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Abstract

Pinned Balls, Foldings and Particle Collisions

Shuntao Chen

Chair of the Supervisory Committee:
Krzysztof Burdzy
Department of Mathematics

This dissertation provides results on three different models related to or inspired by billiards.

e Part I contains proof of the existence of the invariant distribution for a pinned billiard
ball model with gravity and the construction of a pinned billiard ball model with a

given invariant distribution.

e Part II contains estimates of the convergence rate for the folding model on the unit
sphere in R™. This is a toy model for the coupling approach to the convergence rate

in densely packed pinned billiard balls on a torus.

e Part III gives the asymptotic formula for the collision location of two sample particles
with fixed initial locations and velocities distributed according to the microcanonical

ensemble formula, i.e., independent standard multidimensional normal in R? and R3.
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sec:intro

Chapter 1
PINNED BALLS

1.1 Motivation

The model takes inspiration from physical systems, for example, gas molecules under high
pressure. In this context, we treat the particles as fixed balls with the same mass and
radius, and their interactions involve fully elastic collisions. For simplicity, we adopt a
one-dimensional model, wherein the balls are arranged linearly.

To make the model more realistic and interesting, gravity is introduced, preventing the
evolution of velocities from simplifying to mere permutations of the initial values. Addition-
ally, to avert a scenario where velocities approach negative infinity over time, we assume
the balls are positioned vertically with the lowest ball on the ground. This arrangement
ensures that the velocity at the bottom has the potential to transition to a positive value,

contributing to the model’s stability.
1.2 Informal review of main results

We will prove that the one dimensional pinned ball model is irreducible, Harris recurrent
and has a unique invariant distribution.

We will also construct another model with a predefined invariant distribution.
1.3 Model definition

We will study a model of pinned balls introduced in [1], but in our model, we will add
the gravity. The balls are arranged along a vertical line and touch each other. They have
pseudo-velocities but they do not move. Pseudo-velocities will evolve like the usual velocities
affected by collisions of the balls. Despite their no effect on the position, we will call pseudo-
velocities “velocities”. Similarly, pseudo-collisions will be called simply “collisions”. The

collision times will be chosen for each pair by an exogenous Poisson process.



We will label the balls 1 to n, starting from the ball at the top. The velocity of the i-th
ball at the time t will be denoted X;(t), for i = 1,...,n and ¢ > 0. The collision times
will be denoted T}, for k > 1, with the convention that Ty = 0. We assume that Ty — T} _q
are i.i.d. exponential with mean 1. We also need a sequence of random variables Uy, i.i.d.,
uniform on {1,...,n}, and independent of T} s.

The velocities are changing due to the constant ”gravitational acceleration” g > 0 (pos-
itive in our notation but pointing down).

The evolution of the process X(t) := (Xi(t),...,X,(t)) is the following. For every
j=1...,n,k>0and T <t < Tjp1, X;(t) = X;(Tk) — g(T — Ty,).

At any time T}, the process X may have a jump. If U, = j with j <n and X;(T}—) <
Xj1(Tp—) then we let X;(T) = Xj1(Tp—) and X;41(T) = X;(Tp—). If Uy = n and
Xn(Tr—) < 0 then we let X,,(T}) = —X,(T;—). All other velocities remain unchanged at
time Ty. If the conditions listed above are not satisfied then X (7)) = X(T}—).

We will use an alternative description of the state of the process by tracking velocities
and pretending that they move from one ball to another ball at the time of the collision.

With probability 1, all T} s are distinct. But in our proof, we will allow them to be equal.
It is easy to see that the following definitions apply in the case when Ty < T7 < T5...

We will define the velocity process V(t) = {Vi(t),...,V,(t)} and a function f(i,t) by
induction. For every ¢ > 0, {f(4,t)}!"_, will be a permutation of {1,...,n}.

We will start with V;(0) = X;(0) and f(¢,0) = 4. Suppose V(T}_1) and {f (¢, Tx—1)}1",
have been defined. Then for T, 1 <t < Ty and i = 1,...,n, let Vi(t) = Xy 7, ,)(t) and
fi,t) = f(i,Tx—1). If Uy < n then at time T} there exist 1,72 such that f(i1,Tp—1) = Ug
and f(io, Tp—1) = Up + 1. If Xy (Th—) < Xvu,+1(Tx—), then we let f(i1,Ty) = Ui + 1,
fli2,Ty) = Uy and f(i,Ty) = f(i,Tk—1) for all i # i1,ip. If Uy = n or Xy, (Tp—) >
Xv,+1(Ti—) then we let f(i,Ty) = f(i,Ty—1) for all i = 1,...,n. Finally, we let V;(T}) =
Xm0 (Th)-

We will take the filtration §(¢) = o ({X(s), V(s), f(i,5) : 0 < s <t,1 <i<n}), and let
Leby, to be the k—th dimensional Lebesgue measure.

For most of the time V; is a linear function with slope —g except that is has jumps at

times T} such that V;(Tx—) is negative, Uy = n and f(i,T;) = n. At such a time it will
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Figure 1.1: The evolution of X and V when n =3,U; =1 and X;(71—) < Xo(T1—).

jump from V;(T—) to V;(Ty) = —V;(Tx—). Hence, for t; < to,

Vi(t2) = Vi(t1) — g(t2 — t1). (1.3.1)

1.4 Neighborhood irreducibility

First we will prove that the process X(t) is irreducible in the sense that starting from any

point it can reach any nonempty open set with positive probability. For convenience, let

g=1(9.9."",9)

Definition 1.4.1. For a,b € R", we say b is accessible from a by X (written as a RN b)
if there exist deterministic ¢1,t9,...,ty, and ug,...,uy, such that when X(0) = a, T; =

ti;,U; = u; for 1 <i < m, we have X(T},,) — gt = b for some ¢t > 0.

Remark 1.4.2. This actually means we can build a trajectory from a to b. Hence, it is

easy to see that X s transitive, i.e. a X bandb ¢ imply a X e
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Figure 1.2: Graph of V;(t).

Lemma 1.4.3. For any a = (aj,az,...,a,) € R" b = (by,be,...,b,) € R", we have

X
a— b.

Proof. (i) First we will consider a special case. Assume that b satisfies: {b;}7; = {|a;|}}"_;
andb12b22-~-2bn20.
Let

tk=0,up=q for k=pn+¢q, 0<p<n-11<g<n,
b2y =002, =¢q for k=pn—1)+¢0<p<n-2,1<g<n-1

We will show that if X(0) = a, and Ty = t3, Uy = uy, for 1 < k < n? + (n — 1)2, then
X(Tn2+(n—1)2) =b.

It is easy to see that the first n—1 collisions will send the smallest velocity to the bottom,
i.e.

Xn(Tnfl) = 1121121 Xz(Tnfl)

Combine this with the fact U,, = n to see that X, (T},) = | lr<nj£1 a;|. Hence, at time T,,,
<i<n
there will be at least one nonnegative velocity.
By analogy, every sequence of n — 1 collisions from k =pn+1to k =pn+n — 1 will

send the smallest velocity to the bottom i.e. X,,(Tpnin—1) = 1r<n1£1 Xi(Tpntn—1). The next
<i<n

collision will occur between the n-th ball and the bottom and in either case we will have



Xn(Tpnan) = | Xn(Tpn+n—1)|- Hence, at time pn 4+ n there will be at least p+ 1 nonnegative
velocities.

After repeating this for n times all the velocities will be nonnegative, i.e. at time T2,

{Xi(T2) ey = {laal}icy-
We will use the similar scheme n — 1 times, this time to order the velocities. Specifically,

since Ty21p = 0,Up24 =k for 1 <k <n—1, we have

Xn(Tn2+(n—1)) = lglgln Xi<Tn2+(n—1))

After the second round, we obtain

Xon-1(Th24(n-1)) = 1<€I23_1Xi(Tn2+2(n—1))7

Xn(Tn2+2(n—1)) = min Xi(Tn2+2(n—1))-

1<i<n
In general, at time T2 (1), 1 <a <n—1,
Xi(Tn2+a(n71)) = min Xj(TnQJra(nfl))? fO?“ n—a+1<i7<n.

1<j<i
In the end, at time ;2 (,,_1)2
Xi(Thzy(n-1)2) = Xo(Trzq(n-1y2) = - 2 Xo(Lrzy (n-1)2)
and
{Xi(TnQ—l-(n—l)Q)}?:l = {Xi(Th2) Yzt = {lail s

which implies X(7},24.(,—1)2) = b. Therefore, a X p.

(ii) Let’s consider another special case. Assume that for some 1 < m < n, a, b satisfy:

bi=a; —am forl<i<m—1,by, =bypy1=---=b,=0.

Let X(0) =a. If m =n and t = a, /g, then

X(t) = (a1 — Qp, G2 — Qpy e ooy Qp—1 — am()) = b.
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Hence, a — b.

Now suppose that 1 < m < n. Note that
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If X(0) = (a1 — %, ... ,am—1 — %, %, % . %) then

29
So
<a_‘Lm an o — dm Gm Gm ‘Lm)ib
1 27~--7m71 252,27"‘72 .

Hence, by the transitivity we have a X b
(iii) Suppose b = 0.

Let {c;}7, satisfy {¢;}I'; = {|a;|}}-; and ¢1 > ¢cg > -+ > ¢, > 0. Then by (i) and (ii)

we have
X
a— (c1,02,...,¢Cn)
X
— (€1 = Cp,C2 = Cpy ooy Cu1 — €y, 0)
X
— (01 —Cp—1,C2 — Cp—1,...,Cp—2 — Cnfl,0,0)
X
— (1 — ¢2,0,...,0)
*5(0,0,...,0)=b



(iv) Suppose a = 0. Define a process X'(t) := (X (), ..., X}, (t)) similar to X as follows:
for every ¢ = 1,...,n, k > 0 and T}, < t < Tpy1, X/(t) = X/(Tx) + g(t — Tj) (for X
the sign in front of the last term is negative). We will now define “jumps” of X'. If
Up = j with j < n and Xj(Tx—) > Xj,;(Tx—) then we let Xi(Ty) = X} (Ty—) and
Xl (Tk) = Xj(Tx—). If Uy = n and X, (Tx—) > 0 then we let X}, (Ty) = —X,,(T—). All
other velocities remain unchanged at time 7}. If the conditions listed above are not satisfied
then X'(T}) = X/ (T —).

Similarly to a X, b, we say b is accessible from a by X’ (written as a X, b) if
there exist t1,tg,...,t; and ug, ..., Uy, such that when X'(0) = a and T; = t;, U; = u; for

1 <i<m, then X'(t) = b for some t > T,,.

Clearly a X, b is equivalent to b = a. Let {ci}t, satisfy {¢;}1; = {—|bi|}}]~, and

1 <cg < -+ < ¢y, <0. Following the same argument as in (i), (ii) and (iii) we can show
that

X/

b = (c1,c2,...,¢p)

X/

— (1 — CnyC2 — Cpy oo oy Cy—1 — €, 0)

X/

—— (c1 —Cn1,C2 = Cn1,-- ., Cn2 — Cn—1,0,0)

Xl

— (Cl —62,0,...,0)

!
X5 (0,0,...,0)=a

Hence, a X b.
(v) The general case. By (iii), (iv) and the transitivity of L, we have a = 0 = b.

O]

Suppose Y (t) is another process following the same evolution as X(¢) with the same

{UL}32, but different jump times {77 }7°,.
Lemma 1.4.4. For every k > 1 we have
IX(Tk) = Y (Tp) I < [1X(Th—) = Y(T=)In

Here || - ||, is the Euclidean norm on R™.



Proof. Suppose U, = j. If both X, Y can have jump or neither of them can have jump,
then
IX(Tk) = Y (Tp) I = [1X(Te—) = Y (T =)l

and we are done.
WLOG, suppose X can have jump but Y can not.
If j =n, then X,,(Tx—) < 0,Y,(T}—) > 0.
n—1
IX(Ti—) = YT} )17 = Y (Xi(Ti—) = Yil(T7—))? + (Xn(Ti—) = Yu(Tj-))?

i=1

n—1
> (Xi(Tr) = YilT7)? + (Xa(Ti) = Ya(T}))?
=1

= |IX(Tk) = Y(T})II7

If j # n, then X;(Typ—) < X;41(Tk—), Y;(T}—) > Yj+1(T}—), and therefore

(X5(Th=) = Yi(T7=))” + (Xja (Th=) = Vi (Th-))°

= X;(Tx—)? + Yj(Tr=)? + X1 (T—)* + Vi (Ti—)°
= 2(X;(Ti =) V(T =) + Xjr1 (Ti—) Y1 (T -))

> Xj(Ti—)? + Y(T5=)" + Xja (Ti—)* + Vi (T )
= 2 (X(To=) Y1 (Th=) + X1 (Te—) Yi(T3—)

= Xj1(Th)* + Yi(Tp)* + X5(T0)% + Y (T7)°
= 2( X1 (T) Y41 (Ty) + X;(T3)Y;(T))

= (X(T) = Y;(TD)" + (X541(Th) = i (T0)°

It is easy to see the lemma follows from the inequality. O

N
Lemma 1.4.5. Fiz N < oco. If > |T; —T]| < ¢ and ||X(0) =Y (0)|, < 4, then for arbitrary
i=1
{U Y| we have

IX(Tn) = Y (Tx)lln < 0+ gNv/nd.

Furthermore, for max{Ty,Tn} <t < min{Tny1, Ty} (if such t exists) we have

1X(6) = Y(O)lln < 8 + (9N + 1)/ns.



