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The Atlantic inflow of warm saline waters that flow into the Nordic Seas is strongly steered

by the Greenland-Scotland Ridge (GSR). Such flow is associated with the lateral exchange

of watermasses between the North Atlantic and the Arctic Mediterranean and is part of the

large scale overturning circulation of the ocean. This thesis examines, through the use of

idealized, process-based modelling, aspects of the topographically locked Atlantic inflow that

flows across the Iceland-Faroe Ridge, the widest and shallowest gap of the GSR.

The effects of bottom topography on the instability, eddy-driven heat flux and overturning

of a topographically locked top to bottom front is examined in Chapter 2. Central to this

study is that the surface expression of the front presents lateral shear within the mixed layer,

typical of wintertime conditions. We find the initial growth of surface mixed layer eddies is

insensitive to topographic variations but during the finite amplitude phase of mixed layer

instability, we find faster development of mesoscale eddies and stronger cross-front eddy heat

flux in the cases where the frontal jet experiences the most destabilizing bottom topography of

the three cases tested, with values comparable to the heat flux associated with the mean flow.

Therefore, eddy dynamics over the IFR frontal region are important contributors to the heat

exchanges between the North Atlantic and Nordic Seas, with bottom the topography playing

a key role in determining the largest heat fluxes, whether the initial growth is dominated by



mixed layer eddies, or mesoscale eddies.

Chapter 3 examines the leading order balance that determine the transport pathways

associated with throughflows across a symmetric, large amplitude ridge. The equilibrated

circulation across the ridge is characterized by an anticyclonic boundary current associated

with northward upslope transport and a cyclonic boundary current associated with north-

ward downslope transport, with a strong near bottom stratification associated with the

anticyclonic boundary current and low stratification associated with the cyclonic boundary

current. Such along-stream stratification implies a nearly the northward upslope transport

experiences little resistance by the ridge, and a cyclonic boundary current that requires a

stronger inertial recirculation to promote downslope northward transport. The observed

difference in baroclinic behavior across the ridge crest may explain the preferred cyclonic

circulation and strong along-slope topographic steering experienced by Atlantic waters as

they flow north of the Greenland Scotland Ridge.

Chapter 4 examines the baroclinic structure of throughflows across a finite amplitude

ridge. We find that bottom Ekman dynamics localized to lateral boundary currents restratify

the bottom boundary layer, resulting is strongly stratified front (thus a high PV anomaly)

along the anticyclonic boundary current, and a low stratified (vanishingly low PV) mixed

layer front localized to the cyclonic boundary current. These PV anomalies are advected

by both the mean flow and eddies that result from baroclinic instability of the mean flow,

resulting in a spatial distribution where high PV is concentrated along the ridge, and low

PV is advected into the interior, mid depth ocean downstream from the ridge. Using a

framework of volume integrated PV conservation which incorporates the net fluxes associated

with bottom topography we conform this approximate integral balance between the injection

of low PV from the bottom boundary layer downstream from the ridge and net advective

across the ridge. Implications of these findings for understanding the interplay between large

scale and bottom boundary dynamics are discussed.
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Chapter 1

INTRODUCTION

Large scale differential solar heating on the surface of the Earth sets up a large scale over-

turning circulation of the Earth’s atmosphere and oceans. Due to continental boundaries

and rotational effects on the ocean at planetary scales (L ∼ O(1000)km), deep convec-

tion and watermass transformation in the oceans takes place only at a handful of locations

where the upper ocean stratification is preconditioned for deep convection as it experiences

atmospheric (wintertime) surface cooling (e.g. a layer of salty warm water above a layer

of relatively fresher colder water). Given the small aspect ratio of the ocean at planetary

scales H/L � 1 where H ≈ 6km, planetary scale convection is characterized by localized

downwelling that sets up a broad, planetary scale (nearly) horizontal flow. The Nordic

seas, one of a handful of locations where deep convection occurs, represents a unique site

given that the Greenland-Scotland Ridge (GSR), a large-scale large amplitude topography,

greatly constrains the lateral exchange of watermasses between subpolar North Atlantic and

the nordic basins (Fig.1.1). There, a local modification of horizontal flows by mesoscale

(L ∼ O(10 − 100)km) or submesoscale (L ∼ O(1 − 10)km) processes, as Atlantic waters

navigate across the shallow waters of the GSR, can exert a control on the patterns of deep

convection and watermass transformation.

This thesis addresses the question of how a throughflow, the flow that connects ocean

conditions across a sill or a strait, can be locally modified as it navigates large amplitude

topography, through the use of idealized, process-based models that represent distinct fea-

tures of the flow of Atlantic waters across the Iceland-Faroe Ridge (IFR), the widest and

shallower gap of the GSR.



2

Figure 1.1: Surface potential temperature (warm is red) at a depth 250m below the sur-
face. White arrows show the pattern of circulation of the Atlantic inflow into the Arctic
Mediterranean by the two main branches: The Faroe branch and the Shetland branch. The
500m isobath is represented by dashed black contours. The upper 2000m isobaths are shown
every 200m the upper 1000m, and then at every 500m. Also shown are the convective sites
(interior ocean basins) where Atlantic water is transformed by destabilizing surface forcing.
Data used from POPv2, a global ocean model with horizontal resolution of 0.10◦Lat and
monthly output [Small et al., 2014]

This thesis considers two different idealized models. First, an initial value problem of a

top-to bottom temperature front that resembles recent observations of the temperature dis-

tribution of temperature and zonal (along-slope) velocity [Beaird et al., 2016]. The Atlantic

inflow is modeled as a zonally symmetric (re-entrant) baroclinic current, and the merid-

ional exchange is through surface intensified baroclinic eddies and bottom Ekman transport.

The second approach is that of channel model where the Atlantic inflow across the IFR

is represented by a source-sink driven throughflow across a symmetric ridge that intersect
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topography. The objective is to analyze the along-stream modification of the equilibrated,

continuously stratified flows across large amplitude topography, which leads to a change

in character of the baroclinicity of the current and has the potential to exert a control

downstream, given that the flow must balance large scale constraints associated with the

conservation of mass, energy, momentum and potential vorticity.

In the second approach, the throughflow represents the topographically steered compo-

nent of the Atlantic inflow that flows across the IFR. While lacking the sub-surface frontal ex-

pression of the Iceland-Faroe Front, maintained by a combination of the topographic steeering

of the Atlantic inflow and the confluence of Atlantic waters with the East Icelandic Current,

the equilibrated throughflow is able to reproduce basic features for the Atlantic inflow as it

navigates the IFR: A standing anticyclonic meander atop the ridge crest that results in up-

welling of cold deep overflow waters from south of the ridge crest [Prater and Rossby, 2005],

and, lastly, that the Atlantic inflow downstream from the ridge becomes greatly topograph-

ically steered, an apparent change on the baroclinic structure of the flow after navigating

across the GSR.

1.1 Atlantic Water through the Greenland-Scotland Ridge

The Atlantic inflow carries roughly 8.5 Sv (1Sv=106m3s−1) of warm and saltier waters into

the Nordic Seas, corresponding to about 90% of the total volume flux into the region [Dickson

et al., 2008, Rossby and Flagg, 2012], while the rest is supplied by freshwater flux from runoff

and precipitation at a rate of 0.2 Sv [Aagaard and Carmack, 1989], and 0.8 Sv through the

Bering Strait [Coachman and Aagaard, 1988, Roach et al., 1995], leading to an estimated

import of 310 TW (1 TW=1012 W ) of heat (relative to 0◦C)[Hansen et al., 2008, Rhines

et al., 2008]. The GSR reaches above the surface at Iceland and again at the Faroe Islands,

splitting the Ridge into three gaps: The Denmark Strait, with a maximum depth of 620m,

the Iceland-Faroe Ridge (IFR) with a depth around 400-500m and lastly, the Faroe-Shetland

Channel (east of the Faroe Islands) with a maximum depth of 840m at the Faroe Bank

Channel (Figure 2). As a result, the inflow bifurcates into three branches: The Icelandic
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branch, that crosses the GRS to the west of Iceland, the Faroe branch that flows through the

IFR, and lastly the Shetland Branch that flows through the Faroe-Shetland Channel (Fig.

1.1). From all the Atlantic inflow branches into the Nordic Seas, for which estimates indicate

it supplies no less that 50% of its waters directly to overflow water formation ([Hansen et al.,

2008] estimates up to 71%), the Atlantic inflow flowing through the IFR is considered to be

the greatest contributor of Atlantic waters that leads directly to the formation of overflow

waters [Hansen et al., 2008], and responsible for the greatest net heat flux into the Nordic

Seas [Rossby and Flagg, 2012].

The Atlantic inflow crosses the IFR generally as a broad flow along its entire length

(∼ 300km), and through almost all of the depth of the water column [Jakobsen et al., 2003,

Rossby et al., 2009, Hansen et al., 2010] (Figure 3). The warm Atlantic water adopts an

anticyclonic meandering pathway feeding the Faroe Current, which is a response to the steep

topography, both from vortex squashing as it encounters the ridge, and in feeding the cy-

clonic boundary current system of the Nordic Seas [Beaird et al., 2016]. There are, however,

two main dominant pathways for Atlantic water to cross the IFR: A pathway close to Iceland

and a broader fast track pathway, possibly stronger, that lies closer to the Faroe Shelf and

most likely associated to a cyclonic Faroe-shelf circulation [Maskell et al., 1992, Rossby and

Flagg, 2012]. The branch closer to Iceland feeds the topographically locked, top to bottom

Iceland-Faroe Front (IFF) that modulates the exchange between Nordic and Atlantic wa-

ters, concentrating much of the inflow along a narrow region O ∼ (100)km [Allen et al.,

1994, Maskell et al., 1992, Beaird et al., 2013]. Thus, frontal processes such as eddy stirring,

as well as surface forcing that can lead to dissipation and watermass transformation, can

lead to a local modification of the density structure. The eventual fate of the waters above

the IFR is northwards, given the strongly barotropic Atlantic inflow. But changes of the

stratification, dissipation, as well as the presence of eddy variability can lead to a modifica-

tion and preconditioning of the downstream behavior on the Nordic Seas [Beaird et al., 2016].
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1.2 Seasonality of the Stability of the Iceland-Faroe Front

Away from the influence by coastal shelfbreaks, the Atlantic inflow is nearly parallel to

f/H contours, and has a vertical density frontal structure that outcrops to the north of the

ridge crest, and extends to the south of the IFR crest, where the isopycnals run parallel to

the sloping topography. During winter, recent observations show an additional watermass

that results from freshwater intrusions associated with mixed layer water from the Nordic

Sea side of the front. These anomalies extend across the IFR crest, likely the result of the

combined action of the convective homogenization of the front that deepens the mixed layer,

and subduction by baroclinic instability [Beaird et al., 2016]. Thus, there are two possible

mechanisms that promote eddy-driven exchange across the IFF. The first is owing to classic

mesoscale baroclinic instability (L ∼ O(10 − 100)km) whenever mixed layers are shallow,

typical of summer conditions. The second when baroclinic instability within the mixed layer

is at work, when sufficiently deep mixed layers also have strong horizontal density gradients.

The evolution of baroclinic instability associated with quasigeostrophic flows, describes

mesoscale flows with typical lengthscales L ∼ (10 − 100)km that grow at typical advective

timescales t ∼ O(L/U)[Pedlosky, 2013a], and where bottom sloping topography can modify

the instability depending on the ratio between (frontal) isopycnal slopes to topographic

slopes. Given the frontal structure of the IFF with respect to sloping bottom, the sloping

IFR south of the ridge provides a stabillizing effects on the near bottom flow, while the

north side of the IFR has a frontal structure that is always unstable to mesoscale baroclinilc

instability.

At the submesoscales, characterized by length scales L ∼ O(1 − 10)km the timescale of

the instability is t ∼ O(f−1), and the instability departs greatly from the mesocale case,

being confined within a mixed layer front with vanishingly small vertical stratification and

a lateral density gradient that is in thermal wind balance, such that N2
ML
∼ S4

ML
/f 2, or in

terms of non-dimensional parameters
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Ri
ML

=
N2
ML
f 2

S4
ML

∼ O(1) (1.1)

where N2
ML

= gαTz and S2
ML

= −gαTy represent the vertical and lateral stratification

within the mixed layer.

In chapter 2 we investigating different frontal configurations that incorporate both mesoscale

and mixed layer frontal instabilities, in which the frontal isopycnal of the IFF, experiences

different stabilizing effects by the sloping bottom topography. While we observe that in the

linear development, mixed layer eddies do dominate the eddy growth and are insensitive to

bottom topography slopes, during nonlinear eddy growth, eddies associated with the most

unstable topographic slopes promote stronger meridional heat fluxes within an advective

timescale typical of a watermass navigating the extent of the IFR.

1.3 Throughflows Across Large Amplitude Topography

Throughflows are usually represented by narrow channels with uniform potential vorticity,

such that Kelvin wave dynamics determine the pressure field [Gill, 1976, Pratt, 1983, 1984,

Whitehead, 1995], thus neglecting Rossby wave dynamics that can significantly change the

pressure field and flow pattern beyond that determined by Kelvin waves [Hermann et al.,

1989].

Under a wide channel geometry where the cross-sectional width of the channel is much

greater than the deformation radius, an equilibrated flow in the f-plane that forced by up-

stream and downstream lateral inflow/outflow conditions, will reflect the influence of topo-

graphic Rossby waves given the absence of β-plane dynamics and surface wind stress. Under

such assumptions, the throughflow will be characterized by a bottom intensified anticyclonic

boundary current upstream of the ridge crest where topography slopes upward, and a bottom

intensified cyclonic boundary current downstream from the ridge crest, where topography

slopes downward. Boundary currents provide a required torque (recirculation) that promote

flow up the slope.
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The leading order scale analysis associated with mean transport across a slope, derived

in chapter 3, is

Qf

H
∼ A

H
U

L
(1.2)

where Q is the cross slope transport, H depth, f uniform Coriolis parameter, A
H

repre-

sents dissipation by a boundary current and U/L the cross-stream relative vorticity. Thus,

(1.2) implies that a reduction of H (shallow water) while keeping the transport constant,

implies an increase in the relative vorticity Ro = U/L of the mean flow, with A
H

fixed.

If the relative vorticity is fixed instead, then dissipation of momentum must increase, by a

thicknenning of a boundary layer. The mean flow can then become unstable to hydrody-

namic instabilities even for relatively small Ro values. In the limit Ro ∼ O(1) dynamics

within the bottom boundary layer have the potential to induce rapid re(de)-stratification

of the interior flow outside the bottom boundary layer [MacCready, 1994, Benthuysen and

Thomas, 2012] and thus exert a control on the mean circulation, given that the throughflow

must still conserve global constrains on mass, momentum and circulation.

In chapter 3 we look at the localized modification of the troughflow by bottom Ekman

transport that result in asymmetry on the torque across the ridge crest, an asymmetry on

the horizontal (barotropic) behavior of the circulation across ridge topography.

Chapter 4 examines the vertical structure (i.e. the potential vorticity of the flow) of the

throughflow across the ridge, and the modification of the vertical structure (pv) of the flow

downstream due to the asymmetries on the stratification associated with boundary currents

and bottom Ekman dynamics.
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Chapter 2

IDEALIZED STUDY ON THE EFFECT OF BOTTOM
TOPOGRAPHY ON THE SEASONALITY OF THE
STABILITY OF THE ICELAND-FAROE FRONT

2.1 Introduction

The Greenland-Scotland Ridge mediates the exchange of water between the warm and salty

subpolar North Atlantic and the cold and relatively fresh Nordic Seas. About half of the

total Atlantic inflow into the Nordic Seas takes place between Iceland and the Færæ Islands

[Hansen et al., 2008], where it flows mostly along topographic contours and is associated

with the surface to bottom Iceland-Færæ Front (IFF) [Hansen and Meincke, 1979]. The

front outcrops to the north of the Iceland-Færæ Ridge (IFR) crest, the Nordic flank, and

provides a pathway for warm and salty Atlantic water to flow along the ridge (Fig.2.1). This

water then feeds the Færæ Current, a major branch of the Atlantic inflow that contributes

to preconditioning the Nordic Seas for deep convection and the formation of deep overflows,

the deepest branch of the Atlantic Meridional Overturning Circulation Quadfasel and Käse

[2013]. The front extends to the south of the IFR crest, the Atlantic flank, where the frontal

isopycnals approach the bottom running parallel to the sloping topography. There, the

gently sloping isopycnals are maintained by the along-slope gravity current originated from

the deep overflow from the Faroe-Bank Channel overflow and fed by intermittent cross-IFR

overflow [Beaird et al., 2013].

On the Nordic flank of the IFR, away from the Icelandic and Færæ shelves, the mean

location of the Iceland-Færæ Front (IFF) is largely constrained by the convergence of the

North Atlantic Current with the East Icelandic Current, and by the strong topographic

steering, despite the presence of strong eddy variability [Hansen and Meincke, 1979, Fox and
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Figure 2.1: Potential temperature at a depth of 200m from a muti-year, global ocean simu-
lation with 0.10◦ horizontal resolution [Small et al., 2014]. White arrows represents surface
(Atlantic water) pathways of the mean flow into the Nordic Seas across the IFR. The mostly
along-ridge isotherms promote an along-ridge geostrophic flow into the Nordic Seas. Dark
contours represents topographic contours every 100m until 1000m, and then every 500m
until a depth of 2500 m. W, C and E represent the location of across-ridge sections, each
displayed at the bottom of the figure.

Maskell, 1996]. The IFF strongly meanders, shedding both cold and warm core eddies that

are associated with the nonlinear stages of baroclinic instability [Allen et al., 1994, Miller

et al., 1995]. The IFF is composed largely of two watermasses during summertime, when the

majority of the historical observational sampling have taken place [Rossby and Flagg, 2012]:

The warm and salty Atlantic water lies atop the front with the colder and relatively fresher

Nordic sea water lying underneath. During winter, recent observations show an additional

watermass that results from freshwater intrusions associated with mixed layer water from

the Nordic Sea side of the front. These anomalies extend across the IFR crest, likely the

result of the combined action of the convective homogenization of the front that deepens
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the mixed layer, and subduction by baroclinic instability [Beaird et al., 2016]. Thus, there

are two possible mechanisms that promote eddy-driven exchange across the IFF. The first is

owing to classic mesoscale baroclinic instability whenever mixed layers are shallow, typical

of summer conditions. The second when baroclinic instability within the mixed layer is at

work, when sufficiently deep mixed layers also have strong horizontal density gradients.

Theoretical arguments suggest that when present, MLEs dominate the initial growth and

thus the later nonlinear stages as well [Callies et al., 2016]. However, the behavior of MLEs

in the presence of destabilizing bottom topography, both in the linear and nonlinear phases

of MLE instability is unclear. This is important for the topographically locked IFF in which

along-front variations of topography, the front slopes steeper towards Iceland than it does

towards the Faroes [Maskell et al., 1992], may determine localized regions where destabilizing

effects on mesoscale instability are greatly enhanced and as a result, can determine complex

pathways for eddy-driven exchange and spread of watermasses across the frontal region.

In this study we examine the evolution of the instability of an idealized representation

of the Iceland-Færæ Front that reproduces the basic observed features of the region with

different representations of the surface front in summer and winter. We build on previous

studies of baroclinic instability of ocean fronts in the presence of bottom topography by

including a mixed layer front in the presence of variable topography, barotropic shear, and

a continuous cross-ridge frontal structure. The paper is organized as follows: first we intro-

duce the theoretical framework used within our study, namely classical results from linear

baroclinic instability such as ageostrophic and topographic effects in the growth of unstable

wave modes. Then we provide a description of the model and describe the two sets of exper-

iments that focus on the seasonality of the stability. We examine topographic effects on the

initial growth of the instability associated with each experiment and identify the dominant

mechanism of the instability. We then examine the resulting eddy-driven overturning for

two contrasting initial configurations of the front, and finally we discuss the implications for

seasonality of eddy-driven exchange across the Iceland-Færæ Front.
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2.2 Theoretical Framework

The classical theory that describes the evolution of baroclinic instability is that of quasi-

geostrophic flows, which describes mesoscale flows with typical lengthscales L ∼ (10−100)km

that grow at typical advective timescales t ∼ O(L/U) [Pedlosky, 2013a]. Baroclinic instablity

extracts available potential energy from the mean flow by relaxing the otherwise (upward)

tilting isopycnals of a background state in thermal wind balance. In recent years, signif-

icant developments have taken place that incorporate non-quasigeostrophic effects on the

instability process, which we present a short outline below.

We begin with a description on the effects bottom topography has on the mesoscale

baroclinic instablity. In both the canonical Eady and (bottom) Charney models [Vallis, 2017],

sloping bottom topography can modify the instability when the depth scale of influence of

the unstable modes is large enough so that Rossby waves are able to mutually reinforce in

the first place [Lozier and Reed, 2005, Pedlosky, 2013b]. For the Eady model, Blumsack and

Gierasch [1972] derived the growth rates for unstable modes that incorporates the effects

of (linearly) sloping bottom topography and found that, given γ = −hy
ρy/ρz

, the ratio between

topographic slopes and (mean) isopycnal slopes, γ ≥ 1 stabilizes the system to baroclinic

instability. Sloping topography with a negative slope parameter γ < 0 (tilting in opposite

direction to the isopycnal tilt), on the other hand, always promotes a destabilizing effect (Fig.

2.2). Furthermore, bottom topography destabilizes a flow (compared to the flat bottom case)

when 0 < γ < 1, i.e. isopycnals slope in the same direction as bottom topography. This

situation resembles that of the Atlantic side of the IFR (south of the crest), although this

region is characterized by having slope ratio γ ≈ 1 [Beaird et al., 2013]. The range γ < 0 is

more stable (compared to the flat bottom case) and resembles that of coastal upwelling shelf

break fronts, and the outcropping front north of the IFR crest [Flagg and Beardsley, 1978,

Barth, 1989, Maskell et al., 1992, Lozier and Reed, 2005, Isachsen, 2011, Beaird et al., 2013,

2016].

