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Chemistry

Relativistic quantum mechanics provides a fundamental description of virtually all chemical

phenomena, though in practice quantum chemistry is formulated through approximate so-

lutions of the Dirac equation. Among systematic approaches, configuration interaction (CI)

yields the exact solution in the complete-basis-set limit but suffers from factorial growth

in computer memory requirements, restricting its application to the smallest systems. The

recently developed small tensor product distributed active space (STP-DAS) CI framework

significantly shrinks these resource requirements, yet large correlated calculations remain

out of reach. In contrast, density functional theory (DFT) offers an approximate solution

with much more favorable scaling. While not systematically improvable, DFT is widely

used for large molecular systems where CI is not tractable. The landscape of scientific

computing today is moving away from traditional processors in favor of graphics processing

units (GPUs). GPUs offer the potential of tremendous speedup, but their unique computing

paradigm requires careful algorithmic design to maximize their effectiveness. In this dis-

sertation, we present two GPU-accelerated algorithms that accelerate critical rate-limiting

steps in DFT and STP-DAS CI calculations, enabling faster correlated methods across

length scales. We describe the design considerations of these algorithms, contextualize their

role in chemical applications, and demonstrate their performance on large systems.
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Chapter 1

INTRODUCTION

The seventeenth century was a tumultuous time for natural philosophy, the Aristotlean

school of thought dating back to ancient Greece. Precision measurements of planetary

motion by Galileo Galilei challenged the geocentric model of the universe, then purported

by natural philosophers relying on deductive reasoning (and authority) to explain natural

phenomena. The success of Sir Isaac Newton’s Principia Mathematica 148 in explaining

Galileo’s observations sent shockwaves through the collective mind, solidifying inductive

reasoning and mathematical modeling as the replacement of the old ways. To this day,

scientific understanding of the natural world revolves around mathematical models, sets of

universal relationships between quantities that allows one to describe and predict physical

phenomena. While physics enjoyed its revolution with classical mechanics comparatively

early, chemistry had yet to have a Newton of its own. It took countless thinkers to evolve

chemistry, with giants like Boyle to shake the mystique off of alchemy and advocate for

empirical study20, Lavoisier to develop precision analytical techniques, and Mendeleev to

tabulate the elements into the first hints of quantum theory, into a state ready for it’s own

revolution. Physicists in the golden age of the early twentieth century finally produced an

answer in the form of quantum theory. At last it became possible, in principle, to describe

all chemical phenomena quantitatively in terms of a universal set of simple mathematical

relationships; a microscopic mathematical model.

As is quoted in nearly every text on the historical development of physical chemistry,

Paul Adrien Maurice Dirac wrote in his 1929 paper38

The underlying physical laws necessary for the mathematical theory of a large

part of physics and the whole of chemistry are thus completely known, and the
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difficulty is only that the exact application of these laws leads to equations much

too complicated to be soluble. It therefore becomes desirable that approximate

practical methods of applying quantum mechanics should be developed, which can

lead to an explanation of the main features of complex atomic systems without

too much computation.

The reductionist view of Dirac appealed to the physicists of the time as quantum mechanics

seemed to be the promised microscopic theory of chemistry. While the physicists’ search

for their own microscopic theory of physics continued through the twentieth century (and

to this day), the meeting point of chemistry and quantum mechanics was developing into a

brand new field: quantum chemistry.

In the early days, quantum chemistry was a setting for physicists to hash out what’s

known today as the “old quantum theory”, born out of discoveries about the nature of

chemical bonds and predicted spectra of atoms and molecules. However, by the early 1960s,

the introduction of a new and powerful instrument — the computer — thrust the field

into a totally new era. Quantum chemistry suddenly became a predictive tool, one where

chemically interesting questions can be asked and answered ab initio, without using any

data as inputs. A flurry of development followed, with both algorithmic and hardware

improvements bringing more problems into tractability throughout the rest of the twentieth

century.

Today, quantum chemistry is a mature field at the intersection of physics, chemistry, and

computer science — as any one of these fields evolves, so does quantum chemistry. It’s devel-

opment benefits fundamental science, from providing highly scalable quantum algorithms to

understand the quantum mechanical origin of molecular–biological phenomena143, to high–

precision quantum electrodynamics calculations189. Very recently, quantum chemistry finds

itself at center stage with the physical realization of quantum computer, which employ a

completely new computing paradigm that emerges from quantum mechanics itself25. Per-

haps this will bring the second quantum chemistry revolution — and be the second time
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quantum chemistry changes forever.

Despite it’s central role in the computational study of fundamental science, quantum

chemistry is far from an academic pursuit. For decades, it has been at the forefront of

developing technologies involving anything molecular or electronic, from drugs212 to cata-

lysts1 to batteries219 to solar cells35 and more36. Fast algorithms are the lynchpin of any

industrial application of quantum chemistry. Without the ability to calculate ground and

excited state properties of the large molecules in complex environments commonly found in

industrial applications, scientists would be limited to experimentally-accessible data only,

severely hindering their ability to obtain answers to their research questions. Therefore,

the development and integration of fast quantum chemistry algorithms, fit for todays ever–

evolving high–performance computing landscape, is central to enabling rapid technological

development.

This dissertation outlines my work developing quantum chemistry algorithms for (clas-

sical) modern computing clusters. These algorithms are specialized to relativistic quantum

chemistry, which is an extension to quantum chemistry that takes into account the finite

speed of light in the universe. In Sec. 1.1, we will outline the basics of nonrelativistic

quantum mechanics, including quantum states and how they change with time. Section 1.2

discusses electronic structure theory, which makes up the core of quantum chemistry. Both

the theory and some of the methods used in practice will be discussed in some detail. Rel-

ativity and its application to quantum mechanics in general are outlined in Sec. 1.3 and

Sec. 1.4. Then, Sec. 1.6 will discuss some vital background for the main results of this work,

namely relativistic electronic structure theory. Finally, the main results are presented in

Chapter 2 and Chapter 3, and we conclude in Chapter 4.

1.1 Quantum Mechanics

The central object of quantum mechanics is the Hilbert space H, which is a complex–

valued vector space that contains all the possible configurations of the physical system.

An observable Ô is a Hermitian operator on the elements of H; it represents a physical
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measurement on the system, such as position x, momentum p, or spin along the z-axis Sz.

An element of the Hilbert space is called a ket, denoted by |α⟩, where α labels the ket in

this instance. Kets contain all the information we are allowed to ask about the state, via

multiplication with observables:

Ô · (|α⟩) = Ô |α⟩ (1.1)

The result of multiplying a ket with an observable is, in general, not that same ket times a

constant. However, every observable has a set of special kets that do have this property:

Â |a1⟩ = a1 |a1⟩ , Â |a2⟩ = a2 |a2⟩ , . . . (1.2)

where a1, a2, . . . are just numbers. Those special kets â1, â2, . . . and their corresponding

numbers a1, a2, . . . are called the eigenkets and eigenvalues of operator Â. For every ket,

there exists a bra, denoted by ⟨α| = |α⟩† where † is the conjugate transpose operation.

From this definition follows two fundamental properties of quantum states:

⟨α|β⟩ = ⟨β|α⟩∗ , ⟨α|α⟩ ≥ 0 (1.3)

where ∗ denotes the complex conjugate. These imply the existence of orthogonal states, or

those with ⟨α|β⟩ = 0, and that we can always normalize states (divide by the inner product

with itself) so that ⟨α|α⟩ = 1.

The quantum theory of measurement is probably the most subtle and difficult aspect

of quantum mechanics to understand and is the subject on ongoing debate, so I will not

cover it in depth here. To borrow words from Dirac37 “A measurement always causes the

system to jump into an eigenstate of the dynamical variable that is being measured.” In

other words, before an observable Â is measured, the system is assumed to be in some linear

combination of eigenstates of Â:

|α⟩ =
∑
n

cn |an⟩ =
∑
n

|an⟩ ⟨an|α⟩ (1.4)
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When the measurement is performed, the system suddenly shifts into one of the eigenstates

of the observable:

|α⟩ −→ |ak⟩ (1.5)

where k indicates the particular eigenstate the system jumped into. The state that existed

before the measurement is not the same state after the measurement; it is destroyed by

the process of measurement. The only exception is if the state is already in one of the

eigenstates of the observable,

|α⟩ = |ak⟩ −→ |ak⟩ (1.6)

Which eigenstate does the system jump into? One of the central postulates of quantum

mechanics is that the probability for a normalized state |α⟩ to jump into some particular

|ak⟩ is

Probability of ak = | ⟨ak|α⟩ |2 (1.7)

If an experimenter prepares the state |α⟩ =
∑

c cn |an⟩ and performs the measurement

many times, each outcome may be different, and the laws of quantum mechanics does not

permit us to exactly know what the outcome of a particular measurement is. However, it

does permit us to calculate the expectation value of the observable, which is the average

expected outcome of a measurement repeated many times on an ensemble of identical states:

⟨A⟩ = ⟨α| Â |α⟩ =
∑
n

an| ⟨an|α⟩ |2 (1.8)

The important information about an observable is characterized by its statistical properties,

such as the dispersion ⟨(∆A)2⟩ (also called the variance),

⟨(∆A)2⟩ = ⟨A2⟩ − ⟨A⟩2 (1.9)

When the state is an eigenstate of Â, the dispersion becomes zero. Thus the dispersion

is a measure of how broad the distribution of measurement outcomes is for an operator.
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The probabilistic nature of quantum mechanics implies that we can only gather limited

information about the state of a system. The uncertainty principle codifies this in an

equation:

⟨(∆A)2⟩ ⟨(∆B)2⟩ ≥ 1

4
| ⟨[Â, B̂]⟩ |2 (1.10)

where the brackets represent the commutator [Â, B̂] = AB−BA. Observables that commute

([Â, B̂] = 0) have no uncertainty principle between them i.e. a state can be in an eigenstate

of Â and B̂ simultaneously.

Commuting observables (also called compatible observables) provide a useful way to

label quantum states. If there are two (or more) eigenkets of an observable Â that have the

same eigenvalue ak, those two eigenvalues are called degenerate. Suppose we have a set of

observables Â, B̂, . . . in our system, and that Â has a doubly degenerate eigenvalue ak. If

Â and B̂ commute, then |ak⟩ is a simultaneous eigenket of B̂ e.g. |ak, bl⟩. If we choose the

maximal set of commuting observables, that is, the set of all observables that both commute

with Â and amongst each other, their collective eigenvalues specifies the state with maximal

specificity. In real quantum systems, if a degeneracy is present in a system there’s often an

observable that can be introduced to break the degeneracy. One classic example is of the

squared angular momentum operator L̂2 and the z-projected angular momentum operator

L̂z: if measuring L̂2 gives ⟨L2⟩ = ℏ2l(l+ 1), there are 2l+ 1 degenerate eigenkets of L̂2 the

state could be in. It takes another measurement from a commuting observable, that of L̂z,

to determine the final state |l,ml⟩.

1.1.1 Quantum dynamics

In quantum mechanics, there are two main philosophies to handling the time evolution

of a state. In the “Schrödinger picture”, the state kets change with time, while in the

“Heisenberg picture”, the state kets are stationary while the observables evolve in time.

Both are equivalent and can even be mixed together, but for simplicity we will use the

Schrödinger picture throughout this work.
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The time evolution of a quantum state is given by an operator U(t, t0) that evolves a

state from time t0 to time t. It has a few intuitive properties, namely the composition

property,

U(t2, t0) = U(t2, t1)U(t1, t0) t2 > t1 > t0 (1.11)

and unitarity,

U †(t, t0)U(t, t0) = 1 (1.12)

The composition property reflects the fact that something evolving from t = 0 to t = 2 can

be equivalently said to evolve from t = 0 to t = 1 and then t = 1 to t = 2. Unitarity states

that sum of probabilities of all measurement outcomes should always sum to 1. These two

properties force U to be of the form of an exponential matrix:

Û(t, t0) = eiΩ̂t (1.13)

where Ω̂ is a Hermitian operator, Ω† = Ω. In classical mechanics, the Hamiltonian is the

generator of time evolution74, so we may relate Ω̂ to the Hamiltonian operator Ĥ 186:

Û(t, t0) = eiĤt/ℏ (1.14)

The time evolution operator is formed from the Hamiltonian Ĥ, which is a special operator

that gives the total energy of the system.

The t→ t0 limit of equation Eq. (1.14) can be taken to write it as a differential equation,

and after multiplying on the right by a t = t0 state ket |α, t0⟩, we obtain the time-dependent

Schrödinger equation for a state ket:

iℏ
∂

∂t
|α, t0; t⟩ = Ĥ |α, t0; t⟩ (1.15)

This first-order differential equation gives the time evolution of a state ket |α⟩ from t0 to

t, provided that the Hamiltonian operator Ĥ does not itself depend on time. If a state ket
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|α = ak, t0⟩ is an eigenstate of Â and [Â, Ĥ] = 0, then the time dependence of the state is

simply

|α, t0; t⟩ = exp(iEakt/ℏ) |α, t0⟩ (1.16)

where Eak is the eigenvalue of the Hamiltonian associated with the simultaneous eigenvalue

of Â, ak.

Operators in the Schrödinger picture do not change with time, but the time evolution

of the states do. For a state |α, t0⟩ that is an energy eigenstate with energy E,

⟨Ân⟩ (t) = ⟨α, t0; t| Ân |α, t0; t⟩ =

⟨α, t0| exp(iEαt/ℏ)Ân exp(−iEαt/ℏ) |α, t0⟩ = ⟨α, t0| Ân |α, t0⟩ (1.17)

Thus for energy eigenstates, all expectation values of any observable are time-independent.

As a bonus, since every power n is stationary, all dispersions and higher-order moments are

stationary too.

If the Hamiltonian Ĥ is time-independent, then plugging the evolution of the state from

Eq. (1.16) into Eq. (1.15) yields the time-independent Schrödinger equation,

Ĥ |α⟩ = E |α⟩ (1.18)

The solution of this equation can be obtained by diagonalizing the Hamiltonian Ĥ, thus

obtaining the spectrum e.g. the energy eigenstates and their eigenvalues. Then, any initial

state |α⟩ can be written in terms of the energy eigenstates and the dynamics follow trivially.

1.1.2 Identical particles

To introduce the machinery of dealing with identical particles, consider a bunch of baseballs

in a washing machine. When we turn on the washing machine, the drum begins to spin, and

the baseballs are jostled and thrown around. However chaotic their motion, it is in principle
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possible to keep track of and predict the motion of each baseball by carefully watching each

one and keeping track of each individual collision. This is the picture in classical mechanics:

each baseball can be tracked individually and measured even if they are identical. If we

collect all of the possible configurations of the baseballs (particles) — every possible position

and momentum — into an N -particle Hilbert space1 H⊗N , constructed as a tensor product

of single-baseball Hilbert spaces H1:

H⊗N = H1(1)⊗H1(2)⊗ · · · ⊗ H1(N) (1.19)

The N -particle wavefunction is then an arbitrary element of this space

ΨMB(r1, r2, . . . , rN ) ∈ H⊗N (1.20)

When Hilbert spaces combine in a tensor product A ⊗ B = C, the elements of c ∈ C are

generated by sets of elements in A and B, i.e.

c =
∑
i

ai ⊗ bi {ai} ∈ A, {bi} ∈ B (1.21)

Intuitively, wavefunctions describing all of the baseballs can be written as arbitrary combi-

nations of wavefunctions describing each baseball individually. Crucially, each single particle

space carries a particle label, which can be used to distinguish the particles even if they

are identical. The subscript MB isn’t a typo of Major League Baseball, but stands for

Maxwell-Boltzmann statistics, reflecting the absence of any imposed permutational symme-

try constraint on the wavefunction.

The difference between baseballs and electrons is that electrons have spin2. Thus, a

1Technically, the classical analog of a Hilbert space is a phase space, but for the sake of the argument
let’s pretend we’re playing in the quantum league.

2There are a few other differences as well, but that’s the important one.
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single electronic wavefunction is denoted as a spinor which carries a spin label τ ,

ψτ (r) (1.22)

The simplest N -particle wavefunction ansatz is the product of single electron spinors,

θT (r1, r2, · · · , rN ) = ψτ1(r1)ψτ2(r2) · · ·ψτN (rN ) (1.23)

where τi is either α or β (indicating up and down spin) and T = {τ1, · · · , τN} is shorthand

for the particular realization of spins τi = {α, β}. It won’t be proven here, but if we take a

linear combination of all 2N permutations of the spin string in θT , the resulting wavefunction

spans the entire Hilbert space in Eq. (1.19)

Ψ(r1, . . . , rN ) =
∑
T

CT θT (r1, . . . , rN ) (1.24)

where CT are the expansion coefficients. However, the spin-statistics theorem201 restricts

the symmetry under permutations of particle labels depending on the spin of the particle.

