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Abstract

Analysis of the Anomalous Spin Precession of the Muon for the Fermilab Muon g − 2 Experiment

Joshua LaBounty

Chair of the Supervisory Committee:

David Hertzog
Physics

The E989 Muon g−2 Experiment at Fermilab searches for signals of physics beyond the standard

model by precisely measuring the anomalous magnetic moment of the muon (aµ) and comparing

the result to the standard model prediction. The measurement of aµ can be broken into three

components: measurement of the anomalous spin precession frequency of the muon (ωa), mea-

surement of the magnetic field of the g − 2 storage ring using proton NMR, and characterization

of the dynamic motion of the muon beam. Recently published results from Runs 2 and 3 of the

experiment have increased the precision on the world average value of aµ by a factor of two to 0.19

parts-per-million (ppm). These results are in strong tension with a 2020 evaluation of aµ in the

standard model. This thesis describes the work to analyze the remaining data (Runs 4-6) of the

Muon g− 2 experiment. These datasets represent 73% of the total data collected and are expected

to bring the final experimental uncertainty to ≤ 0.14ppm. An overview of the g − 2 experiment is

presented, with special attention paid to the precession frequency measurement hardware and the

analysis chain through which the ωa data is processed and collated into ‘physics-quality’ datasets.

A preliminary analysis of the Run-4 ωa data follows, which yields by itself a statistical precision

of 0.19ppm. Finally, selected systematic studies and remaining analysis work are presented and

discussed.
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Chapter 1

Introduction

The standard model (SM) of particle physics is the most successful theoretical framework in exis-

tence. Since its conception in the early 20th century, it has made countless successful predictions

and become the underpinning of the modern description of the physics of fundamental particles.

However despite its many successful predictions, there remain a number of areas where the SM

falls short. For example, it fails to explain the existence of the dark matter, nor why the universe

consists of an abundance of matter and not antimatter. Precision tests of the SM provide footholds

to explore physics beyond the standard model (BSM) through examination of tiny perturbations

on existing SM quantities. Any tensions between measured values and those calculated using the

standard model can be used to guide theoretical developments and test predictions from specific

models of BSM physics. The anomalous magnetic moment of the muon — aµ — provides one such

test: as it can be predicted to high precision in the SM, can be measured to high precision, and is

potentially quite sensitive to the effects of beyond the standard model physics.

This thesis describes the author’s contributions to the Muon g − 2 experiment at Fermilab.

This chapter gives a brief introduction to magnetic moments, as well as the general principles

underpinning storage ring measurements of Muon g − 2. Chapter 2 describes the current status

of the theoretical prediction of the anomalous magnetic moment in the SM, including the current

tensions present therein. Chapter 3 details how this particular experiment is performed, from the

production of muons to the detection of the positron energy signals from which aµ is extracted.
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This chapter also describes the calculation of various necessary correction factors. Chapters 4 and 5

describe the processing of the raw data through the nominal UW analysis chain. In those chapters,

Run-4 of the experiment (data taken from December 2020 – July 2021) is treated as the ‘nominal’

set of running conditions. Chapter 6 presents some systematic evaluations by the author, as well

as a summary of the current status of the overall systematics of the Run-4+ analysis. Ongoing

studies, as well as major differences between Run-4 and other running periods, are described in

Chapter 7. Finally, some brief closing thoughts are presented in Chapter 8.

Over the past several years, the author participated in a wide assortment of investigations

related to the extraction of the anomalous precession frequency of the muon (ωa) and the behavior

of the muon beam (‘beam dynamics’). Throughout this work a holistic picture of the experiment is

presented at a high level, while special attention is paid to those aspects of the experiment where

the author has made significant contributions1. A condensed description of specific contributions

by the author are presented in Appendix A.

1.1 Background

Classically, an electric charge with angular momentum ~L will generate a magnetic moment ~µ [2]:

~µ =
q

2m
~L, (1.1)

where q and m are the charge and mass2 of the particle respectively. When an external magnetic

field ~B is applied, such an object will experience a torque:

~N = ~µ× ~B, (1.2)

and associated potential energy:

U = −~µ · ~B. (1.3)

1Or, barring significant contributions, has great fondness for nonetheless.
2It is assumed here the charge and mass distributions are the same.
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This set of equations works well to describe macroscopic objects, but (like many aspects of classical

physics) they begin to fail at quantum scales. In particular, this classical description of magnetic

moments was found to be lacking when it came to describing the behavior of subatomic particles

with an internal angular momentum. Starting from the 1920’s, many measurements of such particles

found deviations from the magnetic moment predicted by a classical approximation of spherical

charges. This led to the modification of Equation (1.1), adding the ‘gyromagnetic ratio’ g to

account for the discrepancy between theory and experiment:

~µ = g
q

2m
~s, (1.4)

where g ≡ 1 for classical systems, g ≡ 2 for the electron, and g for composite particles like the

proton and neutron being determined experimentally. The angular momentum ~L is replaced by the

spin vector of the particle ~s, to better differentiate between internal and orbital angular momentum.

This allowed calculations to be done, but was an ad-hoc solution to what was quickly becoming a

glaringly obvious problem: quantum systems are fundamentally different from classical ones.

1.1.1 Quantum Moments and the Dirac Equation

A solution to the ad-hoc nature of this addition soon presented itself. When Dirac formulated his

eponymous equation3: [
(i∂µ − eAµ)

2 − e

2
Fµνσ

µν −m2
]
ψ = 0, (1.5)

in 1928 it was noted that it implicitly predicted g = 2 for a spin-1/2 particle like an electron. This

can be seen more clearly when this equation is taken to its non-relativistic limit. This yields the

Hamiltonian:

H =
~p2

2m
+ V (~r) +

e

2m
~B ·
(
~L+ 2~S

)
. (1.6)

3Following the notation from [3].
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In this form, g = 2 can be read off (as highlighted in red). The ‘anomalous’ portion of the magnetic

moment is defined as the difference from g to the pure Dirac prediction, divided by 2:

a ≡ g − 2

2
. (1.7)

The value of a is non-zero due to loop corrections from virtual particles in the vacuum. The various

contributions to the muon anomaly are given in detail in Chapter 2.

It should be noted that an analogous electric dipole moment (EDM) can also be constructed:

~d = η
e

2m
~s, (1.8)

where η is the electric equivalent of g. In the calculations which follow it is assumed that such an

EDM is zero, which is consistent with the best measurements at this time4.

1.2 The Foundation of the Muon g − 2 Experiment

The Muon g− 2 experiment extracts the value aµ from the energy spectrum of positrons produced

from the decay of muons held in a magnetic storage ring. Measurements of aµ have a history

stretching back almost 70 years, and in that time a number of key refinements of the technique

have been made. While the specific details of the current experiment are described in Chapter 3,

the measurement technique can be distilled into the following pillars which underpin the experiment

today.

1.2.1 Parity Violation in the Weak Decay

The parity violating nature of weak decay is foundational to the Muon g − 2 experiment, first in

the decay of pions (π+) into muons (µ+), and then in the decay of those µ+ to positrons (e+). The

4A measurement of this quantity is possible from the Muon g − 2 data, and a publication is forthcoming with
results from the first years of data taking. Such a measurement was performed as part of the previous generation
g − 2 experiment [4], which yielded:

|dµ| < 1.9× 10−19e ∗ cm [95% c.l.] (1.9)
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(a) (b)

(c) (d)

Figure 1.1: Feynman diagrams showing the positive pion and muon decay channels, as well as
the analysis of the momentum and spin of the initial/final states for each in the rest frame of the
decaying particle.

π+ is a spin-0 pseudoscalar meson. When it decays, the final state must also be spin-0. The π+

decays through the weak interaction (Figure 1.1a) primarily5 to a muon and a neutrino:

π+ → µ+ + νµ. (1.10)

The two body nature of the decay means that the muon must be emitted back to back with the

neutrino. Each will have an energy in the pion rest frame of mπ/2. All neutrinos in the standard

model are left handed, which means that the muon must be born with a definite helicity state as

well in order to to conserve angular momentum. The muons produced in positive (negative) pion

decays are therefore entirely polarized against (along) their direction of motion. A polarized beam

of muons can be created by selecting from a mono-energetic π+ beam either the highest (lowest)

energy decay muons, which will have been emitted in (opposite to) the direction of the pion’s

momentum vector in the lab frame.

5With a branching ratio of 99.987% [5].
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Figure 1.2: The correlation between the normalized energy of the positron and the spin direction
of the parent muon. The highest energy decay positrons are produced when the positron is emitted
in the direction of the muon spin vector (ŝµ · p̂e = 1). The color scale and z-axis are normalized
from 0 to 1. Reproduced from [6].

The decay of the muon to an electron also proceeds through the weak decay (Figure 1.1b).

Conservation of lepton number requires a three body decay:

µ+ → e+ + νe + ν̄µ. (1.11)

The highest energy decay positrons will be created when the two neutrinos are emitted parallel to

one another and opposite in direction to the positron. This can be seen pictorially in Figure 1.1d.

In this case, the angular momentum of the neutrino and anti-neutrino cancel and the positron

necessarily carries the same spin as the parent muon. The correlation between positron momentum

and muon spin decreases as the positron energy decreases, as shown in Figure 1.2. The muon decay

is often referred to as ‘self-analyzing’, as the direction of the spin vector of the muon at the time

of the decay can be inferred from the energy of the decay positron.

1.2.2 Muons in Motion: Direct Sensitivity to the Anomaly

Shortly after the concept of parity violation in the weak decay was proposed [7], measurements

of the g-factor of the muon (gµ) were performed. Early measurements, such as those conducted

at the Nevis synchrocyclotron, utilized polarized muons which were brought to rest in a fixed
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target [8–10]. The spins of the muons would then precess in a magnetic field applied to this target.

Variation of the magnitude of this field caused a modulation in the number of high energy positrons

measured by a fixed counter after a set time. Measurements performed using this technique were

critical to confirming the Dirac nature of the muon6. However, these techniques were sensitive

to gµ directly and were therefore limited in their ability to measure the anomalous portion of the

magnetic moment (even to 1st order).

A leap forward for measurements of the anomaly came from considering muons which were

undergoing relativistic cyclotron motion in a magnetic field. Considering only motion perpendicular

to the field: ∣∣∣∣d~pdt
∣∣∣∣ ≡ ωc =

eB

mγ
. (1.12)

The torque such a field provides to a point-like particle manifests in the form of a Larmor precession

of the spin vector:

d~s

dt
= ~µ× ~B →

∣∣∣∣d~sdt
∣∣∣∣ = ωs = g

eB

2m
. (1.13)

In this accelerating, relativistic reference frame, Equation (1.13) is modified to include the effects

of Thomas precession [2]:

ωs = g
eB

2m
+ (1− γ)

eB

mγ
. (1.14)

Taking the difference of these frequencies yields:

ωs − ωc =
g − 2

2

eB

m

= a
eB

m
≡ ωa (1.15)

where it can be seen that the difference between these two frequencies (the ‘anomalous precession

6It was still unclear whether the muon (or ‘mu meson’) had any substructure, like the ‘other’ mesons of the time
such as the π+.
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frequency’ ωa) is directly proportional to the anomalous portion of the magnetic moment:

aµ =
ωamµ

eB
(1.16)

For a pure Dirac particle, g = 2 and ωa = 0. A measurement of ωa, as opposed to ωs, is directly

sensitive to the anomalous portion of the magnetic moment. Since gµ − 2 ≈ gµ/850, any relative

uncertainties on the measurement are correspondingly reduced by a factor of 850. From this fact,

three orders of magnitude in experimental precision are gained entirely for free.

In the previous section, it was stated that the highest energy decay positrons are emitted

preferentially in the direction of the muon’s spin vector ~s. The angle of the spin vector with the

momentum vector (~p) of the µ+ will precess with frequency ωa. Likewise, the shape of the observed

(Lorentz boosted) positron energy spectrum will also oscillate with ωa. An illustration of this can

be seen in Figure 1.3.

Figure 1.3: The energy spectrum of the decay positrons in the lab frame is distorted by the
oscillation of the muon spin vector (~sµ) relative to the momentum vector (~pµ) with frequency ωa.
Here, the energy spectrum corresponding to three different phases of the ωa oscillation are shown.
Counting the positrons above some energy threshold (shown pictorially by the shaded region) yields
a quantity which is ∝ ωa. Reproduced from [6].

8



1.2.2.1 Boosted Muons: Fit Function and Associated Error

The ultimate statistical precision of a measurement of the anomalous magnetic moment can be

calculated by examining the fitting procedure used to analyze the data. The positrons measured

from such boosted muon decays are described by the following functional form:

N(t) = N0e
−t/τa [1 +A cos (ωat+ φa)] (1.17)

where N0 is an overall normalization factor, τa is the effective muon lifetime7, A is the g − 2

asymmetry8, φa is the g − 2 phase, and ωa is the anomalous precession frequency. Following the

argument in reference [11]9, in a general storage ring experiment the observed positron counts can

be histogrammed vs. time (Nobs(t)) and fit to Equation (1.17). This is done by minimizing the χ2

for the function:

χ2 =

n∑
i=1

[
Nth(~α, ti)−Nobs(ti)

σ(ti)

]2
(1.18)

for a histogram with n bins (each centered at ti) and fit parameters ~α = {α0, α1, ...}. Here,

Nth(~α, ti) represents the form given in Equation (1.17) evaluated with a given set of parameters.

Many algorithms have been developed to vary the parameters ~α in order to arrive at the minimum

value of the χ2 (the so-called ‘best’ fit). Poisson statistics where σ(ti) ≈
√
Nobs(ti) are assumed.

The general form of the variance is:

〈αiαj〉 = S−1
ij , (1.19)

(1.20)

7This ‘lifetime’ also incorporates any non-physics effects which might cause the muons to ‘disappear’ from the
measurement. For instance, scattering off of physical material might cause τa to not be exactly consistent with γτµ
(see Section 5.3.8)

8The asymmetry encodes the degree of correlation between the muon spin and its momentum. Its value is influenced
by many factors (the initial beam polarization, detector acceptance effects, energy thresholds, etc.).

9This reference refers the reader to ‘any decent book on error analysis’, for which the author suggests [12].
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where:

S =
1

2

∂2χ2

∂αi∂αj
(1.21)

is evaluated at the ~α that minimizes χ2. For Equation (1.17):

1

2

∂2χ2

∂αi∂αj
≈

n∑
i=1

1

σ2
∂Nth

∂αj

∂Nth

∂αk
.

In the g − 2 fitting procedure the only parameter that is significantly correlated with ωa is φa,

and so the error on ωa can be effectively evaluated by examining the two-parameter minimization:

S−1
2-Param =

 〈δωa〉2 〈δωaφa〉

〈δωaφa〉 〈δφa〉2

 =

 1
2
∂2χ2

∂ω2
a

1
2

∂2χ2

∂ωa∂φa

1
2

∂2χ2

∂ωa∂φa

1
2
∂2χ2

∂φ2
a


−1

(1.22)

Evaluating these partial derivatives and solving for δωa, the fractional error on ωa is:

δωa

ωa
=

1

ωa

 ∂2χ2

∂φ2
a

1
2
∂2χ2

∂ω2
a

1
2
∂2χ2

∂φ2
a
− 1

2
∂2χ2

∂ωa∂φa

1
2

∂2χ2

∂ωa∂φa

1/2

(1.23)

≈ 1

ωa

√
2

Aτ
√
N
, (1.24)

where N ≡
∫∞
0 N0e

− t/τdt = N0τ . The uncertainty on the extraction of ωa can thus be minimized

by increasing any of the parameters in the denominator. This relation relation shows that (to first

order) storing as many muons as possible (N ↑), with as high a momentum as possible (τ = γτµ ↑),

and with as high a degree of polarization as possible (A ↑) will yield the most precise measurement

of ωa.

If one were to integrate over all decay positron energies, the g − 2 signal would vanish. This

motivates putting an energy threshold on any analysis, and from inspection of Equation (1.23) it

can be seen that the proper choice is the threshold at which the integrated NA2 is maximized10.

This is the ‘figure of merit’ for the g − 2 experiment. This is discussed further in Section 5.2.4.

10For a fixed value of τ
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Of some note is the fact that the factor of
√
2 in the numerator of Equation (1.24) is only present

because φa is a free parameter in the fit. Were this quantity to be known a-priori, or be able to

be measured independent of ωa, then the runtime of the g − 2 experiment could be reduced by a

factor of two for the same precision [11, 13].

1.2.3 Precise Extraction of the Magnetic Field

Measuring ωa alone is not enough for an accurate measurement of aµ. From Equation (1.16), it can

be seen that a measurement of the magnetic field to equal or better precision is also required. Proton

Nuclear Magnetic Resonance (NMR) techniques allow for such a measurement to be performed with

great precision. The value of the magnetic field in a proton NMR measurement given by:

B = ωp
2mp

egp
, (1.25)

where ωp is the precession frequency of the proton in the external field, mp/gp are the mass and

gyromagnetic ratio of the proton respectively. The application of this technique means that the

g − 2 experiment can be most accurately thought of as a co-magnetometer experiment, where two

measurements of the magnetic field — one using protons and one using muons — are compared

and the value of aµ is extracted from that comparison. The results are therefore often expressed in

terms of the ratio:

R ≡ ωa

ωp
, (1.26)

which is related to aµ through various constants:

aµ =
ωamµ

eB

=
ωamµ

e

(
egp

2mpωp

)
= R mµgp

2mp
. (1.27)
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The exact values of these constants used to extract aµ are given in Section 3.7. Further details

regarding the magnetic field measurements for the E989 g− 2 experiment are given in Section 3.2.

1.2.4 Electric Focusing and the ‘Magic’ Momentum

Holding muons in a magnetic field for an extended period of time and allowing them to precess until

they decay is crucial for a high statistics measurement of ωa. Some early muon g−2 experiments at

CERN (the so-called CERN-I and CERN-II experiments) were able to perform the experiment in a

purely magnetic environment [14]. These experiments utilized a magnetic field gradient to confine

muons vertically while they precessed in the horizontal plane. This technique by definition required

that the magnetic field be non-uniform, and therefore the path that any individual muon took in

such a field would alter its individual spin precession. Uncertainties on the knowledge of the field

gradients and the paths that muons took through this distorted field dominated these experiments.

If instead, the magnetic field is made uniform and an electric quadrupole field is used to provide

vertical focusing then this uncertainty disappears. However, the introduction of the electric field

in the lab frame modifies the precession equations given in the previous sections:

∣∣∣∣d~pdt
∣∣∣∣ ≡ ωc =

e

mc

(
~Blab
γ

− γ

γ2 + 1
~β ×

~Elab
c

)
, (1.28)

and

d~s

dt rest
= ~µ× ~Brest

= ~µ×
[
~Blab − ~β × ~Elab − γ

γ + 1
~β
(
~β · ~Blab

)]
. (1.29)

where the substitution on the second line is a Lorentz transform from the rest frame of the muon

to the lab frame11. From here onward, it is assumed any ~B or ~E without a subscript refers to the

fields in the lab frame. The Thomas precession is similarly altered by the electric field:

d~s

dt lab
=
d~s

dt rest
+ ~ωT × ~s (1.30)

11Jackson 11.149 [2]
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~ωT =

(
γ2

1 + γ

)
d~β

dt
× ~β (1.31)

d~β

dt
=

e

γmc

(
~E + ~β × ~B − (~β · ~E)~β

)
. (1.32)

Substituting12 Equations (1.31) and (1.32) into Equation (1.30) and rearranging:

d~s

dt
=

e

mc
~s×

[(
g − 2

2
+

1

γ

)
~B − g − 2

2

γ

γ + 1
(~β · ~B)~β −

(
g − 2

2
+

1

γ + 1

)
~β × ~E

]
=

e

mc
~s×

[(
aµ +

1

γ

)
~B − aµ

γ

γ + 1
(~β · ~B)~β −

(
aµ +

1

γ + 1

)
~β × ~E

]
, (1.33)

Taking the difference between the forms of the spin precession and cyclotron frequencies in Equa-

tions (1.28) and (1.33) yields13:

ωa ≡ ωs − ωc =

∣∣∣∣d~sdt
∣∣∣∣− ∣∣∣∣d~pdt

∣∣∣∣
=

e

mc

[
aµ ~B − aµ

γ

γ + 1
(~β · ~B)~β −

(
aµ − 1

γ2 + 1

)
(~β × ~E)

]
. (1.34)

The first term remains the same as it was in the magnetic-field-only formalism. However, in this

case the factors of γ have not yet entirely disappeared. The first term can be accounted for by

designing an experiment which minimizes any motion of the muons parallel to the magnetic field

(~β · ~B → 0). The second term can be cancelled with a particular choice of momentum such that:

γ =

√
1

aµ
− 1 ≡ γ0 ≈ 29.3. (1.35)

At this ‘magic γ’, the prefactor of the ~β× ~E term goes to zero. The corresponding ‘magic momentum’

(p0) is 3.094GeV/c. Operating at this momentum yields a time dilated muon lifetime of γ0τµ =

64.4µs, which also benefits the extraction of ωa (as seen from Equation (1.24)). Small corrections

are required to account for the residual effects of these terms, as detailed in Section 3.6.3, but to

12See Jackson 1.143 to 1.170 for a more thorough derivation [2].
13In this substitution the identity:

1

γ + 1
− γ

γ2 + 1
=

−1

γ2 − 1

is used [2].
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first order all of the factors of γ can once again be neglected.

1.2.5 Summary

To reiterate, in order for a high precision measurement of aµ to be successful, it is required that:

• Pions, decaying via the weak interaction, yield a source of polarized muons;

• Parity violation imprints the direction of the muon spin vector onto the decay positron energy,

thus making the decay of the muon ‘self-analyzing’;

• Storage ring measurements be sensitive to ‘g − 2’ and not ‘g’;

• The magnetic field of such a storage ring be able to be measured precisely using NMR; and

• Operating at the ‘magic γ’ cancels the E ×B terms in Equation (1.34).

These have been colloquially referred to as the ‘miracles’ of g − 2 (with only a small degree of

hyperbole).

In order for this measurement to be useful as a test of the standard model, one additional

‘miracle’ is required: the value of aµ must be able to be predicted to high precision. This is indeed

the case and, as will be shown in Chapter 2, the theoretical value can be predicted in the standard

model to the same order of precision as the experimental results.

1.3 Current Status of Experimental Results

The Fermilab Muon g − 2 experiment has published the results from the Run-1 [16] and the Run-

2/3 [15, 17] datasets (see Figure 1.4b). This has reduced the uncertainty on the world average

measurement of the anomalous magnetic moment of the muon to 190 parts-per-billion (ppb). The

current world average evaluation of aµ is:

aµ = 116, 592, 059(22)× 10−11 (1.36)
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(a) Image credit P.Girotti. (b) Reproduced from [15].

Figure 1.4: (a) Accumulated statistics and corresponding estimate of the final uncertainty. (b)
Current status of aexp

µ . The values on this plot include only ≈ 27% of the total accumulated
statistics at FNAL.

When compared to the 2020 theoretical evaluation of aµ [1, 18–37]:

∆aµ = −249(48)× 10−11 > 5σ. (1.37)

While this may be an exciting14 threshold to meet, any celebrations or conclusions are on hold

while the updated evaluation of the theoretical calculation is in progress (see Section 2.2).

1.4 Outlook

1.4.1 J-PARC E34

Hearkening back to an earlier era of g − 2 experiments, the E34 experiment at J-PARC aims to

measure the value of aµ in a purely magnetic environment by using an ultra cool muon beam.

This beam is formed by first creating muonium atoms, which are then re-ionized and the muons

accelerated to 300 MeV/c. This produces a pencil-like beam with very little need for vertical

focusing, and so trapping muons with only weak magnetic focusing is achievable. The experiment

seeks to begin taking data by 2028 and publish an evaluation of aµ with similar precision to the

FNAL Run-1 results after two years of data taking. This independent measurement of aµ using a

novel method, while not competitive with the latest Fermilab results in terms of statistical power,

14
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will yield increased confidence in the experimental result. A recent summary can be found in [38].

1.4.2 Fermilab E989

The datasets published by the Fermilab Muon g − 2 Experiment thus far amount to only ≈ 27%

of the total data taken. Analysis of the remaining data (Runs 4-6) is in progress and results from

these datasets are expected to be published by early 2025. Portions of this analysis are presented in

Chapters 5 to 7. The addition of this data is expected to bring the statistical uncertainty on aµ below

100 ppb for the first time (see Figure 1.4a). Based on the collaborations current understanding of

the data and the associated systematic uncertainties, it is likely that the experiment will achieve

or better its proposed goal of 140 ppb total uncertainty on aµ.
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Chapter 2

Muon g − 2 in the Standard Model

As the E989 Muon g− 2 collaboration was being formed, the ‘Muon g− 2 Theory Initiative’1 (TI)

was also convened. The goal of the Theory Initiative is to achieve a theoretical prediction for the

value of aµ with an uncertainty on the same order as the projected experimental precision. Only

through the combination of both efforts is a precision test of the standard model possible. This

chapter describes the latest official status of the theoretical prediction from the Theory Initiative,

some of the updates since the publication of that result in 2020, and the expectations for the theory

going forward.

The matrix element for the generic interaction between a lepton and a photon (representing an

external magnetic field) shown in Figure 2.1 is [3]:

iMµ = (−ie)ū(q2)
[
F1

(
p2

m2

)
γµ +

iσµν

2m
pνF2

(
p2

m2

)]
u(q1), (2.1)

where F1 and F2 are independent form factors which describe the interaction, ū(q2) and u(q1) are

Dirac spinors, σµν ≡ i
2 [γ

µ, γν ], γµ are the Dirac matrices, pµ ≡ qµ2 − q
µ
1 is the momentum exchange

with the external field, and m is the mass of the particle (in this case the muon). Inspection

of this relation shows that only the second term has any dependence on the particles spin. It is

therefore this second term which produces the magnetic moment. From this relation, and taking

1https://muon-gm2-theory.illinois.edu/
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the non-relativistic limit where p2/m2 → 0, it can be derived2 [3]:

g = 2 + 2F2(0), (2.2)

and therefore:

a = F2(0). (2.3)

The interaction involving F2 has the structure of a dimension-5 operator, and thus must be 0 at

tree level. The anomalous portion of the magnetic moment therefore can only arise from loop

corrections to the bare vertex in Figure 2.1. The value of aµ in the standard model (aSM
µ ) can be

calculated by summing the contributions to F2(0) from different loop diagrams.

Figure 2.1: A Feynman diagram representing a generic interaction between a fermion and an
external photon.

2.1 Latest Muon g − 2 Theory Initiative Consensus

In 2020, the Theory Initiative released a white paper which detailed their most up to date evaluation

of the theoretical prediction of aµ [1]. This white paper (WP) collated results from many different

sources, and the initiative worked diligently to combine each of them in a way which took into

2This derivation can be found in most (if not all) introductory QFT textbooks. For instance, see Section 17.1 (pg.
315-318) of reference [3].
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account all correlated and uncorrelated uncertainties. A summary of the results of this white paper

can be seen in Table 2.1. By convention, the calculation is broken up into four parts which are

evaluated separately: quantum electrodynamics diagrams (QED), electroweak interactions (EW),

and two terms involving hadronic contributions. These are the hadronic vacuum polarization (HVP)

and the hadronic light-by-light sets of diagrams (HLbL). As of the publication of the white paper,

the Theory Initiative evaluation of aSM
µ was [1, 18–37]:

aSM
µ = aQED

µ + aEW
µ + aHVP

µ + aHLbL
µ

= 116 591 810(43)× 10−11 . (2.4)

Each of these contributions, as given in the 2020 white paper, is described shortly below.

Contribution Order Value
(×10−11)

Uncertainty
(×10−11)

Uncertainty
(ppb)

Method of
Calculation Status

QED 5 loops
α5 116,584,718.93 0.1 0.9 Perturbation Theory

EW 2 loops 153.6 1 8.6 Perturbation Theory
Effective Field Theory

HVP NNLO
α2 6,845 40 343 Dispersive Methods

Lattice QCD

HLbL NLO
α3 92 18 154 Dispersive Methods

Lattice QCD
Total — 116,591,810 43 368 — —

Table 2.1: Latest evaluation by the Theory Initiative of the individual contributions to aµ, from
2020 [1], with added commentary from the author on developments since then: The EW and QED
contributions are stable, updates to the HLbL contributions are in progress (with no major changes
to the white paper value expected), and updates to the HVP are in progress (with the potential for
a major change in the value from white paper). The total is calculated by the Theory Initiative,
taking into account some correlation between values.

2.1.1 QED

The largest contribution to the anomalous magnetic moment of the muon in the standard model

comes from quantum electrodynamics (QED) loops involving only photons and leptons: aQED
µ . This

contribution can be further divided up into a mass-dependant and a mass-independent terms. The

former is identical for all leptons, while the latter is specific to the muon. Following the notation
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(a) (b) (c)

Figure 2.2: Example diagrams contributing to the QED portion of aSM
µ (aQED

µ ) at (a) 1st, (b) 4th,
and (c) 10th order. Solid lines in these diagrams represent leptons. Reproduced from [1].

in [1]:

aQED
µ = A1 +A2

(
mµ

me

)
+A2

(
mµ

mτ

)
+A3

(
mµ

me
,
mµ

mτ

)
, (2.5)

where each of the Ai can be expanded using perturbation theory:

Ai =

∞∑
n=0

(α
π

)n
A

(2n)
i . (2.6)

A1 is mass independent, A2 depends only on the ratio of masses of two generations of leptons, and

A3 depends on all three generations. QED is fully renormalizable (α ≈ 1/137 � 1) and therefore

each of these A(2n)
i can be calculated using Feynman techniques.

The first calculations of lepton anomalous magnetic moments were motivated by measurements

of Zeeman splitting in atomic spectra [39, 40], which continually yielded results that were incon-

sistent with a pure Dirac electron (ge = 2). The first order QED correction was calculated by

Julian Schwinger in 1947. By analyzing the 1st order radiative correction3 shown in Figure 2.2a,

Schwinger found [41]:

g = 2
(
1 +

α

π
+O(α2)

)
. (2.7)

This correction factor matched results from the atomic experiments, proving to be an early success

of QED. In 1959, measurements of gµ at Nevis (described in Section 1.2.2) yielded a result consistent

with Schwinger’s prediction for the muon as well [9].

3Again, this derivation is present in most QFT textbooks. See Section 17.2 of reference [3].
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In the notation of Equation (2.6), the Schwinger calculation is equivalent to A(2)
1 = 1/2. The

mass independent portion of aQED
µ has been calculated up to 6th order completely analytically

and 8th order semi-analytically [41–45]. The 10th order contribution, involving 12, 672 Feynman

diagrams, has been calculated numerically [19].

The mass dependent portion of aQED
µ involves diagrams with closed fermion loops (for instance,

Figure 2.2b). Lepton loops exclusively are evaluated here; hadronic contributions are considered

later as part of aHVP
µ (see Section 2.1.3). Mass dependent terms appear at 4th order in the pertur-

bation theory expansion. These have been fully calculated out to 10th order, and leading 12th order

terms have been checked to ensure that any contribution would be below the target uncertainty

goal for the Theory Initiative [1, 18]. An example 10th order diagram can be seen in Figure 2.2c.

All of the calculations above are expressed in terms of the fine structure constant α. It should

be noted that there are two independent evaluations of the value of α which are considered in the

white paper, one taken from atom interferometry experiments involving Cs or Rb atoms [46, 47] and

the other extracted from measurements of ge [48]. These can differ by 3.9σ [48], but the differences

between aQED
µ evaluated from each of these α values is O

(
0.1× 10−11

)
. Taking the value of α from

the Cs experiments yields a QED contribution of [18, 19]:

aQED
µ (αCs) = 116584718.931(104)× 10−11. (2.8)

2.1.2 EW

(a) (b) (c)

Figure 2.3: Example diagrams contributing to the electroweak portion of aSM
µ : aEW

µ . Reproduced
from [1].
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It is a natural extension from QED to next evaluate electroweak contributions. These bear

great similarity to the QED results, with the addition of loops involving one or more W±, Z, or H

bosons (see Figure 2.3). These contributions are in general quite small, being suppressed by powers

of mµ/mW,Z,H. This contribution also serves as the ‘catch-all’ term for those diagrams which do

not neatly fall into any of the other categories. For instance, quark loops can enter diagrams like

Figure 2.3c.

Contributions of this form have been calculated fully using an effective field theory approach for

1 and 2-loop diagrams, and leading order contributions from 3-loop diagrams have been included.

These calculations yield [20, 21]:

aEW
µ = 153.6(1.0)× 10−11. (2.9)

2.1.3 Hadronic Vacuum Polarization (HVP)

(a) LO (b) NLO (c) NNLO

Figure 2.4: Example diagrams contributing to the HVP portion of aSM
µ (aHVP

µ ) at the three orders
considered as part of the white paper. Adapted from [1]. The filled bubbles indicate hadronic loops
while the unfilled bubbles indicate lepton loops.

The hadronic vacuum polarization (HVP) contribution to aµ is given by diagrams such as those

shown in Figure 2.4, involving hadronic pair production in the vacuum. This is the largest hadronic

modification of aSM
µ , and also the source of the largest uncertainty in the final evaluation of the

total standard model prediction. Because of the hadronic physics involved, perturbation theory

can no longer be employed to calculate the HVP contribution. Instead, this contribution has been

calculated in two ways:

• A data-driven approach relating measured scattering cross-sections in e+e− collisions to aHVP
µ .
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• Evaluating QCD numerically on a lattice.

The latter approach is extremely computationally intensive, and only in the past few years have

lattice evaluations of the HVP contributions with comparable uncertainties to the data-driven ap-

proaches become available. No lattice evaluations of aHVP
µ were available with sub-percent precision

by the deadline established by the Theory Initiative for inclusion of results in the white paper, and

thus the white paper estimate includes only the former technique.

The principle behind data-driven method for the evaluation of aHVP
µ , also called the ‘Dispersive’

or ‘R-Ratio’ method, is shown schematically in Figure 2.5. Utilizing principles of analyticity and

unitarity, the insertion of an HVP loop in a photon propagator can be related to the cross section of a

virtual photon decaying into hadrons [1, 49, 50]. Following the notation from [1], the leading/lowest

order (LO) contribution is:

aHVP, LO
µ =

α2

3π2

∫ ∞

M2
µ

K(s)

s
R(s)ds. (2.10)

K(s) is a kernel function, which goes roughly as mµ/s at low energies and varies from ≈ 0.63 to 1

in the integral region. R(s) is the hadronic ‘R-Ratio’ defined as:

R(s) =
σ0(e+e− → hadrons)

σpt
, (2.11)

where σpt = 4πα2/3s, s is the center of mass energy of the system, and the bare cross section σ0 is

the result of the careful combination of many collider measurements. A detailed review of how this

combination is done can be found in reference [1]. The results of one such combination of cross

section data (dubbed ‘KNT19’ [23, 51]) can be seen in Figure 2.6.

Because of the factor K(s)/s in the integral, the lowest energy portion of the cross section is

weighted most heavily: the low energy e+e− → π+π− cross section therefore contributes ≈ 72%

of the magnitude of the total value of aHVP, LO
µ . Unfortunately, this is also where the largest

tensions lie in the data. The two most precise measurements of this cross section, coming from the

BABAR [1, 52] and KLOE [1, 53–55] experiments, disagree at the level of a few σ. This tension

was incorporated as a systematic error in the white paper evaluation of aHVP
µ .

Similar relations are constructed for NLO (‘next-to-leading-order’) and NNLO (‘next-to-next-
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Figure 2.5: Schematic showing how the aHVP, LO
µ can be related to scattering cross section mea-

surements.

Figure 2.6: Contributions to R(s) broken down by hadronic channel. The π+π− contribution
(yellow) is the single largest contribution to aHVP, LO

µ . Reproduced from [23].
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to-leading-order’) contributions to aHVP
µ as well. Based on these dispersive inputs, the value of

aHVP
µ was determined to be [22–28]:

aHVP
µ

∣∣
WP = 6845(40)× 10−11 (2.12)

Since the publication of the white paper, new lattice results from the BMW collaboration have

provided the first complete sub-percent evaluation of aHVP
µ on the lattice [56]. Since then, many

other groups have presented intermediate lattice calculations which agree with the BMW result4.

These are in significant tension with the data-driven evaluations. New cross section measurements

from CMD-3 have also been released, which have raised questions about the inputs to the dispersive

approach [57]. While no updated conclusions can yet be drawn, these developments are discussed

in detail in Section 2.2. Alternative data-driven evaluations of aHVP
µ are also being developed (see

Section 2.3.4).

2.1.4 Hadronic Light by Light (HLBL)

Figure 2.7: Example diagrams contributing to the HLbL portion of aSM
µ : aHLbL

µ . Reproduced
from [1].

The final contribution to aSM
µ , the smaller of the two hadronic contributions, is the ‘hadronic

light by light’ (HLBL) set of diagrams. These are the diagrams which follow the general form

represented in Figure 2.7, where 3 photons coming off of a hadronic ‘blob’ mediate the interaction

between the muon and the external field. This term was a large source of uncertainty in the theo-

retical predictions at the time of the BNL experiment. Since that time, new techniques pioneered

by the Theory Initiative allowed for the first ever dispersive and high-precision lattice based calcu-
4Many such results were presented at the Lattice 2023 conference
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lations of the HLBL. The data-driven and computational techniques agree nicely in this case5, and

are combined to yield a final result [29–37, 58–63]:

aHLbL
µ = 92(18)× 10−11 (2.13)

This term contributes the second largest contribution to the uncertainty on aSM
µ , about half that

of aHVP
µ . Updates to this result are in progress and are discussed briefly in Section 2.3.1.

2.2 Open Questions

A great deal of the work in the Theory Initiative is currently oriented towards understanding

the discrepancies in aHVP
µ which have arisen when considering two new results: The publication

of the first sub-percent lattice calculation of aHVP, LO
µ and the results of new π+π− cross section

measurements by the CMD-3 collaboration.

2.2.1 Lattice Calculations of aHVP
µ

Lattice QCD, briefly, involves discretizing spacetime onto a finite grid and evaluating the QCD

lagrangian numerically at each point. A basic primer on lattice QCD can be found in reference

[64], and a description of the specific techniques used by those evaluating aHVP
µ can be found in

reference [1]. The first sub-percent evaluation of aHVP, LO
µ using lattice techniques was published

in April of 2021, concurrent with the release of the Run-1 Fermilab data [56]. This value is in

significant tension with the data-driven evaluations of the same quantity and, if taken in place of

the R-Ratio evaluation of aHVP, LO
µ , reduces the tension between theory and experiment to < 2σ

(see Figure 2.10).

Lattice calculation uncertainties are dominated by two types of extrapolations: extrapolating

from a finite calculation volume to free space (long distance), and extrapolating from a finite lattice

spacing to the continuum (short distance). Each of these extrapolations requires a large number

of samples with different lattice spacings to be generated, which each in turn require a great deal
5It should be noted that the lattice uncertainties are approximately twice the size of the data-driven uncertainties

in the white paper.
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of computation time and resources to complete. To allow for intermediate comparisons while those

calculations are in progress, a system was devised to divide the lattice results into three ‘euclidean

time windows’: short distance, intermediate distance, and long distance. The windows are shown

schematically in Figure 2.8a. The intermediate window (black) is the most isolated from either

of those sources of uncertainty, and many independent groups have been able to make complete

calculations of the contribution to aHVP
µ in this window. One comparison of these calculations,

considering only contributions from the light quarks in the intermediate window, is reproduced in

in Figure 2.8b. The independent calculations agree well in this region and show a significant tension

with the same quantity calculated using data-driven techniques [65]. These initial comparisons are

promising, and more updates are expected throughout this coming year.

(a) Reproduced from [66]. (b) Reproduced from [65].

Figure 2.8: (a) The three euclidean time windows used in lattice comparisons. (b) Light quark
connected contribution to the intermediate window for various lattice groups and the R-ratio. Sig-
nificant tensions can be seen in this region between lattice (blue) and data-driven (red) evaluations
of aHVP

µ in this window.

2.2.2 CMD-3 Results and Their Implications

Before the publication of the 2020 White Paper, the main area of tension in the HVP R-Ratio data

was between the KLOE and BABAR determinations of the π+π− cross section. The discrepancies

between these two experiments were incorporated as a systematic error in the overall value of aHVP
µ ,

but the cause remains unknown. This tension can be seen in Figure 2.9a and is described in detail

in reference [1].
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In February 2023, new results from the CMD-3 experiment at Novosibirsk were released which

also disagreed with previous cross section measurements [57]. These results, while still in pre-print

form as of the writing of this thesis, have undergone much scrutiny. The Theory Initiative alone

has held two seminar sessions dedicated to understanding where the discrepancies between this

updated result and previous results may have arisen from6. As yet, no ‘smoking guns’ have been

found.

Regardless of the cause, the a preliminary evaluation of the effect of the CMD-3 results on aHVP
µ

can be seen in Figures 2.9 and 2.10. The CMD-3 cross sections, if taken by themselves, push the

value of aHVP
µ much closer to the experimental value and the one predicted by the lattice calcula-

tions. These preliminary results illustrate the scale of the shift between this single measurement

and the average of all others.

(a) Reproduced from [57]. (b) Reproduced from [67].

Figure 2.9: (a) The contribution to aπ+π−
µ in the limited energy range 0.6 <

√
s < 0.88 GeV. The

tension between CMD-3 and all other measurements can clearly be seen. (b) A (very preliminary)
estimate of the effect of the CMD-3 data on the comparison in Figure 2.8b. The data from CMD-3
seems to better agree with the lattice calculation results.

