The heat equation in time dependent domains with
Neumann boundary conditions
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Abstract

We study the heat equation in domains in R™ with insulated fast
moving boundaries. We prove existence and uniqueness theorems in
the case that the boundary moves at speeds that are square integrable.

1 Introduction

In this paper, and its two companion papers,[?] and [?], we study the heat
equation in domains in R™ with insulated fast moving boundaries. In such a
domain, the insulated moving boundary will tend to collect heat energy and
the temperature will rise, while the medium will cause that energy to diffuse
away from the boundary and thus lower the temperature. If the boundary
moves fast enough (~ \/%), singularities can develop. These heat atoms
are described, via the study of a reflecting Brownian motion, in [?].

We show below that no such singularities develop if the boundary moves
at speeds that are square integrable. Although the description of this prob-
lem is fairly direct in terms of reflecting Brownian motion, even the formu-
lation of a partial differential equation and boundary condition requires a
bit of thought. We show how to do this, find an appropriate weak formula-
tion, and then prove existence and uniqueness in the case of a C? boundary
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moving with an L? velocity.

The analytic literature on the heat equation with moving and free bound-
aries is enormous, but, to the best of or knowledge, there doesn’t seem to
be any literature which treats, or can be easily adapted to treat these fast
moving insulated boundaries.

In the formulation and solution of a problem with a general moving
boundary , a coordinate invariant approach simplifies matters, and elim-
inates the need to frequently write cumbersome transformation formulas.
We formulate our problem in a purely geometric fashion, using coordinates
occasionally to accommodate the reader who is not comfortable with this
notation.

As far as we can tell, the heat equation in this sort of time-dependent
domain is not a mathematical description of any physical heat dissipation
phenomenon. A physical boundary that would collect heat energy would
also collect mass, changing the diffusivity and, more importantly, moving
heat by convection.

2 The Initial Boundary Value Problem

The flow of heat in a medium with density (actually, density times specific
heat) p and diffusivity x is modeled by

0
(1) 875/wpu—/awf£du

The temperature is denoted by u and the left hand side of equation (?7) is
the heat energy in the region w.

The rate of change in heat energy for a static (in time) region is equal to
the flux of heat across the boundary, which we take to be the (anisotropic)
diffusivity x times the differential, du, of the temperature.

If w is not static, (??) becomes

0
(2) g Lupu-/{M(f<cdu—i-1Upu)

The second term on the right represents the flow of energy due to the
motion of w. The vector field v denotes the velocity of the boundary (i.e.



each point on the boundary of w evolves according to the differential equation
2’ = v(x,t)). The expression v_p denotes the interior product [] of the vector
field v and the differential n-form p. If we introduce any riemannian metric
and let dV, dS, and v denote the volume element, the element of surface
area on Jw and the normal vector, respectively, then

(3) p=pp dV = ppdv ANdS
(4) vlp| =v-vdS

Ow
where pp is the density of the form p. We wish to describe the flow of heat
in a moving domain ; C R™. Our domain €2; has an insulated boundary,
thus no heat energy will flow through any part of 9€;. Let w C R™ be a
(possibly moving) domain. Then

0
/ pu:/ (kdu + v 1 pu)
ot Juna, D(wNQe)\O

Carrying out the differentiation on the left hand side gives:

[ S [
wnQ, Ot B(wN<)

/ (kdu 4 v J pu) — / (kdu + v Jpu)
0 wﬂQt 8(wﬂQt)ﬂ8§2t

/ (pu) / kdu — / (kdu + v 1 pu)

wray Ot B(wn ) B(w2) NN

/wﬂQt ot

/ drdu — / (kdu + v 1 pu)
wNQy A(wNe )NOY

Since w is arbitrary, we may use the standard calculus of variations argu-
ment (first choose w CC Q; and then choose w to contain a neighborhood of
a subset of ;) to derive the partial differential equation and the boundary
condition. Adding the initial condition then give the full initial boundary
value problem below:

()

0
a(pu) = drdu

(6) (kdu + v 1 pu) ‘BQt =0
u‘t:O = up(x)



When we make our existence proof, it will be convenient to work in a
fixed (in time) domain. For this reason, we describe €, as the diffeomorphic
image of a fixed domain . Such a diffeomorphism may generated by the
flow of any time dependent vector field, v(z,t), which is an extension to R"
of the vector which describes the velocity of 02, i.e.

