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In Chapter 1, we estimate what we call ancestry-specific allele frequencies using data
about a sample of individuals from an admixed population. An admixed population is
one descended from multiple ancestral populations. For a bi-allelic marker with genotypes
measured in a sample of admixed, diploid individuals, and measured in each ancestry’s
reference panel consisting of marker genotypes measured for a sample of diploid individuals
from that ancestral population, one can infer the ancestral origin of each allele copy of each
admixed individual at the marker. Since a diploid individual has two allele copies at a
marker, their ancestral origins form a pair, which we call an “ancestry pair.”

In a genome-wide association study (GWAS) of an admixed population, such as African-
Americans or Hispanic-Americans, for a marker with a trait-associated allele, knowing each
ancestry’s ancestry-specific allele frequency, the relative frequency of an allele amongst the
admixed population’s chromosomes that are of a certain ancestry at the marker, can inform
the design of a replication GWAS study. We provide methods for obtaining maximum like-
lihood estimates (MLEs) of ancestry-specific allele frequencies from observations on marker
genotypes and ancestry pairs, with phase of genotype relative to ancestry pair unknown,
obtained on a sample of admixed individuals. The difficulty is that when an individual is
heterozygous at a marker and has ancestry pair with differing ancestries at the marker, it is

not generally known which allele is of which ancestry. The problem is formally equivalent to



that of phase being unknown for multi-locus genotypes when haplotype frequencies are to be
estimated, and we invoke the Expectation-Maximization (EM) algorithm we have described
previously (Zhang et al., 2016). Instead of frequencies of haplotypes of alleles at two loci,
we estimate frequencies of allele-ancestry pairs. These joint frequencies then provide marker

allele frequencies conditional on ancestry, i.e. ancestry-specific allele frequencies.

Our new two-ancestry approach involves conducting a preliminary check for the existence
of boundary allele-ancestry pair frequency estimates, where one or more combinations of allele
and ancestry have estimated frequencies of zero, and uses different analytical formulas to find
an MLE depending on which counts of allele and ancestry combinations are zero. Analytical
formulas are used to obtain an MLE, whether allele-ancestry pair frequency estimates are on
the boundary or not. Our new three-ancestry approach involves, under certain conditions
on the data, employing an analytical formula for an MLE, and when those conditions do not
hold, a two-dimensional grid search that can find a boundary MLE. As current SNP-array
and DNA sequence data are revealing many SNPs with low minor allele frequencies, these
boundary conditions apply to many markers. We evaluate our two- and three- ancestry
approaches on simulated data, and demonstrate their application to 1000 Genomes data for
an African-American population, with African and European ancestries, and for a Puerto

Rican population, with African, European and Native American ancestries.

In Chapter 2, we estimate individual inbreeding coefficients. Many population genetic
activities, ranging from evolutionary studies to association mapping to forensic identification,
rely on estimates of individual inbreeding coefficients and between-individual coancestry
coefficients. We examined existing method of moments estimators (MMEs) and maximum
likelihood estimators (MLEs) introduced as estimators of an individual j’s total inbreeding
coefficient F} (i.e. Hall et al.’s simple method of moments estimator, GCTA? MME, GCTA!!
MME, and Hall et al.’s first maximum likelihood estimator) or as an estimator of within-

population inbreeding coefficient ; (i.e. Weir and Goudet’s MME), as well as our novel



likelihood estimator of ;. For each MME, we considered the estimator that combines over
loci using the ratio of means (RM) method (a weighted estimator), and the mean of ratios
(MR) method (an unweighted estimator). We bootstrapped over loci to provide interval
estimates for MMEs and MLEs. We evaluated all methods, except Hall et al.’s simple MME,
on simulated data. We found that, despite previously published claims of unbiasedness for
some evaluated estimators, none of these estimators were unbiased for F}, and the Weir and
Goudet MME RM had very low bias for 8;. We showed that evaluated estimators were
better at estimating certain non-F; parameters (which we refer to as “pedigree parameters”
or “parametric pedigree values”) than at estimating F}, in that they had lower squared bias
and lower MSE for these other parameters than for Fj, and tracked more closely with these
other parameters than with F;. In other words, estimators intended to estimate F; have been
mischaracterized as I estimators, and are actually better at estimating other parameters.
Lastly, we recommend the Weir and Goudet MME RM for estimation of 3;.

In Chapter 3, we estimate individual pair coancestry coefficient 8;; for individuals j
and j' and population-specific Fsr. We show that various estimators (simple MME, Weir
and Goudet weighted Bjj/,w and unweighted Bjj/,u MMEs, GCTAw and GCTAu MMEs) are
better estimators of parameters that we call “pedigree-determined parameters” than of ¢;;.
We then review existing estimators of population-specific Fgr (Weir and Goudet MME, the
Bayesian estimator of BayeScan software, the Bayesian estimator of Bayenv2.0 software).
We introduce a novel, two-population Bayesian estimator of population-specific Fgr that
allows populations’ allele frequencies to be dependent random variables (so that negative
population-specific Fsr estimates are possible), while modeling marginal allele frequencies
as Beta-distributed. We compare methods on simulated data, demonstrate them on real data
from the HealthABC cohort study, and make recommendations about when to use which

estimator.
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Chapter 1

ANCESTRY-SPECIFIC ALLELE FREQUENCY ESTIMATION
(ASAFE)

1.1 Abstract

An admixed population is one descended from multiple ancestral populations. For a bi-allelic
marker with genotypes measured in a sample of admixed, diploid individuals, and measured
in each ancestry’s reference panel consisting of marker genotypes measured for a sample of
diploid individuals from that ancestral population, one can infer the ancestral origin of each
allele copy of each admixed individual at the marker. Since a diploid individual has two allele

copies at a marker, their ancestral origins form a pair, which we call an “ancestry pair.”

In a genome-wide association study (GWAS) of an admixed population, such as African-
Americans or Hispanic-Americans, for a marker with a trait-associated allele, knowing each
ancestry’s ancestry-specific allele frequency, the relative frequency of an allele amongst the
admixed population’s chromosomes that are of a certain ancestry at the marker, can inform
the design of a replication GWAS study. We provide methods for obtaining maximum like-
lihood estimates (MLEs) of ancestry-specific allele frequencies from observations on marker
genotypes and ancestry pairs, with phase of genotype relative to ancestry pair unknown,
obtained on a sample of admixed individuals. The difficulty is that when an individual is
heterozygous at a marker and has ancestry pair with differing ancestries at the marker, it is
not generally known which allele is of which ancestry. The problem is formally equivalent to
that of phase being unknown for multi-locus genotypes when haplotype frequencies are to be
estimated, and we invoke the Expectation-Maximization (EM) algorithm we have described
previously (Zhang et al., 2016). Instead of frequencies of haplotypes of alleles at two loci,

we estimate frequencies of allele-ancestry pairs. These joint frequencies then provide marker



allele frequencies conditional on ancestry, i.e. ancestry-specific allele frequencies.

Our new two-ancestry approach involves conducting a preliminary check for the existence
of boundary allele-ancestry pair frequency estimates, where one or more combinations of allele
and ancestry have estimated frequencies of zero, and uses different analytical formulas to find
an MLE depending on which counts of allele and ancestry combinations are zero. Analytical
formulas are used to obtain an MLE, whether allele-ancestry pair frequency estimates are on
the boundary or not. Our new three-ancestry approach involves, under certain conditions
on the data, employing an analytical formula for an MLE, and when those conditions do not
hold, a two-dimensional grid search that can find a boundary MLE. As current SNP-array
and DNA sequence data are revealing many SNPs with low minor allele frequencies, these
boundary conditions apply to many markers.

We evaluate our two- and three- ancestry approaches on simulated data, and demonstrate
their application to 1000 Genomes data for an African-American population, with African
and European ancestries, and for a Puerto Rican population, with African, European and

Native American ancestries.
1.2 Introduction

Human genome-wide association studies (GWASs) have focused on populations of European
origin. GWAS of an admixed population, one that has descended from multiple ancestral
populations, could identify novel SNP-trait associations, since mutations have different fre-
quencies in different human lineages. In a GWAS of an admixed population, one collects
genotypes and phenotypes on a sample of admixed individuals, and can infer local ancestries
from admixed genotypes and each ancestral population’s reference panel of genotypes. Ad-
mixed individuals’ global ancestry proportions and local ancestry pairs at each marker are
not fixed by design. They are not determined before obtaining data on admixed individuals,
so are considered random. An example of such a GWAS is given by the Hispanic Community
Health Study, in which Hispanic individuals’ local ancestries are inferred after recruitment

of individuals (Burkart et al., 2018; Browning et al., 2016).



After discovering that an allele is significantly associated with a trait in an initial GWAS
of admixed individuals, it may be useful to know the allele’s ancestry-specific frequencies,
since these frequencies inform the choice of population to study in follow-up work. In order
to maximize power to replicate the discovery signal, one would ideally study individuals
primarily of the ancestral background with highest ancestry-specific allele frequency. For a
sample of Hispanic individuals, an ancestry-specific allele frequency would be the relative fre-
quency of the allele amongst chromosomes in the Hispanic population that have a particular

ancestral origin (either African, European, or Native American) at the marker.

To obtain estimates of ancestry-specific allele frequencies, one might find the observed
allele frequency in each reference panel. However, this approach is infeasible when a SNP for
which one wants ancestry-specific allele frequency estimates is typed in the admixed sample
and not in a reference panel, which occurs when the reference panels are genotyped on a
SNP array and when the admixed individuals have sequence data. For example, the Native
American reference panel used by Martin et al. (2017) consisted of SNP array data (Mao
et al., 2007).

The ADMIXTURE and STRUCTURE programs can use admixed genotypes to esti-
mate ancestry-specific allele frequencies, but require genotypes from reference individuals
of known ancestry in order to identify the frequencies with particular ancestries (Alexander
et al., 2009; Pritchard et al., 2000). Furthermore, ADMIXTURE assumes linkage equilibrium
amongst markers, and STRUCTURE’s linkage model assumes linkage equilibrium amongst
markers descended from the same ancestral population (Falush et al., 2003). In contrast, we
utilize estimates of local ancestry, such as those from the RFMix program (Maples et al.,
2013). Estimates of local ancestry from such programs utilize haplotype frequencies, and
thus make use of linkage disequilibrium. At markers genotyped in the admixed sample and
all the reference panels, one could possibly directly obtain ancestry-specific allele frequencies
from admixed individuals’ genotypes and admixed individuals’ corresponding local ancestry
estimates that are also phased with respect to genotypes. However, analysts may not save

or report the phase of local ancestry estimates with respect to genotypes in the admixed



sample. For example, local ancestry estimates are reported in Phase 1 of the Thousand
Genomes Project for African and Puerto Rican individuals, but their phase with respect to

admixed individuals’ genotypes is not given (Kenny, 2017).
Zhang et al. (2016) derived an EM algorithm (ASAFE) to obtain maximum likelihood

estimates (MLESs) of ancestry-specific allele frequencies at a bi-allelic marker in a three-way
admixed diploid population, given admixed local ancestry pairs and genotypes at the marker,
with each admixed individual’s genotype allele order relative to ancestry order unknown. One
might obtain admixed individuals’ local ancestry estimates that are phased with respect to
individuals’ genotypes and then directly count alleles of each ancestry to obtain ancestry-
specific allele frequency estimates. However, an advantage of ASAFE over this alternative
approach is that ASAFE can be used when local ancestry estimates are not phased with
respect to genotypes. For example, admixed local ancestry pairs and admixed genotypes in
the 1000 Genomes Phase 1 data used here are not phased with respect to each other, and
some local ancestry calling programs such as HAPMIX (Price et al., 2009) do not produce
local ancestry estimates that are phased with respect to genotypes. A second advantage is
ASAFE is applicable to SNPs genotyped in the admixed sample that were not genotyped in
a reference panel, since one can impute an individual’s ancestry pair at such a SNP using

ancestry pairs estimated at nearby SNPs.

We extend the work of the original ASAFE paper (Zhang et al., 2016) in a number
of ways. First, we present a likelihood framework for any finite number of ancestries K,
with K = 2 and K = 3 ancestries given as examples. Secondly, it follows from score
equations that a stationary point of the log likelihood function has corresponding marginal
frequencies that are observed sample frequencies, and we make use of these sample frequencies
to constrain the set of points in the domain to consider when searching for joint allele and
ancestry probability maximum likelihood estimates used to obtain ancestry-specific allele
frequency estimates. (We use the terms “probability” and “frequency” interchangeably.)
These constraints reduce the number of free parameters that the log likelihood function

depends on, from (2K — 1) parameters down to (K — 1) parameters, and inspires our two-



and three-ancestry approaches. In the two-ancestry case, because the log likelihood is a
function of a single parameter, we propose an analytical approach for obtaining MLE’s.
In the three-ancestry case, because the log likelihood is a function of two parameters, we
propose an analytical approach for obtaining MLE’s when certain conditions on the observed
counts of genotype and ancestry pair combinations are satisfied. When conditions are not
satisfied, we propose a two-dimensional grid search. Critically, these approaches allow the
calculation of exact boundary MLEs, which the ASAFE EM implementation cannot achieve.
Thirdly, we prove conditions on the observed counts that guarantee that a stationary point
of the log likelihood function is an MLE. These conditions can be checked automatically with
computer code. Lastly, we give a condition (which can also be checked automatically) that
is sufficient, but not necessary, for an MLE to lie in the interior of the parameter space. The
ASAFE EM algorithm implementation increments an estimate p,, of the joint probability
Pga of allele g with ancestry a (defined in Section 1.3.1) by € = 10~® above boundary value
0 and decrements a py, estimate by € below boundary value 1, in order to avoid divide by 0
error in the algorithm. One might then be concerned that the ASAFE EM implementation
does not return an MLE p that takes a boundary value. When the condition sufficient for
the MLE to lie in the interior of the domain of the likelihood function holds, one knows that
the ASAFE EM implementation cannot have missed a boundary MLE, because an MLE is

not on the boundary.

In what follows, we give the likelihood framework for any finite number K of ancestries.
We then detail “Extended ASAFE,” a two-ancestry analytical approach for obtaining MLEs
and their standard error estimators and a three-ancestry mixed analytical and grid search ap-
proach for obtaining MLEs. We then describe applying the two-ancestry and three-ancestry
approaches to simulated data, applying the two-ancestry approach to 1000 Genomes African
data, applying the three-ancestry approach to 1000 Genomes Puerto Rican data, comparing
our three-ancestry approach to the ASAFE EM algorithm on 1000 Genomes Puerto Rican
data, and using ancestry-specific allele frequency estimates to estimate population-specific

Fsr. We then describe results of all these endeavors and conclude with a discussion.



1.3 Methods

1.3.1 Methods: Likelihood Framework for K Ancestries.
1.5.1.1 Notation

A set of n individuals is typed at a series of SNPs and have ancestry pairs at each SNP
estimated e.g. by RFMix (Maples et al., 2013). The difficulty is that if the individual is
heterozygous at a SNP and has two different ancestries at the SNP, it is not known which
allele is of which ancestry. This is illustrated in Figure 1.1.

We refer to the allele-ancestry pair ga for allele type g of ancestry type a as a ga-allele
and write its probability as p,,. Assuming that ga-alleles come together independently,
individuals resulting from the union of ga and ¢'a’ alleles, in that order, have probability
Pgag’a’ = Pgalg'ar- The observed genotypes have unknown phase with respect to ancestry

pairs so individuals observed to have alleles g, ¢’ and ancestries a, a’ have probabilities

2[pgapg’a’ +pga/pg’a] g 7é g' and a 7& a
Pgg’,aa’ = 2pgapg/ar g = g/ and a 7é a/ ,0r g 7§ g/ and a=a’ (11)

/

PgaPg'a’ g = g/ and a=a

Note that py, ga is the probability that allele g is of ancestry a (ga) and allele ¢’ is of ancestry

a' (¢'a’), which differs from pyy 4, the probability of having genotype gg’ and ancestry pair

aa’, where we don’t know which allele (g or ¢) is of which ancestry (a or o).
Genotype/ancestry probabilities can be summed over either category to provide genotype

probabilities and ancestry-pair probabilities:

Genotypes  pyg... Zpgg aa T 5 Z Z Pgg jaa’

a= la—la;éa

Ancestry pairs D..aa’ = Zpgg,aa' + 3 Z Z Pgg’ aa -

g =0 ¢g’=0,9#¢’



These, in turn, can be summed to provide allele probabilities p, ’s and ancestry probabilities

.
P.as:

1
Alleles  py. = pyg. ¥ 5 D Pag.

99',97#9"

) 1
Ancestries  po =P a0+ B Z D.aa’-

aa’,a#a’
Allele probabilities p,’s and ancestry probabilities p,’s also follow by summing ga-allele
probabilities py,’s of ga-alleles for SNP allele g; g = 0,1 and ancestry a;a = 1,2,... K over

either subscript:

K
Alleles  p, = Z Pga and (1.2)
a=1
1
Ancestries  p, = Z Dya- (1.3)
g=0

Because counts of genotype/ancestry pair combinations are multinomially distributed, the
marginal genotype probabilities p,y ’s and the marginal ancestry pair probabilities p_,q/'s
have observed proportions as maximum likelihood estimates (MLEs). Similarly, the marginal
allele probabilities p,’s and the marginal ancestry probabilities p,’s have their observed

proportions as MLEs under the assumption of Hardy-Weinberg equilibrium (Weir, 1996).



Unphased genotype 0/1.
Could be phased genotype
O[1 or 1|O.

Genomic

2 ancestries _.
Position

-/

2 Homologous Chromosomes
for 1 Admixed Individual

Figure 1.1: Available Data: At a SNP, we know admixed individuals’ genotypes and ancestry
pairs, but not the genotype order (i.e. phase) relative to the ancestry pair. The horizontal
arrow points to a marker. This admixed individual has unphased genotype 0/1 and ancestry
pair dotted blue | solid black at the marker. An unphased genotype 0/1 is consistent with a
phased genotype of 0|1, in which case the 0 allele is of dotted blue ancestry and the 1 allele
of solid black ancestry, and a phased genotype of 1|0, in which case the 1 allele is of dotted

blue ancestry and the 0 allele of solid black ancestry.



1.5.1.2 Estimation

If the number of individuals with a genotype/ancestry pair combination with genotype phase

relative to ancestry pair unknown is written ngy 44, the likelihood function is

L{p.}) = CIIII [pggaaaf(p)]ngg/’aa/,

gg’ aa’

where p is a vector of pgy,’s, which is the same as the collection {pg,} of pg.’s, and C' is
an arbitrary constant. The domain of the likelihood is the probability simplex D = {p €
[0, 1]@UKD g t. > ge{0.1} 2oacs, Pga = 1}, where S, = {1,..., K} is the set of ancestries of
cardinality K, and Equation 1.1 gives p,y .(P) as a function of pg,’s, assuming Hardy-

Weinberg equilibrium (HWE). The log likelihood function is

In(L({pga})) = ) + Zzngg aa’ I0(Pgg a (P))-

If a count ngy . = 0, then we re-define the likelihood function to exclude the factor
[pgg/m/ (p)] Hoaled! , in order to keep the log likelihood function defined at a p with a component
Pga = 0. If we did not re-define the likelihood function, and for example, 199 44 Were 0, then
when po4 = 0, the term (ngo,a4)In(poo.a4(p)) would evaluate to (0)In(0), which is undefined.
Excluding terms with 0 counts from the log likelihood function has been done previously by
Casella and Berger (2002) in Example 7.2.7 on page 318.

It will be convenient to define X, := 2ng44 40 + Zgzm,#a Ngg.aa’ + Z;/zoﬁg,;ﬁg Ngg'aas the
observed number of gametes that carry allele g of ancestry a. By making use of Equation
1.1 that gives pyy 0’ (P) as a function of py,’s, we can rewrite the log likelihood function in

terms of X,,’s

I(p) == I(L({pga})) = M(C)+ ) > Xgaln(pga) (1.4)

g=0 a=1

+ Z Z Ngg' aa’ ln(2pgapg’a’ + 2pga’pg’a)a

99'€S, 1,979 aa’ €S, .1 a#a’
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where the set S, of genotypes is {0/0,0/1,1/1} and the set of ancestry pairs Sy, consists
of all combinations of alleles a and a’. Writing the log likelihood function in this form helps
us see that when an X,, > 0, an MLE p cannot have component p,, = 0, which we can
prove by contradiction. Take X,, > 0 and MLE p. Assume component py, of MLE p is 0.
Then the term X, In(p,,) = —o0, so that In(L(p)) = —oo, contradicting p being an MLE,
SO Pgq cannot be 0. Since an X,, being strictly positive implies that MLE p cannot have
component p,, = 0, we see that when every X,, > 0, an MLE p must be in the interior of the
parameter space D. The contrapositive statement says that if an MLE is on the boundary
of the parameter space, then at least one Xy, = 0. Considering every combination of the
Xgas being zero would consider all cases where an MLE p could lie on the boundary.

We define Lagrangian function F(A\,p) := In(L(p)) + )\(Z;ZO S Pea — 1) and set
its partial derivatives with respect to each p,, and with respect to A to 0. One might be
concerned that for some g and a, 0F/0p,(p) is undefined at p with p,, = 0, due to the
term Xy,/pgq. However, when X, > 0, we do not consider points p with p,, = 0 when we
maximize Lagrangian function F'(\, p), because an MLE p cannot have py, = 0, and when

] Mgy’ aa’

Xya = 0, recall we excluded factors [pgglvaa/(p) with 0 ngy .. counts from In(L(p)),
hence excluding X, In(py,) from In(L(p)), so Xa/pga is not a term in 0F/0p,q(p).
Setting partial derivatives of the Lagrangian function to 0 yields the following equation

for each ¢ and a:

K 1
. . 1 _ .
pga = pgg:aa + 5 ( Z pgg,aa’ + Z pgg’,aa) (15)

a’'=1,a'#a 9'=0,9'#g

+ 222 ﬁgg’,aa/pzap;’a’

S 52 Wby + Piuty)

where Dygaq is defined as nyy 40 /1, and a starred Py indicates a py, component of p*, a
stationary point of In(L(p)).
From Equation 1.5, we see that a stationary point p* has the following property: Marginal

probability estimates p?, and p are observed sample frequencies p , and p,.: p’, = Z;:o Pya =
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P.a and py = Zlep;a = Dy.. Since an MLE p is one of the points p* that solve the system
of equations obtained by considering Equation 1.5 for every g and a, an MLE p must also
have this property. Hence, when searching for an MLE p, we need only consider points p
that have the property that Z;:O Dga = P.o and 25:1 Pga = Dg.. Restricting our search for
an MLE p to points p with this property reduces the number of free parameters in our log
likelihood function In(L(p)) from (2K —1) p,, parameters down to (2—1)* (K —1) = (K —1)
Dgo Parameters. This reduction in the dimensionality of the problem inspires our two- and
three-ancestry estimation approaches. When we restrict to points with this property, the
domain of the log likelihood function In(L(p)) has the constraint that for every g and a,
Pga € [0, min(p.q, Py.)], a fact we will use in our two and three-ancestry estimation approaches.

Equation 1.5 can also be obtained from the EM algorithm, considering incomplete ob-
served categories to be genotype g¢g’ and ancestry pair aa’ combinations g¢’, aa’’s with geno-
type order relative to ancestry pair unknown, and considering complete unobserved categories
to be genotype gg’ and ancestry pair aa’ combinations ga/g'a’ with genotype order relative to
ancestry pair known. If the types g¢’, aa’ could be distinguished by which allele was of which
ancestry, then maximum likelihood estimates for p,, would simply be the sample proportions
of those ga-combinations. In the absence of that, the EM algorithm starts by estimating
(E) the counts ngq/gq’s of hidden classes {ga/g'a’ such that g # ¢',a # a'} of individuals
carrying allele g with ancestry a and allele ¢’ with ancestry a’. These estimated counts are
based on the Hardy-Weinberg assumption that ga-alleles come together in Hardy-Weinberg

proportions:

Ngg’ ,aa’PgaPg’ o’
Pgalg + Pga’ g'a

Ngajg'a’ =

The maximization (M) step then proceeds by counting the number of ga combinations
in the data and dividing by the number 2n of alleles in the data. Equation 1.5 can be used
iteratively. Initial guesses for the py, are used on the right-hand side of the equation and the

next iterates are given by the left-hand side. These left-hand side values are subsequently
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used in the right-hand side, and so on, until successive iterates are sufficiently close (within
a user-specified € of each other) that convergence can be declared. Alternatively, one could
declare convegence when successive iterates evaluate to log likelihood values that are within
€ of each other. The iterative EM algorithm will give a stationary point for the likelihood
with respect to each p,,. Different starting values may lead to different stationary points,
and maximum likelihood estimates {p,,} are identified by comparing likelihoods evaluated
at stationary points.

To be more concise, we re-write Equation 1.5 with X,,/(2n), where recall X, was defined
earlier as 21,4 44 + Zgzl’a, 2o Ngg,aa’ + Z;/:o, o'+g Tag’ aa> TePlacing the first three terms on the

right-hand side:

* ﬁgg’,aa’p*ap*/a/
pg‘l - Xga/(2n) + Z Z 2( * ¥ _i *g * ) (16)
g'#g a'#a pgapg’a’ pga’pg’a

Following Weir and Cockerham (1979), we examine the system of equations obtained by
considering Equation 1.6 for all ¢ and a to detect possible boundary solutions. We see

immediately two situations that allow simplification. If X,, = 0, then

p;a _ ZZQ pgg’7aa’pgapg/a/ (17)

* * * ?
g'#g a'#a (p;apg’a’ + pga’pg’a)

so that p,,*x = 0 or

1 = ZZQ ﬁgg’,aa’p;/a/ (18)

g'#gd'#a (p;ap;a’ + pza’p;’a)

Similarly, if nyg 4o = 0 for all ¢’ # g,a # @', then

p;a = X,./(2n). (1.9)
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The parameters of interest are conditional probabilities {p(g = 1|a),a € {1,..., K}} for
a bi-allelic SNP with alleles ¢ = 0 and 1 and an admixed population descended from K
ancestral populations 1, ..., K. We previously called these probabilities ancestry-specific

allele frequencies (Zhang et al., 2016).

1.8.2 Methods: Two Ancestries.

In the case of two ancestries, the problem of estimating ancestry-specific allele frequencies is
formally equivalent to the problem of estimating linkage disequilibrium for pairs of biallelic
markers, when there are double heterozygotes of unknown phase, considered by Weir and
Cockerham (1979). We extend their discussion of boundary conditions and provide estima-
tors of standard errors for ancestry-specific allele frequency estimators p(1|A) and p(1|E).

For notational convenience, we label the two ancestries as A and E (e.g. African and
European for African-American data) and keep 0 and 1 for the two alleles at a SNP. Then
there are four allele/ancestry combinations, 0A, OE, 1A, and 1E. Constraints imposed by
marginal probabilities on p,, probabilities are ) gPga = Pp.q and Y uDga = pg. for all g and a
(e.g. poa + pr1a = p.a). Only one p,, probability needs to be estimated, as the other three
probabilities’ estimators follow from constraints imposed by sample marginal frequencies,
illustrated in Table 1.1.

Equation 1.6 provides

X ~ * >k
pis = 20A 4 > fOl,:lEpoA]*)lE* . (1.10)
n (PoaPiE + DopPia)
Critically, we can express pjg as Po. — Doa, Pia a8 P.a — Poa, and pig as 1 — po. — D.a + Dias

so that Equation 1.10 is a polynomial equation of a single variable, pf 4:

. Xoa Po1,aEPoA(1 — Po. — D.a+ Pha)
Poa = +

20 2| (p)(1 = Bo. = Boa + D) + (. — D) (B — B50)|

(1.11)
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Table 1.1: Two-ancestry ga-allele probabilities corresponding to a stationary point p*, for
allele g € {0,1} and ancestry a € {A, E}. The frequency pf, is constrained by sample
marginal frequencies py. and p 4, such that max(0,po +pa—1) < pis < min(po., p.a), where
the bounds on pf, arise by considering that p;, € [0,1] for all ga € {0A,0E,1A,1E} and

writing pjg, P4, and pjg in terms of sample marginal frequencies and pj 4.

Ancestry
Allele A E Total

0 Poa Por = Po. — Poa Po.

1 Pia=DPA—DPoa | Pig=1—Do.—Da+Doa| D1

Total D.A D.E 1

We follow Weir and Cockerham (1979) by breaking cases according to the positivity of
counts. Weir and Cockerham (1979) considered cases where ng; a4 = 0, or only one or two
Xga's are 0. We additionally consider cases where only three or all four X,,’s are 0. In each
case, we use analytical formulas to obtain the py4 components pj,’s of stationary points p*’s.
If there are multiple stationary points, we evaluate the log likelihood function at each point,
and take a point with the highest log likelihood value to be an MLE.

When ng; ag = 0, direct counting provides poa = Xoa/(2n) = Poo.aa + (Poo,aE + Po1,44)/2
as well as pop = Xog/(2n), p1a = X14/(2n),p1p = X1£/(2n). Incidentially, in Section 1.6.2
of the Supplement, we prove that when the n,y . counts for categories with heterozygous
genotype and differing ancestries in the ancestry pair are zero, the negative log likelihood
function -/(p) is a convex function of p, so a stationary point of I(p) must be an MLE.

There are four cases where only a single X, is 0 (i.e. only Xo4 = 0, only Xog = 0, only
X4 =0, or only X1 = 0). Such cases are discussed by Weir and Cockerham (1979). For
example, if there are no individuals seen that are known to have allele 0 with ancestry A
(i.e. only Xop4 = 0 while other X,,’s are positive), then from Equation 1.11, either ppq =0

or



15

Po1,ae(1 — Po. — P.a + Dia)
2[pga(1 = Po. — D.a+ i) + (Po. — Do) (DA — Poa)]

1= (1.12)

which, after some rearrangement, is a quadratic equation in pj,, analogous to the quadratic

that Weir and Cockerham (1979) gave on page 109 to the right of “X;; = 07:

(ha)? + (W =Y)(pisa) + |2+ Y (po. + pa— 1) =0,

where

W =(1-2py. —2pa)/2
Y =nopn,a/e/(4n)

Z = ﬁO.ﬁ.A/za

whose roots can be obtained with the quadratic formula pj, = (—=b+ / — Vb2 — 4ac)/(2a),
where a = 1, b =W =Y, and ¢ = |Z + Y (po. + p.a — 1)|. (Note that the denominator
in the right-hand side of Equation 1.12 cannot be 0, because we only consider points p*
with all component pj,’s other than pg, positive; since all X,,’s besides X4 are positive by
assumption, an MLE p cannot have any of those component p,,’s be 0, so we do not consider
points p* with any of those component pj,’s being 0.) If this quadratic equation has no real
roots, then pgs = 0 is the MLE. Otherwise, the real roots need to be checked for being in
the range [max(po. + p.a — 1, 0), min(po., p.a)], and then the likelihood function’s values at
o4 = 0 and each within-bounds real root are compared to determine an MLE.

There are four situations where only two X,,’s sharing one subscript are zero, and two
situations where only two X,’s sharing no subscripts are zero. Such cases are discussed by
Weir and Cockerham (1979). First, if X4 = Xog = 0 for example, there are three stationary
values: pi, = 0,p0. and p 4 — (1 —po.)/2. Weir and Cockerham (1979) gave these expressions
on page 110 to the right of “X;; = X5 = 0.” The three likelihoods need to be compared to
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determine an MLE. Second, if Xo4 = X5 = 0 for example, pog. + p.a = 1 and pgs = 0 is the
MLE.

There are four situations of only three X,,’s being zero. For example, Xo4 = Xip =
X714 = 0so there are only two observed types in the data: 01, AE and 00, EE, and py.+p.a =
1. The stationary points are pj, = 0, p.a, and pp /2, and their log likelihood values are
compared to find an MLE.

In the degenerate case of all four X,,’s being zero, there is no unique estimate for pya.

Finally, there is the case where no count is 0, in which case Equation 1.11, expressed
in terms of only p},, is a cubic equation in p},: a(ph,)® + b(pha)* + c(pha) + d = 0, where
we define a := 4n, b == (2n)|1 — 2(po. + p_A)} ; [QXOA + nm,AE], ¢ = (2n)(p.A)(o.) -
(Xo0a)(1 —2po. —2p.a) - no1,ap(l —po —p.a), and d := —(Xoa)(P.a)(Po.). We implement an
analytical method for finding its roots (Gaunt et al., 2007). The number of unique roots
depends on the positivity of a discriminant.

We provide an information-based approach for obtaining a standard error (SE) estimator
for point estimator T = p(1|A) or p(1|F). The SE estimator is based on the observed
Fisher information (Efron and Hinkley, 1978), and relies on standard asymptotic theory
that assumes the true parameter lies in the interior of the parameter space. See Section 1.6.3
for derivations of information-based SE formulas.

We implemented this two-ancestry approach on simulated data, as described in Section
1.3.4 with results described in Section 1.4.2. We implemented this two-ancestry approach on

real data, as described in Section 1.3.7 with results described in Section 1.4.4.

1.8.83 Methods: Three Ancestries.

Taking advantage of constraints fo:l Pya = Pg. and Z;:o Pya = D.o Imposed on py, stationary
point components by marginal frequency estimates and derived from score equations (given
by considering Equation 1.5 for all g and a), and illustrated in Table 1.2, we can express the
log likelihood function evaluated at a stationary point [(p* = [p§4, Pog, Pons Pias Pigs Pinl) in

terms of only two free p;, components, which we take to be pg, and pgp.
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Table 1.2: Three-ancestry ga-allele probabilities corresponding to a stationary point p*, for
allele g € {0, 1} and ancestry a € {A, E, N}. The frequencies p§, and pj are constrained by
sample marginal frequencies, such that max(0,po +pa+pe—1—pig) < pia < min(p.a, Po.—

por) and maz (0, po. +p.a + P — 1 — i) < Pop < min(p.g, Po. — Pja)-

Ancestry
Allele A E N Total
0 Poa PoE Pon = Po. — Poa — PoE Po.

1 | pla=DA—Doa | Pig=DPE—Dop | Pin=1—Do. —P.a—DE+DPos+Dop | D

Total DA PE pNn=1—pa—pE 1

When no1ag = noana = nooyve = 0 (Case 1), we obtain an MLE p analytically as
Dga = Xga/(2n) for all g and a. Otherwise (Case 2), we perform a two-dimensional grid
search of the log likelihood function {(pf 4, pig). Unlike with the two-ancestry approach, we
do not analytically consider all boundary solutions, before considering grid search. Rather,

the grid search can uncover boundary solutions.