6The agendas of these sessions can be found here and here. Discussions also took place at the 6th Annual Theory
Initiative Workshop.
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2.3 Theoretical Outlook

The Muon g − 2 Theory Initiative plans to publish an updated value of aSM
µ in late 2024. No

significant changes7 are expected in the values of aQED
µ nor aEW

µ . This evaluation will be the first

to include lattice results in aHVP
µ , which have the potential to greatly alter the value of aSM

µ and

decrease the tension with aexp
µ . The scale of the potential effect can be seen in Figure 2.10, where

two different preliminary evaluations for aHVP, LO
µ are substituted into the white paper result. This

evaluation will also include new lattice evaluations of aHLbL
µ (with uncertainties on par with the

data driven evaluations).

Figure 2.10: Comparison of the experimental value of aµ (purple, red) vs. aSM
µ for three evalua-

tions of the aHVP, LO
µ contribution: the 2020 white paper consensus (green), substituting the BMW

Lattice QCD evaluation of the HVP (orange), and substituting the CMD-3 π − π cross section
data into the R-Ratio HVP evaluation (blue). The latter two theoretical values should be taken as
initial estimates only to show the scale of the effect. Full evaluation of systematic errors has not
yet been done. Image credit: A.Keshavarzi.

7New measurements of α have been published since the 2020 white paper [48], and so the value of α used to
evaluated these calculations may slightly change. This will not impact the result appreciably.
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2.3.1 HLbL Updates

The uncertainty on the white paper evaluation of aHLbL
µ alone is approximately the same as the

total uncertainty on the current experimental value. It is therefore the goal of the Theory Initiative

to reduce the uncertainty on this term by a factor of two or more [68, 69]. At the time of the white

paper, the lattice uncertainties were about double the uncertainties from the data driven evaluation

of aHLbL
µ [1]. Work performed since the publication of the white paper has brought HLbL lattice

uncertainties to a level competitive with the data driven evaluations. Two recent lattice evaluations:

aHLbL
µ

∣∣∣
Lattice

= 109.6(15.9)× 10−11 [70, 71] (2.14)

aHLbL
µ

∣∣∣
Lattice

= 124.7(14.9)× 10−11 [72] (2.15)

have yielded values which are compatible with the white paper results, albeit with a slightly larger

central value. Improvements to these results are underway, and an uncertainty of ≤ 10% on aHVP
µ

from both the lattice results and data-driven results is possible on the timescale of a few years [69].

2.3.2 Additional HVP Lattice Results

At the recent Muon g−2 Theory Initiative Workshop in September 2023, updates from six or more

independent groups were presented (for instance, see the result in Figure 2.8b). Each of these groups

is on track to produce an evaluation of aHVP, LO
µ to be included in the next white paper average.

Importantly, mirroring the experiment, these groups have pioneered blinded analysis techniques.

This reduces the potential for any bias when performing these calculations and corrections, either

towards or away from the experimental results.

2.3.3 Updates to HVP Dispersive Inputs

The white paper dispersive calculations of aHVP, LO
µ are based on only part of the full dataset

measured by KLOE and BABAR. Given the recent interest in these cross sections, renewed efforts

have been launched by those respective collaborations to process these datasets to completion.

Both collaborations presented updates on ongoing analyses at the 2023 Theory Initiative workshop.
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Updates to the various cross sections from other collaborations, such as Belle-II and BES-III, are

also planned. For a brief overview, see the official outlook statement on the Theory Initiative

website. A 2022 review of the prospects for the prediction of aµ in the SM can also be found in

reference [73].

2.3.4 Additional Data-Driven HVP Evaluations: MUonE, τ Decays

A novel method for a data driven evaluation of aHVP
µ has been proposed by the MUonE collaboration

[74]. This method uses a data driven approach to measure aHVP, LO
µ in the space-like regime by

measuring the µ+e scattering cross section. The timeline of the experimental development currently

projects that a 0.3% measurement of aHVP, LO
µ is achievable by 2030.

It is also possible to extract aHVP
µ from measurements of semileptonic τ decay at colliders.

In the past, large isospin breaking corrections needed to properly interpret the data were not

well understood, and so this data was not incorporated into any Theory Initiative evaluations [1].

However, much work has been done to rectify this and the status of such contributions will be re-

evaluated as part of the Theory Initiative updated prediction. A recent summary of τ developments

can be found in [75].
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Chapter 3

The E989 Experiment at Fermilab

Figure 3.1: The three factors which go into a successful measurement of aµ: The extraction of
ωa, the precision measurement of the magnetic field B, and the understanding of the dynamical
motion of the beam (BD) within the storage ring.

As stated in Chapter 1, aµ is extracted from the relation:

aµ =
ωa

B

mµ

e
. (1.16)

The E989 Muon g − 2 experiment can be divided into three interrelated but distinct sets of mea-
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surements (Figure 3.1): the extraction of the anomalous precession frequency of the muon ωa, the

measurements of the magnetic field B, and the reconstruction of the dynamic motion of the stored

muon beam (so-called ‘beam dynamics’ or ‘BD’). This last term is not immediately obvious in

Equation (1.16), but enters through two categories of effect:

• The muons do not evenly explore the magnetic field of the storage ring, and therefore knowing

their average position allows for the proper weighting of the magnetic field. This is described

in Section 3.6.2.

• The dynamic motion and momentum content of the beam couples to a number of correction

factors to ωa (Section 3.6.3) and systematic effects (Section 6.4).

The author was involved most heavily in the extraction of ωa and in the evaluation of some BD

related corrections. In this chapter, the apparatus and techniques that go into the measurements

of these three quantities are described.

3.1 From Protons to Muons

3.1.1 Muon Production Chain

Figure 3.2 shows the layout of the portion of the Fermilab accelerator complex that creates the

polarized muon beam for the g − 2 experiment. The process begins with a bottle of hydrogen gas.

This gas is ionized and p+ are accelerated to 400MeV through the Fermilab LINAC, and then up

to 8GeV in the Booster Ring. The high energy proton beam, with a temporal extent of ≈ 1600ns,

is then injected into the recycler ring. This process repeats twice to fill the ring. The stored proton

beam is re-shaped into 8 ≈ 120ns long ‘bunches’ using 2.5MHz RF cavities (Figure 3.3a). Each

bunch contains ≈ 1012 p+. This process reduces the width of each bunch to below the cyclotron

period of the g − 2 storage ring (Tc = 149 ns), and is therefore critical for creating muon bunches

compatible with eventual injection. RF shaping has the side effect of imparting each of the bunches

with a characteristic ‘W’ shape. This shape is propagated through the beamline to the injected

muon bunch1. Each bunch is extracted one-by-one at a time-averaged rate of ≈ 11.4Hz (see
1This can be seen when comparing the protons in Figure 3.3b and in the muons later in Figure 3.6b
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Figure 3.2: Layout of the beamlines at the Fermilab accelerator complex which are relevent for
the Muon g − 2 Experiment. Reproduced from [76].

Figure 3.3c) from the recycler ring along the M1 beamline to the AP0 target hall.

In the target hall, the protons impact an Iconel2 target and create a shower of secondary

particles. Forward going particles are collected as a secondary beam using a lithium lens, and

these are then momentum selected using bending magnets at the entrance to the M2/M3 beamline

[76]. The momentum of the secondary beam is 3.11GeV/c± 10%. Accounting for their relativistic

motion along the beamline, with a γ ≈ 21.9 and thus a decay length of ≈ 170m, 80% of pions in

this beam will decay by the time they reach the end of the 280m beamline segment. The majority

of the muons that reach the g − 2 storage ring are born at this stage [79].

As stated in Section 1.2.1, the weak decay of the pion creates a correlation between the muon spin

and its momentum. Selecting the highest momentum decay muons3, which have (through random

chance) been boosted in the pions direction of motion, yields a muon beam with a net polarization of

94%. The M2/M3 beamline (see Figure 3.2) consists of a series of ‘Focusing-defocusing’ quadrupole
2Iconel is a nickel-chromium ‘superalloy’ which is capable of withstanding high temperatures and stresses associated

with being a beam target.
3The muons acquire a kinetic energy of ≈ 4MeV in the π+ rest frame from the decay.
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(a) Reproduced from [77]. (b) Reproduced from [78].

(c) Reproduced from [78].

Figure 3.3: RF Re-bunching of the proton beam in the recycler ring creates a characteristic ‘W’
shape in the proton bunch. This shape carries through to the injected muons. (a) Two batches
of protons are injected into the recycler ring ≈ 200µs apart before being reshaped into 8 proton
bunches. (b) The shape of an individual proton bunch, from simulation. The RF re-bunching
imparts this characteristic ‘W’ shape. The x-axis measurement of angle subtended refers to the
portion of the recycler ring that the bunch occupies, which is proportional to its width in time.
(c) The time structure with which bunches are extracted from the recycler ring towards the g − 2
storage ring. This yields an average beam injection rate to the g − 2 storage ring of ≈ 11.4Hz.
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elements which select precisely these decay muons for further transport along the beamline [76].

Muons with spins that are not aligned with the π+ momentum are largely lost at this point, due

to the transverse momentum they acquire from the decay. At the end of the M3 beamline, the

beam still contains significant contamination from other particle species such as e+, π+, protons,

and deuterons.

3.1.2 Delivery Ring: Proton Separation

(a) Reproduced from [80]. (b) Reproduced from [81].

Figure 3.4: (a) The proton bunch separates from the muon bunch after four revolutions around
the DR. (b) The proton abort kicker removes the proton contamination before the extraction of
muons to the g − 2 storage ring.

Muons are next injected into the ‘Delivery Ring’ (DR)4. The purpose of the DR is to yield as

pure of a muon beam as possible by separating the species of particles by their velocity. The particles

that enter the DR all have a momentum of around 3.1GeV/c. Their different masses, however,

yield a substantial spread in velocities (ranging from 0.86−0.999c, shown later in Table 6.3). After

travelling the 280m of the M2/M3 beamlines, the particle species are not very well separated.

However, the DR can circulate these particles around its 580m circumference as many times as is

necessary to obtain clean separation. This increases the effective length of the beamline to where

pion contamination is not a significant concern, as > 99% of them will have decayed. Residual

protons are cleanly separated from the muons after four turns in the DR (see Figure 3.4). After

4In a previous life, this was the anti-proton accumulator ring for the Tevatron.
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four turns, an electromagnetic ‘abort kicker’ removes the protons and a septum magnet opens,

which allows the muon bunch to exit the DR and propagate along the M4/M5 beamlines. At the

exit of the DR, the beam consists primarily of ≈ 57% µ+ and ≈ 43% e+, with some remaining

contamination from other particle species. Particles which are not removed by the abort kicker or

selected by the septum magnet can persist in the DR for up to 45 minutes [82].

In the previous generation experiment at BNL, no analogue to the DR was present and the

experiment was severely impacted by a ‘flash’ of non-muon particles at each injection (primarily

pions). In fact, the flash was so disruptive that the photomultiplier tubes in each calorimeter were

powered down for the first ≈ 10µs after injection and then rapidly ramped up to their operational

voltage. Long-lived thermal neutrons, created by the impact of the pion flash on the iron of the

beam yoke, were also a concern [83].

3.1.2.1 Initial Phase-Momentum Relationship

Since the majority of the muons which are stored in the g− 2 experiment are born upstream of the

DR, their spins will begin to precess as they undergo these four revolutions in the DR. Momen-

tum dependent path lengths lead to an initial phase-momentum relationship being imparted onto

the muon bunch. From ‘back of the envelope’ calculations (supported by sophisticated beamline

simulation programs) the expected phase-momentum relationship is:

dφ

dp
≈ 9.54

mrad
%∆p/p0

(3.1)

A measurement of this quantity was performed for the Run-1 publication and found to agree well

with this prediction [84]. However, a campaign by the author to re-measure this relationship in

Run-6 found a 35% increase in this correlation. This campaign and the impacts of this increase are

detailed further in Section 6.1.

3.1.3 M4/M5 Beamline to Injection

Once outside the DR, the muon bunch travels down the M4/M5 beamline towards the entrance to

the g − 2 storage ring. This beamline was optimized for muon transmission using a series of wire
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chambers situated along its length.

During Run-2, a momentum cooling wedge was inserted in this section of the g − 2 beamline

(see Figure 3.5), at a location where the momentum dispersion of the beam was maximal [85].

The purpose of this wedge was to increase the fraction of muons from the overall distribution

(∆p/p0 ≈ ±2.5%) which could be accepted by the g − 2 storage ring (∆p/p0 ≈ ±0.15%) by

degrading high momentum muons to be within the momentum acceptance of the storage ring.

Simulations suggested that this should yield up to a 7% increase in the number of stored muons

[85], although an increase of this magnitude was never observed. This momentum degradation

is suspected to be responsible for the observed 35% increase in the phase-momentum correlation.

This is elaborated upon in Section 6.1. Beamline simulations are ongoing to confirm or deny this

hypothesis.

Figure 3.5: Location of the beam cooling wedge in the M4/M5 Beamline.

3.1.4 Injection

At the end of the M5 beamline, the muon bunch contains O
(
105
)
µ+. The final focus beamline

is highly optimized for maximum transmission of particles into the storage ring. Even with this

optimization, only 2 − 4% of µ+ are able to be stored (primarily due to the large momentum

spread). Fewer µ+ still persist to the start of the ωa measurement period at t = 30µs. The process
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of injecting this beam into the storage ring is described in the following sections.
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(a) Data courtesy of E.Valetov, R. Fatemi. (b) Reproduced from [86].

Figure 3.6: (a) The momentum distribution of the beam at injection. The momentum acceptance
of the g−2 storage ring is only ±0.15%, indicated by the red band. (b) The average T0 pulse shape
for dataset 4A (the first portion of Run-4). Each bunch has its own distinct shape, which can also
vary between datasets. The distinct ‘W’ structure remains from the proton bunch formation in the
recycler ring.

3.1.4.1 The T0 Detector

At the end of M5, just before injection into the storage ring, the muon bunch passes through the

‘T0’ detector, which consists of a scintillator paddle read out by two PMTs. Like its name suggests,

this detector is responsible for setting the start time (t0) for each muon fill. This is taken to be the

intensity weighted average time of the injected distribution as seen by the primary PMT. The eight

bunches of protons created in the recycler ring (Figure 3.3a) yield eight distinct muon bunch shapes,

as shown in Figure 3.6b. There is a significant variation bunch-to-bunch in the average shape of

the pulse. This results in an O(20ns) difference in the value of t0 bunch-to-bunch. While this

variation does not cause significant effects on the scale of the ωa analysis5, it can have significant

implications for any systematics where the exact knowledge of t0 is important (such as Cdd, as

discussed in Section 3.6.3.4).
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(a) Reproduced from [81]. (b) Reproduced from [81].

Figure 3.7: (a) The IBMS system, which provides a view of the beam before (IBMS 1/2) and
immediately after (IBMS3) injection. Locations of the three detectors can be seen in Figure 3.9. (b)
Example beam profiles measured by the three IBMS detectors. The change in the radial shape of
the beam to pass through the inflector aperture can be seen in the sequence IBMS 1X → 2X → 3X.

3.1.4.2 Inflector Beam Monitoring System (IBMS)

The three Inflector Beam Monitoring System (IBMS) detectors are critical to tuning the beam for

maximal transmission and determining the angle of injection of the beam into the storage ring. Each

of the IBMS detectors, shown in Figure 3.7, consist of a grid of 0.5mm diameter scintillating fibers.

IBMS1 and 2 consist of fibers oriented both horizontally and vertically, while IBMS3 consists only

of vertical fibers. Each of these fibers are read out by individual silicon photomultipliers (SiPMs).

The IBMS system was designed and built at CENPA primarily by B.MacCoy and P.Kammel [81].

IBMS1 and IBMS2 are inserted in the beamline at all times, 196mm and 49mm upstream of

the inflector entrance respectively. IBMS3 is 274mm downstream of the inflector inside the storage

ring, and can be inserted for special systematic runs. These detectors monitor the x/y-profile of the

beam at injection, and were used by the Fermilab accelerator division when tuning the upstream

beamline. They also provide a crucial input to beamline simulations [81].

The three IBMS detectors together provide an excellent measurement of the injection angle of

the beam through the inflector channel. Carefully controlling this angle is crucial for achieving a

high storage fraction, as this angle can couple to various systematics. For instance, some simula-

tions suggest that tiny variations in the injection angle can radically change the phase-momentum

5The period of the ωa oscillation is ≈ 4.4µs, and so this would amount to a 0.4% change in the phase. This only
minutely dilute the oscillation signal. Bunch-by-bunch analyses are still performed as a cross-check, however.
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correlation (dφ/dp) of the stored beam [87, 88]. These simulations are still in progress, but the IBMS

measurements of the injection angle of the beam will be crucial to interpreting such results.

3.1.4.3 Inflector

The muon bunch is injected through a hole in the iron yoke and into the storage region (see

Figure 3.9). To counteract any effects from the fringe field of the magnet and allow the muons to

be injected (relatively) unperturbed, a field free region is created in the portion of this entrance

tunnel nearest the storage region by a superconducting ‘inflector’ magnet (Figure 3.8). The inflector

consists of a double cosine theta winding of superconducting coils [89, 90]. This design is able to

cancel out the main field of the magnet in a 1.7m long 18×56mm aperture while creating a minimal

distortion of the field within the storage region.

The tuning required to pass the beam efficiently through the inflector aperture (vertically tall

and horizontally narrow, as shown in Figure 3.8b), as well as going from a straight beamline with

zero dispersion to the storage ring, creates a phase space mismatch between the injected beam

and the ring [81]. Significant beam tuning is therefore required to optimize the parameters of the

beam at injection for transmission through the inflector while not compromising storage efficiency

[80, 81, 90].

The muon bunch that exits the inflector immediately begins to precess in the uniform field of

storage ring magnet. Each injection of a muon bunch is referred to as a ‘fill’.

3.2 The g − 2 Storage Ring

Now that the muons have reached the storage ring, it seems appropriate to zoom in and examine

the details of the ring itself. Up to this point, the exact details of the magnetic field experienced by

the muons have been unimportant. Any phase advance of the initial polarization upstream of the

ring is ‘locked-in’ as an initial condition of the ωa measurement. Once in the storage ring, however,

precise knowledge of the magnetic field becomes crucial to the extraction of aµ.

The g − 2 storage ring, the same one used in the BNL experiment, consists of inner and outer

superconducting coils surrounded by a C-shaped iron yoke [92, 93]. At the time of its construction it
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(a) Reproduced from [77] (b) Reproduced from [81]

Figure 3.8: (a) An image of the inflector magnet showing the magnet coils the muons must pass
through at the entrance and exit of the inflector. (b) A cross section of the inflector showing the
field generated.

Figure 3.9: Diagram of the injection region of the g − 2 storage ring, showing the T0 (Sec-
tion 3.1.4.1) and IBMS (Section 3.1.4.2) detectors relative to the inflector. Modified from [91].
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Figure 3.10: A cross section of the g− 2 storage ring, showing the major components of the field
system. Reproduced from [92].

was the largest diameter superconducting magnet in the world, measuring 14m across. The magnet

is designed to produce a highly uniform 1.45T vertical B field in a 45mm diameter muon storage

region while keeping the inner radius relatively unobstructed to be able to detect inwardly spiraling

decay positrons. A cross-sectional diagram of the storage ring, with the muon storage region shown

in red, can be seen in Figure 3.10. During commissioning of the experiment, the storage ring field

was made uniform using > 10, 000 pieces of ferrous and non-ferrous metal ‘shims’. This resulted in

an azimuthal uniformity of < 14ppm RMS — a threefold improvement over the field uniformity

achieved at BNL [92, 94] — as can be seen in Figure 3.12c. A set of ‘surface correction coils’

are installed between these passive shims and the muon storage region. These provide an active

feedback system which is able to continuously correct for any drift in the magnetic field of the ring.

3.2.1 NMR Probes

As stated in Section 1.2.3, the magnetic field is measured continuously using proton NMR mag-

netometer probes [92]. This technique has been used since the 1950’s for precise measurement of

magnetic fields, including in several previous generation g − 2 experiments [10, 14, 96, 97]. These

particular probes (shown in Figure 3.11a) contain a sample of petroleum jelly surrounded by an
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(a) Reproduced from [95]. (b) Reproduced from [92]

Figure 3.11: (a) A single proton NMR probe used in the g−2 experiment. (b) An example NMR
free induction decay waveform, showing the ωp oscillation.

RF coil. A subset of the protons in the sample will be magnetized by the field of the storage ring.

To measure the field, an RF pulse (a so-called ‘π/2 pulse’) is applied to the sample to flip the spins

of these protons perpendicular to the field. As the spins re-align with the field, they precess in

what is known as a free induction decay (FID). This FID signal is picked up by the RF coil and

the frequency at which the protons precess — ωp — is extracted (Figure 3.11b). This oscillation is

related to the magnetic field via:

ωp = gp
e

2mp
B, (3.2)

where gp and mp are the gyromagnetic ratio and mass of the proton respectively. A series of small

corrections are required to transform the measured ωp to the frequency which would be measured

by a free proton, denoted ω′
p. These include corrections from the shape of the container, ambient

temperature, and others. A summary of all of the corrections applied can be found in references

[17, 92].

Each NMR probe measures the absolute value of the magnetic field at its position. This scalar

information is transformed into a map of the field by combining measurements from various probes
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using a 2D multipole expansion:

fi(r, θ) =


1 i = 1(

r
r0

)i/2
cos
(
i
2θ
)

i > 1, Even(
r
r0

)(i − 1)/2
sin
(
i−1
2 θ
)

i > 1, Odd

(3.3)

where r is the radius with respect to the center of the storage region, r0 ≡ 45mm, and θ is the angle

from the vertical. This expansion is motivated by the fact that these multipoles form a solution to

the 2D Laplace equation. There are two sets of NMR probes used in the experiment: fixed probes

(for continuous measurement of the field while muons are in the ring) and trolley probes (for precise

measurement of the field in the storage region, but without muons). The fixed probes can measure

up to f4 (f5) at stations with 4 (6) probes while the trolley is sensitive up to f12 [98].

3.2.2 NMR Trolley

The value of the magnetic field in the storage region is measured by inserting a trolley with 17

NMR probes into the ring. The trolley runs along a rail system, mapping the magnetic field at 400

points around the full circumference of the ring. The trolley mapping process (a ‘trolley run’) takes

≈ 2hours. An example of an azimuthal map for the dipole (f1) field can be seen in Figure 3.12c.

Such a map is created for each multipole. These are combined and averaged azimuthally to create

the final field map as shown in Figure 3.12b. The azimuthally averaged field uniformity is better

than 1ppm in the region where muons orbit.

Because the trolley is able to measure the field of the muon storage region directly, the trolley

measurements are treated as fixed ‘truth’ values while the fixed NMR probes interpolate between

them. Because of this, the uncertainty on the current value of the magnetic field increases the

longer it has been since a trolley run has been performed [17, 92]. But while the trolley is present

in the ring no muon data can be taken for several hours. This is an optimization problem central

to minimizing the overall uncertainty on aµ. The ideal spacing between trolley runs for normal

production running has been found to be ≈ 3days [92]. Great care is taken to obtain trolley runs

evenly spread throughout the day-night cycle to ensure proper tracking of any diurnal oscillations.
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(a) (b) Reproduced from [81].

(c) Reproduced from [17].

Figure 3.12: (a) Image of the NMR trolley that measures the magnetic field azumuthally around
the ring. (b) Layout of the fixed probes in the trolley, overlaid with the azimuthally averaged field
map. (c) Three magnetic field maps obtained by the trolley from (blue) the start of Run-2, (orange)
the end of Run-2, and (green) the end of Run-3.
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Special trolley run arrangements (back-to-back runs, daily runs, etc.) are taken during beam-off

periods to quantify systematic effects [92, 99].

Various corrections are also required to account for the differences in ring conditions from when

the muons are present: namely the retraction of various aperture defining collimators, and the

powering off of the Kicker and ESQ systems. These corrections are described in detail in [17, 92].

Each of the 17 NMR probes of the trolley have undergone an absolute calibration procedure in-situ

using a reference probe calibrated at Argonne National Lab [92, 100].

3.2.3 Fixed NMR Probes and Field Interpolation

In order to track the field in-between trolley runs, an array of 378 ‘fixed’ NMR probes are situated

around the ring. These probes are arranged into 4-probe and 6-probe stations6 which are each

separated by ≈ 5◦ of the storage ring azimuth. These probes constantly read out the magnetic field

above and below the storage region at a rate of ≈ 0.5Hz. The location of these stations around the

ring and relative to the storage region can be seen in Figures 3.13a and 3.13b.

The continuous measurements of the magnetic field from the fixed probes are used to interpolate

between trolley runs. This tracking is not perfect7, as can be seen in Figure 3.13d. In this figure,

the difference in the relative dipole moment extracted from the fixed probes with and without an

anchoring trolley run at the end can be seen. This tracking uncertainty is incorporated into the

overall error on ωp, and is O(10ppb).

The overall goal for the uncertainty on the determination of the muon-weighted magnetic field

is 70ppb. For the tracking of the non-transient field this target has been reached: δω̃′
p

∣∣
Run-2/3 =

46ppb [15, 17]. Transient magnetic fields (see Section 3.6.1) add some additional uncertainties, but

the quadrature sum remains < 55ppb. Post Run-6, a series of systematic field measurement have

been performed which are expected reduce these uncertainties further.

6Each station consists of 2(3) probes above and below the muon storage region.
7In part, because of the limited subset of multipoles to which these probes sensitive to compared to the trolley.
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(a) (b)

(c) Reproduced from [101] (d) Reproduced from [92]

Figure 3.13: (a) Locations of 4 and 6-probe arrangements of fixed NMR probes around the ring.
(b) Image of the relative positions of the trolley and the fixed probes during a trolley run. (c)
Installation of 3 fixed probes within specialized cutouts below the storage region. (d) Interpolation
of the magnetic field at a single fixed probe station a Run-1 dataset, with and without an anchoring
trolley run at the end of the interpolation period. The temperature control in Run-1 was quiet
poor, which exacerbated these tracking uncertainties.
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3.3 Creating Stable Orbits

Having established the mechanism for creating a uniform magnetic field, let us return to the injected

muon bunch. These muons, having just exited the inflector, are not yet on stable orbits. The

inflector channel is angled 1.25◦ from tangent to the nominal orbit, and the exit is offset from the

nominal storage orbit by 77mm [81]. Two additional pieces of equipment are required to place the

muons on stable orbits: an electromagnetic kicker and a series of electrostatic quadrupoles.

3.3.1 The g − 2 Electromagnetic Kicker

(a) Reproduced from [102]. (b) Reproduced from [80]. (c) Reproduced from [103].
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Figure 3.14: The g − 2 electromagnetic kicker system creates a brief magnetic field in time with
the beam entrance to deflect muons onto stable orbits as they are injected. (a) An image of the
kicker plates with an early magnetometer to measure the pulse shape. (b) A diagram showing how
the beam is deflected radially by the kicker to avoid impacting the inflector. (c) The kicker pulse
shape overlaid with the average T0 pulse in Run-1. (d) Overlay of the kicker pulse as measured
in Run-1, Run-2/3a, and Run-3b+ conditions. The pulse amplitudes have been normalized to the
same value for comparison. The behavior in the tail is quite different in Run-3b due to the changes
in the kicker electronics.
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Without any additional intervention the injected muons would make only a single turn in the

ring before impacting the back side of the inflector magnet and scattering out of the ring (as

illustrated in Figure 3.14b). To prevent this, an electromagnetic kicker magnet is installed 90◦

downstream from the inflector. The kicker consists of three plates which are independently pulsed

and in total occupy ≈ 13% of the rings circumference.

The kicker creates a brief electromagnetic pulse (≈ 220 Gauss) in time with muon injection (as

shown in Figure 3.14c). This magnetic field compensates for the radial offset of the muon bunch

and places the muons onto the design orbit. The kicker electronics were designed such that the field

pulse would be as close to a square pulse as possible — providing the muons with a uniform kick

for < 150ns before turning off completely [104]. The non-uniformity in the kicker pulse over the

course of the injected bunch creates a time-momentum correlation which couples to later systematic

effects (such as Cdd, see Section 3.6.3.4).

It wasn’t until Run-3b that the kicker reached its design strength. Before this, the equilibrium

radius (xe) for muons in the ring was ≈ 6mm above the design orbit (R0 = 7112mm) [105]. This

under-kicking caused large oscillations around xe, which couple to the measurement of ωa (see

Section 5.3.4). After hardware upgrades in the middle of Run-3, the equilibrium radius for the

stored muons was lowered to ≈ 1mm above the design radius. This update significantly altered the

behavior of the beam dynamics oscillations around the ring (see Section 5.3.4 as well as references

[17, 84]). The ringing tail of the kicker pulse creates a transient magnetic field while the muons are

stored, which is discussed in detail in Section 3.6.1.1.

3.3.2 Electrostatic Quadrupoles

Electrostatic quadrupoles (ESQ) cover≈ 43% of the interior of the ring and provide vertical focusing

of the muon beam at the expense of slight radial defocusing. There are four sets of quadrupoles,

each of which consists of four plates which surround the storage region (see Figure 3.15b). High

voltage held across those plates creates the quadrupole field. These essentially transform the g− 2

storage ring into a large Penning trap.

The focusing of the ESQ system creates oscillations in the stored beam. In the approximation
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(a) (b) Reproduced from [91].

Figure 3.15: (a) Diagram showing the locations of the kicker and ESQ plates around the ring.
The ESQ covers ≈ 43% of the ring azimuth. (b) An image of the ESQ system in the ring with the
electrostatic potential field lines overlaid. This field provides vertical focusing of the stored muon
beam.

of a continuous uniform electric field8, the fields experienced by the muons can be expressed as:

~B = (0, B0, 0), (3.4)

~E = κ(x,−y, 0). (3.5)

where κ is the magnitude of the electric field and B0 is value of the dipole field (nominally 1.45T,

as stated above). The equations of motion for non-equilibrium muons in these fields are (to 1st

order):

ẍ = −(1− n)ω2
cx (3.6)

ÿ = −nω2
cy, (3.7)

8This approximation is good to first order, allowing us to predict the oscillation frequencies of the beam to within
≈ 2%. The exact expressions describing the dynamic motion of the stored muon beam can be found in [81, 105].
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where x is the radial coordinate and y is the vertical. The field index n is given by:

n ≡ κR0

vB0
. (3.8)

where v is the velocity of the muon bunch. The stored muons oscillate radially and vertically around

their equilibrium radii with frequencies ωx =
√
1− nωc, ωy =

√
nωc respectively. The beam is in a

stable configuration when 0 < n < 1. In Run-2, the nominal operating voltage for the ESQ system

was 18.3 kV (n = 0.108), while in Run-3+ it was reduced slightly to 18.2 kV (n = 0.107) to move

further from a betatron resonance condition9.

During the first few µs of a fill, the ESQ plates are not all immediately brought up to the

full operating voltage. Instead, two of the 4 plates in each ESQ station are first brought up to an

intermediate 13 kV, before being raised up to full voltage. This procedure is known as ‘scraping’. By

displacing the muon beam radially and vertically, muons with large betatron amplitudes (and thus a

high probability of being scattered and lost later in the fill) impact aperture defining collimators10

and are scattered. This reduces a potential systematic effect (Cml, see Section 3.6.3.3). After

operating for 7µs at this reduced voltage, the remaining ESQ plates are brought up to the normal

operating point with a time constant of 6µs. Driven by this recovery time, the ωa measurement

period begins at t ≈ 30µs to ensure stable beam conditions over the entirety of the fit11. At the

end of the fill, the ESQ system discharges and any remaining particles are ejected from the storage

ring (see Section 6.2). Pulsing of the ESQ system causes a slight perturbation to the magnetic field

(see Section 3.6.1.2).

In an effort to reduce the beam dynamics oscillations, an RF phase-space matching system was

integrated into the ESQ system in Run-5 [107]. Rather than just scraping in the first few µs of

the fill, the ESQ system would also apply an RF modulation which would damp the oscillations

of the stored muon beam. This process was successful, and was operated in two modes: damping
9Due to an enhancement of muon losses, the storage efficiency is low near betatron resonances, where

iωx + jωy = kωc (3.9)

for integer i, j, k.
10Five such collimators are situated around the ring.
11Some residual effects from scraping are still observed during the measurement period. These are described in

Section 5.3.7.3.
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Figure 3.16: Amplitude of the horizontal oscillations of the beam centroid (CBO) as seen by the
trackers with and without the RF. Reproduced from [106].

only the horizontal beam centroid oscillations in the first portion of Run-5 (DS-5A→M12), and

damping both the horizontal and vertical oscillations in the latter half of Run-5 and all of Run-6

(DS-5L→6N). An example of the effect of the RF system on the horizontal centroid of the beam

can be seen in Figure 3.16. The effects of the ESQ RF system on ωa in Run-5 are discussed in

Section 7.3.2.

3.4 ωa: Precession Frequency

3.4.1 Muons to Positrons

After the application of the kicker pulse and the ESQ field, the muons are now on stable or-

bits. Muons that remain stored 30µs after injection are likely to be stored until they decay into

positrons13. At a momentum of 3.094GeV/c, muons in the g − 2 storage ring have a time-dilated,

lifetime of γτµ ≈ 64.4µs. When a muon decays, the resulting positron spirals inwards towards the

center of the ring. There it will encounter the main measurement system for the g− 2 experiment:

the electromagnetic calorimeters.

12The definition of these DS-__ ‘datasets’ is given later in Chapter 4.
13Some muons still have the chance to hit an aperture defining collimator or other material and scatter out of the

storage region. This process is described in detail in Section 5.3.8, and these lost muons amount to < 0.1% of all
muons stored after 30µs.
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3.4.2 Calorimeters

The Muon g − 2 calorimetry system consists of 24 detectors equally spaced around the inner edge

of the storage ring. Each calorimeter consists of a 9 × 6 array of lead fluoride (PbF4) Cerenkov

crystals (Figure 3.17c), measuring (25 × 25)mm2 on the front face and with a length of 140 mm

(≈ 15 radiation lengths14). Each crystal is optically isolated from its neighbors by a single layer of

50µm thick black15 TedlarTM. Each crystal is read out by a SiPM16 with a (12 × 12)mm2 active

area (≈ 25% of the back area of the crystal). Each SiPM consists of 57, 344 avalanche photodiode

‘pixels’ [6]. When a photon of Cerenkov light strikes one of the pixels it causes it to discharge. The

current from this discharge is collected, integrated, amplified on the board, and sent as a differential

signal to the WFD517 digitizers located in each calorimeter crate (Figure 3.17e). Each of the SiPM

signals is read out individually, and the processing of the data is described in Chapter 4. Once

discharged, a single pixel takes O(10ns) to recharge and re-enter Geiger mode. The pixel cannot

re-fire during this time, and the recharging therefore has some effect on the short-term gain stability

of the system (see Section 4.1.5). Typically ≈ 2, 000 pixels fire for a high energy positron hit [6].

The bias voltages and on-board amplification for each of the 1296 SiPMs are optimized at

the beginning of each Run year to ensure the detector is operating in a linear regime, where the

amplitude of the signal increases linearly with respect to the light hitting the sensor. During this

process the response of the SiPMs are roughly equalized, to ensure that the energy calibration

constants (Section 4.1.4) do not differ too wildly and that the DAQ does not need to consider

differences in detector response when triggering.

A prototype calorimeter system was tested extensively in a high-energy electron testbeam at

SLAC to ensure excellent timing (≈ 40ps at 3GeV) and energy resolution (3.1% at 2GeV) [108].

Excellent linearity over the g − 2 energy range was also observed. The Moliere radius for PbF4 is
14The radiation length of a material is defined as the mean length after which the energy of a particle passing

through will by reduced by a factor of 1/e.
15The choice of a black wrapping reduces the overall light output compared to a reflective or white material, slightly

worsening the energy resolution but sharpening the peak of the signal in time [108, 109]. Between this choice and
the inherently fast nature of Cerenkov light production, it was found that all of the light produced from a charged
particle hitting a crystal would be collected in < 10ns [6]. This contributed to the excellent time resolution of the
calorimeter system.

16Hamamatsu “Multi-Pixel Photon Counter” model number: S12642-4040PA-50 [108].
17A board developed by Cornell University for use in the g− 2 experiment, so called because each one consisted of

five waveform digitizers (WFDs).
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(a) Image of the g−2 calorimeter from simulation,
showing the 9× 6 crystal array structure.

(b) An image of the g−2 calorimeter, showing
the crystals and electronics.

(c) Calorimeter crystal and SiPM. (d) A calorimeter crate in-situ

(e) Digitizer crate for a calorimeter.

Figure 3.17: Images of the g − 2 calorimetry system.

55



22mm, therefore the majority of positron showers will deposit energy in 3+ crystals. Energy sharing

means that a position resolution of ≈ 5mm is achieved [108]. The inherent spatial separation of the

calorimeters can help to reduce the effect of pileup in the detector (see Section 4.1.6.1). A dedicated

publication detailing the calorimeter systems performance over the lifetime of the experiment is

forthcoming. Additional details of the design, commissioning, and operation of the calorimeters

can be found in [6, 91].

The calorimeters are inserted into specialized indentations (‘scallops’) in the vacuum chamber

(see Figure 3.17a), designed such that as little material as possible is present between the storage

region and the calorimeter active volume. The space constraints severely restrict the dimensions of

the calorimeters, which amplifies acceptance18 differences across their face. Where the calorimeter is

located in the ring (behind a kicker plate, ESQ plate, etc.) can alter its acceptance. The acceptance

of the calorimeters comes into play in the ωa analysis, where it (along with other detector effects)

distorts the observed positron spectrum (see Section 5.2.4). Acceptance also enters into the various

BD corrections (Section 3.6.3), where it can couple to beam motion to produce biases to the

measurement of ωa.

3.4.3 Laser Calibration System

Figure 3.18: Diagram showing one of the six laser heads for the g− 2 calibration system. Repro-
duced from [110].

18The probability that a muon which decays with a given set of conditions (~p, ~x, etc.) will yield a detected positron.
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Each of the detectors in the experiment are synchronized in time using a laser-based calibration

system [110, 111]. This system consists of six individual laser heads, each responsible for feeding

405nm laser pulses to four of the calorimeter stations (as well as some other auxiliary systems or

detectors). A diagram of a single laser head is shown in Figure 3.18. These laser pulses are sent

out through a network of optical fibers arranged throughout the experimental hall. The front face

of each of the of the g − 2 calorimeters contains a laser light diffuser and distribution panel. Laser

light from a single large fiber enters this system, which distributes it to 54 individual strands. Each

one of these strands illuminates the front face of a single crystal with an amount of light roughly

equivalent to that produced by an 2GeV positron energy deposit.

At the start and end of each muon fill, the laser sends a single pulse to synchronize all of the

detectors in time. In between muon fills, the laser system pulses to monitor the long term gain

stability of the detector systems. The short term stability of the calorimeter systems is measured

and corrected for using a series of special laser runs, as well as in-fill laser pulses (i.e. laser pulses

while muons are present in the ring). For some of these specialized runs, the light path of the

laser heads can be altered with a series of mirrors, allowing the lasers from the even laser heads to

illuminate the calorimeters normally served by the odd laser heads (and vice versa). These ‘crossed’

laser pulses are useful when illuminating the calorimeters with two laser pulses in quick succession,

or a burst of laser light followed by a single precise pulse, is required. This calibration system is

able to monitor the stability of the detectors to a relative precision of better than 0.1% over the

course of the fill. These gain corrections are described in more detail in Section 4.1.5.

To minimize any changes in the performance over the course of the Run, the laser system is

kept in a highly temperature controlled room separate from the rest of the experimental hall. A

series of calibrated monitors track the light output of the laser in order to correct for any slight

drift of the source over time. Any changes in the lasers output are able to be tracked and corrected

for at the 0.01% level [111].
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3.4.4 End of Fill

The measurement period extends for ≈ 700µs (> 10 muon lifetimes) after injection, allowing most

of the muons to decay away. In a typical fill, the calorimeters will detect ≈ 5000 positrons within

the ωa measurement period of 30 < t [µs] < 700. The ESQ system turns off 850µs after injection,

which clears any remaining muons (or other long lived particles) from the storage ring before the

arrival of the next bunch. The ESQ and kicker systems then reset and prepare for the next bunch.

3.5 Beam Dynamics

Were all of the muons stored on the design orbit, the story of the experiment would largely end

here. However, the varied trajectories of the muons through the storage ring create a number of

effects which have the potential to bias the extraction of ωa. To combat these effects, detailed

studies of the dynamic motion of the beam throughout the fill are required.

3.5.1 Beam Dynamics Focused Detectors

The g − 2 calorimeter system is only indirectly sensitive to the motion of the stored beam, and

is overwhelmed by a positron flash during beam injection to the point where it is largely unable

to reconstruct hits before 4µs into the fill. A series of specialized detectors were utilized over the

course of the experiment to fill these gaps and evaluate systematic effects.

3.5.1.1 Trackers

Two positron tracking detectors in the g − 2 ring are located at ≈ 180◦ and ≈ 270◦ downstream

from the inflector (directly in front of calorimeters 13 and 19) [113]. A tracking station consists

of 8 modules, each consisting of two layers of aluminized Mylar straws oriented at a ±7.5◦ angle

from the vertical and filled with a mixture of Argon-Ethane gas [113]. As positrons spiral inward,

they pass through the straws of the tracker stations and create an ionization signal in the gas.

