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My dissertation investigates optimal contracts for experimentation and a matching prob-
lem for the runway slot allocation. The first chapter of my dissertation examines the
role of monitoring in experimentation where agents may observe success privately. In the
benchmark model without monitoring, private observability of success is inconsequential
as the agent never wants to delay announcing success. However, with monitoring of the
agent’s effort, private observability of success plays a role in choosing the optimal time for
monitoring. When success is observed publicly, the optimal time for a principal to hire a
monitor is at the start of the relationship. On the contrary, if the agent observes success
privately, and the discount factor is high enough, monitoring is performed during the
final period. The second chapter discusses optimal contracts for both experimentation
and production. It can be optimal to pay a rent after failure and over experimentation
can be optimal. Over production can occur in the exploitation phase. The third chapter
considers a financially significant matching problem that emerges when inclement weather

conditions strike an airport and runway slots must be reallocated.
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Chapter 1

EXPERIMENTATION, PRIVATE OBSERVABILITY OF
SUCCESS, AND THE TIMING OF MONITORING

1.1 Introduction and Related Literature

Consider a venture capitalist (principal) who provides funds to an entrepreneur (agent)
hoping to succeed in a risky but lucrative project. Both parties are initially unsure
whether the project is "good”, i.e., if it is possible to implement it successfully at all.
The entrepreneur is asked to experiment with the project a certain period of time. The
principal needs to determine how long the experimentation will last. She faces two prob-
lems: the effort of the agent may not be observable (moral hazard) and the result of each

experiment may not be publicly observed.

The principal may therefore not have the correct information about the viability of
the project as experimentation proceeds. Consider first the case when success is observed
publicly. Suppose the agent secretly shirks and success is not achieved. The principal
uses the observed failure to update his beliefs on project quality and becomes more
pessimistic from that period on. The agent, in contrast, knowing that the experiment was
not successful because he was shirking, will not update his beliefs regarding the project
quality. Furthermore, if success is privately observed then the agent might postpone
announcing success when the project is successfully implemented. This report makes the

principal more pessimistic while the agent knows the project is certainly good.

Another example is a pharmaceutical company that employs a research organization
to carry out clinical trials on a group of volunteers to demonstrate the effectiveness of
a new drug. If the company does not to observe the agent testing the drug directly, it
may doubt whether the agent is exerting effort. If the agent chooses to shirk, he simply
can report that the drug was tested unsuccessfully. If the company remains unaware of

this falsehood, it will adjust its beliefs about the drug’s quality accordingly, becoming



more pessimistic. Even if the agent discovers the drug is performing well, he may delay
announcing success in favor of personal gain.

In this paper, we ask whether the principal can benefit from hiring a monitor in this
environment. In a dynamic relationship, collecting information during every period is
prohibitively costly, raising the question of when monitoring is most effective. First,
we derive the optimal contract without monitoring that determines the length of the
principal-agent relationship and solves the agent’s moral hazard, ensuring that he works
properly during every period of the relationship and announces achieved success promptly.
Second, we study the benefits of monitoring of the agent’s effort. The optimal contract
then becomes contingent on the monitor’s reports. Finally, we examine how private
observability of success influences the structure of the optimal contract and the optimal
timing of monitoring.

To answer these questions, we use a simple two-armed bandit model': The agent can
”pull the risky arm” by exerting effort toward implementing the project (achieve success),
or he can "pull the safe arm” and shirk. While pulling the risky arm is costly, it allows
the project to be implemented successfully if it is good. Pulling the safe arm, however,
yields zero return, regardless of project quality.

Our results show that, in the benchmark case without monitoring, the principal com-
mits to terminating the relationship if the agent does not succeed by a certain period.
The agent is rewarded only if the project is implemented successfully and receives nothing
otherwise. The nominal value of the reward increases to account for rising pessimism as
the project does not succeed over time. In particular, the agent is rewarded for earlier
success, as the discounted payments are decreasing over time. So even if the agent ob-
serves success privately, he will never delay announcing success and the optimal contract
is unchanged. Surprisingly, with monitoring of the agent’s effort, private observability
of success plays a role in choosing the optimal time for monitoring. We show that in
the case in which success is observed publicly, the principal should monitor the agent at
the beginning of their relationship. If the agent observes success privately, the optimal

time for monitoring is affected by patience. For high enough discount factor, monitoring

1See Keller et al. (2005) for more details.



should be performed during the final period.

Consider the first-best scenario, in which effort and all the information the agent
learned are observed publicly. Since each attempt to implement the project is costly,
and the principal becomes more pessimistic with every period in which success is not
announced, the first-best solution is characterized by a stopping rule. The agent is allowed

to attempt to implement the project for several periods only.

In the second-best case, the principal faces two problems: the agent chooses effort
level privately (moral hazard), and, in addition, success may not be publicly observed.
Suppose success is observed publicly. In the case the agent secretly shirks and success
is not achieved, the principal becomes relatively more pessimistic from that period on.
She then would adjust the agent’s reward to induce him to exert effort accordingly:
After every period the agent does not succeed, the principal supplies him with larger
payments to encourage him to continue working in the next period. The agent, in contrast,
understands that the observed failures are uninformative, and at the beginning of the next

period would hold the same beliefs as in the previous one.

Besides, private observability of success may exacerbate the problem. In some settings,
the principal can observe success easily. In the example of the pharmaceutical company,
the clinical research organization may have difficulty hiding a revolutionary drug’s success.
However, success might be much more difficult to ascertain when information gathering

does not involve extreme outcomes.

Consider the agent’s incentive to announce privately observed success at a certain
period of the relationship. This decision is affected not only by the payment tied to
success or failure in this particular period, as determined by the optimal contract, but
also by payments in all subsequent periods of the relationship. For example, if the
discounted value of the promised future reward exceeds the current value, then the agent
will postpone an announcement. We show that under the optimal contract, if the agent
postpones an announcement of success, the discounted value of his reward will only
decrease. Thus, private observability does not worsen the problem, as the agent cannot
benefit from hiding success; however, it becomes a crucial factor in defining the optimal

time for monitoring.



Given the optimal contract, the agent receives a strictly positive rent, and, as a result,
the project is terminated inefficiently early. Omne way the principal can alleviate this
inefficiency is by hiring a monitor who can observe the effort level chosen by the agent.
The principal can avoid paying the promised reward since the moral hazard problem
vanishes when the monitor is hired. The principal values monitoring as it mitigates the

rent paid to the agent and, consequently, allows the relationship to be extended.

The principal benefits from monitoring as she pays the agent a smaller reward in case
he succeeds during the monitoring period - we refer to this as the static effect. Moreover,
recall that the agent can shirk and attempt to implement the project during later periods.
As a result, his incentives to work during each period, except for the final one, depend not
only on the payment determined by the contract and success of that particular period,
but also on the payments for all subsequent periods.? The effects of future monitoring
reflect in the earlier periods, as monitoring acts as a threat that causes the agent to
perceive shirking as less attractive. Thus the dynamic effect emerges: The principal can

diminish all of the agent’s rewards in all periods before he is monitored.

We demonstrate that the dominating effect depends on whether the agent observes
success privately or not. The optimal timing of monitoring is governed by the sum of
the two effects. Since without monitoring, the agent is rewarded for earlier success, the
expected reward is strictly decreasing. This implies that the benefit from the static
effect is strictly decreasing in monitoring timing as well. With the dynamic effect, the
principal benefits even if the agent does not succeed at the period of monitoring: For
earlier periods of monitoring, the benefit from the dynamic effect is strictly increasing,
as it allows paying less in several periods. However, as time passes without success, both
parties become sufficiently pessimistic, and the benefit from the dynamic effect decreases
eventually.

Consider first the case in which success is observed publicly. Because monitoring
eradicates the moral hazard problem during the monitoring period, the principal benefits

from it only if the agent succeeds in this specific period, which in turn is possible only if

2Halac et al. (2016) discuss this dynamic agency effect in their model with moral hazard and adverse
selection.



the project is good. In earlier periods, the benefit from the static effect increases while
the benefit from the dynamic effect goes up, whereas benefits from both effects decline
toward the end of the relationship. The benefit from the static effect decreases faster than
the benefit from the dynamic effect increases - this result is at the heart of our analysis.
Recall that the benefit from the dynamic effect increases only in earlier periods: Because
the principal is promising to pay less with each period, the chance that the agent will
shirk grows smaller. The principal saves more in these early periods by opting to monitor
later due to the dynamic effect. The optimal contract, in contrast, mitigates the moral
hazard problem for every period, not only for those in which the benefit from the dynamic
effect is increasing, as it induces the agent to exert effort as long as the relationship lasts.
Thus, when success is observed publicly, the static effect dominates, and monitoring is

optimal during the first period.

When the agent observes success privately, the benefit from the static effect becomes
smaller because the principal now still pays some rent to the agent during the monitoring
period. Recall that when the agent announces success, he takes into account not only the
payment tied to success in this precise period but also payments for success in all subse-
quent periods of the relationship: If the discounted value of the promised reward in the
next period exceeds the current reward, then the agent will postpone an announcement.
Given that the optimal contract without monitoring includes a decreasing discounted
reward value, the principal can decrease the reward in one period up to the discounted
value of the reward in the following period at most. As the discount factor increases,
the benefit from the static effect decreases for all periods except the final one.  Our
paper contributes to the literature on incentives for experimentation. Most studies model
experimentation using a two-armed bandit model with a risky arm that might yield ex-
ponentially distributed payoffs and a safe arm that offers a safe payoff. The literature
on incentives for experimentation could be divided into two parts, depending on who is

initially the owner of the project.

A group of papers considered an entrepreneur who owns a project and is raising
the funds necessary to implement a project in a competitive market. In settings with

private learning and moral hazard, Bergemann and Hege (1998) considered the provision



of venture capital in a dynamic agency model. The optimal share contract operates on
the provision that if the entrepreneur succeeds, he conveys a part of the project to the
investor. In Bergemann and Hege (1998), the share in the earlier periods can rise or
fall, but the agent receives the expected value of the project. In our paper, on the other
hand, a nominal reward for success is always (weakly) increasing, and the agent receives
a positive rent. Bergemann and Hege (2005) study built on their Bergemann and Hege
(1998) study, with one crucially distinct feature - the time horizon is infinite, and the

funding decision is renegotiated each period.

Another group of papers considered a principal who owns a research idea but lacks the
decisive skills necessary to implement it and must hire an agent in order to do so. Halac
et al. (2016) considered the challenges of creating a contract for a project of uncertain
feasibility with adverse selection and moral hazard. The optimal contract involves paying
the agent initially and penalizing him progressively if success has not been observed. Our
research differs from Halac et al. (2016) in that we assume the probability of success is
known, but the agent is protected by limited liability. The agent thus cannot be penalized
for failure; instead, we show how bonus contracts and optimal monitoring discourage the

agent from hiding success.

Gerardi and Maestri (2012) analyzed how an agent can be incentivized to obtain
and announce information over time. The authors assumed that the principal observes
the state of nature with some time lag, and, with the optimal contract, he can reward or
punish the agent after comparing the agent’s report with the revealed state. In this study,
the agent is rewarded only if his report matches the true state, whereas in our study, the
true state is learned only if the project is successfully implemented. Mason and Valimaki
(2015) considered an infinitely lasting relationship in a model without learning and with
moral hazard and continuous effort. They demonstrated that the agent’s wage declines

over time; however, they did not study monitoring.

The only researchers who have studied optimal monitoring time sets in optimal con-
tracts for experimentation are Bergemann and Hege (1998). In this study, when success
is publicly observed, monitoring is optimal toward the end of the project, whereas in our

model, the monitor is hired optimally at the beginning of the relationship. Our paper



complements Bergemann and Hege (2005) result in that it highlights the pivotal role of
market structure on the optimal timing of monitoring. In addition, our paper extends
Bergemann and Hege (2005) result, as we show that when the agent observes success
privately, patience influences the optimal timing of monitoring, which was not explored
in their paper. As the discount factor increases, the principal must promise identical re-
wards for success at every period except the final one, making monitoring more valuable
at the end of the relationship and supporting Bergemann and Hege (2005) result.

Most of these papers assumed project success would be publicly observed.* We, in
contrast, assume that the agent could observe success privately. We also assume that
information is hard - that is, the agent can either postpone announcing a successful
implementation or hide it completely by destroying evidence.

We argue that our findings are not only theoretical, but also empirically significant.
Following our example of the pharmaceutical company, it is widely acknowledged that on-
site clinical trial monitoring is a source of significant inefficiency in the conduct of clinical
trials, and that current monitoring activities do not always lead to increased quality in

clinical trials.

1.2 DModel

A principal owns a valuable idea that could result in a lucrative project, but he lacks the
decisive skills needed to implement it. He hires an agent protected by limited liability to
perform the project. Both parties initially are uncertain about the project’s quality; that
is, the common prior on the project being ”good” is 3y € (0,1).* If the project is good,
then it can be implemented successfully with a known positive probability, in which case
it will yield a fixed return of V' > 0, which is commonly known at the beginning of the
relationship. To implement the good project, the agent must exert effort that is assumed

to be subject to a binary choice: e € {0,1}. If the project is bad, then it will yield zero,

3Halac et al. (2016) discuss the robustness of an optimal contract to project success being privately
observed by the agent.

41t is important that By is strictly positive and strictly less than one. Otherwise, no additional
information arrives as the relationship proceeds; in this case, there is no learning regarding the quality
of the project, and the problem simplifies to standard dynamic moral hazard.



regardless of effort.” Exerting effort costs ¢ > 0 per period.

The agent’s ability, A, which is the probability of achieving success given that the
project is good, conditional on exerting effort, is common knowledge during contracting.
Finally, we assume that the effort choice is not observable and that the agent can postpone
announcement of or hide a successful implementation.

An important feature of this model is learning project quality. When the agent does
not succeed, despite exerting effort, he updates® his beliefs regarding the quality of the
project using Bayes’ rule and becomes more pessimistic. Denoting by f;, the updated
belief of the agent that the project is good at the beginning of period ¢ after t — 1 failures,

we present:

- Bia(1— A - 1— )t
By = fia ) —— which simplifies to £, = B )

Bia(1—=A)+1— By Bo(l=A)tt4+1—5

Since the agent chooses effort level privately, both parties do not share the same

beliefs necessarily as their relationship evolves. The principal becomes more pessimistic
every period the agent does not announce success. However, if the agent secretly shirks he
becomes relatively more optimistic from that period on. Consider a hypothetical scenario
in Figure 1.1 below.

Given the parameters, the bold line reflects the evolution of beliefs if the agent contin-
ues exerting effort for 10 periods. Suppose the agent secretly shirks at ¢ = 5, but reports
that success has not been achieved, despite exerting effort. The principal would use this
report to update his beliefs and become relatively more pessimistic from period ¢ = 6 on.
The agent, in contrast, would understand that the reported failure was uninformative,
and at the beginning of period ¢ = 6 would have the same beliefs as in the previous pe-
riod. Importantly, this difference in beliefs following one deviation at ¢ = 6 would carry
into all future periods until the relationship ends.

The optimal contract has to take into account four crucial features of the relationship
between the principal and the agent: First, the results of each period affects the relation-

ship; with each failure the agent reports, the principal becomes more pessimistic. Second,

5We refer to an implementation of the project as "success” and to lack of success as ”failure.”

6A failure is more informative if beliefs are close to %, while beliefs change slowly when parties are
relatively certain about the quality of the project. See Bergemann and Hege (1998) for more details.
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Figure 1.1: Learning the Quality of the Project with A = 0.15 and By = 0.7

during each period, the agent chooses privately whether to exert the effort necessary for
the project to succeed. Third, the agent is protected by limited liability, so the principal
cannot sell the project to the agent. Finally, the agent observes successful project im-
plementation privately. As a result, the payment structure must ensure that the agent
neither postpones nor hides the announcement of a successful implementation.

Both parties are risk neutral and share a common discount factor § € (0,1]. An
optimal contract must specify how many failures the principal will tolerate and a sequence
of transfers as a function of the agent’s reports,” which in this case is whether or not the
agent succeeded. All transfers are from the principal to the agent.

The contract is given by @ = (T, {b;}_,, {w;}1_,), where T € N is the duration of the
relationship, b, is the payment to the agent in case he reports success at period 1 <t < T
and w; is the payment to the agent conditional on reporting failures from the beginning
of the relationships up to period 1 <t < T.

Under certain circumstances, the agent can postpone or even hide success. To un-

"Because success is observed privately, both parties do not necessarily share the same history as the
relationship evolves.
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derstand how this fact matters and if it affects the structure of the optimal contract,
consider the agent’s incentive to announce that he successfully completed the project at
t < T. This decision is affected not only by the payment tied to success or failure in this
particular period, as determined by the optimal contract, but, in addition, by payments
in all subsequent periods of the planning stage. For example, if the discounted value of
the promised reward for success in the future exceeds the current value, then the agent
will postpone an announcement; if the agent is rewarded for consecutive failures, he would
benefit from hiding success completely.

To prevent the agent from hiding success, the optimal contract will have to satisfy the

following incentive compatibility constraint for every period 1 <t < 7=
(IC) by > wy + O0bgyq fort =1,...,T — 1,
by > wy fort=1,....T.
Given the optimal contract and effort levels the agent chooses, we can specify the
agent’s expected utility and the principal’s expected profit. The agent’s expected utility
from accepting contract w at time zero while exerting an effort profile & and reporting

each project truthfully as a failure or success is:

U(w,&) = (1 - Bo) Xy 0" (w; — exc)
+00 3y 6 (T2 (1 = Aew)) (er( by — €) + (1 = Aep)wy),
where € = (eq, ..., er) is an effort profile with ¢; € {0,1}% for 1 <t < T.

First, the agent has a chance to succeed during the relationship; this occurs only if
both the project is good, which is true with probability Sy, and if the agent is exerting
effort. Conditional on the project being good, the relationship lasts for an arbitrary
period, t < T', with probability Hi;ll(l — Aey). If the agent exerts effort at period ¢, his

expected payoff at this period is:
/\bt + (1 — )\)wt — C,

whereas in case he shirks, the agent receives only w;, as defined by the contract. Second,
if the project is bad, which happens with probability 1 — £y, the agent never succeeds,
regardless of effort profile.

8We refer to e; = 1 as "work” and to e; = 0 as ”shirk”.
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The principal’s expected profit from offering contract w at time zero if the agent

exerts an effort profile € and reports failures and project success truthfully is:

m(@,8) = —(1 = o) Sr_y 6wy
80>y ST (1 = Ae))(eA(V — by) — (1 — Aeg)wy).

The optimal contract will have to satisfy the following moral hazard constraint at

each period for all possible histories and all possible effort paths in the future:
(MH) I € argmax;U(w, €).
Given that the MH constraint is satisfied, the principal’s expected profit from offering

contract w at time zero becomes:

m(@, 1) = —(1 = fo) Xmy 8'wr + o Xy (1 = 2 THAV = by) = (1 = Nwy).
Consider the first-best case: The principal observes the effort choice and project
outcome. As the relationship proceeds, if success is not being achieved, then every period
the marginal benefit, A3,V is the expected value of the project and takes into account
both probability of success and current beliefs. Since beliefs are declining as time goes on
without success, the marginal benefit decreases strictly. The marginal cost-of-effort, ¢, is
constant. As a result, the first-best solution is characterized by stopping time T € N,

such that the agent is allowed to exert effort up until that date only, as follows:
TFB = arg max, {\3;V > ¢}’

Consider the example in Figure 1.2 below, where A = 0.15, 8y = 0.7, V = 20 and
¢ = 1, and where the agent starts with M B; = 2.1 and continues experimenting with the
project for ten periods at most.

When the agent chooses effort level privately, the optimal contract must ensure the
agent works in every period, which is guaranteed by the MH constraint. Since the agent
is protected by limited liability, he cannot pay the principal, as the L constraint reflects.
In addition, the /C constraint ensures the agent neither postpones success nor hides it.

The principal’s optimization problem in this case becomes the following'’:

9Recall that 3, are beliefs evolved as a result of the agent exerting effort in all periods until ¢.

10We assume that V is high enough, and it is optimal for the principal when the agent exerts effort in
every period.
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Figure 1.2: The First-Best Benchmark with A = 0.15 and 5y = 0.7

[PSB] max,, 7(w, 1) subject to

I € argmax,U(w, €),
bt = W + 6bt+1 for t = 1, 77“’ — 1,
bt > Wt for t = 1, ...,T,

bt7 Wt 2 0 for t = ]_, ,T
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In this model, the moral hazard problem in each period translates into asymmetric

information regarding beliefs about the project’s quality in all consecutive periods. Before

we present a detailed solution to the principal’s optimization problem, consider the agent’s

incentives to deviate at period t < T, assuming that the agent was behaving 1 < s <t

without success in all prior periods and will work ¢ < s < T in all subsequent periods. In

case the agent decides to shirk at the beginning of period ¢t < T, his continuation value

from the relationship is:

Ut(w) (07 17 e 1)) = wt + (1 - /ét) Zf:t-i—l 557t(w5 - C)
FG ST 8T = AT (D + (1= Nw, — ¢).
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Note that if the agent follows this one-period deviation, he gets only w; at period t,
since he fails for sure. If the project is good, which, based on history, is true with current
beliefs Bt, then the agent has a chance to succeed in all future periods s > ¢ until the
relationship is terminated. If the project is bad, which is true with probability 1 — B,, the
agent will receive wg in all future periods s > ¢ despite exerting effort.

In contrast, if the agent decides to work at period ¢, his continuation value from the

relationship is:

Ui(w, (1,1,..,1)) = —c+ ABiby + (1 = AB)wi + (1 — Br) S, 65 (w, — ¢)
B S 85 = AT Abs + (1 — Nw, — c).

Notice that at period t, the agent has a chance to succeed and receive b;. This occurs
either if the project is good or with probability )\Bt. In case the agent is unlucky, with
probability 1 — )\Bt, he gets w;, despite exerting high effort. As in the case where the
agent deviates, if the project is bad, the agent will receive w, for all future periods.

When the agent deviates at period ¢, he knows that failure at this period should not
change beliefs and make parties more pessimistic regarding the project’s quality. However,
if this deviation is not observed by the principal, she will consider a failure reported at
period t as a signal that the project is more likely to be bad. Importantly, this difference
in beliefs reverberates into all future periods. Thus, in this model, the moral hazard
problem in each period translates into asymmetrical information regarding beliefs about
the project’s quality in all consecutive periods.

Combining the two continuation values, the moral hazard constraint at period t (as-
suming that the agent was behaving in all prior periods s < t and will work in all

subsequent periods s > t) becomes the following:
(MH,) b —w;, > % + T, L = A (b + (1= A)w, — €.
t

When the agent chooses his effort level privately, he receives a strictly positive rent.
The agent could shirk and report that the project failed. The principal can motivate the
agent to exert effort by paying a higher reward for success and a lower one for failure. The
gap between these payments must be wide enough for the agent to believe it is in his best

interest to exert all his efforts after taking into account current beliefs of the project’s
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quality and probability of success. If the agent and principal share the same beliefs about
the project’s quality, a standard moral hazard problem takes place within each period'!.
Instead, the agent receives a positive moral hazard rent. Since the principal benefits only
if the project is released to market, it gains advantage by awarding little to the agent
if failure, and, given the limited liability constraint, the agent is paid nothing if he fails
overall.

Moreover, if the agent and the principal do not hold common beliefs, the former
receives additional reward (the learning rent). If the agent deviates from project goals
at one period, his chance to succeed in all future periods remains. Although the agent
will not receive anything if he deviates from his duties during a particular period, he
becomes relatively more optimistic than the principal for all future periods. That means
a deviation at one period carries into all future periods by creating asymmetric beliefs
among parties. In some sense, the agent is relatively more patient than the principal
in all periods except the last. During this final period, the agent cannot benefit from
shirking, since he will not gain from this, and his rent is contingent on the combination
of moral hazard and limited liability only. Because of the positive rent the agent receives,
the project could be terminated inefficiently early.

Proposition 1.1. The agent receives a positive reward if the project is implemented

successfully and nothing otherwise. In particular,

w; = 0 and b, = é + e 0 ey for 1<t < TSP with the following
t

properties:
o if § =1, b, is constant'?;
e if 0 < & <1, b, is strictly increasing whereas §'b; is strictly decreasing.

Moreover, the project is terminated inefficiently early; that is, T8 < TF5.

Proof: See Appendix A.1.

1To minimize risk, the principal ideally would sell the project to the agent; however, this is not feasible
because the agent is protected by limited liability.

12Note that when § = 1 the optimal contract is unique up to payoff-irrelevant alteration.
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Our results show that the agent’s nominal reward is weakly increasing while the dis-
counted value of the reward is weakly decreasing in time. For 6 = 1, similar reward
structure holds in Halac et al. (2016) who argue that in the case of no discounting, the
principal can be restricted to use constant bonus contracts. When the discount factor
is less than one, the agent’s reward is strictly increasing while the expected reward is
strictly decreasing. This resembles the payment scheme in Gerardi and Maestri (2012)
when the agent’s report matches the true state observed by the principal. In contrast,
in Bergemann and Hege (1998), the agent’s reward for earlier success can rise or fall and

even becomes strictly decreasing for high enough discount factor.