In the case of electrons, which are spin-12 , the wavefunction must pick up a minus sign when

any two particle labels ({ri, τi}) are interchanged, a property called antisymmetry. Integer

spin particles like bosons are symmetric, meaning there’s no sign change.

The antisymmetry requirement of θT can be enforced through an operator called the

antisymmetrizer, which is defined in terms of permutations π in the permutation group SN

for N coordinates,

A =
1

N !

∑
P∈SN

(−1)πP̂ (1.25)

where (−1)π is the parity of the permutation. The effect of this operator is to leave totally

antisymmetric functions unchanged, but sets functions to zero that have at least one set

of coordinates that can be swapped without changing the overall function. This is exactly

the requirement of the Pauli exclusion principle – the antisymmetrizer enforces that no two
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Particle type Fermions Bosons Classical

Statistics Fermi-Dirac Bose-Einstein Maxwell-Boltzmann

Spin half-integer integer none

Pij symmetry anti-symmetric symmetric none

2 particle states 1√
2
(|a⟩ |b⟩ − |b⟩ |a⟩)

|a⟩ |a⟩,
|b⟩ |b⟩,

1√
2
(|a⟩ |b⟩+ |b⟩ |a⟩)

|a⟩ |a⟩,
|a⟩ |b⟩,
|b⟩ |a⟩,
|b⟩ |b⟩

Table 1.1. Breakdown of multi-particle states and their statistics.

states can occupy the same spin-orbital. Applying A to the product ansatz θT yields a

Slater determinant 78,186,

AθT = ΘT = Θτ1τ2...τN (r1, r2, . . . , rN ) =
1√
N !

∣∣∣∣∣∣∣∣∣∣
ψτ1(r1) · · · ψτ1(rN )

...
. . .

...

ψτN (r1) · · · ψτN (rN )

∣∣∣∣∣∣∣∣∣∣
(1.26)

Slater determinants do not span the entire Hilbert space like the product ansatz in

Eq. (1.24), but they do span the antisymmetric part of it, AH⊗N . Just like with θT , we

can build a linear combination of ΘT that spans the entire antisymmetric space,

Ψ(r1, . . . , rN ) =
∑
T

CTΘT (r1, . . . , rN ) (1.27)

Because of the antisymmetry requirement, electronic wavefunctions only occupy a subset

of the overall Hilbert space H⊗N . Since this ansatz enumerates that subset exactly, it’s

impossible to produce an invalid wavefunction by varying the expansion coefficients CT .

1.2 Electronic Structure Theory

Electronic structure theory is concerned with the application of quantum mechanics to

atoms, molecules, and all condensed matter, with the goal of explaining electron-driven

phenomena ranging from chemical bonding to superconductivity. Electrons are spin-1/2
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particles and, being able to travel through space, have a position and momentum as well.

Position and momentum (famously) do not commute, so their overall state ket is determined

by two quantum numbers: spin and position, or spin and momentum.

The (non-relativistic) Hamiltonian is the sum of kinetic energy and potential energy,

Ĥ = T̂ + V̂ (1.28)

For our purposes here, let’s consider the case where an electron is attracted to one or more

stationary, positively charged nuclei. The potential term couples only to electron position,

and the Hamiltonian commutes with the time evolution operator, so in the position basis,

⟨x| V̂ |ψ⟩ = V (x)ψ(x) (1.29)

⟨x| T̂ |ψ⟩ = ⟨x| p
2

2m
|ψ⟩ = −

(
ℏ2

2m

)
∇2ψ(x) (1.30)

iℏ
∂

∂t
ψ(x, t) = −

(
ℏ2

2m

)
∇2ψ(x, t) + V (x, t)ψ(x, t) (1.31)

Since time evolution commutes, we can define uE(x) to be the energy eigenfunctions, and

we arrive at the time-independent Schrödinger wave equation

−
(

ℏ2

2m

)
∇2uE(x) + V (x)uE(x) = EuE(x) (1.32)

Solving this differential equation gives you the spectrum of the Hamiltonian, or the entire

family of eigenenergies. These include the ground state (the lowest energy eigenvalue)

together with the excited states (higher energy eigenvalues). This equation was first applied

to derive the energy spectrum of the hydrogen atom in 1926192.

Modeling the nuclei as classical point charges, also known as the Born–Oppenheimer

approximation19, is motivated by the fact that electrons are much lighter than nuclei (the

mass of a proton is ≈ 1836 times larger than the mass of an electron146). Thus, the
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timescale for the dynamics of nuclei is much longer than that of the electrons, so they can

be reasonably treated as classical degrees of freedom, and in our case since we’re interested

in ground state properties we’ll also treat nuclei as stationary. It should be noted that

the Born–Oppenheimer approximation can fail for some systems where nuclear dynamics is

strongly coupled to electron dynamics, particularly those with light nuclei. In these cases,

treating all or some of the light nuclei as a quantum system themselves in the Nuclear

Electronic Orbital (NEO) method155? is the appropriate approximation. This work focuses

on heavy nuclei so we will not dwell on NEO further, but there are other considerations

regarding the nuclear model for the heavy nuclei regime.

There are several forms of the stationary, classical nuclear charge potential Eq. (1.29)

in common use in quantum chemistry codes. The two we will consider are the point charge

model,

Vpoint(r) = −
∑
A

ZA
|r − rA|

(1.33)

which is the form familiar to a physics student solving the Schrödinger equation for the

hydrogen atom for the first time. This potential is non-differentiable at the location of the

nuclei rA, which introduces a cusp into the exact wavefunction. A slightly more accurate

model is to approximate the nuclear charge as a “Gaussian smear” of charge,

Vgauss(r) = −
∑
A

NAZA exp[−αA(r − rA)
2] (1.34)

where NA are normalization factors and αA are model-dependent parameters. The point

charge model can be considered as the limit of the Gaussian charge model where αA → 0.

The Gaussian nuclear charge model produces wavefunctions that are both more realistic

and numerically well-behaved144. For the rest of this text, we will assume that the nuclear

charge potential Eq. (1.29) is Gaussian.
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1.2.1 The Electronic Hamiltonian

Let’s write the time-independent Schrödinger equation for multiple electrons in a molecule.

The electrons are attracted to the nuclei and repelled from each other via the Coulomb

interaction. Writing the equation in atomic units (ℏ = me = 4πϵ0 = qe = 1),

ĤΨ = (T̂ + V̂nuc + V̂e−e)Ψ = EΨ (1.35)

This Hamiltonian acts on an N -particle wavefunction,

−1

2
∇2
i + Vnuc(ri) +

1

2

∑
i̸=j

1

|ri − rj |

Ψ(r1, r2, . . . , rN ) = EΨ(r1, r2, . . . , rN ) (1.36)

The first term in the Hamiltonian on the left is the kinetic energy for the ith particle T̂i,

the second term is the nuclear attraction potential, and the third is the Coulombic inter-

action between electrons. The wavefunction has been written as a capital Ψ to denote a

multi-particle wavefunction, which is anti-symmetric under electron label swaps. Indeed,

the Hamiltonian itself acts on each particle symmetrically (as it must in the case of indis-

tinguishable particles), so it commutes with the antisymmetrizer

[Ĥ,A] = 0 (1.37)

Taking a nod from perturbation theory, if we assume the interaction term is small and

ignore it, we can write the non-interacting Hamiltonian

Ĥ1 =

N∑
i

ĥ1(i) =

N∑
i

[
−1

2
∇2
i −

∑
A

NAZA exp(−αA(ri − rA)
2)

]
(1.38)

where the subscript 1 underscores that the Hamiltonian is comprised of only one-body terms.

The exact solution to Ĥ1Ψ = EΨ is in fact a single Slater determinant. To see this, note
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that Ĥ1 is the sum of identical one-body terms. Then we can write just one as

ĥ1ψm = ϵmψm (1.39)

where the spin label is suppressed and ψm is the mth solution to the eigenvalue problem

(m < M). Consider the product ansatz

θ = ψm1(r1)ψm2(r2) · · ·ψmN (rN ) (1.40)

which diagonalizes the N body Hamiltonian

Ĥ1θ =

N∑
i

ĥ1(i)θ =

N∑
i

ϵmiθ (1.41)

so the energy of Ĥ1 is

E =

N∑
i

ϵmi (1.42)

Since [Ĥ1,A] = 0,

AĤ1θ = AEθ → Ĥ1Aθ = EAθ → Ĥ1Θ = EΘ (1.43)

where Θ is the Slater determinant generated from the product ansatz θ. Thus a single

Slater determinant (as opposed to a linear combination) is the exact solution for the non-

interacting Hamiltonian with the eigenenergy E =
∑N

i ϵmi where each ϵmi is obtained from

the one-particle eigenproblem ĥ1ψm = ϵmψm.

If we were to turn on the interaction perturbation, we would find that while the total

Hamiltonian still commutes with the antisymmetrizer [Ĥ,A] = 0, it would not be decom-

posable into N one-body eigenproblems and a single Slater determinant would no longer be

the solution.
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1.2.2 Configuration Interaction

An expansion of the exact many-body wavefunction in Slater determinants is called config-

uration interaction,

ΨA(r1, r2, . . . , rN ) =
∑
T

CTAΘT (r1, r2, . . . , rN ) (1.44)

where A labels the (ground or excited) states and T labels the string of spinor labels

including the reference and excited configurations. When all excited states are included,

this expansion is called the full configuration interaction (FCI) expansion and is exact for

any complete set of one-electron spinor orbitals. The expansion coefficients CTA are called

CI coefficients.

Now that we have a basis for many-body wavefunctions, we can simply plug Eq. (1.44)

into Eq. (1.36) to get the energy of a state A,

EA = ⟨ΨA|
(
ĥ1 + ĥ2

)
|ΨA⟩ (1.45)

where the one-electron and two-electron parts of the Hamiltonian have been separated into

ĥ1 and ĥ2
3.

In configuration interaction literature, the basis of Slater determinants is typically de-

composed into a reference and its excited determinants4. A reference determinant is chosen

to approximate the exact (interacting) wavefunction as best as possible, and excited deter-

minants are generated from it by acting on it with the single excitation operator,

Êpq =

N∑
k=1

|ψp(rk)⟩ ⟨ψq(rk)| (1.46)

3In some literature, the one- and two-electron parts are denoted ĥ0 and ĥ1, deriving the nomenclature of
perturbation theory treating the interaction as a parameter λ that is taken from 0 to 1.

4Excited determinants have nothing to do with the typical notion of an excited state in physics. It’s
purely a bookkeeping tool for keeping track of determinant configurations.
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The idea is that if the approximation for the reference is good enough, it will have the

largest weight in the CI coefficient expansion and the rest of the determinants will have

little contribution. This means that the CI expansion is sparse, which is a highly desirable

condition for a computer code. Considering that in an M -orbital basis of single-particle

states, the CI expansion Eq. (1.44) for N electrons takes
(
M
N

)
determinants.

As concrete example, if we have 20 electrons residing in 40 orbitals, the CI expansion

would take 1.4×1011 determinants. With double precision floating point coefficient storage,

that’s 1.1TB of data just to store the coefficients. Storing the Hamiltonian would take a

number of bytes comparable to Avogadro’s number, 1.5 zettabytes or 1.5× 1011 terabytes.

This is why exploiting sparsity is a requirement for writing a computer code to do CI

calculations.

Thankfully, the Hamiltonian is sparse too, which also can be exploited to accelerate

energy evaluation. Acting on a ket determinant ΨI with the one-electron operator ĥ1

produces a linear combination of kets that differ by at most one orbital since ĥ1 acts on

only one electron coordinate. That is, Êpq |ΨI⟩ are the only ones “touched” by ĥ1 |Ψ1⟩.

The two-electron operator ĥ2 follows similar logic, except that the surviving determinants

have up to two different orbitals. These simple rules, called the Slater-Condon rules, can

be derived from the antisymmetry of the Slater determinant basis78. Since Ĥ contains only

one- and two-electron operators, the structure of the Hamiltonian is quite sparse as well.

1.2.3 Wavefunction Symmetries

Since we’ve introduced the Hamiltonian Equation (1.36) and Slater determinants, now is

a good time to talk about the symmetries of these two objects. The symmetries of the

Hamiltonian Eq. (1.36) are multiple. Spatial symmetries, such as inversion symmetry or

any point group symmetries, are inherited from the molecular structure in the nuclear

attraction term. The spin symmetry of the Hamiltonian Eq. (1.36) are simple, as spin never
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enters the Hamiltonian. Therefore,

[Ĥ, Ŝ2] = [Ĥ, Ŝz] = 0 (1.47)

the Hamiltonian commutes with the total spin Ŝ2 and spin projection Ŝz operators. The

antisymmetric Slater determinant has the correct fermionic symmetry, but it is also an

eigenstate of Ŝz, as the eigenvalue can be found by just counting the number of spin up

(α) minus spin down (β) spinors in the determinant. It is possible to construct linear com-

binations of Slater determinants that together are an eigenstate of Ŝ2, called configuration

state functions (CSFs)154. CSFs are a particularly great ansatz for this Hamiltonian since

they are guaranteed to be energy eigenstates. If a basis set of all possible CSFs (all possi-

ble values of Ŝ2 for N electrons) is constructed, then the set is not only complete but the

CSFs are orthogonal. These are very nice properties to have for realistic calculations, but

in practice, CSFs can be difficult to use. This is largely because the methods one uses to

solve for the wavefunction or calculate observables inherit the linear combinatorical form of

the CSF, and the expressions can be prohibitively cumberson to handle. However, there are

situations common in chemistry where the CSF can be represented by a single determinant,

and it depends on the symmetries of the Hamiltonian and the number of electrons.

If there is only one spin arrangement consistent with the Ŝ2, Ŝz quantum numbers, then

the CSF is representable as a single determinant. For example, with two electrons, the

singlet state with Ŝ2 = 1 and Ŝz = 0 can be written as either |αβ⟩ or |βα⟩, thus the CSF

associated with Ŝ2, Ŝz = 1, 0 cannot be written as a single determinant. However, the two

triplet states with Ŝz = ±1 can, because there is only one determinant in each case that pro-

duces that eigenvalue: |αα⟩ and |ββ⟩. Generally, if the Clebsch-Gordan coefficients186 for

the desired total angular momentum permit multiple composite angular momenta configu-

rations, the corresponding CSF cannot be represented by a single determinant. In chemical

terms, only spin states with extremal Ŝz (“stretched” states) are representable this way.

Single determinant references are still used in practice, even if there are multiple valid
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spin arrangements. The restricted Hartree-Fock (RHF) reference represents the wave func-

tion as a single Slater determinant where the α and β spin orbitals have the same spatial

parts. The RHF reference is naturally an eigenfunction of both Ŝ2 and Ŝz and is thus rep-

resented by a single CSF. In contrast, the unrestricted Hartree-Fock (UHF) reference has

completely independent α and β spin orbitals. It’s therefore an eigenfunction of Ŝz but not

necessarily Ŝ2, and so it in general is represented by a linear combination of many CSFs

with different total spin symmetries. Finally, the generalized Hartree-Fock (GHF) reference

has total freedom in spin orbitals, that is, each spatial orbital has α and β mixing. This is

neither an eigenfunction of Ŝ2 nor Ŝz, and thus is also not representable by a single CSF in

general. Table 1.2 summarizes the properties of these references.

These references form a useful trio of single-reference tools for a quantum chemist.

While they can violate the intuition that a wavefunction ansatz should obey the same

symmetries as the Hamiltonian, they also opens up the possibility of accurately describing

multi-reference systems using just one determinant. In the thought experiment of stretched

H2, a GHF reference would be able to smoothly transition from the same-spatial to the

separate-spatial orbital structures of the molecule as the bond distance widens. The varia-

tional freedom a single GHF determinant has allows it to describe bond-breaking without

having to resort to relatively expensive multi-reference techniques.

Of course, it is entirely possible to include new terms in the Hamiltonian that break

spin symmetry. For example, including a magnetic field will introduce a term B · Ŝ, which

breaks Ŝz symmetry in general (except if B = Bẑ, of course). A spin-orbit coupling term,

important for heavy nuclei, will go as L · Ŝ and also break Ŝz symmetry. In these cases

RHF references will not be able to represent the correct physics. The quantum chemist

must be aware of the symmetries of the Hamiltonian in choosing a reference.
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Reference Ŝ2 efn. Ŝz efn. CSF Orbital type

Restricted HF (RHF) yes yes exactly one same spatial orbital for α and β

Unrestricted HF (UHF) no yes mixture different spatial orbitals for α and β

Generalized HF (GHF) no no mixture general spinors, α and β mixed

Table 1.2. Summary of single-determinant references and their behavior under
spin operators Ŝ2 and Ŝz

1.2.4 The Hartree-Fock Reference State

The Hartree-Fock reference state is obtained when the CI expansion is truncated to a

single determinant. With such an expansion at hand, how can the interacting Hamiltonian

Eq. (1.36) be solved?

