
)2

0

ρ√
1− ρ2

dρ

= −2π


√√√√1−

(
1−

(
1− r2

2

)2
)
− 1


= πr2.

If
√

2 < r < 2, B(e, r) and B(0, 1) intersect in z = 1− r2

2
. Moreover, note that the part

of S2 below the plane z = 1− r2

2
is B(−e, r′), where, by applications of Pythagoras’ theorem,

we have:

r′
2

= 1 +

(
2− r2

2

)2

−
(
r2

2
− 1

)2

,

= 4− r2.

Therefore, by symmetry (since r′ <
√

2), we have:

H2(B(e, r) ∩ S2) = H2(S2)−H2(B(−e, r′) ∩ S2),

= 4π − π(4− r2),

= πr2.
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In [KiP], Kircheim and Preiss had proved that the support of a uniformly distributed

measure is an analytic variety. We will now deduce from Corollary 2.2.5 that Σ is in fact an

algebraic variety.

Recall from (2.1.17) that:

bk2k = k!b2k,1 and b2k−1,1 = 0,

where

bk,1(x) = 2k(I(1)(k)!)−1

∫
〈z, x〉k e−|z|2dµ(z) and I(s) =

∫
e−s|z|

2

dν(z).

Applying Theorem 2.2.3 to bk,1 and I(1) gives:

bk,1(x) = 2k(I(1)k!)−1

∫
〈z, x〉k e−|z|2dν(z),

= 2k(I(1)k!)−1

∫ ∞
0

ρn−1

∫
〈ρz′, x〉k e−ρ2dσ(z′)dρ,

= 2k(σ(Sd−1)k!)−1

∫∞
0
ρn−1+ke−ρ

2
dρ∫∞

0
ρn−1e−ρ2dρ

∫
〈z′, x〉k dσ(z′),

= c(n, k)

∫
〈z′, x〉k dσ(z′),

where c(n, k) = 2k(σ(Sd−1)k!)−1
∫∞
0 ρn−1+ke−ρ

2
dρ∫∞

0 ρn−1e−ρ2dρ
. Therefore: bk2k(x) = k!c(n, k)

∫
〈z′, x〉k dσ(z′).

We can now improve Theorem 2.1.17 in the case of the spherical component σ of a conical

n-uniform measure ν: indeed, in this case Ω is entirely described by its moments.

Theorem 2.2.6. Let ν be a conical n-uniform measure, σ its spherical component, p2k(x) =

bk2k(x) and p2k+1(x) = b2k+1,1(x). Moreover, let Ω be the support of σ. Then

p2k+1(x) = 0 for k ≥ 0, x ∈ Rd (2.2.15)

and

Ω = {x; |x| = 1} ∩
⋂
k>0

{
x; p2k(x) = |x|2k

}
. (2.2.16)
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Proof. Call Ω′ the right-hand side of (2.2.16). The fact that Ω ⊂ Ω′ and (2.2.15) follows

from Theorem 2.1.17.

To prove the other inclusion, take any x ∈ Rd such that x ∈ Ω′. Let us rewrite the

expressions from Theorem 2.1.25. First, note that since |x| = 1:

〈z − x, z − x〉l = (|z|2 + |x|2 − 2〈z, x〉)l

=
l∑
0

(
l

i

)
(−1)i(|z|2 + 1)l−i2i〈z, x〉i.

Moreover,using (2.2.15):∫
〈z − x, z − x〉ldσ(z) =

l∑
0

(
l

i

)
(−1)i2i

∫
(|z|2 + 1)l−i〈z, x〉idσ(z),

=
l∑
0

(
l

i

)
(−1)i2l

∫
〈z, x〉idσ(z),

=
∑
k;2k≤l

(
l

2k

)
2l
∫
〈z, x〉2kdσ(z),

=
∑
k;2k≤l

(
l

2k

)
2l(k!c(n, 2k))−1p2k(x)

=
∑
k;2k≤l

(
l

2k

)
2lk!c(n, 2k)−1, since p2k(x) = |x|2k = 1 by hypothesis.

Note that we have proved that for all x ∈ Ω′,
∫
〈z − x, z − x〉ldσ(z) = cl where cl does not

depend on the choice of x. In particular, if u ∈ Ω is fixed as in Theorem 2.1.25, since Ω ⊂ Ω′,

we have: ∫
〈z − x, z − x〉l − 〈z − u, z − u〉ldσ(z) = cl − cl = 0. (2.2.17)

This proves that x ∈ Ω by Theorem 2.1.25.

As an easy consequence of the above claim, we get:

Corollary 2.2.7. Let ν be a conical n-uniform measure in Rd and Σ its support. Then Σ is

an algebraic variety and

Σ = −Σ. (2.2.18)
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Proof. Let Σ′ be
⋂
k>0

{
bk2k(x) = |x|2k

}
. By (2.1.18), Σ ⊂ Σ′. Now suppose x /∈ Σ. Then

x 6= 0 and x
|x| /∈ Ω, where Ω is the support of the spherical component of ν. By Theorem

2.2.6, there exists k0 such that : p2k0(
x
|x|) 6= 1.

Multiplying by |x|2k0 , we get: bk2k(x) 6= |x|2k0 , and hence x /∈ Σ′.

By Theorem 2.1.17, for a conical measure, bk2k(x) = b2k,1(x) which is a homogeneous

polynomial of even degree. In particular

x ∈ Σ ⇐⇒ bk2k(x) = |x|2k, k ∈ N

⇐⇒ bk2k(−x) = | − x|2k, k ∈ N

⇐⇒ −x ∈ Σ.

Hence

Σ = −Σ. (2.2.19)

We will apply Theorem 2.1.29 to deduce that Ω is a C1,β manifold for some β > 0. We

then prove that there exists γ > 0 such that Σ\ {0} is a C1,γ-submanifold of dimension 3 in

Rd.

Lemma 2.2.8. Let ν be a 3-uniform conical measure in Rd, σ its spherical component and

Ω the support of σ. Then there exists β > 0 such that Ω is a C1,β submanifold of dimension

2 in Rd.

Proof. According to Theorem 2.1.29, we only need to prove (2.1.36) for σ. Let r ∈ (0, 1] and

t ∈ [1
2
, 1] so that tr ∈ (0, 1]. By Corollary 2.2.5, for any x ∈ Ω, we have σ(B(x,tr))

σ(B(x,r))
= t2r2

r2
= t2

implying that :

|R2
t (x, r)| = 0, for r ∈ (0, 1], t ∈ [

1

2
, 1], and x ∈ Ω.

Theorem 2.2.9. Let ν be a 3-uniform conical measure in Rd and Σ its support. Then there

exists γ > 0 such that Σ\ {0} is a C1,γ submanifold of dimension 3 .
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Proof. By dilation invariance of Σ, it is enough to prove that Σ is a C1,γ-manifold in a

neigborhood of x0 ∈ Ω. Let σ be the spherical component of ν. By Lemma 2.2.8, Ω is a

C1,β submanifold of dimension 2 in Rd. In particular, fix x0 ∈ Ω. There exists a 2-subspace

Px0 of Rd tangent to Ω at x0. Let {τ1, τ2} be an orthonormal basis of Px0 . Since Ω ⊂ Sd−1,

Tx0Ω ⊂ Tx0S
d−1 and hence, x0 ⊥ τi, for i = 1, 2. Therefore, letting τ3 = x0, we can complete

the orthonormal set {τi}3
i=1 to an orthonormal basis {τi}di=1.

Since Ω is a C1,β submanifold of dimension 2, there exists a neighborhood U0 of x0 such

that Ω ∩ U0 can be written as a C1,β graph over Px0 . More specifically, there exist d − 2

C1,β functions ψi on a neighborhood G of (0, 0) in R2 such that ψ1(0, 0) = 1, ψi(0, 0) = 0 for

i > 1 and:

Ω ∩ U0 =

{
x1τ1 + x2τ2 +

d−2∑
i=1

ψi(x1, x2)τi+2; (x1, x2) ∈ G

}
(2.2.20)

Denote by Ψ : G→ Ω ∩ U0 the C1,β diffeomorphism Ψ(x1, x2) = x1τ1+x2τ2+
∑d−2

i=1 ψi(x1, x2)τi+2.

Let U = U0 ∩ Sd−1, and V = U ε
1 (where U ε

1 is defined as in (2.2.1)) for some ε < 1. V is an

open neighborhood of x0 and:

y ∈ Σ ∩ V ⇐⇒ y = λy0, where y0 ∈ Ω ∩ U0, λ ∈ (1− ε, 1 + ε), (2.2.21)

⇐⇒ y = λΨ(x1, x2), where λ ∈ (1− ε, 1 + ε), (x1, x2) ∈ R2. (2.2.22)

Letting Φ : G× (1− ε, 1 + ε)→ Rd be defined as Φ((x1, x2), λ) = λΨ(x1, x2), we see that

Φ is a C1 diffeomorphism on G× (1− ε, 1 + ε) and :

Φ(G× (1− ε, 1 + ε)) = Σ ∩ V.

Hence in the neighborhood of every non-zero point, Σ is a C1 manifold. Consequently, every

non-zero point of Σ is flat. Another application of Theorem 2.1.32 provides us with a γ > 0

such that Σ is a C1,γ submanifold of dimension 3 in a neighborhood of every non-zero point.

We obtain the following corollary as a consequence of Theorem 2.2.9.
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Corollary 2.2.10. Let µ be a 3-uniform measure in Rd. If x0 ∈ supp(µ), and Tan(µ, x0) =

{cν, c > 0}, where ν is normalized so that ν(B(0, 1)) = ωn, one of the following statements

hold:

• ν = H3 Vx0 where Vx0 is a 3-dimensional subspace.

• The support of ν is not a plane, and for all z0 ∈ supp(ν), z0 6= 0 we have

Tan(ν, z0) =
{
cH3 Vz0 , c > 0

}
where Vz0 is a 3-dimensional subspace.

Proof. By Theorem 2.1.18, if x0 ∈ supp(µ), there exists a unique conical 3-uniform measure

ν such that Tan(µ, x0) = {cν, c > 0}. But by Theorem 2.2.9, Theorem 2.1.18 and Corollary

2.1.19, ν = cH3 (supp(ν)) where supp(ν) is a 3-dimensional subspace or a C1,α-manifold

away from 0.

2.3 Dimension reduction of singular sets

In this section, we will use the base case to deduce the Hausdorff dimension of the singular

set of any n-uniform measure. We first prove a theorem about the convergence of the set

of singularities of a sequence of blowups. Once this theorem is proven, we will have all the

tools we need to apply a dimension reduction argument using the base case.

Let us start with some notations. The measure µx,r is defined as:

µx,r(A) = ωn(µ(B(x, r)))−1µ(rA+ x), (2.3.1)

for A ⊂ Rd. In particular if µ is n-uniform and z ∈ supp(µ), then it follows from Theorem

2.1.18 that for any sequence ηj ↓ 0

µz,ηj ⇀ µz, (2.3.2)

where µz is the normalized tangent measure at z as defined in Definition 2.1.20.
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The following fact, which is a direct consequence of the definition of the functional F

from Definition 2.1.22, will be used often in this section: if Φ is a flat measure, then F (Φ) = 0

and F (Φ0,C) = 0 for any C > 0.

Recall Definition 2.1.12.

Definition 2.3.1. Let µ be an n-uniform measure in Rd. If x0 is a non-flat point of supp(µ),

we call it a singularity of µ. We denote by Sµ the set of singularities of µ, namely:

Sµ = {x ∈ supp(µ), x is not a flat point } .

We start with a lemma which states that under the appropriate conditions, blow-ups

along the same sequence of points satisfy some sort of connectedness property.

Lemma 2.3.2. Let µ be an n-uniform measure in Rd, (xk)k ⊂ supp(µ) and (τk)k, (σk)k

sequences of positive numbers decreasing to 0. We also assume that σk < τk and that there

exist n-uniform measures α and β such that:

µxk,τk ⇀ α and µxk,σk ⇀ β.

Then:

F (α) < ε0 =⇒ F (β) < ε0,

where F is the functional from Definition 2.1.22 and ε0 is the constant from 2.1.24.

Proof. The proof of this lemma is similar to Preiss’ proof of Theorem 2.6 in [P]. In particular,

it follows closely the proof of Theorem 6.10 in [Del] which is a reformulation of Preiss’ theorem

for uniform measures.

Assume that F (α) < ε0 and F (β) ≥ ε0. Then by Theorem 2.1.23 there exists 0 < κ < ε0

and k0 > 0 so that for k > k0 ,

F (µxk,σk) > κ and F (µxk,τk) < κ.

For k > 0, define the function fk : (0,∞)→ (0,∞) to be

fk(r) = F (µxk,r).
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If sj is a sequence of positive numbers converging to some s0 > 0, µxk,sl ⇀ µxk,s0 . Therefore

fk is continuous in r away from 0, for all k > 0. So for every k > k0, there exists δk ∈ [σk, τk]

so that:

F (µxk,δk) = κ and F (µxk,r) ≤ κ for r ∈ [δk, τk]. (2.3.3)

By Theorem 2.1.8, without loss of generality, by passing to a subsequence,

µxk,δk ⇀ ξ

where ξ is a Radon measure. We claim that ξ is n-uniform and ξ(B(0, 1)) = ωn. Pick

y ∈ supp(ξ) and R > 0. First note that since the µxk,δk are n-uniform and all have the

same constant ωn (being normalized), we can apply Theorem 2.1.31 to obtain a sequence

ykj of points in supp(µxkj ,δkj ) such that ykj → y. Without loss of generality, by passing to a

subsequence, yj → y. Fix ε > 0. There exists j0 such that:

j > j0 =⇒ |y − yj| <
ε

4
.

On one hand, we have:

ξ(B(y,R)) ≤ lim inf µxj ,δj(B(y,R)),

≤ lim inf µxj ,δj(B(yj, R +
ε

4
)),

= ωn

(
R +

ε

4

)n
.

On the other hand

ξ(B(y,R)) ≥ lim supµxj ,δj(B(y,R− ε

8
)),

≥ lim supµxj ,δj(B(yj, R−
3ε

8
)),

= ωn

(
R− 3ε

8

)n
.

Hence, for y ∈ supp(ξ) and R > 0

ωn

(
R− 3ε

8

)n
≤ ξ(B(y,R)) ≤ ωn

(
R +

ε

4

)n
.
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Since ε was chosen arbitrarily,

ξ(B(y,R)) = ωnR
n,

thus proving that ξ is n-uniform.

By Theorem 2.1.23, F (ξ) = κ. In particular ξ is not flat. We now show that our

assumptions imply that ξ is flat at infinity. By Theorem 2.1.21 this is a contradiction with

ξ not being flat.

We first claim that τk
δk
→∞. Assume that τk

δk
→ C, C ≥ 1. Letting βk = τk

δk
and writing

µxk,τk = βk
−nT0,βk [µxk,δk ] , we have

µxk,τk ⇀ ξ0,C

since C 6= 0, µxk,δk ⇀ ξ and ξ(B(0, C)) = ωnC
n. But µxk,τk ⇀ α hence α = ξ0,C . The fact

that α is flat and ξ is not would yield a contradiction.

Now fix R > 1. Since τk
δk
→∞, there exists k1 > k0 such that for k > k1, we have

Rδk ∈ [δk, τk].

In particular, since k1 > k0, if k > k1 we also have, by (2.3.3), F (µxk,Rδk) ≤ κ. We deduce

that:

lim sup
k

F (µxk,Rδk) ≤ κ.

Since Fs(µxk,Rδk , ξ0,R) = R−n−1FRs(µxk,δk , ξ) for every s > 0, limk→∞ Fs(µxk,Rδk , ξO,R) = 0 for

every s > 0 and hence µxk,Rδk ⇀ ξ0,R. Consequently, by Theorem 2.1.23:

F (ξ0,R) ≤ κ. (2.3.4)

Choosing Rl ↑ ∞, we have ξO,Rl ⇀ ψ where ψ is the normalized tangent of ξ at ∞ by

Theorem 2.1.18. Therefore, by (2.3.4), F (ψ) ≤ κ < ε0. But by Theorem 2.1.24 this implies

that ξ is flat which contradicts F (ξ) = κ.

