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In this thesis, we develop flexible models to analyze public health data in time and/or in space. The
development of our methodology is motivated by two examples: cancer incidence data in Washing-
ton State and birth outcome data in North Carolina. First, we describe a temporal cancer incidence
model and demonstrate how to use this model to forecast incidence for future years, identify the
relevant time scales on which disease incidence changes, and estimate the effects of screening rates
and tobacco use on female breast cancer and male lung cancer. In the next chapter, we introduce the
negative G-Wishart prior for the covariance matrix of Gaussian spatial random effects. We show via
a simulation study that this new prior has advantages over the more rigid Gaussian Markov random
field (GMREF) priors, and we apply this new prior in a multivariate setting using the cancer incidence
data. Finally, we use binary trees together with graphical log-linear models to capture spatial inter-
actions as well as interactions between outcomes in sets of spatially dependent binary tables. This

approach is illustrated using the North Carolina data.
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Chapter 1
INTRODUCTION

1.1 Spatial Data

Spatial data arise when outcomes and predictors of interested are observed at particular points or
regions inside a defined study area. Spatial data sets are common in many fields including environ-
mental science, economics, public health, and epidemiology. In epidemiology, understanding the
underlying spatial patterns of a disease is an important starting point for further investigations. Be-
yond this, determining the association between risk measures and spatially indexed covariates such
as environmental pollutants is clearly of interest. Key goals in public health are to understand what
factors contribute to increased incidence or mortality of diseases and to allocate resources based on
predictions of the future burden of these diseases.

The risk of disease inherently varies in space because risk factors are non-uniformly distributed
in space. Such risk factors may include demographic characteristics (such as race and age structure),
socioeconomic factors (such as income level), or exposure levels of environmental causes of disease
(such as air pollution or UV radiation). While information is sometimes available about known risk
factors, we often use statistical models to account for unobserved risk factors. The questions posed

by epidemiologists and public heath officials fall into three broad categories:

1. Descriptive: What is the distribution of disease risk in the study region? Are there any notice-

able trends or irregularities?

2. Inferential: Is disease risk associated with measured covariates? Are the observed irregu-
larities in the spatial pattern of disease risk actual clusters or do they just reflect sampling

variability?

3. Predictive: How many cases of a disease can we expect in the future?



Answering some of these questions implicitly requires temporal data (outcomes or predictors ob-

served at different points in time) in addition to spatial data.

1.2 Bayesian Models for Spatially Aggregated Health Data

Most of the development of models for aggregated count data focuses on a single disease. In this
case the data are a vector of counts y = {y; € Ng,i = 1,...,n}, where n is the number of areas.
We may also have observations on K covariates for each region. We represent these as the matrix
X={xp,i=1,...,n;k=1,...K}.

The first stage in most Bayesian models for aggregate spatial data is the specification of a family
of distributions and a mean function. The most common family is the Poisson distribution, but the
binomial distribution and normal approximations to these discrete data likelihoods are also used.

The usual specification of the mean is

Elyily-i. Oi,ni] = 0:6;, (1.1)
8(6) = X8 + u;,
a(uw)=H

Here O; is an offset term, which may be the total population at risk or an expected count based on
standardization. The concept of standardization is covered in the next section. Generally g(-) is the
canonical link associated with the chosen probability family, though other links may be of interest
(see section 3.4). For the Poisson model, we can think of the residual log relative risk u; as a sur-
rogate for unmeasured risk factors in area i. The second stage of specifying a Bayesian model is
to choose a probability distribution H that encodes our beliefs about these unmeasured risk factors.
For example, if we assume the unmeasured risk factors have spatial structure, then it is sensible to
choose a prior H with spatial structure. We note that the u; terms may also represent anomalies in
the data gathering process, such as over or under counts. Again, these anomalies may have spatial
structure.

Answering scientific questions related to description, inference, and prediction requires care-



ful estimation of @ and quantifying our uncertainty about these estimates. For rare outcomes, such
as rare cancers, the observed counts can be highly variable in regions with small populations, and
careful estimation of the residuals u is even more crucial. Much of the previous development of sta-
tistical models for areal data has focused on specifying H so that we can smooth out the uncertainty

in the relative risk estimates by sharing strength among neighboring areas.

1.3 Motivating Examples

Recent research has focused on extending models for single diseases to multivariate settings. We
may observe counts of the same disease over T time points, we may have counts for p related
diseases over the same study region, or we may wish to avoid aggregation over demographic groups
such as race and age. In this dissertation, we propose new flexible choices for H as well as extensions
of univariate disease mapping approaches to multi-way and multivariate data. We use two datasets
in this thesis and base several simulation studies on the spatial structure in these data. In chapters 3
and 4 we use cancer incidence data from Washington State, and in chapter 5, we use birth outcome

data from North Carolina.

1.3.1 Cancer Incidence in Washington State

We use incidence data from the Washington State Cancer Registry (WSCR) for developing univari-
ate and multivariate disease mapping methods. WSCR contains all reported incident cases of in situ
and invasive cancers from 1992 to 2010. There are just over 590, 000 cases with between 24, 000
and 37,000 cases each year. These data are individual records reported by health care workers
and health care facilities to either the State Cancer Registry directly or via the Cancer Surveillance
System at the Fred Hutchinson Cancer Research Center for those cases originating in the Puget
Sound area. The records contain information about age, sex, race, ethnicity, county of residence
at diagnosis, year of diagnosis and cancer type. Cancer type is initially available as ICD-02 codes
(1992-1998) or ICD-03 codes (1999-2010) and histology codes, but for the top 26 cancers, these
codes are grouped into colloquially recognized cancer types (e.g., breast cancer or colon cancer).

Aggregating over demographic groups, we can represent the data as a 39 x 19 x 26 array, where 39



is the number of counties in Washington State and 19 is the number of years. The entries in this
array range from O to just under 2000.

We combine the cancer registry data with demographic and behavioral data. We retrieved pop-
ulation for each every year (1992-2010), county, gender, quintenial age band, and race (white, non
Hispanic or non-white) combination from the National Center for Health Statistics (NCHS [2012]).
The data are based on intercensal estimates of the July 1 population based on information on migra-
tion, births, and deaths available from the Federal-State Cooperative for Population Estimates, the
Internal Revenue Service, and the Social Security administration. Demographic data from the 90s
are processed to account for changes brought on by a 1997 law that created separate categories for
Asian and Pacific Islanders and allowed for people to belong to multiple race categories. Ingram
et al. [2003] have developed logistic regression models to predict the primary race of respondents in
an effort to make pre-1997 and post-1997 data sources compatible. These post processed race data
are known as “bridged race” categories. WSCR constructs bridged race in a similar fashion.

We use these population estimates to construct offsets as in equation (1.1). If the observed
counts are aggregated over demographic groups such as sex, age, and race, then expected counts are
generally included as an offset to the mean model to account for differences in disease risk due to
differences in the demographic composition of each area. Suppose ¢; is the rate of disease within
demographic group j and P;; is the population of area i in demographic group j. Then E; is the

expected count for area i and is calculated as
J
E,‘ = ZqJ'P,'j. (12)
j=1

We can use previously published estimates for g; or, if the observed counts are available for each
demographic group, we can estimate g; from the data. If the rates are calculated using the same
data we intend to analyze, then the expected counts are known as internally standardized. If y;; is

the observed number of cases in area i and demographic group j, then the internally standardized



expected counts are

k=1 Vkj

J
E = ZP,] (1.3)
= 2j=1 Pk/

The ratio of the observed count to the expected count is called the standardized incidence or mor-
tality ratio (depending on whether the data are counts of incident cases or deaths). The standardized
incidence ratio is the maximum likelihood estimator of the relative risk in each area. Table 1.1 shows
summaries for SIRs of the top ten cancers (based on overall incidence) in 2010. The expected counts
are based on age and gender rates estimated from the entire cancer registry. We use this particular
subset of the cancer registry data in chapter 4. There are zero counts and therefore zero-valued SIRs
as well as some large SIRs. For example, the maximum SIR of 3.91 means that for that county, the
number of cases of kidney cancer was nearly four times higher than expected.

Moran’s I is one measure of spatial autocorrelation that uses the neighborhood structure of the

study region, and it is on the same scale as ordinary correlation [Moran, 1950]. For a vector x with

sample mean X and for a weights matrix W = {w;;,i, j = 1,...,n}, Moran’s I is
/ n i1 X wij(xi — X)(xj — %)
i1 21 Wij 2 (xi = X)?

We use the inverse distance between county centroids as weights, w;; and x; = log((y; + 0.5)/E;).
We use the log transformation to decrease the impact of the large SIRs on the correlation estimates
and to have an outcome that is less heteroscedastic than the original SIRs. Adjusting the number of
cases by adding 0.5 avoids numerical issues and is equivalent to the posterior mean for 6; under the

Jeffry’s prior 71(6;) « o172

. We test whether Moran’s I is different from zero for each cancer using
a permutation test that permutes the log adjusted SIRs across counties. The observed Moran’s 1
statistic is then compared to the empirical distribution. For most of the cancers, there is evidence of
positive spatial correlation in the log adjusted SIRs. Figures 1.1, 1.2, and 1.3 show the relationships

between the log SIRs for each pair of cancers and the spatial distribution of the SIRs for each cancer.

In chapter 4 we propose a new model that flexibly models both sources of correlation: correlation



Cancer | total count SIR Moran’s I

(abbreviation) | cases (min, max) (min, max) (p-value)
Bladder (BL) | 1543 (0,1147) 0,2.57)  0.10(0.06)
Female breast (BR) | 6250 (1,972) (0.48,2.42) 0.19 (0.004)
Colorectal (CO) | 2673 (0,355) (0,1.55) 0.13 (0.03)
Endometrium (EN) | 1008 (0,631) (0,1.88) 0.17(0.01)
Kidney (KI) | 1142 (0,297) (0,3.91) -0.05(0.63)
Leukemia (LE) 968 (0,686) 0,2.13) 0.07 (0.12)
Lung (LU) | 4322 (0,1917) (0,1.43) 0.14 (0.03)
Melanoma of the skin (ME) | 3286 (1,552) (0.2,2.99) 0.005 (0.35)
Non-Hodgkin lymphoma (NH) | 1480 (0, 1260) (0,2.23)  0.03 (0.25)
Prostate (PR) | 4834 (1,433) (0.24,1.45) 0.14 (0.03)

Table 1.1: Cancers and abbreviations used in chapter 4. We give the minimum and maximum count
and standardized incidence ratio (SIR) for each cancer in 2010. The last column is the Moran’s 1
statistic for log((y + 0.5)/E) and the p-value from a permutation test for each cancer.

between cancers and spatial correlation.

In chapter 3 we include risk factor information in temporal analyses of lung cancer and breast
cancer. We use risk factor and cancer screening data from the Behavioral Risk Factor Surveillance
System [WA CHS, 2010], which is a large annual telephone survey. This survey asks about lifestyle
behaviors and attitudes as well as healthcare usage. In particular, we are interested in smoking and
cancer screening. BRFFS is available in all years for which we have cancer data, but some questions
are not asked every year or there may not be responses for each county-age-sex combination in
each year. Further, the BRFSS survey is a stratified survey. Thus we describe how we preprocess
smoking and screening data, taking into account survey weights and estimating rates for counties,
years, and demographic groups for which we do not have data. We use these data to investigate
whether temporal trends in cancer incidence can be explained by lifestyle variables or changes in
cancer screening rates.

For example, Figure 1.4 shows that lung cancer rates among men decrease with age and with
birth cohort meaning those born more recently have lower risk of lung cancer within a given age
group. Further, the smoking rates are decreasing in time. The profiles for smoking rate are smoother

in more recent years because the BRFSS sample size substantially increased in 2003.
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Figure 1.2: Spatial distribution of SIRs for bladder (BL), breast (BR), colorectal (CO), endomitrium
(EN), and kidney (KI) cancers in 2010.
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Figure 1.3: Spatial distribution of SIRs for leukemia (LE), lung cancer (LU), Non-Hodgkin lym-
phoma (NH), melanoma of the skin (ME), and prostate cancer (PR) in 2010.
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Figure 1.4: Temporal trends in lung cancer incidence and smoking rates for men (aggregating over
counties). The lines in the first two panels connect rates for the same age group, which is labeled
with the midpoint of the age band.
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1.3.2 Birth records in North Carolina

In chapter 5 we consider records of all live births recorded in North Carolina in 2006 [NC SCHS,
2007] with a goal of understanding the relationships between two adverse birth outcomes and how
these relationships might vary spatially. We use the same five binary variables used by Tassone et al.
[2010]: low birthweight (1-less than 2500 grams, 2—at least 2500 grams), full term birth (1-less than
37 weeks gestational age, 2—at least 37 weeks), maternal race (1-white/non Hispanic, 2—black/non
Hispanic), infant sex (1-male, 2—-female), and maternal smoking (1-non smoker, 2—smoker). The
smoker-non smoker outcome is determined from self reported number of cigarettes used daily. To
eliminate those records for which there is a known physiological explanation for low birthweight or
preterm birth, we exclude infants with congenital defects and multiple births. Further, we limit our
data to mothers between 15 and 44 years of age who are white/non Hispanic or black/non Hispanic.
The data consist of 96, 046 individual records, each associated with one of 100 counties based on
the mother’s residence. We can regard the data as 100 separate 25 contingency tables, with table
totals ranging from 39 to 9850. There are a substantial number of sampling zeros (713) and counts
less than 3 (1390) in these tables.

Figure 1.5 shows the proportion of low birthweight and preterm birth by county for these data.
For both adverse outcomes, there are higher proportions in several northeastern and southeastern
counties. Overall, preterm birth is more common than low birthweight, with state wide rates of
12.1% for preterm birth versus 7.7% for low birthweight. In chapter 5 we develop a joint model for
these adverse birth outcomes that allows for spatial heterogeneity in the strengths of associations

between outcomes and risk factors as well as spatial heterogeneity in the interaction model.

1.4 Structure of the Thesis

In this thesis, we aim to develop more flexible models for spatial dependence and for interactions
between risk factors and outcomes in our two motivating examples. In chapter 2, we review the
statistical tools that we will use in later chapters. These tools include graphical models, Gaussian

Markov random fields (GMRFs), and Bayesian computation techniques. In chapter 3 we introduce
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Figure 1.5: Spatial distribution of low birthweight and preterm birth in North Carolina.
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temporal models for cancer incidence and demonstrate forecasting from these models. We also
derive an aggregate model for estimating individual exposure effects in the temporal model using
survey data on cancer screening and tobacco use. In Chapter 4 we introduce a prior for restricted
covariance matrices and illustrate the application of this prior in the context of Gaussian spatial
random effects. We show via a simulation study that this new prior has advantages over the more
rigid GMREF priors, and we use this new prior in a multivariate setting using the cancer incidence
data. In chapter 5 we develop a spatial clustering prior for sets of multi-way contingency tables. We
use binary trees together with graphical log-linear models to capture spatial interactions as well as
interactions between outcomes. We fit this new model to the birth records data in North Carolina.

Finally in chapter 6 we discuss directions for future research.
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Chapter 2
REVIEW OF STATISTICAL METHODS

2.1 Graphical Models

Graphical models define families of probability distributions over a random vector x. Within each
family, the probability distributions share a conditional independence structure defined by an undi-
rected graph. Among other things, graphical models are used to represent beliefs or learn about
relationships in data as well as to factorize likelihoods for more efficient computation and estima-
tion.

An undirected graph consists of a set of vertices V and edges E: G = (V, E). The vertices repre-
sent the individual random variables in the vector x. In this thesis, we sometimes refer to E as a list
and sometimes as a binary matrix. That is if there is an edge between variables x; and x,, we can
say either (1,2) € E or E[1,2] = 1. Because G is undirected, (1,2) € E <= (2,1) € E. These
edges define a set of conditional independence or Markov relationships between subsets of V.

Let capital letters represent subsets of V and lowercase letters represent individual elements of
V. Let cl(a) be the closure of a, which consists of a and any neighbors of a, and nb(a) the set of
neighbors of a (the vertices connected to a by an edge). A set S separates A from B if the path from
any node in A to any node in B has to go through a node in S. There are three equivalent expressions

of these Markov properties [Lauritzen, 1996]:

e The pairwise Markov property For any pair (a,b) € V and (a,b) ¢ E: a L b | V\{a, b}.
e The local Markov property For any a € V: a 1L V\cl(a) | nb(a).

e The global Markov property For any triple of disjoint subsets (A, B, S) with S separating A

and B A 1L B|S.

Each of the above definitions has a corresponding expression as a constraint on the probability

family. For example let g4(x4) be a density function and gas(A | S) be a conditional density
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function. Then the third statement above implies

qaBis (XauB | Xs) = qais (Xa | Xs)gpjs (Xp | Xs)

for any values of xg. When these densities are well defined and in particular if x is a discrete random

factor, we can rewrite this as

qas (Xas)qps (Xps )
qs(Xs)

qas (Xaupus) =

If a probability distribution measure P obeys the global Markov property for all choices of
A, B, and §, then that this measure is Markov with respect to the graph and we write P € M(G)
[Dawid and Lauritzen, 1993]. The collection of all such probability models is called the graphical
model. In this thesis we use two kinds of graphical models, Gaussian graphical models and graphical
models for multi-way contingency tables. Both are parametric models, and we can express the set
M(G) through restrictions on the parameter space. For parametric probability families, we define
Og = {0 : Pg € M(G)}. As we will see in chapter 4, in a mean-zero Gaussian graphical model, 6 is
the precision matrix and ®g is the set of positive definite matrices with zeros in the elements that
correspond to missing edges in E.

In the Bayesian framework, we use prior distributions on the parameter space to incorporate our
beliefs. In the parametric, graphical model setting, these priors should have support only over Og.
Priors over the space of probability distributions that are Markov with respect to a graph are called
hyper Markov distributions [Dawid and Lauritzen, 1993]. In chapters 4 and 5, we give examples of

conjugate priors that are hyper Markov for Gaussian graphical models and for contingency tables.
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2.2 Gaussian Markov Random Fields

In principle, a Gaussian Markov random field (GMREF) is no different from a Gaussian graphical
model. That if x = {x1, x2, ..., x,} is a GMRF with respect to a graph G, then the density of x is
= 2 exp 3 x- Q- ).

for Q positive definite with Q;; = 0 when (i, j) ¢ E. When x are random effects in a spatial model,
the graph G is the adjacency graph of the study region. The indices i represent distinct areas, and
(i, j) € E if areas i and j share a boundary. Firgure 2.1(a) gives an example of such a graph. If x
are random effects in a time series application, then G is often a line graph with (i,i + 1) € E for
i=1,...,n—1and potentially (i,i + 2) € E fori = 1,...,n — 2. Two examples of these kinds of
graphs are shown in Figure 2.1(b) and (c).

The most common type of GMRF used in spatial statistics is a conditional autoregression
model or CAR model, which was first proposed by Besag [1974]. CAR models differ from Gaussian
graphical models because Q is defined implicitly through a set of »n full conditional distributions.

For example, the conditional distribution for the random variable, x;, given the other variables, x_;,

is [Rue and Held, 2005]
xi|x-;i~N [,Ui + Z bij(x; —ﬂj),Tl-z],
i
with mean zero version
Xi | X—j ~ N [Z b,’ij,Tl-z] .
i
The joint distribution of the vector X is a mean zero multivariate normal distribution with precision
D~!(I - B), where B; i =bjj, B =0,and D;; = 71.2. Thus, to satisfy the Markov properties, b;; = 0

if (i, j) ¢ E. This implied joint distribution is proper if D~!(I — B) is a symmetric, positive definite

matrix [Banerjee et al., 2004]. Symmetry is satisfied as long as b; J-/Tl.2 =b ji/ﬁ, but satisfying the
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positive definite condition is less obvious. Thus, it is possible to specify a set of joint distributions
that do not give rise to a proper joint multivariate normal distribution.

The intrinsic conditional autoregression or ICAR prior is an example of this kind of distribution
and is the most commonly used prior for spatial random effects within the class of CAR priors.
Under the ICAR prior, the conditional mean for a given random effect is the weighted average of
the neighboring random effects, and the conditional variance is inversely proportion to the sum of

these weights:

1 72
Xi | X—j ~ N|— Z WijXj, — |-
Wi+ Wi+

i

Here w;; is nonzero if regions i and j are neighbors (i.e. share a border) and O otherwise, and
wiy 1s the sum of all of the weights for a specific area. The implied precision matrix for the joint
distribution is Q = 772(D,, — W) where D,, is a diagonal matrix with elements w;;, i = 1,...n
and W = {w;;;i # j,i,j = 1,...,n}. A binary specification for W is frequently used, though other
weights that incorporate the distance between areas can also be used [White and Ghosh, 2009]. In
the binary case, w;; = 1 for neighboring regions and w;; = n;, the number of regions that border
area i. Under this specification, the conditional mean for a particular random effect is the average
value of the random effects for the neighboring regions, and the conditional variance is inversely

proportional to the number of neighbors of the area:

2

|
xilxi~N|= > X —|. 2.1

i foay M

Besag et al. [1991] use a CAR prior for spatial random effects in a disease mapping context in

what has become known as the convolution model:

vi | Ei, 0; ~ Poi(E; exp(6))),

T
Hizxiﬁ+vi+u,-.
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Here v; is a non-spatial random effect and u; is a spatial random effect. The prior for v is N(0, o2I),
and the prior for u is the ICAR prior. We use this model as a competing method in chapter 4.

