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Debiased machine learning uses flexible, data-adaptive methods to estimate causal and sta-
tistical targets while correcting bias from nuisance estimation. This dissertation develops
calibration- and optimization-based approaches for debiased inference and learning. The
first part develops calibrated debiased machine learning for inference on linear summaries of
regression functions. Standard doubly robust estimators are consistent if either the regres-
sion function or its Riesz representer is consistently estimated, but asymptotic normality
typically requires both nuisances to converge sufficiently quickly. We show that calibrating
nuisance estimators in AIPW procedures yields doubly robust asymptotic linearity: under
partial-orthogonality conditions, these estimators are asymptotically normal when either
nuisance component is estimated well, while the other may converge slowly or inconsis-
tently. The second part introduces efficient plug-in learning for heterogeneous causal effect
estimation. It constructs debiased, efficient plug-in estimators of population risks for causal
contrasts, including conditional average treatment effects and relative risks, using a TMLE-

style sieve correction. These estimators retain the oracle-efficiency properties of orthogonal



statistical learning while avoiding unstable pseudo-outcomes and nonconvex losses. The
third part develops automatic debiased machine learning for smooth functionals of non-
parametric M-estimands. This extends automatic debiasing beyond regression functions
to infinite-dimensional population risk minimizers. The central object is the Hessian Riesz
representer of the target derivative, which determines the leading plug-in bias and influence-
function correction, reducing automatic debiasing to two risk minimization problems: one

for the M-estimand and one for the representer.
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Chapter 1
INTRODUCTION

1.1 Overview

This dissertation consists of three papers at the intersection of semiparametric statistics,
machine learning, and causal inference. Fach paper concerns inference on a target parameter
that is lower-dimensional, or more structured, than the nuisance features needed to estimate
it. Such targets include average and heterogeneous treatment effects, relative risks, survival
summaries, and policy values. Their estimation typically depends on outcome regressions,
treatment mechanisms, conditional distributions, or density ratios. The central problem is
to use flexible estimates of these nuisance functions without allowing nuisance estimation
error to determine the first-order behavior of the target estimator.

Flexible learning methods can reduce model bias by adapting to nonlinearities, interac-
tions, and high-dimensional covariates. Predictive accuracy for nuisance functions, however,
is not sufficient for valid inference on the target parameter. Plug-in estimators can retain
first-order bias, converge at slow nonparametric rates, or yield confidence intervals with poor
coverage even when the nuisance estimates perform well under predictive loss.

Debiased machine learning addresses this difficulty by combining flexible first-stage es-
timation with an influence-function-based correction for the leading plug-in bias. This idea
appears in classical one-step estimation, estimating-equation methods, targeted minimum
loss-based estimation, and double/debiased machine learning [Pfanzagl and Wefelmeyer,
1985, Bickel et al., 1993, Robins et al., 1994, 1995, van der Laan and Robins, 2003, Laan
and Rubin, 2006, van der Laan and Rose, 2011, Chernozhukov et al., 2018a]. Under suit-
able conditions, these corrections reduce first-order sensitivity to nuisance estimation error,
enabling root-n inference or oracle-type guarantees with flexible first-stage methods.

The papers in this dissertation develop calibration- and optimization-based approaches

to constructing these corrections. Calibration is used to impose bias-reducing equations



on nuisance estimates before forming one-step estimators for regression functionals. Opti-
mization is used to construct plug-in risk estimators for heterogeneous causal contrasts and
to characterize debiasing directions for functionals of general nonparametric M-estimands.
Together, these results extend first-order debiasing to settings in which standard DML does

not fully resolve the inferential or computational problem.

1.2 Improving debiased machine learning

1.2.1  Calibration for doubly robust inference

The first paper studies doubly robust inference for regression functionals. Many causal pa-
rameters, including counterfactual means and average treatment effects, can be written as
linear functionals of an outcome regression. Standard debiased machine learning estima-
tors combine a plug-in estimate of the functional with an empirical correction involving the
corresponding Riesz representer. This framework includes augmented inverse probability
weighting as a special case and provides a generic construction for linear regression func-
tionals [Bang and Robins, 2005, Newey, 1994, Chernozhukov et al., 2018b, 2022c, Rotnitzky
et al., 2021, Hirshberg and Wager, 2021].

The standard DML estimator is doubly robust for consistency: it can remain consistent
if either the outcome regression or the Riesz representer is consistently estimated. It also
satisfies a rate double robustness property. The leading remainder is typically a product
of the two nuisance errors, so asymptotic linearity follows when this product is op(n_l/ 2)
[Bradic et al., 2019a, Smucler et al., 2019, Rotnitzky et al., 2021]. This requirement is much
weaker than requiring both nuisance estimators to converge at parametric rates. It is not,
however, doubly robust inference. If one nuisance estimator is inconsistent, or converges too
slowly, the product remainder may be first order and standard Wald confidence intervals
can be invalid, even when the point estimator remains consistent.

Several approaches address this limitation. Sparsity-based methods obtain asymptotic
normality under one-sided correctness in high-dimensional models by using regularization-
induced moment conditions [Athey et al., 2018, Bradic et al., 2019b,a, Smucler et al., 2019,

Tan, 2020, Liu et al., 2023]. These guarantees are powerful but depend on sparsity and



on particular nuisance estimators. A separate line of work develops targeted minimum loss-
based estimators for doubly robust inference, beginning with the average treatment effect and
extending to missing outcomes, survival curves, and partially linear models [van der Laan,
2014, Benkeser et al., 2017, Diaz and van der Laan, 2017, Diaz, 2019, Dukes et al., 2024].
These methods are learner-agnostic and can deliver doubly robust asymptotic linearity, but
they rely on iterative targeting steps and additional nuisance regressions. New parameters
also tend to require new targeting constructions and new remainder analyses.

Calibration provides another route to doubly robust inference. In predictive model-
ing, calibration adjusts fitted values so that they are self-consistent with the targets they
are meant to predict, often through one-dimensional methods such as isotonic regression
[Zadrozny and Elkan, 2001, 2002, Niculescu-Mizil and Caruana, 2005b]. For squared-error
regression, this self-consistency can be expressed as empirical orthogonality of residuals
against functions of the fitted values. More generally, calibration with respect to the nui-
sance loss enforces analogous empirical score equations. The key observation is that these
equations can be chosen to impose the low-dimensional orthogonality conditions needed to
remove the leading cross-product remainder of a DML estimator.

Chapter 2 develops this calibration-based approach. The chapter shows that calibrating
the outcome-regression and Riesz-representer estimates before forming the one-step esti-
mator enforces the empirical orthogonality equations needed to debias the cross-product
remainder. The proposed implementation uses a post-hoc, one-dimensional isotonic regres-
sion adjustment applied to cross-fitted nuisance estimates. Under a partial orthogonality
condition and regularity conditions, the calibrated DML estimator is asymptotically nor-
mal when either nuisance component is estimated sufficiently well, while the other may
converge slowly or even inconsistently. Compared with TMLE-style approaches, the cali-
bration step is non-iterative, applies to a class of linear regression functionals, and supports
bootstrap-assisted confidence intervals without estimating the additional nuisance functions

that appear in the misspecified limiting distribution.



1.2.2  Efficient plug-in risk minimization for heterogeneous causal learning

The second paper studies learning causal contrasts that are themselves functions, such as
the conditional average treatment effect and the conditional relative risk. A simple approach
is plug-in learning, or T-learning: estimate the relevant outcome regressions and substitute
them into the contrast [Kiinzel et al., 2019|. Plug-in learners are easy to combine with stan-
dard supervised learning methods and often preserve useful structure, such as boundedness
of the contrast or convexity of the risk. Their limitation is statistical efficiency. The outcome
regressions may be more complex than the contrast, so estimating the full regression sur-
face can be unnecessarily difficult when the scientific target is a lower-complexity function
[Kennedy, 2023a, Nie and Wager, 2021].

Orthogonal statistical learning addresses this limitation by constructing risks or losses
whose first-order sensitivity to nuisance estimation error is removed by Neyman orthogo-
nality [Rubin and van der Laan, 2006, Kennedy, 2023a, Nie and Wager, 2021, Foster and
Syrgkanis, 2023, Morzywolek et al., 2023]. The DR-learner and R-learner are prominent
examples for the conditional average treatment effect. These methods often use AIPW-style
pseudo-outcomes or residualized losses, and can achieve oracle-type guarantees under suit-
able conditions. The cost is that the empirical criterion may be less stable than the original
plug-in risk. It can involve inverse propensity weights, extreme pseudo-outcomes, or non-
convex losses even when the target risk is convex. For conditional relative-risk learning, the
orthogonalized logistic-type risk can involve negative weights and pseudo-outcomes outside
the unit interval, making standard optimization tools difficult to use [Jiang et al., 2019, Qiu
et al., 2019].

Chapter 3 develops a plug-in alternative to explicit orthogonalization. The starting point
is that many orthogonalized risk estimators can be written as a plug-in risk estimator plus
an augmentation term. Rather than adding this term to the empirical criterion, the chapter
modifies the nuisance estimate so that the augmentation term is asymptotically negligible.
This is the risk-minimization analogue of targeted minimum loss-based estimation: the final
estimator remains a plug-in estimator, but the nuisance estimate is corrected to solve the

relevant score equations [Laan and Rubin, 2006, van der Laan and Rose, 2011]. Because



the population risk is indexed by the candidate contrast function, this correction must hold
uniformly over the function class. The chapter achieves this with a sieve-based targeting step
that makes the plug-in risk asymptotically equivalent to an efficient one-step risk estimator.

The resulting learner retains the stability of plug-in optimization while recovering the
large-sample behavior of orthogonal learning. For the conditional average treatment ef-
fect, it replaces AIPW-style pseudo-outcomes with a plug-in contrast formed from a de-
biased outcome regression. For the conditional relative risk, it yields a convex weighted
logistic-regression problem with nonnegative weights and valid pseudo-outcomes, avoiding
the nonconvexity of the explicit one-step risk. Under regularity conditions, the efficient
plug-in learner is asymptotically equivalent to the minimizer of an oracle-efficient one-step

risk estimator.

1.2.8  Loss-based automatic debiasing for M -estimands

The third theme is automatic debiasing. In many semiparametric problems, the difficult
step is not only estimating nuisance functions, but deriving the correction itself. Classical
one-step, estimating-equation, and targeted learning estimators require an influence-function
representation of the target parameter |Bickel et al., 1993, van der Laan and Robins, 2003,
van der Laan and Rose, 2011, Chernozhukov et al., 2018a|. Deriving this representation
can be technically demanding and parameter-specific, especially when the target depends
on nuisance functions defined implicitly through optimization problems.

Automatic DML simplifies this task for an important class of problems. For linear
functionals of regression functions, the influence-function correction is determined by the
Riesz representer of the target functional, and this representer can itself be estimated by
solving an auxiliary risk minimization problem |[Newey, 1994, Chernozhukov et al., 2021b,
2022c, Williams et al., 2025|. This makes debiasing modular: after specifying the regression
loss and the target functional, the analyst estimates both the regression function and its
Riesz representer using supervised learning tools. Direct representer estimation can also be
preferable to estimating a full collection of primitive nuisance functions, such as propensity

scores or density ratios, and then algebraically combining them.



Existing automatic debiasing methods remain largely organized around regression func-
tionals and related extensions, including covariate shift, sequential regressions, and certain
inverse problems [Chernozhukov et al., 2022¢, 2023, Bennett et al., 2023b, 2025, van der Laan
et al., 2025¢c|. These extensions share a common structure, but the representers, nuisance
components, and debiasing arguments are often developed separately. At the same time,
many modern targets are functionals of objects that are not ordinary regression functions.
They may depend on quantile or survival functions, density ratios, pseudo-outcome regres-
sions, causal contrast functions, or solutions to ill-posed inverse problems [Hines and Miles,
2025, Wang et al., 2018, Westling et al., 2024, Yang et al., 2023, Foster and Syrgkanis, 2023,
Carrasco et al., 2007|. These objects are naturally defined as nonparametric M-estimands:
minimizers of population risks over infinite-dimensional spaces.

Chapter 4 extends automatic DML to smooth functionals of such nonparametric M-
estimands. The key object is the Riesz representer of the target derivative under the Hessian
inner product induced by the population risk. This Hessian Riesz representer characterizes
the leading plug-in bias and determines the loss-gradient correction in the efficient influence
function. As a result, debiasing reduces to two optimization problems: one for the M-
estimand and one for its representer. The chapter develops the corresponding von Mises
expansion, efficient influence-function representation, one-step estimator, targeted minimum
loss-based estimator, and sieve plug-in estimator. For quadratic risks and linear targets, the
resulting estimators satisfy doubly robust product-rate conditions in the M-estimand and

Hessian Riesz representer.
1.3 Organization

The remainder of the dissertation follows the three-paper structure. Chapter 2 develops
calibrated debiased machine learning for doubly robust inference on linear functionals of
regression functions. Chapter 3 develops efficient plug-in learning for heterogeneous causal
contrasts, including the conditional average treatment effect and conditional relative risk.
Chapter 4 develops automatic debiased machine learning for smooth functionals of nonpara-

metric M-estimands.



Chapter 2
DOUBLY ROBUST INFERENCE VIA CALIBRATION

Lars van der Laan, Alex Luedtke, and Marco Carone

Abstract

Doubly robust estimators are widely used for estimating average treatment effects and other
linear summaries of regression functions. While consistency requires only one of two nuisance
functions to be estimated consistently, asymptotic normality for linear functionals typically
requires sufficiently fast convergence of both. We address this mismatch by showing that
calibrating the nuisance estimators within a doubly robust procedure yields doubly robust
asymptotic normality, provided that one nuisance estimator suitably captures the estimation
error in the other. We introduce a general framework, calibrated debiased machine learning
(calibrated DML), and propose a specific estimator that augments standard DML with a
simple isotonic regression adjustment. Under a partial orthogonality condition, our theo-
retical analysis shows that the calibrated DML estimator remains asymptotically normal if
either the regression or the Riesz representer of the functional is estimated sufficiently well,
allowing the other to converge arbitrarily slowly or even inconsistently. We further propose
a simple bootstrap method for constructing confidence intervals, enabling doubly robust
inference without additional nuisance estimation. In a range of semi-synthetic benchmark
datasets, calibrated DML reduces bias and improves coverage relative to standard DML.
Our method can be integrated into existing DML pipelines by adding just a few lines of

code to calibrate cross-fitted estimates via isotonic regression.



2.1 Introduction

2.1.1 Motiwation

Nonparametric inference on the causal effects of dynamic and stochastic treatment inter-
ventions using flexible statistical learning techniques is a fundamental problem in causal
inference. These inferential targets fall within a broader class of target parameters that can
be expressed as linear functionals of the outcome regression, that is, the conditional mean
of the outcome given treatment assignment and baseline covariates |[Chernozhukov et al.,
2018b, Rotnitzky et al., 2021, Hirshberg and Wager, 2021]. To achieve inference for such
parameters, various debiased machine learning (DML) frameworks are available, including
one-step estimation [Pfanzagl and Wefelmeyer, 1985, Bickel et al., 1993], estimating equa-
tions and double machine learning [Robins et al., 1994, 1995, 2000, van der Laan and Robins,
2003, Chernozhukov et al., 2018a], and targeted minimum loss estimation (TMLE) [Laan
and Rubin, 2006, van der Laan and Rose, 2011|, and sieve-based estimators |Qiu et al.,
2021, Cho et al., 2024]. When performing inference on linear functionals, debiased ma-
chine learning methods frequently produce estimators that demonstrate robustness against
inconsistent or slow estimation of certain nuisance functions, a property known as double
robustness [Bang and Robins, 2005, Smucler et al., 2019|. For example, when estimating
the average treatment effect (ATE), doubly robust estimators remain consistent as long as
either the outcome regression or the propensity score is consistently estimated, even if the
other is inconsistently estimated. This robustness property extends more generally to linear
functionals of the outcome regression, necessitating consistent estimation of only the out-
come regression itself or the Riesz representer of the linear functional [Chernozhukov et al.,
2018b, Rotnitzky et al., 2021].

Extending the double robustness property of debiased machine learning estimators to sta-
tistical inference is challenging. By double robustness for statistical inference, we mean that
valid root-n inference remains possible when one nuisance function is estimated consistently
at a sufficiently fast rate, even if the other is not. In standard debiased machine learning
procedures, however, asymptotic normality typically requires both the outcome regression

and the Riesz representer to be estimated consistently and sufficiently quickly, so that the



product of their estimation errors is op(n_l/ 2). If this condition fails, desirable properties
such as asymptotic linearity, asymptotic normality, and n!/2-consistency can be lost, com-
promising the validity of inference [Benkeser et al., 2017|. In such cases, standard confidence
intervals and p-values can be invalid. In practice, inconsistency may arise from model mis-
specification, such as omitted interactions or nonlinearities, or from over-regularization of
flexible learners. Slow convergence may arise even under consistency when the nuisance func-
tions are intrinsically complex, for example because they involve nonsparse high-dimensional
interactions or have limited smoothness. One approach to achieving doubly robust inference
is to use parametric methods, such as maximum likelihood estimation, to estimate the nui-
sance parameters. These methods exhibit model double robustness, maintaining asymptotic
linearity when at least one of the nuisance parametric models is correctly specified [Ver-
meulen and Vansteelandt, 2015, 2016, Shook-Sa et al., 2025]. However, their usefulness for
nonparametric inference is limited by their reliance on strong modeling assumptions, since
in practice both models are often misspecified [Kang and Schafer, 2007].

To overcome the limitations of parametric methods, several estimators exhibiting spar-
sity double robustness—a weaker form of model double robustness—have been proposed
|[Avagyan and Vansteelandt, 2017, Athey et al., 2018, Bradic et al., 2019b,a, Smucler et al.,
2019, Tan, 2020, Zhang et al., 2021, Ghosh and Tan, 2022, Bradic et al., 2024, Baybutt and
Navjeevan, 2026]. In high-dimensional generalized linear models, Avagyan and Vansteelandt
[2017] and Bradic et al. [2019b,a| introduced doubly robust ¢;-regularized estimators of the
ATE that are asymptotically normal when either the outcome regression or propensity score
is sufficiently sparse, allowing misspecification of one nuisance model. Relatedly, Athey
et al. [2018] and Tan [2020] proposed singly robust estimators that are robust to misspec-
ification of the outcome regression, assuming sufficient sparsity of the propensity score. A
key limitation of these approaches is their reliance on strong sparsity assumptions, which
may fail in practice. Bradic et al. [2019a] study doubly robust inference under approximate
sparsity, but still impose a product-rate condition on the approximation errors of both nui-
sance functions with respect to the chosen basis dictionary (Assumption 2). Smucler et al.
[2019] develop a unifying ¢;-regularization framework for sparse doubly robust estimation,

accommodating model misspecification by allowing the nuisance estimators to converge to
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approximately sparse, potentially misspecified limits at a sufficiently fast rate. For the ATE,
Liu et al. [2023] relax sparsity requirements on misspecified limits by assuming sparsity only
for the consistently estimated nuisance, albeit at the cost of irregularity and loss of efficiency.
Finally, these methods are not learner-agnostic: they are largely tied to £;-regularized gener-
alized linear models for the nuisance functions, which limits their ability to leverage modern
machine-learning methods.

By contrast, the line of work initiated by van der Laan [2014] and further developed
by Benkeser et al. [2017] provides a learner-agnostic debiasing framework—based on tar-
geted maximum likelihood estimation (TMLE) [van der Laan and Rose, 2011]—for doubly
robust inference with nuisance functions estimated using generic machine learning meth-
ods. Under suitable conditions, the resulting estimators are doubly robust asymptotically
linear (DRAL): they remain asymptotically linear, and hence asymptotically normal under
standard conditions, even if one nuisance estimator is inconsistent, provided the other is
estimated sufficiently well (i.e., at rate o,(n~/%)). Concretely, for the ATE, if m,, and jy,
estimate the propensity score mg and outcome regression pg, then a DRAL estimator can
remain asymptotically linear under the best-rate condition that ||, — mo|| = o,(n~'/4) or
|| ptn — po] = 0,(n~/*), whereas rate double robustness imposes the more stringent product-
rate condition ||y, — ol |7 — mol| = 0p(n~'/2). For the ATE, these methods iteratively up-
date initial propensity score and outcome regression estimates using low-dimensional (often
one-dimensional) regressions that enforce moment conditions and debias the cross-product
remainder in the asymptotic expansion. This approach has since been extended to nonpara-
metric inference for mean outcomes under informative missingness [Diaz and van der Laan,
2017], counterfactual survival curves |[Diaz, 2019|, and semiparametric inference for the ATE
in partially linear regression models [Dukes et al., 2024].

The TMLE-based framework for doubly robust inference has some limitations. First, the
iterative debiasing procedure is difficult to study theoretically and can be computationally
demanding to implement, posing challenges for its application to large-scale data or com-
plex data structures. While Bonvini et al. [2024] proposed a non-iterative, nonparametric
DRAL estimator of the ATE based on higher-order influence functions, their procedure re-

quires careful tuning of bivariate kernel-smoothing parameters, for which practical guidance
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{Estimate Nuisances]—> Calibrate

Figure 2.1: We show calibrating the nuisances before debiasing ensures doubly robust asymptotic
normality.

remains limited. Second, when considering new parameters of interest, a new debiasing al-
gorithm must be derived on a case-by-case basis, requiring careful analysis of the relevant
remainder terms and novel targeting constructions. To date, there is no unified, learner-
agnostic approach to doubly robust inference for a generic linear functional of the outcome
regression. Finally, the available guarantees are mainly designed for one-sided misspecifi-
cation and do not strengthen inference when both nuisance estimators are consistent but
one converges too slowly for the product-rate condition to hold. Indeed, they typically as-

sume that both nuisance estimators converge to their (possibly misspecified) limits at rate

op(n=14).

2.1.2  Contributions of this work

We develop new methods for doubly robust inference on linear functionals of the outcome
regression. Our goal is to construct DRAL estimators that permit valid inference when one
of the two nuisance functions is estimated arbitrarily slowly or even inconsistently, provided
that at least one nuisance converges at an op(nfl/ 4) rate. We first establish a link between
calibration, a technique typically used in prediction and classification tasks [Zadrozny and
Elkan, 2001, Niculescu-Mizil and Caruana, 2005b], and doubly robust asymptotic linearity.
We then introduce a general framework, calibrated debiased machine learning (calibrated
DML). As outlined in Figure 2.1, calibrated DML begins with standard cross-fitted esti-
mates of the outcome regression and Riesz representer, obtained using any machine learning
algorithm. It then adds a single post-hoc step: each nuisance estimator is calibrated by fit-
ting a one-dimensional map from its fitted values to its target using, e.g., isotonic regression
[Barlow and Brunk, 1972|. We show that this calibration step enforces an appropriate empir-

ical orthogonality between the nuisance errors, which enables a one-step debiased estimator
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Table 2.1: Properties of G-computation plug-in, IPW, AIPW and calibrated DML (proposed approach)
estimators of the ATE when nuisances are estimated using machine learning, in settings where only the
propensity score vs. only the outcome regression vs. both nuisances are estimated well (i.e., consistently
and at a rate faster than n~"/ 4). Report whether each estimator is consistent, asymptotically normal at
root-sample size rate, and nonparametric efficient.

(*) Our estimator is efficient if one nuisance is estimated well), provided the other is estimated consistently
(at any rate).

only propensity score only outcome regression both nuisance functions
estimated well estimated well estimated well
estimator consistent normal efficient | consistent normal efficient | consistent normal efficient
G-computation - - v’ X X - -
IPW N X X
AIPW N X X v’ X X v v’ N
Calibrated DML (ours) v v Vv v v’ Vv v v’ v

to achieve doubly robust asymptotic linearity. This is achieved under a partial orthogonal-
ity condition comparable to those assumed in prior work on learner-agnostic doubly robust
inference, including van der Laan [2014], Benkeser et al. [2017], Diaz and van der Laan
[2017], Dukes et al. [2024], Bonvini et al. [2024|. Confidence intervals can be constructed
using the closed-form influence function of the calibrated DML estimator, without requir-
ing knowledge of which nuisance estimators converge sufficiently quickly. We show that no
correction is needed to the standard influence-function-based variance estimator when both
nuisance estimators are consistent for the true nuisances, even if one converges arbitrarily
slowly. When one nuisance may be inconsistently estimated, we propose a computation-
ally efficient bootstrap-assisted procedure that avoids the additional nuisance estimation
required in van der Laan [2014] and related approaches, and remains valid under the same
nuisance-rate conditions.

Table 2.1 summarizes the properties of a specific implementation of calibrated DML in
the well-studied setting of ATE estimation. This implementation employs isotonic regression
for calibration and a cross-fitted augmented inverse probability weighted (AIPW) estimator
for debiasing. Compared to the standard AIPW estimator, calibrated DML remains asymp-
totically normal under weaker convergence requirements: it suffices that one nuisance be
consistently estimated at an op(n_l/ 4) rate (the other may be inconsistent). It is efficient
when both nuisances are consistently estimated (with at least one attaining an op(nfl/ 4

rate). Calibrated DML can yield even larger improvements over non-doubly robust esti-
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mators based on the G-computation formula or inverse probability weighting (IPW), since
these estimators are neither doubly robust nor generally asymptotically normal under flexible
nuisance estimation.

Our approach is motivated by the DRAL estimators of the ATE proposed by van der
Laan [2014] and developed further in subsequent work [Benkeser et al., 2017, Diaz and
van der Laan, 2017, Diaz, 2019, Dukes et al., 2024]. We share the objective of constructing
nuisance estimators that achieve doubly robust asymptotic linearity by solving certain score
equations, but our strategy and implementation differ substantially, even for the ATE. In
particular, our approach is a non-iterative and computationally efficient two-step procedure
that can be implemented using commonly available isotonic regression software. Moreover,
our method does not depend on the specific form of the linear functional; rather, it requires
initial nuisance estimators and black-box access to an empirical estimator of the functional.
We share with Benkeser et al. [2017] the property that our estimator admits Wald-type
inference based on a closed-form influence function, without requiring the analyst to know
which nuisance is correctly specified. Unlike Benkeser et al. [2017], however, our proposed
bootstrap-assisted inference procedure avoids estimating the additional nuisance components
that appear in the closed-form influence function, which can simplify implementation and
potentially improve finite-sample performance. Finally, our theoretical results refine those
of prior work by showing that our estimator achieves asymptotic linearity not only when
one nuisance function is consistently estimated, but also when both nuisance functions are
consistently estimated and one converges too slowly. Another distinction is that we con-
sider doubly robust inference for generic continuous linear functionals, which requires a new

analysis of the doubly robust remainder that leverages the Riesz representation property.

2.1.8 Related work

Calibration in causal inference. Prior work has studied the finite-sample benefits of cal-
ibrating propensity score estimates in IPW and AIPW estimators of the ATE |Gutman
et al., 2022, Deshpande and Kuleshov, 2023, Ballinari and Bearth, 2024, van der Laan et al.,

2024b, Rabenseifner et al., 2025]. These studies focus primarily on calibrating a single nui-



14

sance function—the propensity score—for a single parameter (the ATE), and they do not
provide theoretical justification beyond the observation that calibration can reduce nuisance
estimation error. We extend this line of work by showing that, for general linear functionals,
calibrating both the outcome regression and the Riesz representer is key for further debi-
asing (in finite samples and asymptotically) and for constructing DRAL estimators. More
broadly, our work shows that calibration can yield asymptotic guarantees and relax nuisance-
rate requirements, rather than serving only to improve the finite-sample quality of nuisance
estimators. In the special case of the ATE, we find that calibrating the outcome regression

can reduce finite-sample bias and remove certain asymptotic bias terms.

Sparsity double robustness. Our calibration-based approach to doubly robust inference is
closely related to the literature on (approximate) sparsity-based doubly robust inference
discussed in the Introduction [Athey et al., 2018, Bradic et al., 2019a, Smucler et al., 2019,
Tan, 2020, Liu et al., 2023]. Methodologically, our approach enforces one-dimensional or-
thogonality conditions on nuisance errors via calibration (see (2.4)—(2.5)), whereas sparsity-
based methods typically enforce high-dimensional moment conditions. In particular, when
the nuisances are estimated by ¢;-regularized empirical risk minimization over linear classes,
the Karush—-Kuhn—Tucker (KKT) conditions yield approximate empirical orthogonality over
suitable linear subspaces (see, e.g., Tan, 2020, Eq. 15; Bradic et al., 2019b, Sec. 2.1; Smucler
et al., 2019, Sec. 4.1). We also note a terminology difference: Tan [2020], Liu et al. [2023],
and related work use “calibration” in the survey-sampling sense, referring to adjustments
that enforce moment conditions [Deville and Sérndal, 1992|, whereas we use “calibration”
in the machine-learning sense to mean mean-unbiasedness conditional on the model’s own
prediction, a one-dimensional objective. The analogous high-dimensional goal is closely
related to multi-accuracy; see Roth, 2022. We discuss these differences in more detail in
Appendix 2.A.

Our closest comparison is Liu et al. [2023]: both methods apply a post-hoc correction,
but Liu et al. [2023] solve a high-dimensional moment-matching problem built on prelimi-
nary /1-regularized generalized linear models, whereas we use a one-dimensional calibration

step and allow arbitrary user-supplied first-stage learners. The guarantees differ accordingly:
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we show that one-dimensional calibration suffices for DRAL under a partial-orthogonality
condition (the upcoming B1) on the nuisances, whereas Liu et al. [2023] rely on sparsity
conditions tailored to their high-dimensional setting and require an auxiliary sample (e.g.,
via sample splitting) and careful tuning. Efficiency guarantees also differ: our calibrated
DML estimators are semiparametrically efficient when both nuisances are consistent and at
least one converges faster than n~1/4 (Table 2.1), whereas Liu et al. [2023] do not gener-
ally establish semiparametric efficiency. In contrast, related works, such as Bradic et al.
[2019a] and Smucler et al. [2019], establish efficiency under additional approximate sparsity

assumptions on the (potentially misspecified) limit of the slower nuisance estimator.

Higher-order influence functions and undersmoothing. Higher-order influence function
(HOIF) estimators [Robins et al., 2008, Liu et al., 2017] use higher-order bias corrections
to relax the nuisance-rate requirements of first-order doubly robust methods, and can yield
asymptotically valid and efficient inference even when nuisance estimators fail to satisfy the
usual op(n_l/ 2) product-rate condition. Related robustness to slow nuisance rates can also
be obtained without explicit HOIF-based corrections by combining sample splitting with
undersmoothing [Newey and Robins, 2018, McGrath and Mukherjee, 2022, McClean et al.,
2024]. While HOIF methods can accommodate flexible first-stage machine-learning estima-
tors, their higher-order bias corrections typically rely on smoothness and approximability
assumptions, often of Holder type, to control higher-order remainders. They also introduce
additional tuning parameters—such as the choice of basis functions, truncation order, sieve
dimension, or bandwidth—for which practical guidance can be limited. Consequently,
HOIF estimators can be more complex to implement and tune, and their performance may
be sensitive to these assumptions and choices, especially in high-dimensional settings.

For the expected conditional covariance parameter, Bonvini et al. [2024] show that mod-
ified HOIF-style estimators can attain guarantees similar to those of the TMLE-style doubly
robust inference approach of Benkeser et al. [2017]. Their HOIF-based DRAL estimators
use the outcome regression and propensity score as a bivariate dimension reduction and
achieve validity under conditions comparable to those imposed in our work and related

TMLE-based approaches [Benkeser et al., 2017]. In contrast, calibrated DML uses a simple
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post-hoc calibration step to control the relevant higher-order bias, requiring no additional
nuisance estimation beyond standard first-order methods. When implemented with isotonic

calibration, this post-hoc step is also tuning-free.

Organization. This paper is organized as follows. In Section 2.2, we introduce the class of
regression functionals we consider and provide background on a standard rate-doubly-robust
debiased estimator. In Section 2.3, we formulate the problem of doubly robust inference,
introduce a model-agnostic linear expansion for the bias of one-step debiased estimators,
and demonstrate how further debiasing of nuisances can be employed to construct DRAL
estimators. In Section 2.4, we present a novel link between nuisance estimator calibration
and the doubly robust inference properties of debiased machine learning estimators, use
this link to build our general calibrated DML framework, and propose a calibrated DML
estimator based on isotonic regression with accompanying bootstrap-based confidence inter-
vals. In Section 2.5, we establish the theoretical properties of our proposed calibrated DML
estimators and confidence intervals. Finally, we empirically investigate the performance of

calibrated DML in Section 2.6 and provide concluding remarks in Section 2.7.
2.2 Problem setup

2.2.1 Data structure and target parameter

In this section, we introduce the data structure and the class of regression functionals under
consideration, along with their semiparametric efficiency bound. In the next subsection, we
review the standard one-step debiased estimator and its rate double robustness property.
We then explain why rate double robustness alone is insufficient for doubly robust inference,
thereby motivating our objective of doubly robust asymptotic linearity in Section 2.3.
Suppose we observe an ii.d. sample Zi,...,Z, of Z = (W, A,Y) ~ Py, where W €
W C R? are baseline covariates, A € A C RP is a treatment, and Y € R is a bounded
outcome. For any distribution P, let pp(a,w) = Ep{Y | A = a,W = w} denote
the outcome regression and Pf := [ f(z)dP(z) for any integrable function f. We de-
note by Py 4w the marginal distribution of (A, W) under Py, by H := L*(Pyaw) the

corresponding Hilbert space of square-integrable functions on A x W with inner product
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(p1, p2) == [ pi(a, w)pa(a,w) Po aw(da, dw), and by ||- || the induced norm. For general P,
we write ||u||p := { [ pu(a, w)? Paw(da,dw)}/?, where Payy is the marginal law of (A, W)
under P. Let M be a nonparametric model containing Py. To simplify notation, we write
Sp for any summary Sp, of the true distribution Fp.

Our objective is to develop doubly robust nonparametric inference for a linear summary
70 := Yo(uo) of the outcome regression pg, where ¢y : H — R is an L?-continuous linear
functional. We allow the functional of interest to depend on the unknown data-generating
distribution Py, viewing vy as the evaluation at Py of a smooth mapping P +— ¥ p defined
on the statistical model M. As illustrated at the end of this subsection, many parameters
take this form, including average causal effects; this framework also subsumes the class of
continuous linear functionals studied in Chernozhukov et al. [2022¢|, Bradic et al. [2019a].

We impose the following smoothness conditions on the mapping (P, ) — ¥ p(u), which
are sufficient for pathwise differentiability of the composite parameter ¥ : P +— ¢p(up) at
Py. For each P € M, we view ¥p as a bounded linear functional on the normed space

(H, || - HL2(P0‘A7W)), equipped with the corresponding operator norm.

A1) (linearity and boundedness) it holds that ¥o(cu1 + p2) = cbo(p1) + o(u2) for each

p, p2 € H and ¢ € R and that sup,cqp goy (Yo (p)]/[|pll < oo;

A2) (Hellinger continuity) P~ 1p is a continuous map at Py with domain M equipped
with the Hellinger distance and codomain {¢)p : P € M} equipped with the operator

norm;

A3) (pathwise differentiability) for each u € H, P+ 1p(u) is pathwise differentiable at P

relative to M with efficient influence function ¢, € L3(F).

A key object associated with a continuous linear functional is its Riesz representer, which
plays a central role in debiasing and in the construction of asymptotically linear estimators
of 79 (see Williams et al. [2025] for an accessible introduction). Since ) is a continuous
linear functional on H, the Riesz representation theorem guarantees the existence of a unique
ag € ‘H such that

bo() = (a0, p) for all € M. (2.1)
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Section 2.2.2 shows how (2.1) motivates automatic debiased machine learning estimators of
79. Under our conditions, the same «q also appears in the nonparametric efficient influence
function (EIF) for the parameter mapping ¥, and hence in the associated semiparametric
efficiency bound [Bickel et al., 1993]. Letting D,, o denote the map z — a(a, w){y—p(a, w)},
the following theorem identifies the EIF.

Theorem 2.1 (Pathwise differentiability). Under A1-AS3, the parameter ¥ : M — R is
pathwise differentiable at Py and has nonparametric efficient influence function Dgy := ¢q ,,,+
D00, Where ¢o i, (as defined in A3) is the component arising from the dependence of 1

on Py.

Following Van der Vaart [2000], we call an estimator (asymptotically) efficient for 7y (with
respect to the nonparametric model M) if it is asymptotically linear with influence function
equal to the efficient influence function Dy. By the convolution theorem (e.g., Van der
Vaart, 2000, Ch. 25; see also Van Der Vaart and Wellner, 1996), any regular estimator
of 79 has asymptotic variance at least POD(%, and this lower bound is attained by efficient
estimators. Moreover, efficient estimators are locally asymptotically minimax among all
estimators [Hajek, 1972, Le Cam, 2012].

A key class of parameters covered by our framework consists of linear functionals that
can be represented as expectations of a possibly unknown linear map.

Example 2.2 (Expectation-representable linear functionals). Many parameters of interest
in causal inference, such as counterfactual means and the ATE, can be written as functionals
of the form |Chernozhukov et al., 2022¢, Bradic et al., 2019a, Rotnitzky et al., 2021]

p= Po(p) = Eofm(Z, p)}, (2.2)

for a known map m : Z x H — R. For example, the counterfactual mean outcome under a
dynamic intervention that sets treatment to d(w) € A for individuals with covariate value
w € W is obtained by taking m : (z,u) — wu(d(w),w), whereas the ATE corresponds
tom : (z,pu) — p(l,w) — u(0,w). Doubly robust inference for the ATE parameter was
considered in van der Laan [2014] and Benkeser et al. [2017]

For such functionals, ¥g satisfies Condition A1l if m is linear in its last argument and

there exists ¢ < oo such that, for each u € H, [|m(-,n)|| < c||p]|. Condition A2 holds by
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uniform Hellinger continuity of the expectation map P — Ep[m(Z, )] (see Lemma 2.6 in
Appendix 2.B). Finally, Condition A3 holds with ¢q ,, := m(-, u) —to(1). More generally, our
framework also allows for nuisance-dependent functionals of the form g (u) = Eo{mo(Z, p)},
where my is an unknown map that may depend on Py. One such case is the causal effect under
a stochastic intervention, for which mo(z,p) := [ p(a,w)wo(a | w)da with an unknown

conditional density wy. O

In Appendix 2.F.1, we show that the expected conditional covariance parameter arising
in semiparametric ATE estimation under partially linear models [Robinson, 1988, Li et al.,
2011], as a measure of “causal influence” [Diaz, 2024|, and in conditional independence test-
ing [Shah and Peters, 2020| also falls within our framework; doubly robust inference for this
parameter was previously studied by Dukes et al. [2024] and Bonvini et al. [2024]. We fur-
ther show that the average treatment effect under covariate-dependent outcome missingness
likewise fits within our framework; doubly robust inference for this estimand was previously

considered by Diaz and van der Laan [2017].

2.2.2  Omne-step debiased estimation and rate double robustness

Suppose we have an estimator u, of the outcome regression pg and an estimator v, of the
target functional ¥g. For the expectation-representable functionals described in Example 2.2,

a natural choice is the empirical plug-in map

) 1= 1 3tz
More generally, our theory allows nuisance-dependent functionals, provided 1, satisfies Con-
dition C4 in Section 2.5. A natural estimator of the target parameter 7y is then the plug-in
estimator ¢y, (i, ). However, when p, is obtained using flexible statistical learning methods,
WU (py) 1s typically not n'/2-consistent and may fail to be asymptotically normal, precluding
valid inference. The issue is excess bias: the error 1o () — 1o (o) typically depends linearly

on y — pp [van der Laan and Rose, 2011|. Debiasing methods aim to remove this leading

bias and thereby restore root-n inference.
A widely used approach is automatic debiasing [Chernozhukov et al., 2018b, 2022c,

van der Laan et al., 2025b|, which augments the plug-in estimator with a bias correction
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based on an estimate of the Riesz representer o of ¢g. Indeed, by the Riesz representation

property (2.1),
Po(pin) — o(po) = (ao, fn — o),

so the leading plug-in error is linear in p, — ug. Given an estimator «,, of ag, this expression

motivates the one-step debiased estimator
1 n

T i= Yn(pin) + - > (Ai, W) {Yi — pin(As, Wi},
i=1

where the second term provides an empirical bias correction. Equivalently, 7, can be derived
from an efficient influence-function adjustment (Theorem 2.1) [Bickel et al., 1993|. The
nuisance functions u, and a, may be learned using flexible supervised learning methods.
For example, j1,, can be fit by least squares, (z, 1) + {y—pu(a, w)}?, while o, can be obtained
by minimizing the empirical Riesz loss, (z,a) + o?(a,w) — 21, (a) [Chernozhukov et al.,
2018b, 2022a]. The estimator 7, generalizes the augmented inverse probability weighted
estimator [Robins et al., 2000, 1995, Bang and Robins, 2005, Bruns-Smith et al., 2025] and
is also known as the automatic DML (autoDML) estimator [Chernozhukov et al., 2022c,a,
van der Laan et al., 2025b|. Here, “automatic” refers to the fact that both the form of 7,, and
the losses used to learn pu, and «,, are generic, and do not require tailoring to the specific
functional .

A key property of the one-step debiased estimator 7, is rate double robustness |Bradic
et al., 2019a, Rotnitzky et al., 2021]. Under mild regularity conditions, if ||y, —agl| = 0p(1),
||t — 10| = 0p(1), and ||an, — || || ptn — pr0|| = 0p(n~1/?), then 7, is asymptotically linear for
7o with influence function Dy, i.e., 7, — 79 = P, Do+ op(n_l/Q). Hence, by the Central Limit
Theorem, 7, is root-n asymptotically normal, and, by Theorem 2.1, it is semiparametrically
efficient. The estimator 7, is additionally doubly robust for consistency: it converges in
probability to 79 provided that either ||a;, —agl| = 0p(1) or ||pn — po|| = 0p(1). The required
regularity conditions amount to negligibility of certain empirical-process remainder terms,
which can be ensured, for example, by sample splitting or cross-fitting [Schick, 1986, van der
Laan and Rose, 2011, Chernozhukov et al., 2018b].

Rate double robustness does not yield doubly robust inference: valid Wald-type inference

requires that both nuisance estimators be consistent and satisfy the product-rate condition
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above (e.g., if each converges at o,(n~1/4)). By contrast, under one-sided correctness (i.e.,
when only one nuisance estimator is consistent, or when one converges too slowly), 7, remains
consistent but the product-rate condition may fail. In this case, 7, can exhibit non-negligible
asymptotic bias that precludes asymptotic linearity, invalidating Wald-type confidence in-
tervals and typically causing undercoverage. This gap motivates the stronger objective of
doubly robust asymptotic linearity: estimators that remain asymptotically linear whenever
etther nuisance estimator is sufficiently accurate, allowing the other nuisance estimator to

be inconsistent or to converge arbitrarily slowly.

2.3 Preliminaries on doubly robust inference

2.8.1 Statistical objective: doubly robust asymptotic linearity

We aim to construct estimators of 7y that are doubly robust asymptotically linear (DRAL),

meaning they remain asymptotically linear whenever either

(i) [l — aoll = 0p(n~'/4) and p,, converges in probability to some 7, or

(ii) ||tn — poll = 0p(n~1/*) and ay, converges in probability to some @p.

The DRAL property strengthens rate double robustness by allowing one nuisance estimator
to converge arbitrarily slowly, or even to be inconsistent. In particular, it yields best-rate
double robustness: it replaces the usual product-rate condition ||a, — ol « ||pn — poll =
0p(n~/2) with the one-sided requirement ||c, — o2 A || gt — p10]|? = 0p(n~/2). By contrast,
the product-rate condition couples the convergence rates of the two nuisances: if one nuisance
estimator converges more slowly than n~'/4, then the other must converge correspondingly

—1/4 to compensate. Without additional assumptions on the data-generating

faster than n
distribution, rate double robustness cannot be improved upon [Balakrishnan et al., 2023, Jin
and Syrgkanis, 2024, 2025]. We therefore seek estimators that are DRAL under additional
assumptions, while retaining rate double robustness when these conditions fail.

To illustrate the improvement over rate double robustness, suppose that u, and a,

2v+d)

converge to po and ag at rates n=8/@8+d) and n—/( , where d is the dimension of

W and 8,7 > 0 are smoothness exponents for the nuisance functions. Such rates are
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attainable, for example, with local polynomial and random-forest-type methods when g
and «g are Holder smooth [Stone, 1982, Wainwright, 2019, Biau, 2012, Mourtada et al.,
2020]. Figure 2.2 visualizes the qualitative relationship between 8 and vy needed to achieve
asymptotic linearity under rate double robustness and DRAL. To satisfy the product-rate
condition underlying rate double robustness, one typically requires 8+~ > d [Robins et al.,
2008|; thus, if one nuisance is rough (8 A vy < d/2), the other must be very smooth to
compensate. By contrast, DRAL requires only 5V v > d/2, so asymptotic linearity can
hold even when one nuisance is very rough, provided the other is sufficiently smooth. An
analogous separation holds under sparsity: if ag and j9 have sparsities s, and s, in ambient
dimension p, then rate double robustness typically requires /5,5, logp = o(y/n), whereas
DRAL requires only (sq A s,,) logp = o(y/n) [Bradic et al., 2019a, Smucler et al., 2019, Liu
et al., 2023|. More generally, these examples show how the estimator-based DRAL condition
can be translated, through known nuisance convergence guarantees, into sufficient conditions
on nuisance model classes; in this rate-based sense, DRAL provides an infinite-dimensional
model double robustness property.

To illustrate the improvement over rate double robustness, suppose that u, and ay,
converge to uo and g at rates n=8/(26+d) and n=7/7+d) where d is the dimension of
W and 8,7 > 0 are smoothness exponents for the nuisance functions. Such rates are
attainable, for example, with local polynomial and random-forest-type methods when pg and
ag are Holder smooth [Stone, 1982, Wainwright, 2019, Biau, 2012, Mourtada et al., 2020].
Figure 2.2 visualizes the qualitative relationship between S and 7 needed for asymptotic
linearity under rate double robustness and DRAL. Under the usual product-rate condition,
one typically requires S+ > d [Robins et al., 2008]. Thus, if one nuisance is rough (BAy <
d/2), the other must be very smooth to compensate. By contrast, DRAL requires only
BV >d/2, soasymptotic linearity can hold whenever either nuisance lies in a sufficiently
smooth nonparametric class, even if the other nuisance is much rougher. This gives DRAL a
model-robust interpretation at the level of sufficient conditions: one needs one well-estimated
nuisance component, rather than a joint smoothness tradeoff between both components. An
analogous separation holds under sparsity: if ag and 9 have sparsities s, and s, in ambient

dimension p, then rate double robustness typically requires ,/545, logp = o(y/n), whereas



23

Y
Both rate DR
and DRAL

DRAL only &

X
1 N
=3 <
Neither
DRAL only
dJ2
]
g
Figure 2.2: Smoothness trade-offs for asymptotic linearity. Under Holder-type rates n~A/(28+4) and

n~ /279 rate double robustness typically requires 8 + v > d, whereas DRAL requires only 8V v > d/2.

DRAL requires only (sq A s,,) logp = o(y/n) [Bradic et al., 2019a, Smucler et al., 2019, Liu
et al., 2023].

To elucidate how doubly robust asymptotic linearity can arise, we study the one-step
debiased estimator 7,, under possible nuisance misspecification. Suppose that o, —, @y and
[n —p Ho in the sense that ||a,, — ap|| = 0p(1) and ||u, — fpl| = 0p(1), where at least one
limit is correct, i.e., either iy = po or @y = ag. Under sample splitting, or under suitable
estimator-complexity conditions, we obtain a von Mises-type expansion [Benkeser et al.,
2017]

T — 70 = (Pu — Po) Do + 0p(n™ %) 4 (o — atn, pin — pi0), (2.3)

where Dy := ¢0.m, + Duyao- Thus, up to the op(nfl/ 2) term, the only obstruction to
asymptotic linearity of 7,, is the cross-product remainder (g — au,, fin, — o). Most of the
existing literature controls this remainder via rate double robustness, imposing the product-
rate condition [y, — apl| |ttn — poll = op(n~'/?), which typically requires both nuisance
estimators to be consistent and to converge sufficiently fast [Robins et al., 2000, 1995, van der
Laan and Rose, 2011, Chernozhukov et al., 2018a|. If both limits are correct, so that 7y = po
and @y = ap, then Dy coincides with the efficient influence function Dy in Theorem 2.1,
yielding efficiency.

When the product-rate condition fails—because one nuisance estimator is inconsistent or
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converges too slowly—the cross-product remainder in (2.3) is no longer negligible and can
dominate n'/ (7, —10), precluding asymptotic linearity of the one-step estimator. Achieving
DRAL therefore requires additional control or debiasing of (cg — au,, 1, — po) so that it is
negligible, or admits an asymptotically linear representation, even without ||cw, — apl| || ptn —
piol| = 0p(n~1/2). In the remainder of this section, we analyze this term and show how
additional debiasing yields DRAL whenever either (i) or (ii) holds, under suitable conditions.

Readers primarily interested in the estimator may wish to proceed directly to Section 2.4.

2.8.2 General strategy: debiasing the cross-product remainder
A learner-agnostic bias expansion under calibration and partial orthogonality

We now describe a general strategy for debiasing the cross-product remainder (o — o, fin, —
o) by calibrating the nuisance estimators a,, and pu,. The goal is to construct these esti-
mators so that the cross-product remainder admits an asymptotically linear representation,
behaving like the empirical mean of a mean-zero, possibly degenerate, influence function.
This strategy builds on van der Laan [2014] and subsequent work [Benkeser et al., 2017, Diaz
and van der Laan, 2017, Diaz, 2019, Dukes et al., 2024], which construct DRAL estimators
of average treatment effects when one nuisance estimator may be inconsistent. We extend
this line of work in two directions: we consider a broad class of statistical parameters beyond
the average treatment effect, and we analyze regimes in which both nuisance estimators are
consistent but one may converge arbitrarily slowly. In these settings, we establish asymp-
totic linearity of the cross-product remainder and give refined conditions under which the

remaining higher-order terms are negligible.

We use the following notation throughout this subsection. Denote the nuisance errors by
Aa,n = Op — O, A,u,,n = Un — Ho-

For any map v : Ax W — R¥  let IT,, denote the L2(Py)-projection onto {howv : h : R¥ — R}.

When v and f are nonrandom,

(I f)(a, w) = Eo{f(A, W) [ v(A, W) = v(a, w)}.
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Define the projected Riesz and regression errors by
sn,0 = 1y, (aO - O‘n) = _HunAa,m Tn,0 := la, (.UO - Nn) = _HanAu,n-

Thus, s, is the component of the Riesz error ag — v, explained by p, (A, W), while 7, g is

the component of the regression error pg — uy, explained by oy, (A4, W).
Our debiasing strategy calibrates the nuisance estimators so that their errors are em-
pirically orthogonal along the projected directions s, o and 7, 0. Specifically, we construct

calibrated estimators u,, and «, satisfying

2ol W — (40 W0} =0 (24)
Ynrno) =+ 3 ruo(As Woda (A, W) = 0. (2.5)

=1
The first condition orthogonalizes the regression residuals against the projected Riesz error

sn,0. The second enforces the empirical Riesz representation )y, (75,,0) = (o, Tn0)p, along

the projected regression error ry . If ¢, (-) = (-, a},) p, for an empirical representer o}, then

the second condition is equivalently (7, 0, ) — an)p, = 0.

For the average treatment effect, Benkeser et al. [2017]| approximately satisfied analogous
conditions using parameter-specific TMLE-style procedures based on estimates of s, ¢ and
Tn,0; see Appendix 2.D.6. In the next section, we show that isotonic calibration provides a
simple way to enforce these conditions. For now, we treat p, and o, satisfying (2.4)—(2.5)

as given.

To build intuition, we first study the cross-product remainder under (2.4) and show
how this condition reduces sensitivity to estimation error in «, when pu, is consistent for
po. Following van der Laan [2014] and related work, we begin with the observation that
the cross-product remainder depends only on the component of the Riesz estimation error
an(A, W) — ap(A, W) lying in the linear span of p,(A, W) and po(A, W). Specifically, by
the law of iterated expectations, conditioning on (g, (A, W), uo(A, W)) under Py yields

<a0 = On, n — u’0> = <H(.U‘naﬂ(l)(a0 - a”)““’" - u’0>

The orthogonality condition (2.4) then applies a minimal correction to the identifiable com-

ponent 11, (ap — ay) of the projected error II ap — ap), that is, the part determined

H/nnu())(
by pn(A, W). Specifically, following Benkeser et al. [2017], Dukes et al. [2024], and Bonvini
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et al. [2024], we decompose the preceding display as

(@0 — an, ptn — po) = (T, (0 — an), i — p0) + (M 0) — Mpp) (@0 — ), ftn — po) (2:6)

= <Sn707 Hn — :U‘0> + <(H(Mn»#0) - H#n)Aammu‘O - H}LnuO)v

where the second term is negligible when pg provides little information about the residual
A, beyond what is already captured by pi,. The first term is the leading bias component
and can prevent asymptotic linearity of 7, when ag is estimated too slowly or inconsistently.

The key role of (2.4) is to convert this leading term into an empirical process fluctuation:
($n,0y tin — o) = —PoAn,o = (Pn — Po)An,o = (Pn — Po)Ao + (Pn — Po)(An,0 — Ao),
where,
An,o(2) =y, (@0 — an)(a, w){y — pn(a, w)},  Ao(2) = My (a0 — o) (a, w){y — pola, w)}.

The second equality uses P, A, = 0, as implied by (2.4). Provided that ||A, o — Aol =
op(1) and A, o satisfies an appropriate empirical process condition, the final term on the
right is 0,(n~/2). We verify this condition for isotonic calibration in our proofs; see also
Appendix 2.D.2.

The following theorem formalizes the above by deriving a bias expansion showing how
(2.4) and (2.5) debias the cross-product remainder. To control the higher-order terms in
(2.6) and related expansions, we impose the following high-level condition, with sufficient
conditions given later. Informally, we require that the estimation error of the slower or

inconsistent nuisance be asymptotically orthogonal after partialling out the other nuisance:

B1) Asymptotic partial orthogonality: At least one of the following holds:

Hun)Aa,na Ho — Hun#0> = OP(HNn - MOHQ)a
Ha )Au,nv Qg — Hana0> = OP(HQTL - aOHQ)'

) (MW a0)
11) <(H(Oén 7040)

The term in Bli is a covariance between the component of H(un,uo)Aa,n that remains after
partialling out functions of ji,, and the approximation error po—1II,, no. When this condition
holds, the higher-order term in (2.6) is O, (||tn — tol|?), and is therefore asymptotically negli-
gible when ||, — po|| = op(n~'/%), regardless of the quality of a,. Similarly, Condition Blii

ensures a related higher-order term is negligible with the roles of o and u reversed. We
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provide sufficient conditions in Section 2.3.2. As a concrete example, Condition B1i holds if

U, 00)Da,n admits the approximate partially linear representation

M p0)Dean = gn © pin + Bn © (fin, o) - (pin — o) + 0p(|[pen — pio|) (2.7)

in L?(PRy), for some g,: R — R and $,: R? — R satisfying ||Bu]lcc = Op(1). In partic-
ular, this condition holds if (IL(,, ,.0)Qa.n)(A, W) is sufficiently smooth in p,(A, W) and
/'LO(Aa W)

The following theorem involves two additional nuisance functions:

so(a, w) := Eo{ao(A, W) —ao(A, W) | po(A, W) = uo(a,w)},

To(a7 w) = EO{N’O(Av W) - ﬁO(Av W) ‘ Olo(A7 W) = Oéo(a7 w)} .
Equivalently, so = II,,, (g — @) and r¢ = Ha, (@0 — ). Define

Bio0(2) i= ¢, 0(2) + %0(rn0) = rnola, w)an(a,w),  Bo(2) := ¢ry(2) + ¢o(ro) —ro(a, w)ao(a, w).

The theorem does not require p, and «, to converge to fiy and @y, but we impose this

convergence in all subsequent results and discussion.

Theorem 2.3 (Expansion of cross-product remainder under orthogonality). Both of the

following are valid:
(i) Regression-based decomposition: If w, satisfies (2.4),
(@0 — an, pn — o) = PnAo + (P — Po)(An,o — Ao) + (M 0) = i) Basns o — Iy, o)
If B1i holds, then (T, 110y =T, Doy to—=T1, p10) = Op ([ptn — proll* A [T, 10 — ol lan — aoll)-
(ii) Riesz-representer-based decomposition: If ay, satisfies (2.5),
(@0 — an, i — p0) = PnBo + (Pn — Po)(Bn,o — Bo) + (((a,,a0) = Han ) A, a0 — Ha, a0) + Remy, (7n,0),

with Remy,, (rn,0) := ¥n(rno0) — Yo(rno0) — Pudr, - If Blii holds, then (I a0) —
Mo ) Apns Dan) = Op ([lan — aol* Allpn — poll|Ta, a0 — aol]).-

When the nuisance estimators satisfy the empirical orthogonality conditions in (2.4) and

(2.5), Theorem 2.3 decomposes the cross-product remainder into an asymptotically linear
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term, an empirical-process remainder, and a higher-order cross-product remainder. Un-
der the regression-based decomposition, these terms are P, Ao, (P, — Py)(Ano — Ap), and
(M0 0) = i )Aans po — Iy, p10). Recalling (2.3), if the remainder terms are op(n~1/2),
then the one-step debiased estimator 7,, constructed from the orthogonalized nuisance es-
timators y, and oy, is DRAL with influence function Dg + 1(fiy # 10) Ao + 1(aip # ap) Bo.
Moreover, if both nuisance estimators are consistent, so that @y = ¢ and 7y = po, then
Ag = 0 and By = 0. Hence, 7, is asymptotically linear with influence function Dy, provided

the cross-product remainder is purely second order.

The higher-order cross-product remainder can be bounded using the Cauchy—-Schwarz
inequality. This is the same approach typically used to bound the traditional cross-product
remainder, for which it yields |(ag — aun, pin — to)| < || — aol| ||t — pol| [van der Laan
and Rose, 2011, Chernozhukov et al., 2018b, Bonvini et al., 2024]. For the higher-order

cross-product remainder, Cauchy—Schwarz yields
|<(H(P‘n7#0) —11.,)Aa,n, po — HMnMUM < ”(H(#nﬂﬂo) - Hun)(an - OCO)H HNO - HMnMOH‘ (2'9)

This bound is tighter than the bound on [{(a — ap, iy — fo)| because it projects out the
components of the nuisance errors explained by u,. Under Bli, this dominance is even
clearer, since then (2.9) converges to 0 at least as quickly as the faster of ||u, — pol|* and
|l — aol|||TL,,, o — poll = Op(Jlon — aoll||tn — o]]). Analogous bounds hold for the Riesz-

based decomposition, in which «, is projected out from both errors.

Sufficient conditions for partial orthogonality

A sufficient condition for Bl is that the projected Riesz error 11, ,)Aa» admits the par-
tially linear expansion in (2.7). At a high level, Bli rules out near-perfect alignment be-
tween the projected-out regression error and the Riesz error. For example, if pg — IL,, po =
enlan/l|Aanll for some e, = o(1), then (I, uo) — Wy, )Aans o — I, o) is of order
| Al lto — IL,,, tol|, which need not be op( || — pol|?), especially when ||Aq. || does not
converge to zero in probability. Conditions excluding this type of behavior already appear
in related work; see, for example, Condition (v) in Appendix F of Benkeser et al. [2020],
Theorem 1 of Benkeser et al. [2017], Assumption 3 of Dukes et al. [2024], Lemma I.1 of
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Wang et al. [2023], and Section 3.1 of Bonvini et al. [2024]. We next adapt these ideas to

our setting and present sufficient conditions in increasing order of strength.

B1* Projection error coupling |[van der Laan, 2014]:

D N (a0 — ) Ao ll = Op([[1n — pol]) 5
ii) ||(Han,ao - Han)Au,nH = Op(Han — apl]) .

The above condition is also assumed in Benkeser et al. [2017, Theorem 1| and Dukes et al.
[2024, Assumption 3|; related conditions appear in Diaz and van der Laan [2017] and Diaz
[2019].

B1** Lipschitz continuity [Bonvini et al., 2024]: Denoting D,, := {Z1, ..., Z,}, it holds that,

for all n large enough:

i) (m,m) — Eo{Aan(AW)|pn(A, W) = m, puo(A, W) = m, Dy} is Py-almost surely

Lipschitz continuous with uniformly bounded constant;

ii) (@, a) = Eo{Apn(A,W)|an(A,W) = a,a0(A, W) = a,D,} is Py—almost surely Lips-

chitz continuous with uniformly bounded constant.

The above condition is also used in Bonvini et al. [2024, Section 3.1] and related bounded
derivative conditions were also imposed in Benkeser et al. [2020, Condition v in Appendix F]|,
van der Laan et al. [2023, Lemma 1], and Wang et al. [2023, Lemma I.1] to analyze regressions

involving estimated features.

Lemma 2.4 (Sufficient conditions for B1). Conditions B1i and Blii are implied by B1*i and

B1*4i, respectively. Moreover, B1*i and B1*ii are implied by B1™*i and BI1**ii, respectively.

Roughly, Condition B1*i requires that II,, ,)Aa,n be well approximated by I, Aq 5
whenever p, converges to po in norm. Heuristically, it asserts that, as ||u, — wol —
0, the information in {p, (A, W), uo(A, W), Z1,...,Z,} for predicting A, is asymptot-
ically equivalent to that in {u,(A,W),Z1,...,Z,}. While such equivalences need not

hold in general, a sufficient condition is Condition B1*™*, which ensures that 1L, ,)Aan
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and Il og)Apun are almost surely Lipschitz continuous as bivariate transformations of
(tn, o) and (g, ag), respectively. By symmetry between p,, and pg, Condition B1**i also
implies ||(I(,, uo) — o) Aanll = Op([lpn — pol]) and hence, by the triangle inequality,
|y — Hu, ) Aanll = Op(|lftn — poll). An analogous conclusion holds for Condition B1**ii.
Conditions B1-B1** can also be relaxed to Holder-type continuity [Bonvini et al., 2024];
in that case, a weaker form of the bias expansion in Theorem 2.3, governed by the Holder
exponent, can still be established.

More broadly, some form of structural assumption is unavoidable for meaningfully im-
proving upon standard doubly robust estimators, since first-order methods are optimal in
structure-agnostic settings [Balakrishnan et al., 2023, Jin and Syrgkanis, 2025|. Conditions
B1-B1** provide one such set of assumptions. For comparison, analyses of higher-order
influence function estimators [Robins et al., 2008]| typically impose Holder-type smoothness
assumptions on the potentially high-dimensional error functions A, , and A, ,, whereas
sparsity-based methods require approximate sparsity and linearity of the nuisance mod-
els [Liu et al., 2023]. Our guarantees instead rely on the asymptotic partial orthogonality
condition in B1, which is qualitatively different from the smoothness and approximability
assumptions used in these approaches. In particular, the sufficient Condition B1** requires
only smoothness of certain bivariate transformations of the true and estimated nuisances.
Informally, Condition B1**1 may be plausible when the joint level sets {(a,w) : pn(a,w) =
m, po(a, w) = m} vary smoothly with (m,m), and the conditional mean of A ,, over these
level sets depends continuously on (m, m). Finally, (2.9) shows that, even when these addi-
tional conditions do not hold, the orthogonality conditions typically still attenuate the bias

of the one-step debiased estimator.
2.4 Calibrated debiased machine learning

2.4.1 Enforcing orthogonality via calibration

We now establish a key insight of this paper: the empirical orthogonality equations (2.4)
and (2.5) can be enforced by calibrating the nuisance estimators yu,, and a,,. Combined with

Theorem 2.3 of the previous subsection, this reformulation shows that calibration enables



31

the construction of DRAL debiased machine learning estimators, provided the nuisance esti-
mators satisfy the partial orthogonality conditions in B1. In particular, calibration implicitly
performs the bias correction needed for the error decomposition in Theorem 2.3 to apply.
We now formalize this connection and introduce our calibrated debiased machine learning

framework.

Calibration is a widely used post-hoc technique in predictive modeling that transforms a
model’s fitted values to better align with the target they are intended to predict [Lichtenstein
et al., 1977, Zadrozny and Elkan, 2002, Niculescu-Mizil and Caruana, 2005b, Bella et al.,
2010, Guo et al., 2017, Gupta et al., 2020]. Motivated by this idea, we say that u, and «,

are (perfectly) empirically calibrated with respect to the least-squares and Riesz losses if

20— pan (A WY = min 3 (i = 0(m (A, W)Y (2.10)
;{an(Ai, Wi)}* = 2¢n(an) = min { ;{e(an(Ai, W)} — 20, (0 0 an)}, (2.11)

where the minima are taken over all one-dimensional functions # : R — R. Equivalently,
the empirical risk of each nuisance estimator cannot be reduced by post-composing it with
an arbitrary one-dimensional mapping [Whitehouse et al., 2024]. Beyond enabling doubly
robust inference, empirical calibration can improve estimator stability and predictive ac-
curacy. Calibration for the outcome regression ensures that pu,(a,w) equals the empirical
mean outcome among individuals with the same predicted value, whereas calibration for the
propensity score enforces covariate balance across strata of the estimated propensity score
[Deshpande and Kuleshov, 2023, van der Laan et al., 2024b].
Empirical calibration of the nuisance estimators implies the orthogonality conditions
(2.4) and (2.5). To ensure that this implication holds for a,,, we assume that the estimated
1

functional v, is linear, as holds automatically for 1, (1) := = > ; m(Z;, ) in Example 2.2.

T n
B2) (Linearity of the estimated functional) Py—almost surely, 1, : H — R satisfies ¢, (cu1+
w2) = cthp(p1) + ¥n(u2) for each py, po € H and ¢ € R.
Under B2, the first-order optimality conditions for (2.10) and (2.11) yield the equivalent

moment conditions: for each transformation 6 : R — R,

S (As, W) (i — pin (A W)} =0, (212)

i=1
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%Ze(an(Ai,Wi))om(Ai,Wi) — (60 an) = 0. (2.13)

That is, calibration requires the residuals of u, and «a, to be orthogonal to every one-
dimensional transformation of the corresponding fitted values. In particular, they are or-
thogonal to the specific transformations s, = II,, (0 — o) and 7,0 = Iy, (o — pin)
appearing in the orthogonality conditions. We summarize this implication in the following

lemma.

Lemma 2.5 (Empirical calibration debiases the cross-product remainder). If p, is empiri-
cally calibrated so that (2.10) holds, then p, satisfies (2.4). If, in addition, B2 holds and o,
satisfies (2.11), then oy, satisfies (2.5).

We refer to debiased machine learning with calibrated nuisance estimators as calibrated DML.

In practice, calibration is implemented by applying a post-hoc one-dimensional map
to an initial nuisance estimator, chosen to reduce the empirical loss over a flexible class
[Whitehouse et al., 2024]. A simple option is histogram (binning) calibration: partition the
fitted values and assign a constant calibrated prediction within each bin, chosen to minimize
the loss within that bin (e.g., an empirical mean) [Zadrozny and Elkan, 2001, Gupta and
Ramdas, 2021, van der Laan and Alaa, 2025]. A widely used alternative is isotonic calibration
|[Zadrozny and Elkan, 2002, Niculescu-Mizil and Caruana, 2005b], which fits a monotone
map and can be viewed as adaptive binning regularized by a monotonicity constraint [Van
Der Laan et al., 2023, van der Laan and Alaa, 2025]. It is tuning-free [Guntuboyina and
Sen, 2018] and, unlike histogram binning, can only improve or leave unchanged the empirical
risk, since the identity map is monotone. Moreover, the calibration properties in (2.10) and
(2.11) follow from a basic property of isotonic regression: it yields a piecewise-constant fit,
equivalently a histogram-binning estimator on a data-dependent partition of the input values

produced by the pooled adjacent violators algorithm [Barlow and Brunk, 1972].

2.4.2 Proposed estimator using isotonic calibration

We now introduce isocalibrated DML, a concrete instantiation of calibrated DML that en-

forces (2.10) and (2.11) exactly through isotonic calibration. The procedure is automatic: it
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requires no knowledge of the specific form of the linear functional vy, only black-box access

to an asymptotically linear estimator ), (1) of 1o(u) for any fixed p.
Our post-hoc procedure uses isotonic regression |Barlow and Brunk, 1972| to calibrate
an initial outcome regression pu, and Riesz representer estimator «,,. Specifically, we define

the isotonic-calibrated (‘isocalibrated’) nuisance estimators p and «, by

Ly = fn 0 tin, where f, € argmin Z{Y2 — f(pn(Ai,Wi))}Q,
f€Fiso 3=
! (2.14)

Q) := gn O Qn, Wwhere g, € argmin Z{g(an(Ai, WZ))}Q — 2t (g 0 an),
9€Fiso 1

where Fis, denotes the class of real-valued monotone nondecreasing functions on R. Our

proposed isocalibrated DML estimator is then
* * 1 - * *
Tp = wn(:u‘n) + Ezan(Ath){Y; _/Ln(AhWi)}v (215)
i=1

that is, the debiased machine learning estimator formed using the calibrated nuisance esti-
mators.

To obtain theoretical guarantees without empirical process conditions, we use cross-fitting
to construct the initial nuisance estimators [van der Laan et al., 2011, Chernozhukov et al.,
2018a). Algorithm 1 displays the cross-fitted version of (2.15); the only change is that cross-
fitted initial nuisance estimates are used for calibration and to compute 7,;. The calibration
step is still performed on the full sample so that the orthogonality conditions hold in sample.
This does not undermine the cross-fitting guarantees: monotone function classes have finite
uniform entropy integrals, which we use to control empirical process terms arising in our
analysis [Rabenseifner et al., 2025|. Cross-fitting can produce nuisance estimates that are
poorly empirically calibrated on holdout data, and full-sample calibration corrects this.

The isotonic regression solutions f,, and g, are uniquely defined only at the observed
values of u, and a,, and any such solution guarantees empirical calibration. Following
Groeneboom and Lopuhaa [1993], we take the unique cadlag piecewise-constant versions
with jumps only at these observed values. Computing g, in (2.14) may involve a nonstan-
dard loss, but it can be obtained as the empirical risk minimizer over monotone univariate
regression trees of unbounded depth. Thus, (2.14) can be solved using regression-tree soft-

ware that supports monotonicity constraints and custom losses, such as the R and Python
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Algorithm 1 Calibrated DML using isotonic calibration

Input: dataset D, = {0;:i=1,...,n}, number J of cross-fitting splits

1: partition D,, into datasets CV,Cc® ... c);

2: fors=1,...,J do

3: get initial estimators a,, s of ag and g, s of i from EB) = DH\C(S);

4 get initial estimators p +— 1y, s(1t) of p+— o (p) from D,,, where sample-splitting is performed
as needed to satisfy Condition C4;

5: end for

for s=1,...,J, set j(i) := s for each i € C(*);

7: compute calibrators f,, and g, using pooled out-of-fold estimates as

>

fn € argminz {Y;l — fttn, i) (Ais Wz))}2

f€Fiso 51
gn € areg;ninz {g(an i) (Ai, Wi))? = 20 505y (9 © an i) }5
9€Fiso 11

8 for s =1,...,J,set puy ;= fnopns and oy, = gn 0y s;
9: compute calibrated one-step debiased estimator

J n
* 1 * 1 * *
o= 5 2 Vs ung) + o (A Wi) {Ys = i o (A Wa) | - (2.16)
j=1 i=1

10: return 7,

implementations of xgboost [Chen and Guestrin, 2016]; see Lee and Schuler [2025] for fitting
trees with Riesz losses. Equivalently, g, can be computed by empirical risk minimization over
a basis of threshold indicators with a nonnegative coefficient constraint. The next example

shows that, for many causal parameters, this reduces to standard isotonic regression.

Example 2.1 (continued). Consider the G-computation identification 1 (ag) := Eo{po(ao, W)}
of the mean counterfactual outcome Y for ag € A. In this case, the Riesz representer
ap, given by (a,w) — 1(a = ag)/mo(ao | w), is determined by the propensity score .
Given estimators p, of g and 7, of 7y, an isocalibrated DML estimator of 79(ag) (without

cross-fitting) is

n

i an) = 13 (a0, W) + (A W) (Y = g (A3, W),

i=1
where, for each w € W, we set p1 (ag, W) = fn.a (ptn (a0, w)) and o (ag | w) := gnae (7, (a0 |
w)) with

a0 € afrgminz 1(Ai = a0) {Y; — f(n (a0, Wi))}*;
€Fiso ;—1

n

Gnaao € argmin " [{1(Ai = a0) glma " (As | W)} = 2g(m, (a0 | W)]

9E€Fiso i=1
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Here, we optionally stratify the outcome-regression calibration step in (2.14) by treatment,
ensuring empirical calibration within each treatment level and hence marginal empirical
calibration as well. A useful property of isotonic regression is that, for a broad class of convex
losses—namely, Bregman losses—the isotonic fit is universal: the solution is invariant to the
particular loss used within this class [Jordan et al., 2022a]. Accordingly, the second step can

be implemented via logistic balancing-weight regression [Sverdrup and Hastie, 2026].
A similar invariance holds for isotonic calibration of the propensity score, which implicitly
also calibrates the corresponding inverse weights, since x — 1/x is monotone on (0,00). In

particular, gy q, equals t — 1/gy, 4, (t), where

n,ag € argminz {1(Ai =ao) — g(ﬂ'n(ao | WZ))}2

9€Fiso _1

This equivalence is shown in van der Laan et al. [2024b]| using the first-order conditions
that characterize isotonic regression solutions gy 4, and g, q,. The calibrated propensities
{Gn.a0 (mn(A; | W3))}; may be zero for observations with A; # ag, and thus induce infinite
weights; however, this is not problematic, since the AIPW estimator only requires evaluating
the corresponding weights for observations with A; = ag. Python and R implementations of

this calibration procedure are provided in Appendix 2.H. O

Our estimator is related to the automatic debiased machine learning (autoDML) esti-
mators of Chernozhukov et al. [2018b, 2022a,c|, which use tailored loss functions to learn
cross-fitted estimators of the Riesz representer and the outcome regression. AutoDML is a
first-order debiasing method that uses the Riesz loss to estimate the Riesz representer nui-
sance, potentially improving finite-sample performance and nuisance-estimator quality. By
itself, however, autoDML does not remove the usual product-rate requirement for asymptotic
linearity. In contrast, our calibrated DML framework uses these loss functions in a second
stage to calibrate user-supplied cross-fitted nuisance estimators, yielding DRAL when one
nuisance is estimated at a fast enough rate, even if the other is inconsistent. Finally, cali-
brated DML can be incorporated into the autoDML pipeline by applying isotonic regression

to calibrate the cross-fitted nuisance estimates before forming the one-step estimator.
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2.4.3 Bootstrap-assisted confidence intervals

In previous works, doubly robust confidence intervals were obtained through a standard Wald
construction based on the asymptotic normality of the corrected estimator, using adjusted
estimators of the asymptotic variance [Benkeser et al., 2017, Dukes et al., 2024, Bonvini
et al., 2024]. Such confidence interval are valid if either nuisance estimator is consistent at
a sufficiently fast rate. A drawback of previous approaches is that they require consistently
estimating additional nuisance functions not required by the estimator itself. Here, we
propose a new method that avoids this requirement. It uses a variant of the bootstrap
to construct doubly robust confidence intervals associated with the estimator described in
Algorithm 1 [Efron and Tibshirani, 1994].

Besides avoiding estimating new nuisances, our proposed bootstrap-assisted inference
procedure is easy to describe and computationally efficient. Holding the initial cross-fitted
nuisance estimators fixed, our procedure recomputes the calibrated DML estimator on boot-
strap samples, only refitting the isotonic regressions and recomputing the empirical mean
used to evaluate the DML estimator. In this way, each bootstrap replicate can be solved in
near-linear time using standard software [Barlow and Brunk, 1972|. Consequently, comput-
ing our bootstrap procedure is typically much less expensive than fitting the original DML

estimator.