Concerned about the limiting quasigeostrophic scalings, Boss et al. [1996] studied the
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Figure 2.2: Theoretical growth rate for Eady model as a function of topographic parameter
γ. γ > 0 represents the case where bottom topography slopes similarly as isopycnals, and
γ < 0 when topography slopes in opposite direction as isopycnals. From Hetland [2017].

stability of outcropping density fronts using the formalism of potential vorticity fronts in

two layers, allowing to cast the instability growth rate as a function of the ratio of layer

stratification. They calculates growth rate of baroclinic instability for any two-layer, shallow-

water model with a jet of finite horizontal extent and found that the layer thickness ratio

greatly affects the most unstable modes it gets reduced by changes in layer thickness with

respect to the total bottom depth. In addition, they also found evidence of a surface trapped

ageostrophic baroclinic instability that results from a resonant interaction between surface

gravity wave and a Rossby wave, but found that quasigeostrohic results, within their study,

was robust and that the outcroping of layer PV fronts was consistent with the quasigeotrophic

interpretation of PV delta sheets.

In recent years, there has been a shift of attention towards the submesoscales, character-
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ized by length scales L ∼ O(1− 10)km and timescales t ∼ O(f−1), motivated by wintertime

mixed layers fronts that become unstable to baroclinic instability [Boccaletti et al., 2007].

This regime greatly departs from the QG by the vanishingly small vertical stratification

and a lateral density gradient in thermal wind balance, such that N2
ML
∼ S4

ML
/f 2, or in

terms of non-dimensional parameters Ri
ML

= N2
ML
f 2/S4

ML
∼ O(1), where N2

ML
= gαTz and

S2
ML

= −gαTy represent the vertical and lateral stratification (QG requires Ri¿¿1). Such

conditions arise from the gravitational adjustment of a lateral density gradient within the

mixed layer, promoted from either (or both) a laterally inhomogeneous, destabilizing surface

forcing [Tandon and Garrett, 1994, 1995], or a homogeneous surface forcing in the presence

of a preexistent lateral temperature gradient, e.g. a large-scale surface front.

Surface mixed layer fronts usually rest atop a tilting pycnocline (e.g. the sloping IFF),

that acts as a lower boundary with similar destabilizing effect on the instability as sloping

topography at the mesoscales [Boccaletti et al., 2007]. Nonetheless, the growth rates and

lengthscales of the most unstable modes are largely determined by the mixed layer Richardson

and Burger numbers Bu
ML

= (Rd
ML
/L

ML
)2 << 1 [Stone, 1966, Eldevik and Dysthe, 2002],

given respectively by

σ = f

(
5/54

1 +Ri+Ri ·Bu

)1/2

(2.1)

with the most unstable lengthscale given by

λ = φ0Rd

(
1 +

1

Ri
+
Bu

2

)1/2

(2.2)

with φ0 = 4π/
√

10. Most recently, it has been shown that bottom topography can

suppress bottom mixed layer baroclinic instability, in particular when the width of the plume

isnarrow compared the deformation radius [Hetland, 2017], and further pushing towards non-

QG effects, weakly stratified bottom boundary layers can support mixed layer baroclinic

instability, which can lead to enhanced cross-slope transport through the boundary layer

[Wenegrat et al., 2018].
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2.3 Model Configuration

We use the Regional Ocean Modeling System (ROMS) [Shchepetkin and McWilliams, 2005]

that solves the primitive equations using a terrain-following sigma coordinate. The vertical

coordinate stretching results from the presence of a topographic ridge h = h(y) such that the

maximum depth is 1000 m away from topography and the minimum is 500 m at the crest of

the ridge (see Appendix A for analytical configuration). This promotes a vertical resolution

∆z that varies between 2 m and 15 m atop the ridge, with the higher resolution near the

top and bottom boundaries. The channel domain has horizontal dimensions of Lx = 250 km

in the zonal (x, or equivalently along ridge) direction, and by Ly = 600 km in the meridional

(y, or equivalently cross ridge) direction. The horizontal resolution is ∆x ≈ ∆y ≈ 1 km.

We use a horizontal (harmonic) viscous dissipation on both temperature (κh = 15 m2s) and

momentum (νh = 25 m2s), and vertical diffusitivites vv = 3× 10−3m2s and κv = 10−5m2s.

Throughout all the experiments we use the f-plane approximation with f = 1.25×10−4s−1

and use the linear equation of state with density given by ρ = ρ0 (1− gα(T (x, y, z, t)− T0)),

where T is the temperature and T0 a reference (constant) value, g = 9.81ms−2 is gravity and

α = 1.7×10
−4 ◦K

−1

is the coefficient for thermal expansion. All the simulations are unforced

in order to focus on the initial development of baroclinic instabilities and their effect on the

mean flow.

The initial conditions are characterized by a zonal jet in thermal wind balance with a

temperature front T (y, z) (see Appendix for analytical configuration). The temperature front

is characterized by the presence of a top to bottom outcropping thermocline θ(y, z), defined

as the temperature range where the magnitude of the temperature gradient is maximum

at each point (y, z). For all simulations, the initialization is done in two steps. First, the

initial configuration of a flow in thermal wind balance u = u(y, z) is spun-up for a period

of 30 days in order to develop an Ekman flow due to the model’s no-slip bottom boundary

condition. Secondly, we take the time-average of the horizontal velocities and temperature

over the second half of the spun-up period, and we add to the temperature unbalanced small
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amplitude (spatially) random perturbations with amplitude Tp = ±0.2◦C.

We perform two sets of simulations each consisting of 3 experiments. In the first set,

with experiments denoted as {A,B,C}, we focus on the instability of the jet in thermal

wind balance with a large scale temperature front described in the previous paragraph (Fig.

2.3). In this configuration, eddies that grow from the instability of the jet can adiabatically

flux heat across the front, a direct eddy-driven exchange between the cold Nordic waters

and the warm North Atlantic. The main difference between the three experiments is that

the initial jet in thermal wind balance with the temperature front is progressively shifted

towards deeper waters, i.e. we vary the position of the jet along the topographic slope. The

slope of the frontal thermocline z
θ

remains fixed, but the different topographic slope below

the jet results in different slope parameter, i.e. γ
NO

becomes less negative from C to B,

and again from B to A (see Table2.1) 1. The differing values of γ
NO

represent the observed

change in tilt of the IFF from more negative values near Iceland where IFF slopes steeper,

to less negative values near the Færæ Islands where the front slopes more gently.

The surface jet represents the component of the Færæ branch that is fed by the Iceland-

Færæ Front, with transport given by Q
FB

=
∫ ∫

A
NO

u(y, z)dA
NO

(the area A
NO

represents

the cross sectional area bounded meridionally by the contours where the surface jet is at

least 10% of its maximum, and depths shallower than z = zθ). QFB
is nearly constant for

all the experiments (see Table 2.1).

The second set of simulations, denoted by {A
ML
, B

ML
, C

ML
} (Fig. 2.3), represents a

variation of the above initial conditions where the warm upper frontal layer (with T ≥ θ)

has vertical shear and lateral stratification typical of mixed layer fronts. To introduce a

mixed layer front that exists on the warm side of the outcropping polar front, we add a

lateral temperature gradient, on depths shallower that z
θ
, to the temperature distribution

in experiments {A,B,C}. Analytically the frontal structure is given by

1The subscript NO indicates that γ is averaged over a region where the near-bottom velocity is at least
75% of its maximum value, on the Nordic flank of the ridge
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Figure 2.3: Initial distribution of zonal velocity (red and blue contours) and temperature
(black contours) for experiments with no mixed layer front {A,B,C}, and those with mixed
layer front {A

ML
, B

ML
, C

ML
}. The (outcroping) thermocline θ for each experiment is shown

as a thick colored contour, and its spatial range and location with respect to the bottom
topography is identical in experiments A and A

ML
(θ

A
, gold contour), in B and B

ML
(θ

B
,

green contour) and in experiments C and C
ML

(θ
C

, purple contour). Temperature contours
are plotted every 0.5◦C, and the black arrows represent the cross-ridge frictional bottom
transport V

EK
.

T (y, z)
ML

= T (y, z)−∆T
ML

tanh

(
y − y

ML

L
ML

)
H(z − z

θ
) (2.3)

where T (y, z) is the temperature distribution that defines the experiments {A,B,C}.

∆Tml represents half the temperature jump associated with the lateral temperature gradient

that results in the mixed layer front before gravitational adjustment. yml, Lml represent a

centering parameter for the mixed layer front and the deformation scale of the mixed layer

front, respectively. H(z − z
θ
) represents the Heaviside function applied at a varying depth
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level z
θ
. The frontal temperature distribution, as given by (2.3), represents an outropping

polar front with a lateral temperature gradient and vanishing vertical stratification above

and near the outcropping thermocline that results from convective homogenization of the

upper mixed layer, thus representing winter conditions.

The important parameters that control the structure of the mixed layer front in exper-

iments {A
ML
, B

ML
, C

ML
} are the mixed layer Richardson number Ri

ML
∼ O(1), the mixed

layer deformation radius Rd
ML

= N
ML
H
ML
/f , with H

ML
being the depth of the mixed layer,

and the mixed layer Burger number Bu
ML

<< 1 (see Table 2.2). The (theoretical) growth

rate and wavelength for the most unstable wave, given a Ri
ML
≈ 1.9 using (2.1) and (2.2) for

the three simulations {A
ML
, B

ML
, C

ML
} is σ−1 ≈ 0.5 days and λ ≈ 5km. The mixed layer

frontal region is located on the anticyclonic flank of the jet, within a background barotropic

anticyclonic shear that introduces a strong barotropic flow within the mixed layer front UbtML
,

such that the ratio UbcML
/UbtML

<< 1.

As in experiments {A,B,C}, we vary the location of the jet with respect to the ridge

crest, thus varying the slope parameter γ
NO

, but the mixed layer parameters that are set

by a local adjustment of purely vertical isotherms experience little modification between ex-

periments. Thus, the first set of experiments {A,B,C} can be thought of control cases for

{A
ML
, B

ML
, C

ML
}, respectively, and the presence of the mixed layer frontal region, character-

ized by Ri
ML
∼ O(1) within the Atlantic side of the main front (warm temperature classes

T ≥ θ), allows us to consider experiments {A
ML
, B

ML
, C

ML
} as representing wintertime con-

ditions, and therefore allows us to test whether topography and mesoscale instability can

have an effect on mixed layer instability.

For all the simulations we use quadratic bottom drag, with drag coefficient C
D

= 2.5 ×

10−3. The bottom flow below the main thermocline θ is westward, resulting in upwelling

conditions within a thin bottom Ekman layer on the Nordic flank of the ridge and downwelling

conditions on the Atlantic flank (see Fig. 2.3). This represents a crude approximation to

cross-ridge bottom overflow. The bottom intensified gravity current on the Atlantic flank

is in thermal wind balance with the gently sloping frontal isotherms that connect to the
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surface outcrop. The ratio γ
NA

(γ is averaged in a region where the bottom flow is at least

75% of its maximum in absolute value, south of the ridge crest) is close to unity for all

the experiments, in agreement with observations of the region [Beaird et al., 2013]. As a

result, the bottom intensified gravity current is more stable to baroclinic instability than

that of the upper ocean front and does not play a role in this study, while frictional effects

on the bottom current are still at work. The zonal volume flux by the bottom intensified flow

Q
OV

=
∫ ∫

ANA
udA

NA
(the area A

NA
represents the cross sectional area bounded meridionally

by the contours where the surface jet is at least 75% of its maximum in absolute value, and

depths greater than z = zθ) is a measure of the strength of the non-local overflow transport

associated with the Færæ Bank channel [Prater and Rossby, 2005, Beaird et al., 2013], and

is always negative representing westward transport (see Table2.1).

The IFR is not an infinitely long ridge and the IFF is not reentrant, but it is also not

(statistically) equilibrated. The warm water inflow across the IFR has a finite time residence

that can be approximated by the advective timescale of the front T
Ad

= umax
NO
/Lx ≈10

days (for all simulations). As such, the IFF can be thought of as always in the initial stages

of (mesoscale) baroclinic instability. Here, we focus on the instability behavior up until a

time T
Ad

after the initial development of baroclinic instability.

2.4 Model Results

In this section we examine the characteristics of the initial development of the instability

and the impact of the eddies on the mean flow once they reach finite amplitude. We begin

by looking at the differences of the instability growth rates in the different experiments,

before performing an energetics analysis that allows us to identify the dominant mechanisms

driving the instability. We end this section by looking at the effects of eddies on the cross-

slope transport, where we examine the modification of the bottom Ekman transport and

also the eddy-driven overturning circulation that is localized to the instability. In order to

distinguish between mean and eddy components of the flow, we define the mean as the zonal

average (·) = 1
Lx

∫ Lx
0

(·)dx and the eddy as any deviation from the mean (e.g. given the mean



21

flow u, the eddy component is u′ = u− u such that u′ ≡ 0, at any given time).

2.4.1 Baroclinic Instability: Initial Development

The initial development of the unstable jet is controlled by the growth of the most unstable

wave, which in all simulations takes place at the surface. In experiments {A,B,C}, the

eddies are more pronounced at the location of the frontal surface outcrop, with their behavior

associated with their location relative to that of the surface frontal jet, even at the nonlinear

finite amplitude phases (Figs. 2.4a, 2.4c and 2.4e). Eddies in experiments {A
ML
, B

ML
, C

ML
},

on the other hand, grow south of the location of the surface jet within the mixed layer front

and although these eddies break northwards towards the location of the surface jet once

reaching finite amplitude (Figs. 2.4b, 2.4d and 2.4f), the controlling dynamics during initial

growth are associated with the baroclinicity within the mixed layer.

The initial development of the instability when it is dominated by a single most unsta-

ble mode, can be analyzed by examining the time-evolution of the volume integrated eddy

kinetic energy E
EKE

= 1
2
u′2h, where u′h represents the horizontal component of the eddy

velocity. Assuming that the initial perturbation growth is exponential (so that E
EKE

(t) ∼

E
EKE

(0) exp (2σt)), the growth rate σ of the perturbation kinetic energy can be estimated,

following Badger and Hoskins [2001], Reszka et al. [2002] by:

σ =
1

2

d

dt

[
ln

(
E
EKE

(t)

E
EKE

(0)

)]
(2.4)

All of the model experiments show a constant growth rate (Fig. 2.5) with the most

unstable mode (σ(t) ∼ σ0) dominating only for a finite time Tσ . For experiments {A,B,C},

the initial growth rate decreases as the initial frontal jet moves into deeper water (42%

reduction from A to B, and a reduction of 36% from B to C, Fig. 2.5a). The calculated

growth rates imply a growth timescale τ = (2σ)−1 ≈ 1 day in experiment A, τ =2.5 days

in B and about τ = 4 days in experiment C. The length scale of the instability λ ≈ 60

km is the same for experiments {A,B,C}. The observed reduction in growth rates (increase
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Figure 2.4: Sea surface temperature showing the development of baroclinic instability in
experiment B (left) and experiment B

ML
(right), the latter one characterized by the presence

of mixed layer eddies. ∆T = 6◦C across the front. The black arrows represent the zonal-
mean surface jet u(y, 0, t), with the gray line showing the location of surface jet maximum
max(u(y)) before the onset of instability. The ridge crest is identified by the solid black line.

growth timescale) agrees well with the expected behavior as a result of the frontal jet moving

to a region with a more stabilizing slope parameter γ
NO

, i.e. γ
NO

becomes more negative.

In addition, the bottom layer thickness h2 =
∫ z=zθ
z=−h dz increases with respect to the upper

layer thickness h1 =
∫ z=η
z=zθ

dz as the initial jet moves towards deeper water (from A to B,

and then from B to C), thus increasing the depth ratio parameter and therefore indicating

a theoretical reduction in the growth rate (from A to B and then to C). Thus, both the

changes in slope parameter and changes in depth ratio act together to reduce the growth

rate as the jet is shifted towards greater (total) depth.

The growth rates of experiments {A
ML
, B

ML
, C

ML
} show little modification as the jet



23

Figure 2.5: Normalized Eddy kinetic energy (EEKE(t)/EEKE(0)) for a) {A,B,C} and b)
{A

ML
, B

ML
, C

ML
} as a function of time. Thick, short, colored lines represent the linear

approximation to the most unstable growth σ(t) = σ0. The value of σ0 is calculated by fitting
an exponential curve of the form aebt to each normalized kinetic energy. Then, 2σ0 = b.

moves towards deeper waters (Fig. 2.5b). The growth rate decreases 5% from A
ML

to

B
ML

even when the location of maximum E
EKE

shifts towards deeper waters, as seen by

examining the relative meridional location of maximum dE
EKE

/dt and maximum E
EKE

,

between experiments (see Figs. 2.6d, 2.6e, and 2.6f). The calculated growth rates imply an

e-folding (growth) timescale for E
EKE

of τ = (2σ)−1 ≈ 1 day. In addition, the maximum in

dE
EKE

/dt and the maximum in the surface jet do not coincide, suggesting that the MLEs

grow separately from the mesoscale instability of the mean jet, despite the mean jet being

unstable. The calculated growth rate for baroclinic instability in C
ML

, however, is almost the

same than that of A
ML

. This agrees well with the Richardson number (RiML) calculated at

the location of maximum dE
EKE

/dt during initial linear growth (see Table 2.2) and reflects
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Figure 2.6: Spatial distribution of normalized dE
EKE

/dt for all simulations when the growth is
approximately linear (σ ≈ σ0). Red contours represent the location of normalized E

EKE
with

10% increments, and black contours represent mean temperature T , with 0.5◦C increments.
Thick colored contour indicated the location of the thermocline θ.

no direct influence of the changes in bottom depth.

MLEs have a lateral scale λ ≈ 10 km around day 7, after the onset of initial instability,

a much smaller scale than the width of the mixed layer frontal region L
ML

(Fig. 2.4b). This

results in eddies having different sizes and growth rates depending on where they originate

with their properties depending on the local slope of the base of the mixed layer and local

barotropic shear. Nevertheless, the growth rate represents that of the most unstable modes

for each simulation and these modes largely determine the evolution of the mixed layer front.

During their initial development, MLEs are entirely confined to the upper warm waters

(corresponding to the temperature classes warmer than θ), with a strong vertical density

jump associated with the thermocline θ acting as the bottom boundary to the surface mixed
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layer baroclinic instability in the initial development phase, making growing MLEs insensitive

to the topographic slope [Boccaletti et al., 2007].

2.4.2 Eddy-Mean Energetics

In order to better understand the differences between the two sets of experiments and to help

identify the dominant mechanisms driving the instabilities, we examine the time evolution of

the mean and eddy kinetic energy. The mean and eddy kinetic energy equations are obtained

by projecting the horizontal mean uh = (u, v) and horizontal eddy u′h = (u′, v′) velocity

vectors onto the horizontal momentum equations, and subsequently performing the zonal

average. The equations governing the mean and eddy kinetic energy, ignoring cubic terms

in the perturbation that result from the triple multiplication of eddy variables (neglectable

only during initial, small amplitude eddy development), are:

∂E
MKE

∂t
+∇x·

[
u
(
EMKE+p

)]
=
(
u′v′∂yu+ v′v′∂yv

)︸ ︷︷ ︸
Ch

+
(
u′w′∂zu+ v′w′∂zv

)︸ ︷︷ ︸
Cv

+ wb︸︷︷︸
C
MA

+u · D︸ ︷︷ ︸
ε

+O(u3)

(2.5)

∂E
EKE

∂t
+∇x·

[
uEEKE+u′p′

]
= −

(
u′v′∂yu+ v′v′∂yv

)︸ ︷︷ ︸
Ch

−
(
u′w′∂zu+ v′w′∂zv

)︸ ︷︷ ︸
Cv

+ w′b′︸︷︷︸
C
EA

+u′ · D′︸ ︷︷ ︸
ε′

+O(u′3)

(2.6)

where ∇x = (0, ∂y, ∂z). The second term on the lhs of both (2.5) and (2.6) represent

adiabatic redistribution of kinetic energy by advective convergence and by pressure work,

and therefore do not represent net sources or sinks of energy (i.e. their integral are zero)

[Heifetz et al., 1998]. The dissipation terms of the mean kinetic energy (E
MKE

) and eddy

kinetic energy (E
EKE

) are given by ε and ε′ respectively, and constitute an irreversible loss

of total kinetic energy that result from viscous (harmonic) numerical dissipation. The four

terms Ch, Cv, C
EA

and C
MA

represent energy convergence that promote energy transfer

associated with the presence of instability processes. Both Ch and Cv represent flow of energy

between the mean and eddy kinetic energy and require the presence of mean horizontal (Ch)
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or mean vertical (Cv) shear, and result from a mechanism of barotropic or Kelvin-Helmholtz

instability [Samelson and Chapman, 1995]. C
MA

represents the energy transfer between

E
MKE

and the mean available potential energy E
MAPE

, while C
EA

represents the transfer of

energy between E
EKE

and the eddy available potential energy E
EAPE

.

The evolution of the mean and eddy kinetic energy budgets (2.5) and (2.6) demonstrate

the processes that control both the linear and nonlinear phases of the instability (Fig. 2.7).

Here, we analyze the E
EKE

budgets for C and C
ML

, that represent the typical initial behavior

of {A,B,C} and {A
ML
, B

ML
, C

ML
}, respectively. In experiment C, baroclinic production of

E
EKE

(C
EA

) dominates the initial growth (t = 16 to t = 21 days), indicating that baroclinic

instability is the dominant mechanism that feeds the growing eddy field (Fig. 2.7c). Baro-

clinic production is positive throughout, signaling a continuous transfer energy from eddy

available potential energy (E
EAPE

) into E
EKE

. During this initial growth both Ch and Cv

are nonzero and negative, but much smaller and therefore non dominant. After the initial

growth phase in experiment C (t > 21 days after initialization), Ch dominates the evolution

of E
EKE

, driving a decrease in E
EKE

and an increase in E
MKE

. This coincides with wave

breaking and eventual separation of cold-core eddies that propagate southwards toward shal-

low water observed (but not analyzed here), characteristic of the life cycle of fronts [Simmons

and Hoskins, 1978, Samelson and Chapman, 1995, Skyllingstad and Samelson, 2012].