Tracking algorithms reconstruct these hits into tracks that the particles took through the detector.

A diagram of such positron tracks is shown in Figure 3.19. These tracks can be extrapolated back
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Figure 3.19: Reconstructed track(s) of positrons through a straw tracking station. Modified from
[112].

(a) Reproduced from [17]. (b) Reproduced from [17].

Figure 3.20: Example reconstructed beam profiles for a dataset in (a) Run-2 (DS-2B) and (b)
Run-3b (DS-3O). The effect of the higher kick strength in Run-3b onward can be seen in the better
centering of the beam.
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to their point of radial tangency (with respect to the ideal orbit) to achieve an approximation of

the decay location of that particular muon19. Performing this extrapolation for all positrons which

pass through the tracker allows for monitoring of the dynamic evolution of the beam over the course

of the fill. Since the trackers only sample positrons from a subset of the ring, some extrapolation

is required to model the behavior of the beam at large20. These positron tracks are used to create

a map of the beam: M(x, y, θ, t). Examples of such maps can be seen in Figure 3.20, where they

have been averaged over time and azimuth. The knowledge of the beam motion from the trackers

feeds into numerous systematic effects related to the extraction of ωa (see Section 3.6.3). This also

is crucial for the evaluation of the muon weighted magnetic field ω̃p (see Section 3.6.2).

3.5.1.2 MiniSciFi

(a) Reproduced from [114].
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(b) MiniSciFi data courtesy of C. Claessens.

Figure 3.21: (a) Engineering drawing of the horizontal MiniSciFi detector. (b) Comparison of
the beam centroid from a few hours of Run-6 MiniSciFi data to the tracker profile from DS-5O (11
days). The difference in precision is striking. The large radial offset here can be ignored, it is due
to a lack of absolute position calibration in this MiniSciFi data.

Thus far the only measurements of the stored muon beam have been indirect, obtained by

measuring decay positrons. Acceptance effects, which require input from simulations to correct

for, can thus complicate the interpretations of these measurements. To rectify this problem, a

dedicated detector system was designed and constructed at CENPA by P.Kammel, B.MacCoy,

and C.Claessens: the Minimally Intrusive Scintillating Fiber Detector (MiniSciFi). This detector

system, first commissioned during Run-5, consists of three 250µm diameter scintillating fibers

19This makes the assumption that the positrons have no initial lateral motion, which has been shown from simulation
not to measurably alter the results of the reconstruction [113].

20This extrapolation is done using the beta functions of the ring. More details can be found in references [81, 105].
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spaced 26mm apart. Two separate versions were constructed, one with fibers oriented vertically

and one with fibers oriented horizontally. The vertical MiniSciFi is optimized for a measurement

of the radial profile of the beam, by stepping the three fibers through the storage region. The

horizontal MiniSciFi is optimized for measurement of the ‘fast rotation’21 signal of the beam by

being sensitive to particles at all radii at once.

The MiniSciFi detector can be inserted either 180◦ or 270◦ downstream of the beam injection

point. When inserted, the effective muon lifetime is lowered by ≈ 1.5% due to increased muon

losses from scattering. The measurements of the beam from this detector system will provide new

inputs to systematics for the Run-4+ data analysis. Many weeks of systematic measurements were

taken in Run-6 to measure the dynamic motion of the beam under all permutations of the nominal

experimental conditions (ESQ RF, ESQ scraping, kicker strength, etc.). These will all be used to

benchmark simulation efforts. Comparison of tracker data with that from the MiniSciFi will also

aid in disentangling the beam motion effects from the ESQ RF described in Section 7.3.2.

3.6 Correction Factors

A number of corrections are required for the measured values of ωa and ωp. The values (pub-

lished and expected) of these corrections for all Runs of the experiment are discussed below and

summarized in Table 3.1.

3.6.1 Corrections to ωp

The main field of the storage ring (shown in Figures 3.12 and 3.13d) can change on the order

of hours, but is nominally stable on the order of a single fill. However, the pulsed ring systems

generate transient fields which vary rapidly and coherently over each fill. Any effects which occur

on this timescale must be measured and taken as corrections to the nominal measurement. Two

such effects have been identified in the running of the experiment.

21The term ‘fast rotation’ signal refers to modulation of positron hits vs. time arising from the debunching of the
injected muon bunch and the spread in cyclotron frequencies in the ring. An analysis of this signal is described in
Section 6.1.
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(a) (b)

Figure 3.22: The transient fields created by (a) the kicker and (b) the ESQ system. Reproduced
from [17]. The transient field in (b) is given in terms of the perturbation of the main field of the
g − 2 storage ring.

3.6.1.1 Bk: Kicker Eddy Currents

The pulsing of the kicker magnet creates a residual, transient magnetic field through two mecha-

nisms:

• An eddy current is produced in the metal of the vacuum chambers which persists throughout

the muon storage period, well after the main kick has subsided.

• Ringing in the electronics chain creates a distinctive ‘tail’ of the kicker pulse

This transient magnetic field has been measured in-situ using two independent vibration-insulated

magnetometers [92, 115]. The results of this measurement are shown in Figure 3.22a. The correction

to ωa is estimated by integrating the field over the muon storage period, and its value in Run-2/3

is given in Table 3.1.

The exact mechanism which creates the fast oscillatory patterns in the kicker transient field

is not known. The frequency visible in Figure 3.22a does not perfectly align with what would be

expected from the known degrees of freedom of the kicker system. An additional measurement

campaign was conducted after the completion of Run-6 data taking in late-2023. From the results

of this campaign, combined with additional modeling work to understand the vibrations in the
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system, it is likely that the uncertainty on this systematic will decrease in the Run-4+ publication.

3.6.1.2 Bq: Quad Transient Fields

The pulsing of the ESQ system creates mechanical vibrations which lead to a transient magnetic field

while muons are present in the storage ring. A series of dedicated measurements were undertaken

to map these transients in time and around the ring azimuth. Specially constructed NMR probes22

were mounted on a trolley platform and driven around the ring. The ESQ system was pulsed

continuously and the transient field was mapped out over many hours of asynchronous probe

readouts. This field can be seen in Figure 3.22b around the ring (top) and vs. time (bottom). The

2×8 time structure of the injected bunches can clearly be seen in the latter (mirroring Figure 3.3c).

Again, the integrated value of the measured transient field over the muon fill was used to set Bq

(Table 3.1).

3.6.2 Weighting the Field: From ω′
p to ω̃′

p

The magnetic field that each muon experiences is unique, determined by its individual trajectory

through the storage ring. While a great deal of effort was undertaken to make the field as uniform

as possible, a correction to account for any non-uniformity is required. This is distinct from a

correction to ω′
p, in the sense that there is no distortion of the field of the storage ring. The only

change is in how the measured field is used in the final evaluation.

The azimuthally averaged magnetic field maps measured by the trolley and the average muon

beam distribution measured by the trackers are broken into the multipole expansion given in Equa-

tion (3.3). The values of ω′
p and M can be expressed in this basis:

ω′
p =

Nmax∑
i=1

mi(φ, t)fi(r, φ) (3.10)

M =

Nmax∑
i=1

ki(φ, t) =

Nmax∑
i=1

∫
M(x, t, φ, t)fi(x, y)dxdy∫

M(x, t, φ, t)dxdy
(3.11)

22The probes, and the base upon which they are mounted needed to be as non-conductive as possible to avoid
sparking in the ESQ HV.
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where mi is the magnitude of each of the multipoles in the field and ki is the projection of the

tracker map onto the ith multipole moment. These expansions are used to weight ω′
p:

ω̃′
p(φ, t) =

∑
i

mi(φ, t)ki(φ, t) (3.12)

The effect of higher order multipoles on the beam weighting is reduced in Run-3b and beyond

due to the improved kick. The improved temperature control in Run-3 also lessens the effect

of higher order multipoles, as the work done to reduce any non-uniformities in the field at the

beginning of each Run persists for a longer period of time. The difference in the field value with

this weighting vs. approximating the field as a perfect uniform dipole is O(50ppb) [81, 92].

3.6.3 Corrections to ωa

There are a number of corrections which must be applied to the measured ωa due to beam dynamics

effects. These can be broadly divided up into two categories: those effects arising from corrections

to the relationship of ωa to aµ, and those arising from a time dependent phase coupling to ωa. Five

such corrections (two of the former type and three of the latter) are taken into account in the E989

extraction of aµ.

The argument for why a time changing phase is deleterious to the measurement is as follows.

Imagine fitting a function of the form:

x(t) = cos (ωt+ φ)

Now, if φ→ φ(t) and a simple Taylor expansion is performed:

x(t) = cos (ωt+ φ(t))

= cos
(
ωt+

(
φ0 +

dφ

dt
t+

d2φ

dt2
t2...

))
= cos

((
ω +

dφ

dt

)
t+ φ0 + ...

)
, (3.13)

it can be seen that the extraction of ω has been biased. A fit performed to such data will prefer a
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value of ωmeasured = ω + dφ/dt 6= ωtrue. Importantly, there is no way to determine from the fit itself

that such a time shift has occurred23. It is only with outside knowledge that the correction factor

can be established and the true ω = ωmeasured(1 + C) extracted.

3.6.3.1 The Electric Field Correction: Ce
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(a) (b) Reproduced from [84].

Figure 3.23: (a) The cancellation of the ~β× ~E term. (b) Reconstructed momentum distributions
for Run-2, 3a, and 3b. The effect of the higher kick can clearly be seen.

The first such effect is caused by off-momentum muons in the field of the ESQ system. As shown

in Equation (1.34), when the muons are at the magic momentum (with γ0 ≈ 29.3) the effect of the

electric field cancels. This cancellation is shown in Figure 3.23a. The ideal momentum distribution

for the g − 2 experiment would be a delta-function at the magic momentum p0. However, the

momentum distribution in the g − 2 storage ring (∆p/p ≈ 0.15%) means that some residual effect

of the E field must be accounted for. This effect was exacerbated by the under-kicking of the beam

before Run-3b, which resulted in a momentum distribution not centered around p0 (and thus a

large equilibrium radius xe). The effect of the residual electric field is given by:

Ce =

〈(
aµ − 1

γ + 1

)
~β × ~E

〉
.

23Higher order terms, such as d2φ/dt2, could in principle be detected and indicate the presence of such an effect.
However, this would give no indication as to the magnitude nor sign of the bias to ω. In the data, φa is altered by
various BD terms in a similar fashion (see Section 5.3.7).
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For an individual muon with equilibrium radius xe and momentum p, this can be expressed as an

expansion of the ~β × ~E term in Equation (1.34) around β = β0 [17, 116]:

∆ωa

ωa
= −2

β0
B0

(
p− p0
p0

)
Ex

≈ −2
β0
B0

(
p− p0
p0

)(
n
β0B0

R0
xe

)
(3.14)

where R0 = 7112mm is the ‘magic radius’ and the electric field of the ESQ system is expressed

in terms of the field index n (assuming a small displacement from R0). Relating the momentum

distribution to the equilibrium radius of the stored muons via the dispersion relation24:

∆p

p0
≈ 1− n

R0
xe,

and averaging over the stored muon distribution yields [105, 116]:

Ce = −
〈
∆ωa

ωa

〉
≈ 2n(1− n)β20

〈x2e〉
R2

0

. (3.15)

The radial distribution of the stored muon beam is determined using two independent methods:

• Analysis of the spread of cyclotron frequencies present in the calorimeter data, which can be

related to the spread in muon equilibrium radii. Two distinct procedures have been developed

to perform this analysis: the so-called ‘Fourier fast rotation’ and ‘CERN-III Extended’ meth-

ods [116, 117]. The results from the Fourier fast rotation analysis of the Run-2/3 datasets

are shown in Figure 3.23b.

• Analysis of the radial distribution directly measured by the trackers25 [118].

All techniques yield good agreement for the reconstructed momentum spectrum of the stored

beam. Ce is the largest correction applied to ωa, with a magnitude of O(400ppb) [17, 105]. The

24A detailed derivation of this relation can be found in B. MacCoys recent thesis [81].
25This technique was not employed for the Run-1 analysis.
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magnitude of this correction is larger than the total uncertainty on the measurement of aµ. Thus

obtaining the correct value for this correction is of paramount importance.

3.6.3.2 The Pitch Correction: Cp

(a) (b) Reproduced from [119].

Figure 3.24: (a) Illustration of the vertical trajectory of a single muon. (b) The tracker recon-
structed amplitude distribution from a single dataset in Run-2 (DS-2D). This is used to evaluate
Cp using Equation (3.17).

The pitch correction Cp also arises primarily from the ~β × ~E term in Equation (1.34), with a

small additional contribution from the ~β · ~B term [120]. The derivation of this correction is fairly

involved, not least due to the unintuitive relative unimportance of the ~β · ~B term. A thorough

derivation can be found in references [120, 121]. The resulting form of the correction (for a single

muon) is:

Cp = −ψ
2
0

4

(
1 +

ω2
a

γ20(ω
2
y − ω2

a)

)
, (3.16)

where ψ0 is the angle of the muon from the vertical (at y = 0), and ωy is the vertical oscillation

frequency of a particular muon. Averaging over the ensemble yields:

Cp =
〈ψ2〉
2

=
n

4R2
0

〈A2〉, (3.17)

where A is the average amplitude of the vertical beam oscillations as measured by the tracker

stations (Figure 3.24b). Two independent analyzes of the data are compared to ensure accurate

handling of all systematic effects.

67



3.6.3.3 The Muon Loss Correction: Cml

Muons are ‘lost’ if they leave the storage region before they decay. This primarily happens when

a muon impacts an aperture defining collimator and loses energy to the point where its orbit is

no longer stable. Muon losses can couple to ωa through the initial phase-momentum relationship

created in the DR (as described in Section 3.1.2.1):

Cml =
1

ωa

dφa
dt

=
1

ωa

dφa
dp

dp

dt

∣∣∣∣
lm

. (3.18)

If the muons are lost in a momentum dependent fashion, i.e. dp/dt 6= 0, then a bias to ωa is

introduced. This effect was of great concern in Run-1, where it had the potential to be yield an

uncertainty large as 125ppb if unconstrained26 [6, 122]. However, a series of dedicated measurement

campaigns were performed to quantify this correction. These found Cml ≤ 20ppb for the Run-1

datasets. Measurements of dp/dt|lm were taken by inserting momentum scraping wedges in the

M4/M5 beamline to remove high/low momentum muons from the injected beam. The difference

in loss rates, combined with the momentum distributions reconstructed from Fourier analysis,

between these perturbed injected bunches allowed the momentum dependence of the muon losses

to be extracted [84, 122].

Reductions in the overall loss rate27 correspondingly reduced this systematic in Run-2/3 by a

factor of ≈ 5. This reduction was so dramatic that the measurement technique used to quantify

Cml in Run-1 would have taken weeks of dedicated studies to be able to measure the effect. Since

the effect was so small, only a subset of the measurements were performed to set an upper limit

on dp/dt|lm in Run-2, Run-3/4, and Run-5/6 conditions. These confirmed that the correlation was

no larger than it was for Run-1. From this, a scaling of the Run-1 value based on the loss rate

was assigned as a residual uncertainty to cover any remaining effect in the Run-2/3 publication.

It is expected that this effect will remain small in Run-4+. The author spent a great deal of time

quantifying this correction (and the behavior of muon losses in general) for the Run-2/3 analysis.

26The unconstrained, ‘worst-case’ scenario assumes that all muons lost (the number of which can be extracted from
the ωa analysis) are from one side of the momentum distribution.

27Losses in Run-1 were inordinately high due to the damaged ESQ resistors causing the average position of the
beam to move over the course of the fill.
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3.6.3.4 The Differential Decay Correction: Cdd

The momentum spread in the g−2 storage ring, D ≡ ∆p/p0 ≈ 0.15%, leads to a change in the stored

momentum over the course of the fill due to slight differences in the time-dilated muon lifetime [17]:

dp

dt
∝ e−

t/γτµ

≈ p0
γ0τµ

σ2D, (3.19)

where σD is the width of the stored momentum distribution. The correction due to this effect is:

Cdd = −∆ωa

ωa
= − 1

ωa

dφ

dp

dp

dt
. (3.20)

The phase of the muon ensemble can be described by an average over individual muons, each

described by a set of spatial coordinates and injection time: φi(xi, x
′
i, yi, y

′
i, t0,i). Because the

momentum dependence of the phase can come from any number of these terms, the differential

decay correction is typically split into sub-effects:

dφ

dp

∣∣∣∣
dd

=
∂φ

∂p︸︷︷︸
‘Beamline’

+
∂φ

∂t0

∂t0
∂p︸ ︷︷ ︸

‘Kicker’

+
∂φ

∂x

∂x

∂p
+
∂φ

∂x′
∂x′

∂p︸ ︷︷ ︸
‘Spin-orbit’

+
�
�

��∂φ

∂y

∂y

∂p
+
�
�

�
�∂φ

∂y′
∂y′

∂p︸ ︷︷ ︸
N/A

, (3.21)

which are gathered into three contributions to Cdd:

Cdd = Cbl
dd + Cp−t0

dd + Cp−x
dd . (3.22)

To first order each of these contributions is independent of the others. The beamline contribution

to Cdd is due to the initial phase-momentum dependence created in the DR (Section 3.1.2.1) [123].

The other two effects arise from the injection of the beam into the storage ring.

The ‘kicker’ (p− t0) correlation is created from two effects. When the beam is injected into the

storage ring, the head of the pulse begins to precess before the tail of the pulse enters the field.

The non-uniformity of the kicker pulse over the muon bunch introduces a difference in spin phase

over the length of the bunch. Studies have been performed using the MiniSciFi which have shown
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that the only source of an appreciable time-momentum correlation is the kicker, rather than any

upstream beamline effect [124].

Similarly, the ‘spin-orbit’ (p−x, p−x′) correlation is created when the phase space of the beam

is significantly perturbed during injection. Simulations indicate that both x and x′ contribute in

such a way [125]. Because the momentum of the beam does not vary with y, the y, y′ coordinates

do not contribute to this effect. The derivations of these parameters are beyond the scope of this

work, but can be found in reference [17].

Both Cbl
dd and Cp−x

dd are expected to be stable over long timescales. However, Cp−t0
dd depends

on the precise (ns-level) injection time of the muons relative to the kicker pulse. That quantity

has been shown to wander (relative to the upstream accelerator signal which triggers the kicker

pulse) on the order of O(10ns) over the timescale of a few hours28. The effect of this wondering

(Figure 3.25b) on the value of Cp−t0
dd is shown in Figure 3.25. It can therefore be important to

analyze each dataset individually in order to ensure the correct average value for this correction for

the entire Run is obtained.

(a) Reproduced from [103]. (b) Reproduced from [116] (c) Reproduced from [126]

Figure 3.25: The ‘kicker’ portion of the differential decay correction, Cp−t0
dd can be influenced by

minuscule changes in the incoming beam timing. (a) The value of Cp−t0
dd vs. dataset in Run-2 and

Run-3. (b) The changes in T0 timing in Run-3a (corresponding to the orange region on the left).
A similar oscillatory pattern is seen in (a). This correlation is still under active investigation. (c)
Initial Monte Carlo simulations indicate that the shift in T0 is the cause of the ±20ppb shift in
Cdd.

In theory, the fit function for ωa could be modified to include the momentum dependence of the

lifetime and its evolution over the fill. The change in the momentum distribution from 30µs−650µs

28This is also a confounding factor in analyses like those detailed in Section 6.1 where precise knowledge of t0 is
required.
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results in a change in the average muon lifetime of

∆τa = τµ(γ0 − γ1) ≈ τµ(29.3233− 29.32295) ≈ 800ps. (3.23)

Such effects are at the limit of the precision on the extraction of τa, and can safely be discounted.

3.6.3.5 The Phase-Acceptance Correction: Cpa

Figure 3.26: A schematic of the phase acceptance analysis. Positrons which are born in two
different regions of the storage ring will have a different calorimeter acceptance and average detected
phase. These factors, combined with a moving muon beam, lead to an average phase change over
the course of the fill. Modified from [17].

The final, and largest, of the three phase related corrections is the phase-acceptance correction Cpa.

This correction encapsulates the fact that the acceptance of the calorimeters is a decay position

and momentum dependent effect. The implication being that if the beam moves over the course

of the fill, the image of the beam as seen by the calorimeters is perturbed and a different average

phase is observed at late vs. early times.

The procedure for the evaluation of Cpa is shown schematically in Figure 3.26. The phase

(φc(x, y)), asymmetry (Ac(x, y)) and acceptance (εc(x, y)) map for each calorimeter c are computed

using gm2ringsim, a geant4 [127–129] based simulation of the storage ring. These maps are

combined with the measured beam distribution from the trackers (M(x, y, t)) to create an average
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weighted phase as seen by the calorimeters over time [103]:

φcpa(t) = arctan

[∑
ij M

c(xi, yi, t)ε
c(xi, yi)A

c(xi, yi) sin (φc(xi, yi))∑
ij M

c(xi, yi, t)εc(xi, yi)Ac(xi, yi) cos (φc(xi, yi))

]
. (3.24)

The effect of this changing phase is evaluated using simulated data and a simplified ωa fit model

and from this the value of Cpa is extracted.

The size of the correction was reduced after a repair of the ESQ system between Run-1 and

Run-2. A number of the resistors in the ESQ system were damaged throughout the course of Run-1,

which meant that the scraping process did not complete before the fit start time. Instead, the beam

continued to move vertically over the course of the fill. These resistors were replaced after Run-1,

and the difference in the magnitude of φpa over the course of the fill can be seen in Figure 3.26.

3.6.4 Expectations for Corrections

A substantial amount of work is being performed across the collaboration to reduce the uncertainty

on the various systematics. A visual summary of the current outlook for the various systematic

effects is presented in Table 3.1. The value of most of the corrections is expected to stay approxi-

mately the same, except in two cases:

Ce: The increased kick strength in Run-3b onwards better centers the beam and will reduce the

effect of the electric field.

Cpa: The reduction in the horizontal beam motion as an effect of the ESQ RF is expected to reduce

the magnitude of the required phase-acceptance correction, as the position of the beam is more

uniform over the course of the fill.

A number of better simulations, systematic measurements, and improved techniques will go towards

decreasing the uncertainty associated with the various systematics nearly across the board.

One systematic is flagged as a potential cause for concern: Cdd. Towards the end of the Run-2/3

analysis, it was noted that the two simulation programs used to quantify this effect — gm2ringsim

and BMAD — could disagree on the expected phase-momentum relationship of the stored beam by up

to an order of magnitude [130]. The measurements of this quantity (Section 6.1) agreed well with
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gm2ringsim predictions, and the value of the BMAD prediction was found to vary dramatically with

tiny changes in the injection angle of the beam. For these reasons, the discrepancy was discarded

for the Run-2/3 publication. However, studies are still ongoing with BMAD to try and understand

the source of this angular dependence and ensure that the correct injection parameters are used

in all simulations. If the BMAD model proves correct, or if the true injection angle measured using

the IBMS system proves to exacerbate the correlation, a re-evaluation of Cdd would be required —

potentially changing the result by a significant amount.

Correction Value [ppb] Uncertainty [ppb]
Run 1 Run 2/3 Run-4 Run-5/6 Run-1 Run 2/3 Run-4 Run-5/6

Ce 489 451 53 32
Cp 180 170 ∼ ∼ 13 10 ∼ ∼
Cml -11 0 ∼ ∼ 5 3 ∼ ∼
Cdd — -15 ∼ ∼ — 17 ∼ ∼
Cpa -158 -27 ∼ 75 13
Bk -27 -21 ∼ ∼ 37 13
Bq -17 -21 ∼ ∼ 92 20 ∼ ∼

Table 3.1: Values of the various corrections in all runs of the Muon g−2 Experiment at Fermilab.
Numbers for Runs 1-3 are finalized. Where numbers are not yet available the author has indicated
whether the expectation is that the value will increase ( ), decrease ( ), or remain approximately
the same (∼) compared to the Run-2/3 value. Areas where there is potential for a major difference,
pending ongoing investigations, are indicated additionally with . These uncertainties are taken
to be uncorrelated [17]. Estimates as of March 2024.

3.7 Putting it All Together

In summary, the simple relation which was introduced in Chapter 1:

R =
ωa

ωp
, (3.25)
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is modified by all of the corrections and factors discussed in the previous sections29 to the following

[17]:

R =
fclockω

meas
a [1 + Ce + Cp + Cml + Cpa + Cdd]

fcalib〈ω′
p(x, y, φ)×M(x, y, φ)〉 [1 +Bk +Bq]

∝ aµ (3.26)

This quantity, however, is still only proportional to aµ. As described in Chapter 1, the expression

for aµ is:

aµ =
mc

eB̃
ωa,

which can be expressed in terms of ωp and external constants:

aµ = R
µ′p(Tr)

µe(H)

µe(H)

µe

mµ

me

ge
2
, (3.27)

where ge is the gyromagnetic ratio of the electron, mµ/me is the mass ratio of the muon to the

electron, and µ′
p(Tr)/µe(H) is ratio of the magnetic moment of a proton in a spherical water sample at

temperature Tr to the hydrogen atom, and µe(H)/µe is the ratio between the magnetic moment of the

hydrogen atom and the free electron. The values of these external constants, their uncertainties, and

their sources are described in Table 3.2 (as of the Run-2/3 publication). In total, they contribute

an additional 25ppb uncertainty to aµ in Run-2/3 [17].

External Input Uncertainty [ppb] Source
ge/2 < 1 [48]

mµ/me 22 [131]
µ′

p(Tr)/µe(H) 11 [132, 133]
µe(H)/µe Exact [133]
Total 25 —

Table 3.2: External constants which are used in the evaluation of aµin Run-2/3 [15]. These values
can be updated as better experimental results become available.

29Two factors are present in this relation which have not been previously defined: fclock and fcalib. These are the
clock unblinding factor and the calibration constants for the NMR probes respectively. These are described in detail
in reference [17, 103].
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Chapter 4

Data Extraction: From Positrons to

‘Wiggle Plots’

As stated in Section 3.1.4, a large number of muons are injected each fill, the majority of which

are not stored. The muons which are stored yield ≈ 5000 positron hits in the calorimeters and

≈ 300 CTAGs/fill1. The output of the calorimeter SiPMs is continuously digitized at at a rate

of 800 mega-samples per second (MS/s)2. This data stream, which if stored directly would yield

≈ 18 GB/s of data, is sent to a GPU farm to be chopped into different ‘islands’ of time around

various pulses. The peak of each pulse is identified and then a configurable number of pre- and

post-samples are saved around that peak. If a second peak is identified in an islands’ time window

(as would be the case for a second positron arriving in the calorimeter soon after an initial hit) the

island can be automatically extended to encompass the second pulse with the appropriate number

of post-samples as well. A schematic of this process is shown in Figure 4.1.

In Run-1, a trace from every one of the 54 crystals in a calorimeter was saved for each island.

This yielded a data rate on the upper edge of what was achievable with the data writing capability at

g−2 experimental hall (MC-1), and led to frequent DAQ crashes that lowered the overall efficiency of

data taking. However, on average only 14/54 crystals were active in any given event (see Figure 4.2)

11 CTAG, or ‘calorimeter tag’ is denoted as 1 positron which deposits more that 1.7GeV in the calorimeter after
30µs. CTAGs/fill is a standard metric for evaluating the intensity of the stored muon beam.

2Each 800 MS/s clock tick (c.t.) = 1.25 ns
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Figure 4.1: A schematic showing how individual islands are chosen from the raw SiPM datastream.
Island 2 was automatically extended to include another pulse which occurred close in time. The
boundaries of such islands are synchronized for every crystal in the given calorimeter.

(a) (b)

Figure 4.2: (a) A Run-1 style island with only one crystal above threshold (blue) with an outline
of the Run-2 style chopped boundary (red). (b) Average number of crystals above threshold, or
adjacent to an above threshold crystal, in a given calorimeter island.
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[134], and so a massive amount of this data did not contain any physics information. During the

summer shutdown between Run-1 and Run-2, a new island chopping algorithm was developed and

tested. This island chopping algorithm would discard data from any crystals that did not contain,

or were not immediately adjacent to crystals that contained, pulses above the trigger threshold.

For example: in a given island for which only one crystal was above threshold, only a 3x3 grid

of crystals would be saved rather than all 54 (see Figure 4.2a). In practice, this amounted to a

75% reduction in calorimeter island data. Because of this and other improvements during the 2018

summer shutdown, the average uptime of the experiment rose from ≈ 75% in Run-1 [135] to > 90%

in Run-2 [136]. Tests were performed on Run-1 data by imposing this filter artificially and the shift

in ωa was determined to be negligible (< 3 ppb on a dataset with a statistical precision of ≈ 1

ppm).

As this change was made, special trigger modes were also implemented at various prescales.

For instance, the Run-1 style full island readout was implemented with a prescale of 1/15 fills in

Run-2+ and a ‘shadow trigger’ readout3 was implemented at a prescale of 1/15 in Run-5+. Data

from these special triggers are used for evaluation of systematics and were critical for ensuring that

no data was lost or corrupted in the island chopping process.

The g− 2 experiment uses MIDAS4 as its data aquisition system (DAQ) [137]. As these islands

are chopped, they are saved to MIDAS format binary data files. The file size recommended by

Fermilab for large scale processing on its computing grid5 is around 2GB, and so MIDAS was

configured to save a new ‘subrun’ file once that amount of data was accumulated. Each subrun

contained approximately 100 muon fills, which are stored as individual MIDAS ‘events’. Other

event types are also read out: asynchronous events from slow control systems, laser fills in between

muon bunches for tracking gain changes, kicker/ESQ monitoring data, etc. A run6 consists of ≤ 496

subruns. When this count is reached, midas will automatically begin a run transition. When data

3In this mode, an island is triggered to be chopped out 1 cyclotron period after every real pulse, regardless of
whether a positron hit was detected in that time range. This is useful for quantifying systematics due to ‘unseen’
pileup.

4Maximally Integrated Data Acquisition System
5Referred to throughout the text as ‘Fermigrid’ or simply ‘the grid’
6Somewhat unfortunately, for historical reasons only context and capitalization are used to distinguish between a

‘Run’ (a single years data taking) and ‘run’ (a single hours data taking).

77



was being taken in nominal conditions, this typically took between 1− 1.5 hours. This automatic

transition ensures that a copy of the midas online database (ODB) is saved at least this often,

which can be useful for tracking down any changes in experimental conditions during analysis.

4.1 A Single Fill Analysis: Fitting and Clustering

The g−2 reconstruction software is based on art [138], a package developed by Fermilab to provide a

common framework for physics experiments. The art framework is designed to handle an analysis

chain on an event-by-event basis, passing data between various analysis modules (for instance

passing the results of a fitting algorithm to an energy calibration algorithm), and keeping track

of the provenance of the data generated in the analysis chain. In this way, users of the software

need only be concerned with writing their analysis code and allow art to handle low level details

of memory management, file handling, etc.

The user interface to art consists mainly of three types of modules: producers, filters, and

analyzers. Producers take in one or many inputs and create an art ‘dataproduct’7. These inputs

can be external objects (database entries, data read from input files, etc.) or the output from other

producer modules. Filters are like producers, with the caveat that they produce only a boolean

value and can control the flow of data through an analysis chain. The data quality control (DQC)

modules (see Section 4.2.3.3) are implemented as such filters. Finally, analyzers take in one or

more dataproducts and create an external output. In this analysis, these are typically ROOT [139]

histograms or TTrees. The implementation of these modules is done in C++, and they are configured

at runtime using a Fermilab Hierarchical Configuration Language (FHiCL or fcl) file.

The reconstruction chain used in this analysis (dubbed ‘Recon West’ or ‘RW’) was initially

developed at the University of Washington by A. Fienberg in the lead up to the 2017 commis-

sioning run of the experiment [6]. Since then, a number of improvements have been made to the

reconstruction chain by J.Hempstead, H.Binney, and the author [84, 91]. The logical flow of the

sections below follows from these references. Briefly, the steps required for the reconstruction of

positron data in the UW analysis are:
7Essentially a C++ class, but with standard boilerplate which allows art to integrate them into its’ event loop.
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1. Correct for a known hardware jitter in the raw waveforms.

2. Fit the raw traces using a pulse template and extract the uncalibrated energy and time.

3. Align the fit results in time relative to the T0 trigger pulse.

4. Calibrate the energy of the fits.

5. Perform any needed corrections to the individual crystal fits (long term gain drift, in-fill gain

sag, etc.).

6. Pass the energies through a clustering algorithm to extract the total energy deposited by the

positron(s) in the entire calorimeter.

Each one of these is implemented as one or more art producer modules. Multiple independent eval-

uations and checks of each step in this process have been performed. In addition, multiple parallel

efforts at reconstruction have been developed over the years. Comparisons to other reconstruction

methods have been performed (see Section 4.1.6.1 and references [140, 141]).

4.1.1 Odd-Even Pedestal Correction

Figure 4.3: A single trace before and after the application of the odd-even pedestal correction.
The y-axis represents uncalibrated ADC counts. Reproduced from [91].

The 800 MS/s digitization rate is achieved at a hardware level by utilizing two 400 MS/s

digitizers which are offset from one another by 1/2 of a cycle. These two independent digitizers

in general have slightly different pedestal levels. Thus the ‘raw’ trace which emerges from the
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digitizers has a jagged shape which must be corrected (see Figure 4.3). The shift varies between

0-10 ADC units (out of a total dynamic range of 4096 ADC units). Since each digitizer reads out 5

calorimeter channels, a total of 264 of these constants were calculated. This shift was recalculated

at the start of each run, but was never found to change appreciably. This offset is calculated by

taking the difference between odd and even samples of each waveform when a pulse is absent. This

shift is applied before the trace is passed to the fitter.

4.1.2 Template Fitting

(a) Reproduced from [91] (b) Reproduced from [84] (c) Reproduced from [103].

Figure 4.4: (a) An example of a ‘fuzzy’ template created by overlaying many high-energy traces
from a single crystal. (b) An example single pulse fit from the template building process. The
extended island length shows the scale of the tail, and how well the template reproduces that
behavior. (c) A chained island fit. The ringing tail of the first pulse impacts the second island and
must be accounted for.

Because of the linearity of the g−2 calorimeter response to incident pulses over a wide range of

energies, and due to the high likelihood of pileup occurring early in the fill, the most robust method

found to reconstruct the positron energies and times was to fit each trace to a known template.

This yields excellent timing resolution and robust behavior in the presence of many pileup pulses.

The pulse fitting algorithm is able to distinguish positrons with 100% accuracy so long as they are

separated by ≥ 2.5 ns8. A template fitter module was constructed which identifies pulses using two

parameters per pulse: integral and peak time [6].

Specialized runs were taken at the start of each run to construct pulse templates from data.

Normally, islands have a limited number of pre- and post-samples around the peak (8 and 18

8This is imposed as a hard threshold (known as the artificial dead time or ADT) in analysis. The fitter will not
attempt to resolve two pulse which are closer than this in time.
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respectively) but for this exercise that number was extended to 50/250. This was done to capture

the ringing tail of the SiPM pulse and allow for ‘chaining’ islands together. This is required when a

second pulse arrives before the effect of the first pulse has damped away completely. Data is taken

for ≈ 6 hours in these conditions in order to accumulate enough statistics (≈ 50, 000 unique high-

energy positron hits) in the coolest crystals (those furthest from the beam). It has been shown that

the templates are insensitive to the positron energy, beam rate, and time in fill used to generate

them [6, 91]. It is thus possible to choose a sample of late-time (i.e. low-pileup), high energy traces

to compute the templates without loss of generality. Templates are built by identifying the peak

time of each pulse and overlaying the normalized pulse shape for many pulses (see Figure 4.4 left).

The profile of this histogram is used to create a cubic spline, which is saved to a ROOT file along

with its cumulative distribution function (CDF). Two additional templates are also created for laser

pulses: one for the standard laser, which illuminates the crystals every fill, and one for the ‘crossed’

laser, which is only used during specialized calibration runs (see Section 4.1.5).

Every time a crystal is swapped, and at the start of each Run year, a new set of templates is

generated. These do not vary significantly from Run to Run, except in the case of crystals which

have experienced some form of damage. For instance, the SiPM on Calorimeter 11/Crystal 18 had

an amplifier which malfunctioned during Run-3. This dramatically altered the tail shape of the

beam and laser pulses. Some crystals in Calorimeter 6 (0 and 9) were damaged by water infiltration9

in between Run-1 and Run-2. The PbF4 crystals, being moderately hydroscopic, develop a milky

white layer on their surface after contact with water. These crystals were only slightly damaged,

but in such a way that this milky white coating altered the amount of laser light they received.

The template fitter module uses a database table to determine which template to use when fitting

based on the run number of the island being fit.

An iterative fit procedure is performed using these templates to extract the integral (∝ the

deposited energy) and peak time of each pulse in the crystals [6]. The highest amplitude sample

is identified and, if above a certain threshold, is used as the seed for the first fit. In Runs 1-3,

this threshold was in hardware units, approximately 50 ADC counts. Due to differing energy/gain

9A polite term for 50 gallons of water falling onto calorimeters 5 and 6 from the ceiling.
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calibrations, each crystal could have a slightly different minimum energy threshold. In the Run-4

reconstruction, this threshold was equalized to be ≈ 20 MeV for all crystals [142].

After the first pulse is found, the fitter repeats the process if any of the fit residuals are above

that same amplitude threshold10. The process continues until the χ2 of the fit no longer improves

with any additional pulses above threshold. For islands in which a laser pulse is present (charac-

terized by 50/54 of the crystals in a calorimeter being above threshold at once) the fitter is able

to automatically select whether to use the beam or laser template when performing the fit, again

based on whichever one results in a lower χ2 value. An example of fits to beam data can be seen

in Figures 4.4b and 4.4c.

4.1.3 Timing Corrections

For each calorimeter channel (crystal j in calorimeter i, for instance), the following correction to

align all of the times is performed:

t′ij = t− tsync − κsync - beam
T0 − κicalo − κjcrystal (4.1)

where t is the uncalibrated clock time, tsync is the time that the laser sync pulse arrives at each

detector, κsync - beam
T0 is the difference between when the sync pulse and beam pulse were observed

in the T0 detector, and κicalo (κjcrystal) are calorimeter (crystal) level constants calculated once per

Run. These individual constants encapsulate both electronics and laser fiber length differences.

Each of these constants is calculated using beam data.

4.1.3.1 Intra-Calorimeter Timing Corrections

The front face of the g−2 calorimeter crystals measures 25mm on each side, which is comparable to

the Molière radius RE
M = 22mm [108]. Because of this, the preponderance of showers will be shared

amongst multiple crystals. In order to properly recombine these showers in the presence of pileup,

the calorimeter crystals need to be aligned in time. The internal time alignment is bootstrapped

10In the Run-2/3 data, the primary and secondary fit thresholds in the UW reconstruction differed which contributed
to a gain-like effect. See Section 4.1.6.1 and [141] for more details
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Figure 4.5: The intra-calorimeter timing offsets calculated for all calorimeters in Run-6. The
relative offsets between crystals are tiny, usually < 0.5 clock ticks (1c.t. = 1.25 ns).

from the data itself. Showers which share energy across multiple crystals are identified, and the

constraint that the time offset between their peaks should be 0 is imposed. From this, a system of

equations is constructed:

∆ij = κicrystal − κjcrystal (4.2)

for each pair of crystals that are aligned horizontally or vertically11. Since it is known that the

time resolution of the detectors is energy dependant, a minimum energy threshold of 200 MeV is

imposed in any given crystal used for this analysis [84, 91]. This system yields 93 equations which

can be minimized via least squares. In this minimization, each side of Equation (4.2) is weighted

by the inverse of the fitted error on the mean time difference to account for differences in statistics.

By convention, κ0crystal ≡ 0 for each calorimeter. Two independent methods of performing this

minimization were tested, one developed by J. Hempstead using Eigen [91, 143] and one by the

author using scipy [144]. Both yielded consistent results. The time offsets extracted using this

11This is not exactly true, as it does take the shower some time to develop and spread through the crystals.
However, this time is small compared to the time scales of the reconstruction and so it can safely be ignored.
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procedure can be seen in Figure 4.5. All channels are offset by < ±1 c.t. from each another.

4.1.3.2 Inter-Calorimeter Timing Corrections

Figure 4.6: Inter-calorimeter time shifts before and after calibration. Reproduced from [91].

Once the crystals within the calorimeter are aligned, each of the calorimeters are aligned in

time with respect to a common reference point. This point is chosen to be the intensity weighted

maximum of the beam entrance pulse from the T0 detector. Since T0 and calorimeter 22 share a

common laser fiber, all calorimeters are first aligned with respect to calorimeter 22 and then all

calorimeters are globally aligned based on the common offset from calorimeter 22 to the T0 beam

pulse.