An immediate and perhaps fascinating conclusion from Proposition 1.1 is that the
agent’s private observability of success does not exacerbate the problem; that is, the
agent will never postpone an announcement of success even if the /C' constraint was
not taken into account directly when solving the principal’s optimization problem. The
reason is that the optimal contract makes the value of the discounted reward strictly
decreasing. This result plays a key role in our analysis, as we will demonstrate that
private observability of success becomes critical when it comes to optimal monitoring
timing.

To demonstrate the intuition behind Proposition 1.1, we clarify the dynamics of the
moral hazard and learning rents. The first component is always increasing, since the
agent becomes more pessimistic as time proceeds without success, and his motivation to
exert himself becomes costlier. The second component, however, is non-monotonic and
depends on the discount factor. Consider a case in which both the agent and the principal
are patient (the discount factor equals one). Under these circumstances, the principal can
wait for success indefinitely. Without loss of generality, the principal can offer a contract
with constant nominal reward and a deterministic deadline that will ensure the agent
will exert effort in every period. Since the moral hazard rent is increasing strictly and
the nominal reward is constant, the learning rent decreases strictly. If the principal is
patient, the agent benefits less from deviating from project goals since the fixed deadline

gives him a smaller horizon to benefit from asymmetric beliefs.

However, if parties to a contract are impatient (the discount factor is less than one), the



16

— _ _ _\WT—t__sT—
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the learning rent is increasing at period 1 <t < T if and only if

either § <1— X and (:52)"*Iné > In(1 — A) or
§>1—Xand (52)7"Ind <In(1 - N).

This means that except for the final period, if the agent shirks and does not incur the
cost-of-effort, he will have an additional attempt to successfully implement the project
and receive a reward. This weakens the agent’s incentives to work during each period.
The principal, however, benefits if the project is successfully implemented only, and it
cannot wait indefinitely, as later success are discounted. This allows the agent to be
relatively more patient than the principal. By this logic, the learning rent is increasing.
However, the later the agent deviates, the fewer periods remain to exploit the difference in
beliefs and, as a result, the learning rent eventually decreases before vanishing completely
during the final period. Since the agent has more incentives to deviate at the beginning
of the relationship, the optimal contract makes the discounted reward strictly decreasing.

The agent’s incentive to announce success at a certain period of the relationship
is affected by the payment tied to success or failure in this particular period and, in
addition, by payments in all subsequent periods of the relationship. For instance, if the
current value of the reward is smaller than the discounted value of the promised future
reward, the agent will postpone an announcement of success. We show that the optimal
contract makes the discounted reward strictly decreasing; this feature prevents private
observability of success from exacerbating the contracting environment.

We present a particular example to better demonstrate the decomposition of the two
rents in Figure 1.3 below. Suppose A = 0.15, fy = 0.7, § = 1 and ¢ = 1. Note that when
there is no discounting, the nominal value of b, is constant, whereas the discounted value
of the reward is decreasing, as suggested by Proposition 1.1. In this case, (152)7"In() >
In(1 —X) and § > 1 — A, and the learning rent is decreasing for all periods.

Now consider an example with discounting, as depicted in Figure 1.4. Suppose that
A =0.15, By =0.7,6 = 0.9 and ¢ = 1. In this case, § > 1—X and (:52)" " In(§) < In(1-)

for t < 12, and the learning rent is increasing for these periods and decreasing thereafter.
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Figure 1.3: The Optimal Contract with § =1
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Figure 1.4: The Optimal Contract with 6 = 0.9

As in the previous case, the moral hazard rent is increasing strictly to account for the

agent’s increasing pessimism.
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1.2.1  Monitoring

Given the optimal contract described in the previous section, the agent receives a strictly
positive rent, and the project consequently is terminated inefficiently early. One way
the principal can alleviate this inefficiency is by hiring a monitor who assumedly can ob-
serve the effort level the agent chooses perfectly. In reality, monitoring is widely used in
contracting for experimentation. For example, when running clinical trials, the pharma-
ceutical company hires an independent data safety monitoring board (DSMB) consisting
of experts in the relevant clinical discipline. The DSMB members schedule several meet-
ings as the trials proceed and advise on the conduct of the trial and the integrity of the

data. They also evaluate interim analyses and judge efficacy and net clinical effects.

The principal values monitoring because it mitigates the rent paid to the agent and
allows the relationship to be extended. For simplicity we assume that monitoring allows
a perfect assessment of the agent’s effort; however, our results could be extended easily
to account for noisy monitoring. In addition, we assume that monitoring costs v > 0 per

period, the salary of the monitor.

The benefit of hiring a monitor is that for the period the monitor is hired, the principal
can promise to pay less since the moral hazard problem is alleviated, inducing the static
effect. Recall that without monitoring, the agent is rewarded more for earlier success
and, consequently, the expected reward strictly decreases in the optimal contract. This
influences the static effect, which strictly decreases in time. In addition, the dynamic
effect from monitoring emerges, which reduces the learning rent the agent receives in
all periods prior to monitoring. The prospect of future monitoring acts as a threat and
makes the agent less likely to shirk in the earlier periods since the benefit of doing so is
smaller. As demonstrated previously, the learning rent is non-monotonic, which makes

the dynamic effect non-monotonic, as well.

Thus, the optimal time for monitoring is governed by the sum of the two aforemen-
tioned effects. We demonstrate that the dominating effect depends on whether the agent
observes success privately or not. This is an important result, since without monitoring,

private observability does not play any role in the optimal contract. However, it is crucial
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in determining the optimal monitoring timing.

1.2.2  Success is publicly observed

We begin the analysis of the optimal timing of monitoring with an example, where the
relationship lasts exogenously for two periods (7' = 2), and the principal can perfectly
observe the effort level during one period only when success is publicly observed. The
principal’s optimization problem (assuming it is optimal when the agent exerts effort in

every period) is:
max,, (w, 1) subject to

(MH) I € argmax,U(w, &),
(LL) bl) b27 Wy, W2 2 0.

First, suppose the principal chooses to monitor the agent at the beginning of the

relationship. In this case, the MH constraint could be replaced by:
(MHZ) )\Bbg + (1 — )\B)U]Q — C 2 Wa,

which ensures that the agent behaves at ¢t = 2, given that success has not been achieved

at period ¢t = 1. Then, a solution to the optimization problem with monitoring involves
Bo(1—A)

. The principal’s expected profit in
Bo(1=A)+1— 5

by = ﬁ and wy = 0, where B =

this case is the following:

Tzt = B0 Y p_q L1 = N)EIAV — 6265(1 — M) Aby — 7y
= By 327 011 = NIV — 82¢(1 — ABy) — -

Second, suppose the principal hires the monitor at ¢ = 2. In this case, the MH

constraint could be replaced by:
(MHl) )\ﬁgbl + (1 - /\ﬁo)wl —C 2 w1,

which ensures that the agent behaves at ¢ = 1, given that he will exert effort at ¢t = 2.

C

Then, the solution to the optimization problem involves w; = by = wy = 0 and b; = o

The principal’s expected profit is the following:
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Tz = Bo 32, 61 (1 — NIV — 680 Ay —
= fo Zle 1L = NIV = be — 7.

Since —d%c(1 — A\By) > —dc, it is optimal to monitor at t = 1. The intuition is that if
monitoring occurs at t = 1, the principal expects to pay a reward at t = 2, conditional on
the agent failing at ¢ = 1, despite exerting effort as reflected by (1—Af) in the principal’s
expected profit m,,—;. The example above is straightforward but does not capture the
main intuition fully, as when the relationship lasts for two periods and the monitor is
hired, the agent does not receive any learning rent. We will demonstrate, however, that
the result of this example extends to a general setting where the duration of the contract
is long enough that the agent is granted a strictly positive learning rent.

Suppose now the principal can monitor the agent perfectly at any period m < TAL, . |
where T3,.. is the duration of the contract with monitoring when success is publicly
observed. We would like to understand all the benefits from monitoring in this case. First,
the principal can avoid paying b, since the moral hazard problem at period m vanishes.
This static effect is at the heart of our analysis, as it will be playing an important role
when success is observed privately. Since the static effect alleviates the moral hazard
problem at the period of monitoring, the principal benefits from it only if the agent
succeeds at period m, which in turn is possible only if the project is good. Thus, the

static effect is:
SE,, = 0™Prob(success at m)b,, = 6™ Bo(1 — N\)™ " \b,y,.

Second, recall from the M H,, constraint that if the principal decreases a reward for
success, b,,, he can scale down all the rewards in all the preceding periods, 1 < s < m.
This effect, which we call the dynamic effect, will be shown to play an auxiliary role in
the environment we consider. Importantly, unlike with the static effect, the principal
benefits from the dynamic effect even if the agent does not succeed at some period m.
Since the agent always, except for the final period, has a chance to succeed in the later
periods, the future rewards make it costlier to ensure the agent behaves at the beginning
of the relationship. Intuitively, the promise of future monitoring echoes into the earlier

periods, as it acts as a threat and it changes the agent’s options if he decides to shirk in
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the earlier periods.

The dynamic effect is defined as:
DE,, = 37", 6" Prob(success at t < m)[nominal decrease in by).

What is a nominal decrease in b; for t < m that is possible because of monitoring that

will occur at period m? Under the optimal contract all the M H; constraints are binding:
c
(MH,) by —w; = i T 8T = AT (b A+ (1= Nws — o),
t
and, given that the agent receives nothing if the project does not succeed, we have

by = Ai T 6L = AT (b — c).
t

Consequently, a nominal decrease in b; for t < m due to monitoring at period 1 <m < T

1s:
a1 — )N,
Finally, the dynamic effect becomes:
DE,, = 6By *(1 — \)™2(m — 1)b,,.

Thus, the total effect of monitoring at period m, T'E,, = DE,, + SE,,, combines the
benefit of paying less at period m, which is decreasing in time, and the benefit of scaling
down all the rewards in previous periods, which is non-monotonic. It turns out that the
former effect is dominant, as stated in Proposition 1.2.

To understand how monitoring changes rewards consider a numerical example. Sup-
pose A = 0.15, By = 0.7, 6 = 0.9 and ¢ = 1. Assume monitoring occurs at period m = 10.
Since a nominal decrease in b; for ¢ < m due to monitoring is §™ (1 — X\)™ "' \b,,, the
principal now makes rewards for success smaller for periods ¢t = 1,...,9, as reflected in
Figure 1.5 below.

Proposition 1.2. When success cannot be hidden, monitoring is optimal at the

beginning of the relationship. Moreover, the project is terminated inefficiently early:

T8 < TH, < TP,

Proof: See Appendix A.2.
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Figure 1.5: Rewards with Monitoring at ¢ = 10 when Success is Public

Why does the static effect dominate when success is publicly observed? First, the
static effect eradicates the moral hazard problem at the period of monitoring, and this
mitigates the moral hazard rent,'® which was shown to be strictly increasing. What does
the dynamic effect accomplish? It mitigates the learning rent, as it makes shirking a less
attractive option for the agent. The dynamic effect increases only during earlier periods:
Monitoring influences these periods, but as parties to a contract become increasingly pes-
simistic, the dynamic effect decreases. Under the optimal contract, however, the payment
structure optimally mitigates the learning problem for every period of the relationship,
not just those in which the dynamic effect is increasing, as this induces the agent to exert
effort throughout the length of the relationship. That is why when success is publicly

observed, the static effect dominates.

We illustrate this section with a numerical example. Suppose A = 0.15, By = 0.7,
§ = 0.9 and ¢ = 1. The static effect, SE; = 6'8y(1 — N\)! "1\, is strictly decreasing,
as reflected in Figure 1.6 below. The dynamic effect, DE; = 6'BoA?(1 — \)*=2(t — 1)by,

13The principal benefits from the static effect only if the agent succeeds at the period when he is
monitored, which in turn is possible only if the project is good.
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is non-monotonic. For early periods ¢ < 6, the agent has to be paid more to behave,
since if he deviates once, he can leverage the fact that he is relatively more optimistic
until the deadline. However, as time goes by without success, both parties become more

pessimistic, and since the expected value of b; goes down, the dynamic effect diminishes,

as well.
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Figure 1.6: Effect from Monitoring when Success is Public § = 0.9

1.2.8  Success is privately observed

Suppose the agent can postpone an announcement of a successful implementation. We

will denote TpMmm

as the duration of the contract with monitoring when success is
observed privately. The principal can still benefit from hiring a monitor; however, now
the modified reward structure must ensure the agent does not have incentives to postpone

or hide success. This is where the additional /C' constraints:
(IC) by > wy + Obgyq fort =1,....,T — 1,
by > wy fort=1,....T,
become relevant and, as we will demonstrate, will be binding for the period when

monitoring is implemented.
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How can the principal benefit from monitoring when the agent observes success pri-
vately? First, as with public observability, the principal can pay less during the moni-
toring period because the moral hazard problem at period m vanishes. The static effect,
however, is different. The reason is that when the agent announces success he takes into
account not only the payment tied to success in this precise period but also payments
tied to success in all future periods: in case the discounted value of the promised re-
ward in the very next period exceeds the current reward, then the agent will postpone
an announcement. For example, if the principal sets b,,, = 0, then in the case the agent
succeeds at this exact period, he will postpone an announcement until the later period
as then he gets a positive reward. Given that the optimal contract without monitoring
exhibits a decreasing discounted reward value, the principal can decrease the reward in
one period at most up to the discounted value of the reward in the following period
only. As the discount factor increases, the static effect becomes smaller for all periods

except the very last one. Thus, the static effect now has to be modified and becomes:

SE,, = 06By(1 — X\)™1X(b,, — 6bpy1), where bry

rivate

41 =0.

In addition, the dynamic effect, has to be modified to take into account the /C' con-
straint, as well.

As in the previous case, we will first consider an example where the relationship lasts
for two periods (T" = 2), and the principal can perfectly observe the effort level during

one period only when the agent privately observes success. The principal’s optimization

problem is:
max,, (w, 1) subject to
(MH) I € argmax,U(w, &),
(IC) b1 > wy + 0by,
by = wi,
by = wo,
(LL) by, by, wy, we = 0.

First, suppose the principal monitors the agent at ¢t = 1. In this case, the MH

constraint could be replaced by:
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(MHQ) )\Bbg+(1—)\ﬁ~)w2—c> Wy,

(IC) by = wy + dbs,

that ensures that the agent behaves at ¢ = 2, given that success has not been achieved
at period ¢t = 1 and, in addition, that he does not postpone an announcement of success

from the first period. Then, a solution to the optimization problem involves w; = wy = 0,
Po(1 —A)

. The principal’s expected
Bo(1 =A)+ 1=

by = 55 and by = 0by = 035 where § =

profit in this case becomes:

Tt = Bo Sy 01(1 = N)'TIAV = 62e(1 = ABo) — 6°ABos — ¥
= Bo 2?:1 S — NIV — 6%¢(1 — A\By + %) — .

Second, suppose the principal hires a monitor at the second period. In this case, the

MH constraint could be replaced solely by:
(MHl) )\Bobl -+ (1 — )\50)1111 — C 2 Wy,

which ensures that the agent behaves at ¢ = 1, given that he will exert effort at ¢t = 2.
Note that in this case, the principal does not have to pay anything at the final period, since
the agent cannot benefit from hiding his early success.!* The solution to the optimization

problem involves wy = 0 and b; = )\—ZO The principal’s expected profit is the following:
Tz = Bo 3oeey 01 (1 = N)FIAV = 68pAby — v = By o 041 = N IAV — 6 — 7.

It is optimal to monitor at ¢t = 2 if §%c(1 — A3y + %) > dc or, equivalently, when:

1-)
0 > GoX)I=NA)
whereas if § < m, monitoring is performed optimally at the beginning of the

relationship. The intuition is straightforward: If monitoring occurs at ¢ = 1, the principal
has to pay a reward to ensure the agent does not postpone announcing success, whereas

if monitoring occurs at the final period, no positive reward is needed.

14\We assume that if the agent is indifferent between announcing success and postponing this announce-
ment, he would choose the former always.
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We will demonstrate that when the agent observes success privately, monitoring at the
end of the relationship is always optimal when the discount factor is large enough. First,
we showed that the dynamic effect is proportional to the change in the reward promised
for success during the monitoring period. This is because with private observability, the
reduction in the learning rent is smaller and decreases further as the discount increases.
Since the agent cannot benefit from hiding success at the final period, the principal can
fully eliminate the moral hazard problem in this period. As the discount factor increases
enough, the benefit of a smaller reward at the final period increases due to the static
effect. We summarize results in Proposition 1.3.

To illustrate how monitoring changes rewards when success is private consider a nu-
merical example. Suppose A = 0.15, 5y = 0.7, 6 = 0.86 and ¢ = 1. Assume monitoring
occurs at period m = 6: the principal now makes rewards for success smaller for periods

=1,...,6, as reflected in Figure 1.7 below.

19 1

= reward without maonitoring
18 4 ¥ reward with monitoring at t=6

17 7
16
15 1

14 1

t, amount of failures

Figure 1.7: Rewards with Monitoring at ¢ = 6 when Success is Private with 6 = 0.86

As can be seen, the benefit from monitoring are decreasing in the discount factor. For
example, when § = 1 all the /C' constraints are binding and monitoring at ¢t = 6 becomes

completely ineffectual, as reflected in Figure 1.8 below.
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Figure 1.8: Rewards with Monitoring at t = 6 when Success is Private with § = 1

Since now rewards for periods before monitoring are smaller a question arises whether
the agent will postpone announcement of success during later periods. Importantly, a
nominal decrease in rewards due to the dynamic effect is strictly increasing in time; the
agent cannot benefit from postponing early success and announcing it at some period
before he is monitored. However, the question remains if the agent will announce success
at some period during or after monitoring occurs. We will show that with the modified
reward structure the agent will not postpone announcement of success during any later
period of the contract.

Proposition 1.3. When the agent observes success privately the optimal time for
monitoring is affected by patience. If the discount factor is high enough, monitoring is
used optimally at the end of the relationship. The project is terminated inefficiently

early:

T8 < T <TH

Private X + Public

< TFB'

Proof: See Appendix A.3.

Consider an example in Figure 1.9 where the discount factor is not high enough for

the monitoring to occur optimally at the end of the relationship.
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Figure 1.9: Effect from Monitoring when Success is Private with § = 0.86

When § = 0.86, monitoring is employed optimally at the third period. However, if
we increase the discount factor up to 6 = 0.92, monitoring will be employed optimally
toward the end of the relationship. In this case, both the static and dynamic effects are

non-monotonic, as Figure 1.10 demonstrates below.

In Proposition 1.3, we proved that when the discount factor is high enough, the
monitor is hired optimally at the end of the relationship. Specifically, this implies that
when ¢ = 1, monitoring is optimal at the end of the relationship. However, for a smaller
discount factor, optimal timing of monitoring can occur toward the beginning of the
relationship. If the discount factor is small enough, monitoring can even be implemented

optimally at the start of the relationship.

Throughout the paper we assumed that the monitor is hired for one period only.
Nevertheless, our results could be extended easily to examine a case in which it is optimal
to hire the monitor for several periods. Consider first the case in which success is publicly
observed. Since we proved in Proposition 1.1 that the total effect of monitoring is strictly
decreasing, monitoring is optimal in earlier periods of the relationships. This result is

intuitive and supported by real-life observations: The typical financing cycle of a start-up
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Figure 1.10: Effect from Monitoring when Success is Private with 6 = 0.92

firm in its earlier stages include relationship financing, in which the entrepreneur and the
investor share common beliefs regarding the quality of the project because, for example,
the entrepreneur spends time on-site, which is a form of monitoring. In later periods of a
start-up firm’s financing, parties to a contract shift to an arm’s-length relationship, and
the investor commits to halt funding if the project is not successfully implemented by a

specific deadline.

When success is privately observed and the monitor is hired for several periods, the
periods of monitoring might be not adjacent; that is, monitoring may occur during some

periods, suspended for several periods, then reintroduced during later periods.

The results of our research have empirical implications. In the case that hiding success
from the principal is prohibitively costly, if the agent formed the original idea for the
project, and investors are competing to fund the project, monitoring should be performed
at the end of the relationship. However, if the agent is hired by the owner of the project,
monitoring is employed optimally at the beginning of the relationship. If success is
enormously costly to observe, monitoring optimally is performed toward the end of the

relationship if parties to the contract are patient enough. Thus, we emphasize the pivotal
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role of private observability and market structure on the optimal monitoring timing.

1.3 Conclusion

This paper examines optimal contracts and the role of monitoring for experimentation
in settings with moral hazard and private observability of success. In the benchmark
case without monitoring, we have found that the agent is rewarded only if he succeeds;
otherwise, he receives nothing. The nominal value of the payment is strictly increasing to
account for increasing pessimism, whereas the discounted values of the optimal rewards
decrease over time. Thus, the agent’s private observation of success is irrelevant since he
will never postpone an announcement of success.

Nevertheless, we demonstrate that private observability factors into the optimal time
for monitoring. When success is impossible to hide from the principal, monitoring at
the beginning of the relationship improves the efficiency of financial contracting. This
contrasts Bergemann and Hege (1998) results, which demonstrated that monitoring is
optimal toward the end of the project. The authors considered a version of our model
in which the agent is the owner of the project and raises funds in a competitive market.
In their model, the agent’s reward for earlier periods can rise or fall with at most one
extremum, whereas in our paper, a nominal value of the reward for success is always
increasing.

At the same time, when the agent observes success privately, patience influences the
optimal time for monitoring. When the discount factor increases, the immediate effect
of monitoring decreases, as the principal must pay a high enough reward to prevent the
agent from hiding success. As the discount factor increases enough, the principal must
promise almost identical rewards for success at every period except the final one, making
monitoring more valuable at the end of the relationship and supporting Bergemann and
Hege (1998) result.

Throughout the paper, we assumed that the monitor is honest and does not collude
with the agent. An interesting avenue for future research is to study the optimal time
for monitoring when the monitor could be colluding with the agent. For example, a

pharmaceutical company hires an agent who may considering hiding the results of the
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clinical trials and reselling them to a rival company. Since the agent’s reward is decreasing,

this feature could postpone the optimal time for monitoring to later periods.
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Chapter 2

EXPERIMENTATION, ENDOGENOUS ASYMMETRY OF
INFORMATION, AND OPTIMAL CONTRACTS

2.1 Introduction

Before! embarking on a large project, a principal would typically like to get more infor-
mation about its profitability to determine how much resources to allocate to the project.
For instance, when an oil company explores new areas for oil fields, it performs seismic
surveys and exploration drills to figure out the amount of oil it can expect from the
areas’. While the oil company experiments with different potential sites, it also diverts
resources and delays the production of oil. This creates a trade-off between experimen-
tation and exploitation which is typical of two-armed bandit problems®. The principal is
like a gambler trying to decide which arm of different slot machines to pull in a sequence
of trials.

An additional complexity arises if the experiments are performed by an agent with
private information about the quality of the experimentation. In this case, the experi-
mentation process itself can then create asymmetric information about the profitability of
the project. For instance, if the agent has private information about his ability to perform
the experiments or if his effort cannot be observed, then he may become better informed
than the principal about the profitability of the project. This asymmetry of information
has important implications for the optimal decisions in the exploitation phase following
experimentation.

Consider the oil field example. Exploration drills will demonstrate the profitability of

IThis Chapter is a joint work with Fahad Khalil and Jacques Lawarree.

2Qther applications are the testing of new drugs, the adoption of new technologies or products, the
identification of new investment opportunities, the evaluation of the state of the economy, consumer
search, etc.

3See Keller et al. (2005).
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the oil field. However, if the agent is not very skilled at experimenting (or, alternatively,
shirks during the experimentation), a poor result from the exploration well only provides
weak evidence of a poor project. However, the principal, unaware of the agent’s skill (or
his shirking), may become more pessimistic than the agent. A new trade-off appears for
the principal. More experiments may provide more information about the profitability of
the well (particularly if the experiments are successful) but can also increase asymmetric
information when the experiments are not successful. Because of this asymmetry of
information, when production ultimately starts, the principal may not allocate the right

amount of resources to the exploitation of the field.

In this paper, we present a model where the principal hires an agent to implement a
project with uncertain cost: production cost can be high or low. Before production takes
place, the principal asks the agent to gather information about the actual production cost.
This is the experimentation phase. We assume first that the information gathering takes
the form of looking for good news, i.e., low cost of production. When experimentation
succeeds, it is publicly revealed that the cost is low. This assumes that the agent cannot
hide success, an assumption we relax later in the paper. The agent is privately informed
about his ability to perform the experiment. A high-ability agent has a high likelihood
of finding low cost if this is indeed the case. Failure to detect low cost during the
experimentation phase can create asymmetric information between the principal and the
agent when the later has to produce. If a low ability agent claims to have high ability and
experimentation fails, the principal is now more pessimistic than the low type agent. The
latter knows that he is not very skilled at experimenting, so his failure does not indicate

strongly that the project is costly.