The time-series counterparts to the spatial CAR priors are the first and second-order random
walk priors (RW-1 and RW-2). The RW-1 prior is the same as the spatial ICAR prior where the graph
is the line graph shown in Figure 2.1(b). Except for the first and last time points, the conditional
mean is the average value of the previous and following time points, and the conditional variance is
proportional to 1/2. For evenly-spaced time points, this is equivalent to a normal distribution on the

first differences Ax; = x; — x;—1 [Rue and Held, 2005]:

Ax; ~ N(0, 7°)

-1
1 1 s 5
= m(X) oy exp(z—T2 Z(x[ — Xi+1) }
l
2
Xil + Xig1 T
— i x~ N[22 ) fori=2,..,n— 1.
2 2
The RW-1 model fits a locally linear polynomial and gives a constant forecast for future time
points, which is often too restrictive an assumption. Thus, a second order random walk (RW-2) is
used in many applications, and we use it as a prior for temporal random effects in chapter 3. The RW-
2 prior arises from assuming a normal distribution on all second differences: A%x; = Ax; — Ax;_| =

X; —2xi_1 + xj_p. For 2 < i < n — 2, the conditional mean of x; is depends on the previous two and

the next two time points.

A%x; ~ N(O, 72)

1 n-2 )
= n(X) « ~o ) P [2_72 Z(Xi = 2Xi41 + Xis2)

2

2 1
= x;|x;~N (g(xi—l + Xit1) — g(xi—z + Xis2), %), fori=3,...,n-2.
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Figure 2.2: RW-1 versus RW-2 fit

The joint distribution can also be written as

1 1,
(X) o< e} exp(ix Qx),

0O 1 -5 4 =2

15 20
0
-4 1
-2 1

(2.2)

Figure (2.2) shows the superiority of the second order random walk when the underlying trend in

the data is nonlinear. While both models are close to the true curve, the RW-2 fit is substantially

smoother than the RW-1 fit.

The precision matrices of the spatial ICAR, RW-1, and RW-2 priors are all rank-deficient,
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meaning the distribution of x is a singular multivariate normal distribution. Recall that the precision
matrix of the binary specification of the spatial ICAR and RW-1 is proportional to D, — W, where
D,, is a diagonal matrix of the neighborhood sizes and W is the adjacency matrix. Each row and
column of D, — W and of Q as defined in (2.2) sums to 0. Thus, the overall level of the vector x is

not identified because we can add a constant to x and get the same density:
1 T
m(x + cl) oc exp E(X +c1)" Qx +cl)
1
= exp (ixTQx +2c17Qx + c21TQ1)
=exp|=x Qx].
Pl2
Further, Qs = 0 for s = {1,2,...,n}! for the RW-2 precision, which means the density is constant
when adding a linear trend to x. In practice the rank deficiency is accommodated by adding con-

straints to the vector x and adding an intercept to the model. The most common are 17x = 0 when

Q is rank n — 1 with the addition of s”x = 0 when Q is rank n — 2.

2.3 Computation for Bayesian Models

Suppose y is a sample from a family of distributions indexed by some parameters 6. In the simplest
Bayesian models, we incorporate uncertainty in the parameters @ through a prior distribution that

may depend on some fixed hyper parameters y. That is

y ~ Pr(y | 0),

0 ~ (6| y).

Generally the goal of modeling is to estimate some functions of the posterior distribution of 8 and

the variability of these estimates. Often we are interested in integrals of the form

Egys(0) = fa ¢(O)7(0 | y,7)do. 23)
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For some choices of the prior (@ | ), the posterior distribution, (@ | y, ), belongs to a known
family of distributions or is simple enough that we can get posterior estimates using basic analytic
approximation, Monte Carlo methods, or numerical integration. However, in many cases, Monte
Carlo methods such as direct sampling or importance sampling are difficult. In this section we de-
scribe two computational approaches for approximating integrals like (2.3). First we review the
Metropolis-Hastings algorithm, which is a widely applicable Markov chain Monte Carlo (MCMC)
sampler. Then we review integrated nested Laplace approximations (INLA), which is a tool specif-
ically developed for Bayesian hierarchical models that use Gaussian random effects. We use both

procedures throughout this thesis.

2.3.1 Metropolis-Hastings

The basic principle of MCMC is to construct a homogenous Markov chain with stationary distri-
bution equal to the target distribution, in our case the posterior distribution, and calculate the usual
sample statistics (means, variances, quantiles) from these chains to estimate important features of
the target distribution. The usefulness of this method hinges on a central limit theorem for Markov
chains known as the ergodic theorem. For integrable functions g(x), the ergodic theorem states
that if x = {x[, x2,..., xy} form an irreducible and positive recurrent Markov chain with stationary

distribution =, then [Bremaud, 1999, Flegal and Jones, 2011]
1 &
Jim " 8(i) =) Exg(x).
i=1

Irreducibility means that the chain can get from any part of the state space to any other part of the
state space in a finite number of steps. If the state space of x is countable, then positive recurrence
means that if the chain starts in state i, the expected number of steps before returning to state i
is finite [Bremaud, 1999]. In general state spaces, the positive recurrence criteria is replaced with
Harris recurrence [Flegal and Jones, 2011].

The Metropolis-Hastings algorithm is a way to construct an ergodic Markov chain under very

general conditions on the stationary distribution 7. The algorithm was first used by Metropolis
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et al. [1953] and then conceived of more generally by Hastings [1970]. The Metropolis-Hastings
algorithm is a kind of accept-reject algorithm. Starting at a particular value x;, a candidate for the
next state, x’ is drawn from a proposal distribution ¢g. The acceptance probability of this move is
constructed so that the stationary distribution of the entire chain is the target distribution.

The Metropolis-Hastings algorithm for constructing a sequence 61,6,,...,60y with stationary

distribution (@ | y, y) is

e Draw 0’ ~ ¢(0' | 9,).

e Calculate the acceptance ratio Rg:

_ 70 1y,946,16)
70,1y, 79 16)’

e Set 6,1 = @ with probability @ = min{1, Rg}.

The choice of proposal g is flexible. In some cases, it is possible to choose g to be symmetric,
meaning g(6’ | ) = ¢(6 | 8’). For example, if @ is real-valued, then a Gaussian random walk,
6 ~ N(8, o), is a symmetric proposal. Further, if 6 is a vector, the proposal ¢ may leave some parts
of 6 unchanged. Updating small subsets (or blocks) of @ is common practice when the size of 8 is
large or when there is high posterior correlation between some elements of 6.

The Metropolis-Hastings algorithm naturally accommodates posterior distributions that are known
only up to a proportionality constant. The acceptance ratio is often written with the product of the

likelihood and the prior

p(y | €)@ |y)q0;]0)
p(y | 076, | v)q(0' | 6;)

The main drawback of the Metropolis-Hastings sampler is that the proposal ¢ much be chosen care-
fully to avoid poor convergence. Choices such as the Gaussian random walk may be inefficient, es-
pecially if the elements of @ are highly correlated in the posterior. Unfortunately, spatial or temporal
random effects are often highly correlated. Even with good proposals, the Metropolis-Hastings algo-

rithm can be slow if calculating the likelihood is computationally intensive (e.g., involves inversion
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or multiplication or large matrices). Thus, more sophisticated MCMC methods or approximation

methods are sometimes preferred over simple Metropolis-Hastings sampling schemes.

2.3.2 Integrated Nested Laplace Approximations

One such approximation method is integrated nested Laplace approximation, or INLA. Developed
by Rue et al. [2009], the INLA approach is specific to Bayesian hierarchical models where the
latent variables are Gaussian. Let x be the latent variables (e.g., random effects), 8 = {6, 6,} be the
parameters in the likelihood of y and prior on X, and y be parameters for the priors on 6:

n

p(y|x,0)=| | pQil xi,01),

i=1
x| 6, ~ N (u(6,),Q(0,)7"),

0|y ~n@|y).

In our applications x will be a mean-zero GMREF, so u(6,) = 0. Then the full posterior for {6, x} up

to a proportionality constant is

1 n
(6, x |y, 7) < 78| 7)IQ6)]' exp {—ExTsz)x + > log (p0i | % 01»} SR

i=1

The basic approach of INLA is to approximate the marginal posterior distributions using a com-
bination of numerical integration and Gaussian approximation. Let 7(- | -) denote an approximate

conditional distribution. Then the approximate marginal posterior distributions are produced as

R 1y) = fg #(xi | 0,5)7(0 | y)d6

70,1 y) = f 76 y)do_;.

J

Most of the approximations follow from a Gaussian approximation of 7(x | y), which is equiva-
lent to finding a Gaussian approximation to the likelihood term, 3.7 , log (p(y; | x;, 61)), in equation

(2.4). The approximation methods and integration techniques are discussed in detail in Rue et al.
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[2009].

While INLA is powerful tool for Bayesian computation with latent GMRFs, the approach is
somewhat limited. While both INLA and MCMC can produce estimates of the marginal poste-
riors, MCMC approximates the full posterior, which is useful for estimating posterior correlation
or posterior predictive distributions. Thus, questions of posterior correlations between parameters
or of complex functions of the parameters can be difficult to address with INLA. Further, there is
a practical maximum of around 12 on the dimension of @ because the numerical integration step
for each 7(0; | y) is exponential in the size of 6 [Rue et al., 2009]. Finally, INLA is not accu-
rate for all applications. For example, Fong et al. [2010] found that INLA was less accurate for
binomial data when the number of trials was small. Nonetheless, INLA is popular estimation tool
for spatial and temporal problems. An implementation of INLA is available as an R package from

http://www.r-inla.org/.
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Chapter 3

TEMPORAL MODELS FOR CANCER INCIDENCE IN WASHINGTON STATE

3.1 Introduction

Time plays an important role in the incidence and progression of most diseases. However, there
is no “one size fits all” version of time that is appropriate for all types of health outcomes. While
seasonal factors are strong predictors of the risk of contracting illnesses like the flu, they are of
little relevance for cancer incidence. In arguing for the careful consideration of the appropriate time
scales for health data, Berzuini and Clayton [1994] state that time “is simply the scale along which
other causes operate” and that the role of time in statistical models is to act as a “surrogate or proxy
measure” for these unobserved processes that contribute to disease risk. Thus, it is important to have
a basic understanding of the dynamics of the disease endpoint when choosing how to incorporate
time into a model for disease risk.

In this chapter, we describe temporal models for cancer incidence for two common cancers:
female breast cancer and male lung cancer. Cancer is a collection of many different diseases and
illnesses that share the feature of unrestricted cell growth due to genetic changes that allow can-
cer cells to bypass or circumvent the body’s normal growth regulation mechanisms [Escedy and
Hunter, 2008]. There are two distinct processes to consider when the primary outcome of interest is
the number of incident cancer cases (i.e., the number of people being diagnosed with cancer). The
first is the process by which the genetic changes or mutations occur, and the second is the process
by which the cancerous cells are identified and the diagnosis of cancer is conferred. We account for
these processes on three time scales: age, year of diagnosis (period), and year of birth (cohort).

We use temporal models on these three time scales for prediction and inference. One of the main
purposes of fitting temporal models for disease incidence and mortality is to provide forecasts for

the number of cases or deaths. For example, every January, the American Cancer Society and Na-
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tional Cancer Institute produce national and state-level forecasts for cancer mortality for the current
year and for the next 3 years [Ghosh and Tiwari, 2007, Zhu et al., 2012, 2013]. These projections
are then used for planning tasks such as estimating the total cost of cancer in the United States.

While the focus of this chapter is on time series data, we present models with the intention of ul-
timately extending these methods to include a spatial component and space-time interactions. There
are several classes of time series models that have been extended to spatiotemporal models. Gaus-
sian processes (GPs) are the dominant tool used for spatially continuous data rather than areal data,
and they are often used for stationary time series data. Spatial or temporal GPs have been extended
to model continuous spatiotemporal processes with either separable or non separable space-time
covariance functions [Gneiting and Guttorp, 2010]. Recently Quick et al. [2013] used a GP for time
together with an areal model for space to analyze monthly rates of hospital admissions for asthma
measured at the county level. However, they use a Gaussian likelihood that is less appropriate for
rare disease such as cancer because the rates are near zero. Diggle et al. [2005, 2013] use a spa-
tiotemproal GP as the basis of a spatiotemporal log Gaussian Cox process (LGCP). In an LGCP,
areal and discrete-time observations are based on aggregating a spatially and temporally continuous
Poisson point process with a log intensity surface that is a GP. However, our data are only available
at a fairly coarse level of aggregation in space and time (counties and years); whereas, the LGCP is
more appropriate when the locations of cases are available for smaller units such as UK postcodes
(which contain an average of about 20 households) and days.

Dynamic linear models (DL.Ms) or state space models have been a popular choice for Bayesian
time series and forecasting data for several decades [West and Harrison, 1997, Prado and West,
2010]. DLMs have been used in several applications for forecasting counts of disease cases and
deaths, including cancer mortality [Nobre et al., 2001, Ghosh et al., 2007], and more recently, there
has been increased attention in extending DLMs to handle multivariate time series data including
spatial time series data [Carvalho and West, 2007, Wang and West, 2009, Gamerman, 2010]. For
computational reasons, most applications involving DLMs assume a Gaussian likelihood, which

again may not be appropriate for rare diseases. An exception is the recent work of Windle et al.
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[2014] who use a data augmentation scheme to form a Gibbs sampler for dynamic models with
binomial likelihoods.

In this chapter, we rely on a third approach based on Gaussian Markov random fields (GM-
RFs). Knorr-Held [2000] presents a framework that includes additive spatial and temporal random
effects with GMREF priors as well as for space-time interaction terms that are also Gaussian with
four possible covariance forms representing different kinds of separable and non separable interac-
tion. Models based on these space-time interaction priors can be estimated with integrated nested
Laplace approximation (INLA), so there are fewer computational barriers to using a non Gaussian
likelihood. Finally, the approach we take models change in disease risk along multiple time scales,
which is easily accommodated within the GMRF framework. In the first part of this chapter, we
introduce a framework for choosing which time scales are most informative for each cancer and for
generating forecasts from these models. In the second part of the chapter, we include covariates in

the temporal model using survey data on cancer screening and tobacco use.

3.2 Temporal Models for Cancer Incidence

In general, the risk of cancer increases with age. There are a few exceptions such as certain
leukemias and central nervous system tumors that are more common in children, but the two cancers
considered in this chapter adhere to the general rule of increasing risk with age. Age is a surrogate
for internal processes such as hormone exposure or the cumulative damage of random genetic mu-
tations when DNA is being copied, but it can also be a proxy for external factors such as cumulative
exposure to carcinogens. The period and cohort effects are both surrogates for exposure to external
factors. Period effects include environmental and diagnostic factors. For example, the introduction
of a new diagnostic procedure may lead to a jump in disease incidence across all age groups. Cohort
effects capture longer term causes of cancer that have changed over time. For example, inhalation
of asbestos is the primary cause of a lung cancer called mesothelioma. Earlier birth cohorts have
greater risk of mesothelioma than more recent cohorts because asbestos usage has decreased over
time [Miranda et al., 2014]. Generally, life style factors such as alcohol and tobacco use or diet are

also cohort effects because they have a delayed effect on cancer and changes in these factors differ
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by age groups.

3.2.1 Age Period Cohort Models

The age-period-cohort (APC) model is an additive model for the log rate of incidence or mortality.
LetY ={y;;:i=1,...,A;j=1,...,T} be a matrix of counts in each of A age groups and T time
points. The cohort index k& is a function of age and period. If the age scale and time scale are the
same (i.e., 5 year age bands and 5 year time intervals), then k = A—i+ j [Miranda et al., 2014]. If the
age intervals are M times longer than the time intervals, then the cohort indexisk =M - (A —i) + j
[Heuer, 1997, Knorr-Held and Rainer, 2001]. The cohorts index the diagonals of the age-period

matrix, as shown for a small example in Table 3.1. Let N = {N;;,i = 1,...,A;j = 1,...,T} be

Year Index
Agelndex |1 2 3 4 5
115 6 7 8 9
214 5 6 7 8
313 4 5 6 7
412 3 4 5 6
511 2 3 4 5

Table 3.1: Indices of the age, period, and cohort parameters for 5 equal-width age bands and time
intervals. The body of the table shows the cohort index for each age-year combination.

the size of the risk set for each age and time. For time intervals greater than one year, the entries
of N will be person-years. For single year time intervals, N is usually the population within each
age/period cell.
The basic APC model is [Clayton and Schifflers, 1987b]
Yij

logE[—}:,uij:(5+ai+,8j+yk. (31)
N;j

In this model, it is tempting to interpret § as the overall log rate of incidence and to interpret dif-
ferences in the age effects, period effects, or cohort effects as log relative risks. However, direct

interpretation of these effects is difficult because the model is over parameterized.
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If we stack the age, period, and cohort effects into a single vector, 8, then for a suitably defined
design matrix X, we have g = § + X’0. The X in this case will be rank deficient because the entries
corresponding to the cohort effects are linearly depend on the entries for the age and period effects.

We discuss this issue in terms of identifiability and invariant forecasts in the next sections.

3.2.2 Identifiability of the age-period-cohort model

Several authors, beginning with Clayton and Schifflers [1987a,b], have discussed the non-identifiability
of the individual terms of the APC model. Kuang et al. [2008b] and Nielson and Nielsen [2014]
define the identifiability issue from a group theoretic perspective. The overall mean as given in (3.1)
is invariant to a translation on each set of effects and addition of a linear trend in the age, period, and
cohort parameters. For equal-width age and time intervals, we call this group of transformations G

with members

a; aj+a+(-1)d

Bj Bi+b—(j—1d
81 - 5
Yk = YA-i+j Ya-ivjtc+(A—-i+j—1Dd

0 0—a-b-c+A-1)d

for any real numbers a, b, ¢, d. For 5 year age bands and 1 year time intervals, we call the group of

transformations G, with members g,[Knorr-Held and Rainer, 2001]

a; a/,-+a+5(i—A%1)d
Bi Bi+b-(i-5t)d
82 -

Yk = V5 (Ai)t) Ys(A-iy+j T € + (M- A—i)+j— MA—2M+T) J

0 0—-a—-b-c
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The overall log rates are invariant with respect to these transformations. That is, for any g (in G| or

G> depending on the data), u;j(g(ai, B, Yk, 0)) = pij(@i, B}, Yk, 0). For example

Hij(g1(@i, B, Yk, 0)) = g1(ai) + g1(B)) + g1(¥i) + g1(6)
=ai+ta+(@-1)d+Bj+b—(j—Dd+ysisj+c
+A-i+j-Dd+6-a-b-c—(A-1)d
=aj+fj+ya-isjto+ta+b+c—a-b-c
+(@-1—-j+1+A-i+j—-1-A+1)d
=i+ B+ Ya-irj+ o

= (@i, B, Y, 0).

Since the data likelihood only depends on the age, period, and cohort parameters through this overall
log rate, the likelihood of the observed data is also invariant to these groups of transformations.

Thus, the age, period, and cohort effects are not identifiable.

3.2.3 Invariant Forecasts with the APC model

In many applications, forecasts of mortality or incidence rates are important. Given the identifiabil-
ity issues, it is crucial to choose forecasts that are invariant to the group of transformations. Suppose

we forecasts rates & years ahead in time for the same set of age groups. Then we want

WiT+h = O + @ + Brap + Virh

where k = A —i+ T ork = M(A — i)+ T. The forecasts depend on projecting the period and cohort
effects ahead & steps based on the fitted period and cohort effects for the observed data. That is, for

some function fz and f7,

Br+n = f3(Br.1) and yirn = fo(Y1:k).
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If h < A, then we project at most & new cohort effects because the rest are estimated with the
observed data. For example, Table 3.2 shows that to predict 3 years ahead for the small example
in Table 3.1, we need to forecast the period effect for time j = 8 and the cohort effects for k =

10,11, 12.

1 2 3 45 6 7 8
1 56 7 8 9 10 11 12
2 45 6 78 9 10 11
33 4 5 6 7 8 9 10
4 2 3 45 6 7 8 9
512 3 45 6 7 8

Table 3.2: Indices of the age, period, and cohort parameters for equal-width age bands and time
intervals. The body of the table shows the cohort index for each age-year combination. The bolded
indices indicate the period and cohort effects that need need to be forecasted to generate predictions
for time periods 6-8.

The projected log rates {u; r+n,i = 1,..., A} are not invariant to the group of transformations for

all choices of fz and f,. Instead, the projection functions must satisfy

g(fp(Br.r)) = fp(g(Br.7)) and g(fy(y1:1)) = f(g(y1.1))-

Kuang et al. [2008a] outline several choices for fg and f, that adhere to these constraints. One of
their suggestions is to project linearly from the most recent effect using the average first differences

between effects. For example, the projection for period effects is

JsBr.r) = Br + hip (3.2)

T
1
where §g = -1 Z AB;.
j=2
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Applying this projection to the group transformed period effects yields

h T
fo&1Brr) = Pr+b— (T = d + T_lj;(Aﬂj—du—l—ﬂz))
h T
=fBr + T_I;Aﬁj+b—d(T+h—l)

=Br+hig+b—(T+h-1d

= g1(/p(Br.1))

This guarantees that u(g(a;, Br+n, Yi+h,0)) = (i, Br+h> Yi+h,90). The standard RW-1 projection
(constant at the last observed effect) does not give invariant projections of the log rate, but the RW-2

projection does:

14224 4+ 12

Br+n | Br.r ~ N|Br + hABT, - ,
B

g1(Br) +hg1(ABr) =Br+b—d(T - 1)+ h|[Br +b—d(T - 1) - pr-1 —b+d(T - 2)]

Br+b—d(T —1)+h|Br —Br-1 —d]
= Br +hABy +b—d(T +h—1)

= g1(Br + hABT).

RW-2 projection is also a linear projection from the latest effect, but the slope is the last first differ-
ence rather than the average of the all the first differences. In practice we found that both methods

give similar projections for the number of cases (see appendix A).

