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The data-driven modeling approach has become increasingly popular to model the system

where the first-principled approach is prohibitively challenging, such as finance, climate

science, biology, epidemiology, etc. The Sparse Identification of Nonlinear Dynamics algo-

rithm (SINDy) is a data-driven method that serves as an alternative to the first-principled

modeling approach. The SINDy has the unique characteristic of identifying a sparse and

interpretable model given the measurement data of the system of interest. However, the

original SINDy can not identify implicit dynamics, limiting its ability to identify a dynami-

cal system with rational functions. Moreover, common with many data-driven techniques,

the SINDy is not robust to noise. This thesis proposes two important extensions that

extend SINDy’s ability to identify rational dynamics robustly (SINDy-PI) and improves

SINDy’s noise robustness by using state-of-the-art time-stepping constraints and automatic

differentiation techniques (modified SINDy). We will also show SINDy’s application in

discrepancy modeling using various numerical examples and an experimental double

pendulum. This discrepancy modeling framework of SINDy is advantageous when an

imperfect model is already known. The work on the SINDy algorithm naturally brings

out another important topic: how to design an experimental benchmark system for chaos,

learning, and control. As a well-known classic textbook example, the multi-link pendulum

on the cart system has been well studied. However, extensive documentation on such a



system’s design, construction, and operation is missing from the literature. Thus, this thesis

also provides a detailed tutorial on building a multi-link pendulum experimental system

that is highly flexible, enabling a wide range of benchmark problems in dynamical systems

modeling, system identification and learning, and control. The building of the pendulum

hardware system is also for the future experimental validation of the saddle-mediated

transport of the double pendulum. The transport of material in chaotic dynamical systems

has been shown to be mediated by the presence of saddle points in the phase space. This

perspective has been used to explain efficient bio-locomotion, develop energy-efficient

transport routes in the solar system for space mission design, and understand chemical

reaction kinetics. In particular, the mechanical double pendulum has three fixed saddle

points and exhibits rich, chaotic motion. This thesis then provides a detailed analysis

to establish a correspondence between the double pendulum and the planar circular re-

stricted three-body problem. Next, we demonstrate numerically the existence of a family

of unstable periodic orbits (UPOs) that organize the phase space trajectories. This involves

a thorough characterization of the homoclinic and heteroclinic connections. These UPOs

and connections establish a skeleton that enables high-level control of the itinerary or

topology of a future trajectory in symbolic dynamics. Those numerical analyses on the

double pendulum then serve as foundational work for the future experimental verification

of the saddle-mediated transport of the double pendulum using the experimental system

we built.
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1

Chapter 1

INTRODUCTION

Whether it is a heavenly body or things as abstract as the stock market, nearly every-

thing around us that evolves in time and space thus result in dynamical system. Dynamical

system can be modeled by some laws that governs them. Thus, a model has an explanatory

ability to characterize the dynamical system’s behavior making it useful for analytical anal-

ysis, state estimation, and control, etc. Those extraordinary abilities are why modeling is

vital in robotics, astronomy, climate science, finance, epidemiology, biology, etc. However,

obtaining an accurate model can be a challenging task. There are two dominant approaches

for deriving a dynamical model: 1) deriving equations of motion from first principles

governing physics and 2) data-driven modeling. For centuries, the first approach has been

the dominant way to derive a model. However, depending on the system of interest, it

can be a time-consuming task where lots of expert knowledge is needed. In the worst

case, it can be prohibitively challenging, especially when the system is high-dimensional,

nonlinear, and multi-scale, such as modeling biological network reaction, the human brain,

weather, etc. With the ever-increasing amount of data and computational power, the

data-driven system identification approach starts to play an important role where the

traditional first-principled approach is prohibited. This modeling is possible since data

contains information about the system dynamics, which is why many early triumphs in

science benefited from the use of data.

For centuries, the scientist uses the data, whether gathered from observation or experi-

ments, to prove their scientific theory and theoretical model. Inferring patterns and laws

from the data play a vital rule from Galileo Galilei’s (1564-1642) observation that confirmed

the heliocentric model of Solar System [1] to Johannes Kepler’s (1571-1630) discovery
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of laws of planetary motion [2]. Sir Isaac Newton(1643-1727) then brings out Newton’s

laws of motion based on Kepler’s work [3, 4]. Similarly, Gregor Mendel’s (1822-1884)

experiments on pea plants discovered laws of inheritance [5]. All those early triumphs in

science benefit from the use of data. Nevertheless, albeit the ever-increasing amount of

data available to us, unveiling the useful knowledge behind them can still be challenging.

This fact might differ from the now naive view of philosopher Francis Bacon (1561-1626)

who believed that any regularities in the data will be obvious to the observer once we have

enough of them [6]. Although the early discovered physical laws have simpler forms, the

physical laws we fascinated nowadays are much more complicated such as the Lagrangian

and Hamiltonian of the mechanical system [7–9] or partial differential equations of fluid

filed [10] [11, 12]. Thus, efforts need to be made to extract useful information from the data.

Moreover, the unavoidable measurement noise will make discovery of useful information

challenging [12–15]. Thus, a robust, computationally efficient algorithm that could extract

useful information from the data without any prior knowledge is in desperate need of

modern-day researchers.

1.1 Early Approaches on Inferring Equations and Laws from Data

In the 1960s, the scientist hopes to design an expert system that could explain the

observed data. Numerous programs were developed during that time, including DEN-

DRAL, which could use experimental data with the chemistry knowledge to produce

possible chemical structures that explain the data [16]. DENDRAL and other programs

derived from it relies on the expert knowledge to interpret the data and are far away from

discovering the underlying physical law of the data. However, it reflects the knowledge

principle of AI experts at that time, that knowledge is power, and it is an early trial of the

experts to know more hidden information from the data [17, 18].

In the late 1970s, Langley (1977) introduced a program named BACON, wishing to

achieve scientific-like behavior similar to the early programs DENDRAL [19]. In its early

stage, the BACON could only discover the empirical laws, yet it might be the first program
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that could perform equation discovery from the data. In 1979, the invention of BACON3

allowed the detection of the simple physical law, including ideal gas law and Kepler’s third

law, etc [20]. The success of the BACON3 comes from its ability to collapse the hypotheses

on top of each other [21]. Two years later, the BACON5 was introduced, which allows the

symmetric assumptions to be made for the physical law discovery [6].

Ever since the introduction of BACON, many other algorithms were developed to

identify numeric laws [22]. It is noteworthy though that the BACON uses rules, like

the constancy and trend between the data to discover the laws. Those rules have to be

predefined by the human expert. The use of expert knowledge contradicts the idea of

"solving problems without being explicitly programmed" by Arthur Samuel. He claims

"programming computers to learn from experience should eventually eliminate the need

for much of this detailed programming effort" [23]. So how could we achieve this? A

natural selection process is one way to go.

In 1975, John H. Holland published a book that makes him become the father of the

Genetic Algorithm. The Genetic Algorithm(GA) is an algorithm that performs the opti-

mization task using bio-inspired operators such as selection, crossover, and mutation [24].

The first few years after the publication, the book did not gain much attention due to the

computational limits of that time. Nevertheless, it increased its popularity after people

realize that GA could tackle the fields where the standard approach does not apply [25].

At its early stage, the GA still can not discover the equation of motion or the underlying

laws of the given data. In 1986, D.S. Broomhead et al. published their result on extracting

the qualitative dynamics from the experimental data. In this work, they reconstructed the

system behavior using the embedding method based on Taken’s theorem [26, 27]. One

year later, James P. Crutchfiel et al. published a work that could discover the equation of

motion from the time series data [28]. In this work, the author tries to infer the equation

of motion by time-series data using several nonlinear bases. The minimum embedding

dimension is determined by the trade-off between the model entropy and the expansion

order of the nonlinear basis. The final model is selected using law of parsimony (Occam’s
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Razor) [28]. This work could have several improvements — one of them being generate

the nonlinear basis dynamically. In 1985, Cramer brought up the idea of the first tree-based

Genetic Programming (GP) [29]. Later in 1992, John R. Koza [30, 31] implemented the

GP for varies applications, including the GP-based Symbolic Regression (SR). Both the

GP-based SR and Crutchfiel et al.’s approach tries to fit the nonlinear basis to a given time

series data. Also, they all need to perform model selection process. The difference though

is that the GP-based SR has a much larger search space. With the intelligent combination of

nonlinear basis fitting and model selection through fitness function, GP-based SR becomes

a powerful tool to infer hidden information behind the data.

1.2 Genetic Programming based Symbolic Regression

Genetic Programming has been used in many applications [31, 32], and this evolution-

ary computation method mainly mimics the natural process happens in nature: mutation,

crossover, selection [30, 33]. Note that the selection plays an important role in the GP.

Common approaches for selection are fitness-proportional selection, tournament selection,

elitism, etc [34] [35]. The GP consists of the following: A terminal set which is set of inputs

or constant; A function set that constructs the potential solution; A fitness function that

evaluates the fitness of each individual; Several parameters that determine the mutation

or crossover rate and finally a termination criteria [30] [31]. To get the desired solution,

one must make sure that the GP satisfies the sufficiency requirement. This requirement

guarantees the correct structure one wish to find out lives in the possible space formed

by the terminal set and function set. Moreover, one has to make sure that the function

set takes in all values it might receive gracefully, which is called the closure property [34].

Before getting the answer one desired, the first step one has to do is the initialization of

the GP, approaches like grow and full could be used [34]. The key to the initialization step

is the generation of diversified individuals. Thus the method like ramped-half-and-half is

been introduced [36]. A modification of the GP results the Grammatical Evolution (GE)

developed by Ryan et al. (1998) [37]. The difference between the GE and GP is that the
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former could be generalized into any programming language [31]. This natural selection

process, when used to perform model discovery, could be quite powerful and will result

in GP (evolutionary) based Symbolic Regression. Unlike the classical regression method,

which tries to determine the parameters of a given model [13], the task of the Symbolic

Regression includes both finding a correct structure of the model and its corresponding

parameters [30]. The previous SR method that based on the GP or GE uses an evolutionary

approach to determine the parameters of the system model. This approach will increase

the computational time needed to find out the correct parameters. Analytical Program-

ming (AP) could overcome this problem by using the nonlinear fit to lock down the values

of parameters [31]. The AP is still based on the GA idea, the difference is it uses the integer

index to represent the individual [31, 38].

Though the GP-based SR is quite powerful and has been implemented successfully

for many applications, it still has drawbacks. One of them is the bloat [30]. One easy fix

to this problem is setting the threshold for how deep a code could be [30]. Other more

sophisticated solutions include pseudo-hillclimbing to restrict the tree growth [39], using

linear [40] or nonlinear weight [41] to combine the effect of code size when calculating the

fitness. To balance the relative significance of prediction error and individual complexity

Zhang et al. (1995) formulated the approach that could estimate the tree size growth [42].

To avoid using user define parameters to balance the fitness and size, approaches like

lexicographic parsimony pressure [43] or multi-objective methods [44] could be used. Bongard

et al. (2007) [13] mentioned another parameter-free way to overcome the tree size growth

problem by snipping method. They randomly select part of the tree and replace it by the

constant that best represent the output of the selected region. Moreover, to choose the best

model, Bongard et al. used a process called automated probing that could disambiguate the

competing model. Along with the partitioning process, they could treat each variable sepa-

rately so that the search space grows polynomially. With all those improvements, they are

the first to generate the symbolic equation for nonlinear coupled system automatically [13].

However, the search space of the high dimensional system is still substantial. To overcome
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this, one could use the parallel computing method to increase the search speed [45, 46].

Later in 2008, Schmidt et al. come up with the fitness predictor that could reduce the

computational cost further [47]. With all those innovations and improvements, Schmidt et

al. (2009) come up with an evolutionary computing based symbolic regression method

that could extract the free form conserved law from the measurement data [14]. Although

GP has been brought up for many years, many open problems need to be solved [48].

Thus other approaches have been made after the publication of [14] to find out governing

physical law. For example, [49] tries to search for the simplest Lagrangian that describes

the system’s behavior. Other references and more recent reviews of the GA can be seen

at [50–55]

1.3 Other Data-Driven Modeling Approaches

There are many other data-driven approaches to identify a model besides GP-based

SR mentioned in Sec. 1.2, and it is a pretty large and active topic. It is impossible to

provide a detailed overview of all data-driven modeling approaches in just a few pages.

Thus, this section only tries to overview some of the most commonly seen techniques

in data-driven modeling. Based on the system those data-driven modeling algorithms

are trying to model, they can be categorized as linear, nonlinear, hybrid, parametric,

non-parametric, etc [56]. Some of the well-known methods are the linear method, eigen-

realization algorithm (ERA), proper orthogonal decomposition (POD), dynamic mode

dycomposition (DMD), operator inference [57, 58], nonlinear auto-regressive algorithms,

Gaussian process, neural network (NN), Koopman theory, to name only a few [11, 59].

Among all those different approaches, the study of linear system identification is ma-

ture. The linear method tries to identify the model of the linear system through time

or frequency domain [60, 61]. The time-domain model is frequently used in the controls

application, while the frequency domain model is common in vibration and modal analysis.

In the time domain, the identification can be split into continuous-time and discrete-time

modeling [62, 63]. Some good references on linear system identification can be seen
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in [64–67]. However, the linear approach can not tackle the ubiquitous nonlinear problem

well. When dealing with nonlinear system, the methods like nonlinear auto-regressive

algorithms (NARMAX) [68, 69], Gaussian process [70–75], NN [76–84], Koopman the-

ory [85–88] can be used to model the nonlinear effect. The NARMAX approach tries to

identify the model from the system input to system output given a time-delayed state and

input measurement [89]. It can provide us with an equation that describes the relationship

between the system input and output. It has a much more intuitive representation of the

nonlinear dynamics than the Gaussian process and NN approach. NARMAX has been

successfully applied to various applications [90–97].

The Gaussian process is an alternative method to model the nonlinear system, and it is

a useful tool when the variance of prediction error is needed [98]. However, the Gaussian

process is computationally heavy, and an approximation approach has been made to make

it more suitable for big data applications [99, 100]. The Gaussian process modeling has

been successfully applied to controls application [101–104], modeling wind turbine power

curve modeling [105], human motion [106], large-scale terrain [107], astronomical time

series [108], etc.

NN is another popular approach widely used nowadays for modeling nonlinear sys-

tems. NN models the input and output relationship by adjusting the weights and biases of

a network, and it is a black-box modeling approach. Usually, this adjustment of weights

and biases is made by using optimization approaches such as adaptive moment estima-

tion (ADAM). NN has a wide application [109–122].

Recently, the Koopman modeling framework also got lots of attention. The Koopman

theory framework tries to identify a coordinate transformation that transfers the nonlinear

system into a linear one [123–125]. This is an alternative way to model the nonlinear

system and a very tempting one. By getting a linear representation of the original nonlinear

system, we can use the well-developed linear system theory to analyze the behavior of

the embedded linear system and use it for control and estimation. However, finding this

transformation of the coordinate is not a trivial thing to do. One well-known way to find
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such an embedding is by using DMD [126–128]. However, the DMD does not perform well

for a highly nonlinear system since it is based on linear measurement [87, 126, 129]. To

overcome this issue, the Extended DMD [87, 130], kernel DMD [131, 132] and variational

approach of conformation dynamics (VAC) [133, 134] are proposed. The Extended DMD

and kernel DMD build a library of nonlinear measurements to find a linear operator that

approximates the nonlinear dynamics. But those two methods are not guaranteed to

work and might face closure issues. The NN can be used to approximate the Koopman

operator to overcome those issues. Due to the NN’s ability of approximating the arbitrary

nonlinear function, it can be used to automatically select the Koopman observables, which

facilitates the data-driven coordinate transformation [135–141]. The Koopman theory has

been successfully applied to identification [142, 143], estimation [144, 145] and control of

nonlinear system [146–153]. We recommend [86, 154–157] for reviews on the Koopman

theory.

Reduced-order modeling (ROM) aims to find out a low dimensional representation of

the original high dimensional system of interest. One way to get reduced order model is

by collecting experimental or simulation data from the high dimensional system and use

data-driven approach such as NARMAX, ERA [158–161], NN, DMD [127, 128, 162–168] to

identify a low dimensional approximation. Another way to get ROM is to project the high

dimensional system into low dimensional subspace using methods like POD [169–176].

1.4 Contribution

This thesis has the following contributions. It provides a detailed literature review on

SINDy with many recent developments and variants. Next, SINDy-PI, a robust algorithm

that identifies implicit or rational dynamics from measurement data, is introduced. Then,

we present modified SINDy, which improves the noise robustness of the SINDy framework

and can correctly identify the sparse nonlinear dynamics in the high noise regime. We

also show the SINDy algorithm is a valuable tool in the discrepancy modeling framework

to learn the missing dynamics that explain the difference between the user model and
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measurement data. Our work on data-driven modeling motivated us to develop a multi-

link pendulum on the cart benchmark system for studying chaos, learning, and control.

We then show a detailed tutorial on building a multi-link pendulum on the cart system.

We open-source our design and provide freely available data sets collected using the

experimental setup. Those data sets are valuable resources for the machine learning

community to test different data-driven modeling algorithms. Finally, we introduce the

numerical analysis of the saddle-mediated transport of the double pendulum. We show

that the double pendulum is an analog system of the planer restricted three-body problem.

Then we show it has rich and exciting dynamics such as homoclinic and heteroclinic

orbits. Those orbits help the saddle transport the double pendulum. This work serves as a

foundational work for future experimental validation of the saddle-mediated transport of

the double pendulum.

1.5 Outline

This thesis is organized as follow: In Chap. 2, we introduce necessary background

information of the SINDy algorithm. In Chap. 3 we introduce SINDy-PI: a robust algorithm

for parallel implicit sparse identification of nonlinear dynamics. In Chap. 4, we introduce

modified SINDy, which simultaneously identifies nonlinear dynamics and extract noise

probability distributions from data. In Chap. 5, we show SINDy can be used in the

discrepancy modeling framework and identify missing dynamics between measurement

data and user model. In Chap. 6, we provide a detailed documentation on how to build a

multi-link pendulum on the cart system. In Chap. 7, we perform numerical analysis on the

double pendulum and show in theory it is possible to achieve saddle mediated transport

of double pendulum. Finally, in Chap.8, we summarize our work.

Bibliographic Notes: This thesis is based upon the following publications:

• The Chap. 3 uses the work by Kaheman et al. on SINDy-PI [177].

• The Chap. 4 uses the work by Kaheamn et al. on modifed SINDy [15].
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• The Chap. 5 uses the work by Kaheman et al. on discrepancy modeling using

SINDy [178].

• The Chap. 6 uses the work by Kaheman et al. on building the pendulum hard-

ware [179].
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Chapter 2

BACKGROUND: SPARSE IDENTIFICATION OF NONLINEAR
DYNAMICS ALGORITHM

2.1 Original SINDy Algorithm

In Sec.1.2 we mentioned how GP-based SR is a powerful tool to infer patterns from data.

However, GP base SR does have limitations such as high computational cost and large

search spaces. On the other hand, NN and Gaussian process can model the input-output

relationship of the data well but lacks physical interpretability. This makes the sparse

identification of nonlinear dynamics algorithm (SINDy) a favorable choice when a sparse

and interpretable solution is needed.

In the sparse identification of nonlinear dynamics framework [180], we are usually

interested in discovering the underlying dynamics of the first-order ordinary differential

equations (ODE):
d

dt
x(t) = f(x(t)), (2.1)

with time-dependent state vector x(t) = [x1(t), . . ., xn(t)] ∈ R1×n. One assumption that we

use is that for many system of interest, the nonlinear equation f(x(t)) usually contains

few terms such that it is sparse in the space of the candidate functions. To identify the

nonlinear dynamics using SINDy, one must perform following steps.

Step 1: Sample the system state from time t1, . . . , tm to form the time-history data matrix

X ∈ Rm×n, Ẋ ∈ Rm×n where m is the data stream length and n is the number of
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system states:

X = [x(t1);x(t2); · · · ;x(tm)], (2.2a)

Ẋ = [ẋ(t1); ẋ(t2); · · · ; ẋ(tm)]. (2.2b)

Step 2: Define the candidate functions θ(X) and stack the candidate data stream into a

matrix Θ(X):

Θ(X) = [θ1(X), θ2(X), θ3(X), · · · , θv(X)], (2.3)

where Θ(X) ∈ Rm×v. The candidate functions can be anything that may exist in the

system’s actual dynamics f(x). It could be trigonometric or polynomial function

such as θi(X) = cos(X), θj(X) = X, etc.

Step 3: Perform the sparse regression

argmin
Ξ

∥Ẋ−Θ(X)Ξ∥2 + λ∥Ξ∥0, (2.4)

such that the sparse vector ξi forms the matrix Ξ = [ξ1, . . . , ξn] ∈ Rv×n that selects

the active terms in the library function Θ. The amount of sparsity promotion is

controlled by the parameter λ, which determines the penalization by the ℓ0-norm.

By solving Eq. (2.4), we can identify a model of system dynamics

d

dt
x(t) = f(x(t)) ≈ Θ(x(t))Ξ. (2.5)

Many different optimization techniques can be used to obtain the sparse coefficients

Ξ. In the original SINDy paper, the sequential thresholded least squares (STLSQ) [180]

is used to perform the sparse regression. However, other methods could also be

used to solve this optimization problem as well, as we will show in Sec. 2.3. Fig. 2.1

illustrate the overall idea of the SINDy algorithm.
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Version 1

·x = f (x) ⇒ ·X = Θ(X)Ξ

(b) Sparse Identification of Nonlinear Dynamics

tim
e

t
Ξ

=

(c) Reconstruction 
·x1 = Θ(x)ξ1= x2·x2 = Θ(x)ξ2

= − x1 + 0.5x2 − 0.5x21 x2

Van der Pol Oscillator ·x1 = x2
·x2 = − x1 + 0.5x2 − 0.5x21 x2

(a) Data Collection
·x1 ·x2 1 x1 x21 x2 x22 x1x2 x21 x2 x21 x22 ξ1 ξ2

X Θ(X)

Fig.1 An illustration of the SINDy algorithm~\cite{Brunton2016pnas} on the Van der Pol oscillator. (a) The system state and its 
derivative are measured. (b) A user defined library function is constructed, and a sparse matrix of coefficients $
\boldsymbol{\Xi}$ is solved for, representing the few active terms in the dynamics. (c) The SINDy discovered sparse model is 
formed and used to reconstruct the phase portrait. 

x2

x1

x2

x1

Figure 2.1: An illustration of the SINDy algorithm [180] on the Van der Pol oscillator. (a)
The system state and its derivative are measured. (b) A user defined library function is
constructed, and a sparse matrix of coefficients Ξ is solved for, representing the few active
terms in the dynamics. (c) The SINDy discovered sparse model is formed and used to
reconstruct the phase portrait.

2.2 Implicit SINDy Algorithm

We briefly introduce the full multidimensional implicit-SINDy algorithm, which will

provide a foundation for our robust implicit identification algorithm in Sec. 3.2.

The implicit-SINDy algorithm [181] extends SINDy to identify implicit differential

equations

f(x, ẋ) = 0, (2.6)

and in particular, systems that include rational functions in the dynamics, such as chemical

reactions and metabolic networks that have a separation of timescales. The implicit-SINDy

generalizes the library Θ(X) in (2.5) to include functions of x and ẋ:

Θ(X, Ẋ)Ξ = 0. (2.7)

However, this approach requires solving for a matrix Ξ whose columns ξi are sparse

vectors in the null space of Θ(X, Ẋ). This approach is non-convex, relying on the al-
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ternating directions method (ADM) [181, 182], and null space computations are highly

ill-conditioned for noisy data [59, 181, 183], thus inspiring the our work on SINDy-PI

shown in Chapter. 3.

2.3 Sparsity Promoting Techniques

At its core, the original SINDy algorithm is a selection process based on thresholded

iterative least-square regression. Its final goal is to select the fewest candidate functions

from the library to represent the left-hand side derivative. This well-known ℓ0 problem

is nondeterministic polynomial time (NP) hard. Thus, certain relaxation is needed to

solve this problem. The STLSQ is one such relaxed regression technique that promotes

the sparsity of the final solutions through iterative regression. Zhang and Schaeffer et

al. [184] performed a rigorous theoretical guarantee on the convergence of the original

SINDy algorithm. They proved that the STLSQ approximates local minimizers of an

unconstrained ℓ0-penalized least-squares problem. They also analyzed the sufficient

conditions for its convergence, rate of convergence, and requirements for one-step recovery.

When the library functions or state variables are magnitudes apart, the STLSQ might not be

able to identify the correct dynamics. This is a common issue in the application of biology

and epidemiology [185] especially when the data set is noisy. One can use the weighted

thresholding version of STLSQ shown in [185] to overcome this problem, where the new

threshold value is calculated by dividing the original constant threshold λ by the norm

of the corresponding column. Another practical way of avoiding this is by normalizing

the library function such that each candidate function have a similar range of magnitude.

However, this requires an additional step to recover the correct parameter value for the

final model.

Another way to relax the original NP-hard problem is by using the least absolute shrink-

age and selection operator (LASSO) approach [186, 187, 187]. The LASSO approach uses

the ℓ1 penalty on the SINDy’s selection matrix to improve the sparsity of the final solution.

This ℓ1 relaxation allows tractable computations to be performed and is widely available



15

through many standard software packages, such as Matlab’s lasso command, Python’s

Scikit-Learn package [188], etc. It is noteworthy that it is possible to include the weighting

terms in the LASSO, which will result in adaptive LASSO [189]. The use of the adaptive

weight can help us avoid local minimums. Other works that use weighted ℓ1 norm to pro-

mote sparsity include [190] and [191]. In the work of [190], weights of ℓ1 norm are adjusted

to improve the regression robustness to noisy state measurement and state derivative.

They also used second-order Tikhonov regularization for the derivative approximation

to further robustify the sparse regression. The regression algorithm they proposed is the

re-weighted version of the Basis Pursuit Denoising algorithm (WBPDN) [192]. In the work

of [191], Pan et al. used an iterative re-weighted ℓ1-minimization algorithm to propose

general sparsity-inducing priors on the parameters of the system, which can be easily fused

with the SINDy framework. In practice, we find out that LASSO-like algorithms show

inferior performance compared with STLSQ like algorithms (hard thresholding approach).

This might be caused by the fact that LASSO can not constrain the irrelevant terms as zero

during the regression process. Instead, it still allows terms that are not important to have

low magnitude coefficients, possibly allowing room for more parameter error.

It is also possible to include the ℓ1 and ℓ2 cost value in the cost function to impose

sparsity on the final solutions such as [193] (elastic net (Enet)), [194] shows, or by just using

the ℓ2 norm [195–197]. In [12], the sequentially thresholded ridge regression (STRidge) is

proposed, which promotes the sparsity using a combination of ℓ0 and ℓ2 norm. It serves as

a modification of the STLSQ algorithm [198]. STRidge is better at identifying nonlinear

PDE models, where highly correlated data is common. In [199], the use of ℓ∞ norm on

promoting the sparsity of the SINDy regression is studied. [199] suggests it is reasonable to

use ℓ∞ approximation rather than ℓ2 approximation when no prior knowledge of derivative

approximation error is available.

Besides STLSQ and LASSO, the SINDy framework can also use other sparsity-promoting

techniques. In [200], Boninsegna et al. proposed Sparse Stepwise Regression (SSR) al-

gorithm. Unlike STLSQ, the SSR algorithm only removes the most unlikely candidate
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function (candidate function with the smallest magnitude) from the library during each

iterative regression process. Then, it selects the final model by checking the Pareto front.

The advantage of the SSR algorithm is that it avoids the problem of choosing the spar-

sity (tunning) parameter, which is needed in the LASSO approach and STLSQ. Similar to

SSR, the work of [201] and [202] also increase the sparsity level of the identified equations

by removing candidate term one at a time. The [202] call this process Hierarchical Ridge

Regression (HRidge) though. Opposite to the SSR-like algorithm, the Orthogonal Matching

Pursuit (OMP) approach [200, 203] adds library terms one at a time to generate different

candidate models and then uses a Pareto front plot to perform model selection. This similar

approach also appears in [204], where the weak formulation is used, and the author named

their sparsity-promoting process Unified Sparse Dynamics Learning (USDL). The SINDy

can be thought of as a sparse dictionary learning problem. Thus, the SINDy framework

can use many sparsity-promoting selection algorithms in the dictionary learning problem.

Some of the choices includes forward greedy selection algorithms [68, 205], backward

greedy selection algorithm [206], and forward-backward approach [207, 208].

Group sparsity is another approach for promoting sparsity, and it helps identify non-

linear equations when: 1) Multiple experimental data are collected for the same type

of experiments [209]. 2) Multiple data sets of the same ODE system or PDE system are

given with different parametric value [210, 211]. Group LASSO (GLASSO) [212, 213] and

sequentially grouped threshold ridge regression (SGTR) are two popular ways to promote

group sparsity. On the robustness wise, the work of [211] points out SGTR is found to be

more robust than GLASSO when it comes to identifying parametric PDE.

Other thresholding techniques include Sparse Relaxed Regularized Regression (SR3) [214–

216], which is more robust to noisy measurement and outliers and can include physical con-

straints. Recently, Lu et al. proposed a non-convex penalty least-squares algorithm (NPSLS)

that can be used for SINDy algorithm [217], and the author shows the NPSLS has better per-

formance in high-noise regions than STLSQ. The sparse Bayesian learning approach [218]

can also be used in the SINDy framework to promote sparsity. There are considerable
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algorithms and papers regarding sparsity promoting subset selection problems, and we

recommend the interested reader to read [219] for an overview. The noise sensitivity

analysis of the sparsity promoting algorithm used in the SINDy framework is analyzed

in the work of [220]. To be more specific, the author study and assess the performance of

local and global filtering regression techniques to improve the accuracy and robustness of

STLSQ and WBPDN.

Although the goal of the SINDy framework is to provide the user with a sparse and

interpretable model, it is noteworthy that having a sparse solution does not necessarily

mean the model is correct. The identified model is sparse when the proper basis is

used to represent it, and the inverse is not valid. If the model only consists of several

candidate functions, it does not necessarily mean we presented it on the correct basis. This

excellent point is pointed out in the work of [221]. The work of [221] proposed the Entropic

Regression approach. This approach uses an information-theoretic measure for the data-

driven discovery of the underlying dynamics, and it is robust to the noise and outliers

in the measurement data. The author suggests that using metric-based cost function as

error quantification is a root cause of failure for many sparse regression methods under

significant noise and outliers. They indicate that the outlier data points tend to deviate

from the other data points when measured by metric distance. This property makes the

sparse regression fails since minimizing the metric distance caused by outliers means

putting much less weight on the relatively clean measurements. The Entropic Regression

approach is an information-theoretic regression approach that emphasizes “information

relevance” according to a model-free, entropic criterion. As a result, the basis term will

only be included when relevant and not necessarily because they add up a sparse model

with low cost.

Many sparsity-promoting algorithms generate a pool of candidate models. This makes

the model selection a crucial step. Usually, the model is selected to satisfy one fundamental

principle: the model should predict most of the dynamics with the least chosen terms.

Usually, this is achieved by using some model selection criteria. In [222], the Mangan et al.
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used Akaike information criteria (AIC) [223, 224] and Bayes information criteria (BIC) [225]

scores for selecting the best model from a pool of candidate models. Another way to choose

the model is by looking at the candidate model’s performance on the testing data, or called

cross validation (CV) [226].

2.4 Major Varients of SINDy Algorithm

The SINDy algorithm has many extensions, and this section aims to summarize them.

Those extensions aim to improve the original SINDy algorithm’s noise robustness and

applicability. We organize this section by grouping those major variants into sub-sections

based on their functionality. PySINDy packages is an excellent Python package that

implements many of the SINDy variants mentioned in the following subsections [227,

228]. Moreover, Table. 2.1 shows the summary of major variations of SINDy algorithms

mentioned in this section.

2.4.1 Robustness Improvements

The original SINDy algorithm is not noise-robust, and many extensions have been

made to improve the noise robustness of the SINDy algorithm. Some of those algorithms

improve the noise robustness of the SINDy framework by using cleaner data to identify

a model, such as the subsampling technique [198, 229–231]. Others improve the noise

robustness by avoiding taking derivatives on the noisy data set, such as weak or integral

formulation [232–238]. It has also been suggested that handling the derivatives of the

SINDy model internally can also improve the robustness of the spare model identification

process to a new level [15, 230, 239, 240]. Some works have also focused on using new

regression techniques to make the SINDy more robust. In this section, we will introduce

those extensions in detail.

Subsampling technique is a promising way to greatly improve the noise robustness of

the SINDy algorithm [198, 229–231]. The work of Zhang et al. [229] proposed the idea of
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subsampling and used it with sparse Bayesian regression (SubTSBR) [241]. They reported

that as the number of subsamples increases, the algorithm’s accuracy increases. SubTSBR

selects data points randomly to estimate their weight and uses the model-selection criterion

to evaluate the performance of estimations. If the estimation is "good," the SubTSBR

algorithm marks the selected data points as high-quality, thus obtaining the final result.

This algorithm works because subsamples can help select the high-quality data with low

noise, thus improving the accuracy of the final model. This subsampling approach can also

help eliminate the negative effect of outliers in the data since those points are neglected

during the subsampling process. This technique can be applied to SINDy to improve

the noise robustness. In the work of [230], Abdullah et al. used a similar subsampling

technique to increase the noise robustness of the sparse regression.

The work of [198] proposed Ensemble-SINDy (E-SINDy) and uses subsampling tech-

nique on both the data and the library. With the combination use of weak formulation [233]

and ensembled technique [242–244], the E-SINDy is noise-robust. The E-SINDy combined

several techniques into the SINDy framework, and they can be used with other sparsity

promoting algorithms in Sec. 2.3. The first technique E-SINDy uses is bagging [242]. The

bagging technique uses data bootstraps to identify an ensemble of models. Each model is

generated by randomly sampling data from the original data set with replacement. Then,

the mean of the model coefficients is calculated along with its distribution. By generating

multiple models, one can calculate the inclusion probability of each basis function, and

use this inclusion probability to promote the sparsity in the final model. The second

technique used in the E-SINDy is bragging [243, 244], and this method is almost the same

as the bagging method, with the difference being its inclusion probability is calculated

using the median of the ensembled model instead of the mean. The third technique in-

troduced is library bootstrapping. This technique generates an ensemble of models by

using sub-libraries generated by sampling different candidate basis functions from the

original large library. Then, each model produced by the sub-sampled library is used to

calculate the inclusion probability of the certain candidate function. If the inclusion proba-
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bility is too low, it is neglected during the next iterations. The final method introduced is

active learning [245, 246]. Active learning tries to collect data from regions that maximally

inform the learning process (generates more variance on the current model prediction).

By using this technique, one can effectively reduce the amount of data needed to create a

model [247, 248]. The active learning approach first identifies the initial E-SINDy model

using a small amount of randomly selected data points. Next, random initial conditions are

chosen, and the previous E-SINDy models are used to perform an ensemble forecast using

those random initial conditions. Then, the initial conditions’ trajectories that generate the

worst variance are sampled and included in the current data set. Finally, a new E-SINDy

model is generated using the updated data set, and the previously mentioned process is

iterated until the model accuracy and/or variance are converged. It has been shown that

E-SINDy is more efficient in learning a model than the original SINDy and thus suits better

in application with NMPC [198].

In the work of [231], a toolkit for SINDy in high-noise regimes is proposed. This toolkit

includes several techniques: (1) weight timepoints based on estimated noise; (2) estimating

model coefficients using ensemble techniques; (3) regression using FFTs; (4) leverage linear

dependence of functionals; (5) restore and protect culled functionals based on Figures of

Merit (FoMs). In the first tool, the goal is to weigh all the points used in the regression and

figure out which points are noisier. Those noisy points are then weighted less during the

regression. In the second tool, the original data set is subsampled to generate an ensembled

SINDy model, and those models are used to calculate the median of the coefficients. In the

third tool, the regression is targeted to fit derivatives’ complex FFT coefficients. The author

suspects that "regression on the FFT power spectrum coefficients knocks out the high-

frequency artifacts because ℓ2 optimization minimizes its loss by preferentially failing on

small-magnitude coefficients in order to match large-magnitude coefficients. This pushes

the regression to ignore the artifacts, reducing their harmful effect" [231]. In the fourth tool,

linear dependence identifies alternate candidate functionals. The final tool calculates the

FoMs to determine which candidate model (with different sparsity) should be used. Some
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examples of FoMs are the relative error of the standard deviation of evolved trajectory

versus true trajectory, whether multiple evolutions of the candidate models match each

other, etc. By using all those tools, the work of [231] shows SINDy can use used to identify

sparse governing equations and coefficients from highly noisy (50 − 300%) time-series

data.

In the original SINDy algorithm, the user must provide the state derivative to generate

a sparse model. However, when the state derivative is not directly measurable, it has to be

estimated using the noisy data set through numerical differentiation, which magnifies the

effect of noise. Thus, some methods try to avoid using derivative data to improve the noise

robustness of the SINDy algorithm [232–238]. The work of [232] uses Weak formulation to

identify PDE equations. The key benefit of the weak formulation is that it can eliminate

or reduce the order of the derivative terms. The work of [232] also proposed a new way

to promote the sparsity of the regression. They first used singular value decomposition

to estimate the sparse solutions. Then, the candidate term with the smallest magnitude

is eliminated. Finally, the residual value is calculated for this smaller library and the

original library. If the residual value of the smaller library is less than the previous residual

value by a constant factor, then the term with the smallest magnitude is thresholded. The

author claims the advantage of this process is that it can "always identify the correct form

of the governing PDE even in the presence of extremely high noise," and the tuning is

much easier than sequential threshold ridge regression. In the work of [233], the Weak-

SINDy (WSINDy) is used to identify the ODEs from noise measurement data. Using weak

formulation, the derivative of the state measurements does not need to be approximated

anymore, which significantly improves the noise robustness of the sparse regression. A

similar formulation can be used to identify nonlinear partial differential equations (PDEs)

as well [234]. In the recent work [235], the online version of the WSINDy is proposed for

“on the fly” identification of the nonlinear PDEs, and several numerical examples are used

to test the proposed algorithm.

Other than weak formulation, the integral SINDy also tries to use a similar technique
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to robustify SINDy by avoiding taking derivative on the noise data [236]. However, how

well it works depends on the structure of the system to be identified. In [237], the integral

form of the differential equation is derived to estimate unknown amplitudes of basis

functions in the sparse regression. This approach also avoids taking derivatives of the

noisy data and can be generalized for identifying second and higher-order systems. This is

achieved by the clever use of inverse Laplace transforms on the higher-order system. In

the work of [238], Lin et al. effectively used Duhamel’s integral to avoid approximating the

second derivative of the measurement signal. This approach improves noise robustness,

especially when the second derivative is not directly measurable and needs to be estimated

by taking finite-difference twice on the original measurement data. They also used the

separable least squares method to identify the linear subsystem’s parameters and the

nonlinear subsystem’s coefficients separately. To test the effectiveness of their algorithm,

they performed experiments on the high-static-low-dynamic stiffness (HSLDS) nonlinear

isolator system and successfully identified its nonlinear dynamics.

Another way to avoid numerically estimating the state derivative is to evaluate the

state derivative internally by simulating the right-hand side of the SINDy model [15,

230, 239, 240]. In [239], RK4-SINDy is proposed by Goyal et al. In RK4-SINDy, the 4th

order Runge-Kutta numerical integration framework is fused with SINDy, which does not

require derivative approximation at any stage. However, this new framework is likely non-

convex, and the author proposed Fix Cutoff Thresholding Procedure and Iterative Cutoff

Thresholding Procedure to solve the corresponding optimization problem. Moreover, the

author extended the proposed framework to learn parameterized libraries. For example, it

is possible to select the nonlinear basis eαx while learning the correct parameters α. This

work also considers learning rational systems by separately understanding the numerator

and denominator. In [240], Lee et al. proposed Neural SINDy (nSINDy). The nSINDy

overcomes the disadvantage of taking the derivative data in the SINDy framework by using

a Neural ODE [120] like formulation. Moreover, Lee et al. extended the dictionary-based

parameterization approach to structure-preserving parameterization techniques.
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In the work of [230], Abdullah et al. used a co-teaching approach to improve the noise

robustness of the model identification process along with subsampling technique. They

named it sparse identification with subsampling and co-teaching (SISC). The co-teaching

method is mainly developed in the NN application, which helps overcome the overfitting

issue when the data contains high noise. The co-teaching uses noise-free data from first-

principles model simulation to assist the training process [249, 250]. By combining both

subsampling techniques and co-teaching, the SISC approach outperforms the original

SINDy method and subsampling approach. This also improves the noise robustness by

internally calculating the derivative. In the work of [15], the Modified SINDy is proposed.

Modified SINDy learns the sparse dynamics and noise simultaneously. Moreover, it

approximates the derivative of the data set by using right-hand side of the dynamics.

Some works focused on modifying the regression process of the SINDy to improve

its noise robustness [215, 251–257]. For example, in the work of [251] and [215], the

SINDy regression is modified to robustly handle the outliers in the data. In the work

of [251], Tran and Ward showed that SINDy could identify nonlinear systems as long

as the outliers data points are sufficiently less than clean data. Moreover, they modified

the SINDy algorithm to include Lagrangian/Bregman distance and used an alternating

minimization approach to identify the nonlinear dynamics with measurement data that

contains outliers. Later, the work of [215] relaxed the optimization problem in the SINDy

regression, and allows the robust handling of outliers and corrupt data. In the work of [257],

the Levenberg–Marquardt (LM) algorithm [258, 259] is used with SINDy to improve the

prediction accuracy and overcome the over-fitting issue of the SINDy library. In this

framework, the SINDy is first performed to determine an initial guess of the sparsity

matrix. Then the LM algorithm is used to update the sparsity matrix to improve accuracy

and robustness of the algorithm.

The work of [252] also robustfy SINDy by proposing sensitivity analysis SINDy (SINDy-

SA). The SINDy-SA method calculates the sensitivity of the basis function parameter by

Elementary Effects (EE) method [260]. At each iteration of the SINDy-SA algorithm, a
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least-squares solution with ℓ2 regularization is first solved. Next, the estimated model and

numerical derivative of the measurement data are used to calculate the sum of squared

errors (SSE). Then sensitivity analysis is performed to determine which basis to exclude if

not all the basis function is important. The basis function is eliminated one by one, and

after each elimination, the new SSE is calculated. If the SSE increases too much, it suggests

the sparsest model has been found. Else, the sensitivity analysis is performed, and the

algorithm starts a new iteration unless all the basis functions are determined as important

during the regression process. The benefit of the SINDy-SA algorithm is that it avoids the

swiping of the threasholding (tunning) parameters in the SINDy.

The work of [253] proposed an alternative framework of SINDy that uses the Condi-

tional Gradient (CG) algorithm to identify the nonlinear dynamics, resulting in the name

CINDy. The advantage of using the CG algorithm is that it serves as a different way to

promote the sparsity besides using the ℓ1 norm. It also allows the natural inclusion of linear

equality and inequality constraints, reflecting symmetry or conservation assumptions for a

specific problem, thus making the algorithm more robust. This reflects the idea that when

the partial knowledge of the system is known, it is possible to include that knowledge

into the regression framework via constraints and make the model identification more

robust. For example, the SINDy-SR3 can also impose physical constraints for the regression

problem and thus allows the robust identification of desired dynamics[215].

Some works tried to robustify the SINDy algorithm by including constraints in the

SINDy regression [254, 255]. In the original SINDy framework, no constraint on the

identified dynamical system is proposed, making it possible to lose existing symmetries

in the governing equations. Thus, in the work of [254], Loiseau et al. proposed sparse

Galerkin regression to include physical constraints. Those constraints can enforce energy-

preserving nonlinearities or symmetries in the identified equations. Shear-driven cavity

flow and cylinder flow are used to test their proposed framework. The work of [255]

introduces the trapping-SINDy. The trapping-SINDy modifies the original SINDy cost

function to identify a sparse model and bias the identified model to fulfill global stability
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criteria. Thus, the discovered model produces long-term bounded simulation with no

extra assumptions about the stability properties of equilibrium points and equilibrium

trajectories. It is also possible to include multiple machine learning techniques to improve

the noise robustness as the work of França et al. [261] shows. França et al. [261] proposed

SINDyFE (feature engineering) that uses several machine learning techniques to improve

the noise robustness of SINDy, such as sparse regression, information criteria, feature

selection, and dimensionality reduction.

Other works use the Bayesian approach to include the uncertainty information of the

model parameters and thus robustify the SINDy [241, 256]. In the work of [256], the vari-

ents of the SINDy algorithm that accounts for uncertainty quantification is proposed (UQ-

SINDy). The UQ-SINDy uses sparse Bayesian inference to quantify the uncertainty of the

SINDy coefficients. Moreover, it provides the probability of inclusion for each candidate

function. Two sparsity prior spike-and-slab prior [262–264] (corresponds to ss-SINDy),

and the regularized horseshoe (corresponds to rh-SINDy) prior [265] are used to generate

a sparse model. Although this work is robust against noise and sparse time-series data, it

can be computationally heavy for large SINDy libraries since it samples high-dimensional

posterior distributions using Markov Chain Monte Carlo (MCMC).

2.4.2 Extensions to Different Applications

The original SINDy algorithms mainly focus on identifying the time-invariant first-

order ODEs. However, some systems exhibit much more complicated dynamics, and

the SINDy algorithm needs to be modified to discover their models. Thus, this section

summarizes some of the most important extensions to the SINDy algorithm that identify

different types of dynamics. For example, instead of identifying ODEs, the SINDy can be

extended to identify the PDEs as well [12, 211, 232, 234, 235].

When the dynamics of interest is the time-varying system, the work of [195, 266–268]

can be used. In [195], abrupt-SINDy is proposed to identify the dynamical system that
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might undergo any abrupt change. In this framework, the abrupt change is detected by

comparing the estimated Lyapunov time of the data with the model prediction. Then,

SINDy updates the identified model by adding, deleting, or modifying existing model

terms. Similarly, the work of Li et al. [266] identifies time-varying nonlinear dynamics

through SINDy, where time-windowed data is collected to estimate the change in the

model parameters. In [267], the Hybrid SINDy is proposed, which can model the hybrid

dynamics using the clustering approach on the measurement data. This approach helps

model the piece-wise nonlinear dynamics. The work of [268] achieves a similar task, where

the SINDy algorithm that identifies hysteresis-controlled devices is proposed.

Sometimes, the dynamics of interest is implicit, and the work of [177, 181, 239, 241]

canbe used to identify rational or implicit dynamics. In [181], Mangan et al. proposed a

new way to build a library matrix that allows the combination of state derivatives and

state measurement, which made the identification of implicit dynamics possible. The

author called their algorithm implicit-SINDy. However, the implicit-SINDy algorithm is

not robust to noise since it needs to calculate the null space of the library matrix, which is

not guaranteed to exist when there’s noise in the measurement data. The work of [177, 241]

proposed a new way to identify the implicit equations. Both of the work bypasses the

need to calculate the null space. The result is a much more robust way to determine the

implicit or rational equations. The algorithm proposed in [177] is named SINDy-PI, where

PI stands for parallel and implicit.

Some dynamical system includes fast and slow dynamics, and the identification of both

the fast and slow dynamics is desired. In the work of [269], the problem of identifying

multi-scale nonlinear systems using SINDy is considered. Bramburger et al. first used

DMD to identify fast dynamics, then used SINDy to identify slow dynamics. Besides

identifying fast and slow dynamics, the SINDy can also be modified to identify ROM. In

the work of [196, 270], the CNN-SINDy is proposed to learn the nonlinear reduced-order

model to extract low-dimensional modes and to predict their temporal evolutions. The

autoencoder-type Convolutional Neural Network (CNN) can learn the nonlinearity of data.
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It extracts low-dimensional modes, and then SINDy is used to obtain CNN’s temporal

evolution of mapped data. Thus it is named as CNN-SINDy. If the identification of the

reaction work is necessary, the work of [194] can be used. In the work of [194], the reactive-

SINDy is proposed to estimate a parsimonious reaction network. The main difference

between the reactive SINDy and SINDy is that it uses the vector-valued ansatz function to

build a library. Moreover, its loss functions includes both ℓ1 and ℓ2 loss.

Identifying the partial dynamics instead of the entire system dynamics sometimes

relaxes the difficulties of building the correct library. In some cases, a model might be

already available, and the goal is to explain the difference between the current model and

the measurement. This is the problem of discrepancy modeling, and SINDy can also be

used to identify the missing dynamics instead of identifying the whole dynamics of the

system as [178, 271] shows. The work of [178] mainly considers using SINDy to identify

dynamics discrepancy, while the work of [271] extends SINDy to identify the systematic

state-space residual as well. Moreover, the work of [271] also considers other approaches

such as GR, NN, and DMD to obtain discrepancy models. It also demonstrates the impact

of noise on the successful disambiguation between the deterministic and random effects.

A common issue in the SINDy framework is the choice of the library function. Usually,

the polynomial or trigonometric or the combination of both is used to identify a nonlinear

model. However, this does not guarantee that the library includes all the candidate

functions needed to recover the nonlinear dynamics (closure issue). This is when the

expert knowledge comes in handy. When there’s no expert knowledge available, using an

evolutionary-based approach is a good way to build up the library and extend the space of

nonlinear functions as [272, 273] shows. Due to the sparse regression process, this approach

is faster than the genetic algorithm. However, its drawback is that the GP algorithm still

needs basic building blocks to be included [273]. The author of [273] tested this idea on

the experimental data of the Duffing oscillator, and it shows good performance. Another

common problem of the SINDy framework is that it requires full-state measurement data.

This issue is recently discussed in the work of Bakarji et al. [274]. Table. 2.1 summarizes
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the major variants of SINDy mentioned in this section.

Table 2.1: This table shows the summary of major variants/modifications of the SINDy
algorithms.

Variants’ Name

or Sources
Applications/Capabilities

PDE-Find [12, 211] Identifies nonlinear PDEs.

Abrupt-SINDy [195] Identifies dynamical models that undergo abrupt change.

Li et al. [266] Identifies time-varying nonlinear dynamics.

Implicit-SINDy [181] Identifies implicit ODEs by calculating null space.

SINDy-PI [177] Identifies implicit ODEs, PDEs, and physical laws.

Zhang et al. [241]
Identifies implicit ODEs, PDEs and physical laws

through Bayesian approach.

SINDy-SR3 [215]

1. Robust handeling of outlier and corrupted data.

2. Parametric dependencies in candidate library functions.

3. Impose physical constraints.

Bramburger et al. [269]. Identifies multi-scale nonlinear systems using SINDy.

Neural SINDy

(nSINDy) [240]

1. nSINDy avoids taking derivatives of noisy data.