(7) %‘f ot D)
(8) V(0,) =1

We say that €2, is the push-forward of Q¢ by W¥(¢,-), which we write as

Instead of (?7?), we shall derive equations for w(t, z) = u(t, ¥(¢,x)). To
accomplish this, we return to (??) and choose

(10) w = W,y

where wy C R" does not depend on t. Now (??) becomes

0
= / pu = / (kdu + v Jpu)
Ot )y, (wonQ0) W, (9(woNQ0)\ )
0 1%
o e =
U, (woNp) W, (O(woN0)\ON0)

0
(11) — / pow = / (Kodw + v J pow)
8t woNQg a(u}oﬁﬂo)\ago

where w, pg, ko, and vy are the pull-backs of w, p, k, and v by ¥(¢,-).
In the formulas below — DWis the jacobian matrix of ¥, viewed as a mapping
from R"™ to itself for each fixed ¢. The explicit formula for each pullback is
listed below:

VA (kodw + vo J pow)

w =) =, V()
(12) po =Y*(p) =det(DV)pp(t,V)dx;...dx,
TK)
ko =V (k) = Zg’t(Dg?’
vo =V v = (DU) lu(t, )
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As the region wg N Qg is not changing with time, we may move the time
differentiation under the integral in (?7?), so that

0
/ ~(pow) = / (kodw + vo 1 pow)
woN at 8(woﬂQo)\BQQ
= / (kodw + v J pow) / (kodw + vo J pow)
8(woﬂQo) 0 woﬂQo)ﬂaQo

= / d(Kkodw + v J pow) / (kodw + vy J pow)
woNo O(woN§)NON0

which gives us the initial boundary value problem:

0
5 = (pow) = d(kodw + vy 1 pow)

(13) (Kodw + vy J pow) ‘8 =0

Qo

w ‘ = Wo
t=0

In euclidean coordinates, (?7) reads

9 o) = 2= (1072 4 4 pow
ot 0" = g \0 By T OO
Cow
14 i W _
(14) vi(Ko 8$j+v0pow)‘mo 0
w‘ = wWo

3 A Weak Formulation in €

Our existence proof will require that we solve an inhomogeneous version of

(?7),

0
a(pow) — d(Kkodw + vg J pow) = Fy
15 d ‘ _
(15) Kodw +vo d pow| fo
w‘ = Wo
t=0
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Let ¢ be any function, py(t,-) any n- form, and 7(¢,-) any (n — 1)- form
for each t. We define

(@, p0) = /OT </Q ¢Po> dt

(#, po)i=0 = /Qéf)(oa')f)o(oa')

(9, )00 = (/OT - #(0,-)n(0, )) dt

Proposition 1 A smooth function w satisfies (77?), if and only if , for all
smooth ¢

(16) (9, o (o)) + (. w0 2 pow) — {6, )0
= (¢, Fo) — (9, fo)oa + (&, wo)i=0
Proof

If w satisfies (?7), the initial condition guarantees that the the last terms
on the right and left hand sides of (??) are equal. If we multiply the dif-
ferential equation by ¢, integrate both sides and integrate by parts in x, we
obtain the equality of the rest.

If we begin with (??), then we proceed in the calculus of variations
fashion. First choose only ¢ which vanish at ¢ = 0 and on 0€); and integrate
by parts to conclude that the differential equation holds. Next choose ¢
which vanish at ¢ = 0 but not on 0€2; to obtain the boundary conditions.
Finally choose ¢ which do not vanish on ¢ = 0 to see that the initial condition
holds.

O

We shall define some Hilbert and Banach spaces below. We recall first
the Sobolev space

- HY(Qp) = {w‘w € L2(Qp), dw € LZ(QO)}
|l |3 = [|w] |72 + ||dw] 72

We recall that multiplication by functions with bounded derivatives is a
bounded operator on H! and its dual, H'*. The proof is just the Liebnitz
rule and duality.