We focus our description of the automated algorithm on the case where the linear func-
tional g is of the form p +— Eo{m(Z,n)} for a known map m : Z x H — R. In such cases,
we consider the empirical plug-in estimator 1, of g, defined as pu — %Z?:1 m(Zi, n). A
similar algorithm can be devised for the general case by appropriately bootstrapping the es-
timation of the functional 1,,. As in the previous subsection, we first describe our approach
in the simpler case where the initial estimators are not cross-fitted. The general procedure
allowing for cross-fitting is provided in Algorithm 2. To this end, let «,, and pu, be initial
estimators of o and pg computed once using the original sample. Our approach involves
bootstrapping the meta isotonic fitting step of (2.14) used originally to obtain the calibrators
fn and g,. Specifically, we sample {ZZ# 24 =1,...,n} with replacement from the original

sample {Z; : i =1,...,n} and compute the bootstrapped calibrators

i e a;gginz (Y# — flua(AF WDV
iso =1
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g# e arég;ninz {g(ozn(Af, Wl#))2 — 2m(Zl#,g o an)} .
g iso ;—1

Next, we obtain the bootstrap-calibrated nuisance estimators a# = g# oy and u# =

f# 0y, and compute the bootstrapped estimator i of 70 from ,u# and off following the
same steps as in (2.15). This procedure is repeated K times to obtain K bootstrap estimators
TZ% Lreee ,Tff x of 70. The choice K = 10,000 has been recommended for use in practice [Efron
and Tibshirani, 1994].

To construct a bootstrap-assisted confidence interval, we first compute the bootstrap

average 7= % Zle Tf .- For given confidence level p € (0,1), we use the interval
CL(p) = (i = alp)o¥ . 72 + alp)rk )
where O'# is the empirical standard deviation of Tff Lre-e ,Tf i and, for each v € (0,1),

q(7) denotes the v/2—quantile of the standard normal distribution. Alternatively, we could
consider a percentile bootstrap interval (7} — ¢ (p), 7,' — ¢n(2 — p)), where for each v €
(0,1) gn(y) denotes the empirical y/2—quantile of the centered bootstrapped estimates
TZ% 1= F# e Tj K~ ?# ; this interval may be more robust to finite sample deviations from

normality. We refer to Algorithm 2 in Appendix 2.D.3 for the pseudo-code implementing

this approach with cross-fitting.
2.5 Theoretical properties

2.5.1 Notation for cross-fitting and fold-averaging

Let fo := {f; : j € [J]} be a collection of fold-specific functions with each f; € L*(P), as
obtained by cross-fitting. We extend the notation of Section 2.3.2 to fold-specific functions by
viewing fo : (2,7) — fj(2) as a single function on the extended domain Z x [J]. Specifically,
we define the fold-averaged operator and the associated L? norm by Py f, := J ! Z‘j]:l Py f;
and || foll5, == {Po(f2)}/2. Let vy := {v; : AX W — Rk‘};]:l be feature maps, and define
the fold-averaged projection operator II,, : H’ — H’ by

(g fo)j := 0" 0 vy, 0" € argn%in I fo—00 U<>H2ﬁov

where the minimization is over measurable 6 : R¥ — R such that |6 o Vol|5, < co. Thus,

II,, f, is the L?(Py) projection of f, onto functions of v, using a single map @ shared across
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folds.

2.5.2  Doubly robust asymptotic linearity and inference

Main result

We present our main theorem establishing doubly robust asymptotic linearity for the isocali-
brated DML estimator in Algorithm 1. Before stating the theorem, we introduce and discuss
the required conditions. Let uy o == {u;,; : j € [J]} and oy, , := {aj, ; : j € [J]} denote

the isocalibrated nuisance estimators, and define fold-specific errors A, j := @ - — ag and

*
n’j
Apng =y — Ho for j € [J]. We define fold-averaged analogues of the covariances in
Condition B1 from Section 2.2.2 by

p— * * T T T
’quO(p’"’o’ an,o) = <H(H:L,O’MU)AQ7n7O - ]:[“‘tl,OAOZ?nYO y o — HH;‘,,,Q/I‘0>F )

0

— * * =3 =
7(1,0(/’4/77.,0’ an,o) - <H(a;‘l_0,ag)AN,n,<> - Ha,’fLYOAu,n,O , Qg — Ha;ﬁao - .
, , o

We rely on the following conditions:

C1) At least one nuisance is well-estimated: For some (i, fiy) € H?, either of the following

holds:

i) [l — aollp, = 0p(n™*) and [l o — Frollp, = 0p(1);

ii) [l — pollp, = 0p(n™"/*) and [|o,  — @oll, = op(1).

C2) Partial orthogonality and consistency: For each j € [J], assume that the following

holds jointly with whichever part of C1 is assumed:

i) Under CL, Fy,0(Hn,0, 0 o) = Op(llag o — aollp ) and [|(Hay, , — Mag) Apnollp, =
op(1).

1) Under CLi, %,00(125 01 %) = Op(llite — ol ) and (M, — ) Aol =
op(1).

Condition C1 is a DRAL-type rate condition. Under Cli we have &y = ag, whereas under
Clii we have iy = pp. The first part of C2 ensures that a cross-averaged version of the

expansion in Theorem 2.3 applies to the cross-fitted calibrated nuisance estimators; sufficient
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conditions akin to Lemma 2.4 are given in Appendix A.3.3. The second part is used to

- and s* . are consistent for rg and

control empirical process remainders by ensuring that r}, ; gy
I 9,

so whenever p;, ; and aj, ; are, respectively. When both parts of C1 hold, C2 is unnecessary,
since the usual product-rate condition applies.

Our results further rely on the following regularity conditions, versions of which are
commonly assumed in the debiased machine learning literature [Van Der Laan et al., 2023,

Rabenseifner et al., 2025]. We set r}, ; := (Iag (1o — pir, o)) and sy, := (Hz (0 — g, ,));
for j = 1,...,J, which respectively approximate ro := Iy, (1o — fip) and sg := I, (g — o),
defined analogously to (2.8). Let P, ; denote the empirical measure corresponding to the

j-th fold CU) in the cross-fitting procedure.

C3) Linearity of estimated functional: For each j € [J], the map ¢, ; : H — R is linear
Po-almost surely; that is, 1y, j(cp1 + p2) = ctn j (1) + ¥n, j(12) for all py, po € H and

c €R.

C4) Asymptotic linearity of the functional estimator: — For each j € [J], ¥n;(uy ;) —
o ;) = P jdog, = 0p(n~/?) and, under C1i, also ¢y j (5 ;) = o (rh ;) = Pnjdo.r, =

op(nfl/Q).

C5) Boundedness of nuisance functions: for some M € (0,00), Y and the functions [ s
oy, i Mo, o, B and @ are uniformly bounded by M with Py—probability tending to

one foreach j =1,...,J;

C6) Calibration functions have finite total variation: There exists M < oo such that,
for all n € N, there are measurable representatives 0, , : R — R and 0,,, : R =+ R

satisfying 0y, 0 pin,o = I, ,Aane and Oy 4 0 o = I Ayn,o almost surely, with

An, o

total variation norms bounded above by M almost surely.

Condition C3 requires the estimated functional to be linear; in most applications, this lin-
earity is inherited from 1y and is therefore satisfied by standard plug-in estimators. Con-

dition C4 is automatic when vy is known and 1, ; = 1o. It also holds, under standard
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conditions, for expectation-representable functionals vo(f) = Pym(:, f) satisfying (2.2),
with known m, when estimated by the empirical plug-in map ¢y ;(f) = P, jm(-, f); see
Lemma A.13 of Appendix A.3.5. The condition is included mainly to allow more general
nuisance-dependent linear functionals, for which g may itself depend on unknown compo-
nents of Py. For example, for a distribution-shift functional 1o(u) = E Pghift{m(Z , )}, with
Pshift £ Py the condition holds for ¢, (f) = PMfm(-, f) under similar conditions [Cher-
nozhukov et al.; 2023]. When verifying Condition C4 requires additional rate conditions
on [in, Gy, or other nuisance estimators, the DRAL guarantee applies conditional on those
prerequisites.

Conditions C5 and C6 are used to control empirical-process remainders. Condition C5
imposes standard boundedness assumptions and could potentially be relaxed to suitable tail
conditions (e.g., sub-Gaussianity). Condition C6 rules out settings in which the optimal
L2 (Pg) predictors of the estimation errors Aq o and A, ;, o, given only the initial nuisance
estimators p, . and oy, are pathological—in the sense that they have infinite variation
norm when viewed as univariate functions of the nuisance estimators [Van Der Laan et al.,

2023|. More detailed discussion of these conditions is provided in Appendix 2.B.
We now state our main theorem, which establishes doubly robust asymptotic linearity of
the cross-fitted isocalibrated DML estimator. The limiting distribution is governed by the

influence function

X0 := ¢0,z, + Duyao + Ao + {Bo + o (g — ,uo)},

where Ag(z) = so(a, w){y — po(a, w)} and Bo(z) = ¢or,(2) + Yo(ro) — ro(a, w)ag(w, a).
When ¢o(p) = Eo{m(Z, )}, as in (2.2), By simplifies to m(-,79) — roag. The first two
terms have the same form as the efficient influence function Dy in Theorem 2.1, with nui-
sance components replaced by their probability limits. The remaining terms are additional
influence-function components induced by nuisance misspecification. Under C1, at most

one of these components is nonzero: if @y = g, then Ay = 0, whereas if i = po, then

Bo + tho(tto — po) = 0.

Theorem 2.4 (Main result: DRAL of 7). Suppose Conditions A1-A3, C3-C6, and that

at least one nuisance is estimated well (C1) with partially orthogonal errors (C2). Then:
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i) The isocalibrated DML estimator 1,5 of 1o is asymptotically linear with influence func-

tion xo.

ii) If, in addition, (@, Tiy) = (o, po), then xo = Do, so 7, is regular and nonparametric

efficient.

Consequently, 7 — 190 = Puxo + op(n*1/2) and n'/2(1} — 10) converges in distribution to a

mean-zero normal random variable with variance o3 = varo{xo(Z)}.

Given a consistent estimator of 08, inference may be conducted using the bootstrap,
as described in Section 2.5.3, or via Wald-type confidence intervals and tests based on
the influence function yg. For Wald-type inference, the unknown quantities r¢ and sg in
X0 can be estimated via empirical risk minimization, as discussed in Appendix 2.D.5. If
both nuisance estimators are consistent, then ry and sy are identically zero, and standard
confidence intervals based on the calibrated nuisances are valid without additional correction.
For parameters that can be expressed as smooth transformations of linear summaries—such
as relative differences between counterfactual means—DRAL estimators can be obtained by
first constructing DRAL estimators of each summary and then applying the corresponding
plug-in map. Inference may then be based on either the delta method or the bootstrap.
For instance, in Example 2.1, DRAL estimators of the ATE 79(1) — 70(0) and relative ATE
70(1)/70(0) are 7,5 (1) — 7,5(0) and 7,5 (1)/7,5(0), respectively.

When both nuisance estimators are consistent, Theorem 2.4 shows that the isocalibrated
DML estimator is regular, asymptotically linear, and efficient for 7y under weaker conditions
than standard doubly robust estimators and related DRAL estimators. In particular, it
avoids product-rate conditions and allows one nuisance function to be estimated arbitrarily
slowly. By contrast, the TMLE-based DRAL estimators of the ATE proposed in van der
Laan [2014] and related work [Benkeser et al., 2017, Dukes et al., 2024] typically require
the nuisance estimators to converge sufficiently quickly to their (possibly incorrect) limits,
imposing ||uy o — Follp, Il —aoll5, = op(n~'/2). When both nuisance estimators are con-
sistent, this offers no improvement over rate double robustness. We view this requirement as

an artifact of existing theoretical analyses rather than an inherent limitation of TMLE-based
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estimators, and our analysis can be adapted to relax it. For the expected conditional co-
variance parameter, Bonvini et al. [2024] recently showed that the estimation rate achieved
by the isocalibrated DML estimator is minimax optimal under a hybrid model that com-
bines smoothness and structure-agnostic assumptions on the nuisance functions, similar to
the conditions of Lemma 2.4. Consequently, the rate conditions for asymptotic normality
imposed by C1 cannot be meaningfully improved without additional assumptions.

The convergence-rate conditions in C1 are stated in terms of the isotonic-calibrated nui-
sance estimators, which raises the question of whether the calibration step can degrade the
rates achieved by the first-stage learners. Appendix 2.D.4 addresses this by showing that
isotonic calibration preserves the L? convergence rates of the first-stage nuisance estima-
tors, up to an additional O,(n~'/3) term. Since n~%/3 = o(n~1/%), this calibration error
is negligible relative to the op(nfl/ 4) rate required in C1, and thus calibration imposes no
additional rate restrictions. Moreover, in the high-dimensional and nonparametric regimes
that motivate our work, the one-dimensional n~1/3 calibration term is typically dominated
by first-stage estimation error. This term reflects estimation of a monotone function in one
dimension and therefore depends favorably on problem constants, independent of covariate
dimension [Chatterjee et al., 2013|. By contrast, rates faster than n~Y/3 for high-dimensional
first-stage learning typically require strong smoothness or extreme sparsity assumptions,
and can involve constants that scale poorly with dimension and other structural parame-
ters.Lemma 2.12 in Appendix 2.D.4 further shows that the calibrated nuisance estimators
achieve the same mean-squared-error rate as the best monotone transformation of the origi-
nal nuisance estimators, where “best” is defined as the minimizer of the relevant population
risk: least-squares risk for the outcome regression and Riesz risk for the Riesz represen-
ter. Thus, isotonic calibration relaxes the consistency requirement by allowing the initial
nuisance estimators to be misspecified up to an unknown monotone transformation.

When 79 = Eo{po(1, W)} is a counterfactual mean, the DRAL properties in Lemma 2.5
have a simple interpretation: confounding bias can be removed by adjusting either for
the outcome regression pg(A, W) or for the inverse-propensity weight ag(A, W) = 1{A =
1}/Py(A = 1| W). The latter amounts to adjusting for the propensity score Py(A =1 | W),

a classical balancing score [Rosenbaum and Rubin, 1983, Imai and Ratkovic, 2014], whereas
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po(A, W) is a deconfounding score |[Benkeser et al., 2020, D’Amour and Franks, 2021]. More
formally, recalling the notation of Section 2.4.1, the calibration property in (2.12) debiases
the plug-in estimator v, () under models in which pu,, (A, W) provides a dimension reduc-
tion of (A, W) [Benkeser et al., 2020|. Similarly, the calibration property in (2.13) reduces to
covariate balance conditional on the estimated propensity score [van der Laan et al., 2024b],
and thus debiases the weighted-outcome estimator %2?21 an(A4;, W;)Y; under models in
which a,, (A, W) provides a dimension reduction [Rosenbaum and Rubin, 1983|. Intuitively,
the calibrated DML estimator combines these two debiasing mechanisms, yielding bias cor-
rection whenever at least one nuisance estimator is consistent.

The calibrated IPW and plug-in estimators are special cases of our general framework,
obtained by setting u,, ; or a, ; to zero, respectively. By Theorem 2.4, each is asymptotically

linear. However, these singly robust estimators will not generally be regular and efficient

even under correct specification, and so we do not recommend using them in practice.

Irreqularity under nuisance misspecification

Under the stated conditions, Theorem 2.4 shows that calibrated DML is regular whenever
both nuisance estimators are consistent and at least one converges faster than n~/4. When
flexible learners are used, this consistency requirement is mild. Indeed, many machine
learning methods—including neural networks, random forests, and gradient boosting—are
universal approximators and can consistently estimate smooth nuisance functions under
suitable conditions [Hornik et al., 1989, Anthony and Bartlett, 2009, Zhang and Yu, 2005,
Biau et al., 2008]. Calibrated DML and related DRAL estimators [Benkeser et al., 2017,
Dukes et al., 2024, Bonvini et al., 2024| may be irregular under nuisance misspecification,
that is, when one nuisance estimator is inconsistent. Regularity is desirable because it
enables uniformly valid asymptotic inference; without it, there may exist distributions for
which the asymptotic approximation requires arbitrarily large sample sizes to be accurate
|[Leeb and Potscher, 2005]. Nevertheless, when one nuisance function is inconsistent, the
estimator remains asymptotically normal and continues to support pointwise valid inference,

with the resulting irregularity quantified in Appendix 2.E. There, we show that under any
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fixed local perturbation I,/ s of Py, the rescaled estimation error /n{7; — V(Fy,/ )} is
asymptotically normal with a nonzero mean of order ¢(|[zig— po|| V ||@io — aol|). Consequently,
confidence intervals for calibrated DML estimators may still attain close-to-nominal coverage
provided that either the magnitude of perturbation (|¢[) or misspecification (|[zg — pol| V

@0 — c|) is sufficiently small.

2.5.83  Doubly robust validity of bootstrap-assisted confidence intervals

We now show the bootstrap-assisted confidence intervals from Algorithm 2 provide doubly
robust asymptotically valid inference for 7p. Like the Wald interval based on Theorem
2.4, constructing our bootstrap-assisted intervals does not require having prior knowledge
of which nuisance estimator is consistent, or whether both are. However, unlike the Wald
approach, it does not require estimating the unknown quantities rg and sg appearing in the
influence function of 7;;. Hence, this bootstrap procedure is fully automated, only requiring
computing the isocalibrated DML estimator within each bootstrap sample.

We recall that Algorithm 2 assumes vy has the form p — Eg{m(Z, 1)} and % Z}]:1 Un
is taken to be the empirical plug-in estimator p — % Yoy m(Z;, p1). Below, we define Pf ;as
the empirical distribution of an arbitrary bootstrap sample C#() drawn from the empirical
distribution P, ; of C9). Moreover, we denote the bootstrapped calibrated nuisance estima-

tors corresponding to Pf ; as ,u#- and o ., which are obtained as in Algorithm 2. Finally,

n,J n,5°
we define 7 as the corresponding bootstrapped isocalibrated DML estimator obtained from
,uﬁl, e ,,ufij and aﬁl, e ,aﬁj. Denoting by Ain,j = af’j — ap and Aﬁn,j = ,uf’j — Lo
for 5 = 1,...,J the nuisance estimation errors, the following conditions are used in the

upcoming theorem:

#

. are uni-
nh]

D1) Boundedness of bootstrap nuisance estimators: The functions uf j and «

formly bounded by M with Py—probability tending to one for each j =1,...,J;

D2) Partial orthogonality and projection error bounds: For each j € [J], assume that the

following holds jointly with whichever part of C1 is assumed:
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i) Under CLi, T o(iffor affe) = Op(lafe = aoll3, ) and (T 4 —Tay) A nellp, =
op(1).

if) Under CLil, 7, o(4for affo) = Op(llufe — pol%,) and [[(I,p — i) A% nollp, =
op(1).

D3) Pointwise Lipschitz continuity of the functional: A is finite, and there exists a
constant L € (0,00) such that, for all p € H, ||m(-,p)|| < L||p|| and |m(Z, p)| <

L maxgea |p(a, W)| Po-almost surely.

Condition D3 is used to formally verify C4 and an analogous condition for the bootstrapped

estimators.

Theorem 2.5 (Double robustness of confidence intervals). Under the conditions of Theorem
2.4 and D1-D3, the conditional law of n%(T# — 1) given {P,j :j=1,...,J} converges
marginally in Py—probability to the law of a mean-zero normal random variable with variance

Jg = wvaro{xo(Z)}.

Under regularity conditions, as the number of bootstrap samples K — oo, the scaled
version n%J# of the bootstrap standard error of Algorithm 2 is a consistent estimator of
the limiting standard deviation oq of n%(T; — 1p). Hence, by Theorem 2.5, the bootstrap-
assisted confidence interval CI,,(p) from Algorithm 2 has doubly robust asymptotically exact
coverage, in the sense that Po{ry € Cl,,(p)} — 1—p as n — oo, provided K — oo sufficiently

quickly.
2.6 Numerical experiments

2.6.1 Ezxperiment 1: performance under inconsistent nuisance estimation

We evaluate the numerical performance of the calibrated DML estimator through simulation,
focusing on inference for the ATE 79 = Eo{uo(1, W) — po(0,W)}. The estimator is defined
as 7, = 75(1) — 75(0), where 7,5 (a) is the calibrated DML estimator of the counterfactual

mean Fo{po(a, W)}, constructed as in Example 2.1 using Algorithm 1. We compare its
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performance to the standard cross-fitted AIPW estimator from Section 2.2.1 and the DR-
TMLE estimator from Benkeser et al. [2017], described in Appendix 2.D.6 and implemented
in the drtmle R package [Benkeser and Hejazi, 2023]. To quantify uncertainty, we use
bootstrap confidence intervals (Algorithm 2) for calibrated DML and Wald-type intervals
based on influence function variance estimates for AIPW and DR-TMLE.

We consider the same data-generating process used in the experiments of Benkeser et al.
[2017]. Covariates W; ~ Uniform(—2,2) and W5 ~ Bernoulli(0.5) are drawn independently.
The treatment and outcome are binary, with propensity mo(1 | (w1, ws2)) = expit(—w; +
2wjwg) and outcome regression pg(a,wr,ws) = expit(0.2a — wy + 2wijws). To evaluate
the doubly robust inference property, we examine three scenarios of inconsistent nuisance

estimation for each estimator:

(a) when both the outcome regression and treatment mechanism are estimated consis-

tently;
(b) when only the treatment mechanism is estimated consistently;

(c) when only the outcome regression is estimated consistently.

In settings (b) and (c), to induce inconsistency in the estimation of the outcome regression
and treatment mechanisms, we estimate the propensity score my and outcome regressions
1o using misspecified main-term logistic regression models. In all settings, any consistently
estimated nuisance function is obtained using a 5-fold cross-fitted Nadaraya—Watson kernel
smoother with bandwidth selected via cross-validation and stratified by both A and Ws
[Hofmeyr, 2020]. For DR-TMLE, we apply the same kernel method to estimate the nuisance
functions rg and sg. Further details and code for reproducing these analyses are available in
the GitHub repository linked in Appendix 2.H.

For each scenario and sample sizes ranging from 250 to 10,000, we generated and analyzed
5,000 datasets. Empirical estimates of bias, standard error, and 95% confidence interval
coverage are presented in Figure 2.3. Results for the setting in which both nuisance functions
are consistently estimated appear in Appendix 2.I1.1. In scenarios with inconsistent nuisance

estimation, both calibrated DML and DR-TMLE exhibited DRAL behavior, showing lower
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(b) Only propensity score is estimated consistently.

Figure 2.3: Empirical bias, standard error, and 95% confidence interval coverage for calibrated DML (IC-
DML), DR-TMLE and AIPW estimators under singly consistent estimation of the outcome regression and
treatment mechanism.

bias and better coverage than AIPW. Relative to DR-TMLE, calibrated DML exhibited less
bias, achieved better coverage, and had smaller or comparable variance. In settings where
both nuisance functions were consistently estimated, all estimators performed similarly, as

expected.

2.6.2 Experiment 2: benchmarking on semi-synthetic datasets

In this experiment, we evaluate the performance of our method on a collection of semi-
synthetic datasets commonly used to benchmark causal inference methods. These datasets

feature moderately high-dimensional covariates, limited overlap, confounding, and treatment
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Table 2.2: Sample size of total study (ntotar), expected size of treatment arm (N¢reated), and covariate
dimension (d) for the semi-synthetic datasets of second experiment. For the ACIC-2017 synthetic dataset,
we employed simulation setting 24, characterized by additive errors, a large signal, large noise, and strong
confounding.

l Dataset Ntotal | Mireated [ d [ source [
ACIC-2017 4302 2233 58 Hahn et al. [2019]
ACIC-2018 varied | varied | varied | Shimoni et al. [2018]

THDP 672 123 25 Shalit et al. [2017]
Lalonde CPS | 16177 167 9 Neal et al. [2020]
Lalonde PSID | 2675 175 9 Neal et al. [2020]

Twins 11984 8935 76 Neal et al. [2020]

imbalance (Table 2.2). We include the Twins, Lalonde PSID, and Lalonde CPS datasets from
the realCause generative modeling framework [Neal et al., 2020], which are derived from orig-
inal data sources |[Louizos et al., 2017, LaLonde, 1986]. We also use several datasets from the
2017 Atlantic Causal Inference Challenge (ACIC-2017, settings 17-24) [Hahn et al., 2019,
which are based on covariates from the Infant Health and Development Program (IHDP)
[Brooks-Gunn et al., 1992, and 680 datasets from the scaling component of ACIC-2018
[Shimoni et al., 2018], with sample sizes of 1,000, 2,500, 5,000, and 10,000. The final dataset
(IHDP) is a semi-synthetic version of the IHDP data introduced in Hill [2011] (Setting B)
and further analyzed in Shalit et al. [2017]|. In these benchmarks, the covariates are fixed
and derived from real data, and the inferential target is the sample average treatment effect,
defined as 7,0 == % Sor (Y1, —Yp,), the empirical mean of the individual treatment effects
in the observed sample.

We compare the calibrated DML estimator to the AIPW estimator, with both defined as
in the previous section. DR-TMLE was excluded from this experiment due to the computa-
tional expense of the iterative debiasing step, as discussed in the Introduction. Cross-fitted
nuisance functions (propensity score and outcome regression) are estimated using gradient-
boosted regression trees via xgboost [Chen et al., 2015|, with the maximum tree depth
selected by 10-fold cross-validation. Under smoothness conditions, these nuisance estima-
tors will be consistent, though the rate of convergence may be slow in moderate dimensions
[Zhang and Yu, 2005|. For the AIPW estimator, we truncate the cross-fitted propensity

score estimates to lie in [c,, 1 — ¢,], where ¢, := min{0.05,25/(n'/?1logn)}, following Cru-
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Table 2.3: Evaluation of Absolute Bias, Root Mean Square Error (RMSE), and 95% Confidence Interval
coverage on semi-synthetic benchmark datasets. Both outcome regression and propensity scores are estimated
using an ensemble of gradient-boosted trees. For comparability across rows, the absolute bias and RMSE
is scaled by a constant equal to the average effect size across dataset realizations for that benchmark. For
clarity, we report only sample size 10000 results for ACIC-2018 and the settings with strong confounding for
ACIC-2017. The full results can be found in Appendix 2.1.2.

Dataset Coverage RMSE Absolute Bias
AIPW [ C-DML AIPW [ C-DML AIPW [ C-DML
ACIC-2017 (18) 0.27 0.64 0.70 0.58 0.21 0.28
ACIC-2017 (20) 0.32 0.90 2.00 1.40 1.60 0.20
ACIC-2017 (22) 0.56 0.81 0.11 0.10 0.004 0.035
ACIC-2017 (24) 0.32 0.90 0.34 0.25 0.30 0.04
ACIC-2018 (10000) 0.55 0.68 690 680 17 13
IHDP 0.57 0.57 0.46 0.46 0.13 0.13
Lalonde CPS 0.16 0.75 0.22 0.34 0.14 0.084
Lalonde PSID 0.46 0.84 0.19 0.44 0.04 0.04
Twins 0.51 0.54 0.24 0.23 0.22 0.21

ber et al. [2022]. We do not apply additional truncation for calibrated DML, since isotonic
calibration induces automatic truncation [van der Laan et al., 2024b].

For each collection of k dataset realizations, Table 2.3 reports empirical absolute bias,
root mean square error (RMSE), and nominal 95% confidence interval coverage. The cali-
brated DML estimator consistently achieved superior coverage performance. For instance, in
the ACIC-2017 settings, it improved AIPW’s coverage rates from 27% to 64%, 32% to 90%,
56% to 81%, and 32% to 90%. In terms of point estimation, calibrated DML also generally
exhibited lower or comparable absolute bias across datasets. Notably, in the ACIC-2017 set-
tings 20 and 24, the calibrated DML estimator outperformed the AIPW estimator, achieving
bias reductions by factors of approximately 8. In ACIC-2017 settings 24 and 20, the cal-
ibrated DML estimator achieved lower RMSEs than AIPW (0.25 vs. 0.35 and 1.4 vs. 2.0,
respectively). While AIPW performs better in terms of RMSE in the Lalonde CPS and
Lalonde PSID datasets, this came at the cost of substantially poorer coverage.

Overall, the calibrated DML estimator outperformed the AIPW estimator in terms of
confidence interval coverage, RMSE, and absolute bias across a range of semi-synthetic

datasets.
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2.7 Conclusion

In this work, we introduced a unified machine learning framework for doubly robust infer-
ence on linear functionals of the outcome regression. These functionals belong to a subset
of parameters characterized by the mixed bias property [Rotnitzky et al., 2021]. For the
case of linear functionals, our framework provides an affirmative answer to the open ques-
tion raised by Smucler et al. [2019], regarding the feasibility of achieving learner-agnostic
doubly robust inference for mixed-bias parameters using black-box nuisance function esti-
mators. Another significant contribution of this work lies in establishing a close relationship
between calibration and the doubly robust inference properties of debiased machine learn-
ing estimators. Importantly, our proof techniques rely solely on the nuisance estimators
satisfying the calibration score equations stated in Section 2.5.2. While we applied our cali-
brated DML framework with isotonic calibration, these score equations can also be satisfied
when nuisance functions are calibrated using other histogram-type estimators, such as hon-
est regression trees [Wager and Athey, 2018], the highly adaptive lasso [van der Laan, 2017,
Benkeser and Van Der Laan, 2016, Fang et al., 2021], and Venn-Abers calibration [Vovk and
Petej, 2012, van der Laan and Alaa, 2024, 2025|. In general, both our theoretical and empir-
ical results support the use of calibrated nuisance estimators in causal inference to mitigate
bias arising from inconsistent nuisance estimation and to ensure calibrated inferences.
There remain several open questions along this line of research. First, while we outline an
extension of our framework to general parameters characterized by the mixed bias property
[Rotnitzky et al., 2021] in Appendix 2.F.1, we leave the full development of this approach to
future work. Using this extension, we propose calibrated DML estimators for the expected
conditional covariance parameter, which arises in partially linear regression models, analo-
gous to those proposed by Dukes et al. [2024] and Bonvini et al. [2024]. Second, it may be of
interest to develop an isotonic calibrated targeted minimum loss estimator that inherits both
the plug-in property and doubly robust asymptotic linearity, as considered in van der Laan
[2014] and Benkeser et al. [2017]. Such an estimator could outperform non-plug-in alterna-
tives such as one-step debiased estimators |Porter et al., 2011]. The main challenge is that

isotonic calibration and TMLE targeting enforce different (and not generally compatible)
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score equations, so applying one step can undo the constraints imposed by the other. A po-
tential approach for this could be to iteratively apply the isotonic calibration and targeting
steps until the relevant score equations for both DRAL and the plug-in property are solved.
Alternatively, the score-preserving TMLE of Pimentel et al. [2025] could be applied to the
calibrated nuisance estimates to ensure that the targeting step preserves the empirical cali-
bration scores. Extending our framework to accommodate multiple and sequentially robust
estimators in longitudinal data structures presents further exciting research opportunities
[Rotnitzky et al., 2017, Luedtke et al., 2017].

As discussed in the Introduction, the approach of Liu et al. [2023] to constructing DRAL
estimators in high-dimensional generalized linear models can be viewed as a sparsity-based
analogue of our calibration-based post-hoc correction approach. Unlike ours, their method
relies on first-stage ¢1-regularized estimators, a high-dimensional second-stage adjustment,
and sparsity-based conditions, whereas our work is learner-agnostic, uses a one-dimensional
adjustment, and is not tied to fi-regularization or sparsity assumptions. An interesting
open question is whether the first-stage estimators in Liu et al. [2023] can be replaced by
user-supplied machine learners rather than being restricted to ¢1-regularized estimators in
a high-dimensional linear model. In Appendix 2.F.2, we extend our calibration framework
and Theorem 2.3 to more general orthogonality conditions and projection operators, as
occur in regularized empirical risk minimization and sieve estimation. This extension sug-
gests one possible route toward generalizing Liu et al. [2023] to flexible first-stage learners,
with assumptions stated as sparsity conditions on first-stage nuisance errors rather than
on the nuisance functions themselves. More broadly, it suggests that both calibration and
multi-accuracy, viewed as post-hoc predictive-modeling techniques, may be used to construct
DRAL estimators. These connections point toward a more unified view of sparsity-based
doubly robust methods, including Liu et al., 2023, our calibration-based approach, and
TMLE-style methods, including Benkeser et al., 2017.

Acknowledgements. Research reported in this publication was supported by NIH grants
DP2-LM013340 and RO1-HL137808, and NSF grant DMS-2210216. The content is solely

the responsibility of the authors and does not necessarily represent the official views of the



funding agencies.

52



93

Chapter Appendix

2.A Additional discussion of sparsity-based doubly robust inference

This section expands the comparison in Section 2.1.3 between our calibration-based approach
and sparsity-based doubly robust asymptotic linearity methods, especially Liu et al. [2023)].

When nuisances are estimated via #1-regularized empirical risk minimization over linear
classes, the Karush-Kuhn—-Tucker (KKT) conditions imply approximate empirical orthog-
onality over suitable linear subspaces (see, e.g., Tan, 2020, Eq. 15; Bradic et al., 2019b,
Sec. 2.1; Smucler et al., 2019, Sec. 4.1). Under additional approximation conditions—
typically requiring at least one nuisance error to be sufficiently sparse—this yields doubly
robust asymptotic linearity for ¢;-regularized autoDML estimators. Liu et al. [2023| show
that this type of ¢1-regularized, high-dimensional correction can be applied post hoc to ini-
tial ¢1-regularized learners. For the outcome regression, their post-hoc correction can be
viewed as enforcing a high-dimensional orthogonality objective—often called multi-accuracy
[Kim et al., 2019, Deng et al., 2023, Roth, 2022]—by targeting the moment conditions
Eo[(Y — pn (A, W) f(A,W)] = 0 for all f in a rich class (in their case, the span of the ¢;
design/basis functions).

In contrast, Section 2.3.2 shows that, for our purpose, it suffices to target a single mo-
ment condition, namely Eg [(Y — pn (A, W)) spo(A, W)] = 0, as in (2.4). Our approach,
calibrated DML (Section 2.4.1), instead targets the one-dimensional calibration constraint
pn (A W) = Eo[Y | un(A,W)], or, equivalently, the one-dimensional orthogonality condi-
tions Eo [(Y — pn(A, W)) 0(pn(A,W))] =0 for all 6 : R — R.

2.B Additional discussion of conditions

2.B.1 Discussion of Condition A2

Hellinger continuity of the map P — ¢p at Py in Condition A2 is a mild regularity require-
ment. The following lemma shows that this condition holds for expectation-representable

linear functionals in Example 2.2.

Lemma 2.6 (Hellinger continuity of expectations). Let P and P’ be probability measures

on (Z,A) that are dominated by a common o-finite measure v, with densities p and p’. For
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any measurable f : Z — R such that Ep[f(Z)?] < oo and Ep/[f(Z)? < oo, we have

|Eplf(2)] - Ep(f(2))| < 28(P.P) (Eplf(2°) + Ep(f(2)]) ",

1/2
where H(P, P') := (% [(/p—VD)? dy) denotes the Hellinger distance.
Proof deferred to Appendiz A.
2.C Discussion of conditions of Theorem 2.4

Condition C1 is the key assumption underlying the DRAL behavior of the calibrated DML
estimator. Condition C2 ensures that the expansion in Theorem 2.3 applies to the calibrated
nuisance estimators; sufficient conditions are given in Lemma 2.4. The associated projection
error bounds also control the empirical process remainders. These extra conditions are
not needed under the standard cross-product rate ||uy, ; — pol| o, ; — aol| = op(n™2), in
which case asymptotic linearity and efficiency of isocalibrated DML follow from conventional

arguments.

Condition C4 appears because the linear functional must also be estimated. It holds
whenever both (i) ¥n,;(fn,j) — %o (fn,;) — Pjo.f,; = Op(n71/2) and (i) (Pn,; — PO){QSO,fn’j -
0.5} = 0p(n~1/?). Condition (i) requires the linearization remainder of 1, ; (ry, ;) as an esti-
mator of wg(r; j) to be asymptotically negligible. This condition is automatic for functionals
of the form in (2.2), that is, for ¥g : p — Eo{m(Z, 1)} for some map (z, u) — m(z, p), when
% Z}-le ¥ j is taken to be the empirical plug-in estimator p — % oy m(Z;, p). Condition
(ii) is a mild empirical process requirement that can be verified with the same proof tech-
niques used below. For example, when A is finite, (ii) holds under the Lipschitz continuity

condition

[P0,z ,(2) = domy (2)] < L sup |, (a0, w) = Fig(ao, w)l,  Po-a.e.
’ ag€

for some L < 0o, together with the convergence condition

sup ||in,;(ao, ) = Fig(ao, )| = 0p(1),
apg€A

see Lemmas A.8 and A.13 in the Appendix.
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2.D Additional details on DRAL and calibrated DML

This section collects examples and auxiliary discussion that support the general framework
of Sections 2.3.2 and 2.4.1. The subsections below provide additional examples, conditions

used in the main theory, and implementation details for the calibrated DML procedure.

2.D.1 Additional examples of parameters

Example 2.7 (counterfactual means under general interventions). For simplicity, suppose
A is discrete, and denote the propensity score by my(a | w) = Po(A = a | W = w).
Let Y% denote the potential outcome that would be observed if treatment ag € A were
administered. Under causal conditions [Rubin, 1974], the mean of Y% is identified by 7y :=
Eo{po(ag, W)}, which corresponds to the linear functional g : p — Eo{u(ag, W)}. Doubly
robust inference for this parameter was considered in van der Laan [2014] and Benkeser
et al. [2017]. More generally, the mean of the counterfactual outcome under a stochastic
intervention that, given W = w, draws a treatment value A* at random from the distribution
with probability mass function a — wp(a|w) depending only on Py 4 can be identified by
70 := [[ po(a, w)wo(alw) Py aw(da,dw). If (a,w) — ap(a, w) := wo(a|w)/mo(alw) has finite
H-norm, then conditions A1-A3 hold and «g is the nonparametric Riesz representer of 7.

Example 2.8 (Expected conditional covariance). Consider the expected conditional covari-
ance between A and Y adjusted for W,

70 = Eol{A — mo(W)HY — mo(W)}],

where mo(w) = Eo[A | W = w] and mo(w) := EplY | W = w]. This parameter arises
in semiparametric ATE estimation under partially linear models [Robinson, 1988, Li et al.,
2011], as a measure of “causal influence” [Diaz, 2024], and in conditional independence testing
[Shah and Peters, 2020]. Note that 7o = Eo[AY]|—Eo{Amo(W)}. The first term is efficiently
estimated by the empirical plug-in n~* i1 AiY;. The second is a linear functional of
mo, namely g : m — Eg{Am(W)}, with Riesz representer 7, and can be estimated by
its empirical plug-in ¥, : m — n= 1Y " A;m(W;). Consequently, Eq{Amo(W)} is an

estimand within our framework, and our methods apply to doubly robust inference for 7.
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Technically, 1y depends on the marginalized conditional mean mg rather than the
treatment-specific conditional mean pug; however, this does not affect the applicability of
our approach, since mg can be calibrated under squared error loss in the same way (see
Appendix 2.F.1). Related work on doubly robust inference for this parameter includes

Dukes et al. [2024] and Bonvini et al. [2024].

Example 2.9 (average treatment effect under covariate-dependent outcome missingness).
Suppose that the observed data unit consists of (W, S, A, AY), where S € {0,1} is a binary
treatment, A € {0,1} is a missingness indicator taking value 1 if Y is observed, and AY
is the observed outcome, equal to Y if A = 1 and 0 otherwise. Under causal conditions,
the ATE under covariate-dependent outcome missingness is identified by the estimand 7y :=
Eo{Eo(AY |S =1,A=1,W) — Ex(AY |S = 0,A = 1,W)}. Doubly robust inference for
this estimand was considered in Diaz and van der Laan [2017]. Using the notation of this
section, we can write Z := (W, A,Y’), where A := (S,A) is a multi-valued interventional
variable and Y’ := AY is an outcome with missingness. The linear functional corresponding
to 10 is Yo : p— Eo{p((1,1), W) — pn((0,1),W)}. The nonparametric Riesz representer of
Yo is given by ag : (s,0,w) — (2s — 1)d/Py(A=1,5 =s|W = w).

2.D.2  Controlling empirical process remainders in Theorem 2.3

In this section, we provide sufficient conditions for the asymptotic negligibility of the
empirical-process remainders (P, — Py)(Ano0 — Ao) and (P, — Py)(Bn,0 — Bo) that appear
in the regression-based and Riesz-based decompositions in Theorem 2.3, respectively. Im-
portantly, the lemmas show that these remainders are op(n_l/ 2) under conditions requiring
only that the nuisance associated with the decomposition is consistent, while the potentially
inconsistent nuisance merely converges in probability to a limit. The proofs of the lemmas
are given in Appendix A.2.4.

The next lemma establishes negligibility of (P, — Py)(Ano — Ao). Recall that Ag(z) =

I, (o — @) {y — po(2)} and A, o(2) =11, (a0 — an){y — pn(2)}.

(G1) Boundedness. fin, o, o, o, and Y are uniformly bounded.
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(G2) Consistency and projection coupling. ||og — an|| = 0p(1), [[ptn — tol| = 0p(1), and
L, (@ — a0) — My (@0 — o) || = Op([lptm — p10]|?) for some 8 € (0,1].

(G3) Donsker condition. With probability tending to one, A, — Ag belongs to a fixed

Donsker function class.

Lemma 2.10. Assume G1-G2. Then, ||An o — Aol = 0p(1). If, in addition, G3 holds, then
(Pn - PO)(An,O — Ao) = op(n_l/Q),

In our proof of Theorem 2.4, to establish DRAL for the isocalibrated DML estimator
with cross-fitting, we avoid Donsker assumptions such as G3. Instead, we use cross-fitting to
remove any complexity conditions on the initial nuisance estimators o, ; and p, ;. We then

exploit that the calibrated nuisance estimators oy, ; and p, ; differ from s, j and piy,,; only

J
through monotone transformations. Since the class of monotone functions has finite uniform
entropy integral (and is therefore Donsker), this controls the complexity of the calibrated
nuisance estimators. With cross-fitting, to control the complexity of functions of the form
5n,0 = 1L, Aq p, it suffices that the transformation 6, , : R — R defined by 5,0 = 0an © tin

has bounded variation (as in C6), which likewise yields controlled complexity. See our proofs

in Appendix A.3.5 for details.
The next lemma establishes negligibility of (P, — Fy)(Bno — Bo). Recall that By :=
bro + Yo(r0) — roc, and By := ¢r, o + Y0(7n,0) — Tno0n. Note that

(Pn - PO)(Bn,O - BO) = (Pn - PO){(}&T"YO - ¢7r0 — T'n,00n + 7'0040}-

(G4) Consistency and projection coupling. |[fig — pnl] = 0p(1), |lan — agl| = 0p(1), and

Mo, (Fig — #10) — Tag (T — o) || = Op(llan — ao|?) for some 8 € (0,1].
(G5) Lipschitz continuity: ||¢r, o — droll = Op(|[Tn0 — 70l|)-

(G6) Donsker condition. With probability tending to one, Grpo— Pro —Tn,00n +To belongs

to a fixed Donsker function class.

Lemma 2.11. Assume G1-G5. Then, |¢r, o — ¢ry —Tno00n +1o00|| = 0p(1). If, in addition,
G6 holds, then (P, — Py)(Bpo — Bo) = op(n_l/Q),



o8

2.D.3 Bootstrap-assisted confidence intervals with cross-fitting

Algorithm 2 Bootstrap-assisted doubly robust Cls

Input: cross-fitted estimators (o, j, itn ;) excluding fold CY for j =1,...,J, isocalibrated DML
estimator 7,°; confidence level 1 — p; bootstrap replication number K;
1: for k=1,...,K do

2: fors=1,...,J, draw bootstrap sample C,(cs)# from C,(j);
3: setD#k'—{Zl,...,Z#}:{C,(CS)#:s:l,...,J};
4: fors=1,...,J, set j(i) = s for each i € {1,...,n} such that Zi# GC,(CS)#;
5:  compute calibrators f#(k) and g#( ) using pooled out-of-fold estimates as
e argmmZ{Y# sy (AF, WEN Y
FE€F0 =

gt ™) € argmin Z{g (o (AT, WI))? —2m(ZF g o )} 5

9E€Fiso =1
6 fors=1,...,7, set 2 = 9% o, and offlF = gP* 0y
7 compute calibrated one-step debiased estimator
1 n
# o v B# a# .
gZ[ 7”"3(1))+a"3(1 (A W ){Y _'u’n,j(i)(Az 7Wi )}}7

8: end for
K _ o K
9: set 072 1= % Zk:l(ijk - 7'??)2 with 7# = % D> Tz’fk;
10: comstruct interval CIL,(p) := (7 — q(p)o?, 7 + q(p)oi’);
11: return bootstrap-assisted confidence interval Cl,(p) for 7p.

2.D.4 Convergence rates of isotonic calibrated nuisances

The convergence rate conditions in Theorem 2.4 are stated for the calibrated nuisance es-
timators rather than the original ones. This raises a natural question: can the calibration
step worsen the convergence rate? The following informal lemma summarizes the formal
rate result proved in Section A.4. Up to a typically negligible error of order Op(n_Q/ 3,
the isotonic-calibrated estimators perform nearly as well in mean squared error as the best
monotone non-decreasing transformation of the uncalibrated, cross-fitted nuisance estima-
tors.

Lemma 2.12. Suppose that 19 has the form (2.2) with mapping m : A x W x H — R,
and that L ZJ L Un,; is taken to be the plug-in estimator p — 3"\ m(Z;, ). Under the
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conditions of Theorem A.15, it holds that

J J
* . _2
> ln g = pol® = min > f 0 pung — puol* + Op(n”5);
2 0 4

J J

. _2
> llas; —aol® = min > [lgoan; —aol® + Op(n”3).
= 9E€Fiso e

Since the identity transformation is itself monotone non-decreasing, the above lemma
implies that the isotonic-calibrated nuisance estimators typically perform no worse than the
uncalibrated ones, and may perform better when the uncalibrated estimators are poorly
calibrated or only consistent up to a monotone transformation. Thus, beyond enabling
doubly robust asymptotic linearity, isotonic calibration relaxes the consistency requirements
on the nuisance estimators: it suffices that the initial cross-fitted nuisance estimators be

consistent up to a monotone transformation.

2.D.5 FEstimation of nuisance functions in limiting distribution

When calibrated DML is used together with the bootstrap-assisted inference procedure of
Algorithm 2, it is not necessary to estimate the univariate nuisance functions foz, and go g,
that appear in the limiting distribution of Theorem 2.4. Nevertheless, these functions can
be estimated by univariate empirical risk minimization if desired. For example, one may
wish to estimate them when implementing the TMLE approach to doubly robust inference

discussed below.
To estimate these functions, first observe that foz, is the Riesz representer of the linear

functional o — (g — @, @) p, = o(a) — (@, @) p, with respect to the linear space
{fohg: f:R=R,[Ifoul <oo}.

Hence, by the Riesz representation stated above Theorem 2.1, foz, can be obtained via
univariate empirical risk minimization after replacing 7, and @y with their estimators.
Specifically, foz, can be estimated via offset univariate empirical risk minimization over

{fouh, € L?(Poaw)} based on the empirical Riesz-loss criterion

[ = Z I:{a;:,j(i) —(fo M;,j(i)>}2 (A, W;) — 2 {(f O L, i) " % i(iy) (Ais Wi) — U i) (f o Mz,j(i)>}] -
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Similarly, since fig o (a,w) = Eo[Y — fy(A, W)|a(A, W) = a(a,w)], the function goz, can

be estimated by regressing the residuals {Y; — iy, iy (Ads Wi)Yien) on {a;‘;j(i)(Ai, Wi) Yien)

using, for example, locally adaptive regression splines [Mammen and van de Geer, 1997| or

random forests [Breiman, 2001].

2.D.6  Doubly robust inference via TMLE

For the special case of doubly robust inference for the average treatment effect, van der
Laan [2014] and Benkeser et al. [2017] propose a targeted minimum loss estimation (TMLE)
approach that refines given nuisance estimators so that they asymptotically satisfy (2.4) and
(2.5). The TMLE-based approach iteratively updates the initial nuisance estimators i, and
ay, using a reweighted generalized linear regression algorithm with offset to produce targeted

estimators p and «; satisfying the empirical score equations

EY (AL WY: - i (AW} = ofn” ) (217)
DAL W3 (AL W) = (i) = ofn”E). (218)

Here, s}, and 7}, estimate the data-dependent nuisance functions sj ; 1= Il (a0 — ;) and
Tho = llax (o — p). They can be obtained, for example, by univariate empirical risk
minimization with features u) (A1, Wh),..., uh(An, Wy) and o, (A1, Wh), ..., o0 (Ap, Wh),
respectively; we provide details in Appendix 2.D.5. Under suitable regularity conditions,
(2.17) and (2.18) imply that (2.4) and (2.5) hold asymptotically, so the one-step debiased
estimator based on p, and ¢ is indeed DRAL.

As discussed in the Introduction, the TMLE-based procedure for doubly robust inference
can be computationally intensive because it requires estimating two univariate nuisance
functions at each iteration, including ry, o and sj,  in the final step. In addition, the final
estimation of r}, 5 and s, ; may introduce unnecessary finite-sample bias in the one-step
debiased estimator 7, since the empirical moment equations (2.4) and (2.5) are then solved
only approximately. We also note that neither van der Laan [2014] nor Benkeser et al. [2017]
formally show that their iterative refinement procedures preserve the convergence properties
of the original nuisance estimators while enforcing the empirical orthogonality equations.

Such a result would be needed to ensure that, under consistent estimation of both nuisance
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functions, the refinement step does not degrade the resulting estimator or inference. In the
following section, we propose a novel procedure for constructing one-step debiased estimators
that avoids these issues and, unlike prior work, simultaneously applies to a whole class of

target parameters.

2.E Estimator irregularity under inconsistent nuisance estimation

As emphasized in the main text, Theorem 2.4 shows that the isocalibrated DML estimator is
DRAL, and is regular and efficient when both nuisance functions are consistently estimated,
even if one converges at an insufficient rate. Recall that an asymptotically linear estimator
Jn of 1y with influence function fy is reqular at Py for the functional ¥ : M — R if, for
every one-dimensional regular parametric submodel {Py; : t € (—e,€)} C M through Fy at
t=0,
0! = U (Pos,)} = N(O, Pof)

under sampling from Fy;,, where ¢,, := tn~=1/2 and t € R. Regularity means that inference
for ¢y remains stable under local perturbations of the data-generating distribution.

When one nuisance function is inconsistently estimated, the calibrated estimator is typ-
ically irregular under a nonparametric model: it remains asymptotically linear, but with
an influence function that differs from the nonparametric efficient influence function for the
target parameter [Van der Vaart, 2000, Dukes et al., 2024|. This distinction matters because
irregular estimators can have poor finite-sample behavior; in particular, there may be nearby
distributions at which very large samples are needed before the asymptotic approximation is
reliable [Leeb and Pétscher, 2005]. Thus, regularity is desirable, and in practice one should
still aim to estimate both nuisance functions as accurately as possible.

At the same time, this irregularity is not unique to calibrated DML. Standard one-step
debiased estimators, when one nuisance is inconsistently estimated, are typically neither
regular nor root-n consistent, let alone asymptotically linear [Dukes et al., 2024]. Cali-
brated DML can nevertheless provide pointwise, rather than uniform, root-n inference in
such settings. Thus, at laws where standard one-step estimators may fail to achieve root-n
convergence, the isocalibrated DML estimator can remain asymptotically linear and support
pointwise inference.

The following theorem characterizes the local asymptotic behavior of the isocalibrated
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DML estimator in the irregular case where one nuisance function is inconsistently estimated;
its proof is given in Appendix A.5.3. It shows that the estimator is regular and efficient for
a projection-based oracle parameter Wy, which agrees with the original target parameter
P ¥(P) :=9Yp(up) at Py. Consequently, the isocalibrated DML procedure yields regular
and locally uniformly valid inference for this projection estimand, even under least favorable
local perturbations of Py. Although the projection estimand is typically not of direct interest,
this characterization lets us quantify the local asymptotic bias for inference on ¥ under such

perturbations.

At a high level, when one nuisance is inconsistent, the oracle parameter replaces it by
its best one-dimensional projection onto the model generated by the consistently estimated
nuisance. To define this oracle parameter, we first introduce additional notation. Define the

affine spaces
Oug.p :={fig+ foao: f:R—R}NL*(P), Ouor ={@+gou:g:R—R}NL*(P),

where f and g range over all one-dimensional real-valued transformations. Let the corre-

sponding L?(P)-orthogonal projections be

Moy, ppp := argmin ||up — pl|p, I, pap := argmin ||lap — al|p.
MG@ao,p aeE@“O,p
We then define the projection-based oracle parameter W, with the definition depending on

which nuisance function is estimated inconsistently, by

Py, p (1P if oy = po,
P s Uo(P) := o, (17) 0

Yp(ay,pup) if @ = ao.

Here,

Dpo,p : he (Mg, pap, h)p

is an oracle approximation of the linear functional ¥)p : h — (ap, h)p.

The orthogonality conditions defining the projections ﬁuo, p,0p and ﬁam P, Mo imply that
Uo(Py) = W(Fy), so the oracle and target parameters coincide at the true distribution Py.
More generally, when fig = po, the parameters ¥o and ¥ agree on the submodel

{PEM:up:gouoforsomeg:R—HR}

that is, on all laws P whose outcome regression is a one-dimensional transformation of pg.
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This follows because Juo, p has Riesz representer ﬁuo, pap, which is the Riesz representer of
the restriction of ¥p to functions of the form go pg. Similarly, when @y = ag, the parameters

P, and ¥ agree on the submodel

{PEM:ap:foaoforsomef:]R—)R},

that is, on all laws P whose Riesz representer is a one-dimensional transformation of «y.
In the case where pg is consistently estimated (fig = uo), ¥o reduces to the parameter
P — 1, p(pp), which uses the outcome regression pg(A, W) as a dimension reduction
of (A,W). Alternatively, in the case where o is consistently estimated (@y = ap), Yo
reduces to the parameter P — 1p(Ily, ppp), which uses the Riesz representer ag(A, W) as
a dimension reduction of (A, W).
Theorem 2.13 (Behavior under local perturbations). If the conditions of Theorem 2.4
hold and either [iy = po or &y = o, then xo is the efficient influence function of ¥y at

Py. Consequently, 77 is regular, asymptotically linear, and efficient at Py for the oracle

n

projection parameter Vo, with influence function xo. In particular, under sampling from

any local perturbation Py, of P,

n'/?{rr — Wo(Po,)}

converges in distribution to a mean-zero normal random variable with variance 0(2), as defined

i Theorem 2.4.

Theorem 2.13 shows that, even under sampling from least-favorable local perturbations,
the isocalibrated DML estimator remains regular and yields locally uniformly valid inference
for the projection-based oracle parameter ¥g. Although Wy is not itself of primary interest, it
coincides with the target estimand ¥(Py) = 9o(uo) at Py. Thus, even when inference for W is
irregular, the isocalibrated DML estimator remains regular for a well-defined, closely related
parameter. As a special case, Theorem 2.13 implies that 7,7 is regular and asymptotically
linear for the true target parameter W over all local perturbations that leave the consistently
estimated nuisance function unchanged, in agreement with Theorem 2 of Dukes et al. [2024].
More generally, it is regular over all local perturbations Py, for which pup;, remains in

©,0.2 ., When fiy = g, or for which ap,, remains in SIS ., When ap = ayp, since ¥g and
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U agree along such perturbations.

The following corollary characterizes the asymptotic bias of the calibrated DML estimator
for W under local perturbations, and is an immediate consequence of Theorem 7 of van der
Laan et al. [2023].

Corollary 2.14 (Asymptotic bias under local perturbations). Assume the setup of Theo-

rem 2.13. Under sampling from any local perturbation Py, of Py with unit score s € L% (Po)
(HSHL?(PO) = 1) and perturbation t, := tn=Y2 fort € R,

n it —W(Po,)} L N(bo(t), 03),

where by(t) := t(s, xo — Do). Moreover, |bo(t)| < |t||xo — Dol|-

Consequently, the local asymptotic bias under Py;, equals by(t) and, in the worst case,
is bounded by ||| xo — Dol|. In particular, this bound can be controlled in terms of mis-

specification of the nuisance limits; for example,
Ixo = Doll S [[Eg = pollp vV [la0 — o,

so the local bias is small when the nuisance estimators are only mildly misspecified. Thus,
even under local perturbations, mild inconsistency of the nuisance functions may lead to

only a small local asymptotic bias for inference on W.

2.F Extensions of calibrated DML

2.F.1 FEaxtension to mized bias parameters

In this section, we provide a brief overview of how our doubly robust inference framework
can be extended to a general class of parameters with the mixed bias property, as introduced
in Rotnitzky et al. [2021]. While our primary focus in this paper remains on the class of
linear functionals discussed in Section 2.2.1, it is important to emphasize that our technique

and results can be readily generalized to parameters exhibiting the mixed bias property.
We focus on debiasing mixed bias remainders of the following form using isotonic cali-

bration:

/w(Z){an(w, a) — ao(w, a) H{yn(w, a) — v0(w, a)} Po(dz)
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where z — w(z) is a known weighting function, and g := argmin,, Eg[w(Z){ca(A, W)}? —
2m1 (A, W, a)] and ~o := argmin,, Eo[w(Z){v(4, W)}* — 2my(A, W,~)] are weighted Riesz
representers for the linear functionals a — Ey[mi(A,W,a)] and v — Eg[ma(A, W,7)].
Mixed bias parameters, as defined in Rotnitzky et al. [2021], have remainders of this form.
More generally, parameters may involve second-order remainders consisting of multiple such

mixed bias terms, each of which can be linearized separately using the results of this section.
Given estimators au, and 7, of ap and 7y, we propose using the isocalibrated nuisance

estimators o, = gn.1 © o, and 7y}, = gn2 © Y, Where

Gnt € argmmz (Z){g(an(Ai, Wi)}* = 2m1(Zi, g 0 @),

9€Fiso 1

(2.19)

gn2 € arggmz (Z){9(m(Ai, W)} = 2ma(Zisg o ).
g

iso ;—1

Notably, the first-order conditions of the minimizing solutions guarantee that
72 goan Wi,Ai)aZ(Wi,Ai) —ml(Wi,Aiagan)] =0,
*Z )(g o) (Wi, Ai)yn (Wi, Ai) — ma(Wi, Ai,goyn)] =0

for all transformations g : R — R. As in Algorithms 1 and 2, the initial nuisance estimators
can be cross-fitted, and confidence intervals can be constructed using the bootstrap. Our
proof techniques can be readily extended to establish that isotonic calibration guarantees
doubly robust asymptotic linearity of mixed bias remainders.

Example 2.15 (Calibrated DML for expected conditional covariance). Let m, and m, be

estimators of w +— Ey[A | W = w] and w — EplY | W = w], respectively. The expected

conditional covariance parameter

Eo [{A = mo(W)HY —mo(W)}] = Eo [{A — mo(W)}* {0 (1, W) — (0, W)}]

arises in the context of estimating the ATE under treatment effect homogeneity. Doubly
robust inference for this parameter was studied in Dukes et al. [2024] and Bonvini et al.
[2024]. This parameter is a linear functional of the outcome regression, but the functional
depends on the nuisance function 7. In this case, a modification of our procedure yields

improved properties. A doubly robust estimator of the expected covariance parameter is
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given by

LS A m (W)Y~ ma (W),

The second-order remainder of this estimator involves the cross-product term |[Robinson,
1988]:

(T (W) = mo(W), mn — mo(W)).
This mixed bias term is exactly of the form addressed in Section 2.2.2, involving an inner
product between a regression function and a Riesz representer. The regression function my
corresponds to the least-squares loss (z,m) — {y —m(w)}?, while the function g is a Riesz
representer of the linear functional o — Ey[Aa(W)], with Riesz loss corresponding to the

usual least-squares loss (z,a) — {a — a(w)}>.

Thus, a calibrated DML estimator of the expected covariance parameter is given by
1 ¢ . .
— D (A = (W) HY: —mp (W),
=1

where 7} = g, o m, and m;, = f,, o my,, with
n

gn = argmin ) {Ai — g(ma(W:))}?,

9€Fiso ;1

fr = argminy_{Yi — f(ma (W)}

f€Fiso 51

Doubly robust asymptotic linearity of this estimator follows from conditions analogous to

those in Section 2.5.

2.F.2 A general template for higher-order debiasing

The debiasing strategy of Section 2.2.2 can be substantially generalized, as the analysis relies
only on empirical orthogonality properties of the nuisance estimators and basic properties
of projections. In this section, we present a general debiasing strategy that extends beyond
this setting.

Our extension uses the following notation. Let ©,,0 C H be a linear subspace that
contains the regression error pi, — pio (this space may depend on n), and let ©,, C O, 50
be a lower-dimensional approrimating subspace. We view ©,, 0 as a working model for

the directions in which y,, may deviate from pg, and ©,,, as the tractable subset of those
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directions on which we can enforce empirical orthogonality. Similarly, let ©, 0 € H contain
the Riesz error a, — ag, and let ©,,, C Oy 0 be an approximating subspace. We assume
that the relevant affine spaces are closed under || - ||. We write II, » 0, I, n, om0, and
I, for the || - |-orthogonal projections onto ©,.,.0, Oun, Oam,o, and Oq p, respectively;
for example, 11, , f := argminpco,, ,, [|f — 2.

Two examples recover familiar constructions.  First, the calibrated DML setup

in Section 2.3.2 is obtained by taking ©,, := {fop,:f:R—=R} and ©,,,0

{g o (tn, o) : g: R2 — R}, with ©4, and O, defined analogously; in this case, ©,,
corresponds to calibration directions available through post hoc one-dimensional transforma-
tions of u,. Second, for a linear sieve given by a nested sequence H1 C Ho C -+ C Hoo C H,
one may take O, := Hpy(n) and O, 0 := Hoo, where k(n) T oo as the sample size increases;
here ©,,,, is the finite-dimensional space used at sample size n, while ©,,,, ¢ is the limiting

sieve space containing the regression error.
Our more general debiasing strategy constructs nuisance estimators u, and «, that

satisfy the empirical orthogonality (score) conditions

S (M Ba) (i, W)Y = fan(Ai, W)} = 0, (2.20)
i=1
1 n
Gn(Mandyin) = (Mo Byun)(Ai Wi) an (Ai, Wi) = 0. (2.21)

=1
In words, (2.20) requires that the residuals of u,, are empirically orthogonal to the projection
of the estimation error A, , onto the approximating subspace ©,, for pu, — po. If ©,,

happened to contain A, itself, then this condition reduces to enforcing
% Z Aa,n(Ai: Wz){Yz - MH(AM Wl)} ~ 07
i=1

which sets the empirical estimate of the cross-product remainder (A, ,, Ayy) to zero. If
n and «,, are sieve-type estimators that respectively minimize the least-squares and Riesz
losses over ©,, and O, then both conditions hold automatically by the corresponding
first-order optimality conditions. Otherwise, given initial estimators u,(lo) and ag)), these
conditions can be enforced post hoc by defining u, := m(lo) + hpy and o = a%o) + hna,

where the adjustment terms are obtained via the offset sieve problems

n

R, i= arg min Z{Yz - uﬁo)(Ai, Wi) — h(Ai, W) }2,

h€Ou,n
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in,a = arg, min Y 7 h(Ai, Wi)® =2 {¢n(h) = (ai, k)P, },
On =1

where ©,,,, and O, are taken to be finite-dimensional and tuned to control overfitting. In
high-dimensional settings, one can add ¢! or ¢? regularization, in which case the orthogo-
nality equations typically hold only approximately, in view of the KKT conditions for the
minimizers. The resulting regularization error must then be controlled, as in Bradic et al.
[2019a]| and Smucler et al. [2019].

In the following theorem, we denote "Z{n,O : 2z = Spola, w){y — pn(a,w)}, Emo =
Y0(Tn,0) + G5, 0 — Tn,00n, and Remy, (7n0) := ¥n(Tn0) — Yo(Tno) — (Pn — Po)dr, o, where
Sn,0 := 1, n(ap — o) and 7,0 := o n (o — pin)-

Theorem 2.16 (Expansion of the cross-product remainder under general orthogonality). If

tn satisfies (2.20), then we have the regression-based decomposition:

(@0 = an, pn = po) = (Pn = Po)An0 = (im0 = M) Aayns (M0 = M) Ayn)-

If o, satisfies (2.21), then we have the Riesz-based decomposition:

<Oéo — O,y Un — HO> = (Pn - PO)Bn,O - <(Ha,n,0 - Ha,n)Au,ny (Ha,n,O - Ha,n)Aa,n> + Remwn (7’:71,0)-

The decompositions in Theorem 2.16 are similar to those in Theorem 2.3. Each decom-
position consists of an empirical process term, which is asymptotically linear under suitable
conditions, and a higher-order cross-product remainder. In the regression-based case, these
terms are (P, — Po)gn,o and —<(H“7n,0 —un)Aam, yno— H“m)A%n% respectively. By
the Cauchy—Schwarz inequality,

|<(Hu,n,0 - Hu,n)Aa,nv (HMJMO - Hu,n)AmnM < ||(Hu,n,0 - Hu,n)Aa,nH HAum - Hu,nAuyn”~ (2~22)

Consequently, the higher-order cross-product remainder is small if either the regression error
A, is well approximated by ©,,,, or the projected Riesz error 11, ,,0Aq,, is well approx-
imated by ©,,. In the special case ©,,0 = H, this bound reduces to the product of
approximation errors for the nuisance estimation errors, namely ||Aq, — Iy n Aol [|Apn —
Wy Bynll

To provide intuition, we interpret the bound in (2.22) in the special case where ©,,,, :=

Hin) and Oy 0 = Hoo for a linear sieve {H}72,. In this setting, the right-hand side is
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the product of two sieve approximation errors. The first term is small when the projected
Riesz error Il , 0Aq,, is sufficiently smooth to be well approximated by the sieve space
©,.n, while the second term is bounded by ||u, — pol| by standard projection properties.
Theorem 2.16 can therefore be used to establish doubly robust asymptotic linearity of sieve-
based autoDML estimators that use sieve estimators for both the Riesz representer and the
outcome regression. As a special case, setting either nuisance estimator to the zero function
recovers the classical result that plug-in sieve estimators are asymptotically linear without
explicit debiasing.

Rather than working with the projected errors, a sufficient—though stronger than
needed—condition for the higher-order cross-product remainders to be negligible is that
the spaces ©,, and O, provide good approximations to A, , and A,,, respectively.
From a practical standpoint, however, directly choosing ©,,, to approximate A, , is often
unrealistic, since A, is typically high-dimensional and unknown. Calibrated DML avoids
this curse of dimensionality by using u, and a,, as low-dimensional summaries and defining

©,,n and O, as classes of one-dimensional functions composed with them.
2.G Background on calibration

In this section, we provide background on calibration using binning and isotonic regression.
For additional details, we refer to van der Laan and Alaa [2025] for a general treatment of
histogram binning and isotonic calibration; see also Gupta et al. [2020], Gupta and Ramdas
[2021] for histogram binning, Van Der Laan et al. [2023] and van der Laan et al. [2024D|
for applications of isotonic calibration in causal inference, and Whitehouse et al. [2024] for

calibration with respect to general loss functions.

2.G.1  Empirical calibration via histogram binning

Let (z,v) — £(z,v) be a loss function for some nuisance function vy € H. An estimator v,

is said to be ¢—empirically calibrated for vg if it satisfies the self-consistency property

1 ¢ 1 ¢
- Zi,vp) = min — Zs, n) 5 2.2
n;ﬁ( Un) melnn;E( 0ovy) (2.23)
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where the minimum is taken over all real-valued functions 6 : R — R. That is, the empirical

risk of v, cannot be improved through transformation by any one-dimensional mapping.
When the loss ? is sufficiently smooth, the first-order equations characterizing the empir-

ical risk minimization problem imply that /—empirical calibration is equivalent to requiring

that, for each map 6 : R — R,

L Z QK(Zi, Un + €6 0uwy)

n
pt Oe

=0. (2.24)

e=

A simple, distribution-free method for calibrating nuisance estimators is histogram bin-
ning, such as uniform-mass (quantile) binning [Gupta et al., 2020, Gupta and Ramdas, 2021].
Given an estimated function v, the calibration dataset C, = {Z;}!' ;, and a loss function
{(z,v), the range of predictions v,,(Z;) is partitioned into K disjoint bins {Bj}5 | in an
outcome-independent manner—for example, using quantiles of {v,,(Z;)}?_;. The calibrated

estimator v} := 6,, o v, is then obtained by minimizing the empirical loss within each bin:

0, (t) := argminz 1{vn(Zs) € By} U(Zi, c),

ceR i—1

where k(t) denotes the index of the bin containing t € v,(Z). For least-squares loss, this
reduces to computing the average of the observed outcomes within each bin. Since any
transformation of a predictor preserves its piecewise constant structure, the empirical risk
cannot be reduced by further transforming its predictions, and hence it is empirically ¢-
calibrated.

While histogram binning guarantees empirical calibration, it does not ensure good out-
of-sample performance. With a fine partition (K = n), the estimator may interpolate the
data and overfit, leading to poor generalization. Conversely, with a coarse partition (K = 1),
the estimator is well-calibrated but lacks predictive power, collapsing to a constant predic-
tor. This trade-off highlights the importance of choosing K carefully: too few bins limit
expressiveness, while too many increase variance and degrade calibration. Under appropri-
ate choices of K, histogram binning yields asymptotically calibrated estimators, with the
conditional ¢?-calibration error satisfying Caly2 (1) = O, (M) [Whitehouse et al.,
2024, van der Laan and Alaa, 2025]. Thus, tuning K, for example via cross-validation, is
essential to balance calibration and accuracy. In the next section, we adopt a data-adaptive

alternative—isotonic calibration—which flexibly enforces monotonicity while maintaining
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distribution-free guarantees [Zadrozny and Elkan, 2001, Niculescu-Mizil and Caruana, 2005b,
Van Der Laan et al., 2023|.

2.G.2  Empirical calibration via isotonic regression

Isotonic calibration [Zadrozny and Elkan, 2002, Niculescu-Mizil and Caruana, 2005a| is a
data-adaptive histogram binning method that learns the bins using isotonic regression, a
nonparametric technique traditionally used for estimating monotone functions [Barlow and
Brunk, 1972, Groeneboom and Lopuhaa, 1993|. Specifically, the bins are determined by
minimizing an empirical mean least-squares criterion under the constraint that the calibrated
predictor is a non-decreasing monotone transformation of the original predictor. Isotonic
calibration is motivated by the heuristic that, for a good predictor z — v, (z), the optimal
transformation of the predictor should be approximately monotone as a function of v,.
For example, for a perfect predictor, the optimal transformation should be the identity
function. Even when this map is not approximately monotone, isotonic regression ensures
that the quality of the initial predictor is not harmed, since the identity transformation—
being monotone—can always be learned. Isotonic calibration is distribution-free—it does not
rely on monotonicity assumptions—and, unlike traditional histogram binning, it is tuning-
parameter-free and naturally preserves the mean least-squares of the original predictor (as

the identity transformation is monotone) [Van Der Laan et al., 2023].

For clarity, we focus on the regression case where £ denotes the least-squares loss. For-
mally, isotonic calibration takes a fitted nuisance estimator v, and a calibration dataset C,
to produce a calibrated model v} := 6, o v,,, where 6, : R — R is an isotonic step function

obtained by solving the optimization problem:

0, € agreg}r_rilsiani; {Y; = 0(vn (W3, Ai))}°, (2.25)
where Fis, denotes the set of all univariate, piecewise constant functions that are monoton-
ically nondecreasing. Following Groeneboom and Lopuhaa [1993], we consider the unique
cadlag piecewise constant solution to this problem, which has jumps only at observed val-
ues {vn (Wi, A;) : i € [n]}. The first-order optimality conditions of this convex problem
imply that the isotonic solution 6, acts as a binning calibrator over a data-adaptive set

of bins determined by the jump points of the step function. Thus, isotonic calibration
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yields perfect empirical calibration. Specifically, for any transformation g : R — R, the
perturbed step function € — 6, + (g o 6,,) remains isotonic for all sufficiently small e
such that |e|supse,, (z)[(g © 0n)(t)| is less than the maximum jump size of 6, given by
SUDyey, (2) |On(t) — On(t—)|. Since 6, minimizes the empirical mean least-squares over all
isotonic functions, it follows that for each g : R — R, the following condition holds:

dE 3 Z{Y On (U (Wi, Ag)) — £g(On (vn (Wi, A Zg WY —vi(Z)} = 0.

These orthogonality conditions are equivalent to perfect empirical calibration. In particular,
by taking g(t) = 1{t = 0, (v,(2))}, we conclude that the isotonic calibrated predictor v} is

empirical calibrated.

2.G.3 Benefits and trade-offs in empirical calibration

In the context of debiased machine learning, empirical calibration is valuable not only for
enabling doubly robust inference but also for improving estimator stability and predictive
accuracy. In our framework, empirical calibration is defined relative to a loss function ¢(z, v)

for a nuisance function v € H, and requires that v, satisfies the self-consistency condition

1 ¢ 1 ¢
—» U Zi,vn) =min— » UZ;,00vy),
n;( Un) memn;( oVp)

where the minimum is taken over all univariate transformations 6 : R — R. This condition
ensures that the predictions v, are optimal with respect to empirical risk and cannot be
improved by recalibration.

In the case of least-squares loss £(z, 1) = {y—u(a,w)}?, calibration requires that p,(a, w)
equals the average outcome among individuals with the same predicted value. That is,

S Hpn (A, Wi) = pin(a, w)}Y;
o Hpn(As, W3) = pn(a,w)}

Hn (a7 ’LU) =

ensuring that p, does not systematically over- or under-predict outcomes. For the Riesz
loss 4(z,a) = o?(a,w) — 29, (a), associated with estimating a counterfactual mean 1y =
Eo{po(1, W)}, calibration of the Riesz representer «, implies approximate covariate balance

across estimated inverse propensity strata. Specifically, the calibration condition

%iAian(l,Wi)f(an 1LWy)) = Zf an (1, Wy))

i=1

must hold for all functions f, ensuring that higher weights contribute meaningfully to bal-
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ancing, rather than inflating variance |[Deshpande and Kuleshov, 2023, van der Laan et al.,

2024b].

To ensure good performance of the empirically calibrated estimator, it is important that
calibration holds not only on the observed data but also at the population level. Notably,
perfect empirical calibration can be achieved trivially by overfitting the labels—for example,
by interpolating the outcomes—so it is crucial to use calibration procedures that generalize
well. Formally, a function v is said to be perfectly ¢-calibrated with respect to a loss function

{(z,v) if it minimizes the expected loss over all one-dimensional transformations of itself:

Eplt(Z,v)] = i%f Epl[t(Z,0 0 v)],

where the infimum is taken over all functions 8§ : R — R. The notion of ¢-calibration
generalizes common forms of calibration, such as regression and quantile calibration [Roth,
2022|, which correspond to the least-squares and pinball (hinge) losses, respectively [Deng
et al., 2023]. Related ideas have also been explored in the context of predictive modeling

|[Whitehouse et al., 2024].
2.H Implementation of calibrated DML

An R package calibratedDML as well as Python code implementing CDML can be found on
GitHub at the following link: https://github.com/Larsvanderlaan/calibratedDML.

The following subsections provide R and Python code for calibrating inverse propensity
weights and outcome regressions. These calibrated models can be directly used within DML
frameworks to construct isocalibrated DML estimators of the average treatment effect. Here,
we implement isotonic regression using xgboost, allowing control over the maximum tree
depth and the minimum number of observations in each constant segment of the isotonic

regression fit.

2.H.1 R Code

# Function: isoreg_with_zgboost
# Purpose: Fits isotonic regression using XGBoost.
# Inputs:

# - z: A vector or matriz of predictor wvariables.

# - y: 4 vector of response variables.


https://github.com/Larsvanderlaan/calibratedDML

# - maz_depth: Mazimum depth of the trees in XGBoost (default = 15).
# - min_child_weight: Minimum sum of instance weights (Hessian)
# needed in a child node (default = 20).