In the simplest case, where only a single determinant is included, the energy expression

is

EHF =

Ne∑
i

hi1 +
1

2

N∑
ij

hij2 (1.48)

where the one-electron terms including the kinetic energy and nuclear attraction are

hi1 = ⟨ψi(1)| ĥ1(1) |ψi(1)⟩ (1.49)

and the two-electron terms are

hij2 = ⟨ψi(1)ψj(2)| ĥ2(1, 2) |ψi(1)ψj(2)⟩ − ⟨ψi(1)ψj(2)| ĥ2(1, 2) |ψj(1)ψi(2)⟩ = Jij −Kij

(1.50)

comprised of the Coulomb integral Jij and the exchange integral Kij , where the indices

i, j run over orbital indices and (1), (2) indicate which position vector is integrated over.

Eq. (1.48) is called the Hartree-Fock (HF) energy177,205, and a configuration whose spinors

minimize this energy is called a Hartree-Fock (reference) state.

The physical interpretation of such states are of importance to physics and chemistry. As

noted before, a single determinant is the exact form of a many-body wavefunction with no
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interactions. The CI expansion used to derive the HF energy included all these interactions,

but was truncated at a single determinant to get the HF reference state. Therefore, this

reference corresponds to a fictional non-interacting system of electrons whose electronic

density is as close as possible to the fully interacting system. By “as close as possible”, we

mean that it is good as a single-reference representation of the system can get under the

variational principle. As discussed in Some systems, such as spin-frustrated systems and

stretched covalently bonded diatomic molecules, have multiple degenerate ground states

with different spin symmetries. In these cases, a single reference is not even in principle an

adequate state, and MRCI techniques are necessary.

A useful form of the Hartree-Fock energy expression is given in terms of density matrices

and generalized one and two body terms,

hij1 = ⟨ψi(1)| ĥ1(1) |ψj(1)⟩ (1.51)

hijkl2 = ⟨ψi(1)ψj(2)| ĥ2(1, 2) |ψk(1)ψl(2)⟩ (1.52)

The single-reference terms hi1 and h
ij
2 are just special cases of these generalized integrals.

This allows us to write the energy expression in terms of density matrices:

EA =

N∑
ij

γAijh
ij
1 +

N∑
ijkl

ΓAijklh
ijkl
2 (1.53)

where the γAij and ΓAijkl are the one- and two-particle reduced density matrices,

γA(1, 1′) = N

∫
d(2, 3, . . . , N)Ψ(1, 2, 3, . . . , N)Ψ∗(1′, 2, 3, . . . , N) (1.54)

γAij =

∫
d1d1′ψi(1)γ

A(1, 1′)ψ∗
j (1

′) (1.55)
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γA(1, 2; 1′, 2′) = N(N − 1)

∫
d(3, . . . , N)Ψ(1, 2, 3, . . . , N)Ψ∗(1′, 2′, 3, . . . , N) (1.56)

γAijkl =

∫
d(1, 1′, 2, 2′)ψi(1)ψj(2)γ

A(1, 2; 1′, 2′)ψ∗
k(1

′)ψ∗
k(2

′) (1.57)

In the case of a single determinant, the electronic energy simplifies to

EHFA =

N∑
i

hii1 +
1

2

N∑
ij

(hijij2 − hijji2 ) (1.58)

where

Jij = Jijij = hijij2 , Kij = Kijji = hijji2 . (1.59)

This can be worked out using the Slater Condon rules or by using the second quantization

formalism.

1.2.5 The Self-Consistent Field Method

The determine a set of spinors ψi for the Hartree-Fock Hamiltonian (or any given expression

of the total electronic energy), we can apply the variational principle directly. We can

consider the variation of the spinors under the constraint that they remain orthonormal,

which can be realized using the method of Lagrange multipliers

L[{ψi}, {ϵij}] = EA[{ψi}]−
N∑
ij

ϵij(⟨ψi|ψj⟩ − δij) (1.60)

with ϵij representing the Lagrange multipliers. The variation of L with respect to the spinors

is written

δψi
L[{ψi}, {ϵij}] = δψi

EA −
N∑
j

ϵij(⟨δψi|ψj⟩+ ⟨ψj |δψi⟩) (1.61)

and the variation with respect to the Lagrange multipliers yields a restatement of the spinor

orthogonality condition,

∂L[{ψi}, {ϵij}]
∂ϵij

= ⟨ψi|ψj⟩ − δij . (1.62)
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Further simplifying, if we write EA as the Hartree-Fock energy in terms of the density

matrices (for state A, where the label is omitted for brevity)

EHF =

N∑
ij

γijh
ij
1 +

1

2

N∑
ijkl

Γijklh
ijkl
2 (1.63)

We can write the variation of the Lagrangian functional with respect to the spinors

δL[{ψi}] =
N∑
j

γij ⟨δψi| ĥ1 |ψj⟩ (1.64)

+
1

2

N∑
jkl

Γijkl

(
⟨δψi(1)ψj(2)| ĥ2 |ψk(1)ψl(2)⟩ − ⟨δψi(1)ψj(2)| ĥ2 |ψk(2)ψl(1)⟩

)
(1.65)

−
N∑
j

ϵij ⟨δψi|ψj⟩+ c.c. = 0 (1.66)

Since this holds for any arbitrary variation of δψi, we can factor out the common ⟨δψi(1)|

and write
N∑
j

[
γijh1ψj +

N∑
kl

Γijkl(Jkl −Kkl)ψj − ϵijψj

]
= 0 (1.67)

where

Jklψj = ψj(1)

∫
d2 ⟨ψk(2)| ĥ2(1, 2) |ψl(2)⟩ (1.68)

Kklψj = ψl(1)

∫
d2 ⟨ψk(2)| ĥ2(1, 2) |ψj(2)⟩ (1.69)

Defining the Fock operator fij
177,

fij = γijh1 +

N∑
kl

[Jkl(r)−Kkl(r)] (1.70)
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the stationarity condition now can be written

N∑
j

fijψj =
N∑
j

ϵijψj (1.71)

or, equivalently,

[fii − ϵii]ψi =
N∑
j ̸=i

[ϵij − fij ]ψj (1.72)

For a given ψi, all the other ψj enter into the Fock matrix fij through the Coulomb and

exchange integrals, Eq. (1.68) and Eq. (1.69). The intertwined nature of the equations

is through these integrals, hence the adjective “self-consistent”. Therefore, the N SCF

equations cannot be solved independently of each other; an iterative procedure is required

that starts from a guess and converges (hopefully) towards the self-consistent solution.

It can be shown that the Fock matrix is invariant under unitary transformations177

F → U †FU (1.73)

which implies that the spinors themselves are not unique, as two sets of spinors related by

a unitary transformation give the same total energy. This represents a “gauge freedom”

in the choice of spinors. Other representations of the spinors attempt to get closer to the

chemical intuition of an “orbital”, including the canonical orbital representation, wherein

the matrix of Lagrange multipliers (ϵ = ϵij)is diagonalized,

U†ϵU = ϵ̃diag (1.74)

to obtain to the canonical Hartree-Fock equations,

fiiψ̃i = ϵ̃iiψ̃i (1.75)

These equations are of a more friendly form than the standard HF equations and are often
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used in practice. Unless otherwise noted, we will be working with canonical orbitals for the

remainder of this work.

1.2.6 The CI Eigenvalue Equation

Here we briefly overview the CI eigenvalue equation, which is used to determine the CI

coefficients CIA in Eq. (1.44). The derivation begins with the expectation value for the

energy,

EA =
⟨ΨA| Ĥ |ΨA⟩
⟨ΨA|ΨA⟩

=

∑
KLC

∗
KACLA ⟨ΨK | Ĥ |ΨL⟩∑

K C
2
KA

(1.76)

where on the bottom line the orthonormality of the determinants has been used. Requiring

stationarity with respect to variations in the CI coefficients,

∂EA[{CKA}]
∂CIA

= 0 (1.77)

yields, after some simplification,

∑
L

⟨ΨI | Ĥ |ΨL⟩CLA = EACIA (1.78)

as the equation that must hold for any CI coefficient. This may be written in matrix form,

HCA = EACA (1.79)

The issue is that the dimensionality of the Hamiltonian scales combinatorically in N , just

as the CI coefficients do. It will quickly become too large to store, as Section 1.2.1 demon-

strated. However, there are some empirical facts about the Hamiltonian that turn out to

be commonly true for most molecular systems in chemistry.

First, the Hamiltonian is diagonally dominant, since the one-body terms are purely diag-

onal and the interaction terms tend to be mostly on the diagonal. Second, the Hamiltonian

is sparse, which stems from the fact that highly excited determinants tend to have little
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amplitude in the overall wavefunction. Both of these are empirical rules-of-thumb that tend

to be true for most chemical systems, and ultimately stem from the effectiveness of the an-

tisymmetric Slater determinant ansatz. In fact, deviations from these assumptions can be

thought of as a measure of how correlated a system is. For example, some of the 2D mate-

rials synthesized in the basement of the physics lab would have very significant off-diagonal

contributions from the electron-electron interaction in a basis of Slater determinants and

strongly multi-reference character, which would make them extremely expensive to treat

with the usual quantum chemical means outlined here.

The appropriate matrix diagonalization technique for these intractably large, sparse,

diagonally dominant Hamiltonians are Krylov subspace methods, which diagonalizes the

Hamiltonian in a linear subspace spanned by CI coefficient vectors {C1
L, C

2
L, . . . , C

N
L } where

L labels determinants.

σK =
∑
pq

∑
L

hpq1 ⟨K| Êpq |L⟩CL (1.80)

+
1

2

∑
pqrs

∑
L

hpqrs2 ⟨K| ÊpqÊrs − δqrÊps |L⟩CL (1.81)

=
∑
pq

∑
L

(h′1)
pq ⟨K| Êpq |L⟩CL (1.82)

+
1

2

∑
pqrs

∑
LJ

hpqrs2 ⟨K| Êpq |J⟩ ⟨J | Êrs |L⟩CL (1.83)

where

(h′1)
pq = hpq −

1

2

∑
r

hprrq2 (1.84)

The σ−vector is used to project the Hamiltonian onto a reduced-dimensionality subspace,

producing a Ritz residual179 representing the deviation from the exact full-dimension Hamil-

tonian,

r = HC − EC − (C†HC)C (1.85)

The residual is orthogonal to C, so it can be used to expand the subspace. Krylov subspace
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methods work by using the residual to measure convergence and iteratively expand the

subspace.

Evaluating Eq. (1.80) requires enumerating the determinants J connected to L through

excitation operators. The lists of determinants connected through excitation operators are

called the excitation lists. The Davidson procedure refactors σ from two-body excitation

operators into a contraction of one-body operators (see Eq. (1.80)), drastically reducing

the size of the excitation lists. Because L is connected to exactly Ne × (No − Ne + 1)

determinants, the overall size of the excitation lists is
(

No

Ne×Ne(No−Ne+1)

)
. This is a much

more manageable amount of data to store compared to the
(
No

Ne

)
×
(
No

Ne

)
Hamiltonian matrix.

In practice, a software implementation based on excitation lists must store the address

of each determinant in the configuration space. In the 1980s, Peter Knowles and Nicholas

Handy102,220 devised an addressing scheme that collects the single-excitation-connected de-

terminants together. In the Knowles-Handy scheme, a one-to-one map between integer

addresses and configuration determinants is generated using a graphical representation of

the orbital space. The graph vertices are labeled by the number of electrons e and the

number of orbitals o and have a weight w(e, o). Edges connecting two vertices also have

weights w((e, o), (e′, o′)). The tail vertex (Ne, No) has a weight of 1, and the weights of all

other vertices are given by

w(e, o) = w(e+ 1, o+ 1) + w(e, o+ 1) (1.86)

Repeating this procedure results in a set of vertices related by vertical edges (differing only in

orbital number) and diagonal edges (differing in both orbital and electron number) starting

from a vertex (determinant) with (Ne, No). Vertical edges correspond to a configuration in

which an orbital (o+1) is unoccupied and are assigned zero weight. Diagonal edges occupy

orbital (o+ 1) with electron (e+ 1) and are weighted as

w((e, o), (e+ 1)(o+ 1)) = w(e+ 1, o+ 1) + · · ·+ w(e+ 1, e+ 1) (1.87)
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The addresses then correspond to walks in the graph eo
No−1
o=0 ,

|K⟩ ↔
No−1∑
o=0

w((eo, o), (eo+1, o+ 1)) (1.88)

The Knowles-Handy addressing scheme is a critical development for CI codes because it

removes a costly search to find the address of a particular determinant, instead allowing a

practitioner to directly compute the address. It is amenable to sparse storage, which is a

necessity for any efficient CI code where the dimension of the Hamiltonian can explode88.

1.2.7 Correlation Energy

In chemical applications, a single Slater determinant can recover most of the total energy

of the system, say, 95%. The last 5%, however, turns out to be of great importance for

accurate relative energies and chemical dynamics. The difference between the full CI energy

(which is exact, modulo spatial discretization) and the Hartree-Fock energy EHF is called

the correlation energy, defined as

∆Ecorr = Eexact − EHF (1.89)

Methods going beyond the Hartree-Fock approximation, such as CI, are said to recover or

add in electron correlation. In the literature, there is a somewhat loosely defined “decompo-

sition” of electron correlation into dynamic and static correlation in the literature16. Both

are defined with respect to a reference state of a single Hartree-Fock determinant. Dynamic

correlation is due to contributions generated from a single reference determinant, i.e. the

exact wavefunction includes a large number of excited determinants with the same Ŝ2 sym-

metry as the reference. Static correlation is due to the failure of a single reference to capture

multiple spin symmetries at the ground state. In the physical chemistry community, it’s

often repeated that static correlation is required to get a qualitatively correct description of

states, and dynamic correlation is required to get a quantitatively correct description. While
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this picture is intuitive, it is definitely specialized to “well-behaved” chemical systems. Some

intuition and experience is needed to examine the electronic structure of a molecule and

determine which type of correlation is dominant, but as mentioned, these “definitions” are

in flux. For example, a He atoms’ ground state has no other states nearby (in energy), thus

the ground state is singly degenerate and has essentially no static correlation contribution.

A stretched H2 molecule is a classic example of the challenges of describing electron

correlation. At any interatomic bond distance, the ground state is a singlet state with both

electrons in opposite spin configurations. At the equilibrium bond distance, both electrons

occupy different spin states of the same spatial orbital (a linear combination of the 1s2 states

of each H atom). This is nicely represented by a Hartree-Fock state like

|Ψ⟩HF = |σασβ⟩ (1.90)

where στ represents the τ spin state of the ground state wavefunction of the H2 molecule.

(The σ orbital looks like an ellipsoid shrouding the two nuclei; it is the l = 0 state formed

by the melding of the two 1s states of the H atoms). The HF state here is not exact since

the ansatz is still a non-interacting state, but the correlation to be recovered is dominated

by dynamic correlation, since there is no degeneracy in the ground state. In the limit

of dissociation (where bond distance goes to ∞), the state should be essentially be two

independent electrons bound to their nuclei, but with opposite spins (to preserve the spin

symmetry). This introduces a degeneracy into the system, as both spin configurations are

equivalent. The correct wavefunction for this system is provided by a CI expansion,

|Ψ⟩CI =
1√
2
(|sαAs

β
B⟩ − |s

β
As

α
B⟩) (1.91)

where sτX represents a 1sτ orbital of atom X. This form of the wavefunction is a super-

position of both spin configurations. Neither determinant alone is enough to capture the

correct physics of the situation, in particular, while each separate determinant looks correct :
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it has the correct spatial localization and opposite spins, but neither determinant alone is an

eigenfunction of Ŝ2! At dissociation, the exact singlet state cannot be captured by a single

configuration state alone. Two configurations become degenerate and must be combined to

restore the proper spin symmetry, thus in this regime static correlation dominates.

Configuration interaction calculations can recover all of the electron correlation if every

possible determinant is included in the CI expansion Eq. (1.44). In practice, the
(
No

Ne

)
com-

binatorial scaling of the method precludes doing so for electron numbers over a few dozen.

Approximate CI techniques include only a subset of the orbitals, called a configuration space

or correlation space, in their CI expansion.