A key contribution of our model is to combine experimentation and the scale of pro-
duction. At the end of the experimentation stage, there is a non-trivial decision regarding
the scale of output. This decision will affect the experimentation stage and vice versa.
Even if the experimentation stage does not lead to success, a lot of information is still
learned, and it could be profitably used during the production stage at the end of the ex-
perimentation stage. Our paper highlights a significant trade-off: if the principal asks the

agent to experiment longer, there is a greater chance to succeed and fine-tune the size of



34

the project; however, experimentation is costly since it leads to asymmetric information,

and production has to be postponed.

The asymmetric information created by experimentation has interesting consequences
on the optimal contract, particularly on the length of the experimentation period, on the
existence of a rent and the timing of its payment and, finally, on the output. First, we
show that length of the experimentation period could be shorter or longer than the first
best length while most models of experimentation find under experimentation relative to
the first best. The reason is that the driving factor for the rent, and therefore the length
of the experimentation phase, is the difference in expected costs between the types after
experimentation fails. When the agent lies about his type, his expected cost after failure
is different from the principal’s expected cost. As a result, the agent’s informational rent
is positively related to the difference in the expected cost of the two different types. We
show that this difference is non-monotonic in time so that the principal may sometimes

benefit from increasing the length of the experimentation phase.

Second, we show that it is possible that both types can get a rent and that the rent
may be paid after failure of the experimentation phase. Our model displays a standard
incentive problem where the low type wants to pretend to be a high type. As we explained
before, when the low type pretends to be a high type and experimentation fails, the
principal is more pessimistic than the agent and she would overcompensate the lying low
type agent in the production phase. To deter lying, the principal must pay a reward or
rent to the low type.

Why the high type may command rent is more interesting. The reason is related
to the dynamics of the problem restricting the principal’s choice of when to offer the
rent to the low type. In this model, using time for screening the types turns out to be
complex as, even under full information, it is possible to have either the high type or
the low type experiment more. Intuitively, there are two main effects that determine
the length of the experimentation phase. The first one is that the efficiency in searching
should lead to a longer experimentation for each type. The second effect is that the high
type’s effectiveness should lead to pessimistic beliefs when successive failures occur and

an earlier termination of the experimentation phase. In general, it is not possible to say
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whether the high type or the low type experiments more.

The stochastic structure of the dynamic problem helps to pin down the optimal pay-
ments to the two types, and which can also lead to rent for the high type. If a high
type pretends to be a low type, he faces a gamble. He will be under-compensated at the
production stage if experimentation fails as he is relatively more pessimistic compared to
the principal. However, the rent given to the low type can be attractive to the high type.
Suppose the principal rewards early success for the low type. Such a scheme may look
attractive for the high type who is more likely to succeed early in the experimentation
phase. But an alternative scheme, such as rewarding late failure by the low type, may
also become attractive for the high type during a long experimentation phase because
successive failures convince the high type that the project is high cost and experimenta-
tion is likely to fail. We show that the dynamic nature of the learning by two types who

learn at different speeds can force the principal to give a rent to both types.

As indicated by the above arguments regarding the relative likelihood of success, we
find that the timing of the payments matter. When the principal must pay a rent to
the high type, it will be as a reward for early success since the low type is less likely to
succeed early. If the principal wants to reward a low type for success, it has to be very

late in the experimentation stage.

Remarkably, we also show that it may be optimal for the principal to reward the low
type for failure. When the optimal length of the experimentation period is short, the low
type is more likely to fail than the high type and rewarding failure becomes a useful tool
to screen the types. Moreover, even if we relax the assumption that the agent cannot hide
success, this result survives. If the agent could hide success, he can guarantee apparent
failure in the experimentation phase. In such a case, preventing the agent from hiding
success requires additional ex post moral hazard constraints that impose additional costs
to the principal, but rewarding failure can still be optimal due to the same argument
based on relative likelihood of success and failure.

Third, unless experimentation succeeds, the principal will use the choice of output

to screen the two types during the production phase. Since the low type always gets a

rent, we expect and find that the output of the high type is distorted downward as in
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a standard second best contract. However, when the high type also commands a rent,
the output of the low type is now distorted upward. The reason is that a higher required
output from the low type is very costly for the high type when experimentation fails. In
such a case, the high type being more pessimistic has higher expected costs than the low

type and a higher output is more costly to produce.

Our paper is related to the growing literature on contracting for experimentation fol-
lowing Bergemann and Hege (1998), Bergemann and Hege (2005). Most of that literature
has a different focus as it studies a moral hazard model and do not consider adverse se-
lection”. There are some recent exceptions in Halac et al. (2016). This latter paper also
studies an experimentation phase with adverse selection on the speed of learning. They
assume that the agent can shirk during the experimentation phase. As a consequence, the
asymmetric learning affects the bonus that needs to be paid to induce the agent to work.
They show that, without an additional moral hazard constraint, the first best can be
reached. In our model, we impose limited liability instead of a moral hazard constraint.
In contrast to Halac et al. (2016), we add an exploitation (production) phase following
the experimentation phase, and production takes place under asymmetric information if
experimentation fails. Unlike Halac et al. (2016), we find over-experimentation relative
to the first best because the difference in expected production cost can decrease in time

after a succession of failures.

Our paper is also related to the literature on principal-agent contracts with endogenous
information before production. All these papers consider one shot models, where an agent
exerts effort that increases the precision of the signal of the state (relevant for a production
decision). By modeling effort as experimentation, we introduce a dynamic learning aspect,
and especially the possibility of learning with asymmetric speeds. Importantly, in our
model, the principal can determine the degree of asymmetric information by choosing the
length of the experimentation phase. The dynamic optimization problem also leads to

the possibility of incentives for each type pretending to be the other.

4See also Gerardi and Maestri (2012).
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2.2 The Model (Learning good news)

A principal hires an agent to implement a project of a variable size. The marginal cost
of the project, ¢, or the state of nature, is initially unknown, but it is common knowledge
that the cost can be low, ¢, with probability f, € (0,1), or high, ¢, with probability
1 — fp. Both the principal and agent are risk neutral and have a common discount factor
d € (0,1]. Before the actual production (or ezploitation stage) occurs, the agent can
gather information regarding the production cost (experimentation stage). If during the
experimentation stage the exact value of the marginal cost has not been observed, the
agent will be asked to produce based on the expected cost.”

The experimentation stage takes place over a maximum of 7" periods (determined by
the principal) when the agent gathers information about the cost of the project. In the
base model, we assume that information gathering takes the form of looking for good
news. If the cost is actually low, the agent learns whether the cost is low with probability
A in each period t < T, t € N.% If the agent learns that the cost is low (good news) in
a period ¢, we will say that the experimentation was successful.” The experimentation
stage then stops and production takes place based on ¢ = ¢. If the agent fails to learn that
the cost is low in a period t, we will say that the experimentation failed in that period.
Then, experimentation resumes if ¢ < 7', but both the agent and the principal become
more pessimistic about the likelihood of the cost being low. We say that experimentation
was not successful if experimentation fails all T" times.

We assume that the agent is privately informed about his experimentation skill rep-
resented by A. Therefore, the principal faces an adverse selection problem. As we will
see next, this implies that the principal and agent may update their beliefs differently
during the experimentation stage. With probability v (resp. 1 — v), the agent has high
(resp. low) skills in learning the cost, i.e., the agent is high (resp. low) type, § = H (resp.
0 = L). Thus, we define the learning parameter with the type superscript:

5We assume that the agent will learn the exact cost later but the production decision has to be made
in advance.

6We assume that in the first-best case it is always optimal to experiment at least once.

"We assume that the agent cannot hide the evidence of the cost being low.
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N = Pr(type 0 learns ¢ = c|c = ¢),

where 0 < M\ < M < 1.% If experimentation fails in a period, different types of agent
form different beliefs about the cost of the project. Denoting by 3?, the updated belief

of agent 6 that the cost is actually low at the beginning of period ¢ after t — 1 failures,
B (1= X%

for t > 1, we have B¢ =
= (e

, which can be re-written in terms of f

as follows:

59 B 50(1 _ )\6))1&—1
P B =N 1= By

The agent 6’s expected cost is then
of = Blc+(1-pB)e

After each failure, 3¢ falls, agent § becomes more pessimistic about the true cost being
low, and the expected cost rises. Two aspects of learning are worth noting. First, as time
goes by without learning that the cost is low, the expected cost becomes higher due to
Bayesian updating and converges to ¢. Second, for the same number of failures during
the experimentation stage, they become relatively more pessimistic when the agent is a
high type than a low type. An example of how the expected cost ¢! converges to ¢ is
presented in Figure 2.1 below.

For future use, we also note that the difference in the expected cost, Ac; = ¢/ —cf > 0
for t € N is a non-monotonic function of time, and both ¢/ and ¢ approach ¢ proceeding

indefinitely with time without success. Furthermore, there exists a unique time period

ta such that Ac¢; achieves the highest value at this time period; in particular

h— (M) —(1-AL)!
A = A8 MANLST (T=Bo+ 5o (1=AT) ) (1=Bo+ Ao (1-A))

Finally, in each period, experimentation costs v > 0 and we assume that this cost v is
paid by the principal at the end of each period.

After the experimentation stage ends, production takes place in the production stage.
The principal values the project according to a function V(q), where ¢ > 0 is the size

of the project. The function V(-) is strictly concave, twice differentiable on (0, +00),

8If A% = 1, the first failure would be a perfect signal regarding the project quality.
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Figure 2.1: The Expected Cost

and satisfies the Inada conditions. The size of the project and the payment to the agent
are determined by the contract offered by the principal before the experimentation stage

takes place.

Before the experimentation stage takes place, the principal offers the agent a menu
of dynamic contracts. A contract specifies, for each type of agent, the length of the
experimentation stage, the size of the project, and a transfer as a function of the pub-
licly observable history, which, in this case, is whether or not the agent succeeded while
experimenting.

Relying on the revelation principle, we use a direct truthful mechanism, where the
agent is asked to announce his type, denoted by 0. A contract is defined formally by
@ = (T {wi(c), ¢’ (c) tT:él, {wé(cg,é), qé(cgé)}), where T € N is the maximum duration
of the experimentation stage for the announced type 6, wf (¢) and qf (c) are the agent’s
wage and the output produced if he observed ¢ = ¢ in period ¢t < 7% and wé(cgé) and
qé(cfpé) are the agent’s wage and the output produced if the agent fails T consecutive

times.

An agent of type #, announcing his type as 0, receives expected utility U e(wé) at time
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zero from a contract w?:

U2(®) = Bo S0, 6(1 = X)L (w(c) — cq? (o))
+87 (1= By + Bo(1 = M) (Wl () — ua’(c2,)).

Conditional on the actual cost being low, which happens with probability [y, the
probability of succeeding for the first time in period t < 70 is given by (1 — \9)=1)\0,
If the agent succeeds, he will produce qf (¢) and will be paid wt( ) by the principal. In
addition, it is possible that the agent never observes the low cost (¢ = ¢). This is the
case either if the cost is actually high (¢ = ), which happens with probability 1 — 60, or,
if the agent fails T9 times despite ¢ = ¢, which happens with probability £y(1 — /\9) . In
this case, the agent produces ¢ ( ») and will be paid w i(¢ T9)

The optimal contract will have to satisfy the following incentive compatibility con-

straint for all # and 6:
(IC) Ul (=?) > U(=?).

The principal’s expected payoff at time zero from a contract @’ offered to the agent
of type 6 is

t s

w(@) = o S 811 = XNV (g(0) — ufl(e) - B
67 (1= g+ Bo(1 = X)) V(g (&) — w(eh) — B,

Thus, the principal’s objective function is:
vl (@) + (1 — v)rl(=h).

To summarize, the timing is as follows:

1. The agent learns his type 6.

2. The principal offers a contract to the agent. In case the agent rejects the contract,
the game is over and both parties get payoffs normalized to zero; if the agent accepts
the contract, the game proceeds to the experimentation stage with duration as
specified in the contract.

3. The experimentation stage begins.
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4. If the agent learns that ¢ = ¢, the experimentation stage stops and the production
stage starts with output and transfers as specified in the contract.
In case no success is observed during the experimentation stage, the production

stage starts with output and transfers as specified in the contract.

2.2.1 The First Best Benchmark

Suppose the agent’s type # is common knowledge before the principal offers the contract.
The first-best solution is found by maximizing the principal’s profit such that U?(w=?) > 0.
Since the expected cost is rising as long as success is not obtained, the first-best solution
is characterized by a termination date T%, such that the agent of type 6 is allowed to

experiment only up until that date and not any longer:

Thp € argmasyo {7(w") = By Tty 0'(1 = X)X (V (¢ (0) — wf(e) — Ziste)
0T (1= By + o1 = AT (V (g (ch)) — w¥(chy) — Zimg )},

Note that to simplify the notation we will call P%, the probability that an agent of

type 0 does not succeed during the T periods of the experimentation phase:
PgEl—ﬁo—i—ﬁo(l—)\e)T
Note that TZ, is bounded and it is the highest ¢/ such that

0B N[V (aa () — eqja(c)] + (1 — B A”) [V (¢° (o)) — coa’(cfo)] =
v+ VI (o)) — oy (cfo_,)]-

The intuition is that, by extending the experimentation stage by one additional period,
the agent of type 6 can learn that ¢ = ¢ with probability Bfg M. If the agent succeeds, the
efficient output will be produced such that V'(q%(c)) = ¢ for any ¢’. The transfer covers
the actual cost and no rent is given to the agent. In case the agent fails, the efficient
output based on the current expected cost, such that V/(qe(cfe)) = ¢, for any ¢°.% The

transfer covers the expected cost and no expected rent is given to the agent. For example,

9Note that our definition of the first-best stopping time slightly differs from that of Halac et al.
(2016). In their paper the discount factor § does not affect the first-best stopping time. In contrast,
we are following the traditional tradeoff between “exploration” and “exploitation” from the literature
on experimentation.
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if A=0.2, M =022, ¢=05,¢=20, 8 =04, 0 =09, y =2, and V = 10,/g, then
the first-best termination date for the high type agent is T}y = 4, whereas it is optimal
to allow the low type agent to experiment for at most three periods, T,y = 3.

Note that the first-best termination date of the experimentation stage 7%, is a non-
monotonic function of the agent’s type. This non-monotonicity is a result of two coun-
tervailing forces. In any given period of the experimentation stage, the high type is more
likely to learn ¢ = ¢ (conditional on the actual cost being low) since A > A\E. This
suggests that the principal should allow the high type to experiment longer. However,
at the same time, the high type agent becomes relatively more pessimistic with repeated
failures. This is seen in Figure 2.2 below, where the conditional probability of success for
the high type becomes smaller than that for the low type at some point. Given these two
countervailing forces, the first-best stopping time for the high type agent can be shorter
or longer than that of the type L agent depending on the parameters of the problem. For
example, if we now change A\ to 0.4 and /3, to 0.5 then the low type agent is allowed to
experiment longer, that is, TH; =4 < Tkp = 7.

In Figure 2.2, we depict the conditional probability of success, Bo(1 — A\?)*=I\?) for
both types. For any parameters these curves cross exactly once as can be seen in the
figure. Then, for any ¢t < 3 the high type has a higher conditional probability of success
than the low type (conditional on the project being good) since A¥ > \L. However, for
t > 3 the low type is more likely to succeed since the type H agent is now much more

pessimistic.

2.2.2  Asymmetric information

Assume now that the agent privately knows this type. To understand the role of beliefs
in generating rent in the production phase, we start with a benchmark without an exper-
imentation phase but with asymmetric information about expected cost of production.
The principal can only screen the agents with the output and payments. We obtain a
standard second best contract, where the hidden parameter is the expected marginal cost.
Suppose in this case, a type 6 agent’s belief is 4? implies that the expected cost at the
production stage is ¢ = 5% + (1 — 8%)¢, with ¢ > cF (since the high type is relatively
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Figure 2.2: Probability of Success with 8y = 0.5, A = 0.4, \F = 0.2

more pessimistic). As a result, the principal’s optimization problem now is:

MAXH (cH) wH (cH), gL (cl),wl (cl) V[V(qH(CH>> - wH(CH)] + (1 - I/) [V(qL(CL)) - wL(CL)] s.t.

(IRY) w () —fg"(e) = 0,
(TR") wh(ch) — et (") = 0,
(1cHE) wh () = Mgt (M) > wh(ch) — Mg (ch),
(1ch) wh(ch) — cPq(c") = w (M) — chgM ().

It can be easily shown that the optimal contract resembles a standard second-best
contract with adverse selection. In particular, (IR¥) and (IC*#) constraints are bind-
ing, the low type gets a positive informational rent and produces the first-best out-
put: V'(¢"(c")) = c*. The high type gets zero rent and his output is distorted as
follows: V'(¢"(c™)) = M + @(CH —cl). As in a standard adverse selection model
q§p(c") < aifp(c™) < qpp(ch) = agp(ch).

We now return to our main case where an experimentation phase precedes production.

Recall that asymmetric information arises in our setting because the two types learn
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asymmetrically in the experimentation phase, and not because there is any inherent
difference in their ability to implement the project. Private information can exist only
if experimentation fails. If an agent experiences success before the terminal date, 7,
the true cost ¢ = ¢ is revealed and the agent earns zero rent. Thus, it is only if there is
failure during the entire experimentation stage that an agent may benefit from his private
information as the principal and the agent could have asymmetric beliefs about expected
cost.

In this problem, it is the low type who has an incentive to claim to be a high type:
since a high type must be given his expected cost following failure, a low type will have
to be given a rent to truthfully report his type as his expected cost is lower, that is,
chy <y

Before presenting the (/C') constraints again, we introduce some notation by defining

y? and 29 as follows:

vl = wi(c) — cql(c) for 1 <t < T°,

2 =w(dy) — had’ ().

In other words, ¢ is the rent payment to the 6 type who succeeds in period ¢ and
2% is the rent payment to the § type who failed during the entire experimentation stage.
Also recall that P2 = 1 — 3y + Bo(1 — \)T is the probability that the agent of type 6
does not succeed during the T' periods of the experimentation phase. The two incentive

constraints are given next.

(ICHH) Gy ST 61 (1 — ABY T NEyE 4 67" Pl ot >
Bo gy 811 — MY INEYH 6T PE [0+ Acpng (clly)),
(ICTEY By o1 61 (1 — NIy 4 6T P >
Bo Soimy 811 — MY INHyE 4+ 67" PI [ — Acrig(ch ).

We denote the rent to the low type by pr, which is the right hand side of (IC%H)
constraint. We will see later that it is also possible that the (IC*F) becomes binding in

this problem. We denote the rent to the high type by py, which is the right hand side of
(ICHL),



45

Finally, we assume the agent must be paid his expected production costs whether
experimentation succeeds or fails. To account for this, we impose conditions that will
require that the agent be paid his expected production cost whether experimentation fails

or succeeds. We will call them the ex post (i.e., after experimentation) (/R) constraints:

(IRSY?) Y >0 fort <717,

(TRFY,) 2 >0,

where the S and F' are to denote success and failure.

Note that they imply that the ex ante (IR) is redundant, i.e., we have U’(w?) >
0. In contrast, if the principal only had to satisfy an ex ante participation constraint
U?(w?) > 0, the principal can use the fact that the high type is relatively more likely to
succeed (conditional on ¢ = ¢) to screen the agent without distorting the duration of the
experimentation stage. In other words, since success during the experimentation stage is
a random event that is correlated with the agent’s type, we can apply well-known ideas
from mechanisms la Cremer-McLean that says the principal can still receive the first

best profit. We explain this next in the context of our model.

To implement the first best, the principal has to counter the incentive of the low type
to pretend to be a high type. Relative to the first best payments, the principal can change
the payments to the high type only. She can increase the payment in case of success and
lower it otherwise, while keeping the high type at zero expected rent, his level of utility in
the first best contract. This payment scheme will lower the rent of the low type who is less
likely to succeed in the experimentation phase. By choosing the appropriate transfers,
the principal can obtain the first best level of profit. While this scheme ensures a zero
expected rent for each type, it also implies a large positive ex post rent in case of success
and a large negative ex post rent in case of failure. When such schemes are allowed, the
first best can be reached.

We now return to the problem with ex post (I R) constraints, and the optimal contract
is derived in Appendix A. The principal has three tools to screen the agent the length
of the experimentation period, the timing of the payments and the output for each type.

We examine them below.
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We already know from the first best contract that the length of the experimentation
period is non-monotonic in types. So, in general, we cannot say whether the low type or
high type experiments longer. This result extends to the second best and we cannot say,

in general, whether T is larger or smaller than 7.

Moreover, each type may under- or over-experiment compared to the first best.!’ The
reason is that the driving factor for the rent and therefore the length of the experimen-
tation phase is the difference in expected costs between the types after experimentation
fails. When the agent lies about his type, his expected cost after failure is different from
principal’s expected cost. As a result, the agent’s informational rent is positively related
to the difference in the expected cost different types have. As we saw earlier in Figure
2.2, the difference in the expected cost, Ac; = ¢! —cF > 0 for t € N, is a non-monotonic
function of time. Because of that, the principal will sometimes benefit from increasing

the length of the experimentation phase.

One important aspect of the length of the experimentation period is whether T* is
larger or smaller than a critical value TL. This critical value determines which type is
more likely to succeed or fail during the experimentation phase. In any period ¢t < TL ,
the high type, who chooses the contract designed for the low type, is relatively more likely
to succeed than fail compared to the low type. For t > L , the opposite is true. This
feature plays an important role in structuring the optimal contract. The critical value TL
determines whether the principal will choose to reward success or failure in the optimal

contract. We now turn to this issue and provide the precise derivation of TE.

In the dynamic optimization problem, the principal has to determine the optimal
payment plan for each agent, especially when to pay the rent py to the low type as the
(IC*H) is binding. If (IC*) is not binding, we show in case 1 of Proposition 2.1 that
the principal can use any combination of y* and z*: there is no restriction on how the
principal pays pr to the low type as long as 3 ZthLl 511 — ALY =INEyL 4 §T" pL oL —

T
5" Pl A erug™ ().

100ne exception: when (IC*) is not binding, the length of the experimentation period is identical
to the first best for the low type.
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If the (IC*L) is binding, the high type has an incentive to claim to be a low type
and we are in case 2 of proposition 2.1. This is the more interesting case and it allows
us to characterize the stochastic structure of the dynamic problem. In particular, we will
explain the derivation of the critical cut-off period T mentioned above.

We show in Appendix B that the principal will not commit to pay rent after success
in two different periods. This allows us to simplify the problem as ij > 0 for at most
one j = t. Given this, the principal must decide whether to pay the rent after success in
some period ¢ during the experimentation phase (yJL > 0) or at the end following failure
(2% > 0).

If she pays the rent after success in some period j, such that 1 <t < TF, then

L_
Ui = B AT
and yl' = 0 for t # j, and z* = 0. If she pays after failure, then

L _ PL
- L pH
6T PTL

x
and yL' =0 for t < TF, where P? =1 — By + Bo(1 — \9)%.

A key insight of this paper is that, paying the rent to the low type early or late has
different incentive effects as the relative likelihood of reaching different periods is different
for each type. In general, the principal will have to pay close attention to when she pays
the rent to the low type. A concern is not to encourage the high type from pretending
to be low in order to claim the rent p;. We will argue below that misreporting results
is a gamble for the high type: he has a chance to obtain the low-type’s rent pr, but he
will incur an expected loss in the production phase if he fails during the experimentation
phase. If this gamble results in a negative expected return, the high type has no incentive
to pretend to be the low type. The principal would then pay zero rent to the high type
(y = 2! = 0), while paying pr to the low type using any combination of y* and x as
long as she does not violate the (/C*:F). In sum, if the principal does not have to worry
about the rent to the low type encouraging the high type to misreport, it does not matter
if the rent is paid after success or after failure. This is case 1 in Proposition 2.1.

To illustrate how the timing of payments matters, suppose that the principal chooses

to reward the agent for an early success, say success in period 1 only: p; = y* > 0. This
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payment scheme should look attractive to the high type who is more likely to succeed
in period 1 than the low type. This explains why, under certain parameters, the high
type incentive constraint (/C*F) may become binding. We call this situation case 2 in
Proposition 2.1. The principal then must modify the payment scheme.

A key finding is that the principal will discourage the high type from mimicking the low
type by rewarding early failure or late success. To understand the nature of restrictions
imposed by dynamic learning by different types at different speeds, we compare the
relative incentive effects on the high type of rewarding the low type after success or after
failure. If the principal rewards the low type only after failure, the high type’s expected
utility from misreporting (i.e., the RHS of the (IC™F) constraint) is:

U};{(wL) = 5TLPH [ (C:%L) - C%Lq (CTL) ACTL(I (CTLH =

5T PH L
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If the principal rewards the low type only after success in some period j, with 1 <
j < T%, the high type’s expected utility from misreporting (i.e., the RHS of the (ICHF)
constraint) is

Ul (wh) = Byd7(1 — MDY= (wh(c) — cqu(c)) — 6T PH A cpig™(ck,)
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Comparing these two expressions, we can study the nature of the gamble for the high
type when he misreports and get some insight on optimal payment schemes. The first
term in each expression is the expected gain from obtaining p; by misreporting, and the
second is the possibility of incurring a loss if experimentation fails.