The evolution of E
EKE

for simulations A
ML

and B
ML

is very similar to that of C
ML

(shown in Fig. 2.7d). Eddy energy growth is dominated throughout by baroclinic production

term C
EA

, with very small net contributions to E
EKE

by Ch. Harmonic viscous dissipation

promotes a small but continuous sink on the energy balance.

The growth in E
EKE

is greatest near the upper and bottom boundaries that vertically

bound the growing baroclinic waves, in agreement with the energetics within the Eady model

[Eady, 1949, Heifetz et al., 1998], which for {A,B,C} these boundaries are the ocean surface

and bottom topography (Fig. 2.6). Thus for {A,B,C} the instability is full depth. The

growth in E
EKE

is greatest within the mixed layer front for experiments {A
ML
, B

ML
, C

ML
},

bounded above by the ocean surface and below by the thermocline θ. This implies that this
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Figure 2.7: Terms in the E
MKE

(top row) and E
EKE

(bottom row) budget equations for
experiment C (a, c) and C

ML
(b, d) respectively. ε and ε′ were calculated by multiplying uh

and u′h times the horizontal viscosity terms that are calculated within the model diagnostics.
∆ represents the residual from the budgets equations (2.5) and (2.6).

surface intensified modes grow by extracting perturbation available potential energy and

restratifying the mixed layer front [Boccaletti et al., 2007].

The difference of the vertical structure of the instability waves between {A,B,C} and

{A
ML
, B

ML
, C

ML
} is even more apparent in the distribution of the dominant terms in the

eddy kinetic energy budgets (2.6) in temperature space. During linear baroclinic instability

(e.g. the Eady problem), buoyancy production C
EA

is greatest where dE
EKE

/dt is minimum,

which for experiments {A,B,C} is near the thermocline θ (Figs. 2.8a, 2.8b and 2.8c),

since it is there that the greatest temperature perturbations take place. In experiments

{A
ML
, B

ML
, C

ML
} the spatial distribution of both dE

EKE
/dt and C

EA
is entirely located in

the upper warm layer (T > θ), and decays exponentially to zero below the thermocline θ.
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Figure 2.8: Distribution in (mean) temperature space of normalized eddy kinetic growth
dE

EKE
/dt and normalized buoyancy production CEA = w′b′ during linear growth, corre-

sponding to the spatial distribution shown in Fig. (2.6). Red shading represents mean
temperature greater than that of the thermocline z = θ(y, z) (and thus the upper layer), and
blue shading represent mean temperature values lower than that of the mean thermocline
(lower layer).

This means that the mechanism for instability is confined above the thermocline which acts

as a bottom PV sheet that drives the instability process [Callies et al., 2016]. Furthermore,

the confinement above the thermocline of the mixed layer baroclinic instability suggest that

during initial development, bottom topography has no influence on the initial growth of

mixed layer eddies, a result that agrees with the calculated growth rates.

The sloping bottom topography below the thermocline on the Nordic flank, however,

destabilizes the flow at the mesoscales during the initial growth, and can still have an effect
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Figure 2.9: Spatial distribution of normalized dE
EKE

/dt for all simulations at a time much
after the linear growth phase. Red contours represent the location of normalized E

EKE
with

10% increments, and black contours represent mean temperature T , with 0.5◦C increments.
Within each subfigure, the thick colored contour represents the location of the thermocline
during linear development.

on the instability in {A
ML
, B

ML
, C

ML
} after the initial growth. Just as the configuration

in A is more unstable to that of B and C owing to sloping bottom topography, the same

is true for A
ML

with respect to B
ML

and C
ML

, even though this is not seen during initial

growth. Eight days after initial development (12 days after model initialization), the spatial

structure of dE
EKE

/dt associated with A
ML

shows evidence that the instability fills the

water column (Fig. 2.9d). dE
EKE

/dt shows a secondary maximum at the bottom. The

spatial distribution of dE
EKE

/dt with respect to the mean temperatures also shows the full

depth growing instability, since it no longer decays to zero below the thermocline, at this

time (Fig. 2.10d). This shows that, while sloping bottom topography does not affect the

initial growth rates of mixed layer eddies, we find that it allows a faster growth of mesoscale

modes whenever the sloping bottom acts to destabilize the bottom layer in agreement with
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mesoscale results [Blumsack and Gierasch, 1972, Lozier and Reed, 2005, Isachsen, 2011]. In

experiments {A
ML
, B

ML
, C

ML
}, the spatial distribution of eddy kinetic energy growth and

buoyancy production shows various maxima over a range of temperature classes, a direct

consequence of the MLEs being much smaller than the lateral extent of the mixed layer

frontal region (Figs. 2.10d, 2.10e and 2.10f, and Figs. 2.11d, 2.11e and 2.11f, respetively).

In contrast, the spatial distribution of eddy kinetic energy growth and buoyancy production

of the instability in experiements {A,B,C} shows a maximum, most likely associated with

the most unstable growing mode that is dominating the eddy variability (Figs. 2.11a, 2.11b

and 2.11c, respectively).

The continuous large contribution of the buoyancy production on the evolution of E
EKE

represents continuous restratification and lateral heat advection that extends over most of

time period considered in this analysis. The restratification is characterized by a net change

in the zonally averaged potential energy of the system that results from the cross-slope

adiabatic heat flux, which we investigate next.

2.4.3 Cross-Slope Transport

In this section we look at the meridional transport driven by the eddies and the mean flow.

The (along-isobath) mean flow promotes a cross-slope transport in the presence of bottom

friction (bottom arrows in Fig. 2.3), where most of the transport is confined within a narrow

bottom Ekman layer of thickness δ
Ek

=
√

2ν/f ≈ 7m where ν is the vertical viscosity.

The mean flow configuration favors, through bottom Ekman transport V
Ek

, downwelling

conditions on the Atlantic flank of the ridge and upwelling conditions on the Nordic flank of

the ridge [MacCready, 1994, Condie, 1995, Wåhlin and Walin, 2001, Brink and Lentz, 2010].

V
Ek

corresponds to the southward component of the mean overturning circulation (MOC)

across the ridge. In the absence of atmospheric forcing, the northward component of the

MOC is associated with the interior ageostrophic velocities that help maintain the flow in

thermal wind balance. In all simulations, the spindown of the mean flow promotes a slow

decrease of the magnitude of the Ekman transport |V
Ek
| over time, in the absence of eddies



31

Figure 2.10: Distribution in (mean) temperature space of normalized eddy kinetic growth
dE

EKE
/dt and normalized buoyancy production CEA = w′b′, corresponding to the spatial

destribution shown in Fig. (2.9). Red shading represents mean temperatures greater than
that of the thermocline z = θ (and thus the upper layer), and blue shading represent mean
temperature values lower than that of the thermocline (lower layer). The presence of many
local maxima in dE

EKE
/dt (black right triangles) in {A

ML
, B

ML
, C

ML
} represent multiple

growing baroclinic eddies within the mixed layer front.

or any other external forcing (Fig. 2.12a), with oscillations most likely due to the presence of

internal waves. During the time span of the initial growth, |V
Ek
| shows no clear modification

at either the crest of the ridge, or at the location of the maximum bottom velocities at either

flank of the crest, for all simulations. In experiments {A,B,C} the transport |V
Ek
| increases

(becomes more southward) after the initial growth when the flow becomes nonlinear and

cold-core lenses form that propagate southwards towards the ridge crest. These eddies can

promote the increase of the bottom southward transport by locally increasing the tilt of the

frontal thermocline so that the bottom flow becomes more westward and thus V
Ek

becomes

more negative and southward resulting in advection of cold water up the slope on the Nordic
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Figure 2.11: Spatial distribution across the domain shown in Fig. (2.6) of normalized buoy-
ancy production CEA for all simulations, at a later time after linear growth. Black con-
tours represent mean temperature T , with 0.5◦C increments. Maximum values attained
for experiments {A,B,C} are associated with the thermocline, while those for experiments
{A

ML
, B

ML
, C

ML
} vary spatially, signaling the presence of multiple growing eddies over the

frontal region.

side of the ridge.

In experiments {A
ML
, B

ML
, C

ML
}, |V

Ek
| shows no clear modification by the presence of

MLEs over most of the timespan considered, i.e. up to day 11 after initialization, long after

the initial growth phase (Fig. 2.12b). Thus, the surface-confined MLEs have little to no

influence on bottom flows throughout the initial growth and beyond. At around day 12,

almost 9 days after the initial development and with the eddying flow field well developed,

|V
Ek
| shows a small decrease at the crest of the ridge (less southward transport), but most of

the changes take place outside of the time-span considered (T
Adv

). In contrast to the eddies in

experiments {A,B,C}, the ML eddies in experiments {A
ML
, B

ML
, C

ML
} are not horizontally
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Figure 2.12: Bottom Ekman transport V
Ek

for a) experiment A and b) experiment A
ML

computed at three locations: At the core of the bottom-intensified jet (dotted black, de-
noted NA), at the crest of the ridge (dotted blue, denoted Crest) and at the location of the
maximum bottom current on the Nordic flank of the ridge (dotted red, denoted NO) that is
associated with the surface intensified jet. The gray line represents the estimate transport
given in [Beaird et al., 2013] of V

Ek
= −0.12Sv. V

Ek
< 0 represents southward flow.

isolated from each other and instead eddies of different sizes fill the water column over the

entire mixed layer front. Thus, the bottom transport may be dependent on the location of

the bigger most unstable eddies. The location of the E
EKE

growth is maximum at the ridge

crest for experiment A
ML

, but shifts northwards on B
ML

and C
ML

. In experiments B
ML

and C
ML

, V
Ek

shows no clear change over the timescale considered and thus, MLE-induced

changes in V
Ek

are very sensitive to the location of the maxima in E
EKE

and dE
EKE

/dt.

Eddies promote an interior cross-front transport by the action of eddy fluxes along adi-

abatic surfaces [Vallis, 2017]. When the isothermal surfaces do not vary significantly with

respect to the mean, the Transformed Eulerian Mean (TEM) developed for quasigeostrophic

waves can be used to represent the circulation induced by the eddies [Plumb and Ferrari,
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Figure 2.13: Sequence of (eddy-induced) overturning circulation ψ∗ for simulations A (a, c, e)
and A

ML
(b, d, f). ψ∗ is calculated by time-averaging the terms in 2.7 over a window of two

days, and considering only eddy heat fluxes above or greater than 10% of the maximum
w′T ′. The arrows represent the mean cross-slope bottom transport (v, w), scaled by the
aspect ratio of the figure to show true direction. The dark contours represent the mean
isotherms, plotted in 0.75◦C intervals for experiment A, and 0.5◦C intervals for experiment
A
ML

, all averaged over a 2-day window.

2005, Stewart and Thompson, 2015]. The eddy induced circulation ψ∗ in the primitive

equations is given by

ψ∗ =
v′T ′ T z − w′T ′ T y

||∇xT ||2
(2.7)

ψ∗ represents a circulation that in the case of baroclinic instability waves that describes a

clockwise relaxation of the tilting mean temperature surfaces T due to baroclinic eddy fluxes

v′T ′, w′T ′. The experiments {A,B,C} are characterized by growth of baroclinic instability

dominated by the most unstable mode, with its effects on the zonal mean representeed by the
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residual overturning circulation. The residual circulation is strongest when eddies separate

from the main frontal outcrop and propagate southwards. As the eddies detach from the

front southwards towards the ridge crest, their effect on the front is to subduct waters

along the main frontal thermocline (Figs. 2.13a, 2.13c and 2.13c). Here, the eddies do not

propagate across the ridge crest during the timescale considered, thus ψ∗ has a meridional

extension limited to the Nordic flank of the ridge. On the other hand, MLEs promote a

residual overturning circulation ψ∗ in the temperature range associated with the mixed layer

front (Fig. 2.13b, 2.13d and 2.13f), and promote a rapid restratification of the mixed layer,

by advecting warm surface temperature anomalies northward. ψ∗ does not reach across the

outcropping thermocline; instead it is confined meridionally south of the location of the mean

jet where the most unstable MLEs dominate the evolution of the front.

2.5 Implications for the Iceland-Færæ Front

Eddies that result from the instability of topographically locked, rim currents that circle

around convective basins play an important role in the watermass transformation at high

latitudes, a central process in global climate [Spall, 2004]. Eddies that separate from baro-

clinic currents carry heat that is deposited far away from their generation site, near deep

convection sites, providing the necessary heat to close the heat budget associated with basin-

scale convective overturning [Spall, 2010]. The topographically locked IFF is the widest and

shallowest open ocean boundary separating the North Atlantic from the Nordic Seas, and

thus regulates the inflow of warm water across the IFR into the convective Nordic basins.

The eddies that are generated along the IFF, on the other hand, advect heat across the front

and therefore play an important role in regulating the amount of water that is exchanged

between the Nordic seas and the subpolar North Atlantic. In this section we address the

relative importance of eddies resulting from baroclinic instability of the modelled polar front.

In order to provide a measure of the role of the eddies on the exchange under the two

frontal configurations in this study ({A,B,C} and {A
ML
, B

ML
, C

ML
}), we compare the ad-

vective eddy heat flux to the mean heat advection by the zonal surface jet, that represents
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the flux of Atlantic waters into the Nordic basin. In the model, the along ridge (northward,

since the mean flow that is along topographic contours heads northwards, once is flows past

the IFR as in Fig. 2.1) flux of Atlantic waters by the mean flow is Q
FB
≈ 3 Sv, close to

that observed in yearlong averages [Hansen et al., 2008]. The associated advective heat flux

is given by H
FB

= ρ0cpQFB
∆T ≈ 80 TW, a factor of 2 smaller than that found during

typical summertime conditions in observations [Rossby and Flagg, 2012] (in the above flux

calculation, ρ0 = 1025 kgm−3, c
P

= 3580 J/(kg◦C), and ∆T = 6◦C). The advective eddy

heat flux Hadv, given by

Hadv = Lxρ0cp

∫ z=η

z=−h

v′T ′dz (2.8)

is greatest when the instability of the front becomes nonlinear, characterized in {A,B,C}

by isolated cold anomalies that pinch off from the main front (Fig. 2.14). The location of the

maximum Hadv with respect to bottom topography closely matches the averaged meridional

location of the isolated eddy cores, each with length scale λe ≈ 12km. The maximum eddy

heat flux is Hadv ≈ 50 TW, a value comparable to that of the mean H
FB

(Fig. 2.14a).

When averaged over the upper 500m and over the length of the ridge, the eddy heat flux

gives the upper bound maximum intensity of around 40 × 104 Wm−2, a value that agrees

well with recent observational estimates [Beaird et al., 2016]. In comparison, the maximum

eddy heat flux calculated for {A
ML
, B

ML
, C

ML
} over the timescale Tadv is Hadv ≈ 17 TW,

which corresponds to 13.6× 104 Wm−2 when averaged over the upper 500 m and the length

of the ridge (Fig. 2.14d). The difference in the maximum eddy heat flux recorded from the

eddies in {A,B,C} and those in {A
ML
, B

ML
, C

ML
} is associated with the eddy temperatures

anomalies T ′, and these are much larger for eddies in {A,B,C}. In addition, we find that

the eddy heat flux is dependent on the sloping bottom, with the greater values resulting

from the more destabilizing bottom topography (γNO less negative) when the frontal jet

is located closer to the ridge crest, and the lesser values associated with less destabilizing

bottom topography ((γNO more negative), i.e. frontal jet located over deeper waters.
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Figure 2.14: Time evolution of the meridional distribution of the advective eddy heat flux
Hadv in both control experiments {A,B,C} (a, b and c, respectively) and experiments
{A

ML
, B

ML
, C

ML
} (d, e and f, respectively). At each time, the shape represents the spa-

tial distribution with respect to bottom topography (grey-filled contours), and the color is
associated with the maximum heat transport (the peak). Each spatial distribution is nor-
malized with respect to the next, and each tick value on the discrete (red) colorbar is spaced
proportional to the jump on Hadv.

In experiments {A,B,C}, within the timescales considered, the isolated anomalies did

not reach across the ridge crest onto the Atlantic flank. Thus, the anomalies will likely

get advected downstream by the mean flow which roughly follows topographic contours.

Eddies that originate closer to the ridge crest, and where the front is steeper (as in A) will

be more likely to cross. These conditions are usually met on the western end of the IFF,

closer to Iceland [Maskell et al., 1992]. In contrast, eddies in simulations {A
ML
, B

ML
, C

ML
}

grow over the entire mixed layer baroclinic zone with their initial growth not significantly

affected by depth changes below θ. Whether these eddies can induce a residual circulation

that reach across the IFR initially depend on the extent of the mixed layer frontal zone, and

later on the background characteristics of the frontal zone, as detailed in [Manucharyan and

Timmermans, 2013]. Given the relatively shallow polar front that sits over the IFR and the
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deep wintertime convection that takes place over the region, where observations show mixed

layer depths on the order of 500m over the IFR in winter [Beaird et al., 2016], it is likely

that mixed layer frontal zones exist and extend across the crest of the IFR.

MLEs all originate within warm temperature classes (warmer temperatures than θ) where

the mixed layer front is unstable. Thus, at least during their initial growth, while MLEs

advect heat laterally (Fig. 2.14b), they do not necessarily advect heat across the mean θ-

contour, which represents the barrier between Atlantic and Nordic waters, as seen from the

residual overturning circulation (Fig. 2.13). As MLEs restratify the mixed layer south of the

main outcropping IFF, MLEs can flux surface ocean properties downward and, depending

on the strength of surface cooling, can even shut down convection [Callies and Ferrari, 2018].

Eddies in experiment B induce strong vertical buoyancy and heat flux once the isolated

eddies form that are linked to frontal collapse and the strong lateral temperature gradients

around the isolated anomalies (Fig. 2.15). Eddies in B
ML

, on the other hand, promote a

strong surface vertical heat flux localized to the mixed layer front. The vertical heat flux

associated with the MLEs grows exponentially during the initial growth, but equilibrates after

that, when it becomes comparable to values expected during wintertime ∼ O(100) Wm−2

[Marshall and Schott, 1999]. This means that vertical heat flux driven by MLEs can become,

during the timescales relevant for the IFF, an important process for the heat budget within

the mixed layer, potentially balancing surface heat fluxes.

Our results also suggest that the evolution of the IFF in winter will most likely be char-

acterized by both mixed layer eddies and mesoscale eddies. That is, wintertime conditions

will most likely present a complex geography of baroclinic instability with isolated cold-core

eddies that detach from the outcropping frontal thermocline and propagate south towards

the ridge crest, while at the same time MLEs will grow in regions with deep mixed layers in

the presence of baroclinicity. Meandering of the front associated with full-depth baroclinic

waves like the ones in the experiments {A,B,C}, are more likely to be responsible for pro-

moting an increase of deep overflow across the IFR and cross-front exchange of between the

North Atlantic and Nordic waters. MLEs, once reaching finite amplitude, are likely associ-
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Figure 2.15: Vertical buoyancy flux w′b′ (left axis) and the equivalent surface vertical heat
flux required to change the equivalent amount of buoyancy cpρ0w′b′/gα (right axis) for sim-
ulation B (green) and B

ML
(indigo).

ated with lateral stirring of water that promotes cross-ridge spreading of watermass. The

rapid MLE growth could make lateral stirring within the mixed layer a dominant mechanism

of cross-ridge exchange of surface watermasses, while the meandering of the front remains

an important mechanism yearlong for cross-frontal exchange, with implications for bottom

overflow transport.

2.6 Limitations and Conclusions

We investigated the effects of bottom topography on the baroclinic instability of an idealized

representation of the IFF, motivated by contrasting temperature distributions that represent

summer and wintertime conditions. The dynamics of all simulations are eddy dominated,
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with two different regimes of surface intensified baroclinic instability. The first is a mesoscale

instability characterized by a temperature distribution with no surface mixed layer typical of

a shallow summer mixed layer as represented in experiments {A,B,C}, and in which both the

slope parameter and depth ratio play a role on the stability of the frontal configuration. We

find the greater growth rates for the most destabilizing values of slope parameter experiences

by the jet in our study (i.e. the less negative γ
NO

), in accordance to linear stabiity analysis of

the modified Eady model. The estimated growth rates decrease as the baroclinic jet moves

towards deeper water, hence a increase of the depth ratio as well as the jet experiencing a

more negative and therefore less destabilzing slope parameter compared to the other cases

considered. Although this points to a good agreement on the expected behavior of growth

rates with that of the theory, calculated growth rates where expectedly higher than the ones

theory predicts (by a factor of 2).

The second regime is that of a mixed layer instability characterized by MLEs that grow

within the mixed layer front that are insensitive to the presence of bottom topography during

initial growth of the instability, as represented in experiments {A
ML
, B

ML
, C

ML
}. Sloping

bottom topography does have an effect on these simulations once mixed layer eddies already

fully developed, by promoting a faster mesoscale eddy growth when the surface frontal jet sits

atop the shallower and less negative bottom topographic slopes. Whether there is significant

cross-scale, non-linear energy flux between the mixed-layer and mesoscale modes, we do not

address here. A major limitant in our analysis is the periodic domain, which constrains the

time integrations, but not the growth rates of the most instable mode are not affected by

the length of the channel (we performed additional simulations varying the length of the

channel, not shown here). Thus we considered the results up to an advective timescale of the

order to 10 days, much smaller that the damping time scale associated with air-sea fluxes,

which is on the order of 1 month in high latitudes, which increases for increasing mixed-layer

depth [Frankignoul et al., 1998].

Our results show eddy-driven cross-front lateral heat flux that is comparable to that by

the mean flow (HFB), the latter depending directly on the temperature jump across the
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front (the strength of the geostrophic also depends on the temperature jump ∆T ). On

the initialization of the experiments, we set the temperature jump ∼ 20% below to those of

observational estimates, thus providing a lower bound estimate for HFB, which helps explain

a mean heat transport smaller than observational transport estimates. The initial amplitude

of the perturbation that seeds the instability is the same for all our experiments, allowing

direct comparison between simulations with and without a mixed layer front. The spatial

scale of the initial (temperature) perturbation is smallest scale (±0.2◦C every dx,dy), and

by focusing on the initial development of the instability (i.e. from small amplitude) up to an

advective (residence) timescale, we argue our estimates provide lower bound estimates of the

eddy heat transports as a function of time. The maximum of these (lower bound) estimates

takes place when the baroclinic eddies have reached a finite amplitude and greatly distort

the front, leading to cold-core eddies that pinch off from the front into warmer temperature

waters. This greater transports estimates are associated with eddy separation from the front

and thus depend strongly on the ∆T across the front.