3.3 A Bayesian APC Model

Most attempts at fitting the full APC model rely on arbitrary constraints to overcome the identi-
fiability issues described in the previous section. For example, Carstensen [2007] suggests fitting
smoothing splines to produce age, period, and cohort functions while imposing a set of constraints

for identifiability. These constraints include setting some age, period, or cohort effects to O for cho-
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sen reference groups and restricting the average slope of the smoothing splines.
However, the second differences of the age, period, and cohort effects are identifiable and in-
variant to the group of transformations defined above [Clayton and Schifflers, 1987b, Kuang et al.,

2008a]. That is A%a;(g(@)) = A’ai(a) :

Nai(gi(@)) = gi(e) - 2g1(ai1) + g1(@i2)
=a;+a+(—-1)d-2ai.1-2a-2(i—-2)d+air+a+ (i—-3)d
=qo;—20i-1+aip+a-2a+a+di-2-2i+4+i-3)

= Aai(a).

The second differences can be interpreted as “accelerations” in the effects. They also define the
curvature of the age, period, and cohort profiles. On the rate scale, second differences are ratios of
relative risks. Thus, it is sensible to choose a modeling framework that deals directly with second
differences.

Several authors have suggested a Bayesian formulation of the APC model with the RW-1 or
RW-2 priors introduced in chapter 2 [Berzuini and Clayton, 1994, Besag et al., 1995, Knorr-Held
and Rainer, 2001, Riebler et al., 2012]. Recall that the RW-2 prior follows from assuming that the
second differences are independent, identically distributed Gaussian random variates. Further, the
usual implementation of the RW-2 prior (including the implementations in the INLA package and in
WingBUGS) incorporates sum-to-zero and zero slope restrictions to overcome the rank deficiency of
the RW-2 prior. Additional, unstructured random effects are included in the Bayesian APC models
to allow for heterogeneity around the constrained temporal effects.

The full specification of this Bayesian APC model is

yij ~Poi(N;;exp(u;;))
Mij =0 + @i + B+ ik + Zij,

§ ~ N, 03),
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a ~ RW-2(12), 72 ~ Ga(ai, by),
B ~ RW-2(73), 75 ~ Ga(a1, b)),
y ~ RW—2(T§), T%, ~ Ga(ai, by),

z ~ N(0,7;%1), 72 ~ Ga(az, by).

In this model, we use the same prior for the precisions on each set of RW-2 random effects and a
different prior on the precision of the independent random effects. Initially we follow the suggestion
of Knorr-Held and Rainer [2001] and use (a1, 1) = (1,0.00005) and (az, b2) = (1,0.005). Using the
same prior all RW-2 effects is not necessarily intuitive. For the breast cancer and lung cancer data,
there are A = 13 age groups and nearly 80 cohorts. A priori, we expect the age effects to be larger
and changing more quickly than the cohort effects, which means we expect that the precision of the
age effects will be much smaller than the precision of the cohort effects. In principle, this suggests
we should specify different priors for 72 and Tf,. However the suggested priors are sufficiently non
informative that, in practice, we can get different estimates for the precisions of the age, period, and
cohort effects.

We fit models to breast and lung cancer incidence data from the Washington State Cancer Reg-
istry using the Bayesian APC model and the Carstensen model. In both cases, the data are 13 x 19
matrices, where 13 is the number of age bands (25 — 29,30 — 24,...80 — 84,85+) and 19 is the
number of years (1992-2010). We restrict to cases of breast cancer among women and lung cancer
among men. We summarize the total incidence by age and year in Tables 3.3 and 3.4. For breast
cancer, there are no counts under 15 and only 11 age-year combinations with fewer than 25 counts.
In contrast, lung cancer is rare for the youngest age bands included here. There are 5 age-year com-
binations with zero cases and 38 age-year combinations with at most 5 cases of lung cancer.

Figure 3.1 shows the estimated age, period, and cohort effects from the smoothing splines
model of Carstensen [2007] and the Bayesian APC model for breast cancer. We fit the Carstensen
model using the Epi package in R using natural splines with 5, 5, and 15 knots for the age, pe-

riod, and cohort functions, respectively. We fit the Bayesian APC model using integrated nested



36

Breast Lung

(25,30] 432 20
(30,35] 1449 66
(35,40] 3720 225
(40,45] 7735 537
(45,50] 11310 1386
(50,55] 12088 2321
(55,60] 12186 3672
(60,65] 11749 5334
(65,70] 10808 6584
(70,75] 10172 7063
(75,80] 8612 6223
(80,85] 6078 3879
(85,110] 4123 2151

Table 3.3: Total incidence by age band.

Laplace approximations with the INLA package. We transformed each set of effects using (possibly
different) transformations in G, so that the age, period, and cohort effects of both models sum to
zero and so that the period effects have a slope of zero. The y-axis is purposefully missing a scale
because the individual effects are not identifiable. The age and period curves are similar for these
methods. Both age curves show an increase in the log incidence rate with age that levels off and
even decreases slightly in the oldest age groups.

The period curves show an increase to a peak around 2000, then a decrease followed by a pos-
sible increase. However the posterior median of the standard deviation of the period effects is one
tenth that of the age effect, suggesting that year-to-year variability in breast cancer rates is far less
substantial than age-to-age variability. The slight linearly increasing tend in the cohort effects of the
Bayesian model should not be over interpreted because it could just be an artifact of the transforma-
tion. Finally, the “wiggling” of the cohort effects in the Carstensen model depends on the number
of knots chosen for the natural splines.

Figure 3.2 shows the estimated age, period, and cohort effects for lung cancer. The age and
cohort curves are similar for these methods. Both show an increasing trend in lung cancer incidence

and a decreasing trend in cohort (birth year). The age curve estimated by the Bayesian APC model
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Age, Period, and Period Curves for Breast Cancer

Age Effects (04) = 0.188

’ —— Carstensen, 2007
- - Knorr-Held et al., 2001

T T T T T T T T T T T T T
(25,30] (35,40] (45,50] (55,60] (65,70] (75,80] (85,110]

Age

Period Effects (og) = 0.016

T T T T T T T T T T T T T T T T T T T
1992 1994 1996 1998 2000 2002 2004 2006 2008 2010

Period

Cohort Effects (op) = 0.008

1910 1920 1930 1940 1950 1960 1970 1980

Cohort

Figure 3.1: Fitted APC curves for breast cancer using the Bayesian APC model and the smoothing
splines model in [Carstensen, 2007] and the posterior median of the standard deviation of these
effects in the Bayesian APC model. The y-axis is purposefully missing a scale because the individual
effects are not identifiable.
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Breast Lung
1992 3801 2032
1993 4052 1919
1994 4353 2000
1995 4456 1964
1996 4460 1996
1997 4970 2036
1998 5303 2142
1999 5476 2164
2000 5424 2045
2001 5630 2075
2002 5751 2090
2003 5506 2106
2004 5462 2091
2005 5635 2127
2006 5539 2134
2007 5592 1988
2008 6183 2109
2009 6625 2218
2010 6244 2225

Table 3.4: Total incidence by year.

levels off in the older age groups, but the Carstensen effects do not. These initial results suggest
that fitting the full APC model may be unnecessary for breast and lung cancer. For both cancers we
see clear “accelerations” in the incidence rates as age increases, and for lung cancer, we see clear
“deceleration” in the rates as the birth year increases. The relationships between the incidence rates
and the remaining effects are less clear. In the next section we propose a framework for choosing

which temporal scales are most informative for each cancer.

3.4 The APC Model for Breast Cancer and Lung Cancer

For each cancer, we fit four models: age (A), age-period (AP), age-cohort (AC), and age-period-
cohort (APC). The names of the models refer to which effects are included in the model. We show

the results for the best fitting model for each cancer. We choose the best fitting model based on three
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Age, Period, and Period Curves for Lung Cancer

Age Effects (04) = 0.138

—— Carstensen, 2007
- - Knorr-Held et al., 2001

T T T T T T T T T T T T T
(25,30] (35,40] (45,50] (55,60] (65,70] (75,80] (85,110]

Age

Period Effects (ag) = 0.007
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1992 1994 1996 1998 2000 2002 2004 2006 2008 2010
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Cohort Effects (op) = 0.211
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Figure 3.2: Fitted APC curves for lung cancer using the Bayesian APC model and the smoothing
splines model in [Carstensen, 2007] and the posterior median of the standard deviation of these
effects in the Bayesian APC model. The y-axis is purposefully missing a scale because the individual
effects are not identifiable.
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criteria that capture within-sample fit, out-of-sample prediction, and complexity.

e CPO: the conditional predictive ordinant is a Bayesian analogue of leave-one-out cross val-

idation and is often used in model diagnostics to find points that are outliers with resect to a

particular model [Pettit, 1990, Held et al., 2010]. It is defined component-wise as

CPO; = n(y{"* | y-i)

= f r(P | y-ij» O)m(O | y_i)db.

We compare the four models based on the total log CPO, which is a measure of overall fit.

MSE: we fit each model to the 1992-2007 data and then predict the 2010 counts using the
period and cohort forecasts defined in equation (3.2). We compare the four models based on

the average MSE for the predicted counts:

13
MSE = i E . _ \,0bs 2
13 6.yi20101y1992-2007 \Vi:2010 — Y 2010) -

i=1

DIC: the deviance information criterion is a measure of goodness of fit penalized by model
complexity [Spiegelhalter et al., 2002]. DIC is the sum of the deviance at the posterior mean

of the parameters and a penalty 2pp. The deviance is
D(6) = ~2logp(y | 0) + ¢y,

where ¢y depends only on the observed data. The penalty pp, often called the effective number
of parameters, is the difference of the posterior mean of the deviance and the deviance at the
posterior mean. Spiegelhalter et al. [2002] present DIC as a Bayesian version of AIC, which
is in turn an approximation to model selection via cross validation in the maximum likelihood
setting. However, Plummer [2008] shows that the approximation to cross validation breaks
down when the number of effective parameters is similar the number of observations, which

is usually the case for spatial models and the temporal models used in this chapter. In these
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models, DIC tends to under penalize more complex models.

For these criteria, larger values of CPO are considered better and smaller values of MSE and DIC are
considered better. All three criteria are easy to compute using Markov chain Monte Carlo (MCMC),
and CPO and DIC are available from INLA. We rely on INLA except for the forecasting com-
parisons. We found that MCMC (implemented in WinBUGS) and INLA produce nearly identical
estimates for the overall log rates and the age, period, and cohort effects. There are some differences
in the estimates of the precisions, especially when they are large. See appendix A for a comparison
of MCMC and INLA for two of the models considered below.

We give all results for the specific choices of hyper parameters and constraints on the intrinsic
GMRFs given in section 3.3. While the results will change for difference settings of these hyper
parameters and constraints, we expect that the conclusions for breast cancer and lung cancer will
robust to these choices because the models supported by these data are clear. A thorough sensitivity
analysis to both the hyper parameters and the restriction on the GMREF priors should be carried out

if there is less clarity in the appropriate models.

3.4.1 Breast Cancer

First we fit models to the breast cancer incidence data. The bottom panel in Figure 3.3 shows the ob-
served log rates for the 13 age groups over 19 years. The rates are flat in time, though there is slight
decreasing trend starting in 2003. The effect of age is most prominent. There are large increases in
risk for the youngest four age groups and then similar rates for the oldest groups. The parallel lines
suggest that there are no strong cohort effects.

The model fit statistics and estimated components confirm these observation. The AP model
is the best on all three metrics (see Table 3.5). The full APC model also does well on the metrics
computed with the full data but lacks on the mean squared error of the forecasts for the 2010 counts.
Figure A.3 in appendix A shows the posterior mean for the predicted 2010 counts versus the ob-
served counts for all for models. All four models do well for the smaller counts (which correspond

to the youngest age groups), but the predictions from the AP model are the closest to the observed
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counts for larger counts. Thus, we prefer the simpler AP model to the full APC model for prediction.

The top panel in Figure 3.3 shows the fitted log rates from the AP model, and the middle panel

CPO MSE DIC

A 2823 5476 2285.53
AP 3.046 3347 2277.46
AC 2811 8528 2287.74
APC 3.041 4313 2277.63

Table 3.5: Comparison of models for breast cancer incidence rates. The models are age (A), age-
period (AP), age-cohort (AC), and age-period-cohort (APC). The comparison criteria are the con-
ditional predictive ordinant (CPO), the mean squared error in forecasts of the 2010 counts based on
data up to 2007 (MSE), and the deviance information criterion (DIC).

A AP AC APC
5 -6.105 -6.106 -6.103 -6.104
0. 0186 0187 0.184 0.188
o ~ 0016 - 0016
oy - ~ 0.004 0.008
o, 0073 0070 0.089 0.070

Table 3.6: Posterior medians for the overall log rate and variance components for breast cancer.

shows the fitted log rates versus the observed log rates. For the older age groups, the fitted log rates
are very similar to the observed log rates. For the younger age groups, the model smooths most of
the year-to-year variability in the observed incidence rates. The middle panel shows that the fitted
rates for the first two age bands have been substantially smoothed to essentially the same value over
all 19 years. By the third age group, (35, 40], the observed rates are much less volatile, and the fitted
rates show less smoothing.

Table 3.6 shows posterior estimates of the standard deviations of the random effects and the
overall log rate. The posterior median of exp(d) is consistently estimated at approximately 223 peo-
ple per 100, 000 individuals across the four models. The standard deviations for the age and period

random effects are also fairly constant, indicating that the magnitude of the age and period effects



43

does not change when adding in the cohort effects. Further, the standard deviation of the unstruc-
tured random effects does increase when the period effects are excluded in the AC and A models.
While age explains the bulk of the heterogeneity in the rates, there is some temporal structure in the

rates in addition to the age structure.

3.4.2 Lung Cancer

Now we turn our attention to the lung cancer incidence data. The bottom panel in Figure 3.4 shows
the observed log rates for lung cancer incidence among men. The curve for the youngest age group
is incomplete because there several are years with no incident cases. Again we see a large age effect
with large jumps in the log incidence rate in the first seven age bands and then more homogeneity
in the incidence rate for the older age groups. In contrast to the breast cancer rates, the lung curves
are not parallel. While the age curves for some age groups are flat, in other age groups (such as
the (55 — 60] group), the incidence rates are decreasing. This suggests that there are non-negligible
cohort effects for lung cancer incidence. The AC and APC models clearly out perform the A and
AP models in terms of within sample fit (see Table 3.7). Again, the more complex APC model
lacks on the mean squared error of the 2010 forecasts, especially for larger counts (see Figure A.3
in appendix A).

The top panel in Figure 3.4 shows the fitted log rate curves for the AC model with clear

CPO MSE DIC

A 1265 6081 1884.03
AP 13.68 1726 1852.95
AC 15.06 396.6 1768.45
APC 15.05 5464 1768.37

Table 3.7: Comparison of models for lung cancer incidence rates. The models are age (A), age-
period (AP), age-cohort (AC), and age-period-cohort (APC). The comparison criteria are the con-
ditional predictive ordinant (CPO), the mean squared error in forecasts of the 2010 counts based on
data up to 2007 (MSE), and the deviance information criterion (DIC).

decreasing trends in incidence for the younger age groups. We investigate cigarette smoking rates
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Figure 3.3: Fitted versus observed log rates for breast cancer. The fitted rates are based on the
age-period model.
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A AP AC  APC

o 1479 7477 -7.543 -7.542
oo, 0.164 0.166 0.137 0.138
op - 0.006 - 0.007
oy - - 0.008 0.211
o, 0.152 0.104 0.038 0.037

Table 3.8: Posterior medians for the overall log rate and variance components for lung cancer.

as one possible explanation of these cohort effects in the next section. The middle panel shows the
fitted log rates versus the observed log rates. The fit is less tight around the observed rates than with
breast cancer, especially when the log rate is less than —8. This is consistent with our intuition that
there is more volatility in the observed rates and hence more smoothing with rare outcomes.

Table 3.8 shows posterior estimates of the standard deviations of the random effects and the
overall log rate. The estimates for the rate of lung cancer differ slightly depending on whether
the cohort effects are included. For the A and AP models, the estimate of exp(9) is approximately
56 cases per 100,000 individuals and, for the AC and APC models, approximately 53 cases per
100, 000. The standard deviations for the age effects and the unstructured random effects decrease

when the cohort effects are included, suggesting that there is a cohort structure in lung cancer rates.

3.5 Incorporating Covariates in the APC model

In this section, we describe how to incorporate covariates in the Bayesian APC model. For breast
cancer, we include screening through mammography as a possible explanation for age and period
effects, and for lung cancer, we include cigarette usage as a possible explanation for cohort ef-
fects. The screening and smoking data come from the Behavioral Risk Factor Surveillance System
(BRFSS). Although the BRFSS data and the cancer incidence data are both available as individual
records, we do not have joint screening/smoking and cancer information on the individual level.
This poses three challenges. First we must choose a sensible aggregate model to estimate the actual

effect of exposure rather than an ecological effect. Second, the BRFSS survey is not a simple ran-
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dom sample, so aggregate exposure summaries must take into account the survey design. Finally,
the women’s health module of the BRFSS survey is only included in even years after 2000, so we

must interpolate the mammography rates for five missing years.

3.5.1 Aggregate Regression Model

For a binary exposure, it is straightforward to derive the aggregate mean model by starting with
the individual model [Wakefield, 2007]. Suppose the probability of disease for an individual [ is
exp(aiqy + Bjay + Yrw)) exp(do + A127), where z; is an indicator of whether person [ is exposed. Here
we have left off the overall log rate ¢ from the APC model because it is redundant with exp(4p) in
the model. The mean for the aggregate count within a particular age group and time period is

Nij

Eyij = Z exp(@; + B + vi) exp(do + A1)
=1
N..

ij
= explei + 8 + i) ) exp(do + 412)
=1

= exp(a; + B + ¥i) [Nij(l — xij) exp(dp) + Nijx;jexp(dg + /11)]

= Nijexpla; + B + i) [(1 = xij) exp(do) + xij exp(do + A1)

Nij . . . e Lo .
where x;; = X, z1/Nij is the proportion exposed in age group i during time period j. This is not

the same model as simply augmenting the APC model with a regression term
Ey,'j = Nij exp(cyi +,3j + Y + o+ /l’lx,-j).

In this case, the coefficient A is an ecological effect rather than an individual level effect. In this
ecological model, we implicitly assume the exposure has a contextual effect, meaning that disease
risk is associated average exposure within the groups of aggregation rather than individual risk
[Wakefield and Lyons, 2010]. Knorr-Held and Rainer [2001] use an ecological APC model for lung
cancer data by including a lagged estimate of tobacco sales. To the best of our knowledge, the

aggregate mean model has not been used with APC models.
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The appropriate aggregate mean model is no longer in the form of the usual link function as

introduced in section 1.2. Instead we have defined a two-parameter link function

h(61,6,) = exp(6;) - 6>.

Because the Gaussian random effects will only appear in one part of link function (in this case 6;),
this model still fits within the class of posteriors that can be approximated with integrated nested
Laplace approximation (see equation (2.4) in section 2.3.2). However, this link function is not

currently available in the INLA package for R, so we fit this model using MCMC (with WinBUGS).

3.5.2 Estimating Exposure from Survey Data

In general, we do not have access to the exposure status for all individuals in the population, so we
estimate x;; based on survey data. BRFSS is a large phone based survey of health outcomes, atti-
tudes, and risk factors. This survey is not a simple random sample of all individuals within the study
area. Instead, phone numbers are selected with different probabilities depending on whether they
are likely to be residential phone numbers and on the county with which the number is associated
(based on the area code and prefix). The probability that an individual takes the survey also depends
on the number of adults sharing the telephone and on the number of telephones per household. We
use sampling weights (the reciprocal of the sampling probability) to account for the unequal selec-
tion probabilities resulting from the design of the BRFSS survey. The sampling weights are [WA

CHS, 2010]
num_adults

sample weight = stratum weight——.
num_phones

The stratum weight accounts for the differential probabilities in calling particular area code/prefix
combinations. The number of adults per household and number of residential telephone number per
household are based on each individual’s response to the survey.

Given the sample weights, we can estimate the total number people exposed and the total pop-

ulation size within each group using the Horovitz-Thompson estimator [Horvitz and Thompson,
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1952]. Let w; be the sample weight for the /! individual, and suppose n; ;j people are sampled within

age band i at time j. Then the estimated total number exposed is

Tij = Z wizy,
=1

and the estimated total population size is

The survey weight can be interpreted as the number of people in the population represented by
the sampled individual. That is, a person sampled with probability 7 represents 1/7 people in the
population, and N; ;i = N;j [Lumley, 2011]. In general each sampled person does not represent 1/7
people in the population because of issues such as non response. We correct for this by adjusting
the survey weights using poststratification. Suppose, for example, that N,. is the total population
of county c at time t. We adjust the sample weights so that the weights for respondents from each
county add up to the total population of the county. That is, the weights for an individual in county
C are now

’_ Nic
wy = WZ—Z,A:l 1’\7,-10-

Figure 3.5 shows the estimated smoking rates among men in Washington State using the post-
stratified weights. Individuals are defined as “smokers” if they reported smoking at least 100
cigarettes. This could include individuals that no longer smoke or who are not regular smokers.
Unlike the cancer rates, there is no clear trend in smoking rates by age group. In fact, the oldest
age group (85+) has the lowest estimated smoking rates, which may be because there is an inherent
selection bias towards non smokers in the BRFSS design (i.e., smokers may have health issues that
resulted in death before age 85 or being placed in a long term care facility without a direct phone
number). The average change in smoking rates from 1992 to 2009 is —4.4 percentage points; how-
ever, there are some age groups that show an increase in smoking rate over time. For example, the

smoking rate for the 75-80 group increases by 20 percentage points. Such a large increase in the
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Figure 3.5: Estimated smoking rates among males in Washington State by age and year. They are
the estimated proportions of men who have smoked at least 100 cigarettes.

estimated smoking rate is likely to be a result of a much smaller increasing trend coupled with large
sampling variability in the estimates of smoking rates in earlier years when the BRFSS sample size

is much smaller.