2. It uses a Neural ODE-like formulation

to improve the noise robustness.

SINDyFE

(feature engineering) [261]

Uses multiple machine learning techniques

to improve the noise robustness of SINDy.

Hybrid SINDy [267] Identifies piece-wise nonlinear dynamics.

Loiseau1 et al. [254]

1. Uses sparse Galerkin regression to include physical constraints.

2. Those constraints can enforce energy-preserving nonlinearities

or symmetries in the identified equations.

UQ-SINDy [256]
Uses sparse Bayesian inference to

quantify the uncertainty of the SINDy coefficients.

Trapping-SINDy [255]
Discover sparse model that produces

long-term bounded simulation.

CNN-SINDy [196, 270] Identifies nonlinear reduced-order model.
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Table 2.1 continued from previous page

Tran and Ward et al. [251]
Identifies nonlinear sparse model from

data that contains outliers.

Reactive-SINDy [194] Estimates a parsimonious reaction network.

Jiang et al. [257]

1. Uses LM algorithm with SINDy to

improve the prediction accuracy.

2. Overcomes the over-fitting of the SINDy library.

Weak-SINDy [233, 234]
Robust identification of nonlinear ODEs

and PDEs using weak formulation.

Messenger et al. [235] Online identification of nonlinear PDEs.

Guého et al. [237] Identifies nonlinear ODEs using integral formulation.

RK4-SINDy [239]

1. Identifies nonlinear ODEs using

the 4th order Runge-Kutta numerical integration framework.

2. Identifies rational ODEs.

3. Allows the construction of parameterized library.

Gurevich et al. [232]
1. Uses weak formulation to identify nonlinear PDEs.

2. Proposed sparsity promoting algorithms using SVD.

Integral-SINDy [236] Identifies nonlinear ODEs using integral formulation.

Zhang et al. [229]

1. Identifies nonlinear ODEs with

subsampling and sparse Bayesian regression (SubTSBR).

2. Increased the noise robustness of the identification.

Abdullah et al. [230]
Robustly identifies nonlinear ODEs

with subsampling and co-teaching approach.

Lin et al. [238]

1. Uses Duhamel’s integral to avoid solving

the second derivative of the measurement signal.

2. Improved the noise robustness of the

identification process when second derivative is needed.

Quade et al. [272] Discussed the possibility of using GP with SINDy.

Goharoodi et al. [273] Combined SINDy with GP.

SINDy-SA [252] Promotes sparsity using sensitivity analysis approach.

Ensemble-SINDy [198]
Robustly identifies ODEs by using bagging,

bragging, and active learning.
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Table 2.1 continued from previous page

Delahunt et al. [231]

1. Identifies ODE model from

highly noisy (50− 300%) time-series data.

2. Uses multiple tools to improve the

noise robustness of SINDy regression.

CINDy [253]
Identifies nonlinear ODEs using the

Conditional Gradient (CG) algorithm.

SINDy-Hybrid [268] Identifies the model of hysteresis-controlled system.

Modified-SINDy [15] Simultaneously learn the sparse dynamics and noise.

2.5 Applications of SINDy Algorithm and its Variants

The SINDy algorithm and its variants have broad applications. For example, the

SINDy algorithm and its variants have successful applications in engineering [266, 275–

279]. In [266], SINDy is used to discover time-varying aeroelastic models of a long-span

suspension bridge. In [275], SINDy is used to model the dynamics of radio frequency (RF)

power amplifier (PA). The SINDy identify model has shown good performance and is

more sparse than existing RF PA models. In [276], a SINDy-like regression framework

is proposed to perform physics-informed sparse identification for full-field structural

vibration tracking and analysis. Moreover, the sparsity is promoted using OMP (the

term physics inform in this work refers to some prior knowledge of the underlying

dynamics is given). In the work of [277], the SINDy is used to identify nonlinear optical

communication systems, and Sorokina et al. named it Sparse Identification for Nonlinear

Optical communication systems (SINO) method. In [278], the sparse regression is used to

identify the failure criteria of composites. In [279], the variant of SINDy is used to identify

the hysteresis-controlled pump system.

Closely related to the engineering field, the SINDy and its variants have successful

applications in controls [280–283] and robotics [178, 284]. For example, SINDy can be used

with nonlinear model predictive control (NMPC) to perform model identification and

control in the low data-limit [281]. In the work of [282], the SINDy is used with MPC in
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the numerical study of the longitudinal missile. Another work that combines the SINDy

with NMPC is conducted in [283], where the SINDy is used to identify the models of

two-time-scale processes and then used with NMPC for control purposes. In the work

of [284], the SINDy is used to identify the jacobian Matrix of a 2-DoF (degrees of freedom)

Agile Eye robot that performs spherical motion. In the work of [178], the SINDy is used to

model the energy dissipation of the double pendulum using the discrepancy modeling

approach, and a numerical example of the double pendulum is also shown to illustrate

how discrepancy modeling using SINDy can improve the controller performance.

The SINDy and its variant also have broad applications in the dynamical system,

mathematics, and numerical analysis [129, 274, 285–289]. In [285], the SINDy algorithm is

used to identify the governing models of spatially-dependent boundary value problems

(BVPs). In [286], the SINDy is combined with bootstrapping sampling approach to model

the nonlinear time-delayed dynamics. In [129], the SINDy is used to identify Koopman

observable functions from a pool of candidate functions. In [287], Thaler et al. proposed

a SINDy-like framework, Sparse Identification of Truncation Errors (SITE), to identify

truncation errors. In [288], the SINDy is used to model the Poincaré map. In the work

of [274], the variant of the SINDy is used to identify a nonlinear model of a chaotic water

wheel using video data. Only partial measurements are available in this case. In [289], an

experimental set-up that represents the Duffing oscillator is built, and SINDy is used to

identify its underlying dynamics using noisy measurement data.

The SINDy and its variants are also used in fluid flow study [196, 290, 291], mean-filed

theory [292], electroconvection [293], plasma physics [201], magnetohydrodynamic (MHD)

systems [173, 294], modeling waves of rotating detonation engine [295]. It can even

generate a ROM for high dimensional systems [196, 270, 296, 297]. In [196], SINDy is

used with convolutional neural network-based autoencoder (CNN-AE) to model low-

dimensionalized complex flow phenomena. This work and the work of [83, 298] tackled

the difficulty of SINDy in identifying high-dimensional systems. In [290], the SINDy

is used to identify the Wagner function, which represents the response in the lift on
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an airfoil that is subject to a sudden change in conditions. In [291], the SINDy-c [280]

is used to identify the ROM for aerodynamic loads of oscillating airfoil. In [292], the

variant of SINDy is used to identify mean-field equations from particle data. In [293],

Guan et al. used SINDy to model the chaotic time evolution of the coherent structures of

electroconvection data. Using POD, the coherent structures of electroconvection data are

extracted. Then the SINDy is used to model the nonlinear chaotic time evolution of those

coherent structures. Moreover, constraints are added during the regression to preserve the

symmetries observed in the original system. In the work of [201], the variant of the SINDy

is used to identify the reduced plasma physics models from fully-kinetic simulations. In

the work of [173, 294], the SINDy is modified to respect the global conservation laws and

is used in the modeling of magnetohydrodynamic (MHD) systems. In [296], the SINDy is

used to create interpretable ROM from time-series data of multiple temperature nodes and

factors influencing temperature. In [297], SINDy is used in a general dynamic reduced-

order modeling framework for typical experimental data (time-resolved sensor data and

optional non-time-resolved PIV snapshots). In the work of [196, 270] the CNN-SINDy is

used to learn the nonlinear reduced-order model. In the work of [202], the variant of the

SINDy is used to identify the models of active nematic hydrodynamics using data from

experiments on microtubule-based active nematics.

Other applications of the SINDy and its variants include chemistry [299], astron-

omy [237, 269], biology [194, 256, 300], and epidemiology [185, 257, 301]. In [299], the

Bhadriraju et al. proposed an interesting way to combine the SINDy and Deep Neural Net-

work (DNN) to identify models for chemical processes. They call their approach operable

adaptive sparse identification of systems (OASIS), which can adapt to rapidly changing

dynamics. In their work, the DNN is used to predict the sparsity parameters of the SINDy

model in the online process. The training data for the DNN is generated offline using

the original SINDy algorithm on multiple data sets. In the work of [269], Bramburger et

al. identified slow and fast dynamics of the simulated Sun-Jupiter three-body planetary

model using SINDy. In [237], the sparse regression framework is investigated for the astro-
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dynamics problem, and two-body Keplerian dynamics is considered an example. In [300],

the SINDy is used to identify a predator-prey type reduced model from simulation data of

a convection problem. In the work of [194], the variant of the SINDy is used to identify

the gene regulation network. In the work of [256], the variant of SINDy (UQ-SINDy)

is used to identify a model of lynx and hare populations from the real-world dataset.

In [185], the SINDy is used to identify epidemiological models from both simulation and

empirical data. In the work of [257], the variant of the SINDy (SINDy-LM) is used to model

the transmission dynamics of COVID-19. In [301], SINDy is used to discover governing

equations of IPF (idiopathic pulmonary fibrosis) disease progression.
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Chapter 3

ROBUST PARALLEL IMPLICIT SPARSE IDENTIFICATION OF
NONLINEAR DYNAMICS

3.1 Introduction

The sparse identification of nonlinear dynamics (SINDy) algorithm [180] discovers

parsimonious models through a sparsity-promoting optimization to select only a few

model terms from a library of candidate functions. SINDy has been widely adopted

in the community [184, 194, 195, 200, 209, 241, 254, 267, 277, 287, 297, 298, 300, 302–305],

but it relies on the dynamics having a sparse representation in a pre-defined library,

making it difficult to discover implicit dynamics and rational functions. The implicit-

SINDy extension [181] makes it possible to identify these implicit functions, although this

algorithm is extremely sensitive to noise. In this chapter, we develop a robust, parallel

algorithm for the sparse identification of implicit dynamics, making it possible to explore

entirely new classes of systems that were previously inaccessible.

Parsimonious modeling has a rich history, with many scientific advances being argued

on the basis of Occam’s razor, that the simplest model is likely the correct one. SINDy

exemplifies this principle, identifying a potentially nonlinear model with the fewest terms

required to describe how the measurement data changes in time. The basic idea behind

SINDy may be illustrated on a one-dimensional system ẋ = f(x); the general formulation

for multidimensional dynamics will be described in the following sections. An inter-

pretable form of the nonlinear dynamics may be learned by writing the rate of change

of the state of the system x as a sparse linear combination of a few terms in a library of



35

candidate functions, Θ(x) =
[
θ1(x) θ2(x) . . . θp(x)

]
:

ẋ(t) = f(x(t)) ≈ Θ(x(t))ξ. (3.1)

where each θj(x) is prescribed candidate term (e.g. x, x2, sin(x), · · · ). The derivative of

the state and the library of candidate functions may both be computed from measured

trajectory data. It then remains to solve for a sparse vector ξ with nonzero entries ξj

indicating which functions θj(x) are active in characterizing the dynamics. The resulting

models strike a balance between accuracy and efficiency, and they are highly interpretable

by construction. In a short time, the SINDy algorithm has been extended to various

applications as shown in Sec. 2.4 and Sec. 2.5.

The generalized linear model in (3.1) does not readily lend itself to representing implicit

dynamics and rational functions, which are not naturally expressible as sum of a few basis

functions. Instead, the implicit-SINDy algorithm [181] reformulates the SINDy problem in

an implicit form:

Θ(x, ẋ)ξ = 0. (3.2)

This formulation is flexible enough to handle a much broader class of dynamics with

rational function nonlinearities, such as ẋ = N(x)/D(x) which may be rewritten as

ẋD(x) +N(x) = 0. However, the sparsest vector ξ that satisfies (3.2) is the trivial solution

ξ = 0. Thus, the implicit-SINDy algorithm leverages a recent non-convex optimization

procedure [182, 306] to find the sparsest vector ξ in the null space of Θ(x, ẋ), which differs

from other approaches [307, 308] that identify the rational dynamics. For even small

amounts of noise, the dimension of the null space will become prohibitively large, making

this approach extremely sensitive to noise and compromising the model discovery process.

This work develops an optimization and model selection framework that recasts

implicit-SINDy as a convex problem, making it as noise robust as the original non-implicit
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SINDy algorithm and enabling the identification of implicit ODEs and PDEs that were

previously inaccessible. The key to making the implicit-SINDy algorithm robust is the

realization that if we know even a single term in the dynamics, corresponding to a non-zero

entry ξj , then we can rewrite (3.2) in a non-implicit form

θj(x, ẋ) = Θ′(x, ẋ)ξ′ (3.3)

where Θ′ and ξ′ have the j-th element removed. Because none of these terms are known

a priori, we sweep through the library, term by term, testing (3.3) for a sparse model that

fits the data. This procedure is highly parallelizable and provides critical information for

model selection. Our approach is related to the recent work of Zhang et al. [241], which

also makes the implicit problem more robust by testing candidate functions individually.

However, there are a number of key differences in the present approach. Our work

explicitly considers rational nonlinearities to discover exceedingly complex implicit PDEs,

such as a simplified model of the Belousov-Zhabotinsky (BZ) reaction. Our framework also

provides several new greedy algorithms, including parallel and constrained formulations.

We further extend this method to include the effect of control inputs, making it applicable

to robotic systems [9], and we use this procedure to discover Hamiltonians. Finally,

our approach provides guidance on model selection, a comprehensive comparison with

previous methods, and a careful analysis of noise robustness.

3.2 SINDy-PI: Robust Parallel Identification of Implicit Dynamics

We have developed the SINDy-PI (parallel, implicit) framework for the robust iden-

tification of implicit dynamics, bypassing the null space approach discussed in Sec. 2.2.

The idea is that if even a single term θj(x, ẋ) ∈ Θ(x, ẋ) in the dynamics (2.6) is known, it is

possible to rewrite (2.7) as

θj(X, Ẋ) = Θ(X, Ẋ|θj(X, Ẋ)ξj, (3.4)
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SINDy-PI. (b) Multiple possible left-hand side functions are tested at the same time. (c)
The candidate model prediction error is calculated, and the best model is selected.

where Θ(X, Ẋ|θj(X, Ẋ)) is the library Θ(X, Ẋ) with the θj column removed. Equation (3.4)

is no longer in implicit form, and the sparse coefficient matrix corresponding to the

remaining terms may be solved for using previously developed SINDy techniques [12, 180,

191, 200, 215, 216, 236, 241, 302, 309]. In particular, we solve for a sparse coefficient vector

ξj that minimizes the following loss function:

∥θj(X, Ẋ)−Θ(X, Ẋ|θj(X, Ẋ)ξj∥2 + β
∥∥ξj∥∥0

, (3.5)

where β is the sparsity promoting parameter. There are numerous relaxations of the

non-convex optimization problem in (3.5), for example the sequentially thresholded least-

squares algorithm [180]. Because there is no null space calculation, the resulting algorithm

is considerably more robust to noise than the implicit-SINDy algorithm [181], i.e. we

longer have to deal with an ill-conditioned null space problem.

In general, the entire point of SINDy is that the dynamics are not known ahead of time,

and so it is necessary to test each candidate function θj until one of the models in (3.4)
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Fig.4 Illustration of the constrained batch formulation of DL-SINDy algorithm. (a) Michaelis-Menten dynamic is simulated to 
gather time series data. (b) The time series data is used to form one library matrix. This matrix is then used to form a 
constrained sparse regression problem such that the diagonal elements of sparse matrix $\boldsymbol{\Xi}$ is zero. This 
formulation allows us to test out all the candidates simultaneously. Each vector in the matrix $\boldsymbol{\Xi}$ represents a 
possible model. If the elements $\theta_i$ forms the system then it will produce a sparse vector, vice versa. (c) Each vector of 
matrix $\boldsymbol{\Xi}$ is used to form candidate model. The model that produce the accurate prediction is selected to 
reconstruct the system structure.
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Figure 3.2: Schematic illustrating the constrained formulation of the SINDy-PI algorithm.

admits a sparse and accurate solution. When an incorrect candidate term is used, then the

algorithm results in a dense (non-sparse) model ξj and an inaccurate model fit, and when a

correct term is included, the algorithm identifies a sparse model ξj and an accurate model

fit. In this way, it is clear when the algorithm has identified the correct model. Moreover,

there is a wealth of redundant information, since each term in the correct model may be

used as the candidate function on the left hand side, and the resulting models may be

cross-referenced. This approach is highly parallelizable, and each candidate term may

be tested simultaneously in parallel. The non-parallel formulation in (3.4) was recently

introduced by Zhang et al. [241] in the context of Bayesian regression, where they also make

the implicit problem more robust by testing candidate functions individually; however,

they do not consider dynamics with rational function nonlinearities or control inputs.

In this work, we extend the robust implicit formulation to identify several challenging

implicit ODE and PDE systems with rational function nonlinearities, which are ubiquitous

in engineering and natural systems, and systems with external forcing and control inputs.

We also introduce the parallel formulation and model selection frameworks. Further, we

will introduce a constrained optimization framework to simultaneously test all candidate

functions.
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represent the performance of the implicit SINDy. From the figure we could see the 
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Figure 3.3: SINDy-PI and implicit-SINDy are compared on the Michaelis-Menten kinetics,
where the structure error quantifies the number of terms in the model that are incorrectly
added or deleted, compared with the true model. The derivative is computed by the
total-variation regularization difference (TVRegDiff) [310] on noisy state measurements.
The violin plots show the cross-validated distribution of the number of incorrect terms
across 30 models. The green region indicates no structural difference between the identified
model and the ground truth model. Details are provided in Appendix A.1.2.

3.2.1 Model Selection

For each candidate function in (3.4), we obtain one candidate model. When the candi-

date function θj is not in the true dynamics, then the resulting coefficient vector ξj will not

be sparse and there will be large prediction error. In contrast, when a correct candidate

function is selected, then we obtain a sparse coefficient vector ξj and small prediction error.

For an implicit dynamical system, there may be several different implicit equations that

must be identified, resulting in several candidate functions that admit sparse models. The

sequentially thresholded least squares (STLSQ) algorithm that we use here, and whose

convergence properties are considered by Zhang and Schaeffer [184], iteratively computes

a least-squares solution to minimize ∥θj(X, Ẋ)−Θ(X, Ẋ|θj(X, Ẋ))ξj∥2 and then zeros out

small entries in ξj that are below a set threshold λ. This threshold λ is a hyperparameter

that must be tuned to select the model that most accurately balances accuracy and effi-

ciency. Thus, we must employ model selection techniques to identify the implicit models

that best supports the data, while remaining as simple as possible.
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There are several valid approaches to model selection. To select a parsimonious yet

accurate model we can also employ the Akaike information criterion (AIC) [223, 224]

and Bayesian information criterion (BIC) [225], as in [222]. It is also possible to sweep

through the parameter λ and candidate functions θj , and then choose the Pareto optimal

model from a family of models on the Pareto front balancing accuracy and efficiency; this

is the approach in the original SINDy work [180] and in earlier work leveraging genetic

programming to discover dynamics [13, 14]. In this work, we take a different approach,

selecting models based on performance on a test data set Xt that has been withheld for

model validation to automate the model selection process. For each threshold λ, the

resulting model is validated on the test set Xt, and the model with the lowest test error is

selected. One error function is the model fit:

Error =

∥∥∥θj(Xt, Ẋt)−Θ(Xt, Ẋt|θj(Xt, Ẋt))Ξ
∥∥∥
2∥∥∥θj(Xt, Ẋt)

∥∥∥
2

. (3.6)

In practice, for rational dynamics, we select based upon the predicted derivative Ẋt:

Error =

∥∥∥Ẋt − Ẋmodel
t

∥∥∥
2∥∥∥Ẋt

∥∥∥
2

. (3.7)

For implicit dynamics where each state derivative may be written as a rational function

ẋk = fk(x) =
Nk(x)

Dk(x)
, (3.8)

then we restrict the candidate functions to θj(x, ẋ) = ẋkθj(x) for some θj(x) ∈ Θ(x) to

identify a separate sparse model for each ẋk. Several candidate functions may provide

accurate and sparse models. These different models may further be cross-references

to check that the same terms are being selected in each model, providing additional

information for model selection and validation.
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Figure 3.4: Success rate of SINDy-PI and implicit-SINDy identifying yeast glycolysis (3.13f)
with different percentage of training data. Each data usage percentage is randomly sampled
from the entire data set composed of all trajectories. The success rate is calculated by
averaging the results of 20 runs.

3.2.2 Constrained Optimization Formulation

In (3.4) each candidate function was tested individually in a parallel optimization.

However, each of these individual equations may be combined into a single constrained

system of equations

Θ(X, Ẋ) = Θ(X, Ẋ)Ξ such that Ξjj = 0. (3.9)

We constrain Ξ to have zero entries on the diagonal, as shown in Fig. 3.2, which is the same

as removing the candidate function from the library in the separate optimization problems

in (3.4). Without this constraint, the trivial solution Ξ = Ip×p will provide the sparsest Ξ

and the most accurate model. This may be written as a formal constrained optimization

problem:

min
Ξ

||Θ(X, Ẋ)−Θ(X, Ẋ)Ξ||2 + β∥Ξ∥0,

s.t. diag(Ξ) = 0.

(3.10)

This optimization is non-convex, although there are many relaxations that result in accurate

and efficient proxy solutions [180, 187, 216]. In this work, we will use sequentially thresh-

olded least squares, so that any entry Ξij < λ will be set to zero; the sparsity parameter
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λ is a hyperparameter, and each column equation may require a different parameter λj .

The constrained formulation in (3.10) can be solved efficiently in modern optimization

packages, and we use CVX [311, 312]. After solving (3.10) we have numerous candidate

models, one for each column ξk of Ξ, given by

Θ(X, Ẋ)ξj = 0. (3.11)

The sparse models that result in an accurate fit are candidate implicit models, and they

may be assessed using the model selection approaches outlined above. These various

models may be cross-referenced for consistency, as the same models will have the same

sparsity pattern. This information can then be used to refine the library Θ, for example to

only include the nonzero entries in the sparse columns of Ξ.

3.2.3 Noise Robustness

We now compare the noise sensitivity of SINDy-PI and implicit-SINDy on the one-

dimensional Michaelis–Menten model for enzyme kinetics [181, 313, 314], given by

ẋ = jx −
Vmaxx

Km + x
, (3.12)

where x denotes the concentration of the substrate, jx denotes the influx of the substrate,

Vmax denotes the maximum reaction time, and Km represents the concentration of half-

maximal reaction. We use the same parameters as in [181], with jx = 0.6, Vmax = 1.5, and

Km = 0.3. Figure 3.3 shows the result of the noise robustness of SINDy-PI and implicit-

SINDy. In this example, SINDy-PI is able to handle over 105 more measurement noise than

implicit-SINDy, while still accurately recovering the correct model. Details are provided in

Appendix. A.1, and key factors that limit robustness are discussed inn Appendix. A.9.
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3.2.4 Data Usage

The data required to correctly identify a model is a critical aspect when comparing

SINDy-PI and implicit-SINDy. Many experimental data sets are limited in volume, and

thus our goal is to identify a model with as little data as possible. In this section, we

compare the SINDy-PI and implicit-SINDy methods on the challenging yeast glycolysis

model [181, 315] given by

ẋ1 = c1 +
c2x1x6

1 + c3x4
6

, (3.13a)

ẋ2 =
d1x1x6

1 + d2x4
6

+ d3x2 − d4x2x7, (3.13b)

ẋ3 = e1x2 + e2x3 + e3x2x7 + e4x3x6 + f5x4x7, (3.13c)

ẋ4 = f1x3 + e2x4 + f3x5 + f4x3x6 + f5x4x7, (3.13d)

ẋ5 = g1x1 + g2x5, (3.13e)

ẋ6 = h3x3 + h5x6 + h4x3x6 +
h1x1x6

1 + h2x4
6

, (3.13f)

ẋ7 = j1x2 + j2x2x7 + j3x4x7. (3.13g)

Equation (3.13f) is the most challenging equation to discover in this system, and Fig. 3.4

compares the success rate of SINDy-PI and implicit-SINDy in identifying this equation.

SINDy-PI uses about 12 times less data than the implicit-SINDy when identifying (3.13f).

Details are provided in Appendices A.2 and A.4.

3.2.5 Comparison for Implicit PDE Identification

We now investigate the ability of SINDy-PI to discover a PDE with rational terms, given

by a modified KdV equation

ut = −uxxx − 6uux − γu+
2g0
1 + u

, (3.14)
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Figure 3.5: Comparison of SINDy-PI and PDE-FIND on an implicit PDE problem given by
the modified KdV equation (3.14). As we increase g0, the rational term begins to play a
significant role in the system behavior. For small g0, PDE-FIND compensates for the effect
of the rational term by tuning the other coefficients. When g0 is large, PDE-FIND overfits
the library. SINDy-PI, on the other hand, correctly identifies the rational term.

where γu is a loss term and 2g0/(1 + u) is a gain term. We fix γ = 0.1 and vary the value

of g0 from 0 to 1. As g0 increases, the implicit term gradually dominates the dynamics.

Figure 3.5 shows the results of SINDy-PI and PDE-FIND [12] for different values of g0. For

large g0, SINDy-PI is able to accurately identify the rational function term, while this is not

possible for PDE-FIND, since this term is not in the library. Details of the identification
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Figure 3.6: Schematic illustration of SINDy-PI identifying a mounted double pendulum
system.

process are given in Appendix. A.3.

3.3 Advanced Examples

We will now demonstrate the SINDy-PI framework on several challenging examples,

including the double pendulum, an actuated single pendulum on a cart, the Belousov-

Zhabotinsky PDE, and the identification of conserved quantities. All examples are charac-

terized by rational nonlinearities, and we were unable to identify them using SINDy or

implicit-SINDy, even in the absence of noise.

3.3.1 Mounted Double Pendulum

In our first example, we use SINDy-PI to discover the equations of motion of a mounted

double pendulum, shown in Fig. 3.6. The double pendulum is a classic example of chaotic

dynamics [7], and was an original challenging example used to demonstrate the capabilities

of genetic program for model discovery [14]. Correctly modeling the nonlinear dynamics

is vital for accurate control [7].
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We simulate the double pendulum dynamics, derived from the Euler-Lagrange equa-

tions, and use SINDy-PI to re-discover the dynamics from noisy measurements of the trajec-

tory data. The governing equations and SINDy-PI models are provided in Appendix. A.6.

Because these dynamics have rational nonlinearities, the original SINDy algorithm is un-

able to identify the dynamics, making this a challenging test case. The state vector is given

by x = [ϕ1, ϕ2, ϕ̇1, ϕ̇2]
T , and the parameters of the simulation are given in Appendix. A.4.

The training data is generated from an initial condition xtrain = [π + 1.2, π − 0.6, 0, 0]T ,

simulated for 10 seconds using a time step of dt = 0.001 seconds. The validation data

is generated from an initial condition xval = [π − 1, π − 0.4, 0.3, 0.4]T , simulated for 3

seconds with time step dt = 0.001 seconds.

To test the robustness of SINDy-PI, we add Gaussian noise to both the training and

validation data. We test the resulting models using a new testing initial condition xtest =

[π + 0.3, π − 0.5, 0, 0]T . We construct our library Θ to include over 40 trigonometric and

polynomial terms. The most challenging part of this example is building a library with the

necessary terms, without it growing too large. The library cannot be too extensive, or else

the matrix Θ becomes ill conditioned, making it sensitive to noise. To reduce the library

size, we use one piece of expert knowledge: the trigonometric terms should only consist of

ϕ1 and ϕ2, the rotational angles of the pendula.

The candidate functions are chosen as a combination of state derivatives and trigono-

metric functions. Fig. 3.6 shows that SINDy-PI can identify the equations of motion for low

noise. For larger noise, SINDy-PI misidentifies the dynamics, although it still has short

term prediction ability.

3.3.2 Single Pendulum on a Cart

We now apply SINDy-PI to identify a fractional ODE problem with control input, given

by the single pendulum on a cart in Fig. 3.7. SINDy has already been extended to include

control inputs [281], although the original formulation doesn’t accommodate rational
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Figure 3.7: SINDy-PI is used to identify the single pendulum on a cart system. Control
is applied to the cart, and both the cart and pendulum states are measured. When the
measurement noise is small, SINDy-PI can identify the correct structure of the model.

functions.

The dynamics are derived from the Euler-Lagrange equations. All system parameters

except for gravity are chosen to be 1, as summarized in Appendix. A.4; the governing

equations and SINDy-PI models are shown in Appendix. A.5. The cart position is denoted

by s. The state vector is given by x = [ϕ, s, ϕ̇, ṡ]T . The equations of motion are given by

d

dt
ϕ = ϕ̇, (3.15a)

d

dt
s = ṡ, (3.15b)

d

dt
ϕ̇ = −(M +m)g sin (ϕ) + FL1 cos (ϕ) +mL2

1 sin (ϕ) cos (ϕ)ϕ̇
2

L2
1(M +m−m cos (ϕ)2)

, (3.15c)

d

dt
ṡ =

mL2
1 sin (ϕ)ϕ̇

2 + FL1 +mg sin (ϕ) cos (ϕ)

L1(M +m−m cos (ϕ)2)
, (3.15d)

Eq. (3.15) is simulated with a time step of dt = 0.001 to generate the training and

testing data for model selection. The training data is generated using an initial condition

xtrain = [0.3, 0, 1, 0]T with the control input chosen as Ftrain = −0.2 + 0.5 sin (6t), for time
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Figure 3.8: SINDy-PI is able to identify the simplified Belousov–Zhabotinsky reaction
model.

t = 0 to t = 16. Similarly, the validation data is generated using an initial condition

xval = [0.1, 0, 0.1, 0]T with the control input chosen as Fval = −1 + sin (t) + 3 sin (2t), for

time t = 0 to t = 2.

The library is constructed using a combination of trigonometric and polynomial terms.

Around 50 different basis functions are used for the library, and around 10 terms are

tested as candidate functions. We add Gaussian noise to all system states. We then

test the SINDy-PI model on a testing initial condition xtest = [π, 0, 0, 0]T with control

input Ftest = −0.5 + 0.2 sin (t) + 0.3 sin (2t) for time t = 0 to t = 2. Fig. 3.7 shows the
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resulting SINDy-PI models. The structure of the model is correctly identified up to a noise

magnitude of 0.01. Beyond this noise level, the SINDy-PI identified model only has short

term prediction ability.

3.3.3 Simplified Model of the Belousov–Zhabotinsky Reaction

We now apply SINDy-PI to a challenging PDE with rational nonlinearities, a simplified

model of the Belousov-Zhabotinsky (BZ) reaction. The simplified BZ reaction model is

given by [316]

∂x

∂τ
=

1

ε

(
fz(q − x)

q + x
+ x− x2 − βx+ s

)
+

Dx

Du

∆x, (3.16a)

∂z

∂τ
= x− z − αz + γu+

Dz

Du

∆z, (3.16b)

∂s

∂τ
=

1

ε2
(βx− s+ χu) +

Ds

Du

∆s, (3.16c)

∂u

∂τ
=

1

ε3
[αz − (γ +

χ

2
)u] +

Du

Du

∆u, (3.16d)

where x, z, s, and u are dimensionless variables and ∆ = ∂2

∂x2
s
+ ∂2

∂y2s
denotes the Laplacian

operator.

The strong coupling dynamics and implicit behavior in (3.16a) make the data-driven

discovery of the simplified BZ reaction challenging when using implicit-SINDy and PDE-

FIND. However, SINDy-PI correctly identifies the simplified dynamics of the BZ-Reaction,

as shown in Fig. 3.8. To generate the simplified BZ reaction data, we use a spectral

method [11, 317] with time horizon T = 1 and time step of dt = 0.001. We use n = 128

discretization points with spatial domain ranging from −10 to 10. The initial condition is

chosen to be a mixture of Gaussian functions. 80% of the data is used for training, and

the remaining 20% is used for model selection. The right-hand side library is normalized

during the sparse regression process. A range of sparsity parameters λ are tested from 0.1 to

1, with increments of 0.1 The other system parameters in (3.16) are given in Appendix. A.4

and the SINDy-PI model is given in Appendix. A.7.
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3.3.4 Extracting Physical Laws and Conserved Quantities

In this final example, we demonstrate how to use SINDy-PI to extract governing

physical laws and conserved quantities from data. Many systems of interest are governed

by Hamiltonian or Lagrangian dynamics. Instead of identifying the ODE or PDE equations

of motion, it might be possible to extract the physical laws directly. These equations

contain important information about the system and may be more concise, useful, and

straightforward than the underlying ODE or PDE. For example, given a Lagrangian, we

can derive the equations of motion.

The most difficult aspect of using SINDy-PI to identify a physical law is how to build

the library. Conservation laws may contain higher-order derivatives, such as ẍ. To include

all possible terms, the library may become exceedingly large. The library size will also

increase if the system has many states. Large libraries make the sparse regression sensitive

to noise. Thus, extracting the physical law from data using SINDy-PI is still challenging

due to the lack of constraints when constructing the library function. We only show one

example in our paper to demonstrate that it is possible to achieve this using SINDy-PI, but

further work is required to reduce the library size so that the sparse regression is robust.

As an example, we consider the double pendulum shown in Fig. 3.9, with the system

parameters given in Appendix. A.4. In this case, we also account for the friction in the

pendulum joint, with friction constants of k1 = 7.2484× 10−4 and k2 = 1.6522× 10−4 for

the pendulum arms, respectively. In this case, we extract the Lagrangian of the double

pendulum [7] using SINDy-PI. To extract this Lagrangian, we simulate the system with

initial condition xtrain = [π − 0.6, π − 0.4, 0, 0]T from t = 0 to t = 15 with time step

dt = 0.001. The resulting model is shown in Fig. 3.9.

3.4 Conclusions and Future Work

In this paper, we develop SINDy-PI (parallel,implicit), a robust variant of the SINDy

algorithm to identify implicit dynamics and rational nonlinearities. SINDy-PI overcomes
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Figure 3.9: SINDy-PI is used to extract the conserved quantity for a double pendulum.

the sensitivity of the previous implicit-SINDy approach, which is based on a null-space

calculation, making it highly sensitive to noise. Instead, we introduce both parallel and

constrained optimizations to test candidate terms in the dynamics, making the new SINDy-

PI algorithm as robust as the original SINDy algorithm. We also extend the algorithm

to incorporate external forcing and actuation, making it more applicable to real-world

systems. We demonstrate this approach on several challenging systems with implicit

and rational dynamics, including ODEs, actuated systems, and PDEs. In particular, we

discover the implicit dynamics for a simplified model for the BZ chemical reaction PDE, the

double pendulum mechanical system, and the yeast glycolisis model, which have all been

challenging test cases for advanced identification techniques. Throughout these examples,

we demonstrate considerable noise robustness and reductions to the data required, over

the previous implicit-SINDy algorithm.

Despite the advances outlined here, there are still many important avenues of future

work. One limitation of this approach, and of SINDy in general, is in the design of

the library of candidate functions. The goal is a descriptive library, but the library size
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grows rapidly, which in turn makes the sparse regression ill-conditioned; other issues

effecting robustness are discussed in Appendix. A.9. Recently, tensor approaches have

been introduced to alleviate this issue, making libraries both descriptive and tractable [298],

and this is a promising approach that may be incorporated in SINDy-PI as well. More

generally, automatic library generation, guided by expert knowledge, is an important

topic. Other research directions will involve parameterizing elements of the library, so

that the algorithm simultaneously identifies the model structure and the parameters of the

sparsely selected terms. Recent unified optimization frameworks, such as SR3 [215, 216],

may make this possible. Model selection is another key area that will required focused

attention. Balancing accuracy on test data, sparsity of the model, and the potential for

overfitting are all serious concerns. The sparse regression and optimization may also be

improved for better noise robustness. Finally, modifying SINDy-PI to incorporate prior

physical knowledge and to only model the discrepancy with an existing model [178] will

be the focus of ongoing work.
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Chapter 4

AUTOMATIC DIFFERENTIATION TO SIMULTANEOUSLY IDENTIFY
NONLINEAR DYNAMICS AND EXTRACT NOISE PROBABILITY

DISTRIBUTIONS FROM DATA

4.1 Introduction

As with all system identification algorithms, noisy measurements compromise the

accuracy and robustness of the model discovery procedure. Moreover, many optimization

frameworks rely explicitly on the assumption of Gaussian noise, which is rarely true in

the real world. Recently, Rudy et al. [318] developed a novel optimization framework

for separating signal and noise from noisy time-series data by identifying a deep NN

model for the signal from numerical time-stepping constraints such as a Runge-Kutta. In

this Chapter, we build on this framework and leverage automatic differentiation [319] in

the optimization procedure to simultaneously denoise data and identify sparse nonlinear

models via SINDy. This new architecture yields significant improvements in model

discovery, including superior separation of the signal from noise while simultaneously

characterizing the noise distribution.

SINDy has emerged as a flexible and promising architecture for model discovery due

to its inherent parsimonious representation of dynamics. The SINDy framework relies

on sparse regression on a library of candidate model terms to select the fewest terms

required to describe the observed dynamics [180]. Specifically, SINDy is formulated as

an over-determined linear system of equations Aξ = b, where A is a library matrix, b

represents the measurement data, and ξ represents the sparse selection vector, and the

sparsity of the solution is promoted by the ℓ0-norm ∥ξ∥0. Thus sparsity is a proxy for

parsimony, interpretability, and generalizability. Measurement noise, however, is always
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present, and it corrupts the ability of the SINDy regression framework, and indeed any

other model discovery paradigm, to accurately extract governing models.

There are many variants of sparse regression, all of which typically attempt to ap-

proximate the solution to an NP-hard, ℓ0-norm penalized regression. Sparsity-promoting

methods like the LASSO [186, 187] use the ℓ1-norm as a proxy for sparsity since tractable

computations can be performed. The iterative least-squares thresholding technique of the

SINDy algorithm promotes sparsity through a sequential procedure. Recently, Zhang and

Schaeffer [184] have provided several rigorous theoretical guarantees on the convergence

of the SINDy algorithm. Specifically, they proved that the algorithm approximates local

minimizers of an unconstrained ℓ0-penalized least-squares problem, which allows them

to provide sufficient conditions for general convergence, the rate of convergence, and

conditions for one-step recovery. Using a relaxed formulation, Champion et al. [215] show

how the SINDy regression framework can accommodate additional structure, robustness

to outliers, and nonlinear parameter estimation using the sparse relaxed regularized regression

(SR3) formulation [216]. SINDy results in interpretable models, and it has been widely ap-

plied in many scientific disciplines [178, 194, 209, 254, 277, 287, 297, 300, 303, 304, 320–325].

Moreover, it has been extended to various applications [12, 177, 178, 181, 200, 200, 209, 211,

215, 222, 233, 234, 236, 241, 251, 254, 267, 280, 281, 297, 298, 302, 305, 309, 326–328].

Despite its flexibility, modularity, and extensibility, SINDy and its variants typically

rely on approximating time-derivative of the measured time-series data. Computing

derivatives of noisy measurement data is known to be a challenging problem, with many

algorithmic innovations and mathematical architectures developed to produce accurate

derivative approximations [329]. These methods include finite-differences, spectral meth-

ods [11], spline smoothing, filtering procedures, polynomial fitting, low-rank projection,

and total variations, to highlight some of the diverse techniques employed for this critical

task of scientific computing. This task is made even more difficult, depending upon the

noise statistics. Gaussian noise is often easier to learn and characterize than noise distri-

butions that have non-zero means and are not symmetric. Ultimately, there is a need for
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methods that are robust to noisy measurements and diverse probability distributions.

Recent innovations in automatic differentiation have enabled the solution of an opti-

mization problem directly related to the computation of the required derivatives [318].

Since its inception, automatic differentiation has been widely used in the machine learning

community to enable complicated optimization problems without manually computing

Jacobians [120, 318, 319, 330–336]. More recently, this approach has been used with NNs to

separate a signal from noise and model the signal when a model is unknown [318], and to

improve Kalman smoothing when the governing equations are known [333]. The success

of these algorithms suggest that they could be leveraged for noise signal separation in the

SINDy framework. In this work, we extend this simultaneous de-noising and discovery

approach to SINDy. Specifically, automatic differentiation enables differentiation with

respect to the functions in the SINDy library, thus circumventing a direct differentiation

of the noisy time-series data. The modified SINDy algorithm is more robust to noise and

further allows for an explicit characterization (discovery) of the underlying probability

distribution of the noise, something that current state-of-the-art methods cannot do and is

a unique feature of our method.

In Sec. 4.2, we illustrate the modified SINDy algorithm. In Sec. 4.3, we show the

comparison between modified SINDy and noise signal separation approach based on the

NN proposed by Rudy et al. [318]. In Sec. 4.4, we show the use of modified SINDy on

various numerical examples and show how modified SINDy can be used to identify noise

distributions. In Sec. 4.5, we show our conclusions and possible future improvements.

4.2 Methods

In what follows, we introduce the basic mathematical architecture behind the SINDy

algorithm, demonstrating explicitly its sensitivity to noisy measurements. This guides our

introduction of the modified SINDy for simultaneously learning the system model and

denoising the signal.
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4.2.1 Sparse Identification of Nonlinear Dynamics

The SINDy algorithm [180] provides a principled, data-driven discovery method for

nonlinear dynamics of the form shown in Sec. 2.1 given data matrix X, derivative matrix Ẋ

and candidate library Θ(X). In practice, noise-free measurements of x(t) are not available,

and only the full state noisy measurement

y(t) = x(t) + n(t), (4.1)

is provided to SINDy from sensors, where y(t) = [y1(t), y2(t), · · · , yn(t)] ∈ R1×n is noisy

measurement and n(t) = [n1(t), n2(t), · · · , nn(t)] ∈ R1×n is the noise added to true state.

Thus, Eq. (2.4) then becomes

Ẏ = Ẋ+ Ṅ = Θ(Y)Ξ = Θ(X+N)Ξ, (4.2)

where Y = [y(t1);y(t2); · · · ;y(tm)] ∈ Rm×n is noisy measurement matrix formed by m row

vectors measurement of size 1×n and N = [n(t1);n(t2); · · · ;n(tm)] ∈ Rm×n is noise matrix

also formed by m row vector of size 1× n. From Eq. (4.2), note that the solution Ξ is no

longer the same Ξ shown in Eq. (2.4) due to the presence of noise. Moreover, the noise will

be magnified when approximating the derivatives Ẋ by a factor of O(1/dt) [12], and it will

non-linearly corrupt the library matrix Θ. Extensive research has been done to improve

the robustness of the SINDy framework. The integral formulation [236] and weak formula-

tion [232–234, 309] improved the regression robustness by avoiding taking derivative of

noisy data. Other approaches, such as subsampling [229], increased the noise robustness

of the SINDy framework by doing regression on the subsampled measurement that has

less noise. Corrupt data can also be handled with methods from robust statistics [215, 251].

In the next section, we introduce an alternative approach that simultaneously learns the

noise N while using the denoised data to perform model identification.
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Figure 4.1: This figure illustrates modified SINDy algorithm. The goal is to learn the system
model Θ(X)Ξ and noise N. The noise is subtracted from the measurement to obtain the
clean data. To achieve this, the estimated noise N̂ is set as an optimization parameter and
the cost function L(Ξ, N̂) is minimized. This optimization is performed 8 times, and the
small values of |Ξ| is enforced to be zero for the remainder of the optimization process. The
proposed de-noising algorithm is related to the scheme of Rudy et al. [318], but embedded
into the SINDy model discovery framework.

4.2.2 Simultaneously Denoising and Learning System Model

To improve the noise robustness of the SINDy regression, we determine the estimated

noise n̂(t) ∈ R1×n as a hyper-parameter and formulate N̂ = [n̂(t1); n̂(t2); · · · ; n̂(tm)] ∈ Rm×n
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in order to optimize the difference between the estimated derivative and system’s vector

field such that

ed = ∥ ˙̂X−Θ(X̂)Ξ∥22, (4.3)

where X̂ = Y−N̂ is formed by m estimated true states x̂(t) ∈ R1×n, and ed is the derivative

approximation error. For details on calculating this error, please see Appendix. B.12.

Note that X̂ = [x̂(t1); x̂(t2); · · · ; x̂(tm)] ∈ Rm×n. When N̂ = N, the effect of noise can be

eliminated, and the accuracy of SINDy will be significantly improved. However, there exist

many trivial solutions for minimizing the Eq. (4.3) with two uncorrelated optimization

parameters N̂ and Ξ. Thus, an additional constraint is needed to regularize Eq. (4.3).

The additional constraint proposed here uses the estimated vector field of the system

model similar to the one proposed by Rudy et al. [318]. Equation (2.5) gives the estimate

Θ(x(t))Ξ of the true vector field f(x(t)). Integrating over a segment of time tj to tj+1 gives

the integrated vector field, or flow map,

x(j + 1) = F(x(j)) = x(j) +

∫ tj+1

tj

Θ(x(τ))Ξ dτ. (4.4)

This can be generalized to integrate the system either forward or backward in time q steps.

This gives

x(j + q) = Fq(x(j)) = x(j) +

∫ tj+q

tj

Θ(x(τ))Ξ dτ. (4.5)

To obtain the x(j + q) in Eq. (4.5), a numerical simulation scheme such as Runge–Kutta

can be used. In what follows, we employ a 4th-order Runge-Kutta method to simulate

the dynamics forward/backward in time q-steps. Similar to Eq. (4.5), when the noisy

measurement data y is given, the estimated state x̂ = y − n̂ satisfies

y(j + q)− n̂(j + q) = x̂(j + q) = F̂q(x̂(j)) = x̂(j) +

∫ tj+q

tj

Θ(x̂(τ))Ξ dτ, (4.6)
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when n̂ = n and the exact value of Ξ is known. Thus, by minimizing

es,j =

q∑
i=−q,i̸=0

ωi∥y(j + i)− n̂(j + i)− F̂i(x̂(j))∥22, (4.7)

the optimization parameters N̂ and Ξ are coupled, resulting in additional structural

constraint of the model. The parameter ωi is used to account for the numerical error and is

set to ωi = c|i|−1, where 0 < c ≤ 1 is a constant (throughout this paper, we use c = 0.9). The

use of ω suggests that the simulation error too far ahead in the future, or too far backward

in the past, should be penalized less due to the error of the numerical simulation scheme.

The error incurred by simulating the vector filed forward/backward on the entire trajectory

can be written as

es =

m−q∑
j=q+1

es,j =

m−q∑
j=q+1

q∑
i=−q,i̸=0

ωi∥y(j + i)− n̂(j + i)− F̂i(x̂(j))∥22. (4.8)

Using subscripts to represent the time step, the final cost function is then

L(Ξ, N̂) = es + ed =

m−q∑
j=q+1

q∑
i=−q,i̸=0

ωi∥yj+i − n̂j+i − F̂i (x̂j) ∥22 + ∥ ˙̂X−Θ(X̂)Ξ∥22, (4.9)

which is the summation of the derivative approximation error ed and simulation error es.

The optimization problem to simultaneously denoise and learn the system model can then

be written as
Ξ, N̂ = argmin

Ξ,N̂
L(Ξ, N̂),

s.t. (|Ξ| < λ) = 0.

(4.10)

The global optimal solution for Eq. (4.10) needs to satisfy N̂ = N and f(x) = Θ(x)Ξ.

However, the global optimum of Eq. (4.9) is not unique, as Appendix B.11 suggests. To

solve for Eq. (4.10), it is necessary to calculate the Jacobian ∂L/∂N̂ and ∂L/∂Ξ, which

is a difficult task to do analytically or computationally. However, recent automatic dif-
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ferentiation packages such as Tensorflow [330] and Julia Flux [337] make it possible to

directly extract the gradients of L with respect to N̂ and Ξ. Other alternatives include

JAX MD [338, 339]. This allows us to solve the optimization problem in Eq. (4.10) easily

using gradient descent method such as Adam [340]. Throughout this paper, we use the

Tensorflow 2.0 and Adam optimizer to solve the Eq. (4.10). Moreover, to enforce the

sparsity of the identified model, a thresholding approach [180] is used and the Eq. (4.10) is

solved for Nloop times (the sparsity is enforced to the model structure Ξ not the noise N).

Each iteration uses the previous iteration’s optimization result N̂ as the initial guess of

the new iteration. The values of N̂ is also used to calculate the estimated state X̂, which

is used to calculate the new estimated values of the selection parameter Ξ. Furthermore,

if the elements in |Ξ| are smaller than a threshold λ at the end of an optimization loop,

those elements will be constrained to zero for the remainder of the optimization process.

Fig. 4.1 illustrates this process, and Appendix. B.1 shows the detailed algorithm for simul-

taneous denoising and sparse model identification. Some guidance on the selection of the

hyper-parameters λ, q, and Nloop is given in Appendices. B.2, B.3, and B.4.

4.3 Performance Comparison with Neural Network Denoising Approach

The advocated optimization framework of modified SINDy is compared with a NN

denosing approach by Rudy et al. [318]. Additionally, the robustness to noise and the

amount of data is considered.

4.3.1 Performance Criteria

For ease of comparison, we use the same performance criteria developed by Rudy et

al. [318]. Specifically, these are the vector field error Ef , the noise identification error EN,

and the prediction error EF. The vector filed error is

Ef =

∑m
i=1

∥∥∥f (xi)− f̂ (xi)
∥∥∥2

2∑m
i=1 ∥f (xi)∥22

, (4.11)
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which calculates the relative squared ℓ2 error between the true vector filed and identified

vector field f̂ . The noise identification error is

EN =
1

m

m∑
i=1

∥ni − n̂i∥22 , (4.12)

which is the mean ℓ2 difference between the true noise N and identified noise N̂. The

prediction error is

EF =
1

∥X∥2F

m−1∑
i=1

∥∥∥xi − F̂i (x1)
∥∥∥2

2
, (4.13)

and it calculates the difference between forward simulation trajectory and true trajectory.

For comparison of modified SINDy and recently published Weak-SINDy [233], as shown

in Appendix. B.6, two more performance criteria are used. The first one is the normalized

parameter error

Ep =
∥Ξ− Ξ̂∥2
∥Ξ∥2

, (4.14)

which reflects how much the identified parameters Ξ̂ is off from the true parameters Ξ.

The other one is the success rate, which describes the percentage of identifying the model’s

correct structure in multiple trials.

