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Abstract

Control Methodologies for Systems with Set-Valued Uncertainties

Aditya Deole

Chair of the Supervisory Committee:
Prof Mehran Mesbahi

William E. Boeing Department of Aeronautics and Astronautics

This dissertation develops control methodologies for systems with set-valued uncertainties in

modeling and estimation, with applications spanning spacecraft navigation and neuromod-

ulation. The work is organized into two major parts. The first part addresses estimation-

related uncertainties in vision-guided navigation and their integration into planning and

control. The second part focuses on modeling uncertainty in neuronal systems, presenting a

controller design and model inference framework for neuromodulation.

In the context of spacecraft navigation, we design a pose-estimation pipeline supported

by a photorealistic simulation environment for satellite rendezvous operations. A Machine

Learning (ML)-based platform is developed to detect the pose of a target spacecraft, and

the simulation environment is used to generate test and validation data with a minimal

simulation-to-reality (sim2real) gap. The platform also serves as a tool for modeling ML-

based uncertainties, thereby enabling robust controller design. Building on this foundation,

two approaches are proposed for incorporating ML-based estimation into navigation sys-

tems. The first introduces a controller design methodology that constructs invariant funnels

for slope-bounded uncertainty models around nominal trajectories. The second employs

a passivity-based framework to characterize uncertainties that define a family of feasible

controllers. Furthermore, we demonstrate that multi-agent consensus, viewed as an inter-

connection of passive agents, can enhance estimation performance in distributed settings.



We further investigate estimation-aware trajectory design for improving the performance

of state-dependent sensors such as perception maps. A class of state-dependent, set-valued

output uncertainty models is formalized as state-to-output uncertainty set maps. An observability-

based metric is introduced to quantify the estimator’s sensitivity to output perturbations,

and this metric is optimized to generate trajectories that improve estimation performance.

Extensions of this framework to multi-agent trajectory planning are also presented.

The final part of the dissertation develops a feedback control framework for neuro-

modulation. By analyzing neuronal system trajectories during experimental sessions, we

show that average neuronal dynamics in closed-loop scenarios can be approximated as a

linear parameter-dependent system, with parameter-dependent internal processes. For a

fixed parameter, the trial-averaged dynamics exhibit closed-loop linear behavior. A propor-

tional–integral (PI) feedback controller is demonstrated to effectively track reference signals

over a finite horizon, outperforming feedforward control in both tracking accuracy and distur-

bance rejection, while also reducing trial-to-trial variability. Moreover, in a “reward-induced”

brain state with more consistent parameters, a sample-based approach is shown to enable

controller optimization.

Together, these contributions advance the integration of machine learning, robust con-

trol, and trajectory optimization in the presence of set-valued uncertainty, providing new

methodologies for controlling uncertain dynamical systems in both engineering and biologi-

cal domains.
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Part I

VISION BASED ESTIMATION AND NAVIGATION
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Chapter 1

MACHINE LEARNING FOR VISION GUIDED NAVIGATION

The first part of this thesis focuses on investigating controller and trajectory design for

systems that incorporate uncertainties arising from Machine Learning (ML)-based models.

Specifically, we explore techniques suitable for safety-critical environments where state esti-

mation is derived primarily from perception maps. These maps are described as an image

to state mapping generated by feeding the image captured by cameras to the ML platform

that predicts the state. Our goal is to develop and demonstrate the use of these methods

that ensure robust performance despite the inherent uncertainties associated with ML-driven

perception. We will begin with describing the setup required for designing, training, testing

and validating the perception maps. The key components; the simulation platform and the

ML architecture, are described in this chapter.

1.1 Simulation Platforms

Object detection is a cornerstone task in computer vision, and is utilized in critical ap-

plications such as autonomous driving, robotics, and surveillance. These applications de-

mand robust models capable of accurately identifying and localizing objects in diverse,

real-world environments. However, developing such models requires large-scale, annotated

datasets—resources that are often prohibitively expensive and time-consuming to collect.

Real-world data acquisition faces significant challenges, including high costs for sensor

hardware, labor-intensive manual annotation, and limited control over environmental vari-

ables such as lighting, weather, and object placement/orientation. Furthermore, real-world

datasets frequently lack diversity or fail to capture rare or edge-case scenarios—such as

uncommon traffic situations or occlusions in surveillance—which are essential for ensuring
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model robustness.

To address these challenges, photorealistic simulation platforms have emerged as transfor-

mative tools. By generating synthetic datasets with high-fidelity rendering, these platforms

provide scalable and cost-effective alternatives to real-world data collection. They allow

precise control over scene parameters, facilitating the simulation of varied conditions—such

as adverse weather, complex lighting, and dynamic object interactions—without physical

constraints. Moreover, these simulators often include integrated annotation tools that au-

tomatically generate ground-truth labels (e.g., bounding boxes, segmentation masks, and

depth maps), significantly accelerating dataset creation and ensuring consistent annotations.

The demand for photorealistic simulations is further driven by the growing complexity

of object detection tasks. Modern deep learning models, including convolutional neural

networks and transformers, require vast amounts of data to generalize effectively across

domains. Synthetic data from photorealistic simulators can augment real-world datasets and

enhance model performance through domain randomization—where variations in textures,

lighting, and object appearances bridge the sim-to-real gap. Furthermore, simulations enable

safe and repeatable testing of safety-critical applications, such as autonomous vehicles, where

real-world experimentation may be risky or impractical. Platforms like CARLA and AirSim

(now GRID) facilitate the simulation of rare crash scenarios or sensor failures, providing

valuable data to improve model reliability.

Understanding these simulation platforms is essential for designing our Unreal Engine-

based simulator presented later in this thesis. Table 1.1 summarizes commonly used pho-

torealistic simulation platforms, comparing their rendering quality, annotation capabilities,

and domain-specific applicability.

This section surveys commonly used photorealistic simulation platforms in object de-

tection research, focusing on their rendering quality and applicability to specific domains.

This is a growing domain of research, and new platforms are constantly being designed and

upgraded by the community.

Table 1.1 presents a list of simulation platforms used for data set generation and visual-
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ization. Photorealistic simulation platforms for object detection include UnrealCV [164], a

plugin for Unreal Engine 4 offering depth maps and object annotations with domain random-

ization to reduce the sim-to-real gap via customizable shaders; AirSim [182], a Microsoft-

developed simulator for vehicles and drones with realistic physics and sensor simulations

(e.g., LiDAR, cameras) to mimic real-world dynamics; Unity Perception Toolkit [201], which

provides procedural generation and bounding box/segmentation labeling with domain ran-

domization for robotics and retail; SYNTHIA [175], a Unity-based dataset for urban driv-

ing with varied weather and lighting, aiding sim-to-real transfer despite stylized rendering;

BlenderProc [55], an open-source Blender pipeline for indoor scenes with texture random-

ization to minimize the sim-to-real gap; CARLA [63], an Unreal Engine-based simulator for

autonomous driving with 2D/3D bounding boxes and LiDAR data, enhancing sim-to-real

transfer through high-fidelity urban environments; and NVIDIA’s Isaac Sim [133], which

uses Omniverse for ray-traced rendering and physics-based simulations, ideal for industrial

applications with robust domain randomization to bridge visual and physical gaps.

Table 1.1: Comparison of Photorealistic Simulation Platforms

Platform Engine Labels Domain Realism Open Source API Support

UnrealCV UE4 BBox, Depth General CV High Yes Python

AirSim UE4 BBox, Depth Vehicles, Drones High Yes Python, C++

Unity Perception Unity BBox, Segm. Robotics, Retail Medium Yes C#

SYNTHIA Unity Segm., BBox Driving Medium Partial Limited

BlenderProc Blender BBox, Segm. Indoor CV High Yes Python

CARLA UE4 2D/3D BBox Driving High Yes Python

Isaac Sim Omniverse BBox, Point Cloud Industrial Very High Partial Python

Sim-to-Real Transfer

Simulation platforms are vital for domain adaptation in object detection, particularly in

autonomous driving, where platforms such as CARLA [63] train models for pedestrian and

vehicle detection using synthetic urban data. The sim-to-real gap—where synthetic data dif-

fers from real-world data in visual appearance (e.g., textures, lighting) and physical behavior



5

(e.g., sensor noise)—can reduce model accuracy. For example, SYNTHIA’s [175] stylized ren-

dering may limit real-world performance. Mitigation strategies include domain randomiza-

tion (e.g., Unity Perception, BlenderProc), fine-tuning with real data (e.g., CARLA), hybrid

datasets (e.g., AirSim), and advanced rendering techniques such as Isaac Sim’s ray trac-

ing. Despite challenges like computational costs and randomization noise, these platforms

significantly enhance model robustness for real-world applications.

1.2 UE-based Simulation Platform

As part of ongoing research at the Rain Lab, we are developing a simulation engine based on

the Unreal Engine 5 (UE5) platform. Our survey of existing platforms highlighted the need

for a modular design tailored to our specific scenario of interest: the satellite rendezvous

problem. Consequently, we chose to build a custom simulation environment from the ground

up.

This visualization engine is a critical component in evaluating the performance of our

vision-based estimation system. The agent’s state, defined by nonlinear system dynamics, is

propagated by the dynamics module and shared across the simulation network. This state

information is then consumed by the Unreal Engine visualization module, which renders the

scene with the agent embedded in the environment. A virtual camera captures photorealistic

images as proxies for state measurements, with adjustable levels of realism.

These camera images serve as inputs to an ML-based estimator, which outputs the agent’s

relative state estimate. This estimate is then processed by an outlier rejection filter followed

by a dynamic filter—either a Moving Horizon Filter or a Luenberger Observer, depending

on the application. We interpret this entire estimation loop as a nonlinear mapping from

state to output, formalized as the perception map:

h : Rn → Rm,

as illustrated in Figure 1.1. The overall architecture of the simulation platform is depicted

in Figure 1.2, while Figure 1.3 showcases example photorealistic visualizations.
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Figure 1.1: Perception map

Figure 1.2: Simulation platform schematic.

We further incorporate features of realism consistent with mission scenarios and add

sensor-related noise to support both the training and testing phases of the ML estimation

loop. Figure 1.4 illustrates some of these visual phenomena, including bloom effects, chro-

matic aberration, and lens flares, which simulate realistic sensing challenges.

We focus on using features of realism consistent with the mission scenarios and add

sensing-related noise for the training and testing phases of the ML loop.

1.3 Overview of Object Pose Detection Methods

Object pose detection aims to estimate the 6 degrees of freedom (6DoF) pose—rotation and

translation—of objects in images. This capability is critical for tasks in robotics, autonomous

driving, and augmented reality. The advent of deep learning has led to significant advances
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Figure 1.3: Photorealistic Simulation Engine Designed at Rain Lab

Figure 1.4: Left: Scenarios showing effects of bloom from the surface when camera is suddenly

switched on. Middle: Chromatic aberration due to defective lens. Right: Flares due to light

scattering

in monocular RGB-based 6DoF pose estimation.

Fan et al. [67] categorize pose detection methods into:

• Instance-level detection: Estimates pose of known objects using CAD models.
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• Category-level detection: Handles unseen objects by generalizing across categories.

• Pose tracking: Refines pose estimates over time using video input.

Instance-level methods using RGB input can be broadly categorized into five groups:

• Direct regression: Predicts pose parameters directly (e.g., PoseCNN [227]), but is

sensitive to occlusion.

• Keypoint-based: Detects 2D keypoints (e.g., PVNet [157]) and solves Perspective-n-

Point (PnP) problem where camera pose is determined using positions on n points [154].

Robust to occlusion but dependent on keypoint visibility.

• Dense correspondence: Estimates per-pixel 2D-3D mapping (e.g., DenseFusion [223]),

at high computational cost.

• Refinement-based: Iteratively improves initial pose estimates (e.g., DeepIM [121]).

• Self-supervised: Trained on synthetic data without annotations (e.g., Self6D [221]),

but limited by domain gaps.

Table 1.2: Comparison of Representative RGB-Based Methods (LINEMOD)

Method 2D Proj. (%) ADD(-S) (%) 5◦5cm (%)

BB8 [165] 89.3 62.7 69.0

PVNet [157] 99.0 86.3 –

CDPN [122] 98.1 89.9 94.3

DeepIM [121] 97.5 88.6 85.2

Self6D [221] – 58.9 –
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Among these, keypoint-based and refinement methods are particularly robust to occlu-

sions. In contrast, dense correspondence and self-supervised approaches show promise but

still face challenges related to computational efficiency and domain generalization. Ongoing

research focuses on unifying these pipelines and enhancing real-world performance.

Recently, algorithms for 6D pose estimation for objects from images have been explored

in the ML community [230, 58, 120, 155, 202]. As accuracy of segmentation algorithms

improves through ongoing research in ML domain, the accuracy of the pose estimators is

bound to increase.

In the context of space-based object detection, a specialized class of algorithms was

developed for the ESA Pose Estimation Challenge. This competition focused on satellite

relative pose estimation using both real and synthetic imagery [49, 163, 183, 188, 94].

Building upon prior research, this work adopts a framework inspired by the pose and

position estimation pipeline introduced in [32]. This algorithm was developed in collaboration

with and at JPL for the Robust Data-driven Vision-based multi-Spacecraft Guidance and

Control (RDVS) project collaboration.

This pipeline consists of three separate operations: Target segmentation, keypoint esti-

mation, and attitude and position estimation. Mask R-CNN [97] is used for segmentation,

HRNets [222] for keypoint estimation, and the perspective-n-point algorithm [79, 119, 205]

for final pose estimation.

1.4 CNN-based Pose Estimation using Key-points and Perspective-n-Point

This section details a framework inspired by the pose and position estimation pipeline

from [32], developed in collaboration with JPL under the Robust Data-driven Vision-based

multi-Spacecraft Guidance and Control (RDVS) project. For this specific scenario we have

a spacecraft (Ego) that uses a RGB camera to capture images of an uncontrolled spacecraft

(Target). The ML algorithm is designed to estimate pose of this Target The pipeline com-

prises three main steps: (1) Target segmentation, (2) key-point estimation, and (3) attitude

and position estimation using PnP.
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1.4.1 Segmentation

The initial step is to segment the Target from the Ego viewpoint using Mask R-CNN [97],

a mask-based segmentation network with a ResNet backbone. We adopt the PyTorch im-

plementation. Given an input image, the network predicts a mask, bounding box, and class

labels (Target or background). The predicted mask generates a region of interest (ROI)

by expanding the bounding box to fully include the Target. This approach enables high-

resolution inputs for subsequent stages by cropping unnecessary background.

Training is performed using the AdamW optimizer [130] with Cosine Annealing Warm

Restarts [129], an initial learning rate of 1 × 10−4, a batch size of 8, and training on an

RTX-3090 GPU. The loss is defined as:

L = Lcls + Lbox + Lmask, (1.1)

following the Mask R-CNN formulation [97].

The training dataset comprises 24,000 images generated using Unreal Engine 4, simulating

conditions in Low Earth Orbit (LEO) with varying sun angles, Earth/Moon/Target positions,

and Target orientations. Sample segmentation data is shown in Figure 1.5.

Figure 1.5: Samples of segmentation training data generated in Unreal Engine in LEO with

varying sun angles and positions of Earth/Moon/Target.
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1.4.2 Key-point Estimation

With the segmentation result, the image is cropped and resized to the ROI. The goal is to

predict key points of the Target, such as corners of solar arrays and other distinct features,

using HRNet [222].

The network is trained using AdamW [130] with Cosine Annealing Warm Restarts, an

initial learning rate of 1×10−5, a batch size of 16, and an RTX-3090 GPU. The loss function

is the mean squared error:

LMSE =
1

N

N∑
i=1

(
yi − f(xi)

)2
, (1.2)

where yi is the ground truth, and f(xi) is the predicted key-point.

Each ground-truth keypoint is represented as a 2D Gaussian distribution centered at its

true location with a standard deviation of 1 pixel. The training dataset consists of 83,000

synthetic images generated in Unreal Engine 4, simulating LEO conditions, varying sun

angles, and Target/Ego positions. The relative distance between Ego and Target ranges

from 15–45 meters, which affects the resolution of cropped ROIs, as shown in Figure 1.6b.

1.4.3 Perspective-n-Point

Given predicted 2D key-points and known 3D Target points, the pose is estimated using the

RANSAC-based PnP algorithm from OpenCV [28], with SQPnP [205] as the solver. The

algorithm discards outlier keypoints to compute an initial pose estimate, which is subse-

quently refined using Levenberg–Marquardt (LM) optimization. This step minimizes the

re-projection error—the sum of squared distances between observed key-points and the pro-

jected object points—yielding a final estimate of the Target’s position and orientation.
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(a) HRNet architecture adapted from [32].

(b) Key-point training data examples showing

resolution at different distances.

Figure 1.6: CNN pipeline components.



13

1.4.4 Pipeline Results

The position loss is defined as the ℓ2 norm between predicted translation tp and ground truth

translation tgt:

LT =
m∑
i=1

∥∥t(i)p − t
(i)
gt

∥∥∥∥t(i)gt

∥∥ . (1.3)

The pose loss is the angle between the predicted quaternion qp and the ground truth quater-

nion qgt:

LR = 2 · arccos
(
|q(i)⊤p q

(i)
gt |
)
. (1.4)

The total loss is given by:

Ltotal = LT + LR. (1.5)

The test set includes samples with distances from 15–35 meters between Ego and Target

and sun angles uniformly distributed over the sphere, excluding direct sun angles in the Ego

field of view.

Table 1.3: Results of the total loss Ltotal on two test sets using 1 MP and 12 MP images.

Metric 1 MP 12 MP

95% CI µET
(m) 0.037 0.020

99% CI µET
(m) 0.064 0.038

95% CI µER
(rad) 0.149 0.103

99% CI µER
(rad) 0.192 0.146

As shown in Table 1.3, higher-resolution input significantly improves the pipeline’s ac-

curacy. The system yields precise position estimates and reliable attitude predictions across

both test sets. However, errors occur when the key-point network mirrors key-points or fails
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to detect enough points. A certainty score is computed for each key-point and aggregated

to a total certainty score. If this is low, the pipeline passes this information to the controller

along with the pose estimate.

Dataset Generation

Datasets are generated using Unreal Engine 4 simulations of the Target spacecraft in LEO,

with the Ego spacecraft in a relative Hill’s frame. The Target is positioned 10–40 meters

away with varying angles (0–60 degrees). Additional exploration images uniformly sample

the feasible relative states (Target position and rotation relative to Ego) in the camera’s

field of view. Environmental factors—especially sun angle and Earth positions—are sampled

uniformly as they significantly affect pose estimation accuracy. Noise factors are added to

the dataset to include camera aberrations, as illustrated in Figure 1.4.

In summary, our in-house simulation engine provides a flexible, modular, and photo-

realistic platform tailored to our research needs. It supports the integration of ML-based

estimators with robust testing under varied conditions, thus bridging the gap between syn-

thetic and real-world data.

1.5 Conclusion

As of early 2025, the field of 6-DoF pose estimation is undergoing a notable shift toward

model-free and reference-based methods, enabling accurate prediction of object pose and size

using just a single RGB-D anchor image—most notably showcased by Any6D [117]. At the

same time, BOP Challenge 2024 has expanded the benchmark suite to include real-world,

model-free tasks and practical object-detection scenarios, pushing for faster onboarding and

stronger generalization across unseen conditions [147]. Similarly, SuperPose [54] integrates

robust tracking, mask-free initialization, and the use of foundation models like SAM2 and

LightGlue to maintain continuous real-time pose estimation—eliminating the need for man-

ual retraining or prior segmentation.

Parallel research trends highlight the rise of distribution-aware approaches such as Corr-
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2Distrib [220], which explicitly model pose ambiguity; efficiency-oriented methods like FAST

GDRNPP [238] and 6DOPE-GS [235], which enable real-time deployment in robotics and

AR; and foundation-guided pipelines such as SAM-6D [128] and ZS6D [196], which leverage

large vision transformers for zero-shot generalization. End-to-end pipelines like YOLOPose

V2 [146] further showcase the effectiveness of transformer-based architectures for multi-object

settings.

Overall, the trajectory of 6D pose estimation is toward generalizable, foundation-model-

driven solutions that minimize reliance on object-specific training data, achieve robustness

under challenging real-world conditions, and use reliable benchmarks such as BOP as yard-

sticks for progress. This trend suggests that the future of pose estimation will increasingly

prioritize scalability, adaptability, and seamless integration into broader perception systems.

Despite these promising advances, several limitations remain when considering 6D pose

estimation for safety-critical applications such as autonomous manipulation or navigation.

First, most deep learning–based methods provide no formal guarantees on correctness, stabil-

ity, or worst-case performance. While approaches like Corr2Distrib introduce distributional

reasoning, they still lack calibrated uncertainty estimates necessary for risk-aware decision-

making. Second, robustness under domain shift remains a key challenge: models trained

and benchmarked on datasets like LINEMOD, YCB-V, or BOP often degrade significantly

in unseen real-world conditions involving clutter, occlusion, or lighting changes.

Another limitation concerns symmetry and object ambiguity: many methods produce

multiple plausible pose hypotheses, which can lead to unsafe downstream actions if not

properly resolved. Efficiency-oriented pipelines (e.g., FAST GDRNPP, 6DOPE-GS) further

highlight the trade-off between speed and accuracy—real-time capability is achieved at the

cost of degraded pose precision in challenging cases. Moreover, foundation-model-driven

methods (e.g., SAM-6D, SuperPose) inherit biases and blind spots from their pretraining

corpora, raising concerns about reliability when deployed on out-of-distribution objects.

Finally, progress in this field remains largely benchmark-driven. While the BOP Chal-

lenge [147] has pushed toward more practical and model-free tasks, current evaluation pro-
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tocols rarely capture safety-critical metrics such as worst-case error bounds, robustness to

adversarial conditions, or calibrated confidence estimates. For robotics safety, this implies

that pose estimates must be augmented with filtering, uncertainty-aware planning, or set-

based estimation before they can be reliably deployed in real-world scenarios.

In our subsequent work, we present error characterization approaches without considering

the specific architecture used for the perception map. For the map to be integrated into

the robust control setup, we claim that the map must follow the criterion stated in the

subsequent sections. Namely, we will show the use of two specific approaches: first, a

slope bound in the neighborhood of a known trajectory and second, a generalizable sector-

bounded nonlinearity. These approaches are adjacent to other conventional methods used

for uncertainty characterization; therefore, they are applicable to a wide variety of problems.

Note that to make sure that the perception map adheres to the characterization, some

external filters like outlier rejection may be required.
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Chapter 2

ROBUST CONTROLLER SYNTHESIS FOR
VISION-BASED NAVIGATION

This chapter presents approaches for integrating machine learning (ML)-based estimation

into state feedback control. We focus on a scenario where the Target spacecraft is tracked

using a pose estimation algorithm such as one introduced in the previous chapter. We

first describe a method that models perception uncertainty as a state-dependent and slope-

bounded set around a nominal trajectory. A funnel synthesis method is then employed to

design a feedback controller as defined in by Taylor et al in [172]. By leveraging slope bounds,

we characterize the set of worst-case stabilizable states as a sequence of ellipsoids around a

nominal trajectory (referred to as a funnel [172]). A state feedback controller is designed

such that any state within the maximal funnel can be exponentially stabilized to an invariant

set around the nominal trajectory.

In a second approach, we demonstrate that a passivity-based model can be used for per-

ception, enabling the design of a simplified passivity-based controller for trajectory tracking.

This approach is similar to some works seen in recent literature where high order control

Lyapunov barrier functions are used in the context of non-linear optimal control [36].

2.1 Introduction

In this section, we examine vision-guided navigation for satellite rendezvous operations. The

central challenge lies in incorporating state-dependent uncertainties from the perception map

and designing a controller that is robust enough to track an optimal trajectory. The chapter

discusses two approaches that have been investigated for robust vision-based navigation

for Ego-Target tracking scenarios. The first approach applies funnel synthesis, where the
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perception map is modeled as a slope-bounded uncertainty around the nominal trajectory.

In the second approach, we treat perception nonlinearities as sector-bounded nonlinearities,

a type of passivity short-model, that leads to a feedback control design. We then categorize

the set of feasible controllers and demonstrate simulation-based control optimization. We

also show that multi-agent sensing can improve tracking performance for the Ego-Target

problem.

Close proximity operations for spacecraft have been extensively studied and tested in

recent years [194, 25, 65, 123]. Applications such as docking and on-orbit services heavily

rely on cooperation between spacecrafts and require a high level of certainty on exchanged

information (ex. relative position) to avoid catastrophic failures. Through an array of

sensor measurements, these design processes rely on observer models like Extended Kalman

Filter (EKF) to generate state estimations; as such, these techniques involve full or partial

knowledge of Target spacecraft [72]. The Target may not cooperate in situations such as

asteroid capture or orbital debris removal. In these cases, feature recognition over the Target

surface has been widely adopted. The problem is then broken into long-range and short-range

estimation depending on the accuracy of feature recognition algorithms [190].

Incorporating rich perceptual sensing modalities such as cameras has the potential to

convey more information than simple, single-output sensor devices. Despite the maturity of

deep learning algorithms and CNN in many computer vision tasks, the use of ML has only

recently become common for state estimation problems in space applications [31, 184, 95,

189, 162]. These new methods utilize high-resolution images to train a neural network for

Target-specific state estimation. The use of such tools can be challenging in harsh lighting

conditions and against highly textured backgrounds (e.g., Earth) [78, 11]. Given enough

data, deep learning algorithms can learn efficient models that map high-dimensional data to

an array of outputs. However, modeling the uncertainties in the output is a challenging task.

This becomes particularly critical when the neural network serves as a perception module

within a closed-loop control system for autonomous navigation—which requires specific safety

guarantees.
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Figure 2.1: The measurement error profile (center and right) showing the maximum errors

around each training data point (shown in red in the left image). This scenario captures

relative state of Target with respect to camera while randomly sampling Target orientation.

See [20] for more details.

In traditional deep learning, regression models typically provide only point estimates

without expressing uncertainty, and classification models often output normalized score vec-

tors—such as softmax probabilities—that fail to reflect their own uncertainty. To address

this limitation, researchers in the control community are increasingly integrating machine

learning with robust and optimal control techniques. This hybrid approach aims to en-

hance trustworthiness and reliability, especially in applications like autonomous navigation.

In particular, in [50] the authors consider controlling a known linear dynamical system for

which partial state information can only be extracted from complex observations. We use

the approach defined in [50] to design a virtual sensor by learning both a perception map

(i.e., a map from (imagery) observations to a linear function of the state) and a bound on

its estimation errors. Under suitable smoothness assumptions (Lemma 1 (Closeness implies

generalization) [51]), “uniformly” bounded errors are guaranteed within a neighborhood of

the training data. This uncertainty model enables the synthesis of a robust controller that

keeps the system’s state trajectories within the bounds encountered during training. How-

ever, in space applications, the information retrievable from imagery can vary dramatically

depending on the system’s relative pose—for instance, as shown in a real-world example
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Figure 2.1.