Remark 2.3.1. 1. I would like to thank Max Engelstein for discussions about the con-

nectedness of cones of pseudo-tangent measures along a subsequence which brought

this argument to my attention. It is worth noting that cones of pseudo-tangent sets
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(the same holds for measures) are not connected in general. A counter-example can be

found in Remark 5.5 in [BL]. The interested reader can refer to [P], [KPT] and [BL]

for more detailed discussions of cones of tangent measures.

2. Lemma 2.3.2 would imply that pseudo-tangent measures are in fact connected along the

same subsequence if not for the condition σk < τk. This apparently technical condition

turns out to be necessary for this proof to work. Whether this is just a feature of this

specific proof or an actual necessary condition is not clear to the author and seems like

an interesting question in its own right.

We can now prove a useful theorem about the behavior of singular sets under blow-ups.

Theorem 2.3.3. Let µ be an n-uniform measure in Rd, x0 ∈ supp(µ), (xj)j ⊂ Sµ, (rj)j any

sequence of positive numbers decreasing to 0. Also assume that yj =
xj−x0
rj
∈ B(0, 1), yj → y.

Then

y ∈ Sµx0 ,

where µx0 is the normalized tangent at x0 as defined in Definition 2.1.20.

Proof. Without loss of generality, x0 = 0. Denote µx0 by ν, and µxj by νj where µxj are the

normalized tangents at xj. Let us start with some remarks.

We first claim that there exists a conical, non-flat n-uniform measure ν∞ such that a

subsequence of {νj}j converges weakly to ν∞. Since xj ∈ Sµ, νj is non-flat for every j > 0.

The fact that νj is conical and Theorem 2.1.24 then imply that F (νj) > ε0 for all j > 0

where F is the functional defined in Definition 2.1.22. Moreover, since supj(νj(B(0, R))) =

ωnR
n < ∞, there exists a Radon measure ν∞ and a subsequence of νj converging to ν∞.

Without loss of generality, νj ⇀ ν∞. Moreover, ν∞ is n-uniform. The proof of this fact is

exactly the same as the proof of the fact that ξ in Lemma 2.3.2 is n-uniform.

By Theorem 2.1.23, F (νj) → F (ν∞) and hence F (ν∞) ≥ ε0. Moreover, since each νj is
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conical and νj ⇀ ν∞, it follows that for any r > 0:

T0,r[ν
∞] = limT0,r[νj],

= rn lim νj,

= rnν∞.

This proves that ν∞ is conical.

We also claim that

y ∈ supp(ν) and µxj ,rj ⇀ νy. (2.3.5)

where νz denotes Tz,1[ν] whenever z ∈ supp(ν). Indeed, let δ > 0. Then:

ν(B(y, δ)) ≥ lim sup
i→∞

µ0,ri

(
B

(
y,
δ

4

))
= lim sup

i→∞
ωn(µ(B(0, ri)))

−1µ

(
B

(
riy,

riδ

4

))
.

But for i large enough |y − yi| ≤ δ
8
implying that B(xi, ri

δ
8
) ⊂ B(riy,

riδ
4

). Consequently,

ν(B(y, δ)) > 0

since

(µ(B(0, ri)))
−1µ

(
B(xi, ri

δ

8
)

)
=
δn

8n
.

Let us prove the second part of (2.3.5). Recall Definition 2.1.9.

Fix R > 0. Let φ ∈ L(R). Then, on one hand, for j large enough that |yj| ≤ 2, we have:∣∣∣∣∫ φ(z)dµxj ,rj(z)−
∫
φ(z)dTyj ,1[ν](z)

∣∣∣∣ =

∣∣∣∣∫ φ(z − yj)dµ0,rj(z)−
∫
φ(z − yj)dν(z)

∣∣∣∣ ,
≤ FR+2(µ0,rj , ν), (2.3.6)

since φj(z) = φ(z − yj) ∈ L(R + 2) . On the other hand,∣∣∣∣∫ φ(z)dTyj ,1[ν](z)−
∫
φ(z)dTy,1[ν](z)

∣∣∣∣ =

∣∣∣∣∫ (φ(z − yj)− φ(z − y)) dν(z)

∣∣∣∣ ,
≤ |y − yj|ν(B(0, R + 2)), (2.3.7)
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since Lip(φ) ≤ 1, φj and φy are supported in B(0, R+ 2) where we define φy(z) = φ(z − y).

This gives, taking the supremum over all φ ∈ L(R):

FR(µxj ,rj , νy) ≤ FR+2(µ0,rj , ν) + |y − yj|ν(B(0, R + 2)),

for j large enough. Letting j →∞, we get (2.3.5) since R was chosen arbitrarily.

Our proof will now go as follows: we construct sequences of positive numbers σk and τk

decreasing to 0 such that µx̃k,σk converges weakly to ν∞ and µx̃k,τk converges weakly to α the

normalized tangent measure to ν at y. Here, x̃k is a subsequence of xk. We then use Lemma

2.3.2 to deduce that α cannot be flat.

Let us first construct a decreasing sequence σ̃j such that

σ̃j
rj
→ 0 and µxj ,σ̃j ⇀ ν∞. (2.3.8)

Let tj = 1
j
. By Theorem 2.1.18, the blow-ups at a point converge to the tangent along any

sequence going to 0. Moreover this tangent is unique up to normalization. Thus, for every

k, we have

F(µxk, 1j
, νk)→ 0,

where F is the metric on Radon measures from Definition 2.1.9. Now construct inductively

a decreasing sequence {lk}k such that, for all k > 0

l ≥ lk =⇒ tl < rk
2 and F(µxk,tl , νk) <

1

2k
. (2.3.9)

Let σ̃j = tlj and ρj =
σ̃j
rj
.

We remark that since ρj ↓ 0,

(νy)0,ρj
⇀ α (2.3.10)

where α is the normalized tangent measure to νy at 0. Equivalently, this is the normalized

tangent measure to ν at y. Indeed, since νy = Ty,1[ν] and T0,ρj ◦ Ty,1 = Ty,ρj , we have

ρj
−nT0,ρj [νy] = ρj

−nT0,ρj [Ty,1[ν]],

= ρj
−nTy,ρj [ν].
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We now construct a sequence τ̃k such that:

µxlk ,τ̃k ⇀ α,

for some subsequence xlk of xk.

For every k there exists lk > k, lk > lk−1 such that whenever l > lk

F1(µxl,rl , νy) <
1

k
ρn+1
k and ρl < ρk, (2.3.11)

since µxl,rl ⇀ νy and ρk → 0. Let τ̃k = rlkρk and x̃k = xlk .

We claim that

µx̃k,τ̃k ⇀ α. (2.3.12)

Indeed, fix R > 0. On one hand, for k large enough that Rρk ≤ 1

FR(µx̃k,τ̃k , ρ
−n
k T0,ρk [νy]) = FR(ρ−nk T0,ρk [µxlk ,rlk ], ρ−nk T0,ρk [νy]),

= ρ−n−1
k FRρk(µxlk ,rlk , νy),

≤ ρ−n−1
k F1(µxlk ,rlk , νy),

<
1

k
.

The laws of composition used in this calculation are explained in Lemma 2.4 of [B].

On the other hand, FR(ρ−nk T0,ρk [νy], α)→ 0 by (2.3.10). Since

FR(µx̃k,τ̃k , α) ≤ FR(µx̃k,τ̃k , ρ
−n
k T0,ρk [νy]) + FR(ρ−nk T0,ρk [νy], α),

FR(µx̃k,τ̃k , α)→ 0. This proves (2.3.12).

Rename x̃k, σ̃lk and τ̃k to be xk, σk and τk. We have proven that:

µxk,σk ⇀ ν∞ and µxk,τk ⇀ α,

with σk < τk ( since ρlk < ρk by (2.3.11)) and ν∞ conical and non-flat.

If α were flat, we would have F (α) = 0 < ε0 and F (ν∞) ≥ ε0. This contradicts Lemma

2.3.2. Therefore α cannot be flat and y ∈ Sν .
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Remark 2.3.2. The proof of (2.3.12) is similar to the proof of Lemma 2.6 in [B].

We now use Theorem 2.3.2 to deduce two important corollaries.

Corollary 2.3.4. Let µ be a 3-uniform measure in Rd. Then the singular set of µ is discrete.

Namely, for every K compact subset of Rd, |Sµ ∩K| <∞. Here, |A| denotes the cardinality

of the set A ⊂ Rd.

Proof. Assume not. Then there exists K compact subset of Rd such that |Sµ ∩K| = ∞ .

In particular there exists a sequence of points {xj}j ⊂ Sµ ∩K converging to some x∞ ∈ K.

Moreover, x∞ ∈ supp(µ) since the support of a measure is a closed set. Let rj = |xj−x∞| and

yj =
xj−x∞
rj

. Then by Theorem 2.1.18, µx∞,rj ⇀ ν, ν normalized tangent to µ at x∞ and by

compactness, we can assume by passing to a subsequence if necessary that yj → y ∈ ∂B(0, 1).

By (2.3.5), y ∈ supp(ν). Since y 6= 0, y must be a flat point of supp(ν) by Corollary 2.2.10.

This contradicts Theorem 2.3.3.

Corollary 2.3.5. Let µ be an n-uniform measure in Rd, x0 ∈ supp(µ), ν normalized tangent

to µ at x0, {rj}j sequence of positive radii decreasing to 0, ε > 0. Then there exists N = N(ε)

such that:

n ≥ N =⇒ Sµ − x0

rj
∩B(0, 1) ⊂ (Sν)ε (2.3.13)

where (Sν)ε =
{
y ∈ Rd; dist(y,Sν) < ε

}
.

Proof. Suppose not. Then we can construct a subsequence {sj} of {rj} so that:

Sµ − x0

sj
∩B(0, 1) ∩

(
Rd\(Sν)ε

)
6= ∅.

Consequently, we can find points xj ∈ Sµ such that yj =
xj−x0
sj
∈ B(0, 1) , dist(yj,Sν) ≥ ε

and yj → y. In particular, y /∈ Sν since d(y,Sν) ≥ ε. This contradicts Theorem 2.3.3.

We are now ready to prove the main theorem of this section.
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Theorem 2.3.6. Let µ be an n-uniform measure in Rd , 3 ≤ n ≤ d and denote the support

of µ by Σ. Then Σ can be written as a disjoint union

Σ = Rµ ∪ Sµ (2.3.14)

where Sµ the singular set is a closed set,

dimH(Sµ) ≤ n− 3, (2.3.15)

and Rµ is a C1,α submanifold of dimension n in Rd. Here dimH denotes the Hausdorff

dimension.

Proof. We start by proving that Sµ is a closed set and Rµ is a C1,α submanifold. This is a

direct consequence of Theorem 2.1.30. Indeed, in the case where µ is n-uniform, we claim

that the condition lim supr→0 θ(x, r) = 0 is equivalent to x is a flat point. Rewrite θ(x, r) in

the following way:

θ(x, r) =
1

r
inf
{
D
[
Σ ∩B(x, r), L ∩B(x, r)

]
: L affine n-plane through x

}
,

=
1

r
inf

{
D

[
Σ− x
r
∩B(0, 1), L ∩B(0, 1)

]
: L n-plane through 0

}
.

This combined with the fact that there is a unique Lx for every x flat such that Tan(µ, x) =

{cHn Lx ; c > 0} ends the proof of the claim.

We now prove our main claim, namely that

dimH(Sµ) ≤ n− 3, (2.3.16)

for µ n-uniform.

(2.3.16) holds for n = 3 by Theorem 2.2.9. Let m < d and assume (2.3.16) holds for all

l-uniform measures in Rd such that l < m. We want to prove that it holds for m-uniform

measures.

Let µ be an m-uniform measure. Suppose that s ∈ R+ is such that Hs(Sµ) > 0.



44

We start with an overview of the proof. We first prove that there exists a singular point

x0 of the support of µ and a tangent ν of µ at x0 such that the following holds

Hs(Sν ∩B(0, 1)) > 0.

From that, we deduce that there exists some non-zero singular point ξ of the support of ν

such that the tangent λ to ν at ξ satisfies Hs(Sλ ∩ B(0, 1)) > 0. Note that by Theorem

2.1.18, since µ is m-uniform, ν is conical. The advantage of repeating this procedure is that

since ν is conical, the support of λ is in fact translation invariant along the vector ξ and so λ

can be decomposed into L1×λ0 where L1 is 1-Lebesgue measure and λ0 is (m− 1)-uniform.

We then apply the induction hypothesis to λ0 to finish the proof.

We find a singular point x0 of the support of µ such that the following holds. Let ν be

the normalized tangent to µ at x0. Then:

Hs(Sν ∩B(0, 1)) > 0.

By Lemma 4.6 in [Mat2],

Hs(Sµ) > 0 ⇐⇒ Hs
∞(Sµ) > 0.

We will use Hs
∞ instead of Hs to allow a larger choice of coverings. Since Hs

∞(Sµ) > 0, there

exists a compact set K such that Hs
∞(Sµ ∩K) > 0. Let S̃µ = Sµ ∩K. We have

θs,∗(Hs
∞ S̃µ, z) ≥ 2−s, (2.3.17)

for Hs-almost every z ∈ S̃µ. This follows from Theorem 3.26 (2), in [S] since S̃µ is a compact

subset of Rd. In particular, there exists x0 ∈ S̃µ such that:

θs,∗(Hs
∞ S̃µ, x0) ≥ 2−s, (2.3.18)

Consequently, there exists a sequence of radii {rj}j decreasing to 0 such that:

Hs
∞

(
B(0, 1) ∩ S̃µ − x0

rj

)
≥ 2−s.
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Since rj ↓ 0, µx0,rj ⇀ ν where ν = µx0 , the normalized tangent to µ at x0. By Theorem

2.3.5, for all ε > 0, there exists j0 such that:

S̃µ − x0

rj
∩B(0, 1) ⊂ (Sν)ε whenever j ≥ j0. (2.3.19)

Pick δ > 0 and let {Ek}k be a covering of S̃ν = Sν ∩B(0, 1) such that:

Hs
∞(S̃ν) > ωs2

−s
∞∑
k=1

(diam(Ek))
s − δ.

We can assume that the sets Ek are open (see Theorem 4.4 in [Mat2]). Since
⋃
Ek is open,

S̃ν is compact and S̃ν ⊂
⋃
Ek, we can cover S̃ν with finitely many Ek, k = 1, . . . , K. Letting

E be the union of this finite cover and ε be a number smaller than the minimum of the

diameters of the Ek’s in this finite cover, we have:

(Sν)ε ⊂ E.

It follows from (2.3.19) that for j large enough, we have

Sj ⊂ E,

where Sj = S̃µ−x0
rj
∩B(0, 1). Hence, for j large, since {Ek}Kk=1 covers Sj

Hs
∞(Sj) ≤ ωs2

−s
K∑
k=1

(diam(Ek))
s,

≤ Hs
∞(S̃ν) + δ.

Since δ was chosen arbitrarily, we get Hs
∞(Sj) ≤ Hs

∞(S̃ν). Letting j →∞, we get:

2−s ≤ lim supHs
∞(Sj) ≤ Hs

∞(S̃ν).

This gives Hs
∞(Sν) ≥ Hs

∞(S̃ν) > 0. The claim is thus proved.

The advantage of ν over µ is that it is conical. Thus if we blow up at a non-zero point of ν,

we claim that we obtain a measure that is translation invariant. Since Hs(Sν ∩B(0, 1)) > 0,

by the same reasoning as for µ, there exists ξ 6= 0, ξ ∈ Sν ∩B(0, 1) such that :

θs,∗(Hs
∞ Sν , ξ) ≥ 2−s.
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In particular, there exists a decreasing sequence {sj} such that Hs
∞(Sν ∩ B(ξ, sj)) ≥ 2−sssj

and νξ,sj ⇀ λ, where λ = νξ is the normalized tangent measure to ν at ξ. Since ν is uniform

and ξ is a singular point, λ is a non-flat conical measure. The same procedure as above gives:

Hs(Sλ ∩B(0, 1)) > 0. (2.3.20)

Let Σ = supp(λ). We claim that

Σ = Re1 ⊕ A

for some A subset of a (d − 1)-plane of Rd such that Hm−1 A is (m − 1)-uniform. We will

first prove that

Ttξ,1[λ] = λ (2.3.21)

for any t > 0.