3.5.3 Smoothing and Interpolation of Exposure Rates

In this section we propose a way to estimate rates for missing years. This same method can be used
to produce more reliable exposure rates when the sample sizes used to produce initial estimates are
small. We base our interpolation and smoothing scheme on the spatial smoothing model of Mercer
et al. [2013]. These authors investigate different methods for producing prevalence estimates at the
zip code level for the 2006 BRFSS data. One approach that these authors discuss is to transform
the initial estimated rates using the logistic transformation and to model the transformed rates as

Gaussian. Let %;; be the estimates using the poststratification method described in section 3.5.2 and
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let xiLj be the logistic transform of these rates:
xk = log [ £/(1 — &)

Then the asymptotic distribution of these logistic transformed rates is

where p;; is the true rate for age group i at time j. The variance of the original estimates, var(%;;),
depends on the weights. We calculate this variance using the poststratification tools in the survey
package in R.

Mercer et al. [2013] use Gaussian Markov random fields to smooth estimates on the transformed
scale. Because their application is spatial, they use the convolution model with intrinsic CAR and
unstructured random effects [Besag et al., 1991]. In place of the convolution prior, we use a modified

age-period model with RW-2 priors on the age and year effects and additional heterogeneity by year:
E(le]) :,u+a/,-+ﬂj+bj,

where m(a) and m(8) are RW-2 priors and n(u) and m(b) are independent normal priors. We then
transform the posterior median for each age-year combination to produce smoothed exposure rates.

We can use the smoothed rates just for imputation in years without data, or we can use this
framework to both impute and smooth some or all of the initial rate estimates. Figure 3.6 shows
the mammography rates by age and year using the model only to impute missing years and using
all the smoothed estimates. Here the rate is the estimate of the proportion of women who have had
a mammogram in the last year. The middle panels shows the smoothed rates versus the original
estimates for those years in which data are available. In many cases, there is little difference in the
original and the smoothed estimates. In a few cases, there is significant smoothing. For example,

the mammography rates in the 85+ age group are very volatile in the first few years. For 1992 and
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1993, these rates are based on samples of less than 15 women.

In the next section we consider three different version of the rates: the original and imputed
rates, the smoothed rates, and a hybrid approach in which the original rates are used except when
the sample size is less than 50. The cutoff of 50 is based on the CDC recommendation not to
interpret or report a percentage based on fewer than 50 respondents. In practice, this leads to using
the smoothed estimates for 1-2 age groups per year up to 2003 and then using only the original

estimates after 2003.

3.6 Results of the Aggregate Regression Models

We fit aggregate and ecological models to breast cancer and lung cancer using the best models

identified in section 3.4. For breast cancer, we fit age-period models

w58 = explai + B + 2ij) | (1 = &) exp(do) + &ij exp(do + A1),

€co

/Jij = exp(a/i +,8j + Zij + /l() + )’E,‘j/ll).

For lung cancer, we fit age-cohort models

158 = explay +yi + 2ij) [(1 = &) exp(Ao) + %ijexp(o + 1)),

K570 = explai + vk + zij + Ao + Xijd1).

In both cases, we use the original rates (including interpolated years for mammography rates), only
smoothed rates, and hybrid rates. Hybrid rates are the original poststratified estimates except when
the number of sampled individuals for an age-year combination is less than 50, in which case the
hybrid rate is the smoothed rate. The priors on the age, period, cohort, and unstructured random
effects are the same as in section 3.4. For the regression parameters, we use Ag, 11 ~ N(0, 100).

Tables 3.9 and 3.10 show the estimated effects and variance components for these models. We
include estimates from the ecological model only to stress that the effects estimated in ecological

models refer to different exposure measures and thus produce different estimates. For the breast
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Figure 3.6: Estimated mammography rates among in Washington State by age and year.
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cancer example, the estimated ecological effects are smaller than the individual effects. For lung
cancer, the estimated ecological effect is smaller with the original and smoothed rates and larger
with the hybrid rates. In general we find some evidence that mammograms increase the risk of
being diagnosed with breast cancer, but we do not see the strong lung cancer-smoking relationship
that we might expect. Using hybrid rates, the posterior median for the relative risk associated with
getting a mammogram is exp(0.561) = 1.753, which means that the risk of being diagnosed with
breast cancer is 1.75 times larger if a woman has had a mammogram. If the age, period, and co-
hort terms are zero, then the probability of being diagnosed with breast cancer increases from about
0.001 to 0.002.

We may be able to detect a smoking-lung cancer relationship with a different summary of smok-
ing history. While it is well established that smoking increases the risk of lung cancer, this risk
decreases steadily after quitting smoking and increases in the number of cigarettes smoked [Freed-
man et al., 2008]. Thus, appropriately lagged measurements of the smoking rates may be more
predictive of lung cancer rates. For example, Henley et al. [2011] use 5-year lagged rates for current
smokers as well as “quit ratios” (the ratio of the number of people who have ever smoked to the

number of people who are former smokers).

Original ‘ Smoothed Hybrid

Aggregate Ecological Aggregate  Ecological | Aggregate  Ecological

Ao -6.256 -6.206 -6.350 -6.087 -6.548 - 6.379
A 0.198 0.134 0.306 -0.025 0.565 0.364
(CD | (-0.071,0.525) (-0.118,0.387) | (-0.6133,1.086) (-0.999, 0.861) | (0.096,1.029) (0.028, 0.702)
Tq 0.127 0.184 0.176 0.197 0.173 0.182
oy 0.006 0.016 0.013 0.016 0.013 0.016
o, 0.061 0.070 0.071 0.070 0.070 0.070

Table 3.9: Posterior estimates for the regression parameters and the variance terms for the aggregate
and ecological models for breast cancer under different estimates for mammography rates. The Ag
and A; rows are posterior means, and the credible intervals are 95% quantile-based intervals. The
point estimates for the standard deviations are posterior medians.

One striking feature of the results is that the credible intervals are much wider when using the
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Original Smoothed Hybrid

Aggregate Ecological Aggregate Ecological Aggregate Ecological

Ao -7.531 -7.523 -7.793 -7.639 -7.596 -7.591
A -0.036 -0.052 0.303 0.214 0.085 0.109
(CD) | (-0.204,0.130) (-0.296,0.191) | (-1.499,2.305) (-0.983, 1.404) | (-0.245,0.436)  (-0.211, 0.429)
Oq 0.129 0.137 0.129 0.137 0.128 0.137
oy 0.005 0.008 0.008 0.008 0.008 008
o 0.038 0.038 0.038 0.038 0.038 0.038

Table 3.10: Posterior estimates for the regression parameters and the variance terms for the aggre-
gate and ecological models for lung cancer under different estimates for smoking rates. The Ay and
Ay rows are posterior means, and the credible intervals are 95% quantile-based intervals. The point
estimates for the standard deviations are posterior medians.

smoothed estimates. This is true for the aggregate and ecological models for both breast cancer
and lung cancer. For our screening and smoking data, smoothing of the rates removes most of
the year-to-year variability, yielding homogenous rates within each age band. This reduces the
power to detect the effect of exposure, so there is increased uncertainty in the estimates of A;.
Furthermore, several authors have discussed issues relating to including covariates with the same
correlation structure that is imposed on the random effects [Reich et al., 2006, Paciorek, 2010].
In particular, the estimates of the exposure effect are biased when there is correlation between the
random effects and the exposure measurements.

Finally, we consider a more complex regression model for the effects of mammograms on breast

cancer incidence. We fit a separate exposure effect for each age group

158 = explai + B + 2i)) | (1 = &) exp(Ao) + &ij exp(do + 1)) .
Figure 3.7 shows the log relative risk of being diagnosed with breast cancer associated with having
a mammogram for 12 out of 13 age groups. We exclude the youngest group for plotting purposes

because it is quite small ( /1(125,301 _

—7.21). For most age groups, there is clear evidence that having
a mammogram increases the risk of being diagnosed with breast cancer, though there are substantial

differences in the estimates across years. This is perhaps an obvious relationships. A more revealing
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analysis would examine whether mammograms increase the chances of early detection of breast

cancers or decrease breast cancer mortality.

3.7 Discussion and Conclusions

In this chapter we used the age-period-cohort model to fit and forecast rates for breast cancer and
lung cancer in Washington State. We also derived the appropriate mean model for including the pro-
portion exposed within each group in the APC model. We confirmed that age is the most prominent
time scale along which incidence rates change, but we also found that year of diagnosis (i.e., period)
is important for breast cancer and that year of birth (i.e., cohort) is important for lung cancer rates.
We found that more parsimonious models are superior in terms of mean squared error of forecasted
counts. We did not find strong evidence for the lung cancer—smoking relationship with these data,
but we did find that mammograms are associated with increase risk of a breast cancer diagnosis.
As mentioned in the introduction, the ultimate goal of this analysis is to extend the temporal
models discussed in this chapter to include the spatial origins of the cases, aggregated at the county
level. Riebler et al. [2012] have developed a correlated APC model for small numbers of areas,
and Lagazio et al. [2003] introduced a spatial APC model that includes space-time interaction terms
based on the framework of Knorr-Held [2000]. Extending to space presents several challenges but
may be beneficial for estimating the effects of certain exposures because there will be more hetero-
geneity in the exposure measurements. However, including mammography and smoking rates in
county-level models is challenging because the number of individuals sampled in each age X county
group can be very small or even zero, and so some form of modeling of the exposure rates will be
required. Furthermore, there will undoubtedly be a mismatch between the scale of the spatial het-
erogeneity in the exposure and units of aggregation. For example, cancer screening rates may differ
by hospital or regional health center, and the de facto catchment areas of these facilities do not, in
general, coincide with counties. Similarly, incorporating lagged measurements of tobacco use will
require strong assumptions about the stability of the population, and these assumptions are likely
violated. For example, there may be substantial inter county migration, especially among younger

age groups. Thus, smoking rates estimated from people living in a particular county at time ¢t — 5
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Posterior Means and 95% intervals for

Log Relative Risk from Mammograms
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Figure 3.7: Log relative risks due to mammograms by age.
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may not reflect the smoking histories of those living in the county at time .

A second extension is to project full profiles with corresponding estimates of uncertainty in these
projections. In this chapter, we forecasted three years ahead as part of assessing model fit, but the
population values used to generate forecasts were fixed. For projections of future years, the popu-
lation sizes will also be estimates . Point estimates of population by age and sex in future years are
available from the Census Bureau and various state agencies at the state level but not at the county
level. Figures A.4-A.9 in appendix A show projected incidence for 2011-2015 using point estimates
of the population in from Washington State Office of Financial Management. Incorporating uncer-
tainty in both the population forecasts and disease rates is desirable for full probabilistic projection

of disease incidence or mortality.
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Chapter 4

RESTRICTED COVARIANCE PRIORS FOR SPATIAL RANDOM EFFECTS

4.1 Introduction

The risk of disease inherently varies in space because risk factors are non uniformly distributed in
space. Such risk factors may include lifestyle variables such as alcohol and tobacco use or exposure
levels of environmental causes of disease such as air pollution or UV radiation. We expect that these
risk factors are positively correlated in space meaning that nearby areas will have similar exposure
levels or underlying characteristics.

In many studies, underlying disease risk factors are unknown or unmeasured. Bayesian mod-
els account for unknown or unmeasured risk factors using priors chosen to mimic their correlation
structure. The most common Bayesian framework for spatial count data uses Gaussian random ef-
fects with a covariance structure that imposes positive spatial dependence between random effects
of neighboring or near-by areas [Besag et al., 1991, Diggle et al., 1998, Banerjee et al., 2004]. The
non-Gaussian spatial clustering and Potts model based priors also impose positive dependence in the
relative risks of neighboring areas [Knorr-Held and Best, 2001, Green and Richardson, 2002]. More
recently, several authors have developed modifications to existing models specifically to preserve
positive dependence for spatial statistics applications [Wang and Pillai, 2013, Hughes and Haran,
2013].

We present a Bayesian model for area-level count data that uses Gaussian random effects with
a novel type of G-Wishart prior on the inverse variance-covariance matrix. The usual G-Wishart or
hyper inverse Wishart prior restricts off-diagonal elements of the precision matrix to 0 according to
the edges in an undirected graph [Dawid and Lauritzen, 1993, Roverato, 2002]. Dobra et al. [2011]
show that the flexibility of the G-Wishart prior has advantages over a more traditional conditional

autoregressive prior in a multivariate disease mapping setting. However, the G-Wishart prior allows
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for both positive and negative conditional associations between neighboring areas.

The negative G-Wishart distribution that we introduce only has support over precision matrices
that lead to positive conditional associations. We describe Markov chain Monte Carlo (MCMC)
algorithms for this new prior and construct a Bayesian hierarchical model for areal count data that
uses the negative G-Wishart prior for the precision matrix of Gaussian random effects. We show
via simulation studies that risk estimates based on a model using the negative G-Wishart prior are
better than those based on conditional autoregression when the outcome is rare and the risk surface
is not smooth. Finally, we illustrate the improvement of our modification (measured via cross vali-
dation) in a multivariate application using cancer incidence data from the Washington State Cancer
Registry.

The structure of this chapter is as follows. In section 4.2 we present our modeling framework
and give a brief overview of conditional autoregressive models. In section 4.3 we define the negative
G-Wishart distribution and give the details of an MCMC sampler for estimating relative risks in a
spatial statistics context. In section 4.4 we present a simulation study based on univariate disease
mapping using the geography of the counties of Washington State. Finally in section 4.5 we ex-
tend the univariate negative G-Wishart model to multivariate disease mapping using the separable

Gaussian graphical model framework of Dobra et al. [2011].

4.2 Background

4.2.1 Notation

We use the same basic framework introduced in chapter 1. Let A = {A1,...A,} be a set of non-
overlapping geographical areas and lety = {yy,...,y,} represent the set of counts of the observed
number of health events in these areas. Possible health events include deaths from a disease, incident
cases of a disease, or hospital admissions with specific symptoms of a disease. Next, let E =
{El,..., E,} be the set of expected counts and X = {X;...X,} be a matrix where x; is a vector of

suspected risk factors measured in area i. Recall (section 1.2) that a generic Bayesian hierarchical
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model for data of this type is

vi | y=i» Ei, 6; ~ Poi(E;6;),
log(6;) = xiTﬂ + u;,

m(u) = H,

where y_; is the vector of counts with area i excluded and H is a probability distribution with
spatial structure. Most choices of H encode the belief that the residual spatial random effects,
u, of near-by areas have similar values. The inclusion of H produces smoother (though biased)
estimates of the vector of relative risks, 6, with reduced variability (on average) compared to the
maximum likelihood estimates 6 = y/E. These maximum likelihood estimates, called standardized
incidence ratios (SIRs) or standardized mortality ratios (SMRs), have large sampling variances when
the expected counts are small. A key task in modeling areal count data is to choose a prior H that is

flexible enough to adapt to the smoothness of the risk surface.

4.2.2 Existing Models for Areal Count Data

The most common choice for H is the Gaussian conditional autoregression or CAR prior introduced
in chapter 2. Recall that the CAR model is specified through a set of full conditional distributions.

The conditional distribution for the random variable, u;, given the other variables, u_;, is
2
up |a—; ~ N [Z b,’juj,‘l'i].
Jij#El

The joint distribution of the vector u is a mean-zero multivariate normal distribution with precision
D~'(I- B), where B;j = b;j, B;; = 0, and D;; = 77.

The intrinsic conditional autoregression or ICAR prior is the most commonly used prior for
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spatial random effects within the class of CAR priors. The full conditionals of the ICAR prior are

Ltilll_l'NN

LS o 2 @D
—_— w;ik;, — |. .
Wi+ v Wi+

Jij#El

Here w;; is nonzero if regions i and j are neighbors (i.e. share a border) and 0 otherwise; w;y is the
sum of all of the weights for a specific area. In the binary specification, w;; = 1 for neighboring
regions and w;; = n;, the number of regions that border area i. Besag et al. [1991] use the ICAR
prior for spatial random effects in a disease mapping context in what has become known as the

convolution model:
log(Qi) = XlTﬁ + v + Uu;.

Here v; is a non-spatial random effect and u; is a spatial random effect. The prior for v is N(0, o21),
and the prior for u is the ICAR prior.

Though popular, the convolution model has several drawbacks. First, there are only two param-
eters (02 and 72) to control the level of smoothing with only one of these (72) contributing to the
spatial portion of the model. Second, the ICAR prior is improper. The joint distribution implied
by the conditional specification in (4.1) is a singular multivariate normal distribution with precision
matrix Tﬁ(Dw — W), where D, is a diagonal matrix with elements D; = w;;. Since each row of
D, — W sums to O, this precision matrix does not have full rank, and the joint prior for u is im-
proper.

One way to alleviate both of these issues is through the addition of a spatial autocorrelation

parameter p:
1 o’
u; |a—; ~ N pwf Z wjjUj, W_ .
1+ j:jii 1+

This specification is called the proper CAR because it gives rise to a proper joint distribution as long

as p is between the reciprocals of the largest and smallest eigenvalues of D;,l / ZWD;I/ 2 [Banerjee
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et al., 2004]. For the binary specification of W, this always includes p € [0, 1). There are drawbacks
with the proper CAR when it comes to the relationship between p and the overall level of spatial
smoothing. The prior marginal correlations between the random effects of neighboring areas in-
crease very slowly as p increases, with substantial correlation obtained only when p is very close to
1 [Besag and Kooperberg, 1995]. Further, as p increases, the ordering of all pairwise marginal corre-
lations may change [Wall, 2004]. That is, for some value of p we may have cor(u;, uy) < cor(us, us)

and for a different p, cor(us, uq) < cor(uy, us).

4.3 Methodology

An alternative to specifying the prior for spatial random effects based on a set of conditional dis-
tributions is to work directly with the joint distribution. A Gaussian graphical model or covariance
selection model is a set of joint multivariate normal distributions that obey the pairwise condi-
tional independence properties encoded by an undirected graph, G [Dempster, 1972, Lauritzen,
1996]. This graph has two elements: the vertex set V and the edge list E (see section 2.1) .
The absence of an edge between two vertices corresponds to conditional independence and im-
plies a specific structure for the precision matrix of the joint distribution. If u follows a multi-
variate normal distribution with precision matrix K, then u follows a Gaussian graphical model if
up Lujlayn;) < @, j) ¢ E = K;;j =0 forany pairs i and j. Here uy,( ) is the vector u
excluding the i and j™ elements.

The conjugate prior for the precision matrix in the Gaussian setting is the Wishart distribution,
which is a distribution over all symmetric, positive definite matrices of a fixed dimension. The
Wishart distribution has two parameters. The first is a scaler 6 > 2, which controls the spread of the
distribution. The second is an # X n matrix D, which is related to the location of the distribution. For
K ~ Wis(6, D), E(K) = (6+n—1)D™! and mode(K) = (6 —2)D~!. The G-Wishart distribution is the
hyper Markov, conjugate prior for the precision matrix in a Gaussian graphical model [Dawid and
Lauritzen, 1993, Roverato, 2002]. The G-Wishart distribution is a distribution over P*(G), the set

of all symmetric, positive definite matrices with zeros in the off-diagonal elements that correspond
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to missing edges in G. The density of the G-Wishart distribution for a matrix K is

1 1
Pr(K|6,D,G) = ——|K|®~2/2 —— (K, D) | 1kep+(c), 4.2
rK | ) IG(6,D)| | exp 2( Y| 1ker+(G) 4.2)

where (A, B) is the trace of AT B. The normalizing constant I;(5, D) has a closed form when G
is a decomposable graph and can be estimated for general graphs using the Monte Carlo method

proposed by Atay-Kayis and Massam [2005].

4.3.1 Negative G-Wishart Distribution

We propose a new G-Wishart distribution called the negative G-Wishart distribution that imposes
additional constraints on K. This is a distribution over positive definite matrices where the off-
diagonal elements that correspond to (non-missing) edges in E are less than 0. This restriction

means that all pairwise conditional (or partial) correlations are positive because

_Kij

This restriction is attractive in a spatial statistics context where we believe neighboring areal units

cor(u,-, uj | UV\{i,j}) =

are likely to be similar to each other, given the other areas.

If K is a negative G-Wishart variate, then

1 0-2)/2 1
Pr(K | G,s,D,0) = muq( )2 exp —5 (K, D)) Igep+ g)ns- (4.3)

Here I5(,D,0) is the unknown normalizing constant, and SV is the orthant of R3""*" where n
elements are strictly positive and %n(n — 1) elements are less than 0. The normalizing constant in
(4.2) is finite as long as § > 2 and D™! € P*(G) [Atay-Kayis and Massam, 2005]. The normalizing
constant in (4.3) will be finite under the same conditions because the support of the negative G-
Wishart is a subset of the support of the G-Wishart distribution. The mode of the negative G-Wishart
is again (6 — 2)D~!, and for this reason we only consider D! € P*(G) N 8". We write NWis for

the negative G-Wishart distribution and Wis¢ for the G-Wishart distribution.
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Atay-Kayis and Massam [2005] and Dobra et al. [2011] transform K to the Cholesky square
root, which we call ®, because it is easier to handle the positive definite constraint in the transformed
space. In the G-Wishart case, the elements of @ are either variation independent or are deterministic
functions of other elements. We call the off-diagonal elements of @ that correspond to missing edges
in the graph G “non-free.” These are deterministic functions of the “free” elements: the diagonal
elements and the off-diagonal elements corresponding to edges in G. If we restrict K to the space
P*(G) N S°, we have the following constraints on the off-diagonal elements of the Cholesky square

root @:

O;>0fori=1,...,n “4.4)
1 i_l . -

iy = o= D Paiby; for (i, j) ¢ E @.5)
ii a=1
1 i—1

< o= D 0y for (i, j) € E 4.6)
il =1

The first two conditions guarantee that ®” ® € P*(G). The addition of the third inequality guaran-

tees that @7 @ € S°; however, this restriction comes at the cost of losing variation independence.

4.3.2 Sampling from the Negative G-Wishart Distribution

We sample from the negative G-Wishart distribution using a random walk Metropolis-Hastings al-
gorithm similar to the sampler proposed by Dobra et al. [2011]. We sequentially perturb one free

elements ®@; ; at a time, holding the other free elements constant. In doing so, we must find the

i jo
support of the conditional distribution of @;;, given the other elements. The support of this condi-

tional distribution is the set of @;, ;, that satisfy inequalities (4.4)-(4.6) when the free elements, the

i0jo

left hand sides of (4.4) and (4.6), are fixed.