Therefore, a uniform analysis results in excessively conservative error modelings. More-

over, the error profile typically does not follow a known distribution pattern and thus, as-

suming distribution profiles (such as Gaussian) would not be realistic. Here, instead, we aim

to provide an error modeling approach that can capture its dependence on the relative states

of the system and extract guaranteed upper-bounds that are suitable for employment in the

imminent robust control synthesis.

2.2 Funnel Synthesis for Slope-Bounded Perception Based Uncertainty

Explicit trajectory generation methods suffer from two fundamental drawbacks. First, they

are inherently specific to the problem data, and any change requires re-solving the optimal

control problem from scratch. Second, these methods lack convergence guarantees for solving

the associated nonconvex optimal control problems. No known algorithm can guarantee

convergence to a solution for a general nonconvex optimal control problem from an arbitrary

initial guess. As a result, there is no theoretical justification for solving such problems in real-

time—although empirical evidence suggests that reliable local convergence is often achieved

in practice [172]. This motivates the study of alternative methods that can theoretically

guarantee real-time feasibility.

In this work, we aim to combine contemporary techniques from machine learning and

robust control to design a nonlinear controller that synthesizes feedback signals directly from

image sensors. We illustrate this approach with the following scenario: the Ego spacecraft

must navigate to a desired position and orientation relative to an uncooperative Target

spacecraft, while ensuring that the Target remains within its camera’s field of view (see

Figure 2.2a). This task requires estimating the Target’s relative state in the Ego’s body

frame from a sequence of image observations. Our method extends the analysis of [50] by

introducing a virtual sensor that jointly learns (i) a perception map—that is, a mapping

from raw observations to a linear function of the Target state—and (ii) a state-dependent

bound on the associated estimation error.
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In contrast to [50], in our setup, factors such as the distance to the Target and the sun’s

position significantly affect the quality of information extractable from imagery. We therefore

model the perception error as a function of the relative state between the Ego and Target.

This approach has been described in Section 2.3.2.

Next, we utilize implicit trajectory optimization methods to define a feasible set of tra-

jectories in the state-control space. Then, based on a nominal trajectory and the concept

of uniform ultimate boundedness (UUB) [109], we extend the invariant funnel synthesis

technique [172] to account for state-dependent measurement noise. In this chapter, the esti-

mator is assumed to have no information about the state-dependent characteristics of noise.

Therefore, the estimator is assumed to be a Kalman Filter designed for worst-case noise

covariance. In the next chapter, we will discuss estimation-aware planning where the per-

formance of generic estimators can be improved. On the contrary, if full prior knowledge of

state-dependence noise characteristics is available, then adaptive filtering techniques can be

employed [186]. This framework enables incorporating the perception error model and its

associated upper bounds directly into the controller design.

The result is a composite robust control strategy that generates control inputs directly

from visual observations, while handling uncertainties in both the nonlinear dynamics and

the noisy measurements.

Figure 2.2 illustrates the orbital trajectory of the Ego spacecraft around the Target in

Hill’s frame, shown in (a). The Ego’s camera frame (purple plane) is shown in (b), which

also depicts the nominal trajectory starting from x̄(t0) (blue) with the Target initially off-

center in the camera view, and ending at the terminal state x̄(tf ) (black), where the Target

is aligned with the center of the Ego’s camera. The actual initial state x(t0) (red) lies within

the invariant funnel at t = 0 (light green ellipse). Finally, (c) shows both the nominal (blue)

and actual (red) trajectories contained within the invariant funnel (green ellipses).
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(a) (b) (c)

Figure 2.2: Representation of Ego-Target tracking and funnel synthesis.

2.3 Robust Controller Synthesis

We will now go through system definition and controller design in the following sections

starting with the definitions for modeling the perception uncertainties.

2.3.1 Structured Nonlinear System Model with State Dependent Perception Error

Considering the perception-based uncertainty for the following system. Define a (relative)

state x(t) ∈ Rnx (between Ego and Target) as

x(t) := xEgo(t)− xTarget(t); (2.1)

which follows nonlinear dynamics given by

ẋ(t) = f(x(t), u(t)), t ∈ [t0, tf ] , (2.2)

z(t) = Q(x(t)), (2.3)

where u(t) ∈ Rnu denotes the control inputs, z(t) ∈ Rm represents sensory data as a function

of the relative state, and [t0, tf ] is a prescribed time interval. The observed data z(t) =
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Q(xEgo(t)− xTarget(t)) is then determined by the unknown generative model Q : Rnx → Rm,

which is nonlinear and potentially quite high dimensional. The perception map measures

the Target relative position with respect to the Ego spacecraft. Here, the observations z(t)

are the captured images, and the map Q : Rnx → Rm generates these images as a function

of the relative states, as in Eq. (2.3). Suppose there exists a perception map p : Rm → Rl

that imperfectly predicts the relative state x(t), that is

p(z(t)) = Cx(t) + ep(x(t)), (2.4)

where ep(x(t)) denotes the perception error, which is dependent on the relative state. The

details of this perception map and its error characterization are further discussed in the

succeeding section.

Assume that for the tracking task a nominal trajectory is given by applying the input

ū(t). Then, for online tracking using the perception map, an input policy defined by ξ(t),

is synthesized, that deals with both dynamics and estimation uncertainties rooted in the

modeling and composed perception process, respectively. Let {x̄(t), ū(t)}tft=t0 be the nominal

trajectory that satisfies the dynamics Eq. (2.2) for some initial condition, x0, and define

η(t) := x(t)− x̄(t) and ξ(t) := u(t)− ū(t). (2.5)

By assuming that f is at least once differentiable, rewrite Eq. (2.2) in terms of the variables

in Eq. (2.5) by using a first-order Taylor series expansion around the nominal trajectory as

follows:

η̇(t) = A(t)η(t) +B(t)ξ(t) + g(x(t), u(t)), (2.6)

where A(t) and B(t) are the partial derivatives of f evaluated along the nominal trajectory,

and g(x(t), u(t)) represents the higher order (nonlinear) terms1. The dynamical system in

1An alternative dynamics modeling and online control purely based on data will be considered as a future
direction, see e.g., [198, 176]
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Eq. (2.6) can then be equivalently expressed using structured nonlinearities as follows

η̇(t) = A(t)η(t) +B(t)ξ(t) +
Nw∑
i=1

Eiwi(t)

hi(t) = Fiη(t) +Giξ(t), i = 1, . . . , Nw

wi(t) = ϕi (hi(t)) , i = 1, . . . , Nw

where the pairs (hi, wi) ∈ Rnh,i ×Rnw,i capture the higher order terms through the nonlinear

functions ϕi. The details of this transformation are laid out in [173], and the constant

matrices Fi ∈ Rnh×nx , Gi ∈ Rnh×nu and Ei ∈ Rnx×nw serve as nonlinear inputs/outputs

channel selectors.

Finally, based on the nominal trajectory {x̄(t), ū(t)}tft=t0 , we can define the output of the

system using the composed perception process in Eq. (2.4) as

y(t) := p(z(t))− Cx̄(t) = Cη(t) + e(η(t)), (2.7)

where e(η(t)) denotes the state-dependent measurement noise—to be characterized later in

Section 2.3.2. Hence, we arrive at the following (nonlinear) system dynamics and (state-

dependent) noisy observations:

η̇(t) = A(t)η(t) +B(t)ξ(t) +
Nw∑
i=1

Eiwi(t)

hi(t) = Fiη(t) +Giξ(t), i = 1, . . . , Nw

wi(t) = ϕi (hi(t)) , i = 1, . . . , Nw,

y(t) = Cη(t) + e(η(t)).

(2.8)

2.3.2 Modeling Sensor Uncertainties

Suppose the initial training dataset is S0 = {(xd, zd)}N0

d=1 which is collected densely enough

from the nominal trajectory {x̄(t), ū(t)}tft=t0 . This dataset is used to learn a perception map

via a wide variety of traditional supervised methods [20].
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Now we perform local uncertainty analysis on optimal trajectories. Consider the assump-

tion that defines the slope bound model that must hold for subsequent analysis. We adopt

this setup from Dean et al [51], while adding state dependence w.r.t. the trajectory states.

Assumption 2.3.1. The mapping p ◦ Q − C is locally s-slope bounded with a radius of

r around each training data point, i.e., for each (xd, zd) ∈ S0, there exists a bounded real

number s = s(xd) such that

∥p ◦ Q(x)− Cx− (p ◦ Q (xd)− Cxd)∥ ≤ s(xd) ∥(x− xd)∥ , ∀x ∈ Br(xd). (2.9)

Assumption 2.3.2. The training error at each point of the training dataset is bounded, i.e.,

for each (xd, zd) ∈ S0, there exists a bounded real number γ = γ(xd) such that

∥p (zd)− Cxd∥ ≤ γ(xd).

Note that the modeling assumptions above are defined around a nominal trajectory and

the model is dependent on trajectory state x, which avoids using the uniform worst-case-

scenario modeling. Next, the regions of the state space within which the sensing is reliable

can then be described using a safe set which approximates sub-level sets of the norm of the

state-dependent error function e(x) = p(q(x)) − Cx around the nominal trajectory. More

precisely, given r > 0, we define

Xr(x̄(t)) :=
{
x ∈ Br (x(t))

∣∣∣ ∥p (z̃d)− Cx̃d∥+ s(t) ∥x(t)− x̃d(t)∥ ≤ l(t),

x̃d(t) := arg min
xd∈S0

∥x− xd∥
}
, (2.10)

where z̃d(t) := Q(x̃d(t)), γ(t) := γ(x̃d(t)), and

s(t) := s (x̃d(t)) , l(t) := rs(t) + γ(t). (2.11)
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Note that we overload the notation to define s(t), which is the maximum slope bound of the

mapping p ◦ Q − C at all x ∈ Br(x̃d). Since the nominal trajectory {x̄(t), ū(t)}tft=t0 is fixed

and the training data S0 is collected from this trajectory, we are able to define the safe set

Xr(t) = Xr(x̄(t)) as a function of time around the nominal trajectory. Further, note that

parameters s(xd) can be learned using a second dataset (see [20] for more details). Finally, we

can precisely define how densely the nominal trajectory should be sampled for the training

dataset as follows:

Definition 2.3.1. We say that the training dataset S0 = {(xd, zd)}N0

d=1 is sampled densely

enough from nominal trajectory {x̄(t), ū(t)}tft=t0 if there exists a positive radius r > 0 such that

for any x ∈ Br (x(t)) and any t ∈ [t0, tf ], we have ∥x̄(t)− x̃d(t)∥ ≤ r where argminxd∈S0 ∥x−

xd∥.

The error characteristics considered in our approach is different from that of [50] as

each training data point xd is associated with different parameters γ(xd) and s(xd), and we

parametrized the safe set around the nominal trajectory as a function of time. The rationale

behind this modeling is that here, the error of the composed perception process depends on

the relative state between Ego and Target spacecrafts, certainly because, as we get farther

away from the Target, the amount of information that can be extracted from the images

decreases significantly. Moreover, environmental factors such as Target reflection or the

sun’s position can also dramatically affect the perception error. Hence, the training error

increases accordingly and in order to model this phenomenon, we assume that the training

error is a function of the training points as described in Assumptions 2.3.1 and 2.3.2.

Now, we are well-equipped to characterize the perception error—altering the output of

the system as modeled in Eq. (2.7)—in the following lemma.

Lemma 2.3.3. Suppose the training dataset is sampled densely enough from the nominal

trajectory (per Definition 2.3.1) with a radius r and Assumptions 2.3.1 and 2.3.2 hold with

the same radius. Then, for any x(t) ∈ Xr(x̄(t)), the perception error is locally bounded with

∥e(η(t))∥ ≤ s(t)∥η(t)∥+ l(t).
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Proof. For any x(t) ∈ Xr(x̄(t)) (corresponding to a sensory data z(t) = Q(x(t))) such that

x(t) ∈ Br(x(t)), consider (x̃d(t), z̃d(t)) ∈ S0 and observe that

∥p(z)− Cx∥ = ∥p(z)− Cx− (p (z̃d)− Cx̃d) + p (z̃d)− Cx̃d∥

≤ s(xd) ∥(x− x̃d)∥+ ∥p (z̃d)− Cx̃d∥ ,

where the last inequality follows from the local slope bound assumption.

Recall that η(t) := x(t) − x̄(t) and the nominal trajectory {x̄(t), ū(t)}tft=t0 is known.

Since the training dataset S0 = {(xd, zd)}N0

d=1 is sampled densely enough from the nominal

trajectory, for any (x(t), z(t)) with x(t) ∈ Xr(x̄(t)) we can upper bound the perception error

in Eq. (2.8) as follows

∥e(η(t))∥ ≤ s(t)∥x(t)− x̄(t) + x̄(t)− x̃d(t)∥+ ∥p (Q (x̃d))− Cx̃d(t)∥

≤ s(t)∥η(t)∥+ s(t)∥x̄(t)− x̃d(t)∥+ ∥p (Q (x̃d))− Cx̃d(t)∥ ≤ s(t)∥η(t)∥+ l(t),

where the last inequality follows by definition. ■

Finally, note that as we have a more densely sampled nominal trajectory (i.e., as r > 0

is smaller), the affine upper-model of the noise will have a smaller shift l(t). However, the

slope-bound and training errors are inherent to the learning problem at hand and do not

necessarily improve by just sampling more densely. Also note that for simplicity, we assume

C = I to represent an unbiased observable system and a state feedback controller. Therefore

in subsequent analysis we use y = η + e(η).

2.3.3 Robust Controller Synthesis

Now this error model can be incorporated into the funnel synthesis setup, namely Lemma 2.3.3.

Consider the class of controllers that, at each time, t, can synthesize a feedback correction

signal ξ(t) = K(t)y(t) for some matrix-valued function of timeK(t) ∈ Rnu×ny where ny = nu.
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The closed-loop system representation obtains the following form:

η̇(t) = (A(t) +B(t)K(t)) η(t) +B(t)K(t)e (η(t)) +
Nw∑
i=1

Eiwi(t)

hi(t) = (Fi +GiK(t)) η(t) +GiK(t)e (η(t)) , i = 1, · · · , Nw

wi(t) = ϕi (hi(t)) , i = 1, · · · , Nw,

∥e(η(t))∥ ≤ s(t)∥η(t)∥+ l(t).

(2.12)

As discussed in the previous section, the perception error is bounded in the vicinity of the

nominal trajectory. We use this fact to model the term K(t)e(η(t)) in the dynamics of η(t)

as a structured nonlinearity as proposed by [173]. The funnel design can handle any possible

perception error e(t) that satisfies the perception upper bound model.

Modeling the Perception Error in Feedback as Added Nonlinearity

The slope-bounded uncertainty is formalized as an LMI, synthesizing the feedback gain K.

In particular, as proposed by [173] the error, e(t), is modeled as a nonlinear channel and the

maps to all uncertainties as:

we(t) := ϕ̃ (e(t)) = K(t) e(η(t)), for some ϕ̃ : Rny → Rnu . (2.13)

By considering e(t) as a nonlinear input channel, we then need to update the nonlinear input

channel selectors in h(t).

hi(t) = (Fi +GiK(t)) η(t) + G̃ie(t), i = 1, · · · , Nw (2.14)

where the constant matrix G̃i ∈ Rnx×ny serves as a nonlinear input channel selector for e(t).

We then stack each of the ϕi to construct the function ϕ : Rnh → Rnw , and rewrite Eq. (2.12)
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together with Eq. (2.13) and Eq. (2.14) as

η̇(t) = Acl(t)η(t) +B(t)we(t) + Ew(t),

h(t) = Fcl(t)η(t) + G̃e(t),

w(t) = ϕ(h(t)),

we(t) = ϕ̃ (e(t))

(2.15)

where , E =
[
E1 · · · ENw

]
, and

w =


w1

...

wNw

 , h =


h1

...

hNw

 , F =


F1

...

FNw

 , G =


G1

...

GNw

 , G̃ =


G̃1

...

G̃Nw


such that w ∈ Rnw and h ∈ Rnh , F ∈ Rnh×nx , G ∈ Rnh×nu , G̃ ∈ Rnh×ny , and E ∈ Rnx×nw with

nw =
∑Nw

i=1 nw,i and nh =
∑Nw

i=1 nh,i, and Acl(t) := A(t)+B(t)K(t) and Fcl(t) := F +GK(t).

Funnel Synthesis

The funnel synthesis techniques are based on the notion of quadratic stability as defined in

[177] and [5, 18, 48], the latter of which offers necessary and sufficient conditions for stability

based on quadratic Lyapunov functions. As described in [172], funnel synthesis makes use of

a Lyapunov function (as opposed to the maximum principle-based techniques) to seek out

nearby feasible trajectories. We restate the funnel definition from [172] as

Definition 2.3.2. (Funnel). A funnel, denoted by F(t), is a time-varying set in state and

control space that is both invariant and contained inside a feasible region.

Specifically, the term funnel synthesis refers to the algorithmic procedure designed to

compute a funnel. The invariance property of a funnel means that if a particular initial con-

dition is inside the entry of the funnel (at some initial time t0), then the entire subsequent

trajectory remains inside the funnel as well. Stated mathematically, if (η (t0) , ξ (t0)) ∈ F(t0)

then (η(t), ξ(t)) ∈ F(t) for all t ≥ t0. The goal is to seek the largest possible funnel that
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satisfies input and state constraints. This allows us to implicitly define a large family of

trajectories by using the functions that define the funnel, thereby providing the ability to

guarantee the availability of a feasible trajectory over a larger region of parameter varia-

tions. Funnel synthesis guarantees convergence behavior. For real-time implementation, the

funnel based controllers are deployed as state-dependent controllers which can be stored on

hardware.

Particularly, consider the scalar-valued function V : Rnx → R defined by

V (η(t)) = η(t)⊤Q(t)−1η(t) (2.16)

where Q(t) ∈ Snx
++ is a matrix-valued function of time whose range space lies in the set of

positive definite matrices. As a result, we have V (η(t)) > 0 for all t ∈ [t0, tf ] whenever

η(t) ̸= 0.

Having introduced each of the time-varying terms, we henceforth omit the argument

of time “t”, whenever possible. The 1-level set of V (η(t)) is the set of states that satisfy

the quadratic inequality η⊤Q−1η ≤ 1, which is also the equation of a non-degenerate nx-

dimensional ellipsoid (nonzero, finite dimensions in all directions). We denote the ellipsoid

defined by the positive definite matrix Q and centered at the origin as

EQ :=
{
η ∈ Rnx | η⊤Q−1η ≤ 1

}
=
{
Q1/2v | ∥v∥2 ≤ 1

}
(2.17)

where Q1/2 is the matrix square root that can be computed using Cholesky decomposition.

The assumption that ξ = Ky used to form the closed-loop system Eq. (2.15) thus results

in the following implication:

if y ∈ EQy ⇒ ξ ∈ EKQyK⊤ , (2.18)

a fact that can be proven easily via Schur complements when K is full row-rank [173].

Before we proceed, we need to derive an upper bound for Qy, given the information about

the perception error. This bound is restated here as described by Rahimi et al in [168].
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Theorem 2.3.4. [168] If η ∈ EQ and the perception error is bounded ∥e∥ ≤ s∥η∥ + l, then

y ∈ EQy , where

Qy = (1 + s (1 + ρ))2 Q, Qs := s2Q, ρ :=
√

lλmax (Q−1
s ) (2.19)

and λmax (Q
−1
s ) is the largest eigenvalue of Q−1

s .

Suppose that XF ∈ Rnx and UF ∈ Rnu are the (possibly nonconvex) sets of feasible state

and control vectors. Using these feasible sets, we formally define a quadratic invariant funnel

as follows.

Definition 2.3.3. [172] (Quadratic Funnel). A quadratic funnel, F , is a subset of the

Cartesian product of the feasible state space XF and control space UF (so-called feasible state-

and-control space) that is parameterized by time-varying positive definite matrices Q ∈ Snx
++,

Qy ∈ Sny

++ and a time-varying matrix K ∈ Rnu×ny . Specifically, we define

F := EQ × EKQyK⊤ ⊆ XF × UF . (2.20)

As the closed-loop system— described in Eq. (2.15)—is obtained from an output feedback

controller with (state-dependent) measurement and process noise, one has to consider an

appropriate stability criterion. Hence, we require that any proposed controller renders a

UUB2 closed-loop system. We utilized Theorem 4.18 in [109] to design a controller K such

that the closed loop system Eq. (2.15), is UUB, in the presence of state-dependent noise and

system nonlinearity, and starting anywhere in an invariant funnel. A sufficient condition to

achieve this goal in view of the dynamics in Eq. (2.15) is detailed as follows:

α1(∥η(t)∥) ≤ V (η(t)) ≤ α2(∥η(t)∥), (2.21)

∂V

∂t
+

∂V

∂η
η̇(t) ≤ −V (η(t)), ∀ t ∈ [t0, tf ], ∀η ∋ ∥Cµη∥ ≥ µ ≥ 0, (2.22)

∀h ∈ Ω, and ∀e ∈ EQe ∋ ∥e(t)∥ ≤ s(t)∥η(t)∥+ l(t),

2See Definition 4.6 in [109] for more details on UUB concept.
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where µ denotes the time-varying UUB parameter. Note that the quadratic funnel’s invari-

ance property means that η(t) ∈ EQ for all times t ∈ [t0, tf ]. This implies that the vector h,

which is the input to the nonlinear terms in system Eq. (2.12), must satisfy the set inclusion:

h ∈ Ω, Ω = EFclQF⊤
cl
⊕ EG̃QeG̃⊤ (2.23)

where ⊕ is the Minkowski sum between two sets. In order to utilize the condition Eq. (2.22)

for synthesizing a quadratic funnel, we need to express the nonlinear expressions “w =

ϕ(h), ∀h ∈ Ω” and “we = ϕ̃(e), ∀ e ∈ EQe”—appearing in Eq. (2.15)—in such a way that

they are consistent with the quadratic form of the lyapunov function V (η(t)). To this end,

we use the idea of local multiplier matrices, as adopted in [172].

Definition 2.3.4. Consider any nonlinear map ϕ : Rnh → Rnw that sends h → ϕ(h). We

say a symmetric matrix M ∈ S(nh+nw) is a local multiplier matrix for ϕ over the domain of

sets Ω if

T (h) :=

 h

ϕ(h)

⊤

M

 h

ϕ(h)

 ≥ 0, ∀h ∈ Ω. (2.24)

Furthermore, we denote the set of local multiplier matrices for ϕ over the set Ω by

Mϕ,Ω :=
{
M ∈ S(nh+nw) | T (h) ≥ 0, ∀h ∈ Ω

}
. (2.25)

Similarly, we define the set of local multiplier matrices for ϕ̃(e), where Me denotes a local

multiplier matrix for ϕ̃ over the set Qe as

Te(e) :=

 e

ϕ̃(e)

⊤

Me

 e

ϕ̃(e)

 ≥ 0, ∀ e ∈ EQe . (2.26)

The stability condition is now posed as condition (2.22) such that (2.24) and (2.26) hold

for M ∈Mϕ,Ω and Me ∈Mϕ̃,EQe
.

The subsequent procedure to check for feasibility of the funnels and the detailed synthesis

of funnels and the controller is described in [173, 167].
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Solution Strategy for Funnel Synthesis Problem

The solution strategy has been detailed in [172, 167] where an iterative method, called the

γ-iteration has been described, to solve the quadratic funnel synthesis problem introduced

earlier. Since the full problem is nonlinear and nonconvex, a direct solution is intractable.

The γ-iteration alternates between two subproblems:

• The M-problem: With the funnel parameters fixed (matrices Q, Y , and scalar λ),

this subproblem computes a local Lipschitz constant, γ, and constructs a corresponding

local multiplier matrix, Mγ.

• The Q-problem: With Mγ fixed, this subproblem solves a convex optimization prob-

lem over Q, Y , and λ to maximize the funnel size while satisfying the system’s dynamic

and constraint feasibility conditions.

A contraction mechanism is introduced to shrink the maximum allowable funnel size,

Qmax when convergence is not achieved, guided by a fill ratio, κ, that measures how well the

current funnel fills the allowable space. The algorithm terminates when κ exceeds a specified

threshold.

This procedure for funnel synthesis methods described here has been detailed in Algo-

rithm 1 [167], a convergent method that guarantees a feasible quadratic funnel in a finite

number of iterations under reasonable assumptions.

2.4 Funnel synthesis for Target Tracking Problem

Consider a Target tracking problem where the Target spacecraft (so-called the Target) is

uncontrolled and possibly uncooperative. Thus, by using the image sensors available on

the Ego spacecraft, we adopt a computer vision approach to predict the Target’s relative

position. We use a high-fidelity astrodynamic simulator [108] along with a photo-realistic

simulator to replicate the actual system. This environment emulates the space conditions in
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Figure 2.3: Simulation platform showing the

Ego (denoted on the left with its attached

body frame) orbiting around an uncontrolled

satellite Target (the white object in the mid-

dle) on a fixed flyby orbit (denoted by a

green circle). The in-picture on the right

shows the Target in the Ego’s camera frame.

Figure 2.4: The simulation setup developed

for emulating the real-world settings for ap-

plications of the proposed machinery. The

astrodynamics simulator [108] and the de-

veloped visual simulator are replicating the

actual system with the possibility of gener-

ating high-quality image data. The state es-

timated from the image data using the CNN

module is then fed into the controller mod-

ule for robust feedback signal synthesis.

LEO. A sample snapshot of the environment is illustrated in Figure 2.3, and the developed

pipeline is showcased in Figure 2.4.

The details of the CNN-based perception module and the overall space flight simulation

setup can be found in [20].

Assuming that the Ego is inserted in a passive elliptical orbit around the Target, the

mission starts when the Ego’s camera points away from the Target’s center of mass but has

the Target in its field of view. The goal is to drive the Ego’s attitude and angular rates

such that the Target’s center of mass is placed at the center of the Ego’s camera frame.