1.2.8 Density Functional Theory

Density functional theory (DFT) is an alternative approach to electron correlation. The

idea is to consider the electron density,

ρ(r) = ⟨Ψ(r)|Ψ(r)⟩ (1.92)

as the fundamental variable of quantum mechanics rather than the wavefunction. This is

a desirable direction to go, since the density is a scalar function of three variables (the

directions of space), rather than the exponentially many variables required to describe a

wavefunction. This requires a theory of quantum mechanics for an electron density, which

was elucidated in 1964 by Hohenberg and Kohn82. The first Hohenberg-Kohn theorem is

an existence theorem. Quoting directly from the 1964 paper,

“the external potential Vext(r) is (to within a constant) a unique functional of ρ(r);

since, in turn Vext(r) fixes Ĥ we see that the full many particle ground state is a

unique functional of ρ(r)”

In other words, the only information you need to actually discern the exact, fully-
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interacting wavefunction for a given molecular structure (Vext) is the electron density. This

implies that the ground state wavefunction Ψ0, and thus the ground state energy E0, can

be written as a functional of Ψ0

ρ0(r)⇔ Ψ0(r1, . . . , rN )⇔ E0 (1.93)

which implies that each component of the ground state energy is also a functional of ρ0,

E0[ρ0] = T [ρ0] + Vnuc[ρ0] + Ve-e[ρ0] (1.94)

At this point, it makes sense to decouple the nuclear attraction potential from the rest of

the terms. This is because Vnuc[ρ0] is the only system-dependent term, in fact, it defines the

system. The rest of the terms couldn’t care less about whether the system is a molecule,

atom, plasma, or free electron laser. Collecting the universal terms into a new quantity

called the Hohenberg-Kohn functional FHK[ρ], and writing the nuclear attraction potential

functional as an integral, we obtain

E[ρ0] =

∫
ρ0(r)Vnuc(r)dr + FHK[ρ0] (1.95)

All the Hohenberg-Kohn functional does is take in a ground state density ρ0 and spits out

the sum of the kinetic and interaction terms ⟨Ψ| T̂ + V̂e-e |Ψ⟩. This functional does not (yet!)

have a known analytic form5.

The second Hohenberg-Kohn theorem (also in the 1964 paper), solves an ambiguity in the

formalism as given, which is the question of whether there are “degenerate” densities that

lead to the same ground state energy. The answer is no, because there exists a variational

5Which isn’t all that surprising, since solving for it is essentially solving the quantum many-body problem
once and for all.
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principle associated with the densities. For any trail density ρ̃0, it is the case that

E0 ≤ E[ρ̃0] (1.96)

so that the Hohenberg-Kohn functional FHK [ρ] is guaranteed to deliver the lowest energy at

the true ground state density only. There are no imposters! This result completes the loop

and allows us to formally equate wavefunction theory with density functional theory. It

should be noted, however, that these results only hold for the ground state. The treatment

of excited states in DFT is another topic and will be omitted from this work, although a

good starting point for this is in28,202.

The foundations of DFT are certainly enticing, since it would in principle allow us to

forego the clunky many-body wavefunction and only have to do bookkeeping on a scalar

function. However, it’s not always easy to write observables of interest as functionals of

the density. For example, the kinetic energy functional T [ρ] has no known form, which

is particularly disastrous since it’s a part of the total energy functional and thus critical

to getting the correct density in the first place. Thankfully, there’s another scheme that

swaps this difficulty for a slightly more tractable one. The Kohn-Sham (KS)103 scheme

involves adding a new one-body potential energy term to the Hartree-Fock Hamiltonian

which, in principle, yields the exact same density as the fully-interacting problem with just

one determinant. Thus, all the machinery of Hartree-Fock can be re-used with the addition

of the right one-body potential.

The noninteracting ansatz is simply assuming that the many-body wavefunction is of

the form of a single determinant,

Ψ = ΘK(ψ1, . . . , ψN ) (1.97)

where K is the spin configuration of the orbitals ψi. If we denote the orbitals of a Hartree-
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Fock determinant as ψi, then the overall density is simply

ρKS =
∑
i

|ψi(r)|2 (1.98)

The noninteracting density ansatz allows us to exactly calculate some terms in the Hohenberg-

Kohn functional FHK[ρ],

E[ρKS] = Ts[ρKS] + Vnuc[ρKS] + J [ρKS] + Exc[ρKS] (1.99)

where the noninteracting kinetic energy Ts[ρ] is

Ts[ρ] = −
∑
i

⟨ΨHF |
1

2
∇2
i |ΨHF ⟩ = −

∑
i

⟨ψi|
1

2
∇2 |ψi⟩ (1.100)

and the classical electron-electron interaction functional is

J [ρ] =
1

2

∫ ∫
ρ(r)ρ(r′)

|r − r′|
drdr′ (1.101)

and the last piece, Exc[ρ], is called the exchange-correlation (xc) functional. The exchange

correlation functional, unlike FXC , contains the interacting contribution to the kinetic en-

ergy, ⟨Ψ| T̂ − T̂s |Ψ⟩. To obtain the Kohn-Sham orbitals themselves, we can take the func-

tional derivative of Exc to get the exchange-correlation potential,

Vxc(r) =
δExc[ρ]

δρ(r)
(1.102)

which is of a mean-field form, just like the Coulomb and exchange terms Ĵ and K̂. The

Schrödinger equation becomes

(
−1

2
∇2 + veff(ri)

)
ψi(ri) = ϵiψi(ri) (1.103)

These are the Kohn-Sham equations50,103.
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Just like FXC , the exact exchange correlation functional is not known, but there are

a plethora of approximations used in practice32,202. The simplest of these is the local

density approximation, which has the form of the density multiplied by the analytic exchange

correlation energy of a uniform electron gas ϵunifxc (ρ(r)),

ELDAxc [ρ] =

∫
drρ(r)ϵunifxc (ρ(r)) (1.104)

This functional satisfies a number of exact constraints which are true regardless of the

specific density, and it found early success in calculations of lattice constants, phonon fre-

quencies, and other properties in solids in the 1970s170. More advanced approximations were

later developed that depend not only on the local density but on its gradients as well, in-

corporating nonlocal information into the exchange-correlation energy in an approximation

called the generalized gradient approximation (GGA),

Eapprox
xc [ρ] =

∫
drρ(r)ϵGGAxc (ρ(r),∇ρ(r)) (1.105)

GGAs are generally more accurate than LDAs, including the popular Perdew-Burke-Ernzerhof

(PBE) functional162, although they come at a cost of higher computational cost. The ex-

pressions for the GGA exchange-correlation energy per particle, ϵGGAxc , are carefully tuned

interpolations between exact limits derived for electron gases.

Innovation in DFT functional development continues to this day: in 2025, Microsoft de-

veloped a neural-network based functional129 trained on over 150k high-accuracy reaction

energies. Their approach forgoes the prescription of an algebraic form for the functional, in-

stead leveraging the universality of the neural network to approximate the exact functional.

1.2.9 Gaussian Basis Sets

Now, we can develop the final piece of the puzzle, the spatial discretization of the one-

electron functions ψiα(r), also known as the basis set. Wisely choosing a basis set is quite
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important to quantum chemical calculations, as all spatial wavefunctions and operators will

be expressed in terms of them. If the basis functions (which comprise a basis set) are too

dissimilar from the exact solution, the numerical optimization of the orbitals in a Hartree-

Fock or CI calculation may have difficulty converging. On the other hand, if the functions

are difficult to compute (but close to exact), the overall calculation will struggle to scale to

large molecules.

A good mix is struck by Gaussian type orbitals (GTOs), which are similar to the non-

relativistic solutions of the Schrödinger equation for hydrogenlike atoms. GTOs have the

form

χGTO
αlm (r, θ, ϕ) = NαlmYlm(θ, ϕ)r

l exp(−αr2) (1.106)

where Nαlm is a normalization constant and Ylm(θ, ϕ) is a solid harmonic. GTOs have

a controllable α parameter that controls the width of the Gaussian, or how diffuse the

function is. Together with the completeness of the spherical harmonics, most realistic

nucleus-centered wavefunctions can be expressed reasonably well with GTOs. However, the

Gaussian dependence on r differs from the exact hydrogenlike functions, which have the

form

χSTO
nlm ≈ rn−1 exp(−ξr) (1.107)

where n > l is the principal quantum number and ξ is derivable from physical constants and

the label “STO” stands for Slater type orbital 79. The use of STOs is difficult in molecular

calculations because of the exponential dependence on r, which makes an exact expression

for two-electron integrals impossible to do analytically. Numerical methods must be used

in this case. On the contrary, GTOs have exact expressions for the one- and two-electron

integrals77 which can be quickly evaluated on a computer.

The choice of GTOs also is very compatible with the Gaussian charge nuclear model we

adopted in Sec. 1.2. Slater type orbitals feature a cusp singularity at the nuclear center due

to the exponential falloff, which is essentially an artifact of the point charge nuclear model.
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Gaussian basis sets will never be able to reproduce this cusp by design, even with extremely

tight functions. Adoption of a Gaussian nuclear charge model alleviates this difficulty, and

increases the accuracy of both the basis set and the Hamiltonian204.

1.3 Relativity

The theory of special relativity deals with the description of physical phenomena as observed

from frames of reference that move at constant velocity relative to each other (inertial

frames). An inertial frame of reference is a choice of coordinates that can move at a constant

velocity. For example, if we want to do a calculation of how a particle emitted from the Sun

moves into a detector on Earth, there are two good choices of coordinates: one is moving

along with the particle, and one is moving along with the detector. In the first frame, the

detector is moving towards the particle and the particle is stationary, and vice versa for the

second frame. A basic tenet of physics is that a physical law should have the same form

in all inertial frames. For “normal” speeds encountered in everyday life, the relationship

between inertial frames is expressed in terms of Galilean transformations. Mathematically,

Galilean transformations are a group generated by translations in space, translation in time,

rotations, and rotationless boosts (pure changes in velocity)69. Suppose two inertial frames

S and S′ are moving relative to each other with speed v such that S′ is moving in the

positive x direction. If the coordinate axes of S′ are parallel to those of S, then the Galilean

transformation is

x′ = x− vt , t′ = t (1.108)

Transformations like these are certainly fine for cars and trains passing by, and is appropriate

for many situations in classical physics. However, there’s trouble ahead, because after

applying this transformation to Maxwells equations, they change form. Then the laws of

electromagnetism are different for someone passing by down the street! The solution to

this paradox was provided by Albert Einstein in 190552 with the following postulate: The

laws of physics are identical in all inertial frames. From this statement follows all of the
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laws of special relativity, which require Lorentz transformations to connect inertial frames

of reference. With the same S, S′ example from before:

x′ = γ(x− vt) , t′ = γ(t− vx/c2) (1.109)

where γ = 1√
1−(v/c)2

is the Lorentz factor, a scalar value that approaches ∞ as the rela-

tive speed between frames increases. The invariance of the laws of physics under Lorentz

transformations has profound implications, a taste of which can be gleaned just from our

example above. Note how the primed time coordinate t′ depends on not just t, but x as

well. Lorentz transformations that involve a relative velocity change (i.e. not just a rotation

in space or translation in time) will mix together space and time coordinates, implying that

time does not progress at the same rate as observed from different frames. The transformed

x coordinate has a factor of γ, exemplifying length contraction, the phenomena of objects

becoming squashed in the direction of relative motion.

1.4 Relativistic Quantum Mechanics

Combining special relativity with quantum mechanics is not an easy task, and its full so-

lution took decades of development throughout the twentieth century. Quantum electrody-

namics (QED) is a quantum field theory of electrons and photons and accurately describes

arbitrarily high–energy interactions201. While useful for physics calculations, chemistry is

mostly a low-energy regime where a full field–theoretical treatment is unnecessary. In this

section, we will develop the effective equations of relativistic quantum mechanics used in

quantum chemistry calculations.

The time-dependent Schrödinger equation is first order in time but second-order in

position (from the kinetic energy term). Relativity tells us that space and time coordinates

can be mixed together by changing the velocity of the reference frame, so this equation

most definitely is not invariant under Lorentz transformations177,201. The earliest successful

attempt at writing a covariant theory of quantum mechanics was due to Dirac39,40,188.



38

1.4.1 The Dirac Equation

Here we will derive the Dirac equation (as it became to be known) following a different

derivation than the original. Starting from the energy-momentum relation of a relativistic

particle,

E2 = m2c4 + p2c2 (1.110)

we can perform the usual substitution of operators in place of position and momentum

coordinates and set E → i ∂∂t to get the quantized version:

− ∂2

∂t2
= m2c4 + p̂2c2 (1.111)

If we substitute the position-space representation of the squared momentum operator, p̂2 →

−∇2, we obtain the Klein-Gordon equation201

− ∂2

∂t2
ψ(r, t) = (−c2∇2 +m2c4)ψ(r, t) (1.112)

which is second order in both time and space. This is in fact a relativistically invariant

equation (as can be proved), but it is not quantum mechanical. The problem is that it

leaks probability: the norm of a state
∫
drψ∗(r, t)ψ(r, t) doesn’t remain constant over time.

A different approach is needed. Starting back from Eq. (1.111), we can apply the Dirac

identity

(σ ·A)(σ ·B) = A ·B + iσ · (A×B) (1.113)

or, more precisely, a special case of it:

(σ · p̂)(σ · p̂) = p̂2 (1.114)
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where p̂2 is a scalar equal to the momentum of the particle squared and the Pauli vector,

σ = (σx, σy, σz), where

σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 (1.115)

Applying it to the p̂2, multiplying by a spinor wavefunction ψ1, and dividing by c2, we

obtain

(
− 1

c2
∂2

∂t2
− p̂2

)
ψ1 =

(
i

c

∂

∂t
+ (σ · p̂)

)(
i

c

∂

∂t
− (σ · p̂)

)
= (mc)2ψ1 (1.116)

With the Dirac identity applied, the dimension of the equation increased to accommodate

the Pauli matrices. This equation now only works for spinor wavefunctions ψ1, and seems

to suggest that the spin degree of freedom is “hidden” in the non-relativistic kinetic energy

operator. However, let us pause this rumination and boldly continue on. Identifying the

rightmost parentheses with a new wavefunction,

mcϕ2 =

(
i

c

∂

∂t
− (σ · p̂)

)
ϕ1 (1.117)

we can write our working equation as two coupled equations


(
i
c
∂
∂t − (σ · p̂)

)
ϕ1 = mcϕ2(

i
c
∂
∂t + (σ · p̂)

)
ϕ2 = mcϕ1

(1.118)

which can be further symmetrized by taking the linear combinations ϕ1 + ϕ2 and ϕ2 − ϕ1,
i
c
∂
∂t(ϕ1 + ϕ2)− (σ · p̂)(ϕ1 − ϕ2) = mc(ϕ1 + ϕ2)

− i
c
∂
∂t(ϕ1 − ϕ2) + (σ · p̂)(ϕ1 + ϕ2) = mc(ϕ1 − ϕ2)

(1.119)
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Introducing the large and small components, ψL and ψS , the equation can finally be written

in matrix form  i
c
∂
∂t −(σ · p̂)

(σ · p̂) i
c
∂
∂t


ψL
ψS

 = mc

ψL
ψS

 (1.120)

which can also be stated as the conventional form of the Dirac equation39,40,

(
βmc2 + c(α · p̂)

)
ψ = i∂tψ (1.121)

where

ψ =

ψL
ψS

 =



ψLα

ψLβ

ψSα

ψSβ


(1.122)

and

α =

02 σ

σ 02

 ,

I2 02

02 −I2

 (1.123)

are the Dirac matrices. The Dirac equation is indeed invariant under Lorentz transfor-

mations166, although the full proof is beyond the scope of this work, we do really have a

quantum theory compatible with special relativity! There are some interesting features we

picked up along the way, however. It seems that during the procedure of “unfolding” the

2×2 Pauli matrices out of the p̂2 operator, we forced the wavefunction to be a 4-dimensional

vector. In other words, we’ve postulated that a relativistic expansion of the kinetic energy

should depend on spin, which is of dimension 2, and we’ve gotten out twice that. Indeed,

the Dirac matrices are 4× 4 matrices which inherit an algebra from the Pauli matrices:

{αj , αk}ab = 2δjkab , {αj , β}ab = 0 , (β2)ab = δab (1.124)
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where {A,B} = AB + BA is the anticommutator and {a, b} are matrix element indices.

It turns out that the exact form of the Dirac matrices does not matter, so long as these

properties are fulfilled.

