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In this dissertation, I study peer review—the process by which scientists evaluate one an-

other’s work for publication or funding—through three distinct but related lenses. I focus

on multi-step grant proposal peer review processes, in which reviewers score a research grant

proposal on a set of criteria (via criterion scores) as well as overall. The National Institutes

of Health (NIH) and American Institute of Biological Sciences (AIBS) both use this type of

peer review.

We begin by analyzing racial disparities in NIH peer review scores, determining that

the criterion scores explain racial disparities in overall scores. We also find—perhaps

surprisingly—negligible racial differences in commensuration, the way in which criterion

scores are weighed when determining the overall score and a potential vector for racial

disparities. Our analysis uses hierarchical mixed-effects models to account for the intricate

dependencies in the NIH’s peer review structure and matching to nonparametrically adjust

for covariates. Additionally, I discuss the conditions under which estimates from these mod-

els carry causal interpretations, and investigate the robustness of our estimates to deviations

from these assumptions.

Outstanding questions from the NIH study motivate the subsequent chapters of the dis-



sertation. The unmeasurability of a grant proposal’s underlying quality—a sure mediator of

the relationship between demographics and peer review scores—leads us to explore a related

question: how informative are peer review scores? We leverage the decimal AIBS scoring

scale and the proven tendency of raters to round to define and study refinement, which char-

acterizes the informativeness of a set of peer review scores. We find evidence that overall

scores are more informative than criterion scores at AIBS.

Finally, the experimentally unverifiable causal structure underlying our NIH study models

motivates us to adapt causal discovery techniques for use in peer review. We quantify

uncertainty in discovery with a fully Bayesian approach—Bayesian Causal Discovery—that

enables researchers to establish confidence in the causal structures that underpin future

analyses.
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GLOSSARY

Italicized terms in the text are defined in the glossary, in addition to acronyms and
common terms whose usage in this dissertation is specialized.

ADMINISTERING INSTITUTE: at NIH, one of twenty-four institutions that award grant
funding in a particular research area.

AIBS: the American Institute of Biological Sciences.

APPLICATION: I use this term to refer to all components of an application for grant
funding, including not just the research proposal but also, e.g., a biosketch.

BALANCE: the degree of similarity between the covariate distributions in the treatment
and control groups.

BIBLIOMETRICS: statistics describing outcomes of scientific research, including publica-
tion counts, citation counts, and Journal Impact Factors (Borgman and Furner, 2002).

CAUSAL DIAGRAM: a graph relaying causal relationships among variables; see Pearl
(1995).

CAUSAL DISCOVERY: the process of learning the causal relationships among a set of vari-
ables from observational data.

CEM: coarsened exact matching (Iacus et al., 2012). Exact matching on a coarsening of
the observed covariates. A generalization of exact matching that achieves many nice
properties (see Appendix A.2.1).

COMMENSURATION: the process of weighting, or combining, criterion scores into an over-
all score.

COMMENSURATION DIFFERENCES: differences—in Chapter 2, racial differences—in the
average weighting of criterion scores into an overall score.

COMMENSURATION DISPARITIES: when commensuration differences, in aggregate, con-
tribute to racial disparities in Overall Impact scores.
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CONDITIONAL IGNORABILITY: a treatment T is ignorable for an outcome Y with poten-
tial outcomes Y (0) and Y (1) given covariates X if Y (0), Y (1) |= T |X.

CRITERION SCORES: in grant proposal peer review, scores that reflect specific aspects
of a proposal. At NIH, the five criterion scores are Significance, Investigator, Innova-
tion, Approach, and Environment. At AIBS, the four criterion scores are Significance,
Investigator, Innovation, and Approach.

CROSSED RANDOM EFFECTS: non-nested random effects, which exist when one random
factor level occurs for multiple levels of a different random factor in the experimental
design.

CSR: at NIH, the Center for Scientific Review, which manages NIH’s peer review pro-
cesses.

EVIDENCE: in a Bayesian model M for data D parameterized by parameters θ ∈ Θ, the
likelihood of the data under M :

∫
Θ
p(D|θ) dP (θ).

FINAL SCORE: at NIH, scores given by reviewers after SRG discussion of grant
proposals—i.e., a revision of the preliminary score.

GAMING: while abiding the rules of a system, behaving in a way that serves one’s own
ends instead of the system-wide goal.

GOLD STANDARD: a widely-accepted measure of an ill-defined quality, such as “scientific
importance.”

HEAPING: the practice of rounding an estimate or report of a quantity, thereby introduc-
ing an error.

IRG: at NIH, Integrated Review Groups. These research area-specific units oversee many
SRGs.

ITEMS: what is being score or ranked, e.g. in peer review.

MATCHING: a process often used to estimate a treatment effect whereby treated and
control units are “matched” on the basis of other covariates and set aside for treatment
effect estimation. Matching can be considered a form of semiparametric inference.

MULTISET: an extension of a set, in which multiple copies of an element are permitted.
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NIH: the National Institutes of Health.

OVERALL SCORE: in grant proposal peer review, a score that reflects the overall quality
of a proposal. At NIH, “Overall Impact Score”; at AIBS, “Merit Score.”

PANEL: a group of peer reviewers that discuss a collection of items and score/rank them.

PERCENTILE SCORE: the percentile ranking of a proposal’s average final Overall Impact
score in the distribution of average final Overall Impact scores from the previous three
rounds of review for a given SRG.

PI: Principal Investigator—in peer review, the lead scientist on a grant proposal.

PRELIMINARY SCORE: at NIH, scores given by reviewers prior to SRG discussion of grant
proposals.

PROPOSAL: I use this term to refer specifically to the document that proposes the scien-
tific research requiring funding, the most important of multiple components of a grant
application.

PSEUDO-BIAS: occurs when an estimator is unbiased but has an extremely skewed distri-
bution such that it almost certain to be an under- (or over-) estimate.

R01 GRANT PROPOSAL: the original and still-primary grant mechanism at NIH. “Pro-
vides support for health-related research and development based on the mission of the
NIH” (NIH Staff, 2021d).

RELATIVE BIAS: if β′ = β + bias is estimated in place of β, the relative bias of β′ for β
is bias/β′.

SEP: at NIH, Special Emphasis Panels. These one-time units are convened to review
grant proposals in a specific scientific area.

SRG: at NIH, Scientific Review Groups. These units review grant proposals and provide
scores to administering institutes for use in funding decisions.

WEAK ORDERING: informally, a transitivity-respecting ordering in which some items are
incomparable to others.
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and Marina Meilă, who are both excellent advisers and researchers individually, but even

better as a team. Thanks also to Drs. Carole Lee and Thomas Richardson, who made

major contributions to subsets of these chapters, and who provided new perspectives and

encouragement when they were needed most. Additionally, thanks to Dr. Kate Stovel for

volunteering her time as my GSR, and for warmly welcoming me and many other graduate

students to UW’s interdisciplinary research culture through the Center for Statistics and

the Social Sciences. Two chapters of this dissertation rely heavily on collaboration with or

assistance from researchers at peer institutions—in particular, Richard Nakamura, Mei-Ching

Chen, Mark Lindner (National Institutes of Health), and Steve Gallo (American Institute of

Biological Sciences). Research in this dissertation was made possible by a contract from the

National Institutes of Health and grant funding from the National Science Foundation and

the National Security Agency. Finally, to my family, friends, and therapist: thank you for

standing by me—whether literally, in Seattle, or from thousands of miles away—these last

five years. Through dark Seattle winters, pandemics, and personal trials, I never felt alone

because you reminded me that breakthroughs and a brighter world are always around the

corner.

vi



DEDICATION

to my family

vii



1

Chapter 1

INTRODUCTION

This dissertation is motivated by practical problems in the statistical analysis of peer

review. I will present new scientific findings about racial disparities and informativeness of

scoring in peer review, as well as novel statistical methods for the analysis of peer review

data and beyond. These range from the specific (quantifying information in structured

rating scales, such as those used in peer review) to the general (evaluating uncertainty in

causal discovery). This chapter expands upon these contributions and outlines the remaining

chapters of the dissertation. It also introduces the concepts from peer review that will

underlie much of the work.

1.1 Peer Review at the National Institutes of Health and American Institute
of Biological Sciences

This dissertation uses data from two institutions that perform peer review for research grant

proposals in the biomedical sciences: the National Institutes of Health (NIH) and the Amer-

ican Institute of Biological Sciences (AIBS). NIH funds scientific research on the basis of

its peer review in addition to numerous other missions. AIBS focuses on three relatively

distinct functions: science advocacy, publishing the journal BioScience, and peer review in

the service of other organizations, such as NIH. Here, I describe the basic two-stage (pre-

and post-panel) peer review process shared by NIH and AIBS, leaving the particularly com-

plex structure of NIH R01 peer review to Section 2.2.1 of Chapter 2. R01 is the original

and dominant NIH grant type, broadly reserved for “research and development based on the

mission of the NIH” that “must be related to the stated program interests of one or more of

the NIH Institutes and Centers based on their missions” (NIH Staff, 2021d).
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The panel is a central component of peer review. A panel is typically composed of a set

of peer reviewers, all of whom share expertise to some extent and are reviewing proposals

in a particular scientific field. For NIH R01 grant reviews and some AIBS reviews, multiple

panelists review a proposal independently before the panel discusses (possibly a subset of)

the proposals. The panel may meet in-person or online, asynchronously, to discuss proposals.

At both NIH and AIBS, preliminary scores are given by reviewers after reading a proposal

but before the panel meets; these may then be revised after panel discussion, yielding final

scores. At NIH, only a subset of proposals are discussed by panels; these are chosen on the

basis of the preliminary scores. Panel discussions induce dependencies between reviewers’

scores, and since they are private, these dependencies cannot be modeled explicitly. In

Chapter 2, we focus on NIH preliminary scores because we seek to explicitly model all

dependencies between scores. In Chapter 3, we consider AIBS final scores; the metrics

developed in this chapter assume the existence of latent dependencies between scores.

At NIH and AIBS, there are two types of scores: criterion, and overall. The criterion

scores each concern a specific component of a proposal, while the overall score relays the

overall quality of the proposal. At NIH, there are five criteria: Significance, Investigator(s),

Innovation, Approach, and Environment (see Table A.2 for NIH’s detailed descriptions of

each criterion). AIBS uses just the first four of these criteria, with similar definitions. NIH

refers to the overall score as the Overall Impact score, and tells reviewers that it should

convey “the project’s likelihood to have a sustained, powerful influence on the research

field(s) involved” (NIH Staff, 2012). AIBS refers to the overall score as the Scientific Merit

score.

It is important to note that reviewers are not required to determine the scores in a

particular order. However, NIH notes that reviewers will “derive the Overall Impact score

from the individual criterion scores” (NIH Staff, 2016b) and that “the impact score for

an application is based on each individual reviewer’s assessment of the scored criteria plus

additional criteria...” (NIH Staff, 2013). Such language implies that criterion scores should

be determined before overall scores. The causal ordering of scores will be relevant for our
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NIH study in Chapter 2 and motivate the work in Chapter 4.

Final scores from panels are indirectly used to determine which grants to fund. NIH

panels compute an average of the final Overall Impact scores for each application, multiplied

by ten and rounded to the nearest integer, which I refer to as the panel Overall Impact score.

Finally, panels compute percentile scores based on the ranking of panel Overall Impact scores

for all applications reviewed in the three most recent meetings (NIH Staff, 2021e). These

percentile scores correct for differences in how different panels use the NIH scoring scale,

though they also erase information contained in the scores. Percentile scores then help NIH

administering institutes determine which grants to fund. Since AIBS does not directly fund

grants, it transmits final scores and other review content to the funding institutions that use

its services, who then make funding decisions based on this information.

1.2 Contributions to the Science of Peer Review

Chapter 2 of this dissertation investigates racial disparities in NIH grant proposal peer review

scores, using hierarchical mixed-effects models to rigorously interrogate NIH peer review. It

relies on an analysis of confidential NIH data performed by myself, Drs. Elena Erosheva and

Carole Lee, and a team of NIH researchers, published as Erosheva et al. (2020b). Specifically,

we

• model Black-white1 racial disparities—after adjusting for an array of mediating

factors—in NIH preliminary scoring, the part of NIH’s process that most drives racial

disparities in grant funding (Hoppe et al., 2019);

• assess the extent of racial differences in commensuration (Lee, 2015), a subtle mech-

anism by which underrepresented applicants can be disadvantaged in complex review

processes; and

1I follow the New York Times’s capitalization policy for the racial terms “Black” and “white” (Coleman,
2020).
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• quantify the contributions to variability in Overall Impact scores of various parts of

NIH’s multilevel peer review structure.

This study raises just as many questions as it answers, however. Two of these questions

motivate Chapters 3 and 4 of the dissertation.

Our assessment of racial disparities in NIH grant review, in Chapter 2, is impeded by

an unobservable correlate of race that strongly influences peer review scores: the underlying

quality of a research proposal. This underlying quality cannot be measured, except by proxy,

so in Chapter 3, we reframe the problem: how much do a set of scores tell us about the

associated proposals? With Drs. Marina Meilă, Carole Lee, and Elena Erosheva, I develop

a new measure—refinement—of the informativeness of a set of ratings in settings with no

gold standard for the quality of the outcome. We apply our method to AIBS peer review

data, finding significant differences in refinement for different types of scores.

1.3 Contributions to Statistical Methodology

Chapter 2 identifies a second thorny unknown in the NIH peer review process: the causal

relationships among the criterion and overall scores. While reviewers are led to address

criterion scores first, in a weak ordering (NIH Staff, 2016b), scoring happens in the mind,

prohibiting experimental verification of the causal order of review scores. Causal discovery

techniques that learn causal relationships from observational data (Spirtes et al., 2000) offer

a potential solution—but most existing methods do not quantify the uncertainty in a learned

causal structure, a scientific necessity when downstream analysis of data depends deeply on

the assumed causal structure of the covariates. In Chapter 4, which covers joint work with

Drs. Thomas Richardson, Marina Meilă, and Elena Erosheva, we fill this gap in the literature

for the bivariate, additive regime with a novel, Bayes Factor-based approach to uncertainty

in causal discovery. Further research is needed before this type of method can be applied to

multivariate peer review scores; advances in Bayesian computation or numerical integration

could permit such an extension.
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Chapter 2

RACIAL BIASES AND DISPARITIES IN NIH PEER REVIEW
SCORES

This chapter is based on work published in Science Advances (Erosheva et al., 2020b). It

presents the same modeling results as the published paper, but further elaborates on the sta-

tistical methods and underlying theory. In particular, this chapter analyzes the assumptions

that would lend our results causal interpretation, while Erosheva et al. (2020b) uses purely

associative interpretations. Important differences from Erosheva et al. (2020b) are compiled

for easy reference in Appendix A.6. No new data-based computations were performed for

this chapter, except for those based solely on statistics published in Erosheva et al. (2020b)

rather than the confidential data used in that paper.

The University of Washington’s Institutional Review Board determined that the

study did not involve human subjects. This work was supported by NIH contracts

HHSN268201600310A and HHSN268201700300A, as well as NSF grant 1759825, all awarded

to Drs. Elena Erosheva and Carole Lee.

Finally, because of the sensitive nature of the peer review data underlying the model

estimates and other results in Erosheva et al. (2020b), which are repeated here, a public

version of these confidential data—containing all records but only a subset of the study vari-

ables, in compliance with NIH policy—was made available for the purposes of reproducibility

(Erosheva et al., 2020a). An R Markdown file accompanies the data, allowing anyone to re-

produce model results comparable to—but not identical to, due to the restricted covariate

set—those presented in this chapter (see Appendix A.5).
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2.1 Introduction

Section 1.1 described peer review at NIH and AIBS, focusing on the process in which re-

viewers score a proposal on several criteria as well as an overall score which is then used

to decide whether or not to fund the proposal. Racial disparities arising from such peer

review processes have been the subject of intense research over the last decade. At NIH, the

funding rate for R01 applications from Black Principal Investigators (PIs) has historically

been substantially lower than that of applications from white PIs—45% lower in the years

2000–2006 (Ginther et al., 2011). A substantial portion of this disparity can be explained by

racial differences in field-adjusted bibliometrics (publications, citations, and journal impact

factors) (Ginther et al., 2018). Recent work from NIH, based on proposals from 2011–2015,

found that racial disparities emerge when proposals are selected for discussion by a Scientific

Review Group and when final Overall Impact scores are assigned; the tendency of Black PIs

to propose research on topics with lower award rates also plays a role in funding disparities

(Hoppe et al., 2019).

In this chapter, we consider a different step in the process that may impact racial dis-

parities in NIH peer review: criterion scoring. Experts have proposed criterion scores as a

means of increasing focus on factors related to merit and dampening social biases (Thorngate

et al., 2009; Kahneman, 2013). However, studies have also found that ambiguity and un-

certainty in commensuration—the process of weighting criterion scores into an overall score

(Espeland and Stevens, 1998)—can amplify social biases (Hodson et al., 2002; Norton et al.,

2006, 2004; Uhlmann and Cohen, 2005, 2007). Specifically, without instructions for how to

commensurate the criterion scores into an overall score, the weightings of the criteria can

differ based on applicants’ characteristics, which we refer to as commensuration differences.

Commensuration disparities occur when these differences disadvantage certain groups in ag-

gregate (Lee, 2015). These conflicting possibilities motivate us to understand whether the

2009 introduction of criterion scores at NIH (NIH Staff, 2009) decreased funding disparities,

to model racial commensuration differences at NIH, and to investigate the extent to which
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criterion scores explain racial disparities in Overall Impact scores.

Using data from NIH’s 2014–2016 funding years, we establish that the R01 funding rate

gap between Black and white PIs is as large as it was in 2000–2006. We then narrow our

focus to commensuration in preliminary scores, which are used to determine which pro-

posals Scientific Review Groups (SRGs) will discuss and therefore substantially—though

indirectly—impact funding decisions. We are the first researchers to analyze preliminary

scores, enabling us to shed a unique light on the process by which proposals are selected

for discussion, which Hoppe et al. (2019) called the “decision point that makes the largest

single contribution to the funding gap.” Our findings regarding commensuration and racial

disparities in preliminary scores are twofold. First, we find evidence of modest racial differ-

ences in commensuration, but that the aggregate impact of these commensuration differences

on preliminary Overall Impact scores (commensuration disparity) is negligible. Second, we

demonstrate that preliminary criterion scores fully account for racial disparities—yet explain

only part of the variability—in preliminary Overall Impact scores.

2.2 Study Data

Our data come from the IMPAC II (Information for Management, Planning, Analysis, and

Coordination) grant data system, which stores information about each NIH application and

self-reported demographics such as race and gender. Study variables include

• preliminary Overall Impact and preliminary criterion scores, defined in Table A.2;

• multilevel structural covariates, discussed in Section 2.2.1; and

• other applicant- and application-specific covariates that were previously shown to be

associated with Overall Impact scores net of criterion scores (Eblen et al., 2016), de-

tailed in Table A.1 and Appendix A.2.

This study concerns a full data set of 54,740 R01 applications submitted by Black and

white PIs and reviewed by NIH’s Center for Scientific Review (CSR) during council years
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2014-2016. CSR reviews about 90% of R01 applications; reviews of applications submitted

to funding opportunity announcements with special review criteria are sometimes managed

entirely by the administering institutes. Because our focus is on Black-white peer review

disparities, we excluded from this study a total of 1,771 applications submitted by PIs whose

race was American Indian or Alaskan, Asian, Native Hawaiian or Pacific Islander, or by PIs

who indicated more than one race, as well as 8,648 applications for which PI’s race was

withheld or unknown. At the time of application, PI demographics are voluntarily reported

by applicants; NIH requests but cannot compel PIs to provide this information.

Self-reported demographics, including race, do not appear with the application when it

is handled by reviewers or by the NIH SRG review committee, staff, or council. However,

reviewers may infer applicant race from some combination of personal knowledge, external

information, and the application materials (e.g., name, receipt of a minority fellowship/grant,

or other NIH biosketch content).

Approximately 15% of the applications from Black and white PIs were missing infor-

mation on PI gender, ethnicity (Hispanic/Latino or not), or educational degree, and were

excluded from the study. The remaining 46,226 applications—1,015 (2.2%) from Black PIs

and 45,211 (97.8%) from white PIs—were evaluated by 19,197 unique reviewers who wrote

139,216 reviews (Table 2.1). CSR is unaware of patterns among PIs not reporting their

demographic characteristics, though this issue deserves further study because such patterns

could lead to biased conclusions (Little and Rubin, 2019)—even if the joint distribution of the

non-missing variables for PIs with missing data is similar to that of the rest of the applicant

pool. More details about the study data are available in Appendix A.2.

2.2.1 Multilevel Nature of NIH’s Peer Review and Funding Process

At NIH, panels that evaluate the scientific merit of proposals are known as Scientific Review

Groups (SRGs). These are organized within Integrated Review Groups (IRGs) by general

scientific area (NIH Staff, 2021c). In addition to SRGs, Special Emphasis Panels (SEPs) are

formed within IRGs to review other topics and proposals for which an SRG member has a
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Table 2.1: Sampled data summary statistics by application subset.

Subset Unique PIs Reviewers Reviews Applications

All Black 500 2,310 2,926 1,015

Matched Black 456 2,084 2,578 890

Matched White 1,497 3,866 4,893 1,676

Random White 1,904 4,460 5,669 2,030

Total 3,679 7,901 13,140 4,596

conflict of interest (NIH Staff, 2021a). That is, SRGs and SEPs are nested within IRGs.

After an SRG finishes discussion of proposals, reviewers update their preliminary scores,

yielding final scores, and other discussants (who did not review or preliminarily score the

proposal) also provide final scores. The average of the entire SRG’s final Overall Impact

scores is then compared to the distribution of such averages over the previous three rounds

of review, and its percentile in that distribution is called its percentile score. These percentile

scores are passed on to NIH administering institutes, which carry out a second round of review

and ultimately make funding decisions (NIH Staff, 2019b).

Individual PIs may submit multiple applications, which may be reviewed by multiple

SRGs, which may fall under multiple IRGs. Reviewers typically review multiple applications

within an SRG, but just under 3% review for more than one SRG. Figure 2.1 displays a

diagram of the NIH review structure that features two applicants, three applications, and

six reviewers.

2.2.2 Matching and Study Data Subsets Selection

Due to the sensitive nature of NIH peer review records, we were only given access to a

fraction of the full data—but, we were also given discretion as to which records would make

up the study data. This section describes the study data selection process; further details
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Figure 2.1: Multilevel NIH peer review structure for a hypothetical example of three appli-
cations (App. 1, 2, and 3) submitted by two PIs (yellow and red). Thick blue lines show
structural connections. Thin lines show hypothetical reviewer assignments for the three ap-
plications. Rectangles are specified as fixed effects and ellipses as random effects in our
mixed effects models in chapter 2.

can be found in Appendix A.2.1. Because our investigation primarily concerns covariate-

adjusted Black-white differences in peer review scoring at NIH, we selected records that

would yield high statistical power to detect such differences. Given the underrepresentation

of Black investigators among NIH applicants, we obtained all applications from Black PIs.

We combine these applications with a randomly selected subset of applications from white

applicants to form the “random subset” of applications, which facilitates analyses requiring
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representative samples of both the white and Black NIH R01 grant applicants.

Our analyses also rely on a matched subset of the data in which applications from

Black applicants are matched to applications from white applicants (“matched Black” and

“matched white” applications). Matching yielded a relatively large sample size, with 88% of

Black applications retained. As a result, the matching—which can be viewed as a nonpara-

metric regression adjustment technique (Ho et al., 2007)—yields enough statistical power

to detect even substantively small effects. We used exact matching on eight key variables

thought to be related to scores and award rates, summarized in Table 2.2.

Exact matching on a subset of covariates can be considered a version of Coarsened Exact

Matching (CEM, Iacus et al. (2012)) with complete matching on selected variables and full

coarsening on other variables (see Appendix A.2.1). We matched on only a subset of the

covariates to balance the desire to nonparametrically adjust for those covariates thought

likely to be strongly associated with the outcome with the fact that matching on more

covariates yields smaller sample sizes. Relative to random sampling, matching improved

balance—the similarity between covariate distributions for the white and Black subsets—on

all the matching variables and on most other applicant- and application-specific covariates

(Table A.5). This improved balance makes estimates based on the matched subset more

robust to model misspecification and more efficient than analyses based on a random sample

of the same size that use parametric controls (Ho et al., 2007; Erosheva et al., 2020b). Thus,

when we wish to adjust for applicant- and application-specific covariates, we estimate models

using the matched subset of the data.

Finally, the selection of records was subject to the constraint that no individual reviewer

could have more than four reviews in the sample, in order to ensure the privacy and confi-

dentiality of reviewers. Obeying this constraint while maintaining representativeness of the

sampled data was nontrivial. Appendix A.2.1 presents the algorithms we used to accomplish

this, as well as the matching algorithm.
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Table 2.2: Matching Variables.

Name Description

Applicant

Gender F/M, self-reported

Ethnicity Hispanic/Latino or not, self-reported

Career Stage Early Stage (ES), Experienced, or Non-ES New Investigator

Educational Degree PhD, MD, MD/PhD, Other

NIH Funding Bin FY 2014 total institution NIH funding; 5 bins

Application

Application Type New or Renewal

Amended Status Amended or not

IRG Integrated Review Group

Funding bins—with 20% of Black applications in each bin—were based on an ordering of
the 1015 Black applications by total NIH funding received by the applicant’s institution in
fiscal year (FY) 2014 (see Table A.6).

2.3 Methods

While the available data are observational, the goal of this chapter is to estimate causal

parameters that allow us to make counterfactual inferences. First, we would like to know

what Black applicants’ preliminary Overall Impacts scores would have been, on average, were

their perceived race1 (counter to fact) white, holding all other application factors perceived

1Race is a social construct, not an inherent trait (Coates, 2013). Furthermore, race—as it is constructed
for the purposes of NIH peer review—is immutable, raising fundamental problems for defining any “causal
effect of race” (Greiner and Rubin, 2011). Following these authors, we assume that any racial discrimi-
nation is based on race as perceived by reviewers. We also assume that applicants’ perceived race aligns
with the self-reported race. Recent work has criticized approaches such as ours, which treat (perceived)
race as separate from other demographic characteristics such as educational background (Hu and Kohler-
Hausmann, 2020). Future research on racial disparities should seek a more complete model for race and
discrimination.
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by reviewers fixed. We also wish to estimate this counterfactual with the criterion scores

held fixed, so that we isolate any race effect in the production of overall impact scores

from criterion scores. That is, we seek the total and direct effects of perceived race on

preliminary Overall Impact scores; see Bertrand and Mullainathan (2003) for an experiment

that identifies a similar total effect of perceived race on hiring outcomes.

Second, we seek to quantify the extent of commensuration differences: on average, how

differently would Black applicants’ preliminary criterion scores have been weighted when

determining the preliminary Overall Impact score had their perceived race been (counterfac-

tually) white but all other factors held equal? And third, do racial differences in commen-

suration disadvantage Black applicants on the whole?

Strong assumptions underlie any purportedly unbiased estimation of causal effects from

observational data. In Section 2.3.3, we explicate these assumptions in the context of mul-

tilevel regression models for preliminary Overall Impact scores. When these assumptions

hold, our results can be interpreted in terms of biases that stem from perceptions of race.

We do not ask the reader to believe all these assumptions hold entirely, however, and in

Section 2.4 we will interpret results in terms of covariate-adjusted racial disparities rather

than biases to reflect that these identifying assumptions do not fully hold in practice. This

chapter elucidates the conditions that would permit an unbiased estimate of a causal effect,

how real-world conditions may differ, and how those differences may affect estimates.

2.3.1 Model Covariates and Random Effects Structure

Our multilevel model draws upon NIH grant review’s hierarchical structure (Figure 2.1),

modeling these dependencies through structural variables: IRG, SRG, and administering

institute, as well as reviewer, PI, and application indicators. Reviews, the units of observation

in this study, lie at the bottom of the hierarchy. Reviews are nested within applications,

which are nested within PIs. But reviewers can review multiple PIs just as PIs are reviewed

by multiple reviewers: reviewer and PI are crossed. Applications are nested within SRG,

IRG, and administering institute, but PIs are not: over 200 PIs had applications reviewed
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in more than one SRG, IRG, or administering institute. All SRGs are nested within IRG,

while IRG is crossed with administering institute. All special emphasis panels (SEPs) within

an IRG were modeled as a single study section/SRG.

The choice of whether to represent a structural covariate via fixed or random effects was

based on our substantive knowledge of the NIH review process, as well as practical modeling

considerations discussed in Section 2.3.3. Administering institutes and IRGs are fixed entities

that rarely, if ever, increase or decrease in number, and are therefore modeled as fixed effects

(rectangles in Figure 2.1). SRGs, on the other hand, are routinely created or disbanded,

and thus—like reviewers and PIs—are considered to be a sample from a larger population

and modeled with random effects (ellipses in Figure 2.1). Variability for application ID

random intercepts is not reported because PI random intercepts were estimated to capture

all variability in application ID. It is important to point out that individual differences

between reviewers—reflected as reviewer random intercepts in our models—can be thought

of as arising from individual differences in expertise, scientific interests, and value systems

(Hargens and Herting, 1990; Lee, 2012). Likewise, individual differences between PIs are

reflected by PI random intercepts, and average differences in preliminary Overall Impact

scores between SRGs are captured by SRG random intercepts.

Other covariates include the applicant- and application-specific covariates from Table A.1.

The five preliminary criterion scores can also be thought of as covariates that explain variabil-

ity in preliminary Overall Impact scores. The causal relationship between these covariates

and race is somewhat murky: some applicant- or application-specific covariates may influ-

ence perceptions of race (Hu and Kohler-Hausmann, 2020), though all model covariates are

determined after a PI’s birth, at which point we often consider race to be fixed. Regardless,

estimating the effect of perceived race on preliminary Overall Impact scores (see Section 2.3.3)

means that we must control for all covariates that are associated with both perceived race

and Overall Impact scores.
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2.3.2 Racial Disparity Models

Let Yijklm be the preliminary Overall Impact score for the ith review of the jth application

from the kth PI (reviewed by the lth reviewer in the mth SRG), Rk a race indicator (1 indi-

cates a Black PI), Zij the vector of criterion scores for the ith review of the jth application,

and Xjk the vector of application- and applicant-specific control variables aside from PI ID,

reviewer ID, and SRG. To estimate racial disparities, we consider the following mixed effects

models:

Yijklm = β0 + βRRk + βCZij + βXjk + γk + ξl + ηm + εij (2.1)

Yijklm = β0 + βRRk + βCZij + βXjk + γk + ξl + ηm + εij (2.2)

Yijklm = β0 + βRRk + βCZij + βXjk + γk + ξl + ηm + εij (2.3)

Yijklm = β0 + βRRk + βCZij + βXjk + γk + ξl + ηm + εij (2.4)

where β0 is the model intercept; βR is the race coefficient; βC is the vector of criterion score

weights/coefficients; β is the vector of coefficients for control variables; γk, ξl, and ηm are

crossed2 random intercepts for PI, reviewer, and SRG; and the εij are within-application

independent Gaussian error terms. We refer to models (2.1) and (2.3) as the “direct” and

“total” racial disparity models. Models (2.2) and (2.4) are the “unadjusted” versions of

those models. Estimates from these four models are shown in Table 2.3; the red and orange

colorings connect the models to Figure 2.2 and will be explained in the subsequent section.