For each specific graph and fixed pair (i, jo), we can write the inequalities in (4.6) as

D;; < gij(Djyjy. Fiijy) for (i, j) € E,
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where F_(; j is the set of fixed, free elements of ® excluding ®;; and ® We construct g;; by

ioJjo*

substituting the equalities from (4.5) for all of the non-free elements that depend on @ Each g

ioJjo*
is (at worst) a quadratic function of ®@;,;,. When g is a linear function, solving g for ®; ;, gives a

solution set of the form gl.‘j1 (Dij, Fij) = {Diy,j, € (Lij,o0)} where L;; < 0. When g is quadratic,
the solution set is gl.‘j1 (@i, F-i,j) = (D, € (Lij, Ujj)} where L;; is again negative.

If (i, j) < (io, jo) in lexicographical order, then the upper bound for ®;; cannot depend on @; .
Depending on the graphical structure, there are pairs (i, j) > (io, jo) such that the bound for ®;; does

not depend on @, ;,. In these cases gl.‘j1 (Dij, F_ii,j)) = (=00, 00).

Theorem 1 The conditional distribution of a free element ®,;, iy # jo given all other free elements
is a continuous distribution over an open subinterval of R given by

] s
ﬂ gijl(q’ijj"—(i,j))ﬂ(_oo’@ Zq)"iocpdjO)

(i,))€E foio =

The analogous theorem for free, diagonal elements is

Theorem 2 The conditional distribution of a free element ®;y;, given other free elements is a con-
tinuous distribution over a subinterval of R* given by

(Dioio S [ max

i1
 2g=1 PaigPar
io<k<p,(io,k)€E

,oo| for 1 <ip <n,
Djy } ]

Doy € (0, 00) for ig = 1,n.

For proofs, see appendix B.
We use these bounds to construct a Markov Chain with stationary distribution equal to the
negative G-Wishart distribution. Suppose ®' is an upper-triangular matrix at iteration ¢ such that

(@) @' € P*(G) N S°. For each free element in <I>§0J.O do the following:

1. Calculate the upper and lower limits for ®§0j0 as described above.

2. Sample from a truncated normal with these limits, mean d)fojo, and standard deviation o,.
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3. Update the non-free elements in lexicographical order. These steps give a proposal K’ =

(®")T®" where the free elements in @’ are equal to the free elements of ®' except in the

(i0, jo) entry.

4. Accept according to the acceptance probability min(1, Rg), where

Re = (K | D,§, G)q(K’ | K")
® 7 (K| D,s,G)qK' | K
(D/ )6+v,-(G)—l

IO Y .. ..
TNorm(@ 1@ . liyjo iy o)

exp|—-= K’—K,D) - .
( 2< > TNorm(®’, . ; ! s T s Lig jos Uig o)

iojo’ ~iojo

ioio

P!

ioio

TNorm(-; u, 0, I, u) is the density of a normal distribution with mean p and standard deviation o
truncated to the interval (/, u), and v;(G) is the number of areas that are neighbors of area i but have

larger index numbers. That is v;(G) = #{j : w;; = 1 and i < j}.

4.3.3 Using the Negative G-Wishart in a Hierarchical Model

We the use negative G-Wishart prior within the generic Bayesian hierarchical model for areal counts

given in section 4.2:

log(6)) = x| B + u;,
n(u | @, 7,,K) = N(al,(;K)™"),
n(@) = N(0, ),
n(B) = N(O, a3D),
n(t% | a,b) = Gam(a, b),
7 (K | G,8,D) = NWisg (5, (5 — 2)D(p)) with K;; = Wy,
D™'(p) = Dy - pW,
(p) = Unif(0,0.05,0.1, .. .,

0.8,0.82,...,0.90,0.91,...,0.99).
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We suggest choosing the hyper parameters for the priors on « and 72 by first specifying a rea-
sonable range for the average relative risk and then finding values of o2 and (a, b) that match this
range for a fixed value of K. For fixed K, the distribution of w = 1/n 3" | u; is a univariate normal
distribution depending on @ and 7. Using the adjacency matrix of Washington State as an exam-
ple and letting K = D~1(0.99), 95% of the prior on exp(u) is between (1/8, 8) when o% =1 and
(a,b) = (0.5,0.0015). For a more informative prior, setting 0% = 1/4 gives arange of (1/2,2). More
details of this prior specification framework are in appendix B.

The discrete prior on the spatial autocorrelation parameter p was introduced by Gelfand and
Vounatsou [2003] for computational convenience and to reflect the fact that large values of p are
needed to achieve non-negligible spatial dependence in the proper CAR prior. Jin et al. [2007] use
a continuous uniform prior on (0, 1) and a Beta(18,2) prior in a similar multivariate context. For
our purposes, using a discrete prior for p is essential for carrying out MCMC because p appears
in the normalizing constant of the prior on K. That is, the normalizing constant in (4.3) becomes
15(6,D(p),0). As will be shown below, we pre-calculate ratios of these normalizing constants in
advance. It is not practical to repeat this process at each step of the MCMC.

We estimate the posterior distribution of the relative risks, 6, using MCMC. Most of the tran-
sitions are standard Metropolis or Gibbs updates (see appendix B) except for the updates on the
precision matrix K and the autocorrelation parameter p. We update K as described in section 4.3.2,
skipping over @;; to preserve the restriction on K1;. We update p by choosing the next smallest or
largest value in {0, 0.05,0.1,...,0.8,0.82,...,0.90,0.91,...,0.99}, each with probability 1/2. If p,

and p’ are not on the boundary of this list, then the acceptance probability is min(1, R,) where

log(Ry) = ~1/2tr [ (6 = DK Dy = p'W)™' = Dy, = o W)} 47

+1log (I6(6, (6 = 2)D(py), 0)) — log (I6(3, (6 — 2)D(p"), 0)) .

If either p; or p’ is on the boundary, there is an extra factor of 2 because the proposal is not sym-
metric: if p, = 0, we propose p’ = 0.05 with probability 1. Because the graph G is constant, the

normalizing constants in (4.7) only depend on p. We estimate the necessary ratios of normalizing
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constants and store them in a table prior to running the full MCMC.

For two densities of the form m1(17) = c1q1(17) and m2(7) = c2q2(n) with normalizing constants
c1 and ¢, the ratio of normalizing constants is given by r = c¢1/c2 = Ex[q1(17)/q2(n)] when the
support of the two distributions are the same [Chen et al., 2000]. Here E; is the expectation under
the second density. We estimate this expectation for each consecutive pair p; > p> using MCMC.
Here we give the details for estimating the normalizing constants of a set of G-Wishart distributions
without restrictions on the K;; element and with 6 = 3. However, the same process will work for

the negative G-Wishart and with the restriction that Kj; = Wy,.

e Generate a Markov Chain K, Kj, ... Ky with stationary distribution Wisg(3, (D,, — W)™,
e For each state, let Z; = —1/2tr [K; (D, = pyW)™! = (D, — W) '),

o Estimate log[I6(3, D(p1)] - log [6(3. D(p2))] by log [ T3 exp(Z))].

For each pair (p1,p2), we average over the estimates from 10 parallel chains of 100, 000 iterations.

Figure B.1 in appendix B shows the evolution of the estimates of
log|Z6(3, (D, — 0.99W)™")| — log [I6(3, (D, — 0.98W)™)]

using the adjacency graph of the counties in Washington State.

4.3.4 Multivariate Disease Mapping

In section 4.5, we use the negative G-Wishart prior to analyze incidence data from the Washington
State Cancer Registry. In doing so, we adopt the same framework as Dobra et al. [2011] and assign
a matrix normal prior to the log relative risks. We again assume there are n areas with counts for C

cancer sites observed in each area. If Y = {y;c :i=1,...,n, ¢ = 1,...,C} is a matrix of observed
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countsand E={E;.:i=1,...,n, c=1,...,C}is a matrix of expected counts, then we have

YiclEic, Oic ~ POl (Eicb;c),
log(®) = U,
U~ MN (MK KR!,
M. ~N(0,0%) forc=1,...C,
K¢ ~ Wis (6¢, (6¢c — 2)D¢) or Wisg,. (6¢, (6c —2)D¢),

Kg ~ NWisg, (dz, (5r — 2)Dg').

We use MN(M, X, X) to denote the matrix normal distribution with separable covariance structure
[Dawid, 1981]. That is vec (U) | M, Xg, Xc ~ N(vec{M}, X ® Xr), where “®” is the Kronecker
product.

In the absence of any information on cancer risk factors such as smoking rate or a socioeconomic
summary measure, we only include an overall rate for each cancer in the mean model. That is,
M;. = M.. The row covariance Xg describes the spatial covariance structure of the log relative risks.
The column covariance matrix X describes the covariance between the cancers.

We incorporate the negative G-Wishart distribution as the prior for the spatial precision matrix
Z,;l = Ky and we use a G-Wishart or Wishart prior with mode equal to the identity matrix for
)251 = K¢. When the prior on K¢ is a G-Wishart prior, we incorporate uncertainty in the between-
cancer conditional independence graph G¢ using a uniform prior over all graphs. For both priors,
we restrict (K¢)j; = 1 for identifiability. Finally, we use an independent normal prior on each M,.
We estimate the relative risks under this model using an MCMC sampler identical to that in Dobra

et al. [2011], substituting in the sampler from section 4.3.2 for the update on Kp.

4.4 Simulation Study

We compare the univariate disease mapping model using the negative G-Wishart prior to three other

models in a simulation study based on a study in Lee et al. [2014].
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4.4.1 Data Generation

We use the 39 counties in Washington State as our study region and generate expected counts based
on the age-gender structure of these counties in the 2010 Census and published rates for larynx,
lung, and ovarian cancer in the United Kingdom in 2008 [Cancer Research UK, 2013]. These
three cancers are chosen to represent a range of disease incidence from rare to common. A map of
the counties with the underlying undirected graph is shown in Figure 2.1(a) in chapter 2, and the
distributions of expected counts for each cancer are shown in Figure 4.1.

We generate the risk surface as the combination of a globally-smooth surface and a locally-

Expected Counts Washington (Log Scale)
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|
Frequency
6
|
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6
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0 01 1 7.4 546 0 01 1 7.4 546 0 01 1 7.4 546 1096.6

Larynx Cancer Ovarian Cancer Lung Cancer

Figure 4.1: Expected counts for simulation study (log scale). Expected counts are based on the 2010
population of each county and published rates for laryngeal, ovarian, and lung cancer in the UK.
These three cancers represent a range of disease incidence from rare to common.

constant surface. We label each area —1, O or 1 using a Potts model [Green and Richardson, 2002]
so that neighboring areas are more likely to have the same label. The label allocation for this

simulation study is shown in Figure 4.2. For each simulation, we generate

yi = Poi(E;6)),

IOg(Q,') =0.1x; + (M X L; + uy),



72

where L; is the label assigned to county i. We simulate x; and ; independently from multivariate
normal distributions with Matérn covariance function, smoothness parameter 2.5 and range chosen
so that the median marginal correlation is 0.5. Thus, each of the vectors x and u are realizations
of a smooth spatial process observed at a finite set of points. In different simulations, we set M to
0.5, 1, or 1.5. Larger values of M lead to a risk surface with more discontinuities. We generate 50
realizations from each combination of M and the three sets of expected counts.

In the simulation study described below, we run each chain for 100, 000 iterations, discarding

Figure 4.2: Labels (L;) for simulation study

the first half as burn in. We set the prior parameters for the model in section 4.3.3 to o, = 1,
op = 10, (a,b) = (0.5,0.0015), and 6 = 3. Figures B.2 and B.3 in appendix B shows the evolution
of the posterior mean for 10 different chains for two elements of the Cholesky square root and two

random effects. In all cases, we reach convergence in about 10, 000 iterations.

4.4.2 Results

We compare the model using the negative G-Wishart prior to three other models. The model using

the G-Wishart prior is identical to the model from section 4.3.3 except that the prior on the precision
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matrix K is the G-Wishart prior instead of the negative G-Wishart prior. We also compare against
the convolution model from section 4.2 and a similar model that includes only spatial random effects
with an ICAR prior. The ICAR only model is not generally used in practice because there is no way
to account for non spatial heterogeneity. For the convolution and ICAR models, we estimate the
posterior mean and variance of the relative risks using INLA [Rue et al., 2009]. For the models using
negative G-Wishart and G-Wishart priors, we explore the posterior distributions using MCMC.

We compare the four methods using the root-averaged mean squared error (RAMSE) of the
posterior mean of each relative risk ;. This is the square root of the mean squared error averaged

over all simulations and all areas. For S simulations and B iterations of the MCMC, the RAMSE is

39

S B
1 b
RAMSE = | —— 6 —g.)2,

where 6;; it the true relative risk for area i in simulation s and GE? is the corresponding value at
iteration (b) of the MCMC. The results of this simulation are shown in Figure 4.3, and the triangle
indicates the lowest RAMSE within each scenario.

In general, the RAMSE decreases for all four models when the expected counts increase, and the
RAMSE increases when the level of smoothing decreases (i.e. M increases). The model using the
negative G-Wishart prior performs the best in six out of nine scenarios, and we see the greatest ben-
efit in the larynx, M = 1.5 simulation when the expected counts are low and the local discontinuities

in the risk surface are most prominent.
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Figure 4.3: Root average mean squared error (RAMSE) for relative risks 6. The triangle signifies
the smallest value for each experiment. The four models are NGW (negative G-wishart prior on
precision matrix for spatial random effects), GW (G-wishart prior on precision matrix for spatial
random effects), BYM (convolution model with independent and ICAR random effects), ICAR (only
ICAR random effects). All models show increased RAMSE with increased spatial discontinuities
(large M) and increased RAMSE with smaller expected counts. The NGW prior performs the best
in six out of nine scenarios with the greatest benefit in the larynx, M = 1.5 experiment.
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4.5 Multiway Disease Mapping

In this section we use the negative G-Wishart prior in a multivariate disease mapping context using
cancer incidence data from the Washington State Cancer Registry. Let Y = {y;. :i=1,...,39, ¢ =
1,...,10} be an 39 x 10 matrix of incidence for 10 cancers in each county in Washington State in
2010. These 10 cancers have the largest incidence across the state in 2010. The expected counts Ej.
are calculated separately for each cancer using internal standardization based on sex and quintenial
age bands. The standardized incidence ratios (SIRs = Y/E) for these data are between 0 and 3.91,
and the range of the empirical correlations between the SIRs of the different cancers (not taking into
account spatial dependence) is (—0.203,0.477). Just over 20% of the counts are under 5, but we do
not treat small counts as missing in this analysis.

We use cross validation to compare the model in section 4.3.4 to models using the G-Wishart
prior [Dobra et al., 2011] and using the proper CAR form for Ky [Gelfand and Vounatsou, 2003].
We compare 3 different choices for the prior on Kg and two choices for the prior on K¢. For the
negative G-Wishart and G-Wishart priors on K, we set 6z = 3 and Dz = D(p) = (D, — pW) ™!,
where the prior on p is the same as in section 4.3.3. The MCAR prior on Ky, is simply Kz = D(p)~!.
In the absence of nay information on the correlation between cancers, we choose a diagonal matrix
for D¢ for both the Wishart and the G-Wishart priors on K¢. Jin et al. [2007] suggest using a data
driven prior where the diagonal elements of D¢ are set based on univariate analyses for each cancer.
Here we follow Dobra et al. [2011] and set ¢ = 3 and D¢ = I. We set the prior variance of the
mean rates {M, M> ... Mc)T to 0'12‘/1 = 1/4. Alternatively, we could use data driven priors based on
the range of the SIRs to set 0'12‘4.

We randomly split all observations into 10 bins and create 10 data sets, each with one bin of
counts held out. We impute the missing counts as part of the MCMC and compare the models based
on average predictive squared bias (BIAS?) and average predictive variance (VAR). Let E y((Yi.) be

the predicted value under model M, vary(Y;.) be the variance of the posterior predictive distribu-
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tion, and Y. be the observed count. The comparison criteria are

1
2 2
BIASM = 39%10 ; (EmYie) = Yie)~,

1
varpm(Yic).
39%x 10 ;

ic

VAR =

The results (based on running each MCMC for 200,000 iterations) are given in Table 4.1. The
negative G-Wishart model with a G-Wishart prior on K¢ performs best in terms of bias, and the
negative G-Wishart model with a Wishart prior on K¢ performs best in terms of predictive variance.
Using the negative G-Wishart prior for the spatial precision matrix improves over the G-Wishart
prior for both choices of prior for K¢. The MCAR model is the second best model in terms MSE
(the sum of BIAS? and VAR) .

The cross validation results are somewhat sensitive to the choice of prior on p. We investigated

x10° BIAS> VAR MSE | n(Kc)  n(Kg)
GGM 2.18 1.06 323 | G-Wis G-Wis
NGGM 1.25  0.73 198 | G-Wis NG-Wis
FULL 240 099 339 | Wis G-Wis
NFULL 1.61 0.69 229 | Wis NG-Wis
MCAR 1.31 0.82 213 | Wis CAR

Table 4.1: Ten-fold cross validation results for Washington State cancer incidence data. The 5
models use the matrix normal random effects model from section 4.3.4. The priors on the precision
matrices are GGM: G-Wishart priors on Kz and K¢; NGGM: negative G-Wishart prior on Kg and
G-Wishart prior on K¢; FULL: G-Wishart prior on K and Wishart prior on K¢; NFULL: negative
G-Wishart prior on Kz and Wishart prior on K¢; MCAR: proper CAR prior on Kz and Wishart
prior on K¢. In the GGM and NGGM models, the cancer conditional independence graph G¢ is
random. In the other three models, G¢ is a complete graph.

fixing p to 0.99 or 0.9 (the mean of the Beta(18, 2) prior) as well as using a discrete uniform prior on
{0.05,0.1,...,0.9,0.95,0.99}. In some cases, the predictive variance is substantially smaller than
the variance in Table 4.1, but this comes at the cost of greater bias. The best method in terms of
overall MSE is still the NGGM model where the prior on p is discrete uniform with additional values

closer to 1. Full cross validation results for the three additional priors on p are in appendix B.
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Now we turn to results from fitting the complete data. Figure 4.4 shows the estimated posterior
distribution of the spatial autocorrelation parameter p for the five models. The posterior for p is
much more concentrated around small values when the prior on Ky is a G-Wishart prior than with
a negative G-Wishart prior Ky for both priors on K¢. The posterior median for p when using CAR
prior on Ky is between the estimates from the G-Wishart and negative G-Wishart priors. Figure
4.5 shows the estimated posterior probabilities of including edges in G¢ for two different priors on
Kg. The upper and lower triangles are quite similar, indicating that inference on the between-cancer
conditional independence graph is not sensitive to the choice of prior on Kz. The Lung-Leukemia,
Bladder-Non-Hodgkin Iymphoma, and Colon-Breast cancer edges have the biggest posterior edge
inclusion probabilities.

Finally, Table 4.2 shows the average coverage and length of 95% posterior (in sample) predic-
tive intervals from fitting the GGM, NGGM and MCAR models once to the complete data. While
all models have the correct coverage, the posterior predictive intervals from the negative G-Wishart
model are slightly smaller. This remains true when averaging over the length of the predictive inter-

vals for small counts (< 5) or larger counts (> 20).

COV  LEN LEN.s LEN.y
GGM 0959 3133 747 51.82
NGGM 0954 3127 736 5179
MCAR 0956 3131 741  51.85

Table 4.2: Nominal coverage rates (COV) and mean length (LEN) of the in-sample 95% credible
intervals. Mean lengths are also give by ranges of observed counts.

4.6 Discussion

This chapter presents a novel extension of the G-Wishart prior for the precision matrix of spatial
random effects. In a simulation study, the negative G-Wishart prior is able to better estimate the

relative risks when the outcomes are rare (i.e. the expected counts are small) and when the risk sur-
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considered.
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Edge Inclusion Probabilities
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Figure 4.5: Pairwise edge inclusion probabilities for G¢ when the prior on Ky is G-Wishart (upper
triangle) or negative G-Wishart (lower triangle). The abbreviations are BL: Bladder, BR: Breast,
CO: Colorectal, EN: Endometrial, KI: Kidney, LE: Leukemia, LU: Lung, ME: Melanoma of the
skin, NH: Non-Hodgkin lymphoma, PR: Prostate. The Lung-Leukemia, Bladder-Non-Hodgkin
lymphoma, and Colon-Breast cancer edges have the biggest posterior edge inclusion probabilities
in both models.
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face is not smooth. The restriction of the G-Wishart prior was shown to be advantageous when used
in a multivariate disease mapping context with incidence data from the Washington State Cancer
Registry.

There are a number of computation issues when using the negative G-Wishart and G-Wishart
priors. Each MCMC run for the univariate negative G-Wishart model in section 4.4 takes approxi-
mately 1.5 hours to complete on a 2.5GHz Intel Xeon E5-2640 processor, and, with the exception
of the MCAR model, the MCMC for each model in section 4.5 takes about 6.5 hours to complete.
In contrast, estimating the convolution and ICAR models from section 4.4 takes a matter of seconds
using INLA. We have found that the proposal variance for updates of the Cholesky square (section
4.3.3) and the random effects (see appendix B) must be chosen carefully to avoid poor convergence.
In both sections 4.4 and 4.5, we used s = 2 for updating ® and s = 0.1 for updating u. While the
computation time for the models detailed here are not prohibitive, they may pose a challenge as we

extend to more complicated datasets, such as those including multiple diseases in time and space.
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Chapter 5

BAYESIAN METHODS FOR SETS OF BINARY CONTINGENCY TABLES

5.1 Introduction

Data on individual health outcomes often include demographic or exposure information as well as
spatial or temporal information about the origin of each case. In many situations, the demographic
or exposure features can be represented as binary or categorical variables. If these data come from
distinct geographic locations (school districts, cities, counties), then the data form a set of multi-way
contingency tables, each associated with a spatial location. Further, the relationships between the
outcome and risk factors or the relationships between risk factors may differ by location if there
are unobserved confounding factors that vary in space. This heterogeneity may be in the form of
spatially-varying strengths of association (i.e., different parameter values for the same set of in-
teractions), or it may be in terms of different interaction models by location. To the best of our
knowledge, the current literature does not contain any statistical approach to account for both kinds

of heterogeneity for multiple contingency table data.