Let’s examine the structure of this equation and its solutions for a free particle before

moving to molecules. First, what do the four components of a Dirac wavefunction correspond

to? We jumped the gun a little with the L, S, α, β labelling of the components of ψ in

Eq. (1.122), but consider the operator Ĥ2:

(βmc2 + c(α · p̂))2ab = Ĥ2
ab = (p̂2c2 +m2c4)δab (1.125)

The eigenstates of Ĥ2 are momentum eigenstates with eigenvalue p2c2 +m2c4, the correct

relativistic energy-momentum relation. Well, together with the fact that Ĥ is traceless,

that means that the four free-particle eigenvalues must be +
√
p2c2 +m2c4,−

√
p2c2 +m2c4,

each twice degenerate. This means that the spectrum of solutions for the free-particle Dirac

equation Eq. (1.121) has a gap of 2mc2 ≈ 1.02 MeV ≈ 3.7 × 105 Ha, well into the gamma

ray part of the electromagnetic spectrum.

We won’t work it out in gory detail here (see47 for a great discussion), but we will state

that the positive energy free particle solutions have significant amplitudes in the top two

(“large”) components, and the negative energy solutions have significant amplitude in the

bottom two (“small”) components. Thus, we can associate the top two components with a

spinor (a.la. nonrelativistic physics) which we denote ψL, and bottom two with ψS . The

free particle solutions possess “pure” spinor solutions
(
1
0

)
or

(
0
1

)
in the L/S sector, but non-

zero occupation in the S/L sector. Therefore, even a positive energy solution always has

a little amplitude in the small space. Additionally, with some work, it can be shown the

small amplitudes of the free-particle eigenstates go to zero in the non-relativistic (c → ∞)

limit. Thus, we can identify the large components with the spinor solution of the typical

non-relativistic free-particle Hamiltonian.



42

1.4.2 Coupling to an external field

To arrive at a form of the Dirac equation that is useful for quantum chemistry, we again

make the Born-Oppenheimer approximation to treat the nuclei classically and use minimal

substitution47 to couple Eq. (1.121) to an external electromagnetic field,

ĤD =
(
cα · (−i∇+A) + βc2 + ϕ

)
ψ = Eψ (1.126)

where atomic units have been applied and p̂ = −i∇ written in the position space repre-

sentation. Special relativity forbids us from cleanly separating space and time variables,

because Lorentz transformations mix them. We can perform this separation, however, if

we fix the frame of reference. In this case, it is a reasonable choice to choose the frame

in which the nuclei are stationary, called the Born-Oppenheimer frame, because then the

nuclear potential is simply the static Coulomb potential (A(r) = 0, ϕ(r) = V (r)). Shifting

the energy scale by −c2 so that the electronic energy spectrum begins at 0 instead of c2, we

can write the modified Dirac equation

 V − E −c(σ · ∇)

−c(σ · ∇) V − E − 2c2


ψL
ψS

 = 0 (1.127)

This form of the Dirac equation can be used to obtain single-electron bispinor solutions

to atoms and molecules, the structure of which is encoded in V . In stark contrast to the

non-relativistic version of this equation, Eq. (1.38), there is no familiar Laplacian kinetic

energy term. Some algebraic manipulation will reveal what’s going on: If we solve for ψS

and eliminate it from Eq. (1.127), we obtain

(V − E)ψL + c2(σ · p)
[
2c2 + E − V

]−1
(σ · p)ψL = 0 (1.128)
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which, by the identity (A+B)−1 = A−1 −A−1B(A+B)−1, is equal to

(V − E)ψL +
1

2
(σ · p)(σ · p)ψL −

1

2
(σ · p) E − V

2c2 + E − V
(σ · p)ψL = 0 (1.129)

This is true as long as (2c2 + E − V )−1 is nonzero, which is the case since V is strictly

nonpositive and we only are considering the electronic solutions where E > 0. Using the

Dirac identity Eq. (1.113) on each term, this simplifies to

[
V − E +

1

2
p2 − E − V

2c2 + E − V
1

2
p2 +

c2

(2c2 + E − V )2
((pV ) · p+ iσ · (pV )× p)

]
ψL = 0

(1.130)

where this whole operator acts on the spinor ψL. The first three terms are the familiar

nonrelativistic Hamiltonian, and the next three are relativistic corrections. The first cor-

rection is a rescaled kinetic energy, the next is a scalar potential term, and the last term

involves spin and can be classified as a spin-orbit interaction47. This shouldn’t be too much

of a surprise, since boosting to the (instantaneous) frame of a bound electron, the positively

charged nucleus appears to be moving, thus generating a magnetic field which couples to

the electrons spin. Evidently, hidden in the structure of the Dirac equation Eq. (1.127)

there’s a spin-orbit interaction purely due to relativity, even without the explicit inclusion

of a magnetic interaction!

1.5 High-Performance Computing

The introduction of computers revolutionized the field of quantum chemistry, starting with

Roothaan’s developments in the 1950s183 which formulated the electronic structure prob-

lem in terms of matrices and continuing today with massive 1015 determinant CI calcu-

lations88. Quantum chemistry algorithms have co-evolved with computing paradigms. In

the early days, limited memory prevented the storage of integrals, driving developments in

fast algorithms for on-the-fly integral evaluation21,141,151. The introduction of vectorized

computation in the 1980s marked the rise of high-performance computing and the fledgling
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paradigm found application in the Rys quadrature integral algorithm42. Vector computers

utilize SIMD (single instruction, multiple data) instructions to do calculations at a much

higher throughput than scalar (single instruction, single data) processors. The next few

decades saw the rise of parallel processing at every scale: not only did individual proces-

sors gain multiple cores, but the message passing interface (MPI) let multiple computers

(nodes) share data and work concurrently on the same task. The shift from vector process-

ing to distributed computing came with new challenges in parallel algorithm design, as there

was a communication time associated with moving data between nodes. Simultaneously,

there was a shift away from specially-built supercomputers and towards commodity clusters;

MPI-linked computers built from off-the-shelf parts could be found in every university. New

integral and SCF algorithms9,34,64,118 for distributed-memory systems were developed for

these now widely available computational resources.

Yet another paradigm shift came shortly thereafter, this time not from a national lab

or university, but from video games. Graphics processing units (GPUs) are specialized

processors with many thousands of cores intended for real-time 3D graphics. The de-

velopment of general–purpose GPU programming languages such as NVIDIA CUDA149

produced an explosion of GPU-accelerated quantum chemistry starting in the late 2000s,

including integrals2,106,112, DFT exchange-correlation potentials105,109, SCFs10, quantum

monte carlo55,198, CI58, and even full quantum chemistry packages193. GPUs are now in-

tegrated into every computing cluster, creating a hybrid CPU-GPU paradigm known as

heterogeneous computing.

1.6 Relativistic Electronic Structure Theory

In this section, we will develop in some more detail the preliminaries for understanding the

primary work of this thesis.

Chemists are concerned with the electronic solutions of the low-energy limit of QED.

The Dirac equation, which is the low-energy limit of QED, describes both electrons and

positrons, and is thus overkill for chemical applications. Thankfully, there is a unitary



45

transformation to the four-component Dirac Hamiltonian which decouples the electronic

and positronic degrees of freedom in the Dirac equation, called the exact-two component

(X2C) method41,43,44,60,80,90,107,127:

U†Ĥ4CU =

Ĥ+ 0

0 Ĥ−

 (1.131)

where Ĥ± are the decoupled postive/negative energy sectors of the Dirac Hamiltonian in

Eq. (1.121). The exact unitary matrices U depend on both the one-electron and two-electron

parts of the Dirac Hamiltonian. After decoupling, the negative energy Hamiltonian is

discarded, resulting in a purely electronic, positive-energy Hamiltonian Ĥ+ that has spinor

solutions as in non-relativistic theory, but that represent the actual electronic solutions

of the full Dirac equation. The one-electron X2C method (1eX2C) provides an explicit

construction of the unitary transformation U based on just the one-electron parts of Ĥ4C .

Since it is exact for one-electron terms, X2C preserves the nuclear spin-orbit coupling physics

of the four-component Hamiltonian exactly. The details of constructing U are beyond the

scope of this work, but the X2C Hamiltonian will be used to describe all relativistic quantum

chemistry throughout.

From our experience with the relativistic treatment of the nuclear attraction, we can

expect the relativistic version of the two-electron interaction to introduce new and compli-

cated terms. The derivation of a fully Lorentz-invariant interaction is a reasonably intense

exercise in quantum electrodynamics18, where the Lorentz-invariance is guaranteed by ex-

pressing the interaction as an exchange of virtual photons. The need for Lorentz-invariant

treatment of photons (responsible for retardation effects) is obviated by the equal-time ap-

proximation, in which all local clocks are assumed to be ticking along at the same speed

(and thus one time t can be assigned to each of their wavefunctions, as in non-relativistic

physics). Another approximation can be made in which the energy of the exchanged photon

is low enough to the point where we do not need to concern ourselves with pair-creation
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effects. This is related to the retardation condition, since a high frequency photon will

acquire a phase along its path of travel, and is equivalent to treating the interaction only

with t− and u−channel diagrams.

These two approximations let us write an expression for the interaction between electrons

1 and 2 in the Coulomb gauge as

Vij =
1

rij
− αi ·αj

2rij
− 1

2

(αi · rij)(αj · rij)
r3ij

(1.132)

The two rightmost terms are called the Breit terms, which together with the nonrelativistic

Coulomb interaction is exactly equivalent to the classical relativistic interaction potential

for two moving charges with velocities u1 and u2 in the nonrelativistic limit (u/c << 1)

V12 =
q1q2
4πϵ0r

[
1− 1

2

u1 · u2

c2
− 1

2

(u1 · r)(u2 · r)
c2r2

]
(1.133)

with the substitution ui → cαi. Neat!

The Breit term contains all terms of order c−2 including complicated spin interactions

between electrons, such as the spin-spin and spin-other-orbit interactions. Higher order

terms include the other two one-photon diagrams, the self-energy and the vacuum polar-

ization, which lead to the Lamb shift? . While the Breit term is important for late-row

chemistry and theoretical spectroscopy of actinides234, they are computationally expensive

to include, as they require a full four component wavefunction.

In practical relativistic calculations, the scalar relativistic corrections and nuclear spin-

orbit coupling of X2C is enough. Further motivated by the fact the Breit interaction is

suppressed by c−2, we will continue our relativistic treatment at the level of the X2C trans-

formed Hamiltonian Ĥ+. To get relativistic spinor solutions with X2C, the two-electron

parts of the non-relativistic Hamiltonian are added to Ĥ+ before diagonalization.
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1.6.1 Relativistic DFT

In Section 1.2.8, density functional theory was introduced using an RHF wavefunction,

where spin is essentially integrated out. It is possible to formulate relativistic DFT in

terms of the relativistic four-current47,201, but we will not consider it here due to the lack

of accurate and readily available four-current functionals. Nevertheless, DFT can still be

formulated in terms of a X2C generalized-spin (GHF) determinant, but multiple densities

are required to fully specify the interacting wavefunction as a functional of them. For a

GHF determinant, the density has spin indices which can be decomposed like

ρττ ′(r) =

ραα(r) ραβ(r)

ρβα(r) ρββ(r)


ττ ′

=
1

2
n(r) [I2]ττ ′+

1

2
m(r)◦[σ]ττ ′ =

occ∑
i

| ⟨ψiτ |ψiτ ′⟩ |2 (1.134)

where ◦ denotes a dot product in (τ, τ ′) spin indices. Now, n(r) (the number density) and

m(r) (the magnetization density) form a set of purely spatial functions that fully describe

the two-component density. These variables form a set of densities that have their own

Hohenberg-Kohn theorems, and a corresponding Kohn-Sham equation91. The exchange-

correlation potential also gains spin indices,

Vxc(r) = V S
xc I2 + V I

xcσ
I (1.135)

where the indices I = {X,Y, Z} and S indicate a quarternion decomposition of Vxc.

The most widely used functionals in quantum chemistry implicitly assume the density

to be collinear, i.e. the spin magnetization is aligned with some constant direction (conven-

tionally, the z-axis). For the case of GGAs, these functionals depend on the ↑ and ↓ spin

densities. These functionals are based on an xc energy of the form (for GGAs)

Exc =

∫
drf(n↑, n↓, γa, γb, γc) (1.136)
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where

γa = γ↑↑ = ∇n↑ · ∇n↑ (1.137)

γb = γ↓↓ = ∇n↓ · ∇n↓ (1.138)

γc = γ↑↓ = ∇n↑ · ∇n↓ (1.139)

(1.140)

and the spin densities are

n↑(r) = ραα + ρββ (1.141)

n↓(r) = ραα − ρββ (1.142)

(1.143)

The set of variables upon which a functional depends, the {Ui} variables, are defined in

terms of the density variables {Vi}. In this case, {Ui} = {n↑, n↓, γa, γb, γc} and {Vi} =

{n↑, n↓,∇n↑,∇n↓}. The xc potential is calculated by taking the first derivative of Exc with

respect to the density matrix elements which is evaluated with repeated application of the

chain rule,

[Vxc]ττ ′ =
∂Exc

∂[Pµν ]ττ ′
=

∑
ij

∫
dr
∂f({Ui(r)})
∂Ui(r)

∂Ui(r)

∂Vj(r)

∂Vj(r)

∂[Pµν ]ττ ′
(1.144)

where the spin indices for U and V variables are implied. The separation into {Ui} and

{Vi} variables is motivated by convenience. The scalar form of the {Ui} variables appeal to

DFT functional designers and the ease of calculation of the {Vi} makes quantum chemistry

software designers happy.

The collinear ansatz is a reasonable assumption for many chemical systems, but some

have true spin non-collinearity, like spin-frustrated systems. As proven in Sec. 1.4.2, the

relativistic density has one-body contributions that include spin-orbit effects. This can

introduce a noncollinear magnetization density that points in different directions throughout
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the molecule, unsuitable for collinear DFT functionals. However, the a thoughtful choice of

{Vi} variables in this case can transform the GHF density matrix into a set of {Ui} variables

compatible with collinear functionals. One such set is given by50

n± =
1

2
± 1

2

√
m ◦m (1.145)

γ±± =
1

4
∇n · ∇n+

1

4
∇m · ∇m± f∇

2

√
∇n · ∇m ◦m · ∇n (1.146)

γ+− =
1

4
∇n · ∇n− 1

4
∇m ◦ ∇m (1.147)

f∇ = sign(∇n · ∇m ◦m) (1.148)

which reduces to the collinear set of variables if m = mz ẑ. This choice of {Ui} variables

obeys the zero global torque theorem26, a restriction on the exact functional that disallows

a global torque from arising from an xc potential. However, a local torque may be induced

because these variables incorporate both the parallel (as in the collinear case) and the

perpendicular components of the magnetization gradient. It is this property that permits

the correct non-collinear spin structure when using these variables.

However, Eq. (1.145) is prone to numerical instability when the norm of the magneti-

zation vector |m(r)| is small, because of the appearance of m in the denominator in some

of the expressions for ∂Ui
∂Vj

. If derivatives of the total energy expression (Eq. (1.99)) are

required, as in perturbation theory, then the chain rule introduces more magnetization vec-

tor singularities into the expression. To avoid having the magnetization length m in the

denominator of the functional derivatives, we can use a scalar form of the magnetization
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density in regions where the magnetization length is small. Such a substitution yields

n± =
1

2
n± 1

2
ms (1.149)

γ±± =
1

4
∇n · ∇n+

1

4
∇m ◦ ∇m± f∇

2
∇n · ∇ms (1.150)

γ+− =
1

4
∇n · ∇n− 1

4
∇m ◦ ∇m (1.151)

ms =
1

3
(mx +my +mz) (1.152)

us =
1

3
(ux + uy + uz) (1.153)

While this definition breaks formal spin-rotation invariance, the numerical impact of this is

controlled so long as the magnetization cutoff is sufficiently small (m < 10−12 is used in this

work). Using these expressions eliminates the near-zero denominators in the chain rule, and

their impact on accuracy has been verified to be negligible for a variety of systems50,105.

1.6.2 Relativistic CI with the STP-DAS Formalism

The most expensive part of a CI calculation is the σ vector calculation,

σK = σ1eK + σ2eK (1.154)

=
∑
pq

∑
L

(h′1)
pq ⟨K| Êpq |L⟩CL (1.155)

+
1

2

∑
pqrs

∑
LJ

hpqrs2 ⟨K| Êpq |J⟩ ⟨J | Êrs |L⟩CL (1.156)

particularly the two electron part σ2e. For very large CI calculations, the storage of the

excitation lists, which scale like

Excitation list size ∼
(

No

Ne ×Ne(No −Ne + 1)

)
(1.157)

will exceed available computer memory. The small tensor product distributed active space

(STP-DAS) framework attempts to reduce excitation list storage and accelerate the 2e con-
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traction in one fell swoop by factorizing Eq. (1.154) into many small tensor products by

partitioning the active space. Each of these partitions have their own intra-space excita-

tion list that enumerates the determinants inside that partition. If the 2e σ build can be

formulated in terms of small tensor products local to the partitioned space, then one could

re-use the excitation lists from one partition to another and additionally store much smaller

excitation lists. Such a scheme would not introduce any approximations relative to the full

space so long as the partitioned spaces cover the full space. In this section, we will explore

the details of the STP-DAS framework and describe one of main results of this thesis: the

GPU-accelerated algorithm for the 2e σ build.