Because the matching variables include seven applicant- and application-specific covari-

ates and just one structural variable, we fit models including applicant- and application-

specific control covariates to the matched subset of the data. The matching layers non-

parametric adjustment for the matching subset of these covariates on top of the standard

parametric regression controls. We fit models without applicant- and application-specific

regression coefficients to the random subset to ensure that only structural covariates are

adjusted for.

2There is no nesting among PIs, reviewers, and SRGs due to the mixed nature of the NIH peer review
hierarchical structure.
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2.3.3 Causal Assumptions

Denote Y (1) the potential Overall Impact score for a review were the applicant perceived

to be black and Y (0) analogously were the applicant perceived to be white. Then the total

racial bias in preliminary Overall Impact scores is the average effect of (perceived) race on

the preliminary Overall Impact score:

τ total ≡ E[Y (1)− Y (0)] (2.5)

where the expectation is taken over the distribution of the review population. Under a

collection of assumptions about the data-generating process, τ = βR under the total racial

disparity model (2.3). Fixing the criterion scores Z allows us to define

τ direct ≡ E[Y (1)− Y (0)|Z], (2.6)

the direct racial bias, which is estimated by the direct racial disparity model (2.1) under

similar assumptions.

Before we delve into these assumptions, we address the possibility that not every reviewer

perceives applicant race. Denote Q a review-specific binary covariate that is 1 if race was

perceived and 0 otherwise. Then

τ total = E[Y (1)− Y (0)]

= E[Y (1)− Y (0)|Q = 1]P(Q = 1) + E[Y (1)− Y (0)|Q = 0]P(Q = 0)

= E[Y (1)− Y (0)|Q = 1]P(Q = 1)

=⇒ τ total ≤ E[Y (1)− Y (0)|Q = 1]. (2.7)

This inequality is strict whenever P(Q = 1) < 1, i.e. whenever some reviewers do not

perceive applicant race. When P(Q = 1) is small, the total racial bias3 that we estimate—

which incorporates the nonexistent bias of reviewers who do not perceive race—may therefore

be much smaller than the bias displayed by reviewers who do perceive race.

3An analogous derivation and result applies for direct racial bias as well.
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In the following developments, we rely on Figure 2.2, the causal diagram (Pearl, 1995;

Pearl and Verma, 1987) corresponding to our model of NIH peer review. The nodes in

the diagram represent variables, observed and unobserved. The directed edges represent

directions of causality (with some caveats) while the single bi-directed edge means that

causality can run both directions between the two sets of variables U and X̃. Thus, in this

diagram, R is a cause of both the criterion scores Z and the overall impact score Y , and Z

is a cause of Y . Actual race A is unobserved, and is determined prior to all other variables

in the model; we do not refer to causal effects of A, as it is immutable (Greiner and Rubin,

2011). X̃ and U are observed and unobserved confounders of the relationship between Z and

Y , which also induce dependence between R and Y via A. The portion of this dependence

that is mediated via X̃—which represent the application- and applicant-specific covariates

in X, as well as PI ID, reviewer ID, and SRG—is colored orange, and can be adjusted for

by controlling for X̃ in a regression. The blue edge represents the direct effect of R on Y ,

τ direct, while the sum of the blue and red edges represents the total effect τ total.

R

Z YA

U X̃

Figure 2.2: Causal structure of NIH’s preliminary scoring process. A represents race, R race
as perceived by reviewers, X̃ the observed application- and applicant-specific characteristics
(as well as reviewer ID) Z the criterion scores, and Y the Overall Impact score. U represents
unobserved information that reviewers use to determine Y . Blue arrow is the direct effect of
R on Y for fixed Z; red arrow is the effect of R on Y as mediated through Z; orange path
represents d-connection of R and Y through X̃.

The first assumption required for unbiased estimation of τ direct is that the causal ordering

for the individual-level preliminary reviewing process aligns with NIH instructions to “derive
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the Overall Impact score from the individual criterion scores” (NIH Staff, 2016b) and ensure

that “the impact score for an application is based on each individual reviewer’s assessment

of the scored criteria plus additional criteria...” (NIH Staff, 2013). That is, we assume

Assumption 1. All reviewers assign preliminary criterion scores prior to Overall Impact

scores.4

If some criterion scores are in fact determined after the overall impact score (Z2 in

Figure 2.3), βR 6= τ direct under the direct racial disparity model (2.1) due to collider bias

induced by conditioning on Z2 erroneously.

R

Z1 Y Z2A

U X̃

Figure 2.3: Causal structure of NIH’s preliminary scoring process with some criterion scores
Z1 determined before the overall impact score Y and some determined after (Z2). See caption
of Figure 2.2 for other definitions.

Second, one assumes that perceived race R is independent of the potential outcomes Y (0)

and Y (1) given X̃. Formally, we assume

Assumption 2. Conditional ignorability: Y (1), Y (0) |= R|X̃.

Equivalently, we assume that U in Figure 2.2 is either empty or that all variation in U is

explained by X̃.

In practice, U—which represents factors whose relationships with race and the prelim-

inary Overall Impact score are not completely explained by the observed covariates X̃—is

4This assumption is difficult to verify using observation data, a challenge discussed further in Chapter 4.
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nonempty. For example, PI’s educational history—which is in the NIH biosketch that re-

viewers read, but not our data set—is associated with race A and may affect Y , e.g. by

affecting writing style in a way that is not captured by the criterion scores. The dashed

bidirectional arrow in Figure 2.2 illustrates that X̃ can reduce the bias induced by U if

measured variables in X̃ are good proxies for unmeasured variables in U . Institution NIH

funding bin, educational degree, and ethnicity may be in aggregate a reasonably good proxy

for one’s larger educational history. Additionally, the criterion scores may mediate much of

the effect of an applicant’s educational pedigree on the Overall Impact score.

One important unobserved factor in U that cannot be fully explained by a proxy in

X̃ is the unique content of the research proposal. It is difficult to speculate about the

extent to which preliminary criterion scores mediate the proposal content’s effect on the

preliminary Overall Impact score, making the degree of omitted variable bias difficult to

ascertain. Because we cannot adjust for differences in proposal content and some components

of the NIH biosketch, we shall maintain the associative language of racial “disparities” from

Erosheva et al. (2020b) rather than using the causal language of “biases.” The reader should

keep in mind that we wish to estimate causal effects but are unable to do so with zero bias.

We instead aim to mitigate that bias to the greatest extent possible.

The final requirement for unbiased estimation of τ is:

Assumption 3. The direct and total disparity models (2.1) and (2.3) are correctly specified

in the following senses:

• The errors εij are independent.

• The conditional expectation of Y , averaging over the random effects and errors, is

written correctly.

• The random effects are independent of the errors: γ, ξ, η |= ε (exogeneity of random

effects).
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Our estimates may be inefficient if the errors display heterogeneity, and coefficient stan-

dard error estimates may be biased to the extent that the errors are non-normal, but these

are minor concerns given the large sample size. The linear model is justified for multiple rea-

sons. We assume linearity in the criterion scores since reviewers are led to conceptualize the

Overall Impact score as a weighted average of the criterion scores by NIH scoring guidance

(NIH Staff, 2013). All other covariates are categorical—except for log requested budget—so

the only constraints imposed by linearity are additivity (no interactions) and linearity in log

requested budget. Finally, the matching procedure is a nonparametric control that addition-

ally adjusts for potential interactions between the eight matching variables (Table 2.2). We

therefore argue that our model accurately approximates the conditional expectation function

to first order.

Finally, we verify that the scientific justification for our random effect specifications

also guards against endogeneity. If random effects are indeed exogenous, then fixed-effect

estimates from a correctly-specified mixed-effects model are unbiased and more efficient than

if fixed effects were used in place of random effects. However, random effect endogeneity leads

to biased fixed-effect estimates even if the model is otherwise correct (Hausman, 1978)—a

non-issue if the random effects are replaced with fixed effects. Given our large sample size

and efficiency gains from matching, loss of efficiency is much less concerning than bias, so we

use random effects only when they are strongly justifiable. We are constrained by degrees of

freedom to use random intercepts for reviewers and PIs due to the large number of unique

reviewers and PIs in the data (Table 2.1). A Hausman test (Hausman, 1978) for endogeneity

of the SRG random intercepts finds no evidence for endogeneity (see Appendix A.3.1 for a

discussion of this test), further justifying the random effects specification that reflects our

substantive knowledge about SRGs. All other effects in the model are fixed.

2.3.4 Commensuration Practices Models

To study commensuration practices, we estimate interaction effects between race and prelim-

inary criterion scores. The linear commensuration model for the preliminary Overall Impact
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score Yijklm of the ith review of the jth application from the kth PI (reviewed by the lth

reviewer in the mth SRG) is

Yijklm = β0 + βRRk + βCZij + βIRkZij + βXjk + γk + ξl + ηm + εij (2.8)

where β0 is the model intercept; βR is the race coefficient; βC is a vector of preliminary

criterion score coefficients; βI is the vector of commensuration coefficients for the interactions

between race and the preliminary criterion scores; β is the vector of coefficients for control

variables Xjk; γk, ξl, and ηm are random intercepts for PI, reviewer, and SRG; and the εij

are within-application independent Gaussian error terms. For commensuration models, the

control variables X include applicant- and application-level characteristics as well as IRG

and NIH administering institute. Estimates from model (2.8) carry causal interpretations

when assumptions 1, 2, and 3 are met.

There are six parameters of interest in this model: βR and the five components of βI .

Any component of βI being nonzero indicates racial differences in commensuration. Under

assumptions 1, 2, and 3, commensuration differences can also be conceptualized in terms of

a heterogeneous causal effect:

τ(z) ≡ E[Y (1)− Y (0)|Z = z] (2.9)

which is not constant in z. The heterogeneity allows us to estimate a black PI-specific

marginal effect of perceived race, analogous to an Average Treatment Effect on the Treated

(ATT):

τ ′ ≡ ER=1[τ(Z)] (2.10)

which we refer to as commensuration bias. (2.10) is the change in preliminary Overall Impact

score Black PIs would expect to see—on average—were they perceived as white and their

criterion scores weighted as such.
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2.4 Results

First, we compare award rates for Black and white applicants to determine whether the

funding gap between Black and white applicants found for the years 2000–2006 by Ginther

et al. (2011) persisted in 2014–2016. For all CSR-reviewed R01 applications in council

years 2014–2016, the award rate for Black applications was 45% lower than that of white

applications (10.2% versus 18.5%). In the random subset—the representative sample to

which we had access—the award rate for Black applications was 44% lower than that of

random white applications (11.03% versus 19.66%), reassuringly similar to the gap in the

full data set. In the matched subset, however, this gap was only 25% (11.57% vs 15.39%).

Thus, matching on variables that include area of science represented by the Integrated Review

Group (IRG) reduces the award disparity between Black and white applications by 56%.

Funding disparities for Black applications are driven by disparities in peer review scores

(Ginther et al., 2011, 2012, 2016), with the largest driver of the disparity being the selection

of applications for SRG discussion based on preliminary Overall Impact scores (Hoppe et al.,

2019). We now turn to estimates of racial disparities in these scores based on models 2.1–2.4.

2.4.1 Racial Disparities in Preliminary Overall Impact Scores

Histograms of preliminary Overall Impact scores (ranging from 1 to 9) illustrate that white

applications tend to receive better (lower) scores than Black applications (Figure 2.4, bot-

tom right), and that this difference is tempered—though not eliminated—for the comparison

between matched applications (Figure 2.4, top right). We use the linear mixed-effects re-

gression models (Raudenbush and Bryk, 2002; Goldstein, 2011) described in Section 2.3.2 to

evaluate whether these marginal racial disparities in preliminary Overall Impact scores can

be explained by the NIH review structure (Figure 2.1), applicant- and application-specific

covariates, and criterion scoring.

Table 2.3 provides estimates of racial disparities in preliminary Overall Impact scores,

controlling for structural and various other combinations of covariates. To indicate statistical
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Figure 2.4: Frequency histograms for the 5 preliminary criterion scores and the preliminary
Overall Impact score. Top row: matched Black (purple) and matched white (yellow) ap-
plications comparison, with overlap in orange; bottom row: all Black (purple) and random
white (light green) applications comparison, with overlap in dark green.

significance, we use the recommended 0.005 p-value cutoff for “new discoveries” (Benjamin

et al., 2018). p-values are frequently (but naturally) misinterpreted as the posterior prob-

ability of a hypothesis given the data (Diamond and Forrester, 1983). We follow Berger

and Sellke (1987) by analyzing the posterior distribution P(βR|p) under a reasonable class

of prior distributions for βR, which put 50% probability mass on H0 : βR = 0 and 50%

on distributions that are unimodal and symmetric about 0. Using the stricter p < 0.005

standard for significance, we find that

P(βR = 0|p = 0.005) > 0.07 (2.11)

That is, from a Bayesian standpoint, a p-value of 0.005 counter-intuitively admits at least a

0.07 (≈ 0.05) chance of the null hypothesis holding (smaller p-values than 0.005 yield smaller

lower bounds than 0.07). Since the matched subset sample size is 7, 471 and the random
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subset sample size is 8, 595, our analyses are amply powered, suggesting that (2.11) is a

reasonably tight lower bound. In summary, the combination of strict significance standard

(p < 0.005) and high power in this study mean that claims of significance in our study

provide guarantees that approximately align with common, intuitive (mis)understandings of

“p < 0.05.”

For practical significance, we argue that a difference of 0.3 points or more in preliminary

Overall Impact score for applications near the funding cutoff is substantial. For example,

at the 15th percentile of sampled preliminary Overall Impact scores, increasing (decreasing)

an application’s final Overall Impact score by 0.3 points moves that application up to the

20th (down to the 12th) percentile. Because NIH award rates are typically between 10 and

20% for an SRG, a difference of 0.3 points in the Overall Impact score can tangibly affect

funding decisions. Since standard error estimates for β̂R are quite small—ranging from 0.017

to 0.064—our high standard for statistical significance is still much less strict than that of

practical significance.

Accounting only for structural dependencies, including area of science (Model 2.4),

we estimate that Black applicants’ preliminary Overall Impact scores are on average 0.7

points worse than those of white applicants’, a statistically and practically significant differ-

ence. This difference halves to a still-significant 0.350 points after additionally controlling

for applicant- and application-level characteristics via matching and regression adjustment

(Model 2.3). However, the difference becomes practically and statistically negligible when

preliminary criterion scores are included as control variables in addition to the applicant-

and application-level characteristics (Model 2.1).

Criterion scores alone explain much, though not all, of the variability in preliminary

Overall Impact scores: their inclusion in the model reduces the residual standard deviation

from about 1.3 (Models 1 and 2) to approximately 0.6 (Models 3 and 4). In contrast, con-

trolling for application- and applicant-specific covariates—including via matching—barely

changes residual error variances: the difference between Models 1 and 2 (as well as 3 vs.

4) is negligible. Controlling for criterion scores (Models 3 and 4) also substantially reduces
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Table 2.3: Selected parameter estimates from models 2.1–2.4.

Model 2.4 Model 2.3 Model 2.2 Model 2.1

Non-Structural Covariates ∅ X Z X,Z

Matching? No Yes No Yes

Race Fixed Effect

Coefficient 0.700* 0.350* 0.031 0.014

(Std. Err.) (0.064) (0.051) (0.017) (0.018)

p-value < 0.005 < 0.005 0.071 0.431

Random Effects

Reviewer Std. Dev. 0.490 0.500 0.274 0.286

PI Std. Dev. 0.836 0.578 0.093 0.082

SRG Std. Dev. 0.306 0.271 0.084 0.075

Residual Std. Dev. 1.312 1.284 0.567 0.562

Race coefficient estimates, their standard errors, and variance components estimates from
four hierarchical linear models for preliminary Overall Impact scores. Control variables are
listed in Table A.1. Coefficient estimates for control variables are not shown. Significance *
is reported for p < 0.005.

the estimated variability explained by PI, reviewer, and SRG indicators (the standard devi-

ation for PI random effects sees a massive 10-fold reduction). The 0.286 reviewer random

intercept standard deviation estimated for Model 3 (and 4) means that—conditional on other

structural covariates, matching variables, and criterion scores—a randomly chosen reviewer’s

assigned preliminary Overall Impact score will typically differ from average by 0.286, a num-

ber roughly equal to our threshold for practical significance. Thus, reviewer-specific scoring

characteristics play an important role in determining the preliminary Overall Impact score,

even once the criterion scores are fixed.

Substantial variability in preliminary Overall Impact scores still remains after accounting
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for criterion scores. But, crucially, racial disparities are nullified after adjusting for criterion

scores. On this basis, we argue that perceived race’s effect on preliminary Overall Impact

scores is largely mediated through the criterion scores. Race’s relationship with the criterion

scores is the topic of future work, and is being investigated experimentally via the NIH’s

anonymization studies (NIH Staff, 2020). Systematic racial differences also hold for prelimi-

nary criterion scores (Figure 2.4). The disparity is largest for Approach score, with a mean

of 4.75 for Black applications and 4.12 for white applications (p < 0.005). Approach is the

criterion weighed most heavily in determining the preliminary Overall Impact score in our

analyses, as well as in prior research (Eblen et al., 2016).

2.4.2 Commensuration Practices in Preliminary Scores

In models that admit racial differences in commensuration practices (2.8), we control for all

structural, application- and applicant-specific characteristics and estimate the key first-order

commensuration coefficients—the interactions between the race indicator and the preliminary

criterion scores—for the matched subset of the data. Table 2.4 contains relevant parameter

estimates from the linear commensuration model (2.8); estimates for other control variables

are not shown.

Using p < 0.005 as the standard of statistical significance (Benjamin et al., 2018), we find

that the contribution of the preliminary Approach score to the preliminary Overall Impact

score is higher for reviews of Black applications (the interaction coefficient is 0.041; p < 0.005

even after a 5-fold Bonferroni multiple testing correction) than those of white applications.

This estimated weighting difference is almost as large for the Significance score, but it falls

short of the p < 0.005 significance standard. The other three criterion scores’ interaction

coefficients are small, less than half that of Approach.

Differences in commensuration practices for white vs. Black applications are small over-

all. It is no surprise, then, that there is little evidence for commensuration disparities, since

there are on average no major differences in commensuration practices that might contribute

to large expected differences in preliminary Overall Impact scores between white and Black
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Table 2.4: Selected parameter estimates, commensuration model (2.8).

Variable Estimate (Std. Err.) p-value

Fixed Effects

Significance 0.258* (0.008) < 0.005

Investigator 0.057* (0.011) < 0.005

Innovation 0.129* (0.008) < 0.005

Approach 0.598* (0.007) < 0.005

Environment 0.022 (0.011) 0.057

PI Race = Black -0.024 (0.047) 0.610

Significance * PI Black -0.034 (0.013) 0.010

Investigator * PI Black 0.018 (0.017) 0.298

Innovation * PI Black -0.020 (0.014) 0.144

Approach * PI Black 0.041* (0.012) < 0.005

Environment * PI Black -0.010 (0.018) 0.596

Random Effects

Reviewer Intercepts Std. Dev. 0.286

PI Intercepts Std. Dev. 0.079

SRG Intercepts Std. Dev. 0.076

Residual Variability Std. Dev. 0.562

Preliminary criterion score, race, and commensuration coefficient estimates, and variance
components estimates, for preliminary Overall Impact scores. Control variables (coefficient
estimates not shown) include structural and applicant/application-specific covariates from
Table A.1. Unadjusted significance * is reported for p < 0.005.

applications. This can be seen clearly in Figure 2.5, which shows the distribution of expected

changes in preliminary Overall Impact score for all matched Black applications if those appli-

cations’ applicants’ perceived race were white, but all other observed variables—structural,
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application- and applicant-specific, and criterion scores—were held constant, under the com-

mensuration model (2.8). Under the conditional ignorability assumption (Section 2.3.3),

this histogram represents the distribution of estimates of the effect of perceived race on pre-

liminary Overall Impact scores, an effect which is heterogeneous because it depends on the

criterion scores.

Figure 2.5: Distribution of estimated expected preliminary Overall Impact score differences
due to commensuration (histogram) and distributions of reviewer intercepts and model resid-
uals (colored lines) from the commensuration model (2.8) fit to the matched subset (Ta-
ble 2.4). Histogram and densities have been scaled to have a common maximum for ease of
visualizing differences in variability.

Examining this empirical distribution further, we find that for just 15% of Black applica-

tions would we expect an otherwise identical (on the observed covariates) white application

to score differently by at least 0.1 points (better, 11%; worse, 4%) in the preliminary Overall

Impact score. A difference of 0.1 points is still small relative to the 0.3 point standard of

practical significance, which is approximately the standard deviation of the reviewer-specific

random intercepts and about half the estimated residual standard deviation from the com-

mensuration model (2.8). Under this model, 29% of all applications can expect the prelimi-

nary Overall Impact score to differ by more than 0.3 points from expectation due to reviewer

variability alone, and 59% due to residual variability that is unexplained by the model. Zero
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Black applicants in our data set would expect to see a score difference of greater than 0.3

due to commensuration practices. These remarkably small differences result partially from

the small magnitude of the interaction coefficients in Table 2.4. In addition, differences in

the signs of these coefficients combined with positive correlations between criterion scores

result in a cancellation effect when computing expected differences due to race.

Finally, to illustrate the largest potential impacts of commensuration differences on the

preliminary Overall Impact score, we consider two situational pairs, each of a hypothetical

Black applicant and a hypothetical white applicant (Table 2.5). In these scenarios, the

discrepancies between preliminary Approach and Significance/Innovation scores are extreme

but still plausible: each combination of criterion scores does occur in our data set both for

white and Black applicants.5 In each hypothetical scenario, we assume the two applicants

and applications are identical on all the observed covariates except for race and the criterion

scores.

Under the “Innovative” scenario, the application review scores indicate that the pro-

posed research is innovative and significant, but that the approach is sub-par. Based on our

matched subset commensuration analysis, in such a scenario, the matched white researcher’s

score would be 0.12 points better than the Black researcher’s score (p < 0.005). This dif-

ference occurs because, on average, reviewers weigh the preliminary Approach score more

heavily for Black applicants than for matched whites and the preliminary Innovation and

Significance scores less heavily. Conversely, under the “Thorough” scenario, in which the re-

search proposals are scored as rigorous but not significant or innovative, our model predicts

that the Black applicant will, on average, receive an impact score 0.20 points better than

the white researcher (p < 0.005). As noted earlier, these differences are small in magnitude

as compared to reviewer random effect variability or residual variability.

5The “Innovative” preliminary criterion score combination occurs twice in the set of reviews of Black
applications and once in the set of reviews of white applications; the “Thorough” preliminary criterion
score combination occurs twice in the set of white applicants and twice in the set of Black applicants.
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Table 2.5: Hypothetical Commensuration Scenarios

Innovative Thorough

Applicant Race White Black White Black

Significance 1 1 5 5

Investigator 2 2 2 2

Innovation 2 2 5 5

Approach 5 5 2 2

Environment 2 2 2 2

Hypothetical preliminary criterion score scenarios; “Innovative” scenario has relatively high
Innovation and Significance scores and a low Approach score, and vice-versa for the “Thor-
ough” scenario.

2.4.3 Robustness of Estimates to Unobserved Covariates

A crucial component of most observational studies that target causal effects is a strategy

for plausibly satisfying Assumption 2 (conditional ignorability), such as identification of an

instrumental variable (Angrist and Pischke, 2008). In this study, no such strategy is available

because there is no way to account for the crucial information contained by the unobserved

research proposals themselves. I instead use the “Robustness Value” approach of Cinelli and

Hazlett (2019) to assess the robustness of our effect estimates to unmeasured variables U

(see Figure 2.2). This section briefly introduces the Robustness Value and applies it to effect

estimates of interest from Sections 2.4.

First, recall the definition of omitted variable bias. Simplifying the regression models

used in this chapter somewhat for clarity, suppose the regression of interest is

Y = β0 + βX + γU + ε
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but we instead fit

Y = β′0 + β′X + ε

since U is unobserved. Then we can derive β′ as a biased version of the true β:

β′ = Cov(X, Y )/Var(X)

= Cov(X, β0 + βX + γU + ε)/Var(X)

= Cov(X, βX)/Var(X) + Cov(X, γU)/Var(X)

= β + γCov(X,U)/Var(X)

= β + γδ.

The relative bias of β′ for β is then

γδ

β′
.

Cinelli and Hazlett (2019) derive the relative bias in terms of regression parameters.

Denoting R2(A ∼ B|C) the explained variance of the residuals of A ∼ C on B—i.e., the

amount of variance in A that B explains in addition to that already explained by C—and

recalling that Cohen’s f is a simple transformation of R2:

f =
√
R2/(1−R2),

the first key result is ∣∣∣∣γδβ′
∣∣∣∣ =
|R(Y ∼ U |X)f(X ∼ U)|

|f(Y ∼ X)|
.

We now seek to understand how important U must be for the relative bias to be 100q%,

where q parameterizes the magnitude of the relative bias. Moving from population-level

regressions to regression estimates, let t be the t statistic for the coefficient of interest and df

be the regression’s degrees of freedom. Define fq = q× df × t. Then the Robustness Value is

RVq ≡
1

2

[√
f 4
q + 4f 2

q − f 2
q

]
.
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RVq has a simple but powerful interpretation: if U explains a RVq proportion of the vari-

ability in both Y |X and X—i.e. R2(Y ∼ U |X) = R2(X ∼ U) = RVq—then the magnitude

of the relative bias due to U may be as high as 100q%. Analogous results and interpreta-

tions also pertain in settings with additional regression control covariates. Note also that

the Robustness Value is not explicitly a causal quantity; it is derived entirely in terms of

regression statistics. Thus, while Cinelli and Hazlett (2019) focus on the common case of

omitted confounders, it applies equally well when U is any other sort of covariate we must

adjust for in order to estimate a causal effect unbiasedly.

Using the Robustness Value, we find that the size of the Approach-race interaction co-

efficient is very tenuous in light of unmeasured variables U . We find that if U explains just

RVq = 1% of the variability—that is not already explained by X̃—in both preliminary Over-

all Impact scores and the product of the Approach score and the race indicator, it could move

the Approach-race interaction coefficient below the p < 0.005 significance threshold. We also

RV1 = 4%, meaning that U explaining just 4% of the residual variability in preliminary Over-

all Impact scores and the Approach-race interaction would be enough to completely nullify

this interaction coefficient. It is easy to imagine proposal contents being this influential,

since they likely affect both the Approach and Overall Impact scores significantly even after

accounting for the observed covariates.

Considering the racial disparity model estimates in Table 2.3, we find that for Model 1,

RV1 = 11.1%: U explaining 11% of the residual variability (after conditioning on X̃) in R

and Y could change the race coefficient from 0.7 to 0—or from 0.7 to 1.4, since the relative

bias is unsigned. Thus, we cannot draw a strong causal conclusion from Model 1, which does

not adjust for X̃ or Z.

Finally, for model (2.1)—in which the race coefficient estimate is very small—the question

is: how strong would U need to be to mask a practically significant race effect of 0.3? Such

U would need to increase β̂R by 2043%. Still, RV20.43 = 16.7% for model (2.1). While

it is not certain that proposal contents could explain nearly 17% of residual variability in

perceived race and preliminary Overall Impact scores, it is plausible. And, as Cinelli and
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Hazlett (2019), the Robustness Value provides a sufficient but not necessary condition for

the size of relative bias; U explaining more than 17% of variability in preliminary Overall

Impact scores, but less than 17% of variability in perceived race, could also inflate the race

effect estimate to the level of practical significance.

2.4.4 Final (Post-Discussion) Overall Impact Scores

Our conclusions regarding racial disparities in final Overall Impact scores are largely the same

as for preliminary Overall Impact scores: final criterion scores fully explain Black-white dis-

parities in final Overall Impact scores (see Table A.7). However, estimated variability in re-

viewer random intercepts and residual variability were both considerably lower for final than

for preliminary scores. This is consistent with the idea that panel discussions lead reviewers

toward consensus (Fleurence et al., 2014). One cannot rigorously study commensuration

differences in final scores, which also reflect SRG discussions, because commensuration is

conceptualized as happening at the individual reviewer level (Lee, 2015). Of the assigned

reviewers who change their Overall Impact scores after discussion, only 43% recorded re-

spective changes in their criterion scores (see Table A.6); it is unknown why some reviewers

change their criterion scores and others do not.

2.5 Discussion

The work this chapter builds on, Erosheva et al. (2020b), was broadly motivated by the

persistence of a large racial funding gap: for 2014–2016 R01 applications, the overall award

rate for Black applications was 55% of that for white applications (10.2% versus 18.5%). This

substantial 45% funding gap is practically identical to the 45% gap found for applications

from 2000–2006 (Ginther et al., 2011, 2012, 2016), though the comparison is complicated

by the 2009 introduction of scored criteria and methodological differences such as use of

self-reported race in this study as opposed to self-reported race in addition to supplemental

information from the Association of American Medical Colleges Faculty Roster in Ginther

et al. (2011, 2012, 2016). The funding gap remains despite psychological research suggesting
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that using scored criteria can focus attention on merit-related factors and decrease bias in

expert judgment under complex evaluative conditions (Thorngate et al., 2009; Kahneman,

2013; Kahneman and Klein, 2009). Our work is the first to examine disparities in individual

reviewers’ preliminary Overall Impact scores, which determine whether or not an application

is discussed by an SRG and are therefore a major driver of the funding gap (Hoppe et al.,

2019).

Our study finds striking racial disparities in preliminary Overall Impact scores, even after

adjusting for a wide array of applicant- and application-specific variables—but not criterion

scores. Adjusting solely for structural factors (Figure 2.1), we find that Black PIs on average

score 0.700 points worse than white PIs on NIH’s 1–9 point scale (Model 1, Table 2.3), an

enormous difference given the low funding rates and competitive application process for R01

grants. This difference remains large after controlling for applicant- and application-specific

covariates (0.350 points; Model 2, Table 2.3). Yet further adjustment for criterion scores

reduces this large gap to a negligible 0.014 points (Model 4, Table 2.3).

Allowing criterion score weights to vary by PI’s race also leads to a finding of near-zero

racial disparities after controlling for criterion scores, because the weights used for Black

applications are on average insubstantially different from those of white applications. While

the Frequentist hypothesis testing approach does not allow confirmation of a null hypothesis,

the data are much more consistent with a model in which racial disparities are null than

models in which average preliminary Overall Impact scores differ by a material 0.3 points or

more. These results hold despite our study efficiently and robustly adjusting for important

adjustment covariates via matching, as well as being highly powered (with sample sizes of

roughly 8, 000).