Take t > 0. Then, on one hand, noting that for z ∈ Rd:

T(1+t)ξ,sj(z) =
z − ξ − tξ

sj
,

=
z

1+t
− ξ
sj

1+t

,

= T
ξ,

sj
1+t
◦ T0,1+t(z),

we get

ν(1+t)ξ,sj = s−mj T
ξ,

sj
1+t

[T0,1+t[ν]],

= s−mj (1 + t)mT
ξ,

sj
1+t

[ν], since ν is conical

⇀ λ, (2.3.22)

since the sequence sj
1+t
→ 0 and s−mj (1 + t)mT

ξ,
sj
1+t

[ν](B(0, 1)) = λ(B(0, 1)) = ωm.

On the other hand, we have

T(1+t)ξ,sj(z) =
z − (1 + t)ξ

sj
,

=
z − (1 + (1− sj)t)ξ

sj
− tξ,

= Ttξ,1 ◦ T(1+(1−sj)t)ξ,sj(z).
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We now prove that

sj
−mT(1+(1−sj)t)ξ,sj [ν]→ λ. (2.3.23)

Let φ ∈ L(R). Then, for j large enough so that |1− sj| ≤ 2 we have:

sj
−m
∣∣∣∣∫ φ(z)dT(1+(1−sj)t)ξ,sj [ν](z)−

∫
φ(z)dT(1+t)ξ,sj [ν](z)

∣∣∣∣
≤ sj

−m
∣∣∣∣∫ (φ(z − (1 + (1− sj)t)ξ)− φ(z − (1 + t)ξ)) dT0,sj [ν](z)

∣∣∣∣ ,
≤ sj

−m
∫
B(0,R+(1+2|t|)|ξ|)

|sj||ξ||t|dT0,sj [ν](z),

≤ |sj||ξ||t|ωm(R + (1 + 2|t|)|ξ|)m.

Taking the supremum over all φ ∈ L(R), we get:

Aj := FR(sj
−mT(1+(1−sj)t)ξ,sj [ν], sj

−mT(1+t)ξ,sj [ν]),

≤ |sj||ξ||t|ωm(R + (1 + 2|t|)|ξ|)m, (2.3.24)

which goes to 0 as j →∞ since sj → 0. We have

FR(sj
−mT(1+(1−sj)t)ξ,sj [ν], λ) ≤ Aj + FR(sj

−mT(1+t)ξ,sj [ν], λ). (2.3.25)

Since Aj → 0 by (2.3.24) and, according to (2.3.22), FR(sj
−mT(1+t)ξ,sj [ν], λ) → 0, by using

(2.3.25), we prove (2.3.23).

This proves (2.3.21) from which it follows that

Σ− tξ = Σ for t > 0. (2.3.26)

Indeed, for t > 0,

z ∈ Σ ⇐⇒ For all r > 0, λ(B(z, r)) > 0,

⇐⇒ For all r > 0, Ttξ,1[λ](B(z, r)) > 0,

⇐⇒ For all r > 0, λ(B(z + tξ, r)) > 0,

⇐⇒ z ∈ Σ− tξ.
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Adding tξ on both sides of 2.3.26, we see that

Σ− tξ = Σ for t ∈ R. (2.3.27)

Let e1 = ξ
|ξ| and A = {x ∈ Σ;x.e1 = 0}. We claim that

Σ = Re1 ⊕ A. (2.3.28)

On one hand, if z ∈ Re1 ⊕ A, then there exists z′ ∈ A and t ∈ R such that:

z = z′ + te1.

Since A ⊂ Σ by definition, this implies that z ∈ Σ + te1 and consequently, z ∈ Σ by (2.3.26).

On the other hand, if z ∈ Σ, we can write:

z = (z − 〈z, e1〉 e1) + 〈z, e1〉 e1.

Let t1 = 〈z, e1〉. By (2.3.26), z − t1e1 ∈ Σ. Moreover, 〈z − t1e1, e1〉 = 0. Therefore,

z− t1e1 ∈ A and z ∈ Re1 +A. The uniqueness of such a decomposition follows from the fact

that Re1 and A are orthogonal by construction. This proves (2.3.28).

So there exists c > 0 so that λ = cωm
−1Hm (Re1 ⊕ A) by Corollary 2.1.19. By Theorem

3.11 in [KoP], λ0 = Hm−1 A is (m− 1)-uniform.

The final step consists in proving that

Sλ ⊂ Re1 ⊕ Sλ0 ∼= R× Sλ0 . (2.3.29)

We start by proving that if y ∈ A is a (m−1)-flat point of λ0, and t ∈ R, then te1 +y ∈ Σ

is an m-flat point of λ. By Theorem 2.1.30, if y is a flat point of λ0, since λ0 is an (m− 1)-

uniform measure, there exists a neighborhood U ′ of y in Rd−1 (here Rd−1 is identified with

the set
{
z ∈ Rd; 〈z, e1〉 = 0

}
) such that A∩U ′ is a C1 manifold. More precisely, there exists

(d−m+ 1) C1- diffeomorphisms {ψj}j from a neighborhood G of Rm−1 to R such that:

U ′ ∩ A =

{
z2e2 + . . .+ zmem +

d∑
i=m+1

ψj(z2, . . . , zm)ej; (z1, . . . , zm) ∈ G

}
(2.3.30)
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where {ej}mj=2 is an orthonormal basis of the tangent plane to supp(λ0) at y and {ej}dj=1 is

a completion of {ej}mj=1 to an orthonormal basis of Rd. We claim that Σ is a C1-manifold in

the neighborhood U = {se1 + z′; (s, z) ∈ (t− 1, t+ 1)× U ′} of te1 + y. Indeed, if z ∈ Σ∩U ,

then by (2.3.26) and (2.3.30) we can write

z = z1e1 + z2e2 + . . .+ zmem +
d∑

i=m+1

ψj(z2, . . . , zm)ej, (2.3.31)

where zj = 〈z, ej〉 for j > 1 and z1 ∈ (r − 1, r + 1).

We go back to the proof of (2.3.29). Suppose that η ∈ Sλ. Then in particular, η ∈ Σ and

hence η = te1 + y where t ∈ R, y ∈ A. If y were a flat point of λ0, then η would be a flat

point of λ. Therefore, η ∈ R× Sλ0 .

We deduce from (2.3.29) that

dimH(Sλ) ≤ dimH(Sλ0) + 1. (2.3.32)

Note that this inequality holds because Sλ and Sλ0 are Borel sets and the packing dimension

of a line is the same as its Hausdorff dimension. But since Hs(Sλ) > 0,

dimH(Sλ) ≥ s. (2.3.33)

Combining (2.3.32) and (2.3.33), we get:

s− 1 ≤ dimH(Sλ0). (2.3.34)

On the other hand, Sλ0 being the singular set of an (m− 1)-uniform measure, the induction

hypothesis implies that dimH(Sλ0) ≤ m− 4. Therefore s ≤ m− 3.

We have proven that

Hs(Sµ) > 0 =⇒ s ≤ m− 3.

Therefore,

dimH(Sµ) ≤ m− 3.
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Chapter 3

CONICAL 3-UNIFORM MEASURES: CHARACTERIZATION &
NEW EXAMPLES

In this chapter, we provide a characterization of 3-uniform conical measures in Rd and

describe an infinite family of non-isometric 3-uniform measures. We start by introducing

some definitions in order to give precise statements of our results. We say a Radon measure

µ in Rd is uniformly distributed if there exists a real-valued function φ so that for every

x ∈ supp(µ), and every r > 0

µ(B(x, r)) = φ(r).

If there exists c > 0 so that

φ(r) = crn,

we call µ an n-uniform measure. Some obvious examples of n-uniform measures are n-flat

measures, i.e. n-Hausdorff measure restricted to an affine n-plane. Indeed, if V is an affine

n-plane then for all x ∈ V and r > 0, we have:

Hn(B(x, r) ∩ V ) = ωnr
n,

where ωn denotes the volume of the n-dimensional unit ball. In fact, Preiss proved in [P]

that for n = 1, 2, the only n-uniform measures in Rd are the n-flat ones.

In [P], Preiss showed that there exist non-flat n-uniform measures in Rn+1. Moreover,

in [KoP], he proved in collaboration with Kowalski that in codimension 1, this measure and

flat measures are the only examples of n-uniform measures.

Theorem 3.0.1. [KoP] Let C be the cone in R4 defined by:

C =
{

(x1, x2, x3, x4) ∈ R4;x4
2 = x1

2 + x2
2 + x3

2
}
. (3.0.1)

Then :
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• H3 C is 3-uniform and for all x ∈ C, for all r > 0,

H3(B(x, r) ∩ C) =
4

3
πr3. (3.0.2)

• If µ is an n-uniform measure in Rn+1, then either µ is n-flat or, up to isometry, we

have:

µ = cHn
(
C × Rn−3

)
. (3.0.3)

In higher codimension, there is no such classification result. However, in [KiP], Kirchheim

and Preiss proved that the support of an n-uniform measure in any codimension is an analytic

variety.

Theorem 3.0.2. (1.4,[KiP]) Let µ be a uniformly distributed measure over Rd. Then

supp(µ) is an analytic variety and there exists an integer n ∈ {0, 1, . . . , d}, a constant

c ∈ (0,∞) and an open subset G of Rd such that:

1. G ∩ supp(µ) is an n-dimensional analytic submanifold of Rd.

2. Rd\G is the union of countably many analytic submanifolds of Rd of dimensions less

than n and µ(Rd\G) = Hn(Rd\G) = 0,

3. µ(A) = cHn(A ∩G ∩ supp(µ)) = cHn(A ∩ supp(µ)) for every subset A ⊂ Rd.

We denote G ∩ supp(µ) by R and supp (µ)\G by S and write:

supp(µ) = R∪ S.

The only other information on n-uniform measures that appeared since was proved by

X. Tolsa. In [T], he proved that n-uniform measures are uniformly rectifiable, a quantified

notion of rectifiability.

In this chapter, we show that there are other non-isometric examples of 3-uniform mea-

sures in any co-dimension: more specifically, we construct a family of 3-uniform measures
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of which H3 C is a particular example. Moreover, we give a geometric and graph-theoretic

characterization of conical 3-uniform measures.

Section 1 consists of preliminaries. It is divided into two subsections, one dealing with

results of a geometric and analytic nature and the other with results from discrete mathe-

matics.

We call an n-uniform measure ν conical if for every A ⊂ Rd, for every r > 0, it satisfies

ν(rA) = rnν(A). (3.0.4)

Conical measures are of particular interest as they appear as tangent measures of n-uniform

measures. One interesting feature of a 3-uniform conical measure is that its spherical com-

ponent σ is a locally 2-uniform measure (See Theorem 2.2.4. We use this to get a better

description of σ. Theorem 3.0.2 says that almost every point of the support of an n-uniform

measure is smooth. With this in mind, in [KoP], Kowalski and Preiss start by considering

a locally n-uniform measure with smooth support M . Fixing a point x in its support and

using the area formula, they write a Taylor expansion for the measure of B(x, r), in terms

of r. By equating this expansion with ωnrn, they are then able to obtain equations on the

curvature of M and its derivatives. In particular they prove that in the case where n = 2,

the ambient space is R3, and the manifold M is connected, M has to be a piece of a 2-plane

or of a 2-sphere. Thus looking at configurations of 2-spheres seems like the natural approach

to the problem of describing locally 2-uniform measures. In Section 2, we carry out a similar

argument on σ, the spherical component of ν, where the ambient space is Rd, d > 3, to

deduce that it is an umbilic manifold. More precisely, we prove that its support is a finite

union of disjoint 2-spheres (see Theorem 3.2.1).

In Section 3, we study the configuration of these spheres. Indeed, the fact that σ is locally

2-uniform implies a certain rigidity. In Theorem 3.3.5, we find a sufficient condition for a

configuration of 2-spheres in Rd to be the support of a locally 2-uniform measure. They must

have the same radius and be contained in translations of the same linear 3-plane. Moreover,

their centers have to be in a specific position: we say they are r-layered (see Definition 3.3.4).
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In Theorem 3.3.6, we show that when d = 5, the only possible conical 3-uniform measure

which is neither flat nor the cone from (1.1.4) is given, up to isometry and normalization, by

the following equation:

ν = H3 (C1 ∪ C2) , (3.0.5)

where

C1 = {x ; x4 = 0}
⋂{

x ; 3
(
x1

2 + x2
2 + x3

2
)

= x5
2
}
, (3.0.6)

and

C2 =
{
x ; x4 = 2

√
2x5

}⋂{
x ; 3

(
x1

2 + x2
2 + x3

2
)

= x4
2 + x5

2
}
. (3.0.7)

We now know that to produce a conical 3− uniform measure, we only need to construct a

set of r-layered points which will be the centers of its spherical component’s 2-spheres. This

condition of being r-layered is the natural geometric condition to consider but it is difficult

to work with. Our aim is to find a systematic or algorithmic way of constructing such a set

of points. In other words, if we are given an even number 2m, we want to be able to find

the coordinates of all possible well r-layered points in some Rd.

In Section 4, we invoke graph theory to do such a construction. We construct a graph

associated to a configuration of r-layered points and in Lemma 3.3.12, we translate the

existence of such a configuration in Euclidean space to a necessary and sufficient condition

on the graph. The advantage of this condition is that it is computable, expressed as a bound

on the eigenvalues of the Laplacian matrix associated to the graph. We finally prove Theorem

3.3.14 where we describe how to find the coordinates of those centers in the corresponding

ambient space and the rank of the linear space generated by the centers. We also show that

the number of centers is divisible by 4 .

Finally, in Section 5, we explicitly construct an infinite family of non-isometric 3-uniform

measures in Euclidean spaces of different dimensions. To do that, we first construct rectan-

gular parallelotopes whose vertices are r-layered (see Lemma 3.4.1). Using this construction,

we produce a family of 3-uniform measures (in Theorem 3.4.2). These configurations of

points are highly symmetric. To illustrate the fact that this need not be true in general, we
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construct an example with much less symmetry.

3.1 Preliminaries

3.1.1 Geometry and analysis preliminaries

We state two theorems which will be crucial to the description of the geometry of the spherical

components. In [KoP], Kowalski and Preiss proved that the curvature of a manifold whose

surface measure is locally n-uniform must satisfy the following equation.

Theorem 3.1.1. [KoP] If a hypersurface M ⊂ Rn+1 of class C5 is such that for all x ∈M ,

there exists r0 > 0 such that for all r < r0,

Hn(B(x, r) ∩M) = ωnr
n, (3.1.1)

then we have along M :

h2 = 2||
−→
h ||2 = 2τ,

where
−→
h denotes the second fundamental form, h the trace of

−→
h , τ the scalar curvature

and ||.|| the norm of a tensor with respect to the Riemannian inner product.

When n = 2, this theorem essentially says that all points of the manifold are umbilic.

The following is a classical geometry theorem describing umbilic manifolds.

Theorem 3.1.2. [Sp] For n ≥ 2, let Mn ⊂ Rd be a connected immersed submanifold of Rd

with all points umbilics. Then either M lies in some n-dimensional plane or else M lies in

some n-dimensional sphere in some (n+ 1)-dimensional plane.

In [KiP], Kirchheim and Preiss proved that the support of a uniformly distributed measure

is an analytic variety. We need the following theorem by Lojasiewicz to describe the geometry

of an analytic variety.

Theorem 3.1.3. [L] Let Φ(x1, . . . , xd) be a real analytic function on Rd in a neighborhood

of the origin. We may assume Φ(0, . . . , 0, xd) 6= 0. After a rotation of the coordinates
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(x1, . . . , xd−1), one has that there exist numbers δj > 0, j = 1, . . . , d such that the set Z

defined as :

Z = {x = (x1, . . . , xd) : |xj| < δj, for all j and Φ(x) = 0} ,

has a decomposition

Z = V d−1 ∪ . . . ∪ V 0. (3.1.2)

The set V 0 is either empty or consists of the origin alone. For 1 ≤ k ≤ d− 1, we may write

V k as a finite, disjoint union of analytic k-submanifolds of Rd.