4.3.2 Robustness to Noise

The Lorenz attractor is used as an example to test the noise robustness of the the

approach. The model of the chaotic Lorenz is

ẋ = σ(y − x),

ẏ = x(ρ− z)− y,

ż = xy − βz,

(4.15)

where σ = 10, ρ = 28, and β = 8/3. The Lorenz attractor is simulated with initial condition

x0 = [5, 5, 25], T = 25, and dt = 0.01. The prediction step is chosen as q = 3 for both
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Figure 4.2: Top: Noise identification error of modified SINDy (labeled as SINDy) and NN
denoising approach by Rudy et al. [318]. The black circle represents the median of ten runs
while the violin shape represents the distribution of error. The modified SINDy approach
shows better noise identification error. Bottom: Comparison between the average noise
applied to the Lorenz system and the noise identified by the two approaches. As shown
on the left, both approaches can not produce the correct zero noise result when no noise is
applied, which happens since there is a tiny difference between the learned dynamics and
true dynamics.

approaches compared and Nloop = 6 for our proposed method. Unless otherwise noted,

Adam optimizer is used to optimize the problem with maximum iteration set to 5000 for

modified SINDy and 30000 for NN approach [318]. Different magnitudes of Gaussian

noise are added to generate the noisy training data. The noise level is defined as

Noise Level (%) =

√
var(Noise)
var(Signal)

× 100% =
std(Noise)
std(Signal)

× 100%. (4.16)
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For each noise level, 10 different sets of noisy data are generated and used as data for

both approaches. The NN approach [318] uses the same set up as [318], with 3 hidden

layers, and each layer having 64 neurons. Moreover, the regularization parameter is chosen

as 10−8, and the penalty for N̂ is chosen as 10−5. Unless otherwise noted, we use the

same set up for all the NNs in this paper. For modified SINDy, the library is constructed

with terms up to second order (not including the constant term). Moreover, the value of

the sparsity parameter λ varies based on the noise added. For most of the case, λ = 0.1.

A Tikhonov regularization approach is used to pre-smooth the noisy data as in [318],

although we have found that pre-smoothing does not affect the results appreciably when

using zero-mean noise.

Fig. 4.2 show the noise identification error of the NN approach [318] and the modified

SINDy approach. The vector field error and short term prediction error can be seen in

Fig. 4.3. For all the noise levels, modified SINDy correctly identified the Lorenz model.

To calculate the prediction error, the identified model is simulated 6 seconds forward in

time, with dt = 0.01, for both modified SINDy and NN denoising approach [318]. Fig. 4.3

suggests that modified SINDy identified model has better performance when simulated

forward in time. Other useful way to determine the forward simulation accuracy is by

using the Lyapunov exponent of the model. However, unlike the standard way of defining

the Lyapunov exponent [341], where the parameters of the model are perfect and only

initial conditions of the simulation is perturbed by ϵ, in the situation shown in Fig. 4.3, we

have the exact opposite. In Fig. 4.3, the parameters of the identified system is off by ϵ while

the initial conditions are perfectly known. Thus, some modification of the definition of

Lyapunov exponent is needed before it can be used to define the model forward simulation

accuracy. Appendix. B.5 shows noise robustness comparison between the modified SINDy

and original SINDy [180]. In general, the modified SINDy is about 2 times more robust than

orignal SINDy [180]. A comparison between modified SINDy and the recently developed

Weak-SINDy approach [233] is presented in Appendix. B.6.
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Figure 4.3: Top: The vector field error and prediction error of modified SINDy (labeled as
SINDy) and NN denoising approach by Rudy et al. [318] is shown. The black dot is the
median of the 10 runs, and the violin shape represents the distribution of the error. Bottom:
The simulated trajectory is shown with the initial condition chosen as x0 = [5, 5, 25].

4.3.3 Robustness to Data Length

We also compare the performance of the NN denoising approach by Rudy et al. [318]

and modified SINDy under different data usage with a fixed noise level. The minimum

amount of data needed by modified SINDy to correctly identify the system model is

shown by using Lorenz attractor as an example. To perform the numerical experiment,

the same initial point, x0 = [−5, 5, 25], is used to generate noise-free data of different

temporal lengths. The time step is fixed at dt = 0.01 with 10% of Gaussian noise added to

generate noisy training data. The success rate of modified SINDy is calculated to indicate
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Figure 4.4: (a), (b): As the training data length increases, the vector field error and noise
identification error of modified SINDy (labeled as SINDy) and NN denoising approach by
Rudy et al. [318] decreases. (c) The modified SINDy can use 3.5 seconds of data to identify
the system model with 100% accuracy. There is a tiny drop in the success rate when the
training data length is 5 seconds due to the choice of a fixed thresholding parameter. By
using a larger thresholding parameter, the success rate can be back to 100%. Moreover,
since the NN is a black box model, we won’t be able to determine whether it learned
the correct symbolic model or not, thus success rate of NN is not plotted. Bottom: A
comparison of averaged true noise and identified noise by two approaches is shown.

the minimum amount of data needed to identify the correct system model. The prediction

error is not shown since the simulation of the identified model in the low data limit is

not stable. With a learning rate of 0.001, Adam is used to optimize the problem with
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the prediction step set to q = 3 for both approaches. A fixed thresholding parameter

λ = 0.1 with Nloop = 6 is used for modified SINDy and the library is constructed with up to

second order terms (without constant term added). Fig. 4.4 suggests that when the correct

parameters and library is used for modified SINDy, it will out-perform the NN denoising

approach by Rudy et al. given the same amount of data.

4.4 Results

In this section, we demonstrate the ability of modified SINDy to separate signal and

noise while learning the system model. The Van der Pol oscillator will be used as the

example test case to show that modified SINDy can identify the correct distribution of the

Gaussian noise added to the system. Additionally, we highlight several other examples

tested with modified SINDy and summarize the performance. Furthermore, as a more

advanced example, we show that modified SINDy can be used to separate non-Gaussian,

non-zero mean, and non-symmetric noise distributions from the dynamics. Finally, we

show how modified SINDy can be integrated to the discrepancy modeling approach [178].

4.4.1 Van der Pol Oscillator

The Van der Pol oscillator is used as our test case to demonstrate the ability of modified

SINDy to denoise and learn the system dynamics simultaneously. The Van der Pol oscillator

is given by

ẋ = y,

ẏ = µ
(
1− x2

)
y − x,

(4.17)

where the nonlinear damping/gain parameter µ = 0.5 is used for demonstration purposes.

The system is simulated with initial condition [−2, 1], T = 10, and dt = 0.01. The Adam

optimizer with learning rate of 0.001 is used for all noise levels. The parameters of

modified SINDy are chosen as q = 1 and λ = 0.05, and the library of candidate functions

is constructed with polynomial terms up to third order (without constant term). Three
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Figure 4.5: Distribution of the noise learned by modified SINDy is shown.

different levels of noise are applied and the distribution of identified noise is shown in

Fig. 4.5. Fig. 4.5 shows that modified SINDy correctly identified the distribution of true

noise.

4.4.2 Rössler Attractor

The second example we use is the Rössler attractor that is governed by

ẋ = −y − z,

ẏ = x+ ay,

ż = b+ z(x− c),

(4.18)
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Figure 4.6: The modified SINDy is used to denoise the measurement of Rössler attractor
while learning its model. The identified model shows high accuracy when simulating
forward.

where a = 0.2, b = 0.2, and c = 5.7. The system is simulated with initial condition [3, 5, 0],

T = 25, and dt = 0.01. The Adam optimizer with learning rate of 0.001 is used for all noise

levels. The parameters of modified SINDy are chosen as q = 1 and λ = 0.05, and the library

of candidate functions is constructed with polynomial terms up to second order (with

constant term). Three different levels of noise are applied and the denoised signal is shown

in Fig. 4.6. Fig. 4.6 also shows the simulated trajectories of the identified models. The

initial condition [3, 5, 0], T = 25, and dt = 0.01 are used to simulate the identified models.
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Figure 4.7: The modified SINDy is used to denoise the measurement of Lorenz 96 system
while learning its model.

4.4.3 Lorenz 96 Model

As our last example, we use the modified SINDy to identify Lorenz 96 model whose

equation is given by

ẋi = (xi+1 − xi−2)xi−1 − xi + F, (4.19)

for i = 1, 2, . . . , N . We assume x−1 = xN−1, x0 = xN , x1 = xN+1, and set forcing term F as 8

to generate chaotic behavior. The number N is set as 4 such that the model has 6 states.

The system is simulated with initial condition [1, 8, 8, 8, 8, 8], T = 25, and dt = 0.01. The

Adam optimizer with learning rate of 0.001 is used for all noise levels. The parameters of

modified SINDy are chosen as q = 1 and λ = 0.1 (for 30% noise, λ = 0.05). The library of

candidate functions is constructed with polynomial terms up to third order (with constant
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Figure 4.8: This plot shows the denoising ability of modified SINDy with different ex-
amples. Regardless of the noise percentage, modified SINDy correctly identified all the
system models.

term included, 84 candidates in total). Three different levels of noise are applied and the

denoised signal is shown in Fig. 4.7 (for ease of visualization, only the first three states

are shown). Fig. 4.7 also shows the simulated trajectories of identified models. The initial

condition [1, 8, 8, 8, 8, 8], T = 5, and dt = 0.01 are used to simulate the identified models.

In Fig. 4.8, the effectiveness of modified SINDy is demonstrated on a number of

canonical dynamical systems models. For all examples, Gaussian noise with zero-mean

is added to generate the noisy training data, and Adam optimizer is used to perform the
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optimization. The models and other parameters used for each example are summarized in

Appendix. B.6. The modified SINDy correctly identified all the system model and noise

distribution regardless of the noise magnitude used.

4.4.4 Identification of Noise Distributions

The modified SINDy algorithm has the ability to to handle different kinds of noise

distributions. Three different kinds of noise distributions are used to demonstrate this:

Gaussian, Uniform, and Gamma. To generate the Gamma noise, its shape and scale are set

to 1. The generated noise is multiplied by Noise Percentage × var(Signal). The noise-free

data of Van der Pol oscillator is generated the same way in Sec. 4.4.1. The prediction

step is set to q = 2 and the sparsity parameter is set to λ = 0.15. Fig. 4.9 shows the

distribution identified by modified SINDy. Fig. 4.9 shows that learning the non-zero mean

noise distribution is more difficult than learning a zero-mean one. For better learning

results of a non-zero mean noise distribution, one can try the iterative learning approach

shown in Appendix. B.8. Once the noise is separated from the signal, an additional step

can be taken to identify the distribution of noise from the candidate distributions. This can

be achieved by the fitter package in Python [342]. Appendix. B.9 shows more details of

this process.

4.5 Conclusion and Future Work

In this work, we introduce a new learning algorithm that leverages automatic dif-

ferentiation and sparse regression for simultaneously (i) denoising time-series data, (ii)

learning and parametrizing the noise probability distribution, and (iii) identifying the

underlying parsimonious dynamical system responsible for generating the time-series

data. The method provides a critically enabling modification to the SINDy algorithm for

improving robustness to noise with less training data in comparison with the previously

developed NN denoising approach by Rudy et al. [318]. Multiple numerical examples
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Figure 4.9: The ability of modified SINDy to handle different kinds of noise distribution
is illustrated in this figure, and the Van der Pol oscillator is used as an example. 10% of
noise is generated and added to the clean signal. As this figure shows, modified SINDy
can identify different types of noise distribution correctly.

are shown to demonstrate the effectiveness of the modified SINDy method for signal and

noise separation as well as model identification. Importantly, we have shown that modi-

fied SINDy can be used to learn various types of noise distributions, including Gaussian,

uniform, and non-zero mean noise distributions, such as a Gamma distribution. Overall,

the modified SINDy is a robust method with practical potential for handling highly noisy

data sets and/or when partial model information is known.

The modified SINDy is modular, allowing for many easily integrated improvements.

An important direction for development includes the incorporation of control inputs,
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since many systems of practical interest are actuated, such as the pendulum on a cart

system [177, 280]. Extending modified SINDy to consider the impact of control will

significantly expand its application domain. Moreover, it is also desirable to incorporate the

Weak formulation into the current framework. As shown in [232–234, 309], the parameter

error can be improved when a compact smooth support function is included into Eq. (4.5).

In current framework, the choice of support function in Eq. (4.5) is ω = 1, which is

suboptimal. Thus, including the Weak formulation into current framework can have

great potential to improve the parameter error. Improvements in computational speed

are also desirable. In comparison with the sequential least-square thresholding of the

standard SINDy algorithm, the Adam optimizer is slow. There is the potential to use the

standard SINDy sparse regression algorithms to warm start the Adam optimization routine.

There also exist possibility to use alternative packages like JAX MD [338, 339] to perform

automatic differentiation, and it would be interesting to see the speed improvement it can

achieve compared to Tensorflow. The modified SINDy can also be integrated with SINDy-

PI to identify rational or implicit dynamics, which is quite difficult since the simulation

error shown in Eq. (4.8) can not be calculated easily when the dynamics take a rational

form. In order to denoise the signal generated from rational system, the implicit ODE

solver needs to be used in order to simulate the implicit dynamics forward and backward

in time. Currently, we do not have an elegant way to implement the implicit ODE solver

in Tensorflow, and our future research includes extension of modified SINDy to identify

rational dynamics. This is the case where the use of the NN denoising approach [318] by

Rudy et al. is ideal.

Finally, it is important to improve the robustness of the modified SINDy algorithm

when a large number of library terms are used. Currently, the modified SINDy can not

handle large libraries robustly due to the non-convexity of the optimization problem. When

the library is too large, the problem becomes unstable without decreasing the optimizer’s

learning rate. One potential solution is to simulate the dynamics with a variable time step

numerical simulation scheme instead of a fixed step scheme, as we used in this paper.
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Although there are still many improvements to be made, we believe the introduction of

modified SINDy will help guide the use of automatic differentiation tools to improve the

SINDy framework.
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Chapter 5

LEARNING DISCREPANCY MODELS FROM EXPERIMENTAL DATA

5.1 Introduction

In this Chapter, we propose a hybrid modeling approach, where we employ data-driven

techniques to model the discrepancy between a simplified or insufficient physical model

and observed measurements. We employ the sparse identification of nonlinear dynamics

(SINDy) framework [180] to discover parsimonious and interpretable discrepancy models.

We also show how modified SINDy can be used in the discrepancy modeling framework.

Thus, we leverage prior knowledge of the simplified physics, while more accurately

modeling details of the true system.

As an illustrative example for this paper, we consider a double pendulum on a cart

experiment. We typically model this type of experiment as a simple mechanical system

with a few degrees of freedom, described by either a Hamiltonian or Lagrangian [343].

However, this model neglects real-world effects such as nonlinear friction, bearing chatter,

and wind resistance. These factors may all reduce control performance, for example, in

model predictive control (MPC) [281, 344, 345], where prediction errors adversely affect

robustness [346]. For this specific system, designing a feed-forward control law to swing

up the pendulum from rest requires a highly accurate model. Even a small mismatch in

the system model may result in a considerable deviation in the computed trajectory, since

it is a chaotic system. It is also challenging to obtain a data-driven model of this system

with the correct structure, so it is beneficial to incorporate prior physical knowledge in the

form of a simplified Hamiltonian or Lagrangian.
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5.1.1 Problem statement: Discrepancy modeling

There are several reasons why model discrepancies occur [347, 348]. First, there may be

measurement noise and exogenous disturbances. In this case, the Kalman filter may be

thought of as a discrepancy model where the mismatch between a simplified model and

observations is assumed to be a Gaussian process [349]. Next, the parameters of the system

may be inaccurately modeled. Even worse, the structure of the model may not be correct,

either because important terms are missing or erroneous terms are present. This is known

as model inadequacy or model structure mismatch. Other challenges include incomplete

measurements and latent variables, delays, and sensitive dependence on initial data in

chaotic systems.

In this Chapter, we focus on parameter and structural uncertainties, although a broader

framework is the subject of ongoing work. We consider dynamical systems of the form

d

dt
x = f(x,u;µ), (5.1)

where x ∈ R1×n is the state, u ∈ R1×r is the control input, µ ∈ Rp are the parameters, and f

are the dynamics. We assume full-state measurements, although generally the state must

be estimated from limited measurements.

The discrepancy modeling problem seeks to model the difference between a quantity

of interest ϕ(t) from a physical model ϕm(t) and the observed value ϕo(t):

δϕ(t) = ϕo(t)− ϕm(t), (5.2)

where δϕ is the discrepancy. Here, we consider the quantity of interest ϕ(t) to be the dy-

namics themselves, or more precisely the rate of change of the state in time. However, this

framework is more general and can incorporate several other forms of model discrepancy.

For example, ϕ(t) may be a conserved quantity, such as the Hamiltonian, from which the

dynamics are derived.
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5.1.2 Related work

Accurate system modeling is a critical task in science and engineering, including for

autonomous robotics [350, 351] and process control [352–354]. A model that is able to

accurately predict the future state of a system is imperative for prediction and control.

However, the high-dimensional, nonlinear, and multi-scale nature of many systems renders

modeling a challenging task.

System identification has reached a high degree of maturity encompassing myriad

techniques to identify linear and nonlinear systems [56, 355] from data, including state-

space modeling via the eigensystem realization algorithm (ERA) [158] and other subspace

identification methods, Volterra series [356, 357], linear and nonlinear autoregressive

models [69] (e.g., ARX, ARMA, NARX, and NARMAX), and neural network models [358,

359], to name only a few. Machine learning techniques such as manifold learning and non-

parametric modeling have also been useful for identifying nonlinear systems [360, 361].

There is an increasing shift from black-box modeling to developing models that are

physically intuitive and interpretable, as well as models that are constrained models

with known prior information. For instance, genetic programming can be used to infer

governing equations from data [13, 14]. The recent SINDy approach [180] identifies

parsimonious and interpretable models by promoting sparsity, and it has been extended

to incorporate the effect of control [281] and to take into account expert knowledge, such

as symmetries and conservation laws [254]. However, it may be challenging to identify

certain types of systems, such as those containing rational function nonlinearities [181].

Instead of modeling the system entirely from data, when partial information is available,

such as an idealized Hamiltonian, data-driven modeling procedures may focus only on

modeling the discrepancy.

One way to compensate for model discrepancy is with Bayesian approaches [347],

where a model discrepancy function is learned and the model output uncertainty is quanti-

fied from data [362]. However, this method requires the selection of a prior form for the
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model discrepancy function, which is difficult due to the lack of physical knowledge about

the model structure [363]. Furthermore, this method may potentially introduce bias in the

model parameters if calibration is performed without knowledge of the model discrep-

ancy [364, 365]. Alternatively, reinforcement learning can be used to learn the mismatch

between a model and the actual dynamics, for example in robotics [9]. The learned dynam-

ics are then used with the conceptual model to control the real system. However, neither

Bayesian methods nor reinforcement learning can provide an interpretable representation

for the model mismatch, and thus conceal the physical meaning of the discrepancy model

discovered.

5.1.3 Contributions of this work

In the present work, we leverage SINDy to compensate for model parameter and

structure mismatch given an imperfect model of the system. This serves several purposes:

(1) Prior partial knowledge on the system or a previously learned model may be available

and can be incorporated to aid the modeling process and improve prediction accuracy.

(2) The SINDy algorithm suffers from the curse of dimensionality due to the growth

of the library size with increasing number of variables in the system, which makes it

challenging to discover the full governing equations when a large library size is required.

However, learning the model mismatch significantly reduces this burden, focusing SINDy

only on modeling the mismatch. (3) Learning interpretable representations of the model

mismatch may inform physical intuition and generalize beyond the training data. We will

demonstrate that SINDy is able to model discrepancies such as incorrect system parameters

and model inadequacy (or structure) errors. The learned SINDy discrepancy model can

then be used to enhance the imperfect model, providing an improved description of the

system dynamics.
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5.2 Data-Driven Discovery of Model Discrepancy

This section applies the discrepancy modeling framework using SINDy to the dynami-

cal system shown in Eq. (5.1). We skip the details of the SINDy algorithm as it is already

discussed in Sec. 2.1.

5.2.1 Discrepancy modeling for systems without control

Although it is possible to model any physical quantity, we consider modeling the

dynamics themselves [180]. Consider noisy measurements from a true dynamical system

f

ϕo(t) = f(x(t);µ) + ϵ, (5.3)

where ϵ ∈ Rn is the measurement noise. The model output for this system is represented as

ϕm(t) = fm(x(t);µ1). (5.4)

Parameter error, µ ̸= µ1, model inadequacy, f ̸=fm, and measurement error will cause

a model mismatch, given by

δϕ(t) = ϕo(t)− ϕm(t) = f(x(t);µ)− fm(x(t);µ1). (5.5)

We then construct a model for the discrepancy δϕ(t) as a function of the state and new

parameters µ2, capturing the parameter and structure mismatch:

δϕ(t) = g(x(t);µ2). (5.6)

Model error data is collected in

δΦ = [δϕ(t1); δϕ(t2); · · · ; δϕ(tm)], (5.7)
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where δΦ ∈ Rm×n.

Given data δΦ and X, we use SINDy to sparsely represent g(x(t);µ2) in a library

of candidate functions Θ(X). Constructing this library typically requires some prior

knowledge of the system to select a suitable basis in which the discrepancy model will be

sparse. The sparse regression problem is then formulated as

δΦ = Θ(X)Ξ. (5.8)

Realistically, we will only have access to measurements of x(t), from which we may

derive d
dt
x(t), and the quantity of interest becomes ϕ(t) ≈ d

dt
x(t). The model output is

ϕm = fm(x;µ1), the discrepancy is δϕ = d
dt
x(t)− fm(x;µ1), and we have

δẊ := Ẋ− fm(X;µ1) = Θ(X)Ξ. (5.9)

We solve for the sparsest coefficient matrix Ξ that satisfies Eq. (5.9) using the SINDy

approach. A schematic of the method is displayed in Fig. 5.1.

5.2.2 Discrepancy modeling for systems with control

We now extend the formulation above to identify dynamics that are affected by a

control input u(t) ∈ Rq:

ϕo(t) = f(x(t),u(t);µ) + ϵ, (5.10)

The model output for this system is represented as

ϕm(t) = fm(x(t),u(t);µ1). (5.11)
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Figure 5.1: Illustration of SINDy to discover the system-model mismatch for the Van der
Pol oscillator. The system is simulated to generate the measurement data. Measurement
data x1 and x2 are provided to calculate the output estimated by our imperfect model.
Sparse regression is used to infer the discrepancy model for the difference between the
actual output and estimated output. The discrepancy model is then combined with the
imperfect model to provide a better estimation of system dynamics. The model is then
cross-validated on a new initial condition x0 = (−0.2,−0.3). As we can see, the model
discovered by SINDy is able to compensate for the discrepancy between the actual system
and flawed model.

As with the uncontrolled case, due to the model inadequacy or parameter error, there will

be a discrepancy

δϕ(t) = ϕo(t)− ϕm(t)

= f(x(t),u(t);µ)− fm(x(t),u(t);µ1).
(5.12)

Our goal is to model δϕ(t) and we further assume it is a function of the system state x,

control input u, and new parameters µ2:
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δϕ(t) = g(x(t),u(t);µ2). (5.13)

To achieve this goal, we form a sparse regression problem

δΦ = Θ(X,U)ξ, (5.14)

where U ∈ Rm×r is

U = [u(t1);u(t2); · · · ;u(tm)]. (5.15)

As before, we will actually be observing ϕ(t) ≈ d
dt
x(t) with model ϕm = fm(x,u;µ1). The

discrepancy becomes δϕ = d
dt
x(t) − fm(x,u;µ1), resulting in the following regression

problem:

δẊ := Ẋ− fm(X,U;µ1) = Θ(X,U)Ξ. (5.16)

Note that the library Θ(X,U) has the form

Θ(X,U) = [θ1(X,U) θ2(X,U) · · · θv(X,U)], (5.17)

where θi(X,U) ∈ Rm×1 is a candidate function that may explain the discrepancy δϕ(t).

The functions θi(X,U) can be any combination of X and U. For example, θi(X,U) =

sin(X) cos(U), θi(X,U) = XU2. By solving Eq. (5.14) we are able to model g(x(t),u(t); δµ2).

5.3 Examples

In this section, we demonstrate applications of the proposed approach to discover

model discrepancies. We start with an illustrative example and then apply this method to

experimental data from a double pendulum on a cart. We also show how modified SINDy

can be used in the discrepancy modeling framework to account for highly noisy data.
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5.3.1 Van der Pol oscillator

To begin, we will focus on an illustrative example, the Van der Pol oscillator, and show

how the SINDy method can be used to compensate for both parameter errors and model

inadequacy. The Van der Pol oscillator is given by

ẋ1 = x2, (5.18a)

ẋ2 = α
(
1− x2

1

)
x2 − x1, (5.18b)

with parameter α = 0.5.

Parameter mismatch

Suppose we do not know the true parameter α, but instead have an approximation

α1 = 0.1. It is possible to compensate for this model discrepancy caused by parameter

mismatch. We first gather the measurement data of the actual system, in this case by

integrating the true dynamics using a fourth order Runge Kutta scheme. We integrate

for 25 time units with time step ∆t = 0.01 and initial condition is x0 = (0.5, 0). Random

Gaussian measurement noise with amplitude 0.01 is added to the data.

We evaluate the model dynamics f(x(t);α1), with the measured trajectory x(t) and the

inaccurate parameter α1. The discrepancy between the true system output and the model

is then given by δẋ(t) := d
dt
x(t)− f(x(t);α1). The augmented error matrix is formed as

δẊ =
[
δẋ(t0); δẋ(t1); δẋ(t2); . . . δẋ(tm)

]
, (5.19)

and the augmented state is

X =
[
x(t0); x(t1); x(t2); . . . x(tm)

]
. (5.20)
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The next step is to evaluate the library on the data. Here, we construct the library as

Θ(x1, x2) = Ti
m

e

y

Functions−−−−−−−−−−−−−−−−−−−−−−−−→
| | | | | | |
1 x1 x2 x1x2 x2

1x2 x1x
2
2 x2

1x
2
2

| | | | | | |

, (5.21)

with polynomial terms up to second order. Finally, we form the sparse regression problem

δẊ = Θ(x1, x2)Ξ, (5.22)

and solve for the coefficient matrix Ξ. Results are shown in the top row of Fig. 5.1. SINDy

successfully identifies the model discrepancy.

Model Inadequacy (or structure mismatch)

We now assume that the model discrepancy is caused by model inadequacy, where the

model fm is missing the linear term in the second equation of the Van der Pol system:

ẋ1 = x2, (5.23a)

ẋ2 = α
(
1− x2

1

)
x2. (5.23b)

We assume that the parameter α = 0.5 is correct. The data, x, ẋ, δẋ is collected and the

library of functions is constructed as before. The sparse coefficient matrix Ξ is determined

via SINDy, and the model discrepancy is successfully modeled as shown in the bottom

row of Fig. 5.1.

To summarize, the SINDy method successfully identifies the discrepancy between the

underlying governing equation and an inaccurate model. The imperfect model is then

combined with the SINDy discrepancy model, resulting in an accurate prediction of the

true system dynamics.
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Figure 5.2: Double pendulum on a cart system with schematic (bottom left) and zoom
of the two-link pendulum (bottom right). The pendulum cart is locked at its position to
prevent horizontal movement.

5.3.2 Experimental double pendulum on a cart

We now demonstrate the use of SINDy to identify the time-dependent Hamiltonian

function for the double pendulum on a cart from experimental data. A non-dissipative

pendulum is a quintessential example of a conservative system, which admits invariants

such as the Hamiltonian function, from which the governing equations can be derived. The

conservative Hamiltonian is given by Hc(q,p) = T + V , where q and p are the generalized

position and momentum of the system, and T and V represent the kinetic and potential

energy of the system; the Hamiltonian Hc is the total energy, which is constant along a
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trajectory. Since we measure q and compute the time derivative q̇, we will represent Hc as

a function of q and q̇ in the following.

Real-world mechanical systems are, however, generally not conservative, but instead

exhibit friction and damping from joints and wind resistance. Thus, the total energy

is not conserved, and instead decays over time without additional exogenous energy

input. While the potential and kinetic energy terms can be easily formulated, dissipation

terms can be more challenging to derive. In this Chapter, we seek to identify the time-

dependent dissipative effects, by modeling the difference between the conservative model

Hamiltonian and the measured energy of the system. In practice, the observed energy is

obtained by evaluating the idealized conservative Hamiltonian, consisting of the kinetic

and potential terms T and V , on the measured trajectory. The model energy is given by

evaluating the idealized Hamiltonian on the initial condition. Thus, the difference gives

the energy dissipation, which we will model with SINDy:

δH(q(t), q̇(t)) := Hm(q(t), q̇(t))−Hm(q(0), q̇(0)). (5.24)

Problem Formulation

We consider the double pendulum on a cart as shown in Fig. 5.2. The kinetic and

potential energy of the double pendulum (assuming a locked cart position) are

T =
1

2
(m1(ẋ

2
1 + ẏ21) +m2(ẋ

2
2 + ẏ22))

+
1

2
(I1φ̇

2
1 + I2φ̇

2
2),

(5.25a)

V = (m1y1 +m2y2)g, (5.25b)

where I1 and I2 are the inertia, m1 and m2 are the masses, and l1 and l2 are the lengths of

each pendulum arm, respectively. φ1 and φ2 are the angles and φ̇1 and φ̇2 are the angular

velocity of the first and second pendulum arm. The relative lengths to the center of mass

of the first and second pendulum arm are given by a1 and a2.
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The position of each pendulum arm’s center of mass (x1, y1) and (x2, y2) in (5.25) can

be determined as

x1 = a1 sin(φ1), (5.26a)

x2 = l1 sin(φ1) + a2 sin(φ2), (5.26b)

y1 = a1 cos(φ1), (5.26c)

y2 = l1 cos(φ1) + a2 cos(φ2). (5.26d)

We assume that we can accurately determine the kinetic and potential energy of the

system

Hm(φ1, φ2, φ̇1, φ̇2) = T + V, (5.27)

which represents the insufficient model for the total energy. The discrepancy model

δH(φ1, φ2, φ̇1, φ̇2) then comprises the dissipative energy terms. The frictional torque of the

pendulum arm can be modeled as Γ1 = k1φ̇1 and Γ2 = k2(φ̇1 − φ̇2), where k1 and k2 are

damping coefficients. Then, δH(φ1, φ2, φ̇1, φ̇2) is given by

δH(φ1, φ2, φ̇1, φ̇2) =

∫ t

0

Γ1φ̇1 + Γ2(φ̇1 − φ̇2)dt

=

∫ t

0

k1φ̇
2
1 + k2(φ̇1 − φ̇2)

2dt.

(5.28)

In many engineering applications, the direct measurement of the frictional term is

difficult if not impossible. Thus, we would like to use our data-driven approach to learn

a model for the dissipated energy (5.28). Suppose that all the states φ1, φ2, φ̇1, φ̇2 can be

measured or estimated, then Hm(φ1, φ2, φ̇1, φ̇2) can be immediately calculated. Also, we

can use the energy at the initial measurement time as reference for the total energy of

the system, H(φ1(t0), φ2(t0), φ̇1(t0), φ̇2(t0)) = E0. This allows us to calculate the dissipated

energy as

δH(φ1, φ2, φ̇1, φ̇2) = E0 −Hm(φ1, φ2, φ̇1, φ̇2). (5.29)
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Table 5.1: The parameters of the experimental double pendulum system.

Pendulum Mass (kg) Center of Mass (m) Inertia (kg ·m2) Length (m) Damping Coefficient Gravity Constant (m/s2)
1st Arm 0.2704 0.1910 0.003 0.2667 7.24× 10−4 9.818
2nd Arm 0.2056 0.1621 0.0011 0.2667 1.65× 10−4

To model this energy discrepancy, we define a library Θ(φ1, φ2, φ̇1, φ̇2) that contains poly-

nomial and Fourier terms up to the third order. Then, the discrepancy can be represented

by

δH(φ1, φ2, φ̇1, φ̇2) = Θ(φ1, φ2, φ̇1, φ̇2)ξ, (5.30)

where ξ is a sparse vector that contains the coefficients of the active terms in the library.

Results

Here, we present results for modeling the dissipation δH(φ1, φ2, φ̇1, φ̇2). The parameters

of our experimental system are displayed in Table. 5.1. All parameters are obtained using

a parameter estimation technique [7]. The pendulum mass and length are constrained

during the parameter estimation so that there won’t be a large deviation from the measured

value. The experiment was initialized at a random position, and the angles φ1 and φ2 − φ1

were collected with a sampling rate of ∆t = 0.001 for a duration of 20s. We used a US

Digital HUBDISK-1 1” transmissive rotary encoder disk, which provides 5000 counts per

revolution. Then the angular velocities φ̇1 and φ̇2 are approximated by taking numerical

derivatives on the raw data. To mitigate noise, we first smooth the raw φ1 and φ2 data

using the Savitzky-Golay filter and afterwards compute the derivative by numerical

differentiation.

Results of the discrepancy model, identified with SINDy on the time series of δH(φ1, φ2, φ̇1, φ̇2),

are shown in Fig. 5.3 for the training data and in Fig. 5.4 for validation data. Note that

in Fig. 5.3a the signal Hm does not decrease asymptoticly. We observe that the table on
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(a) Left: Initial energy of the system E0 and the sum of kinetic and potential energy
Hm(φ1, φ2, φ̇1, φ̇2), which decreases due to friction. Right: The difference between E0

and Hm(φ1, φ2, φ̇1, φ̇2) representing the energy dissipated by friction.
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(b) The magnitude of energy dissipated by the friction δH(φ1, φ2, φ̇1, φ̇2) and the SINDy
identified dynamics. Note that the discrepancy is positive, since it is defined as the ideal
conserved energy minus the measured dissipative energy.
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(c) The SINDy estimation error on the training data. The percentage is calculated using
δH(φ1,φ2,φ̇1,φ̇2)−δHSINDy

max(|δH(φ1,φ2,φ̇1,φ̇2)|) × 100%.

Figure 5.3: Results for the identified model discrepancy caused by friction, demonstrated
on training data.

which the pendulum in mounted oscillates with the pendulum, storing a small amount of

potential energy. The error of the SINDy prediction and the measured δH(φ1, φ2, φ̇1, φ̇2)

is shown in Fig. 5.3b. From Fig. 5.3c we see that SINDy accurately describes the effect of
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(a) The magnitude of energy dissipated by the friction δH(φ1, φ2, φ̇1, φ̇2) and the SINDy
estimation evaluated on validation data.
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(b) The SINDy estimation error on validation data. The percentage is calculated using
δH(φ1,φ2,φ̇1,φ̇2)−δHSINDy

max(|δH(φ1,φ2,φ̇1,φ̇2)|) × 100%.

Figure 5.4: Results for the identified model discrepancy caused by friction, demonstrated
on validation data.

friction, explaining the model discrepancy.

Crossvalidation is critical to avoid overfitting. Hence, we test the identified model

on a new validation dataset unseen during the training stage. The performance of the

SINDy-discovered model on the validation data is shown in Fig. 5.4a. Although the errors

are larger on the validation dataset, the SINDy model is quite accurate in modeling the

missing friction term, demonstrating the ability of the discrepancy model to generalize to

new test cases.

5.3.3 Double pendulum on a cart with control

In the previous section, SINDy is utilized to discover discrepancy models in the total

energy caused by dissipation when given an insufficient conservative energy model. We
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Figure 5.5: Swing-up of the double pendulum on a cart using feed-forward control. Top:
The feed-forward control input is calculated using the imperfect model, which is in then
applied to the actual system. The pendulum cannot reach the up-right position. Bottom:
System’s response under the control input calculated using the hybrid model, which
is comprised of the imperfect model and the identified discrepancy model. Since the
discrepancy is identified, the new model mimics the true dynamics of the double pendulum
on a cart system.

now consider the case of an actuated double pendulum on a cart, where a control input is

added to the system. This is an important generalization, since many real-life system are

affected by control, which requires additional modeling. To discover the model discrepancy

in systems with control, we follow the steps outlined in Sec. 5.2.2.

Problem formulation

In this example, we consider data from a numerical simulation of the double pendulum

on a cart, shown in Fig. 5.2, with parameters provided in Tab. 5.1. The equations of motion

can be represented as

ẋ = f(x) + [0, 0, 0, 0, 0, 1]Tu, (5.31)
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where x = [φ1, φ2, s, φ̇1, φ̇2, ṡ]
T is the state vector and s represents the displacement of

the pendulum cart. We choose the acceleration of the pendulum cart as control input so

that u = s̈. We refer to [7] for a derivation of the equations of motion and a technique to

estimate parameters from experimental data.

We seek to perform the swing-up control of the double pendulum. However, the

employed model is flawed, as it contains an additional term and an incorrect parameter:

fm(x) =f(x)+[sin(φ1), 0, 0, 0, 0, 0]
T+[0, 0, 0, 0, 0, 0.95]Tu. (5.32)

The discrepancy model is then

δẋ = ẋ− fm(x) = [− sin(φ1), 0, 0, 0, 0, 0.05u]
T , (5.33)

which we seek to model.

First, we generate data for the identification using the imperfect model. Specifically,

we design a feed-forward control input to swing up the double pendulum based on the

imperfect model fm(x). When this control signal is applied to the actual system, the

observed behavior deviates from the pre-planned trajectory due to the model discrepancy.

This difference is then used to form a sparse regression problem, as in Eq. (5.17), to identify

the discrepancy δẋ. Finally, a new swing-up trajectory is designed using the hybrid model

consisting of the imperfect model, augmented with the discrepancy model.

Results

Simulation results for the swing-up of the double pendulum are shown in Fig. 5.5. The

feed-forward trajectory is determined as the solution to an optimization problem [366]. The

simulation time step is ∆t = 0.001, the prediction horizon is 2, and the total swing-up time

is chosen to be T = 2.7. The weight matrices are Q = diag[10, 10, 20, 1, 1, 0.1] and R = 1

for the state and input, respectively. It is demonstrated in Fig. 5.5 that SINDy correctly
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identifies the model mismatch shown in Eq. (5.33) and that the new model mimics the

actual dynamics of the system, which results in a successful swing-up of the pendulum.

5.3.4 Discrepancy Modeling with Modified SINDy

Modified SINDy can be easily integrated with the discrepancy modeling framework of

SINDy. Suppose the known (theoretical) right-hand side dynamics in Eq. 2.1 is g(x) and

let’s assumes that the known model is not capable of modeling the data due to missing

physics terms on the right-hand side. Thus there is a mismatch between the derivative ẋ

and the known dynamics g(x). The discrepancy modeling approach tries to identify the

missing dynamics Θ(x)Ξ such that

ẋ = f(x) = g(x) +Θ(x)Ξ. (5.34)

To illustrate this process, consider a system ẋ = f(x), whose model is given as

ẋ = −10x+ 10y + xy,

ẏ = 28x− xz − y + 3z,

ż = xy − 8/3z.

(5.35)

Eq. (5.35) is simulated with the x0 = [5, 5, 25], T = 30, and dt = 0.005 to generate noise-free

data. Training data is produced by adding 10% Gaussian noise in order to create the noisy

measurement. Assume that the noisy measurement of Eq. (5.35) is given. Further assume

that the dynamics is modified based on g(x), which is given by

ẋ = −9.5x+ 10.5y,

ẏ = 27.6x− 1.1xz − 0.9y,

ż = 1.05xy − 2.6z.

(5.36)
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·X = g(X) + Θ(X)Ξ True 
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Figure 5.6: The modified SINDy can be easily integrated with the discrepancy learning
method. The known structure g(X) can be utilized while we aim to learn the discrepancy
and denoising the measurement.

The difference between the Eq. (5.35) and Eq. (5.36) will be the discrepancy model Θ(x)Ξ

that modified SINDy identifies. Note that this prior information of the dynamics, g(x), can

be constrained to exist in the modified SINDy library during the optimization process, and

its parameters can be used as an initial guess of the true parameters. Thus, the only thing

we have to learn is the missing dynamics. Fig. 5.6 illustrates this process and suggests that

modified SINDy can be used to learn the discrepancy model when parts of the dynamics

are already known.

5.4 Conclusion

In this Chapter, we present a data-driven framework to model discrepancies between

observations and simplified or incorrect physical models. In particular, we leverage the

sparse identification of nonlinear dynamics (SINDy) [180] algorithm to discover model

discrepancies caused by parameter mismatch or model inadequacy. We demonstrate this

approach on several systems, including the Van der Pol oscillator and experimental and

numerical data from a double pendulum on an actuated cart. It is also shown that the

modified SINDy can be integrated with a discrepancy modeling framework whereby prior
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information of the dynamical model can be used to help identify the missing dynamics.

Our results suggest that a hybrid discrepancy modeling approach, involving a physics-

based model and a data-driven correction, may have several benefits. First, we incorporate

prior knowledge and enforce conservation laws and constraints that are notoriously chal-

lenging in data-driven approaches. In addition, focusing SINDy on the model mismatch

is a much simpler task than trying to model all system dynamics at once, which would

involve a large library of candidate terms and a potentially ill-conditioned inverse prob-

lem. This ill-conditioned problem often leads to the mis-estimation of parameters, such

as the mass and length of the pendulum arms, which are accurately measured ahead of

time. Instead, we are able to focus the data-driven effort on modeling the few terms and

parameters that cause the discrepancy.

There are several future directions suggested by this work. First, it will be important

to try out more variants of the SINDy algorithm in the discrepancy modeling framework.

It will also be interesting to use our discrepancy models for the experimental swing-up

control of the double pendulum on a cart, which is the subject of ongoing work.
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Chapter 6

THE EXPERIMENTAL MULTI-ARM PENDULUM ON A CART: A
BENCHMARK SYSTEM FOR CHAOS, LEARNING, AND CONTROL

Our work on data-driven modeling motivates us to build a benchmark experimental

system that can facilitate the study of chaos, data-driven algorithms, and control algorithms.

We developed a multi-link pendulum on the cart experimental system with those tasks in

mind, and we will present a detailed tutorial on how to build it in this Chapter.

6.1 Introduction

In its simplest form, the single gravity pendulum constitutes a body suspended by a

cord or rod that swings back and forth under the influence of gravity [367]. Investigations

of this nonlinear system date at least to the seventeenth century and the work of Galileo

Galelei [368–370], with derivations and explanations of the dynamics now commonplace

in introductory mechanics courses. Perhaps the most well known application of the single

pendulum is in the measurement of time, with Christiaan Huygens’ proposed pendulum

clock concept of 1656 being the most accurate time keeping device until the 1930s. The

predictable oscillatory motion has also been used to infer the constant of gravitational

acceleration, g [371]. As a mechanical benchmark system, the single pendulum has many

notable variants: the single pendulum on a cart [372, 373], Foucault’s pendulum [374, 375],

Furuta’s pendulum [376], the vertical take-off and landing (VTOL) single pendulum [147],

the inertial wheel pendulum [377, 378], the spherical pendulum on a puck [379], and the

inverted wheel pendulum [380].

In the eighteenth century, Daniel Bernoulli [381] advanced the study of the pendulum

by introducing a second mass suspended by a cord or rod from the first mass, resulting
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in the double pendulum1 [381–383]. Although the gravity pendulum leads to predictable

periodic motion, the double pendulum is a prototypical example of a chaotic system [384–

387], requiring specialized numerical integration techniques such as symplectic [388] and

variational [389] integrators. The double pendulum has played a central role in the histori-

cal development of dynamical systems, attracting the attention of early pioneers, such as

Johann Bernoulli and D’Alembert [382]. Notable variants of the system include: the double

pendulum on the cart [390], the rotary double pendulum [391–393], the “acrobot" [394],

which is a double pendulum with actuation torque on the second arm, and the “pen-

dubot" [395, 396], which is a double pendulum with actuation torque on the first arm. The

double pendulum remains relevant in the study of nonlinear dynamics and has emerged

as an important benchmark problem in system identification [13, 147, 177, 236, 397] and

machine learning [6, 21, 147, 152, 236, 380, 398–400].

Beyond the double pendulum, one can continue adding “arms” (masses suspended

by rods attached to the previous point masses) to form a chain resulting in the triple

pendulum, and so on. The study of such pendulum systems have a long tradition in

classical mechanics for a good reason: they are simple mechanical analogs that display

much of the rich dynamical behavior observed in far more complex systems. Figure 6.1

illustrates the single, double, and triple pendulum.

The single, double, and triple pendulum are also widely used in the control community

to develop and test new algorithms. The wide adoption of the multi-arm pendulum as

a benchmark problem stems from the simple derivation of the equations of motion, the

tunable complexity of behavior, and to the wide applicability in the physical sciences,

including to robotics [401], engineering [402], and biology [403, 404]. In the case of the

single pendulum, controllers have been designed to swing the pendulum up and/or

stabilize it in the inverted position [147, 405, 406, 406–418]. Similar control methods have

been developed to swing up the arms of the double and triple pendulums [7, 390, 393, 417,

1The double pendulum can also be referred to as a compound or linked pendulum.
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Figure 6.1: A schematic illustration of the single, double, and triple pendulum.

419–430], stabilize their arms in various unstable vertical positions [417, 419, 431–433], and

perform time-periodic motion [391, 392, 396, 434–436]. Due to the chaotic nature of multi-

armed pendulums, the sensitivity increases as more arms are added to the pendulum,

thus making it an increasingly difficult control benchmark. The multi-arm pendulum is

characterized by the existence of index-one saddle points (i.e., saddle points with exactly

one unstable direction), that mediate the chaotic transport of trajectories in phase space;

this provides an analog for several more complex systems, such as transport in the solar

system [437–439] and chemical reaction kinetics [353].

With such interest in understanding and controlling the dynamics of pendulums, a

number of researchers have build physical models to visualize and test their theoretical

calculations; these experimental demonstrations include the single [372, 373, 375–378,

395, 397, 405, 407, 409, 410, 412, 416, 417, 440, 440–442], double [178, 384, 386, 390, 394–

396, 417, 425, 443–446], and triple pendulum [428, 429, 431–433, 447, 448]. Among these

physically-realized pendulums, it is the pendulum on a moving cart that has received the

most attention. The general idea is to use the motion of the cart to control and stabilize the

motion of the pendulum arms, with benchmark control problems typically focusing on

forcing the arms into the unstable upright vertical position. Such a control problem is a

proxy for more complex upright stabilization, including human beings standing using their

feet as the pivot and applying small muscular adjustments to remain in the upright position.

This control procedure is becoming increasingly important for the development of robots
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that stand upright, and for personal transportation devices, such as self-balancing scooters

and single-wheeled electric unicycles. Much like these physical balancing problems, the

difficulty in controlling pendulums on a cart usually lies in the physical constraints of

the system, such as the pendulum cart having a limited travel range and velocity. Other

difficulties come from the specific hardware of the system, the control authority of the

cart, and the placement of sensors for real-time measurements of the dynamics. The most

common method to measure the rotational angle of each pendulum arm uses encoders

and a motion capturing camera [14, 446], with variability in transmitting the collected data

using hard wiring or wireless technology [429, 448]. In terms of the actuation of the cart,

variants in the physical models use a rotational motor, a servo motor and belt drive, or a

linear motor. All of these choices have a profound impact on the robustness of developed

control methods.

In this paper we introduce the process and materials needed for constructing a high-

performance, fully instrumented, multi-link pendulum on a cart. With regards to the

variations on the physical model discussed above, we detail reasons for our choice of

sensors, signal transmission, pendulum arm design, and actuation method. In particular,

our pendulum on a cart uses an optical encoder and slip-ring to record and transmit the

rotational angle of each arm, a linear motor for cart actuation, and Speedgoat and Simulink

for the real-time control interface. The goal of this work is to provide a reference guide

and tutorial for the construction of the pendulum on a cart system with a flexible design

that can further be mounted for nonlinear dynamical demonstrations or easily altered to

various other pendulum models to initiate new studies. Our contributions are as follows:
1. A detailed tutorial on how to build a multi-link pendulum on a cart system.

2. Open-source design files, including 3D CAD files and the Simulink files for data

collection and control of the system.

3. Open access data sets of the pendulum system with its rotational angle and velocity

recorded with and without control input.

These data sets could be of great benefit to the system identification, machine learning, and
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artificial intelligence communities to test their techniques and algorithms. Finally, in the

conclusion we introduce the concept of cloud experiments so that researchers worldwide

can access our model and run experiments without having to build their own system.

We organize our work as follows: In Sec. 6.2, we present the major components of the

multi-arm cart pendulum system. In Sec. 6.3, we describe the design and manufacturing

procedure of the pendulum arm. In Sec. 6.4, we show the design process of the pendulum

cart. In Sec. 6.5, the selection of the real-time control interface is presented. In Sec. 6.6, we

discuss the electrical components of the system and illustrate the wiring specification of

the entire system. Finally, Sec. 6.7 summarizes the work and explores the idea of cloud

experiments. Sec. 6.7 also includes the discussion of software setup, operation and safety,

and parameter estimation of the pendulum arms.

6.2 Overview of the System

In this section we introduce the main components, design, and closed-loop control of

the multi-link pendulum on the cart system. The system can be used to gather experimental

data of a single, double and triple pendulum’s oscillatory motion, and can be used to

validate different control laws and system identification algorithms. An overview of the

system can be seen in Fig. 6.2.

The proposed system consists of four major components: 1) the servo drive (motor

drive), which provides proper current to the linear motor to move it according to the

desired speed; 2) the linear motor with a 1µm resolution magnetic encoder, which provides

actuation forces to the pendulum; 3) the real-time system, which controls the motion

of the pendulum cart and pendulum arm; and 4) the pendulum arm, which can rotate

freely around its joint. The pendulum arm has an optical encoder with 10000 counts per

revolution (CPR) to measure its angular position. The four main components are mounted

on a frame, as shown in Fig. 6.2.

In order to form the closed-loop control, the measurements from the pendulum arm

and linear motor are sent to the Speedgoat real-time system. The real-time system then
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Assembled Multi-Link Pendulum on the Cart

Servo Drive Linear Motor Real-Time System Pendulum Arm
Figure 6.2: Assembled multi-link pendulum on the cart system. The major components of
the system are the servo drive, linear motor, real-time control system, and pendulum arm
on the cart.

runs the user defined controller and calculates the control action needed for the next time

step given the control objective. The corresponding control value is then converted to an

analog voltage output, and this voltage is sent to the servo drive. In velocity mode, the

servo drive measures the voltage of the analog signal generated by the real-time system,

and determines the desired velocity of the linear motor. To achieve the desired velocity

required by the user, the servo drive uses encoder measurements from the linear motor to

calculate its position and velocity. By comparing the actual and the user defined velocity

of the linear motor, the servo drive internally2 calculates the currents needed to achieve

the target velocity. The closed loop control diagram is illustrated in Fig. 6.3.