1.8.3.1 Case 1: No1,AE = No1,NA = TW01,NE = 0.

Under this condition, the log likelihood function reduces to that of a multinomial distribution
with category counts X,,’s that sum to 2n and category probabilities py,’s. For such a
distribution, each MLE p component p,, is X,./(2n).

We can alternatively derive p,, = X,./(2n) by solving the system of equations ob-
tained by setting partial derivatives of the log likelihood function plus Langrangian term
A(Z;ZO S K pga—1) to 0 to find that pos = Xoa/(2n) and por = Xog/(2n), and then solve
for pox = Po. — Poa — Por, P1a =D.A — Doa, Pie = D.g — Pop, and piy =1 —po. —pa—pr+
Poa + DPor, where recall marginal frequency MLEs are observed sample frequencies (p,. = p,.
and p, = p, for all g and a).

The result derived in Section 1.6.2 of the Supplement applies to this case: Because all
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counts with heterozygous genotype and differing ancestries in the ancestry pair are zero, the
negative log likelihood function —I(p) is a convex function, so a stationary point of /(p) must

be an MLE.

1.3.3.2 Case 2: If not Case 1, perform a 2-D grid search of the log likelihood function

The grid search is as follows:

1. Consider a grid of points [poa, por|, where poa ranges from 0 to min(py,p.a) inclu-
sive, by a user-specified increment of € (default value 0.01), and pog ranges from 0 to
min(po,p.g) inclusive, by an increment of e. Inclusivity is important to search for a
boundary MLE. The log likelihood function evaluates to —oo at grid points outside its
domain. It evaluates to a finite number, only for grid points [po4, por| that lie within
constraints derived by expressing pon, P14, Pig, and piy in terms of pg4, por and sam-

ple marginal frequencies {p, } and {p.} so that > py = Pa and Y, pea = Py, and
considering 0 < pgq < 1:

max(0,P0. +Pa+DPe—1—por) < poa < min(Po. — Por,D.A)

maz(0,po. +pa+pr—1—poa) < por < min(Po. — Poa,P.i)

2. Determine which of the within-constraints grid point(s) yield(s) the largest log likeli-

hood value.
3. If there is a unique [pga, por] maximizer from Step 2, report the maximizer.

4. If there are multiple maximizers of the log likelihood function from Step 3, do a second,
denser grid search on a subgrid of [poa, por| € [0, 1] x [0, 1], bordering the collection of
maximizers by the user-specified € grid increment used in the first grid search. More

specifically, the subgrid points [poa, por] are constrained as follows:
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Poa > max(min({poa coordinate values of maximizers
from the first e grid search }) — ¢, 0)

Poa < min(max({poa coordinate values of maximizers
from the first e grid search }) +¢,1)

por > max(min({pog coordinate values of maximizers
from the first e grid search }) — ¢, 0)

por < min(maz({pop coordinate values of maximizers

from the first e grid search }) +¢,1)

This second grid search is denser in that we use an increment that is 10 times finer

than the original increment, i.e. using an increment of (¢/10).

5. Round maximizer(s) from the subgrid search to the nearest € and report the unique,

rounded values.

1.8.4 Methods: Applying the Two-Ancestry Approach to Simulated Data

Under each of six simulation settings, we simulated ga-alleles for 1,000 admixed individuals
at 1,000 SNPs. Each simulation setting was defined by a value for p = [poa, por, P14, P1E],
and corresponding values for conditional probabilities p(1|A) and p(1|E), as given in Table
1.3. These settings were chosen to be realistic in that they were designed to encourage
the applicability of our two-ancestry method cases (e.g. only ng;ap = 0, only one zero
Xga, or only two zero X,,s) that applied to real data. We drew 2,000 ga-alleles from
{0A4,0F,1A,1E} independently with probabilities [poa, por, P14, P1r]. We considered each
pair of consecutively drawn ga-alleles as belonging to one diploid individual. Two ga-alleles
then determined the individual’s genotype g¢g’ € {0/0,0/1,1/1} and ancestry pair aa’ €
{AJA,A/E,E/E}. We then counted the number of individuals with each genotype and
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ancestry pair combination, determining numbers {n,, ../} of individuals, which constituted
the data for one SNP. If a simulated SNP’s data did not have both alleles 0 and 1 and both
ancestries A and E present, or if a simulated SNP’s data resulted in multiple MLEs, we did
not keep that data and re-simulated the SNP’s data.

Simulation Setting poa  por a4  pie p(1| A) p(1] E)
1 0.00 0.01 0.01 0.98 1.00 0.99
2 0.00 0.40 0.40 0.20 1.00 0.33
3 0.00 0.01 0.50 0.49 1.00 0.98
4 0.00 0.01 0.99 0.00 1.00 0.00
5)
6

0.70 0.25 0.01 0.04 0.01 0.14
0.60 0.25 0.10 0.05 0.14 0.17

Table 1.3: Extended ASAFE: Two-Ancestry Simulation Settings.

For each SNP, we applied the two-ancestry approach to obtain ancestry-specific allele
frequency estimates p(1|A) and p(1|F). For each simulation setting, we considered the true
ancestry-specific allele frequencies to be the frequencies [p(1 | Ancestry A), p(1 | Ancestry E)]
corresponding to p,, values used to generate ga-alleles. We calculated error as the estimated
frequency p(1|a) minus the true frequency p(1|a), for each ancestry a € S, = {A, E}. For
each ancestry, we calculated the mean of 1,000 SNPs’ errors and the standard deviation of

these errors. Results are discussed in Section 1.4.2.

1.8.5 Methods: Assessing Two-Ancestry SE Estimators on Simulated Data

We assessed observed Fisher information-based two-ancestry estimators of standard errors
SD(P(1]A)) and SD(P(1|E)) of Section 1.6.3 with simulated data from Section 1.3.4.

For each of six simulation settings given in Table 1.3 and each MLE p € {poa, pog, P14,
pie, p(1]A), p(1|E)}, we made a histogram comparing 1,000 standard error estimates to the

empirical standard error, the sample standard deviation of 1,000 MLE point estimates. We
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denote standard error estimators as SD. For example, @(ﬁo 4) is the estimated standard

error of MLE pg4.

We did not expect that our standard error estimators would perform well in simulation
settings 1-4 because the true parameter p = [poa, PoE, P14, P1e] Was on the boundary of
the parameter space, while our estimators were derived assuming the parameter was in the
interior. Nevertheless, we assessed our standard error estimators in these settings to see if
results would confirm our expectation. It was possible that our expectation might not be
confirmed, since Wellner wrote on page 22 of a situation in which, despite a parameter taking
a boundary value (contrary to the assumptions of standard theory), standard theoretical

results still applied.

1.8.6  Methods: Applying the Three-Ancestry Approach to Simulated Data

We simulated ancestry pairs for 250 admixed individuals at 1,000 SNPs as follows. For every
individual 4’s allele copy j at a SNP, the allele copy’s ancestry a;; € {1, ..., K} was drawn from
a distribution with equal mass on each ancestry: a;; ~iq Multinomial(n = 1, [p1, ..., px] =
[1/K,...,1/K]). Given a drawn ancestry a;;, the allele copy’s allelic type g;; € {0,1} was
drawn from a Bernoulli distribution with ancestry-specific allele frequency p(g;; = 1|a;;) of

being allelic type 1: (gi;|a;;) ~ Bernoulli(p(gi; = 1]a;;)).

For each SNP, we applied the three-ancestry approach with default ¢ = 0.01 to obtain
ancestry-specific allele frequency estimates p(1|A), p(1|E), and p(1|N). We considered the
true ancestry-specific allele frequencies to be frequencies [p(1 | Ancestry A), p(1 | Ancestry
E), p(1 | Ancestry N)| used to generate alleles from ancestries. We calculated error as
the estimated frequency p(1]a) minus the true frequency p(1|a), for each ancestry a € S, =
{A, E,N}. For each ancestry, we calculated the mean of 1,000 SNPs’ errors and the standard

deviation of these errors. Results are discussed in Section 1.4.3.
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1.3.7 Methods: Applying the Two-Ancestry Approach to 1000 Genomes ASW Data

African Americans are an admixed population, descended from Africans and Europeans. We
took genotypes and ancestry calls for 61 African American (ASW) individuals in the 1000
Genomes Phase 1 data.

We obtained Chr 22 marker genotypes from the 1000 Genomes FTP site, with URL given
in Section 1.6.1. We obtained ancestry calls for ASW individuals from the 1000 Genomes
FTP site, with URL given in Section 1.6.1.

We filtered the vcf file containing genotypes as follows: We removed rows that had a
reference allele or alternative allele that was not A, T, C, or G. We then removed rows with
the same bp position, since such rows could correspond to an incorrectly mapped marker,
and removed rows with the same rsID, since such rows could correspond to a SNP with more
than two alleles. The remaining markers were bi-allelic SNPs less likely to have mapping
errors. Of these SNPs, we considered only the ones that also had ancestry pairs called, and
that had both alleles 0 and 1 as well as ancestries A and E present in at least one copy in the
sample. We applied the two-ancestry approach to estimate African-specific and European-
specific allele frequencies, p(1|A) and p(1|E), for these remaining 141,318 bi-allelic SNPs. In

Section 1.4.4, we will describe this application using multiple SNPs as illustrative examples.

1.8.8 Methods: Applying the Three-Ancestry Approach to 1000 Genomes PUR Data

Puerto Ricans are an admixed population, descended from Africans, Europeans, and Na-
tive Americans. We considered genotypes and ancestry calls for 55 Puerto Rican (PUR)
individuals in the 1000 Genomes Phase 1 data.

We obtained Chr 22 SNP genotypes from the 1000 Genomes FTP site, with URL given in
Section 1.6.1. The genotype file contained 494,328 SNPs for 1,099 individuals, including 55
PUR individuals. We obtained ancestry calls for 55 PUR individuals from the 1000 Genomes
FTP site, with URL given in Section 1.6.1. We determined each PUR individual’s ancestry
pair at the 494,328 SNPs in the vcf file.
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Each individual had missing ancestry pairs for certain SNPs. After excluding SNPs that
were missing an ancestry pair in any individual, 94,731 SNPs with non-missing ancestry
pairs remained. To reduce computation time, we randomly sampled 1,000 of these 94,731
SNPs. We then applied the three-ancestry method with default grid interval e = 0.01 to
non-missing genotypes and ancestry pairs for these 1,000 SNPs, and estimated African-
specific, European-specific, and Native American-specific allele frequencies, p(1|A), p(1|E),
and p(1|N). In Section 1.4.5, we will describe this application using multiple SNPs as

illustrative examples.

1.3.9 Methods: Comparing the Three-Ancestry Approach to the ASAFE EM Algorithm with
1000 Genomes PUR Data

Recall from Section 1.3.3 that our novel three-ancestry approach involves an analytical so-
lution (Case 1) for the unique MLE p when Assumption 1 about counts {ng, ..} is satis-
fied, and a grid search (Case 2) with a user-specified grid interval (default 0.01) otherwise.
Assumption 1 said that no individuals have genotype and ancestry pair combination with
heterozygous genotype and differing ancestries, i.e. every observed category ¢g¢’, aa’ with het-
erozygous genotype g¢g' and ancestry pair aa’ with differing ancestries has count ngy 40 = 0.
In Section 1.6.2 of the Appendix, we proved that this assumption is sufficient for the negative
log likelihood function to be convex, so that a stationary point is an MLE.

The ASAFE EM algorithm implementation applies to only three ancestries, yields a sta-
tionary point p*, starts at a user-specified point (default p = [1/6,1/6,1/6,1/6,1/6,1/6]),
and stops iterating when two estimates py and pgy1 are within a user-specified e (default
1078) of each other, or when a user-specified number of iterations (default 1000) has passed,
whichever comes first. The algorithm avoids divide by zero error by incrementing (or decre-
menting) each k-th iterate’s py g4, from the M step away from a boundary value of 0 (or 1)
by a user-specified € (default 1078).

How would our novel three-ancestry approach’s estimate differ from or be similar to

the ASAFE EM algorithm implementation’s estimate, and under what conditions would we
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expect these differences or similarities? When the log likelihood function is multimodal,
the ASAFE EM algorithm’s estimate can differ from our novel three-ancestry approach’s
estimate, because an EM algorithm with an unlucky starting value can yield a stationary
point that is not an MLE, while our three-ancestry approach’s grid search with a sufficiently
small grid interval should yield an MLE. When the log likelihood function is unimodal, a
stationary point is an MLE, so we would expect the ASAFE EM algorithm’s estimate to
be close to our novel three-ancestry approach’s estimate, regardless of starting value. When
an MLE is on the boundary of the parameter space, i.e. has a 0 element, the ASAFE EM
algorithm’s estimate can differ from our novel three-ancestry approach’s estimate in that
the EM estimate will not involve exact zeroes, while our novel three-ancestry approach’s
estimate can have exact zeroes. Case 1 (analytical formula) of our novel three-ancestry
approach can return exact zeroes and Case 2 (grid search) of our three-ancestry approach
can if po4 and por take boundary values, 0 and min(pg., p.a) for poa, and 0 and min(po., p.r)
for pog. Case 2 of our novel three-ancestry approach could possibly not return an exact
boundary estimate p = [poa, Dok, Don, P14, D1k, Din] if Poxv = 0 or p1x = 0, while poa and pog
did not take boundary values (0 and min(po.,p.a) for poa, 0 and min(po,p.g) for pog) and
did not correspond to a non-boundary [poa, pog] grid point.

We applied the ASAFE EM algorithm implementation with default arguments to the
same 1,000 SNPs that we applied our novel three-ancestry approach to in Section 1.3.8.
For each py.,9 € {0,1},a € {A,E, N} and p(1|a),a € {A, E, N}, we plotted 1,000 three-
ancestry approach estimates against 1,000 ASAFE EM estimates.

We considered searching amongst these 1,000 SNPs for a SNP with a multimodal log
likelihood function, a SNP with a unimodal log likelihood function, and a SNP with a
boundary MLE, to check for expected differences and similarities. To look for a SNP with a
multimodal log likelihood function, we looked for a SNP with a novel three-ancestry approach
estimate far from its ASAFE EM algorithm estimate. Our idea was to take such a SNP’s
Ngg.aar cOunts and observe a 3-D plot of the log likelihood function I(poa, por) over a grid with

Poa € [0,min(po,p.a)] and pog € [0, min(py, p.g)|, looking for multiple modes. Considering
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PoN = Po.—PoA—DPoE, P14 = P.A—DPoA, P1E = P.g—Pog, and piy = 1—po. —p.a—P.g+poa+por,
these [poa, por] grid points would correspond to potential stationary points of the full log
likelihood function I(poa, poe, Por, P14, P1E, P1N), those points satisfying ngga = p, and
> o Pga = Dg.- To look for a SNP with a unimodal log likelihood function, we examined these
1,000 SNPs for any that met Assumption 1, which we proved was sufficient for a unimodal
log likelihood function. To look for a SNP with a boundary MLE, we searched amongst
the 1,000 SNPs that met Assumption 1 for a SNP with a novel three-ancestry approach p

estimate with an exact zero element.

1.3.10 Methods: Using Allele Frequency Estimates for Population Structure

As described in Sections 1.3.8 and 1.4.5, at 1,000 SNPs randomly selected from 94,731
Chr 22 SNPs with non-missing genotypes and ancestry pairs in 55 PUR individuals, we
estimated African, European, and Native American-specific allele frequencies, i.e. p(1]|A),
p(1]E), and p(1|N). We used these frequency estimates to calculate method of moments
estimators (MMESs) for population-specific Fgr’s (also known as 3;’s) for African, European,

and Native American ancestries, using formulas from Buckleton et al. (2016) and Weir and

Goudet (2017), which we now describe.

Buckleton et al. (2016) defined the between-population i and j, locus-l-specific match

statistic as

My = Zﬁiluﬁjlu = (D) (1) + (1 — pa) (1 — pj),

where the sample proportion of allele-u at locus-/ in a sample from population-i is p;,, and
in a sample from population j is pj;,,. The latter equality holds if we consider a bi-allelic
SNP, and let p; be the population-i, locus-l sample proportion of one allele and pj; be the

population-7, locus-l sample proportion of that allele.

The between-population, locus-I-specific average match statistic is
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~ _Z ZJ 1,544 le
Moo= = -1

where locus [ is measured in r; populations, and ¢ and j index populations. In words, the

match statistic Mg, is the mean of Mijl’s, over pairs of distinct populations ¢ and j. Section
A.1. of Appendix A of Buckleton et al. (2016) gives the between-population, locus-/ match
statistic as Mp =[S0, ”’#ZM ]/[(7’1)(1 — rl)], but the (1 —r;) is a typo, and should
be (r; — 1), so that the denominator is (r7 — ;).

The between-population match statistic is

ity >
: L .
In words, the match statistic My is the mean over L loci of between-population, locus-I-

specific match statistics Mp,’s.

The population-7, locus-I-specific match statistic is

szlu - pzl (1 - ﬁil)Qa

where u indexes alleles at locus [, and the latter equality holds for a bi-allelic SNP, with p;
being the sample proportion of one of the alleles in population i at locus [.

The population-i-specific match statistic is

Y ZlL—l Mil
Mi — e=i=1
L

In words, the match statistic M; is the mean over L loci of population-i, locus-l-specific
match statistic ]\le-l’s.

The methods of moments estimator (MME) of population-i-specific Fsr f; is

A M; — Mp _ S (M — Mg)
1— Mg S (1= Mp)
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We estimated the variance of ,@Z by bootstrapping over loci, as discussed in Weir (1996)
and done previously by Weir and Goudet (2017). The parameter §; reflects variation among
evolutionary replicates of sampled populations, and this variation is captured by variation
among loci. Further discussion of the rationale for bootstrapping over loci is given in Section

1.6.4 of the supplement.

More specifically, the following procedure was used to calculate bootstrap confidence

intervals for each BZ MME:

Step (0) We considered three-ancestry estimates [p(1]A), p(1|E), p(1| V)] for each of 1,000

loci.

Step (1) We sampled 1,000 of these 3-vector estimates with replacement, obtaining a

bootstrap sample of 1,000 3-vector estimates.

Step (2) With this bootstrap sample, we calculated Ba Fricans BEumpean, and Bative American

MMEs, which we call bootstrap MMEs.

We performed Steps (0)-(2) B = 7,000 times. We then calculated a 95% bootstrap per-
centile interval for each ; by taking the 2.5% quantile and the 97.5% quantile of 7,000 BZ
bootstrap MMEs and rounding the quantiles to the nearest 0.01 (Wasserman, 2006; Wake-
field, 2013). Each quantile was calculated using the quantile() function in R with argument

type = 1 for the inverse of the empirical cdf.

Repeating this bootstrap procedure a second time, we obtained confidence intervals that
were the same as the intervals obtained from the first bootstrap procedure, indicating that B
was large enough to get a representative sample from the empirical distribution of BZ MMEs.
The value B = 7,000 was reached by starting with B = 1,000, seeing if two bootstrap
confidence intervals had corresponding endpoints that were the same to the nearest 0.01,

and increasing B until the corresponding endpoints were the same.

Results are given in Section 1.4.7.
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1.4 Results

1.4.1 Results: Two-Ancestry Approach Applied to Simulated Data

Table 1.4 shows error summary statistics of applying the two-ancestry approach to simulated
data, as discussed in Section 1.3.4. The largest (across [p(1|A4),p(1|E)] allele frequency
combinations, and ancestry-specific allele frequencies p(1]A) and p(1|E)) absolute value of

mean of errors was 0.0081. The largest standard deviation of errors was 0.0195.

Table 1.4: Mean of Errors (i.e. Bias of Estimator) and SD of Errors (i.e. SD of Estimator),
where Error = Estimated Ancestry-Specific Allele Frequency - True Ancestry-Specific Allele
Frequency, for 1,000 SNPs per Combination of Ancestral Population Frequencies p(1|A) and
p(1|E). The frequencies in the table are the ancestral population frequencies used to generate
the data, and were considered the true ancestry-specific allele frequencies used to calculate
errors. The mean of errors in estimating ancestry-a specific allele frequency is Mean Error
p(lla),a € {A, E}. The standard deviation of errors in estimating ancestry-a specific allele
frequency is SD Error p(1]a),a € {A, E}. A pictoral display of estimates and true parameter

values is given in Figure 1.2.

p(1 | A) p(1]E) Mean Error p(1]| A) SD Error p(1 | A) Mean Error p(1 | E) SD Error p(1 | E)

1.00 0.99 —8.07 x 1073 1.87 x 1072 1.62 x 1074 2.24 x 1073
1.00 0.33 0 0 5.90 x 10~ 1.35 x 1072
1.00 0.98 0 0 —9.40 x 107° 4.34 x 1073
1.00 0.00 0 0 0 0

0.01 0.14 —4.91 x 1079 3.72x 1073 5.74 x 1074 1.44 x 1072
0.14 0.17 —1.59 x 1074 1.08 x 1072 4.18 x 107* 1.95 x 1072

Table 1.5 counts two-ancestry approach cases used per simulation setting.
Figure 1.2 gives violin plots of ancestry-specific allele frequency [p(1|A), p(1|E)] estimates
(black) with ancestry-specific allele frequencies used to generate alleles given ancestry draws

(red). Estimates have a mean close to the ancestry-specific allele frequency used to generate
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Table 1.5:  Number of 1,000 SNPs per Combination of Ancestral Population Frequencies
p(1]A) and p(1|E) for which Each Two-Ancestry Approach Case was Used. Ancestral pop-
ulation frequencies used to generate data are p(1 | A) and p(1 | E), and define a simulation
setting. The fourth to the last rows correspond to two-ancestry approach cases. An entry
corresponding to a case and a simulation setting gives the number of 1,000 SNPs simulated
under that setting for which that case was used to obtain an MLE p. Cases that were not

used in any simulation setting are excluded from the table.

Simulation Setting 1 2 3 4 5 6
p(1]A) 1.00 1.00 1.00 1.00 0.01 0.14
p(1 | E) 0.99 0.33 098 0.00 0.14 0.17
no1,Ag = 0 819 0 1 0 0 0
Xoa=Xog=X1g=0 0 0 0 820 0 0
Xoa=X1g=0 0 0 0 180 0 0
Xoa =0 181 1000 999 0 0 0
Cubic Discriminant Positive 0 0 0 0 0 1000

Cubic Discriminant Negative 0 0 0 0 1000 O

alleles given ancestry draws.

Table 1.6 illustrates that of 6,000 simulated SNPs (1,000 SNPs for each of six simulation
settings), 2,000 SNPs met the condition that for all g and a, Xy, > 0. Of these 2,000 SNPs
that met the condition, all had the MLE p in the interior of the parameter space. Hence,
our estimates are consistent with our earlier claim, proved in Section 1.3.1.2, that having
every Xy, > 0 is sufficient for an MLE p to be in the interior of the domain. Of 6,000
simulated SNPs, 2,181 SNPs had MLE p in the interior of the domain. Of these 2,181 SNPs
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with an interior MLE p, 2,000 SNPs met the condition while 181 did not, indicating that
the condition is not necessary for an MLE P to be in the interior of the domain, i.e. it is not

true that if the MLE is in the interior, then the condition is met.

Table 1.6: Co-Occurrence of Meeting the Condition that Every X, > 0, and the Two-
Ancestry Approach Yielding an Interior MLE p, in Simulated Data. The lower row shows
that whenever the condition is met, the estimate p is in the interior, consistent with our claim
in Section 1.3.1 that having every X, > 0 is sufficient for the MLE to be in the interior (i.e.
the statement “condition holds = interior estimate” is true). The right column indicates
that it is possible for the estimate to be in the interior, without meeting the condition, (i.e.

the converse statement, “interior estimate = condition holds” is not true).

p Not In Interior p In Interior

Condition Not Met 3819 181
Condition Met 0 2000

A multi-modal likelihood with some peaks of equal height has multiple MLEs. In our
simulation study, 50 SNPs in the fourth simulation setting had simulated data that resulted
in multiple MLEs. Such SNPs’ data were discarded and 50 other SNPs without multiple

MLESs were simulated in their stead.
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Figure 1.2:  Violin plots of ancestry-specific allele frequency estimates (black) obtained by
the two-ancestry approach, with true ancestry-specific allele frequency values used to gener-
ate data (red dot). Six simulation settings had allele frequency combinations [p(1|A), p(1|E)],
going from top to bottom: [1.00,0.99], [1.00,0.33], [1.00,0.98], [1.00,0.00], [0.01,0.14], and
[0.14,0.17]. For every simulation setting and ancestry-specific allele frequency p(1|A) or
p(1|E), estimates (black) appear centered around the true parameter value (red dot), con-

sistent with low mean error (i.e. bias) seen in Table 1.4.
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1.4.2  Results: Assessing Two-Ancestry SE Estimators on Simulated Data

We had originally conducted the two-ancestry simulation study of Section 1.3.4 with n = 100
individuals. We found that 280 SNPs in simulation setting 3 had negative variance esti-
mates, 2 SNPs in simulation setting 4 had NA variance estimates, and 23 SNPs in simulation
setting 5 had negative variance estimates. All these SNPs had boundary MLEs. There were
SNPs with boundary MLEs, and no NA or negative variance estimates. The two SNPs with
NA variance estimates had n11,44 = 99, ngo.gr = 1, and Xoa = Xog = X14 = 0. Zero counts
resulted in 0 values for second derivatives a = 9%1/9*poa, b = 0*1/9poa0poE, ¢ = 0*1/0*pog,
and e = 0?1 /OporOp14, so that 1/(—adf + ae? +b? f — 2bce + ¢*d) in the inverse information
matrix evaluated to NA, due to divide by 0 error. We increased the sample size to n = 1,000
individuals, and found no negative or NA SE estimates with that sample size.

Figures 1.3, 1.4, 1.5, 1.6, 1.7, and 1.8 display results of the assessment of two-ancestry
SE estimators on simulated data with n = 1,000 individuals and L = 1,000 SNPs under six
simulation settings described in Section 1.3.4. For each simulation setting, the Figures give
black histograms of 1,000 SNPs’ standard error (SE) estimates with a red line for the sample
standard deviation of 1,000 SNPs’ MLE point estimates. We see that in simulation settings
5 and 6 where the true parameter p = [poa, Pog, P14, P1£] is in the interior of the parameter
space, black histograms are closer to centered at the red line value than in simulation settings

1-4, where the true parameter p is on the boundary of the parameter space.
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Figure 1.3: Simulation Setting 1: Histogram of 1,000 SE Estimates and the Sample SD of
1,000 MLEs Obtained on Simulated Two-Ancestry Data. Red lines: Sample SDs. Sample
SDs for poa, Por, Pia, Pie, P(1|A), and p(1|E) were respectively 1.78 x 107* 2.21 x 1073,
2.31 x 1073, 3.17 x 1073, 1.87 x 1072, and 2.24 x 1073,



34

. . N . . N
Histogram of SE Estimates for p(1|A) Histogram of SE Estimates for p(1|E)
o
Tel
N
o
g = g o
[} Q T2}
> =] —
o o
L <
L 8 L 8
o o
T T T T 1 [ T T 1
0.00 0.02 0.04 0.06 0.08 0.10 0.014 0.016 0.018 0.020
SAD(6(1|A)) Estimates SAD(6(1|E)) Estimates
. . N . . N
Histogram of SE Estimates for py, Histogram of SE Estimates for poe
]
3 B
N
> o >
2 R e g
g g 4
g 38 g
LL — L
o
Yo}
o o
T T 1 [ T T T T 1
0.00 0.01 0.02 0.03 0.012 0.014 0016 0.018 0.020 0.022
SAD(ﬁoA) Estimates SAD(ﬁOE) Estimates
. . N . . N
Histogram of SE Estimates for p;4 Histogram of SE Estimates for p,¢
o
Yol
N
o
2y g 9
c o c
Q 0 Q
z - =
< <
L o T UO_)
n
o
[ T T T T 1 [ T T T T 1
0.012 0.014 0.016 0.018 0.020 0.022 0.0086 0.0090 0.0094 0.0098
SAD(ﬁlA) Estimates SAD(ﬁlE) Estimates

Figure 1.4: Simulation Setting 2: Histogram of 1,000 SE Estimates and the Sample SD of
1,000 MLEs Obtained on Simulated Two-Ancestry Data. Red lines: Sample SDs. Sample
SDs for poa, Por, P14, Pir, P(1]A), and p(1|E) were respectively 0, 1.08 x 1072, 1.11 x 1072,
9.00 x 1073, 0, and 1.35 x 1072
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Figure 1.5: Simulation Setting 3: Histogram of 1,000 SE Estimates and the Sample SD of
1,000 MLEs Obtained on Simulated Two-Ancestry Data. Red lines: Sample SDs. Sample
SDs for Poa, Por, P14, Pir, P(1]A), and p(1|E) were respectively 0, 2.18 x 1073, 1.09 x 1072,
1.09 x 1072, 0, and 4.34 x 1073,



Frequency

Frequency

Frequency

200 300

100

600

0 200

600

0 200

Histogram of SE Estimates for p(1|A)

0.000

>
Q
c
[}
3
o
o
L
T T T 1
0.005 0.010 0.015 0.020
SAD(6(1|A)) Estimates
. . N
Histogram of SE Estimates for py,
>
Q
c
[}
3
o
o
L
T T T 1
0.000 0.005 0.010 0.015 0.020
SAD(ﬁoA) Estimates
. . N
Histogram of SE Estimates for p;4
>
(8]
c
Q
>
o
[}
L

[ T T T T 1
0.005 0.010 0.015 0.020 0.025 0.030

NN .
SD(p;4) Estimates

400

200

100 200 300

0

600

0 200

36

Histogram of SE Estimates for p(1|E)

SAD(6(1| E)) Estimates

Histogram of SE Estimates for ﬁOE

_—

[ T T 1
0.0015 0.0020 0.0025 0.0030

NN .
SD(poe) Estimates

Histogram of SE Estimates for 615

T T T 1
0.005 0.010 0.015 0.020

0.000
N A .
SD(p;g) Estimates

Figure 1.6: Simulation Setting 4: Histogram of 1,000 SE Estimates and the Sample SD of

1,000 MLEs Obtained on Simulated Two-Ancestry Data. Red lines: Sample SDs. Sample

SDs for Poa, Por, P1a, Pir, P(1]A), and p(1|E) were respectively 0, 2.24 x 1073, 2.24 x 1073,

0, 0, and 0.
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Figure 1.7: Simulation Setting 5: Histogram of 1,000 SE Estimates and the Sample SD of

1,000 MLEs Obtained on Simulated Two-Ancestry Data. Red lines: Sample SDs. Sample

SDs for poa, Por, Pia, Pie, P(1|A), and p(1|E) were respectively 1.06 x 1072, 9.75 x 1073,

2.64 x 1073, 4.47 x 1073, 3.72 x 1073, and 1.44 x 1072
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Figure 1.8: Simulation Setting 6: Histogram of 1,000 SE Estimates and the Sample SD of
1,000 MLEs Obtained on Simulated Two-Ancestry Data. Red lines: Sample SDs. Sample
SDs for poa, Por, Pia, Pie, P(1|A), and p(1|E) were respectively 1.21 x 1072, 1.08 x 1072
7.63 x 1073, 6.04 x 1073, 1.08 x 1072, and 1.95 x 1072



39

1.4.3 Results: Three-Ancestry Approach Applied to Simulated Data

Table 1.7 shows the results of applying the three-ancestry approach to simulated data, as
discussed in Section 1.3.6. Comparing all allele frequency settings, the largest absolute
value of mean of errors was 0.204, which occurred for p(1|V) in Simulation Setting 1 where
true frequencies were p(1|4) = 0.0, p(1|E) = 0.5, and p(1|N) = 0.9. Excluding 0.204, the
largest absolute value of mean errors was 0.0125. The largest standard deviation of errors

was 0.0527.

Due to uncertain phase of heterozygous genotype 0/1 relative to mixed ancestry pair (e.g.
A/E), when the true p(1]a),a € {A, E, N} is 0, it is possible for a SNP’s estimate p(1]a) to
be non-zero, yielding non-zero mean error. For example, if allele 1 were simulated on the
E background, and allele 0 were simulated on the A background, since the available data
are observed counts ngy .’s of genotype gg’ and ancestry pair aa’ combinations that have
no information regarding phase of genotype relative to ancestry pair, and a genotype 0/1
with an ancestry pair A/FE is consistent with ga-alleles 1A and 0F as well as ga-alleles 0A
and 1FE, it is reasonable for the estimate p(1, A) to be non-zero, so that the ancestry-specific
estimate p(1|A) is non-zero, so that the mean error for p(1|A) is non-zero in a simulation

setting where the true p(1|A) is 0.

Figure 1.9 gives violin plots of ancestry-specific allele frequency [p(1]A), p(1|E), p(1|N)]
estimates (black) with ancestry-specific allele frequencies (blue) used to generate alleles given
ancestry draws. Estimates have a mean close to the ancestry-specific allele frequency used to
generate alleles given ancestry draws. As a check that the method and our implementation
of it give reasonable results, the [p(1]|A), p(1|E), p(1|N)] = [0.0, 0.5, 0.9], [0.5, 0.9, 0.0], and
(0.9, 0.0, 0.5] allele frequency settings, which are permutations of the same collection of

ancestry-specific allele frequency values, result in permuted error plots.

Table 1.8 illustrates that the estimates we obtain are consistent with our earlier claim,
proved in Section 1.3.1.2, that having every X,, > 0 is sufficient for an MLE p to be in

the interior of the domain. The table further illustrates that having every X,, > 0 is not
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Table 1.7: Mean of Errors (i.e. Bias of Estimator) and SD of Errors (i.e. SD of Estimator),
where Error = Estimated Ancestry-Specific Allele Frequency - True Ancestry-Specific Allele
Frequency, for 1,000 SNPs per Combination of Ancestral Population Frequencies p(1|A),
p(1]E), and p(1|N). The frequencies in the table are the ancestral population frequencies
used to generate the data, and were considered the true ancestry-specific allele frequencies
used to calculate errors. The mean of errors in estimating ancestry-a specific allele frequency
is Mean Error p(1]a). The standard deviation of errors in estimating ancestry-a specific allele
frequency is SD Error p(1|a). A pictoral display of estimates and true parameter values is

given in Figure 1.9. Case 2 of the three-ancestry approach was used for all SNPs.