Moreover, Z is stratified in the following sense: for each k, the closure of V k contains all

the subsequent Vj’s, i.e. defining Q to be

Q =
{
x ∈ Rd; |xj| < δj, for all j

}
,

we have:

V 0 ∪ . . . ∪ V k−1 ⊂ Q ∩ V k. (3.1.3)

Corollary 2.2.5 says that the spherical component of a conical 3-uniform measure is locally

2-uniform. The following proves the converse: if Ω is a subset of Sd−1 such thatH2 Ω is locally

2-uniform, and Σ is the cone over Ω then H3 Σ is 3-uniform.

Lemma 3.1.4. Let Ω be a set in Rd contained in Sd−1, σ = H2 Ω and assume that σ satisfies

the property that for all x ∈ Ω, for r ≤ 2,

σ(B(x, r)) = πr2. (3.1.4)

Define Σ to be:

Σ =

{
x ∈ Rd;

x

|x|
∈ Ω

}
∪ {0} , (3.1.5)

and ν to be H3 Σ.

Then for all x ∈ Σ, for r > 0, we have:

ν(B(x, r)) =
4

3
πr3. (3.1.6)

In particular, ν is 3-uniform.
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Proof. We prove that ν(B(e, r)) = 4
3
πr3, for e ∈ Ω, r > 0. The theorem then follows for any

x ∈ Σ. Indeed, if x ∈ Σ, x 6= 0 then e = x
|x| ∈ Ω. Moreover, by the definition of Σ we have

Σ
u

= Σ for any u > 0. This gives:

H3(B(x, r) ∩ Σ) = H3

(
|x|
(
B

(
e,

r

|x|

)
∩ Σ

|x|

))
= |x|3H3

(
B

(
e,

r

|x|

)
∩ Σ

)
=

4

3
πr3.

On the other hand, let xi = e
i
for some e ∈ Ω and let r > 0. Then since χB(xi,r)(z) →

χB(0,r)(z), for ν-almost every z, we get:

4

3
πr3 = lim

i→∞
ν(B(xi, r)) = ν(B(0, r)).

Let us now prove the theorem for e ∈ Ω. Let r > 0 and g(z) = χB(e,r)(z). Then, by

Lemma 2.2.3,

ν(B(e, r)) =

∫ ∞
0

ρ2

∫
g(ρz′)dσ(z′)dρ,=

∫ ∞
0

ρ2

∫
χB( e

ρ
, r
ρ

)(z
′)dρ =

∫ ∞
0

σ

(
B

(
e

ρ
,
r

ρ

))
dρ.

Let us compute σ(B( e
ρ
, r
ρ
)).

We first express B( e
ρ
, r
ρ
) ∩ Sd−1 as a ball centered on e. Let z ∈ B( e

ρ
, r
ρ
) ∩ Sd−1. Then an

easy calculation gives∣∣∣∣z − e

ρ

∣∣∣∣2 ≤ (rρ
)2

⇐⇒ |z − e| ≤

√
r2 − (ρ− 1)2

ρ
.

Therefore,

σ

(
B

(
e

ρ
,
r

ρ

))
= σ

(
B

(
e,

√
r2 − (ρ− 1)2

ρ

))
= π.

r2 − (ρ− 1)2

ρ
.

We now compute ν(B(e, r)). To this effect, we need to consider two cases: when r ≤ 1

and r ≥ 1.

If r ≤ 1, by (2.2.3),

ν(B(e, r)) =

∫ 1+r

1−r
ρ2σ

(
B

(
e

ρ
,
r

ρ

))
dρ = π

∫ 1+r

1−r
ρ(r2 − (ρ− 1)2)dρ,=

4

3
πr3.

In the case where r ≥ 1, notice that when ρ ≤ r−1 , ∂Bρ ⊂ B(e, r), and when ρ > r+ 1,

∂Bρ ∩B(e, r) = ∅. Therefore, we can write:
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ν(B(e, r)) = 4π

∫ r−1

0

ρ2dρ+

∫ r+1

r−1

(
ρ(r2 − 1)− 2ρ2 + 2ρ3

)
dρ =

4

3
πr3.

Note that when ρ ∈ [r − 1, r + 1], r
2−(ρ−1)2

ρ
≤ 4, justifying the fact that:

σ

(
B

(
e,

√
r2 − (ρ− 1)2

ρ

))
= π

r2 − (ρ− 1)2

ρ
.

We also state a theorem due to Archimedes: it says that the surface measure of a 2-sphere

is the support of a locally 2-uniform measure. We provide a proof using the area formula.

Lemma 3.1.5 (Archimedes). Let S be a sphere of radius R in R3. Then for all u ∈ S, for

all ρ ≤ 2R, we have:

H2(B(u, ρ) ∩ S) = πρ2. (3.1.7)

Proof. Without loss of generality, Hausdorff measure being invariant under isometries and

under dilation up to appropriate normalization, we can assume that S = S2 and u = (0, 0, 1)

.

We claim that for e = (0, 0, 1) and r ≤ 2,

H2(S2 ∩B(e, r)) = πr2. (3.1.8)

First, note that ∂B(e, r)∩ S2 = {(x, y, z) ∈ R3;x2 + y2 + z2 = 1, x2 + y2 + (z − 1)2 = r2}. If

r <
√

2, B(e, r)∩S2 is the portion of the graph of f(x, y) =
√

1− (x2 + y2) above z = 1− r2

2
.

So we have, by the area formula:

H2(B(e, r) ∩ S2) =

∫ 2π

0

∫ √
1−(1− r2

2
)2

0

√
1 + |∇f |2ρdρdθ = πr2.

If
√

2 < r < 2, B(e, r) and B(0, 1) intersect in z = 1− r2

2
. Moreover, note that the part

of S2 below the plane z = 1− r2

2
is B(−e, r′), where, by applications of Pythagoras’ theorem,

we have r′2 = 4− r2 Therefore, by symmetry (since r′ <
√

2), we have:

H2(B(e, r) ∩ S2) = H2(S2)−H2(B(−e, r′) ∩ S2) = πr2.
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This proves (3.1.8).

Therefore, since ρ ≤ 2R, we have:

H2 (S ∩B(u, ρ)) = H2
(
R
(
S2 ∩B

(
e,
ρ

R

)))
= R2π

( ρ
R

)2

= πρ2.

3.1.2 Discrete mathematics preliminaries

In Section 4, we need to understand what conditions on a set of distances guarantees their

embeddability in Euclidean space. To this end, we use a theorem of embeddability from [B].

Definition 3.1.6. Let X be a set. We call X a distance space if there exists a distance

function dX : X ×X → Y , where Y is called the distance set. Typically Y will be taken to

be R+.

We call a distance space (X, dX) semimetric if dX has co-domain R+ ∪ {0} and if dX

satisfies for all p, q ∈ X:

• dX(p, q) = 0 ⇐⇒ p = q,

• dX(p, q) = dX(q, p).

We remind the reader of the geodesic distance of two points on a sphere.

Definition 3.1.7. For two points x, y ∈ tSm ⊂ Rm+1, for some t > 0, we define the distance

| . |tSm to be:

|x− y|tSm = t. arccos

(
〈x, y〉
t2

)
, (3.1.9)

where 〈, 〉 is the Euclidean inner product.

Theorem 3.1.8. [B] Let X = {p1, . . . , pn} be a semimetric space, t > 0 and define the n×n

matrix ∆ to be:

∆ =

(
cos

(
dX(pi, pj)

t

))
i,j

. (3.1.10)
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Then there exist points {ξi}ni=1 in tSn−2 such that:

|ξi − ξj|tSn−2 = dX(pi, pj) (3.1.11)

if and only if dX(pi, pj) ≤ πt, the matrix ∆ has rank at most n and all its principal minors

are non-negative (or equivalently ∆ is positive semidefinite).

An application of this theorem leads to a characterization of a measure ν by a graph

associated to it. We give some basic notions of graph theory.

Definition 3.1.9. A graph G consists of:

• A set of vertices V (G) = {vi}ni=1,

• A set of edges E(G) = {{vivj}}i,j∈J for J a subset of the set of subsets of cardinality

two of {1, . . . , n}.

Definition 3.1.10. 1. We call two edges having a vertex in common adjacent. We say

two vertices u and v are adjacent and denote u ∼ v if {u, v} ∈ E(G).

2. A weighted graph is a graph to which we associate a weight function w : E(G)→ R+.

3. The degree d(v) of a vertex v is defined as d(v) =
∑

u∼v w ({u, v}).

4. A k-edge coloring of G is a function c : E(G) → {1, . . . , k} such that c(e) 6= c(f) if e

is adjacent to f

Example. An example of a graph which will be used in Section 4 is the complete graph

Kn. This graph has n vertices V (G) = {vi}ni=1 and its edges are all the subsets of V (G) of

cardinality 2 i.e. E(G) = {{vivj}}1≤i<j≤n.

To each graph are associated two matrices that encode information about its structure:

the adjacency matrix and the Laplacian matrix.
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Definition 3.1.11. Let G be a weighted graph.

1. The adjacency matrix A = (Aij)i,j of G is defined as:

Aij =

0, if i = j, or {vi, vj} /∈ E(G)

w({vi, vj}), if i 6= j, {vi, vj} ∈ E(G).

(3.1.12)

2. The degree matrix D of G is the diagonal matrix with entries:

Dii = d(vi). (3.1.13)

3. The Laplacian L = (Lij)i,j of G is defined as

L = D − A, (3.1.14)

where D is the degree matrix. Its second smallest eigenvalue λG is called the spectral

gap of L.

4. The normalized Laplacian matrix Lnor is defined as

Lnor = D−
1
2LD−

1
2 ,

i.e

(Lnor)ij =


1, if i = j,

− 1√
d(vi)d(vj)

, if i 6= j, {vi, vj} ∈ E(G),

0, otherwise.

(3.1.15)

The spectral gap of the Laplacian a graph encodes information about the connectedness

of a graph. One can interpret it as a quantified version of connectivity in view of the following

proposition.
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Proposition 3.1.12. [C] Let G be a weighted graph on n vertices and L its Laplacian.

Denote by λ1 ≤ λ2 ≤ . . . ≤ λn the eigenvalues of L.

Then λ1 = 0 with eigenvector e = (1, . . . , 1) and

λ2 = 0 =⇒ G is disconnected.

We call λ2 =: λG the spectral gap of L.

3.2 The spherical component is a union of 2-Spheres

We now study the geometry of the support of the spherical component σ of the 3-uniform

measure ν.

Our aim is to prove that Ω is a finite union of disjoint 2-spheres.

Theorem 3.2.1. Let ν be a conical 3-uniform measure in Rd, σ its spherical component and

Ω the support of σ. Then

Ω =
M⋃
i=1

Si, (3.2.1)

where the Si’s are mutually disjoint 2-spheres.

We start by proving the following intermediate lemma.

Lemma 3.2.2. Let µ be a 3-uniform measure in Rd, σ its spherical component and supp(σ) =

Ω. Then:

R ⊂
⋃
α

Sα,

where the Sα’s are 2-spheres and R is the regular part of Ω as defined in Theorem 3.0.2.

We divide the proof of this lemma into claims which will be proven separately. The setting

of the claims is the following: we pick Q ∈ R. Without loss of generality, by rotating and

translating Ω, we can assume that Q = 0 and Ω ⊂ ∂B(−p, 0) where p = (0, 0, 1, 0, . . . , 0).

We can choose a basis {e1, e2} of P = T0Ω satisfying the following: in a neighborhood U of

0, writing x the projection of x on P , there exist d− 2 real analytic functions zi of x so that
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Ω ∩ U =

{
x+

d∑
i=3

zi(x)ei;x ∈ P ∩ U

}
, (3.2.2)

and such that zi(0) = 0 , ∇zi(0) = 0 for all i and ∇2z4(0) = diag(λ1, λ2).

Claim 1.

∇2z3(0) =

−1 0

0 −1

 .
Proof. Indeed since Ω ⊂ Sd−1 − p,

x2
1 + x2

2 + (z3 + 1)2 + z2
4 + . . .+ z2

d = 1. (3.2.3)

Differentiating (3.2.3) with respect to x1 then x2, and plugging in zi(0) = 0 and ∇zi(0) = 0,

we get:

∂2∂1z3(0)(z3(0) + 1) = 0, (3.2.4)

and hence ∂2∂1z3(0) = ∂1∂2z3(0) = 0. Differentiating (3.2.3) twice with respect to x1 and

plugging in zi(0) = 0 and ∇zi(0) = 0, we get:

1 + (z3(0) + 1)∂1∂1z3(0) = 0 (3.2.5)

and hence ∂1∂1z3(0) = −1. Similarly, we get ∂2∂2z3(0) = −1.

We now write for every j ≥ 5

∇2zj(0) =

µ1,j mj

mj µ2,j

 (3.2.6)

Denoting by ρ =
√
x2

1 + x2
2, we can write the following Taylor expansions for the zj’s:

z3 = −1

2
ρ2 +O(ρ3), (3.2.7)

z4 =
1

2
(λ1x

2
1 + λ2x

2
2) +O(ρ3), , (3.2.8)

zj =
1

2
(µ1,jx

2
1 + µ2,jx

2
2 + 2mjx1x2) +O(ρ3). (3.2.9)
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We will first use the area formula to write a Taylor expansion for H2(B(0, r)∩Ω) for r small

in terms of the λj’s , µi,j’s and mj’s. We then use the fact that H2 Ω is locally 2-uniform

to establish relations between the λj’s, µi,j’s and mj’s. We start by writing the integrand D

appearing in the area formula in terms of the the λj’s , µi,j’s and mj’s.

Claim 2. For x = (x1, x2) ∈ P ∩ U , we have:

D(x) = 1 + αx2
1 + βx2

2 + γx1x2 +O(ρ4), (3.2.10)

where

α = 1 + λ2
1 +

∑
j

(µ2
1,j +m2

j), (3.2.11)

β = 1 + λ2
2 +

∑
j

(µ2
2,j +m2

j), (3.2.12)

γ =
∑
j

2mj(µ1,j + µ2,j). (3.2.13)

Moreover, if we write x1 = ρa1 and x2 = ρa2 where a1 = a1(θ) = cos(θ) and a2 = a2(θ) =

sin(θ), then (3.2.10) becomes:

D(ρ, θ) = 1 +B(θ)ρ2 +O(ρ4) (3.2.14)

where B(θ) = αa2
1 + βa2

2 + γa1a2.

Proof. D is the sum of the squares of all 2× 2 minors of the matrix Jz(x) which is given (up

to a term O(ρ3) in each entry) by:

1 0

0 1

−x1 −x2

λ1x1 λ2x2

µ1,4x1 +m4x2 µ2,4x2 +m4x1

...
...

µ1,dx1 +mdx2 µ2,dx2 +mdx1


(3.2.15)
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If we denote by τ the permutation of 1 and 2 then:

D(x) =1 +
2∑
i=1

x2
i + λ2

ix
2
i +

(∑
i=1,2

(−1)i+1λix1x2

)2

+
d∑
j=4

2∑
i=1

(
µi,jxi +mjxτ(i)

)2

+
d∑
j=4

( 2∑
i=1

(−1)i+1µi,jx1x2 +mjx
2
τ(i)

)2

+

(
2∑
i=1

(−1)i+1(λiµτ(i),jx1x2 + λimjx
2
i )

)2


+
∑

4≤j<k≤d

(
2∑
i=1

(−1)i+1(µi,jxi +mjxτ(i))(µ2,kxτ(i) +mkxi)

)2

+O(ρ6).

It is easily seen that the only sums contributing terms of order ρ2 or lower are the sums

on the first line. By expanding the squares, we get (3.2.10) of which (3.2.14) is a direct

consequence.

Claim 3. For r small enough that B(0, r) ⊂ U , we have:

H2(B(0, r) ∩ Ω) = πr2 + r4

∫ 2π

0

(
B(θ)

8
− B(θ)

2

)
dθ +O(r6) (3.2.16)

where

B(θ) =
d∑
l=3

B2
l (θ),

B3 =
1

2
,

B4 =
λ1a

2
1 + λ2a

2
2

2
,

and

Bl =
mu1,la

2
1 + µ2,la

2
2 + 2mla1a2

2
, for l ≥ 5.