The principal will reward the low type after success or failure depending on which
yields a lower RHS of (ICH1L) constraint. If the low type is rewarded for success in
period 7, then it is important to look at the relative probability of success of a high type
in period j:

505j(1—/\H)j*1)\H
Bodd (1-AL)T—TAL >

which is coefficient of py, in U¥ (@¥). If the low type is rewarded only after failure, then

it is important to look at the relative probability of failure conditional on reaching 7°:
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which is the coefficient of py in UH (w!). The relative probability of success for a high
type decreases with j, while the relative probability of failure for a high type is constant
given T*. Thus, there is a j such that the RHS of (IC**) under success or failure equal
each other, which is achieved when the two coefficients of p; are equal to each other.
Defining TL(: j) by setting the two coefficients equal, we have
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Thus, if the principal wants to reward the low type after success, it will only be optimal

~ _ pL_ sTL pH
if the experimentation stage lasts long enough. If 7% < T*, then, ((11_)/‘\2;71;5 > 5TLP€z
T

for all j and the high type will have an advantage over the low type in obtaining any
reward given after success. To provide the rent p; to the low type, the principal can do
no better than relying on rewarding failure. If 7% > T, the principal does not have to
reward the low type for failure and can reward success. Indeed, she can pay the reward
at T as the RHS of (IC™F) is smallest.

Again, depending on the value of the parameters, it is possible that such scheme may
not be enough to prevent the high type from obtaining a rent when mimicking the low
type. We show that the principal will pay the high type’s rent by rewarding success in
the first period only. Intuitively, this is the period when success is most likely to come
from a high type than a low type.

It is unusual to have both types earning a rent and we will provide some intuition
for that here using an example. Recall that misreporting for the high type represents
a gamble but that is not the case for the low type. So, we focus on why the principal
optimally chooses to reward both types rather than give rent only to the low type. To
get some intuition, consider the following example. If V(q) = 3.5\/q, Sy = 0.7, ¢ = 0.1,
t=10,0 =09, v =1, \* =0.14, M = 0.35 then TY = 5 and the principal optimally
chooses TH = 8, TF = 12 and grant rent only to the low type. However, if we increase
only the parameter \¥ = 0.82, then 7% = 3 and the principal optimally chooses TH = 3,
TY =11 and grants rent to both types.
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Intuitively, when the high type is very efficient in learning the true cost (A = 0.82),
by rewarding the low type for success the principal makes it more likely that the high type
will receive this reward. Thus, ideally the principal would like to reward the low type
for a sequence of failures. So the principal wants to reward failure for as many periods
as possible. However, as T increases, the high type is more confident that the project
is bad and failure is more likely. Rewarding failure now becomes attractive for the high
type. This happens once T > TL. At that point, the principal no longer reduces the

rent by rewarding failure and must switch to reward success from the low type.

Finally, since the experimentation is followed by a production phase, the principal
can use the choice of output to screen the types and limit the rent to both types. If
the experimentation was successful, there is no asymmetric information and no reason
to distort the output. Both types produce the first best output. If the experimentation
failed to reveal the cost, asymmetric information will induce the principal to distort the
output to limit the rent. This is a familiar result in contract theory. In a standard second
best contract a la Baron-Myerson, the type who receives rent produces the first best level

of output while the type with no rent under-produces relative to the first best.

When only the low type’s incentive constraint binds, the optimal contract requires,
as in Baron-Myerson, that the low type produces the first best output while the high
type under-produces relative to the first best. When the low type claims to be high, he

is asked to produce a lower output and his rent per unit is lower.

The dynamic feature of our model, however, creates a possibility that the high type’s
incentive constraint also binds. To limit the rent of the high type, the principal will
then increase the output of the low type and requires over-production relative to the first
best. To understand the intuition behind this result, recall that the rent of the high type
mimicking the low type has two components. The first component is the rent promised
to the low type after failure in the experimentation phase. The second component is
negative and comes from the higher expected cost of producing the output required from
the low type ¢*(ck.). By making this output higher, the principal can strengthen the

negative component and lower the rent of the high type.
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It is worth noting our very unusual result where the low type over-produces relative

to the first best output while the high type under-produces. This is a direct result of

our dynamic model where both types can earn rent. We summarize our results in in the

following proposition:

Proposition 2.1.

1.

2.3

In the optimal contract, each type may under-experiment or over-experiment rela-
tive to the first best.

The low type always receives a rent and (/C*H) always binds.

In case 1, when (IC*1) is slack, the principal has no restriction when paying the
rent to the low type (whether rewarding success or failure) beside what (IC™H)
requires.

In case 2, when (ICHF) binds, the principal must reward early failure and late
success when paying the rent to the low type. If, in addition, the high type receives
a rent, the principal must pay this rent by rewarding success in the very first period.
The high type under-produces relative to the first best output. The low type over-
produces if the high type receives a rent and produces at the first best level other-

wise.
Proof: See Appendix B.

Conclusion

In this paper, we have studied the interaction between exploration and exploitation where

the length of the experimentation phase determines the degree of asymmetric information

at the production phase. This interaction affects the optimal project scale after success

as well as after failure. While success in experimentation typically resolves uncertainty

in a two-armed bandit model, a lot of learning still occurs after successive failures, and

that also determines the scale of the project, which is novel to the literature. While there

has been much recent attention on studying incentives for experimentation in two-armed

bandit settings, details of the exploitation phase are typically suppressed to focus on

incentives for exploration. In reality, each phase impacts the other in interesting ways

and our paper is a step towards studying this interaction.
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There is also a significant literature on endogenous information in contract theory but
typically relying on static models of learning. By modeling experimentation in a dynamic
setting, we have endogenized the degree of asymmetry of information in a principal agent

model and also related it to the length of the learning phase.

Two conflicting forces of expertise complicates the use of time as a screening device
- an efficient experimenter is more effective at learning good news but will also become
pessimistic after successive failures. Beside the length of the experimentation phase, the
principal can screen the agent with the timing of payment and the size of the output
required in the exploitation phase. The stochastic structure of the dynamic setting de-
termines how the principal optimally chooses the payment scheme for agents who learn

at different rates.

Interestingly, both incentive constraints can be binding, which is novel in this liter-
ature. The standard incentive problem for this model is for the low type to claim to
be a high type. Then, he will be less pessimistic after failure than the principal, who
will overcompensate him for the expected cost if she believes his claim. The low type
will command an information rent. A high type on the other hand faces a gamble if he
pretends to be a low type. There is a standard negative rent after failure as he would be
more pessimistic than the principal, who would under compensate him in the production
stage. But, the high type has a chance to obtain the rent promised to a low type, and
this can make the high type’s incentive constraint to also be binding. This restricts the

principal as to when she can pay the low-type his rent.

By analyzing the stochastic structure of the dynamic problem, we clarify how the
principal can rely on the relative likelihood ratios of success and failure of the two types
in order to screen them. The rent to a high type should come after early success and to the
low type for late success. If the experimentation phase is not long enough, the principal
has no recourse but to pay the low type’s rent after failure, which is another novel result.
While our main section relies on publicly observed success and experimenting for “good
news”, we show that our main insights survive if the agent can hide success or if we
changed to model to learn “bad news”. Without an exploitation stage with a scalable

project size after failure, there would be under experimentation relative to the first best.
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With a scalable project size, we find a new result that over-experimentation can be also
optimal. Over production can occur in the exploitation phase. Analogous results are

obtained whether we consider a good news or a bad news model of experimentation.
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Chapter 3
PROPERTY RIGHTS IN RUNWAY SLOTS ALLOCATION

3.1 Introduction

Landing’ and takeoff slots provide the rights to use airport runways at specific times.
Allocation of these slots affects industry competition and airline profits, which in turn
influences the amount passengers pay for flights. Although slots are assigned to scheduled
flights in advance, unpredictable conditions such as changes in weather may lead to
the reallocation of slots among carriers. This paper examines slot allocation challenges
and proposes a mechanism that improves recognition of economically relevant property:
respecting airlines’ property rights.

Around the world, the airline industry suffers from inclement weather conditions.
Conditions such as high winds and thunderstorms are responsible for 40 percent of the
total amount of time flights are delayed. They limit the rate at which planes can take
off and land on runways safely, and in most countries, they cause the airport’s landing
schedule to be modified for safety issues, as prescribed by law. In the United States,
the Federal Aviation Administration (FAA) is responsible for mitigating the negative
consequences of weather change. It reduces the allowed arrival rates of flights at an
affected airport, meaning some flights are postponed or canceled. To alter the schedule
efficiently, the FAA may elicit some of the airline’s private information, such as the earliest
feasible departure time from the origin airport for each flight. This opens the door to a
matching problem under asymmetric information that is a subject of this paper.

Decades ago, the FAA used the Grover-Jack algorithm to manage this problem. This
algorithm assigned arrival slots based on feasible departure times reported by the airlines
themselves. If, for example, a plane was experiencing mechanical issues, under Grover-

Jack, the delay was added to the weather delay, penalizing the airline twice. This is

IThis Chapter is a joint work with Ken C. Ho.
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known as the “double penalty” problem, and it led to airlines intentionally withholding
information about mechanical delays and other issues. This sometimes led to landing
slots remaining unused when they could have been used to land other airlines’ flights.

Eventually, the FAA and industry experts agreed the Grover-Jack needed improvement.

The FAA has developed a new scheme that assigns arrival slots based on original
schedules. It currently is employing the GDP, a two-step procedure. The first stage
of the GDP involves the ration-by-schedule (RBS) algorithm, which assigns the arrival
slots among the participating airlines on a first-come, first-serve basis, according to the
originally scheduled times of arrival (unlike the self-reported times used in Grover-Jack)
For example, if the airport could land one flight every minute initially, then, after the
GDP has been implemented, it can land one flight every two minutes. The first 30 flights

from the initial schedule would be assigned newly created thirty 2-minute slots.”

The second step of the GDP involves the compression algorithm, which is an exchange
mechanism that allows one company that cannot use a slot assigned during RBS to either
reassign this slot to a later flight it operates or to exchange it with another airline.?
This trading feature gives compression a presumable advantage over the Grover-Jack
mechanism. However, GDP prescribes how the slots must be exchanged: If an airline

chooses not to use a slot, it can be used only by the earliest flight of another company.

We argue that a solution to the runway slot allocation problem should be mindful
of property rights. Airlines buy* runway slots for significant amounts of money, and in
exchange, the airport grants airlines the right to use landing slots at specified times. Both
the government and the airlines have agreed that purchased slots should be treated as
property. A report funded by the European Commission suggests that airlines should

be allowed to buy and sell their runway slots as they please, just like any other asset.

2 According to RBS, the other 30 flights initially scheduled for the second 30-minute period would be
delayed to an undetermined time period.

3When an airline has decided a slot cannot be used, it trades it for the best feasible substitute,
usually owned by the airline that took the initial slot. The airline that gives up the initial slot is better
off because the one it accepts typically is earlier than the original. Airlines are assumed to prefer
scheduling flights as early as possible when feasible.

4We cautiously use word “buy,” as a slot is not a physical object, but constitutes the right to use a
runway.
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In the United States, slots are treated as property under certain circumstances. For
example, on June 9, 2015, United Airlines exchanged its takeoff and landing slots at JFK
International Airport with Delta Air Lines for slots at Newark. This deal was approved

by the regulator.

While the current RBS procedure assigns flights based on their initial schedules, we
propose a mechanism that takes into account initial slot assignment through a different
method. If an airline initially owns adjacent slots that constitute a new slot after the
arrival rate is lessened, our method designates this new slot as belonging to the airline.
The slot is free for any flight the airline chooses, and it may choose to give up the slot for
a better alternative. The airline also may exchange other slots it owns for newly available
ones; the more slots an airline initially owns, the more chances it has to pick its most

desired slots.

Throughout the paper we assume that each airline has a priority ranking system for
its flights such that all flights can be ranked strictly according to importance. We also
assume that for each flight, the airline prefers to assign the earliest feasible slot, where
feasibility is defined as enough time for the flight take off from the origin airport and
arrive at its destination. Thus, each airline is assumed to have preferences for sets of
slots determined by lexicographic preferences over flights and the earliest feasible arrival

times.

In this paper, we propose a mechanism that mitigates the negative effects of inclement
weather conditions and respects carriers’ property rights over slots. Unlike the current
GDP procedure, which does not improve carrier circumstances any more than RBS does,
we take the initial slot allocation as a starting point. We define adjacent slots initially
owned by the same airline as constituting a new slot the airline is endowed with after
the arrival rate is reduced: The airline is free to either use this slot itself or exchange
it with any other airline. For initial slots that become part of a newly created slot, we
indicate that airlines jointly own a group of indivisible objects. If this is the case, we will
reallocate these slots using a hybrid mechanism that combines serial dictatorship with

endogenous priorities and the top-trading cycle (TTC) procedure.

When a persistent overload due to weather is predicted for the next several hours at
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an airport, the FAA announces that the arrival rate must be reduced. This results in
a shortage of slots. During the length of time in which access restrictions are in force,
the earliest feasible arrival times for initially scheduled flights may change due to delays
at other airports or technical reasons. Only carriers know if some flights have to be
postponed or even canceled. Our proposed mechanism starts with airlines reporting their
private information to a central clearinghouse. First, airlines are asked to report a ranking
profile of their initially scheduled flights during the announced time period. Second, each

carrier reports a vector of earliest feasible arrival times for each flight.

After all the airlines report their private information, the central clearing house assigns
newly created slots. In case there is a slot that can be used by only one airline (possibly
by several flights), this slot is permanently assigned to that airline and the flight that
was ranked first according to the submitted preferences. If there is a flight that can use
several slots feasibly, the flight is assigned to the earliest one. In the case that one flight
is assigned and some slots continue to be demanded by one airline only, the previous
step is repeated. If airlines report their preferences and the earliest feasible arrival time

honestly, which is the case in equilibrium, then all such slots will be assigned to carriers.

At this point of the algorithm, the only remaining slots are those that are demanded
by more than one airline. We then distinguish two types of slots. If a new slot consists of
several initial adjacent slots owned by the same airline, it will be designated as property of
the airline. The second type is assumed as jointly owned by all participating carriers, and
positive probability may be assigned to any airline. If each slot has an assigned owner, a
variant of the TTC can be used to determine to whom these slot should be assigned. If
none have an assigned owner, a modification of the deferred acceptance (DA) algorithm
or a form of a serial dictatorship can be implemented instead. Because our approach
combines both the slots that are jointly owned and those owned by individual carriers,
we use a hybrid mechanism that employs features of TTC and serial dictatorship with

endogenous order.

Each remaining slot will be allocated via a lottery that proceeds as follows. Each
airline receives a specific amount of "tickets” that is equal to the amount of initially

owned slots. The chances to win a lottery for each airline is the ratio of the amount of
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lottery tickets it owns to the total amount of initially scheduled unassigned flights. The
winner of a lottery points to a slot that is matches the earliest feasible arrival time of
the winner?s highest-ranked flight. Two alternatives can then occur: either the slot will
already belong to another carrier, or it will not. In the latter case, the slot would be
assigned to the winner of the lottery and its highest-ranked flight. In the former case, the
original owner of the slot is allowed to pick its preferred slot. If there is no conflict, the two
slots are assigned to each airline. A cycle of several airlines may form at this step. Each
airline that gets a slot at this point is sacrificing an amount of tickets equal to the ratio
of the new arrival rate to the initial one. The total amount of tickets is reduced based
on the amount of newly assigned flights. In addition to respecting property rights, our
mechanism satisfies relevant variables: It is feasible and efficient. Moreover, it provides

an outcome from the core and is strategy-proof.

3.2 Model

There is a finite set of airlines A = {ay,as,..., a4} and a finite set of controlled flights
F° = UueaF? = {fo, f1, .., fipe|—1}, where the F? denotes all flights owned by airline a.”
Some flights might be canceled during or before the start of GDP; we use F' C F° to
denote the set of non-canceled flights and F, C F? to denotes all flights owned by airline
a that are not canceled. There is a set of original slots S° = {s§, s9, ..., st|_1}, where the
length of each slot is normalized to one unit of time. Note that |F°| of the |L| original
slots were owned by some airlines. Let the set of available GDP slots be S = {sq, s1, ...},
where the length of each slot is [ > 1 unit of time.® For n = 0,1, ..., slot s, is the time
interval [nl, (n + 1)I]. We use s, to represent nl on the time line.”

There is an earliest feasible arrival time ey € S for each flight f € F'; each flight f can

5A flight is “controlled” means it is included in the GDP program. Note that we do not used the
term “affected” since there are more flights affected by the launch of GDP in different airports.

6Note that available GDP slots do not have to be adjacent since there are exempted flights in GDPs
(for examples, international and airborne flights). The number of arrivals an airport can accept each
hour is called the Airport Acceptance Rate/Airport Arrival Rate (AAR); if 1 unit of time is 1 minute,

then [ = 50

"We model one runway, but the model can be extended to a problem with several runways, in which
there will be multiple identical slots available at a time.
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be feasibly assigned to slot n only if ef < s,,.° Let e = (ef)4er € R‘f‘ be the vector of all
earliest feasible arrival times. A landing schedule is an injective function I1 : ' — S. A
partial landing schedule II, : F,, — ®(a) for each a. A landing schedule II is feasible
if Vf € F, II(f) > e;. A landing schedule II is non-wasteful if #if € ' and s € S such
that II7'(s) = 0 and e; < s < II(f).

® : A — 29 is a slot ownership function if a # o' = ®(a)N®(a’) = 0, where ®(a)
is the set of slots owned by airline a. Let II, : F, — ®(a) be a partial landing schedule for
a. ® is consistent with I1 if Va € A, Vf € F,, II(f) € ®(a). A pair (II, ®) satisfying this
consistency condition is an assignment. The original assignment (I1°, °) is assumed
to be consistent, so given the initial landing schedule I1° : F° — S° ;we can derive the
initial slot ownership function ®° : A — 2%°. Let S, = {s, € S|s, = [nl,(n + 1)I] C
Usocdo(a) [, + 1]} be the set of available GDP slots that their time intervals are entirely
owned by airline a. Let S4 be the sets of S, Va € A.

We assume each airline company a € A has an importance ranking of flights that it
owns. Formally, let R, be a strict total order over F,; we interpret R, as a’s importance
ranking. If f € F, is more important than f' € F,, we write fR,f’. Given F, and R,, let
€a = (€forsChans s €fypy) € RIFal be a vector of earliest feasible arrival times such that
faiRafaiv1 for i € {1,...,|F,|}. Let R = (R,)seca be the importance ranking profile.

Airline a’s preference over landing schedules is induced by R, and e,. All else being
equal, airline a prefers flight f € F, with e; to land as early as possible. Given a landing
schedule II, we define the delay for f by d;(II) = sy —e, where sy is the slot assigned to
frand if sy =0 or sf < ey, the we set dy(II) = M, where M is a sufficient large positive
number such that M > s — ey for all s € S and ey € T.?

For all feasible landing schedules IT and II', airline a lexicographically prefers II to
IT" if and only if the first non-zero coordinate of x, = (21, %2, ..., 2|p,|) is positive, where
for i € {1,...,|F.|} and fo;Rafait1, 2 = dy, ,(I') — dy, ,(IT), and we write II =, II".

Conversely, if the first non-zero coordinate of x, is negative, it prefers II to IT'. If IT is

8Following the literature, we call ef the earliest feasible arrival time for f , but strictly speaking, ey
is the earliest feasible arrival slot for f.

9Note that this delay is respected to ef but not its original slot 5%
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feasible but II" infeasible for a, it prefers II to IT". If airline a is indifferent between IT and
IT', we write IT ~, II’; this will happen when (i) both of them are infeasible, and (ii) all
coordinates of z, equal to 0, which will only happen when II, = II/,. Since airlines only
care their only flights, we will also use 7, to compare partial landing schedules for a. Let
7= (Z4)aca be the preference profile of all airlines.

An instance of an airport slots allocation problem is a 6-tuple I = (S, A, F, R, e, ®°).

A mechanism ¢ is a function that maps an instance [ to a landing schedule II; formally,
@ : I — II. Our mechanism includes an endogenous random variable Rg. Therefore, ¢ is
a multi-valued function. But since our results hold for any realization of ¢(7), from now
on, for brevity, we will use ¢(I) to denote a particular realization.

Let ¢¢(I) be the outcome for f € F, and ¢4(I) = Usep,@f(I) be the outcome for
a € A. Since the other parameters are fixed, we often write (R, e) to represents ¢(1).

Our mechanism employs the following endogenous trading cycle algorithm using (R, e)

as inputs. The algorithm consists with a main stage and a supplemental stage.

Main Stage:

Step 0 - allocation of non-scarce resources:

Set FO0 = F and e = %Y.

(i) Use the smallest element of ¢°~ to identify the earliest slot s € S that is demanded,
eliminates all slots that are earlier than s, denote the resulting set S°°,

(ii) If the earliest slot only can be used by one flight f € F°° assign the slot to this
flight. Denote the resulting sets S°~%, FO~! and ¢°~! respectively.

(iii) Repeat (i) and (ii) until the earliest slot is demanded by more than one flights.
In general, denote the intermediate sets SO~% FO~t and €%~ for t = 2, ....

Denote the resulting sets S, F'' and A', where A! includes airlines with flights in F™.
In general, S*, F¥ and A* for k = 1,2, ... only include slots, flights and airlines in step
k. Remove flights F'\ F! from R accordingly; denote the resulting ranking profile R'.
Let FN be the flights of airline a that are assigned a slot in this step, and let F} be the
remaining flights of airline a that are not assigned a slot. In general, F* for k = 1,2, ...
only includes flights of airline a in step k.

Step 1 - allocation of scare resources:
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According to ®°, construct S, for each a € A. If S, N S? is non-empty, order S, N S*
in increasing order, assign the earliest slot to a’s highest ranked flight in F}} that can
feasibly use it. Assign the next earliest slot to its remaining highest ranked flight that
can feasibly use it. Repeat until there is no more slot.

The price of a lottery ticket is 1 controlled flight. The budgets for each airline a € A*
is BL = | Fe| — |,

Run a lottery such that each airline a’s chance to win is

b
2 aear U
Let a(i) be the ith important flight of airline a according to R*.!Y If a wins the lottery
in step 1, put a(1) in the 1st place of Rg , where Rg is the order of picking a slot.

Assign a(1) the earliest slot in S* such that a’s highest ranked flight in F! that can
feasibly use it.

(i) If it picks an empty slot &', let S* = S'\ s’ and goes to the next step.

(ii) If it is demanding some slot s’ that is endowed to some other airline b, and b
has remaining flight in F'', insert (1) before a(1), that is, let Rg : b(1),a(1). If b has
no remaining flight, let S* = S'\ s’ and goes to the next step. If a cycle forms, it is
formed by the remaining most important flights and slots that owned by their airlines.
Each of these flights requests a slot that owned by the airline which is next in the cycle.
For each a € A, let s, be some slot in S, N S'. A cycle in step 1 is an ordered list
(Saya(1),sp,b(1), ..., 5,,2(1)) of slots and flights where a(1) demands s,...,2(1) demands
s,. Remove all flights in the cycle by assigning them the slots they demand. Let S? =
ST\ {sg, ..., 5.} and goes to the next step.

(iii) If such flight already has a slot s endowed to it and its want to use it, let 5% = S'\s
and insert a(2) after a(1), that is, let Rg : a(1), a(2).

An airline could get at most 1 slot in a cycle, but it might get more from (iii). For
each airline a that gets m slots in this step, reduce its budget to b? = |bl| — m. Denote

the resulting sets F?, A% and F? for each a € A.

19We use a(i) but not f, ; since ith important flight in R} might be different from ith important flight
in R,.
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Step n > 2 - run a lottery such that each airline a’s chance to win is

by
D aean Ui

Let a(n — 1) be the last flight of airline a in Rg. Assign a(n) the earliest slot in S™
such that a’s highest ranked flight in F' that can feasibly use it.

(i) If it picks an empty slot s', let S"*1 = 5™\ s’ and goes to the next step.

(i) If it is demanding some slot that is endowed to some other airline b,and b has
remaining flight in F", insert b(n) before a(n), that is, let Rg : ...,b(n),a(n). If b has no
remaining flight, let S"™! = 5™\ s’ and goes to the next step. If a cycle forms, a cycle in
step n is an ordered list (s4,a(n), sy, b(n), ..., s, z(n)), where for each a € A, s, is some
slot in S, N S™. Remove all flights in the cycle by assigning them the slots they demand.
Let St = S\ {s,,...,s.} and goes to the next step.

(iii) If such flight already has a slot s endowed to it and its want to use it, let S"*! =
S™\ s and insert a(n + 1) after a(n), that is, let Rg : ...,a(n),a(n + 1).