# Returns:
# - A function that takes a new predictor variable z

# and returns the model’s predicted values.

isoreg_with_xgboost <- function(x, y, max_depth = 15, min_child_weight =

# Create an XGBoost DMatriz object from the data

data <- xgboost::xgb.DMatrix(data = as.matrix(x), label = as.vector(y))

# Set parameters for the monotonic XGBoost model

params <- list(max_depth = max_depth,
min_child_weight = min_child_weight,
monotone_constraints = 1, # Enforce monotonic increase
eta = 1, gamma = O,

lambda = 0)

# Train the model with one boosting round
iso_fit <- xgboost::xgb.train(params = params,
data = data,

nrounds = 1)

# Prediction function for new data
fun <- function(x) {
data_pred <- xgboost::xgb.DMatrix(data = as.matrix(x))

pred <- predict(iso_fit, data_pred)

return(pred)

}

return(fun)
}
# Function: calibrate_inverse_weights
# Purpose: Calibrates inverse weights using isotonic regression
# with XGBoost for two propensity scores.
# Inputs:
# - A: Binary indicator wvariable.
# - pil: Estimated propensity score for treatment group 4 = 1.
# - pi0: Estimated propensity score for control group 4 = 0.
# Returns:
# - 4 list containing calibrated inverse weights for each group:

20) {
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# - alphal_star: Calibrated inverse weights for 4

# - alphaO_star: Calibrated inverse weights for A

calibrate_inverse_weights <- function(A, pil, piO) {

# Calibrate pil using monotonic XGBoost
calibrator_pil <- isoreg_with_xgboost(pil, A)

pil_star <- calibrator_pil(pil)

# Set minimum truncation level for treated group
cl <- min(pil_star[A == 1])
pil_star = pmax(pil_star, c1)

alphal_star <- 1 / pil_star

# Calibrate pi0 using monotonic XGBoost
calibrator_piO <- isoreg_with_xgboost(piO, 1 - A)

piO_star <- calibrator_piO(piO)

# Set minimum truncation level for control group
c0 <- min(piO_star[A == 0])
piO_star = pmax(piO_star, cO)

alphaO_star <- 1 / piO_star

# Return calibrated inverse weights for both groups

return(list(alphal_star = alphal_star, alphaO_star =

Function: calibrate_outcome_regression

alphaO_star))

Purpose: Calibrates outcome regression predictions using isotonic

regression with XGBoost.
Inputs:

- Y: Observed outcomes.

- mu0: Predicted outcome for control group.
- A: Binary indicator variable.

Returns:

- 4 list containing calibrated predictions for each group:

#

#

#

#

#

# - mul: Predicted outcome for treated group.
#

#

#

#

# - mul_star: Calibrated predictions for 4 = 1.
#

- mu0_star: Calibrated predictions for 4 = 0.

calibrate_outcome_regression <- function(Y, mul, muO, A) {
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# Calibrate mul using monotonic XGBoost for treated group
calibrator_mul <- isoreg_with_xgboost(mul[A==1], Y[A==1])

mul_star <- calibrator_mul(mul)

# Calibrate mu0 using monotonic XGBoost for control group
calibrator_mu0 <- isoreg_with_xgboost (mu0O[A==0], Y[A==0])

muO_star <- calibrator_muO(muO)

# Return calibrated values for both groups

return(list (mul_star = mul_star, muO_star = muO_star))
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2.H.2 Python code

import xgboost as xgb

import numpy as np

def isoreg_with_xgboost(x, y, max_depth=15, min_child_weight=20):
wan
Fits isotonic regression using XGBoost with monotonic constraints to ensure

non-decreasing predictions as the predictor variable increases.

Args:
x (np.array): A vector or matrix of predictor variables.
y (np.array): A vector of response variables.
max_depth (int, optional): Maximum depth of the trees in XGBoost.
Default is 15.
min_child_weight (float, optional): Minimum sum of instance weights

needed in a child node. Default is 20.

Returns:
function: A prediction function that takes a new predictor variable x

and returns the model’s predicted values.

Example:
>>> x = np.array([[1], [2], [3]1D)
>>> y = np.array([1, 2, 3])
>>> model = isoreg_with_xgboost(x, y)

>>> model(np.array([[1.5], [2.511))

nun




def

# Create an XGBoost DMatriz object from the data

data = xgb.DMatrix(data=np.asarray(x), label=np.asarray(y))

# Set parameters for the monotonic XGBoost model

params = {
’max_depth’: max_depth,
’min_child_weight’: min_child_weight,
’monotone_constraints’: "(1)", # Enforce monotonic increase
eta’: 1,
’gamma’: O,

’lambda’: O

# Train the model with one boosting round

iso_fit = xgb.train(params=params, dtrain=data, num_boost_round=1)

# Prediction function for new data
def predict_fn(x):

nun

Predicts output for new input data using the trained isotonic regression model.

Args:

x (np.array): New predictor variables as a vector or matrix.

Returns:
np.array: Predicted values.
W
data_pred = xgb.DMatrix(data=np.asarray(x))
pred = iso_fit.predict(data_pred)

return pred

return predict_fn

calibrate_inverse_weights(A, pil, pi0):

nun

Calibrates inverse weights using isotonic regression with XGBoost for two propensity scores.

Args:
A (np.array): Binary indicator variable.

pil (np.array): Propensity score for treatment group (A = 1).

7




def

piO (np.array): Propensity score for control group (A = 0).

Returns:
dict: Contains calibrated inverse weights:

- alphal_star: Inverse weights for A = 1.
- alphaO_star: Inverse weights for A = 0.

win

calibrator_pil = isoreg_with_xgboost(pil, A)

pil_star = calibrator_pil(pil)

cl = np.min(pil_star[A == 1])

pil_star = np.maximum(pil_star, c1)

alphal_star = 1 / pil_star

calibrator_pi0O = isoreg_with_xgboost(piO, 1 - A)
piO_star = calibrator_piO(piO)

cO0 = np.min(piO_star[A == 0])

piO_star = np.maximum(piO_star, c0)

alphaO_star = 1 / piO_star

return {’alphal_star’: alphal_star, ’alphaO_star’: alphaO_star}

calibrate_outcome_regression(Y, mul, mu0O, A):

nun

Calibrates outcome regression predictions using isotonic regression with XGBoost.

Args:

Y (np.array): Observed outcomes.

mul (np.array): Predicted outcome for the treated group (A = 1).
0).

muO (np.array): Predicted outcome for the control group (A

A (np.array): Binary treatment indicator (1 for treatment, O for control).

Returns:
dict: Calibrated predictions for each group:

- ’mul_star’: Calibrated predictions for A = 1.

1]
o

- ’muO_star’: Calibrated predictions for A
nnn
# Calibrate mul using treated group data (4 = 1)
calibrator_mul = isoreg_with_xgboost(mul[A == 1], Y[A == 1])

mul_star = calibrator_mul(mul) # Apply calibrator to all mul values

# Calibrate mu0 using control group data (4 = 0)

calibrator_mu0 = isoreg_with_xgboost(muO[A == 0], Y[A == 0])

78




79

# Apply calibrator to all mul values

muO_star = calibrator_mu0 (mu0)

return {’mul_star’: mul_star, ’muO_star’: muO_star}

2.1 Additional details on numerical experiments

2.1.1 Complete results for experiment 1
® AIPW DR-TMLE Calibrated DML (ours)
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Figure 2.4: Empirical relative bias, standard error, and 95% confidence interval coverage for isocalibrated
DML (IC-DML), DR-TMLE and AIPW estimators under both doubly consistent estimation of the outcome
regression and treatment mechanism. Both propensity score and outcome regression are estimated consis-

tently.

2.1.2  Complete results for experiment 2
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Table 2.4: Evaluation of absolute bias, scaled root mean square error (RMSE), and 95% confidence-interval
coverage. Both outcome regression and propensity scores are estimated with gradient-boosted trees.

Dataset Bias RMSE Coverage
AIPW | CDML AIPW | CDML AIPW | C-DML

ACIC-2017 (17) 0.031 0.026 0.095 0.094 0.95 0.94
ACIC-2017 (18) 0.21 0.28 0.7 0.58 0.27 0.64
ACIC-2017 (19) 0.082 0.057 0.43 0.43 0.96 0.96
ACIC-2017 (20) 1.6 0.2 2 1.4 0.32 0.90

ACIC-2017 (21) 0.006 0.004 0.018 0.017 1 1
ACIC-2017 (22) 0.004 0.035 0.11 0.096 0.56 0.81
ACIC-2017 (23) 0.014 0.01 0.08 0.08 0.97 0.96
ACIC-2017 (24) 0.3 0.04 0.34 0.25 0.32 0.90
ACIC-2018 (1000) 290 260 4300 3900 0.57 0.65
ACIC-2018 (10000) 17 13 690 680 0.55 0.68
ACIC-2018 (2500) 85 99 1300 1300 0.59 0.65
ACIC-2018 (5000) 520 510 4100 4100 0.54 0.64
IHDP 0.13 0.13 0.46 0.46 0.57 0.57
Lalonde CPS 0.14 0.084 0.22 0.34 0.16 0.75
Lalonde PSID 0.04 0.04 0.19 0.44 0.46 0.84
Twins 0.22 0.21 0.24 0.23 0.51 0.54
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Chapter 3

COMBINING T-LEARNER AND DR-LEARNING: A FRAMEWORK
FOR ORACLE-EFFICIENT ESTIMATION OF CAUSAL CONTRASTS

Lars van der Laan, Marco Carone, and Alex Luedtke

Abstract

We introduce efficient plug-in (EP) learning, a novel framework for the estimation of hetero-
geneous causal contrasts, such as the conditional average treatment effect and conditional
relative risk. The EP-learning framework enjoys the same oracle efficiency as Neyman-
orthogonal learning strategies, such as DR-learning and R-learning, while addressing some
of their primary drawbacks: (i) their practical applicability can be hindered by non-convex
loss functions; and (ii) they may suffer from poor performance and instability due to in-
verse probability weighting and pseudo-outcomes that violate bounds. To overcome these
issues, the EP-learner leverages an efficient plug-in estimator of the population risk function
for the causal contrast. In doing so, it inherits the stability of plug-in strategies such as T-
learning, while improving on their efficiency. Under reasonable conditions, EP-learners based
on empirical risk minimization are oracle-efficient, exhibiting asymptotic equivalence to the
minimizer of an oracle-efficient one-step debiased estimator of the population risk function.
In simulation experiments, we show that EP-learners of the conditional average treatment
effect and conditional relative risk outperform state-of-the-art competitors, including the T-
learner, R-learner, and DR-learner. Open-source implementations of the proposed methods

are available in our R package hte3.

3.1 Introduction

3.1.1 Background

In recent years, there has been a surge in interest in the development of tools designed
for the flexible estimation of causally interpretable functions through the use of machine
learning techniques. Many of these functions constitute subgroup-specific contrasts possibly

describing heterogeneous treatment effects. Notable examples of such functions include the
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conditional average treatment effect (CATE) [Robins, 2004, Kennedy, 2023a], conditional
relative risk (CRR) [van der Laan et al., 2007, Richardson et al., 2017, Qiu et al., 2019],
and causal conditional log-odds ratio [Vansteelandt and Goetghebeur, 2003, Robins and
Rotnitzky, 2004, Tchetgen Tchetgen et al., 2010|. Under causal conditions, these functions
can be expressed in terms of quantities estimable from randomly sampled data; often, these
quantities involve outcome regressions, that is, conditional means of the outcome given
certain baseline covariates and treatment levels.

Plug-in estimation, also known as T-learning |[Kiinzel et al., 2019], offers a straightfor-
ward approach for estimating heterogeneous causal contrasts. In this approach, outcome
regressions are estimated and then directly substituted into the contrast to compute the
causal quantity of interest. However, a limitation of T-learners is that their performance
is heavily dependent on the quality of the outcome regression estimators. This sensitivity
is undesirable as the form of the outcome regressions can be significantly more complex—
and therefore more difficult to estimate—than that of the causal contrast of interest. For
example, the outcome regressions can be highly non-smooth, even if the conditional aver-
age treatment effect is constant. Consequently, there is a need for developing estimation
methodologies that leverage the parsimony of the contrast function when feasible, while
maintaining sufficient flexibility to accommodate complex functional forms [Luedtke and
Laan, 2016, Kennedy, 2023a, Nie and Wager, 2021].

As a means of estimating a causal contrast, it is natural to first identify a risk function for
this particular contrast. When an estimator for such risk function is available, contrasts can
be estimated using flexible supervised learning tools such as regularized empirical risk min-
imizers |[van de Geer, 2000], random forests [Breiman, 2001], and gradient boosting |Freund
and Schapire, 1997|, among others. However, estimating a risk function can be challenging,
particularly when the loss function depends on unknown nuisance functions. For instance,
the DR-learner loss [van der Laan, 2013, Luedtke and Laan, 2016, Kennedy, 2023a] and
R-learner loss [Nie and Wager, 2021, Wager and Athey, 2018| for CATE estimation as well
as the E-learner loss |Jiang et al., 2019] for CRR estimation depend on the outcome regres-
sion and propensity score. When a nonparametric efficient estimator of the resulting risk
is used, the empirical risk minimizer based on estimated nuisance functions often estimates
the causal contrast as accurately as the (oracle) empirical risk minimizer using the true nui-
sance functions [Wager and Athey, 2018, Foster and Syrgkanis, 2023, Kennedy, 2023a, Van
Der Laan et al., 2023, Yang et al., 2023]. In parametric settings, an empirical risk minimizer
based on an efficient risk estimator is typically efficient for the causal contrast under certain
regularity conditions [van der Vaart, 1991, McClean et al., 2022, van der Laan et al., 2023|—

this motivates the use of an efficient risk estimator in such problems. In nonparametric
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settings, to our knowledge, such a general statement is not currently available. However, the
advantages of using an efficient risk estimator have been theoretically established in the case
of certain causal functions (Theorem 3 of Kennedy et al., 2017; Theorems 1 and 5 of Athey
and Wager, 2021) and validated numerically for estimating the CATE |[Kennedy, 2023a, Van
Der Laan et al., 2023|.

Many efficient estimators of commonly used causal contrast risks are based on loss func-
tions that are Neyman-orthogonal [Robins et al., 1995, van der Laan and Robins, 2003, Cher-
nozhukov et al., 2018a, Foster and Syrgkanis, 2023, Curth et al., 2020, Yang et al., 2023],
including those leveraged by DR-learner and R-learner [Foster and Syrgkanis, 2023]. In most
instances in the literature, a Neyman-orthogonal loss is derived, either explicitly or implic-
itly, by debiasing an initial plug-in risk estimator using the one-step estimation methodology
[Pfanzagl and Wefelmeyer, 1985, Bickel et al., 1993]. However, there are two substantial
drawbacks associated with efficient risk estimators built upon Neyman-orthogonal loss func-
tions. First, Neyman-orthogonal loss functions can be nonconvex, even when they are derived
by orthogonalizing a convex loss function. For instance, the Neyman-orthogonal losses as-
sociated with the E-learning risk for the CRR [Jiang et al., 2019, Qiu et al., 2019] and the
bound-enforcing risk for the CATE [Luedtke and Laan, 2016] are nonconvex. Specifically,
they can be expressed as weighted logistic regression loss functions with weights that may
take negative values. This is especially problematic as numerous supervised learning imple-
mentations, including widely used software for fitting generalized additive models [Wood,
2011], random forests [Wright and Ziegler, 2017], and gradient-boosted regression trees [Chen
and Guestrin, 2016], necessitate nonnegative weights. Second, in certain scenarios, empirical
risk minimizers based on Neyman-orthogonal loss functions may yield extreme and unreal-
istic values for the causal contrast of interest. For example, when the outcome is binary,
DR-learners [van der Laan, 2013, Kennedy, 2023a] may output treatment effect estimates
residing outside of [—1, 1], which is undesirable since the true CATE is confined within this
interval. This failure to respect known bounds arises because fitting DR-learner involves
regressing a pseudo-outcome on the covariates of interest, and this pseudo-outcome can take
extreme values since it involves inverse-weighting by the estimated propensity score.

The inherent limitations of efficient risk estimators based on Neyman-orthogonal losses
have been recognized in the literature, and several strategies have been proposed to ad-
dress them. As these efficient risk estimators can yield nonconvex loss functions, researchers
may opt for risk estimators derived from convex loss functions, even despite their ineffi-
ciency. Common examples include inverse-probability-weighted [Luedtke and Laan, 2016,
Jiang et al., 2019, Chen et al., 2017| or plug-in [Curth and van der Schaar, 2021] risk estima-

tors, which often fail to achieve parametric-rate consistency when the nuisance functions are
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estimated flexibly. To avoid instability from inverse propensity weighting, overlap weighting
can be used to down-weight observations in the tails of the propensity-score distribution [Li
et al., 2019, Vansteelandt and Dukes, 2022, Morzywolek et al., 2023]. For example, IV-DR-~
learner uses a DR-learner loss with estimated overlap weights [Fisher, 2024|, and R-learner
uses an orthogonal loss for the overlap weighted risk (Corollary 9.1 of Robins, 2004; Sec-
tion 5.2 of Robins et al., 2008; Nie and Wager, 2021). The key to the improved stability of
these methods is that they more heavily weight regions of stronger overlap and underweight
others. When the CATE is sufficiently smooth to allow reliable extrapolation from regions of
greater overlap, such weighting can improve unweighted risk performance [Kennedy, 2023a,
Kennedy et al., 2024, Fisher, 2024].

3.1.2 QOur contributions

We provide a method for estimating causal contrasts based on a novel efficient plug-in risk
estimator. Rather than focusing on a single risk function for a particular contrast, such as
the CATE, we study a broad class of risk functions that includes this well-studied case as
well as others, such as the CRR function. Like T-learners, EP-learners rely on the plug-in
principle. However, unlike T-learners, they do this by computing a constrained minimizer
of an efficient plug-in risk estimator. As such, EP-learners achieve the fast rates and oracle
efficiency enjoyed by Neyman-orthogonal learning strategies. Our main contributions are as

follows:

(i) we introduce the EP-learner for estimating causal contrasts, which is based on a novel

efficient plug-in (EP) risk estimator;

(ii) we establish that, under reasonable conditions, the EP-learner is oracle-efficient, being

asymptotically equivalent to the minimizer of an oracle-efficient one-step risk estimator;

(iii) we introduce EP-learners for the CATE and CRR functions, both of which are doubly

robust.

3.2 Problem setup

3.2.1 Data structure and notation

Suppose that we have at our disposal a sample of n independent and identically distributed
observations, O1,Oa, ..., Oy, of the data structure O = (W, A,Y") drawn from a probability
distribution Py belonging to a nonparametric statistical model M. In this data structure,

W € W C R%is a vector of baseline covariates, A € A C R is a possibly continuous treatment
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assignment, and Y € R is a bounded real-valued outcome. These observations may arise
from an observational study or a randomized controlled trial. We let {Y* : a € A} be
the set of potential outcomes associated with the observed data structure (W, A,Y") [Rubin,
2005], where Y is the outcome that would have been observed if, possibly contrary to fact,
treatment a € A had been administered.

For a given distribution P € M and a generic realization (a,w) of (A, W), we denote
the outcome regression by pp(a,w) := Ep(Y | A = a,W = w) and the propensity score by
mp(a|w) := P(A = a|W = w). Further, we denote u%(w) := E(Y*|W = w), where E
denotes the expectation under the joint distribution of the covariates W and the potential
outcomes. Throughout, we let Ej denote the expectation with respect to the product
measure Pj' from which (O1, Oy, ...,0,,) is drawn. Further, we denote by Py the marginal
distribution of W under Py, and by || f|| and | f||., the L?(Py) and Py-essential supremum
norm, respectively, of a given function f € L?(F). For notational convenience, we denote
the set [m] :={1,2,...,m} for m € N and write Sy to denote any summary Sp, of the true
distribution F.

3.2.2  Statistical goal

Our goal is to estimate a causal summary, such as the CATE, or its projection onto a
convex action space F. Specifically, we consider §y = argmin, = Ro(f), the minimizer of
a population risk function Ry over the L2(P07W)fclosure F of F. The function class F is
user-specified and may be infinite-dimensional, as is the case for a reproducing kernel Hilbert
space or Holder class. If the causal summary lies in F, then 6y coincides with the summary
itself, with F encoding smoothness assumptions such as Holder continuity. Otherwise, F

serves as a working model that provides a useful approximation.
In this work, we restrict our attention to risk functions of the form Ry := Rp,, where
Rp(0) := Ep[L,,(W,0)] with loss function

Lyp (w,0) :=h1(0(w)) Y csagr(pp(s,w)) + ha(0(w) Y cs2g2(up(s, w)) (3.1)
s€A s€eA

for arbitrary functions g1, g : R — R with a Lipschitz derivative, twice-differentiable Lip-
schitz functions hq, ho : R — R with a continuous second derivative, and known constants
Ca,1,Cq2 for a € A. We introduce the general loss structure in (3.1) to encompass a wide
range of causal summaries. Notably, any summary of the form 0y : w +— > 4 caf(pta(w))
with constants ¢, € R and fixed function f : R — R can be expressed in this manner. The
particular form of the loss is not central to our method—beyond mild smoothness condi-
tions, EP-learners can be constructed much more generally. In many applications, the loss

simplifies considerably; for instance, in common cases g; and go are simply the identity. The
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CATE and CRR functions are notable examples of such summaries.

Example 3.1 (conditional average treatment effect). The CATE 6, : w — po(l,w) —
110(0, w) minimizes the risk 6 — Ry (0) over L?(Pyw ), where we define

Rp(8) := Bp [0(W)* = 260(W) {p (1, W) — jip (0, W)}] (3.2)

This risk function is obtained by taking A = {0,1}, h1(0) = 02, ha(0) = —20, grop = 1,
gaop=p,c11=1¢c1=0,cr12=1and copo = —1. We note that this same risk function
can be used to learn any V-specific CATE function v — Eg[uo(1, W) — po(0, W) |V = v] for
a coarsened covariate vector V := f(W) with f: W — ¥V C R% and dy < d. For example,
V' may represent a subset of components of W. This is achieved by minimizing 6 — R ()
over L2(Pyy), where Pyy denotes the distribution of f(W) under sampling from Py, rather
than L?(Pyw) [Morzywolek et al., 2023].

Example 3.2 (conditional relative risk). When the outcome Y is binary or nonnegative,
the log-CRR function 65 : w +— log (1, w) — log 110(0, w) minimizes the risk  — Rj ()
over L?(Pyw) [Jiang et al., 2019, Qiu et al., 2019], where we define

Rp(0) := Ep [{up (1L, W) + up(0, W)} log(1 + exp{6(W)}) — pup(1, W)0(W)] . (3.3)

This risk function is obtained by taking A = {0,1}, hi(0) = log(1 + exp(#)), h2(0) = —0,
g1(p) = g2(p) = p, co1 =c1,1 =1, co2 = 0 and ¢ 2 = 1. Similarly as in Example 3.1, for
a coarsened covariate vector V := f(W), this risk function can also be used to learn the
V-specific CRR function v + log Ey[uo(1, W) |V = v] —log Ep[u0(0, W) |V = v]. A related
exponential loss was also proposed by Chen et al. [2017].

We assume that the loss function giving rise to Ry is y—strongly convex |[Equation 14.42
of Wainwright, 2019]—in Lemma B.15, we show that this condition suffices for the existence
and uniqueness of fy. In Lemma B.16, we show that this strong convexity holds whenever
there exists a constant v > 0 such that > . 4 ca,191(po(a, W)) # 0, ho(6(W)) # 0 and

i (O) _ Vaeacazgalimna, W) :

FaO0V) ~ Soaca Cargi(Ho(@ W) (@) Yoo 4 carg (mo(as W)

both hold Py—almost surely. Here, for m € {1,2}, we denote the first derivatives of g,, and
hm as g, and hm, respectively, and the second derivative of h,, by hm These conditions
apply to both the CATE and CRR examples introduced above; see Examples 14.16 and
14.18 in Wainwright [2019] for details.
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3.2.8 Our proposed approach: EP-learning

Given a population risk function Ry, it is natural to estimate the causal summary 6y using
empirical risk minimization techniques based on an efficient estimator of Ry. In the existing
literature, an ‘orthogonal learning’ strategy is often employed, wherein an efficient risk esti-
mator is derived from a Neyman-orthogonal loss function [Foster and Syrgkanis, 2023]. Such
a strategy benefits from relative insensitivity to the accuracy of involved nuisance estima-
tors. In this section, we introduce, at a high level, our proposed EP-learning framework—an
alternative approach to orthogonal learning—based on a novel, efficient plug-in estimator

for the class of population risk functions under consideration.

To derive an efficient estimator of Ry, in the context of either orthogonal or EP-learning,
we exploit the fact that the population risk parameter P + Rp(f) at a specified § € F
is a pathwise differentiable parameter under M and therefore amenable to nonparametric
efficient estimation using standard techniques [Diaz and van der Laan, 2013]. Pathwise
differentiability implies the existence of a nonparametric efficient influence function of the
f—specific population risk parameter, the variance of which provides the generalized Cramér-
Rao lower bound for estimating Ro(f). Specifically, under regularity conditions, for given
0 € F, this efficient influence function has the form

Dpy: (w,a,y) = Lup(0,w) + Arp pup(w,a,y;0) — Rp(60) ,

where, letting Hy, ., (a, w) = cam - gm(pp(a,w)) for m € {1,2}, we write

B (0.0.436) = s { S Hopn w)hm<e<w)>} {y - nr(a,w)}.

me{1,2}

In the theorem below, we formalize this fact. To do so, we require the following overlap

condition:

Al) P(mp(a|W)>d)=1forallac Aand P e M.

Theorem 3.3. Suppose Condition Al holds. Then, for an arbitrary element § € F, the
nonparametric efficient influence function of P' — Rp/(6) at P € M is given by Dpg.

Knowledge of this efficient influence function is important because it encodes, in first order,
the sensitivity of the population risk to perturbations in its nuisance parameters and facil-
itates the debiasing of plug-in estimators. We note that Dpy can be composed into a sum
of three terms: the plug-in loss function L, ,, a weighted residual A;, ,, of the outcome
regression pp, and the negative population risk —Rp(6). Using that Ep[Dp(O)] = 0, this
decomposition allows us to deduce that L,, + Az, ., is a Neyman-orthogonal loss function

for Rp.
Let m, and pu, be estimators of my and pg, respectively, which we assume for the time
being are obtained using an independent dataset; later, we will describe approaches to
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use cross-fitting when such an independent dataset is not available. Given these nuisance
estimators, a one-step debiased estimator of the f—specific risk Ry(#) is given by

1 n
Rov ey i (0 72 o (0, W) + = ZAM un (0330) . (3.4)
=1 =1

n

This estimator can be seen as a debiased version of the plug-in estimator L Y% | L, (6, W;)
with debiasing term £ 3°" A . (O;;6). Under appropriate conditions, R, r, 4, (0) is an
asymptotically efficient estimator of Ry(0).

The decomposition in (3.4) suggests two approaches for learning 6y based on an efficient
estimator of Ry. Omne approach, orthogonal learning, uses loss-based learning techniques
based on the orthogonalized loss L, + Ar, .., that is, it relies on using the debiased risk
estimator R, r, ... The alternative approach we propose, EP-learning, instead relies on
the plug-in risk estimator R}, : 6 — %Z?:l L, (0,W;), where p;, is a carefully constructed
estimator of jip that negates the need for the debiasing term %Zi:l Ar, 1 (0;;0). When
empirical risk minimization is used, the EP-learner for the causal contrast is the plug-in
estimator argmingc » R}, (0) of the constrained risk minimizer §y = argmingc  Ro(#). In this
sense, EP-learning follows the spirit of targeted minimum loss-based estimation (TMLE)
[van der Laan and Rose, 2011, Luedtke et al., 2017].

Algorithm 3 Meta-algorithm for EP-learning (informal)

1: Input: Data {O;}! ;; nuisance estimators p,, m,; function class F; learning algorithm.

2: Step 1: Debias nuisance. Construct u;, from g, and 7, so that the debiasing term

IZAW,, 0:;0) = IZ{LwneO Ly, (0, W)}
i=1

is small for all 6 € F.

3: Step 2: Estimate risk by plug-in. Define R} (6) := 13" | L . (W;;0) for 6 € F.

4: Step 3: Estimate causal contrast. Apply the learning algorithm to R} to obtain an
estimate 6}, of 6y, e.g., 8} := argmingy » R} (6).

5: Output: EP-learner 6},

The EP-learner algorithm is designed to attain, on one hand, the oracle-efficiency of
orthogonal learning strategies based on the loss L,,, + Ay, .., and on the other hand, the
desirable properties—stability and loss convexity—enjoyed by plug-in estimation strategies
based on the ‘naive’ loss L,,. Rather than substituting any ‘good’ estimator of my and
o into the orthogonal loss function, in EP-learning, an outcome regression estimator p, is
constructed from u, through a sieve-based adjustment to ensure that the debiasing term

% Yo Ar, ez (O3 0) is negligible across values of #, rendering explicit debiasing unnecessary.
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Since the difference between R, and Ry, . is negligible, the EP-learner risk estimator
benefits both from the plug-in property of the loss L,: and the orthogonality property of
the orthogonalized loss L+ +Ay,, .. We present a high-level meta-algorithm for EP-learning
in Algorithm 3. For the class of losses we consider, the precise procedure for building the
estimator p is detailed later in Algorithm 4, and our EP-learner for 6 is presented in Section
3.4. In the next section, we illustrate how the plug-in property of EP-learning resolves the
issues with Neyman-orthogonal learning referred to in the Introduction.

It is worth elaborating on the plug-in nature of EP-learning, particularly in contrast to
T-learning. We say that an estimator R, (0) of the population risk Ry(#) is a uniform plug-in
estimator over § € F if there exists a distribution P, € M such that R,(6) = R (0) for
all # € F. The EP-learner risk estimator R} is such a uniform plug-in estimator, with ]3n
chosen so that its outcome regression satisfies bp = iy, and its marginal distribution of
(W, A) equals the empirical distribution P,. When paired with empirical risk minimization,
EP-learner likewise returns a plug-in estimator, 6 € argming Rﬁn (0), of the constrained
minimizer p € argminge » Rp,(#). Similarly, T-learner returns a plug-in estimator of the
unconstrained risk minimizer argminge 2 Pow) Rp(0), where the ﬁn that is plugged in is any
distribution whose outcome regressions equal pu,; in the special case of CATE estimation,
this unconstrained risk minimizer is just p,(1,-) — u,(0,-) [Kiinzel et al., 2019]. Compared
to the unconstrained risk minimizer, EP-learner exploits the restriction to F to inherit the
favorable robustness properties of orthogonal learning. Indeed, when the initial estimator
U is misspecified, the EP-learner risk estimator can still be consistent uniformly over F
provided the propensity is well-specified. As a consequence, EP-learner can still return a
best approximation to the CATE in F in such cases.

While restricting to F may seem restrictive, this is standard in statistical learning theory
[Vapnik, 1999, Foster and Syrgkanis, 2023, Wainwright, 2019]. In related problems such
as regression, this choice is made to reflect structural or smoothness assumptions on the
estimand. Such smoothness conditions are necessary because, without them, regression
functions are not nonparametrically learnable [Vapnik and Alexey, 1971, Stone, 1982, Gyorfi
et al., 2002]. For the CATE, the same limitation is reflected in minimax rates that become
arbitrarily slow as smoothness decreases [Kennedy et al., 2024].

An efficient TMLE-based plug-in estimator for the population risk Ry(#) at a specified
candidate function 6 for the causal dose-response curve was proposed in Diaz and van der
Laan [2013]. However, their estimator does not provide a single plug-in estimator of the full
population risk function Ry and is therefore not amenable to empirical risk minimization
over an infinite-dimensional function class. In contrast, the EP-learner risk estimator R} ()

provides a uniform plug-in estimator, meaning that the same outcome regression estimator
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wr is used to compute R () for every 6 € F. This uniform plug-in property ensures that
if 9 — Rp(0) is a convex risk function for any P, then 6 — R} (6) will also be convex. The
concurrent work of Vansteelandt and Morzywolek [2023| similarly uses sieves to construct
a debiased plug-in risk estimator, although they restrict their attention to estimation of a
covariate-adjusted conditional mean. Their risk is a special case of (3.1) with A = {1},
hi(0) = 0% ha(0) = =20, giopu =1, goop=p, c11 = 1, and o1 = 0. Besides considering
a general class of risks, our approach uses a different form of cross-fitting and sieve-based
adjustment to ensure the asymptotic equivalence of our EP-learner risk estimator with an
oracle-efficient one-step risk estimator. This difference complicates our theoretical analysis,
as it prohibits us from invoking statistical learning bounds based on sample-split nuisance
estimators |Foster and Syrgkanis, 2023]. In particular, ensuring that the debiasing term
LS Ary i (0:50) is negligible (i.e., 0,(n~1/2)) requires the regression estimator i to
satisfy certain score equations on the full dataset (see Section 3.4 for details). This require-
ment is not unique to the EP-learner but is shared more broadly by sieve-based plug-in
estimation [Shen, 1997, Chen, 2007, Qiu et al., 2021]. Consequently, the empirical process
remainders in our analysis must be handled directly rather than through sample splitting,

which necessitates sharper maximal inequalities and entropy bounds.

3.3 Limitations of existing Neyman-orthogonal learning strategies

3.8.1 Sensitivity of CATE DR-learner to large propensity weights

For estimation of the CATE, the DR-learner is a popular orthogonal learning approach based

on the least-squares empirical risk function

0 iz [6(W:)? — 20(W:)xa (Wi, A, Y}
=1

2a—1
mn (a|w)

where xn(w,a,y) = pn(l,w) — pn(0,w) + {y — pn(a,w)} is an estimated pseudo-
outcome. This empirical risk coincides with the debiased risk estimator R, r, ., of the
population risk R, introduced in Example 3.1. A DR-learner can be obtained either by
minimizing this empirical risk over F or by using standard regression methods to regress
the pseudo-outcomes {x, (Wi, A;,Y;)}" ; on the covariates {W;}" ;. As discussed in the
Introduction, the pseudo-outcome used by the DR-learner can take extreme values when the
propensity score is close to zero or one, which can lead to poor behavior of the resulting

CATE estimator.

In contrast to the DR-learner, our EP-learner for the CATE—formally defined in Sec-
tion 3.4—is based on the squared-error loss with the estimated pseudo-outcome (1, W) —
(0, W), where i is an outcome regression estimator carefully constructed from the initial
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estimates p, and m,. Unlike a typical T-learner, the estimate u) is constructed to ensure
that the resulting plug-in risk estimator

Ry (0) := % Z [0(Wi)?* = 20(Wi) {5, (1, Wi) — 117, (0, Wi)}]

is efficient under reasonable conditions. EP-learning then estimates the CATE by a second-
stage regression of {y (1, W;) — pr (0, W;)}; on {W;}?_ ;. The combination of the spe-
cially constructed p; with the second-stage regression is what allows EP-learning to inherit
the robustness properties of orthogonal learning strategies—such as fast rates and oracle
efficiency—that the T-learner 1} (1,-) — w3 (0, -) alone typically does not have. The construc-
tion of w incorporates an inverse-propensity-weighted regression adjustment of p,, which
renders the corresponding risk estimator doubly robust in the sense that, for each 6, R}~ ()
is consistent if either the outcome regression or the propensity score is estimated consistently.
This double robustness of the risk generally carries over to the corresponding EP-learner, as
we show formally for empirical risk minimization in Section 3.5.

We now provide a heuristic explanation of why EP-learner can outperform DR-learner,
particularly when paired with a local regression estimator, such as a Nadaraya-Watson
[Nadaraya, 1964, Watson, 1964|, K-nearest neighbors |[Fix and Hodges, 1989, or random
forest [Breiman et al., 1984] estimator. When used in a DR-learner or EP-learner, local
methods estimate a regression function at a point by averaging the pseudo-outcomes of
‘nearby’ observations. When the number of points averaged is small, the estimates returned
by DR-learner can be erratic due to the potentially large values taken by its estimated
pseudo-outcomes. In contrast, the EP-learner is expected to be more stable since it is
simply a local average of an initial CATE estimator. In fact, if this initial estimator is
uniformly consistent, then the corresponding EP-learner remains consistent even when the
number of local observations averaged is held fixed with sample size—a formal argument
in the case of K-nearest neighbors estimation is provided in Section 3.6. Moreover, even if
the initial estimator fails to be uniformly consistent, then EP-learner can still benefit from
the desirable properties that it shares with DR-learner, namely the efficiency and double
robustness of its risk estimator—details are provided in Section 3.5.1.

The benefits of EP-learner over DR-learner can be illustrated through a simple numerical
experiment. To do so, we simulated a dataset consisting of 1,500 observations and used
the ranger implementation of random forests [Wright and Ziegler, 2017] to estimate the
CATE function based on both the DR-learner and EP-learner risks—the code used to run
our experiment is provided in Appendix 3.B.1. In our illustration, the outcome is binary,
and we use the known CATE range, [—1, 1], to truncate DR-learner predictions. Figure 3.1a

displays the estimated CATE curve for DR-learner and EP-learner with maximum tree depth
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in random forests selected within {1, 2, ..., 7} via 10-fold cross-validation. This figure reveals
that the CATE curve estimated using EP-learner more accurately reflects the bell shape of
the true CATE curve than using the DR-learner. This improvement is evident quantitatively,
with a six-fold reduction in mean squared prediction error when using EP-learner (0.002)
compared to DR-learner (0.012). To delve deeper into this phenomenon, we assessed the fits
obtained by using four of the seven maximum tree depth values considered, namely 1, 2, 4
and 7 (Figure 3.1b). DR-learner fits become unstable at depths as low as 2, stemming from
the limited observation numbers in the regression tree nodes and some pseudo-outcomes
reaching magnitudes of 6—this can be seen in Figure 3.6 of Appendix 3.B.1. As a result,
cross-validation chooses a depth of 1 for DR-learner, which fails to accurately capture the
true CATE shape. In contrast, EP-learner fits tend to improve as the maximum depth
increases from 1 to 7, with a selected maximum tree depth of 7. Regression trees, as used
in random forests, are outcome-adaptive, often learned using CART |Breiman et al., 1984].
Thus, the difference in pseudo-outcomes between EP-learner and DR-learner affects not
only the outcomes averaged within each tree node but also the learned tree structure itself.
In particular, EP-learner uses the T-learner p}(1,-) — ur(0,-) to build the tree structure,
whereas DR-learner relies on a noisier pseudo-outcome. Thus, EP-learner can yield superior
fits by leveraging less noisy pseudo-outcomes to both stabilize node averages and guide more

accurate tree splits.

3.8.2  Nonconvezity of Neyman-orthogonal CRR loss function

We introduced in Example 3.1 the population risk function R; for the CRR 65 : w
log po(1, w) — log po (0, w). In light of (3.4), a doubly-robust and efficient one-step debiased
risk estimator for the population risk function is given by

R, pr(0) = % Z [(fio,i + fi1,s) log (1 + exp{@(W:)}) — 11, :0(W3)], (3.5)

1=1

where, for s € {0,1} and ¢ € [n], we define [is; := pn(s, W;) + %ﬁv‘?) {Yi — pn(s, W)}
The corresponding doubly-robust orthogonal learner of the log-CRR. function is computed by
performing a weighted logistic regression of the pseudo-outcomes {i1 ; /(o + fi14) : ¢ € [n]}
on the covariate values {W; : i € [n]} with weights {fig; + ft1, : ¢ € [n]}.

Because the weights may take negative values, the Neyman-orthogonal loss associated
with the one-step debiased risk estimator need not be convex. To illustrate, consider a simple
example with a binary covariate X € {0,1}, an unrestricted parameter space © = R?, and

two observations (n = 2), one for each value of X. In this setting, the orthogonal loss takes
the form

Lo un (03, 04) = (fio,i + fin.i) [10g{1 +exp(6:)} — ﬁoﬁiﬁl Gi],
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so the second derivative with respect to 6; is
V2L7, 0, (05,00) = (floi + i) o(0:) (1= 0(6:),  o(t) = -

Since the weight fip; + fi1; may be negative, the Hessian can also be negative, implying
that the loss is not guaranteed to be convex—even in this simple case. The same issue per-
sists in higher-dimensional settings, where negative weights can lead to indefinite Hessians.
Furthermore, the pseudo-outcomes may take values outside of [0, 1], which renders this a
nonstandard use case for logistic regression. Figure 3.2 lists several common logistic regres-
sion implementations in R and indicates whether they allow the use of negative weights or
outcomes that fall outside of [0, 1]. As is revealed in this figure, most do not, which demon-
strates the limited applicability of orthogonal learning in this setting. Figure 3.2 shows the
first five rows of a synthetic input dataset containing the covariate values, pseudo-weights
and pseudo-outcomes that would be entered into logistic regression software to estimate the
log conditional relative risk. Notably, the mock dataset contains negative pseudo-weight
values and pseudo-outcomes that fall outside of [0, 1]. These issues are also encountered in
the orthogonalization of the IPW loss for the CRR proposed in Section 2.3 of Chen et al.
[2017]. Code to reproduce the mock dataset can be found in Appendix 3.B.1.

For a post-hoc constructed outcome regression estimator p,, our EP-learner of the CRR

is based on the following EP risk estimator

n

R pp(0) 1=+ 3" (i (1 W0) + 15 (0, W)) [loa(1 + exp{0(W)}) -
=1

o(W;
PR ARSTIORTAMUL,

An estimator of the log-CRR function based on the EP-learner risk estimator is computed
by performing the weighted logistic regression of the pseudo-outcome p (1, W) /[ (1, W) +
w0, W)] onto the covariate vector W with weight g (1, W) 4 p (0, W). Unlike for the
efficient one-step risk estimator, the pseudo-weight is always nonnegative and the pseudo-
outcome always falls in [0,1]. As a consequence, the EP-learner risk estimator corresponds
with a convex loss function, and EP-learners of the log-CRR function can be implemented
using most standard logistic regression software. In Section 3.4, we will provide an algorithm

to construct u) so that R; pp 1s an efficient, doubly robust plug-in risk estimator.

3.4 Proposed approach: EP-learning algorithm

The EP-learner algorithm is designed to attain both the efficiency of the one-step debiased
risk estimator in (3.4) and the desirable properties, such as stability and convexity, that
are enjoyed by plug-in risk estimators. This learner is based on a risk function of the form

0 — L3 L, (0,W;) for an outcome regression estimator 1i,. Naturally, the fact that
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EP-learner does not explicitly appear to debias this plug-in estimator may lead to concerns
that it might be based on a suboptimal—in particular, inefficient—estimator of the risk.
However, the EP-learner outcome regression estimator is carefully constructed to perform
implicit debiasing. Specifically, it is designed such that the seemingly-critical debiasing term
%Z?:l Ar, 1, (03 0) is negligible in an appropriate sense across values of 6, so that the
plug-in risk estimator is asymptotically equivalent to a one-step debiased estimator. Before
describing the general EP-learner approach, we illustrate its construction in the context of

a simple, finite-dimensional example.

Example 3.1 (continued). Consider the problem of CATE estimation from Example 3.1
in the special case where the action space F is the linear class including each function

Tw with a € R In this finite-dimensional case, we write Ry (o) as shorthand for

W o
Ry (w — aTw). Given initial estimators m, of my and u, of g, EP-learner uses the refined

estimator ¥ : (a,w) — pn(a, w) + (2a — 1)3,] w, where

n

1 1
By := argmin — Z

2
— 1 Yi — (A, W) — (24 = 1)B Wiy
g nizlwnwwi){ i (Ai, Wi) — ( 87w

The first-order conditions satisfied by 3, ensure that the debiasing term for estimating
Ry (@), notably =577 %QTWZ' {Y; — i (A, W)}, is exactly zero for o € RY. In
this special case, the parametric EP-learner w ~ (o) w based on u¥, where o :=
argmingcpa oo L (1, Wi) — i, (0, W;) — T W; }2, corresponds to a targeted minimum loss-
based estimator [van der Laan and Rose, 2011] of the best linear predictor of the CATE,

w > agw, with ag := argmingcga Eo{po(1, W) — po(0, W) — aTW}2.

When the dimension of the action space F is large relative to sample size (e.g., infinite ac-
tion space), it is generally not possible to construct an outcome regression estimator pu,, that
both has good predictive performance and makes the debiasing term £ 3" | A . (O;;6)
exactly zero for each § € F. Indeed, there is an inherent trade-off between the size of
the debiasing term and the mean squared error of the outcome regression estimator. The
EP-learner algorithm is designed to carefully balance these two terms. It does so by sepa-
rating the estimation of the outcome regression into two stages. In the first stage, statistical
learning tools are used to obtain an initial estimate of the outcome regression with good
predictive performance. In the second stage, this initial estimator is refined to make the
debiasing term as small as possible without harming the performance of EP-learner.

The debiasing approach described in Example 3.1 can be generalized to infinite-
dimensional function spaces using the idea of sieves. Specifically, if the linear span of a finite

but growing set of basis functions approximates F increasingly well, then the refinement
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procedure described in Example 3.1 could be performed within this span. This procedure
would ensure that the debiasing term is small for each element in the linear space spanned
by these basis functions. Critically, the number of basis functions used would need to grow
with sample size so that the worst-case approximation error tends to zero. The separation
of the outcome regression estimation and debiasing steps in the EP-learner ensures that
the sieve does not need to approximate the true outcome regression pg itself, but only
needs to provide sufficient flexibility to reduce the debiasing term. For the CATE, given
an approximating sequence of linear spaces Hy for F with dimension k = k(n) typically
chosen to grow with n, we can construct p; as in Example 3.1 so that the debiasing
term %2?21 Ar, u: (043 0) is zero for each § € Hjy. Assuming that Hj approximates F
with vanishing error, we formally show in Section 3.5 that the empirical risk minimizer
argminge 7 > o {pi (1, W) — s (0, W;) — 0(W;) }? over F will inherit this debiasing property

for the constrained minimizer argminge4, Ro().

We now formalize our general EP-learner algorithm, which is an instance of the meta-
algorithm in Algorithm 3. Similar to competing procedures such as the DR-learner and
R-learner, EP-learner can incorporate cross-fitting of the initial outcome regression and
propensity score estimators to improve performance. Below, we present a general cross-
fitted implementation of EP-learner. Let J € N denote a fixed number of cross-fitting splits.
Let DL, D2,..., D/ be a partition of the available data D, into J datasets of approximately
equal size, corresponding to index sets Z}, 72, ..., Z/. For each i € [n], let j(i) € [J] be the
index of the data fold containing observation i, so that i € Iﬂ;(i). Suppose that, for each
j € [J], we have constructed estimators 7, ; of my and i, ; of uo based on D,\Dj,. Let
¢i : R® —» RF be a feature mapping such that elements of the transformed action space
H:={hjof:6 c F,j = 1,2} are approximated well by the linear space Hj = {w —
BTor(w) : B € R¥}, where k = k(n) is typically chosen to grow with n. Algorithm 4 is
a particular choice of Step 1 of Algorithm 3. For each j, it transforms the initial outcome
regression estimator pu, j into a refined estimator py, ; such that

,Zﬁnm Wz){ D Hunnito (Ai, Wi)thm( WZ}{Y ton iy (Ai, Wi)} =0 (3.6)

i=1 me{1,2}

for each 91,12 € Hy(pn), where Hy, p j is defined as (a,w) = camdm(fin,j(a, w)) with cqm
and g, introduced in (3.1). We note that the EP-learner still relies on inverse propensity
weight estimates through this step and, like the DR-learner, may suffer from instability when
treatment overlap is limited.

Modifications of Algorithm 4 are possible. For certain population risk functions, including
the CATE risk function used in Example 3.1, Algorithm 4 can be simplified by performing
the adjustment over a lower-dimensional space; details are provided in Appendix 3.C.1. It is
also possible to implement an alternative debiasing step that preserves bounds on the initial

outcome regression estimator, even in cases in which the outcome itself may be unbounded;
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details are provided in Appendix 3.C.2. Such a modification may improve performance by
ensuring that the refinement step does not exceed bounds possibly specified a priori and

enforced in the initial learning step.

Algorithm 4 Debiasing procedure for implementing Step 1 of Algorithm 3

Require:
— dataset D,, consisting of observations (W1, A1, Y1), (Wa, A9, Ya), ..., (Wy, Ap, Y0 );
— cross-fitted estimates m, 1, T, 2,..., 7,7 of mo and py 1, fin2, - - ., fin,s of po;

— feature mapping ¢, : R? — R* of output dimension k € N;

1: for each i € [n], construct @ ;) R R* as (a,w) —
(Himi(a,w), Hypi(a,w))ep(w)  with  Hypi(a,w) = ca191(pnje (e, w)) and
Hj pn,i(a, w) = cq,292(pn,j(i)(a, w));

2: choose link function g and obtain regression coefficient estimate 3, as follows:

— method 1: outcomes in [0,1]. set g : x +— logit(z) and g~1 : & + expit(x), and compute

coefficient vector estimate [3,, obtained from logistic regression of outcome Y; on feature
vector @y, ;) (Ai, Wi) with offset logit 1, ;) (As, Wi) and weight 1/, ;;y(Ai | W;) for
i € [n;
— method 2: general outcomes. set g : x + x and ¢~ : z — x, and compute coefficient
vector estimate 3, obtained from linear regression of outcome Y; on feature vector

@k,j(i) (AZ, Wz) with offset Mn,j(i)(Ai7 Wz) and weight 1/7Tn,j(i) (Az ‘ Wl) for i € [n],
3: for each j € [J], return debiased out-of-fold outcome regression estimator

g (@) = g7 ((tny (0, 0)) + B (a,w) B ) (3.7)

We now present our EP-learner algorithm for feature mappings of fixed dimension k
in Algorithm 5. This algorithm is a cross-fitted variant of Algorithm 3 that incorporates
Algorithm 4 in Step 1. Line 2 of this algorithm encompasses many estimation strategies, in-
cluding penalized empirical risk minimization [van de Geer, 2000], random forests |[Breiman,
2001], and gradient boosting [Freund and Schapire, 1997|. Algorithm 6 instead describes a
cross-validated EP-learner implementation incorporating data-driven selection of the feature
mapping dimension. This selection is made based on a one-step debiased estimate of the
risk function. The potential nonconvexity of this risk does not cause computational issues
in this case since optimization is performed over a finite set of candidate values of k.

As presented in Algorithm 6, the cross-validated EP-learner only requires the construc-
tion of cross-fitted outcome regression and propensity score estimators once. Nuisance es-

timators do not need to be recomputed within each training fold. Since the cross-fitted
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Algorithm 5 EP-learner algorithm (fixed sieve dimension)

Require:
— dataset D,, consisting of observations (Wi, A1,Y1), (Wa, A2, Ya), ..., (W, An, Y, );
— cross-fitted estimates m, 1,m,2,..., 7,7 of mo and py 1, fin2, - - ., fin,g of po;

— feature mapping ¢, : R? — R* of output dimension k € N;
— supervised learning algorithm for causal contrast;

1: obtain debiased outcome regression estimates u;‘L,j from m, ; and p, ; using Algorithm
4;

2: return minimizer 0 , of 6 LS, Ly 0, W;).

j (%)

nuisance estimators are constructed using the entire dataset, there is some data leakage
across the training folds used for cross-validation. To avoid such data leakage, the nuisance
functions could alternatively be re-estimated within each training fold, although this would
come at a possibly significant computational cost.

The sieve Hi, Ha, ... used in the EP-learner implementation is an important ingredient
that must be specified. In some cases, the transformed action space H suggests a nat-
ural choice of sieve. For instance, if H is a reproducing kernel Hilbert space, the linear
span of the first k elements of the leading eigenfunctions of the integral kernel operator
[Mendelson and Neeman, 2010] is a canonical choice for Hi. More generally, sieves based
on the trigonometric polynomials [Jackson, 1912|, B-splines [Gordon and Riesenfeld, 1974],
and wavelets [Antoniadis, 2007| are natural candidates with strong approximation guaran-
tees under smoothness assumptions on the action space. In our experiments, we used the
tensor-product trigonometric polynomial sieve proposed by Zhang and Simon [2023] and im-
plemented in the associated R package Sieve [Zhang, 2023]. In principle, the cross-validated
EP-learner could be modified to select from different basis functions used to define the sieve.
For example, Algorithm 5 can be used to construct EP-learners based on different subsets

of trigonometric polynomial and B-spline basis functions.

3.5 Theoretical guarantees for empirical risk minimization

3.5.1 Efficiency of the EP risk estimator

In this section, we study the EP risk estimator presented in Algorithm 5 with a deterministic
feature mapping dimension k = k(n) growing with sample size. Specifically, we establish
conditions under which this EP risk estimator is equivalent to an oracle-efficient one-step

risk estimator. To do so, we show that the debiasing term for the EP-learner risk estimator
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Algorithm 6 EP-learner algorithm (cross-validated sieve dimension)

Require:
— dataset D,, consisting of observations (Wi, A1,Y1), (Wa, A2, Ya), ..., (W, An, Y, );
— number of cross-fitting splits J;

— growing sequence 1, 2, . . ., P (n) of feature mappings, with ¢y, : R? — R¥ and K(n) €
N;
— supervised learning algorithm for causal contrast;

1: partition D,, into J datasets DL, D2 ... D/ of approximately equal size, say with cor-

responding index sets Z}, Z2,...,Z7;

2: for j € [J], construct estimates m, ; and pu, ; of my and pg using Dn\DgL;

3: for k=1,2,...,K(n) do

4: forj=1,2,...,J do

5:

obtain debiased estimates M;kl,j,k from m,; and p,; using Algorithm 4 with
dataset Dn\D,j;b, cross-fitted estimates 7y, 1,Tn2,...,Tng and fin 1, ln2s- -5 fn,Js
and feature-mapping g;
obtain minimizer 6, ;. of 6 — Zie[n}\ﬂ; Lz o (0, ;).

end for

8: end for

9: compute optimal dimension ke, (n) := argmingey = >0 L iy ttm iy (O 0. k)
10: return 9:’ Few (1) obtained using Algorithm 5 with dataset D), and feature mapping ¢y, (n)-

has a second-order dependence on the estimation error of the outcome regression estimator
and the sieve approximation error of the transformed action space H. Thus, if this debias-
ing term converges to zero rapidly enough, the EP-learner risk estimator is n%fconsistent,
asymptotically linear, and nonparametric efficient for the population risk uniformly over the
action space JF, as we formalize below.

In what follows, we say ‘the loss is linear in g’ if both g; and go are the identity map
in (3.1), and is not linear in p otherwise. For 6§ € L?(Pyw), we denote by |[|]|o the
Py—essential supremum norm and by II 6 € argmin,eq, || — &|| the L?(Py)-projection of

6 € H onto the sieve Hy. Below, we make use of the following conditions:

C1) there exist constants n € (0,1) and M € (0, 0o) such that, for all j € [J], for Py—almost
every realization (w,a) of (W, A), and with Py—probability tending to one:

(a) strong positivity: mo(a|w) € [n,1 —n] and 7y, j(a|w) € [n,1 —n];
(b) boundedness: |pn,j(a, w)| < M and |u;, ;(a, w)| < M;

C2) polynomial nuisance rates: there exist v > 0 and § > % such that, for all j € [J]:
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(a) propensity score: ||y, j — mo|| = Op (n_V/(QVH));

(b) outcome regression: ||pn; — poll = Op (n_ﬁ/(25+1)). Moreover, if the loss is not
linear in p, then 8 > 1/2, so that ||, j — pol| = op(n™'/4).

(c) debiased outcome regression: ||y, ; — pioll = Op (n=A/2+D) 1\ /k(n) log n/n);

C3) sufficiently small sieve approzimation error: there exist p > % and v > 0 such that:
, ) Mk (n) (+0)lloo )
(a) slowly growing Lebesgue constant: SUP et veHy i [orillm = O ({log k(n)}");
(b) polynomial approzimation rate: supgey infeem,, 160 — Bl = O(k(n)=*);

¢) large enough exponent: if min{B,v} > i, then p > =, and otherwise, p >
2 26+1

1
4min{B,v}"

Conditions C1 and C2 of Theorem 3.2 commonly appear in the nonparametric inference
literature |Bickel et al., 1993, Shen, 1997, van der Laan and Robins, 2003, van der Laan and
Rose, 2011, Chernozhukov et al., 2018a]. Condition Cla strengthens A1l so that strong posi-
tivity also holds for the propensity score estimators. Conditions C2a and C2b are satisfied for
some vy > 1/2 and f > 1/2 if the cross-fitted nuisance estimators converge at a polynomial

rate faster than n—1/4

. Under suitable smoothness assumptions, such rates can be achieved
by several statistical learning methods, including generalized additive models [Hastie and
Tibshirani, 1987], reproducing kernel Hilbert space estimators [Nie and Wager, 2021], the
highly adaptive lasso [van der Laan, 2017|, and certain neural network architectures |Far-
rell et al., 2018]. For the CATE and log-CRR risks in Section 3.3, the loss is linear in p,
Condition C2 requires that the rate exponent of the outcome regression estimators satisfy
B > 1/(47). Condition C2a and C2b together represent a rate double robustness condi-
tion [Bang and Robins, 2005, Rotnitzky et al., 2021]. Condition C2c¢ imposes a high-level
rate requirement on the sieve-adjusted estimator f;, ;. In particular, under C2b it holds if
maxe( ] |14, ; — poll = Op(maxe gy [|pn,; — poll + Vk(n)logn/n), where the first and second
terms on the right capture the sieve approximation error for po and the statistical estima-
tion error of a k(n)-dimensional parameter, respectively [Chen, 2007]. In Appendix B.5, we
verify this condition explicitly for the case where (u;, ; : j € [J]) is obtained from Method 2
in Algorithm 4. Condition C4 controls the complexity of the action space F in supremum
norm. This condition holds with exponent a := s/d when F falls in a d-variate Holder or
Sobolev smoothness class with smoothness exponent s > d/2 (Theorem 2.7.2. of van der
Vaart and Wellner, 1996; Corollary 4 of Nickl and P6tscher, 2007).

By controlling the Lebesgue constant [Belloni et al., 2015] in C3a, approximation theory

can be used to bound supgey, [|0 — )0/ by the sup-norm approximation error of C3b
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up to logarithmic dependence on k(n) [Huang, 2003, Chen and Christensen, 2013, Belloni
et al., 2015]. Ouly requiring elements of H to be continuous, Section 3.2 of Belloni et al.
[2015] provides an overview of several sieve choices that satisfy this condition, including those
based on trigonometric series, splines, wavelets, and local polynomials. Condition C2c is the
convergence rate expected for an empirical risk minimizer over a sieve space of dimension
k(n) based on a loss indexed by cross-fitted nuisances [Foster and Syrgkanis, 2023]. This
condition is satisfied under regularity conditions when each f, ; is obtained using Algorithm
4. Together, conditions C2 and C3 ensure the existence of a sequence of sieve dimensions
k(n) such that, for each j € [J], remainder terms of the order [|u;, ; — ol [[7n,; — moll and
supgey |0 — Wiy @[l 1, — 1ol are Op(n_%). The precise choice of k(n) depends on §3,
~ and p, which are typically unknown. However, under mild conditions, using arguments
similar to those in van der Laan and Dudoit [2003], it can be shown that the cross-validated
EP-learner is equivalent to the infeasible EP-learner that uses an oracle selector of k(n)
minimizing the population risk.

Compared to cross-fitted empirical risk estimators [Kennedy, 2023a, Foster and Syrgka-
nis, 2023|, the nuisance estimator ,ufm depends on the entire dataset, and so, the EP-learner
loss function LG,j is not independent of observations in the jth fold. Consequently, to
obtain tighter control of empirical process remainders [van de Geer, 2014|, we require that
the action space F not be too large with respect to the supremum norm metric. To quan-
tify the complexity of F, we consider the e—covering number Ny, (e, F) with respect to the
Py w—essential supremum metric (61,62) — doo(61,62) := |61 — b2]|cc on F as the smallest
number of balls of dw—radius ¢ required to cover F [Chapter 2 of van der Vaart and Wellner,
1996], and the corresponding metric entropy integral Joo (4, F) := foé{log Noo(e, .F)}%ds. To
establish our results, we require the following regularity conditions on the class of functions

s

C4) nonparametric, convex action space that is not too large: F is uniformly bounded,
convex, and Juo (8, F) < C3' 1/ for some a > 1/2 and C' > 0, and for every § > 0.

In the following theorem, [°°(F) denotes the Banach space of bounded function-
als b : F — R equipped with the norm b + [|bl[so(Fr) = supper|b(f)|. Finally,
for 6 € F, we denote the EP-learner risk estimator obtained from Algorithm 5 by

Rn,k(n) (9) = % Z?:l LM* (97 Wz)

n,j(2)
Theorem 3.2 (Oracle efficiency of EP-learner risk). Suppose that conditions C1-CJ hold
and that k(n) is a deterministic sequence satisfying the rate conditions

(logn)¥/? 0 k(n) logn

k(n) : 2:8.0)
n 2¢(B8,7)+1

1
n20(2B+1) . —0,
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with ¢(B,7) := min{B,v,1/2}. Then, it holds that

n

1 1 p
n2sup |— AN 0;;0)] — 0.
OEJE n ; "nd(z)’“n,j(i)( v )

Furthermore, it follows that supge r \n%{Rmk(n) (0) = Rn0(0)}Y| 25 0, and thus, the stochastic
process (n%{Rn,k(n)(H) —Ro(0)} : 0 € F) converges weakly in £°°(F) to the tight Gaussian

process G with mean zero and covariance function (01, 02) — Po(Do g, Dog,)-

We note that the constraints on 7, 8 and p imposed by C2 and C3 ensure the existence
of a sieve dimension k(n) satisfying the growth rate bounds of Theorem 3.2. Since Dy is
the (nonparametric) efficient influence function of P +— Rp(6), it holds that R, ;,)(0) is a
nonparametric efficient estimator of Ry(6) for each 6 € F |Bickel et al., 1993|. In addition
to being efficient, the estimator R, y(,) exhibits a form of double robustness whenever the
loss is linear in p; this is the case for both the CATE and log-CRR loss functions introduced
in Sections 3.3.1 and 3.3.2. In particular, even when the outcome regression estimators are
inconsistent, the EP-learner risk estimator Ry, ;,,)(6) is still consistent for Ro(6) if ||y, ; —o|
and supgecy ¢ — Hk(n)¢|| tend to zero in probability—this is studied in Lemmas B.12 and
B.14 of the Supplement.

Theorem 3.2 indicates that no additional correction is needed to ensure the asymptotic
linearity and efficiency of the plug-in risk function estimator whenever it is based on the
debiased outcome regression estimators fiy, 1, fig, 9, - - - ,u;’ ;- However, this property comes
at the cost of condition C3, which requires that the product of the outcome regression
estimator rate ||y, ; — iol| and sieve approximation error supgeyy [|¢ —g(n)@lloo be Op(nfé).
Fixing nuisance rate exponents 5 and = of C2, in order to obtain a sieve approximation
rate satisfying C3, elements in the transformed action space H must generally be sufficiently
smooth with respect to the sieve basis. If H is a subset of the class of d—variate Hélder smooth
functions with smoothness exponent s > d/2, this condition is known to hold with p := s/d
for appropriate sieves based on trigonometric, spline, wavelets, and local polynomial basis
functions (Section 2.3 of Chen, 2007; Section 3 of Belloni et al., 2015). For appropriate sieves
based on trigonometric and wavelet basis functions, condition C3 also holds with p := s/d
when H is contained in the d-variate Sobolev class of smoothness exponent s > d/2 [Kon
and Raphael, 2002, Cobos et al., 2016].

3.5.2 Convergence rate guarantees for ERM-based EP-learners

We now establish properties of an EP-learner of the population risk minimizer 6y :=
argmingc r Ro(f) constructed using empirical risk minimization. We refer to this spe-

cial case of Algorithm 5 as the ERM-based EP-learner 67 k(n) defined as any element
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of argmingez Ry, y(n)(0). To simplify our results, we assume that 0;‘17“”) always exists.
However, when that is not the case, it suffices to identify a near-minimizer in the sense of
Foster and Syrgkanis [2023].

To theoretically evaluate the performance of the ERM-based EP-learner, we compare it
with the oracle learner 6,0 € argmingcr Ry r,,u,(6), which minimizes the oracle efficient
one-step risk estimator over F. Before studying the ERM-based EP-learner, we present an
upper bound on the rate of the oracle learner. For the following theorem and the remainder

of this section, the exponent o > 1/2 is the entropy integral exponent from C4.

Theorem 3.3 (Oracle learner rate). Under Cla and C4, it holds that ||0n0 — 6o] =
Op(n—a/(ZoH—l))‘

If F consists of d—variate, compactly-supported, Holder-smooth functions with Holder
exponent s > d/2, the entropy integral satisfies C4 with a = s/d [Theorem 2.7.2. of van der
Vaart and Wellner, 1996], which gives an oracle rate of n~/(2e+1) - When the target of
interest is the value of the CATE function at a point, Kennedy et al. [2024] shows that
this rate is minimax for an oracle learner based on observing counterfactual outcomes. The
results in Yang and Barron [2000] can similarly be used to show that this oracle rate is
minimax when the goal is instead estimation of the CATE function in an L?(Ppw )-sense.
Hence, at least in the CATE estimation setting, this suggests that the rate for Holder smooth
functions provided by Theorem 3.3 cannot be improved. In light of this, throughout, we will
refer to n=®/(2a+1) a5 the oracle rate.

The following theorem provides an upper bound on the convergence rate of the ERM-
based EP-learner. To obtain fast rates for the ERM-based EP-learner, we impose the fol-

lowing coupling between the supremum and L?(Py) norms:

C5) sup-norm coupling: there exists C' > 0 such that [0, < C 101 for all 6 €
F—-F.

Condition C5 is known to hold with exponent « := 1/d when F is a subset of the d-variate
Holder smoothness class of order s = 1 [Lemma 4 of Bibaut et al., 2021]. Moreover, this
condition holds for appropriate reproducing kernel Hilbert spaces [Lemma 5.1 of Mendelson
and Neeman, 2010]; in particular, it holds with exponent « := s/d when F is a subset of
the d-variate Sobolev smoothness class of order s > d/2. This condition also holds when
F equals the signed convex hull of appropriate basis functions [Lemma 2 of van de Geer,
2014]. For empirical risk minimization within an RKHS, such sup-norm couplings have been
used to establish fast rates under L? convergence of the nuisance estimators [Nie and Wager,
2021, Foster and Syrgkanis, 2023].
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Our next result describes how close the ERM-based EP-learner and its oracle counterpart
are, and involves the sequence 2 := min{a,, b,} with

S (logn)?” 1 n k(n)logn 1/2+ k(n)®/®) 2 )
e k(n)ﬂ nB/(2B+1) n n ’

)21/

1 k(n)logn (logn

bu 1= CEpr@en T T P12 k()P i1/

Theorem 3.4 (EP-learner convergence rate for a deterministic sieve growth rate). Suppose

that conditions C1, C2, C3a , C3b, C4 and C5 hold. Then, it holds that
”ez,k(n) - en,OH = Op (gn) + Op (n—a/(2a+1)>

for any sieve growth rate satisfying (logn)k(n)/n2cB/2E+1} 0.

Theorem 3.4 establishes that, under certain conditions, the rate of the root-mean-squared
error between the EP-learner and the oracle learner is dominated by the oracle rate up to a
remainder term ¢, that depends on nuisance estimation rates and the sieve approximation
error. In view of the b, term, the EP-learner rate is no worse than the debiased out-
come regression estimator rate n=%/ A+ 4 {k(n)logn/n}'/? as long as (i) 6 is at least
as smooth as pg so that § < «; and (ii) the sieve growth rate is fast enough so that
nP/PRB+D} log n)?8/P /k(n) — 0. The rate in Theorem 3.4 does not appear to depend
directly on v or [, except through the sieve approximation error term &,. This is be-
cause C2 ensures that the errors of the initial nuisance estimators can be absorbed into the
Op(n=/(2e+1)) term.

The next result demonstrates that, under appropriate conditions, the EP-learner is
oracle-efficient in the sense of Kennedy [2023a] so long as the oracle rate is tight in ex-
pectation and the sieve approximation error and nuisance estimation rates tend to zero
quickly enough. To achieve oracle efficiency, we require k(n), § and p to be such that
n®/(2ete 5 0, which mandates that k(n) grow at a faster rate than imposed by Theorem

3.2. We also require the following additional condition:

C6) tight oracle learner rate: n=%/e+D) /ER 10, o — o] = O(1).

Theorem 3.5 (Oracle efficiency of ERM-based EP-learner). Suppose that conditions C6,
C2 with v > 1/2 and § > max{%, 40522%}, and C3b with p = o hold in addition to the
conditions of Theorem 3.4. Then,

107,y = On.0ll = Op (E0'[10n,0 — bol])

2
for any sieve growth rate satisfying nQC(g{i%Zgﬁg?)H) — 0 and apn2a+l — (.
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By the reverse triangle inequality, Theorem 3.5 implies that ||9;;7k(n) — 0ol — [|6n,0 — Ool|
tends to zero in probability faster than E||6,, 0 — 6p]|. If this statement can be strengthened
to convergence in expectation rather than in probability, it would follow that ES\\GZ,k(n) —
Ooll/E|0n,0— 00| — 1. In such case, 0, k(ny Would converge in expected mean squared error
at the same rate and constant as the oracle learner.

In view of Lemma B.20 in Appendix B.4.4, there exists a sieve growth rate k(n) satisfying
the growth bounds of Theorem 3.5. It is not immediately obvious that it is possible to obtain
a sieve approximation rate exponent p equal to the metric entropy and a supremum norm
coupling exponent « satisfying C4 and C5, as is required in Theorem 3.4. However, this is
indeed guaranteed if, for example, F and H consist of d—variate functions that are Holder

smooth with order s = 1 or Sobolev smooth with order s > d/2.

3.5.8 Discussion and related literature

Under the conditions of Theorem 3.5, EP-learner is oracle efficient if both nuisance estimators
converge in L? at polynomial rates faster than n=1/4 (v > 1/2 and 8 > 1/2). These rate
conditions are analogous to those for orthogonal learning when no additional structure is
assumed beyond C4 and C5 (Theorem 3 of Nie and Wager, 2021; Example 1 of Foster and
Syrgkanis, 2023). We expect that alternative conditions can be obtained by working with L*
rates |cf. Foster and Syrgkanis, 2023, Proposition 1|. Here, we instead follow Nie and Wager
[2021] in formulating conditions in terms of L? rates, as these are more widely established.

In doubly robust settings, DR and other orthogonal learners can achieve oracle efficiency
when the outcome regression converges more slowly than n~1/4, provided the propensity
is estimated sufficiently quickly so that the product of the L? errors is op(n_l/ 2). In this
regime, EP-learner’s outcome regression can similarly converge slower than n=/4, but the
rate requirement is dictated by the more stringent of the usual product rate condition (8 >
1/[47]) and a condition dictated by the smoothness of the causal summary (8 > 2a/[4a?+1]).
The latter requirement is imposed to ensure the sieve approximation error is negligible. As
a — 1/2, this condition is at its most restrictive, requiring an o/p(nfl/ 4) rate of convergence
for the outcome regression. However, once « is large enough (more than 2y — 1/[87]), the
usual product rate condition is the more restrictive, and so the requirement on the outcome
regression rate is the same as for orthogonal learners.

The rates achieved by many Neyman-orthogonal learning strategies—including the DR-
learner, R-learner, and EP-learner—may be suboptimal when additional structure is imposed
on the causal contrast and nuisance functions. In particular, for CATE estimation under
Holder smoothness of the estimand, the propensity score, and the outcome regression, these

learners fail to attain the minimax rate and oracle efficiency in low-smoothness regimes of
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the nuisances. By contrast, specialized procedures that exploit Holder regularity and higher-
order bias corrections can achieve minimax-optimal rates in such settings [Kennedy, 2023a,
Kennedy et al., 2024, Fisher, 2024]. However, even for marginal treatment effect estimation,
such rate improvements are known to not be achievable in structure-agnostic settings, where
only high-level L? rate conditions are imposed on the nuisances [Balakrishnan et al., 2023,
Jin and Syrgkanis, 2024].

3.6 Example of when EP-learners are more robust than DR-learners: K-nearest
neighbors

In this section, we provide theoretical support for how EP-learners can outperform orthog-
onal learners, such as DR-learners, by being less sensitive to tuning parameter choices, as
discussed in Section 3.3.1. Focusing on estimation of the CATE using K-nearest neighbors,
we show that if the adjusted T-learner u (1, -) — u (0, ), used to construct pseudo-outcomes
for EP-learning, is uniformly consistent, then EP-learner remains consistent even with a

fixed number of neighbors as n grows.

Consider estimation of the CATE based on the population risk function in Section 3.3.1.
Let u) be constructed from initial estimators m, and p, of my and o using Algorithm 4,
where for each j € [J] we set m, j = m, and py, ; = p,. Let 6, pp denote the K,-nearest
neighbors EP-learner, defined pointwise for each w € (0,1)¢ as

n

O () = 2 D 1 € Tae, m ()} [ (1, W) = i, (0, W),

1=1
where Zk,, »(w) denotes the indices of the K, nearest observations to w under the Euclidean

norm, with ties broken arbitrarily. Our main result is the following theorem.

Theorem 3.6. Suppose W1y,..., W, are independent draws from the uniform distribution
on [0,1]% and that, for each a € {0,1}, w + po(a,w) is Lipschitz-continuous on [0,1]¢. At

each sample size n, let the number of neighbors K,, be an arbitrary element of [n]. Then,

sup ‘HmEp(w) — 95(w)| < sup ‘,u;(l,w) — (0, w) — 90_(w)|+(9p <(Kn logn/n)l/d> .
we(0,1)4 we(0,1)¢
Importantly, the above establishes consistency provided K,, = o(n/log(n)) and u}(1,-)—
(0, ) is uniformly consistent; a special case is that K,, = 1 for all n. Hence, for K-
nearest neighbors, EP-learner is more robust to suboptimal tuning than the DR-learner, as

illustrated in Figure 3.1, where it remains stable across a wider range of tuning parameters.
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3.7 Numerical experiments

3.7.1 Fvaluating EP-learner

We evaluated the empirical performance of the implementation of our cross-validated EP-
learner described in Algorithm 6 through three experiments based on the CATE and log-CRR
risk functions introduced in Sections 3.3.1 and 3.3.2.

In the first two experiments, we considered estimation of the CATE function. In the
first experiment, the covariate vector W was taken to have dimension d = 3, whereas in the
second, it was taken to have dimension d = 20 but with only 5 active components. The
goal of the second experiment is to assess how EP-learner performs under sparsity of the
causal summary. Because the sieve uses all covariates without penalization, it is natural
to ask whether including basis functions for inactive variables degrades performance. In
the third experiment, we considered estimation of a log-CRR with a covariate vector of
dimension d = 3. In each experiment, we further considered four settings characterized by
estimation based on a simple versus moderately complex functional form, and on limited
versus moderate propensity overlap across treatment arms. Additional details on the design
of these simulation experiments are provided in Appendix 3.B.2.

In all experiments conducted, the data-generating mechanism implied a causal contrast
additive in the covariates, and the EP-learner sieve was constructed using a univariate
trigonometric cosine polynomial basis, as considered in Zhang and Simon [2023]. The trun-
cation level for the trigonometric series was selected from the first six leading frequencies
of the trigonometric series using cross-validation. To obtain initial cross-fitted propensity
score and outcome regression estimates, ensemble learning based on cross-validation and a
library of candidate algorithms including gradient-boosted trees (xgboost) with tree depths
ranging from 1 to 8 and generalized additive models (GAMs) was used. The performance of
EP-learner was compared to that of DR-learner, R-learner [Nie and Wager, 2021], T-learner,
and a causal forest estimator [Wager and Athey, 2018] for the CATE in the first two exper-
iments. We considered various EP-learners, DR-learners, T-learners, and R-learners, each
differing in the supervised learning algorithm used in Step 2 of Algorithm 5. The super-
vised learning algorithms considered were GAMs, multivariate adaptive regression splines
(MARS), random forests (RF), and xgboost, and are implemented using the R packages gam
[Hastie and Hastie, 2015], earth [Milborrow, 2019|, ranger [Wright and Ziegler, 2017, and
xgboost [Chen and Guestrin, 2016]. We note that only GAM (for a fixed tuning parameter)
is an example of an empirical risk minimizer, with F taken as the cubic smoothing spline
class |Hastie and Tibshirani, 1990], whereas all other methods are greedy estimators that

select tree splits or basis functions in an adaptive manner. For the R-learner, we omitted the
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use of MARS because the weight implementation of earth is computationally prohibitive.
The causal forest estimator used is implemented using the R package grf and was inter-
nally tuned using the tune.parameters=“all" argument of the causal_forest() function
[Tibshirani et al., 2018|. For the DR-learner, R-learner, T-learner, and EP-learners, tuning
parameters were selected using 10-fold cross-validation based on the DR-learner loss.