In the distributed active space (DAS) framework, the total correlation space

A DAS is defined by a set of orbitals {ψ}µ, an electron occupation number nµ, and

sub-determinants Kµ:

Xµ = {{ψ}µ, nµ,Kµ} (1.158)

Each DAS is a correlation space with

Nµ =

(
Mµ

nµ

)
(1.159)

determinants where Mµ = |{ψ}µ| is the number of orbitals in Xµ. As usual, each orbital is

a singly occupied spinor and each determinant is an eigenfunction of Ŝz.

Given a correlation space comprised of multiple DASes, excitations within the overall

space can be decomposed into inter- and intra-DAS excitations. A configuration category

A = {XA
µ ,XA

ν , . . . } is a set of DASes with unique electron occupation numbers. The orbital

partitioning is defined by the DASes so that each configuration category shares the same

orbital partitioning, even though the electron occupations within each category are different.
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Inter-space excitations are also referred to as categorical excitations and denoted

ÊXµXν
pq =

{
Êpq : p ∈ Xµ, q ∈ Xν

}
(1.160)

ÊXµXν
pqrs =

{
ÊpqÊrs − δqrÊps : p ∈ Xµ, q ∈ Xν , r ∈ Xλ, s ∈ Xκ

}
(1.161)

(1.162)

A full-space determinant can be recovered from the DASes in a category A,

|KA⟩ = |KA
µ ⟩ ⊕ |KA

ν ⟩ ⊕ . . . (1.163)

|KA⟩ =
⊕
κ

|KA
κ ⟩ (1.164)

and the total number of determinants in category A is

NA =
∏
κ

NA
κ (1.165)

The machinery of DASes and configuration categories is an intuitive hierarchical decom-

position of the full correlation space with the following relations for the overal number of

determinants N , the total electron count ne, and the complete set of orbitals {ψ},

N =
∑
A
NA (1.166)

ne =
∑
µ

nAµ (1.167)

{ψ} =
⋃
µ

{ψ}µ (1.168)

Now that the machinery of categories and DASes is developed, we can see how the

partitioning scheme propagates through the definition of σ.
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σ2eLA =
1

2

∑
BC

∑
JBµ⊕JBν

∑
JBκ⊕JBλ

∑
JCκ⊕JCλ

∑
pqrs

PµνPκλ (1.169)

δX̄A
µν X̄B

µν
δX̄A

κλX̄
C
κλ
hpqrs2 ⟨LA

µ ⊕ LA
ν | Êpq |JBµ ⊕ JBν ⟩ (1.170)

⟨JBκ ⊕ JBλ | Êpq |KC
κ ⊕KC

λ⟩CKC (1.171)

where p ∈ XA
µ , q ∈ XC

ν , r ∈ XB
λ , Pµν are the global phase factors, hpqrs2 are the two-

electron Hamiltonian elements and CKX are the CI coefficients of determinant K belonging

to configuration category X .
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Chapter 2

RELATIVISTIC DFT ON GRAPHICS PROCESSING UNITS (GPUS)
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2.1 Introduction

Recently, there has been a resurgence of interest to develop and rationally design materials

that exploit the properties of electronic spin.8,22,59,171,231 Applications for these materials

range from functional magnetic materials14,68,111 and quantum computing,108 to spintronic

devices59,167,235 and catalytic active sites.31,76 Fundamental to these technological advances

are the important physical characteristics of electronic spin and spin-couplings.70,108,208

As such, there is a strong need to develop theoretical methods which properly describe

electronic spin and spin interactions in materials, as well as the computational capability

to simulate the large systems where such phenomena manifest.

From a theoretical perspective, a rigorous description of electronic spin and its interac-

tions is fundamentally rooted in relativistic quantum mechanics. This theory uses the Dirac

equation to obtain the relativistic wavefunction in place of the non-relativistic Schrödinger

equation.17,47,125,177,201 Here, the wavefunction is represented using 4-vectors, also known

as 4-component bispinors. These structures incorporate the electronic wavefunction in both

the positive and negative energy domains, corresponding to the large and small components

of the wavefunction. Spin is inherently encoded into this wavefunction through the α and

β components of the bispinor. In practice though, using 4-component representations of

relativistic wavefunctions is computationally cumbersome, requiring additional storage and

computational throughput than corresponding non-relativistic calculations. Furthermore,

while the negative energy part of the wavefunction is important to many chemically-relevant

phenomena173 such as spin-forbidden transitions, spin-orbit coupling, and the inert-pair

effect27,91,211, most chemical problems do not require an explicit treatment within the 4-

component framework. It is often advantageous from a practical point of view to transform

the 4-component Hamiltonian into an electron-only effective 2-component form. This is

known as a 2-component transformation, which uses unitary operators to fold the small

component of the wavefunction into a pseudo-large component form.41,43,44,60,80,90,107,127

Variational electronic structure methods developed within the 4- or 2-component Dirac
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framework do not treat spin as a good quantum number, i.e., the spin angular momen-

tum is no longer aligned in a single axis. This approach requires maintaining electronic

properties in their four-current form or as a complete magnetization vector.70 Because the

spin-orbit operator interacts with the entire angular momentum tensor, all three compo-

nents of the magnetic density (ρx, ρy, ρz) must be incorporated in the calculations, leading

to a significant increase in computational cost compared to non-relativistic one-component

calculations.

Relativistic density functional theory (DFT)134,174,175 encompasses a powerful set of

low-cost theoretical tools that can be used to investigate spin-driven chemical and materials

processes and properties at large and experimentally relevant scales. Practical applications

commonly utilize workhorse methods implemented in the relativistic 2-component and 4-

component Kohn-Sham formalism.53 While the exact functional is unknown, the excellent

balance between accuracy and computational cost makes density functional approxima-

tions particularly popular for tackling problems in a wide array of contexts, from physical

chemistry and material science117,147,185,235 all the way to biochemistry and structural bi-

ology.33,213 Many popular software packages that implement relativistic density functional

theory leverage the latest advances in high performance computing in order to further

accelerate calculations, making larger and more complex systems accessible to this the-

ory.24,145,171,176,190,207

In DFT, the evaluation of the exchange-correlation energy and potential is performed us-

ing a numerical integration scheme15,156,203. This numerical integration procedure is highly

amenable to parallelization since the integrand of the functional only depends on the den-

sity and density gradients at each point. Furthermore, efficient algorithms for integrating

the exchange-correlation potential in non-collinear relativistic DFT have been developed

for central processing unit (CPU)-based systems.11,23,50,130,131,159,168,172,187,214,228 Similarly,

graphics processing units (GPU) have long been used to perform the numerical integra-

tion for the exchange-correlation potential in non-relativistic density functional theory, and
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have been shown to provide significant speedup over CPU based numerical integration

schemes.139,150,223,225 As the computation of the exchange-correlation potential is done at

every step of self-consistent field and real-time time-dependent calculations73,75,114,140,184 a

software paradigm that prioritizes speed and concurrency is highly desirable.

Despite the clear advantage of GPUs for usage in density functional calculations, to the

authors’ best knowledge, this hardware not been leveraged to perform fully non-collinear rel-

ativistic calculations. In this work, we exploit using GPUs for relativistic quantum chemistry

calculations incorporating spin and spin couplings. We showcase a GPU implementation of

the highly efficient 2-component relativistic DFT integration algorithm and benchmark its

performance evaluating large coinage metal nanoparticles against the corresponding CPU

implementation. The results presented in this letter demonstrate how GPUs can be used

to heavily accelerate relativistic DFT calculations.

2.2 Methods

The GPU implementation of non-collinear relativistic DFT is developed within the exact-

two-component (X2C) relativistic framework.43–46,49–51,60,72,85,90,104,107,115,122–124,127,128,157,158,194,234

In X2C, one electron spin-orbit coupling is included variationally during the optimization of

molecular spinor orbitals. Two-electron spin-orbit effects are accounted for by an empirical

screened nuclear spin-orbit (SNSO) treatment.51?

Due to the spinor nature of molecular orbitals (MOs) in relativistic calculations, the

Kohn-Sham and density matrices (F and P) formally have the spin-blocked structure

X =

Xαα Xαβ

Xβα Xββ

 , X ∈ {F,P}, (2.1)

with

P ζζ
′

µν =
∑
i

CζµiC
ζ′∗
νi , ζ, ζ ′ ∈ {α, β} (2.2)

where C is the MO coefficient matrix and {µ, ν} are indices for atomic orbital bases. We
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Grid Name Nrad Nang

Fine 75 302
UltraFine 99 590
SuperFine 250 974

Table 2.1. Grid sizes per atom for the set of grid densities used in this work for
Cu, Ag, and Au atoms.

cast the rank–2 spinor structure of F and P into the Pauli quaternion form

F = FS ⊗ I2 +
∑

k∈{x,y,z}

Fk ⊗ σk (2.3)

P = PS ⊗ I2 +
∑

k∈{x,y,z}

Pk ⊗ σk (2.4)

which gives rise to an exchange-correlation potential in the quaternion structure {VS
xc,V

z
xc,V

y
xc,Vx

xc},

defined as

V S
xc,µν =

δExc
δPSµν

, V x
xc,µν =

δExc
δP xµν

, V y
xc,µν =

δExc
δP yµν

, V z
xc,µν =

δExc
δP zµν

(2.5)

The reader is referred to168 for more details on the integration and assembly of the Vxc

terms of the Kohn–Sham Fock matrix using a quaternion formalism. In this work, we lever-

age the parallelized computing capability of GPUs to perform the integration in Eq. (2.5).

Integration points are batched together to maximize cache utilization and memory contigu-

ity.168,225

2.3 Results and Discussion

The X2C DFT method on the GPUs presented in this work is made publicly available via

the GauXC168,224,226 library for exascale Gaussian basis DFT. All numerical results in this

study were obtained using GauXC evaluating density matrices generated by ChronusQ,227

carried out on the HYAK cluster at the University of Washington. A single A100 GPU card

was used for the benchmark study.
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Basis Type Nbf (Cu) Nbf (Ag) Nbf (Au)

DZ 56 65 81
TZ 94 103 119
QZ 141 150 166

Table 2.2. Number of basis functions (Nbf) per atom for the SAPPORO-DKH3
basis set used in this work for Cu, Ag, and Au atoms.
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Figure 2.1. X2C Vxc computation times for Cu40, Ag40, and Au40 clusters for
a) Fine, b) Ultrafine, c) Superfine grid sizes on an A100 GPU card using the
SAPPORO-DKH3 DZ, TZ, and QZ basis sets. The numbers of basis functions
for each cluster are indicated on the x-axis.
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We assessed the computational performance of our GPU implementation through all-

electron X2C DFT calculations on metal nanoparticles, containing 20 to 40 atoms per

cluster. The metal cluster structures were generated using the NanoCrystal suite.30,163–165

The setup of the grid and the selection of basis functions are detailed in Table 2.1 and

Figure 2.1, respectively. These systems are the largest all-electron relativistic calculations

performed to date. Our benchmark tests peaked with a calculation on a Au40 nanocluster,

which consists of 6640 basis functions.

Figure 2.1 shows the Vxc integration times using the GPU based numerical integrator

for X2C-PBE160,161 Cu40, Ag40, and Au40 nanoparticles. The integration times are plotted

over the three different basis sets and three different integration grids. For the Fine grid in

Figure 2.1.a, all metals display numerical integration times of less than ∼40s irrespective of

the basis set. The UltraFine grid shows increased integration times, from ∼20s with the DZ

basis to ∼60s with the QZ basis. The SuperFine grid is the most computationally expensive

with integration times of ∼60s with the DZ basis and up to ∼180s with the QZ basis. For

relativistic DFT calculations, the SuperFine grid is recommended to reliably produce spin

and spin-orbit properties on the order of millielectron volts (meV). The timing results in

this figure indicate roughly linear scaling with number of basis functions and grid points for

all coinage metal clusters. Similar scaling results are observed for smaller clusters.

The second analysis in this work, shown in Figure A.3, plots the Vxc integration times for

Au20−40 nanoparticles, calculated with the restricted, unrestricted, and X2C Kohn-Sham

schemes on an A100 GPU. The integration times are plotted for three different integration

grids using only the largest, QZ, basis. A complete set of corresponding figures spanning

all three basis sets and metal identities is available in the supporting information. The

Fine grid produces integration times between ∼5-40s and for all three schemes. With the

UltraFine grid, X2C is shown to be roughly twice as expensive as an unrestricted Kohn-

Sham integration, which in turn is twice as expensive as a restricted Kohn-Sham calculation.

X2C integration times here are ∼10s for the Au20 cluster up to about ∼60s for the Au40
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Figure 2.2. Comparison of Vxc computation times for Au clusters using re-
stricted, unrestricted, and X2C schemes for a) Fine, b) Ultrafine, c) Superfine
grid sizes on an A100 GPU card using the SAPPORO-DKH3 QZ basis set.

cluster. The SuperFine grid produces the longest computation times with ∼40s for Au20

to ∼180s for Au40.

Finally, in order to demonstrate the computational speedup of the GPU implementation

relative to the corresponding CPU based scheme for calculating the exchange-correlation

potential in GauXC, Figure 2.3 plots the time required to compute Vxc on an NVIDIA

A100 GPU against the corresponding CPU implementation running on two Intel XEON

Gold 6230 CPUs (total 40 cores) at 2.10GHz. This is performed on Au20 with 3320 basis

functions up to Au40 with 6640 basis functions using the UltraFine grid and SAPPORO-

DKH3 QZ basis set. Across the board for all examined cluster sizes, the GPU performs

about ∼10× faster than the corresponding CPU implementation, with larger speedup for

bigger systems. It should be emphasized here that MPI implementations are available for

CPU and GPU numerical integration schemes, which could reduce the calculation time.

Assuming linear scaling with number of CPU cores, it would take about 400 CPU cores

to produce the same computation time as one A100 GPU card. This metric highlights the
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computational efficiency of the GPU implementation of X2C DFT substantial speedup can

be achieved using a single GPU card on a single node, with increasing speedup for larger

systems.

This work highlights the acceleration of non-collinear relativistic X2C DFT calculations

by exploiting GPU hardware and showcases the exceptionally low integration times on a

GPU for X2C calculations on coinage metal nanoclusters. The numerical integration takes

between 10-60s for these systems on the GPU. We demonstrate a 10× speedup for Vxc

calculations of coinage metal nanoparticles relative to a CPU implementation (one A100

vs. 40 CPU cores). It should be emphasized that the systems examined in this letter are

large systems composed of many heavy transition metals. Our GPU implementation is able

to handle arbitrary-order angular momentum basis functions, making it amenable to heavy

element systems of interest to the materials and solid state chemistry fields.
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Chapter 3

RELATIVISTIC CI ON GPUS USING THE STP-DAS FRAMEWORK
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3.1 Introduction

The formal description of all quantum mechanical systems is governed by the abstract

Schrödinger equation,

iℏ
∂

∂t
|ψ⟩ = Ĥ |ψ⟩ , (3.1)

where |ψ⟩ is the state of the system and Ĥ is the Hamiltonian governing it. In the context of

the electronic structure theory of molecules in finite basis sets, the solution to Equation (3.1)

is given by the full configuration interaction (FCI) method94,196,199,206,215? . The many-body

state |ψ⟩ is computed in a given basis set by explicitly diagonalizing the corresponding

electronic Hamiltonian matrix. Its straightforward nature makes FCI applicable to a wide

range of many-body problems. For instance, its adaptation to the two- and four-component

Dirac formalisms48,177 enables the description of relativistic effects such as spin–orbit and

spin–spin couplings beyond perturbation theory3,12,13,86,87,92,93,97–100,128,178,194,200,209,216.

The explicit diagonalization of the Hamiltonian matrix has historically rendered its ap-

plicability to small chemical systems. This is because the number of possible configurations

increases factorially with system size, causing the dimension of the Hilbert space to explode.

As such, even with its special properties (sparse, Hermitian, and diagonally-dominant), the

diagonalization of the Hamiltonian matrix quickly becomes intractable.