Thus, herein, we lay out the attitude dynamics of the Ego using a modified Rodriguez
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parameters(MRP) approach. To obtain Ego’s attitude dynamics in the Earth fixed frame,

FE , we denote the positive definite inertial tensor by J ∈ R3×3 and the angular velocity by

ωE ∈ R3. The torque input is denoted by u ∈ R3 and thus, the rigid-body dynamics of the

Ego in the Earth fixed frame FE , are given by:

Jω̇E =
(
JωE

)
× ωE + uE + dext , (2.27)

where dext represents the external torque acting on the Ego, which is assumed to be negligible

in this setting for brevity. Next, by using MRP, qE = [q1 q2 q3]
⊤ ∈ R3 with qE = e. tan ϕ

2

(such that e is the unit vector denoting the axis of rotation and ϕ is the rotation angle), the

attitude dynamics can be described as follows:

d

dt

 qE

ωE

 = f(qE,ωE,u) =

1
2

(
I

(
1−(qE)

T
qE

2

)
+ qE

(
qE
)T

+ S(qE)

)
ωE

J−1
(
(JωE)× ωE + u

)
 (2.28)

where S(qE) :=
[ 0 −q3 q2

q3 0 −q1
−q2 q1 0

]
.

Note that Target pose estimation depends on both the relative orbital motion between

Ego and Target, and the attitude dynamics of Ego. The relative orbital motion follows the

Hill-Clohessy-Wiltshire equations [39] that can be solved for an exact solution. We denote the

Ego’s position with respect to the Target’s body frame of reference, by r = [rx, ry, rz]
⊤ ∈ R3.

Following the Hill-Clohessy-Wiltshire equations in phase magnitude form we have

r̈x = ρx sin(nt+ ax) , r̈y = ρy + 2ρx cos(nt+ ax) , r̈z = ρz sin(nt+ ax) (2.29)

where n =
√
µ/a3 , a refers to the orbital radius of the Target and µ is the standard grav-

itational parameter. In Eq. (2.29), (ax, ay, az) denote the semi major axes and (ρx, ρy, ρz)

give the phase magnitude of the passive relative elliptical orbit. The formulation of phase

magnitude and selection of initial conditions for the Ego spacecraft in the relative elliptical

orbit have been detailed in [10].

For this problem, denote the relative states between Target and Ego spacecraft as x(t) :=[
r, ṙ, qE, wE

]⊤ ∈ R12. We disregard the Target’s orientation, as it is not needed for the
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current problem. The relative dynamics are described using Eq. (2.29) and desired attitude

is calculated using difference between relative Target position and Ego camera axis. This

desired attitude is used as the reference state for the attitude dynamics defined by Eq. (2.28).

Thus the task of the observation module is to detect the Target and determine its position

in the Ego’s camera frame. The camera is fixed on the Ego’s body frame facing outward

along positive x-axis. For simplicity of presentation, we assume the Ego’s body frame and

its camera frame are identical.

Along with the relative dynamics, we consider the sensory observation z(t) ∈ Rm×m as

defined in Eq. 2.3 which represents the high dimensional image and the perception map p as

defined in Eq 2.4 that maps the image to relative state measurement x(t) with perception

uncertainty ep(x(t)).

To model the perception map and study its error characteristics, as discussed in Sec-

tion 2.3.2, we design a nominal nonlinear controller for given initial relative states x(0). Such

nominal controller generates a nominal trajectory {x(t), u(t)}tft=t0 , depicted in Figure 2.5, as

seen in the Ego’s camera frame. We then collect the initial training dataset S0 = {(xd, zd)}N0

d=1

from the nominal trajectory and train the neural network3.

Based on the assumption that the Ego is in a fixed flyby orbit around the Target, we

focus our efforts on designing the torque vector u that tracks the Target position in the Ego’s

camera frame. Hence, starting off from the nominal trajectory with error, we define

η(t) := C x(t)− C x(t) =

qE(t)
wE(t)

−
qE(t)
wE(t)


as the tracking error and ξ = u− ū as the correction signal. Figure 2.6 showcases the error

around the nominal trajectory with respect to time and η.

The matrices A and B are the Jacobian matrices of the attitude dynamics in Eq. (2.28)

along the nominal trajectory, and the parameters F , G and E are constructed using a total

3See [20] for further details regarding the neural network setup.



37

Figure 2.5: Nominal trajectory in green as

seen in the camera frame. For some initial

condition which deviates form the nominal

as shown in red, we use the robust controller

such that the error between the new state

and nominal given by η is driven to zero.

Figure 2.6: The error profile in the neighbor-

hood of the nominal trajectory for T = 50

seconds (as shown with time axis) with 100

deviation samples per time stamp.

of four (nh = 4) nonlinear channels to be

F =


I3 03×3

I3 I3

I3 I3

I3 I3

 , G = 012×6, E =

 I3 03×3 03×3 03×3

03×3 I3 I3 I3

 .

Note that for this problem nx = 6, nu = 3 and J = diag{900, 900, 900} kg m2. The Fig-

ure 2.7 depicts the computed quadratic funnel. In Figure 2.7a, the ellipsoid EQ is projected

onto each state dimension and depicted as the shaded grey area. The red trajectories cor-

respond to test cases for which an initial condition was randomly (uniformly) selected from

the ellipsoid EQ(t0), and the nominal control and correction law were used to numerically

integrate the equations of motion. The Figure 2.7b shows the ellipsoid ERmax projected into

each control dimension along with the corresponding control trajectories from each test case.
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(a) In state space EQ

(b) In control space ERmax

Figure 2.7: The quadratic funnel computed by the γ-iteration for the Target tracking prob-

lem. The initial condition of each test case was randomly sampled from the funnel entry.

In this section, we presented the funnel synthesis approach for designing a feedback con-

troller such that a set around a given nominal trajectory remained invariant. This approach
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can be used in a wide variety of applications in robotics and navigation where uncertainty

quantification of sensors is non-trivial. We use a sensor model that exhibits slope-bounded

behavior in the neighborhood of a nominal trajectory. In the next sections will discuss the

alternative passivity-based approach to capture perception uncertainty.
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Figure 2.8: Tracking a Target satellite in a passive relative orbit. The Ego spacecraft follows

a trajectory that brings the Target into the center of its camera frame while cruising in the

passive orbit.

2.5 Passivity-Based Control for Vision-Guided Navigation

In this section, we present an alternative approach for attitude tracking using ML based

perception. We do not condition the controller to a nominal trajectory, but instead find

a general controller for attitude tracking that can adapt to a nonlinear output. Here we

present:

• A passivity-based controller that operates with uncertain observations and guarantees

a passivity-short stable system.

• A method for designing an optimal control law under passivity constraints using a

quadratic cost and zeroth-order optimization via simulation.

• An extension of the controller to incorporate information from neighboring, generally

passive, agents.

Target tracking problems in this setting have been extensively studied through various

approaches [185]. Robust control based on Lyapunov theory has been well explored [145],
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particularly using attitude-specific Lyapunov functions to derive stability conditions. Ex-

tensions of this approach include passivity-based methods, which we examine in this work.

Passivity facilitates interconnection among subsystems and enables analysis of the overall

system’s stability [208, 210, 207, 66].

Using the passivity framework, we address nonlinear uncertain observations produced by

the perception map. Traditionally, passivity-based control design under noise or uncertainty

leads to high-gain controllers [118]. Tsiotras has studied stability and optimality under

this framework, obtaining optimal solutions through Hamilton-Jacobi theory and a modified

control law with quadratic cost [209]. In contrast, our approach considers a constrained

problem, and we derive linear controllers for the guidance loop. Given a quadratic cost in

both state and input, we optimize over a feasible set of control gains.

In satellite attitude control, the Ego spacecraft is described by two independent dynamical

systems that are both passive and lossless. Our use of passivity is motivated by the fact

that feedback interconnections of passive systems—under appropriate conditions such as

observability and strict passivity—result in a passive and stable overall system [109]. We

build upon this property to interconnect multiple passive systems and propose a consensus-

based process to improve state estimation in distributed architectures.

Another motivation for using passivity is that a generalized notion of passivity can be

used to describe the sensor characteristics. Our Ego spacecraft uses neural networks that

take images as input and output the relative location of the Target spacecraft in the cam-

era frame. A detailed overview of the simulation setup and neural network architecture is

provided in [20], along with an analysis of environment-specific sensor behavior. Through

extensive analysis of the CNN’s input-output characteristics, we observe that object pose

measurements exhibit state-dependent errors and are influenced by environmental factors

such as illumination and celestial background.

Here, instead of defining the error profile around a trajectory, we propose characterizing

the neural network’s generalized error model via passivity. This model can be used inde-

pendently of a nominal trajectory. Intuitively, we observe that in the absence of adversarial
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noise or extreme outliers, the measured direction of the Target position aligns approximately

with the true Target position. This directionality suggests that the error induced by the

perception map—i.e., the energy injected—is bounded. In an ideal case, where no error is

present, the perception map would be lossless.

To validate this behavior, we analyze the perception map’s feasible state space. Em-

pirically, our simulations show that the output is sector-bounded along the input direction,

outside an ellipse around the origin. Thus, the input-output relationship demonstrates a

generalized passivity-short nature. We formalize these passivity conditions and error bounds

from the CNN’s empirical analysis and exploit them in control design.

Once we establish a feedback system with the perception map, the entire system can be

made passive by selecting appropriate input-output pairs and a suitable storage function. For

a multi-agent setup, we associate each Ego spacecraft (in passive orbit around the Target)

with a passive system. These passive systems can then operate in a distributed fashion: each

Ego spacecraft shares its relative attitude measurements with a candidate Ego in its own

frame. This exchange enables the candidate to converge to a consensus estimate, improving

accuracy over what would be achieved using a single Ego’s measurements. Since consensus

generally improves estimation, it allows tighter error bounds and enables more aggressive

control for the distributed case.

In the following sections, we present the problem formulation, the simulation framework,

and the setup for multi-agent state estimation.

2.6 Passivity-Based Error Modeling Setup

We first describe the error modeling for the perception map (pose CNN) by analyzing its

input-output characteristics. To define the perception map, H, we consider the relative

dynamics between the Ego and Target spacecraft. Given a relative Target position, xt ∈ R3,

in the Ego’s camera frame, we define a desired Ego attitude, q ∈ R3 (represented by Modified

Rodrigues Parameters (MRPs)), that aligns the Target with the center of the camera frame.
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(a) (b)

Figure 2.9: (a) The perception map maps the true relative attitude q to its estimated mea-

surement, q̃. (b) Depiction of the true Target position in the Ego camera frame (green).

Here, q represents the relative attitude required to align the Target with the camera center.

The measured position is shown in red, and the corresponding relative attitude estimate is

q̃.

Throughout this section, the relative attitude, q, represents the tracking error between

the Target’s position in the Ego’s camera frame and the camera center. When q = 0, the

Target is perfectly aligned with the center, as illustrated in Fig. 2.9b. We define the nonlinear

attitude dynamics in terms of q̇ and ω̇, where ω is the angular velocity. Fig. 2.9a provides

a schematic of the perception pipeline: for a given true relative attitude, q, an image, z(q),

is generated, and the CNN produces a noisy estimate, q̃, of the relative attitude from this

image.

We define the perception map as q̃ = H(q), where q̃ is the noisy estimate of the true

relative attitude, q. To generalize this mapping over the feasible state space of relative

poses between Ego and Target, we generate tracking trajectories using a PID controller.



44

(a) (b)

Figure 2.10: (a) Empirical data showing the relationship between the norm of the true relative

attitude, ||q||, and the measured value, ||q̃||, filtered for outliers. Larger ||q|| results in higher

deviations in ||q̃||, indicating state-dependent perception error and passivity loss near the

origin. (b) Error modeling using an ϵ-ball around the origin; sector-bounded passivity holds

outside this region.

We initialize multiple trajectories across the relative attitude state space, corresponding to

various Target positions in the Ego’s camera frame. Celestial parameters, such as Earth-

relative position and solar angles, are randomized across these trajectories. This dataset

supports the empirical characterization of the perception map’s input-output properties (see

Fig. 2.10a).

We model the perception map as shown in Fig. 2.10b. The plot reveals that sector-

bounded passivity holds outside a neighborhood of the origin. Additionally, the measurement

error norm ||q̃− q|| is bounded due to mission constraints. The following set of assumptions

encapsulate the sector-bounded error model,

Assumption 2.6.1. Sector bounded error model Given a perception map H : R3 → R3

, such that q̃ = H(q), the following properties hold
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• Boundedness: ∥q̃ − q∥ ≤ δ

• Sector bounds: αq⊤q ≤ q̃⊤q ≤ βq⊤q if ∥q∥ ≥ ϵ for some α, β, ϵ > 0

The perception map is defined as sector bounded if Assumption 2.6.1 holds. This map

can be interpreted as a passive map. A general nonlinear system is defined as passive as

follows:

Definition 2.6.1. [109] A system ẋ = f(x, u) with output y = h(x, u) is said to be passive if

there exists a differentiable positive semidefinite function V (x) (called the storage function)

such that:

u⊤y ≥ V̇ =
∂V

∂x
f(x, u), ∀(x, u) ∈ Rn × Rm

Moreover the system is said to be:

• lossless if u⊤y = (̇V )

• strictly-passive if if u⊤y ≥ V̇ + ϕ(x) for some positive definite function ϕ.

Furthermore, an input-output map,y = f(u), can be defined as passive if u⊤y > 0 [109].

Having defined passivity, we will now discuss controller design for attitude stabilization.

2.6.1 Passivity-Based Feedback Control Setup

We now describe the relative attitude dynamics, q, with respect to the desired tracking

attitude, along with the angular rate error ω. The goal is to develop a stable tracking

controller using feedback from the perception map. Additionally, we aim to model the closed-

loop system as passive, with respect to a chosen input-output pair and storage function, V .

We begin with two passive subsystems: the attitude dynamics and the angular rate

dynamics, modeled as follows [207]:

Jω̇ = (Jω)× ω + u (2.30)

q̇ = G(q)ω (2.31)
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where G(q) = 1
2

[
I3

(
1−qT q

2

)
+ S(q) + qqT

]
, and S(q) is the skew-symmetric matrix:

S(q) =


0 −q3 q2

q3 0 −q1
−q2 q1 0


These equations describe the Ego spacecraft’s relative dynamics with respect to the ref-

erence attitude generated from Target tracking. The control task is to stabilize the attitude,

q, to zero using measurements from the perception map. Since the attitude dynamics are

passive, we can design a passive interconnection with the ML-based perception module,

which exhibits sector-bounded passivity. Feedback interconnections of passive systems are

well studied and guarantee stability under suitable conditions [109].

2.7 Passivity for Attitude Stabilization

Passivity between subsystems in attitude stabilization problems has been extensively stud-

ied [207, 64]. We build on the our results on passivity-based controllers with perception

errors, using the proposition stated by Tsiotras [207]:

Proposition 2.7.1. [207]

• System (2.30) is passive with input u and output ω.

• System (2.31) is passive with input ω and output q.

We can further use stability results from Tsiotras [207] to show that the feedback inter-

connection of system (2.30) and (2.31) results in a stable system and that the system (2.30)

itself is passive.

Proposition 2.7.2. [207] The system (2.30) with u = −kωω − ν is strictly passive with

input ν and output ω.
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Figure 2.11: Block diagram showing feedback interconnection: the strictly passive attitude

rate subsystem and the perception map acting as a generalized passive module.

Next, let the output q of the attitude dynamics system be the input ν to System (2.30).

The full interconnection is then defined by the control law u = −kωω − kqq. This results in

a stable interconnection.

Theorem 2.7.3. [207] The control law u = −kωω − kqq, with kω, kq > 0, globally stabilizes

Systems (2.30) and (2.31) for a radially unbounded storage function.

Here the lyapunov function was defined by V = 1
2
ωJω+ 2kq ln(1 + q⊤q). We will further

use this result to find feasible gains kω, kq for noisy perception.

2.8 Passivity-Based Control for Nonlinear Observations

Let us now look at the attitude stabilization system under nonlinear perception model. We

assume that the perception map has been modeled as a sector-bounded nonlinearity as shown

in Figure 2.10b. The sector bounding parameters α, β > 0 are determined empirically.

2.8.1 Feedback Interconnection Under a Noisy Observer

As discussed in Theorem 2.7.3, the system in Eq. (2.30) is strictly passive with input ν and

output ω when the control law is given by u = −kωω − ν. Now, we define the system as

described in Figure 2.11 where output is generated by perception map,H. The control input

becomes u = −kωω − kq q̃, where q̃ is a noisy measurement of the true relative attitude q.

We aim to develop a systematic method for handling this noisy feedback.
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Building upon Theorem 2.7.3, we propose that a passivity-based controller(PBC) of the

form u = kωω + kq q̃.

Building upon Theorem 2.7.3, we propose that a passivity-based controller(PBC) of the

form u = kωω + kq q̃. The lyapunov function proposed by Tsiotras [207], is defined as

V = 1
2
ωJω + 2kq ln(1 + q⊤q), where we use output feedback given by the perception map.

Taking the derivative of lyapunov function with time we get:

V̇ = uTω + kqq
Tω (2.32)

= (−kωω − kq q̃)
Tω + kqq

Tω (2.33)

= −kω||ω||2 − kq(q̃ − q)Tω (2.34)

Here to ensure stability we need V̇ ≤ 0. By using the perception map model we know that the

passivity-short behavior imposes a lower bound on q as characterized in Assumption 2.6.1,

where we have, ∥q∥ > ϵ, for some ϵ > 0. Moreover, to impose input constraints and saturation

we want the controller gains kω, kq to be bounded. This imposes a lower bound norm of ω

for the stability condition given by Eq. (2.34) to hold. We can observe that from Eq. (2.34):

kωω
Tω + kq(q̃ − q)Tω ≥ 0

kω
kq

ωTω ≥ (q̃ − q)Tω (2.35)

using Cauchy–Schwarz inequality, and error bond condition we can write: (q̃ − q)Tω ≤

∥q̃ − q∥∥ω∥ ≤ δ∥ω∥. Using this condition on Eq. (2.35), we can write a sufficient condition

for Eq. (2.34) to hold by writing

kω
kq

ωTω ≥ δ∥ω∥

∥ω∥ ≥ Ω (2.36)

(2.37)
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where Ω is design parameter that is an upper bound of δkq/kω > 0. The condition in

Eq. (2.36), imposed a lower bound on ω given an upper bound on the error norm ||q̃ − q||

exists. Also, the passivity-short behavior of perception map imposed a lower bound condition

on q, ie ∥q∥ ≥ ϵ. We define the set of states following the lower bound conditions as zero-

state, O, and the control policy is defined such that for any state in the zero-state set the

control is zero. Therefore, the modified controller is given by

u =

 0 , (q, ω) ∈ O

kωω + kq q̃ , (q, ω) /∈ O
(2.38)

where

O = {q, ω| ∥q∥ ≥ ϵ, ∥ω∥ ≥ Ω}. (2.39)

We reformulate the Lyapunov inequality Eq (2.34) as an LMI by defining an internal

state vector:

x =
[
(q̃ − q)⊤, ω⊤, q⊤, 1

]T
The stability condition Eq (2.34) can be expressed in matrix form as: q̃ − q

ω

T  0 kq
2

kq
2

kω

 q̃ − q

ω

 ≥ 0 (2.40)

(2.41)

We can rewrite this condition as the following LMI:
q̃ − q

ω

q

1



T 
0 kq

2
0 0

kq
2

kω 0 0

0 0 0 0

0 0 0 0




q̃ − q

ω

q

1

 ≥ 0 (2.42)

This inequality can be compactly written as xTA0x ⪰ 0, defining the stabilizable set of

states:

X = {x | xTA0x ⪰ 0}, (q, ω)) /∈ O (2.43)
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The zero-state set conditions in (2.43) can be equivalently expressed using internal state

x as:

xTA1x ⪰ 0, xTA2x ⪰ 0

as stated by condition T1 and T2 in Table 2.1. We now define the perception map based

Table 2.1: List of Constraint set and Stability definitions as matrix inequalities corresponding

to internal state x.

T0 Stability: V̇ ≤ 0 kωωTω + kq(q̃ − q)Tω ≥ 0 xTA0x ⪰ 0, where A0 =


0 kq/2 0 0

kq/2 kω 0 0

0 0 0 0

0 0 0 0



T1 Avoiding zero-

state: ||q|| ≤ ϵ

xTA1x ⪰ 0 A1 =


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 −ϵ



T2 Avoiding zero-

state: ||ω|| ≤ Ω

xTA2x ⪰ 0 A2 =


0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 −Ω



T3 Sector upper

bound: Eq. (2.44)

xTA3x ⪰ 0 A3 =


0 0 −1/2 0

0 0 0 0

−1/2 0 β − 1 0

0 0 0 0



T4 Sector lower

bound: Eq. (2.45)

xTA4x ⪰ 0 A4 =


0 0 1/2 0

0 0 0 0

1/2 0 1 − α 0

0 0 0 0



T5 State bound:

||q|| ≤ γ

xTA5x ⪰ 0 A5 =


0 0 0 0

0 0 0 0

0 0 −1 0

0 0 0 γ



T6 Error bound: ||q̃−

q|| ≤ δ

xTA6x ⪰ 0 A6 =


−1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 δ



constraints as a expression of the internal state x.

2.8.2 Constraint Set for the Perception Map

To design a robust controller in the presence of measurement noise, we define constraints

on the perception map, H, which outputs a noisy estimate q̃ = H(q) = q + e, as shown in
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Fig. 2.10b. Empirical simulation results provide the input-output characteristics of this map

(Fig. 2.10a), obtained through exhaustive sampling over the neural network’s input space.

The behavior of q̃, the perception output, is characterized by the following conditions:

1. Passivity-short near equilibrium: Near the origin (i.e., q ≈ 0), the perception

map exhibits non-negligible residual error. Thus, we model H as passivity-short with

respect to the input-output pair (q, q̃). We require:

qT q̃ ≥ 0 under the condition ||q|| > ϵ.

Here epsilon is the lower bound on q as shown by the box in Figure 2.10b, outside

of which the sector bounded non-linearity conditions hold true. The value ϵ > 0 is

evaluated empirically from data set generated using the simulator.

2. Sector-boundedness: The neural network’s input-output relationship is passive and

sector-bounded. Tighter sector bounds imply smaller estimation error and capture

state-dependence. While a prior study [167] modeled state-dependent error near nom-

inal trajectories, here we consider all trajectories by enforcing:

βqT q ≥ q̃T q ≥ αqT q,

which yields:

−(q̃ − q)T q + (β − 1)qT q ≥ 0 (2.44)

(q̃ − q)T q + (1− α)qT q ≥ 0 (2.45)

3. State and error upper bounds: Mission constraints impose:

||q̃ − q|| ≤ δ, ||q|| ≤ γ.

able 2.1 summarizes the constraint sets expressed as matrix inequalities in the quadratic

form described in the previous section. These constraints are enforced under the assumption



52

that outliers and adversarial noise are mitigated using an averaging filter. This is neces-

sary because the ML-based perception map does not inherently satisfy Assumption 2.6.1.

Such maps are particularly susceptible to outlier noise, and adversarial perturbations are

a well-documented challenge in machine learning [217]. Moreover, the high dimensionality

of image-based inputs makes dense sampling of the input space infeasible during training.

Consequently, the training set only represents a sparse subset of the input space, and inputs

sampled outside this subset may yield outputs that deviate from the nominal behavior. To

address this, we apply an averaging filter combined with an outlier rejection algorithm, which

helps maintain the system response close to the expected output, even in the presence of

noise and uncertainty. This approach ensures robust enforcement of the constraints while

accounting for the inherent limitations of the learned perception map.

2.8.3 Feasibility Analysis

We defined all the constraints in Section 2.8.2, with respect to internal state, x, as matrix

inequalities shown in Table 2.1. We will refer to these constraints using table references T0

to T6.

Now, we want to find feasible controller gains (kq, kω) such that when all the constraints

of perception map, (T3,T4,T6), and state constraints, (T1,T2,T5), are satisfied, then the

stability condition (2.43 ) is also satisfied.

xTAix ⪰ 0⇒ xTA0x ⪰ 0 for i = 1, . . . , 6. (2.46)

then Using the S-procedure4, we eliminate the state x and reformulate this implication as

an LMI in terms of positive multipliers λi > 0. The S-procedure states that if there exist

positive λi such that;

A := A0 −
6∑

i=1

λiAi ⪰ 0 (2.47)

4We use S-Procedure to convert quadratic inequalities into LMIs as described in Section 2.6.3 by Boyd
et al [26]
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then the condition (2.46) holds true.

Given all the parameters (δ,Ω, γ, ϵ, α, β), that define the constraints sets, we need to find

a feasible controller kp, kω. Equivalently, we can find a feasible PSD matrix A defined in

condition (2.47) as a function of kp, kω, λi.

We use an SDP solver to characterize feasible λi and identify corresponding control gains.

The controller is defined as feasible if a solution to the following problem exists:

min c (2.48)

s.t. A ⪰ 0,

kp > 0,

kω > 0,

λi > 0, i = 0, . . . , 6

Here c is a placeholder cost function, and the solver searches for feasible A. Expanding A,

we get:

A =


λ5 kq/2 (λ2 − λ3)/2 0

kq/2 kω − λ6 0 0

(λ2 − λ3)/2 0 −λ1 − λ2(β − 1)− λ3(1− α) + λ4 0

0 0 0 λ1ϵ− λ4γ − λ5δ + λ6Ω

 ⪰ 0.

where we observe the parameterization of A on gains and λi.

Given that the solution to (2.48) exists, the condition (2.46) is satisfied. This gives us

the basis for the main Theorem of this work defined as follows:

Theorem 2.8.1. (PBC for perception based nonlinearity) The output feedback controller

Eq. (2.38), asymptotically stabilizes the system (2.30)-(2.31) with nonlinear perception map

H to zero state set O if there exists PSD matrix A defined by condition 2.47.

Proof. We have discussed the steps required for constructing this proof in this section. Let

us now formalize the procedure.
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Given the system (2.30)-(2.31) with nonlinear perception map H, and constraint pa-

rameters (δ, ϵ, γ,Ω, α, β), we define a zero-state set as given by Eq. (2.39). Now consider a

candidate lyapunov function such that:

V =

 1
2
ωJω + 2kq ln(1 + q⊤q), if (q, ω) /∈ O

0, if (q, ω) ∈ O

 . (2.49)

We take the time derivative as:

V̇ =

 −kω||ω||2 − kq(q̃ − q)Tω, if (q, ω) /∈ O

0, if (q, ω) ∈ O

 . (2.50)

Here V is continuously differentiable in O and is defined as V = 0 in O. We construct V ,

such that on the boundary of zero set, V̇ is smooth. We also assume that the annulus5 where

V̇ transitions from V̇ = 0 to V̇ = −kω||ω||2 − kq(q̃ − q)Tω is arbitrarily small, therefore the

form of V := g(V (q, ω)) in the annulus is not explicitly stated. Also the control is set u = 0

in the annulus so that system is well behaved around zero state.