Mean Error | SD Error | Mean Error | SD Error | Mean Error | SD Error
p(1|A) p(1l4) | p(1]E) p(1E) | p(1IN) p(1IN)

0 0.5 0.9 1.25E-02 | 8.49E-03 | -9.22E-03 | 4.33E-02 | -2.04E-01 | 3.99E-02
0.1 0.5 0.8 -9.40E-06 | 2.68E-02 | -2.94E-03 | 4.48E-02 | -4.70E-04 | 3.67E-02
0.4 0.5 0.6 1.47E-03 | 4.82E-02 | -1.64E-03 | 5.03E-02 | -6.15E-04 | 4.89E-02
0.5 0.5 0.5 7.44E-04 | 5.27E-02 | -7.34E-04 | 5.08E-02 | 1.70E-03 | 5.16E-02
0.1 0.6 0.6 1.99E-03 | 2.94E-02 | -1.58E-04 | 4.61E-02 | -1.10E-03 | 4.66E-02
0.4 0.5 0.5 4.38E-04 | 5.07E-02 | -3.95E-04 | 5.08E-02 | -1.60E-03 | 5.07E-02
0.5 0.9 0 -9.42E-03 | 4.32E-02 | -3.45E-03 | 2.63E-02 | 1.19E-02 | 8.53E-03
0.9 0 0.5 -2.71E-03 | 2.75E-02 | 1.22E-02 | 8.90E-03 | -1.05E-02 | 4.32E-02

p(1[A) | p(1|E) | p(1|N)
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Table 1.8: Co-Occurrence of Meeting the Condition that Every Xy, > 0, and the Three-
Ancestry Approach Yielding an Interior MLE p, in Simulated Data. From the lower row,
we see that whenever the condition is met, the estimate p is in the interior, consistent with
our claim in Section 1.3.1 that having every X,, > 0 is sufficient for an MLE to be in the
interior. From the right column, we see that it is possible for the estimate to be in the
interior, without meeting the condition, i.e. the converse statement (if the estimate is in the

interior, then the condition holds) is not true.

Estimate Not in Interior | Estimate in Interior

Assumption Not Met 593 2407

Assumption Met 0 2000

necessary for an MLE p to be in the interior of the domain.
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Figure 1.9: Violin plots of ancestry-specific allele frequency estimates (black) obtained by
the 3-ancestry approach, with true ancestry-specific allele frequency values used to generate
data (blue dot). Eight allele frequency combinations for [p(1|A), p(1|E), p(1|N)] are consid-
ered, going from the left column (top to bottom) to the right column (top to bottom)
panels: [0.0,0.5,0.9], [0.1,0.5,0.8], [0.4,0.5,0.6], [0.5,0.5,0.5], [0.1,0.6,0.6], [0.4,0.5,0.5],
[0.5,0.9,0.0], [0.9,0.0,0.5]. For every allele frequency combination and ancestry-specific al-
lele frequency p(1|A), p(1|E), or p(1|N), estimates (black) appear centered around the true

parameter value (blue dot), consistent with low mean error (i.e. bias) seen in Table 1.7.
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No SNP required Case 1 of the three-ancestry approach. In other words, Case 2 of the
three-ancestry approach was used for all SNPs. No SNP had multiple maximizers from a

sub-grid search.

1.4.4 Results: Two-Ancestry Approach Applied to 1000 Genomes Data on the ASW Popu-

lation

We applied the two-ancestry approach to 141,318 Chr 22 SNPs and 61 African American
(ASW) individuals of the 1000 Genomes Phase 1 data. Depending on the case of the two-
ancestry approach, a SNP’s data can result in one to three real solutions {pSAJ,i € {1,2,3}}
to Equation 1.10. For each case of the two-ancestry approach and each number of possible
D4 solutions to Equation 1.11, we randomly selected a Chr 22 SNP for which we employed
that case and obtained that number of p{, solutions. Table 1.9 illustrates these selected
SNPs’ counts nyy 4.’s of genotype gg’ and ancestry pair aa’ combinations, and shows that
many cases of the two-ancestry approach were used to analyze these data. Table 1.10 gives
the same SNPs’ pf, solutions to Equation 1.11. This table illustrates the two-ancestry
approach described in Section 1.3.2 by displaying the pj, component of stationary points
P* = [Pia Pogs Pias Pig), within-bounds stationary points, and MLEs (the within-bounds
stationary point with highest log likelihood value amongst within-bounds stationary points)
for SNPs that span a variety of cases considered in the two-ancestry approach.

In Table 1.10, rsIDs rs182927015, rs137437, rs2412981, rs73162032, rs8140818, and rs28553294
each have a unique solution p*, the MLE p.

rsIDs rs1297593, rs1044085, and rs77200745 each have multiple solutions, with only one
solution within bounds imposed by marginal frequency estimates, i.e. 0 < pj, < min(Py., P.a)
forallg € {0,1} and a € {A, E'}. The one, within-bounds solution is the MLE. For rs1297593
for example, the MLE p has component pg4 that is 0.

rsIDs rs132365, rs5753697, rs112153936, and rs116822375 each have multiple solutions,
with two solutions within bounds imposed by marginal frequency estimates. Evaluating the

log likelihood function at both solutions, we can identify which solution results in a higher
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likelihood value, and so identify an MLE. For rsID rs132365 for example, the MLE p has
component pgs that is 0. These SNPs demonstrate that there are cases in real data where
our analytical two-ancestry approach has certain advantages over the EM algorithm. When
the log likelihood function has multiple stationary points that are not all MLEs, the EM
algorithm may converge to a stationary point that is not an MLE, depending on starting
value. Our analytical approach does not rely on a lucky starting value to deliver an MLE.
With EM, one can try multiple starting values to improve the chance of finding an MLE.
However, iterating a system of four equations multiple times (once per starting value) can
be more computationally intensive than our analytical approach. In the two-ancestry case,
one can reduce luck involved in the choice of the EM algorithm’s starting value by plotting
the 1-dimensional log likelihood function as a function of pga, visually inspecting this plot
to come up with an approximate value for a pys belonging to an MLE p, calculating the
other pog, p1a, and p;p components corresponding to the approximate pga, and using the
approximate p as a starting value for the EM algorithm. However, our analytical approach
can be automated, as it does not necessitate the creation and human inspection of such a
plot, so requires less time to deliver an MLE.

Incidentally, and perhaps counterintuively, in cases where only 1 X, = 0, the stationary
point with component py, = 0 is not necessarily an MLE, which is true of SNPs rs5753697
and rs116822375. Table 1.9 indicates that rsb5753697 has count Xor = 0 and rs116822375
has count X5 = 0. However, rs5753697 does not have MLE p = [poa, Por, P14, P1e| with
component por = 0, and rs116822375 does not have MLE p with component p;g = 0: In
Table 1.10, one can use relations por = Po. —Poas Pra = P.A—Poa, and pig = 1—Po. —P.a+Poa,
to see this. This result is consistent with a comment in Weir and Cockerham (1979): “There
is no way of predicting, in general, if the quadratics will provide valid roots, or if they do,
which of the valid roots is the ML estimate. The likelihoods must still be evaluated for each

4

valid root,” where “valid” means a root within the domain of the likelihood function.



45

Table 1.9: Number of SNPs per Case of the Two-Ancestry Approach Applied to 141,318
Chr 22 SNPs in the 1000 Genomes ASW Dataset, and Representative SNPs per Case. Case
stands for the way solutions pf,’s to Equation 1.11 were determined. For each number of
solutions and case of the two-ancestry approach, we randomly selected a Chr 22 SNP for
which we employed that case and obtained that number of pj, solutions. Multiple SNPs with
the same case are shown because they have different numbers of pf , solutions, as can be seen
from Table 1.10. We give the SNP’s rsID, base pair position (bp), and number n,y 40 of 61
ASW individuals in each genotype ancestry pair category g¢’, aa’ where gg’ € {0/0,0/1,1/1}
and aa’ € {A/A, A/E,E/E}. Column “N SNPs per Case” gives the number of 141,318 SNPs
per case. Cases that were not employed on any SNP’s ngy .. counts are absent from the
table. Cases “Cubic Dis. < 07 and “Cubic Dis. > 07 stand for cases that involved solving

a cubic equation with a negative discriminant and positive discriminant respectively.

rsID bp Npo,AA  T00AE  T00,EE  T01,AA  TOLAE T0LEE T11,AA T11LAE TI11LEE Case N SNPs per Case
rs182927015 30728120 28 27 5 1 0 0 0 0 0 no1,ag = 0 34,509
rs1297593 28169521 0 0 0 0 6 4 31 18 2 Xoa=0 769
15137437 33594193 0 0 1 0 7 3 31 16 3 Xoa=0 769
15132365 29599486 0 0 0 0 2 0 31 23 5 Xoa=Xog =0 182
rs2412981 30600065 1 0 0 9 3 0 19 24 5 Xog =0 582
rsh753697 31967532 0 0 0 1 1 0 29 25 5 Xog =0 582
rs1044085 32014719 30 20 3 0 6 2 0 0 0 Xia=0 4,552
rs73162032 33373326 30 19 3 0 5 4 0 0 0 Xia=0 4,552
rs112153936 32100119 30 25 5 0 1 0 0 0 0 Xia=X1p=0 15,755
rs116822375 31604422 29 25 5 1 1 0 0 0 0 Xig=0 41,945
rs8140818 33228722 20 21 5 8 7 0 0 0 0 Xig=0 41,945
rs77200745 30719320 28 22 3 1 5 2 0 0 0 Cubic Dis. < 0 4,815
rs28553294 32680887 20 21 3 7 7 2 1 0 0 Cubic Dis. > 0 38,209
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Table 1.10:
SNPs in the 1000 Genomes ASW Dataset. We give each representative SNP’s rsID, base

Results of Applying the Two-Ancestry Approach to Representative Chr 22

pair position (bp), and real pj, solutions to Equation 1.11. Columns pg,, and p, 3 have
empty entries when a SNP did not have a second or third real solution. A dagger  means the
Ppa,; value is a component of solution vector p; that is within the domain of the log likelihood
function, i.e. 0 < p;, < min(py.,p.a), for all g € {0,1} and a € {A, E}. A bold pg,; value
means the corresponding solution vector p; is an MLE. These SNPs’ ny 4o counts are given

in Table 1.9.

rsID bp pESAJ pSAg pESA,s Po. P.A
182927015 30728120 0.6885% 0.9918 0.6967
rs1297593 28169521 0.00007  0.1803 0.1311  0.0820 0.7049
rs137437 33594193 0.00007 0.0984 0.6967
rs132365 29599486 0.00007 0.0164"  0.2213  0.0164 0.7131
12412981 30600065 0.11487 0.1148 0.6967
rs5753697 31967532  0.0164"T  0.2030  0.01427 0.0164 0.7049
rs1044085 32014719 0.70497  0.6230 0.4918 0.9344 0.7049
173162032 33373326 0.68857 0.9262 0.6885
rs112153936 32100119 0.70497  0.69677  0.4959  0.9918 0.7049
rs116822375 31604422 0.6885" 0.6907T  0.5019  0.9836 0.7049
rs8140818 33228722 0.56561 0.8770 0.6885
77200745 30719320 0.6857T  0.5062 0.6073  0.9344 0.6967
rs28553294 32680887 0.58517 0.8525 0.6885
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1.4.5 Results: Three-Ancestry Approach Applied to 1000 Genomes Data on the PUR Pop-

ulation

Table 1.11 shows that both Case 1 and Case 2 of the 3-ancestry approach are applicable
to 1000 Genomes Phase 1 SNP data. For each case, a SNP’s observed counts ngy qq’s of
genotype g¢' and ancestry pair aa’ combinations and [p(1|A), p(1|E)] allele frequency MLEs
are given as examples, should the reader be interested in reproducing estimates. Figure 1.10
plots p(1|A), p(1|E), and p(1|N) estimates, illustrating that most estimates are close to 0.

There were no SNPs with multiple maximizers from grid search.
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Table 1.11: Results of Applying the Three-Ancestry Approach to Certain SNPs in the
1000 Genomes PUR Data. For two Chr 22 SNPs, we give rsID, and number ngg 4o of
55 PUR individuals with each genotype ¢g¢’ and ancestry pair aa’ combination, where
g9’ € {0/0,0/1,1/1}, and ad’ € {A/A,E/A,E/E,N/A,N/E,N/N}. We also give maxi-
mum likelihood estimates pp4 and pog. From poa, por, and marginal estimates pg., p.4, and
p.p, we obtain estimates for the other py,’s, i.e. Pon = Po. — Poa — Dok, P1a = D.a — Doa,
Dig = D.g — Pog, and p1y = 1 —po. — P.a — P.g + Poa + Dop. Case stands for the way the
Poa and pPor estimates were obtained, as described in Section 1.3.3. Case 1 means pp4 and
Dor estimates were obtained analytically. Case 2 means pg4 and pog estimates were obtained
using a grid search of the log likelihood function considered as a function (po4, por) of only

two parameters.

Example of a SNP with a Particular Case c N SNPs
ase
Counts . . / Case
rsID A/A | A/E | E/E|N/A|N/E|N/N| poa | Dor
Ngg! aa’

0/0 2 | 5 [ 36 | 1 | 10| 1
0/1 o ool o o0/l o0
rs114039316 0.091 | 0.791 | 1 712
1/1 o | oo/ o | 0o/l o0

Counts
AJA | E/A | E/E | N/A | N/E | N/N| poa | pos
Ngg' aa’
0/0 0 0 13 0 0 0
rs5993559 2 288

0/1 1 1 15 0 6 0 ]0.010 | 0.430

1/1 1 4 | 8 1 4 1
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Figure 1.10: Violin plots of ancestry-specific allele frequency estimates (black) obtained by
applying the three-ancestry approach to ancestry pairs and genotypes for 1,000 Chr 22 SNPs
in Phase 1 PUR data.
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1.4.6  Results: Comparing the Three-Ancestry Approach to the ASAFE EM Algorithm with
1000 Genomes PUR Data

Figure 1.11 plots our novel three-ancestry approach estimates against ASAFE EM algorithm
estimates for 1,000 SNPs in the 1000 Genomes PUR data. Our novel three-ancestry approach
estimates did not differ much from ASAFE EM algorithm estimates.

We did not detect a SNP with a multimodal log likelihood function, since our novel three-
ancestry approach estimates were close to ASAFE EM algorithm estimates. We detected
SNPs satisfying Assumption 1 sufficient for a unimodal log likelihood function, and amongst
these, found that the Case 1 SNP of Table 1.11 had a boundary MLE. This SNP’s ASAFE EM
algorithm estimate p* had elements pgs = 0.09090909, por = 0.79090909, poy = 0.11818182,
Pra = 0.00000001, p;g = 0.00000001, and p,n = 0.00000001. This SNP’s extended three-
ancestry approach estimate p had elements pos = 0.09090909, por = 0.79090909, pon =
0.11818182, p1a = 0, p1g = 0, and p;xy = 0. The estimates are similar, as we expected,
because this SNP satisfies Assumption 1 (n¢1,4r = no1nva = noinve = 0) sufficient for a
unimodal log likelihood, so a stationary point, which an EM algorithm yields, is an MLE,
which the Case 1 analytical formula of our novel three-ancestry approach yields. These es-
timates are different, as we expected, in that our extended three-ancestry approach gives
exact boundary estimates of 0 for py4, p1g, and p;n, while the ASAFE EM algorithm imple-
mentation yields 1078, This difference arises because our extended three-ancestry approach
involves an analytical solution, while the ASAFE EM algorithm implementation pushes each

k-th iterate’s py 4o from the M step off boundary values of 0 and 1 by 107%.
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Figure 1.11: Plots of Our Extended ASAFE Three-Ancestry Approach Estimates poa, pog,
Pon, P14, D1E, Din, P(1|A), p(1|E), and p(1|N) vs ASAFE EM Algorithm Estimates for 1,000
SNPs in 1000 Genomes PUR Data
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1.4.7 Results: Using ASAFE Allele Frequency Estimates for Population Structure

Using ancestry-specific allele frequency estimates from Section 1.4.5 as described in Section
1.3.10, we obtained the following f3; estimates for African, European, and Native American
ancestries respectively: 1.75 x 1071 | 2.11 x 107!, 2.28 x 10~!. Bootstrap 95% confidence
intervals were respectively (0.10,0.24), (0.16,0.26), and (0.16,0.29). We would expect that
due to greater genetic diversity in Africa, 6; for Africans is lower than 6; for Europeans and
for Native Americans. From the definition of §;, 5; :== (6; — 0p)/(1 — 0p), we would then
expect (3; for Africans to be less than g; for Europeans and §; for Native Americans. Our

estimates are consistent with this expectation.
1.5 Discussion

As more GWASSs are performed in admixed populations such as African Americans and His-
panics, it is becoming increasingly important to estimate ancestry-specific allele frequencies
for bi-allelic markers. Here, we extend an existing approach, ASAFE (Zhang et al., 2016),
that solves this estimation problem for three ancestries using an EM algorithm. We list

methodological extensions below:

1. We provide a likelihood framework for this estimation problem for any finite number

K of ancestries and two alleles

2. We make use of marginal frequency estimates p, ’s and p ,’s to reduce the dimensionality
of the problem, from maximizing a likelihood function of (2K — 1) free p,, parameters
to maximizing a likelihood function of (2 —1) % (K — 1) = (K — 1) free p,, parameters.

This reduction inspires our two- and three-ancestry approaches.

3. We provide estimation approaches for two ancestries as well as three ancestries, rather

than only three ancestries

4. We provide observed Fisher information-based standard error estimators SD (Pga), g €
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{0,1},a € {A,E} and SD(p(g = 1|a)),a € {A, E} for two ancestries. Our simulation
studies showed that their performance was poor when the number of individuals n
was 100. NA variance estimates resulted because SNPs were generated with many 0
counts. Performance was much better when the number of individuals n was 1,000
and the true parameter p was in the interior of the parameter space. NA standard
error estimates were avoided with n = 1,000, because no SNP was generated to have
so many 0 ngg 4o counts that the inverse information matrix was undefined. Since our
standard error estimators were derived with standard asymptotic theory that assumes
an interior true parameter p, other standard error estimators derived by considering the
asymptotics literature for boundary-valued true parameters (e.g. the work of Feng and
McCulloch (1992) and Self and Liang (1987)) would perhaps have better performance

in simulation settings with a boundary p.

. We show two ways, by setting Lagrangian partial derivatives to 0 and by deriving EM
convergence equations, that points {p*} satisfying a system of equations motivating
our two-ancestry approach must be stationary points. The ascent property of the EM

algorithm further shows that they are either saddle points or local maximizers.

. All cases of the two-ancestry approach and Case 1 of the three-ancestry approach in-
volve closed-form solutions for all stationary points of the log likelihood function, which
are more accurate than stationary points obtained via the EM algorithm, whose accu-
racy depends on the number of EM iterations. Case 2 of the three-ancestry approach
involves a grid search whose accuracy in obtaining an MLE - if a grid point does not
correspond exactly to an MLE p - depends on the grid interval, analogous to how the

EM algorithm’s accuracy depends on the number of EM iterations.

. Our closed-form solutions and grid search allow for exact zeroes in estimates of joint
allele-g, ancestry-a probabilities py,’s in p, whereas the ASAFE EM implementation

did not allow for exact boundary estimates. Given the existence of rare, population-
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specific alleles uncovered by sequencing data, it is plausible for an MLE p to have

boundary components.

8. Our two-ancestry approach and Case 1 of our three-ancestry approach provide ana-
lytical formulas for all stationary points, and Case 2 of our three-ancestry approach
examines all stationary points to the nearest user-specified . By examining all sta-
tionary points, our approaches can find an MLE when it is one of multiple stationary
points, bypassing the luck involved in an EM algorithm, which returns one of possibly
multiple stationary points, depending on starting value (Wu, 1983). Indeed, we have
demonstrated in 1000 Genomes data (Table 1.10) that it is possible for a SNP’s counts
Ngg'aar’S Of genotype gg’ and ancestry pair aa’ combinations to result in a log likelihood

function with multiple stationary points, but only one MLE.

To reduce luck involved in the EM algorithm, one could try multiple starting values, but
iterating 2K equations to convergence multiple times could require more computation
time to deliver an MLE than our analytical formulas or grid search. One could also
inspect a plot of the 1-dimensional log likelihood function (in the case of two ancestries)
or the 2-dimensional log likelihood function (in the case of three ancestries) to inform
the choice of starting value for EM, but this requires more human time to deliver an

MLE than our analytical formulas or grid search, which can be automated.

9. We have proven that when all genotype ancestry pair counts ng,gy .’s are zero for
categories with heterozygous genotype and ancestry pair with differing ancestries , the
negative log likelihood function is convex, so a stationary point must be an MLE. Under
this condition, our extended two-ancestry approach (which examines all stationary
points to obtain an MLE), three-ancestry approach Case 1 (which yields a stationary
point), and the ASAFE EM algorithm (which yields a stationary point) yield the unique
MLE.

10. We have shown in Section 1.3.1 that when, for every ga-allele, there is a count 74y qa/
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consistent with carrying that ga-allele with certainty, so that the number X, of ga-
metes carrying allele g of ancestry a with certainty is positive, an MLE must lie in
the interior of the parameter space. Under this condition, if one uses the ASAFE EM
algorithm implementation, one needn’t worry about missing an MLE on the boundary,
because an MLE cannot be there. We illustrated that this condition is sufficient, but

not necessary, for an MLE to be in the interior of the domain (Tables 1.8, 1.6).

We showed that on simulated data, under a variety of simulation settings, our two and
three-ancestry approaches yielded ancestry-specific allele frequency estimators p(1]a) with
low bias and variance, since mean errors (bias) and standard deviation of errors were both
small (Tables 1.4 and 1.7, Figures 1.2 and 1.9). For three ancestries, we suspect that a
smaller grid interval in the three-ancestry approach could further reduce bias.

We demonstrated our two-ancestry method on African American 1000 Genomes data, and
found that many cases of our two-ancestry approach were used for at least one SNP (Table
1.9). We also demonstrated our three-ancestry method on Puerto Rican 1000 Genomes data
(Table 1.11), and found that all cases of our three-ancestry approach were used for at least
one SNP. Our three-ancestry estimates show that the frequency of the 1 allele on African,
European, and Native American backgrounds is low for most SNPs (Figure 1.10). Finally,
we exemplified the usage of ancestry-specific allele frequencies by using them to estimate

population-specific Fgrp.
1.6 Appendix

1.6.1 URLs to 1000 Genomes Data

For the two-ancestry real data application, we obtained Chr 22 marker genotypes from the

1000 Genomes FTP site at this URL:

ftp://ftp.1000genomes.ebi.ac.uk/voll/ftp/phasel/

analysis_results/shapeit2_phased_haplotypes/
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ALL.chr22.SHAPEIT2_integrated_phasel_v3.

20101123.snps_indels_svs.genotypes.all.vcf.gz

For the two-ancestry real data application, we obtained ancestry calls for ASW individuals

from the 1000 Genomes FTP site at this URL:

ftp://ftp-trace.ncbi.nih.gov/1000genomes/ftp/
phasel/analysis_results/ancestry_deconvolution/

ASW_phasel_ancestry_deconvolution.zip

For the three-ancestry real data application, we obtained Chr 22 SNP genotypes from
the 1000 Genomes FTP site at this URL:

ftp://ftp.1000genomes.ebi.ac.uk/voll/ftp/phasel/
analysis_results/shapeit2_phased_haplotypes/
ALL.chr22.SHAPEIT2_integrated_phasel_v3.

20101123.snps_indels_svs.genotypes.all.vcf.gz

This file contains 494,328 SNPs for 1,099 individuals, including 55 PUR individuals.
For the three-ancestry real data application, we obtained ancestry calls for 55 PUR

individuals from the 1000 Genomes FTP site at this URL:

ftp://ftp-trace.ncbi.nih.gov/1000genomes/ftp/
phasel/analysis_results/ancestry_deconvolution/

PUR_phasel_ancestry_deconvolution.zip

All ancestry calls and genotypes mentioned in this Section were used by The 1000

Genomes Project Consortium (2012).
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1.6.2 When is the Negative Log Likelihood Function Convez, so that a Stationary Point is
an MLE?

The aim of this section is to show conditions on the genotype gg’ and ancestry pair aa’ counts
Ngg' aa's under which the negative log likelihood function —[(p) is a convex function of p
on the interior of the domain D;,; of the probability simplex domain D of the log likelihood
function {(p), so that a stationary point of [(p) is a global maximizer of [(p), i.e. an MLE.
Definition 3.1 of Boyd and Vandenberghe (2004)’s book defines a convex function:

Definition 1.6.1. Convex Function. “A function f: R" — R is convex if domf is a convex

set, and for all x,y € domf, and § with 0 < 6 < 1, we have f((6)(x) + (1 —0)(y)) <
(0)f(x) + (1 =0)f(y)”

If the negative log likelihood function —I(p) is a convex function of p on the domain Dy,
then a point p* where the gradient of the negative log likelihood function —I(p) evaluates
to 0 is not simply a stationary point (so either a local minimizer, saddle point, or local
maximizer), but a global minimizer of —I(p). Since p* is also a point where the gradient of
the log likelihood [(p) evaluates to 0, a local minimizer of —I(p) is a local maximizer of {(p),
and a global minimizer of —[(p) is a global maximizer (i.e. MLE) of I(p), we can re-state the
last sentence as follows: If the negative log likelihood function —I(p) is a convex function of
p on D;,, then a point p* where the gradient of the log likelihood function I(p) evaluates
to 0 is not simply a stationary point, but a global maximizer of I(p). In other words, if
the negative log likelihod function is a convex function of p on D;,;, then when solving the
system of equations obtained by setting partial derivatives of the log likelihood function with
Lagrangian term to zero, or obtaining an EM convergence point using the EM algorithm,
any resultant stationary point p* in D;,; is an MLE.

We require further facts about convex functions to show that —I(p) is a convex function
of p under certain conditions on the counts {ng,y . }. Boyd and Vandenberghe give the

following Lemma 1.6.1 on page 79:
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Lemma 1.6.1. If f;, ..., f,, are convex functions and wy, ..., w,, are nonnegative scalars,

then the function f = w; f; + ... + w,, f,n is also a convex function.

Assume for the moment that every —log(pyy ..o(P)) is a convex function of p on the
interior D;,; of the domain. Then the negative log likelihood function with constant term
removed is —I(p) +In(C) = 3 > 0w Mg aa (—In(Pyg aar (P))), @ sum of convex functions of
p with nonnegative weights being the counts {n,y 4 }. By Lemma 1.6.1, —I(p) + In(C) is a
convex function of p on D;,;.

Recall from mapping 1.1 that the probability pyy . (p) that an individual has genotype
g9’ and ancestry pair aa’ takes the form (c)(pgapya’), where ¢ = 1 if g = ¢’ and a = o’ and
c=2ifg=¢ and a # d, or g # ¢ and a = d/, or the form (2)(pgapya’) + (2)(PgarPya);
if g # ¢ and a # o’. We will show that when pyy .0 (P) = (¢)(Dgalgar), —IN(Dgg’ aer (P)) 18
a convex function of p, but when pyy oo (P) = (2)(PgaPyar) + (2)(PgarPga), —In(Pgg’.aar(P)) is
not a convex function of p.

Consider —I(p) + In(C) = Zgg'aa’esgg/@a,<”99’7aa’)(_ln(p99’7aa’ (p)))- If every ngy 40 count
that gets multiplied to a factor —In(pgy e’ (P)), Where pyy a0 (P) is of the form (2)(pgapyrar) +
(2)(pgarPgra), is 0, then —I(p) + In(C) is a nonnegative weighted sum of convex functions
—In(pyg .aa’(P)), 50 is a convex function of p on D;,;. Note that the genotype gg’ and ancestry
pair aa’ combinations that would make —I(p) convex if their counts n,y .. Were zero are
the combinations corresponding to a heterozygous genotype and ancestry pair with differing
ancestries. Because this condition on the counts guarantees convexity of the negative log

likelihood function, we emphasize its importance as an Assumption:

Assumption 1 (Assumption Sufficient for a Stationary Point to be an MLE). Every nyg a0
count that, in the log likelihood function, gets multiplied to a factor —in(pyy .o (P)), where
Pgg’ aa’ (P) 18 of the form (2)(pgapyar) + (2)(PgarPyra), is 0. In other words, every category with

heterozygous genotype and ancestry pair with differing ancestries has count ngy 400 = 0.

For two ancestries, this assumption is ng; ag = 0. For three ancestries, this assumption is

N1, AE = No1,NA = No1,NE = 0 .
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However, if at least one n,y 4o count that gets multiplied to a —In(pyy «a(P)), Where
Pgg’.aa’ (P) 18 of the form (2)(pgapgrar)+(2)(PgarDygra), is positive, then —I(p) is not a nonnegative
weighted sum of convex functions on D, so we make no statement about whether —I(p) is
a convex function of p on D;,; in this case.

It remains to show that when pyy 0w (P) = (¢)(Pgalyar)s —IN(Pyg .aar(P)) is a convex
function of p on the interior D, of the domain, but when pyy .0(P) = (2)(Pgalygar) +
(2)(PgarPga), —In(Pyg aar(P)) is mot a convex function of p on D;,;. We will prove these
Claims 1 and 2 below.

To prove these two claims, we use these facts stated by Boyd and Vandenberghe (2004):
“We now assume that f is twice differentiable, that is, its Hessian or second derivative V2 f
exists at each point in domf, which is open. Then f is convex if and only if [emphasis
added] domf is convex and its Hessian is positive semidefinite: for all [emphasis added]
x € domf, V2f(z) = 0. For a function on R, this reduces to the simple condition f”(x) > 0
(and domf convex, i.e., an interval).” Boyd and Vandenberghe (2004) define a positive
semidefinite matrix like so, “Suppose A € S", i.e., A is a real symmetric n X n matrix... If
A satisfies 27 Az > 0 for all x, we say that A is positive semidefinite.” In Claim 1, we will
argue that a function is convex on D;,; because the function’s Hessian is PSD at every point
in D;,;. In Claim 2, we will argue that a function is not convex on D;,; because there exists

a point in D;,; at which the function’s Hessian is not PSD.

Claim 1. —In(p,y « (P)) is a convex function of p on the interior of the domain D;,,; when
Dgg’.aa’(P) = (¢)(PgaPyrar), Where c =1if g = ¢’ and a = d’, and c =2if g # ¢’ and a = @/, or
g=¢ and a # d'.

Proof of Claim 1. Consider the function —In(pyy .0 (P)) = —In((¢)(PgaPya’)), where ¢ =1
ifg=¢ anda=d,and c=21if g # ¢ and a = d’, or g = ¢’ and a # . Without loss of
generality, consider the three-ancestry case, where p = [poa, Por, Pon, P14, P1E, P1n]. For two
ancestries or more than three ancestries, there would simply be fewer or additional zeroes in

vectors and matrices in the following proofs, corresponding to fewer or additional elements
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of vector p.

First, consider pga = pgar = Poa, 50 ¢ = 1. In this case, —In(pyy o (P)) = —In(p7,) =
—2In(pga). The first derivative is —2/pgq. The second derivative is 2/p%, > 0 for all p, so
—In(pyq .aar(P)) is a convex function.

Next, consider pyq = poa and pye = pog, so ¢ = 2. Then we have:

_8—lnc _ _
Al | () (epor) = —poa
0—In(c _ -
‘g;)OEApOE) (CPOA;OE ) (CPOA) = _pOé
0—In(cpoapor) 0
o
V_ln(pgg/’aa/(p» = B—Zn(f;(jipw) -
Op1a 0
O—In(cpoapor)
8p10E 0E 0
O—In(cpoapor)
317101:/4 = | O i
and
P2 0 0000
0 pog 0000
9 0 0 0 0 0O
V* = n(pgg e (P)) =
0 0O 0 0 0O
0 0 0 00O
0 0 0000

Recall the definition for a matrix A to be positive semidefinite (PSD): The matrix A is n xn,

symmetric, and x? Ax > 0 for all x € R". Now take x = |11, T2, T3, T4, T35, T6] € RS.

X"V (=In(pgg aar (P)))X = 1pgs + 3001

> 0.
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By definition of PSD, V*(—In(pyy 4o (p))) is a PSD matrix for all p € D,. Hence,

—In(pyg aar (P)) is & convex function of p on Dj.

Claim 2. —in(pyy . (P)) is not a convex function of p on the interior D;y,,;, when pyy 40 (P) =

(2) (pgapg’a’) + (2)(pga’pg’a)v where g # ¢’ and a # a'.

Proof of Claim 2. Consider the function —In(pyy aa (P)) = —In((2)(Pgalgrar)+(2) (PgarPya))
where g # ¢' and a # a/. Without loss of generality, consider the three-ancestry case, where
P = [Poa; PoE, Pon, Pra; Pig, pin], and let pge = poa, Pyar = PiEs Pgar = Por; and pyq = pra.
For two ancestries or more than three ancestries, there would simply be fewer or additional
zeroes in vectors and matrices, corresponding to fewer or additional elements of vector p.
We would like to show that —in(pyy 0 (P)) = —In((2)(Poapie) + (2)(poep1a)) is not a

convex function of p on D;,;. We have:

[0—in /aa/( ))- [ _ ]
(%[;70:4 : —(poapre + poepia)” " (P15)
9—In(pggr aa’ (P)) B
I;ifog - —(poap1e + Porp1a) H(P14)
8—ln(pgg/’aa/(p)) O
- ! / = 8])01\] —
V — In(pgg aa (P)) 0—In(pyy! a0’ (P)) —(p n )_1( )
T opia 0AP1E T PoEP1A PoE
O0—ln(pggr aa’ (P)) B
gnglﬁ 5 —(POAplE +p0EP1A) 1(p0A)
8_ln(pgg’,aa’ (p)) 0
L op1N | L i
and
All A12 A13 A14
A21 AQQ A23 A24

v — ln(pgg’,aa’ (p))

A33 A34
A43 A44

aw]
@]
o o o o o o
@]
]
o o o o o o
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To save computation in a grid search which we will describe, we define matrix A(p) as

A4 A
Ay Ay
A31 A32
_A41 A42

A13

Ay
A24

p%E P1AP1E POEPIE —POEP1A
(Poap1E+poEp14)?  (PoAP1IE+POEP1a)?  (PoaP1E+PoEP1A)?  (PoAP1E+DPOED1A)?
P1AP1E p%A —POADP1E POAP1A
(poaP1E+PoEP1A)?  (PoAP1E+POEP1A)?  (PoaP1E+DPoEDP1A)?  (PoAP1E+POEP1IA)?
POEPIE —POAPIE ng POAPOE
(PoaP1E+POEP1A)?  (PoaP1E+POEP1A)?  (PoaP1E+POEP1A)?  (PoADP1E+POED1A)?
—POEP1A PoAP1IA POAPOE PgA
| (poap1e+poep1a)?  (PoaP1E+PoED1a)?  (PoAP1E+PoEP1A)?  (PoAP1E+POEP1IA)? ]

2
PiEe P1aP1E PoEP1E  —PoEDP1A
2
1 P1AD1E Dia —PoAP1E  PoAP1A
2
2
(Poap1E + Porp14) POEPIE  —POAPIE Dok POADPOE
2
—PoEP1A  PoAP1A PoAPoE Poa

Because for any x = [y, 22, T3, ¥4, T5, 6] € R® andy = [21, T2, 24, 5], XT V2(=In(pyy e (P)))X

= y?A(p)y, the Hessian matrix V*(—In(pyy o (p))) is PSD at a point p* if and only if its

submatrix A(p) is PSD at this point.