Our pendulum design enables simple manufacturing and reliable and accurate op-

2To the best of our knowledge, the servo drive uses a PID controller to achieve the target speed set by the
user.
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Figure 6.3: Closed loop control diagram of the proposed system. The linear motor and
pendulum arm sends measurement data to the real-time system, which is used to calculate
the corresponding control action needed to achieve the control object, such as stabilization,
swing-up, stabilizing periodic orbit, etc. After the control command is received by the
servo drive as an analog signal, the servo drive controls the linear motor to achieve the
desired motion.

eration. It offers several advantages compared to alternative designs: 1) A linear motor

overcomes the backlash that can occur in belt-driven cart systems, which poses a challenge

for multi-link pendulum control. 2) Using a slip-ring to transfer the electrical signal in the

rotating pendulum arm avoids latency that may occur in pendulum designs with wireless

transmission. Moreover, using slip-rings avoids adding a battery to the pendulum arm

and enables light weight designs [429, 448]. However, using slip-rings results in a more

complicated pendulum arm design, which is more difficult to machine. Also, due to the

limited number of channels the slip-ring provides (5 or 8 signal wires), it is difficult to

add a gyro sensor to measure the acceleration of the pendulum arm. 3) The Speedgoat

baseline machine used as our real-time control system fully supports the Simulink Real-

Time software, which simplifies the controller validation and testing. In case the system
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is designed to only study a single pendulum, the Speedgoat machine can be replaced

with a less expensive solution, discussed in Appendix. C.1. 4) The same system can be

used to study both controlled and uncontrolled behavior, and the user can add/detach

pendulum arms to study single, double, or triple pendulums using one system. 5) The

pendulum can be detached from the linear motor, and the system can be used to perform

other experiments, such as oscillation studies. 6) Different pendulum arm designs can be

installed and tested. Thus, the resulting system has great flexibility for future extensions.

6.3 Pendulum Arm

The main component of the cart-pendulum system is the pendulum arm. The most

simple design consists of an off-the-shelf rod with a mass attached to its end. This design

is widely used for single and double pendulums due to its simplicity, but it limits the

integration of sensors to measure angular position. For the triple pendulum, it is more

common to machine custom aluminum pendulum arms with integrated sensors that can

record the rotational angle of the pendulum. In this section, we detail our multi-link

pendulum arm design based on custom machined parts with integrated sensors. We

introduce the pendulum arm design and assembly, and refer to Appendix. C.2 for a

detailed description of the design and manufacturing of the arm.

6.3.1 Design

An overview of our pendulum arm design is illustrated in Fig. 6.4. The main com-

ponents of the pendulum arm are: 1) pendulum body; 2) shaft; 3) bearing plate; and 4)

3D printed protection case. The overall structure of the pendulum arm is determined by

how it transmits the rotational information measured by the encoders. In our design, a

slip-ring sends the encoders’ electrical signals to the real-time system. The advantage of the

slip-ring design is the low latency in the signal transmission compared to vision-based and

wireless communication systems. Also, no additional computational resources are needed
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Figure 6.4: Design of the multi-link pendulum arm. The main components of the assembled
pendulum arm are: 1) the pendulum arm body, which is used to install different parts of
the pendulum arm, such as sensors, wires, slip-ring, etc.; 2) the pendulum shaft, which
is mainly used to support the rotational movement of the pendulum arm; 3) the bearing
plate, which is used to secure the pendulum shaft and connect two pendulum arms; and 4)
the protection case, which is used to enclose the sensors and slip-ring and prevent them
from being damaged.

to determine the rotational angle of the pendulum, compared to vision-based tracking

systems. This characteristic is particularly beneficial for achieving high sampling rates.

One drawback of the slip-ring design is the additional friction on the contact between the

slip-ring shaft and brush block. This can be minimized by using a miniature slip-ring and

slip-ring brush with gold contact surfaces, which also reduce the electrical noise during the
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Figure 6.5: Components and assembly of the first and second pendulum arm.

rotational movement of the pendulum arm. An additional challenge of using slip-rings is

the requirement for precision machining of the pendulum shaft and also the fixed number

of channels to transmit signals. This may reduce the flexibility of the setup if new sensors

(e.g. an inertial measurement unit (IMU) sensor) are required for future experiments.
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In our design, the shafts of the first and second pendulum arms are hollow to accom-

modate the slip-ring and the connections to the sensors. The slip-ring wires are clipped to

the pendulum arm to prevent twining of the cables. Moreover, two holes on the side of

the pendulum arm facilitate the installation of the encoder disk on the pendulum shaft. A

stair case shoulder properly secures the bearing that is installed on the first and second

pendulum arm. Ceramic bearings are used to minimize the friction during the rotational

movement. The advantage of ceramic bearings is that they operate without lubrication.

Two bearings are used to fully support the rotational movement of the pendulum arm. To

avoid the pendulum shaft sliding out of the pendulum arm during operation, external

retaining rings are used to secure the pendulum shaft. The main components of the pendu-

lum arm are manufactured using CNC milling and turning. Further details are provided

in Appendix. C.2.

6.3.2 Assembly

The assembly of the pendulum arms is shown in Fig. 6.5 and Fig. 6.6. The pendulum

body and bearing plate are assembled first. In order to assemble the pendulum arm body,

the following steps are performed: 1) the bearing (12) is installed to the pendulum arm

body (3, 15) (the transitional fit between the bearing and bearing hole should facilitate the

assembly). To make sure the bearing stays in place, a thin layer of Loctite is applied to

the outer ream of the bearing before it is push into the bearing hole. Once the bearing is

installed, a paint tape is used to cover the bearing to prevent dust entering the assembly.

2) The pendulum shaft (1, 13, 22) is press fitted into the pendulum arm body (3, 15, 23).

To make sure the installation is smooth, it is recommended to lubricate the pendulum

shaft and shaft hole before the press fit. 3) The slip-ring (2, 14) is then installed onto the

pendulum shaft (1, 13). Those steps complete the assembly of the individual pendulum

arm. The assembly of the bearing plate follows a similar process. The outer ream of the

bearing (12) is applied with a thin layer of Loctite, then pressed into the bearing plate (20).
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Figure 6.6: Components and assembly of the second and third pendulum arm.

This step should also be straightforward, since the fit tolerance between the bearing and

bearing plate is a transitional fit.

To assemble the double pendulum (first and second arm), the following steps are

performed: 1) the shim (11) is slid onto the shaft of the second arm (13). Next, the

pendulum shaft is slid into the bearing of the first arm (12) until the shim (11) contacts
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the inner ring of the bearing. 2) The shim (16), encoder disk (17), and another shim (18)

are slid onto the second arm’s shaft (13). Then, the assembled bearing plate is slid onto

the shaft (13) as well. Finally, the external retaining ring is clipped onto the shaft (13).

This should hold everything together while still allowing adjustments, since the bearing

plate is not screwed yet. 3) The 3D printed shim (6) and the encoder reader (7) are pushed

onto the desired place by aligning the holes. Then, the screws (8) are positioned. 4) The

3D printed shim (9) and slip-ring brush block (10) are installed by aligning the holes on

the bearing plate, and the screws (8) are tightened. After this step, the contact between

the slip-ring and slip-ring brush block should be carefully observed. The slip-ring brush

should be centered to its corresponding channel. 5) Next, the protection case is installed

by aligning the holes on the pendulum arm body, bearing plate, and protection case. The

screws (4) are mounted to fasten the assembly. 6) Finally, the wire clipper (5) is installed

onto the pendulum arm (3) by aligning the holes, and the screws (4) are tightened. The

above steps finish the assembly of the first and second pendulum arm. Fig. 6.6 shows the

assembly of the triple pendulum arm, following similar steps as for the assembly of the

double pendulum arm. The difference though is that the third arm’s shaft does not have a

slip-ring installed. In Appendix. C.2 the detailed steps to assemble the triple pendulum

arm are introduced.

6.4 Pendulum Cart

In this section we introduce the design and assembly process of the pendulum cart.

We first discuss the motor type selection and sizing, and then introduce the design and

assembly process of the pendulum cart and the bearing house that is used to connect the

pendulum arm to the motor, as shown in Fig. 6.4. The detailed design and manufacturing

of the cart and linear motor support frame is introduced Appendix. C.3 and C.4.
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Figure 6.7: Overall assembly of the pendulum arm and pendulum cart. The main compo-
nents of the pendulum cart are an aluminum plate and a bearing house.

6.4.1 Design

The pendulum cart has two main functionalities: 1) mounting and supporting the

pendulum arm; and 2) providing the actuation to the first pendulum arm to control the

system dynamics. The first step in the design of the pendulum cart is the selection and

sizing of the motor. Once the motor type and size are selected, a mechanism has to

be designed to connect the pendulum arm and motor. Fig. 6.7 illustrates the designed

pendulum cart with the assembled pendulum arm.

The actuation of the pendulum arm is provided by a linear motor. The advantage of

using a linear motor is that it does not have backslash issues, which frequently happen in

belt-drive type servo motors. This allows accurate control of sensitive maneuvers, such

as the swing-up of the double and triple pendulum. Once the type of linear motor is

determined, the next step is to size the linear motor. First, the desired maximum speed and



110

acceleration of the cart is defined. To determine the maximum speed and acceleration, we

look at the pendulum cart’s desired motion profile. We take the feed-forward trajectory [7]

that is needed to swing up the double or triple pendulum. Using this desired motion

profile, we determine the peak force and velocity required and use this information to

size the linear motor. Here, we determine the pendulum cart’s top speed and acceleration

to be 5m/s and 20m/s2. The pendulum arm we designed in Fig. 6.4 weights less than

0.5kg and the mass of the linear motor stage is 5kg. Thus, the total continuous force

provided by the linear motor should be around 110N . We choose a HIWIN linear motor

system 3 LMX1K-SA12-1-2000-PGS1-V103+HS. This linear motor can provide a peak force

of 579N with a peak current of 12.7Arms and a continuous force of 205N with a continuous

current of 4.2Arms. This motor is powerful enough to provide the desired acceleration and

speed. Moreover, the effective stroke of the linear motor is 2m with a magnetic incremental

encoder of 1µm resolution.

Once the linear motor has been selected, the next step is to design the connection

between the pendulum arm and the linear motor stage. As illustrated in Fig. 6.7 (A) and

(B), a bearing housing is needed to provide support for the first pendulum arm shaft and

to secure it so that the pendulum arm can perform free swing. Moreover, an aluminum

plate is machined so that the bearing housing can be connected with the linear motor

stage. The detailed design of the bearing house is introduced in Appendix. C.3. The final

components we design for the pendulum cart are the limit switch plates, as shown in

Fig. 6.7 (B). Fig. 6.7 (B) shows two limit switch plates installed on the back side of the linear

motor stage. They are responsible to block the laser limit switch when the pendulum cart

moves to the edge of the linear rail. Same as the pendulum arm, the main components of

the pendulum cart are manufactured using CNC milling. The details of the design and

manufacturing are provided in Appendix. C.3.

3See Appendix A of the HIWIN linear motor system manual document "Linear Motor System(EN).pdf"
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6.4.2 Assembly

The assembly of the cart plate, bearing housing, pendulum arm, and the linear motor

stage is illustrated in Fig. 6.8. First, the bearing housing is assembled, which includes two

steps: 1) a 3D printed spacer (32) is press-fitted into the bearing hole (33). 2) A thin layer of

Loctite is applied to the outer ream of the bearing (31). Then, the bearing is installed on

the backside of the bearing house. Next, the same process is repeated to install the bearing

on the front side. It is important to avoid excess Loctite to enter the bearing, which may

damage it. Once finished, the bearing housing is left for 24 hours to ensure the bearing is

securely installed. This process can be seen in Fig. 6.8 (B). Next, the cart plate is assembled.

First, the circular level indicator (28) is installed to the cart plate (29). To secure it, a thin

layer of Loctite is applied to the outer ream of the circular level. Next, the 3D printed cable

management tool (25) is screwed (4) to the cart plate (29), and the differential driver (26) is

installed on the cable management tool (25). Then, the cart plate (29 ) is mounted to the

linear motor stage (30) using 4 screws (27). This completes the installation of the cart plate

to the linear motor, as shown in Fig. 6.8 (A).

The installation of the pendulum arm to the bearing housing is shown in Fig. 6.8. 1) The

spring steel ring shim (34) is slid onto the first pendulum arm shaft (1). Then the shaft (1) is

slid into the bearing (31) until the shim contacts the inner ring of the bearing. 2) A spacing

shim (35) is placed onto the shaft until it contacts the inner ring of the bearing (31). The

encoder disk (36) is installed onto the shaft, which allows the measurement of the first

arm’s rotational angle. 3) A nut (37) is tightened using the thread on the first pendulum

arm. This allows the application of axial force to the bearing housing, which helps to

reduce the oscillation of the pendulum arm on the axial direction. The nut should not be

tightened too much, to prevent damage of the bearing and to reduce the friction between

the bearing ball and bearing case. 4) The encoder reader (7) is placed so that its holes

are aligned with the holes on the bearing housing. Next, the holes are aligned on the 3D

printed slip-ring brush base (38) with the holes on the bearing housing. Once the holes are
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Figure 6.8: Assembly process of the pendulum cart, pendulum arm and bearing housing.
(A) Installation of the bearing housing, cart plate and linear motor stage. (B) Assembly of
the ceramic bearing and the bearing housing. (Bottom) Installation of the pendulum arm
and bearing housing.

aligned, the bearing housing, encoder reader, and 3D printed slip-ring brush block base

are mounted with screw (39). 5) The differential driver (26) is installed onto the encoder

reader (7). 6) The slip-ring brush block (40) is installed onto the 3D printed base (38) with

screw (4). It is important to make sure that each brush is centered with the corresponding

channel on the slip-ring (2). The above steps complete the assembly of the pendulum arm

and the linear motor.

The assembly of the limit switch plate (41, 43) and the linear motor stage (30) is shown
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Figure 6.9: Assembly of the limit switch plate and limit switches.

in Fig. 6.9 (A). The left and right limit switches (49) are connected to the linear motor frame

with the 3D printed limit switch base (45). The 3D printed base (45) is first connected with

the linear motor frame using drop in T-slotted framing fasteners (44) and screws (47). Next,

the limit switch (49) is connected with the 3D printed base using screws (48) and nuts (46).

The detailed assembly process is illustrated in Fig. 6.9 (B).

6.5 Real-Time System

Sec. 6.3 and 6.4 introduce the major hardware components of the pendulum on the

cart system. In this section, we introduce the real-time system that is responsible for: 1)

processing the signal sent by the pendulum arm, linear motor, and other sensors; and

2) using the received signal to determine the control action in real-time based on the

user program. The major components of the real-time system include: 1) baseline real-

time target machine by Speedgoat. 2) User-selected I/O modules, including modules

installed inside the real-time system, terminal boards connected to the sensors, and cables

connecting the terminal boards and the real-time system. 3) Computer used to program

the controller using Simulink Real-Time. 4) Other components such as the power cord,
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power adapter, Ethernet cable, software drivers, etc. Fig. 6.10 (A) illustrates the overall

Real-Time system. We use the Speedgoat machine with Simulink Real-Time for several

reasons: 1) Matlab and Simulink have a wide application in both industry and academia.

2) Speedgoat and Simulink Real-Time simplify rapid prototyping and hardware in the

loop control. 3) The Speedgoat machine has a responsive customer service that helps

users to solve their software and hardware problems while using the Real-Time machine.

One drawback of the system is that it is comparably expensive. In Appendix. C.1, we

introduce an alternative custom-made Real-Time system using the National Instrument

Data Acquisition (DAQ) board with Simulink Desktop Real-Time. Other alternatives of the

Real-Time system include dSPACE, Typhoon HIL, National Instrument, and others [449].

6.5.1 System Choice and Specifications

The number and types of I/O channels and the desired sampling frequency determines

which specific Speedgoat Real-Time system can be used. In our design, the Real-Time

system needs to read at least four quadrature differential encoder signals (three from the

pendulum arm and one from the linear motor). We need to have at least two digital input

channels to read the limit switch signal, one digital output channel to enable/disable the

linear motor drive, and one analog output to control the linear motor in velocity mode.

The IO-191-EDU-Baseline as our Digital and Analog I/O module meets these requirements.

The IO-191-EDU-Baseline is a 16-bit analog I/O module with eight single-ended or four

differential sequential sampling analog inputs. The supported voltage ranges of the analog

inputs are ±0.64V , ±1.28V , ±2.56V , ±5.12V , ±10.24V , ±12.288V , ±20.48V , and ±24.576V .

Moreover, it has four single-ended analog outputs with supported voltage ranges of ±10V ,

±5V , ±2.5V , 0− 10V , or 0− 5V . Both the input and output range of the analog signal is

software configurable. Finally, it also has 16 x general-purpose digital TTL I/O lines. Thus,

the module meets our requirements for digital and analog I/O capability. More details

can be found in the IO-191-EDU-Baseline manual. As for the encoder reading, we select

the IO-392-Baseline configurable FPGA-based I/O module with 50k Artix 7 FPGA and
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Figure 6.10: Assembly of the real-time system. (A) rough connection illustration of the
target system. The terminal block is used to connect with the sensors. A cable is used to
send the signals to the target system. The running status of the target machine is shown
on the monitor and the target system and host computer is connected using an Ethernet
cable which allows the update of the real-time program to be executed. (B) Assembly of
the real-time system. The target machine is place on top of the host machine while the host
computer is place on top the system frame. (C) Assembly of the DIN rail that is used to
mount the terminal block of the real-time system.

13x RS422 digital I/O lines. This module can read four quadrature differential encoder

signals while providing a 5V power supply to the encoder sensor. The Pin-Out map for

this module while using the driver IO-392-QAD4RS422 can be seen in Table. C.1. More

details can be found in the user manual [450].

After selecting the I/O modules, the next step is to determine which specific Speedgoat

system is used. This is mainly determined by the sampling frequency, which depends on

the user-specific program/algorithm. The desired sampling of the rotational information
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of the pendulum arm is 5kHz when no control is applied. When stabilizing the single,

double and triple pendulum, the sampling rate should be at least 1kHz (using LQR with

Kalman filter). According to the user manual of the Baseline Speedgoat system, the I/O

latency for reading and sending signals is around 31.5µs when using IO-191-EDU-Baseline

and IO-392-Baseline. For the baseline machine, the algorithmic calculation takes about

56µs when running a Simulink model with 1550 blocks and 250 continuous states (equals

to 25 Simulink benchmark model F14). Thus, the total latency time is around 87.5µs,

which theoretically enables a sampling rate of 11.4kHz, which meets our requirements.

Therefore, we choose a baseline real-time target machine by Speedgoat as our real-time

controller. After testing, we found a maximum sampling rate of around 12.5kHz for pure

data collection, and 5kHz during double/triple pendulum stabilization (using a time-

varying LQR controller and a Kalman filter). The sampling rate is problem-specific and

using a highly optimized code can further increase the maximum sampling rate. Finally,

the host machine used for developing the control law has an Intel(R) Core(TM) i7-3770

CPU with 3.40GHz frequency and 32GB of RAM. The host machine runs on Windows 10

Pro with Matlab 2021b.

6.5.2 Assembly

The assembly of the real-time system is straightforward, as shown in Fig.6.10 (B). The

host computer (68) is directly placed on the aluminum extrusion (64), while the target

computer (67) is placed on top of the host computer. The Speedgoat target machine can

be mounted on the system frame following the steps specified in the user manual of the

real-time system. By directly placing the host and target machine on the system frame, the

center of mass of the whole system is lowered, making the system frame more stable. A

DIN rail (71) is mounted on the system frame (64) using a drop-in fastener. This DIN-rail

allows the mounting of the terminal block (65). The bill of materials of the real-time system

can be found in Table. C.8 in Appendix. C.10.
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6.6 Electrical System

In this section we introduce the major electrical components of the experimental setup.

We introduce the functionality of the components and illustrate the wiring specification

of the entire system. The electrical system of the whole setup can be divided into two

parts: 1) Linear motor power supply. 2) Pendulum arm sensor system. In the following,

we introduce each part separately and illustrate the entire wiring diagram of the electrical

system. WARNING: The wiring diagram of the system is provided as a reference and it has

not been examined by an electrician. To the best of the author’s knowledge, the provided

wiring diagram is safe to be used but we do NOT GUARANTEE its safety.

6.6.1 Electrical Component of Pendulum Arm

The electrical component of the pendulum arm mainly consists of an encoder reader (7),

slip-ring (2, 15), slip-ring brush block (10, 40), differential driver (25), and differential driver

cable (73). Fig.6.11 (A) illustrates all those components. The encoder reader’s single-ended

A, B, and C/Index channel is transferred into the differential signal using differential

drivers to improve the noise robustness of the encoder measurements. Using a differential

signal helps to avoid the effect of electrical noise generated by the linear motor. It is

generally recommended to use a differential signal whenever possible. Three US Digital

CA-C10-SH-NC 10 feet cables are used (differential driver cable) to transfer the differential

signals to the target computer. One end of the differential driver cable is connected to

a 10-pin female standard (non-latching) connector. This connector is then inserted into

the differential driver. The other end of the differential driver cable is unterminated.

Thus, it is stripped and inserted into the corresponding channels on the real-time system

terminal block (65). This process completes the connection of the differential driver and

target system. Last, the differential driver and encoder reader are connected, as shown in

Fig.6.11 (B).

The first pendulum arm’s encoder reader (measuring the arm’s rotational angle) is
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Figure 6.11: Electrical wiring and assembly of the pendulum arm. (A) Major electrical
components of the pendulum arm. (B) connection method of differential driver and
encoder reader. (C) to (E) wiring of the slip-ring.

directly connected to the differential driver, since the encoder reader is mounted on the

bearing housing. This mounting position simplifies the connection of the differential driver

to the encoder reader. However, the encoder reader and differential driver connection on

the second and third arm are located inside the pendulum arm. This mounting position

prohibits the direct connection of the driver and encoder reader. Therefore, two slip-rings

are used that connect the encoder reader inside the first and second pendulum arm, as

shown in Fig. 6.11 (E). This allows an indirect connection of the differential driver and

encoder reader through the slip-ring brush block, which conducts the encoder reader

signal out of the pendulum arm. Next, the breadboard jumper cable connects the slip-ring
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Figure 6.12: Electrical components needed to provide power supply to the linear motor.
An electrical box is used to organize all the components.

brush block and differential driver. One end of the breadboard jumper cable is stripped

away using a wire stripper and soldered onto the slip-ring brush block. The other end is

directly inserted into the differential driver, as shown in Fig.6.11 (B). As for the slip-ring,

it is first installed onto the pendulum shaft. The unterminated slip-ring wire is striped

and then pushed into the pendulum arm using the groove and hole in the front of the

pendulum arm, as shown in Fig.6.11 (C, D). Inside the pendulum arm, the slip-ring wire

is clipped using a 3D printed cable management tool (5). Next, the other end is soldered

with the locking clip contact pin, and the locking clip contact pin is insulated with a heat

shrink tube to avoid the shortage of the wire connection. Finally, it is connected with the

encoder to allow the transmission of the encoder signal through the slip-ring. Fig.6.11 (C,

D, E) illustrates the slip-ring wiring. Details of the wiring diagram are in Appendix. C.5.1.
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6.6.2 Electrical Part of Linear Motor Connection

The electrical part of the linear motor mainly concerns the following: 1) properly

connecting the motor drive and motor; and 2) connecting the motor drive to the target

computer. The connection guidance of the linear motor and linear motor drive is detailed

in the user manual of Mega-Fabs D1 Drive4. The user manual also shows the pin out of

the control signal cable, which enables the communication between the motor drive and

target computer. The main challenge of the electrical part of the linear motor is to reduce

the effect of electromagnetic interference (EMI) generated by the linear motor and motor

drive. Several techniques can be used for this: 1) use a ground filter to filter out the noise

generated by the linear motor and the drive in the ground line; 2) use shielded cables to

transmit the signal; 3) use twisted pairs of wires to transmit differential signals; and 4)

proper grounding of the all electronic components. With all these techniques combined,

EMI is reduced and a proper and safe connection of the linear motor electrical parts is

achieved.

Several electrical components are required to connect the linear motor. We use the

components that are suggested in the user manual of the D1 motor drive: 1) emergency

stop switch; 2) circuit breaker; 3) noise filter; 4) magnetic contactor; 5) line reactor; 6) motor

drive; 7) edge filter; 8) regenerative resistor; 9) DC voltage supply; 10) linear motor; 11)

electrical box and mounting plate; and 12) other miscellaneous parts that help connecting

the electrical components, such as wires, connectors, cables, etc. A summary of the major

electrical components can be seen in Fig. 6.12. The details of these parts are introduced in

Appendix. C.5.2, along with a detailed wiring diagram.

6.7 Conclusions and Discussion

In this paper, we have introduced an experimental multi-link pendulum on a cart

system. This system can be used to collect experimental data from the single, double, and

4Available on https://github.com/dynamicslab/MultiArm-Pendulum

https://github.com/dynamicslab/MultiArm-Pendulum
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triple pendulum. Moreover, the user can control the pendulum motion by actuating the

cart via a linear motor. This makes the experimental system a powerful tool for studying

the control of chaotic systems. Our experimental setup is open source, with all the detailed

design choices and CAD files freely available, which allows reproduction of the system.

We have also collected experimental data sets of the single, double, and triple pendulum

and made them freely available. We believe this data will be valuable for the machine

learning and modeling communities to test various algorithms. All code and design files

can be downloaded on our Github page5.

To make it possible to reproduce this pendulum on a cart system, we have provided

a detailed description of the assembly and manufacturing process. Furthermore, the

wiring diagrams of the electrical components and the software set up are also documented.

Although the detailed manufacturing process of our setup is documented, we realize that

many labs may not have the time and funding to replicate this system. Beyond this, the

time needed to manufacture the experiment and the effort needed to maintain it may not be

worth the investment for groups that only need occasional use of the experimental setup.

This high cost can be mitigated by using more standard parts and 3D printing technology,

but it does not solve the maintenance effort and the time consuming manufacturing and

assembly process. This drawback motivates a future modification to our experimental set

up to allow cloud access for remote users, discussed below, so that they can remotely access

the system for data collection and control experiments. To conclude this manuscript we

also briefly discuss the system operation procedures, safety instructions, and the estimated

parameter values associated to the pendulum arms.

6.7.1 Software Setup

Two major software packages are used for successful and safe experiments: 1) The

HIWIN Lightning software and 2) Simulink Real-Time model. The former is used to set

5Code available at https://github.com/dynamicslab/MultiArm-Pendulum

https://github.com/dynamicslab/MultiArm-Pendulum
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Figure 6.13: Overall schematic of a cloud experiment of the pendulum on the cart system.

up the parameters of the linear drive, while the latter is used to develop the real-time

control algorithm for the system. The motor drive’s Lightning software allows the selection

of motor type and motor parameters, for which the motor drive uses this information

to determine the control parameters needed to move the linear motor in the desired

motion profile. The Lightnight software also configures the linear motor’s encoder reading,

allows the setup of the linear motor’s Hall sensor, allows the user to select which in mode

the linear motor should operate (position, velocity, force/torque, or stand-alone mode),

configures the programmable I/Os of the D1 drive’s CN2 channel, and finally, can set

up software safety mechanisms. Appendix C.6.1 enumerates the details to setup these

functionalities. The Simulink Real-Time software is used to develop the controller for the

real-time pendulum experiments. To read the sensor signal and output control signal, the

Simulink Real-Time and Speedgoat needs to be configured properly. The main aspects to

be considered when setting up the Simulink model are: 1) setting up the Simulink blocks

to allow the desired digital I/O functionalities, 2) setting up the FPGA module to enable

encoder reading, 3) utilizing the digital I/Os to start the linear motor and stop it when the

limit switches are triggered, 4) switching of the operating mode of the linear motor drive

and activating homing function, 5) sending the analog signal to control the velocity of the

linear motorm and 6) reading encoder sensors. These aspects are detailed in greater depth
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in Appendix. C.6.2.

6.7.2 Operation and Safety

The operation procedures of the system include pre-experiment preparations, oper-

ations required during the experiments, and post-experiment operations. During the

pre-experiment preparations, the operator should check all the wiring connections of the

system and make sure there is no electrical shortage and hardware damage before starting.

Then the controller file is prepared, and the system is turned on while ensuring safety.

The main operation that must be performed during the experiment is to check whether

the experiments are going as planned. If not, the operator should stop the experiments

immediately and cut off all the power supply to the system. After the experiment, inspect

any damage to the setup and then cut off all power to avoid any electrical hazards. For a

detailed step-by-step operation guidance see Appendix. C.7. While operating the system,

safety should always be the number one priority. To ensure the safe use of the experimental

setup, mechanical, electrical, software, and personal safety measures must be implemented.

A critical mechanical safety measure is to install a shock absorber on the side of the linear

motor rail. This will help absorb the extra kinetic energy of the linear motor in case of

controller failure. We further recommend purchasing a protective panel to surround the

experimental setup. This can reduce the risk of personal injury caused by pendulum

parts detaching while the linear motor is in motion. Appendix C.8 describes other safety

measures that must be followed. Besides the safety notes in this chapter, the reader must

also follow all the safety instructions written in the individual components’ user manuals.

We close this section by emphasizing that the proposed design of the multi-link pendulum

on a cart has been tested and used safely in the lab environment by the authors. One

should always exercise caution when building and operating the system and the authors

can not be held responsible for any damage or injury caused by reproducing the design

shown in this chapter.
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6.7.3 Parameter Estimation of Pendulum Arms

Estimating the parameters of the pendulum system requires data collected from the

designed system. An optimization problem is solved to find the pendulum system’s pa-

rameters that best predict the data. This also requires an analytical model of the pendulum,

which is shown in Appendix C.9.Parameter estimation is a standard task in pendulum

control experiments where the model of the system is needed along with its parameters,

while the model derivation of the single, double, and triple pendulum all follows through

a similar process. We omit the model derivation for single and triple pendulums since they

are similar. The former is standard and the latter can be derived through similar methods

to the double pendulum [7, 428, 446].

In the case of the experimental pendulum, there are several parameters that must

be identified, including the mass of the pendulum arm m and the position of center of

mass, defined as a. We also require the length of the pendulum arm l and the inertial of

the pendulum arm J , as depicted in Fig. 6.1. Although frequently ignored in parameter

estimation, we also seek to determine the local constant of gravitational acceleration, g,

which plays an important role on the chaotic dynamics of the double and triple pendulum.

Some parameters do not show up in the derived equation of motion of the cart-pendulum,

such as the mass of the cart M when the control is taken to be the acceleration of the cart. We

summarize these definitions using the double pendulum as an example in Figure C.26 and

Table. C.4 provides details of the estimated pendulum arm parameters. Finally, Table. C.4

also provides the values of the the friction coefficients εi which lead energy dissipation in

the physical system. For more details on the method of parameter estimation, please see

Appendix. C.9 for an exposition with the double pendulum.

6.7.4 Cloud Access to Experiments

Fig. 6.13 shows the remote cloud experiment concept. This is similar to cloud services

where infrastructure, hardware, or software can be accessed by remote users through
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the internet. In our case, the user accesses the pendulum hardware. The user must first

develop their own program to achieve some objective using the experimental system.

The program could be a controller to move the pendulum cart for data collection or for a

control objective. This program should be coded according to a given template. After the

user uploads their program to the cloud, it is necessary to test for any compiling errors

and controller errors. Testing whether the proposed controller is safe is a difficult task.

For example, some controllers might require the pendulum cart to move at unreasonable

speeds or accelerations. If the controller is unstable, then it might damage the experimental

setup. To avoid this, it may be necessary to test the controller in a digital twin of the

pendulum. If position, velocity, or acceleration limits are violated, then a debug report

will be sent to the user to allow revision and resubmission. Once the user program passes

all tests on the digital twin, it may be deployed on the real experimental system. In the

physical experiment, failsafe hardware limits may also be imposed, operating outside the

user specified code.

During the experiment, the system should record all available data, including pen-

dulum arm rotational angle and angular speed, linear motor position and velocity. The

system should also record user defined variables. The collected data will be sent to the user

to allow further analysis. A video camera will also record the experiments. The user will

then be responsible for determining whether the desired objective is achieved by reviewing

the recorded data and videos. The user should also be allowed to send a bug report to

allow the maintenance of the hardware system.

There are several challenges that must be addressed for the cloud experiments. First is

to deploy the user program to the real-time system automatically. In the current design, we

use the Speedgoat machine as our real-time controller. Every time a controller is deployed,

the user manually starts Simulink. A pipeline to automatically read, load, compile, and

start the code must be developed. The second challenge is to automatically self-check the

system. The real-time system should be able to perform the self-check and determine if

any components must be replaced.
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Chapter 7

SADDLE MEDIATED TRANSPORT OF DOUBLE PENDULUM

7.1 Introduction

The pendulum and heavenly bodies are two well-studied classical mechanics with

centuries-old history. Their mechanics are governed by the simple physical law behind

them, Newton’s law of universal gravitation and Newton’s second law for the celestial

bodies, and laws of gravity and momentum for the pendulums. Albeit governed by the

simple physical law, both dynamics can present rich, chaotic, and useful behaviors. For

example, it has been shown that celestial bodies in the solar system can interact with each

other and can be used to design fuel-efficient satellite and shuttle transport [439, 451–455]

and provide evidence toward the existence of extreme trans-Neptunian objects [456–458].

Similarly, the pendulum, whose study can date back to Galileo, has long been used

in timekeeping, estimating the constant of gravitational acceleration, or even studying

chaos [371]. This similarity between the two classical mechanics is not accidental. In fact,

when compared in detail, it becomes clear that the pendulum serves as an analog system

to the celestial bodies.

The complexity of the multi-body problem increases as the number of celestial bodies

increases. In its simplest form, the study of the two-body problem has a long tradition. The

two-body problem constitutes the so-called Kepler problem and can successfully describe

the elliptical motion of one body orbiting the other. The movement of a satellite orbiting

a planet or a planet orbiting another planet can all be categorized into the two-body

problem. When adding the third body into consideration, the dynamics of the resulting

system become highly complicated and present chaos [459]. Poincaré first noticed this

during his work on the three-body problem. Many simplifications are made, including
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Figure 7.1: Despite representing dynamics on vastly different scales, the dynamics of the
planar restricted 3-body problem (PCR3BP) and the double pendulum bear a striking
resemblance. The Lagrange points L1 and L2 in the PCR3BP are analogous to the saddle
Down-Up and Up-Down states since they all have one-dimensional stable and unstable
directions and a two-dimensional center direction.

the planar circular restricted three-body problem (PCR3BP), to understand this complex

behavior better. The PCR3BP consists of two bodies and a third body whose mass is

significantly smaller than the other [437, 439, 451, 455]. As depicted in Figure 7.1, the

PCR3BP has exactly five steady-state solutions, referred to as the Lagrange points and

denoted L1 through L5. It is well-known that for a continuum of energies slightly above

that of the Lagrange points L1 and L2 exist unstable periodic orbits (UPOs) [460, 461],

known as Lyapunov orbits, that resemble halos about L1 and L2. These Lyapunov orbits
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have two-dimensional stable and unstable manifolds, which we refer to throughout as

tubes since they are diffeomorphic to a circle crossed with the real line. These Lyapunov

orbits can be connected by homoclinic and heteroclinic orbits [437, 462–464], which allow

one transits between the saddle points in phase space. The discovery of the tube structure

in the PCR3BP has been a monumental step forward in our understanding of celestial

dynamics and has prompted many to study more complex multi-body systems, again

aimed at optimal space mission design [439, 451–454, 465]. Due to the abundance of these

tubes in multi-body systems, they have been termed the Interplanetary Transport Network

[466]. That is, these tubes provide gravitationally determined pathways that require little

energy to follow and can be used to design itineraries that explore major bodies of our

solar system.

The simplest form the pendulum is the single pendulum and it resembles the Kepler

problem at low energies since all motion is periodic, representing the characteristic hyp-

notic swinging back and forth of a pendulum. As depicted in Figure 7.1, one can add

another rod and body suspended from the body of the single pendulum to produce the dou-

ble pendulum, whose study dates back at least to Bernoulli [381]. With just one pendulum

arm added to the single pendulum, the double pendulum also starts to present chaos [384]

with a much more complicated dynamics. The Kepler problem is to the single pendulum

what the three-body problem is to the double pendulum. That is, like the three-body

problem, the double pendulum has become a prototypical example of a chaotic system,

and in both examples the simple base cases have little in common with their complex

dynamics. Over the course of this Chapter we will demonstrate that this analogy is much

more than superficial as the phase space dynamics of the double pendulum bears a striking

resemblance to that of the PCR3BP. The double pendulum has two saddle steady-state

solutions given by one arm hanging down and the other standing straight up, referred

to as the Down-Up and Up-Down states, for which a neighborhood about these points is

nearly identical to that of the Lagrange points L1 and L2 in the PCR3BP. We illustrate this

correspondence in Figure 7.1 with a comparison of the potential energy landscapes of the
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Figure 7.2: Hill’s region comparison of PCR3BP and double pendulum.

PCR3BP and the double pendulum, a visualization of the Down-Up and Up-Down states,

and an illustration of the dynamics near the saddle equilibria. We also demonstrate that

Hill’s region of the double pendulum shares similarities to the PCR3BP, as Fig. 7.2 shows.

Using similar techniques to that of [437] for the PCR3BP, we demonstrate numerically the

existence of homoclinic and heteroclinic orbits between the UPOs at energies slightly above

those of the Down-Up and Up-Down steady-states. In particular, we demonstrate that the

phase space of the double pendulum is similarly organized by global tube structures that

can be exploited to enable macroscopic transport in the system with no additional energy

expenditure.

Our work herein establishes the tube structure of the double pendulum. So it presents

itself as a low-stakes and relatively low-cost testing ground to explore the saddle-mediated

transport put forth for the PCR3BP in [437]. For a fraction of the cost of building a satellite

or space shuttle, several researchers have built double pendulums [178, 384, 386, 390, 394–

396, 417, 425, 444–446], including the pendulum hardware we built in Chapter 6, and so the

theoretical work put forth here can and will be tested on these physical realizations of the
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system in a follow-up investigation. Our work shows that following along a homoclinic

orbit in the tube structures of the double pendulum represents the unstable Up arm

of either the Down-Up or Up-Down saddles, making a full rotation before returning

a neighborhood of the originating steady-state. Thus, stringing together an itinerary

that follows homoclinic and heteroclinic connections would result in the physical double

pendulum performing a sequence of acrobatic arm swinging motions while switching back

and forth between the Up-Down and Down-Up states, resulting in the saddle mediated

transport of double pendulum.

In this Chapter, we present a detailed study of the double pendulum while drawing

comparisons to previous work on the PCR3BP. In particular, we follow a similar numerical

procedure to [437, 439, 467] to determine the global tube structure emanating from the

Down-Up and Up-Down saddle points of the double pendulum. We demonstrate that

there exists homoclinic and heteroclinic connections that allow for macroscopic transport

in both physical and state space.

7.2 Index-1 Saddles

Throughout this section we will seek to demonstrate the importance of saddle steady-

states to the global dynamics of a Hamiltonian system. Throughout we denote the Hamil-

tonian function by H and only consider Hamiltonian systems with two degrees of freedom.

The resulting dynamical system has a 4-dimensional phase space. Our interest will be in

understanding the local dynamics near so-called index-1 saddles, which are characterized

by their linearization having two real eigenvalues, one positive and one negative, and a

pair of complex conjugate purely imaginary eigenvalues. The terminology index-1 refers

to the fact these orbits have one-dimensional stable and unstable manifolds associated to

them.
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7.2.1 Linear Dynamics Near an Index-1 Saddle

Let us begin by assuming that we have an equilibrium of the resulting 4-dimensional

ODE and that linearizing about this equilibrium results in four eigenvalues ±λ and ±iω, for

some real λ, ω > 0. Through an invertible transformation we may translate this equilibrium

to the origin and bring the resulting linearized dynamics into the Jordan normal form


ṗ1

q̇1

ṗ2

q̇2

 =


−λ 0 0 0

0 λ 0 0

0 0 0 −ω

0 0 ω 0

 ·


p1

q1

p2

q2

 . (7.1)

The linearized system (7.1) is itself a conservative system with quadratic Hamiltonian

given by

Hloc(p1, q1, p2, q2) = λp1q1 +
ω

2
(p22 + q22). (7.2)

Solutions of (7.1) are easily determined to be

p1(t) = p01e
−λt, q1(t) = q01e

λt, p2(t) + iq2(t) = (p02 + iq02)e
−iωt, (7.3)

for any constants p01, q01, p02, q02 ∈ R. Importantly, (7.1) has three constants of motion

C1 = p1q1, C2 = p22 + q22, C3 = Hloc (7.4)

which we will use to understand the flow near the saddle point.

From the above, we can see that projecting the dynamics into the (p1, q1)-plane results

in a standard saddle in a planar system. Similarly, projecting into the (p2, q2)-plane results

in a linear center consisting of harmonic oscillator motion. See Figure 7.1 for an illustration.

For some fixed h ∈ R+ we can then consider the dynamics of (7.1) inside the level set
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Hloc = h. First, rearranging (7.2) gives

p22 + q22 =
2

ω
(h− λp1q2), (7.5)

so that in the bounding scenario that C1 = h/λ we have that the dynamics in the (p2, q2)-

plane collapse to the point (0, 0) and trajectories lie along the hyperbolas p1q1 = h/λ. For

0 < C1 < h/λ the dynamics in the (p2, q2)-plane lie along a circle and the trajectories are

diffeomorphic to a circle crossed with a line.

When p1 = q1 = 0 the resulting dynamics are confined to the circles

S1
h :=

{
(p2, q2) : p22 + q22 =

2h

ω

}
(7.6)

for each h > 0. These invariant circles constitute periodic orbits of the system, referred to as

Lyapunov orbits in the context of celestial dynamics governed by many body equations. The

above circles are only one of three nontrivial examples of trajectories with the constant of

motion C1 = 0. Simply restricting to the invariant manifold q1 = 0 again gives C1 = 0, but

now the dynamics of p1 need not be trivial. Using the solution (7.3) we find that p1(t) → 0

as t → ∞ while the dynamics in the (p2, q2)-plane are still restricted to S1
h. Therefore, the

set q1 = 0 is the stable manifold of the periodic orbit S1
h, denoted W s(S1

h). Similarly, taking

p1 = 0 and using the fact that q1(t) → 0 as t → −∞, we have that the set p1 = 0 is the

unstable manifold of the period orbit S1
h, denoted W u(S1

h). Both the stable and unstable

manifolds of S1
h are homeomorphic to circles crossed with lines, which we henceforth

refer to as tubes. Furthermore, the presence of both stable and unstable manifolds for

the periodic orbits implies they are all saddles like the equilibrium they surround, and

therefore are unstable.
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Figure 7.3: Numerically confirming the existence of homoclinic trajectories to the the L1

and L2 Lyapunov orbits in the PCR3BP is done by finding intersections between their
stable and unstable manifolds in the Poincaré section y = 0 with x < 0. The manifolds are
shown in (a) and (d), while their intersections with the Poincaré section are illustrated in (b)
and (e). Intersections of the stable and unstable manifolds of each Lyapunov orbit results
in a homoclinic orbit, some of which are depicted in (c) and (f). In (c), both symmetric
(solid) and asymmetric (dashed) L1 homoclinic orbits are shown.

7.2.2 Nonlinear Dynamics Near an Index-1 Saddle

In the previous subsection we described the linearized dynamics near an index-1 saddle

point in a Hamiltonian system. We now extend this discussion to the nonlinear dynamics

near the index-1 saddle. The same invertible change of variable that brings the linear

dynamics to the system (7.1) transforms the Hamiltonian of the nonlinear system into the
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form

H(p1, q1, p2, q2) = Hloc(p1, q1, p2, q2) + h.o.t., (7.7)

where h.o.t. denotes the ‘higher order terms’ which in this case are at least cubic and Hloc is

given in (7.2). Similarly, the dynamics in a neighborhood of the equilibrium (shifted to the

origin in the p1, q1, p2, q2 variables) takes the form


ṗ1

q̇1

ṗ2

q̇2

 =


−λ 0 0 0

0 λ 0 0

0 0 0 −ω

0 0 ω 0

 ·


p1

q1

p2

q2

+ h.o.t. (7.8)

where now the higher order terms are at least quadratic. It is apparent from the fact

that the linearization includes a complex conjugate pair of purely imaginary eigenvalues

that one cannot apply results such as the Hartman–Grobman theorem to conclude that

the dynamics (7.8) are locally conjugate to the dynamics of (7.1). Fortunately, the works

[460, 461] exploit the Hamiltonian structure of the underlying dynamical system to provide

the necessary results that demonstrate this. Precisely, there exists a small ball around

(p1, q1, p2, q2) = (0, 0, 0, 0) for which the dynamics of (7.8) are equivalent to the dynamics of

(7.1).

The consequence of the above is that in a neighborhood of any index-1 saddle point is a

continuum of UPOs. Furthermore, these UPOs have two-dimensional stable and unstable

manifolds resembling tubes that eventually leave the region of validity for the conjugacy

with the linear system (7.1). Using (7.7), it follows that these UPOs can only be guaranteed

to exist for H = h with 0 < h ≪ 1 since the higher order terms become more important

as h increases. By abuse of notation we will refer to these UPOs again as S1
h since the

UPOs of (7.1) and (7.8) lie in one-to-one correspondence when h is small. Moreover, the

local components of the stable and unstable manifolds, W s
loc(S

1
h) and W u

loc(S
1
h), respectively,

are approximated by the sets {q1 = 0} and {p1 = 0}, respectively. These points become
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Figure 7.4: Heteroclinic orbits between the L1 and L2 Lyapunov orbits of the PCR3BP are
found numerically in the same way as the homoclinic orbits in Figure 7.3, as demonstrated
in (a) and (b). A heteroclinic orbit from an L1 Lyapunov orbit to an L2 Lyapunov orbit is
presented in (c) and is identified from manifold intersections in the Poincaré section in
(d). Similarly, (e) and (f) show manifold intersections in the Poincaré section resulting in
heteroclinic orbits from an L2 to an L1 Lyapunov orbit.

important in the following sections for numerically following the global stable and unstable

manifolds of different UPOs.

7.2.3 Global Tube Dynamics

The previous subsections focus on local aspects of the Hamiltonian phase space in

neighborhoods of index-1 saddles. Per the previous discussion, the saddles and their
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nearby UPOs all have stable and unstable manifolds that extend beyond these neighbor-

hoods. Importantly, intersections of these stable and unstable manifolds give the existence

of global structures such as homoclinic and heteroclinic orbits in the phase space. These ho-

moclinic and heteroclinic orbits reveal the global geometry of phase space and to transport

trajectories over vast regions of space with no extra energy expenditure.

Note that with a 2 degrees of freedom Hamiltonian system, we are restricted to the

(generically) three-dimensional level sets of the Hamiltonian function. In one of these

three-dimensional level sets the index-1 saddles have one-dimensional stable and unstable

manifolds, meaning that the existence of a homoclinic orbit is unlikely since these stable

and unstable manifolds would have to coincide. Such a phenomenon is not robust with

respect to generic parameter manipulation, and so this situation should not be expected

without additional assumptions such as symmetries put on the system. Alternatively,

for a connected continuum of values of the Hamiltonian slightly above the value at the

index-1 saddle we have the UPOs, each of which have two-dimensional stable and unstable

manifolds inside the three-dimensional level sets. In this case an intersection of these

manifolds is robust and expected to be one-dimensional, leading to the existence of a

homoclinic orbit. The robustness of these intersections implies that the existence of a

homoclinic orbit for one value of the Hamiltonian is expected to imply the existence for

values of the Hamiltonian in an open neighborhood of said value. Heteroclinic connections

between index-1 saddles are similarly robust and are made up of intersections of one UPO’s

stable manifold intersecting along a generically one-dimensional curve with another UPO’s

unstable manifold. We again expect the existence of such a heteroclinic connection to exist

for a range of values of the Hamiltonian, if it exists at all.

The existence of homoclinic orbits to the UPOs near index-1 saddles has notably been

proven for the Lyapunov orbits around the L1 Lagrange point in the PCR3BP [463, 464].

These results were improved by [468] to show that under appropriate conditions one could

conclude that these intersections were transverse, meaning that they are indeed robust.

More in line with our work herein, the work [437] followed the ideas put forth by [467]
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to explore the system numerically and detect the existence of these homoclinic orbits to

not only Lyapunov orbits of the L1 Lagrange point, but also the L2 point. In a process

that will be described in more detail below, one simulates the unstable manifold of the

Lyapunov orbit forward in time and the stable manifold backward in time until they meet

at an appropriately defined Poinacaré section. The intersection of these manifolds with

the Poincaré section will be diffeomorphic to a circle and the intersection of these circles

represent the desired homoclinic trajectories. This process and the found homoclinic orbits

are illustrated in Figure 7.3. We refer to the Appendix. D.1 for details on the PCR3BP

including the equations of motion, the location of the Lagrange points L1 and L2, and the

parameter values used in our computations.

Beyond just the homoclinic orbits, [437] also numerically demonstrates the existence

of heteroclinic orbits between the L1 and L2 Lyapunov orbits. These are obtained in the

same way as the homoclinic orbits in that stable and unstable manifolds are simulated

backward and forward in time, respectively, to meet an appropriate Poincaré section to find

intersections of these manifolds. This process and the results are summarized in Figure 7.4.

The effect this has is that for values of the Hamiltonian slightly above that of the index-1

saddles there exist level sets containing Lyapunov orbits to both L1 and L2 which each

have homoclinic orbits and are connected by a heteroclinic orbit. These orbits are used in

[437] to construct itineraries through phase space that allow one to jump from following

the homoclinics to the heteroclinics and back, thus providing trajectories that allow the

lightweight object to fully explore the phase space with no additional energy expenditure.

In what follows we will perform a similar investigation for the double pendulum by

identifying homoclinic and heteroclinic trajectories to index-1 saddles.

7.3 Equations of Motion

In this section we provide the relevant equations of motion for the physical double

pendulum. We note that many mathematical investigations of the double pendulum use the

point-mass double pendulum, which represents a point-mass model of the double pendulum
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where the mass of the pendulum rod is ignored. To make our investigation applicable to

future laboratory experiments, we will consider the experimental double pendulum which

includes the mass of the pendulum arms. In Figure C.26 we provide a comparison between

the theoretical and experimental double pendulum models and we direct the reader to

the Appendix. D.2 for the equations of motion for the theoretical double pendulum for

comparison with the equations presented in this section.

To begin, let us denote m1 as the mass of the first pendulum arm and m2 as the mass

of second pendulum arm. Then, denote ℓ1 and ℓ2 as the length of the first and second

arm, respectively. Next, define a1 and a2 as the positions of the centers of mass of the first

and second pendulum arm, respectively. Let J1 and J2 denote the inertial of the first and

second pendulum arm and designate g to be the constant of gravitational acceleration.

Finally, we take θ1 and θ2 to be the time-dependent rotational angles of pendulum arms, as

illustrated in Figure C.26.

With the above defined constants and variables, the position of centers of mass can be

written in Cartesian coordinates as

x1 = a1 sin(θ1),

y1 = −a1 cos(θ1),

x2 = ℓ1 sin(θ1) + a2 sin(θ2),

y2 = −ℓ1 cos(θ1)− a2 cos(θ2).