In the third experiment, we compare the performance of EP-learner for log-CRR estima-
tion with that of the T-learner and of the IPW-based E-learner introduced in Jiang et al.
[2019]. We did not consider learners based on the one-step debiased risk estimator due to
the nonconvexity of its corresponding loss function. The base-learner MARS was omitted for
all causal learners as the R package earth does not support non-binary outcomes for logistic
regression. For similar reasons, we used the xgboost (rather than the ranger) implementa-
tion of random forests. Apart from these changes, the base statistical learning algorithms
used for the causal learners were the same as those used for CATE estimation.

For each experimental setup and sample size n € {500, 1000, 2000, 3000, 4000, 5000}, we
generated 1000 simulated datasets. The Monte Carlo empirical mean squared error was
computed for each EP-learner and its competitors. Results for the CATE experiments
with a complex functional form and moderate treatment overlap are displayed in Figure 3.3,
whereas results for the log-CRR experiment with limited and moderate treatment overlap are
shown in Figure 3.4. Results for simple causal contrasts and settings with limited treatment
overlap are qualitatively similar and summarized in Appendix 3.B.2.

In most experimental settings and simulation scenarios, EP-learner performed at least
as well as—and in some cases better than—all other methods considered, particularly when
using tree-based methods. In the case of CATE learners based on GAMs, EP-learner and
DR-learner had comparable performance across all sample sizes. However, the R-learner and
T-learner outperformed EP-learner and DR-learner for GAM with d = 3, suggesting that
plug-in estimation and overlap weighting were beneficial for improving efficiency in this case.
For more flexible algorithms, such as tree-based learners and MARS, EP-learner significantly
outperformed DR-learner in mean squared error across all settings, even for large sample
sizes. For instance, in the CATE experiments with xgboost, EP-learner reduced the mean
squared error approximately three-fold compared to DR-learner at sample size n = 5000. In
all CATE experiments, R-learner and causal forests performed well. In the CATE experiment
with covariate dimension d = 3, the ranger and xgboost EP-learners exhibited better mean
squared error than R-learner and causal forests across all settings and sample sizes. In the
CATE experiment with covariate dimension d = 20, causal forests slightly outperformed
the ranger and xgboost EP-learners for smaller sample sizes, but EP-learners perform best

for larger sample sizes. In the log-CRR experiments, we found that EP-learners generally



108

performed as well or better than the T-learner, depending on the degree of treatment overlap.

The IPW-learner exhibited significantly worse performance than EP-learner in most settings.

3.7.2  Comparing with R-learner

We reproduce the four benchmark settings (A-D) from Nie and Wager [2021], where co-
variates X are drawn from a distribution Py, treatment is assigned via a propensity e*(z),
and outcomes follow YV = b*(X) + (W — 1)7*(X) + o with W | X ~ Bernoulli(e*(X)) and
e ~ N(0,1). Setup A features complex nuisances but a simple treatment effect; Setup B
mimics a randomized trial with no confounding; Setup C imposes strong confounding with
an easy propensity, a difficult baseline, and a constant treatment effect; and Setup D gen-
erates uncorrelated treated and control outcomes so joint learning offers no benefit. We fix
d =5 and o = 1, vary n € {500,1000, 2000}, and use the exact data-generating functions
from Nie and Wager [2021].

Figure 3.5 reports the mean squared error (MSE) of CATE estimators across sample
sizes n = 500, 1000, 2000 under settings A-D, averaged over 100 independent data draws.
The EP-learner consistently outperformed or matched the performance of the DR-learner
and R-learner across all settings when the base learner was XGBoost or Random Forest,
while all methods performed similarly with GAM. The EP-learner also outperformed the
T-learner except in Setup D, where the strong performance of the T-learner is expected
since the treated and control models are unrelated and separate fitting naturally aligns with
the data-generating process. With random forests, EP-learner was competitive with causal
forests (the random-forest—based R-learner from grf): it outperformed them in Setups B
and D and matched their performance in larger samples for Setup A. Setup C features a
constant CATE and overlap weighting used by the R-learner and causal forests is expected
to be beneficial since extrapolation from regions of high overlap to those of lower overlap
is straightforward. This is reflected in R-learner and causal forests generally outperforming
both EP-learner and DR-learner. Overall, EP-learner either outperforms or matches the
DR-learner and R-learner with gradient boosting or random forests across diverse regimes,

while remaining competitive with state-of-the-art causal forests.

3.8 Conclusion

In this work, we have introduced a framework for estimating a heterogeneous causal con-
trast based on a particular construction of an efficient plug-in risk function estimator. To
the best of our knowledge, our construction gives the first doubly-robust, efficient estimator
of a population risk function for the log-CRR function that corresponds to a convex loss

function. While our primary focus has been on EP-learners for use in settings with a single
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time-point, discrete treatment, our framework can be extended to contexts involving con-
tinuous or longitudinal treatments. In future research, it would be of interest to explore
the development of EP-learners for broader causal summaries, such as conditional treatment
effects under longitudinal interventions |Luedtke et al., 2017, Rotnitzky et al., 2017]. In
contrast to the plug-in methods presented in these earlier works, EP-learner would make
it possible to leverage parsimony found in contrasts between counterfactual means under
longitudinal interventions but otherwise not found in the counterfactual means themselves,
for example.

To determine sieve specifications for EP-learner, including basis function types and di-
mensions, we proposed using the cross-validated one-step risk estimator. In high-dimensional
settings, defining a candidate basis for constructing a sieve can be challenging. In our simu-
lation experiments, additive sieves based on univariate trigonometric series performed well,
even with complex action spaces like random forests and boosted trees. However, incorpo-
rating tensor-product sieves with higher interaction degrees could potentially improve the
performance of EP-learner. Alternatively, it may be fruitful to data-adaptively learn a subset
of variables that drive treatment effect heterogeneity and then use basis functions of those
variables. In the case of estimating the covariate-adjusted conditional mean, Vansteelandt
and Morzywotek [2023] proposes a penalized sieve method for constructing debiased plug-in
risk estimators. Adapting our approach to incorporate penalization would be an interesting
area for future work.

While in this work we assumed access to an estimator of the propensity, from which
estimates of the inverse propensity were obtained, we note that EP-learner can also be
modified to use inverse-propensity weights estimated directly—for example, using stable
balancing weights |Zubizarreta, 2015| or autoDML [Chernozhukov et al., 2022¢c|. Moreover,
EP-learner may benefit from stabilizing propensity score estimates through calibration tech-
niques [van der Laan et al., 2024b, Klaassen et al., 2025].

An unexplored application of EP-learner is its potential to improve the calibration of
predictors for the CATE through causal isotonic calibration [Van Der Laan et al., 2023|.
Isotonic calibration often exhibits poor calibration at the boundary of uncalibrated predic-
tions, primarily because of overfitting of isotonic regression in that region |Groeneboom and
Lopuhaa, 1993|. However, this issue could be mitigated by utilizing an EP-learner risk esti-
mator for the CATE, which would ensure that the pseudo-outcome employed for calibration

itself serves as a CATE estimator.
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Figure 3.1: CATE estimates based on EP-learner, DR-learner, and T-learner with random forests and
various maximum tree depths computed on a single dataset. (Top) EP-learner, DR-Learner, and T-learner
CATE estimates with 10-fold cross-validated maximum tree depth; mean squared prediction errors are 0.0021,
0.012, and 0.005, respectively. Observed covariate distribution is depicted in gray. (Bottom) EP-learner,
DR-learner,and T-learner CATE estimate for maximum tree depths of 1, 2, 4 and 7.
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Negative pseudo-weights

R Package Accepts negative | Accepts outcomes Covariate\\Pseudo—weight Pseudo-outcome
weights outside of [0,1]

carth P X 1.0333 \ 1.57 0.66
gam /mgov x x -1.755 Y 194 -0.09
glm X X

0.637 2.17 0.41
hal9001 x x
ranger X X 1.980 -4.04 -0.20
rendomForest X x -0.735 1.58 1.15
xgboost with default loss () x x /’
xghoost with custom weighted loss (x) | v v

Pseudo-outcome falls outside [0,1]

Figure 3.2: (Left) Common R packages for logistic regression may or may not allow negative weights and
outcomes outside of [0,1]; a checkmark indicates that they do. (%) The xgboost package has many built-in
loss functions, but they do not accept negative weights. However, these negative weights can be absorbed
into a custom loss function. (Right) Example dataset for estimating the CRR using the one-step efficient
risk estimator.
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Figure 3.3: CATE experiments with a complex CATE and moderate treatment overlap: Mean squared
error for DR-learner, R-learner, T-learner, and cross-validated EP-learner with supervised learning algorithm
GAM, MARS, ranger, and xgboost. For the plots reporting the results of ranger, we also display the results
of causal forests for comparison.
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Figure 3.5: Mean squared error (MSE) of CATE estimates across sample sizes n € {500, 1000, 2000} under
the four simulation settings (A—D) of Nie and Wager [2021], comparing EP-learner, R-learner, DR-learner,
and T-learner across different base learners (XGBoost, Random Forest, GAM). For comparison, the causal
forest implementation from grf is also displayed under the Random Forest base learner.
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Chapter Appendix

3.A Code

An R package, hte3, implementing the EP-learner is available on GitHub at: https://gi
thub.com/Larsvanderlaan/hte3. Code to reproduce our experiments can be found here:

https://github.com/Larsvanderlaan/hte3/tree/main/paper_EPlearner_experiments.

3.B Supplemental information for experiments

3.B.1 Small-scale experiments

Empirical RCDF of absolute value of pseudo—-outcome values Empirical RCDF of absolute value of pseudo-outcome values
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Figure 3.6: (Left) Empirical reverse cumulative distribution function (RCDF) of estimated DR pseudo-
outcome values for the simulated dataset. (Right) A zoomed-in empirical RCDF. The 1% and 99% empirical
quantiles of the pseudo-outcome are -3.2 and 3.1 while the minimum and maximum values are -16 and 14.

The following R code was used to generate the dataset corresponding to Figure 3.1. The
code for running the analysis and generating the figures can be found at https://github

.com/Larsvanderlaan/npcausalML/blob/main/reproduceSims/introCATEFigure.R.

set.seed(12345)

n = 1500

W1l <- rt(n, df = 5)
pi0 <- plogis(W1)

A <- rbinom(n, 1, pi0)


https://github.com/Larsvanderlaan/hte3
https://github.com/Larsvanderlaan/hte3
https://github.com/Larsvanderlaan/hte3/tree/main/paper_EPlearner_experiments
https://github.com/Larsvanderlaan/npcausalML/blob/main/reproduceSims/introCATEFigure.R
https://github.com/Larsvanderlaan/npcausalML/blob/main/reproduceSims/introCATEFigure.R
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mu0 = 0.35 + 0.65*plogis(Wi-2 )

mul <- mu0 + plogis(2+W1+2) - plogis(W1-2) - 0.349
mu <- ifelse(A==1, mul, muO)

Y <- rbinom(n, 1, mu)

The following R code was used to generate the example dataset of Figure 3.2.

set.seed(123456)

n=>5

Wl <- rt(n, df = 5)

pi0 <- plogis(W1)

A <- rbinom(n, 1, pi0)

pi <- ifelse(A==1, piO, 1-pi0)

mu0 = 0.35 + 0.65*plogis( Wi1-2 )

mul <- mu0 + plogis(2*W1+2) - plogis(W1-2) - 0.349
mu <- ifelse(A==1, mul, muO)

Y <- rbinom(n, 1, mu)

theta <- W1

weights <- round( (mul + muO + 1/pi*(Y - mu)),2)
outcome <- round((mul + A/piO*(Y - mul)) / weights,2)

dat <- data.frame(Covariate = round(W1,3), Weight = weights, Outcome = outcome)

dat

3.B.2  Simulation design

For the low-dimensional CATE experiments, we consider O = (Wi, Wy, W5, A Y) for
independent covariates W1, Wy, W3 each drawn from the uniform distribution on (—1,+1).
Given W = w := (wi,wy,ws3), the treatment assignment A was generated from a
Bernoulli distribution with conditional mean defined, for the moderate overlap set-
ting, as mo(1|w) := expit{(w1 + w2+ w3)/3} and, for the limited overlap setting, as
mo(1|w) := expit {w1 + wy + w3}. Given (W, A) = (w,a), the outcome variable Y was
generated from a normal distribution with conditional mean £19(0, w)+a-6, (w) and variance
4 where po(0,w) = Zzzl{wk/2 + sin(bwg) + 1/(wg + 1.2)} and, in the simple setting,
0y (w) :== 14 33_, wy, and, in the complex setting, 0 (w) := 1+ Ss_, {wy + sin(5wy)}.
For the high-dimensional CATE experiments, we generate O = (W, A,Y") as follows. The

covariate W is drawn such that /2 is distributed as a mean-zero multivariate truncated
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normal random variable with support [—2,2]%°, variances 1, and covariances 0.4. Given
W = w, the treatment assignment A was generated from a Bernoulli distribution with
conditional mean 7y(1 | w) defined by logit{mo(1 |w)} := (1/1.3)(w1 + w5 + wy + w11 + w1g).
Given (W, A) = (w,a), the outcome variable Y was generated from a normal distribution
with conditional mean 4i(0,w) + a - 6y (w) and variance 4 where (0, w) = (cos(4w1) +
cos(4ws) + sin(4wg) + 1/(1.5 4+ w15) + 1/(1.5 4+ w1p))/5 and, in the simple setting, 6, (w) :=
1+ (w1 + ws + wy + wis + wip)/5 and, in the complex setting, §; (w) := 1 + (sin(4wq) +
sin(4ws) + cos(dwyg) + 1.5(w?s — wiy))/5.

For the CRR experiments, we consider O = (W, Wy, W3, A,Y) for independent covari-
ates Wi, Wa, W3 each drawn from the uniform distribution on (—1,41). Given W = w,
the treatment assignment A was generated from a Bernoulli distribution with conditional
mean mo(1 | w) where, in the moderate overlap setting, 7mo(1 | w) := expit {(wy + we + w3)/3}
and, in the limited overlap setting, mo(1|w) := expit {w; + w2 +wsz}. Given (W, A) =
(w,a), the outcome variable Y was generated from a Bernoulli distribution with condi-
tional mean 1io(0, w) exp{afg (w)} where logit 1uo(0,w) == —1 4 0.3 3 3_, {wy, + sin(4wy)}
and, in the simple setting, 65 (w) := —0.1 + 0.1 Zi:l wy and, in the complex setting,

05 (w) :==—0.140.1 Zi:l{wk + sin(4wy) }.
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Figure 3.7: CATE experiments with a complex CATE and limited treatment overlap: Mean-squared error
for DR-learner and CV-EP-learner with supervised learning algorithms GAM, MARS, ranger, and xgboost.
For the plots reporting the results of tree-based algorithms (ranger and xgboost), we also display the results
of causal forests for comparison. As a common benchmark across all learners, we display a cross-validated
T-learner obtained from an ensemble library including xgboost and GAM learners.
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Figure 3.8: CATE experiments with a simple CATE and moderate (top) and limited (bottom) treatment
overlap: Mean-squared error for DR-learner and CV-EP-learner with supervised learning algorithms GAM,
MARS, ranger, and xgboost. For the plots reporting the results of tree-based algorithms (ranger and
xgboost), we also display the results of causal forests for comparison. As a common benchmark across all
learners, we display a cross-validated T-learner obtained from an ensemble library including xgboost and
GAM learners.
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Figure 3.9: CRR experiments with a simple CRR and moderate (left) and limited (right) treatment overlap:
Mean-squared error for IPW-learner, T-learner, and CV-EP-learner with supervised learning algorithms
GAM, random forests, and xgboost. The DR-learner algorithm for the CRR is not implemented due to
nonconvexity of the loss.

3.C Additional details on EP-learner algorithm

3.C.1 Simplification of Algorithm 4 for the CATE

When hy o6 = hyof =: ho for all § € F, the debiasing term = > | Ar ., (O0;;6) in the

general case simplifies to

‘ W) Z Hm,#n,j(i) (Ala WZ) (h o 0)(WZ) {Y; = Hn,ji(3) (Ala Wl)} :
Ai me{1,2}

72%

J (Z

In this setting, (3.6) is sufficient to make the debiasing term small. We can instead take the

data-dependent feature vector in Algorithm 4 to be

@k,j(i)(aa w) = Z Hm,,un,]-(i) (aa w) Sok(w)'
me{1,2}
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With this modification, the resulting estimator p k(n) will, for all ¢ € Hy,y,,), satisty

i ] D Hom (W) 0 {¥i— (4 W)} =0
— T g me{1,2}

This modification halves the dimension of the sieve regressions of Algorithm 4 without any
cost in the size of the debiasing term, and may lead to better finite-sample performance.
In particular, for the CATE example, we recommend using @y, ;) (a, w) = (2a — 1)pg(w),

noting that hiy 00 = hyo0 =0 and -, c 1 oy Him (a,w) =2a—1.

sHn 5 (3)

3.C.2 Debiasing method for general outcomes

Method 3: general outcomes (bound-preserving). Let ¢, > 0 be deterministic and
define

65 := min {Yizﬂn,j(i) (AZ, Wl) 1= 1, ey TL} — €n,

Be 1= max {Yi, Mgy (A, W) i =1,... ,n} + €.

o~

Set g(z) = logit{(x — a¢)/(be — ac)}. For i € [n], define

}A}i = }\/1 _667 ﬁz = MH’J(Z)£A27W1) 765.
be — Q. b. —a.

Let 3, be the coefficient vector obtained from the logistic regression of ¥; on P,y (Ai, Wi)
with offsets logit(z;) and weights 1/m, j;)(A; | W;) for i € [n]. By construction, the sieve-
adjusted estimates py, ;) (A;, W;) lie in [Zie,/l;e].
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Chapter 4

AUTOMATIC DEBIASED MACHINE LEARNING FOR
FUNCTIONALS OF NONPARAMETRIC M-ESTIMANDS

Lars van der Laan, Marco Carone, Aurelien Bibaut, Nathan Kallus, and Alex
Luedtke

Abstract

Automatic debiased machine learning (autoDML) reduces valid inference for smooth func-
tionals of regression functions to Riesz representer estimation. We extend this principle
to smooth functionals of nonparametric M-estimands, defined as population risk minimiz-
ers over infinite-dimensional linear spaces. This formulation covers counterfactual regression
functions in static and longitudinal settings, quantile and survival functions, pseudo-outcome
regressions such as conditional treatment effects, and solutions to ill-posed inverse problems.
The central object is the Riesz representer of the target derivative under the Hessian in-
ner product induced by the population risk. This representer characterizes the leading
bias of plug-in estimators and yields the nonparametric efficient influence function for the
functional. Debiasing is therefore reduced to two risk minimization problems: one for the
M-estimand and one for its Riesz representer. Given their estimators, the debiasing term
is obtained by evaluating the loss gradient in the representer direction. We develop the
associated first-order theory, including a functional von Mises expansion and the efficiency
bound for the resulting projection parameters. The framework accommodates data-driven
nuisance estimation through Neyman-orthogonal losses and vector-valued M-estimands de-
fined by coupled objectives. We construct efficient one-step, targeted minimum loss-based,
and sieve plug-in estimators, and show that, for quadratic risks and linear functionals, these
estimators are asymptotically linear under doubly robust product-rate conditions.

4.1 Introduction

Inference on real-valued functionals of a probability distribution is central to many scientific
applications, including treatment-effect estimation, survival analysis, and policy learning.
These functionals are often low-dimensional summaries of high- or infinite-dimensional nui-
sance functions |Bickel et al., 1993, van der Laan and Robins, 2003, van der Laan and Rose,
2011, Chernozhukov et al., 2018a]. A canonical example is the average treatment effect un-
der full confounding adjustment, which can be written as the difference between two partial
means of the outcome regression function [Bang and Robins, 2005]. More generally, nuisance
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functions are often characterized as minimizers of population risks, such as mean-squared
error in regression or negative log-likelihood in survival analysis. The flexibility of mod-
ern machine learning makes it attractive for estimating such nuisance functions. However,
simply applying the target functional to a machine-learned nuisance estimate can intro-
duce substantial bias, converge too slowly for valid inference, and does not by itself provide
confidence intervals or other inferential guarantees.

Several methods have been developed to correct the bias of naive plug-in estimators
and obtain y/n-consistent, asymptotically normal inference under suitable conditions.
These include classical one-step estimators [Levit, 1975, Pfanzagl and Wefelmeyer, 1985,
Hasminskii and Ibragimov, 1979, Bickel et al., 1993, Newey, 1994, Newey et al., 1998],
estimating-equation and double/debiased machine learning approaches [Robins et al., 1995,
2000, van der Laan and Robins, 2003, Chernozhukov et al., 2018a], targeted minimum loss-
based estimation [Laan and Rubin, 2006, van der Laan and Rose, 2011|, and sieve-based
estimation strategies |Qiu et al., 2021, van der Laan and Rose, 2021, van der Laan et al.,
2022, Cho et al., 2024, Li et al., 2025|. These methods share a common principle: estimate
the nuisance functions flexibly, then add a correction that removes the leading plug-in
bias. The main difficulty is that this correction is usually parameter-specific. Constructing
it requires deriving the efficient influence function, often using differential-geometric and
functional-analytic tools, and identifying and estimating any additional nuisance functions
needed for asymptotically linear inference [Bickel et al., 1993|. Thus, while debiasing pro-
vides a general route to valid inference with flexible nuisance estimation, its implementation
remains technically demanding and largely case-specific.

A growing literature seeks to automate parts of this construction in semiparametric
statistics and causal inference. One line of work approximates efficient influence functions
numerically for pathwise differentiable functionals |Frangakis et al., 2015, Luedtke et al.,
2015, Carone et al., 2019, Ichimura and Newey, 2022, Jordan et al., 2022b|. These methods
are broadly applicable, but can be computationally demanding and tuning-sensitive because
they perturb the data distribution and numerically differentiate the parameter separately
for each observation. A second line of work uses automatic differentiation [Rall, 1981] to
construct influence functions for parameters built from primitives with known Hilbert-valued
pathwise derivatives [Luedtke and Chung, 2024, Luedtke, 2024|. This approach automates
the assembly of influence functions for composite parameters, but relies on a library of
primitives whose derivatives have already been derived.

A complementary approach, known as automatic debiased machine learning (autoDML),
exploits problem structure to derive reusable influence-function representations [Ichimura
and Newey, 2022, Chernozhukov et al., 2022¢, Rotnitzky et al., 2021]. In nonparametric
models, these representations are efficient influence functions; under additional model re-
strictions, they may instead be valid influence functions for the corresponding restricted
model or projection target. For linear functionals of regression functions, the representation
is determined by one additional nuisance: the Riesz representer of the target functional
[Newey, 1994, Chernozhukov et al., 2021b, 2022c|]. When this representer is not available
analytically, it can be learned through a second risk minimization problem, often called
Riesz regression [Chernozhukov et al., 2021b, 2022d, 2026, Williams et al., 2025, Hines and
Miles, 2025]. This perspective makes debiasing modular: once the influence-function form is
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known, the remaining task is to estimate the required nuisance components, including any
representers, using flexible regression methods [Breiman, 2001, Freund and Schapire, 1997,
Abdi et al., 1999, Chernozhukov et al., 2021b, Lee and Schuler, 2025].

Existing autoDML remains anchored in regression settings, where the target is typically
a functional of a real-valued regression function defined as the minimizer of a known loss.
Important extensions cover covariate shift [Chernozhukov et al., 2023, sequential regression
problems [Chernozhukov et al., 2022¢|, and linear inverse problems with regression-type nui-
sance functions |Bennett et al., 2023b, 2025, van der Laan et al., 2025¢|. Although these
extensions share a common logic, they are developed separately, with setting-specific repre-
senters, nuisance components, and debiasing arguments. Thus, existing autoDML provides
powerful procedures for important problem classes, but not yet a unified account of debiasing
smooth functionals of nonparametric M-estimands, defined as population risk minimizers
over infinite-dimensional linear spaces.

Many parameters of current interest can be expressed as functionals of M-estimands.
Examples include functionals of counterfactual regression functions [Rubin and van der Laan,
2007], value functions in reinforcement learning [van der Laan et al., 2025¢|, density ratios
[Hines and Miles, 2025|, quantile and survival functions [Wang et al., 2018, Westling et al.,
2024], pseudo-outcome regressions such as conditional average treatment effects [Yang et al.,
2023, Foster and Syrgkanis, 2023|, and smooth functionals of solutions to potentially ill-
posed inverse problems [Carrasco et al., 2007, Bennett et al., 2025, van der Laan et al.,
2025¢|. This raises the central question of this paper: beyond regression, what common
structure determines the influence function and debiasing correction for smooth functionals
of M-estimands?

4.1.1  Contributions of this work

We give a unified construction of efficient influence functions, debiasing corrections, and
autoDML estimators for smooth functionals of M-estimands defined by general risk functions
in nonparametric statistical models. The key object is a single auxiliary function: the Riesz
representer of the target derivative under the Hessian inner product induced by the local
curvature of the risk. When the loss is nuisance-free, or Neyman-orthogonal with respect
to its nuisance components, this representer determines both the nonparametric efficient
influence function and the first-order debiasing correction. The correction is obtained by
evaluating the loss derivative in the corresponding Riesz direction.

This characterization makes the construction modular. One differentiates the target and
the loss, computes the representer analytically or through an auxiliary risk minimization
problem, and substitutes it into the general formula. Thus, the framework provides a sys-
tematic route to efficient influence-function derivations and automatic debiased estimators
for parameters defined through nuisance-dependent losses, nonlinear targets, and coupled
vector-valued M -estimands.

Our main contributions are as follows:
(i) We formalize smooth functionals of M-estimands as nonparametric projection param-

eters and derive a modular characterization of their von Mises expansion, efficient
influence function, and efficiency bound.
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(i) We develop a general autoDML framework for these parameters, including one-step,
targeted minimum loss-based, and sieve plug-in estimators.

(iii) We establish asymptotic linearity and nonparametric efficiency of the proposed esti-
mators. For quadratic risks and linear functionals, the resulting estimators are doubly
robust in the M-estimand and Riesz representer.

4.1.2  Related work

This paper contributes to the literature on automatic debiased machine learning for low-
dimensional functionals of infinite-dimensional parameters [Chernozhukov et al., 2022c,
2021b, 2023, Bennett et al., 2023b, 2025]. Chernozhukov et al. [2022¢| study functionals of
outcome regressions, and Chernozhukov et al. [2021b] extend this approach to generalized
linear models. Related influence-function representations have been derived for functionals
whose nuisance components are characterized by exogenous or endogenous orthogonality
conditions [Ichimura and Newey, 2022|, general conditional moment models [Arganaraz,
2025|, and parameters with mixed-bias remainders |[Rotnitzky et al., 2021, 2026]. In
missing-data and causal inference problems, related work shows how incomplete-data
influence functions can be obtained from complete-data influence functions through aug-
mentation [Robins et al., 1994, 1995, 2000, van der Laan and Robins, 2003, Rose and van der
Laan, 2011, Graham et al., 2024]. Across these settings, suitable Riesz representers provide
a common route to debiasing. These works, however, are developed around regression,
moment restrictions, or incomplete-data reductions, and do not give a unified loss-based
theory for smooth functionals of general M-estimands.

The closest related work is Section 3 of Chernozhukov et al. [2024a|, which studies func-
tionals of real-valued M-estimands defined as minimizers of known losses, as well as separa-
ble collections of such estimands. Although motivated by M-estimation, that work follows
the orthogonal-moment approach of Ichimura and Newey [2022| and expresses the analysis
through generalized residuals rather than through the Hessian geometry of the population
risk. It does not allow the loss to depend on unknown nuisance components, nor does it
cover vector-valued M-estimands defined jointly by a coupled objective. Our framework
works directly with the loss-based structure and extends automatic debiasing to these set-
tings.

We place these problems in a semiparametric framework based on nonparametric pro-
jection parameters. This yields a functional von Mises expansion, the efficient influence
function, and the efficiency bound for smooth functionals of general M-estimands. To our
knowledge, such an efficiency theory has not previously been developed in the autoDML
literature. The central technical object is the Riesz representer under the Hessian inner
product induced by the population risk. Thus, automatic debiasing is determined jointly
by the local derivative of the target functional and the local curvature of the risk. In the
setting of Chernozhukov et al. [2024a], this object reduces to their Riesz representer.

We also extend the estimator side of autoDML. In addition to the one-step estima-
tors emphasized in prior work, we study automatic targeted minimum loss-based estimators
and automatic sieve plug-in estimators within the same framework. The automatic TMLE
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updates the M-estimand itself to obtain an efficient plug-in estimator, while the sieve con-
struction provides an automatic undersmoothing rule for selecting a sieve dimension large
enough to approximate both the M-estimand and its Riesz representer.

Our results also connect autoDML to the classical literature on sieve M -estimation, where
analogous representers appear in proofs of asymptotic normality for plug-in estimators [Shen,
1997, Chen et al., 2014, Chen and Liao, 2014, Chen, 2007, Qiu et al., 2021]. In our frame-
work, these representers are the directions that determine the efficient influence-function
correction for the corresponding nonparametric projection parameter. Consequently, sieve
plug-in estimators can be viewed as one-step estimators with an implicit debiasing term,
and are efficient for the projection parameter induced by the chosen loss. This efficiency
is loss-specific: it need not coincide with the sharp efficiency bound in a restricted model
where the sieve space is imposed as correctly specified. For example, when the loss differs
from the log-likelihood loss, the resulting estimator may fail to attain the restricted-model
efficiency bound, recovering the classical inefficiency of least-squares sieve estimators under
heteroscedasticity [Shen, 1997|. Our framework also extends sieve-style inference beyond
known losses. Existing two-stage sieve methods allow nuisance-dependent losses, but typ-
ically in nonorthogonal settings where the nuisance components are themselves estimated
by sieves [Hahn et al., 2018]. By contrast, Neyman-orthogonal losses separate nuisance es-
timation from the target M-estimation problem, allowing the nuisance components to be
estimated by generic machine-learning methods.

Organization. This paper is organized as follows. Section 4.2 introduces the frame-
work, presents illustrative examples, and reviews related literature. Section 4.3 derives
the functional von Mises expansion and the efficient influence function for functionals of
M-estimands. Section 4.4 presents the proposed estimators, and Section 4.5 develops their
asymptotic theory. Section 4.6 illustrates the framework through an application to long-term
survival in the beta-geometric model.

4.2 Generalized autoDML framework

4.2.1  Problem setup

Suppose Z1, ..., Z, are i.i.d. draws from Py, where Py belongs to a convex nonparametric
model P. We consider parameters of the form

\IJ(PO) =p, (91’0) = Ep, {m(Zv GPO)}?

where m : Z x H — R is known and 6p, is an M-estimand. More generally, for each P € P,
Op takes values in a normed linear space (H, || - %) and is the unique minimizer

0p = argmin Lp(0,np). (4.1)
0

Here Lp(6,n) := Ep{€,(Z,0)} is the risk induced by a known loss ¢, : Z x H — R. The
loss may depend on a nuisance component 77, which takes values in a convex subset N of an
ambient normed space (./\7 - lIa); mp denotes the corresponding nuisance under P. Thus,
for any P € P, ¥(P) = ¢p(0p), where ¥p(0) := Ep{m(Z,0)}. We write Sy for Sp,; for
example, 1y = np,, o = Op,, and ¢y = p,. We also write Pf := [ f(z) dP(z).
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We assume that the population risk Ly(6, n) is sufficiently smooth near (6o, 79): it is twice
Fréchet differentiable in 6 and once differentiable with respect to nuisance perturbations. For
h,hi,ho € H and n € N, write

d
69L0(90,170)(h) = fLo(eo + th, 770)

dt t:O7
, 2
Lao(6 hi.ho) i= ———Lo(0y + th h
09 Lo(00,m0)(h1, h2) ot 0s oo+ thy + shz, o) t:O,SZO’
82
0009 Lo(00,m0)(n — Mo, h) := ——=Lo(6o + th,mo + s(n —no)) .
Ot 0s t=0,5=0

We also assume that £,,(-,0) is Gateaux differentiable in 6, with derivative éno (6o) : H —
L?(Py) satisfying

3o Lo (00, m0) (h) = Polyy (60) ().
Finally, we assume that the Hessian bilinear form (hq, ha) — 83[/0 (0o,m0)(h1, he) is positive
definite, and hence defines an inner product on H. This inner product and the loss derivative
are the primitive objects used below to construct the debiasing correction. Section 4.3 states

the full smoothness assumptions.

Our framework also allows the loss to depend on an unknown nuisance component 7.
We assume that the loss has already been orthogonalized with respect to this nuisance, so
that, at (6g,mno), for all n € N and h € H,

0,00 Lo(00,m0)(n — no, h) = 0.

This is an assumption on the loss representation, not a substantive restriction on the statis-
tical problem. It makes the first-order analysis equivalent to the known-nuisance case, while
still allowing 7y to be estimated flexibly. In many settings, such representations can be
obtained from nonorthogonal formulations by standard orthogonalization arguments [Rubin
and van der Laan, 2007, Yang et al., 2023, Foster and Syrgkanis, 2023|.

Remark 4.1 (Separable product spaces and vector-valued M-estimands). Our framework
supports functionals of multiple M-estimands that jointly minimize a common objective. A
simple special case is when each M-estimand solves a separate objective. Suppose that H =

Hi XX Hg, where each Hy, is a normed space, and write § = (61,...,60x). Consider a loss
of the form ¢, (z,0) = le K%’;)(z, 01). Then the population risk is separable: Ly(6,19) =

DT L[()k)(ﬁk,ng), where Lék) (O, m0) := PO&(J;)(-, 6x). Thus, each component 6 j minimizes

its own risk L(()k)(-,ng). Moreover, for h = (hi,...,hg) and b’ = (hy,... b)), £, (600)(h) =
S0 G (B0, () and 9 Lo(6o,mo) (. 1) = S 9, LG (B m0) (e, ).

4.2.2  Estimator and overview of theory

Let 0, and 6, be estimators of the nuisance function 79 and the M-estimand 6y. For
example, 6, may be obtained by empirical risk minimization based on the orthogonal loss
0 n=13" 0y (Zi,0). A natural estimator of U(F) is the plug-in estimator

Vn(On) = % S m(Zi6)
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Yet when 0, is estimated using flexible learning methods, ,,(60,,) typically does not admit
n/2-rate inference. The difficulty is that the target depends on 6, at first order, so estimation
error in 6,, — 0y propagates directly into the plug-in estimator [van der Laan and Rose, 2011,
Chernozhukov et al., 2018al, even when 7 is known. Debiasing is therefore needed to remove

this first-order sensitivity and restore asymptotic linearity.

For linear functionals of a regression function 6y : x — Ep[Y | X = z], with Z =
(X,Y), Chernozhukov et al. [2022¢| developed an automatic approach to debiasing the plug-
in estimator 1, (6,,). By the Riesz representation theorem, they showed that the plug-in error

Un(0n) —¥n(fo) can be written as (@, 0 — o) r2(p, ) = J ao(2){0n(x) —bp(z)} dPy x (z) =
ag(x){0,(x)—y} dPy(z) for an appropriate representer «y. This yields the automatic DML

Jao(x){ y pprop p y

estimator

Un0) = 37 n (X0 (X0) — Vi,

The second term corrects the plug-in error through a one-step bias correction [Bickel et al.,
1993], thereby enabling fast rates and valid inference for ¥(F), even when g and 6y are
estimated at slow rates. This estimator generalizes the well-known augmented inverse prob-
ability weighted estimator [Robins et al., 2000, 1995, Bruns-Smith et al., 2025]. A key
observation of Chernozhukov et al. [2022¢| is that the Riesz representer ag can itself be
characterized as the solution to a risk minimization problem:

arg (E%l% Eo{a(X)? —2m(Z,a)} = arg orérg% E'o{a(X)2 —2a(X)ao(X)} = arg 01611612 Eo[{a(X) — ao(X)}ﬂ.

This follows from the defining property of the Riesz representer, namely Fo{m(Z,a)} =
Ep{a(X)ap(X)} [Williams et al., 2025|. Based on this characterization, they develop au-
toDML estimators by estimating 6y using the squared-error loss £, : (z,0) — {y — 6(x)}?,
and estimating g via Riesz regression, that is, by minimizing the Riesz loss (z,a) —
a(z)? —2m(z, ).

To extend this idea beyond regression functionals, it is useful to recall the classical
finite-dimensional M-estimation setting. Let 6y = argmingcga Poly, (-, 0). Given preliminary
estimators 6, and 7, the classical one-step estimator [van der Vaart, 2000] is

0% := 6, — Hy'P,Ve,, (-,0,),  H, =P,V (-,0,).
For a linear target 1)(0) = b' 6, set ay, := H,; 'b. Then

G(O7) = 9(On) = Paly, On)(an), Ly, (0n) (@) := @' Ve, (- 0n).

Thus the one-step correction is the empirical directional derivative of the loss in the direction
. This direction is characterized by

P(0) = agLn(Hn,nn)(Q,Ozn) for all 6 € Rd,

where L,(0,n) := Pply(-,0). Hence, o, is the empirical Riesz representer of 1) under the
Hessian-induced bilinear form. For squared-error loss, £(z,0) = {y — 6}?/2, this form is
Euclidean, so a, = b and £(0,,)(a) = o) (6, —y), recovering the correction in Chernozhukov
et al. [2022¢|. This finite-dimensional case is the prototype for the construction below.

We now extend this idea to smooth functionals of M-estimands. For a possibly nonlinear
target g, the relevant first-order object is its Fréchet derivative v¢y(6y) : H — R. The
finite-dimensional calculation suggests defining the debiasing direction as the Hessian Riesz
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Estimate M-estimand }7‘% Estimate functional }7

Loss Hessi Estimate Riesz Debias Estimator
0ss Hessian representer (One-step / TMLE)
— Loss Gradient —

Figure 4.1: Given a specification of the orthogonal loss function and the target functional of
the M-estimand, the diagram illustrates the autoDML workflow.

representer ag € H, for a suitable completion H of H, satisfying
¥0(00)(h) = 95 Lo (00, m0)(h,0),  h € H. (4.2)
Equivalently, ap minimizes the quadratic criterion
a0 = argmin {agLo(ao, m0) (v, @) — 2%(90)(@)} . (4.3)
Indeed, using (4.2), the objective in (4.3) equals
5 Lo(00, mo) (e — a0, @ — @) — 83 Lo (00, 10) (o, o),

and is therefore minimized at ag. Given estimators 6,,, n,, and a,, the generalized autoDML
estimator is ~ _

’wn = wn (en) - Pne’l]n (Qn)(a")' (44)
The construction is automatic in the sense that, once the loss ¢, the target map g, and
the nuisance estimator 7, are specified, inference reduces to estimating 6y and its Hessian
representer ag. The latter can often be learned by risk minimization whenever the quadratic
criterion in (4.3) admits the pointwise form

(2, @) = o (60) (@, @) (2) — 21iag, (2, ),

where gno (Ao) and 1y, are the corresponding second- and first-order directional derivatives.
In many applications, these derivatives are already available from the procedure used to
estimate 6y, such as gradient-based optimization, boosting, or classical M-estimation; oth-
erwise, they can often be derived analytically from the loss. Sufficient smoothness conditions
are given in Lemma 4.7.

Heuristically, the correction remains valid in infinite-dimensional settings because the
leading plug-in bias is governed by the local quadratic geometry of the risk. By a first-order
expansion of the target and the Hessian Riesz representation,

$0(0) — Yo(60) ~ o (00)(0n — o)
= 9 Lo(80,70) (6 — b0, 0)
= 93 Lo(00,710) (0 — 00, ) + 93 Lo(00,10) (6 — b0, 0 — ).

The last term is controlled by a product rate in the errors of #,, and «,,. For the leading
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term, a Taylor expansion of the risk gradient gives
96 Lo (0, 7m0) (atn) — Do Lo (00, m0) (etn) & 05 Lo (80, 710) (0 — b0, avn).

Since #y minimizes Lo(-, 7o), the second term is zero. Neyman orthogonality permits replac-
ing ng by n, to first order, so that

0(0n) = 0(00) = 9 Lo(0n, M) () = Poly,, (02)(rn).

Thus the empirical directional derivative in (4.4) estimates the leading plug-in bias, and
subtracting it yields a first-order debiased estimator. Section 4.3.2 makes this expansion

precise.
This heuristic guides our asymptotic analysis in Section 4.5. Under suitable rate condi-
tions on 7y, 6,, and «,, we show that

bn — U(Po) = Puxo + 0p(n~"/?), X0(2) 1= —Ln, (00)(a0)(2) +m(2,00) — ¥ (o).

Here xj is the efficient influence function of ¥ in the nonparametric model. For linear targets
and quadratic risks, the expansion holds under the doubly robust product-rate condition

93 Lo(00,1m0) (B — 0o, cn — o) = 0p(n~/?),

which extends the familiar double-robustness phenomenon for linear functionals of regression
functions [Bang and Robins, 2005, Chernozhukov et al., 2018a|. Consequently, v, is regular
and nonparametrically efficient, and n'/2{¢,, — ¥(Py)} is asymptotically normal with mean

zero and variance of := Varg{xo(Z)}. Wald confidence intervals and tests may therefore be
based on the plug-in variance estimator

XD Xale) =~ (O) ) (2) (2, 0n) = 5 (00,

4.2.8  Ezxamples

We next show that the framework covers several familiar parameters from semiparametric
statistics and causal inference. First, it includes both regression functionals and functionals
of Riesz representers, such as counterfactual means and average treatment effects. Second, by
allowing losses to depend on nuisance parameters, it covers target-specific M-estimands, such
as treatment effect modifiers in semiparametric regression models. Third, it covers smooth
functionals of solutions to potentially ill-posed inverse problems, once those solutions are
characterized as minimizers of risks induced by Neyman-orthogonal losses. Further details
are given in Appendix 4.D.

Throughout the first examples, let Z = (X, A,Y), where X € R% A € {0,1}, and Y € R,
and write up(a,z) := EplY | A=a,X = z].
Example 1a (Functionals of representers and regressions). Let r : Z x H — R be linear in

its second argument and suppose that, for some M < oo, |[Eo{r(Z,0)}| < M||0| 12(p,) for all

6 € H. If 0y is the L?(P,) Riesz representer of § — Eo{r(Z,0)}, then 6y is an M-estimand
under the quadratic loss

£(z,0) := %9((17 z)® —r(z,0)

Chernozhukov et al., 2022¢|. This formulation covers both regression and weighting objects
Williams et al., 2025]. The outcome regression pg(a,z) is obtained by taking r(z,0) =
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y0(a,z), whereas the inverse-probability weight wg(a,z) := 1(a = 1)/Py(A =1 | X = x)
is obtained by taking r(z,60) = 0(1,z). Thus the counterfactual mean under treatment can

be written either as the regression functional Eo{uo(1,X)} or as the weighting functional
Ep{wo(A, X)Y}. For this loss,

0(6)(c)(2) = ala, )8(a, ) —7(2, @),

and the Hessian-induced inner product is the usual L? (Po,x,4) inner product. More generally,
Riesz losses based on Bregman divergences can be used |[Hines and Miles, 2025].

The next example illustrates why it is useful to work with general M-estimands rather
than only regression functions. In semiparametric regression models, effect modifiers such as
conditional average treatment effects, relative risks, and log-odds differences can be defined
directly as minimizers of orthogonal losses |[Nekipelov et al., 2022, van der Laan et al., 2024a).
This permits inference on functionals of the effect modifier without first estimating the full
outcome regression, and allows H to encode structure in the target itself. For example, in
a partially linear model, the CATE can be estimated by optimizing directly over a finite-
dimensional linear class.

Example 1b (Functionals in semiparametric regression models). Let g : R — R be a known
link function and suppose that

9{no(A, X)} = ho(X) + Aro(X),

where hg := g{p0(0,)} is unrestricted and 70 € T C L?(Py x). In many applications, the
target is a functional g (79) of the treatment effect modifier 7y, rather than a functional
of the full outcome regression. Under suitable orthogonal losses, 7 is itself an M-estimand
[Nekipelov et al., 2022, van der Laan et al., 2024a].For binary outcomes with logistic link,
one such loss is

o (2,0) = [log{1 + exp(—{a — mo(2)}0(x) — ho()) } — y{a — mo(z)}0(2)] ,

1
vo(a, x)
where 19 = (mo, po), mo(@) 1= Po(A=1| X =),

ho(z) := mo(x) logit pto(1, ) + {1 — mo(2)} logit uo(0,z),  wo(a, x) == pola, 2){1 — po(a,z)}.
The corresponding loss for the Hessian Riesz representer ayg is
(2,0) = {a = mo(2)} a(x)* = 21ig, (2, ),

which can be implemented as a Riesz regression with overlap weights [Li et al., 2019].

Our framework also covers smooth functionals of pseudo-outcome regressions defined
by Neyman-orthogonal least-squares losses or conditional influence functions [Rubin and
van der Laan, 2007, Kennedy et al., 2017, Kennedy, 2023b, Yang et al., 2023, Chernozhukov
et al., 2024b]. Such losses are common in causal inference and missing-data problems, where
orthogonalization reduces first-order sensitivity to nuisance estimation. Pseudo-outcome
regressions arise, for example, in CATE estimation with instrumental variables [Syrgkanis
et al., 2019], causal dose-response estimation [Kennedy et al., 2017, Westling et al., 2020],
and proximal causal inference [Yang et al., 2023, Sverdrup and Cui, 2023|.

Example 1c (Functionals of pseudo-outcome regressions). Many Neyman-orthogonal losses
can be written as

£o(2,0) = 24, () — 0))?,
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where w is a pseudo-weight and (;, is a pseudo-outcome. The derivative is ¢ n(0)(a)(z) =
wy(2)a( ){9( ) — (y(2)}, and the Hessian representer solves

oo = argmin Fo [wy, (Z)a(X)? = 2170, (Z, )] .
a€H

This form includes the augmented inverse-probability weighted loss for regression with
missing outcomes [Rubin and van der Laan, 2007, van der Laan and Dudoit, 2003].

Y is observed only when R = 1, Z = (X,R,RY), mo(z) = Po(R =1 | X = x),
and po(xz) = EolY | R = 1,X = x|, then under Y L R | X, the full-data regression
Oo(x) := Ep[Y | X = z] is identified by po(z). The orthogonal squared-error loss is obtained
by taking wy,(z) = 1 and

Cao(2) = po(z) + %{y —po(@)}, 10 = (mo, o).

The same pseudo-outcome form includes the DR-learner |van der Laan and Luedtke, 2015,
Kennedy, 2023b, Van Der Laan et al., 2023] and R-learner |[Nie and Wager, 2021, Morzywolek
et al., 2023 for the CATE 6y(x) := po(1,2) — po(0,2). The DR-learner takes wy,(z) = 1
and

_ a — mo(x)
Cno(2) = po(1,2) — po(0, ) + W—Owo(:ﬂ)}{y = po(a, z)},

where no = (7o, po), po(a,z) == EglY | A = a, X = z], and mo(2) := Rp(A =1| X = z).
The R-learner takes wy,(2) = {a — mo(z)}? and (;,(2) = {y — mo(x)}/{a — mo(z)}, where
no = (mo, mp) and mo(z) := EylY | X = z].

The next example shows that our framework also applies to smooth functionals of so-
lutions to conditional moment restrictions, including potentially ill-posed inverse problems
[Carrasco et al., 2007]. This class includes targets arising in nonparametric instrumental
variables (NPIV) [Syrgkanis et al., 2019, Bennett et al., 2023a, 2025, van der Laan et al.,
2025d|, proximal causal inference [Zhang et al., 2023, Sverdrup and Cui, 2023, Cui et al.,
2024|, and offline reinforcement learning [Kallus and Uehara, 2020, 2022, van der Laan et al.,
2025c¢,a].

Example 2 (Functionals in ill-posed inverse problems). Consider the inverse-problem set-
ting of Bennett et al. [2023b, 2025], Olivas-Martinez and Rotnitzky [2025], Ghassami et al.
[2025]. Let V ~ Py, let X = X (V) and Z = Z(V), and suppose hy satisfies

Eo{g1(V)ho(X) —g0(V) | Z} =0,

where g; and go are known. With

(Toh)(2) := Eo{g1 (V)h(X) | Z = 2}, ro(2) == Eo{go(V) | Z = z},
the restriction is Toh = r¢. If Tg has a nontrivial null space, hg is identified only up to the
equivalence class [ho] = {h : h — hg € ker(7p)}. Thus the estimand is 6y = [ho] € H, where
H = L*(Py x)/ ker(Tp) is equipped with

([h], [h2])# = Eo{(Toh1)(Z)(Toh2)(Z)}.

This inner product is well defined and positive definite on H. Accordingly, an identifiable
functional must be invariant within equivalence classes; for a linear functional, this is equiv-
alent to vanishing on ker(7p) [Babii, 2017, Babii and Florens, 2020, Bennett et al. 2025]

Let N be the Banach space of bounded linear operators from L*(Pyx) to L (Po,z),
equipped with the operator norm, and view 7y € N as a nuisance parameter. For a rep-



133

resentative h of = [h], Ghassami et al. [2025] derive the Neyman-orthogonal quadratic
loss

lno (V. h) = %{(76’1)(2) — 90(V)¥ +{(Toh)(Z) = ro(Z) g1 (V)I(X) — (Toh)(2)},
where n9 = (7o, 70). Its risk equals

1 1
Lo(h,mo) = 5 Eo[{(Toh)(Z) — ro(Z)}?] + 5 Eol{go(V) = ro(2)}?],
so the induced objective on H is minimized at 6y = [ho]. Moreover, for directions wuj, us,

O Lo(h,no) (u1,u2) = Eo{(Tour)(Z)(Touz)(2)} = ([ua], [ua])s-

Thus the Hessian is the quotient-space inner product. For any smooth identifiable functional
1, the Hessian Riesz representer is therefore

ao € argmin {Eo[(%a)(2)2] - wo(eo)(a)} ,
aEH

which exists only when 1/}0(90) is well defined on the quotient space, equivalently when it

vanishes on ker(7p).

This template includes NPIV: with V' = (Y, W, Z}y), take g1 = 1, go(V) = Y, X =
W, and Z = Zy, yielding Eq{ho(W) —Y | Ziy} = 0. It also includes regression-based
bridge functions in proximal causal inference: with V' = (Y, A, W, Z10x, Xo), take g1 (V) =
1(A=a), go(V) =1(A=a)Y, X = (W, Xp), and Z = (Zprox, A, X0), yielding Ep[L(A =
a){ho(W, X0) =Y} | Zprox, A, Xo] = 0. Finally, it covers value and @Q-function estimation in
offline reinforcement learning: with V = (S, A, 5’), let To = I — vKj, where (Koq)(a, s) :=
Eo{Syeard | Sl S') | A= a,S s}, :

The final example illustrates that sequential regressions, as arise in longitudinal causal
inference, optimal regime estimation, and nested structural models, can be treated as a
single vector-valued M-estimand defined by a nuisance-dependent orthogonal loss [van der
Laan and Robins, 2003, Robins, 2004, van der Laan and Luedtke, 2015, Luedtke et al., 2017,
Chernozhukov et al., 2022b, Shirakawa et al., 2024].

Example 3 (Sequential regression as a coupled M-estimand). Let Z = (Wy, Ag, W1, A1,Y),

let m = (m, 1) be a fixed intervention regime, let py(a; | wy) = Po(Ay = a | Wi = wy) denote
the observed propensity scores, and write X; = (W4, A¢). For any f, write

Fr(W1) =Y mias | W) f(Wh,an).
The target is the mean counterfactual outcome

o = Eo Zﬁo(ao | Wo)bo,1(Wo,a0)|, 600,1(Xo) = Eo{bo.2,-(W1) | Xo}, 60.2(X1) = Eo(Y | X1).

ao

Let Tog(Xo) := Eo{g(W1) | Xo}. Then 01 = 765072’7” and 0y = (6o,1, 00,2) minimizes, over
H = L*(Pyx,) x L*(Po.x,);

Lo(0) = %EO{Y —02(X1)} + %Eo[%éz,w(Xo) - 61(Xo0)])*.

Let N be a Banach space of conditional-mean operators n from functions of W to functions
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of Xo, with nog(Xo) = Eo{g(W1) | Xo}. Define
£(2,0) = 51Y = 02(X0)) + 3 B2.x (Xo) — 63 (Xo)]” + [0, (X0) = 02 (X0) B, (W) — 182+ (Xo)}.

Then Eyly,(Z,0) is minimized at 6y, and ¢, is Neyman orthogonal at (6, 70). The Hessian
inner product is

95 Lo(80,m0) (ks g) = Eo{h2(X1)g2(X1)} + Eo[{(Toh2)(Xo) — h1(Xo) H(Tog2)(Xo0) — g1(X0)}] -
The Hessian Riesz representer ag = (.1, ,2) for ¢ is characterized by

7T0(A0 | Wo)

9 Lo(80,m0) (o, h) = Eo{Bo(Xo)h1(Xo)}, Bo(Xo) = po(Ao | Wo) -

Equivalently, with po(X1) := m1 (A1 [ W1)/p1(Ar | Wh),
0,2(X1) = po(X1)Eo{Bo(Xo) | W1}, a0,1(Xo0) = Bo(Xo) + no@o,2,~(Xo).

Therefore _ )

—Lno (00) (o) = Bo(Xo){bo,2,x(W1) — bo0,1(X0)} + c0,2(Xi){Y — b0,2(X1)},
which is the usual two-stage sequential regression correction [van der Laan and Gruber, 2012,
Chernozhukov et al., 2022b]. O

4.3 Functional bias expansion and statistical efficiency

4.3.1 Differentiability conditions for loss functions and target parameters

This section introduces the smoothness conditions imposed on the risk functional (0,7)
Lo(0,m) and the target functional ¢9. We formulate these conditions in terms of Fréchet
differentiability. At a high level, they require first- and second-order functional smoothness,
together with Lipschitz continuity of the relevant derivatives, so that the remainder terms
in the corresponding functional Taylor expansions can be controlled. The next subsection
uses these conditions to derive a functional von Mises expansion for 9y and, in turn, the
efficient influence function of .

Functional Taylor expansions often require remainders to be small uniformly over the
unit ball of (H,]| - ||3). When || - ||% is an L?-type norm, such uniform control may fail
in infinite-dimensional settings. We therefore impose the remainder bounds uniformly over
directions controlled by a stronger auxiliary norm py, such as a supremum norm. In the
conditions below, py : H — [0, 00] denotes this auxiliary norm. For example, py may be
an essential supremum norm, while | - || may be an L?(Py) norm or the Hessian-induced
norm. All norms may depend on Fj.

A1) (Well-defined population M-estimand). For all P € P, the population risk admits a
unique minimizer
Op = argleréiﬁLp(O,np).

Hereafter, let Hp := conv{fp : P € P} C H and Np := conv{np : P € P} C N, where conv
denotes the convex hull. Some conditions below are required only for § € Hp and n € Np.

Our next conditions concern the functional differentiability of the target and risk. A
map T : F — G between normed spaces (F,|| - ||z) and (G, || - ||g) is Fréchet differentiable
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at fo € F if there exists a continuous linear operator 0;T(fy) : F — G such that ||T(fo +
h) — T(fo) — 0fT(fo)(R)|lg = o(||h|lF) as ||l — O [Rudin, 1991, van der Vaart and
Wellner, 1996]. When G = R, the derivative 05T'(fo) lies in the dual space F*, the normed
linear space of continuous linear functionals B : 7 — R, equipped with the operator norm
| Bll7 := supex |B(f)|. Higher-order derivatives are defined recursively: T is twice Fréchet
differentiable at fo if f — OfT(f) is Fréchet differentiable into F*, with G?T(fg) : FxF —
R given by this derivative. Since N need not be linear, Fréchet differentiability in 7 is
understood after locally extending the relevant map to the ambient space N.

Our next set of assumptions ensures that 1(f) and the risk Lo(0,n) admit sufficiently
smooth local expansions in (6, 7).

A2) (Hélder Smoothness of target functional): ~The functional 1o : (H, | - [l3) — R is
Fréchet differentiable over Hp C H with Lipschitz continuous derivative 6 — 1y(0).

A3) (Hélder smoothness of risk functional):

i) (First-order Fréchet differentiability) For all € Hp and n € Np, there exists a
continuous linear operator £,,(6) : (H, || - ||2) — L*(Py) such that, for all P € P,
the map Lp(-,n): (H,| - ||x) — R is Fréchet differentiable at § with derivative
satisfying 9y Lp(0,n)(h) = P £,(0)(h) for all h € H.

ii) (Second-order Fréchet differentiability) For each n € Np, the map dyLo(-,n)
(H, || - ll) — (H,pwn)* is Fréchet differentiable over Hp, where 93Lo(0,1)(, ")
symmetric.

1S

iii) (Lipschitz continuity of second derivative) There exists a constant C' < oo such
that, for all 6,6 € Hp, n,n' € Np, and hy, he € H with [|h1]|y + pu(he) < 1,

|05Lo (0", 1) (ha, ha) = 85 Lo(8,m) (ha, ha)| < C (10" = Ol + |0 = nllwv) -
A4) (Hélder Smoothness in nuisance parameter):

i) The map n — 9pLo(f,7n), defined on Np, is Fréchet differentiable in 7, with
derivative 0,09 Lo(6o,n) : N — (H, pu)*.
ii) (Lipschitz continuity of the cross-derivative). There exists a constant C' < oo

such that, for all n € Np, h € H, and g € N satisfying n + g € Np and
lglla + pu(h) <1,

[0409 Lo(00,1)(g, h) — 8390 Lo(00,10)(g, h)| < Clln —mnollw-

We briefly explain the role of these conditions. Condition A1l ensures that the population
M-estimand is well defined. For instance, if (#,] - ||3) is a Hilbert space, this follows
when 0 — Lp(0,np) is strictly convex, coercive, and lower semicontinuous |Ekeland and
Temam, 1999]; strong convexity is a convenient sufficient condition. Condition A2 ensures

that the target is locally linear in the M-estimand. Lipschitz continuity of 6 — &0(9) yields,
uniformly over local perturbations of 6,

Yo (0) = vo(0o) + o (00)(0 — o) + O (|0 — o3
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If 4 is a continuous linear functional, then t(0)(h) = to(h). More generally, in many

examples, 1o(0)(h) = Eo{mg(Z,h)}, where myg is the Gateaux derivative of m(z,6). Con-
ditions A3i—A4 provide a local expansion of the risk gradient. Condition A3i, together with
the definition of 0y, gives

89[/0(90, no)(h) =0 for all h € H.

The remaining conditions imply that, uniformly over h,

99 Lo(0,m)(h) = 9 Lo(00,1m0)(0 — 6o, h) + 8,9 Lo (60, m0) (1 — 10, )
+ O [pa(h) {1160 — Ooll3 + lln — nollr}] -

Thus, to first order, the plug-in bias is governed by the risk Hessian and by the effect of
nuisance estimation on the risk gradient. If the loss is pointwise twice differentiable, then
often 97 Lo(0,m)(h1,h2) = POEW(Q)(hl, h2). Because these assumptions are imposed on the
risk rather than on the pointwise loss, they also cover nonsmooth losses, such as absolute-
error and quantile losses, whenever the induced risk is sufficiently smooth.

To accommodate data-driven nuisance estimation, we use losses whose risk gradients
are Neyman-orthogonal to nuisance perturbations [Robins et al., 1994, van der Laan and
Robins, 2003, Chernozhukov et al., 2018a, Foster and Syrgkanis, 2023]. In view of (4.5),
this condition sets the first-order nuisance contribution to the risk-gradient expansion to
zero, so that nuisance estimation affects the estimating equation only through higher-order
remainders. This permits flexible estimation of 7y, provided these remainders are controlled.
We impose the following condition.

(4.5)

A5) (Neyman orthogonality in the nuisance parameter): For each n € Np and h € H,
930 Lo (6o, m0)(n — no, k) = 0.

Condition A5 is imposed only at 6y, although many losses satisfy the stronger global condi-
tion 0,09 Lo(0,10)(n—mno,h) =0 for all & € H, n € Np, and h € H [Whitehouse et al., 2024].
Given a nonorthogonal loss, orthogonality at 6y can often be obtained by adding a correction
term that is mean zero at 79. This preserves the target risk at the truth, while changing
the local nuisance sensitivity of the risk-gradient representation |[Foster and Syrgkanis, 2023,
Appendix D]. To see this, suppose

9ndaLo(00,10)(n — 10, ) = Eo{ao,n(Z) " (n—1m0)(2)}.
One then seeks, when possible, a corrected loss ¢ whose population gradient at 6, satisfies
99 Bo{loy.(2)}(h) = BoLo(0,m)(h) — Eo{aon(2)" (n —m0)(2)}.

Differentiating in 7 at g gives &789E0{l7907,7(Z)}(7] — Mo, h) = 0. Thus, the corrected loss
defines the same target at the truth, while its estimating equation is Neyman-orthogonal.
In many examples, the correction is obtained from the efficient influence function of the risk
parameter P — Lp(0,np), or of its gradient P — JyLp(0y,np)(h), when these maps are
pathwise differentiable [Rubin and van der Laan, 2007, Yang et al., 2023, van der Laan et al.,
2024a, Chen et al., 2026]. The corresponding empirical risk is often the associated one-step
estimator |Bickel et al., 1993|. Profile losses provide another route to orthogonality [Murphy

and Van der Vaart, 2000].
The next lemma gives simple sufficient conditions for Conditions A3 and A4. Let H =

(L°(A\)% and N = (L>°(A\))?%, where \ is a measure on £ C R? dominating each P € P.
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Equip these spaces with the norms

01 = { [ 1063 s, dPo<z>}1/2, e = { [ o) s dPo(z>}1/2,

and write py () := esssup,cz [|0(2)] -

Lemma 4.7 (Pointwise smooth losses). Suppose £,(0,2) = 1{0(2),1(2), 2}, where | : RT x

R% x R* — R. Let C be the closure of the set of all (a,b,z) such that z € Z, a = 0(z),
b=mn(z), 0 € Hp, and n € Np. Assume that C is compact and that, on C, | is twice
continuously differentiable in a and once continuously differentiable in b. Assume further
that 021 and 0,0yl are Lipschitz in (a,b), uniformly in z, and that 1, 9,1, 021, and 0,0l
are jointly continuous in (a,b,z). Then Conditions A3 and A4 hold. The corresponding

derivatives are én(ﬁ, 2)(h) = 0al{0(2),n(2), 2} Th(2),
O3 Lo(0,m) (1, ha) = Po[a(2)T0240(2),n(2), Z}ha(2))

0y00Lo(0,1) (9, h) = Po[h(2)T 0u0010(2),1(2), Z}9(2)] -

In Appendix 4.D, we apply Lemma 4.7 to the orthogonal logistic loss from Example 1b. We
first illustrate the conditions in the running example.

Example 1a (continued). Consider the Riesz loss £(0,2) := 6(x)%/2 — r(z,0), where r :
Z x H — R is linear in its second argument. Assume each P € P is dominated by Py and
that, for some 0 < ¢ < C < oo, ¢ fllr2py) < I fllz2(py < Cllfllz2(py) Let H = L%(Ry), with
| - |l% the L?(Py) norm and py the Py-essential supremum norm. Then Condition A1 holds
because 0 — Ep{0(X)?/2 —r(Z,0)} is strongly convex and continuous on H.

Condition A2 holds with ¢ = g if § — m(Z,0) is almost surely linear and
supgey |Eo{m(Z,0)}|/110|lx < oo. It also holds when m(Z, ) = g{6(Z)} for a differentiable
g : R = R with Lipschitz derivative §; in this case ¥(6)(h) = Eo[¢{6(Z)}h(Z)] [Qiu et al.,
2021, Section 4.1]. The loss satisfies Condition A3i with £(8)(h, z) = h(x)0(x) — (2, k), and
Condition A3ii with 83Lo(6,n)(h1,h2) = (h1, ha)y. Conditions A4 and A5 hold trivially,
since the loss has no nuisance component. []

4.8.2  Functional von Mises expansion

This section develops a functional von Mises expansion for ¢y(6y), which provides the basis
for the asymptotic analysis of the autoDML estimators [Von Mises, 1947, Bickel et al., 1993].

Let H denote the completion of H# under ||-||3;. The expansion involves the Hessian Riesz
representer of the linearization of ¢y. The following condition ensures that this representer
exists.

AG6) (Hessian norm equivalence). There exist constants 0 < k1 < ko < oo such that

rallBl < 3 Lo(6o,mo)(h,h) < ral[l3 for all h € M.

Condition A6 makes the Hessian norm equivalent to |- [|3;. Together with Condition A2, this
implies that 1(6p) is continuous in the Hessian norm. Hence, by the Riesz representation
theorem, there exists a unique ag € H satisfying (4.2). The condition is automatic if || - ||
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is chosen as the Hessian-induced norm {97 Lo(fo,n0)(h, h)}*/2, provided the Hessian inner
product is positive definite. If the Hessian is only positive semidefinite, one may instead work
on the quotient space that identifies directions with zero Hessian seminorm, as in Example

2. ,
We say that g is linear at 0 if 10(0) = 10(00) + 10(60)(0 — 0o). We say that Lo(-,no)
is quadratic at 6 if

1
Lo(0,10) = Lo(6o,m0) + 96 Lo (0o, 10)(0 — 00) + 533%(90,770)(9 — 00,0 — 6o).

Theorem 4.9 (Functional von Mises expansion). Suppose Conditions A1-A6 hold. Then,
for each n € Np, 6 € Hp, and a € H with py(a) < M,

Po(0) — Po(00) = Poly(0)(cx) + 95 Lo (60, 1m0) (o — at, 0 — o)
+ 01160 = 6ol13:) + O(In — nollallo = Boll#) + O(lln — nollxr) ,

where the constants in the O(-) terms depend only on M and the constants in the preceding
conditions. If 1y is linear at 6y and Lo(-,no) is quadratic at 6y, then the O(]|6 — 0o||3,) term
vanishes.

Theorem 4.9 shows that the leading plug-in error 1o (6,) — 10(6o) is Poly, (6)(ap), up
to second-order terms. With estimators 7, of ng and «a,, of g, this term is approximated by
Poénn (0,,) (), again up to second-order terms. This suggests debiasing the plug-in estimator
¥ (0y,) either explicitly, by adding the empirical correction —Pnénn (05) (), or implicitly,
by constructing 6,, so that P,f, (6,)(an) = 0. The next section uses this expansion to
construct autoDML estimators for ¥(F).

If the target is linear and the risk is quadratic, Theorem 4.9 contains only the mixed-bias
remainders 93 Lo (6o, n0) (a0 — o, 0 — 6) and [|n — nol|ar[|0 — Ooll%. The second term can be
removed under a stronger, global form of Neyman orthogonality: namely, if 9,09 Lo(6, 10)(n—
no,h) =0 for all @ € H, n € N, and h € H, together with a suitable Lipschitz condition; see
Theorem C.9 in Appendix C.3. This extends the familiar double robustness of von Mises
expansions for linear functionals of regression functions under squared-error loss to linear
functionals of general pseudo-outcome regressions (Example 1c). In this case, the estimand
also admits the dual representation W(Py) = —dLo(0,70)(c0) = —Eo{lyn, (0)(0)(Z)}.

Example la (continued). Condition A6 holds since ngo(ﬁ,n)(h, h) = ||n||3,. For a linear
functional 1y of the Riesz representer 6y, the term —/, (6p)(c) equals z — r(z,ag) —
ao(z)0o(), where ap = argming,cy Eo[{a(X)}? — 2m(Z,a)]. When 6 is the outcome

regression, we have —y,(6o)(ao)(2) = ao(x){y —0o(z)}. The von Mises expansion is doubly
robust, satisfying 1o(0) — 10(6o) — Poly(0)(a) = (0 — 0o, a0 — @) 12(py)- O

4.3.8  Pathwise differentiability and efficiency

The von Mises expansion above identifies the first-order correction needed to debias plug-
in estimators of ¥y(fy). We next connect this linearization to semiparametric efficiency by
establishing pathwise differentiability of ¥ and deriving its efficient influence function [Bickel
et al., 1993].
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The role of the Hessian Riesz representer ag can be understood from a local perturbation
argument. Consider a path 6. = 60y 4 ¢h, with h € H. Along this path,

|0 (80) (R) >
63L0(607 770)(’% h)

measures the squared first-order change in the target, normalized by the local curvature of
the loss. Since

to(60)(h) = 95 Lo (60, m0) (o, h),
Cauchy—Schwarz implies that this ratio is maximized when h is proportional to «g. Thus,
ayg is the local direction to which the target is most sensitive relative to the loss geometry.
The theorem below shows that the same representer enters the efficient influence function
through the loss derivative, and hence determines the nonparametric efficiency bound.

AT) (Functional continuity): P — V(P), P — 0p and P — np are Lipschitz continu-
ous maps at Py with domain P equipped with the Hellinger distance and the range
equipped with |- |, || - || and || - ||ar, respectively. In addition, (n,0) — én(-,e) and
(n,0) — m(-,0) are continuous maps with domain A x H equipped with the total
norm (7,0) -+ [[7llx + 0]l and range L2(Fy).

A8) (Boundedness): suppep pu(ap) < oo, where ap € H denotes the Hessian Riesz
representer under P.

Condition A7 requires P — V(P), P — 0p, and P — np to be Hellinger Lipschitz, together
with L?(Py) continuity of the loss and target gradients. Analogous Hellinger-continuity con-
ditions have been verified for common regression-type and causal parameters |Luedtke and
Chung, 2024, Luedtke, 2024, Chen et al., 2026|. Appendix 4.C gives a sufficient condition
for the M-estimand map P — 0p. We emphasize, however, that the von Mises expansion in
Theorem 4.9 can still yield asymptotically linear estimators even without pathwise differen-
tiability, although such estimators may be irregular. This phenomenon can arise in ill-posed
inverse problems [Smucler et al., 2025, Bennett et al., 2025, van der Laan et al., 2025d],
where the relevant nuisance components need not be Hellinger smooth.

Theorem 4.11 (Pathwise differentiability). If Conditions A1-A8 hold, then ¥ : P — R is
pathwise differentiable at Py, with efficient influence function

X0(2) = —no (60) (@0) (2) +m(2,60) — ¥ (P).

The theorem shows that the Hessian Riesz representer o determines the component of the
nonparametric efficient influence function arising from estimation of the M-estimand. This
mirrors the role of the canonical gradient in classical semiparametric theory, but in the space
of M-estimands rather than in the tangent space of the statistical model. In a likelihood
model, the canonical gradient xo represents the target derivative over distributional per-
turbations and is the score of a least favorable density submodel [Stein, 1956, Bickel et al.,
1993|]. By contrast, ag represents the target derivative with respect to perturbations of the
M-estimand, under the Hessian inner product induced by the risk. Thus, xo and g are
analogous Riesz representers in different spaces: x¢ for perturbations of the data-generating
distribution, and «q for perturbations of the induced M -estimand.
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When H is imposed as a structural restriction rather than treated as a working model,
the influence function in Theorem 4.11 need not be efficient. The theorem gives the non-
parametric EIF and efficiency bound for the loss-induced projection parameter ¥ on the
nonparametric model M, where H only defines the projection target. For a restricted sub-
model in which the true M-estimand is assumed to lie in H, the same expression is generally
only an influence function for the restricted target. It is efficient only if it lies in the restricted

tangent space; otherwise, the restricted-model EIF is its projection onto that space.
To make this distinction precise, let 6p,, be the unconstrained M-estimand obtained by

minimizing the population risk over a nonparametric ambient space, such as L?(P,), and
define
M= {P €M :0pnp € H}.

When Py € My, two losses can agree on the H-constrained minimizer, and hence on the
target value, while inducing different loss-based extensions to the larger model M. The
corresponding nonparametric EIFs and efficiency bounds may therefore differ. This can
occur, for example, when H encodes a correctly specified linear regression model: ordi-
nary squared-error loss is restricted-model efficient under homoskedastic errors, whereas in-
verse conditional-variance weighted squared-error loss recovers the semiparametric efficiency
bound under heteroskedasticity [Chamberlain, 1987, Bickel et al., 1993]. The log-likelihood
loss is another special case, often inducing an extension whose nonparametric EIF coincides
with the restricted-model EIF, and hence attains the sharp efficiency bound under My
[van der Laan et al., 2023, Section 3.

Theorem 4.11 also clarifies how to construct a targeted minimum loss-based estimator for
a general M-estimand, as developed in Section 4.4.2. Classical TMLE updates an initial den-
sity estimate along an EIF-based least favorable submodel, typically using the log-likelihood
loss [Laan and Rubin, 2006, van der Laan and Rose, 2011]. For M-estimation, the analogous
update starts from an initial M-estimator and fluctuates it in the Hessian Riesz direction
g to solve the empirical EIF equation. Thus, the theorem identifies the Hessian Riesz rep-
resenter as playing the role of the “clever covariate” in targeted minimum loss estimation
[van der Laan and Rose, 2011].

4.4 Automatic debiased machine learning

4.4.1 General form of the estimator

The expansion in Theorem 4.9 suggests a common template for autoDML estimation: start
from a plug-in estimator and debias it by adding the empirical mean of an estimated EIF
correction. In the present notation, this leads to estimators of the form

To = 0n @) = Pally, B)(on),  wn(B) = - " m(Z:,80),
i=1

where 7, é\n, and «,, estimate ng, 6y, and «g, respectively. Here §n denotes a generic esti-
mator, which may be either an initial estimator or a targeted version of one. The correction
can be applied explicitly, as in the one-step estimator, or made to vanish by construction, as
in targeted minimum loss-based and sieve estimators, by choosing (/9\71 so that the empirical
derivative in the estimated Riesz direction equals zero.
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The one-step estimator is the special case with §n = 0,,, where 0,, is the initial estimator:
VR = Y (0n) = Pady, (6n)(an).

The subtracted term estimates the leading plug-in bias identified by Theorem 4.9.

The procedure is automatic in the sense that, once the target map and orthogonal loss are
specified, inference reduces to estimating 7y, the M-estimand 6y, and the Hessian Riesz rep-
resenter «g. To obtain strong theoretical guarantees under weak complexity conditions, we
recommend cross-fitting, a standard device for mitigating overfitting and relaxing empirical-
process requirements in nuisance estimation [van der Laan et al., 2011, Chernozhukov et al.,
2018a|. Cross-fitted versions are given in Appendix 4.A.

4.4.2  Automatic targeted minimum loss-based estimation

A limitation of the one-step estimator @ngl is that it debiases the plug-in estimator by adding
a scalar correction outside the model. Even when the initial plug-in estimator ,(6,,) respects
the constraints encoded by H, the corrected estimate Y3™ = v,,(6,) — Poby, (0n) () need
not be representable as ¥, () for any # € H. This matters when H encodes known structural
constraints, whether through the loss, the parametrization, or the constraint set itself, such

as probability constraints, monotonicity, or bounds implied by bounded outcomes.

Targeted minimum loss-based estimation (TMLE) addresses this by debiasing the nui-
sance estimator itself rather than adding an explicit correction to the final scalar estimate
[Laan and Rubin, 2006, van der Laan and Rose, 2011|. Starting from 6,,, TMLE performs a
loss-based update within H that solves the relevant empirical efficient estimating equation.
In our setting, the automatic targeted minimum loss-based estimator (autoTMLE) is

Q’p\::nle = 'I/Jn(e':.) = an(70:,)7

where 6 is chosen to solve

Pl (03)(an) = 0. (4.6)
Thus, the one-step correction vanishes at (9, 8}, o), so the resulting targeted plug-in esti-
mator retains the substitution property in finite samples while achieving first-order debiasing

and efficiency.
There are several ways to construct such a targeted estimator. A simple construction
treats au, as fixed and uses a one-dimensional fluctuation through the initial estimator ,,:

0y, = 0, + enan, En = arsggém; Ly (Zi,0n + cain).
Since H is linear, this fluctuation remains in H, and the first-order condition for &, is exactly
(4.6). Thus, autoTMLE is empirical risk minimization along an estimated least favorable
submodel for vy: it moves 6, in the estimated Hessian Riesz direction «,,, the direction of
steepest target change per unit local curvature of the risk. If a,, depends on the current
M-estimand estimate, one can iterate the targeting step, recomputing «, after each update,
until the corresponding score equation is solved |[Laan and Rubin, 2006]. Universal least
favorable submodels provide another implementation, updating the fluctuation direction
along the path so that the estimated efficient score remains aligned with the current M-

estimand estimate [van der Laan and Gruber, 2016].
At first order, autoTMLE and the one-step estimator use the same debiasing direction
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but implement debiasing differently: the one-step estimator adds the linear correction di-
rectly, whereas autoTMLE chooses the targeting step by empirical risk minimization. To
see this, suppose that ¢, () is twice differentiable in # and that m(z,6) is differentiable.
The autoTMLE update chooses €, by empirical risk minimization along the fluctuation sub-
model 6, + ea,. A quadratic expansion of 4, (Z,6,, + cc,) around € = 0 gives the Newton
approximation
05 ~ 0, — sznn (6n)(an)
Pty (0n)(an, an)

n-.