For each airline a that gets m slots in this step, reduce its budget to 07! = [0 — m.
Denote the resulting sets F" ! A" and F*! for each a € A.

The main stage terminates when the set of remaining flights F* becomes empty.

Supplemental Stage:

Let V! be the set of vacant slots and A} be the set of airlines with positive budgets
bt for a € Aj.

Step n > 1: If the earliest vacant slot was endowed to some a with positive budget,
assign it to a. Otherwise, run a lottery such that each airline a’s chance to win the earliest

vacant slot is
bS:n
a

ZaGA}S baS:n .
Denote the resulting sets V"t A% Update b7+t = b5 — 1 for the winner a and

b3 = b5m for o' € AT\ {a}. Repeat until all budgets are zero.

This algorithm will stop in finite steps. Indeed, it might stop right after step 0. Note
that there will always be feasible slots for flights, yet they might be late and outside the
GDP time window. The initial budget for airline a to compete scare resources is b., which

includes the flights that are canceled, so b > |F}|. This will provide no incentive for
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airline a to hide its cancellations. An airline a will stop participating in the next main
stage lottery once it has no remaining flight even if it still has positive remaining budget.
This budget, which is the number of a’s canceled flights, will become the initial budget
in the supplemental step, and it is denoted by 55! in the algorithm. V! includes vacant
slots that are not assigned in both step 0 and step 1.

In a typical YRMH-IGYT mechanism, a cycle is formed by exclusively existing tenants
and their houses. By contrast, a cycle in our mechanism forms by flights and slots that
are not necessarily endowed to these flights.

A mechanism ¢ is feasible if for any instance I, p(I) is feasible. A mechanism ¢ is
non-wasteful if for any instance I, p(I) is non-wasteful.

A landing schedule II is Pareto efficient if #II' such that (i) Va € A, I’ -, II, and
(ii) da € A, II" >, II. A mechanism ¢ is Pareto efficient if for any instance I, p(I) is
Pareto efficient.

A mechanism ¢ is strategy-proof if there does not exist (R, e), an airline a with
m such that cpa(m, (R,e)_a) Za va(R,€).

Let 1T be a partial landing scheduled for a such that IS =, IT/ for all I/, given F,
and ' C S.

A mechanism ¢ is individually rational if for any instance I, Va € A, ¢, (1) 7=, 115,

A landing schedule II is in the core if AII' and A’ C A such that (i) Vf € Ugea Fy,
II'(f) € Sar, and (ii) Ya € A’, II" >, II. A mechanism ¢ is a core-selecting if for any
instance I, ¢(I) is in the core.!!

A mechanism ¢ respects property rights if Vs € S, in the first step that s is being
assigned, a has the right to (i) use it, (ii) trade it for a better alternative.

Theorem 3.1: The endogenous trading cycle mechanism is feasible, non-wasteful,

individually rational, Pareto efficient, respects property rights.
Proof: See Appendix C'.

We provide an example to illustrate how the proposed mechanism works. Suppose

the length of time during which restrictions on access to the airport are in force equals to

1 As in SV 2013, the core with weak domination (strong core in their paper), could be empty. An
airline with 2 flights canceled but has an endowed slot that is demanded by 2 other airlines.
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10 initial slot durations, L = 10. Suppose the FAA requires new arrival rate to be twice
smaller than the initial one, that is, [ = 2, so we have twelve newly created slots twice
longer than initial ones. There are three airlines that we refer to as A, B and C' and a set
of flights for each of them, Fix = {f3, fa, fr, fro}, Fs = {fo, f5, fs} and Fo = {f1, fs, fo}
,respectively.

Flights f; and f; were canceled. In addition, for each of the remaining flights there is
an earliest feasible arrival time (nominated in units of new slots) €y = (x, x,1,1,1,2,2,0,4, 6)
for each flight so that each flight can be feasibly assigned to slot s, only if ey =n <'s,

forn =0,1,2,.... See Table 3.1 below for the initial schedule and slot assignment.

Table 3.1: Initial Assignment

Flight [1{2|3]4|5|6|7|8]9]10
Airline| C| B|A|A|B|B|A|C|C| A
ef X[ x[1[11/212]0(4/|6

After the new arrival rate is determined there are 10 newly created slots, sq, s1, ..., S11,
to be allocated. Assume that priorities of each airline are as follows:
>a: f3, f7, f1, fro;
>g: f2, f6, [5;
>co: f1, fo, Js-

According to our mechanism slot s; becomes endowment of airline A; slot s; belongs to
airline B.

Step 0. Given that slot sy can be feasibly used only by fs. Thus, slot sg is permanently
assigned to fs.

The main steps of the algorithm and final allocation of slots are presented below:

As we explained before, GDP starts with the RBS procedure that rations slots based
on the initial schedule as reflected in Table 3.5 below.

The Compression algorithm allows the airlines to exchange slots they cannot use. If
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Table 3.2: Step 0

Slot S0 $1 S S3 Sy S5 Sg S7 Sg Sg
Airling C A B
Flight | fs

Table 3.3: Steps of the Algorithm

Step ]Srwm Winner| Slots assigned Slots left

1 (%a 37 %) A f3 to 51 S2, 83, S4, S5, S6, S7, S8, S9
2 (23,3,3) A fe to s9, f7 to s3 S4, S5, S6, 57, S8, S9

3 (%, %, %) A fa to 54 S5, S¢, S7, S8, Sg

4 (%, %, %) C fo to s5 S6, S7, Sg, So

5 (%, %, %) B f7 to s7, fi1 to sy S7, S8, S9

6 (%, %, %) A fi0 to s7 S8, Sg

S:1 (3,4,3) B 0 to sg Sg

S:2 (,9,9) C 0 to sg

Table 3.4: Outcome of the Algorithm

Slot S0 $1 S S3 Sy S5 Sg S7 Sg Sg
Airling C A B A A C B A B
Flight| fs | fs |fe |fr |fa | fo |fs |fio |0

=1Q

an airline has a slot that cannot be used by a flight assigned to this slot during RBS,
the airline may assign a later flight to this slot. Crucially, it has to pick the earliest
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Table 3.5: Outcome of the RBS

Slot S0 $1 S S3 Sy S5 Sg S7 Sg Sg

Airling C |B |A |A |B |B |A |C |C |A
Flight | fi | fo | fs | fa | | fs | o |fs |fo | fuo

feasible flight according to RBS. For example, Company C' that owns slot sy had to
cancel flight f;. According to the Compression algorithm, the airline has to assign not
the most preferred flight but the earliest flight that this company owns that can use it!
It is clear that the Compression will not accommodative the preference of the airline as
it implicitly assumed the earlier the better regardless of flights. If an airline cannot use a
slot by itself, it has to exchange it with another one. In particular, an airline that owns
the earliest flight that can feasibly use the slot will be allowed to take it. In exchange,
the first airline will get a slot that the flight of the second carrier was assigned to. Thus,
in the Compression algorithm, the airline itself does not choose whom to trade with. In

our example, the outcome of the Compression algorithm becomes the following;:

Table 3.6: Outcome of Compression

Slot So S1 S9 S3 S4 S5 S S7 S8 Sg
Airling C B A A B A C A B
Flight | fs s I3 Ja e fr | Jfo fio |0

=1Q

We compare the outcome of our proposed mechanism and Compression below.
3.3 Conclusion

This paper examines the runway slot allocation problem that emerges when inclement

weather conditions strike an airport. In such conditions, airports have to modify their
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Table 3.7: Comparison of Compression and Our Mechanism

Slot So $1 S S3 Sy S5 Sg S7 Sg So
Compression fs s f3 fa fe fr fo fio
Our Mechanism | fs f3 fo | fr | fa | Jo I5 f1o

= || =
=2 || =

initial schedules, as each flight will require more time to land. In addition, some flights
may be canceled, and the earliest feasible arrival time may change for others. This creates
challenges in matching flights with newly created slots. We argue that the current GDP
program does not respect property rights, as it assigns flights to slots based on airlines’
initial schedules. This implies that airlines are not free to use the runway slots they have
paid for.

We propose a mechanism that respects property rights. It allows airlines to use a
newly created slot if it initially paid for the time interval. First, airlines are required to
submit a priority ranking of their flights along with the earliest feasible arrival times for
each flight that is not canceled. Second, each slot is assigned through a lottery in which
the airlines? chances of winning depend on the amount of initially owned slots. The
winner of a lottery can point to any slot that has not yet been assigned; if the winner
prefers a slot owned by another airline, a trading cycle takes place.

This mechanism satisfies factors besides property rights. It is feasible in that it assigns
flights only to slots they can use. It is efficient, as no slot is left unassigned when a flight
can use it feasibly. It is also strategy-proof and provides an outcome from the core.

To emphasize the importance of property rights, we assume that airlines have lexico-
graphic preferences over flights. Although this simplifies analysis, it does not allow the
study of full trade-offs or of sacrificing less costly flights to move more important flights
to earlier slots. While this extension is practical and relevant, it is likely to cause certain
irregularities, as the literature on many-to-one matching with general preferences has

demonstrated. In future research, we plan to conduct a detailed analysis of this problem.
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Appendix A
TECHNICAL DETAILS , CHAPTER 1

A.1 Proof of Proposition 1.1

The principal’s optimization problem is the following:
[P5B] max,, 7(w, 1) subject to

(MH) I € argmax,U(w, &),

(IC) by > wy + Obgyq fort=1,...,T7 — 1,
by > w; fort =1,....T,

(LL) by, wy =0 fort=1,..,T.

We first solve an auxiliary problem P1.1, where the global MH constraint is replaced
by a sequence of M H, constraints for t = 1,...,T that ensure the agent does not want to
deviate at period ¢, given that he was behaving in all prior periods s < ¢ and will work
in all subsequent periods s > t. In addition, 1.1 ignores the IC constraint, which will
demonstrate automatic satisfaction.

The optimization problem FP1.1 is:
[P1] max 7(w, 1) subject to

(MH;) by —w; > )\i +3r e L= A) T N + (1= Nwy —¢) for t =1,..., T,
(LL) by, wy 2 0fort=1,..,T.

Lemma 1. The following payment sequence solves P1.1:
wt:()and bt E—i‘ ZT tés% fOI‘l t T.

Proof: Note that increasing w; makes it more difficult to satisfy the M H, constraints
and lessens the objective function. As a result, the optimal solution must have w; = 0

for 1 <t < T, and the problem can be rewritten as:
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[P1] max,, 7(w, 1) subject to

c
(MH,) b, > vl T BT = AT (W — ) for t =1, T
(LL) by >0 fort =1,....T.
The auxiliary problem P1 has the Lagrangian:

L=0F 3 881 = NIV = by)

Tl = 5= Tl 07 (L= )T b = ) + T b

t
The Kuhn-Tucker conditions for the optimization problem are:

[be] + —Bod" (1= )N g1y = S5 61 = M)A+ & =0 for 1<t < T,
complemented by the constraints of the problem and the corresponding complementary
slackness conditions.

If & > 0 for some 1 <t < T, then M H; would be violated and, as a result, we must
have &, =0fort=1,....T.

Consider the first-order conditions with respect to b;:

t=1: —Be0\+ 11 = 0= 11 = BpdA;

t=2: —Bo0° M1 = \) + p1o — 110X = 0 = p15 = B\ > 0;

repeating this procedure until the final period 7', we have:

t="T: pp = BodT A > 0.

Thus, all M H,; constraints must be binding.

First, we will prove that with b, = /\iﬁt + cZST;f 55&)(11__/\—%, it is the case that:

b=+ 30 61— AT (b — ) for 1 <t < T.
ABy

For t = T, the equality b, = ﬁ trivially follows from the proposed formula itself.

For any t < T, assume that M H, holds for s =t + 1; that is:

c
ABis1
We need to show that b, = % + ZLH O* (1 — X)* " H(Abs — ¢), or, using the line

¢

b1 = F L = AT (D — €.

above:

b= =+ 6(Nbps1 — )+ S0, 8 (1 = AT (Ab, — )

t
C C C C

=+ 6(Nbist — €) + (bpss — = - —
(Abip1 =€) + (b ) RV

= —6c— (1 + 0N)by1.
AB, ABeit i
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i __¢ c(1-po) 5 5 —t— c c(1—fo) 5

Since bt+1 - )\Bt 1+/30(1_)(\))t (1—5—/\)<1_(E)T ¢ 1) and bt )\_@"_50(1_/\)%71 (1—6—X) (1—
+
(+25)71), it suffices to show that:
c(1—PBo) b 5 \T—
Aﬁ Ny eyl € ()"
¢ ¢ ¢ c(1—Po) ) 5 \T—t—1
=5 5 e N+ Ay (- R,
A ABra MBpyp  Po=NF(A=0=2) 1=A

which is easily verified for any 1 <t < T. Q.E.D.

We will demonstrate that with the proposed solution, any period is optimal for the
agent to work in, regardless of previous effort history profile. Consider the final period
T. Note that if the agent deviates and shirks his duties at some arbitrary period ¢t < T,
he only can be more optimistic at period 7. Thus, for any history of prior effort, the
current belief Sy can be higher only than BT. Now M Hr )\BTbT = ¢ is satisfied since
BT > Pr and A\Brbr > c. Next, assume that working in any period is optimal for the
agent, regardless of the previous effort history profile at period ¢t + 1 < T. Consider
period t as any history of prior effort with current beliefs ;. Since we already showed

that b = % + 3 1= N (A, — ), for any B > f, it is apparent that

by > /\5 +3r L1 05H(L = NPT (Aby — ¢), and working is optimal for the agent.
Finally, it can be shown by induction that any reward proﬁle that makes every M H,
constraint binding must coincide with b; = )\— +c Z % for 1 <t <T.
Moreover, since we already proved that Worklng for the agent is optimal in any period,
regardless of the previous effort history profile, this also ensures that the agent would
find it optimal to work in period t for any possible effort profile before .
Recall that when solving P1, we ignored the IC constraint. Since w; = 0 and b; > 0,

the proposed solution obviously satisfies b; > w; for t = 1,...,T. Thus the final condition

we must check is by > w; + byyq fort =1,...,T — 1.

(8Tt
Given that ZST;f (15 ,\);1 _ il_‘i , by performing some algebra, one could verify
1-X
that:
_ ¢ 16, -G ¢ 1-8y (1=NT—t—(1-5)T 1
= /\_Bt +ed 500 (I-N1(1-2=8) — )\_Bt e 500 (I=NT="1(1-x=0) -

Then, it follows that b, > db; if and only if:

c (Bo(1=N)!"14+1-8y 6[30 (1-\)t+1—PBo > cd(1—Bo)(6(1-N)T—t=1_g1+T—t=1_(1_\)T—t 1 §T—1)
,\( Bo(1=A)t-1 B Bo(1-N)* >/ Bo(1-NT-1(1-1=6) )
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c(Bo(1=N"(1=0)+(1—-Bo)(1=A=9)) ~ _ Jc(1—fo)
Ao (1—N)? = Bo(1=-N)t?

which holds as an equality if 6 = 1 (and as a strict inequality as long as § < 1) for

any t.

c _
Thus, w; = 0 and b, = /\—~ + chzf 55&)(11__/\—?&5,1 for 1 <t < T is a solution to the
t

principal’s optimization problem.
Finally, since )\@tbt > ¢, forall 1 <t < T —1, the project is terminated inefficiently
carly, 758 < TFB. Q.E.D.

A.2 Proof of Proposition 1.2

We will call TA?,. the duration of the contract when the principal performs monitoring
and success is observed publicly. The total benefit, TE,,, from monitoring is a sum of

the static and dynamic effects. The static effect from monitoring at period m, SFE,, is:

SE, = 6™Bo(1 — )™ \b,y,

where b,, = % + CZZ;’” 55%.

The dynamic effect is:
DE,, = 3.7 6" Prob(success at t < m)[nominal decrease in b].

First, we need to define a nominal decrease in b; for ¢ < m that is possible because
of monitoring that will occur at period m. Recall that the optimal payment structure

makes all M H, constraint binding or, equivalently,

b= —= + 30, ST = AT (b, — o),
By

and by decreasing a reward in a certain period m (in the right-hand side), the principal

can decrease a reward in the left-hand side. Thus, a nominal decrease in b; for t < m is:
M HL — N IND,,,.
As a result, the dynamic effect becomes:
DE,, =7 64 (Bo(1 — NN ™41 — A)™ Ay, = 0™ BoA2(1 — N)™2(m — 1)by,.

We can then calculate the total effect from monitoring at period m:
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TE,, = 6™ Bo(1 — )™ I Aby, + 6™BoA2(1 — A)™2(m — 1)by,
= 6™By(1 — )™ 2X\(1 — A + A(m — 1))by.

We will prove that T'E,, is strictly decreasing in m. First, recall form Proposition 1
that b; was chosen optimally such that b, > 0b,y; for t = 1,...,T — 1, and, as a result,
0"™b,, is decreasing in m.

It suffices to show that ¢(m) = (1 — \)™2X(1 — X + A(m — 1)) is decreasing in m as
well. Notice that p(1) = p(2) = 1.

Because 220 = (1 — A 2(XA + (1 — A + A(m — 1))In(1 — X)), it is sufficient to

dm

show that f(A\,m) = A+ (1 — X+ AX(m — 1))In(1 — ) is negative for m > 1. Note that
% = An(1 = X) <0 for any m and f(A,2) = A+ In(l — X). Consider g(A) = f(),2) =
A+In(1—)), with 3¢ = — ;2 being negative for all 0 < A < 1 and limy_. g(A) = 0.
Thus, f(A,m) is negative, and, as a result, p(m) is decreasing in m.

Since T'E,, is decreasing in m, monitoring is implemented optimally at the very first
period. Given that the principal can promise paying less, he can use these funds to

M

extend the duration of the relationship up to T3, . and, as a result, T°% < T3, . . Since

the agent still receives a positive rent, the project is still terminated inefficiently early:

Tpopie < TTP. Q.E.D.
A.3 Proof of Proposition 1.3

We will call TM

brivate the duration of the contract when the agent observes success privately

and the principal performs monitoring. As in the case when success is publicly observed,
the total effect, T'F,,, of monitoring is a sum of the static and dynamic effects. However,
for this case, we redefine both effects to account for the possibility of hiding success. In

particular, the additional /C' constraints become relevant:

bt 2 wy + 5bt+1 for ¢ g TM — 1,

Private

bt>wtf0rt<TM

Private*
Since we proved that all w, = 0, the second constraint will not affect either of the
two effects, whereas the first constraint will limit the amount of money the principal will

save by monitoring, except during the final period of the relationship. The static effect
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of monitoring at period m, SFE,, is:
SEm - (Smﬁo(l - )\)m_l)\(bm - (Sberl).l

To simplify notation, we will define function 7, as follows:

bm—éberl 1<m<TM

Private
Nm =
_ M
bm m = TPrivate

Thus, SE,, = §™Bs(1 — A\)™ A, fort =1,..., T

Private*

The dynamic effect is then:
DE,, = 37 64 (Bo(1 — )TN 8™ H 1 — N A = ™ BoA2 (1 — N)™ 2 (m — 1)1
Thus, the total effect becomes
TE = 6™B(1 = A)™ 21 = X+ AX(m — 1)) = 0™ BoAg(m) ..

Before we define the optimal timing of monitoring, consider agent’s incentives to
postpone announcement of success. Since now rewards for periods before monitoring
are smaller some of the /(' constraints might be violated. First, a nominal decrease in

a reward in period ¢ due to the dynamic effect, 6™ t(1 — X\)"™ "= \p,,, is increasing in

5™ (1=X)" Atjm

5T =0T FT is strictly increasing in ¢. Recall from Proposition 1.1 that

time; that is,
rewards without monitoring were (weakly) decreasing in time. Given this, rewards before
monitoring period will be strictly decreasing in time as well and, as a result, the agent
cannot benefit from postponing early success and announcing it at some period before he
is monitored.

In addition, the discounted value of rewards for success after the period when the
monitor is hired are decreasing as well by Proposition 1.1 since they are not modified.
However, the agent might postpone an announcement till the period of monitoring. Given
that monitoring occurs at period m the reward for success at this period is db,, 1 so that

the agent does not postpone success in case it is achieved exactly at period m. Thus, it

suffices to guarantee that

1 : : _
For convenience, we will say that bT%»mw 1 =0.
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b1 — 041 = N)™ "\, = 02Dy for t =m — 1,
which can be rewritten as

bm—l - 5>\77m 2 5(bm - 77m)>

and will be shown to be satisfied for any m in Lemma 2.

Lemma 2. b,,_1 — 00y, = 8(by, — 1) for 1 <m < THE

Private*

Proof: Recall that from Proposition 1.1, it follows that b,, is increasing strictly,

whereas db,, 11 is decreasing strictly. In particular, for t = 1,..., 73 . —1:

m = bm - 6bm+1 =
o(BUN" 10 AN ) e 1=fo)B0NT g (1) g )
AT By nym-T Bo(1- )™ Bo(l-NT-T(1-A—0)

_ c(Bo(1=N)™(1-6)+(1—Bo)(1-A—J)) + dc(1=Bo) _ c(1=8)(Bo(1=N)"™""+1-fo)
- )\50(17/\)7” ﬁo(lf)\)m - )\50(17}\)7”_1 :

As a result, 7, evolves as follows:

(1 — 6)LBl=N™ H1B) | <o < T e

)\ﬁo(lf)\)m_l
= wgooaym i)
c —A)™m — M
O,\50(1—>\)m71 ° m = Tppate

Note that b,,—1 — oAy = 0(by, — M) can be rewritten using the definition of 7, as

follows:
Nm-1 = 0(1 — A1,

and simplifying we have

c(Bo(1-\)™2+1— o) e(Bo(1=XN)™14+1-P0)
(1=0) g 2 00 = AN =) a5

Bo(L=X)™2+1= [y = 0(fo(1 = A" +1—75),
Bo(T=X)"2(1 = (1= A) + (1 —6)(1— Fo) = 0.

which holds as an equality in case § = 1 (and as a strict inequality as long as 6 < 1) for

Q.E.D.

any period of monitoring 1 < m < TAL, ...

First, consider the case when 6 = 1. From Proposition 1, it follows that optimal b,,

is constant over time, and, as a result, 1, = 0 for t < TA . . — 1. For the final period,
however, Nra = bT}sz_ e 0. Clearly, monitoring at the final period is optimal.

Consider now the case for § < 1.
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TEnm =0"F(1 = A" AL = A+ A(m = 1)),

(1 _ 5)05"”(60(1_)\)7”71+11_—fg)(1—)\+)\(m—1)) 1 < m < T]éwrivate

BT (Bo(1=X) ™ 41— ) (1= A (1)

_ M
Y m="T

Private

We define time period 1 < j < T, ... as follows:

8*(Bo(1=N)*""+1-B0)(1-A+A(s—1)) 2

J €argmax; ooy C .Y

We will show that with a high enough discount factor, monitoring at the final period

is always optimal. First, there is a (unique) 5, such that:

- i _— ) M. TM - wre—1 M
(1 o 5)05](/80(1—)\)] +1—L0)(1=A+A(j—1)) _ 66 rivate (3g(1—M\)" Private +1_/80)(1_)\+)‘(TPrivate_l))
DY 1-A
C(ST%‘ivate(IBO(]_—)\)Tg{‘ivate71—5—1—,80)(1—A+A(T%ivat6_1))
: T 1 1-X
or, equivalently, 6 = 1 TGN ) (A TAG=T) < L
1-X

For any & > 0 the total effect of monitoring at period m, TE,, achieves its highest

value at the final period THL, . .

whereas when § < 0 monitoring is implemented at
period j, which, in general, is not the final period. As the discount factor increases, both
the static and dynamic effects diminish, and monitoring is implemented optimally at the
final period. Since the principal promises paying less, the money that he saves could be
used to extend the duration of the relationship beyond T3, . In comparison with the

case in which success is observed publicly, the principal saves less money; however, the

second-best outcome is improved marginally: 758 < T, <TM, <TFB.  Q.E.D.

2Since TAL. ... < 00, a time period j is well defined, although it might be not unique due to the

non-monotonicity of 6™ (Bp(1 — A\)"™ ' +1—Bo)(1 — A+ A(m — 1)) in m.
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Appendix B
TECHNICAL DETAILS, CHAPTER 2

Proof of Proposition 2.1. The principal’s optimization problem is to choose contracts

wf and @’ to'

max{v[fo Y21, 811 — MY\ (V(gF (¢) -yl — eqf!(¢) — T)
+0T P (V (g™ (k) — o — g™ (cly) — T )]
(1= 1) [Bo X0 01 (1 = ALY INE(V(gh(0)) — ) — cql(c) — I7)
+67 Pl (V(q"(che)) — o = chugh(che) — Ipe)]} sit.

(ICHH) By S 011 = ) INEyF 4 67" Phat >
Bo S 0F(1 = MY ARG 6T PL [+ Acpng® (clhy )],
(ICTE) By Sormy 841 — NNy 4 67" PH ot >
Bo ZthLl o' (1 — /\H)tfl/\H?/tL + 5TLP7{{L [xL - ACTLQL(C:%L)]-

(IRSH) yd >0 fort <TH,
(IRSE) yl > 0fort <TY,
(IRF;IH) 2 >0,
(IRFE) vt > 0.