The observational nature of the data, combined with the complexity of NIH peer review,

prevent us from couching these results in the causal language of racial bias and commensu-

ration bias (Lee, 2015). Unobserved factors that we cannot adjust for—such as applicant

bibliometrics, academic network information, and the contents of proposals—make causal

interpretations inappropriate. Bibliometrics have been found to explain a substantial por-
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tion of the Black/white R01 funding gap (Ginther et al., 2018). Likewise, underrepresented

researchers were found to have smaller intra-institutional coauthor networks, which was as-

sociated with lower publication and citation counts (Warner et al., 2016). It is even possible

that estimated racial disparities—small after adjusting for criterion scores—could be esti-

mated as larger in magnitude if we were able to adjust for such unobserved covariates. This

inherent weakness of any observational study highlights the importance of experimental ap-

proaches that can unbiasedly estimate certain types of disparities or biases—e.g. the famous

“audit study” of Bertrand and Mullainathan (2003), in which white- or Black-sounding

names are placed on fake resumes and submitted in response to job postings. NIH has run

a small pilot study on the peer review of anonymized grant proposals (NIH Staff, 2021b),

finding that anonymization decreases the Black-white score gap by a statistically significant

but practically small amount. NIH is also currently undertaking a larger anonymization

study (Lauer, 2020).

Additionally, missing data on demographic characteristics deserve further attention. We

only considered applications from PIs who self-identified as Black or white; in addition,

15% of the applications from Black and white PIs were missing information on PI gender,

ethnicity (Hispanic/Latino or not), or educational degree, and were excluded from the study

(see Appendix A.2). Finally, our study focused on the individual reviewer-level preliminary

scoring process and did not scrutinize other steps in NIH review, such as the assignment of

final scores by SRG discussants who did not preliminarily review an application. Detailed

analyses of other components of NIH peer review are required for a complete picture of the

drivers of the funding gap.

In particular, more research is necessary to understand the reasons behind Black-white

differences in preliminary criterion scores for NIH R01 applications. Black investigators on

average receive worse preliminary scores for all five criteria—Significance, Investigator(s),

Innovation, Approach, and Environment—even after matching (Figure 2.4). This finding

is consistent with multiple compatible explanations: implicit racial preferences (Greenwald

et al., 1998) which may be expressed more strongly when evaluators have more discretion
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to interpret, apply, and prioritize criteria (Hodson et al., 2002; Norton et al., 2006, 2004;

Uhlmann and Cohen, 2005, 2007; Dovidio and Gaertner, 2000); Black PIs disproportionately

pursuing research in areas on which reviewers may not place a high priority (Hoppe et al.,

2019); Black-white differences in research productivity or impact (Ginther et al., 2018);

and/or the cumulative effect of disparities experienced over a PI’s academic career that

result in lower-quality grant applications, including differences in mentorship and social

networks that can increase a researcher’s productivity, impact, and grantsmanship (Ginther

et al., 2011, 2018; Warner et al., 2016; Blau et al., 2010). Future research should evaluate

the extent to which these possibilities account for racial disparities in preliminary criterion

scores.
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Chapter 3

REFINEMENT: MEASURING INFORMATIVENESS OF
RATINGS IN THE ABSENCE OF A GOLD STANDARD

This joint work with Drs. Marina Meilă, Elena Erosheva, and Carole Lee is under revi-

sion at the British Journal of Mathematical and Statistical Psychology as Grant et al. (2020)

and won a Joint Statistical Meetings (JSM) student paper award from the Social Statistics

Section (SSS), Government Statistics Section (GSS), and Survey Research Methods Section

(SRMS). The data that support the findings of this study in Section 3.4 are publicly avail-

able at https://doi.org/10.6084/m9.figshare.12728087 (Gallo, 2021). This work was partly

supported by NSF grant #1759825, awarded to Drs. Elena Erosheva and Carole Lee.

3.1 Introduction

In this chapter, we are interested in how experts—peer reviewers in particular—communicate

complex judgments via numerical ratings. Institutions often make decisions based on such

ratings when the objectives of the decision process cannot be—or are too complex to be—

mathematically formalized, when only human experts have the requisite decision-making

knowledge, or when we want human value judgments to be expressed.1 Humans typically

make collective decisions via a formal system of rankings, ratings, or comparisons.2

1For example, Drury and Sinclair (1983) found that humans outperformed a machine in an industrial
inspection task even though the machine was excellent at finding faults, because the machine was worse
at determining the severity of the faults. The decision objective—fault severity—was difficult to formalize
and the technology limited enough that human judgment was subtler and superior. Algorithms that aid
judges in felony sentencing assess the risk of a defendant reoffending as well or better than humans can, yet
judges routinely give younger defendants shorter sentences than recommended by algorithms “in line with
a long-standing practice of treating youth as a mitigator in sentencing, due to lower perceived culpability”
(Stevenson and Doleac, 2019).

2NIH grant proposal reviewers provide integer-scale ratings that are, after some discussion and possible
revision, averaged (NIH Staff, 2012). Maine began voting by ranked choice in 2018 (Maine State Legislature

https://doi.org/10.6084/m9.figshare.12728087
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Although researchers proposed statistical prediction as a replacement for clinical assess-

ment decades ago (Meehl, 1954; Morera and Dawes, 2006), the more recent development of

black-box machine learning algorithms has dramatically accelerated the switch from human

to machine decision systems (Shortliffe and Sepúlveda, 2018; Athey, 2018). Because machine

decisions can be formalized mathematically, they are analytically tractable. Specifically, the

objective of the decision process can often be framed as an optimization problem in which

the machine attempts to minimize predictive risk, a measure of how far from the true or

optimal outcome a machine prediction/decision is. In contrast, humans often make decisions

in contexts without a well-defined true outcome, which we will refer to going forward as a

gold standard.

Current popular methods for analyzing human decision-making in the absence of a gold

standard make comparisons to some other point of reference. For example, inter-rater relia-

bility evaluates the extent to which one rater’s ratings are replicated by a different rater. We

introduce the concept of refinement, an information-theoretic measure of the informativeness

of a set of ratings from a single rater that makes no comparisons to a gold standard or other

point of reference. Our exposition takes the context of peer review, in which human decision

making is critical due to the lack of a gold standard by which to judge the predictive or

external validity of peer review scoring practices (Bailar and Patterson, 1985; Feurer et al.,

1994; Jayasinghe et al., 2001, 2003; Lauer and Nakamura, 2015; Lee and Moher, 2017; van

Rooyen et al., 1999). Note that in peer review, prior research has shown that reliability may

be a poor proxy for the normative credibility of review scores and review content (Bornmann

et al., 2010; Lee et al., 2013; Hargens and Herting, 1990).

Different formal systems of human decision-making can lead to substantially different

decisions (Langfeldt, 2001). The outcome of the popular vs. electoral college votes in the

2000 and 2016 U.S. presidential elections is a prominent example. Comparisons between

formal systems have typically focused on differences between rating scales. Schwarz et al.

Staff, 2019). Traditional first-past-the-post voting simply aggregates comparisons (Curtice, 2009).
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(1991) studied how changing global scale parameters without changing the internal structure

of a scale affects raters’ usage of the scale. In 1988, the National Institutes of Health (NIH)

tested a move from a 1–5 decimal scale to a 1–5 scale with increments of 0.5 (Green et al.,

1989); more recently, NIH tested whether adding multiples of 0.5 to a 1–9 integer scoring

system changed the distribution of average scores derived later in the process (NIH Staff,

2019c). Neither study directly measured the utility of the decisions produced.

Attempts to circumvent the problem via a proxy gold standard have not found strong

signals. In grant proposal peer review, a textbook example of a cardinal rating system, Li

and Agha (2015) found statistically significant gains in bibliometrics/productivity accruing

from better NIH grant proposal scores. But Fang et al. (2016) and Lauer et al. (2015) find

that on the whole these gains are practically modest, or even negligible. Note that the use of

bibliometrics as a proxy for quality of scientific research is debated (Higginson and Munafò,

2016; Wang et al., 2017; Smaldino and McElreath, 2016; Lindner et al., 2018; Lindner and

Nakamura, 2015).

Before introducing refinement in the peer review context, we briefly review rating systems,

which are often used in contexts like peer review. In a rating system, raters score each

item on a scale—possibly multiple scales, each representing a different aspect of the item.

A cardinal scale’s levels have intrinsic numerical meaning via ratios or differencing (such

as 0-100 essay grades), whereas Likert-type scales have a neutral central value, and the

differences between adjacent levels of the scale are qualitatively identical. Shah et al. (2014)

found that pairwise comparisons are faster and, when aggregated, yield a more accurate

ranking of the items than ratings. However, we restrict our attention here to cardinal scales,

which yield fine-grained detail about the rated items in addition to an overall ranking. For

example, in grant proposal peer review, ratings allow us to determine which applications

meet a standard of quality rather than simply identifying the best ones. They also facilitate

providing applicants feedback that is more informative than simply their rank in a pool

of anonymized applications. It is our goal to quantify the information produced by these

complex systems.
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3.1.1 Refinement

Refinement describes how finely a rater distinguishes between items of similar quality: do

they give them all the same round score, or do they use small scale denominations to differ-

entiate them? To what extent do the ratings imply an unambiguous ordering of the items?

Refinement thus characterizes a set of scores from a single rater over multiple items, in con-

trast to reliability, which is a characteristic of ratings from multiple reviewers. As such, the

rater is presumed to be interested in making distinctions among the items, meaning that the

items must be comparable, such as grant proposals falling under the same round of review.

Refinement meets the immediate, practical need for a measure of the utility of a set of

ratings in the absence of a gold standard. At NIH, “there have been concerns that [the

current 1-9 integer scale], which is functionally cut in half for the 50% of applications that

are considered competitive, is not sufficient to express a study section’s judgment of relative

merit” (Nakamura, 2019). The NIH Staff (2019c) study directly addressed this concern,

but those analyses used aggregate ratings from multiple reviewers and did not consider

individual reviewers’ use of the scale. This study followed NIH’s 2009 switch from a richer

1.0-to-5.0 single-decimal scale to the current 1-9 integer scale, a change motivated by the

“compress[ed] score range” observed under the 1.0-to-5.0 scale which “effectively reduc[ed]

the usefulness of scores for NIH funding decisions,” as well as the difficulty of “[making] 41

reliable discriminations of application merit” (NIH Staff, 2019a).

The NIH Staff (2019c) study, which focused on panel Overall Impact scores, noted that

“score compression and ties indicate that the review panel did not distinguish among the

applications for impact and the lack of clear distinction among applications makes funding

decisions more difficult, particularly when several applications receive identical scores and/or

percentile ranks within the same study section.” Thus, ambiguity of the ranking induced by

the scores was a primary concern. The metrics used to measure this “score compression” were

the frequency of ties at scores that were multiples of 10 (10, 20, . . . , 90), and the percentiles

of various common scores in the funding cutoff range—neither of which directly measure
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the extent to which the scores imply an unambiguous ranking of the applications or the

quantity of information conveyed by the ratings. Refinement enables us to directly assess

the usefulness of a scale via the informativeness of ratings made on it.

We will adopt the language of the American Institute of Biological Sciences (AIBS) grant

proposal peer review system, in which reviewers review applications/proposals—in general,

items—providing scores/ratings on a set of criteria as well as an overall “merit” score. More

precisely, we adopt the scenario in which a reviewer has several proposals to rate on a given

scale. We shall measure the refinement of a set of ratings in a way that is sensitive to the fact

that some reviewers can be assigned sets of proposals more similar in quality than others.

Our measure will also account for the natural tendency of raters to prefer round ratings,

which is explored at greater length in the next section.

Measuring refinement, or the degree of ranking disambiguity on a scale, will depend on

the scale’s allowing sufficiently fine comparisons between proposals close in value. We design

a refinement measure for decimal-based scales that admit multiples of 0.1 as ratings. The

exposition employs the AIBS scale, which runs from 1.0 to 5.0, 1.0 being best, and admits

a single decimal (Gallo et al., 2016). We denote the set of allowable scores S, so that in this

case S = {1.0, 1.1, . . . , 5.0}. Note that the refinement measures may depend on the scale

used; here they will be tailored to the AIBS rating scale. We stress that refinement applies

to rating systems generally, not just peer review at AIBS.

The next section lays out the refinement framework and our proposed primary measure of

refinement—Entropic Refinement—with two additional metrics briefly discussed for contrast.

Section 3.3 compares mathematical and statistical properties of the metrics. Section 3.4

analyzes the refinement of the scores in a data set comprised of reviews of AIBS grant

applications. The final section explains how refinement fits into the study of peer review,

ratings, and decision-making more generally, and suggests directions for future work.
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3.2 Measuring Refinement

In this section, we focus on a set of n univariate review scores from a single reviewer, denoted

[Y1, . . . , Yn] = Y ∈ Sn (bold uppercase denotes random vectors, while standard uppercase

denotes random variables). The n scores need not be unique. Hence, technically, Y is a

multiset : a collection in which the elements need not be unique and order does not matter.

For simplicity, however, we will continue to call it a set, with the understanding that the

multiplicities are to be considered.

When Y contains multiple scores with the same value, then the ordering of the respective

items is not fully determined. A set of ratings Y is more refined when Y conveys more

information about the relative ranking of the scored items. More specifically, the set of

scores will distinguish finely between applications of similar quality, meaning there will be

relatively fewer ties and the ratings will imply a near-total ordering.

As we discuss in the next section, raters tend to provide round scores, inflating the like-

lihood of ties and decreasing refinement as we shall measure it. On the whole, finding ways

to increase rating refinement should be useful to grant funding agencies and other institu-

tions that use ratings to make decisions. However, we emphasize that refinement measures

information, not the quality or accuracy of reviews. It may be that a peer reviewer, after

careful consideration of a set of proposals, scores many of them equally. We therefore do not

advocate blindly maximizing refinement; rather, refinement complements other techniques

in the toolbox of ratings analysis.

3.2.1 Score Rounding

A rounding tendency has been shown to occur in multiple arenas, such as pricing (Lynn et al.,

2013), price estimation (Simonsohn, 2013), age reporting (Gráda, 2006), height reporting

(Bopp and Faeh, 2008), cigarette-smoking reporting (Klesges et al., 1995), and length-ratio

estimation (Plug, 1977). Relatedly, heaping describes how survey responses are often re-

ported with an error that rounds the response to an integer number of units, e.g. “years
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married” or “income in thousands of dollars” (Bar and Lillard, 2012). Response set biases

(Cunningham et al., 1977), such as extreme response bias (Erosheva et al., 2007), may also

explain striking patterns in scoring such as the tendency to provide integer scores. For clar-

ity, and since we do not wish to imply that providing a round score must involve an error,

we use the term “rounding” to refer to the tendency to provide scores that are multiples of

1 or 0.5 going forward.

The aggregated AIBS review data also provide strong evidence of rounding: AIBS re-

viewers use integer scores much more often than scores that are multiples of 0.5, which in

turn are more frequent than other scores. This pattern is evident for merit scores and espe-

cially true for criterion scores; see Figure 3.1 (Section 3.4.3 also lends support to this claim).

There is thus ample evidence that AIBS reviewers gravitate towards rounder scores. Yet

providing a less ambiguous comparison of the proposals requires resistance to this pull. Our

refinement metric shall measure the extent to which reviewers do so.

(a) Merit score frequencies. (b) Criterion score frequencies.

Figure 3.1: Histograms of scores from the AIBS data, all 216 reviews from all 26 reviewers.
Rounder score levels (multiples of 0.5, particularly multiples of 1) are clearly preferred.

3.2.2 Entropic Refinement

We now introduce an entropy-based refinement metric that explicitly measures the extent

to which reviewers resist the rounding tendency, via the decrease in entropy induced by

rounding the scores. Entropy is an information-theoretic measure of how unpredictable the
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data generated from a probability distribution is. For a probability mass function p on k

elements defined by p1, . . . , pk, the Shannon entropy of p is

H(p) = −
k∑
i=1

pk log pk

(Cover and Thomas, 2012).3 In our application, p is the empirical distribution on S induced

by Y, and we will use the shorthand H(Y) instead for clarity. Let Rt(y), t ∈ {0.5, 1} be a

rounding function that rounds y to the nearest multiple of 0.5 or 1, and extend it to vectors

and matrices in the natural way. Define St ≡ Rt(S) the set of possible scores after rounding

to level t; here, for example, S1 = {1, 2, 3, 4, 5}.

Entropic Refinement is our proposed refinement metric and is defined as the decrease in

entropy induced by rounding:

rE(Y; t) ≡ H(Y)−H(Rt(Y)). (3.1)

Moving forward, we will assume integer rounding (t = 1) unless otherwise specified and will

drop t from the notation unless it is needed for clarity.

Note that, because rounding is a form of quantization and quantization can only reduce

entropy (Cover and Thomas, 2012), Entropic Refinement is non-negative. Entropic Refine-

ment will tend to be higher when scores are not disproportionately round, as is observed in

Figure 3.1, but rather spread evenly around round score levels (see Section 3.3.1).

Entropic Refinement aligns with the following behavioral reviewing example. Suppose

that reviewers first choose a plausible score from a coarser subset of the available scores,

such as the integers or multiples of 0.5. After this initial scoring, there are likely to be

numerous ties between proposals’ scores, which could prompt reviewers to then adjust the

scores by small amounts based on more nuanced evaluation or by comparison to previously-

rated proposals. The greater the extent of these adjustments, the more information the

scores provide, and the larger Entropic Refinement grows. In the context of this example,

3We take the log base e; this is merely an arbitrary choice of scale, and base e makes certain mathematical
manipulations of H simpler.



45

Entropic Refinement (3.1) can be interpreted as the increase in entropy induced by adjusting

the initially rounded scores.

We formally analyze the properties of Entropic Refinement in Section 3.3. First, however,

we briefly discuss two alternate approaches to measuring refinement which, while intuitive

and appealing at first glance, will be shown to be inadequate. They are useful as bases of

comparison when considering the properties of Entropic Refinement.

3.2.3 Alternative Refinement Metrics

The following alternate metrics, Fractional and Tiebreak Refinement, were each constructed

to target a specific aspect of refinement: the tendency to avoid rounding and the tendency to

break ties. We do not advocate for these measures because, as we illustrate in what follows,

each ignores an important facet of refinement.

Fractional Refinement

Given a decimal-valued scale like that used by AIBS, we may assert that utilizing decimal

values beyond just multiples of 1.0—or even 0.5—conveys more refinement.

Taking Yi to be the ith score in Y, let n0.5 be the number of scores that are multiples of

0.5 but not 1 and n0.1 be the number of scores that are not a multiple of 0.5 (or 1). That is,

n0.5 ≡
∑n

i=1 1[Yi (mod 1) 6= 0]1[Yi (mod 0.5) = 0] and n0.1 ≡
∑n

i=1 1[Yi (mod 0.5) 6= 0]. Let

w ∈ (0, 1) be a weight parameter. Then we define the Fractional Refinement of Y to be

rF (Y;w) ≡ 1

n
(n0.1 + wn0.5). (3.2)

Thus, Fractional Refinement is a linear combination of the frequencies of the different types

of scores, where rounder ratings receive less weight (integer scores receive zero weight).

Fractional Refinement is a straightforward way of determining whether reviewers are utilizing

all the types of levels the scale provides.

However, Fractional Refinement does not directly measure informativeness. For example,

a set of scores Y = [3.2, . . . , 3.2] has maximal Fractional Refinement, but tells us little about
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the relative quality of the applications.

In contrast, our next secondary refinement metric—Tiebreak Refinement—directly mea-

sures the extent to which applications are ranked unambiguously.

Tiebreak Refinement

A refined set of ratings conveys small differences between applications’ perceived quality and

will thus contain relatively more small differences between scores than ties.4 We think of

these small differences as potential evidence that reviewers recognize when applications are

of similar quality but then break rating ties in order to indicate the applications’ relative

ranking. This motivates the Tiebreak Refinement metric.

Let Y(i) be the ith order statistic of Y, with ties broken arbitrarily and D(Y) ≡{
Y(i+1) − Y(i) : i ∈ [n− 1]

}
be the multiset of distances between consecutive scores. Then

z(Y) = |{x ∈ D(Y) : x = 0}|

l(Y, c) = |{x ∈ D(Y) : 0 < x ≤ c}|

define the “zero” sorted distances (ties) and the “little” sorted distances for some c < 1 (just

z and l when context is clear). We then define Tiebreak Refinement as the fraction of sorted

distances less than c that are nonzero:

rT (Y; c) ≡ l

z + l
. (3.3)

If z = 0 and l 6= 0, then rT = 1; if l = 0 and z 6= 0, then rT = 0. If both l and z are zero,

then we set rT = 1 because all sorted distances are large and there are no ties. For n = 1,

because there are no sorted distances, rT is undefined.

The choice of c is application-dependent; for the AIBS scale, we recommend c < 0.5, and

in our Section 3.4 application we choose c = 0.2 so that every score is at most a “little”

distance from exactly one multiple of 0.5.

4Ties may not reflect true evaluative equality when n is not sufficiently smaller than the number of levels
on the rating scale, an issue that arises for a small subset of the reviewers in our AIBS application and
that we also address in Section 3.3.2.
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Tiebreak Refinement is the foil of Fractional Refinement: it directly measures ties, but in

no way accounts for rounding and the structure of the scale. Consider two sets of scores Y =

[1, 1.5, 2, 2, 2.5] and Y′ ≡ Y + 0.1 = [1.1, 1.6, 2.1, 2.1, 2.6]. Then rT (Y; 0.5) = rT (Y′; 0.5) =

3/4, but rounding may have taken place for the Y scores, while it certainly has not for Y′.

What is clear for both sets of scores is the rank order of the proposals.

3.3 Properties of Refinement Metrics

This section derives mathematical properties of Entropic Refinement and compares them to

those of Fractional and Tiebreak Refinement. We also highlight how these properties should

inform applications and interpretations of refinement. Properties are summarized in Table

3.1.

Table 3.1: Properties of refinement metrics.

Property (Section) Entropic Refinement Fractional

Refinement

Tiebreak

Refinement

Decomposition (3.3.1) Basins of Attraction Trivial None

Range (3.3.2) [0, log maxs∈S{|B(s)|}] [0, 1]
[
0, |S|−1

n−1

]
Large-n (3.3.3) Normalized Normalized limn→∞ rT (Y; c) = 0

3.3.1 Decomposition

Rounding is a common operation on scores that also naturally induces a partitioning of the

scale S. We now demonstrate how Entropic Refinement can be decomposed in terms of this

partitioning.

For every s ∈ St, define its basin of attraction Bt(s) ≡
{
R−1
t (s)

}
to be the set of scores

that yield s when rounded to level t. Clearly, the sets Bt(s) for s ∈ St partition S. These
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basins need not all be the same size: for AIBS, |B(1)| = |{1.0, 1.1, 1.2, 1.3, 1.4}| = 5, |B(5)| =

|{4.5, 4.6, 4.7, 4.8, 4.9, 5.0}| = 6, and |B(s)| = 10 for s ∈ {2, 3, 4}.

Again for every s ∈ St, let Ys,t ≡ {y ∈ Y ∩ Bt(s)}. Also recall that p is the empirical

probability mass function on Y, so that p(B(s)) is the fraction of the observed scores that

lie in B(s). We then have the following decomposition result, whose proof can be found in

Appendix B.1:

Proposition 1. For any score vector Y and rounding level t, Entropic Refinement is a

weighted average of entropies over rounding basins:

rE(Y; t) =
∑
s∈St

p(Bt(s))H(Ys,t). (3.4)

The weights p(Bt(s)) are the fractions of the observed scores in each basin, and the

entropies H(Ys,t) represent the quantity of information conveyed by the scores within each

basin. No disambiguation between scores that are in the same basin leads to zero refinement,

whereas breaking ties within a basin (disambiguation) leads to increased within-basin entropy

and increased Entropic Refinement. Scores that are close in that they are in the same basin

interact with one another in determining Entropic Refinement, but not with scores lying in

other basins.

We now briefly analyze decomposition properties for Fractional and Tiebreak Refinement.

For Fractional Refinement

rF (Y;w) =
1

n

n∑
i=1

rF (Yi;w)

by linearity, since rF is simply a weighted average. Such trivial decomposability is an unde-

sirable property, because it means that rF fails to take into account relationships between

the scores.

Tiebreak Refinement cannot be decomposed at all: hiding the value of a single Yi makes

Y(j) indeterminate for all j, so Tiebreak Refinement of proper subsets of the observed scores Y

cannot fully inform us of the Tiebreak Refinement of the full set. While Tiebreak Refinement
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captures dependence among the scores, it ignores rounding and does not respect the local

structure of the scale, as Entropic Refinement does via basins of attraction.

3.3.2 Extrema and Range

We now turn to upper and lower bounds for each refinement metric. These results show how

different scales may not be easily comparable in terms of refinement. We recommend only

comparing refinement metrics derived from the same scale.

Proposition 2. The Entropic Refinement rE takes values between 0 and log maxs∈St |B(s)|,

attaining its minimum when there is only one unique observed score value in any basin of

attraction and its maximum when scores are only located in the maximally sized basins of

attraction, and are uniformly distributed within each such basin.

See Appendix B.2 for proof. To see how this maximum is attained, and that it depends

on the rounding level t, consider the following 3 sets of scores: YA = {1.0, 1.1, . . . , 5.0};

YB = {1.5, 1.6, . . . , 4.4}; and YC = {1.3, 1.4, . . . , 4.7}. YA is uniform over the entire scale,

YB over the maximum-size basins for t = 1, and YC over the maximum-size basins for

t = 0.5. Hence,

rE(YA; t = 1) =
5

41
log(5) + 3× 10

41
log(10) +

6

41
log(6)

≈ 2.14

< log(10) = rE(YB; t = 1).

While YB maximizes rE(Y) for t = 1, YC does for t = 0.5:

rE(YC ; t = 0.5)) = 7× 1

7
log(5)

≈ 1.61

> 1.50 = rE(YB; t = 0.5).

This property holds not only for different levels of rounding but also for different scales.

Consider 2S, a 2–10 scale that admits only multiples of 0.2. The only difference between this
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scale and the AIBS scale is a factor of 2, but refinement metrics calculated from each will

be incomparable because, for example, 2S contains nine integers instead of five.

Fractional Refinement achieves its minimum of zero when Y is integral and its maximum

of 1 when Y does not contain multiples of 0.5.

Tiebreak Refinement achieves its minimum of zero if and only if l = 0 and z > 0, for

example when only integer scores are present and there is at least one tie. It achieves its

maximum of 1 whenever there are no ties, i.e., z = 0. However, when n > |S|, z > 0

necessarily. In this case, the maximum Tiebreak Refinement for a given n > |S| is |S|−1
n−1

,

which occurs whenever every level of the scale is utilized, i.e. when S ⊆ Y.

3.3.3 Large-n Behavior

Here, we consider the dependence on n of the Entropic Refinement rE. For n = 1 and any Y,

rE(Y) = 0. For n = 2, rE is zero when the two scores are identical or in different basins of

attractions, and log(2) if the two scores are different but in the same basin of attraction; but

log(2) is still much smaller than the maximum rE on the AIBS scale for arbitrary n, which is

log(10). It is clear that, for small values of n, the dependence of rE on n is strong. Therefore,

when sample sizes are modest, comparisons of refinement statistics must be stratified by n.

However, the behavior of rE as n→∞ tells another story. The following analysis draws a

contrast between Entropic and Fractional Refinement on one side and Tiebreak Refinement

on the other. For both Fractional and Entropic Refinement, given any set of scores Y ∈ Sn,

we can construct an infinite sequence of sets of scores Y ∈ Sn, [Y,Y] ∈ S2n, [Y,Y,Y] ∈

S3n, . . . (repeat each score in Y once, twice, etc.) such that refinement is constant within

the sequence. We call a refinement metric for which such a sequence exists for any Y ∈ Sn

“sample size-normalized” for large n.

This is not the case, however, for Tiebreak Refinement. It follows directly from the fact

that rT ≤ |S|−1
n−1

(Section 3.3.2) that limn→∞ rT = 0, and hence such an infinite sequence with

constant refinement does not exist. The differentiating factor is that Fractional and Entropic

Refinement are functions only of the empirical distribution on Y—given the empirical distri-
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bution, they are independent of the sample size n and the observed scores themselves—while

Tiebreak Refinement depends on the scores themselves. We argue that the informativeness

of a set of ratings should only depend on its distribution and not tend to zero as more ratings

are given.

3.3.4 Multivariate Extensions

In some peer review systems, such as those at AIBS and NIH, reviewers provide C criterion

scores X1, . . . , XC in addition to the merit score Y . The criterion scores are intended to be

preliminary to the merit score, as well as provide more detailed feedback to applicants on

various aspects of their application. They are rated on the same scale S as the merit score

Y , which is used to determine proposal funding. Here we present methods for assessing the

refinement of multivariate scores such as criterion scores.

Let C be the number of criteria in the reviewing system at hand and assume (as is the

case for AIBS) that each criterion is measured on the same scale as the merit score Y . Let

X1, . . . , XC denote the individual criterion scores with X ∈ SC the vector of criterion scores.

The most immediate way of measuring multivariate refinement is to average over the C

dimensions: abusing notation slightly, we define

ravg(X) ≡ 1

C

∑
k∈[C]

r
(
Xk
)

for a given metric r. For Fractional and Tiebreak Refinement, this average is the only clear

choice. However, for Entropic Refinement, we can also consider the entropy of the empirical

joint p.m.f. of the criterion scores,

rjointE (X) ≡ H(X)−H(R(X)).

This extension is fundamentally different than the average over individual criteria. The next

proposition clarifies the relationship between the two.
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Proposition 3. For any X ∈ SC×n and a given t,

1

C

∑
k∈[C]

r
(
Xk
)

= ravgE ≤ rjointE ≤ CravgE =
∑
k∈[C]

r
(
Xk
)

(3.5)

See Appendix B.3 for proof. The left-hand inequality becomes equality when, for exam-

ple, all criterion scores are identical for each proposal. The right-hand inequality becomes

equality when X1, . . . , XC are mutually independent with respect to their joint empirical

distribution. In practice, the criterion scores are likely to be correlated to some extent, and

both inequalities will be strict. Thus scaling rjointE so as to be comparable between vectors of

scores with different values of C is impractical. For this reason, we use average multivariate

refinement in Section 3.4’s application to AIBS peer review data.

3.4 Refinement in AIBS Grant Proposal Peer Review Scores

Using the refinement metrics introduced above, we analyze the scoring behavior of reviewers

at the biomedical science grant agency AIBS (American Institute of Biological Sciences).

The University of Washington’s Institutional Review Board confirmed that this study did

not directly involve human subjects.

3.4.1 AIBS Review Data

The AIBS data set consists of review scores of 72 grant applications, all from the same round

of review, reviewed by AIBS through an intramural collaborative biomedical research funding

program for the biomedical sciences (Gallo, 2021). For each application, exactly three review-

ers provide four criterion scores—Innovation, Approach, Investigator, and Significance—on

a 1-5 scale in single-decimal (0.1) increments, where 1 is best and 5 is worst. AIBS review-

ers also supply a merit score that attempts to capture the quality of the entire application,

rather than just an aspect of it as the criterion scores do. Funding decisions are made largely

on the basis of these merit scores.5

5The criterion scores, in addition to other factors such as the topic of the proposed research, can also
play roles in these decisions.
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Let N = 26 refer to the number of reviewers and ni be the number of reviews performed

by the ith reviewer. Table 3.2 displays summary statistics for the data set, and Figure 3.2

displays a histogram of the number of scores given by each reviewer, i.e. a histogram of

{ni : i ∈ [N ]}.