We performed a grid search of the domain D, := {p € (0,1) x (0,1) x (0,1) x (0,1) x

(0,1) x (0,1)} such that poa + por + pon + P14 +p1e +pinv = 1}. For each point on the grid,

we constructed the matrix (poapig + poppia)>A(p):

p%E
P1aP1E

PoEDP1E

2
Pig

P1aAP1E

—PoAP1E

__pOEplA

PoaP1a

PoeP1E  —PoED1A
—PoAP1E  PoAP1A
p(Q) E PoAPoE
PoADOE p(Q)A

For any p € Dy, the matrix (poapir + porpia)?A(p) is PSD if and only if matrix A(p) is

PSD. Our grid search yielded many points p € D;,; where matrix (poapie + poppia)>A(p)

was not PSD. One such point was p* = [0.1,0.1,0.1,0.1,0.1,0.5]. The eigen() function in R

computed eigenvalues of matrix (poapie + porpia)>A(p*) to be 0.02, 0.02, 0.02, and -0.02.

Since one of these eigenvalues was negative, the matrix (poap1e+porpia)?A(p) was not PSD

at this particular point p* in Dy, 1.e. (poap1ie + Porpia)*A(p*) was not PSD, so A(p*) was
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not PSD.

Since we just showed that A(p) is not PSD for a particular p* = [0.1,0.1,0.1,0.1,0.1,0.5],
we conclude that VZ(—In(pyy e (P))) is also not PSD when evaluated at this p*, so V(=In(pyg e (P)))

is not PSD for all p in the interior D;,;, s0 —In(pyy e (P)) is not a convex function on Dj,.

1.6.3 Observed Fisher Information-Based SEs for the Case of Two Ancestries

We use a SE estimator based on the observed Fisher information (Efron and Hinkley, 1978).

We provide derivations of information-based SE formulas in this section.

1.6.3.1 Log Likelihood Function

Recall, the log likelihood function is the following, as a function of pga, pog, p1a, and pig:

[(p) = (n00.44)In(pg4) + (n00,48)I0(2p0EPoa)
+ (noo,er)In(pgp) + (n01,44)10(2p14P0A)
+ (no1,48)In(2p1EPoA + 2P14P0E)
+ (no1,56)0(2p1EPoE) + (n11,44) 10 (D7 4)
+ (n11,ap)In(2p1epr1a) + (n1,ze)In(pip)

= (Xoa)In(poa) + (Xor)In(por)

+ (Xia)ln(pia) + (Xip)In(pik)

+ (no1,48)In(2p1EP0A + 2P14P0E)

+

N0, AE + No1,44 + No1,EE + N11,a8)IN(2),

where
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Xoa = (2n00,44 + n00,AE + 101,44

Xia =

( )
Xor = (2n00, g8 + N00,AE + No01,EE)
(2n11,44 + No1,44 + N11,4E)
( )

X1 = (2n11,gE + o1, EE + M11,AE)-

Since the {py,} sum to 1, we express p1gp as 1 — poa — por — P14, so that the log likelihood

function is a function of three independent parameters:

1(P) = (Xoa)In(poa) + (Xog)in(por)
(X14)In(p1a) + (Xig)In(1 — poa — Por — P1a)
(

no1,48)In(2(1 — poa — Por — P14)PoA + 2P14P0E)

+ o+ o+

(noo,AE + No1,44 + Nov,gE + N11,ap)N(2)

= (Xoa)In(poa) + (Xor)In(por)

+ (X14)In(p1a) + (Xig)In(1l — poa — poe — P14)

+ (no1,45)In((2poa — 2p3 4 — 2poaPor — 2P0AP14) + 2P1AD0E)
+(

n00,AE + No1,44 + o1, eE + N11,aE)I0(2).

1.6.3.2 First Derivatives of the Log Likelthood Function

The first derivatives of the log likelihood function are

ol(p) 0l(p) Jl(p)
Opoa ’ OpoE ’ Op1a

I(p) =

where
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ol(p _
) (Xoa) o)
— (X1£)(1 — poa — por — p1a) "
+ (no1,48)(2p0a — 2P54 — 2P0APoE — 2P0aP14 + 2p1aPoE) (2 — 4poa — 2por — 2p14),
dl(p _
ap(OE) = (XOE)(pOE) !
— (X1g)(1 = poa — por — PlA)fl
+ (no1.48) (2p0a — 2Pa4 — 2P0APoE — 2PoAP14 + 2D1aP0r)”(—2poa + 2p14), and
ol _
) (Xua) )

— (X18)(1 — poa — por — p1a)”"

+ (no1,45)(—2poa + 2P0E) (2D0a — 2P54 — 2P0aPor — 2PoAP1A + 2D1aDoE) -

1.6.3.3  Observed Fisher Information, and Second Derivatives of the Log Likelihood Function

The observed Fisher information matrix is —I(p)|p, the matrix of negative second derivatives
of the log likelihood function evaluated at the MLE p. The second derivative matrix is

symmetric:

%U(p) d%1(p) 2%1(p) d%l(p) 2%1(p) 9%l(p)
OpoaOpoa  OpoaOpor  Opoaldpia OpoaOpoa  OpoaOpor  Opoaldpia
%U(p) *U(p) %(p) — 9%1(p) %l(p)
Opopdpoa  Opoplpor  Opordpia "' Opoplpoe  Opoedpia
*l(p) *l(p) 2%(p) %l(p)
Op140poa  Op1aAOpor  Op140p1a Op140p14

Hence, we only need to compute six second derivatives:
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9”l(p)

T = ()(Xoa) (o)

+ (XlE)(l — PoA — PoE — p1A>72(_1)
+ (no1,4E) [[(_1)(2p0A — 2p2 4 — 2poaPor — 2PoaP1a + 2p1abor) (2 — 4poa — 2por — 2p14)°

+ [(2270,4 - 2p3A — 2poAPoE — 2PoAP1A + 2p1Ap0E)_l] [—4]] )

L (1)1 = o — o~ 1)
+ (no1,4) [[(—1)(2p0A — 2p5 4 — 2PoADor — 2poapia + 2p1apor) 2 (—2poa + 2p14)]
2 — 4dpoa — 2por — 2p1a] + [2poa — 2P54 — 2P0APorE — 2PoaPia + 2p1apor] ' [—2]],
_Pp)_ = —(X15)(1 — poa — pog — p1a) ">
Opoadpia
+ (no1,48)
[(=1)(2poa — 2D54 — 2PoaPor — 2poapia + 2p1apor) > (—2poa + 2por)]
[(2 — 4poa — 2por — 2p14))
+ [(2p0a — 2P 4 — 2P0aPoE — 2P0AP14 + 2P14P0E) '] [—2]] )
2
% = —(Xog)(por)?

— (X18)(1 — poa — por — p1a) >
+ (no1,48) [[(_D(QPOA — 2004 — 2PoaPoE — 2PoAPia + 2p1aPoE) 2 (—2poa + 2p14)]

(—2poa + 2p1A)} ;
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OPl(p _
m = (—X1E)(1 — PoA — PoE — PlA) 2
+ (no1.ag) | [(=1)(2p0a — 2054 — 2P0aPoE — 2P0aP14 + 2P14PoE) 2 (—2p0a + 2poE))]
[—2poa + 2p14]
+ [(2poa — 2]7(2),4 — 2poaPor — 2P0apia + 2p1apor) t][2]|, and
1(p)
AP (qyx -2
Op140D1 4 (=D)(X1a)(Pra)

— (X15)(1 — poa — pog — p1a) >
+ (no1,a5)(—2poa + 2p0r) (—1)(2p0a — 2054 — 2P0aPor — 2P0aP14 + 2D14P0E) > (—2P0a + 2p0R)-

We checked expressions for second derivatives by deriving expressions multiple times by
hand and comparing those expressions to expressions obtained with Mathematica.

The observed Fisher information based on n individuals’ data is

L([oa, Por, P1a]) = —L( [Poa, Pos P1A)) 5050 .B14]

921(p) 921(p) 921(p)
OpoaOpoa  OpoaOpor  Opoaldpia
_ 82l(ﬁ) 82l(17) ~ ~ N
- pomdron  OPomOpia |[p0A,poapm]:[pompompm}'
9%1(p)
Op140p14

1.6.3.4  Employing Asymptotic Normality of the MLE [poa, Pog, P1a] to Derive Var(ﬁ(l|a)), a €
{A E}

Standard theory about asymptotic normality of the MLE assumes that the true parameter
is in the interior of the parameter space (e.g. theorems concluding asymptotic normality

in Sections 5.3, 5.5, and 5.6 of Vaart (1998)’s book). For example, Theorem 5.23 of Vaart
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(1998)’s book assumes the true parameter 6 is in “an open subset of Euclidean space” and
Theorem 5.39 assumes the true parameter 6, is an “inner point” of parameter space © C R¥.
Applying standard theory, for an interior true parameter [poa, por, p14], asymptotic nor-

mality of the MLE means \/n([poa, Por, P14] - [Poa, Por, p1a]) —a N([0,0,0], I([poa, por, p14])),
where I([poa, por, p14]) is the Fisher information —FE (l( [Poa, PoE, P14])) for one observation.
This convergence in distribution means the MLE [po4, por, P14] is approximately distributed
N([poa; pom, p1al, In([poa, poz; pra]) "), where L,([poa; por, p14]) = nI([poa, por, pral), for ev-
ery [poa,por,p1a] and a large number n of individuals (page 63 of Vaart (1998)’s book).
Hence, Var([poa, por, 14]) = L.([poa, por,p1a]) ™. We estimate I,,([poa, Por, p1a]) with the

observed Fisher information I,,([poa, Por, P14]) given in Section 1.6.3.3, obtaining estimator

Var([poa, Pos, pral) ~ Ln([Poas om, Pra]) "
Perhaps /n([logit(poa), logit(por), logit(pia)] - [logit(poa), logit(por), logit(p1a)]) converges
to a normal distribution faster than v/n([poa, Dor, P1a] - [Poa, Por, p14]), because each lomga

takes values on the whole real line. We did not derive the asymptotic distribution of

—

Vn([logit(poa), logit(por), logit(pia)] - [logit(poa),logit(por),logit(pia)]), because we were
more interested in obtaining standard error estimates for MLEs on the p,, scale.
To compute I,,([poa, Por, P14]) "', we implemented an analytical formula for the inverse

of a 3 x 3 matrix. For a 3 x 3 matrix

a b c
b d el,
c e f

the inverse matrix is

e? —df bf —ce cd—be
bf —ce ¢ —af ae—be

cd—be ae—bc b*—ad

1
—adf + ae? + b2f — 2bce + c2d




69

Alternatively, we could have used R’s solve function to compute a matrix inverse.

To obtain a variance estimator for p(1|a) = g(Poa, P1a) = ﬁoﬁ‘t;l , we employ Theorem

1.3 of Colley (2012)’s book to approximate p(1|a) by its first order Taylor polynomial about
[B(Goa), E(p1a)): 5(11a) ~ E(pra)/ (E(hoa) + E(ra) ) + (500 — ElGoa) ) +d(p1a — E(hra)),

where we define

— [ _ E(ﬁla) an

e= (= B+ By

g ( 1 B E(p1a) )
. E(ﬁOa) + E(ﬁla) <E<ﬁ0a> + E(ﬁ1a>>2 .

It follows that

Var(p(1]a)) ~ Var[e(por) +d(p1a) |
— Cov| o + dpra choa + dina]

- CQV&T(ﬁOa) + ZCdCOU(ﬁOamﬁla) + d2V&T(ﬁ1a)7 for a € {Av E}

By asymptotic normality of the MLE, when the sample size is large and the true parameter
[Poa, Por, P14) is in the interior of the parameter space, for each g € {0,1} and a € {A, F},
E(Pga) = pga, an unknown parameter which we estimate with p,,. We obtain numeric values
for ¢ and d by substituting p,, in for E(p,,) in expressions for ¢ and d. Also note that we
derived the variance-covariance matrix for vector [poa, Pog, D14], which does not include p;g.

To obtain Cov(pog, p1r) and Var(pig), consider that p1p = 1 — poa — Por — P1a. Then

Cov(por, 1) = Cov(Por, 1 — Poa — Por — P14)

= —COU(ﬁOEJ%A) - COU(ﬁOEaﬁOE) - COU(ﬁOEaﬁlA)?

and
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Var(pig) = Var(l — poa — Por — D1a)

>

1.6.4 Bootstrapping Over Loci

Population-i-specific Fsr 5; = (6; — 0)/(1 — 6p) is a function of coancestry coefficients 6;
and fg. The population-i-specific Fs MME BZ is a function of population-i, ¢ € {1,...,r}
sample allele frequencies {p;} at loci [ € {1,..., L}.

There are two sources of variation in p;;, genetic sampling - repetitions of the evolutionary
process generate, from an ancestral population, different individuals’ alleles in populations
i € {1,...,r} - and statistical sampling - repeated sampling of n individuals from a population
generates different sampled individuals’ alleles.

Others have previously given that Var(p;) = (m)(1 —m)(p)(1 — p1) |6; + (1 — 61)/(2712)]
(Buckleton et al., 2016), where 7 is the reference allele frequency in an ancestral population
at locus [, and n; is the number of individuals sampled from population 7. The first term
arises from genetic sampling and the second term arises from statistical sampling. When
the sample of n; individuals from a population i of individuals is large (n; — 00), genetic
sampling dominates statistical sampling.

We considered each locus s vector [p(1|A);, p(1|E);, p(1|N);] of population i € {A, E, N}
allele 1 frequency estimates to be an evolutionary replicate. In the context of three ancestries
A E, and N, p;; € {p(1|A4);, p(1|E)1, p(1|N),}. We bootstrapped over loci’s vectors to capture

variation in p; (and so variation in Bl which is a function of p;’s) due to genetic sampling.
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We did not bootstrap over individuals because statistical sampling contributes negligibly to
Var(py).

Furthermore, resampling strategies for coancestry coefficients were discussed by Dodds
(1986), who found that bootstrapping over loci yielded better estimates of a coancestry
coefficient estimator’s variance than bootstrapping over individuals: “The performance of
the resampling techniques for an estimator of the coancestry coefficient is investigated using
a simulation study. It is found that resampling independent loci (genetic sampling) yields
good estimates of the variance, whereas resampling individuals (statistical sampling) yields
poor estimates.” Since f; := (0; — 0p)/(1 — 0p), defined as two coancestry coefficients 6;
and 0p relative to each other, is a coancestry coefficient §; when 65 = 0, we expected that

bootstrapping over loci would similarly be preferable to bootstrapping over individuals.
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Chapter 2

ESTIMATION OF INDIVIDUAL INBREEDING
COEFFICIENTS

2.1 Abstract

Many population genetic activities, ranging from evolutionary studies to association map-
ping to forensic identification, rely on estimates of individual inbreeding coefficients and
between-individual coancestry coefficients. We examined existing method of moments es-
timators (MMEs) and maximum likelihood estimators (MLESs) introduced as estimators of
an individual j's total inbreeding coefficient F; (i.e. Hall et al.’s simple method of moments
estimator, GCTA! MME, GCTA! MME, and Hall et al.’s first maximum likelihood estima-
tor) or as an estimator of within-population inbreeding coefficient 3, (i.e. Weir and Goudet’s
MME), as well as our novel likelihood estimator of §;. For each MME, we considered the
estimator that combines over loci using the ratio of means (RM) method (a weighted esti-
mator), and the mean of ratios (MR) method (an unweighted estimator). We bootstrapped
over loci to provide interval estimates for MMEs and MLEs. We evaluated all methods,
except Hall et al.’s simple MME, on simulated data. We found that, despite previously pub-
lished claims of unbiasedness for some evaluated estimators, none of these estimators were
unbiased for F}, and the Weir and Goudet MME RM had very low bias for ;. We showed
that evaluated estimators were better at estimating certain non-#; parameters (which we
refer to as “pedigree parameters” or “parametric pedigree values”) than at estimating F}, in
that they had lower squared bias and lower MSE for these other parameters than for F}, and
tracked more closely with these other parameters than with Fj;. In other words, estimators
intended to estimate F; have been mischaracterized as F}; estimators, and are actually better

at estimating other parameters. Lastly, we recommend the Weir and Goudet MME RM for
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estimation of ;.

2.2 Introduction

2.2.1 Notation, Definitions, and Basic Model

Chapter 2 addresses inbreeding estimation of individuals within a single population, and it
stresses the distinction between within-population and total inbreeding. Unless the context
specifies otherwise, we use “allele” to mean an allele copy in an individual (so for example,
a diploid individual has two alleles), “reference allele” or “alternative allele” to mean an
allelic type, the particular value an allele copy can take (e.g. nucleotides A, C, T, or G), and
“allele frequency” to mean the relative frequency of an allelic type amongst some collection
of individuals’ alleles.

We consider n individuals randomly sampled with equal probabilities from each of r pop-
ulations (via a process we call statistical sampling). These r populations have descended
from an ancestral reference population (via a process we call genetic sampling). We use “an-
cestral population” and “ancestral reference population” synonymously. Figure 2.1 depicts
the ancestral population, genetic sampling to obtain r descendent time-t populations, and
statistical sampling to obtain samples from a population. In the ancestral population, the
reference allele frequency is 7. In a population descended from the ancestral population, the
reference allele frequency is p. In a random sample of alleles from a descended population,
the reference allele frequency is p. We subscript these quantities with [ to refer to frequencies
at a particular locus [.

Following the notation of Weir (1996) (e.g. page 40), it is convenient to indicate the
allelic type of allele k (k = 1,2) for individual j in a population by z,;,. We define z;;, = 1 if
that allele is the designated type, often called the reference type, and xj; = 0 otherwise. The
reference allele dosage X is the sum of the x’s for the two alleles carried by an individual.
The product z;,x, k # k" will be 1 when the individual is homozygous for the designated

allele type, and taking expected value &y over individuals within (W) the population, we
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have

Ewlzpzw) = p*+pl—p)f. (2.1)

Here, f is defined as the within-population inbreeding coefficient and p is the proportion
of the designated allele type in the population. We can refer to p as the actual population
proportion, for the population under study, of the designated allele type. The quantity f is
not a probability, and it can be negative. It is the intraclass correlation coefficient of the
indicator variables xy, zi, k # k' since Ew (xjx) = p and Vary (z,;) = p(1 — p).

Inbreeding is generally taken to mean identity by descent, meaning that the two alleles
an individual has at a locus have a single ancestral allele in a reference population. There
is variation in actual identity by descent for pairs of alleles between (B) replicates of the
evolutionary process from the reference to the current population, and also variation in
actual allele proportions over replicate samples from the current population. The between-

replicate variance of actual allele proportions is

Varg(p) = =n(1—m)b,

so, as discussed by Weir and Hill (2002),

Es(p®) =1 +7(1 —7)0, (2.2)

and 7 is E(p). The quantity 6 is positive and can be regarded as the probability of identity

by descent of any two alleles in the population.

Making use of Equation 2.2, the total (T) expectation of Equation 2.1 is
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Er(zpriw) = EplEw(Tjnxjw)]
= Eplp* +p(1—p)(f)]
— 7T2+7r(1—7r)[1—(1—f)(1—(9)]

= m+7(l—7)F.

to introduce the total inbreeding coefficient F' by (1 — F) = (1 — f)(1 — ) as described by
Wright (1922). This equation (1 — F) = (1 — f)(1 — ) implies f = (F'—0)/(1 — ). As this
coefficient F' reflects variation among evolutionary replicates of the current population, the
“genetic sampling” of Weir (1996), it cannot be estimated from data in a single population.

This discussion of within-population and total inbreeding coefficients can be refined to
apply to individuals: the average of individual-specific within-population inbreeding coeffi-
cients f; is f, and the average of individual-specific total inbreeding coefficients F} is F'. The
f, F notation was employed by Cockerham (1973) and has been used since then by Weir, e.g.
(Weir, 1996). Cockerham and Weir (1986) used S for quantities such as (F'—#6)/(1 —0) and
this was also used by Weir and Goudet (2017). In this dissertation we will continue using 3:
in this chapter 3; = f; is the within-population inbreeding coefficient for individual j and it
along with F} are the parameters of interest.

Values of F; and f3; can be calculated from pedigrees by path-counting (Wright, 1922).
The total inbreeding coefficient F; is > (0.5)"(1+ F}), where n is the number of individuals
in the pedigree linking the parents of j to their common ancestor J, whose total inbreeding
coefficient was F;. The sum is taken over common ancestors and pathways to each common
ancestor. The same procedure provides the coancestry, or kinship, coefficient 6,; for pairs
of individuals j and j’: the probability an allele in one individual j and an allele in another
individual j" are identical by descent (ibd), i.e. descended from the same allele copy in

2 —n) is the average

an ancestral population. The quantity 05 = > 77 >0, . (05)/(n
coancestry coefficient, averaging 6;;’s between distinct individuals j and j’, where both

individuals come from a sample of n individuals from a population.
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To summarize, this chapter is concerned with estimating F; and §; for individual j in

some population, where

5 = 2
Values of these parameters for individuals in a sample from a population can be calculated
from the pedigrees of those individuals: Fj is the total inbreeding coefficient for individual
j and fg is the average coancestry coefficient for all pairs of individuals in the sample. We
will compare several estimators introduced as estimators of Fj or 3;, and point out that
several of these have been mischaracterized as being unbiased estimators of F}, which we
ultimately cannot estimate without bias due to unknown ancestral reference population allele
frequencies {m; }. As Ritland (1996) suggested, however, the values of an estimator of 5; may
be close to F}; for samples where the average coancestry is small. The closeness of these two
quantities will improve with sample size only if larger samples have smaller proportions of

related individuals.



Reference population

(Usually assumed infinite and in equilibrium)
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Sample of Sample of Sample of
size n size n T size n

Figure 1.5 Representation of the two processes of genetic and statistical sam-
pling. Genetic sampling causes the populations to differ, whereas statistical sam-
pling causes the samples from one population to differ.

Figure 2.1: Weir (1996)’s genetic model: Populations descend from an ancestral reference
population, and random samples of n individuals are obtained from a population. Our data
consists of dosages for sample individuals from the same population typed at one or more

bi-allelic markers (e.g. bi-allelic SNPs). The figure is copied from Weir (1996).
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2.2.2 The Problem and Our Contribution

There is continuing interest in being able to use genetic marker data to estimate the in-
breeding coefficient F' for individuals. See the introduction of Ritland (1996) who describes
applications in ecology and population genetics, including research on kin selection, isola-
tion by distance, and paternity analysis. Quantitative genetic theory shows that both the
expected value and the genetic variance of trait values for inbred individuals depend linearly
on their inbreeding coefficients (Falconer, 1996). This is taken into account in association
mapping, where the genetic relatedness matrix for a set of individuals has elements with
estimated values of (1 + F ) on the diagonal. Recently, Yengo et al. (2017) used estimated
inbreeding coefficients to characterize inbreeding depression in several human quantitative
traits. These authors considered several different estimators of the inbreeding coefficient to
estimate inbreeding depression. They recommended a particular method of moments esti-
mator (MME), introduced earlier by Yang et al. (2011) as F/!7 an estimator we denote
GCTAMI, A general discussion of moment estimators was given by Weir and Goudet (2017),
with particular attention to assumptions about allele frequencies. Whereas Yengo et al.
(2017) used sample allele frequencies in place of values in an ancestral population, Weir and
Goudet (2017) showed how that leads to estimates biased by the relationships among all

individuals used for estimating allele frequencies.

This chapter reviews some of the key literature for individual inbreeding coefficient esti-
mation, compares existing methods for inbreeding coefficient Fj point estimation, evaluates
a novel maximum likelihood estimator (MLE) of f;, and assesses interval estimation and
point estimation procedures on simulated data. In comparing existing methods, namely Hall
et al.’s simple MME, GCTA! MME, GCTAY! MME, Weir and Goudet’s MME, and Hall
et al.’s MLE (Hall et al., 2012), and our novel likelihood estimator - where all methods
except Weir and Goudet’s MME have sample allele frequencies assumed equal to population
allele frequencies - we find that none of these methods are unbiased for an individual j’s

inbreeding coefficient F;. To our knowledge, the bias for F} of existing methods introduced
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as Fj estimators has not been previously acknowledged (Yang et al., 2011). We also find that
Weir and Goudet’s MME, combining over loci using the ratio of means method described
later, has low bias for 5; = (F; —60s)/(1 —6s), a monotone increasing function of F; for fixed

0s (Weir and Goudet, 2017).
2.3 Methods

2.3.1 Method of Moments Estimation: Combining Fstimates Over Loci

The method of moment estimators (MMEs) that follow take the form 0, = / b, for a single
locus I. Ways of combining locus-specific estimates over loci include the mean of ratios (MR)
i.e. unweighted method, ZlL:1 él/L, and the ratio of means (RM) i.e. weighted method,
[Zle dl/L}/[Zle BZ/L} = SF a/Sor b The software tool Genome-wide Complex
Trait Analysis (GCTA) by Yang et al. (2011) uses MR.

The problem with MR is that SNPs with small b, lead to inflated variance of the corre-

sponding estimates. We advocate instead using RM, which is not sensitive to this problem.

2.8.2  Method of Moments Estimator (MME): Hall

If the reference allele frequencies {m} are known, all information about parameter F', which
measures departures from Hardy-Weinberg equilibrium (HWE) frequencies (such that F' = 0
yields HWE frequencies), is captured by whether or not an individual is heterozygous at a
locus. If indicator H jo, 18 1 when individual j is heterozygous at locus [, then the observed

number H jo of heterozygous loci for individual j is

L
i = Y i =Y |2 = Xp)(X5)]. (2.3)
=1 =1
X1 is the reference allele dosage for individual j at locus [. Counts of heterozygous loci are
called heterozygosities.

The total (accounting for genetic and statistical sampling) expected value of H jo 1S
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Er(Hj) = Y Er(Hj,) =Y P(ABy)=(1-F)) 2m(l—m).

=1

Equating observed and expected values, ﬁjo and £ (ﬁ o), gives Hall et al. (2012)’s “Simple”

estimator:

A i, | T |@= X))
F}SinL = 1 - = 1 - L )
He > (2m) (1 —m)

where H, := ), 2(m)(1 —m) is the number of loci expected to be heterozygous when F; = 0.
This estimator F

s 18 unbiased for Fj.
1im.

In practice, however, the ancestral population reference allele probabilities {m;} are not

known, so we instead substitute sample allele frequencies {p;} in their stead:

L
2 X)X, i, H,,
1_ 2 )X _ 1 J =1- =2 (2.4)

23 (1 — ) > 201 — ) He

Bjsim. =

where H, is H, with sample allele proportions {p1} in place of unknown ancestral population
allele frequencies {m;}. Estimator /éjsm], with {p;} in place of {m} is not unbiased for Fj,
since E(p}) # 77 (Equation 2.18). According to Hall et al. (2012), this biased estimator is
used in PLINK (Purcell et al., 2007).

For the estimator Bjsm , the numerator H,, has a within-population expectation of 3 2pi(1—
) (1 — f;) and a total expectation of >, 2m(1 — m;)(1 — Fj). These two expressions rest on
genotype probabilities for the two alleles in one individual. For individual j at SNP [, the

within-population and total probabilities both alleles are the reference type are respectively

EwlXu(X;—1)] = pl2+pl(1—pl)fjand

Er[ X (X —1)] = mf+m(l—m)E;.
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The denominator of Bjsm rests on the observed genotypes of all individuals in the sample,
and it is necessary to consider probabilities of pairs of alleles from different individuals.
Randomly drawn alleles from individuals j,j’ are both the reference type at SNP [ with
probabilities

1

e {5+ (6 = D001} = ot 411 =)oy and

1
r {31+ (6= OG- DI} = &2+ (1= m)oy.
These define the within-population coancestry coefficient ¢;;; and the total coancestry coef-

ficient 6,/ for individuals j and j'.

These expressions lead to the expectations of 2p;(1 — py),

Ewi2i(t =] = 21 =) (1= 69) = -1+ o = 265)| and
gT[Zﬁl(l —]51)] = 271'[(1 — 7Tl) |:(1 — QS) — %(1 —|— FW — 205):| s

where ¢g, s are the averages over pairs (j,j') of distinct sample individuals of ¢;;; and 6;;
respectively and f,,, Fy are the averages over sample individuals of f; and Fj respectively.
Clearly, Bjsm.. is not providing an estimate of either f; or F}, as its values are affected
by the average inbreeding and coancestry values for the sample. For large samples, however,
the ratio of the expected values of the numerator and denominator is the within-population
individual-specific inbreeding coefficient f; = B;, and this is taken to be a parameter of

interest.

2.8.8 Method of Moments Estimator (MME): GCTA! and GCTA!!

Other moment estimators, such as that of Yang et al. (2011), use sample allele frequencies
pi’s at multiple loci for a sample of n individuals in place of reference allele frequencies p;’s.

For a single locus [, their estimator is as follows:
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s (X —2pm)? .
j — A~ /4 ~N 1
2pi(1 — py)

where recall Xj; is individual j’s reference allele dosage at a locus [ and p; is the sample

(2.5)

reference allele frequency at the locus. This is one of the estimators advocated by Yengo
et al. (2017) for inbreeding depression studies, and it is used more frequently than the simple
MME.

Combining over loci with the ratio of means (i.e. weighted) method, the GCTAZ estima-

tor for individual j is the following:

S (X - 2m)?
GOTA!, = 2o =20
22[:1171(1 _pl>

Combining over loci with the mean of ratios (i.e. unweighted) method, the GCTAL estimator

for individual j is the following:

1< 25,)?
GCTAI, = — X =200
! L lz:; 2pi(1 — py)

Yang et al. (2011) claimed that GCTA! is unbiased, i.e. £(GCTAL|F}) = F}.
The GCTA approach is motivated by the expressions for the variances of allele dosage.
The within-population and total expectations of X; are 2p; and 27; respectively. The within-

population and total variances are

Varw (X;1) = Ew (X —2p)* = 2pi(1 —p)(1 + f;) and

VarT( ) 5T< 1—27'('1) = 271'1(1—71’1)(14—}7]').

If the {p;} or {m} were known, then the sample variance of allele dosages would give a

simple moment estimator of f; or Fj, and this is implied by the GCTA estimator with p
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replacing p; or m;. However, 2p; is not the sample mean dosage for a particular individual j.

The numerator (X;; — 2p;)? for GCTA does not have the variance of X, as its expectation.

Instead,

_ 1
(C:T[(le - 2pl)2] == 27’(’[(1 — 7Tl) (1 + F} - 4Q/Jj + 295) - ﬁ (2(1 + Fj - 21/)J) - (1 + FW — 285)) s
where ¢; = > % ;05 /(n — 1) is the average coancestry of individual j with every other

member of the sample of n individuals from the same population, and m;, F}, 0g, and Fy
were defined previously in Sections 2.2.1 and 2.3.2. The denominator 2p;(1 — ;) for GCTA

has expectation

&2l — )] = 2m(1—m) |(1—0s) — %(1 + Fy —209)| .

We refer to the parameter (F;—41;430s)/(1—6s) as the “pedigree parameter” or “parametric
pedigree value” of GCTA? (RM or MR).

Yang et al. (2011) also gave an estimator GCTA’!! which they claimed was unbiased
(i.e. BE(GCTAM|F}) = F;) with smaller variance than GCTA’ when 0 < F; < 1/3:

(X5 — (14 2p0) (Xj1) + 27
2(p1)(1 = p1)

Combining over loci with the ratio of means (i.e. weighted) method, the GCTA%)I estimator

GCTAIT =

for individual j is the following:

2[5 — (1 +2p0)(X0) + 2757]

GCTAL! _ E
" 220 2(P) (1 = i)

Combining over loci with the mean of ratios (i.e. unweighted) method, the GCTA]I{LI esti-

mator for individual j is the following:
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(1 + 2p1)(Xj1) + 2p7]
p)(1 — 1)

111 l
GCTAI! = Z s

We refer to the parameter (F;—21;+60s)/(1—0s) as the “pedigree parameter” or “parametric
pedigree value” of GCTA whether RM or MR.

2.8.4  Method of Moments Estimator (MME): Weir and Goudet

To avoid explicit estimation of allele probabilities, Weir and Goudet adopted a method of
moments estimator (MME) for the inbreeding coefficient F} for individual j in a sample of
individuals relative to the average coancestry g of all pairs of individuals in the sample.
Making the target parameter f; := (F; — 0s)/(1 — 6s) means that the unknown reference
allele frequencies {m;} do not need to be estimated. The quantity 8; = f; is the inbreeding
coefficient F; of individual j relative to the average coancestry g of all pairs of individuals
in the sample to which j belongs, and this is a parameter under study. This ; quantity that
the MME aims to estimate is related to Fj in that it ranks according to Fj, i.e. F; < Fy
it and only if 8; < ;. We refer to 8 as the “pedigree parameter” or “parametric pedigree
value” of the Weir and Goudet MME, whether RM or MR.

Their estimator was, for a single locus [,

- s
6]' = 7 ~ l7 (26)
1— Mg

where, for a sample of n individuals, the within-individual-j matching proportion is

My = (X — 1) (2.7)

The matching proportion ]\Z/jl is 1 if the two alleles individual 7 has at the locus [ are identical

in state, and 0 otherwise. The average between-individual-j matching proportion is
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M= Y 30 [+ (= D0~ 1)/ [2n(n — )] (28)

J=1§'=14'#j
where [1 + (X — 1)(X;4 — 1)]/2 gives the fraction of pairs of alleles, one allele drawn from
individual j and the other allele drawn from individual j' of the same population as j at the
same locus [, that are identical in state (ibs), i.e. of the same allelic type. The matching
proportion Mg, is the mean of such fractions over all pairs of individuals j and .
Combining statistics over L loci using the ratio of means (RM) i.e. weighted method, we

have:

. > (M — M)
]w ZZL 1( MSZ)
-1 Zl 1( Jl> (29)
Sr(1— Mg)

Alternatively, one can combine over loci using an unweighted average:

L

5 1 Ml—Msz
Bju = - = - =

Ll 1 1~ Mg

2.8.4.1 Connection Between Weir and Goudet MME and Hall’s Simple MME

In Section 2.6.4, we show these relations between matching proportions and heterozygosities:

(1 — Mjl) = Hjo and (2].0)

Mh

N
I
—

Mh

n — 2n

. . 1 -
(1-Mg) = n 1 <He——HO>,

=1

where H, is 3> (2p1(1—p)), and H, is the average of the H;, over individuals j € {1,...,n}.
Recall from Definition 2.3 that H jo 1s the number of heterozygous loci in individual j, and

M ;1 is an indicator for whether the two alleles in individual j at locus [ are identical in state.
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Using Equations 2.4 and 2.9 that give formulas for estimators, relations 2.10 between
matching proportions and heterozygosities, moments of matching proportions derived in
Appendix 2.6.3, the Strong Law of Large Numbers and the Continuous Mapping Theorem,
we proved in Appendix 2.6.5 that the difference between estimators Bjsm. and ij converges
almost surely to 0 as L — oo and n — 00, so long as [Mjl, MSZ],Z € {1, ..., L} are independent
and identically distributed (implying m; takes the same value 7 for all [, £(1 — Mﬂ) is the
same quantity (1 — M;) for all I, and £(1 — Mg;) is the same quantity £(1 — M) for all
1) and these two conditions hold: £(1 — M;) # 0 and £(1 — Ms) # 0. From Equation 2.23,
E(1—M;,) = 2m(1 —m)(1 — F;), and Equation 2.25, £(1 — Mg;) = 2m(1 —m)(1 — 6s), these

two conditions are equivalent to m # 0, m # 1, F; # 1, and 6g # 1.