A great deal of effort went into making sure the maximum number of muons which were injected

are stored on stable orbits until they decay. To measure the relative offsets in time from one

calorimeter to the next, however, this aspect of the experiment was made significantly worse. At

the start of each data taking Run, a series of scattering targets were inserted. Muons which impact

these targets lose energy and are knocked off their stable orbits. The effective muon lifetime in

this mode drops from 64.4µs to ≈ 35µs. Muons which scatter off these targets will spiral inward

and have a good chance of impacting the calorimeters. When they do, they deposit a distinct

MIP (minimum ionizing particle) energy peak of ≈ 170 MeV. A clean sample of these muons is

identified in the data by looking for triple coincidences of such energies in adjacent calorimeters

(see Figure 4.7). Another system of equations is set up to solve for the relative time offsets of the
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Figure 4.7: Diagram showing the trajectory of a typical lost muon triple coincidence, alongside
the (calibrated) energy and δt distributions. Reproduced from [6].

different calorimeters:

∆tij = t′i − t′j

= (ti − κicalo)− (tj − κjcalo)

= κicalo − κjcalo − α (4.3)

where α represents the physical travel time between the detectors and κccalo is the individual time

offset for each calorimeter c. Setting κ22calo ≡ 0, this system of equations can be solved and the

detectors aligned by subtracting their individual t constants. The time difference for triple coinci-

dences before (left) and after (right) this procedure can be seen in Figure 4.6. The structure of the

g− 2 laser calibration system can be seen clearly in the before image: there are six laser heads and

so at every fourth calorimeter a jump in the uncorrected time difference is seen. This corresponds

to a slightly different path length in the laser fibers between each of the six laser heads. As a cross

check, the value of α extracted from the system of equations above — 6.2ns, as seen in the y-value

of Figure 4.6 right — can be compared to the expectation from the travel time for a lost muon

from the cyclotron period of the ring:

1

24
Tcyc =

1

24
(149.2 ns) = 6.2nsX (4.4)
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4.1.4 Energy Calibration

Figure 4.8: Pulse integrals for triple coincidences in Calorimeter 1 before and after energy cali-
bration.

From the same lost muon data, an energy calibration for each of the crystals can be performed.

In the monolithic calorimeters of the previous generation g− 2 experiment, energy calibration was

able to be performed using the positron energy spectrum itself [13]. In the current experiment,

with the energy of a single positron being shared across multiple crystals, this was not nearly

as straightforward. Instead the 170MeV12 peak that a throughgoing muon deposits in the 15 cm

length of the calorimeter crystals was used. Only the energy deposited by the middle hit in a triple

coincidence is used in this analysis, so that any average path length difference between crystals is

minimized. Here, some care must be taken to avoid other particles which might also leave a MIP

signature (such as deuterons or protons). Additional stringent time and energy cuts are used to

remove them from the dataset as much as possible. Both of those species are subdominant, so

fitting the highest intensity peak will still yield an excellent calibration. The energy spectrum of

lost muons is created for each crystal and fit to a gaussian. The calibration constants are extracted

from the mean of this gaussian fit: 170MeV/Ē. The results of applying these calibration constants

to the lost muon data can be seen in Figure 4.8.

12The value of this energy deposit is less important than having a standard candle that all crystals can be calibrated
against.

86



4.1.5 Gain Corrections

Once the fit results are calibrated, a series of gain corrections to the reconstructed energies are

required before data from the individual crystals can be combined. If uncorrected for, these gain

effects could lead to a bias in the extracted value of the precession frequency. For instance, because

of the gain sag in the detectors caused by the initial ‘flash’ of particles entering the ring, positrons

which are detected earlier in the fill will be reconstructed with a different energy than those detected

later in the fill (after the system has recovered). This effectively leads to an energy threshold change

over the course of the fill. Since the observed g − 2 phase is energy dependant (see Figure 5.37 in

Section 5.2.5), a time changing energy threshold could introduce a time changing phase which pulls

the fitted value of ωa (as demonstrated in Equation (3.13))

The gain of each channel must be individually calibrated to a relative precision of better than

10−3 in order to meet design goals for gain related systematics [76]. The laser calibration system

described in Section 3.4.3 is integral to the extraction of these gain calibrations. There are three

timescales on which a gain correction must be done: O(hours/days), O(µs), and O(ns)

Systematic effects stemming from these gain corrections are evaluated as part of the precession

frequency analysis (see Section 6.4). A ‘residual’ gain-like effect not described here (and not tracked

by the laser system) is observed in the calorimeter data, which is discussed in Section 5.4.2.1.

4.1.5.1 Hours to Days: Long Term Gain Correction (OOF)

The first correction is the long term gain correction, also known as the ‘out of fill’ or ‘OOF’

correction. This represents the long term drift of the gain of the system from a reference value

determined at the start of each Run13. The gains of the g − 2 SiPMs are highly temperature

dependent (see Figure 4.9). In Runs 1 and 2, the temperature of the experimental hall was not well

controlled. This led to large swings in temperature from the start of each Run (late fall) through the

end (early summer). This overall shift, coupled with a diurnal oscillation of temperatures, meant

that the OOF correction was important for being able to compare the energy scale of data taken

many months apart. In Run-3, a new temperature control system was installed which eliminated
13By convention this is set to be the point where the lost muon data for the energy/timing calibration is acquired,

but this is not required.
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Figure 4.9: The long term gain drift of a single calorimeter compared with the average temper-
ature reading for Run-2. Both diurnal oscillation and seasonal trends in temperature can be seen.
Reproduced from [91].

the diurnal swings in temperature and removed the baseline shift for all but the hottest of months

(some variation can be seen again at the end of Run-4 and 5 for instance, see Figure 4.10.).

This gain correction is monitored using ‘out-of-fill’ pulses from the laser calibration system

(Section 3.4.3). In between muon injections, 4 laser pulses are sent to each of the 1296 crystals and

a series of laser monitor detectors. The amplitude of the pulse at the current time, corrected for

any drift in the laser itself as determined by the monitor detectors, is compared with the reference

amplitude and a simple scale factor is applied [103, 110].

This effect does not couple to ωa directly, except for its ability to dilute the ωa oscillation

signal. As will be described in Chapter 5, the statistical precision of the analysis is maximized with

a precise weighting of different positron energies. An incorrect correction will simply apply sub-

optimal weights to the combination of data across many months, resulting in a higher statistical

uncertainty.

4.1.5.2 µs: In Fill Gain Correction (IFG)

The in-fill gain correction describes the change in the SiPM gain from the beginning to the end of

the fill. When a pixel discharges, the bias voltage across the SiPM drops as the charge is replenished.

When this happens for many pixels at once (for instance, during initial beam injection where the

detector systems are overwhelmed), the change in the voltage across the SiPM can be significant.
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Figure 4.10: Average hall temperature for Run-1 through Run-6. Reproduced from P. Girotti
[145].

This voltage sag reduces the response of the SiPM to subsequent pulses until the capacitors in the

calorimeter electronics are able to re-establish the nominal bias voltage difference. The time scale

at which the capacitors are able to deliver this charge to the SiPMs is O(10 µs).

Up to 9% of the positron data was sacrificed in order to measure this correction in-situ. Every

N muon fills14, 3 laser pulses are injected 185µs apart. These laser pulses are walked forward in

time by 2.5µs after each subsequent laser fill. Using the response of the SiPMs at that time to the

standard candle of the laser pulse, the gain sag for each SiPM is mapped throughout the fill. This

is fit to:

g(t) = A
(
1− ae−t/τ

)
, (4.5)

for each crystal. An example of a gain recovery curve for a single crystal can be seen in Figure 4.11.

The a and τ parameters can vary significantly from crystal to crystal due to differences in the

individual electronics chain as well as the amount of beam ‘splash’ each crystal sees. Crystals in

the kicker region calorimeters (roughly calorimeters 5-8) are impacted the most by particles which

are injected but are not stored, and so their IFG amplitudes are the highest. Calorimeters on the

14N varied across Run years. In Run-1/2, N = 11. Later in Run-3 N was raised to 22 [146]. N was chosen such
that each of the 8-bunch shapes would be equally populated with laser pulses.
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opposite side of the ring (roughly 18-22) see almost no splash and so are virtually unaffected.

The lifetimes (τ parameters) extracted from these in-situ curves are verified using specialized

laser runs, where a burst of laser pulses are injected into the calorimeters from the ‘crossed’ laser

head to simulate the injection splash, and then a probe pulse from the standard laser is injected

in after a certain delay time [146]. Efforts have been made to quantify any effect these laser pulses

introduce to the data, in order to recover this statistics from these fills (see Section 6.3).

Figure 4.11: Left: An example of the IFG curve extracted for a single crystal. The effect has
mostly dissipated by the time the ωa measurement period starts at 30µs after injection. Cen-
ter/Right: Extracted parameters for the IFG correction. The bi-modal distribution of lifetimes is
a known effect of two slightly different electronics chains responsible for providing the bias voltage
to the SiPMs. Reproduced from P. Girotti [146].

4.1.5.3 ns: Short Term Double Pulse Correction (STDP)

The final correction to be applied is the short term double pulse (STDP) correction. This is the

shortest timescale correction, describing the gain sag experienced by a pileup pulse which arrives

O(ns) after an initial pulse. When a photon from an initial particle hits a SiPM pixel, it will

cause it to discharge and deliver a pulse of charge to the on board amplifiers. Once a pixel fires, it

requires a certain amount of time in order to recharge and re-enter Geiger mode. During this time

such pixels are effectively inactive. A secondary particle which deposits energy in a crystal before

all pixels in the SiPM recharge can therefore have its reconstructed energy artificially depressed by

inactive pixels.

This recovery curve, which nominally15 has the same functional form as the IFG function given

in Equation (4.5), is measured using specialized laser runs. In these runs the standard and crossed
15This function has some additional temperature dependence, which modifies the simple recovery function and is

beyond the scope of what is described here. See the following for more details: [17, 146].
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lasers are fired sequentially with different time offsets: 1 < ∆t[ns] < 100. The reconstructed energy

of the second laser pulse is compared to a reference amplitude absent the primary pulse. From this

the gain sag is evaluated. The recovery time constants are O(10ns). An example of the curve can

be seen in Figure 4.12.

(a) (b)

Figure 4.12: (a) An example of the STDP data taking mode. E1 and E2 are pulses from the
primary and crossed laser heads respectively. (b) The recovery curve for different laser intensities.
The gain sag of the second pulse depends on the energy of the first pulse. Reproduced from P.
Girotti [146].

4.1.6 Clustering in the UW Analysis

Once all of the timing and energy corrections are applied, the hits within a single island are combined

together to form one or more clusters. The clustering algorithm described here was developed by

A. Fienberg [6], with significant improvements made by H. Binney [84] for the Run-2/3 analysis.

In Run-1, only the timing for the crystal hits was used when reconstructing clusters. However,

the time resolution for low energy hits is known to be significantly worse than that of high energy

events [108]. Thus for the Run-2/3 analysis, the clustering algorithm was altered to allow low

energy hits more leeway to be included in a cluster. This was done by weighting the values used in
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the clustering by the inverse of the known timing resolution at that energy:

Eeff =
E1E2√

E2
1 + E2

2/2
(4.6)

∆t′(Eeff ) =
∆t

σ∆t(Eeff )
(4.7)

The logic for the clustering algorithm used in the Run-2/3 and Run-4+ analyses is as follows.

There are two configurable timing thresholds t′low and t′high. A time ordered list of all of the

reconstructed hits in a single island is created, and the first hit in this list is taken to be the ‘seed’

of of a new cluster. For each subsequent hit, the new effective energy and ∆t′ is computed. The

following algorithm determines whether this hit belongs in the cluster or whether a new cluster

should be created:

∆t′ ≤ t′low → This hit is added to the existing cluster

t′low < ∆t′ ≤ t′high → The next hit in the list is examined. A new ∆t′2 is calculated, considering only

this hit and the next hit. If ∆t′ < ∆t′2, this hit is added to the existing cluster.

Otherwise, a new cluster is created this hit is treated as its seed.

∆t′ > t′high → A new cluster is created and this hit will be treated as that clusters seed.

These clusters are used in the creation of the analysis histograms (see Section 4.2.4). During the

production, the same pulse fitting and clustering techniques described here are applied to pileup

islands generated from the empirical pileup correction (see Section 5.2.2).

4.1.6.1 Reconstruction Comparisons in Run-1 and Beyond

In Run-1, the author was responsible for performing a comparison of two16 parallel reconstruction

algorithms. These algorithms were developed at UW and Cornell, and had a fundamental difference

in their approach to reconstructing the positron energies and times. The UW reconstruction (‘Recon

West’ or ‘RW’) described above fits each crystal individually and then combines the resulting fits

together based on energy/timing information to form clusters. The Cornell reconstruction (‘Recon
16A third algorithm,‘ReconITA’, was not yet developed
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East’ or ‘RE’) performs a simultaneous fit to the highest energy crystal and all the crystals that

surround it. The boundary of this fit can grow to accommodate showers which extend beyond a

3× 3 grid, and can be done iteratively to pick up on pileup pulses. The advantage of this style of

simultaneous fit, which locks all the peak times of the crystals together, is that it is more sensitive

to low energy pulses on the edge of the shower which might be below the threshold of a standalone

fit. It can also be less sensitive to noise, since it can fit arbitrarily small (or negative) pulses and

on-average cancel out uncorrelated noise. Such an algorithm can also reject pileup at a much higher

rate than a RW style fit due to its inherent spatial separation.

However, that spatial separation comes at a cost — a great deal of positrons will pass through

material17 on their way to the calorimeter, and thus there is a good opportunity for scattering

to produce secondary particles. It has been shown that ≈ 1.5% of the events in the calorimeter

have spatially-separated, time-coincident ‘secondaries’ which are consistent with such scattering

[84]. A RW style algorithm will properly handle these, as its clustering is based purely on time

coincidences, while RE will potentially classify them as two distinct events.

Figure 4.13: A graphic showing the effect of multi-cluster island bug in the Run-2/3 UW recon-
struction. Reproduced from S. Foster [141].

Details of the comparison between the two reconstructions performed by the author can be found

in reference [140]. At the level of the Run-1 analysis, no difference between the two reconstructions

17Kicker or ESQ plates primarily, or tracker chambers for those positrons behind a calorimeter.
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was observed that would impact the physics result. However, with the higher statistics of Run-

2/3 a new effort was made by others in the collaboration to re-evaluate these results, especially

in light of the ‘residual gain’ effect (see Section 5.4.2.1). There it was discovered that the RW

algorithm had a slight bias which was not present in RE. When fitting an island with multiple

clusters, RW applied a different threshold to secondary pulses than it did to primary pulses (see

Figure 4.13) [141]. The result of this configuration was that a pulse could be either fit or discarded

depending on whether there was a pileup pulse in the same island. Since pileup is more likely early

in the fill, this resulted in an effective change of the energy scale early to late in the fill. This was

discovered after production of the Run-2/3 data was complete, so a correction was necessary to

account for this effect in the data. In the UW analysis, it was shown that this bug would cause

a gain-like effect consistent with the form of the ‘residual gain’ correction (see Section 5.4.2.1).

It was determined that this was responsible for ≈ 70% of the residual gain correction amplitude

in the RW reconstruction. The source of the remaining ≈ 30%, common to both RW and RE,

remains unknown and is under investigation. A fix for this bug was applied before the production

of Run-4+ took place, which reduced the magnitude of the correction needed accordingly.

4.2 Many Fills: Multi-PB Data Handling

In total, excluding systematic runs and those data removed by Data Quality Control (DQC) cuts,

in Run-2/3 there were 6.37 ∗ 107 muon fills and in Run-4/5/6 there were > 2.35 ∗ 108 fills (a

> 3.5× increase). This amounts to > 7.3PB (1.5PB for Run-2/3 vs. 5.8PB for Run-4/5/6) of raw

production data which needed to make its way through the full production chain to enter the final

data analysis.

4.2.1 Nearline Analysis

The time scale for the full production to be ready, including final calibration constants and DQC

from all aspects of the experiment was O(6months) on average18. However, some systematic studies

18Although this time was reduced for every run, with great effort from the g − 2 production team. In Run-6 a
running production, keeping up with the data with only a couple weeks of delay, was achieved.
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Figure 4.14: A screenshot from the Nearline file interface, showing the various root files and
histograms which were automatically produced.
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required turnaround times on the order of hours or days to inform changes to running conditions.

To that end, an abbreviated ‘Nearline’19 analysis chain was constructed. This analysis chain was

developed for the 2017 commissioning run by K.S.Khaw [147] and was revamped and managed

by the author from Run-2 through the end of Run-6. It consisted of simplified versions of the

full art-based analysis code being run on two dedicated machines. Each of these machines would

search for new midas data files periodically, the first on a O(2minute) timescale and the second

on a O(30minute) timescale, and would process them continuously. The Nearline served a vital

monitoring role for the experiment, allowing shifters and experts to verify the integrity of the data

on short timescales and make any needed adjustments. For instance, if the ESQ system was set to

an incorrect voltage, the nearline would show that from the data and a correction could be made.

The effective muon lifetime and number of muon triple coincidences seen from the nearline could

also indicate any issues with storage of the muons.

While taking production quality data, a new 2GB subrun file was created every 6-10 seconds.

Each nearline machine could process a single one of these files in ≈ 45 seconds. The nearline

machines thus averaged a 25 − 35% data processing rate in normal operations. This level of

data production was sufficient for monitoring of the beam and providing real time feedback on

experimental systems. The same analysis code could be run on the Fermigrid to achieve a 100%

production rate for those studies where greater statistical precision was required.

A web interface was constructed by the author to access and visualize the nearline data. This

provided an interactive jsroot20 [139] viewer for each of the run-level nearline files, as well as trend

plots to track changes in the various beam parameters over time. Outputs from parallel nearline

reconstructions for the field and tracker data, as well as additional reconstruction efforts from the

calorimeter nearline (fast rotation momentum analyses, CBO measurements, amongst others), were

incorporated into this website as well. These parameters (CTAGs, T0 integral, CBO frequency,

etc.) are stored in a database for later analysis of long term trends. Some views of this can be seen

in Figure 4.14.

19A play on the words indicating somewhere between the ‘online’ data quality monitor and the full ‘offline’ pro-
duction.

20https://root.cern/js/
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The phase-momentum systematic study detailed in Section 6.1 was undertaken entirely with

the nearline data, processed to 100% completion on the Fermigrid.

4.2.2 Production Dataset Definition

Figure 4.15: Standard trend plots showing stability of various field and calorimeter quantities
over the course of the production datasets in Run-3.

The nearline data was also used for the initial definition of the full production datasets. These

datasets, denoted by ‘DS-__’21, are sets of files which were taken with the same conditions at

the same time. Creating these datasets is essential for building up a high statistics sample for the

extraction of ωa. The author, with input from several other system experts, was responsible for

this procedure for Run-2 through Run-6. The algorithm for choosing the boundaries for specific

datasets went roughly as follows:

• Datasets should begin and end with a trolley run, to make the combination of ωa and ωp as

seamless as possible.

• Dataset boundaries should not include systematic studies. Systematic runs taken in the

middle of the datasets can be excluded based on the documented run numbers.
21For Run-3, it goes as DS-3A, DS-3B, and so on.
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• Datasets should have consistent field and beam conditions. Any significant changes in up-

stream conditions or experimental settings should denote a dataset boundary.

• Datasets should be as large as possible (up to 100,000 files, due to Fermilab file handling

constraints).

With these criteria in mind, the datasets used in the production were created. First denoted any

manual breaks in the data were denoted. These were somewhat rare, but included the insertion

of the M5 beam cooling wedge partway through Run-2 (see Sections 3.1.3 and 6.1) and the kicker

strength increase from Run-3a→3b. With these ‘fixed’ points in place, trends in the magnetic field

data, tracker CBO measurements, and calorimeter behavior were analyzed. Only a few significant

changes in field conditions were observed, which usually coincided with a magnet power cycle.

CBO conditions, any difference in which could indicate ESQ voltage changes or other changes in

beam storage, were also stable except for near documented (intentional) changes in experimental

parameters.

Consulting with system-level experts led to some additional breakpoints being designated, but

the majority of the dataset boundaries were driven simply by the file processing limits. As a

result of this most of these dataset boundaries ended up being overly conservative. After careful

investigation with the final production data, it was found that most were able to be recombined

and fit together with no issue. The Run-2/3 analysis began with 20 sub-datasets (DS-2B-H and

DS-3B-O22) and ended with 3 final datasets which were independently fit: Run-2, 3a, and 3b23.

Run-4 is beginning with 21 datasets (DS-4AU), but it is expected those will be combined to a

single fit. For Run-5/6, the differing ESQ RF settings (see Section 3.3.2) over the course of the

run necessitate the data from the initial 35 datasets24 be combined into two distinct groupings:

DS-5A-L with horizontal RF only and DS-5M-O+DS-6A-N with both horizontal and vertical RF.
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Figure 4.16: Diagram showing the rolling production scheme used for the Run-2+ data produc-
tion. Reproduced from internal g − 2 documentation.

4.2.3 Full Production

After the data is taken, it is transferred from the local drives in MC-1 to long-term tape storage

(‘Enstore’) using Fermilab’s file transfer service (FTS). The latency associated with accessing data

from the long term storage is a limiting factor in how quickly the data is analyzed. It can take

multiple days for an entire dataset to be retrieved from the tape storage, and once it is staged it

typically only remains accessible for ≈ 1 week. In order to not delay the overall analysis schedule,

extreme care was taken to ensure that no time was wasted in the Run-2+ data production.

The g−2 production team consists of 3−4 production experts, who manage the overall produc-

tion timeline; a dozen or so system-level experts, who analyze the data quality of their individual

systems and provide input to the settings used in the main production; and production shifters,

which includes the entire collaboration to some extent. There are 7 major steps in the g − 2 data

production:

• Stage the raw data from long term tape storage to hard disks.

• Pre-production and fill-by-fill DQC

• Constants analysis and database management

• (Test) Production
22DS-2A and DS-3A contained only systematic runs and were not production quality data
23Again, the author apologizes for the capitalization convention. 3A and 3a are distinct objects. An attempt is

made to distinguish between the two by appending ‘DS’ to the individual sub-datasets within a Run.
2421 in Run-5 and 14 in Run-6
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• (Test) Subrun DQC

where the last two steps are duplicated, first on a (randomly selected) subset of ≈ 10% of the

files and then on the remaining 90% once the first set of files has been validated. Most problems

with the DQC or software are able to be caught at this test production stage, saving valuable

computing time. Each of these steps are independent across datasets and can happen in parallel

(see Figure 4.16). Each step could take as little as one day or as much as a week to complete,

depending on the size of the dataset and the complexity of the DQC checks needed.

4.2.3.1 Pre-Production, Constants Analysis, and Database Management

The first step in readying a dataset for analysis is the ‘pre-production’. This is a nearline-like

abbreviated analysis chain that extracts the minimum amount of information from the raw data

to compute the various constants analyses and perform an initial round of DQC. Fill-by-fill DQC

checks are performed at this stage:

• Were ESQs and kickers operating normally?

• Was a laser pulse found in all channels?

• Was a T0 beam pulse found for this fill?

Any fills which fail these checks are marked at this stage and will not proceed further in the

production. Subrun files for which more than 5% of fills fail these cuts are excluded as well (as

discussed later in Section 4.2.3.3). Typically these cuts reduce the number of fills by ≈ 8%, but

reduce the number of CTAGs in a dataset by < 1%.

At this point, the long term gain correction (Section 4.1.5.1) for each channel is extracted. This

constant is calculated for each laser fill individually and then averaged over each subrun. The

health of each calorimeter channel is determined from the out-of-fill laser data. Any channel which

deviates by more than 10% from its reference value is investigated. Any channel which has an

OOF correction of < 0.3 is excluded from the final analysis (this could be for as little as a single

subrun or as long as an entire Run). Any calorimeter which has more than 3 such channels is

also excluded entirely. The reason for this is due to the island chopping threshold. The hardware
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threshold of each of the crystals is nominally set to be ≈ 50 MeV. This threshold does not need to

be exact, as long as it is far from the MIP peak used for energy calibration at ≈ 170 MeV. Once

the gain correction reaches < 0.3, the effective hardware threshold has drifted from its setpoint to

≈ 50/0.3 = 167 MeV. This cuts into the lost muon energy range quite severely and, since these lost

muons typically deposit their energy in a single calorimeter crystal, limits the ability to reconstruct

the lost muon spectrum. Positrons for which this crystal is not the trigger pulse are not as affected

by this changing threshold. Such drifting gain values became more of a problem later in the

experiments’ lifetime, as equipment began to age. Where possible, the affected crystals or cables

were replaced in between runs (for instance, significant maintenance was done on Calorimeter 9 in

between Run-4 and Run-5).

Once all of the constants and conditions are computed, they are verified by system-level experts

and uploaded to a database. The database keeps track of each set of constants and the interval

over which each set is valid. Some constants may have an interval of validity spanning multiple

runs, whereas some change at the subrun level.

4.2.3.2 Production: POMS Campaigns and Production Shifts

Once all of the required constants are uploaded and the integrity of the dataset has been checked,

the full production of the data can proceed. For the calorimeters, this involves passing through

the production chain described in Section 4.1. Similar production chains are defined by other

reconstructions and for other ring systems (for instance, the straw tracking detectors and IBMS

systems each have their own reconstruction chains).

In Run-1, this was the sole purview of the production team. After Run-1, a production shift

schedule and institutional quota for such shifts was established25. Each shift lasted for one week, and

involved 1-2 hours of monitoring data production and launching grid submissions (spread out over

the course of each day) by non-computing-expert members of the collaboration. The introduction

of the Production Operations Management Service (POMS) into the production workflow made

these production shifts possible. POMS provides a GUI interface and multiple helper functions for

25Mirroring requirements for data-taking shifts.
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large scale, repeated grid submissions. A ‘campaign’ can be set up with one or more steps, with

each step taking as input the data produced by the previous step. This aligned well with the new

rolling production scheme (Figure 4.16). Once the parameters of the campaign are defined POMS

can automatically launch the processes across many grid nodes, monitor the outputs, perform

any needed recoveries, and (when the stage is complete) signal the next stage of the campaign to

proceed. This removed a huge manual burden from the experts, who now only needed to intervene

if something went amiss. Once this workflow was introduced, each run was able to be processed in

less time than the previous, even as the size of the overall datasets grew.

The dataproducts contained in the output files at the end of this stage are complete, and if all

of the data were ‘physics quality’ no further action would be needed. Once experts verified that

each stage of the production had completed successfully, the files were passed to the DQC team for

final analysis and blessing.

4.2.3.3 Subrun Level DQC Analysis

Figure 4.17: Flow of the data through the DQC analysis chain. The DQC analyzers are run as
part of the full production workflow and the results are applied on the subrun level by excluding
certain files from the datasets. Reproduced from internal g − 2 documentation.
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Once the data production is complete, a number of subrun level DQC checks take place. The

flow of the data through the DQC analysis chain in shown in Figure 4.17. The checks that are

made at this stage include:

• Is the average CTAG/T0 ratio below the acceptable range of values?

• Is the average ratio of lost muons to positron hits below the upper acceptable limit?

• Do more than 95% of the fills in this subrun pass the fill-by-fill DQC cuts?

• Is this subrun in a range which has been marked ‘bad’ by the field, kicker, or ESQ teams?

• Do the three independent reconstruction algorithms display any difference in the trends

above?

• Do the ring systems meet the qualifications for it being physics quality [148] data:

– ≥ 22/24 calorimeters are online.

– ≥ 7/8 tracker modules in each station are online.

– All six laser heads, and associated monitors, are operational. Laser pulses are found in

all calorimeters.

– Slow control data is being recorded

– The T0 bias voltage is on and data is being recorded

A jupyter notebook26 [149] based analysis to make a standard set of DQC visualizations was

developed by the author. This notebook plots the trends for these cuts across the run, as well as a

histogram showing the total distribution. Some examples of these plots can be seen in Figure 4.18.

In this figure, three sets of colored bands can be seen. The blue points represent the values for

the DQC variables over all subruns in the dataset. Orange points are the points which pass the

individual cut shown in that particular figure. For instance, in the bottom plot in Figure 4.18 the

orange points all satisfy the condition that Ntriple/NCTAG < 0.008, indicating that muons were

being properly stored. Green points, finally, are those which pass all DQC cuts with their current
26https://jupyter.org/
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settings. The transparent red bands indicate regions where systematic studies took place, and all

subruns within those bands will be manually marked as excluded from the final dataset.

The results of the cuts for DS-4CD are summarized in Table 4.1. In this case, only 0.476%

of all CTAGs failed to be marked as quality production data. This level of data reduction was

considered excellent. Some datasets had as much as 8% data reduction. Generally the percentage

of data which passed all DQC cuts increased with each year the experiment was in operation.

Category DQC Type Total Lost Remaining Percentage Lost

Subruns
Kicker 90554 0 90554 0.000%
Laser 90554 0 90554 0.000%
T0 90554 0 90554 0.000%

Fills
Kicker 8081725 42 8081683 0.001%
Laser 8081725 0 8081725 0.000%
T0 8081725 200397 7881328 2.480%

CTAGs

All Fill-by-fill DQC 3574966033 29875 3574936158 0.001%
Kicker 3574966033 12014 3574954019 0.000%
Laser 3574966033 0 3574966033 0.000%
T0 3574966033 17861 3574948172 0.000%
ESQ 3574936158 4801966 3570134192 0.134%
Losses 3574936158 1272982 3573663176 0.036%
CTAG/T0 3574936158 186300 3574749858 0.005%
Fill-by-fill 3574936158 5883693 3569052465 0.165%
Field 3574936158 6589611 3568346547 0.184%
Final 3574936158 17139930 3557796228 0.479%

Table 4.1: Summary of the DQC Cuts made in DS-4CD. Only 0.479% of CTAGs failed the cuts.

4.2.3.4 Final Production Steps

All files in the Fermilab file handling system are managed using SAM (Serial Access to Metadata).

This system is designed to do three things:

• Keep track of the locations of files based on a unique name;

• Keep track of metadata associated with a file; and

• Create datasets of files based on the metadata and serve them to users as requested.

The metadata associated with one of the production files can be seen in Figure 4.19.
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Figure 4.18: Standard Data Quality Control (DQC) plots showing the trends of calorimeter based
cuts over a datasets evolution. Blue shows all data, while orange (green) curves indicate the data
which remains after one (all) of the subrun level DQC cuts are applied. Descriptions of all of these
cuts can be found in the text of Section 4.2.3.3.
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Figure 4.19: SAM Metadata associated with one of the final production files in Run-4A. The
variable offline.prod_quality indicates that this file has passed all DQC cuts.
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SAM provides a single access point which obscures the need for any users (whether interactively

or when using distributed computing resources) to keep track of the physical disks on which their

files are stored or juggle lists of thousands of individual files to process a dataset.

Once the subrun-level DQC cuts are uploaded to the database, they are applied to the data

as metadata quality flags (such as offline.prod_quality as shown in Figure 4.19) before a SAM

dataset of all of the files is created. A final production dataset can be defined with just a run

number range and quality flags. Updating the dataset definition (say to exclude a file later found

to contain non-production data) is as simple as modifying the metadata of the files themselves.

Analyzers can then request all of the files in a certain dataset using simply the dataset name, for

example ‘gm2pro_daq_offline_dqc_run4A_5308A’. Here 5308A is the software version with which

the dataset was produced.

Once the DQC is applied, the dataset is essentially ready to use. In the Run-1 and 2/3 analysis,

this was the final step. In Run-4+, an additional step was required due to the sheer volume of data.

In previous runs the amount of of non-tape disk space available to the experiment was sufficient

to keep all the final production files 100% staged, but with the threefold increase in data for Run-

4/5/6 this was no longer sufficient. A set of ‘skimmed’ data files were therefore created. These files

dropped some intermediate dataproducts and concatenated ≈ 10 subrun files (all from the same

run) together. This both alleviated the storage space issue and massively improved the workflow

for analysis submissions — it’s much easier for each analyzer to wrangle 10,000 files than 100,000.

4.2.4 Analysis Submissions

The final step in preparing the data for an ωa analysis is to histogram the data in preparation

for fitting. As will be detailed next in Chapter 5, the extraction of ωa is done from a fit of the

precession frequency to a 1D histogram of positron arrival times. However in order to ensure that

the precession frequency is extracted in an unbiased way, it is necessary to have multiple views of

the data and perform cross checks vs. energy, individual calorimeter, etc. Each of the 6 independent

analysis groups have their own methods for preparing these histograms, and so each group must

analyze the raw data themselves to produce the particular inputs for their analysis.
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Figure 4.20: Timeline of the full production from the start of Run-2 data processing as of Jan. 5
2024. The y-axis here is percent completion.

The UW analysis uses an art analyzer to perform this histogramming. Using the Fermigrid, the

O(10, 000) files / dataset can be processed in parallel. The cost of this is that the analysis needs

to conform to the constraints of that system. For instance, the majority of the grid nodes available

to g − 2 analyzers have no more than 4GB of RAM available. This means that any job which

requires more than 4GB to run will have to wait for extended periods of time to begin running, and

is more likely to time out and fail. Since all ROOT histograms are memory resident, this creates a

potential bottleneck. The UW analysis thus separates out different views of the data into different

grid submissions, each requiring less than 4GB of memory. Separate grid submissions are required

for:

• The ‘standard’ analysis with 3D histograms of positron hit time, energy, and calorimeter

number;

• 100 random seeds of the time randomization (described in Section 6.4);

• Systematic studies where the applied value of corrections like the IFG, OOF, etc. are varied;

• Energy leakage studies where the fiducial volume of the calorimeters is restricted;

among others. Some of these will be detailed in the following chapters. Each one of these sub-

missions can take anywhere from 4-24 hours to fully process, depending on how ‘crowded’ the grid

108



is at any given time. For systematic studies, it is often sufficient to process ≥ 95% of the files in

a dataset. This can typically be done in a single grid submission. For the full analysis, however,

it is important to verify that every last positron is accounted for. Multiple ‘recovery’ submissions

are typically required to make sure that the number of fills in the production dataset matches the

number processed through the UW analysis chain.

The end result of this process is shown in Figure 4.21. From this dataset, the nominal value of

ωa can be extracted, and this process is described in the following chapters.

Figure 4.21: The output of the main analysis chain: a 3D histogram of positron hit time vs.
deposited energy vs. calorimeter number.
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Chapter 5

Data Analysis: Extraction of The

Anomalous Precession Frequency ωa

This chapter describes the current status of the UW analysis of ωa. This analysis represents one of

6 analyses groups, each working semi-independently. In the sections to follow the iterative building

of the fit and standard cross-checks performed as part of the ωa analysis are discussed. Results

from Run-4 will be presented here as the ‘nominal’ running conditions. Descriptions of how these

conditions differ with respect to other running conditions will be mentioned (in brief) where relevant

and will be discussed in more detail in Chapter 7.

5.1 Organizational Structure

The Run-2/3 UW analysis was performed primarily by H.Binney, with support in systematic studies

and other analyses by S.Braun, J.Hempstead, and the author. The analysis was performed using

a ROOT based package developed by many generations of UW graduate students [6, 84, 91]. For

the Run-4+ analysis, the amount of technical debt in this codebase was assessed and the decision

was made to re-implement the majority of the analysis code from scratch. This allowed for the

piecemeal updates made from 2018-present to be more fully integrated into the analysis model.

This update took place concurrently with the Run-2/3 analysis. The results from this new UW

fitting module were checked against the original code using Monte Carlo samples and the Run-2/3
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data. This upgrade process served as a crosscheck to the original analysis code for the Run-2/3

analysis. Some modifications to initial fit parameter guesses were required (due to differences in

minimization strategies), but the final results agreed to well within the uncertainty on each of the

fit parameters.

5.1.1 Run-4+ Fitting Module

Two Python packages were developed by the author for use in this analysis1. The first (‘g2fit’)

performs a χ2 minimization given an input set of data and a function of the form func(x,p), where

x are the bin centers and p a list of fit parameters. It provides a wrapper around the Python iMinuit

library [150, 151]. By default, when fitting two rounds of minimization using the MIGRAD algorithm

are performed. Uncertainties are them computed on each fit parameter using both the (somewhat

less precise) HESSE algorithm and the (somewhat slower) MINOS algorithm2. The packages also

provides a number of utilities for performing the g − 2 fit, including the implementation of each of

the fit functions detailed in Section 5.3. The second package (‘g2_analysis’) consists of two classes:

PrecessionAnalysis and AnalysisConfiguration. These classes take in the raw histogram files,

apply various corrections to the data, and then control the flow of the iterative fitting procedure

to extract ωa.

The flow of the analysis is controlled through a toml configuration file. This file contains each

of the initial guesses for the parameters of the fit, which systematic scans are to be performed,

which models for the various beam oscillations are to be included, and more. The analysis can be

done interactively in a jupyter notebook session [149], or automatically from start to finish with a

single command.

The results — each intermediate stage of the fit and systematic scans — are saved as pickle

files, and can be reloaded across sessions or machines. This allows for resuming the analysis from

an intermediate stage (or even just recreating a final plot) without having to repeat time-intensive
1The packages are located on GitHub, and access to the code is available upon request.
• https://github.com/jlabounty/g2_analysis

• https://github.com/jlabounty/g2fit

2This last step is only performed if a valid minimum has been identified by MIGRAD. A useful comparison of these
two methods can be found at this page.
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analysis steps.

5.1.2 Analyzer Level Blinding

The physical clock of the g − 2 experiment is offset from 40MHz by a factor unknown to anyone

in the experiment3, to prevent conscious or unconscious bias towards any particular result. The

experiment is also blinded at the analyzer level. Each analyzer chooses a unique ‘blinding phrase’

which, through the MD5 hashing algorithm, generates a unique blinding value: ∆R4. The parameter

‘ωa’ is replaced in all fits by:

ωa → 2π × 0.2291MHz×
[
1− (R(ωa)−∆R)× 10−6

]
. (5.1)

Where the quantity ‘R(ωa)’ is left as the free parameter in the fit5. A shift of R(ωa) by 1 unit,

because of this definition, corresponds to a 1ppm shift in ωa. In the UW analysis the blinding

phrase is read from a local text file specified in the fit configuration. This file is not committed to

the repository.

5.2 Histogram Preparation

The output of the analysis submissions detailed in Section 4.2.4 consists of a series of 3D histograms

— energy vs. time for each calorimeter — while the fits to R(ωa) are performed on a 1D time

spectrum. For the main analysis, the data from multiple calorimeters can be combined together

simply by projecting the 3D histogram down to a 2D energy vs. time histogram. This section

details the slightly more complex steps necessary to prepare the histograms and collapse the data

along the energy axis in a statistically optimal way.

3Two Fermilab employees (not associated with g− 2) set the initial value and monitor the offset weekly to ensure
the clock blinding is stable.

4This can be thought of like an analysis ‘password’. Any valid unicode sequence could be chosen, which will
produce a unique ∆R. For example: ‘correct horse battery staple’

5Note that figures may simply refer to this value as simply ‘R’, which should not be confused with R = ωa/ωp.
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5.2.1 Fast Rotation Removal

Since the muons are injected in a bunched structure, they do not uniformly fill the ring at the start

of a fill. Therefore the calorimeters — especially at early times — see a stroboscopic image of the

beam, with the intensity varying strongly at the cyclotron frequency. This fast oscillation is shown

in the black curve in Figure 5.1. Precise modelling of this debunching is difficult to incorporate into

the ωa fit function, as it depends on the distribution of muon momenta in the ring and the initial

injected bunch shape. Therefore to remove this effect and prevent this frequency from biasing the

extraction of ωa, a two step process is utilized in the UW analysis:

• The histograms are binned in time as closely to the cyclotron period as possible. For the UW

analysis, Tc = 149.2ns is chosen as the nominal cyclotron value. This removes the majority

of the effect6.

• To remove any remaining effect from the fast rotation, the arrival time of each positron is

randomized by ±Tc/2 before being histogrammed7.

This procedure is effective in removing the effects of ωc on ωa
8. A small residual effect on ωa that

is introduced by this randomization procedure is discussed in Section 6.4.

5.2.2 The Empirical Pileup Correction

The raw Run-4 data for all calorimeters can be seen in Figure 5.2a. Since the stored muons have

a momentum of no more than 3.1GeV/c, no energy deposits in the calorimeters should be visible

with E > 3.1GeV9. The large number of positron hits reconstructed beyond this physical endpoint

indicates the presence of pileup at early times.

6This also has the practical benefit of limiting the size of the analysis histograms. Binning finely enough to fit the
cyclotron motion would quickly run up against the data size restrictions mentioned in Section 4.2.4.

7This can either be done on a per-positron or a per-fill (i.e. each of the positrons in the same fill will have the
same time offset) basis.

8A similar randomization procedure is employed by other analysis groups to remove the effects of other frequencies
as well. This is effective and does not dilute ωa significantly so long as the frequency is � 0.2291MHz. One frequency
which is often randomized is ωvw = 2.3MHz.

9While the energy and momentum of the relativistic beam particles can be used nearly interchangeably, we will
strive to differentiate between them.
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Figure 5.1: An example spectrum before (black) and after (red) the application of the fast rotation
randomization. The randomization removes the high frequency cyclotron oscillation while leaving
the main ωa oscillation untouched.

(a) (b)

Figure 5.2: (a) Uncorrected positron data for all calorimeters combined. The presence of positron
clusters reconstructed with E > 3.1GeV indicates the presence of pileup. (b) Positron data for
all calorimeters after the application of the pileup correction detailed in Section 5.2.2. The high
energy clusters have largely been removed.
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Pileup clusters are those created by positrons that arrive close enough in time as to be indis-

tinguishable by the fitting and clustering algorithms. Because the g − 2 phase of the pileup hits

will be (on average) different from a ‘true’ hit with that energy, and because the amount of pileup

changes over the course of the fill10, the presence of pileup in the data can bias the extraction of ωa

through a time dependent phase shift11. It is not generally possible to tag any individual cluster

with E < 3.1GeV as likely consisting of pileup. Instead, statistical methods must be employed to

remove pileup on-average from the distribution. The effectiveness of these algorithms is assessed

by looking at the impact they have on the high energy clusters, comparing the early and late time

energy spectra before and after the correction, and through Monte Carlo simulations [141].