Proof. Let F : R2 → Rd be the map:

F (x) = (x, z3(x), . . . , zd(x)).
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By the area formula, we have:

H2(B(0, r) ∩ Ω) =

∫
F−1(B(0,r))

√
D(x)dA (3.2.17)

=

∫ 2π

0

∫ ρ(θ)

0

(
1 +

B(θ)

2
+O(ρ4)

)
ρdρdθ, (3.2.18)

=

∫ 2π

0

[
ρ2

2
+
B(θ)

8
ρ4 +O(ρ6)

]ρ(θ)

0

dθ. (3.2.19)

We now find ρ(θ). Note that when x2
1 + x2

2 = ρ(θ)2, we have F (x1, x2) ∈ ∂B(0, r). Hence:

ρ(θ)2 +
d∑
j=3

z2
j = r2. (3.2.20)

By (3.2.7), (3.2.8) and (3.2.9), (3.2.20) becomes:

ρ2(θ) +
d∑
j=3

B2
j (θ)ρ

4(θ) = r2, (3.2.21)

ρ2(θ) +Bρ4(θ) = r2. (3.2.22)

Expressing ρ as a power series in terms of r and substituting in (3.2.22), we get:

ρ(θ) = r − B(θ)

2
r3 +O(r4), (3.2.23)

and consequently

ρ2(θ) = r2 −B(θ)r4 +O(r6), (3.2.24)

ρ4(θ) = r4 +O(r6).

Plugging (3.2.24) in (3.2.19), we get:

H2(B(0, r) ∩ Ω) = πr2 + r4

∫ 2π

0

(
B(θ)

8
− B(θ)

2

)
dθ +O(r6). (3.2.25)
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Let us express B in term of the λi’s, µi,j’s and mj’s. We have :

B =
d∑
l=3

B2
l ,

=
1

4
+

1

4

2∑
i=1

(
λ2
i +

d∑
j=5

µ2
i,j

)
a4
i +

1

4

(
2λ1λ2 + 2

d∑
j=5

µ1,jµ2,j + 4m2
j

)
a2

1a
2
2 (3.2.26)

+
1

4

(
d∑
j=5

mjµ1,j

)
a3

1a2 +
1

4

(∑
j

mjµ2,j

)
a1a

3
2

=
1

4

(
1 + δa4

1 + εa4
2 + ιa2

1a
2
2 + ωa3

1a2 + κa3
2a1

)
, (3.2.27)

where

δ =

(
λ2

1 +
d∑
j=5

µ2
1,j

)
,

ε =

(
λ2

2 +
d∑
j=5

µ2
2,j

)
,

ι =

(
2λ1λ2 + 2

d∑
j=5

µ1,jµ2,j + 4m2
j

)
,

ω =

(
d∑
j=5

mjµ1,j

)
,

and

κ =

(∑
j

mjµ2,j

)
.

We now use the fact that H2 Ω is locally 2-uniform to deduce a relation between the λi’s,

µi,j’s and mj’s.

Claim 4. We have:

λ1 = λ2 = λ,

and for all j ≥ 5

µ1,j = µ2,j = µj and mj = 0.
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Proof. On one hand, by Corollary 2.2.5, we have H2(B(0, r)∩Ω) = πr2. On the other hand,

by (3.2.16) , we have H2(B(0, r)) = πr2 + r4
∫ 2π

0

(
B(θ)

8
− B(θ)

2

)
dθ+O(r6). By equating them

we get ∫ 2π

0

B(θ)

8
− B(θ)

2
dθ = 0. (3.2.28)

Rewrite this in term of a1 and a2 to get:

α

8

∫ 2π

0

a2
1dθ+

β

8

∫ 2π

0

a2
2dθ−

1

8

∫ 2π

0

dθ−δ
8

∫ 2π

0

a4
1dθ−

ε

8

∫ 2π

0

a4
2dθ−

ι

8

∫ 2π

0

a2
1a

2
2dθ = 0, (3.2.29)

by using the fact that∫ 2π

0

cos(θ)sin(θ)dθ =

∫ 2π

0

cos3(θ)sin(θ)dθ =

∫ 2π

0

cos(θ)sin3(θ)dθ = 0.

Moreover, since ∫ 2π

0

cos2(θ)dθ =

∫ 2π

0

sin2(θ)dθ = π∫ 2π

0

cos4(θ)dθ =

∫ 2π

0

sin4(θ)dθ =
3π

4∫ 2π

0

cos2(θ)sin2(θ)dθ =
π

4
,

(3.2.29) becomes:

4α + 4β − 8− 3δ − 3ε− ι = 0.

Replacing the letters by their values in terms of the λi’s, µi,j’s and mj’s gives:(
λ2

1 + λ2
2 − 2λ1λ2

)
+
∑
j

(
µ2

1,j + µ2
2,j − 2µ1,jµ2,j

)
+
∑
j

4m2
j = 0 (3.2.30)

This implies that λ1 − λ2 = µ1,j − µ2,j = mj = 0 for all j.

We can now prove Lemma 3.2.2

Proof. Write

R = ∪iMi, (3.2.31)
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where each Mi is a connected analytic 2-submanifold of Rd. Since every point of Mi, i > 0,

is analytic, it is umbilic and therefore by Theorem 3.1.2 Mi lies in some 2-dimensional sphere

Si (not necessarily distinct).

We now finish the proof of Theorem 3.2.1.

Proof. First, we claim that there are only finitely manyMi’s in (3.2.31). Indeed, by Theorem

3.1.3, for every x ∈ Ω, there exists a neighborhood Nx such that Ω ∩Nx can be written as :

Ω ∩Nx = V 2 ∪ V 1 ∪ V 0, (3.2.32)

where V 2 is a finite union of analytic 2-submanifolds, V 1 a finite union of analytic 1-

submanifolds and V 0 is a finite union of points.

By compactness of Ω, and by taking a finite cover of it by such neighborhoods, we can

write Ω as:

Ω = V 2 ∪ V 1 ∪ V 0, (3.2.33)

where V 2 is a finite union of analytic 2-submanifolds, V 1 a finite union of analytic 1-

submanifolds and V 0 is a finite union of points.

Calling the analytic 2-submanifoldsMi where eachMi ⊂ Si and noting that V 1∪V 0 ⊂ V 2,

we have:

Ω ⊂
m⋃
i=1

Si. (3.2.34)

We now proceed to prove that Mi = Si for all i and Ω = R.

Suppose that there exists i such thatMi 6= Si, and assume without loss of generality that

i = 1. Pick y ∈ ∂(Ω ∩ S1) (by ∂(Ω ∩ S1) we mean the boundary in the subspace topology of

S1 in the following). We first claim that y ∈ ∪i 6=1Si. Suppose not. Then there exists ε such

that B(y, ε) ⊂
(⋃

i 6=1 Si

)c
. In particular, by (3.2.34),

B(y, ε) ∩ Ω = B(y, ε) ∩ Ω ∩ S1.



69

On the other hand, since y ∈ ∂(Ω ∩ S1), there exists a ball B ⊂ B(y, ε) ∩ Ωc ∩ S1 and

consequently, H2(B(y, ε) ∩ Ωc ∩ S1) > 0. Thus we have, since H2 Ω and H2 S1 are locally

2-uniform,

πε2 = H2(B(y, ε) ∩ Ω) = H2(B(y, ε) ∩ Ω ∩ S1),

< H2(B(y, ε) ∩ Ω ∩ S1) +H2(B(y, ε) ∩ Ωc ∩ S1),

= H2(B(y, ε) ∩ S1) = πε2,

which yields a contradiction. Hence, y ∈
⋃
i 6=1 Si. In other words, for each y ∈ ∂(Ω ∩ S1)

there exists a finite index set I, 1 ∈ I, such that y ∈ Ω ∩
⋂
i∈I Si. We now prove that

such a set consists of a unique point. Let e ∈ Ω ∩
⋂
i∈I Si. By Theorem 3.1.3, for every i,

Si ∩Ω = Mi ∪ ∂Mi. In particular, since e ∈ Si ∩Ω, there exists a sequence of points el ∈Mi

( possibly all identified with e) such that el → e. But Ω being a C1,α submanifold (Theorem

2.2.8 from Chapter 12), the tangent planes TelΩ converge to TeΩ. On the other hand, TelSi

also converge to TeSi. Since TelSi = TelΩ, we get TeΩ = TeSi, for all i. In other words the

spheres Si are tangent in e. This implies that ∂(Ω ∩ S1), being a subset of a finite union of

such intersections, is a finite union of points. Therefore, Ω∩S1 is a finite union of points. So

any sphere Si such that Mi 6= Si only intersects Ω in a finite union of points. Since it is clear

that two spheres cannot intersect in points from Mi (from a simple density argument), we

can exclude a sphere intersecting Ω in a discrete set from our decomposition (3.2.34). This

ends the proof that for every i, Mi = Si.

Note that this argument also proves that the spheres are disjoint and that Ω = R, since

∂Mi = ∅, for all i.

We end this section by proving two simple lemmas about Ω which will be useful in

describing the 2-spheres composing it.

.
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Lemma 3.2.3. For i > 0, let ri be the radius of Si. Then if e ∈Mi, we have:

B(e, 2ri) ∩ (Ω\Si) = ∅ (3.2.35)

Proof. Let ρ ∈ (0, 2ri). Clearly, ri < 1 since Si is a subset of Sd−1. By Theorem 2.2.5,

σ(B(e, ρ)) = πρ2. (3.2.36)

On the other hand,

σ(B(e, ρ)) = H2(B(e, ρ) ∩ Ω),

= H2(B(e, ρ) ∩ Si) +H2(B(e, ρ) ∩ (Ω\Si)),

= πρ2 +H2(B(e, ρ) ∩ (Ω\Si)) , by (3.1.7).

In particular,

H2(B(e, ρ) ∩ (Ω\Si)) = 0 (3.2.37)

Assume there exists x ∈ B(e, ρ) ∩ Ω\Si. Then there exists δ > 0 such that

Ω ∩B(x, δ) ⊂ B(e, ρ)\Si (3.2.38)

and consequently

H2(B(e, ρ) ∩ (Ω\Si)) > H2(Ω ∩B(x, δ)) > 0,

yielding a contradiction.

Lemma 3.2.4. For i > 0, e ∈ Si, there exists z ∈ Ω\Si (not necessarily unique) such that:

|z − e| = 2ri.

In particular, this combined with (3.2.35) implies that dist(z,Ω\Si) = 2ri.

Proof. For ε > 0 small enough,

σ(B(e, 2ri(1 + ε)))− σ(Si) = 4πr2
i ε(2 + ε) > 0. (3.2.39)
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On the other hand,

σ(B(e, 2ri(1 + ε)))− σ(Si) = H2((Ω ∩B(e, 2ri(1 + ε))) \Si). (3.2.40)

In particular, for all j > 0, j large enough,(
Ω ∩B(e, 2ri(1 +

1

j
))

)
\Si 6= ∅,

and there exists zj ∈
(

Ω ∩B(e, 2ri(1 + 1
j
))
)
\Si. Passing to a subsequence if necessary,

zj → z, z ∈ Ω, |z − e| = 2ri. Moreover, z /∈ Si. If it were, then for j large enough,

dist(z, zj) < 2ri contradicting 3.2.35.

3.3 Understanding the configuration of the 2-spheres

We now want to obtain a better description of the spheres that compose the support of Ω.

We start with two lemmas of elementary geometry.

Lemma 3.3.1. Let S be a two 2-dimensional sphere in Rd such that S ⊂ T , where T is an

affine 3-plane. We let e ∈ Rd and follow the notation d(e, S) = D, r(S) = ρ and d(e, T ) = δ.

Then, for D < R:

B(e, R) ∩ S = B(p, x) ∩ S, (3.3.1)

where {p} = B(e,D) ∩ T and

x2 =
ρ

ρ+ (D2 − δ2)
1
2

(R2 −D2).

Proof. Let f be such that:

B(e, δ) ∩ T = {f} .

Then:

B(e, R) ∩ T = B3(f, R̃),

and

B(e,D) ∩ T = B3(f, D̃),
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where B3 denotes the three-dimensional ball in T , R2 = R̃2 + δ2 and D2 = D̃2 + δ2. Also

note that Bd(e, R) ∩ T ∩ S = B3(f, R̃) ∩ S since S ⊂ T .

Let q be the center of S. Then f , p and q are aligned since S and ∂B3(E, D̃) are tangent

at p.

Moreover, B(f, R̃) and S intersect in a circle C. For any u, v ∈ C, |p− u| = |p− v| = x.

Indeed, since |f − u| = |f − v| = R̃, |q − u| = |q − v| = ρ, and f , p, q aligned, p is in the

bisecting plane of any two such points. Therefore,

Bd(p, x) ∩ S = B3(p, x) ∩ S = B3(f, R̃) ∩ S = Bd(e, R) ∩ S.

To end the proof, we compute x. Choose m ∈ C and let n be its projection on the line (fq).

We work in the 2-plane T2 containing f , q and m. Then |p−m| = x, |q −m| = |p− q| = ρ,

|f−p| = D̃ and |f−m| = R̃. Moreover, we denote |m−n| and |p−n| by l and t respectively.

Then, applying Pythagoras’ theorem, we get:

ρ2 = l2 + (ρ− t)2, (3.3.2)

x2 = l2 + t2, (3.3.3)

R̃2 = l2 + (D̃ + t)2. (3.3.4)

Then (3.3.2) becomes l2 = 2ρt− t2 and plugging this into (3.3.3) gives

x2 = 2ρt, (3.3.5)

and (3.3.4) becomes

t =
R̃2 − D̃2

2(ρ+ D̃)
.

Finally, (3.3.5) gives:

x2 =
ρ

ρ+ D̃
(R̃2 − D̃2). (3.3.6)

Expressing R̃ and D̃ in terms of R, D and δ ends the proof.

Lemma 3.3.2. Let S be the 2-sphere in Sd−1 defined by:

S =
{
z ∈ Sd−1; |z − ξ| = r, z ∈ V + ξ

}
,
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where V is a linear 3-plane. Then for all z ∈ Rd, if PV (z) 6= 0, denoting the closest point to

z and furthest point to z on S by PS and P S, we have:

PS(z) = r
PV (z)

|PV (z)|
+ ξ, (3.3.7)

and

P S(z) = −r PV (z)

|PV (z)|
+ ξ, (3.3.8)

where PV is the linear projection on V . In particular, if we denote by DS(z) the distance

from z to S and DS(z) the distance between z and the furthest point to z on S, we have:

DS(z) = |z − PS(z)|,

and

DS(z) = |z − P S(z)|.

Proof. We start by proving that PV+ξ(z) = PV (z) + ξ, where PV+ξ denotes the affine projec-

tion on V + ξ. First note that ξ is normal to V . Indeed, if e is a unit vector of V , we have

|ξ + re| = |ξ − re| = 1 since ξ + re and ξ − re are points of S ⊂ Sd−1. This gives

〈ξ, ξ + re〉 = 〈ξ, ξ − re〉 ,

and consequently ξ.e = 0.

PV+ξ(z) is the point ẽ that minimize |z−ẽ| for ẽ ∈ V +ξ. Writing ẽ = e+ξ, PV+ξ(z) = e+ξ

where e minimizes |z − e− ξ|, e ∈ V . But, since

|z − e− ξ|2 = |PV (z)− e|2 + |PV ⊥(z)− ξ|2,

it is clear that e = PV (z) is the minimizer we’re looking for. This proves that PV+ξ(z) =

PV (z) + ξ.

Now if u ∈ S ⊂ V + ξ minimizes (resp. maximizes) |z − u|, by writing

|z − u|2 = |PV+ξ(z)− u|2 + |P⊥V+ξ(z)|2,
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we see that u minimizes (resp. maximizes) |PV+ξ(z)−u| = |PV (z)−(u−ξ)| and consequently

u maximizes (resp. minimizes) 〈PV (z), u− ξ〉 . Therefore, u−ξ
r

= PV (z)
|PV (z)| (respectively,

u−ξ
r

=

− PV (z)
|PV (z)|).

Using Lemma 3.3.1, Lemma 3.3.2 and the fact that σ is locally 2-uniform, we deduce the

following technical lemma which will be our first step towards a description of the spherical

component.