Lemma 2 For any py € WH™

[powl | [pollw1.co [[w]|

<
pow||pi- <

[pollw.0c |[w|] o=

In the rest of this section, we will consider functions of ¢+ and x as func-
tions of time which take values in Banach spaces which are functions of x.
For example, we think of a function in L? of ¢ and z as belonging to L?(L?),
with the norm ||f|2, (12 = = [IIf]% (dar) - Specifically, we will work with
the following two spaces and their duals

B = {w|w € C(L*(Q)),dw € L*(L*(2))}
llullg = llullf oo 12y + dulf2( 2,

ow

(18) H = {w|w € L*(H'(Q)), (%

€ L*(H"™(Q))}

(19) llullz; = lullZ2ay + Hgl!iz(m*)

We shall work on the time interval [0, 7]; the next lemma gives some
simple relationships between our norms.

Lemma 3
(20)
2 2 2 w 2
ol Beqzzy < Zllwl2aqe) + ollzarl I 57 i) < (U+2/7) ol
(21) lwl|p < (L +2/7)[|w||n
(22) wllz2y < 1+ V7)||wl|B
Proof
1 [0
w2(t*71') = E 0 &(tu;)
t t
* *t Ow
2
= = 2 ~w==
t* W /0 t ot
/QwQ(t,x)de < ||w||L2 2y + 2l|wl[ 2 H HL2<H1*)

We may assume that ¢, > 7/2, otherwise we repeat the computation
above, integrating instead from ¢, and 7 and replacing ¢t by ¢t — 7. This



establishes (??) and (?7?) is its immediate consequence. Finally, (?7) follows
from the fact that the L? norm is bounded by the L> norm times the square
root of the length of the interval. O

The following simple lemma and its corollary allow us to formulate the
weak version of the boundary value problem as an equation among elements

of B*.

Lemma 4 Let x(s) be a smooth cutoff, equal to 1 at s = 0 and 0 in a
neighborhood of s =1, then

(23) wohm = {x(B) + (o x(0)0)

Let v be a normal coordinate in a neighborhood of 02 and € small enough
that x(v/e) is supported in that neighborhood, then

(24) b = (ot x(wfe) + (2o x(vfe)
Proof

This is just the fundamental theorem of calculus. Namely,

T
uv‘tzo = /0 En (uxv) dt

The second assertion is similar with the normal coordinater replacing the
time coordinate. g

Corollary 5 Let F, f,andwgy be smooth functions, then each term in

Fi= < 7F> - < 7f><99 + < 7w0>t:0
is an element of B*

Proof

That the first term is an element of B* is obvious. To see that the sec-
ond is, note that x(v/e€)f is well defined on and is zero outside a tubular
neighborhood of 092. In particular, for w € B

ow Ox
‘<U) )f>3Q| = <$ 7Xf> + <U)V 7$f>
5%
< |lwllp2camylIxfllp2 2y + ||w||L2(L2)||$fHL2(L2)

ox
< [lwll g2zl Ixl 22 (@) [ 1l L2 00) + ||wHL2(L2)||%||L2(du)|‘f||L2(8Q)
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A similar argument, using (??), instead of (??7), shows that (- ,wp);—o €
B* O

We give three (easily seen to be) equivalent definitions of the mapping
T below so that, following proposition 77, the weak formulation of our heat
equation is exactly Tw = F.

(25)

Tw = ( ,%(Pow» +(d- , kodw + vo J pow) + (- , pow)i=o

Tw = (,po%) + (d-,kodw) + (d-,vo 1 pow) + (-, %ow) + (-, powhi—o
Tw = _<% ?p0w> + <d 7’£0dw> + <d >UOJP0w> + < 7%w> + < 7POw>t:T

Proposition 6 T is a bounded operator mapping

T: H — B*
T: B —H*

(26) T [lr,5 I T2+ < lpoll Loo(wrioe

dpo
115 o) + kol o zos) + llvo 3 pol 2(2)