In Run-1, the UW pileup correction was bootstrapped from the 2D energy/time histogram

itself [6]. This method depended upon the fact that the clustering algorithm used only temporal

information when determining whether hits belonged to one or many clusters. As a side effect of

the updates to the clustering algorithm described in Section 4.1.6, some limited spatial dependence

was introduced12. The effect was small, but rendered the Run-1 UW pileup reconstruction method

obsolete. Starting from the Run-2/3 analysis, UW adopted an empirical pileup correction algorithm

developed by D. Sweigart and S. Foster. The derivation for this correction is described in detail in

references [84, 141, 152] and an abbreviated description of the method is given here.

The philosophy behind the empirical pileup correction can be summed up simply: it’s difficult

to model all of the detector and reconstruction dependant effects in order to construct the pileup

spectrum that properly describes the data, so why bother? Instead, one can make use of the fact

that the rate at which the muon intensity is changing (decaying with a lifetime γτµ ≈ 64.4µs) is

small compared to the scale of a few cyclotron periods (Tc = 149.2ns). Thus the probability of a

two hits appearing in the same island approximately13 the same as the probability of a hit in one

10The amount of double pileup, for instance, scales as [rate]2 ∝ e−
2t/τa .

11See the argument in Section 3.6.3.
12The new algorithm introduced a slight difference in whether a pileup hit with the same energy and time would

be included in a cluster if two pulses were in the same crystal or a different crystal. For more details, see reference
[84].

13A small correction is necessary to account for the fact that this condition is not exactly true. This is incorporated
into the systematic uncertainty from the pileup correction.

115



island being followed by another hit in a ‘shadow’ island one cyclotron period later:

P(t, 2) ≈ P(t, 1) + P(t+ Tc, 1) (5.2)

Assuming the positron hits obey Poisson statistics, the probability of n hits to be reconstructed in

an island with length l is given by:

P(t, n) =
er(t)l(r(t)l)n

n!
(5.3)

where r(t) is the instantaneous rate of positrons hitting the calorimeters. Letting the probability

r(t)l ≡ λ, the raw pileup-contaminated positron spectrum (ρraw) can be described as a sum of

islands which contain one positron hit (denoted 1̂), double pileup islands with two positron hits

(2̂), etc. This yields:

ρraw =

N∑
i=1

P(n) = (λe−λ)1̂ +
λ2e−λ

2
2̂ +

λ3e−λ

6
3̂ + ... (5.4)

≈
(
λ− λ2 +

λ3

2

)
1̂ +

(
λ2

2
− λ3

2

)
2̂ +

(
λ3

6

)
3̂ +O

(
λ4
)
, (5.5)

where each island should be understood to contain clusters with individual energies and times, some

of which are contaminated by pileup. The ‘hat’ notation here is used for bookkeeping, so that each

term in the exponential sum is associated with the order of the island from which it originated. In

the second line, the power series for the exponential14 has been used to expand to O
(
λ3
)
. Were

there to be no pileup, the hit spectrum would be given simply by λ1̂. Any difference between this

and ρraw is the pileup spectrum:

ρpu =

(
−λ2 + λ3

2

)
1̂ +

(
λ2

2
− λ3

2

)
2̂ +

(
λ3

6

)
3̂ +O

(
λ4
)
. (5.6)

The pileup spectrum contains double/triple pileup events which must be subtracted from the data,

14

eλ =

∞∑
n=0

λn

n!
(λ � 1)
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as well as single hits which must be added back in to correct for their misidentification. For

instance, the −λ21̂ term corresponds to two single islands which must be added back to the pileup

contaminated spectrum to ‘repair’ the effect of a double pileup island in the λ2/22̂ term [141].

By overlaying various combination of the islands in the real data, the pileup spectrum can be

constructed and then subtracted from the underlying distribution.

The algorithm for construction of the double pileup spectrum from data, a schematic for which

can be seen in Figure 5.3, is as follows. For each cluster in the data with time t0, the algorithm

looks forward in time and identifies any crystal hits which are are within the time range given by

t0 + Tg ± tw, where Tg is the ‘gap time’ equal to the cyclotron period and tw is the ‘window time’

in which clusters are considered. Dedicated studies have shown that the RW pulse fitter is able to

distinguish pulses of a wide energy range if they are separated by > 5ns15 [6, 152]. This is therefore

taken to be the value of tw, to ensure that any events which could possibly pile-up are properly

considered. If there exists a ‘shadow’ island in this time window, the algorithm shifts said island

back by Tg, and overlays it with the ‘trigger’ island to create an artificial pileup island. The noise

level of the trigger and shadow island are then inflated artificially to match the noise level from

the combined trace [152], and the three new islands are sent into the same fitting and clustering

analysis chain that the unmodified calorimeter data flows through. If the fitter is no longer able to

distinguish the two pulses in the combined island, this is considered a double pileup event. If the

fitter is still able to distinguish the same number of pulses, then these are considered single events.

Both sets of clusters are tracked, and the pileup spectrum is built from many such islands.

Given the assumption that r(t) ≈ r (t+ Tg) and following the same logic as above this con-

structed double pileup spectrum can be shown to consist of [84, 141, 152]:

ρpu,double =

(
−λ2 + 3

2
λ3
)
1̂ +

(
λ2

2
− 3λ3

2

)
2̂ +

(
λ3

2

)
3̂ + ... (5.7)

This equation takes into account the fact that the islands from which the double pileup spectrum

is created themselves have some contamination from higher order pileup (hence the appearance

15This is intentionally taken to be much longer than the ADT of the fitting algorithm described in Section 4.1, so
as to definitely include all ‘possible’ pileup events.
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Figure 5.3: A diagram showing how the double pileup spectrum is constructed. For each positron,
the algorithm looks forward in time to identify any clusters in the shadow window. If a cluster is
found, as is the case here, then the later islands are shifted backwards in time, overlaid, and fit with
the normal reconstruction process. If the newly constructed island is now indistinguishable from a
single pulse, the reconstructed energy and time is added to the double pileup spectrum. Here, only
clusters with t > 30µs are shown.
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of 3̂ in Equation (5.7)). From this process, the pileup spectrum can be constructed to whatever

order is deemed necessary by looking n additional shadow windows nTg apart and analysing the

combinatorics of overlaying the islands of that order. Studies have shown that beyond triple pileup,

the effect on the extracted value of ωa drops below a reasonable threshold for concern [152]. This

process is repeated for every island in every fill, with the pileup clusters being computed alongside

the data clusters in the main production chain.

The double and triple pileup correction histograms can be seen in Figure 5.4. These are both

subtracted from Figure 5.2a to create the corrected spectrum shown in Figure 5.2b. The most

noticeable effect is that the unphysical hits with E > 3.1GeV are removed. The correction adds in

a number of low energy pulses, which can be seen more clearly in Figure 5.5.

(a) (b)

Figure 5.4: Energy, time spectra for (a) double and (b) triple pileup. Note that some portions of
the spectrum are negative and some are positive, indicating regions of this space where events were
systematically higher/lower than required. The application of the pileup correction to the energy
spectrum is shown in Figure 5.5b.

5.2.3 Residual Gain Correction

A correction for a ‘residual’ gain-like effect16 is applied to the histograms at this stage. The

perturbation to the energy spectrum from a gain change correlated with the instantaneous rate of

high-energy positrons hitting the calorimeter face was derived in reference [6]. The energy-time

16i.e. an effect which is observed in the data but not tracked by the laser system, nor detailed in Section 4.1.5
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Figure 5.5: The uncorrected energy spectrum [t > 30µs] overlaid with (a) double and triple
pileup spectra, as well with as the (b) final corrected data. The double and triple corrections
are both negative at certain points in the energy spectrum, indicating regions where data must
systematically be added back in to correct for the effect of ‘missing’ pulses which became pileup.

spectrum is modified like so:

N(E, t) → N(E, t)
(
1 +Ng e

−t/τa [1 +Ag cos (ωat− φa)]
)
, (5.8)

where τa, φa, and ωa are taken from the values of the ωa fit and Ng and Ag are determined using

dedicated systematic studies (see Section 5.4.2.1). As of the writing of this thesis, the UW analysis

takes the following as the nominal Run-4 values:

Ng = 0.00029, (5.9)

Ag = 0.10, (5.10)

The origin of this correction is under active investigation by a dedicated task force of analyzers as

part of the Run-4+ analysis. This correction is discussed further in Section 5.4.2.1.
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5.2.4 T-Method

The data thus far has been kept in the form of a 2D energy vs. time spectrum, while the nominal

ωa analysis is performed as a fit to a 1D time spectrum17. Collapsing the energy axis of this

spectrum can be done with any number of thresholds and energy weights. The simplest choice is

to place a lower energy threshold and integrate everything above. This is known as a threshold

(or ‘T-Method’) analysis. As shown in Section 1.2.2.1, maximizing the integrated NA2 in such a

distribution will maximize the statistical power of our result. The probability distribution which

describes muon decay is [153]:

dP = n(y)(1 +A(y) cos (ωt))dydΩ, (5.11)

where y ≡ pe/pmax, pe is the momentum of the decay positron, pmax is the maximum positron

momentum (53MeV/c), and dΩ is the differential solid angle of the decay. The Michel parameters

are [154]:

n(y) = 2y2(3− 2y) (5.12) A(y) =
2y − 1

3− 2y
(5.13)

These relations for n and a can be written in terms of the lab frame positron energy by applying

a Lorentz transformation:

n(E) =
2π

3γpmax
(y′ − 1)(4y′2 − 5y′ − 5) (5.14)

A(E) =
1 + y′ − 8y′2

4y′2 − 5y′ − 5
(5.15)

where y′ ≡ E/Emax in the lab frame and Emax = 2γpmax. Integrating above some energy threshold

172D methods for performing the fit could be performed in theory, but in practice these are limited by the knowledge
of A(E) (and higher order fit terms) in the presence of detector effects.
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Et yields the total number of positrons above that threshold and their average asymmetry:

∫ Emax

Et

n(E)dE = N(Et)

=
4π

3
(y′t − 1)2(y′t − (y′t)

2 + 3) (5.16)∫ Emax

Et
n(e)A(E)dE∫ Emax

Et
n(e)dE

= Ā(Et)

=
y′t(2y

′
t + 1)

y′t − (y′t)
2 + 3

. (5.17)

where yt = Et/Emax.

Maximizing NA2 for these theoretical forms yields the optimum energy threshold18 of 1.9GeV.

This calculation is done in the absence of any detector acceptance effects, which perturb the mea-

sured forms of these parameters (as shown in Figure 5.6). In practice, the optimum energy threshold

must therefore be found by scanning the threshold in this region and comparing the statistical power

at each value. The result of this process is shown in Figure 5.8a, and yields an optimum threshold

of 1.66GeV in Run-4.

Reconstruction-level changes can affect the value of this optimum threshold. In Run-2/3 the

threshold was closer to 1.69GeV. The change between runs is attributed to the multi-cluster island

fix perturbing the overall energy scale of high energy clusters (see Section 4.1.6.1). The threshold

scan ensures that, no matter the changes, the analysis is taking place at the statistically optimal

threshold.

5.2.5 A-Method

The argument in Section 5.2.4 holds so long as each positron is weighed equally. However, this

is not the statistically optimal treatment of the data. Because the g − 2 asymmetry increases

with positron energy19, the ensemble of high energy decays contain more information about ωa

than those at lower energies. Extending the argument in Section 1.2.2.1 to account for nonuniform
18Including any positrons below this threshold (in this simple method where each positron is given the same weight

in the final analysis) will ‘dilute’ the ωa oscillation signal and thus lower the statistical precision of the result.
19This is just a restatement of the fact that the highest energy decay positrons are preferentially emitted in the

direction of the muon’s spin, as detailed in Chapter 1.
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Figure 5.6: Variation of the differential N(E) and A(E) as measured in the calorimeters vs. the
theoretical forms in Equations (5.14) and (5.15). These are mapped empirically using the analysis
shown in Figure 5.7.
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Figure 5.7: A(E) is extracted by dividing the histogram into energy bins and fitting each one
individually.
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Figure 5.8: Run-4 energy threshold scans vs. precision on R(ωa) for (a) the T-Method and (b)
the A-Method. Note the difference in the overall y-scales when comparing the T and A-Methods.

weights w:

N(t) → N0e
− t/τa [〈w〉+ 〈wA〉 cos (ωat+ φ)] , (5.18)

it can be shown that the statistically optimal method for weighting is the g − 2 asymmetry itself:

w(E) = A(E) [6]. A(E) in the presence of detector effects is mapped empirically by dividing

the calorimeter energy spectrum into 60MeV bins. Each of these bins is fit to Equation (1.17)20,

as illustrated in Figure 5.7. The value of A(E) extracted from each bin is interpolated using a

cubic spline. This interpolation is then used to weight 2D histogram when collapsing the energy

axis. Any ‘incorrect’ application of the weighting will result in a slight reduction of the statistical

power of the measurement, but not any bias to R(ωa). Studies have shown that the uncertainty

associated with the exact application of the weighting (for instance, applying A(E = Ebin center)

vs. A(E = Ebin edge)) is less than < 2ppb. Another energy threshold sweep (Figure 5.8b) allows

the optimum lower energy bound for the A-Method to be identified. This is found to be the point

where the g − 2 asymmetry goes to 0: Ethresh = 1000MeV.

A(E) changes sign below this inflection point21, therefore any added positrons from E <

20More precisely, the fit is performed to the blinded version introduced in the next section: Equation (5.19).
21Since the analysis code defines A > 0 by convention, this often appears in the fit results as a phase shift of φa by

π.
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1000MeV can begin to dilute the ωa oscillation signal. Some additional statistical power could

be gained by a modification of the histogram construction technique to allow for negative positron

weights and lowering this threshold further (Figure 5.9b). This is not performed for three reasons:

• Contamination from noise and low-energy MIP particles (see Section 6.2) is limited to low-

energy bins, and so by introducing a lower energy cutoff any systematic effects from these

particles can be eliminated.

• The energy dependence of some slowly varying terms in the final fit function can complicate

the addition of positrons with negative weights.

• Statistical gains would be limited to the O(1− 2ppb) level.

(a) Reproduced from [6]. (b) Reproduced from [6].

Figure 5.9: The precision on R(ωa) obtained from the theoretical forms of N(Et) and Ā(Et) (a)
in the absence of detector effects and (b) with a simple model of detector effects included. Three
different weighting schemes are shown: w(E) = 1 (T-Method), w(E) = E, and w(E) = A(E)
(A-Method). In all cases, and for all thresholds, the A-Method is the optimal weighting scheme.
These plots do not include the practical limitations for setting the A-Method threshold to a lower
bound discussed in Section 5.2.5, but illustrate the limited gains in statistical power that lowering
the threshold below 1000MeV can achieve in the presence of detector effects.
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5.3 Building the ωa Fit Function

5.3.1 First Model: Five Parameters

The simplest model for the extraction of ωa is, as given in Section 1.2.2.1:

N(t) = N0 e
− t/τa [1 +A0 cos (R(ωa) t+ φa)] , (5.19)

where N0 is the overall normalization, τa is the effective muon lifetime, A0 is the g − 2 asymmetry

parameter, φa is the phase of the g − 2 oscillation, and the value of ωa has been replaced with the

blinded proxy R(ωa).

Weighting the data as described in the previous Section and fitting with the five-parameter

model above yields the results shown in Figure 5.10. It can be seen from Figure 5.10a that this

functional form describes the data by eye quite well, yet the χ2 of the fit is quite poor: χ2/NDF = 12.

Looking at a fast Fourier transform (FFT) of the residuals shows that there are a number of

frequencies which are present in the data and unaccounted for in the fit model. These are the BD

oscillation frequencies created by the focusing of the ESQ system (see Section 3.3.2).
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Figure 5.10: (a) Fit results, (b) fit residuals, and (c) the FFT of said residuals from fitting Run-4
to the five-parameter model in Equation (5.19). The CBO (low frequency) and y (high frequency)
oscillations can clearly be seen in the residuals around 30µs, corresponding to the highest and second
highest peaks in the FFT respectively. Beating of these frequencies with the g − 2 oscillation can
be seen at ωi ± ωa. The value of ωa is indicated with the red line in (c).
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Figure 5.11: Relative acceptance (defined as 24 ∗ Ndetected/Ndecayed) for all calorimeters from
simulation. The intra-calorimeter variation of these acceptance maps leads to the appearance of
the BD frequencies in the positron data. The inter-calorimeter variation causes the BD frequencies
to not be entirely cancelled when summing calorimeter data from around the ring. Reproduced
from [105].
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5.3.2 Beam Dynamics Frequencies: Predictions and Implications

The BD frequencies enter into the calorimeter data through detector acceptance effects. As shown

in Figure 5.11, the probability of a positron being detected by the calorimeter varies as a function of

the decay muon location in the storage ring: (r, y, θ). As the muons oscillate around their nominal

orbits, the number of decay positrons seen by the calorimeters will also vary with the frequency of

that oscillation22. If unaccounted for, these BD frequencies can bias the fit result by coupling to

ωa through their beat frequencies — ωa ± ωi — and pulling the best fit value of ωa from its true

value.

The various beam dynamics frequencies will decohere over the course of a fill as the muon

beam debunches. The bias to ωa will therefore also vary vs. time in fill. All such beam dynamics

parameters which appear to an appreciable degree in the g − 2 data must be explicitly included

in the fit function in order to remove such bias23. In the UW analysis, this is done through a

modification of the fit parameters in Equation (5.19):

X →X0Xi(t) (5.20)

= X0 [1 + Ei(t) cos (ωit− φi)] , (5.21)

where X could stand in for any of the parameters (N,A, φ) in Equation (5.19). The BD oscillation

is captured in the cosine term and the ‘envelope’ Ei(t) describes how the amplitude of the oscillation

evolves over the course of the fill. Were there no decoherence of these frequencies, this would simply

be a constant: Ei(t) = Ai. For most of the beam dynamics frequencies, the decoherence is modelled

22To a lesser extent the same is true for the observed asymmetry and phase, as described later in Section 5.3.7.
23Some frequencies can be removed by randomization rather than being fit directly, if they are sufficiently far from

ωa. This is done only for the cyclotron frequency in the UW analysis, but some analysis groups also employ this
technique to remove high frequency vertical oscillations [155, 156].
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simply by an exponential decay24:

Ei(t) = Aie
−t/τi , (5.22)

with a lifetimes ranging from O(10)−O(100)µs. To first order, the oscillatory terms are assumed

to be independent such that the fit can be constructed as:

X → X0 ∗X1(t) ∗X2(t)...

for ω1, ω2, etc. This approximation provides a useful starting point, but breaks down in higher

statistics datasets where higher order effects become apparent (see Section 5.3.6).

This is not the only possible model for incorporating these BD oscillations. Additional models

based on beam moments [152] or deriving the forms of the envelopes from first principles [159]

are explored by other analysis groups. The latter is a new approach for introduced for the Run-4

analysis, but the difference between the model presented here and the beam moment model has

been studied in Runs 1-3. Less than a 5ppb difference in the final value of R(ωa) (� 1δR(ωa)) was

found when comparing fit results using the two approaches [160].

The expected values of the BD frequencies (using the approximation of a continuous ESQ focus-

ing field) can be calculated from the field index n (as given in Equation (3.8) in Section 3.3.2). The

physical origin of these frequencies is confirmed using the two tracking stations and the MiniSciFi

detectors, which observe the oscillations of the beam directly. In Run-4:

n =
R0

vB0

∂Ey

∂y
≈ 0.107. (5.23)

which yields:

24An empirical derivation of the envelope for the various BD frequencies is possible, but it requires detailed knowl-
edge of the spread of the various frequencies in the ring (∆ωi) and the acceptance functions of the calorimeters
[157, 158]. Each of these can be derived from simulation, but ultimately such a model results in a 7-12 parameter
function of which 2-3 parameters remain floating in the fit. Such envelopes are explored as part of the systematic
evaluations of the BD frequency terms, but are not implemented in the main analysis as of the writing of this thesis.
Envelopes derived from interpolating sliding window fits to the data itself are also being explored.
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fc =
1

149.2ns
(5.24)

= 6.702MHz,

fx =
√
1− nfc (5.25)

= 6.333MHz,

fy =
√
nfc (5.26)

= 2.197MHz,

where (and generally throughout the text) fi ≡ ωi/2π. The histogram bin width of 149.2ns results

in a Nyquist frequency of fNq = 1/(2 ∗ 149.2ns) = 3.35MHz. Frequencies higher than fNq, such

as the cyclotron and x oscillation frequencies, therefore appear in the fit in aliased forms and

beat frequencies25. Table 5.1 gives the values of the beam dynamics frequencies and their various

sidebands in Run-4. The calculated frequencies can be seen overlaid with the residual FFT in

Figure 5.12. The x-related terms agree well with the calculated values, while the y-related terms

show a few percent deviation from the simple model of continuous ESQ plates. Because of this

deviation, these frequencies are generally implemented as independent fit parameters rather than

being derived from a common field index.
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Figure 5.12: Calculated beam frequencies from Table 5.1 overlaid with the Run-4 5-parameter
FFT. The largest peak is ωcbo, from which the n value of the ring is extracted. This n value is used
to calculate all other BD frequencies. The x frequencies agree well, but the y frequencies show a
few percent deviation from their approximate values.

25Due to the stroboscopic nature of the calorimeter measurements, i.e. their observation of the ‘same’ beam
modulo the cyclotron frequency as the muons circulate in the ring, even if the histogram were more finely binned the
frequencies higher than ωc/2 would still appear in their aliased forms.
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Name Calculated Frequency [MHz] Fitted Frequency [MHz] Difference [%]
fa 0.229 R(ωa) [blinded] —
fc 6.703 — —
fx 6.333 — —
fy 2.197 2.210 0.59
fc − fx ≡ fCBO 0.370 0.370 0.00
2fCBO 0.741 0.741 0.00
fCBO − fa 0.142 0.142 0.00
fCBO + fa 0.599 0.599 0.00
fc − 2fy ≡ fVW 2.309 2.281 -1.21
fVW + fCBO 2.679 2.651 -1.04
fVW − fCBO 1.938 1.911 -1.44
fVW + fa 2.537 2.510 -1.10
fVW − fa 2.080 2.052 -1.34
fy + fa 2.426 2.439 0.54
fy − fa 1.968 1.981 0.66
fy + fcbo 2.568 2.581 0.51
fy − fcbo 1.827 1.840 0.71
fc − fy 4.506 — —

Table 5.1: Beam Dynamics frequencies observed in Run-4 vs. the approximate expected value
from the continuous ESQ calculation (Equations (5.25) and (5.26)). The n value for the continuous
ESQ calculation is calculated from the fitted value of ωcbo. Some of these frequencies are not
observed directly due to aliasing and the fast rotation randomization. The frequencies in bold are
free fit parameters (taken from the full fit in Section 5.3.9), while the others are calculated from
those values.
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5.3.3 Iterative Fitting Approach

The full fit function used to extract R(ωa) is constructed through an iterative process. Starting

with the five-parameter functional form (Equation (5.19)), the steps are to:

1. Perform a fit to the data using the current functional form in the region (30.2, 650]µs

2. Examine an FFT of the fit residuals. Identify the physical cause of largest frequency peak

(if any exist) and incorporate a model for this frequency into the full fit model26. Return to

Item 1.

3. If there are no obvious peaks, examine the internal consistency checks detailed in Section 5.4.

If parameters are not stable vs. any of these checks — particularly the fit start time and

calorimeter-by-calorimeter fits — incorporate any additional changes into the fit model and

return to Item 1

Once the fit is stable vs. all of the internal cross checks and a χ2/NDF consistent with 1 has

been achieved, the results are compared across the independent analysis group to rule out any

analyzer-specific biases. The process of arriving at a stable fit model is still in progress for Run-427.

5.3.4 Coherent Horizontal Betatron Oscillation (CBO)

The largest frequency observed in the residual FFT is the ‘coherent betatron oscillation’ (CBO):

ωcbo ≡ ωc − ωx ≈ 2π ∗ 0.370MHz. A schematic of how the CBO enters the data is shown in

Figure 5.13a.

The calorimeters measure the beam in 24 locations, equally spaced out around the ring. As

such, they observe a phase advance of the CBO at each station: φcbo,i ≈ φcbo,0 + 2πNcalo/24. If

every calorimeter were to have an identical acceptance function, then the CBO would cancel around
26While each frequency incorporated into the model has a physical motivation, it is possible to imagine that such

a peak in the FFT could be created coincidentally by a statistical fluctuation rather than a ‘true’ frequency. The
effect of fitting such spurious frequencies has been evaluated using toy Monte Carlo and shown to be � 5ppb on
R(ωa). This is supported by examining the scale at which real higher-order beam dynamics frequencies alter R(ωa)
(shown later in Table 5.2). In practice, attempting to blindly fit such fluctuations (which can sometimes appear in
the various random seeds of the fast rotation randomization procedure) tends to lead to a fit which does not converge.

27The schedule for completion of the analysis (at UW) was driven in early to mid-2023 by availability of data and
later by person-power having to be split between multiple experiments. It is expected that the fit model will be in a
stable configuration by mid-to-late 2024, with systematic evaluations following soon after.
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the ring and the peak would not appear in the calorimeter-summed data. Non-uniformities in the

acceptance (driven by material effects) break the symmetry of the ring and result in a residual

CBO oscillation. The amplitude of the CBO oscillation in the full fit is reduced by a factor of ≈ 5

compared to the calorimeter-by-calorimeter fits.

The CBO is incorporated into the fit model to first order by introducing a time dependence of

the overall normalization:

N0 → N0Nx(t), (5.27)

Nx(t)|1st Order CBO = 1 + Ecbo(t) cos (ωcbot− φcbo), (5.28)

where ωcbo and φcbo are the frequency and phase of the CBO oscillation and Ecbo(t) is the envelope

which describes the decay of the oscillation vs. time in fill. The canonical choice of decoherence

envelope for the CBO in Run-4 is:

Ecbo(t) = Acbo

(
e

− t/τcbo + Ccbo

)
. (5.29)

This was the nominal model used in Run-3b, which has very similar conditions to Run-4. The

impact of alternative envelope functions was heavily scrutinized as part of the Run-2/3 analysis

[84]. Such evaluations are in progress for the Run-4+ analysis as well. With this first addition, the

fit function becomes:

N(t) = N0Nx(t)e
− t/τ [1 +A cos (R(ωa) t− φ)] . (5.30)

Fitting the data using Equation (5.30) yields an improved reduced χ2 (≈ 3.2) and largely eliminates

the peaks at ωcbo and ωcbo ± ωa in the residual FFT (Figure 5.13b).
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(a) Reproduced from [76].
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Figure 5.13: (a) A cartoon showing the beating between the x and cyclotron frequencies which
produces the CBO. A single calorimeter station views the beam every time it circumnavigates
the ring (represented here as every 2πρ distance travelled). (b) The effect of including the CBO
oscillation in the fit function on the residual FFT. The peaks at ωcbo, as well as ωcbo±ωa disappear.

5.3.5 Vertical Frequencies

The next largest terms belong to the vertical frequencies. Two vertical frequencies are evident in

the data: the unaliased vertical oscillation ωy and the aliased vertical width28 (VW) modulation

ωvw ≡ ωc − 2ωy. These are accounted for by adding N modulations of the form:

Ny = 1 + Ey(t) cos (ωyt− φy) (5.31)

Nvw = 1 + Evw(t) cos (ωvwt− φvw) (5.32)

where both Ey(t) and Evw(t) are well-described by pure exponential decoherence:

Ey(t) = Ay e
−t/τy , (5.33)

Evw(t) = Avw e
−t/τvw . (5.34)

The VW oscillation is enhanced relative to the y-oscillation for all calorimeters because of the

vertical symmetry of the calorimeter acceptance29. The presence of the kicker plates significantly

28Sometimes also referred to as ‘vertical waist’
29This is a fact that is made use of when constructing the phase-acceptance maps in Figure 5.11. The calorimeter

can be ‘folded in half’ vertically to double the statistics.
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perturbs the vertical acceptance of Calorimeters 5-8, leading to a local enhancement of the y-

oscillation amplitude (see Figure 5.14b). Because these two frequencies are so close together, it is

difficult for the fitter to definitively lock on to one or the other when they are included alone. They

are therefore introduced together, and the full fit function becomes:

N(t) = N0Nx(t)Ny(t)Nvw(t)e
− t/τ [1 +A cos (R(ωa) t− φ)] . (5.35)

The results of including these terms in the fit can be seen in Figure 5.14a. The two main peaks

corresponding to ωy and ωvw, as well as their beat frequencies with ωa, have disappeared. However,

a residual oscillation frequency at 1.9MHz remains.
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Figure 5.14: (a) The addition of the y and VW oscillation terms in the fit reduces the magnitude
of the peaks of the residuals in the FFT. (b) The relative magnitude of the vertical terms in the
FFT of a calorimeter-by-calorimeter analysis. The VW oscillation (≈ 2.27MHz) is present at the
same approximate level in all calorimeters, while the y oscillation (≈ 2.20MHz) is significantly
more pronounced in the calorimeters located in the kicker region due to acceptance effects.

5.3.6 Coupled x/y Cross Terms

In the previous formalism, the radial and vertical oscillations were assumed to be independent, and

thus able to be factored into Nx(t) and Ny(t) without loss of generality. This is not entirely correct.

The coupling between these two factors can be seen from the acceptance maps generated for each

calorimeter from simulation (as can be seen in Figure 5.11).
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With the higher statistics of the Run-2/3 analysis, the higher-order coupling between the hor-

izontal and vertical BD frequencies was visible in the fit residuals for the first time. The 1.9MHz

frequency in Figure 5.14a was identified as coming from beating between the VW (ωc − 2ωy) and

the CBO (ωc − ωx) frequencies30. The presence of this peak was unexpected for two reasons:

• The lower frequency sideband (ωvw − ωcbo) was visible while the higher frequency sideband

(ωvw + ωcbo) was not.

• Most beat frequencies are removed when the primary frequencies are included in the fit (as

was the case for ωcbo ± ωa, for instance). The 1.9MHz peak remained even after ωcbo and

ωvw were accounted for in the fit model.

The former effect can be understood as a consequence of the phase advance around the ring. Both

ωvw and ωcbo advance by 2πNcalo/24 at each calorimeter station around the ring. Therefore when

Nvw(t) and Ncbo(t) are multiplied and expanded, the two phase advances cancel in the ωvw − ωcbo

term but sum to 4πNcalo/24 in the ωvw + ωcbo term [84, 161]. Therefore the positive sideband will

experience the same cancellation as either of the two individual frequencies while the amplitude of

the negative sideband will be unaffected by the summation. The latter effect was shown to both

be due to acceptance, where the coupling of the x/y acceptances in the calorimeters could enhance

the amplitude of an oscillation beyond what would be expected from the naive product of cosines

(AvwAcbo/2) [84, 162, 163]. Because of this enhancement, an additional degree of freedom in the

amplitude was required to properly fit the peak.

To accommodate this coupling, the CBO and VW terms described in Sections 5.3.4 and 5.3.5

are combined to one Nxy term which allows the amplitude and phase of their beat cross terms to

30This can alternatively be interpreted as the ωx − 2ωy beat frequency directly, rather than VW-CBO. The impli-
cation of this distinction would primarily be that it would be reasonable to allow the envelope and frequency of this
cross term to float in the fit. This extension of the fit model is currently under investigation and is described briefly
in Section 5.5.1. Preliminary results suggest this change can result in a ∆R(ωa) ≈ 10ppb and a reduction in residual
peaks in the final FFT.
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float:

Nxy(t)|Run-2/3 = (1 + Ecbo(t) cos (ωcbot− φcbo))(1 + Evw(t) cos (ωvwt− φvw))

= 1 + Ecbo(t) cos (ωcbot− φcbo)

+ Evw(t) cos (ωvwt− φvw)

+ Evw/cbo [AVW+CBO cos ((ωvw + ωcbo)t− φVW+CBO)]

+ Evw/cbo [AVW-CBO cos ((ωvw − ωcbo)t− φVW-CBO)] + [Higher Order]

(5.36)

where

Evw/cbo = e−
t/τcbo−t/τvw , (5.37)

and the amplitude and phases of the two cross terms (AVW+CBO, AVW-CBO, φVW+CBO, and φVW-CBO)

have been defined.

In Equation (5.36), the portion of the cross term arising from Ccbo is neglected. This had no

measurable effect on the Run-2/3 analysis since Ccbo ≡ 0 in Run-2/3a and Run-3b did not have

the statistical power required to be sensitive to such higher order terms. Fit models which include

this portion of the cross term:

+ CcboEvw [AVW+CBO cos ((ωvw + ωcbo)t− φVW+CBO)]

+ CcboEvw [AVW-CBO cos ((ωvw − ωcbo)t− φVW-CBO)]

are currently being explored.

Incorporating Equation (5.36) into the fit function yields an improvement in χ2 and removes

the 1.9 MHz peak from the residuals (Figure 5.15a). Although a prominent peak is not visible in

the FFT, the fit does prefer a small positive value for Avw+cbo in Run-4, suppressed relative to

Avw-cbo by approximately one order of magnitude. This is likely due to imperfect cancellation of

the beat frequency around the ring. This can be seen in Figures 5.15b and 5.15c, where the χ2 of

the fit (leaving all other parameters to float) is scanned. The grey bands indicate the uncertainties

as determined by MINOS. Both amplitudes are > 2σ from 0.
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Figure 5.15: (a) The FFT of the fit results before and after the inclusion of the coupled Nxy term,
as defined in Equation (5.36). The oscillation at ωvw − ωcbo ≈ 1.9MHz is eliminated. In Run-2,
only the negative sideband was required. However, in Run-4 positive values for both Avw-cbo and
Avw+cbo are preferred in the fit. This can be seen from the χ2 scan of both parameters in (b) and
(c).
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In Run-4, the increased amplitude of the y-oscillation compared to Run-2/3 (see Figure 7.1 in

Section 7.1) led to the appearance of a similar beat frequency between ωy and ωcbo. Nxy was further

extended to encompass this coupling:

Nxy(t)|Run-4 = 1 + Ecbo(t) cos (ωcbot− φcbo)

+ Evw(t) cos (ωvwt− φvw)

+ Ey(t) cos (ωyt− φy)

+ Evw/cbo [AVW+CBO cos ((ωvw + ωcbo)t− φVW+CBO)]

+ Evw/cbo [AVW-CBO cos ((ωvw − ωcbo)t− φVW-CBO)]

+ Ey/cbo
[
Ay+CBO cos

(
(ωy + ωcbo)t− φy+CBO

)]
+ Ey/cbo

[
Ay-CBO cos

(
(ωy − ωcbo)t− φy-CBO

)]
,

(5.38)

where

Ey/cbo = e−
t/τcbo−t/τy . (5.39)

and again higher order terms have been dropped. With this addition, the full fit function becomes:

N(t) = N0Nxy(t)e
− t/τ [1 +A cos (R(ωa) t− φ)] . (5.40)

The results of including this term can be seen in Figure 5.16. Even with this addition, a number

of frequency peaks are visible in the FFT in the 1.8 − 2.5MHz range. This is an indication that

vertical frequency fit model remains incomplete.

5.3.7 Higher Order Beam Dynamics Terms

The effect of terms beyond this point is difficult to see in the FFT of lower statistics datasets, and

is largely invisible in the calorimeter-summed FFT due to cancellation around the ring. However,

evidence for these terms can be found by looking at the stability of the various parameters vs. the

start time of the fit and by examining the calorimeter-by-calorimeter residuals. While individual

calorimeter fits only have 1/24 the statistics of the full fit, they are more sensitive to higher-order
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Figure 5.16: The FFT of the fit residuals before and after the inclusion of the y-oscillation in the
coupled Nxy term, as defined in Equation (5.38). The residual peak in the FFT (a) at ωy − ωcbo is
eliminated. Based on the χ2 scans in (b) and (c), the fit prefers positive values for both the coupled
Ay±CBO amplitudes, suppressed by an order of magnitude relative to their vw±cbo counterparts.
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beam dynamics effects. For instance, the residuals of the fits to the individual calorimeters using

only the model up to Equations (5.38) and (5.40) can be seen in Figure 5.17. Clearly the fit model

has not yet captured the full dynamics of the CBO or the vertical terms with just the function

above.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
Frequency [MHz]

0

100000

200000

300000

FF
T 

Po
we

r [
ar

b.
 u

.]

Calo 1
Calo 2
Calo 3
Calo 4

Calo 5
Calo 6
Calo 7
Calo 8

Calo 9
Calo 10
Calo 11
Calo 12

Calo 13
Calo 14
Calo 15
Calo 16

Calo 17
Calo 18
Calo 19
Calo 20

Calo 21
Calo 22
Calo 23
Calo 24

Figure 5.17: Calorimeter-by-calorimeter fit residual FFTs using the fit model in Equation (5.40).
While this model describes the calorimeter-summed data quite well, it clearly does not capture the
calorimeter-by-calorimeter dynamics. This is evidenced by the peaks in the residuals, the most
prominent of which are at ωcbo ± ωa.

5.3.7.1 CBO Modulations of A, φ

Figure 5.18: Average T-Method φa and A0 measured by the calorimeters vs. the position in the
storage region where the positrons were born, from simulation. Modified from [164].

141



While the main effect of the BD oscillations is seen in the modulation of the positron counts,

N(t), the observed g − 2 asymmetry and phase also depend on the positron decay position (Fig-

ure 5.18) and therefore are modulated by the beam oscillations31. These terms are modified to

include the effects of the CBO oscillations like so:

A0 → Ax(t) = A0

[
1 + e−

t/τcbo AAX11 cos (ωcbo(t)t+ φAX11)
]

(5.41)

φa → φx(t) = φa + e−
t/τcbo AφX11 cos (ωcbo(t)t− φφX11) (5.42)

The notation for the fit parameters introduced here is slightly different from the previous sections32.

Here the subscripts refer to the parameter which is being modulated, the beam moment, and the

harmonic of that moment which is responsible for the modulation. For instance, the subscript

‘AX11’ refers to the modulation of A by the 1st order x beam moment’s first harmonic (i.e. the

CBO). What has been referred to previously as Acbo could be equivalently written in this notation

as ANX11.

The result of adding these additional modulation terms is shown in Figure 5.20 for Calorimeter

6. The amplitudes of these modulations are suppressed by 2 orders of magnitude compared to

the amplitude of the CBO modulation of the normalization. The values of these parameters are

allowed to float in the full fit, and the fit strongly prefers a non-zero value for both AAX11 and

AφX11 (Figure 5.19).

5.3.7.2 CBO Harmonics: 2CBO and Beyond

A small residual peak can also be seen at 2ωcbo. This second harmonic of the CBO is incorporated

into the fit in much the same way the first harmonic was:

N2CBO = 1 + E2CBO(t) cos (2ωcbot+ φ2CBO), (5.43)

E2CBO(t) = A2CBO

(
e−

t/2τcbo + Ccbo

)
. (5.44)

31This can equivalently be understood as (and implemented in the fits by) allowing the ωcbo ±ωa sidebands to have
independent amplitudes and phases.

32This is entirely due to historical naming conventions in the fitter code. This notation is largely made redundant
by the inclusion of the higher order moments in the fit model directly.
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Figure 5.19: A scan of the χ2 parameter space for (a) AAX11 and (b) AφX11 in the full fit. While
the effect of these terms is not obvious in the FFT, they are strongly preferred to have a non-zero
amplitude.
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Figure 5.20: Effect of the addition of the Ax(t) and φx(t) terms on the FFT of the residuals from
Calorimeter 6.
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Currently, this is kept as an Nx term rather than being folded into Nxy. This is a fairly arbitrary

choice, and studies (using both real calorimeter data and Monte Carlo) are ongoing to determine

the scale at which arbitrary choices like this impact the value of R(ωa). As mentioned previously,

similar studies performed for the Run-2/3 analysis suggest a < 5ppb effect which largely averages

out when combining the 6 analysis groups [160]. The effect of this additional term on the calorimeter

6 results is shown in Figure 5.21. The 2CBO terms are allowed to float in the full fit and a non-zero

amplitude is strongly preferred.
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Figure 5.21: Effect of the addition of the N2CBO term on the FFT of the residuals from Calorime-
ter 6.

5.3.7.3 Time Dependence of the Beam Dynamics Frequencies ωcbo, ωvw, and ωy

Even after the addition of the higher order terms above, broad residual peaks at the CBO frequency

remain in some calorimeters (Figure 5.22). Moreover, the magnitude of these peaks increases as

the fit start time is moved backwards. This is evidence that these frequencies (or more exactly, the

field index of the storage ring) are changing over the course of the fill.

In Runs 1-3 only a time varying ωcbo was incorporated into the UW analysis, as this was the

most prominent BD frequency and the analysis was not sensitive to changes in the vertical terms.
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Figure 5.22: FFT of the calorimeter by calorimeter residuals with the fit model up to the 2CBO
term in Equation (5.43). Residual behavior at ωcbo can be seen in some calorimeters around the
ring. Some peaks in the vertical region are also visible.

In Run-1, this effect was especially large due to damaged ESQ resistors. The form of ωcbo in Run-1

was:

ωcbo → ωcbo(t)|Run-1 = ωcbo,0 +
a

t
e−

− t/τa +
b

t
e−

− t/τb (5.45)

where a/τa encapsulated the effect of intentional scraping and b/τb encapsulated the effect of un-

intentional beam motion from damaged ESQ resistors [6]. In Run-2/3, after the repair of the ESQ

system, this was simplified to only include the scraping term.