Table 3.2: AIBS data set summary statistics.

Statistic Value

Number of reviewers N 26

Number of applications 72

Total number of reviews
∑26

i=1 ni 216 (= 3× 72)

Figure 3.2: Histogram of the number of proposals reviewed by each reviewer.

3.4.2 Testing Refinement Hypotheses

We exemplify the use of refinement for the study of reviewer behavior by testing a hypothesis

regarding refinement that we believed a priori to hold for AIBS and more broadly across

peer review systems.
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Hypothesis 1. Merit score refinement is higher than criterion score refinement:

For AIBS as well as other funding agencies, the merit score (or equivalent) is the primary score

used in funding decisions. Reviewers may therefore attempt to finely distinguish between

similar-quality applications via merit scores, while allowing for more ties in criterion scores,

which may instead be considered a mechanism for providing detailed feedback to applicants.

If this were so, we would expect merit scores to display more refinement than criterion scores.

The null hypothesis we test is that merit score refinement is less than or equal to criterion

score refinement.

We utilize average criterion score refinement, ravgE , when computing Entropic Refinement

as the criterion scores and merit score are of different dimensions (see Section 3.3.4). We use

the paired t-test to test the null hypothesis that merit score refinement is no greater than

the average criterion score refinement: r(Y) ≤ ravg(X). We use the Wilcoxon signed-rank

test (Wilcoxon, 1946) to test the null hypothesis that P (r(Y) > ravg(X)) ≤ 0.5,6 with the

alternative hypothesis being that P (r(Y) > ravg(X)) > 0.5. The sample size for both tests

is the number of reviewers N = 26.

Both tests are paired, so that merit and criterion score refinement are always compared on

an individual level. However, we do not stratify the tests by the number of reviews completed.

While this does not harm the Type I error rates of the tests, it means that reviewers with

larger ni are weighted more heavily in the tests. We believe this is appropriate, given that

these reviewers completed more reviews, but we do not claim that our testing strategy is

fully efficient—developing maximally efficient tests for refinement is a new problem entirely.

Both of these tests operate under the assumption of independent observations, i.e. that

the refinement of the scores from one reviewer is independent of the refinement of the scores

from a different reviewer.7 We assume that two sets of scores are independent when the

6If one randomly samples a reviewer and associated review scores from their respective hypothetical
populations, then there is at most a 50% probability that the merit score refinement will be greater than
the average criterion score refinement.

7We make no assumptions regarding the dependencies among the scores from a single reviewer. Since the
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underlying proposals reviewed do not overlap, so that refinement of one reviewer’s scores

does not depend on other reviewers’ scores except possibly when reviewers review the same

proposal. Per AIBS, “online discussion [among reviewers] was limited and most scoring did

not change [after online discussion],” so the only plausible reason for dependencies between

refinement statistics is overlap in the underlying proposals reviewed. In our data, the rate

of overlapping reviewer assignment is small (see Figure 3.3), so we believe the assumption of

independent observations made by these tests is reasonable.

Figure 3.3: Histogram of the number of overlapping proposal assignments for each pair of
reviewers. There were two pairs for which this quantity was 6, the maximum, both of which
involved reviewers of 14 or 15 proposals.

3.4.3 Results

We compute Entropic Refinement for the merit and each of the four criterion scores individ-

ually, for each of the 26 reviewers, with rounding either to the nearest integer or the nearest

multiple of 0.5. First, we plot rE in Figure 3.4 for merit and the criteria.

We also compare the entirety of the empirical distributions of merit and criteria Entropic

Refinement for the N = 26 reviewers, which are displayed in Figure 3.5. The empirical

distribution of merit refinement stochastically dominates that of criteria refinement in the

unit of observation for testing this hypothesis is a refinement statistic for all scores from a given reviewer,
these dependencies are not material to this hypothesis test.
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(a) Entropic Refinement with rounding to
the nearest t = 1.

(b) Entropic Refinement with rounding to
the nearest t = 0.5

Figure 3.4: Entropic Refinement for the AIBS reviewers, with merit score refinement in blue
and criterion score refinement in red. Each symbol corresponds to a single reviewer. The
x axis represents the number of reviews given by the reviewer, which one must condition
on since rE is not sample-size normalized for small n. The scores are jittered for clarity of
visualization.

t = 1 case, and nearly does so in the t = 0.5 case.

(a) Entropic Refinement with rounding to
the nearest t = 1.

(b) Entropic Refinement with rounding to
the nearest t = 0.5.

Figure 3.5: Entropic Refinement empirical CDFs for the AIBS reviewers, with merit score
refinement in blue and average criterion score refinement in red.

Table 3.3, below, illustrates the results of both hypothesis tests—paired t-test and

Wilcoxon signed-rank—applied to the AIBS merit and criterion refinement. Each test was

specified to be one-sided, with the alternative that merit refinement is greater than criterion

refinement. For reference, tests using the Fractional and Tiebreak metrics were included as
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well.

Table 3.3: Test statistics and p-values for the three types of refinement.

Refinement Metric Parameter t-test mean dif. (p-val) Wilcoxon p-val

Entropic t = 1 0.12 (0.004) 0.003

t = 0.5 0.049 (0.04) 0.05

Fractional w = 1 0.10 (0.001) 0.001

Tiebreak c = 0.2 0.11 (0.01) 0.02

For all tests, the evidence suggests that merit scores display greater refinement. p-values

for Fractional Refinement are significant at the 0.005 level, meaning that rounder scores are

used significantly less often for the merit score than for the criterion scores on the whole.

p-values for Tiebreak Refinement are only significant at the 0.05 level, suggesting that merit

score ranking ambiguity is higher for the criterion scores than for the merit scores. Finally,

for Entropic Refinement, p-values are significant at the 0.005 level when rounding to the

nearest integer but barely significant at the 0.05 level for rounding to the nearest multiple

of 0.5. There is thus strong evidence for merit scores being more informative within integer

rounding basins, but weaker evidence for a difference in informativeness within half-integer

rounding basins. All in all, the evidence is moderately strong that AIBS merit scores, which

help determine proposal funding decisions, are more refined than criterion scores, even in

our fairly small sample of reviews.

3.5 Conclusion

In this chapter, we articulated the concept of refinement as a novel way of quantifying the

informativeness of human ratings that is particularly useful in the absence of a gold standard,

as is the case in peer review. We introduced an information-theoretic metric for measuring
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it—Entropic Refinement—and examined refinement for a set of reviews of grant proposals

submitted to AIBS.

Entropic Refinement captures disambiguation through the difference in entropy before

and after rounding the scores. As Proposition 1 demonstrates, this is equivalent to measuring

the entropy—information content—of the scores within basins of attraction, and taking a

probability-weighted average. While Entropic Refinement is more complex than the two

simpler metrics we introduced, its decomposability property, sensible asymptotic behavior,

and behavioral motivation make Entropic Refinement our recommended metric.

Because refinement measures the degree of disambiguation and informativeness of a re-

viewer’s scores without comparison to some external baseline, such as a different reviewer’s

scores, it is distinct from inter-rater reliability metrics and particularly well suited to the

no-gold-standard paradigm, as typically holds in peer review (Bailar and Patterson, 1985;

Feurer et al., 1994; Jayasinghe et al., 2001, 2003; Lauer and Nakamura, 2015; Lee and Moher,

2017; van Rooyen et al., 1999).

Refinement may also provide important context in conjunction with inter-rater reliability.

For example, when reliability is low, low refinement across reviewers means that there is

neither consensus nor abundant information about the relative merits of the proposals. High

refinement paired with low reliability, however, suggests that while they may not agree,

reviewers are effectively disambiguating the proposals they rate—potential evidence of the

use of a variety of evaluative perspectives. High reliability with low refinement implies the

opposite, and may indicate that the scale at hand is insufficiently fine-grained for reviewers

to assert their unique perspectives (this may or may not be desirable, depending on the

setting). Finally, high reliability and high refinement—likely a rare outcome8—would imply

that consensus is not merely the product of a coarse scale or heavily rounded ratings.

In psychology, ratings are often modeled as being a combination of a latent, unobserved

“true response” and a measurement error (Schmidt and Hunter, 1996). Applying this con-

8Rounding behavior will tend to decrease refinement but increase reliability (as rounding may turn
disagreements into agreements, but not the other way around).



59

cept to peer review, Johnson (2008) proposed a model for ratings in which NIH reviewers’

errors are defined by the extent to which their ratings tend to be higher or lower than other

reviewers’ on average. Johnson (2008) then analyzes how NIH’s funding decisions would

differ if they were to adjust for these measurement errors. Other approaches use multilevel

regression modeling to account for differences in reviewers’ average scores but do not explic-

itly characterize these differences as arising from measurement error (Erosheva et al., 2020b;

Jayasinghe et al., 2003).

In this vein, we can assess the refinement of estimated latent (“true”) scores rather than

the observed scores. We can even do so without explicitly estimating the latent scores: if

we instead have an error distribution pε, we can solve the deconvolution pL ⊕ pε = p for

pL, the distribution of the latent scores (per Efron and Hastie (2016), this may be difficult).

Entropic Refinement can then be computed for the distribution pL. While the addition

of independent noise increases entropy, Entropic Refinement is a difference of entropies, so

latent score refinement may be higher or lower than that of the observed scores.

In our exposition of refinement and our application in Section 3.4, we use the observed

scores and do not adjust for measurement error. Our approach aligns with the standard

current practice of using unadjusted peer review scores.

With a small sample size of N = 26, we found moderate support for the hypothesis

that AIBS merit scores—which are the only score used to make final funding decisions—

are on average more refined than criterion scores. With a larger data set, more complex

hypotheses about peer review informativeness could be tested with sufficient power. Consider

the following hypothesis that could not be tested with currently available data:

Hypothesis 2. Reviewers who review applications they perceive as competitive

display more refinement: When a reviewer believes an application’s quality puts it near

the funding cutoff, they may elect to expend the extra effort to distinguish that application

from potential competitors by fine-tuning its scores.9 This would manifest itself in higher

9If this fine-tuning does not accurately reflect a reviewer’s evaluation but rather stems from a desire to
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entropy in rounding basins near a (perceived) funding cutoff.

Threshold-based incentives spur improved performance in other arenas, e.g. ultrama-

rathoning (Grant, 2016); we hypothesize that increased perceived likelihood of determining

an application’s funding similarly incentivizes reviewers to provide more refined ratings. Ac-

cording to an AIBS representative, there is no formal or informal “funding cutoff” known to

reviewers, so data from a different funding institution and a survey of reviewers regarding

their beliefs about a funding cutoff would be needed to test this hypothesis.

One limitation of Entropic Refinement is that it is specialized to decimal scales S such

as the one used by AIBS. Our analysis reveals that such scales—in contrast to, for example,

integer scales—provide raters with the ability to first conceptualize a round rating and then

further refine. Nevertheless, extensions of refinement to other popular scale types are needed.

The authors are currently investigating refinement for integer scales, such as the {1, . . . , 9}

scale used by NIH. With additional data, future analyses could assess whether refinement

is greater for competitive-seeming applications, or could track reviewers over time to assess

whether or not their scores’ refinement increases as they gain experience. These types of

studies will help illuminate the intricacies of ratings and human decision-making.

influence the proposal’s funding outcome, it can be considered gaming (Coveney et al., 2017). Gaming is
considered by some panelists to be unacceptable (Lamont, 2009).
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Chapter 4

BAYESIAN CAUSAL DISCOVERY WITH BIVARIATE
ADDITIVE MODELS

This work with collaborators Elena Erosheva, Thomas Richardson, and Marina Meilă,

was partly supported by NSF grant #1759825, awarded to Drs. Elena Erosheva and Carole

Lee.

4.1 Introduction

Causal discovery—the identification of causal relationships among the variables of interest

from observational data—is a critical prerequisite to the estimation of causal parameters.

While experiments/interventions obviate the need for causal discovery in some contexts, in

others they can be impossible or impractical. For example, it is particularly difficult to iden-

tify causality in fMRI data (Smith et al., 2011) as interventions in the brain are impractical,

expensive, and potentially unethical. In climate science, causal discovery has been used to

determine causal relationships between atmospheric variability in different regions (Ebert-

Uphoff and Deng, 2012); computational challenges in spaciotemporal dynamical systems can

make such large-scale causal relationships difficult to infer from known, smaller-scale causal

structure.

Yet causal discovery is not in wide practical use. One roadblock to its adoption is that

many discovery algorithms do not reveal all the causal relationships among the observed

variables, but rather a set of causal structures that are all compatible with the data (Spirtes

et al., 1993). These collections of plausible structures can be large, though, and scientists

may require more precision in order to proceed with model specification and estimation. A

second roadblock is statistical uncertainty: while some approaches quantify uncertainty in
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the causal structure—e.g. Cooper and Herskovits (1992); Friedman et al. (1999); Komatsu

et al. (2010)—these are the exception to the rule. Confidence in causal inference-based

scientific results is based on the degree of certainty that the causal structure underlying the

inference is correct.

The bivariate case is fundamental to causal discovery, and is particularly important to

those interested in learning exact causal structures since classical techniques that rely solely

on conditional independence and the faithfulness assumption to produce a Markov Equiv-

alence Class (Andersson et al., 1997) of possible structures cannot be used in the bivariate

setting. In this chapter, we develop bivariate Bayesian Causal Discovery, which naturally

quantifies uncertainty about the causal relationship between the two variables under iden-

tifying assumptions. We formulate Bayesian versions of two foundational discovery tech-

niques, Additive Noise Models (Hoyer et al., 2009) and Linear non-Gaussian Additive Models

(Shimizu et al., 2006). Finally, we illustrate Bayesian Causal Discovery’s efficacy in terms of

prediction and uncertainty quantification on simulated and real data.

4.1.1 Bivariate Causal Discovery

Let X ∈ R and Y ∈ R be jointly distributed according to PX,Y . We observe bivariate,

non-interventional data {X, Y }n = {(X1, Y1), . . . , (Xn, Yn)}, assumed i.i.d. A set of a priori

conditions must be met to identify the causal relationship between X and Y . First, we

assume that X and Y are not independent, which can be tested in great generality using,

e.g., the Hilbert Space Independence Criterion of Gretton et al. (2008). Second, we assume

that it is not the case that both X causes Y and Y causes X (acyclicity). The scientific

context will often justify this assumption, as causal discovery in the cyclic setting often

requires interventional data (Hyttinen et al., 2012). These two assumptions are common

to bivariate causal discovery approaches. Finally, one often assumes that X and Y are

not confounded, as in Hyvärinen and Smith (2013) and Hoyer et al. (2009)—though in some

cases this assumption can be relaxed, complicating the causal discovery problem (Hoyer et al.,

2006; Shimizu and Bollen, 2014; Chen and Chan, 2013). We assume unconfoundedness via
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the independence of the cause variable and error term. Modeling unobserved latent variables

by allowing for dependence between the cause and error is a challenge beyond our scope;

doing so would introduce additional parameters, degrading the reliability of the computations

described in Section 4.2.2 (see also Appendix C.3).

We are left with two possible causal models: MX—in which X causes Y—and, conversely,

MY . Under MX , we assume that X ∼ PX ∈ PX , ε ∼ Pε ∈ Pε (with E[ε] = 0) and that Y is

generated as

Y = f(X) + ε.

We refer to X as the “cause,” f ∈ F as the “mechanism,” and ε as the “noise.” Similarly,

under MY , we assume that Y ∼ PY ∈ PY , g ∈ G, η ∼ Pη ∈ Pη with E[η] = 0, and

X = g(Y ) + η. As the mathematical developments for MY will mirror those of MX exactly,

we will henceforth assume X causes Y and leave MY aside unless it is strictly needed.

4.1.2 Additive Noise Models and Linear Non-Gaussian Additive Models

Additive Noise Models (ANMs) and Linear Non-Gaussian Additive Models (LiNGAMs), the

two causal discovery methods we consider, leverage nonlinearity of f and non-Gaussianity

of ε, respectively, to distinguish between MX and MY .1 They adapt straightforwardly to

the Bayesian framework because the nonlinearity and non-Gaussianity assumptions can be

expressed via prior distributions on the mechanism f and noise ε, as we shall see in Sec-

tion 4.2. While we focus on ANMs and LiNGAMs in the main text of this chapter, Bayesian

Causal Discovery can be applied more widely: see Appendix C.1 for an application to the

Information-Geometric Causal Inference technique of Janzing et al. (2012), and Spirtes and

Zhang (2016) for a broader overview of causal discovery.

Hoyer et al. (2009) introduce ANMs, showing that when MX holds with nonlinear f

and ε |= X, no model MY can also generate data from PX,Y (except in highly contrived

scenarios; see Zhang and Hyvärinen (2009) for an accounting of these). Thus, assuming

1Rothenhäusler et al. (2016) unite these two identification strategies under a single framework.
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that such an ANM obtains in the true causal direction, one can estimate ANMs in both

directions and test for the independence of the residuals from the independent variable in

both models. Hoyer et al. (2009) compare the p-values from these two independence tests,

concluding that the model with the larger p-value (more plausible independence) is the true

causal model. However, these p-values do not have any direct interpretation in terms of

the relative plausibility of MX and MY , and Bayesian interpretation of such p-values is not

straightforward (Casella and Berger, 1987).

LiNGAMs (Shimizu et al., 2006) identify bivariate causal structure using non-Gaussianity

instead of nonlinearity. LiNGAMs guarantee consistent discovery of the causal relationship

between X and Y provided that f is linear and ε is non-Gaussian. LiNGAM was originally

estimated using Independent Components Analysis (ICA) (Hyvarinen, 1999), but faster and

more practical methods have since been developed (Shimizu et al., 2011; Hyvärinen and

Smith, 2013). A related approach (Wang and Drton, 2018) extends LiNGAM to the case

where there are more variables than samples (in which the ICA problem cannot be solved).

There have also been investigations of LiNGAMs in the presence of latent variables, relaxing

the unconfoundedness assumption (Hoyer et al., 2006; Shimizu and Bollen, 2014; Chen and

Chan, 2013).

4.1.3 Contributions of this Chapter

Bivariate causal discovery algorithms have been derived under a variety of frameworks: Fre-

quentist likelihood-based (Hyvärinen and Smith, 2013), black-box prediction (Lopez-Paz

et al., 2015), and ad-hoc comparisons of relevant statistics (Janzing et al., 2012; Hoyer et al.,

2009). Yet most do not quantify uncertainty in the causal discovery process. This multi-

plicity of frameworks and lack of uncertainty estimation are major barriers to the use of

causal discovery by applied scientists. Our proposed framework, Bayesian Causal Discovery,

is a fully Bayesian technique that identifies a causal direction from observational data via

a Bayes Decision Rule. Bayesian model selection is a perfect fit to the causal discovery

problem: Gelman et al. (2013) note that “Bayes Factors can work well when the underlying



65

model [class] is truly discrete and [when] it makes sense to consider one or the other model

as being a good description of the data.”

In the next section, we lay out the general framework of additive bivariate Bayesian Causal

Discovery. In Section 4.2.3 we formulate Bayesian ANMs using a Gaussian Process model

for the mechanism and show how to efficiently compute them, while Section 4.2.4 briefly

discusses Bayesian LiNGAMs. Section 4.3 shows how Bayesian Causal Discovery quantifies

the strength of the evidence for a causal model, and contrasts Bayesian ANMs and LiNGAMs

with classical ANMs and LiNGAMs via an application to simulated data that present various

difficulties for causal discovery algorithms. Section 4.4 tests the predictive performance of

Bayesian ANMs and LiNGAMs on the collection of real-world bivariate data sets. We finish

with a discussion of outstanding problems and future directions.

4.2 Bivariate Bayesian Causal Discovery

Our fully Bayesian approach treats the causal model itself as random: nature chooses MX

with probability pMX
and MY with pMY

= 1 − pMX
. Under MX , (PX , f, Pε) are randomly

generated from a “mother distribution” PPX ,f,Pε which is a joint distribution over two dis-

tributions and a function (Lopez-Paz et al., 2015). We denote the marginal prior on PX as

PPX , the marginal prior on f as Pf , and the marginal prior on Pε as PPε ; PX , f , and Pε need

not be independent. Figure 4.1 illustrates how the randomness of the model (MX or MY )

and the model priors PPX ,f,Pε and PPY ,g,Pη hierarchically define a distribution on (X, Y ).

To make posterior inferences about whether MX or MY generated the data, we begin by

placing prior probabilities on each: pMX
= P(MX) and pMY

= P(MY ) with pMX
+ pMY

= 1.

We choose a causal model by comparing the posterior probabilities of MX and MY given

observed data {X, Y }n via the ratio

P(MX |{X, Y }n)

P(MY |{X, Y }n)
. (4.1)

(4.1) can be rewritten in terms of the Bayes Factor Kn, which is the ratio of the marginal
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U(0, 1)

PPX ,f,Pε

fPX Pε

Xi Yi εi

PPY ,g,Pη

gPY Pη

Yi Xi ηi

≤ pMX
> pMX

Figure 4.1: Hierarchical model for bivariate Bayesian Causal Discovery.

likelihoods of the data under each model:

P(MX |{X, Y }n)

P(MY |{X, Y }n)
=

P({X, Y }n|MX)

P({X, Y }n|MY )

pMX

pMY

≡ Kn
pMX

pMY

. (4.2)

See Kass and Raftery (1995), Section 3.2, for a brief overview of the interpretation of Bayes

Factors.

In the common scenario that we have no a priori reason to favor one causal direction over

the other, pMX
= pMY

= 0.5 and the Bayes Factor is equivalent to the posterior probability

ratio. We shall take pMX
= pMY

going forward, which allows us to choose a causal model on

the basis of Kn (just K when n is fixed and known). MX (MY ) is more likely when log(K) is

positive (negative) with | log(K)| capturing the relative evidence for the favored model over

the other. Note that | log(Kn)| will tend to grow with n, which is appropriate since more

data ought to lend greater support for or against a model.

We make a decision d regarding the causal direction via

d = MX if log(K) > 0

d = MY if log(K) < 0. (4.3)
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Because our Bayesian model assigns probability to each causal direction, we can formulate

causal model selection in terms of Bayesian decision theory (Cyert and DeGroot, 1987;

Harsanyi, 1978; Minton et al., 1961), in which the optimal model choice depends on the

posterior model probabilities and the cost of choosing d = MX when MY holds and vice-

versa. Given pMX
= pMY

, (4.3) is the optimal Bayes Decision Rule when these costs are

equal (see Proposition 5 of Appendix C.3). In our Section 4.4 real-data application, we

extend this decision framework to admit a third option, M0: indecision, which is useful when

the evidence for MX or MY is not decisive enough to be scientifically useful. Appendix C.2

analyzes decisions under this three-model setup.

We compute K via its numerator and denominator separately. The numerator of K is

P({X, Y }n|MX), known generally as the marginal likelihood of {X, Y }n under model MX ;

in the context of Bayes Factors, it is known as the evidence for model MX because it conveys

the relative amount of support, or evidence, the data provide for MX vs. MY . Let us assume

that under each of MX and MY the model prior distribution admits a probability density

with respect to some dominating measure µ, which we will suppress in the notation unless

it is needed. For example, if the model prior is parameterized in terms of some θ ∈ Rd, then

the joint distribution on θ, Pθ, is dominated by the Lebesgue measure. We compute the

evidence by marginalizing over the model parameters PX , f, ε:

P({X, Y }n|MX) =

∫
PX ,F,Pε

p({X, Y }n|PX , f, Pε) dPPX ,f,Pε

=

∫
PX ,F,Pε

n∏
i=1

[p(Yi|Xi, f, Pε)p(Xi|PX)] dPPX ,f,Pε (4.4)

In all but the simplest cases, analytical calculation of the evidence (4.4) is impractical, and

it must be approximated computationally. Algorithm 1 details a Monte Carlo algorithm for

approximating the evidence.

If we could correctly specify pMX
, PPX ,f,Pε , and PPY ,g,Pη (see Figure 4.1) and were able

to calculate the evidence under those mother distributions exactly, we could compute the

true posterior probability ratio (4.1) exactly. In reality, our model priors must be specified
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Algorithm 1 MonteCarloEvidence

procedure MonteCarloEvidence({X, Y }n,PPX ,f,Pε , PPY ,g,Pη , B)
for i ∈ [B] do

Draw PX ∼ PPX
Draw f ∼ Pf |PX
Draw Pε ∼ PPε|f,PX
Compute P({Y }n|{X}n, f, Pε)
Compute P({X}n|PX)
Li ← P({Y }n|{X}n, f, Pε)× P({X}n|PX)

end for
return 1

B

∑B
i=1 Li

end procedure

without knowing the true data-generating mechanism and we can usually only approximate

the evidence. Both of these steps introduce the potential for error, the subject of the next

two sections.

4.2.1 Model Prior Specification

In selecting model priors PPX ,f,Pε and PPY ,g,Pη , we incorporate causal identification assump-

tions, which facilitate choosing a causal model.

Definition 1 (Causal Identification Assumption). A causal identification assumption is one

that, when expressed via the model priors PPX ,f,Pε and PPY ,g,Pη , yields

EMX

[
log

(
P(X, Y |MX)

P(X, Y |MY )

)]
> 0 (4.5)

and

EMY

[
log

(
P(X, Y |MX)

P(X, Y |MY )

)]
< 0. (4.6)

In general, the inequalities (4.5) and (4.6) hold weakly/inclusively, since Kullback-Leibler

divergences are non-negative. By employing a causal identification assumption, we exclude

model priors that lead to equal evidence for MX and MY , on average over a chosen model.
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Specification of model priors is challenging because, as Kass and Raftery (1995) note,

prior selection impacts Bayes Factors substantially more than standard Bayesian posterior

inferences. For posterior inference, sufficiently large n will typically render a reasonable prior

irrelevant, but for Bayes Factors this is not so. The influence of the model priors motivates

two more principles for prior specification that prevent factors unrelated to causality from

impacting causal discovery: marginal agnosticism and mechanism symmetry.

First, we assume that the marginal locations and scales of the variables are not informative

of the causal direction in the sense of the following definition.

Definition 2 (Marginal Agnosticism). PPX ,f,Pε and PPY ,g,Pη are jointly marginal cause-

agnostic if

P({X}n|MX) =

∫
PX

P({X}n|PX) dPPX =

∫
PY

P({Y }n|PY ) dPPY = P({Y }n|MY )

and marginal effect-agnostic if

E[Y |MX ] = E[X|MY ] = 0.

In this chapter, we only use model priors that satisfy marginal cause- and effect-

agnosticism.2 Identification strategies that exploit differences in variables’ marginal distribu-

tions do exist, but require burdensome assumptions such as equality of error variances—e.g.

Chen et al. (2019); Peters and Bühlmann (2014)—that may be true in specialized settings

but are not true in general as the measured variables may be on different scales.

When both model priors are marginal cause-agnostic, the terms involving PX and PY

in the Bayes Factor (4.2) cancel, so that the conditional distribution of the effect given the

cause and the joint prior distribution of the mechanism and error term determine the Bayes

2Other authors (Hoyer and Hyttinen, 2009; Shimizu and Bollen, 2014) also model all exogenous variables
with the same distribution, though they do not require the marginal likelihoods of the exogenous variables
to be equivalent. Shimizu and Bollen (2014) take an empirical Bayes approach and estimate differing
hyperparameters for the distributions of exogenous variables.
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Factor. Assuming marginal cause-agnosticism and using the simplifications from (4.4) yields

K =

∫
PX ,F,Pε

p({Y }n|{X}n, f, Pε)p({X}n|PX) dPPX ,f,Pε∫
PY ,G,Pη

p({X}n|{Y }n, g, Pη)p({Y }n|PY ) dPPX ,f,Pε
(4.7)

=

∫
PX ,F,Pε

p({Y }n|{X}n, f, Pε) dPf,Pε|PX∫
PY ,G,Pη

p({X}n|{Y }n, g, Pη) dPg,Pη |PY
. (4.8)

One straightforward way to achieve marginal cause-agnosticism is to center and scale

each variable by subtracting empirical means and dividing by empirical standard deviations,

and then set PPX and PPY to be N(0, 1) with probability 1. The same approach works with

other distributions and scalings. For example, centering by X̄, scaling by 1
n

∑n
i=1

∣∣Xi − X̄
∣∣,

and specifying PX = PY = Laplace(0, 1) also yields marginal cause-agnosticism (we use this

approach with LiNGAM in Section 4.3.2). These strategies also help facilitate marginal

effect-agnosticism: it is easy to verify that PPX ,f,Pε is marginal effect-agnostic when PPX
ensures that PX is symmetric about zero with probability 1, when PX |= f ,3 and when Pf is

specified such that Pf (f) = Pf (−f).

Next, we require that Pf and Pg be identical and symmetric about the identity function

for any invertible functions in their support, a property we refer to as mechanism symmetry.

Definition 3 (Mechanism Symmetry). PPX ,f,Pε and PPY ,g,Pη obey mechanism symmetry if,

for any invertible function h ∈ F,

Pf (h) = Pg(h) = Pf (h−1) = Pg(h−1).

For example, asymmetric model priors over f and g that only admit strictly convex

functions would be a poor choice, because causal discovery would then proceed on the basis

of how well convex mechanisms fit the data in each direction, a consideration which is

unrelated to causality. All model priors we use satisfy mechanism symmetry.

Finally, note that for identical model priors under MX and MY that satisfy marginal

agnosticism and mechanism symmetry, joint Gaussianity is not a causal identification as-

sumption.

3See Appendix C.1 for an example of a model prior in which f and PX are dependent.
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Proposition 4. Suppose that PPX ,f,Pε = PPY ,g,Pη , that {X, Y }n is centered and scaled to

have sample mean zero and sample variance one, that PX , PY , Pε, Pη are Gaussian with prob-

ability one, that f, g are linear with probability one, and that PF and Pg satisfy mechanism

symmetry. Then EMX
[log(K)] = EMY

[log(K)] = 0.

{X, Y }n are bivariate Normal, so the likelihood is determined solely by five sufficient

statistics: the empirical means, standard deviations, and correlation. Due to centering and

scaling, the means and standard deviations are fixed under both models, and the sample

correlation is invariant to swapping X and Y so its distribution is identical under MX and

MY . Proposition 4 then follows because the model priors are identical and therefore assign

the same probability to any given sample correlation.