It turns out in this case the solution to the problem crucially depends on whether the

(ICHL) constraint is binding or not; we explore each case separately in what follows.

Case 1

The (ICH1) constraint is not binding.
In this case the high type does not receive any rent and it immediately follows that

v =0and y =0 for 1 <t < TH. The constraint (/CH#) must be binding. If the

t s
"Where I, = ZS;} .
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(ICTHM) constraint was not binding, it would be possible to decrease the payment to the
low type without violating any other constraint and improve the value of the objective
function. In addition, the (IC*F) constraint simplifies to
(1cE) Bo Yy 01(1 = M) INH Y 4 T Pl ot <
(5TLP,;IL A eregh(cky).

Using the binding constraint (IC*#) to define informational rent of the low type
as pH(TH) = 67" PL, A crng™(cl,) and to replace 2" in the objective function, the
principal’s optimization problem is to choose TH, {g(c)}L", ¢/ (), TF, {yA T

{q;:(g)}thLla and qL<C:IFL)

max{v[fy 31 8/(1 — AN (V(gf (o)) — eaff () — I})
+0T" PI,(V (g™ () — elluq™ (clly) — Tpn)
(1= 0)[Bo Yors, 81 (1 = ALY INH(V(gF(e) — cat (o) — 1)
+07" PE(V (g (che)) — chugh(chn) — Do)l — (1= v)ph(TH)} st

(1CHE) Bo S0 §H(1 — AH Y INH L

H L
pi 8T PLy D g (el ) —Bo 3072, 6" (1-NE) = IAEy [
TL( PL ) X

5TLP;IL A cregh(cky),
(IRSE) yl >0 for t <TF,

L
(IRFL,) 6T PLy AN epng™ (cBy) — Bo S, 6t(1 —
AN 30
Labeling {o/}L%,, ¢, o as the Lagrange multipliers of the constraints associated

with (IRS}), (IC*"*) and (IRF},) respectively, the optimal contract has the following

Lagrangian:

L(TH g (Y g™ (), T8 {yFyES gk (O YEn, a* (ke ), {ab YL, €7 al)
= V[Bo X1 0Y (L = MY (V (gf (o)) — caf (c) — I)
+07" PH (V (g () — clluq™ (clh) — I'pn)]
(1= ) [Bo X0y 81 = ALY TNV (gf (€)) — cab (¢) — 1)
+0T* PE(V(g"(cks)) = chug™(ck,) — Tyu)] — (1 — v)ph(TT)

H
§T7 PH pL. Ac H(cH
H(sTL pH L(.L rL pH2CTHY \CrH
—I'_g (5 PTL A CTLq (CTL) - PLL
T

TL(Stil_)\Lt—l)\L_ 1 — NHYt=1)\H), [ T L L
+B80 2 -1 <P7§L ( ) ( ) U ) + D e Yy
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k(67" Phy A cpng™ (cEy) — Bo o1 6H(1 — ABYIALyY L),

The Inada conditions give us interior solutions for ¢/ (c), ¢” (cf,), ¢f(c), and ¢"(ck.).
We also assumed that 7% > 0 and T# > 0. Therefore, the Kuhn-Tucker conditions for

the optimization problem are:

arm = 05 g = 0 for 1<t T aqHa(fHH =0
AL =0; aq‘?f()—Oforlét<TL7 aqLaéL) 0;
%:0f0r1<t<TL'

2L >0k 20,0l 25 =0for 1 <t < T
2 >0, 6" >0, ¢ 2% =0,

gz 2 00l > 0; 0" 25 =0

which include the constraints from the problem themselves and corresponding com-
plementary slackness conditions.

Since the (IC*F) constraint is not binding, £/ = 0.

For now, let 7% and T to be the optimal duration of the experimentation stage for
the low and high types, respectively. We will determine both variables and specify if each
of them is above or below the first-best level later.

If ¢7 = 0, the claim below shows that there are no restrictions in choosing {y”}2
except those imposed by the (IC™#) constraint. In other words, when the (ICH1)
constraint is not binding, the principal can choose any combinations of payments to the
low type (27, {y}L") such that the (IC“) constraint is binding.

Claim 1: (¢ =0= ol =0 and o for all t < T*.

Proof: We can rewrite the Kuhn-Tucker conditions as follows:

o =af —al B (1= M)A =0 for 1 <t < T

aaﬁ—Jf 0; ol > 0; alyl =0for 1 <t < TE

Suppose to the contrary that o’ > 0. Then,

5T PLy A crng (clhy) — Bo SoL 6t(1 — ALYIALyE = 0,

and there must exist 4y~ > 0 for some 1 < s < TY. Then, we have a” = 0, which leads to

oL
6;{/! g

a contradiction since = ( cannot be satisfied unless o = 0. Suppose to the contrary
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that o’ for some 1 < s < TY. Then, a* > 0, which leads to a contradiction as we have
just shown above. Q.E.D.

Claim 1 allows us to prove that the duration of the experimentation stage for the low
type is not distorted. The multipliers ¢/ = o = 0 and o for all t < T* by claim 1, and
the low type’s rent pl(TH) = 5THP1§H A epng”(cly) is not affected by TV, Therefore,
the F.O.C. with respect to T is identical to that under first best:

oL _ OFgnfB(wmf) 0
ort — oTL -

or, equivalently, T4; = Tkp when (IC*1) is not binding.
However, since the low type’s information rent depends on 7%, there will be a distor-

tion in the duration of the experimentation stage for the high type:

oL _ {Egn"P(=’)—(1-v)p"(T™)} _
orH — oTH D

Since the informational rent of the low-type agent, pt(TH) = (5TH w A erng (), is
non-monotonic in 7 it is not possible, in general, to determine whether T4, > TH, or
TH, < TH,.

To characterize the optimal output choices, consider now the following Kuhn-Tucker
conditions for the optimization problem:
q'(c)] vBu0 (1 — NN (V (¢ (c)) —¢) =0 for 1 <t < TH;
qF ()] (1 —v)Bodt (1 — MY INE(V (g () —¢) = 0 for 1 <t < T
0" (clh)] Va7 Pl (V' (g (clhy)) = elhy) — (1 — 0)7" Phy A cpu = 0

Hef)] (1 =v)8™ PRV (¢"(cfe)) = cfu = 0);

. The conditions above imply that there is no distortion in the output relative to the

[
[
[
la

first-best level after success has been observed by either type; that is V'(¢?(c)) = ¢ for
6 € {H,L}. There is no distortion in the output relative to the first-best level after TX
failures have been reported by the low type either; that is

qu(CLL) = QZgB(C%L)’
However, V' (¢ () =, + % A e, which given that function V'(-) is increas-
ing and concave implies underprodflction by the high type after T failures have been

reported by the high type:

qu(CgH) < QgB(CgH)-
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Case 2

The (IC™F) constraint is binding.

We will show that when the (IC*F) becomes binding there are certain restrictions
on the payment structure to the low type. In particular, we will show that when the
duration of the experimentation stage for the low type is long enough, it is optimal to
reward later success. In contrast, when 7T is sufficiently small, the low type is rewarded
for failure.

Case 2.1: The high type does not receive any rent.

Consider first the case when the high type does not receive any rent; it immediately
follows that 2/ = 0 and y/” = 0 for 1 < ¢t < T*. The constraint (/C*) must be binding.
As in the previous case, let T* and T* to be the optimal duration of the experimentation
stage for the low and high types, respectively.

We can rewrite the Kuhn-Tucker conditions as follows:

H
DL el t(TL (1 — ALYIAL — (1 — AH)=INH) 4l — alByst(1 — AL)=IAL = 0 for
TL

oyt

1<t <Th

9L — b >0;aF >0, afyl =0for 1 <t < T

8@{“

The first set of conditions can be rewritten as
EH Bt fo(t) + al — aPBedt (1 — AE)YTINE =0 for 1 <t < T,
where f5(t) is defined as

folt, T2) = THE(1 — ABYIAE — (1= AMYIA,

= 7
Claim 2.1.1: There exists a unique 7% > 1, such that fg(TL) =0, and

<0, t<TF
f2(t7TL) - R
>0, t>TF

Proof: Recall that PY is defined as

Pl =1—Fy+ Bo(1 = \)7,
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and is equal to the probability that the agent of type does not succeed during the
experimentation stage which lasted for T' € N periods. Then % is a ratio of probability
that the high type does not succeed to probability that the I(T)W type does not succeed
for T* periods during the experimentation stage. At the same time, By(1 — A\?)1)\? is

probability that the agent of type @ succeeds at period ¢t < T of the experimentation

%00((117_?\[2;::35 = ((1173\12;:1;\5 is a ratio of probabilities of success at period t by

stage and

two types. As a result, we can rewrite fo(t,T%) > 0 as

1— 1_)\]-1 TL 1_>\H t—l)\H .
1—5321?2((1—,\@)# > ((1—/\L§f*1>\L for 1 <¢ < T* or, equivalently,

1- 1P 1-AL)T*
e — > R — for 1 <t < T,

1-Bo+Bo(1=-29)T"
(1,)\9)15—1)\9

We will say that when fo(¢t,T%) > 0 (< 0) the high type is relatively more likely to

where can be interpreted as a likelihood ratio.

fail (succeed) than the low type during the experimentation stage if he chooses a contract
designed for the low type.
There exists a unique time period TL(TL, AECNE By such that fg(TL, T*) = 0 defined

as
pH \L
In(=F~
TL = TL(TL AN Bo) =1+ "(P;LAH)
== ) ) » K0 In( 11:))\\IL{) )
where uniqueness follows from % being strictly decreasing in ¢ and §—§ > 1>

H

%.2 In addition, for ¢ < T it follows that fo(t,TF) < 0 and, as a result, the high type
is relatively more likely to succeed than the low type whereas for ¢ > T~ the opposite is
true. This feature plays an important role in structuring an optimal contract and should
appear intuitive. If the high type accepts a contract designed for the low type, he has a
different probability of success in every period ¢ < T* conditional on not succeeding in

periods before and the project being good. For early periods of the information gathering

stage the high type is more likely to succeed. At the same time, as time goes without

L e
2To explain, fo(t,T*) = 0 if and only if Lot Bo(LA)T 1 (N7 AT - (iven that the right hand

1—Bo+Bo(1-AE)TT (I=AF)I=INE
H
side of the equation above is strictly decreasing since % < 1 and if evaluated at ¢ = 1 is equal
HyTL ~
to % Since % < 1 and ?—f > 1 the uniqueness immediately follows. So T'F satisfies
— Bo+Bo(1—
Pl (aoaThona

PL, T (1-AL)TE-1xL
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success the high type gets much more pessimistic and conditional probability of success,
Bo(1 = M) =INH  becomes smaller than that of the low type. Q.E.D.

Note that 7 is uniquely defined as we already proved that fo(t, %) has a unique
solution. When T < T we showed that fo(t,TF) < 0 for all t < TF, whereas if T* > T*
then for periods TX >t > T function f2(t) becomes strictly positive. Intuitively, if the
experimentation stage for the low type is relatively short then the high type is more likely
to succeed before the implementation stage begins. However, as the experimentation stage
for the low type gets longer the high type becomes more pessimistic as time goes without
success and closer to the end of the information gathering stage he becomes relatively
less likely to succeed.

Now we can formally prove that depending on the value of T* the low type is rewarded
either for late success or failures.

Claim 2.1.2: of = 0 <= T% < T*, and it is optimal to set 2* > 0 and y/ = 0 for
allt <TE [IfTE < TE, then 2% > 0 and yk =0 for all t < T* is uniquely optimal, but
if 7L = T, then both #* > 0 and yr. >0 can be optimal.]’

Proof: Suppose o = 0, then it must be that £73,0 fo(t) + ol for 1 < t < T*.
Since we have a” > 0 for all t < TF, we must have fo(t,T%) < 0, and T* < Tr by the

properties of fo(¢,TF) in the claim 2.1.1 above. It is optimal to set
ob = 67T A g () and gl = 0O for all £ < T Q.E.D
= P, ruq” (cpy) and y; = 0 for all ¢ < T". .E.D.

Claim 2.1.3: o* > 0 <= T% > T*, and it is optimal to set 2* = 0 and y” > 0 for
some ¢ > T

Proof: If ' > 0, then it must be that
L
0" Pl A crng™ (cfa) = By 2y 0'(1 = M) Nyl = 0,

and there must exist y > 0 for some 1 < k < TF, and we have £ 3,6% fo(k) + ol —
alBed®(1 — ANEYF=IXL = 0, with af, which implies fy(k) > 0. From claim 2.1.1, this is

only possible if k£ > TL, which in turn implies that T > 7L, Thus, for t < TL it must be

3ol > 0 for all t < T since fy < 0.

Af 7L < 7L, then 2~ > 0 and yl =0 for all t < T is uniquely optimal, but if 7% = T, then both
>0 and ny > 0 can be optimal.
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that all o > 0, and for ¢ > T it follows that ol might be zero. It is optimal to choose
+ =0 and i~ > 0 for some ¢ > T*. Q.E.D.

In summary, when TF > T, the low type receives rent after success (4~ > 0) only
if t > T%. When T < T the low type receives his rent only through =%, i.e., when he
does not succeed in the experimentation stage.

L

Since the Lagrange multipliers £, o’ and ol can be positive, we can now have

distortion in both 7% and TH. In particular, the F.O.C. with respect to T" becomes:

oL _ 9{Egmpp(=®)}
" orL — oTL +
L 5T PHLPLHAC HqH(cHH) L PHL _ _
e (67" PH, Aeypqh(chy )~ ——LLoTH OrHT OpHD 4 g 3T st 2 (1-AE) N (1-AH )t LAH )y L))
TL TL
L H aTL L +
HX iy oyl +a (687" Ply Nepn g™ (clly)—Bo So{2) 6" (1-A) 1Ay )}

oTL 07

Moreover, since the high type’s information rent depends on T, there will be a

distortion in the duration of the experimentation stage for the high type:

oL _ Byrrp(@’)—(1L-v)pH ()}
oTH — orH
L 5THPHL L H(H . PH,
B{EH((;T PT{JLACTL‘]L(C;L)* T T T +BOZZ:15t(p7I: (17)\1‘)’5_IALf(lf)\H)t_l)\H)yé’)}

TL 7L

. oTH L +

0ol {(87 Pl Acpr g (B )—Bo 3071 61 (1-AE)1Aby )

oTH

=0,

It is not possible, in general, to determine whether Ty > THy or TH, < TH, and
TEy > Tk, or TEy < TE,.

To characterize the optimal output choices, we now consider the following Kuhn-
Tucker conditions for the optimization problem:
4/ ()] vBod" (1 = NN (V' (gf(c)) —¢) = 0 for 1 < s < TH,
[ar ()] (1= w)Bed" (1 = )NV (gf(¢) —¢) = 0 for 1 < s < T
0" (clh)) w6 P (V' (@ (elh)) = cthy) — (1= 0)0™" Pliy A epm — €7
ozL5THPTLH A cpn = 0;

[C.IL(C%L)] (1- V>5TLPTLL(V/(C]L(C:LFL)) - C%L) + fHCSTLquIL A cpr = 0;

NN

H
T H pL
é PTLPTHACTH

L
PT 9

The first two conditions above imply that there is no distortion in the output relative
to the first-best level after success has been observed by either type; that is V' (¢?(c)) = ¢
for € {H, L}. However, unlike in case 1, there is distortion in the output relative to the

first-best level after T'* failures have been reported by the low type; that is
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(1-— V)P%L [V/(qL(ch)) — C%L] = —SHPZ,{LIL A cpr,

which given that function V(+) is increasing and concave and £/ being strictly positive

implies overproduction by the low type after T* failures have been reported by the low

type:
a5p(cin) > app(cie).

We can simplify the Kuhn-Tucker condition for ¢ (cfl; in the following way:

ST PHE (V' (dH(H )Y — ¢H ) = (1 — )T PL. A 5THPTLHACTH HpH _ .LpL
v TH( (q (CTH)> CTH) ( V) AN G/Y e PL, (f 7L — TL)-

We show next that ¢ P — a*PL, > 0, which implies there is underproduction in
q" (clly) after a high type fails.

Recall that for Tk, < T the low type receives his rent only through 2", i.e., when he
does not succeed in the experimentation stage. This means that o = 0 for this case and,
given that function V(-) is increasing and concave and ¢ being strictly positive implies

underproduction by the high type after T failures have been reported by the high type:

qu@gH) < qu@?H)-

When Tk, > T the low type receives rent after success (y~ > 0) only if ¢ > TF.
Let’s call this exact period of time when the low type is promised a rent ¢, thus, y% >0
for Thy > 1 > T". Since yF > 0 from the Kuhn-Tucker conditions for the optimization

problem we have
gHﬁo(Szfg(g) - (YL/B[)é{(l - )\L)Z_l)\L = 0,
where o > 0 and fo(t) > 0.
We can rewrite the equation above to get the following:

H_ AR
=« 0 ,

Thus, to show that £ PF, — o PL, > 0, we replace £ to have

_\L\i—1yL
Ozi‘((l )\fz)(g) A P,IEIL _PTLL) = 07

or,
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(1= AN > fo(B),

pL
PT i

which is true since f5(t) = %(1 — AEINL (1 — NN,

As a result, £ Pfi{L —a:LP%L >T 0 and given that function V'(-) is increasing and concave
and ¢ and o being strictly positive the optimal contract exhibits underproduction after
TH failures have been reported by the high type.

Given that ¢iz(ck.) > qfp(ck.), the value of the objective function is smaller in Case
1. At the same time, the principal can relax the (IC*F) constraint by postponing the
reward to the low type, y”, to a later period; this is feasible only if ¢ < T*. Thus, the
optimal contract has 2% > 0 and y* = 0 for all t < T in case T* < TE. Incase TE > TE,
it is optimal to set 2* = 0 and y > 0 for some t > TE. We will see that this is indeed
true when both types receive strictly positive informational rent in Case 2.2.

Case 2.2: The high type gets positive rent.

Consider now the case when both types receive a strictly positive informational rent
(assume Pl PL, — PI PL, #0.7)

The constraint (/C™f) must be binding. If the (IC%) constraint was not binding,
it would be possible to decrease the payment to the low type without violating any other
constraint and improve the value of the objective function. In addition, the (ICH1)
constraint is binding as well by the same logic.

Using the binding (IC%#) and (IC*H1) constraints we express +” and 27 as follows:

MY A YL T TR ¢ (e, a*(che)) =

H
Bo 231:1 6t[PTfIL(1_AL)t71AL_Pq{,L (1_>\H)t71)\H]y[H

H
§T (P PL, —PI Py

5Note that the incentive compatibility constraints may be rewritten as:

21T (PH, PL, — PH PL.) = 8y Y17 6t[PH, (1 — ALY=1AL — PL, (1 — A yt=1\H]y
L
80 Yoy 0[P (1= NI — Pl (1= A9 IAE
+PH (67" Phy A erung™ () — 67 PL, A epig®(chy)),
H
and 267" (PH, Pk, — PE, PL,) = By S04 6![PH, (1 — ALY=1AL — Pl (1 — MI)=1NH]yli
L
+Bo ZZ;}H(V[P%H (1 - )‘H)tilAH - szI:IH(]' - AL)tilAL]?//,L
er%H (6T P]IfH A cTHqH(c;IH) — T PI{JL A cTLqL(c%L)).
In case PT{JH PTLL —PTIEIL PTLH =0, 2" and 2" become impossible to use as screening variables. Intuitively,

it implies that the likelihood ratio of reaching the last period of the experimentation stage is the same
for both types.
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,302 5t[PL (1 )\H)tfl)\H—P;IL(I—AL)tfl)\L]yg‘
H
st (P, PL, —Pl PLy)
H L
P;IL((ST P n g (c )—6T P]%LACTLqL(c;L))

H
6T (PHHPTQL —P PLy)

(! tTp{l/[ IHTH T8 g (el,), gH(ck,)) =
Bo ST 6t [PH, (1-AE)=IXE—PLy (1AM )t=LxH] 1
oTE (PH, PL, P;ILPTH)
B0 X1, 6 [Phy (1A 1A PR il ALY AP
6Tt (PH, PL —PH PL,)
6T BH, Neppa® () - aTLPH et (ch )

L
sTE (PH, ijjL pH P;H)

+

I

+ Fa

The principal’s optimization problem is to choose T, {g (c)}L", ¢ (), {yf nre.

T {yf Y 1a {af (c )}thLla and qL(C:IFL) to

max{v[fo EtTHl 81 (1 = MM (V(gf! (o)) — vl — caf!(¢) = I) + 6" PfL (V(g" (cffu)) —
M A S T TR g (), g (efa) = cfug” (i) — Trn)]
+(1 =) [ X1 01 (1 = M) TINE(V (gh(0)) — uF — eab(e) — 1) + 67" PE(V(q L(C%L)) -
oY A YL T T g™ () a™(che)) = chua™(cfe) = Dre)l} s.

(IRSH) y >0 fort <TH,
(IRSL) yl >0 fort <TE,
(IREE,) x>0,
(IRFE,) 2t > 0.

Labeling {o/YT" | {al}I0 €7 ¢l as the Lagrange multipliers of the constraints as-
sociated with (IRS{), (IRS}), (IRFY,) and (IRF%,) respectively, the optimal contract

has the following Lagrangian:

LT {gf ()Y, a (clh) {ul VEL, TE {ub Y {ab (oY, aP (k) Lol YD {ob Y, ¢ et =
Vo SE 81 (1 = XY (V (g () — yl — eqf! () — T) + 07" PR, (V (" (clh)) —
el Y YR T T g7 (), g™ (cke)) — g™ (clh) — Dy )]

(1= 1) (B0 X0 8L = ALY TNV (g () — wt — cab (€) — ) + 87" PE(V (g™ (cky)) —

Y Y T TR g (), qF (ck)) — chugh(che) — Ty
Syl + S alyl
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e (VD Ay Y T, TR g (), g (k)
+£L51;L({I/f }t 17{(/t }t 17THaTquH(CJJiIH)?qL(C:IFJL»'

The Inada conditions give us interior solutions for ¢/’ (c), ¢”(cf,), ¢f(c), and ¢"(ck.).

We also assumed that 7% > 0 and T > 0. Therefore, the Kuhn-Tucker conditions for

the optimization problem are:

_ _ H. oL
2L =0; aq g = Ofor 1<t <TY, BaF () 0;
_ _ L. __oc
aTL 0; aq ( ) =0for 1<t <TY, By 0;

=0for1 <t<TH:

au!

ﬁ?@;af]%af[a‘% =0for 1 <t<TH;
g 2 05 €7 > 0: R = 0;

gft =0for 1 <t<Th

3‘1@ > 0; af >; ocf(f—ﬂzOforlgthL;

B T = 07 £L 0 EL(%L - 07
which include the constraints from the problem themselves and corresponding com-
plementary slackness conditions.

DL bt (1 — A YN g7 it (g LNy XD A

H
oy’ s (P, PL, —PH PL,)
(1 )T pr, (PTH<1—AL)f*1AL—PTLH<1—AH>f*1AH> Lol
P o v ‘
+§H1806t(P;—:IL(1_)‘L)t_1>‘L PLL(l )\H)t—l)\H) + LIBOEt(P’II:IH(1_)\L)t—1)\L_P7{1H(l_AH)t—l)\H)'
o7 (PH, PL —PH PL,) g7t (PH, PL —PH PL,) ’
t L H\t—1yH H Lyt—1yL
oL _ t L\t—1\L TLLBO‘S(PH@)‘)’\P()‘))‘)
8UI,L __(1_V){B05 (1_/\ ) A +6 PTL( 5TL(PH P PL )
_ T pH Bod" (P (1=AT)=IA\H —PI (1-\F)t- 1>\L) + ok
H H
§TH (P, PL —PI, PLy) t
+§H1806t(P7L-:L(17)‘H)t_1>‘H PH (1 )\L)t—lAL) + Lﬁofst(P;H(l*)\H)z_l)\H PH (1 )\L)t—l)\L)

o7 (PH, PL, PH L PLy) ~ sTh (PH, PL —PH PL,)

We can rewrite the Kuhn-Tucker conditions above as follows:

t aH

Baf = B[P fi(8, T [Py + (1 — v) Py — ;T—LL] JTH Pl fa(t, T") + ﬁggf],
H L (xtL

2 = B[P fy(t, TH) Py + (1 — v)Phe — 7] + S PH [i(5T) + 557),

L
where ¢ = (T, T) = PJ, Pl — PR PE, = 0, fi(t,T) = J5f(1 = M)\ — (1 -
)\L)tflAL‘G !

H
Sfa(t, TE) = IIzTTi(l — ALYIEINL — (1 = M)IEINE a5 it was defined in Case 2.1.
T
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Let TF and T" to be the optimal duration of the experimentation stage for the low
and high types, respectively. We will determine both variables and specify if each of them
is above or below the first-best level later for each case we consider further.