Proof. For every 0 < k< N —1,

n

X (Ths1=) = Y (T )i = D (Xi(Th) = 9(Tiwr = Ti) = YilT3) + 9(Tipy — T1))°
=1

If a =T , — Ty — Try1 + T, then |a| < § by assumption, we have

n

IX(Th1-) = Y (T )7 = D (Xi(Th) = Yi(T}) + ga)®

i=1
<D (Xi(Th) = YilT}))? + 298 Y |Xi(Th) — Yi(T})| + ng*s®
i=1 i=1

< |IX(Tx) = Y(TP)|17 + 290v/n| X (Tx) = Y (T;)|In + ng®s”
= (IX(T%) = Y(T) | + g0v/n)?

Apply, lemma 1.4.4

IX(Tet1) = Y (T lIn < X (Thr1—) = Y (T =) lln < [IX(Tk) = Y(T)[ln + g6v/n

By induction

IX(Tw) = Y(Ti)lln < [1X(0) = Y(0)lln + goNv/n < 6+ gN/nd
For max{Ty, Ty} <t <min{Tn11, Ty 1}
IX(#) = Y(t)lln = [X(Tn) — gt = Tn) = Y (Ty) + 8t = Tx)lIn
< IX(Tn) = Y(TN)lln + (T — Tx)8lIn
<40+ (gN +1)v/nd
0

Remark 1.4.6. Note in both Theorem 1.4.4 and 1.4.5, we didn’t assume any relationship

between T}, and T7.
Combing the lemmas above together we can get the following theorem:

Theorem 1.4.7. (Neighborhood Irreducibility) For any point xo € R"™, open ball A C R"™
and e > 0,

Py, (22E{X(t) €A} <o0)>0

The notation P, means the process starts from x.
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Proof. Suppose A = B(x1,¢). By Lemma 1.4.3 there exist sequences t1, - -+ ,ty, and uy, -+ , U,
such that when X(0) = o, T; = t;, U; = u; for 1 < i < m we have X(T,,) — gt = 1 for some
t > 0. By applying Lemma 1.4.5 we can see that any {7;,U;}"™, with U; = u;, 1 <i<m
and i |T; —t;| <

=1

€ .
W Satlsfy

[X(T) — (z1 +gt)|ln <&
Furthermore if T}, 41 satisfies Ty,+1 — Tr, > ¢, we will have
[X(Tm + 1) — 21][n = IX(Tr) — gt — 21[ln <.

Therefore,

P,, <gg{x@) € A} < oo>

m
13
> P Ty —til < ————— T — Ton >t
= (;|z z| 1—|—gm\/ﬁ m+1 m )
x P (U; = u;, for 1 <i <m)
>0

O]

Note that by lemma 1.4.5 slightly changing the start point also won’t change the end

point a lot, so we can get the following corollary:

Corollary 1.4.8. For any open balls A1, Ay € R™ there exists some constant ¢ > 0 such
that
Py, <%n(f){X(t) € Ax} < oo> > ¢ for all xg € Ay
>
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1.5 Existence of invariant distribution

Suppose V;(0) = 0 for some ¢ and fix one 7 with this property. In other words
Vi(0) = 0. (1.5.1)

Definition 1.5.1. We will say that a non-negative random variable X has exponential tail

with parameters (a,c) € RT x RT if the following inequality holds for all ¢ > 0
P(X > t) < aexp(—ct).

Lemma 1.5.2. Suppose {X;}°, are non-negative and have exponential tails with param-
eters {(a;,c;)}52, respectively and & is a random variable such that § < N,a.s. for some

3 N
N < oo. Then X := Y X; has exponential tail with parameters < a;, min; ci/N>.
i=1 i=1

Proof. For all t > 0 we have

<> P(X; >t/N)
=1
N

< Zai exp(—c;t/N)

i=1
N
< (Z; al-) exp(— miin cit/N)
1=

O

Remark 1.5.3. Note that Lemma 1.5.2 does not require any assumptions about dependence
or any other relationship between the X;’s, and also £ doesn’t need to be independent from

the sequence.

Lemma 1.5.4. Assume V; = 0, for some 1 <i <n. Ifi <n and X;(0) > X;(0) =0 for
every 1 < j <1 then

1= inf{t > 0: f(i,t) =i+ 1}

has exponential tail with parameters (2(2n)”*"*1, (%)n_z>

assump.recur
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Proof. 1t follows from our assumption that X;(0) > X;(0) = 0 for every 1 < j < i, that the
difference between the velocities of any pair of consecutive balls among the top n — 1 balls
will not change due to gravity alone. This implies that the collision between i-th ball and
(i — 1)-st ball can not happen before 7.

We will prove the lemma by induction.

If i =n—1and V,(0) > 0, then 7, has exponential tail with parameters (1, %) since

71 = T,, where k; = inf{k: Uy =n — 1},

which has exponential distribution with mean n. Hence in this case, 71 has exponential tail
with parameters (1, %)

If i =n—1 and V,,(0) <0, then let ks = inf{k : Uy = n} and note that
71 = Tk, where k1 = inf{k > ko : Uy = n — 1}.

By Lemma 1.5.2 and the strong Markov property, 7 is a random variable with expo-
nential tail with parameters (2, ﬁ) Combining the two cases we see that, fori =n—1, 7y
. . . 3 1
has exponential tail with parameters (2, %)
Now suppose the lemma is true when ¢ > m (m < n —2). We will show it is also true

when ¢ = m.

Step 1: If V},11(0) > V;,,(0), then
71 = T}, where k; = inf{k : Uy = m}.

In this case 7 has the exponential distribution with mean n.

Step 2: If V,,41(0) < V,,(0), then let 7o = inf{t > 0 : X,,41(t) > Vin(t)} and note that
71 = T}, where ky = inf{k : T, > 7, U, = m}.

By the strong Markov property, 71 — 72 has exponential distribution with mean n.

We will now estimate the tail of 7. Define f(k,t) as follows: f(k,t) = j if and only if
f(j,t) = k, and note that f is well-defined since for each t > 0, {f(k,t) }r_, is a permutation
of {1,...,n}. Recall that m is fixed, and let

A={f(m+1,t):t <}
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Clearly, |A] < n.

Step 3: Next we will show that for every t; <ty < 79,

Xmy1(t1) + gt1 < Xong1(t2) + gto (1.5.2)

and the equality holds if and only if f(m 4 1,s) = f(m + 1,t1) for each t; < s < ty. It
suffices to prove (1.5.2) when:

(i) T, < t1 < tg < Tj4q for some k.

(i) Tp < t1 < Tpy1 < to < Tgyo for some k.

(iii) Ty < t1 < Ty1 < -+ < Tpqq < to for some k and [ > 2

The proof of (i): In this case, X,,+1 decreases with a constant rate. Hence,
Xint1(t2) + gto = X1 (Tk) + 9Tk = Xt (t1) + gt

and for all t; < s <ty we have f(m+1,s) = f(m -+ 1,t;) since there is no jump.
The proof of (ii): Recall that m < n—2, so in this case, the only possibility for (m+1)-st
ball to have a collision is to collide with (m + 2)-nd ball since X,,+1 < X,, before time To.

If Ugy1 #m + 1, X,41 decreases with a constant rate, so in the same way,
Xmt1(t2) + gt = X1 (Th) + 9Tk = Xmr1(t1) + gta
and for all ¢t < s < t9 we have f(m +1,s) = f(m +1,t1). If Ugp1 = m + 1, then

Xmt1(t2) + gto = Xppi1 (Ths1) + 9T
= max{ Xm41(Tht1—), Ximt2(Tos1—)} + 9Tkt
= max{ X, 11(Tk), Xmt2(Tk)} — 9(Ths1 — Tk) + 9Th11
> Xmy1(Tk) + 9Tk
= Xms1(t1) + gt1.
The equality holds if and only if X,,41(Tkr1—) > Xpmy2(Tkr1—). In this case (m + 1)-st
ball can not collide with (m + 2)-nd ball at time Tj,1, which implies for all t; < s < t5 we
have f(m+1,s) = f(m+1,t;).
The proof of (iii): Take t},t,,..., such that

Tiy1 <t] < Thpo <ty <Tpyz < -+ <tj_q < Ty
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f(m+1,t)

T t

Figure 1.3: The graph of f (m+1,t),t < 1. The values on all pictured intervals are distinct.

By the result we proved in (ii), we have
Xmt1(t1) +gt1 < Xinga (t1) + 981 < -+ < X1 (t1-1) + gty < Xinga(t2) + gta

and X1 1(t1) +gt1 = Xpnp1(t2) + gto if and only if for all t; < s < ty we have f(m+1,s) =
f(m+1,t).

Step 4: We claim that for all ¢t1 < t2 < 7 either f(m + 1,t1) # f(m + 1,t2) or
flm+1,s) = f(m+1,t;) for all t; < s < ty. Suppose f(m + 1,t1) = f(m + 1,t3) but

f(m + 1, s) is not a constant for t; < s < to. By Step 3 we have
Vi(te) = Xint1(te) > Xinpa(t1) — g(te —t1) = Vj(t1) — g(t2 — 1)
It shows that Vj collide at bottom at some time t3 between ¢; and t2. Then Xmt1(t2) =

Vi(ta) > 0 — g(ta — t3) > X (0) — gta = X (t2) This contradicts with to < 7o.
Step 5: Let p denote the Lebesgue measure. We have
n=Yn({t: fm+1,0) = 5})
JEA

:Zsup{tz O:f(m—i—l,t) :j}—inf{tZO:f(m—i-l,t) =j}
JEA

Let j € A and 73 = inf{t > 0: f(m + 1,t) = j}. We claim that

Xm+1(7'3) = ‘/j(Tg) < Vm(7‘3) < Xi(T3), V1l <i<m.
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The first equality comes from the fact f (m + 1,73) = j. The second inequality comes from
the fact 73 < 7. The velocities V7, Vo, ..., V;_1 decrease at a constant rate before time 7,

so the last inequality holds since
X (m3) = Xin(0) — g13 < X;(0) — g3 = Xi(713), V1 <i <m.
Then by induction
sup{t > 0: f(m+1,t) =5} —inf{t > 0: f(m +1,t) = 5}

has exponential tail with parameters (2(2n)”_m_2, (%)n_m_l). Since |A| < n, by Lemma

1.5.2, 7 has exponential tail with parameters ((Qn)”*mfl, % : (%)n_m_l) Combining
this with the fact that 7 — 7 has exponential tail with parameter %, we obtain that 7 has

exponential tail with parameters (2(2n)”_m_1, (%)n_m)

Therefore, by induction we proved that 7; has exponential tail with parameters (2(2n)”_i_1, (%)”_Z)

when 7 < n. O

Lemma 1.5.5. We make one of the following assumptions:
(1) Vi(0) =0 for some 1 < i < n.
(2) V,,(0) =0 and V,(0) # min V;(0).
1<j<n
Then the time

o:=inf{t>0: f(i,t)=i+1ori—1}
has ezponential tail with parameters ((2n)", 2 (3£)").

Proof. Let k = arg min V;(0).
1<5<i
(i) If k = i then V;(0) > V;(0) for all 1 < j < i and ¢ # n by our assumption. By Lemma
1.5.4 we obtain that o has exponential tail with parameters (2(2n)"~"1, (£)""%). Note

that ()" > 1 (%)n and 2(2n)"~~! < (2n)", so o has exponential tail with parameters

(@) 5 (35)")-
(i) If k < 4, then let o/ = inf{t > 0: f(k,t) = i}. Note that f(k,o’) =i which implies

f(i,0") # i, hence o < ¢’. It suffices to prove that o’ has exponential tail with parameters

(@n)" 5 (55)")-
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The velocity Vi (0) is the smallest among the first k& velocities, so f(k,t) can only increase

before hitting n. Hence,
i—1

o = (sup{t > 0: f(k,t) =5} —inf{t > 0: f(k,t) =j}).
J

I
s

Let 0; =inf{t > 0: f(k,t) =j}, j=k,...,i— 1. We claim that for j =k,...,i -1,

Vi(0) < X (05), V1<m <. (1.5.3)

We will prove this by induction.
If j = k (hence 6y = 0) then (1.5.3) follows from the fact that k = arg 1r<nnllril Vi (0).
Now suppose (1.5.3) holds for j. We will prove it also holds for j + 1.
Since f(k,t) jumped from j to j+1 at the time ¢ = 6;41, we must have had Vi (0;41—) <

Xj+1(0j41—). By the induction assumption, for 1 <m < j,
Vi(0j41) = Vie(0;) — 90541 — 0;) < Xin(6;) — 9(0j11 — 05) = Xon(0j11).

Hence, (1.5.3) holds for j + 1.
It follows from (1.5.3) that the main assumption of Lemma 1.5.4 is satisfied. The lemma

and the strong Markov property applied at stopping times ¢; show that
sup{t > 0: f(k,t) =4} —inf{t > 0: f(k,t) = j}

has exponential tail with parameters (2(2n)”_j_1, (%)”_J) for every k < j <i—1. Then

by Lemma 1.5.2, ¢/ has exponential tail with parameters (2(1 — k)(2n)n—kt L (ﬁ)n_k>

Note that - (ﬁ)n_k > L (1) and 2(i — k)(2n)" %1 < (2n)", so ¢’ has exponential tail
with parameters ((2n)", 1 (%)n)

O

Theorem 1.5.6. Assume V;(0) =0 (1.5.1). The time 8§ := inf{t > 0 : V;(¢) = 0} satisfies

for every t >0

exp (—;nt) <P(S > ) < 8n2(n + 1)2(2n)" exp <—8n2(:b+1) <21n>n> .
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Figure 1.4: Graph of V;(t) illustrating the relationship between 8; and 8.