Another potential limitant for our study is the choice of depth for the mixed layer front.

While at high latitudes wintertime mixed layer depth can reach 500m (or deeper), the

depth of a mixed layer front depends on the presence of baroclinicity and, in the case of

the IFF, on the depth of the outcroping pycnocline. In our initial configuration the depth

of the mixed layer front has a range of values 100m < hml < 300m. It is possible that

our simulations underestimate the depth of the mixed layer front, which can potentially

affect our results, in particular shift the eddy advective transport estimates to larger values

(since mixed layer eddies would be deeper). Thus, again, we argue that our heat transport

carculations represent lower bound estimates.

In this study, we find through our estimates that eddy dynamics that arise from the

instability of the IFF have the potential to play an important role on lateral heat exchanges

across the region south and north of the IFR, with sloping topography playing a crucial

role through the slope parameter, whether the initial development of eddies is dominated by

mesoscale baroclinic instability, or mixed layer instability.
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Chapter 3

ON THE ASYMMETRY OF THE CIRCULATION OF
THROUGHFLOWS ACROSS LARGE AMPLITUDE

TOPOGRAPHY. PART I: BAROTROPIC CIRCULATION

3.1 Introduction

The exchange of watermasses across ocean basins through a gap (a strait) and a sill can

exert a control on the circulation downstream due to net fluxes of heat, salt and momen-

tum. For example, the inflow of Atlantic water into the Nordic basins across the Greenland

Scotland Ridge (GSR) provides heat fluxes that precondition for deep convection and water-

mass transformation [Hansen and Østerhus, 2000, Østerhus et al., 2005, Hansen et al., 2008,

Bringedal et al., 2018]. Moreover, localized dissipation as the inflow navigates the GSR can

potentially affect the circulation of the inflow downstream, as the throughflow must balance

large scale constraints on mass, energy and momentum [Yang and Price, 2007].

The dynamics of throughflows across straits and sills has an exhaustive literature, with

most of the efforts in providing insight into the linkage between the net volume (mass)

flux across basins through a strait or sill, and upstream oceanographic properties [Gill,

1977, Whitehead et al., 1974, Pratt and Lundberg, 1991, Helfrich and Pratt, 2003]. The

vast majority of idealized models, however, assume uniform potential vorticity flows, where

Kelvin wave dynamics determine the pressure field [Gill, 1976, Pratt, 1983, 1984, Whitehead,

1995], thus neglecting Rossby wave dynamics that can significantly change the pressure field

and flow pattern beyond that determined by Kelvin waves [Hermann et al., 1989]. Uniform

potential vorticity dynamics is then an approach most suitable for flows across narrow gaps

(channels), characterized by a cross-sectional width of the order of (or smaller than) the

deformation radius L
D

= NH/f where H is the water depth, f the Coriolis parameter, and
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N2 = ∂b/∂z the buoyancy frequency, a measure of vertical stratification (vertical variation

of buoyancy b).

In this paper we examine the circulation associated with equilibrated, uniformly rotating

channel throughflows across a large amplitude symmetric ridge. We consider a wide channel

geometry (0 < x < L)× (0 < y < M), with M > L > L
D

, where the ridge intersects lateral

walls at x = 0 and x = L. We force the circulation with a laterally uniform northward flow

across the ridge by imposing inflow/outflow conditions far upstream/downstream from the

ridge, in a way that the forcing results in a net zero barotropic vorticity flux, equivalent to

the conservation of mass.

The imposed inflow/outflow configuration implies, under linear quasigeostrophic dynam-

ics [Hallberg, 1997], that the forced flow will result in a combination of the imposed flow,

plus the circulation induces by bottom trapped topographic Rossby waves that can only

propagate pseudo westward along topographic contours, where they become arrested by the

presence of the wall. Thus, the thoughflow (flow along the ridge that connects upstream

with downstream imposed conditions) is characterized by boundary currents and given a

symmetric ridge topography, the circulation associated with the boundary currents and thus

the flow pattern across the ridge (i.e. the throughflow) will be symmetric with respect to the

ridge crest. Nonlinear modification by eddies, bottom frictional effects that are localized to

solid boundaries [MacCready, 1994, Benthuysen and Thomas, 2012], may exert a local mod-

ification to the throughflow as it navigates topography, thus exert a control on the character

of the flow downstream.

The question then is how does the equilibrated throughflow satisfy the large scale con-

straints imposed of the circulation given local a modification by processes localized to the

ridge. The large scale constraints imposed by the forcing and bottom topography precondi-

tion for an asymmetric behavior of the barotropic circulation across topography, through a

modification of the stratification localized to boundary currents. We test this by analyzing

nonlinear simulations of the primitive equations (see table 3.1 for parameters associated with

boundary currents).
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This f-plane model differs from zonal β-plane channels models (e.g. MacCready and

Rhines [2001], Hallberg and Gnanadesikan [2001]), in that in our model the mean net trans-

port is perpendicular to the Rossby waveguides atop the ridge that intersect lateral walls,

and thus strongly depends on recirculation patterns associated with boundary currents, to

connect between upstream and downstream flow conditions.

This model is based as an idealization of the flow of Atlantic water into the Nordic Seas

that gets funneled to cross the shallow, large amplitude Iceland-Faroe Ridge (IFR), the

widest and shallowest gap of the Greenland Scotland Ridge (GSR). Characteristics of the

flow around the IFR are that it is largely driven by large scale, surface sea level gradient

across the ridge [Hansen et al., 2010], a standing anticyclonic meander atop the ridge crest

that can results in upwelling of cold deep overflow waters from south of the ridge crest [Prater

and Rossby, 2005], and, lastly, that the Atlantic inflow downstream from the ridge becomes

greatly topographically steered, an apparent change on the barotropic structure of the flow

after navigating across the GSR.

A clear disadvantage of our model is the absence of the subpolar frontal expression of the

IFR maintained by the confluence of Atlantic waters with the East Icelandic Current [Beaird

et al., 2016], a current whose flow pattern, stratification and watermass composition are a

result of freshwater and surface buoyancy fluxes that are set at the basin scale [Hansen and

Østerhus, 2000, Jónsson, 2007]. Our objective is to provide a simplified model that incor-

porates large scale and localized processes to bottom topography that can exert control on

the flow as it navigates topography, the basis to built upon when considering more complex,

convectively driven exchanges across topographic obstacles.

Our approach to relate our model to the Atlantic inflow is motivated by the success

of barotropic models in describing the basin circulation patterns that are observed at high

latitudes on the Nordic seas [LaCasce et al., 2008, Nøst et al., 2008], as well as observational

evidence that show strong topographic steering of the Atlantic inflow as it circulates the IFR

[Beaird et al., 2016].

The outline of this paper is as follows. In the next section, we provide the basic theoretical
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framework for understanding large scale constraints on the throughflow and the potential

local modification by frictional effects that apply to our model. In section 3 we analyze

simulations, relating observed asymmetries on the circulation of equilibrated simulations

with the effect of eddies and bottom friction. Lastly, in section 5 we summarize our results

and discuss implications for large scale throughflows across large amplitude topography.

3.2 Model Configuration

We use the Regional Ocean Modelling System (ROMS) that solves the primitive equations

using a terrain-following vertical coordinate [Shchepetkin and McWilliams, 2005], with a

high order approximation to the vertically integrated pressure gradient force term in the

momentum equations consistent with energy and momentum integral conservation laws [Song

and Wright, 1998]. The resolution in the vertical grid spacing varies as a function of the

distance from the ridge, and the top and bottom boundaries. We use 40 vertical levels that

allow for a maximum resolution of dz ≈ 3 m near the sea surface and ocean bottom over the

ridge crest, and a minimum resolution of dz = 32 m at intermediate depths, away from ridge

topography and vertical boundaries. The horizontal resolution is constant, with ∆x = 1 km

and ∆y = 2 km. The inflow and outflow are relaxed towards a background stratification

N2
0 = 1 × 10−5s−2 every 5 days, decaying linearly 10 gridpoints into the interior. A sponge

layer is also applied within the nudging region to further bring the boundary condition to that

of the imposed inflow/outflow. The model is forced by a lateral volume influx of Qin ≈ 3 Sv

(1 Sv=106m3s−1), an outflow Qout of equal magnitude, and an advective barotropic vorticity

flux potential magnitude J
A

= H0v0f ĵ ≈ 1.5 × 10−3m2s−2 at both the inflow and outflow

locations.

The model uses quadratic bottom drag with drag coefficient CD = 2.5 × 10−3, a back-

ground vertical viscosity of Ak0 = 10−3m2s−1, and we implement the KPP parameterization

for (nonlocal) vertical mixing [Large et al., 1994]. Lateral dissipation of momentum is im-

plemented through a harmonic viscous dissipation. Each simulation is ran for 7 years, of

which the first 12 months represent the spin up, a short time due to the strongly barotropic
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nature of the simulations. The analysis takes place 50km away from the nudging regions,

localized to northern and southern open boundaries. We consider both free-slip and no-slip

tangential boundary conditions resulting in the flow configurations which flux momentum

laterally (no-slip), or not (free-slip), across lateral walls.

We vary the viscosity coefficient A
H

for each different experiment, thus varying the

width of the lateral boundary currents given by the scaling λ
M

= (Ah/βT )1/3, where β
T

=

(f/h2)dh/dy is the topographic beta (Table 2.1). We measure the non-linearity of the (lat-

eral) boundary currents through the (bottom) boundary current Reynolds number Re =

VmaxλM/AH
, a measure of the relative thickness of boundary layer and the role of inertial

terms against viscous dynamics.

3.3 Theoretical Framework

3.3.1 Boundary currents: The large scale constraint on the circulation

The equation for the evolution of the Barotropic Vorticity (Ω = ∇h × <uh>, where < · >

represents vertical integration and uh is the horizontal velocity vector) is given by

∂Ω

∂t
=
∂(Bbot, h)

∂(x, y)
−∇h · JΩA︸ ︷︷ ︸

Advective

+∇h × JΩNA︸ ︷︷ ︸
Dissipative

(3.1)

where the advective (J
A

) and dissipative (JNA) barotropic vorticity fluxes in the primitive

equations are found by integrating the horizontal momentum equations in the vertical and

then taking the curl (see derivation in Appendix B). The first term on the right hand side of

(3.1) represents the bottom Bernoulli torque B(z = −h) = Bbot, with B = (1/2)u2
h + g(η −

z)+p/ρ0 where η is the surface elevation and p the hydrostatic pressure due to stratification.

The barotropic vorticity fluxes in (3.1) are

JΩA = <uh (f + ζ)>−<[wωa]h> (3.2)

JΩNA = <Fh>+

(
τs − τbot

ρ0

)
(3.3)
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Here, u = uh +wk̂ is the 3D velocity vector, ωa = (vz, uz, f + ζ) is the absolute vorticity

vector. Fh = Ah∇2uh and τ represent the (horizontal) viscous dissipation of momentum,

and the momentum stress imparted at the surface or bottom. The term [wωa]h = w(−vz, uz)

is the horizontal component of the vertical advection of absolute vorticity, and arises from

the assumptions within the primitive equations (see Appendix B).

To better understand the how the balance (3.9) describes cross-slope flows, we introduce

a quasigeostrophic scaling (Ro = U/fL � 1) for the throughflow. uh. (x, y) ∼ L, z ∼ H,

(u, v) ∼ U , w ∼ (HU/L), gη ∼ fUL, p ∼ ρ0UfL and h = H(1−Roηb), where ηb = δh/H is

a linear function of y. Furthermore, uh = u(0)

h +Rou(1)

h +O(Ro2) and w = Row(1) +O(Ro2).

Then, assuming dissipation of momentum is purely horizontal, the barotropic vorticity fluxes

are

JΩA = UfH
[
u(0)

h +Ro
(
u(0)

h ζ
(0) − u(0)

h ηb + u(1)

h

)
+O(Ro2)

]
(3.4)

JΩNA =
AHU

L2
∇2
(
u(0)

h +Rou(1)

h

)
+O(Ro2) (3.5)

We have approximated the vertical integrals by their mean values e.g. <uh> = Huh(1−

Roηb) where now uh represents the vertical average. This further implies Ω = Hζ +O(Ro).

The error in these approximation are included in the O(Ro2) correction terms in (3.4). Given

the scaling for sloping bottom, all terms associated with the first term in (3.1) are O(Ro).

Thus, the O(1) balance in dimensional form is given by

Qf

H
∇ · u(0)

h =
A
H
U

L
∇2ζ (0) (3.6)

where Q = UHL is volume transport. The balance in (3.6) in the differential form of the

integral constrain derived by [Yang and Price, 2000], and states that a recirculation (rhs of

3.6) is required to allow mean quasigeotrophic, interior (outside boundary layer), cross- slope

flows (lhs of 3.6). Thus, a throughflow with net transport upslope (∇ · u(0)

h > 0) requires an
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anticyclonic recirculation ζ (0) < 0 so that ∇2ζ (0) > 0. Similarly, a throughflow with a net

downslope transport requires a cyclonic recirculation (positive torque).

Recirculation across f/H contours implies the formation of boundary currents, with

the orientation of the boundary current given by the sign of the barotropic PV gradient

(β
T

= ∂y(f/H)). Flow up the slope has β
T
> 0, thus westward intensification results in

an anticyclonic boundary current. Flow down the slope, on the other hand, promotes a

pseudo-westward intensification and thus the formation of a cyclonic boundary current at

an eastern wall. The case of a throughflow across a symmetric (large amplitude) ridge, the

crest acts as a pseudo-north pole, with an anticyclonic boundary current south of the crest,

a cyclonic boundary current north of the crest, both localized to sloping topography (Fig.

3.1). A powerful result from simple linear dynamics.

Scaling analysis of (3.6) provides a relative magnitude of the terms involved in the balance.

This is, in order for the leading order balance to remain valid, we must have

Qf

H
∼ A

H
U

L
(3.7)

In the case of cross slope flows, (3.7) implies that a reduction of H (shallow water) while

keeping the transport constant, implies an increase in the relative vorticity Ro = U/L of

the mean flow, with A
H

fixed. The mean flow can then become unstable to hydrodynamic

instabilities. I in the limit Ro ∼ O(1) dynamics within the bottom boundary layer, left

apart from the discussion so far, have the potential to induces rapid re(de)-stratification

of the interior flow outside the bottom boundary layer [MacCready, 1994, Benthuysen and

Thomas, 2012] and thus exert a control on the mean circulation, given that the throughflow

must still conserve global constrains on mass, momentum and circulation. In this limit,

however, higher order terms must be included, as well as separate equations for the dynamics

within the bottom boundary layer coupled to the interior.

The validity of the O(1) balance in (3.6), then, comes into question. as it requires AhH �

Q for a quasigeostrophic scaling Ro � 1. Typical values of Q ≈ 1Sv (1Sv = 106m3/s) and

H = 1000m, A
H
� 103m2/s. The scaling analysis implies that the throughflow scales with
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Figure 3.1: (a) Steady barotropic circulation of a homogeneous (single density), viscous
simulation (Ans, see Table 3.1), driven by the advective barotropic vorticity flux JA = v0H0f ĵ
specified as equal upstream/downstream boundary conditions. Black arrows represent the
(time-mean) surface velocity field, and the greyscale shows the location of the ridge. The path
of the throughflow (0 ≤ ψ ≤ 3 Sv, 1Sv= 106m3s−1), is depicted by ψ = 1.5Sv (teal contour).
The throughflow induces a cyclonic ψ = −0.5Sv (dashed indigo) and anticyclonic ψ = 3.5
(solid indigo) recirculation (torques) across the ridge crest. Torques of equal magnitude
across the ridge crest imply the vanishing of the area integral of each term of the rhs of (3.1).

the width of the sloping bottom, since the flow pattern and thus pressure field is determined

by topographic Rossby waves, and that such length scale applies also to the recirculating

region. Thus, for a sill with a half-width L = 100km, a depth change of dh = 500m, and

f = 1.25 × 10−4, β
T

= 2.5 × 10−12m−2s−1, A
H

= 1000m2s−1 imply λ
M
≈ 75km. Thus

confirming that the validity of the quasigeostrophic, viscous balance (3.6) requires a scaling

in which both the throughflow and the width of the boundary current λ
M

scale similarly.
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3.3.2 Bottom boundary layer dynamics: Localized modification

Bottom friction acts to slow down the flow by draining fluid through the bottom boundary

layer, resulting in a net transport within the bottom boundary layer at left angles to the

flow [Pedlosky, 2013a]. Thus, depending on the orientation of the mean (interior) flow with

respect to f/H contours, bottom friction can lead to an Ekman transport across f/H contours,

rapidly modifying the stratification of the boundary layer and even the upper ocean if such

advection results in a convectively unstable stratification [Condie, 1995, Wåhlin and Walin,

2001, Brink and Lentz, 2010].

The evolution of the bottom boundary layer can be represented as a two timescale process,

which results in net transport of within the bottom boundary layer, and the buoyancy

shutdown which leads to an Ekman arrest, where the baroclinicity of the bottom boundary

layer reduces the effects of the bottom boundary layer onto the mean interior flow [MacCready

and Rhines, 1991, Trowbridge and Lentz, 1991, MacCready and Rhines, 1993]. The relative

importance of each term in a limited domain such as a channel flow in which f/H contours

intersect walls, depends in the relative timescales in which the along-slope flow navigates

f/H ridge topography.

The timescale at which buoyancy forces balance an (initial) up/down-slope Coriolis force

is given by the buoyancy shutdown timescale, defined as Tshut = P−1
r S−2f−1, valid for S � 1

where S ≈ (Nθ/f)2 with θ ≈ dh/dy is (small angle) slope Burger number, Pr=Aν/Aκ is the

Prandtl number (usually Pr ∼ O(1)). Thus, buoyancy shutdown requires a sloping bottom,

with the timescale Tshut →∞ as the mean flow approaches flat bottom or a ridge crest.

The stratified frictional spindown time scale is given by Tspin = E−1/2f−1, where E =

2Aν/fH
2
p is the Ekman number and Hp = fL/2πN the Prandtl depth, the depth scale

over which anomalies penetrate into the interior. The inertial and diffusive time scales are

expressed as Tinertial = f−1 and Tdiffusive = E−1f−1. A summary of these scales is given in

Table 3.2 which applies to all stratified simulations.

From linear arguments, we expect the throughflow as it navigates a symmetric ridge, to
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flow along f/H contours at or near ridge crest, where β
T

= 0, with the mean flow along f/H

contours where θ → 0 after separation from the west (x = 0) wall. This implies that along the

ridge the buoyancy shutdown timescale is much larger than, say an advective time scale along

the ridge (see Table 3.2). Thus, in our model, frictional effects that apply to along-slope flows

will largely be determined by the frictional spindown of the along-slope current, although

localized to the boundary current, advection of buoyancy within the bottom boundary layer

may still be important. Thus, depending on the near bottom distribution of temperature as

regulated by the equilibrated throughflow, bottom boundary layer dynamics can precondition

for differences on circulation and stratification downstream from the ridge, when compared

to upstream conditions.

3.3.3 Integral balances: Cross-ridge barotropic vorticity balance

In order to diagnose topographic constrains on the circulation (i.e. form drag across the

ridge) across a large amplitude zonally symmetric h = h(y) ridge topography, we integrate

the equation for the barotropic vorticity equation (3.1) along f/H contours, since f/H

contours are parallel to the east-west (x) direction. The integral of (3.1) over a control

area centered around the ridge crest (and away from upstream/downstream inflow/outflow

boundary conditions where numerical relaxation takes place), is given by

∫∫
∂(Bbot, h)

∂(x, y)
dA−

∮
(JΩA · n̂) dl +

∮
(JΩNA · ŝ) dl = 0 (3.8)

where the overbar (·) represents a time average, n̂ and ŝ represent the normal and tan-

gential vectors to the boundary (following a cyclonic orientation). Then the integral balance

can be written as a northward integral in which the integrands of each term represents the

along-slope integration of the sources of barotropic vorticity Ω. This is, integrating (3.8)

only in x yields

∫
∆xpbot
ρ0

dh

dy
dy +

∫
∆xE

dh

dy
dy −

∫
∆x(JΩA · i) dy +

∫
∆x

(
JΩNA · j

)
dy = 0 (3.9)
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Table 3.2: Parameters associated with bottom boundary layer dynamics, arising on the
region away from the influence from lateral boundary currents, along f/H contours atop the
ridge, in all our simulations. The region is defined laterally as λM < x < 250− λM . Values
represent an average over this region.

Parameter Description Value

θ (small angle) topographic slope 0.002

Aν Vertical mixing coefficient ≈ 5× 10−3[m2s]

Aκ Vertical diffusivity coefficient ≈ 5× 10−3[m2s]

N2
c Buoyancy frequency at ridge crest 1.3× 10−5 [s−2]

S Slope Burger number S = (θNc/f)2 0.003

Hp Prandtl depth 55[m]

E Ekman number 0.026

Pr Prandtl number ≈ 1

Tshut Buoyancy shutdown timescale 8360 [days]

Tspin Spindown timescale 0.57 [days]

Tdiff Diffusive timescale 3.5 [days]

Tadv Advective timescale 3.8 [days]

Tinertial Inertial timescale 0.58

δEk Ekman layer thickness 9 [m]

δT Diffusive boundary layer thickness 55 [m]

ωbbl Eddy forcing frequency 2.31× 10−6 [s−1]
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where ∆x(·) = (·)
∣∣
x=L
− (·)

∣∣
x=0

is the cross-channel difference, pbot = p(z = −h) is

the mean bottom pressure, and E = (1/2)|uh|2 is the free-slip along wall mean kinetic

energy (since the term is non-zero only in free-slip simulations). The balance (3.9) results

from having the equal northward and southward barotropic vorticity fluxes (i.e. uniform

inflow/outflow), so that the balance only involves meridional (cross-ridge) integrals. By

having the barotropic vorticity balance integrated along f/H contours, we can diagnose the

relative contribution to each of the terms in (3.9) associated with each boundary current to

the spatial integral of the evolution of the barotropic vorticity (3.1).