Now we will show that there exists a duration of the experimentation stage for the
high type such that the low type is relatively more likely to fail if he lies for any period
smaller than this threshold level.

Claim 2.2: There exists a unique 77 > 1, such that f (TH,TH) =0, and

>0, t<TH

fl(taTH): .
<0, t>TH

Proof: Recall that P is defined as
Pl =1— 8o+ Bo(1 = X)T,

and is equal to the probability that the agent of type does not succeed during the
experimentation stage which lasted for 7" € N periods. Then % is a ratio of probability
that the low type does not succeed to probability that the hiTgh type does not succeed
for TH periods during the experimentation stage. At the same time, (1 — \?)! 71\ is
probability that the agent of type 6 succeeds at period ¢t < TH of the experimentation

stage and gg’((ll__/{\;;z:i; = ((11__;\,22:32 is a ratio of probabilities of success at period t by

two types. As a result, we can rewrite fi(t,T%) > 0 as

17[‘30+ﬁ0(17)\L)TH (17)\L)t—1)\L
1—Bo+Bo(1—AH)TH — (1-AH)t=1)\H

1— 1A 1-xH)T!
Lasysss) o — for 1<t < TH.

for 1 <t <TH or, equivalently,

We will say that when fi(¢,7%) > 0 (< 0) the low type is relatively more likely to fail
(succeed) than the high type during the experimentation stage if he chooses a contract
designed for the high type.

There exists a unique time period TH(TH, AN Bg) such that fl(TH,TH) = 0 de-
fined as

o (RO
TH =TH(THE XL N By) =1+ —22

L
In(1=25)
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where uniqueness follows from % being strictly increasing in ¢ and 2 m <1<

%.7 In addition, for ¢ < T it follows that f; (t,T") > 0 and, as a result, the high type
is relatively more likely to succeed than the low type whereas for ¢ > TH the opposite is
true. Q.E.D.

Note that 7 is uniquely defined as we already proved that fi(¢,7%) has a unique
solution. When TH < TH we showed that fi(t,T#) > 0 for all t < TH, whereas if
TH > TH then for periods TH >t > TH function fi(t) becomes strictly negative.

In what follows, we will find a solution to the principal’s optimization problem. Since
there are several possible combinations of feasible payments schemes, we explore them
case by case depending on which participation constraints are binding.

Case 2.2.1: Suppose that ¢ = ¢ =0, i.e., the (IRF}};) and (IRF},) constraints

are not binding. We can rewrite the Kuhn-Tucker conditions as follows:

()/H

3(?1?1 — 5(1)1)6’S [Pfol(t,TH)[VPIIi + (1 — I/)P{:’L] —+ Bg(;f] for 1 <t < TH;
ok

gfL — ﬁ?it |PL fo(t, TH)[vPl + (1 —v) Pl + Bé;f] for 1 <t < TF.

Since fi(t,T™) is strictly positive for all t < T from PH, f(t, T")[vPE + (1 —
I
V)P = ﬂ 5,

fo(t, TT) is strictly negative for ¢ < T* from P L o6, T vPE, + (1 —v)Phy| = g(l)(;t it

it must be that o/ > 0 for all t < T" and ¢ < 0. In addition, since

must be that that o/ > 0 for t < 7L and 1 > 0, which leads to a contradiction.®
Case 2.2.2: Suppose that ¢7 = 0 and " > 0, i.e., the (IRFJ) constraint is not

binding but (IRF%,) constraint is binding. We can rewrite the Kuhn-Tucker conditions

as follows:
oL _ Bod H H L H.
W = 0 [PE f1(t, TH) v PE, +(1—V)P — 5TL] + ,Bat] for 1 <t <TH,
6t
o = "5 1r i TOWPri + (1= v)Pral + g Prafi(t, T7) + Zgéf] forl<t<T™
o explain, f1(t, TH) = 0 if and only if 2=8eH00NDT" UMD TN - iven hat the right hand
p s J1IG, Yy 1— Bo+Bo(1— )\H) (I—NH)i=1)\H * g
L
side of the equation above is strictly increasmg since 1:)\ 7 > 1 and if evaluated at t = 1 is equal to
:\\—Z. Since 11 goigo((ll ;‘H))TH > 1 and 2 {7 < 1 the uniqueness immediately follows. So TH satisfies
0 0
Pru _ (1=al)T" "
PR~ (1—aH)TH-1\H"

8If there was a solution with ¢/ = ¢/ = 0 then with necessity it would be possible only if 77 and

TL are such that it holds simultaneously PfHPTJEL — PTIfL Pj{“H > (0 and PfH P{:L - PTIfL PQ{JH < 0, since
the two conditions are mutually exclusive the conclusion immediately follows. Note that we assumed
so far that 1 # 0; we study ¢ = 0 in details later in Case 2.3.
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Suppose S = vPH +(1—v)Pk, . Then Pk, f5(t, TL)[VP%{H—f—(l—I/)P:ﬁH]+(§F—LLPfo1(t, TH) =

sTL
(PR (L= NE—PL (1= M) I WPl + (1—v) PRy |+ (Pl (1= M)A — P (1-
MYTINYWPE, +(1—v)Ph] = —p(1—v) (1= M) N4 (1 = A7) 1A which implies
- - afp _
that —¢((1 = v)(1 = AN +p(1 = NI + 20 =0 for 1 <t < TP
Thus, 55 = (1= v)(1 = AN 4 (1= M) > 0 for 1<t < TF, which leads

to a contradiction since then 2% = y* = 0 for 1 <t < T* which implies that the low type
does not receive any rent.

If o for some 1 < s < TH then P, fi(s, T")[vPl + (1 —v)Pk — ;T—LL] = 0, which
implies that ;T—LL =vPl + (1 —v)PL..? Since we rule out this possibility it immediately
follows that all o/ > 0 for all 1 < ¢t < TH which implies that y/7 =0 for 1 <t < T*H.

Lemma 1. There exists at most one j < T such that ;1/47-L > 0.

Proof: Assume to the contrary that there are two distinct periods 1 < k,m < T*

such that k # m and vy}, y~ > 0. Then from the Kuhn-Tucker conditions it follows that

PE, fo(k, TE)v P, + (1 — v)PE) + S PH fi(k, T) = 0,
and, in addition, P%Lfg(m, TL)[I/PYI?H +(1- V)P%H] + (SET—ILPfol(m, TH) = 0.

Thus, J{f((z;f[)) = ffé:;,i)), which can be rewritten as follows:

(PfL(L = AB)™INE — Pl (1= X)) (Pl (1= XFEZINF — PI (1= AF)FIAE) =
(PRL(L= F)TINE = PR (1= DRI (PR (1= M)A = PR (1= AP AR,
(1= M1 = AB)L— (1= )L (1 = AR = ),

(1 — AEym=k(1 — \H)k=m — 1

(1=53) ") =1

1-2H J
which implies that m = k and we have a contradiction. Q.E.D.
Finally, from P, fi(t, T")[vPlL + (1 —v)Pk, — ;F—LL] = —% we conclude that TH <

TH10 and either ¢ > 0 and ;T—LL > vPlL+(1—v)Pf, or ¢ < 0and ;T—LL <vPlL+(1-v)P}.
Case 2.2.2.1: TH < TH ¢ > 0, ;T—LL > vPll + (1 —v)Ph, &7 =0, o > 0 for

1<t TH.

Nf s = TH, then both 27 > 0 and y;{” > () can be optimal.

101¢ 7H 5 TH then there would be a contradiction similar to Case 2.2.1.
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We know that there exists only one time period 1 < j < T such that yJ-L >0 (OCJL =0).

This implies that
le“lLf2<j7TL)[VP7]jH + (1 - V)PJQH] + ;T_LLPIEIHfl(j7TH) =0

sTL Boot

1<t#5<T"

Alternatively, fo(t, T) < Q%Z%fg(j, T for 1 <t #j<TE.

If f1(,T7) >0 (j < T*) then
(PE (1= MY INE — PE (1= NI (PR, (1= A= — pH (1= 2\F)Yi- 1A <
(PE (1 — AE)TIAE — PE (1= Y= (PR, (1 — N INE — PE (1 — AB)IAL),
P[(1 = ML = AEy =L — (1= M) (1 = A <0 for 1 <t # 5 < T

Thus, ¥[1 — (%)“‘j)] < 0, which implies that ¢ > j for all 1 < t # j < TT or,
equivalently, 7 = 1.

If f1(j,TH) < 0 (j > TH) then the opposite must be true and ¢ < j for all 1 < ¢t #
j < Tt or, equivalently, j = T'*.

For j > TH f1(j,T") < 0 and it follows that

PE fo(t, TH)[vPE, + (1 — v)Phy) + S PH (1, TT) <
— (1 —v)(1 = AE)INE 4 (1 — M)A <,

which implies that yf > ( is only possible for j < TH. Thus this case is only possible
if j = 1.

Case 2.2.2.2: T < T7 ¢ < 0, L3 < vPH + (1 —v)PE, ¢ =0, off > 0 for
1<t TH.

As in the previous case there exists only one time period 1 < s < T such that y” > 0
(o =0).

This implies that
P fos, TH)[wPH, + (1= v) Pl + S P fi(s, TH) = 0, and

Pl fo(t, T*)wPH, + (1 —v) PRy + ;—LLPfol(t,TH) = _;g% >0for 1 <t#s<Tr

Alternatively, fo(t, TF) > Qg;i%fg(s, TE) for 1 <t#s<TL

If f1(s,TH) > 0 (s < TH) then
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(PEL(L = M)INE — PL(1 = MY (PL (1 — M)s=INT — PH(1— M) IAL) >
(PH (1= MYs=INL — P (1 — M)s=I\H)(PL, (1 — M)\ PH (1 = AL)=1)L).
Y[l — (%)(S*t)] < 0, which implies that ¢ > j for all 1 <t # s < T* or, equivalently,

s=1.
If fi(s,T") < 0 (s > T") then the opposite must be true and ¢ < s for all 1 < t #
s < TF or, equivalently, s = T*.

For t > TH it follows that
PE fo(t, TH)[vPE, + (1 — v)Phy) + S P (1, TT) >
— (1 =) (1 = AL 4 p(1 = NI > )
which implies that y” > 0 is only possible for s < T7. Thus this case is only possible
if s =1.

For both cases we just considered, we have

H L
H __ 606P7€L(_f2(17TL))Z‘/% PQI:IL((ST P#HACTHQH(CgH)_éT P#LACTLQL(C;L)) 0
x - 5TH1/) + 6TH¢ > )
H L
L BoSPHE AQTHYE PRy (6T PR Acpma () —6T" P Acingb(ch))
T = 7Ty ST = 0.

Note that case 2.2 is only possible if 67" Ply Nepng™ (cly)— 57" Pl Nepeg®(ck) >0
which together with =/ > 0 implies that ¢ = P}, P%, — P Pk, > 0. Since f1(1,77) > 0,
2t =0 is possible only if 5THP$IH A cpngf (cly) — 5TLP7{{L A cprgt(ck,) <.

However,

5T PTLH A cru qH(chL)

(5THPJI?H A crng? (clly) > 57"

> 5TLP%L A CTLqL(C%L),

PH
H pL L, L
P{H Pr A cerrg®(cqe)-
T

H
PTH

L
PTH

Note that PfHP:ﬁL—PfL P:ﬁH > 0 implies PTLL > P:,?L and then 67" PfHACTHqH (cjlfH) >
(5TLPfIL A crrgh(ck,), which leads to a contradiction.

Case 2.2.3: Suppose that " > 0 and £* = 0, i.e., the (/RF}!,) constraint is binding
but (IRFY,) constraint is binding.

Claim 2.2.3. ¢/ > 0 and ¢/ = 0 <= TL < T%, ol > 0 for t < TF (it is optimal to
set 11 >0,y =0for t <TF) and off >0 for all t > 1 and o} = 0 (it is optimal to set
2 =0,y =0forallt > 1 and y/’ > 0).

Proof: We can rewrite the Kuhn-Tucker conditions as follows:



94

2L — BY[PIL f(t, TT)WPE + (1— v)PE) + S PEfo(t, TF) + WU for 1< t < TH;

ayl! P TE Bodt
(1{"
% — BOT‘V[PTLLfQ(t,TL)[UPﬁH +(1-v)PL, - ;T”L] + B;);‘;] for 1 <t <TE

Suppose S = vPl + (1 — v)Ph,. Then PR fi(t, T")[vPl, + (1 — v)Pf] +

§TH

< Ph fo(t, TF) = (Pl (1= M) INH — P, (1= ALY =IAR) [ PE, 4+ (1 —v) Pl ] + (Pl (1-

sTH

AYINE — PL (1 = NN [WPE, + (1 — v) Pl = —0((1 —v)(1 = M) INE + (1 -
NI which implies that —((1—v)(1 = M)A 4 p(1 — A )N %é:;f = 0 for
1<e<Tr.

Then 5;—@ = (1—v)(1 = AD)INE 4p(1 = M)A > 0 for 1 <t < TH, which leads

to a contradiction since then 1/ = y/f = 0 for 1 <t < T which implies that the high
type does not receive any rent. If o’ for some 1 < s < T then Pr, fo(t, T%)[v Pl + (1 —
V)Pl — ;T—HH], which implies that % = vPl, + (1 —v)Pf,.'" Since we already rule out
this possibility it immediately follows that all o> > 0 for all 1 < ¢t < T which implies
that 4y =0for 1 <t < T*.

Lemma 2. There exists at most one j < T such that y!" > 0.

Proof: Assume to the contrary that there are two distinct periods 1 < k,m < TH

such that k # m and y/’, 4" > 0. Then from the Kuhn-Tucker conditions it follows that
PE, fi(k, TT)[VPE + (1 — v)PE] + S3 PE fo(k, TF) = 0, and

PEf(m, T PE + (1 — v)PL) + <5 PE, fo(m, TF) = 0.

sTH

Thus, ]{f((zgz)) = ;fé:;% — (%)(m_k) = 1, which implies that m = k and leads to a

contradiction. Q.E.D.

Finally, from Pk, fo(t, T*)[vPE, + (1 — v)Phy — ;T—HH] = —;;L;f for 1 <t <TF and we

conclude that TF < T2 and either ¢ > 0 and ;T—HH < vPfl + (1 —v)Pky or ¢ <0 and

H
;T—H > vPl + (1 —v)Phy.

Case 2.2.3.1: TL < TL, ¢ > 0, <7 < vPH, 4+ (1 — v)PE

’ 5TH TH>

=0, af > 0 for
1<t TE
There exists only one time period 1 < j < T% such that 3" > 0 (o' = 0). This

implies that

UIf ¢ = T, then both #” > 0 and y%, > 0 can be optimal.

121¢ 7L 5 7L then there would be a contradiction similar to Case 2.2.2.
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PE, f1(j, TT) P + (1 — v)PR] + S5 PR f(j, TF) = 0 and

P A THwPE + (1 —v)PE ]+ 53—”HPTLLf2(t,TL) = _;;é’g <O0for1<t#;<TH.

Alternatively, fi(t, T1) < %fg(t,TL) for 1 <t#j<TH.

If f2(j7 TL) >0 (] > TL) then fl(t7TH>f2(j7 TL) < fl(.j7 TH)f1<t7TH)f2(t7TL)7
(PfL(1 = XE)=INE — PE (1 — XTIV (PL, (1 — AN — PIL (1 — AL <
(PIL(1 = AE)INE — PL(1 — M)EINY(PL (1 — M)A — P (1 — AE)I-IAD),
Y[l — (%)(j_t)] < 0, which implies that t < j for all 1 <t # j < T or, equivalently,
j=TH

If f,(j,TF) < 0 (j < T*) then the opposite must be true and ¢ > j for all 1 < t #
j < TH or, equivalently, j = 1.
For ¢t > T it follows that

PH (6, TT) WP, + (1 — v)PL] + S P, fo(1, TE) <

sTH
— (1 = v)(1 = AE)TINE 4 p(1 — AN <,
which implies that y!" > 0 is only possible for j < T and we have j = 1.
Case 2.2.3.2: T! < Tt ¢ < 0, L5 > vPH, + (1 — v)Ph,, & =0, af > 0 for
1<t<TE
There exists only one time period 1 < j < T such that qff > 0 (ajH = 0). This

implies that

PE, f1(j, TT) P + (1 — v)PR] + S5 PR f(j, TF) = 0 and

Pfol(t,TH)[l/PfL +(1— V)PTLL] + %P%Lf2<t7TL) = —‘g;—;f >0for1<t#;5<TH.

. 1 '7 H .
Alternatively, fi(t, T1) > J};g;;ﬁ(t,Tﬂ for 1 <t#j<TH.
If fo(5,T%) >0 (5 > TL) then 9[1 — (1”\L)(t — 7)] < 0, which implies that ¢ < j for

1-\H

all 1 <t # 7 <TH or, equivalently, j = T,
If fo(5,7%) <0 (j < TL) then the opposite must be true and ¢t > j for all 1 <t #
J < TH or, equivalently, 7 = 1.

For t > T it follows that
PE, fi(t, T")vPE + (1 — v)Ph) + S PR Ao, TF) >

— (1 —w)(1 = AE)INE 4 (1 — M)A >
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which implies that yJH > 0 is only possible for j < T and we have j=1 Q.E.D.
From the binding incentive compatibility constraints, we derive

H L
H_ Bod P sz(l Tyl i PIIZIL(6T PIEHACTHqH(CgH)—(ST Pq{’LAcTLqL(c;L))

T ST, 51T, =0;
L PRI CHUTINE P Fia 67" Pl Sernd” () =0T Pfy Sernat () _
xr 5TL,¢, 5TL1/} .

Solving for the optimal payments and information rents we have
H L
H PH (6T PL ACTHq ( )~ 5T PL ACTLq (c ))
b= BooP Lfg(lT ) ’
L H
5T )\LPH AN ( )—o6T )\HPL AN (?H)
6TLP; f2(1,TE) ’
L H
5T )\LP;,IL Acqr q* (c;L)féT )\HP,IL,H ACTHqH(ch) .

ol =

L _ sT:pL L _
= 0" Pra" = 27T :
H L
o ﬁ 5)\H H PI{{L)\H((ST PTLHACTHqH(ch)—zST PII;LACTLqL(c;L))
= PodATY = P, F2(175) :

Since the Lagrange multipliers ¢& = 0, ¢ > 0, ol for t < T, off > 0forallt > 1
and o’ = 0 we can now have distortion in both 7Y and T*. In particular, the F.O.C.

with respect to T" becomes:

oL vBo X 5t(1 ANV (g () =yt —caf () —T)+
o ort — oTrL +
sT P:,{IH(V(QH(C?H)) T ({Jt }t 17{%& }z 1’TH TL:‘IH( o) L(CTL)) CTHq (?H)—FTH)]
aTT +
(1=1)[Bo >/ 5t(1 ANV (gf ()~ —caf (€)—I7) +
L BTL
+6T P (Vg™ (k) —="{ul" Y= YIS TH TR gH H)sa™ (el ) —ckpa (e )~Ipp)]
6TL +
Z? 2(’% Yi +Zt 1(¥t Uf +¢H H({UrH}t 17{Ut tTleTH TL»qH(CQI{H)qu(C;L)) -0
oTL -

In addition, there will be a distortion in the duration of the experimentation stage for
the high type:

oc _ v[Bo ST 8 A=A INH (Vg () —yl —cql (0)—To)+ n

" oTH — oTH

6T PE (Vg™ ()= (ol YD A EYEL T TR ™ (e ) (chp ) =y a (el )~ Trm )]

oTH +
(1-)[Bo ST 8" (1-AE) = AE(V (gF (&) v —eqF (e) 1)
L - 8TH +

+6T P#L(V(QL(C;L))_-”L({Z/!I ? 17{% }t 17TH TquH(C H)qL(CTL)) CTLq (;L)_FTL)]

oTH +
Zt 2&, U/IJFZt 1a, Yt F+efa H({UH}t 17{U1L}tTL17TH TL»CIH(CJI{H):‘IL(C;L))

It is not possible, in general, to determine whether Ty > THy or TH, < THy and

L L L L



97

From the Kuhn-Tucker conditions for the optimization problem we have

PHf(1, TTEGPY, + <7 PL, £,(1,TF) = 0,

sTH
en PR AQTTEP?, Bl TP A" 0
- Eo Pl

sTH PL f2(LTE) = PN —PL A

To characterize the optimal output choices, we now consider the following Kuhn-
Tucker conditions for the optimization problem:
[af' ()] vBd" (1 = XY N (V' (gf (¢)) —¢) = 0 for 1 < s < T,
[ ()] (1= )Bod" (1 = ) IM(V (gf (c)) —¢) = 0 for 1 < s < TH;

/ sTH pL pH A o™ pL, PH A
g ()] vOT" PE, (V' (g (elhy )~y — Tt = )~ (1-)5T" Pl (- =
10T PLy PH A
13 oTH = 0;
5TLPL PH N , 5TLPL PH A

g™ (chu)] v6™ Pl (Tt =") +(L=0)8™" PR (V' (g% (¢ho ) — o + =) +

st pL, PH A
NNt =) = 0;

The first two conditions above imply that there is no distortion in the output relative
to the first-best level after success has been observed by either type; that is V' (¢/(c)) = ¢
for 6 € {H, L}. However, there is distortion in the output relative to the first-best level

after T failures have been reported by the low type; that is

/ PH Ac L H
(1= )V (k) — cha] + ST (B PRy — ) =0
Given that
E P9 et _ (VPYI:IH+(17V)PII:H)(PfLAL7P7€ILAH)+(VPII:IL+(17V)PYI:L)(P,1L_:HAH7PII?H)\L) _
0 TH 5TH PHL )\LipLL \H
wIEg)\GT T

Pl AE—PL N
we can rewrite the Kuhn-Tucker condition as follows

" LiL L1 EP Acip
(1 =)V (g"(ce)) — eqe] = TR AT
which given that function V(-) is increasing and concave implies overproduction by

the low type after T failures have been reported by the low type:

qu(C:LrL) > QZ%B(C%L)’

H

We can simplify the Kuhn-Tucker condition for ¢” (crm

in the following way:
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TH 5L pH 0 L pH
8T PR (V' (¢ (€ll)) — cfy) = TR TEn S B o B P et
T T T ¥ "
H oL 0 L \H_pH L L )
T Py Ac nEg Pl pi ., pi PraM =Pl PlyOcpnEoPy,
- ¥ (Pru + Pri PHLAL—PLLAH) T PE NLPL N\H
T T T T

L 0
PL, NequBoP?

H L H *
P L=PL X

that is, U(STHP{?H(V/(qH(c?H)) — ) =

Given that function V'(-) is increasing and concave the optimal contract exhibits un-
derproduction after ¥ failures have been reported by the high type in this case.

Case 2.2.4: Suppose that £ > 0 and ¢& > 0, i.e., both the (IRF},) and (IRF},)
constraints are binding.

Claim 2.2.4. ¢ > 0and ¥ >0 <= TV > TE of > 0 for t < TF, ok, =0 (it is
optimal to set z* =0, y/ =0 for t <T*, y~, > 0) and o/ > 0forall ¢t > 1 and o' =0
(it is optimal to set 27 =0, y/ =0 for all ¢ > 1 and y{’ > 0).

Proof: We can rewrite the Kuhn-Tucker conditions above as follows:

0L — B [PH £ (t, T")[VP, + (1 — V)Pl — 5] + S5 Pl fo(t, T") + 5] for

oyl gTEL T T Bos®
1<t <TH,
t H L ol
% = ’Bif [P%Lf2<t,TL)[VP7]—?H + (1 — V)P%H — fT_L] + ;,—LPI{IHfl(t,TH) + ﬁ(f)z;/:] for
1<t<TE
Suppose ;T—I;, = vPfl, + (1 —v)Ply;. Then ;—LLPfol(t,TH) + ;é—(;f =0for1 <t<Tr

and o > 0" for 1 <t < T* which leads to a contradiction since then 2 =y~ = 0 for

1 <t < T* which implies that the low type does not receive any rent.

Suppose S = vPH, + (1 — V)P, Then < P, fo(t, TH) + Sl —0for 1<t <TH
and off > 0™ for 1 <t < TH which leads to a contradiction since then 27 = y/7 = 0 for
1 <t < TH which implies that the high type does not receive any rent.

Lemma 3. There exists at most one j < T* such that y]-L > (0 and at most one
s < T such that y” > 0.

Proof: Assume to the contrary that there are two distinct periods 1 < k,m < T*

such that k # m and y”,y > 0. Then from the Kuhn-Tucker conditions it follows that
PE, fo(k, TP, + (1= v)Ph, — S2]+ S PE fu(k, TH) = 0, and

Pl fo(m, T VP, + (1= v)Phy — 2]+ S PH, fi(m, T) = 0.

sTL

131f ¢ = 7L, then y%h > 0 can be optimal.