We can now state that by solving the problem (2.48), we can find feasible controller gains

kq, kω such that V̇ < 0 for all (q, ω) /∈ O and V̇ = 0 in zero state. Use Lasalle’s Theorem

stated as Theorem 4.4 [109] we can state that the controller (2.38) asymptotically stabilizes

the system to the zero state. □.

Proposition 2.8.2. For the feedback interconnection with u = −kq q̃ − kωω, and A ⪰ 0, the

system is passive.

Proof. Consider the composite Lyapunov function:

V (ω, q) = V1(ω) + kqV2(q) =
1

2
ωTJω + 2kq ln(1 + qT q)

5buffer zone around zero state set
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Figure 2.12: Feasible set for controller gains (yellow region), where A ⪰ 0

With control law u = ν − kq q̃ − kωω, we get:

V̇ = ωTJω̇ + 4kq
qT q̇

1 + qT q

= ωTu+ kqq
Tω

= −kωωTω − kq(q̃ − q)Tω + νTω

≤ νTω (2.51)

Hence, the system is passive from input ν to output ω. □

On the Use of Linear Error. Note that the linear error term (q̃ − q) is a valid repre-

sentation only when the deviation between the true and measured attitudes is small. In our

simulations, this deviation is typically three orders of magnitude smaller than the nominal

attitude state. Hence, the linear approximation is appropriate for representing the estimation

error near the origin.
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2.8.4 Zeroth-order Optimization using Sim Engine

The previous analysis characterizes a feasible set of controller gains that meet stability and

passivity constraints. We now want to optimize gains over the feasible set to facilitate tasks

like fuel saving and smooth trajectory generation. We may be required to optimize the

controller defined in Eq. 2.38, if constraints such as torque limitations or time sensitivity of

tracking exist in the mission scenario. Thus, we present an example where we use a quadratic

cost that penalizes state error and input energy. Specifically, the cost for initial states q0, ω0

is given by:

J =

T∫
0

qTt Qqt + ωT
t Wωt + uT

t Rut dt (2.52)

(2.53)

whereQ,R are PSDmatrices that penalize state and input states with reference to optimality.

We now pick optimal controller gains minimizing this cost over feasible initial states, such

that the passivity and stability constraints are satisfied. Thus the problem can be defined

as:

argkp,kw min
[q0∼D(0,Σq),ω0∼D(0,Σω)]

T∫
0

qTt Qqt + ωT
t Wωt + uT

t Rut dt

s.t. q̇t = G(qt)ωt

Jω̇t = −S(ωt)Jωt + u

q̃t = H(qt)

ut = kωωt + kq q̃t

A ⪰ 0

This is a nonlinear optimization problem where we assume that the time horizon, T , is larger

than the time required to stabilize. The initial states for q, ω are sampled from a distribution
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of feasible initial conditions for the attitude stabilization problem as defined by the mission

constraints. We sample initial conditions such that the perception map generates a valid

result, i.e., the Target spacecraft is in the visible range of Ego. The constraint, A ⪰ 0,

ensures the stability and passivity constraints defined in Table 2.1.

The feasible region is visualized in Fig. 2.12, where controller gains in the yellow region yield

A ⪰ 0.

Algorithm 1 :Naive multi-point Zeroth-order Optimization on constraint set

Initialize x0 ∼ D(0,Σ), K0 = [kq, kω], ϵ

while Ci − Ci−1 ≥ ϵ do

for j = 1, .., N do

Uj ∼ Br ▷ sample over boundary of norm ball with radius r

Kj = Ki−1 + Uj ▷ re-sample if Ki is infeasible

for t = 0, .., T do ▷ repeat for M trajectories

ut = −KT

 q̃t

ωt


q̇t = G(qt)ωt

Jω̇t = −S(ωt)Jωt + ut

Cj = Cj + qTt Qqt + ωT
t Wωt + uT

t Rut

end for

Ci = minCj

Ki → argmin
Kj

Cj

i = i+ 1

end for

end while

We now use a variation of zeroth-order optimization [127] method for computing optimal
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(a) Quadratic cost on a set of trajectories ini-

tialized from x0 ∼ D(0,Σ). The trajectories

are simulated for a time horizon T with passiv-

ity based control law and ML based estimation.

For feasible sets of control gains we obtain an

L-smooth mapping from gains to the cost func-

tion. Here we also show iterative updates of

Zeroth-order optimization. The plot shows in-

feasible region on the bottom right. The initial

control gain shown in green and optimal con-

troller in black and iterations are plotted in red.

(b) Attitude trajectory under noisy observation.

The MRP attitude states are stabilized to a ref-

erence [0, 0, 0] i.e., camera center.

Figure 2.13: Trust region algorithm analysis for different observability exploration conditions

used as termination conditions.

controller gains. The Algorithm [1] uses sample-based gradient information to iterate over

minimizing gains kp, kω. We initialize M trajectories with a initial feasible control law u =

K0 [ω, q]
T , where K0 = [kω, kq]. For each iteration, a cumulative cost is computed for the M
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trajectories we initialized. The Figure 2.13a shows the sample space for the cumulative cost

which is smooth in the region of feasible gains selected here, given that number of sampled

trajectories M is large [127]. For a given iteration, we randomly sample controller gains

around Ki, the controller at iteration i, in a ball of radius r, which defines the learning rate.

The controller updates in the decreasing gradient direction, similar to a stochastic gradient

algorithm. We also iteratively reduce the learning rate, r, as the iterations converge.

We use the optimal controller gains in the simulation pipeline, and the attitude can be

observed to have been stabilized to within the zero-state set, as seen in Figure 2.13b.

2.9 Multi-Agent Consensus

We have established a zeroth-order optimal attitude stabilization system for Ego-Target

tracking problem, which is passivity-short under noisy observers. The setup can now be

extended from single agent pairing to the case of distributed estimation.

We examine a problem setup where multiple Ego spacecraft are in orbit around a single

uncontrolled Target spacecraft. Each of the Ego-Target pairs has the passivity-based attitude

stabilization controller to keep alignment. A fully connected communication network exists

between each Ego agent and they can share their estimated relative Target locations and

their own global orientation and position with respect to Earth fixed frame.

Denote the measurement derived from consensus on desired Ego attitude derived from

all agents as q̃c. We substitute the measurement in our previous analysis and use the control

input given by u1 = −kq q̃c − kωω.

Thus the stability constraint set can now be written as:

V̇1 = −kωωT
1 ω1 − kq(q̃c − q1)

Tω1 . (2.54)

Using the setup for feasibility analysis we can replace q̃1 with q̃c by giving reduced bounds
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Figure 2.14: Feedback interconnection of multi-agent Ego-Target systems. Here system i is

the primary Ego-Target pair. Measurements from all n passive agents are used as feedback

to system i. The mixing matrix M is representation for consensus based measurement q̃c.

on q̃c−q1. The constraints from Section 2.8.2 follow here with q̃c with new sector bounds α′, β′

and new error bound δ′ and new feasibility set is defined such that A′ ⪰ 0. Tighter bounds

increase the size of the feasible control set and we can design a controller for a stricter

quadratic cost by weighting the control penalty lower to achieve an aggressive controller,

which is currently not achievable as larger feasible set limits aggressive control. Design of

the consensus based controller can now be achieved using the same procedure discussed from

Section 2.7-2.8.4 by replacing q̃1 with q̃c.

2.9.1 Weighted Averaging Consensus approach

We define relative Ego attitude measurement for first Ego-Target pair as q̃1, and the informa-

tion shared from neighboring Ego spacecrafts in the frame of reference of the first spacecraft

as q̃2, . . . , q̃n for n agents. Taking a weighted average for observation on the Ego attitude we

can write:

q̃avg =
1

n

n∑
i=1

αiq̃i (2.55)

This sum converges to a weighted mean in the convex hull defined by q̃i, for αi > 0 ∀i
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and
∑

αi = 1.6 In the scenario where the confidence on a measurement of a single agent

is significantly higher than others, we would prefer to trust that particular measurement as

opposed to an average of all measurements. Thus, we also look at a max consensus approach.

2.9.2 Dynamic Max consensus protocol

We show the use of a max consensus protocol in distributed pose estimation. The averaging

consensus cannot offer analytical bounds on deviation from the true state as we are using

a sector bounded error model with non-Gaussian distribution. Using weighted averaging,

we give more emphasis to agents with higher confidence in their measurements. This max

consensus is a sort of variation on weighted averaging where we pick only the measurement

with the highest confidence as the observation.

Here we use a confidence parameter, αj, on the relative distance measurements made by a

CNN in jth Ego’s frame. Transforming the measurement to the ith agent, the measurements

become qij = Fij(qj). Now we do a consensus on max confidence for each agent and pick the

measurement with the highest confidence, namely,

q̃i = q̃ij where j = arg max
∀j∈{1,2,..,n}

αj (2.56)

This consensus methodology also applies to different network configurations.

2.10 Simulation and Numerical Experiment

The simulation setup used here is based on a multi-agent Ego-Target tracking problem. We

initiate a trajectory for a tumbling Target satellite with six Ego agents in passive relatively

elliptical orbits around the Target. The relative orbits of each Ego agent are shown in Fig-

2.15a. The Ego satellites have a camera attached to the body x-axis and are independently

6Other averaging schemes that are consistent with the geometry of MRPs can also be considered
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(a) Ego trajectories around Target shown in

blue.

(b) Comparison of attitude tracking error over

a trajectory. Tracking for an agent with

poor estimation without consensus compared to

weighted averaging and max consensus based

estimation.

tracking the Target using the passivity-based controller. The onboard attitude and angular

velocity estimation is done through an EKF under the assumption of Gaussian measurement

noise for the states. The details of assumptions on the EKF filter are listed in Section 2.10.1.

The Figure 2.15b shows a comparison of consensus algorithms compared to single-agent

tracking. We show that weighted averaging consensus and dynamic consensus both show

reduced tracking error as compared to single-agent tracking. The Ego agents are initialized

such that Target is off-center from each of their camera viewpoints, and the primary task for

each Ego is to stabilize their attitude such that Target is acquired at their camera center. The

single-agent tracking shows tracking information from only the primary Ego, which shows

some state dependence of perception error due to changing orbital conditions. In the case

of both the averaging and the dynamic consensus, we see that the tracking performance for

primary Ego improves as information is shared across the network, as shown by red and green

traces in Figure 2.15b. The multi-agent setup is simulated under a fully connected network
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thus all agents communicate their state and measurement information to every other agent

in global reference frame. The details of the simulation framework, are given in [20]

2.10.1 Simulation with Noisy measurements

Due to onboard sensing with noisy sensors we need to state assumptions for the Ego state

estimation. An on-board Extended Kalman Filter(EKF) [1] is implemented on each Ego

spacecraft to estimate ω. We simply state the following assumption

Assumption 2.10.1. Given the system Eq. 2.30, we assume there exist known, additive-

gaussian process and measurement noise, wt ∼ N (0, Q) and vt ∼ N (0, R) respectively. An

EKF is applied to this system which results a state estimate ω̂. We claim that the estimation

error is bounded using Theorem 3.1 from [170].

Additional assumptions required for Assumption 2.10.1 to hold, as stated in Theorem 3.1

from [170]:

Assumption 2.10.2. The following assumptions are stated for boundedness:

1. There exist positive reals α, β, γ1, γ2 > 0, for each time t > 0 such that:

||At|| ≤ α

||Ct|| ≤ β

γ1I ≤ Pt ≤ γ2I

where At = ∂f/∂x, Ct = ∂h/∂x are the linearization jacobians for system Eq. 2.30.

2. At is non singular for all t

3. There are positive real numbers ϵϕ, ϵχ, κϕ, κχ > 0 such that:

||ϕ(xk, x̂k)|| ≤ ϵϕ||xk − x̂k)||2 with ||xk − x̂k)|| ≤ κϕ

||χ(xk, x̂k)|| ≤ ϵχ||xk − x̂k)||2 with ||xk − x̂k)|| ≤ κχ ,

Functions ϕ, χ have been defined in (10) [170].
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We define parameters such that Assumption 2.10.2 is satisfied and Assumption 2.10.2

holds true. Thus we have a system where estimation errors are bounded.

2.11 Discussion

We presented a passivity-based controller under non-linear observations synthesized from

machine learning-based algorithms. The problem setup we analyzed was aimed at solving

the Ego-Target satellite tracking using only a single camera. Our work presented in [20]

discusses the ML-based algorithms we use for estimation and the simulation framework

based on Unreal Engine to produce photo-realistic visualization and inputs.

The characteristics of our CNN-based estimator are represented as sector-bounded non-

linearity. This modeling gives us a passivity-short framework, and we define the controller

that works in a region defined by all feasible attitude trajectories for the Ego-Target pair.

Among the set of feasible controllers, we pick an optimal controller that minimizes input

energy and tracking error using a zeroth-order optimization approach from the data gathered

through our simulation engine.

The passive nature of the system allows us to extend the framework to a multi-agent

setup for passive systems. We use a consensus-based estimation from each agent, CNN-

based measurement. Using passivity properties of each agent, we ensure that the feedback

interconnection remains passive and the controller setup can be extended to the consensus

case.

We demonstrate the use of a weighted averaging and a max-consensus algorithm based on

confidence parameters assigned to the measurements by the perception map. The consensus

algorithms show reduced tracking errors under the same controller due to better estimation,

as seen in Figure 2.15b. In this work, we only look at a centralized approach using feedback

from each agent in the network. The likely future direction would evaluate a distributed

controller.

Extensions to this work include a generalized controller, for a broader domain of passivity

short systems with sector bounded non-linearities. Moreover, adaptive controllers that can
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exploit the state dependence of error models for CNN-based measurement are a pertinent

future direction for this work.
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Chapter 3

SET-VALUED OBSERVABILITY

Trajectory planning often involves the solution of optimization problems that efficiently

guide a vehicle to a desired final state, while ensuring feasibility with respect to constraints

on the vehicle’s state and input [134]. This work addresses a trajectory planning problem

that accounts for the vehicle’s state estimation process—a consideration particularly critical

in safety-critical systems where the accuracy of state estimation is essential.

Traditionally, in offline planning, the estimation process is assumed to be independent of

state and control, causing the synthesized trajectory to potentially traverse regions with high

measurement uncertainty. Meanwhile, in many practical applications, large measurement er-

rors or disturbances adversely affect the quality of the corresponding state estimation; in such

scenarios, estimation-aware trajectory design becomes indispensable [30]. In order to follow

a trajectory, an agent often employs a state estimator, mapping the process measurements

to full state estimates, provided that the system is observable [107, 92, 142, 106, 197]. The

performance of this estimator is closely tied to the quality of the sensor measurements. If

the sensor performance is state-dependent, then visiting states where the sensor has better

performance can improve the corresponding state estimation process. One common approach

to design optimal trajectories for improved state estimation is to incorporate a secondary

objective into the original trajectory optimization problem [8, 143]. This augmented objec-

tive function must account for the quality of the estimation process with respect to errors in

the measurement. Given knowledge of the measurement error distribution, a suitable metric

for capturing the estimation quality can then be developed and embedded in the design ob-

jective. Performance metrics for evaluating the estimation performance include measures on

error probabilities [23], mean squared errors [240, 113, 239], Fisher information [76, 112, 75],
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and entropy and other metrics on the belief state. For example, a commonly used construct in

settings with a Gaussian measurement noise is the Fisher Information Matrix (FIM) [112, 75].

In a nutshell, FIM quantifies the information content about an unknown state (or param-

eter) in a measurement. In fact in the matrix case, the inverse of FIM provides a lower

bound on the expected error covariance, using the Cramer-Rao inequality [159, 169], i.e.,

E{(x̂− x)(x̂− x)T} ≥ I−1, where I denotes the FIM, and x and x̂ denote the state of inter-

est and its estimate, respectively; this lower bound represents the error covariance achieved

by an unbiased estimator. Various properties of FIM, such its determinant, spectrum, and

trace, have been used in different applications [187].

The FIM-induced metrics utilized for quantifying the information content of a measure-

ment scheme are effective for parameter estimation problems when the underlying state is

static. On the other hand, measures such as posterior FIM have been studied to analyze

state estimation for linear time-invariant (LTI) systems [150, 224]. Optimization-based ap-

proaches have also been developed to demonstrate the utility of error covariance metrics for

trajectory planning problems [151, 166].

Another framework for designing estimation-aware trajectories is via observability-based

metrics. Specifically, the Observability Gramian (OG) of a system, mapping initial conditions

to an output trajectory sequence, can be used to assess how “sensitive” state estimation is

to perturbations in output measurements. In this direction, prior studies have demonstrated

that properties of the Empirical Gramian (EG) can be leveraged to improve conditioning for

the estimation process [160, 17]. These works have shown that using EG generated from the

model prediction, an optimization problem can be formulated to synthesize a qualitatively

more “observable” trajectory. These trajectories have improved estimation performance

based on the type of metric used on the EG [8, 7, 27, 82]. These studies primarily focus on

applications with deterministic output maps with Gaussian noise measurements, that can

be propagated forward, multiple roll-outs at a time [111, 116]. In addition, probabilistic

models using covariance-based optimization have been examined in [84, 225]. Other motion

planning approaches use Rapidly Exploring Random Trees to determine estimation-aware
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trajectories [124]. And lastly, there are methods proposed in the literature that rely on

application-specific correlations between estimation and the underlying state for trajectory

design [4].

In this work, an alternative–yet complementary–perspective to the aforementioned lines

of work has been provided, particularly for scenarios where measurements are set-valued and

conventional methods for EG computation are infeasible due to Gaussian noise assumption.

However, similar to metrics used EG-based approaches, here, a set distance metric is used to

improve the conditioning of the estimation process over a trajectory. In the area of filtering

for set-valued uncertainty, set-membership estimation has been investigated solely for the

purpose of filtering, where estimation procedures for set-based outputs are analyzed [199,

200, 60]. To the best of our knowledge, studies on estimation-aware planning with set-based

output uncertainties have been rather limited, signifying the need for “filtering” methods for

scenarios where noise distributions are unknown yet bounded. This work specifically focuses

on measurement spaces with state-dependent uncertainties that are often non-Gaussian, for

example, as they arise in perception-aware planning. In this direction, an explicit approach

for such planning problems for locally linearized systems is presented. Specifically, notions

of finite-time observability for nonlinear systems with set-valued state-dependent output

uncertainties are first presented. It is important to point out that in this setup, no specific

assumption is made on the distribution for the uncertainties within the set; however, a

constraint that the corresponding uncertainty set is compact (i.e., closed and bounded in

a finite-dimensional Euclidean space) is enforced. Additionally, it is assumed that a metric

(introduced in Section 3.2), on the size of the uncertainty set has a convexity property with

respect to the state vector. This construction, suggests an efficient solution strategy for the

corresponding optimization problem. In subsequent sections of this chapter, justifications

for this assumption and its conservatism will be discussed. 1

In this setup, the output map is represented using a bounded set-valued uncertainty over

1The size of a compact set can be defined by its diameter or formally as the maximum distance between
any two points in the set.
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a linear output measurement. Although the convexity of the size of this uncertainty with

respect to the state is not always guaranteed in real-world applications, smooth variations

in the uncertainty and its state dependence are often encountered in practice. In order

to address such scenarios, an approximation is proposed for the uncertainty set, using an

enveloping convex function that provides a tight upper bound on this set. Using the convex

output map (exact or approximate), a metric is constructed for observability that correlates

with the estimation quality. Optimizing this notion of observability is shown to result in

better performance for the estimation process. The observability metric is introduced in

Section 3.2 as a convex surrogate to manage uncertainty, subsequently incorporated into a

generic optimal trajectory design problem, as presented in Section 3.5.1.

This chapter is also an extension of the previous work reported in [56], where a pipeline

was proposed to design estimation-aware trajectories using nonlinear model predictive con-

trol via distinguishability-based notions. In this work, on the other hand, a framework

for establishing guarantees for the existence of estimation-aware trajectories is examined.

Specifically, it is shown that a convex optimization problem can be formalized to solve for

the desired trajectory when certain conditions on output uncertainty sets are met.

3.1 Set-valued uncertainty measurement model

This section formalizes an observability-based metric that is subsequently used to design

estimation-aware trajectories. In particular, this metric is developed such that maximizing

its lower bound improves observability of the state, hence improving the measurement-driven

estimation process. Subsequently, it is shown that this metric can be augmented to the

objective of a baseline trajectory generation algorithm.

The model that is considered for the trajectory planning problem is built upon the

discrete-time nonlinear system of the form,
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xt+1 = f(xt, ut), (3.1)

yt = h(xt), (3.2)

y′t = h(xt) + εt, (3.3)

with nx, nu and ny as the state, input and output dimensions; in this case, xt ∈ X ⊂ Rnx

and ut ∈ U ⊂ Rnu are feasible state and control inputs for t = 0, 1, 2, . . . , T and the term

εt are set-valued, i.e., εt ∈ E , as opposed to say, point-wise deterministic measurements

or sampled from a known probability distribution. In particular, the output y′t is sampled

uniformly from a compact set centered around the nominal output yt = h(xt). The functions

f : Rnx × Rnu → Rnx and h : Rnx → Rny are assumed to be differentiable.

The set of possible outputs with respect to the measurement uncertainty set E is defined

as Yx = h(x) ⊕ E , where “⊕” denotes the set addition;2 E encodes the uncertainty in the

observations due to noise, disturbances, or other unknown parameters effecting the output.

In this work, the measurement uncertainty is characterized by maximal ellipsoids for which

axial radii can be computed. The size of the uncertainty set is then defined as the maxi-

mum ellipsoidal radius. A “variation” in this notion of uncertainty is then utilized in the

subsequent optimization formulation of estimation-aware planning. The maximal ellipsoid

will bound the set-valued uncertainty observed in the model by a state-dependent set cen-

tered, around the nominal measurement y = h(x). A general state-dependent ellipsoidal set

centered at x0 is defined as,

E(x0, Q(x0)) =
{
x | (x− x0)

⊤Q(x0)
−1 (x− x0) ≤ 1

}
, (3.4)

where Q(x0) ∈ S+ and is dependent on x0; occasionally, the short-hand notation E(x0) for a

generic ellipsoid centered at x0. For x0 ∈ X is adopted. The point-to-set map is defined as,

Yx0 := E(y0, Q(x0)), (3.5)

2The set generated by adding h(x) to all elements of E .
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where Yx0 denotes the ellipsoidal output uncertainty around y0 = h(x0); note that the

ellipsoidal output is a dependent on the corresponding state. Subsequently, y is used to

denote the deterministic output corresponding to the state x, and Yx as the corresponding

output uncertainty set. The map from the state x ∈ X to the set Yx defined in Eq. (3.5), is

denoted simply by Y for brevity Ellipsoidal sets are often used for representing uncertainty

sets [33]; in this work, these ellipsoids are used to represent and approximate uncertain

set-valued output measurements in this work.

The key problem addressed in this work is the selection of the input sequence such that the

corresponding state sequence remains “distinguishable” throughout its trajectory. Notions

of distinguishability for characterizing the observability of a system have been examined

by Hermann and Krener for a general class of deterministic systems [98]. In this work,

these notions are modified to reason about the observability of uncertain set-valued output

sequences. Note that in this setting, the map of state to output uncertainty ellipsoids is

assumed to be known. Otherwise, its action has to be validated in a simulation environment.

This assumption is analogous to the case where the error covariance of a sensor is assumed

to be given in the filter design. For the optimization approach to estimation-aware planning,

a metric is required to quantify the size of the uncertainty set. Here, a conservative bound

for comparing ellipsoidal uncertainty sets is adopted, based on their radii. Specifically, the

maximum eigenvalue of the positive definite matrix defining the ellipsoid will be used as this

metric.

Note that for an ellipsoid centered at x, the distance from x to any other element of

the ellipsoid is bounded by the largest eigenvalue of the positive definite matrix defining the

ellipsoid. Hence,

sup
y∈Yx

d(x, y) = λmax(Qx); (3.6)

the notation Λ(Yx) denotes the largest eigenvalue of the ellipsoidal uncertainty corresponding

to state x; see Figure 3.1a. In this figure, we show the map Y transports x to its uncertainty

set Yx, shown in blue, and the function Λ(Yx) covers the uncertainty with its maximum size
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shown in gray.

Given this measure of ellipsoidal uncertainty for a state, its variation as a function of the

state can be quantified. A key assumption in the subsequent analysis is as follows.

Assumption 3.1.1. Let the largest eigenvalue of the output uncertainty ellipsoid correspond-

ing to state x be denoted by Λ(Yx). The map Λ is convex and uniformly bounded with respect

to x ∈ X .

Convexity of the above measure of uncertainty implies Lipschitzness of Λ(Qx) [174]; as

such, for any feasible x̄, x ∈ X one has,

|Λ(Yx)− Λ(Yx̄)| ≤ L(x̄, r) ∥x− x̄∥. (3.7)

For the purpose of subsequent discussion, the notation x̄ in Eq. (3.7) signifies a state on the

nominal trajectory; the state x on the other hand, belongs to an open neighborhood U of x̄.

In Eq. (3.7), L(x̄, r) is the “local” Lipschitz parameter. This parameter can be chosen as,

L(x̄, r) =
2M(x̄, r)

r
, where M(x̄, r) = max

x∈Br(x̄)
{Λ(x)} ; (3.8)

in Eq. (3.8), M represents the local bound on Λ(x̄) in the neighborhood Br(x̄) of x. One

can observe that L(x̄, r) is convex with respect to x̄. Note that if the analytical expression

for Λ(x̄) is given, then L(x̄, r) can be obtained via (3.8) for a given radius r. For certain

applications where a perfect sensor model is not known but Assumption 3.1.1 holds, both

L(x̄, r) and Λ(x̄) can be characterized via a simulation oracle.

Equation (3.7), gives the inequality,

|Λ(Yx)| ≤ |Λ(Yx̄)|+ L(x̄, r)∥x− x̄∥; (3.9)

picking r = ∥x̄ − x∥, one can obtain a viable yet conservative bound on |Λ(Yx)|. For con-

structing the set-valued observability metric, set r = δx, for the maximum deviation δx from

the trajectory for which the metric is being computed. Assumption 3.1.1 and inequality Eq.

(3.9) facilitate “control” over the size of the variation in output ellipsoidal uncertainty.
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A note on convexity of the output map

The generation of estimation-aware trajectories can be mathematically formalized when one

can quantify how certain states improve the state estimation process relative to others.

Conversely, if the uncertainty set is uniform over all states, estimation -aware planning

becomes unnecessary, as it does not improve observability. For cases with a known state

dependency on the state, the aim is to design an optimization problem that produces a

unique exploration trajectory. In Section 3.2, it is shown that Assumption 3.1.1 plays a

crucial role in ensuring a unique solution to this planning problem.