ωcbo(t)|Run-2/3 = ωcbo,0 +
a

t
e−

t/τa (5.46)

(5.47)

In both cases, the parameters were fixed to inputs from the tracker detectors:

a ≡ 6.87, τa ≡ 6.0.

This form sufficed for the calorimeter-summed fits in Run-2/3. However, a residual form of the
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Figure 5.23: (a) FFT of the fit residuals from Calorimeter 10 with and without the time changing
CBO frequency. The peak in the residuals disappears with the additional degrees of freedom in the
fit. (b) A scan of the χ2 parameter space for the various values of Acbo,t-ch and τcbo,t-ch. The color
scale indicates the value of χ2 for the fit minimum, and the x’s in the legend indicate the regions
which are 1 − 3σ from the minimum. The fit prefers a non-zero amplitude for this time changing
frequency, but with a different lifetime to what was found in Run-2/3.

CBO frequency change was required in the calorimeter-by-calorimeter fits.

ωcbo(t) = ωcbo,tracker(t)
(
1 +Acbo,t-ch e

−t/τcbo,t-ch

)
(5.48)

The amplitude Acbo,t-ch was allowed to float, while the lifetime in the UW analysis was fixed to

30µs from dedicated studies [84]. Other groups (which did not include the tracker results as a fixed

input in their fits) found a lifetime more consistent with 24.4µs [165]. These differences caused no

discernible impact to the fit quality nor value of R(ωa) obtained when adding this term. Adding

this residual frequency change to the fit removes the residual CBO peak in the FFTs of affected

calorimeters, as can be seen for Calorimeter 10 in Figure 5.23. Preliminary results from Run-4

indicate that the residual CBO frequency change prefers a lifetime of τcbo,t−ch = 14.6µs. This is

shown in Figure 5.23b, where the χ2 of the fit is mapped out vs the amplitude and lifetime of this

time changing frequency.

Not evident in the Run-2/3 data was any residual behavior in the vertical terms. However,

since ωcbo and ωvw/y are related through the field index, this was always expected. The magnitude
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of the expected change can be obtained by writing the field index in terms of ωcbo:

n = 1−
(
1− ωcbo

ωc

)2

(5.49)

and using the relations in Table 5.1. The results of this calculation are shown in Figure 5.24.
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Figure 5.24: Calculated changes in ωvw and ωy based on the best fit value of ωcbo(t) in Calorimeter
10. These time changes can be incorporated into the fit function as one time changing n value,
with a scale factor to allow for non-continuous ESQ scaling.

Initial attempts to incorporate these vertical terms into the fit model have been met with

limited success. While the fit prefers a non-zero value for the VW change, and the sign of the

change matches what would be expected from the model above33, the amplitude is not consistent

with what can be derived from the model in Equation (5.49). This is not entirely unexpected, as

the BD frequencies are modulated in different ways by the acceptance of the calorimeters. These

can also be incorporated as standalone fit parameters. The inclusion of such a time changing ωvw

does not fully address the residual peak in Calorimeters 13 and 19. The modeling of the time

dependence of the BD frequencies in Run-4 is a topic of active investigation. As such, this coupled
33That is to say, the opposite sign to the change in ωcbo
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x/y-frequency change, nor any form of ωy(t)/ωvw(t), is not yet incorporated into the final fit model.

Run-2/3 form of ωcbo(t) remains present as the default in the UW analysis.

5.3.8 Muon Losses
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Figure 5.25: (a) The muon loss spectrum for Run-4, constructed solely from calorimeters 14-24
and 100 < E [MeV] < 150. (b) The energy spectrum of triple coincidences in all calorimeters. The
contamination from protons, which causes a double peak structure, can be seen in calorimeters 5-8
(indicated in red).

The final modification which must be made to the ωa fit function concerns lost muons. In all of

the previous formalism, it was assumed that muons only ‘exited’ the storage ring through decaying

into positrons. That is not strictly true. As mentioned in Section 3.3.2, there exist a series of five

aperture defining collimators spaced evenly around the ring. Passing through these collimators, or

any of the other material in the storage region, can cause muons to be scattered out of the ring

before they decay.

Up to this point, this effect has been absorbed into τa. However, if the probability of such

losses is not strictly proportional to the number of muons in the ring (i.e. if the behavior is non-

exponential) then this can lead to a term which biases ωa. In the g − 2 fits, this is combated by

introducing the lost muon function Λ(t):

Λ(t) = 1−Kloss

∫ t

0
e
t/τaL(t′)dt′. (5.50)
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L(t) is the observed lost muon time spectrum in the calorimeters, measured from triple coincidences

of MIPs in adjacent calorimeters. The integral quantity in Λ(t), therefore, captures the integrated

loss probability up to time t in the fit. The a-priori unknown efficiency for the detection of a

given lost muon is absorbed into the overall scaling factor Kloss, which is allowed to float in the fit.

Simulations have shown that the detection probability for all losses is approximately independent

of muon momentum [166]. In these simulations, the observed time spectra of muon losses in the

calorimeters has also been shown to be a representative subset of all losses.

To avoid a constant background caused by leakage of particles into the g − 2 storage ring late

in the fill (discussed later in Section 6.2), the L(t) function used for the UW Run-4 analysis is

constructed using only triple coincidence data from calorimeters 14-24. The form of L(t) used in

this analysis can be seen in Figure 5.25. The choice of loss function can significantly impact the

value of Kloss preferred by the fit. This term does not strongly couple to R(ωa), but nevertheless a

small systematic associated with these choices is evaluated (Section 6.2.1). In Run-4, as in Run-3,

the losses are largely exponential with some beam dynamics oscillations superimposed.
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Figure 5.26: (a) A χ2 scan of Kloss in Run-4 using the form of L(t) shown in Figure 5.25, leaving
all other parameters free. The fit prefers a value of Kloss which is not consistent with 0 in this case.
(b) A 2D χ2 scan of Kloss vs. the muon lifetime. The two slow terms are highly correlated. This
correlation is used to assign an uncertainty associated with muon losses. For the 2σ region of this
χ2 well, the value of R(ωa) changes by 2ppb.

As a result of the near-exponential behavior of L(t), Kloss is highly correlated with τ and other

slow terms in the ωa fit. These correlations can be seen in Figure 5.26b. The value of Kloss preferred
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by the fit is > 0. This result, while consistent with expectations given the definition of Kloss, was

surprising given that in Run-3 its preferred value was negative (in Run-3a, Kloss ≈ 2σ below 0).

A negative Kloss is a non-physical value, and so Kloss was fixed to 0 in the Run-3 UW analysis.

No clear explanation for why Kloss < 0 in Run-3 has yet been found, and similarly no explanation

for the difference in behavior in Run-4 has been identified. At a surface level, the L(t) functions

look nearly identical. This is currently under active investigation as the behavior of Kloss couples

strongly to the residual slow term in the data. Currently in Run-4, Kloss is allowed to float. Studies

are underway to determine any differences in the Run-3 and Run-4 running conditions which could

have contributed to the change in the sign of Kloss. The systematic associated with the muon

losses are discussed in Section 6.2.1. The addition of the Kloss term changes the value of the muon

lifetime preferred by the fit by ≈ 3ns (2.6δτa). Comparisons with the value of τa predicted by the

fast rotation momentum analysis are in-progress.
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5.3.9 The Current Picture: 33 Parameters

The UW ωa fit function as of the writing of this thesis consists of 33 free parameters, and is shown

in full in Equations (5.51) and (5.52).

N(t) = N0Nx(t)Ny(t)Nxy(t)Λ(t)e
− t/τa [1 +A(t) cos (R(ωa) t− φ(t))] (5.51)

where

Nx(t) = 1 + e−
2t/τcbo A2CBO cos (2ωcbo(t)t− φ2CBO)

Ny(t) = 1

Nxy(t) = 1 + Ecbo(t) cos (ωcbo(t)t− φcbo)

+ e−
t/τvw Avw cos (ωvw(t)t− φvw)

+ e−
t/τy Ay cos (ωy(t)t− φy)

+ e−
t/τcbo−t/τvw [AVW+CBO cos ((ωvw + ωcbo(t))t− φVW+CBO)]

+ e−
t/τcbo−t/τvw [AVW−CBO cos ((ωvw − ωcbo(t))t− φVW−CBO)]

+ e−
t/τcbo−t/τy [Ay+CBO cos ((ωy + ωcbo(t))t− φy+CBO)]

+ e−
t/τcbo−t/τy [Ay−CBO cos ((ωy − ωcbo(t))t− φy−CBO)]

A(t) = A0

[
1 + e−

t/τcbo AAX11 cos (ωcbo(t)t− φAX11)
]

φ(t) = φa + e−
t/τcbo AφX11 cos (ωcbo(t)t− φφX11)

Λ(t) = 1−Kloss

∫ t

0
e
t/τaL(t′)dt′

Ecbo(t) = Acbo

(
e−

t/τcbo + Ccbo

)

ωcbo(t) =


ωcbo +

ae−t/τa

t Calorimeter summed fits(
ωcbo +

ae−t/τa

t

) (
1 +Acbo,t-che

−t/τcbo,t-ch
)

Calorimeter-by-calorimeter fits

(5.52)

These equations describe all of the currently identified beam dynamics oscillations in the data, the

current understanding of the time dependence and coupling of said oscillations, and any storage

inefficiencies which might cause muons to be lost before they decay. The results of fitting the
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combined Run-4 dataset with these parameters is shown in Figure 5.28. The value of R(ωa) found

using Equation (5.51) for Run-4 is:

R(ωa) = −63.462± 0.187 [187ppb] (5.53)

The change in R(ωa), as well as the improvement in the fit quality, at each point in the iterative

building of the fit can be seen in Table 5.2. Although a ‘good’ χ2 value does not necessarily indicate

a trustworthy fit result, a poor χ2 value certainly indicates a problem. As it stands, the χ2/NDF

for this fit is still quite poor34: 4386/4122 ≈ 1.06, corresponding to a p-value of 2.2 × 10−3. This

is corroborated by the obvious residuals in the FFT around ωvw which indicate that the modelling

of the vertical motion of the beam requires improvement. Other analysis groups do not see an

inflated χ2 of this magnitude with a similar fit model, which indicates that some portion of the χ2

inflation may be due to a data processing issue with the current histograms (this is discussed in

Section 5.5.1).

Ongoing efforts to address the shortcomings of the fit model are underway, and the ‘open

questions’ and ongoing developments for the Run-4 analysis are summarized in Section 5.5.1. The

nominal Run-4 analysis is expected to be completed by the end of 2024.

Iteration Description Parameters ∆R(ωa) [ppb] ∆χ2 χ2/NDF
0 Basic Model 5 -911.31 48457.9 12.73
1 Addition of 1st order CBO, ωcbo(t) 10 -54.93 11076.9 3.73
2 Addition of ωy and ωvw. 18 11.94 586.9 1.20
3 Addition of Kloss. 19 10.65 577.3 1.20
4 Addition of 2CBO, Ax(t), φx(t). 25 25.76 537.0 1.19
5 Addition of VW±CBO 29 -3.69 31.7 1.07
6 Addition of y±CBO 33 — — 1.06

Table 5.2: ∆R(ωa) vs. the final fit from the addition of each of the terms of the A-Method fit.
The improvement in χ2 with each term of the fit is apparent. To aid in fit convergence, Kloss is
applied at an intermediate stage of the fit, rather than at the last step as described in the text.

34A reasonable value for the χ2/NDF for a fit of this size can be estimated by taking 1 +
√

2/NDF ≈ 1.02.
Anything between this value and 1 would be roughly satisfactory.
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Figure 5.27: FFTs from each of the steps in the iterative fitting procedure for Run-4. As more
beam dynamics terms are added, the corresponding peaks in the FFT are reduced and the fit
quality improves.

0 20 40 60 80 100
Time % 100 s

103

104

105

106

107

108

Data % 100 s
Fit

Param Value Error
2/NDF 4385.9/4122 =1.064e+00

N 6.469e+07 9.739e+02
A0 3.631e-01 5.931e-06
R -6.344e+01 1.867e-01

6.440e+01 1.203e-03
4.119e+00 3.070e-05

cbo 1.292e+02 1.194e+01
cbo 2.327e+00 1.198e-04

ANX11 1.507e-03 4.344e-05
NX11 6.226e+00 9.935e-03
Ccbo 2.825e-01 4.569e-02

y 6.910e+01 2.114e+00
vw 2.326e+01 1.918e+00
VW 1.433e+01 4.015e-03

ANY22 1.351e-03 2.055e-04
NY22 5.491e+00 1.711e-01

y 1.389e+01 4.874e-04
ANY11 1.658e-03 4.302e-05

NY11 1.965e+00 2.817e-02
Kloss 4.510e+01 1.577e+01

ANX22 4.227e-05 1.046e-05
NX22 1.211e+00 2.451e-01

AAX11 1.154e-04 2.788e-05
AX11 9.603e-02 2.408e-01

A X11 6.224e-05 2.956e-05
X11 8.348e-01 4.680e-01

AVW CBO 1.932e-03 2.885e-04
AVW + CBO 2.232e-04 9.185e-05

VW CBO 6.053e+00 1.653e-01
VW + CBO 5.225e+00 4.102e-01
Ay CBO 1.338e-04 2.621e-05
Ay + CBO 6.003e-05 2.549e-05

y CBO 1.473e+00 1.926e-01
y + CBO 1.434e+00 4.221e-01

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
Frequency [MHz]

0

50000

100000

150000

200000

250000

300000 FFT of Residuals
a

cbo

VW

y

2 cbo

VW-CBO
VW+CBO
y-CBO
y+CBO

Figure 5.28: A-Method fit of the Run-4 dataset to the model in Equations (5.51) and (5.52).
The poor χ2, as well as the residual behavior in the FFT in the 1.8− 2.5MHz range indicates that
the current fit model is not encapsulating all of the BD oscillations in the data. The values and
uncertainties of the fit parameters can be found in Table 5.3.
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Name Value Hesse Error Minos Error- Minos Error+ Limit- Limit+
0 N ≡ N0 64.693e6 0.001e6 -0.001e6 0.001e6
1 A0 363.147e-3 0.006e-3 -0.006e-3 0.006e-3 0
2 R ≡ R(ωa) -63.44 0.19 -0.19 0.19
3 τ ≡ τa ≡ 〈γ〉τµ 64.4046 0.0012 -0.0012 0.0012 10 100
4 φ ≡ φa 4.118904 0.000031 -0.000031 0.000031
5 τcbo 129 12 -11 13 1 1E+03
6 ωcbo 2.32692 0.00012 -0.00012 0.00012 2 2.9
7 Acbo ≡ ANX11 1.51e-3 0.04e-3 -0.04e-3 0.04e-3 0
8 φcbo ≡ φNX11 6.226 0.010 -0.010 0.010
9 Ccbo 0.28 0.05 -0.05 0.04 0 1
10 τy 69.1 2.1 -2.1 2.1 50 150
11 τvw 23.3 1.9 -1.7 1.9 10 50
12 ωvw 14.334 0.004 -0.004 0.004 14 16
13 Avw ≡ ANY 22 1.35e-3 0.21e-3 -0.18e-3 0.21e-3 0
14 φvw ≡ φNY 22 5.49 0.17 -0.17 0.17
15 ωy 13.8877 0.0005 -0.0005 0.0005 12 14
16 Ay ≡ ANY 11 1.66e-3 0.04e-3 -0.04e-3 0.04e-3 0
17 φy ≡ φNY 11 1.965 0.028 -0.028 0.028
18 Kloss 45 16 -16 16
19 A2CBO ≡ ANX22 0.042e-3 0.010e-3 -0.010e-3 0.011e-3 0
20 φ2CBO ≡ φNX22 1.21 0.24 -0.25 0.25
21 AAX11 0.115e-3 0.028e-3 -0.028e-3 0.028e-3 0
22 φAX11 0.10 0.24 -0.24 0.24
23 AφX11 0.062e-3 0.030e-3 -0.029e-3 0.030e-3 0
24 φφX11 0.8 0.5 -0.5 0.5
25 AVW−CBO 1.93e-3 0.29e-3 -0.25e-3 0.30e-3 0
26 AVW+CBO 0.22e-3 0.09e-3 -0.09e-3 0.10e-3 0
27 φVW−CBO 6.05 0.17 -0.16 0.17
28 φVW+CBO 5.2 0.4 -0.4 0.4
29 Ay−CBO 0.134e-3 0.026e-3 -0.026e-3 0.026e-3 0
30 Ay+CBO 0.060e-3 0.025e-3 -0.025e-3 0.026e-3 0
31 φy−CBO 1.47 0.19 -0.19 0.19
32 φy+CBO 1.4 0.4 -0.4 0.4

Table 5.3: Fit parameters for the final fit shown in Figure 5.28. The nominal fit values are
computed by the MIGRAD minimization algorithm. The errors are calculated in two ways, by Hesse
(which provides a fast, symmetric error estimate) and by MINOS (which maps out the χ2 well for
each parameter and yields a robust asymmetric error).
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Figure 5.29: Residuals (Fit - Data) and Pulls ((Fit - Data) / Bin Error) of the A-Method fit of
the Run-4 dataset to the model in Equations (5.51) and (5.52). The value for at each bins is shown
in blue, and moving averages with different windows are overlaid. No clear trends are obvious in
this plot which would indicate the cause of the poor χ2.

5.4 Internal Consistency Checks

In addition to the analysis of the ‘full’ data described in the previous sections, the data are divided

into different groupings — by energy, detector, etc. — and any inconsistencies in physical param-

eters are examined. As an example, the value of τa should not vary across calorimeter. Therefore

any statistically significant shift between detectors could indicate the presence of an unmodelled

slow effect in the data. Some of these checks are performed on the same nominal analysis histogram

described in the previous section, while others require re-analysis of the raw data on the Fermigrid

to construct new histograms (Section 4.2.4). Some completed cross checks are presented in detail

here, while upcoming work is described briefly in Section 5.4.5

5.4.1 Fit Start/Stop Time

If the fit model is accurately describing the data, then the fit parameters — up to the limits of

statistical fluctuations — should be independent of where the fit begins. To ensure this is true, the
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start and stop times of the fit are scanned. The set-subset statistical effects between a fit starting

at ti and one starting at tj can be quantified via [11]:

δkw =

√∣∣∣σ2i − σ2j

∣∣∣, (5.54)

where σi and σj are the fitted uncertainty on a given parameter with start time ti and ti respectively.

This metric describes the amount by which two partially-correlated measurements of the same

parameter can vary with respect to once another and still be consistent at the level of 1 (statistical)

σ. These ±1σ regions, referred to as ‘Kawall bands’, are indicated as shaded regions in the start-

time scans to follow. The bands widen as the differences in the amount of data in the initial set

and later-time subset grow.

Monte Carlo studies have been performed to quantify the variation outside this band which is

acceptable. Generally all parameters remaining inside the Kawall bands for > 75% of a start-time

scan is a necessary, but not sufficient, condition for a stable fit result. Some brief excursions are to

be expected and are not necessarily cause for concern, but any parameter which sharply deviates

from this band is cause for further investigation35.

Multiple sets of start-time scans are performed. The first (Figure 5.30) leaves all of the param-

eters of the fit floating. This is the most sensitive to any instability in the fit. However, past 50µs

this fit can quickly fail to converge or fall into unstable local minima. This leads to the jagged

Kawall bands and unstable fit errors which can be seen in some parameters (such as N , τa, or Ccbo).

At later times, sub-leading-order beam dynamics oscillations have largely decayed away (The vw

terms, for instance, have a lifetime of only 23µs) and can become difficult to distinguish amongst

statistical noise in the data. To examine further out in time, parameters like the lifetimes and

frequencies of the BD terms can be fixed. With this approach, start-time scans out to > 200µs

into the fill are possible (Figure 5.31).

Before the nominal start time of the fit (30.1384µs) the beam is still unstable, which can be

seen in the rapidly changing N0 and τa values before ≈ 25µs into the fill. After the nominal fit

start time (indicated in red in Figure 5.31), the fit results are generally stable. The parameter

35An example of such can be seen later in Figure 5.36 before the application of the residual gain correction.
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whose stability is of utmost importance is R(ωa). It can be seen in Figures 5.30 and 5.31c that

R(ωa) is stable out to tstart = 220µs. The other parameters of the five-parameter model remain

largely stable as well. Stop time scans, not shown here, show similarly stable behavior.

Indications of the needed improvements in the handling of the vertical terms in the fit can be

seen in Figure 5.30. In particular, the value of τy has a continual downward trend outside of the 1σ

Kawall band. Updates to the fit model currently in progress (detailed in Section 5.5.1) are expected

to resolve many of these effects.

The start-time scans inform the optimum starting point for the main fits. The canonical start

time for the ωa fits was Run-2/3 is 30.1384µs. This time was chosen to be at a node of the ωa

oscillation, which reduces the sensitivity of the analysis to effects stemming from the pileup and

gain systematics (as shown in Figure 5.33b). It was also chosen to be late enough in the fill to allow

the beam to recover to a steady state after the ESQ scraping (as seen in Figure 5.31d). Figure 5.33a

shows that moving the fit start time back to 25µs can yield an ≈ 5ppb increase in statistical power

in Run-4. The balance of this statistical gain against systematic effects was studied for Run-4+

and it was concluded amongst the different analysis groups that the Run-4 analysis would retain

the same fit start time as in Run-2/3 [167].

5.4.2 Energy-Binned Analysis

In addition to being used to generate the A(E) function for the A-Method analysis (Section 5.2.5),

the energy binned analysis is useful as an independent cross-check. Each energy bin yields an

independent measurement of R(ωa). The average of these values should therefore be consistent

with the value obtained from the standard T/A-Method analyses.

5.4.2.1 Calculation of the Residual Gain Correction (RGC)

As mentioned in Section 5.2.3, a residual slow effect is present in the ωa data. When not corrected

for, this slow effect is most evident when looking at the behavior ofKloss vs. energy bin. Figure 5.35a

shows that without the application of such a correction the value of Kloss decreases sharply for the

highest energy bins. This is a non-physical result, since the number of lost muons is not truly

157



30
40

50
60

70

10
00

0

50
000

+6
.4

7e
7

N

30
40

50
60

70

3456
1e

5+
3.

63
1e

1
A 0

30
40

50
60

70

63
.6

63
.4

63
.2

R

30
40

50
60

70
0.

00
2

0.
00

4

0.
00

6

0.
00

8

0.
01

0
+6

.4
4e

1

30
40

50
60

70

0.
00

08
5

0.
00

09
0

0.
00

09
5

+4
.1

18

30
40

50
60

70
10

0

12
0

14
0

16
0

cb
o

30
40

50
60

70
2.

32
66

2.
32

68

2.
32

70

2.
32

72

cb
o

30
40

50
60

70

0.
00

14
0

0.
00

14
5

0.
00

15
0

0.
00

15
5

0.
00

16
0

A N
X1

1

30
40

50
60

70
6.

18

6.
20

6.
22

6.
24

6.
26

N
X1

1

30
40

50
60

70
0.

20

0.
25

0.
30

0.
35

C c
bo

30
40

50
60

70
505560657075

y

30
40

50
60

70
20020406080

vw

30
40

50
60

70
14

.2
0

14
.2

5

14
.3

0

14
.3

5

14
.4

0
VW

30
40

50
60

70

202

A N
Y2

2

30
40

50
60

70

0510

N
Y2

2

30
40

50
60

70

13
.8

86

13
.8

88

13
.8

90

13
.8

92

y

30
40

50
60

70

0.
00

15

0.
00

20

0.
00

25

A N
Y1

1

30
40

50
60

70

1.
8

2.
0

2.
2

2.
4

N
Y1

1

30
40

50
60

70

05010
0

K l
os

s

30
40

50
60

70

345678
1e

5
A N

X2
2

30
40

50
60

70
0.

50

0.
75

1.
00

1.
25

1.
50

N
X2

2

30
40

50
60

70
0.

00
00

5

0.
00

01
0

0.
00

01
5

A A
X1

1

30
40

50
60

70
0.

50

0.
25

0.
00

0.
25

0.
50

0.
75

AX
11

30
40

50
60

70

0.
00

00
5

0.
00

01
0

0.
00

01
5

0.
00

02
0

A
X1

1

30
40

50
60

70

0.
50

0.
75

1.
00

1.
25

1.
50

X1
1

30
40

50
60

70

202

A V
W

CB
O

30
40

50
60

70

0.
2

0.
0

0.
2

0.
4

A V
W

+
CB

O

30
40

50
60

70
505101520

VW
CB

O

30
40

50
60

70

5051015
VW

+
CB

O

30
40

50
60

70

0.
00

00

0.
00

02

0.
00

04

0.
00

06
A y

CB
O

30
40

50
60

70
0.

00
01

0.
00

00

0.
00

01

0.
00

02

A y
+

CB
O

30
40

50
60

70
1.

0

1.
5

2.
0

2.
5

y
CB

O

30
40

50
60

70
420246

y
+

CB
O

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Figure 5.30: A-Method start-time scans with all parameters floating. The central blue curve is
the value of the fit parameter, while the dashed curves above and below indicate ±1σ from the
fit. The shaded orange region indicates the Kawall band, which is computed with reference to the
nominal start time of the fit. The instability of the BD frequencies and phases vs. fit start time is
obvious, indicating a deficit in the modelling of the vertical terms. The instability of the overall fit
can also be seen past ≈ 50µs, indicated by the ‘jumpiness’ in the uncertainties on some parameters
(such as N). Interpretation of the results past this point should be done with caution. The drift
present in some of the vertical terms (particularly τy) is indicative of shortcoming of the current
fit model. The updates in progress detailed in Section 5.5.1 are expected to resolve many of these
effects.
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Figure 5.31: A-Method start-time scans for selected parameters in Run-4. The value of the
fit parameter is shown in the central blue line, the ±1σ fit errors are shown in the dashed blue
lines, and the Kawall bands are indicated in orange. Higher order terms are fixed in this fit to
avoid convergence issues. The dashed red line indicates the nominal fit start time of 30.2µs. All
parameters show good stability vs. fit start time.
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Figure 5.32: Comparison of selected parameters from start-time scans of the T- and A-Method
fits to the full Run-4 data. The value of the fit parameter is shown in the blue line, the ±1σ fit
errors are shown in the dashed lines, and the Kawall bands are indicated with the shaded region.
Both sets of scans show consistent, stable behavior.
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Figure 5.33: (a) Uncertainty on the fitted value of R(ωa) vs. fit start time in the Run-4 A-
Method analysis. (b) Sensitivity of R(ωa) to systematics arising from the IFG (Section 4.1.5),
CBO (Section 5.3.4), and Pileup (Section 5.2.2) in the Cornell ωa analysis. The various systematics
generally are minimized at the nodes of the ωa oscillation.

correlated with the positron energy. The value of τa vs. fit start time shows similarly non-physical

trends.

This residual slow effect has been present in ωa analysis since Run-1, and has been the subject

of much investigation [6, 84]. A gain change is postulated as the cause of the slow effect for the

following reasons:

• The scale of the effect varies with the rate of high-energy events impacting the calorimeter.

• The effect of a small gain change would be more apparent in higher energy bins than in lower

energy bins, matching the behavior observed in Kloss.

• The scale of the effect is consistent between reconstruction algorithms (in Run-4+), indicating

a problem in the underlying data.

• The scale of a gain-like correction needed to repair the data is below that which could be

measured by the laser system.

Other forms of corrections have also been proposed. These include an acceptance modulation

caused by a change in the beam position, energy leakage out of the calorimeters varying vs. time in
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fill, or a remaining pulse-dependent energy threshold [152, 168–170]. Studies are underway across

Run-4+ analysis groups to test these models and to identify the cause of this effect.

Pending these results, the form of the RGC from Runs 1-3 is implemented in the UW analysis

as standard practice. The form of the correction is given in Equation (5.8). The values of the

parameters Ng and Ag are determined empirically through the following process:

• A scan is performed over a wide range of Ng and Ag. At each point in the scan, the RGC is

applied and a new T-Method fit is performed. Those values of Ng and Ag that minimize the

χ2 are taken as the nominal values36.

• With this RGC applied, an energy binned analysis is conducted to ensure that these values

indeed flattens Kloss(E).

• A scan of the fit start time is performed to ensure the value of τ preferred by the fit is also

stabilized by this choice.

The χ2 scan performed on the full Run-4 data can be seen in Figure 5.34. The value of Ag is found

to be consistent with previous runs, while Ng is reduced by ≈ 70% compared to its Run-2/3 value.

This is consistent with expectations from the fix of the multi-cluster island reconstruction bug

(Section 4.1.6.1) which was implemented before Run-4+ data processing. A systematic uncertainty

due to this residual slow effect was quantified for both the Run-1 [6, 103] and Run-2/3 publications

[15, 84]. This was done by finding the difference in the value of R(ωa) for different points in the

scan within a range of ∆χ2 < 4units (2σ). As shown in Figure 5.34, in Run-4:

δR(ωa)|RGC = 4 ppb. (5.55)

The value of R(ωa) before and after the application of the RGC is changed by:

∆R(ωa)|RGC, T-Method = 2.4ppb (5.56)

∆R(ωa)|RGC, A-Method = 9.4ppb. (5.57)

36The same scan has been performed using the A-Method analysis, as well as with fit models of different order. All
permutations tested thus far have yielded consistent results.
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Figure 5.35: Energy binned analyses before (blue) and after (orange) the application of the RGC.
The value of R(ωa) is virtually unchanged while Kloss is flattened. In these scans, τa is fixed to its
value from the full fit.

5.4.2.2 After RGC Application

The results of the energy binned analysis after the application of the residual gain correction can be

seen in Figure 5.37. The bin width for this scan is 60MeV. Because of the lack of statistics in some

energy bins, many higher order beam dynamics terms (such as A(t) and N2CBO) are neglected.

The muon loss correction Kloss is included. An average of the R(ωa) values from this analysis, fit
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Figure 5.36: T-Method start-time scans of τa and R(ωa) before (blue) and after (orange) the
application of the residual gain correction. The value of R(ωa) is largely unaffected, while τ
becomes fixed to its late time value.

to a constant value, is shown in Figure 5.38. This yields:

R(ωa)|Energy Binned = −63.336± 0.188 [188ppb] (5.58)

Because of the lack of modelling of higher order terms, this result should not yet be taken as final.

However, it is encouraging to note that even without higher-order terms this result is consistent

with the A-Weighted value to within 1σ.

5.4.3 Calorimeter-by-Calorimeter Analysis

Splitting the data calorimeter-by-calorimeter also yields 24 quasi-independent measurements of ωa.

As stated in Section 5.3.7, these calorimeter-by-calorimeter measurements are more sensitive to the

various beam dynamics terms which cancel in the calorimeter-summed fits. An example of this

analysis is seen in Figure 5.39.

The R(ωa) value which is seen by the calorimeters is consistent around the ring. Comparing

the R(ωa) value from the average of all calorimeters to the value from the full fit sets a scale for
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Figure 5.37: Energy binned analysis after the application of the residual gain correction. Low
statistics in individual bins complicates analysis of the higher order BD terms.

Figure 5.38: Value of R(ωa) obtained from the energy binned analysis in Figure 5.37 compared
with the value obtained from the full A-Weighted analysis. The average value of R(ωa) is extracted
from the energy binned data using a χ2 minimization of the function y = p0. Even with the lack of
higher order BD modelling in the energy binned scan, the two are consistent at the level of < 1σ.
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how much the modelling of the various beam dynamics parameters can perturb the value of R(ωa):

R(ωa)|Calo Avg. = −63.439± 0.187ppm, (5.59)

→ ∆R(ωa)|Calo ≡ R(ωa)|Calo Sum − R(ωa)|Calo Avg.

= 0.0208ppm = 20.8ppb.

The value of ∆R(ωa)|Calo is reduced to 3ppb when the effect of the time changing CBO frequency is

introduced into the calorimeter-by-calorimeter fits. Because Kloss ≡ 0 in the calo-by-calo fits shown

here, the muon lifetime absorbs any residual slow effect in the data. The variation in τa is largest

in the kicker region (roughly calorimeters 5-8) but can be seen throughout the ring. Since this

is where ωy is most prominent, this is consistent with the hypothesis that an unmodelled vertical

oscillation remains in the data. The χ2 is approximately the same for all calorimeters, indicating

that whatever effect is causing the overall worsening of the fit quality is not detector dependent.

Figure 5.40 shows the calorimeter-by-calorimeter results for all fit parameters. A number of

interesting features of the data are present in these plots. Phase advances of the BD terms (typically

2πNcalo/24) around the ring can be seen. Differences in the fitted values of various parameters

driven by acceptance effects are also observed. Each calorimeter has a different acceptance function,

which largely depends on its location in the ring and the presence of material between the detector

and the storage region. Variation of terms like φa and Acbo due to acceptance effects are therefore

expected and can provide an important benchmark to simulations [158]. For example: calorimeters

13 and 19 have a restricted vertical acceptance compare to the other detectors due to their location

behind the two tracker stations. This results in a different observed average g − 2 phase (as could

be inferred from Figure 5.18). The effect of unique acceptance in the kicker region (calorimeters

5-8) can be seen in the value of Ay in this region. This variation in the calorimeter acceptance

functions leads to the imperfect cancellation of the beam dynamics oscillations when summing the

calorimeter data together in the full fit. Calorimeters which observe a lower amplitude for certain

beam dynamics oscillations (such as Ay in Calorimeter 2) may have difficulty fitting the lifetimes

of such oscillations precisely. The effect of this can be seen in the increased uncertainty on τy in
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some calorimeters. This reduced sensitivity may result in such lifetimes needing to be measured

using special systematic studies and then fixed in the final analysis37.
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Figure 5.39: Calorimeter-by-calorimeter A-Method fit results for selected parameters. These fits
use the model in Equations (5.51) and (5.52), with the exception that Kloss ≡ 0 and Acbo,t-ch ≡ 0.
Additional parameters can be seen in Figure 5.40. The poor χ2 when fitting a constant value to
τa is caused by unmodelled slow terms like muon losses, as well as any deficits in the modelling of
the BD functions. The error bars shown on the reduced χ2 values are

√
2/NDF, and should not

be interpreted as 1σ fit uncertainties.

5.4.4 T/A-Comparison

The T and A-Method analyses should produce results which are statistically compatible. Since the

T-Method only uses a subset of the data in the A-Method, some variation between the two can be

expected. The results of performing the fit to the T-Method histogram using the full fit model in

Equation (5.51) can be seen in Figure 5.41. This fit yields:

R(ωa)|T-Method = −63.460± 0.208 [208ppb]. (5.60)

It has been shown that the ‘allowed’ difference between the R(ωa) value obtained by these two

analyses can be calculated using Equation (5.54) [171]. Comparing Equations (5.53) and (5.60):

δkw|T-A =
√
|0.2082 − 0.1872| = 0.092 (5.61)

∆R(ωa)|T-A = −0.021 = −0.23δkw. (5.62)

37This was the case for τy in the full fit in all of Run-2 [84]
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Figure 5.40: Fit parameters extracted from a calorimeter-by-calorimeter A-Method analysis of
Run-4. These fits use the model in Equations (5.51) and (5.52), with the exception that Kloss ≡ 0
and Acbo,t-ch ≡ 0. The consistency between the calorimeters in the R(ωa) value sets the scale at
which detector-dependent effect can perturb the measurement.
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This difference is in line with the expected variation given the statistics of the measurement.

Interestingly, the reduced χ2 value for the T-Method (1.040) is improved compared to the A-

Method. This may be a clue as to the cause of the cause of the poor χ2, as the A-Method samples

from a wider energy range than the T-Method does. Systematic sweeps of the energy-binned

analysis are currently in progress to probe this difference deeper.
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Figure 5.41: A fit to the Run-4 T-Method histogram using the full fit model in Equation (5.51).

5.4.5 Studies in Progress

The following analyses are in-progress as of the writing of this thesis:

Calorimeter-by-calorimeter start time/energy binned scans Looking detector by detector

may help to elucidate the cause of the residual gain correction. Preliminary results indicate

the values of Ag and Ng can vary by detector.

Bunch-by-bunch scans No differences in the value of R(ωa) vs. bunch number is expected, nor

has any been observed in previous Runs. However, φa can vary by bunch and slightly dilute

the overall ωa signal. Quantifying the effect of this reduction is important.
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Dataset-by-dataset scans Any shifts in the fit parameters over the course of a Run period (i.e.

from DS-4A to 4U) could indicate an uncorrected hardware issue.

Energy binned analyses with higher order BD terms Work to integrate higher order BD

terms into the energy binned analysis for the full Run-4 dataset is ongoing. This may help to

shed light on the behavior of the unmodelled y-oscillations.

5.5 Summary

The UW Run-4 analysis is proceeding at a good pace, but the results shown in this thesis still

represent a work in progress. The nominal analysis histograms have been produced, and data pro-

cessing for special systematic studies (gain correction sensitivity scans, bunch-by-bunch analyses)

is underway.

5.5.1 Open Run-4 Analysis Questions

While the Run-4 analysis is able to build upon the techniques used in the Run-1 [6] and Run-2/3

[84] analyses, it is the first set of data which is able to reach sub-200ppb precision within a single

fit. As a result, sub-dominant effects (which were likely always present in the previous analyses)

now have the potential to impact final results. As of the writing of this thesis, a number of features

remain under investigation:

• Many residual vertical frequencies are evident in the 1.8−2.6MHz range of the full-calorimeter

FFT. These arise from incomplete modelling of the vertical terms. Extensions of the nominal

fit model are currently under investigation, such as:

– allowing the lifetime and frequency of the x/y cross terms to float (Figure 5.42, orange);

– adding a modulation of the g − 2 asymmetry and phase terms with the y-oscillations

(Figure 5.42, green);

– and adding a time dependence of the vertical frequencies (Section 5.3.7.3).

These require additional systematic checks before being incorporated into the final fit model.
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• Spikes in the Calorimeter 13 and Calorimeter 19 FFTs at just above ωvw indicate unique

behavior in those calorimeters which must be understood. These calorimeter are located just

behind the two tracker stations, and so therefore have unique acceptance functions which may

certainly factor into their unique sensitivity to these terms.

• Low frequency spikes in the full FFT are observed at 0.09MHz and 0.64MHz. These are not

associated with any previously identified beam dynamics frequency. The amplitude of these

peaks appears to vary with the value of the residual gain correction applied, as well as energy

bin.

• Both the A-Method and T-Method analyses yield a reduced χ2 which is not consistent with

1. This is partially due to the sub-optimal modelling of the higher-order vertical terms in

the fit (the reduced χ2 of the fits in Figure 5.42 decrease by ≈ 0.01), but could also be

an indication of some unknown feature in the data. Current investigations show that this

poor χ2 was not present in fits performed to histograms produced from the same data a few

months prior, indicating that the cause may simply be a data production error rather than

any physics effect. Reprocessing of the data with a previous version of the analysis code to

test this hypothesis is in progress.

• The residual gain correction has been found to prefer different values of Ng and Ag calorimeter

by calorimeter. This could be due to the single-calorimeter enhancement of the BD oscillations

affecting the results, but could also be an indication as to the cause of the RGC effect.

The author intends to continue work on these challenges after the completion of this thesis. It

should be noted that the potential scale of these effects is small compared to the overall shift in

R(ωa) from the addition of the first order CBO term described in Section 5.3.7.3. In the authors

estimation, each of the effects listed above has the potential to reasonably shift R(ωa) by no more

than 30ppb — well within the statistical uncertainty of the measurement.
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Figure 5.42: Freeing the lifetime and frequency of the VW-CBO cross term (orange) and the
addition of a modulation of the g − 2 asymmetry with ωy (green) reduce the amplitude of the
residual vertical oscillation peaks. Further extensions of the fit model like this are currently under
investigation for the Run-4 analysis.
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Chapter 6

Selected Systematic Studies

To quantify any bias in the measured value of ωa, a series of systematic checks are performed across

the various analysis teams. The philosophy behind the evaluation of the systematics in the Muon

g− 2 experiment is to be as robust as possible, with many independent cross checks for each value.

On the precession frequency analysis side, each of the six independent ωa analysis groups compute

their own evaluations of the uncertainties, which are averaged together to yield the final result.

The effect of every correction (pileup, gain, etc.) on the final result is scrutinized intensely.

Each correction is varied within its quoted uncertainties and the effect on R(ωa) from this variation

is taken as the overall systematic uncertainty. Where uncertainties are not well defined, for instance

in the application of the residual gain correction, the correction is varied over a range of values

where ∆χ2 < 4 (2σ) for the final fit result. Additionally, for each of the terms of Equations (5.51)

and (5.52), a series of questions are asked:

• How could this term introduce a bias to ωa?

• How can such a bias be quantified?

• Can the analysis be modified to reduce such a bias?

• How do reasonable perturbations of this term alter the result?

This final question, for instance, led to the examination of many alternate CBO decoherence enve-

lope models in the Run-2/3 analysis, which in turn led to a O(15ppb) uncertainty.
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The main drivers of the systematic uncertainties in the Run-2/3 analysis were CBO handling,

pileup corrections, gain corrections, and the residual slow effect. All other effects were subdominant

(< 5ppb averaged across all analysis groups). This is expected to remain true in the Run-4+

analysis. For each of the beam dynamics corrections in Section 3.6.3, at least two independent

analyses are performed. The systematics for such analyses are quantified using a similar philosophy

to the ωa systematics.