Proof. Denote 8; = inf{t > 0 : Vj(t) > 0}, i.e. 8 is the first time when V; change to
positive, then § = 28;.
i-1
(I): Let K = > 1ix,(0)<0}- We will show that f(i,¢) can only jump up at most K
j=1

fG,t)—1
times before time 8;. Denote () = > Lix,()<vi(r)}- Then ¥(0) = K.
j=1

For j > 1, let a; to be the j-th time before § when f(i,t) jump up, i.e.
o] = inf{O <t<81: f(i,t) = f(i,t—) — 1},

a5 = inf{aj_1 <t< 81 f(i,t) = f(i,t—) — 1}, j>1

Note that V;(t) < 0 for t < 81, so there is no collision of V; with the bottom before time

81. We claim for any a1 <t <12 < ¢

U(t1) = U(tz). (1.5.4)

Recall that f(i,t) can not decrease when t € (oj_1, ), it suffice to prove (1.5.4) when:
(i) f(i,t1) = f(i,t2).

(i) f(i,t2) = fli,t2) + 1.

(iii) f(i,t2) = f(4,t1) + k for some k > 1.



18

The proof of (i): In this case each velocity above V; decreases at a constant rate, hence
U(t) = U(ta).

The proof of (ii): Let 8 = inf{t > ¢, : f(i,t) = f(i,t1) + 1}. Since f(i,t1) = f(i,t) for
each t; <t < fand f(i,5) = f(i,t2), by part (i) we have ¥(¢1) = ¥(8—) and U (5) = ¥(t2).
Hence we only need to show ¥(8—) = ¥(S). At time 3, V; swapped with the velocity below,

SO
Vi(B=) < Xypipoy1(B=), f(i,8) = f(i,8-)+1, Xyip)-1(8) = Xypi,8-y41(B—)-
Then
F(i,8-)—1
V)= Y Lixeo<vio)
j=1
f(iyﬁ_)_l
= D U o)<vio) T LK ) (B0)<Vi6-)}
j=1
= Y Lxe<ne) + Lxpea <V
j=1
f(inB*)
= Y Lix@<ie)
j=1
= Lix;8)<vi(8)}
j=1
=V(p).

The proof of (iii): We can take t] < $1 < $3 < -+ < 8g_1 < t2 such that
fli,s1) = f(i,t1) + 1, f(i,s2) = f(i,t1) +2, ..., f(i,s0-1) = f(i,t1) + b — 1.
Then by part(ii), we have
U(ty) =U(s1) =P(s2) = =U(sp_1) = V(t2).

Next, we will show for each oj_1 <t < aj < ta < ajy1, we have ¥(ty) = VU(t;) — 1.
By (1.5.4) we have ¥(t2) = ¥(«;) and ¥(t1) = ¥(a;—). At time «;, V; swapped with

the velocity above, so

Vilaj=) > Xp(ia,-)-1(ai=), fli,o5) = fi,05—) =1, Xfgiay)+1(0)) = Xj(ia;—)-1(aj—).



19

Then

f(ivaj_)_l

Vloj=)=1=" > Lx;(-)<Wila—)} ~ Ly, )1 (ag—)<Vilag—)
j=1
flia5—)—-2
= Z Lix;(a;—)<Vila;—)}
j=1
f(ivaj)_l

= D Lix(a)<vitoy)

Jj=1

= VU(q;).

Recall that ¥(0) = K, so the sequence aq, o, ... has the length at most K, i.e. f(i,t)

can only jump up at most K times before time 8.

(II): Let Wy = 0,

Wj = inf{t > Rj—l : f(i,t) = n},j >1

and N = |{t < 81: f(i,t) =n, f(i,t—) # n}| then N is bounded by K + 1 because there

can be at most K positive jumps of f(i,t) before 8;.

We claim that W;—W;_; has exponential tail with parameters 4K 2(2n)™ and —ﬁ (%)n

foreach 1 <j < N.

Let R} = W,_; and

R](gj) = inf{t > R;(le : f(lvt) 7£ f(i7t_)}7k > 1.

We have
Wj=Wi=) (Rl(f) - Rz(f_)1)
k=1

for some random variable IV; bounded by 2K since there can be at most K positive jumps
of f(i,t) before 8;. Fix some 1 <1 < 2K, when N; = [, by the Lemma 1.5.5 and the strong
Markov property applied at R[()j ), jo ) o ,Rl(i )1, each Ri — R,(jzl, 1 < k <[ has exponential

1

tail with parameters ((2n)" ,% (%)n). Then by Lemma 1.5.2, W; — W;_; has exponential
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tail with parameters (I(2n)", (i)n) Hence, for ¢t > 0

nl \2n

2K
P(W;— W1 >t)=> PW;—W;_1>tN;=1)
=1

< Qf:zmn)”exp (‘iz (21n>nt>

=1

1 /1\"
AR2(2n) exp [ —=——— [ — ) ).
<A (2n) eXp< 2K n (2n> >

N
Apply Lemma 1.5.2 again we can see ), W; —W,_; has exponential tail with parameters
j=1
2 1 1\n
AK*(K +1)(2n)" and — gz, (5)"

Fix some 1 <[ < K 41, when N =1[ we have

N
$1=> (W; = W,_1) + Ty, wherek; = inf{k : T}, > W, and U, =n}
j=1

By strong Markov property applied at W, the term T}, has exponential distribution with

mean n. Apply Lemma 1.5.2, in this case 8; has exponential tail with parameters 4K 2 (K +

1)(2n)" +1 and —m ()", Hence for t > 0,
K+1

P(S$;>t)=> P($;>t,N=1I)
=1

< 8n2(n + 1)2(2n)" exp (-W (21n>n>

On the other hand,

K+1
P(Sl >t>= ZIP(Sl >t,N=l)
=1
K+1
> P (T, >t,N=1)
=1
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Therefore,

PS>t)=P <81 > ;t) < 8n%(n+1)%(2n)" exp (_Eﬁn?(;H) (21n>n> :

1 1
P8>t)=P <81 > 2t> > exp <—2nt>.

Let S be a Hausdorff space endowed with a closed partial ordering < and denote by

O]

BT(S) the family of increasing Borel sets, that is B € BT(S) iff s € B and s < t together
imply ¢ € B. We shall write u < v iff u(B) < v(B) for all B € B'(S). The next lemma

comes from [7] but we state it with our own notation.

Lemma 1.5.7. [7, Cor. 7] Let p,v be two probability measures on S; then p =< v implies
the existence of a measure A on S x S with support in F' = {(s,t) € S xS : s 2t} such that

u and v are the marginals of \.

Lemma 1.5.8. Fiz 1 <1i <mn, for every e > 0, there exists K > 0 such that

t
1y du
lim sup fo (Vi(w)>K} <e, a.s.
t—o0 t

Proof. Define {S;}°, as follows:

i—1
So = inf{t : V;(t) =0}, S; =inf t>ZS Vi(t ZS’ for i > 1
7=0

By the strong Markov property and Theorem 1.5.6 for all ¢ > 1 we have
aj exp(—cit) < P(S; > t) < azexp(—cat), Vt>0

where a1, as, c1, co are given by Theorem 1.5.6.

Let by = ln(a2) ,and Z(M) be a shifted exponential random variable with pdf:
caexp (—ca(t — b2)) Lg>p,-
Let Z® have the exponential distribution with mean 2n. Then for ¢ > 0 we have

P(Z? > t) = aj exp(—cit).
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The space R> endowed with the distance d ({aj};-‘;l, {bj}]o-';l) = max |a; — bj| is a
j

Hausdorff space. Define a partial order < by
{0352, 2 {b;}52, @ a; <b; Vj>1

Now we claim that there exist sequences {S](-l) 21 {S](.Q)}}?‘;l, {Z](-l) 324 and {ZJ(-Q) 2
satisfying:
(W) {85132 = 5773520 < {53520
(2) The sequence {Z ](-1)};-";1 is a sequence of iid random variables with the same distribution
as Z(M. The sequence {Z](-Z)}]?’i1 is a sequence of iid random variables with the same
distribution as Z(%.
(3) For every j > 1, S](-l) < ZJ(.U a.s and SJ(-Q) > Z]@) a.s.

By Lemma 1.5.7, we only need to show:
(I): The set F' = {(a,b) € R*® xR* : a < b} is closed in the product topology on R> x R*

(II) For any sequence {t;}72,, we have

P(S; > t;,%] > 1) < P(Z\" > 1;,v) > 1).
(III) For any sequence {¢;}52,, we have

P(S; > t;,%) > 1) > P(Z) > t;,vj > 1).

The proof of (I): Suppose a sequence {(a(™,b(™)} in F converges to (a,b) in product
topology. Then we have li_>m d(a™ a) = li_>m d(b(™ b) = 0. Suppose

a™ = {af"}32, b = V)52, a= {4}y, b= (b},
For fixed j > 1, we have

'™ — a5 < d(a®™,a) 0, b —b;| < d(b™,b) =0

Hence,

a; = lim '™ < lim b§n) =b;

n—oo n—oo

Since this inequality holds for every j > 1, we have a < b which implies (a,b) € F.
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The proof of (II): First we will show that P (S; > t;|o(5;)) < IP(ZJ(I) > t;), Vj > 1.
If t; < by, then P(Z\") > t;) = 1 > P () > tj]0(S;)) a.s.
If tj > by, then

IP(Z]('I) > tj) = exp (—ca(tj — b2)) = exp(c2b2) exp(—cat;j) = az exp(—cat;).

Note our upper bound for S; is an uniform bound not depend on any information on the

past, we have

P (S; > tjlo(S))) < azexp(—cat;) a.s.

Combine two cases, we can see that P (S; > tj]o(5;)) < IP(ZJ(l) > t;), Vj > 1. Hence,

IP(Sj >tj,Vj > 1) = HIP Sj > tj‘Sk > t, V1 < k <j>

P (Z](.l) > tj) ‘Sk > 1, V1 <k < j)

(

_ ﬁlp (]p (S; > tilo(S;)) ‘Sk >, V1 <k < j)
(
(

The proof of (III): Our argument follows the same reason as in the proof of (II). Since

our lower bound for S; is an uniform bound,

P (SJ > tj|O'(Sj)) > aq exp(—cltj) = P(Z(2) > tj) a.s.
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Then follow the same way in the proof of (II),

o

P(S; > t;,Vj>1) = P (9 >t‘Sk>tk,v1<k<]>

<.
Il
—

=3 II,%]E% II,:IS
=

]P(Z2 >tj>‘5k>tk,V1<k‘<])

=

(

]P(]P (S; > t;]o(S; ‘Sk>tk,V1</~c<j)
[
(2

z? > 1)

<.
I

|
=
L

Z](Q) > 1, V) 2 1)

Since the random variable Z() has finite expectation, there exists K > 0 such that
E(Z1(z50ry) < Fe. Let Z* = max{0, Z — 2K} and in the same way let S7 = max{0, Sj —
2K}, V% = max{0, 8\ — 2K}, Z\V* = max{0, 2}" — 2K} for j > 1.

We claim
. Jo Lviylgrcy dt
P | lim sup ; <eg| =1
t—o0
m+1
For ZS <t< Z S; we have
7=0 =0
m—+1
2 S
=
Jo Laviizory du _ b g du
t - m
>S5
§=0
m—+1
So + Z Sj
c_J=t
So+ >S5
j=1
1 1 mtl *

m
1 1
‘]:



Hence,

t
Jo Limiwizgry 4t _

t—o00

P (hm sup

t

For each M > 1 we have

oo

P ﬂ %So-i—%

m+1
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1 1 m+1

=50+ o > S;f
. =1
lim sup J

m
m—o0 1 1
ESO + o Z Sj
j=1

<e

5)21?

1 1 m—+1
*
0o o0 HSO +m Zl Sj
]:
=P U - <e
M=1m=M %S@ + % E Sj
Jj=1
1 1 m+1
00 RSO + m Z SJ*
. j=1
= lim P J <e€
M—o0

m
m=M %SO + % z:l Sj
j:

m
" 5 5
DSi< Sot D S
J=1 Jj=1

m=M
>p [ {1C5 < Zeln 1m§5*<” Vm > M {0 1§:S> Vm > M
—€ — < —g, Vm — i >n, Vm
= M YT 2 m =TT =R
ne 1 n 1 —
>1-P 502M>—]P sup — Si>—e| —P|[ sup — S;<n
1 IP<S > N M) P 1%5(1)5" P 1ismk
=1- — — su - —e | - sup — - n
0_2(1—5) ng\)/[mjzl 772 ng\}mj:l J
>1 IP(S > "t M) P 1%2(”8” P 17271:2(2)<
— — — sup — : —e| - sup — : n
- 0_2(1—5) ng\)/[mj:1 J T2 m;]\}mjzl J -
For the second term, we have A}im P <So > 2(?7;)]\4 ) = 0 since Sy is finite almost
—00
surely.
For the third term, note that by the strong law of large numbers
1 m—+1 n
=N 2V M EZ = E(Z1750k)) < <.
m ‘3 4
Hence,
m+1 m+1

1
lim P | sup —

M —o0

S e
7j=1

m>M T =

[c olENNe o) 1 .
NU, 22>

M=1m=M

gs =P

D

Jj=1

n
—€
2
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For the forth term, in the same way by the strong law of large numbers we have

1 m+1
Y 2P e <Z(2)> — 2.
m =
Hence,
1 m-+1 ( ) ') ') 1 m-+1 ( )
lim P N zZ9 <] =P — N z¥ < —0.
Jim P sup =3 Z77 <n N U222 snp|=0
Z j=1 M=1m=M =1

Therefore, we proved

¢
T4v(u d
P <limsup fo {IVi(wl>gK} 74 < 5) =1.

t—o00 t

The following definition comes from [6]

Definition 1.5.9. A process ® is called bounded in probability on average if for each initial

condition x € X and each € > 0, there exists a compact set C' such that

t—o00

¢
liminfi/ P,(®,€C) du>1—c¢.
0

Theorem 1.5.10. For every ¢ > 0, there exists a bounded set C' such that

t
Lix(uecy d
lim sup 20 LOK@gC) AU

t—o00 t

<e&, a.s,
and hence X s bounded in probability on average.