In some applications, state dependence may not exhibit a convexity property but in-

stead display a local monotonicity that aids exploration. For example, quasi-convexity of

state-dependent uncertainties become relevant in such cases; this is common in vision-based

sensing, for example, where identifiers or features are most visible at specific states, with

sensing accuracy diminishing monotonically as one moves away from these optimal visibility

states. To address such scenarios, the size of the uncertainty set is approximated using an

enveloping convex function. This function is defined as

Λ̂(x) = inf{g(x) | g is convex and g(x) ≥ Λ(x)}, (3.10)

for x in a domain of interest. The selection of candidate convex function g depends on specific

applications. 3 Note that this approach results in an over-approximation of the upper bound.

In subsequent analysis, notation Λ refers to the envelope Λ̂.

Using the enveloping function, the observability metric is computed using a separation

function. This separation function is a distance metric between sets, defined to be posi-

tive when “distinguished” trajectories are generated from neighboring initial conditions. In

practice, designing the enveloping function from the data is referred to as the validation pro-

cedure. For the case study on the Ego-Target problem, this validation procedure is detailed

in Sections 3.5.3 and 3.5.4.

3In the context of this work, the enveloping function g is required be convex. The convex metric derived
from this function will be used as the objective in an optimization problem. For faster convergence rates
with say gradient descent, one can select g to be strongly convex.
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Set Distance metric

For the upcoming observability analysis, one has to define a notion of separation distance

between two sets.

Definition 3.1.1. (Set Distance) The distance between sets A and B in X is defined as,

ds(A,B) = inf {d(v, w) | v ∈ A, w ∈ B} , (3.11)

where d(v, w) for a pair of elements in v, w ∈ X is their Euclidean distance.

Note that Eq. (3.11) defines a pseudo-metric on sets in X , as ds(A,B) = 0 does not imply

that A and B are the same set; instead, this distance is zero when A∩B ̸= ∅. In this chapter,

for simplicity, the pseudo-metric referred as a metric, only on separated sets. It is implied

that metric properties of the distance function Eq. (3.11) holds when sets are separated and

that ds(A,B) = 0, also written as A = B, implies their non-separability instead of them being

identical. The same interpretation holds for the tube distance “metric” defined subsequently.

As such, in this analysis, maximizing set separation is only applied for separated sets.

The set distance Eq. (3.11) is used to quantify separation between the uncertainty el-

lipsoids; in particular, a nonnegative lower bound for this distance uses Eq. (3.11). In this

direction, consider the sets E(x1) and E(x2), with v ∈ E(x1) and w ∈ E(x2). Since,

d(x2, v) ≤ d(v, w) + d(w, x2), (3.12)

d(x1, x2) ≤ d(x1, v) + d(x2, v), (3.13)

by substituting Eq. (3.12) in Eq. (3.13) we obtain,

d(v, w) ≥ d(x1, x2)− d(x1, v)− d(w, x2) > 0, (3.14)

where the last inequality for positivity implies that these sets are separated. Taking the

infimum in Eq. (3.14), it now follows that,

inf
v,w

d(v, w) ≥ inf
v,w
{d(x1, x2)− d(x1, v)− d(w, x2)}

≥ d(x1, x2)− sup
v
{d(x1, v)} − sup

w
{d(w, x2)} . (3.15)
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A simple lower bound on this set distance is given by,

ds(E(x1), E(x2)) ≥ ∥x1 − x2∥2 − |Λ(Q(x1))− Λ(Q(x2))|. (3.16)

In order to ensure that two ellipsoidal sets with centers x1, x2, are separable, we will

enforce the inequality,

d(x1, x2) ≥ Λ(Q(x1)) + Λ(Q(x2)); (3.17)

this will ensure that the corresponding set distance Eq. (3.16) is in fact a pseudo-metric.

3.2 Observability with set-valued output uncertainty

To “control” the quality of the estimation process along a planned state sequence x0:T , a

set-valued observability measure is defined in this section. For a LTI system with a Gaussian

noise model, it is known that estimation can be improved by directly optimizing properties

of the OG [7]. For set-valued measurements, an analogous setup is proposed in this work.

In this direction, the notion of distinguishability is first examined [98].

Consider the system Eq. (3.1)-(3.2) with a given input sequence u0:T−1 and an initial con-

dition x0. Here, the output sequence y0:T is defined as the image of the map Σ parameterized

with a fixed input sequence for any initial condition. Thereby, define the initial condition to

output sequence mapping as Σx0(u0:T ) = y0:T . We say that state x̄0 is indistinguishable from

another state x0 ∈ X if for every admissible input sequence, we have Σx̄0(u0:T ) = Σx0(u0:T ).

The system is said to be observable at x̄0, if x̄0 is distinguishable. Distinguishability ensures

that for some input sequence and distinct initial conditions x0, x̄0 ∈ X , Σx̄0(u0:T ) ̸= Σx0(u0:T ),

i.e., ds(Σx̄0(u0:T ),Σx0(u0:T ) > 0.

The notion of set separation is now extended to set-valued output sequences that will be

referred to as “tubes.” Such output sequences are characterized via the composition of the

point-to-set map Y with Σ denoted by Y ◦ Σ := Γ. As such, Γ maps the initial condition

x0 to the output tube {Yx0 ,Yx1 , . . . ,YxT
} for an input sequence u0:T−1; in this chapter, the

tube is a time-series of uncertainty sets denoted by the variable Yx0:T
= {Yx0 ,Yx1 , . . . ,YxT

}.
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(a) State to output uncer-

tainty mapping

(b) Initial condition to output tube mapping

Figure 3.1: Representations of static and dynamics state to output maps for a given input

sequence.

For a fixed initial condition, the mapping from initial condition to output tube is illustrated

as follows:

x0
Σ(u0:T−1)−−−−−−→ Σx0 u0:T−1

Y−−−−→︸ ︷︷ ︸
Γ=Y◦Σ

Γx0(u0:T−1) := Yx0:T
(3.18)

This mapping scheme is illustrated in Figure 3.1b. The first map (depicted on the left panel)

generates an output sequence Σx0u0:T−1 for some x0 ∈ X . Then this sequence is converted

to the tube sequence shown in Figure 3.1b (right panel), with ellipsoidal sets generated for

each point yt with the size dependent on xt.

Now the notion of observability is defined such that, Γ is a one-to-one mapping from x̄0

to the output tube of length T ; for brevity, u0:T−1 will be dropped from the Γ map.
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Definition 3.2.1. The distance metric dΓ(., .) on output tubes Yx̄0:T
and Yx0:T

over the time

interval [0, T ] (T > 0), generated by initial conditions x̄0 and x0 for an input sequence, is

defined as,

dΓ (Yx̄0:T
, Yx0:T

) =
T∑
t=0

ds (Yx̄t ,Yxt) , (3.19)

where the set-distance is given by Definition 3.1.1. 4

The above notion of tube distance is analogous to that of sets; as such, it is also a pseudo-

metric since dΓ (Yx̄0:T
, Yx0:T

) = 0 does not imply that tubes Yx̄0:T
and Yx0:T

are identical. The

function dΓ is now used to define the following notion of observability.

Definition 3.2.2. The system with a set-valued output is said to be finite horizon weakly

observable at x̄0 over horizon T > 0, if for all x in an open neighborhood U of x̄0, and an

arbitrary input sequence, one has,

dΓ (Yx̄0:T
, Yx0:T

) =
T∑
t=0

ds (Yx̄t ,Yxt) > 0, implies that d(x̄0, x0) > 0; (3.20)

as such, dΓ (Yx̄0:T
, Yx0:T

) > 0 implies that x̄0 and x0 are distinguishable.

For tubes to be separable, at least one output-uncertainty pair (Yx̄t ,Yxt), generated using

the same input sequence, should be separable for some t. In this case, Eq. (3.20) holds and

trajectories (Yx̄0:T
, Yx0:T

) are distinct, necessary for the validity of set-valued observability.

The term “weakly” Definition 3.2.2 suggests that the corresponding conditions are valid

for x̄0 in a local neighborhood and not necessary for all x ∈ X. This definition ensures

that, for finite horizon observability (T > 0), the output tube generated by x0 is distinct

from those generated by neighboring initial states. Figure 3.2 illustrates this for x0, depicting

unobservable (left) and observable maps (right), respectively. In Figure 3.2, the output tubes

are generated for x̄0 and a state x in the neighborhood of x̄0, with a fixed input sequence.

4Note that dΓ is a pseudo-metric as dΓ (Yx̄0:T
, Yx0:T

) = 0 does not imply that the tubes Yx̄0:T
and Yx0:T

are identical. In fact, the metric is only applicable for tubes where Yx̄0:T

⋂
Yx0:T

̸= ∅ =⇒ dγ(., .) > 0.
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For the case shown on the left panel of the figure, the output tubes are indistinguishable

as the separation metric is zero; as such, x̄0 is not observable. On the contrary, the case

shown on the right panel has a positive separation between the output tubes; as such, x̄0 is

observable. An important aspect of set-valued observability of importance for path planning

Figure 3.2: Representation of distinguishable and undistinguishable initial conditions using

tube separation.

is the finiteness of the planned trajectory. Observability in general does not require a “short-

horizon” distinguishability condition and T in Definition:3.2.2 can be arbitrarily large. A

notion of short-time observability has been used for trajectory generation in deterministic

output case by Alaeddini, Morgansen and Mesbahi [8]. Here, by solving to optimize for

observability in the trajectory planning problem, the intention is to search for a map where

states are observable within the planning horizon.

Therefore, an observability condition must be imposed for a fixed T , where any initial

condition x0 /∈ Bδ(x̄0) is distinguishable from x̄0. Here, Bδ(x̄0) denotes a ball around x̄0.

In order to optimize for observability, the conditioning notion for observer design is defined
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for the set-valued analysis. A metric can then be defined to characterize observability, a

term that will subsequently be embedded in an optimization objective for estimation-aware

planning.

Degree of Observability

Now, consider an inverse map from the space of output tubes to the space of feasible state

vectors, that is, Γ−1 : Y → X , where Y represents the space of tubes and X the space of

feasible states. If such an inverse map exists, that is, when for every tube Yx there exists a

unique initial condition x, then conditions for finite horizon observability have been met. It

is important to note here that Γ−1 represents the estimation map as it takes the measurement

sequence to a state vector. The degree of observability using a regularity metric can now be

defined using this inverse map [61, 77, 62].

Definition 3.2.3. (Inverse mapping and Metric Regularity) Consider metric spaces (X , d)

and (Y, dΓ) and the set-valued mapping Γ : X → Y . Then Γ is metrically regular at

(x̄, Yx̄)X ∈ X × Y , if there exists constant c > 0 and neighborhoods U of x̄ and V of Yx̄

such that:

d(x,Γ−1(Yx)) ≤ c dΓ(Yx,Γ(x)) ∀ (x, Y ) ∈ (U × V ), (3.21)

where Γ−1(Yx) = {x ∈ X |Yx ∈ Y }; the metrics d and dΓ are defined on points and tubes,

respectively, for sufficiently small neighborhoods U and V .

The constant c in Eq. (3.21) is called the modulus of regularity for the set map [77].

When Γ−1 exists, c > 0 is a system dependent constant.

Equation (3.21) ensures that a perturbation in the output tube is lower bounded by the

tolerance on the corresponding initial state. For the state estimation process to be robust,

one requires that the set of feasible states x be consistent with the output tube, and the

respective distance in X scales favorably compared with perturbations in the output tube.

Lastly, given the tolerance region parameterized as Bϵ(x̄0), it is desired that x̄0 be ϵ-

distinguishable and robust to perturbations in the output tubes. Therefore, it is desired that
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for a perturbed state x0 ∈ A = {x0|x0 /∈ Bϵ(x̄0)}, the perturbation in the output tube must

be maximized. As such, a quantity for characterizing the worst case separation in output

due to perturbation in the state is defined as the degree of observability 5, denoted by,

DO (Yx̄0:T
) = inf

x∈A
dΓ (Yx̄0:T

, Yx0:T
) ; (3.22)

as such, for initial states in A in Eq. (3.22) all trajectories are distinguishable from those

initialized from x̄0 if this quantity is positive.6 Here, estimation aware planning would involve

maximizing DO (Yx0:T
) with respect to Γ, as this would result in decreasing the sensitivity of

the estimator to large perturbations in measurements. In the next section, the problem of

selecting input sequences to maximize observability will thus be examined.

3.3 Observability metric for discrete time output-tubes

As shown in Eq. (3.18), the nominal output map Γx0 is partially parametrized by the input

sequence u0:T ; the corresponding value of DO is computed by evaluating trajectories in the

region around the nominal trajectory with the same input sequence. This nominal trajectory

is denoted by the state/input pair sequences (x̄0:T , ū0:T−1), for the system Eq. (3.1)-(3.2),

in the absence of output uncertainties. The perturbed trajectory is generated by sampling

initial condition from the aforementioned set A in the previous section.

The analysis for degree of observability requires computation of distances between output

tubes, which are state-dependent. In order to compute these tubes, a primary deterministic

output trajectory Σx̄0u0:T−1 is generated, and then a second trajectory Σx0u0:T−1, generated

by perturbing the initial state to x0 such that x0 ∈ A. The state-dependent primary tube and

the perturbed tube are then computed by applying the tube map Γ to x̄0 and x0, respectively.

These tubes are denoted by Yx̄0:T
and Yx0:T

.

5The notion of degree of observability comes from the definition of modulus of regularity [62] defined for
the inverse map in Definition 3.2.3. This notion of regularity is often used to analyze perturbations on
set-valued maps.

6For example, the set can be defined as A = {x|∥x− x0∥ = ϵ}.
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In order to compute the deterministic trajectories, we define the perturbed dynamics

around (x̄t, ūt), in the absence of uncertainties, using the Taylor series expansion,

δxt+1 =
∂f

∂x

∣∣∣∣
x=x̄t

δxt +
∂f

∂u

∣∣∣∣
u=ūt

δut +O(∥δxt∥2, ∥δut∥2),

δyt =
∂h

∂x

∣∣∣∣
x=x̄t

δxt,

where δxt = xt − x̄t, δut = ut − ūt and δyt = yt − ȳt are deviations from the nominal states,

inputs and outputs during the time interval t ∈ [0, T − 1]. It is assumed that when the

state deviation ∥δxt∥ is small and ∥δut∥ is bounded, then the higher-order terms O(∥.∥2) are

negligible. The linearized time-varying dynamics is then,

δxt+1 = Atδxt +Btδut, (3.23)

δyt = Ctδxt, (3.24)

whereAt = [∂f/∂x](xt, ut) ∈ Rnx×nx , Bt = [∂f/∂u](xt, ut) ∈ Rnx×nu and Ct = [∂h/∂x](xt, ut) ∈

Rnx×ny are the corresponding Jacobians in the Taylor series expansion. Here, a trust region

must be defined such that higher-order terms are bounded and the local linearization is valid.

As such, the maximum state deviation is restricted to a trust region where for a fixed control

maximum deviation ∥δu∥ ≤ ∆u,

∥δx∥ ≤ ∆x =⇒ O(∥δxt∥2, ∥δut∥2) ≤ ∥P 1/2δxt∥; (3.25)

where P ≻ 0 bounds maximum local state deviation and depends on the system. Note that

it also naturally follows that ϵ must be selected such that ∥δx0∥= ϵ ≤ ∆x. A lower bound on

the discrete-time degree of observability can be computed as defined in Eq. 3.22. Here xt is

the trajectory generated by sampling x0 from A and propagating the dynamics with input

sequence ut = ūt =⇒ δut = 0. As discussed previously, the initial perturbation is set up

ϵ; thus, ∥δx0∥ = ϵ. The perturbed output trajectory can be computed for the dynamics Eq.

(3.23-3.24) as yt = ȳt + Ct(At−1 . . . A1A0) δx0. With perturbations defined on deterministic

dynamics Eq. (3.1-3.2), the tubes can be generated with the map Γ. If for such x0 ∈ A,
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dΓ (Yx̄0:T
, Yx0:T

) > 0, then x̄0 is finite horizon weakly observable. A lower bound on the degree

of observability, using Eq. (3.16) and Eq. (3.22), can then be computed, i.e.,

DO (Yx̄0:T
) = inf

x∈A

T∑
t=0

ds (Yx̄t ,Yxt) ≥
T∑
t=0

inf
x∈A

ds (Yx̄t ,Yxt) (3.26)

=
T∑
t=0

inf
x0∈A

max {∥ȳt − yt∥ − Λ(Yx̄t)− Λ(Yxt), 0} (3.27)

≥
T∑
t=0

max

{(
inf
x0∈A

∥Cδx̄t∥
)
− Λ(Yx̄t)− Λ(Yx̄t)− L(x̄t, δxt)∥δxt∥, 0

}
(3.28)

≥
T∑
t=0

max

s1ϵ︸︷︷︸
T1

− s2ϵL(x̄t, s2ϵ)− 2Λ(Yx̄t)︸ ︷︷ ︸
T2

, 0

 := Dℓ
O(Yx̄0:T

). (3.29)

Here, s1(t) = σn(CtAt−1 . . . A0) and s2(t) = σ1(At−1 . . . A0) and σ1 and σn are the largest

and smallest singular values of their respective matrix arguments.7

The parameter ϵ in the above analysis is selected such that, for some positive t ≤ T , the

right-hand side of Eq. (3.29) is positive. Note that the separation term T1 and the uncer-

tainty term T2 are independent of each other. Moreover, the separation term T1 depends

only on the initial deviation ϵ and the dynamics of the system. It is desired to have T1 be

bounded, as the optimization problem involves maximizing this lower bound for observabil-

ity. When At is not necessarily Schur stable, then T1 can grow exponentially, even for finite

horizon problems, and scaling the augmented observability costs becomes an issue. Maxi-

mizing T1 does improve observability as defined in Definition 3.3.1, but it implies that the

linearized dynamics are unstable, which is undesirable for tracking. Therefore, exploration

terms must be bounded. The term T2 which maps how uncertainty grows over the trajectory

also needs to be bounded as with unbounded uncertainty, separability of trajectories, and

consequently observability, becomes infeasible; hence, Assumption (3.1.1) is required for this

analysis; the term Dℓ
O is now becomes well-defined. Note that for distinguishability, we need

Dℓ
O > 0. One can select a large enough ϵ such that the derived lower bound is positive.

7Here, the lower and upper bounds on the induced norm of matrices have been used.
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Hence, for the optimization problem that will be posed shortly, the parameter ϵ acts as a

tuning parameter that must be selected large enough for Dl
O to be positive for the initial

trajectory. This is implied by stating that the system is observable for a particular map Γ

for an initial trajectory x̄0:T , ū0:T−1.

The lower bound Dℓ
O(Yx̄0:T

) on the degree of observability has been defined as a function

of the state trajectory x0:T . Under the assumption on the output uncertainty, one obtains

a system with set-valued outputs, defined here as observability-regular. The system is finite

horizon weakly observable when Dℓ
O(Yx̄0:T

) > 0.

Definition 3.3.1. The system Eq. (3.1)-(3.2) with set-valued outputs defined in Eq. (3.5)

is observability-regular if Assumption 3.1.1 holds and the system is finite horizon weakly

observable.

The main theorem for the observability measure is stated as follows:

Theorem 3.3.1. Given a system with a finitely observable state x̄0, the lower bound on the

degree of observability is a concave function with respect to the state sequence x0:T if the

output map is observability-regular.

Proof: Given x0 and an observability-regular uncertainty map, one can compute the lower

bound on the degree of observability as given by Eq. (3.29). Here Λ, and consequently L(x̄),

are convex. Thus, Eq. (3.29) is a summation of concave functions and, as such, concave.

Note that this proof is structured on the condition that the uncertainty map is convex

with respect to the state or has an upper-bounding envelope that is convex. Now, one can

use this metric as a cost function in an optimal trajectory design problem. One notes that it

is in fact the lower bound Eq. (3.29) that will be used in the guidance objective that, when

maximized, improves the observability of the trajectory. Since the T1 term is constant within

the trust region, maximizing the degree of observability with respect to the trajectory, only

increases the tube separation by optimizing over the convex function Λ. For the optimization

problem, max function in Eq. (3.29), can be substituted out and objective for maximizing
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observability can be written as,

D̂ℓ
O(Yx̄0:T

) =
T∑
t=0

s1ϵ− s2ϵL(x̄t, s2ϵ)− 2Λ(Yx̄t), (3.30)

where s1 = (σn(CtAt−1, . . . A0)) and s2 = σ1(At−1, . . . A0) are constants computed over the

parameters of the nominal trajectory. Here, the convexity of Λ and L with respect to x̄t

ensures that when initialized with an observable trajectory (withDℓ
O(Yx̄0:T

) > 0), the updated

trajectory is “more” observable. Due to the convexity assumption, the optimization step at

iteration k from x̄k
0:T to x̄k+1

0:T guarantees that D̂ℓ
O(Yxk+1

0:T
) ≥ D̂ℓ

O(Yx̄k
0:T

) > 0.

In the above analysis, the function Λ(Yx) is derived from the sensor model and L can

be computed using Eq. (3.8). If the analytical form of Λ(Yx) is known, then as stated in

Assumption 3.1.1, the convexity of these functions is a requirement for the existence of a

unique trajectory; as such, the user must approximate the necessary bounds via a convex

envelope function. For a special case, when Λ is defined by a quadratic form xTQx for some

positive definite Q, the objective can be computed by defining a lower bound on Eq. (3.27).

In this case, one can write,

DO (Yx̄0:T
) =

T∑
t=0

inf
x0∈A

{∥ȳt − yt∥ − Λ(Yx̄t)− Λ(Yxt)} ≥ 0

≥
T∑
t=0

{s1ϵ− Λ(Yx̄t)− Λ(Yxt)}

=
T∑
t=0

{
s1ϵ− x̄⊤

t Qx̄t − (x̄t + δxt)
⊤Q(x̄t + δxt)

}
=

T∑
t=0

{
s1ϵ− 2x̄⊤

t Qx̄t − σ1(Q)s2ϵ− 2∥xt∥
√
s2ϵ)

}
=

T∑
t=0

{
(s1ϵ− σ1(Q)s2ϵ)− 2x̄⊤

t Qx̄t − 2∥xt∥
√
s2ϵ)

}
. (3.31)

When the enveloping function that approximates the upper bound on the ellipsoid size is

a quadratic function on xt, then the lower bound on the degree of observability can be

approximated with Eq. (3.31) and used as the objective function.
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It is also important to note, as stated earlier, the observability-maximizing trajectory

could lead to a solution that is “unstable” for an infinite horizon problem. For the finite

horizon setting, maximizing this metric will lead to a trajectory that seeks optimal state esti-

mation, but in applications, this trajectory might conflict with task-completion constraints,

such as reaching a desired final state. The observability maximization seeks to minimize

uncertainty and naturally will prescribe states corresponding to low uncertainty. There-

fore, an estimation-aware optimization problem is presented as a tool to generate a deviated

trajectory with respect to some nominal trajectory that achieves the primary task. The ob-

servability metric can then be maximized under a constraint that limits the deviation from

this nominal trajectory. Alternatively, one can augment the observability metric, with an

existing trajectory design objective, in order to plan an estimation-aware trajectory.

3.4 Remarks on Set-valued Observability and deterministic planning approach

In the proposed approach Sections 3.2-3.3, we discussed set-valued observability and a metric

for designing a subsequent planning approach for set-valued uncertainty. We used bounded

sets and the separation measure to design the trajectory distinguishability conditions under

the worst-case uncertainties. This approach is geared towards a setup where a ML-based sen-

sor is being used and its uncertainty distribution is unknown or is non-Gaussian. Moreover,

the uncertainty has state-dependent characteristics. Particularly in this work, we explore

how observability can be evaluated under such conditions if priors of set sizes and state-

dependent characteristics are known, as defined in Assumption 3.1.1. The metric defined as

degree of observability is a function of output maps for a given state, such that its maxima

corresponds to the trajectory a with optimum estimation. Such a metric can be computed

for any type of uncertainty where we can define a distance function that can separate output

uncertainties corresponding to distinct states.

Note: The Theorem 3.3.1 can be restated for any separation metric and non-set-valued

uncertainty type such that Definition 4.6.1 and Assumption 3.1.1 holds.

To further understand the estimation-aware planning approach, let us look at a discrete-
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time linear system with Gaussian uncertainty and draw connections to the general set-valued

approach.

3.4.1 Connection to Sensor Design problem for Linear systems

Conventionally, noise models are assumed to have Gaussian distributions and to be uncorre-

lated with the state and output vectors over time. We want to quantify the difference Now,

consider the concept of observability, which, in principle, is the invertibility condition on the

mapping from the state to the output sequence [16]. Given any output sequence, observ-

ability ensures that it was generated by propagating a unique state vector. If the output

sequence is perturbed, then—because the system is observable—this perturbation can also

be detected in the state vector.

Let us formally define observability for the case of discrete-time linear systems. Consider

the mappingMT : X → Y , where this linear operator maps an initial condition to an output

trajectory over a time horizon T :

MT (x0) =


y(1)

y(2)
...

y(T )

 =


C

CA
...

CAT−1

x0.

If this map is injective, then any output in the range ofMT corresponds to a unique x0.

To characterize its injectivity, we compute the adjoint operatorM∗
T : Y∗ → X ∗ defined by

M∗
T (σ()) =


C

CA
...

CAT−1



∗ 
y(1)

y(2)
...

y(T )


for σ() ∈ Y∗. The mapMT is injective if its rank equals the dimension of X (i.e., the state

dimension). The rank of this operator is equal to the rank ofM∗
TMT . In the discrete-time
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case, this operator is given by

Wo =
T∑
t=0

(At)⊤C⊤CAt. (3.32)

.

Given an output sequence y() ∈ Y over the interval [0, T ], the initial state can be com-

puted from Wo. Assuming no input, the system is y(t) = CAtx0 and the corresponding x0

for the given output sequence is

x0 =M†y() = (M∗
TMT )

−1M∗
Ty() = W−1

o

[
C⊤ A⊤C⊤ . . . AT−1⊤C⊤

]


y(1)

y(2)
...

y(T )


(3.33)

Now with noisy measurements ŷ(t) = CAtx0 + vt with vt ∈ N (0,Σy), Σy = σI we design

an optimal estimator for x0 by solving:

min
x0

∥vt∥2L2

s.t ŷ(t) = CAtx0 + vt, t = 0, . . . , T

The least-squares approach yields the optimal solution given in Eq. (3.33), where the

least-squares solution corresponds to the pseudo-inverse of the operatorMT when the noise

is zero-mean. The state covariance can then be computed as

E[(x̂0 − Ex0)(x̂0 − Ex0)
T ] = Σx = σW−1

o (3.34)

The inverse observability Gramian W−1
o maps the output covariance to the state covari-

ance. The map is called metrically regular if W−1
o is non-singular [77]. The modulus of

regularity is defined as the operator norm of W−1
o , representing the scaling from measure-

ment perturbations to state perturbations. As the trajectory length T →∞, W−1
o converges

to the true observability Gramian [111].
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The matrix W−1
o thus serves as a design matrix that scales state covariance. For a linear

system with fixed noise characteristics Σy, the state covariance Σx quantifies the uncertainty

volume. Since W−1
o depends only on the system (A,B,C), for a system with static noise,

the estimation quality8 depends solely on the system’s observability metrics.