A first-order expansion of m then gives

- e, (on) _p g (0,)(an). 4.7
Poly, (0n) (0, ain) i (On) (in) @

P & Pym(-, 0,)

Thus, the local linear approximation to the autoTMLE update has the algebraic form of
a one-step correction with a data-adaptive scalar rescaling: the loss-based targeting step
rescales the explicit one-step correction by Pyrig, (-, )/ Poly, (0n)(cn, o). Equivalently,
this is the one-step estimator that would be obtained using the scalar-calibrated representer
cay,, where ¢ minimizes the empirical Riesz risk ¢ — Pngnn (0n)(can, can)/2 — Pyring, (-, com,)
over {cay, : ¢ € R}. By the Hessian Riesz representer identity, the population analogue
of this scaling factor equals one when «,, = . Hence the linearized autoTMLE recovers
the usual one-step correction asymptotically under consistent nuisance estimation. In finite
samples, the scaling factor lets the empirical loss choose the size of the correction, which can
stabilize the update. The approximation is exact when the risk is quadratic and the target
is linear, as illustrated in the next example.

Example la (continued). For a linear functional of a Riesz representer 6y, the one-step
autoDML estimator is

U™ = Pam(-, 0) + Pa{r(Z, an(X)) = 0n(X)an(X)},

“tmle . * _ * an('7an)

In the special case where 6 is the outcome regression, the autoDML correction becomes
Phan(X){Y — 0,(X)}. The autoTMLE estimator is obtained by fluctuating 6,, along a,,
with &, = argmin, P, [{0,,(X) + ea,(X)}? — 2er(Z, @, (X))]. Thus, autoTMLE rescales the

one-step correction by the data-adaptive normalization factor ¢y, . OJ

4.4.8  Plug-in sieve M -estimation and automatic undersmoothing

A second route to debiased plug-in estimation is to compute the M-estimator over a sequence
of increasingly rich finite-dimensional sieve spaces. When the sieve is sufficiently rich, the
empirical score equations can eliminate the leading correction, so the resulting estimator is
a pure plug-in estimator rather than an explicitly corrected one-step estimator. This is the
idea behind sieve M-estimators [Shen, 1997, Chen, 2007, Chen and Liao, 2014, Qiu et al.,
2021, van der Laan and Rose, 2021, van der Laan et al., 2022|. Sieve methods are especially
attractive for low-dimensional targets, such as a dose-response curve or a low-dimensional
CATE function. They can be less practical in high-dimensional problems, where constructing
a sieve with adequate approximation guarantees is difficult. Orthogonal losses make this
approach more flexible by allowing the sieve to target the primary M-estimand, while other
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nuisance components enter through the orthogonalized loss.
Let H1 € Hy C --- C H be a nested sequence of finite-dimensional subspaces whose
union is dense in ‘H. For each k, define the sieve M-estimator

Onk = argmin P, ¢, (Z,0), QZf:e,;’e = Pom(-,0n k).
0cH,,

__ [sieve
- Pnk(n

The sieve plug-in estimator is debiased because its empirical score equations hold in
every direction in the sieve space, including directions that approximate the Hessian Riesz
representer. Specifically,

The autoSieve estimator is @f’fe"e : ) where k(n) is chosen as described below.

Poly, (0nx)(a) =0 for all o € Hy.
In particular, the score equation holds for the Hessian projection
o,k = argmin agLo(Oo,no)(a — ap,a — Qg).
aEHy
Therefore, &f‘fi"e has the same form as the general debiased template with (1,6, k, a0 ),
but with the correction term equal to zero. To remove first-order plug-in bias, the sieve
dimension must be large enough to approximate both 6y and «g. This typically requires

undersmoothing, so that k(n) grows faster than would be optimal for estimating 6y alone.
We select k(n) by an automatic undersmoothing rule. Using an independent validation

sample {Z/}1,, first choose kg(n) := argming P’ ¢, (Z,0, ), which targets estimation of
0o. Next, with kg = kg(n), estimate the projected representer by

Ok := argmin P, [Z‘nn (On.k)(a, ) (Z) = 21000,, . (Z, a)] ,
aEH

and choose )
Fia(n) 1= argmin Py [£n, (0n1,) (@ ) (Z) = 2100, (Zy ani)|
k

We then set k(n) := max{kg(n),kqo(n)}. The first dimension selects the sieve size needed
to estimate the M-estimand, while the second selects the size needed to approximate the
Hessian representer. Taking the maximum automatically undersmooths the plug-in estima-
tor when ag is more complex than y, a common source of first-order bias [Qiu et al., 2021].
The validation sample can be replaced by sample-splitting or cross-validation.

4.5 Theoretical results

4.5.1  Asymptotic theory for autoDML

In this section, we establish regularity, asymptotic linearity, and semiparametric efficiency
for estimators constructed from the general autoDML template in Section 4.4.1. The result
applies to any estimator of the form

Ui = ¥n(0n) = Puly,, (0n)(am),

with the convention that the correction term may vanish by construction. The one-step,
autoTMLE, and autoSieve estimators are obtained by different choices of 8,, and «,,. Denote

S

the estimated influence function corresponding to (6,,, 7, o) by

Xn i=m(-,0n) — Pom(-, é\n) — énn (é\n)(an)
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Our main theorem uses the following conditions.

B1) Bounded estimators: ~ With probability tending to one, 7, € Np, /H\N € Hp, and
p?-l(an) = Op(l)'

B2) Nuisance estimation rate: ||n, — nollx = op(n_1/4).

B3) M-estimation rate: One of the following holds:

(1) v is linear and Ly(+,np) is quadratic at p;
(ii) [16n — follz = op(n=1/4).

B4) Doubly robust rate: 93 Lo(0o,m0) (a0 — a,s é\n_ao)‘f‘||§n—90HHH77n—770||N = op(n~1/?).
B5) Empirical process condition: (P, — Py)(xn — X0) = Op(nfl/Q).

We briefly discuss the conditions and give a fuller treatment in Appendix 4.C. Condi-
tions B2 and B3 require either the linear-quadratic structure in Condition B3(i), or con-
sistency of 7, and gn at rates faster than n~'/%. Such rates are standard in semipara-
metric statistics and can be achieved under appropriate conditions by generalized addi-
tive models |Hastie and Tibshirani, 1987], the highly adaptive lasso [van der Laan, 2017],
gradient-boosted trees [Schuler et al., 2023], and neural networks [Farrell et al., 2018].
Condition B4 is a mixed-bias condition; its first term is op(n_l/ 2), for example, when
o — aoll2l16n — Bolln = 0p(n~1/2) under Condition A3ii. Condition B5 is a standard
empirical-process condition, which holds when |[x» — xollz2(p,) = 0p(1) and the nuisance
estimators are constructed using appropriate cross-fitting techniques [van der Laan et al.,
2011, Chernozhukov et al., 2018a.

Theorem 4.13 (Asymptotic linearity and efficiency). Assume Conditions A1-A6 and B1-
B5. Then

U — W(Py) = Paxo + op(n” /%),
and hence R
n'/?{ihn — W(Po)} ~» N{0, varo(xo(Z2))}-

If Conditions A7 and A8 also hold, then Jn is reqular and efficient for U(Pp).

The theorem applies directly to the one-step estimator by taking /H\N = 0,. The au-
toTMLE and autoSieve estimators are obtained from the same template with targeted or
sieve M-estimators for /9\”, for which the empirical correction term vanishes by construction.
Hence Theorem 4.13 gives the following corollary.

Corollary 4.14 (Asymptotic efficiency of TMLE and sieve estimators). Assume Condi-
tions A1-AS.

(i) If Conditions B1-B5 hold with (1, 0%, o) in place of (N, On, o), then Y0 is regular,
asymptotically linear, and efficient for W(Fy), with influence function xo.
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(ii) If Conditions B1-B5 hold with (0, 0y, j(n)> Q0 k(n)) i place of (nn,é\n,an), then Jffe"e
is regular, asymptotically linear, and efficient for W(Py), with influence function xg.

For linear functionals and quadratic risks, the resulting autoDML estimators are doubly
robust. They remain consistent if either ||, —ag || = 0p(1) or ||0, — 00|l = 0p(1), provided
that ||n, — nolla = op(1) and (P, — Py)(xn — X0) = 0p(1). This extends the familiar double
robustness of DML estimators for linear functionals of regression functions to a broad class of
orthogonal losses, as in Example 1c. For such functionals, setting é\n = 0 gives the expected-
gradient estimator —Pnénn (0)(ap), which is consistent for ¢ (6p) when ||a,, — agl|n = 0p(1).
This recovers inverse probability weighting and balancing estimators as special cases [Li
et al., 2018, Ben-Michael et al., 2021].

The efficiency statement in Theorem 4.13 is for the loss-induced nonparametric projection
parameter V. As discussed in Section 4.3, this need not coincide with the sharp efficiency
bound under a restricted model that treats H as a structural restriction. Under correct
specification, the log-likelihood loss typically induces the projection whose nonparametric
EIF coincides with the restricted-model EIF; more generally, xo is an influence function for
the restriction of ¥ to the restricted model, but is the restricted-model EIF only when it
belongs to the corresponding tangent space.

For autoSieve, the required undersmoothing can be justified using cross-validation oracle
inequalities [van der Laan and Dudoit, 2003, Laan et al., 2006]; see also Theorem 4 of Qiu
et al. [2021]. Under mild assumptions, these results imply that the selected sieve Hi(n) ap-
proximates both p and ag through the projections 6 () and ag (), so that Conditions B3
and B4 hold. Corollary 4.14 therefore yields an efficient debiased plug-in sieve estimator for
orthogonal losses that may depend on estimated nuisances. This is useful when 6 is well
suited to sieve estimation, while 79 is more complex, higher-dimensional, or less smooth.

Ordinary finite-dimensional plug-in M-estimators are included as a special case. If H is
finite-dimensional and 6,, := argmingcy, Pnty, (Z,0), then P,m(-,6,) is the sieve estimator
for the trivial sieve Hp = H. Corollary 4.14 implies that, under mild conditions, plug-in M-
estimators based on Neyman-orthogonal losses with estimated nuisances are asymptotically
linear and nonparametrically efficient for the associated projection parameter W. In this
finite-dimensional case, the limiting variance can be estimated by a sandwich estimator
[White, 1982, Kauermann and Carroll, 2000] or by the bootstrap |Tang and Westling, 2024],
using the loss /;,, and treating 7, as fixed.

4.5.2  Model misspecification error

In practice, the working model used by autoDML may be misspecified. Instead of estimating
over the full space H, we may restrict the M-estimand to a smaller closed linear space
H' C H. The next theorem quantifies the resulting target error through a deterministic
approximation formula. Appendix 4.E uses this comparison to study data-adaptive choices
of H'.

Given H', define

00,7 := argmin Lo(0,n0), Wa (Po) := 0 (00,3)-
0EH/
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We also write Wy (FPy) := 1o(fp). When it exists, we write o for the Hessian projection
of ap onto H’, that is,

83L0(90, ?70)(0[0 — Q3! h) =0 for all h € H'.

Theorem 4.15 (Model approximation error). Suppose Conditions A1-A6 hold for H' as
well as for H, and that py(agpy) < co. Then

Wy (Po) — Ua(Po) = 95 Lo (6o, mo) (a0 — v 207, 00,30 — 0o)
+O([|00,3 — Ooll3:) ,

where the quadratic remainder vanishes when g is linear and Lo(-,n0) is quadratic at 6.

The same expansion yields an omitted-variable-bias formula for M-estimation. Suppose H
is the class of functions of the full covariate set, while H' restricts attention to a subset of
covariates. Then the bias is governed by the Hessian inner product between the component
of 6y omitted by H’' and the corresponding omitted component of the Riesz representer.
When the risk is quadratic and the functional is linear, the remainder in Theorem 4.15
vanishes, so the bias is exactly this Hessian inner product. See Chernozhukov et al. [2021a)
for the regression case and Section 3.3 of Ichimura and Newey [2022] for a related bound
under exogeneity-based orthogonality conditions.

4.6 Numerical experiments

We use numerical experiments to illustrate how the proposed autoDML framework can be
applied when the target is a nonlinear functional of a nonparametric M-estimand and the cor-
responding efficient influence function is not available in a simple closed form. Our main ex-
periment studies inference on long-term survival probabilities under the beta-geometric sur-
vival model. This example is useful because the target depends on two covariate-dependent
shape functions defined through a likelihood loss, and extrapolation beyond the observed
follow-up horizon relies on the structure of the fitted survival model. Appendix 4.G.1 gives
additional experiments for average treatment effect estimation based on the R-learner loss, a
Neyman-orthogonal loss for the conditional average treatment effect [Nie and Wager, 2021].

4.6.1 The beta-geometric survival model

Let T,C € N denote latent failure and censoring times, and let Z = (X ,ZF,A) ~ Py,
where T = T A C and A = 1(T < C). The goal is to estimate the long-term survival
probability Py(1T > tp) for a reference time ¢y that may lie beyond the observed follow-up
horizon. Such extrapolation is important in applications such as subscription retention and
manufacturing reliability, but is not identified by standard nonparametric survival methods

without additional structure.

A simple structural model assumes T' | X ~ Geometric{m(X)}, equivalently Py(T =
t| T >tX) = n(X). This imposes a time-homogeneous hazard, which is often too
restrictive because failure risk typically changes with duration. The beta-geometric model
[Hubbard et al., 2021] relaxes this restriction by introducing latent heterogeneity in the
failure probability:

T | II, X ~ Geometric(II), IT | X ~ Beta{ao(X),Bo(X)},



147

where ag(X) = exp{ao(X)} and 5p(X) = exp{bo(X)}. Marginalizing over II yields the
conditional hazard

expfao(z)}
exp{ao(z)} + exp{bo(z)} +t -1’
which decreases with ¢ and can therefore accommodate higher failure risk at early durations.
The parametric dependence on time enables extrapolation beyond the observed horizon,
while the functions ag and by allow flexible covariate heterogeneity.

Let H = Hy X Hp, with He, Hp C LQ(,uX). The beta-geometric nuisance parameter is
the M-estimand

)‘ao,bo (t | m) =

0o = (a0, bo) = argmin Fo{l(Z, (a,b))},
(a,b)eH

where the negative log-likelihood loss is

t—1

U(z, (a,b)) = —dlog{Aa(t | )} = > log{l — X (s | z)}.

s=1

The target can be written as the smooth functional

Yo(6o) = Eo{m(Z,60)}, m(z, (a,b)) = H{l —Aap(s ]| 2)}

This example highlights the practical role of the proposed framework. Direct efficient esti-
mation would require deriving the efficient influence function for a nonlinear functional of the
likelihood-defined functions ag and by, which is cumbersome and may not yield a convenient
closed-form representer. Theorem 4.11 instead characterizes the efficient influence function
through the loss derivative and the Hessian Riesz representer. The autoDML estimator can
therefore be implemented using only the gradient and Hessian of the beta-geometric loss and
the derivative of the target functional, all of which follow by straightforward calculus; details
are given in Appendix 4.F. Because the loss is the correctly specified negative log-likelihood,
the resulting autoDML estimator is semiparametrically efficient under the beta-geometric
model.

4.6.2  Experimental results

The data-generating distribution Py, described in Appendix 4.F.3; includes three continuous
covariates and one binary covariate. The failure time 7" follows a beta-geometric model with
shape parameters ag and by, each specified as linear functions of the covariates. All obser-
vations are deterministically censored at t = 6. The target is the mean survival probability
at tg = 12, which lies beyond the observable time horizon.

We estimate the M-estimand 6y = (ag, byg) using gradient-boosted trees with bivariate
outputs, fitted by minimizing the negative log-likelihood loss . We estimate the Riesz
representer oy € H using gradient-boosted trees trained on the corresponding Riesz loss.
Both estimators are implemented in xgboost [Chen et al., 2015] with custom objectives,
following Hubbard et al. [2021] for bivariate tree models. We impose an additive structure
on H = Hqy X Hp, with both H, and H; additive in the covariates; in xgboost, this is enforced
through interaction_constraints.

We compare three debiased estimators of ¢9(6p), all introduced in Section 4.4.1: two one-
step autoDML estimators, with and without the TMLE-inspired stabilization in (4.7) and
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Algorithm 8, and the autoTMLE estimator of Algorithm 9. As a benchmark, we also report
the naive plug-in estimator. For simplicity, we use sample splitting: nuisance functions
are estimated on an auxiliary sample, while point estimates and confidence intervals are
computed on an independent main sample. For autoDML and autoTMLE, we construct
95% Wald confidence intervals using the estimated influence function.
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Figure 4.2: Monte Carlo performance as a function of sample size n: absolute bias (left), standard error
(middle), and 95% confidence interval coverage (right).

Figure 4.2 reports Monte Carlo estimates of absolute bias, standard error, and 95% con-
fidence interval coverage. For large sample sizes (n > 20,000), the three debiased estimators
perform similarly, consistent with the asymptotic equivalence predicted by the theory. Their
finite-sample behavior, however, differs substantially.

Among the debiased estimators, autoTMLE performs best throughout. It has the small-
est bias and standard error across the full range of sample sizes, and its confidence interval
coverage remains close to the nominal 95% level even in smaller samples. The stabilized
autoDML estimator improves noticeably over the unstabilized version, with lower bias and
greater stability, but it remains more biased and more variable than autoTMLE. The unsta-
bilized autoDML estimator performs poorly in small samples: it is highly variable, exhibits
substantial bias, and can perform worse than the naive plug-in estimator. Its coverage is
also poor at smaller n, reflecting the magnitude of its bias.

These results suggest that, although autoDML and autoTMLE are asymptotically equiv-
alent, their finite-sample performance can differ markedly. In this example, stabilization
helps, but does not fully close the gap between autoDML and autoTMLE. A plausible ex-
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planation is that the one-step correction used by autoDML depends on accurate local linear
and quadratic approximations of the functional and loss around the initial M-estimator.
When that initial estimator is not yet accurate, these approximations may be poor, limiting
the effectiveness of the bias correction. By contrast, autoTMLE debiases through an explicit
update of the M-estimand itself, after which inference is based on a plug-in estimator. This
appears to yield greater robustness when the initial fit is imperfect.

4.7 Conclusion

We developed a general framework for debiased inference on smooth functionals of M-
estimands defined by Neyman-orthogonal losses. The main message is that, in this setting,
efficient influence-function derivations are modular. Given an orthogonal loss for the M-
estimand, the efficient influence function is obtained from the derivative of the target, the
derivative of the loss, and the Hessian Riesz representer linking the two. This representer
determines both the leading plug-in bias and the correction needed to remove it, either
explicitly through a one-step update or implicitly through a least favorable submodel for
targeted minimum loss-based estimation. The same structure yields a common template for
one-step, targeted, and sieve-based autoDML estimators.

Several components of the framework may be useful more broadly. First, Section 4.3 ex-
tends the least favorable submodel idea underlying targeted minimum loss-based estimation
to general nuisance-dependent losses. Second, Section 4.4.1 introduces a stabilization rule
for one-step autoDML estimators through (4.7). This normalization is particularly relevant
for nonlinear targets and non-quadratic losses, and is consistent with the finite-sample be-
havior observed in our experiments. Third, Section 4.5.1 and Section 4.5.2 quantify sampling
error and working-model approximation error for orthogonal M-estimation; Appendix 4.E
extends this analysis to data-driven model selection.

The framework also admits several direct extensions. We focus on targets of the form
Eo{m(Z,0)} for a known map m, which covers many parameters in causal inference. Ordi-
nary smooth functionals ¢ (0) are included by taking m(Z,6) = ¢(6). More general targets
of the form Ey{mg,(Z,0)}, where go is itself an M-estimand, can be handled by treating
(0o, g0) as a joint M-estimand; alternatively, one can start from an asymptotically linear
estimator of the target functional [van der Laan et al., 2024¢c|. Although our development is
stated for M-estimands, the same principle should extend to Z-estimands defined by infinite-
dimensional Neyman-orthogonal estimating equations, given the close connection between
M- and Z-estimation [van der Vaart and Wellner, 1996|. Appendix C.3 treats several such
extensions, including an improved von Mises expansion under universal Neyman orthogo-
nality, functionals of constrained M-estimands identified through a Lagrangian formulation,
and the use of Hessian Riesz representers to orthogonalize moment equations.

Two practical questions deserve further study. First, for linear functionals and quadratic
risks, autoDML estimators have a doubly robust expansion in the M-estimand and the
Hessian representer. It would be useful to understand when this structure yields doubly
robust inference, including valid confidence intervals [Benkeser et al., 2017, van der Laan
et al., 2024c|. Second, Neyman-orthogonal losses are often nonconvex, which can complicate
direct estimation of 6y. Our framework allows 6y to be estimated by any suitable method,
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including convex nonorthogonal losses, but automating the construction of computationally
tractable orthogonal losses remains important. The EP-learning approach of van der Laan
et al. [2024a], which constructs orthogonal risks from convex losses using debiased nuisance
estimators, provides one promising route.
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Chapter Appendix

4.A Cross-fitting and algorithms for autoDML

We now describe how to incorporate cross-fitting into the autoDML framework. Cross-
fitting mitigates overfitting and relaxes empirical-process requirements for nuisance esti-
mation |[van der Laan et al., 2011, Chernozhukov et al., 2018a]. Here the main com-
plication is that both 6y and «ay depend on other nuisance functions, which themselves
should be estimated out of fold. Algorithm 7 gives a computationally efficient procedure
that cross-fits each nuisance only once. To estimate the Riesz representer, we assume that
9% Lo (00, m0) (v, @) = Pyl (60) (e, ) and g (6p) () = Poring, (-, ), so that ag can be learned
from the pointwise Riesz loss

(z,a) — Z},O (60)(ar, @)(2) — 2100, (2, ).

Algorithm 7 Cross-fit nuisance estimation for autoDML

Input: dataset D, ={Z;:i=1,...,n}, nuisance estimation algorithm A, , number J of folds
1: Partition D,, into folds 7, .77'(‘]) For each i, let j(i) denote its fold and let Z(3) := {i :

Zi e TW}.
Cross-fit nuisance parameter.
for s=1,...,J do

set My s 1= Ay(Dr \ 7).
end for
Cross-fit M -estimand.
for s=1,...,J do

set 0, s to the minimizer of 8 — Zz‘¢1<s) L
end for
Cross-fit Hessian Riesz representer.
for s=1,...,J do

set o, s to the minimizer of o= 37,07 {277n‘j(i) (On,jy) (@, @)(Zi) — 21m,, ., (Zis )}
: end for
: return cross-fitted estimates {9, s,0n,s,ns:s=1,...,J}.

(Ziaa)'

M5 ()

— = = = =
Ll S

Algorithm 7 constructs cross-fitted estimates of 79, 6, and g in a single forward pass,
with each stage using the previously cross-fitted nuisance estimates. This avoids the compu-
tational cost of re-cross-fitting all lower-level nuisances separately inside each training fold.
The trade-off is a mild form of data reuse: the cross-fitted nuisance estimates used in the
losses for 0y and ag are themselves constructed using observations from all folds, and the
Riesz loss also uses cross-fitted estimates of 6y. This leakage could be removed by nested
cross-fitting, but at substantially higher computational cost. Similar reuse arises in Algo-
rithm 3 of van der Laan et al. [2024a] for cross-validation with estimated nuisances and did
not appear to affect empirical performance.

With the nuisance estimates from Algorithm 7, we define the cross-fitted autoDML and
stabilized autoTMLE estimators in Algorithms 8 and 9. Both follow the debiasing template
in Section 4.4.1, replacing each nuisance by its out-of-fold estimate in the final empirical
average.
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Algorithm 8 Cross-fitted one-step autoDML

Input: dataset D, = {Z; : ¢ = 1,...,n}, nuisance estimation algorithm A,, number J of cross-
fitting splits
# Cross-fit nuisances.
1: obtain cross-fitted estimators {1, ;,0n j, n ; : 1 < j < J} from Alg. 7 with D,,, A,, and J;
# Optional TMLE-inspired stabilization via (4.7)
2: fors=1,...,J, set o, s := epay, s with g, := . Liza M0y 5 5) (Zin g () .
s sy n,s nQn s n n énn,j(i) (0n,5¢))(@n (i) n, (1)) (Zi)

# Compute one-step estimator

3 set Y= 530 m(Zis On i) = 3 200 Doy Oni) (@) ) (Z0)
4: return autoDML estimate 3!

Algorithm 9 Cross-fitted autoTMLE

Input: dataset D, = {Z; : i = 1,...,n}, nuisance estimation algorithm A,, number J of cross-
fitting splits
# Cross-fit nuisances.
1: obtain cross-fitted estimators {1, j,0n j, @nj : 1 < j < J} from Alg. 7 with D,,, A,, and J;
# Targeting step.
2: compute fluctuation &, := argmin, Y21 | £, (Zi, 0 j(i) + € (i)
3: fors=1,...,J, set 9;_’3 = 0p,s + Enlins;

# Compute plug-in estimator.
“Ttmle . 1 *
4: set Pl o= 3T m(Zs, 07 )

“tmle

5: return autoTMLE estimate ,;

4.B Connection to the canonical gradient in nonparametric models

We illustrate how the Hessian Riesz representer recovers the classical canonical gradient for
a pathwise differentiable functional of a density. Let 0y := dPy/du denote the density of Py

with respect to a dominating measure p on Z, and let % = L?(p). Consider the least-squares
risk and corresponding loss

Lof6) = 5 [ 6G) du(z) = Bof6(2)], £(2,0) = 5 [ 00)* du(w) - 0(c).

We use the least-squares risk because it permits optimization over the unconstrained linear
space L?(u), which aligns with the linear-space setup of our framework.
In this example, the Hessian induces the usual L?(y) inner product, so the Hessian Riesz

representer aq of ;z}(eo) is simply its L?(u) Riesz representer:

P(0o)(h) = /h(z)ao(z) du(z) for all h € H.

For any direction h € L (u) satisfying [ h(z) du(z) = 0, the submodel (fy + th : t € R) is
locally a valid density submodel through 6y with score function s, = h/6y at t = 0. Along
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such submodels,
¥(00)(h) = Eo [sn(Z){a0 — Poo}(Z)] for all h € H such that /h(z) du(z) =0.

Thus, ap — Py is the L?(Py) Riesz representer, or canonical gradient, of the pathwise

derivative map sy, + 1)(6p)(h) on the tangent space L3(Pp) of mean-zero, finite-variance score
functions [Bickel et al., 1993]. Under mild conditions, the classical tangent-space formulation
[Bickel et al., 1993] implies that ¥ is pathwise differentiable, with efficient influence function

Xo0(2) = ao(z) — Eolao(2)] + m(z,00) — U(F).

Our M-estimand framework recovers the same efficient influence function, since

—£(00)(c0)(2) = ao(z) — /90(U)a0(u) du(u) = ao(z) — Eolao(2)]-

In the main theory, we allow the nuisance parameter to range over a convex class while
retaining a linear ambient direction space for perturbations in 7. By contrast, extending the
primary parameter space H itself beyond the linear setting would require a separate tangent-
cone or variational-inequality formulation. We therefore leave genuinely convex extensions
of H, such as boundary-constrained density classes under likelihood loss, for future work.

4.C Discussion of conditions

Condition B2 and Condition B3 impose that the estimators 7, and 6, are, respectively,
consistent for ng and fy at a rate faster than n~i. Such rate conditions are standard
in semiparametric statistics and orthogonal machine learning and can be achieved under
appropriate conditions by several algorithms, including generalized additive models [Hastie
and Tibshirani, 1987, reproducing kernel Hilbert space estimators [Nie and Wager, 2021],
the highly adaptive lasso [van der Laan, 2017|, gradient-boosted trees [Schuler et al., 2023],
and neural networks [Farrell et al., 2018|. Fast oracle rates for the estimator 6,, which
would be achieved if 7y were known, can be obtained using orthogonal learning [Foster and
Syrgkanis, 2023].

Condition B5 is a standard empirical process requirement that holds when |x, —
Xollz2(p) = 0p(1) and the realizations of x» — xo belong to a fixed Donsker class. In
debiased machine learning, sample-splitting and cross-fitting are commonly used to mit-
igate overfitting and relax Donsker conditions [van der Laan et al., 2011, Chernozhukov
et al., 2018al. In particular, B5 holds for arbitrary machine learning estimators if
IXn — xollz2(p,) = 0p(1) and the nuisance estimators 7, 6, and aj, are trained on an
external sample independent of {Z;} ;. To improve data efficiency, one may instead use
cross-fitting, as in Algorithms 7-9, where nuisance and parameter estimates are computed
across multiple data splits. For our modified procedure in Algorithm 7, however, B5 does
not follow from standard cross-fitting arguments due to data leakage across folds from
reusing cross-fitted nuisance estimates. Nonetheless, we conjecture that it still holds under
reasonable assumptions, since the leakage is limited. For example, the condition is satisfied
if, for each j € [J], the realizations of the cross-fitted estimators {6, ;, o ;} lie in a (possibly
random) function class F;, ; that is conditionally fixed and uniformly Donsker [Sheehy and
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Wellner, 1992], given the j-th training set.

4.C.1  Hellinger continuity of M -estimands

The Hellinger continuity of the M-estimand map P + 6p in Condition A7 can often be
verified directly from the population risk. The following lemma records a useful sufficient
condition.

Lemma 4.16 (Hellinger continuity under local strong convexity). Let dyg denote Hellinger
distance, and let || - ||+ denote the operator norm dual to || - ||y. For P in a Hellinger
neighborhood

Ps = {P €P:du(P,P) < 6},

write Rp(0) := Lp(0,np) and Op := argmingcy, Rp(0). Suppose that, for every P € Ps, the
minimizer Op exists and Rp is Fréchet differentiable at 0y. Assume further that there exist
constants k > 0 and Cy < oo such that:

(i) Rp has a uniform quadratic lower bound at 0y, in the sense that, for all 0 € H,

Rp(6) > Rp(60) + 05 Re (80)(6 — 60) + %10 — bol .

(i) The risk gradient at 0y is Hellinger Lipschitz:

0o Rp(60) — 9o Ro(60) |3« < Cvdu(P, Po).

Then P — 0p is Hellinger Lipschitz at Py:

2C
K

H@P — 90”7—( < vdH(P, Po), P e Ps.

Proof deferred to Appendix C.
The gradient condition in Lemma 4.16 can often be verified from primitive bounds. Let

Fon :=£y(00)(h). By Condition A3i,
{06 Rp(00) — 0o Ro(60)}(h) = (P — Po) fno,n + P{fnp,h — fno.n}-
The first term is O{du(P, Py)}, uniformly over |||l < 1, whenever

sup sup {Pfi -+ Pofagn} < oo,
PePs ||h]l# <1

by the Cauchy—Schwarz inequality and the standard Hellinger bound for differences of ex-
pectations. The second term is O{du (P, Py)} if, for all P € Ps,

sup | fop,n — ffloJL“L2(P) < Clnp — nolln
[IRll3 <1

and the nuisance map P — np is Hellinger Lipschitz at Fy. Thus, under these primitive
bounds, the M-estimand continuity required in Condition A7 follows from the local curvature
of the risk and Hellinger continuity of its gradient at 6.
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4.D Examples

4.D.1  Remarks

Remark 4.17 (Separable product spaces and vector-valued M-estimands). Suppose that
H =Hy X -+ x Hg, where each H, is a Hilbert space, and write 8 = (61, ...,0). Consider

a loss of the form £, (z,0) = Y1, E(k (z,0k). Then the population risk is separable,

K

0(0,m0) Z ek,no

k=1

where Lék) (O, m0) := POE%];)(-, 6x), so each component 6, minimizes its own risk L(()k) (

Moreover, for h = (hi,...,hg) and b’ = (h},..., hy),

'7770)'

K
93 Lo(80,m0) (h, 1) = > 83, L (Bo .k, 10) (e, k).

k=1

It follows that the Hessian Riesz representer in the product space H decomposes componen-
twise as

o, H = (Oé(()lg_[l,. .. ’O‘é{%x)’
where a(()k%[ is the Riesz representer of the map hy +— 9ptbo(00)(0,...,0, hg,0,...,0) with

respect to the k-th component Hessian inner product (hg,hj) — 89k Lt )(90 ks 10) (e, By,
Consequently,

o (60)(cx0) Z£<k) af)kv){ )-

4.D.2  Loss functions satisfying conditions

Lemma, 4.7 verifies that Conditions A3 and A4 hold for a broad class of twice-differentiable
loss functions, but such smoothness is not strictly necessary. In particular, many common
losses—such as the quantile loss—do not satisfy classical second-order smoothness, yet still
induce a twice-differentiable risk functional.

Example 3 (Smoothness of median loss). Suppose Z = (X,Y) with X € R?and Y € R, and
consider the median loss £(6,z) = |y — 0(x)|. This loss is almost everywhere differentiable,
with a generalized second derivative that exists in the distributional sense. Under standard
regularity conditions on the conditional density po(Y | X) (see Appendix 4.D.4), the popula-
tion risk admits a bounded and Lipschitz continuous second derivative, 92 Lo(0,n)(h1, he) =

[ po(Y z) | X =) - hi(x)he(z) Po(dz). Hence, A3 is satisfied for the median loss, and
more generally for orthogonal quantile losses, such as those arising in quantile treatment
effect settings [Leqi and Kennedy, 2021, Whitehouse et al., 2024]. O

Continuing with our examples in Section 4.2.3, we demonstrate how various functionals
and loss functions of interest in causal inference satisfy our conditions. In each of the
following examples, suppose each P € P is dominated by Py and satisfies c| - [|12(p,) <
| lz2py < Cll - Il 12(py) for constants 0 < ¢ < C' < co. Let H = L*(B), with || - [|3 the
L?(Py) norm and py(-) the Py-essential supremum norm.
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Example 1b (continued). Let 1y := (mo, po(1, ), o(0,-)) denote the nuisance parameter.
Let N = L (\) x L=°(X\) x L*°()). The orthogonal loss for semiparametric logistic regression

can be written as £,,(0,2) = l(mo(x), po(0, ), pio(1, ), 0(x), z), where the function [ : R* x
Z — R is defined by

(w71, 0,2) = gi(a, 1’ 1) {log (1 +exp (—(a —7) 6 — g2(7, 1", 1)) — y(a —7) 0},

where gi(a,72°,7") = {1 = @)’ + ap'}™" and go(7, 1% 7@') = (1 — 7)logit(z’) +
wlogit(').  Under reasonable conditions, the function [ satisfies the assumptions
of Lemma 4.7, and Conditions A3 and A4 hold (see Appendix 4.D.4 for details).
In particular, A3i is satisfied at Py, with the map h ~ £, (0)(h) given element-

wise by z — —h(z) - %5%) [y — expit {(a — mo(z))0(z) + ho(x)}]. Furthermore, A3ii
is satisfied with 831/0(9,770)(}11,}12) = Ey [{A—?To(X)}zhl(X)hg(X)]. AG holds if
1—0 > m(X) > & Pp-almost surely for some § > 0. Finally, when the semipara-
metric logistic regression model is correctly specified at Py, A5 holds by Nekipelov

et al. [2022] (see Equation (2.24) and Remark 2.2). The EIF term —¢,,(6p)(ap) in
Theorem 4.11 equals z + ao(x)%[y — expit{(a — mo(x))0o(x) + ho(x)}], where
ap = argmin, ¢y, Fo[mo(X){1 — mo(X)}a?(X) — 214, (Z, )] is a weighted Riesz representer
with overlap weights mo{1 — mp}. O

Example 1c (continued). Consider the pseudo squared-error loss ¢, : (z,6) — Fwy(2) {¢)(2)
Suppose esssup,¢ z pep Max{wy,(2), (yp(2),0p(z)} < oo with respect to the dominating
measure A. This loss satisfies A3i with éno 0)(h) : z = —wyy(2)h(x){¢yo(2) — O(x)}, and
A3ii with 92 Lo(0,m0)(h1,h2) = Eolwy,(Z)h1(X)ha(X)]. Conditions A3iii and A4 can be
verified for many loss functions by applying Lemma 4.7. Condition A6 holds if wy,(Z) > ¢
Py-almost surely for some § > 0. For the R-learner loss, recall that wy, : 2 — (a — mo(x))?

and G 1 2 %:r:g((;)),

the cross derivative to be
0n0sLo(0,m0) (9, 6m), B) = B [{ ~(A = m0(X)) 6m(X) (¢ (2) — (X))

— (A = mo(X)) dm(X) + (Y — mo(X)) §7r(X)} h(x)] .

where ng = (79, mg) with mg : x — Ep[Y | X = z]. We can compute

The first term on the right-hand side equals Ey[dm(X) (Y — mo(X) — (4 — mo(X))0(X))],
which is zero since Eg[Y —mo(X) | X] = 0 and Eg[A—m(X) | X] = 0. The second term also
vanishes for the same reason. Hence, A5 holds, and, in fact, the R-learner loss is universally
orthogonal, satisfying 0,09 Lo(6,1m0) = 0 for all € H. O

4.D.8  Ezamples of estimators

Example 1b (continued). Consider the orthogonal semiparametric logistic regres-
sion loss, and let 6, and «, be estimators of 6y and «g, respectively, where ay =
argmin,, 5 Eo[mo(X){1 — m(X)}a?(X) — 21, (Z,«)]. Let m, be an estimator of the
propensity score my, and let u, be an estimator of the outcome regression pg. Define
Un = pn(l — pn) and hy(z) = 7, () logit pn(1,2) + (1 — mp(z)) logit 11, (0, ). Then, an
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autoDML estimator of 9y(fy) is given by

Ai — 7T0(Xl))

L BLIZA NS SMEaE e s = expit( = (X080 (X0) + ha(X0)}]. O

Example 1c (continued). For general pseudo-outcome regressions, an autoDML estimator
is given by g™ i= L 30 m(Z, 0n) + 5 20y wa, (Zi) o (Xi){Gy, (Zi) — 0n(Xi)}. For the R-

learner loss of the CATE 6 : © — pio(1, z) — 110(0, z), corresponding to wy, : z — (a—mo(z))?
and G, : 2 = Z:fgéf)), we have —éno(ﬁo)(ao) cz = ap(x){a — mo(z) Hy — mo(z) — (a —

m0(2))00(x) }, where a = argmin,,cq, Fo[mo(X){1—mo(X)}a?(X)]—2¢0(80)(c) is an overlap-
weighted Riesz representer. Taking ¢y as the ATE, with ¢o(a) = 90(00)(a) = Ep[a(X)],
we find that ag is the overlap-weighted projection of {m(x)(1 — mo(x))}~! onto the CATE
model H. An autoDML estimator of the ATE is given by

n

~dm 1 — 1

YR = o > 0u(Zi) + o D (Ai = T (Xa)) o (X ){Ys — min(X3) — (As — 70 (X3))0n (X0)},
=1 =1

where 7, := (m,, m,) is an estimator of 7y := (g, mg), 6, is an estimator of the CATE, and

ay, is an estimator of ag. For the R-learner loss, the fluctuation parameter for autoTMLE

is &, = argmin {Y; — mp(X;) — {A; — (X)) HOn (X)) + e (X;)}}2, and the autoTMLE

estimator for the ATE is

D an(X) -

N 1 <
wytlmle:7 an X’L + -
w2 O e R an (X n 2o

4.D.4  Additional technical details for examples

In each of the following examples, suppose that each P € P is dominated by a measure A,
and that c[| - |20 < |- 22y < CIl - llp2(n) for some 0 < ¢ < C < oo. Let H = L*(\),
H = L>®(\), || - |[% be the L?(P) norm, and px(-) be the M-essential supremum norm. By
norm equivalence, H is closed in L?(P) for each P € P.

Example 1c (Smoothness of median loss). Suppose Z = (X,Y) with X € R? and Y € R,
and consider the median loss £(6, z) = |y — 6(x)|. Then ¢ is almost everywhere differentiable

with £(6)(h)(z) = sign(y — 0(z)) - h(z). The second derivative exists only in a distributional
sense and is given by £(0)(hy, ho)(z) = 8(y—0(x))-hy(x)ha(z), where § is the Dirac delta func-
tion. Consequently, the second derivative of the population risk satisfies 92 Lo (6, 1) (h1, ha) =
[po(Y = 0(z) | X = z) - hi(2)ha(z) Py(dz). Let H := L®(\) with py(-) = || - || p=o(x) and
- ll2e = |l - [lz2(py)- Suppose esssup,cx genp, pep P(Y = 0(z) | X = ) < 0o, and that the

map y — p(Y =y | X = x) is Lipschitz continuous for each P € P with constant L, < oo,
where L := esssup, L, < co. Then, uniformly over all hy, he € H, the second derivative is

bounded, satisfying 95 Lo(0,n)(h1, ha) < C| h1]|%|/hal2, and Lipschitz continuous with
|05 Lo(0 + hyn)(h1, ha) = 95 Lo(8,m) (ha, ha)| < /Lx\h(I)th(fﬁ)hz(fﬂﬂ Po(dx) < Lpy(ha) b2+ hll .

Hence, Condition A3 is satisfied for the median loss, and more generally for orthogonal quan-
tile losses, such as those arising in quantile treatment effect estimation |Leqi and Kennedy,
2021]. O

Ozn(X-)Z % Z(Ai*ﬂ—n(Xi))an(Xi){Yi*mn(Xi)*(Ai*Wn(Xi))en(Xi)}. O
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Example 1c (Verifying conditions for semiparametric orthogonal logistic loss). Let ny :=
(70, o(1, ), o(0, -)) denote the nuisance parameter. Let N' = L% (\) x L=(\) x L>®()\). We
identify functions of subvectors of z € Z with elements of L (\) via composition with coor-
dinate projections; for example, f(z) := f(x) when z = (x,y). The orthogonal loss for semi-
parametric logistic regression can be written as ¢, (6, z) = l(mo(x), po(0, x), po(1, z), 0(x), ),
where the function [ : R* x Z — R is defined by

l(ﬁ’ﬁ07ﬁ1’§a Z) = gl(avﬁovﬁl) {log (1 + exp (_(a‘ - ﬁ)g - gQ(W’ﬁO7ﬁ1))) - y(a‘ - ﬁ)g} )

where gi(a,72°,7") = {(1 = @)p° + ap'}™" and ¢(7, 771" = (1 — 7)logit(n’) +
7logit(ii!). Suppose that for all P € P and z € Z, we have § < pp(a,z) < 1 -6
and max{|hp(z)|,|0p(x)|} < M’ almost surely, for some § € (0,1) and M' < oo, with Z
compact. Then A8 holds and the closure of the set {(m(z), (0, 2), u(1,x),0(x),z) : 0 €
Hic, (m, 1(0, ), pu(1,+)) € N,z € Z} is compact. Moreover, the function [ is three times
Lipschitz continuously differentiable in all arguments on this compact set, where we use that
t — t~! on a closed subset of (0,1) and logit on [~M’, M’] are infinitely often Lipschitz con-
tinuously differentiable. Hence, [ satisfies the conditions of Lemma 4.7, and Conditions A3
and A4 hold. In particular, A3i is satisfied at Py, with the map h ~ £,,(0)(h) given elemen-

_a—mo(z)

twise by z — —h(z) ola) [y — expit {(a — mo(x))0(x) + ho(z)}], where ||| = |- ||L2(p0).
Furthermore, A3ii is satisfied with 95Lo(6,m0)(h1,h2) = Eo [{A — m0(X)}2h1 (X)ha(X)].
Condition A6 holds if 1 — 4§ > mp(X) > § Py-almost surely for some 6 > 0. Condition Al
holds if 1 — ¢ > wp(X) > § uniformly over P € P, in which case the risk 8 — Lp(6,np) is
strongly convex and continuous on H. Finally, when the semiparametric logistic regression
model is correctly specified at Py, A5 holds by Nekipelov et al. [2022] (see Equation (2.24)
and Remark 2.2). O

4.E Model selection with Adaptive Debiased Machine Learning

4.E.1  Data-driven working models

Adaptive Debiased Machine Learning (ADML) [van der Laan et al., 2023] combines debiased
machine learning with data-driven model selection to construct superefficient, adaptive esti-
mators of smooth functionals, allowing model assumptions to be learned from the data. The
key idea is to estimate W, (Pp) for a data-adaptive, projection-based parameter ¥,, : P — R,
defined through a submodel P,, C P learned from the data. If P,, stabilizes asymptotically
to a fixed oracle submodel Py := Pp, in a suitable sense, the resulting estimator remains
efficient for an oracle target Uy : P — R defined through Py. This oracle parameter coin-
cides with the true target ¥ on Py, so that Wo(Fy) = ¥ (Fy) when Py € Py. Crucially, ¥y
may have a substantially smaller efficiency bound at Py than V¥, leading to more efficient
estimators and tighter confidence intervals, while preserving unbiasedness. The simplest
example is when P, := Py,) with k(n) — oo, obtained via model selection over a sieve
Py C Py C--- C P, and the limiting model Py is either the full model P or some element
of the sequence containing Fj.

We apply the ADML framework to construct adaptive estimators of W(FPy) by selecting
a data-driven working model for the M-estimand 6y. Let H,, C H denote this model,
and suppose it approximates an unknown oracle submodel Hy C H. The corresponding
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statistical models are P, ;= {P € P:0p € H,} and Py :={P € P : 0p € Hp}. We define
the working and oracle parameters by Wy, (P) := ¢¥p(0py,) and ¥y, (P) = vp(@pn,),
where 0py, := argmingcq Lp(8,np). Let xpu, and xpy, denote the efficient influence
functions of Wy, and Wy, respectively, as given in Theorem 4.11. For example, H,, may
be selected via cross-validation over a sieve of models Hi1 C Ho C -+ C Hoo := H, where H
is a correctly specified model containing 6y, and Hg is the smallest correctly specified model
in the sieve. Alternatively, H,, could be obtained via variable selection or a data-driven
feature transformation, with Hg corresponding to the limiting set of selected variables or
the limiting feature transformation.

Given the selected model H,,, our proposed ADML estimator of W(/%) is the debiased
estimator v, 3;, of the data-adaptive working parameter Wy, : P — R, constructed using
any method from Section 4.4.1. We show that, under suitable conditions, this estimator
remains valid even if H,, is misspecified, provided the model approximation error vanishes
asymptotically. A key step is showing that the parameter approximation bias Wy, (Py) —
Uy, (Po) is second-order in the model error and thus asymptotically negligible. Conditionally
on the selected spaces, Theorem 4.15 applied with working space H,, inside the comparison
space Hn 0 := Hn + Ho, using closures if needed, gives this second-order behavior.

We now present our main result on the asymptotic linearity and superefliciency of the
ADML estimator ), 3, for W(Fp). To establish this result, we assume the following condi-
tions.

(C1) Linear expansion: lznyn — U, (Py) = (P — Po)Xom, +op(n~1/?).
(C2) Stabilization of selected model: n*/?(Py — Po){X0.4, — X010} = 0p(1).

(C3) Target approximate rate: If the functional is not linear or the risk is not quadratic,

1
then {003, — ol = op(n™7).
(C4) Doubly robust approzimate rate: 93 Lo (6o, 10)(Q0,4,.0 — @0, 00,34, —b0) = Op(n—l/Q),

Theorem 4.4. Assume that Conditions A1-A8 hold for the model H, . Suppose that H,
converges to an oracle submodel Hy with 8y € Hy in the sense that Conditions C1-C4 hold.
Then, Jn,%n — Y (Py) = Puxo, + op(n_l/Q), and {ﬁ\n,?-tn 1s a locally reqular and efficient
estimator for the oracle parameter Vg under the nonparametric statistical model.

It is interesting to apply Theorem 4.4 with H,, = Hy,) and Ho = H, where Hy () is an
element of the sieve H1 C Ha C Hy C -+ C Hoo := H with k(n) — oo. In this case, the
theorem establishes the asymptotic linearity and efficiency of sieve-based plug-in estimators
based on orthogonal losses, generalizing and extending the results of Shen [1997], Chen and
Liao 2014 and Hahn et al. [2018].

Condition C1 requires that the ADML estimator IZmHn is debiased for the data-adaptive
working parameter W¥,,, which can be established under conditions analogous to Theo-
rem 4.13 applied with H := H,. Conditions C2-C4, drawn from prior ADML work
[van der Laan et al., 2023, 2026, ensure that data-driven model selection does not inval-
idate the debiased estimator. Condition C2 is an asymptotic stability condition requiring
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that the learned model H,, converges to a fixed oracle submodel Hy, typically formalized
as || X044, — X0.#0ll22(Py) = 0p(1). This holds when the nuisance functions g 3, and 63,
converge to their oracle counterparts o 3, and 6y in an appropriate sense. Conditions C3
and C4 further ensure that the approximation bias from using H,, instead of Hg is negligible,
by requiring sufficiently fast convergence of ag 3, and 6p3;,,. Combined with Theorem 4.15,
these conditions imply that ¥, (Py) — ¥(Py) = o0,(n~/2).

4.F autoDML for beta-geometric survival model

4.F.1 Functional and loss

Following our autoDML framework, for P € P, we define our M-estimand 0p as the tuple
(ap,bp) and our target space as the product Hilbert space H := Hq x Hp, where H, € L2 (ux)

and Hp C L?(uy) for some measure jx on supp(X). Under the conditional ignorability of
the censoring mechanism, the log-transformed shape parameters p = (ap, bp) are identified
via the following optimization problem:

0p = argmin Ep[l(Z, a,b)],
(a,b)eH

where ¢ is the negative log-likelihood loss given by:
t—1
0:(z,a,b) — —6log (Aap(t | x)) — Zlog (1= Xap(s| ),
s=1

where we use z := (z,t,0) to denote a realization of Z. Given a reference time ty > 0, we
define our target parameter as ¥ p(6p) = Ep[m(Z, 0p)], where the functional m : ZxH — R
is given by:

to

m(z,a,b) := H (1 — Aap(s ] w)),

s=1

which represents the mean survival probability P(T" > tp) under the beta-geometric model.
In Appendix 4.F.2, we derive the first and second derivatives £(A) and £(6) of the loss ¢
at 0 € H, as well as the first derivative 1y of the functional m, which together determine
the loss function for the Riesz representer oy € H in Theorem 4.11. Since we use the
negative log-likelihood loss, as discussed below Theorem 4.13, the autoDML estimator is not
only nonparametrically efficient for the projection parameter ¥, but also semiparametrically
efficient for Py(T > tp) under the beta-geometric model.

4.F.2  Deriwation of gradients and Hessians

It is shown in Hubbard et al. [2021] that the conditional distribution of T" given X under a
beta-geometric distribution P is determined by the following recursions:

_ _ ap(X) )
PO=110= 03 1 o)
P =t]X)= aP(X/B)P—(F)gP?;)_ft— 1P(T:t7 LX;
Bp(X)

PO>110 = 03 1 e @)
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Bp(X)+t—1

PT>t]X)= ap(X)+Bp(X)+t—1

P(T>t-1|X),

where ap(X) = expap(X) and Bp(X) = expbp(X). Recall that our M-estimand is Op :=
(ap,bp), where Op lies in the product space H := Hq x Hp, where H, C L?(puy) and
Hy C L?(ux) for some measure pux on supp(X). Under noninformative censoring, the
log-transformed shape parameters ap and bp are identified via the following optimization
problem:
(ap,bp) = argmin Ep[l(Z, a,b)],
(a,b)eH

where /£ is the negative log-likelihood loss and can be written as:
£:(z,a,b) = =blogPupy(T=t| X =2)—(1—=90)logPup(T>t|X =2x),

and P, ; denotes the distribution of a beta-geometric random variable with shape parameters
a(-) =expa(-) and B(-) = expb(-). _ _ B

Recall that our parameter of interest, W(P) = ¢p(fp), is the mean survival probability
P(T > ty) at a fixed time ¢ty € N. We can write the functional ¢¥p : H — R as

0 — Yp(0) := Po(T > to) = Ep[m(Z,0)],

where m : (2,0) — Py(T > to | X = x) is a nonlinear functional. The derivative of this
functional at @ in the direction of h € H satisfies the expression:

mg(h) : 2+ 0gPo(T > to | X = x)(h) = Po(T > to | X =) - Oplog Po(T > to | X = z)(h),

where Oglog Py(T > to | X = x)(h) is determined by the recursions given later in this

section.

The derivative of the functional m, as well as the gradient and Hessian operators of the
loss function ¢, can be computed using the recursion relations derived in Appendix A.2 of
Hubbard et al. [2021]. For completeness, we restate these recursions here and use them to
derive the relevant derivative terms. Let § = (a,b) € ‘H and set a := expa and f := expb.
For a direction (hg, hy) € H, the derivative of the loss function ¢ at 6 is given by:

Eg(ha,hb)(z) = —§0p log Pg(T =1 | X = :r)(ha,hb) — (1 — 5)89 long(T >t ‘ X = I)(ha,hb).

Specifically, the derivative of the log event probabilities satisfies:

_ __X) __ X))
89 10gP9(T— 1 | X)(ha,hb) = a(X) +B(X)ha(X) Oé(X) +B(X)hb(X),
9o log Py(T =t | X)(ha,hs) = dglog Po(T =t — 1 | X)(ha, hs)
a(X)

T e ) F i)

(a(X) + DBX)

T B T -2 A T E-1)

hy(X).

Similarly, the derivative of the log survival probabilities satisfies:

___oX) _oX)
O log Po(T > 1| X)(ha,hs) = a(X) +,3(X)ha(X) + a(X) +/8(X)hb(X),
e log Po(T > t | X)(ha, hy) = g log Po(T > t — 1 | X)(ha, hs)
a(X) ha(X)

S aX)+BX)+t -1



162

a(X)B(X)
(BX) +t = 1)((X) + B(X) +t - 1)

Furthermore, for two directions 61 : (hq,hy) € H and 02 := (gq, 9») € H, the second
derivative of the loss function ¢ is given by:

+

hb(X).

Uo(01,02)(2) == =083 log Po(T =t | X = x)(01,02) — (1 — 6); log Po(T >t | X = x)(61,02).

To determine the second derivatives on the right-hand side, we use the fact that, for any
functional 6 — fy(t,a,x), its second derivative satisfies the Jacobian formula:

0 fo(t,a,x)(01,02) = O; fo(t, a,)(ha, ga) + O fo(t,a,x)(hs, gb)
+ 8aabf9(t7 a, l‘)(ha, gb) + 6baaf9(t7 a, I)(hba ga)'

Applying the chain rule and using that d,a(X) = Ogexp{a(X)} = a(X) and 9,8(X) =
Oy exp{b(X)} = B(X), we can show that

02log Po(T = 1| X = 2)(ha, ga) = —%M?{)ga(ﬂ;
0a0p1og Po(T = 1| X = z)(ha,gv) = %ha(xmm;
00 log Po(T =1| X = z)(hp, ga) = %hbmmxr

RlogPy(T=1| X = z)(hs, g) = f%hb(X)gb(X).

Furthermore, applying the recursions, we find that

82 log Pp(T =t | X = z)(ha,ga) = 82 logPe(T=t—1| X =x)(ha, ga)

—a(X)(B(X) +t—1) .
(a(X)+ B(X) +t— 1)2} a(X)ga(X);
Oplog Po(T =t | X = ) (hy, g) = 0} log Po(T =t — 1| X = )(hs, g)

+

1
(BX) +t = 2)(a(X) + B(X) +t 1)
_ B(X)(28(X) + a(X) + 2t — 3) ]hb(X)gb(X)
[(B(X) +t—2)((X) + B(X) +t - 1)]?
a0y log Po(T =t | X = z)(ha, s) = 0aOplog Po(T = t — 1| X = )(ha, g1)
a(X)B(X)
t ) + A £ =12 e (D9 (X)
O0alog Po(T =t | X = x)(ho,ga) = Op0alog Po(T =t — 1| X = z)(hs, ga)
a(X)B(X)
[aX) + B(X) + £ =132 (X)9a(X)

+A(X)(a(X) +1) -

+

Similarly, we can compute the second derivatives of the log survival probabilities. At
t = 1, they satisfy

2 log Po(T > 1| X = ) (ha, ga) = *—{agg(j_ﬂﬁ(gg)}Q ha(X)ga(X);
_ __ aX)BX 4
0aOplog Po(T > 1| X = z)(ha,gs) = Wh“(x)gb(x)’
Op0alog Po(T > 1| X = z)(hp, ga) = Mhb(ﬁ()ga(){);
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o7 log Po(T > 1| X =x)(ho,gp) = —

Moreover, using the identity
logPp(T=t|X =2)=a(X) —log{B8(X) +t—1} +log Py(T >t | X = z),
we obtain, for ¢ > 1,
D21og Py(T >t | X = x)(ha, ga) = 02 log Po(T =t | X = z)(ha, ga),
0aOplog Po(T >t | X = x)(ha, gp) = 0aOplog Pe(T =1t | X = z)(ha, gb),
Op0alog Po(T >t | X = x)(he, ga) = Op0alog Po(T =t | X = z)(hs, ga),
O log Po(T >t | X = x) ) =08¢log Po(T =t | X = x)(hs, g»)

BX)(E—-1)
{B(X) +t-1}2

(hbagb

+ hy(X)gu(X).

4.F.8 Additional details on synthetic experiment

The data structure Z = (X, A,f, A) is generated as follows. The covariate vector X is

drawn from a uniform distribution on [~1,1]3. Given X, the treatment assignment A is
sampled from a Bernoulli distribution with success probability

7T0(X) = eXpit(Q\/g(X1 + X5 + X3))

The uncensored survival time 7" is drawn conditional on (A, X) from a Beta-geometric event
time distribution with shape parameters

ao(A, X) := exp(—0.1 + V3(X1 + X2 + X3) 4+ 0.254)
Bo(A, X) := exp(V3(X1 + X2 + X3) +0.1).

We impose administrative censoring at time ¢ = 6, with the observed event time T =
min(7), ¢) and censoring indicator A = 1(T < ¢).

4.G Additional experiments for R-learner loss

4.G.1 Inference on ATE using R-learner

In this experiment, we evaluate various autoDML estimators for the ATE derived from the R-
learner loss, a specific Neyman-orthogonal loss for the CATE introduced by Nie and Wager
[2021]. Ome advantage of developing autoDML estimators based on a loss function that
directly targets the CATE is that it provides a straightforward framework for constructing
semiparametric estimators with model assumptions on the CATE, such as partially linear
regression models, by selecting an appropriate Hilbert space H. In this experiment, we
impose an additive model assumption on the CATE by defining H as the space of all functions
that are additive in the covariates.

We consider the data structure Z = (X, A,Y), where X € R? represents covariates,
A € {0,1} is a binary treatment, and ¥ € R is the outcome. The R-learner loss function is
a weighted pseudo-regression loss, given in Example 1lc. The M-estimand 0p is the CATE
function, z — EplY | A =1,X = z] — Ep]Y | A = 0,X = z|, with the functional of
interest ¥p : 0 — Ep[0(X)]. The covariate vector X = (X1, X2, X3) is drawn independently
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as X1, X9, X3 ~ Uniform(—1,1). Given (X1, X2, X3) = (21,22, x3), treatment A follows a
Bernoulli distribution with success probability mo(x1, 2, x3) := expit(sin(2x1) + 2z + |z3]).
We define the auxiliary probability mp aqd(z2) := expit(x2) to construct a local perturbation,
where the weight is w(x2) = mg.add(22)(1 — 70 add(22)) and the local fluctuation term is
local fluct = (A — 7 add(X2))/w(X2). The outcome Y, given A = a and (X, X», X3) =
(1,2, 23), follows a Normal distribution with mean pg(a, 1, x2,23) = local fluct/y/n +
sin(2z1) + |z3| + a(0.3 4+ 223 + sin(2z1)) and standard deviation og(z1,73) = 0.5 + (21 +
x3)/8. Irregular estimators exhibit nonvanishing asymptotic bias under sampling from local
perturbations of Py at distance O(n~1/2).

We evaluate four autoDML estimators based on the R-learner loss, each employing an
additive model H for the CATE. For all estimators, the nuisance functions for the R-learner
loss, specifically the propensity score my and the conditional mean of the outcome given
covariates Ey|Y | X = ‘], are estimated using an ensemble of multivariate adaptive regression
splines [Friedman, 1991| and a generalized additive spline model [Hastie and Tibshirani,
1987], respectively implemented in the R packages earth [Milborrow, 2019] and mgev [Wood,
2001]. The first estimator is the one-step autoDML estimator, Sml, as described in Section
4.4.1 and implemented according to Algorithm 8. The second is the autoTMLE estimator,
Aﬁlmle, which is also based on the R-learner loss and implemented according to Algorithm
9. For both the autoDML and autoTMLE estimators, the CATE, 6, is learned using the
R-learner loss with the highly adaptive lasso (HAL) spline estimator [van der Laan, 2015,
Benkeser and van der Laan, 2016], while the Riesz representer, «, is learned using the Riesz
loss with the HAL estimator. The HAL estimators are implemented using the hal9001
|[Hejazi et al., 2020] package, with the additive model constraint enforced by specifying the
argument max_degree = 1. The estimators of the nuisances in the loss, the CATE, and
the Riesz representer are cross-fitted using Algorithm 7 with 10 folds. The third estimator,
¢,§ie"e, is an autoSieve estimator that leverages a data-adaptive sieve, {#H,, : k € N},
learned using the additive HAL estimator and trained without cross-fitting on all available
data. Here, \; € R represents the lasso regularization parameter, and #, , denotes the
linear span of basis functions with nonzero coefficients from the additive HAL estimator fit
with regularization parameter A\;. The regularization parameter Ay, used to compute ypsieve
is selected data-adaptively using the automatic undersmoothing method detailed in Section
4.4.1. The final estimator is an adaptive sieve plug-in estimator for the ATE, where the sieve
is again learned using HAL but without undersmoothing, resulting in superefficient behavior.
This estimator is a specific instance of the adaptive DML estimators introduced in van der
Laan et al. [2023] and is also a special case of the estimators discussed in Appendix 4.E,
corresponding to a HAL-based sieve estimator fit with the regularization parameter Ay,
selected through cross-validation using the R-learner loss. As a baseline for comparison, we
also evaluate the nonparametric AIPW estimator of the ATE, which is constructed using
estimators of the propensity score and the outcome regression.

The results are displayed in Figure 4.3. In terms of bias and coverage, autoTMLE, au-
toDML, and DML perform best among the methods evaluated. autoTMLE and autoDML
exhibit less variability compared to DML because they perform debiasing within a semi-
parametric model and are thus less sensitive to issues with treatment overlap. Additionally,
autoDML and autoTMLE demonstrate similar performance across all sample sizes, likely
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Figure 4.3: Bias, standard error, and coverage probability for the ATE, comparing various methods across
sample sizes.



166

due to the quadratic nature of the loss and the linearity of the ATE functional, which
aligns the two approaches closely. Conversely, the cross-validated and auto-undersmoothed
plug-in HAL estimators exhibit the poorest performance regarding bias and coverage. The
cross-validated estimator shows significant bias and inadequate coverage under sampling
from local perturbations, primarily due to its irregular nature. Although undersmoothing
partially reduces this bias, it remains substantial enough to negatively affect coverage.
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Chapter 5
CONCLUSION
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Appendix A
PROOFS FOR CHAPTER 1

A.1 Proofs for Additional discussion of conditions

Proof. Write

Ep1(2)) - Enlf(2)) = [ £:)p(2) - p )} av(a) = [ 12 VI (V) + VI @) i)

By Cauchy—Schwarz,

1/2 1/2
|Er[£(2)] - Ep[f(2)]] < ( [ 162 (Vi) + Vi)’ dv(z)) ( [ i) - Vo) dv(z)) .
For the first factor, use 2v/pp’ < p + p’ to obtain

/f (VP+ VI du—/f{p+p+2¢ﬁ}du<2/f (p+ ) dv = 2{Ep[f(2)2] + Ew[f(2)2]}.

For the second factor,
1/2
([oi-vira) =vemer),

Combining these bounds yields

|Bol1(2)] ~ B l(2)]] < (2ABelf?) + B [f2)? - VEH(P,P) = 2H(P,P) (Bplf?) + Ep[12)

as claimed. O

A.2 Proofs for Sections 2.2.2, 2.3.2, and 2.4.1

A.2.1  Proof of Theorem 2.1

Proof of Theorem 2.1. We will first show that (P, 1) — 1 p () is total pathwise differentiable
in the sense of Appendix A.4. in Luedtke [2024]. To do so, we apply Lemma S6 in Luedtke
[2024]. To do so, we need to show that the total operator (P,u) + tp(u) is partially
differentiable in its first argument and continuously partially differentiable in its second
argument at (P, 110), where these notions of differentiability are defined in Appendix A.4 of
Luedtke [2024]. The former differentiability holds since, by assumption A3, P +— ¥p(up) is
pathwise differentiable at Py. To establish continuous partial differentiability in the second
argument, note that u — 1p(p) is a linear functional and, thus, the partial derivative of
(P, 1) — ¥p(p) in its second argument is simply u — ¥p(u). Hence, to establish continuous
partial differentiability, it remains to show that P +— p is a continuous functional at Py
with the domain equipped with the Hellinger distance and the range equipped with the
operator norm. This is true by assumption A2. By Lemma S6 in Luedtke [2024], the total
pathwise derivative at (P, po) in the direction of (s,h) € Ta(FPy) X H is then given by
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<¢0,M0’ s) + {ao, h).

Under our assumptions, P — up is pathwise differentiable at Py in a Hilbert-valued sense
by Example 5 of Luedtke and Chung [2024], with pathwise derivative dyug(s) in the direction
s € Tym(Fo) given by h — (h{Zy — uo},s), where Zy : o — y. As a consequence, by the
chain rule, P +— ¢ p(pup) is pathwise differentiable at Py with pathwise derivative given by
(0,105 8)+{(0{Zy — 10}, s). It follows that the efficient influence function is ¢g o +Dpg.a0- O

A.2.2  Proofs for Theorem 2.3 and Lemma 2.}

Proof of Theorem 2.3. We begin with the proof of the Riesz-based decomposition, as the

regression-based decomposition will follow as a special case.
By the law of iterated expectations, conditioning on (c,(A, W), (A, W)) under Py
yields

<Oz0 — Qn, In — ;“0> = <O‘0 — Qn, H(an,ao)(lu’n - N0)>~

We decompose the preceding display as

(@0 = an, pin = po) = (@0 = an, May, (n = p0)) + (M ,a0) = Moy )(@0 = an), (n — pro) = Ma, (1t — o))
= <Oén — o, 7"»,7,’0> — <(H(ama0> — Han)Aa,n, A‘u’n — HQHAMYH%
(A1)
where r,, 0 = —Il,, (1tn, — o). By the Riesz representation property for ag in (2.1), the first
term on the right-hand side can be expressed as

<Oén — ao, Tn,0> = —0o(rn,0) + Po{anTno}
= =¥n(rn0) + Po{anrn,o} — to(rn0) + ¢n(rno),
where, in the second equality, we add and subtract 1,,(r, ). By the orthogonality condition
in (2.5),
Yn(rn,0) = Pafanrao}.

Hence,

—Yn(Tn0) + Po{anrno} = —(Pn — Po){anTn0}-
Therefore,

(an — @0, 70,0) = (Pn — Po){=anrn,0} — %0(7n,0) + ¥n(rn0)
= (Pn = Po){=anrno+ ¢r, 0} + ¥n(rno) = Yo(rn.o) = Pndr, o
= (Pn — Po)Bn,o + Remy,, (Tn0),

where we add and subtract P,¢y, , and use that Py¢,, , = 0. Substituting this display into
(A.1), we obtain

(a0 = an, pin = po) = (Pn — Po)Bn,o + Remy,, (rn,0) = {(W(ay,a0) = Hap)Aayn, A = o, Apn) (A2)
= (Pn — Po)Bn,o + (a0 — a, 00, Apn — o, Ayn) + Remy, (o),
where we use that
(Ian,a0) = Moy )Aan = o, a0 — a0 = —(ao — I, ao).
The Riesz-based decomposition now follows. If Condition Blii holds, then

(M o) = i) Bains 0 =y p10) = Va0 (ptms @) llan — ao)|* = Op ([lan — o) -
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By the Cauchy—Schwarz inequality, we also have
(o) = W) Aoy pt0 = Wy pt0) < (M gy = My ) Al 20 = Ty, o]
By nonexpansiveness of orthogonal projections, ||(TL,, o) = Mu,)Aanll < [[Aanll and
o = My proll = 1A n = Wy Apnl| < [[Agnl-

Hence,
(o) = M) Aany pto =y pt0) < [ Aanll [ Apnll.
Taking the minimum of these two valid bounds, we obtain

(Mo a0) = M) Apuny Aain) = Op ([lam — aoll® Allun — poll a0 — aoll)

as desired.

For the regression-based decomposition, we apply the Riesz-based decomposition with
Yo(a) == Eo{a(A, W)uo(A, W)} and ¥, (a) :== L 377 | a(A;, W;)Y; (see also the proof out-
line in Section 2.3.2). In particular, pg is the Riesz representer of the linear functional
o : o — Ep{a(A, W)uo(A, W)}. Moreover, the orthogonality condition in (2.4) is equiv-
alent to the orthogonality condition (2.5) for the estimated linear functional 1),,. For this
choice of 1, we have Remy,, (o) = 0 with ¢4 (2) := ay — 1p(«). Under these definitions, By
and B, o coincide with Ay and A, o, respectively. The regression-based decomposition now

follows.
O

Proof of Lemma 2.4. The proof that Conditions Bli and Blii are implied by B1*i and B1*ii,
respectively, follows directly from the Cauchy—Schwarz inequality applied to the covariances
in the numerators of 7,.0(tin, @) and Ya,0(fin, @n). It therefore remains to show that B1*i
and B1*ii are implied by B1**i and B1**ii, respectively. We prove that B1**i implies B1*i;
the remaining implication follows by symmetry.

Denote X := (W, A). Let g : R — R be a Lipschitz continuous function with constant
L > 0. By Lipschitz continuity, we have that

|9 (pn (), po () = Elg(pn (X), 110 (X)) 11 (X) = i ()]
= |Elg(pn( (@) = g(pn (), 10 (X)) | an (X) = i ()]
< Ellg(pn (@), po(2)) = g(pn (), o (X)) |1 (X) = pin (2)]
< LE[|po(x) = po(X)] |pn (X) = pn ()]
On the event {un(X) = un(z)}, we know

o () = po(X)[ < [po (@) = pn (@)] + | (2) = pn(X)] + [p10(X) = pa (X))
< Jpo(@) = pn ()] + |po(X) = pn(X)].

ZL‘),}LO
),

Therefore, it holds that

9(pn (), po(2)) = Elg(pan (X)), 10 (X)) p1n (X) = i ()]|
S Ellpo(2) = po(X)] [ pn(X) = pn ()]
S Elpo(@) — pn ()| + Ellpo(X) = pn(X)] | pn(X) = pin ()]

Now, for some function f € L?*(Px), suppose that (pun(x), po(x)) = (I, 1) f)(x) is
Lipschitz continuous. Then, defining g : (m,m) — Eo[f(X)|un(X) = m, po(X) = m, Dy,
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and noting by the law of iterated expectation that I, IT, .. f = I, f, we obtain the
following pointwise error bound:

T io)f — T £| S Jitn = 0] + Ty, (Jn — o).

Since ||, (|ttn — pol)|] < ||tn — pol| by the properties of projections, it follows that

HH(umuo)f — 1L, Il S it — pol|-

Taking f to be Ay, we conclude that Condition B1**i implies Condition B1*i. By an

identical argument, Condition B1**ii implies Condition B1*ii. The result then follows.
By symmetry of p,, and pg in the Lipschitz continuity condition and the preceding bound,
we also have

I i o) f = Mpao FII S Mptn = proll-
Hence, by the triangle inequality,

HHuof - Hunf” < HH(umuo)f - Huof“ + ||H(un,uo)f - Huan
S Mlptn = pol-

A.2.8 Proof of Lemma 2.5

Proof of Lemma 2.5. The orthogonality conditions follow directly from the first-order op-
timality conditions of (2.10) and (2.11) for the least-squares and Riesz losses. For the
least-squares loss, note that u, = 0, o u,, where

0, € i Y; — 0(pn(Ai, Wi)) )2
argmin ;{ (tan( )}
By the first-order optimality conditions for 6,, for each 6 : R — R,

e=0

—9 % >0t (Ae, W) 1Y — pin (A, Wi) ).

i=1

Hence, (2.12) holds, and choosing ¢ such that 6 o y,, = ry, 9, we conclude that p, satisfies
(2.4).

The implication for the Riesz loss follows by an identical argument. Here we use that,
by B2, 1, is a bounded linear functional on L?(P,), and

d d
d—gwn (Zi,an +ebo0an) . = d—gwn (Zi,eboan)

= %€wn(zi,90an)

:wn (Ziyeoan)-

See also Lemma A.16, which establishes empirical calibration for the isocalibrated nuisance
estimators. O
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A.2.4  Proofs of Lemma 2.10 and Lemma 2.11

Proof of Lemma 2.10. Let Iy : z — y be the coordinate projection onto the outcome vari-
able. By the triangle inequality, we have

| An,0 — Aol < [y, (a0 — @){Zy — po(2)} — Mg (o — @){Zy — po(2) }H|
+ My, (@0 — an){Zy — pn(2)} — My, (@0 — @ ){Zy — pro(2) }I-

By boundedness of nuisances in G1, consistency of u, for ug, and the projection bound
in G2, the first term satisfies

[T, (0 — @0){Zy — po(2)} — g (20 — @0 ){Zy — po(2) | = [{(TLn,, — Hpo ) (0 — @) HZy — po(2) H|
= Op(||(T,.,, — M) (a0 — @o)l[)
= Op(llptn — poll®)
= op(1).

By boundedness of nuisances in G1 and nonexpansiveness of projections, the second term
satisfies:

[ITL,, (@0 — an){Zy = pn(2)} = My, (@0 — @0 ){Zy — po(2)}H-

< Op(lln = poll) + [{Hp,, (@0 — o) HZy — po(2) }H|
S Op(|lpn — poll) + Op(l|a0 — anl))-

Thus, by consistency of u, for pg and convergence of «, to the misspecified limit @y in G2,
[y, (@0 — an){Zy — pn(2)} — My, (0 — @0){Zy — po(2)}H | = 0p(1).
We conclude that
[[An,0 — Aol = 0p(1).

By G3, A,,0 — Ag belongs, with probability tending to one, to a fixed Donsker class. Hence,
by asymptotic equicontinuity of the empirical process on Donsker classes [Van Der Vaart
and Wellner, 1996 and the fact that || A, o — Ao|| = 0p(1), we have (P, — Py)(Ano0 — Ag) =
—-1/2
op(n )-
O

Proof of Lemma 2.11. By the triangle inequality and boundedness in G1,

$r,.0 = Pro = Tn00n + 1000l S | ér, 0 — Groll + ITn00m — rocol|
SN brno = Groll + 1m0 = roll + [lan — aol|-

By G5, H¢m,o — Dol = Op(”rn,o —7o|). Hence,
¢r,.0 = bro = Tn00m + rocol| = Op(||Tn,0 — 7oll) + Op(|lan — col])-

By symmetry, applying G4 and arguing exactly as in the proof of Lemma 2.10, we have
17,0 = T0|| = 0p(1) and therefore ||¢y., o — ¢ry — Tn00n + 1000 || = 0p(1). By G6, ¢y, , — Pry —
Tn,00m + To0g belongs, with probability tending to one, to a fixed Donsker class. Hence,
by asymptotic equicontinuity of the empirical process on Donsker classes [Van Der Vaart
and Wellner, 1996] and the convergence established above, we have (P, — Fy)(Bpn0 — Bo) =
op(n1/2).