Proof. By Lemma 1.5.8, there exists K > 0 such that for all 1 <i<n

t—o00

. 1 [t €
hms.upt/0 Lvi(w)|>k) du < o a.s.
Take C' = [- K, K|". This set is compact and

1 [t 1 ft
t/o Lixygcy du = t/o Li31x;(w)|> K} du

1 t
= t/o L5 v (u) > Kk} du

< Zt/o Lyviuy>xy du
=1
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Take the lim sup on the both side to get

t—o00 t—o00

. 1 [t . ~1 [
hmsupt/0 Lixy¢cy du < hmsupz:t/0 Ly u)>ky du
=1

n t
1
< lim su / 1y du
; el MRS UGOIES

< €& a.s.

Hence, by Fubini’s Theorem and Fatou’s Lemma

1 t
liminf | / P (X(u) € C) du
0

t—o0

.1t
:hmlnft/o E(]]-{X(u)GC}) du

t—o00

1 t
:htrgégfIE} <t/0 Lixwecy du>
1 t
> <htrg£f t/o Lixwecy du)
1 t
=K <1 — lim sup / ]l{X(u)géC} du>
t—o0 t 0

>1 —e.

O]

Lemma 1.5.11. The process X(t) has Feller property, i.e. for every t > 0, P'(f) takes

continuous and bounded function to continuous function.

Proof. Take x = (z1,...,x,) € R", denote

n

E = | —max|z;| — gt — 1, max |z;| + gt + 1
1 7

The number of jump times in [0,¢] has Poisson distribution with expectation ¢, so there
exists N such that P(Ty < t) < e. Since f is a continuous function and E is a compact

set, f is uniformly continuous on F. For any € > 0, there exists 0 < § < 1 such that

|f(y1) — f(y2)] <e, foralllys—yalln <d+ (9N +1)vndand yi,y2 € E

If M = supyegn f(y), then M < oo since the function f is bounded.
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If X(t) is starting from x, then
n
X(t) e [— max |x;| — gt, max |z;| + gt} CE as.
(2 (2

For arbitrary x' = (2, -+ ,2})) € R™ with ||x — x'||, < 4, let X'(t) be the process starting

rrn

from x'. In the same way we have
X'(t) e [— m?x|x;| — gt,m?x|x;| —I—Qt] CE as.
We have
P! ~ PUA()| = [Ef (X(0) ~ B (X'(0)|
<EJJ (X() £ (X'(0)|
- [ e - pay e [ ) - £ (<) .

{Tn>t}

For the first part,
/ £ (X(8) — f (X'(8)) [dP < 2MP(Ty < t) < 2Me.
{Tn<t}

For the second part, since there are at most N — 1 jumps during [0, ¢], by lemma 1.4.5 we

have
1X(2) = X (1)l < 6+ g(N — 1)v/. a.s.
Hence,
/ |f (X)) — f(X(t)) |[dP < / edP<e.
{Tn>t} {Tn>t}
Therefore, | Pt f(x) — P! f(x')] < (2M + 1)e which implies the continuity of P!f. O

Remark 1.5.12. The strong Feller property does not hold for X. Here is a counterexample:
Fix t > 0, let £ = {(z1,---,2) € R" : maxax; < —gt}, f = 1p and 7 = T, where
(2

k1 = inf{k : Uy = n}. Then 7 has exponential distribution with mean n and
P f(0) = Eo (f(Xy)) = Po(X; € E) > P(r > t) > 0.
However, for every € > 0 we have
P'f((e,--,e) =P(X; € E) =0.

Hence, P!f is not a continuous function.
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existinvariant| Theorem 1.5.13. An invariant probability measure exists for the process X.

Proof. The following result is in the Theorem 3.1 in [6]: If a process has the weak Feller
property and is bounded in probability on average, then an invariant probability measure

exists. Hence, our theorem holds. ]

Example 1.5.14. Consider the case when we only have one ball. The generator for the

process is
Af(u) = —gf"(u) + Lucoy (f(—u) — f(u).
The adjoint of A is given by

A*h(u) = gh'(u) + Lyysoph(—u) — L<oph(u).

In our notation Proposition 9.2 in [4] tells us h(u)du is invariant for the process X if

and only if A*h(u) = 0.

For u < 0,
A*h(u) = gh'(u) — h(u) =0
:>1dh = 1al'u,
h g
u
=h(u) = Cexp (g)
For u > 0,

A*h(u) = gh'(u) + h(—u) = gh'(u) + C exp (Z) =0
—h(u) = Cexp (—Z) + O

Note that [p h(u) du=1,s0 C; =0 and C = %. Therefore, when n = 1 the invariant

probability measure is a double exponential distribution.

Remark 1.5.15. It seems impossible to derive an explicit formula for the invariant distri-

bution for n > 2 with the same method.
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1.6 Uniqueness of invariant distribution

sec:unique

In 1.5 we proved there exists some invariant distribution 7. In this section, we will show
this 7 is unique.

The following definition of Harris Recurrence comes from [6, p. 490]

isrecurrence| Definition 1.6.1. A process X(t) is called Harris Recurrent if for some o— finite measure
o, Px, litng{X(t) € A}) =1 whenever ¢(A) > 0.
>

It is shown in [5](*** page) that if X is a Harris recurrent process than there exists an
unique (up to constant multiples) invariant measure. In this way, we only need to prove our

process X(t) is Harris recurrent relative to Lebesgue measure.

Theorem 1.6.2. For any Lebesgue positive set A and Xg € R™ we have

EXO (/0 ]l{X(t)eA} dt) >0

Proof. By the inner regularity of Lebesgue measure, there exists a compact positive set
contained in A, hence WLOG we may assume A itself is a compact set. Let Leby to be the
k-dimentional Lebesgue measure.

For each permutation « of {1,2,--- ,n} and € > 0, let
Eoe={x € R" 1w,y < Tq2) — 26 S Tg(3) — 36 < -+ < Tg(n) — NES

For each € > 0, let

Ge ={(x1, - ,zp) € R": 1r§nzl£n% + lrélzagxnxi < —¢}
H.={(z1,-- ,2) €R 11;1%1” T + 112%Xn x; > 2¢e}

There exists ¢ > 0 and a permutation a such that at least one of AN E,2. N Ga. and
ANE, 2:NHoe has positive Lebesgue measure. WLOG, we may assume one of A € E, 20.NGoe
or A € E, 2. N Hy. is true.

We can find a sequence of open balls {B;}7°, such that

(1)[Ua(Ba2e 1 Gao)) UV (B2 1 Hae)) = U By

(2) Each B; is contained in some E, 2: N Gf: or By 0. N Hae.
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(3) The radius for each B; is less than 1.

By 1.4.7, we only need to prove that for each B; there exists some constant ¢; > 0 such

that for any A € B; and a € {—2¢ < a; < ag <--- < a, < 0} we have

Ea (/ ]I{X(t)eA} dt) > ¢ Lebn(A) (1.6.1)
0

The left hand side is a measure as a function of A, so we only need to prove (1.6.1) for
open balls. Suppose B; = B(yo,r) and A is any ball B(y,d) C B; with § < §. The proving
(1.6.1) is equivalent to prove

Let A1 = B(y, %), and T} = inf{t > 0: X(¢) € Ay}. If there is no jump between T} and
11 + %, the process will be decreasing with a constant speed g. For this reason, it will stay

in the bigger ball A for at least % time units. Note that § < 1. Hence,

Ea </ Lixea) dt) > i]Pa (Th < o0) P(there is no jump during (71,77 + i))
0

29 29
)
= 2 exp(— 2 )Pa (T,
% exp( 2g) (Th < )
0 ( ! )IP (T < )
2 exp(——)P,
= 2ge P B 1 &)

Let K be the hyperplane {z1+x2+- - -+, = b} where b = sup{x1+zo+---+x, : x € A1}.
Let A be the projection of A; onto K, and 7" = inf{t > 0 : X(¢) € A}. If there is no jump
between T” and T" + %, the process will be decreasing at a constant speed g, it will travel
at least g units of space in a straight line and hence it will hit our ball A;. In this way, we

have
P, (T1 < 00) > P, (T < 00) P(there is no jump during (T, 7" + 2(;))
> exp(—;g)]Pa(T’ < 00)
> exp(—;g)]Pa(T' < o)
Let n be the unit normal vector to K pointing away from A;, A] = {x+tn:x € At €

[0, £]} and T7 = inf{t > 0 : X(t) € Aj}. If there is no jump between 77 and 77 + £, the

process will be decreasing at a constant speed g, it will travel at least € units of space in a
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straight line and hence it will hit the set A. In this way, we have
P, (T" < 00) > Py (T] < o0) P <there is no jump during (77, T] + 6))
g
= exp(—g)IPa (T] < 0)

Define B] = {x+tn:x € B;,t € [0, §]}, we claim that A} C B;. For x = (x1,--- ,z,) €

A1, the projection onto K would be x+t1n with ¢t; = L;L:lx’ Then each point in A} can

be represented as x +t1n +tan with ¢o € [0, §]. Note that A; is an open ball with diameter

0, we have
b—> %

n

60 ¢ € €
t1+t2 = +t2§5+*<(5+*<*

4 4 2
If B; C Eq2: N Gae, we will show that B, C E, . N G.. Adding tn will not change the

differences between coordinates, so B € Eq 2. C Eq. On the other hand,

min (x; +t) + max (r; +t) = min z; + max x; + 2t
n n

1<i<n 1<i< 1<i<n 1<i<
€
<242 =
2
= —¢

Hence, B] € G.
If B; C Eqp2: N Hoe, we can also show that BZ{ C Eo N H.. With the same argument,

B! € E, . since the differences between coordinates do not change. In addition,

min (z; +t) + max (z; +¢) = min x; + max z; + 2t
1<i<n 1<i<n 1<i<n 1<i<n

>24+2-0

> ¢
Finally we only need to show that P, (7] < c0) > ¢6" ! for some ¢ only depends on B;
and e. Since B] is a bounded set, there exists M > 0 such that B, C [-M, M]™.
(I) If B; € Eig2: N Gae.

For2 <k < n,let b, = (%LW%—L We will define b,,’s many collisions as following;:
Upti=n—t,for2<k<n—-1,0<i<bpyq —bp—1
We claim that

X(Ty,) = (a1 — gTp,,, —an + 2974, — 914, , —n—1 + 29T, — gT,,- -, —az + gT},,)
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Then for T;,, <t <Tp, 41,

X(t) = (a’l - gt7 —Gnp + 2gTb2 - gta —0n—1 + 2gTb3 - gta cec, a2 + 2gTbn - gt)

Using X, -, X, to represent Tp,,--- , T}, ,t we can get

(7, = 219 (Xs+ an) — (X1 —a1)
T, = ;g (X5 + an1) — (X1 — a1))
Ty, = 219 (Xn +az) — (X1 —a1))

t- Ty, = _219 (X1 —a1) + (Xp +a2))

Note that for x € A| C Ej4. N G. we have
T —a1 <T1+elTr—e<Tota, <3< T3—c<xT3+an_ 1< -<Tp+as

1+ x, < —Ee<ar <ay—ap

Hence, A is contained in the range of X(t).

Define h, hy : R? — R* ! as

hix) = (;g (224 ) = o1 = )+ o (G +2) — (1 = a1>>)

hi(x) = (x2 — 21, , 2y — 1)
Then

P, (T] < )
1

() Lo I

Z _

" XEh’ A/ T (z1—a1)+(zn+a2))

> ( ) / / a(Tp,+1— Ty, € ds)Pa (Tp,, -+ ,Tp,) € dx)
xeh A’1 2M+€

*%k ( ) 2]\/I+5 /

N xXE

The inequality (%) comes from the fact that for any x € A} C B} C [-M, M]™ we have

]Pa (Tbn-f—l - Tbn S dS, (Tb27 e 7Tbn) € dl’)

sza"' aTbn) € de')

Ty —a1+x, +a2>-M+0—-—M—c=-2M —¢
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The equality (*x) comes from the fact that 7}, 1 — T, has exponential distribution with
mean 1. Note that (T3,,--- , T}, ) has positive continuous PDF, its PDF will have a positive
minimum value on BZ{. Let m to be this minimum value, then m only depends on B; and &.
Hence,

_2M+e

1\
PA(T] < 00) > () e 2 / Pa (Tey, -+ ,Te,) € dx)
n xeh(A%)
bn .
>m (i) e Leb(h(A})).
n—1
By scaling and translation, Leb,,_1(h(A})) = (%) Leb,_1(h1(A})). Recall that A}

can be represented as x+ (t1 +t2)n with x € Ay,t; = w, ty € [0, §J, so that hi(A]) =

n

hi1(A1). Fix some point x = (z1,--- ,z,) € Ay, let S to be the slice {(x1, 5, 25, -+ , 2], :

n

(x1,24,--- ,x)) € A1}, then

Leb,,_1(h1(A1)) > Leb,_1(h1(S)) oc 6™

Therefore, P, (T} < 00) > ¢d"~! with some ¢ only depends on B; and e.
(IT) If B; € Eqy 2. N Goc for some a # id.
Follow the same way in (I), let

(2n—k+1)(k—-2)

by = 5

+1, 2<k<n

Upvi=n—1, for2<k<n—-1,0<i<bpy; —bp—1

Then
X(Ty,) = (a1 — gTy,,, —an + 29Ty, — 9T, —an—1 + 29Ty — gTp,, -, —az + gTp,)
There exists ¢ > b,, and some up,_ 41, ,ug € {1,2,--- ,n — 1} such that with

Up,+1 = Uby+1,Up,42 = Up, 42, -, U = w

Our £ here only depends on the permutation a. We have X;(Ty) = Xo-1;)(Th,) — 9(Te —
Ty,). Define go : R™ — R" to be

ga(($17 T 7'7;”)) = (xa(l)vxa(2)v T >xa(n))
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Note that reflection preserves measure, so Leby,(gq(A4))) = Leby,(A4)). Then

l 1
P, (T] < ) > <i> P, (X(Ty) € A}) = (i) Py (92(X(T7)) € ga(A)))