(7.9)

Using (7.9), the velocity of the mass centers can be found by differentiating with respect to

time, giving

vx1 = a1 cos(θ1)θ̇1,

vy1 = a1 sin(θ1)θ̇1,

vx2 = ℓ1 cos(θ1)θ̇1 + a2 cos(θ2)θ̇2,

vy2 = ℓ1 sin(θ1)θ̇1 + a2 sin(θ2)θ̇2.

(7.10)
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With the positions (7.9) and velocities (7.10), we then have that the kinetic energy of the

experimental double pendulum is given by

T =
1

2
(m1(v

2
x1

+ v2y1) +m2(v
2
x2

+ v2y2) + J1θ̇
2
1 + J2θ̇

2
2). (7.11)

Similarly, the potential energy of the double pendulum is found to be

V = (m1y1 +m2y2)g

= (−m1a1 cos(θ1)−m2(ℓ1 cos(θ1) + a2 cos(θ2)))g.
(7.12)

Using (7.11) and (7.12), the Lagrangian of the experimental double pendulum can be

calculated using

L = T − V, (7.13)

and the Hamiltonian of the system can be given by

H = T + V. (7.14)

Throughout our investigation in this manuscript we will neglect the effect of friction.

Using the Lagrangian (7.13), the equations of motion of the double pendulum can be

obtained by the formulas

∂

∂t

∂L

∂θ̇1
− ∂L

∂θ1
= 0, (7.15a)

∂

∂t

∂L

∂θ̇2
− ∂L

∂θ2
= 0. (7.15b)

Equation (7.15a) yields

0 = J1θ̈1 + ℓ21θ̈1m2 + a21θ̈1m1 + ℓ1gm2 sin(θ1) + a1gm1 sin(θ1)

+ ℓ1a2θ̇
2
2m2 sin(θ1 − θ2) + ℓ1a2θ̈2m2 cos(θ1 − θ2),

(7.16)
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while equation (7.15b) yields

0 = J2θ̈2 − ℓ1a2θ̇
2
1m2 sin(θ1 − θ2) + ℓ1a2θ̈1m2 cos(θ1 − θ2), (7.17)

From (7.16) and (7.17) we can solve for θ̈1 and θ̈2, giving

θ̈1 =
A10 sin(θ1) + A11 sin(θ1 − θ2) + A12 sin(θ1 − 2θ2) + A22 sin(2θ1 − 2θ2)

D(θ1 − θ2)

θ̈2 =
B01 sin(θ2) +B11 sin(θ1 − θ2) +B21 sin(2θ1 − θ2) +B22 sin(2θ1 − 2θ2)

D(θ1 − θ2)

(7.18)

where

A10 = −ℓ1ga
2
2m

2
2 − 2a1gm1a

2
2m2 − 2J2l1gm2 − 2J2a1gm1

A11 = −2ℓ1a
3
2θ̇

2
2m

2
2 − 2J2ℓ1a2θ̇

2
2m2

A12 = −ℓ1a
2
2gm

2
2

A22 = −ℓ21a
2
2θ̇

2
1m

2
2

B01 = −a2m2(gm2ℓ
2
1 − gm1ℓ1a1 + 2gm1a

2
1 + 2J1g)

B11 = a2m2(2m2ℓ
3
1θ̇

2
1 + 2m1ℓ1a

2
1θ̇

2
1 + 2J1ℓ1θ̇

2
1)

B21 = a2m2(gm2ℓ
2
1 + a1gm1ℓ1)

B22 = 2m2(gm2ℓ
2
1 + a1gm1ℓ1)

D(θ1 − θ2) = −ℓ21a
2
2m

2
2cos(θ1 − θ2)

2 + ℓ21a
2
2m

2
2 + J2ℓ

2
1m2 +m1a

2
1a

2
2m2

+ J2m1a
2
1 + J1a

2
2m2 + J1J2

. (7.19)

Here we use the convention that Aij, Bij are the coefficients of the energy preserved

Hamiltonian system for the θ̈1 and θ̈2 equations, respectively, while the subscripts denote

the coefficients on the θ1 and θ2 terms inside the sine function they are multiplied against.

The notation D(θ1 − θ2) represents the function in the denominator of both equations.
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Writing (7.18) as a first order ODE gives

θ̇1 = ω1,

θ̇2 = ω2,

ω̇1 =
A10 sin(θ1) + A11 sin(θ1 − θ2) + A12 sin(θ1 − 2θ2) + A22 sin(2θ1 − 2θ2)

D(θ1 − θ2)
,

ω̇2 =
B01 sin(θ2) +B11 sin(θ1 − θ2) +B21 sin(2θ1 − θ2) +B22 sin(2θ1 − 2θ2)

D(θ1 − θ2)
,

(7.20)

System (7.20) therefore represents the full equations of motion for the double pendulum

that we investigate for the remainder of this manuscript.

Throughout this manuscript our numerical experiments will use the parameter values

(with relevant units)

m1 = 0.0938kg, m2 = 0.1376kg, a1 = 0.1086m, a2 = 0.1168m,

ℓ1 = 0.1727m, J1 = 10−4kgm2, J2 = 10−4kgm2, g = 9.808m/s2.
(7.21)

All of the above values were obtained via parameter estimation from the physical model

constructed in Chapter. 6 and chosen to demonstrate that the results of this manuscript

are physically realizable. For more details on the parameter estimation technique we used

to ontain those parameters, please check Appendix. C.9. We have also found that other

similar choices of parameter values lead to nearly identical results and so we do not expect

that the restriction to these parameter values is a limitation of this work. Finally, notice that

the length of the second arm, ℓ2, is notably absent from the equations of motion (7.20) and

so its value is not necessary for our investigation of the experimental double pendulum.

7.4 Tube Dynamics of the Double Pendulum

In this section we will consider the tube structure of transport between index-1 saddles

of system (7.20). Over the following subsections we seek to identify its index-1 saddles

and their global tube dynamics. This will help us to identify the macroscopic transport
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mechanisms of the the experimental double pendulum modelled by equations (7.20) in a

similar manner to what has been done for a variety of other Hamiltonian systems.

We begin in §7.4.1 by describing the reversible symmetry of (7.20). This reversible

symmetry will help us to classify the trajectories orbits between neighborhoods of index-1

saddles as either symmetric or asymmetric, with those that are asymmetric coming in pairs

related by applying the symmetry transformation. We then proceed to identify the index-1

saddles of (7.20) in §7.4.2 by analyzing the linearization about the system about each of

its steady-states. We identify two index-1 saddles given by one of the pendulum arms

standing straight up and the other hanging down. We provide a numerical justification

for the existence of homoclinic orbits to UPOs in the neighborhoods of these saddles in

§7.4.3 and §7.4.4. We then conclude this section in §7.4.5 by numerically demonstrating the

existence of heteroclinic orbits between UPOs in the neighborhoods of each of the index-1

saddles.

7.4.1 Reversible Symmetry

Beyond the Hamiltonian structure of (7.20), we note that the system is also reversible in

the sense that if (θ1(t), θ2(t), ω1(t), ω2(t)) is a solution, then so is (θ1(−t), θ2(−t),−ω1(−t),−ω2(−t)).

Precisely, we define the reverser

R =


1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1

 (7.22)

and say that Θ(t) := (θ1(t), θ2(t), ω1(t), ω2(t)) and RΘ(−t) are solutions. Using this prop-

erty, we will refer to a solution as symmetric if Θ(t) = RΘ(−t) for all t ∈ R. Importantly,

if Θ∗ is a symmetric equilibrium solution of (7.20), i.e. RΘ∗ = Θ∗, then the associated

stable manifold W s(Θ∗) and unstable manifold W u(Θ∗) are such that W s(Θ∗) = RW u(Θ∗).
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Therefore, homoclinic orbits of symmetric equilibria are either symmetric or asymmetric,

for which the latter case implies that they come in pairs, related by applying R and revers-

ing the flow of time. The preceding discussion also holds for the symmetric UPOs near a

symmetric index-1 saddle which are the focus of much of our discussion going forward.

We will therefore emphasize the symmetric and asymmetric homoclinic orbits that can be

observed in our numerical findings.

7.4.2 Linear Analysis

From the equations of motion (7.20) we can see that equilibria come in the form

(θ1, θ2, ω1, ω2) = (πk1, πk2, 0, 0) for every pair of integers (k1, k2) ∈ Z2. All of these equilibria

are symmetric with respect to the action of the reverser R, defined in (7.22). Although we

have obtained a lattice of equilibria, periodicity of the components θ1,2 implies that we

may restrict our analysis to the four distinct steady-states

Down−Down : (θ1, θ2, ω1, ω2) = (0, 0, 0, 0)

Down− Up : (θ1, θ2, ω1, ω2) = (0, π, 0, 0)

Up−Down : (θ1, θ2, ω1, ω2) = (π, 0, 0, 0)

Up− Up : (θ1, θ2, ω1, ω2) = (π, π, 0, 0)

. (7.23)

The naming of the states represents the vertical position of the arms of the double pendu-

lum. Precisely, Down-Down has both arms hanging straight down, Down-Up has the first

arm with parameters (ℓ1,m1) hanging down and the other standing straight up, Up-Down

has the first arm standing straight up and the other hanging down, and the Up-Up state

has both arms standing straight up. We note that we have listed the steady-states in (7.23)

in order of ascending energy values, according to the Hamiltonian (7.14). Our results that

follow apply for all choices of parameters, not just those provided in (7.21).

Linearizing (7.20) about an equilibrium (θ1, θ2, ω1, ω2) = (πk1, πk2, 0, 0) with k1, k2 ∈ Z
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results in the matrix of the form
0 0 1 0

0 0 0 1

σ2σ3

σ2
1

− σ4

2σ1

σ5

σ1
− σ2σ3

σ2
1

0 0

σ6

σ1
− σ7σ8

σ2
1

−σ9

σ1
− σ7σ8

σ2
1

0 0

 . (7.24)

with

σ1 = −ℓ21a
2
2m

2
2 cos(k1π − k2π)

2 + ℓ21a
2
2m

2
2

+ J2ℓ
2
1m2 +m1a

2
1a

2
2m2 + J2m1a

2
1 + J1a

2
2m2 + J1J2,

σ2 = ℓ21a
2
2gm

2
2 cos(k1π − k2π) sin(k1π − k2π),

σ3 = (ℓ1a
2
2m

2
2 sin(k1π) + 2J2ℓ1m2 sin(k1π)

+ ℓ1a
2
2m

2
2 sin(k1π − 2k2π) + 2J2a1m1 sin(k1π) + 2a1a

2
2m1m2 sin(k1π)),

σ4 = (ℓ1a
2
2m

2
2 cos(k1π) + 2J2ℓ1m2 cos(k1π)

+ ℓ1a
2
2m

2
2 cos(k1π − 2k2π) + 2J2a1m1 cos(k1π) + 2a1a

2
2m1m2 cos(k1π)),

σ5 = ℓ1a
2
2gm

2
2 cos(k1π − 2k2π),

σ6 = ℓ1a2gm2 cos(2k1π − k2π)(ℓ1m2 + a1m1),

σ7 = 2ℓ21a
3
2gm

3
2 cos(k1π − k2π) sin(k1π − k2π),

σ8 = (J1 sin(k2π) + ℓ21m2 sin(k2π) + a21m1 sin(k2π)

− ℓ21m2 cos(k1π − k2π) sin(k1π)− ℓ1a1m1 cos(k1π − k2π) sin(k1π)),

σ9 = a2gm2(J1 cos(k2π) + ℓ21m2 cos(k2π) + a21m1 cos(k2π)

− ℓ21m2 sin(k1π − k2π) sin(k1π)− ℓ1a1m1 sin(k1π − k2π) sin(k1π)).

(7.25)

Due to the block structure of (7.24), the square of its eigenvalues are equal to those of the

lower left 2× 2 matrix σ2σ3

σ2
1

− σ4

2σ1

σ5

σ1
− σ2σ3

σ2
1

σ6

σ1
− σ7σ8

σ2
1

−σ9

σ1
− σ7σ8

σ2
1

 . (7.26)
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We will now proceed to classify the stability of the four equilibria in (7.23) using the matrix

(7.26).

Down-Down. The Down-Down state is obtained by setting k1 = k2 = 0. In this case (7.26)

becomes− g(m2a22+J2)(ℓ1m2+a1m1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

ℓ1a22gm
2
2

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

ℓ1a2gm2(ℓ1m2+a1m1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

− a2gm2(m2ℓ21+m1a21+J1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

 . (7.27)

Since the trace of the above matrix is negative and the determinant is positive for all the

physical parameters m1,m2,a1,a2,J1,J2,g,ℓ1,ℓ2, it follows that both eigenvalues are distinct

and strictly negative. Therefore, the linearization (7.24) about the Down-Down state has

two pairs of purely complex eigenvalues, making it a linear center.

Down-Up. The Down-Up state is obtained by setting k1 = 0 and k2 = 1. The matrix (7.26)

becomes− g(m2a22+J2)(ℓ1m2+a1m1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

ℓ1a22gm
2
2

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

− ℓ1a2gm2(ℓ1m2+a1m1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

a2gm2(m2ℓ21+m1a21+J1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

 . (7.28)

which has a negative determinant for all relevant parameter values. Therefore, the above

matrix has one positive and one negative real eigenvalue along with a pair of purely

imaginary eigenvalues. Hence, the Down-Up state is an index-1 saddle.

Up-Down. We obtain the Up-Down state by setting k1 = 1 and k2 = 0. The matrix (7.26) is

then given by

 g(m2a22+J2)(ℓ1m2+a1m1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

− ℓ1a22gm
2
2

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

ℓ1a2gm2(ℓ1m2+a1m1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

− a2gm2(m2ℓ21+m1a21+J1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

 . (7.29)
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Figure 7.5: Near the index-1 saddles of the double pendulum there are infinitely many
UPOs. These UPOs are projected into (a) the (θ1, θ̇1)-plane and the (θ2, θ̇2)-plane with a
cartoon of their physical motion in the double pendulum shown in (b).

and following as in the Down-Up state, we find that the Up-Down state is also an index-1

saddle.

Up-Up. The Up-Up state has k1 = k2 = 1, resulting in (7.26) taking the form

 g(m2a22+J2)(ℓ1m2+a1m1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

− ℓ1a22gm
2
2

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

− ℓ1a2gm2(ℓ1m2+a1m1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

a2gm2(m2ℓ21+m1a21+J1)

J2m2ℓ21+m1m2a21a
2
2+J2m1a21+J1m2a22+J1J2

 . (7.30)

The above matrix is the result of negating all of the entries of the Down-Down analysis. It

follows that the linearization (7.24) about the Up-Up state has two positive eigenvalues

and two negative eigenvalues. From the nomenclature above, the Up-Up state is an index-2

saddle.
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From the above we find that the Down-Up and Up-Down states are index-1 saddles.

Importantly, our work in Section 7.2 gives that in a neighborhood of these index-1 saddles

there exist infinitely many UPOs. These UPOs are analogous to the Lyapunov orbits of the

L1 and L2 Lagrange points of the PCR3BP. However, in the case of the double pendulum

these UPOs may be easier to visualize. Precisely, the ‘Down’ arm of these index-1 saddles

should be understood as being stable, while the ‘Up’ arm is unstable, both due to the force

of gravity. Therefore, the UPOs near these Down-Up and Up-Down saddles have the ‘Up’

arm undergoing a slight wobble, while the ‘Down’ arm exhibits little variation since it is

stable. This is demonstrated in Figure 7.5 where one can see a collection of these UPOs

projected into both the (θ1, θ̇1) and (θ2, θ̇2) planes. In the following subsections we will

work to numerically identify homoclinic and heteroclinic trajectories associated to these

UPOs near the index-1 saddles of the double pendulum.

7.4.3 Tube Dynamics Near the Down-Up State

We begin by describing our process of identifying homoclinic trajectories to the UPOs

near the Down-Up state of the double pendulum. We emphasize that although we refer

to these orbits throughout as ’homoclinic’ they are actually heteroclinic orbits in phase

space. This potential source of confusion comes from the periodicity of the θ1 and θ2

components in (7.20). Precisely, a trajectory that connections the UPOs near the Down-

Up state (θ1, θ2, ω1, ω2) = (0, π, 0, 0) to those near another Down-Up state (θ1, θ2, ω1, ω2) =

(0, π ± 2π, 0, 0) comes as a heteroclinic orbit in phase space if one does not quotient by the

periodicity of the θ1 and θ2 components, but in physical space such a connection appears

to return to where it started while having the second arm undergoing a full clockwise or

counterclockwise rotation. As the motion of the double pendulum is best understood in

physical space, we will hereby refer to trajectories that connect UPOs near any of the Down-

Up states, (0, π ± 2πk, 0, 0), k ∈ Z, as homoclinic. Finally, we comment that our numerical

investigations have revealed that true homoclinic trajectories that asymptotically approach
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one of the UPOs near (0, π, 0, 0) do not exist, meaning that only ’physical’ homoclinic

trajectories described above can exist.

We can numerically obtain the UPOs near the Down-Up state by searching for sym-

metric periodic solutions with value of the Hamiltonian (7.14) slightly above that of the

Down-Up state. The search for these periodic solutions can be posed as a root-finding

problem constrained by the fact that we must remain within a Hamiltonian level set

everywhere on the trajectory. This process is identical to that used in [439] to identify

homoclinic trajectories in the PCR3BP and to implement this process numerically we use

the Julia package Zygote [469]. A demonstration of these techniques is included with the

repository associated to this manuscript. With these UPOs, as displayed in Figure 7.5, we

then use their Floquet spectrum to locally approximate the stable and unstable directions

associated to the UPO. By simulating these approximate stable and unstable directions

backward and forward in time, respectively, according to the ODE (7.20) we obtain accu-

rate representations of the stable and unstable manifolds, i.e. the tubes, associated to each

UPO.

To identify homoclinic trajectories we flow the unstable manifold forward in time until

θ2 = 2π. Similarly, we flow the stable manifold backward in time until θ2 = 0. Notice

that upon quotienting for the periodicity in θ2 both the stable and unstable manifold have

been simulated to the same region in physical space, given by the second arm hanging

straight down. We use the hyperplane θ2 = 2πk with k ∈ Z as our Poincaré section to

identify homoclinic trajectories. We further note that the reversible symmetry of (7.20)

guarantees that we could equivalently flow the unstable manifold forward in the direction

that decreases the value of θ2 until it reaches θ2 = 0 to meet the Poincaré section, and

similarly for the stable manifold meeting θ2 = 2π. The tube structure of these stable

and unstable manifolds are given in Figure 7.6(a) and their reversible counterparts are

shown in Figure 7.6(b) for H = 0.2, above the value of the Down-Up state at H = −0.1754.

Having the unstable manifold meet θ2 = 2π represents the second arm moving clockwise,

while having the unstable manifold meet θ2 = 0 represents the second arm moving
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Figure 7.6: (a) The clockwise rotating portion of the tube structure of the stable and
unstable manifolds associated to a UPO near the Down-Up state with Hamiltonian value
H = 0.2. In (b) we show the counterclockwise portion of the tube structure, related to (a)
by applying the reverser (7.22). In (c) and (d) we present the intersection of the tubes with
the Poincaré section θ2 = 2πk, k ∈ Z. Intersections of the stable and unstable manifolds
in the Poincaré section represent ’physical’ homoclinic trajectories that connect the UPOs
near the Down-Up state.

counterclockwise.

We can identify ‘physical’ homoclinic trajectories near the Down-Up state of the double

pendulum using the Poincaré section θ2 = 2πk, k ∈ Z. Indeed, Figure 7.6(c) and (d) plot the

(θ1, θ̇1) plane corresponding to the tube structures presented in (a) and (b), respectively, of

the same figure. Intersections of the stable and unstable manifolds in the Poincaré section

represent the homoclinic orbits that are the focus of this section. Such intersections are

homoclinic trajectories since θ1, θ2 and θ̇1 are equal at these points, and it can be checked

numerically that the Hamiltonian structure of system (7.20) confines the value of θ̇2 to be

the same here as well. As one can see, for this value of the Hamiltonian there are numerous

intersections. Those with θ1 = 0 represent symmetric, or reversible, homoclinic orbits while

those intersections with θ1 ̸= 0 represent the asymmetric homoclinic orbits. As discussed
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Figure 7.7: Increasing the energy of the double pendulum up from the energy of the Down-
Up steady-state results in an increasing number of homoclinic trajectories of the UPOs near
the Down-Up state. Energy values are (a) H = −0.147, (b) H = −0.07, (c) H = −0.034, (d)
H = 0.06, (e) H = 0.102, and (f) H = 0.157. The Down-Up state has energy H = −0.1754.

in § 7.4.1, the asymmetric orbits come in pairs, represented in the Poincaré section by

the symmetry over the θ1 = 0 line. From our choice of the Poincaré section, all such

homoclinic trajectories represent the double pendulum starting near the Down-Up state

and having the second arm completing a full rotation before returning to a neighborhood

of the Down-Up state.1.

In Figure 7.7 we can see that as we increase the energy, given by the value of the

1To visualize the behavior of those homoclinic orbits presented in Fig. 7.6 in physical space see
github.com/dynamicslab/Saddle-Mediated-Transport-of-Double-Pendulum

https://github.com/dynamicslab/Saddle-Mediated-Transport-of-Double-Pendulum
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Figure 7.8: Trajectories that start inside of the unstable tube will remain inside of it for all
forward time. This is demonstrated by flowing numerous points shown in (a) which lie
inside both the stable and unstable tubes of a UPO near the Down-Up state with energy
H = −0.06985 forward until they intersect the Poincaré section again at (b) θ2 = 4π, (c)
θ2 = 6π, and (d) θ2 = 8π. Flowing these same points backward in time produces results
that are mirrored over θ1 = 0, likely resulting in a fractal set that remains inside both the
stable and unstable tubes for all forward and backward time. The location of a symmetric
periodic orbit that remains inside both tubes for all times is also plotted.

Hamiltonian (7.14), from that of the Down-Up state results in a steadily increasing number

of homoclinic trajectories. These homoclinic orbits arise via saddle-node and symmetry-

breaking pitchfork bifurcations as the energy is increased, coming from further manifold

intersections. For relatively large values of the energy, as is in panels (e) and (f), flowing

some parts of stable and unstable manifolds towards the Poincaré section takes a long

time. The result is that some of our intersections of the stable and unstable manifolds with

the Poincaré section do not present themselves as closed loops. We expect that simulating

the tubes for a significantly longer time will complete their intersections with the Poincaré

section, but this would require significant computational time and is not necessary for our

exposition here.
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The fact that these stable and unstable tubes intersect means that the system exhibits

macroscopic transport mechanisms that allow one to traverse large distances in phase

space, eventually returning to the region where it started. Precisely, trajectories that are

initialized inside of an unstable tube will remain inside of it for all forward time, thus

repeatedly coming back to the Poincaré section θ2 = 2πk and intersecting within the closed

curve created by the intersection with the unstable tube. This is demonstrated in Figure 7.8

where we simulate numerous trajectories with initial conditions from the Poincaré section

that lie in the intersection of the stable and unstable tubes for energy H = −0.06985. After

each pass from the Poincaré section up to the UPO near the Down-Up state and back one

sees that these trajectories intersect the Poincaré section inside the closed curve created

by the unstable tube, while spreading out over the interior of the tube. One can achieve

a similar phenomenon by simulating these initial conditions backward in time, forcing

them to remain inside of the stable tube forever. Visualizing this can be achieved by

simply mirroring the forward iterates in Figure 7.8 over θ1 = 0. Thus, it appears that those

trajectories which remain inside both tubes for all forward and backward time becomes a

fractal set which we suspect forms a horseshoe set [470].

This apparent horseshoe structure means that there exist a plethora of bounded solu-

tions that return infinitely often to a neighborhood of the UPO near the Down-Up state. As

an example, we have identified a simple symmetric periodic orbit that in physical space

has the second arm of the double pendulum completing a full 2π rotation over each period.

The intersection of this periodic orbit with the Poincaré section is plotted in Figure 7.8.

Interestingly, it lies almost perfectly between the location of the two symmetric homoclinic

orbits that form the boundary of the tubes restricted to θ1 = 0. Although we do not have

an explanation for this, we do not believe it to be a coincidence and expect it to be related

to the precise horseshoe structure generated by the intersection of the interiors of the stable

and unstable tubes.
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Figure 7.9: Panel (a) presents the stable and unstable tubes of a UPO near the Up-Down
steady-state in the variables (θ1, θ2, θ̇1) with energy H = 0.2. In (b) and (c) we present
the intersection of the tubes with the Poincaré section θ1 = 2πk, k ∈ Z. Intersections of
the stable and unstable manifolds in the Poincaré section represent ’physical’ homoclinic
trajectories that connect the UPOs near the Up-Down state.

7.4.4 Tube Dynamics Near the Up-Down State

The process of identifying homoclinic trajectories to the UPOs near the Up-Down state

is similar to what was done in the previous subsection. Again, we were not able to identify

homoclinic trajectories in phase space but have sought to identify the ‘physical’ homoclinic

trajectories that connect UPOs near the Up-Down state after accounting for the periodicity

of the θ1 and θ2 variables. For the UPOs near the Up-Down state we find that these physical

homoclinic trajectories have the first arm making a full clockwise or counterclockwise

rotation before returning to where they started. In phase space this means that θ1 increases

or decreases by exactly 2π over the course of the homoclinic trajectory.

We can identify the UPOs near the Up-Down state and use their Floquet spectrum

to follow the stable and unstable tubes backward and forward in time, respectively. We
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flow these stable and unstable tubes associated to these UPOs according to (7.20) until

they meet the Poincaré section θ1 = 2πk, k ∈ Z. In Figure 7.9(a) we present the stable

and unstable manifolds of a UPO near the Up-Down state with energy H = 0.2. The

resulting intersections with the Poincaré section are further plotted in panels (b) and

(c), for which the former represents clockwise rotations of the first arm, while the latter

represents counterclockwise rotations. Again we are able to identify multiple symmetric

and asymmetric homoclinic orbits that enable macroscopic transport throughout the phase

space of the double pendulum2. As with the UPOs near the Down-Up state, we find that

increasing the energy above that of the Up-Down state results in sequences of saddle-node

and symmetry-breaking pitchfork bifurcations to more and more homoclinic orbits. We do

not present a figure with these results for brevity.

As with the tubes associated to UPOs near the Down-Up state, we find a fractal/horseshoe

structure of trajectories that remain inside the tubes associated to UPOs near the Up-Down

state for all forward and backward time. This structure is illustrated in Figure 7.10 for

energy H = 0.2, which is analogous to Figure 7.8 presented previously. We again exploit

this complex structure to identify an exemplary symmetric periodic orbit that represents

the first arm making a full 2π rotation in physical space. These symmetric orbits intersect

the Poincaré section at θ2 = 0 and again we find this point of intersection lies almost

perfectly in the center of the intersections of two symmetric homoclinic orbits.

7.4.5 Heteroclinic Transitions

The approach to identifying heteroclinic connections between neighborhoods of the

Down-Up and Up-Down states is similar to that outlined above for identifying homoclinic

trajectories. We fix the energy and flow the unstable manifold of the a UPO near the

Down-Up state forward in time until it reaches the Poincaré section θ1 = θ2 in phase space.

We then flow the stable manifold of a UPO with the same energy near the Up-Down

2To visualize the behavior of those homoclinic orbits presented in Fig. 7.9 in physical space see
github.com/dynamicslab/Saddle-Mediated-Transport-of-Double-Pendulum.

https://github.com/dynamicslab/Saddle-Mediated-Transport-of-Double-Pendulum
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Figure 7.10: The apparent fractal structure generated by those trajectories that remain
inside of the unstable tube of a UPO near the Up-Down state with energy H = 0.2. As in
Figure 7.8 we flow numerous initial conditions shown in (a) forward in time until they
intersect the Poincaré section for a (b) first, (c) second, and (d) third time. The location of a
symmetric periodic orbit that remains inside both tubes for all times is also plotted.

state backwards in time until it also reaches the Poincaré section θ1 = θ2. Intersections

of these stable and unstable manifolds in the Poincaré section therefore represent the

desired heteroclinic orbits that transport one through phase space between neighborhoods

of index-1 saddles. The process we have just described allows one to obtain orbits from

near the Down-Up state to near the Up-Down state, although applying the reverser (7.22)

reverses the direction of these orbits and therefore gives orbits that originate near the

Up-Down state and move to a neighborhood of the Down-Up state as well.

Our results are illustrated in Figure 7.11. Panel (a) demonstrates the unstable manifold

of a UPO near the Down-Up state moving toward the Poincaré section, while panel (c)

demonstrates the time reversed flow of the stable manifold of the same UPO moving back-

ward in time toward the Poincaré section. Panels (b) and (d) show the intersection of the
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Figure 7.11: Heteroclinic connections between UPOs in the neighborhoods of the Down-Up
and Up-Down states are found by inspecting where their tubes meet the Poincaré section
θ1 = θ2. (a) and (c) show the tubes flowing towards the section in forward and backward
time for H = 0.2. Panels (b) and (d) demonstrate the intersection of the tubes with the
Poincaré section and panels (A) and (B) provide a zoom of the intersection of these tubes,
representing heteroclinic trajectories.

UPO tubes with the Poincaré section for panels (a) and (c), respectively. We further present

a zoom of the Poincaré section near the intersections, illustrating two distinct heteroclinic

connections. These heteroclinic orbits are plotted in (θ1, θ2, θ̇1) space in Figure 7.12 with

their asymptotic UPOs shown in solid black. Our numerical experiments have shown

that such heteroclinic connections exist for H ≥ 0.1754. Like the homoclinic orbits of the

previous subsections, the existence of these heteroclinic orbits demonstrates a transport

mechanism that allows one to move between neighbourhoods of the index-1 saddles in

phase space, thus allowing saddle-mediated transport of the double pendulum.

7.5 Conclusion

In this Chapter, we performed a detailed numerical analysis of the double pendulum

following the work of [437, 439, 467]. We find a striking resemblance between the tube
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θ1
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·θ1

Figure 7.12: A visualization in (θ1, θ2, θ̇1) space of the two distinct heteroclinic orbits (red
and blue) found as intersections in the Poincaré section θ1 = θ2 in Figure 7.11. The black
closed loops represent the asymptotic UPOs near each of the index-1 saddles.

dynamics of the PCR3BP and double pendulum since both of them have two index-1

saddle points. We showed there exists a family of Lyapunov orbits near the saddle points

of the double pendulum. These orbits allow us to flow the stable and unstable manifold of

the double pendulum. The intersections of the stable and unstable manifolds facilitate the

identification of the double pendulum’s homoclinic and heteroclinic orbits. The homoclinic

orbits of the double pendulum allow the pendulum to travel in the phase space and return

to the same Lyapunov orbits, while the heteroclinic orbits transport the double pendulum

from one saddle point to the other. Thus, we can achieve saddle-mediated transport of the

double pendulum by using the homoclinic and heteroclinic orbits.

Our numerical analysis shows the double pendulum can be used as a low-stakes and

relatively low-cost tabletop experiment to explore the saddle-mediated transport put forth

for the PCR3BP in [437]. This is extremely exciting since we can now have a double

pendulum system to test out the saddle-mediated space travel controller for a fraction of

the cost of building a satellite or space shuttle. This helps researchers quickly check the
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performance of their control algorithm before implementing them on the actual satellite.

Thus, our future work includes using the experimental system in Chapter 6 to validate the

saddle-mediated transport idea shown in this Chapter.
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Chapter 8

CONCLUSION

In this thesis, we presented several topics in the field of the dynamical system. First,

we introduced some of the techniques and tools available in the data-driven modeling

of the nonlinear dynamical system. Then, in Chapter 2, we specifically focused on the

SINDy algorithm and did a detailed literature review on it. We showed multiple sparsity-

promoting techniques could be used in the SINDy framework and showed that SINDy has

many variants and applications. Our study on the related work of SINDy motivated our

work on robustifying the SINDy algorithm, resulting in SINDy-PI and modified SINDy

algorithms.

In Chapter 3, we introduced SINDy-PI. The SINDy-PI is a robust variant of the SINDy

algorithm that identifies implicit dynamics and rational nonlinearities. It improves the

robustness of the SINDy algorithm by overcoming the sensitivity of the previous implicit-

SINDy approach, which is based on a null-space calculation. The work of SINDy-PI

extended the applicability of the SINDy algorithm and made the identification of physical

laws possible. The second variant we developed is modified SINDy, and it is introduced

in Chapter 4. This algorithm leverages automatic differentiation and sparse regression to

denoise the time-series data and learn noise probability distribution simultaneously. It can

also identify the underlying parsimonious dynamical system responsible for generating the

time-series data. This algorithm is highly robust, allowing top-of-the-line denoising abili-

ties in the SINDy framework. When integrated with the discrepancy modeling framework,

modified SINDy further improves its applicability, as shown in Chapter 5.

When developing those extensions to the SINDy algorithm, we realized it is vital to

have an experimental system to test our proposed algorithms. This motivates us to create
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a fully open-source multi-link pendulum on the cart system shown in Cahpter 6. Our

proposed system is flexible and allows the learning of chaotic behavior, testing data-driven

modeling techniques, and validating different control algorithms. We detailed our building

procedures with the freely available CAD files and data set collected from the experimental

setup. We believe our system will become a valuable resource for the machine learning

community. One more reason we developed this experimental system is to study the

saddle-mediated transport of the double pendulum shown in Chapter 7. Chapter 7 offers

a detailed analysis of the double pendulum’s stable and unstable manifold and its UPOs.

Our study shows double pendulum is a great tabletop analog system of the PCR3BP since

they both have two index-1 saddle points. The existence of two index-1 saddle points made

the saddle-mediated transport of the double pendulum possible by utilizing its homoclinic

and heteroclinic orbits.

There are several future directions for our work. 1) It is interesting to see that in the

constrained optimization problem of SINDy-PI, the final solution highly resembles the

adjacency matrix in the network theory. Thus, it would be interesting to research in this

direction and see the connection between SINDy-PI and the adjacency matrix. 2) It is

necessary to improve the speed of the modified SINDy algorithm and its applicability.

Currently, the modified SINDy algorithm is slow due to the ADAM optimizer. We also

need to consider identifying the rational, implicit, or controlled system in the modified

SINDy framework. 3) When it comes to the discrepancy modeling framework, more works

need to be done to study how to incorporate physical law constraints into the discrepancy

model. 4) As for the hardware setup of the pendulum system, we want to explore the idea

of cloud experiments and physically realize it. 5) Finally, we want to use the numerical

analysis result on the double pendulum and experimentally validate the possibility of the

saddle-mediated transport using the experimental system we built.
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Appendix A

APPENDIX FOR CHAPTER 3

A.1 Noise Sensitivity of SINDy-PI and implicit-SINDy

A.1.1 Performance Evaluation Criteria

To compare the performance of SINDy-PI and implicit-SINDy for noisy data, we must

define an evaluation criteria. We compare the performance of the best model generated

by each method that has the lowest prediction error on the test data, selected according

to Eq. (3.7). To compare the models generated by the two methods with the ground truth

model, we use the concept of model discrepancy [178, 347, 348] and set prediction accuracy,

structural accuracy, and parameter accuracy as our performance criteria. A good prediction

error does not guarantee the model has good structural accuracy and parameter accuracy,

and vice versa, motivating multiple performance criteria.

A.1.2 Numerical Experiments

We use the Michaelis–Menten kinetics, given by Eq. (3.12), to compare the performance

of SINDy-PI and implicit-SINDy. We performed our numerical experiments as follows:

Step 1: Randomly generate 2400 different initial conditions of different magnitudes rang-

ing from 0 to 12.5. Simulate those initial conditions using a fourth-order Runge-

Kutta method with time step dt = 0.1 and time horizon T = 5. The testing data

is generated using 600 random initial conditions using the same method as the

training data.

Step 2: Add Gaussian noise to the training and testing data. 23 different Gaussian noise
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levels with magnitudes ranging from 10−7 to 5 × 10−1 are used. For each noise

level, 30 different random noise realizations are generated, resulting in 30 different

noisy data sets for each noise level.

Step 3: Compute the derivative of the noisy data. We investigate several ap-

proaches, including finite-difference and total-variation regularized difference

(TVRegDiff) [310] derivatives. In all cases, SINDy-PI is several orders of mag-

nitude more robust to noise than implicit-SINDy, and only the result of using

TVRegDiff is shown in this paper. TVRegDiff generates more accurate derivatives,

but also requires hyperparameter tuning and causes aliasing, so we trim the ends

of the time series generated by each initial condition (first and last 30%). It is possi-

ble to add Gaussian noise to the clean derivative data to investigate robustness,

although this is less relevant for real-world scenarios, where only noisy state data

is available.

Step 4: Train SINDy-PI and implicit-SINDy models on noisy training data. For each noise

level, we sweep through 68 different sparsity parameters λ for SINDy-PI, from

0.01 to 5. The λ is varied by a factor of 2 [182] to calculate the null space in the

implicit-SINDy method. The library for implicit-SINDy and SINDy-PI is

Θ(X, Ẋ) = [1 X X2 X3 X4 Ẋ ẊX ẊX2 ẊX3 ẊX4]. (A.1)

Step 5: Due to the various parameter values, we use model selection to choose a model.

We use the test data with the same noise magnitude to perform the model selection

process. The ratio of training data and testing data is 8 : 2.

Step 6: The best model generated by the two methods are compared. We use the prediction

error, error in the model structure (i.e., the number of terms that are incorrectly

present or missing from the model), and parameter error as our model performance
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evaluation criteria. We average the performance over 30 different noise realizations

for each noise level. We then plot the distribution of structure error in Fig. 3.3.

Many parameters affect the performance of these methods: the length of training data,

prediction steps to calculate prediction error, the initial conditions for training data, choice

of the library, and the derivative computation. We have attempted to carefully optimize

each method, although an exhaustive parameter sweep is beyond the scope of the present

work. However, in all cases SINDy-PI outperforms implicit-SINDy.

A.2 Data Usage of SINDy-PI and implicit-SINDy

Sec. 3.2.4 investigates the data usage of SINDy-PI and implicit-SINDy on the yeast

glycolysis model in Eq. (3.13). The parameters of this problems are given in Table. A.1. The

data usage comparison is performed by the following steps:

Step 1: Generate training data by simulating Eq. (3.13) with parameters in Table. A.1 and

a time step of dt = 0.1, with time horizon T = 5. We simulate the system using 900

random initial conditions with magnitude ranging from 0 to 3.

Step 2: Shuffle the training data and select j percent of the entire training data set at

random to train the SINDy-PI and implicit-SINDy models. These training data are

sampled from all trajectories, and they are not necessarily consecutive in time. No

noise is added since we only care about the effect of the data length in this case.

The sparsity parameter λ is fixed for both algorithms (different values); this value

is selected for a single percentage j where both methods fail to identify the correct

model, and we sweep through λ.

Step 3: Run the numerical experiment for 20 times for each data length and calculate the

percentage of times the two algorithms yield the correct structure of the Eq. (3.13f).

The final comparison is shown in Fig. 3.4. Data usage requirements for other state

equations are given in Table A.2; Fig. 3.4 shows results for the hardest equation to identify.
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Table A.1: The parameter used for simulating the Eq. (3.13).
Parameter c1 c2 c3 d1 d2 d3 d4 e1 e2 e3 e4 f1 f2

Value 2.5 -100 13.6769 200 13.6769 -6 -6 6 -64 6 16 64 -13
Parameter f3 f4 f5 g1 g2 h1 h2 h3 h4 h5 j1 j2 j3

Value 13 -16 -100 1.3 -3.1 -200 13.6769 128 -1.28 -32 6 -18 -100

Table A.2: Comparison of data usage of SINDy-PI and implicit-SINDy on other states.
Equation Eq. (3.13a) Eq. (3.13b) Eq. (3.13c) Eq. (3.13d) Eq. (3.13e) Eq. (3.13f) Eq. (3.13g)

Library Order 6 6 3 3 3 6 3

SINDy-PI
un-normalized

Left-Hand Side ẋ1 ẋ1x
4
6 ẋ2 ẋ2x

4
6 ẋ3 ẋ4 ẋ5 ẋ6x

6
4 ẋ7

Threshold 0.5 0.05 0.5 0.05 0.2 0.5 0.3 0.01 0.5
Data Usage 50% 7.5% 55% 8.5% 0.5% 0.5% 0.3% 40% 0.5%

SINDy-PI
normalized

Left-Hand Side ẋ1 ẋ1x
4
6 ẋ2 ẋ2x

4
6 ẋ3 ẋ4 ẋ5 ẋ6 ẋ6x

6
4 ẋ7

Threshold 0.5 0.5 0.5 0.5 0.6 0.8 0.4 0.1 0.1 0.2
Data Usage 18% 3% 10% 3% 0.45% 0.45% 0.275% 35% 8% 0.4%

implicit-SINDy
normalized

Threshold 5× 10−3 2× 10−3 8× 10−3 8× 10−3 8× 10−3 3× 10−3 8× 10−3

Data Usage 10% 10% 0.5% 0.6% 0.3% 100% 0.5%

The other equations require less data. Normalizing the SINDy-PI library improves data

learning rates as well.

A.3 SINDy-PI and PDE-FIND on Rational PDE Problem

In Sec. 3.2.5, we compared the performance of SINDy-PI and PDE-FIND on a modified

KdV equation. The simulation data is obtained using a spectral method [317] with a time

step of dt = 0.01 and time horizon T = 20, spatial domain L = −25 to 25, and n = 128

spatial discretization points. The library of PDE-FIND is chosen to be

Θ(U,Ux,Uxx,Uxxx) =[1 U Ux Uxx Uxxx U
2
x U

2
xx U

2
xxx UUx

UUxx UUxxx U
2U2

x U
2U2

xx U
2U2

xxx]
(A.2)

and the right-hand side library for the SINDy-PI is chosen to be

Θ(U,Ux,Uxx,Uxxx) =[1 U Ut Ux Uxx Uxxx U
2 U2

t U
2
x U

2
xx U

2
xxx

UUt UUx UUxx UUxxx U
2U2

x U
2U2

xx U
2U2

xxx],
(A.3)
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Table A.3: Parameters used to simulate the double pendulum.
Parameter m1 m2 L1 L2 a1 a2 I1 I2 g

Value 0.2704 0.2056 0.2667 0.2667 0.191 0.1621 0.003 0.0011 9.81

Table A.4: Parameters used to simulate the single pendulum on a cart.
Parameter m L M g

Value 1 1 1 9.81

Table A.5: Parameters Used in Eq. (3.16) for Simulating the Belousov-Zhabotinsky Reaction
Model.

Parameter q f ε α β γ ε2 ε3 χ Dx Dz Ds Du

Value 1 1.5 0.3 0.3 0.26 0.4 0.15 0.03 0 0.01 0.01 1 1

while the left-hand side library is chosen to be

C(U,Ut,Ux,Uxx) = [Ut UUt UUx UUxx]. (A.4)

For both SINDy-PI and PDE-FIND, we used 100 different values for the sparsity pa-

rameter λ ranging from 0.1 to 10 with step size 0.1. We use 80% of the simulation data for

training and 20% for testing and model selection. We calculate the normalized prediction

error for all models on state ut and the model with minimum prediction error is selected

as the final model.

A.4 Parameter Values for Simulations

The parameters for the double pendulum simulation in Sec. 3.3.1 are given in Table. A.3.

The parameters used to simulate the simplified model of the Belousov-Zhabotinsky reac-

tion in Eq. (3.16) are given in Table. A.5.
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A.5 SINDy-PI Models for the Single Pendulum on a Cart

The Lagrangian for the single pendulum on a cart with an input force on the cart is:

L = T − V =
1

2
(m+M)ṡ2 +

1

2
L2mϕ̇2 − Lgm cos(ϕ) + Lm cos(ϕ)ϕ̇ṡ, (A.5)

where m is the mass at the end of the pendulum arm, M is the mass of the cart, L is the

length of the pendulum arm, s is the position of the cart, and ϕ is the pendulum angle.

We do not consider damping in this case. Using the numeric values m = M = L = 1 and

g = −9.81 this simplifies to

L = T − V = ṡ2 +
1

2
ϕ̇2 − 9.81 cos(ϕ) + cos(ϕ)ϕ̇ṡ, (A.6)

The Euler-Lagrange equation of the system are

d

dt

∂L
∂ϕ̇

− ∂L
∂ϕ

= 0,

d

dt

∂L
∂ṡ

− ∂L
∂s

= F,

=⇒
mL2ϕ̈+mLs̈ cos(ϕ)− Lgm sin(ϕ) = 0

(M +m)s̈− F −mL sin(ϕ)ϕ̇2 +mLϕ̈ cos(ϕ) = 0
(A.7a)

where F is the force applied to the pendulum cart. It is possible to isolate ϕ̈ and s̈:

ϕ̈ =
−(F cos(ϕ)−Mg sin(ϕ)−mg sin(ϕ) + Lm cos(ϕ) sin(ϕ)ϕ̇2)

L(M +m sin(ϕ)2)
, (A.8a)

s̈ =
F + Lm sin(ϕ)ϕ̇2 −mg cos(ϕ) sin(ϕ)

M +m sin(ϕ)2
. (A.8b)
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It is possible to write this as a system of four coupled first-order equations

d

dt
ϕ = ϕ̇, (A.9a)

d

dt
s = ṡ, (A.9b)

d

dt
ϕ̇ =

−(F cos(ϕ)−Mg sin(ϕ)−mg sin(ϕ) + Lm cos(ϕ) sin(ϕ)ϕ̇2)

L(M +m sin(ϕ)2)
, (A.9c)

d

dt
ṡ =

F + Lm sin(ϕ)ϕ̇2 −mg cos(ϕ) sin(ϕ)

M +m sin(ϕ)2
. (A.9d)

With the numerical values shown in Table. A.4, this becomes

d

dt
ϕ = ϕ̇, (A.10a)

d

dt
s = ṡ, (A.10b)

d

dt
ϕ̇ =

19.62 sin (ϕ)− F cos (ϕ)− sin (ϕ) cos (ϕ)ϕ̇2

2− cos (ϕ)2
, (A.10c)

d

dt
ṡ =

2F − 9.81 sin (2ϕ) + 2 sin (ϕ)ϕ̇2

2 + 2 sin (ϕ)2
. (A.10d)

Parameters identified by SINDy-PI under different noise magnitudes are presented in

Tables A.6 and A.7.

Table A.6: Parameters identified by SINDy-PI for Eq. (A.10c) under different noise magni-
tudes.

Noise
Magnitude

Value Basis Numerator Denominator

sin (ϕ) F cos (ϕ) sin (ϕ) cos (ϕ)ϕ̇2 Constant cos (ϕ)2

0 19.62 -1 -1 2 -1
0.001 19.618 -1.0005 -0.9999 2 -1
0.005 19.6135 -1.171 -0.9996 2 -0.9997
0.02 19.5881 Not Identified -0.4912 2 -1.0122
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Table A.7: Parameters identified by SINDy-PI for Eq. (A.10d) under different noise magni-
tudes.

Noise
Magnitude

Value Basis Numerator Denominator

F sin (2ϕ) sin (ϕ)ϕ̇2 Constant sin (ϕ)2

0 2 -9.81 2 2 2
0.001 1.9992 -9.816 1.9992 2 1.9992
0.005 1.9982 -9.8015 1.9986 2 1.9986
0.02 2.0705 -9.8234 2.0041 2 2.0041

A.6 SINDy-PI Models for the Mounted Double Pendulum

For a mounted double pendulum system shown in Fig. 3.6 we could have following

parameters: the parameters of the pendulum are center of mass m1 and m2, center of

mass position a1 and a2, arm length L1 and L2, arm inertia I1 and I2, arm rotational angle

ϕ1 and ϕ2, gravity acceleration g. Those values could be seen from Table. A.3. If we

consider friction between the pendulum joint, we could define k1 = 7.2485 × 10−4 and

k2 = 1.6522 × 10−4 as our damping coefficient.It is easy to derive the Lagrangian of the

mounted double pendulum which is given by

L = T − V =(m2((L1 cos(ϕ1)ϕ̇1 + a2 cos(ϕ2)ϕ̇2)
2 + (L1 sin(ϕ1)ϕ̇1 + a2 sin(ϕ2)ϕ̇2)

2))/2+

(m1(a
2
1 cos(ϕ1)

2ϕ̇2
1 + a21 sin(ϕ1)

2ϕ̇2
1))/2 + (I1ϕ̇

2
1)/2 + (I2ϕ̇

2
2)/2− gm2(a2 cos(ϕ2)

+ L1 cos(ϕ1))− a1gm1 cos(ϕ1)

(A.11)

The damping term caused by friction with friction coefficients k1 and k2 is

Ra =
1

2
k1ϕ̇1 +

1

2
k2(ϕ̇1 − ϕ̇2)

2 (A.12)
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The Euler-Lagrange equations with a Rayleigh dissipation term are then:

d

dt

∂L
∂ϕ̇1

− ∂L
∂ϕ1

+
∂Ra

∂ϕ̇1

= 0, (A.13a)

d

dt

∂L
∂ϕ̇2

− ∂L
∂ϕ2

+
∂Ra

∂ϕ̇2

= 0. (A.13b)

The symbolic form of the Eq. (A.13a) is

I1ϕ̈1 + k1ϕ̇1 + k2ϕ̇1 + L2
1ϕ̈1m2 + a21ϕ̈1m1 + L1a2m2 sin(ϕ1 − ϕ2)ϕ̇

2
2

+ L1a2ϕ̈2m2 cos(ϕ1 − ϕ2)− k2ϕ̇2 − L1gm2 sin(ϕ1)− a1gm1 sin(ϕ1) = 0,
(A.14)

and the symbolic form of Eq. (A.13b) is

I2ϕ̈2 + k2ϕ̇2 + a22ϕ̈2m2 + L1a2ϕ̈1m2 cos(ϕ1 − ϕ2)− k2ϕ̇1

− a2gm2 sin(ϕ2)− L1a2m2 sin(ϕ1 − ϕ2)ϕ̇
2
1 = 0.

(A.15)

Using the numerical parameter values in these equations gives

ϕ̈1 + 0.03235ϕ̇1 + 0.323ϕ̈2 cos(ϕ1 − ϕ2) + 0.323ϕ̇2
2 sin(ϕ1 − ϕ2)− 0.006006ϕ̇2 − 37.97 sin(ϕ1) = 0.

ϕ̈2 + 0.02525ϕ̇2 + 1.358ϕ̈1 cos(ϕ1 − ϕ2)− 0.02525ϕ̇1 − 49.94 sin(ϕ2)− 1.358ϕ̇2
1 sin(ϕ1 − ϕ2) = 0.