2.3.4.2  Adjusting Bj to Obtain Nonnegative Estimates

If Bj estimates are used in place of Fj’s in diagonal entries (1 + F})’s of a genetic relatedness
matrix (GRM), negative estimates could result in a non-positive semidefinite GRM. To
obtain nonnegative estimates to substitute in for F}’s in a GRM, one can define the following
adjusted estimator: B;-ldj = (B] — BO) /(1 — Bo), where f3, is the mean Bj, averaged over the
least inbred individuals’ in the sample, those with the smallest Bj estimates, assumed to be

those with [} = 0.

2.3.5  Likelihood Approach: First Likelihood Model of Hall et al. (2012) (Genotype Likeli-
hood for MLEg)

If the observed genotype for an individual j at locus [ is Gj;, then the likelihood as a function

of inbreeding coefficient F} is

L

L(Fy) = []Pe(GalFy). (2.11)

=1
where genotype probabilities at each locus are functions of the inbreeding coefficient, as

shown in Equations 2.12,
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Pr(Ad;) = 2+ m(1—m)(F)
Pr(AB;) = 2n(l—m)(1—F;) (2.12)
Pr(BB;) = (1) +m(l—m)(F)),
and genotypes at different loci are assumed to be independent.
Substituting expressions from these three equations into Equation 2.11 and noting that

(m)?+ (m) (1 =) (Fy) = (m)(m 4 (1 —=m)(Fy)) and (1—m)* + (m) (1 —m)(Fj) = (1—m)((1 -

m) + (m)(F})), we obtain expressions for the log likelihood function:

I[L(E})] =Y In(P(GlFy))

= {Laa, In[(m)” + (m) (1 = m) (F)}
=1

+ {Iap;, n[2m (1 — m)(1 — Fy)]}

+ {Ipp, [(1 —m)* + (m)(1 — m)(F})]}

= > {aain(m) + In(m + (1 = =) (F)])

=1
+ {Lap, [In(2) + In(m (1 —m)) + In(1 - F3)[}
+{Ips,[In(1 —m) + In((1 —m) + (m)(F;))]}

L

=04 Z{IAAjl [111<7Tl + (1 — 7Tl)(FJ))]}

=1
+{Lap, [In(1 = F3)[}
+{Ips, [In((1 —m) + (m)(F}))]},

where the indicator Iz is 1 when Z is true and 0 otherwise, and =¢; means we have kept

only terms of In[L(F})] that depend on F}, so that our expression is equivalent to In[L(Fj)]
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up to an added constant. Evaluating In[L(F})] up to an added constant rather than fully
can save computation time.

The first likelihood method of Hall et al. assumes the {m;} are known and equal to sample
allele frequencies {p;}. If the reference allele frequencies {m;} are known, then the likelihood is
a function of a single parameter F;. In evaluating In[L(F})], we consider indicator functions
first, before evaluating the In(.) function, so that only when an individual has a certain
genotype, does the term corresponding to that genotype contribute to the log likelihood
evaluation. If an indicator function is 1, then we consider evaluating the In(.) factor that it
gets multiplied to. If the In(.) factor has an argument (either (p;) + (1 — p)(F}), (1 — F}),
or (1 —p)+ (p)(F;)) that is negative when evaluated at an F; value, we consider that Fj
value outside the domain of In[L(F})]. An analytical solution for MLE F} is not available,
but numerical methods to obtain FJ are available, such as an iterative EM algorithm, or a
one-dimensional grid search over Fj.

Hall et al. use an EM algorithm for an individual with inbreeding coefficient Fj;. We
prefer the grid search over the EM algorithm, because the grid search can return a global
maximizer rather than just a stationary point, and because a 1-dimensional grid search can
involve less computation than performing an iterative procedure until convergence, once per
starting value.

We implemented a grid search as follows:

1. Set a variable log_Like Fj_ MLE that records our latest value for the log likelihood
In(L(F})) evaluated at the MLE F} to —Inf.

2. For loop through Fj values from -1 to 1 (boundaries imposed by Equations 2.12) by
an increment of 0.001.

For each I} value, do steps 3-4.

3. Set variable log_Like_at_Fj_value to 0 and increment its value by summing over L
terms In(P(G;|F;)) up to an added constant, [ € {1,..., L}

To evaluate In(P (G| F})) up to an added constant, for each SNP [, determine X; : 2,1,0
for AA, AB, and BB genotypes. Compute the argument of In(P(G;;|F;)) up to an added
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constant as (p;) + (1 — py)(F}), (1 — Fj), and (1 — p;) + (1) (F;) respectively.

If the argument is less than or equal to zero, return to Step 2 and consider the next F}
value. If the argument is greater than 0, take its natural log In(P(Gj|F;)) up to an added
constant, and add that to log_Like_at_F'j_value.

After iterating over all SNPs, variable log_Like_at_Fj_value should equal In(L(F})) up to

an added constant.

4. If variable log_Like_ Fj_MLE is less than log_Like_at_Fj_value (i.e. In(L(F}))), then
replace log_Like Fj_MLE with log_Like_at_Fj value and set a variable Fj_.MLE that is our
latest value for MLE Fj to the Fj value.

5. After looping over Fj values, we should have variable Fj_-MLE equal to MLE Fj, and
have variable log_Like Fj_MLE be the log likelihood evaluated at the MLE.

The problem with replacing allele frequencies m;’s with sample values p;’s is that sample
values have variances that depend on the inbreeding coefficients {F;} of all members of the
sample and coancestry coefficients {6;;/} of all pairs (j, j') of members of the sample, which
can be seen from Equation 2.18 for £(p?). If n individuals are sampled from a population,

then the sample allele frequency is

n

- 1 1
p = %ij = %Z(le + 2j2),

Jj=1 Jj=1

where the first subscript j of x5 indexes the individual and the second subscript indexes the
allele within that individual. Each xj; has expected value 7 so p also has expected value 7.
The expected value of p? is Equation 2.18 derived in the Appendix:

E(p*) =m° +m(1—7)0s + %W(l —m)(1+ Fw — 26s).

Here we have used the summary measures
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171,
Fy = - Fjand
nis jan
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J=1j'=15'#j

While we do not have an explicit formula for the expectation of Hall et al. (2012)’s MLE for
the model with sample frequencies equal to population frequencies, we surmise that because
its employs p? in its likelihood function (Equation 2.11), and £(p?) is a function of inbreeding
coefficients and coancestry coefficients involving other (non-7) individuals in the sample, Hall
et al. (2012)’s MLE is also biased for Fj}.

We call the MLE Fj from this model Hall MLE 1 (because the likelihood model is Hall
et al. (2012)’s first), or MLEg (because the likelihood model involves genotype probabilities).

We later refer to 3, as the “pedigree parameter” or “parametric pedigree value” of this MLE.

2.3.6  Likelihood Approach: Our Likelihood Model (Heterozygosity Likelihood for MLER)

In our likelihood model, we combine homozygous genotype categories into a single category.

The likelihood function is

I[L(E})] = Y {Iteteroaygous, I[2(m) (1 — m) (1 — F)]}
=1
+ {Homozygous; In[1 — 2(m ) (1 —m)(1 — F;)]},

where Theteronygous;, indicates whether individual j’s genotype at locus [ is heterozygous (1 if
so, 0 otherwise) and IHomzygoqu1 indicates whether the genotype is homozygous (1 if so, 0
otherwise). Our indicators of heterozygous or homozygous genotype are connected to Hall
et al. (2012)’s via the following relations: Iitomonygous, = {aay; + Ipp;, and Ineterozygous;, =

Lig,.
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Intuition for collapsing genotype categories is the following: When we estimate an in-
breeding coefficient F; from genotype data, we are inferring identity by descent (ibd) from
identity by state (ibs). In other words, the relevant information for ibd inference is whether
an individual’s two alleles are ibs (i.e. of the same allelic type), and particular genotypes are
irrelevant.

We use grid search to obtain an MLE for Fj from this model, analogous to the procedure
given for Hall et al. (2012)’s first likelihood model.

To emphasize the difference between Hall et al. (2012)’s first likelihood model and our
model, we call an MLE Fj from our model MLEh, “h” for “heterozygosity,” and we call an
MLE Fj from Hall et al. (2012)’s first likelihood model MLEg, “g” for “genotype.” We later

refer to 3; as the “pedigree parameter” or “parametric pedigree value” of MLEh.

2.3.7 Application to Stmulated Data

The sim package was used by J. Goudet (personal communication) to construct a base
population with SNPs in linkage blocks of 20 Morgans. A set of 20 founders was selected
for a defined pedigree, and 79,069 SNPs were chosen independently to provide genotypes for
115 descendants in this pedigree. Only data for the non-founders were used in the analyses
reported here. There are 17 individuals with inbreeding coefficient of 0.125, and 98 with
inbreeding coefficient of zero, so average inbreeding was Fy = 0.0185 for the sample of 115
individuals. For the 6,555 pairs of distinct individuals, the coancestries (and numbers of
pairs with each value) were 0 (6340), 1/32 (1146), 1/16 (2176), 3/32 (786), 1/8 (1398), 5/32
(228), 3/16 (302), 1/4 (584) and 5/16 (150). The average coancestry s = 0.0538 was greater
than the average inbreeding Fyy .

We applied the following methods to the full data set: GCTA! MME (weighted and un-
weighted), GCTA! MME (weighted and unweighted), Weir and Goudet MME (weighted
and unweighted), Hall et al.’s first genotype likelihood model’s MLE (MLEg), and our het-
erozygosity likelihood model’s MLE (MLEh).

To obtain interval estimates for point estimator 6 an MME (i.e. Weir and Goudet RM
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and MR, GCTA’ MME RM and MR, GCTA/ MME RM and MR) or § an MLE (i.c. Hall
MLE 1 also known as MLEg, and MLEh), we performed the following bootstrap procedure
for each estimator 6 of an individual-specific parameter:

(1) Sample L columns of [)_(’.1, ...,)_(‘.l, ...,)_(’.L], where )_(’,l is the vector of n individuals’
dosages at locus [, with replacement, obtaining bootstrap sample [)Z*l, ey )Z'_’;, ey )Z'*L]

(2) Calculate [0y, ..., 0,] for n individuals on the bootstrap sample.

For 6 an MME, we repeated Steps (1)-(2) B = 1,000 times to get 1,000 MMEJ» estimates
per individual j. For 6 an MLE, due to the computational burden of grid search, we used
B = 80. We took the [0.025, 0.975] quantiles of bootstrap estimates to form a 95% confidence
interval (CI) for . We calculated coverage as the fraction of n = 115 Cls that covered the
parameter of interest (either F; or the estimator’s pedigree parameter), where an interval
[lower endpoint, upper endpoint] was considered to cover a parameter if lower endpoint <

parameter < upper endpoint.
2.4 Results

We evaluated MME and MLE point estimators and their bootstrap interval estimators on

simulated data.

2.4.1 Squared Bias and Mean Squared Error (MSE)

Observing Table 2.1, we see that every estimator’s parametric pedigree MSE is lower than
its F; MSE, and every estimator’s parametric pedigree Bias® is lower than its F; Bias?,
indicating that these estimators are better estimators of their pedigree parameters than of
F;.

Of the estimators with pedigree parameter 3;, we list methods in order of 3; MSE, from
lowest to highest: Weir and Goudet ij Ratio of Means MME, our MLEh, Hall et al. (2012)’s
MLEg, and Weir and Goudet Bju Mean of Ratios MME. We note that Weir and Goudet’s
MME RM had low squared bias for 3;. Since we derived that the difference between the
weighted Weir and Goudet ij MME and Hall et al.’s simple MME converges almost surely
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to 0 when n — oo, L — oo, and Fj # 1, 0g # 1, and for all I, m; # 0, m # 1, in samples
with a large number n of individuals and a large number L of loci, Hall et al.’s simple MME

should also have low bias for f;.
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Bias? Parametric

MSE Parametric

Estimator Bias? F; MSE Fj
Pedigree Value Pedigree Value
Weir and Goudet A-w
bi 3.18x107% 3.21x1073 2.49%x1077 3.41x107°
Ratio of Means MME
Weir and Goudet A-u
bi 2.75x107%  2.58x 1072 1.16x107° 2.28x1072
Mean of Ratios MME
GCTAIM
I 3.69x1073 8.30x1073 5.97x107° 9.41x107°
Ratio of Means MME
GCTAIU
/ 3.22x107% 4.29%1072 1.36x1074 1.88x 1072
Mean of Ratios MME
GCTA%I
I 3.69x107% 4.86x1073 1.50x10~7 1.93x107°
Ratio of Means MME
GCTAJI-{LI
3.22x107% 3.95%x1073 1.26x107° 2.11x107*
Mean of Ratios MME
MLEg 3.04x107% 3.80x1073 4.94%x1077 8.46x10*
MLEhQ 3.72x107% 3.94x1073 2.63x107° 2.62x10~*

Data. Bias® was [S..

=1

=1

Table 2.1: Bias? and MSE of MMEs, Hall et al. (2012)’s MLEg, and Our MLEh on Simulated
(; — 6;)/115)*> and Mean Squared Error (MSE) was S.'*°

(0; -

6;)?/115 for estimator éj and two parameters ¢;, individual j inbreeding coefficient F; and

the estimator’s parametric pedigree value.



2.4.2  Coverages

95

Estimator F; Coverage Parametric Pedigree Value Coverage

Weir and Goudet f3;,, Ratio of Means MME 0.00 9.39x107!
Weir and Goudet Bju Mean of Ratios MME ~ 1.13x107* 1.57x1071
GCTA!, Ratio of Means MME 2.61x1072 7.13x1071
GCTA], Mean of Ratios MME 6.09x102 1.91x107*
GCTAJI{UI Ratio of Means MME 4.35x1072 9.57x107!
GCTAI" Mean of Ratios MME 4.35x1072 3.83x107!
MLEg 1.74x1071 5.83x107¢

MLEh 6.96x1072 9.65x107!

Table 2.2: 95% Nominal Bootstrap Confidence Interval Coverages of Methods for Pedigree
F; and Each Method’s Pedigree Parameter. Weir and Goudet MMEs, MLEg, and MLEh
all had the same pedigree parameter 3;. GCTA! and GCTAY!Y MMEs’ pedigree parameters
were given in Section 2.3.3. Coverage was the fraction of n = 115 intervals that covered the

parameter.

Coverages of 95% confidence intervals of estimators for F; and their pedigree parameters are
given in Table 2.2. No estimator had coverage close to 95% for F;. For Weir and Goudet
MMEs (RM and MR), MLEg, and MLEh, the pedigree parameter was the same quantity,
B;. We see that MLEh and Weir and Goudet RM had coverages close to 95% for 3;, and
comparing likelihood methods, MLEh had coverage closer to 95% than MLEg. Comparing
MMEs, RM had higher pedigree parameter coverage than MR.

2.4.3 Plots of Estimates vs Parameter Values F; and B; Determined from the Pedigree

Figure 2.2 plots GCTA? MME estimates, combining over loci using the ratio of means (RM)

and mean of ratios (MR) methods, for n = 115 simulated individuals versus individuals’
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pedigree F; values and parametric pedigree (F; — 41; + 36s)/(1 — Os) values. We see that
estimates track more closely with parametric pedigree values than with pedigree F} values,
which is surprising, since GCTA? MMEs (RM and MR) were intended to estimate F}, not the
estimator’s pedigree parameter. Closer tracking with the pedigree parameter is consistent
with the estimators having higher coverage for their pedigree parameter than for F}, shown
in Table 2.2, as well as lower Bias? for their pedigree parameter than for F}, shown in Table
2.1. Figure 2.3 gives the same Figure 2.2 with y-axis constrained to [-0.15,0.15].

Figure 2.4 plots GCTA!! MME estimates, combining over loci using the ratio of means
(RM) and mean of ratios (MR) methods, for the same n = 115 simulated individuals versus
individuals’ pedigree F; values and parametric pedigree (F; —21; +0s)/(1 — 0s) values. We
see that estimates tracked more closely with parametric pedigree values than with pedigree F)
values, which is surprising, since GCTAY MMEs (RM and MR) were intended to estimate
F;, not the estimator’s pedigree parameter. Closer tracking with the pedigree parameter is
consistent with the estimators having higher coverage for their pedigree parameter than for
F;, shown in Table 2.2, as well as lower Bias? for their pedigree parameter than for F}, shown
in Table 2.1. Figure 2.4’s y-axis is essentially constrained to [-0.15,0.15].

Figure 2.5 plots Weir and Goudet Bj MME estimates, combining over loci using the ratio
of means (RM) and mean of ratios (MR) methods, for the same n = 115 individuals versus
individuals’ pedigree F; and parametric pedigree 3; values. We see that estimates tracked
more closely with parametric pedigree [3; values than with pedigree Fj values, which is not
surprising, since the Weir and Goudet Bj MME was designed to estimate f3;, not Fj. Closer
tracking with the pedigree parameter is consistent with the estimators having higher coverage
for their pedigree parameter than for F}, shown in Table 2.2, as well as lower Bias? for their
pedigree parameter than for Fj, shown in Table 2.1. Figure 2.6 gives the same Figure 2.5
with y-axis constrained to [-0.15, 0.15].

Figure 2.7 plots point estimates for Hall Model 1 (i.e. genotype likelihood MLEg), where
sample frequencies are assumed equal to population frequencies, for the same n = 115

individuals versus individuals’ pedigree F; and parametric pedigree 3; values. We see that
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estimates tracked more closely with parametric pedigree [3; values than with pedigree F)
values, consistent with higher coverage for 3; than for Fj, shown in Table 2.2, as well as
lower Bias? for 3; than for F};, shown in Table 2.1. Figure 2.8 gives the same Figure 2.7 with
y-axis constrained to [-0.15,0.15].

Figure 2.9 plots the heterozygosity MLE (MLEh) point estimates, where sample frequen-
cies are assumed equal to population frequencies, for the same n = 115 individuals versus
individuals’ pedigree F; and parametric pedigree (; values. We see that estimates tracked
more closely with parametric pedigree 3; values than with pedigree F} values, consistent
with higher coverage for §; than for F}, shown in Table 2.2, as well as lower Bias? for 3; than
for Fj, shown in Table 2.1. Figure 2.10 gives the same Figure 2.9 with y-axis constrained to
[-0.15,0.15].

Comparing all these Figures 2.3, 2.4, 2.6, 2.8, and 2.10 on the same scale, we see that
none of these estimators tracked closely with F;. Comparing Figures 2.6 and 2.10, we see that

the Weir and Goudet MME RM had narrower bootstrap confidence intervals than MLEh.
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Figure 2.2: GCTA! MME (RM and MR) Estimates for 115 Individuals and their Pedigree
F; and Parametric Pedigree Values. Black, Hollow Circle: GCTA! MME RM point
estimates and 95% bootstrap confidence intervals. Blue, Solid Circle: GCTA! MME
MR point estimates and 95% bootstrap confidence intervals. Red, Cross: F; parameter
determined from pedigree. Green, Hollow Triangle: Parameter (F; —41; +30s)/(1 —6s)

determined from pedigree.
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Figure 2.3: GCTA! MME (RM and MR) Estimates for 115 Individuals and their Pedigree
F; and Parametric Pedigree Values with y-axis constrained to [-0.15,0.15]. Black, Hollow
Circle: GCTA! MME RM point estimates and 95% bootstrap confidence intervals. Blue,
Solid Circle: GCTA! MME MR point estimates and 95% bootstrap confidence intervals.

Red, Cross: F; parameter determined from pedigree. Green, Hollow Triangle: Param-

eter (F; —41; 4+ 30s)/(1 — Os) determined from pedigree.
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Figure 2.4: GCTAY MME (RM and MR) Estimates for 115 Individuals and their Pedigree
F; and Parametric Pedigree Values. Black, Hollow Circle: GCTAY MME RM point
estimates and 95% bootstrap confidence intervals. Blue, Solid Circle: GCTA!! MME
MR point estimates and 95% bootstrap confidence intervals. Red, Cross: F; parameter
determined from pedigree. Green, Hollow Triangle: Parameter (F; — 2¢; + 6s)/(1 — 6s)

determined from pedigree.
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Figure 2.5: Weir and Goudet MME (RM and MR) Estimates for 115 Individuals and their
Pedigree F; and 3; Values. Black, Hollow Circle: Weir and Goudet MME RM point
estimates and 95% bootstrap CI's. Blue, Solid Circle: Weir and Goudet MME MR point
estimates and 95% bootstrap CI's. Red, Cross: F; parameter determined from pedigree.

Green, Hollow Triangle: Parameter 3; determined from pedigree.
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Figure 2.6: Weir and Goudet MME (RM and MR) Estimates for 115 Individuals and their
Pedigree F; and (; Values with y-axis constrained to [-0.15,0.15]. Black, Hollow Circle:
Weir and Goudet MME RM point estimates and 95% bootstrap CI’s. Blue, Solid Circle:
Weir and Goudet MME MR point estimates and 95% bootstrap CI’s. Red, Cross: F)
parameter determined from pedigree. Green, Hollow Triangle: Parameter §; determined

from pedigree.
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Figure 2.7: Hall MLE 1 (i.e. MLEg) Estimates for 115 Individuals and their Pedigree F)
and (; Values. Black, Hollow Circle: Hall MLE 1 (i.e. MLEg) point estimates and
95% bootstrap confidence intervals. Red, Cross: F; parameter determined from pedigree.

Green, Hollow Triangle: Parameter 3; determined from pedigree.
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Figure 2.8: Hall MLE 1 (i.e. MLEg) Estimates for 115 Individuals and their Pedigree F}
and f; Values with y-axis constrained to [-0.15,0.15]. Black, Hollow Circle: Hall MLE
1 (i.e. MLEg) point estimates and 95% bootstrap confidence intervals. Red, Cross: Fj

parameter determined from pedigree. Green, Hollow Triangle: Parameter §; determined

from pedigree.
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Figure 2.9: MLEh Estimates for 115 Individuals and their Pedigree F}; and /3; Values. Black,
Hollow Circle: MLEh point estimates and 95% bootstrap confidence intervals. Red,

Cross: I parameter determined from pedigree. Green, Hollow Triangle: Parameter 3;

determined from pedigree.
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Figure 2.10: MLEh Estimates for 115 Individuals and their Pedigree F; and [; Values
with y-axis constrained to [-0.15,0.15]. Black, Hollow Circle: MLEh point estimates and
95% bootstrap confidence intervals. Red, Cross: F; parameter determined from pedigree.

Green, Hollow Triangle: Parameter 3; determined from pedigree.
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2.5 Conclusion

We have reviewed estimators that previous authors introduced as estimators of F; or §;: the
weighted Weir and Goudet ij (ratio of means) MME and unweighted Weir and Goudet Bju
(mean of ratios) MME were introduced as f; estimators, and the weighted GCTAf,, (ratio
of means) MME, unweighted GCTA, (mean of ratios) MME, weighted GCTAL! (ratio of

means) MME, unweighted GCTA!!" (mean of ratios) MME, Hall et al.’s simple MME, and

Hall MLE 1 (MLEg) were introduced as F} estimators. We introduced a new likelihood
estimator for 3;, which we call MLEh.

We have shown that the second moment of each sample allele frequency is not simply a
function of a single individual j’s inbreeding coefficient, but a function of inbreeding coeffi-
cients of all n individuals in the sample as well coancestry coefficients between all distinct
pairs of individuals in the sample. In Hall et al.’s first model, one assumes in the likeli-
hood function that sample allele frequencies p;’s are equal to population frequencies m;’s,
and p? arises in the likelihood function, which results in bias of the MLE ﬁ’j for individual
J’s inbreeding coefficient F;. We give a grid search algorithm for obtaining Hall et al.’s first
model’s MLE F i, and apply it to simulated data for n = 115 individuals, showing that MLE
estimates do not track closely with pedigree F; values, consistent with the MLE being biased

fOI' Fj.

We find that none of these existing estimators are unbiased for F; on simulated data, and
none of these estimators tracked closely with pedigree F; parameter values. The bias of these
estimators for Fj can be explained by their imperfect information or lack of information about
ancestral population reference allele frequencies m;’s. Sample allele frequencies p;’s present in
Hall et al.’s simple MME, GCTA! and GCTA!f MMEs, Hall et al.’s first model’s likelihood
function, and our MLEh’s likelihood function are imperfect proxies of m;’s, as illustrated
by £(p?) not being 77, but a function of inbreeding coefficients and coancestry coefficients
involving all sample individuals. Weir and Goudet’s MME does not employ a sample allele

frequency p;, and does not have any other source of information about m;’s. As E. Thompson
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put it, “There is no absolute measure of ibd; ibd is always relative to some ancestral reference
population.” (Thompson, 2013) Without knowing reference allele frequencies m;’s for this
ancestral reference population, we cannot estimate inbreeding coefficients F}’s without bias.
From Bias?, MSE, coverage, and tracking of estimates, we see that all estimators are
better at estimating their pedigree parameters (3; for Weir and Goudet MME RM and MR,
MLEg, and MLEh, (F; — 44; + 305)/(1 — 05) for GCTA! RM and MR, and (F; — 2¢; +
fs5)/(1 — 0s) for GCTAYT RM and MR) than at estimating F;. Of the estimators with
pedigree parameters (3;, the Weir and Goudet MME RM and MLEh both had close to 95%
coverage for 3; in our simulation study, and had the lowest 3; MSE values. Our MLEh is an
improvement over the existing MLEg, in that MLEh had lower 8; MSE and coverage much
closer to 95%. However, the Weir and Goudet MME RM had lower j3; Bias?, lower 5; MSE,
and was faster to compute than MLEh, so we advocate usage of the Weir and Goudet ij

MME for estimation of f;.

2.6 Appendix:

2.6.1 Allele Frequencies

For allele £ = 1,2 at locus [ in individual j, define indicator variable x;; to be 1 if it is the
reference allele and 0 otherwise. Parameters 7, Fj, 6, were defined in Weir and Hill (2002)

as parameters that make the following relations hold:

E(wjm) = (
E(x5) (
E(wjmmjen) = (m)* + (m)(1 = m)(F), k# K, and (2.
) = (m)* + (m)(1 = m)(050), J#5" (

B
—_
=~

[\
—
(S
—  ~—  ~— ~~—

(%kl%/k'z

Expectations are over replicates of the evolutionary process leading to population j.
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Functions of locus I’s sample allele proportion p; have expectations given below. From

above Equations 2.13, 2.14, 2.15, and 2.16, we have:

Elp) =m (2.17)

n n

2 2 n n 2 2
2
E xjkl—l—g E E l‘jkzl'jk'l-i-g E E E TikiT k']
i=1

2
j=1 k=1 =1 k=1 k'=1 =1 j'=1 k=1 k'=1
k7K 5

~2

1
Pr= e

) 1 n n n
g(plQ) = w 27”L7T1 + 2;[71’12 + 7Tl<1 — WZ)F}‘] + 4;]/21[71'[2 + 7Tl(1 — 7'('[)9]']'/]
J#5’

1
=1 {2nm + 2n[r} + m(1 — m)Fw] + 4n(n — 1)[x} + m(1 — m)0s] }

1
:7Tl2+7Tl(1—7Tl) |:93+%(1+Fw—295):| . (218)

2.6.2 Allele Dosages

Allele dosages are Xj; = xj1; + ;9. Using expectations 2.14 and 2.15, allele dosages have

expectations given below.
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E(X,) = Eaju + wy31) = 27, (2.19)
E(X3) = &( ((%‘11 + @) (T + %21))

= E(ady + 2mjumjy + Toy)

= (m) +2((m)* + (m)(1 = ) ) + (m)

=2(m)(1+m) + 2m(1 — m) . (2.20)

Using Equation 2.16, we obtain

E(XuXju) =& ((Iju + jor) (w10 + %"21))
=&

<$j1l$j/1z + TjuTjyo + T + $j21$j/2l>

4<7rl2 Fm(l - m)ejj,) (2.21)

which will be useful in deriving Equation 3.15.

The following will be useful in deriving Equation 3.18:

n

Xjpr = (Tju + xjo1) [Z(%"l + l"j'm)/(%)]

j'=1

1 n
= 5 | (@t zm)” + D (@ + wym) (@ + wym)
=1
i1

If ¢, = Z?,:Lj,#j 6,;/(n — 1) is the average coancestry of individual j with every other

member of the sample, using Equations 2.20 and 2.16,
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i 1 .
E(Xupr) = I EX)+) € <($ju + o) (T + 1’]"21))

e
=§ﬁh@&1+mwamwa—mﬂﬂ+)2:$k«mf+mnu—mwwﬂ}
= o A[2m) (1 m) 4+ 2m) (1 ) F + 4= D) + ) -m) Y 6}
i'=1#d
= o ([2m+ 2 4+ 2m(1 — ) F] + Aln — Dl + m(1 - m) ]}
:271'[2—’—27'(1(1—7Tl)77/)j+%7Tl(1—7Tl)(1+Fj—2¢j) (2.22)

2.6.3 Matching Proportions

Within individual j, the matching proportion at locus [, Mjl = (X;; — 1)%, has expectation

E(My,) = E((Xu —1)%) = E(X7 — 2Xj + 1)
=E(X) — (2EX;) + 1
= [2(m)1 +m) + 2m(1 - m)Fj} _9 [2m] +1
— 1 2m)(1 - ) (1~ )

5(1 - sz) = 27Tl(1 - 7Tl)(l - P})v (2‘23)

and, adding over loci:

where H, := ), 2m(1 — m).

Between pairs of individuals j, 7/ the matching proportion ij/ and its expectation are
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= 2 (X - (X — 1)

Mg = 3
1
— 5[1 + leXj’l — Xj’l — le + 1],

and, averaging over distinct pairs of individuals from the same population of n individuals,

Mg = ——— n(n—1) ZZ Ji

Jj=1y5=1
J#J

E(MSZ): n—l ZZE ]Jl

Jj=1j=1
J#3’

- n_l 22[1—% 1—m)(1—6;,)

Jj=1j=1
J#J’

=1-2m(1—m)(1—6) (2.24)

E(1 — Mg) = 2m(1 —m)(1 — bs). (2.25)
Adding over loci and considering Equation 2.25, we have

ED (1—Mg)]=> (E[1 - Mg])

= Z(Qm(l —m)(1 —bs))

= (Hc)(1—0s).

2.6.4 Match Statistics in Terms of Heterozygosities

Sample match proportions can be expressed in terms of heterozygosities. For a heterozygous

individual j at locus I, (1 — Mj) = 1, so

> (1= My) = Hj,. (2.26)
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The match statistic Mg considers pairs of individuals in the same population. Using
Equation 2.8, noting that a sample reference allele frequency at locus [ is p; = 2?21 X/ (2n),
using the indicator of whether individual j is observed to be heterozygous at locus | H joy =
(1 — M; ) (I = X3 +2Xj; — 1), and recalling definitions from Section 2.3.4.1 that Hj, =
S Hj, and H, = > i Hj,/n, we can relate Y1, (1 — Mg;) to heterozygosities:

l;(l—Msz) = ; {12”(;1);;[1“&1 1)(X,0q — 1)]
3#5’
D e DR wE RERE) s SRR
=1 L j=1 j=1
- ;{1_m _4n Py _4npl+]zl 301_477/(”_1)151"‘2”(”—1)]}

L
= [Z2pl1_pl m 2ZHJO

2.6.5 Difference Between Simple MME and Weir and Goudet MME Converges Almost
Surely to 0 Under Certain Conditions

From relations and definitions mentioned in Section 2.3.4.1, such as Equation 2.4 giving Bjsm..
in terms of heterozygosities, and Equations 2.10 and 2.26 giving heterozygosities in terms of

match statistics, the simple MME is
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The first equation is Equation 2.4, and the second equation follows from Equations 2.10 and

2.26. As a shorthand, we use ), to mean Zlel‘ Now recall from Equation 2.9,

L L
Biw=1=> (1= M)/ > (1 - Mg)
=1

=1

The difference is

B~ B = [1= 00— )/ S0 - g 4 - 3 2= My

Introducing means by dividing by L, we have:

B, = B = |[D_ (1= M) /L)Y (1 = M) /L]

N DR AVAItt) 3yt R IR Qb BUSINIES

l l
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If different loci’s match statistics [1— M}, 1-M s1] are independent and identically distributed,
then by the Strong Law of Large Numbers (SLLN) (page 6 of Vaart (1998)), we conclude
that [3,(1 — My)/L,>",(1 — Mg;)/L] converges almost surely to [£(1 — Mj), E(1 — Mg)]
as L — oo, denoted [Y,(1 — My)/L,>",(1 — Mg;)/L] —as [E(1 — M), E(1 — Mg;)]. Note
that [I — Mj;, 1 — Mg being identically distributed for all I € {1, ..., L} implies that m; is the
same quantity 7 for all [, £(1 — Mjl) is the same quantity (1 — Mj) for all I, and £(1 — Mg)
is the same quantity (1 — Mg) for all I.