The factor (%)g is due to the fact that every jump should happen between specific balls.
Note that Xa(z-) (Tg) = Xi(Tbn) — g(Tg - Tbn), SO

9a(X(Ty)) = (a1 — 9Ty, —an + 29Ty, — 9Ty, -, —az + 29T, — 1)
Representing Ty, , Tp,, - -+, Tp,,, I} with X1, -+, X, we can get

T, — ;g (X2 + an) — (X1 — 1)
Ty, 219 (Xs+an—1) — (X1 —a1))

T,, = 219 (X +a2) — (X1 — a1))
T, = _;(Xl —ay)

For each x € g4(A}) C ga(Eqr N Ge) we have
T <x9—2e<x3—3<---<x,—ne
1+, < —e<ar <ap—ag

Hence, g,(A}) is contained in the range of go(X(7y)). From the formula of g,(X(7})),

we can see the Jacobian matrix is

0 0 -~ 0 —g
29 0 - 0 —g
aga(X(Tﬁ))
=10 29 --- 0 ~—
a(Tb27 e 7Tbn7T€) ) g ) g
0 0 --- 29 —g

with determinant g(2¢)" 1. Hence, go(X(T;)) will have a positive continuous PDF, its PDF

will have a positive minimum value on go(B}). Let m to be this minimum value, then m

only depends on B; and . Hence,

Pa(9a(X(T7)) € ga(A])) = mLeby(ga(A])) = mLeby (A7) oc 6"
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(III) If B; C Eid,2€ N Ho..
Follow the same way, let
2n—k+1)(k—2)

b, = 5 +1, 2<k<n

Upvi=n—1, for2<k<n—-1,0<7<bppq —bp—1
Then
X(Ty,) = (a1 — g1y, —an + 29Ty, — gT,,, —an—1 + 29Ty — g1y, -, —az + gTp,)
Next, we let Uy, 4; =i for 1 <i <n and b,41 = b, + n, then
X(Ty, ., ) = (—an + 29Ty, — 9T, s —an—1 + 29Ty, — gTo, 5+, —a1 + gTp,,,)
Using X3, --, X;, to represent Ty, ,--- ,Tp,, Ty, , we can get
( 1

Ty, = 55 (Xi+an) + (Xn + a1))

1
Tb3 = % ((Xz + an_l) + (Xn + al))

1
Ty, = 29 (Xpn—1+a2) + (X, +a1))
1

Tbn+1 = § (Xn "‘ CL]_)

\

Note that for x € A} C E;q. N H. we have
Ti4+an <x9—26<xotap_1<rz3—ec<x3tapo<--<x,+a

r1+x,t+ar+a, >24+a1+a, >0

Hence, A is contained in the range of X(Tj,. ).

From the formula of X(T;,_,), we can see the Jacobian matrix is

2g 0 -+ 0 —g
0 2g --- 0 —g
a X‘(Tbn+1)
a(szv T 7Tbn+1)
0 0 --- 29 —g

0 0 -+ 0 g



37

with determinant g(2¢)"~!. Hence, X (T will have a positive continuous PDF, its PDF

n+1)
will have a positive minimum value on Bg. Let m to be this minimum value, then m only

depends on B; and . Hence,

bn+1 1 bn+1
Pa(T] < 00) > () Pa(X(Ty,,,) € A7) > <> m Leb, (A}) oc 6771
n n
(IV) If B; C Eqy2: N Hae, for some o # id.
Define bo, b3, -+ ,bp+1 and U;, 1 <@ < b4 as the same in (III), then
X(Tbn+1) - (_an + 2gTb2 - gTbn+17 —Ap—1 + 29Tb3 - gTbn+17 e, —ay + gTbn+1)
There exists ¢/ > b,41 and some up, , 41, ,up € {1,2,--- ,n — 1} such that with
Ubn+1+1 - ubn+1+17 Ubn+1+2 - ubn+1+27 e 7Uf’ = Uy

Our /' here only depends on the permutation a. We have X;(Ty) = Xo-1(;y(Th
9g(Ty — Ty, . ,). Define g, : R™ — R" to be

n+1) -

n+41
ga((x17 T uxn)) = (xoz(l)7 La(2)s """ 7xa(n))
Note that reflection preserves measure, so Leb,,(ga(A}) = Leb,(A)]). Then
1\“ 1\“
Pa (1} <o) (1) PalX(T) € 4) = (1) Pa(n(X(T) € a(41)
Note that Xa(z’) (Tgl) = Xi(Tbn+1) — g(Tg/ — Tbn+1), SO
9o (X(Ty)) = (—an +29Ts, — 9Tv, —an—1 + 29Tp; — g1y, -, —ar + 29Ty, ., — 9Tw)
Representing Ty, — (T — Tb,, ., ), Toy — Toy, - -+ > Thpy — Tp, with X1,---, X;, we have

Ty, — (Ty — Ty ) = o (X1 + an) + (Xo +a1))

29
1
Tb3 — Tb2 = % ((XQ + an_l) — (Xl + an))
1
Ty, — Ty = 3% (X3 +an—2) — (X2 +an-1))
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For each x € g4(A}) C ga(Eua. N H.) we have
Ti4+a, <x9—26<xotap_1<r3—e<x3+tap_o<--<x,+al

1 +x,+ar+a, >24+a1+a, >0

Hence, g, (A]) is contained in the range of g,(X(7y)). From the formula of g,(X(7y)),

we can see the Jacobian matrix is

g —g -9 —g
g g -9 —g
8 ga(X(Te/)) .
0 (Tb2 - (Tf’ - Tbn+1)’ Tbs - Tb2 T 7Tbn+1 - Tbn)
g g - g —g
g g - g g

with determinant 2" 1g. Hence, g, (X(Ty)) will have a positive continuous PDF, and
its PDF will have a positive minimum value on Bl’-. Let m be to be this minimum value,

then m only depends on B; and . Hence,

Pa(9a(X(Tr)) € ga(A})) = mLeby(ga(A])) = mLeby (A7) oc 6"

Lemma 1.6.3. For each Lebesgue positive set A, we also have w(A) > 0

Proof. Assume there exists some A € R" such that Leb,(A) > 0 and 7(A) = 0. Since 7 is

the invariant distribution, for each ¢ > 0 we have

/IPX (X(t) e A)m(dx) =7(A) =0

0—/ / A) m(d) dt
// 1) € A)dt 7(dx)

/ / « (Lix(eay) dt m(dx)

([ oo ) o

Then
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However, by 1.6.2 for each x € R™ we have IEx (fooo Lixyeay dt) > 0, which leads to a

contradiction. O
Lemma 1.6.4. Suppose hy is a map from R™ to R"~! that

hi(x) = (xg — x1,23 — X1, , Ty — T1)
Then for each compact set A € R™ with Leb,(A) > 0 we have Leb,_1(h1(A)) > 0.

Proof. Let proj; to be the 1—th projection map, i.e.
proj; (x) = x;

For each x; € proj;(A), define M, = {(z2, 23, - ,zp) : (x1, 22,23, -+ ,2p) € A}.

We claim that M,, is closed. Suppose {(xg), e ,xq(f))}fil is a sequence in M,, that
converges to (za,- - ,zy). From the definition of M,, we can see that {(z1, :cgi), e ,xg)) ®1
is a sequence in A which converges to (z1,z2, -+ ,2zy). Then (z1,22, -+ ,2,) € A since A
is compact. Hence, (x9, - ,2,) € My, which implies My, is closed.

Recall that Leb,(A) > 0, there exists 1 € A such that Leb,,_1(M,,) > 0. By shifting,

we can get

Lebn_l(hl (A)) > Lebn—l(hl(Mxl)) = Lebn—1(Mm1) >0

O]

Theorem 1.6.5. The process X is Harris recurrent relative to Lebesgue measure i.e. for

every point xg € R™ and Lebesgue positive set A C R™

Py, <%r>l(f){X(t) € A}> =1

Proof. By the inner regularity of Lebesgue measure, A has a compact subset with positive
measure. WLOG, we may assume A itself is compact and A C [-M,M]|". Let 74 =
%r;(f){X(t) € A}. Take an open ball B around point xq, then 7(B) > 0 with lemma 1.6.3.
By Poincaré Recurrence Theorem, starting from xg the process will return to B infinitely
many times with probability 1. Hence, we only need to prove there exists some ¢ > 0 such
that

Px(t4 <o0)>c¢>0, forallx e B
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We will apply the similar method used proving the theorem 1.6.2
For each permutation « of {1,2,--- ,n} and € > 0, let

Eoe={x € R" 1 m41) < q2) — 26 S g(3) — 36 < oo < Tg(n) — NES

For each € > 0, let

Ge ={(x1, - ,zn) € R": 1I§nii£nxi + [Dax < —¢}
H.={(z1, - ,zn) €R min ; + oax i > 2¢e}

There exists ¢ > 0 and a permutation o such that at least one of AN E,. N G, and
ANE,:NH has positive Lebesgue measure. WLOG, we may assume one of A € £, .NG.
or Ae E,.N H, is true.

The set {—¢ < 21 < 29 < -+ < x, < 0} is open, so it contains an open ball B;. By

corollary 1.4.8, there exists some constant ¢; > 0 such that
Py <%1>1({;{X(t) € Bl}> >c; >0 forallxe B
Hence, we only need to show that there exists some ¢ > 0 such that
Pa(t4 < o0) >¢, forallae B;

(I) IfAe Eige N Ge.

For2 <k <n,let b, = w—kl. We will define b,,’s many collisions as following;:
Upti=n—1,for2<k<n—-1,0<i<bppq —bp—1
We claim that
X(Ty,) = (a1 — gTb,, —an + 29Ty, — 9T, —an—1 + 29Tps — 9T, -+ , —az + gT,)
Then for T, <t < Ty, 41,

X(t) = (a1 — gt, —an, + 29Ty, — gt, —an—1 + 29Tp, — gt,--- , —az + 2915, — gt)
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Using Xy, -, X}, to represent Tp,,--- , T}, ,t we can get
( 1
Ty, = 29 (X2 +an) = (X1 — a1))
1
Ty, = 2 (X3 +an—1) — (X1 —a1))

T, — 219 (Xn +a2) — (X1 — a))
(T, = —219 (X1 — a1) + (X + a2))

Note that for x € A C E;q. NG, we have
T —a <T1+elTo—e<Tota, <3< T3—c<x3+an_ 1< -<Tp+as

1+, < —€e<ar <ay—ap

Hence, A is contained in the range of X(¢).

Define h : R? — R"*1 a5

hx) = (;g (224 an) = o1 = 1))+ o (G +2) = (1 = a1>>)
Then

Pa(ra < 00)

1 bn o0
= <> / / Py (Tbn+1 -1, € ds, (Tb27 T ’Tbn) € dx)
n x€h(A) 3:7%((x17a1)+(xn+a2))
1 bn (o]
<> / / Po(Th o1 — Ty, €ds)Pa((Th,, - ,Tp,) € dz)
n x€h(A) s:%je

e (1N _2nrie
xeh(A)

(AVES

n

1
n

The factor ( )b" is due to the fact that every jump should happen between specific balls.

The inequality (%) comes from the fact that for any x € A C [-M, M]™ we have
r1—a1+xp+as>-M+0—M—c=-2M —¢

The equality (**) comes from the fact that T3, 1 — T}, has exponential distribution with

mean 1. Note that (Ty,,---,T}p, ) has positive continuous PDF, its PDF will have a positive
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minimum value on h(A). Let m; to be this minimum value, then

Pa(t4 < 0) > () 6_2];1;8/ Pa(Tey, -+, Te,) € dx)
n x€h(A)

]_ bn _2M+e
> mq (n) e 29 Leb,_1(h(A4)).

By shifting, translation and lemma 1.6.4, we have Leb,_1(h(A)) > 0.
(II) If A € E,c NG, for some a # id.

Follow the same way in (I), let

m—k+1)(k —2
by = 27 k+2)(k )+1, 2<k<n

Upvi=n—1, for2<k<n—-1,0<7<bppg —bp—1

Then
X(Ty,) = (a1 — gTy,,, —an + 29Ty, — gTb,,, —an—1 + 29Ty — g1y, -, —az + gTp,)
There exists ¢ > b, and some up, 41, ,ug € {1,2,--- ,n — 1} such that with

Up,+1 = Ub,+1,Up,42 = Up, 42, -, U = wy

Our £ here only depends on the permutation a. We have X;(Ty) = Xo-1;)(Th,) —9(Te —
Ty, ). Define g, : R™ — R™ to be

ga((z1, 7+ 1 2n)) = (za(1),2a(2), -, Ta(n))
Note that reflection preserves measure, so Leb,,(go(A)) = Leb,,(A). Then
)4 ¢
Palra <) > (1) Pa(X(T) € 4) = (5 ) Palan(X(T0) € 2a(4)

The factor (%)é is due to the fact that every jump should happen between specific balls.
Note that Xa(i) (Tg) = Xi(Tbn) — g(Tg — Tbn), SO

9a(X(T)) = (a1 — gTo, —an + 29Ty, — 9Ty, -+, —aa + 2¢Ty,, — T7)



Representing Ty, , Tp,, - - -

Ty, Ty with Xy, -+, X, we can get

Ty, = 5 (X2 + an) — (X5 —a1))

Ty, =

1
29
219 (X3 +an-1) — (X1 —a1))

Ty, = 219 (Xp + a2) — (X1 — a1))
T, = —;(Xl —ay)

\

For each x € go(A) C go(Fa N Ge) we have

T <ax9—26<1x3—3<---<x,—ne

1+, < —e<ar <ap— a2
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Hence, go(A) is contained in the range of go(X(77)). From the formula of g,(X(7})),

we can see the Jacobian matrix is

0 0 -~ 0 —g
2 0 -~ 0 —g
9 ga(X(Ty))
=0 29 --- 0 =
a(Tb27"' 7Tbn7T€) g g
0O 0 --- 29 —g

with determinant g(2¢)"~!. Hence, go(X(T})) will have a positive continuous PDF, its PDF

will have a positive minimum value on g,(A). Let mg to be this minimum value, then

Pa(9a(X(17)) € ga(A)) > ma Leby(ga(A)) = ma Leb,(A)

() If A C Eiqo. N Ho..