O
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A.3 Proofs of supporting theory and notation

In this section, we introduce notation and collect technical lemmas used to prove Theo-
rems 2.4 and 2.5.

A.3.1 Notation

Cross-averaging and cross-fitting notation. Let J € N denote a fixed number of cross-
fitting splits. Let DL, D2, ..., D/ be a partition of the available data D,, into J subsets of
approximately equal size, with corresponding index sets T} 72, ... ,I;{ . For each i € [n],
let j(i) € [J] denote the index of the fold containing observation i, so that i € 729 For a
collection of fold-specific functions vy, o := {vy, j : j € [J]}, define the fold-averaged operators

1 J
,<>~7jz n,jVn,j-

This notation allows us to view the collections of calibrated cross-fitted estimators oy, , =
{ag,; J € [JI} and py o == {p;,; + j € [J]} as extended functions on A x W x [J].
Specifically, let jyy € [J] be uniformly distributed and independent of the data D,,. Then
7 :=(Z, jry) ~ Py, since Z ~ Py and P(jry = j) = 1/J for j € [J].

For a collection of fold-specific functions f, := {f; : j € [J]} with each f; € L?(P),
define the associated L%(Pg) norm by

I follpy == {Po(£)}'*.

Under this notation, we may view f, as a single function on Z x [J] and hence as an element
of L?(Py). We define the cross-averaged functionals

J o 1 J
Pulfo) = Z Golfe) =5 D vo(fy)

Let vy := {vj : AxW — Rk }3-7:1 be feature maps, and define the fold-averaged projection
operator II,,, : H' — H”/ by

|
o
S
<
\
”M“
O
B
Q

(o, fo); == 0" 0v;, 0" € argmin [|fo — 0 0 o3,,

where the minimization is over measurable 6 : R¥ — R such that |6 o Uollp, < oo. Thus,

II,, f, is the L?(Py) projection of f, onto functions of v,, using a single map 6 shared across
folds.

Entropy numbers and integrals. To control empirical process remainders, we use max-
imal inequalities based on uniform entropy integrals. For a uniformly bounded function class
F, let N(e, F,La(P)) denote the e-covering number [Van Der Vaart and Wellner, 1996] of

F relative to the L?(P) metric, and define the uniform entropy integral of F by

5
T6.F) = / sup /log N e, 7, L2(Q)) de .
(0]

where the supremum is taken over all discrete probability distributions ). In contrast to
Van Der Vaart and Wellner [1996], we do not define the uniform entropy integral relative to



174

an envelope function. We may do so because all function classes we consider are uniformly
bounded; thus, any uniformly bounded envelope would change the uniform entropy integral
in Van Der Vaart and Wellner [1996] only by a multiplicative constant.

Function classes used to control empirical process remainders. We define relevant
function classes that will be used to control empirical process remainders in our proofs.
Let M/2 < oo be an upper bound on the nuisance functions and estimators in C5. Let
Fiso C{f : [-M,M] — R | f is monotone nondecreasing} consist of all univariate isotonic
functions with supremum norm at most M < oco. Let M’ < oo be an upper bound on
the total variation norms of the calibration functions {6 ., 0n jo : § € [J]} in C6. Let
Fryv C{f : [-M,M] — R | f has finite total variation} consist of all univariate functions

with total variation norm at most 3M’ and supremum norm at most M < co.
For j € [J], define the function classes

Sn,j = {f O [hn,j |f € Frv U ]:iso} and Rn,j = {g O Qin,j |g € Frv U -Fiso}-

By C6 and C5, we will show that r}, . = I, . Aan] and an = II,» JA“M can be ex-
pressed as one-dimensional transformatlons of un j and ap j, mspec‘mvely7 whose total vari-
ation norms are bounded by 3M’. Hence, with probability tending to one, p;, ; = j = fn O ln,j
and s} belong to Sy, ;. Similarly, o nj = 9n 0 Qnj and r;';’j belong to R, ;. Note that S, ;
and ”RnJ are fixed function classes conditional on the j-th training set D,\C;.

Conventions for proofs. In our proofs, we may, without loss of generality, treat the
bounds in C5 (and D1) as holding almost surely rather than only with probability tending
to one. This is justified because our results are stated in terms of stochastic order (e.g., O,
and op), which is unaffected by restricting attention to events whose probabilities tend to
one. Formally, we work on the event

Bu = {lIsnslloe < 2M, [ 5llc0 < 2M, i s lloo < 2M, e < 20, ¥ € 1]},

which satisfies Py(B,) — 1 by C5. Since all subsequent bounds are derived on B, we
suppress the indicator 1{,} in the notation and interpret stochastic order statements (e.g.,
O,(+), 0p(+)) as holding under Py on events whose probabilities tend to one. For two quantities
x and y, we use the expression z < y to mean that x is upper bounded by y times a universal
constant that may only depend on global constants that appear in C5. We denote by Zy the
coordinate projection map z = (w, a,y) — y; for example, Po{Zy — o} = Eo[Y — po(A, W)].

A.8.2 Bias expansions for cross-fitted one-step estimators

We begin by deriving a generic error expansion for cross-fitted one-step estimators, which
will serve as the starting point for our analysis. We then derive a cross-fitted analogue of

Theorem 2.3, which we will use to establish DRAL for our isocalibrated one-step estimator.

Let ane = {an; : j € [J]} and ppo = {pn, [J]} be arbitrary fold-specific
estimators of ag and pg, respectively, which may f)e uncahbrated Define the associated
one-step debiased estimator by

J
Tn - Z ,un ] + —= Zan ](1) Ala W){Y Hon, ](1)(1413 WZ)}
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The following expansion of the estimation error 7, — 79 is a standard starting point for
the analysis of doubly robust estimators.

Lemma A.1 (Standard doubly robust bias expansion). It holds that
Tn _Toi(P _PO {¢Oﬂno+Dﬂnoan<>}+ ano—ao,ﬂo—uno> +Remﬂno(¢no7w0)
where Remy, ,(n.0,%0) := 1y (n.0) = Po(Hn.o) = Prdo i, .-

Proof. We can write
1< —
i D Atni(Bng) = Yo(pn)} = (P = Po)Boun.o + Rempu, o (.0, %),
j=1

where

J
Remy,, o (Yn,0;%0) : Z {¥0n.3 (1n5) = Wo(pin.5) = (Prj = Po)Po,pu, ; } -

The estimation error of 7,, can be decomposed as

J
1 _
n— To = j; i(tn,j) + PrDpy g an.6 — Po(Ho)

J
_ — — 1
= (P’ﬂ - PU) {qbovﬂn,o + Dﬂn,o,an,o} + PoDHn,o#ln,o + j § {wo(unv‘j) - 1/10(#0)} + Remun,o(l/’n,<>7¢0)~
Jj=1

By the Riesz representation ¢y (-) = (o, -) p,, we have g (pn ;) —o(po) = <ao, i — 10) Py
Moreover, by the law of iterated expectations and EylY | A, W] = po(4, W

oDy siane = 5 3 B [ans (WY = s (4, W)}
J
537 Bolon (A W) {so(A, ) = o (A, W)Y

j=1

= <an,<>7 Mo — /"Ln7<>>?()

Hence,
J
— 1
PoDyup om0 + 5 > {0 (ptn,;) — Po(to)} = (a0 — @0, 1o — fin,0) 5,
=1
which yields the claimed expansion. O

The next lemma gives regression- and Riesz-based decompositions that characterize the
leading-order behavior of the cross-product remainder. It is a cross-fitted analogue of Theo-
rem 2.3, with explicit expressions for the first-order bias terms, which vanish under suitable
orthogonality conditions on the cross-fitted nuisance estimators. The required orthogonality
conditions are

?n Sn,o{IY - Mn,o} =0 and an(rn,o) - Fn (Tn,oan,o) = 07

where, for each j € [J], 7 = (I, (1o — Mn,o))j and sy j = (IL,, , (a0 — anp))j. We
also recall that A, j: z = sy j(a, w){y — pinj(a,w)} and By, ; = o(ro) + Gor, ; — TnjQn,j-
Finally, let Aq ) = anj — g and Ay j i= pin,j — Ho-
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Lemma A.2 (Expansion of cross-product remainder). We have the regression-based decom-
position:

<a0 — On,oy Un,o — ,U/O>ﬁ0 = _FnAn,o + (ﬁn - ﬁO)An,o + <(H(un10,u0) - HHH,O)AD‘J"‘!07 Mo — HHn,o:U’O>ﬁO

Furthermore, we have the Riesz-based decomposition:
<O¢0 — Qn,oy Un,o — NO {w Tn, <> - ?n (Tn,oanyo)} + (Fn - ?O)Bn,o
+ <(H(D‘n,<>7040> - H&n,o)AIJ‘,TL,% Qo — Han,o OZ()>? + Rem¢n,o (717%0)7
0

where Remy,, , (Tno) = En(rmo) — ﬂo(rnp) — ?nﬁbo,rn,y

Proof. Our proof largely follows the proof of Theorem 2.3 after a change of notation. Specif-
ically, let j,, € [J] be uniformly distributed and independent of the data D,. Then
Z = (Z,jw) ~ Py, since Z ~ Py and P(jyy = j) = 1/J for j € [J]. Our proof follows
that of Theorem 2.3 applied with the extended data structure 7 with P, replaced by P
and with g, := pno and o, := ay o, where we view (w, a, j) — pn j(a, w) as a function on
A x W x [J] (and similarly for o, ;). Under this identification, the Py-projection operator

I1, is replaced by the Pg-projection operator IL,, .
We begin with the proof of the Riesz-based decomposition, as the regression-based de-

composition will follow as a special case. Since ag — ap o € L?(Py) is a measurable function
of (an6, ap), applying the projection Il(,,, . 4, yields
<OéO — Qn,oy UPn,o — 'u0>ﬁ0 = <0(0 — Qn,o, ﬁ(anyo,ao)A‘u,n,o>F

0

We decompose the preceding display as

<Oé0 — Qn,oy Un,o — M0>Fo = <a0 — Qnyo, Han,oAu;"v°>—

Po

+ <(ﬁ(an,o,ao) - ﬁan,o)(ao - an,O)v Au,n,o - ﬁan,QAu,n,o>7

Py
= <an,<> — o, Tn,<>>?0 - <(ﬁ(an,o, ag) ﬁan,o)Aa,n,m A,u,n,o - ﬁa”’oA#’n’o>ﬁ0’
(A.3)
where 7, = HanoA% no- By the Riesz representation property for ag in (2.1), the first

term on the right-hand side of (A.3) can be written as
<Oén,<> — o, Tn,<>>ﬁ0 = *1/10(7'71,0) Jrﬁo{an,o'f'n,o}
= _En (7"71,0) + ?O{an,o"‘n,o} - wo(rn,o) + @n (Tn,0)7

where, in the second equality, we add and subtract the cross-averaged functional estimate

J
E i(Tn,j)-

km—‘

Tno =

Rearranging gives

<an,<> — Qo, 7"n,<>>ﬁ0 = 7(ﬁn - ﬁo){an,orn,o} + {En(rn,o) - ?/Jo(Tn,o)} + {Fn(an,orn,o) - wn(rn,o)} .
Next, add and subtract Pp¢y, , and use Pyd,, , = 0 to obtain

<C¥n,<> — o, 7"n,<>>ﬁ0 = (?n - FO){_O‘H,OTTL,O + d)?“n,o}
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4 {Barn) ~ (o) ~ (P~ Podor, .}
+ {ﬁn(an,orn,o) - En('rn,o) - Fﬂ¢Tn,o} .
Recalling
ano = wO(TnVO) — OnoTn,o + ¢7‘n,<>7 Remwn (Tn,o) = @n (T”’O) - 1/}0 (Tn,o) - (F’"f - Fo)d)’rn,ov
we may rewrite the preceding display as
<05n,<> — Q, rn,<>>?0 = (Fn - ﬁO)Bn,O + Remwn (7'71,0) + {Pn(an,orn,o) - J'n (Tn,o) - ﬁn(b'r'”,o} .
Substituting this display into (A.3) yields
<OéO — On,oy Un,o — ,U/O>ﬁ0 = (ﬁn - ﬁO)Bn,o + R@mwn (Tn,o) + {ﬁn (Oén,o'r'n,o) - En(rn,o) - ?n(bv'n,o}
- <(ﬁ(an,o,ao) - ﬁan,o)Aa,n,o, A,u,n,o - ﬁan,oAu,n,o>F
o _ P (A.4)
= (Pn - PO)Bn,o + Remwn (rn,o) + {Pn(an,orn,o) - 1/)7,,(7"77,,0) - Pn(ﬁrnyo}
+ <OCO - ﬁanvoam A,u,n,o - ﬁanyoAu,n,o>ﬁ07

where we use that

(ﬁ(an’o,ao) - ﬁan,o)Aa,n,o - ﬁan,oao — Qo = _(a() - Ha,,hoa())-

The Riesz-based decomposition now follows.
As in the proof of Theorem 2.3, the regression-based decomposition follows as a special
case. For the regression-based decomposition, we apply the Riesz-based decomposition with

Yo(a) := Eo{a(A, W)po(A, W)} and vy ;(a) = Ep, ; {a(A, W)Y}

In particular, jio is the Riesz representer of the linear functional 1 : a = Eo{a (A, W)uo(A, W)}.
For this choice of v, ;, we have Remy,, (o) = 0 with ¢o(z) = (A4, W)Y — ¢p(cr). Under
these definitions, By and B, coincide with Ay and A, ,, respectively.

O

A.8.83 Sufficient conditions for a megligible remainder: cross-fitted version of Lemma 2./
Recall

7;;,0(“:1,07 az,o) = <H(uf1,1<>,uo)A0¢,"7<> - HH;‘L,QAQJLO y HO — HHZL,QM0>F )
0
ia,o(,u‘ib,Oa a:;,o) = <H(a;70,ag)Au,n,o - HO‘Z,,OA/"""7O ; Qo — Ha;“hoa0>ﬁ .
0
We give sufficient conditions for the following requirement.

BB1) Controlled partial orthogonality:

i) 7;;,0(:“:@7 O‘;,o) = OP(HM:L,O - M()H%O)a

i) Ya,0(Hn,0: 0.0) = Op(llag o — collF,)-
The first sufficient condition is as follows.

BB1* Projection error coupling:
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D) | (MW ei0) = Mano) Dol 5, = Onlllitio = rollz,)
) H(H(a" ©,00) Han,o)A#,n,OHPO p(Han,O - OCOH?O) :

The second sufficient condition is as follows. In the condition, let j, be uniformly dis-
tributed on {1,2, ..., J}, independently of {Z1, ..., Z,}. Let Py denote the joint distribution
of (Z, jrv), and write Eq := Ep,.

BB1** Lipschitz continuity: Denoting D,, := {Z1,...,Z,}, assume that, for all sufficiently
large n, one of the following hold with Fj'-probability one:

i) the map B
(7/7\7" m) = EO{AQ,"»J}V (A7 W) |N’n1jrv (Aa W) =m, :U/O(A7 W) =m, Dn}
is Lipschitz continuous with a uniformly bounded Lipschitz constant;
ii)the map
(a7 a’) — EO{A%"»]‘W (A’ W) ‘ An,jry (A7 W) = av aO(A’ W) =a, Dn}

is Lipschitz continuous with a uniformly bounded Lipschitz constant.

Lemma A.3 (Sufficient conditions for BB1). Conditions BB1i and BB1ii are implied by
BB1*i and BBI*ii, respectively. Moreover, BB1*i and BB1"ii are implied by BB1™i and
BB1**ii, respectively.

Proof. We prove the result by reduction to the non—cross-fitted version Lemma 2.4 via an
extended data-structure construction.

Let jry € [J] be uniformly distributed and independent of the data D,,, and define the
extended observation Z := (Z, j;v). Then Z ~ Py. Moreover, we may View piy o, o, as
functions on A x W x [J] via (a,w, j) = py, ;(a,w) and (a,w, j) — aj, ;(a, w), and similarly
for Ay no and A, 0. Under this identification, the Py-projection HvO coincides with the
usual L2(Py) projection operator I, applied to the corresponding function v on the extended
space.

With this notation, v, , o and v ,, o are exactly the quantities v, n,0 and va,n,0 from the
non—cross-fitted setting in Section 2.3.2, but computed under Py and with (p,, o) replaced
by (43,0, ). Likewise, Conditions BB1*i and BB1*ii (respectively, BB1**i and BB1**ii)
are precisely the consistency conditions from Lemma 2.4, again after replacing Py by Py
and (pin, an) by (@5, 6,5 ). Therefore, applying Lemma 2.4 on the extended space (with
Py replaced by Py) yields that BB1*i implies BB1i, and BB1*ii implies BB1ii.

The second claim follows similarly from the second implication of Lemma 2.4. In partic-
ular, BB1**i implies that the projection

(ﬁ(un,oﬁﬂo) Aav"vo)(Av W)

is a Lipschitz transformation of (pp, o(A, W), uo(A, W)), and BB1**ii implies that the pro-
jection

(ﬁ(an,o,ao) A#v"vo) (A7 W)
is a Lipschitz transformation of (as (A, W), ag(A, W)). Hence, BB1**i implies BB1*i, and
BB1**ii implies BB1*ii. This completes the proof. O
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A.8.4  Entropy bounds and local maximal inequalities for empirical processes

The following lemma controls the uniform entropy integral for the function classes R, ; and

Sn,j, which contain p;, ; and o, ., respectively.

Lemma A.4. For each j € [J], we have J (5, R ;) + T (8,Sn;) S V.

Proof. We prove the claim for S, ;; the result for R,, ; follows by an identical argument. We

have
)
T(5.50) = / sup /N (&, S |- lg) de
0o Q
)
== N F U-Rso, : - d
[ s [N (e U Rl gyt ) 2

s 5
o B B e A VA CER L
_/0 sgp\/ & Frv. || llgou-t ) de + | sup &, Fiso, || llgop 1 ) de

S \7(67 -FTV) + J(67 -ESO)7

where @ oy, ; denotes the push-forward probability measure of p, ;(W) conditional on

the training sample D,, \ C (). By standard metric entropy bounds for monotone functions,

T (0, Fiso) < V6 [Van Der Vaart and Wellner, 1996]. Moreover, since any function of fi-
nite variation can be written as the difference of two bounded monotone functions (e.g.,
Theorem 4 of Royden [1963]), it follows that

J(67 ]:TV) S ‘.7(67 Eso) S, \/5
The result follows. O

The next lemma will be used to show that T:z,‘

*
j and Sp.j

; are elements of Ry ; USp,;.

Lemma A.5. Let7),n9 € L*(R) and let " = o7 for a isotonic (monotone nondecreasing)
piece-wise constant transformation 6 : R - R Suppose that there exists an M < oo such
that the map 0y : R — R, defined such that 0o(7(z)) := Eo[no(Z) | 1(Z) = 1(z), Dy], has a
total variation norm that is almost surely bounded by M. Then, the map /0\3, defined such

that 53(7/7\(2)) = Ey[no(Z2) | °(Z) = 0(1(2)), Dy), has its total variation, Py-almost surely,
bounded above by 3M .

Proof. This proof is a direct modification of the argument used to establish Lemma C.3 in
Van Der Laan et al. [2023] (see also van der Laan et al. [2024b]), rewritten to match the
present statement and notation.

Define the sets By := {z € R: g(z) = g(t)} Since 6 is monotone nondecreasing, each B
is an interval of the form B; = {z € R : a(t) < z < b(t)} for some endpoints a(t) < b(t)

(possibly a(t) = b(t)). Let 55 be as in the lemma statement. For any z,
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By the law of total expectation and the definition of é\o,

Eo [m0(Z) | 1(Z) € By(zy, Du] = Eo [Eo [n0(Z) | 11(Z), Du) | 11(Z) € By(z), Da
= Fy [90 ‘ T] € Bﬁ(z), Dn] .

Thus, 58 is obtained by “bin-averaging” the function 00 over the partition induced by the
level sets {B; : t € R} of the monotone step map 0. Up to notation, this is exactly the
setting of Lemma C.3 in Van Der Laan et al. [2023], which shows that such bin-averaging
increases total variation by at most a factor of 3. For completeness, we prove this claim

here. N
Write the Jordan decomposition (Theorem 4, Section 5.2 of Royden, 1963) as 6y =

é\g — 56 , where é\g and 56 are bounded, nondecreasing functions. Moreover, we may choose
05 so that 0 (00) — 6 (—00) = [|fo|lrv- Since [0 [lrv = 0 — b v < I60llrv + 105 l7v,
it follows that HG lryv < 2||90||TV Because 6 is nondecreasing, by definition we have that if
0(t1) < 9(t2) then x; < x5 for any x1 € By, and z2 € By,. It follows that both maps

ter By |05 (0(2)) |7(2) € B Da] .t Bo [0, (3(2)) | 9(2) € Bi, D

are nondecreasing (and bounded). Hence, by Theorem 4 of Royden [1963], their differ-
ence 55 ct— FEy [é\o(ﬁ(Z)) | n(Z) € By, Dn] is of bounded variation. Moreover, the total

variation of a monotone function equals the difference between its endpoint limits, and we
have
essinf(8) 0 7) < Fo |05 (7(2)) | (Z) € By, Du| < esssup(@ o7),

and similarly for 50_ o 7. Consequently, the total variation norms of ¢ — Eo[é\ar n(2)) |
N(Z) € By, Dy and t — Eo[0, (7(2)) | 7(Z) € Bt, Dy) are bounded by |0 ||y and |0, [|7v,
respectively. Using sublinearity of the total variation norm, we conclude that the map
58 t— By |00([(2)) | 7(2) € By, Dn} has total variation norm bounded by

168 llzv + 1165 llrv < [1Bollzv + 2118ollzv = 3]18ollzv -

Since ||§0”TV < M almost surely by assumption, it follows that ”é\SHTV < 3M Pp-almost
surely.
O

The following lemma is a cross-averaged version of Lemma A.5, specialized to our iso-
calibrated cross-fitted nuisance estimators.

Lemma A.6 (Cross-averaged version of Lemma A.5). Under C6, there exists an M < oo
ilcch that, for alln € N, the Junctions 0}, , : R — R and 0}, , : R — R, defined by 0}, ,ouy, , =
HM;YOAQ%O and wa = Han OAM no, have total variation norms that are almost surely
bounded by 3M.

Proof. By symmetry, it suffices to prove the claim for 67, , o uy, o HM%AQ’H,O. For each
J € [J], note that

I, Aaino}i(2) = Bp, [Ban i (2) | i, (2) = pin,5(2), Dn]
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where the expectation is taken over 7 = (Z, jrv) ~ Pg, with jp, uniformly distributed on [.J]
and independent of Z. ~ _
Define 1)(Z) := pin 5., (Z), 1°(Z) = py, ;.. (Z), and no(Z) := Aq,n ., (Z). By construction,

n* = 0 o7 for an isotonic, piecewise-constant map 6.
Moreover, the map

Bo(t) := Ep, [m0(2) | 1(Z) = t, Du| = Bp,[Banjor(2) | fines (Z) =1, Dil

has total variation norm almost surely bounded by M under C6. Therefore, applying
Lemma A.5 with expectations taken under Py yields that

03(t) == Ep, [m(2) | 7"(Z) = t, Du

has total variation norm almost surely bounded by 3M.
Setting 0y, , := 65, we have

(Mg Aaino}i(2) = 05, (15 (2))
and ||0;, ,|lTv < 3M almost surely, as claimed. O

The next lemma provides a local maximal inequality that we use to control the empirical
process remainders that appear in our analysis.

Lemma A.7. For each j € [J], let H, j = f,‘f’j for a function class F, j that is deterministic

conditional on the jth training set D, \CY). Assume that J (6, Fn j) < tu(8) for some concave
map 0 — t,(9) with t,(0) = 0 and such that § — t,(0)/9 is nonincreasing. For each j € [J],
let Th,; - Z X R* — R be deterministic conditional on Dy, \ CY) and uniformly bounded by
some fized B < 0o. Assume further that there exists L < oo such that, for each z € Z and
all u,v € R4,

|Tnxj(z?u) - Tn;j (Z7 ’U)| < LHU - U”?v

i.e., the map Ty, j(z,-) ts L-Lipschitz uniformly in z. Then, for all § >0,

5 _P - tn(9)
E} su Po—Po) Tnio(- ho()) | Sn7Y2t,(8 <1+ )
’ hoenn,o:uTn,oRho«))Hﬁog&( o) Ty e ))] ©) Vn6?
Furthermore, for any \/n 6% > t,(9),
n 7 53 —1/2 tn((s) )
E su Pl —Pu) Tao( ho() | S ta(8) 1+ :
0 [hoenn,o:|Tn‘o<?,ho<~>>|p0<5( ) (ol ))] ( )( Vné?

where the implicit constant in “<” depends only on B, L, and the constants appearing in the
stated conditions.

Proof. To establish the first bound, it suffices by the triangle inequality to show that, for
each j € [J],

Eqy

sup (Pas Po>Tn,j<-,h<->)} < n*/%n((s){H tn(0) }

hetn i [T, (- h())I<S
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The desired bound then follows since

sup (Pr,j — Po) Tni (- h()) |

EY sup (ﬁnfﬁo) Tho(,ho(-))| < maxEy
h€Hn j: |Tn,j(REDISTS

ho€Hun,ot | Tn.o (- ho())llp, <0 Jels]

where we used that |15, o (-, ho(")) 5, < 0 implies [|T5, (-, h(-))|| < Jo for each j € [J]. Here,
we also used that each fold has ~ n/J folds with J fixed.
To this end, let Gy, j := { Ty (-, h(:)) : h € H,j }. By Theorem 2.10.20 of Van Der Vaart

and Wellner [1996] on preservation of entropy integrals under Lipschitz transformations and
Lemma A.4, the class G, ; is uniformly bounded and satisfies

T(0,Gn,5) S T (6, Hnj) SA4T (0, Fnj) S tn(9).

Hence, by Theorem 2.1 of van der Vaart and Wellner [2011], applied conditional on D,, \ C\%)
and then averaged over D, \C(j) using the tower property,

B hEHy, j: II;SE(»,MJ)HSS(PTLJ - PO)THJ(Hh(.))] : m t(6) (1 " 3’5(?51) .

We obtain the second bound (the bootstrap case) by adapting the proof of Theorem 2.1
in van der Vaart and Wellner [2011]. Throughout, we work conditional on D,, \ /). Since
the resulting bounds hold with absolute constants that do not depend on D,,\C (4) | averaging
over Dy, \ C) then yields the claimed result. To this end, note that Pj’E ;18 the empirical
distribution of O(n/J) i.i.d. samples from P, ;. Define the random radii

On 1= sup ITos (o RO)p,,  and 6 o= sup (T3 ¢ R e -
€M, 55 1T, 5 ()l 7y <6 Mo 55 1T, 5 (RO b, <6n i

By uniform boundedness of the class G, ; and Equation (2.1) of van der Vaart and Wellner
[2011] (a consequence of Dudley’s entropy integral bound),

Ey [ sup ( j]‘ - Pn,j) T i (5 h()) | P
he

n,it 1 Tn,j RO Py <J6

S0 By [T Gn)

Pn,j]

S0 B 6 (0) | Pas]

Since § — t,(9) is concave with ¢,(0) = 0 and 6 — ¢,(J)/d is nonincreasing, the proof of

Theorem 2.1 of van der Vaart and Wellner [2011] implies that & — ¢,,(1/) is concave. Hence,
by Jensen’s inequality,

B} [ta(67)

Pn,j] < tn(ng), 52— Eg[(s:%z

Pn,]-] .

By the same argument and the tower property, averaging over P, ; yields

B [t < B [0 (58)] < 00 (5), 3= [
Thus,
Bl s (PR Pas) Taaly h(-))] Sn % (6.) (A5)

[T, (R ()Yl py < T8
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We now further bound the right hand side. Equation (2.4) in the proof of Theorem 2.1
of van der Vaart and Wellner [2011] shows that

672 <82 4 V2, (57).

See also Theorem 2.2 of van de Geer [2014] for a related result. Next, using again that
€ +— tp(y/€) is concave and applying Jensen’s inequality, we obtain

5 = B3 [51%] < Bo (2] + n 2 EG [1a G

S Eg[62] +n 2, (, |Ep [5#2]>
S ER[82] +n Y, (5]) .

By Theorem 2.2 of van de Geer [2014], we have E}[62] < 2 for any § > 0 satisfying
V1 6% > t,(8). For such a 4, it follows that

2 <2 yn 2, (Sn) : (A.6)

Finally, arguing as in the proof of Theorem 2.1 of van der Vaart and Wellner [2011], we
apply Lemma 2.1 of that work to show that any 4,, satisfying (A.6) also satisfies

t (Sn) < 1 (0) (1 + \%?2) .

Here we crucially use that § — t,(d) is concave with ¢,(0) = 0, and that 0 — ¢,(9)/d is
nonincreasing. Thus, applying this bound to (A.6), we conclude that

_ tn(6)
EY P* Py T h() | Pas | <n724,08) [ 1 A7
S (P P TasChO) | P S0 @) (14 25 ) A
1T, h (D) gy <6
as desired.
]

Finally, the following lemma can be used to explicitly verify the locally uniform asymp-
totic linearity conditions for estimated functionals, such as Condition C3. We apply this
lemma together with Condition D3 in the proof of Theorem 2.5.

Lemma A.8. Suppose A is finite, and let m : ZxH — R be a functional that is linear in its
second argument. Assume there exists L € (0,00) such that |m(Z,h)| < L maxgea |h(a, W)|
almost surely. Let v € H be a fixed, uniformly bounded function, and let F be a class of
functions from R to R with supser ||flloo < B and J(00,F) < oo. Define the function
classes F, == {fov : f € F} and Fpp = {m(-, f) : f € F,}. Then, there exists
an M < oo depending only on L such that, for all 6 > 0, J(0,F,) < MJ(,F) and
T8, Fnw) < MJ (6, F).

Proof. Since |m(Z,h)| < Lmaxaec4 |h(a, W)| almost surely, we have

N(g,]:m,uyLz(Q)) 5 Z N(€7‘Fl</a)7L2(Q))7
a€A
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where we define the function class Fi" := {w— f(a,w) : f € F,} and use the finiteness of
A. Hence,
T, Fnw) S T8, F).

acA

By the definition of F,, we have F\") = ={wwr f(v(a,w)): f € F}. Now, for all a € A,

J(6, F) = / sup \/ N (e, Fi, L2(Q)) de
0o Q
5
:/ sup \/N(e, F, L?(Qa,)) de
0

Qa.
=J(6,F),

where @, denotes the pushforward measure of the random variable v(a, W). It follows
that J (6, Fimv) S J (6, F). By an identical argument, we also have J (6, F,) S J(6,F). O

A.8.5 Dealing with empirical process remainders

In this section, we provide technical lemmas establishing the asymptotic negligibility of
certain empirical process remainders. These lemmas rely on the following result, which
gives sufficient conditions for these remainders to be asymptotically negligible.

Lemma A.9. Assume C5 and C6. Let M be the uniform bound on Y and the nuisances in
C5. Then, with Py-probability tending to one, s . and r;j are uniformly bounded by M for

n.j
each j =1,...,J. For each j € [J], define
p’ﬂwj(z) = T";j (Zaujz,ja 8:1,]'7 a;,jv’r:hj)’

where Ty, j © Z x [—2M, 2M1]* — R satisfies the conditions of Lemma A.7. Suppose that
[pnoll5, = Op(en) for a deterministic sequence e, — 0. Then

(P = Po)pno = 0p(n”"%).

Qp, is Thjs and pnj are replaced by their bootstrap analogues F#,

Moreover, if Py, P js

n]’

Wi st ol v and pff o then
ST - = _
‘(Pn *Pn)pﬁ + ’(Pn - PO)Pf,o = Op(n 1/2)

whenever Hp#,oﬂpo = Op(en).

Proof. First, note that s} ;s bounded by the uniform bound for o n.j — @0, since conditional
expectations preserve essentlal suprema and, by C5, ||la, s —aol[cc < 2M with Py-probability
tending to one. Similarly, ||r} ||OO < 2M with Py-probability tending to one, since 7}, ; is
bounded by the uniform bound for o, — KO- Therefore, with Py—probability tending to one,
we have !

(z,pz’j,sz,j,afl’j,r;j) € Z x[-2M, 2M]4,

so Ty, ; (z 158 T sy T o, o Ty j) is well-defined on this event. This establishes the first claim.

In what follows, we work on the event

Bug = {llshlloe <20, |77 5llc0 < 2M, Il ;o0 < 2M, a5 llee < 2M},
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which satisfies Py(B,, ;) — 1 by C5. Since all subsequent bounds are derived on B, ;, we
suppress the indicator 1{8, ;} in the notation and interpret stochastic order statements

(e.g., Op(-), op(+)) as holding under Py on events whose probabilities tend to one.
We apply Lemma A.7 with F,; := S, ; U R, j, which contains ,unj, s* ., af -, and

n,j Snggo
ry,; With probability tending to one. This inclusion holds for gy ; and aj, ; because they

are 1sotonlc transformatlons of pn; and oy, j, respectively. Similarly, by Lemma A.6, it
holds for r;, ; and s, ; because they are bounded-variation transformations of Hn; and g, 5,

respectively. By Lemma A 4,
T, Fni) S T, Rnj)+T(0,Sn;) S tu(9), where ¢,,(0) := Ve,

Since ||pn,0ll5, = Op(en) With €, — 0, there exists a deterministic sequence ¢, — 0 such

on}. On A,

|(Fn 7F0)pn’0‘ < Sup (ﬁ" 7ﬁ0) To(v, ho(4))-
ho€Hn,o:
1Tn,0 (ko (D)liF, <bn

Therefore, applying Lemma A.7 with ¢,(8) = /0 yields

Ey|1(A, 5 P, — P < 1/2 L)1 tn(On .
0 [1(An) hozl;{lio (Pn = Po) Tn,o (-, ho()):| <n tn(0 ){ + N
1 Tn,o (- ho (- ))”7 <6n

Since t,(6) = v/3, we have t,(6,){1+ tn(6,)/ (V1 62)} = Vo, + (n~1/2)5, %% = 0(1) for any
deterministic 8, | 0 satisfying /762 — co. Hence the displayed expectation is o(n~1/2),
and Markov’s inequality implies

1(An) (Pn = Po)pn,o = op(n~?).

Because P(A,) — 1, it follows that (P,, — Po)pn.o = op(n~/?).
The bootstrap claims follow by the same argument, using the second part of Lemma A.7
and noting that, conditional on P, j, Pfj is the empirical distribution of n; < n/J ii.d.

draws from P, ; (with J fixed). O

The following lemma establishes consistency of 8:‘%]- and 77, ;i the appropriate regimes
of C1 , as well as consistency and rate preservation of the bootstrapped nuisance estimators.

Lemma A.10 (Consistency of nuisance estimators and rate preservation under the boot-
strap). Under C1 and C2, we have the following. Under Clii (fig = p10), ||s;, ; — soll = 0p(1),
and under Cli (@ = ag), |ry, ; — roll = op(1).

Furthermore, under Conditions C5, C3, and D3, whenever one part of C1 holds for

no and g o, the same part holds for a#p and ,ufio. In particular, under C1, we have

a
Ha#p—aoﬂﬁo = 0p(1) and Huﬁo—ﬁoﬂﬁo = op(1). Moreover, under C1ii, Hsﬁj—soﬂ =op(1),

and under C1i, 1{ao = ap} Hrﬁj — 10| = 0p(1).

Proof. First, assume case Clii in C1 (fig = po). Then, the second part of C2ii yields

(M, = o) Aan,ill = 0p(1)-
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Hence, by the triangle inequality,
50,5 = soll < W{Fg = po} (M | — o) Aamsll + H{Fg = po} [T {an,; — @}t = 0p(1),
where we used the projection property
Mg {5 — @0}l < llah.; — @oll = 0,(1).
Next, assume case Cli (ap = ap). A symmetric argument applying C2i shows that
Hao = ao} [Irn,; — roll = 0p(1).
Under Conditions C5, C3, and D3, the second part of Theorem A.15 implies that
la? o — Tollp, < llak.e — Gollp, + Op(n™?);
o — Tollm, < llino — Tollp, + Op(n™/?).
Hence, by C1,
laZ o — @ollp, = op(1); o — Tollm, = 0p(1).

Moreover, under Cli, we have Ha#o —alp, = op(n~1/4), whereas under Clii, we have

||,u,7£{&7<> —toll, = 0p(n~/4). Thus, whenever one part of C1 holds for ay, . and py, o, the same

part holds for 04#’ o and ,uﬁ o

Finally, applying the same argument as in the nonbootstrap case, we obtain 1{f, =
o} Hs#’j — soll = 0p(1) and 1{ap = oo} Hrﬁj — ro|| = 0p(1) under their respective cases in
C1, where we use the projection error bound in D2.

O

Lemma A.11 (Negligible empirical process remainders). Assume A3-C6 hold. Then, it
holds that -
(Pr = Po){Du; 05, = Diigao = op(n ™).

Moreover, under the setup of Theorem 2.5 and provided conditions D1-D3 also hold, it holds
that

# —
(Prn = Po{D,# . # — Dagae} =op(n

1,00, o

71/2)

Proof. Condition C1 implies that ||u;, , — Hollp, = 0p(1) and |lag, o — @oll5, = 0p(1). More-
over, by the uniform boundedness in C5, the map (u, a) — D, o is Lipschitz as a function
into L?(Py). Hence,

1Dz, g0 o — Drgaollm, S lkne — Holl, + llan,e — @olls, = op(1).

Furthermore, for each j € [J] and z = (y,a,w) € Z,

DM* aX (Z) - Dﬁoyao(z) = T"l;j (Z7M:L,j70>arz,j70)7

n,j7n,j

where T;, ; is the bounded Lipschitz transformation
Tni(z, 1y 8, a,7) == ala,w){y — pla, w)}.

On the event in C5, we have (z,u(a,w),s(a,w),a(a,w),r(a,w)) € Z x [-2M,2M]*, so
T,,; is uniformly bounded. It is also Lipschitz in (x, «) on this bounded set because T, ;
is fzormed from addition and multiplication, and multiplication is Lipschitz on bounded
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domains. Therefore T;, ; satisfies the conditions of Lemma A.9. Thus, by direct application
of Lemma A.9, we have that

(ﬁn - ﬁo){Du* ay o Dﬁoﬂo} = Op(”_1/2)~

n,0'%n,0

To prove the second part of this lemma, note that

(P} —Po){D # # —Dgya}= (P _Fn){D”# # — Dpya )

Hn o:s%n o n,o%n o

+(Pn=Po){D,# .+ — Do}

»Qn,

By Lemma A.10, we have Hafﬁo — a5, = op(1) and ||M#,<> — Tiollp, = op(1). Therefore,
arguing as before and using D1, we obtain

ID,# . o, — Proaollm, = 0n(1)-

The second term on the right-hand side is op(n_l/ 2) by the same argument as above, applying
Lemma A.9 to the random function z — Du# # (2) = Dg,ao(2). The first term is also

n,01%n, o
op(nfl/ 2) by an analogous argument, using the bootstrap version of Lemma A.9.
O

For each j € [J], recall that A}, ;@ z = s} (a,w){y — p, ;(a,w)} and By, ; == tpo(ro) +
brz, — Ty Also that Remy, ,(rh o) = 5 S0, (b r3,5) — (i) — Pugéoss, }-

n,J

Lemma A.12 (Negligible cross-product empirical process remainders). Assume A1-C6. If

Clii (g = po), then
(P — Po){Aj,0 = Ao} = 0p(n” /%),

and if C1i (o = ap), then
(Pn = Po){B;.0 = Bo} + Remuy, . (r.0) = op(n™"?).
Moreover, under the setup of Theorem 2.5 and assuming D1-D3, the same conclusions hold
with P, replaced by ?# and A}, o, By, o replaced by A#,Q, Bﬁo.
Proof. The claim that
(P, — Po){A} . — Ao} = 0p(n~/?) under Clii

follows from a modification of the proof of Lemma A.11. Specifically, we replace o, ; with

sy - in the definition of T}, ; and then apply Lemma A.9. This uses that

nhj

lsn.; — soll = 0p(1) under C1ii,

which follows from Lemma A.10.
Next, we establish the claim that

(Pn — Po){B;, . — Bo} = 0p(n"/?)
under Cli. Note that

J
LS {Gns(h3) = o) — Pagdo} = op(n~"?)
j=1

<l
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by C4. Hence,

™M«

(Po — Po){Bro — Bo} + Remy, . (r1.0) = {(Pn,j — Po) {05, = boura + o0 — 775005} |

L
J 4

{wn] Fhg) = vo(rig) = (Pus = Po)os }

< k“H ]
(] M- "

{(Pn,j — Po){roao — r;ja;,j}}

<l

1

<.
Il

+
e
TM&.

{tni(rn.5) = vo(rn ;) — (P — Po)do.r }

1

{(Pu.j — Po){rocn — i jan ;3 } + op(n™/?),

Il
=
M-

where we used that (P, j — Py)¢o,r, = Pn,jbo,r, since ¢g,, is mean zero. Arguing as in the
proof of Lemma A.11, we may apply Lemma A.9 to conclude that

(ﬁn - ﬁo){roao - T;,ja:z,j} = Op(n_l/Q):

since, under Cli and C5, Lemma A.10 implies that
roco = o s0m5ll5, < lleo — aq sllm, + lIro = 7o 5115, = op(1).

The result now follows.
The bootstrap case follows along similar lines. Specifically, as in the proof of Lemma
A.11 , we use the identity

(P! —Po) = (P, — Po) + (P —P,),

where empirical process terms involving the first and second differences can be handled
using the first and second parts of Lemma A.9, respectively. The bootstrap statements of
Lemma A.10 show that

¥, — Toll5, = 0p(1) under Cli,
and

Isio — sollp, = 0p(1) under Clii.
To show that

(Pn - PO){B BO} =o ( 71/2)3
we use that

<

J
%Z{¢n2 ¢0(7"#,j) _Pn,j¢0,ro} Z g — Po){m(: th) —m(-,70)} :Op(n_l/Q)

by Lemma A.13 (proved next).
O

The following lemma can be used to explicitly verify the locally uniform asymptotic
linearity condition in C4 for the estimated functional ¥, when ¢, (n) = L 3" m(Z;, p)
and Yo (p) = Eo{m(Z, p)}, so that o, = m(-, 1) — o(p) (the setup of Section 2.5.3).

Lemma A.13. Consider the setup of Section 2.5.3, where o(h) = Eo{m(Z,h)}. Assume
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the conditions of Theorem 2.5. Then, for (fnj, fo) € {(tn,j, o) (uf’j,ﬁo)},
J J
jz Poj=Po){m(-, fu.g)=m(-, fo)} = op(n”"/%) %Z 5= Pa ) m(, fag)=m(, fo)} = op(n”"/?).

The same conclusions hold for (fn j, fo) € {(rn,j,70), (r¥ ., 70)} under C1i (so that @y = ay).

nj’

Proof. Lemma A.9 is not directly applicable because, under Condition D3, the map u —
m(+, 1) is only pointwise Lipschitz in a sup-norm sense. Specifically, the condition assumes
that A is finite and that there exists a constant L € (0, 00) such that, for all u € H,

|m(Z,n)| < Lma}l{ |p(a, W) Py-almost surely.
ac

In what follows, we adapt the proof of Lemma A.9.
By D3, we have [[m(-, p)|| S ||| for all g € H. Therefore, by C1, [m(- ;) —m(-, o) | S

427, ; — Toll = 0p(1). Under Cli, by Lemma A.10, we have |[r}; . —rol| = 0,(1). Hence, under
Cli, [[m(-,ry, ;) —m(,ro)|| < 7y, ; — roll = 0p(1). We conclude that, under C1i,

[m(, i) = m( Fo)ll = 0p(1) and [lm(-, 5 ;) —m(-; 7o)l = 0p(1).

A symmetric argument using D2 also shows that

[m (s wf ) = m(To)ll = 0p(1) and [, 7 ;) = m(:, 7o)l = 0p(1).

Define the function class Fp . j := {m(-, f)—=m(-,9) : f € RpnjUSn;,9 € {fig,r0}}. Note

that m(’lu’:b,]) - m('7ﬁ0)7 m(?ﬂﬁj) - m(’aﬁO)’ m(’a 7ifuj) - m(',T0)7 and m(ﬁ#,]) - m(" 7’0)

belong to F, , ; with probability tending to one. By Lemma A.8 and Lemma A .4, it holds
that
J(5 ]:mnj)<g7(6 anUSnj)<\/S'

The proof of Lemma A.9 shows that 1, i o > Tn.j» and sy ;liein Ry ; US,,,; with probability
tending to one. Consequently, the functions m(- ,,un’j) — m(-, fig), m(-,u#j) — m(-, fig),
m(-,ry, ;) —m(, o), and m(-,rij)
one.

To complete the proof, we apply the local maximal inequalities in Lemma A.7 to each
Fmn,j and argue as in the proof of Lemma A.9 to obtain, for each j € [J],

— m(+,79) belong to Fy, ; with probability tending to

(Pnj — Po){m(-, 5, ;) — m(,Fig)} + (Puj — Po){m(, ;) — m(-,m0)} = 0p(n~ /%),
and
(P, = Po){m(,p¥ ) —m(- 7o)} + (PF; — Puy){m(-, 7 ;) —m(-,m0)} = 0p(n™"/?).

The remaining bounds follow from symmetric arguments.

A.4 Convergence rates for isotonic-calibrated nuisance estimators

Let o, o = {ay; : 7 € [J]} and py o == {u;,; : j € [J]} denote the isotonic-calibrated
nuisance estimators produced by Algorithm 1. Let @y and 7y be their respective (possibly
misspecified) limits, as in Condition C1. In this section, we derive mean-squared error

bounds for the calibrated estimators o J and /JJ;'EL’J- relative to o and pg.
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We work in the setting where the linear functional vy can be written as 1g(u) =
Eo{m(Z, )} for a known map m : Z x H — R, and we take v, to be the empirical plug-
in estimator ¢, (p) = n~t>°"  m(Z;,p). The arguments below extend to more general
estimators 1, provided suitable regularity conditions hold for the associated second-order

remainder.

We begin with a general result on convergence rates for isotonic-calibrated estimators of
Riesz representers of bounded linear functionals. This framework includes both the outcome
regression g and the Riesz representer aq as special cases. For z € Z and v € H, define the
Riesz loss [Chernozhukov et al., 2022¢|

Uz,v) =13 (a,w) — 2m(z,v),

where m is linear in its second argument. Let {v,; : j € [J]} be cross-fitted estimators of
the population risk minimizer
Vo 1= argmi{tho L(-,v).
ve

Write vy, o 1= {vn; 1 j € [J]}, and define the calibrated cross-fitted estimators v}, , := hyovy o

and u,?f o= h# 0 Vp o, Where the isotonic regression maps hy,, h# , and hy o are given by
n
hn = i £ Zi7 h n,j(i)) »
arg min 3 {(Ziy hovnso)
=

h¥ .= arg min ZE(Zi#, hoz/n,j@-)),
=1

h€Fiso T
J

hno = arg h]fEm]_l_E0 z; Eol(Z, hovn,;)] = arg IEIlionh O Un,o — I/()H?U.
i=

We impose the following conditions.

(F1) With probability tending to one, hy,, h, and hnp lie in a fixed, uniformly bounded
subset of Figo.

(F2) There exists L < oo such that |Eg{m(Z, h)}| < L||h||p, for all h € H.

(F3) The action space A is finite, and there exists L € (0,00) such that for all u € H,
|m(Z, )| < Lmaxgea |p(a, W)| almost surely.
Theorem A.14. Assume FI-F3. Then, ||hy o vno — hno 0 Vnollp, = O,(n=1/3). Hence,

. —1/3
P 0 vn0 = vollp, < inf B0 = voll+O0p(n~""%)

Moreover, the bootstrap calibrated nuisance estimators satisfy, for any function vy € L*(Py)
and as n — 00, the following root mean square error bounds:

10 0 Vo = Pollp, < llhn 0 ¥no = Dollp, + Op(n~ ).

Proof. Let j-:iso be a uniformly bounded subset of F;, that contains h,,, h# , and hy o with
probability tending to one (which exists by F1). Define F,, j := {fovy; : f € Fiso}. Since
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hy and hy, o fall in F;s, with probability tending to one by F1, it holds that 1/; ;= Iy 0 vy j
and hp g o vy, fall in F, ; with probability tending to one.

We first show that the population risk induced by the Riesz loss is quadratic and strongly
convex. By Assumption F2, the map v — Pym(-,v) is a bounded linear functional on #.
Moreover, ¢ is the corresponding Riesz loss [Chernozhukov et al., 2022¢|, so the population
minimizer vy := arg min,cy Pol(+,v) is its (nonparametric) Riesz representer. In particular,
the Riesz representation property yields Pom(-,v) = Py(viy) for all v € ‘H, and hence

PO((V V) = PO{V2 - Qm(', V)} = P(){V2 — 21/V0}.

Now fix a uniformly bounded, closed, convex class F C H, and let vy 7 := argmin,ec 7 Pol(-, V).
Since v — Ppl(-,v) is differentiable and convex, the first-order optimality condition at vy r
gives, for all v € F,

d
I Pol(,vor +t(v —wo.7))|  =2Pof{(vor —wo)(v—roF)} >0,
t=0

equivalently Po{(vo,r —10)(v —1vo 7)} > 0. Using the quadratic form above, we then expand
the excess risk:

Po{l(-,v) = £(-,v0.7)} = Po{(v — vo,7)(v + vo.7 — 210)}
= |lv — v, B, + 2 Po{ (0,7 — v0) (v — vo,5)}
Z HV - l/oy]-‘”?:[),
which establishes the strong-convexity inequality
lv = 0,717y < Po{e(-,v) — £(v0,7)}-

We prove the convergence rates for the bootstrap estimators, since the rates for the non-
bootstrap estimators follow by similar arguments. To this end, for j € [J], define the random

rate 67 = b © g — hno © vagllp, and let (57)2 := 3 327, (87 )% = (1M © o — hng o
l/n’oH%O. By convexity of F;s,, the quadratic excess risk bound of the previous paragraph,
and the fact that h, o is a population risk minimizer, we have

(67)% < Pol(-, b 0 vne) — Pol(:, hno © Uno).
Furthermore, since h# O Vpo is the bootstrap empirical risk minimizer, it holds that
ﬁf{ﬂ(«, h# o vno) — (-, hno o I/nyo)} <0.

Combining the above two displays, we obtain

Pol(-,h¥ 0 vno) — Pol(, huo 0 Uno) = (Po — PIYU(-, hE 0 vno)

+ PL{eC, B ove) = U hug o vno) }
— (Po =PI, hino © Vi o)
S (PO - Pn) {Z(7 hn o Vn,<>) - e(: hn,O o Vn,o)} )
and therefore
(6%) < (Po = PL) {e(, b 0 vnio) = £, hno 0 vn0) }

(Po = Pu) {£0 1 0 vn0) = £ hno 0 Vo) }

IN



192

+ (P, — P {e(., h? 0 Vo) — (-, b 0 un,o)}
< LS [rus(62) 462,

where we apply the triangle inequality and define

Yn,i(6) = sup [(Po — Pnj) {€(-sv1) — € v2)},

v1,v2€Fn 50 llv1—v2||<s

W 4(0) = sup |(Pa = PE) LG, 0) = €0, m)) |

v1,v2€Fn 50 llv1—v2||<8

Moreover, since max;e(; (5 ;< 57, we have

i [’ym (J&F) +7nJ(J§ff)] : (A.8)

By Assumption F3 and the boundedness of F, ;, the function class {¢(-,v1) — €(-,12) :
v1,v2 € Fp i} has a controlled uniform entropy integral, conditional on the training data for
the nuisance estimators (so that the class is fixed given this training data). In particular, by
preservation properties of the uniform entropy integral [Van Der Vaart and Wellner, 1996],
the product class F, ; X F, ; has a uniform entropy integral bounded, up to a constant,
by J (6, Fu, ;iso) + T (0, F, ,iso) for each j € [J]. This quantity is itself, up to a constant,
bounded above by J(d, Fiso) (see, e.g., the proof of Lemma A.4). Therefore, applying
Lemma A.8 and following an argument identical to the proof of Lemma A.7 with t,,(8) := v/,
we obtain, for any fixed § > 0, conditional on the training sample 7, ; := D, \C(j),

B3 [3n.s(®) | Tos) Sn 2V (1 ’ ﬁs) |

. . Ve
B [7#,00) | Tos] S0 6<1+ﬁ52 ,

where the bound on the right-hand side is deterministic with “.<” holding for a fixed constant.

(A.9)

We are now ready to obtain a convergence rate bound for 5 = th«?E OUn.o— N0 oyn,<>||ﬁ0.

To do so, we use a peeling argument similar to the proof of Theorem 3.2.5 in Van Der Vaart
and Wellner [1996|. Proceeding with the proof and letting ¢, € R be a deterministic rate to
be set later and using that (A.8) holds with probability one

P(2k+1sn > 6% > Zka‘n) e

/N

J
1
k+1 # # # #
25 He, > 6% > 2Fe,, (67) JE [’yn] Jo)] )—l—'ynJ(J(S )])

J
1
< P<2’“+1en > 6% 2 2%en, 2%l < < Z[%,j(n’““en) +7ﬁj(J2’“+1sn)]>

< S B [P(#4 S om0 802 | )
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B8 [ (2 en) | Tog] + B3 [, (725 2e0) | Tas)]
= § :EO 922k 2
j=1 "

~1/3

Taking €, :=n above and applying (A.9), we can show, for some constant C’ > 0, that

n=1/2 2k g, (1 4 V2Etlen
<

P(2’““n*1/3 S 2’%*1/3) Vnen
~ 22]652
n

) <27k,
Therefore, for any K > 0,

P(é# > 2an1/3> _ Z P(2k+1n—1/3 > 63? > 2kn71/3) < Z 271@7
k=K k=K
and Y 7 . 27k 5 0 as K — oo. Hence, for every € > 0, there exists K > 0 such that
P((S# > 2Kn_1/3) < e. By definition, s = Op(n_1/3), and therefore

”hﬁé 0 VUp,o — hn,oo z/n&”%O — Op(n72/3).
An analogous argument for the non-bootstrap case yields
||hn © Un,o — Ano o0 z/n’o”%() - Op(n72/3).

By the triangle inequality,

11 0 vnio = hn 0 v llm, < 1B 0 ¥no = o 0 Vsl + [l 0 ¥no = hno 0 vsllm, = Op(n™"/%),

and hence

Hhﬁ O Vn,o — hn o I/n,oH%O = Op(n72/3).

Therefore, for any function 7,

1KY 0 vno = Dollp, S IRE 0 vno = hu 0 vnollz, + Ilhn 0 vn.o = Toll5,

< Op(n™%) + Ao 0 Vo — VoI, -
0

The following theorem is a direct application of Theorem A.14. In the following, we
define the population minimizers corresponding to the calibrators f, and g, as:

J
0 :=argmin ¥~ |[po — f 0 pin,; |y

iso j=1
J
gn.o = argmin Y {[lgo an ;B — 2¢0(g 0 an;)}.

9€Fiso j—1

Theorem A.15. Suppose that Conditions C5, C8, and Condition D8 hold. Then, Ha;‘w —
9n.0 © anollp, = Op(n™3) and ||, — fn0 © pinollp, = Op(n™'/3). Hence,

lagn.0 = aollp, < min [lgo an,e — aoll + Op(n~*?);
9E€Fiso

o = hollp, < min £ 0 uno = poll + Op(n ™).
Additionally, assume D1 holds. Then, the bootstrap calibrated nuisance estimators satisfy,

for any functions @, i, € L*(Py) and as n — oo, the following root mean square error
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bounds:
oo = @ollp, < llan,o —@ollp, +Op(n™%);
1 o = Trollpy < 1m0 — Follp, + Op(n™'?).
Proof. The proof follows from two direct applications of Theorem A.14. To obtain the
claimed rates for aj, ., we take

Uz,v) = I/Q(CL,’LU) —2m(z,v), hn:=¢gn, Hhno:=Ggno, Y =g, v = o, Un,j i= Qn,j-

Similarly, to obtain the rates for uj, ,, we take
Z(Z,l/) = 1/2(0,,11])72:111/(0,,11}), by i= fn, hnyo = fn,0, h’f = f'r#fv Vo := Mo,  Vn,j = Hn,j-

In both cases, Condition F1 holds by Conditions C5 and D1. For the least-squares
loss, Condition F2 holds trivially, while for the Riesz loss, it holds by Condition Al. For
the least-squares loss, Condition F3 holds by the pointwise Lipschitz continuity of the map
m +— m? — 2ym and the uniform boundedness of the outcome Y. For the Riesz loss,
Condition F3 holds by D3.

O

A.5 Proofs of main results

A.5.1 Proof of Theorem 2./

Let o, == {ay; : j € [J]} and py, := {p,; : j € [J]} denote the isotonic-calibrated
nuisance estimators produced by Algorithm 1.

The following lemma shows that isotonic calibration of the cross-fitted nuisance esti-
mators ensures empirical calibration for their respective loss functions. Consequently, the
calibrated nuisance estimators satisfy cross-fitted orthogonality conditions, and the leading
bias terms in the expansion of the cross-product remainder in Lemma A.2 vanish.

Lemma A.16 (Empirical calibration via isotonic calibration). Assume C3. Then, for all
bounded measurable 01,05 : R — R, it holds that

1 ¢ . .
- D (010 i, ) (A, Wa) {Ya = iy (Ai, Wi) } = 05
=1

1 ~ * * *
n Z {(92 0 0, (i) (A, Wi)an,j(i)(Ai7 Wi) = tbn,j(iy (02 0 Oén,j(i))} =0.
=1

As a consequence,

1o~ . .
n > sy (A Wi) {Yi = i oy (Ai, W) } = 0;
=1

IR . .
n > i (A, Waag iy (A, Wi) = ¥ iy (T i) } = 0.
=1
Proof. The second part of the lemma follows from the first part because, by definition of the

projection, each s;, ; can be written as sy, ; = 0 o py, ; for a common map 6§ across j € [J],
b2 2 2
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where s7, = (Iu; , (0 — ano));- Similarly, by definition of the projection, each 77 ; can be
written as 7, ; =9 o ay ; for a common map ¥, where r}, ; = (Hax (10 = Hne))j-

The proof of this lemma follows from a simplification of the proof of Lemma 4 in Van
Der Laan et al. [2023]. We give the proof for a;, ,, as the argument for yj, , follows along
similar lines. Recall that O‘n,<> = gn © Qi o, Where g, € Fis is the empirical risk minimizer
defined in Algorithm 1. The solution g, is unique only in L?(P,). Following Groeneboom
and Lopuhaa [1993] and without loss of generality, we take g, to be the unique cadlag
piecewise-constant solution of the isotonic regression problem that can jump only at the
observed values {ay, ;) (A, Wi) =i € [n]}.

By Condition B2, the empirical risk used to define the isotonic solution g, is strongly con-

vex and continuous on Fig, with respect to the empirical L? norm {Z?:l [(g 0 vy jiy) (As, Wi)] 2 } 1/2.
By Theorem 5.5 of Alexanderian [2019], a strongly convex and continuous functional defined
on a closed and bounded convex subset of a Hilbert space admits a unique minimizing
solution on the set {ay, j;)(Ai, W;) : i € [n]}. Consequently, the solution g, is uniquely
defined on the set {a, ;i) (A, Wi) : 1 < i < n}, and, by assumption, it is the uniquely
defined piecewise constant solution with jumps occurring only at these values.

It holds that g, is piecewise constant. We claim that, for any function h : R — R and
all € € R sufficiently close to zero, the perturbed function g, + €h o g, belongs to F;s. To
see this, observe that g, is constant on some interval of its domain if and only if the same
holds for h o g,. Hence, the function g, + €h o g, is piecewise constant and jumps at the
same points as g,. Moreover, by taking e sufficiently small, we can ensure that the maximal
jump change € sup;epn) [(h0 gn) (fin,j) (Ai, Wi))| of ho gy, s strictly smaller than the maximal
jump change of g,. Therefore, for this choice of €, the perturbed function g, +chog, € Fiso
must be nondecreasing and, therefore, an element of F;s,. The claim now follows.

Proceeding with the proof of the lemma, we denote &,(¢) := g, + e(h o g,) and
&nle,anj) = gnoan;+e(hogn)(am,) and, in a slight abuse of notation, let

= Z {&n(e, an,j(i))2(Aiv Wi) = 2, (i) (€n (e, i) } -
i—1

Now, because g, minimises g — R,(g) over Fis, and g, + €h o g, € Fiso for € sufficiently
close to 0, g, also minimizes g — R, (g) over the one-dimensional submodel ¢ — ¢, +chog,
in a neighborhood of € = 0. Thus, the first-order optimality condition along this submodel
implies that

[ n(En(€)) = Bnlgn)]| _ =0

Computing the derivative, using hnearlty of the functional ¢, , and that hog,oa, o = hoay, 4,
this further implies:

RS . .
n D {(hoar ) (A, Wi ) (Ai, Wi) = Wy (h o ai, i)} = 0.
=1

The result for o}, , now follows, noting that h was an arbitrary bounded function.
O

Proof of Theorem 2.4. Outline. Our proof proceeds in three steps. First, we show that the
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estimation error 7,7 — 79 admits the decomposition

T; —T0 = (Pn - PO){d)O,ﬁO + Dﬁo,ag} + Op(n_l/Q) + <CYZ,<> — Quo, o — H:L,<>>F07
that is, an asymptotically linear term plus the usual cross-product remainder. Second, we
use the orthogonality properties implied by nuisance calibration to control this cross-product
remainder under each of the two cases in Condition C1. Specifically, we show that

(00 = @0, Ho — im0} p, = (@0 # o) PaAo + 1Ty # po) PaBo + 0p(n~"/?).

Finally, combining these steps establishes that 7,7 is DRAL with influence function xj.

Starting point: decomposition of the estimation error into an asymptotically
linear term and a cross-product drift term. By Lemma A.1, we have the standard
doubly robust expansion

T —T0 = (ﬁn — ﬁo) {(ZSO’NTL,Q + DM;«L‘O,Q;«L,O} + <Oz:h<> — o, Mo — ,un o> + Remun o (1/)n oy wo) (Al())

where Remys | (Ynotho) == 237 {wn,j(u;,j) () —Pn,j¢07%j}. By the locally
uniform asymptotic linearity condition in C4, we have

J
_ 1 .
Remys  (¥n,0,%0) = (Pn — Po) {¢0,ﬁ0 - ¢0,u;1,0} 5 Z Vi (fin5) — Yo (kim.j) — Pajbom, } -

= (Pn — Po) {‘150,;70 - ¢’0,u;;,0} + op( 7771/2)7

where we used that ?OQZ’O,MZ,O = ?ogb()ﬂD = 0, as influence functions are mean zero. Substi-
tuting the preceding display into (A.10) and collecting like terms, we obtain

7 — 70 = (Pn — Po) {¢0,ﬁ0 + Du;,o,a;,o} + (0o — @0, o — fino)p, + 0p(n ). (A.11)
By Lemma A.11, (P, — Po) { Dy a5, — Dagao ) = op(n~1/2). Hence,
(Pn = Po)Dys, .05, = (Pn = Po) Dy + (Pn — Po) {Du; oo Dﬁoﬂo}
= (Py — Po) Dy + 0p(n~'/?).
Substituting the above into (A.11), we obtain
T — 70 = (Pn — Po) {055 + Diiymo } + (@0 — 0, 10 — o) 5, + 0p(n /). (A.12)
The above expansion is the starting point for our DRAL analysis. In what follows, we control

the cross-product remainder (o, , — ao, fio — iy, )5, separately under the two cases in C1.

Establishing asymptotic linearity when Riesz representer is estimated well. Sup-
pose the theorem is applied under Cli (@9 = o), so that [a;, ; — a0l = op(n~*) and
27, ; — ol = op(1) for j =1,...,J. Applying the second part of Lemma A.2, we have the
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Riesz-based decomposition:
<a0 - a;,o: /‘I’:L,O - N0>ﬁ0 == {En(T:L,O) - P, (T:;,o az,o)}
+ <(ﬁ(a¢z,,o’a0) - ﬁaﬁlo)AH;”,Qv @o — ﬁaﬁ.oao>ﬁ + (ﬁ” - ﬁO)BZ,O + Remwn,o(r':,,o)7
: : .
(A.13)

* J *
where Remy, (77, ) := %ijl {¢n,j (5 3) = o(ry, ;) — ijgbo’r;’j} . By the second part of
Lemma A.12, we have
(P, — ?0){3;0 — Bo} + Remwnyo(r:w) = op(n_l/Q).
Hence, - -
(Pn = Po)B o + Remy, ,(r1.0) = (Pn — Po)Bo + 0p(n”"/?).
Substituting the above into (A.13) and using that PoBy = 0, we obtain

<Ozo - a;,o» :LL:L,O - ﬂ0>ﬁo = - {En (T:,o) - P, (T:L,O 012,0)}

+ <(ﬁ(a¢wao> — T ) Apnos a0 — ﬁa;,0a0>ﬁo +PoBo + op(n~ ).

(A.14)

Since ay, , is calibrated using isotonic regression, the second part of Lemma A.16 implies
that B -
—{¥n(rne) = Pn(rneomne)} =0

Thus, the first term in (A.14) vanishes, and we conclude that

<OéO - a:;’<)7 ,LL:L’Q - ,U/O>ﬁ0 = <(ﬁ(o¢jh<>,o<o) - Ha;yo)Au,n,O, Qo — Ha;ﬁoa0>? +ﬁnBO + Op(nil/Q)-
0

It remains to control the final term. By C2i, which holds under Cli, we have that (419)
(s 00 = Thaz ) Amer @0 ~Taz ja0) = Oyl o — awlffy, )
Moreover, by C2i, we have [|a;, , — oz0||%0 = 0,(n™1/2). Hence,
(e, oa0) = o o) Busnios @0 — ﬁa:,,oat)%() = op(n”"%).
Substituting the above into (A.15), we conclude that
(@0 = o, fno — o) p, = PuBo+0p(n”'/?). (A.16)

Substituting the above into (A.12), we obtain
7 — 70 = (Pn — Po) {¢0,5, + Diig;ao} + PnBo + 0p(n~"/?)
= Pn{BO + (bO,ﬁU} + (P—n — PO)DE[LEO + Op(n—l/Q)
= P {Bo + ¢0,, + Dy.w0 } — PoDygag + 0p(n~'/?).
By the Riesz representation property and the fact that @y = ag, we have
PoDgy o = Polow{po — Fot] = Yo(po — Hy)-

Hence,

Th —To = Pr{Bo + $0.my + Dag,a0 — Yo (to — Ho) } + OP(n71/2)

= I'nXo + OP(n71/2)

I
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as desired.

Establishing asymptotic linearity when outcome regression is estimated well.
Suppose the theorem is applied under Clii (g = po), so that ||u;, ; — poll = op(n~1/4) and
oy, ; — a@oll = 0p(1) for j =1,...,J. Applying the first part of Lemma A.2, we have the
regression-based decomposition:

<a0 - a:,m I’L:L,Q - /140>ﬁ0 = _FWA:L,O + (Fn - FO)A:;,O + <(ﬁ(ufw,uo) - ﬁu; O)Aa,n&v Ho — ﬁu;,oﬂ0>f .

Py

(A.17)

By the first part of Lemma A.12, we have (P, — Po){A} , — Ao} = 0p(n~1/2) and, hence,

(Pn — Po)Aj o = (Pn — Po)Ao + (Pn — Po){A, o — Ao}
= PnAO + Op(n71/2)7
where we used that PgAg = 0. Substituting the above into (A.17), we find that
<0[0 - 0[;70, N:,,Q - M0>ﬁ0 - _ﬁnA::p,,o + ﬁnAO + Op(n_l/Q)
_ _ _ (A.18)
+ <(H(u;§,o»uo) =z ) Aano, Ho = Hu;,om% :

Since p, , is calibrated using isotonic regression, the first part of Lemma A.16 establishes
that

) * 1 a * *
PnAn,o = E Z Sn,j(i) (Ai, Wl) {Yl - Un,j(i)(Aiv Wl)} =0.
i=1
Thus, (A.18) implies

<040 - Oé:z,m H;,o - ,U0>ﬁ0 = Pp,Ao + Op(”_l/Q) + <(ﬁ(u,§10,uo) - HM;‘L,Q)Aa,n,m Ho — ﬁu;ﬁ,oﬂ()>? . (A.19)
0

It remains to control the final term. By C2ii, which holds under Clii, we have that

<(ﬁ<u;0,uo> =z )Aanes po — Hu;;,ouo>?0 = Op(lluZ,o - uoll%(,) -
Moreover, by C2ii, we have ||u’ , — pol|% = o0p(n~'/2). Hence
y DY ) Hp.o — HO Po D : )

(Mt o = o)A 0 = ﬁu;,o#0>?o =0p(n""/%).
Substituting the above into (A.19), we conclude that
(@0 = @ os o — to)p, = Pado+ op(n~?). (A.20)
Substituting the above into (A.12), we obtain

T =70 = (Pn — Po) {0, + Digso } + PnAo + 0p(n” ")
= Pn{dom, + Dpo.mo + Ao} + OP(n71/2)
= Puxo + op(n~/?),

where we used that PyDpg, &, = 0 when 11y = po. The claim follows.
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Completing the proof. We have now shown that if either of the two conditions in C1
holds, then

Tm — 70 = Paxo + op(n_l/g).

Hence, 7,7 is DRAL. If both nuisance functions are consistently estimated (@y = ag and
Tip = o), then the above display reduces to

To — 70 = PoDo + op(rfl/2)7

since xo = Dy in this case. By Theorem 2.1, this implies that 7,7 is asymptotically linear
with influence function equal to the efficient influence function of ¥ under the nonpara-
metric model M. By the characterization of efficient estimators in Van der Vaart [2000,
Lemma 25.23], a regular estimator is asymptotically efficient only if it is asymptotically
linear with influence function equal to the efficient influence function; see also Bickel et al.
[1993]. Hence, 7,7 is a regular and efficient estimator of 79 under the nonparametric model

M.

O
A.5.2  Proof of Theorem 2.5
Proof of Theorem 2.5. Starting point. By Lemma A.1, it holds that
Tf —To = (ﬁf — Py) {¢ %, +D .4 } + <Otf,o — Qo, Mo — Mf,<>>p0 + Remuﬁo(%z,oﬂ/)o)
= (Fﬁ 7ﬁ0) { ( Mo, <>) + l)‘u#O ajfo} + <04ff,<> — Qio, Mo — Hﬁ,o>ﬁ0a
where we used that Do it m(-, p, %) —Pom(-, . #,) and that Rem it (@ZJn o, %0) = 0 in the

setup of Section 2.5.3. Argulng as in the proof of Theorem 2.4, We may apply the second
part of Lemma A.11 to obtain

(PY = Po) {mpifo) + Dyp e = (PL = Po) {m(-Tig) + Dy 30} + 0p(n” ).

01 Qn o

The conditions of Theorem A.15 assume the setup of Theorem 2.5, together with D3.
Hence, we may apply Theorem A.15 to conclude that

gk o = aollp, = Op(llen,o — aollp,) + Op(n™?),

1o = t0llm, = Op (lltt.0 — pollp,) + Op(n™"?).
Furthermore, by Lemma A.10, under Conditions C5, C3, and D3, whenever one part of
C1 holds for ay, , and puy, ,, the same part holds for oz#, o and ,uf: o. In particular, under
C1, we have ||af:<> — aollp, = 0p(1) and H;ﬂiﬁo — Hollp, = op(1). Moreover, under Clii,
||sﬁj — sg|| = 0p(1), and under Cli, 1{ay = oo} ”7“#,]' — 19| = 0p(1). Consequently, under
(D2), we can apply the proof of Theorem 2.4 with the original dataset D,, replaced by the

bootstrap data D# and nuisance estimators replaced by their bootstrap counterparts.
We now establish asymptotic linearity of the cross-product remainder in the two cases.

Establishing asymptotic linearity when the outcome regression is estimated well.
Suppose the theorem is applied under Clii (fig = po), so that [|u;, ; — poll = op(n~1/4) and
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|l — || = op(1) for j =1,...,J. The first part of Lemma A.12 implies that

n?]
(PF — P){AF, — Ao} = 0p(n~V/?).

Applying the regression-based decomposition in Lemma A.2 to the bootstrap nuisance es-
timators, and arguing as in the proof of Theorem 2.4 using the partial orthogonality and
projection error bounds in D2 together with the first part of Lemma A.12, we obtain

— S5l
(0 o — 0, pio — il o)p, = 1@ # 00) (P — Po) Ao+ Oy (Il — o3, ) -

By Theorem A.15, we have ||pfo — NUH%O = 0p(n"23) + ||ph o — Mo||2—0, and thus, by C1, it
follows that H,ufio - MOH%O = 0,(n™/2). We conclude that

(o o — a0, o — i )p, = 1(@o # a0) (Pi — Po)Ao + op(n~"?).

Establishing asymptotic linearity when the Riesz representer is estimated well.
Suppose the theorem is applied under Cli (ap = ), so that o, ; — aol| = op(n~*) and
17, 5 — Boll = op(1) for j = 1,...,J. By the second part of Lemma A.12 applied in the
bootstrap setting, we have

J
—# 1 _
(P}, — PO){B¥, — Bo} + 5 > {wn,j(r:jj) —to(rf;) — Pn,]-qﬁoyrfj} = op(n"?).
j=1 ”

Applying the Riesz-based decomposition in Lemma A.2 to the bootstrap nuisance estimators,
and arguing as in the proof of Theorem 2.4 using the partial orthogonality and projection
error bounds in D2 together with the second part of Lemma A.12, we obtain

_ S#
(adf o — a0, po — it o) 5, = (g # 110) (P, — Po)Bo + Oy (||04#,<> - 040“%) -
By Theorem A.15, it holds that
oo = aollB, = Op(n %) + llazs o — a0ll3,

and, thus, by C1, ||oz,7§f<> - a0||2?0 = 0,(n~/2). We conclude that

_ —# _
(o o — a0, o — ik o)p, = L(Fig # 110) (P — Po)Bo + 0p(n™/?).

Establishing sample-conditional DRAL of - 7. Combining the two cases treated
above, we obtain

(aF o — a0, po — pho)p, = 1(@0 # a0) (PY, = Po)Ao + 1T, # o) (P — Po)Bo + 0p(n”"/%).

Hence,

#

W —To = Pﬁxo + op(nfl/Q).

By Theorem 2.4, we also have
Tn — 70 = (Pn — Po)xo + Op(”_l/Q)’

and therefore .
i —7n = (Ph = Pu)xo + op(n"?).
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Establishing weak convergence of bootstrap law. Let n; denote the number of obser-

vations in C9) (so that P, ; is the empirical measure based on n; samples). By assumption,
the splits are approximately equal, in the sense that Jn;/n — 1. For each j € [J], the
bootstrap CLT [Van Der Vaart and Wellner, 1996] yields

Vi (PE, = Poj)xo | Paj ~ N(0, Pox3) .

Since the bootstrap resamples are generated independently across folds conditional on the
data, the same limit holds conditional on the full collection {P, ; : j € [J]}:

VG (P = Pag)xo [{Pag 5 € [T} ~ N(0, Poxg) -
Moreover,

J
(P = Puxa = 3 3P, -
n J ’ﬂ] XO’
1

=
and Jnj/n — 1 implies \/n/J = ,/nj (14 o(1)). Therefore, by Slutsky’s lemma,
Vi (PE —Pu)xo [ {Pnj:j€[J]} ~ N(0, Poxp) .

Consequently, the conditional law of /7 (7 — ) given {P,,; : j € [J]} converges in
probability to the law of N(0, Pyx3). Indeed, writing
V(= 77) = Vi (PY = Pa)xo + Vi Ra,

our preceding argument shows that

c(\/ﬁ (P* —P.)xo ’ (P, j€ [J}}) = N(0, Pox2) in Py-probability.