5.1.1 Background

Some of the earliest methods for the analysis of grouped categorical data date back to Goodman
[1973] and Clogg and Goodman [1984]. The former paper proposes a log-linear parameterization
for sets of multi-way contingency tables that allows for complete homogeneity, complete hetero-
geneity or partial heterogeneity among tables. However, the log-linear interaction terms being fitted
to each table are the same across tables—only their values are allowed to vary. The latter paper
extends the latent structure model of Goodman [1974] to multiple contingency tables. In a latent

structure model, the dependence between the observed variables is explained by membership in
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latent classes. Conditional on the latent class, observed variables are independent. In Clogg and
Goodman [1984], heterogeneity across tables is captured by different class membership probabil-
ities for each table. This approach is also limited in the sense that the interaction structure is the
same across tables. Therefore the latent class approach has the same pitfall as Goodman [1973] with
the added complication of having to decide on the number of latent classes. Recently, Wall and Liu
[2009] introduced a spatial latent class model in which class membership probabilities for nearby
locations are more similar than class membership probabilities for distant locations. This approach
still assumes the same interaction structure within all latent classes, and the number of classes must
be pre-specified.

More recent papers that approach the analysis of sets of contingency tables can be found in the
ecological inference literature. Most of these efforts are limited to 2 X 2 tables and do not address
the crucial question of how to perform model selection. Many relevant papers in the ecological
inference literature [Haneuse and Wakefield, 2004, Wakefield, 2004, Jackson et al., 2008, Wakefield
et al., 2011] suggest a hierarchical model in which the individual-level data is modeled as a con-
volution of binomial distributions (or normal approximations to the binomial likelihood) with the
dependence among the binomial parameters captured in a second stage by some hyperparameters.
The choice of hyperparameters as well as the choice of corresponding priors for them differ from
author to author. However, none of these methods can identify areas for which should independence
be favored over dependence because the parameterization of the resulting hierarchical models does
not vary from area to area. This problem becomes even more serious when three or more categorical
variables are observed in each area. For example, Tassone et al. [2010] present a Bayesian hierarchi-
cal model for 2 tables in which first and second-order interaction terms are spatially varying while
higher order terms are fixed. Their approach is computationally slow (taking 7 days for the largest
model) and does not provide a framework for model selection.

In this chapter, we present a framework for a joint analysis of multiple contingency tables in the
presence of spatial association. Our methodology uses treed models to identify clusters of locations

that share the same dependenc patterns across multiple categorical variables. The clusters are gener-
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ated in such a way that tables from neighboring locations have a higher probability of being assigned
to the same cluster. Thus, we can capture the spatial variation in risk factors while accounting for

the interactions among these factors.

5.1.2 Data

We demonstrate our method using North Carolina birth outcome data introduced in chapter 1. Each
birth record consists of five binary variables: low birthweight (1-less than 2500 grams, 2—at least
2500 grams), full term birth (1-less than 37 weeks gestational age, 2—at least 37 weeks), maternal
race (1-white/non Hispanic, 2-black/non Hispanic), infant sex (1-male, 2—female), and maternal
smoking (1-non smoker, 2—smoker). We can organize the data into separate 2> contingency tables
for each of the 100 counties based on the mother’s residence. The table totals ranging from 39 to
9850. There are a substantial number of sampling zeros (713) and counts less than 3 (1390) in these
tables. Thus, a Bayesian approach that allows for sharing of information between those counties
with small table totals is essential for estimating higher order interaction terms.

In this chapter, we do not make a distinction between outcomes and predictors. Instead, we
jointly model these five variables, and we can recover more familiar conditional probabilities and
odds ratios from our estimates of the joint distribution. This joint approach is well suited to these
data because two variables (low birthweight and full term birth) are both endpoints of interest. Con-
ditional approaches, such as logistic regression, would require choosing one endpoint or carrying
out two separate analyses. Further, the relationships between our dichotomous variables are quite
complex. Studies show that for infants born at any fixed gestational age, males tend to be larger than
females, and white infants tend to be larger than black infants [Alexander et al., 1999, Wilkin and
Murphy, 2006]. However, male babies are at greater risk of preterm birth, meaning that, uncondi-
tional on full term birth, male infants may be at greater risk of low birthweight [Challis et al., 2013].
A meta-analysis of several studies suggests that the association between preterm birth and infant
gender is weaker for black infants than for white infants [Zeitlin et al., 2002]. Finally, smoking

during pregnancy is perhaps the leading preventable cause of low birthweight and a host of other
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pregnancy complications. Murin et al. [2011] report that smoking rates during pregnancy vary by
age, race, and socioeconomic status. In particular, the prevalence of smoking during pregnancy is
higher for white, non Hispanic mothers than for black mothers. Thus, incorporating model selection

and model uncertainty is important for these data.

5.1.3 Outline

First, we outline our notation and give the key developments upon which we build our work. In
section 5.2, we describe the exponential family for multi-way contingency tables. In sections 5.3
and 5.4 we review priors for the natural parameters (or log-linear parameters), priors over the space
of interaction models, and spatial clustering priors based on binary trees. In section 5.5 we introduce
a joint model for sets of contingency tables and a Markov chain Monte Carlo (MCMC) algorithm to
simulate from the posterior distribution of binary trees and graphical model. We conclude with our
analysis of the low birthweight data. We find that clustering tables is important especially for higher

order tables but that allowing for clustering of non contiguous areas may be beneficial.

5.2 Natural Exponential Family for Binary Contingency Tables

Let X = Xy, V = {1,2,...,|V]} be a |V|-dimensional vector of binary random variables. Each
element X, takes on values in the set I, = {1,2} for all v € V, and the vector X is in Iy = X,eylj,) =
{1,2} x {1,2} x - - - X {1, 2}. A collection of N binary random vectors is associated with a 2V multi-
way table denoted by ny. This table contains cell counts n(i), which are the number of observed
random vectors equal to i € Iy. The marginal counts of this table are the counts of random vectors

X that match on a subset of criteria E : E C V. That is, the marginal for a subset E is

nig) = ) n(i= (e, jve).-

JEIWE

Massam et al. [2009] show that all of the information in the full table ny is contained in a subset
of such marginal counts. Let i* € Iy be a reference cell. Here we use the conventional choice:

i*=(,1,...,1). By reordering its components, each index i € Iy can be written in terms of this
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reference cell as i = (iE, i;\E), where i, = 2ifv e Eand i, = 1 if v € V' \ E. With this convention,
we write i(E) instead of i, where i(Q) = i*. Thus the counts in ny are fully recovered given the total

count N and a subset of marginals

y={n(g): Ec€&(V), ig=(2,2,...)},

where &(D) is the power set of a set D and &E,(D) = E(D) \ {0}. For simplicity of notation, we write
Y(E) = n(E) = n(ig).

For example, suppose V = {1,2} and ny is a 2 X 2 contingency table:

n(@=1D0) | nG=(1,2) | nG =1)
ny= ni=@2,1)[ni=22)|nG =2 .

I’l(i2= 1) l’l(i2=2) N

We can completely reconstruct the table above using {n (i = 2), n(i =2), n(i = (2,2)), N}

N-nG=2)—n(ia=2)+n(i=22) | ni=2)—nG=22) || N-n( =2)

ny = n(ip =2)-n@i=(2,2) n(i=(2,2) n(ip=2)

N-n(i=2) n(ip =2) N

N-n({1)-n({2D +n({1,2D) | n({2) —n({L,2}) || N-n({1})
= n({1}) —n({1,2}) n({1,2}) n({1})

N-n{2) n({2}) N

Here &.({1,2}) = {1,2,(1,2)}, so y = {n({1}), n({2}), n({1,2}}.
The probability mass function for ny can be written as a function of (y, V), the minimal sufficient
statistics of the table. Massam et al. [2009] give the probability mass function in exponential family

form in terms of the natural parameters 6. The family of probability distributions y with respect to
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some measure u(y) is

expl 2. peen ) OEVE))
(1 + 2 peau eXPl S rer OOV

Fu = {f(y | Ouy) = ), 0 € R'SGW”}. (5.1)

We refer to the natural parameters 6 as the log-linear parameters because the logarithm of f(y; )
is linear in #. This parameterization can be more convenient than the more familiar multinomial
parameterization based on cell probabilities because the parameter space is rectangular, meaning
each 6(E) € R regardless of the values of the other log-linear parameters.

The cell probabilities p(i(E)) = p (i = (ig, i*{,\ E)) are functions of the natural parameters 6:

exp{ X e g O(F))
o - , 5.2
PUE)) = 1 3 ety XL reup 0(F)) (5.2)
. 1
i) = po = >

1+ ¥ peso vy eXp{ X re p O(F)}

A direct application of Mobius inversion [Lauritzen, 1996] shows that the log-linear parameters are

obtained from the cell probabilities as

6E) = ) (~D*Nog p (i(F)), E € EV). (54)
FCE

If all of the log-linear parameters are nonzero, then the family of distributions in (5.1) corre-
sponds to the saturated model. A saturated model includes all of the possible interactions between
the binary variables. The presence of an interaction between two variables means that the effect of
one variable depends on the level of the second variable. Suppose instead we have a hierarchical log-
linear model where a subset of interactions are present in the model according to a generating class
A ={A1,...,Ax}. These generators define the possible interactions in the model: D = Ui.‘:]SQ(Ai),
which determine the nonzero log-linear parameters as well as the minimal sufficient statistics. A
model for the cell probabilities is consistent with the hierarchical log-linear model with generating

class A as long as 8(E) = 0 for all E ¢ D- these are the zero baseline constraints [Bishop et al.,
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1975, Agresti, 1990]. Under this restriction, the family of probability distributions becomes

Fup = {f00 | 0)n(3), 0p € R}, (5.5)
exp{ 2 pep (D)y(D)}

. .
o000 = S e xP( s 6D

Each free interaction term 6 (D) can take on any real value irrespective of the values of the other free
terms. Furthermore, the likelihood depends on the data through a smaller set of minimal sufficient

statistics

yo ={n(ip): DeD),ip=(2,2,...)}.

5.3 Bayesian Inference for Binary Tables

5.3.1 Graphical Log-linear Models

Graphical log-linear models are a particular subset of hierarchical log-linear models. Suppose we
have a graph G = {V, Lg} where each v € V represents one of the classification variables and Lg is
a list of edges connecting nodes in V. In a graphical log-linear model, the generating class is equal
to the cliques of G. A clique of G is a maximal complete subgraph of G, where maximal means that
adding nodes gives an incomplete subgraph.

A subset of graphical log-linear models are decomposable graphical log-linear models. For
decomposable graphs, we can order the cliques to give a useful factorization of the likelihood in
(5.5) as well as the conjugate prior for 8g. If the graph G associated with our hierarchical log-
linear model is decomposable, then there exists an ordering that satisfies the running intersection
property. That is, if Dy, D;,..., Dy is an ordering of the cliques of G with a corresponding set of
separators S, ..., S , then this ordering is a perfect ordering it S ; = Dj N Hj _1 C Dj, for any
2< jp<j1 £k Here H; = U?,lejf for 1 < j < k-1 are called the histories. We also define the

residuals Rj = Dj\ H;_y =D;\ S ;for2 < j <k
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5.3.2  Markov Distributions and Hyper Markov Laws

Dawid and Lauritzen [1993] define what it means for a distribution to be Markov with respect to
an undirected graph and define hyper Markov laws, which can be thought of as priors over the
space of distributions that are Markov with respect to the graph. They also introduce the hyper
Dirichlet distribution, which is a hyper Markov law for multinomial tables. In general, a distribution
is Markov with respect to the graph G and we write M(G) if for any decomposition of the graph into

two sets of vertices A and B separated by C = A N B in the graph,

palia)pp(ip)

Xq4 L Xp | Xe = py(iv) = -
pclic)

Here we use pp(-) to indicate the cell probabilities within the contingency table formed using only
the variables in D where py(iy) is the cell probability in the full table.
For a decomposable graphical model, we can factor the joint probability distribution using the

cliques, separators, and residuals defined above [Dawid and Lauritzen, 1993],

. [, po,(ip)
(iy) = ——, (5.6)
pV Y Hi_(:z pS,'(iS,')
k
= pp, (ip,) l_[ PRijlis ; (iR,-). 5.7
=2

Note that the separators may not be unique, and some may be “empty separators” if the graph has
multiple connected components. Here PRjis, (iRj) are probabilities for slices of the D; marginal
table. A slice of a contingency table is a portion of the table for which some variables are fixed and
others are still random. Thus PRjlis, (iR_;) are conditional probabilities over the random part ir; Where
we condition on fixed values of is ;. For a given clique D, there are 2157l sets of slices.

A distribution over model parameters is called a hyper Markov law if it is a distribution over
M(G). These distributions can arise as sampling distributions of maximum likelihood estimates, or
they can be analytically and computationally convenient choices for prior distributions in a Bayesian

model [Dawid and Lauritzen, 1993]. For multinomial data, the hyper Markov law is the hyper
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Dirichlet distribution, which equivalent to independent Dirichlet distributions over each term in

(5.6):

[1%, Dirp, {(pp,(i%). po,(in,(ED): (f. P (i, (E))}

, 5.8
[15, Dirs, {(ps,5), ps.(is,(ED) ;s (e, aSi(is ()} e

m(py(iv)) =

where ip,(E) = (ig, i,.) where E€ is the complement in D;.

5.3.3 Hyper Markov Priors for Log-linear Parameters 6

Massam et al. [2009] show that the Diaconis-Ylvisaker (DY) prior on the log-linear parameters in-
duces the hyper Dirichlet prior given in (5.8) on the cell probabilities. Diaconis and Ylvisaker [1979]
give a generic form for the conjugate prior of the natural parameters of an exponential family. The

exponential family form in (5.5) yields the DY prior with parameters (s, @) = ({s(D), D € D}, a):

exp {Xpep O(D)s(D)}

(5.9)
Ip(s, @) (1 + Y Eeso(v) XD LFcpE Q(F))

mp@p | s, @) =

’

where I5(s, @) is the normalizing constant. Massam et al. [2009] show that this corresponds to the

hyper Dirichlet prior with the following parameters for each clique D;,i = 1,...,k:

aPi (ip,(E)) = Z (~DIFFE (FY, for E € E4(Dy), (5.10)
ECFCD;
ol =a+ Z (—D)Fls(F). (5.11)
Fe&e(Di)

The expressions for the separators are analogous.
We can think of the hyper parameters s as marginals of a fictional contingency table and « as
the total count in this table. This prior is proper if @ > 0 and s/a belongs to the D-marginal cell

probability space of M(G). That is, for some array of real numbers p(j) > 0,

siip)=a ) p(j), forall D e D. (5.12)

Jp=ip
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We can use this definition to construct the fictional table s simply by specifying a total count a.
Let 1 be a fictive 2/ contingency table, such as a table with all entries equal to /2!, Massam
et al. [2009] show that the D sufficient statistics of this table yy»(n) are a valid choice for s be-
cause the maximum likelihood estimates for the cell probabilities with respect to a decomposable
model, pp(n), satisfy (5.12). This construction is useful for comparing different hierarchical models

because the total weight of the prior is the same even though the values in s are different.

5.3.4  Posterior Inference for Decomposable Log-linear Models

Given minimal sufficient statistics of an observed table (y, N), the posterior distribution of the log-

linear parameters belongs to the same family and has hyper parameters (s + y, @ + N):

n(Op | y,s,@) « f(y|0p)n(@p | 5, )
exp{2Lpep O(D)y(D)} exp {Lpep O(D)s(D)}
(1 + Zgegov) expl L re e OF)HY (1 + Y Eesa(v) €XP Drcpk Q(F))a
exp {2 pep (D) (s(D) + y(D))} .
(1 + Y Eeso(v) €XP X rcpk OF ))(HN

In our analysis, we will use the marginal likelihood of the data and posterior estimates of the cell
probabilities. Both are functions of the normalizing constant in (5.9). Massam et al. [2009] show
that this normalizing constant can be expressed as ratios of the normalizing constants of the Dirichlet

distributions in the implied hyper Dirichlet prior:

[, T [cvé)’] [1eeeoop T [CYD’ (iD,(E))]
Tle] [T, T [ag’] [ eeeois) Tlas (is (E))]

Ip(s,a) =
The marginal likelihood of the data given the graphical model is the ratio of the posterior normaliz-
ing constant to the prior normalizing constant

Ip,(y+ s,N + )
Ipg (s, @)

plny | G) = (5.13)
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The same is true for general hierarchical log-linear models or graphical models, but the exact form
for the normalizing constant is only available for decomposable graphs because of the factorization
based on the perfect ordering of cliques. Typically, the marginal likelihood is used to compare
different models; hence, we include the subscript G in Dg to reflect the dependence of the marginal
likelihood on the graph.

The posterior means of the cell probabilities p(i(E)) are

Ex@oly.s.0) (PU(E)))

exp{ 2 e,k 0(F)} )
1+ Y peeov) eXP{ X Fep e O(F))
_ f exp{ X rcp e O(F)}
R+ Ypes vy EXP{X pegE O(F)}
_ f exp{Xrc,r )} exp { L pep 8(D) (s(D) + y(D))}
R 1+ Y peg vy XP{ X pe g O(F)} In(s +y, @+ N) (1 + X Eesa(r) €XP SrcpE H(F))

_ 1 exp { ¥ pep 6(D) (s(D) + y(D) + 1ipe.r )}
- Ip(s+y,a+ N) Jro ( )a+N+1

= Enwﬂw,s,a)(

n@p |y, s, a)d0p

dlyp

a+N

L+ Y peso(v) €XP Zrcyk O(F)
_ApBBg+y,a+N+1)
B Ip(s+y,a +N)
_ApBe+y,a+ty+1)
~ Ip(s+y,a+N)

f ﬂ@(@@ | Sg,a+ N + l)daz)
RIDI

(5.14)

where Sg(F) = sg(F) + 1if F C E and §g(F) = sg(F) otherwise.

To estimate more complicated functions of @ or the cell probabilities, we can sample directly
from the posterior distribution and get simple Monte Carlo estimates. We sample from the posterior
by sampling the cell probabilities using the factorization in (5.7), where each piece of the product
can be sampled independently as a Dirichlet random variable. For each D;, j # 1, we sample
the conditional probabilities given specific values of the separator variables Xs,. We sample these
conditional probabilities as Dirichlet random variables with hyper parameters @ S™®i | where these
hyper parameters are the iy, slice of the aPi table of hyper parameters. That is, the hyper parameters

are {aDJ(iSj, ig;) : Rj € IR ]}. Having constructed the sets of hyper parameters, we sample each cell

probability as follows:



92

1. Sample {pp, (ip,) : ip, € Ip,} from the Dirichlet distribution Dirp, (a/Dl),

2. Foreach j =2,...,k and for each isj € ISJ., sample {ﬁRJ. (iRingj) LIR; € IRJ} from the Dirichlet

distribution Dir;g R (a’sw /).
J

We reconstruct the table of cell probabilities by applying (5.7) and convert these probabilities to the

free log-linear parameters using (5.4).

5.4 Extending to Sets of Tables

Suppose that instead of observing a single contingency table, we observe R tables, each correspond-
ing to a different location. For each location r, r = 1,...,R, we have pairs {(ny),, z,}, where z,
are spatial features of location r. For example, in section 5.6, we observe a table for R = 100 non
overlapping areas, and z are the coordinates of the centroids of these areas.

We partition the observations based on these features using a binary tree. Chipman et al. [1998]
introduced the use of trees in a Bayesian context for linear regression. These authors have sub-
sequently expanded on this work to accommodate other forms of regression, classification, and
ensembles of trees [Chipman et al., 2002, 2010]. Others have used treed models for nonstationarity
in Gaussian processes and developed new tools for fitting trees with Markov chain Monte Carlo

methods [Gramacy and Lee, 2008, Wu et al., 2007].

5.4.1 Tree Models

Binary trees partition observed values into clusters within which we assume the same model holds.
The tree consists of an ordered collection of nodes and a list of rules at each internal node. Let T’
represent the nodes, which we can represent as integers {0, 1,...}. The root node at the top of the
tree is labeled 0, and, by the convention in Wu et al. [2007], the left child of a given node u is 2u + 1
and the right child is 2u + 2. Each rule consists of a variable and a cut point for that variable. We
denote the set of rules as (kr,T7). Each «(u) represents the splitting variable at node u, and each

7(u) represents the splitting value at node u. For a given internal node u, we send observations with
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Zkwy) < T(u) to the left subtree with root node 2u + 1 and observations with z,) > 7(u) to the right
subtree with root node 2u + 2. Thus, the entire tree is specified by T = {T, k7, 77}
For example, suppose we have a tree with three internal nodes and feature vector z consists of

two variables in R*. Then one possible tree is

k(0) = z1;7(0) = 600

/\

k(1) = z2;7(1) = 3900 «(2) = z1;7(2) = 800

/N /N

L L L3 Ly

We let each L represent a list of observations assigned to that terminal node. All observations
belonging to the same list are treated as independent and identically distributed. In our case, we
will assume all observations assigned to the same terminal node share a common log-linear model

as defined by a decomposable graph.

5.4.2 Tree Priors

Priors over trees consist of a prior over the binary tree skeleton and a prior over splitting rules.

Generally the prior on the splitting rules are conditional on the tree structure. That is
(1) = a(T,kr,77) = n(D)n(kr, 77 | T).