Follow the same way, let

by

Upvi=n—1, for 2<k<n—1,0<7<bpyy — b —1

2n — 1 -2
GRS IO
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Then
X(Ty,) = (a1 — gTp,,, —an + 29T, — 914, , —n—1 + 29T, — gTp,,- -, —az + gTy,)

Next, we let Uy, 4; =i for 1 <i <n and by41 = b, + n, then

X(Tbn+1) = (*an =+ 29Tb2 - gTanrla —ap—1+ 2gTb3 - gTbn+1a s, —a1 + gTbn+1)
Using X1, -+, X, to represent Ty,,--- , Ty, , Ty, , we can get
( 1
Ty, = 39 (X1 4+ an) + (Xp +a1))
1
Tb3 = @ ((XQ + an_l) + (Xn + al))
1
Ty, = 2 (Xp—1+a2) + (Xn+a1))
1
Tbn+1 =~ (XTL + al)
\ g

Note that for x € A C Fjq. N H. we have
Ti+a, <x9—26<xot+ap1<r3—ec<x3+a, o< -<x,+a

r1+x,t+ar+a, >2+a1+a, >0

Hence, A is contained in the range of X(Tj,. ).

From the formula of X (73, ), we can see the Jacobian matrix is

2g 0 -+ 0 —g
0 2¢g --- 0 —g
8 X(Tbn+1)
a(TbQ’ T 7Tbn+1)
0 0 - 29 —g
0 0 -~ 0 g

with determinant g(2¢g)" . Hence, X(T},,,) will have a positive continuous PDF, its PDF

will have a positive minimum value on A. Let mg to be this minimum value, then

n

P, (14 < o0) > ( >an Po(X(Ty,.,) € A) > (wa ms Lebn (A)
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(IV) If A C Ey 2. N Ha., for some o # id.

Define by, b3, - ,bpt1 and U, 1 < i < b4 as the same in (III), then
X(Tbn+1) = (_an + 2gsz - gTbn+1> —Qp-1 + 2gTba - gTbn+17 ce,—al+ gTbn+1)
There exists ¢/ > b,41 and some up, 41, -+ ,up € {1,2,--- ,n — 1} such that with
Ubn+1+1 = Ubp 1415 Ubn+1+2 = Ubp142," " Up = up

Our ¢ here only depends on the permutation a. We have X;(Ty) = Xo1(3) (Ty, 1) —
9Ty — Ty, ). Define g, : R™ — R" to be

ga(($1, e ,l‘n)) = (xa(1)7xo¢(2)7 to 71'0[(71))

Note that reflection preserves measure, so Leb,,(gn(A) = Leb,,(A). Then

1

Putra <002 () Pk e )= (1) Putaux(m) < )

Note that Xa(i) (Tg/) = Xi(Tb"_,_l) — g(Tg/ — Tbn+1)7 SO
Jo (X(Tg/)) = (—an + 29Tb2 — gy, —ap—1+ 29Tb3 — g1y, -, —a1 + 29Tbn+1 — ngl)
Representing Ty, — (T — Tt ., ), Toy — To, - -+ > Thpy — Tp, with Xi,---, X;, we have

n

Ty, — (Ty — Th) = o (X1 +an) + (Xn + 1))

29
1
Tyy — Ty, = 2 (X2 4 an—1) — (X1 +an))
1
Ty, — Tpy = 39 (X34 an—2) — (X2 +an-1))

1
Ty — Tp, = 3% (Xn +a1) — (Xp_1+a2))

For each x € g,(A) we have

Ti4+a, <To—26<x9+ap1<T3—e<x3+an o<---<x,+ar

1+ xp+ar+an >2c+a;r+ay, >0
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Hence, g(A) is contained in the range of go(X(7})). From the formula of g, (X(7y)),

we can see the Jacobian matrix is

g —9 -9 -9
g g -9 -9
9 9a(X(Ti)) _
0 (Tbg - (TE’ - Tbn+1)a Ty — Ty -+ 7Tbn+1 - Tbn)
g g - 9 =g
g 9 - g g

with determinant 2"~ 1g. Hence, g, (X(Ty)) will have a positive continuous PDF, and
its PDF will have a positive minimum value on g,(A). Let my4 be to be this minimum value,
then
Pa(9a(X(Tr)) € ga(A)) = maLebn(ga(A)) = m4 Leby(A)

Combine (I),(II),(III) and (IV) together we can see that for each a € B

_ 2M+e

Pa(74 < 50) > min {m1 <1>bn =25 Leby 1 (h(A)), ms <1>eLebn(A),

n n
1 bnt1 1 14
ms <n> Leby, (A), my <n> Leb,(A) >0
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1.7 Model with specific invariant distribution

In this section, instead of the collision with the ground, we will add a very large constant
acceleration ng in the upward direction to the ball on the bottom. We can still define
the process V in the same way in section 1.3. Let &, be the set of all permutations on
{1,2,--- ,n}. Recall the definition for X and V, at each time t there exists a unique

permutation oy such that
Va,«,(i)(t) == Xi(t), for 1 < /) <n

where V,,, ;) is the a;(i)—th coordinate of V and X; is the i—th coordinate of X.

For each o € §,,, define
V@O (t) =Leb(s €[0,t] : s = 0) , Ay = —g + NGy (n)

where g = (9,9, - ,g)T, €,(n) has 1 for o(n) — th coordinate and 0 for other places. Note
that [|As||n is always a constant, call this constant c.
By the definition of the process, we have
V(t) —V(0)=—gt+ Z nge(,(n)V(")(t) = Z( g +ngey(n)) )V Z AV (¢
oES, oES, 0ESy
Functions

Aoy ,00(V) 1 R" =R, 01,09 €8y,

serve as the intensities for collisions. We will describe the evolution of the process as follows.
Let (EY)ses, k>0 be a family of i.i.d exponential random variables with mean 1. Let
(T3)i>0 be the sequence of collision times, with Tp = 0. Assuming that the process is defined
up to time T;, we recursively define:
t
2 =it { [ aur (VO 4 Augr (s = T0) ds> B2, ).

— 3 o
Tiy1 = min T
Set inf ¢ = oo for convenience. Then, let

V(s) = V(T;) + Ao (s = Th), for s € [T}, Tj1 1]
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a(s) = a(Ty), for s € [T}, Tit1).

a(Tiy1) = argmin(T7,, : 0 € 8,).

)

Note that the process a is determined by the sequence {(T;)}5°,,. Fix some real numbers
v;, then let V;(0) = v;. Since our process preserves momentum, («, V) would be a continuous

time Markov process with state space 8, x M"~!, where

n

M= {(zy, - ,2,) ER™: zn:xz = sz}
i=1

i=1
Let (i,7+1) be the adjacent transition, i.e. it switches the i—th value and the (i +1)—th

value. Taking the intensities as follows:
ig(v(,l(iﬂ) — Ual(i))Jr if o9 = (i,i + 1)0‘1

Aoy ,09 (V) =
0 else

We claim that the process is irreducible in the sense of that there are o1 € 8" and a

non-empty set By C M"~! such that
P((a,V)(t) €01 x E1 | a(0) =0,V(0) =v) >0

for any (o,v) € 8" x M"~! and some t > 0.

(

Similar to definition 1.4.1, we will define ﬂ) as follows.

Definition 1.7.1. For (8,a), (y,b) € 8* x M"~! we say (v,b) is accessible from (8, a)
by (o, V) (written as (3, a) (V) (7,b)) if there exist deterministic sequences {t;}7*, and
{a;}7! such that when («(0),V(0)) = (8,a), T} = t;, a(t;) = a; for 1 < i < m — 1,

Tin = tm, a(ty) = 7 there exists some ¢ > t,,, such that
V(tm) + M\ (t —Tp) = b.

Suppose (a/, V') is another process following the same evolution as («, V) with jump

times 7.

(2

N
Lemma 1.7.2. Fiz N <oo. If > |T; = T!| < 4, |[V(0) = V(0)||», < 0 and o(T;) = &/ (T})
i=1

for each 1 <1 < N, we have

[V(Tn) — V(Tx)|ln < 6+ Neyé.
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Furthermore, for max{Tn, Ty} <t <min{Tny1, Ty} (if such t exists) we have
V() = V'(t)lln < 0+ (N +1)exd.

Proof. For every 1 < k < N — 1 we have

IV (Tis1) = V(T 1)lln = IV(Tk) + Aar) Tesr = Te) = V' (Ti) = Aar(ry) (T — Ti)lIn
< IV(Tk) = VT o + Thrr = Tie = T + Tl - [AacmylIn

< IV(Tk) = VT n + 0 - e

Hence, by induction

IV(Tw) = V!(Tx)ln < [V(0) = VI(0)lln + Ndex < 0+ Ned.

For max{Ty, Ty} <t <min{Ty;1, Ty}, we have

IV(#) = V(t)lln = [V(TN) + Aa(ry) (t = Tv) = VI(TN) = Aar(rg) (= Tn)lIn
< V(Tn) = V(TN lIn + 1T = T | - [[Aa(ry)lIn

<5+ (N +1)exd.

%
Lemma 1.7.3. For any a = (a1, - ,a,),b= (b1, -+ ,b,) € M" !, we have a (a’—>) b.

Proof. Since we allow collisions happens at the time ¢t = 0, we can use collisions to sort the
initial velocities a1, - ,a, from large to small, by an argument similar to that in part(i) of
the proof of Lemma 1.4.3. Hence, WLOG, we may assume that a1 > a9 > --- > a,. Let
ap =257 1 a; and @' = (G, -, Gn).

(i) We claim that a @Y¥) & For 1 <i<mn-1,let t; = (a1 — apt1-i)/ng, then

{ti ?:—11 is a sequence of non-negative numbers by our assumption for {a;}? ;. Let mg =10
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and m; = Ziﬂ(" — k) for 1 <j <n—1. It is elementary to check that every integer m

between 1 and @

can be represented by a unique pair of (j, ;) such that m = m;_; +1;,
1<j<n-—-1land1<i; <n—j. We will build a trajectory as follows. We will define T},

n(n—1)
2

and Uy, for every 1 < m < . Represent m as m =i; + mj_q forsome 1 <j <n—1

and 1 <i; <n—j,let

J
Ej+mj,1 = E tk7 Uij—i-mj,l =n-— Z]
k=1

We will show that for this trajectory the collisions can happen at positions Uy at time T}
(in the sense that the intensity a is strictly positive) and this trajectory ends at point a’.

Note that 77 = t1. At time 77— we have
X(T1—) = (a1 — gt1,a2 — gt1, - ,an + (n — 1)gtq).
Observe that
an + (n—1)gty = a1 — gt1 > ag — gt1 > --- > an—1 — gt1,

we can move the velocity at the bottom to the top. Hence, the trajectory is well defined

until time and at that time the velocity is
X(Tn-1) = (an + (n — L)gt1,a1 — gt1,- -+ ;an—1 — gt1).

Suppose the trajectory is well defined until time n; for some 1 < j <n — 1 and at the

time m; the velocity satisfies

J
An_iy1—9g > tp +ngt; for1<i<j
=1

ai—j—g Y tp forj+1<i<n

Then at time (ij + tj+1) —, we have

J+1
Un—it1— gy, tx +ngt; for1<i<jy
k=1
J+1
Xi(Tn; +tj1—) = ai-j — 9 >tk for j+1<i<n-—1
k=1
J+1

an—j—g Y, tp+ngtiz1 fori=n
k=1




o1

Note that

J+1 J+1 J+1 J+1
An—j *gztk +ngtjp = a *gztlc > ag *gztk“' 2 Gn—1—j *gztk,
k=1 k=1 k=1 k=1

we can pop up the velocity at the bottom to the (j + 1)-th place. Hence, the trajectory is

well defined until m; + (n — j — 1) = n;41 and at that time the velocity is

j+1
n—it1— g > tg+ngt; for1 <i<j+1

k=1

Xi(Tnj+1> = 1
ai—j—1— 9 > tk for j+2<i<n

=1

Therefore, by induction the trajectory is well defined until 7}, _, and at that time

n—1

n—1
n—it1— gy, tk+ngti=a, forl<i<n-—1
k=1

- n—1
ap—g Y, tp=anp fori =n
k=1

It follows that a =% a.

(ii) We can define a reverse process using the same idea in the proof of Lemma 1.4.3
(iv). Define a process X'(t) := (X} (t),..., X} (t)) similar to X as follows: for every k >
0 and T < t < Tpy1, Xi(t) = X[(Tk) + gt = Ty) for i = 1,...,n — 1, and X}, (t) =
X! (Tr) + g(1 = n)(t — Tx). We will now define “jumps” of X'. If U = j with j < n and
Xi(Tp—) > X} y1(T—) then we let X (T)) = X}, (Tp—) and X7 (T) = X;(T)—). All
other velocities remain unchanged at time Tj. If the conditions listed above are not satisfied
then X'(T}) = X' (T} —).

Follow the same argument in (i), a’ is accessible from a under X’. Then by the re-
versibility, we have a’ (ﬂ) a

(iii) Combine the results in (ii) and (i) together, we get the desire result.

O]

Let U(S,,) denotes the uniform distribution on §8,, and N, be the n— dimensional standard

normal distribution.
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ormaluniform| Theorem 1.7.4. With following intensities:

ig(vgl(zgrl) — Ual(i)) if o9 = (’l 14 1)0’1 and Uy (i+1) > Vg, (4)
Qoy,00 (V) =
0 else

where (i i+ 1) is the adjacent transposition.(***) Then (o, V) has invariant distribution

U(Sy) X Ny,.
The proof will refer to the following result [3, Corollary 2.3].