The usefulness of the barotropic vorticity comes from the ability to include the bottom

pressure forces (form drag) that results from the presence of uneven bottom topography

and that are associated with inertial forces across a topographic obstacle. The first term in

(3.9), represents the bottom pressure torque and it derives from the twisting force that the

bottom topography exerts on the flow. Moreover, through geostrophy, ∆xpbot > 0 implies a

net northward geostrophic transport and therefore the integrand of the first term in (3.9) is

negative for a net upslope and positive for a net downslope geostrophic transport (see Fig.

3.2).

The integrand of last term in (3.9), associated with the dissipation of momentum induced

by boundary currents, is positive for an anticyclonic boundary current and negative for a

cyclonic boundary current (since F ∝ vxx̂j ∝ −v̂j, with v > 0). The relative location each

integrand with respect to the ridge crest, and relative magnitude can provide insight into the

location of the net cross slope transport with respect to the ridge crest and, therefore, the

relative magnitude of form drag forces on the flow across the ridge crest, that is the required

inertia to promote cross-slope flows.

3.4 Results

In this section we evaluate the spatially integrated balance in (3.9) on the simulations de-

scribed in Table 3.1. We begin by considering a linear (Ro� 1), viscous (A
H

= 2500m2s−1),

homogeneous (steady) control simulation characterized by a boundary current scaling λ
M

=
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Figure 3.2: a-d) Integrands of the terms in the integral (barotropic) vorticity balance (3.9),
collapsed along f/H contours to reflect the distribution of each term across the ridge. The
color code is located at the bottom right. The area under the curve for each term is the net
contribution to the integral balance. f) Net integral balance for all terms (area under the
curve) in (3.9).

80km (see Table 3.1 for other parameters for control simulation Ans). In the following in-

terpretation of the simulations, we will refer to linear simulations those for which the QG,

viscous scaling characterizes the flow. This is, Ro � 1 and simulations where the width of

the boundary currents λ
M
> 50km. We are most interested in the differences between linear

(λ
M

= 79km) and non-linear (λ
M

= 17km), stratified simulations.

The throughflow of the control simulation (λ
M

= 80km, no-slip, N2 = 0) is characterized

by an anticyclonic boundary current as the throughflow moves upslope, facilitated by a

recirculation (Fig. 3.1, see ψ = 3.5Sv at x=70km, y=400). Similarly, along the downslope,

the mean thoughflow develops into a cyclonic boundary current that is facilitated by a
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cyclonic recirculation (Fig. 3.1, see ψ = −0.5Sv at x=180km, y=550). Near the ridge crest,

the flow mostly follows topographic contours. Given the large values of viscous dissipation

A
H

, some of the recirculating streamlines go through the viscous boundary layer (Fig. 3.1,

at y=450km, and at y=600km).

Applying the integral balance in (3.9) to the control simulation results in a balance

between the spatially integrated bottom pressure torque and net dissipation of momentum

associated with lateral boundary currents (Fig. 3.2f). This is,

∫
∆xpbot
ρ0

dh

dy
dy +

∫
∆x

(
<Fh> · j

)
dy = 0 (3.10)

where we have found that dissipation of momentum can be well approximated as JΩNA ≈

<Fh> (this will be true for all our simulations).

The net positive value of the first term in (3.10) implies that the throughflow requires more

inertia (stronger torque) to flow down the slope downstream from the ride crest, compared

to that required by upstream from the ridge crest (fig 3.2f). Such inertial acceleration

(i.e. a stronger torque) balanced by momentum dissipation is analogous to flows across

topography along narrow channels in the presence of critical conditions [Baines, 1998, Pratt

and Whitehead, 2007].

Given that the simulation is unstratified, and the requirement of conservation of mass

(transport) by the throughflow, the observed difference in required torque across the ridge

crest must be associated with the relative location of the boundary currents. Given that

<Fh> ∝ −vj at the wall, then by looking at the extrema of the curve associated with

dissipation of momentum (Fig. 3.2d) shows the anticyclonic boundary current is located

closer to the ridge crest, where |dh/dy| is smaller for a symmetric ridge with a continuously

varying slope.

We now apply the spatially integrated balance (3.9) to all simulations, where we observe

some similarities and some differences between stratified and unstratified simulations (Fig.

3.3a is the reference simulation). First, all simulations show a stronger torque downstream

from topography, where the cyclonic boundary current dissipates more momentum when
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Figure 3.3: Barotropic vorticity balance for all simulations. a-f) Homogeneous simulations
(N2

0 = 0), g-l) stratified simulations.

compared to the anticyclonic boundary current, upstream from the ridge.

All free slip simulations are stable to barotropic instability due to the condition at the

lateral wall of vx = 0, and so the net contribution to the balance in (3.9) by the nonlinear

advective flux term JΩA is likely associated with curvature of the path of the throughflow.

What processes dominate the contribution of such term is beyond the scope of this study.

In the no-slip simulations, the nonlinear term is associated with eddies, and we see that

in the unstratified simulation (Fig. 3.3c), eddies increase the momentum dissipation of the

cyclonic boundary current. The increase in momentum dissipation in the presence of eddies
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takes into account for the observed increase in net dissipation of momentum of the cyclonic

boundary current (Fig. 3.3c) when compared to the other no-slip, unstratified simulations

(3.3a-b). Thus the presence of eddies on the mean flow does not imply a greater torque, but

rather a local effect.

Gula et al. [2015] found, on their barotropic vorticity analysis a local balance between the

nonlinear advective fluxes of barotropic vorticity and the bottom pressure torque associated

with a section of the Gulf stream. Such result is likely associated with the orientation of the

f/H contours in their realistic model, with respect to the transport streamlines. This is, in

their model, the mean flow and eddies were aligned with topographic contours, a case that

does not apply the cyclonic boundary current, which dominates the net contribution.

A stark contrast between unstratified and stratified simulations, is the increase in mag-

nitude in the difference between the spatial integral of the bottom pressure torque (i.e. the

term with ∆xpbotdh/dy) across the ridge in stratified simulations. Compared to the refer-

ence simulation (Fig. 3.3a), the magnitude of the dissipative term to the net integral balance

(3.9) does not imply stronger boundary currents in stratified simulations, but rather a greater

contrast across the ridge crest. Compared to the spatially integrated balance (3.9) of the

stratified simulations, the reference simulation can be considered a symmetric boundary cur-

rent system in which the inertial recirculations across the ridge crest have (almost) equal

torques (Fig. 3.1).

The presence of stratification on the simulations introduces an asymmetry on the barotropic

circulation across the ridge, according to our metric, in all stratified simulations (Fig. 3.3g-l).

This is, in all simulations we find a stronger downstream from the ridge crest, implying not

only that the cyclonic boundary current dissipates more momentum, but that the net north-

ward (geostrophic) transport across f/H contours experiences greater resistance downstream

form the ridge crest, than upstream.

As in homogeneous simulations, we find that free-slip simulations (which are free of

eddies), nonlinear fluxes due to curvature effects of the mean path are as important as the

difference in form stress. In no-slip, stratified simulations, nonlinear advective fluxes become
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relevant only in the non-linear simulation (Fig. 3.3i), which results in an increase in the

net dissipation. Since the net dissipation of momentum associated with boundary currents

becomes more negative, this implies that non-linear advective fluxes associated with the

cyclonic boundary current are responsible for the observed change. This is, as we found in

the unstratified no slip simulation (Fig. 3.3c), eddies account for the observed increase in

dissipation, which also implies torque remains unchanged as the boundary currents become

unstable.

To better understand the observed difference in bottom pressure torque in the stratified

simulations, with or without eddies, we will focus mostly in 4 simulations, all no-slip, 2

unstratified with balances shown in fig. 3.3a and fig.3.3c, and 2 unstratified with balances

shown in fig. 3.3g and fig. 3.3i.

The behavior of the transport streamline in our four simulations shows great similarity

as the simulations becomes nonlinear (λ
M

gets reduced) in both unstratified and stratified

simulations. This is, there is an intensification of the cyclonic recirculation downstream

from the ridge in both stratified and unstratified (Fig. 3.4b,d, when compared to the linear

viscous simulations fig. 3.4a,c), in agreement with the integral balance. The inflow pattern

as it goes through the symmetric ridge is also similar in all simulations, with an anticyclonic

recirculation (boundary current) near the west wall (x = 0) and a cyclonic boundary current

along the east wall (x = 250km), localized to sloping topography. The flow along the ridge

away from lateral walls follows f/H contours, east.

The circulation pattern in unstratified simulations with eddies (Fig. 3.4c) has a stronger

recirculation downstream from the ridge, when compared to the control simulation (Fig.

3.4a). From our integral balance, we now that the stronger recirculation of the nonlinear

unstratified simulation is associated with eddies that detach from the cyclonic boundary

current, and flux vorticity into the interior. Such intensification of the cyclonic recirculation

can be observed in the non-linear, stratified simulation (Fig. 3.4d), although the process of

instability, and the depth of the instability, may be different between the two simulations.

While the circulation pattern associated with the cyclonic boundary current system down-
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Figure 3.4: time mean transport streamfunction ψ showing the barotropic circulation across
the ridge comparing unstratified simulations Ans (a) and Cns (b) with stratified simulations
Astns (c) and Cstns (d). ψ > 0 represents both an anticyclonic circulation and northward
transport. NS represents no-slip. λ

M
is a representative of the width of the boundary current,

and therefore an indication of viscous forces.

stream from the ridge between the nonlinear, unstratified and non-linear stratified simula-

tions resembles one another, likely associated with barotropization of baroclinic eddies on the

stratified simulation, the circulation pattern differs upstream from the ridge crest, between

unstratified (Fig. 3.4a and b) and stratified (Fig. 3.4c and d) simulations. The difference

being most clear in the viscous simulations with λ
M

= 80km, which we will now discuss.

In the unstratified simulation, the streamline pattern as the flow approaches the ridge,

is more focused towards the west wall (x = 0, y = 450km) in the unstratified simulation

(Fig.3.4a), representing the location of the anticyclonic boundary current. In the stratified

simulation, the streamline patterns as the northward flow approaches the ridge show a wider

extend of the inflow (Fig. 3.4c, y=400km), in agreement with the flow experience lesser
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topographic constraint by topography.

In stratified simulations, we find a stronger stratification along the west wall x = 0 near

the ridge crest (Fig. 3.5a, y=500km), and low stratification at the east wall, downstream

from the ridge crest below the 500m isobath (Fig.3.5d, y = 575km). Along the ridge,

isotherms are relatively flat, although the tilt of the near bottom temperature surfaces near

the west wall at 35<x<100km suggests bottom intensified anticyclonic recirculation, centered

around x = 50km (black contours in figure 3.5 are the T 1 = 5.7 and T 2 = 6.2 isotherms).

Such recirculation appears to agree well with an apparent anticyclonic recirculation in the

transport streamfunction also centered around x = 50km at the ridge crest (Fig. 3.4d).

Near the eastern wall (x>200km), the along ridge stratification suggests downwelling of

warm waters (Fig. 3.4c).

The observed difference in stratification along and across the ridge, can help explain the

difference in the barotropic behavior of the throughflow, between the cyclonic and the an-

ticyclonic boundary currents. This is because in the f-plane, the circulation around sloping

topography is associated with bottom trapped topographic Rossby waves [Rhines, 1970], with

a depth scale that is inversely proportional to vertical stratification (H2
R
∼ f 2L2

R
/(N2

R
π2),

derived from the ratio of the horizontal to vertical (stretching) terms in the f-plane quasi-

geostrophic equation ∇2φ + (f 2/N2)φzz = 0 where L
R

is the scale of the recirculation near

the boundary current). Thus, the influence of topographic Rossby waves has a shorter depth

scale along the anticyclonic recirculation, when compared to that east along the ridge (see

table 3.1 for values of mean vertical stratification atop the ridge at lateral walls). The shal-

low water depth at and near the ridge enables a strong barotropic (full depth) influence

by topographic Rossby waves along the cyclonic boundary current, and a lesser barotropic

behavior west, along the anticyclonic boundary current.

The vertical stratification along the west wall implies upwelling of cold waters up the slope

(fig. 3.5a) and downwelling of warmer waters down the slope along the east wall (Fig. 3.5d).

Fig. 3.6 shows snapshots of relative vorticity above the bottom boundary layer, where the

bottom boundary layer thickness layer surpasses 15 meters in regions with strong curvature
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Figure 3.5: Vertical stratification for the nonlinear, stratified simulation Cstns characterized
by λ

M
= 17km with no-slip boundary conditions. a) Stratification along the western wall

(x = 0), with b) showing the along-crest stratification a distance of 125km away from the west
wall. d) shows the across-ridge temperature along the eastern wall (x = L), where c) shows
the along-ridge stratification a distance of 125km away from the east wall. Gray contours
depicts isotherms every 0.5◦;C and thick black contours show the location of isotherms
T 1 = 5.7◦ C and T 1 = 6.2◦ C

(see Table 3.1). A large standing anticyclone sits atop the ridge crest near the west wall,

and is associated with the recirculation of cold waters.

The pattern displayed by an upwelling isotherm south of the ridge crest T 0 = 5◦ C (black

contours in fig. 3.6a) further sheds light into the bottom pressure distribution. The upwelling

isotherm away from the west wall (x > 150km) is aligned with f/H contours, and it shows the

broad scale of the cold upwelling, recirculating inflow. The isotherm slowly tilts up the slope

westward, feeding the standing anticyclonic meander with cold water (Fig. 3.6a, x<100km).

The upwelling of cold water masses associated with a bottom intensified meander atop the



63

Figure 3.6: a-d) Snapshots of relative vorticity 15m above the terrain for the equilibrated,
nonlinear, stratified simulation Cstns. Eddies from the anticylonic (x=0) boundary current
detach every 1.5 days, propagating along f/H contours. The reversal in β

T
promotes a

strong anticyclonic recirculation near the boundary current at the west wall (x=0, y=500km).
Cyclonic eddies decay away from the west wall as they propagate and are advected east,
creating the advective vorticity flux in f), localized near the ridge crest. As before, the
contribution (area under the curve in f) by the eddies to the integral balance is negative,
meaning eddies associated with the cyclonic boundary current (x = 200km, y > 500km)
dominate the fluxes, increasing the net dissipative contribution (g).

ridge crest is in agreement with observations of upwelling of drifters along the Iceland-Faroe

Ridge, initially set to drift along with the deep overflow plume of the Faroe Bank Channel

that navigates along the sloping bottom south of the ridge crest [Prater and Rossby, 2005].

Most of the net upslope transport takes place close to the ridge crest at y = 450km, with

the strongest mass flux just south of the crest (y ≈ 500km), where the isotherm becomes

parallel to the west wall. There, the topographic slope nearly vanishes, a behavior that results

in the smaller integrated bottom pressure torque (Fig. 3.6c). The closer the cross-isobar flow

is to the ridge crest where dh/dy = 0, the lesser the contribution (area under the curve in

fig. 3.6c) to the integral barotropic vorticity balance (3.9). The same bottom isotherm

(T0 = 5◦ C) suggest that the net downslope transport takes place farther downstream from
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the ridge crest, when compared to the location of the net upslope transport, in agreement

with the much greater area under the curve in figure (3.6f).

The location of the standing anticyclonic meander (Fig. 3.6a-d, at y = 500km) is just

upstream of the ridge crest where the topographic β
T

changes sign, and flow separates from

the wall at x = 0. The anticyclonic side of the jet is located near the ridge crest, and feeds

the recirculating anticyclonic meander. As a result, only cyclonic eddies break away from

the standing meander, and move towards the west wall along f/H contours, advected by the

mean flow. Eddies associated with the cyclonic boundary current separate from the current

as a train of dipoles that appear to have a stronger cyclonic core, with a greater surface wall

area to extract barotropic vorticity when compared to the anticyclonic separating boundary

current. The contrasting behavior between the generation sites of eddies, is likely responsible

for the difference in momentum flux contribution between the two boundary currents in our

balances (area under the curve in figs.3.3c,i).

Despite the complex nature of the nonlinear dynamics involved in the equilibration of

the throughflow, the pattern of the circulation, an western intensified anticyclonic boundary

current and a pseudo-westward intensified cyclonic boundary current at the east wall is

in agreement, to first order, with the preferred orientation of topographic Rossby waves.

But such dynamics do not completely provide an explanation of the observed differences

in stratification, which modify the extent to which topographic Rossby waves influence the

upper ocean.

Dynamics within the bottom boundary layer, cannot be ignored, given the observed

thickness δEk ≈ 24m, which reaches a maximum at the location of boundary currents, and

along the path of the mean flow roughly along f/H contours (e.g. fig. 3.7 shows the calculated

bottom boundary layer thickness of the nonlinear simulation. A similar pattern is found for

linear viscous simulations). After an initial fast spinup by the topographic Rossby waves

which promote the formation of boundary currents, dynamics within the bottom boundary

layer become important.

Bottom pressure torque, the leading term in our spatially integrated balance, can be
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Figure 3.7: Snapshot of thickness of bottom boundary layer in nonlinear stratified (no slip)
simulation Cstns with the greater thickness values associated with the boundary currents.
Grey solid lines show the location of the ridge. The spindown of the bottom along-slope
current results in downslope flow, downslope migration of bottom intensified current and
thus, on the pattern of δEk. Dashed white lines A and B span an area where the interior
flow is along f/H contours and where downslope transport is associated with bottom Ekman
dynamics of the along-slope flow. Net downslope transport over this region contributes to
the net force.

approximated to leading order term by the vertical stretching of vortex lines. This is,

1

ρ0

∂(pbot, h)

∂(x, y)
≈ −fwbot (3.11)

where wbot is the mean vertical velocity above the bottom boundary layer [Gula et al.,

2015]. Thus, a net negative contribution by the spatially integrated bottom pressure torque

(integral of 3.11), associated with the anticyclonic meander, implies Ekman suction wbot > 0

and thus upwelling of cold waters within the bottom boundary layer. In addition, frictional

spindown of the anticyclonic boundary current promotes a rapid modification of the bottom
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stratification by advecting cold water towards the west wall (x = 0), strongest where the

flow becomes aligned to the wall. Thus, at west wall, the Ekman suction and frictional

spindown promotes an increase in the stratification of the water column above, thus making

the anticyclonic boundary current more bottom trapped.

As the flow separates at the ridge crest where β
T
=0, it continues to experience frictional

spindown along f/H contours, inducing transport down the slope within the bottom boundary

layer (Fig. 3.8a,d,g at x=530). Transport within the bottom boundary layer then promotes

a slow descent, as can be seen from the downslope migration of the interior eastward velocity

(Fig. 3.8d and g at y = 530km), as well as from the descent of the thickness of the bottom

boundary layer (Fig. 3.7), which also shows the mild downward migration of eddies. Thus,

the frictional spindown of the current along f/H contours, contributes on the location of the

cyclonic boundary current at the east wall down the slope, at greater depths, when compared

to the location of the separating anticyclonic boundary current.

At the east wall, the spatial integral of the bottom pressure torque implies Ekman pump-

ing (fwbot < 0) of warm waters into the bottom boundary layer, while the frictional spindown

promotes an advection of warm interior waters west of the wall, where ambient waters are

relatively colder (Fig. 3.6b, x = 220km, y = 600km). This results in a convectively unstable

water column, therefore reducing the vertical stratification near and downstream from the

cyclonic boundary current (Fig. 3.9a,b x > 220km, y > 600km), in agreement with the ob-

served along wall stratification at the east wall (Fig .3.5d). Such destratification associated

with the cyclonic boundary current can lead a potentially interesting and rich instability

problem, the subject of an accompanying paper.

3.5 Discussions and Conclusions

We have presented an idealized model of a large scale throughflow across a symmetric ridge,

where we investigated the asymmetry on inertial recirculation across the ridge crest, that

result in increase of momentum dissipation localized to boundary currents. Central to our

study was the effect of stratification and dynamics within the bottom boundary layer and
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Figure 3.8: Frictional spindown of the along-slope flow for simulation Cstns, where λ
M

=
17km. Mean zonal (u) velocity is shown at three sections away from the influence of lateral
boundary current. Thus, the only cross-slope flow is the to friction within the bottom
boundary layer. Also shown are vertical profile of along/across slope flow at y = 530km.
Isotherms are shown every 0.5◦ C (gray contours).

localized to the throughflow as it navigates topography, on determining the spatial differences

on the large scale barotropic circulation. We found that the anticyclonic boundary current

required less inertia (torque) to promote transport up the slope, when compared to the

cyclonic boundary current downstream from the ridge crest, which requires a stronger inertia

(torque) to promote an equal transport down the slope. This implies stronger topographic

steering experienced by the throughflow is it moves past the ridge crest.

The contrasting difference between the barotropic behavior of the throughflow across

the ridge crest, we found to be largely associated with the destratification of the cyclonic

boundary current by bottom Ekman transport of water waters that resulted in a convectively
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Figure 3.9: Thickness of the water column above the mean isotherm T 0 = 6.0◦ C in the
viscous stratified simulation Astns (a) and nonlinear stratified simulation Cstns (b). Both
simulations show a deepening of the layer downstream of the cyclonic boundary current,
representing a rapid destratification of the water column due to advection of warm water
within the bottom boundary layer. The difference in the lateral extent of the deepening
region is determined by the width of the boundary current.

unstable bottom boundary layer, and strengthening of the stratification by Ekman transport

associated with the anticyclonic boundary current. In addition, the relative location of the

boundary currents with respect to the ridge crest, with the anticyclonic closer to the ridge

crest where topographic slope nearly vanishes, further increased the asymmetry, an effect

due to the continuously varying sloping bottom (a departure from linear slopes).