Lemma 3.3.3. Let Ω ⊂ Sd−1, and σ = H2 Ω. Assume that σ satisfies:

σ(B(x, r)) = πr2, (3.3.9)

for every 0 ≤ r ≤ 2, for every x ∈ Ω. From Theorems 3.2.1 and 2.2.7 we know that

Ω =
⋃M
i=1 Si where Si is a 2-sphere of radius rSi. Let S =

⋃M
i=1 {Si} and fix z ∈ Ω.

Define the integer m(z), the indices {i}m(z)
i=1 , the radii {Ri(z)}m(z)

i=1 and the subsets {Ci(z)}m(z)
i=1 ,{

Cj
i (z)

}
0≤j≤i≤m(z)

of S inductively in the following manner

• R1(z) = 2rz where rz is the radius of the sphere Sz such that z ∈ Sz.

• C0(z) = C0
0(z) = {Sz},

• The first layer C1(z) = C1
1(z) =

⋃
{{S} ;DS(z) = R1(z)} and the contribution of the

zero-th to the first layer C1
0(z) = ∅,

• If 1 ≤ i, Ri(z) = inf
{
DS(z);S ∈ Ci−1(z)

}
, and Ci

i(z) =
⋃
{{S} ;DS(z) = Ri(z)}.

• For 0 ≤ j ≤ i, the contribution of the j-th layer to the i-th layer

Ci
j(z) =

⋃
S∈Cj(z)

{
{S} ;DS(z) > Ri(z)

}
.

• Ci(z) =
⋃

0≤j≤iC
i
j(z).

• m(z) to be the first integer so that Rm(z) = 2 and Cm(z)
j = ∅ for all j ≤ m(z).
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Then, Ω = −Ω and for every z, letting

cS(z) =
rS

rS +
(
DS(z)2 − δS(z)2) 1

2

,

we have for every 0 ≤ i ≤ m(z),

4
∑

1≤j≤k

∑
S∈Cj−1\Cj

r2
S =

∑
S∈Ck(z)

cS(z)DS(z)2 (3.3.10)

and ∑
S∈Ck(z)

cS(z) = 1. (3.3.11)

In particular, for every 0 < i < m(z), Ci(z) 6= ∅ and Ω =
⋃

0≤i≤m(z)

⋃
S∈Ci S.

Proof. By Lemma 3.2.1, we know that Ω =
⋃M
i=1 Si and Ω = −Ω. Fix z ∈ Ω. By Lemmas

3.2.4 and 3.2.35, we know that C1(z) 6= ∅. For any i, if S ∈ Ci(z), then DS(z) ≤ Ri(z) and

DS(z) > Ri(z) so that whenever S ∈ Ci(z) and Ri(z) < R < Ri+1(z), we have S∩B(z,R) 6=

∅ and S ∩ (B(z, R))c 6= ∅. Moreover, if S ∈
⋃
l≤iC

l−1\C l, then DS(z) ≤ Ri(z). Hence, for

Ri(z) < R < Ri+1(z),

B(z,R) ∩ Ω =

 i⋃
l=1

⋃
S∈Cl−1(z)\Cl(z)

S

⋃ ⋃
S∈Ci(z)

S ∩B(z, R)

 (3.3.12)

Applying H2 on both sides, we get from the fact that σ is locally 2-uniform and by Lemma

3.3.1 and (3.1.7),

πR2 =
i∑
l=1

∑
S∈Cl−1(z)\Cl(z)

4πr2
S +

∑
S∈Ci(z)

πcS(z)(R2 −DS(z)2). (3.3.13)

Differentiating twice with respect to R gives (3.3.11) and plugging (3.3.11) back into (3.3.13)

gives (3.3.10). Note that (3.3.11) directly implies that every Ci is non-empty since cS(z) > 0

for every S.
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We now use this theorem to prove that the support of a locally 2-uniform measure is

layered in a sense that will be made precise. Let us start by defining a notion of layering

points.

Definition 3.3.4. We call the set L ⊂ Sm of permutations {li}m−1
i=0 a layering if for each i,

li has the following properties:

1. l0(j) = j,

2. li(1) = i+ 1,

3. For all i 6= k, for all j, li(j) 6= lk(j).

4. l−1
i = li.

Moreover, if r > 0 and {α1, . . . , αm} is a set of points in Rd such that:

|αj − αli(j)| = 2
√
ir, for all j, i (3.3.14)

then we call it an r-layered set of points.

Finally, for 1 ≤ i < j ≤ m, we denote by dij the integer such that:

ldij(i) = j, (3.3.15)

and set

dii = 0,

for all i. We call the function d such that d(i, j) = dij the distance function of the layering.

Remark 3.3.1. 1. If {αj} is r-layered by {li} for some r then for all j,

{j, l1(j), . . . , lm−1(j)} = {1, . . . ,m} .
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2. The li’s organize the points of P into layers. Let Pj be the sequence:

Pj = (αj, αl1(j), . . . , αlm−1(j)).

Each Pj is a rearrangement of P1“viewed through the lens" of αj: αli(j) is the i-th layer

of Pj and is at a distance 2
√
ir from αj.

Theorem 3.3.5. Let Ω ⊂ Sd−1, σ = H2 Ω. Assume Ω is a layered union of spheres i.e

Ω =
(⋃2m

i=1 Si
)
where:

1. For i = 1, . . . , 2m, Si is the 2- sphere of radius r = 1√
2m

and center ξi,

2. For i = m+ 1 . . . 2m, Si = −S2m+1−i

3. For all i = 1, . . . , 2m, Si ⊂ V + ξi where V is a linear 3-plane such that ξi ∈ V ⊥.

4. {ξi}2m
i=1 is an r-layered set of points.

Then

σ(B(x, r)) = πr2, for x ∈ Ω , 0 ≤ r ≤ 2. (3.3.16)

Proof. First note that conditions 2 and 4 are compatible. Indeed, for i > m, we have

|ξ1 + ξ2m+1−i|2 = 2(|ξ1|2 + |ξ2m+1−i|2)− 2|ξ1 − ξ2m+1−i|2,

= 4t2 + 4(2m− i)r2,

= 4(2m− 1− 2m+ i)r2,

= 4(i− 1)r2,

We first claim that if Ω is a layered union of spheres, then for fixed j, for all z ∈ Sj, for

all i we have:

DSli(j)
(z) = 2

√
ir = DSli−1(j)

(z). (3.3.17)
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We prove it for j = 1. The proof for other j’s is exactly similar. First note that by

the definition of a layered union of spheres, we have PV ⊥(z) = ξ1 for z ∈ S1. Moreover

|PV (z)| = |PV+ξ1(z)− ξ1| = r. Thus

DSi(z)2 = |z − PSi(z)|2,

= |PV (z) + ξ1 − PV (z)− ξi|2,

= |ξ1 − ξi|2,

= 4(i− 1)r2,

and

DSi−1
(z)

2
= |z − PSi(z)|2,

= |PV (z) + ξ1 + PV (z)− ξi−1|2,

= 4|PV (z)|2 + |ξ1 − ξi−1|2,

= 4r2 + 4(i− 2)r2,

= 4(i− 1)r2.

We now show that (3.3.16) holds. Pick z ∈ Ω. Without loss of generality, we can assume

that z ∈ S1. Let 0 ≤ R ≤ 2. Then there exists i such that 2
√
ir ≤ R ≤ 2

√
i+ 1r. If

R = 2
√
ir, then by Lemma 3.3.3, B(z,R) ∩ Ω =

⋃i−1
k=1 Sk and

H2(B(z,R) ∩ Ω) =
i−1∑
k=1

H2(Sk),

=
i−1∑
k=1

π4rSk
2 , by(3.1.7)

= π

(
4
i−1∑
k=1

r2

)
,

= 4π(i− 1)r2

= πR2.
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If 2
√
ir < R < 2

√
i+ 1r, then B(z,R) ∩ Ω =

(⋃i−1
k=1 Sk

)⋃
(Si ∩B(z,R)) and

H2(B(z, R) ∩ Ω) =
i−1∑
k=1

H2(Sk) +H2(Si ∩B(z, R)),

= πDSi(z)2 + π(R2 −DSi(z)2), by Lemma 3.3.1 and (3.1.7),

= πR2.

Theorem 3.3.6. Let σ be the spherical component of a conical 3-uniform measure in R5,

Ω = supp(σ). Then Ω is a layered union of spheres.

Proof. Assume S1 is the sphere with smallest radius and denote rS1 by r. First note that we

can assume r <
√

2
2
. Indeed, if r =

√
2

2
, then DS2 = 2r =

√
2 which implies that S2 = −S1

and DS2 = 2. Therefore, Ω = S1 ∪ (−S1) which ends the proof. But r ≤
√

2
2
: indeed, on one

hand the sum of the squares of the radii is 1 since for any z ∈ Ω,

4π = σ(B(z, 2)) = 4π
∑
S∈S

rS
2,

and on the other hand the fact that Ω = −Ω and Ω 6= S2 × {0} implies that there are at

least 2 2-spheres in Ω. Hence r <
√

2
2
.

Assume that S1 = (V1 + ξ) ∩ Sd−1 where V1 is a linear 3-plane normal to ξ and ξ is the

center of S1.

We first claim that for all z ∈ S1, if the sphere S is in C1(z), we have:

r(S) = r1.

Suppose this were not the case r := r(S) > r1. Denoting PS(z) by ζ ∈ S, we have by Claim

3.2.4

|ζ − z| = 2r1 < 2r,

which implies dist(ζ, S1) < 2r, contradicting 3.2.4. This proves the claim.
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Now set C1(1) =
⋃
z∈S1

C1(z) the first layer with respect to S1, pick S ∈ C1 with radius

r and center η. We can write S = V + η, for some linear 3-plane V normal to η. Set

AS = {z ∈ V1 + ξ ; |z − PS(z)| = 2r}. We wish to write an equation for AS as an object in

the 3-space V1 + ξ. Choose orthonormal bases {ei}3
i=1 of V1 and 〈u, v, w〉 for V and write

ξ = te. In the following we will denote 〈z, ei〉 by zi and 〈z, e〉 by ze.

On one hand, we have

|z − PS(z)|2 = 4r2,

|PV (z)|2(1− r

|PV (z)|
)2 + |PV ⊥(z)− η|2 = 4r2, by Lemma 3.3.2,

|PV (z)|2 + r2 − 2r|PV (z)|+ |PV ⊥(z)|2 + |η|2 − 2 〈η, z〉 = 4r2,

2− 2(r|PV (z)|+ 〈η, z〉) = 4r2, since |η|2 + r2 = 1, and |z| = 1,

r|PV (z)| = K − 〈η, z〉 , where K =
2− 4r2

2
.

(3.3.18)

We first square and expand the right hand side of (3.3.18). Writing 〈z, η〉 = η1z1 +η2z2 +

η3z3 + tηe and expanding the right hand side we get:

(K − 〈η, z〉)2 = K2 + t2η2
e − 2Ktηe +

3∑
i=1

η2
i z

2
i +

∑
1≤j<k≤3

2ηjηkzjzk +
3∑
i=1

(2tηe − 2K)ηizi,

(3.3.19)

= (K + tηe)
2 +

3∑
i=1

η2
i z

2
i +

∑
1≤j<k≤3

2ηjηkzjzk +
3∑
i=1

(2tηe − 2K)ηizi. (3.3.20)

We now square and rewrite the left hand side of (3.3.18). Since PV (z) = 〈z, u〉u +

〈z, v〉 v + 〈z, w〉w, we write |PV (z)|2 = 〈z, u〉2 + 〈z, v〉2 + 〈z, w〉2. Finally we write 〈z, u〉 =

z1u1 + z2u2 + z3u3 and expand the square to get:
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r2|PV (z)|2 =
3∑
i=1

r2(u2
i + v2

i + w2
i )z

2
i +

∑
1≤j<k≤3

2r2(ujuk + vjvk + wjwk)zjzk (3.3.21)

+
3∑
i=1

2tr2(ueui + vevi + wewi)zi + r2t2(u2
e + v2

e + w2
e), (3.3.22)

=
3∑
i=1

r2|PV (ei)|2 +
∑

1≤j<k≤3

2r2 〈PV (ei), PV (ej)〉 zjzk (3.3.23)

+
3∑
i=1

2tr2 〈PV (ei), PV (e)〉 zi + r2t2|PV (e)|2. (3.3.24)

(3.3.18) becomes:
3∑
i=1

aiz
2
i +

∑
1≤j<k≤3

bjkzjzk +
3∑
i=1

cizi = (K − tηe)2 − r2t2|PV (e)|2, (3.3.25)

where

ai = r2|PV (ei)|2 − η2
i ,

bjk = 2r2 〈PV (ej), PV (ek)〉 − 2ηjηk,

and

ci = (2tr2 〈PV (e), PV (ei)〉 − 2tηe + 2K)ηi.

So each AS is a quadric in V1 + ξ.

Note that

S1 =
⋃
S∈C1

(AS ∩ S1) .

Indeed, if z ∈ S1, then there exists S ∈ C1 so that S ∈ C1(z). In other words, dist(z, S) = 2r1

or z ∈ AS. But there are only finitely many S’s in C1 since Ω is a finite union of spheres.

So there exists at least one AS ∩ S1 of dimension 2. But two distinct quadrics can intersect

only in a curve or a point if at all. This implies that AS and S1 are trivially identified. In

other words we can identify the coefficients of the quadric (3.3.25) with the coefficients of

the quadric
3∑
i=1

z2
i = r2

1, (3.3.26)
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up to a multiple λ ∈ R.

We now claim that this implies that V = V1. Indeed since dim(V +V1) ≤ 5 , dim(V ∩V1) ≥

1. We can assume without loss of generality that e1 = u and e1 ∈ V ∩ V1. In this case,

we get a1 = r2 since η1 = 0, η being normal to V . This implies that λ = 1 in (3.3.26) and

consequently,

r2|PV (ei)|2 − η2
i = r2,

for i = 2, 3.

But PV being the projection on V ,

r2|PV (ei)|2 − η2
i < r2,

unless ei ∈ V and ηi = 0. This proves that V = V1

Now write

C1 = C1
1 ∪ C1

2

where

C1
1 = {S; dim(AS ∩ S1) < 2} ,

and

C1
2 = {S;AS ∩ S1 = S1} .

Since V := V1 = VS for every S ∈ C1
2 , we have for z ∈ S1 and S ∈ C1

2 ,

D2
S(z)− δ2

S(z) = |z − PS(z)|2 − |z − PV+η(z)|2, (3.3.27)

= |PV (z)− rS
r1

PV (z)|2 + |PV ⊥(z)− η|2 − |PV ⊥(z)− η|2, (3.3.28)

= (rs − r1)2. (3.3.29)

Thus (D2
S(z)− δ2

S(z))
1
2 = rs − r1 since rS ≥ r1 (in fact, for the “first layer” C1, rS = r1,

but we assume less so that the proof follows through for other layers) and

cS =
rS

2rS − r
(3.3.30)
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Note that for S ∈ C1
2 , cS(z) is independent of z and

cS >
rS
2rS

=
1

2
(3.3.31)

.

By (3.3.31), ∑
S∈C1(z)

cS >
(
#C1

2

)
.

1

2
,

which implies that C1
2 contains only one sphere. Call it S2.

Now, pick z ∈ S1\
(
∪S∈C1

1
AS ∩ S1

)
. By the above, z has only S2 in its first layer.

Therefore, cS2(z) = 1 which implies that rS2 = r. We finally deduce that C1
1 = ∅. Indeed,

suppose that S ∈ C1
1 and z ∈ AS ∩ S1. Since S2 is also in the first layer of z, we have:

1 =
∑

S∈C1(z)

cS ≥ cS2(z) + cS(z) > 1,

yielding a contradiction. This proves that C1 = {S2}.

Note that since C1 is composed of a unique sphere of radius r1 contained in V1 + ξi we

have:

DS2 = |PV (z) + ξ1 − PV (z)− ξ2| = |ξ1 − ξ2|.

In particular,

|ξ1 − ξ2| = 2r.

Moreover, for all z,

DS2(z)2 = |z − Ps(z)|2,

= 4|PV (z)|2 + |ξ1 − ξ2|2,

= 8r2.