For the static noise case, Eq. 3.34 provides the best estimate in the least-squares sense.

If the noise characteristics are non-static, weighted least squares can be applied [2]. For

example, when a confidence metric is available for each output, a proportional weighting

matrix can scale the measurement covariances accordingly. Alternatively, if sensor-dependent

noise exists and sensor selection is possible, one can pose a sensor-selection problem to choose

a design matrix that optimizes a property such as the modulus of regularity of W−1
o [231].

To further understand the significance of the modulus of regularity, let us consider a

discrete-time linear system with measurement noise given by:

xk+1 = Axk +Buk

yk = Cxk + vk

The degree of observability as defined in Eq. (3.22) is a conservative measure of tube

separation which guarantees the distinguishability of any realization of a trajectory. So

for this setup, let us fix a finite horizon trajectory for time [0, T ], by selecting an input

sequence u0:T−1. Also consider output uncertainty vk sampled from a ball around Cxk of

a constant radius r with an unknown distribution. This defines a constant uncertainty

model without state dependence. The output set is represented as Yk = Cxk ⊕ Br(Cxk)

which is a Minkowski sum. We point the reader to the Section 3.4.3, on how to convert

a Gaussian model to a bounded sphere. Now, consider initial conditions x0 and any state

x′
0 = x0 + ϵ. For simplicity, set u0:T−1 = 0 and propagate both the state trajectories for x0

and x′
0 and compute the conservative lower bound on degree of observability for trajectory

x0:T using the setup defined in Eq.(3.31). As shown in the previous section, we can guarantee

8Represented by any function of Σx.
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observability if DO(x0) > 0 ie any realization of an output trajectory generated from x′
0 can

be separated from any realization of the nominal output trajectory y0:T . This implies that x′
0

can be distinguished from x0. Using Definition 3.3.1 we can show observability by computing

dΓ(Yx0 , Yx′
0
):

dΓ(Yx0 , Yx′
0
) =

T∑
t=0

ds(Yxt ,Yx′
t
) (3.35)

≥
T∑
t=0

max{∥C(xt − x′
t)∥ − 2r, 0} (3.36)

Here, positivity of Eq. 3.36 guarantees the observability under a set-valued model. In con-

trast, the observability computation by analyzing the rank of WO defined in Eq.(3.32) or

validating its invertability, does not guarantee observability as output uncertainty size is not

captured in WO. In our approach, we compute a lower bound on Eq.(3.36) as:

dΓ(Yx0 , Yx′
0
) ≥

T∑
t=0

max{∥C(xt − x′
t)∥ − 2r, 0} (3.37)

≥
T∑
t=0

max{∥CAtϵ∥ − 2r, 0} (3.38)

≥
T∑
t=0

max{σn(CAt)ϵ− 2r, 0} (3.39)

where σn() is the smallest eigenvalue of its argument. This lower bound is then used as

the regularity metric as compared to the trace or eigenvalue of WO as used in conventional

approaches [7]. The Eq(3.40) is equivalent to scaling property of WO with the compensation

for set size r. Further, if state dependence of output uncertainty sets is considered, we need

to compensate the set size by considering state dependent size,

dΓ(Yx0 , Yx′
0
) ≥

T∑
t=0

max{σn(CAt)ϵ− 2r(x), 0}. (3.40)
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On use of observability for planning

In planning problems, paths are typically designed for agents with online estimators, such

as a Kalman filter, which use prior estimates without adaptive algorithms for changing

covariances. In these widely applicable robotics and navigation scenarios, we aim for agents

to traverse paths with higher estimation accuracy. To achieve this, the estimation-aware

framework solves the following optimization problem with a general system transition ϕ():

min
x0:T

f(W−1
o [y0:T ]) (3.41)

s.t. xt+1 = ϕ(xt) t = 0, . . . , T − 1

yt = h(xt) t = 0, . . . , T

Here, f(W−1
o [y0:T ]) evaluates the modulus of regularity for the output trajectory y0:T .

Some approaches compute an empirical observability Gramian over the trajectory and use

a property such as the operator norm for f() [7]. If f() is convex with respect to the

state sequence x0:T , an estimation-aware path can be directly designed; otherwise, if f() is

differentiable and locally smooth, iterative algorithms can be applied to solve Problem 3.41.

3.4.2 Noise characteristics and effect of Observability

The observability metric f(), which corresponds to the operator norm of the Gramian in the

linear case, must now be adapted to account for the true outputs affected by vt. In most

approaches, f() can be computed over the output trajectory y0:T without explicitly consid-

ering noise, provided that the state vector captures the properties of uncertainty variation

and magnitude. Since the distinguishability of the initial condition depends on the distin-

guishability of outputs, we require a method to compute the modulus of regularity while

accounting for state-dependent noise.

Our approach in Section 3.5 uses an oracle that defines the state-dependent uncertainty.

We evaluate the regularity modulus by assessing the minimum separation of outputs for
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a given perturbation of the initial state. Specifically, for a perturbation x0 around the

principal state x̄0, with d(x̄0, x0) = ϵ, we define the modulus of regularity as dΓ(Ȳ0:T ,Y0:T ).

which represents the minimum perturbation in the propagated output trajectory sets for all

x0 around x̄0 under a given input sequence. By using dΓ, which forms a valid pseudo-metric

on separated sets9, we convert a set-based representation into a point-wise measure.

This separation can be computed using any valid distance metric on output trajectories.

Importantly, dΓ() does not require sets to be fully separated in the Euclidean sense. Alterna-

tive measures, such as KL divergence, can also be used to differentiate distinct uncertainties

and evaluate the observability of a trajectory as defined in Definition 3.2.2.

Furthermore, any uncertainty model and distance metric can be used within the estimation-

aware planning framework, provided that the variation rules in Assumptions 3.1.110 are sat-

isfied and Definition 3.3.1 holds for the system. Under these conditions, Theorem 3.3.1

guarantees that the estimation-aware planning problem can be solved.

3.4.3 Using Gaussian uncertainty models

In this work, we have considered systems where noise is a bounded set with unknown dis-

tribution. Equivalently, a gaussian model can be used to fit the uncertainty. Alternatively,

purely gaussian noise models with state-dependence can also be used in this setup. The gaus-

sian uncertainty can be written as sets with the bound d > 0 that can be any user defined

value that defines the set membership. Here, for gaussian uncertainty y ∼ N (µ,Σ) is a set of

points at d distance from mean given by: B = {y ∈ Rn|(y−µ)⊤Σ−1(y−µ) ≤ d}. We can use

concentration inequalities and define a probability that a given realization lies within this

set using concentration inequality on norm of random variable y11. Using set-membership

and concentration inequalities on random variables we convert the stochastic uncertainties

9dΓ is positive if and only if the argument sets do not intersect.

10We use the largest eigenvalue in this assumption to compute the set radius. Similarly, set size can be
computed depending on the desired representation, or generically as supx,y∈A d(x, y).

11Refer Theorem 3.1.1(Concentration of Norms) [218]
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to set-valued counterparts with a given probability. The observability can be evaluated with

that given confidence measure using distinguishability metric defined in this chapter. We

can then define the proposed planning problem as long as the sets follow the variation rules.

3.5 Finite horizon Estimation-Aware Trajectory Planning

Offline trajectories generated for vehicular systems are often in the form of waypoints that are

tracked via a lower-level feedback controller. Generally, this low-level controller has a time-

constant that is smaller than timescales inherent in the planning trajectory generation. 12

The internal controllers used for tracking depend on state observers. It is assumed that these

observers are designed without knowledge of the statistical properties of the measurement

uncertainties. For the deterministic case, the state observers are guaranteed to converge

to the “true” state when the system is observable. For the state-dependent and set-based

uncertainties that considered in this chapter, these state observers will generally have sub-

optimal estimation performance and the system may not even be observable. Therefore, in

order to optimize the tracking performance for these systems, the estimation-aware trajectory

design is formulated such that the lower bound on the degree of observability is optimized.

In this section, two scenarios for generating estimation-aware trajectories are discussed.

In the first case, it is assumed that a nominal trajectory x̄0:T has been defined and user

requires a improvement in estimation. In this setting, the estimation-aware trajectory are

realized via deviations to x̄0:T , while satisfying the hard constraints of the original task. In

the second case, the task and estimation-aware design problem are solved simultaneously

as a solution to an optimization problem. In both scenarios, the main ingredient of the

formulation involves maximizing Eq. (3.29).

12The open loop convergence time for low level controllers is referred to as the time constant of a control
system. The time constant for the feedback control ensures that the tracking process does not incur a
large lag due to control implementation.
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3.5.1 Maximizing observability for a pre-defined nominal trajectory

Consider the system described in Eq. (3.1)-(3.2), where the linearization has been given by

Eq. (3.23)-(3.24). The approximation error for this setting is negligible for the trust region

defined by Eq. (3.25). Consider a nominal trajectory and control for achieving a certain task

has been given in the form of x̄0:T , ū0:T−1. One then explore deviations from the nominal

trajectory that maximizes observability while following strict constraints specified by the

primary task. It is assumed that the enveloping function for the size of the uncertainty,

Λ(Yx), has been defined for this scenario. In practice, the state-dependent envelope is either

known due to knowledge of the sensor’s characteristics or estimated and stored as an oracle.

Subsequently, depending on the mission constraints, an exploration parameter γ > 0 must

be defined that bounds the total deviation from the nominal trajectory. Hence, one can add

an exploration constraint ∥xt − x̄t∥2 ≤ γ, ∀t ∈ [0, T ], thereby bounding the total deviation

due to exploration. 13

The estimation-aware planning problem for the given nominal trajectory can now be

defined as Problem 1:

min
u0:T−1

−Dℓ
O(Yx0:T

) (3.42)

s.t. xt+1 = f(xt, ut) for all t ∈ [0, T − 1],

∥xt − x̄t∥ ≤ γ for all t ∈ [0, T − 1],

x0 = x̄0,

xT = x̄T .

Here, the objective has been constructed as a convex function of the state sequence as defined

in Eq. (3.30), but the dynamics are generally nonlinear, making the overall problem non-

convex. A trust region-based sequential programming approach is now used to iteratively

13The norms {1, 2,∞} can also be chosen depending on the application. In this scenario, the aim is to
bound the overall error with respect to the infinity norm.
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construct and solve a sequence of convex sub-problems. The trust region algorithm used here

is a variation on the Basic Trust Region (BTR) algorithm defined in [41]. 14 As such, the

main problem is converted to a sequence of convex sub-problems by linearizing the dynamics

and solving for optimal deviation from the nominal trajectory. A trust region is constructed

to restrict the optimization solution to be within a region around the nominal trajectory

where linearization error is minimal. The trust region algorithm has been described in

Algorithm 2, where the exploration constraint is used as a termination condition. When the

exploration condition is reached for an iteration sub-problem, the trust region is reduced and

the subproblem is re-instantiated. This step is repeated until trajectory updates between

the iterations become negligible.

The trust regions are derived from bounds on linear approximations of the dynamics as

defined in Eq. (3.25).For linear approximation of dynamics Eq. (3.23-3.24), the user defines

the initial trust region bound ∆0
x such that bound defined in Eq. (3.25) is satisfied. Here, for

the kth iteration, one has the linear approximation defined as δxk
t+1 = Ak

t δx
k
t +Bk

t δu
k
t , ∀ t ∈

[0, T − 1], for δxk = xk
t − xk−1

t and δuk
t = uk

t − uk−1
t . At the kth iteration, the linearization is

performed around the sequence xk−1
0:T , uk−1

0:T−1, and the subproblem is defined as Problem 2

below,

min
δuk

0:T−1

−Dℓ
O(Y

k
x0:T

) (3.43)

s.t. δxk
t+1 = Ak

t δx
k
t +Bk

t δu
k
t , for all t ∈ [0, T − 1],

∥δxk
t ∥∞ ≤ ∆k

x for all i ∈ [0, T − 1],

δxk
0 = 0,

δxk
T = 0.

The state constraints above follow directly from Problem 1, ensuring that the initial con-

ditions and final goal for the estimation-aware trajectory remain the same as that of the

14For problems with non-convex inequality constraints, one can use for example, successive convexification
algorithm described in [136].
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nominal trajectory. The exploration constraint shown in Problem 1 Eq. (3.42) sets the

termination criterion for the iterative algorithm as defined in Section 3.5.1.

In order to make the problem formulation more concrete, consider the so-called nonlinear

unicycle model; in fact, the model is a Dubins car with a double integrator system rather

than a conventional single integrator model [19]; in order to streamline the presentation, no

turning-radius constraints are enforced. Specifically, the nonlinear dynamic model is defined

as,

v̇x = u1 cos θ,

v̇y = u1 sin θ,

ω̇ = u2,

where vx, vy denote the linear velocity in the x, y directions, and θ is the vehicle’s orientation

with respect to the world frame. The derivatives v̇x, v̇y are the acceleration dynamics of the

agent driven by the forward thrust u1 and the turning torque u2. The output is measured as

the position of the vehicle with a state-dependent uncertainty. The description of the vehicle

dynamics for the estimation problem and linearized discrete time dynamics are discussed in

Section 3.5.1 where the system is converted into the form Eq. (3.23)-(3.24) for the vehicle

state, control input, and output given as (x, u, y). The output for the discretized system

is uniformly sampled from the uncertainty set such that y ∼ U(Yx), where Yx = {y| Cx +

K∥Cx−ys∥22+r0}. This candidate function has been chosen to emulate sensors that are state

dependent but their uncertainty does not change arbitrarily with respect to the state. In more

general cases, only a uniform maximum bound might properly characterize the uncertainty

set. Instead, here the focus is on cases where the sensor state dependence property has been

predetermined by the user and its upper bound can be approximated as a convex function.

One notes that this is a valid assumption for physical systems where this model abstracts

the local behavior of state-dependent sensors. For example, sensors that operate based on

range-type measurements such as LiDAR often exhibit this behavior [228]. The purpose

of using the candidate model is to show how to generate estimation-aware trajectories. As
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such, the presented methodology can be realized in applications where the state dependency

of the sensor’s error is set-theoretically well defined.

For the uncertainty set in subsequent discussion, ys denotes the location of the light source

and r0 is the residual error that is independent of the state. This error profile is represented

by the color gradient in the background of Figure 3.3a, where the light source is shown by the

red circle and the darker regions represent higher output uncertainty at the location. This

measurement model has been chosen for the problem considered not only for its practical

relevance, but also as it captures a state-dependent uncertainty whose size Λ(Yx) has a convex

variation with respect to the state. The maximum size of the measurement uncertainty is

characterized by a linear function of the agent’s distance from the light source, making Λ(x)

convex. Since for this case Assumption 3.1.1 holds, the output map is observability-regular

due to Theorem 3.3.1. The nominal trajectory for Problem 1 is obtained by solving the

primary objective where the agent/vehicle starts at position (1, 1) and reaches the goal at

(0, 0). The nominal trajectory x0:T , u0:T−1 has been characterized in order to optimize the

objective J(x, u) = (xT −xr)
⊤Q(xT −xr)+

∑T−1
t=0 [(xt−xr)

⊤Q(xt−xr)+u⊤
t Rut], where Q,R

are positive semidefinite and positive definite matrices, respectively. Note that the nominal

trajectory can be generated through other procedures. Problem 2 defined in Eq. (3.43)

is now solved using the BTR algorithm. In addition to ensuring the boundary conditions

for the nominal trajectory generation, in the estimation-aware trajectory generation, input

saturation and state constraints are included in Problem 2. The exploration parameter is

a design parameter for the planning problem.

The resulting estimation-aware trajectories and the estimation performance statistics are

shown in Figure 3.3. Figure 3.3a depicts the results of the estimation-aware optimization

as a function of the exploration parameter γ compared with the nominal trajectory. The

nominal trajectory starts at location (1, 1) with the initial vehicle orientation of -π(facing -x

axis). The trajectory is designed such that vehicle reaches the goal (0, 0) at −π orientation.

This trajectory is shown in black and also corresponds to the solution of the estimation-

aware planning when no exploration is allowed, i.e., when γ = 0. Here, the trajectories



97

(a) Nominal and estimation-aware trajectory comparison

starting at (1,1) ending at (0,0) with light source at

(1,0)

(b) Comparing the state error while track-

ing nominal and estimation-aware trajec-

tories over time over 10000 roll-outs.

(c) Comparing the state variance across

estimation-aware trajectories over time for

10000 roll-outs.

Figure 3.3: Comparative Analysis for Dubins car example with nominal trajectory and

estimation-aware trajectories for increasing exploration bounds are presented.
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with higher exploration constants are represented with a lighter shade of pink. Figure 3.3a

shows that in order to optimize for observability, the solutions for trajectories with γ > 0

”explore” regions with lower output uncertainty. The intended optimized trajectory does

not prioritize optimizing for reducing output uncertainty but instead, optimizes for state

uncertainty. The degree of observability metric as defined in Eq. (3.22), is designed such

that the size of the uncertainty for the state estimation process generated by an observer

over this trajectory is reduced. In order to compute the state estimation performance over

the trajectories, assume that a simple lower-level state-feedback controller for the Dubins

car agent exists. Since the focus of this work is on the offline trajectory design, the design of

a low-level controller for trajectory tracking is not discussed, as it is also system dependent.

Nevertheless, the controller is designed to closely follow the waypoints with a fast convergence

rate compared with the discretization time used in the system Eq. (3.23)-(3.24). The agent

is equipped with a Lurenberger observer Kt, such that a state estimate can be derived

from the output measurements. 15 The existence of this observer justifies the assumption

that an inverse map Γ−1 exists. Now, the state of the online agent can be represented as

x̂t+1 = (At −KtCt)x̂t +Btut +Ktyt, with the output uniformly drawn from the uncertainty

set as yt ∼ U(Yxt).
16 The agent now follows a planned trajectory with the stated waypoints

and experiences errors due to the corresponding estimation uncertainties. The tracking error

norm ∥et∥ = ∥xt−x̄t∥, over the trajectory, is computed as a metric for tracking efficiency. For

analysis of performance around each trajectory, a Monte Carlo simulation for N = 10, 000

trajectories (roll outs) with the same initialization and the sensor model for each case of

γ shown in Figure 3.3a. The measurements are drawn uniformly from the set defined by

Yx for each roll-out. Figure 3.3b shows the error norm over time and the maximum error

norm over time over N roll-outs for each γ. The maximum error is shown by solid lines

and the average error is shown by dashed lines corresponding to each estimation-aware

15Here a Lurenberger observer is designed for the linear approximations around the planned trajectory [9];
the corresponding poles are placed such that the observer has a fast error convergence.

16Other estimator design approaches can be used with the assumption that the system, without state-
dependent uncertainties, remains observable.
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trajectory shown with shades of pink. Observe that the expected total error (integral of

tracking error over time) is reduced with the estimation-aware trajectories and the worst-

case state estimation errors are also reduced over time. Figure 3.3c depicts the trace of

the state covariance (E[(x̂ − Ex̂)(x̂ − Ex̂)⊤]) over N roll-outs as a function of time. The

trace of the variance represents sum of the deviations across all states, in this case, position,

orientation and velocities. The total variance shows a significant improvement for scenarios

where a higher level of exploration has been permitted. The trade-off for improving the

estimation performance is an increased deviation from the nominal task-based trajectory

and a possibility of reaching the boundary of the state and control constrained sets.

System dynamics for Dubins Car

The nonlinear full state Dubins car dynamics is defined as,

ṗx = vx,

ṗy = vy,

θ̇ = ω,

v̇x = u1 cos θ,

v̇y = u1 sin θ,

ω̇ = u2,

where the agent’s state is defined as x = [px, py, θ, ṗx, ṗy, θ̇]
⊤ and inputs for the forward

thrust and turning torque are designated as u = [u1, u2]
⊤, where px, py are the agent’s

position coordinates in 2D and θ is the heading angle in the world frame. The corresponding

velocities are given by vx and vy and the angular rate by ω. The output is measured by

a position y = [px, py]
⊤ sensor that has an uncertainty dependent on the light intensity.

The discretized dynamics at step dt are represented as Eq. (3.23)-(3.24), where the system
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matrices are,

A(x, u) =



1 0 −dt2u1 sin θ
2

dt 0 −dt3u1 sin θ
6

0 1 dt2u1 cos θ
2

0 dt dt3u1 cos θ
6

0 0 1 0 0 dt

0 0 −dtu1 sin θ 1 0 −dt2u1 sin θ
2

0 0 dtu1 cos θ 0 1 dt2u1 cos θ
2

0 0 0 0 0 1


, B(x, u) =



dt2 cos θ
2

−dt4u1 sin θ
24

dt2 sin θ
2

dt4u1 cos θ
24

0 dt2

6

dt cos θ −dt3u1 sin θ
6

dt sin θ dt3u1 cos θ
6

0 dt


,

C(x, u) =

 1 0 0 0 0 0

0 1 0 0 0 0

 .

Trust Region Algorithm Implementation

The trust region algorithm used to solve Problem 1 is described as Algorithm 2.

Algorithm 2 Trust Region algorithm

Initialize: Nominal trajectory (x̄0
0:T , ū

0
0:T−1), Exploration Parameter:γ, Trust region : ∆0

x.

Set k = 0, 0 ≤ l ≤ 1, r = 0, α

while ∥xk+1 − xk∥2 ≥ ε do ▷ Termination Condition

while ∥x̄0 − xk∥2 ≤ γ do

At iteration k Solve : Problem 2Eq. (3.43) for (δxk, δuk) for ∆x = α ∗ lr

xk
0:T ← xk−1

0:T + δxk

k ← k + 1

end while

if ∥x̄0 − xk∥2 ≥ γ then ▷ Exploration violated, update trust region

discard update δxk

k ← k

r ← r + 1

end if

end while



101

(a) Total deviation from nominal condition for

each exploration conditions.

(b) Objective function growth per iteration for

each exploration condition.

Figure 3.4: Trust region algorithm analysis for different observability exploration conditions

used as termination conditions.

The algorithm we have implemented in this chapter for the trajectory generation problem

is based on a sequential method that involves a trust region, for which the convex subproblem

is feasible. The setup is described in Algorithm 2. For the dynamics defined in the previous

section, we set a trust region by setting ∥δx∥∞ ≤ α ∗ lr; l denotes the learning rate set to

the value of 0.5. The parameter α must be set such that for r = 0, the initial trust region

α ∗ lr ≤ ∆0
x satisfies Eq. (3.25). The trust regions shrink as iterations increase, therefore

dynamic constraints are always satisfied. The trajectory at the first iteration is initialized

with the nominal trajectory; at each subsequent iteration Problem 2 Eq. (3.43) is solved

in MATLAB using CVX [47]. We present the analysis for the performance of Algorithm 2

in Figure 3.4. The exploration condition ∥x̄ − x∥2 ≤ γ represents the total deviation from

the nominal trajectory. We observe that the trust regions updated by the algorithm ensure

that the observability maximization does not violate the exploration constraints as seen in

Figure 3.4a. For case of estimation aware trajectory shown in Figure 3.3, we present the
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corresponding γ evolution and degree of observability progression as a function of algorithm

iterations. The trust region algorithm reduces maximum deviation as exploration constraints

are reached. The shades of pink s how increasing exploration γ from nominal trajectory on

x-axis in Figure 3.4a. The γ values for each case of estimation-aware trajectory are shown

on the right in Figure 3.4b. The algorithm is terminated when the maximum exploration

condition is reached and the trust region has been reduced below a threshold where no more

deviations are feasible. Figure 3.4b shows that the degree of observability is increased by

allowing more exploration. As seen in Figure 3.3, a higher exploration limit leads to an

improved estimation process. This comes at a cost as the system potentially reaches the

boundary of the set for the control and state constraints; depending on the mission, this

may not be desirable. Therefore, it is judicious to increase the observability metrics while

monitoring their potential undesirable implications on the synthesized trajectory.

3.5.2 Observability based augmented trajectory design for satellite rendezvous

The estimation-aware trajectory planning problem can be solved alongside the original task

optimization, by augmenting the observability metric Eq. (3.29), with a penalty term de-

noted as λobs > 0. This penalty term determines how priority must be given to observability

against task completion. In practice, the validation step must first be defined to explore

the output space and determine the enveloping function given in Assumption 3.1.1, ensuring

that the observability problem is feasible. Given a convex objective function for the task

optimization problem, expressed as J ′(x, u) =
∑T

t=0 c(xt, ut), consider its estimation-aware

version via the augmented objective function as,

min
u0:T−1

(
T∑
t=0

c(xt, ut)

)
− λobsD

ℓ
O(Yx0:T

) (3.44)

xt+1 = f(xt, ut) ∀t = 0, · · · , T − 1,

where Yx0:T
= Γx0u0:T−1, emphasizing that the observability metric implicitly depends on

the input sequence. The objective function used here is defined in Eq. (3.31). The problem
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formulation consists of a convex objective function, nonlinear dynamic constraints, and state

constraints. Is is assumed that the dynamics and constraint functions are differentiable. In

order to iteratively solve this planning problem, the Successive Convexification ((SCvx))

Algorithm [136] can be used. Any other programming approach that handles the nonlin-

ear dynamics and non-convex constraints can be applied here depending on the problem.

Specifically, at each iteration k, the following optimal control problem is solved around the

trajectory xk
0:T , u

k
0:T−1,

min
δu0:T−1

Lk(δxk, δuk) (3.45)

δxk
t+1 = Atδx

k
t +Btδu

k
t + Evkt for all t = 0, . . . , T − 1,

∥δuk
t ∥∞ ≤ (∆u)

k, (3.46)

where Lk(δxk, δuk) =

(
T∑
t=0

c(xk
t + δxk

t , u
k
t + δuk

t )

)
+ λobsD

ℓ
O +

T∑
t=0

λP (Ek
t vt) and the solution

to the current iteration is given by x = xk + δxk, u = uk + δuk. Here, P is the exact penalty

function and λ is the penalty weight defined in [136]. The term vkt is an optimization variable

called the virtual control buffer. This term is used to make the problem feasible when the

convexification step leads to dynamic infeasibility. Therefore, the matrix E is chosen to have

full row rank in order to provide full authority for selection of vkt . The penalty imposed

on this term ensures that eventually, the virtual buffer converges to zero. The iterative

algorithm and the trust region update policy are described in [137].