We found an asymmetry on the eddying field between the boundary currents, with eddies

associated with the cyclonic boundary current being advected downstream from the ridge
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and experiencing barotropization due to nonlinear interaction between the eddies. Along

the ridge, eddies are predominantly cyclonic due to the anticyclonic recirculating meander

at the west wall. Such meander facilitates the upslope transport of cold waters up the slope,

and can potentially promote southward downslope transport due to its recirculation nature.

Such behavior agrees with observations of northward (upslope) advection of floats located

on cold overflow plumes that navigate along sloping bottom south of the IFR crest [Prater

and Rossby, 2005].

Given the simplicity of our model, with the circulation implied by topographic Rossby

waves associated with large amplitude topography, our results are robust in the sense that

Ekman dynamics will promote a reduction of the baroclinicity of the flow whenever the

bottom flow down the slope has enough torque to promote Ekman pumping and frictional

spindown, promoting a destratification at depths determined by the sloping bottom. The

presence of the anticyclonic meander near the ridge crest is also robust for a large broad

inflow that is perpendicular to a large amplitude ridge.

Our model of the topographically steered component of the Atlantic inflow across the IFR

does a good job on incorporating some of the most important features: A western intensified,

recirculating anticyclonic meander on the ridge crest, along ridge eddying variability, and a

downstream cyclonic circulation typical of the Nordic seas, although in our model such basic

scale barotropic behavior is associated with eddies that detach from the boundary current.

Most important, is the characterization of the northward downslope flow as requiring strong

inertia, such that the northward (downslope) flow experiences a greater resistance to cross

f/H contours than the flow upstream. Thus, in the absence of a lateral (eastern) wall, but

rather a continuous (but steeper) sloping bottom, a current will get attached to the sloping

bottom and continue flowing along f/H contours, following a cyclonic path.

This interesting result may help understand the observed behavior of the circulation

downstream from the ridge on the Nordic basins, where the Atlantic inflow is strongly topo-

graphically steered along f/h contours cyclonically around the basin [Hansen and Østerhus,

2000, Hansen et al., 2008], a complementary but different explanation for the preferred cir-
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culation around high latitude closed basins [Nøst et al., 2008, LaCasce et al., 2008].

The validity of the approximation of channel geometry with a symmetric ridge intersecting

lateral walls as a model for throughflows across a ridge, most is appropriate when topographic

ridge ends at a coastal shelfbreak, with the slope of the shelfbreak being is much greater that

the slope of the ridge. In such scenario, long topographic Rossby waves become arrested.

Then, the mean flow navigating the ridge would experiences the coastal shelf effectively as

a wall, developing an inertial recirculation in order to promote cross-slope transport, and

satisfy basin scale constraints or mass, volume, energy and potential vorticity.
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Chapter 4

ON THE ASYMMETRY OF THE CIRCULATION OF
THROUGHFLOWS ACROSS LARGE AMPLITUDE

TOPOGRAPHY. PART II: INJECTION OF BOUNDARY
LAYER PV

4.1 Introduction

The pathway of large scale, topographically steered throughflows across finite amplitude to-

pography results from a balance between baroclinic form stress (bottom pressure changes

along topographic contours), lateral dissipation and eddy induced vorticity fluxes that redis-

tribute momentum along f/H contours (as described in Chapter 3). The mean flow develops

into a bottom-intensified, anticyclonic western boundary current as it flows into the ridge

crest, and separates from the wall as it encounters a reversal of sign in the topographic slope.

The mean flow then follows f/H contours and developes into a cyclonic, eastern boundary

current as it encounters the eastern wall and flows into deeper water downstream from the

ridge. A seldom studied approach at large scales, throughflows along channel geometry can

represent exchanges of topographically steered flows across ocean basins constrained laterally

by abrupt coastal shelfs, such as the flow of North Atlantic waters across the Iceland-Faroe

Ridge [Hansen et al., 2003, Østerhus et al., 2005, Hansen et al., 2008, 2010].

An overlooked component of boundary currents and therefore throughflows, is their verti-

cal structure, in particular the secondary ageostrophic circulation associated with the bottom

boundary layer [Pedlosky, 1968]. Depending on the orientation of the mean (interior) flow

with respect to f/H contours, bottom friction can lead to an Ekman transport across f/H

contours, rapidly modifying the stratification of the boundary layer and even the upper ocean

if such advection results in a convectively unstable stratification [Condie, 1995, Wåhlin and
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Walin, 2001, Brink and Lentz, 2010]. Moreover, bottom friction can lead to an Ekman ar-

rest, when the Ekman transport promotes a horizontal buoyancy gradient in thermal wind

balance, in which the geostrophic shear reduces the effects of the bottom boundary layer

onto the mean interior flow [MacCready and Rhines, 1991, Trowbridge and Lentz, 1991,

MacCready and Rhines, 1993]. Furthermore, baroclinicity within a thick bottom boundary

layer, can become unstable to baroclinic instability, leading to a rapid restratification of the

bottom boundary layer [Wenegrat et al., 2018]. Lastly, diapycnal mixing at the bottom can

drive frictional flow up the slope by weakening the stratification, thus promoting a stable

boundary layer [Wunsch, 1970, Phillips, 1970, Thorpe, 1987, Benthuysen and Thomas, 2012].

In the case of channel throughflows across finite amplitude ridge topography, the flow

experiences significant along stream variability that result in localized regions of enhanced

turbulent mixing, effectively increasing the bottom boundary layer thickness. Thus, Ekman

dynamics within a thick boundary layer can become very effective in inducing a modifi-

cation of the upper interior ocean through rapid re or de-stratification within the bottom

boundary layer. Then, depending on the resulting localized distribution of potential vor-

ticity within the bottom boundary layer, the mean flow or baroclinic eddies can advect PV

anomalies away into the interior. Such non-local redistribution by eddies has already been

explored in idealized studies of subduction in surface fronts [Spall, 1995, Manucharyan and

Timmermans, 2013] and shelf break boundary currents [Spall et al., 2008], although in these

studies, bottom boundary layer dynamics are largely unresolved. Similarly, most studies of

bottom boundary layer dynamics do not consider equilibrated interior flows with significant

along-stream variability.

How bottom boundary layer control may come about in topographically steered through-

flows is unclear, particularly since the mean flow experiences significant along-stream changes

i.e. boundary current formation localized to lateral boundaries, and eddies that propagate

along f/H contours. Both of these characteristics of the mean flow outside the boundary

layer, usually neglected in quasi 2D idealized studies of bottom boundary layer dynamics,

can introduce patterns on the bottom diapycnal mixing and frictional stresses along f/H
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contours, and thus have the potential for constraining the effect of boundary layer dynamics

to localized regions along the path of the flow as it crosses the ridge.

In this study we investigate the effects associated with baroclinic eddies and bottom

boundary layer dynamics on the throughflow across a finite amplitude ridge. We analyze the

(Ertel) potential vorticity (PV) of the fluid, a dynamically active tracer with conservation

properties that incorporate both thermodynamic and dynamical aspects of the flow [Haynes

and McIntyre, 1987, 1990], using a combination of theory and numerical simulations of the

primitive equations. What makes ideal the use of the PV of the fluid, is its ability to

describe density and mean flow anomalies associated with bottom boundaries as High or

Low PV, associated with the presence of a strong or low vertical stratification within the

bottom boundary layer, respectively, with respect to background values associated with the

large scale field. Additionally important to the understanding of the distribution of PV

anomalies, is the role of advective processes such as that by the eddies or the mean.

The outline of the paper is as follows: In section 2 we derive the expressions for eddy

potential vorticity fluxes, mean advective fluxes, as well as boundary PV fluxes consistent

with integral balances of PV, and associated with the intersection of density surfaces along

solid boundaries, where bottom boundary layer dynamics can result in net fluxes into the

interior. In section 3 we present the main results beginning with a description of the verti-

cal structure of the mean fields associated with equilibrated simulations, and the resulting

integral PV balance. We then relate the PV integral balance, which incorporates boundary

PV sources, with the dynamics within the bottom boundary layer. Lastly, we summarize

our findings and conclusions in section 4.

4.2 Boundary sources of potential vorticity

In the primitive equations, the conservation of (Ertel) potential vorticityq = ωa · ∇b in flux

form is given by

∂q

∂t
= −∇ · J (4.1)
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where ωa = (−vz, uz, f + ζ) is the absolute vorticity with u = (u, v, w) the 3D velocity,

ζ = vx − uy the relative vorticity and b = gαT buoyancy, where we have assumed a linear

equation of state. The PV flux vector can be written in two equivalent forms

J = uq︸︷︷︸
JA

+∇b× F︸ ︷︷ ︸
JNA

= ∇b×∇B +∇b×
(
∂uh
∂t

)
− ωa

∂b

∂t
(4.2)

B = (1/2)|u|2 +g(η−z)+p/ρ0 is the Bernoulli potential, where η is the surface elevation,

p the fluid pressure due to interior stratification, and F = Fh+ρ−1
0 ∂zτ represents dissipation

of horizontal momentum. Although each dissipative term is left implicit in our analytical

formulation, Fh represents viscous, harmonic horizontal dissipation of momentum.

The two equivalent formulations of the PV flux vector J allow complementary interpre-

tations: J can be decomposed into an advective and a dissipative flux contribution [Haynes

and McIntyre, 1987, 1990], and so in the absence of dissipative or diabatic processes, the

evolution of (Ertel) potential vorticity is given entirely by the divergence of advective fluxes.

Furthermore, the interior advective redistribution of PV in the presence of eddying variabil-

ity can be split into a mean and eddy advection, i.e. JA = uq + u′q′, where the overbar

() represents time-mean, and primed variables ()′ represent the deviation (eddy) from such

mean. Lastly, if the flow is steady (last two terms in (4.2) are zero), the intersections of

surfaces of constant Bernoulli potential and surfaces of constant buoyancy/temperature rep-

resent streamlines for the total potential vorticity flux, and three dimensional flow too in the

absence of dissipation [Schär, 1993, Bretherton and Schär, 1993].

In the quasigeostrophic limit, the intersection of temperature/buoyancy surfaces with

bottom topography can be represented as PV-delta sheets [Bretherton, 1966, Rhines, 1979],

which can be tapped by the circulation and, in most extreme cases, be advected by the

mean flow leading to downstream formation of cyclonic anomalies [Hallberg and Rhines,

2000, Schneider et al., 2003]. In what follows, we derive a local flux formulation of the

topographic PV flux in primitive equations that is general enough that it can incorporate

dynamics beyond QG, and allow us to diagnose the topographic PV flux that is consistent
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with a volume integrated Eulerian Ertel PV balance.

Using the Bernoulli formulation of the PV flux vector in (4.2), the topographic PV flux

can be written as the sum of two contributions, that is

J · nbot = J
t · nbot + J

s · nbot (4.3)

where the superscripts t and s differentiate between the fluxes that explicitly depend on

the tendency of flow variables (time derivatives) or not. nbot = (0,−dh/dy,−1) is the local

normal vector to bottom topography, outward pointing. These terms are

J
t

bot = nbot ·

[
∇b×

(
∂uh
∂t

)
− ωa

∂b

∂t

] ∣∣∣∣
z=−h

(4.4)

which vanishes when the flow reaches steady state, and

J
s

bot = nbot ·
(
∇b×∇B

) ∣∣
z=−h (4.5)

In the presence of finite amplitude topography, linearization of the bottom boundary con-

dition is no longer possible. Thus we introduce a σ-coordinate transformation to transform

a horizontal (i.e. meridional) derivative to terrain-following coordinates [Shchepetkin and

McWilliams, 2005]. Thus, a terrain following derivative is

∂(·)
∂y

∣∣∣∣
σ=−1

=

(
1− γ(·)

)
∂(·)
∂y

∣∣∣∣
z=−h

(4.6)

where σ = G(η, h) is the terrain following coordinate with G a nonlinear stretching func-

tion, such that σ(0) = η(x, y) and σ(−1) = −h(y). The left hand side of (4.6) represents an

along-bottom derivative of a scalar function denoted by (·), where γf = (dh/dy)
/

((·)y/(·)z) is

the ratio of local slope of (·) to the topographic slope, which vanishes for flat bottom topog-

raphy. γf arises as a stability slope parameter that measures the effect of the sloping bottom

on baroclinic instability, when applied to buoyancy (temperature) surfaces (γb) [Blumsack

and Gierasch, 1972, Lozier and Reed, 2005, Isachsen, 2011].
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Given the transformation (4.6), the (time-mean) contribution of the topographic PV flux

vector by the first term in the rhs of (4.3) is

J tbot = −k̂ ·
(
∇σb×

∂uh
∂t

) ∣∣∣∣
σ=−1︸ ︷︷ ︸

J
t
b1

+

[(
f + ζσ

)∂b
∂t

]∣∣∣∣
σ=−1︸ ︷︷ ︸

J
t
b2

(4.7)

where k̂ is the unit vector perpendicular to depth-surfaces (note that there is no stretching

in the x-direction in this study, but the expression (4.7) is general in the sense that can also

represent stretching in x, as long as an equivalent transformation to (4.6) in the x-direction

is introduced). Thus J
t

bot = 0 either when the flow is in steady state, or when surfaces

of constant buoyancy (temperature) do not intersect the bottom, and the along-bottom

vorticity ζσ = −f .

The contribution to the net topographic PV flux by the second term term in (4.3) can

be written as

J
s
bot =

[
Bxby (1− γb)− bxBy (1− γB)

]
z=−h(y)

(4.8)

or, using σ-coordinates,

J
s

bot =
∂σ(B, b)

∂(x, y)

∣∣∣∣
σ=−1

(4.9)

where the subscripts σ on the Jacobian term ∂σ(·, ∗)/∂(x, y) implies that derivatives are

along sigma (terrain following) coordinates.

Now, we introduce the functional Γb = Γ[b; y, z] acting on the scalar function b (in this

case we take b as buoyancy, but it can be any function), defined as

Γb =

(
∂b

∂y

∣∣∣∣
σ=−1

)/(
dh

dy

)
(4.10)

The functional Γg represents the ratio between along-bottom northward gradient (i.e.

along σ = −1 surface) to topographic slope, where we have used the transformation (4.6)

for simplicity and compact notation. With this, the expression in (4.8) is
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Jsbot =

[
BxΓb − bxΓB

]∣∣∣∣
z=−h(y)

dh

dy
(4.11)

We now decompose J
s

bot into contributions from (lateral) boundaries (i.e. where topog-

raphy intersects lateral boundaries) and terms along f/H contours. Then, the time-mean

net topographic PV flux J bot, given by the sum (4.3) is

J bot = ∆xJ
∗
bot +

∫ ∫ (
bbot

∂Γ
B

∂x
−Bbot

∂Γb
∂x

) ∣∣∣∣
z=−h

dh

dy
dxdy +

∫ ∫
J
t

botdxdy (4.12)

where ∆x(·) = (·)x=L − (·)x=0 is the cross-channel difference (i.e. difference between the

evaluation at eastern and western walls). The first term on the RHS of (4.12) is associated

with effects on lateral walls, e.g. form stresses; this term would vanish in a zonally periodic

domain. The second term in (4.12) is associated with changes of buoyancy, pressure and

kinetic energy across and along f/H contours, while the third term is associated with the

tendency terms in (4.7).

The first term on the RHS of (4.12) can be expanded as follows:

∆xJ
∗
bot = ∆xFBTΓ

+ ∆xFBCΓ
+ ∆xEΓ

−∆xSΓ
(4.13)

where

FBT
Γ

=

∫ M

0

(gηΓb)
∣∣
z=−h

dh

dy
dy

FBC
Γ

=

∫ M

0

(
pΓb
ρ0

) ∣∣∣∣
z=−h

dh

dy
dy

E
Γ

=
1

2

∫ M

0

(Γbv
2)
∣∣
z=−h

dh

dy
dy

S
Γ

=

∫ M

0

(bΓ
B

)
∣∣
z=−h

dh

dy
dy

(4.14)
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Our formulation of net topographic PV fluxes (4.12) shows the role of form stresses

associated with lateral boundary currents in promoting local (and net) PV fluxes (4.13),

as well as the potential role of along-slope variations of buoyancy and bottom Bernoulli

potential in promoting local and integral PV fluxes. Along slope variations of buoyancy and

bottom Bernoulli potential are associated with viscous dissipation, ageostrophic flows an

eddies. The question of which processes of PV flux make the largest contribution, and what

effect this flux has on structure of the mean flow associated with an equilibrated throughflow

past finite amplitude topography is examined next.

We use a similar domain and experimental designed as in Chapter 3, where we apply

uniform open inflow/outflow boundary conditions upstream and downstream from the ridge,

respectively, forcing a lateral volume influx of Qin ≈ 3 Sv (1 Sv=106m3s−1) with a vertical

stratification N2
0 = 1×10−5s−2. This results in a boundary inflow/outflow given by a (purely

advective) potential vorticity flux of magnitude J∗
A

= N2
0H0v0f ĵ ≈ 5×10−12m2s−4. The local

coordinates are rotated so that northward in our experimental setup represents cross-ridge,

and east-west is parallel to topographic contours. We refer to Chapter 3 for a detailed

description of the model numerics, and Table 4.1 for parameters associated with mean flow

circulation across large amplitude topography.

Given the potential role of the bottom boundary layer away from the influence of lateral

(mean) boundary currents, we introduce relevant parameters that arise in the idealized study

of reentrant, (vertically) semi-infinite bottom boundary layer dynamics (see Table 4.2). A

parameter of great importance of along slope flows is the (small angle) slope Burger number

S ≈ (Nθ/f)2 where θ ≈ dh/dy. The timescale at which buoyancy forces balance an (initial)

up/down-slope Coriolis force is given by the buoyancy shutdown timescale, defined as Tshut =

P−1
r S−2f−1, valid for S � 1. Similarly, the stratified frictional spindown time scale is given

by Tspin = E−1/2f−1, where E = 2Aν/fH
2
p is the Ekman number and Hp = fL/2πN the

Prandtl depth, the depth scale over which anomalies penetrate into the interior. The inertial

and diffusive time scales are expressed as Tinertial = f−1 and Tdiffusive = E−1f−1.

The diffusive boundary layer has thickness of δT = (2AκTdiff )1/2, whereas the bottom
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Table 4.2: Parameters associated with bottom boundary layer dynamics, arising on the
region away from the influence from lateral boundary currents, along f/H contours atop the
ridge, in all our simulations. The region is defined laterally as λM < x < 250− λM . Values
represent an average over this region.

Parameter Description Value

θ (small angle) topographic slope 0.002

Aν Vertical mixing coefficient ≈ 5× 10−3[m2s]

Aκ Vertical diffusivity coefficient ≈ 5× 10−3[m2s]

N2
c Buoyancy frequency at ridge crest 1.3× 10−5 [s−2]

S Slope Burger number S = (θNc/f)2 0.003

Hp Prandtl depth 55[m]

E Ekman number 0.026

Pr Prandtl number ≈ 1

Tshut Buoyancy shutdown timescale 8360 [days]

Tspin Spindown timescale 0.57 [days]

Tdiff Diffusive timescale 3.5 [days]

Tadv Advective timescale 3.8 [days]

Tinertial Inertial timescale 0.58

δEk Ekman layer thickness 9 [m]

δT Diffusive boundary layer thickness 55 [m]

ωbbl Eddy forcing frequency 2.31× 10−6 [s−1]
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boundary layer thickness is defined as δEk =
√

2Aν/f , which not only can vary spatially

according to patterns of enhanced vertical (turbulent) mixing, but also can vary in the pres-

ence of eddy variability. Eddies that propagate along f/H contours then introduce temporal

variability on the thickness of the bottom boundary layer, measured by the ratio rω = ωbbl/f .

rω � 1 characterizes slow evolving flows where buoyancy shutdown can take place [Ruan and

Thompson, 2016]. Lastly, given that f/H contours begin and end at solid lateral walls, in

regions with strong lateral boundary currents where quasi-2D boundary layer scaling are no

longer valid, we introduce an advective timescale Tadv = Lw/U where U is the scaling for

the along ridge flow, within a length scale L away from the influence of lateral boundary

currents. While Lw depends on λ
M

, which varies for each experiment, an good estimate in

our simulations is Lw ∼ O(100)km, which makes Tadv ∼ 4 days. Thus, a water parcel will

be advected by the mean flow along f/H contours for roughly 4 days.

4.3 Results

In this section, we analyze simulations of continuously stratified, rotating throughflows un-

der channel geometry and characterized by a net mean transport across finite amplitude

bottom topography. Throughout this paper, unless otherwise stated, we focus particularly

on simulation CStns characterized by narrow (λ
M
≈ 17km) unstable lateral boundary cur-

rent and a Ro ∼ O(1) associated with the cyclonic boundary current (see Table 3.1). Thus,

the simulation best describes an equilibrated, topographically steered flow with significant

along-stream variability, with locally Ekman dynamics are relatively important. At the end

of this section, we will address the rest of the simulations, when we present the topographic

PV fluxes just derived in the previous section. We refer to our previous study (Chapter

3) for a through description of the dominant balances that lead to the equilibration of the

circulation.

The mean circulation is characterized by a bottom-intensified anticyclonic boundary cur-

rent associated with the southward facing (decreasing y direction) sloping bottom localized

near the (x = 0) wall, and a cyclonic boundary current associated with the northward facing
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Figure 4.1: Snapshots of relative vorticity within the bottom boundary layer ζσ (a) and at
the surface ζ0 (b), both scaled by the Coriolis parameter, in simulation Cstns. The span of
the bottom ridge centered at y=500km is shown by the light gray contours, with the mean
streamlines ψl = 0.5Sv (dashed black) and ψc = 1.5Sv (solid black) representing the mean
transport pathway. Also shown is the bottom boundary layer thickness δEk =

√
2Aν/f (c),

which displays significant along-ridge variation due to (bottom intensified) baroclinic eddies.
A time series of δEk along the path of the mean flow away from boundary currents (red circle
in c) is also shown. Lastly, the surface mean kinetic energy (1/2)u2

h is shown in (d), with a
maximum along the cyclonic boundary current.

sloping bottom localized near the eastern wall (x = 250km). Atop the ridge, the mean flow

is bottom intensified and along f/H contours, near the ridge crest.