Now suppose that for some k, and all i ≤ k

1. There exists a unique sphere Si+1 such that for all z ∈ S1, Ci(z) = {Si+1},
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2. Si+1 ⊂ V + ξi+1,

3. rSi+1
= r,

4. For all z ∈ S1, DSi+1
(z) = DSi(z) = |ξ1 − ξi+1| = 2

√
ir.

Then repeating the exact same proof as for S2, while replacing DS2 = 2r with DSi+1
=

2
√
ir, we get the same result for Si+2.

Note that since Ω = −Ω, we have Ω = (
⋃m
i=1 Si)

⋃
(
⋃m
i=1−Si).

Moreover for i ≤ m, we have

|ξ1 + ξi|2 = 2(|ξ1|2 + |ξi|2)− 2|ξ1 − ξi|2,

= 4t2 + 4(i)r2,

= 4(2m− 1 + i)r2,

= 4(i− 1)r2.

We rename −Si to be S2m+1−i for i ≤ m.

We can now prove that {ξj} is r-layered: choose any j and let li(j) be such that Ci(j) ={
Sli(j)

}
, where Ci(j) is the i-th layer with respect to Sj. Since the spheres all have same

radius the same proof as for S1 can be repeated to show that for all z ∈ Si, DSlj(i)
(z) = 2

√
jr

and |ξi − ξlj(i)| = DSlj(i)
(z). (1) and (2) from Definition 3.3.4 are obvious. We prove that li

is bijective for every i. Indeed this follows from the fact that for all j,

2m−1⋃
i=0

Ci(j) = {S1, . . . , S2m} =
{
Sj, Sl1(j), . . . , Sl2m−1(j)

}
.

To show (3) from Definition 3.3.4, suppose that there existed j such that li(j) = lk(j). Then

Ci(j) = Ck(j) which would in turn imply that DSli(j)
= 2
√
ir = 2

√
kr = DSlk(j)

and i = k.

Finally

|ξj − ξli(j)| = 2
√
ir =⇒ li ◦ li(j) = j.

This proves that the centers are r-layered.
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Finally to see that r = 1√
2m

, fix z ∈ supp(σ) and consider B(z, 2). We have 4π =

σ(B(z, 2)) =
∑2m

i=1H2(Si) = 8mπr2 from which the claim follows.

As a consequence we get a classification of conical 3-uniform measures in R5. We first need

to prove a lemma stating that a set of layered points is the support of a discrete uniformly

distributed measure.

Lemma 3.3.7. Let {ξi}i=1 ⊂ Rd be an r-layered set of points. Then for any c > 0, the

measure

λ = c
m∑
i=1

δ{ξi}

is uniformly distributed.

Proof. Fix i. Then, for all 0 ≤ j < m− 1, for 2
√
jr ≤ r ≤ 2

√
j + 1r,

λ((B(ξi, r)) = λ(
{
ξlk(i)

}
1≤k≤j), (3.3.32)

= cj, (3.3.33)

and if r > 2
√
m− 1r, µ(B(ξi, r) = cm.

Theorem 3.3.8. Let ν be a Radon measure in R5 such that for all r > 0, supp(ν) =

rsupp(ν). Moreover, suppose that supp(ν) is not isometric to any affine 3-space nor to the

cone in (1.1.4). Then ν is a 3-uniform measure if and only if, there exists c > 0 such that,

up to isometry,

ν = cH3 (C1 ∪ C2) , (3.3.34)

where

C1 = {x ; x4 = 0}
⋂{

x ; 3
(
x1

2 + x2
2 + x3

2
)

= x5
2
}
, (3.3.35)

and

C2 =
{
x ; x4 = 2

√
2x5

}⋂{
x ; 3

(
x1

2 + x2
2 + x3

2
)

= x4
2 + x5

2
}
. (3.3.36)
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Proof. First, by Theorem 3.3.6, Ω = supp(ν) ∩ S4 is a layered union of 2p 2-spheres of same

radius r =
√

1
2p
, and there exists a linear 3-plane V such that for every sphere Si of Ω,

Si ⊂ V + ξi where ξi is the center of Si and |ξi| =
√

1− r2. Moreover, for every i, ξi ∈ V ⊥.

Since V is 3-dimensional, we can assume without loss of generality that {ξi}i ⊂ R2. We

want to prove that p = 2 unless supp(ν) is the Kowalski-Preiss cone. By Lemma 3.3.7, if σ

is the spherical component of a conical 3-uniform measure, and Ω is its support, then the

centers of the 2-spheres in Ω are the support of a discrete uniformly distributed measure

on R2, supported on tS1. By Proposition (2.4) in [KiP] where planar uniformly distributed

measures with compact support are classified , these centers are either the vertices of a

regular n-gon or the vertices of 2 regular n-gons of same center and same radius. The fact

that, in the definition of r-layered points, for a fixed i, ξi cannot be equidistant to two other

centers implies that the centers are either two antipodal points or two pairs of antipodal

points. The first case reduces to the cone (1.1.4). Indeed, up to isometry, we can take the

two centers to be c1 = (0, 0, 0, 1√
2
, 0) and c2 = −c1 since r = 1√

2
implies that |c1 − c2| =

√
2.

Then, taking the sphere S1 to be:

S1 =

{
(z1, z2, z3, 0, 0) + c1 ; z1

2 + z2
2 + z3

2 =
1

2

}
, (3.3.37)

S2 = −S1 and Ω = S1 ∪S2, it is easily seen that Ω is the spherical component of the cone in

(1.1.4).

As for the second case, we have r = 1
2
and we get a rectangle with width 1 and length

√
2. Viewing the plane as embedded in R5 we can find the equation for the support of ν, up

to isometry, in the following manner. Choose the centers of the 4 2-spheres {Sl}4
l=1, each of

which has radius 1
2
, to be c1 =

(
0, 0, 0, 0,

√
3

2

)
, c2 =

(
0, 0, 0,

√
2√
3
, 1√

3

)
, c3 = −c1 and c4 = −c2.

One can easily verify that |c1 − c2| = 1, the line passing through c1 and c2 is parallel to the

line passing through c3 and c4 and that these two lines are at a distance
√

2 of each other.

Moreover suppose the sphere Sl is described by

Sl =

{
(z1, z2, z3, 0, 0) + cl , z1

2 + z2
2 + z3

2 =
1

4
.

}
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Let C1 and C2 be the cones given by:

C1 =

{
x ∈ R5 ;

x

|x|
∈ S1 ∪ S3

}
, (3.3.38)

and

C2 =

{
x ∈ R5 ;

x

|x|
∈ S2 ∪ S4

}
. (3.3.39)

Then denoting the projection onto the i-th coordinate by pi we have, on one hand:

x ∈ C1 ⇐⇒ p4

(
x

|x|

)
= 0 and p5

(
x

|x|

)
= ±
√

3

2
, (3.3.40)

and, on the other hand,

x ∈ C2 ⇐⇒ p4

(
x

|x|

)2

= ±
√

2√
3
and p5

(
x

|x|

)
= ± 1

2
√

3
. (3.3.41)

This gives:

C1 = {x ; x4 = 0}
⋂{

x ; 3
(
x1

2 + x2
2 + x3

2
)

= x5
2
}
, (3.3.42)

and

C2 =
{
x ; x4 = 2

√
2x5

}⋂{
x ; 3

(
x1

2 + x2
2 + x3

2
)

= x4
2 + x5

2
}
. (3.3.43)

Then, by Proposition ??, ν is given by

ν = cH3 (C1 ∪ C2) , (3.3.44)

for some c > 0.

Our aim now is to find a systematic way of producing layerings. To do this we need to

define a graph associated to each layering and find conditions on the graph guaranteeing its

embeddability in Rd.

Definition 3.3.9. Let σ be the spherical component of a 3-uniform conical measure ν in Rd

and let {ξi}2p
i=1 be the centers of the spheres in its support, as described in Theorem 3.3.8.

We define the graph Gν of ν to be the weighted graph composed of
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1. the vertices V (G) = {vi}2p

2. the edges E(G) = {{vi, vj}}1≤i<j≤2p

3. the weight w ({vi, vj}) = dij where dij are the distance functions that arise from Lν.

More generally, we can define the graph associated to an r-layering of points in a similar

way.

We start by proving the simple observation that a layering {li}mi=1 consists of an edge-

coloring of the complete graph.

Proposition 3.3.10. Let G = K2p be the complete graph on the vertices {vi}2p
i=1.

Then L = {li}mi=0 is a layering if and only if the assignment c : E(K2p)→ {1, . . . , 2p− 1}

of colors defined by c({vi, vj}) = dij is a (2p − 1) coloring of the edges of K2p. We call GL

the graph associated to the layering.

Moreover, if there exist numbers dij, for 1 ≤ i < j ≤ 2p such that dij ∈ {1, . . . , 2p− 1}

for all i, j and the assignment c(vi, vj) = dij defines a (2p− 1) edge-coloring of G, define the

functions L = {lk}2p−1
i=0 in the following manner:

• l0(j) = j for all j ∈ {1, . . . , 2p− 1},

• lk(i) = j for k > 0, where j is the integer such that dij = k.

Then, up to relabeling of the vertices, L is a layering.

Proof. The proof follows directly from the definition of a layering. Indeed, for c to define an

edge-coloring, we only need to prove that dij = dik implies that j = k. Clearly,if dij = dik

then ldij(i) = j and ldij(i) = k = j.

Conversely, if G is as described, we first prove that the functions lk are well-defined

bijections. Pick any k > 0 and 1 ≤ i ≤ 2p. Since vi is adjacent to 2p − 1 edges, and c is a

(2p− 1) coloring, there exists a unique j such that dij = k.
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We can relabel the vertices so that lk(1) = k+ 1. The fact that l−1
k = lk is a consequence

of the fact that dij = dji. Finally, suppose that there exists j such lk(j) = lk′(j) = i. Then

k = k′ = dij. This ends the proof.

This says that every conical 3-uniform measure gives rise to a (2p − 1) edge-coloring of

the complete graph K2p for some p.

We now wish to get results in the other direction. In other words, if a weighted graph is

given, what conditions will guarantee that there exists a 3-uniform conical measure associated

to it? More precisely, by defining the weighted graph G associated to a (2p − 1)-coloring

of K2p (which assigns to each edge the weight c({vi, vj}) = dij), what conditions on G

guarantee the existence of a conical 3-uniform measure ν such that G = Gν? By Theorem

3.3.8, every set of 2p r-layered points for r =
√

2p gives rise to a 3-uniform measure. We will

use 3.1.8 to find conditions on a set of distances dij associated to a layering that guarantee

its embeddability in Euclidean space.

Definition 3.3.11. Let L = {li}2p−1
i=1 be a layering. We define the matrix ∆L associated to

the layering to be

(∆L)ij =
2p− 1− 2dij

2p− 1
.

Theorem 3.3.12. Let p ∈ N, L = {li}2p−1
i=0 be a layering, r = 1√

2p
and t =

√
1− r2 =

√
2p−1

2p
.

Then there exists an r-layered set of 2p points {ξi}2p
i=1 in tS2p−2 if and only if the spectral gap

λG of the Laplacian of the graph GL associated to the layering satisfies:

λG ≥ p(2p− 1) (3.3.45)

if and only if

ΛG ≥ 1

where ΛG is the spectral gap of the normalized Laplacian of G.
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Proof. By Theorem 3.1.8, if we take our semi-metric space to be {ξi}2p
i=1 with the distance

set
{√

2p−1√
2p

arccos
(

2p−1−2dij
n

)}
, there exist points {ξi}2p

i=1 ⊂ R2p−1, |ξi| = t with distance set

|ξi − ξj|tS =
√

2p−1√
2p

arccos
(

2p−1−2dij
n

)
= dij if and only if the matrix ∆ given by:

∆ij = cos

(
dij
t

)
=

2p− 1− 2dij
2p− 1

(3.3.46)

is positive semi-definite.

Note that for this choice of dij, if we find points {ξi}2p
i=1 with the prescribed distance set,

their euclidean distance will be:

|ξi − ξj|2 = |ξi|2 + |ξj|2 − 2 〈ξi, ξj〉 ,

= 2 .
2p− 1

2p
− 2 .

2p− 1

2p
cos

(
dij
t

)
,

= 2 .
2p− 1

2p
− 2 .

2p− 1

2p
.

2p− 1− dij
2p− 1

,

= 4 . dij .
1

2p
.

We will first rewrite the matrix ∆ in terms of the Laplacian of G and the fact that ∆

is positive semi-definite will then allow us to deduce the lower bound on λG. Denote the

Laplacian of G by L. For i 6= j,

∆ij = 1− 2

2p− 1
dij = 1 +

2

2p− 1
Lij (3.3.47)

and for i = j,

∆ii = 1 = 1 +
2

2p− 1
.

2p(2p− 1)

2
− 2p = 1 +

2

2p− 1
Lii − 2p. (3.3.48)

Therefore,

∆ij = 1− 2pδij +
2

2p− 1
Lij,

where δij is the Kronecker symbol. This follows from the fact that each vertex of G has

degree 2p(2p−1)
2

. Indeed, each vi has 2p−1 edges adjacent to it, all of distinct weight between

1 and 2p− 1. So d(vi) =
∑2p−1

i=1 i = 2p(2p−1)
2

.
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This implies that

∆ = J − 2pI2p +
2

2p− 1
L, (3.3.49)

where J is the matrix whose entries are all 1 and I2p is the identity matrix.

J has eigenvalues 2p and 0, the vector e1 = (1, . . . , 1) is a common eigenvector of J for

the eigenvalue 2p and of L for the eigenvalue 0. Hence we can choose e1 to be a common

eigenvector corresponding to the 0 eigenvalue for L. Let e be an eigenvector of L orthogonal

to e1 and λ the corresponding eigenvalue. Since e is orthogonal to e1,

∆ . e = J.e− 2p e+ λ
2

2p− 1
e,

=

(
2λ

2p− 1
− 2p

)
e.

Hence, ∆ is positive semi-definite if and only if 2λ
2p−1
−2p ≥ 0 if and only if λ ≥ p(2p−1).

In particular, if λG is the second smallest eigenvalue of L, ∆ is positive semi-definite if and

only if λG ≥ p(2p− 1). The bound on ΛG follows from the fact the vertices of G all have the

same degree p(p− 1) which implies Lnor = 1
p(2p−1)

L.

The fact that the matrix ∆ from the proof of Theorem 3.3.8 is positive semi-definite

encodes information on the geometry of the set of points it describes. We start with a

lemma.

Lemma 3.3.13. If {ξi}2p
i=1 is an r-layered set of points, and {li} the functions layering it,

then for j = 1, . . . , 2p we have:

1. l2p−1(j) = 2p+ 1− j

2. li ◦ l2p−1 = l2p−1 ◦ li = l2p−1−i

Proof. To prove 1. , note that |ξj − ξl2p−1(j)| = 2
√

2p− 1r = 2
√

2p−1√
2p

= 2t. So ξj and ξl2p−1(j)

are antipodal points. Now pick j. Since ξj and ξl2p−1(j) are antipodal, we have:

|ξ1 − ξj|2 + |ξ1 − ξl2p−1(j)|2 = |ξl2p−1(j) − ξj|2,
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which implies, after dividing by 4r2, that

j − 1 + l2p−1(j)− 1 = 2p− 1

since li(j) = j + 1 for all j. This proves 1. Now to prove 2. and 3., consider the rectangle

formed by ξj, ξli(j), ξl2p−1(j), ξl2p−1◦li(j). We have

|ξj − ξli(j)|2 + |ξj − ξl2p−1◦li(j)|2 = 2p− 1.

This implies that i+ |ξj − ξl2p−1◦li(j)|2 = 2p− 1 and

l2p−1 ◦ li = l2p−1−i. (3.3.50)

Applying li to the left in (3.3.50), we get:

l2p−1 = l2p−1−i ◦ li. (3.3.51)

We obtain the other identities similarly.

Theorem 3.3.14. Let {li}2p−1
i=0 be a layering and let ∆ be the matrix ∆ = J − 2pI2p + 2

2p−1
L

where J is the matrix with 1 in all its entries, I2p is the identity matrix and L is the Laplacian

of the graph associated to the layering. Then, if ∆ is positive semi definite, there exists a

matrix A of rank at most p such that:

∆ = AᵀA (3.3.52)

and the columns {ξi}2p
i=1 of A form a set of r-layered points in tS2p−1 where r =

√
1
2p

and

t =
√

2p−1
2p

. Moreover p must be even.