If we set k1 = k2 = 0 and combine the equations, it is possible to solve for ϕ̈1 and ϕ̈2

ϕ̈1 = (L1a
2
2gm

2
2 sin(ϕ1)− 2L1a

3
2ϕ̇

2
2m

2
2 sin(ϕ1 − ϕ2) + 2I2L1gm2 sin(ϕ1)

+ L1a
2
2gm

2
2 sin(ϕ1 − 2ϕ2) + 2I2a1gm1 sin(ϕ1)− L2

1a
2
2ϕ̇

2
1m

2
2 sin(2ϕ1 − 2ϕ2)

− 2I2L1a2ϕ̇
2
2m2 sin(ϕ1 − ϕ2) + 2a1a

2
2gm1m2 sin(ϕ1))/(2I1I2 + L2

1a
2
2m

2
2

+ 2I2L
2
1m2 + 2I2a

2
1m1 + 2I1a

2
2m2 − L2

1a
2
2m

2
2 cos(2ϕ1 − 2ϕ2) + 2a21a

2
2m1m2)
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and

ϕ̈2 = (a2m2(2I1g sin(ϕ2) + 2L3
1ϕ̇

2
1m2 sin(ϕ1 − ϕ2) + 2L2

1gm2 sin(ϕ2) + 2I1L1ϕ̇
2
1 sin(ϕ1 − ϕ2)

+ 2a21gm1 sin(ϕ2) + L2
1a2ϕ̇

2
2m2 sin(2ϕ1 − 2ϕ2) + 2L1a

2
1ϕ̇

2
1m1 sin(ϕ1 − ϕ2)

− 2L2
1gm2 cos(ϕ1 − ϕ2) sin(ϕ1)− 2L1a1gm1 cos(ϕ1 − ϕ2) sin(ϕ1)))

/(2(I1I2 + L2
1a

2
2m

2
2 + I2L

2
1m2 + I2a

2
1m1 + I1a

2
2m2 − L2

1a
2
2m

2
2 cos(ϕ1 − ϕ2)

2 + a21a
2
2m1m2)).

If we use the values in Table. A.3 we have

ϕ̈1 = (−0.2808 sin(2ϕ1 − 2ϕ2)ϕ̇
2
1 − 0.4136 sin(ϕ1 − ϕ2)ϕ̇

2
2

+ 10.3278 sin(ϕ1 − 2ϕ2) + 38.2984 sin(ϕ1))/(1− 0.2808 cos(2ϕ1 − 2ϕ2)),

and

ϕ̈2 = (1.7390 sin(ϕ1 − ϕ2)ϕ̇
2
1 + 0.2808 sin(2ϕ1 − 2ϕ2)ϕ̇

2
2

− 33.02 sin(2ϕ1 − ϕ2) + 30.9472 sin(ϕ2))/(1− 0.2808 cos(2ϕ1 − 2ϕ2)).

With no noise, SINDy-PI discovers the correct equations. When we add random noise

with magnitude of 0.005, SINDy-PI discovers the following

ϕ̈1 = (−0.2799 sin(2ϕ1 − 2ϕ2)ϕ̇
2
1 − 0.4137 sin(ϕ1 − ϕ2)ϕ̇

2
2+

+ 10.3429 sin(ϕ1 − 2ϕ2) + 38.3117 sin(ϕ1))/(1− 0.2815 cos(2ϕ1 − 2ϕ2)),

and

ϕ̈2 = (1.7392 sin(ϕ1 − ϕ2)ϕ̇
2
1 + 0.2805 sin(2ϕ1 − 2ϕ2)ϕ̇

2
2

− 33.0035 sin(2ϕ1 − ϕ2) + 30.9418 sin(ϕ2))/(1− 0.2813 cos(2ϕ1 − 2ϕ2)).

If we increase the noise magnitude to 0.01 then the SINDy-PI discovered equation
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becomes

ϕ̈1 = (−0.2768ϕ̇2
1 sin(2ϕ1 − 2ϕ2)− 0.4138 sin(ϕ1 − ϕ2)ϕ̇

2
2

+ 10.3676 sin(ϕ1 − 2ϕ2) + 38.3225 sin(ϕ1))/(1− 0.2818 cos(2ϕ1 − 2ϕ2)),

and

ϕ̈2 = (1.7355 sin(ϕ1 − ϕ2)ϕ̇
2
1 + 0.2794 sin(2ϕ1 − 2ϕ2)ϕ̇

2
2 + 0.1675 sin(2ϕ1 − 2ϕ2)

− 33.0445 sin(2ϕ1 − ϕ2) + 31.0065 sin(ϕ2))/(1− 0.2819 cos(2ϕ1 − 2ϕ2)).

If we continue to increase the noise magnitude to 0.05 then SINDy-PI incorrectly identifies

ϕ̈1 = (15.5413 sin(ϕ1 − 2ϕ2)− 2.6396 sin(ϕ1 − ϕ2)− 0.9538 cos(ϕ1 − ϕ2)

+ 35.9971 cos(ϕ1 − 61/40)− 2.4160 cos(ϕ2 − 1149/1000)− 0.0733 cos(2ϕ1 − 2ϕ2)

+ 0.0269 cos(4ϕ1 − 2ϕ2) + 2.3419 sin(2ϕ1 − ϕ2) + 0.5142ϕ̇1 sin(2ϕ1 − 2ϕ2)

− 0.4584ϕ̇2 sin(2ϕ1 − ϕ2)− 0.3807ϕ̇2
2 sin(ϕ1 − ϕ2) + 0.8810ϕ̇1 sin(ϕ1 − ϕ2)

+ 0.9411ϕ̇1 sin(ϕ1 − 2ϕ2)− 0.7664ϕ̇2 sin(ϕ1 − ϕ2) + 1.2026)/(1− 0.4245 cos(2ϕ1 − 2ϕ2)),

and

ϕ̈2 = 70.9 sin(ϕ1 − ϕ2).
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A.7 SINDy-PI Model for the Belousov-Zhabotinsky Reaction

The SINDy-PI discovered PDE for the simplified BZ reaction is

xτ = ∆x+
0.24667x+ 0.33333s+ 0.5z + 3.3333xs− 5.0xz + 2.1333x2 − 3.3333x3

x+ 0.1
,

zτ = 0.01∆z + x+ 0.4u− 1.3z,

sτ = ∆s+ 0.17333r − 0.66667s,

uτ = ∆u− 133.33u+ 100z.

A.8 Inability to Identify Rational Dynamics with SINDy

In this section, we demonstrate that it is not possible to identify rational dynamics with

the original SINDy algorithm, testing it on the Michaelis-Menten dynamics in Eq. (3.12).

We use the same parameters in Sec. 3.2.3. The Taylor expansion of Eq. (3.12) at x = 0 is

ẋ ≈ 0.6− 5x+
50

3
x2 − 500

9
x3 +

5000

27
x4 − 50000

81
x5. (A.16)

Thus, when the trajectory provided for training is close enough to x = 0, SINDy should

identify Eq. (A.16). To verify this, data with x0 = 0.2409 is simulated for 22 time steps with

dt = 0.01. Both the Implicit-SINDy and SINDy-PI algorithms identify the correct model in

Eq. (3.12) with highly accurate parameters. The model identified by SINDy is

ẋ = 0.5914− 4.7387x+ 13.1389x2 − 27.6470x3 + 36.9846x4 − 22.8388x5. (A.17)

Thus, SINDy correctly identifies the first three terms of the Taylor expansion, although the

higher order terms have large parameter errors. This model is compared with the SINDy-PI

and Implicit-SINDy models in Fig. A.1 for a test trajectory initialized with x0 = 0.6. From

Fig. A.1 (a), it can be seen that both SINDy-PI and Implicit-SINDy match the true solution.

However, the SINDy model only agrees for x near the origin. When Gaussian noise of
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Figure A.1: Comparison of the model identified by SINDy, Implicit-SINDy, and SINDy-PI
on Mechaelis-Menten dynamics.

magnitude σ is added, the SINDy model degrades further. Moreover, the amount of data

used needs to be increased to identify the correct model. In Fig. A.1 (b) to (d), 330, 2200

and 4400 data points ranging from 0 to 12 are used for training. The same amount of data

is used for model selection. From Fig. A.1 (b) to (d), it can be seen that the SINDy model

does not work well away from x = 0.

Table A.8: The effect of Km on the noise robustness of SINDy-PI.

Km
Max Magnitude

of Noise True Model Identified Model

0.01 0.001 ẋ = − (0.9x−0.006)
x+0.01

ẋ = − (x−7.6144)(x−5.6092)(x−2.5078)(x−0.0072)
(x−7.6146)(x−5.6125)(x−2.5092)(x+0.0092)

0.1 0.01 ẋ = − (0.9x−0.06)
x+0.1

ẋ = − (x−5.4132)(x−0.0681)
(x−5.4144)(x+0.099)

1 0.05 ẋ = − (0.9x−0.6)
x+1

ẋ = − (x−4.7143)(x−0.6726)
(x−4.7159)(x+0.9698)

10 0.1 ẋ = − (0.9x−6)
x+10

ẋ = −0.99x−6.583
x+11.07

A.9 Robustness of SINDy and SINDy-PI

The robustness of SINDy-PI to noise depends on a number of factors, including the

the length of the data, which initial conditions are chosen to generate the data, the model

parameters, the order of the polynomial terms in the model, etc. The relative impact of all

of these factors varies with the system we are studying.
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In general, training data that explores more of the phase space will result in a more ro-

bust model discovery process. Generally speaking, data that results in a better-conditioned

Θ matrix will provide more robust results. Several studies have explored strategies to

improve the robustness, with Wu and Xiu suggesting the use of a large ensemble of initial

conditions [305]. Exciting transients is also important [180].

Another key factor that affects the condition number of Θ is the number of library

elements, which is determined by the order for a polynomial library. Including higher-order

terms increases the condition number, making it more difficult to accurately disambiguate

which nonlinear term is responsible for the observed behavior. The library size scales

exponentially with the maximum polynomial order.

Noise robustness is also affected by the model parameters. Smaller parameters in Ξ are

more likely to be removed during thresholding, making the procedure less robust to noise.

To illustrate this, we change the parameter Km in Eq. (3.12) and test the maximum noise

SINDy-PI can handle. We set Km equal to 0.01, 0.1, 1 and 10 separately. We generate the

training data with 120 random initial conditions ranging from 0 to 10. Each initial condition

is simulated until T = 5 with dt = 0.01, and the same magnitude of Gaussian noise is

added. TVRegDiff is used to calculate the derivative, and the first and last 30% percent of

data is discarded due to aliasing effect. The testing data is generated using the same process

and the ratio of training and testing data is 1 : 1. The model and maximum magnitude

of noise allowed for each values of Km is summarized in Table A.8. These results suggest

that as Km increases, the maximum noise SINDy-PI can handle also increases.
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Appendix B

APPENDIX FOR CHAPTER 4

B.1 Algorithm for Simultaneously Denoising and Learning System Model

Algorithm 1: Modified SINDy
Input: Y, Θ(∗), dt, λ, Nloop, ω

Output: Ξ, N̂

/* Initialize the value of N̂ */

if SoftStart then

N̂ = Y − smoothSignal(Y) // If the soft start is true, the estimated

value of noise is obtained by pre-smoothing the noisy signal.

else

N̂ = zeros(size(Y)) // Else, the estimated value of noise is initialized

using zero matrix.

/* Initialize the value of Ξ */

X̂ = Y − N̂.

Calculate ˙̂X using X̂.

Ξ = SINDy( ˙̂X,Θ(X̂), λ).

/* Simultaneously denoising and learning system model */

while k < Nloop do
Optimize L(Ξ, N̂) shown in Eq. (4.10).

(|Ξ| < λ) = 0. // Constrain the elements in Ξ whose absolute value

smaller than λ as zero during the rest of optimization.

X̂ = Y − N̂. // Get new estimate of true state.

Calculate ˙̂X using X̂. // Get new estimate of true derivative.

(|Ξ| ≠ 0) = Θ(X̂)\ ˙̂X. // Regress the dynamics on terms in Ξ that are not

constrained as zero.
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B.2 Effect of Thresholding Parameter λ

Thresholding parameter λ is the most important parameter to tune in modified SINDy.

The parameter λ will determine the sparsity of the model structure. It’s effect can be

seen in Fig. B.1. In Fig. B.1, Lorenz equation is simulated with [−5.0, 5.0, 25.0], dt = 0.01,

and T = 25. 10% of Gaussian noise is added and Adam optimizer with learning rate

of 0.001 is used to denoise the signal. Nloop is set to 8 and different values of λ is used.

For each λ, the numerical experiments is performed 10 times to calculate the median and

distribution of the error as shown in Fig. B.1. Fig. B.1 suggests that the value of λ must

be properly tuned. If the value of λ is too small, the sparsity constraint will not be strong

enough to enforce the correct model to be found. Moreover, Ξ and N̂ will easily get stuck

in the local minimum. If the value of λ is too large, the correct terms can be wrongly

eliminated and the resulting model structure will be wrong. If the model structure is

wrong, there will be huge difference between the identified noise N̂ and true noise N. To

avoid swiping different values of λ, our proposed method can be easily modified to use

the stepwise sparse regression (SSR) approach [200]. However, the use of SSR approach

and its performance is not in the scope of this paper.

B.3 Effect of Prediction Step q

Fig. B.2 shows the effect of the prediction step q on the performance of NN denoising

approach by Rudy et al. [318] and modified SINDy approach. The chaotic Lorenz system is

used for comparison. The Lorenz attractor is simulated by setting x0 = [−5, 5, 25], T = 25,

and dt = 0.01. The noise level is set to 10% to generate noisy data. Each prediction step

is run for 10 times to calculate the median of the error. Adam optimizer, with a learning

rate of 0.001 is used to perform the optimization. Nloop is set to 3. Fig. B.2 suggests that the

performance of modified SINDy is not hugely affected by the prediction step q. However,

for the NN denoising approach shown in [318], there exist some value of q to achieve

optimal performance. Fig. B.2 also suggests the computational time of both approaches
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Figure B.1: This figure shows how the choice of sparsity parameter λ will effect modified
SINDy performance. If λ is too small, modified SINDy will not converge to the correct
model in a short range of time and will be stuck in the local minimum. On the contrary, if
the sparsity parameter is too large, the identified model will miss the necessary term to
build the correct model. Thus, the value of λ needs to be tuned properly to determine the
accurate model.

increase linearly as the value of q increase. Thus, q can be chosen as a small value to save

the computational time when using modified SINDy without sacrificing too much of the
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Figure B.2: Left: The value of noise identification error, prediction error, and vector field
error of NN denoising approach by Rudy et al. [318] and modified SINDy (labeled as
SINDy) are shown as the value of q changes. In (a) to (d), the black circle shows the median
of the error of 10 runs while the violin shape represents the distribution of calculated result.
Mid: The average of true noise and identified noise of modified SINDy and NN approach is
shown for four different prediction steps. Right: The comparison of the simulated and true
trajectory of modified SINDy and NN identified model is shown. The simulated trajectory
uses x0 = [−5, 5, 25] and dt = 0.01. The model is simulated for 3 seconds. It could be seen
that modified SINDy has better performance in this case. All the computation is performed
on RTX 2080 GPU, with 32GBs of RAM and AMD Ryzen 7 2700X Processor.

performance.
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Figure B.3: Top Left: As the number of optimization loop increases, the noise identification
error asymptotically decreases and converges to the optimal value. The black circle
indicates the median of 10 runs while the violin shape represents error distribution. Top
Right: As the number of loop increases, the vector field error gradually converges to a
certain value. Bottom: The average of the identified noise and true noise is shown for four
different choice of optimization loops. As the number of loop increases, the differences
between the true noise and identified noise is minimized.

B.4 Effect of Optimization Iteration Nloop

The parameter Nloop determines how many times the thresholding optimization is

performed. Fig. B.3 shows the effect of Nloop on the noise identification error and vector

field error using Lorenz attractor as an example. The system is simulated by setting

x0 = [5, 5, 25], T = 25, dt = 0.01, and q = 3. Adam optimizer, with a learning rate of 0.001,

is used to optimize the problem. Fig. B.3 suggests the performance of modified SINDy will

gradually converge in the end.

B.5 Noise Robustness Comparison with SINDy

This section shows the noise robustness comparison of SINDy [180] and modified

SINDy using Van der Pol oscillator, Lorenz attractor, and Rössler attractor. Fig. B.4 shows
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Figure B.4: The maximum level of noise SINDy and modified SINDy can handle to generate
the correct model structure is shown. Tikhonov regularization approach is used to pre-
smooth the noisy data. It can be seen that the modified SINDy is about 2 times more robust
than original SINDy [180].

the maximum noise percentage each algorithm can handle to generate the correct model

structure. For each noise level, 5 different noisy data sets are generated and provided to

both approaches. If the tested algorithm fails to identify the correct model structure for any

noisy data sets at a given noise level, we will assume it is not robust to noise at this level.

For SINDy, the derivative is computed using finite difference, and we show the effect of

pre-smoothing the noisy data on its performance. Note that no smoothing is applied for

modified SINDy. The clean data for Lorenz attractor, Van der Pol oscillator, and Rössler

attractor is generated the same way shown in Sec. 4.3.2, Sec. 4.4.1, and Sec. 4.4.2. For

SINDy, the sparsity parameter λ is chosen as a hundred uniformly distributed values from

0.01 to the minimum of true parameters’ absolute value. For modified SINDy, q = 1 and

Nloop = 8 are used for all examples shown in Fig. B.4. Table. B.1 shows other parameters

we used for modified SINDy. Note that it is possible to make modified SINDy work at a

higher noise level by tuning its parameters. However, swiping various parameters is quite
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Table B.1: Parameters used for modified SINDy in Fig. B.4 under maximum noise it can
tolerate. The constant term is included when building the library for Rössler attractor
and Lorenz 96 model but not for other examples. The parameter error is calculated using
Eq. (4.14).

Model Noise
Percentage

Library
Order

Random
Seed 0 1 2 3 4

Lorenz 30% 2
λ 0.3 0.2 0.3 0.1 0.1

Parameter
Error 0.0046 0.051 0.031 0.032 0.077

Max Adam
Iteration 10000 15000 15000 15000 15000

Rössler 40% 2
λ 0.1 0.22 0.22 0.1 0.1

Parameter
Error 0.021 0.059 0.022 0.0062 0.020

Max Adam
Iteration 15000 15000 15000 15000 15000

Van der Pol 30% 3
λ 0.1 0.22 0.22 0.1 0.1

Parameter
Error 0.053 0.039 0.014 0.011 0.041

Max Adam
Iteration 15000 15000 15000 15000 5000

Lorenz 96 40% 3
λ 0.1 0.15 0.09 0.215 0.1

Parameter
Error 0.015 0.015 0.016 0.034 0.0075

Max Adam
Iteration 7000 7000 10000 10000 5000

computationally heavy for modified SINDy. Thus, the maximum noise level modified

SINDy can tolerate in Fig. B.4 is a lower approximate.

B.6 Noise Robustness Comparison with Weak-SINDy

This section shows the noise robustness comparison of Weak-SINDy [233] and modified

SINDy using Lorenz attractor as an example. The Lorenz attractor is simulated by setting

x0 = [5, 5, 25], T = 25, dt = 0.01 and dt = 0.001. For both approaches, the library is

constructed using up to second order terms (without constant term). Different percentage
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of noise is added to the clean data to generate noisy training data. The parameter error

and success rate is computed for both approaches. For modified SINDy, Adam optimizer

with learning rate of 0.001 is used to perform the optimization. The sparsity parameter

is chosen as λ = 0.1 for most of the time. If the modified SINDy can not produce the

correct result, λ = 0.15 is used instead. When dt = 0.01 we pre-smooth the data using

approach mentioned in Sec. 4.3.2 and no pre-smoothing is done when dt = 0.001. For

Weak-SINDy, when dt = 0.01, 200 test functions with polynomial order of 14 are used. The

width-at-half-max parameter rwhm = 8, and the support size s = 31. When dt = 0.001,

1000 test functions with polynomial order of 2 are used. The rwhm = 16, and s = 30.

30 different sparsity parameters evenly ranges from 0 to 0.95 are used, each generates

a different candidate model for Weak-SINDy. The final model we used to calculate the

parameter error for Weak-SINDy is the model that has correct structure (with only correct

terms are selected from the library). If the Weak-SINDy fails to produce the model with

correct active terms, the model that predicts the test data best is used to calculate the

prediction error, and the test data is generated using initial condition x0,test = [−10, 10, 15]

and simulated with T = 25 and dt = 0.01. The final comparison result of the best model

generated by Weak-SINDy and modified SINDy can be seen in Fig. B.5. Although Fig. B.5

suggests the modified SINDy has better performance in high noise scenarios, it does have

higher computational cost. When using a second order library and the above mentioned

parameters, the Weak SINDy takes 0.073 second to compute the selection matrix Ξ̂ for a

given sparsity parameters λ. On the other hand, modified SINDy takes around 35 seconds

to compute Ξ̂ for a given sparsity parameters while Nloop = 3 and q = 1. Thus, Weak SINDy

is two orders of magnitude faster than modified SINDy. Compared to backslash operation

(Matlab’s mldivide) used in Weak SINDy, the ADAM optimizer used in modified SINDy

is slow. Our future work includes speeding up the modified SINDy calculation speed.
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Figure B.5: This figure shows noise robustness comparison of modified SINDy and Weak-
SINDy using Lorenz attractor as an example. The effect of noise on the parameter error
and successful identification rate is compared for both approaches. As it shows in the
figure, Weak-SINDy and modified SINDy has almost the same accuracy when dt = 0.001.
However, when dt = 0.01, the modified SINDy has a slightly higher success identification
rate.

Table B.2: Parameters used in Fig. 4.8

Models Initial Condition Library Order Learning Rate T q λ

Van der Pol [−2, 1] 3 0.001 10 1 0.05
Duffing [−2,−2] 3 0.001 25 1 0.05
Cubic [0, 2] 3 0.001 25 1 0.08

Lotka-Volterra [1, 2] 3 0.001 10 1 0.2
Lorenz [5, 5, 25] 2 0.001 25 3 0.1,0.15
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B.7 Parameters Used in Fig. 4.8

In this section, the models used to simulate the system in Fig. 4.8 are listed. The model

used for simulating the Duffing oscillator is

ẋ = y,

ẏ = −p1y − p2x− p3x
3,

(B.1)

with p1 = 0.2, p2 = 0.1, and p3 = 1. The model used for simulating the Cubic oscillator is

ẋ = p1x
3 + p2y

3,

ẏ = p3x
3 + p4y

3,
(B.2)

with p1 = −0.1, p2 = 2, p3 = −2, and p4 = 0.1. The model used for simulating the

Lotka-Volterra system is

ẋ = p1x− p2xy,

ẏ = p2xy − 2p1y,
(B.3)

with p1 = 1 and p2 = 0.5. Other parameters used for training the modified SINDy is

summarized in Table. B.2. For all examples, Nloop = 5 and dt = 0.01.

B.8 Tips on Learning Non-Zero Mean Noise

As Sec. 4.4.4 suggests, learning non-zero mean noise distribution is much harder than

learning the zero-mean noise distribution. To achieve better performance on the non-zero

mean noise distribution, we propose an iterative learning approach. This approach can

be summarized as follow: 1. Apply modified SINDy to the noisy data, briefly learn the

distribution of noise. 2. Subtract the mean of learned noise from the noisy measurement,

and use the new data to perform the learning. 3. Repeat the step 2 until the result converges

and the correct model is found. The Van der Pol oscillator is used to illustrate this approach,

and the clean data is generated the same way in Sec. 4.4.1. 20% of Gamma noise is added to
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Figure B.6: Iterative learning process is shown to tackle the non-zero mean noise distribu-
tion. By using this iterative process, modified SINDy can tackle noise distribution with
non-zero means.

create the noisy data. The parameters are set as q = 2, and λ = 0.15. Fig. B.6 demonstrate

this approach. However, there’s no guarantee that this approach will work when the bias
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Table B.3: The identified noise distribution versus the true distribution. For Gamma
distribution, the parameter k represents shape and θ represents the scale.

True
Distribution State True

Parameter
Identified

Distribution
Identified

Parameters

Gaussian x µ = 0, σ = 0.1413 Gaussian µ̂ = 0.003, σ̂ = 0.1451
y µ = 0, σ = 0.1439 Gaussian µ̂ = 0.009, σ̂ = 0.1439

Uniform x µ = 0, σ = 0.1413 Uniform µ̂ = −0.0717, σ̂ = 0.1438
y µ = 0, σ = 0.1439 Uniform µ̂ = −0.0729, σ̂ = 0.1466

Gamma x
k = 1, loc = 0, θ = 0.1413

µ = 0.1413, σ = 0.02
Gamma k = 3.2714, loc = −0.095, θ = 0.0722

µ̂ = 0.1409, σ̂ = 0.0211

y
k = 1, loc = 0, θ = 0.1439
µ = 0.1439, σ = 0.021

Gamma k = 10.49, loc = −0.3105, θ = 0.0432
µ̂ = 0.1419, σ̂ = 0.0217

Dweibull x
c = 2.07, loc = 0,

scale = 0.1413
Dweibull ĉ = 2.064, loc = 0.8× 10−5,

scale = 0.1408

y
c = 2.07, loc = 0,

scale = 0.1439
Dweibull ĉ = 2.048, loc = −2.8× 10−5,

scale = 0.1438

Rayleigh x µ = 0.1775, σ = 0.0085 Rayleigh µ̂ = 0.1775, σ̂ = 0.0085
y µ = 0.1779, σ = 0.0086 Rayleigh µ̂ = 0.1779, σ̂ = 0.0086

of noise is too large, learning the non-zero mean noise is quite hard and careful tuning is

needed. We find out using the soft start approach will also help the denoising of non-zero

mean noise.

B.9 Identifying Noise Distribution Type

When the noise is identified, it might be interesting to learn what type of distribution the

noise follows. To illustrate this, the Van der Pol oscillator shown in Eq. (4.17) is simulated

with initial condition [−2, 1], T = 50, and dt = 0.001 (for Gamma and Rayleigh noise

distribution, dt = 0.01). Next, 10% of noise is added to the simulation data to generate

the noisy data. The noisy data is provided to modified SINDy to learn the dynamics and

identify the noise added to the signal. We set q = 2, λ = 0.15 (λ = 0.2 for Gamma noise).

Adam optimizer with learning rate equals to 0.001 is used, and the library order is set to 3.

For all cases, the modified SINDy correctly identified the model. As Table. B.3 shows, five

different noise distributions is used to generate the noisy data. After the noise is identified,
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the distribution of noise is fitted into seven candidate noise distributions, which are normal

distribution, uniform distribution, Gamma distribution, Dweibull distribution, Rayleigh

distribution, Cauchy distribution, and Beta distribution. Next, the sum of the square errors

between the N̂ and the fitted distribution is calculated, and the distribution that produces

the lowest error is selected as the identified noise distribution. Notice that when there’s not

enough data provided, it is totally possible that other kinds of distribution is misidentified

as the true underlying distribution of noise. The study of how many data points is needed

to identify the correct distribution is beyond the scope of this paper. The final result can be

summarized in Table. B.3.

B.10 Caveats of the Approach

This section provides some tips on using modified SINDy.

1. Properly design the library: Building the correct library for the regression is the most

important part of this algorithm. If the library does not contain the terms included in

the actual dynamics, the algorithm will fail to produce the correct noise and system

model. Thus, whenever possible, one should include any prior information of the

dynamics to build the library. In general, the library needs to be large enough to

include all the terms that show up in the dynamics, and at the same time small

enough to ensure the robustness. The best way to design the library is an open

problem in the SINDy framework. When designing the library, one should use

as much expert knowledge as possible. Usually, when some expert knowledge of

the system is known, it can help user avoid unnecessary higher order terms. For

example, when the signal is obtained from planetary system, then one might set the

highest order of the library to 3, since cubic term shows up in the Newton’s universal

law of gravitation. When this kind of expert knowledge is known, usually physical

law governing the dynamic, it can give us some idea on how to pick the highest

polynomial term. When there’s no expert knowledge available, we advise the reader
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start with simple second order library and see how the identified model performs.

If the performance of the model is not ideal, then use one order higher library until

the well performed model is identified. However, keep in mind that using a really

high order library will make the optimization numerically sensitive, and at the

same time increases computational burden, as Fig. B.7 shows. Do not expect the

modified SINDy will work on a library with hundreds or thousands of terms, it will

break if the library is too large. For example, when using the Lorenz example with

above 20% noise, the maximum order of the library modified SINDy can handle is

4 (about 34 terms). This happens since the higher order terms in the library will

tend to mess up the forward and backward simulation and producing the nan cost,

making the optimizer fails. To leverage this, one can try to decrease the learning

rate of the optimizer, pre-smooth the data, get better initial estimate of Ξ, reduce the

library size, or set optimization parameters type as float64. Moreover, whether the

constant term 1 should be included is case-specific. If the actual dynamics do not

have a constant term and the measurement noise is non-zero mean or has significant

outliers, including the constant basis in the library will make modified SINDy get

stuck at the local minimum more easily. It is advised that the user tries both the

library with and without constant basis.

2. Initial guess of N̂ and Ξ: Having a good initial guess of the estimated noise N̂

and estimated selection parameter Ξ can improve the condition of the optimization

problem and allowing us tackle harder problem with more library terms. If possible,

the initial values of N̂ can be obtained by pre-smoothing the noisy signal, which will

provide a good start for the optimization problem, and it is also good for estimating

Ξ. If no other information is given, the initial guess of the N̂ can be set as zeros.

3. The choice of Ntrain and Nloop: The proper choice of parameter Ntrain and Nloop is

also important for the successful identification of the system. The parameter Ntrain

determines how many times the gradient descent step is applied. It also determines
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Figure B.7: This figures shows the computational time needed to run the ADAM optimizer
for 5000 iterations with different numbers of candidate functions. The Lorenz attractor is
used as an example, with T = 25, dt = 0.01, and noise level set to 20%. This computation is
performed 8 times for each number of candidate functions. When the number of candidate
function is 9, it corresponds to second order library, and when the number of candidate
function is 34, it corresponds to fourth order library. As it shows, the computational time
increases almost linearly with the number of candidate terms in the library.

after how many gradient descent steps should the sparsity constraint be applied to Ξ.

For the examples used in this paper, a good choice is Ntrain = 5000, when the learning

of ADAM is set to 0.001. As for Nloop, it should be a sufficiently large number that

make sure the final answer converges. As seen in Fig. B.3, after 8 iteration of loops,

the noise identification error and vector filed error converged. This indicates a good

choice of Nloop is the one that drives the noise identification error or vector filed error

below certain user define threshold or makes the error indicator converge. Moreover,

when the noise level is high, Nloop should also be set higher. For all the examples

used in this paper, Nloop = 8 is a good choice.

B.11 Global Minimum of Cost Function Eq. (4.9)

The cost function shown in Eq. (4.9) has multiple global optimum solutions capable of

achieving the optimum cost L = 0. Moreover, as the dimensionality of the free parameters

N̂ and Ξ exceeds the dimensionality of the data Y, the optimization problem is ill-posed.

Here, we summarize several global optimal solutions of Eq. (4.9):

• The global optimum can show up if we can pick N̂ + C = Y, which will result
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X̂ = Y − N̂ = C, where C is a constant. Thus, when picking Ξ = 0, we can obtain

a trivial solution that achieve the global optimum. In this case, the structure of the

identified model is the sparsest. To completely avoid this solution, one can add

additional penalty on the noise, such that it penalize N̂ to have large magnitude and

avoid N̂ = Y. However, in practice we end up not adding this penalty term in our

final optimization problem. We did this for several reasons:

1. It help us avoid adding additional tuning parameters which will make choosing

the correct hyper parameter difficult.

2. Usually, the thresholding parameter λ is picked so that it is smaller than the

maximum value of Ξ. Thus, it is unlikely to generate Ξ̂ = 0.

3. Moreover, the initial guess of N̂ is picked as zero or other values that is close

to true N (when using warm start). Thus, this initial guess of N̂ is quite small

compared to the magnitude of Y, which means sufficiently large iterations is

needed to achieve N̂ = Y when using ADAM optimizer. This indicates it is

more natural for N̂ converge to N rather than Y.

We recreated this situation in Figure. B.8. To generate this global optimum, we used

Lorenz system with second order Polynomial library. The noisy data set is generated

by using initial condition x0 = [5, 5, 25], dt = 0.01, T = 25, and 20% of Gaussian noise

(using random seed 4). We picked our thresholding parameter λ = 20 so that we

enforces Ξ̂ = 0. Then we used ADAM optimizer with learning rate 0.001 to solve

the optimization problem with Nloop = 16 and Niter = 5000. As Fig. B.8 shows, when

enforcing Ξ̂ = 0, we have N̂ = Y +C. Note, to generate this result, we did not add

penalty term on the magnitude of noise.

• The second global optimum is the true system we wish to identify. For example,

when N̂ = N, we have X̂ = Y − N̂ = X. Thus, if we can pick the correct selection
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Figure B.8: This figures illustrates one of the global minimum solution to Eq. (4.9). As we
can see, the estimated noise N̂ differs from the noisy measurement Y by a constant value
C. This solution along with Ξ̂ forms one of the global optimum of cost function Eq. (4.9).
This solution is unlikely to happen as long as Ξ̂ is not zero or an additional penalty term
on N̂ is added to the cost function Eq. (4.9).

vector Ξ̂ = Ξ, we will achieve zero cost value. This solution is what we are looking

for.

• The third case is more interesting, and we find out it tends to happen when the noise

added to the system is extremely high (for example 40% to 100% of noise). In this

case, our final solution will tend to converge to a "sister system" that has similar

behavior to the actual system.

For example, suppose we are using a polynomial library, and we wish to identify

the Lorenz system given its noisy simulation data with 50% Gaussian noise added.

The noisy data set is generated by using initial condition x0 = [5, 5, 25], dt = 0.01,

T = 25, and the Gaussian noise is generated using random seed 5. We picked our

thresholding parameter λ = 0.1 and ADAM optimizer with learning rate 0.001 to

solve the optimization problem with Nloop = 8 and Niter = 5000. As Fig. B.9 shows,

then final denoised system converged to a "sister system" that has similar behavior to
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the original Lorenz system, with final cost value 0.001679. In this case, the identified

system is

ẋ = −1.26x+ 7.87y − 0.243xz,

ẏ = 24.33x− 0.951xz + 0.787y,

ż = 0.932xy − 2.58z,

(B.4)

with EN = 1.15, Ef = 0.0186, and EF = 0.436. This example suggests that it is

possible to find out a Ξ̂ ̸= Ξ and N̂ ̸= N, such that the final cost value is still close to

zero, which suggests the optimization problem in Eq. (4.9) without regularization

term can theoretically have infinite global optimum. In other words, for any constant

value of Ξ̂, there exist a unique N̂ that makes the cost function in Eq. (4.9) equals to

zero.

In practice, we find out the third global optimum tends to show up when the noise-

signal ratio is high (usually above 40%). Moreover, in this case, the identified noise

tends to have a slightly larger magnitude than the true noise, as Fig. B.9 illustrates.

Thus, when dealing with highly corrupted measurement data, it is recommended the

reader add a L2 regularization term on the estimated noise magnitude to avoid the

this type of global optimum. When the noise-signal ratio is low (under 30% for all

the example we used in this paper), we find out this type of solution does not show

up as long as the correct thresholding parameter is picked, we believe this is due to

the initial guess of Ξ̂ and N̂ is good enough to avoid this type of solution.

To summarize, the optimization problem shown in Eq. (4.9) has multiple global

optimum solution. When the noise-signal ratio is low and the initial guess of Ξ̂ and

N̂ is good enough and proper thresholding parameter λ is picked, the final solution

will converge to the true dynamics and noise. Moreover, it is recommended to add

noise regularization term when the added noise is too high. The effect of additional

regularization term on the performance of approach, and the proper way to tune this

regularization term is beyond the scope of this paper.
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Figure B.9: This figures illustrates the third type of global minimum solution to Eq. (4.9).
Left: Even though the denoised signal does not perfectly match the underlying Lorenz
system, its overall behavior resembles it. Middle: The simulation result of identified system
shown in Eq. (B.4). Even though there’s model discrepancy between the identified system
and true system, the identified system still captures the shape of the Lorenz attractor. The
identified system is simulated using initial condition x0 = [5, 5, 25], with dt = 0.01 and
T = 25. Right: The distribution of identified noise and true noise. It can be seen that the
identified noise has larger magnitude than the ground truth, which suggests adding a
noise magnitude regularization term can help us converge to the true system.

B.12 Calculation of the derivative term ed

The derivative error shown in Eq. (4.3) and Eq. (4.9) are calculated using five-point

stencil approach throughout the paper. Given an estimated state vector X̂ ∈ Rm×n, the

derivative is calculated as

˙̂X =
−X̂[5 : end, :] + 8X̂[4 : end− 1, :]− 8X̂[2 : end− 3, :] + X̂[1 : end− 4, :]

12dt
, (B.5)

where [i : j, :] represent the matrix slicing. The resulting derivative estimation term will

have shape ˙̂X ∈ Rm−4×n. Thus to calculate the derivative error ed, we discard the first and

last two rows of matrix X̂ so that the dimension of ˙̂X match with Θ(X̂[3 : end− 2, :])Ξ ∈
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Table B.4: This table shows the denosing performance difference of using Eq. (4.9) and
using Eq. (4.9) without derivative term ed on Lorenz example with 40% of noise.

Terms Cost Functrion: Eq. (4.9) Cost Function: Eq. (4.9) without ed
Ef 0.00259 0.0011
EN 0.271 0.1975
EF 0.003 0.00136
Ep 0.01259 0.0158
ẋ −9.7206x+ 9.796y −9.673x+ 9.759y
ẏ 27.828x− 1.032y − 0.988xz 28.275x− 1.089y − 1.003xz
ż −2.729z + 1.059xy −2.678z + 1.033xy

Rm−4×n.

It is also worth noting that the simulation error es already constraints the derivative

error ed. In other words, when minimizing the simulation error es, the derivative error is

also minimized, since es utilize the right-hand side of system dynamics Θ(X̂)Ξ. Thus, we

find out dropping the derivative error term ed from the cost function Eq. (4.9) does not

affect the overall performance of the approach. To illustrate this, the Lorenz attractor is

simulated using dt = 0.01, T = 25 with initial condition x0 = [5, 5, 25]. Then 40% of noise

is added to the simulation data to generate noisy measurement. Next, ADAM optimizer

is used with following parameters to optimize the cost function shown in Eq. (4.9). The

parameters used is q = 1, Ntrain = 5000, Nloop = 8, learning rate is set to 0.001, and the

order of library is 2. Next, the same parameters is used to minimize the cost function

without the derivative error term. The final result yield by using two cost function can

be seen in Table. B.4. Note that EF is calculate by simulating the identified system using

initial condition x0 = [5, 5, 25], dt = 0.01 and T = 3. As Table. B.4 suggests, dropping the ed

term from the cost function Eq. (4.9) does not change the final result too much. Moreover,

the Ef , EN, and EF error got slight improvement. We believe this happens since dropping

the ed term from the cost function avoids the numeric derivative approximation error.
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Appendix C

APPENDIX FOR CHAPTER 6

C.1 Real-Time System Using Simulink Desktop Real-Time

Besides using the Speedgoat Real-Time machine and Simulink Real-Time, it is possible

to use a low-cost alternative as the Real-Time system. This solution uses the National

Instrument Data Aqcusition (DAQ) device PCIe-6341 as the data collection device (I/O

module). PCIe-6341 can read up to four quadrature encoders at the same time. Moreover,

it has multiple digital I/Os and analog I/Os. For more details on the device specification,

please check the user manual. In this setup, the sensors are connected to the National

Instrument terminal connector SCB-68A. Then, the terminal connector and DAQ are con-

nected using cable SHC68-68-EPM. This connection completes the sensor data acquisition

task. To read sensor signals in real-time and send control command (analog signal) to

the motor drive (velocity mode), the Simulink Desktop Real-Time is used as the real-time

operating system. In this case, only one computer is needed to develop the user program

and perform real-time control. This real-time system setup has been tested in our previous

paper [178]. When using Simulink Desktop Real-Time, the real-time program only runs on

a single core instead of multi-cores as Simulink Real-Time does. This drawback decreases

the maximum sampling frequency of the Simulink Desktop Real-Time setup. Our previous

experiments show the maximum sampling rate in pure data-collection mode is around

5kHz when using Simulink Desktop Real-Time with the host machine we mentioned in

Sec. 6.5. The maximum sampling rate of the double pendulum stabilization task (using

time-varying LQR and Kalman filter) is around 2kHz in this case.
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C.2 Pendulum Arm Details

C.2.1 Design Details

An overview of our pendulum arm’s design is described in section 6.3. Here, we

describe the design of the pendulum arm in more detail. The main components of the

pendulum arm are: 1) pendulum body, 2) shaft, 3) bearing plate, and 4) 3D printed

protection case. The overall structure of the pendulum arm is determined by how it

transmits the rotational information measured by the encoders. In our design, a slip-ring

sends the encoders’ electrical signals (mainly the A-, B-, and I-channel signals) to the real-

time system, and conducts currents to the encoder sensors on the rotational component.

The slip-ring design introduces friction on the contact between the slip-ring shaft and

brush block. To minimize this additional effect of friction, a miniature slip-ring and slip-

ring brush are used with gold contact surfaces that reduce the electrical noise during the

rotational movement of the pendulum arm. Other designs based on vision tracking or

wireless technology to measure the pendulum arm rotational angle could avoid these

additional friction effects. However, the slip-ring design is simple and does not have

latency in the signal transmission that occur in vision-based and wireless communication

type pendulum arms. Also, no additional computational resources are needed to determine

the rotational angle of the pendulum compared to vision-based tracking systems. This

characteristic is particularly beneficial for achieving higher sampling rates. The challenge

of using a slip-ring is that it requires precision machining of the pendulum shaft. Moreover,

the slip-ring has a fixed number of channels to transmit signals. This may reduce the

flexibility of the setup if new sensors (e.g. an inertial measurement unit (IMU) sensor) are

required for future experiments. To accommodate the slip-ring and to connect it with the

sensors, the first and second pendulum arm’s shaft is designed to be hollow, as shown in

Fig. C.1. As the first pendulum arm shaft takes most of the static and dynamic load, it has

a larger diameter than the second and third pendulum arm shafts. Moreover, to minimize

the axial oscillation of the pendulum arm, a thread is machined on the first pendulum
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Figure C.1: Design of the bearing plate and pendulum arm’s shaft. The bearing can be
installed on the bearing plate and together support the free rotational movement of the
pendulum shaft and pendulum arm. The pendulum arm’s shaft is designed hollow to
accommodate the slip-ring wires. The groove on the bottom of the pendulum shaft is used
to place guide the slip-ring wires into the pendulum arm.

shaft such that the axial load of the pendulum arm is adjustable. When more axial force is

applied, we can reduce the axial oscillation of the pendulum arm.

The slip-ring wires enter the pendulum arm through a small hole on the front side of

the pendulum arm, near the position where the pendulum shaft is mounted, as shown in

Fig. C.2 (A). The slip-ring wire enters the pendulum arm through this hole and connects

with the encoder located on the backside of the pendulum arm. The groove in Fig. C.2 (A)

is aligned with the groove on the pendulum arm’s shaft, as shown in Fig. C.1. Together,
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they guide the slip-ring wire and provide space to store it and avoid the cable to stick out

of the front face of the pendulum arm. To properly manage the slip-ring wires inside the

pendulum arm, a 3D printed cable clip is designed, shown in Fig. 6.4 (B). This cable clip

holds the slip-ring wire to its place and prevents twining of the slip-ring wire. To reduce

the weight of the pendulum arm, several holes are drilled near the shaft hole, indicated in

Fig. C.2 (B). Moreover, two holes on the side of the pendulum arm facilitate the installing

of the encoder disk on the pendulum shaft, shown in Fig. C.2 (C). In Fig. C.2 (C), the stair

case shoulder is shown that properly secures the bearing that is installed on the pendulum

arm. This stair case shoulder is not needed in the third pendulum arm since no other

pendulum arm is attach to it, shown in Fig. C.2 (D).

Ceramic bearings are used to minimize the friction during the rotational movement.

They are installed on the bearing plate shown in Fig. C.1 and the pendulum arm shown in

Fig. C.2. The great advantage of the ceramic bearing is that it operates without lubrication,

effectively decreasing the drag force caused by lubricants. Moreover, a bearing without

sealing is used to further reduce the friction force, since the pendulum setup is used in

a clean lab space. Thus, special care must be taken when assembling and dissembling

the pendulum arm to ensure that no dust or chips enter the bearing during the process.

Two bearings are used to fully support the rotational movement of the pendulum arm.

Moreover, the bearings are aligned by connecting the bearing plate and pendulum arm

body together. Together, they form a bearing housing where the shaft is installed. To

make sure the pendulum shaft does not slide out during the rotational movement of the

pendulum arm, external retaining rings are used to secure the pendulum shaft. To install

the external retaining rings, grooves are machined onto the top of the second and third

pendulum arm shafts, shown in Fig. C.1.
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Figure C.2: Design of the pendulum arm. (A) design features necessary to allow proper
wiring of the slip-ring, and the hole where the pendulum shaft is installed. (B) back side of
the pendulum where the shaft is installed, and a sequence of drilled holes that reduce the
weight of pendulum arm. (C) place where the bearing and encoder are installed. (D) third
pendulum arm without bearing hole.

C.2.2 Manufacturing Details

Several components of the pendulum arm are manufactured: 1) pendulum arm

(Fig. C.2), 2) pendulum shaft (Fig. C.1), 3) bearing plate (Fig. C.1), 4) protection case

(Fig. C.2 (E) and (F)), and 5) wire clipper (Fig. C.2 (B)). In this section, we talk about the

manufacturing details of those components.

The pendulum body is CNC milled from a multipurpose 6061 aluminum block with

a dimension of 5/8" thick, 3" wide, 1 foot long. The aluminum block is first face milled

on the front and back faces. Then the edge of the aluminum block is machined. This step
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Figure C.3: Overall steps needed to manufacture the pendulum arm: (A) the inside features
of the pendulum arm is machined, and the outline of the pendulum arm is processed until
only a thin layer of aluminium connects the pendulum arm and aluminium block. (B) and
(C) the machined pendulum arm is knocked off using a robber hammer. (D) the machined
pendulum arm is polished to get rid of any burr on the edge of the pendulum arm.

allows to make the faces of the aluminum block parallel to each other (front and back, edge

to edge). Next, the aluminum block is secured on the CNC machine, and the center of the

shaft hole is used as the origin of the x, y, and z coordinates. The back side of the pendulum

arm is first machined. While more material remains in the aluminum bar, the hole for the

pendulum shaft is first drilled to a diameter close to the actual diameter needed. Next,

the CNC mill is used to refine the shape and dimension of the hole until it is close to the

desired dimensions. Finally, the reamer is used to refine the size of the hole for a smooth

installation of the shaft. We choose to first machine the hole for pendulum shaft when

there is more material left, since this will increase the rigidity of the aluminum bar during

the drilling and milling process, resulting in a more precise hole. After manufacturing

the hole for the shaft, the hole for the bearing installation is machined using similar steps,

where the hole is first drilled, then milled, and finally refined using a reamer. Next, the

threaded hole for connecting the bearing plate and the pendulum arm is drilled, as shown
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in Fig. C.2 (C). After this step, the weight reducing hole shown in Fig. C.2 (B) is machined.

Next, the aluminum block is flipped and recenter using edge finder. Then, the hole shown

in Fig. C.2 (A) is milled to correct shape and depth. Next, a threaded hole is drilled to install

the wire clipper and encoder, shown in Fig. 6.4 (B) and Fig. C.2 (C). Then the pendulum

arm is flipped again to the back side to machine the inner part. The inner side of the

pendulum arm is milled by programming the CNC machine to achieve the desired shape,

shown in Fig. C.2 1. Once this step is finished, the outer shape of the pendulum arm is

milled, shown in Fig. C.3 (A). The TiAlN Coated, 2 flute, 1/4" mill diameter, 2-1/2" overall

length end mill is used to mill the outer shape of the pendulum arm. At the final round of

machining, a thin layer (0.5 mm) of aluminium is left to connect the pendulum arm body

and the remaining of aluminum block, then a rubber hammer is used to knock out the

pendulum arm, as shown in Fig. C.3 (A) and (B). The resulting pendulum arm will have

rough edges, shown in Fig. C.3 (C). Thus, the pendulum arm is polished after the holes on

the side of the pendulum arm shown in Fig. C.2 (C) are drilled. The final pendulum arm is

shown in Fig. C.3 (D).

The similar process is used to machine the bearing plate by using a 0.16" thick, 6" x

6" multipurpose 6061 aluminum sheet. After the aluminum sheet is secured on the CNC

machine, the face mill is used to get the correct height of the bearing plate. Next, the

bearing hole is manufactured. Then the through holes shown in Fig. C.1 are drilled. Finally,

the outer shape of the bearing plate is milled until there is only a thin layer of aluminum

connecting the bearing plate and aluminum sheet, and the bearing plate is knocked out

using the same approach shown in Fig. C.3 2.

The material we used for the pendulum shaft is 1566 carbon steel, which balance high

strength and good machinability. For the first pendulum arm, 12" long material with 1/2"

diameter raw material is used, while 12" long 3/8" diameter raw material is used for the

1The inner side corner of the manufactured pendulum arm will not be a straight corner. Instead, its shape is
an arc whose radius is determined by the radius of the end mill used to machine the inner side.

2Same as footnote 3, the straight corner in Fig. C.1 will be an arc whose radius is determined by the radius of
the end mill.
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second and third shaft. To manufacture the shaft, a lathe is used. When machining the first

and second arm shaft, a through hole is first drilled. Then, a shallow hole is drilled to create

a step which allows proper installation of the slip-ring. This can be seen in Fig. C.1. Next,

the main diameter of the shaft is lathed. After the major shape of the shaft is obtained, a

groove is lathed for the second and third arm to allow installing the external retaining ring.

For the first arm, a thread is lathed to allow application of the axial force by screwing a nut.

The groove on the bottom of the first and second shaft is milled after it is press fitted into

the pendulum arm body. After the machining, all the parts are polished and cleaned to

remove dust or metal chips. Finally, the protection case and wire clip is 3D printed using

Polylactic Acid (PLA) material. The main functionality of the case is to protect the slip-ring

inside the pendulum arm from accidental collision.