We examine the vertical structure of the mean flow along the path of (time) mean trans-

port streamlines that are calculated by inverting the 2D Laplacian of the (barotropic) vortic-

ity (ψ = ∇2Ω). While in the presence of sloping topography there is no longer a barotropic

mode but instead a bottom intensified topographic Rossby wave [Rhines, 1970], the depth

scale of topographic Rossby waves associated with the mean (boundary current) circulation
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atop the ridge is relatively of the same order that the depth at the ridge crest Hp ∼ O(500m).

Moreover, given that atop the ridge, all shear and baroclinicity is concentrated towards the

bottom (i.e. there is no surface forcing), the vertically integrated flow fields represent a

good approximation of the dominant (throughflow scale) dynamics that are associated with

topographically locked Rossby waves.

Rather than integrate flow variables within an envelope defined by streamlines (e.g. an

envelope defined by two of ψ = {0.5, 1.5, 2.5} Sv), we examine the quantities along each

individual streamlines, recognizing that streamlines can diverge from each other, and follow

a very different path along or across the ridge than the bottom intensified flow, and thus

diverge greatly from path follow by topographically steered flow (e.g. Fig. 4.2 a and e). We

find, generally that streamlines ψ = 0.5, 1.5Sv do a good job in representing the (time-mean)

topographically locked circulation (Fig. 4.1a-b).

Along the path of the mean flow atop the ridge crest, we find a laterally and temporally

varying vertical (turbulent) viscosity Aν as a result of along-stream changes on the bottom

intensified current and eddies that separate from the western boundary current and propagate

along f/H contours (Fig. 4.1a). As a result, the thickness of the bottom boundary layer

δEk =
√

(2Aν/f) varies along the path of the flow atop the ridge, with the greatest thickness

localized to the boundary currents δEk ≈ 25m. Along the f/H path of the bottom-intensified

flow away from boundary currents, δEk ≈ 10 − 12m (Fig. 4.1c). Furthermore, baroclinic

bottom intensified eddies promote thickness changes to the boundary layer δ′Ek ± 3m of the

mean value (see Fig. 4.1c, inplot), with a timescale of approximately 4-5 days. The ratio

of frequency on boundary layer thickness variability to inertial frequency rω = ωbbl/f << 1,

which means that eddies allow the bottom intensified flow along f/H contours to escape

buoyancy shutdown [Ruan and Thompson, 2016].

The behavior of both the mean and eddy kinetic energy (MKE and EKE respectively)

along the western boundary current is, as expected by the enhanced near bottom vertical

stratification (Table 4.1), bottom intensified (Fig. 4.2a-d, at R ≈ 550km). The maximum

mean and eddy kinetic energy are located close to each other, and decay rapidly as the flow
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Figure 4.2: Along stream mean kinetic energy (MKE) (left column) and eddy kinetic energy
(EKE) (right column) at streamlines ψl = 0.5Sv (a, b), ψc = 1.5Sv (c,d) and ψu = 2.5Sv
(e, f). Light gray contours represents isotherms, plotted at every 0.5◦ C. The streamline
ψ = 2.5Sv crosses the ridge east of the crossing of the other two streamlines. The three
streamlines do, however, align and exhibit a similar behavior downstream from the ridge
crest.

moves along the ridge crest. MKE and EKE associated with the cyclonic boundary current

are laterally apart from each other, roughly 150km, with the EKE maximum taking place

downstream from the MKE maximum (EKE maximum at R≈ 1000km, see fig. 4.2b,d; MKE

maximum at R ≈ 850km, see fig. 4.2a,c).

The vertical structure of MKE and EKE along the cyclonic boundary current is suspect

(e.g. MKE behavior seen at R=850km in Fig. 4.2c, and EKE behavior at R=1000km in Fig.

4.2d). Both are middepth intensified, above the isotherm T = 6.2◦C (Fig.4.2a-d), an isotherm

that reaches across the ridge crest upstream. Their vertical structure (MKE and EKE) decays

rapidly at increasing depths and slowly toward shallow depth. This suggests that both MKE

and EKE retain the vertical structure of a (bottom intensified) topographically Rossby wave,
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Figure 4.3: Buoyancy production (w′b′) along the ψ = 0.5 Sv (a) and ψ = 1.5 Sv (b) time
mean streamlines. Temperature is plotted at every 0.5◦ C (grey contours). Thick black
contours represent the isotherms T 1 = 5.7◦ C and T 2 = 6.2◦ C, which define the layer with
anomalous low PV. At distance R = 550km along the path of the streamlines, buoyancy
production w′b′ > 0 associate with the anticyclonic (western) boundary current can be seen
clearly along ψ = 0.5Sv, and only faintly along ψ = 1.5Sv, due to bottom intensified vertical
shear that introduces a vertical tilt in the velocity structure. For both streamlines, buoyancy
production around R = 870km can be seen at intermediate depths (z = −800m), suggesting
a process of instability that is localized to near bottom isotherms that tilt rapidly in the
along-slope direction.

a behavior expected for MKE since it lies above sloping bottom but not for EKE which lies

downstream, away from sloping topography.

The along stream behavior of buoyancy production w′b′, associated with the conversion of

available potential energy into eddy kinetic energy by baroclinic instability, provides further

insight into the vertical structure of the mean and eddying fields. Associated with the western

intensified boundary current (Fig. 4.3a, at R=550km) there is a local maxima in buoyancy

production, a sign of baroclinic instability associated with a bottom intensified topographic

Rossby wave.
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Buoyancy production shows another local maxima at intermediate depths associated

with the instability of the cyclonic boundary current (R ≈ 900km in Fig. 4.3b). Such local

maxima is located below the local EKE maxima of the cyclonic boundary current and 100 km

upstream (Fig. 4.2d at R = 1000 km). This suggests that eddies on the cyclonic boundary

current are advected (or self advect) roughly 100km before these reach finite amplitude.

Furthermore, buoyancy production implies growth by baroclinic instability (possibly a mix

between barotropic baroclinic instability), a mechanism that requires the relaxation of tilting

buoyancy/temperature surfaces in the across-stream direction and, thus, the presence of a

cross-stream PV gradient.

Lateral PV gradients, in the quasigeostrophic (layer) approximation, can be approximated

by cross-stream layer thickness gradients, with a layer defined by two isotherms. In what

follows, we will look a layer with thickness defined by the isotherms Tc = {5.7, 6.2}◦ C (thick

black contours in fig. 4.3a,b). At first glance, there appears to be a cross-stream thickness

gradient by comparing the behavior of the isotherms in fig. 4.3a,b at R = 800km along two

spatially separated streamlines ψ = 1.5Sv (Fig. 4.3b) is east (closer to the eastern wall)

from ψ = 0.5Sv (Fig. 4.3a).

To better understand the PV gradient at intermediate depths north of the ridge crest,

we now look at zonal (constant y) section of the mean northward advective PV flux JA · j

at 4 locations: A section along the ridge crest at y = 500km where the local maxima of JA

is associated with the bottom intensified anticyclonic boundary current (Fig.4.4a), a section

at y = 550km north of the ridge crest where the local maxima of JA is associated with the

bottom intensified cyclonic boundary current (Fig.4.4b); another section upstream from the

ridge at y = 200km (Fig.4.4c) and lastly a section at y = 800km far downstream from the

ridge (Fig.4.4d). In all the sections we show the isotherms Tc = {5.7◦ C, 6.2◦ C} that define

the layer where there is baroclinic instability growth at mid depths downstream from the

ridge crest.

At the section along y = 550km, the isotherms Tc = {5.7◦ C, 6.2◦ C} incrop towards the

sloping bottom topography, with the advective PV going to zero within the space (area)
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Figure 4.4: Zonal (x,z plane) sections of time-mean, northward advective potential vorticity
flux (vq) along the ridge crest (a) where the mean flow associated with the boundary current
is strongest, at y = 550km where the northward flow associated with the cyclonic bound-
ary current is strongest (b). In addition, section upstream at y=200km (c) and another
downstream 800 km (d) from the ridge crest are shown. The location of the mean isotherms
T 1 = 5.7◦ C and T 2 = 6.2◦ C, are shown in thick black contours. The isotherms incrop
towards the sloping bottom in the presence of the cyclonic boundary current (c,d), resulting
in a layer with vanishing vertical stratification and vanishing potential vorticity flux.

bounded by these isotherms (z=600m, x=240km in fig. 4.4b). The mean advective PV

can be approximate as JA ≈ vq̂j, since baroclinic growth takes place farther downstream.

The vanishing of the mean advective PV is then associated with a vanishing mean (Ertel)

potential vorticity q ≈ 0, given the observed isothermal tilts (thus vanishing stratification),

and v 6= 0, even within the bottom boundary layer (Fig. 4.2a).

The bottom and lateral (along-ridge) stratification within the incropping layer defined by

isotherms Tc = {5.7◦ C, 6.2◦ C} (in fig. 4.4b) resembles that of a mixed layer front within a
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bottom boundary layer. The orientation of the bottom mixed layer front is associated with

an across-slope flow, as opposed to along slope commonly used in idealized simulation of

bottom boundary layer dynamics. Bottom mixed layer fronts within the bottom boundary

layer with an orientation like the one observed in fig 4.4b must then be associated with a net

along-slope (westward) Ekman driven transport of buoyancy/temperature anomalies, away

from the eastern wall. The mean interior flow, is the cyclonic boundary current. The Ekman

transport of warm water anomalies west, results in a convectively unstable stratification that

promotes the formation of an incropping bottom mixed layer front.

Downstream from the ridge, the layer defined by the isotherms Tc = {5.7◦ C, 6.2◦ C}

shows a vanishing advective PV flow (Fig. 4.4d). Given the strong barotropic nature of the

recirculation downstream from the ridge (JA does not change sign in the vertical), this implies

a vanishing of mean potential vorticity q ≈ 0 within the layer defined by the Tc-isotherms.

Upstream from the ridge, the same layer defined by isotherms Tc = {5.7◦ C, 6.2◦ C} has a

lesser thickness, and while within this layer the JA ≈ 0, this is likely associated with the

baroclinic behavior of the flow upstream, such that the northward velocity reverses sign there

(v = 0). Coincidentally, this level is set by the depth at the ridge crest z = −500m.

The presence of a vanishing PV anomaly within the layer defined by isotherms Tc =

{5.7◦ C, 6.2◦ C} downstream of the ridge, suggests the spreading of low PV watermasses,

associated with the bottom boundary layer, in turn associated with the cyclonic boundary

current. This becomes more evident by looking at the spatial distribution of mean potential

vorticity across the ridge at the zonal section x = 125km (Fig.4.5a). Downstream from the

ridge, the layer defined by isotherms Tc = {5.7◦ C, 6.2◦ C} shows a low PV anomaly (when

compared to the PV values above of below). Given that PV cannot be changed within an

isentropic surface [Haynes and McIntyre, 1987, 1990], the observed PV distribution must be

associated with advective processes.

We now consider the isentropic PV (IPV) distribution along the T0 = 6.0◦C surface. The

IPV shows a spread of low PV associated with the signature of bottom mixed layer frontal

watermass into the interior (beginning at x=240km, y=500km in Fig. 4.5b), roughly in the
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Figure 4.5: a) Cross-ridge spatial distribution of mean potential vorticity q at x = 125km,
away from boundary currents, showing a low PV tongue north of the ridge crest, between
isotherms T1 = 5.7 and T2 = 6.2. b) potential vorticity along isentrope Tc = 6.0◦ C north of
the ridge crest (y > 500km). This isentrope is located within the layer with low PV anomaly
highlighted in a). Black contours now represent PV contours along the isentrope, showing
the spread of low PV tongue associated with the mean cyclonic boundary current.

direction of the mean flow (white arrow). A snapshot of IPV along the same T0 = 6◦ C

surface for day near the end of our (7 year) simulation shows eddies (dipoles) advecting low

PV anomalies within their anticyclonic core, into the interior, away from their formation site

(Fig. 4.6, at x = 225km, y = 680km). These eddies appear to be advected downstream

by the mean flow, as well as rotate cyclonically, a sign of an unbalanced dipole with one

core strong than the other [Manucharyan and Timmermans, 2013]. As the dipoles reach

finite amplitude, these appear to get dissipated potentially by the strong shear of the mean

(separating) boundary current.

IPV maps also show the advection of anomalous high PV along the ridge crest (Fig. 4.5,

and Fig. 4.6). Advection of high PV anomalies is associated with the bottom intensified
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Figure 4.6: Snapshot of isentropic Ertel PV in simulation Cstns (Tc = 6.0◦ C) north of the
ridge crest (y > 500km), located within the layer with low PV anomaly highlighted in Fig.
4.5a. Black contours represent PV levels qf 2 < 0.1. Dipoles are continuously generated from
the region of baroclinic instability growth (240km, 600km), and advect low PV anomalies
(anticyclonic vorticity) into the interior. A dipole can be seen at (x, y) = (225km, 680km),
with the line AB bisecting it. Dipole rotate cyclonically as they are advected by the mean
flow, as shown by a second dipole downstream (x, y) = (215km, 750km), where the line A′B′

shows the respective orientation. Cyclonic (high PV) anomalies can be seen propagating
along the ridge near the crest (y = 550km), dissipating near the cyclonic boundary current
(x ≈ 220km).

baroclinic eddies, predominantly cyclonic (e.g. Fig.4.6 x = 90km, y = 550km) and along

f/H contours.

4.3.1 Topographic PV Fluxes

The sources of PV anomalies shown in figs. 4.5 and 4.6 are associated with the interac-

tion of the bottom-intensified flow with topography, and the local intersection of temper-

ature/buoyancy surfaces with sloping bottom in regions of strong curvature of the mean

flow (thus associated with alongstream depth changes). In this section we complement the
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IPV and along-streamline analysis of the vertical structure of the mean and eddy fields,

by presenting an (Eulerian) volume integrated PV budget (see Appendix D for a detailed

description). Our previous analysis suggest net topographic PV fluxes to play an important

role balancing the budget.

The control volume considered here is delimited by one cross channel section far upstream

and another downstream from the ridge (y = 100km and y = 900km, both away from the

imposed relaxation to flow variables). We calculate the volume integrated balance of PV

in (4.1), which implies that for a sufficiently long time integration such that the LHS of

(4.1) is vanishingly small, the evolution of PV is driven by boundary sources and interior

redistribution (e.g. mean flow or eddy advection).

In all simulations the net northward PV flux is negative ∆y(J · ĵ) < 0, implying a larger

(lateral) PV flux entering the control volume (upstream from the ridge) where ∆y(·) =

(·)y=M − (·)y=0 represents the difference in the integrated fluxes down and upstream. In

addition, the dominant contribution to the net northward flux is advective i.e. ∆y(J · ĵ) ≈

∆y(JA · ĵ) < 0 (Fig. 4.7). This net decrease in (advective) northward PV flux means there is

a larger advective PV flux upstream towards the ridge. This agrees well with the observed

spread of high PV watermasses along the ridge but not across, and the subsequent spread of

low PV watermasses associated with the bottom boundary layer downstream from the ridge,

that created a layer with vanishing PV and thus JA ≈ 0, thus decreasing the net northward

advective flux.

The net loss of northward PV flux is approximately balanced by a net positive topographic

PV flux (J bot > 0), in all simulations (Fig. 4.7) 1. Thus

∆yJA ≈ −J bot (4.15)

The positive value of the net topographic PV flux (Jbot > 0) can equally be interpreted

as a net positive PV flux in the direction of n̂bot (i.e.outside control volume) or as a negative

1ROMS does not explicitly solve the integral PV equation (D.1) at every time-step. As a consequence,
we don’t expect that our integral PV budget will close exactly
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Figure 4.7: Integral PV balance (D.1) for all simulations. The error bars denote the residual
error (±∆) in the balance. Note that the net northward dissipative PV flux (∆yJNA) is
vanishingly small in all simulation.

PV into the our control volume (i.e. in the direction of −n̂bot), through dissipative processes

localized to the sloping bottom. This approximate balance in (4.15) is consistent the low

PV anomaly originating at the bottom boundary layer over sloping bottom topography in

the presence of the cyclonic boundary current. This is, the low PV anomaly redistributed

(advected) into the interior downstream from the ridge in all simulations is associated with

injection of low PV from the bottom boundary layer. This redistribution of low PV reduces

the net advective PV flux downstream out of the control volume.

We now isolate the dominant contribution to the net topographic PV fluxes, following our

derived decomposition as a sum of two terms in (4.3). We find that J
t

bot makes a vanishing

contribution to the net flux in all simulations, so that J bot ≈ J
s

bot (Fig. 4.8).

Rather than focusing on which term dominates the contribution, we focus on the spatial

distribution along the ridge (f/H direction) of each individual term associated with the

the second term in the rhs of (4.12). This is convenient given that the flow pattern is
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Figure 4.8: Net contributions of the terms in the decomposition of the net topographic

potential vorticity flux J bot = J
t

bot + J
s

bot, where J
t

bot = J
t

b1 + J
t

b2 and J
s

bot = [BxΓb− bxΓB]hy
In all simulations, J

t

bot ≈ 0, making a vanishingly small contribution to the integral PV
balance.

characterized by lateral boundary currents within a distance λM from lateral walls, and a

region where the flow is roughly aligned with f/H contours. Thus, we divide topography

into three regions, two associated with each lateral boundary current and one associated

with the flow parallel to f/H contours, near the ridge crest. The dynamics associated with

the mean flow along f/H contours best resembles idealized simulations of bottom boundary

layers at a slope [MacCready and Rhines, 1991, Benthuysen and Thomas, 2012].

In all simulations, we find that the greatest contribution to the net topographic PV fluxes

takes place within the region of influence of lateral boundary currents, where the mean

flow departs greatly from f/H contours (Fig. 4.9 right panel, associated with simulation
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Cstns, greatly discussed throughout this paper). Within the regions associated with lateral

boundary currents, all variables except ΓBdh/dy, decay drastically away from the influence

of lateral boundary currents. In the region associated with flow along f/H contours, the

mean flow (and thus the bottom boundary layer) is located near the ridge crest where the

bottom slope approaches zero, resulting in a buoyancy shutdown timescale much greater

than the stratified, frictional spindown timescale, i.e. Tshut � Tspin (see Table 3.2). This

suggest that buoyancy effects within the bottom boundary layer are too slow to promote

baroclinicity within the bottom boundary layer, and thus induce Ekman arrest. This further

complements our earlier estimation of bottom intensified eddy variability of the bottom

boundary layer thickness that further prevents buoyancy shutdown [Ruan and Thompson,

2016]. Thus, while we do observe downward Ekman transport within the bottom boundary

layer (Fig. 4.10b), the vanishingly small contribution to the PV flux is likely associated with

the location of the mean flow being close to the ridge crest, where the topographic slope

almost vanishes, and eddy driven variability dominates.

Thus, we find that bottom boundary layer dynamics localized to the boundary currents

are dominant in setting up the near bottom stratification that results in the observed net

topographic PV and, furthermore, the injection of vanishingly low PV anomalies into interior

mid-depth ocean, as the mean flow separates from the sloping bottom.

4.4 Discussions and Conclusions

We have presented in this study an analysis of the potential vorticity budget and the verti-

cal structure of a rotating, stratified throughflow across finite amplitude topography under

channel geometry. We found that bottom boundary layer dynamics localized to boundary

currents promote the formation of high PV anomalies along an anticyclonic western bound-

ary current, and a low PV anomaly associated with a eastern (pseudo westerward) cyclonic

boundary current. The high PV anomaly is advected along topographic contours atop the

ridge. Meanwhile, the vanishingly low PV anomaly, is advected downstream by the mean

flow and eddies, resulting in a middepth isentropic layer characterized by watermasses with
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Figure 4.9: Along-ridge spatial variation of the terms associated with the second term in
(4.12), a term in the decomposition of the topographic PV flux associated with the along f/H
contributions (Left panels from simulations Astns and right panel the terms from simulation
Cstns). Denoted above the panels, shown by dashed vertical lines, are the regions of influence
from western and eastern boundary currents (WBC and EBC), as well as the area where the
flow is along f/H contours. All terms are normalized, and evaluated at 5m above the bottom,
within the bottom boundary layer, and only taking into account values spanning the extent
of the ridge (400 km < y < 600 km).

low PV. This injection of vanishingly low PV into the interior downstream from the ridge is

driven by bottom boundary layer dynamics associated with the cyclonic boundary current,

where Ekman transport within the bottom boundary layer promotes the formation of a bot-

tom (incropping) mixed layer front within the boundary layer. Eddies that result from the

instability of such front advect anomalous PV into the interior middepth.

Our choice of f-plane channel with lateral walls was made to isolate the dynamics to the

ridge and, particularly, where the ridge intersects lateral walls. The choice of lateral walls

is only appropriate when modelling large scale flows that separate from step continental

margins or shelf breaks, particularly when the lateral scale of the flow (in this case roughly
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determined by the half width of the ridge, i.e. width of sloping region ∼ 100km) is much

larger that the lateral scale of the continental margin or shelf break.

Our observed middepth eddy variability and subsequent eddy advection of low PV anoma-

lies away from the middepth front, resembles the middepth boundary current of low potential

vorticity studied in Spall et al. [2008]. There, eddies that grow from the middepth boundary

current advect low PV waters into the interior. The major difference in our model is the

significant mean flow advection into the interior, and the character of our flow: an equili-

brated system. The equilibration of our throughflow allows us to quantify the net advective

fluxes across the ridge that originate from the injection of vanishingly low PV waters from

the bottom boundary layer, through a Eulerian PV volume budget.