Proof
For ¢ in L2(H*)
ow ow
(27) |<¢apoa>’ < H¢|’L2(H1)HP0§HL2(H1*)
ow
(28) > H¢|’LQ(HI)|‘p0||L2(W1’°°)HEHL2(H1*)
(29) [(do, kodw)| < ||}l L2(ayl[Kol oo (poo) | [dw]| 1212
(30)  [do,vo Jpodw)| < |[@l[L2(ayl|vo 2 podw||L2(r2)
(31) < 9lle2Enyllvo J pollp2(reeyldwl| 212
0 0
(32) (6, 2wl < ellia 155wl 2z
Ip
(33) < 9llzeall g, e llwllzez2)
(34) |{0, pow)| o, S & oo 22yl pol| Loe (Lo W] Loo (22
0 0
;. P pow S 7 PllL2ar+)[|Pow|| L2 (H1)
(35) {50 P00} <[54l [lpow]]
0
(36) < llgp0llezallpoll o o) [[wll 2 )
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Proposition 7 (Coercivity Estimates) For w € H

(37) [l < K| Twl[-
(38) [[w]|7e < K| |Tw 3

where the constant K1 depends only on H%HU(L(X,), [[vo 4 pollr2(neeys 1Kol | Loo (o)

and the (strictly positive) infima of po and ko. The constant Ko also depends
on |[Dpol| oo (1)

Proof
For convenience, we assume that pg > 1 and kg > I. As Tw € H* and
w € H, we substitute w into (??), setting Tw = Tw — (- ,w)—o.

ow o -
(opo) + (dmodw) = —(d-,vospow) — (-, Fow) + (-, Tw)
ot ot
obtaining
ow 0 -
(w ,p()g)—i—(dw Jkodw) = —(dw ;v Jpow) — (w ,%w)—l—(w , Tw)

1 1
(39) =(w ,pow)i—r + (dw , Kodw) — §<w , POW) =0

2
1 .
= —(dw ,vy Jpow) — =(w ,%w) + (w , Tw)
2 ot
so that
(40)
1 1
Sl )\I%ﬁlldwlliz@z)*jlwm’ NNz < [lwll 2 llvo 2 pol L2 poey [wl| Lo 22y
1. 9po ~
+ §||E|\L1(L°°)Hw‘|ioc(m) + HwHLQ(Hl)HTwHL?(Hl*)
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1
@ L + lldwl[fa ) < Hw( DIz

+ HwHL2 ayllvo Jpollp2(peey|wl| Lo L2y

dpo
f|| [P0 | ]

+ HwHL2(H1)HTwHL2(H1*)
1
< 5 lw(0,- )72

+ (Ilvo S poll L2 (Loyer + €2) [Jwl[Za gy +

[lvo d poll L2 (Lo°) 7"8,00
€1

s m) e 1
1 7 2
+ ;HTme(Hl*)

1

We choose €] = W

and e = % to obtain

1 1
(41) Sllwlr Iz + 5 HdwlleL2> S w0, )[[7:

T 2 1. 9po 2 70012
+ (2 +Allvo Jpollz2(r=) + 515 En L1 (e~ > wllZoo 2y + AT w72 g1

We discard the second term on the left and take the sup over 7 < 7,
noticing that every term except the first on the left attains its sup at 7 = 7.

L7 2 1. 9po 2
(2 5 4HUOJP0HL2(LO<>) - H HL1 L) HwHLOO(LQ)

< 2 w0, )2 + 4 Twl B

Provided that we choose 7 = 7 small enough to guarantee that

1,,0po 1
A= 5 + 4H’UOJPOHL2(LOO) +5 H HLI(Loo) <3
We have
1 -
(42)  wlBeqomzr < 7 (100 ) + SITwIE o0 r1e))

We can apply this estimate repeatedly with the interval (0,71) replaced
by (7j,Tj+1), noting that HTwH??((Tj,T]-H),Hl*) = HTw]\%Q((O’TN)7H1*)