4.2.2 Evidence Approximation

We now turn to computation of the evidence (4.4). Monte Carlo approximation (Algo-

rithm 1) has numerous advantages: it is straightforward to implement, unbiased, consistent,

and converges at a
√
n rate.4 However, its accuracy can be suspect: Kass and Raftery (1995)

note that “when sample sizes are moderate or large, the integrand becomes highly peaked

around its maximum,” leading to a phenomenon known as pseudo-bias (Lenk, 2009). In

Appendix C.3, we analyze the accuracy of Monte Carlo approximation of the evidence (Al-

gorithm 1) under a Gaussian likelihood with a Gaussian prior for the mean, a setting in which

the marginal likelihood can be computed analytically. We find that, in fact, the complexity

of the model prior determines the difficulty of approximating the evidence accurately to a

greater extent than the sample size does. Pseudo-bias most often occurs because all Monte

Carlo samples (PX , f, Pε) satisfy

P({X, Y }n|PX , f, Pε) < P({X, Y }n|MX),

4The CLT applies when, for example, the covariance of the likelihood (with the data {X,Y }n fixed and
the stochasticity coming from a parametric model prior) is finite. The LLN applies under slightly weaker
conditions. See Giné and Nickl (2016) for analogous results on infinite-dimensional model priors.
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leading to an underestimate of the evidence. In our analysis, increasing the number of

parameters that must be marginalized beyond three virtually guarantees pseudo-bias, while

for a fixed number of parameters the likelihood of pseudo-bias grows relatively slowly in n.

Numerous alternatives to Algorithm 1 for approximating marginal likelihoods exist—see

the surveys of Llorente et al. (2021); Evans and Swartz (1995)—but many have drawbacks of

implementation complexity. For example, the MCMC approach of Carlin and Chib (1995)

requires intensive hyperparameter tuning even for relatively simple models. Others have

poor convergence properties: see Wolpert and Schmidler (2012)’s analysis of the importance

sampling-based harmonic mean estimator. We tested the Carlin and Chib (1995) approach

but found that results were highly sensitive to the MCMC specification. Importance sam-

pling approaches did not appear to converge as quickly as Algorithm 1. The most modern

algorithm we tried—the bridgesampling R package (Gronau et al., 2020), which is designed

for approximating marginal likelihoods—performed worse in both run time and approxima-

tion accuracy than Monte Carlo approximation (Algorithm 1) on bivariate Gaussian test

data that were known to have Bayes Factor approximately 1 (see Appendix C.4).

In this chapter, we aim for accurate and consistent evidence approximations first by

ensuring through analytical means that the parameter space has dimension at most 3 so

as to avoid pseudo-bias. Second, we use numerical integration or the basic Monte Carlo

approach of Algorithm 1 to perform the marginalization (4.4) as these standard approaches

are less error-prone in implementation than more complex techniques, and appeared most

stable in testing.

4.2.3 Bayesian Additive Noise Models

We now develop Bayesian Additive Noise Models (ANMs, Hoyer et al. (2009)), detailing

the model prior formulation and evidence approximation. Our model specification is similar

to that of Stegle et al. (2010), with two important differences. First, Stegle et al. (2010)

explicitly model the cause variable with a Gaussian mixture model, which does not satisfy

marginal cause-agnosticism (Definition 2), in contrast to our approach: centering-and-scaling



73

with a N(0, 1) prior. Second, these authors use an approximate maximum a posteriori (MAP)

for the mechanism parameters instead of integrating over them to compute the evidence.

Our fully Bayesian procedure directly approximates the evidence, capturing all uncertainty

expressed in the model prior.

Model Specification and Computation for Bayesian ANMs

The key assumptions employed in Frequentist ANMs are nonlinearity of the mechanism f and

independence of the error term ε and the cause variable X. Regarding error independence,

our Bayesian framework immediately yields

X |= ε|PX , Pε. (4.9)

Note that this conditional independence would not necessarily hold if we generalized the

error distribution to Pε|X . Equation (4.9) implies that only the location of P(Y |X) depends

on X, an identification assumption also employed by Mitrovic et al. (2018). For Bayesian

ANMs, we additionally model the distribution of the cause as independent of the mechanism

and noise distribution; that is, PPX ,f,Pε = PPXPf,ε5 This ensures that X |= ε marginally in

addition to (4.9).

Like Hoyer et al. (2009), we employ Gaussian Processes (Rasmussen and Williams, 2006)

as the nonlinear mechanism for the ANM: under MX , the mechanism f will be a realization

of a Gaussian Process (GP):

Cov(f(s), f(t)) = kh,l(s, t) = l2 exp(−h(s− t)2).

That is, the process f has a Gaussian covariance kernel of bandwidth 1/h and scale factor

l. The Gaussian kernel is a standard choice, e.g. it is the default kernel for Scikit-learn’s

Gaussian Process Regressor (Pedregosa et al., 2011). Taking the i, j-th entry of the covariance

5Schölkopf et al. (2012) and Janzing and Schölkopf (2010) employ this assumption without being explicitly
Bayesian).
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matrix Σh,l to be kh,l(Xi, Xj), we then have

P(f) ∝
exp

(
−1

2
(f({X}n)− E[f({X}n)])TΣ−1

h,l (f({X}n)− E[f({X}n)])
)

|Σh,l|1/2
. (4.10)

To be marginal effect-agnostic (Definition 2), we take E[f ] = 0 so that E[Y |MX ] = 0 =

Ȳn. While some nonzero mean functions also satisfy this condition, we wish to make no

unwarranted assumptions about the relationship between X and Y . Equation (4.10) then

reduces to

P(f) ∝
exp

(
−1

2
f({X}n)TΣ−1

h,lf({X}n)
)

|Σh,l|1/2
.

To complete the model, we take ε ∼ N(0, σ2
Y ). While other types of noise models are

possible, a Gaussian noise model provides major computational benefits when coupled with

a Gaussian Process, as we shall illustrate below.

Next, we specify the model prior. For Pf , we take h ∼ |N(0, σ2
h = 1)| and l ∼ |N(0, σ2

l =

1)|. These priors encourage smoother process realizations through larger bandwidths 1/h

and smaller l, so that the prior exerts a regularizing influence. We employ Scott’s Rule

(Scott, 2015) with a constant multiplier, taking σh = 1
4
n1/5. Note that E[h] =

√
2/πσh and

Var(h) = (1− 2
π
)σ2

h, so the location and scale of the distribution of h are both proportional

to n1/5 as desired. For PPε , we take σY ∼ U(0, 1): because {Y }n has unit sample variance

after rescaling, the residual standard deviation vary between 0 and 1 depending on how

informative X is about Y .

Finally, we derive the evidence for Bayesian ANMs. Given that f({X}n) ∈ Rn, the pa-

rameter space for this model is (n+3)-dimensional (including h, l, and σY ), posing potential

problems for computationally approximating the evidence (see Section 4.2.2). However, the

combination of GP prior for f and Gaussian distribution for ε allows us to marginalize an-

alytically over the n GP realization parameters (Rasmussen and Williams, 2006). Denote

φ(x|µ,Σ) the density at x ∈ Rn of a multivariate Normal distribution with mean µ and
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covariance Σ. Then the marginalization over f is∫
F
p({Y }n|{X}n, f, Pε)p(f |h, l) df = p({Y }n|{X}n, h, l, σ2

Y ) = φ({Y }n|0,Σh,l + σ2
Y I).

(4.11)

We can then compute the numerator of (4.8) as∫
F,Pε

p({Y }n|{X}n, f, Pε) dPf,Pε|PX

=

∫
f∈Rn,h,l,σY ∈R+

p({Y }n|{X}n, f, Pε)p(f |h, l)p(h, l, σY ) df dh dl dσY

=

∫
h,l,σY ∈R+

φ({Y }n|0,Σh,l + σ2
Y I)p(h, l, σY ) dh dl dσY ,

leaving us to integrate over just h, l, and σY —few enough parameters for a reliable evidence

approximation.

Simulation Study: Noise vs. Identifiability in Bayesian ANMs

We conclude this section by investigating the relationship between noise and ease of causal

discovery under the Bayesian Gaussian Process ANM. We simulate data from a Gaussian Pro-

cess with additive Gaussian noise of varying standard deviation. For expositional simplicity,

the simulation model parameters are a fixed sample from the mother distribution—only the

realizations of the Gaussian Process and the data vary. We take Xi
i.i.d.∼ N(µX = 0, σX = 1),

the kernel bandwidth to be 1
6
n1/5 ≈ median(|N(0,

[
1
4
n1/5

]2
)|) = median(h), the kernel scale

l = 1, and the error standard deviation σY to be 0.5 in the “low-noise” case and 1 in the

“high-noise” case. Figure 4.2 plots 100 simulated data points in the low-noise regime and

high-noise regime both in the forward and reverse causal direction. The sampled GP real-

ization f is plotted with linear interpolation in red, in the forward direction only. In neither

case can one determine the causal direction by eye, as the noise is large enough relative to

the scale of the data to obscure the fact that the GP realization is non-invertible in both

cases.

We replicate the data generation and evidence approximation calculations for models

MX and MY 100 times for n = 100, reporting the fraction of those 100 repetitions for which



76

(a) Forward direction, σY = 0.5 (b) Reverse direction, σY = 0.5

(c) Forward direction, σY = 1 (d) Reverse direction, σY = 1

Figure 4.2: Example data (n = 100), low-noise (σY = 0.5) and high-noise (σY = 1) regimes,
forward and reverse causal directions. Sampled GP mechanism f is plotted in red in the
forward direction only. {X}n and {Y }n are both centered and scaled.

the correct model MX was chosen using the decision rule (4.3). Results are presented in

Figure 4.3 as histograms of the log Bayes Factor over the 100 replications for the low- and

high-noise cases. We take 10,000 Monte Carlo samples from the model prior over h, l, and

σY , which we argue is adequate from the discussion in Section 4.2.2 and the cumulative

evidence plots in Figure 4.4.
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(a) Low noise (σ = 0.5); 98% discovery accu-
racy.

(b) High noise (σ = 1); 88% discovery accuracy.

Figure 4.3: Histograms of log Bayes Factors over 100 replications using Monte Carlo evidence
approximation (Algorithm 1) with 10,000 samples from the prior for the Gaussian Process
model with n = 100 observations. Red vertical lines mark average log Bayes Factors.

(a) Cumulative evidence for MX . (b) Cumulative evidence for MY .

Figure 4.4: Cumulative evidence approximation for a single simulation under each causal
model over B = 10, 000 Monte Carlo samples from the model prior in the low-noise regime.

In both the high- and low-noise regimes, greater evidence is found for MX than MY

(K > 1) the vast majority of the time—though less often in the high-noise regime, as

expected. As expected, the magnitude of the Bayes Factor tends to be notably higher in

the low-noise regime than in the high-noise regime, conveying more certainty in the true

direction of causality. Section 4.3 demonstrates that high accuracy and meaningful Bayes

Factors also occur in more challenging settings when the model is misspecified and the true

mechanism is invertible.
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Finally, for comparison with the identifiable GP data-generating models, we simulated

bivariate Gaussian data from the linear model Y = X + N(0, σY ) in which PX = N(0, 1)

and σY ∼ U(0, 1). Proposition 4 shows that this model is causally unidentifiable under our

assumptions. Reassuringly, Bayesian ANMs using the decision rule (4.3) picked the correct

causal direction in 43 out of 100 simulations (p = 0.2 for the null hypothesis that the decision

rule (4.3) picks the correct direction 50% of the time).

4.2.4 Bayesian LiNGAMs

In this section, we discuss Bayesian Linear non-Gaussian Additive Models, which have also

been explored in Shimizu and Bollen (2014) and Hoyer and Hyttinen (2009). We assume

Y = βX + ε, where ε ∼ Laplace(0, σY )—a standard and effective error model for non-

Gaussian modeling (Hyvärinen et al., 2004; Hyvärinen and Smith, 2013). To be marginal

cause-agnostic, we center and scale {X}n and {Y }n to have zero sample mean and unit

sample mean absolute deviation from the mean (
∑n

i=1 |Xi − X̄|), and define PPX and PPY
to be Laplace(0, 1) so that

P({X}n|MX) = P({Y }n|MY ) =
1

2n
exp(−n).

Our Bayesian LiNGAM is similar to the BayesLiNGAM model of Hoyer and Hyttinen (2009),

though we use a simpler error model that keeps the parameter space small and obeys marginal

cause-agnosticism (Definition 2). Our approach is also similar to that of Shimizu and Bollen

(2014), with the primary difference being that we do not model latent variables or the

accompanying parameter coefficients and hyperparameters. While both of these existing

approaches are fully Bayesian, they do not analyze Bayes Factors or their relationship to

causal identifiability.

As for ANMs, we take σY ∼ U(0, 1) so that the model prior is minimally informative

about the strength of the association between X and fY . Even if β |= σY before rescaling,

|β| is inversely correlated with σY after rescaling the data. In Appendix C.5, we find that

when centering and scaling by the true population mean and mean absolute deviation from
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the mean (E|Y − E[Y ]|),

|β| = 1

2

(√
−3σ2

Y + 2σY + 1− σY + 1

)
≡ qβ(σY ). (4.12)

However, this relationship can in practice be noisy because we must standardize the data by

sample quantities. We use a slack parameter s to account for this noise. Taking ξ to be an

independent Rademacher sample (1 or −1, each with probability 1/2), we specify Pβ|σY as

β|σY ∼ ξ · U(max{0, qβ(σY )− s},min{1, qβ(σY ) + s}) (4.13)

with s = 0.3. Simulation accuracies and log Bayes Factors are robust to the choice of s.

4.3 Strength of Evidence in Bayesian Causal Discovery

This section demonstrates, via simulation studies, that the magnitude of Bayes Factors pre-

dicts the accuracy of Bayesian Causal Discovery under the decision rule (4.3). We also show

that Bayes Factor magnitudes are determined by the signal-to-noise ratio and by the strength

of nonlinearity (for ANMs) or non-Gaussianity (for LiNGAMs) in the data-generating model.

We find that Bayes Factors are informative even when the model prior is misspecified and

the true joint distribution is close to a causally unidentifiable bivariate Gaussian distribution

(see Proposition 4). We also compare the Bayesian models’ discovery accuracy—the rate

at which they make correct decisions under decision rule (4.3)—to that of their Frequentist

counterparts, finding that the Bayesian formulations are more accurate than the Frequentist

ones in these scenarios.

Bayesian Causal Discovery is partly motivated by the fact that scientists need confidence

in the correctness of the DAG underlying a causal analysis and that most non-Bayesian

discovery algorithms provide no interpretable estimate of predictive uncertainty for a given

single data set. This section shows that Bayes Factors, which are computed for a single

sample {X, Y }n, provide such an uncertainty estimate.
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4.3.1 Degree of Nonlinearity in ANMs

For Bayesian ANMs, we investigate how the degree of nonlinearity of a data-generating

mechanism influences Bayesian Causal Discovery accuracy and log Bayes Factor magnitude.

We employ the same model prior and evidence approximation procedure as in Section 4.2.3.

We estimate Frequentist ANMs (Hoyer et al., 2009) by fitting a Gaussian Process regression

using Scikit-learn’s implementation of Gaussian Process regression (Pedregosa et al., 2011),

which maximizes the marginal likelihood to choose parameter values (and thus is not fully

Bayesian). For testing independence of the residuals and the cause variable, we use the

Matlab implementation of the Hilbert Space Independence Criterion test provided by the

authors of Gretton et al. (2008). p-values from both the bootstrap and Gamma-approximated

null distribution—the two approaches to statistical testing provided in Gretton et al. (2008)—

were nearly always numerically zero and could not be used. However, because the quantities

in equations (2) and (5) of Gretton et al. (2008) are symmetric in X, Y and completely

determine the null distribution of the test statistic, the test statistics have the same null

distribution and could be compared directly. We choose the model (MX or MY ) with the

smaller test statistic, which indicates more plausible independence between the cause variable

and the residuals.

To generate varying degrees of nonlinearity and noise in the simulated data, we let Xi ∼

N(0, 1) for i ∈ {1, . . . , n}. Denoting mX(γ) and sX(γ) the empirical mean and standard

deviation of sign(Xi)|X|γ, we then set

Yi = (sign(X)|X|γ −mX(γ)) /sX(γ) + ε,

with ε ∼ N(0, σ2
Y ). mX(γ) and sX(γ) allow us to more precisely control the signal-to-noise

ratio in the data and standardize across varying values of γ. Observations are i.i.d.

We vary the simulation parameters as γ ∈ {1/3, 1/2, 1, 2, 3} and σY ∈ {0.5, 1, 2}. When

γ = 1, the model is linear with Gaussian errors and is therefore unidentifiable under the

ANM. The larger | log γ| is, the more nonlinear the model. Stronger nonlinearity is offset by

larger noise variance. Figure 4.5 displays a simulated data set from this model with γ = 3 and
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σY = 1. With a monotonic mechanism and moderate noise, it is impossible to distinguish

by eye from Figure 4.5 which direction satisfies the independent noise assumption.

(a) Simulated data in the forward causal direc-
tion.

(b) Simulated data in the reverse causal direc-
tion.

Figure 4.5: Examples of simulated data from the power law model (γ = 3, σY = 1) on which
we test Bayesian and Frequentist ANMs. {X}n and {Y }n are both centered and scaled.

Table 4.1 displays the discovery accuracies for Frequentist ANM, while Table 4.2 displays

the proportion of correct discoveries for the Bayesian ANM with the average log Bayes Factor

in parentheses. In our color palette, warmer (cooler) colors represent higher (lower) discovery

accuracy, to help the reader easily identify the associations between discovery accuracy and

the simulation parameters. 100 experimental replications were used for both algorithms.

Comparing Tables 4.1 and 4.2, Bayesian ANMs yield uniformly better accuracy than

Frequentist ANMs under this data-generating model. As expected, for the linear (γ = 1)

model, accuracies and log Bayes Factors are not significantly different from 50% and 0. When

the mechanism is only modestly nonlinear (γ ∈ {1/2, 2}), low noise yields high accuracy, but

high noise reduces it to scarcely better than guessing. For highly nonlinear mechanisms
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Table 4.1: Frequentist ANM simulation results.

γ\σY 0.5 1 2

1/3 0.94 0.67 0.59

1/2 0.89 0.60 0.55

1 0.48 0.61 0.60

2 0.95 0.70 0.62

3 0.88 0.74 0.59

Discovery accuracies for Frequentist ANM over 100 replications and n = 100. Warmer
(cooler) shades indicate higher (lower) accuracy. The degree of mechanism nonlinearity is
represented by | log(γ)|, while σY is the exogenous noise level in the outcome.

Table 4.2: Bayesian ANM simulations results.

γ\σY 0.5 1 2

1/3 1.0 (12.8) 0.80 (2.6) 0.67 (0.8)

1/2 1.0 (7.7) 0.72 (1.2) 0.70 (0.7)

1 0.52 (0.1) 0.58 (0.2) 0.51 (0.0)

2 1.0 (15.5) 0.95 (3.7) 0.48 (0.3)

3 1.0 (28.9) 1.0 (8.6) 0.65 (0.7)

Discovery accuracies (average log Bayes Factor) for Bayesian ANM over 100 replications and
n = 100. Warmer (cooler) shades indicate higher (lower) accuracy. The degree of mechanism
nonlinearity is represented by | log(γ)|, while σY is the exogenous noise level in the outcome.

(γ ∈ {1/3, 3}), higher noise also yields lower accuracy, though the signal is not completely

lost at σY = 2.

While the error distribution of our Bayesian ANMs is correctly specified here, the Gaus-

sian process mechanism is much more complex than the true power-law mechanism, which
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one might expect to yield poor model fit at the small sample size of n = 100. Neverthe-

less, Bayes Factors increase with the degree of nonlinearity and decrease with σY , and are

monotonically related to discovery accuracy. Note that there is no deterministic function

linking Bayes Factors and discovery accuracy, even when the model prior is correct; very

different distributions of K can correspond to the same P(K > 0). Garćıa-Donato and Chen

(2005) propose a “calibrating value” for decisions made using Bayes factors that equalizes

error rates, but it is not a Bayes decision rule.

4.3.2 Degree of Non-Gaussianity in LiNGAMs

Next, we analyze Bayesian Causal Discovery accuracy and Bayes Factors for simulated data

with a linear mechanism and error distributions that range from “far from” to “close to”

non-identifiability (multivariate Gaussianity), with a comparison to the classical Frequentist

LiNGAMs of Shimizu et al. (2006).

We simulate from the linear model Y = βX + ε, so that non-Gaussianity of X and/or

ε identifies causality. We generate both X and ε from the t distribution with df degrees

of freedom and excess kurtosis 6/(df − 4) for df > 4. For the error term, we scale the

t distribution, dividing by its expected mean absolute deviation from the mean for the

specified df and multiplying by σY so that the expected mean absolute deviation from the

mean is σY .

In our simulations, we take df ∈ {5, 6, 10, 20, 50} so that the excess kurtosis of the resid-

uals ranges over {6, 3, 1, 0.38, 0.13}; as the t-distribution’s df increases, the joint distribution

of (X, Y ) approaches Normality and the model approaches causal non-identifiability under

LiNGAM. Due to the inverse relationship between |β| and σY that scaling the data induces

(see Appendix C.5), we fix β = 0.5 and let σY vary in {1, 2, 4}. Figure 4.6 shows simulated

data from this model with df = 6 and σY = 1. By eye, it is unclear which direction satisfies

the LiNGAM assumptions.

We then approximate the Bayes Factor using Monte Carlo approximation with 10,000

samples from the model prior employed in Section 4.2.4, which uses a Laplace error distribu-
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(a) Simulated data in the true causal direction.
(b) Simulated data in the reverse causal direc-
tion.

Figure 4.6: Examples of simulated data from the linear non-Gaussian model (df = 6, σY = 1)
on which we test Bayesian and Frequentist LiNGAMs. {X}n and {Y }n are both centered
and scaled.

tion and inversely correlates the linear regression coefficient β and the error variance σY in

the model prior. For Frequentist LiNGAM, we use the default implementation of the lingam

function from the pcalg package (Kalisch et al., 2019). In the bivariate case, this implemen-

tation outputs an estimate of the true causal linear model coefficients, corresponding to MX ,

MY , or X |= Y . Because we assume that X and Y have been pre-screened for independence,

we report Frequentist LiNGAM accuracy as the percentage of correct selections of MX plus

half the percentage of X |= Y selections.

Table 4.3 displays Frequentist LiNGAM accuracies over 100 simulated data sets of size

n = 100 for all combinations of the parameters σY and df , while Table 4.4 does the same

for Bayesian LiNGAM but additionally includes average log Bayes Factors. n = 100 was

chosen because it facilitates clear illustration of how non-Gaussianity and noise in the data
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affect causal discovery. Larger (smaller) n lead to more (less) decisive Bayes Factors, and

the impact of σY is less clear for sample sizes substantially different from n = 100.

Table 4.3: Frequentist LiNGAM simulation results.

df\σ 0.5 1 2

5 0.81 0.76 0.54

6 0.76 0.71 0.55

10 0.67 0.63 0.53

20 0.49 0.49 0.53

50 0.49 0.56 0.52

Discovery accuracies for Frequentist LiNGAM over 100 replications and n = 100. Warmer
(cooler) shades indicate higher (lower) accuracy. Larger df yield lower excess kurtosis and
more closely approximate Gaussian noise, while σY is the exogenous noise level in the out-
come.

Table 4.4: Bayesian LiNGAM simulation results.

df\σY 0.5 1 2

5 0.92 (6.2) 0.85 (3.3) 0.71 (1.1)

6 0.91 (5.5) 0.83 (3.2) 0.73 (1.0)

10 0.83 (3.8) 0.76 (2.9) 0.67 (0.9)

20 0.80 (3.5) 0.72 (2.3) 0.61 (1.0)

50 0.77 (3.2) 0.69 (1.6) 0.61 (1.1)

Discovery accuracies (average log Bayes Factors) for Bayesian super-Gaussian LiNGAM over
100 replications and n = 100. Warmer (cooler) shades indicate higher (lower) accuracy.
Larger df yield lower excess kurtosis and more closely approximate Gaussian noise, while σY
is the exogenous noise level in the outcome.
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Table 4.4 illustrates that the accuracy of Bayesian LiNGAM (Bayesian and Frequentist)

decreases as the error distribution approaches Normality or the noise level increases. For

Bayesian LiNGAM, the strength of the evidence decreases commensurately as well—and

Bayesian LiNGAM is generally more accurate than Frequentist LiNGAM for this simulation

setup.

In contrast to the ANM simulation study of Section 4.3.1, the LiNGAM mechanism model

is correctly specified and the error distributions are not. However, the results are similar:

accuracy—which can only be assessed over repeated experiments—is highly dependent on

the signal-to-noise ratio and the extent to which the data-generating mechanism deviates

from joint Normality. Bayes Factors—which can be used to quantify uncertainty for indi-

vidual scientific studies—also predict causal identifiability and noise levels, and closely track

accuracy. In both simulation settings, Bayesian Causal Discovery outperformed Frequentist

algorithms in accuracy.

Finally, decisions based on Bayes Factors are robust to modest discrepancies between the

model and true data-generating mechanism. This quality is particularly important in causal

discovery since we view the modeling and identification assumptions we make as plausible

but rough approximations to the truth. Our ANM Gaussian Process model is highly flexible

precisely because we do not know the true nature of the data-generating mechanism, which

is likely to be simpler than a typical GP realization. Conversely, for LiNGAMs, we assume

linearity of f , which we hope is a sufficient approximation to the almost certainly nonlinear

true mechanism.

4.4 Application to the Tuebingen Cause-Effect Pairs

We now turn from simulated to real data. In Figure 4.7, we plot the age and height of a

collection of 4, 177 abalone sea snails. We know that age causes height, but because the

mechanism linking age and height appears monotonic—with the exception of two outliers—

this causal relationship is not clear from the scatter plot alone. It is clear, however, that

the mechanism is nonlinear, and in the correct age-causes-height direction (Figure 4.7a) the
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errors appear roughly independent of age, whereas in the incorrect direction (Figure 4.7b)

the error variance appears larger for taller abalone. We therefore expect a Bayesian ANM

to yield a Bayes Factor that favors the age-causes-height model. Indeed, an ANM yields

K = 1.6 × 1034 in favor of age causing height, a much more convincing Bayes Factor than

the K = 3.1× 101 produced by a LiNGAM.

(a) Forward causal direction. (b) Reverse causal direction.

Figure 4.7: Tuebingen Pair 8, featuring abalone snail age X which causes height Y .

The abalone data come from the Tuebingen Cause-Effect Pairs, a collection of data sets

with known causal structure used to test causal discovery algorithms (Mooij et al., 2016).

Since collecting many data sets with known causal structure is vastly harder than the usual

task of assembling a single test data set, the Pairs are the primary standard by which many

causal discovery algorithms’ real-data performance is judged. Versions of the Pairs were

used in, e.g., Lopez-Paz et al. (2015) and Janzing et al. (2012). See Appendix D in Mooij

et al. (2016) for a detailed description of every Pair. We perform Bayesian Causal Discovery

on the Pairs using ANMs and LiNGAMs, assessing the procedure’s discovery accuracy and

uncertainty quantification via Bayes Factors. For comparison, we also apply Frequentist

versions of ANMs and LiNGAMs to the Pairs.

The latest version of the Pairs contains 108 data sets, 102 of which are bivariate. Three of

those 102 Pairs have one binary variable, making our methods inapplicable. Additionally, we
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exclude two Pairs that feature “hour of the day” as a covariate to avoid modeling periodicity.

Sample sizes for the remaining 97 Pairs range from 94 to 16,382. Table 4.5 displays a

summary of the distribution of sample sizes in these Pairs. A visual inspection of the Pairs’

scatter plots showed that they vary widely in structure. 39 Pairs include at least one discrete

variable with sufficiently many regularly-spaced levels to warrant continuous approximation.

12 Pairs contain zero-inflated variables, substantial outliers, or other conspicuous fluctuations

in the bivariate density. The Pairs also vary in the degree of linearity of the mechanism: while

a linear relationship appears to accurately describe some, others clearly display a nonlinear

association. This variation motivates the use of both ANMs and LiNGAMs in our analysis.

Table 4.5: Sample sizes of the 97 Tuebingen Pairs used.

Pairs with n ≤ 400 51

Pairs with n ∈ (400, 1000] 13

Pairs with n ∈ (1000, 5000] 21

Pairs with n > 5000 12

Our general approach of excluding only Pairs with data types that are completely incom-

patible with our models is motivated by the dearth of Pairs, and follows Mooij et al. (2016);

Janzing et al. (2012); Peters et al. (2014).

4.4.1 Choosing an Identification Strategy

Researchers typically choose causal identification assumptions—in this case, ANMs or

LiNGAMs—on the basis of their scientific knowledge. However, selecting causal identifi-

cation assumptions on the basis of scientific knowledge for 99 data sets is impractical. As

such, we compared exploratory and algorithmic approaches to choosing between ANMs and

LiNGAMs. During visual inspection of the Pairs, we categorized each Pair’s mechanism as

appearing either linear or monotonic in the first derivative. Only two Pairs’ mechanisms ap-
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peared to not fit into this dichotomy—numbers 85 and 88—and since both were borderline

cases, we characterized them as monotonic in the first derivative.

Since we assume ε |= X and we wish to decide whether to assume linearity or nonlinearity,

Sen and Sen (2014)’s test for combined independence of errors and goodness-of-fit of the

linear model is in theory a perfect algorithmic approach to deciding between ANMs and

LiNGAMs. The assumption of independent errors (specifically, homoscedasticity) appears

likely to be invalid for many of the Tuebingen Pairs, though. Therefore, a rejection of the

null hypothesis of linearity and independent errors from this test could occur when linearity

is a poor assumption, but also when linearity holds with heteroscedastic errors.

We instead opt for a faster, prediction-based approach to choosing a causal identification

assumption for each Pair: Algorithm 2, LinearityCheck. Because the mechanisms appear to

fit the linear vs. first-derivative-monotonic dichotomization well, LinearityCheck assumes

that if the mechanism relating X and Y is nonlinear, a linear regression model with a

quadratic term will have higher predictive power than a simple linear regression in at least

one causal direction. The tuning parameter r0 decides how much stronger the predictions

from the quadratic model must be, in terms of out-of-sample R2, for ANMs to be chosen over

LiNGAMs. We chose r0 = 0.95 as a compromise between competing concerns: r0 too close

to 1 would require us to use ANMs even when linearity is a very reasonable approximation,

while smaller r0 would yield very few uses of ANMs.

LinearityCheck chooses ANMs for 31 of the 97 Pairs and LiNGAMs for the remaining

66. Table 4.6 illustrates that these choices align closely with our visual inspection of the

Pairs, though LinearityCheck tends to pick LiNGAMs more frequently.

4.4.2 Model Specifications and Evidence Computation

Once either a LiNGAM or ANM has been chosen, one must specify the model prior. The

paucity of test data sets prohibits parameter tuning or model selection approaches that re-

quire splitting the data, such as cross-validation, so the model specifications were completely

determined a priori. We applied the LiNGAM model prior from Section 4.2.4 as it does not
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Algorithm 2 Discovery Model Choice for the Tuebingen Pairs

procedure LinearityCheck({X, Y }n, k = 5, r0 = 0.95)
r1
X ← k-fold cross-validated RMSE estimate from model Y = β0 + β1X + ε
r2
X ← k-fold cross-validated RMSE estimate from model Y = β0 + β1X + β2X

2 + ε
if r2

X/r
1
X < r0 then

return ANM
else

r1
Y ← k-fold cross-validated RMSE estimate from model X = β0 + β1Y + ε
r2
Y ← k-fold cross-validated RMSE estimate from model X = β0 + β1Y + β2Y

2 + ε
if r2

Y /r
1
Y < r0 then

return ANM
else

return LiNGAM
end if

end if
end procedure

Table 4.6: Choice of identification assumptions.