A selection of systematic studies performed by the author with relevance to the Run-4 analysis

are presented in this chapter. The Run-4+ analysis is still a work in progress, and as such many

values for systematic uncertainties which are evaluated as standard practice have not yet been

computed. A summary of such systematics, their value in the Run-2/3 analysis, and their expected

impacts on the Run-4+ analysis is presented in Section 6.4.

6.1 Phase-Momentum Relationship

As stated in Section 3.1.2, a relationship between the g − 2 phase at injection and muon momen-

tum — dφa/dp — is created in the delivery ring. Such a correlation can couple to changes in the

momentum of the stored beam to produce a bias to ωa. The stored momentum distribution in the

ring can change over a single fill through two processes:

Momentum dependent muon losses: Lower momentum muons have a slightly higher proba-

bility of hitting aperture defining collimators and being ejected from the storage region before

they can decay (see Section 3.6.3.3 and reference [122]).

Differential decay: Higher momentum muons have a slightly longer lifetime than low momentum

muons, and so will make up a higher proportion of the stored population at later times (see

Section 3.6.3.4).

Both of these effects are relatively small (each amounting to a difference in R(ωa) of < 20ppb), but

in order for them to be properly accounted for in systematic estimates this initial phase-momentum
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relationship must be known. As stated in Section 3.1.2.1, beamline simulations predict:

d〈φa〉
d〈p〉

∣∣∣∣
Sim.

= −9.54
mrad
%∆p/p

.

This relation is shown in Figure 6.1. Studies in Run-1 conditions were undertaken which confirmed

this value [84]:

d〈φa〉
d〈p〉

∣∣∣∣
Run-1

= −10± 1.6
mrad
%∆p/p

.

Here, studies undertaken in Run-6 to measure this relation for Run-4+ conditions1 are described.

0.04 0.02 0.00 0.02 0.04
dp/p

0.0

0.2

0.4

0.6

0.8

1.0

N 
[A

rb
. U

ni
ts

]

2.100

2.125

2.150

2.175

2.200

2.225

2.250

2.275

2.300

 [r
ad

]

Figure 6.1: Simulated intensity (blue, left axis) and phase (red, right axis) distributions vs.
momentum at the end of the M5 beamline, just before injection to the g − 2 storage ring. The
green band represents the region of this distribution which is selected in nominal operation, while
the grey bands are the high and low momentum regions selected for this study.

The g − 2 storage ring has a momentum acceptance of ∆p/p0 = ±0.15%, while the overall
1To be precise, all storage conditions from Run-2 through Run-6 were studied.
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momentum distribution of the incoming beam has ∆p/p0 ≈ ±2.5% (as shown in Figure 6.1). By

changing the magnetic field of the storage ring, a different subset of this incoming distribution

can be selected and stored. For this study, the magnetic field of the storage ring was changed by

±0.66%, which altered the central momentum p0 by the same percentage. This is indicated by the

grey bands in Figure 6.1. In total, 19 datasets (each totalling 6-12 hours of data taking) with a

variety of settings were taken in Run-6. Nine of these datasets are part of the nominal analysis,

while the others are used for systematic evaluations. The conditions within these datasets are

summarized in Table 6.1.

The data from each set is divided by bunch2 and a five-parameter ωa analysis is performed on

each of these subsets. The low statistics in each of these datasets means that the BD terms are not

required in the fit function. Examples of such fits to each of the momenta are shown in Figure 6.2,

illustrating the change in the precession frequency caused by the difference in the field. The value

of φa extracted from these fits will be used to calculated dφa/dp.
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Figure 6.2: Example g− 2 histograms from the high, nominal, and low momentum datasets. The
precession frequency is altered by the change in magnetic field, which can be seen in the phase
change at late times.

Changes in the accelerator systems upstream of the g−2 storage ring can cause slight changes in

the arrival time and/or shape of the muon bunches. The T0 entrance counter is able to compensate

for this at a level which is sufficient for the nominal ωa analysis, but some effect on the observed

entrance time of the muon bunch (t0) remains at the ns-scale. If care is not taken, this spread in

2Bunches 0/8, 1/9, etc. are combined in this case, since their shapes have been shown to be identical.
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Date Runs Ring
Field

M4/M5
Wedges

RF Inflector
Setpoint

Inflector
Frozen
Field

Kicker
Setpoint

2/28-3/1 57996 - 58003 -0.66% IN OFF -0.67% -0.66% Run-6
3/1 58004 - 58015 +0.66% IN OFF +0.66% +0.66% Run-6
3/3-3/4 58031 - 58035 Nominal IN OFF Nominal Nominal Run-6
3/15-3/16 58209 - 58215 +0.66% OUT OFF +0.66% +0.66% Run-6
3/16 58216 - 58219 +0.66% IN OFF +0.66% +0.66% Run-6
3/18 58277 - 58279 Nominal IN OFF Nominal Nominal Run-6
3/18-3/19 58285 - 58288 +0.66% IN OFF +0.66% Nominal Run-6
3/19 58290 - 58293 +0.66% OUT OFF +0.66% Nominal Run-6
3/22 58467 - 58471 -0.66% IN OFF -0.66% Nominal Run-6
3/30-3/31 58823 - 58827 -0.66% IN OFF -0.66% Nominal Run-6
3/31 58828 - 58831 -0.66% IN OFF Nominal Nominal Run-6
4/14 59178 - 59181 Nominal IN ON Nominal Nominal Run-6
4/14-4/15 59182 - 59187 Nominal IN OFF Nominal Nominal Run-6
4/15 59189 - 59195 Nominal OUT OFF Nominal Nominal Run-6
4/15 59197 - 59207 Nominal IN OFF Nominal Nominal Run-2
4/15 59209 - 59214 -0.66% IN OFF Nominal Nominal Run-2
4/15 59215 - 59221 -0.66% IN OFF Nominal Nominal Run-2
4/16 59223 - 59226 +0.66% IN OFF Nominal Nominal Run-2
4/16 59929 - 59232 Nominal IN OFF Nominal Nominal Run-2

Table 6.1: The datasets used in the nominal phase-momentum analysis. Each one represents 6-12
hours of Run-6 data taking. Kicker strength, RF settings, and inflector settings were found not to
impact the results in a significant way.
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t0 can cause a bias in the extracted value of φa of O(10mrad), exactly the scale which this study

is attempting to measure.

To combat this, the value of t0 for each bunch in every run is calculated using the Fourier

fast rotation analysis. A full description of this analysis can be found in reference [172], but an

abbreviated description of the relevant portions are given here. The spread in momenta in the ring

yields a spread in the cyclotron periods of the stored muons. This signal can be seen in Figure 6.3a.

By subtracting the exponential background and slowly varying ωa signal from the hit times and

performing a Fourier transform, the spread in cyclotron frequencies can be extracted.

Because of the initial flash of particles at injection, calorimeter digitization begins ≈ 4µs into

the fill. The analysis therefore cannot start at t0 and must instead extrapolate back from a later

time. As a consequence of this (and the fact that the signal exists in a finite time window), a

non-physical background is introduced to the frequency extraction. With the proper choice of t0,

this background is parabolic and can be removed using a polynomial fit. An incorrect choice of t0

introduces distortions to the background. The correct value of t0 is obtained by a scan of the χ2 of

the parabolic background fit. The background fit is performed only in the non-physical region of

the frequency space (i.e. frequencies which correspond to orbital radii outside the ±45mm muon

storage region). Such a t0 scan and the resulting parabolic background can be seen in Figures 6.3b

and 6.3c. A distorted background resulting from an incorrect choice of t0 can be seen in Figure 6.3d.

The t0 extracted from this procedure on a run-by-run, bunch-by-bunch basis for a subset of the

datasets in Table 6.1 can be seen in Figure 6.4b. The value of t0 shifts throughout this study by

up to 50ns. This ‘residual t0’ is subtracted from the positron hit times when creating the analysis

histograms3.

One additional complication in this analysis is that a field change of ±0.66% is outside the

range which the fixed NMR probes are designed to measure. However, since the only parameter of

interest in this analysis is φa, the muons themselves can be used as a magnetometer. The change

3Applying the phase change due to this residual t0 as a correction to the fitted value of φa was also tested, and
this yielded consistent results.
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Figure 6.3: An example of the Fourier fast rotation analysis performed for run 59182, bunch
0. (a) The raw fast rotation signal. The finely binned data (blue) shows the cyclotron frequency
modulation at early times. The decoherence of the cyclotron signal can be seen at late times. A
smoothed version of the same data (orange) shows clearly the exponential decay and ωa oscillation.
(b) The result of the χ2 scan for the t0 background optimization procedure. (c) The resultant
frequency distribution from the fourier analysis. The parabolic background can be seen with the
properly optimized t0 = 54.87ns. (d) The background fit to the same data when t0 is fixed to
45ns. A shift in the value of t0 by 10ns can result in a large distortion of the background. (e) The
equilibrium radii extracted from the properly optimized frequency distribution.

178



T0 Trace [c.t.]
0

500

1000

AD
C 

Co
un

ts

Bunch 0
p0
High
Nominal
Low

T0 Trace [c.t.]

Bunch 1

T0 Trace [c.t.]

Bunch 2

T0 Trace [c.t.]

Bunch 3

100 0 100
T0 Trace [c.t.]

0

500

1000

AD
C 

Co
un

ts

Bunch 4

100 0 100
T0 Trace [c.t.]

Bunch 5

100 0 100
T0 Trace [c.t.]

Bunch 6

100 0 100
T0 Trace [c.t.]

Bunch 7

(a)

Run Number

60

80

T0
 [n

s]

Bunch 0

Run Number

T0
 [n

s]

Bunch 1

Run Number

T0
 [n

s]

Bunch 2

Run Number
T0

 [n
s]

Bunch 3

59180 59200 59220
Run Number

60

80

T0
 [n

s]

Bunch 4

59180 59200 59220
Run Number

T0
 [n

s]

Bunch 5

59180 59200 59220
Run Number

T0
 [n

s]

Bunch 6

59180 59200 59220
Run Number

T0
 [n

s]
Bunch 7

(b)

Figure 6.4: (a) Change in the shape of the beam entrance pulse as seen by the T0 detector
between the first three datasets taken for this study. These changes are associated with upstream
tuning of the beam, and can cause sudden changes in the value of t0 and φa. (b) The value of t0
also has been shown to slowly wander over the course of hours or days. This, combined with an
overall offset by bunch, results in a bias to the value of φa in this study unless properly accounted
for. Each point in these plots represents a full Fourier fast rotation analysis as shown in Figure 6.3.
The colors represent different datasets in Table 6.1.
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in R(ωa) can be related to the change in field, and thus the change in stored momentum via:

∆p

p
[%] =

∆B

B
[%] =

∆R(ωa)

106
∗ 100. (6.1)

The correlation between φa and p ∝ R(ωa) in the fit is accounted for as a systematic error. This

error, and others assessed as part of this study, are given in Table 6.2. Many of the non-fit errors

listed there were not evaluated for the Run-1 version of this measurement. The muon lifetime can

also be used to extract the momentum change, and this agrees with the values obtained from R(ωa).

The values of φa are plotted vs. ∆p/p0 and fit to a linear function. The results of these fits can be

seen in Figure 6.5. Two approaches are taken when combining the results from different bunches:

fitting the bunches individually and taking the average and aligning the bunches by subtracting off

their individual t0 to fit them together. Both approaches yield consistent values of d〈φa〉/d〈p〉. From

this analysis:

d〈φa〉
d〈p〉

= −13.51± 1.42
mrad
%∆p/p

. (6.2)

Error Source Value [mrad/(%dp/p)]
Statistical uncertainty from the fit 0.54
Differences between the 9 datasets 0.25
Uncertainty in the magnetic field measurement 0.5
Changes in the detector gain between datasets 0.1
Bunch-by-bunch average vs. combined fit 0.03
Total 1.42

Table 6.2: Uncertainties associated with the extraction of the injection phase-momentum rela-
tionship. All uncertainties are taken as correlated, and so sum linearly.

The Run-6 measurement is 35− 40% larger than the Run-1 measurement or the beamline sim-

ulation. The results are summarized in Figure 6.5. After repetition of the measurement confirmed

these results, a thorough look at the simulation was undertaken to determine whether there had

been any changes to the experimental setup since Run-1 which were not included in the latest

model. Through this search, it was found that the beamline simulation model had not been up-

dated to include the momentum cooling wedge inserted into the M4/M5 beamline in Run-2 [85].
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Figure 6.5: (a) Bunch-by-bunch linear fit results. (b) Results of the extracted slopes bunch by
bunch compared with simulation. The simulation and the Run-1 result disagree with the updated
measurement. ‘Bunch -1’ represents the combination of data from all bunches.
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The wedge was inserted in an area of the beamline with high radial dispersion, and degraded high

momentum muons to lower momentum with the goal of increasing overall storage efficiency (see

Figure 3.5). This degradation could plausibly couple to, and enhance, the existing dφa/dp

To test the hypothesis that the wedge was the direct cause of the increase in slope seen in this

study, two studies have been performed: Toy Monte Carlo simulations of the effect of the wedge

on the phase space of the beam [173], and back to back measurements of the g − 2 phase with the

wedge inserted vs. retracted. Both sets of studies indicate that the wedge can create a momentum

dependent phase change and is responsible for the increase in the phase-momentum relationship.

For the data-driven test of this hypothesis, the difference between the g−2 phases with the M5

wedge inserted vs. retracted was measured for the nominal storage ring field and the +0.66% field

(Figure 6.6a). The change in phase due to the insertion of the wedge was larger for high momentum

muons. In Figure 6.6b, these observed shifts were applied as a correction to the data in Figure 6.5.

With these correction factors applied, the Run-1 result was reproduced. This indicates that the

wedge was the only cause of the difference between the Run-1 value and the value measured in

Run-6. Updates to the full g − 2 beamline simulation model are in progress to further test this

hypothesis. These simulation results will be used as a cross check of these measurements when

evaluating the final Run-4+ systematics.

The increase in slope directly couples Cml and Cdd, increasing the magnitude of both by 35%.

The value of Cml is negligible post-Run-1 due to an overall decrease in L(t) [17, 122], but the value

of Cdd is not. The wedge was inserted just before DS-2E, and so this increase is reflected in the

published values of Cdd for Run-2/3 [15, 17]. This will also be the case for the Run-4+ analyses.

6.2 Analysis of Non-Muon Events

Alongside muons, there are a few other particle species which make their way into the g−2 storage

ring (Table 6.3). These are primarily protons and deuterons. These particles can be categorized

based on their type of orbit: stable or unstable.

Stable beam contaminants arrive in time with the muon entrance pulse and thus can be kicked

onto stable orbits within the storage ring. These particles then only appear in the detectors if
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Figure 6.6: (a) Measured effect of inserting the wedge on the g − 2 phase. (b) Measured slope,
with (orange) and without (blue) a correction for wedge effects at high and nominal momenta.
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Particle
Species

Velocity
[×c]

DR Pe-
riod [µs]

DR Fre-
quency
[MHz]

Energy
De-
posit in
Calorime-
ter [MeV]

Seen In
Stable
Popula-
tion

Seen in
Unstable
Popula-
tion

Deuteron 0.8557 1.970 0.508 ≈ 350 Yes Yes
Proton 0.9571 1.761 0.568 ≈ 200 No Yes
Pion 0.9989 1.687 0.593 — No No
Muon 0.9994 1.686 0.593 ≈ 170 Yes No
Positron 1.0000 1.686 0.593 0− 3200 No No

Table 6.3: Properties of the particles seen in the g − 2 storage ring.

their orbits later become unstable; either due to energy loss from scattering (a la lost muons) or

at the end of the fill when the ESQ voltages are discharged. Using this end of fill discharge, an

estimate of the number of stable contaminants in the ring and their species can be formed. A

study was performed where the calorimeter digitization window was extended and the ESQ system

was discharged earlier and earlier in the fill. As the discharge of the ESQ was moved earlier, the

observed late time excess moved with it (Figure 6.7b). After subtracting an exponential with the

muon lifetime, this region was fit to an empirical functional form:

N(t) =
Ag

1 + e−αg(t−t̄g)︸ ︷︷ ︸
Growth to plateau

+ Ade
−(t−t̄d)/τd︸ ︷︷ ︸

Exponential decay

+ C︸︷︷︸
Constant Background

, (6.3)

to model the behavior of the late time events and extrapolate past the end of digitization. This

validity of this extrapolation was confirmed by comparing the predictions for the nominal ESQ

shutoff data with that measured when the ESQ system was shut off earlier (Figure 6.7b). From

this fit, the number of stable contaminants (Nstable ≡
∫
N(t)) circulating in the ring was extracted.

The conclusions from this study were:

• No difference was seen in the behavior of these contaminants with or without the ESQ RF.

• No difference was seen in the number of stable contaminants vs. bunch number.

• No peak was observed at E ≈ 200MeV, and so the stored population of these particles consists

of ≈ 100% deuterons.
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• These deuterons become the dominant species of particle in the ring as early as ≈ 300µs into

the fill as muons decay.

This analysis was important for understanding a constant background seen by the MiniSciFi detec-

tor, whose direct measurements of the stored beam are sensitive to these stably orbiting particles

(as seen in Figure 6.8).
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Figure 6.7: (a) Energies of the late time pulses. No evidence of any particles other than muons,
positrons, and deuterons have been found. (b) As the ESQ system shut off is moved earlier, the
late-time deuteron peak moves with it. (c) From an integral to a fit to this late time behavior, the
total number of deuterons can be extracted. (d) Based on these estimates, the deuterons become
the beam species in the ring where the red and purple bands cross. Based on assumptions about
the detection efficiency for particles as the ESQ system shuts off, this can happen anywhere from
300− 400µs into the fill.

Unstable contaminants are those which arrive after injection has completed and while muons
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Figure 6.8: FFT of the signal seen by the MiniSciFi detector in Run-6. The revolution frequencies
in the g − 2 storage ring for muons, protons, and deuterons are indicated. No evidence of stable
protons can be seen, but stable deuterons are present in the signal. Image: B. MacCoy.

are circulating in the storage ring. Because they do not receive a kick, as they exit the inflector

they immediately spiral inwards towards the calorimeters in the kicker region4. They are predom-

inantly seen in Calorimeters 5-8, and were quickly realized to come from leakage from the DR

(Section 3.1.2). Muons are actively extracted from the DR, and whatever particles are not time

coincident with the muon bunches are left behind. These remaining particles continue their orbits

in the DR and, unlike in the g − 2 storage ring where the ESQ system discharges and clears the

ring at the end of each fill, can have a mean lifetime of up to 45 minutes. Every time these particles

pass by the septem magnet which regulates passage down the M4/M5 beamlines, they have some

small chance of passing through it5 and propagating to the g − 2 storage ring.

These particles can be seen in Figure 6.9. Two features are of note. First, both protons and

deuterons can be seen in the unstable populations. This indicates that the abort kicker was not

completely successful at removing the proton bunch from the DR. Second, the revolution frequency

and debunching of these particles in the DR can be seen in their arrival times in the calorimeters.

The presence of these frequencies confirms their origin in the DR as well as their particle species.

It also provides a potential explanation for how stable deuterons come to be in the storage ring.

Deuterons lag behind muons in the DR, and so when the muons are extracted the deuterons formed

from the same proton bunch would not be in a position to be extracted. They are also missed by

4Some small number of them may be on a trajectory which allows them to be stored for multiple turns, but such
particles are very rare.

5This process, where particles accumulate in the DR and are slowly (‘resonantly’) extracted towards the muon
campus, is quite similar to how the Mu2E experiment will perform its nominal injection process [174].
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the proton abort kicker. These deuterons then debunch and uniformly fill the DR, so that when

the next muon bunch is extracted a constant background of deuterons from previous bunches is

extracted with it. Muon bunch i is contaminated by deuterons from bunch i− 1.
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Figure 6.9: (a) Debunching of the deuterons in Run-4. As they begin to uniformly fill the DR,
their arrival times in the g− 2 storage ring become more uniform. (b) DS-4A. Both protons (grey)
and deuterons (red) can be seen in the low energy spectrum of Calorimeter 8. The markers are
spaced uniformly at their respective DR periods and aligned to guide the eye.

The number of these unstable particles sharply increased at the start of Run-4, indicating an as

yet unknown change in the muon campus beamline upstream of the storage ring. A downward trend

in the number of protons entering the ring was observed over the course of Run-4, but they remained

present throughout (see Figure 6.10). Since these particles typically deposit energies below 500MeV

in the calorimeters, and so to first order they do not enter into the nominal analysis. However,

they can perturb the ωa analysis if they:

• pile up with positrons and create clusters with an effective E > 1000MeV;

• perturb the constructed pileup spectrum in such a way that it biases higher energy events;

• bias the lost muon spectrum L(t) in a way which biases the ωa fit; or

• shower hadronically and deposit E > 1000MeV.

While such particles could easily perturb the UW Run-1 pileup construction, which relied on the

final positron spectrum to bootstrap the pileup spectrum, the empirical pileup method is robust
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Figure 6.10: Trends in the L(t) spectrum. Energy cuts are rather loose in this plot (100 <
E [MeV] < 250 to show the contamination from protons. The proton/deuteron contamination is
visible in the late time uptick of the rightmost plot. It is largest in DS-4AB, and then decreases
over the course of Run-4. Muon losses are the lowest in Run-5. The legend in the rightmost plot is
common to all portions of this figure.

against such effects. No evidence of the characteristic frequencies of these particles in the nominal

fit energy range were seen in the residuals or FFTs, which indicates that any effect they have is

below the threshold of concern6. The construction of the lost muon function L(t) can be biased by

these particles (see Section 6.2.1).

Searches for higher energy hadronic showers in the calorimeter data correlated with these par-

ticles have been undertaken. A number of high energy (E > 4.0GeV) candidates were identified in

the Run-2/3 analysis, but were determined to likely be of cosmic origin based on event topology

and their independence of beam flux [175]. This can account for some of the residual clusters in

the high-energy ‘pileup’ region of the data. The effect of such high energy events was determined

to be negligible: O(0.1ppb). No such events correlated with the revolution frequencies of particles

of the DR have yet been identified. A similar study is in progress with the higher statistics of the

Run-4+ data.

6.2.1 Contamination of the Muon Loss Spectrum

The loss probability (as defined in Section 5.3.8) is a physical quantity, and as such should be

independent of how it is constructed. Contamination of the muon loss spectrum with other particles

6These particles can clearly be seen when conducting fits at very low energies [122].
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has the potential to bias the extraction of L(t). An example of this contamination in Run-4

is shown in Figure 6.11. In this figure, the triple coincidence spectrum for each calorimeter is

shown for two energy regimes: a wide selection from 100 < E [MeV] < 250 and a narrow one

from 100 < E [MeV] < 160. In the latter, contamination in the kicker region detectors due to

upstream particles from the DR is visibly reduced but not eliminated. The effect of these particles

on the fit result can be assessed by treating each of these spectra as the nominal form of L(t) and

performing the full fit. To equalize the normalization of Kloss, each of the triple coincidence spectra

are normalized such that their integral is the same as the nominal L(t).

The results of this study can be seen in Figure 6.12. The value of the muon lifetime and

Kloss vary significantly in the region where the proton contamination is present. Kloss can also

vary detector-to-detector due to detection efficiency differences or differences in losses azimuthally

around the ring. This also results in a local worsening of the χ2. However, the fitted value of R(ωa)

is robust against this contamination. Taking the difference between the maximum and minimum

value of R(ωa) from this study, a systematic error can be assigned:

δR(ωa)|Choice of L(t) = 3.5ppb (6.4)

This motivates the choice in the Run-4 analysis to construct L(t) solely from the triple coincidence

spectra of calorimeters 14-24.

6.3 Laser Fill Recovery

As mentioned in Section 4.1.5.1, the gain of the calorimeters is continuously monitored by a series of

in-fill pulses. Three of these pulses are injected per ‘laser fill’ while the muons are stored. Depending

on the Run, anywhere from 5 − 9% of the data consisted of laser fills. In the Run-1 and Run-2/3

analysis, these fills were discarded. For the Run-4+ analysis, an investigation was undertaken to

determine whether this data could be recovered. This investigation was performed in three ways:

• The crystal-level pulse fits immediately after the laser pulses were inspected manually for any

deviation from pulses at similar times in non-laser fills.
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Figure 6.11: The time spectrum of triple coincidences (L(t)) centered on each calorimeter (i.e.
for calorimeter 3, the coincidence consists of a signal in 2 → 3 → 4) for two energy cuts. The
contamination of this spectrum in calorimeters 4-10 with protons from the DR can be seen in the
wide energy-cut spectrum (blue). It is reduced with a lower energy cut (orange), but is not entirely
eliminated. Stricter timing cuts can also reduce the contamination, but similarly do not eliminate
it entirely.
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Figure 6.12: Values of the various fit parameters vs. the calorimeter and energy range from
which L(t) is derived. The effect of proton contamination in the kicker region can be observed
in the instability of τ and Kloss. The instability is reduced when a more stringent energy cut is
introduced.
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• The non-laser data was randomly broken up into statistical subsets which were approximately

the same size as the laser data. The same ωa analysis was performed on each set, and statistical

significance of any outliers (laser contaminated or otherwise) was assessed.

• A method of masking the histogram bins where laser pulses were present in laser fills was

developed by the author.

The first two methods showed no significant perturbations to the value of R(ωa). The final

method was a novel approach to treating the g − 2 data, analogous to the ‘artificial dead time’

implemented in the pulse fitter. When looping over the time-ordered clusters within a single fill,

each time a laser cluster was identified7, a dead-time was imposed. Any cluster (laser or positron)

which would be placed in a time bin which overlapped with that dead time would not be counted.

The number of fills for which any given bin in the histogram was masked/unmasked was tracked,

and those counts were used to construct a scale factor with which the masked histogram was

‘repaired:’

si =
N i

muon-fills +N i
laser-fills-unmasked +N i

laser-fills-masked
N i

muon-fills +N i
laser-fills-unmasked

. (6.5)

Each bin in the masked histogram was scaled such that:

Ni = si
(
N i

muon +N i
laser-unmasked

)
(6.6)

σi = si

√
N i

muon +N i
laser-unmasked. (6.7)

The result of this masking/repairing procedure can be seen schematically in Figure 6.13. This

procedure was tested by scanning over many masking dead times and ensuring that the results

agreed to within statistical precision (see Figure 6.14). Monte Carlo studies also confirmed that

this masking procedure introduced no significant bias to the value of R(ωa).

All three investigations yielded no signs that the laser fills would be incompatible with the main

dataset. However, the following obstacles to including the laser fills in the analysis remained:
7A laser cluster was defined as any cluster with Ncrystals ≥ 50. The limit was not strictly 54 because some

calorimeter channels were inactive. The odds of a pileup cluster after t > 30µs illuminating more than 50 calorimeter
crystals at once are astronomically small, and so this is a safe limit to place.
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Figure 6.13: Schematic of the laser masking and re-weighting for g − 2 histogram construction.

Figure 6.14: Results of the masking/re-weighting procedure performed on DS-2C and DS-2D.
Muon fills only are shown in blue, Muon + laser with no masking procedure are shown in green,
and Muon + masked/repaired laser are shown in orange for various dead time values. The differing
sign of ∆R(ωa) indicates that there isn’t a systematic bias from including these laser fills.
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• This investigation took place after the production of the Run-2/3 data was > 70% complete.

The laser fills were skipped in the nominal RE production chain, and so including them

in the Run-2/3 analysis would have required significant reprocessing of the raw data to be

performed.

• The statistical gain from just the Run-4+ data, after the laser prescale was significantly

reduced, amounted to only ≈ 3ppb.

• Ensuring any systematic associated with the laser fills would be below their statistical gains

for both the RE and RW reconstructions would require a significant time investment from

multiple analysis groups while other higher-priority analyses are in progress.

For these reasons, the laser fills remain excluded from the nominal Run-4+ analysis.

6.4 Run-4+ Systematic Summary

Based on the values in references [17, 84], Table 6.4 shows an estimate for the values of the various

ωa systematics for the forthcoming runs. Where exact values are not given, these should be taken

only as the author’s best estimates for the future of this analysis based on the known condition

changes between the running periods. The processes for evaluating the systematic categories given

in Table 6.4 are as follows:

Fast Rotation Randomization A scan is performed where the nominal analysis histogram is

produced using 100 unique random seeds for the ωc time randomization. The average value

of R(ωa) obtained from fits to these histograms is extracted from a Gaussian fit. The error on

the mean of that distribution is taken as the uncertainty associated with the randomization.

Gain The lifetime and amplitude parameters for each of the fill-scale gain corrections (IFG, STDP)

are scanned. This process involves re-applying the corrections on the crystal level and re-

clustering, which takes significant computation time. The difference in R(ωa) from varying

these parameters by 1σ is taken as the systematic.
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Pileup As an initial estimate, the pileup correction is applied with a scaling factor ranging from 0-

2× its nominal value. The fit is performed at each of these points, and the value of R(ωa) and

χ2 are recorded. The ∆R(ωa) due to changing the pileup multiplier by a factor corresponding

to ±1 unit of χ2 (±1σ) is taken as the uncertainty. Results consistent with those found in

Run-2/3 [84] have been obtained from these preliminary scans in Run-4. More detailed scans

of the pileup correction parameters — which require re-clustering the raw data in a manner

similar to the Gain analysis above — are in progress.

Muon Loss The portion associated with contamination is described in the text (Section 6.2.1).

The portion associated with Kloss < 0, which was required for the Run-3 analysis, appears8

to no longer be necessary in Run-4+.

CBO Model Different CBO models, each consistent with sliding window fits to the data, are

incorporated into the main fit. Any model that results in a χ2 ≤ min
(
χ2
)
+ 3 is accepted as

a ‘valid’ description of the CBO behavior. The ∆R(ωa) between valid models is taken as the

uncertainty. This is done for both the envelope and frequency portions of the fit.

y/VW Model The vertical terms can be perturbed in the same way as the CBO. This was not

done in Runs 1-3, but will be required in Run-4+ due to the increased prominence of these

frequencies and higher statistics. These are expected to be small.

Coupled x/y Model Differences in R(ωa) will be assessed from reasonable perturbations of the

cross term model. These include the addition of the y ± CBO terms,any terms from the

non-exponential portions of Ecbo/vw/y, and allowing the lifetimes or frequencies of the cross

terms to float. These are expected to be small as well.

Residual Gain Correction (RGC) Described in the text (Section 5.4.2.1)

In Table 6.4, the BD (CBO, VW, and x/y) and RGC systematics have all been flagged ( ) as

areas where change from the Run-2/3 values is possible (in the author’s estimation). The effect of

the RF on the CBO and y oscillations in Run-5+ (discussed briefly in Chapter 7) will necessitate
8If Kloss returns to a value < 0, the uncertainty will be assessed as it was in Run-3: fixing Kloss ≡ 0 and taking

the ∆R(ωa) from a 2σ region of a χ2 scan of Kloss vs. τa as the uncertainty.
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Category Systematic Run-2 Run-3a Run-3b Run-4 (Ex-
pectation)

Run-5/6
(Expecta-
tion)

Randomiza-
tion

— 4 3 4 ∼ ∼

Gain IFG amplitude 2.8 3.3 5.5 ∼ ∼
STDP amplitude 1 1 1 ∼ ∼

Pileup Amplitude 1 1 1 ∼ ∼
Time/energy bias 2.5 1.8 2.1 ∼ ∼
Rate error 1.5 0.2 0.8 ∼ ∼

Muon loss Contamination — — — 3.5 O(1ppb)
Kloss negativity — 11 9 — —

CBO Terms ωcbo(t) 3.6 7.9 6.4 ∼
Ecbo 12 13 16 ∼

y/VW Terms Ey, Evw — — — O(2ppb) O(2ppb)
ωy(t), ωvw(t) — — — O(2ppb) O(2ppb)

Coupled x/y y ± CBO Addition — — — O(1ppb) O(1ppb)
E cross terms — — — O(5ppb) O(5ppb)

RGC — 8 5 12 4

Table 6.4: Expected values for the various systematic uncertainties in the ωa analysis evaluated
for Runs 2-6. All values here are given in terms of a ppb change on R(ωa). Where numbers are not
yet available, the author has indicated whether the expectation is that the value will increase ( ),
decrease ( ), or remain approximately the same (∼) compared to the Run-2/3 value. Areas where
there is potential for a major difference, pending ongoing investigations, are indicated additionally
with . Estimates as of March 2024.
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new techniques for evaluating these uncertainties, which could in turn result in slight differences

in the final values. Similarly, new ideas to assess and correct for the residual slow effect present in

the data may lead to a change in the nominal procedure compared to Runs 1-3. Work on all of

these studies is expected to complete by the end of 2024. The overall scale of these uncertainties is

expected to remain small.
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Chapter 7

Investigations in Progress for Run-4+

As it has been the main focus of the author in the months leading up to this thesis, the behavior

seen in the Run-4 dataset has been presented as the ‘nominal’ set of conditions. In this chapter,

some notable differences between the Runs are summarized and a picture of ongoing studies are

presented. This chapter is indented to represent the current ‘state of play’ for the analysis, and to

give a look towards the future work which will encompass the next steps of the analysis.

7.1 Prominence of Vertical Frequencies in Run-4 vs. Run-2/3

The prominence of the y-oscillation is greater in Run-4 than in previous runs. This can be seen in

the five-parameter fit residuals (Figure 7.1a) and the amplitude of the ωy peak in the residual FFTs

(Figure 7.1). ωy is most prominent in the calorimeters in the kicker region of the ring (Figure 5.14b).

Acceptance of positrons born at large y is highly calorimeter dependent (Figure 5.11), and since

calorimeters in the kicker region have the most uniform vertical acceptances they experience the

largest enhancement.

One hypothesis to explain this increase in the prominence of ωy is that the increased kick

strength post Run-3b increased the vertical phase space available to the stored beam. When the

beam is centered, a greater number of particles with large vertical betatron amplitudes can be

stored without impacting the collimators. On the other hand, the vertical oscillations are not

nearly as pronounced in Run-3b, which had an identical kick. This can be seen in Figure 7.2,
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where the calorimeter-by-calorimeter fitted amplitudes of the leading beam dynamics frequencies

are compared. In these fits, the values of Acbo are nearly identical across Run-3b and Run-4 while

the values of Ay are quite different. The lower statistics in Run-3b can make drawing definitive

conclusions difficult, but it is implausible that this difference could arise solely due to statistical

effects.
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Figure 7.1: Comparisons of the five-parameter (a) pulls (residuals / bin errors) and (b) FFTs for
Run-3a, 3b, and Run-4. The magnitude of the vertical oscillations clearly increased between Run-3
and Run-4.
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Figure 7.2: Comparison of the (a) CBO, (b) VW, and (c) y oscillation amplitudes in Runs 2-4.
Clearly, the value of Ay is much more pronounced in the Run-4 kicker calorimeters than in previous
runs. Run-2/3 values are taken from the work presented in reference [84].

One additional change which took place at the start of Run-4 was the modification of the surface

coil settings to cancel the average radial field of the g − 2 storage ring [176, 177]. While the radial
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field of the g− 2 storage ring can not be measured directly by the NMR systems1, the azimuthally

averaged radial field can be measured by varying the ESQ HV while injecting an artificial radial

field using the surface coil system. When the mean vertical position of the beam is independent

of the ESQ HV, the average radial field is 0. The radial field at the start of Run-4 was found to

be 〈Br〉 = 15 ± 1ppm. Using this measurement, the surface coil setpoints were tuned to remove

this average field, and subsequent measurements with these changes found 〈Br〉 = 0.4 ± 0.6ppm.

This process displaced the beam vertically by ≈ 1mm [176]. Simulation studies are ongoing with

updated kicker settings and radial field measurements to further investigate the effect of this change

on the vertical oscillations seen by the calorimeters.

7.2 Impact of the ESQ RF in Run-5 on the BD Frequencies

The ESQ RF system described in Section 3.3.2 was activated starting in DS-5B. The resulting

reduction in the prominence of the ωcbo and ωy frequencies can be seen in both the five-parameter

fit residuals (Figure 7.3) as well as in the fitted amplitudes for each of the envelope functions

(Table 7.1). The goal of the RF was to reduce the impact of the beam dynamics oscillations on the

value of R(ωa). The success of this effort is exemplified by comparing the difference in the value of

R(ωa) obtained when performing a fit with the five-parameter fit model and the five-parameter +

CBO fit model in Run-4 and Run-5a:

∆R(ωa)|CBO, Run-4 = 856.4ppb (7.1)

∆R(ωa)|CBO, Run-5a = 86.8ppb. (7.2)

This order of magnitude reduction in the impact of the BD frequencies on R(ωa) similarly reduces

the impact of the systematic uncertainties associated with the modelling of these terms.

The introduction of the ESQ RF was not without some side effects, however. While the BD

terms in the calorimeter-summed data can still be adequately described by an exponential decoher-

ence envelope, some fits to the individual calorimeters fail to converge with this parameterization.
1A full azimuthal map was measured using a specialized trolley and a 3-axis Hall probe before the installation of

the vacuum chambers in 2016. This measurement was not able to be repeated with the vacuum systems in place [95].
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Figure 7.3: Comparison of the five-parameter fit residuals for Run-4, Run-5a, and Run-5b.

Dataset Conditions Acbo Ay Avw
4 No RF 1.43e-03 1.77e-03 9.14e-04
5a x RF 2.01e-04 1.44e-03 3.43e-04
5b xy RF 2.48e-04 3.26e-04 6.85e-04

Table 7.1: Fitted T-Method amplitudes of the BD frequency envelopes for Runs 4, 5a, and 5b.
The reduction in amplitude due to the xRF and xyRF are highlighted. These values are taken from
the fits in Figures 5.28 and 7.5.
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Acceptance differences between the calorimeters, magnified by the overall decrease in the CBO am-

plitude, cause differences in the overall decoherence seen by the different detectors. The late time

recoherence behavior of the CBO is also quite different in Run-5 compared to non-RF runs. Sliding

window fits of the calorimeter-by-calorimeter envelopes are shown in Figure 7.4. In these fits, a

constant Acbo is assumed, ωcbo is fixed to its value from the nominal fit, and a fit is performed in a

window of 3 CBO periods. Using this method, the shape of the amplitude changes can be mapped

out over the course of the fill without assuming any particular model. Some calorimeters remain

well described by an exponential envelope, whereas others prefer a constant CBO amplitude or a

decoherece/recoherence in the CBO over the course of the fill. These envelope functions are the

subject of ongoing investigations across analysis groups.
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Figure 7.4: Sliding window fit results for the calorimeter-by-calorimeter fits in DS-5OR. In these
fits, Ecbo = Acbo, and the data are fit in a time window of 3 CBO periods. Some calorimeters
are highlighted as an example of the different CBO envelope behaviors: nearly flat (blue), de-/re-
coherence (red), exponential decay (purple), and growth (orange).
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7.2.1 Preliminary Run-5 Analysis

Despite these challenges, an adequate ‘Run-4 style’ fit (with some limited modifications) can be

conducted for Run-5 datasets. Preliminary fit results for Run-5a and 5b are shown in Figure 7.5.

These fits show that, while work to understand the fine details of the Run-5 analysis is still ongoing,

the majority of the changes necessary to the fit model are sub-leading order. A more detailed study

of the BD envelopes will be required before these fits are finalized and comparisons across Run-4

and Run-5 can be performed.

7.3 Time Dependence of the CBO Frequency

As mentioned in Section 5.3.4, the measured CBO frequency is not constant over the course of

each fill. This was especially true in Run-1, where changing ESQ voltages from damaged resistors

dramatically altered the field index of the storage ring (and thus ωcbo). In Runs 1-3, ωcbo(t) was

incorporated into the UW ωa fits as a fixed external input from the tracker (see Section 5.3.7.3). To

measure this frequency change, the mean radial distribution from the tracker (x̄(t)) was computed

and a sliding window along the distribution was fit to the form:

x̄(t) = Ai cos (ωcbo,it+ φcbo,i) + Ci, (7.3)

The window for each fit i was 2 − 3 CBO periods long, and incremented such that there was no

overlap between adjacent points. From this, the phase advance relative to a constant frequency

and phase was calculated:

φ(ti) = ωcbo,it− φcbo,i. (7.4)

A model for the non-linear portion of the fit χ(t) is posited and the sliding window phase advance

is fit to:

φ(t) = ωcbo,0t− φcbo,0 + χ(t). (7.5)
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Figure 7.5: Preliminary first A-Method fits to (a) Run-5a and (b) Run-5b.
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The linear portion of the fit is then subtracted for display. A schematic of this process is shown in

Figure 7.6. The result of this analysis can be seen in Figure 7.7 for selected datasets from Runs

Figure 7.6: A diagram showing the extraction of the CBO phase advance from the radial profile.
The average x(t) distribution is divided up into windows, each of which are fit to the form in
Equation (7.3). From these fits ωcbo,ti and φcbo,ti are extracted. The resulting phase advance is fit
to Equation (7.5) and the linear portion is subtracted for display. The data shown here are from
Run-2.

1-5. Clearly, there exists very different CBO phase advance in each of these datasets.

It should be noted here that the choice of ωcbo,0 and φcbo,0 have no a-priori physical basis.

Therefore any linear function can be added to the distributions shown in Figure 7.7 to arrive at

an equally ‘correct’ result. Fitting the χ(t) model at the same time as the linear phase advance

was done in an attempt to reduce bias when interpreting the results of these sliding window scans.

Alternatively, one coule assume a linear phase advance in some time region (t0, t1], fit a linear

function to only that region, and examine the shape of the residuals to interpret the non-linear

portion of the phase advance. Figure 7.8 shows that the shape of such residuals can vary greatly

depending only on the chosen values of t0 and t1, and thus how a bias can be introduced with such

an approach. This underscores the fact that any model for the phase advance here must have some
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external input (another measurement, a physical model, etc.) to support it.