Due to the explosive growth of the dimension of the space of configurations, practical

calculations often rely on approximate configuration interaction (CI) wavefunction methods.

The two main families of methods are complete active space CI (CASCI)61–63,67,96–98,102,153,182,218

and selected CI (SCI)54,56,71,83,84,89,110,126,191,195,210,232,233. Both methods work by effectively

truncating the Hilbert space of the system to a subspace of significant determinants.

The CASCI method approximates the FCI wavefunction as the CI solution within

the configuration space generated by an orbital subspace (called the active space). The

outright exclusion of occupied and unoccupied orbitals often leads to an underestima-

tion of dynamic correlation. Therefore, to attain quantitative agreement with experimen-
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tal results, it is often required to apply additional methods on top of CASCI to recover

the missing correlation. Such methods include multiconfigurational self-consistent field

(MCSCF)12,66,93,95,119,132,135,136,178,200,206,209,217,221,222,230, multireference configuration in-

teraction (MRCI)81,87,119–121,137,181,206,220, and many-body perturbation theory (MRPT2,

CASPT2, NEVPT2, MC-PDFT)4–6,29,116,128,133,180,200,216.

A recent CI framework88 remedies the explosive memory footprint of the Hamiltonian

matrix by factorizing the active space into small tensor products of distributed active spaces

(DASs). In the small tensor product distributed active space (STP-DAS) approach, the com-

putation of the large matrix-vector product associated with the iterative diagonalization of

the Hamiltonian matrix is decomposed into the evaluation of a sequence of small tensor

products. By employing an addressing scheme compatible with the small-tensor-product

approach, the on-the-fly evaluation of matrix-vector products can significantly reuse the

address strings local to each DAS to emulate the full excitation list. This reuse leads to

dramatic reductions in the memory footprint of the Hamiltonian excitation list. This frame-

work was shown to successfully facilitate CI calculations consisting of over one quadrillion

(1015) determinants197.

The engine that powers CI is the matrix-vector product algorithm within the iterative

diagonalization procedure, also known as the σ-build. As such, CI is amenable to large-scale

parallel processing paradigms7,65,67,88,152,218, so long as subtle issues such as load balancing

are properly addressed. Beyond the traditional host-centered paradigms of multi-threading

(OpenMP, OpenACC) and message passing interface (MPI), electronic structure method

development is increasingly adopting the use of graphics processing units (GPUs) and other

accelerators to maximize throughput and parallelism10,55,57,58,106,138,142,169,193,198,229. Such

accelerators consist of (tens of) thousands of cores purposefully designed to perform vector-

ized operations with peak efficiency. Their hardware design implements the “single instruc-

tion, multiple data” (SIMD) principle, in which all cores execute the exact same operation

on different data elements concurrently. While this limits the functionality of GPU cores
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compared to traditional central processing unit (CPU) cores, the design drastically reduces

the per-core cost of vectorized operations such as matrix-vector products. Despite this re-

markable capability, the effective exploitation of the SIMD cores of the accelerator requires

careful consideration of the data flow and processing patterns of the underlying algorithm.

This includes the clever distribution of the computational workload between the host and

the accelerator and the implementation of pipelining. The latter is a technique that hides

the overhead associated with data transfers to and from the accelerator by overlapping them

with host and accelerator computation. In addition, the adoption of batched processing and

coalesced data transfers and memory accesses is often needed to maximize GPU throughput

and performance.

Despite their vast computational power, their video random-access memory (VRAM) ca-

pacity is significantly more restricted, ultimately limiting their ability to accelerate certain

applications. This general restriction does not apply in the case of STP-DAS: the framework

decomposes large matrix-vector products into a sequence of small tensor products, each of

which can comfortably fit into the limited memory of GPUs! In this work, we accelerate the

STP-DAS framework by adapting the two-electron portion of the small-tensor-product σ-

build algorithm to use GPUs. The resulting algorithm implements batched processing and

coalesced data transfers within the Knowles-Handy101,102 approach to contract the Hamil-

tonian excitation list with CI expansion vectors. It supports multi-GPU and cooperative

multi-process execution via MPI and Multi-Process Service (MPS). To showcase its features

and performance, we use the accelerated small-tensor-product σ-build algorithm to conduct

exact two-component CASCI (X2C-CASCI) calculations for the relativistic ground states

of Au2 and Xe2.
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3.2 Methods

3.2.1 Accelerating STP-DAS σ-Build using GPUs

The σ-build algorithm within STP-DAS88 implements the evaluation of

σLA = 1eσLA + 2eσLA , (3.2)

1eσLA =
∑
B

∑
KB

µ⊕KB
ν

∑
pq

PµνδX̄A
µν X̄B

µν

h′pq ⟨LA
µ ⊕ LA

ν | Êpq |KB
µ ⊕KB

ν ⟩CKB , (3.3)

2eσLA =
1

2

∑
CB

∑
JCµ⊕JCν

∑
JCκ⊕JCλ

∑
KB

κ⊕KB
λ

∑
pqrs

PµνPκλ

δX̄A
µν X̄C

µν
δX̄C

κλX̄
B
κλ
gpqrs ⟨LA

µ ⊕ LA
ν | Êpq |JCµ ⊕ JCν⟩

⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩CKB , (3.4)

where p ∈ XA
µ , q ∈ XC

ν , r ∈ XC
κ, s ∈ XB

λ , ⟨XA
µ ⊕ XA

ν | Êpq |XB
µ ⊕ XB

ν ⟩ are categorical one

electron excitation lists, Pµν are global phase factors, h′pq and gpqrs are one- and two-

body Hamiltonian elements, and CKB are CI coefficients of determinants K belonging to

configuration category B (see Ref.88 for definitions and algorithmic details). From the

summation structure of Equation (3.4), it is evident that the computational bottleneck is

the evaluation of the two-electron portion of the σ-build. Consequently, it has historically

been the focus of algorithmic optimization efforts101,102,153.

One such optimization is inspired by the Knowles-Handy approach101,102, which eval-

uates Equation (3.4) using vectorized operations, thereby enabling the full exploitation of

state-of-the-art cache optimization techniques. Vectorization, which comes at the cost of

additional memory requirements, is achieved by organizing the Hamiltonian elements and

the CI coefficients into intermediates and matrix-multiplying them:
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XLA,JC
rs,pq ← gpqrs ⟨LA

µ ⊕ LA
ν | Êpq |JCµ ⊕ JCν⟩ ⟨JCκ ⊕ JCλ| Êrs |KB

κ ⊕KB
λ ⟩ , (3.5)

ΩJ
C ,KB

rs,K̄B
κλ

← CKB such that ⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩ ̸= 0, (3.6)

ΛL
A

pq,K̄A
κλ
←

(
XLA,JC
rs,pq

)⊺
× ΩJ

C ,KB

rs,K̄B
κλ

, (3.7)

where K̄ and L̄ are the local addresses of the portion of the determinant K not belonging to

the DASs numbered κ or λ. The locality of the addresses renders the column dimensions of

the intermediates in Equations (3.6) and (3.7) small, making the evaluation of Eq. (3.4) on

GPUs possible despite memory limitations. This small dimensionality, however, presents

challenges in maximizing GPU computational throughput and frequent data transfers be-

tween the CPU and the accelerator.

Computational throughput can be maximized by the incorporation of batching in the

evaluation of Equation (3.4). Instead of successively forming Equations (3.5) and (3.6)

and computing Equation (3.7) for every connecting determinant JC , one can form a batch{
XLA,JC
rs,pq ,ΩJ

C ,KB

rs,K̄B
κλ

}
JC

of intermediates and evaluate Equation (3.7) for the entire batch con-

currently. While this approach has a larger memory footprint than naive successive evalu-

ation, its computational advantages are twofold: the increased utilization of the compute

cores of the accelerator, and the coalescence of data transfers between the CPU and the

accelerator113.

Because the batching technique organizes the evaluation of Equations (3.5) and (3.6)

into large computational tasks, it also enables the implementation of GPU pipelining, which

hides the cost of large data transfers by overlapping them with significant CPU and GPU

computation. To this end, we adopted the use asynchronous operations in our implemen-

tation, in which the CPU submits a task to be executed by the GPU without needing to

wait for the GPU to complete it. Consequently, upon forming Equations (3.5) and (3.6) for

batch n, the CPU can form intermediates for batch (n + 1) while, concurrently, the inter-
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mediates of n are transferred to the GPU, the GPU evaluates Equation (3.7) for batch n,

and the computed contractions for batch n are transferred back to the CPU for processing

into the σ-vector, as prescribed in Equation (3.4). This pipelined processing of batches of

intermediates not only effectively hides the latency associated with large and frequent data

transfers between the CPU and the accelerator, but also dramatically shrinks the idle time

the CPU spends waiting for the GPU to complete the contractions of intermediates. The

precise execution pattern that yields these optimizations is depicted in Algorithm 1.

The computational load distribution structure within the STP-DAS algorithm88 natu-

rally enables the multi-GPU acceleration of the evaluation of Equation (3.4). By assigning

each MPI rank to a unique GPU, Algorithm 1 can be executed on multiple accelerators

to compute and populate distinct sectors of the σ-vector concurrently. Cooperative multi-

process execution can also be realized by assigning multiple MPI ranks to the same GPU

and partitioning it by utilizing technologies such as Nvidia’s MPS and multi-instance GPU

(MIG). This can maximize the performance of Algorithm 1 on multi-node, single-accelerator

systems. Notably, this approach to multi-GPU multi-process execution does not require

communication among the accelerators. Therefore, in contrast with other implementa-

tions2, Algorithm 1 does not require the use of GPU-aware MPI libraries.

3.3 Results

To showcase the runtime of Algorithm 1 we conducted a sequence of calculations for the

X2C-CASCI ground state of PuO2 with the def2-mTZVP basis set to examine the runtime

dependence of Algorithm 1 on intermediates batch size and number of nodes (strong scaling).

The calculations were executed on the University of Washington’s AI-accelerated research

computing platform Tillicum, a small-sized cluster where each node is equipped with an

Intel Emerald Rapids CPU, eight NVIDIA Hopper–H200 SXM GPUs, and a 400 GB/s

network interface card.

In any GPU algorithm, the time cost of data movement must be amortized by the

time savings of fast computation to see speedup. As traditional CPUs also benefit from
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Algorithm 1: The GPU-accelerated two-electron STP-DAS σ-build. Bold text
represents algorithmic logic and typewritten text represents comments. Curly
brackets represent code-interfacing operations.

// Process first batch B1 of JC’s
1 B1 ←

{
0, . . . ,min

(
Sbatch,

∣∣{JC}∣∣)};
// Form Equations (3.5) and (3.6) for all JC ∈ B1

2 for JC ∈ B1 do

3 XB1 ← XB1 ∪
{{

gpqrs ⟨LA
µ ⊕ LA

ν | Êpq |JCµ ⊕ JCν⟩ ⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩
}}

ΩB1 ← ΩB1 ∪
{{

CKB : ⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩ ̸= 0
}}

4 {Asynchronously task GPU with contracting intermediates in B1}
// Continue processing next batch Bn without waiting for the GPU

5 for n = 2, . . . ,
∣∣{JC}∣∣ /Sbatch do

6 Bn ← {(n− 1)× Sbatch, . . . , n× Sbatch}
7 XBn ,ΩBn ,ΛBn ← ∅

// Form Equations (3.5) and (3.6) for all JC ∈ Bn
8 for JC ∈ Bn do

9 XBn ← XBn ∪
{{

gpqrs ⟨LA
µ ⊕ LA

ν | Êpq |JCµ ⊕ JCν⟩ ⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩
}}

ΩBn ← ΩBn ∪
{{

CKB : ⟨JCκ ⊕ JCλ| Êrs |KB
κ ⊕KB

λ ⟩ ̸= 0
}}

10 {Asynchronously task GPU with contracting intermediates in Bn}
11 {Wait for the GPU to finish processing batch Bn−1 } // Process completed

batch ΛBn−1 into 2eσ
12 for JC ∈ Bn−1 do

13 2eσLA+ = ΛL
A

pq,K̄A
κλ

such that ⟨LA
µ ⊕ LA

ν | Êpq |JCµ ⊕ JCν⟩

14 Bleftover ←
{(∣∣{JC}∣∣ /Sbatch − 1

)
× Sbatch, . . . ,

∣∣{JC}∣∣}
15 {Wait for the GPU to finish processing batch Bleftover } // Process the

leftover batch into 2eσ
16 for JC ∈ Bleftover do

17 2eσLA+ = ΛL
A

pq,K̄A
κλ

such that ⟨LA
µ ⊕ LA

ν | Êpq |JCµ ⊕ JCν⟩

the vectorization provided by the Knowles-Handy paradigm of Algorithm 1, we prepared a

version of the algorithm which performs the GEMM on the CPU, obviating the need for

expensive data transfers. Table 3.1 shows timing data of the GEMM and total contraction

time for the CPU and GPU algorithms on a 86M determinant
(
30
18

)
PuO2 calculation on a 16

rank, 2 node cluster. For both calculations, 7 CPUs and 1 GPU was assigned to each rank

(the GPU was not used for the CPU-only calculations). The GPU version of Algorithm 1
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Figure 3.1. Cumulative time spent in the XΩ-gather, σ-scatter, and GEMM
(GPU synchronization) steps of Algorithm 1 for a ground state calculation of(
30
18

)
PuO2 (86 million determinants) on a single NVIDIA H200. Batch sizes

range from one to one thousand determinants. The GPU-based GEMM reaches a
minimum time with a batch size of 50 determinants, indicating maximal overlap
of communication and computation.

spends only 8 seconds waiting on the GEMM to complete compared to the CPU algorithm,

a speedup of approximately 16×. Including the XΩ-gather/σ-scatter operations and MPI
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Figure 3.2. Strong scaling of Algorithm 1 for a
(
30
18

)
PuO2 system on 1–16

NVIDIA H200 GPUs with a batch size of 100. The error bars represent the range
of data acquired on each MPI rank. “Total Cont.” is the total contraction wall
time including MPI reductions and load balancing, “GEMM + σ + XΩ” is the
subset of that time taken by Algorithm 1. “GEMM” is solely the synchronization
time for the GPU GEMM and memory transfer operations in Algorithm 1.

synchronization time, the total contraction time is 28% faster when the GEMM is offloaded

to the GPU. Evidently, the concurrent buffer approach successfully hides the latency of
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Algorithm GEMM (s) Contraction (s)

CPU 131.44 464.31

GPU 8.08 362.20

Table 3.1. Comparison of evaluation times between CPU and GPU implemen-
tations of Algorithm 1, including total time (right column) and the GEMM step
(left column). For the GPU algorithm, GEMM is the GPU synchronization time,
which includes memory transfer and computation time not hidden by overlapping
with CPU work. These data are cumulative times through the entire Davidson
diagonalization procedure for a

(
30
18

)
PuO2 system with a batch size of 100.

data transfers with computational throughput, leading to the elimination of the GEMM as

a bottleneck.

The GPU accelerated STP-DAS σ-build algorithm has a batch size parameter that

should be tailored to the computational resources and the system size. We ran Algo-

rithm 1 for the X2C-CASCI ground state of a
(
30
18

)
PuO2 system with 86M determinants

and measured the contributions of different steps in the contraction algorithm using batch

sizes spanning 3 orders of magnitude from 1 to 1K determinants. Figure 3.1 presents the

cumulative time spent in the σ-scatter, XΩ-gather, and GEMM synchronization steps of

Algorithm 1. The GEMM time is at a maximum at 1 determinant, falling sharply to a min-

imum at 50 determinants, then gradually rises through 1 thousand determinants. At the

low end, the slowdown is due to the small batch size initiating many small memory trans-

fer operations between the host and device. This prevents saturating memory bandwidth

and thus the host spends much of its time waiting for memory operations, in other words,

the algorithm is latency-limited. The host-only gather/scatter operations are also slower

with a small batch size due to the inefficient cache use and frequent context switching. At

the high end of 1 thousand determinants, memory transfers begin to dominate the overall

synchronization time. Even with a coalesced memory layout, the sheer amount of data

takes long enough to transfer that the host must wait for the transfer to complete. This

destroys overlapping of host and device computation which results in a higher overall time

to completion. Unlike the small batch size limit, this regime is limited by device memory
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throughput, not memory operation latency. These data confirm the intuition that the best

batch size is between these two extremes, balancing memory latency and throughput to

maximize overlap of host and device work.