41f ¢ = TH  then ny > 0 can be optimal.
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Thus, 1{2 :Z;H)) J{?((k ;Z)) — (11 /’\\,L{)(m k) = 1, which implies that m = k and leads to a

contradiction.
Assume to the contrary that there are two distinct periods 1 < s,p < TH such that

s #pand y”, z/p > (. Then from the Kuhn-Tucker conditions it follows that

P fi(s, T")vPE + (1 —v)Pk — ;TL |+ 5TH PL, f2(s,T*), and
P fu(p, T" WP, + (1 = v) Pl — 5] + Sr Pl fo(p, T,

Thus, (1132)(8_7’) = 1, which implies that s = p and leads to a contradiction. Q.E.D.
Lemma 4: Both types are promised a positive rent at an extreme time period, i.e.
only at the last or the first period of the experimentation stage.
Proof: Since there exists only one time period 1 < j < T such that y > 0 (o = 0)
it follows that

P'II“/LfQ(.]vTL)[VP T (1 - V)PII“JH §TL] + 5TL HHfl(jvTH) = 07 and

PL fo(t, TV VP, + (1= v)Phy — 5]+ S PR (8, TH) = =557 < for 1 <t #j < TT.

. L N
Alternatively, ;T—L[fl(t,TH) J{Z(; ;L)fl(j,THﬂ =% 5tPH for 1 <t+#j<TF

Suppose 1 > 0. Then fi(t,TH) — (LT )fl(j,TH) <0for1<t#;<TF

f2(5,TT)

If f5(5,T5) > 0 (j > T%) then [l — (11_/’\\15)(] ] < 0, which implies that ¢ < j for
all 1 <t # j < TF, which implies that j = T > TF. If f,(j,T%) < 0 (j < T*) then

Y[l - (= )(J Y] > 0, which implies that ¢+ > j for all 1 <t # j < T*, which implies

that 7 = 1.
Suppose 1 < 0. Then fi(t,TH) — z;L)fl(j,TH) >0for 1 <t#5<T"
If fo(j,T%) > 0 (j > T%) then ¢[1 — (222)09] > 0, which implies that t < j for

all 1 <t # j < TF, which implies that j = T- > T, If f2(5,TH) <0 (j < TL) then
Y[l — (53w i‘L )U=9] < 0, which implies that ¢t > j for all 1 < ¢ # j < T*, which implies
that j = 1.

Since there exists only one time period 1 < s < T# such that y” > 0 (a7 = 0) it

follows that
PE fi(s, TH)wPE + (1 - v)PE, — 5T—LL] L5 Ph fo(t,T7) =0,

PH (6, TH)wPH + (1 — v)Ph — 2] + 5TH PE, fo(t,T") = —%5¢ < 0 for

TL 6TL

<s#t<LT
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Alternatively, ;T—HH[fg(t,TL) ﬁg ?H)fz(s TH)] = %’;f for 1 <t#s<TH

Suppose 1 > 0. Then fo(t, T") — }Ci((ziH)fg(s Ty <0for 1 <t#s<TH

It fi(s,T") > 0 (s < T%) then ¢[1 — (2227)¢=9)] < 0, which implies that ¢ > s

for all 1 < t # s < TH, which implies that s = 1. If fi(s,7") < 0 (s > T*) then

Y[l — (11:/’\\;)“_3)] > 0, which implies that ¢t < s for all 1 < t # s < TH, which implies

that s = TH > TH.

Suppose 1) < 0. Then fo(t, TL) — ]{i((zi;H)fg(s Ty >0for 1 <t#s<TH

If fi(s,T") > 0 (s < TH) then [1 — (%)(t’s)] > 0, which implies that ¢ > s

for all 1 < ¢t # s < TH, which implies that s = 1. If fi(s,T7#) < 0 (s > T#) then
W[l — (3227)09] < 0, which implies that t < s for all 1 < t # s < T, which implies

that s = TH > TH. Q.E.D.

The Lagrange multipliers are uniquely defined as follows:

£ M N () (A TN
5 T PR RGT RGN =i () G )
S 70 S N Sl O )€ N i S I

6TL PTI—:L [fl (j»TH)fQ(s)TL)ffl (saTH)fQ (.YaTL)]
If s = TH > TH then the optimal contract involves

H ﬁoéT PLLfQ(TH TL)U H_ﬁO(SP,II:LfQ(]-vTL)yf
H
; STV (P, Pl PfLPTLH)
PfL((sT PYL:HACTHq (CT )— 5" PQ%LACTLQL(C?«L))_
6TH(PH PL PH PL ) )
Bos™" PR, f1(TH, TH)uH] ﬁoaT [PH A@ T,
5TL(PH PL PH PL )
L
(5T P AcTHq ( ) T PH ACTLq ( L)
sTh(PH, PL —-PH PL ) '
TH® 7L TL" TH

T

+

i L —

+TH

Since fo(1,T*%) < 0 from fT—LL > 0t follows that 1 > 0 which implies that P, (67" P, A

crng (clly) > §TLP%IL A cprq®(ck,)). However, then we have a contradiction since

—f(TH . THY and — f1(1,TH") imply that 2© > 0. As a result, s = 1.
If X > T then the optimal contract involves

,806T PLL f2(1,TE)yH goéT PLL fa(TE, TL):;
s (PH, PL —PH PL,)
H L
PHL(6T PL ACTHq ( ) 5T PL ACTLqL(c;L)).

+-= T
Y
T (PHHP;L PTHLPTLH)

L_ BodT" PHHfl(TL )y 1, —BodPr 2 ,TH)yH

L
sTh (P, PL —PH PL.)

T H —

Xz
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H L
PquH((ST P ACTHq (c )— —6T PH ACTLq ( L)

L pH L H L )
sTH (P HPTL PTLPTH)

+

Solving the system above we have:

H . : )
i 5 Ppw fepn a (epy ) AN TN 6T Py Ay (e )(ATTTIAY
e BoSALAH (1=AL)TE=1_(1_\H)TL -1 ;
i L
1 = o PTLHACTHqH(CgH)AH_‘ST PQI:ILACTLQL(C;L)AL
Jr BoSALAH (1—AL)TE—1_(1—\H)TL -1

Since the Lagrange multipliers ¢& > 0, £ > 0, ol for t < TF, ol > 0 for all t > 1
and o}’ = 0 we can now have distortion in both 7% and T*#. In particular, the F.O.C.

with respect to T* becomes:

0= 9L _ Y SIS NN (V(af @)=l —eaf! @=TD)+ |
- —oTLk — oTL
57! PE(V (g (e ) o (! YR Ly E YIS T8 T E g (e ) P (e )=ty P (e )~ )]
oTL +
(1-1)[Bo X/ 5t(1 ANV (gf () ) —caf (€)= 1)
I S H BT +
+67 PLL(V(QL(C;L)) l({/ﬁ}t 17{Jt };f 1aTH TLqu(C H)qL(cTL)) CTLq ( )—FTL)]
oTL +
Z;‘Fz% U/ +Zt 1 af, y%+£H‘TH({ZU{I}tI:;v{l// t= 1:TH TL’CIH(C ) L(C;L))WL&LJ’L({U }t 1:{11) t= 17TH TquH(CTH) qL(cTL))
BTL

In addition, there will be a distortion in the duration of the experimentation stage for

the high type:

0= 0L _ B XL SN A Vgl (@)~ —eqf! (=T +

- oTH — L oTH +
7" ity (V0 )= (ol V(O VL 7 T ) 0oy ) et o el Ty
oTH
(1-v)[Bo 1 5t(1 A TINE(V(gf (0) =yt —caf (¢)—T) +
oTH
L H L
+67 PQEL(V(qL(C;L))_'T’L({yt”}?:lv{y{‘}?:17TH7TL7qH(C¥H)7qL(C;L))_C;LqL(C;L)_FTL)] +
. L oTH .
S oyl A S aly b+ (YD AuE YL TH T g7 (cHyp) g% (e )+ €8 el (ol YIS AuF Yo 7 T2 g7 (cH ) qP (e )
BTH :

It is not possible, in general, to determine whether Ty > THy or TH, < THy and
Tky > TEy or Thy < TEp.

Given that

ATETH) (1L TE) = A(LTH) fo(TH TR) = g (1= AT — (1= AT,

L H
PL, PH,
we can rewrite

L EgX P, fo(T",TF) and - Ei, r0y09A PRy 1(1LTH)

sTL ALAH (1=A)TE=1_ (1 \H)TL -1y 5TL TOALAH (1=AL)TE -1 (1 \H)TE-1y"
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To characterize the optimal output choices, we now consider the following Kuhn-
Tucker conditions for the optimization problem:
[t (c)] vBod" (1 — M) N (V' (gf(¢)) — ¢) = 0 for 1 < s < T
[ ()] (1= v)Bod" (1 = XY TINH(V' (g (¢) — ¢) = 0 for 1 < s < T

[qH(CgH)] V5TH PJIJH (V/ (qH(C:,I{H))—c:,I{H — 6THPTL;}Z%ACTH )—(1—V)(5TLPJIJL (JTHP#;ITIZiHAcTH )
£H éTHP:ﬁ;i%ACTH i fL aTHP:ﬁ?T]ZiHACTH _ 0

(e )] 7" Py T (1 )T Pl (V (e ) — oy + S
£H<—6TLP7L"5LTI;%ACTL ) X EL(—(STLPTL;ITIE%ACTL ) —0.

The first two conditions above imply that there is no distortion in the output relative
to the first-best level after success has been observed by either type; that is V' (¢?(c)) = ¢
for € {H, L}.

However, there is distortion in the output relative to the first-best level after 7%

failures have been reported by the low type; that is

/ PL PH A PH A
(1= ) PRIV (qH(che) — ck] + “Teimort g, po, — Fibooet (€8 pr < pry,
/ PH Ac
(1 — I/)P%L [V (C]L(C%L)) — C%L] = TLd) t (%P%L + ;T_LLPYIJH - P%LEQP;H%
. H L TP -1 6
Given that 7 Pra + o P — PEoPlu = — g ﬁi);jl_ (f;g)TL_l) we conclude
, PH (1-AL)TF—1g, 5
Vi {a*(er)) —ep] = = (w)PTLLAgi(HL)TL-l7<HH>TL-1> Ao,

and given that function V(-) is increasing and concave the optimal contract exhibits

overproduction after T failures have been reported by the low type in this case:

qu(C%L) > qu(C:LrL)-

In addition, there is distortion in the output relative to the first-best level after T
failures have been reported by the low type; that is

, H L A 6 [N
VPT{IH[V (qH(quH)) _ C?H] _ PruPru ;THEGPTH + PTH¢ CrL (ipﬁ + ipj{fH);

sTH sTL

, PL_A H L
VPTH [V (qH(C;IH)) - C?H] = ﬂTCTH<P7{IHE9P7€L - éﬂ_HP’Z{—IL - ;T_LP%IH);

. H L Eo (12 TE-1y0
Given that PH,EsPS, — ;T—HPI{JL — ;—LPQI?H = /\L((liL")(TL_11(17AH)TL_1) we conclude

PLyEg(1-A0)T" 100

VPH AL (1=AE)TE =1 (1-\H)TE -1

V/(C]H(CgH)) - C?H = ) A cpu,
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Given that function V(-) is increasing and concave the optimal contract exhibits under-
production after T failures have been reported by the high type in this case: qu(ch) <
arp(cin)-

Case 2.3: Both types receive a strictly positive informational rent (PffH PTLL —Pi,flL PTLH =
0.) The constraint (ICH#) must be binding. If the (IC*) constraint was not binding,
it would be possible to decrease the payment to the low type without violating any other
constraint and improve the value of the objective function. In addition, the (/CH#1)

constraint is binding as well by the same logic. From the binding (IC%) and (ICH1)

constraints we have:

Bo Soiy 8P (1 — AYIAE — PR (1 — MY INH ]yl
B0 Yoy 0[P (1 = NI — P (1= M) 1Ay
+PH (6T Py A cpug™ () — 67" PR A crrgh(cky)) = 0, and
Bo St 0P (1= AFYTINE — Pl (1 — M1\l
+B0 Yty 0[Pl (1 = NH)INE — PH (1 — M)Ay
+PTLH(5THP$IH A epngt (clly) — 6TLP;IL A eprgh(ck)) = 0.

The principal’s optimization problem is to choose T7, {¢/(¢)}71, ¢" (), o™, {y/}1,

T {uf Y, o et (95, and ¢*(cf.) to

max{v[By Srs 01 (1 — MY N (V (g () — y!' — eq’(¢) — T)
+67" PR (V (¢ (cf)) — 2" = elluq™ (clly) — Trw)]
(1= 0)[Bo X0 01 (1 = ANV (gE(0) — ) — cqb(c) — I7)
+6T" PE (V (g™ (cky)) — 2" — ek g™ (ck) — o))} sit.

(ICTH) By S 8P (1= AFYIAE — Pl (1= M)Ay 0
+80 Sory OU[PE (1 = XYIN — PH (1 — AR LAk
+PE (8T Phy A cpng™ (cBy) — 07" PR A crng™(cky)) = 0
(ICHLY By S0 6H[PH, (1 — AFYIAL — PL (1 — \H)=1)H]y 1
B0 Yory 0[Pl (1 = NH)INH — PH (1= AF) A ]y
+PE (6T PH, A epng™ () — 67" PEL A epng®(cky)) =0

(IRSH) y >0 fort <TH,
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(IRSE) yl >0 fort < T,
(IRFH,) >0,
(IRFL) k= 0.

Labeling o, o, {a}YI, {alYIL,, €/ ¢F as the Lagrange multipliers of the con-
straints associated with (IC™) (IC™*), (IRS}), (IRSF), (IREY,) and (IREE,) re-

spectively, the optimal contract has the following Lagrangian:

LT {af (Y a" (eff) YL TE A Y Aa @Y P (efn), o o {a Y (o Y €7, 60)
{6 S0 0L = NNV (gf (0)) — uf' = eqf! (€)= TY)
+67" Py (V(a" (clf)) — 2" = cfluq" (clf) = Tpw)]
(1= 1)[Bo Ty 841 = AV (gE (o)) =yl — caf(c) — T)
+0" PRV (0 (cha)) — " = chug(chu) = Tro)
+a (Bo Yy 0[P (1= ALYTIAL — PR (1 — A1 \H]y
0 Xy PR (1 = AT — PR (1= AR
+P{L (0T Pl O epng™ (cffn) = 87 Plu A erng®(che)
+al(By S0y O'[PH, (1 — AB)IAE — Ph, (1 — MY \H]y 1
B0 iy 0[P (1= M)A — PR (1= M)
+ Py (67" Py A erng™ (cfly) = 67" PE, A erugt(chn))) S0 oflyf + S0, aful
G EH g H gLyl
The Inada conditions give us interior solutions for ¢/'(c), ¢"(cky), ¢f(c), and ¢"(cky.).

We also assumed that T% > 0 and T# > 0. Therefore, the Kuhn-Tucker conditions for

the optimization problem are:

oL _ . _0L __ H. oL —
arm = 0; gty = 0for 1<t < T 55— = 0;
L _ . _9L  _ L. _0L _ _ ).
aT_L_o,m_Oforlgth,m—O,
aafH:OforlgtéTH;

It

a‘?f{{ > 0; ol > 0;

oL . H . 0L _ 1.
(')()(_H:O; « >O7 81:H_O’

WV
o

off 2o = 0 for 1 <t < TH; 25 > 0; ¢
oL .
Yo =0,
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9L —(0for1 <t < Tk
Oy,

oL . L .
W}O, g 20,
ozf% =0for1 <t<TH

0L >0; ¢8> 0;

5é
L oL __ .
oet =0
oL . L . 0L _ 1.
&I—L:O,Oé >O,W—O,

which include the constraints from the problem themselves and corresponding com-
plementary slackness conditions.

Claim 2.3. P, Pk —PHL PL, =0 <= ¢ >0,¢" >0, 0! > 0fort < min{T", 77}
and af > 0 for t > maz{T" T} (it is optimal to set 2" = 27 = 0, y// = 0 for
t <min{T", T} and y) = 0 for t > max{T",T"}).

Proof: We can rewrite the Kuhn-Tucker conditions above as follows:

2L = —uéTHPfH + &M =0, which implies that ¢ > 0 and, as a result, 2/ = 0;
2 ——(1- V)éTLP:ﬁL + ¢ =0, which implies that ¢© > 0 and, as a result, 2” = 0;
o = Vo0 (1=NT) I fal Bod* (PR (1=AF) I — PL (1= XTI ! 5ot [Prly (1

AYINE — PL(1 = M)A + off =0 for 1 <t < TH,;
% = —(1 = v)Bo0" (1 — AE)INE 4 R Bydt [Ph, (1 — M)A — PH (1 — AL)INE] +
o o8 [Pl (1 — MM — PIL (1 — M)A +af =0 for 1 <t < T

Since —v/(1—=AT)=IN ol Pl folt, TV) — o Pl fi(t, TT) + gl = 0for 1 <t <77
we immediately conclude that o > 0 for t < min{TH Tt} as —v(1 — M)A 4
ot Pry fo(t, T%) — o Prly (8, TH) <0.

o . . — (,YL

In addition, since —(1 —v)(1 — AE)I=INE — aLPrﬁLfg(t, TE) + (}:HPYI?Hfl (t, TH) + v

0 for 1 < ¢t < TF we immediately conclude that o > 0 for ¢ > max{T# T*} as

—(1=v)(1 = AN — o PL fo(t, TE) + o PR, fi(¢, TH) < 0. Q.E.D.
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Appendix C

TECHNICAL DETAILS, CHAPTER 3

Proof of Theorem 3.1. Feasibility: An each step, no flight gets an infeasible slot.

Non-wastefulness: This is by construction of the mechanism. If a flight 3f € F such

that s € V! with ef < s, then it must be the case (1) < s.

Individual rationality: In the main round , in the pre-competition stage, each f € F,
that can feasibly use a slot in S, \ S! will be assigned to such slot; in the main stage,
all slots in S, NS will be endowed to a’s flights in a fashion that favors more important
flights. So II3= for each a € A is constructed. Then at each step that an endowed
slot is being assigned, an airline can either use that slot on that flight or trade it for
a better slot for its remaining most important flight. Let z; = dy, ,(II*) — dy, ,(¢a(I))
for i € {1,...,|F,|} and f,;Ryfait1. When an airline use an endowed slot, x; = 0 for
some i, and when the first time an airline (i) trades an endowed slot with some other
slot or (ii) pick an empty slot, z; > 0, which would be the first non-zero coordinate of
Tq = (T1, T2, ..., TR, ). ThereforeVa € A, p,(I) 7, 1150

Pareto efficiency:

Flights that leave at the pre-competition stage are already getting the earliest slot
they can get, and no slot in S\ S! can be used to make flights leave at later steps better

off.

Consider the main stage, any flight that leaves at step 1 is assigned its top choice that
is available and cannot be made better off. Any flight that leaves at step 2 is assigned
its top choice that is available among those slots remaining at Step 2 and since slots are
distinct time intervals, it cannot be made better off without hurting some flight who left
at Step 1. Proceeding in a similar way, no flight can be made better off without hurting

some flight that left at an earlier step.

Moreover, for an airline, a flight left at an earlier step is more important than a flight
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left later, so it can not make itself better off as well. Therefore, ¢ is Pareto efficient.

Respects property rights:

In each step an endowed slot is being assigned, if it is not assigned to the airline, that
means the airline trades it for some better slot. In particular, in the pre-competition
stage, the airline trades an infeasible slot for some feasible slot. In the main stage, it
trades it for a better slot for its remaining most important flight. In the supplemental
stage, an airline will not get its endowed slot only if it has zero budget at that step, which
means it traded it for some better slot already.

Core-selecting;:

Suppose JIT" and A’ C A such that (i) Vf € Ugea Fy, II'(f) € Sa, and (ii) Ya € A/,
II" -, o(I). Therefore, Ya € A’, the first non-zero coordinate of z, = (21,2, ..., 2|p,)) is
positive, where for i € {1, ..., |Fy|} and fo;Rafaiv1, vi = dy, ,(0(I)) — dy, ,(IT').

Consider f,; where z; is the first non-zero coordinate of x, for a € A’. Note that
IT'(fa;) is earlier than oy, (1), II'(fa:) € Sar, II'(fa;) is not available when fq; is picking
a slot in ¢. There is a II'(f,;) for each a € A’; let St be the collection of II'(f, ;) for all
a € A'. St is the set of slots that make airlines in A’ prefer IT'.

(i) If @ is the owner and II'(f,;) is used by some f, ; in ¢, then it must be f, ; R, fa.i-
Since x; is the first non-zero coordinate, then z; = 0, i.e., f,; is getting the same slot
under II', a contradiction.

The same argument applies to all airline in A’. Therefore, Va € A, II'(f, ;) is coming
from some airline a’ € A’ with o’ # a.

Let s, € Sp C S, NS endowed to airline a € A’ be the first slot being assigned to
some f in ¢. a will pick a slot for its highest ranked remaining flight f,; before s, is
assigned. At this step, all slots in Sr are available (otherwise it contradicts the way we
pick s,).

(ii) If fai = fa,j» @ picks oy, . (1) but not II'( f,;), a contradiction.

(iii) If f,iRafa;, this means II'(f,;) is still available after f,; picked a slot in ¢, a
contradiction.

(iv) If fojRafai, we have @, (1) =1I'(fa;) € Sar.

If @y, ,(I) € Sa, then a will pick another slot. Let the last flight of a gets a slot be
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fa- If 54 1s picked by some flight of @ at this step, then this flight must be higher ranked
than f,; because II'(f,;) is still available (a result from (i), II'(f,;) ¢ Sa). Then s, will
be used by a under II' but not another airline, a contradiction.

So s, is not used by a and f,  is higher ranked than f,;. That means airline a trades
sq for oy, (I) € Sa from some airline b € A’ *Let oy, (1) be the slot obtained by b in
this trade. Because all slots in St are still available, the flight f; ; is higher ranked than
Joir 50 @5, (1) =1'(fy;) € Sa. If @y, (1) € S, we have a cycle.

If or,.(I) € S;, c € A" will be the next airline in line of the trade, and the same
argument * applies. Because none of the airline in line gets a slot outside Sy and A’
is finite, there must exist a cycle contains exclusively airlines in A’. Let z € A’ be the
airlines gets s, for f, ;, again, since all slots in Sy are still available, f, ; is higher ranked
than f.; and therefore oy, (1) = II'(f.;) = sq.. This contradicts the fact s, makes some
airline prefecr Il to ¢(1).

Strategyproofness:

We consider each stage to see if an airline a can manipulate its outcome by misreport-
ing R, and e, such that the final landing schedule SO(R/Q,E, (R,e)_,) will make a weakly
better off, that is, go(Ra, €a, (R,€)_0a) Za va(R,€)).

Let 2, = (21,22, ..., 25,) be a vector such that for i € {1,...,|F,|} and fo;Rafai+1,
v, =dy, (¢(R,e))) —dy, (¢ (Ra, €q, (R,€)_q)). Let z; be the first non-zero coordinate. If
there is no such z;, then gp(Ra, €a, (R,€)_4) ~a va(R,€)), and we are done. Suppose not.
This implies ey, ; < gof(Ra,ea, (R,e)—q) < @r(R,e).

In the supplemental stage, if f,; wants a slot that is being assigned in this stage, it
will get that slot in the main stage of ¢, a contradiction

In the pre-competition stage, I is not used. The only way that f,; can get a slot
(that is feasible for f,; and is not being assigned in this stage under ¢) is when a is able
to make ey, . < s can be only used by f, ;.

Note that pra’k(R/a,?a, (R,e)-a) = ¢y, (R,e) for all f,xRafa; So this can happen
only when the earliest slot s € S is demanded by a with f, ;, fo.r,...when s" = ¢y, (R, e)
for fozRafa; and fojRafaa, ... or by a with f, ., fazr, ... for fo;iRafaus fazr, ... and at

most one airline b with f; ., then in the in the prior case, a can misreport (infeasible or later
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times) e fa’z,,/e]?@,,, ... to give that slot to f, (otherwise, this slot will not go to f, until
the main stage), and in the latter case, a can also misreport e fw,,/e}?’x,,, ... to give that
slot to f;,; again, the next demanded slot is demanded by a with f,,, fo,,...when s =
gofa’y(R, e) for f,yRafa;and fo iR fay, ... or by a with f, , foyr, ... for fo iRafay s fayrs -
and at most one airline ¢ with f.,....

fa,; Will get s from ¢’s main stage because the only competitors fy ., fe ... will always
try to get a slot earlier than s and flights f, ./, ..., foy, ... Will not compete with them
before f, ; gets a slot. So this contradicts z; is the first non-zero coordinate.

Now consider the main stage, we want a(j) to pick a slot earlier such that z; > 0.
Again, <pfa7k(}?a-,?a, (R,e)-a) = ¢y, (R,e) for all f,,Rqfa;

a(k) > a(j) obviously cannot help a(j) to pick a better slot.

The only way a can put a(j) into Rg is to let a(j — 1) pick an endowed slot, but
such slot must be the same as ¢y, ., (R, e), the a(j) will get the slot it can get from ¢, a
contradiction. Q.E.D.
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