11



1 -
_Aj> (Hw(O,- |32 +8\|Tw||%2((O’TN)’H1*)>

[0l 0, 22) <

<
I
—

A
—=
7 N\
—_

1

> Sl Tl Z2(0,m), 1)
J

IA
N
—
|
A

<
Il
=

S i1 dpo
Aj:]]+/ <4Hv0JpoH%oo H P HL dt
Tj

and N
™ ™N 8/)0
=% @mwmw S0 ) d

Hence, on passing to the limit as the intervals become small, we have
43) [l gy < 8ol I ) 2,

If we now return to (?7?), reorganize, and insert (??), we have

1, 9po
(40) Il < (5 + 4l 30l + 312 o) ) Nl
TRV aI
< |7l 22 pyie) %

1\|ap0!|u Loo)) o (B Hlloopoll o ooy + 511 F2 N 1 1))

T 2
[8 + (2 +Allvo L pollz2) + 5117,

Lastly, we return to our original weak formulation (?7),

ow 9]
(opor) == (- Tw) = (- rodw) — (v Jpow) — (-, F2w) = (-, pow)eo
choose a smooth ¢ vanishing at ¢ = 0, and apply the above to %
ow ¢ ¢ ¢ ¢ Opo
y——) =—(—,Tw) — (d—, kgdw) — (d—, vy 2 pow
<¢6t> <po ><p00><poopo>< 8t>

recalling that pg > 1

12



ow
|(¢s EH <l[@llz2czyllpoll oo (wreoy [ Tw]| L2 praey

+ 18112zl lpoll oo (wrr.oo) 50| | Lo (o) || dw] | 1212
+ [l L2y l1pol | Loe (wr.00) [0 4 pol| L2(roe) [[w]| oo (12)
dpo
+ ||¢‘|L2(L2)HE”LQ(LW)HU}HL‘”(L?)
which, combined with (??) and (?7?), yields the necessary estimate for
H%HLQ(H”) O

Theorem 8 Suppose that

1. po ,ko are bounded above and below
2. vo - po ,% are bounded in L*(L>°)

3. Dpg is bounded in L (L)

Then, for every F € B*, there exists a unique w € H satisfying

Tw = F
lwlls < K| F||s-
wlly < Ks||F||s-

where the constant K3 depend on all the bounds in items 1 — 8 above, and
the constant Ko depends only on the bounds in items 1 and 2.

Proof

Uniqueness and the estimates follow from Proposition ?7. To prove
existence, we introduce a one parameter family of operators,T?. Let

po = (L=XNpo+Al
kot = (1= Nko+ Al
(vodpo) = (1—NwoJpo
and define
9 A A A 1 A
(45)  Tyw = -, o (phu) + (d- o dw + (vo 10 w) — 36 i

It is straightforward to check that

(46) Txo = Do, oy < [Ao = MK

13



where

(am
0
& = (111 = pollzrsos + ol + 1L = ey + oo S ol

is independent of .

When A =0,
0
(48) Tow = (- ,aw) +(d- ,dw) + (- ,w)=0
so that
(49) Tow=F = (-, F)+{, flaa + (- ,wo)t=0

is the weak formulation of the constant coefficient heat equation with Neu-
mann boundary conditions, i.e.

ow
. o
(52) w’t:o = wo

so that we have existence for smooth (F, f,wq) from semigroup theory. But
such (F, f,wp)’s are dense in B*, so that the coercivity estimate (??) gives
the existence of a bounded Tj; ! from B* to H.

But the formula

(53) T = (1 ~ T (T — TAI)) Tt

implies that, if T}, is invertible, then so is T}, as long as

(54) 175, (Tag = T [ < 1
while (?7) and (??) guarantee (??) as long as |[A\g — A1| is smaller than

a single uniform constant. Hence T is invertible for all A between zero and
one.

14



4 A Weak Formulation in (),

We have produced a solution w to a weak heat equation on our fixed domain.
We expect u = w(t,¥(x,t)) to solve a weak formulation of (??) on our
original moving domain. The following propositions indicate that this is the
case. The proofs are analogous to the corresponding results in the fixed
domain.