LinearityCheck

selects LiNGAM

LinearityCheck

selects ANM

Mechanism appears linear 49 1

Mechanism derivative appears monotonic 17 30

Comparison of LinearityCheck’s identification assumption selections to our visual inspec-
tion of Pairs’ mechanisms.

require tuning. For ANMs, we chose σh—the most influential tuning parameter—to allow

for more flexible GPs than the value used in Section 4.3, since the Tuebingen Pairs almost

certainly contain a much wider range of mechanisms than our simulations. However, we

needed parameters such that GPs from the model were typically approximately monotonic

in the first derivative, in order to align with our visual inspection of the Pairs. Balancing

these considerations yielded σh = 1
2
n1/5, i.e. a bandwidth distribution with half the mean
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and standard deviation as that used in Section 4.3.

Finally, computing the evidence when n is large is difficult for two reasons. First, values

of the integrand in (4.4) are often within machine precision of zero for n > 400 (for both

ANMs and LiNGAMs). This presents a problem for both the numerical integration and

the Monte Carlo approaches to approximating the evidence.6 Second, for Gaussian Process

ANMs, standard multivariate Normal density computations use Cholesky decompositions of

Σh,l+σY I that are O(n3) and must be performed for each Monte Carlo sample (or numerical

integration function evaluation) for all 99 data sets for both MX and MY .7 These exact

density computations become cumbersome when n > 1000. Following Janzing et al. (2012);

Stegle et al. (2010), we randomly subsample each Tuebingen Pair to have a maximum sample

size of 400.

4.4.3 Decision Theory for Bivariate Bayesian Causal Discovery

In this section, we allow for three decisions: MX , MY , and M0: indecision, which is used when

the evidence for MX or MY is not sufficiently strong. The optimal decision d is determined

by the posterior model probabilities and by misclassification costs wX (the cost of deciding

MX when MY is the true model), wY (the cost of deciding MY when MX is the true model),

and w0 (the cost of abstaining from a decision). The optimal decision rule minimizes the

risk

R(d) = wXP(MY , d = MX |{X, Y }n) + wY P(MX , d = MY |{X, Y }n) + w0P(d = M0|{X, Y }n).

(4.14)

In our application to the Tuebingen Pairs, we assume that pMX
= 1/2 and wX = wY

6Even numerical stabilization tricks, such as computing 1
B

∑
i Li as

exp
(

log
(
L(B)

)
+ log

(
1 +

∑B−1
i=1 exp

(
L(i) − L(B)

)))
, do not enable Algorithm 1 to avoid this nu-

merical precision problem since the largest Monte Carlo sample log likelihood log(L(B)) tends to be much
closer to 0 than to most of the other L(i).

7We use R’s mvtnorm package (Genz et al., 2020) for multivariate Normal density computations (it is
well-maintained and performed similarly to competitors in testing), and the cubature package (Narasimhan
et al., 2020) for numerical integration.



92

so that we treat the models equally in terms of probability and cost. In Appendix C.2, we

prove that the optimal decision rule under these assumptions is completely characterized by

a decision threshold c:

d = MX if log(K) > c

d = MY if log(K) < −c

d = M0 if | log(K)| ≤ c. (4.15)

For the Tuebingen Pairs, we make a discovery decision via (4.15), testing various values of

c. For these real data, our model priors will always be somewhat misspecified; additionally,

errors may be heteroscedastic and variables are only approximately continuous in many cases,

violating our baseline assumptions. Thus, we do not expect log Bayes Factor magnitude to

be as closely related to discovery accuracy as in our Section 4.3 simulations. We do expect

discovery accuracy to generally increase with c, however, particularly for small c that may

convey genuine uncertainty about the true causal direction.

4.4.4 Causal Discovery on the Tuebingen Pairs

In Figure 4.9, we display the discovery accuracies of Bayesian Causal Discovery via Monte

Carlo and numerical evidence approximation on the Tuebingen Pairs. These accuracies are

computed over c ∈ {0, 10, . . . , 90}, corresponding to 10 Bayes decision rules with increas-

ing pM0 . Accuracy is the most appropriate metric for bivariate causal discovery, as false

positives/negatives are meaningless since the X and Y labels of variables are arbitrary.

We attempt to avoid the concern (Mooij et al. (2016), p32n19) that “it is easy to visually

over-interpret the significance of [accuracy curves] in the low decision-rate region” by simul-

taneously plotting the accuracy needed for statistical significance at the p < 0.1 level, which

is a (roughly) decreasing function in the sample size as shown in Figure 4.8.

Figure 4.9 shows that the accuracy of decision rule (4.15), which is no better than guessing

at c = 0, increases with the decision threshold for small values of c before stabilizing between

63% and 71% and p < 0.1 for c ≥ 30. The relationship between accuracy and | log(K)| is very
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Figure 4.8: Accuracy required to achieve p < 0.1 significance for sample sizes {1, . . . , 99}.
For a given n and X ∼ Binom(n, 0.5), the smallest q such that 1− P(X ≤ qn) < 0.1.

(a) Monte Carlo evidence approximation. (b) Numeric evidence approximation.

Figure 4.9: Discovery accuracy (in blue) vs. decision threshold c for Bayesian Causal Dis-
covery. Also shown: discovery accuracy needed to achieve p < 0.1 significance, in red.

different here than in our Section 4.3 simulations: accuracy is modest even as the posterior

odds ratio (4.1) nears exp(100). And, because of the small number of Pairs, it is difficult to

say how well the relationship between c and accuracy will generalize to other causal discovery

applications.
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The paucity of Pairs also prevents deep subgroup analysis due to low power and multiple

testing concerns. However, we do stratify our analysis along two important dimensions:

sample size and causal identification strategy. Figure 4.10 displays discovery accuracy for

Bayesian Causal Discovery with numeric evidence approximation for the Pairs with n >

400, for which subsampling to n = 400 was used. Bayes Factors take on a wide range for

these pairs due to the larger sample sizes, and accuracy grows swiftly as c increases from 0,

exceeding 80% for c ∈ [30, 70].

Figure 4.10: Discovery accuracy (in blue) vs. decision threshold c for Bayesian Causal
Discovery, subsampled Pairs with n > 400. Also shown: accuracy needed to achieve p < 0.1
significance, in red.

Figure 4.11 shows the discovery accuracies for ANMs and LiNGAMs separately, both

for all of the Pairs and the Pairs for which each model was selected by LinearityCheck.

LiNGAM log Bayes Factors were small in magnitude relative to those of the ANM, ex-

ceeding 20 for just four pairs (which were classified as having nonlinear mechanisms by

LinearityCheck).

While LiNGAMs performed poorly in both cases, the use of LinearityCheck to choose an

identification strategy for each pair clearly improved the accuracy of ANMs and of Bayesian

Causal Discovery overall. LiNGAM’s lackluster discovery accuracy is unsurprising: the

parametric Laplace model for the errors (whose non-Gaussianity is assumed to identify the

causal structure) is far less accommodating than the highly flexible Gaussian Process that

models the ANM mechanism. And, while ANMs were selected by LinearityCheck when
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(a) ANMs used for all Pairs. (b) LiNGAMs used for all Pairs.

(c) ANMs chosen by LinearityCheck. (d) LiNGAMs chosen by LinearityCheck.

Figure 4.11: Discovery accuracy (in blue) vs. decision threshold c for Bayesian ANMs and
LiNGAMs. Also shown: accuracy needed to achieve p < 0.1 significance, in red.

the mechanism was determined to be nonlinear, we did not screen for non-Gaussianity of

errors, putting LiNGAMs at a disadvantage.

These two subgroup analyses together suggest that Bayesian ANMs, applied to relatively

large data sets for which nonlinearity of the mechanism can be assumed, can yield reliable

causal discovery when the Bayes Factor is decisive. Indeed, while ANMs saw just 69%

accuracy for Pairs with n > 400 with a threshold c = 0 (p = 0.1), accuracy rises to 85% with

a threshold of c = 40 (p = 0.01).
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4.4.5 Comparing Causal Discovery Algorithms

The Bayesian Causal Discovery accuracies presented above are broadly comparable to those

of Frequentist ANMs (Hoyer et al., 2009) and IGCI (Janzing et al., 2012) found in the survey

of Mooij et al. (2016), which used 100 Tuebingen Pairs (overlapping almost completely

with our 97 Pairs). Those authors tested 16 versions of ANMs and 21 versions of IGCI

based on, e.g., different ways of choosing the Gaussian Process kernel bandwidth for ANMs

and different entropy estimation techniques for IGCI. These experiments revealed a wide

range of discovery accuracies, with estimates ranging from approximately 20% to 70–75%

for each algorithm. As Spiegelhalter (2003) notes, we cannot reliably distinguish between

any estimated accuracies when the confidence intervals for these estimates all overlap the

grand mean of the estimates. In Mooij et al. (2016), for both ANMs and IGCI, the 95%

confidence intervals of all implementations achieving greater than 50% accuracy overlap the

average accuracy of these implementations, meaning we cannot make a distinction among

versions of an algorithm with high confidence based on results from that paper.

The high degree of confidence interval overlap is driven by two factors: the small number

of Tuebingen Pairs ensures that confidence intervals are relatively wide, and the difficulty

of the causal discovery problem means that accuracies of the various implementations are

all relatively close to 50%. Additionally, multiple testing concerns would make it difficult to

confidently identify the best implementations even if the confidence intervals did not overlap

the overall mean accuracy for some implementations.

To directly compare Bayesian Causal Discovery with established methods, we test Fre-

quentist ANMs and LiNGAMs on the 97 Pairs summarized in table 4.5. We used the model

(ANM or LiNGAM) chosen by LinearityCheck for the Frequentist approach as well as

Bayesian Causal Discovery, facilitating a fair comparison between the two approaches. For

both algorithms, we used the same out-of-the-box implementations as in Section 4.3: the

pcalg implementation of LiNGAMs (Kalisch et al., 2019), and Scikit-learn’s Gaussian Pro-

cess Regression (Pedregosa et al., 2011) with Gretton et al. (2008)’s HSIC implementation
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for ANMs. We specify the models fully before looking at the data to ensure that accuracy

estimates are not inflated (see Section 4.4.1) and only compare their performance on all Pairs

and those with n > 400 to avoid multiple testing concerns.

Figure 4.12 compares the Frequentist and Bayesian algorithms for all Pairs and for those

with n > 400. The y-axis displays cumulative discovery accuracy for the Pairs ordered by

decreasing absolute log Bayes Factor.

(a) All Pairs. (b) Pairs with n > 400.

Figure 4.12: Cumulative accuracy of Bayesian (purple) vs. Frequentist (gold) causal discov-
ery algorithms. For a given n on the x-axis, y-value reflects accuracy over the n Pairs with
the largest values of | log(K)|.

While the Frequentist algorithms perform better across all 97 Pairs, the Bayesian versions

appear to have an edge for larger sample size of 400—particularly when confidence is high.

A different way of visualizing this comparison uses “signed” log Bayes Factors and Fre-

quentist test statistics (jointly referred to as “confidence statistics”), which are positive

(negative) when they yield a correct (incorrect) discovery under decision rule (4.3). For

Frequentist ANMs, the test statistic is the ratio of HSIC independence test statistics. For

Frequentist LiNGAMs, the log test statistic is 0 if independence is inferred, and positive

(negative) infinity if MX (MY ) is inferred. In Figure 4.13, we plot signed log confidence

statistics explicitly. When a log confidence statistic is infinite (as is the case for Bayesian

Causal Discovery when the evidence for exactly one of MX or MY is zero, or when Frequen-

tist LiNGAM does not decide independence), we set it to be just outside the range of finite
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observed values for plotting purposes only.

(a) Signed, scaled confidence statistic for Pairs
sorted by decreasing signed log Bayes Factor,
Bayesian (purple) and Frequentist (gold) ap-
proaches.

(b) Signed log Bayes Factor vs. signed Fre-
quentist confidence statistic.

Figure 4.13: Comparisons of Frequentist and Bayesian causal discovery using signed confi-
dence statistics.

In Figure 4.13a, we sort the Pairs in order of decreasing signed log Bayes Factor, compar-

ing the signed confidence statistics for Frequentist8 and Bayesian approaches (after scaling

for comparability). Note that for the log Bayes Factors closest to zero, for which LiNGAM

was chosen by LinearityCheck, Frequentist LiNGAM infers independence, while for log

Bayes Factors with slightly larger magnitudes it does not.

The accuracy of a method for a given scaled decision threshold cs can be found by

comparing the number of correctly discovered Pairs above the line y = cs to the number

of incorrectly discovered Pairs below the line y = −cs. A similar approach can be used for

both axes of Figure 4.13b, which compares signed log Bayes Factors on the x axis to signed

Frequentist confidence statistics on the y axis. In both figures, the relatively weak correlation

between Bayesian and Frequentist confidence is clear.

8All infinite Frequentist LiNGAM log confidence statistics were set to be just outside the range of the
other Frequentist confidence statistics; these artifacts appear as gold rows of points in Figure 4.13a and
as rows at y = 5 and y = −5 in Figure 4.13b.
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Any differences between the Frequentist and Bayesian algorithms’ performance are un-

likely to generalize beyond these 97 Pairs. We test the difference in discovery accuracy

between the Bayesian and Frequentist versions as follows: a correct classification is scored as

1, an indecision (produced when the evidence for MX and MY are both numerically zero, or

when Frequentist LiNGAM identifies independence) as 1/2, and an incorrect classification

as zero. We then perform a paired t-test on these scores. For all Pairs, the Frequentist

approach scores 0.05 points better on average, with p = 0.38. For just the subsampled Pairs

with n > 400, the Bayesian approach is 0.03 points better (p = 0.685).

Additionally, we cannot determine whether the relationship between confidence and accu-

racy differs between Frequentist and Bayesian implementations: for both types of algorithm,

we fit logistic regressions predicting whether a Pair was classified correctly from the centered

and scaled estimated confidence statistic. Testing whether the coefficient of interest differed

between the Bayesian and Frequentist regressions yielded p = 0.21 for all Pairs and p = 0.57

for the large-sample Pairs, so there is little evidence that one type of algorithm shows a

stronger relationship between confidence and accuracy than the other.

In summary, the low availability of test data prohibits us from drawing strong, general

conclusions regarding Frequentist vs. Bayesian approaches or the strength of the relation-

ship between the decision threshold c and discovery accuracy. We do find Bayesian Causal

Discovery to be moderately effective when n is not small and Bayes Factors are large. Our

inspection of the Pairs revealed that the assumptions of ANMs and LiNGAMs are likely

invalid for many of the Pairs. Additionally, the Tuebingen Pairs are may be confounded. For

example, Pair 13: horsepower→ fuel consumption may be confounded by car design choices

influencing both horsepower and fuel consumption. Both of these factors help explain the

modest accuracies seen by Frequentist and Bayesian versions of both algorithms.

4.5 Discussion

In Section 4.2, we demonstrated the adaptability of Bayesian Causal Discovery, developing

Bayesian versions of two complementary causal discovery algorithms: ANMs, which use
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nonlinear mechanisms and Gaussian errors to identify causality, and LiNGAMs, which use

linearity and non-Gaussianity. We showed that Bayes Factors quantify confidence in causal

discovery: in Section 4.3, we found that the Bayes Factor conveys the degree of identifiability

and amount of noise in the data, while in Section 4.4 we used the Bayes Factor to construct an

optimal Bayes decision rule, equating degree of confidence with an explicit misclassification

cost.

Crucially, non-Bayesian approaches do not yield inferences that can be directly used to

construct optimal decision rules. Many non-Bayesian causal discovery approaches output

statistics with no probability interpretation that only provide directional information about

the causal direction. Even the p-values yielded by bootstrap approaches (Friedman et al.,

1999; Komatsu et al., 2010) require nontrivial assumptions to be adapted to the Bayesian

decision theory context (Berger and Sellke, 1987). While our analysis in Section 4.4.5 found

no significant difference between the ability of Bayes Factors and Frequentist confidence

measures to predict classification accuracy for the Tuebingen Pairs, optimal decision-making

from a cost-based perspective remains a theoretical advantage of the Bayesian approach.

Additionally, we found that the discovery accuracy of Bayesian ANMs and LiNGAMs is

superior to Frequentist versions’ accuracy in our simulation settings, and competitive on the

real-world Tuebingen Pairs. Combined, our empirical results suggest that Bayesian Causal

Discovery may be successful when model priors are reasonable approximations to the truth,

when sample sizes are large, and when Bayes Factors are decisive.

Our approach is not without limitations: the Tuebingen Pairs present numerous practi-

cal difficulties that Bayesian Causal Discovery—like other causal discovery algorithms—does

not always successfully address, including irregularities of joint densities and error depen-

dence. Additionally, while our Bayesian approach quantifies uncertainty, it also faces greater

computational challenges than Frequentist causal discovery algorithms.

One thrust of future methodological work should be to maintain the fully Bayesian context

but relax the assumptions of this chapter. Modeling error dependence—or, equivalently,

latent variables—would increase the practical utility of Bayesian Causal Discovery, but the
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increased complexity will create additional computational challenges. An extension to the

multivariate case is theoretically viable since Bayes Factors generalize straightforwardly to

more than two models. However, the number of DAGs on p nodes is super-exponential, and

multivariate models necessitate more parameters over which we must integrate to compute

the evidence. Both of these factors increase computational demands substantially.

Second, future research should investigate uncertainty quantification and robustness in

Frequentist causal discovery algorithms. Frequentist uncertainty quantification approaches

are currently few and limited to a subset of existing models (Friedman et al., 1999; Komatsu

et al., 2010). The robustness of causal discovery algorithms to departures from modeling

assumptions has also not been widely studied, analytically or via simulation.

For causal discovery to grow as a field and be more widely used in scientific studies,

algorithms must be robust enough to succeed in the realm of messy, real-world data, and

researchers must be able to quantify the uncertainty in learned causal structures. By intro-

ducing Bayesian Causal Discovery, we hope to open a new direction of inquiry that brings

the field of causal discovery closer to meeting scientists’ needs.
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Chapter 5

DISCUSSION

Public research funding institutions like NIH are constantly engaged in an iterative pro-

cess of self-examination and improvement; they owe it to their constituencies to equitably

fund research that serves the public good. In Chapter 2 of this dissertation, we performed

one such examination for the NIH, finding that criterion scores (introduced in 2009) fully

explain racial disparities in preliminary Overall Impact scores. This study highlighted a ma-

jor impediment to causal analyses of peer review data: the uncertain directions of causality

among the peer review scores.

While many causal discovery algorithms for learning causal structures from observational

data exist, most do not quantify the uncertainty in the discovery process, and are therefore

of limited practical scientific use. Chapter 4 attacked this problem, developing a novel

Bayesian framework for causal discovery that naturally quantifies uncertainty and can be

adapted to discovery algorithms that use different assumptions to identify causality from an

observational distribution.

Finally, in Chapter 3, we develop a novel approach that quantifies the information in peer

review scores. Such an approach is merited because funding institutions like NIH use peer

review to identify and fund “good science”—but no gold standard for measuring scientific

quality exists. Rather than analyzing peer review outcomes via a proxy like bibliometrics, we

assess the informativeness of scores independently of research outcomes. Inspired by recent

NIH studies on scoring scales (NIH Staff, 2019c), we develop the concept of refinement,

a measure of rating informativeness contextualized by rounding behavior induced by the

underlying scoring scale. We analyze refinement at AIBS, finding that merit (overall) scores

are more refined on average than criterion scores.
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5.1 Future Work: Peer Review

Further research should extend the novel refinement and Bayesian Causal Discovery ap-

proaches developed here so that they can be used to contextualize and improve the original

NIH peer review study that underlies Chapter 2. I am part of a UW research team that is

performing causal discovery on NIH peer review data with the aim of learning the causal

relationships among the criterion and overall scores. If this study is conclusive, one could

update the analysis in Chapter 2 using the public data set (Erosheva et al., 2020a) by con-

trolling only for criterion scores found to be determined prior to the overall score. Such an

analysis would reveal whether racial disparities in criterion scores actually generate dispar-

ities in overall scores or are simply artifacts of overall score disparities. Because criterion

scoring is thought to focus reviewers’ attention on factors related to merit (Thorngate et al.,

2009), disparities arising via criterion scores may be more fair—or easier to mitigate—than

disparities that first appear in the overall score and are simply reflected in the criterion

scores.

If Bayesian Causal Discovery can be extended to multivariate settings in a computation-

ally feasible manner (see Section 5.2.1), it is another attractive approach to learning the

causal structure of NIH peer review scoring. In particular, it would allow us to quantify

our confidence in the learned structure and model latent confounding. Accounting for un-

observed confounding is particularly important for causal discovery in peer review because

many aspects of the peer review process that inform scores are difficult to model (e.g., the

contents of a grant proposal).

The main limitation of the refinement metric developed in Chapter 3 is that it is specific to

scales with a hierarchical structure in which some levels are widely considered to be “rounder”

than others. For the AIBS 1.0–5.0 decimal scale, Figure 3.1 illustrates that integer scores are

the “roundest” scores, with other multiples of 0.5 still being more frequently used than the

other score levels. What makes a refined collection of ratings, however, on NIH’s 1–9 integer

scale, for which no such hierarchy exists? Is entropy, which captures the unpredictability of
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the scores, meaningful by itself?

Another extension might consider the refinement of aggregate scores, such as NIH panel

Overall Impact scores, that are directly used to make funding decisions. At NIH, these

aggregate scores are converted into a percentile score which conveys only the application’s

relative rank among other applications recently reviewed by the SRG. While percentile scores

adjust for differences in how different SRGs tend to use the NIH’s scoring scale, they also erase

information contained in Overall Impact scores. We wish to quantify the information lost in

percentile scoring and make rigorous comparisons to other score standardization approaches.

While the refinement and Bayesian Causal Discovery methods were motivated by open

problems in the statistical analysis of peer review data, their applicability reaches far beyond

peer review. Both methods are limited in the types of data to which they can be applied:

Entropic Refinement requires a scale on which scores can be rounded, and our analysis

of Bayesian Causal Discovery is currently limited to the bivariate realm. Thus, future work

based on this dissertation need not be constrained to peer review or even to data applications.

5.2 Future Work: Beyond Peer Review

The refinement concept developed in Chapter 3 is applicable anytime ratings on a numeric

scale are used in the absence of a gold standard. It is especially useful when the scores are

not used solely to rank but also to distinguish items from one another or convey a notion

of quality. Thus, refinement could shed light on restaurant ratings (e.g. Yelp, Google),

dysphagia evaluations (O’Neil et al., 1999), and even some athletic competitions in which

scoring is subjective (e.g. the NBA Dunk Contest). As for peer review, refinement must be

generalized to non-decimal scales for such analyses to proceed.

Bayesian Causal Discovery, the causal discovery framework developed in Chapter 4, can

be extended in a number of ways. I now discuss the extensions with the most potential

impact, and the difficulties in making them.

https://youtu.be/wHjZP18CS7c
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5.2.1 Multivariate Bayesian Causal Discovery

A generalization to the multivariate case faces three broad categories of challenges. First,

the number of possible DAGs under consideration can explode combinatorially: the number

of DAGs on k variables is O
(
exp

((
k
2

)))
, complicating the comparison of all possible causal

models. Second, additional variables bring additional parameters into the model. To the

extent that the evidence integral (4.4) cannot be factored into separate integrals, the difficulty

of approximating the evidence accurately increases greatly with the number of parameters

(see Appendix C.3). Finally, accounting for latent confounders presents a separate, unique

challenge.

In multivariate settings, we do not have to compute the evidence for each DAG separately,

because the likelihood of an observation D ∈ Rk under model M factors as

P(D|M) =
k∏
i=1

P(Di|paM(Di)) (5.1)

where paM(Di) refers to the parents of variable Di under causal model M (Pearl et al., 2016).

The components of the product in (5.1) can be computed separately and then recycled across

different models M . Hoyer and Hyttinen (2009) propose a greedy algorithm that leverages

this decomposition by iteratively adding the edge yielding the highest marginal likelihood to

a DAG and recycling computations for the k−1 variables whose parents do not change (this is

only feasible under independent priors for the edge strengths and error terms). Alternatively,

one could reduce the set of DAGs under consideration via preprocessing, for example by using

expert/scientific knowledge, or an inexact causal discovery algorithm like the pc algorithm

(Spirtes et al., 1993; Kalisch et al., 2019) to obtain a smaller class of DAGs.

Shimizu and Bollen (2014) extend the Bayesian LiNGAMs of Hoyer and Hyttinen (2009)

to include latent variables, finding that their algorithm learns causal relationships among

General Social Survey variables better than LiNGAM approaches that do not model latent

variables or the non-Bayesian latent LiNGAM of Hoyer et al. (2006). Future work should

extend Bayesian ANMs similarly. Rothenhäusler et al. (2016) show that a bivariate causal
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direction can be identified in the presence of linear confounding and Gaussian errors (Fig-

ure 5.1). If U is observed, then the dashed edges in Figure 5.1 can be parameterized and

the approach in Chapter 4 can be used. When U is unobserved, we can model it as inducing

dependence between X and ε (under model MX) and allowing the noise distribution Pε|X to

be additionally parameterized by X.

U

X Y

(a) MX with a latent linear confounder.

U

X Y

(b) MY with a latent linear confounder.

Figure 5.1: Bivariate causal discovery with a latent confounder U . Dashed (solid) edges
correspond to linear (nonlinear) mechanisms. Per Rothenhäusler et al. (2016), MX and MY

cannot generate the same joint distribution on X, Y, U when errors are Gaussian.

5.2.2 New Applications of Bayesian Causal Discovery

In Chapter 4, we developed Bayesian versions of Additive Noise Models (Hoyer and Hytti-

nen, 2009) and Linear Non-Gaussian Additive Models (Shimizu et al., 2006) which quantify

uncertainty in causal discovery and accurately choose causal models in some settings. Ap-

pendix C.1 additionally shows that Bayesian Causal Discovery can be applied to Information-

Geometric Causal Inference (Janzing et al., 2012), though less successfully. These three

algorithms are just a subset of the myriad approaches to causal discovery, however; future

work should consider Bayesian versions of other algorithms. For example, the algorithms of

Kocaoglu et al. (2016) and Sun et al. (2006, 2007) assume minimal complexity of the dis-

tribution of the effect given the cause; Bayesian versions could penalize complexity/entropy

explicitly in PF and PPε . Yu et al. (2020b) prove identifiability for certain zero-inflated

graphical models, which could be estimated Bayesianly. Finally, Chen et al. (2019) identify
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DAGs when all variables’ error variances can be assumed equal; this assumption could be

naturally incorporated into a multivariate Bayesian Causal Discovery framework.

More applications to real-world data—particularly beyond the Tuebingen Pairs test data

sets (Mooij et al., 2016)—are needed for causal discovery to develop credibility and be better-

understood by the scientific community. In particular, performance tests on larger corpora of

data sets will allow us to determine—with statistical guarantees—what discovery techniques

are best in given situations. Comparing causal discovery and interventional techniques in

settings where both observational and experimental data is available (e.g., economic data

with and without policy interventions) would provide another type of validation.

Bayesian Causal Discovery, which requires specifying a joint distribution for the data,

should be applied in contexts where the functional forms of the mechanism and/or error

distribution are better-understood than in the Tuebingen Pairs. Peer review scoring may

be one such situation: because scores are all on the same scale and overall scores can be

conceptualized as weighted averages of criterion scores, linearity of mechanisms is a plausible

assumption. fMRI data, which captures neuron activations, is another realm where the

similarity of the covariates and scientific context could allow us to choose causal identification

assumptions and specify a model prior in an informed manner.

5.3 Our Contributions

Chapter 2 of this dissertation builds on a significant body of work about racial disparities in

NIH peer review which began with Ginther et al. (2011). In Erosheva et al. (2020b), on which

that chapter is based, we are the first to analyze individual reviewer-level preliminary review

scores and investigate the role of criterion scores in review score racial disparities; in this

chapter, I provide the first (to my knowledge) explicitly causal analysis of these disparities.

While it helps to round out the collection of research on peer review outcome disparities,

Chapter 2 also provides a springboard into two novel approaches to the analysis of peer

review data. Chapter 3 navigates the lack of a gold standard for the quality of scientific

research proposals by quantifying the informativeness of grant proposal peer review scores
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via a refinement metric, a new tool with which reviewing agencies may analyze and improve

their funding processes. Next, motivated by the crucial assumption we make regarding the

causal ordering of review scores in Chapter 2, Chapter 4 develops a Bayesian approach to

causal discovery that facilitates the use of Bayes decision rules to make discoveries with

certainty. Both of these research frontiers are largely undeveloped, especially in terms of

applications to real peer review data. Thus, this dissertation marks a starting point for new,

impactful avenues of research in statistical methods and applications in peer review.
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Appendix A

The Chapter 2 project originated in 2014 when Drs. Carole Lee and Elena Erosheva won

the Peer Review Challenge hosted by NIH and CSR, leading to a contract granting access

to a limited, confidential, de-identified data set constructed from NIH records. These data

were released specifically for the purpose of studying the relationship between preliminary

criterion scores and preliminary Overall Impact scores at the level of individual reviewers.

In Chapter 2, we evaluate whether racial disparities in preliminary Overall Impact scores

of assigned reviewers can be explained by criterion scores, other application and applicant

characteristics, and differences in commensuration practices that are based on race. This

Chapter of the Appendix relays fine-grained details of the study data and its selection, the

statistical methodology used, as well as reproducibility results based on the data that were

made available to the public (Erosheva et al., 2020a).

A.1 Variable Definitions

Table A.1: Study variables.