Moreover, since /1 R, = op(1) under the joint law of (P,, P), we have P(|\/n Rn| > 1) —
0 for every n > 0. Fix 1,0 > 0 and define

Qu = PP([VaRa| >n|{Pn;:j€J]}) € 0,1].
By the tower property,
Eo[Qn] = P([VnRa| >n),
where Fy denotes expectation with respect to the data-generating law and P denotes the
joint law of (P, P ). Therefore, by Markov’s inequality,
EolQ] _ PR >n)
1) 1)

Po(Qn > 5) < — 0.

Thus, v/n R, = op#(1) in Py-probability, in the sense that for every 7, > 0,
Py(Pr(|v/nRn| > n|{Pn;:j€J]}) >d) =0

By Slutsky’s lemma for conditional laws, it follows that

(vt =)

(Pojije [J}}) = N(0,Pox2) in Po-probability.

That is, the law L£(v/n (17f — 77) | {P,; : j € [J]}) converges weakly in probability to the
law of N (0, Pyx3), in the sense that for every bounded Lipschitz function f : R — R,

Blf(Va(rf =) [{Pas i € U] % EF(2),  Z~NOPxd).
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A.5.8 Proof of Theorem 2.13

Proof of Theorem 2.13. Recall that TI,, p denotes the L?(P)-projection onto 4, p, and

I, p denotes the L%(P)-projection onto ©,, p.
First suppose that @y = ag and 71y # po. Then

Xo = m(,Ig) — Yo(ko) + Dgy,ae + Bo

I
= m(:, fIy) — Yo(po) + ao{Zy — fig} +m(-,70) — roco
=m(, o + 7o) + ao{Zy — Ty — 7o} — Yo(po)-

By the orthogonality conditions defining 7o, ¥o(ro) = vo(fig + ro). Therefore, since

o + 10 = Hag, Py o,
we have

Xo = m(+, o + 10) — Yo(fig + 70) + @o{Zy — g — 70}
= m("ﬁaovpoﬂo) - wo(ﬁaovpoluo) + aO{IY - ﬁao»PoNO}-

The right-hand side is the Py-efficient influence function of the parameter

P ¢pp(Ilag,ppp)-

Indeed, this is the same efficient influence function calculation as in Theorem 2.1, with
the outcome Y replaced by the residual Y — 7i5. The required Hellinger-continuity and
pathwise differentiability conditions remain valid because P +— 1 p satisfies these conditions
by assumption and the P-indexed projection map

P Tlagy,ppip

is Hellinger continuous and pathwise differentiable at Py [Luedtke and Chung, 2024, Luedtke,
2024]. Hence the functional P+ ¢p(Il,, ppp) satisfies the same chain-rule conditions used

in Theorem 2.1.
Next suppose that @y # ap and fig = p0. Then

X0 = m(:; fio) — Po(o0) + Dyg,ao + Ao
m(+, po) — %o (po) + Dy a0 + so{Zy — po}
= m('v /'LO) - wO(MO) + {50 + 50}{IY - /.Lo}.

Since

ao + so = 11,5, P, 0,
this gives
Xxo = m(-, tto) — Yo(po) + Myg.pyco{Zy — po}.
We claim that the right-hand side is the Py-efficient influence function of the parameter

P, plup), Vpo.p(h) := (g pap, h)p.

Indeed, at Fp, the linear functional h — @uo, p,(h) has Riesz representer

I, Pyt = Qo + S0

by the definition of sg.
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It remains only to check that the oracle functional satisfies the regularity conditions of
Theorem 2.1. Let

approj = I, Pap, ag,proj 1= Ilug,pycto = @o + So.

By Hellinger continuity of P ~ t¢p and continuity of the L?(P)-projection onto @umPv
|lap,proj — @o,projllP, — 0 as P — Py
in Hellinger distance. Hence
19 0.2 = Do, po llow = llp,proj — @0,projll Py = 0,

so P — @#07 p is Hellinger continuous at Fp.
For pathwise differentiability, for each fixed h € H,

puo.p(h) = (@Pproj, h) .

Thus the same chain-rule argument used for ¢ p(h) = (ap, h)p applies with ap replaced by
approj- Therefore Theorem 2.1 applies to ¢,  p, and its efficient influence function at P is
obtained by replacing «g with

Q0,proj = HHO,POQO = Qo + So-

This gives exactly the displayed expression for xo.

Combining the preceding displays with Theorem 2.4 shows that 7,7 is Py-asymptotically
linear with influence function xgp, which is the Py-efficient influence function of the oracle
parameter Wy. Therefore, by the standard characterization of efficient estimators [Van der
Vaart, 2000, Lemma 25.23|, 7% is a regular and efficient estimator of ¥y at Py under the
nonparametric model M; see also Bickel et al. [1993], Van Der Vaart and Wellner [1996].
The stated limiting distribution follows directly from the definition of regularity. O
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Appendix B
PROOFS FOR CHAPTER 2

B.1 EP-learner uniform consistency with fixed K-nearest neighbors

Proof of Theorem 3.6. Fix w € (0,1)? and let By, ,(w) be the smallest closed ball centered
at w containing {W; : i € Zg, n(w)}. Work on the probability-1 event that the set Zg,, ,(w)

is uniquely defined (i.e., no ties). On this event, W; € Bk, »(w) if and only if i € Tk, ,,(w).
Then

2 DLW € B ()} [0, (LWH) — 4 (0, W) — {puo (1, 0) —m)(o,w)}]’
< | D W € B ()} [ (1, W) = i (0, W) — {pao(1, W5) = uo<o,wi>}]|

"oi=1

|0n, P (w) — 0o (w)| =

%n > 1w e BKn,,n(w)}[HO(L Wi) — po(0, Wi) — {po (1, w) — MO(va)}} ‘

=1

+

S0nr =0 lle +  sup sup Lz — w'[|2,
w/€(0,1)¢ xEBK,, n(w’

where L is the Lipschitz constant of . Taking a supremum over w € (0,1) yields

sup }HnVEp(w) — 95(w)| < HG:;T — 0y ||loc + sup sup Lz — w/||2.
we(0,1)9 w’€(0,1)4 TE€EBK,, n(w’)
By Corollary 1.5 of Chenavier et al. [2022], the maximal volume of By, »(w') over w’ €
(0,1)% is Op(K,logn/n). This implies that the maximal radius of By, ,(w’) is of order
O,((Kylogn/n)'/?) up to a constant depending on d. Therefore the bound simplifies to
sup |0, pp(w) — 65 (w)] 1077 = 65 [|oo + Op (K logn/n)"'?),

we(0,1)4

which proves the theorem. O

B.2 Preliminaries for proofs

B.2.1 Notation and conventions for proofs

For two quantities x and y, we use the expression x < y to mean that x is upper bounded
by y times a universal constant that may only depend on global constants, including n, M,

and C, that appear the conditions of Theorems 3.2-3.5.
For a function class F, we denote its norms by ||F|| := supscr|/f]| and [[Fllo =

supseg || flloo-  For a unmiformly bounded function class F and distribution P, let
N(e,F,La(P)) denote the e—covering number [van der Vaart and Wellner, 1996] of F



205

with respect to the Lo(P)-metric. We define the uniform entropy integral of F by

4
J (6, F) ::/ sup Vlog N(g, F, L2(Q)) de
0

where the supremum is taken over all discrete probability distributions Q.
In our proofs, we use the following notation. We let I, 4, be the indicator that takes the
value 0 if both g1 and gg are the identity function. We denote the nuisance rates:

=0 P EPY L Jk(n) log n/n;

sy =1 + n~/ @+,

We denote, for each P € M, the Neyman orthogonal loss function corresponding with Rp
by L o+ up- For ¢ € L2(Pyw), j € [J], and m € {1, 2}, we define pointwise,

ﬂp,up =
for o € O, the f%llowmg variants of the deblasmg term:
~(m) — 1 o )
Aﬂn,j’“fl,j (O’¢) T ﬂ_n,j(a | ’LU) {H’m ,u (a’ w) (w)} {y 'U’V%J (a’7 w)} )
Ao (05 0) = mn,j(a|w) {Hom.pu,, ; (a,w) - p(w) } {y — pn j(a, w)} .

The overline encodes dependence on the transformed action-space H as opposed to the
original action-space JF. The superscript by * encodes that the residual in the definition
corresponds to the debiased outcome regression estimator.

Recall {Dj € [J]} is the partitioning of D,, := {O; : i € [n]} used for cross-fitting
the initial nulsance estlmators {ttnj,mnj : 7 € [J]}, as in Algorithm 6. We define the j-th

training set 7,/ := n\D] We let P, ; denote the empirical distribution of the jth data-fold

DJ and define the fold-specific empirical process operator [ P,f:= [ f(o)dP, (o). For
ease of presentation, we will use the following cross-fitting notation. For a collection of fold-
specific functions vy, o := {vy ; : j € [J]} that may depend on n, we define the fold-averaged
empirical process operators:

J
— 1
Povp o = 7 ZPOVn,j;

J
jE P jvn.j.

We define the fold-averaged norm of a collection of fold-specific functions v, := {v; : j € [J]}
as |[vsllp, = 1/%23»]:1 ||Vj||%;0. For a function h : R — R, we also define the composition

hovs:={hov;:j e [J]}. The above notation lets us treat the collection of debiased cross-
fitted estimators puy, , := {1}, ; : j € [J]} as extended functions defined on A x W x [J]. For

example, in our proofs, P, Alm ,(, @) is notation for J1 2 jel] fﬁffg%j (0,9)dP, j(0).

Tn 07“
In our proofs, for some bufﬁClently large M > 0, we will work on the following events:

(E].) mane[J} ”,Ufn,] — MOH S Mn_ﬂ/(25+1)
(E2) maxX;e(j) ”ﬂ'nd‘ — 7'('0” < Mn_'Y/(2’Y+1)

b = 0| < MnHCHD M /() log n/n.

(ES) Hlane[ﬂ ’
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(E4) [[Bnlloe < M.

Let A, be the union of events E1-E4, and let [ 4, denote the indicator that event A,, occurs.
In our proofs, we will choose M > 0 so that the event A, occurs asymptotically with
probability at least 1 —e. We claim, under C2 and C1b, that we can always choose such an
M > 0. To see this, note, under condition C2, we can take M large enough so that events
E1-E3 occur asymptotically with probability arbitrarily close to one. Under Condition C1b,
we claim that Event E4 occurs with probability tending to one. To show this, recall by
definition that ,ufl,j(i) = gil(g(,un’j(i)) + @g(n)’lﬂn). By Cl1b, we have that p,, ;) and u;’j(i)
are bounded with probability tending to one and, since the feature mapping @y, is bounded
by definition, @y (,); is bounded with probability tending to one. Since g is a continuous
invertible function, we have that 3, must also be bounded with probability tending to one.
The claim then follows taking M > 0 large enough so that ||3,],, < M with probability
tending to one.

B.2.2  Supporting Lemmas and empirical process bounds

In this section, we present some technical lemmas used to bound empirical process remainders
and second-order bias terms that appear in our proofs.

The following lemma due to Belloni et al. [2015] bounds the sup-norm sieve approximation
error of the L?(Py)-projection (). For the following lemma, we define the rate p, o :=

{log k(n)}"k(n)~".
Lemma B.1. Under C3a and C3b, it holds that

sup [|¢ — Hi(n)Plleo < {loghk(n)}” sup inf [[¢ — fllec < pr,oo-
PEH peH FE€HK(n)

Proof. Condition C3a and Proposition 3.2. of Belloni et al. [2015] imply that supgeq, [|¢ —
Mi(m)9lle S (logk(n))” supgey infrep,,, |¢ — flloo. The second bound then follows from
C3b, noting that supgey infrep, ,, ¢ — flloo < k()7 O

Lemma B.2. Let Fi,...,Fj be given uniformly bounded function classes with Joo (1, F;) <
oo for each j € [k]. Let ¢ : RF — R by a Lipschitz-continuous map. Then, the func-
tion class G = {o(fi,..-, fx): (f1,. -, fx) € F1 X -+ X Fi} satisfies log No(£,G) <
> log Noo(e, Fj) and, hence, Jos(6,G) S 30— Too(0, F5).

Proof. This result follows from the proof of Theorem 2.10.20 in van der Vaart and Wellner
[1996]. O

The following lemma relates the sup-norm entropy integral of H to those of the function

classes H —IH = {¢p —x¢p : ¢ € H} and I H := {IIx¢ : ¢ € H}.

Lemma B.3. Under C3 and Cj, we have, for all § > 0, that Jx(0,H) < Too(, F),
Too (0, I H) < Too({log k(n)}6, F), and Joo(6, H — IIxH) < Joo({log k(n)}¥0, F)
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Proof. Recall, by definition, that H := {h; 00 : 0 € F,i € {1,2}} where h; and hy are
Lipschitz-continuous functions. Thus, by Lemma B.2, we have J (6, H) < Joo(d, F). Now,

for i € {1,2}, let (¢; — [x¢;) be an element of H — I H. Using linearity of the L?(Pp)-
projection and the Lebesgue constant bound of C3a, we have

(k1) — Midzlloo = [[TIk(P1 — ¢2) e
S {logk(n)} (|91 — b2 co-

Thus, Iy H = {IIx¢ : ¢ € H} is, relative to the sup-norm, a Lipschitz transformation of the
function class ‘H with Lipschitz constant equal to C'{logk(n)}" for some constant C' > 0.
Hence, we have log Noo (g, H) < log Noo({log k(n)}"e,H) and, therefore, by Lemma B.2,
log Noo(e, Hi) S log Noo({log k(n)}¥e, F). It then follows, from a change of variables, that

5
T (6, T H) = / /108 Now (e, Hy ) de
0
5
5/ Vlog N ({log k(n)}ve, F)de
0
{log k(n)}"é§
:{logk(n)}ﬂ'/ V1og Noo (e, F)de
0

= {log k(n)} ™" Jo ({log k(n)}"6, F).

Since {logk(n)} ™" = O(1) as v > 0, we have T (6, Iz H) < Jso({log k(n)}¥d, F), as desired.
Finally, observe that H — Hj, is a Lipschitz transformation of H and Hj. Thus, by Lemma
B.2, we have Joo (6, H — It H) S Too (6, H) + Too (6, IIH) S Too({log k(n)}¥d, F), where the
final inequality follows from our earlier claims.

O

The next lemmas provide local maximal inequalities for empirical processes in terms of
the sup-norm metric entropy integral. The following lemma is a restatement of Theorem
2.1. in van de Geer [2014].

Lemma B.4. Suppose Jx (00, F) < oo. Then, \/EH]:H?% S FN+ w and, as

such,
B [sup (P — P)f\] <0 V2 (5, F).
feEF

for any 6 > || F|| +n=1/% .

The following lemmas provide local maximal inequalities for function classes obtained by
taking the pointwise product of elements of two function classes. The first lemma follows
from a modification of the proof of Theorem 2.1 in van der Vaart and Wellner [2011] where,
in Equation (2.2) of their proof, we argue as in the proof of Theorem 3.1 of van de Geer
[2014]. In the following, let # and G be two uniformly bounded function classes. Denote
the class obtained by taking pointwise products of their respective elements as HG := {hg :

heHt,ge g}
Lemma B.5. Suppose Joo(1,H) < 00 and J(1,G) < co. Then,

E [Gullgy < \EIG12, I WE e ||g\%n,H>+HH||OOJ( EHGI%,/ [#]. ,g) .
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Joo ([H|l o0 H .
Furthermore, \/ E HHQH?% < G| o max <HHHPO , %) and, for any dcrit,g > 0 satis-
fying V/noZ i g = 1G] oo T Geritg/ |Gl »G), it holds that | E||HG |, < M| max (1G] g, » Seritg) -

Proof. For a function class F, let J,(d,F) := fO(S Vg N(e, F,| - |p,)de. By Dudley’s
inequality (Equation 2.1 of Theorem 2.1 in van der Vaart and Wellner [2011]), it holds, for
On = ||GH| p,, that

E|Gunllgy < E[Tn(dn, GH)]-

Since [lgihi||p, = [lg2h2llp, < [1h1 = Rallecllgrllp, + ll91 = g2llP [llh2]loo it holds that

log N(e, G, || - [lp,) S log N(e/[Hlloo, G || - [ 2) + log Neo(e/ |G| 2, G),

and, hence,

5
Tn(5,GH) = / Viog N, GH - T )de
0

8 5

5/ \/logN(E/\IH\IomQII-||Pn)d€+/ Vlog Noo (/G I p,,, H)de
0 0

S [ Hlleo T (6/11Hllo0r G) + 1G11P, Too (6/11G | 2y H)-

Thus, the identity E ||Gyllgy S E [Jn(0n, GH)] implies that
ENGnllgy < EllHllooT (6n/Hlloo 9)] + E[[IG]| P, T (00 /11G | P.rs H)] -

As in the proof of Theorem 2.1 of van der Vaart and Wellner [2011], concavity of the maps
(z,y) = \/¥Jso(\/x/y, H) and Jenson’s inequality implies that

E|Gnllgy S 1HlloeT (VES/|Hlloo, G) + 1/ ENGIH, Too(V EGE/\JENGIF,  H).

The first bound then follows from the definition of d,,. The remaining norm bounds are an

immediate consequence of Theorem 2.1 and Theorem 2.2 in van de Geer [2014].
O

The following lemma is an immediate corollary of the above lemma and is used directly
in our proofs.

Lemma B.6. Let H be a uniformly bounded function class satisfying Joo(00, H) < oo and

let G be a function class with J(8,G) < 0+/k(n)log(1/6) where log(1/|G||) + log(1/ || H]|) =
O(1/logn). Then,

EGullyug S 19115, Too (max {I1#] 5, ,n 7} /1G5, 1)

+ [ H]| . Vk(n)logn - maX{HQHPO sV Ek(n) logn/n} .
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B.3 Statement and proofs of technical lemmas

B.3.1 Lemmas bounding key excess risk remainder terms

In this section, we use the supporting lemmas of Appendix B.2.2 to obtain bounds for various
remainder terms that appear in our proofs.

The following lemma demonstrates that Lipschitz transformations of the debiased out-
come regression estimator u:‘l’j, where j € [J], falls in function class that is, deterministic

conditional on the training set Dn\Di, and has uniform entropy integral at § > 0 scaling as
0/ k(n)log(1/9).

Lemma B.7. Assume Condition C1 and work on the good events E1, E3, and E4. Let T, ; :
R — R be a uniformly bounded L-Lipschitz continuous function that is deterministic condi-
tional on the data-fold Dn\D,j@. There exists a uniformly bounded random function class &, ;
with the following properties on the good events. (i) Ty, j(fin j*) — Tn j(1o) and Ty j(fn j+) —
Tn,j(fn,j) fall in E, ; almost surely; (ii) €, ; is deterministic conditional on D, \Di,; (iii)

0|l S LMn=B/COH) 1 LM\ /k(n)logn/n; and (iv) T(6,En ) S +/k(n)log(1/6).

Proof of Lemma B.7. We work on Events E1, E3, and E4. By construction, as shown in
Algorithm 4, we have the expression py, ; = g (g o pn; + @;—(n) j,é’n), where g, . depends

randomly only through £, € R%(") conditional on Dn\Dﬁ'L. Assuming C1 and on Event E4,
the mapping (a,w) — @g(n)’j(a, w) By, belongs to a uniformly bounded subset of a random
linear space of dimension 2k(n). This space has a VC subgraph dimension of O(k(n)), as
proven in Lemma 2.6.15 of van der Vaart and Wellner [1996]. Additionally, this function
class is deterministic conditional on D, \D;,.

Considering that T}, ; and g are Lipschitz-continuous functions, and u, ; and po are
uniformly bounded by C1b, the existence of the above function class and Theorem 2.10.20 of
van der Vaart and Wellner [1996] imply that Ty, ;(y, ;) — Tn,j (o) and Ty, (1, ;) — T, j(pn,5)
fall with probability 1 in a single uniformly bounded function space W, ; with uniform
entropy integral J (0, W, ;) S 0y/k(n)log(1/0). Again, this function class is deterministic
conditional on D, \Dj.

Let &,; be the subset of W, consisting of elements with L?(Fp)-norm less than
2LMn B8+ 4 2L M. /k(n)logn/n, where L is the Lipschitz constant of T, ;. In

view of Event E3, using the Lipschitz-continuity of 7;, ;, we can deduce that the event
Tn’j(u; j) — Ty, (o) € &y j occurs almost surely on the good events. Moreover, on the good
events, we also have Ty, ;(uy, ;) — Tn,j(pn,j) € En,j, noting that

1T, (ttn,5) = T (i )1 < T, (ki) = T (o) |+ 1T, (120) = T, (5

< 2LMn~ %@ L oL M\ /k(n)logn/n.
O

The next few lemmas bound the localized suprema of various empirical process remain-
ders that appear in our proofs. For this, we recall the sup-norm coupling exponent a > 0 of
C5 and the notation 7 := n=#/8+D) 4 /k(n)logn/n and s% := n=7/ 7D L% We also
recall that I4, is the indicator that events E1- E4 occur.



210

Lemma B.8. Let G be any uniformly bounded function class with Jx(c0,G) < oo and

m € {1,2}. Under the conditions of Theorem 3.4, it holds, for all § > |G| + n~'/? and
doo > |IG]] s that

A*(m)

Ey {hn sup |(Po = Po) { B0 s, (10) = R aﬁ)}”

- T (5/77.9)

b NG + Soori v/ k(n) logn/n.

Proof of Lemma B.8. By our notation, we have, for ¢ € G, that
(P — Po) {ASZLW L0 =B o))

- 7 Z n,j PO {ASrmJ H7,J(”¢) 7Z:"(:Z)7”'n,j("¢)} . (Bl)

JE [J]

By the triangle inequality for a given j € [J], it suffices to bound

Ey

Tn 37/17” Tn,jsHn,j

Ia, Zlelg‘(Pn,j — Py) {A(m) (- ¢) — A" .(w@}‘] '

To do so, we apply, conditionally on Dn\D%, the maximal inequality of Lemma B.6, where
we use Lemma B.7 to control the randomness of ,u:’j. To this end, for ¢ € G, j € [J], and
o € O, we have, by definition, that

Y- M;,j (a7 w)
Tnj(a|w)

Z(m) * (0 ) ¢) - Z*(m) -(O ) ¢) =

Tn,jsHay, 5 Tn,jMHn,j

{Hunz(@,0) = Hyvp, (a,0) |} {6(w)}

where we recall that H,, ,(a,w) := cqm(dm o 1)(a, w). By Lipschitz continuity of the func-
tions g1 and go in the definition of H,, ,, we have, for some constant L > 0, each o € O, and
any map (a,w) — u(a,w), that

|Hm7u(a,w) - Hp, Mo (a, w)‘ S Lip(a, w) — pn j(a, w)|.

As a consequence, defining the Lipschitz continuous transformation p +— T}, ; (@) 1= Hpn s
we can write Hyp, ;, — Hi p,, . = T j(1t) — T j(fn,5) where T;, ; is deterministic given Dn\Dgl.
Hence, by Lemma B.7, on the event A, there exists a function class &, ; that is deterministic
conditional on Dn\D,% with Hm#;,j — Hm,#n,j € &,,j almost surely. Moreover, on the event

Ay, this function class satisfies J (6, Ep ;) S 04/ k(n)log(1/6) and ||E, ;] < -

In the following, we work on the event A,,. Define the function class,
Whj = {o— (y — pla,w))/mpj(a]w) - {Hppla,w) — Hyp, (a,w)} o p € Enjl

which is deterministic conditional on Dn\D%. Note, by Cla and boundedness of &, ;,
that |[Wh il S [|€n;ll S . Moreover, for each ¢ € G, the map o — ASTm), . (0,9) —

n n,5Mn j

Am) (0, ¢) falls almost surely in the function class GW, ; = {¢g : ¢ € G,g € Wy ;}.

Tn,jHn,j
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Conditions Cla and Clb along with Theorem 2.10.20. of van der Vaart and Wellner
[1996] imply, conditional on D,\Dy,, that J (0, W ;) S J(6,En;) S dy/k(n)logn for any
d>1/y/n.

We are now in a position to bound the empirical process term of the right-hand side of
(B.1). By the above construction, we have that

n o A (m) . _ Ax(m) . j
B3 [La s [Py = 20 (B2, 100 = B, (0} 172

< Ey

La, sup  |[(Pn; — Po)hyl |773}
hgegW-,L,j

Applying Lemma B.6 conditional on Dn\D% and on the event A,, with G := G and W :=
Wh.j, we find

Ey

La, sup |(Pn,; — Po)hygl |7?Lj]
hgegwn,j

S B [La {02 Wil T (max { UG 02} /W1, 6) 173 }]
+ By [La, {1191l V&) logn/n - max { W, . VE(m)logn/n} } |77

Next, using that | W, ;|| < 75, on the event A,, and taking expectations of both sides of the
previous inequality, we find

Ey |Ta, sup [(Pn,; — Po) hgl

hge€GWy,

S0 e (max{|G]1,n ™2 /1, G)
+ 77 1G]l V/R(m) Togn/n.

Summing the above over j € [J] and applying the reverse triangle inequality, we obtain the
desired result.

O

Lemma B.9. Let G be any uniformly bounded function class with Jx(00,G) < 0o and m €

{1,2). Assume the conditions of Theorem 3.4 and Events E1- E4. For all § > ||G|| 4+ n~1/?
and 0se > ||G|| ., it holds that

% [La, sup| (P = Po) (&Y (50) AU, (o0 |

b€g
< W + 8eor /() log /.

Proof of Lemma B.9. This proof follows from minor modifications to the proof of Lemma
B.8. As before, by the triangle inequality, it suffices to bound, for j € [J], the term

Ey

L, sup (P = Po) {B0 e (30) =BE L ( wb)H] '

Arguing as in the proof of Lemma B.8 and applying Cla and Clb, we can show, for each
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o € O, that

A e (030) = A L(0,0)| S [an s (a,0) = pola, w)}é(w) .

On Event E3 and a similar argument as in the proof of Lemma B.8, we can find a product
function class GW, ; = {hw : ¢ € G,w € W, ;} that contains an,j#;j (50) = A o3 0)
with probability 1. Moreover, on event A,, and by Lemma B.7, the function class W, ; can
be chosen deterministic conditional on D,,\Dj, and to satisfy | Wyl < 7% and J (5, Wh;) <

(5\/k )log(1/6) < (5\//~c Ylogn for any § > n~'/2. Arguing as in the proof of Lemma B.8,
we find

EO |:HAn sup ‘(Pnyj - PO) {A‘rrn Gl ( ; ¢) - Agrmj ;Lo }’:| < EO
$eg I

La, sup  [(Pn; — Po)hgl
hgeGWy,

_ 12T (6/72,9)
~ vn
The result follows, noting that the final bound of the above display does not depend on j.
O

+ docTh/ k(n)logn/n

Lemma B.10. Let G be any uniformly bounded function class with Jx(00,G) < 0o and m €
{1,2}. Assume the conditions of Theorem 3.4 and Events E1- E{. For any & > |G| +n~/2,
it holds that

5 {11, sup | (P = Po) {BU 10} £ 0720 6.0
PG

Proof of Lemma B.10. As in the proof of Lemma B.9, it suffices to bound

Ey

P *(m) . ’
Ia, Zlég](Pn,] Py) {AMWO( 7¢)} ] ‘

Tn,j,H0
formation of ¢(-). Moreover, this Lipschitz map is fixed conditional on the training set
D, \Dj,. Also, on event A,, the Lipschitz map and its constant are uniformly bounded
since po and ; are uniformly bounded by Cl1b and Cla. Thus, on A,, we have that
{A(m) (;0):0€ 7—[} falls in a random bounded function class that is deterministic condi-

Tn,j,H0

From the proof of Lemma B.9, we know that ¢(-) — {Z(m) (- ,(b)} is a Lipschitz trans-

tional on Dn\DZL and, by Lemma B.2, has sup-norm entropy integral bounded by C' 7 (6, G),
up to a constant. The result then follows from a direct application of Lemma B.4, applied
on event A, and conditionally on D,,\Dj, as in Lemma B.8.

O
In the following lemmas, we denote as shorthand [F - ﬁ} [01 — 03] = [F(@l) — F(6,)| -

F(6s) — }?(92)} for any two functionals F,F € (*°(F) and 6,0, € F. We recall that
S;’; = nf'Y/(2'Y+1) + nfﬁ/(25+1) + k(n) log n/n
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Lemma B.11. Assume the conditions of Theorem 3.4 and Events E1- E4. For § > n~'/2,
we have

Eq |4, sup H — Po) (Lm,o,u: N Lwo,uo)} (01 — 92}“
01,02€F:]|01—02]<5 '
S VPsn T (8)55, F) + 10 sup 0]l Vk(n)logn/n.
01,02€F:||01—02]<5

Stmilarly, we have
Eg [HA" 9€]§:1\1£)\\<6 ‘(Fn N FO) {Lﬁ"'o’”:’”w) = Lmosno ( ’ 9)}‘ ]

SnV2s0 T (855, F) + 1 sup  ||0]], vk(n)logn/n.
e F:||0]|<s

Proof of Lemma B.11. For ¢ € H and m € {1,2}, we denote

L(m) Z Cam gm o M )
acA

T 0) =T () + B (- 6).

Observe that the function A, in the definition of the loss L, , and H are L-Lipschitz con-
tinuous for some L > 0. Hence, by the triangle inequality and linearity of Ly ,(-,6) viewed
as a mapping in hq o 6 and hs o 6, we find

By ﬁAn sup \Uf@-—fﬁ)(LWmowzﬁ——memﬂ][el—ozu}
01,02€F:(|01—02|<5 '

n o (m) _7m) . _
Sje[J],mw?é({w}Eo { A s bae o gl < Ls ’ [(P”’J ) (L’*w wiy ~ Lo, ”0) (501 ¢2)] ‘] '
To bound the right-hand side, it suffices to bound the following for a given j € [J] and
m € {1,2}:

EP |14, sup MRM—PM(ﬁM~«— %m)(m ¢ﬁu.

T, g Mgy
1,02€H:||p1—¢2||<LS S

Towards this goal, we have the expansion:
(Pag = PO {TE e (1 = 62) = Ly (- = 62) )
= (Pn; — Po) {LS:)] us (01— d2) — Lg:z)] o (5 01 — ¢2)}
+ (Pn,; — Po) {Lgr’,:,)jyuo(qul $2) — Lun (161 — ¢2)}

< (I) + (ID) + (11D),

where, noting that L( )( Q) = Z(m)(-, ®) + ZE:ZL)(-, @), we define:

n
(I):= sup ‘(Pn,j - P) {f,(g),(w% — ¢2) *E%)(wtﬁl - ¢2)} ;
P1,92€H:||[p1—¢2]|[<LS
(1 = sup |(Pas = o) {BE) (01— 62) = B, (01— 62) }5

¢1,02€H:||p1—¢p2||<LS
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(I11) = sup ’
¢1,92€H:[|p1—¢2||<LS

(Pa = Po) {T4 g1 = 62) = Lo (- — 62) .

We proceed by bounding in expectation each of the above terms on event A,,. To bound (I),
take @1, 2 € H with [|[¢1 — ¢a]| < Lo and observe that

L) (60— d2) = Ty (b — d2) = (61— 62) D Cam {9m © 5 ;(a,) = gm 0 o, )}

acA

Arguing as in the proof of Lemma B.8, using C1, and applying Lemma B.7, on event A,,, we
can almost surely find a function class &, j containing {gn, oy, ;(@,") = gmopo(a,-) : a € A}

that is deterministic Conditional on Dn\DgL. Moreover, the class &n,j can be chosen such
that J(0,&n5) S 5\/10g (1/0)k(n) < 0+/k(n)logn and [|€, ;|| < 7, Hence, on the event A,
( b1 —d2) — ( qbl —qbg) is contained in the product Class G&nj ={gh:9€G he

n,]} where G := {¢1 D ¢1,02 € H,||p1 — d2|| < Lé}. Arguing as in Lemma B.9 and

working on event A,, we can apply Theorem 2.10.20 in van der Vaart and Wellner [1996]
and Lemma B.6 to bound (I) in expectation as

Eg [La, - (D] S 0200 Too (8/13, F) + 71000 \/ k(1) log n/n.

Next, to bound (II), we have, as a direct consequence of Lemma B.9 applied to the function
class {¢1, 2 € H : ||d1 — ¢2|| < Ld}, that

Ey [La, - (D] S 07 Y208 Too (8 /775, F) + 7600/ k(n) log n/n.
Lastly, to bound (III), we use that

—+(m) (m)
sup ’(Pn,j - P) {L,rn’j,m)(- s 01— ¢2) = Ly o (-, 01 — ¢2)H
¢1,02€H: |1 —¢2||<LS

- sup [Py = Po) {BT7 (161 = 82) = Bl (o = d) -
¢1 p2E€H:||d1—2[|I<LS

We will argue along similar lines as the proof of Lemma B.9. We have ZS:Z)],,MO(- , b1 —

¢2) — Al (-, ¢1 — ¢9) is fixed conditional on D,\D}. Moreover, by Cla and C1b, this

0,0
function can be expressed as a Lipschitz transformation of the function class W, j := {(mp, ; —

mo)(a|)(¢1 — P2) 1 a € A ¢1,62 € H}. Denote the rate of C2a for ||m,; — mo|| as

enj := 0"V Working on Event E2 and applying Lemma B.4 conditionally on D, \ D},
to Wi, ;, we obtaln the bound:

EY [La,, - (I11)] —1/2/ V10g Noo (e, Wi, )de

Sn e ;1 T (8205, F)
<’I’L71/2 *\700 (J/Sna )7

where the second inequality follows from Noo(e, Wy ;) S Noo(€/enj, F) and a change of
variables — see the proof of Lemma B.6 for a related argument.

Now, we note that n=1/2r* 7. (§/r%, F) < n~Y2s% T (855, F) since r% < s%. Using
this, combining the above bounds for (I ) (H) "and (111), and applying the triangle inequality,
we finally obtain:

E§ [La, - D]+ Eg [La, - ID)] + Eg [La,, - (II1)] < n~%s nToo (8/80, F) + rhdeo/k(n)logn/n,
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as desired.
O

The next lemmas bound several second-order remainders that appear in our proofs.
Recall that I, 4, is the indicator that takes the value 0 if both g; and go are the identity
function.

Lemma B.12. Assume the conditions of Theorem 3.4. On event Ay, for any 61,00 € F
and § > n~2 we have

SUp R o (02) = Ronguo (02) = Ry o, (61) + Rorgg (61)
01,02€F:][01—02]| <6

— 2v+1 2
S s e - )7
01,02€F:][01—02]|<5

Similarly, on event Ay, we have

sup
0cF:||6|<5

Ry oo (0) = Roguuo @) S s (10l {ran ™ @7 1y, 4 - (73)° )
B 0eF:0]<5

Proof of Lemma B.12. We work on the event A,,, on which, by definition, events E1-E4 also
occur. As in the proof of Lemma B.11, for ¢ € H and m € {1,2}, we denote ZS:,”;L)(W @) =

b Y qe Cam(gm o p)(a,-) + Zﬁ:g(-, ®). To begin, observe that

Rm,ou;i,o(e) — Rarg,po (0) =J! Z Po {Lﬂn,jwﬂ;‘hj ( ; 9) - Lﬂo,uo(' >‘9)}

=J Z 3 PO{LY:M (.,hmOG)ffLZL)(~,hmo€)},

Jlme{1,2}

where, for each m € {1, 2}, the right-hand side is linear in h,, o . Moreover, since each h,,
is Lipschitz continuous, we have ||6; — 62| < ¢ for 0,62 € F implies, for some L > 0, that
|l © 01 — huy 0 02]] < L§. Hence, taking the supremum over the previous display, we find
that

sup ’Rﬂ'n,ol“:«;_o — Rrg,po — Rﬂn,,ouil . T Rrg o [01 - 92}
01,02€F:)61—02]|<6 ’ ’
(m) —(m)
< max sup ‘Po « (yp1—p2)— L, (-, 1 — ¢’2)}
FEMLmE{L,2} ¢ doeH:|b1—ba||<LS Tmadobngt pob ’

It suffices to bound, for a given j € [J] and m € {1, 2},
PATE e (01— ) — T (6 — 60)}

where ¢1, ¢po € H are such that ||¢1 — @2 < L6.
Plugging in the definition of the loss functions, we find for ¢ := ¢ — ¢ that

R e O =T L)}
= By [L“g?j (0. ¢) ~L,;(0.) | 1]

—+ (;AEO I:in ] A ‘ V[)/) ¢(W)Ca,m(gm ° I’L:l,j)(a? W) {Y - /1’:1,1' (A’ W)} ‘ Dy,
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= 5 [L2),(0,6) - 1,7(0.9) | D]
+ Z Eop { @] VV)) d(W)ca,m(gm o /J:L,j)(a, W) {po(a7 W) — punj(a, W)} | D,y
acA
= (I) + (ID),

where we denote:

(1) = B [z“l”. (0,6) = T, (0,8) | D]

+ZE0 Cam gmo,u/n])( 7W) {/LO(a?W)_M:;J(a’W)} |D"]7
acA
)= 3 Fo [¢<w>ca,m<gm o) W) {1 = ZUED G, w) = s )} 1,

acA

Applying Cauchy-Schwarz, Clb, Cla, and C4, term (II) can be upper bounded in absolute
value by

()] masgmax o lé{po(a. ) = s (0, ) Hmola ) = mas(al )}

< rne[uipo |p{1o — pn i Hmo — mn s},

where the final inequality follows from Condition Cla and finiteness of A. To bound term
(I), note

) =" Eo [¢(W)cam {(gm 0 i) (@, W) = (gm © po)(a, W)} | Dn]
acA

7ZE0 Cam gmo.“’nj)aW {:un]aW) }Lo(a,W)}|'Dn].
acA

First, note that the right-hand side simplifies to zero in the case where I, 4, = 0, since
gm o i = and g, o p = 1. Recall that g, is twice differentiable with Lipschitz continuous
derivative. Hence, when I, 4, = 1, using C4, Clb, Cla, and a bound on the remainder of a
first-order Taylor expansion of g,,, we can continue the previous display as:

D)= Z Eo |p(W)

acA

Ca,m{(gm o H;,j)(av W) - (gm o MO)(av W)

— (gm © pim5)(a, W) (.5 (a, W) — po(a, W)) } ‘ Dn]
S Igy 9 max Po |¢{pn s (a,-) = pola,-)}?|

<H91 92m?‘)§P0‘¢ Mn] M0)2|«

Combining the above bounds and recalling that ¢ = ¢1 — ¢2, we find
(D) + D] < jﬂé?jﬁpo [(P1 — ¢2) - (o — pn,5) (Mo — Tn,5)| + gy g ;“ﬂaXPO (61 — ¢2) (rj — 110)?|
S 1161 = Gallc { s o = o170 = sl + T s s ol
0 {0 = 0 — 51+ Ty sl ol
S 8 {

Jje
* — 2v+1 *\2
co {TnM /Gl +Lgy,92 () } .
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where the second inequality follows from Cauchy-Schwarz and Events E1-E3. The first
bound of the lemma then follows. The second bound follows from an identical proof, taking
¢1 := ¢ and ¢9 := 0 for an arbitrary ¢ € F with [|¢] < 4.

O

Lemma B.13. Assume the conditions of Theorem 3.4. On event Ay, for any uniformly
bounded function class G, we have

——*(m)

sup PO {AW,LQM '7 _Awnop”o }‘ < Sup”(vb” ( )
e

Proof of Lemma B.13. In the following, we work on event A,,. By definition and the law of
iterated expectations, for ¢ € G, we have

PO o0 = 5 3 [ oy (o @) - 0(0)} [y = (0 w)] aPo (0
i) mal
75ty e (0) - )} o) = 5 (0, 0)] dPo(o).
T iemd mal
Similarly,

m 1 1 *
PRy (1) = 7jezm / m{ﬂm,u;,j (a,w) - $(w) } [pola, w) = 5 5 (a,w)] dPo (o).

Next, for each j € [J], recall from the proof of Lemma B.8 that
[ Hon (@) = Ho o (@,0)] 1 (,0) = po s, ) (B.2)
Hence, by Cauchy-Schwarz and Cla, the above display implies
[Po {8, 1 (30) =B 0]
<maX{P0’¢(.U’nJ fin,i) (tm.; — po) |}

J€J]

< sup 161l max {Po (75 = n.3) (s = wo) [}
Szlégllabll maX{Po fin g = 10)” + Po |(png — o) (piy — uo)l}

< sup 9l g max {155 — sio|* + llams = sin. | 175 = b §
$€G
< sup |16l ()%
$€G
where the final inequality follows from Events E1 and E3. The result then follows after
taking the supremum on the left-hand side over ¢ € G. O

Lemma B.14. Assume the conditions of Theorem 3.4. On event A,, for any uniformly
bounded function class G, we have

sup [Po { &0, s, (56— Tim@) }| S sup [l = Ty | max |55 — o
g $EG JjelJ]

< sup ||¢ — My | 7
6eg
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Proof of Lemma B.1/. In the following, we work on event A,. Let ¢ € G be arbitrary. By
the law of iterated expectations, Cla, Clb, and Cauchy-Schwarz, we have

’Po {Asrwf)o w0 (3¢ — Hi(n)9) H
i\ (7o A TW) Ho (A, W) (6(W) = Hay@(W) (Y = 7 5(A, W) | Dn

j=1

< max | B (73 (A W) Hy i (A W) (6(W) = Wiy d(W)) (p10(A, W) = b5 5 (4, W) | D

<Sup||¢ My max 17,5 = oo

5 sup H¢ - Hk(n)(bH rna
PEG

where the final inequality follows from Events E1 and E3. OJ

B.4 Proofs of main results

B.4.1 Proofs for results of Section 3.2

We define a loss function (o, 0) — L(o, ) defined on O X F to be y-strongly convex [Bertsekas
et al., 2003| for some v > 0 if, for all 01,02 € F and o € O, the following holds:

d
L(0,61) = L(0,02) > -L(0, 62 + (61 — 62))] o + %|¢91(w) — o (w)|2.

In fact, if 6(o) — L(o,0) is twice-differentiable then the loss L is vy-strongly convex if and
only if the second derivative of the map 6(o) — L(o,6) is positive and bounded below by
v/2 (Section 3.3. of Fawzi [2017]).

Lemma B.15. Assuming the stated conditions in Section 3.2, the minimizer 6y :=
argmin, = Ro(0) erists and is unique.

Proof. ~-strong convexity of the loss function L, implies, for any 01,62 € F that

d
Lo (w,61) = Ly (w,62) > == Lysg(w,0 + (01 = 02))|__q + 2161 (w) = ba(w) .

~ de
Taking the expectation of both sides and exchanging the order of integration and differen-
tiation gives

d
Ro(01) — Ro(02) = - Ro(02 + (01 — 62)) [e=0 + 5 H91 2

It follows that the functional 6§ — Rg(6) is strongly convex as a mapping from L*(Pyw)
to R. We now show that this functional is also continuous. Note for ¢ = 1,2 that since
g; is continuous and pg has bounded range, we have g; o yg has uniformly bounded range.
Since hp, ho are Lipschitz continuous, we have that 6(w) — L, (w,f(w)) is also Lipschitz
continuous. Thus, there exists some constant L > 0 such that

|Ro(61) — Ro(02)] < LEg|61(W) — 62(W)| < L |61 — 02,



219

by Cauchy-Schwarz. It follows that 6§ — R,,(#) is a Lipschitz continuous functional defined on
L?(PRy). By Theorem 5.5 of Alexanderian [2019], a strongly convex and continuous functional
defined on a closed and bounded convex subset of a Hilbert space admits a unique minimizing
solution. Since F is closed, bounded, and convex, we conclude that argming = Ry(0) is
nonempty and contains a unique solution.

O

Lemma B.16. Suppose there exists a constant v > 0 such that it is Po-almost surely true
that 3 _qc 4 Cat - 91(po(a, W)) # 0, he(6(W)) # 0, and

OV)  Yaeacas ga(mola W) . '

ha(O(W)) > aeCal - g1(pola, W)) " ha(B(W)) > aea Can - 91(po(a, W))

Then, the loss Ly, of (3.1) is strongly convex.

Proof. The stated condition implies that the second derivative of the loss with respect to
6(w) holding w € W fixed satisfies:

2 . .
gy b (10:0) = B (8()) - 3 (a1 0 ) a,0) + Fa(Ow) - 3 cuator o o)) >
acA acA

The mean value theorem combined with an exact second order Taylor expansion of & —
L, (w,02+e(01 —02)) at € = 0 implies, for some &, € [0,1] and §(w) := Oz(w) + 4, (61 (w) —
O2(w)), that

d 1d?°L,, (w,6
Lyo(w,01) — Ly (w,02) = %LMU (w, 02 + (01 — 92))|€:0 + gﬁ‘e(w):&mwl(w) — 6>(w)|?
d Y
2 oLy (w, 02 + (01 — 02))| _, + 5101 (w) — 02 (w)[?,
as desired.
O

Proof of Theorem 3.3. We first determine the efficient influence function of parameters of the
form P — Ep{o(W)(goup)(a, W)} for p € {hp,00:0 € F,m € {1,2}} and g € {g1, 92}
Note that the population risk corresponding to (3.1) can be expressed as a linear combination

of the parameters of this form.
To this end, let (P: : € € R) C M be an arbitrary quadratic mean differentiable submodel

with P. = P at € = 0 and score v € L%(P) at € = 0. Abusing notation, we compute

LB, (V)90 pp) (@ W)Y = L [Br, (o(W)(g 0 up)(a, W)}]

+Ep {so(W)d%(g oup.)(a, W)
= Ep {p(W)(g o pr)(a, W)v(0)}

+ 4 (Be {oW)(@ 0 e) (0, War. (0, W))]

e=0
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Note,

[EP {e(W)(g o pr)(a, W)up,. (a, W)}]

e=0

X
i o Us=a)¥ a,w)Pa,w(s,w
& | [{ponnen E= e Pt o) |
1(A=a)Y
= B {0 e W) o 01}
_ . 1A = a)(Y — pe(A, W)
= e {eW) g0 pr)(a, W) A= AT =0T ) a0,

where 0 — vy (0) := v(0) — Ep[v(0) | A = a, W = w] € L(P) is the projection of v onto the
Hilbert subspace consisting of functions that are, conditional on A, W, mean-zero functions
of Y. The efficient influence function of the parameter P — Ep {o(W)(go up)(a, W)} can
now be read off as

D :o—=p(w)(gopp)(s,w) — Eplp(W)(goup)(s, W)]

+ {wW)(goup)(s,w) la=5) *uP(a,w))}

mp(a|w)

noting that EpE {eW)(gopp.)(a, W)} ‘ L = (D, v)2(py- The result then follows from
linearity of the derivative operator, noting, For 0 € F, that

Rp(0) =Y csaBp{e1(W)(g1 o up)(s, W)} + > csaEp {02(W)(g2 0 pp)(s, W)}
seA seA

is a linear combination of parameters of the above form, where ¢,, := h,, 06 for m € {1,2}.
O

B.4.2  Proof of Theorem 3.2

Proof. Before proceeding with the proof, we introduce some notation. Denote IIj,,)H =
U@ : ¢ € H} C Hyny, and H — TyyH = {¢p — Hymy¢ : ¢ € H}. Define the sieve
approx1mat10n rate pp.oo := n~ %+ {log k( )} k(n)~P where v, p > 0 are the exponents of
C3. We note, by Lemma B.1, it holds that supyey |¢ — i) lloo S Prco- We recall that
I, .90 denotes the indicator that takes the value 0 if the functlons g1 and go in (3.1) are the
identity function and 1 otherwise. We will assume, without loss of generality, that event A,
and, therefore, events E1-E4, occur.

Proof strategy. To establish the result of the theorem, we proceed as follows. First,
we establish that the debiasing term is asymptotically negligible in that

H?nAﬂn,o,uﬁ,o”EW(}‘) ‘= sup ‘?nAﬂn,o,uﬁ,o('3 o) = Op(n_l/Q)'
0eF
Noting that P, A

Op(n_l/ 2). Consequently, the EP-learner risk estimator R, (n) 1s asymptotically equivalent
to the one-step risk estimator Ry x, , 4z .. Afterwards, using the previous result, we show

= Ry, k(n) = Rn,mn o - this implies that HRnJC(n)—Rn’,rn’o%»;’<> || eoe (F)

*
Tn,oshn,o

that the EP-learner risk estimator R, j(,) satisfies || R, x(n) — Bn,olle>(r) = Op(n~1/?) and is,
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thus, asymptotically equivalent to the oracle-efficient one-step risk estimator R, . To do so,
it suffices, by the triangle inequality, to establish that || Ry x, ux — Rnollee(r) = Op(n=1/2).
The desired weak convergence result then follows from weak convergence of R, o to Rg in
¢>(F) and a functional form of Slutsky’s lemma.

Controlling the debiasing term. We begin by controlling the debiasing remainder

term || PpAr, o lleso( 7). By the definition of A( ™ : (,¢) for ¢ € H, we have that

n,0 s

7\'71,,07“‘;,0( ’0)‘ 5 mr€n{aiX2} zgg

(m
PuBE (9]
0cF

Hence, it suffices to bound, for each m € {1,2}, the term SUP pepy

P, Al (- ,gb)’ Noting

Tn o:ﬂn ©

that ¢ — A(m) (-, ) is linear as a mapping in ¢, the triangle inequality gives

Wﬂoun

sup |[Pu AL, e (0)] <
peH PEH

+ SU.p P {Aﬂ'n o I»L <> AE:Z)O #7, 0( 7Hk(n)¢)}‘ °
PEH

7rn o /.Ln ( 7Hk(n)¢)‘

We denote the two terms on the right-hand side of the above display as:

(I) ‘= sup P Aﬂ'n 00 HY o ( ;Hk<n)¢)’;

PEH
- (m) A(m)
(I) = sup | P {Amw W(38) = Bz o ( ;Hun)qﬁ)}]-

We bound each of the above terms in turn. To bound (I), recall that the first-order equations
characterizing the debiased outcome regression estimators (u;, ; : j € [J]) of Algorithm 4
imply that

sup | P, Am) (- ;Hk(n)qﬁ)‘ =0.

oy Tn,osHn,o
ext, note that AM ortimo = Doz i Ig g, = 0. Hence, in view of the previous display,

term (I) is zero in the case where I, 4, = 0. If I, 4, = 1, we can further expand term (I) as
follows:

) (m) Aox(m)
(I) ]Igl 92 Sllp ‘P Aﬂ'n osHln, <>( ’Hk(n>¢) + P {Aﬂ'n o Mn <>( ’Hk(”)d}) - A"n,m”n,o(' ) Hk(n>¢)}’

A*(m)

< gy go sup ‘P A‘frn o un,o(' ) Hk(n)¢)‘
1y, g0 sup | Po {ATY (T d) — A (e 8)
91,92 ¢E7P£ Tn, o P'n ° k(n) 7Tn osbn,o W thk(n)

< (Ia) + (Ib) + (Ic),
where, using that P, = Py + (?n — Py), we define:

(Ia) :=1g, 4
PEH

Tonbim,o (° ;Hk(nwﬁ)‘ ;
*(m)
(Ib) ¢]1 g2 bup ’PO {Aﬂ'n ol o( 7Hk(n)¢) Awn PYTI <>( 7Hk(n)¢)}‘ ;

(m) *(M)
(1) = Loy 6o 50p | (P = Po) {B77 iz (3 Ty 9) = B o (3 ey 9)
PEH
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The first order derivative equations solved by (u;, ; : j € [J]) imply that term (Ia) is zero.
We will bound term (Ib) using the Cauchy-Schwarz inequality and term (Ic) using empirical
process techniques. Note, by C3 and C4, we have sup ey HHk(n)(bHoo < supgey |0l +

SUP yepy H(;S — Hk(n)ngoo = O(1) + pn,co = O(1), since pp . = o(1). Hence, we have I}, H
is a uniformly bounded function class. By Lemma B.13, uniform boundedness of I, H,
and C2c, we have

(Ib) S Igy g0 (Tn)2'

Next, applying Lemma B.8 with the function class G := Il ,,)H, and the entropy integral
bound of Lemma B.3, we find that

(1) = Ty 20y (0277 (115, 7) + /) g/ ). (B.3)

Turning to term (II), we introduce the following bound:

{ASJZL up o (30— Hk(n)ﬂﬁ)}’

PEH
= Po {A”nON PG | ) H + sup )(P — Po) {AS\'ZL)@H ( ;fi’*nk(n)‘i’)}‘

< (ITa) + (IIb) + (Ilc),

where we define:

(IL2) = sup [Po (B0 s (50— @)}

() = sup (P = Po) {&77, (16~ e

(Ic) := sup ‘(P — Py) {Awn oottty o 30 = Mi(n)®) = Amp o (50 — Hk(n)¢)}‘ .
PEH

By Lemma B.14, term (IIa) satisfies
(ITa) = O, (sup H¢ - Hk(n)¢H r;) = Oy (Pn,c0™y) -
seH

Next, applying Lemma B.3, Lemma B.10 with G := H — II},,)H, and Markov’s inequality,
we find that
(Ib) = Op (02T (max{n ™12, prc}. F) ) -

Similarly, by Lemma B.9, C2c, and Markov’s inequality, we have that
(Ilc) = O, ( 2 g ((pn,oo +n‘1/2)/r,’;,f) +r2pn,oo\/m) :
Combining all the bounds for (I) and (IT), we obtain
(1) = Loy g2 Op (02 P70 4 k(n) logn/m + 0715, T (1/77, F))
(1) = 0y {pre + pre /R Tom ]} {1~/ 250 s /G o/

V2 > Joo (max{pn 00, T 1/2}/7”:“.7-") N (max{pn,oo,n_lm},}") )
@)

We will now show that (I) + (IT) = o,(n~"/2) and, so, 1Pnlr, ool () = ,(n~1/2).
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To do so, we first show that the following entropy integral remainders are negligible:

0 T (175 F) 20 T (max{p.oos ™2} /15 F) 4172 (max{po,oen =/}, F)
= 0,(n"1?). (B.4)

Note 7} = o(1) by C2b, and the upper bound on the growth rate k(n). Also, by C3 and the
lower bound on the sieve growth rate k(n), we have p, o = o(1). Thus, by C4, each term
in the above display is o,(n~"1/?).

In view of the above displays, to show that (I) is 0,(n~/2), it remains to show that

Ig,.9:0p (n_%/(%ﬂ) + k(n) log n/n) = Op(n_l/Q).

By C2b, the outcome regression rate exponent satisfies 5 > 1/2 when Ij 4 = 1 and,
thus, n=28/GF+D) = op(n=1/2). Moreover, since the sieve growth rate satisfies k(n) =
o(v/n/logn), we have k(n)logn/n = Op(n~1/?). Finally, to show that (II) is 0,(n~/2), it
remains to show that, under C3, p,.oo/k(n)logn/n = Oy(n~Y2) and p, on=20/26+1) =
Op(n~2). The former statement holds since p > 1/2 and, thus, ppeoy/k(n)logn =

{log k(n)}k(n)=P*1/2(logn) = O,(1) by C3. The latter statement holds since k(n) sat-
isfies:

—

pmcen” 1 = {log k(n)} k(n) " (1/n)* @7 = o(n™"2);
— {logk(n)}*k(n) 2" = o(n~'n?*/ AT = o(n =1/ (FFL).
— k(n) = {logk(n)}”/pw(n(l/Qp)/(2ﬂ+1)),

where the final expression is true by assumption. We conclude that |[PpAr, , ux |lee(7) =

O,(n~1/2), which establishes the first statement of the theorem.

Establishing oracle-efficiency. Next, we establish asymptotic equivalence with the
oracle efficient one-step estimator (R, () : # € F) and, consequently, weak convergence of
the EP-learner risk estimator. We begin by demonstrating weak convergence of the oracle
one-step risk estimator (R,o(f) : 6 € F). First, the class F is Donsker since, by C4,
it has finite uniform entropy integral (Theorem 2.8.3 of van der Vaart and Wellner 1996).
Moreover, by Cla and Theorem 3.3, the risk functional P — Rp(6) is pathwise differentiable
with efficient influence function Dy(-;0) for each § € F. Note that the map 6 — R, o(0) =
Ry(0)+ P, Dy(-;8) is pointwise asymptotically linear with 8-specific influence function being
the efficient influence function Dy(-;#). By Cla and Lipschitz-continuity of (h1, he) in (3.3),
the class (Do(-;0) : 8 € F) is a Lipschitz transformation of the Donsker class M, and
is, thus, also Donsker by preservation of the Donsker property (Theorem 2.10.6 of van der
Vaart and Wellner 1996). Hence, by the functional central limit theorem for Donsker classes
(Theorem 2.8.2 of van der Vaart and Wellner 1996), the process (v/n{Rn0(0) — Ro(0)} :
0 € F) converges weakly in £*°(F) to a tight mean-zero Gaussian process with the claimed
covariance structure. Next, we establish weak convergence of EP-learner risk estimator
(VP{ Ry ) (0) — Ro(0)} : 0 € F) to the same limit in £>°(F). By Slutsky’s lemma for weak
convergence in Banach spaces (Lemma 1.10.2 of van der Vaart and Wellner 1996), it suffices
to show that ||Ry, k) — Rnolle=(r) = Subger | R k(n)(0) — Rno(0)| = O, (n~1/2), so that
R, k(n) is asymptotically equivalent to the oracle one-step risk estimator.
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By the triangle inequality, this weak convergence result follows so long as

sup ’Rn k(n (9) - R7Tn,<>7li31,<> (9)} +sup ‘Rﬂn,wlﬁl o - } - _1/2

oeF 0eF
Observe that the first term supge z | Ry, (n) (6) — Repotito (6)| equals the uniform debiasing
term supyc r ‘ﬁnAWn,o,/—":L,o(' 0)|. Hence, by the first part of this proof, this term is op(n~1/2).
We now turn to the second term. Note the oracle loss is unbiased in that PoLxy ., (-,0) =
PoL,,(8). Therefore, we have the expansion:

sup
0eF

Rey oz (0) = Rno(0)]

0 [P { Lo o o (6) = Lo o - 0) |

= 21615)__ ‘(ﬁn - ﬁo) {Lm,mu%,o (9) — L, uo ) } + Po {LM sl 0(9) — Lrg,po ( s 9)}‘

< (@) + (11),
where we define the terms:

(I) := 2161?__ ‘(Fn — Py) {Lﬂ'n,OvH;,o (30) = Lrguo (-5 9)}‘ ;

(I1) := Zlelg)-‘ Py {me,,ﬁh<> (0) — Lo (-, 9)}‘ .

By Lemma B.11, boundedness of F, and Markov’s inequality, we have term (I) satisfies
1) =0, ( 268 o (1)55, )) +0, (r;; k(n) logn/n) .

By Condition C2, C2a, and C2b and the upper bound on the growth rate k(n), we have s}
and 7} are o(1). Hence, by C4, the first term on the right-hand side of the above display is
0,(n~1/2). Observe that the second term on the right-hand side is 0,(n~'/2) so long as both
k(n)logn/n = Op(n~1/?) and n=#/G8+1) . /k(n)logn/n = O,(n~"/?). The first rate holds
since k(n) = o(f /logn). The second rate holds since, by CQ

n P28+ [k(n)logn/n = n~ WD/ /E(n)logn = o(n~1/?),

where, for the final inequality, we use that k(n) = o(n??/(f+1) /1og n by assumption. Putting

it all together, we conclude that term (I) is 0,(n~'/2). To bound term (II), note by Lemma
B.12, C2c¢, and Event E3 that

(D)) < D [Po { Ly o, 0) = L 0) }| S 7in ™70 41y, (2.
ocF

By C2 we have 8 > 1/(4y) and, therefore, n=%/(28+1n=7/v+1) = O, (n~1/2). By C2 and
the upper bound on the sieve growth rate k(n) = o(n*?/+1), we have \/k(n)logn/n -
n~1/*) = ©,(n~Y2). Thus, the first term of the previous display is o,(n~1/2). The
second term on the right-hand side of the above display is op(n_l/ 2) by C2 and the upper
bound on the growth rate k( ) = o(n'/? / logn. Combining all our bounds, we conclude
that supge ’Rmy(},u;o - ‘ = n~1/2) from which the weak convergence result
follows. This completes the proof
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B.4.8 Additional technical lemmas for Theorems 3.3 and 3.4

We recall the oracle empirical risk minimizer 6, o = argmingc 7 Ry, 0(6) of the oracle efficient
one-step risk estimator R, . To establish oracle-efficency of the ERM-based EP-learner
with respect to the oracle learner 6, o, we require the following additional technical lemmas.
Together, these lemmas establish that the excess risk Ry 0(0) — Rn,0(6n0) at the oracle
minimizer 6,9 can be lower bounded by the quadratic term 7||6 — 6, 0/|?, up to a negligible
empirical process remainder. Importantly, this result holds even if R, ¢ is nonconvex.

Lemma B.17 (Approximate strong convexity of oracle-efficient risk estimator). Under the
setup of Section 3.2.2, there exists some constant v > 0 such that for any 0 € F we have

1 _ _ ~
R 0(0) = Bno(0n.0) 2 710 = Onoll” +5 > (Pn = Po) {womhin(@n)(0 = 0n0)° }

me{1,2}
where 0, € F is some random function.

Proof of Lemma B.17. Since F is convex, we have, for any 6 € F, that 6,0+ (0 —0,0)c € F
for all e € [0, 1]. Moreover,
d Rn 0<0n,0 + (6 - 971,0)5) - Rn,O(Qn,O)

dian,O(en,O + (0 - 0n,0)5)|5:0 - lelﬁ)l : - > 07

since ¢, o minimizes R, o over F. Recall that the functions h1, ho in the definition of R, o are
assumed twice continuously differentiable. By the mean value theorem and a second-order
Taylor expansion of € — R, 0(0n0 + (0 — On0)e) around ¢ = 0, there exists some random
€n0 € [0,1] such that

Rn,O(o) - Rn,O(en,O)
d 1 d?
= dian,O (en,O + (0 - 071,,0)5) }6:0 + §d762Rn,0(0n,0 + (0 - 0n,0)5)|8:5n10
1 d?
= ETEQRW,,O(GH,O + (6 - 9n,0)5)|5:€n$0~

We can write the loss L, (6, ) corresponding to the risk Ry, 0(0) = PpLx, u,(0, -) as

LWO:H0(970) - Z woym(y,a,w)(hm 00)(’(1]),
me{1,2}

where, for m € {1,2}, we define the weight function,
05 wom (5,0 0) = 4 3 omlgm © 10)(5,0) § + —— Hyn o (a) {y — pro(a )}
s s Uy =~ s 9 7r0(a, U)) SO ’ 9 )

which is unbiased in that Efwom (Y, A, W) |W =w] = > 4 csm(gmop)(s, w). Now, denote
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0c :=60p0+ (0 — 0,0) and observe that

d? _
dif:QRn,O(en,O + (0 - 071,0)5){5:5”70 = Z Pn {w(),mhgq(eano)(e - 071,0)2} )

me{1,2}
where 0., , € F. We also have that

> P {womhim (0, )0 = 0n.0)°} = > Po{womhim(0e, 0)(0 — 0n0)°}

me{1,2} me{1,2}

+ Z (ﬁn - ﬁo) {wo,mh%(asmo)(e - 971,0)2} .
me{1,2}
We will show that the first term on the right-hand side can be lowered bounded by
Y10 = 0] for some 4 > 0. To this end, using that Eplwy,(Y, 4, W)|W = w] =
> scA Cs,m(gm o p)(s,w) for m € {1,2}, we find

Z ?O {'LUO,mh{r:L(asn)o)(e - gn,O)Q}

me{1,2}

= > B {hi%(@an,o(W))(e(W) = 0n0(W))* D comlgm o u)(s, W)}

me{1,2} s€A

= E {(G(W) - Hn,o(VV))ZZB(VV)|9:95mO } ’

2
‘ZlLeu(oqu?éW. We assumed in Section 3.2.2 that the loss L, corresponding

with the risk Ry(0) is 7y-strongly convex (see Appendix B.4.1). Hence, we have that there

exists some v > 0 such that f9(W) > ~ almost surely and, therefore, the previous display
implies that

where w — lp(w) =

Z ?0 {w()nnh'lr;(gsnyo)(a - 9n,0)2} >y HH - 9n,0H2 .

me{1,2}

Putting it all together, we find that

1 - /
Rn,O(e) - Rn,O(en,O) > 5 Z P, {wo,mh;qq(asﬂ,)o)(e - en,O)Q}
me{1,2}
Y 2 1 = B 2
2 5 10 =0noll” + 5 62{1:2}(13" — Po) {wo,mhm(0e,,0)(0 = 0,0)"}

where, by convexity of F, we have 6, := O, o € F almost surely.

Lemma B.18. For any random function 571 €F,0>0, and m € {1,2}, we have

03,602,001 €F:||02—01]|<8

Ey { sup |(ﬁn - ﬁo) {wo,mhxm(eéi)(% - 01)2}|}

< n_1/2joo(5[2—1/(2a)] n n_l/Q,}').

Proof of Lemma B.18 . Consider the function class G := {wO,mh;/n(Qg)(QQ —61)?:01,09,05 € .7:}.
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Since h! is continuous and F is uniformly bounded, we have that h) (f3) is uniformly
bounded over all 3 € F. Moreover, wp,, is uniformly bounded by Conditions Cla
and Clb. It follows that G is a uniformly bounded function class, and, for each
01,602,035 € F, that Hwomh;’n(@g)(«%—@l)QH < MH(92—91)2’ for some M > 0. Note
(01,02, 05) — wo mhlt (03)(02—01)? is a Lipschitz-continuous map, since we use that h/, is Lip-
schitz continuous (see Section 3.2.2). Thus, Lemma B.2 implies that Jx(6,G) < Joo(d, F).
By C5, we also have that

(62 — 02)|| < (102 — 01| 1102 — 64 ]]
< HGQ _ 91”[2*1/(211)] )

Additionally, an immediate application of Lemma B.4 gives

E} { sup |(Pr. — Po) {wo,mhuy, (63) (02 — 91)2}|}

03,602,001 €F:||02—01( <8

<E} sup (P — Po)g]
g€G:||gll<Ms2=1/(2a)]

5 n71/2joo(5[271/(2a)] + n71/27]_—).

B.4.4 Proofs of Theorems in Section 3.5.2

Proof of Theorem 3.3. Since F is convex, we have, for any 6 € F, that 6y + (0 — 0p)e € F
for all € € [0, 1]. Moreover, since 6y minimizes Ry over F, it holds that

iRo(Go + (0 — 00)5)‘3:0 — lim Ry (0o + (6 — 0o)e) — Ro(bo)

> 0.
de €l0 € -

Using the definition of strong convexity of the risk Ry at €y provided in Section B.4.1, we
have that

d
Ro(0n,0) — Ro(6o) > %30(90 + (On0 — O0)e)| .y + % 10n.0 — 00l -
Thus, we have

10n.0 — Ool|*> < Ro(6n,0) — Ro(60).

Next, using that 6, ¢ is the empirical risk minimizer so that Ry, 0(0,,0) — Rn,0(60) < 0, we
obtain the inequality
16,0 = 60lI* < Ro(6n,0) — Ro(6o)
< Ro(0n,0) — Rn,0(0n,0) — {Ro(00) — Rn,0(0n,0)}
5 (Pn - PO) {Lﬂo,uo (9%0) - LTronuo (00)} .

Lemma B.2 combined with Lemma B.4 implies for any § > n~/2 that

$n(0):=FEo  sup  |(Po— Po){Lmypuo(-+0) = Ly o (60)} S 12 Tc (6, F).
0 F:||0—00]|<5:
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As in the proof of Theorem 3.4 below, to obtain the rate result, we apply Theorem 3.2.5
of van der Vaart and Wellner [1996] where, for § € F, we take © := F, d(0,0y) := |0 —
O, M(0) := —Ro(0), and M,,(0) := —R,0(8). We then find that ||6,,0 — Op|| = Op(dn0)
for any 6,0 > n~1/2 satisfying &n(0n,0) < 572170. In view of the previous display, 0,0 =
min {§ > n~ Y2 708, F) < V/né?} is one such choice. The result &,0 = O(n—o/(Rat1))
then follows from C4. O
Proof of Theorem 3.4. For ease of notation, we denote the EP-learner empirical risk min-
imizer by 6, := 0;““). We also denote the quantity we wish to obtain a rate for by
On = |6, — Onoll. Since 6, minimizes the EP-learner risk R, j(,) () over 6 € F, we have
Ry, k(n)(On) — Ry k(n)(On0) < 0. Using this, we obtain the following upper bound for the
excess risk:
Ry 0(0n) = Rn0(0n,0) = {Rn0(0n) = Rn0(0n,0)} = { Bnk(n) (0n) = R k(n)(0n0) }
+ {Bui(n) (On) = R i) (0 0) }

< Rpo(0n) = R k(n) (0n) = Bn,0(0n,0) + R k() (0n.0)

< én,1(0n),
where, for § > 0, we define

D1 (0) := sup |Rn.0(602) — Ru k(n)(62) — Rn0(61) + Ry io(n) (61)]
01,02€F:(|01—02]<6

In addition, by Lemma B.17, we have the following lower bound for the excess risk:
6721, ,S Rn,O(en) - Rn,O(Gn,O) + ¢n,2(6n)7

where, for § > 0, we define

IO sup |(Pr — Po) {wo,mhi, (03)(02 — 61)}] .

me{1,2} 01:02,03€F:[|02—01 <6

Finally, combining the lower and upper bounds for the excess risk and letting ¢,(0) :=
®n,1(6) + ¢n2(0), we obtain the following inequality for 6,

8 < 6 (6n)-

We now use the above inequality to obtain a rate of convergence for d,,. Recall that A,
is the event on which E1-E4 hold, where the constant M > 0 is chosen so that A, occurs,
for all n large enough, with probability at least 1 — &, where € > 0 is arbitrary. We first
bound Eg{la,¢n(0)} = Ef{la, ¢n1(0)} + Eg{la, Pn2(d)} for a fixed deterministic 6 > 0.
It follows directly from Lemma B.18 that

E{ILa, 6n2(0)} S n 2T (8271 =12 ),

To bound EJ{l4, ¢n,1(0)}, let @ >0, p > 1/2, and v > 0 satisfy C3 and C5 and let py, o0 =
{log k(n)}"k(n)~?. By Lemma B.1, we have sup,cy Hqﬁ — Hk(n)qﬁHoo = O(pn,0). Lemma

B.19 given at the end of this proof establishes, for any & > n~/2, that EJ{la, ¢, 1(0)}
satisfies the following bound:

Eg{la, ¢n,1(8)} S PR {r;‘ln_v/(}ﬁ'l) + 7/ k(n)logn/n + o(n_1/2)}
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+ i min{d, {log k(n)} k(n) ) +n Y2 [{log k(n)}* {k(n) 3]~

For the moment, we assume the following bound holds and proceed with the rate of
convergence proof. We begin by further bounding the expectation of EJ{l4, ¢n 1(0)}. First,
by C4, note

012 [{1og k(m) Y {k(n) ="} S {log k(n) }n 2 () 7/ e,

Next, observe that k(n)logn/n = o(n~%?) since k(n) = o(y/n/logn). Moreover, since
k(n) = o(n?#/2F+1) /1og n), we have n=8/CA+D) | /k(n)logn/n = o(n='/?) by C2. Hence, it
holds that

ra/k(n)logn/n < n=#CHD /k(n)logn/n + k(n)logn/n = o(n~'/?).

Similarly, since k(n) = o(n?/7*+1 /logn), we have n=7/ 7D /k(n)logn/n = o(n=/2) by
C2. Again, by C2, it holds that 8 > 1/(4v) and, thus, n~=3/(28+0p=7/2v+1) = o(n=1/2),
Thus, it holds that r%n=7/(7*1) = o(n=1/2). Combining these bounds, we find
Eg{la, ¢n1(8)} S o(n™12)5' "G 1 min{5, {log k(n)} k(n) "}
+ {log k(n)}? - n =2 k(n) PR =1/ (2o,

Using this bound for Ef{I4, ¢n1(5)} and recalling that Eg{l4, ¢n2(6)} < n~Y27, (5[2*1/(20‘)]—1—
n~12, F), it follows, for any 6 > n~ /2, that
E§{la, ¢n(8)} S o(n'/?)8 1) 4 min{§, {log k(n)} k(n) "}

+ {log k(n)}Ql/ . n—l/Qk‘(n)—p[l—l/(Qa)] + n—1/2joo(5[2—1/(2a)] + n_1/27f). (B5)
To obtain the rate result, we apply the proof of Theorem 3.2.5 of van der Vaart and Wellner
[1996] on the event A, where, for § € F, we take © := F, d(0,00) := || — 6|, M(0) :=
—Ro(0), and M, (0) := —R,, j,()(#). Specifically, for 6, := inf{5 > n 12 Bp{la, n(6)} <
52}, the proof of Theorem 3.2.5 applied on the event A, establishes that, for every ¢/ > 0
we can find a fixed constant C > 0 such that

)

P(Ap 0 {100 — 0ol > C3,}) <€
Hence,

P(|[0n = On0ll > C3n) < P(An 0 {100 = Onoll > CO2}) + P(A5 N {[|0n — Onoll > C3a})
<e'+P(A}) <€+,

for all n large enough. Since € > 0 is arbitrary, we then conclude that the EP-learner satisfies
10, — Onoll = Op(‘sn)~

Next, we determine an upper bound for gn. By the definition of gn, it holds that gn <4
for any § > n~1/2 such that Ef{l4,¢,(5)} < 6% In view of (B.5) and the entropy bound of
Ch4, the inequality Ef{l4, ¢n(6)} < 62 is satisfied, up to a constant, by any 6 > n~1/2 such
that

6% 2 o(n™Y/2)6r 1P e mind, {log k(n) Y k(n) "} + {log k(n)}” - n= Y/ 2k (n) ~PE =1/ (2]
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o [yt ey e
We claim the above inequality is satisfied, up to a constant, by any 8 > n~1/2
such that all of the following hold simultaneously: (1) o(n~1/2)§'=1/(C0) < §2. (2)
e mings, {log k(n)}k(n)?} < 6% (3) {logk(m)}¥ - n”2k(n) #0120 < 52 and
(4) n=1/2 {6{2—1/(204)}{1—1/(2‘1)}} < 62. Note, by monotonicity of 51_(152(2(1) that ¢’ > 0
satisfying (1) implies that any 6 > ¢’ also satisfies (1). A similar argument estab-
lishes the same property for solutions of inequalities (2) and (3). For (4), the same

property can be established upon noting that § — 5{271/(%)5}2{171/(2&)} is also mono-
tone as [2 — 1/(20)][1 — 1/(2a)] < 2. Hence, if we can find individual solutions
On150n,2,0n,3,0n4 > n~1/2 that respectively satisfy (1), (2), (3), and (4), then their maxi-
mum max{dy_1,0n,2,O0n,3, On4} Will simultaneously satisfy (1)-(4). Note the first and fourth
bound are satisfied by d,.1 = dp4 = o(n=*/22+tD) since a > 1/2 implies 2 — 1/(2a) > 1.
Next, noting {log k(n)}?* < {logn}?, the third constraint is satisfied by &, 3 > 0 such that
572173 = O({logn}?n=12k(n)~P1=1/Co]) " Lastly, note 7% min{d, .2, {logk(n)}*k(n)=*} <
62, is satisfied by some 0,5 = O(min{ry, \/ri{logn}"k(n)=r}}). It follows that
max{dn,1,0n,2,0n3,0n4} and, hence, also 6,1 + dp2 + dpn3 + Opa satisfies (1)-(4), up
to a constant. Taking our upper bound for gn as On,1 + Op2 + 03 + Op.4, we conclude

52 <o(n2/CtDy 4 o ({log n}2n 2 k(n) PV G e min{ {log k(n)}"k(n)*ﬂ}) . (B6)

Recalling that 7 = n~=8/8+1) 1 | /k(n)logn/n and taking the second argument in the
minimum operation in (B.6), we obtain the bound:

62 < o(n2/BeFy 4 o ({log n}2n 2 k() TP/ @l 4 o k(n)}"k‘(n)f‘“)
<o(n™2/Cety L 0 ({log n}? {n =P/ L Jk(n) logn/n + nil/zk(n)p/@a))} k(n)fp)

S o2/ 0) 10 ((Qogn {n=/E 4y/RGaTogn/n + k() | k) 7).