For ease of notation, let us define the following quantities,

X, =Y (1-My)/L

so that

X XL

5jSim< - FPjw — T -1 1 X
YL n YL + 2n Z

Jj=1 n
= g(XL7 YL)

where function g(z,y) :== z/y —z/|((n—=1)/(n))y+1/(2n) >_7_, x/n] is continuous at every
point [z, y] € R? such that z # 0 and y # 0. By the Continuous Mapping Theorem (Theorem
2.3 of Vaart (1998)), we know that if a function f : R¥ — R™ is a continuous function at every
point of a set C' such that P(X € C) = 1, and if a sequence of random variables X,, —,5 X,
then f(X,) —as f(X). The n in this statement of the Continuous Mapping Theorem is
like our L, and the function f is like our g. Because [X1,Yz] —vas. [E(1 — M;),E(1 — Mg)]
by SLLN, by the Continuous Mapping Theorem, if [£(1 — Mj), £(1 — Mg)] does not have
a 0 element (i.e. is not a point where function g is discontinuous), then ¢(X.,Yr) —as.
g(E(1—=M;),E(1—Msg)). Expectations (1—Mj;) and £(1— Mg;) for any locus I € {1, ..., L}
are derived in Section 2.6.3 as 2(m)(1 — m)(1 — F;) and 2(m)(1 — m)(1 — fs) respectively.
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Hence, [£(1 — M;),£(1 — Myg)] not having a 0 element is equivalent to 7 # 0, 7 # 1, Fj # 1
and fg # 1.
Explicitly writing out g(£(1 — M;), E(1 — Ms)) , we see that it can be seen as a function

of n:

E(L—M;) £(1 - M)
E(1—=Ms)  n=lg(1— Mg)+ & S0 2

n

g(E(1 = M)),E(1 — Ms)) =

Taking the limit as n — oo, g(£(1 — M;),E(1 — Mg)) — 0.

In summary, we have, if [1 — Mﬂ,l — Mg are independent and identically distributed
for all loci I € {1,..., L} (implying 7; is the same quantity « for all I, £(1 — Mj;) is the
same quantity (1 — M;) for all [, and £(1 — Mg;) is the same quantity £(1 — Mg) for all )
and [£(1 — M;),E(1 — Mg)] = [2(7)(1 — 7)(1 — F}),2(n)(1 — 7)(1 — 05)] does not have a 0
element (i.e. m# 0, m # 1, F; # 1, and g # 1), then the difference Bjsm — ij between the

simple MME and Weir and Goudet estimators converges almost surely to 0 as . — oo and

n — 0.
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Chapter 3

ESTIMATION OF INDIVIDUAL PAIR COANCESTRY
COEFFICIENTS AND POPULATION-SPECIFIC Fsr

3.1 Introduction

In Chapter 2, we considered estimation of the inbreeding coefficient, a measure of the relation-
ship between the two alleles an individual carries at each locus. We showed that estimators
are affected by all the individuals in a study that are used to provide information about
allele frequencies, but our focus was on estimating Fj = 6% i, the ibd probability between
alleles 1 and 2 in the same individual j, so necessarily in the same population :.

We now extend our treatment to estimating 9;-3-',, the ibd probability between alleles in
different individuals j and j” from populations i and i’ respectively, where ¢ = ¢’ (the individ-
uals are from the same population) or i # ¢’ (the individuals are from different populations),
and each individual may be inbred (F} # 0 or F}; # 0) or not (F/ = 0 or Fl; = 0), i.e. F} >0
and F;,l > 0. If alleles taken from two individuals in the same population are identical by
descent (ibd), the individuals are said to be related and the probability of this event is called
the coancestry or kinship coefficient of those individuals. If two alleles taken from the same
population have a higher probability of being ibd than alleles from two different populations,
then there is said to be population structure.

Population structure can be measured by population-specific Fsr, defined as 5* = (6" —
0p)/(1 — 0p), where 0" = 377 | >0, .. 07 /(n* —n) is the probability that two distinct
alleles sampled without replacement from a sample of n individuals from population ¢ are
ibd, and 0p == Y7_) > s 07 /(r* — 1) is the average of probabilities 6""s for an allele
from one population to be ibd to an allele from a different population, where the average is

taken over all pairs of different populations in a collection of » populations. Intuitively,
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is a measure of the genetic relatedness 6 of population i relative to the genetic relatedness
Op of a collection of populations of which 7 is a member. When we consider the definition of
B¢, the alleles belonging to population ¢ are those in what we call a “target set” of alleles,
whose genetic relatedness we are interested in measuring relative to the genetic relatedness

of another collection of alleles.

Relatedness and population structure have a common basis and we will show that estima-
tion of kinship and population structure parameters can have a single formal structure. We
note that many published accounts of estimating population structure parameters assume
that individuals from different populations are unrelated just as we showed in Chapter 2 that
many published estimators of the inbreeding coefficient assume that all pairs of individuals

in a study are unrelated.

Many population genetic activities, ranging from forensic identification to association
mapping to evolutionary studies, rely on appropriate estimates of population structure or
relatedness. In forensic science, the match probability, the chance that an untyped person
(e.g. perpetrator) will have a certain genotype given that a typed person (e.g. suspect
who is not the perpetrator) has that genotype, assuming that the two people belong to the
same population i, depends on ¢° (Scientific Working Group on DNA Analysis Methods,
2014; Buckleton et al., 2016; Balding and Nichols, 1995) as Equation 1 of Buckleton et al.
(2016) shows. Since ibd can be estimated only in a relative sense, not an absolute sense,
in practice, ¢ is replaced by an estimate of 3’ defined as (0° — 0g)/(1 — 6g). In genetic
association mapping, the association statistics are affected by population structure to a
degree quantified by the appropriate 6 parameters, estimated as 3 parameters (Gravel et al.,
2013). Kinship coeffiicents {0;.?,} also arise in a genetic relatedness matrix used to allow
for relatedness and inbreeding in genome-wide association studies (Conomos, 2014), and

1= (02, —0s)/(1—0s) may be useful instead of {62} (Goudet, personal communication).
In evolutionary genetics, outlying estimates of 3" = (§°—605)/(1—0p) can be used to identify
genomic regions that may have different allele frequencies in different populations because of

natural selection (Beaumont and Balding, 2004). Population-specific 4’s have an advantage
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over the standard Fgr, i.e. By, the average over populations of $'s, in showing regions of
differentiated frequencies that can be hidden by standard Fsr (Weir et al., 2005).

All applications of population structure or relatedness require recognition that quantities
with an underlying meaning of allelic dependence are not defined in an absolute sense, but
instead are made ‘“relative to” some set of alleles other than the target set. We take the
reference set to be the population from which study individuals have been sampled. If A;k
is allele k at some locus in individual j in (a sample from) population i, we assign the
allelic indicator l‘;k the value 1 if it is the reference allele type. The reference allele dosage,
XJ’: for individual j in population i is XJZ: = :16;-1 + x;2 The expected value of x;'-k, where
expectation is over replicates of the evolutionary history of that allele, is 7, the probability a
random allele is the reference type, regardless of which individual carries that allele or which
population contains that individual. The essence of our treatment rests on the expectation
of the products of two x’s, or the probabilities that pairs of alleles are both the reference

type. For alleles A%, and A;'-',k/,

For a single individual j in population ¢, the inbreeding coefficient F; is the coancestry
coefficient of the two alleles k,k’: F ; = 49;2 s K # k’. The coancestry, or kinship, coefficient
0;?, for individuals j, j' is the average of the four allele-pair coancestry coefficients 9;1,; 1k OVer
k=1,2and k' =1,2. When j and j' are members of the same population 7, the superscript
pair i7" may be written simply as 7 or even omitted, and similarly for genetic relatedness
measures involving a single individual j, so for example, F]’ is the same as Fj.

The coancestry for pairs of populations is the average coancestry for pairs of alleles, one in
each population: for populations 7,4 the quantity HiBi’ is the average over all j, 7' and all k, &’/
of H;Zkl s and when ¢ = ¢’ we write the average as 65 or ¢’. For randomly-mating populations,
F; = 0;- ;o for all 7, 5, and we can drop the j subscripts in referring to coancestries, 6° within

population ¢ and 6% between populations 7, 7.
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There is a large literature giving moment estimators of individual- and population-level
coancestries, although very little recognition that the same estimators apply to individuals
and to populations, and that population-level estimators are averages of individual-level
estimators. There is a smaller literature for likelihood-based estimators of individual-level
and population-level estimators.

We review estimators of the coancestry coefficient 6, between individuals j and j" when
individuals come from the same population. These include the simple method of moments es-
timator (MME), Weir and Goudet Bjj/ weighted and unweighted MMEs, GCTA éjj/ weighted
and unweighted MMEs, and MLEs. We also consider a novel dosage variance-covariance es-
timator. We evaluate many of these estimators on simulated genetic and pedigree data for
one population.

We review estimators of population-i specific Fsr ' := (05 —60p)/(1—0z). These include
Weir and Goudet’s B’ MME (which allows 6 > 0), and existing Bayesian methods by Foll
and Gaggiotti (2006) (which assumes g = 0) and Gunther and Coop (2013) (which allows
0 > 0). We develop a novel Bayesian estimator of 3’ that allows two different populations’
allele frequencies to be dependent random variables (allowing g = 02 > 0), and assigns
each allele frequency a Beta prior distribution, which has a population genetic justification
(Wright, 1931). We evaluate these estimators on simulated genetic data for two populations,

and demonstrate an application to real data from the HealthABC cohort study.

3.2 DMethods: Two Individuals from the Same Population

3.2.1 Methods: Calculation of Pedigree-Determined Parameter Values, and Simulated Data

In this section we consider pairs of individuals in the same population ¢ and, for convenience,
omit the ¢ superscript. The ibd probability for alleles taken randomly from individuals j, j
is written as 6;;;. These values can be determined from the pedigree of j and j": if diploid
individual J is ancestral to both j and j’, and if there are n individuals in the pedigree path

joining j to j’ through J, including j and j’, then 6;;, = > (0.5)"(1 4+ F);) where F} is the
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inbreeding coefficient of J and the sum is over all ancestors J and all paths joining j to j’
through J (Wright 1922). If ancestor J is further back in time than the reference time, then
it does not contribute to the relatedness of individuals j and j’.

The sim package was used by J. Goudet (personal communication) to construct a base
population with SNPs in linkage blocks of 20 Morgans. A set of 20 founders was selected
for a defined pedigree, and 79,069 SNPs were chosen independently to provide genotypes for
115 descendants in this pedigree. Only data for the non-founders were used in the analyses
reported here. There are 17 individuals with inbreeding coefficient of 0.125, and 98 with
inbreeding coefficient of zero, so average inbreeding was Fy, = 0.0185 for the sample of 115
individuals. For the 6,555 pairs of distinct individuals, the coancestries (and numbers of
pairs with each value) were 0 (6340), 1/32 (1146), 1/16 (2176), 3/32 (786), 1/8 (1398), 5/32
(228), 3/16 (302), 1/4 (584) and 5/16 (150). The average coancestry 0 = 0.0538 was greater
than the average inbreeding Fyy .

We removed monomorphic markers, which left L = 72,529 SNPs, and then applied vari-
ous estimators, which we will describe, to this simulated data set, and obtained approximate

95% confidence intervals with 1,000 bootstrap samples.

3.2.2  Methods: Method of Moments Estimation (MME)

The allele dosages X, for reference allele A at locus [ allow the sample allelic matching

proportion Mij{ for individuals j and j’ to be calculated as

Wty = 511+ (X, = 1) 1) (3.2)

73

This quantity has the value 1 for AA, AA and BB, BB pairs, where B is the non-reference
allele; the value 0.5 for pairs AA, AB; AB, AB; BB, AB; AB, AA; AB, BB and the value 0
for pairs AA, BB; BB, AA.

To clarify the parameters being estimated by coancestry estimators, we return to the

discussion of within-population and total expectations in Chapter 2. Conditional on the
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actual allele proportions p; for SNP [ in a population, the probability P(A, A) jj; an allele from
individual j and one from individual j’ are both the reference type A at locus [ introduces

the within-population coancestry coefficient ¢,

P(AA) = pi+oi(1—p)djy

Taking expectations over evolutionary replicates of the population brings in the coancestry
coefficient 6, for individuals 7, j°, the probability an allele drawn from one is ibd to an allele

from the other,

P(A7A)jjl’ = 7Tl2+7Tl(1—7Tl)9jj/.

With this framework, the within-population expectation of the matching statistic ijl/ is

EW(MJ]l/) = 1- 2pl + P(A7 A)jjl/
= 1-2p(1 —p)(1 — dj;),

and the total expectation is

Er(My) = 1—2m(1—m)(1—0s)(1— ).
The within-population coancestry coefficient ¢, therefore satisfies
6, —bs

1—0s "’

and it is this quantity, not 6,;,, that can be estimated with data from a single population.

bjj =

The ibd probabilities ¢;;; and 65 can be calculated if the pedigrees of all individuals in the
sample are known and these provide the pedigree-determined values of the target parameters
of this section. We also write ¢;;» as 8;; in the same way that we wrote the within-population

inbreeding coefficient f; as 8; in Chapter 2.
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3.2.2.1 Methods: Simple MME

If the allele probabilities m; are known, then a simple method of moments estimator (MME)

18

- > = M)

0. =1-
JJidealSim. Zl 2m(1 —m)’

where “idealSim.” stands for the “ideal simple” estimator. We call the estimator ideal

~

because its expected value E(6;; ) = 60;;.. To deal with unknown 7, the substitution of

’
idealSim.

sample allele frequencies {p;} for {m;} has been proposed. A formula analogous to éjji/dealSim.

was given as Equation 2 by Ritland (1996).

When the allele probabilities m; are known, 0, provides an unbiased estimate of

JJidealSim.
the coancestry 0;;,. If the sample allele proportions p; are used in place of m;, however, it is
the within-population coancestry (3;; that can be considered. By analogy to the argument
motivating the definition of the within-population inbreeding coefficient in Section 2.2.1,

replacing Equation 2.1 with Ew (zj,xs) = p* + p(1 — p)6;;, we define the within-population
coancestry coefficient §;; as (6;;; — 0s)/(1 — 0s). We write

(- M)
22201 = p)’

where “Sim.” stands for “simple.” As the expectation of 2p;(1 — p;) is not 2m(1 — ), this

Bijhim, = 1

estimator does not provide an unbiased estimate of 0,;/, although we show in Appendix 3.8.1

that the ratio of expected values for its numerator and denominator is

Er(Numerator) O — s — > (1+ Fy — 205)
Er(Denominator) 1 — g — %(1 + By —205)

(3.3)

We define the simple estimator @jjéim’s “pedigree-determined parameter” to be the within-

population coancestry coefficient 3;;,. The simple estimator B\jjéim. might be regarded as
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an estimator of its pedigree-determined parameter, and we show some numerical support for
this later. We note that when n — oo, the expression on the right-hand side of Equation 3.3
approaches Bjjéim"s pedigree-determined parameter ;.

We can obtain bootstrap confidence intervals using a procedure entirely analogous to

those described in Sections 3.2.2.2 and 3.2.2.3.
3.2.2.2  Methods: Weir and Goudet B]-j/,w and Bjj/,u Estimators, and Bootstrap Confidence
Intervals

The ratio of means (i.e. weighted) Weir and Goudet estimator is Bjj/,w, and the mean of

ratios (i.e. unweighted) Weir and Goudet estimator is (3,

o 2 [Myy — Mg
Bjjraw = - (3.4)
Zl[l - MSZ]
A~ 1 M]]l/ - Msl
I N e 3.5
/BJ] B L Z[ 1 _ MSZ ] ( )

l

where

Ms, = m Z Z M0
j=1 j'=1
J#J
and Mjiz’ was defined in Equation 3.2. Note that the unweighted MME can suffer from divide
by 0 error and thus be undefined when applied to monomorphic SNPs.

Weir and Goudet (2017) introduced the weighted and unweighted Bjj/ quantities as esti-
mators of B;;. The ratio of expectations of (M,;, — Mg,) and (1 — Ms,) is indeed S;;, as we
show in Appendix 3.8.2. Later, we will refer to the weighted or unweighted Bjj’ estimator’s
“pedigree-determined parameter,” and by this, we mean §;;. The expectation of the esti-
mator will differ from this ratio 3;;; in a complex way that depends, among other factors,

on the number of SNPs used. Weir and Goudet showed some numerical properties of their

estimator, and here we assess quality with mean squared error and plots.
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Notice that Bjj’,w and Bjj’,u both involve the same factors B Num,jj] and BDenom,l, defined

as follows:

BN’U«m,JJl/ = ijl/ — MSZ and

BDenom,l =1- MSZ'

Bjjr.w can be written:

L L
ﬁjj’,w - Z /BNum,g]l /Z BDenoml
=1 =1

Bjj'u can be written:

L

Bjj’,u - (1/L) Z(BNum,jjl’/BDenom,l)-

=1

Assuming dosages at different loci are independent, we can compute quantities BNum,jjl’
and BDenom,l only once to save computation in the following bootstrap procedure. For each
(7,4, after computing M .18, we can compute the corresponding MS“ which is the mean of
those ij/,ls, and corresponding 5Num,jj;S and ,BDenom,ls. We save the 6 Num,jj|S and Bpenomls
for re-use, saving computation in bootstrap calculations.

To obtain a bootstrap sample, we perform the following procedure, re-sampling loci’s
BNumle’S and B Denom,S to mimic genetic sampling discussed in Chapter 2:

(1) Sample L 2-vectors from the set of 2-vectors

{[BNum,jjl’:ly BD@noszl]a [BNum,jjl’:2a BDenom,l:2]a e [BNum,jjl’:Lila BDenom,l:L—l]v [BNum,jjl’:L7
Bpenom,i=r]}

with replacement, obtaining boostrap sample

{Bhumisp_,» Boenomit)s Bivumzsi_» Boenomizals s Brvumis_. . Bbenomizr—1)s Bivumssi_

ﬁBenom,l:L]}
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(2) For each MME (weighted or unweighted), calculate an estimate for each distinct pair
(4,7") s.t. j # 7" of individuals’ f3;;; parameter on the boostrap sample.

For each distinct pair (j,7'), repeat Steps (1)-(2) B = 1,000 times to get 1,000 weighted
Bjj’,w estimates and 1,000 unweighted ﬂAjj@u estimates. Take (0.025,0.975) quantiles of 1,000
Bjjﬁw estimates to form a 95% confidence interval, and take (0.025,0.975) quantiles of 1,000
Bjj/m estimates to form a 95% confidence interval. Coverage for a parameter can be calculated

as the fraction of confidence intervals that cover the parameter.

When we applied this bootstrap procedure to simulated one-population data, our imple-
mentation of Bjj/,w and Bjj/,u estimates and bootstrap Cls was written with base R code,

with M jjrs calculated using Repp for speed-up.

3.2.2.8 Methods: GCTAw and GCTAu Estimators, and Bootstrap Confidence Intervals

Another moment estimator for the kinship coefficient 6;;; between individuals j and j’ is

éjj&;cm’ and can be derived from Yang et al. (2011)’s moment estimator for the coefficient of
relationship 26;;, which is twice the kinship coefficient. Ritland (1996) previously wrote of
the same estimator, but used different notation. Equation 3 of Yang et al. (2011) gives the

following moment estimator for the “genetic relationship between individuals j and k:”

N
oy 1 (zij — 2ps) (v — 2pi)

where “z;; is the number of copies of the reference allele for the i-th SNP of the j-th in-
dividual” and “p; is the frequency of the reference allele” presumably in the sample, since
there is no mention of an “ancestral” population, and since Aj;, being an estimator, cannot
be defined in terms of an unknown parameter p;. Note that Yang et al. (2011)’s A, is not
the same as our Aj-k mentioned earlier. In our notation, Yang et al. (2011)’s estimator of the

genetic relationship between individuals j and j” would be:
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N

1 (X = 250 (X — 2)
A = Z 21 —p) (3.7)

where [ indexes the N loci, Xj; is individual j’s dosage at locus [, and p; is the sample
reference allele frequency at locus (.

While the words “kinship” and “coancestry” are absent from Yang et al. (2011)’s paper,
we infer that their moment estimator A;; estimates the coefficient of relationship, which is
twice the kinship coefficient (i.e. 26,;/), since if one were to treat sample frequencies p;s as
known ancestral population frequencies ms, one would obtain that E(A;;) = 26;;. Hence,
B(A;;/2) = (zl X {( = 2m) (X — zm)} /{4@)(1 - m)LD — 0,5 Hence, the GCTA
estimator A;; /2 for 6;; involves a factor of 4 (not 2 as given in the GCTA paper) in its
denominator, which was recognized by Weir and Goudet (2017) in Equation 7.

We define the GCTAw estimator of kinship coefficient 6,;; between individuals j and j

as:

A - (X = 2p) (X — 2p)
ejleCTAw o 21 4pz(1 _ pz) : (3'8)

Equation 3.8 gives the “ratio of means” (i.e. weighted) method for combining over loci,

whereas Yang et al. (2011) used the “mean of ratios” (i.e. unweighted) method:

—2p) (X — 2p1)
4291 (1- pl)

(3.9)

L
JJGCTAu Z

Note that the unweighted MME can suffer from divide by 0 error and thus be undefined
when applied to monomorphic SNPs. In Appendix 3.8.3, we show that the ratio of the
expected value of the numerator of éﬂ'iécmw to the expected value of its denominator is

the same as the mean over loci of the expectation of a single locus ;. . s numerator to
u

the expectation of a single locus éjj/GCTAu’s denominator. In Equations 3.18 and 3.20, we

show that both quantities are equal to [2(«9]-]-/ + [0s + 2= (1+ Fw — 205)]) — 2¢5 — 1(1



128

Fjy — ) — 25 — 2(1 + Fj — szj)]/ [2((1 —0s) — £ (14 Fw — 265) )} We define 1,
as » u_y sy 0jj/(n — 1), the average coancestry of individual j with every other member
of the sample of n individuals from the population to which j belongs, and similarly for
1. We define weighted and unweighted GCTA MMEs’ pedigree-determined parameter to
be [2(0;; + 0s) — 2y — 24);]/ [2(1 — )], which equals the expression of Equations 3.18
and 3.20, as the number of individuals n — oo. Unlike the simple MME and Weir and
Goudet weighted and unweighted MME estimators, GCTA estimators’ pedigree-determined
parameter is not a monotone-increasing function of 6;; for fixed g because the pedigree-
determined parameter is a function of 1; and ;.

To obtain bootstrap confidence intervals in a computationally efficient way, we noted

that estimators (Equations 3.8 and 3.9) could be written in terms of constituent components

a0 = (X, — 2p1) (X — 2fr) and b= 4(p)(1 — p1), as

A DA
Oijsoran = 7
TAw
Zl by

L .
j 1S~ @
iibotan = T 2
=1 by

Instead of sampling with replacement L vectors of dosages from the set of dosages {)Z' Ly ey X L}
in the simulated data, where each X, = (X, ...y Xji, ..., X, calculating éjj/,GCTAw and

0y coraw on the bootstrap sample, and repeating that process for B = 1,000 bootstrap
samples, we save computation with the following procedure that computes a;; ;s and bys once
and re-uses calculated values. For each pair of individuals (j,7’) and locus I, we compute
a1 and bys on the simulated data. We then sample L loci from {1, ..., L} with replacement,
select their corresponding a;;: ;s and b;s, and calculate a GCTAw estimate and a GCTAu es-
timate on the bootstrap sample. We repeat the process of sampling and calculating GCTAw
and GCTAu estimates B = 1,000 times, obtaining B = 1,000 bootstrap GCTAw estimates
and B = 1,000 bootstrap GCTAu estimates for each ;. We construct a 95% confidence

interval for our GCTAw estimate computed on the original data set by taking the 2.5% and
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97.5% quantiles of the B = 1,000 calculated GCTAw estimates, and similarly for GCTAu.

When we applied this bootstrap procedure to simulated one-population data, our imple-
mentation of GCTAw and GCTAu estimates and bootstrap Cls was written with base R
code, with a;; ;s calculated using Repp for speed-up.

3.2.83 Methods: Estimator from Variances and Covariances over Loci

A quite different method of moments estimator is based on the covariance over loci of allele

dosages for two individuals. Individuals 7, ;" have dosages X s Xjy at locus [. Each dosage

has expected value 27; and the covariance of dosages is

Cov(Xj, X)) = 4m(l —m)0;;.

The sample covariance over L loci is

L
S’ L— 12 DX = Xy),

=1

where X; = Zle X;,/L. Under the assumption of different loci’s dosages being independent:

5(3]']") = 20jj’He —f- 40’%, (310)

where

1
He = Z ;277'1(1 — 71'1)

L L
1
9 B _
o] = L 1 lg_l m—7)? "= I ;_1 Tr

A possible advantage of this estimator is that its mean is not affected by inbreeding

of target individuals j and j’, or by inbreeding coefficients or relatedness (i.e. coancestry
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coefficients) of any other pair of individuals in the sample. Information from other individuals

is not used.

3.2.4  Methods: Maximum Likelihood Estimation

One of the first maximum-likelihood approaches to relatedness estimation was by Thompson
(1975). She restricted attention to non-inbred relatives and gave details for estimating the
probabilities k; of two individuals sharing ¢ = 0, 1, 2 pairs of alleles ibd. The work of Yengo
et al. (2017) has shown that it is not realistic to assume lack of inbreeding.

Milligan (2003) removed this restriction to non-inbred relatives and so had to work with
all nine “Jacquard coefficients” A; for two individuals sharing 2, 3, or 4 2-pairs of alleles ibd.
Maximizing the likelihood for eight parameters (the nine As sum to one) is not computation-
ally feasible for large numbers of SNPs. There is the additional problem of non-identifiability
with SNP data pointed out by Cstiros (2014): different sets of the {A;} can give the same
set of genotype probabilities for two individuals. Cstirds (2014) showed that the inbreed-
ing coefficients for each individual and the coancestry coefficient for both individuals were
estimable, but he restricted attention to the simple estimator discussed here and in Chap-
ter 2. Anderson and Weir (2007) considered maximum likelihood estimation of coancestry
coefficients in the presence of background evolutionary relatedness.

The papers of Thompson (1975), Milligan (2003), and Anderson and Weir (2007) all sub-
stituted sample allele proportions for unknown allele probabilities. Based on our inbreeding
work in Chapter 2, we expect that MLEs will not be satisfactory, because this substitution
results in estimates that are affected by kinship coefficients between all pairs of individuals
used to obtain sample allele proportions. Milligan said “In practice, realistic samples will
often involve enough individuals that errors in the allele-frequency distribution will be quite
small.” However, we have shown (e.g. in pedigree-determined parameter expressions for
estimators Bjjéim.’ Bjj/@, éﬂ']”comuﬂ and Bjj’ccmu) that sample size (the number of individuals
n) has little effect on the bias introduced by relatedness among individuals (i.e. coancestry

coefficients between pairs of individuals) providing data for the sample allele proportions.
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Work with large-scale association studies, e.g. (Conomos et al., 2016), shows that is not
realistic to assume the general absence of relatedness between pairs of n individuals other
than the target pair j and j' for which one estimates 6,;/, so that the use of sample allele
proportions may be misleading.

Other authors, e.g. (Balding, 2003), assumed allele probabilities are known: in practice
estimated from data outside the present study. We prefer not to make that assumption.

In summary, for the above reasons, namely unrealistic assumptions (i.e. related individ-
uals who are not inbred, absence of relatedness amongst pairs of n sample individuals other
than the target pair j and j’, allele probabilities estimated from a second data set), computa-
tional infeasibility, non-identifiability, and the introduction of bias through the use of sample
allele frequencies in place of unknown allele probabilities, we do not pursue likelihood-based

inference for relatedness within one population.
3.3 Methods: Two Alleles from Different Populations

We now consider pairs of alleles drawn from individuals in different populations. For con-
venience we will restrict attention to the case where allelic, rather than genotypic, data are
considered. This will remove the need to consider inbreeding. Identity by descent for pairs
of alleles, within or between individuals, is assumed present in each population. However,
we depart from most previous analyses in allowing for relatedness between individuals in
different populations.

Recall from Section 3.1 the definition of ibd probability 8. We explicitly recognize that
0p is not zero, and Weir and Goudet (2017) showed many scenarios involving genetic drift,
mutation and migration that led to non-zero values. The parameters of interest are 6, the
average ibd probability for pairs of distinct alleles in population ¢, averaging over all such
pairs, 0il;, the average ibd probability for pairs of alleles, one from population i and one
from a different population ', averaging over all such pairs, and population-specific Fgr,
also called 5% and /3%, defined as (8%, — 05)/(1 — 05) (Weir and Goudet, 2017). Intuitively,

the parameter 5° measures the genetic relatedness of population i relative to the genetic
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relatedness of a set of populations to which population ¢ belongs. When there is a non-
zero difference 6}, — fp of within- versus between-population coancestry, we say there is
population structure.

Actual allele proportions {p;} for the reference allele at locus [ in population i vary over
populations. They are random due to genetic sampling discussed in Chapter 2, and we assign
them the same expected values {m }. Considering a sample of alleles from each population,

reference allele frequencies in the samples are {p;} for locus [ in population i.

3.83.1 Methods: Method of Moments Estimation
3.3.1.1 Methods: Beta Estimator

Definitions in this section are the same as those given by Buckleton et al. (2016), except
that we use i instead of 7, ii’ instead of ij, and consider bi-allelic loci instead of multi-
allelic loci. Consider a single locus [ with two alleles, the reference allele and the alternative
allele. In a reference e.g. ancestral population, these alleles have frequencies {m}. A set of
populations i € {1,2,...r} have descended from this ancestral population, and the current
allele frequencies in population ¢ at locus [ are {p;}. We sample n;; alleles from population ¢
at locus [. Of these sampled alleles, n;, are the reference allele u, and the sample reference
allele frequencies are Py = M, /1.

The proportions of pairs of alleles that match within a sample from population ¢ or

between samples from populations 4,7’ : i # ' are

() (it — 1) (i — Mg (i — M) — 1)
(na)(ng — 1) (na)(ng — 1)
~ (Pira)” + (1 — Pur)?
~ NNt + (nil - nilu)(ni’l - ni’lu)
nangn Nangn

= ﬁiluﬁi’lu + (1 - ﬁzlu)(l - ﬁﬁlu)?

where the approximations hold for large samples n; and n;; of alleles.
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The S estimators are

N — Ny o N — Vg
17/L — (a2 _ and /Bl” — (2

1— Mpg 1— Mg
where we define Mp; := >7, D it My, /[r1(r; — 1)], 7, being the number of populations
that had locus [ typed.

If the same values of 6 hold for a series of loci [, then the ratio of means (i.e. weighted)

multi-locus estimators are

Bn’ _ Zz(Miil _~MBl)
21— Mp)

Bii’ _ Zz(Mii’l _~MBI)
S (1—Mpg)

and Bu is an estimator for population-i-specific Fgr $%. Importantly, we note 6z = 0 is not

and (3.11)

(3.12)

assumed in the construction of these estimators. Note that the sum of 5% over all pairs

(i,4") results in 0 by construction.

3.3.2  Methods: Bayesian Estimation
3.8.2.1 Methods: FExisting Bayesian Methods for Estimating Population-Specific Fsr

Others have developed Bayesian approaches for estimating population-specific Fsr (Nichol-
son et al., 2002; Foll and Gaggiotti, 2006; Gunther and Coop, 2013). Figure 3.1 depicts the
Bayesian hierarchical model of Nicholson et al. (2002). In this model, each population’s al-
lele frequency is modeled as following a truncated normal distribution, and populations have
independent allele frequencies, implying 5 = 0. Figure 3.2 depicts the Bayesian hierarchical
model of Gunther and Coop (2013), implemented in the software Bayenv2.0. The Bayenv
model is an extension of the model of Nicholson et al. (2002), allowing 5 > 0 through an
Q matrix of #*'s, where the element in the i-th row and #’-th column of Q is #*'. Figure 3.3

depicts the Bayesian hierarchical model of Foll and Gaggiotti (2006), in which populations’



Ancestral reference allele frequency
for locus ! € {1, ..., L}
(m|a) ~ f(a) = Beta(a,a)
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Population i-specific ibd probabilities
for population ¢ € {1,...,7}
0; ~U(0,1)

SNP locus-l, population-i-specific allele frequencies
for locus I € {1, ..., L} and population i € {1,...,7}
(pa|my, 0;) ~ N (my, (0;)(m)(1 — 7)), truncated with atoms at 0 and 1

DATA: Number of reference alleles
at SNP locus ! in a sample of n;; alleles from population ¢ at locus [

(xa|nit, pa) ~ Bin(na, pa)

Figure 3.1: Bayesian hierarchical model of Nicholson et al. (2002).

allele frequencies are independent of each other, again implying 5 = 0. The model of Foll

and Gaggiotti (2006) is implemented in the software BayeScan (Foll and Gaggiotti, 2008;

Foll et al., 2010).

The BayeScan Bayesian hierarchical model models population-i and locus-/-specific ref-

erence allele frequencies (py|m, 0%) as being distributed Beta((1 — 0%)(py)/(6"), (1 — 6°)(1 —

pi)/(0%)). Reasons for using a Beta distribution in the model are that Sewall Wright

showed that under various population genetic models the allele frequency distribution is

Beta (Wright, 1931), and the Beta distribution is conjugate to the binomial distribution for

sample allele counts, which typically makes obtaining samples from the posterior distribution



Ancestral reference allele frequencies

m, ~ Symmetric Beta 2 ~ Inverse Wishart
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SNP locus-/, Population-i-specific allele frequencies
for locus I € {1, ..., L} and population ¢ € {1,...,7}
Pil = g(gg;,:) =0if 6; < 0, G if0<0; < 1, 1if 0; > 1.
NULL MODEL: 6;; ~ N(m, (¢)(m)(1 — m)).
Transformed population reference allele frequencies at SNP Locus 1

(@ = O11, -, Bra] |2 m2) ~ MVN ([, ey ], (m) (1 — 1) (52))
2 = Var-Cov matrix of allele frequencies among populations

ALTERNATIVE MODEL: (6|0, m, 8,Y) ~ MVN([m, ] 4 BY, (1) (1 — m)(fz)).

DATA: Number of reference alleles
in a sample of n; alleles at SNP locus [
from population ¢ with population allele frequency p;;
(ziat|nit, par) ~ Bin(na, pa)

Figure 3.2: Bayesian hierarchical model of Gunther and Coop (2013).



Ancestral reference allele
frequency at SNP locus 1
for locus I € {1,..., L}
my ~ U(D,l)
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ao ~ N(0,10) o? s.t. (1/0%) ~ G(1,1)

]

Population i-specific ibd probabilities (6;|ao, o?)
for population i € {1,...,7}
s.t. (In(15%)|ag, 0?) ~ N(ap, 0?)

\/

SNP locus-l, Population-i-specific reference allele frequencies
for locus [ € {1, ..., L} and population i € {1,...,r}
(pul6;, m) ~ Beta(*5%m, 5% (1 — m))

at SNP locus [ in a sample of n;; alleles from population

DATA: Number of references alleles

(za|nit, par) ~ Bin(ni, pir)

Figure 3.3: Bayesian hierarchical model of Foll and Gaggiotti (2006).
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more tractable.