The most common prior for T is the prior in Chipman et al. [1998], which we call the CGM prior.

This prior has two parameters {a € (0, 1), 58 > 0} and is defined constructively as follows.

1. Start with a tree T consisting of a single terminal node to which all the observations are

assigned,

2. Split the terminal node with probability (1 + d) where d is the depth of the terminal node

(i.e., the distance from the root node). The depth of the initial node is 0,

3. To split the node, choose a feature variable from z uniformly from all available variables, and

split the data based on a uniform choice over the allowed cut points for that variable.
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For trees with multiple terminal nodes, repeat steps 2 and 3 for all nodes and stop if no new terminal
nodes are created.

The available variables and allowed cut points are those choices that will not lead to empty
terminal nodes. For example, if z; is a binary variable and x(u) = z;, then z; cannot be used again
in the subtree with root u. For a continuous outcome the possible cutpoints are pre-specified and
may be the observed values or a grid of points evenly spaced between the maximum and minimum
observations for each feature.

An alternative prior over binary trees is the pinball prior [Wu et al., 2007]. The pinball prior
allows for explicit incorporation of beliefs on the number of terminal nodes. The prior consists
of two distributions: a distribution over the total number of terminal nodes and a distribution for
splitting this total number between the left and right subtrees of the internal nodes. The prior for
the splitting rules at each of the internal nodes can be the same as in the CGM prior (uniform over
available variables and then over available cut points). Let 7, be the tree below node u and let m,,

be the number of terminal nodes below node u. Then the pinball prior is defined constructively as

1. Sample my from some distribution over the positive integers, for example mg ~ 1 + Pois(A).

2. For each internal node u, sample mj,; according to some distribution over 1,...,m, — 1
and set my,.o to m, — my,.1. For trees that are balanced, Wu et al. [2007] suggest mo,+1 ~

U{l1,...,m, — 1}. Sampling from a distribution with probability mass function

Pr(moys1 = i | my) o< 1 +0.5[Bin(i, my, p) + Bin(i,my, 1 — p)]

will give unbalanced trees for p # 0.5.

In both the CGM and pinball prior, we do not allow for a choice of cut points that would create
empty terminal nodes, thus the CGM and pinball priors are priors over a finite set of trees as long as
the sets of possible cut points for each feature are finite. In some situations, it may be necessary to
require a lower bound on the number of observations per terminal node to get reasonable estimates

of the model parameters for each terminal node. In contrast to a regression setting where fitting a
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model to a single observation is impractical, fitting a log-linear model to one table is reasonable be-
cause each table represents multiple observations. Hence, we do not restrict the sizes at the terminal
nodes.

In the analysis of the low birthweight data, we investigate the benefits of augmenting the spatial
features to include distances between centroids or distances to some other fixed points in addition
to the coordinates of the centroids. If Dyqg is the distance matrix between the county centroids, then
we take each column of Doy as a possible variable for splitting the data. This partitions the space
using circles rather than rectangles. Figure 5.1 shows an example of how we would split the coun-
ties into two groups based on the distance to the centroid of Chatham County (indicated by the red
cross). Suppose we start at the root node u = 0. We then assign any counties with centroids within
d kilometers to the left child node u = 1 and any counties with centroids at least d kilometers away
from the centroid of Chatham County to the right child node u = 2. As can be seen, this strategy can
produce partitions where nonadjacent counties are assigned to the same label. If we stopped with
the partition in Figure 5.1, then the unshaded counties in eastern and western North Carolina would
be assigned to the same terminal node.

Figure 5.2 shows four samples from the pinball prior for two different choices of A with and
without the distance information. Figure 5.3 shows the distribution of the empirical prior probabil-
ities that two counties are assigned to the same terminal node based on the length of the shortest
path between these two areas in the adjacency graph for North Carolina. For both 4 = 5 and 4 = 10,
the probabilities of being members of the same terminal node decrease with graph distance, and for
the same graph distance, the probabilities are smaller for 4 = 10. For two areas that share a border,
the median prior probability of co-membership is about 0.80 for 4 = 5 and 0.69 for 4 = 10. The
graph distances range from 1 to 20 with a mode of 4. At a distance of 4, the prior probability of
co-membership is just above 0.5 for the A = 5 prior and is 0.36 for 4 = 10. Thus, the pinball prior

is flexible in terms of the sizes, shapes, and spatial correlation of resulting clusters.
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Figure 5.1: Cut rule based on distance.
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Figure 5.2: Samples from 4 different versions of the pinball prior. The number in the lower lefthand

corner is the number of partitions. Using the distance variables can create disjoint partitions.
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Figure 5.3: Top: empirical prior probabilities of being assigned to the same terminal node by shortest
path in the adjacency graph for two settings of A using only centroid coordinates. The probabilities
are estimated from 1000 independent samples from the prior. Bottom: distribution of pairwise graph
distances for the North Carolina example with 100 counties.
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5.5 Combining Trees with Log-linear Models

We analyze sets of spatially referenced multi-way tables by using tree models together with de-
composable log-linear models. The tree splits the observations into groups based on their spatial
features. Conditional on the assignment of observations to the terminal nodes of the tree, the obser-
vations within a given terminal node / share a common log-linear model G(/) and common model
parameters 6p,, , . Thus, within each cluster, the included interactions and the strength of these inter-
actions are identical. The models are independent across nodes, and it is possible to have the same
interactions (i.e., the same graph) for two nodes but different strengths of interactions (i.e., different
values of 6).

For contingency table data, we can simply collapse the contingency tables together to form a sin-
gle table corresponding to each terminal node. If £ is the list of observations assigned to terminal

node I, then we form (ny)! where

(v(@) = )" (v (D).
}’EL[

Given a particular graph G(I), we obtain the minimal sufficient statistics from the appropriate
marginal counts of (ny)’ as described in section 5.2. We call these minimal sufficient statistics
Y; and denote the set of minimal sufficient statistics across all terminal nodes Y. Finally, we denote
the set of graphs and parameters as G and 6. Given this notation, the complete data likelihood for a

tree with L terminal nodes is

L
P (1) e T.G.0) = [ [ e (Y1040 -
=1

where fp, (-; 0@(;(,)) is defined in (3). Further, the priors on {G, 8} are conditionally independent

given a tree. Thus

L
n(T,G,0|a,s) = a(N)aikr | Dn(rr | Toxr) | | 7(GW0) 7 (05, | @ 5).
=1
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For the remainder of this chapter, we use the DY prior with common « for the log-linear param-
eters at each terminal node, and for the graphs, we assume independent priors that are uniform over
all decomposable graphs. That is 7(G) = 1/(# decomposable graphs), which is 1/822 for the 5 way
example in section 5.6 . Note that the only way to find the number of decomposable graphs of a
fixed size is through complete enumeration of graphs, which is difficult if |V| is large. If the number
of nodes is very large, a size-based prior that penalizes larger graphs can be used. For example, Car-
valho and Scott [2009] introduce a hierarchical prior on the edge inclusion probabilities that shrinks
the graph to a “data-determined” size. For the example in section 5.6, we use the pinball prior for T

because of the direct specification of a prior on the number of terminal nodes.

5.5.1 Posterior Inference

The goal of our posterior inference is to estimate the cell probabilities for each area, taking into
account uncertainty in the graphical models and the partitioning implied by the tree structure. We
accomplish this by sampling over the space of trees and graphs and then averaging over the posterior
estimates from each tree-graph model combination in proportion to the marginal probabilities of
these models.

Suppose My, ..., My, is an exhaustive list of models. Each model is defined by a tree and a list
of graphs assigned to the terminal nodes of each tree My = {T, G}. Then the posterior mean of any

function of the log-linear parameters for the 7" county are

M
80, = > g@rim)Pr(My | Y), (5.15)

m=1

where g@(\m)) is the posterior mean for some function of the log-linear parameters for county r under
model M,, and Pr(M,, | Y) is the posterior probability of model M,,. For example, g@)) could
be the posterior mean of the cell probabilities as given in (5.14), where the data are the contingency
table formed by collapsing over all counties assigned to the same terminal node as county r.

The posterior probability of a given model is proportional to the marginal probability of the data
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under the model (given in (5.13) for a single table) and the prior for the model:

PriM,, 1Y) o« Pr(Y | M,,)m(M,,), (5.16)
= Pr(Y | T(m), G(m))n(T(m), G(m)), (5.17)

L(m)
= n(T(m)) 1—[ Pr(Y:(m)) | Gi(m))m(Gy(m)), (5.18)

=1

where L(m) is the number of terminal nodes of T(m), Y;(m) is the contingency table formed by
collapsing the tables for the counties assigned to terminal node [/, and G;(m) is the graph at terminal
node / under model M,,. Note that many trees can generate the same arrangement of observations at
the terminal nodes, but the prior probability for these trees may differ. The proportionality constant
is the sum of the final expression over all models.

The space of treed graphical models is finite, which means that, in principle, it is possible to
enumerate all models. However, a full enumeration of models is computationally infeasible because
the number of models is extremely large. Instead we explore a subset of the model space with
MCMC and collect a list of models with large posterior probability. Here, we follow the Occam’s

window principal of Madigan and Raftery [1994] and keep a list of models in the set

e
We generate this list by searching over the space of trees and graphs using the Metropolis-Hastings
sampler described below and keep a list models with posterior probabilities that are within ¢ of the
current top model. Chipman et al. [1998, 2002] found that similar samplers do not explore the entire
space of trees, so we run multiple chains from different starting places to better explore the model

space.

5.5.2  Metropolis-Hastings Sampler

We build a list of the models with large posterior probability by sampling the joint posterior of

trees and graphs using the Metropolis-Hastings algorithm. We propose new graphs by perturbing
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a single edge at a time, and we change the tree by proposing one of four kinds of moves: Swap,
Change, Prune, and Grow. These are the same four moves used in Chipman et al. [1998] and many

subsequent papers relying on the sampler introduced therein. Qualitatively, these moves are

e Swap: swap the splitting rules at a random parent-child pair where both nodes are internal,

Change: change the splitting rule at a single internal node,

Grow: split a terminal node into two additional nodes, and

e Prune: merge two terminal nodes with the same parent node into a single terminal node,

The first two moves are standard Metropolis-Hastings moves with transition probabilities

P(T->T)= min{l n(T" 1Y, G)g(T| T )}’

"m(T|Y,G)g(T' | T)
. {, a(M)PK(G | T)PHY | T,G)q(T | T')
- { " 7(T)Pr(G | T)Pr(Y | T,G)g(T’ | T) }
. A(THPHY | T,G)g(T | T)
=miny< 1, — = ,
{ a(MPrY | T,G)g(T’ | T) }

where Y is the data assigned to terminal nodes below the swap or change point. The proposal
probabilities g(T | T”) can be tricky to calculate because some swaps and changes can lead to empty
terminal nodes (which we do not allow), and the number of swappable node pairs or changeable
nodes may differ for T” and T. In practice we choose uniformly over all internal nodes and then
abort the update if T’ is not a valid tree. If both T and T’ are valid, then the proposals are symmetric.

On the other hand, the grow and prune moves are transdimensional moves: we must propose a
new graph when we split an existing node into two nodes. Suppose we choose to grow a tree by
splitting terminal node u. We generate two new graphs G(2u + 1) and G(2u + 2) by changing a
uniformly-chosen edge in G(u). G(u) can be represented as a binary vector corresponding to the
presence or absence of edges. Let § be a zero vector of the same length. We choose one element of §
and set it to —1 or 1 depending on whether the corresponding position in G(u) is 1 or 0. Then we set

{GQu+1),GQ2u + 2)} = {G(u), G(u) + 6)}. According to Green [1995], the appropriate transition
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probability for this move is

[ Pr[T.G(-u), GQu + 1), GQu +2), Y| pprune2u + 1,21 + 2) | 5{G(2u + 1), G2u + 2)}
i PI(T, G. ) Parow(1)p [6 | G()] 3G (), G(u) +0)} ’ ’

where the Jacobian here is just 1. Thus the proposal for ¢ depends on G(«) because only choices of
o leading to decomposable G(u) + ¢ are allowed.

Having updated the trees, we update each graph with the same proposal as the graph proposal in
the birth step. We randomly choose an edge and “flip” it, subject to the restriction that the proposed
graph remains decomposable. If the selected edge is missing in the current graph, we add it, and if

the edge is present in the current graph, we delete it. The transition probability for this move is

Pr(Y (D) | G(l)’ nb.dec(G(]))|
Pr(Y()) | G(I) nb.dec(G(I))|

Pr(G(l) — G(I)') =

where |nb.dec(G(!))| is the number of decomposable graphs that differ from G(/) by one edge.

Previous authors have observed that the four kinds of tree moves do not efficiently explore the
entire space of trees [Chipman et al., 1998, 2002]. Instead, the Metropolis-Hastings sampler tends to
quickly find a tree of high probability and then explore locally around this tree. To account for this,
previous authors prefer many restarts of short runs of the MCMC over longer runs. Alternatively,
some authors have developed proposals that more drastically change the tree structure to help escape
local modes [Wu et al., 2007, Gramacy and Lee, 2008].

Figure 4 shows that we encounter the same issues when the model space includes both the tree
and the graph. Here we show the unnormalized log posterior probability of the model for the North
Carolina low birthweight data. We show 10 restarts of chains of length 20, 000 compared to a single
chain of length 200, 000. The top models using the restart approach have larger posterior probability
than the models identified from the single, long chain. In addition to using multiple restarts, we use

multiple passes of the graph update step to facilitate joint exploration of the tree space and graph
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space. Thus, a typical complete iteration ¢ is composed of a single tree transition

T, — Ti,

and 25 updates of the graphs,

Qt+i/25 - Qt+([+1)/25’ i=0,...,24,

with each update proposing a change to a single graph chosen uniformly from G. Recording the

models at each sub iteration gives a richer list of high probability models.
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Figure 5.4: Unnormalized log posterior probability of the model for 10 restarts of chains of length
20,000 (top) and 1 chain of length 200, 000 (bottom). Restarts are separated by the dashed vertical
lines. The red line is the maximum value in the top panel.

5.6 Example

In this section, we fit the treed graphical models from section 5.5 to the low birthweight data in-

troduced in section 5.1.2. We compare to a model that incorporates graphical uncertainty with no
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partitioning of the data and to a model that partitions the data using binary trees but assumes the
graphs are known and complete. We compare these settings using ten fold cross validation. We
split the data into ten bins and form ten data sets—each with one bin held out. We fit our models
and then predict the held out data. Each bin of held out data consists of 100 contingency tables.
In this example, we predict the data assuming that we know the race, sex, maternal smoking, and
full term birth status for the held out data. We predict the low birthweight count for each race, sex,
smoking, and full term birth combination in each of the 100 tables. We compare these predictions
to the observed data based on mean squared error, which is the sum of squared bias and variance.
We estimate the bias and variance by sampling B models in proportion to the posterior probability
of the models and sampling a set of log-linear parameters given each model.

Suppose n* is one entry in a held out table and D is the data in the training set. Then the bias is

Evip (7° | D) = n" = EpmaminEnimon.o (1 | M,BM), D) - n*
B

E[n" | M(b)O(b)] — n*
b=1

and the variance is

Var,ip (1 | D) = ExcortioVarwimeom.o (7° | M, 6(M), D)

+ Vary oo Erimann.o (7 | M.BM), D)

18 —
~ = Z Var [n* | M(b)O(b)] + Varg (E [n* | M(b)A(b)])
b=1

where M(b) is sampled in proportion to the posterior probability of the models and 6(b) is sampled
directly from the posterior distribution of the log-linear parameters given the model M(b) and the
data D. Here @B(-) signifies the sample variance based on B samples.

For a given set of log-linear parameters, the expected value E [n* | M(b)A(b)] and variance
Var [n* | M(b)8(b)] are easy to calculate. We transform the log-linear parameters to cell proba-

bilities using (5.2) and calculate the conditional probabilities for each race-sex-smoking-full term
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combination using the full table of probabilities. Then each missing observation has expected value

N.R,S,SM.EPLBWR,S,SM,F(),

and variance

nR.s,sMFPLBWR,S,SMF(D) (1 — pLewR s, sMF(D))

where n.r s smF is the marginal count for the race-sex-smoking-full term combination in the held-
out table.

Tables 5.1 and 5.2 show the cross validation results for the 2 x 2 table formed by low birthweight
and race and the results for the full table of low birthweight, full term birth, race, maternal smoking,
and infant sex. In all cases the prior table total is @ = 1 and Occam’s window is ¢ = 1000. For
the treed models, we use the pinball prior with 4 = 10 and the tree splits are based on the (x,y)
coordinates of the county centroids. In the 2 X 2 case, fitting models using the treed log-linear
models with complete graphs is superior in terms of MSE. All three models have similar results in
terms of the variance of the predictions, but the bias is substantially smaller when we allow coun-
ties to cluster together. For the full 23 table, however, both models using the tree structure vastly
outperform the model that only takes into account uncertainty in the graphical models. This is not
surprising because there are potentially many more parameters to estimate in the 2° setting than in
the 2 X 2 setting. For counties with small table totals, clustering counties together should be more
beneficial in the 23 case. Again, most of the improvement comes from the spatial partitioning, as
the improvement is modest when the graphs are unknown rather than complete.

Table 5.3 shows the MSE for different specifications of the pinball prior on trees. We investi-
gated different values of A, which controls the prior number of terminal nodes as well as different
sets of spatial features to split the observations. In addition to the coordinates of the county cen-
troids, we include distance between the centroids and 9 evenly-spaced points (Dg) or the distances
between the centroids themselves (Djog). The dimensions of z in these three cases is 2, 11, and

102. The centroid+D ;g prior has the largest number of possible trees and the greatest potential for
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MSE BIAS? VAR
V737 3.87 351
b 1403 10.37  3.66
M={T} 719 3.66 3.53

Table 5.1: MSE results for LBW-RACE. M = {T, G} is our model combining trees with graphical
uncertainty, M = {G} models each county independently and treats the graphs as random, M = {T}
uses the spatial partitioning model with fixed, complete graphs.

x10"T  MSE BIAS? VAR
M=1{T.G} 6.86 3.54 332
M={G} 2546 21.10 4.35
}

M=(T} 689 352 337

Table 5.2: MSE results for full (2°) tables. M = {T, G} is our model combining trees with graphical
uncertainty, M = {G} models each county independently and treats the graphs as random, M = {T}
uses the spatial partitioning model with fixed, complete graphs.

assigning nonadjacent counties to the same terminal node. In general, the MSE is fairly insensitive
to the choice of A, and we do see some gains when allowing for disjoint clusters. The best model
is 4 = 15 and uses centroids and Dygg as spatial features. This suggests that some of the important,

unmeasured risk factors for low birthweight do not have a spatial distribution.

x1071 (x,y) (x,y)+Dg (x,y)+Digo

A=5 6.86 6.87 6.84
A=10 6.86 6.88 6.83
A=15 6.86 6.86 6.83

Table 5.3: MSE results for 2> models for different tree priors

Now we turn to results of analyzing the complete 2> data with A = 10 using only the (x, y) coor-
dinates of the centroids. Figure 5.5 shows the prior versus posterior probabilities of comembership
by shortest path in the adjacency graph and the distribution of graph distances. The posterior prob-

ability of co-membership is smaller than the prior probability except for first order neighbors (i.e.,
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Figure 5.5: Prior versus posterior empirical probabilities of comembership based on the shortest
path in the adjacency graph.

adjacent counties). For neighboring areas, the median probability is 0.69 in the prior and 0.83 in
the posterior. For distances 1-7, the distributions of co-membership probabilities covers the whole
range. This means that some neighboring counties are never assigned to the same terminal nodes
and some seventh order neighbors are always assigned to the same terminal nodes. By a distance of
4, the median posterior probability of co-membership is less than 0.1. Thus, the data support many
smaller clusters over a few large clusters. The posterior mean of the number of clusters is 10.
Figure 5.6 shows two possible decomposable log-linear models based on thresholding the pos-
terior probability of including edges, averaged over the 100 counties. We see that most edges have
an average posterior probability of at least 0.5. The two exceptions are also the only two biologically
implausible edges: smoking-sex and race-sex. The model using a cut off of 0.9 has two connected
components and three cliques: [SEX][LBW SMK][LBW RACE FT]. Thus, there is strong evidence
for a three way interaction between low birthweight, full term birth, and race and of a two way
interaction between smoking and low birthweight. The most controversial edges in terms of vari-

ability in posterior inclusion probability between the counties are smoking-full term birth, sex-full
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(a) Average posterior probability > 0.5 (b) Average posterior probability > 0.90

Figure 5.6: Graphs based on thresholding the posterior probability of edge inclusion, averaging over
the 100 counties.

term birth, and sex-low birthweight. Figure 5.7 shows the spatial distribution of the posterior mean
for the odds ratio of preterm birth for smokers and non smokers. All odds ratios are greater than 1,
meaning that smokers have greater odds of preterm birth in every county, but the ratios are larger in
western North Carolina.

We do not expect that the effect of smoking is, by itself, more detrimental in western North Car-
olina than in other parts of North Carolina. Instead, there may be other spatially-varying risk factors
that can explain both maternal smoking and poor birth outcomes. For example, the original data
source includes the education level (in years completed) for the mother and the father. Figure 5.8
shows the proportion of white mothers who smoked during pregnancy and the proportion of white
mothers who did not complete high school. We used only white mothers because the vast majority
of births in western North Carolina were to white women. We see a clear similarity in the spatial
patterns of completing high school and smoking during pregnancy. Thus, the spatial heterogeneity
in the smoking-preterm birth effect is at least partially explained by unmeasured confounders (such

as maternal education) that exhibit spatial correlation.
5.7 Discussion

In this chapter, we introduced a new model that accounts for model uncertainty in sets of binary con-

tingency tables generated from distinct spatial locations. In addition to filling a gap in the existing
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Odds Ratios For Pre Term Birth by Smoking
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Figure 5.7: Posterior mean for the odds ratio of preterm birth for smokers and non smokers.
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Figure 5.8: Proportion of white mothers who smoked during pregnancy and the proportion of white
mothers who did not complete high school.
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literature for sets of multi-way contingency tables, the method presented here relies on a partitioning
model that uses a simple, flexible representation of space. While other spatial clustering priors have
been used in the univariate disease mapping literature [Knorr-Held and RaBer, 2000, Green and
Richardson, 2002], these are not as flexible as the tree prior and have some computational draw-
backs compared to the tree approach. For example, the clustering prior in Knorr-Held and Raf3er
[2000] only allows for contiguous clusters, and in the Potts model prior in Green and Richardson
[2002], there is always support for noncontiguous clusters. In the treed models, we can impose
contiguous clusters by using only the centroid of the regions, or we can include other features to
allow for noncontiguous clusters.