Proposition 9 A smooth function u satisfies (?7), if and only if, for all
smooth ¢,

9

55) (0.5,

(o)) + (de, rdw +v 3 pu) + (, d(v 3 pu)) — {9, u)i=o
= —(¢,u0)t=0
If we define T so that (¢, T'u) is the left hand side of (?7), then
Proposition 10 T is a bounded operator mapping

T: H —B*
T: B —H*

1T

w584 | T8 <
dp
o[l poe (wr1.00) +Ha”L2(L°°) +[|6]| oo ooy + v 2pl| L2 (oey + | d(v1p) || L2(Lo0)

Proposition 11 (Coercivity Estimates)

(56) lwllf < K1l Tw|3.
(57) w3 < Kol Tl 3
where the constant K1 depends only on H%|’L1(Loo)7 l[v 3 pllr2(reey, [ld(v
P)lr2(reys ||6llLec(pooy, and the (strictly positive) infima of p and r. The

constant K also depends on ||dp|| e (ro<)-

In the theorem below, DW denotes the jacobian of ¥, and v = %—‘f (t, U~1L(¢, ).

Theorem 12 Suppose that

1. p ,k , DU, DU are bounded above and below

15



2. vdip ,d(vip), % are bounded in L*(L°°)
3. Dp, D*¥ are bounded in L>(L>)

then, For every F € B*, there exists a unique w € ‘H satisfying

Tu = F
llulls < Ka||F||s
Jullyw < K3||F||s-

where the constant K3 depend on all the bounds in items 1 — 8 above, and
the constant Ko depends only on the bounds in items 1 and 2.

Proof

It is an easy matter to check that pg,vg, ko given by (?7?) satisfy the
hypotheses of Theorem ??7 and that the natural pullback of an F € B*
also belongs to the corresponding B*. Thus we can produce a weak solu-
tion w to (??). Then v = w(t, ¥(¢, z)) must belong to H and satisfy (??). O

5 The Constant Coefficient Heat Equation

For the constant coefficient heat equation, (p is the euclidean volume form

and k is the euclidean star operator. In particular, (% = 0). In this section,

Tw = F is the weak formulation of

(58) (—V—l—u'vu)’ag =f

and theorem 77 implies

Theorem 13 Suppose that 9 is given as the solution to the equation
G(z,t) =0 and that

1. |%—g] is bounded from above and below (in L*°(L*))

2. %—? and % are bounded in L*(L>)

16



3. ?927? is bounded in L>°(L*>°)

then, For every F € B*, there exists a unique w € H satisfying

Tu = F
llulls < K| F|[p
lJullw < Ks|[F||s-

where the constant K3 depend on all the bounds in items 1 — 3 abowve,
and the constant Ko depends only on the bounds in items 1 and 2.

Proof

In order to apply Theorem ?? all we need check is that there is a C?-
diffeomorphism ¥ mapping €2y to €2, and that its first and second derivatives
depend only on the corresponding derivatives of G. It suffices to construct
W for small ¢t and then repeat the construction.

We will construct ¥ to be the identity except in a neighborhood of
the boundary 9€)y, where the tubular neighborhood theorem asserts that a
neighborhood N (9€) is C2-diffeomorphic to 9Qg x [—¢,¢], and in which
099 has coordinates (mg,0). The implicit function theorem, together with
the continuity of g—f with respect to t,implies that, in this coordinate system,
0 has coordinates (mo, g(t,mg)), with g € C2. If ¢ is a smooth cutoff,
equal to one in 0Qy x [—£/2,e/2] and 0 near the boundary of the tube, then

W (mo, s) = (mo, s — ¢(s)g(t, s))
provides the needed diffeomorphism. O

In one dimension, our region is an interval (7i(t),72(t)) and we may
choose

2
T2—MN
When we apply Theorem ?7 in this case, D?¥ = 0, so that we need only
assume that the interval does not shrink to a point and that (y1(t),y2(t))
have square integrable derivativies.

U(t,x) =

(z—m)

Theorem 14 Suppose that yo—~1 is bounded from below and that v (t) and
74 (t) are bounded in L? then, for every F € B*, there exists a unique w € H
satisfying
Tu=F
||ulls < Ka|[Tul|-

where the constant Ko depends only on the bounds above.

17
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