Now the trajectory generation problem for an Ego-Target rendezvous operation using the

above setup can be discussed. The underlying model describes the relative dynamics between

an Ego spacecraft and an uncooperative and uncontrolled Target satellite in the Hill’s frame.

The Target’s orbit has been identified, and the Ego spacecraft is initially placed in a nearby

parking orbit. The objective is for the Ego spacecraft to rendezvous with the Target while

avoiding a predefined keep-out zone (shown as the blue sphere), as illustrated in Figure 3.6.

For this scenario, its has been assumed that a camera on the Ego spacecraft captures

images of the Target, and a machine learning (ML) algorithm estimates the Target’s pose

(position and orientation) relative to the Ego spacecraft. The output of the ML algorithm,
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serves as the observed output of the system in the Target-Ego Hill’s frame. A tracking

controller maintains the attitude of the Ego spacecraft to ensure that the Target remains

centered in the camera’s field of view. The implementation of such an ML-based attitude

tracking setup, along with its integration with ML-based estimation, is discussed in [57].

The ML algorithm’s architecture, implementation, and validation are detailed in [20].

The ML based approach has been used here as the demonstration case since it has been

observed that the corresponding uncertainties are generally state-dependent. Specifically, the

performance of the ML-estimator depends on key-point identification on the Target’s image.

As such, the accuracy of the estimation process is directly proportional to the number of

keypoints detected. The visibility of these keypoints is essential for the estimation accuracy

as keypoints not illuminated by the Sun cannot be identified. As a result, the accuracy of

the estimation is proportional to the illumination of Target as studied in [20] and shown

in Figure 3.2. Moreover, for this rendezvous problem, illumination is dependent on the

Ego position, as Sun’s relative position is fixed during the operation. Thus, illumination

is dependent on the state of the system, and therefore the output uncertainty in this case

is state-dependent. This type of sensor model is also applicable to other generic image

processing tools that rely on feature extraction from the image. Note that several factors

may affect the sensor accuracy, and characterizing uncertainty pertaining to every feature

and parameter is non-trivial. Therefore, one needs to analyze the uncertainty as a function

of the agent state while exploring the parameter space at each state. For this setup, assume

that the maximum uncertainty size can be closely approximated as a convex set with respect

to the state, as described in Assumption 3.1.1; for this example, a set defined by a quadratic

function will be assumed. Hence, the sensor uncertainty for this case is upper bounded by

the quadratic enveloping function given by Λ̂(Yx) = xTQx + pTx + r, where Q ∈ Snx
+ , p ∈

Rnx , r ∈ R. The uncertainty set Yx, if not predetermined, can be approximated from the

data as discussed in Section 3.5.3.

It is important to emphasize that for different scenarios, features that define state-

dependency of the measurement uncertainty are distinct. Moreover, the architecture, pa-
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rameters and training datasets of ML algorithms will have a significant impact on the state

dependency of the output uncertainty. The implementation details for this scenario are

discussed in Section 3.5.3

The estimation-aware trajectory design problem just described satisfies conditions of

Theorem 3.3.1; as such, it can be formalized as Eq. (3.44). This problem involves the

synthesis of a trajectory such that the Ego spacecraft approaches the Target with some initial

separation and velocity relative to the Target. The Ego spacecraft is required to approach

the Target while keeping out of a zone of five meters from the Target. The design objective

is formulated such that the quadratic terms add penalty to the relative Ego approach error

and fuel consumption. The observability metric augments this cost with a regularization

term used as a tuning parameter. The overall optimization problem is thereby defined as,

min
u0:N−1

(
T∑
t=0

c(xt, ut)

)
− λobsD

ℓ
O(Yx0:T

) (3.47)

xt+1 = f(xt, ut) ∀t = 0, . . . , N, Discretized relative dynamics (3.48)

||Cxt|| ≥ d ∀t = 0, . . . , N, Keep-out zone (3.49)

ut ∼ UO, Cxt ∼ X ∀t = 0, . . . , N. State and action constraints (3.50)

Here, the regularization term λobs parameterizes the permissible deviation from the

nominal trajectory. The objective function J is designed to be convex as l(xk, uk) =

x⊤
k Qxk + u⊤

k Ruk and −Dℓ
O are both convex. As the enveloping function is defined with

a quadratic form, the cost function defined in Eq. (3.31) is used here. The discretized dy-

namics in this setting is defined in Eq. (3.51)-(3.53). The keep-out zone constraints shown

here are non-convex, and as such, are linearized at each iteration of the SCvx approach.

Using the iterative SCVx approach, the convex subproblems as described as Eq. (3.45). The

implementation details are described in Section 3.5.3.

Representative trajectories for this planning problem formulated as Eq. (3.47)-(3.50), are

shown in Figure 3.5b. The proposed solution strategy thereby obtain an estimation-aware
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(a) Schematic representation of the Ego-

Target Rendezvous problem.

(b) Trajectory comparisons for Ego space-

craft.

Figure 3.5: Ego Agent trajectory for Target rendezvous with a keep-out zone.

trajectory such that the Ego camera points to the Target with the optimum illumination

angle. Figure 3.5a depicts the schematic for the problem where the Target is shown in the

center within the keep-out zone in blue and the Ego agent following the proposed trajec-

tory. The Sun direction is shown by the red arrow. Note that aligning with the Sun-angle

reduces the instantaneous output uncertainty for the keypoint-based ML estimator. Fig-

ure 3.5b depicts the derived solutions for the nominal trajectory which is designed without

the augmented observability cost compared with the estimation-aware trajectory that is the

solution to Eq. (3.47)-(3.50). The Ego trajectories for the nominal case is shown in gray,

where the Target relative position is the origin and its keep-out zone is shown by the blue

sphere. This is the best trajectory for a rendezvous scenario. The Ego trajectory is initial-

ized at the location [7, 20, 10]⊤m shown by the black dot in Fig 3.5b, and an initial velocity

of [10,−5,−5]⊤m/s relative to the Target shown in green at the origin. The Ego reaches
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the goal location shown in green with relative position vectors shown by the arrows on the

trajectory. The estimation-aware trajectory is shown in pink, where the final Ego position

is such that the relative Ego position achieves the best viewing angle during the course of

its trajectory.

The choice of the regularization term λbox signifies the weighting of the planned trajectory

between estimation and rendezvous tasks. The estimation performance over the nominal and

estimation-aware trajectories and the progression of uncertainty for different cases of λbox

are shown in Figure 3.6. For these simulations, a simple low-level controller that tracks

the waypoints on the designed trajectories have been chosen. The trajectories are followed

by tracking the waypoints x0:T generated for each λobs. As also mentioned previously, a

Lurenberger state observer has been designed for the discrete time system and tracking

error norm is computed at each waypoint. Similar to the previous scenario, the online

system is x̂t+1 = (A − LC)x̂t+1 + But + Lyt, where the output is drawn uniformly from

the uncertainty set given by yt ∼ U(Yxt). The tracking error norm can be computed by

∥et∥ = ∥x̂t − xt∥. Now, for analyzing the tracking performance, a Monte Carlo simulation

with N = 1000 roll-outs for the system for trajectory designed by each case λobs = [0, 1, 2, 3]

has been developed. Figure 3.6b depicts the error norm over time ∥et∥ for each trajectory.

The dashed lines show the mean error for all roll-outs for each trajectory and the solid

lines show the maximum error norm over each roll-out. Here we can observe that the full

state error is significantly reduced for the estimation-aware trajectories and it improves as

more importance is given to the estimation performance. Note that this is not just the

measurement error but the state estimation error, which highlights that tracking for the

velocity state improves as well (not simply the static position outputs). Next, the trace of

the state covariance Trace
(
E[(xt − E[xt])(xt − E[xt])

⊤]
)
, at each time for N = 1000 roll-

outs, has been computed for each λobs. In Figure 3.6c, the progression of the trace of the

state covariance over time has been shown. Here, one observes that the total state variance

is reduced for the estimation-aware trajectories as more importance is given to the measure

of observability. Moreover, since the Rendezvous problem is a free-final state problem, we
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observe that the Ego spacecraft reaches different final states based on λobs. The following

section talks about implementation of trajectory design scenario and experimental validation.

System Dynamics for Satellite Rendezvous

The relative (translational) dynamics for the Ego spacecraft are specified in the Hill’s frame

of the Target. Specifically, the Clohessy–Wiltshire equations [192] are used to define the

dynamics for the position (x, y, z) (coordinates in the Hill’s frame) and velocity (ẋ, ẏ, ż) as,

ẍ = 3n2x+ 2nẏ + ux, (3.51)

ÿ = −2nẋ+ uy, (3.52)

z̈ = −n2z + uz, (3.53)

where n = 0.00113s−1 denotes the mean motion of Target spacecraft circular orbit and u’s

are the control inputs in each corresponding axis. Consider now the position and velocity

vectors p = [x, y, z]⊤ ∈ R3 and v = [ẋ, ẏ, ż]⊤ ∈ R3. First, redefine the state vector as

x = [p⊤, v⊤]⊤ ∈ R6 and inputs as u = [ux, uy, uz]
⊤ ∈ R3. The output of the system measures

the relative state of the Ego with respect to the Target; hence, the nominal output is defined

as y = p ∈ R3. The problem defined in Eq. (3.47) can now be solved using the discretized

linear dynamics of the form Eq. (3.23)-(3.24) for the system defined in Eq. (3.51)-(3.53).

The system matrices for the model xt+1 = Ax+Bu; yt = Cxt are defined as,

A =



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

3n2 0 0 0 2n 0

0 0 0 −2n 0 0

0 0 −n2 0 0 0


, B =



0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1


, C =


1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

 .
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3.5.3 SCvx implementation details

The SCvx algorithm converts the problem Eq. (3.47) into a sequence of convex subproblems

of the form,

min
δu0:T−1

Lk(δxk, δuk) (3.54)

δxk
t+1 = Atδx

k
t +Btδu

k
t + Evkt ∀t = 0, · · · , T − 1,

s(xk
t ) + Skδxk

t − skt ≤ 0, (3.55)

∥δuk
t ∥∞ ≤ (∆u)

k. (3.56)

Here Lk(δxk, δuk) = λ1

(
T∑
t=0

c(xk
t + δxk

t , u
k
t + δuk

t )

)
+λ2λobsD

ℓ
O+λ3

T∑
t=0

P (Ek
t v

k
t , s

k
t ), where

λ’s are the tuning penalty weights. The keep-out zone constraint in Eq. (3.49) for distance d

is written as s(x) = d2 − ∥Cx∥2 with the corresponding Jacobian is S = ∂s/∂x = −2C⊤Cx.

The penalty functions on the virtual buffer vkt and the constraint violation skt are in terms of

the 1-norm. Here, the SCvx algorithm is applied as described in [137]. The penalty terms are

chosen as λ1 = 10−1, λ2 = 10−1 and λ3 = 103. The implementation results for the scenario

shown in Figure 3.5a and the progression of trust regions and the objective function are

depicted in Figure 3.7. The trust region is updated to accommodate for a higher trajectory

deviation and then converges as shown in Figure 3.7a. The evolution of the objective function

can be seen in Figure 3.7b. The objective function grows initially as the penalty terms for the

state constraints are high due to the initialized trajectory. Over subsequent iterations, the

objective function converges. The heavy penalization of constraints violation terms ensures

fast convergence of buffer terms v and s, as seen in Figs. 3.7c and 3.7d.

Simulation setup

The validation experiments and online analysis are performed in a visual simulator. A closed-

loop end-to-end pipeline has been developed to simulate high-fidelity spacecraft dynamics

and produces photorealistic high-resolution images for the ML-based state estimator. The
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rendering engine used here is built as a “level” in Unreal Engine software, where a Low-

Earth orbital environment with realistic lighting and textures are simulated. The detailed

architecture of the CNN and integrated simulation pipeline has been described in the previous

work [20]. The filtered state estimates generated by applying the perception map to the

images are then used as feedback for the tracking algorithms. The simulator is a modular

setup where we can select appropriate astrodynamics simulators or generate the dynamics in

Python. The offline trajectory planning, which is the main optimization problem examined

in this chapter, has been developed using CVXPY in Python [59].

3.5.4 Validation experiment Design

In order to provide robustness guarantees, uniform error bounds must be provided for the

perception map. A method similar to the procedure suggested by Dean et al. [50] can be

adapted, where they generate a slope-dependent model of the estimate error near any training

point. However, in this work, the uncertainty is modeled as a state-dependent ellipsoidal

set. As such, with the assumption that the output uncertainty with respect to each state is

bounded, bounds are estimated from the data.

The experiment design requires characterizing the uncertainty as a function of state-

dependent parameters. We now need to create the state-to-output uncertainty map as dis-

cussed in Eq. 3.5, and approximate its upper bounding convex envelope. In this setting, the

perception map is denoted as y = p(x), where p denotes the process of generating the image

corresponding to state x and performing inference on the image to generate an uncertain

pose output y. Figure 3.8 depicts this perception map, that operates on the agent’s state x.

The Ego-Target pair is simulated and their relative state is defined by x. An image of the

Target is generated by process described in Figure 3.8. This represents the sensors in any

other application user wants to define. The ML estimator performs inference on this image

to generate the output y = p(x) ∼ U(Yx), with uniformly distributed uncertainty around

h(x) as the nominal output. The following assumption is now invoked:
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Assumption 3.5.1. The perception map y = p(x), samples the measurements with a uni-

form distribution from a set Y§. The size of the uncertainty set is given by a locally and

globally bounded function Λ(Yx).

This is assumption implies that an outlier-rejection algorithm has been applied to the

perception map output, keeping the output uncertainty bounded. Moreover, the map should

also be immune to adversarial noise, which can affect the output when the image input is

not generated strictly from the same distribution as the training dataset [217]. For the case

of satellite pose estimation scenario, the adversarial noise is non-existent as the simulator

platform is used for testing and training but can occur in practical setting.

For a state x, the uncertainty is defined as zx = p(x) − h(x). Here, h is the nominal

output map for the system process; for the rendezvous for example, it is the relative position

measurement for the state x without any uncertainty. With the bounded assumption, zx

is said to be a uniformly distributed random variable. The 2-norm bound on zx is the

size of the uncertainty represented by the function Λ(Yx), mentioned in Assumption 3.1.1.

The bounded random variable zx can be interpreted as being sub-Gaussian with a variance

σ2 = Λ(Yx)
2/4 [218]. Concentration inequalities have been well established for sub-Gaussian

random variables, with the consequence that their respective norms can be estimated for N

randomly drawn samples, as,

dx =
1

N

N∑
i=1

∥zix∥, (3.57)

with probability 1−δ, where δ ∝ 1/N [218]. The approximation concentrates at σ2
√
n, where

n is the dimension of z. Therefore, the max bound can be computed as Λ̂(Yx) =
√
dx/
√
n.

The datapoints zix = p(x)−h(x) are sampled by randomizing parameters of perception map

p that introduce the uncertainty.

For the validation dataset, the enveloping function is generated by computing Λ̂(Yx) for

M samples of x ∈ X . Here, x is sampled from X by generating a dense discretization on

X . For the dataset (xi, Λ̂(Yxi
)), i = 1, . . . ,M , a tight quadratic envelope function of the
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form x⊤Qx + b⊤x + c, where Q ∈ Snx
+ , b ∈ Rnx , c ∈ R is identified by solving the regression

problem:

min
Q⪰0

M∑
i=1

∥(x⊤
i Qxi + b⊤xi + c)− Λ̂(Yxi

)∥22 (3.58)

s.t x⊤
i Qxi + b⊤xi + c− Λ̂(Yxi

) ≥ 0, i = 1, . . . ,M. (3.59)

This problem can be compactly written as,

min
q
∥L−Xq∥22 (3.60)

s.t Xq − L ≥ 0, (3.61)

q > 0. (3.62)

Note that the quadratic term has been expanded as x⊤
i Qxi = q11x

2
1+ q12x1x2+ . . .+ qnnx

2
n+

b1x1+. . . bnxn+c := q⊤x′
i, for q = [q11, q12, . . . , qnn, b1, . . . , bn, c], x

′
i = [x2

1, x1x2, . . . , x
2
n, x1, . . . , xn, 1],

converting the quadratic term into its linear form for an n dimensional xi. The data matrices

are defined as L = [Λ̂(Yx1), . . . , Λ̂(YxM
)]⊤ and X = [x′⊤

1 , . . . , x′⊤
M ]⊤. The constrained least-

square problem can now be solved as an linear program, in order to generate the enveloping

function, parametrized by q.

In this context, the system is given by Eq. (3.51)-(3.53), for the state x representing the

relative position and velocity of the Ego and the output y representing the relative position,

as captured by the ML estimator. In order to generate a data-point of the dataset (xi, Λ̂(Yxi
),

a primary dataset is of N points is collected, to solves for Λ̂(Yxi
) using Eq. (3.57) at each

xi. The state xi is sampled by densely discretizing the space X with a nx = 6 dimensional

grid. For computing Eq. (3.57) at each xi, we obtain a point zjxi
by running inference

using the process shown in Figure 3.8. The N samples zjxi
are generated by varying the

parameters for the simulation environment, that add randomness to image generated at xi.

For each xi, the parameters that add uncertainty to the measurements have been classified

as Target rotations, camera noise, and the background (Earth placement in the image), as

detailed in [20]. A random Target rotation, Earth position and camera noise is sampled
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under feasible conditions to compute zjxi
. The process is repeated for M points to generate

the secondary dataset (Λ̂(Yxi
), xi). Figure 3.9a represents the points xi sampled from X

within the same distance from the Target (shown in green); this is shown as points (shown

in blue) on a sphere. The Ego positions are shown in blue dots show the point xi while the

camera points towards the Target as shown by the red arrows. The Sun direction is shown

by the black arrow. The secondary dataset (xi, Λ̂(Yxi
)), i = 1, . . . ,M , is then populated

with xi, sampled from X for feasible distances from the Target. The enveloping function of

the quadratic form is now identified by solving Eq. (3.60). The solution to Eq. (3.60) gives

the nx = 6 dimensional, quadratic enveloping function. Figure 3.9b represents a dimension

of Λ(Yxi
) = x⊤Qx perpendicular to the Sun vector. The Sun angle is defined as the angle

between the camera vector and the Sun vector. Figure 3.9b shows the representation of the

quadratic envelope projected onto the 2D plane in-line with the Sun-angle. The dashed line

covering the max error bounds represents the envelope. The solid lines represent variation

of the max error at Ego positions with the same distance from the Target, with respect to

their Sun-angles. Figure 3.9b also illustrates that uncertainty scales sharply as the distance

to the Ego increases, as keypoint visibility reduces with distance. This is the main “feature”

of this key-point based perception map that is exploited in our estimation aware planning.

Note that the data gathering step of the above process and the corresponding uncertainty

parametrization are influenced by the simulation platform and the problem scenario. For

other applications where an estimation-aware trajectories need to be generate, the data can

be collected in a similar manner by sampling the state space and the uncertainty domain.

When the uncertainty set follows Assumption 3.5.3, the validation experiments can be used

to define an enveloping function that upper bound the state-dependent uncertainty set.

To summarize, the enveloping function is generated by collecting a primary dataset that

solves Eq. (3.60) to give Λ̂(Yx) at each x. Then a secondary dataset is collected to compute

Λ̂(Yxi
) at each xi. Here M such samples of x are collected from dense discretization of X .

This secondary dataset is used to solve Eq. (3.58) that defines the envelope. In principle

any alternate method that computes a tight approximation described in Eq. (3.10) can be
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employed for the estimation-aware approach in this chapter to be valid.

For the two scenarios presented in this section, estimation-aware trajectories have been

designed using the proposed degree of observability metric. As seen in Figs. 3.3 and 3.6,

the state estimation process significantly improve using the prescribed methodology. This

proposed approach can be interpreted as improving the sensor conditioning, where the un-

certainty in the measurement is mapped to a smaller uncertainty in the state estimation

process. Moreover, along the estimation-aware trajectory, the lower-level state feedback con-

troller would generally require less energy due to smaller feedback errors, thus improving the

tracking performance. The proposed approach also has application in multi-agent settings,

where observations of other agents’ behavior for the purpose of coordination has a set-valued

uncertainty.

3.6 Discussion

In this chapter, an observability-based metric for set-valued measurements induced by state-

dependent errors was presented. This metric can be utilized to design estimation-aware

trajectories for set-valued uncertainty measurements when a certain convexity assumption

holds. Specifically, the output uncertainty map must be convex in its size with respect

to the state Eq. (3.6). In practice, when this map is not smooth, an enveloping convex

function must be approximated through a validation step to establish a tight upper bound

on the uncertainty. Within this setup, the manuscript demonstrates that when the output

maps are observability-regular (Definition 3.3.1), a lower bound on the degree of observability

Eq. (3.22), can be defined. Under reasonable assumptions on the state dependency of the

uncertainty set, this lower bound is a concave function. The chapter then proceeded to show

that an optimization problem can be formulated to maximize the degree of observability,

thereby generating estimation-aware trajectories.

This work has also illustrated the utility of the proposed observability metric in formu-

lating an augmented cost function for trajectory design problems. A case study was con-

sidered, in which an ML-based state estimator, implemented by an Ego spacecraft, tracks
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an uncooperative Target satellite. The proposed procedure constrains the estimator as a

state-dependent set-valued map. It has been shown that the proposed metric can gener-

ate a tracking trajectory for the Ego spacecraft, resulting in improved estimation accuracy.

Furthermore, this work has demonstrated that, given a nominal trajectory, a neighboring

estimation-aware trajectory can be designed by maximizing the observability metric lower

bound while imposing exploration constraints in the neighborhood of the nominal trajectory.

This case was presented with an example using Dubins car model.

This proposed framework has been formulated for a general class of differentiable non-

linear systems with a set-valued output uncertainty. The optimization problems that use

the observability metrics are defined for locally linearizable systems where the size of the

output uncertainty is globally convex. The proposed method is effective for designing offline

estimation-aware trajectories for observability-regular maps defined in the neighborhood of

a nominal trajectory.

Further investigations into output uncertainties with non-ellipsoidal bounds would be a

natural extension of this work. The framework can also be extended to cases where the

uncertainty size can only be locally approximated as a convex function with respect to the

trajectory state, while the optimization problem is solved sequentially. Additionally, further

exploration of connections to other uncertainty classes in state-dependent settings and the

use of a metric that quantifies output perturbation could follow as a comparative study.

Another facet of this problem is its interpretation as a dynamic sensor placement problem,

where sensor trajectories can be designed to enhance an agent’s state estimation. If a sensor

map is provided and the sensor can be dynamically positioned around the agent it is tracking,

the observability metrics can be employed to design an estimation-aware trajectory for the

sensor-agent pair. Moreover, a multi-agent sensor placement scenario can be constructed,

where sensors interact to maximize combined agent information as they are dynamically

positioned to optimize the agent’s observability.

Finally, for real-time implementation, a model predictive approach can be adopted, uti-

lizing an updated parametrization of the output uncertainty to optimize the trajectory for
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estimation. This approach is applicable when online estimation begins to degrade, and the

uncertainty map and model information are known. We demonstrate the use of observability-

based metrics using MPC for the Target tracking problem in our work [56].
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(a) Estimation-aware trajectories for increasing ob-

servability conditions.

(b) Comparing tracking-error over time for

for trajectories show in Figure 3.6a.

(c) Comparing the state-estimate variance

for trajectories over time.

Figure 3.6: Comparative analysis for satellite rendezvous example. Here estimation-aware

trajectories and their error analysis for increasing observability condition are presented.
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(a) Trust Region size updates per iteration. (b) Objective function update per iteration.

(c) Virtual control buffer evolution. (d) Constraint violation term evolution.

Figure 3.7: SCVx implementation statistics for estimation-aware Ego-Target Rendezvous

problem.

Figure 3.8: Schematic showing relative state to position estimate map
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(a) Representation of sampling strategy

for validation step showing the Ego posi-

tions(blue) relative to Target(green).

(b) 2D representation of envelope(black)

compared to maximum output uncertainty

size vs Sun angle.

Figure 3.9: Validation experiment for fitting envelope function to output uncertainty.



120

Part II

NEUROMODULATION
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Chapter 4

ANALYSIS OF NEURONAL DYNAMICS AND CONTROL

This chapter discuss the design and analysis of a feedback controller for regulating cor-

tical activity in Mice. Conventionally feedback or closed loop control is not studied as

extensively as inference based modeling. Often the primary research focus in Neuroscience is

based on understanding models governing the neuronal subsystems. Specifically mechanisms

behind systems driving behavior are of interest as modeling these systems and stimulating

them could have a quantifiable effect. We start with looking at conventional approaches to

closed loop control in neuroscience. Closed-loop methods in neuroscience integrate real-time

feedback from neural activity to dynamically adjust inputs. Unlike traditional open-loop

experiments, which stimulate and then observe without adaptation, closed-loop approaches

respect the inherent feedback mechanisms of the nervous system. In such systems, neural

output signals—such as spikes, local field potentials, or behavior—are continually monitored

by sensors, processed online to detect events or state changes, and subsequently used to drive

adaptive stimulation via electrical, optical, or mechanical actuators.

Closed-loop control in neuroscience enables real-time measurement and manipulation of

brain activity, with recent advances allowing unprecedented spatiotemporal precision in the

mouse cortex. Optogenetics provides millisecond-precision stimulation without electrical ar-

tifacts, making it ideal for such applications [89]. All-optical systems combining two-photon

calcium imaging and photostimulation allow on-the-fly detection and modulation of individ-

ual neurons in awake mice [153]. These approaches have been used to target hippocampal

sharp-wave ripples [73] and to abort seizures by light-based silencing of excitatory neu-

rons [114]. Hardware–software platforms such as CANDO [74] and ORCA [90] integrate

high-speed imaging, online analysis, and immediate optogenetic feedback. Wide-field cal-
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cium imaging has also been paired with real-time feedback to link cortical states to forelimb

movement control [91]. Such closed-loop frameworks enable causal testing of neural dy-

namics and provide a foundation for adaptive neuromodulation strategies in behaving mice.

These closed-loop paradigms establish a foundation for translating neuronal population dy-

namics into formal control problems, enabling the systematic design of feedback controllers

for optogenetic modulation of cortical circuits in behaving mice. Our experimental setup is

based on experimental setup at Steinmetz lab. The details of the physiology and methods

for data-capture and actuation have been described by Matveev et al [140].

Our investigation specifically focuses on the design of closed-loop controllers targeting

spontaneous cortical activity, aiming to leverage these experimental and computational ad-

vances to develop robust, real-time control strategies that interact with the intrinsic dynamics

of cortical networks. Neuronal dynamics of mice, measured through cortical imaging, can be

manipulated by using an optogenetic stimulus. This is an activation that can only inhibit the

cortical activity; therefore, it is unidirectional and has an upper bound for safe operations.