Lemma 1.7.5. The invariant distribution for (o, V) is U(S,,) x Ny, if and only if

Aoy -V + Z aUz,Jl(V)_ Z aUlJz(V) =0

02€8, 02E8y

for all oy € 8, and v € R™.

proof of theorem 1.7.4. Let Ay = {1 <i<n—1:v, ) < Vo, i41)}, A2={1<i<n—1:
V(i) > Vo (i+1) ), Then for each 1 <7 <n —1, it is either i € A1 U Az or v, (5 = Vo, (i41)-
Then

Z Aoy 05 (V) — Z Aoy, (V) = g (Vm (i+1) — Vcrl(i)) - Z g (Vcrl(i) - Val(i+1))

02€8, 02€8, €AY 1€Ao
= > i9 (Vor(i41) = Vor) + D 19 (Vor(iv1) = Vou ()
€A1 i€A2
n—1

i9 (Vo (i41) — Vou (i)
1

= - Z 9V, (i) T NGVe,(n)
i=1

..
Il

= (_g + beUl(n)) "V

= Ao, - V.
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Chapter 2
FOLDINGS

2.1 DMotivation

The motivation for the folding model in this section comes from the pinned ball model
on a torus. Suppose we have n pinned balls with the same radii tightly packed on a d-
dimensional torus. Their velocities form a point in R™. Since collisions preserve energy,
the point representing all pseudo-velocities will always stay on a fixed sphere centered at
the origin. Each collision could be regarded as a folding on the sphere - see the definition
in the next section.

A way to estimate the rate of convergence to the stationary distribution is via couplings.
An example of a coupling in our context is to have the same sequence of pairs of balls
collide for two copies of the process. This corresponds to a sequence of foldings with respect
to hyperplanes in a fixed family. The family has a complicated and unexplored structure.
For this reason, in our project, we will consider an i.i.d. sequence of uniformly distributed

foldings.

2.2 Informal review of main results

Let dg to be the distance before a folding and d; to be the distance after the folding. We
will show that when n goes to oo and dy goes to 2, n(dy—dy) converges to the Gamma(%, %)
distribution. We will also provide the asymptotic distribution of n (1 — %) when n goes

to co and dy goes to 0, conditionally on d; < dy.
2.3 Model definition

We will consider a random folding in the unit sphere in R™. To be more specific, let S, to

represent the unit sphere in R"”, i.e.

S, ={X € R":||X|| =1}, here ||| represents the Euclidean norm



54

Points X (™, Y™ are two fixed points on S™. Let U™ to be a point uniformly distributed

on the sphere 5", define the folding function as follows:

- X (n) if (U(n)) >
Fyo (X™) = (2.3.1)

x(n) _9 ((Um))T X(n)) U if (UM)T X0 <0

After folding the point is still on the sphere S™ since

HX(n) . <(U<n>)T X(n)) U

2 +4 <(U(n))Tx(N)>2 HU(N)

2

- HXW

ty ((U<">)TX<”)>2 —1

Let dg = HX(”) —Y® H, i.e. the distance before folding, and d; = HFUW (X)) — Fym (Y("))H,
i.e. the distance after the folding. We are interested in the distribution of d;.

First of all, from the folding function (2.3.1) we can easily see that the distance will not
change if both X(™ and Y do not fold.

If, both of the points fold, the distance also won’t change since follow the same way

above we can show that

XM _ 9 ((U(m)T X(n)) UM _y™ 49 <(U<m>)T Y(n)) o]

_llx™m _ v _ 9 (U(n)>T (X<n> _ Y(m) -k

_xm _ vl

If, exactly one of the point folds, WLOG, we may assume it is the point X, Then in

this case, we have

2
2 =||x™ _ 2 <(U<n>>T X<n>> Um _y®
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Figure 2.1: The probability of effective folding for different values of dy with n = 5 and

10,000 repetitions (orange). The blue line is the theoretical result given in Proposition

2.3.1.

Fig-folding-prob

Therefore, combine the above cases together we can get

42 = d2 A <d3 +4 ((U("))TX(”)> ((U(")>TY(")>> (2.3.2)

As the above equation suggests, d; is always no larger than dy, i.e. folding will only

decrease the distance. By symmetry, it is easy to see that IP(d; < da) depends on dj only.

The next proposition gives this possibility.

dillessd0| Proposition 2.3.1. For every n € N, we have

P(dl < do) =

The simulation result is in Fig. 2.1

Proof. WLOG, we may assume that:

d2
arccos (1 — 70)

(2.3.3) |prob-dilessc
T

d? d d d
XM — [4/1-20 %0 ... Y™ — [4/1-20 %0 g ...
( 472?07 70 ) 47 2707 70



56

Denote UM = (uy,ug, - ,up), then

I

\
o
£
o
-+
®
5
<

d2
arctan 0
4—d3

Vi- &
arccos T

d2
1— -2,
arccos < 5 >

2.4 Main results and proofs

SHEEIE R R

Now we will view our model in another way. The previous section treated the points as
fixed while the folding hyper-plane as random. In this section, in the opposite way, we will
treat the hyper-plane as fixed and the points as random.

We will still use S, to represent the unit sphere in R"”, i.e.
S, ={X eR": [|X]|| =1}, here | -] represents the Euclidean norm

Let X = (an), e ,Xq(ln)) and Y = (Yl(n), e ,ngn)) be two points uniformly
distributed on S,, with fixed distance 0 < dy < 2. For each 1 < k < n, we will use X (n:k)

and Y (%) to represent the first k coordinates of X(™ and Y™, i.e.

x (k) _ (an)7 . 7X}g”)) Y™k — (yl("), . ’Yk(")> )
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We fix U = (1,0,---,0), then
@t = di A (d +ax (™).

Denote dpv (P, Q) to be the total variation between two distributions P and Q. We will
use £L(W) to represent the distribution of W and £L(W | V) to represent the conditional
distribution of W given V. The following lemma comes from [8] but is stated in our own

notation:

Lemma 2.4.1. Recall that X" is uniformly distributed on the unit sphere Sy, and X™*

represents the first k coordinates.
(n,k) sk 1. oN—3k _
dry (L (\/EX ) ,N(O,Ik)) < Cp g, where Cp p = n2"(n —k —2)72% — 1.

For fixed k, the joint distribution of \/ﬁX(”’k) converges in total variation to the standard
normal distribution on R¥ as n — oo , and all moments of the \/ﬁxin) converge to the

corresponding standard normal moments.

(n;k)

The next lemma tells us that the conditional distribution Y given X depends on the

first k& coordinates of X(™ only, which also implies
£ (Y(”’k)|X(”)) — (Y(”’k)]X(”’k)) for each 1 < k < n.

Lemma 2.4.2. For each k < n, the conditional distribution L (Y(”’k)|X(")) depends on
X (n:K) only, and hence given X™E) the random vectors Y5 and (X,gi)l, e ,X,(ln)) are

independent.

Proof. Suppose Xgn) = (Xﬂ), e ,X(")) and Xgn) = (Xg;), e 7XT(;LQ)) are two points on the

n,1
sphere S,, with Xl(n’k) = Xg(n’k), e, x™ — Xi(g) for each 1 <14 < k. We claim that

L (Y(”’k) | XM = X§")) _y (Y(””“) | XM = xgn>) (2.4.1)

Denote T to be a rotation which sends Xgn) to Xgn). By the definition of Xgn) and Xén)

we know that 1" preserves the first k coordinates. Because of the symmetry of S™, we have
£ (Y x0 = x{V) = £ (T(y ) | X =x{)

Since T preserves the first k coordinates, the conditional distribution for the first k coordi-

nates should also be the same, and hence we get the equation (2.4.1). O



58

From now on, we denote

d3 [, 1
p=1-— EO, ri=+1-—p2=1/d3— Zdé (2.4.2) [formula-r-rho

Define processes {W({F)12_and {VR11_ - as follows:
WwWk) . \/ﬁx(nak)’ vk . /1 (Y(”’k) _ pX(n,k))

We have the following lemma:

Lemma 2.4.3. For any 1 € [—1,1],

dry <L (VW) | WD = \/ﬁan) SN(0,72(1 — ﬁ))) < Cpo11. (2.4.3)

By convention, when x1 = %1, we let N(0,7%(1 — 22)) to be the degenerate distribution

at point 0.

1 v _ 1 1 2\ :
Remark 2.4.4. Actually, B o1 <|r\/1—x§) = o exp( 27,2(17:6%)%) is the
PDF for N(0,7%(1 — x2)).

proof of lemma 2.4.5. By the lemma 2.4.2 we know that for any x1, -, z,,
c (VW) | WD — ﬁxl) -y (VW) | WO = (a1, 22, ,wn))

Hence, it suffices to show (2.4.3) holds for the point (1, M,O, -++,0). We will
prove it in two steps:

Step 1: First we will show (2.4.3) holds for point (1,0,0,---,0). In this case, the
assumptions HY(”) — X(”)H = dp and HY(”)H = 1 becomes

W =12+ )24+ ()2 = &2
(") + @) + o+ () =1
Solving this equation system we can get

! =p, 5+ ()2 =0

In lemma 2.4.2 we proved that £ (Y(”’k) | X("’k)) =L (Y(”’k) \ X(”)). Apply the lemma

2.4.1, for any k > 2 we have
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k
1 i
drv (L (Vm,m | XM = (1,0, - ,0)) o [T# (y?) 5{y1:0}> <Cp1po1. (24.4)
=2

Here, ¢ is the PDF for standard normal on R. Note that rk%l Hf:z ©v1 (%) Ofy1=0} 18
actually the joint PDF for the multidimensional normal distribution with mean zero and
covariance matrix

Y= . (2.4.5)

2

Let k = 2 in (2.4.4), restrict to the first coordinate and apply lemma 2.4.2 again we can

get

dry (£ (VO WD = Vi) oy )

=drv (L <V("’1) | X = (1,0, ,0)) ,5{0}> < Cp-1,1

Step 2: Now, we will show that the result holds for the point (z1,+/1 —2%,0,---,0).

Define a linear map T : S,, — 5, as follows:

x1 —y/1—x7

1—x2 x
T(u)=Auwith A= | ¥ 7

The rotation 7' is on S, and takes point (1,0,---,0) to (z1,/1 —%,0,---,0). Fur-
thermore, for each 2 < k < n, the first k coordinates of T'(u) only depend on the first k

coordinates of u. Then by the symmetry, we have
drv (L (V("”“) | w<"v’f>) ,N(0, A;J]A{)) < Cpyjor, fork>2.
here ¥ is given in (2.4.5), Ay and Al means the first k row and k columns of A and AT,
Computing AkZAg we have
r2(1-22)  —r2z14/1-22

T —T2£131\/1—£E% 7‘233‘%
Ay AT = 2
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Taking k£ = 2 and restrict to the first coordinate and apply lemma 2.4.2, we can get

dry (€ (VOD WD = nay ) N(0,%(1 = 23))) < Cooa g

Using the lemma 2.4.3 we can reach the following theorem:

Theorem 2.4.5. Define Wo(n), Vo(n) to be the random wvariables with joint PDF:

1 1,2 1 .2
pE/O%,V(v w) = QKr@ P ( 2 2,»2<1_w72)v ) for [w| < /n.
\/% exp (—%WQ) 5{1}:0} for |w| > /n

Let ®1 be the CDF for standard normal on R. Then
dry (LOVOD, WD), LV W) < Cog + o + @(=v),

Proof. Let
1 1
flo]w)= exp [ ————<v" |,
2
V2mery /1 - 2r2(1—%)
Then [ f(v | w)dv =1 for each |w| < y/n.
Denote pyw (v, w) to be the joint PDF of (V("’l),W("’l))7 pw(w) to be the marginal

PDF of W1 Recall that ¢; is the PDF for standard normal on R, from lemma 2.4.1

and 2.4.3, we have

[ lowtw) - pr(@)ldw <26, (24
R

pv,w (v, w)

) T

dv < 2Cy_11, for each |w| < +/n. (2.4.7) |joint.2
/ : |

First we will verify that p%%v(v, w) is a valid PDF. Note that pgﬂ/‘,(v, w) = ¢1(w)f(v | w)

when |w| < y/n, we have

//pg%/v(v,w)dvdw = //{w<\/ﬁ} e1(w) f(v | w)dvdw + /{wz\/ﬁ} o1 (w)dw

NG
— / () + 20 VR) = BV~ B~V +28(~Vi) =1
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For the total variation, after computation we can reach

drv (£OVOD, WD), £(Vo, W) )

1
=5 // ‘puw(v,w) —p&%v(v,w)’ dvdw

1 1
=[] et - a@ie | wlddo g [ e
{lw[<v/n} {lw[=v/n}

1
T2 v,w) — er(w)f(v | w)| dvdw + ®(—+v/n
3 [ v = (o ) v+ @)

For the first part, using triangular inequality, we can get
// lpv,w (v, w) — @1 (w) f(v | w)| dvdw
{lw[<v/n}
v, W
- // pvw(vw) w>‘pw<w>dvdw 4 / / [pw (w) — @1 (w)] £ (v | w)dvdw
{lw|<v/n} {lwl<v/n}

pw (w)
/ 2C’n_1,1pw(w)dw + / ‘pw(w) - Lpl(w)\dw < 2071_1’1 + Qle
{lwl<y/n} R

A

Therefore, by combining the above arguments together we got the desired result.