The assumption of populations’ allele frequencies being independent implies that 6z = 0
and negative estimates of 3’ are not possible. The model of Nicholson et al. (2002) and
the model of Foll and Gaggiotti (2006) are not appropriate for general situations where
migration among the studied populations is a possibility, so that 8z > 0 and S° can be

negative.

3.8.2.2  Methods: A New Bayesian Estimator of Population-Specific Fsr

We extend the method of Foll and Gaggiotti (2006) by allowing for dependent population
allele frequencies, while preserving the well-justified Beta marginal distribution for each al-
lele frequency. Figure 3.4 depicts our proposed novel hierarchical model for two populations
that allows 0'2, which is 0 for two populations, to be non-zero. It employs a Gaussian cop-
ula and inverse cumulative distribution function (cdf) F;* of a Beta((1 — 6")(m)/(6"), (1 —
09)(1 — m)/(0%)) distribution to achieve £(py) = m, Var(py) = (m)(1 — m)(6%), covariance
Cov(py,pa) =~ (m)(1 — m)(0?), and Beta marginal distributions for py; and py, consis-
tent with the justification of Wright (1931) for a Beta allele frequency distribution. Pitt
et al. (2006) described using the Gaussian copula and inverse cdf to obtain a multivariate
distribution with specified marginal distributions.

This model only applies to two populations. Extending this model to more than two pop-
ulations, say a third, by adding a Beta-distributed C'orr(py;, p3;) for the correlation between
the first and the third populations’ allele frequencies would not work, because such a model
would not account for the fact that between-population correlations are dependent: Know-
ing Corr(py, pa) and Corr(py, p3;) bounds Corr(py, ps;). For example, Corr(X)Y) = a > 0,
Corr(Y,Z) =b>0 = Corr(X,Z) > ab— /(1 — a?)(1 — b?). This bound on Corr(py;, ps)

would be inconsistent with a Beta prior distribution, which allows Corr(py, ps;) € [0, 1].
We previously investigated modeling ([py, pa| | 6,62, 0'%, 1) ~ Lee Sarmanov Bivariate

Beta, (a1 = (1 — 0)(m)/(0"), bi = (1 — 0)(1 — m)/(8), as = (1 — 6)(m)/(8%), by =

(1 —60*)(1 —m)/(0%), w = (0'%)/(0*6*(m)(1 — m))) (Ting Lee, 1996), but found that it
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Population-i-specific ibd probabilities
for population ¢ € {1,2}
8.5 ~ Betﬂ{ﬂ)i, bz)

Corr(pi, pint) ~ Beta(ass, biir)
Qi e {1,2},i £

Ancestral reference allele
frequency at SNP Locus 1
for locus I € {1,...,L}
(mi|a,b) ~ Beta(a = 0.5,b = 0.5)

Latent variable used to define copula
For each locus [,
(%1 = [z1, 221]|C) ~ MV N,(0,C),
where C is a 2 x 2 covariance matrix with 1’s
on the diagonal and off-diagonal (i,i’) entries

COTT@u ) Pm)

For each locus I,
(’E‘f; = [’U,H,UQ;“:E) s.t. uy = (I)(il,‘ﬂ),i = {1,2}.
This formulation is the same as
4 ~ Copula(u|C),
where the Copula is a Gaussian copula.

SNP locus-l, Population-i-specific reference allele frequency p;
for locus I € {1,..., L} and population ¢ € {1, 2}
(B = [P, p2)|@) s.t. pu = Fy ' (uar)
where Fjy(.) is the distribution function

for a Beta((1 —6;)(m)/(68:),(1 — 60;)(1 —m)/(6:))

DATA: Number of reference alleles
at SNP locus ! € {1,..., L} in a sample of n;; alleles from population ¢ € {1,2}
(Tit|nirs pa) ~ Bin(nir, pir)

Figure 3.4: Our Two-Population Bayesian Hierarchical Copula Model. We employ a copula

to model populations” dependent allele frequencies.
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imposed a constraint #12 < /6162 that does not hold for a two-island population genetic
model, so we did not pursue this modeling approach.

We also investigated modeling

([logit(pll)7 logit(le)] |917 ‘927 0127 7Tl) ~ N <[logit(7rl)v logit(ﬂ-l)]’ [90112 90122 ] m):

as well as modeling ([p1;, pa]|0', 62, 012, 7;) ~ bivariate truncated normal. However, we de-
cided to pursue the copula model instead of these other modeling approaches, because we
found, by obtaining Monte Carlo draws from each model, that the copula model allowed us to
generate allele frequencies with sample mean closest to £(p;) = m; , sample variance closest to
Var(p;) = (m)(1 —m)(0") , and sample covariance closest to Cov(py, par) = (m)(1 —m)(602).
We also realized that with the bivariate truncated normal distribution, each population ¢’s
allele frequency p; at locus [ has much mass near the middle of [0,1], so cannot be U-shaped,

or in other words, bimodal with modes near 0 and 1.

3.3.8  Methods: Simulation of Two-Population Data According to the Two-Island Model

Here, we describe the simulation of data from two populations. Note that the simulation
procedure described here differs from the simulation procedure of Section 3.2.1, which was
used to generate data for individuals from the same population.

We simulated data from a two-island model depicted in Figure 3.5. Two diploid pop-
ulations start randomly mating at some generation time 0 for ¢ generations. At each sub-
sequent generation time, individuals can migrate between the two populations with rates
m;, i € {1,2} where m; is the probability an individual in population i migrated from the
other population, and each allele at a locus can mutate to a new allele with probability u.
Population ¢ € {1,2} has diploid population size N; at every generation. From population
1 at generation time ¢ = 1,000, we sample n = 100 individuals, and similarly for population
2. Our data consists of counts of reference alleles at L = 100 unlinked bi-allelic loci for n

individuals in each sample.
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Population 1 (Generation 0)

Population 2 (Generation 0)

Population 1 (Generation t)

Sample 1

Population 2 (Generation t)

Sample 2

Figure 3.5: Two-Island Model. Population genetic parameters: Mutation rate p, migration

rates my and ms, and number of diploids N;, ¢ € {1,2} per population. Boxes with “...

indicate generations 1 to (¢t — 1) of 2 populations.

bM
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For the two-island model, the following transition equations hold:

i (t+1) = (1—p)? [(1 — )20 () + 2m, (1 — my) 02 (1) + m207" (1) |, i=1,2;7 #1i
(3.13)

0t +1) = (1—p)*[(1—m)mab™ (1) + [(1 — m)(1 — ma) + mime]0™(t) + mq(1 — m2)6***(t)] ,

where 0%(t + 1),i € {1,2} is the population-i ibd probability at generation time t + 1,
6'%(t + 1) is the between-population 1 and 2 ibd probability 6'2(t + 1) at generation time
t+ 1, 0°*(t) = 1/(2N;) + (2N; — 1)6"(t)/(2N;), the mutation rate is p, and population
i1 = 1,2 receives a fraction m; of its alleles each generation from population ¢’ : i’ # i.
These simultaneous recursive transition equations are similar to those of Maruyama (1970),
but different, in that Maruyama considered a general, finite number of populations, while
we consider two populations, and Maruyama (1970) does not have a between-population
ibd probability, while we have §'2. We treat the true population-i-specific Fgr as §'(t) =
(01(t) —012(¢)) /(1 —0'2(t)),i € {1,2}. Ast grows, 0%(t) and §'(t) approach constant values,
i.e. equilibrium values.

A consequence of these equations is that 0 (t) + 6%2(t) > 20'%(¢), or that Oy = (0 +
6?%)/2 > 0p := 0'2, so that standard Fsr By := (O —05)/(1—03p) is nonnegative. However,
it is not necessary that either ' or 6?2 exceed 6'2. For example, if N; = 100, Ny = 1,000
and g = m; = my = 0.01, then the equilibrium 6 values are 0'' = 0.1264, '2 = 0.0403, and
6?2 = 0.0320 so that 8 = 0.0897 and 3% = —0.0087. The negative population-2-specific
Fgr 3?2 value shows that unlike By, population-specific Fgr can be negative. The correlation
between the two populations’ allele frequencies is 0.63.

We simulated six parameter settings depicted in Table 3.1, with each setting defined by
a combination of 5 population genetic parameter values (u, my, ma, Ny, Ny). For each
simulation setting, we simulated 100 data sets with L = 100 loci per data set. Simulation
settings Ind A, Ind B, and Ind C have §'* = 0 (“Ind” for “Independence”), while simulation
settings Dep A, Dep B, and Dep C have 6'2 = 0 (“Dep” for “Dependence”).
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Setting N} N, wo omy mg 0! 62 02 Fsri Fsra Fsrw
Dep A 100 1000 0.01 0.01 0.01 0.13 0.03 0.04 0.09 -0.01 0.04
Dep B 1000 1000 0.01 0.01 0.01 0.02 0.02 0.01 0.01 0.01 0.01
Dep C 100 1000 0.01 0.00 0.01 0.20 0.04 0.07 0.14 -0.02 0.06
Ind A 100 1000 0.01 0.00 0.00 0.20 0.02 0.00 0.20 0.02 0.11
Ind B 1000 100 0.01 0.00 0.00 0.02 0.20 0.00 0.02 0.20 0.11
Ind C 1000 1000 0.01 0.00 0.00 0.02 0.02 0.00 0.02 0.02 0.02

Table 3.1: Six Simulation Settings Defined by a Combination of Population Genetic Pa-
rameter Values (Mutation rate p, migration rates m; and ms, number of diploids Nj,
i € {1,2}). From population genetic parameter values, two-island model transition equa-
tions yielded @', 62, and 6'% values for generation time ¢t = 1,000. From definitions, 0!,
62, and 6'% values yielded ! := (6! — 12)/(1 — 6'?) (also known as population-1-specific
Fsr Fsry), 5% := (0% — 0'?)/(1 — 6'%) (also known as population-2-specific Fsr Fs75), and
Bw = ((6* + 62)/2 — 6'*) /(1 — 6'2) (also known as standard Fsr Fsr ) values.

Using J. Goudet’s hierfstat R package, downloaded from GitHub at https://github.com/jgx65 /hierfstat,
we simulated data with the function sim.genot.metapop.t, specifying arguments size (the
number of sampled individuals per population), mut (the mutation rate of each locus), nbpop
(the number of populations to simulate - two in our case), N (the effective population size
of each population), nbloc (the number of loci to simulate), nbal (the number of alleles per
locus - two in our case), mig (a matrix of migration rates), and t (the number of generations

since the two populations were created) (Goudet, 2005).
3.83.4  Methods: Simulation of Two-Population ibd Probabilities According to the Two-Island

Model

Rather than use the data simulated in Section 3.3.3 to both inform our Adapted BayeScan

copula model priors and assess our copula model (“use the data twice”), we used ibd pro-



143

portions simulated as described in this Section to inform our model’s priors when assessing
our model on data simulated according to Section 3.3.3, thereby avoiding giving our model
an unrealistic advantage in simulation study results.

SNP identifiers (described later in this Section) were simulated for two islands. Random
mating within populations was assumed. Random migration from each island to the other
and infinite-alleles mutation were allowed. Infinite-alleles mutation means that any locus in
any individual could mutate at each generation, and any mutation led to a different allelic

type. Generations were discrete and non-overlapping.

3.8.4.1 Methods: Parameters and Initial Conditions

The numbers of individuals were fixed at N; and Ny diploid individuals in each generation.
Constant migration rates were set at my from island 2 to island 1, and my from island 1 to
island 2. A constant mutation rate of u for all allele types was set. All 2N; + 2N, alleles
in the initial populations were given unique identifiers. None of these alleles was identical
by descent to another allele in the initial populations. The three forces of drift, migration
and mutation were all so weak that they could be treated additively, and in any order. For

convenience, the order was drift-migration-mutation.

3.3.4.2 Methods: Drift

The 2N; alleles in island 4,7 = 1,2 at generation (£ + 1) were drawn independently. Each had
a probability 1/(2N;) of being a copy of one of the 2N; alleles in island i at generation ¢.

3.3.4.83 Methods: Migration

After the drift selection process, each allele in island i at generation (¢ + 1) was re-assigned
to an allele from island (3 —4) with probability m,;. This migrant allele had equal probability
1/(2N3_;) of being any one of the 2/V5_; alleles in island (3 —4) at generation t.
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3.83.4.4 Methods: Mutation

After the drift and migration process, each allele in generation (t+1) was allowed to mutate to
a previously non-existing allelic type, with probability u. Identity by descent was preserved

only if there was no mutation.

3.3.4.5 Methods: Identity-by-descent Probabilities

At each generation, the ibd proportions within and between islands were the proportions
of pairs of distinct alleles (i.e. allele copies), within or between islands, that had the same
identifier. The sample means, variances, and covariances of these realized ibd proportions

was calculated across replicates of the simulation for ¢ = 1,000 generations.
3.3.5  Methods: Fvaluation of Methods on Simulated Two-Population Data
Here, we describe the evaluation of methods on data simulated according to Section 3.3.3.

For each parameter 6 € {0', 0% 02, ' and 3}, we found a method’s estimate éd of 6 on
2

the d-th data set, mean estimate = ;i“l(éd)/loo, Bias® = e (04)/100 — | , Variance
= 1% Gy — 320 6,/100)%/100, and Mean squared error (MSE) = S22%° (8, — 6)?/100.

We also performed a sensitivity analysis of our Adapted BayeScan copula model priors,
to see if which prior we used in a class of reasonable priors would change simulated data
results much. Informative priors were obtained by simulating 0, 62, and 6'?/ V162 values
according to Section 3.3.4 to inform priors §° ~ Beta(a;,b;),i € {1,2} and Corr(py, py) ~
Beta(aya, b12). More specifically, we calculated a; and b; such that the mean and variance
of a Beta(a;,b;) distribution matched the sample mean and sample variance of simulated
0" values, and we calculated ajo and by so that the mean and variance of a Beta(ais, bio)
distribution matched the sample mean and sample variance of simulated 6'?/ V0162 values.
Uniform priors involved modeling §' ~ U(0,1), 6% ~ U(0,1), and Corr(py,pi) ~ U(0,1).
For a dependence simulation setting, we put a prior on Corr(p;1,pi2). For an independence

simulation setting, we set Corr(p;1, pi2) to 0.
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For every simulated data set, we applied methods as follows. To implement the MME,
we used hierfstat R package’s betas() function. To obtain MCMC draws from the posterior
of Foll et al.’s BayeScan model, we used the BayeScan software. To obtain MCMC draws
for our model with informative priors and for our model with U(0,1) priors, we used Stan
version 2.14. To obtain MCMC draws from the Bayenv model, we used the Bayenv2.0
software. Note that whenever we used the Bayenv2.0 software, we did not fit the null model
or alternative model described in the Bayenv paper (Gunther and Coop, 2013), but rather
only used the software to estimate the { matrix of 6% parameters. For every Bayesian
method on a simulated data set, we checked for convergence of MCMC chains by checking

for R < 1.1 for every ouputted parameter (Brooks and Gelman, 1998).

3.83.6  Methods: Demonstration of Methods on Real HealthABC Data

We obtained data from the Health Aging and Body Composition (Health ABC) Study, a
cohort study of 70 to 79-year-old adults recruited from Memphis, Tennessee and Pittsburgh,
Pennsylvania between April 15, 1997 and June 5, 1998 (Raphael et al., 2016). The study’s
original mission was to study factors contributing to incident disability in healthier older
persons. The HealthABC study’s dbgap accession number is phs000169.v1.pl.

For populations “Black” and “White” in the HealthABC data, we imputed Chr 22 SNPs.
If an individual was missing a genotype at a SNP, we replaced the missing genotype with
the most common genotype in that population at that SNP. If multiple genotypes were most
common, we randomly picked one of the most common genotypes to do the replacement.
We then excluded monomorphic SNPs,; those with allele type 1 frequency of 0 or 1. We then
kept every (number of SNPs)/100-th SNP of the Chr 22 vcf file, with the goal of obtaining
roughly independent SNPs.

We applied the Weir and Goudet Bi,i € {1,2} MME, our Adapted BayeScan copula
method (Figure 3.4) with priors ¢° ~ Beta(a; = 36.14143,b; = 211.9552),i € {1,2} and
Corr(py, pa) ~ Beta(aia = 1,b15 = 1), Foll and Gaggiotti (2006)’s BayeScan method (Fig-

ure 3.3), and Bayenv (Figure 3.2) to estimate population-specific Fgr ) and population-
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specific Fgr [, treating Population 1 as Black and Population 2 as White. For MMEs,
95% confidence intervals were obtained using the hierfstat R package’s betas function by
bootstrapping over loci. For Bayesian methods, 95% credible intervals were obtained using
the 2.5% and 97.5% quantiles of MCMC samples.

We calculated MME’s using the hierfstat R package. We obtained MCMC samples for our
Adapted BayeScan copula model with Stan, BayeScan samples using the BayeScan software,
and Bayenv samples using the Bayenv2.0 software. Adapted BayeScan copula model values
a; = 36.14143 and b; = 211.9552 were determined as follows: We bootstrapped over loci’s
genotypes, calculated 1,000 Weir and Goudet Bl MMEs, 1,000 Weir and Goudet BQ MMEs,
and averaged their values Bavg = (Bl + Bg) /2. We then calculated a; and b; such that Beta(a;,
b;) would have a mean corresponding to the sample mean of 1,000 Bm,g values and a variance
corresponding to the sample variance of 1,000 Bcwg values. For all three Bayesian methods,
we used the rstan R package to compute 1:2, and checked for R < 1.1 for every outputted
parameter (Brooks and Gelman, 1998), before using MCMC samples to obtain estimates.

3.4 Results: Two Individuals From the Same Population: Simulated Data

3.4.1 Results: Method of Moments Estimation
3.4.1.1 Results: Simple Estimator

In Figure 3.6, we plot simple MME estimates against pedigree-determined 6;; values, the
simple MME’s pedigree-determined parameter 3;;;, and Weir and Goudet weighted Bjj@w
estimates, for one-population simulated data. For each 6;; value, the mean of simple MME
estimates for pairs (j,j’) of individuals with that 6,; value is lower than the 6;; value,
consistent with the simple MME being biased for ¢;;;. As seen in Chapter 2, this is a
consequence of using sample allele frequencies p; in place of allele probabilities ;. Simple
MME estimates plotted versus their pedigree-determined parameter §;; fall near the y =
x line, illustrating that the simple MME is a better estimator of its pedigree-determined
parameter than of 6,;;. Simple MME estimates plotted versus Weir and Goudet’s weighted
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Figure 3.6: Simple MME estimates of within-population coancestry 3;;, evaluated on sim-

ulated one-population data (n = 115 individuals’ dosages at L ~ 73K loci). Top: Simple

MME estimates vs pedigree-determined coancestry pair 0;;; values. Middle: Simple MME

estimates vs Simple MME’s pedigree-determined parameter ;. Bottom: Simple MME

estimates vs Weir and Goudet Bjj/w estimates. Line: y = x.
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Bjj’vw estimates fall near the y = x line, illustrating that the estimates are close to each

other.

3.4.1.2  Results: Bjj/,w and Bjj@u Estimators, and Bootstrap Confidence Intervals

Weir and Goudet weighted Bjj/,w and unweighted Bjj@u estimates applied to simulated one-
population data are plotted against their pedigree-determined parameter values and against
pedigree-determined 6;; values in Figure 3.7. For each 6,; value, the mean of Bjj’,w estimates
for pairs (j, j') of individuals with that 6;; value is lower than the 6;; value, consistent with
the B]’j/ﬂu estimator being biased for 6;;;. Weir and Goudet weighted Bjj/,w estimates plotted
versus their pedigree-determined parameter (3;;; values fall near the y = x line, illustrating
that they are better estimators of their pedigree-determined parameter 3;; than of 6,;;. This
observation is consistent with Table 3.2, from which we see that the weighted estimator’s

MSE for its pedigree-determined parameter is lower than its MSE for 60, .

Figure 3.7 also plots Weir and Goudet unweighted Bjjfyu estimates versus 6;;; and Weir
and Goudet unweighted Bjj/,u estimates versus its pedigree-determined parameter 3;;;. The
contrast between the plots is not as obvious as what we saw with the Bjj’,w plots. However,
Table 3.2 illustrates that the MSE of Bjjfju for its pedigree-determined parameter (3;; is lower
than the MSE of ,;,, for 6,;:.

For each of 6,555 individual pairs (j,j’)’s, we calculated a 95% confidence interval corre-
sponding to point estimate Bjj/7w. We calculated coverage as the fraction of 95% Cls that
covered the parameter, either 6;; or Bjj/,w’s pedigree-determined parameter 3;;,. Both Bjjgw
and Bjj/’u bootstrap confidence intervals (ClIs) had closer to 95% coverage for their pedigree-
determined parameter [3;; than for 6;;,. Coverages of Bjjﬁw nominal 95% bootstrap Cls were
0% for the pedigree-determined 6;;; and 92.5% for Bjj’,w estimator’s pedigree-determined
parameter [3;;;. Coverages of Bjj/,u nominal 95% bootstrap confidence intervals were 1.2% for

the pedigree-determined 6,;; and 11.9% for Bjj’,u estimator’s pedigree-determined parameter

Bijr-
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Figure 3.7:  Top: Estimates vs Pedigree-determined coancestry pair 6,;; values. Bottom:
Estimates vs Bjj/,w and Bjjr,u’s pedigree-determined parameter 3;;; values. Left: B]’j/m} Esti-
mates. Right: Bjj/,u Estimates. Black line in all plots: y = x. Estimates were computed on
a simulated one-population data set with n = 115 individuals and ~ 73K SNPs. Equation

3.4 gives the Bjjgw formula and Equation 3.5 gives the Bjj@u formula.
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Estimator MSE 0;;; MSE Pedigree-Determined Parameter
Weir and Goudet 3,1, MME  2.92x1073 1.40x107°
Weir and Goudet 3,5, MME  1.35x1072 1.04x1072
GCTA 6., MME 3.95%1073 6.39%1076
GCTA 6, MME 3.96x1073 9.42%107?

Table 3.2: MSEs for Weir and Goudet Bjjlvw and Bj%u MMEs and GCTA éjj/,w and
éjj/,u MMEs in Simulated One-Population Data. The Weir and Goudet MMESs’ pedigree-
determined parameter is 5;; = (0;; — 0s)/(1 — 0s). GCTA MMESs’ pedigree-determined

parameter is given by Equation 3.20.

3.4.1.83 Results: GCTAw and GCTAu Estimators, and Bootstrap Confidence Intervals

GCTAw and GCTAu estimates applied to simulated one-population data are plotted against
their pedigree-determined parameter values and against pedigree-determined 6, values in
Figure 3.8. For each 6,; value, the mean of GCTAw estimates and the mean of GCTAu
estimates for pairs (j,j’) of individuals with that 6,; value are both lower than the 6;;
value, consistent with the GCTAw and GCTAu estimators being biased for 8;;;. GCTAw
and GCTAu estimates plotted versus their pedigree-determined parameter values fall near
the y = x line, illustrating that they are better estimators of their pedigree-determined
parameter than of 0,;;. GCTAw estimates vs pedigree-determined parameter values fall near
the y = x line more so than GCTAu estimates vs pedigree-determined parameter values,
illustrating that GCTAw is better than GCTAu as an estimator of GCTAw and GCTAu’s

pedigree-determined parameter.

We calculated a 95% confidence interval corresponding to point estimate éjj/,GCT Aw and a
95% confidence interval corresponding to point estimate éjj/,GCT Au- We calculated coverage
as the fraction of 6,555 95% ClIs that covered the parameter, either #;; or the estimator’s

pedigree-determined parameter. Both éjjgw and éjj/,u bootstrap Cls had closer to 95% cov-
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Figure 3.8: Top: Estimates vs Pedigree-determined coancestry pair 6;;; values. Bottom:
Estimates vs éjj’,GCTAw and éjj/,GCTAu’s pedigree-determined parameter values. Column
1: GCTA weighted éjj’,GCTAw estimates (black circle). Column 2: GCTA unweighted
éjj/7GCTAu estimates (blue cross). Column 3: GCTA weighted éjj/7GCTAw estimates (black
circle) and unweighted éjj/,GCTAu estimates (blue cross). Black line in all plots: y = x.
Estimates were computed on a simulated one-population data set with n = 115 individuals

and ~ 73K SNPs. Equation 3.8 gives the éMQGCTAw formula. Equation 3.9 gives the éjjIVGCTAu

formula.
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erage for their pedigree-determined parameter than for 6;;,. Coverages of éjj@GCT Aw NOminal
95% bootstrap confidence intervals were 1.2% for the pedigree-determined 6,;; and 88.7%
for 9jj/7GCT Aw estimator’s pedigree-determined parameter. Coverages of éjj/,GCT 4w Nominal
95% bootstrap confidence intervals were 1.1% for the pedigree-determined 6;; and 28.8% for

~

0 corau estimator’s pedigree-determined parameter.

3.5 Results: Two Alleles From Different Populations: Simulated Data

0' = 0.198 0% = 0.024 02 =0

Mean Var Bias® MSE Mean Var Bias® MSE Mean Var Bias® MSE

ABayeScanInf | 1.92 x 1071 | 4.55 x 107 | 3.35 x 1075 | 4.89 x 10~* | 2.31 x 102 | 2.66 x 10~° | 9.19 x 107 | 9.46 x 107 NA NA NA NA

ABayeScanU01 | 1.94 x 107! | 5.29 x 10~ | 1.06 x 107 | 5.40 x 10~ | 2.17 x 1072 | 7.53 x 1076 | 5.27 x 1070 | 1.28 x 10~ NA NA NA NA
Bayenv 481 x 1072 | 1.13 x 107° | 2.23 x 1072 | 2.24 x 1072 | 3.33 x 1072 | 3.40 x 107¢ | 8.59 x 107° | 8.93 x 107° | —2.47 x 1072 | 5.67 x 1075 | 6.09 x 107* | 6.15 x 10~*

Bl — gl — 0.198 82— 62 — 0.024
Mean Var Bias? MSE Mean Var Bias? MSE

MME 2.01 x 1071 | 2.53 x 107* | 9.46 x 1075 | 2.63 x 10 | 2.48 x 1072 | 3.56 x 1077 | 5.84 x 107 | 3.62 x 10~

BayeScanFoll | 1.86 x 107 | 5.07 x 107 | 1.27 x 107 | 6.35 x 10™% | 3.11 x 1072 | 5.21 x 1076 | 5.04 x 107° | 5.56 x 10>
ABayeScanInf | 1.92 x 107 | 4.55 x 107% | 3.35 x 107° | 4.89 x 107* | 2.31 x 1072 | 2.66 x 1078 | 9.19 x 10™7 | 9.46 x 1077
ABayeScanU01 | 1.94 x 107! | 5.29 x 10™* | 1.06 x 107° | 5.40 x 107* | 2.17 x 1072 | 7.53 x 1076 | 527 x 107% | 1.28 x 10~

Bayenv 7.10 x 1072 [ 2.91 x 107° | 1.60 x 1072 | 1.60 x 1072 | 5.66 x 1072 | 1.57 x 107 | 1.06 x 1073 | 1.07 x 1073

Table 3.3: Two-Population Simulation Study: Assessment of Methods on 100
Data Sets Simulated Under Simulation Setting Ind A (N; = 100, Ny = 1000, u =
0.01,m; = 0,my = 0). MME: Weir and Goudet method of moments estimator. BayeS-
canFoll: MCMC samples obtained from the BayeScan implementation of Foll and Gaggiotti
(2006)’s model. ABayeScanInf: Our Bayesian model with informative priors implemented
in Stan version 2.14. ABayeScanUO01: Our Bayesian model with U(0,1) priors implemented
in Stan version 2.14. Bayenv: Bayenv implementation of Gunther and Coop (2013)’s model.
True parameter values are given in column headers. They were the generation time t = 1,000
values for 0'(t), 6%(t), 6'(t), population-1-specific Fsr 3'(t), and population-2-specific Fsr

(%(t), determined by iterating transition equations for the two-island model.

Tables 3.3, 3.4, 3.5, 3.6, 3.7, and 3.8 give results for simulation settings Ind A, Ind B,
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0" = 0.024 6% = 0.198 02 =0

Mean Var Bias? MSE Mean Var Bias? MSE Mean Var Bias? MSE

ABayeScanInf | 2.31 x 1072 | 2.92 x 1073 | 9.58 x 10~7 | 9.87 x 107 | 1.95 x 10~ | 5.44 x 10~ | 7.23 x 1076 | 5.51 x 10~ NA NA NA NA

ABayeScanU01 | 2.13 x 1072 | 8.46 x 107% | 7.44 x 1076 | 1.59 x 107 | 1.98 x 10" | 6.26 x 104 | 1.55 x 107 | 6.26 x 104 NA NA NA NA
Bayeny 3.35 x 1072 | 4.36 x 1075 | 8.94 x 10~ | 9.37 x 107" | 4.79 x 102 | 1.51 x 1077 | 2.24 x 1072 | 2.24 x 1072 | —2.47 x 1072 | 7.74 x 10~ | 6.11 x 10~* | 6.19 x 10~

Bt =0 = 0.024 B2 =60% =0.198
Mean Var Bias? MSE Mean Var Bias? MSE

MME 236 x 1072 | 4.57x 107° | 1.83 x 1077 | 4.58 x 107° | 2.02 x 107" | 3.07 x 10~* | 1.85 x 107° | 3.25 x 10~*

BayeScanFoll | 3.09 x 1072 | 5.58 x 1076 | 4.75 x 10™° | 5.31 x 1077 | 1.90 x 107! | 5.90 x 10~* | 6.14 x 107° | 6.52 x 10~*
ABayeScanInf | 2.31 x 1072 | 2.92 x 1078 | 9.58 x 1077 | 9.87 x 1077 | 1.95 x 107! | 5.44 x 107* | 7.23 x 1076 | 5.51 x 10~*
ABayeScanU01 | 2.13 x 1072 | 8.46 x 1076 | 7.44 x 1076 | 1.59 x 107° | 1.98 x 107! | 6.26 x 10~* | 1.55 x 107 | 6.26 x 10~*

Bayenv 5.68 x 1072 [ 2.09 x 107° | 1.07 x 1073 | 1.09 x 1073 | 7.09 x 1072 | 3.94 x 107> | 1.61 x 1072 | 1.61 x 1072

Table 3.4: Two-Population Simulation Study: Assessment of Methods on 100
Data Sets Simulated Under Simulation Setting Ind B (N; = 1,000, Ny = 100, 4 =
0.01,m; = 0,my = 0). MME: Weir and Goudet method of moments estimator. BayeS-
canFoll: MCMC samples obtained from the BayeScan implementation of Foll and Gaggiotti
(2006)’s model. ABayeScanInf: Our Bayesian model with informative priors implemented
in Stan version 2.14. ABayeScanUO01: Our Bayesian model with U(0,1) priors implemented
in Stan version 2.14. Bayenv: Bayenv implementation of Gunther and Coop (2013)’s model.
True parameter values are given in column headers. They were the generation time t = 1, 000
values for 0'(t), 6%(t), 6'(t), population-1-specific Fs7 3'(t), and population-2-specific Fsr

(%(t), determined by iterating transition equations for the two-island model.

Ind C, Dep A, Dep B, and Dep C respectively. For methods that provide no inference on
a parameter, the table entries are listed as NA. Under independence simulation settings for
example, it is expected that our Bayesian model with Informative or U(0,1) priors would
not yield a 62 estimate, because in those settings, 6'? was set to 0. When a method does
not estimate or its software implementation does not output estimates for any parameter in
a table, the method is excluded from the table. For example, population-specific Weir and
Goudet MMEs Bl and @2 estimate 8! and /32, but not 6!, 62, or 6'2, and Foll’s BayeScan

software outputs MCMC draws for only parameters 3! and 32, so is excluded from tables of
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0' = 0.024 0% = 0.024 02 =0

Mean Var Bias? MSE Mean Var Bias? MSE Mean Var Bias? MSE

ABayeScanInf | 2.38 x 1072 | 3.18 x 1075 | 5.07 x 1073 | 3.23 x 107% | 2.40 x 1072 | 3.28 x 1075 | 5.34 x 10710 | 3.28 x 107 NA NA NA NA

ABayeScanU01 | 2.51 x 1072 | 1.78 x 107° | 1.22 x 107 | 1.90 x 107° | 2.53 x 1072 | 1.78 x 107 | 1.55 x 107¢ | 1.94 x 10~° NA NA NA NA
Bayenv 1.69 x 1072 | 3.59 x 1077 | 5.14 x 1075 | 5.18 x 1073 | 1.68 x 1072 | .56 x 1077 | 5.19 x 107> | 5.22 x 1075 | —2.03 x 10~ | 3.35 x 107 | 4.11 x 10~ | 4.44 x 10~

Bl =6 = 0.024 82 =62 = 0.024
Mean Var Bias? MSE Mean Var Bias? MSE

MME 243 x 1072 | 1.33 x 1075 | 6.56 x 1078 | 1.34 x 107° | 2.42 x 1072 | 9.45 x 107% | 4.61 x 1078 | 9.50 x 10~°

BayeScanFoll | 2.72 x 1072 | 1.66 x 10° | 9.97 X 107% | 2.66 x 107° | 2.72 x 1072 | 1.55 x 1075 | 1.00 x 1075 | 2.56 x 107°
ABayeScanInf | 2.38 x 1072 | 3.18 X 107% | 5.07 x 107 | 3.23 x 1076 | 2.40 x 1072 | 3.28 x 1070 | 5.34 x 1071* | 3.28 x 107°
ABayeScanU01 | 2.51 x 1072 | 1.78 x 107° | 1.22 x 1076 | 1.90 x 107° | 2.53 x 1072 | 1.78 x 107° | 1.55 x 1075 | 1.94 x 1075

Bayenv 1.89x 1072 | 1.35 x 1076 | 2.69 x 107° | 2.82x 107° | 1.88 x 1072 | 1.34 x 107% | 2.72 x 10° | 2.86 x 107°

Table 3.5: Two-Population Simulation Study: Assessment of Methods on 100
Data Sets Simulated Under Simulation Setting Ind C (N; = 1,000, Ny = 1,000, u =
0.01,m; = 0,my = 0). MME: Weir and Goudet method of moments estimator. BayeS-
canFoll: MCMC samples obtained from the BayeScan implementation of Foll and Gaggiotti
(2006)’s model. ABayeScanInf: Our Bayesian model with informative priors implemented
in Stan version 2.14. ABayeScanUO01: Our Bayesian model with U(0,1) priors implemented
in Stan version 2.14. Bayenv: Bayenv implementation of Gunther and Coop (2013)’s model.
True parameter values are given in column headers. They were the generation time t = 1, 000
values for 6%(t), 6%(t), 6'3(t), population-1-specific Fs7 3'(t), and population-2-specific Fgr

(%(t), determined by iterating transition equations for the two-island model.