C.2.3 Assembly Details of Second and Third Arm

The assembly of the double pendulum is described in section 6.3. For the assembly of

the triple pendulum illustrated in Fig. 6.6, the following steps are needed: 1) Follow all the

assembly steps of the double pendulum. 2) Slide the shim (11) into the shaft of the third

arm (22). Next, slide the third pendulum shaft (22) into the bearing of the second arm (12)

and stop until the shim (11) contacts the inner ring of the bearing. 2) Slide the shim (16),

encoder disk (17), and another shim (18) onto the third arm’s shaft (22). Then, slide the

assembled bearing plate onto the shaft (22). Finally, clip the external retaining ring (19)

onto the shaft (22). This step is the same as mentioned before. 3) Slide the 3D printed

shim (6) and encoder reader (7) into the desired place by aligning the holes. Then, install

the screws (8) to secure its position. 4) Next, install the protection case by aligning the

holes on the pendulum arm body, bearing plate, and protection case. Mount the screws (4)

to fasten the assembly. 6) Finally, install the wire clipper (5) into the pendulum arm (15) by

aligning the holes and tighten the screws (4). The above steps finish the assembly of the

second and third pendulum arm, and results in the final assembly shown in Fig. 6.4. The
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complete assembly process of the second and third arm are illustrated in Fig. 6.6.

C.3 Pendulum Cart Details

Our multi-link pendulum uses a linear motor to provide actuation to the pendulum

arm. The advantage of using the linear motor is that it does not have backslash issues,

which frequently happen in the belt-drive type servo motor. This benefit allows accurate

control of sensitive maneuvers, such as the swing-up of double and triple pendulums.

As discussed in section 6.4, to size the linear motor, first, the desired maximum speed

and acceleration of the cart are defined using desired motion profile of the pendulum.

We choose a HIWIN linear motor system LMX1K-SA12-1-2000-PGS1-V103+HS. For more

details on choosing the linear motor size, we refer the readers to see Appendix A of the

HIWIN linear motor system manual [471]. The overall look of the selected linear motor

can be seen in Fig. C.4. As Fig. C.4 shows, the linear motor already comes with a cable

management track and motor stage. Moreover, Fig. C.4 (A) suggests the motor stage is not

flat, which suggests the proper design of connection between the pendulum arm and linear

motor stage is needed. Fig. C.4 (B) indicates there are pre-drilled holes on the backside of

the linear motor stage. Those pre-drilled holes can facilitate the installation of a switch

plate. Finally, Fig. C.4 also indicates that the both side of the linear motor rail has shock

absorbers installed which prevents the direct collision of the motor stage and the end of

linear motor rail.

The connection between the pendulum arm and the linear motor stage are shown in

Fig. 6.7 (A) and (B). A bearing housing is needed to provide support for the first pendulum

arm shaft and secure it so that the pendulum arm can perform free swing. Moreover, an

aluminum plate is machined so that the bearing housing can be connected with the linear

motor stage. The details of the bearing housing can be seen in Fig. C.5. As Fig. C.5 shows,

one thorough hole is drilled on the front and back side of the housing. This hole is used

to install the bearings that mate with the first pendulum shaft. In order to maintain the

relative distance of the bearings, a spacer needs to be installed. Same as the pendulum
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Front
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Top

BA: Side View

A

B

Figure C.4: Overview of the linear motor that drives the pendulum cart, with the linear
motor cable track and the stage with pre-drilled holes, which allow the installation of user
designed parts. This linear motor stage is used to mount the aluminum plate that is used
to install the bearing housing and the pendulum arm. (B) Limit switch plate installed on
the back side of the linear motor stage.

arm, the ceramic bearing is used to minimize the drag force. Four more thorough holes

are been drilled on the bottom of the bearing house which is used to mount the bearing

housing to the aluminum plate and linear motor stage. Two threaded holes are drilled on

the side panel of the bearing house and are used to mount the encoder reader. To avoid

collision of the encoder disk and bearing housing, the bottom of the bearing housing has

been designed as a C shape. As for the aluminum plate, the design is straightforward as

Fig. 6.7 and Fig. C.5 shows. It has four holes that is used to mate the aluminum plate with
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Front Back Front Back

Figure C.5: This figure illustrates the overall look of the bearing housing and cart plate.
The main features on the bearing housing is the thorough hole that is used to install the
bearing. To make the manufacturing process easier, a thorough hole is used and a spacer is
later installed to maintain the distance of two bearings. As for the cart plate, it has simple
shape and features. The four tiny threaded holes are used to install the cable management
tool while the larger hole is milled to install the circular level indicator.

linear motor stage. The back side of the aluminum plate has multiple stripes that acts as a

stiffener which is used to strengthen the plate. Four small threaded holes are drilled on the

top of the aluminum plate to install 3D printed cable managing tool while one bigger hole

is milled to install the circular level indicator. This circular level indicator is useful as it

can help user to level the pendulum cart. The final piece we designed for the pendulum

cart are the limit switch plate as it shown in Fig. 6.7 (B). Fig. 6.7 (B) shows two limit switch

plates installed on the back side of the linear motor stage, they are responsible to block the

laser limit switch when the pendulum cart moves to the edge of the linear rail. The laser

limit switch is installed on the linear motor by designing a 3D printed base as Fig. 6.9 (B)

shows.

C.3.1 Manufacturing Details

The major parts that need to be manufactured in the pendulum cart are: 1) Bearing

housing. 2) Pendulum cart plate. 3) Limit switch plate. 4) 3D printed cable management

tool. 5) 3D printed limit switch base. This section will go through the manufacturing

process of those components.

To manufacture the bearing housing, a 3" multi-purpose aluminum cube is machined.
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Fig. C.6 shows the overall machining process.

1) To start with, the raw material is face milled on all fronts to create datum planes.

Next, a shallow hole whose diameter is smaller than the diameter of the bearing is milled,

and the center of the hole is set as the origin of the coordinate system. Then, the front of

the bearing housing is milled to create the wanted shape. The milling continues until the

end mill reaches the same height as the side panel used to mount the encoder reader. 2)

Once the front shape of the bearing housing is machined, it is flipped over to manufacture

the features on the backside. The aluminum cube is first milled until the end mill is

at the same height as the total width of the bearing housing. Next, a through-hole is

drilled whose diameter is smaller than the bearing to be installed. Then a reamer is used

to refine the shape and diameter of the hole. The goal is to make the bearing hole and

bearing have a transitional fit. Once this step is done, the milling is continued until the

backside of the bearing housing is machined to desired shape. Then two threaded holes

are drilled for installing the encoder reader. When drilling these two holes, the origin of

the bearing hole is used as the center of the coordinated system since the relative distance

between the bearing hole and the holes for installing the encoder reader is what matters. 3)

Finally, the bearing housing is milled in the upright position to produce a straight corner.

Once finished, it is polished using sandpaper, and the sharp edges are smoothed using a

deburring wheel. It is noteworthy that this bearing housing can be 3D printed if it does

not have too much load on it, for example, when only a single pendulum formulation is

needed.

The manufacturing of the pendulum cart plate is easy to do. A multipurpose 6061

Aluminum with 7/16" thickness and 8" x 8" length and width is used to manufacture the

pendulum cart plate. The following steps are needed to manufacture it. 1) To start with,

the raw material is face milled to create a datum plane. Next, it is milled to have the same

width and length as the designed cart plate. 2) Next, the front face of the cart palate is

face milled, and all the holes needed are drilled. This process includes the hole used to

install the circular level indicator. 3) Once the features on the front of the cart plate are
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Figure C.6: This figure illustrates the overall process of machining the bearing housing. To
start with, the aluminum cube is face milled to create the datum face. Then the features on
the front of the bearing housing is machined. Next, the aluminum cube is flipped over to
machine the features on the backside of the aluminum cube and all the necessary holes
needed are drill. Finally, the bearing housing is polished and sharp edges are smoothed.

manufactured, it is flipped over to mill the stiffener. Finally, the post-processing is done

to polish the cart plate, and the deburring wheel is used to make the smooth edges. If

the pendulum cart does not have a considerable load and does not require high-speed

movement, it is also possible to 3D print the pendulum cart plate.

The left and right limit switch plates are manufactured using a multipurpose 6061

aluminum sheet with 0.016" thickness. The overall outline of the limit switch plate is first

drawn on the aluminum sheet using a marker pen and ruler. Then, the holes are drilled,

which are needed to install the plates to the linear motor stage. Then, a metal brake and

scissors cut the aluminum sheet to the desired shape. Finally, the aluminum sheet is bent,

polished, and deburred. After using the above steps, the switch plates can be produced

easily. As for cable management tools and limit switch base, they are 3D printed with PLA

filament.

C.4 System Frame Details

The linear motor selected in Sec. 6.4 is mounted on a support frame in order to minimize

the unwanted vibration during the cart movement. This motivates us to design a system

frame to mount the pendulum cart and provide support to it. This section introduces

the design and manufacturing of the system frame we used. Moreover, we show how to
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install the linear motor to the system frame and provide a detailed bill of materials for

reproduction.

C.4.1 Design Details

Fig. C.7 shows the overall view of the system frame we designed. Our design is similar

to the one shown in [429, 448]. To make sure the pendulum arm won’t collide with the

ground, four vertical aluminum extrusions are connected with the linear motor using

corner concealed brackets. This lifts up the linear motor from the ground and creates

space for the pendulum arm. To make sure the vertical aluminum extrusion is stable

in the x − z plane, the diagonal brace is used to connect the linear motor and vertical

aluminum extrusion as shown in Fig. C.7 (A). Moreover, four more aluminum extrusions

are connected together using a machined connector plate to create a X shaped frame as

shown in Fig. C.7 (C). By connecting the X shaped frame and the four vertical aluminum

extrusions, the movement of the frame is further constrained in the x− z plane. Next, the

frame’s movement is constrained in the y − z plane. This is achieved by connecting the

vertical frames using an aluminum extrusion as shown in Fig. C.7 (B) and (D). To provide

more support, the vertical aluminum extrusion on the back side is further connected to

another aluminum extrusion to form a triangle using T-slotted framing structural brackets,

as shown in Fig. C.7 (E) and (F). To provide a space to place the electrical box, the real-time

system and the development system, two horizontal aluminum extrusions are used to

connect the left and right vertical aluminum extrusion as shown in Fig. C.7 (F). Finally, to

allow easy movement of the experimental system from place to place, four wheels can be

installed as an option which is shown in Fig. C.7 (F). However, it is recommended that the

wheels are only installed when it is necessary to move the system frames. When performing

actual experiments, the wheels should be removed to avoid unwanted oscillation of the

system frame.
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Figure C.7: System frame. The linear motor is lifted up using four vertical aluminum
extrusion. Different aluminum extrusions are installed to constrain the movement of
system frame in the x− z and y− z plane. To allow easy moving of the experimental setup,
four wheels can be installed to the system frame as shown in (E) and (F).

C.4.2 Manufacturing Details

The manufacturing of the system frame is straightforward since most of the components

can be directly purchased online. The main components that need to be manufactured are:

1) Aluminum extrusion, which has to be trimmed down to the correct length. 2) Aluminum

extrusion connector plate, which needs to be machined. 3) 3D printed alignment tool,

which is used to facilitate the assembly of the X shaped frame. In order to trim the

aluminum extrusion to the correct length, the band saw is first used to trim the aluminum
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Figure C.8: Assembly of the system frame. (A) Installation procedure of the X shaped
frame. (B) Connection of the X shaped frame with the vertical aluminum extrusion (55).
(C) Installation of the wheel to the system frame. (D) Installation of diagonal brace.

extrusion to a length that is slightly longer than the desired length. Next, the CNC mill is

used to machine the cut surface of the aluminum extrusion to the correct length. Finally,
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the machined end is polished and unwanted burr is removed. To machine the connector

plate shown in Fig. C.7 (C), a 0.16" thick, 6" x 6" aluminum plate (89015K255) is machined.

First, the through holes that is used to mate with the bolts and nuts are drilled. Then,

a simple CNC program is written to mill the outer shape of the connector. As for the

alignment tool that helps the assembly of the X frame, it is printed using PLA filament.

C.4.3 Assembly Details

To assemble the system frame, four major steps are needed: 1) The X shaped frames are

assembled. 2) The X shaped frame is connected with the four vertical aluminum extrusions.

3) The assembled aluminum frame is connected with the aluminum extrusion in the x− y

plane and diagonal braces for single rails. 4) Finally, the linear motor is installed with the

system frame and all the screws are fastened accordingly. The above mentioned steps are

illustrated in Fig. C.8.

As Fig. C.8 (A) shows, to better assemble the X shaped frame, a 3D printed alignment

tool (52, 53) is used. The alignment tool is first assembled by inserting the 3D printed

cylinder (52) into the 3D printed block (53). The 3D printed block (53) serves as a reference

to make sure each aluminum frame (50) has the correct angle to each other. This is achieved

by inserting the aluminum frame (50) into the 3D printed cylinder (54), making sure it is

perpendicular to the surface of 3D printed block (53). Once the correct angle between the

aluminum frame (50) is achieved, the connector plate (51) is used to connect each frames

using drop-in bolts and nuts (54). This finishes the step 1, assembly of the X shaped frame.

In step 2, 60 degree bracket (56) is first slid into the aluminum frame (50) as shown

in Fig. C.8 (B) step 1 and step 2. Then the vertical aluminum frame (55) is slid into the

60 degree bracket as shown in step 3 of Fig. C.8 (B). This completes the assembly of the

X shaped frame and vertical frame. To avoid the collision of the pendulum arm and 60

degree bracket (56), the top right and top left 60 degree bracket (56) is installed on the back

side of front X shaped frame, as shown in Fig. C.8 (B).
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Fig. C.8 (C) and (D) illustrates the details of step 3. First, the corner concealed

bracket (60) is slid into the aluminum spacer (59). Then, this aluminum spacer is slid

into the middle of front and back X shaped frame as shown in Fig. C.8 (C) step 1. In step

two, the wheel (62) of the system frame is assembled with the aluminum frame (61). In

step 3, the 30 degree bracket (57) is first slid into the vertical aluminum frame of the back

X shaped frame (55) and the bolts and nuts are slightly tightened to keep them in place.

Then, step 4 is conducted in which the aluminum frame (58) is slid into the 30 degree

plate (57). Next, in step 5 a 60 degree bracket (56) is slid into the aluminum frame (58)

and slightly tightened. In step 6, the corner concealed bracket (60) is installed with the

vertical aluminum frame (55) and in step 7 the aluminum frame (61) is slid into the corner

concealed bracket (60) and 60 degree plate (56). Next, the diagonal brace in installed into

the vertical frame as shown in Fig. C.8 (D), and the screws are slightly tightened to make

sure the diagonal brace stays in place. The procedure to install the horizontal aluminum

extrusion (64) to the aluminum extrusion with wheel (61) can be seen in Fig. C.9 (A). As

Fig. C.9 (A) shows, the corner concealed bracket (60) is first installed into the aluminum

extrusion (64) then extrusion (64) is slid into the extrusion (61). This further stabilizes

the system frame and extrusion (64) can be used to place the development computer and

electrical box, as shown in Fig. 6.2. The above steps finish the assembly of the system frame.

After the system frame is assembled, the linear motor (30) can be installed onto the system

frame shown in Fig. C.9 (B). To do so, the corner concealed bracket (60) is installed onto

the aluminum base of the linear motor. Then the corner concealed bracket (60) is slid into

the vertical aluminum frame (55). Next, the diagonal brace is connected with the linear

motor. Finally, all the screws and nuts are tightened. Since the linear motor and aluminum

frame can be heavy, all the installation process mentioned above should be finished by at

least two persons.
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Figure C.9: Assembly process of the system frame (A) and linear motor (B).

C.5 Electrical System Details

C.5.1 Pendulum Arm Wiring Details

Fig.C.10 and Table. C.1 show the detailed wiring specification of the pendulum arm.

Fig.C.10 shows the first encoder is directly connected to the first differential driver while

the second and third encoders are connected with the differential driver using slip-rings.

Moreover, the output of the differential driver connects to the US Digital CA-C10-SH-NC

10 feet cables, which then connect to the target computer terminal board as Table. C.1

suggests. It is important to point out that the US Digital CA-C10-SH-NC 10 feet cables are

shielded cables. Thus, the shield also connects to the ground of the IO-392 ground pin,

which helps reduce the effect of EMI noise.

C.5.2 Components Choice of Linear Motor’s Electrical System and Wiring Details

This section will detail the functionalities and specifications of the electrical parts used

to power the linear motor. A complete wiring diagram of the entire system is also provided.

The first component introduced here is the emergency stop button module. During the

multi-link pendulum experiments, the linear motor may perform undesired motion due
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Figure C.10: This figure illustrates the overall electrical wiring of the pendulum arm
encoder. The first encoder is directly connected to the first differential driver. To connected
the second and third encoder to the differential driver, two slip-rings (slip-ring and brush
block) are used. The second and third differential driver shares the 5V and ground channel
of the first slip-ring. Moreover, the first slip-ring’s 5V and ground channel is connected
to the second slip-ring, which then conducts electricity to the third encoder. The third
encoder uses the both the first and second slip-ring to connect with the differential driver.
The output of the differential driver is connected to the US Digital CA-C10-SH-NC 10 feet
cables, and those cables are then connected to the IO-392 module as Table. C.1 shows.

to coding error or controller failure. It is also possible that unwanted electrical shortage

happens due to the improper use of the system. In those undesired situations, the user

must press the emergency stop button to cut all the power supplied to the linear motor,

avoiding damage to the setup and protecting the operator around the equipment. It is

also necessary to have an On/Off button that controls the system’s power supply. The

POWERTEC 71354 magnetic switch (75) is selected as our emergency stop button to meet

those requirements. This emergency stop button can be used in a single-phase 120V power

line, matching how we supply the linear motor power. By checking the specification of the
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Table C.1: This table shows the pin out of IO-392 module for encoder reading and its
connections with the differential driver. D1 to D3 represents the differential driver 1 to 3
shown in Fig. C.10. "-x" represents the corresponding "x"-th pin of the specific electrical
component. The ground of the encoder sensor is connected to "0 V" instead of "ground" as
suggested by Speedgoat.

Pin Code Module
Channel Functionality Direction Transceiver Connects To

1a Ground
2a Ground
3a 1 QAD-A IN RS422/485(+) D1-6
4a RS422/485(-) D1-5
5a 1 QAD-B IN RS422/485(+) D1-10
6a RS422/485(-) D1-9
7a 1 QAD-C/Index IN RS422/485(+) D1-4
8a RS422/485(-) D1-3
9a 2 QAD-A IN RS422/485(+) D2-6

10a RS422/485(-) D2-5
11a 2 QAD-B IN RS422/485(+) D2-10
12a RS422/485(-) D2-9
13a 2 QAD-C/Index IN RS422/485(+) D2-4
14a RS422/485(-) D2-3

15a 0 V D1-2, D2-2, D3-2,
Differential Cable Shield

16a 5 V D1-7, D2-7, D3-7
17a Ground
1b 0 V
2b 5 V
3b 3 QAD-A IN RS422/485(+) D3-6
4b RS422/485(-) D3-5
5b 3 QAD-B IN RS422/485(+) D3-10
6b RS422/485(-) D3-9
7b 3 QAD-C/Index IN RS422/485(+) D3-4
8b RS422/485(-) D3-3
9b 4 QAD-A IN RS422/485(+) HIWIN D1-CN2-16

10b RS422/485(-) HIWIN D1-CN2-17
11b 4 QAD-B IN RS422/485(+) HIWIN D1-CN2-18
12b RS422/485(-) HIWIN D1-CN2-19
13b 4 QAD-C/Index IN RS422/485(+) HIWIN D1-CN2-20
14b RS422/485(-) HIWIN D1-CN2-21
15b 1 Interrupt Input IN RS422/485(+)
16b RS422/485(-)
17b Ground
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linear motor, we find out the peak current of the linear motor is around 12.7Arms, which is

lower than the rated current of the On/Off switch (16Arms) and emergency switch (18Arms)

installed inside the emergency stop button module. Thus, this emergency stop module

is selected to control the power supply of the linear motor. The emergency stop button

module should be installed somewhere that is easy to reach for the operator. This location

may change based on the operator’s preferred standing position. In our application, we

decided to install the emergency button at the side of the system frame. Please check its

user manual for details on the position holes of the module.

The next vital component is the circuit breaker (MCCB, 76). The circuit breaker has

the following functionalities: 1) Circuit breaker can cut off the power supply to the linear

motor when there’s a shortage in the electrical system. 2) It can stop the power supply to

the linear motor when it is overloaded, which avoids damage to the linear motor. 3) It can

simply serve as an On/Off switch that controls the power supply to the linear motor. The

first and third functions of the circuit breaker are easy to understand, and we will illustrate

the second functionality more. The overloaded situation might happen when the control

algorithm requires the linear motor to perform unrealistic acceleration or de-acceleration.

For example, during the feedforward swing-up control of the double or triple pendulum,

a feedback force is usually needed to compensate for noise and model uncertainty. It has

been shown [7, 428] that sometimes the LQR gain calculated to stabilize the feedforward

trajectory is near singular. This indicates a considerable control input needs to be applied

to the system to compensate for a slight deviation. Suppose the feedback control force

is not thresholded. In that case, the controller may require the linear motor to apply

unrealistic force to the pendulum arm, causing a massive amount of currents supplied

to the linear motor resulting in overload. Another case where overload might happen,

although unlikely in our case, is that the linear motor gets stuck mechanically. In this

situation, the motor drive will try to apply more current to the linear motor to make it move,

eventually causing over current. Thus, having a circuit breaker is crucial in controlling the

linear motor for safety reasons. The Eaton miniature circuit breaker FAZ-B3-2-NA (76) is
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Figure C.11: This figure illustrates the overall electrical components needed to provide
power supply to the linear motor. An electrical box is used to put all the components
together.
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used in our application. According to the user’s manual, its rated current is 3A, with the

maximum allowed AC voltage being 277V . The tripping current is 3 to 5 times the rated

current, with stripping time around 0.005 to 2 seconds. The resulting tripping current

ranges from 9 to 15A and covers the peak current of the linear motor, which is 12.7A. Thus,

using this circuit breaker can help us avoid linear motor damage when the current supplied

to the linear motor is larger than the allowed peak current. Moreover, the selected circuit

breaker uses a trip-free design and can not be defeated by manually holding the handles at

the "On" position. Another plus is that the user can easily install it on the DIN rail. For

more specifications on the circuit breaker, please check its user manual.

The magnetic contactor (77) is needed to start and turn off the linear motor. The

magnetic contactor is a middle path between the power source and the linear motor. It

helps avoid the direct connection of the power source to the linear motor, which helps

prevent the sudden change of state of the linear motor. Combined with a circuit breaker,

they can be thought of as a motor starter. The WEG Electric CWC016-00-22V18 (77) is

used as a magnetic contactor in our design, allowing easy installation on the DIN rail.

This contactor has two normally open and two normally closed contacts rated 16A current

input under 60Hz 120V AC. This specification fits our needs since the power output in the

US is 120V AC at 60Hz, and the maximum current needed by the linear motor is below the

rated current of the contactor. By checking the user manual of this contactor, a "locking"

mechanism of the magnetic contactor is achieved by using a momentary switch. The

LCLICTOP AC 660V Red and Green Momentary Switch (86) is used to accomplish this.

It can operate up to 660 VAC, and the current rating is 10 A. Fig. C.11 shows the overall

wiring of the magnetic contactor and momentary switch.

It is recommended to install a line reactor on the motor drive’s input side to protect it

from voltage spikes, surges, and transients. The LR-11P0-1PH (79) is used to achieve this.

This line reactor has a rated current of 16A at 120V AC. Thus, it satisfies our usage scenario

in a single-phase case.

The linear motor drive (80) controls the movement of the linear motor by providing
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a high-frequency signal with sharp pulse edges. Those sharp edges of the signal can

introduce unwanted ground current to the entire electrical system. The ground current

can even cause interference between the different electrical components. This kind of

interference is not wanted, especially when an accurate reading of the pendulum arm

rotational angle is needed. The interference between the linear motor and encoder can

cause additional unwanted pulse width signals to appear in the encoder’s A, B, and Index

channels, which might result in the wrong sensor reading. This is why the differential

driver is used to transfer the single-ended encoder signal into the differential encoder

signal to reduce the effect of electrical noise. Except for electrical interference, EMI can also

cause electrical overstress (EOS) to sensitive components [472].

A multi-stage AC/DC EMI filter SCHAFFNER FN-2090-10-06 (78) is used according to

the D1 drive’s user manual to reduce the ground current in the electrical system and protect

all other appliances that share the same ground, such as the host and target computers and

monitors. The HIWIN MF-40-S edge filter (81) is used to eliminate the noise effect further.

The edge filter helps reduce the EMI noise on the output end of the motor drive. Two

D1-EMC1 EMI cores (87) can also suppress the EMI noise. One EMI core is installed on the

linear motor’s power input cable near the motor drive end, while the other is installed on

the motor cable near the linear motor’s stage end. Besides using the approaches mentioned

above to reduce the EMI interference, another easy way to reduce EMI interference is

proper cable management. For example, make the power cable of the linear motor stay far

away from the sensor cable.

A regenerative resistor is usually needed to avoid the regenerative energy of the

linear motor becoming too large and causing overvoltage to the motor drive. The motion

profile of the linear motor and the weight of moving mass need to be known to pick a

regenerative resistor. Then the designer can use the calculation shown in the HIWIN D1

drive’s user manual (see Section 8.2 of the user manual [450]) to guide the selection of

the regenerative resistor. The moving mass of the linear motor is around 5kg, and the

weight of the pendulum arm and cart plate is around 0.5kg in our design, resulting in a
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Table C.2: This table shows the pin out of IO-191 module and its detailed connection with
HIWIN D1 drive’s control signal channel (CN2).

Pin Functionality Direction Connects To Pin Functionality Direction Connects To
1a Analog Input 01 In 1b Digital I/O 01 Out HIWIN D1-CN2-3
2a Analog Input 02 In 2b Digital I/O 02 Out HIWIN D1-CN2-4
3a Analog Input 03 In 3b Digital I/O 03 Out HIWIN D1-CN2-5
4a Analog Input 04 In 4b Digital I/O 04 Out HIWIN D1-CN2-6
5a Analog Input 05 In 5b Digital I/O 05 Out HIWIN D1-CN2-7
6a Analog Input 06 In 6b Digital I/O 06 Out HIWIN D1-CN2-12
7a Analog Input 07 In 7b Digital I/O 07 Out
8a Analog Input 08 In 8b Digital I/O 08 Out
9a Analog Output 01 Out HIWIN D1-CN2-24 9b Digital I/O 09 In HIWIN D1-CN2-13

10a Analog Output 02 Out 10b Digital I/O 10 In HIWIN D1-CN2-14
11a Analog Output 03 Out 11b Digital I/O 11 In HIWIN D1-CN2-15
12a Analog Output 04 Out 12b Digital I/O 12 In
13a Analog Ground In HIWIN D1-CN2-25 13b Digital I/O 13 In NC
14a Analog Ground In 14b Digital I/O 14 In
15a 0 V NONE 15b Digital I/O 15 In
16a 5 V Out 16b Digital I/O 16 In

17a Analog Ground In 17b Digital Ground In HIWIN D1-CN2-1
HIWIN D1-CN2-2

Table C.3: This table shows the pinout of the limit switch cable and its connection. The
HIWIN D1 drive’s CN2 channel is used to provide DC current to the limit switch. The
limit switch’s signal is then sent to the motor drive for the out of range protection.

D-Sub 9-Pin (Female) Color Function Connects To
1 Brown V+ HIWIN D1-CN2-22
2 Green L-1 NC
3 Yellow Out-1 HIWIN D1-CN2-11
4 Violet L2 NC
5 Gray Out-2 HIWIN D1-CN2-10
9 Blue V- HIWIN D1-CN2-23

total moving mass of Mt = 5.5kg. Then, assume the linear motor is moving at V1 = 4m/s

and needs to deaccelerate to V2 = 0m/s with a = 40m/s2. Using the above information

and following the calculation shown in the user manual, we find there’s no need to use

a regenerative resistor since the energy return to the motor drive is smaller than the D1

drive amplifier’s absorption capacity. However, we still decided to pick two 500W 30Ω

regenerative resistors (82) and connect them in serial in case the returned energy is larger
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than the energy storage capacity.

The proper operation of the linear drive requires the supply of 24V DC voltage. Thus,

the MDR-60-24 AC to DC industrial DIN rail power supply (83) is used to output 24V DC

at 2.5A. A toggle switch (85) is used to control the On/Off state of the DC power supply

to the linear motor drive. The Hammond CSKO242410 enclosure (84) is used to install

electrical components. A Hammond CSFC2424 flush cover (88) is cut down to be used

as an electrical panel that mounts some of the components mentioned above. Two DIN

rails (89) are installed inside the electrical enclosure to facilitate the installation of different

electrical components. This completes the selection process of all the electrical components

related to the linear motor. Fig. C.11 shows their wiring details.

As Fig. C.11 shows, the emergency stop button is first connected to the single-phase

power supply. Two 14 AWG power cord (90) is used as the emergency stop button’s power

input/output cable. Next, the output of the emergency stop button is connected with the

circuit breaker, which serves as over-current protection. Then, the noise filter is connected

to the circuit breaker. The connection wire used for the hot and neutral line is 12 AWG

wire (91), while the connection wire for the ground is 10 AWG wire (92). The output of

the noise filter connects to the magnetic contactor. The magnetic contactor is wired to self-

lock when the normally open momentary switch is pressed. The output of the magnetic

contactor is wired to the DIN rail terminal block (93, 94) to facilitate cable management

better. Then, the DC supply and line reactor input is connected to the DIN rail terminal

block. The output of the DC supply is 24V DC, and it is used to provide power to the

motor drive. A toggle switch is used to make the supply of DC voltage controllable. Then,

the output of the DC supply is connected to the Wago 721-103/026-000 connector (95). The

output of the line reactor is connected to the AC power port of the motor drive using a

single-phase connection formulation. The connector used is Wago 721-204/026-000 (96).

The U, V, W, and GND channel is connected to the corresponding channel on the edge

filter using a shielded cable to reduce the EMI noise. The connector used on the motor

drive is Wago 721-104/026-000 (97). The connector used in the edge filter’s input port is
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Phoenix Contact 1718517 (98). The output of the edge filter then connects to the linear

motor’s power cable, which is a shielded cable as well. The output connector of the edge

filter is Phoenix Contact 1718504 (99). Two EMI cores (87) are installed to reduce the EMI

noise further. One is near the motor connection end on the motor drive and the other near

the motor stage end of the linear motor. Finally, two regenerative resistors are connected

to the regenerative resistor port of the motor drive in serial. The connector used for the

regenerative resistor port of the motor drive is Wago 723-603 (100). The reader can choose

to install two fuses as well for over-current protection. This completes the power supply to

the linear motor. A D1-DNT07A USB232 to RJ11 adapter cable (101) is used to set up the

motor drive parameters. The linear motor’s feedback cable is connected to the CN3 of the

motor drive to let the motor drive read the encoder and hall sensor signal from the linear

motor. The encoder signal of the linear motor, along with other I/O signals of the motor

drive, is connected to the Speedgoat’s terminal block. This is achieved by making a custom

cable using hook-up wires. This custom cable consists of 24 AWG hook up wires (102),

cable shielding sleeve (103), cable sleeve (104), 3M 10126-3000 connector (105) and its cover

3M 10326-52F0-008 (106). Table. C.1 and Table. C.2 show the connections between the CN2

of the motor drive and the Speedgoat real-time system. Section 3 of the motor drive’s

user manual contains the connection details of the motor drive and its pinout of control

signals (CN2). The interested reader should reference the user manual if future system

modifications are needed. The final piece to mention is the limit switches we used in the

linear motor for out-of-range protection. A HIWIN 3-meter limit switch extension cable

is used (107) to connect the limit switch and motor drive. Table. C.3 shows the pinout of

the limit switch cable and its corresponding connection to the motor drive. Zip tie and

wire clips are used to make proper cable management by securing the position of all the

cables/wires we used.
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Figure C.12: This figure illustrates the overall look of the Lighting software.

C.6 Software Setup Details

C.6.1 Software Setup of Motor Drive Details

The HIWIN D1 drive’s corresponding setup software is Lightning, and the reader can

find a detailed introduction in sections 4 and 5 of the HIWIN D1 drive’s user manual [450].

The version of the software we are using is V-0.1999, while the latest version is V-0.20 at

the time of writing this paper. First, we need to download the Lightning software to the

host computer to set it up. Next, the CN1 port of the D1 drive is connected to the USB port

https://www.mathworks.com/help/slrealtime/
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Figure C.13: This figure illustrates the configuration of the motor parameters.

of the host computer using a communication cable (101). Once finished, the D1 drive is

powered up, and the Lightning software is executed. Then, in the software’s menu, select

"Tools->Communication setup," then configure the "BPS" drop-down list to 115200 and

select the USB port that is used to connect the communication cable in the drop-down list.

Finally, hit the "Apply" button, and the host computer and motor drive connection are

complete. The above steps are needed to set up the necessary parameters of the motor

drive. Fig. C.12 shows the overall look of the Lighting software after connecting to the host

computer.
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To select the correct linear motor type, motor sensor, and operating mode, we need to

select "Conf./Tune->Configuration Center," which will open a new window that allows the

configuration of the motor parameters and sensors. We need to first click on the "Motor"

tab to select the corresponding linear motor we are using. The LMSA12 linear motor is

selected in the menu box on the left. This will bring out the pre-stored motor parameters.

If the linear motor from a different brand is used, the user must enter all those parameters

manually. In the "Moving mass" blank, one can enter the mass of the linear motor stage. In

our case, it is 5kg. Fig. C.13 illustrates this process. After selecting the correct linear motor,

we need to click on the encoder tab to set up the encoder reading options, as Fig. C.14

shows.

In Fig. C.14, the "Digital 1µm.enc" is selected. The "Encoder output" panel in Fig. C.14

allows us to set up the encoder resolution output of the motor drive. Users can scale the

encoder output of the motor drive to allow the successful reading of the encoder signal if

another custom real-time system is used that can not read an encoder with fine resolution.

This completes the setup of the linear motor encoder. Fig. C.15 shows the configuration of

the hall sensor. This is achieved by clicking the "Hall Sensor" panel, and select the type

of the Hall sensor as "Digital Hall sensor," and clicking on the "Enable hall phase check"

option. The final parameter that needs to be configured in "Configuration Center" is the

operating mode of the linear motor.

There are multiple operating modes of the linear motor. The first one is the position

mode. The position mode takes the user desired position as a reference and controls the

linear motor to stay at the reference position. The second mode is velocity mode. In

velocity mode, the velocity of the linear motor is controlled. The user usually provides an

analog signal to the motor drive, and scaling is used to transfer this analog signal to the

desired velocity of the linear motor. Next, the motor drive will control the linear motor

to achieve the desired speed. The third mode is force/torque mode. In the force/torque

mode, the user again provides an analog voltage signal to the motor drive. Then, this

voltage signal is scaled to the corresponding force/torque generated by the motor. The
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Figure C.14: This figure illustrates the configuration of the linear motor’s encoder.

force/torque mode directly controls the acceleration of the motor. The final mode available

is the stand-alone mode which means the linear motor can only be controlled using the

Lightning software instead of the user-provided signal. In this paper, we follow the work

of [7, 428] and use the velocity mode as our control method of the pendulum cart. As

Appendix. C.9 shows, this results in a nicer equation of motion for the pendulum on the

cart system.
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Figure C.15: This figure illustrates the configuration of the linear motor’s hall sensor.

The HIWIN D1 drive supports two operating modes to be selected. The first one is

set to stand-alone mode as our default operating mode. This helps avoid the unwanted

movement of the linear motor when the analog signal is accidentally drifting. The sec-

ondary mode is chosen to be velocity mode, which allows us to control the velocity of the

linear motor given analog input. Fig. C.16 shows the configuration of the linear motor’s

operating mode. During the pendulum experiments, we usually desired a speed range
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Figure C.16: This figure illustrates the selection of the linear motor’s operating mode.

of ±3m/s for the linear motor. Given the output range of the analog signal is ±10V , the

scaling we used is 0.3m/s = 1V . Moreover, we set a dead band of 10mV . This is necessary

since the analog signal is always going to be noisy. Thus, it is desired to put a dead band

and filter out low magnitude noise to prevent the unwanted motion of the linear motor.

The dead band we used filters out any velocity command lower than 3mm/s.

The dead band should not be too large, or it will affect the performance of the pendulum

stabilization task, especially during the stabilization of the multi-link pendulum, where
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the fine movement of the pendulum cart is needed. The maximum value of the dead band

that the user can select is determined by the parameters of the pendulum arm, sampling

rate, scaling factor, etc. No analytical analysis is given here for adequately selecting the

dead band of the analog signal. Still, a general rule to keep in mind is that the dead band

should be as small as possible while eliminating most of the noise in the analog signal. The

above process summarizes the configuration of the linear motor using Lightning software.

A digital input signal is needed to switch between the primary and secondary operation

mode, with its high and low states corresponding to different operating modes. To set up

the I/O functionality of the motor drive, the user needs to click the "Conf./Tune->I/O

Center" to open the I/O setting window. Fig. C.17 shows the overall look of the configured

I/O ports. In the "Inputs" tab, the I1 port of the CN2 channel (HIWIN D1-CN2-3) is

configured as the hardware enable port. When the input of this channel is high, the linear

motor will be hardware-enabled, and the user can achieve control of the linear motor. The

I2 port of the drive (HIWIN D1-CN2-4) is configured to decide the operating mode of the

linear motor. When a high signal is detected, the drive will enter the secondary mode,

which is velocity mode in our case. The I3 port (HIWIN D1-CN2-5) is configured to control

the homing function of the linear motor. The homing process will first drive the linear

motor to the left and right limit switches. Then it will use the location information of

the limit switch to find the center location between them and drive the linear motor to it.

The homing function can only be activated when the motor drive is in stand-alone mode

with high input received in the I3 port. Next, the I9 and I10 port (HIWIN D1-CN2-10 and

11) are configured as the limit switch signal input channel. Table. C.3 shows the detailed

connection between the limit switch and CN2 channel. The above configuration helps the

motor drive determine whether the linear motor reaches the limit switch. If so, the linear

motor’s movement beyond the limit switch is restricted. However, it will not deactivate

the linear motor and stop its power supply. When an opposite-moving signal is supplied

to the linear motor, it can still move in the opposite direction. This behavior is not desired,

though. Once the linear motor hits the limit switches, a program should cut off all linear
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Figure C.17: This figure illustrates the configuration of the HIWIN D1 drive’s I/O func-
tionalities.

motor’s power supply. The limit switch signal is supplied to the Speedgoat system to

achieve this functionality. The output ports of the CN2 channel, HIWIN D1-CN2-13 and 14,

are configured to be the limit switch output signal. Then, as Table. C.2 shows, the output
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Figure C.18: This figure illustrates the bias correction of the analog signal.

of the CN2 channel is connected to the Speedgoat system. Next, the limit switch signal is

read in the Simulink model, and once it is high, meaning the linear motor hits the limit

switch, the hardware enable is deactivated. This will cut off all the power supply to the

linear motor. Moreover, it will also stop the Simulink model from executing, thus stopping

the experiment. The above process completes the I/O configuration of the linear motor

drive.

Due to the EMI noise in the electrical system, the analog signal that controls the linear

motor will contain some level of DC bias. In velocity mode, this DC bias constantly moves

the pendulum cart to one side of the linear rail and thus should be avoided. By selecting
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Figure C.19: This figure illustrates the software safety configuration by using Lightning
software.

"Conf./Tune->Performance Center" to enter the performance center, the "Advanced Gain"

button can be pressed, which will open up a window with multiple tabs. Selecting the

"Analog Input" tab will result in Fig. C.18, where the users can press the "Set offset" button

to minimize the effect of the analog signal’s bias.

The safety mechanism is the final configuration that needs to be made in the Lightning

software. To do so, we need to select "Conf./Tune->Protection Center" which will result in

Fig. C.19, where one can set up the software position, velocity, and acceleration limit. Set

up a narrow range for the limits and gradually increase it if the desired position, speed, or

acceleration is out of range. This safety measure prevents unwanted high-speed movement
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Figure C.20: This figure illustrates the two block sets used in the Simulink model that
configures the Speedgoat IO-191 and Speedgoat IO-392 modules.

of the linear motor during the development phase of the controller.

The configurations of Lightning software in this section allow quick setup of the linear

motor. For more details on using the Lightning software and its other functionalities,

please refer to sections 4 and 5 of HIWIN D1 drive’s user manual [450].

C.6.2 Software Set Up of the Simulink Model Details

The Simulink Real-Time is used to develop the controller used in the real-time pen-

dulum experiments. The Simulink Real-Time and Speedgoat must be appropriately con-

figured to read the sensors and output control signals. The first step of the configuration

physically connects the Speeadgoat machine with the host computer using an Ethernet

cable. This connection allows the user-programmed Simulink controller to be downloaded

to the Speedgoat device and run in real-time. Moreover, this connection also enables

the Speedgoat to send back the sensor signal at the run time and display it on the host

computer using the "Data Inspector" function of the Simulink. Matlab and Speedgoat

already have numerous tutorials on setting up the connection between the Speedgoat

and the host computer. Thus we will skip them in this paper. The interested user should

reference the documentation of the Speedgoat for configuration details.

Two block sets must be set up and used in the Simulink file to configure the I/O module

IO-191 and FPGA module IO-392 for I/O functionalities and encoder reading. They are the

https://www.mathworks.com/help/slrealtime/getting-started-with-xpc-target-1.html?s_tid=CRUX_topnav
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Figure C.21: This figure illustrates the configuration of the IO-191 module’s Simulink block.
One of the analog signal outputs is selected to control the velocity of the pendulum cart in
velocity mode. Meanwhile, eight ports of the digital I/O block are chosen as input ports,
and the rest are set to output ports.

"Speedgoat IO-191 Setup" block and "Speedgoat IO-392 Setup" block shown in Fig. C.20.

Speedgoat provides those block sets when purchasing the Speedgoat machine through an

active maintenance agreement. Due to the user agreement, the authors can not share those

two block set installers. The interested reader should contact Speedgoat for purchase and

installation guidance. To set up the I/O module, double click on the "Speedgoat IO-191

Setup" block and configure the "Analog Outputs" and "Digital I/Os" as Fig. C.21 shows.

In the "Analog Outputs" tab, one of the channels is used as analog output with a range

of ±10V . This analog output connects to the motor drive’s analog input for the linear

motor’s speed control in velocity mode. In the digital I/O tab, the first eight channels are
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Figure C.22: This figure illustrates the configuration of the IO-392 module’s Simulink block.
The bitstream file provided by Speedgoat is needed to set up the IO-392 block to read
encoder data properly.

used as the digital output ports, while the rest are configured as digital input ports. Three

of the digital outputs are used to control the "Hardware Enable," "Switch to Secondary

Mode," and "Start Homing" functions of the motor drive, as Fig. C.17 shows. Two of the

digital inputs are used to read the signals of limit switches. Table. C.2 shows the detailed

connection. The above process completes the IO-191 module configuration for real-time

digital I/O functionalities.

To set up the IO-392 block set, double click on the "Speedgoat IO3XX Setup v3" block

and select the "IO-392-50k" for "IO3xx I/O Module" drop-down list. Moreover, the con-

figuration file (Bitstream) "speedgoat_IO392_50k_CI_02385" is used as Fig. C.22 shows.

This bitstream file needs to be in the same folder as the Simulink file. Moreover, this file

can be thought of as the driver of the FPGA module. It is purchased separately and is

provided by the Speedgoat according to the user’s need. The interested reader should
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Figure C.23: This figure shows enabling and disabling of the linear motor in Simulink. It
also indicates how to switch the operating mode of the linear motor. By turning on the
"Start Homing" toggle, the linear motor can start homing functionality in the stand-alone
mode. The left and right limit switch signal is read and added up to stop the experiments
if the limit switch is triggered. If one of the signals is turned to high, it will activate the
"Stop Simulation" button of the Simulink, and the entire experiment is terminated.

contact Speedgoat for a quote.

Fig. C.23 shows the start and homing functionalities of the linear motor. A toggle switch

is used in the simulation file to hardware start the linear motor. This toggle switch controls

the "Digital I/O 01" output of the IO-191 module. Thus, when the toggle is switched on,

meaning the production of pin 1b is high, the D1 drive will receive an "activate" signal on

the third pin of the CN2, and thus hardware activates the linear motor as configured in

Fig. C.17. When hardware-enabled, the default operating mode the linear motor is in is the

stand-alone mode. Users can switch on the "Velocity Mode" toggle to enter the velocity

mode. This action will send out a high signal on the 2b pin of the Speedgoat machine,

which is connected to the fourth pin of the D1 drive’s CN2 channel, which will then set the

motor drive to the velocity mode as Fig. C.17 configures. When turned on the first toggle
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and turned off the second toggle, the D1 drive will be in stand-alone mode. This action sets

the "Digital I/O 03" to high so that the motor drive receives the "Start Homing" command

and positions the linear motor to the middle point of the left and right limit switches. In

Fig. C.23, the "IO-191 Digital Input" block receives the signals of limit switches. In real-time

execution, those signals are constantly checked. When the limit switch is not triggered, the

reading is low and vice versa. Thus, by summing them up together and connecting the

summation to the "Stop Simulation" button, the simulation can be terminated when any

limit switches get activated. The termination of the run file will set the output of all the

ports to the low state (default), setting the linear motor to hardware disabled mode. This

completes the setting up of the digital I/O functions in the Simulink file.

The desired analog voltage output of the IO-191 module needs to be supplied as

Fig. C.24 shows to control the linear motor’s motion. A saturation block limits the voltage

input range in ±10V to avoid overflow issues. The desired voltage output is calculated

using

V olts =
v

Ka

, (C.1)

where V olts is the desired analog voltage output, v is the desired velocity of the linear

motor, and Ka is the scaling factor between the two. In our set up, we used Ka = 0.3 as

Fig. C.16 shows. The analog output of the IO-191 module connects the analog input of the

D1 drive so that the motor drive can receive the velocity command. The analog ground

of the IO-191 and motor drive is connected as well. Table. C.2 shows the detailed wiring,

thus completing the controlling of the linear motor velocity.

Fig. C.24 also shows the reading of the encoder signal. The "IO-392-50K QAD V3" block

is used to read the encoder signal. This block is purchased along with the IO-392 module.

To set up this block, one needs to double click on it and then set the correct channel vector

number of the encoders one wants to read in the "Module setup" tab. As Table. C.1 shows,

the linear motor’s encoder is wired to the fourth encoder channel. Thus, "[4]" should be

entered in the "Channel vector" blank of the encoder block. Next, the reading mode of the
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Figure C.24: This figure illustrates the configuration of the pendulum cart in the Simulink
model. To control the linear motor’s velocity, the user should input desired analog voltage
to the "Analog output" block. The output of the analog signal will be received by the D1
drive to control the linear motor to the user-defined speed. The "QAD V3" block is used
to read the position and velocity of the linear motor. Moreover, some post-processing is
needed to read the correct value of the linear motor’s speed and velocity.

encoder is configured in the "Quadrature decoder" tab by setting the "Operating mode"

as "Quadrature decoder" and "Sampling" as "4×". The "Latch mode" is set to "Disabled"

while "Interpolate inner position" is turned on. The correct "Steps per revolution vector"

needs to be configured, which defines the counting range of the encoder counter. In the

case of the linear motor’s encoder, its resolution is 1µm, which means there are 106 counts

per meter. Thus, this value is entered as 106 (or 4× 106). The default reading behavior of

the encoder block wraps around to zero if the encoder reading value is larger than the

value entered in the "Steps per revolution vector" blank. Some post-processing needs to

be done to avoid this and achieve continuous reading that does not warp around. This is

achieved by first selecting the "Show position," "Show turns output," "Show speed output,"
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and "Show direction flag output" in the "Input and output port configuration" tab of the

block. Fig. C.24 shows the resulted output ports of the encoder reader block. The "Turns"

output will change accordingly whenever the encoder disk or linear motor performs a

complete revolution. If the steps increase and a full revolution is made, then the "Turns"

increase by one and vice versa. Thus, the total number of steps reflecting the absolute

position of the linear motor or encoder disk can be calculate using

Absolute Steps = Steps+ Turns× (Steps per Revolution), (C.2)

where the "Steps" variable is the output of the "Position" port of the encoder reader block,

"Turns" variable is the output of the "Turns" port. To transfer the Absolute Steps into the

"AbsolutePosition" of the linear motor, the "Steps per Revolution" is used to divide the

Absolute Steps, which will result the absolute position value of the linear motor (in m).

This can be described as

Absolute Position =
Absolute Steps

Steps per Revolution
, (C.3)

which completes the task of position reading of the linear motor. Sometimes, the velocity

of the linear motor is also wanted, and it can be calculated using the "rpm" and "Direction"

output port. The first thing to do is transfer the "rpm" into rounds per second. Dividing

the output of the "rpm" port by 60 achieves this task. However, the output of the "rpm"

port is the absolute value of the velocity. Thus, to include directional information, the

"Direction" port’s output is transformed into 1 or −1, where 1 represents positive velocity

while −1 represents the negative velocity. Then, it is multiplied with rounds per second to

get the directional speed of the linear motor. The user can add a "Lowpass" filter block to

denoise the encoder’s velocity measurement, which completes the reading of the linear

motor encoder.

Fig. C.25 shows the user can configure a similar setup to read the angular position
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Figure C.25: This figure illustrates how to read the angular position of the double pendulum
shown in Fig. 6.1. Conversion in Eq. (C.5) and Eq. (C.6) is needed to read the angular
position of the second pendulum arm defined in Fig. 6.1. A similar configuration of the
encoder block is performed as we did in Fig. C.24 with a different value for the "Steps per
revolution vector" blank.

of the pendulum arm, and we use double pendulum encoder reading as an example to

illustrate this. First, as we did in the linear motor encoder reading configuration, the

"Channel vector" value of two blocks is defined. As Table. C.1 indicates, the first arm’s

encoder channel vector should be "[1]," the second arm’s channel vector should be "[2]",

and when using the triple pendulum arms, the third encoder’s channel vector should be

"[3]". Next, the "Operating mode" is selected as "Quadrature decoder," and "Sampling" is

selected as "4×". Similarly, the "Latch mode" is set to "Disabled" while "Interpolate inner

position" is turned on. The "Steps per revolution vector" is set to 4 × 104. To read the
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absolute rotational angle of the pendulum arm in radius, the following equation is used

Absolute Rotational Angle =
Absolute Steps

Steps per Revolution
× 2π. (C.4)

Moreover, the user can calculate the angular speed of the pendulum arm in radius by

multiplying the output of the "rpm" port with 1/60 to transfer it to the rounds per second.