The choice of lateral walls, however, does influence the orientation of the equilibrated

bottom mixed layer front, which is perpendicular to isobaths, aligned with the mean (interior)

flow. Such configuration was not explored by Wenegrat et al. [2018], where they only consider

the effect of baroclinicity within a bottom boundary layer (similar to a mixed layer fronts)

associated with along slope flow. Imposing a step sloping bottom instead of a lateral wall

would still lead to net Ekman transport of warm water into the deep ocean, in the direction

perpendicular to a cyclonic boundary current. Thus leading to convective instability and a

middepth, incropping bottom mixed layer front, although the front now could potentially

reside over the step shelf break rather than on the ridge crest. A step continental shelf

break instead of a lateral wall could lead to a significant modification of the mean flow,

however, since f/H contours would provide topographic Rossby waveguides along the shelf

and prevent boundary current separation from the wall. Thus, while we believe the choice

of lateral walls does not impact our main result of bottom boundary layer PV injection into

the interior downstream from the ridge at middepths, it would likely impact the behavior

on the mean equilibrated circulation, resembling previous studies of topographically steered,

cyclonic basin scale circulation typical of the modeling of the Nordic seas [Nøst and Isachsen,

2003, Nøst et al., 2008, LaCasce et al., 2008, Spall, 2004]. An advantage of our model with

respect to these studies, is that we allow dynamics within the bottom boundary layer to
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Figure 4.10: Diagram showing the plan view of the time-mean circulation with black dashed
representing far upstream and downstream, and colored representing the location of the
boundary currents (blue represents anticyclonic circulation, red cyclonic circulation). Thick
black arrows show the location and direction of the bottom Ekman transport, resulting in
upwelling of cold waters northward cross the ridge crest (a), and downwelling of water water
northward associated with the cyclonic boundary current (c). Shown also is along-ridge flow
(u > 0 in the x-direction), and the associated bottom Ekman transport denoted by black
arrows inducing downwelling along the slope. The stratification is shown by gray contours
every 0.5◦ C. This system results in a net (positive) topographic PV flux that balances a
negative northwards advective PV flux, characterized by anomalous low PV at middepths
that is associated with mixed layer water below the cyclonic boundary (c at y=600km).

determine the vertical structure of the mean circulation.

A clear disadvantage of our study is the lack of surface forcing, e.g. destabilizing buoy-

ancy forcing, which would drive a convective overturning circulation across the ridge crest

characterized, in theory, by a baroclinic exchange across the ridge topography. Some partic-

ularly interesting question arise is such scenario, for example how the boundary and interior

distribution of PV anomalies may change by introducing such effects. This is, could the

injection of low PV waters be directed upstream with respect the direction of the through-

flow (i.e. negative y), and thus model overflows? Also, whether a seasonal amplitude on

the specification of destabilizing forcing and lateral transports can result in changes on the
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intensity, or depth of the injection of bottom boundary layer PV anomalies into the interior

downstream? This will be the subject of a separate study, where we will look at the top to

bottom control on the exchange across finite amplitude topography.
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Chapter 5

CONCLUSIONS

This dissertation has examined localized processes that can modify the baroclinic struc-

ture of rotating stratified flows across large amplitude topography that represent idealized

models for the Atlantic inflow across the Iceland-Faroe Ridge.

5.1 Review of Chapter 2

We find agreement with the theoretical predictions for the development of mesoscale insta-

bility of the jet in the presence of sloping bottom topography, and we find the initial growth

of surface mixed layer eddies is insensitive to topographic variations. However, during the

finite amplitude phase of mixed layer instability, we find faster development of mesoscale

eddies and thus a stronger cross-front eddy heat flux and residual circulation for the position

of the jet where we found the faster growth of mesoscale baroclinic instability. Over an ad-

vective timescale that represents the transit time of a water parcel along the Iceland-Færæ

Ridge, the resulting eddy heat flux is greatest in the cases where the frontal jet experiences

the most destabilizing bottom topography of the three cases tested, with values comparable

to the heat flux associated with the mean flow. Therefore, eddy dynamics over the IFR

frontal region are important contributors to the heat exchanges between the North Atlantic

and Nordic Seas, with bottom topography playing a key role in determining the largest eddy

heat fluxes, whether the initial growth is dominated by mixed layer eddies, or mesoscale

eddies.
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5.2 Review of Chapters 3

We find that an along-stream modification of the stratification localized to boundary currents

can be explained through Ekman suction/pumping and the frictional spindown of the current

as it navigates the ridge. Associated with the anticyclonic boundary current, Ekman suction

and frictional spindown promotes a strong stratification, and therefore modifies the vertical

depth scale of topographic Rossby waves, the flow being more bottom confined. Associated

with the cyclonic boundary current downstream from the ridge crest, Ekman pumping (of

warm interior waters) and frictional spindown promotes advection of relatively warmer wa-

ters, that results in convective overturning and destratification of the water column, thus

promoting a stronger barotropic behavior downstream from the ridge crest.

The modification by the bottom boundary layer results in an asymmetry of the flow

response to the large amplitude topography, with the inflow experiencing less resistance to

flow upslope into the ridge crest, than the resistance and required inertial torque for the

inflow to move down the slope, and thus downstream from the ridge.

The relative location of the boundary currents with respect to the ridge crest further

accentuates the observed asymmetry on the horizontal (barotropic) behavior of the through-

flow across the ridge, since the anticyclonic boundary current is located much closer to the

ridge crest. This also results in an asymmetry of the eddying field, with short-lived, cyclonic

eddies along the ridge and dipole-like eddies downstream from the ridge, the latter evolving

freely until eventually reaching barotropization due to nonlinear instability process, resulting

in a strong basin-scale barotropic cyclonic circulation.

The observed modification in the baroclinic behavior across the ridge crest may provide

an additional explanation to the preferred cyclonic circulation and strong along-slope topo-

graphic steering experienced by Atlantic waters as they flow north of the Greenland Scotland

Ridge, since given the option, the flow downstream from the ridge crest will resist to flow

across f/H contours, thus flowing along f/H contours following a prefered cyclonic circulation.
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5.3 Review of Chapter 4

We find that bottom Ekman dynamics localized to lateral boundary currents restratify the

bottom boundary layer, results in a strongly stratified front (thus a high PV anomaly) along

the anticyclonic boundary current, and a low stratified (vanishingly low PV) mixed layer

front localized to the cyclonic boundary current, analyzed in chapter 3 in terms of inertial

torques and cross-slope flows.

PV anomalies are advected by both the mean flow and eddies resulting in a spatial

distribution where high PV is concentrated along the ridge, and low PV is advected into the

interior ocean at mid depths downstream from the ridge. The bottom incropping mixed layer

front associated with the cyclonic boundary current has an effect on the vertical structure

of the circulation downstream by injecting low PV associated with the mixed layer into

the interior, downstream from the ridge. Such modification in our model resulted in the

reduction of the strength of the circulation within the layer at which the low PV was injected,

an important consequence given that the circulation was barotropic.

The observed middepth eddy variability and subsequent eddy advection of low PV anoma-

lies away from the middepth front, resembles the middepth boundary current of low potential

vorticity studied in Spall et al. [2008],

5.4 Future work

The surface dynamics examined in chapter 2 do not take into account the variability of the

throughflow or that of the overflow plume south of the ridge crest, but do take into account

for the transient nature of the Atlantic waters along the IFR. Therefore, it remains to be

seen how well they represent an equilibrated frontal structure typical of the IFF. Chapters

3 and 4 do incorporate the throughflow, and therefore some aspects that relate to the IFF,

but the absence of the frontal structure limits the results.

The dynamics in chapters 3 and 4 are robust, however, and the implications on the current

downstream from the IFR, have sound basis, even in the case studied in chapter 2. This
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is, eddies that generate from the IFF will experience barotropization as they recirculate and

navigate the ridge, and merging of cyclonic eddies can result in larger cyclones that are more

barotropic, as they are advected downstream from the ridge, into the nordic basin. The role

of bottom friction on the Atlantic inflow, will largely depend on the bottom vertical shear

relative orientation of the flow along f/H contours.

It would be very appealing to build upon chapters 3-4, by including convective overturning

downstream. In the simplest, direct continuation to chapters 3 and 4, it would be very

interesting to analyze the net meridional exchanges due to surface intensified eddies (no

longer as constrained by bottom topography) and that of frictional spindown of the current

(upwelling/downwelling favorable conditions). A question to ask would be, what is the

net contribution by frictionally driven overflow waters along the ridge? How much of the

transport is influenced by eddies? And, continuing with the results in chapters 3 and 4,

what is the bottom pressure torque associated with each side of the ridge? Does the upslope

transport still experiences less resistance than the downstream, downslope flow? What is the

sensitivity to eddies and active bottom boundary layers? Do bottom intensified processes

promote bottom mixed layer fronts?

Another potentially interesting question that I would like to address, is what is the role

of the Faroe Bank channel overflow plume on the equilibration of the surface Atlantic inflow,

as the overflow plume navigates the sloping bottom south of the IFR. Variability within

the overflow plume, which depends on upstream conditions, may transfer momentum in the

vertical through interfacial drag stresses, resulting in a modification of the net flow pattern

of Atlantic waters into the IFR crest. Moreover, the variability of the transport and speed of

the overflow plume over seasonal and decadal timescales may exert a net force of the upper

ocean, therefore potentially modifying the character of the throughflow over such timescales.

An interesting approach to investigate the role of overflows on the net northward transport

across the ridge would be to devise an modelling experiment in which overflow transport can

be turn off and on, and the role of the transport, intensity and potential eddy variability of

the overflow plume on the Atlantic inflow could be evaluated, from standard section along
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the Faroe bank. While there has been some modeling efforts in this direction i.e. Spall

[2004, 2010], such models focus on the dynamics of the convective basins without explicitly

simulating the effect of overflows on the throughflow, nor exploring dynamics localized to

the throughflow as it navigate a ridge.
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Appendix A

ANALYTICAL EXPRESSIONS FOR TOPOGRAPHY AND
INITIAL TEMPERATURE CONDITIONS

A.0.1 Bottom Topography

Topography is constructed by matching two reference profiles in order to construct a sym-

metric ridge.

h(y) = h
NA
H(y − y0) + h

NO
H(y + y0) (A.1)

where H is the Heaviside function centered at y = y0, and h
NA
, h

NO
are the topographic

profiles on the southern and northern flanks, respectively. These are given by

h
NA

=
H0

2
+ ∆h

(
1− tanh

(
y − y1

L
T

))
(A.2)

and

h
NO

= H0 −∆h

(
1− tanh

(
y − y2

L
T

))
(A.3)

y1, y2 center the respective topographic profiles, with y1 < y0 < y2. L
T

sets the deforma-

tion scale of bottom topography at y = y1 and y = y2. H0 = 1000m is the depth far away

from the ridge and ∆h = 250m represents half the topographic amplitude.

A.0.2 Temperature

The initial temperature is constructed by matching two reference temperature distributions,

associated with the southern and the northern flank of the ridge respectively. That is
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T (y, z) = T
NA
H(y − y0) + T

NO
H(y + y0) (A.4)

T
NA

represents the temperature on the southern flank. T
NA

mimics bottom topogra-

phy with the isotherms closely following the bottom sloping topography so that the slope

parameter δ −→ 1− (approaches 1 from negative values). TNA is given by

T
NA

= T0 + ∆T tanh

(
z + Z1(y)

δh

)
(A.5)

Z1(y) = 1− β tanh

(
y − y∗1
Lf

)
(A.6)

On the northern flank, the temperature front outcrops at the surface over the sloping

bottom so that the slope parameter δ → −1+ (approaches -1 from positive values). On the

Northern flank, the temperature distribution T
NO

is given by

T
NO

(y, z) = T0 + ∆T tanh

(
z + Z2(y)

δh

)
(A.7)

Z2(y) =
1

2
− tanh

(
y − y∗2
Lf

)
(A.8)
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Appendix B

RELATIVE VORTICITY AND THE BAROTROPIC
VORTICITY

In the presence of large amplitude topography (such that |∇h|>>|∇η|), the barotropic

vorticity can be expressed in terms of the component of the vertically integrated vector

vorticity that is perpendicular to the bottom surface (Fig. 3.1). This is

Ω = −nbot ·
[∫ 0

z

ωdξ

] ∣∣∣∣
z=−h

(B.1)

where −nbot = ∇h+ k̂ is the vector normal to bottom topography (upward pointing) and

ω = (−vz, uz, ζ) is the vorticity vector in the primitive equations. Thus, in the case of flat

bottom −nbot = k̂ and thus Ω = H0ζ, H0 being the (constant) total depth. In such scenario,

the barotropic vorticity and relative vorticity are proportional to each other.

In the primitive equations, the evolution of the barotropic vorticity is then given by

∂Ω

∂t
= −nbot ·

[
∂

∂t

∫
z

ω dξ

] ∣∣∣∣
z=−h

(B.2)

or equivalently

∂Ω

∂t
=

[∫
z

∂ζ

∂t
dξ − ∂uh

∂t
×∇h

] ∣∣∣∣
z=−h

(B.3)

The first term on the right hand side of (B.3) can be obtained from the vertical component

of the vorticity equation, while all the others are associated with the vertical integration of

the horizontal vorticity equations, and can be obtained from the momentum equations. In

the primitive equations, the horizontal momentum and vertical vorticity equations are given

by
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∂uh
∂t

+ (ωa × u)h = −∇hB + Fh (B.4)

Dζ

Dt
= (ωa · ∇)w +∇h × Fh (B.5)

where Fh represents dissipation of horizontal momentum, and B = 1
2
u2
h+g(η−z)+p′/ρ0 is

the Bernoulli potential, with p(x, y, z, t) the hydrostatic pressure due to interior stratification.

As a result of the primitive equations not incorporating non-hydrostatic terms, only the

horizontal component of the vortex force (ωa × u)h appears in the momentum equations,

and is no longer perpendicular to the absolute vorticity (ωa = ω + f k̂, f being the Coriolis

parameter), nor the velocity vector.

Writing (B.5) in flux form and then integrating in the vertical, we have

∂<ζ>

∂t
= −∇h ·<Jζ>+

(
Jζ

∣∣∣∣
z=−h

)
· ∇h (B.6)

where the flux vector Jζ is given by

Jζ = uh (f + ζ)− [wωa]h︸ ︷︷ ︸
JζA

+ k̂× Fh︸ ︷︷ ︸
JζNA

(B.7)

In the absence of stratification and vertical shear, Jζ ≡ uh(f + ζ) + k̂×Fh, the vorticity

flux vector in the shallow water equations that is associated with conservation of potential

vorticity substance ((Haynes and McIntyre, 1987, 1990)).

The contribution from the vertical integration of the horizontal vorticity vector is given

by the cross-product between the time rate of change of the horizontal momentum and the

gradient of the bottom terrain. Using (B.4) and (B.7), the cross-product (before evaluation)

is

∂uh
∂t
×∇h = −

(
k̂× Jζ

)
×∇h−∇hB ×∇h (B.8)
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Expanding the triple cross product in (B.8), we have (k̂ × Jζ) × ∇h = −Jζ · ∇h. In

addition, provided h is a smooth (continuously differentiable) function over the domain,

∇hB ×∇h = −∇h ·
(
k̂×B∇h

)
. Thus, we have

∂uh
∂t
×∇h = Jζ · ∇h+∇h ·

(
k̂×B∇h

)
(B.9)

Substracting (B.9) and (B.6), we get the equation

∂Ω

∂t
=
∂(Bbot, h)

∂(x, y)
−∇h · JΩ (B.10)

where the barotropic vorticity flux vector JΩ is

JΩ =< J
A
> +k̂×

(
<Fh>+

τs − τbot
ρ0

)
(B.11)
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Appendix C

SUCCESIVE OVER RELAXATION

Solving for the streamfunction requires inverting the boundary value problem,

∇2ψ = f(x, y) (C.1)

with inflow (y=0) and outflow (y=M) boundary conditions

ψ(x, 0) = ψ(0, 0) +

∫ x

v(ξ, 0)dξ, (C.2)

ψ(x,M) = ψ(0,M) +

∫ x

v(ξ,M)dξ (C.3)

Given that lateral walls are impermeable, then the reminding boundary conditions are

ψ(0, y) = 0, ψ(L, y) =

∫ L

v(ξ, y)h(ξ, y)dξ (C.4)

Given the value of ψ at y=0 ψ(L, 0) = ψ(L, y) = (gγ/f)Lh(L, 0) ≈ 3 Sv. With this, the

method of inversion we use is the Succesive Overrelaxation Method ((LeVeque, 2007)), an

iterative method that follows

ψ
[k+1]
i,j =

ωopt
2(∆2

x + ∆2
y)

[
∆2
y

(
ψ

[k]
i+1,j + ψ

[k]
i−1,j

)
+∆2

x

(
ψ

[k]
i,j+1 + ψ

[k]
i,j−1

)
−(∆x∆y)

2fi,j

]
+(1−ωopt)ψ[k]

i,j

(C.5)

where ωopt is a scalar relaxation parameter that for the Laplace operator ωopt = 2/(1 +

sin(∆π)), where ∆ = max (∆x,∆y), with ∆x = dx/L and ∆y = dy/M the discretized

distances.
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Appendix D

INTEGRAL PV BALANCE

D.0.1 Integral Constrains

Consider a rectangular channel geometry with dimensions (0 ≤ x ≤ L) × (0 ≤ y ≤ M) ×

(−h(y) ≤ z ≤ η), where z = −h(y) is a finite-amplitude, meridionally isolated ridge, that is

symmetric around y = M/2. A stratified flow across the ridge is driven by lateral boundary

inflow/outflow that equivalent to a constant, large-scale surface pressure gradient across the

ridge. We analyze the constrains the ridge has on the transport streamfunction and potential

vorticity of the fluid. To better get a sense of the 3D character of the flow, we integrate the

potential vorticity equation (4.1) over the channel domain, yielding an integral balance that

incorporates both boundary sources and interior changes over a time interval. The time

averaged integral equation is given by

∫
AI

[
(J · n̂)

∣∣
y=0

+ (J · n̂)
∣∣
y=M

]
dAI︸ ︷︷ ︸

Net Northward PV flux

+

∫
AII

[
(JNA · n̂)

∣∣
x=0

+ (JNA · n̂)
∣∣
x=L

]
dAII︸ ︷︷ ︸

Net Dissipative PV flux

= −∆Q

∆t
−

∫
Abot

JbotdAbot︸ ︷︷ ︸
Net Topographic PV flux

(D.1)

where the limits of integration on the left hand side are AI = (0 ≤ x ≤ L)×(−h ≤ z ≤ η)

and AII = (0 ≤ y ≤ M)× (−h ≤ z ≤ η), the term ∆Q is the (mean) change of the volume

integrated potential vorticity (Q =
∫
V
qdV ) over time, and the integral term on the right

hand side is taken over all variable bottom topography with area Abot, where Jbot = J · n̂bot,

with n̂bot the unit normal vector to bottom topography (outward-pointing). The integral
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balance in (D.1) does not include surface PV fluxes due to the original assumption of no

surface dissipative or diabatic forcing.

The time mean potential vorticity integral balance (D.1) states that as the flow moves

across finite amplitude topography, a net flux of PV due to lateral fluxes must be balanced

by a net change of volume integrated PV, or a net flux of potential vorticity through bottom

topography. Net lateral flux PV fluxes can take place as a result of a net northward flux

(first integral term in D.1), denoted from now on as ∆yJ , where J =
∫
AI

J · n dAI and

∆yf = f(y = M)− f(y = 0), or a net dissipative PV flux through lateral walls, the second

integral term on left hand side of (D.1), denoted as ∆xJNA.

The dissipative potential vorticity flux normal to a lateral wall is independent of horizontal

stratification in the primitive equations, despite by 6= 0, resulting in the net dissipative lateral

PV flux given by

∆xJNA =

∫
AII

[(
bzFy

) ∣∣
x=L
− (bzFy)

∣∣
x=0

]
dAII (D.2)

where Fy is the northward (y) component of the dissipation term F. We decompose the

integrands in (D.2) into a lateral harmonic term and a term resulting from the divergence

of the frictional stress, in order to isolate the effect of lateral and vertical boundary walls

i.e. F = Fh + Fv = A
H
∇2uh + ∂z (A

V
∂zuh), where A

H
and A

V
are the coefficients of

horizontal and vertical viscous momentum dissipation respectively. With this, the horizontal

and vertical dissipative contributions to the integral terms in (D.2) are

∫ z=η

z=−h(y)

bzF
y
hdz = H<N2Fy

h> (D.3)

and ∫ z=η

z=−h(y)

bzF
y
vdz = ρ−1

0

(
N2τ y

) ∣∣∣∣z=0

z=−h(y)

−H<AvvzN2
z> (D.4)

where we have used τ yb = ρ0(Avvz) at top and bottom boundaries. With this, the net

lateral dissipative flux of potential vorticity is
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∆xJNA = JNA1 + JNA2 + JNA3 + JNA4 (D.5)

where

JNA1 =

∫ M

0

H
[
(<N2Fy

h>)
∣∣
x=L
− (<N2Fy

h >)
∣∣
x=0

]
dy (D.6)

JNA2 =

∫ M

0

[
(N2τ y)|

x=L

ρ0

− (N2τ y)|x=0

ρ0

]
z=0

dy (D.7)

JNA3 = −
∫ M

0

[
(N2τ y)|

x=L

ρ0

− (N2τ y)|x=0

ρ0

]
z=−h

dy (D.8)

JNA4 = −
∫ M

0

H
[
< AvvzN2

z >
∣∣
x=L
− < AvvzN2

z >
∣∣
x=0

]
dy (D.9)

JNA1 is associated with lateral (viscous) momentum dissipation, a contribution that

becomes dominant in the presence of lateral boundary currents and strong vertical stratifi-

cation. JNA2 and JNA3 are associated with surface wind stress and bottom frictional stress

respectively, with non-vanishing contributions when these have non-zero (surface/bottom)

curl, whereas the JNA4 is associated with curvature in the vertical stratification.

As with the transport streamfunction, a trivial solution to (D.1) for a stratified flow past

finite amplitude topography is that when each integral term vanishes, implying an equal

amount of PV being fluxed into and out of the control volume. In the expression for net

lateral PV fluxes, bottom topography does not appear explicitly, and thus the vanishing of

each integral does not require the integrand to behave in any particular way as a function

of distance from the ridge crest (in contrast with integral balances in 3.9). Nonetheless,

the dissipative effects associated with lateral boundary currents will be localized to sloping

bottom.

A resulting flow to consider is that in which the right hand side of (D.1) is zero, meaning

the net circulation can be described by lateral PV integral balances, just as in Yang and Price

((2000)). This is the case of steady flow with vanishing Net Topographic PV Flux, and is

equivalent to restricting bottom topography to play the passive role of promoting horizontal

divergence.
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