0', 0%, and 6'2 results.

In simulation settings Ind A-C and Dep A-C, the Weir and Goudet B" MME, our Adapted
BayeScan copula model with Informative priors, and our Adapted BayeScan copula model
with U(0,1) priors all yield lower 3! MSE and lower $* MSE than BayeScan with Foll’s
implementation and Bayenv. In settings Dep A and Dep C, the true 52 is negative. In
simulation settings Dep A and Dep C, the MME and our Adapted BayeScan copula model
(with either Informative or U(0,1) priors) yield negative mean 3% estimates, but the BayeScan

and Bayenv models yield positive mean estimates, resulting in BayeScan and Bayenv each
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o' =0.126 0% = 0.032 0'% = 0.0403
Mean Var Bias? MSE Mean Var Bias® MSE Mean Var Bias? MSE

ABayeScanInf | 1.25 x 1071 | 2.23 x 107 | 9.61 x 1077 | 2.24 x 107" | 2.62 x 1072 | 1.32 x 1077 | 3.29 x 107" | 3.31 x 107° | 3.53 x 1072 | 1.93 x 1076 | 2.52 x 107° | 2.71 x 107>
ABayeScanU01 | 1.11 x 107" | 3.04 x 107* | 2.32 x 107* | 5.36 x 107* | 1.83 x 1072 | 3.03 x 107 | 1.87 x 107 | 1.90 x 10~ | 2.25 x 1072 | 8.74 x 107¢ [ 3.16 x 10~* | 3.25 x 10~*

Bayeny 235 x 1072 | 1.85 1076 | 1.06 x 102 | 1.06 x 1072 | 1.97 x 102 | 4.30 x 107 | 1.50 x 10~* | 1.50 x 10" | —=6.52 x 10~* | 8.40 x 1077 | 2.19 x 105 | 2.19 x 10~3
B! = 0.0897 (% = -0.00867
Mean Var Bias? MSE Mean Var Bias? MSE
MME 9.35 x 1072 | 6.23 x 107° | 1.42 x 107° | 7.65 x 107° | —8.00 x 107 | 1.15 x 107 | 4.51 x 1077 | 1.20 x 107°

BayeScanFoll | 7.07 x 1072 | 1.94 x 10~* | 3.61 x 107* | 554 x 10™* | 2.26 x 1072 | 4.12x 1070 | 9.79 x 10* | 9.83 x 10~*
ABayeScanlnf | 9.35 x 1072 | 2.06 x 107 | 1.45 x 1075 | 2.21 x 107* | —=9.46 x 10® | 3.12 x 107 | 6.19 x 1077 | 3.74 x 10~°
ABayeScanU01 | 9.09 x 1072 | 2.59 x 107 | 1.49 x 1076 | 2.61 x 107 | —4.59 x 1073 | 1.70 x 1075 | 1.67 x 1075 | 3.37 x 107

Bayenv 2.98 x 1072 | 4.92 x 107% | 3.59 x 1073 | 3.60 x 1073 | 2.61 x 1072 | 2.30 x 1076 | 1.21 x 1073 | 1.21 x 1073

Table 3.6: Two-Population Simulation Study: Assessment of Methods on 100
Data Sets Simulated Under Simulation Setting Dep A (N; = 100, Ny = 1,000, u =
0.01,m; = 0.01,my = 0.01). MME: Weir and Goudet method of moments estimator.
BayeScanFoll: MCMC samples obtained from the BayeScan implementation of Foll and
Gaggiotti (2006)’s model. ABayeScanInf: Our Bayesian model with informative priors
implemented in Stan version 2.14. ABayeScanUO01: Our Bayesian model with U(0,1)
priors implemented in Stan version 2.14. Bayenv: Bayenv implementation of Gunther and
Coop (2013)’s model. True parameter values for this setting are given in column headers.
They were the generation time t = 1,000 values for 61(¢), 0%(t), 6'%(¢), population-1-specific
Fsr B(t), and population-2-specific Fsr 32(t), determined by iterating transition equations

for the two-island model.

having higher squared bias. BayeScan and Bayenv’s higher squared bias contributes to their
higher MSE, since MSE = Variance + Bias?, for 5% than MME and Adapted BayeScan

models.

Figures 3.9, 3.10, 3.11, 3.12, 3.13, and 3.14 give violin plots for Weir and Goudet /*
and 32 MMEs evaluated on 100 simulated two-island model data sets for the six simulation
settings of Table 3.1. Estimates of 3* appear roughly centered around generation ¢ = 1,000

B(t) values obtained from two-island model transition equations, which are given in Table
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6' = 0.0161 6% = 0.0161 6" = 0.00817
Mean Var Bias? MSE Mean Var Bias? MSE Mean Var Bias? MSE
ABayeScanInf | 1.62 x 1072 | 3.73 x 1077 | 9.06 x 107 | 3.82 x 1077 | 1.60 x 1072 | 3.31 x 1077 | 6.53 x 107'° | 3.31 x 1077 | 7.93 x 1073 | 1.46 x 10~ | 5.68 x 10~ | 7.14 x 10~
ABayeScanU01 | 2.10 x 1072 | 5.34 x 1076 | 247 x 1075 | 3.01 x 10 | 212 x 1072 | 6.12 x 107% | 2.64 x 10 | 3.25 x 1077 | 1.22 x 1072 | 2.83 x 1077 | 1.62 x 10~ | 1.65 x 10~°
Bayenv 1.39 x 1072 | 5.80 x 107° | 4.61 x 107° | 4.66 x 1075 | 1.39 x 1072 | 5.24 x 107% | 4.69 x 1076 | 4.75 x 1076 | 9.25 x 107 | 5.66 x 10~° | 5.25 x 107° | 5.26 x 107>
Bt = 0.00795 (% = 0.00795
Mean Var Bias? MSE Mean Var Bias? MSE
MME 8.82x 1073 | 4.07 x 1070 | 7.44 x 1077 | 4.81 x 107 | 8.57 x 1073 | 4.28 x 107° | 3.81 x 1077 | 4.66 x 10~6

BayeScanFoll | 1.86 x 107! | 5.06 x 10~ | 1.27 x 10~* | 6.33 x 10~* | 3.12 x 1072 | 5.02 x 107% | 5.14 x 107° | 5.64 x 10~
ABayeScanInf | 8.29 x 107 | 541 x 1077 | 1.12x 1077 | 6.52 x 107 | 8.16 x 1073 | 4.89 x 1077 | 4.50 x 1078 | 5.34 x 10~7
ABayeScanU01 | 8.94 x 1073 | 4.49 x 1076 | 9.78 x 1077 | 5.47 x 1076 | 9.11 x 1073 | 4.62 x 1076 | 1.35 x 1076 | 5.97 x 107°

Bayenv 1.30 x 1072 | 221 x 1077 | 2.55 x 1075 | 2.57 x 107° | 1.30 x 1072 | 2.11 x 107 | 2.53 x 1075 | 2.55 x 107°

Table 3.7 Two-Population Simulation Study: Assessment of Methods on 100
Data Sets Simulated Under Simulation Setting Dep B (N, = 1,000, N, = 1,000, u =
0.01,m; = 0.01,my = 0.01). MME: Weir and Goudet method of moments estimator.
BayeScanFoll: MCMC samples obtained from the BayeScan implementation of Foll and
Gaggiotti (2006)’s model. ABayeScanInf: Our Bayesian model with informative priors
implemented in Stan version 2.14. ABayeScanUO01: Our Bayesian model with U(0,1)
priors implemented in Stan version 2.14. Bayenv: Bayenv implementation of Gunther and
Coop (2013)’s model. True parameter values for this setting are given in column headers.
They were the generation time t = 1,000 values for 6(t), 0%(t), 6'2(t), population-1-specific
Fsr '(t), and population-2-specific Fsr 32(t), determined by iterating transition equations

for the two-island model.

3.1 per simulation setting. This observation is consistent with Tables 3.3, 3.4, 3.5, 3.6, 3.7,
and 3.8 in which we see that the mean Weir and Goudet Bl MME estimate is close to the
true parameter value 3* determined by transition equations. The mean would perhaps be
closer to the true parameter value if the number of simulated data sets per simulation setting

were greater than 100 or the number of loci L per simulated data set were greater than 100.

Note that simulation settings Ind A and Ind B are symmetric in that they have the same

5 two-island model population genetic parameter values, except that population sizes N; and
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Figure 3.9: Violin plots of 100 Weir and Goudet (2017) population-1-specific Fg7 ' MME
estimates (left) and 100 Weir and Goudet (2017) population-2-specific Fsr 32 MME estimates
(right) for simulation setting Ind A. Simulation setting Ind A is defined by 5 population
genetic parameter values resulting in true 0, 62, 6'2, 5!, and % values given in Table 3.1.
Black line: 3% value determined by two-island model’s transition equations. Blue line: Mean

of 100 3¢ estimates, with one estimate obtained per data set simulated under this setting.
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Figure 3.10: Violin plots of 100 Weir and Goudet (2017) population-1-specific Fgr ' MME
estimates (left) and 100 Weir and Goudet (2017) population-2-specific Fsr 32 MME estimates
(right) for simulation setting Ind B. Simulation setting Ind B is defined by 5 population
genetic parameter values resulting in true 0%, 62, 6'2, 5!, and % values given in Table 3.1.
Black line: 3% value determined by two-island model’s transition equations. Blue line: Mean

of 100 B¢ estimates, with one estimate obtained per data set simulated under this setting.
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Figure 3.11: Violin plots of 100 Weir and Goudet (2017) population-1-specific Fgr ' MME
estimates (left) and 100 Weir and Goudet (2017) population-2-specific Fsr 32 MME estimates
(right) for simulation setting Ind C. Simulation setting Ind C is defined by 5 population
genetic parameter values resulting in true 0%, 62, 6'2, 5!, and % values given in Table 3.1.
Black line: 3% value determined by two-island model’s transition equations. Blue line: Mean

of 100 B¢ estimates, with one estimate obtained per data set simulated under this setting.
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Figure 3.12:  Violin plots of 100 Weir and Goudet (2017) population-1-specific Fgr 3
MME estimates (left) and 100 Weir and Goudet (2017) population-2-specific Fsr 32 MME
estimates (right) for simulation setting Dep A. Simulation setting Dep A is defined by 5
population genetic parameter values resulting in true 6%, %, 6'2, 3!, and 32 values given in
Table 3.1. Black line: 3¢ value determined by two-island model’s transition equations. Blue
line: Mean of 100 3¢ estimates, with one estimate obtained per data set simulated under this

setting.
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Figure 3.13: Violin plots of 100 Weir and Goudet (2017) population-1-specific Fgr ' MME
estimates (left) and 100 Weir and Goudet (2017) population-2-specific Fsr 32 MME estimates
(right) for simulation setting Dep B. Simulation setting Dep B is defined by 5 population
genetic parameter values resulting in true 0%, 62, 6'2, 5!, and % values given in Table 3.1.
Black line: 3% value determined by two-island model’s transition equations. Blue line: Mean

of 100 B¢ estimates, with one estimate obtained per data set simulated under this setting.
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Figure 3.14: Violin plots of 100 Weir and Goudet (2017) population-1-specific Fgr ' MME
estimates (left) and 100 Weir and Goudet (2017) population-2-specific Fsp 32 MME estimates
(right) for simulation setting Dep C. Simulation setting Dep C is defined by 5 population
genetic parameter values resulting in true 0%, 62, 6'2, 5!, and % values given in Table 3.1.
Black line: 3! value determined by two-island model’s transition equations. Blue line: Mean

of 100 3¢ estimates, with one estimate obtained per data set simulated under this setting.
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0' = 0.198 0% = 0.0449 0'? = 0.0665
Mean Var Bias? MSE Mean Var Bias® MSE Mean Var Bias? MSE

ABayeScanInf | 1.95 x 107 [ 3.27 x 107 | 6.10 x 1076 | 3.33 x 10~* | 3.06 x 1072 | 2.05 x 107 | 2.05 x 10~* [ 2.06 x 1074 | 5.44 x 1072 | 1.11 x 1075 | 1.47 x 10~* | 1.58 x 10~*
ABayeScanU01 | 1.70 x 1071 | 4.48 x 1074 | 7.71 x 1074 | 1.22 x 1073 | 1.85 x 1072 | 257 x 1075 | 6.98 x 1074 | 7.01 x 10~ | 3.22 x 1072 | 4.32x 1075 | 1.18 x 1073 | 1.22 x 1073

Bayeny 3.08 x 1072 | 443 x 1076 | 2.78 x 1072 | 2.78 x 1072 | 2.24 x 102 | 8.00 x 10~ | 5.09 x 10~ | 5.09 x 10~ | —1.10 x 102 | 1.72 x 10~% | 6.01 x 10~ | 6.01 x 10~
Bt =0.14 B% =-0.0232
Mean Var Bias? MSE Mean Var Bias? MSE
MME 143 x 1071 | 1.55 x 107* [ 6.94 x 1078 | 1.62 x 107™* | —=2.29 x 1072 | 3.21 x 107 | 4.62 x 1078 | 3.22 x 107°

BayeScanFoll | 1.17 x 107" | 2.67 x 107* | 5.71 x 107* | 8.38 x 10™* | 2.13x 1072 | 3.16 x 1070 | 1.98 x 1073 | 1.98 x 1073
ABayeScanInf | 1.49 x 107" | 2.85 x 10™* | 7.46 x 107° | 3.59 x 10~* | —2.54 x 1072 | 1.24 x 107° | 5.13 x 107% | 1.76 x 10~°
ABayeScanU01 | 1.43 x 1071 | 3.29 x 1071 | 4.88 x 1076 | 3.34 x 107 | —1.47 x 1072 | 3.58 x 1075 | 7.09 x 107° | 1.07 x 10~*

Bayenv 414 %1072 | 1.09 x 107° | 9.81 x 1072 | 9.82 x 1072 | 3.30 x 1072 | 4.46 x 107¢ | 3.15 x 1072 | 3.16 x 1073

Table 3.8: Two-Population Simulation Study: Assessment of Methods on 100
Data Sets Simulated Under Simulation Setting Dep C (/N; = 100, No = 1,000, =
0.01,m1 = 0,my = 0.01). MME: Weir and Goudet method of moments estimator. BayeS-
canFoll: MCMC samples obtained from the BayeScan implementation of Foll and Gaggiotti
(2006)’s model. ABayeScanInf: Our Bayesian model with informative priors implemented
in Stan version 2.14. ABayeScanUO01: Our Bayesian model with U(0,1) priors implemented
in Stan version 2.14. Bayenv: Bayenv implementation of Gunther and Coop (2013)’s model.
True parameter values are given in column headers. They were the generation time t = 1,000
values for 0*(t), 62(t), 0'2(t), population-1-specific Fsy 3'(t), and population-2-specific Fgr

B%(t), determined by iterating transition equations for the two-island model.

N, are switched, so that the transition equation-determined 3! and 3? values are switched
(Table 3.1). As expected, comparing Tables 3.3 and 3.4, we see that each method’s two
orders of magnitude, one for the f* MSE and one for the 32 MSE, are switched between
the simulation settings. For example, in Table 3.3, the MME has a 3! MSE on the order of
10~* and the 82 MSE on the order of 10~°, while in Table 3.4, the MME has a 3' MSE on
the order of 1075 and the 32 MSE on the order of 10=*. This pattern holds for the other

methods and acts as a check of methods’ implementations.
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3.6 Results: Two Alleles From Different Populations: HealthABC Cohort
Study

Results of the analysis treating African Americans as one population and Caucasian Amer-
icans as another population and applying the Weir and Goudet B” MME, our Adapted
BayeScan Bayesian hierarchical copula model, Foll et al.’s BayeScan model, and Bayenv are
given in Table 3.9. Figure 3.6 plots values given in Table 3.9.

From Figure 3.6 and Table 3.9, we see that the Bayenv method can give a 612 estimate
that is negative, and so out of range for an ibd probability. Comparing methods, we see
that Bayenv gives the lowest Fgr; estimate and the lowest Fgr o estimate. We see that our
Adapted BayeScan copula model, BayeScan, and the MME have overlapping Fsr; intervals
and overlapping Fgr o intervals, but Bayenv’s intervals do not overlap with all of the other
methods’ corresponding intervals. For example, for Fs7;, Bayenv’s interval barely overlaps
with Bayescan and MME intervals, and does not overlap with our Adapted Bayescan copula
interval. For Fsr 9, Bayenv’s interval overlaps with Bayescan and MME intervals, and barely
overlaps with our Adapted Bayescan copula interval. For 6%, 6%, and 0'2, our Adapted

Bayescan intervals do not overlap with Bayescan intervals.

3.7 Discussion

We have described existing estimators of 6,5 or 3;;, and a novel estimator of the coancestry
coefficient 6;;; between individuals j and j’, described bootstrap procedures for obtaining
confidence intervals for method of moments estimators, evaluated the simple MME, weighted
and unweighted Weir and Goudet MMEs Bjj/’w and Bjj/’u, and weighted and unweighted
GCTA MMEs 0, and 0y
individuals” dosages at L =~ 73K bi-allelic SNPs. We find that Weir and Goudet MMEs

on simulated one-population data consisting of n = 115

and GCTA MMEs are better at estimating their pedigree-determined parameters than at
estimating 6;;, as determined by MSE. Furthermore, plots of the simple MME, Weir and
Goudet weighted and unweighted MME, and GCTA weighted and unweighted MMEs clearly
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Figure 3.15: Weir and Goudet MME, our Adapted BayeScan Copula Model, BayeScan, and
Bayenv Applied to HealthABC Data. MME: Weir and Goudet MME implemented with
hierfstat. BayeScan Foll: Foll and Gaggiotti (2006)’s model implemented with BayeScan.
ABayeScan: Our Adapted BayeScan copula model implemented with Stan. Bayenv:
Gunther and Coop (2013)’s model implemented with Bayenv. 3! i€ {1,2}: Population i-
specific Fsr 8¢ := (0°—0'%)/(1—-6"%). 61,62 6': Population-1, Population-2, and Population-
12 ibd probabilities respectively. Dot: Point estimate. Bars: 2.5% and 97.5% endpoints of

confidence interval (for MME) or credible interval (for a Bayesian method).
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illustrate that these estimators are biased for 6;;.

Some estimators tell us more about ¢;; than other estimators, because their pedigree-
determined parameters tells us more about 6;;; than other pedigree-determined parameters.
The pedigree-determined parameters were (3;;; for the weighted and unweighted Weir and
Goudet MMEs and for the simple MME, and (2(6,;; + 0s) — 2¢j — 2¢;)/(2(1 — 0g)) for
the weighted and unweighted GCTA MMEs. Weir and Goudet MMESs’ pedigree-determined
parameter 3, = (0;;; — 6s)/(1 — 0s) is a monotone-increasing function of §,; for fixed fg,
so ranks in the same order as 0;;;, and its sign indicates whether 0;; is less than, equal
to, or greater than 6g. The weighted and unweighted GCTA MMEs’ pedigree-determined
parameter is a function of 0;;/, 0g, ¥;, and 1}, not just 6,;:.

We reviewed estimators of population-i-specific Fsr 5° = (6° — 6p)/(1 — 6p): the Weir
and Goudet B’ MME (which allows 6 > 0), and existing Bayesian methods by Foll and
Gaggiotti (2006) (which assumes 6 = 0) and Gunther and Coop (2013) (which allows
65 > 0). Using a copula, we developed a novel two-population Bayesian estimator of 3 that
accounts for dependent population allele frequencies (allowing 6z > 0), while maintaining
population genetic-justified Beta distributions for allele frequencies’ marginal distributions,
unlike Gunther and Coop (2013)’s model.

We evaluated these ¢ estimators’ under six simulation settings, with 100 data sets per
setting simulated according to a two-island model. Each data set consisted of two popula-
tions’ data, with n = 100 individuals’ genotypes at L = 100 bi-allelic loci. We found that
Weir and Goudet Bz MMEs were approximately unbiased for 3% in all six settings. We also
found that in the two simulation settings with #° < 6z (so a negative population-i specific
Fsr "), the MME and our Bayesian copula model yielded mean estimates that were nega-
tive, while the other Bayesian methods did not yield negative mean estimates, resulting in
the MME and copula model having lower MSEs for the negative 3 than the other methods.

We evaluated these 3% estimators on real HealthABC data and found that the choice of
estimator made a difference. Gunther and Coop (2013)’s model implemented in their Bayenv

software gave a 3! interval that barely overlapped with BayeScan and MME intervals, and
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did not overlap with our Adapted Bayescan copula interval. For ', #2, and 62, our Adapted
Bayescan copula model intervals did not overlap with Bayenv intervals.

Weir and Goudet’s method of moments estimator 3* has a number of advantages. It has
low bias for 3. It is faster to compute than Bayesian methods, which require converged
MCMC chains that could be infeasible to obtain on large-scale data. By bootstrapping over
independent loci’s dosages, one can obtain a confidence interval for 3.

A Bayesian approach has a number of advantages. Due to the incorporation of a likelihood
and priors, a Bayesian approach could have lower MSE than an MME, and one can obtain
estimates of 6,7 € {1,2} and @p, rather than the compound parameter 5° = (§° — 0p)/(1 —
0p). With posterior samples, one can also obtain a credible interval for any parameter of
interest.

In many situations, it is plausible that #g could be greater than 0 due to migration
between populations, so we suggest the use of an estimator that allows for this, which leaves
the Weir and Goudet MME, Gunther and Coop (2013)’s model implemented in Bayenv, and
our two-population copula model. If computation time rules out Bayesian methods, then we
suggest the Weir and Goudet MME. If two populations are being analyzed, then we suggest
our two-population copula model, since unlike Bayenv, it maintains Beta marginal allele
frequency distributions, and had lower MSE for both population-specific Fg; parameters 3

and 3% under a variety of simulation settings.
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Method Parameter Point Estimate 2.5% Quantile CI 97.5% Quantile

MME B 0.169 0.105 0.233
MME 32 0.125 0.0638 0.189
ABayeScan ot 0.144 0.132 0.18
ABayeScan 62 0.131 0.12 0.166
ABayeScan 612 0.0115 0.00395 0.0359
ABayeScan [l 0.134 0.123 0.169
ABayeScan 32 0.121 0.11 0.156
BayeScan Foll ok 0.156 0.104 0.211
BayeScan Foll (2 0.113 0.0667 0.165
Bayenv ot 0.0576 0.0417 0.0763
Bayenv 62 0.0582 0.0425 0.0785
Bayenv 612 -0.0287 -0.0398 -0.0204
Bayenv oR 0.0839 0.0641 0.108
Bayenv 32 0.0844 0.0649 0.111

Table 3.9: Application of Weir and Goudet MME, our Adapted BayeScan copula model,
BayeScan, and Bayenv to HealthABC Cohort Study Data, L = 100 bi-allelic Chr 22
SNP’s typed in Black and White individuals, treating Population 1 as Black and Popu-
lation 2 as White. MME: Weir and Goudet method of moments estimator implemented
with hierfstat R package. BayeScan Foll: Foll and Gaggiotti (2006)’s model implemented
with BayeScan software. ABayeScan: Our Adapted BayeScan copula model implemented
with Stan. Bayenv: Gunther and Coop (2013)’s model implemented with Bayenv soft-
ware. 2.5% Quantile, 97.5% Quantile: Endpoints of 95% confidence interval (for
MME) or credible interval (for a Bayesian method). A% i€ {1,2}: Population i-specific
Fsr B°:= (0" —6')/(1—02). 0,62, 6'%: Population-1, Population-2, and Population-12 ibd

probabilities respectively.
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3.8 Appendix:

3.8.1 B/ ’s Pedigree-Determined Parameter
JISim.

The match statistic between individuals j and j’ at locus [ is defined

1
My = 5[1 + (X5 = (X5 = D).

The simple MME of pedigree-determined parameter 3;; is

- > (1= M)
Pit. =1 S 21— )
CXe2n(-p) (- M)
Zl 215!(1 - ﬁl) Zz 2151(1 - 15!)
_ 2l@p( —p) — (1 - M;j)]
Zl Zﬁl(l _ﬁl)
>ou20 — 27 — 1+ M)
> 20i(1 = pu)
SuMjy — Bt — (=2 + p7 + 1))
Zl 2151(1 _ﬁl)
SIMy — 5t — (1= p)?]
>12p(1 —pi)

The ratio of the numerator to the denominator of the simple MME is
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A=mP)]  SUB(A+ (G - )X = D] =5 — (1 =)

SIECRO-m) B (21— 50)))

B (B (X)) — Xy = X 1) = 5~ (L= 204 7) )]
SUIE(20(1 - 7))
SUE (32 + (X3X5) = X5 = Xid = 1+ 20— 2% )]
SUE (261 - 7))

Vil J

2alzl2+ E(X;Xy) - B(Xy) - B(X;)] - 14 2E(p) — 2E(ﬁ?)]'

: 2B (51— 1))
(3.14)

Denoting the numerator of the fraction in Equation 3.14 £ (@jjéim_) Num, and substituting

expressions for £(X;;) of Equation 2.19, £(X;,X;,) of Equation 2.21, £(p7) of Equation 2.18,

and &£(p;) of Equation 2.17, we simplify E(Bjj’sm‘)Num3

E B v = 3 [512+ BXX) — B(X) — B(X,)] — 1+ 2B(3) — 25(7)
-y [%[2 n (4(7r,2 Fm(l— m)ejj,)) - <2m) - (zm)]

— 1+2<m> —2(7T12 +m(l—m) {95+ i(l +Fw = 293)} >]

2n

=3 [+ (2 + w1 —m0y)) —2(m)]

1
—1—{—27Tl—27Tl2—27T1(1—7Tl) {95+—(1+FW—295):|]

R
23

l

2n

1
(27rl2 +om(1 - m)@) o2 —om(1—m) {95 + 5 (L4 Fiv = 295)} }

I 1
27’(’[(1 - 7rl)6’jj, — 27’(’[(1 - 7Tl) [95 + % (1 + FW - 295>:| ]

>

(2771(1 . m)) <9jj, - {es + % (1+ Fy — 299} )]
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Denoting the denominator of the fraction in Equation 3.14 by £ (Bjjfsm) Denom, and sub-
stituting in the expression for £[p;(1 — p;)] (obtained from Equations 2.17 and 2.18) into the

denominator, we obtain:

~

E(Bjgy,. Y Denom = Y _[2 (Wl(l —m) {(1 —0s) — % (L+ Fw — 295)} )]

l

We then obtain

EBn, Inum/E B, ) Denom = Z [(2@(1 - Wl)) <9jj’ - [95 + % (1+ Fw — 295)] )]

/Z (m(1—m) [(1—05)—%(1+Fw—293)}>]
= [Hjj/ - {93+ % (1+ Fy — 295)“

/ {(1 —0) — %(1 b Fy - zes)}

_ ((9]]/—93)—%(1+Fw—203)
(1—0s) — = (1+ Fw — 205)

(3.15)

When n — oo, the last expression on the right-hand side of Equations 3.15 approaches

Bjjéim"s pedigree-determined parameter f5;;; = (6, — 6s)/(1 — bs).

3.8.2 Bjj’,w 's Pedigree-Determined Parameter

The ratio of the expected value of Bjj/’w’s numerator to the expected value of its denominator

is Zl[ ( J]l> (MSZ)]/Zl[l - E(MSZ)]

Using expectations for match statistics, e.g. Equation 2.24,
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zl[(1 — (1 - 67)2m(1 — m)) - (1 (1 05)2m(1 — m))]

l l S - (1 (1 0s)2m(1 — m))]
S+ 602)2m (1 — m) + (1 — 05)2m (1 — m)]
2al(1 = 0s)2m (1 — m)]
205 = 0s5)2m(1 — m)]
- A= 0s)2m (1 — m))]
By - o5
T 1-0s

Since j and j' are from the same population, ¢ = 7', and we drop the 7’ superscript.

Hence,

S BTy — B/ 3ol - () = 2%, (316)

l l

which is Bjj/,w’s pedigree-determined parameter [3;;:.

3.8.8 0jycera, and 0, aora, ’s Pedigree-Determined Parameter

The ratio of the expected value of the numerator of éjj to the expected value of its

denominator is Y, E((Xj, — 2p1)(Xy; — 2m))]/ D2, EEpi(1 — pr))]-

The expectation in the numerator is

EW(Xy, —2p) (X = 2m)) = E(X;, Xy — 2 X5 — 2X5,01 + 4p7)
= E(X;,Xj;) — 2E(piX ;) — 2E(X;,p0) + 4E(P7).-
Substituting in expressions for £(X; X)) from Equation 2.21, (5 Xj) and E(Xj;p) from

Equation 2.22, and £(p?) from Equation 2.18, we obtain that the expectation in the numer-

ator is
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EWX, = 2p)(Xy; — 2m)) = E(X;,Xy) — 26(Xym) — 26(X,01) + 4E(Y)
= [4(#12 +m(l— Wl)ij/)}
r 1
—2)2m) + 2m(1 — m)dhy + ~m(l = m)(L+ Fy — 21/}]-,)}

- 1
—2(2m7 + 2m(L = m)y + (L —m) (1 + F - 2%)}

+4:7rl2 +m(1 —m) [95 + % (1+ Fw — 295)} }
- (zm(1 - m)) ([29],-,}
+ :— 2 — %(1 + Fy — 2%”)]

+[ -2 - (4 - 20)

+ :2 [95+%(1+FW—203)“). (3.17)

Substituting into the denominator the expression for £(p;(1 — 7)), we have:



1

EBijany,) = | 3 (2m1 = )| 2055 — 20
— 29, — %(1 + Fj — 2¢y)
+2 {95+%(1+Fw—29s)} ])]
/> am - m) {(1 —0s) — % (1+ Fy — 295)} |
_ [zejj/ + 20 — %(1 + Fy — 205) — 20 — %(1 + = 2))
+2 {05+%(1+Fw—293)“
/29

= [20035 + [95 + % (1+ Fw — 205)})

1
——n(1+FW—293)>]
1
= 2y = —(1+ Fy — 2uy)
1
— 2 = (L4 F - 2%’)}

/2(-09)

2

1(1+Fw—295)>]
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(3.18)

This expression on the right-hand-side of Equation 3.18 with n — oo gives what we call

%) 9 . .
ijé oA S pedigree-determined parameter.

Isolating factors of 1/n, we obtain:
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~

1
£(0; - {zejj, + 205+ — (1+ Fiy — 20)

Hsctaw)
1
= 2y — (14 Fy — 295)
— 25 — %(1 + Fj - 2%’)]
/ {2((1 —05) — — (1+ Fy — 205) )}

o
20,5 + 205 — 2y — 2

—

n

1 1
- 1+Fj'—2@/}j’)—ﬁ(1+Fj—2¢j)}
/20 =09 - 51+ 1o - 209)

= [Q(ij/ + 05—V — ;)
+%<(1+Fw —205) — (L + Fy — 20y) — (1 + F} ‘2%‘))]

/{2((1—95)—%(1+Fw—205)>}. (3.19)

We can show that this expression is equivalent to Equation (13) of the Weir and Goudet

paper:



EBjjt ) = [(ij' + 05 — ¢y — 1))

o (14 Fir = 205) = (14 Fy = 205) = (14 F = 203) )

2n
/(1= 05) = 5 (1+ Fiy —205) )
= [(Hjj'+95—¢j’—¢j)
+%(FW—2QS—FJ-,+2¢f—1—E,-+2¢j)}
/(0= 05) = 5 (14 F —205) )
= [(%’Jr@s—%/—?/}j)
o (= Fw 205+ Fy — 205 +14 5 — 20 )
/(0= 05) = 5 (14 F —205) )
= [(%’Jr@s—%"—%)

- %(—FW/2+05+J@,/2—¢J-, + 1/2+Fj/2—¢j)]

/((1=65) = 5 (1+ Fiy —205) )

= [(ij' + 05 — by — 1))
- %(— 1/2 — Fy /2 + 05 + Fy /2 — 0y +1+Fj/2—¢j)}

/<(1—95)—%(1+Fw—265))

= [(ij' + 05 — by — ;)
—%(—FS+03+Fj//2—¢j/+1+Fj/2—¢jﬂ

/((0=05) =~ (1/2+ Fw/2-65) ),
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where Fs = (1 + Fy)/2. Considering further that 6;; = 1/2 + F;/2 and 6, = 1/2 + F;/ /2,

we have that
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~

E0)t0rnn) = {(%" +0s — ¥y — )
1
— —(1/2+ Fy/2+1/2+ Fy/2 =4, — vy — Fs + 65) |

/(- b5) ~ (s~ b))

n
= [(ij/ —Y; — ¥y +0s)
_ %(9]-3- + 055 — v — ¢y — Fs + 95)}

/((1—95) . (Fs—es)),

n

and this last expression is equivalent to Equation 13 of Weir and Goudet (2017).
Consider the ratio of the expectation of a single locus éjjé;cmu’s numerator to the expec-

tation of a single locus éjjé _’s denominator. Take the mean over loci of this ratio. The

CTA
resultant quantity is % Zle[c‘f((le — 2]51)(le/ —2p))/[EAp (1 — py)))-
Recalling Equation 3.17, we observe that E((X;; — 2p)(X;n — 2p1))/(2m(1 — m)) does

not depend on [:

£((X, — 20 (X —200)/ (2m(1 — =) = [20,,]
+ :— 2y — %(1 + Py — 2%”)}

F[-20 -0+ F - 20)]

: 1
+ |2 {«95+%(1+Fw—205)“.

We observe that €(p;(1 — ﬁl))/(m(l — m)) does not depend on [:

1
—%(1+Fw—205)].

E(m(1 —ﬁl))/<7ﬁ(1 - Wz)) = {(1 — 0s)
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Hence, we have:

= 2p)( Xy — 2p1))

1 & (2l =) ) £, = 20 (X —200)/ (2m(1 )
L Z 4]91 (1—m)) ; (27rl(1 — m)) E4p(1 —ﬁl))/<27rl(1 — 7Tl)>

G = 2 2@))/(%(1 _m ) . ZL: (zm (1— m))
E(4p(1 — pl))/<2m(1 . m)) — (zma _ m))

— [Q(ij/ + {95 + % (1+ Fy — 293)})

— 2y — %(1 + Fjy — 24y)
— 2¢; — %(1 + Fj - 2%’)}

/ {2 ((1 ~ ) — % (1+ Fyy — 205) )] . (3.20)

This expression on the right-hand-side of Equation 3.20 with n — oo gives what we call
0,

iitora, S Dedigree-determined parameter. We observe that the expression on the right-

hand-side of Equation 3.20 is the same expression as that on the right-hand-side of Equation

3.18. Hence, 0.

it 's pedigree-determined parameter is the same as 0,
GCTAu

JiGoraw

's pedigree-

determined parameter.
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