In this chapter, we restricted our attention to decomposable graphical models because these
graphs have closed-form marginal likelihoods and because we can direct sample the log linear pa-
rameters for these graphs. For the 5-way example in 5.6, the restriction to decomposable graphs
is not very limiting because 80% of 5-node graphs are decomposable. However, as the number of
vertices grows, the fraction of graphical models that are also decomposable decreases [Moghaddam
et al., 2009]. Thus, extending to non-decomposable models using approximations to the marginal
likelihood such as the Laplace approximations in [Dobra and Massam, 2010] will be essential for
examples with more variables.

The combination of treed models and graphical models can easily be extended to other model
selection issues in spatial statistics as long as the marginal likelihood of the data is available in
closed form or via reliable, quick approximations. For example, we can take a similar approach for
common diseases using normal approximations to the binomial or Poisson likelihood to modeling
the logistic or log rate as a linear function of ecological predictors. By using a treed model in this
context, we can include different subsets of demographic summaries or exposure measurements in
the regression models for different parts of the study region.

Finally, the treed approach for multiple contingency tables is also scalable in the number of lo-
cations and naturally accommodates prediction at a new location. Because we collapse to a single

contingency table for each terminal node, the sizes of the tables (i.e. the number of categorical vari-
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ables) is the major determinant of computation time. For a fixed table size, the computation time for
calculating the marginal likelihood and sampling the table parameters scales linearly in the number
of terminal nodes; whereas, naive implementations of most Bayesian hierarchical models scale (at
best) linearly in the number of observations. Finally, predicting new or missing data is as simple
as finding the corresponding terminal node for the new observation based on the spatial location of
the new data. This can be particularly useful if some locations have only partially observed data.
For example, if some counties do not collect maternal smoking rates, we can fit the treed model to
counties with complete data and impute smoking status for the partially observed counties.

The main weakness of the approach introduced here is our ad hoc stochastic search via mul-
tiple restarts of a Metropolis-Hastings sampler. For simpler model selection problems, algorithms
based on shotgun stochastic search [Hans et al., 2007] or “Occam’s window” [Madigan and Raftery,
1994] systematically search for high probability models. These methods rely on defining a neigh-
borhood of models around a given model. Such neighborhoods are easy to define for graphical
models or subset selection models, but defining and enumerating a neighborhood for a tree is not as
straightforward. Incorporating more drastic tree proposals such as the “restructure” proposal in Wu
et al. [2007] or the “rotate” proposal in Gramacy and Lee [2008] may lead to a more satisfactory

Metropolis-Hastings sampler over the space of trees.
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Chapter 6

DISCUSSION AND FUTURE WORK

In this thesis, we considered different aspects of analyzing public health data in time or in space.
The development of our methodology was motivated by two examples: cancer incidence data in
Washington State and birth outcome data in North Carolina. In chapter 3 we described a temporal
cancer incidence model and demonstrated how to use this model to forecast incidence for future
years and to estimate the effects of screening rates and tobacco use on female breast cancer and
male lung cancer. In chapter 4 we introduced the negative G-Wishart prior for the covariance ma-
trix of Gaussian spatial random effects. We showed via a simulation study that this new prior has
advantages over the more rigid Gaussian Markov random field (GMRF) priors, and we used this
new prior in a multivariate setting using the cancer incidence data. In chapter 5 we used binary
trees together with graphical log-linear models to capture spatial interactions as well as interactions
between outcomes in sets of spatially dependent binary tables. This approach was illustrated using
the North Carolina data. In this chapter, we present some extensions of our methods and ideas for

future work.

Alternative Flexible Smoothing Models

In chapter 3, we used GMRFs to produce temporally smoothed estimates of cancer screening and
smoking rates to include as covariates in models for cancer incidence. We found that using overly
smoothed estimated led to larger credible intervals for the effects of exposure, and we opted for an
ad hoc way to choose between the smoothed and initial estimates based on sample size. Ideally we
would like to automate the tradeoff in the level of smoothing by using a more flexible prior on the
covariance structure of the temporal random effects. This will be crucial when extending the models

from chapter 3 to include space because there will be fewer observation to estimate each rate and
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therefore more variability in the initial (unsmoothed) estimates.

One possibility is to use the negative G-Wishart prior from chapter 4, centering on the RW-2 or
perhaps an AR-2 precision matrix for the temporal effects and on the proper CAR for spatial effects.
Alternatively, we propose extending a different proper CAR formulation first introduced by Leroux
et al. [2000]. The Leroux precision matrix for random effects x is the weighted sum of the identity

matrix and an intrinsic GMRF precision matrix:

~N(0.7.°D7' (D)),

DA =(1-DI+20, for0 <A< 1.

The corresponding set of full conditionals is

| x N A E 7)2‘

X o~ S — X b, T———————— |.

e 1—A+an; &4 771 -2+ an
Jjenb(i)

where n; is the size of the neighborhood of i, and A is the key parameter to estimate. Lee [2011]
found that the Leroux model adapts to the underlying level of spatial smoothing better than the
intrinsic CAR prior.

We propose extending the basic Leroux model to allow for different weighting parameters for
each random effect. That is, we have a vector A of the same length as the data instead of a single A.

Let the unscaled precision of the joint distribution of the random effects be
D) = (1 = A)I + VAQ VA,

where A is a diagonal matrix of A. Then the conditional distribution of the random effect for one
area given the rest is
Va;

2
i xi~N| ———— ,
< 1—A+Anlg%>J_% |
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If A; is small, then there is less smoothing in the i random effect. Informative priors can be based
on the sample size (so that there is more support for small A; when the sample size is large), or we
can incorporate a spatial prior on A so that, a priori, the level of smoothing is similar for adjacent
areas or time points. This model has the advantage of allowing the proportion of variability that is

spatial to vary across the study region.

Sets of Spatially Dependent Tables with Covariates

Ecological measures of socioeconomic factors or exposure to contaminants are often included in
models for birth outcome data like the data in chapter 5. For example, various authors have included
racial segregation, median income, concentrations of particulate matter in the air (PMg or PM; 5
count), and ozone at the county, zip code, or census tract/block group level [Gray et al., 2010,
Tassone et al., 2010, Anthopolos et al., 2011, Gray et al., 2013]. There are at least two ways to
incorporate covariates into the treed graphical models introduced in chapter 5. First, the covariates
can be included as splitting variables in addition to the spatial features. Under this approach, there
can be different sets of interactions and different log-linear parameters based on the level of the
covariate, but the effect of socioeconomic factors or exposures on the adverse birth outcomes are
difficult to summarize in terms of the usual quantities such as odds ratios.

Alternatively, we can include a regression term on the same scale as the log-linear models. For

example, if D is the the generating set (i.e., a subset of one of the cliques in a graphical model),

o(D); = 05(D); +x! Bp

where Og(D) has the treed graphical model structure and 8, is a vector of regression parameters
specific to the D log-linear parameters. This is similar to the spatial log-linear model of Tassone
et al. [2010], who use intrinsic CAR priors for the spatial portion and a different parameterization
of the log-linear model.

The regression parameters can be interpreted as changes in log odds ratios, where the exact odds
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being compared depend on D (see equation 5.4). For example, if D = {LBW}, then

p(LBW =2 FT = 1,RACE = 1,SMK = 1,SEX =1 | x;)
p(LBW = 1,FT = 1,RACE = 1,SMK = 1,SEX = 1 | x;)°

0(D); = 65 (D); + x! By, = log

Thus, Bp is the change in the log odds of low birthweight associated with a one unit increase in the
covariate within the FT = 1,RACE = 1,SMK = 1, SEX = 1 group.

While the effect of the covariates are easier to interpret with this approach, there are several
computational and practical challenges. First, the computation for the treed models relies on direct
calculation (or at least a quick, reliable approximation) of the marginal likelihood of the data given
a graphical model. It is not initially apparent that this is possible with the addition of the regression
terms. Second, the dimension of the vector of log-linear parameters changes with the graphical
model, and the regression terms should only be included when the corresponding log-linear param-
eter is included. One solution is to only include the regression terms for main effects (|[D| = 1),
which are always included.

In this thesis, we strove to develop flexible and scientifically plausible spatial and temporal mod-
els to answer key public health questions. As the availability of detailed information on individual-
level risk factors and health outcomes increases and as computational methods rise to meet the
challenges of analyzing these rich data sets, the tools and ideas we have presented will continue to

help us understand and treat diseases.
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Appendix A
SUPPLEMENT TO CHAPTER 3

A.1 INLA versus MCMC

We fit the AP model for breast cancer and the AC model for lung cancer in using MCMC with Win-
BUGs and with INLA. We use the car.normal prior built into WinBUGS for the RW-2 effects. The
figures and tables below compare the point estimates of the overall log rate and variance components
and for the random effects for these model. The MCMC estimates are based on 500,000 iterations,
saving every 50th iteration This takes approximately 15 minutes in WinBUGS (compared to 3 sec-
onds with INLA). The overall means and random effects match, but there are some differences in

the estimates of the variances of the random effects.

MCMC(BUGS) INLA

0 -6.106 -6.106
Ou 0.179  0.187
op 0.0135 0.0157
o 0.0709 0.0703

Table A.1: Comparison of posterior medians for the breast AP model.

MCMC(BUGS) INLA

0 -7.557  -7.543
lo 0.138 0.137
oy 0.00775 0.00834
o 0.0379  0.0377

Table A.2: Comparison of posterior medians for the lung AC model.
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INLA fit vs MCMC Fit for Breast Cancer Log Rates
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Figure A.1: Comparison of fitted log rates and random effects for the breast cancer AP model.
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Figure A.2: Comparison of fitted log rates and random effects for the breast cancer AP model.
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A.2 Forecasts

Figure A.3 shows the posterior means of the forecasts of the 2010 counts from the four different
models from section 3.4 versus the observed count. The next several pages (Figure A.4 — A.9) show
projected incidence for 2011-2015 based on observing 1992-2010. We show the posterior mean for
the each year as well as 80% point wise posterior predictive intervals. We use population projections
from the Washington State Office of Financial Management (November, 2013).

We MCMC output to approximate the posterior distributions of the forecasted counts. That is,

for each iteration b we have

b , b, b, ob b b
Yirsn ~ POIWNirn exp(6” + & + Brop + Vi ryen T Zran)-

The ¢ and «a; terms are already in the MCMC, and we assume N, r.j is fixed and known. The
unstructured random effects are sampled independently from N(O, (Tz_z)b). There are two ways to

generate the period and cohort effects. Using the suggestion of Kuang et al. [2008a], we simulate
Bran ~ N (B5 + hsf, hioy )).

where §Z is defined in equation 3.2 and (o-iﬂ)b is the sample variance of the first differences. Alter-

natively, we can generate from the RW-2 model [Rue and Held, 2005]:

1+22 4+ 4+ 1?
Bran | Bt ~ N| 5 + hABY, IV
(T4)

For Figure A.3 and for the MSE comparisons of the four models in section 3.4, we only use the
Kuang et al. [2008a] projections. For the 2011-2015 forecasts, we use both forecasting methods.
The choice matters very little for the cohort effects because the we only forecast cohort effects for
the first age group. For the breast cancer data, the projected period effects are slightly smaller when
generating from the RW-2 model. We project an average of five fewer cases per age band and year

with the RW-2 model.
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Breast Cancer Observed versus Predicted, 2010

o o A
8 ¢ AP .8
—~ s AC 8
c o) o
s g |° APC
= ©
S °
% S 6
g © 8 °
e
ko] o
O —
g v .
2
2 o
2 8 —
o —
T T T T T T
0 200 400 600 800 1000
Observed
Lung Cancer Observed versus Predicted, 2010
o
g oA ’
o AP ° o °
fE o AC %
& 3 | APC . g 8
s © o
5]
2 ) . g
% N 8
g 8 o
S o
°
s o
8 S
. 8
o —
T T T T T
0 100 200 300 400
Observed

Figure A.3: Forecasts versus observed values for the four APC models for breast and lung cancer.
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Figure A.5: Breast cancer forecasts for the 50-75 age groups using the AP model.
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Figure A.7: Lung cancer forecasts for the 25-50 age groups using the AC model.
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Figure A.8: Lung cancer forecasts for the 5075 age groups using the AC model.
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Figure A.9: Lung cancer forecasts for the 75+ age groups using the AC model.
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Appendix B
SUPPLEMENT TO CHAPTER 4

B.1 Proof of Theorem 1

Recall that the restriction K € P*(G) N S° gives rise to the following restrictions on the Cholesky

square root ®:

O;>0fori=1,...,n, (B.1)
1 i—1

Djj= —— Y Oy for (i, j) ¢ E (B.2)
1 i-1 o

ij <~ ; @4 ®,; for (i, j) € E (B.3)

First, all of the free off diagonal elements must be negative. Equation (B.3) implies that the off
diagonal elements in the first row are negative. For a given row k, assume that the off diagonal
elements in rows 1 through k£ — 1 are negative. Then all of the product terms in (B.3) are positive,
and @y, is positive. Thus the upper bound in (B.3) is at most 0. Next, assume we start with an
upper-triangular matrix @ that satisfies these above constraints. If we fix all of the free elements
except @;yj, and recursively substitute in the expressions for the non-free elements, we can rewrite
each inequality in (B.3) as a quadratic function of @, as

®;j < —(aD? . +bD? . +c) (B.4)

i0jo i0jo

where a and ¢ are positive constants and b is a negative constant. The quadratic terms arise if

the upper bound for @;; involves the product of two non-free elements that depend on ®;;,. For
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i-1

1
(D,'j < —a Z (Ddiq)dj

example, suppose (io, jo) < (i, j) and @ ;;; and @, ; are not free. Then we have

i 4=
1 [jo—1 i-1
=" D B+ Do+ Y Dy
] d=1 k=jo+1
1 [ jo—1 Jo—1 Jo—1
= _a Z (Ddiq)dj Z (Dt]()q)n Z cDS]()®X‘l + Z (Dktq)k]
" d= Jojo t=1 k=jo+1
1 Jol 1 Jo—1 Jo—1
=" Zcbdlcbdﬁ Z Py = ———| D, Py®i+ ) Dy
" k=jo+1 i jojo Le=Titio 5= Lyt
1 Jo—1 Jo—1
= = | Piojo | Pioj Z D1y @i + iy Z Dy, Dy | + D DiyiDiy
= jo jo 1=1;t#iy s=1;t#iy
We can re write this as
2
Q;; < (ad),0]0+bfblm c)
o, . D .
where a = —~ 2'0] >0
O,;; 0
JoJjo
Jo—1
_ l()] Zt 1: t7’:l q)ljoq)ti + (Di()i ZS:l;t¢i0 CI)Sj()q)si <0
;P>
JoJjo
1 Jo—1 Jo—1 Jo—1
= Zq’th’d!* Z Dy + ——=—| > @i+ > Dy®y| >0
k=jo+1 D;;® JoJo 1=1;1#io s=11#ig

This implies a(I)2 0T bd)i)j +d < 0 where d = ¢+ ®;;. Because a is positive, the function f(®;;,) =

a®?

oo b@l.zojo + d is a concave-up parabola. Because we start with @ s.t. ®T® € P*(G) n SO,

we know that the current value of ®@;

iojo satisfies this inequality. Since ®@;,;, < O there is at least one

i0Jo

negative solution to f(®;,;,) = 0. One possibility is that f(®;,;,) has a single root at ®;;,.

As long
as @ is not on the boundary of the space, there will be an open interval around the current value of

d;

iojo that satisfies all of the inequalities. Thus, f(®;,;,) will have two real roots.

For some pairs (i, j), @ = 0. In this case, the solution set to f(®;y;,) is a half-open interval

with lower bound —d/b. Again, we know that there is at least one negative value of @, ; that

i0Jo
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satisfies the inequities in (B.3), so —d/b must be negative. Finally, the upper bound given for @;;, in

io—1

io-1 @i, Dyjy) Where —#0’_0 2a- DPuiy®aj, < 0. The conditional

(B.3) implies @;;, € (—o0, —#0,.0 D1

support for @, ;; is the intersection of all of these open intervals. Since each interval contains the

current value of @;, ., this intersection is a non-empty, open interval. Since one of the these intervals

i0Jjo>
is a subinterval of R™, the intersection is a subinterval of R™. Thus, the conditional support for a

free element @, ;,, io # jo given other free elements is an open subinterval of R™.

B.2 Prior Selection for « and 7>

We suggest choosing the hyper parameters for the priors on @ and 72 in the univariate model in
section 4.3.3 by first specifying a reasonable range for the average relative risk and then finding
values of o2 and (a, b) that match this range for a fixed value of K. If we do not include any risk

factors (covariates) in our models, then the model is

log(6;) = u;
ula,7,K~N(al (K)™")
a ~N(0,02)
72| a,b ~ Gam(a, b),

K| G,6,D ~ NWisg (6, D(p)) with K11 = Wiy
The implied prior on the average random effectu = 1/n 37 u; is

_ K!
u| a,ri,K ~ N(oz, M)

2n2
where sum(K) is the total sum of all the elements of K. If we fix K to a particular value, such as the
mode of 7(K|-), then u ~ N(«, c/rﬁ) for some constant ¢c. We can simulate from different settings
of the priors on @ and 72 and then simulate from the prior on U to estimate (em, em) where u,,
is the p quantile of the resulting distribution of u. We repeat this until we find settings of o and

(a, b) that generate intervals close to the desired range of relative risks. For example, o2 = 1 and
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(a,b) = (0.5,0.0015) gives a fairly wide interval of roughly (1/8, 8). For a more informative prior,
setting o2 = 1/4 gives a range of (1/2,2) when using the counties of Washington State and setting

K=D, - 0.99W.

B.3 Sampler Details

For the model in section 4.3.3, sample 72 and « directly from their full conditional distributions.

a|u, Ti, K~ N(o‘z(m(Tzl’Ku + Uo /0 q), o>

p post = (TZIIKI + 1/0—(21)_1)

Ti |u, @, K ~ Ga(a; +n/2,b; + (u— a1)’K(u - al)/2)

For the random effects u, sample using a Metropolis step via a Gaussian random walk applied to
blocks of a small number of effects. Let B = {By, B2, ..., By} so that UB; = {1,2,...,n}. Suppose

the current value of u is u,. Then for each B;,

e Setd =10,0,...,0}. Sample 65, ~ N(O,y/72(Kp,5)")

o Set Uk = W—1)/k + 0 with probability min(1, R,,)

R, = y'6 — E' [exp(u + 6) — exp(u)] — 72/26'K6

Here v is a tuning parameter. We have used y € (0.2,0.01) with good success when |B;| = 10 or 1.

Sample K and p as described in sections 4.3.2 and 4.3.3.

B.4 Additional Figures

Figures B.1, B.2, and B.2 show mixing of the MCMC estimates for the normalizing constant,
Cholesky square root, and relative risks. The next two figures illustrate the smoothing properties
of the NGGM model from section 4.5. Figure B.4 shows the raw SIRs plotted against the posterior
means of the relative risks for each cancer and county. For all cancers, the estimates from the NGGM
model are shrunk towards the prior mean of 1, but the shrinkage is less pronounced for the more

common cancers such as colon cancer. Figure B.5 shows the raw SIRs versus the posterior means
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from the NGGM model for the smallest and largest counties (by total incidence). There is much
less shrinkage for the large county than for the small county. This behavior is desirable because the
maximum likelihood estimates are unbiased and are reliable (have small sampling variability) when
the number of cases is large. Hence, we do not want to substantially shrink the SIRs for larger areas

or for more common diseases.
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Figure B.1: Mixing for estimates of the ratio of normalizing constants for p; = 0.99 and p, = 0.98.
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Figure B.2: Mixing for the Cholesky square root one realization of the univariate simulations in
section 4.4.
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Log Relative Risk: Island County
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Figure B.3: Mixing for random effects for one realization of the univariate simulations in section
4.4.
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Figure B.4: Scatter plots of the SIRs versus the smoothed estimates of @ for each cancer produced
by the NGGM model.
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Figure B.5: Scatter plots of the SIRs versus the smoothed estimates of ® from the NGGM model
for all 10 cancers in two select counties. Here small and large refer to the total number of cases, not
the geographical size of the counties. There is much more smoothing of the estimates for the small
county.
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Additional Results

Ten-fold cross validation results when p is fixed to 0.99 or 0.9 and when n(p) is discrete uniform

over {0.05,0.1,0.15,...,0.85,0.9,0.95,0.99}.

x10° BIAS? VAR MSE
GGM 193 079 271
NGGM  2.16 0.89 3.05
FULL 219 0.70 2.89
NFULL 261 090 3.1

Table B.1: p = 0.99

x10° BIAS? VAR MSE
GGM  3.18 095 4.13
NGGM 1.89 078 2.68
FULL 217 104 3.21
NFULL 325 1.07 4.32

Table B.2: p = 0.9

x10° BIAS® VAR MSE
GGM 159 0.88 2438
NGGM 351 1.67 5.18
FULL 380 171 5.51
NFULL 297 138 4.35
MCAR 180 0.99 2.79

Table B.3: n(p) is U{0.05,0.1,0.15,...,0.85,0.9,0.95,0.99}
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