The observation is a high-dimensional image of the cortex. We specifically want to test the

ability of the controller to regulate activity locally in a region of interest using activation

at a neighboring region. We design a feedback controller to track the activity of a region

near the stimulus to a reference state for a finite horizon. This controller design defines the

internal model of the system as it is shown to be a good regulator of the system and helps

infer properties of this system.

4.1 System Characterization

The goal of this work is to demonstrate that a feedback controller of a “cortical state” can

achieve a good regulation of an output signal for “average” dynamics. The cortical state here

is an interpretation of the underlying dynamic neuronal state, which defines the processes in

the system.

The output state is measured by partially observing this cortical state. To control or

stimulate this state, an input signal is generated using feedback. The output state is the local
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readout of a pixel and the input is a laser signal applied to a nearby location. Specifically,

control in this context is termed as output regulation, which is the ability of the input

sequence to drive the output to some reference signal. The task of tracking the reference is

subject to a short horizon due to exposure(input) constraints of the system. To achieve this

type of tracking, we want to define a output feedback controller. The system parameters

remain unknown and variable since we treat the system as a black box while defining the

controller. For the controller to be able to regulate the output under all cortical state

conditions, the model must have monotonic input-output characteristics. Moreover, non-

stationarity and time-variance can make the linear controller infeasible for output regulation.

Given a model, guarantees about dynamic stability can be stated.

4.2 Challenges in Modeling

In general, neuronal dynamics exhibit complex behaviors at the cortical level. In neuro-

science, models for cortical activity have been proposed based on experimental analysis and

biological insight. The representative dynamics of the cortical state in its general form can

be described as a nonlinear system given by:

xk+1 = fk(xk, ρk) + gk(xk, ρk)uk + dk (4.1)

yk = hk(xk, ρk) + wk. (4.2)

where fk, gk, hk are time varying continuous functions representing the dynamics and the

output maps and x, y, u are the state, input and output vectors with well defined dimen-

sions. The functions f, g, h all depend on the subject parameter ρ that can be partially

approximated(such as the synchronized and desynchronized state). The parameter ρ can be

perceived as an arbitrarily evolving state with a non-trivial dynamical model. The system is

also perturbed by unpredictable exogenous signals d which can be characterized as neuronal

activities that affect the subsystem Eq. (4.1-4.2).

These signals are external to the subsystem, but may be generated by some internal

uncharacterized neuronal process. The signal v represents the sensor noise in the experiment,
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Figure 4.1: Frequency spectrum of first 10 principle moments

and its distribution, which depends on the equipment, can be approximated empirically.

We deal with a subsystem of this large scale cortical system. Here, an optogenetic input

is applied to a fixed cortical region, and activity from another neighboring cortical region is

measured and considered as an area of interest. A subsystem of the cortical system can be

assumed to exist with input/output defined by the activation and measurement locations.

We redefine the x, u and y as the state, input and output for the subsystem instead.

The justification for this generalized model can be seen when analyzing the frequency

spectrum of the signals by contextualizing available modes of input and output. The evidence

of this type of activity can be empirically verified from experiments conducted at Steinmetz

Lab and in literature. We start by analyzing frequency spectrum of the output space. The

output in this setup is a high dimensional image defined by zk = g(yk) we use Principal

Component Analysis(PCA) to reduce the dimensions of this high dimensional signal [171].

The spatial components(left) show features of interest in the image and the temporal(right)

components represent the time series evolution of this image. We observe that most of the

neuronal activity is explained by a small number of temporal principal components, which

is a common theme in findings across neurodynamics research [38, 195, 45]. We observe

the frequency distribution for data gathered from an experiment session with spontaneous
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Figure 4.2: Left: Frequency spectrum across time for a session, Right: Freq spectrum over

a short trial window across different times

activity where the mouse is left unaltered. We see that there exists a smooth distribution

of frequencies as seen in Figure 4.1. For a short horizon we observe variable frequency

distribution on non-stimulated spontaneous activity as shown in Figure 4.2. We observe that

over short windows features emerge where some frequency modes are dominant but transient.

This could be explained as an input with variable frequencies driving an approximately linear

system.

The system is analyzed for a finite horizon trajectory called a trial. A trial is an activity

of a region of interest on the Brain. The activity which is the output y is computed as the

percentage difference from the mean activity denoted as %dF/F in this context. We observe

this output and assume that the latent state x driving the output at any trial is initialized

at the start of a trial as x0 ∈ D where D is the feasible set of the system states. The set D is

bounded as we have a biological system. The distribution of states within this set at initial

condition is parameter dependent. The mean of the regional activity may vary over time

due to both changes in physiology(parameter change in the system model) or experimental

factors(external disturbance). For any given initial condition, an input sequence u[0,T−1] is
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applied while disturbance and parameter sequence d[0,T−1] and ρ[0,T−1] also affect the system.

The output sequence can be measured for any trial as Σx0(u, d, ρ)[0,T−1]. Note that we do

not estimate ρ and d, and we perceive the effect of these variables as variability throughout

the expected output trajectory.

For this system, we want to design a controller such that the dynamics can be stabilized

and a reference output trajectory can be tracked under the given input constraints. The

controller design will depend on the model of this subsystem and the design parameters for

tracking. For reliable tracking, the model must be well defined.

In this setting, the system identification for guaranteed predictability is a non-trivial task.

This is mostly the case due to non-stationary of the system across a trial. The spontaneous

change in parameters and state perturbation through exogenous inputs create the observed

non-stationarity.

Commonly used approach of linear subspace identification does not apply to this setup

as it non stationarity and as a result stability of the dynamical system for fitting a candi-

date linear state space model that can be used to forecast noise free dynamics [211, 3, 206].

Moreover the single trial activity in the brain is subject to non-periodic, spontaneous ac-

tivity which acts as a driving system for the output state that is being tracked. For these

inputs to be identifiable, they must be generated through a known model instead of random

activation [87]. Conventional system identification remains a challenge due to the variability

of output across the same inputs and initial conditions due to the unobserved disturbances

and parameter dependence of latent dynamics. But a trend in trial-averaged performance

can be observed in the experiments. We observe that by taking an average of trajectories

across trials the system behaves like an unbiased, undisturbed system. Using the law of

large numbers we observe that for large number of trials we can expect the system to be

stationary for finite horizon trajectories. The Figure 4.3 shows reduced trial-by-trial vari-

ability(temporal average) as more trials are incorporated. We now look at design approach

for controller synthesis and system analysis.
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Figure 4.3: The trial-by-trial variability as a function of sample numbers

4.3 System Characterization

The system response to the control stimulus can be defined if the dynamics of the system

along with uncertainties are known. For cortical activity, the formulation of such a model

under spontaneous activity is non-trivial. Moreover, system identification for prediction

metrics is often infeasible when spontaneous exogenous inputs are prevalent. Some works

have shown progress in reconstruction and prediction of low-dimensional data with behavioral

tasks where spontaneity is less prevalent1. For a general investigation, where we want to

model dynamic relationship between brain region for facilitating feedback, such models have

not yet been shown to be effective.

Now, to manipulating the state and designing a linear state feedback controller with sta-

bility guarantees, we need monotonic input-output relationship. With a monotonic input-

output system a linear proportional feedback controller will achieve equilibrium [15]. A

nonlinear controller could be designed to regulate the desired signal but in that case, con-

troller design needs the model information, specifically the non-linear effects of the system.

In optogenetic stimulation, we observe what behavior is exhibited when a given control sig-

1Linderman et al, have show switched linear systems can predict activity in C. Elegens.
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nal is applied. An experiment is designed to observe the output of the system for varying

levels of impulse inputs. In Figure 4.4 we show the trial-averaged output response of the

dF/F value of pixel trace for each impulse value to state at which impulse is applied. We

observe that the input activation level to output inhibition level ratio is not strictly mono-

tonic but behaves as an approximately monotonic system. This feature is attributed to the

variability of the mouse dynamics and the fact that limited number of trials are available

due to physiological constraints. We can demonstrate that monotonicity of input-output

Figure 4.4: Impulse response for optogenetic stimulation

behavior is parameter dependent. We use frequency spectrum as an indicator for parameter

where the power spectrum is used as a marker to segregate brain state into phases where

response to an input is predictable or unpredictable. It is observed that for trials with lower

concentration of low frequency power, responses are more predictable as compared to higher

low frequency power. This type of classification used to distinguish known mouse states

associated with arousal. The state of arousal or desynchronicity has been observed to have

high correlation to output state having low power of low frequency activity whereas higher
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Figure 4.5: Impulse response comparison for signals with low and high concentration of low

frequency signal. The low LFP set shows monotonous behavior as compared to high LFP.

power of low frequency activity is correlated to synchronized/unaroused brain. We observe

that under arousal, input actions have monotonous effect as seen in Figure 4.5.

Next we analyze the step response of system to varying level of input inhibition as shown

in Figure 4.6.

Note that for this system, using modeling methods like frequency sweep or sampling
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(a) Averaged step response to a sinusoidal acti-

vation of varying length of activation.

(b) Step response to a sinusoidal activation

(c) Averaged Response of step inputs across dif-

ferent sessions and mice.

(d) Step response to a sinusoidal activation of

constant amplitude for 3 seconds

Figure 4.6: Open loop responses to input stimulation and their trial averaged dynamics with

experiments conducted by Matveev [140] and Deole

through persistent excitation is challenging and infeasible in some cases due to physiological

input constraints and limit to the amount of data that can be gathered during a session.

Moreover, non-stationarity and parameter dependence of input-output characteristics make
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system identification through transfer function learning or subspace identification infeasible.

We therefore explore a model-free approach to controller design.

4.4 Experiment Setup

The experimental setup and method is described in detail in the work [140]. For context,

in our setting, the measurement is derived from wide-field imaging. From this image we

select a region of interest and the spatially averaged pixel value represents the output of our

system. The input to this system is through optogenetic manipulation. The signal is applied

to a fixed part of the brain which is the area of interest. We analyze the system where laser

activation location is fixed. The signal used here is a sine-wave at a fixed frequency(35Hz ≈

image sampling frequency). The control variable for this signal is the sine-wave amplitude.

For consistency, the smallest unit of control(impulse signal) applied is one wavelength.

The goal for initial analysis of control efficacy, is to show that we can track a fixed

reference r for inhibition of output state and that a controller can be designed to reject

disturbances over a finite horizon. The control objective can be designed as minimization of

error norm ∥r − y(t))∥2 over t ∈ [0, T ].

4.5 Controller Design and System Analysis

We approach the system design with a model-free design approach. Using results of mono-

tonicity observed from the empirical analysis, we argue that a proportional controller for

reference tracking setup will behave as a good regulator for the system.

We have observed that the trial-averaged system exhibits characteristics of a low order

system whereas trial by trial samples from the system exhibiting variable responses as seen

in Figure 4.6c, 4.6d.

The controller we design is evaluated over its “averaged” tracking performance on the

trial window. The trial-to-trial response is treated as disturbance to the average model.

The controller is expected to be able to perform disturbance rejection on trial-to-trial basis

.The Figure 4.7 shows a closed loop schematic for the averaged system with output feedback
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Figure 4.7: Control system for Neuronal dynamics

control. Here system is under the influence of exogenous inputs wt and we evaluate the L2

norm of controller performance over finite window as ∥z(t)∥L2 , where z(t) is the tracking

error.

For simplicity we assume that a linear system can approximate the dynamics of the

subject over a trial. The trial-to-trial variability can be explained by a parameter varying

linear system. Here nonlinear models can also be proposed that follow that explain the

average and trial to trial behavior but we want to explore set the platform for further

research where this system can be analyzed form the lens of linear systems.

Consider the following candidate Linear parameter-varying system:

xt+1 = A(ρ)xt +B(ρ)ut + wt + dt (4.3)

yt = Cxt + vt (4.4)
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where a candidate model for the system matrices can be expressed as

A(ρ) =
n∑

k=1

ρkAk,

B(ρ) =
n∑

k=1

ρkBk.

Here the parameter ρ contributes to the variability we observe on a trial-to-trial basis

along with the exogenous signal dt. The apparently arbitrary nature of parameter ρ and

disturbances d makes the linear system identification problem to be infeasible. We also

know that the observed disturbances are bounded as spontaneous brain activity is bounded.

The noise terms wt, vt are assumed to be zero mean i.i.d. and the disturbance term is also

assumed to be stationary. The parameters ρ are also assumed to be drawn from a stationary

distribution2. Finally, we also know that the system is marginally stable as the dynamics

have oscillatory dynamics.

The assumptions of stationarity of parameters and averaging dynamics can be formulated

as:

Eρ[A(ρ)] = A(ρ̄) := Ā

Eρ[B(ρ)] = B(ρ̄) := B̄,

E[d] = 0, E[ρ] = ρ̄

We state the averaging assumption as:

Assumption 4.5.1. The trial-averaged response over a set of feasible initial conditions can

be closely approximated as a stationary linear system.

E [Σx0(u, d, ρ)0:T−1] = Σ̄x̄0u0:T−1, where Σ̄ generates the output sequence for input u0:T−1 for

average dynamics ρ = ρ̄, dk = 0 and E[x0] = x̄0 for system (4.3-4.4). Here ρ ∈ P and d ∈ Q

represent the parameter and disturbance set.

2The output is a percentage change in pixel trace over the mean trace value denoted by dF/F . The
disturbances and parameters are considered to be stationary with respect to the dF/F value.
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Here, on a trial-by-trial basis, the dynamics are interpreted as the averaged system in-

jected with exogenous disturbances d and the controller regulates the transient dynamics

and rejects disturbances to the average system(Ā, B̄). The parameters ρ, that physiologi-

cally represent the brain states, are sampled from Q which represents all possible brain states.

The probability distribution of this set is unknown and is heavily dependent on experimental

parameters and physiology. The disturbances d which represent the brain interactions from

other subsystems are drawn from set Q and are also drawn with an unknown distribution as

factors like motion and other unmodeled/unobserved activity. We also assume that the esti-

mation of trial-average is computed using enough trials such that the approximated average

is close to the true trial average, that is the approximated average is unbiased.

4.5.1 Controller Structure

For manipulating the output(trace of a cortical region) to a reference trajectory, we propose a

closed-loop structure for the output feedback controller with a proportional-integral form. A

linear feedforward controller(open loop) is designed for the outer loop to derive the nominal

input required to track the reference signal.

Open Loop Controller Design (Feedforward Control)

We introduce a linear proportional term for feedforward control defined by:

ūt = Kr(yref − yt) (4.5)

where yref is the reference signal, y is the output and Kr is the feedforward term. The

feedforward term is computed for each subject through a calibration step where trial-averaged

open-loop responses are measured. The step inputs are sampled from the feasible input set

and each input is repeated for N steps. Given that Assumption 4.5.1 holds, a stationary

response can be generated over N trials.
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Calibration

We design an experiment to calibrate the linear feedforward controller. The step impulse

inputs are sampled evenly spaced feasible inputs between 0 − 2.5v. Each step input is

repeated N times and a randomly applied on a trial. This gives us a data pair (ui, zi), where

zi is the max inhibition achieved by trial averaged output sequence y0:T . We apply a linear

regression step on the dataset (ui, zi). The linear feedforward controller must satisfy the

constraint KrY = U , where Y = [(y1− yref), . . . , (yk − yref)] and U = [u1, . . . , uk] . Then we

solve a regression problem that generates the linear feedforward controller Kr = UY†. The

feedforward controller needs to be generated every time experimental parameters change.

Closed Loop Controller Design (Feedback Controller)

The feedback controller is designed to closely track a desired reference signal. We propose a

simple linear feedback controller with a proportional and an integral term. The proportional

control term is a linear error correction term. The integral term is introduced to compensate

for bias and activation non-linearities under a step response as seen in Figure 4.6c. Therefore,

our discrete-time controller has the form:

ut = ūt +Kp(yref − yt) +Ki

t∑
k=0

(yref − yk)dt (4.6)

We express this controller as an output feedback controller of the form u = ū+Ky.

Given that Assumption 4.5.1 holds, we define the tracking objective function as the L2

norm for finite horizon which is equivalently the MSE of tracking given by

J(K) = Ex0∼D

[
T∑
t=0

∥z(t)∥2
∣∣∣∣ K
]
; z(t) = yt − yref (4.7)

Where ∥.∥ is the Euclidean norm, K is the output feedback controller applied to gen-

erate the sequence u0:T−1 with parameters (Kp, Ki). The trials(t = 0, . . . , T ) are randomly

instantiated in an experiment so as to randomize the initial condition x0 ∈ D and generate
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an unbiased sampling of parameters ρ and disturbances d. We test the efficacy of candi-

date controllers by running a validation experiment. The expected value of J(K) can be

approximated by taking trial average over N trials as Ĵ(K) defined by:

Ĵ(K) =
N∑
i=1

[
T∑
t=0

∥z(t)∥2

]
(4.8)

The assumptions that trial-averaged dynamics are approximately linear, hold true if Eq.

(4.8) converges to Eq. (4.7) as N increases. Here, number of trials is a limiting factor

for evaluation as we are limited with experiment time; therefore, a biased estimation of

the trial-averaged system will not be generated if brain states are not evenly distributed.

Brain states are often unmodeled, specifically for this scenario, and change spontaneously.

Neuroscience research has led to model identification and correlation studies between brain

states and observed data, which can be applied here, but is a non-trivial task in this work

due to experimental constraints.

We now look at an optimization approach for controller design.

4.5.2 Controller Optimization

The regularizability of a controller can be improved as compared to manually selected con-

troller, if the controller is optimized to reduce the L2 norm of error as defined in Eq (4.7).

Assuming that enough number of trials are available to assume stationarity, we design a

zeroth-order optimization algorithm for the average dynamics of the system Eq. (4.3, 4.4).

The landscape of Eq (4.7) is unknown with respect to K as the model is unknown and

J or ∇KJ cannot be computed analytically as experiment length puts a hard constraint on

a number of trials. Therefore, gradient approximation is infeasible in this scenario unless

stationarity of brain states can be guaranteed. If so then algorithms like model-free gradient

descent on LTI systems can be applied [68]. In this experiment though number of trials are

limited and the brain is not stationary for given number of trials
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Therefore we design a validation experiment to map J as a function ofK. This experiment

can inform us about feasibility of optimization routines as shown in Figure 4.9.

We design a data driven optimization routine on J landscape using online zero-order

information. This is a sampling based approach where controller are sampled using a update

rule defined by Algorithm 3.

Consider the averaged dynamics of the system as:

xt+1 = Āxt + B̄ut (4.9)

yt = Cxt (4.10)

Note here that open-loop step response of the system starts to exhibit a nonlinear behavior

even under trial-averaged response as shown in Figure 4.6c. This suggests that the load

applied to the system produces inconsistent output. The load can decrease over trial length

due to internal processes in certain experiments. Moreover, calibration errors or process

changes can occur while computing open loop. We assume there exists an integral state

constructed using Riemann sum, i.e.

ξt =
t∑

k=0

(xk − xref)dt

. Here for small dt, we have ξ =
∫ t

0
(xs − xref)ds. Now the augmented internal system for

state s = [x⊤, ξ⊤]⊤ can be defined as:

 xt+1

ξt+1

 =

 Ā 0

1 dt

 xt

ξt

+

 B̄

0

ut (4.11)

yt =

 C 0

0 1

 xt

ξt

 . (4.12)

The output feedback controller is defined as y = KC ′s, where K = [Kp,Ki] and C ′ is the

output mapping from Eq. (4.12).
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Figure 4.8: Control architecture for Neuronal dynamics

4.6 Controller Analysis

Model-Free Optimization Routine

Figure 4.9: Trial averaged performance evaluated for controllers sampled from a feasible

space.

We analyze the controller performance over a feasible space by sampling from a grid of
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viable controllers and evaluating their performance by computing Eq ( 4.7). Here the mouse

is assumed to follow stationarity rule. The Figure 4.9 shows the landscape of Eq. ( 4.7)

with respect to K for a trial-averaged system. A model free controller optimization routine

has been applied here as described in 3. The optimization routine samples a controller

K = [Kp, Ki] from the feasible set and evaluates the performance using ( 4.7). A new

candidate controller is then sampled randomly from the surface of a norm ball around K.

The size of this ball is the step-size for controller update. The controller is updated if

performance is improved. If controller cannot be updated then the step size is reduced by a

factor of 0.5.

Algorithm 3 Naive Zero-order Search

Initialize : Controller K = K0, step size = r

for i = 0 to I do

Ki = Ki + rU ▷ U = [Kp, Ki] sampled from unit norm ball

for j = 1:N do

Sample a trial of trajectory length T

Compute: Cj =
T∑
t=1

ct(xt, ut)

end for

Compute Ĵ(Ki) =
1
N

N∑
j=1

Cj

Update Ki:

Ki =

 Ki, if J(Ki) <= J(Ki−1)

Ki−1, if J(Ki) > J(Ki−1)


end for

Here, for N iterations, the approximation regret as given below, must be less than some

tolerance level that allows for the optimization landscape to be smooth–so that update steps

closely approximate the true descent direction.

R(N.K) = Ĵ(K)− J(K) =
N∑
i=1

[
T∑
t=0

ct(xt, ut)

∣∣∣∣ K, x0 ∼ D

]
− E[

T∑
t=0

ct(xt, ut)|K] (4.13)
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Figure 4.10: Model-free optimization of controller as described in Algorithm 3

Without prior knowledge of uncertainty, we cannot define a minimum value for N such that

approximation regret is bounded below the desired threshold. The evaluation of Eq ( 4.7) for

a given controller is often biased if a particular brain state persists for the majority duration

of controller evaluation and shifts to a different state while evaluating a different controller.

A possible solution to this problem is to use an external signal to force a stationary brain

state for the entirety of the experiment. Due to inconsistencies of such a stimulus we do not

claim the stationarity of brain state.

The result of session on optimization routine is shown in Figure 4.10

The controller in this set up is designed such that it behaves as a good regulator for the

system. The system will be considered a good regulator if tracking performance is improved

for closed loop as compared to open loop, that is Ĵ(K) ≤ Ĵ(0) where Ĵ(0) is the open loop

controller.
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Controller Analysis

To analyze controller performance for a subject, we set up the closed loop controller as

described in Section 4.5.1. A candidate controller K = [Kp, Ki] is selected within the

feasible set. The feasible set is defined by input constraints based on the physiology of

the subject. The gains are selected such that inputs do not saturate. We run a validation

analysis where a comparison between open loop and closed loop controllers is presented.

Both the controllers are applied randomly for N trials in each case. We assume that the

initial conditions at trial start have been sampled from the bounded set D which spans the

space of all feasible states. Moreover, we assume that for N trials the parameters ρ and

system disturbances d are sampled evenly across Q,P . The controller performance is then

analyzed by approximating Eq .4.8 for open loop and closed loop controllers.

Definition 4.6.1. We define a system of the form Eq. 4.3,4.4 to be output regularizable for

a controller K if J(K) ≤ J(0).

We show the analysis for an experiment session in Fig. 4.11 where we compare open

loop and closed loop performance over trials. Based on experimental result, we observe that

closed loop controllers make the system output regularizable. The Fig. 4.11 shows that

tracking performance is improved by the controller and the single trial case shows the action

of the controller in blue. The Figure 4.13 shows the comparison of variance across trials,

which shows that disturbances induced by exogenous interactions, which persistently excite

the local dynamics, are significantly subdued in the closed loop case. On a trial-by-trial basis

we observe that the closed loop controller is effective at suppressing disturbances as shown

in Figure. 4.12, where the worst case performance of closed loop trials is better than open

loop trials.

We claim that such a controller that improves the tracking performance over open loop

and performs disturbance rejection is a good regulator for the system over finite time as it

makes the system, output regularizable as stated by Definition 4.6.1. This forms a basis for

future study where an internal model principle for finite horizon trials can be formulated.
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Figure 4.11: Comparison of Tracking control for Feedforward and Feedback scenarios where

closed loop controller is a good regulator of the system.

We claim that given that the controller is a good regulator of the system, the controller

contains the necessary information about the system and the assumptions made about the

stationarity are true.

4.6.1 Controller Performance and Future directions

The controller evaluation across sessions as shown in Figure 4.14. This demonstrates that

the general assumption about averaged linear dynamics begin stationary holds true across

sessions. Note that this is only true if monotonicity of input-output relationship also holds
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Figure 4.12: Trial by Trial comparison of open loop and closed loop experiments
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Figure 4.13: Variance Reduction from open loop to closed loop.
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Figure 4.14: Variance Reduction and regulation comparison of controllers across experiment

sessions. The boxplot shows trial-by trial statistics with open loop trials in red and closed

loop trials in red. The x axis shows total variance across trials for each controller

true.

Now we propose that using the model Eq 4.3, 4.4 we can further analyze the system

and segregate individual trials into regularizable and non-regularizable based on a threshold

value for MSE. In Figure 4.15 we show a comparison of regularizable and un-regularizable

trials for both open loop and closed loop case.

For experiments, we observe that on a trial-to-trial basis the variation introduced by

exogenous inputs can exhibit specific properties both under open loop and closed loop setup.

We can see that on a trial-to-trial basis disturbances and parameter dependence can lead

to unpredictable behavior even when the controller is a good regulator. We can then justify

the model Eq 4.3, 4.4 by expressing variation from the average model as the disturbance or

parameter pertaining to a given trial.

As seen in Figure 4.15, we segregated the trials based on MSE as regularizable or non-

regularizable. The next direction of this work explores the viability of prediction of reg-
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(a) Closed loop regularizability.

(b) Open loop regularizability.

Figure 4.15: Comparing Regularizability of controller per trial

ularizability on a trial-to-trial basis. If such a predictive model can be generated, then a

model-based predictive controller can be designed to regularize an otherwise unregularizable

trial. Thereby, further decreasing the trial-to-trial variability of the system. Our ongoing

work attempts to address those questions and we try to build a model for internal dynamics

of the cortex as described by the system in Figure:4.7. The scope of this chapter was to ex-
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plore modeling approach for the cortical dynamics such that a controller could be designed

to regulate local signal in a region of interest. Further applications to this work will explore

trajectory tracking using the internal low-level controller used in this work. The trajectory

generation could then be related to some behavioral marker that improves task accuracy

in the subject or could be related to a bio-marker for neuronal deficiency that needs to be

“stabilized” using desired trajectory.
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Marco Pavone, and Behçet Açıkmeşe. Convex optimization for trajectory generation:
A tutorial on generating dynamically feasible trajectories reliably and efficiently. IEEE
Control Systems Magazine, 42(5):40–113, 2022.

[135] Yuanqi Mao, Daniel Dueri, Michael Szmuk, and Behçet Açıkmeşe. Successive con-
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