Taking the first argument in the minimum operation in (B.6), we also have the following
bound:

5721 < o(n_2a/(2a+1)) +0 (n—2/3/(26+1) + k(n)logn/n + {logn}Ql'n_l/Qk(n)_p[l_l/(m)]> .

Taking the square root of both sides of the above bounds gives the desired rate of the
Theorem. To complete the proof, it remains to prove Lemma B.19, which we do next. [

Recall from the proof of Theorem 3.4, for § > 0, that

Pn1(0) = sup |Rn0(02) = Ry in)(02) — Rn0(61) + Ry oy (61)] -
91,926.}—1”91—92HS5

Further recall that r* := n=/@8+1) 1 /k(n)logn/n, s := r* +n~7/*1) and, moreover,
Pn,co = {log k(n)}*k(n)~?. The follow lemma concerns the expected value of this quantity.
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Lemma B.19 (Proof of bound for E}{la, ¢, 1(6)}). For any § > n~Y/2, it holds that

Eg{la, ¢n1(8)} S P RAC)) {riniﬂ//(hﬂ) + rn\/k(n)logn/n + 0(n71/2)}

+ 5, min{3, {log k(n)}k(n) "} + 1"/ [{log k(n)} {k(n)~"}] '~/

Proof. As shorthand, we denote [F - ﬁ} [01 — 03] := [F(Hl) - ﬁ(@l)} - |:F(02) - FV(HQ)} for

any two functionals F, F' € (> (F).
To bound E{{l4, ¢n1(0)}, we proceed along lines similar to the proof of Theorem 3.2.
Adding and subtracting, we have, by the triangle inequality, that

La, sup HRMQ,%O — Rk 102 — 921” . (B.7)

ES{HAn(f)nJ((S)} < E(T)L |:]IA,,, sup ‘ [Rn,o - R’Tnymﬂﬁ,o] [91 — 92]
01,02€F:||01—02]|<o

+ Ey
01,02€F:(|01—02] <5

Turning to the second term in the above bound, note that

ESL ]IAn sup ‘ |:R7Tn,0n“':, o Rn,k(n)] [01 - 62] ‘:|
01,02€F:61—02]|<5 '
= Eqy |la, sup P, {Amn,o,u;,o(v 01) — Arp ooz o (s 92)}@

01,02€F:(|01—02] <6

PoA (R 001 — hu 0 05)

*
Tn,0sHn o

< > E

me{1,2}

14, sup
01,02€F:||01—02(<s

STT)O%O( ,¢) is linear for m € {1, 2}.

where we recall, by definition, that the map ¢ — P, A
Hence, we have

E§{la,6n1@} S B (Lo, sup |[Roo = Rey o] 02— 2]

01,02€F:(|01 —02]| <6
:| ;

= > B |La, sup ‘EZQZ’O,M (s hm © 01 — b © 92)‘
01,02€F:]|01 —02]|<6 e

] < () + (ID),

where we denote:

(I) := Eg {]IAN’ sup ’ [Rn,o — Ry, oot 0} [61 — 6]
01,02€F:]|01—02<8 '

me{1,2}

n - < (m)
Y B [, s Pnawn,o,u;,oc,ab)!}»
me{1,2} PEH;

where we let H} := {hpm 001 —hpoby: 61,02 € F,||6h — 02 < 6,m e {1,2}}.
We bound each of the above terms in turn. To bound term (I), consider the decomposi-
tion:

[Rn,o - an,o,u;,o} (61 — 62]
- [Fn (LWM0 - L,,w%o)] 61 — 65)]

= [ﬁo (Lwo,uo - Lm,o,u:,oﬂ (01 — 02] + [(ﬁn — Po) (Lwo,uo - Lwn,o,u;,o)} (01 — 02].
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By C5, it holds that supg, g,c 7.0, —0,)<s 101 — O2[lcc < §1=1/(2) " Thus, applying Lemma
B.12, it holds that

Ia, sup Hﬁo (Lfro,uo = Ly oont Q)} (01 — 92}‘
01,02€F:||01—-02]<5 '

S s 0= Ballee {ran T Y 0y, () 4 ri/R(n) Tog n/n |

01,02€F:(|01—02] <5

N51 1/(2a) {rnn v/ (2v+1) +]Ig1,92(7’2)2 +7n/k(n) logn/n},

where the right-hand side is deterministic. Note that I, g,(r%)? = o(n™/2) by C2 and the
constraint that Iy, ,,k(n) = Iy, 4,0(n?%/ (841 /logn). Hence, the term §'=1/C0T,  (r¥)2 =
611/ p(n=1/2). Next, the entropy integral bound of C4 implies that s% 7. (6/s%, F) <
511/ () (5%)1/(20) Hence, by Lemma B.11, it holds that

Ey

]IAn sup ‘ [(ﬁn — ﬁo) (Lﬂ-owuo — Lﬂ-n,muzyo)] [91 — 92]’:|
01,02€F:]|01—02]|<é

<n V285 T (6/sm,F)
< §1-1/(20) {n71/2(82)1/(2a)}'

Consequently, applying both of the above bounds and applying the triangle inequality, we
find

(1)551—1/@(1)[ “H @YD) 607 Y2) 4y Sl(n) Tognjn +n (s 1/(2&)}

Since r ), we have n=Y2r% 7. (6/r%, F) < 61120 o(n=1/2). Moreover, the fact

that \/W < r} implies that
91,9251 1/(2a) k(n)logn/n < ]Igl,gz‘sl_l/@a) (7”;;)2 = (51_1/(2a)0(n_1/2).

We now turn to term (II). Note, by Lipschitz continuity of the fixed functions h;
and ho in the definition of Ry, there exists some Lipschitz constant L > 0 such that
||hm o1 — hy o0 HQHOO < L||91_‘92Hoo and ||hm 001 — hy o 02” < LH(91 —92” for all 61,0, € F
and m € {1,2}. In view of this, we define the function classes:

= {é1 =021 01,02 € Wi 161 — all < L35 |1 = all, < LTV
H’“W = {¢—Tmyd: ¢ € Hs}s HyG) = {Ily(y¢: 6 € Ho} .

Importantly, for m € {1, 2}, using the norm coupling of C5, it follows that hy,00; —hy, 002 €
Hs for all 01,05 € F with |6y — 62] < . Hence, H3 C Hs, which we will use to bound the
supremum over Hj appearing in term (II) by a supremum over Hs. We will then use the

( )

function classes ‘H 15 an nd H, (n) to further bound the supremum over Hs.
Before proceedmg with the proof, we derive norm and entropy integral bounds for Hs,
Hlf(é ), and Hsy s ( ). To this end, by C4, C3a, and Lemma B.3, we have Joo (0, Hs) < Too(0, F)

and Joo (0, ’H1 5 )+joo(5 ’H2 5 ) S Jso({log k(n)}"0, F) where v > 0. Moreover, since Iy,

is an orthogonal projection, we have both [Tymyoll < 1ol S 0 and [[¢ — Tyl < l|¢l] S0

for any ¢ € Hs. Also, since || - || < | - ||oo and by Lemma B.1, SUD g k() ¢ — iy ol <
1,6
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Suque?—t’ff;) ¢ — i) Pllco < Pn,co- Combining the preceding observations, SuP¢eH'ff§l> ol <

min{pp 0,0} and sup pert ) llo|l < 4. In addition, by the triangle inequality, we have

sup |[|¢foc = sup Mk () Bl < sup ¢ — iy Pl + sup [6lloc S prsoo + 0171,
d)E,Hk(gl) dEH dEH

where we used that supgyey, [[¢]loc S §1-1/(2a) by O,
Proceeding with the proof, observe, by the triangle inequality, that

1) < max Ey |14, su
( ) me{1,2} 0 |: /¢€£5

P Aﬂ'nou (7¢)‘:|
< (IIA) + (IIB),

where

(I1IA) : max EO []IA sup

k(n
¢’€H1(5)

P L (-,aa)\];

(IIB) := max FEy |L1a, sup
me{1,2} ¢E’H§<5n>

A’(/::)O My, <>(' ) d))’] .
To bound (II), it suffices to bound (IIA) and (IIB). To this end, term (ITA) can be further
bounded as (IIA) < (ITA1) + (IIA2) + ( IA3), where

(ITA1) := max FEy |I4, sup

me{1,2} ¢€’Hk(;)
1

PoAL, (-,¢>\] :

(ITA2) := max FEy |I4, sup
me{1,2} ¢v€'Hk(n)

(P~ Po) (B9, ,¢>)\] ;

(A3) = max Ef |La, sup |(Po—Po) (A1 s, (0) = B0 (0 0)]|
me{1,2} pert(m '

To bound (ITA1), we apply Lemma B.14 with G := ’H]f((;n ) , the sieve approximation rate of
C3, and Event E3 to obtain the bound:

(IIAl) S.» sup H¢ - Hk(n)¢‘| T:L S min{da pn7oo} : T:r
very ;)

To bound (ITA2), we similarly apply Lemma B.10 with ¢ := pp, oo + n~Y2 and the entropy
bound of Lemma B.3 to obtain:

(11A2) S 1~ Tee ({l0g ()} {pn.ce + 1Y/}, F)
n—1/2 [{logk(n)}y{pn’oo + n—l/g}] 1-1/(2a) .
To bound (ITA3), we apply Lemma B.9 and the entropy bound of Lemma B.3 to obtain:

(1A3) £ 121 Tow ({log k(W)Y {pn.oe + 1721 /17, F) 4+ minds ™/ @) g i /R(n) logn/m
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1-1/(2a)
<o (n—1/2 [{log E()Y {pn.co + n—1/2}] ) + min{4, pn,0 }7r\/ k(1) logn/n,

where the final inequality follows from C4 and 7} = o(1). Finally, combining the bounds for
(ITIA1), (IIA2), and (IIA3), we obtain the bound:

]1—1/(2a)

+ min{4, pn,co }rn\/ k(n)logn/n.

We now turn to (IIB). Firstly, observe that term (IIB) is zero if I, 4, = 0; that is, if g; and

g2 in the risk definition of (3.3) equal the identity function (x — z). Therefore, (IIB) can
be bounded as:

(I1A) S min{8, po,o}rs + 0/ [{log k(n)} {pn,oe + 1"/}

(IIB) =14, ,4, max Eg [Ia, sup
me{1,2} ¢€H§f;)

3

<Il4 4, max Eg [Ila, sup
me{1,2} ¢€Hl;(5n)

naz:zzmoo,@;]

n - - —(m —“*x(m)
+lgge max By (L, sup |[(Pn—Po) (B10 e (9) = B2, . (19))| (B:3)
me{1,2} ¢€,Hk(n) ’
2,5
+lgge max Ef L, sup [Po (B0 e (10) = Bal (0] (B.9)
me{1,2} 4567-[]5(;1) s n, s ,

The first term on the right is zero since ’Hg(gl) C Hp(ny and the sieve-MLEs {4y, ; : j € [J]}
satisfy Fnzfrfj'z Lo
’Hg(gl) C{d1+d2: 01 € Hs, 02 € H’f(gl)}, we can further upper bound (B.8) as

(,¢) = 0 for all ¢ € Hy,). By the triangle inequality and using that

(IIB) < (1IB1) + (1IB2) + (1IB3),

where we define:

(I1B1) :=1,, 4, max FEg [La, sup
me{1,2} i beHs

(Po=Po) (B0 s, (8) = Bail o 19)) )]

(I1B2) :=1,, 4, max FEy |La, sup
me{1,2} d)E'Hlfy(;)

(Po = Po) (B0 s (0) = Bal s (1)) [

(UB3) = Ly, gy max Ef L, sup [Po (A0, (20) = B0, (0))||
’ ¢e7—t’§f§)

We now bound terms (IIB1), (IIB2), and (IIB3). Notice that term (IIB2) is identical to
term (ITA3), which we bounded earlier. Hence, our earlier bound implies that

B , B 1-1/(20) .
(1182) 5 Ly o (7 [fhog )Y Gpnoe + )] ™) 8y o eri T o0
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We claim that (IIB1) satisfies the bound:

(IIB1) < H{ TR T (810, F) + s [[6]]oorr, k(n)logn/n}

< thgz{ U2 7 (S )1k, F) 4 6112 *\/Tn/n}

In the above, the first inequality follows from Lemma B.8 with G := H;s and the entropy
bound Juo (9, Hs) S Joo(0, F) that we derived earlier. For the final inequality, we used that

supgegs;s 19lloo S §1=1/(22) by C5. Next, to bound (IIB3), note, by Lemma B.13, C3, Lemma
B.3, and Event E3, that:

(IIB3) S lgy.g sup |9l {7":1}2 < g0 {5171/(20‘) + Pn,oo} {7":1}2‘
veny
Combining the bounds for (IIB1), (IIB2), and (IIB3), we find:

_ y -~ 1-1/(2a) _ N
(I1B) S Toy.gzn ™2 [{log k(m)}* {pn.cc +n~/2}] Loy gan P10 T (3/77, F)

+ Hgl»gzélil/(m)r: Vk(n)logn/n+1g, g, {5171/(201) + Pnoo} {rn} :
Now, note that Iy, 4, (7)? = o(n~/2) by C2 and the constraint that k(n) = o(n??/(25+1) /1og n).

Since 1% = o(1), we have n~Y2r: 7. (§/r, F) < 61V Co(n=1/2). Moreover, since
k(n)logn/n <r!, we have

51— 1/(2a) e k(n)logn/ngﬂglmél 1/(2a)( ) — 5= 1/(2a) ( 71/2).

91792

Combining these bounds, we find

1-1/(20)

(IIB) <1y, qzn_l/2 [{Ing 1)} {pn,00 + n_l/Z}} + ]Igl,g20(n_l/2)(51—1/(2a)

+ Ig1,92Pn,00 (Tn)Q .

Thus, combining our bounds for (ITA) and (IIB), we obtain:

T —1/2 v —1/2¢] 17/ . *
(1) S rpmin{d, pn,oc} +n {logk(n)}"{pn.co +n" """} + min{4, pn,co }ry v/ k(1) logn/n

1-1/(2a)

+ Ty gen~* [{log k()} {pn.co + 0/} + Iy gpo(n” /)8 /O

+Ig1,92Pn00 (7";)2 :
To bound the final term above, note, by C2 and the condition that I, g,k(n) =
Iy, 4,0(n?8/8+1) /1og ), that

*\2 —
Lgy,92Pn,00 (Th)™ = pn,ec0(n 1/2)

= [{108 k(n)} {pn,co + n_l/Q}] 1) Is) (n—1/2> ’
1

where, for the final equality, we use that logk(n) = O(logn) and 1 — 5> < 1.
Furthermore, for the term min{d, p, o0 }7y/k(n)logn/n, we have the trivial bound
min{é, pn.oo } 75/ k(n) logn/n < min{d, pn oo )7, since \/k(n)logn/n = o(1). Hence,

]171/(204)

(I1) £ 75 min5, puoc} + 02 [{log k(m)} {pn.oe + 17"/} gy go(n )5,
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Here, we combined alike terms and used that Iy, 4, (%)% = o(n~'/2) by C2. We also used that

pnsc0(n ™) = [{logk(n)}* {pnoe +n72}]' " 0 (n7112), since logk(n) = O(logn)
and 1 — i < 1.

Finally, combining our bounds for terms (I) and (II) and combining terms, we obtain the
following bound:

Eg{la, ¢n1(8)} < () + (ID)
< sL-1/(20) [r2n77/<27+1) +o(n71/2) o /7k(n) logn/n—l—n*lm(s:;)l/(za)}

1-1/(2a)
i ming, pr,oo} + 12 [{l0g k()} {pnce + 0 /Y]

+ Hgl‘g20(n—l/2)51—l/(2a)
< 51/ [r;"bnfﬂf/@”“) +rn/k(n)logn/n + rfl/Q(sZ)l/(%‘> + o(n71/2)}

1-1/(20)
+ i ming, pn,oo} + 12 [{log k()} {pnce + 0/} :

Recall that p,, o := {logk(n)}*k(n)~? Z n~'/2? with p > 1/2 and note, by C2 and C5, that
(5%)1/(2¢) = o(1). Using this, we finally obtain the desired bound:

Eg{la, ¢n1(8)} < PRRAC)) {rfm*w(mﬂ) + 7/ k(n)logn/n + o(n71/2)}

+ 7 min{d, {log k(n)} k(n) "} +n""/? [{log k(m)}* {k(n) 1"~

B.4.5 Proof of Theorem 3.5

Proof of Theorem 3.5. It suffices to show
by C6, that

GZ,k(n) — Ono ’ = Op(n_a/(2a+1)) as this implies,

165 k(ny — On0ll/EG 1600 — o]l = Op(n=/CoFD) /E 6,0 — o] = Op(1),

as desired.
To this end, note that nl/?2 = o(nQC(ﬁ’”’)/(%(ﬁW)H)) since 8,7 > 1/2. Therefore,
since k(n) < o(n'/2/logn), we have k(n) < o(n?B/ReBNHD) /logn) satisfies the

Op(n=2/e+D))y 1 O,(e,), where &, is defined above Theorem 3.4. Hence, to show
‘ = Op(n~*/Cat1) it suffices to show that e, = Op(n~*/*+D). In view of

the minimum in the definition of ¢, and recalling that we assume p = «, it further suffices
to show that

a, = {logn}* {“_6/(%“) +Vk(n)logn/n + \/k(n)/n} k(n)~% = o(n_QO‘/(%‘H)).

growth rate bound of Theorem 3.4. Thus, by Theorem 3.4, we have HH; k(n) 0.0

9Z,k(n> —0no

This holds by assumption on our growth condition on k(n). For the choices of 3, v, and
a required by our conditions, Lemma B.20 guarantees the existence of a sequence k(n) for
which this holds satisfying our conditions. We now turn to proving Lemma B.20.

O
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Lemma B.20. Suppose o > 1/2 and 0 < min{},8} < ~. If 8 > min{3,2a/(40? + 1)},
then there exists a sequence k(n) such that

(logn) k(n) 2
2B By 0 and ann2att =0,

where ¢(f,7y) = min{~y, 8,1/2} and

an = {logn}QV{n_B/(QﬁH) + Vk(n)logn/n + \/k(n)/n} k(n)™“.

Proof of Lemma B.20 (short version). Let ¢ := ¢(8,v) = min{~,3,1/2}. Since v >
min{3,1/2} by assumption, we have ¢ = min{3,1/2}. Take k(n) = n'/(logn)® with
t€(0,1) and s > 1.

(1) First constraint.

(log n)k(n)
n2c/(2c+1)

2c
2c+1°

= ntfi’czﬁ(logn)lfS -0 <= t<U(e):=

(2) Second constraint.

an = {logn}** {n =/ L\ /k(n)logn/n + \/k(n)/n}k(n)fa

Since (logn)" = o(n’) for any fixed r € R and § > 0, logarithmic factors can be absorbed
once the polynomial exponents in n are strictly negative. In particular, for the \/klogn/n

term, the extra (log n)Y/2 factor is negligible compared to n’ for some § > 0. It is therefore
enough that the n-exponents are negative for

BB () e/ Gt ) g (MDY ez,

Writing k(n)~® = n=%(logn)® gives the two inequalities

B8 2a t—1 2a
— t d ——at
BTl a+2a+1<0 an 5 a+2a+1<0’
i.e. P
1 2« 1
— - d t .
~ a<2a+1 25+1) and > a1

Hence the second constraint is equivalent to ¢ > L(«, 5) where

a 1 1 200 B
L(a,ﬂ)-—max{2a+1’a<2a+1 26+1>}'

(8) Nonemptiness of (L(c,3),U(c)). Let m := min{f,1/2} so U(c) = U(m) = anril.
It remains to show

1 2. B < 2m
a\2a+1 28+1 2m+1°
If 5 < 1/2 then m = [ and the above is equivalent to 5 > ﬁojrl. If B > 1/2, note that

g(pB) == é(ﬁil - %) is decreasing in 8 (since 8 — B/(28 + 1) is increasing). Thus

_ ba-—1
"~ 4da(2a+1)

and 2m/(2m + 1) = 1/2 when m = 1/2. Hence in all cases L(a, ) < U(c) provided

2

g(B) < g(1/2) < % since 8042—80(—!—2:8(&—%) >0,
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B >min{1/2, 2a/(4a® + 1)}.
Pick any t € (L(a,ﬁ), U(c)) and, say, s = 2. Then both constraints hold, completing
the proof. O

Recall that

an = {logn}? {nfﬁ/ @8+1) 4\ /k(n) log n/n + /k(n) /n} k(n)~®

under the conditions of the theorem

Lemma B.21. Suppose a > 1/2 and 0 < min{%,8} <~. If B8 > m1n{2,2a/(4a + 1)},

It k
then there exists a sequence k(n) such that — (g:%;?%c((ﬁnz)+l) — 0 and CLanOH—l — 0, where

c(B,7) = min{~, 8,1/2}

Proof of Lemma B.21. For k(n) = n'/(logn)®, the requirement a, = o(n—2%/(2a+1)) to-
gether with

(logn)k(n)

sarasry O n~ 2 (logn)k(n) — 0

is equivalent to
L(o, B) <t < U(PB), s> 1,

where

L(e, B) := max{ 201“, 5(2211 — %)}, Up) = mln{27 2;&}

We claim this interval is nonempty iff 8 > 2a/(4a? +1). Fix € > 0 small and choose ¢ with
L(a,B) + € < o < U(B); then

no

k(n) = (logn)?

satisfies
w(n€+L(a”8)) <k(n) < o(nU(’B)/log n),

since o < U(B) implies n” = o(n?® /logn).
It remains to prove the claim. Let

- (22 P 1 _ 2B
T 2041’ B'_a(2a+1 25+1)’ Ci=s D‘_25+1‘
Then L(«,8) = max{A, B} and U(f) = min{C,D}. Since A < C for all @ > 0, the
condition L < U is equivalent to B < U.

If 3<%, then U =D and

B<D <— l(

20 153 ) 20 2c0
a\2a+1 26+1

< .
26+ 1 B> tazt1

Ifﬁ> thenU C = 5 and, s1nceA< 2,We need B < 1 5. Ome checks that 3 >
then B> D >U,so L>U.

4o 2-1-1

implies B < 2, whereas if 8 < ;
Hence L(a, B) < U(B) iff g >

2+1
4a2 7> proving the claim and the lemma. O
B.5 Rate for debiased outcome regression nuisance

In this section, we verify that Condition C2c holds when using the squared error loss in Al-
gorithm 4 (Method 2). Although we focus on the squared error loss here, the argument relies
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primarily on the strong convexity of the loss and thus extends, with minor modifications, to
more general loss functions.
The following lemma shows, under reasonable conditions, that

J

J
ZHM;J - ”OHﬁO S ZHMM - MoHﬁo + OP(W) :
J=1 j=1

Assuming this bound, Condition C2c¢ follows directly from the nuisance rate condition (Con-
dition C2b) on the initial nuisance estimators (i, ; : j € [J]).

Let k = k(n). In the following lemma, define the population analogue of (3, in Algo-
rithm 4 as

Bo = argmin Z Ey

1 T 2 .
Iy pAaw) - AWV | D\ DI
rnin i Y oA - 8T e (w2,

Lemma B.22. Let 3, and py,, be obtained from Algorithm 4 using Method 2. Assume
Condition C1 and suppose that, for all n, max{||fnllcc; [|Bollec} < M almost surely. Let

k =k(n). Then
60 =l < llno = ol + O (y/=5222).

Proof. Let k = k(n). The estimated coefficient (3,, obtained from Method 2 of Algorithm 4
can be written as:

1
Bn = argmin

2
o\ Vi — By (A Wi) — T3 oy (Ag, Wi .
Y AT L o (469 = B (40190

Denote the corresponding population risk minimizer by

K

By = argmin Z Ey [
5€R2k j:1

e AV (A W) — BTGy (A W)} | DD
mg(A ) U et I o]
The first-order optimality conditions for £, imply, for all 4 € R?* that

n

1 . B
Z m{ﬂn,j(ﬁ) — g F( A, W) {Yi — i, sy (Ai, W) } =0,

i=1

where i, j(8) = pn,j + ﬂT@C,j. Using our notation, the above implies that

J
53 P[5 (0 (8) = s Iy = is}] = 0,
j=1

where Zy : o — y denotes the y coordinate projection map. Adding and subtracting terms,
we find, for all 5 € R?*, that

i [ i Po — [ ;J {1n,5(B) = pn g HIy — ,u:;j}] .

kw—‘

3 (B) = bn i HIy — M:L,j}] =

k\H
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Moreover, the first-order optimality conditions of By imply, for all 8 € R?*, that

J
%ZP Lrn] {tn.i(B) = pn s HIy — Mn,j(ﬂo)}} =0.
7j=1

Hence, combining the previous two displays, we obtain

ZJ; Po[ 2= {1105 (8) = pns Hiins(Bo) — i3} = ZJjPo— ) [75 A (8) = s HTy — w5}

k \

Evaluating at 8 = 5y and 8 = , and subtracting the two identities yields
1< - ;
72 0 [ 7 {1in,3(B0) = tin,3 (Ba) Hiptns (Bo) = 15| = Z Pas) [ 52 {105 (B0) = ins (Ba)HTy = i3 5}] -

Since, by definition, i j(8n) = py, ;, this simplifies to

z_]: Po — [W"J {#tn,;(Bo) — /’I’:L,j}{IY - ,u:w-}] .

k‘\h‘

% ;Po [wi,j {15 (Bo) — ”24}2} B

Hence, using our notation and that % < n~! by Cla, we obtain the regret inequality:
n,J

<

15 = ino(Bo)lI3, S Z Pag) |7 L (Bo) = i HIy = i}

Since [|Bnlloc < M almost surely, both 4y, ; and fin,;(Bo) belong to the bounded function
class:

Mg = { tng+ B Pry: BER™, [Blloc < M}
Note that, since by Condition C1 both p,; and @) ; are almost surely uniformly bounded
in k and j, it follows that every element of ”HfL ; 18 uniformly bounded by a fixed constant.

Define the random quantity 8, := HM;Z,O - Mn,o(ﬁo)”ﬁov which we aim to bound. To
obtain a rate bound, we use that the above regret inequality implies:
J
jZ sup |(Po = Pn.j) 95l

9;€G% i 119;llpy<JIC dn

where gk = {#(Mn,j(ﬁo) —h)(Zy —h): h € ’H,]ij }, and C > 0 is a constant such

that HW :un o(Bo) — H;,o) (Zy - M:z,o)HﬁO < C H:un,O(IBO) - :u:;,oHﬁOa which is finite by
Condltlon C1.

To obtain an in-probability bound on Sn, we follow a standard ERM analysis that lever-
ages maximal inequalities for empirical processes based on uniform entropy integrals. Con-
ditional on the training data D, \ D, ;, the function class Qﬁ,j has a uniform entropy in-
tegral satisfying 7 (4, stj) < J(0, ’H?’jJ) by preservation of uniform entropy integrals un-
der Lipschitz continuous transformations [van der Vaart and Wellner, 1996]. Moreover,
%ZJ is a bounded subset of a fixed affine space of (at most) dimension 2k and therefore
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has VC-subgraph dimension bounded by O(k) [van der Vaart and Wellner, 1996]. By
standard bounds on uniform entropy integrals for classes with finite VC—subgraph dimen-

sion [van der Vaart and Wellner, 1996, we have J(J, Hf”) < 6y/klog(1/6), and, thus,

J (6, Qﬁ’j) < 4 \/k:log(l / 6). Applying the local maximal inequality of van der Vaart and
Wellner [2011] (Theorem 2.1), we have, for any fixed § > \/klogn/n, that

J
1
Ey jz sup |(Po— Pnj)gjl| S0vklogn/n.
Jj=1

9;€GE i+ 119l Py <IC6

Informally, if the above bound held with the random radius 5n, then by Markov’s in-
equality our regret inequality would yield

5 < op(w’“k’g”),
n

from which it follows that &, = O, <\/ kl‘f"). While the bound does not hold directly for

the random 4, a standard peeling argument—see the proof of Theorem 3.4 and Section 3.2
in van der Vaart and Wellner [1996]—establishes that this rate is indeed correct.
Hence, we conclude that

k1
1150 = tno(B0) |5, = Op< Og“> :

n

Moreover, by the triangle inequality, we have that

H:LL:L,Q - ,U'OH?O < HN",O(/BO) - UOHﬁO + H;LL:L,Q - ﬂn70(50)|‘f0

[kl
< HH%O(»BO) - HUHﬁO + Op( (;gn) .

Moreover, since pn(8p) minimizes the distance [|po — poll5, over po € ’wa and the initial
estimate fi, , is an element of ’Hffb’o (take B = 0), we have that ||zn.o(80) — MOHFO < lttn.o —

tol| 5, - Hence
% klogn
116 = 0|5, < llttn,0 = 1ol 5, + 0p<\/ - ) :

where k£ may grow with n.
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Appendix C
PROOFS FOR CHAPTER 3

C.1 Proofs for Discussion of conditions

Proof. Fix P € Ps and set Ap := 0p — 0y. Since fp minimizes Rp, Rp(6p) < Rp(bp).
Applying the quadratic lower bound with 8 = fp gives

Rp(0p) = Rp(60) + o Rp(00)(Ap) + g|\AP\|3+
Combining the two displays yields
SIAPIB, < 00 Rp(60)(Ar).
Because 6y minimizes Ry and Ry is differentiable at 6y, dgRo(6p) = 0. Hence
gl\APH% < {9eRp(00) — BoRo(00)}(Ap)| < (|09 Rp(00) — Do Ro(00) |5 [[AP |-
If Ap =0, the result is immediate. Otherwise, dividing by ||Ap|% and using assumption

(ii) gives the claimed bound. O

C.2 Proofs for Section 4.3

C.2.1 Proof of Lemma 4.7

Proof of Lemma 4.7. Throughout, we work with perturbations along line segments that re-
main in the relevant subsets Hp and Np; equivalently, the pointwise arguments of [ remain

in the compact set C.
We compute the first derivative of the map t +— Ly(6 + th,n) evaluated at t = 0:

d
Lo (0,m)(h) = aLO(G + th,n)

t=0

= %/l(e(z) +th(2),n(2), 2) Po(dz)

t=0

Po(dZ)

t=0

_ / %zw(zmh(z),n(zm

- / Bal(6(2),7(2), 2) " h(z) Po(dz),

which shows that £,(6, 2)(h) = 9.1(8(2),n(2), 2) " h(2). To justify the interchange of differ-
entiation and integration, note that for each fixed z, the map

t = 8al(0(2) + th(2),n(2),2) "h(z)

is continuous by the joint continuity of d,l. Moreover, d,] and 92 are bounded on C by
compactness and continuity. By the mean value theorem, there exists a constant C' such
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that
|0al(0(2) + th(2),n(2),2) Th(2)] < C|h(2)llzar + C |h(2)]17a1 ,

and the right-hand side is integrable since Py is a probability measure and h € H C L?(P).

The Dominated Convergence Theorem then allows differentiation under the integral.
Next, define the remainder

R(h) := Lo(6 + h,n) = Lo(0,7) — e Lo(6,1)(h).
A first-order Taylor expansion in a gives
18(2) + h(2),1(2), 2) = 1(6(2),n(2), 2) + Bal(6(2),n(2), 2) " h(2) + r(2),

with |r(2)] < 510%llc [1(2) 134, and [9Z1lloc = suP(a-)ec 1071(as b, 2)|| < oo. Integrating,

IR(A)] < 51105100 / 1h(2)lIza Po(dz) = 511050 I Pl

S0 ﬁ(@ < 311020 Al — O as ||h|jg — 0, verifying first-order Fréchet differentiabil-

ity (Condition A3i).
For the second derivative,

03 Lo(0,m)(h1, ha) = 2 =-Lo(0 + thy + sha,n)|

t=s=0

o?
Ot 0s
= /(hl(?«'))T 021(0(2),m(2), 2) ha(2) Po(dz).
Moreover, the bound
|[(h1(2)) " D21(0(=),m(2), 2) ha(2)] < (102lllos [1h1(2) ar B2 (2) ]y s

together with hy, he € H, allows an identical Dominated Convergence argument to inter-
change differentiation and integration when computing 892L0.

Since, by assumption, d2l(a,b, z) is Lipschitz in both a and b on C, there exists L > 0
such that for any 0,7 and perturbations h, g,

[021(0(2) + h(2), n(2) + g(2), 2) — 82U(0(=), 1(2), 2)|| < L(IA()llzar + 19(2) [l )-
Hence, for any directions hq, ho,
|03 Lo (0 + h, n+ g)(h1, ha) — 05 Lo(0, n)(ha,ha)|
/hl 2) + h(2),n(2) + g(2), 2) — 02l(0(2),m(2), 2)| ha(2) PO(dZ)‘
< /||h1(2)||Rd1 L([[h(2)llgar + 19(2)llzaz ) [1h2(2)llzar Po(d2)

< L(|Ihllx + llglla) pr(ha) l[h2lls,

where the final inequality follows from the Cauchy—Schwarz inequality. In particular, by
symmetry of 85 Lo(6,7), if ||ulls + px(v) < 1, then

|05 Lo (8", 0) (u, v) — 85 Lo (6, 1) (u,v)| = |85 Lo (8", 1) (v, 1) — 95 Lo(8,m) (v, w)| < L (/16" = bllae + I = nlla) pre ()l ¢,

and py (v)||lu|lx < 1/4. Absorbing this factor into the constant verifies Condition A3iii. To
establish Fréchet differentiability as in A3ii, define the remainder

R(h1,h2) := e Lo(0 + ha,n)(h1) — deLo(0,m)(h1) — 8 Lo(8,1)(hi, ha).
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By Taylor’s theorem with integral remainder, we have
1
00 Lo+ 1) () — Do Lo(6,m) () = [ OFLo(0 + oy m)(hn )
0

so that )
R(h1, hs) :/ [83L0(0+th2,n)(h1,h2) - BgLo(G,n)(hl,hz)}dt.
0

Using the Lipschitz property of 921 and taking the essential supremum over z for hy yields
! 2 L 2
(R ho)] < [ Lton(hn) allfedt = 5 pwlhn) [l
0

In particular,

R(hi,h L
sup (BBl Ly 00 as hall — 0,
hers  |lhalln 2
py (h1)<1

which shows that the map 6 — 9yLo(0, n) is Fréchet differentiable with derivative 83 Lo(6,7),
thereby verifying Condition A3ii.
For the cross-derivative, we have

2

- m t=s5=0
=/ﬁ@faﬁmwamwxwm@%wa.

0n09Lo(9,1m)(g, h) Lo (8 + th,n + sg)

By the assumed Lipschitz continuity of 9,0 in (a,b), there exists a constant C' > 0 such
that

[1(2) " [0a061(0(2) + h1(2),1(2) + 91(2), 2) = DuDsl(6(2), 1(2), )] 9(=)]|
S COlA(2) oo [19(2)lgaz {llgr(2)llgaz + [1h1(2)llgar } -

Hence, integrating both sides over z with respect to Py and applying the Cauchy—Schwarz
inequality, we obtain

0700 Lo(0 + ha,m + g1)(g, h) — 006 Lo(0,n)(g, h)| < Lpr(h)l|glln {llgrlla + [[hall2} -
In particular, setting § = 6y and hy = 0 gives
0106 Lo (60,m) (g, h) — 9n9 Lo (00, m0)(g, h)| < Lpr(h)llgllalln — nolln-

If ||gllv+ px(R) < 1, then py(h)||gllar < 1/4, so after absorbing this factor into the constant

we obtain Condition Ad4ii.
To establish Fréchet differentiability, define the remainder by

R(g,h) := 0sLo(6o,n + g)(h) — Do Lo (0o, n)(h) — 9406 Lo (60, 1)(g; h)-

By the integral remainder form, we write

00 Lo(00,m+9) (h)—09 Lo(00,n)(h)—0,06 Lo(00,m)(g, h) 2/0 [3n30L0(90777+89)(97h)—anaeLO(%ﬂ?)(g:h)}d&

Thus, by the previous Lipschitz bound and integrating over s,

1
c C
|R(g,h)] S/ C's pu(h) llglirds = 5 Pr(h) gl
0
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In particular, for all A with py(h) <1,

|R(g, 1)
lglla

C
< 5 lgllv =0 as iglla — 0.

This shows that the map 7 — 89Lo(60,n)(h) extends to a neighborhood of Ap in N as a
Fréchet differentiable map with derivative 0,,0pLo(6o,7), thereby verifying Condition A4i,
which completes the proof of A4. O

C.2.2 Technical Lemmas for functional Taylor expansions

Lemma C.1 (Quadratic expansion for target functional). Suppose that Condition A2 holds.
Then, uniformly over 6 € Hp and h € H such that 8 + h € Hp, we have the expansion

$o(6 + h) = o(6) + Yo (6)(h) + Remg(h),
where the remainder term satisfies |Remg(h)| < L||h||3, for some L < oc.
Proof. Fix § € Hp and h € H such that 8 + h € Hp. Since Hp is convex, 0 + th € Hp for

all t € [0,1]. By Condition A2 and the integral form of Taylor’s theorem applied to the map
t— 1o(0 +th), we have

1

bo(0 + 1) — 1o(0) = iqpo 0+ th)dt = / bo(6+th)(
0
Adding and subtracting (#)(h) inside the integral gives

Go(b-+h) = v0(0) + o O)) + [ oo+ k) = do(®)] k).
Hence we may identify
Remg (h) :/O [40(6 + t h) — 10 (0)] (h) dt.

By Condition A2, the map 6 — v(8) is L-Lipschitz from || - |3 to the operator norm || - 15,
Therefore, for each t € [0,1],

[[¥0(8 +th) —o(0)](R)] < LII6+th =6l bl = Lt

Integrating over ¢ yields
1
[Remy (1) g/ Lt|hldt = L LIk < LI,
(0]

which completes the proof. O

Lemma C.2 (Quadratic expansion for derivative of risk). Suppose that Condition A3 holds.
Then, uniformly over 0 € Hp, n € Np, hy € H, and hy € H such that 0 + he € Hp, we
have the expansion

oLo(0 + ha,m)(h1) = 99 Lo (6, ) (h1) + 95 Lo(8,m)(h1, h2) + Reme y(ha, h2),
where the remainder term satisfies |Remg ,(h1, ha)| < Lpy(h1)||ho||3, for some L < cc.

Proof. Let 6 € Hp, n € Np, hy € H, and hy € H be such that § + hy € Hp. Since Hp is
convex, 0 + thy € Hp for all t € [0,1]. By Condition A3ii and the integral form of Taylor’s
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theorem applied to the map t — JgLo(6 + tha,n)(h1), we have
1
99 Lo(0 + h2,m)(h1) — o Lo(0,m)(h1) = / 95 Lo(0 + tha,n)(ha, h2) dt.
0

Thus, we may write
99 Lo (6 + ha,n)(h1) = 9o Lo(0,m) (1) + 03 Lo(8,m)(ha, ha) + Rem(ha, ha),

where the remainder is given by
1

Rem (h1, h2) :/ [63L0(0+th2,n)(h1,h2) —BgLo(G,n)(hlJm)] dt.
0

If pgy(h1) = 0 or ||hallzx = 0, then the desired bound is immediate. Otherwise, by symmetry
of 95Lo(0,n), bilinearity, and Condition A3iii applied to hy := ho/(2||h2|l%) and he :=
h1/(2p#(h1)), we obtain, for each ¢ € [0,1],

|05 Lo (0 + tha,n)(ha, ha) — 93 Lo(0,m)(ha, h2)|
= |05 Lo(0 + tha,n)(h2, h1) — 95 Lo(6,m)(h2, h1)]

= 4 ps(l) Ih2ll3 |93 Lo(0 + tha,m) (B, ha) = 93 Lo(8, m) (o)
<ALt py(ha) || halZ-
Absorbing the factor 4 into L and integrating over t yields
|Rem(ha, h2)| < Lpw (hn)|[half3-
O

Lemma C.3 (Quadratic expansion for the cross derivative of risk). Suppose that Condi-

tion A4 holds. Then, uniformly over n € Np, h € H, and g € N such that n + g € Np, we
have the expansion

09 Lo(00,m + g)(h) = 0gLo(00,n)(h) + 0,06 Lo(00,m)(g, h) + Remy (g, h),

where |Remy (g, h)| < L'py(h) ||g||3; for some constant L' < cc.

Proof. Let n € Np, g € N, and h € H be such that n + g € Np. Since Np is convex,
n+tg € Np for all t € [0,1]. By Condition A4, the map 1+ 9ypLo(6p,n) admits an ambient
open-neighborhood extension around this path, and the integral form of Taylor’s theorem
applied to the map ¢+ 9pLo(0o,n +t g)(h), we have

1
9o Lo(00,m + g)(h) — 9o Lo(60,m)(h) = / 990 Lo (6o, 0+t g)(g, h) dt.
0

Thus, we may write
99 Lo(0o,m+ g)(h) = 99 Lo(60,n)(h) + 0n9 Lo(60,m)(g, h) + Rem(g, h),

where the remainder is given by

1
Rem(g, h) :/ [anaeLo(Oo,nthg)(g,h) - anaeLo(Go,n)(mh)} dt.
0

If p3(h) = 0 or ||g|l; = 0, then the desired bound is immediate. Otherwise, by bilinearity
and Condition A4ii applied to g := g/(2||gl|ar) and h := h/(2p3(h)), there exists a constant
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L’ < oo such that, for each t € [0,1],

0n09Lo(00,n +tg)(g,h) — 0,09 Lo(00,n) (g, h)
= 4 ||g|lx p3¢(R)|0nBo Lo (B0, m + t 9)(g, h) — OnBoLo(00,1)(g, )

<4t L'||gl|Xr pr(h).

Absorbing the factor 4 into L’ and integrating over ¢ from 0 to 1 yields
1 ’
, L
Rem(g. ) < [ LIl pra(h) dt = 5 pn(1) gl
0

Hence, |Rem(g, h)| < LlPH(M”Q”%\ﬁ =

C.2.8 Proof of functional von Mises expansion

Lemma C.4. Suppose Conditions A1-A3 and A6 hold. Then, there exists a unique Hessian
Riesz representer ag € H such that the linear functional 1o(6p) admits the representation:

Uo(60)(h) = 83 Lo(00,m0) (o, h),  Vh € H.

Proof. By Conditions A3ii and A6, we have the norm equivalence: there exist constants
0 < c¢< C < oo such that | - || < \/03L0(00,7]0)(-, ) < C| - |lu, so that H is also closed

under the norm induced by the Hessian inner product 93 Lo (fo,no). Consequently, by A2,
the functional derivative &0(90) defines a bounded linear functional on H with respect to
the inner product 93Lo(f,m0)(-,-). By the Riesz representation theorem, there exists a
unique Hessian Riesz representer oy € H such that the linear functional % (0p) admits the
representation in (4.2). O

Proof of Theorem 4.9. Let 6 € Hp, a € H, and n € Np satisfy max{py(0), px (), ||n]lx} <
M’ for some M’ < oo. Hereafter, we absorb M’ into the constants appearing in our big-O

notation.
Applying Lemma C.1 with A8 and A2 at 6 in the direction h := 6 — 0y, we obtain the
Taylor expansion

0(8) — vo(6o) — Poly(8)(a) = Po{m(-,8) —m(-,60)} — e Lo(6, 1) ()

, . (C.1)
= 10(60)(0 — 00) — e Lo(0,m)(cx) + O (1|0 — bol|5) ,

where the O (||§ — 6o||3,) term is absent when the functional is linear. Note that by A2,

A6, and the Riesz representation property of ag in (4.2), we have h — tp(6g)(h) =
9% Lo (0o, m0) (w0, h). Thus, the first two terms on the right-hand side satisfy

©0(60)(0 — 00) — Do Lo (8, m)() = 5 Lo(00,m0) (w0, 0 — 00) — Do Lo (6, 1) (). (C.2)
By Lemma C.2 with A8 and A3, we have the second-order Taylor expansion:
8o Lo(6,)() = o Lo (6o, n) (@) + 95 Lo(00,m)(8 — 6o, @) + O(||6 — 6o|l3,), (C.3)

where the O(||6 — 6o[3,) term is absent when the risk is quadratic. By Lemma C.3 with A8
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and A4, we can expand the first term on the right-hand side in #:
8o Lo(B0,m) () = 89 Lo(Bo,m0) (<) + 9y Lo(Bo,m0) (n — no, @) + O(|[n — mo||3)- (C4)

Since 0y minimizes the risk by Al, and the risk is smooth by A3i, the first-order optimality
condition implies that O0gLo(6p,m0)(ct) = 0. Moreover, 9,09Lo(00,10)(n — no, ) = 0 by
Neyman orthogonality at (6g,70) in A5. Hence, (C.4) implies that dgLo (6o, n)(a) = O(||n —
no||3-). Therefore, substituting this relation into (C.3), we have

o Lo(0,m) (@) = 85 Lo(60,1)(0 — 6o, ) + O(]|6 = 6ol[3) + O(lln — mo|[%)-
Returning to (C.2), we obtain
0(00)(0 = 60) — Do Lo (6, m)() = 95 Lo(00,m0)(cv0, 6 — o) — 95 Lo (8o, m) (0 — O, )
+0(16 = 6ol13) + O(lln = noll3)-
If 6 =6y or py(a) =0, then the left-hand side below is zero. Otherwise, by bilinearity and
Condition A3iii, with 6 := (6 — 6p) /(2|0 — Oo|l%) and & := a/(2px(a)), we have
|05 Lo (60, m) (0 — 0o, &) — 93 Lo(00,m0) (0 — 0o, )| = 4]|0 — o[22 () ‘3§L0(90777)(~7 &) — 95 Lo (60, m0) (6, &)

< 4CIn — nollal|@ — Gollwpu ()
= O(|ln — nollx[|0 — Ooll%)
(C.5)
Hence,
P0(00) (0 — 00) — o Lo(0,m)(cr) = 93 Lo (0o, 7m0)(cxo — v, 6 — bo)
+0(/10 — 0oll3) + Olln — mollxr) + Olln — mollar 16 — Boll2).-

Combining the previous expression with (C.1) and (C.2), this implies that

Yo (0) — Po(00) — Poln(0)(cr) = 95 Lo (80, m0) (o — v, 0 — 60) + O (|10 — 6o 13,)
+O0(In = mollnllo = oll2) + O (Iln — mollr) -

Here the O (]|6 — 6o]|3,) term collects the second-order remainders from the functional and
risk expansions, and is absent when the functional is linear and the risk is quadratic.

O

C.2.4  Proofs for pathwise differentiability and EIF

We begin with an informal derivation of Theorem 4.11. We then give a rigorous proof using
the same differentiation argument more carefully.

Informal derivation of EIF for Theorem 4.11. For any bounded score S € L(Q) (Py), define the
smooth submodel through Py € P as dPy. = (1 +e5(2))dPy(z). The first-order optimality
conditions of the M-estimand 6p, . imply that, for each direction h € H:

9o Lp, . (0p, . M0,p,..)(h) = 0. (C.6)
Taking the derivative of both sides, we find that

=0.

d d d
%59131’0,5 (60, m0)(h)|_, + £39L0(9Po,s7770)(h)\ + £39L0(90,77Po,5)(h)|520 =

e=0
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By calculations given in the rigorous version of this proof, the first term equals (¢,,(6)(h), S),
the second term equals 95 Lo (6o, 10) (d%ﬁ Poc|oeor h), and the final term is zero by Neyman-
orthogonality of the loss. Rearranging terms, we find that

d
33L0(907 70) (£9Po,a

. h) = iy (00) (1), S) 13y )

Differentiating the functional and applying the chain rule, we have

5:0) + (m(, 90) - “I/(PO)a S>L2(P0)- (08)

d . d
CTE"/]PU,E(GPU,E) o = o(0o) (IEGPO,E

By the Riesz representation property in (4.2), we have

Wo(6o) <CZ_6P0,5

d
a:0> = 03 Lo (60, o) (dEQPo,E

Applying (C.7) and plugging the above into (C.8), we conclude

d :
72 VP (Or )| g = (=Lno (b0) (a0) + (-, 60) = W(Fo), S) 12 (py)-

Since the above holds for any bounded score S, we can show that xo := —p, (6)(0) +

m(-,0p) — W (Fy) is the efficient influence function of W. O

Proof of Theorem 4.11. By Al, the M-estimand 0p is well defined for each P € P. For
any bounded score S € L%(Po), define the smooth submodel through Py as dPy. = (1 +
eS(z)) dPy(z) with € € (=4, 0) for 6 > 0 sufficiently small. Since P is convex by assumption,
Py € P. Condition A3i and (4.1) imply that, for € in a neighborhood of zero, 0p, . satisfies
the following first-order optimality condition:

doLp, . (0p, .m0,y ) (o) = 0. (C.9)
Applying the above and then adding and subtracting terms,

0=38oLp, . (Op,,.,nr,..)(0) = 8o Lo(80,70)(c0) = {D6 Lo (6o, npy..)(0) — 8o Lo(fo,70)(cxo0) }
+ {96 Lo(0p, ., 0y, ) (@0) — Do Lo(Bo, . ) (o) }

+ {06 Lp, . (0r, ., 1Py . )(0) — BoLo(0p, ., nr, . ) () } -
(C-10)

In what follows, we will show that the three differences on the right-hand side are, respec-
tively, o(¢), 93 L(6o,n0) (0, . —bo, ato)+0(€), and &{ly, (60) (), S)r2(py)to(€). Consequently,
(C.10) implies that (€,,(60)(c0),S) 2(py) = =5 L(B0, m0) (e~ (0p, . — b0), a0) + o(1).

To this end, by A4 and Lemma C.3, the first difference on the right-hand side of (C.10)
satisfies

99 Lo(00,mp, . )(c0) — 99 Lo(00,m0)(c0) = 3y9Lo(00,m0) (N, . — M0, 0) + O ([ney. — mollXr) -

By A5, we have 9,09 Lo(60,70) (1P, . — 10, 0) = 0, and by the Lipschitz Hellinger continuity
of P — np in Condition A7, as € — 0, ||np,. — nolli = O(e*) = o(¢). Hence,

9o Lo(80,np, . ) (o) — o Lo (80, m0) (o) = o(e). (C.11)
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The second difference on the right-hand side of (C.10) satisfies, by A3 and Lemma C.2,

9o Lo(0p, .., 1Py, ) (0) — Ba Lo (00, mp, . ) (a0) = 93 Lo(Or, . sy ) (O, — B0, a0) + O (|[0p, . — 6ol13)
= 93 Lo(00,m0)(0r,,. — b0, 0) + O (||0r,. — bol%)
+ {05 Lo(0py ., nry.. ) (Or,.. — 00, 0) — 95 Lo(00,m0)(Or, . — 0o, 0) } -
By the Lipschitz Hellinger continuity of P +— 0p and P — np in Condition A7, we have
10p, . — 0ol = O(¢) and ||np, . — nollx = O(e). Moreover, if Op, . = 0y or py(ag) = 0, then

the same bound is immediate. Otherwise, combining this with the Lipschitz continuity of
the second derivative in Condition A3iii, and writing

~ 0p, . — 0o ~ ag
e +— 5 Qo = 5
2[|0p,,. — Oolln 2pn(ao)
and . _
D. == 9;Lo(0p,..,npy.. ) (0=, 60) — 9 Lo(00,7m0)(0-, éo),
we obtain

|83L0(9P0,s ) WPO,E)(GPO,E — 6o, 0) — 831/0(90: 770)(91’0,5 — Bo, aO)! = 4H9PO,€ — Ool|#pu(ao) | De|
< pr(ao)l0p . — Oolla {110p, . — Oollae + lInpy.. — molln}
= 0(e%) = o(e).
Thus,
90 Lo(0r,.., 0Py, )(0) = g Lo (B0, 1r, . ) (@0) = 85 Lo(60,m0) (Or, . — b0, o) + 0(e). (C12)
The third difference on the right-hand side of (C.10) satisfies, by Condition A3i,

9o Lp, . (Opy ., 1Py . )(@0) = BoLo(Op, ., 1P ) (0) = (Po,c = Po)lnpy (O, ) (c0)

e [ far, O, ) a0)()S() Fold)

=& [ iy (@) (IS Pu(dz) + & (g, O, )(00) = Ly (B0)(00). )

L2(P

By the Hellinger continuity of P — np and P + 6p, the continuity of the map (n,0) —
?,(-,0) in Condition A7, and the continuity of the inner product, it follows that, as e — 0,

(Cp,., 07, )(@0) = g (80)(@0), S) < g, (O )(@0) = bng (80) (@0) | 20 IS 21 = (1)

L2(Po)

Hence, '
OoLp, . (Opy,.s 1P, )(@0) — O Lo(Or, s 1Py, ) (@0) = €(lyy (00)(a0), S) L2 (py) + 0(€)- (C.13)

Finally, plugging the expressions in (C.11), (C.12), and (C.13) into (C.10), we obtain
0= 9Ly (Or,..Mpo..) () = Do Lo(00,m0) (o) = 95 Lo(00,70) (O, . — B, 0) + £(lng (60) (@0), S) £2(py) + 0(e)-
Rearranging terms and dividing both sides by ¢ yields

0 — 0
08 Lo(00. ) ("2 0 ) = (o (00 @0), )iy + ). (©19)

We are now in a position to compute the pathwise derivative of ¥. By A2, we have that

¢P0,a (QPO,E) - wo(eo) = ¢0(9Po,5) - 1/10(90) + 1/)1’0,5 (91’0,5) - ¢0(9Po,5)
=eto(00) (¢ {0p,.. — 00}) + 0 (10ry . — Oolln) +(m(:,0p,.), S)2(my),
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where we use that ¢p, _(0p,.) — Yo(0r,.) = e(m(-0p.),S)r2p,) by the definition

of ¥p and the choice of submodel. Moreover, by the Cauchy-Schwarz inequality and
A7, we have HGPO,E — 6]l = O(e) and <m(-,0p0’5) — m(-,Ho),S>L2(pO) < |[m(-,0p,.) —
m(+,60)| L2(po) IS]| L2(py) = (1) as € — 0 . Hence,

Yo, (Or, ) = ¥o(60) = edho(6o) (7 {Op, . —b0}) +e(m(:,60), 5) L2y + 0(e)-

Conditions A3ii and A6 imply that 97Lo(fo,70)(-,) defines an inner product on H, and
Condition A2 combined with A6 ensures that the functional derivative () is continuous
with respect to this inner product. Hence, the Riesz representer aq exists, and it satisfies
the Riesz representation property:

o () (h") = 93 Lo (6o, mo) (', ap).
Taking b/ = e '{fp,. — 6o} in the above display, we find that

Vpy . (0p, ) — Yo(00) = €03 Lo(00,m0) (¢~ {0p, . — 0o}, c0) + e(m(-,00),S) 2(my) + 0(€).-

Substituting (C.14) into the above expression, this implies that

¢Po,e (HPO,E) - 7/)0(90) = 5<_£?70 (6o)(an), S>L2(P0) + 5<m(-, 6o), S>L2(PO) + 0(5)~
Hence,

0 — (6o .
tim ©r0eOro) ZV0O0) |0 00), ) oy + (-1 00) — T(Pb), S) g2

e—0 IS5 =0

= (—lny (00) (o) +m(-,00) — U(F0), S)L2(py)-

The above holds for any bounded score S. Since the linear space of uniformly bounded
scores is dense in L3(Py) and V¥ is Hellinger Lipschitz continuous by A7, the above also
holds, by continuity of the inner product, for any score S € L3(F) [Lemma 2 of Luedtke
and Chung, 2024]. We conclude that xo = —£,,(60)(ap) + m(-,6p) — ¥ (Py) is a gradient at
Py for the pathwise derivative of ¥. Since the model is nonparametric, o is the efficient
influence function.

O

C.2.5 Pathwise derivative of M -estimand

In the following theorem, let é%(eo) : L3(Py) — H be the adjoint of £, (6y) : H — LE(Pp),
where H is the closure of H equipped with the inner product 8§L0 (6o, m0)-

Theorem C.5 (Pathwise derivative of M-estimand). Assume conditions A1-A8. Suppose
that P — 0Op is pathwise differentiable at Py in a Hilbert-valued sense [Luedtke and Chunyg,
2024] with derivative 6y : L3(Py) — H. Then, 6y = —L3.(6o) and 92 Lo(60,m0)(00(5),h) =

<_£770 (00)(h)7 S>L2(P0) :

Proof. Fix a bounded score S € L3(Py) and define the submodel dPy . = (1 +&S) dP,. For
any h € H, the first-order condition implies

89LP0,5 (OPU,E ) nPo,s)(h) =0
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Repeating the decomposition in (C.10), but with A in place of ap, and using the same bounds
as in the proof of Theorem 4.11, we obtain

0 — 6
08 Lo(On, ) (2= 1) = (= (00) (1), S)iacy + o).

By pathwise differentiability of P +— 6p, we have e~ '(fp, . — 6p) — 00(S) in H as e — 0.
Passing to the limit yields

93 Lo(60,m0) (d0(S), k) = (Lo (60)(h), S)12(py)

for all h € H. Since both sides are continuous in h with respect to the Hessian norm, the
identity extends to all h € ‘H. By the definition of the adjoint,

93 Lo(00,m0) (£3(00)(S), 1) = (Eng (B0) (R), S) 21y
Therefore,
38 Lo(B0,m0) (40(S) + €3, (60)(S), ) =0
for all h € H. Taking h = 6y(S) + 520(90)(5) and using Condition A6, we conclude that
Bo(S) = —L5,(60)(S).

Since bounded scores are dense in LZ(Py) and both sides define continuous linear maps in
S, the identity extends to all S € L3(F). O

Assuming that P — 0p is pathwise differentiable at Py, we can derive the EIF of a
smooth functional 1) of p using the chain rule [Luedtke and Chung, 2024]. Specifically,

the pathwise derivative of P — 9(0p) is () o g = —1)(6p) o 6:‘]0 (6p). Suppose that
U(60)(h) = 93 Lo(0o,m0) (w0, h) for a Riesz representer ag. Then,

(5(00) © 60)(S) = 95 Lo (60, m0) (0, €5, (60)(5))

= (~Lne(00)(0), S) L2(py)

where —/,, (6o) () is the efficient influence function of P — 9(0p) at Pp.

C.3 Extensions and refinements of the von Mises expansion

C.3.1 Constrained Lagrangian von Mises expansion

We record the analogue of Theorem 4.9 for equality-constrained M-estimands. Let C be a
Hilbert space and define

Co(0,m) := Pocy(-,0) €C, Ao(6,m,\) := Lo(8,m) + (A, Co(8,m))c.

Here ¢;(2,0) is C-valued and X € C is a Lagrange multiplier. A C-valued random element V'
is Bochner integrable under Py if it is strongly measurable and FPy||V||¢ < oo; in that case
P,V denotes its C-valued expectation. The constrained truth is

0o = argmin Lo (6, 10) subject to Co(0,m0) = 0.
oeH
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Fix a multiplier Ay satisfying the constrained first-order conditions below, and define
Aoh = 09Co(60,m0)(h),  To(h1, h2) := 93 Ao(B0,m0, No) (ha, hz).

If ¢,(0)(h) denotes the pointwise derivative of ¢, (-, 6) in direction h, define the Lagrangian
score

dnA(0)(R) = £y (0)(h) + (X, é(0) (R))c.
Then
Podn,xe (0)(h) = B Ao (6,1, M) (R).
The following conditions are the constrained counterparts of the assumptions used in
Theorem 4.9.

C1) (Constrained first-order conditions). The constraint is feasible at (6p,70), and there
exists Ag € C such that

CQ(Q(), 7]0) = O, 89/\0(90,7]0, )\0)(}1) =0 forall heH.

C2) (Constraint and score representation).

i) Foreach § € Hp and n € Np, the C-valued map z — ¢,(z, 0) is Bochner integrable
under FPy. Moreover, ¢,(0)(h) is Py-integrable and

Poén (0)(h) = 0o Lo(6,1n)(h) for all h € H.
ii) The map 6 — Cy(6,m0) is Fréchet differentiable at 6y, with bounded derivative

Ay :H —C.

iii) For each € Hp, n € Np, and h € H, the pointwise derivative ¢,(6)(h) is
Bochner integrable under Py and satisfies

Pycy(0)(h) = 96Co(0,m)(h).
C3) (Hoélder smoothness of the Lagrangian in ).
i) For each n € Np, the map dgAo(-,n,No) : (H, | - [ln) — (H,pn)* is Fréchet
differentiable over Hp.

ii) The second derivative 93A¢ (6,7, \o) is symmetric.

iii) There exists C' < oo such that, for all 6,6 € Hp, n,n € Np, and hy,hy € H
with [|h1]l3 + pp(h2) <1,

|05 80(0", 1", M) (h1, ha) — D5 Ao (0,1, Xo) (R, ha)| < C{[16" = Oll2 + [In" — nlla} -

C4) (Holder smoothness of the Lagrangian in the nuisance).

i) The map n — 9yAo(6o,n, X\o), defined on Np, is Fréchet differentiable in 7, with
derivative

8»,]69/\0(90,77, Ao) : .&7 — (H, PH)*-

ii) There exists C' < oo such that, for all n,n’ € Np, g € N,and h € H satisfying
gl + pr(h) <1,

}877891\0(60’ 7],7 )‘0)(9’ h) - 87]89‘/\0(007775 )‘0)(97 h)‘ < CHUI - TIHN
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C5) (Lagrangian Neyman orthogonality). For each n € Np and h € H,

0r09Ao(60,m0, Ao)(n — o, k) = 0.

C6) (Constrained Riesz representation). There exist ag € H and o € C, with py(ap) < oo,
such that Zy extends continuously to g in its first argument and

’L/}o(eo)(h) = Io(ao, h) + <’Y(), th>c for all h € H.

Condition C6 is the constrained analogue of (4.2). A standard sufficient condition is solv-
ability of the linearized KKT system

(5 B) ()= ().

where the first block equation is interpreted after testing against each h € H, as in the
preceding display. Thus Condition C6 decomposes the target derivative into a component
represented by the Lagrangian curvature and a component in the linearized constraint di-
rection. The theorem does not require uniqueness of Ag or of (ag,p); it holds for any fixed
choices satisfying Conditions C1 and C6.

Lemma C.6 (Quadratic expansions for the Lagrangian gradient). Suppose Conditions C3
and C4 hold. Then, uniformly over n € Np, 0 € Hp, and o € H with py(a) < M,

doMo(0,m,X0) () = g Ao(Bo,m, Mo)(cx) + 03 Ao (00,1, X0) (0 — o, @)
+0([16 - 6ol13,) ,

where this remainder is absent when Ao(-,n, Xo) s quadratic at 0y, uniformly over n € Np.
Also, uniformly over n € Np and such «,

oMo (8o, m, Ao)(ar) = o No(00,m0, o) () + 059 Ao (o, 10, Xo) (1 — 10, @)
+0(|ln — noll%r) -

Proof. Let 6 := 6 —60y. Taylor’s theorem and Condition C3 apply along the segment 6y +1d €
Hp. Using symmetry of the Lagrangian Hessian, they give

aHAO(ev 7, )‘0)(0‘) = 891\0(907 7, )‘0)(0‘) + 8§A0(00, 7, AO)(& O[) + R97
where

1
Ry = / (02 A0(00 + 16,1, 7o)(5, @) — B2 Ao (00,7, Mo)(5, )} dt.
0

If |6l = 0 or py(a) = 0, the bound is immediate. Otherwise, applying Condition C3 to
5/(218l120) and ) pw(a)) yields
|Ro| < Cpa(a) 8|5

This proves the first expansion, and the remainder is zero when Ag(-, 1, \g) is quadratic at

fo.
Let A :=n — ng. Taylor’s theorem and Condition C4 similarly give

99 Mo (0o, m, o) () = DgAo(Bo,m0, Ao)(a) + 9,09 Ao(8o, M0, Xo) (A, @) + Ry,

where .
RTY = / {&789/\0 (007 7o + tA: AO)(Aa a) - an80A0 (607 no, AO)(Av a)} dt.
0
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If [Allar =0 or py(a) = 0, the bound is immediate. Otherwise, Condition C4 applied to
A/2[IAllx) and a/(2pn (@) yields

|Ry| < Coula)|| AR

The condition py(a) < M absorbs the seminorm factors into the constants in the two O(-)
terms. 0

Theorem C.7 (Constrained Lagrangian von Mises expansion). Suppose Condition A2 and
Conditions C1-C6 hold. Then, for each n € Np, 6 € Hp, and o € H with py(a) < M,

¥0(8) — Yo(0o) = Podn,r (8)() + Zo(ao — 0,0 — 0o) + {0, Ao (0 — 6o))c
+0(]16 = 6oll3) + O(In = molln [0 = Goll2) + O(lIn — mollXr) »

where the constants in the O(-) terms depend only on M, ||vollc, px(w), and the constants
in the preceding conditions. If 1y is linear at Oy and Ao(-,m, o) is quadratic at Oy, uniformly
over n € Np, then the Taylor remainders coming from the target and the Lagrangian are
absent.

Proof. Let 6 := 60 — 6. By Lemma C.1 and Condition A2,
o(0) = %o (60) = Po(60)(8) + O([I6][3,) ,
with the remainder absent when g is linear at 6y. By Condition C6,
P0(00)(8) = Zo(evo, ) + (70, Aod)e-

It remains to expand the Lagrangian gradient in the direction «. Condition C2 and
Lemma C.6 give

Podn,xe (0) () = oMo (6,1, Xo) ()
= 09 Mo (00,1, X0)() + 03 Mo (B0, m, M) (8, &) + O([15]13) ,

(
where the last remainder is absent when Ag(+, 7, Ag) is quadratic at 6y, uniformly over n € Np.
Expanding the first term in 7, again using Lemma C.6, yields

99 Ao (00,m, Xo) () = Do Ao(fo, 70, Xo) () + BnBaAo(bo, 10, Ao)(n — 1o, )
+O(|ln = nollx) -

The two leading terms in this display are zero by Conditions C1 and C5. Therefore,
Pogn,ng (8)(@) = 95A0(00, 1, 20) (8, @) + O([18]15) + O (Il — moll ) -
Condition C3, applied as in (C.5), gives
85 Mo (80,1, 20) (8, @) = To(8, @) + O(|ln = molln[16]l2) -
Since Zy is symmetric,
Podnxo (0)(@) = Zo(e, 8) + O([|6][3,) + O(lln = nollacllsll2) + O(lln = mollx) -

Combining this expansion with the target expansion and the constrained Riesz representation
gives the stated result. O

For feasible constrained candidates, the additional linearized-constraint term is a second-
order remainder under the following local smoothness condition.
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CT7) (Second-order constraint expansion). There exists C' < oo such that, for each 0 € Hp,
ICo(6,10) = Co(bo,10) — Ao(6 — o)l < C10 = ol
Corollary C.8 (Feasible constrained expansion). Assume the conditions of Theorem C.7
and Condition C7. If, in addition, 0 is feasible, that is, Co(6,m0) = 0, then
P0(0) = P0(00) = Podn,xg (0)(a) + Zo(aw — a, 0 — bo)
+0(16 = 6oll3) + O(lln = mollarll6 = boll2¢) + O(lln = moll i) -

If 1o is linear in 0, Ao(-,m, No) is quadratic in 0, uniformly over n € Np, and Co(-,n0) is
affine, then the O(||0 — 6o||3,) term is absent.

Proof. Let 6 := 6 — 6. Since Cy(6,19) = 0 and Cy(6p,n0) = 0, Condition C7 gives
[ Aodllc < Cl6]3-

Therefore
(70, Aod)c| < [lvollellAod]lc = O(lI8]13) -

Substituting this bound into Theorem C.7 gives the displayed expansion. If g is linear in
0, the Lagrangian is uniformly quadratic in #, and the constraint map is affine, then the
Taylor remainders in 6 and the linearized-constraint remainder vanish, so the O(||§]|3,) term
is absent. O

When C = {0}, the Lagrangian reduces to Lo, A9 = 0, and 79 = 0. Thus Theorem C.7
reduces to Theorem 4.9.

C.8.2 Universal Neyman-orthogonality refinement

The following theorem records a refinement of Theorem 4.9. If the Hessian is itself Neyman-
orthogonal in the nuisance direction, then the Lipschitz step in (C.5) improves from first
order to second order in ||n — no||n-

Theorem C.9 (Von Mises expansion under universal Neyman-orthogonality). Assume the
conditions of Theorem 4.9 and the following additional conditions.

(i) (Universal Hessian orthogonality). For all hy,hs € H and n € Np,

87783110(007770)(7] — To, h17 h2) =0.

(ii) (Fréchet differentiability of the Hessian in n). For each 0 € Hp, the map n
93Lo(0,m), defined on Np, is Fréchet differentiable in m, with derivative

O3 Lo(0,m) : N x H x H — R.
(111) (Lipschitz continuity of the Hessian cross-derivative). There exists C' < oo such that,
fO'f' all 77577/ S NP: g € N7 and h17h2 S H thh ||g||N + ||h1||7'l + pH(hQ) S 1;

0903 Lo (00, n') (g, 1, ha) — On03 Lo(60,m) (g, ha, ha)|
<Cln" = nlln-
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Then, for each n € Np, 6 € Hp, and o € H satisfying py(a) < M,

W0(8) = o(00) = Poly(8)(@) + 85 Lo (0o, m0) (@0 — v, 6 — bo)
+0([10 = boll7) + O(lln = mollxr) .
where the constants in the O(-) terms depend only on M, the local radius of Hp, and the

constants in the preceding conditions. If 1o is linear at 6y and Lo(-,n0) is quadratic at 6y,
then the O(||6 — 6o||3,) term is absent.

Proof. Let 6 := 0 — 6y, A :=n — 19, and
F(n) == 93 Lo(60,n)(5, ).

Since Np is convex, ng + sA € Np for s € [0,1]. By assumption (ii), Taylor’s theorem with
integral remainder gives

1
F) ~ Flm) = [ 0,F( + s8)a]ds,
0
where
Oy F()[A] = 0,05 Lo(60,7) (A, 6, ).
Universal Hessian orthogonality yields 0, F(n9)[A] = 0, and hence

F(n) — o) = / {00 F (1 + 515) — B, F(10) [ ds.

If |Allar = 0, ||0ll% = 0, or py(a) = 0, the desired bound is immediate. Otherwise,
trilinearity and assumption (iii), applied to A/(3||Allar), 6/(3||0]%), and a/(3py (), imply
that, for each s € [0, 1],
{00 F'(no + s2) — 0nF(m0) HA]|
= {905 Lo (80, 1m0 + sA) — 9,05 Lo (60, 1m0) }(A, 6, ) |
< 27Cs | Allx |18l pn ().

The factors |||/ and py () are bounded on the local set and by the condition py(a) < M,
respectively. Therefore,

[F(n) — F(no)] < / O(s|Al%) ds = O(|A ) .
Thus
|95 Lo (60, m) (8, &) — 93 Lo(80,m0) (8, )| = O(|ln — mollx) ,

and substituting this bound into the proof of Theorem 4.9 at (C.5) removes the cross-product
remainder. O

C.83.8  Orthogonalized moments from Hessian Riesz representers

The same Hessian-representer construction can be applied to moment equations. Suppose
that g is identified by

PyUg, (5 p0) = 0,
where 6y denotes an infinite-dimensional nuisance parameter and ¢ is finite dimensional. For
a scalar component of the moment, and componentwise for vector-valued moments, define

¥§ (0) = PoUs (-5 ).
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If 0 — 13 () satisfies the smoothness condition used in Theorem 4.9, let oy denote a Hessian
Riesz representer of 4§ (6y), so that

U (00)(h) = 03 Lo(fo,mo)(af,h)  for all h € H.
Define the orthogonalized moment
Uno.ae(Z59) = Ua(Z; ) — £4(0)(a?)(Z).

At (no, 0, o), the derivative of its population mean with respect to 6 is zero. Indeed, for
every direction h € H,

06{PoU,g 0,08 () }(R) = 9§ (00)(h) — 3 Lo(60,7m0) (h, of)

0=0¢

)

where the last equality uses the Hessian Riesz representation and symmetry of 92 Lo (0o, 7o)
Hence the nuisance sensitivity of the estimating equation is removed to first orger and g
can be estimated by solving N

PnUn,,L,B.,L,ai (7 SO) = 07

under the usual regularity conditions for the resulting empirical moment [van der Laan and
Dudoit, 2003, Chernozhukov et al., 2018a, Chen et al., 2026]. The same correction can also
be applied to the first-order conditions of a population risk to construct Neyman-orthogonal
losses, as in Foster and Syrgkanis [2023], van der Laan et al. [2024a].

C.4 Proofs for Section 4.4

Denote the EIF estimate corresponding to 0, 1, and ay, by x» = m(-,0,) — Pom(-,0,) —
U, (0n)(cr). For each n € Np, 6 € Hp, and a € H, define the remainder Remp, (1,0, ) :=
Yo(0) — o(0o) — Poly(0)(a), which by the von Mises expansion in Theorem 4.9 is second-
order.

Lemma C.10 (Decomposition of bias of one-step estimator). Assume A1-A8 hold at P :=
FPy. Then,

Agml - \I/<PO) = Pnxo + (Pn - PO)(Xn - XO) + RemPO(nn’ On, an)'

Proof of Lemma C.10. Under conditions A1-A8, ¥ is a pathwise differentiable parameter at
Py with EIF x( provided in Theorem 4.11. By definition of Remp, (1, 0, &), we have the
following von Mises expansion of the bias:

an('7 0”) - \IJ(PO) = 7P0XTL + Remp() (nTH 0717 an):

noting that Remp, (9, On, an) = Pom(-,0,) — ¥(Py) + Poxn. Adding P,x, to both sides,
we find that

U™ = W(Po) = Pam(-,0n) + Paxn — U (P0)
= (Pn — Po)xn + Rempy (0, On, an)
= (Pn — Po)xo + (Pn — Po)(Xxn — x0) + Remp, (n, On, ).

The result follows noting that (P, — Py)xo = PnXo, since Pyxo = 0. a
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Proof of Theorem 4.13. By Lemma C.10, we have the bias expansion
Pa™ = U(Po) = Poxo + (Pa = Po)(Xn — X0) + Remp, (11n, O, ).
By B5, we have (P, — Py)(xn — X0) = 0p(n~'/?), so that
U™ = W(P) = PaXo + Remp, (0, O, an) + 0 (n /%)
Next, by B1, we can apply Theorem 4.9 to conclude that

Rem py (1n, O, an) = Oy (95 Lo (60, m0) (00 — atn, 0 — 60))
+ Op (”971 - 90”’2){) + OP (”nn - 770H/2v)
+ Op ([Inn — nollar[16n — Boll2:) -

By B2-B4, it holds that Remp, (1), On, an) = 0,(n~'/2). We conclude that
Yo — W(Py) = Paxo + 0p(n™'/?).

Thus, ngl is an asymptotically linear estimator of W(Fy) with its influence function being

~

the EIF of W. It follows that ¥d™! is a regular and efficient estimator of W. O

C.4.1 Proof of Theorem 4.15
Proof of Theorem 4.15. By Conditions A2 and A3, we have
W3 (Po) = W3 (FPo) = vo(0o,30) — tho(bo)
= 40 (60) (60,17 — 00) + O ([|60, 3/ — boll3.) (C.15)
= 93 Lo(60,710) (0, 60,3 — 60) + O (||, — boll3) ,

where the final equality uses the Riesz representation property of ay, and the O(||6 2 —0o||3,)

term is absent when the functional is linear.
Next, the first-order conditions defining the risk minimizer 63, imply that

89L0(90,H/, no)(h) =0 forallhe 7‘[,.

Applying Condition A3 and using the first-order condition at 6y, we find, for all h € H’ with
pr(h) < oo,

0 = 99 Lo(0o,3/,m0)(h) = 83 Lo(00,m0)(00,2: — B0, k) + O (pr(R)|60,2¢ — 90”3{) .

The displayed remainder is absent when the risk is quadratic. Taking h = ag 3/, whose
auxiliary norm is finite by assumption, we find that

95 Lo(00,1m0) (00,317 — 00, a0.3¢/) = O ([|00,30 — boll3) -

By symmetry of 93Lo(6,70), combining the above expression with the final equality in
(C.15) gives

30 (Po) — W3 (Po) = 95 Lo(80,m0) (o — o307, 00,20 — 00) + O (00,3 — boll%) ,

where the O(||fp 3 — 6o]|3,) term is absent when the functional is linear and the risk is
quadratic. This proves the claim. O
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