Proof. Since ∆ is positive semi-definite, there exists a set of r-layered points {ξi} in tS2p−2

by Theorem 3.3.8.

We prove that p is even. Consider the sets Aj = {j, l1(j), , l2p−1(j), l2p−2(j)}. We claim

that for j 6= k, either Aj = Ak or Aj ∩Ak = ∅. Suppose that Aj ∩Ak 6= ∅ and let s be in the

intersection. Notice that by Lemma 3.3.13 if s ∈ Aj ∩Ak, then l1(s), l2p−1(s), l2p−2(s) are all
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in Aj ∩ Ak. Since those elements are all distinct, Aj = Ak. Therefore these sets partition

{1, . . . , 2p} which implies that 4 divides 2p and p is even.

To prove that ∆ has rank at most p, we rewrite it in a more convenient way. Let {ej}

be an orthonormal basis of R2p. Define for each i = 0, . . . , 2p− 1 the permutation matrix Ai

defined by

Ai(ej) = eli(j). (3.3.53)

We claim that ∆ can be written as:

∆ =

p−1∑
i=0

2p− 1− 2i

2p− 1
(Ai − A2p−1−i) . (3.3.54)

First note that 2p−1−2(2p−1−i)
2p−1

= −2p−1−2i
2p−1

. Now the image of ej by the matrix on the right of

3.3.53 is:

p−1∑
i=0

2p− 1− 2i

2p− 1
(Ai.ej − A2p−1−i.ej) =

p−1∑
i=0

2p− 1− 2i

2p− 1
eli(j) +

2p− 1− 2(2p− 1− i)
2p− 1

el2p−1−i(j),

=

2p−1∑
i=0

2p− 1− 2dj,li(j)
2p− 1

eli(j),

=

2p−1∑
k=0

∆jkek,

proving the claim.

Consider the orthogonal basis {ui}2p
i=1 defined in the following way:

uj =

ej + e2p+1−j, j ≤ p

ej − e2p+1−j, j ≥ p+ 1.

We claim that ∆uj = 0 for j ≤ p and ∆uj ∈ span {up+1, . . . , u2p} for j ≥ p+ 1.

Indeed, for j ≤ p,
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∆uj =

p−1∑
i=0

2p− 1− 2i

2p− 1
(Ai.uj − A2p−1−i.uj) ,

=

p−1∑
i=0

2p− 1− 2i

2p− 1
(Ai.ej + Ai.e2p+1−j − A2p−1−i.ej − A2p−1−i.e2p+1−j) ,

=

p−1∑
i=0

2p− 1− 2i

2p− 1

(
eli(j) + eli(2p+1−j) − el2p−1−i(j) − el2p−1−i(2p+1−j)

)
,

=

p−1∑
i=0

2p− 1− 2i

2p− 1

(
eli(j) + el2p−1−i(j) − el2p−1−i(j) − eli(j)

)
, by Lemma 3.3.50,

= 0

On the other hand, for j ≥ p+ 1:

∆uj =

p−1∑
i=0

2p− 1− 2i

2p− 1
(Ai.uj − A2p−1−i.uj) ,

=

p−1∑
i=0

2p− 1− 2i

2p− 1
(Ai.ej − Ai.e2p+1−j − A2p−1−i.ej + A2p−1−i.e2p+1−j) ,

=

p−1∑
i=0

2p− 1− 2i

2p− 1

(
eli(j) − eli(2p+1−j) − el2p−1−i(j) + el2p−1−i(2p+1−j)

)
,

=

p−1∑
i=0

2p− 1− 2i

2p− 1

(
eli(j) − el2p−1−i(j) − el2p−1−i(j) + eli(j)

)
, by Lemma 3.3.50,

= 2

p−1∑
i=0

2p− 1− 2i

2p− 1
umin(li(j),l2p−1−i(j))

This proves that ∆ has rank at most p.

Finally, we describe how to find the corresponding r-layered points. Since ∆ij = 〈ξi, ξj〉

for the points whose existence is guaranteed by Theorem 3.1.8, if we find a matrix A with

columns xi such that

∆ = AᵀA,

then ∆ij = 〈xi, xj〉 and we can set ξi = xi. To find such a matrix, we diagonalize ∆.

Since it is symmetric, there exists an orthogonal matrix P and a diagonal matrix D so that:
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∆ = PDP ᵀ. Since ∆ is positive semi-definite, all the entries of D are non-negative. Denoting

by D
1
2 the diagonal matrix with entries the square roots of the entries of D, we can write:

∆ = PD
1
2D

1
2P ᵀ.

Choose Aᵀ to be PD
1
2 . By Theorem [7.2.10] in [HJ], A and ∆ have the same rank, which

ends the proof.

We can now put those results together in the following theorem.

Theorem 3.3.15. Let G be the set of weighted graphs G satisfying:

• G = K4p, p ∈ N,

• G is weighted by w : E(G)→ {1, . . . 4p− 1} and the assignment of labels corresponding

to w is an edge-coloring of G,

• The second smallest eigenvalue λG of the (non-normalized) Laplacian of G satisfies:

λG ≥
4p(4p− 1)

2
.

For every graph G ∈ G, |V (G)| = 4p, let L be the layering associated to it. Construct the

set of points {ξi}4p
i=1 ⊂ R4p−1 associated to L, set ci = (0, 0, 0, ξi) for i = 1, . . . , 4p and define

Si to be the 2-sphere of radius r =
√

1
4p

centered at ci, such that Si = (V + ci)∩ S4p+1 where

V = R3 × {0}. Setting Ω =
⋃4p
i=1 Si and

Σ =

{
x ∈ R4p+2 ;

x

|x|
∈ Ω

}⋃
{0} ,

and ν = H3 Σ, we have for all x ∈ Σ, r > 0,

ν(B(x, r)) =
4π

3
r3.

In particular, ν is 3-uniform.

Proof. The theorem is a direct consequence of Theorems 3.3.8, 3.3.14 and 3.3.12.
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3.4 Examples of 3 uniform measures

We already know an example of an Ω that is locally 2-uniform. Indeed, if C is the KP-cone

described in 1.1.4, take Ω to be its spherical component. Then by Theorem 2.2.5, Ω is locally

2-uniform . The following two results state that there exist other non-isometric examples.

Lemma 3.4.1. Let r = 2−
n+1
2 , n = 0, 1, . . .. Construct the rectangular parallelotope Rn+1

in Rn+1 inductively in the following manner. Let α1 be the origin and α2 be any point such

that |α2| = 2r. Assume the rectangular parallelotope Rk with vertices α1, . . . , α2k has been

constructed and is contained in an affine k-plane Lk. Let γk be a vector normal to Lk such

that |γk| = 2
√

2kr. Set α2k+i = αi + γk for i = 1, . . . , 2k.

Then the vertices of Rn+1 are r-layered and translating Rn+1, we can assume that its

vertices are contained in ∂B(0, t) where t =
√

1− r2.

Proof. Let α1 be the origin and α2 be any point such that |α2| = 2r, and define l1 to be

the permutation of 1 and 2. Moreover, let L1 be the line passing through α1 and α2. We

construct the set inductively. Assume that for 1 ≤ k ≤ n, we have constructed 2k points

{αl}2k

l=1, an affine k-plane Lk and an index set Jk such that:

• {αl}2k

l=1 are the vertices of a rectangular parallelotope Rk of edges {[αiαj]}(i,j)∈Jk con-

tained in Lk

• The main diagonal of Rk has length 2
√

2k − 1r.

Let γk be a vector normal to Lk such that |γk| = 2
√

2kr and set α2k+m = αm + γk for

m = 1, . . . , 2k.

We first define the action of the existing layering functions on the newly constructed

points in the following manner: for i ∈
{

1, 2, . . . , 2k
}
, define

li(2
k +m) = 2k + li(m), for m ∈

{
1, 2, . . . , 2k

}
. (3.4.1)

Since |α2k+li(m) − α2k+m| = |αm − αli(m)| = 2
√
ir, then (3.3.14) from Definition 3.3.4 is

satisfied. Moreover, li2(2k +m) = li(2
k + li(m)) = 2k + li

2(m) = 2k + li
2(m). So l−1

i = li.
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We also claim that li is bijective on
{

1, 2, . . . , 2k+1
}
. Indeed, on one hand on {1, . . . , k}

and

li
({

2k + 1, 2k + 2, . . . , 2k+1
})
⊂
{

2k + 1, 2k + 2, . . . , 2k+1
}

,

On the other hand, for m,m′ ∈
{

1, 2, . . . , 2k
}
,

li(2
k +m) = li(2

k +m′) =⇒ 2k + li(m) = 2k + li(m
′),

=⇒ m = m′.

It is clear that 1 and 2 from Definition 3.3.4 are satisfied. To see that 3 is satisfied, suppose

there exists j, i and p such that li(2k + j) = lp(2
k + j). Then 2k + li(j) = 2k + lp(j) implying

that i = m. Since li is bijective on
{

1, . . . , 2k
}
by definition this proves the claim.

We now define the 2k new layering functions. First define l2k in the following manner:

l2k(m) =

m+ 2k if m ∈
{

1, 2, . . . , 2k
}

m− 2k if m ∈
{

2k + 1, 2k + 2, . . . , 2k+1
}

Clearly, l2k is a permutation, and satisfies (2), (4) and (3.3.14) from Definition 3.3.4.

We claim that l2k also satisfies 3. Indeed suppose that there existed i < 2k and j such

that l2k(j) = li(j). Then either j ≤ 2k in which case li(j) ≤ 2k and l2k(j) > 2k yielding a

contradiction. Similarly, if j > 2k, li(j) > 2k while l2k(j) ≤ 2k. This proves the claim.

If i < 2k, the fact that li|J and l2k |J have disjoint ranges for J =
{

1, . . . , 2k
}

or J ={
2k + 1, . . . , 2k+1

}
proves that li(j) 6= l2k(j) for all j.

We now define the remaining layering functions {l2k+i} in the following manner:

l2k+i(m) =

2k + li(m) if m ∈
{

1, 2, . . . , 2k
}

l−1
i (m− 2k) if m ∈

{
2k + 1, 2k + 2, . . . , 2k+1

}
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If m, i ∈
{

1, 2, . . . , 2k
}
,

|αm − α2k+li(m)|2 = |αm − αli(m) − γk|2,

= |αm − αli(m)|2 + |γk|2, since γk ⊥ (αm − αli(m)),

= 4ir2 + 4.2kr2,

= 4(2k + i)r2.

So (3.3.14) is satisfied. We claim that (3) is also satisfied. Indeed, on one hand, if i < 2k,

p < 2k, the fact that li(j) 6= l2k+p(j) for all j follows similarly as for l2k and li. On the other

hand,

l2k+i(j) = l2k(j) =⇒ 2k + li(j) = 2k + j =⇒ j = 0.

It is easily seen that,

l2k+i

({
1, 2, . . . , 2k

})
=
{

2k + 1, 2k + 2, . . . , 2k+1
}

and

l2k+i

({
2k + 1, 2k + 2, . . . , 2k+1

})
=
{

1, 2, . . . , 2k
}
,

by definition of l2k+i and the bijectivity of li (and l−1
i ) on its domain. Therefore, l2k+i is

bijective.

Finally for j ≤ 2k,

l2k+i
2(j) = l2k+i(2

k + li(j)) = 2k + li
2(m) = 2k +m.

A similar argument shows that l2k+i
2(j) = j if j > 2k. Therefore 4 is satisfied.

This proves that {α1, . . . , α2k+1} is an r-layered set.

Note that {αi}2k+1

i=1 are the vertices of a rectangular parallelotope contained in the (k+1)-

affine space Lk+1 spanned by Lk and γk. This parallelotope has Rk as one of its faces, all

the edges of Rk,
{

[αi+2kαj+2k ]
}

(i,j)∈Jk
and {[αiαi+2k ]}1≤i≤2k as its edges. Moreover, the main

diagonal of Rk+1 has length |α1−α2k+1| = 2
√

2k+1 − 1r. By induction, repeating this process

for k = n, we get 2n+1 points forming a rectangular parallelotope Rn+1 in Rn+1 with main
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diagonal having length 2
√

2n+1 − 1r = 2t. This implies that Rn+1 is inscribed in a sphere of

radius t. By translating, we can assume that Rn+1 is inscribed in ∂Bt(0).

Finally, note that |αi − αl2n+1−1(i)| = 2t. Since αi and αl2n+1−1(i) are in ∂Bt(0) they must

be antipodal points. Therefore, αi = −αl2n+1−1(i)

This allows us to construct a locally 2-uniform measure in Rn+4. More precisely,

Corollary 3.4.2. Let n ≥ 1, r = 1
2n+1 , t =

√
1− r2, and {α1 . . . , α2n+1} be an r-layered set

as in Lemma 3.4.1, such that |αj| = t, for j = 1, . . . 2n+1. Define the points ci in Rn+4 to be

ci = (0, 0, 0, αi)

and the corresponding 2-spheres Si as:

Si =
{
z ∈ Rn+4; z = (z1, z2, z3, αi), z1

2 + z2
2 + z3

2 = r2.
}

(3.4.2)

In particular, for each i, Si ⊂ Sn+3. Let Ω be the set

Ω =

(
2n+1⋃
i=1

Si

)
, (3.4.3)

and σ the measure

σ = H2 Ω. (3.4.4)

Then for all x ∈ Ω, for r ≤ 2, we have:

σ(B(x, r)) = πr2. (3.4.5)

Proof. This follows directly from the fact that the cj are r-layered and Theorem 3.3.5.

Using Corollary 3.1.4 we obtain the following theorem.

Theorem 3.4.3. Let Rn+1 be the parallelotope from Lemma 3.4.1, n ≥ 0. For every l =

1, . . . , 2n+1 set the point cl ∈ Rn+4 to be:

cl = (0, 0, 0, αl) . (3.4.6)
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Let V be a linear 3-plane in Rn+4, Sl be the 2-sphere

Sl = (V + cl) ∩ Sn+3,

centered at cl, Ω be the set

Ω =
2n+1⋃
l=1

Sl, (3.4.7)

and Σ be the set

Σ =

{
x ∈ Rn+4;

x

|x|
∈ Ω

}⋃
{0} . (3.4.8)

Then ν = H3 Σ is a 3-uniform measure and for any x ∈ Σ, r > 0,

ν(B(x, r)) =
4

3
πr3, (3.4.9)

Proof. This is a direct consequence of Corollary 3.4.2 and Lemma 3.1.4.

It is interesting to note however that these are not the only examples. To illustrate this,

we give another example with less symmetry.

Example. Consider the graph whose adjacency matrix is given by

0 1 2 3 4 5 6 7

1 0 3 5 2 4 7 6

2 3 0 1 6 7 4 5

3 5 1 0 7 6 2 4

4 5 6 7 0 1 2 3

2 4 7 6 1 0 3 5

6 7 4 5 2 3 0 1

7 6 2 4 3 5 1 0



(3.4.10)

One can easily verify that the entries dij of the matrix A give an edge coloring of K8.

Moreover the matrix 7∆ , where ∆ is as in Definition 3.3.11, is given by:
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

7 5 3 1 −1 −3 −5 −7

5 7 1 −3 3 −1 −7 −5

3 1 7 5 −5 −7 −1 −3

1 −3 5 7 −7 −5 3 −1

−1 −3 −5 −7 7 5 3 1

3 −1 −7 −5 5 7 1 −3

−5 −7 −1 −3 3 1 7 5

−7 −5 3 −1 1 −3 5 7



(3.4.11)

which has 4 positive eigenvalues and 4 null eigenvalues. This means that there exist points

{ξi}8
i=1 with prescribed distances |ξi−ξj| =

√
dij
2
, embedded in the sphere tS3 where t =

√
7
8
,

which are well 1√
8
-layered. This configuration is composed of the tetrahedron given by {ξi}4

i=1

and its antipode on tS3. Of course, one can construct a 3-uniform measure in R7 using these

points as in Theorem 3.3.5.
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