(a) Reproduced from [178].
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Figure 7.7: Non-linear CBO phase advance for (a) Run-1, (b) Run 2, (c) Run-3b/4, and (d)
Run-5. The phase advance differs significantly from one Run period to another. The different χ(t)
models used to fit these datasets are described in the text.

Here the various effects between runs are described, along with early modelling efforts which

attempt to reconcile this behavior with the known beam dynamics of the system. In Run-2, a single

exponential phase advance due to the ESQ scraping (Section 3.3.2) was sufficient to describe the

observed behavior of ωcbo(t) in all calorimeters:

χscraping(t) = ae−
t/ta (7.6)

Some late time deviation in the non-linear portion of the fit from a pure exponential decay is visible,
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Figure 7.8: Residuals of a linear fit to the Run-4 tracker x̄(t) phase advance data when the fit
is restricted to different ranges (indicated by the red bands). When this version of the analysis is
used, the initial assumptions (i.e. is it assumed that the CBO is stable at late vs. early times)
greatly impact the shape of the fit residuals. This has the potential to impact the interpretation
of the data. Some of these choices are exaggerated to show the scale of the effect.
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but was any reasonable threshold for concern in Run-2/3a.

7.3.1 Run-3b/4

In Run-3b and Run-4, significant, slowly-varying deviation from the simple scraping exponential

was observed. Examination of the fit residuals motivated the addition of a quadratic term to the

CBO frequency evolution:

χRun-4(t) = χscraping(t) + p2t
2 (7.7)

The results of this fit can be seen in Figure 7.7c. This behavior is consistent across all of the

datasets of Runs 3b-4.

The change in the CBO frequency can be interpreted as a slight drop (0.02 kV) in the ESQ

voltage over the course of the fill (≈ 3 ∗ 10−5 kV/µs). The electronic systems which maintain the

voltage on the ESQ plates were built to a specification which allowed up to a 0.5% change in the

voltage over 700µs [76, 179]. A measurement was completed in 2017 which found a voltage increase2

across the ESQ plates of less than this amount: dV/V ≈ 0.074%/700µs ≈ 1.9 ∗ 10−5 kV/µs [180].

From these values, it can be concluded that such a drop in the ESQ voltage over the course of a

single fill is, while unexpected, within reason. A measurement is planned post-Run-6 to determine

the voltage drop across the ESQ plates over time vs. various running conditions (field, kicker HV,

etc) to determine if this model holds and could potentially explain the difference from Run-3a→3b.

Pending the outcome of these investigations, a study was performed where the posited form of

ωcbo(t) was incorporated into the ωa fit function:

ωcbo → ωcbo,0 +
a

t
e−t/ta + p2t. (7.8)

The value p2 ≡ −3.51 ∗ 10−6 is obtained from the fits in Figure 7.7c. Implementing this function

was found to shift R(ωa) in DS-4AF by ≈ 1ppb relative to the nominal ωcbo(t) model, and resulted

in a negligible decrease in the χ2. This addition has not yet been incorporated into the nominal ωa

2Such an increase was not unexpected, given the electronics of the ESQ pulser system.
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fit function, but the systematic associated with the variable CBO may be inflated by this 1ppb to

encapsulate this effect.

7.3.2 Run-5

In Run-5, the behavior of the CBO phase advance is again quite different. The CBO extracted

from x(t) appears to experience a rapid change in phase anytime between 50 and 100µs into the

fill. The exact point in the fill where this change occurs and the difference between the early and

late time phases differs from dataset to dataset. No difference in the general trends of the CBO

frequency between the 5a and 5b datasets have been observed, indicating that the horizontal RF

alone is the cause of this effect. A sliding window fit to a single Run-5 dataset (DS-5O) is shown

in detail in Figure 7.9. From this, it is obvious that the CBO signal is still present at late times,

and that this phase change is not simply a result of low statistics.

Across many datasets, it appears that at late times (t > 300µs) the phase advance seems to

become nearly constant. Fitting the data to a single, constant frequency and phase works well

at those late times. This observation led to the hypothesis that there exist two ‘populations’ of

muons within the storage ring, each with slightly different CBO frequencies and/or phases: one

that experiences a decoherence over the course of the fill and one that coheres at late times. Based

on this hypothesis, a logistic3 functional form was chosen entirely empirically to describe the data:

χRun-5(t) = χscraping(t) +
L

1 + e−k(t−t0)
(7.9)

This model was found to fit the Run-5 data quite well across all Run-5 datasets. The value of φcbo(t)

obtained with this functional form in Run-5 can be seen in Figure 7.7d. It has also been shown that

the fitting the full time range of the x(t) distribution directly with such a two population model

can reproduce the observed non-linear behavior [181].

With slightly different values of ωcbo,0 and φcbo,0, the Run-3b/4 CBO phase advance is also

consistent with this model (see Figure 7.10), albeit with a smaller magnitude than is seen in Run-5.

3The logistic function is used to describe population growth towards a fixed plateau. The sigmoid function,
commonly used in machine learning, is a generic case of the logistic function where L = 1, k = 1, t0 = 0.
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The fact that both the models in Equations (7.8) and (7.9) describe the Run-4 data equally well

again illustrates the fact that a good physical basis for any CBO phase advance model is required;

simply arriving at a fit which describes the data is not sufficient4.
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Fit Result |Run 3b 
Fit Result |Run 4 [All] 
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Figure 7.10: Non-linear fit result to the Run-3b and Run-4 data to the Logistic model in Equa-
tion (7.9). This model also provides a good description of the behavior of the non-linear CBO
phase advance in these runs.

The physical reasoning behind there being two apparent populations of CBO behaviors in the

ring is still under active investigation [183]. It is hypothesized that differences in the betatron

oscillations of the muons could be introduced by a combination of the kicker and the ESQ RF

systems, but it is premature to speculate further at the time of writing. High statistics simulations

are in progress with Run-4 and Run-5-like conditions, which will help to disentangle the root cause

of this variable CBO behavior.

Comparisons with calorimeter results are ongoing which will aid in this effort, although the

calorimeters are less sensitive to the motion of the beam than the trackers. Such comparisons

are complicated by the different acceptances of the different detectors, and between x(t) and N(t)

measurements. Regardless of the outcome of these studies, the Run-5 CBO in general is suppressed

by an order of magnitude relative to Run-4. Therefore any uncertainty on R(ωa) arising from these

new CBO effects will have a limited effect compared to the CBO in previous runs.

4We must be careful here to step lightly around Von Neumann’s elephant [182].
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7.4 Outlook

Run-4 in many ways remains an extension of Run-3b, and therefore many features present in this

dataset have been explored and incorporated into the nominal fit model. The refinement of such

models required for a final analysis is ongoing. The modelling of the unique BD behavior in Run-5+

provides a challenge for the completion of the final g−2 analysis. In particular, the per-calorimeter

dependence of the BD envelope functions mean that additional work is required in order to perform

some of the same cross-checks described in Section 5.4. The nominal analysis flow may need to

be altered to accommodate this fact, incorporating more inputs from systematic studies (sliding

windows, calorimeter-by-calorimeter fits, etc. which are more sensitive to the BD terms) into the

main fit. An excellent team of analyzers from across the collaboration has been assembled and is

actively tackling the challenges laid out in this chapter and in Section 5.5.1. Every technique used

in the previous publications is being heavily scrutinized before the next (final) release. Work on

the ωa analysis is on track to be completed by the end of 2024.

212



Chapter 8

Conclusion

This thesis has presented the current status of the UW analysis of the final runs of the Muon g− 2

Experiment at Fermilab. Runs 1-3 of the experiment have been published and have a yielded a

total uncertainty of 203ppb (with ≈ 182ppb arising purely from statistics) on the value of aµ [17].

Analysis of the remaining data from Runs 4-6 (≈ 73% of the total data collected) is well underway

and is expected to yield a final statistical uncertainty of < 100ppb (Table 8.1).

Dataset Individual Precision [ppb] Cumulative Precision [ppb]
Run 1 434 —
Run 2 337 267
Run 3 248 182
Run 4* 184 129
Run 5* 168 102
Run 6* 269 96

Table 8.1: A-Method precision (statistical-only) on ωa for each Run year individually, as well as
the cumulative statistical gains from each additional year of running. The values indicated with an
asterisk have not been finalized and may change if the DQC cuts for any of the datasets are altered
significantly.

It is expected that, once systematic uncertainties are fully evaluated, the experiment is well

positioned to meet or better its stated goal of 140ppb uncertainty on aµ. While a number of

avenues of study remain, no issues have yet been noted which are expected to significantly delay

the results nor alter conclusions reached in previous analyses.
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8.1 BSM Speculation

Up to this point, speculation regarding the implications of the measurement has been avoided due

to the tumult in the SM calculations. However, the potential of Muon g− 2 as a signal for physics

beyond the standard model bears some discussion. This section is presented with the caveat that

it likely will be outdated by the end of the year in which this document is published.

Assuming that the ∆aµ ≡ aexp
µ − aSM

µ calculated from the WP20 SM evaluation holds for the

moment, the contribution to aµ from physics beyond the standard model is:

aBSM
µ ≈ 1.5× aEW

µ . (8.1)

Because of their similar scale, it is useful to think of potential BSM models as scaling relative to

the EW contribution. In a large variety of models of BSM physics1, the contribution to aµ scales

like:

aBSM
µ ∝ aEW

µ ×
(
MW
MBSM

)2

× [couplings]. (8.2)

This implies that the BSM signal in aµ arises from either:

• Rather light, electrically-neutral particles which benefit from a large enhancement due to the

ratio of masses in Equation (8.2) (while evading traditional detection efforts).

• Some other mechanism with a heavy mediator and a large enhancement to its coupling (chi-

rality flipping, muophilic interactions, etc.)

An excellent review of BSM models which are compatible with the this value of ∆aµ can be found in

reference [184]. Most ‘simple’ extensions of the SM have been largely excluded, and current models

require some fine tuning of parameters to avoid constraints from detector experiments. Some of

the notable models which have been explored include:

Axion Like Particles (ALPs) While the QCD Axion was originally proposed as a solution to

the strong CP problem, a wide range of ‘axion-like’ particles are a good candidate for dark
1Those with so-called ‘natural scaling’
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matter and solutions to various anomalies in the SM. Because of their (potentially) low mass,

this class of BSM particles can benefit from a large mass enhancement [185].

Two-Higgs Doublet Extensions of the standard model with an additional Higgs doublet have

been motivated by supersymmetry, as well as explanations for the observed baryon asymmetry

of the universe [186]. This is one of the only remaining single-field extensions of the SM which

can explain aµ while remaining consistent with collider limits (in a limited parameter space)

[184, 187, 188].

Leptoquarks Scalar muophilic leptoquarks — particles which carry both color charge and lepton

number — can explain ∆aµ while evading constraints from µ→ eγ limits and direct detection

at the LHC in limited mass ranges [184]. Many models were proposed which could simultane-

ously explain ∆aµ and the reported B-anomalies from the LHC, but such models have fallen

by the wayside in the last few years as the latter has been resolved.

Supersymmetry There remain versions of the Minimally Supersymmetric Standard Model (MSSM)

which can evade constraints placed by the LHC. In some versions of these models, both ∆aµ

and the relic dark matter density can be explained as one [184]. The grey band in Figure 8.1

corresponds to a range of generic SUSY models with 5 < tan (β) < 50.

As the constraints from other experiments become more strict in the coming years, many of these

models will continue to be excluded.

In light of the tension between the updated lattice results and the R-Ratio calculations of

aHVP
µ the following question can also be asked: is it possible that the experiment and the lattice

HVP results are correctly describing the SM, but there exists BSM physics ‘hiding’ in the e+e−

collider data? Comparisons between data-driven and lattice results have found that the discrepancy

between the two lies primarily in the low-energy regime, where the available parameter space for

new physics is even more limited than for the standard interpretation of Muon g− 2 results. Most

models for new physics in that region are already excluded by existing experimental constraints

[189, 190]. Within these severe bounds some possibilities remain, an example of which can be found

in reference [191].
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Finally, assuming there is no new physics in the e+e− collider data and the lattice (or CMD-3)

results for aHVP
µ hold2, the value of ∆aµ does not go entirely to 0. This can be seen in Figure 8.1.

The significance of the signal in ∆aµ drops from > 5σ to ≈ 1.8σ. The blue band represents the

value of ∆aµ calculated between the experimental average and the WP [1] while the orange band

represents the value of ∆aµ found when replacing aHVP, LO
µ with that calculated by the BMW

collaboration [56]. The values of the BSM mass scales preferred by the lattice value are generally

pushed higher by this decrease in ∆aµ. Should this reduced discrepancy hold, it could serve as

motivation for a next generation g − 2 experiment to probe this smaller difference with an even

greater precision (see Section 8.2).
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Figure 8.1: Illustration of the compatibility of the values of ∆aµ from the WP [1] (blue) and from
the BMW lattice evaluation of aHVP

µ [56] (orange) with a range of BSM models. The grey band
represents models like supersymmetry with a large enhancement (5 < tan (β) < 50). From these
curves, it can be seen that the value of ∆aµ compatible with the lattice result generally pushes the
mass scale of new physics higher. BSM curves are adapted from [192] (in this reference they were
courtesy of D. Stöckinger).

The outcome of the theoretical questions detailed in Section 2.2 will hopefully be resolved in

the next few years. Once that is complete, the comparison between Muon g − 2 experiment and

theory will once again be able to act as a strong test of the standard model of particle physics.

2As mentioned in Section 2.3.4, new inputs from the MUonE experiment and τ decay measurements will become
available in the coming years, which may help to provide clarity in this area of the theoretical calculation.
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8.2 A Next Generation Muon g − 2 Experiment

The Run-4+ results from the Muon g − 2 Experiment at Fermilab will likely be the final word

on the anomalous magnetic moment of the muon for the next decade or more. The E34 J-PARC

experiment will provide an excellent, independent test of the measurement technique, but the

technique employed there is unlikely to be able to be competitive with storage ring results in the

near future. In the coming years, as exascale computational facilities become available, it is highly

probable that lattice-based calculations of aHVP
µ and aHLbL

µ with uncertainties at the < 50ppb

level can be achieved. Since these quantities are the main drivers of the theoretical uncertainty,

this would allow for a strong test of the standard model even considering the reduced difference

between aSM
µ and aexp

µ shown in Figures 2.10 and 8.1. Soon after the conclusion of the BNL E821

Muon g − 2 experiment, members of that collaboration came together to imagine what a next

generation g − 2 measurement would look like. The Fermilab E989 experiment was born in large

part from those discussions. Asking a similar question now is interesting as a thought experiment3.

It is useful to choose a (somewhat arbitrary) goal of a final uncertainty of 60ppb on R —

more than a factor of two improvement from the projected E989 final uncertainty4. Following the

argument in the E989 proposal documents, this can be divided this evenly into a statistical and

systematic portion, and the systematic portion divided further between ωa and ωp (as shown in

Table 8.2). Each of these are assumed to be totally uncorrelated.

Category Budget [ppb]
Statistical 42.4

Systematic ωa 30
ωp 30

Total 60

Table 8.2: Proposed statistical and systematic error budget for a next generation Muon g − 2
experiment.

3The values here are presented with the caveat that they represent only the speculations of the author. A survey
of 50 members of the collaboration would likely return 50 distinct ideas about how such a next generation experiment
could be performed.

4One could, of course, be more aggressive. This number is useful to set the scale of needed improvements,
but should not be taken as a limiting factor. From Figure 8.2b, the impact of either additional statistics being
accumulated or additional improvements in the systematics can be assessed. This can then be compared to the
tensions in Figure 8.3.
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The total systematic uncertainty for Runs 2 and 3 of the current experiment was 70ppb: 25ppb

from ωa systematics, 40ppb from ωa correction terms (C_, see Section 3.6.3), 46ppb from ω̃p, and

24ppb from ωp correction terms (B_, see Section 3.6.1). For a 60ppb measurement to be possible,

each of these contributions would need to be reduced by a factor of two or more. Table 8.3 shows

the largest contributions from each of the error tables for each of those contributions.

Systematic Uncertainty [ppb]

ωa
CBO Handling 21
Slow Effects 10

C_

Ce 32
Cp 10
Cpa 13
Cdd 17

ωp

Probe calibration 17.8
Motional trolley effects 18
Ring configuration changes 22
Temperature dependence 9−15
Field tracking 16−17

B_
Bq 19.5
Bk 13.3

Table 8.3: Largest (> 10ppb) individual contributions to the various categories of systematic
uncertainties in the Run-2/3 measurement. Values reproduced from tables in [17].

The easiest way to reduce the systematic uncertainty of the measurement — albeit at a heavy

statistical cost — is to restrict the diameter of the storage region. Many of the largest systematics

in the experiment couple to the width of the stored beam in some way:

• Ce and Cdd are both directly proportional to the spread of momenta in the storage ring.

Reducing the width of the storage region decreases this spread and directly reduces the

corresponding uncertainties.

• Cp is proportional to the average amplitude of the vertical oscillations of the beam. Decreasing

this amplitude similarly decreases the magnitude of the correction and its uncertainties.

• Cpa is driven by differences in acceptance between different muon decay locations. These

differences are greatest near the edges of the current storage region.

• The largest uncertainties in the ωa analysis are related to the CBO and other beam dynamics
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effects. Muons with large CBO/vertical oscillation amplitudes would not be compatible with

storage in this updated configuration, thereby reducing these systematics.

• Reducing the radius of the storage region while keeping the same size ESQ plates will reduce

the effects of any non-linearities in the E field. These non-linearities alter the effective field

index of the ring at large amplitudes and contribute to the decoherence of the CBO over time.

• Without any adjustments to the ring, the uniformity of the magnetic field over a smaller

storage region is more uniform. From this alone, the uncertainties in ω̃p can be reduced.

With a smaller storage region to focus on, improved passive shimming of the magnetic field

could also yield an average uniformity beyond what was achieved at E989.

Other systematics could be reduced with a next-generation upgrade to the associated hardware:

Optimized Kicker The ringing tail of the kicker pulse was responsible for large portions of Bk,

and can also influence the BD corrections through unintentional residual kicking of the stored

beam. A next generation design of the kicker electronics could aid in reducing these uncer-

tainties.

Optimized ESQ System Optimized placement of standoffs to reduce sparks and vibrations can

be employed in a new ESQ system. Investigations into different modes of ESQ pulsing

(different patterns, RF-Only scraping, etc.) can be undertaken to reduce the impact of Bq in

the next experiment.

Additional Fixed NMR Probes The position and layout of the fixed NMR probes (above/be-

low the ESQ plates, far from the muon storage region) results in a limited ability to track the

field in the muon storage region. These limitations can be addressed with additional fixed

NMR probes placed within the vacuum chamber of the storage ring. Such probes within

the vacuum chambers, or even within the ESQ boundaries5, arranged as to be sensitive to

higher-order multipoles would potentially reduce interpolation related uncertainties and could

reduce the frequency at which trolley runs are required.
5Pulsing the ESQ system with such obstacles in place would be a challenge and require (at the very least) a

vacuum pressure and order of magnitude lower than in the current generation experiment.
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Updated Trolley System A large contribution to the overall uncertainty on the magnetic field

extraction came from trolley system itself — motional effects, temperature variations, etc.

[17]. An updated trolley system would likely be required to accommodate the changes to the

storage region layout, and many of these systematics could be addressed in such an update.

Improved Proton Bunch Shaping Restricting the time width of the proton bunches (and thus

the muon bunches) can reduce the value of Cp−t0
dd . The E989 bunches were ≈ 120ns long

(almost one full cyclotron period of the ring). Cutting this width in half with improved

RF shaping in the recycler ring (or equivalent) would aid in all uncertainties related to the

non-uniformity of the kicker pulse over the length of the injected bunch.

Presuming that these improvements are possible, the accumulation of data can be considered.

The curve of number of measured positrons vs. the increase in statistical power is shown in

Figure 8.2a. From this it can be seen that such an experiment would be able to reach its statistical

goal after accumulating 5.5× the Fermilab statistics. The statistical ‘hit’ from the reduced beam

aperture compared to the current generation experiment would need to be compensated for in order

for this accumulation to happen in a reasonable time frame. This could be done in a number of

ways:

Earlier Fit Start Time Replacing traditional ESQ scraping (physically moving the beam cen-

troid) with RF scraping alone could yield a more stable beam earlier in the fill, allowing the

start time to be pushed back and more stored muons to be included in the fit range.

Improved Injection Efficiency The upgraded inflector magnet designed for this generation g−2

experiment could be employed in the next, allowing for lower scattering of the muon beam

and a ≈ 20% greater flux of muons injected into the storage ring.

Increased Fill Rate The fill structure of the g − 2 experiment (as seen in Figure 3.3c) is rather

inefficient. To accommodate other users of the Fermilab accelerator complex, the E989 Muon

g − 2 program takes only 4 out of 20 available batches of protons, resulting in 16 muon

bunches each 1.4 second booster cycle (≈ 11.4Hz). The maximum rate which is compatible

with the current operation of the experiment (roughly 1ms of muon fill combined with 1ms
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of recovery) is 500Hz. The E989 fill rate could therefore be increased significantly without

any impact to the systematics of the experiment, nor any significant changes to the E989

operational mode.

Increased Beam Flux An increase in the number of protons on target6, or an increase in the

efficiency of the conversion of protons into stored muons7 would be required for such a next

generation experiment to be able to accumulate statistics efficiently. The g − 2 calorimeters

were designed for pileup at double the rate at which they were operated. A slight increase in

instantaneous rate can easily be accommodated in a next-generation experiment.
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Figure 8.2: (a) Projected A-Method statistical precision, obtained by scaling the total number of
positrons collected by the E989 experiment. The goal of 42.4ppb uncertainty (indicated with the
blue dashed line) can be achieved with 5.5× the statistics of the Fermilab experiment. (b) Total
projected uncertainty for the experiment vs. the total number of positrons accumulated and the
total systematic uncertainty. The 42.4ppb budget is indicated in red. The white lines are contours
of the colored z-axis corresponding to the total uncertainty.

Over the course of Run-4 data taking (Dec. 4th of 2020 to June 27th of 2021), the E989 Muon

g − 2 experiment averaged a rate of ≈ 2100 physics-quality CTAGs acquired every second8. This

rate includes downtime from trolley runs, systematic studies, and the inherent ≈ 11.4Hz repetition

rate of muon fills from the Fermilab accelerator complex. Should the improvements above be able
6The E821 experiment at BNL utilized proton bunches which were a factor of 4 larger than the E989 experiment

(4× 1012 vs. 1× 1012).
7The E989 experiment yielded ≈ 300 CTAGs for each 1× 1012 protons on target.
8This can roughly be related to the weighted count of A-Weighted positrons by multiplying by a factor of ≈ 2.27.
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to yield a net factor of four increase in the number of stored muons every second, and assuming

≈ 65% average uptime over the course of a calendar year, a next generation experiment would be

able to accumulate equivalent statistics to the entire E989 experiment in a single year. After 6

years of running, such an experiment would achieve its statistical goal9.

As a final note, on the scale of such an improved measurement the 22ppb uncertainty coming

from mµ/me (needed for the conversion ofR to aµ, see Section 3.7) is significant. A new measurement

of muonium hyperfine splitting could reduce this uncertainty (the one currently used by CODATA

comes from 1999 [131, 193]).

With all of these factors in mind — each one of which requiring a great deal of dedicated design

work to achieve — a 60ppb measurement of aµ can plausibly be realized. Such an experiment

would allow for a strong test of the standard model, even considering the reduced scale of ∆aµ

suggested by the current lattice results (Figure 8.3). These basic ideas could be used to guide the

design of such an experiment should the discrepancy between aSM
µ and aexp

µ continue to puzzle the

next generation of theorists and experimentalists.

8.3 Final Thoughts

The final results of the Muon g − 2 Experiment are on track to be published by late 2025. By

that time, the upheaval in the SM prediction will hopefully have been resolved, allowing for a

comparison between the theoretical and measured value of aµ at the O(140ppb) level. Only time

will tell whether the story of the Muon g− 2 measurements will be that of a signal of BSM physics

or of the resurgence of the standard model. In either case, however, the experiment will stand as

a monumental achievement of precision measurement and of pushing forward our understanding of

the universe.

9Assuming no improvement in the efficiency of CTAG/p+ compared to E989, this would require ≈ 5.8 × 1020 p+

delivered on target per year. The number of available protons would likely be a limiting factor in any next generation
experiment.
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Figure 8.3: Illustration of the potential tension between a next generation g − 2 experiment and
future theoretical evaluations of aSM

µ , assuming the central values from the current BMW evaluation
of aHVP

µ [56] and the world average experimental value are unchanged. The vertical lines of 100ppb
and 50ppb lattice uncertainties assume equal contributions from aHLbL

µ and aHVP
µ .
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Muon g-2. E989 DocDB 23420, 2020. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/

ShowDocument?docid=23420.

[260] Josh LaBounty. Thinking Like a Physicist: How Subatomic Tops Teach Us To Embrace

Being Wrong. E989 DocDB 25343, 2021. URL https://gm2-docdb.fnal.gov/cgi-bin/

sso/ShowDocument?docid=25343.

[261] Josh LaBounty. Future Opportunities: PIONEER. E989 DocDB 27498, 2022. URL https:

//gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=27498.
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Appendix A

A Brief Tour of g − 2 Internal

Documents and Presentations

Prepared by the Author

Over the last several years, the author has contributed to a number of studies and improvements

throughout the experiment. Presented here is a short list of contributions, compiled upon a request

from a reader, along with references to the relevant internal documentation. Copies of these internal

documents are available to the reader upon request.

A.1 Software

A.1.1 DAQ Improvements

In the shutdown between Run-1 and Run-2, the author worked with others to implement and test

a novel island chopping technique that reduced the overall (chopped island) data rate from the

calorimeters by 25% (75%). The author also served as a DAQ on-call expert for Run-2/3.

[194] Josh LaBounty. DAQ High Rate Test Overview. E989 DocDB 13294, 2018. URL https:

//gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=13294

[195] Josh LaBounty. Average Crystal Occupancy for Islands in Calorimeter. E989 DocDB 13297,

267

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=13294
https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=13294


2018. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=13297

[196] Josh LaBounty. DAQ New Frontend Tests. E989 DocDB 13519, 2018. URL https://gm2-

docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=13519

[134] Josh LaBounty. DAQ Crystal Chopping Overview. E989 DocDB 13723, 2018. URL https:

//gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=13723

[197] Josh LaBounty. DAQ CT vs. TT Banks. E989 DocDB 14689, 2018. URL https://gm2-

docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=14689

[198] Josh LaBounty. CT vs. TT Banks in Run 2 Data. E989 DocDB 19030, 2019. URL https:

//gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=19030

A.1.2 Nearline

The author managed the nearline analysis chain from Run-2 through the end of the experiment.

This analysis chain was used by countless systematic studies which required O(hour) turnaround

time for their results. These included beam tuning studies, real-time data integrity verification,

and others.

[199] Josh LaBounty. Nearline Summary. E989 DocDB 16913, 2019. URL https://gm2-docdb.

fnal.gov/cgi-bin/sso/ShowDocument?docid=16913

[200] Josh LaBounty. First Look at the Nearline Run 2 Pre-Physics Data. E989 DocDB 16988,

2019. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=16988

[201] Josh LaBounty. Nearline Documentation. E989 DocDB 16180, 2019. URL https://gm2-

docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=16180

[202] Josh LaBounty. Online & Nearline Toolbox. E989 DocDB 26059, 2021. URL https://gm2-

docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=26059

A.1.3 Production Verification

For the Run-1 production, before the automated DQC checks were put into place and while the

reconstruction chain was still in a ‘beta’ phase, the author was responsible for manually checking

a production dataset after each software update. The same set of files would be processed through
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the updated software, and any unexpected changes would be noted and (if necessary) addressed in

a patch.

[203] Josh LaBounty. Calorimeter/T-method v9_05_00 Production Report. E989 DocDB 13891,

2018. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=13891

[204] Josh LaBounty. Calorimeter/T-method v9_07_00 Production Report + Odd Laser Events.

E989 DocDB 14130, 2018. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?

docid=14130

[205] Josh LaBounty. Calorimeter/T-method v9_08_00 Production Report. E989 DocDB 14307,

2018. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=14307

[206] Josh LaBounty. Calorimeter/T-method v9_10_00 Production Report. E989 DocDB 14779,

2018. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=14779

[207] Josh LaBounty. EndGame 5042A Calorimeter Production Verification. E989 DocDB 20733,

2019. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=20733

A.1.4 DQC

As detailed in Section 4.2.3.3, the author made contributions to setting up the DQC workflow for

Run-2+. This involved the development of new DQC monitors (art filters and an analyzer for their

outputs) for the production chain. The author also served as a calorimeter expert and would be

called in for a ‘consultation’ whenever problems were noted in an individual calorimeter during the

DQC process.

[208] Josh LaBounty. Fill-By-Fill DQC Monitor for Production. E989 DocDB 23149, 2020. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=23149

[209] Josh LaBounty. Subrun DQC: Run 2E, 2G, and 2H. E989 DocDB 23760, 2020. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=23760

[210] Josh LaBounty. DQC Skim Mysteries: Nearline vs. Offline CTAGs in Run 2C. E989 DocDB

25340, 2021. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=25340

[211] Josh LaBounty. Nearline CTAG Plot Problems and Resolution. E989 DocDB 25418, 2021.

URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=25418
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[212] Josh LaBounty. Run 3C: Subruns with 2 Calos Missing. E989 DocDB 25548, 2021. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=25548

A.1.5 Constants analysis and production conditions database

The author was responsible for computing (where applicable) the following constants and uploading

them to the conditions database:

• Recon West Calorimeter Timing and Energy calibration constants, by run [Run-3+]

• Calorimeter channel statuses, by subrun [Run-3+]

• Paths to template files to be used by the fitter, by run [Run-2+]

This built on work by J. Hempstead [91] and others.

[213] Josh LaBounty. Template Paths in the Database. E989 DocDB 25365, 2021. URL https:

//gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=25365

[214] Josh LaBounty. Channel Statuses at the Subrun Level. E989 DocDB 25396, 2021. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=25396

[215] Josh LaBounty. Run 2C Timing Alignment Constants. E989 DocDB 25437, 2021. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=25437

[216] Josh LaBounty. Run-6 Calorimeter Constants Status. E989 DocDB 27978, 2022. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=27978

[217] Josh LaBounty. Calo 7 in Run-6: Cutting out Xtal 26/35. E989 DocDB 28926, 2023. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=28926

A.1.6 Production Dataset Definition

The author, with significant input from H. Binney for the Run-2 process, was responsible for

preparing the dataset definitions used by the reconstruction for Run-2 through the end of the

experiment.

[218] Hannah Binney et al. Run 2 snapshot. E989 DocDB 20625, 2019. URL https://gm2-

docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=20625
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[219] Josh LaBounty. Run 3 Trend Plots and Preliminary Datasets. E989 DocDB 22276, 2020.

URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=22276

[220] Josh LaBounty. Proposal for Initial Run-4 Datasets. E989 DocDB 25393, 2021. URL https:

//gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=25393

A.1.7 Development of art Skim Files

The author aided in the preparation of the art skim files used by the Recon West groups, identifying

which dataproducts were crucial to the nominal ωa analysis and which were able to be dropped.

[221] Andy Edmonds et al. Skim File Data Products Spreadsheet. E989 DocDB 28499, 2023. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=28499

A.2 Hardware

The author was a detector operations manager from Run-2 to the end of the experiment. This

involved a significant amount of on-call support whenever the detector systems (with a special

focus on the calorimeters) were behaving abnormally. Most of the Run-4+ time was spent doing

this remotely, but from the summer before Run-1 to the end of Run-3 the author spent significant

time at Fermilab.

[222] Josh LaBounty. What’s Wrong with Calorimeter 2? E989 DocDB 12539, 2018. URL https:

//gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=12539

[223] Josh LaBounty. Calo Current Drift. E989 DocDB 26739, 2022. URL https://gm2-docdb.

fnal.gov/cgi-bin/sso/ShowDocument?docid=26739

A.3 Analysis

A.3.1 Novel Analysis Attempts

A number of attempts have been made to try and construct analyses which are more robust against

our various systematics. These involved novel fitting methods, additional fiducial cuts on the
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data, matching hits between the calorimeters and tracking detectors, and others. None of the

investigations here yielded ‘concrete’ gains, but they were interesting nonetheless.

[224] Josh LaBounty. Chi-Square Energy Spectrum Fits. E989 DocDB 23269, 2020. URL https:

//gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=23269

Josh LaBounty. Restricting the Calorimeter Fiducial Volume. UW Group Meeting, 2023.

A.3.2 Run-1 Reconstruction Comparison

The author was responsible for doing reconstruction method comparisons for the Run-1 analysis.

See Section 4.1.6.1 for more details.

[225] Josh LaBounty. Recon East vs. Recon West Comparison. E989 DocDB 15367, 2018. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=15367

[140] Josh LaBounty. Recon East vs. Recon West Comparison. E989 DocDB 16604, 2019. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=16604

[226] Josh LaBounty. Comparison of ’Raw’ 60h Histograms from Omega_a Analyzers. E989 DocDB

21189, 2020. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=21189

[227] Josh LaBounty. Recon East vs. Recon West for Final Run 1 Datasets. E989 DocDB 21341,

2020. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=21341

[228] Josh LaBounty. Allowed Statistical Variation Between Recon East and Recon West. E989

DocDB 21567, 2020. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=

21567

A.3.3 Systematic Studies

Before the Run-4+ data was available, the author spent most of their time with evaluations of

systematic effects. Many of these are detailed in the text, but additional citations are reproduced

here for convenience.
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A.3.3.1 Muon Losses

The author, and the UW group in general, spent a significant amount of time looking into the

behavior of the lost muons. These studies included both data driven looks into the behavior of

the lost muons — leading to the calculation of Cml for Run-1 — and simulation. Simulations were

crucial to determining that the loss spectrum measured by the calorimeters was not biased from

the true loss rate by acceptance effects. Details on the implications of these studies can be found

in Section 5.3.8.

[166] Josh LaBounty. Lost Muon Detection Efficiency vs. Collimator Hit Position in gm2ringsim.

E989 DocDB 22732, 2020. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?

docid=22732

[229] Josh LaBounty. The Trouble with Triples: Muon Losses in Runs 2 and 3. E989 DocDB 24303,

2020. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=24303

[230] Josh LaBounty. Initial Results from DR Scraper Study. E989 DocDB 25447, 2021. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=25447

[231] Hannah Binney et al. Lost Muon Systematic in Run 2+. E989 DocDB 25638, 2021. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=25638

[232] Josh LaBounty. Run-2 Lost Muon Bump: Run-6 Study Proposal. E989 DocDB 27826, 2022.

URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=27826

[233] Josh LaBounty. Update: Muon Loss Systematic in Runs-2/3. E989 DocDB 28376, 2023. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=28376

[122] Josh LaBounty. E989 Note 303: Muon Losses and Estimation of C_ml in Run-2/3. E989

DocDB 28451, 2023. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=

28451

[234] Josh LaBounty. Muon Losses and Cml in Run-2/3. E989 DocDB 28696, 2023. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=28696
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A.3.3.2 Protons and Deuterons

Particles which are not muons or positrons have the potential to introduce backgrounds into the

analysis if not properly accounted for. Great care was taken by the author to identify these particles

in the data — to the best of our knowledge, just protons and deuterons — and ensure they do not

couple to our extraction of ωa. More details can be found in the text (Section 6.2).

[235] Kim Siang Khaw et al. Launched particles in Run 2 data. E989 DocDB 17089, 2019. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=17089

[236] Josh LaBounty. Protons in Run 4A (And Beyond). E989 DocDB 27645, 2022. URL https:

//gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=27645

[237] Josh LaBounty. Muons, Protons, and Deuterons in Run-4/5. E989 DocDB 29283, 2023. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=29283

A.3.3.3 Phase-Momentum

The author spent a great deal of Run-6 attempting to understand the initial g − 2 phase vs. mo-

mentum relationship for Run-2+ conditions. Data driven analyses found a significant difference

from the evaluation in Run-1, and toy Monte Carlo studies as well as additional systematic mea-

surements were undertaken to explain these effects. Details and implications of this analysis can

be found in Section 6.1

[173] Josh LaBounty. Run-6 Momentum-Phase Measurements. E989 DocDB 28723, 2023. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=28723

[238] Josh LaBounty. Run-6 Phase-Momentum Study Update and A Simplified Wedge Model. E989

DocDB 28588, 2023. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=

28588

A.3.3.4 Phase-Acceptance and Calo Slopes

For the Run-1 evaluation of the phase-acceptance correction (Cpa), the author independently gen-

erated a set of acceptance maps from Monte Carlo data in order to provide a cross check of the

main analysis. The author also extracted the ȳ value for positions as seen by the calorimeters over
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the course of the fill, which was used as a cross check for the extrapolation of the correction around

the ring from the two tracker stations.

[239] Lars E Borchert et al. Calorimeter y Mean vs Time. E989 DocDB 22627, 2020. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=22627

[240] Josh LaBounty. y-RMS ADT Scan in EndGame and Run 2C. E989 DocDB 23034, 2020. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=23034

[241] Josh LaBounty. Comparing Clusters to Tracks: EndGame vs. Run-2C. E989 DocDB 22873,

2020. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=22873

[164] Josh LaBounty. Phase-Acceptance Maps: Calo Position Cuts. E989 DocDB 24730, 2021. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=24730

[242] Elia Bottalico et al. E989 Note 262: Phase Acceptance Correction Analysis Report. E989

DocDB 24796, 2021. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=

24796

[243] Anna Driutti et al. Calo y-Mean Comparisons with COSY/gm2ringsim. E989 DocDB 24886,

2021. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=24886

[244] Elia Bottalico et al. E989 Note 292: Phase Acceptance Note - Run-2/3. E989 DocDB 28030,

2023. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=28030

A.3.3.5 Laser Fills

As stated in Section 4.1.5.1, up to 9% of the data in a dataset is contaminated with laser pulses

from the in-fill gain calibration procedure. The author investigated whether those fills were able to

be used in the analysis, and developed a method of masking the data in the areas where the laser

had fired. More details can be found in Section 6.3.

[245] Josh LaBounty. Using Laser Fills in omega_a Analysis via Masking. E989 DocDB 25771,

2021. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=25771

[246] Josh LaBounty. Masking/Re-Weighting Laser Fills. E989 DocDB 25871, 2021. URL https:

//gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=25871
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A.3.3.6 Misc. Studies

Many other smaller studies were also undertaken by the author. Additional references to these are

here.

[247] Josh LaBounty. Run-6 Systematic Study Updates. E989 DocDB 28565, 2023. URL https:

//gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=28565
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[248] Josh LaBounty. Acceptance Maps - Potential for Data Driven Verification. E989 DocDB

29238, 2023. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=29238

A.3.4 Precession Frequency Analysis

The author played a supporting role in the Run-1/2/3 UW ωa analysis and a leading role in the

Run-4/5/6 analysis. The author was a convener for the Run-4/5/6 ‘kick-off’ workshop at the

Summer 2023 Liverpool Collaboration Meeting. Details of these contributions can be found in

Chapter 5.

[249] Esra Barlas Yucel et al. Run 2/3 Muon Precession Analysis Internal Review. E989 DocDB

28618, 2023. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=28618

[250] Josh LaBounty. Omega_a workshop - Run-4/5/6 random thoughts. E989 DocDB 28731,
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[252] Josh LaBounty. A Quick Look at Some Run-4/5/6 Puzzles: Run-4 Residual Gain and Run-5

CBO Amplitude/Frequency. E989 DocDB 29044, 2023. URL https://gm2-docdb.fnal.gov/cgi-

bin/sso/ShowDocument?docid=29044

[253] Josh LaBounty. Sensitivity of the UW Analysis to the Vertical Terms. E989 DocDB 29106,
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[170] Josh LaBounty. Omega_a workshop systematic discussion: Residual Gain Correction. E989
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[255] Josh LaBounty. Changing CBO Frequency in Run-4/5. E989 DocDB 29280, 2023. URL

https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=29280

A.4 Misc.

A.4.1 Undergraduate Talks

The author has spent a good deal of time mentoring undergraduate researchers who were doing

research in the UW g− 2 group. The author developed a standard set of ‘onboarding’ resources to

help get started, which were then used by others in the collaboration.

[256] Josh LaBounty. Introduction to ROOT and g-2 computing for Undergraduates. E989 DocDB

23073, 2020. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=23073

[257] Josh LaBounty. Introduction to g-2 Calorimeter Reconstruction Chain for Undergraduates.

E989 DocDB 23239, 2020. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?

docid=23239

[258] Josh LaBounty. g-2 Undergraduate Questions. E989 DocDB 23381, 2020. URL https://gm2-

docdb.fnal.gov/cgi-bin/sso/ShowDocument?docid=23381

A.4.2 Public Research Talks

[259] Josh LaBounty. Standing on The Shoulders of Giants: Past, Present, and Future of Muon g-

2. E989 DocDB 23420, 2020. URL https://gm2-docdb.fnal.gov/cgi-bin/sso/ShowDocument?
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Josh LaBounty. Muon g − 2 In 10 Minutes. In: oSTEM 2019.

Josh LaBounty. An Updated Measurement of Muon g − 2 to 0.2 ppm. 2023. URL https:
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A.4.3 Outreach
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