Type Name Description

Dependent Variable Preliminary Overall Impact Integer Score from 1 to 9;

smaller is better

Variables of Interest

Race PI Black 1 for Black, 0 for white; self-

reported

Preliminary Criteria
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Significance Integer Score from 1 to 9;

smaller is better

Investigator Integer Score from 1 to 9;

smaller is better

Innovation Integer Score from 1 to 9;

smaller is better

Approach Integer Score from 1 to 9;

smaller is better

Environment Integer Score from 1 to 9;

smaller is better

Structural Covariates

CSR Peer Review

IRG Integrated Review Group

SRG Scientific Review Group

Institute/Center NIH Institute/Center making

funding decisions

Other Indicators

Application ID Encrypted application indica-

tor

Applicant ID Encrypted applicant/PI indi-

cator

Reviewer ID Encrypted reviewer indicator

Other Covariates

Applicant-Specific

Gender F/M, self-reported

Ethnicity Hispanic/Latino or not, self-

reported
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Career Stage Early Stage (ES), Experi-

enced, or Non-ES New Inves-

tigator

Educational Degree PhD, MD, MD/PhD, Other

Terminal Degree Year Year of most recent degree

NIH Funding History First NIH application, previ-

ously applied, or previously

funded

Geographic Location Location of institution: Cen-

tral, East, South, or West

NIH Funding Bin FY 2014 total institution NIH

funding; 5 bins

Institution Sector Public, Private, or Other

Graduate Education 1 if institution provides grad-

uate education, 0 if not

IPEDS Lookup 1 if institution in IPEDS

database, 0 if not

MSI Type Minority Serving Institution

type: HBCU, HSI, or other-

wise

Application-Specific

Application Type New or Renewal

Solicitation Type Request for Application, Pro-

gram Announcement, Others

Amended Status Amended or not

Multiple PIs Yes or no

Requested Costs Funding dollars requested
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Support Years Support years requested, from

1 to 5

Council Year 2014-2016; year of review

councils

Review Group Type Standing Study Section, Re-

curring SEP or Nonrecurring

SEP

Human Subjects Acceptable, unacceptable, or

inapplicable

Animal Subjects Acceptable, unacceptable, or

inapplicable

Child Code Acceptable, unacceptable, or

inapplicable

Gender Code Acceptable, unacceptable, or

inapplicable

Minority Code Acceptable, unacceptable, or

inapplicable

Table A.2: NIH’s Descriptions for Overall Impact and Five Review Criteria (NIH Staff,

2016a).

Score Description

Overall Impact Reviewers will provide an Overall Impact/priority score to reflect their

assessment of the likelihood for the project to exert a sustained, pow-

erful influence on the research field(s) involved, in consideration of the

following five core review criteria, and additional review criteria (as

applicable for the project proposed).
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Scored Criteria

Significance Does the project address an important problem or a critical barrier

to progress in the field? If the aims of the project are achieved, how

will scientific knowledge, technical capability, and/or clinical practice

be improved? How will successful completion of the aims change the

concepts, methods, technologies, treatments, services, or preventative

interventions that drive this field?

Investigators Are the principal investigators, collaborators, and other researchers

well suited to the project? If early stage investigators or new in-

vestigators are in the early stages of independent careers, do they

have appropriate experience and training? If established, have they

demonstrated an ongoing record of accomplishments that have ad-

vanced their field(s)?

Innovation Does the application challenge and seek to shift current research or

clinical practice paradigms by utilizing novel theoretical concepts, ap-

proaches or methodologies, instrumentation, or interventions? Are

the concepts, approaches or methodologies, instrumentation, or in-

terventions novel to one field of research or novel in a broad sense?

Is a refinement, improvement, or new application of theoretical con-

cepts, approaches or methodologies, instrumentation, or interventions

proposed?

Approach Are the overall strategy, methodology, and analyses well reasoned and

appropriate to accomplish the specific aims of the project? Are po-

tential problems, alternative strategies, and benchmarks for success

presented? If the project is in the early stages of development, will

the strategy establish feasibility and will particularly risky aspects be

managed?



133

Environment Will the scientific environment in which the work will be done con-

tribute to the probability of success? Are the institutional support,

equipment, and other physical resources available to the investiga-

tors adequate for the project proposed? Will the project benefit from

unique features of the scientific environment, subject populations, or

collaborative arrangements?

A.2 Study Data

This section describes the study data in full, including key information from Chapter 2 for

completeness. The data come from the NIH IMPAC II (Information for Management, Plan-

ning, Analysis, and Coordination) grant data system from the council years 2014–2016. This

study focused on Black-white disparities; we did not include 1,771 applications submitted

by PIs whose race was American Indian or Alaskan, Asian, Native Hawaiian or Pacific Is-

lander, or who indicated more than one race, as well as 8,648 applications for which PI race

was withheld or unknown. Table A.1 summarizes all variables used in our analyses and

their definitions. At the time of application, PI demographics are voluntarily reported by

applicants.

In the full set of 54,740 applications, approximately 15% of the applications from Black

and white PIs were missing information on PI gender, ethnicity (Hispanic/Latino or not),

and educational degree, and were excluded from the study. Specifically, 232 were missing

gender information, 7,409 were missing ethnicity information, and 1,639 were missing degree

information. The remaining 46,226 applications—1,015 (or 2.2%) from Black PIs and 45,211

(or 97.8%) from white PIs—were evaluated by 19,197 unique reviewers who wrote 139,216

reviews. 73.7% of the reviewers reviewed in just one of the three council years, 2014-2016,

for which we have data, while 22.9% reviewed in two and 3.4% reviewed in all three years.

Because PIs can amend each application that is not funded initially and submit multiple

applications for different projects, there are fewer unique PIs than applications—500 (2.5%)

PIs are Black and 19,653 (97.5%) are white. Among these applications with no missing
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data, there were 1,015 applications from Black PIs, which received 3,064 reviews from 2,322

unique reviewers (Table A.3). There were 45,211 applications from white PIs, which received

136,152 reviews from 19,100 unique reviewers.

Table A.3: Summary statistics for the FY 2014-2016 applicant pool.

Applicant Race Applications PIs Reviewers Review Records

Black 1,015 500 2,322 3,064

White 45,211 19,653 19,100 136,152

Total 46,226 20,153 19,197 139,216

Study codes—Human Subjects, Animal Subjects, Child, Gender, and Minority—are cat-

egorical variables that take on a number of values. For our analyses, all study codes were

re-coded/coarsened to “Acceptable”, “Unacceptable”, or “Inapplicable”, in order to avoid

numerical estimation problems with rare categories and for ease of interpretability. Below,

we describe only codes that occurred in our study data (for example, code 20—no exemption

designated, so award cannot be processed—never occurs in our data and is not discussed).

Links to the current NIH study codes are provided as hyperlinked URLs in the text for ease

of reference.

For Human Subject codes (https://www.niaid.nih.gov/grants-contracts/human-subjects-

involvement-codes), code 10 (no human subjects involved) was re-coded to “Inapplicable,”

code 44 (human subjects involved, SRG concerns) to “Unacceptable,” and other codes (30—

certified with no SRG concerns; 54—previous concerns resolved; and exemptions) to “Accept-

able.” For Animal Subjects (https://www.niaid.nih.gov/grants-contracts/research-animals-

involvement-codes), code 10 (no animal subjects involved) was re-coded to “Inapplicable,”

code 44 (animal subjects involved, SRG concerns) was re-coded to “Unacceptable,” and

others (30—animals involved with no SRG concerns; 32—animals involved with SRG com-

ments; 48—conditional award with terms and conditions; 54—previous concerns resolved)

https://www.niaid.nih.gov/grants-contracts/human-subjects-involvement-codes
https://www.niaid.nih.gov/grants-contracts/human-subjects-involvement-codes
https://www.niaid.nih.gov/grants-contracts/research-animals-involvement-codes
https://www.niaid.nih.gov/grants-contracts/research-animals-involvement-codes
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to “Acceptable.”

For Gender codes (https://www.niaid.nih.gov/grants-contracts/human-subjects-

inclusion-codes), the categories of interest indicated whether or not women were knowingly

included in the proposed study. Codes “1A” and “2A” were re-coded as “Acceptable,”

because they represent studies in which the researchers knowingly included women in the

study design that were deemed acceptable. Codes “1U” and “2U” were re-coded as “Un-

acceptable,” as they represent studies in which the researchers knowingly included women

in the study design that were deemed unacceptable. The remaining applications—those

whose proposed studies did not include human subjects, or did not knowingly include

women—were re-coded as “Inapplicable.”

The Minority codes (https://www.niaid.nih.gov/grants-contracts/human-subjects-

inclusion-codes) and Child codes (the NIH Child Subjects codes for the data

used in this study have since been updated to “Age codes” and can be found at

https://grants.nih.gov/grants/funding/lifespan/review codes.doc) are structured similarly

to the Gender code and were re-coded analogously, with those applications in which

minority subjects or child subjects were knowingly included being separated from the others

in the re-coding. Note that, because the Human Subjects code indicates whether or not

human subjects were included in the proposed study, the human subjects studies at the

“Inapplicable” level of the Gender, Minority, and Child Subject codes are still recognized

by our models as distinct from those without human subjects.

Finally, the NIH Funding Bin variable is determined by the amount of NIH R01 funding

given to all investigators at an institution in 2014, and then split into 5 bins with roughly

equal numbers of Black PIs in each bin. These bins are delineated in Table A.4.

A.2.1 Matching and Study Subsets Selection

While the observational units in our study are reviews, matching occurred at the application

level because all covariates other than scores vary at the application or applicant level.

We matched exactly on eight variables thought to be related to preliminary scores and

https://www.niaid.nih.gov/grants-contracts/human-subjects-inclusion-codes
https://www.niaid.nih.gov/grants-contracts/human-subjects-inclusion-codes
https://www.niaid.nih.gov/grants-contracts/human-subjects-inclusion-codes
https://www.niaid.nih.gov/grants-contracts/human-subjects-inclusion-codes
https://grants.nih.gov/grants/funding/lifespan/review_codes.doc
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Table A.4: Dollar award ranges for NIH funding bins.

Institution Bin NIH Awarded Dollars Number of Black

Minimum Maximum Awardees

1 $360,448,763 $593,400,359 200

2 $149,626,530 $360,448,762 203

3 $63,082,330 $149,626,529 206

4 $23,982,606 $63,082,329 194

5 $0 $23,982,605 212

award rates. Exact matching is a version of Coarsened Exact Matching (CEM, Iacus et al.

(2012)); see proof in Appendix A.2.1. The matching variables, summarized in Table 2.2, are:

contact PI’s gender, ethnicity, career stage, educational degree, institution’s NIH funding

bin, application type, application’s amended status (first submission or resubmission), and

area of science as represented by the Integrated Review Group (IRG).

CEM has several desirable properties including congruence (i.e., matching is performed

on the data space rather than in a space of some metric such as the propensity score), rel-

atively easy and flexible implementation, and Monotonic Imbalance Bounding (specifying

the coarsening level for each variable automatically bounds the imbalance allowed for each

covariate) (Iacus et al., 2012). It is recommended that coarsening levels be chosen based

on subject matter knowledge about the measurement and the likely importance of different

covariates (Iacus et al. (2012), p. 16). Due to the high number of categorical covariates,

our choice was to carry out exact matching on eight key variables and implement complete

coarsening for the rest. This choice achieved a desirable trade-off between improved balance

and sample size: tests revealed that matching on an additional covariate—even a coarsened

one—led to substantial constraints on sample size. Our matching procedure improved bal-

ance on all the matching variables and on most other applicant- and application-specific
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covariates (Table A.5).

Matched Subset Selection

This section relates the details of the matched subset selection algorithm, which were con-

structed to:

1. Maximize the number of applications in the matched data set;

2. Maximize the number of reviews of applications in the matched data set;

3. Enforce exact matching on the 8 matching variables (the remainder are “fully coars-

ened” and thus trivially matched in a CEM); and,

4. Respect the constraint that no more than four applications in the entire matched

data set may come from the same reviewer. This constraint was implemented due to

the sensitive nature of the data, in order to ensure the privacy and confidentiality of

reviewers. We refer to this constraint as the “confidentiality constraint.”

Prior to selection of the matched subset, a near 1:2 matching was performed: each ap-

plication from a Black PI was matched with up to two applications from white PIs on the

eight matching variables (see Table 2.2). Algorithm 3 details the greedy Coarsened Exact

Matching algorithm used. For each Black application, this algorithm seeks a perfect match

from at least one white application, though it will accept an imperfect match on 6 or more

variables as a second match. The large number of applications in the full data set (Table A.3)

prohibited searching through numerous matchings for an optimal matching that might have

admitted a better trade-off between sample size and matching strictness. Future work using

peer review data with many covariates and large sample sizes should take advantage of recent

advances in matching algorithms, such as Yu et al. (2020a).

Next, review records were selected for each set of matched applications using Algorithm 4.

This second-stage algorithm was demanded by the confidentiality constraint—including all
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Algorithm 3 Matching

Generate a dictionary D with Black application IDs as keys and lists (length 0–2) of white
applications IDs as values. Let X be the table with rows corresponding to all applications
in the full data set, B (W ) the set of Black (White) application row IDs in the full data set,
and M the set of column indices of the 8 matching covariates.

1: procedure ExactMatching(X, B, W , M)
2: Create a dictionary D with B as keys and values initialized as empty lists
3: for i in B do
4: l← length(D[i])
5: while length(D[i]) < 2 do
6: for j in W do
7: m←

∑
(X[i,M ] = X[j,M ])

8: if m = 8 OR (l = 1 AND m ≥ 6) then
9: D[i]← [D[i], j]

10: W ← W \ j
11: l← l + 1
12: end if
13: end for
14: if l = length(D[i]) then
15: NEXT (iteration of loop)
16: end if
17: end while
18: end for
19: return D
20: end procedure
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reviews of all applications selected by Algorithm 3 would yield more than four repetitions of

many reviewers in the selected data.

This algorithm attempts to maximize the number of records in the data set by minimizing

the number of tuples of matched applications that must be discarded while respecting the

confidentiality constraint. It does this by initially selecting only one review for as many

applications in a matched tuple as possible (to ensure each application can be represented

in the matched subset) before greedily selecting other reviews. It prioritizes the selection of

reviews of Black applications, since they are scarce. The algorithm replaces matched white

applications whose reviews are all ineligible under the confidentiality constraint if possible.

As a result, no Black applications and just nine white applications were discarded (and

replaced) by this algorithm when the study data were selected.

Random Subset Selection

The random subset selection algorithm, Algorithm 5, was designed to generate a representa-

tive set of reviews of white applications while respecting the confidentiality constraint. This

constraint prevents us from simply selecting all reviews of a set of white applications chosen

uniformly at random.

A naive approach to random subset selection would replace each application with no re-

viewers satisfying the confidentiality constraint with another randomly selected application—

or, equivalently, sample applications under the confidentiality constraint until 2n applications

are represented. However, this would systematically bias the sample by including applica-

tions that were reviewed by less prolific reviewers at higher rates. By replacing applications

with no reviewers satisfying the confidentiality constraint with applications that were also

reviewed by at least one experienced reviewer with five or more reviews in the data set, we

mitigate this bias. Additionally, our random white sample may not include reviewers that

reviewed numerous Black applications. However, because there are so few Black applications,

we judged it more important to maximize the number of reviews of Black applications in the

sample.
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Algorithm 4 Matched Subset Selection

Select the matched subset from the matching dictionary D produced by Algorithm 3. Let R
be the set of reviewer IDs and W the set of white applications in the full data.

1: procedure MatchedSubsetSelection(D, R, W )
2: Create a dictionary E with R as keys and values initialized to zero
3: Create a list of review IDs L
4: for i in keys(D) do
5: bflag ← FALSE
6: X ← [ ]
7: while X is empty do
8: Consider next review of application i; call this review k and its reviewer l
9: if E[l] < 4 then

10: E[l]← E[l] + 1
11: X ← [X, k]
12: bflag ← TRUE
13: end if
14: end while
15: if !bflag then . No reviews of Black application i were eligible
16: NEXT (iteration of loop on line 4) . Skip the matched white applications
17: end if
18: wflag1← FALSE
19: for j in D[i] do
20: wflag2← FALSE
21: while looping through reviews k with reviewers l of application j do
22: if E[l] < 4 then
23: E[l]← E[l] + 1
24: L← [L, k]
25: wflag1← TRUE
26: wflag2← TRUE
27: end if
28: end while
29: if !wflag2 then
30: Search W \ values(D) for a new white application j that matches Black

application i on at least 6 matching variables and return to line 20 if successful
31: end if
32: end for
33: if wflag1 then
34: for all reviews k with reviewers l of applications [i,D[i]] \ [X,L] do
35: if E[l] < 4 then
36: E[l]← E[l] + 1
37: X ← [X, k]
38: end if
39: end for
40: L← [L,X]
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Algorithm 4 Matched Subset Selection (Continued)

41: else . No reviews of matched white applicants were eligible
42: Decrement the value of review X’s reviewer in E by 1
43: end if
44: end for
45: return L,E
46: end procedure

Coarsened Exact Matching with Exact Matching on a Subset of Covariates

In this section, we prove that exact matching on selected variables is a version of Coarsened

Exact Matching (CEM). In this section only, we use the language of potential outcomes and

treatment effects for the ease of exposition and to reflect the language used in Iacus et al.

(2012). We remind the reader that our analysis uses the associative language of adjusted

racial disparities, rather than the causal language of racial biases.

Exact matching on a strict subset of the covariates is CEM with “full coarsening” on

the unmatched covariates. One may verify this by checking that the proofs in Iacus et al.

(2012) do not assume that each coarsened variable has at least 2 coarsened levels. For

completeness, we provide an in-depth example proof for the boundedness of SATT (Sample

Average Treatment Effect on the Treated) estimation error under exact matching.

Equation (7) of Iacus et al. (2012) states that as long as the true treatment effect is

a Lipschitz function of the observed covariates and the maximum width of a coarsening

interval (or set, for categorical variables) is εj < ∞ for the j-th covariate, then the SATT

absolute estimation error is bounded. For this to hold with exact matching on a covariate

subset, we simply require that the range of each non-matching variable be bounded by some

εj for an appropriate metric in addition to the Lipschitz requirement. Bounded range is

equivalent to having a bounded coarsening interval width, which is nearly always the case in

practice; furthermore, if no such εj exists then no coarsening will yield finite εj and thus the

requirement is not restrictive. Explicitly, for continuous non-matching variables we require

the range to be finite, for ordinal non-matching variables we require a finite number of levels,
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Algorithm 5 Random Subset Selection

Select the random subset from portion of the full data set remaining after matched subset
selection (Algorithm 4). Let L be the list of matched subset review IDs and E be the
reviewer count dictionary produced by Algorithm 4, with n the number of Black applications
represented in L and F the full data set with applications represented in L removed.

1: procedure RandomSubsetSelection(L, E, F , n)
2: Select 2n white applications from L uniformly at random, call this set T
3: Initialize an empty list of reviews R
4: for all applications i in T do
5: if a reviewer l of a review k of application i satisfies E[l] < 4 then
6: R← [R, k]
7: E[l]← E[l] + 1
8: NEXT (iteration of loop on line 4)
9: else

10: flag ← FALSE
11: while !flag do
12: Select a white application a uniformly at random from F \ T
13: if there exists a review k1 with reviewer l1 of application a such that

E[l1] ≥ 4 and a review k2 with reviewer l2 of application a such that E[l2] < 4 then
14: R← [R, k]
15: E[l]← E[l] + 1
16: T ← [T, a] \ i
17: end if
18: end while
19: end if
20: end for
21: for all applications i in T do
22: for all reviews k not in R with reviewers l of application i do
23: if E[l] < 4 then
24: R← [R, k]
25: E[l]← E[l] + 1
26: end if
27: end for
28: end for
29: return R
30: end procedure
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and for categorical non-matching variables we impose no restriction as the distance between

any two levels of a categorical variable can be said to be one. All of these conditions hold

for a finite population, which is the case here as we are estimating sample treatment effects.

For the exact matching variables, we have εj = 0 by definition.

Let X1, . . . , Xk be the observed variables with Xi1, . . . , Xik the values for the i-th ob-

servation. Then let the potential outcome at treatment level 0 be Yi(0) (treatment level

zero corresponds to being white) for the i-th individual. Under the conditional ignorability

assumption, we can write

Yi(0) = g0(Xi1, . . . , Xik)

where we have omitted possible mean-zero noise for ease of exposition (this is justifiable

because conditional ignorability guarantees that this noise is conditionally independent of

the treatment given the covariates, so it does not contribute any bias to our estimator; it only

adds to its variability). Since we always observe Yi(1) for treated individuals, our estimate

of the treatment effect for the treated is

T̂Ei = Yi(1)− Ŷ1(0)

and the true treatment effect for the treated is

TEi = Yi(1)− Yi(0).

For the difference-in-means estimator, Ŷi(0) is also the observed outcome for a matched

untreated unit. We then have

TEi = T̂Ei + Ŷi(0)− Yi(0)

= T̂Ei + g0(X̃1)− g0(Xi)

where X̃i represents the covariate vector for the observation matched to the i-th treated unit,

with observed outcome Ŷi(0). Taking an average over the treated units, we get

SATT = ŜATT +
1

nT

nT∑
i=1

g0(X̃i)− g0(Xi).
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Now, assume that g0 is Lipschitz in the sense that replacing Xj with any X̃j within the

coarsened matching caliper of width εj and holding all other variables fixed changes the

value of g0 by at most Lj for any j. Then for any i,

|g0(X̃t)− g0(Xi)| ≤
∑
j

Ljεj

and, as desired, it immediately follows that

|SATT − ŜATT | ≤
∑
j

Ljεj.

For another example, consider Section 4.1 of Iacus et al. (2012), regarding the maximum

imbalance bound. For the non-matching variables, the imbalance bound is simply 1 (although

in practice the imbalance is typically much less than 1, as can be seen from Table A.5), and

it remains true that specifying a coarsening for one variable does not affect the imbalance

bound for other variables because the maximum possible imbalance under the L1 distance is

1. As noted by Iacus et al. (2012), this property stands in contrast to certain Mahalanobis

distance matching methods where the user demands a certain sample size from the matching,

in which additionally imposing an upper bound on balance or coarsening for one variable

can increase the imbalance bound for other variables.

Balance Analysis

Matching seeks to make the joint distributions of the covariates in the treated and untreated

groups similar; this similarity is known balance. Because the curse of dimensionality prohibits

visualizing or easily checking the degree of overlap between joint distributions of covariates,

balance is usually assessed for marginal distributions (Ho et al., 2007). Our measure of

balance is L1 overlap; letting P and Q be probability distributions on a domain X with

respect to measure µ, the L1 overlap is on minus the total variation distance:

1−
∫
X
|P −Q| dµ
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Rather than simply assessing differences in means and standard deviations by covariate,

the L1 overlap measures how different the entire empirical distributions of the variables are

between the Black and white subsets, a distinction emphasized by Ho et al. (2007). The L1

approach to measuring overlap—recommended by Iacus et al. (2012)—is superior because

the entire distribution of a covariate is of concern when a model is misspecified, and model

misspecification is one of the main concerns matching is designed to address.

Table A.5 displays the L1 overlap percentage for the random and matched subsets, as

well as the percentage increase in overlap for the matched subset. Exact matching variables

are in bold. Note that overlap for matching variables (Table 2.2) may not be exactly 1

because the number of reviews per application varies, so the distributions in the white and

Black matched subsets may differ slightly. Overall, the overlap noticeably improved for the

8 exact matching covariates, and improved moderately for most other covariates. Note that

the overlap for Institution Sector and Institution Lookup variables declined slightly after

matching. While this is not a major concern because the overlap is still quite high, we note

that CEM does not guarantee that imbalance will improve on every covariate, merely that

there is an upper bound on imbalance for each covariate.

Table A.5: L1 overlap for control covariates; exact matching variables are in bold.

Variable Random Matched Increase

IRG 0.77 0.99 28%

Amended Status 0.95 1.00 5%

Application Type 0.90 1.00 11%

Gender 0.91 1.00 10%

Ethnicity 0.98 1.00 2%

Educational Degree 0.88 0.98 11%

Career Stage 0.76 0.99 31%

NIH Funding Bin 0.93 0.99 6%
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Institute/Center 0.83 0.90 8%

SRG 0.89 0.91 2%

Institution Sector 0.95 0.94 -1%

Graduate Education 1.00 1.00 0%

IPEDS Lookup 0.98 0.96 -2%

MSI Type (council year 2015) 0.97 0.97 0%

Solicitation Type 0.97 0.99 1%

Multiple PIs 0.98 0.99 1%

Support Years 0.96 0.99 2%

Council Year 0.96 0.96 0%

Review Group Type 0.94 0.94 0%

Human Subjects 0.76 0.95 24%

Animal Subjects 0.85 0.99 16%

Gender Code 0.90 0.98 9%

Minority Code 0.90 0.99 9%

Child Code 0.90 0.98 9%

Terminal Degree Year 0.78 0.85 9%

NIH Funding History 0.89 0.97 9%

Geographic Location 0.87 0.89 2%

(Log) Requested Costs 0.83 0.91 9%

A.3 Multilevel Modeling

This section includes supplementary details that support the exposition of the models in

Section 2.3.
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A.3.1 Hausman Test for SRG Effects

In this section we detail the Hausman test that helps justify our use of random, rather than

fixed, effects for SRGs. The null hypothesis for the Hausman test is that the fixed-effects

coefficients are consistent in both the SRG random effects and SRG fixed effects models,

and consequently that the SRG random effect model estimates are efficient. It is shown

in Hausman (1978) that the covariance between an asymptotically efficient estimator and

its difference from a different consistent but inefficient estimator is asymptotically zero. A

simple chi-squared test can be constructed based on this result with the following statistic

and null distribution(
β̂RE − β̂FE

)T (
Cov

(
β̂RB

)
− Cov

(
β̂FB

))−1 (
β̂RB − β̂FB

)
∼ χ2

p

where RE stands for random effects and FE for fixed effects, p is the number of fixed-effect

coefficients estimated in the model (and the number of degrees of freedom of the chi-square

distribution), and the inverse is a pseudo-inverse. Because under local alternatives to the null

(i.e. slight model misspecification) the test statistic has a non-central chi-square distribution

(i.e. larger expected value), we reject the null if the test statistic is too large. For the

matched subset analysis of the full data set (the analysis presented in the main text), this

statistic was 28.76 on 115 degrees of freedom, with p-value approximately 1. The test fails

to reject the null hypothesis of no endogeneity, and since random effects align well with our

substantive knowledge of the SRG, we elect to fit SRG random effects. In practice, both

random effects and fixed effects models lead to the same substantive conclusions and very

similar coefficient estimates for our data.

A.3.2 Model Diagnostics

We assess the fit of our commensuration model (2.8) to the data, checking for apparent

violations of the linear mixed-effects modeling assumptions detailed in Section 2.3.2. For

mixed-effects models, residual analysis constitutes the bulk of the diagnostics. There are
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three main types of residuals in mixed-effects models: conditional residuals, marginal resid-

uals, and BLUPs (best linear unbiased predictors). If y is the outcome, x the observed

covariates, β̂ the estimated fixed-effect coefficients, and γ̂ the best linear unbiased predictor

of the random effects, then:

• the conditional residuals are ec = y − β̂x− γ̂,

• the marginal residuals are em = y − β̂x, and

• the BLUPs are γ̂ = em − ec.

Linear dependence means we need examine only two of these residuals. We examined nor-

mal quantile-quantile plots for the conditional residuals and BLUPs for the three random

intercepts included in the commensuration model (not shown). The conditional residuals

and BLUPs displayed wider tails than a normal distribution, indicating some excess kurtosis

that was not enough to raise any concerns given the large sample size and robustness of linear

regression to deviations from normality of residuals. Furthermore, no conditional residuals

nor BLUPs displayed evidence of heteroscedasticity or dependence on the main covariates

of interest (i.e., race, the preliminary criterion scores, requested costs—the only purely con-

tinuous variable—and terminal degree year, which was modeled as a categorical variable).

For both residual types, residual analysis plots indicated that assumptions of homoscedas-

ticity, independence between residuals and covariates, and approximate Gaussianity are not

unreasonable.

A.4 Final (Post-Discussion) Scores

This analysis is for applications that have reached the SRG discussion stage. Not all reviewers

change their criterion and Overall Impact scores after discussion (Table A.6). Among post-

discussion reviews, 20% saw a change in both the Overall Impact score and at least one

criterion score post-discussion, 27% saw a change in the Overall Impact score but not in

the criterion scores, 4% saw a change in the criterion scores but not in the Overall Impact
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score, and 49% saw no change in any scores. From the available data, it is impossible to tell

what motivated post-discussion changes in scores, or lack thereof. We also cannot model the

potentially complex dependencies between scores for the same application that arise through

SRG discussion.

Table A.6: Percentage of Reviews with Scores Changed

Criterion Scores Changed Criterion Scores Unchanged

Impact Score Changed 0.20 0.27

Impact Score Not Changed 0.04 0.49

Score change behavior after discussion; discussed reviews only.

We replicate the racial disparity analysis for final Overall Impact scores (Table A.7),

with the caveats above meaning that these results cannot be considered conclusive. Our

conclusions are largely the same: controlling for final criterion scores accounts for essentially

all racial disparities in final Overall Impact scores. Two important differences are that the

racial disparities observed without controlling for final criterion scores are not as large as

those for preliminary scores, and that reviewer random intercept and residual variability are

substantially smaller than for preliminary scores. This latter phenomenon could result from

SRG discussions leading reviewers to consensus (Fleurence et al., 2014).

A.5 Reproducibility

Because of the sensitive nature of individual-level data, a reduced data set that contains the

same reviews but fewer covariates is available for public use (Erosheva et al., 2020a). This

public-use data set includes all of the covariates of interest (applicant race, preliminary cri-

terion and Overall Impact scores), the structural covariates (PI ID, application ID, reviewer

ID, administering institute ID, IRG ID, and SRG ID), the matching variables (contact PI’s

gender, ethnicity, career stage, educational degree, institution’s NIH funding bin, application
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Table A.7: Selected parameter estimates from models 2.1–2.4, final Overall Impact scores.

Model 2.4 Model 2.3 Model 2.2 Model 2.1

Non-Structural Covariates ∅ X Z X,Z

Matching? No Yes No Yes

Race Fixed Effect

Coefficient 0.458* 0.131 0.163 0.044

(Std. Err.) (0.079) (0.080) (0.043) (0.045)

p-value < 0.005 0.101 < 0.005 0.329

Random Effects

Reviewer Std. Dev. 0.247 0.184 0.178 0.190

PI Std. Dev. 0.937 0.890 0.471 0.471

SRG Std. Dev. 0.370 0.366 0.185 0.169

Residual Std. Dev. 0.907 0.917 0.586 0.595

Race coefficient estimates, their effect sizes, and variance components estimates from four
hierarchical linear models for final Overall Impact scores. Model 1 controls for structural
covariates and is fit to the random subset; Model 2 controls for structural and matching
covariates and is fit to the matched subset; Model 3 controls for structural covariates and
criterion scores and is fit to the random subset; Model 4 controls for structural, matching
covariates, and criterion scores and is fit to the matched subset. Coefficient estimates for
control variables are not shown. Significance * is reported for p < 0.005.



151

type, application’s amended status, and the area of science represented by the Integrated

Review Group), as well as the final Overall Impact score.

Here, we reproduce results of the multilevel analysis of racial disparities in preliminary

Overall Impact scores from Table 2.3 and of commensuration practices in Table 2.4 using the

public use data set. We also reproduce Figure 2.5 for the matched subset of the public-use

reduced-covariates data set.