Next, it can be multiplied by ±2π to transfer the velocity into rad/s. The choice of plus

or minus sign determines whether the pendulum arm’s clock-wise rotation increases

or decreases the encoder reading. In our case, we define the clock-wise rotation of the

pendulum arm increases the value of the encoder reading. Finally, it is vital to note that

the reading of the second pendulum arm does not correspond to the θ2 value shown in

Fig. 6.1. Define the encoder reading of the first, second, and third arm as α, β and γ. Then

the relationship between the encoder reading and pendulum arm’s angle θ1, θ2, and θ3 can

be written as

θ1 = α, (C.5a)

θ2 = α + β, (C.5b)

θ3 = α + β + γ. (C.5c)

Thus, the angular speed of the pendulum arm can be written as

θ̇1 = α̇, (C.6a)

θ̇2 = α̇ + β̇, (C.6b)

θ̇3 = α̇ + β̇ + γ̇. (C.6c)

We provide a template file that achieves all the encoder reading and linear motor control

tasks3. The reader can directly modify this file to include their controller without perform-

3Code availalbe at https://github.com/dynamicslab/MultiArm-Pendulum

https://github.com/dynamicslab/MultiArm-Pendulum
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B Point-Mass Double PendulumA Experimental Double Pendulum
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Figure C.26: This figure illustrates the difference between the point-mass model of the
double pendulum (left) and the more realistic experimental double pendulum (right)
studied herein. The point-mass model ignores the mass of each arm of the pendulum, while
the experimental model considers both the inertial (Ji) and mass (mi) of the pendulum
arms.

ing the encoder reading configuration. This conversion is also shown in Fig. C.25, which

completes the setup of the Simulink configuration.

C.7 Step by Step Operation Details

C.7.1 Pre-Experiment Preparations

Before starting the experiments, the following operations are needed:

1. Put on safety glasses.

2. Determine the overall sampling frequency of the setup, control input range, cart

velocity range, and cart position range. These parameters can help determine whether

the purposed experiments is physically realizable. If the desired cart velocity and

acceleration range is higher than the limit introduced in Fig. C.19, change the limits

in Fig. C.19 accordingly.
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3. Develop the controller Simulink file, and make sure it compiles correctly. Rewire the

connection of the IO-191 module if the custom I/O functionalities are needed.

4. Double check the wiring between the Speedgoat terminal block and pendulum arm

encoder and linear motor drive.

5. Check the connection between the slip-ring and slip-ring brush. Make sure the

slip-ring and slip-ring brush are contacting each other.

6. Connect the host computer and Speedgoat machine using an Ethernet cable. Turn on

the Speedgoat machine and setup the Simulink Real-Time to establish communication

between the host computer and Speedgoat machine. This step and those prior to it

complete the connection between the pendulum arm and Speedgoat machine.

7. Check all the wires that connect the linear motor’s electrical parts mentioned in

Fig. 6.12. Make sure all cables are connected properly according to the wiring

diagram shown in Fig. C.11.

8. Release the emergency stop button and connect the circuit breaker.

9. Plug in the power cord of the emergency stop button module. This power cord is

used to supply power to the linear motor, motor drive, and all other components in

the electrical parts of the linear motor.

10. Press the green button of the emergency stop button module to supply AC single

phase power to the electrical box of the system. Wait a moment to observe if any

shortage has occurred. If so, press the emergency stop button to cut off the power

supply. If not, proceed to the next step.

11. Press the green momentary switch to self-lock the magnetic contactor. This will

provide the power supply to the line reactor and DC power supplied module. Wait
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a moment to observe if any shortage has occurred. If so, press the emergency stop

button to cut off the power supply. If not, proceed to the next step.

12. Set the toggle switch of the electrical box to on. This provides power to the motor

drive, and in turn the motor drive will provide power to the linear motor. Wait a

moment to observe if any shortage has occurred. If so, press the emergency stop

button to cut off the power supply. If not, proceed to the next step.

13. Remove any and all obstacles from the motor rail.

14. Execute the Lightning software and connect the D1 motor drive to the host computer.

Make sure all the parameters shown in the Lightning software are correct.

15. Open the Simulink model with developed controller. Compile it and download it to

the Speedgoat machine.

16. Execute the compiled controller, start the desired experiments.

C.7.2 Peri-Experiment Operations and Precautions

One should adhere to the following operations and precautions below when performing

experiments:

1. Never get close to the moving pendulum cart just in case any mistakes in the de-

signed controller file make the linear motor perform undesired motion and injure the

operator.

2. The operator should stand on the front or back side of the experimental setup. Never

stand on the side of the linear motor as one may be struck by a pendulum arm.

3. The operator should closely monitor the behavior of the experimental setup. If for any

reasons there is an electical shortage, smoke, heat, or unwanted noise, immediately
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press the emergency stop button to cut off the power supply to the linear motor to

avoid further damage.

4. The operator should closely monitor the surroundings of the experimental setup. If

any person, animal, or unwanted object enters the experimental area the experiment

should be stopped immediately to avoid injury and/or prevent the damage of the

experimental setup.

5. The operator should continually check the data being collected from the experiment.

If an unwanted measurement drift is apparent in the plotted data, immediate stop

the experiment by pressing the stop simulation button of the Simulink file.

C.7.3 Post-Experiment Operations

After an experiment, the following operation should be performed:

1. Check all wiring related to the electrical component of the pendulum setup. Recon-

nect any wires that may have become disconnected during the experiment.

2. Check for damage to the system hardware.

3. Go back to the pre-experiment operations to perform another experiment or follow

the proceeding steps to turn off the system.

4. Close the Lightning software to cut off the communication between the D1 drive and

host computer.

5. Switch the toggle switch to off to cut off the power to the motor drive.

6. Press the red momentary switch to cut off the power to the DC power supply and

line reactor.
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7. Press the off button of the emergency stop button module. This will cut off all power

supply to the linear motor. Then unplug the power cord.

8. Save the experimental files and data to a secured location. After saving close Matlab

and Simulink.

9. Turn off the Speedgoat machine. This will cut off the power supply to the pendulum

arm encoder.

10. Turn off the host computer.

With the above post-experiment operations, all of the power supplied to the experimental

system is now cut off.

C.8 Safety Mechanism and Notes Details

The following electrical safety mechanisms should further be implemented:

1. Use the circuit breaker protect the motor from over current failure.

2. Install the limit switch on the linear motor to prevent the out of range motion of the

linear motor.

3. Use the regenerative resistors to absorb extra kinetic energy during the breaking of

linear motor.

4. Use the noise filter to reduce the ground current protecting the appliances that share

the same ground.

5. The noise filter, shielded cable, edge filter, and EMI cores are used to reduce the side

effect of EMI noise. This in turn provides a cleaner signal and prevents the possible

damage caused by faulty measurements signal.
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6. Obtain better control of the electrical system using the emergency stop button, mo-

mentary switches, while allowing for rapid disconnection from the power supply,

thus improving safety in the case of any electrical shortage.

7. Use an electrical box to prevent potential mechanical damage to the electrical compo-

nents.

8. Properly ground electrical components to avoid a shock to the operator.

9. Use the linear motor’s temperature sensor to prevent overheating and over current

failure.

The Lighting and Simulink software should be modified as follows to guarantee user

safety:

1. Use the Lightning software to internally restrict the range of linear motor’s position,

velocity, and acceleration.

2. Use the Lightning software to stop the linear motor when the limit switch is triggered.

3. Program the Simulink model to limit the analog output, which restricts the velocity

range of the linear motor.

4. Use the Simulink model to stop the experiment when the limit switch is triggered.

In addition to the above safety procedures, one should also use the following points to

ensure the safety of the operator and surrounding personnel.

1. Always check the wire connections for damage or disconnections before starting the

experimentto avoid an electrical shortage and fire.

2. Clear the linear motor rail of obstacles before supplying power to the motor.
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3. Do not touch the linear motor rail by hand. This could potentially rust the motor rail.

4. Apply general purpose grease every month to protect the motor rails from rusting.

5. Never touch the linear motor while it is in operation.

6. Never perform any wiring of electrical components with the power supply on.

7. Keep a safe distance from the system while it is operating. We suggest the operator

and all surrounding personnel should be at least one meter from the experimental

setup while performing experiments.

8. Do not stand to the side of the pendulum arms as this increases the risk of being hit

by a pendulum arm.

9. Do not expose the electrical components to moisture or liquid as they are not water-

proof. Furthermore, do not operator the equipment if hands are wet.

10. Wear safety glasses for all construction and operation steps for the experiment.

C.9 Parameter Estimation Details

This Appendix. gives the details of parameters estimation process shown in Table. C.4.

In this Appendix., we will first use the EOM of the double pendulum on the cart as an

example to explain why it is desired to use the acceleration of the pendulum cart as our

control input. Then, we will show more details on the parameter estimation process

we used to identify the parameters in Table. C.4. Since the model derivation task of

single, double and triple pendulum are standard text book example, we refer the reader to

check [7, 428] for more details on deriving the EOM of pendulum arm on the cart.
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Table C.4: Comparison of the estimated parameters and CAD model estimated parameters
of the single, double, and triple pendulum. The length l1, l2 and l3 are not estimated for
the single, double, and triple pendulum respectively, since they are not present in the
corresponding EOM. It is interesting to note that the estimated values of the local gravity
constant g are different for all three pendulums. This is caused by the fact the g is an
optimization parameter during the parameter estimation and is allowed to vary to best fit
the data. Units: mass kg, length m, inertia kgm2, and local gravity constant m/s2.

Pendulum
Type Single Double Triple

Vars
Source CAD Estimated

Parameters CAD Estimated
Parameters CAD Estimated

Parameters
m1 0.1183 0.1476 0.1199 0.0938 0.11 0.2582
m2 0.1183 0.1376 0.12 0.2794
m3 0.1 0.1186
l1 0.17272 0.17272 0.1727 0.1727 0.1728
l2 0.2286 0.2286 0.2287
l3 0.2413
a1 0.08638 0.1478 0.08755 0.1086 0.08755 0.16
a2 0.1256 0.1168 0.127 0.2029
a3 0.12 0.1837
J1 0.001578 1.0912× 10−4 0.001627 10−4 0.001578 1× 10−4

J2 0.002908 10−4 0.0029 3.1416× 10−4

J3 0.002157 1.6874× 10−4

ε1 2.2394× 10−4 10−5 0.0015
ε2 10−5 2.5958× 10−4

ε3 1× 10−5

g 9.8083 9.81001 9.8083 9.808 9.8083 9.8083

C.9.1 Equations of Motion

This section shows why it is desired to use the acceleration of the pendulum cart as

control input and we illustrate this using double pendulum as an example. Let x0 be the

position of pendulum cart and vx0 its velocity, and the rotational angle of pendulum arm as

θ1 and θ2 respectively. Following the modeling process shown in [7], the second derivative

of the double pendulum’s rotational angle can be written as θ̈1 and θ̈2 as Eq. (7.18).

In Eq. (7.19) we use the convention that Aij, Bij are the coefficients of the energy

preserved Hamiltonian system for the θ̈1 and θ̈2 equations, respectively, while the subscripts

denote the coefficients on the θ1 and θ2 terms inside the sine function they are multiplied
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against. The Fij are the (θ1, θ2, θ̇1, θ̇2)-dependent friction terms in θ̈i equation with friction

coefficient εj . Finally, the Ci terms correspond to the influence of the cart velocity, v̇x0 ,

for the θ̈i equation and D(θ1 − θ2) represents the denominator function. By writing the

equation of the of the experimental double pendulum in the form of Eq. (7.18), one can see

the acceleration of the pendulum cart v̇x0 can be nicely used as control input of the system.

By assuming perfect velocity control can be provided by the motor drive, the mass of the

pendulum cart M can be avoided in the equation of motion of the pendulum cart.

In experiments with the physical double pendulum on a cart the velocity of the pen-

dulum cart is controlled by the servo drive by applying an analog voltage input as we

mentioned in Sec. 6.7.1. This voltage input is calculated by first taking the integral of the

acceleration of the pendulum cart v̇x0 . The integration will result the desired velocity of the

pendulum cart vx0 . Then the desired velocity is scaled to the corresponding voltage using

the scaling factor shown in Fig. C.16. Thus, in the experiments, the acceleration of the

double pendulum is chosen as the control input of the system. To account for this control

input, we write out the complete first order ODE of the pendulum on the cart system using

acceleration of the cart as control input, denoted u. The final result is the ODE shown in

Eq. (7.20).

System 7.20 therefore represents the full equations of motion for the double pendulum

on a cart that we investigate for the parameter estimation task. The equations of motions

shown in Eq. (7.20) made various assumptions. For example, it did not consider the the air

drag of the pendulum arm, it did not consider the effect of rolling bearing balls during

the rotational movement as shown in [446], it did not consider the time-lag between the

control signal and movement of the linear motor, it did not consider the oscillation of the

pendulum, it did not consider the fact that linear motor might not be moving in a horizontal

line, etc. However, it does a pretty good job on capturing most of the system dynamics

and is the most widely used equation of motion for the experimental double pendulum on

the cart system. If the user consider more factors, a more accurate and complicated model

of the double pendulum on the cart can be derived. The same procedures shown above
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can also be used to derive the equation of motion of the single and triple pendulum on the

cart. A good reference on deriving the equation of motion of the triple pendulum can be

seen in [428].

C.9.2 Parameter Estimation

Having now derived the equations of motion for the experimental double pendulum

on the cart, we now seek to identify the values of the numerous parameters to arise in

it. Our goal is to align the parameters of the model (7.20) with those of our constructed

double pendulum on a cart. Of course, the parameters of the physical model are uncertain

and we expect a difference between the actual and theoretical parameter values due to

imperfect manufacturing, installation tolerance, etc. In this subsection, we will present

the method we have used for parameter estimation of the double pendulum. The same

approach is also used to estimate the parameters of the double and triple pendulum.

To estimate the parameters of the double pendulum we fix the position of the cart.

The result will be that u = 0 in (7.20), thus reducing the ODE to one in the four variables

(θ1, θ2, θ̇1, θ̇2), given by

θ̇1 = ω1,

θ̇2 = ω2,

ω̇1 =
A10 sin(θ1) + A11 sin(θ1 − θ2) + A12 sin(θ1 − 2θ2) + A22 sin(2θ1 − 2θ2) + ε1F11 + ε2F12

D(θ1 − θ2)
,

ω̇2 =
B01 sin(θ2) +B11 sin(θ1 − θ2) +B21 sin(2θ1 − θ2) +B22 sin(2θ1 − 2θ2) + ε1F21 + ε2F22

D(θ1 − θ2)

(C.7)

Next, the experimental data of the pendulum arms is collected by swinging them from an

arbitrary initial condition. The relative angles of pendulum arms with respect to its joint is

measured using the encoders, with 10000 CPR accuracy in quadrature mode, which results

in 40000 PPR (pulse per revolution). Suppose that we have collected n ≥ 1 measurements
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of the values of (θ1, θ2, θ̇1, θ̇2), each over L ≥ 1 time values. We arrange each measure

into the data matrices Yi ∈ R4×L for each i = 1, . . . , n and denote Ŷi(p) ∈ R4×L the data

generated by simulating (C.7) with the same initial conditions for each i = 1, . . . , n and a

given choice of the parameter values

p = [m1, m2, a1, a2, ℓ1, J1, J2, ε1, ε2, g]. (C.8)

Then, the goal of our parameter estimation is to solve the optimization problem

min
p

n∑
i=1

∥Yi − Ŷi(p)∥2. (C.9)

Of course, a (global) minimum of the above error identifies a choice of parameters for

which the trajectories of the simulated double pendulum using (C.7) most closely aligns

with that of the physical model.

To perform our parameter estimation we have used n = 26 different measurements,

all sampled with sampling rate of 1kHz. Each Yi consists of L = 2667 consecutive data

points. We solve the optimization problem (C.9) using MATLAB’s optimization toolbox.

Specifically, we employ the particleswarm algorithm to achieve the global minimum. To

better assist the convergence to the global optimum, we initialize with upper and lower

bound constraints on the parameter values. These bounding values and their units are

given component-wise by

pl = [0.09kg, 0.09kg, 0.09m, 0.10m, 0.172719m, 10−4kgm2, 10−4kgm2, 10−5, 10−5, 9.808m/s2]

pu = [0.14kg, 0.14kg, 0.16m, 0.22m, 0.172721m, 0.002kgm2, 0.002kgm2, 10−3, 10−3, 9.809m/s2].

(C.10)

As is apparent from (C.10), we begin the optimization process by being more certain of

some parameter values than the other from the aid of simple measurement devices such

as electric scales. In contrast, there is not a good way to directly measure the the inertial
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and friction coefficients of the pendulum arms, and so we have provided a larger variance

in our upper and lower bounds. However, the CAD models of the pendulum arms can

be used to have a rough guess of the inertial parameters. The result of the parameter

estimation process using the minimization scheme (C.9) is

p∗ = [0.0938kg, 0.1376kg, 0.1086m, 0.1168m, 0.1727m,

10−4kgm2, 10−4kgm2, 10−5, 10−5, 9.808m/s2].
(C.11)

It should be noted that the parameters we identified in Eq. (C.11) is NOT the real physical

parameters of the experimental double pendulum. Rather, it should be think of as a set

of optimization variables that optimize the minimization scheme (C.9) while at the same

time is numerically close to the actual experimental parameters. This is due to the fact

that model we used does not capture all the dynamics of the pendulum arm and the data

we collected is not perfectly clean4. Thus, there’s rooms for the optimization algorithms

to fine tune the optimization variables to compensate for unconsidered factors during

the modeling. This is why the global optimization algorithm is used to find out a set of

parameters that best compensate those unmodeled factors. Another important thing to

note is, the identified model parameters provides a good simulated forward prediction

performance if the dynamics of the double pendulum under prediction is similar to those

used in parameters estimation. In other words, using data set that covers different parts

of the double pendulum’s phase space will result various optimal solution for Eq. (C.11).

This happens quite frequently when the control input is applied to the pendulum on the

cart system, where often times an extra step of parameter tuning is needed to compensate

the unmodeled behavior of the pendulum as shown in [7, 428, 436]. Another interesting

thing we noticed is that the parameters estimated using a higher energy level of double

4The estimated angular velocity of the pendulum arm deviates from the true velocity. This makes the forward
simulation of Eq. C.7 accumulates error due to the chaotic behavior of the double pendulum. This deviation
of estimated velocity of the pendulum arm makes the estimated parameters deviates from the true physical
value as well.
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pendulum’s motion requires a longer time to converge to the optimal solution. Moreover,

it might not provide a good forward prediction performance for the low energy motions.

We suspect the increase of the training time is due to the fact that the higher energy

level motion is more sensitive to the change of parameters. As for the worse prediction

performance on the low energy data, we believe it is caused by too much tuning been

made in the high energy level data set to compensate for the unmodeled factors, since the

unmodeled factors plays more role in the high energy data set. This is why we included

n = 26 different measurements, including low, medium, and high energy level motion of

the pendulum to get a balance performance on prediction performance. The parameter

estimation task of the single and triple pendulum is similar to the one for double pendulum

and is omitted here. Instead, the estimated parameter is directly given in Table. C.4.

C.10 Bill of Materials

C.10.1 Bill of Materials for Building Pendulum Arm

All the materials needed to build the pendulum arm shown in Fig. 6.4 can be seen in

Table. C.5. The price of some of the parts are not shown and the readers need to request

a quote from the company to get its price. Other parts such as screws are sold in pack,

for those parts the price for one pack is listed and is indicated by "*" symbol. Besides the

materials mentioned in Table. C.5, we also recommend ordering 1008-1010 carbon steel

ring shim set (1/4" ID, McMaster 3088A928) to accommodate for the manufacturing error

if needed.

Table C.5: Materials needed to build the pendulum arm shown in Fig. 6.4.

Designator Component Number
Total

cost-currency

Source

of materials
Material type

Arm1Shaft (1)
McMaster

1346K17
1 9.61 McMaster 1566 Carbon Steel

https://www.mcmaster.com/1346K17/
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Table C.5 continued from previous page

Designator Component Number
Total

cost-currency

Source

of materials
Material type

SlipRing

8 Channel (2)

Moog

AC2690-8
1 NA Moog Gold and Others

Arm1 (3)
McMaster

8975K224
1 27.4 McMaster Aluminum

91251A077 (4)
McMaster

91251A077
16 8.74∗ McMaster

Black-Oxide

Alloy Steel

WireClip (5) 3D Printed 4 NA NA PLA

EncoderShim (6) 3D Printed 2 NA NA PLA

Encoder (7)
US Digital

EM2-2-10000-I
2 87.02 US Digital Others

91251A081 (8)
McMaster

91251A081
4 9.01∗ McMaster

Black-Oxide

Alloy Steel

BrushShim (9) 3D Printed 1 NA NA PLA

BrushBlock (10) Moog AC259-5 1 NA Moog Gold and Others

3088A449 (11)
McMaster

3088A449
2 7.13∗ McMaster Steel

R188 5 (12)
R188 Hybrid

Ceramic Bearing
4 105.60 Ortech

Ceramic, Steel,

and Others

Arm2Shaft (13)
McMaster

1346K11
1 8.62 McMaster 1566 Carbon Steel

SlipRing

5 Channel (14)

Moog

AC2690-5
1 NA Moog Gold and Others

Arm2 (15)
McMaster

8975K224
1 27.4 McMaster Aluminum

97022A213 (16)
McMaster

97022A213
2 5.34∗ McMaster 316 Stainless Steel

EncoderDisk (17)

US Digital

HUBDISK-2

-10000-250-IE

2 74.16 US Digital Others

https://www.moog.com/products/slip-rings/commercial-industrial-slip-rings/separates/ac2690.html
https://www.mcmaster.com/8975K224/
https://www.mcmaster.com/91251A077/
https://www.usdigital.com/products/encoders/incremental/modules/em2/?q=EM2-2-10000-I
https://www.mcmaster.com/91251A081/
https://www.moog.com/products/slip-rings/commercial-industrial-slip-rings/separates/ac2690.html
https://www.mcmaster.com/3088A449/
https://www.ortechceramics.com/products/ceramic-bearings/hybrid-ceramic-bearings/hybrid-deep-groove-ball-bearings-inch/r188-hybrid-ceramic-bearings-14-x-12-x-18/
https://www.mcmaster.com/1346K11/
https://www.moog.com/products/slip-rings/commercial-industrial-slip-rings/separates/ac2690.html
https://www.mcmaster.com/8975K224/
https://www.mcmaster.com/97022A213/
https://www.usdigital.com/products/encoders/incremental/components/hubdisk-2/?q=HUBDISK-2-10000-250-IE
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Table C.5 continued from previous page

Designator Component Number
Total

cost-currency

Source

of materials
Material type

98126A447 (18)
McMaster

98126A447
2 6.82∗ McMaster 18-8 Stainless Steel

97633A130 (19)
McMaster

97633A130
2 9.77∗ McMaster

1060-1090

Spring Steel

BearingPlate (20)
McMaster

89015K255
2 31.7 McMaster Aluminum

Arm1Cover (21) 3D Printed 1 NA NA PLA

Arm3Shaft (23)
McMaster

1346K11
1 8.62 McMaster 1566 Carbon Steel

Arm3 (23)
McMaster

8975K224
1 27.4 McMaster Aluminum

Arm2Cover (24) 3D Printed 1 NA NA PLA

C.10.2 Bill of Materials for Building Pendulum Cart

All the materials needed to build the above mentioned pendulum cart can be seen in

Table. C.6. Some of the components do have a public price information, thus we refer the

reader to contact the corresponding manufacture and ask for a quote. As for some bolts

and nuts, they are sold in packs. Thus, the price of one pack is listed and we indicate this

using a "∗" symbol. Besides the materials mentioned in Table. C.6, we also recommend

ordering 1074-1095 Spring Steel Ring Shim (McMaster 98055A117: 0.1mm thick, 10mm

ID. McMaster 98055A121: 0.5mm Thick, 10mm ID) to serve as replacement of 3D printed

shim (35) if the printer precision is not high.

https://www.mcmaster.com/98126A447/
https://www.mcmaster.com/97633A130/
https://www.mcmaster.com/89015K255 /
https://www.mcmaster.com/1346K11/
https://www.mcmaster.com/8975K224/
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Table C.6: Materials needed to build the pendulum cart in Fig. 6.7.

Designator Component Number
Total

cost-currency

Source

of materials
Material type

91251A077 (4)
McMaster

91251A077
6 8.74 McMaster

Black-Oxide

Alloy Steel

Encoder (7)
US Digital

EM2-2-10000-I
1 43.51 US Digital Others

DriverClip (25) 3D Printed 1 NA NA PLA

CableDriver (26)
US Digital

PC4-H10
3 51.09 US Digital Others

96144A111 (27)
McMaster

96144A111
6 21.24 McMaster

Black-Oxide

Alloy Steel

3329A310 (28)
McMaster

3329A310
1 28.1 McMaster

Chrome-Plated

Brass and Others

CartPlate (29)
McMaster

9246K486
1 26.69 McMaster Aluminum

LinearMotor (30)

HIWIN LMX1K

-SA12-1-2000

-PGS1-V103+HS

1 NA HIWIN
Aluminum and

Others

61900 6 (31)
61900 Hybrid

Ceramic Bearing
2 81.9 Ortech

Ceramic, Steel,

and Others

Spacer (32) 3D Printed 1 NA NA PLA

9140T273 (33)
McMaster

9140T273
1 39.23 McMaster Aluminum

98055A122 (34)
McMaster

98055A122
1 10.69∗ McMaster

1074-1095

Spring Steel

Shim (35) 3D Printed 1 NA NA PLA

661900 Hybrid Ceramic Bearings (10 X 22 X 6). Bearing Material: Chorme Steel 52100. Ball Material: Silicon
Nitride. Cage/Retainer: PTFE. Enclosure: Open. Rating(ABEC): 7. Bearing Internal Clearance: Tight. Radial
Play C2. Lube: Dry.

https://www.mcmaster.com/91251A077/
https://www.usdigital.com/products/encoders/incremental/modules/em2/?q=EM2-2-10000-I
https://www.usdigital.com/products/accessories/interfaces/cable-drivers/pc4/?q=PC4-H10
https://www.mcmaster.com/96144A111/
https://www.mcmaster.com/3329A310/
https://www.mcmaster.com/9246K486/
https://motioncontrolsystems.hiwin.us/request/all-categories
https://www.ortechceramics.com/products/ceramic-bearings/hybrid-ceramic-bearings/hybrid-deep-groove-ball-bearings/61900-hybrid-ceramic-bearings-10x22x6/
https://www.mcmaster.com/9140T273/
https://www.mcmaster.com/98055A122/
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Table C.6 continued from previous page

Designator Component Number
Total

cost-currency

Source

of materials
Material type

EncoderDisk2 (36)

US Digital

HUBDISK-2

-10000-394-IE

1 37.06 US Digital Others

90326A105 (37)
McMaster

90326A105
1 6.35 McMaster Steel

BlockBase (38) 3D Printed 1 NA NA NA

9125A471 (39)
McMaster

91251A471
2 8.35∗ McMaster

Black-Oxide

Alloy Steel

BrushBlock-8 (40)
Moog

AC259-8
1 NA Moog

Gold and

Others

LimitSwitch

Plate1 (41)

McMaster

89015K113
1 4.35∗ McMaster Aluminum

90751A110 (42)
McMaster

90751A110
4 8.86∗ McMaster

18-8

Stainless Steel

LimitSwitch

Plate2 (43)

McMaster

89015K113
1 4.35∗ McMaster Aluminum

6000N312 (44)
McMaster

6000N312
2 3.96 McMaster

Stainless

Steel

LimitSwitch

Base (45)
3D Printed 1 NA NA PLA

90592A085 (46)
McMaster

90592A085
4 1.44∗ McMaster Steel

91290A318 (47)
McMaster

91290A318
2 14.37∗ McMaster Steel

91290A121 (48)
McMaster

91290A121
2 14.33∗ McMaster Alloy Steel

LimitSwitch (49)

Omron

EE-SX671

(PNP)

2 64.06 Omron Ohters

https://www.usdigital.com/products/encoders/incremental/components/hubdisk-2/?q=HUBDISK-2-10000-394-IE
https://www.mcmaster.com/90326A105/
https://www.mcmaster.com/91251A471/
https://www.moog.com/products/slip-rings/commercial-industrial-slip-rings/separates/ac2690.html
https://www.mcmaster.com/89015K113/
https://www.mcmaster.com/90751A110/
https://www.mcmaster.com/89015K113/
https://www.mcmaster.com/6000N312/
https://www.mcmaster.com/90592A085/
https://www.mcmaster.com/91290A318/
https://www.mcmaster.com/91290A121/
https://www.newark.com/omron-industrial-automation/ee-sx671/optical-sensor-transmissive-slotted/dp/52F3828
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C.10.3 Bill of Materials for System Frame

The materials needed to build the system frame can be summarized in Table. C.7. It is

worth noting that component 56, 57, 62 and 63 already comes with fastener, so there’s no

need to purchase additional fasteners. Moreover, the component 50, 55, 58 and 61 can be

directly purchased with the desired length by ordering McMaster 5537T907. This can ease

the manufacturing process but will increase the overall price.

Table C.7: Materials needed to build the pendulum cart in Fig. C.7.

Designator Component Number
Total

cost-currency

Source

of materials
Material type

Extrusion1-4 (50)
McMaster

5537T103-4
8 261.52 McMaster

6560

Aluminum

X-Connector (51)
McMaster

89015K255
4 63.4 McMaster

6061

Aluminum

AlignTool1 (52) 3D Printed 8 NA NA PLA

AlignTool2 (53) 3D Printed 8 NA NA PLA

Drop-In Nut (54)
McMaster

5537T271
16 34.56 McMaster

Zinc-Plated

Steel

Extrusion2-4 (55)
McMaster

5537T103-4
4 130.76 McMaster

6560

Aluminum

47065T998 (56)
McMaster

47065T998
10 166.1 McMaster

Anodized

Aluminum

47065T984 (57)
McMaster

47065T948
2 32.48 McMaster

Anodized

Aluminum

Extrusion3 (58)
McMaster

5537T103-2
2 35.84 McMaster

6560

Aluminum

Extrusion4 (59)
Leftover material

when producing (58)
2 NA McMaster

6560

Aluminum

5537T323 (60)
McMaster

5537T323
20 101 McMaster Zinc

https://www.mcmaster.com/5537T103/
https://www.mcmaster.com/89015K255/
https://www.mcmaster.com/5537T271/
https://www.mcmaster.com/5537T103/
https://www.mcmaster.com/47065T998/
https://www.mcmaster.com/47065T948/
https://www.mcmaster.com/5537T103/
https://www.mcmaster.com/5537T271/
https://www.mcmaster.com/5537T323/
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Table C.7 continued from previous page

Designator Component Number
Total

cost-currency

Source

of materials
Material type

Extrusion5 (61)
McMaster

5537T103-2
2 35.84 McMaster

6560

Aluminum

Wheel (62)
McMaster

4706T83
4 83.52 McMaster

Zinc-Plated Steel

and Rubber

5537T37 (63)
McMaster

5537T37
4 105.76 McMaster

Anodized

Aluminum

Extrusion6 (64)
McMaster

5537T103-6
2 92.54 McMaster

6560

Aluminum

C.10.4 Bill of Materials for Real-Time System

This section summarizes the materials needed to build the real-time system shown in

Fig.6.10. All materials needed is shown in Table. C.8. Since monitor (69) does not affect

the entire system’s performance, we will not include the detailed information on which

monitor we used. As long as the monitor the readers choose to use has a display port, it

can connect with the target system. The host computer we used is quite old, so we decided

not to put its price. The readers can use any computer they like as a host computer if it

supports running Matlab and has an Ethernet port. As for the price of Speedgoat product,

please send a quote to Speedgoat for more details.

Table C.8: Materials needed to build the real-time system.

Designator Component Number
Total

cost-currency

Source

of materials
Material type

Terminal

Block (65)

Speedgoat

Terminal

Board

2×17 Pin

2 NA Speedgoat Others

https://www.mcmaster.com/5537T103/
https://www.mcmaster.com/47065T83/
https://www.mcmaster.com/5537T37/
https://www.mcmaster.com/5537T103/
https://www.speedgoat.com/company/contact-us
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Table C.8 continued from previous page

Designator Component Number
Total

cost-currency

Source

of materials
Material type

Cable (66)

M12M to

M12F 17 Pin

3 feet Cable

4 NA Speedgoat Others

IO-191

(67− 1)

IO-191

-Baseline
1 NA Speedgoat Others

IO-392

(67− 2)

IO-392

-Baseline
1 NA Speedgoat Others

TargetMachine

(67− 3)

Baseline

Education

Real-Time

Target Machine

1 NA Speedgoat Others

HostComputer (68) NA 1 NA NA Others

Monitor (69) NA 2 NA NA Others

5537T698 (70)
McMaster

5537T698
2 2.14 McMaster

Silver

Zinc-Plated

Steel

8961K102 (71)
McMaster

8961K102
1 3.9 McMaster

Zinc-Plated

Steel

IO-392

DAQ4RS422 (72)

IO-392

Configuration

File

1 NA Speedgoat NA

C.10.5 Bill of Materials for the Electronic Parts

This section summarize necessary components needed in the electrical system of the

multi-link pendulum on the cart system. All the components needed in the electrical parts

are shown in Table. C.9. Some of the components needed such as cables, DIN rail, DIN rail

terminal blocks , wires, etc, are not shown in Fig. 6.12 and is included in Table. C.9.

https://www.speedgoat.com/company/contact-us
https://www.speedgoat.com/company/contact-us
https://www.speedgoat.com/company/contact-us
https://www.speedgoat.com/company/contact-us
https://www.mcmaster.com/5537T698/
https://www.mcmaster.com/8961K102/
https://www.speedgoat.com/company/contact-us
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Table C.9: Materials needed to build the electrical part of the system.

Designator Component Number
Total

cost-currency

Source

of materials
Material type

EmergencyStop

Module (75)

Powertec

71354
1 19.99 Powertec Others

Circuit

Breaker (76)

Eaton

FAZ-B3

-2-NA

1 48
Automation

Direct
Others

Magnetic

Contactor (77)

WEG

CWC016

-00-22V18

1 23.5
Automation

Direct
Others

Noise

Filter (78)

Schaffner

FN2090

-10-06

1 31.5
Automation

Direct
Others

Line

Reactor (78)

LR-11P0

-1PH
1 139

Automation

Direct
Others

Motor

Drive (80)

HIWIN

D1 Drive
1 NA HIWIN Others

Edge

Filter (81)

HIWIN

MF-40-S
1 NA HIWIN Others

Regenerative

Resistor (82)

Yohii

500W

30 Ω

Resistor

2 2.14 Amazon Others

DC

Supply (83)

MEAN WELL

MDR-60-24
1 24.84

MEAN

WELL
Others

Enclosure (84)
Hammond

CSKO242410
1 171

Automation

Direct

Carbon

Steel

https://powertecproducts.com/71354-magnetic-switch-120-v/
https://www.automationdirect.com/adc/shopping/catalog/circuit_protection_-z-_fuses_-z-_disconnects/circuit_breakers_-a-_circuit_protectors/miniature_circuit_breakers_(mcb)/faz-b3-2-na
https://www.automationdirect.com/adc/shopping/catalog/circuit_protection_-z-_fuses_-z-_disconnects/circuit_breakers_-a-_circuit_protectors/miniature_circuit_breakers_(mcb)/faz-b3-2-na
https://www.automationdirect.com/adc/shopping/catalog/motor_controls/iec_magnetic_contactors/4-pole_miniature_contactors_(7_to_16_amp)/cwc016-00-22v18
https://www.automationdirect.com/adc/shopping/catalog/motor_controls/iec_magnetic_contactors/4-pole_miniature_contactors_(7_to_16_amp)/cwc016-00-22v18
https://www.digikey.com/en/products/detail/schaffner-emc-inc/FN2090-10-06/1928911
https://www.digikey.com/en/products/detail/schaffner-emc-inc/FN2090-10-06/1928911
https://www.automationdirect.com/adc/shopping/catalog/retired_products/drives_-a-_soft_starters/lr-11p0-1ph
https://www.automationdirect.com/adc/shopping/catalog/retired_products/drives_-a-_soft_starters/lr-11p0-1ph
https://motioncontrolsystems.hiwin.us/request/all-categories
https://motioncontrolsystems.hiwin.us/request/all-categories
https://www.meanwell-web.com/en-gb/ac-dc-industrial-din-rail-power-supply-output-mdr--60--24
https://www.meanwell-web.com/en-gb/ac-dc-industrial-din-rail-power-supply-output-mdr--60--24
https://www.automationdirect.com/adc/shopping/catalog/enclosures_-z-_subpanels_-z-_thermal_management_-z-_lighting/enclosures/junction_boxes/csko242410
https://www.automationdirect.com/adc/shopping/catalog/enclosures_-z-_subpanels_-z-_thermal_management_-z-_lighting/enclosures/junction_boxes/csko242410
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Table C.9 continued from previous page

Designator Component Number
Total

cost-currency

Source

of materials
Material type

Toggle

Switch (85)

20A

12VDC /

120VAC

Toggle

Switch

1 7.99 Amazon Others

Momentary

Switch (86)

LC LICTOP

AC 660V

Push Button

Switch

1 6.99 Amazon Others

EMI

Cores (87)

HIWIN

D1-EMC1
2 NA HIWIN Others

Enclosure

Panel (88)

Hammond

CSFC2424
1 21

Automation

Direct

Carbon

Steel

DIN

Rail (89)
DN-R35S1-2 1 12.5

Automation

Direct

Plated

Steel

14AWG

Cable (90)

Amazon 14

AWG Cable
1 NA Amazon Copper

12AWG

Cable (91)

Amazon 12

AWG Cable
1 NA Amazon Copper

10AWG

Cable (92)

Amazon 10

AWGCable
1 NA Amazon Copper

DIN Rail

Terminal

Block (93)

Amazon

DIN Rail

Block

10 NA Amazon Others

DIN Rail

Ground

Terminal

Block (94)

Amazon

DIN Rail

Terminal

Block

10 NA Amazon Others

https://motioncontrolsystems.hiwin.us/request/all-categories
https://www.automationdirect.com/adc/shopping/catalog/enclosures_-z-_subpanels_-z-_thermal_management_-z-_lighting/enclosure_parts_-a-_accessories/flush_covers/csfc2424
https://www.automationdirect.com/adc/shopping/catalog/enclosures_-z-_subpanels_-z-_thermal_management_-z-_lighting/enclosure_parts_-a-_accessories/flush_covers/csfc2424
https://www.automationdirect.com/adc/shopping/catalog/enclosures_-z-_subpanels_-z-_thermal_management_-z-_lighting/enclosure_parts_-a-_accessories/din_rails/dn-r35s1-2
https://www.automationdirect.com/adc/shopping/catalog/enclosures_-z-_subpanels_-z-_thermal_management_-z-_lighting/enclosure_parts_-a-_accessories/din_rails/dn-r35s1-2
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Table C.9 continued from previous page

Designator Component Number
Total

cost-currency

Source

of materials
Material type

DC

Connector

(95)

Wago

721-103/

026-000

1 4.03 Newark Others

AC

Connector

(96)

Wago

721-204/

026-000

1 6.91 Digikey Others

MotorPower

Connector

(97)

Wago

721-104/

026-000

1 5.26 Digikey Others

EdgeFilter

Input

Connector

(98)

Phoenix

Contact

1718517

1 11.3

Mouser

Electronics

Phoenix

Contact

1718517

Others

EdgeFilter

Output

Connector (99)

Phoenix

Contact

1718504

1 11.3

Mouser

Electronics

Phoenix

Contact

1718504

Others

Regen

Connector (100)

Wago

723-603
1 3.85 Galco Others

Communication

Cable (101)

D1-DNT07A

USB232

to RJ11

Adapter Cable

1 22 Amazon Others

HookUp

Wire (102)

24 AWG

Hook Up Wire
1 NA Amazon Copper

https://www.newark.com/wago/721-103-026-000/terminal-block-pluggable-3pos/dp/29K2205\ 
https://www.digikey.com/en/products/detail/wago-corporation/721-204-026-000/15545040
https://www.digikey.com/en/products/detail/wago-corporation/721-204-026-000/15545040
https://www.galco.com/buy/Wago/723-603
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Table C.9 continued from previous page

Designator Component Number
Total

cost-currency

Source

of materials
Material type

Shielding

Wire (103)

Electriduct 1/2"

Tinned Copper

Metal Braid

Sleeving Flexible

EMI RFI

Shielding

Wire Mesh

(0.32" Diameter)

- 10 Feet

1 21.88 Amazon

Tinned

Copper

Metal

Cable

Sleeve

(104)

Keco 100ft

– 1/2 inch

PET

Expandable

Braided

Cable Sleeve

1 16.99 Amazon Others

CN2

Connector

(105)

3M

10126-3000
1 11.62 Digikey Others

CN2

Connector

Cover (106)

3M

10326-52F0-008
1 10.62 Digikey Others

Limit

Switch

Cable (107)

HIWIN

D-Sub

9-Pin Female

Limit Switch

Extension

Cable

1 NA HIWIN Others

https://www.digikey.com/en/products/detail/3m/10126-3000PE/773864
https://www.digikey.com/en/products/detail/3m/10326-52F0-008/703410
https://motioncontrolsystems.hiwin.us/request/all-categories
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Appendix D

APPENDIX FOR CHAPTER 7

D.1 Governing Equations of the PCR3BP

In Section 7.2 we illustrated the tube dynamics of index-1 saddles using numerical

simulations from the planar circular restricted three body problem (PCR3BP). We assume

there are two massive bodies with masses µ1 and µ2 which form their own two body

problem, while a (relatively) weightless body such as a satellite or shuttle moving in the

gravitational field generated by these objects. Here we present the relevant dynamical

system for the third weightless body restricted to the orbital plane of the two massive

bodies which constitute the Hamiltonian PCR3BP system. We define the states of the

system as x, y, vx and vy, representing the position of the third body in the plane and its

velocity in each independent direction.

The potential energy of the system is given by

V3BP = −1

2

(
µ1r

2
1 + µ2r

2
2

)
− µ1

r1
− µ2

r2
, (D.1)

where

r21 = (x+ µ2)
2 + y2,

r22 = (x− µ1)
2 + y2,

µ =
m2

m1 +m2

,

µ1 = 1− µ,

µ2 = µ.

(D.2)
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The kinetic energy is given by

T3BP =
1

2
(v2x + v2y), (D.3)

so that the total energy of the PCR3BP is

H3BP = T3BP + V3BP . (D.4)

Using the above Hamiltonian, we can arrive at the corresponding first-order ODE describ-

ing the equations of motion of the PCR3BP. The result is given by

ẋ = vx,

ẏ = vy,

v̇x = 2vy + x− (x− (1− µ))µ2

r31
− (1− µ)(x+ µ)

r32
,

v̇y = −2vx + y − yµ2

r31
− µ1y

r32
,

(D.5)

Here µ is the mass ratio of the two massive bodies. For the examples provided in Section 7.2

we have followed [437] used taken µ = 9.537× 10−4, which is the mass ratio of Jupiter to

the Sun in our solar system.

The L1 and L2 index-1 saddle Lagrangian points lie on the line y = 0. Such points are

equilibria of (D.5) with y = 0 and, per [439, Section 2.5], are given by x = (1−µ)±γ, where

γ are solutions of the quintic polynomials

γ5 ∓ (3− µ)γ4 + (3− 2µ)γ3 − µγ2 ± 2µγ − µ = 0. (D.6)

Precisely, the L1 Lagrange point comes from a solution γ with the upper signs in the above

polynomial, while the L2 Lagrange point comes from using lower signs. With the value

µ = 9.537 × 10−4, the corresponding γ values in (D.6) are γ1 = 0.06667655835869524 and

γ2 = 0.06978018274821962, thus leading to the x positions of the L1 and L2 Lagrangian
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points

xL1 = (1− µ)− γ1 = 0.9323697416413048,

xL2 = (1− µ) + γ2 = 1.0688264827482197.
(D.7)

The coordinates (xLi
, 0, 0, 0), i = 1, 2, thus represent the location of the index-1 saddles of

interest in the PCR3BP (D.5).

D.2 The Point-Mass Double Pendulum

Here we will provide the relevant equations of motion for the point-mass double pen-

dulum and describe the analogous linear analysis to that of § 7.4.2. The goal is to show that

the Down-Up and Up-Down states remain index-1 saddles for the simplified point-mass

double pendulum. Furthermore, we comment that although it is not reported here, there

is a nearly identical tube structure to what we have shown for the experimental double

pendulum, meaning that our election to study the more physically realistic experimental

double pendulum presents little difference to the more typically studied point-mass double

pendulum.

To begin, let m1 denote the point mass of the first (base) arm and m2 be the point

mass of the second arm. We take the length of the first and second arms to be ℓ1 and ℓ2,

respectively. The angle θ1 represents the angular displacement of the first arm from the

downward vertical position, while θ2 is the angular displacement of the second arm. We

again refer the reader to the left panel of Figure C.26 for visual reference.

The kinetic energy of the double pendulum is given by

T =
1

2
(m1 +m2)ℓ

2
1ω

2
1 +

1

2
m2ℓ

2
2ω

2
2 +m2ℓ1ℓ2ω1ω2 cos(θ2 − θ1) (D.8)

and the potential energy is given by

V = −(m1 +m2)ℓ1g cos(θ1)−m2ℓ2g cos(θ2). (D.9)
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Hence, the total energy of the system is given by the Hamiltonian function

H(θ1, θ2, ω1, ω2) = T + V (D.10)

composed of the sum of the kinetic (D.8) and potential (D.9) energies. Following as in

Section C.9.1 we arrive at the corresponding first-order conservative ODE describing the

equations of motion for the point-mass double pendulum:

θ̇1 = ω1

θ̇2 = ω2

ω̇1 =
A1 + A2 + A3

ℓ21ℓ2(m1 +m2 −m2 cos2(θ2 − θ1))

ω̇2 =
B1 +B2 +B3

ℓ1ℓ22m2(m1 +m2 −m2 cos2(θ2 − θ1))

. (D.11)

Here we have

A1 = m2ℓ1ℓ
2
2ω

2
2 sin(θ2 − θ1),

A2 =
1

2
m2ℓ

2
1ℓ2ω

2
1 sin(2θ2 − 2θ1),

A3 = ℓ1ℓ2g[m2 sin(θ2) cos(θ2 − θ1)− (m1 +m2) sin(θ1)],

B1 = −1

2
ℓ1ℓ

2
2m

2
2ω

2
2 sin(2θ2 − 2θ1),

B2 = −ℓ21ℓ2m2(m1 +m2)ω
2
1 sin(θ2 − θ1),

B3 = −ℓ1ℓ2m2g(m1 +m2)[sin(θ2)− sin(θ1) cos(θ2 − θ1)],

(D.12)

where we have neglected any friction or control terms that could be added to the system.

We now follow the linear analysis of § 7.4.2 to show that again the Down-Up and

Up-Down steady-states are index-1 saddles of (D.11). Again, equilibria come in the form

(θ1, θ2, ω1, ω2) = (πk1, πk2, 0, 0) for every pair of integers (k1, k2) ∈ Z2 and all of these

equilibria are symmetric with respect to the action of the reverser (7.22). As with the
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experimental double pendulum, by periodicity of the θ1, 2 components we have four

equilibria that merit investigation: Down-Down, Down-Up, Up-Down, and Up-Up, as

described in (7.23).

Linearizing (D.11) about an equilibrium (θ1, θ2, ω1, ω2) = (πk1, πk2, 0, 0) with k1, k2 ∈ Z

results in the matrix
0 0 1 0

0 0 0 1

−g(m1+m2) cos(πk1)
ℓ1(m1+m2−m2 cos2(πk2−πk1))

gm2 cos(πk2) cos(πk2−πk1)
ℓ1(m1+m2−m2 cos2(πk2−πk1))

0 0

g(m1+m2) cos(πk1) cos(πk2−πk1)
ℓ2(m1+m2−m2 cos2(πk2−πk1))

−g(m1+m2) cos(πk2)
ℓ2(m1+m2−m2 cos2(πk2−πk1))

0 0

 . (D.13)

The block structure of (D.13) gives the square of its eigenvalues are equal to those of the

lower left 2× 2 matrix −g(m1+m2) cos(πk1)
ℓ1(m1+m2−m2 cos2(πk2−πk1))

gm2 cos(πk2) cos(πk2−πk1)
ℓ1(m1+m2−m2 cos2(πk2−πk1))

g(m1+m2) cos(πk1) cos(πk2−πk1)
ℓ2(m1+m2−m2 cos2(πk2−πk1))

−g(m1+m2) cos(πk2)
ℓ2(m1+m2−m2 cos2(πk2−πk1))

 . (D.14)

We therefore arrive at the following results.

Down-Down. The Down-Down state is obtained by setting k1 = k2 = 0. In this case (D.14)

becomes −g(m1+m2)
ℓ1m1

gm2

ℓ1m1

g(m1+m2)
ℓ2m1

−g(m1+m2)
ℓ2m1

 . (D.15)

Since the trace of the above matrix is negative and the determinant is positive for all

m1,m2, ℓ1, ℓ2 > 0, it follows that both eigenvalues are distinct and strictly negative.

Therefore, the linearization (D.13) about the Down-Down state has two pairs of purely

complex eigenvalues, making it a linear center.

Down-Up. The Down-Up state is obtained by setting k1 = 0 and k2 = 1. The matrix (D.14)
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becomes −g(m1+m2)
ℓ1m1

gm2

ℓ1m1

−g(m1+m2)
ℓ2m1

g(m1+m2)
ℓ2m1

 (D.16)

which has a negative determinant for all relevant parameter values. Therefore, the above

matrix has one positive and one negative real eigenvalue, thus making the Down-Up state

an index-1 saddle since (D.13) has one positive eigenvalue, one negative eigenvalue, a pair

purely imaginary eigenvalues when k1 = 0 and k2 = 1.

Up-Down. We obtain the Up-Down state by setting k1 = 1 and k2 = 0. The matrix (D.14)

is then given by g(m1+m2)
ℓ1m1

−gm2

ℓ1m1

g(m1+m2)
ℓ2m1

−g(m1+m2)
ℓ2m1

 (D.17)

and following as in the Down-Up state, we find that the Up-Down state is also an index-1

saddle.

Up-Up. The Up-Up state has k1 = k2 = 1, resulting in (D.14) taking the form

 g(m1+m2)
ℓ1m1

−gm2

ℓ1m1

−g(m1+m2)
ℓ2m1

g(m1+m2)
ℓ2m1

 . (D.18)

The above matrix is the result of negating all of the entries of the Down-Down analysis

by −1. It follows that the linearization (D.13) about the Up-Up state has two positive

eigenvalues and two negative eigenvalues. From the nomenclature above, the Up-Up state

is an index-2 saddle.

From above we can see that the Down-Up and Up-Down states are index-1 saddles,

similar to the experimental pendulum.
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