To study the strong-scaling behavior of Algorithm 1, we conducted compression-compatible

STP-DASCI197 calculations for the X2C-CASCI ground state of PuO2 with a varying num-

ber of MPI ranks, assigning each a unique GPU and 7 CPUs. The three lines in Figure 3.2

correspond to contributions from different scales of synchronization: intra-node GPU syn-

chronization (labeled “GEMM”), intra-node CPU-GPU synchronization (labeled “GEMM

+ σ + XΩ”), and inter-node MPI synchronization (labeled “Total Contraction”). As re-

flected by the overlapping of the intra-node GPU time with the ideal scaling line, Algo-

rithm 1 does not require inter-GPU communication resulting in excellent scaling of the

GPU GEMM step. This implies that the optimal batch size on one node can be extended

to many nodes without consideration of node-number-dependent effects. The total con-

traction wall time scales excellently, running 11.6× faster on 16 GPUs than on 1 GPU. As

depicted in the upper end of Figure 3.2, the deviation from ideal scaling is predominantly

due to intra-node σ-scatter and XΩ-gather operations. The range of speedup for these data

points, reflected in the error bars, are due to imperfect load balancing manifested by the

choice of active space partitioning: 6 DASes of 6 orbitals were chosen. A higher number

of smaller DASes would likely produce superior scaling results at the cost of increased cat-

egorical pre-computation. The effect of DAS size on strong scaling is inherited from the

STP-DAS framework88 and not due to the GPU offloading of the GEMM step, which is

demonstrated to have excellent strong scaling.

3.3.1 Conclusions

In this work, we showcased the acceleration of the STP-DAS σ-build algorithm using GPUs.

By adopting traditional GPU optimization techniques such as batching and pipelined ex-

ecution, the algorithm significantly speeds up the evaluation of matrix-vector contractions
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and enables rapid CI calculations. The algorithm naturally supports multi-GPU processing

and exhibits excellent strong scaling behavior.

Our benchmark studies demonstrate the ability of the GPU-accelerated STP-DAS σ-

build algorithm to massively accelerate the execution time of compressed CI calculations.

The batched processing of intermediates within the algorithm implementation delivers ex-

cellent throughput and maximizes GPU utilization. Such workload distribution between the

GPUs and the hosting CPU is demonstrated to effectively hide the latency associated with

data transfers, making the use of accelerators highly efficient. The accelerated algorithm is

also shown to exhibit excellent strong-scaling behavior, similarly to the original STP-DAS

σ-build procedure88. This enables multi-GPU processing of compressed CI calculations

with minimal communication overhead, capable of facilitating large-scale calculations at

previously-untenable speed.

Together with categorical compression within the STP-DAS framework197, the ability

to carry accelerated large-scale CI calculations in an inherently-relativistic level-of-theory

facilitates the accurate simulation of electronic structure properties and observables for

strongly-relativistic systems such as transition-metal, rare-earth, and heavy-element com-

plexes.
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Chapter 4

CONCLUSIONS AND OUTLOOK

With thoughtfully designed algorithms, GPUs can be harnessed to massively accelerate

quantum chemistry calculations. Since GPUs can process huge amounts of data at once, they

are particularly well-suited for highly parallelizable workloads such as exchange-correlation

potential integration in density functional theory calculations. The GPU-accelerated DFT

integration and assembly algorithm in Chapter 2 gave a 10× speedup compared to CPU-

only benchmarks, enabling the study of quantum behavior of large molecules such as those

important to biochemistry. It also supports non-collinear spin effects, accurately repro-

ducing the complex spin textures generated from the interplay of spin-orbit coupling and

exchange-correlation effects, critical to the electronic structure of late-row elements. If the

problem calls for a CASCI calculation, the STP-DAS algorithm handles larger numbers of

determinants than other CI algorithms by trading memory usage for computational work-

load. However, the increased workload is offset by the contraction algorithm in Chapter 3,

which splits the workload into parts optimized for the CPU and parts optimized for the

GPU. In alignment with the paradigm of heterogeneous computing, the CPU and GPU

work on their respective workloads concurrently, resulting in an excellent improvement over

CPU-only calculations. Together, the GPU-accelerated DFT integration and STP-DAS

contraction algorithms presented in this dissertation extend the boundaries of correlated

method calculations, but constitute just a small part of the quantum chemistry commu-

nities’ efforts toward optimal computational efficiency. Due to the myriad applications in

the industrial and scientific realms, quantum chemistry will remain at the forefront of new

computing paradigms as they emerge. Looking to the future, quantum computing offers a

promising new frontier for quantum chemistry. Experience suggests that it will not replace
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today’s heterogeneous computing infrastructure, but rather be integrated into it.
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Appendix A

SUPPLEMENTARY INFORMATION FOR RELATIVISTIC DFT ON
GRAPHICS PROCESSING UNITS
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Comparisons of Computation Times

20 26 30 36 40
0

20

40

60

80

100

120

140

160

180 finea)

R
U
X2C

R
U
X2C

20 26 30 36 40

ultrafineb)

20 26 30 36 40

superfinec)

Ti
m

e 
(s

)

Num. Atoms

VXC Iteration time, Cu, QZP basis

Figure A.1. Comparison of Vxc computation times for Cu clusters using re-
stricted, unrestricted, and X2C schemes for a) Fine, b) Ultrafine, c) Superfine
grid sizes on an A100 GPU card using the SAPPORO-DKH3 QZ basis set.
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Figure A.2. Comparison of Vxc computation times for Ag clusters using re-
stricted, unrestricted, and X2C schemes for a) Fine, b) Ultrafine, c) Superfine
grid sizes on an A100 GPU card using the SAPPORO-DKH3 QZ basis set.
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Figure A.3. Comparison of Vxc computation times for Au clusters using re-
stricted, unrestricted, and X2C schemes for a) Fine, b) Ultrafine, c) Superfine
grid sizes on an A100 GPU card using the SAPPORO-DKH3 QZ basis set.
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Table A.1. Comparison of Vxc computation times for Au clusters on a 40-core
CPU node and an A100 GPU card, spanning the fine, ultrafine, and superfine
grids and DZ, TZ, and QZ basis sets. All times are in seconds.

DZ TZ QZ

n atom gpu time cpu time gpu time cpu time gpu time cpu time

fine

20
26
30
36
40

2.35 11.72
4.25 23.34
5.27 33.86
7.44 54.33
9.51 71.19

4.50 27.78
7.07 53.62
9.57 76.72

14.62 83.31
18.86 109.27

6.59 50.90
11.93 98.45
16.43 143.56
26.09 234.30
33.52 308.52

ultrafine

20
26
30
36
40

5.12 20.56
7.21 39.26
9.21 56.55
13.50 87.52
17.04 115.42

7.71 46.47
12.63 88.66
17.00 92.53
25.36 148.23
32.04 196.73

11.87 84.09
21.05 161.11
30.05 228.56
46.28 357.36
59.29 485.07

superfine

20
26
30
36
40

11.89 69.40
20.44 127.98
27.82 180.56
43.38 280.90
55.63 369.08

22.80 145.29
40.69 270.40
54.35 382.70
78.26 489.28
99.96 646.79

36.73 261.79
64.48 488.79
88.20 693.39

135.29 1086.55
175.96 1426.50
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GPU Implementation

We present an brief overview of how the exchange-correlation energy, Exc, and the exchange-

correlation potential, Vxc, are computed on GPUs. Our work extends the previous GPU

implementation of collinear spin Kohn-Sham density functional theory in Ref. 225 to the

Pauli spinor basis. The details of relativistic two-component Kohn-Sham density functional

theory in the Pauli spinor basis are described in Ref. 168. For the algorithms presented

herein, some additional definitions are as follows: P is the density matrix, and ρ is the

corresponding electronic density. Operators in the Pauli spin basis are decomposed as:

Vxc = VS
xc ⊗ I2 +

∑
k

Vk
xc ⊗ σk (A.1)

P = PS ⊗ I2 +
∑
k

Pk ⊗ σk (A.2)

Where σ is a Pauli matrix and k ∈ {x, y, z}. For a general operator, X, the S, x, y and z

components are defined from the α and β spin blocks as:

2XS = Xαα +Xββ (A.3)

2Xx = Xαβ +Xβα (A.4)

−2iXy = Xαβ −Xβα (A.5)

2Xz = Xαα −Xββ (A.6)

The problem to solve in density functional theory is a numerical integration of the den-

sity over a pre-defined grid of points. Efficient usage of processor caches and parallelization

are core design principles of our implementation in GauXC. The high-level scheme is the

same between CPU and GPU implementations, but the low-level kernels differ. The out-

ermost layer of parallelization is done by batching grid points, since the density can be

independently evaluated on each grid point.

The procedure is outlined in Algorithm 2 and Algorithm 3. At the start of the calcula-
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tion, GauXC divides the grid points into batches, each of which contains all the data needed

to perform the integration for those grid points. To accommodate different architectures,

the batch size can be tuned by the user in the GauXC interface. For each batch of points,

basis functions with insignificant overlap are screened out. Reduced density matrices cor-

responding to the screened basis set are formed, and memory for intermediates, such as

the X and Z matrices and the U and V variables, are allocated contiguously alongside the

reduced basis set and reduced density matrices. The X matrix is an intermediate used to

form the density, and the Z matrix is an intermediate used to form the exchange-correlation

potential. The V variables are the density and density gradients in the Pauli spinor basis.

The U variables are the transformed density and density gradients which are fed into the

exchange-correlation kernel.

When GauXC is finished with host-device memory transfer, numerical integration can

begin. First, the X matrix and V variables are computed. The X matrix is computed with

a gemm call on the density matrix and screened basis functions, Φ on a batch of grid points,

performed with a blas library:

X = PΦ (A.7)

GauXC also supports the MAGMA and CUTLASS libraries to perform this task with highly effi-

cient batched linear algebra operations. The V variables are evaluated in a low-level kernel

which assigns each thread to a single basis function and grid point, and then performs a re-

duction along the basis functions. The U variable kernel assigns each thread to a grid point.

The XC energy and functional derivatives are evaluated with the parallel implementation

of libxc. The Z matrix kernel follows the same parallelization scheme as the V variable

kernel, and finally Vxc is formed by performing a syr2k call (performed with blas):

Vxc = ZΦT +ΦZT (A.8)

The final step is to distribute the batched indices back to the original indices.
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Note that the U variables and XC functional evaluation require all spin densities, while

the corresponding V variables and Vxc can be evaluated separately for each spin component.

While it is possible to parallelize across spin densities within a batch for the V variables

and Vxc, it would have considerable memory requirements since the X and Z intermedi-

ates, which are N2
bf × Npts, would need to be allocated for each term. Since the target

of two-component GPU-accelerated GauXC is large systems and GPU memory is limited,

we opt to perform the calculation for each spin-density sequentially so the memory for the

intermediates can be re-used.

Algorithm 2: Scheme for evaluating Vxc and Exc

1 Form local batches Blocal according to Algorithm 3 of Ref.225 (host)
2 Allocate PI and VI for I ∈ {S, x, y, z} (host/device)
3 Send density matrices PS , Px, Py, Pz to device (host/device)
4 Zero out VI

local and Elocal for I ∈ {S, x, y, z} (device)
5 while Blocal is not empty do
6 Bdevice ← subset of Blocal to saturate device memory (host)
7 Pack Bdevice on host and send to device (host/device)
8 Update V I

local and Elocal using Algorithm 3 (device)

9 Retrieve VI
local and Elocal from device for I ∈ {S, x, y, z} (host/device)

10 Reduce E ← Elocal and V
I
xc ← V I

local for I ∈ {S, x, y, z} (device)
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Algorithm 3: Scheme for evaluating quadrature batches on a GPU device

1 for Bj ∈ B do
2 PI

j ← Compress batch local density matrix from PI for I ∈ {S, x, y, z};
3 (Φj ,∇Φj)← Evaluate local batch collocation matrix and its gradient given a

batch of basis functions.
4 for I ∈ {S, x, y, z} do
5 XI

j ← Evaluate X matrix;

6 (ρIj ,∇ρIj )← Evaluate density and density gradients;

7 (n+, n−, γ++, γ+−, γ−−)← Transform 2-component densities and gradients
(ρIj ,∇ρIj ) for I ∈ {S, x, y, z} into 1-component variables. See Eq. 48 of Ref. 168

8 (εj ,
∂ε
∂n ,

∂ε
∂γ )← Evaluate xc functional and its derivatives;

9 Update Exc;
10 for I ∈ {S, x, y, z} do
11 ZIj ← Evaluate Z matrix. See Eqns. 57–58 of Ref. 168;

12 Increment V I
xc by ZIjΦ

T
j +Φj(Z

I
j )
T ;
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[155] Fabijan Pavošević, Tanner Culpitt, and Sharon Hammes-Schiffer. Multicomponent

quantum chemistry: Integrating electronic and nuclear quantum effects via the

nuclear–electronic orbital method. Chem. Rev., 120(9):4222–4253, 2020.



106

[156] Mark R Pederson and Koblar A Jackson. Variational mesh for quantum-mechanical

simulations. Phys. Rev. B, 41(11):7453, 1990.

[157] Daoling Peng, Wenjian Liu, Yunlong Xiao, and Lan Cheng. Making four- and two-

component relativistic density functional methods fully equivalent based on the idea

of from atoms to molecule. J. Chem. Phys., 127:104106, 2007.

[158] Daoling Peng, Nils Middendorf, Florian Weigend, and Markus Reiher. An effi-

cient implementation of two-component relativistic exact-decoupling methods for large

molecules. J. Chem. Phys., 138:184105, 2013.

[159] Juan E. Peralta, Gustavo E. Scuseria, and Michael J. Frisch. Noncollinear magnetism

in density functional calculations. Phys. Rev. B, 75:125119, 2007.

[160] J. P. Perdew, K. Burke, and M. Ernzerhof. Generalized Gradient Approximation

Made Simple. Phys. Rev. Lett., 77(18):3865–3868, 1996.

[161] J. P. Perdew, K. Burke, and M. Ernzerhof. Generalized Gradient Approximation

Made Simple [Phys. Rev. Lett. 77, 3865 (1996)]. Phys. Rev. Lett., 78:1396–1396, Feb

1997.

[162] John P. Perdew, Kieron Burke, and Matthias Ernzerhof. Generalized gradient ap-

proximation made simple. Phys. Rev. Lett., 77:3865–3868, Oct 1996.

[163] Kristin Persson. Materials data on ag (sg:225) by materials project, 11 2014.

[164] Kristin Persson. Materials data on au (sg:225) by materials project, 4 2016.

[165] Kristin Persson. Materials data on cu (sg:225) by materials project, 4 2016.

[166] Michael Edward Peskin and Daniel V. Schroeder. An Introduction to Quantum Field

Theory. Westview Press, 1995. Addison-Wesley.



107

[167] Alessio Petrone, Joshua J. Goings, and Xiaosong Li. Quantum confinement effects

on optical transitions in nanodiamonds containing nitrogen vacancies. Phys. Rev. B,

94:165402, 2016.

[168] Alessio Petrone, David B. Williams-Young, Shichao Sun, Torin F. Stetina, and Xi-

aosong Li. An efficient implementation of two-component relativistic density func-

tional theory with torque-free auxiliary variables. Euro. Phys. J. B, 91(7):169, 2018.

[169] Johann V. Pototschnig, Anastasios Papadopoulos, Dmitry I. Lyakh, Michal Repisky,
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[173] Pekka Pyykkö. Relativistic effects in chemistry: More common than you thought.

Annu. Rev. Phys. Chem., 63:45–64, 2012.

[174] A. K. Rajagopal. Inhomogeneous relativistic electron gas. J. Phys. C Solid State,

11:L943, 1978.



108

[175] A. K. Rajagopal and J. Callaway. Inhomogeneous electron gas. Phys. Rev. B, 7:1912–

1919, 1973.

[176] Laura E Ratcliff, Stephan Mohr, Georg Huhs, Thierry Deutsch, Michel Masella, and

Luigi Genovese. Challenges in large scale quantum mechanical calculations. Wiley

Interdiscip. Rev. Comput. Mol. Sci., 7(1):e1290, 2017.

[177] Markus Reiher and Alexander Wolf. Relativistic Quantum Chemistry. Wiley-VCH,

second edition, 2015.

[178] Ryan D. Reynolds, Takeshi Yanai, and Toru Shiozaki. Large-scale Relativistic Com-

plete Active Space Self-Consistent Field with Robust Convergence. J. Chem. Phys.,

149(1):014106, 2018.

[179] Walter Ritz. ber eine methode zur løsung gewisser variationsprobleme der mathema-

tischen physik. J. Reine Angew. Math., 135:1–61, 1909.

[180] Björn O Roos, Kerstin Andersson, Markus P Fülscher, Per-âke Malmqvist, Luis
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[214] Christoph van Wüllen. Spin densities in two-component relativistic density functional

calculations: Noncollinear versus collinear approach. J. Comput. Chem., 23:779–785,

2002.



113
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