A.5.1 Racial Disparities

Table A.8 presents multilevel modeling results from the public-use data that are analogous

to those reported in Table 2.3. We find that the race coefficient estimates from Models

1 and 2 (which do not control for preliminary criterion scores) obtained from public-use

data are positive, statistically significant, and very similar in magnitude to those reported

in Table 2.3. Once preliminary criterion scores are included (Models 3 and 4), the race

coefficient estimates in Table A.8 become practically and statistically insignificant, as in the

confidential data set. While the main results in the confidential and the public use data

sets are strikingly similar, we note that the random intercept variability for PIs and SRGs

is somewhat larger for Model 2 of the public-use data set (Table A.8) than for Model 2 of

the confidential study data set (Table 2.3). This is because fewer PI-specific covariates are

included in the model as there are fewer covariates available in the public data set to explain

PI-specific variability.

A.5.2 Commensuration Practices

Table A.9 contains relevant parameter estimates from the linear commensuration models that

were fit using the public data. For the matched subset, which is less susceptible to model

misspecification (Ho et al., 2007; Erosheva et al., 2007), the signs and magnitude of coefficient

estimates for the interaction coefficients are strikingly similar to our main results on com-

mensuration practices from Table 2.4. Commensuration differences across all preliminary

criterion scores remain small for the public data: expected differences for Black applications
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Figure A.1: Public-use data set: Distribution of estimated expected preliminary Overall
Impact score differences due to commensuration (histogram) and distributions of reviewer
intercepts (red line) and model residuals (blue line), under the commensuration model (2.8)
for the matched subset (Table A.9).

in the preliminary Overall Impact score of 0.1 or more as result of commensuration practices

are rare (see Figure A.1).
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Table A.8: Selected parameter estimates from models 2.1–2.4, public-use data.

Model 2.4 Model 2.3 Model 2.2 Model 2.1

Non-Structural Covariates ∅ X Z X,Z

Matching? No Yes No Yes

Race Fixed Effect

Coefficient 0.700* 0.431* 0.031 0.014

(Std. Err.) (0.064) (0.057) (0.017) (0.017)

p-value < 0.005 < 0.005 0.071 0.412

Effect Size 0.533 0.333 0.054 0.025

Random Effects

Reviewer Std. Dev. 0.490 0.501 0.274 0.288

PI Std. Dev. 0.836 0.769 0.093 0.097

SRG Std. Dev. 0.306 0.304 0.084 0.087

Residual Std. Dev. 1.312 1.296 0.567 0.563

Public-use data set: Race coefficient estimates, their effect sizes, and variance components
estimates from four hierarchical linear models for preliminary Overall Impact scores. Model
1 controls for structural covariates and is fit to the random subset; Model 2 controls for
structural and matching covariates and is fit to the matched subset; Model 3 controls for
structural covariates and criterion scores and is fit to the random subset; Model 4 controls
for structural, matching covariates, and criterion scores and is fit to the matched subset.
Coefficient estimates for control variables are not shown. Significance * is reported for
p < 0.005.
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Table A.9: Selected parameter estimates, commensuration model (2.8), public-use data.

Variable Estimate (Std. Err.) P-Val.

Fixed Effects

Significance 0.263 (0.008)* < 0.005

Investigator 0.060 (0.011)* < 0.005

Innovation 0.132 (0.008)* < 0.005

Approach 0.604 (0.007)* < 0.005

Environment 0.019 (0.011) 0.090

PI Race = Black -0.031 (0.047) 0.508

Significance * PI Black -0.035 (0.012) 0.008

Investigator * PI Black 0.017 (0.017) 0.337

Innovation * PI Black -0.021 (0.014) 0.125

Approach * PI Black 0.045 (0.012)* < 0.005

Environment * PI Black -0.009 (0.018) 0.630

Random Effects

Reviewer Intercepts Std. Dev. 0.288

PI Intercepts Std. Dev. 0.092

SRG Intercepts Std. Dev. 0.088

Residual Variability Std. Dev. 0.562

Public-use data set: Preliminary criterion, race, commensuration (race-criterion interaction)
coefficients, and variance components estimates for preliminary Overall Impact scores on
n = 7471 reviews of 2566 applications (matched subset) and n = 8595 reviews of 3045
applications (random subset). Control variables (coefficient estimates are not shown) are
the matching variables. Significance * is reported for p < 0.005.
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A.6 Differences from Published Paper

This section briefly summarizes the major differences between Chapter 2 and the published

paper, Erosheva et al. (2020b).

• In Section 2.3.3, we explicitly establish the assumptions that would lend our model

estimates causal interpretations, and discuss how the data fit and deviate from those

assumptions. We frame the causal effect of interest in terms of the causal diagram in

Figure 2.2 (Pearl, 1995).

• In Erosheva et al. (2020b), the random subset is treated as a sensitivity scenario in

which the X̃ covariates are only controlled for via regression coefficients and random

effects. In that paper, analyses in Tables 2.3 and 2.4 are performed on both the

matched and random subsets of the data separately. In Chapter 2, we frame matching

as a nonparametric regression adjustment technique that is employed in conjunction

with standard linear regression controls whenever we wish to adjust for applicant- and

application-specific covariates.

• We compute and interpret the Robustness Value (Cinelli and Hazlett, 2019) for model

coefficients that indicate commensuration differences, showing that the modest evi-

dence in favor of racial commensuration differences could be nullified by a weakly

influential unobserved factor—or greatly strengthened by a modestly influential latent

factor.

• We treat each of models 1–4 from Erosheva et al. (2020b) separately, explaining the

causal interpretation of each in the context of Figure 2.2.

• We replicate the Bayesian p-value analysis of Casella and Berger (1987) for the p <

0.005 cutoff suggested by Benjamin et al. (2018) to help the reader understand the

importance of this lower significance threshold. We also clarify that the standard for

statistical significance in this paper is still less strict than that of practical significance.
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• In Erosheva et al. (2020b), the analysis of commensuration practices was largely de-

ferred to the supplement. We present the commensuration analysis in full in Section 2.4.

• Section 2.1, the introduction to Chapter 2, frames the chapter as part of our larger study

of peer review. The description of NIH’s peer review process from the introduction to

Erosheva et al. (2020b) has been moved to Chapter 1.

• Algorithms 3, 4, and 5 have been formalized in Section A.2 of Appendix 2. They were

not presented formally in the supplement to Erosheva et al. (2020b).

• We use a Bonferroni adjustment when analyzing p-values for interaction coefficients in

Table 2.4. Interpretations do not differ from Erosheva et al. (2020b).

• We include an update on the status of NIH anonymization studies.

• Tables A.2 and A.1, which are in the main text of Erosheva et al. (2020b), are located

in Appendix A to keep the focus of Chapter 2 on methodology.

• Effect sizes are no longer reported in tables of regression coefficients.
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Appendix B

This Appendix provides proofs of propositions from Chapter 3.

B.1 Proposition 1: Refinement Decomposition

We require the following Lemma, which is a generalization of (Cover and Thomas, 2012)

Chapter 2, Exercise 19:

Lemma 1. For a finite mixture P of m distributions with mutually disjoint support, P =∑m
i=1 λiPi with

∑
i λi = 1 and λi ≥ 0 for all i,

H(P ) = −
∑
i

λi log λi +
∑
i

λiH(Pi) (B.1)

Proof: We have

H(P ) = −
m∑
i=1

∑
k∈supp(Pi)

λiPi(k) log(λiPi(k))

= −
∑
i

λi log(λi) +
∑
i

λiH(Pi).

The second equality follows from the log of a product equaling the sum of the logs and

rearrangement of terms. We can now derive the refinement decomposition.

Proof of Proposition 1: Taking 0 log(0) = 0 and δs the degenerate distribution with

P(s) = 1,

H(Rt(Y)) = H(
∑
s∈St

p(Bt(s))δs)

= −
∑
s∈St

p(Bt(s)) log(p(Bt(s))) (B.2)
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by Lemma 1 since Bt generates a partition and hence empirical distributions with disjoint

support, and the entropy of degenerate distributions δs is zero. Applying the same lemma

to the unrounded Y yields, in a similar fashion,

H(Y ) = −
∑
s∈St

p(Bt(s)) log(p(Bt(s))) +
∑
s∈St

p(Bt(s))H(Ys).

Combining with (B.2) finishes the proof.

B.2 Proposition 2: Extrema and Range

Proposition B.2 follows from Proposition 1. It is clear from Proposition 1 that Entropic

Refinement achieves its minimum of 0 when there is only one unique observed score value

in any basin of attraction, so that H(Ys) = 0 for all s for which p(B(s)) > 0. With a bit

more effort we can construct the maximum. Because within-basin entropy only depends on

the scores in a single basin, the H(Ys) terms in (3.4) can be independently maximized. The

uniform distribution over k elements yields maximum entropy log(k) for discrete distributions

over k outcomes, so we must have within-basin uniformity. Finally, (3.4) is a weighted

average, so the maximum occurs when only maximum-sized basins have nonzero weight.

Thus the maximizing empirical distributions put probability mass only on the maximum-

sized basins. Maximum Entropic Refinement therefore occurs when the empirical score

distribution is uniform on maximum-size basins and there are no observed scores in other

basins.

B.3 Proposition 3: Joint vs. Average Entropic Refinement

This section proves Proposition 3 for (WLOG) t = 1. We first prove that ravgE ≤ rjointE .

Recall that C is the number of criterion scores, so that

H(X) ≥ max
i∈[C]

H
(
Xi
)
≥ 1

C

C∑
i=1

H
(
Xi
)

(B.3)

where the first inequality is equality only if the criterion scores are deterministically related.
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Now let Xs ≡
{
x ∈ X ∩BC

1 (s)
}

where BC
1 (s) is the C-dimensional basin of attraction to

s ∈ SC1 . Let i index criteria, so that Xi
s is the set of scores on criterion i in the rounding basin

of s. We then write the joint entropy in terms of the decomposition (3.4) and substitute

(B.3):

rjointE (X) =
∑
s∈SC1

p(Xs)H(Xs) (B.4)

≥
∑
s∈SC1

p(Xs)
1

C

∑
i∈[C]

H
(
Xi
s

)
(B.5)

=
1

C

∑
i∈[C]

∑
s∈SC1

p(Xi
s)H

(
Xi
s

)
(B.6)

= ravgE (X) (B.7)

(the third line follows simply from distributing p(Xs) inside the sum over i and rearranging

sums).

For the second inequality, CravgE ≥ rjointE , denote pi the empirical probability distribution

associated to Xi, for i ∈ [C]. Assume initially that C = 2.

Consider first the case X1 |= X2, that is, p = p1p2. In this case, we have that H(X) =

H (X1) +H (X2). Moreover, because in this case R (X1) |= R (X2), we also have H(R(X)) =

H (R (X1))+H (R (X2)). It follows then, immediately, that rjointE = 1
2

(rE (X1) + rE (X2)) =

ravgE .

Let us now consider the general case, for which

H(X) = H
(
X1
)

+H
(
X2
)
− I

(
X1,X2

)
,

where the last term denotes the mutual information (Cover and Thomas, 2012) between the

two criterion scores. Similarly,

H(R(X)) = H
(
R
(
X1
))

+H
(
R
(
X2
))
− I

(
R
(
X1
)
, R
(
X2
))
,

and therefore

CrjointE = rE
(
X1
)

+ rE
(
X2
)
−
(
I
(
X1,X2

)
− I

(
R
(
X1
)
, R
(
X2
)))

.
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We show now that the last term, I (X1,X2)−I (R (X1) , R (X2)), is non-negative. For this

we use the data processing inequality (Cover and Thomas, 2012), which states that if random

variables X, Y, Z form a Markov chain, in other words if X |= Z|Y , then I(X, Y ) ≥ I(X,Z).

We have that X1 |= R(X2)|X2, from which we derive that I (X1,X2) ≥ I (X1, R (X2)). More-

over, R (X2) |= R (X1) |X1, from which we have that I (X1, R (X2)) ≥ I (R (X1) , R (X2)),

which concludes the proof. The proof for C > 2 follows by induction.
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Appendix C

This is the Appendix to Chapter 4. It provides proofs of claims in the text, as well as

supplemental analyses.

C.1 Bayesian IGCI

IGCI (Janzing et al., 2012) assumes that if X ∈ [0, 1] causes Y ∈ [0, 1] and Y = f(X) (a

deterministic relationship), then f is orthogonal to PX in the sense that∫ 1

0

log |f ′(x)|PX(x)dx−
∫ 1

0

log |f ′(x)|dx
∫ 1

0

PX(x)dx

=

∫ 1

0

log |f ′(x)|PX(x)dx−
∫ 1

0

log |f ′(x)|dx

=0. (C.1)

(C.1) does not hold when regions of high/low density for X also have high/low absolute slope

for f . As with Pearson’s correlation, orthogonality may occur when f ′ and PX appear truly

unrelated, but it may also hold when, for example, a notable positive association in one part

of [0, 1] and a notable negative association in another part cancel out.

The authors describe this relationship as “independence,” which we take issue with.

Independence is a property of random variables; considering f and PX to be random, as we

do in our Bayesian framework, it is very difficult to conceive of a joint distribution for f, PX

in which the two are independent and yet (C.1) is even approximately satisfied all or much

of the time. Instead, as we shall illustrate, mother distributions which satisfy (C.1)—even

approximately—impose strong dependence between f and PX . The remainder of this section

explores two approaches to Bayesian IGCI which encode orthogonality into the model prior

in different ways.
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C.1.1 Strict Orthogonality

We begin with an example of Bayesian IGCI in which the model prior requires exact or-

thogonality between PX and f (note that the notation and terminology from Section 4.2 of

Chapter 4 will be used going forward). Since Janzing et al. (2012) consider the deterministic

case, our exposition will take ε = 0 and the model prior to be PPX ,f .

We construct our model prior via the factorization PPX ,f = Pf |PXPPX : nature generates

a distribution PX from PPX , and then selects f from Pf such that equation (C.1) holds.

That is,

Pf |PX (f |PX) ∝ Pf (f)1

(∫ 1

0

log |f ′(x)|PX(x) dx−
∫ 1

0

log |f ′(x)| dx = 0

)
. (C.2)

Thus, requiring orthogonality of PX and f means that they are dependent.

Continuing equation (4.4), we have

P({X, Y }n|MX) =

∫
P({X, Y }n|PX , f)dPPX ,f

=

∫
P({Y }n|{X}n, f)P({X}n|PX)dPPX ,f

=

∫
f⊥PX

P({X}n|PX)P({Y }n|{X}n, f)dPPXdPf (C.3)

where the third line follows from (C.2). Equation (C.3) demonstrates that the evidence for

MX is determined by the prior probability of mechanisms f that fit the data exactly, the

prior probability of PX that are orthogonal to f , and how well PX fits the data {X}n.

C.1.2 Approximate Orthogonality

One might object that (C.2) is too restrictive, that in nature it is highly unlikely that f

and PX are completely orthogonal. We can loosen the requirement of strict orthogonality

by replacing the indicator in equation (C.2) with a function g(|x|) : R+ → R+ that is

non-increasing:

Pf |PX (f |PX) ∝ Pf (f)g

(∣∣∣∣∫ 1

0

log |f ′(x)|PX(x)dx−
∫ 1

0

log |f ′(x)|dx
∣∣∣∣) . (C.4)
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Supposing g induces a proper prior distribution, this model prior places higher probability

on pairs (PX , f) that are closer to orthogonality.

C.1.3 Examples

The examples we now provide are illustrative—they are not intended for use with real data.

We believe that the orthogonality conditions demanded by Bayesian IGCI are too cumber-

some for practical use. The integrals in (C.2) and (C.4), which could be difficult to evaluate

precisely, must be computed at every step of an evidence approximation procedure. In the

examples we present, the model priors are unrealistically simplistic and there is no noise ε

(also unrealistic), which makes the computation tractable.

Strict Orthogonality

To make calculations in the strict orthogonality setting easily verifiable, we use a contrived

setup in which the PX and f that have support in the model prior have been chosen via

Gram-Schmidt to be exactly orthogonal.

Suppose that MX holds with PX = U(0, 1) and f(x) = 6
√
x. Thus, while X is uniform

and its density is orthogonal to f , Y is heavily skewed left and its distribution is clearly

dependent on f .

We define PPX as follows:

• PX(x) = 1 ≡ p0(x) with probability 1/2 and

• PX(x) = 48
41

(1− (x− 3
4
)2 − 11

72
(log(x) + 1)) ≡ p1(x) with probability 1/2.

Pf shall be uniform over f(x) = x6, f(x) = x, and f(x) = 6
√
x. In this case, each of these

three functions is orthogonal to both p0 and p1
1. The joint prior thus places probability 1/6

on each combination (PX , f). The model prior under MY is identical.

1For monomial f , this will always be the case, as the log absolute slope is always an affine function of
log(x).
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After observing data, only the true f(x) = 6
√
x fits the data deterministically under MX .

Thus

P({X, Y }n|MX) =

∫
f⊥PX

P({Y }n|{X}n, f)P({X}n|PX)dPPXdPf

=
1

6
p0({X}n) +

1

6
p1({X}n) (C.5)

Under MY , only the function g(y) = y6 fits the data deterministically, so

P({X, Y }n|MY ) =

∫
g⊥PY

P({X}n|{Y }n, g)P({Y }n|PY )dPPydPg

=
1

6
p0({Y }n) +

1

6
p1({Y }n) (C.6)

We then simulate the distribution of the Bayes Factor Kn for different sample sizes n,

displayed in figure C.1.

(a) n = 100. (b) n = 1000.

Figure C.1: Distribution of log Bayes Factors for the strict orthogonality Bayesian IGCI
model, over 1000 simulations.

In this case, the true model prevails the majority of the time, though by a narrow margin

(the log Bayes Factor is almost always less than 2 even for n = 1000). Other model priors

yield log Bayes Factors that are usually less than zero even when MX is the truth. We believe

that requiring strict orthogonality will inevitably lead to contrived model prior specifications

such as these, which one should not expect to yield accurate causal discovery.
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Approximate Orthogonality

Imposing approximate orthogonality (C.4) facilitates a more realistic choice of model prior.

We define PPX as follows: let µ ∼ U(0, 1) and σ ∼ U(0, 1) independently; then define

PX(x) ∝ e
−1

2σ2
(x−µ)2 for x ∈ [0, 1] and zero otherwise. That is, X is a Gaussian truncated

to the unit interval. We take f(x) = xexp(β) with β ∈ [−2, 2], and—conditional on PX—β

is chosen with probability proportional to C ≡ g(|
∫ 1

0
log |f ′(x)|PX(x)dx −

∫ 1

0
log |f ′(x)|dx|)

with g(x) = (1 + x)−2. In the deterministic realm, we can learn f exactly from a single

sample with probability one (as long as X1 6= 0, (X1, Y1) uniquely identifies β).

With such a simple model, C can be approximated efficiently. Since log(f ′(x)) = β +

(eβ−1) log(x), we must approximate E[log(X)] when X has a truncated Normal distribution

in the unit interval. Via Teh et al. (2007), we can do this via a Taylor series expansion to

arrive at E[log(X)] ≈ log(E[X])− Var(X)
2E[X]2

.

Figure C.2 shows the histogram of the log Bayes Factors for samples of size 10 and 100.

(a) n = 10. (b) n = 100.

Figure C.2: Distribution of log Bayes Factors for the approximate orthogonality Bayesian
IGCI model, over 1000 simulations and 1000 Monte Carlo samples from the prior for each
simulation.

In both cases, the correct direction of causality is always inferred, with appropriately

larger Bayes Factors in the larger-n case. In the correct causal direction, the distributions

PX that fit {X}n well are also those that yield high values of C. Under MY , the wrong model,
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the PY that fit {Y }n well yield small values of C, because they are far from orthogonal to g.

Thus the evidence for MX tends to be stronger than that for MY .

C.2 Decision Theory and Thresholds

Proposition 5. Given wX > 0, the cost of selecting MX when MY generated the data, and

wY > 0 defined similarly, the Bayes Decision Rule chooses d = MX when P(MX |{X,Y }n)
P(MY |{X,Y }n)

> wX
wY

and d = MY otherwise.

Proof: we seek to minimize

wXP(MY , d = MX |{X, Y }n) + wY P(MX , d = MY |{X, Y }n)

=wXP(MY |{X, Y }n)P(d = MX |{X, Y }n) + wY P(MX |{X, Y }n)P(d = MY |{X, Y }n).

It immediately follows that we set P(d = MX |{X, Y }n) = 1 when

wXP(MY |{X, Y }n) ≤ wY P(MX |{X, Y }n)

⇐⇒ P(MX |{X, Y }n)

P(MY |{X, Y }n)
≥ wX
wY

(C.7)

and P(d = MY |{X, Y }n) = 1 otherwise. We can randomize d in the unlikely event that

equality holds in (C.7).

Now suppose we admit the option to abstain, M0, in addition to MX and MY . Define

w0 > 0 the cost of abstaining from a causal discovery decision. We now seek to minimize

R(d) = wXP(MY , d = MX |{X, Y }n) + wY P(MX , d = MY |{X, Y }n) + w0P(d = M0|{X, Y }n)

Similar calculations yield the following proposition:

Proposition 6. In addition to wX and wY as defined in Proposition 5, let w0 > 0 be the
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cost of abstaining. Then the Bayes Decision Rule is

d = M0 ⇐⇒ w0 < min{wXP(MY |{X, Y }n), wY P(MX |{X, Y }n)}

d = MX ⇐⇒ wXP(MY |{X, Y }n) < min{w0, wY P(MX |{X, Y }n)}

d = MY ⇐⇒ wY P(MX |{X, Y }n) < min{w0, wXP(MY |{X, Y }n)}.

We require

w0 <
1

2
min{wX , wY } (C.8)

so that each of the three decisions is possible. When wX = wY ≡ w1, we abstain only when

w0

w1

< min{P(MY |{X, Y }n),P(MX |{X, Y }n)}

=⇒ w0/w1

1− w0/w1

< min{P(MY |{X, Y }n)

P(MX |{X, Y }n)
,
P(MX |{X, Y }n)

P(MY |{X, Y }n)
}

=⇒ log

(
w0/w1

1− w0/w1

)
< log

(
min{P(MY |{X, Y }n)

P(MX |{X, Y }n)
,
P(MX |{X, Y }n)

P(MY |{X, Y }n)
}
)

=⇒ c ≡ − log

(
w0/w1

1− w0/w1

)
>

∣∣∣∣log

(
P(MX |{X, Y }n)

P(MY |{X, Y }n)

)∣∣∣∣ . (C.9)

In the second line, we apply the monotonically increasing odds transformation to both sides

and use the fact that the two posterior probabilities sum to 1. In the final line, we use the

following facts:

• w0 <
1
2
w1 =⇒ w0/w1

1−w0/w1
< 1, and

• when p, q are probabilities that sum to 1, log(p/q) = − log(q/p).

When pMX
= pMY

, equation (C.9) reduces to

c > |log(K)| , (C.10)

i.e. we only abstain when the log Bayes Factor magnitude is smaller than some threshold c.
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C.3 Gaussian Pseudo-Bias

In this section of the appendix, we investigate the relationships among sample size, model

complexity, and pseudo-bias of the evidence. In order to make the problem analytically

tractable, the setup will be slightly unrealistic (though still of interest—Wolpert and Schmi-

dler (2012) analyzes the same model in just one dimension and shows that the harmonic

mean marginal likelihood estimator (Kass and Raftery, 1995) will typically converge very

slowly in this model). We model the data as a set of n i.i.d. samples from a multivariate

Gaussian distribution with known identity-multiple covariance and multivariate Gaussian

prior with identity-multiple covariance for the mean (a Gaussian random intercepts model,

but with many of the parameters of interest assumed known). That is, Xi
i.i.d.∼ N(µ, σ2Id)

with µ ∼ N(0, γ2Id) and σ2, γ2 known. Since the variances are known, we consider the data

to be simply the sample mean X̄n, a sufficient statistic. Finally, we center the data per

Section 4.2.1 so that X̄n = 0.

We can compute the evidence analytically for this model, allowing us to compare Monte

Carlo approximation (Algorithm 1) to the truth. Analysis of the full data {X}n does not

yield such clarity because if the samples Xi are independent conditional on µ, then they are

dependent marginally, and vice-versa. This complicates characterization of the probability

that a Monte Carlo approximation is downwardly pseudo-biased, as do here.

Clearly X̄n|µ ∼ N(µ, σ2/n). Noting that E[Xi] = 0, Var(Xi) = σ2 + γ2, and

Cov(Xi, Xj) = E[Cov(Xi, Xj|µ)] + Cov(E[Xi|µ],E[Xj|µ])

= γ2,

we have X̄n ∼ N(0, γ2 + σ2/n). Because the conditional likelihood will be highly peaked

around its maximum (Kass and Raftery, 1995), we are concerned that Monte Carlo will fail

to obtain samples from the prior distribution on µ (Pµ = N(0, γ2)) near where this peak

occurs and thus underestimate the true marginal likelihood. We therefore derive a lower

bound on the probability that the Monte Carlo approximation of Algorithm 1 is smaller
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than the truth and investigate when this lower bound is close to 1—i.e., when downward

pseudo-bias is essentially assured.

The Monte Carlo approximation is guaranteed to be too small if every Monte Carlo

sample µ(j) satisfies P(X̄n|µ(j)) < P(X̄n). Given X̄n = 0,

P(X̄n|µ) < P(X̄n) ⇐⇒ µTµ > d

(
σ2

n

)d
log

(
γ2 + σ2/n

σ2/n

)
. (C.11)

This result squares with our intuition: as n grows, P(X̄n|µ) becomes more peaked around

µ = 0, so µ 6= 0 yield relatively smaller conditional likelihoods as n grows. The expected

value of µTµ grows linearly in d, but since each component of X̄n is independent and the

likelihood’s gradient is extremely steep in n, even a single component of µ that is far from

zero is likely to cause (C.11) to be satisfied, hence the exponential decay of the right-hand

side in d.

Since µTµ ∼ γ2χ2
d, we can exactly evaluate the probability that all B Monte Carlo samples

from Pµ satisfy (C.11) under Algorithm 1. This is a sufficient condition for downward pseudo-

bias, so said probability is a lower bound on the probability of downward pseudo-bias.

The problem is parameterized by B, the number of samples from the prior on µ; n, the

number of observed data points; d, the dimension of the model prior; σ, and γ. Figure C.3

shows the lower bound on the probability of an evidence under-estimate as a function of B

and n for the one-dimensional case when σ = γ = 1. Because for d = 1 the right-hand side of

(C.11) is O(log(n)/n), the contour of the lower bound in B grows very slowly as a function

of n; even just B = 500 samples from the prior appears sufficient for samples of n = 1000 or

even larger.

However, letting d vary in addition to n provides an different picture, as Figure C.4

attests. When noise is relatively low (σ = 1), downward pseudo-bias becomes assured around

d ≈ 3, unless n < 100. When the noise level is substantially higher, the trade-off between n

and d becomes more clear, though for samples in the high hundreds d ≈ 3 is still the point

at which pseudo-bias becomes a problem.

The pseudo-bias problem raises many more questions than we can answer here: how
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Figure C.3: Pseudo-bias in one dimension.

(a) σ = 1, γ = 1.
(b) σ = 10, γ = 1.

Figure C.4: Pseudo-bias in multiple dimensions with B = 1000.

tight is the lower bound on the probability of a downward-pseudo-biased approximation? Do

non-Gaussian probability models yield substantially different results? Can other evidence

approximation techniques avoid the pseudo-bias problem? For the last question, see Kass
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and Raftery (1995); Evans and Swartz (1995); Lenk (2009); Wolpert and Schmidler (2012);

in short, approximating marginal likelihoods remains a challenging problem. In Chapter 4,

we marginalize over 3 parameters for ANMs and 2 for LiNGAMs, work mostly with sample

sizes between 100 and 1000, and choose priors carefully.

C.4 Bridgesampling

The bridgesampling R package (Gronau et al., 2020) uses samples from the posterior dis-

tribution of the model parameters to approximate marginal likelihoods. We tuned a STAN

(Gelman et al., 2015) Hamiltonian Monte Carlo sampler based on the Gaussian Process

model prior outlined in Section 4.2.3 and used it along with bridgesampling to estimate

the Bayes Factor for data generated under a bivariate Gaussian model for which the log

Bayes Factor is analytically known to be zero (see Section 4.2.1). We ran MCMC chains

long enough to yield roughly 500 effective samples and compared the resulting Bayes Factors

to those of Algorithm 1 with 1000 independent Monte Carlo samples. Despite the runtime of

the STAN-bridgesampling approach being over 10 times longer, Algorithm 1’s performance

was superior. The STAN-bridgesampling approach yielded highly variable log Bayes Fac-

tors: as large in magnitude as 36, and with a mean of -2.7 and sample standard deviation of

9.1 over 10 replications. Algorithm 1 yielded a mean of 0.3 and a sample standard deviation

of 1.5 over 100 replications. Therefore, while bridgesampling may be superior in more

complex/high-dimensional models or for data sets with more observations or variables, we

do not use it. Our low-dimensional models and less complex approximation methods keep

the focus on causal discovery.

C.5 LiNGAM Model Prior Specification

Under the LiNGAM Y = βX + ε with X ∼ Laplace(0, 1) and ε ∼ Laplace(0, σY ), we

develop the prior PσY |β as follows. Suppose briefly that the error models were Gaussian—i.e.

X ∼ N(0, 1) and ε ∼ N(0, σ2
Y )—and that instead of centering and scaling {Y }n by the sample

mean and standard deviation, we centered it by the true mean (0) and scaled by the true
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standard deviation
√
β2 + σ2. Then, because the variance of Y is 1 after rescaling,

β2 + σ2
Y = 1 =⇒ σY =

√
1− β2. (C.12)

At the extremes, σY = 1 ⇐⇒ β = 0 while σY = 0 corresponds β = 1. A similar relationship

holds for the LiNGAM, though it is more complicated to analyze since the centered and scaled

data have unit mean absolute deviation from the mean E|Y − E[Y ]|, which is not additive

(in contrast to variance).

It can be shown that the density of Z = Laplace(0, α) + Laplace(0, 1) is

α

2(α2 − 1)
[exp(−|z|) + exp(−|z|/α)] (C.13)

with E[Z] = 0 by symmetry and

E|Z − E[Z]| = α2 + α + 1

α + 1
. (C.14)

(C.14) and the fact that E[Y ] = 0 (by symmetry) imply that

E|Y − E[Y ]| = β2 + βσY + σ2
Y

β + σY
(C.15)

so that after scaling by E|Y − E[Y ]| the relationship between β and σY is defined by

β2 + βσY + σ2
Y

β + σY
= 1. (C.16)

However, we scale by sample statistics in practice, so the relationship between β and σY

is a noisy version of (C.16). For each pair (β, σ) taking values on a grid of 100 solutions

to (C.16), we simulated 1, 000 data sets of size n = 100 and computed the sample mean

absolute deviation from the mean for each. These varied from 0.6 to 1.4, i.e. by as much as

0.4 from expectation.

We then further simulated n = 100 data sets using parameters from the grid (β, σY ) ∈

{0, 0.01, . . . , 1}2 and found the range of parameter values that yielded an outcome mean

absolute deviation from the mean in [0.6, 1.4]. For a fixed σY , β varied from the solution to

(C.16) by as much as ≈ 0.3 on either side. Thus, the choice of s = 0.3 in (4.12) captures the

extreme departures from (C.14) that may occur due to sampling variability.
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