O]

Corollary 2.4.6. Let Xé") = ﬁWOn) and Yo(n) = \/%Vo + pX(()n), then (Xén)ayo(n)) has

joint PDF:
\/m n,.2 n—1 2
3 eXp | —58° — g (y — px)* ) for |z] < 1.
POy (z,y) = § VI ( 2T e ) (2.4.8) [PDFforxY]
\/% exp (—52%) Ogy—pa) for|z| > 1
and

dry (LX), £(X5 Y(™)) < Gy + Coora + (=),

Proof. The joint PDF comes from the change of variable. The upper bound of the total

variation comes from the Theorem 2.4.5 and the fact that linear transformation preserves

the total variation. ]
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Corollary 2.4.7. For each t € R, we have

PX{VY " <) — P(XVYSY < )| < Cot + Corg + ®(— V).
Below is our main approximation result. Recall that r and p are defined in (2.4.2).

Theorem 2.4.8. For every a > 0 and 0 < dy < 2, when n goes to oo, we have the following

result:
+oo
- (m)y () o _ QY _ 1 L 1f-a _
,}I_E,IO]P(XO Y, < n) 2/0 mexp< 5 U P S\ du.

Proof. For convenience, let C' := =%. From the PDF in (2.4.8), we can see that X(()n)YO(")

degenerates to Xon) 'pX((]n) > 0> C when |X['| > 1, so

IP(X(") () / / VA ) R (—na: _ M(y—pr) dydz

0o 21V 1 — 22

//+Oo V1) <—nx —n__IxQ)(y—px)2>dyd:c

2rry/1 — x2

For the first term, note that

C

T GNP WYy N e

o0

It follows that

/ / vnln=1) Nipias <—1nx —H(y—pr) dyda:

00 27mrV/1 — 22 2 2r2(1 — z2)
:/ vn exp <—1nx2>¢<<c—px> nl> dx
0 V2 2 T 1 — x2
u=ymz [T 1 u? «a n—1
e — - ) - ]1
e (7)o () ) s

oo u? a\ 1
n—oo
— /0 o exp <—2> P ((—pu — E) 7") du

The last step comes from the bounded convergence theorem and the fact that the integrand

: : SR | 1,2
uniformly bounded by the integrable function: Jon OXP (—§u )
In the same way, we can prove that the second term also converges to the same limit,

and hence the desired result holds.
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Lemma 2.4.9. For every a > 0, when n goes to co and dy goes to 2, we have the following

result:

lim P (X(gn)Yb(n) < —%) =2(1 - (/). (2.4.9) |dogoes2resul

n—oo
do—)2

Proof. We only need to show that (2.4.9) holds for any sequence (n,d,) — (00,2). Let

C = —. From the proof of Lemma 2.4.8, we have

lim P (X"y," < -2)

n—00 n

dn—2

Y A Y g ( ) vl )y d
b Jyo Var P\ T2 ) e ) sy
dn—2

Note that the integrand is uniformly dominated by the integrable function \/% exp (— %uz),
so we can apply dominated convergence theorem and pass the limit into the integral sign.

When n goes to co, and that d,, — 2,

( a) vn—1 —+00 foru>\/a
— —

S — 22
rvn—u —o0  for u < /o

Hence,
. n n a teo g 1
ZILZ%IP (X[() )YO( ) < _E) = 2/\/5 mexp <—2u2> du = 2(1 — ®(\/a)).

Since the above convergence holds for any sequence (n,d,) — (00,2), we have (2.4.9)

holds.
O

Theorem 2.4.10. Define d; = n(do—dy), and & to be a random variable with Gamma(3,3)

distribution, then for every t > 0,

lim P(d; > t) — P& > t)| = 0.
d0—>2

i.e. the CDF of dy converges to the CDF of a Gamma distribution point-wise when dy — 2
andn — oco. Furthermore, since the CDF for Gamma is bounded, continuous and monotone,

this convergence is uniform on the whole real line.
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Proof. By Corollary 2.4.7,

P(d; > t) — P(¢ > t)‘

= ]P<d1<d0—:b)—IP(f>t)‘

e (n dot  t?
= IP(X{ ly®) <—2n+4n2> —IP(§>t)‘

e (n dot  t2

> —P(¢> t)' + Cn1 +Cno11 + ®(—v/n)

Hence, we only need to show

n—o00 2n 4TL2
do —2

lim P ( X"y < 22 4 ) =P(¢ > 1).

Take arbitrary 6 > 0 and N € N. Note that dy < 2, so the inequality —% + 2>t

in2 = n

always holds. When dg > 2 — § and n > N, we have

(n)y-(n) dOt t2
P <X0 Yb < —72’” + 74712 — ]P(£ > t)
(n)y-(n) t t (n)y-(n) dot t2
< )= < 2
IP(XO Yb < > P(§>t)‘+lp( - XO Yb < 2n+42
(n)x-(n) t t (n)x-(n) (2—0)t 12
< ) 91— < _
P <X0 }/0 < n) 2(1 (I)(\/%))‘ + P < - XO YO on + NN

The first term converges to 0 by Lemma 2.4.9, for the second term, apply 2.4.9 again we

can get
: t )y ) _  (2=0)t 5. 2
< _ — _ R
nh_}rggl?( =~ <X < e 20(Vt) — 2 [ 4/t Y
do—2
It follows that
limsup [P ((x(My @ < _dot —P(¢ > t)| < 20(V1) — 20 P
mep 0 o o | 4n? = 2" T 4N

d0~>2
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This holds for any § > 0 and N € N, letting 6 — 0 and N — oo, we got the desired

result.
O
Lemma 2.4.11. For every a,b > 0, we have
/<I>(—a—bU>dv<+oo.
0 v
Proof.
+00 NE o
O(———bv)dv < d(——)d d(—bv)d
/0 (vv)v_/o ()v—i—/%(v)v
= d(—v) dv—i—/ O(—v) - —dv
/m o) Vab )
2 o0
g/ O (—v)dv
b Jab
<2/001 L e < 2)clv
— _ X —_——
“bJ)yamv Vor P 2
< L 2 /ooe < 2)clv<—i—oo
«p [ — —
Vo wab o TP\ 2
O

Lemma 2.4.12. For every o > 0, when n goes to co and dg goes to 0, we have the following

result:
1 d2 too
lim —P (Xén)YO(n) < _040> = 2/ — (—g — U) dv. (2.4.10) |dogoesOresul
n—o0 do n 0o V2rm v
o

Proof. Let C = —ang. We only need to show that (2.4.10) holds for any sequence (n,d,) —
(00,0). Denote p, := 1 — %,m = /1 —p2. Follow the same argument in the proof of

lemma 2.4.9, we have

2
lim —P <X(()”)YO(") < —ad”>

n—00 Up n
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too 1 1 —ad? vn—1
= lim 2 exp [ —=u? ) ® no_ nu) > Tgcyemdu
n—0o0 /o V2rd,y, p< 2 > << u P T {0susvin}

The term inside ® could be rewritten as

U

—ad% n—1 —ad,  ppu vn—1
— Pnl =
Tn 1—

Let v = dl then

’l’L’

2
lim —P <X(()")YO(") < —ad”>

(2.4.11)
n—00 dy, n
+oo 1 d2’02 —a \/m
= lim 2 _n P -t 1 J
ni)ngo /0 m@m( 9 > ( v PnU> ) 2 {0<d,v<y/n} v

22
— - vn—dyv

(2.4.12) ’dgoeso—equall

WLOG, we may assume that d,, < % and n > 2. Then in this case, we will have p,, > %

Note that for the terms inside the function ®, we have the follow upper bounds:

vn—1 S 1

n—div: = V2

Hence, the integrand in (2.4.12) will be bounded by

1 < d%v2> o (—a v) vVn—1 1
ex - U o () v<y/n
Vor p 2 v P ) {0<dnv<y/n}

—%w/n—dﬁzﬂ
1 a 7 1
<~ (24 L)
= Vr < <v 8“)@)

By the Lemma 2.4.11, the bound is integrable, and hence we can pass the limit into the

integral sign, which leads to:
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. (n)y-(n) AT o1 a
7}13;%1?(2(0 ors-m )= ) ﬁ@(—r”)d”

Note that this convergence holds for every sequence (n,d,) — (00,0), we have (2.4.10)

holds.
O
Theorem 2.4.13. Define dy =n (1 %) and:
400 t
G(t) = V21 <_2v — U> dv. (2.4.13) |10.2
0
Then for every t > 0 we have
P(dy >t]|d; > 0)—G(t)] =0, (2.4.14) [10.1
when n — 0o, dg — 0 and C"’1+C"_;’Ol+q)(_‘/ﬁ) — 0.

Furthermore, since G(t) is bounded, continuous and monotone, this convergence is uni-

form on the whole real line.

Proof. (I) First we will show that 1 — G(¢) is a CDF of a continuous random variable. It is

easy to see that f0+°o V2ord (—ﬁ — v) dv is monotone decreasing. When ¢ = 0, we have

+oo too v,
V21 ® (—v)dv :/ / e 2" dudv
0 —o0

0 —u
1,2

:/ / e 2" dvdu

—o00 JO0

0

1,2
/ —ue 2% du
— 0o

1

0

When ¢t — 400, by then Monotone Convergence Theorem, we have
+00

—+o0
V27 d <—t—v> dv—>/ Odv = 0.
21} 0

0

Hence, 1 — G(t) gives us a CDF.
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Next we will show (2.4.13) is differentiable, and hence it is the CDF of a continuous

random variable. For each t > 0 and 0 < |A¢] < ¢, we have
1 oo t+ A t
— 2r (@ | — —v|—-®(———
sy e ) e ()
+eo t+ &t A 1
_M — U) —dv

*
=— V2
e ( 2v 2v

0

Y 1 [t +&(tAy) 2
= _/O exp (—2 (21} —|—v> . %dv

. Then

Here, the step (%) comes from the mean value theorem and 0 < [£(¢, Ay)| < |As

the integral part is dominated by
/+°° 1/t)? 1d+/+°<>1 L2 go < &
exp| —= | — - —dv —exp | —=v” | dv 0.
, P TG 20 L 207P T2

Hence, by the Dominated Convergence Theorem, the associated PDF is:
oo 1/t 2\ 1
t) := — | = - —dv.
9(t) /0 eXp<2<2v+“)> 20"

(IT) Second, we will prove (2.4.14). Note that

~ A T
P >t|d>0)=P(n(1-%)>¢) T
>0 = (n(1-5) > ) i
_ (n)y-() _ _tdg | t*d3 m
=P <X1 L 2n + 4n? ) arccos(p)

So

P(dy >t |dy > 0)—G(t)]

(m)x(n) . tdR\

<Ip(xMy BT

<[ (s < 5R) T -0
i} tzdg)ﬁ

(o (n) . tdg\ T ()1 (1) t*dy\ ™
+’IP<XOYO < 2n>d0 IP<XOYO ST a2 do
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n)y-(n tdy t*dg\ m n)y-(n td2  t2d2\ 7
td?  t2d3\ T« td?2  t2d? i
p(xmym o W0 T\ T pfyym 1% 0
i ‘ < S 2n * 4n? ) dy s 2n  4n? ) arccos(p)

The first term converges to 0 by the lemma 2.4.12. The third term is bounded by
m(Cp1 + Cn—1,1 + ®(—+/n))/dp which converges to 0 by assumption. The last term is
bounded by 7'("% — m] which also converges to 0. So we only need to show the second

term also converges to 0.

For each N > 0, when n > N we have

) (n tdg ) (n tdg  t3dg
‘]P(Xé Dy <—0)7r IP<X(§ ly (™ <—£+°> dio

on ) dy 2 4n2
() () tdy  tdg\ m () () _ g\
<p ( xWy S "% ) T p(xWWy %) T
- <0 0 < 2n+4nN do 0o fo < 2n ) do
t2
t—— ) -Gt
—>G< 2N> G(t)

Since this holds for any N > 0 and when N — oo, G (t — %) — G(t), we proved that

the second term also converges to 0. O

In the above proof, we got the PDF ¢(t). The next proposition tells us that the rate of
growth of this PDF close to 0 is O(— log(t)).

Proposition 2.4.14. When t — 0, we have the follow convergence:

gt) 1

im =—.
t—0 —logt 2

Proof. Note that

+o00 2
g(t) :/ exp (—2 <2 + v) ) . 2—dv
v v
: (2415

t /+°° 2 1 ,\ 1 4
=exp|—= exp| —=—= — zv° | —dv
P\72) ), P8 2" )2
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So, we only need to show

i 1 /+°° 21,5\ 1 do = L
1m S — —_ = .
t—0 —logt J P78z T2V ) 20" T 2

We will first analyze the upper bound. Note that

1 /+°° 21 5\ 1
exp| —=—= — =v° ) —dv
—logt Jo 8uv2 2 2v

! 2\ 1 oo 1,) 1 1
< exp | —5 5 | 5-dv+ exp | —=v* |- =dv
0 8v4 ) 2v 1 2 2 —logt

For the second term, ffroo exp (—%02) . %dv < 400, hence

oo 1 1 1
lim exp [ —=v?) - =dv- =0
t—0 Jy 2 2 —logt
For the first term, let u = % we have

i ! 2\ 1 p 1

1m ex —_ —anv -

=0 Jo PL\7802 ) 20 —logt
+oo 1 1

=lim |, exp(-u)
8

2
exp (=5 ) 5

—du -
4du “ —logt

=lim

(L’Hopital Rule)
t—0

=

Hence, we got

lim sup

<

1 /+°° 2 1,5\ 1 do < L
exXp| —=-—5 — V| — -.
10 —logt Jo Pl7802 7 2 v T 2

Now, we will do the opposite direction. From (2.4.15), we can also get




For the second term, by L’Hopital Rule we have

400 t2 1 1
li —— ) —dv-
o P ( 41}2) 20" logt

For the first term, let u = %, we have

t

P 2\ 1 1
lim exp | —— | 5-dv-
t—0 J 402 ) 2v —logt

1 oo
=lim / — exp(—u)du
t
2

t—0 — logt 4du
1 t
i 2P (73)
t—0 1
t
1
4

Hence, we got that

1 +oo 21 1
1. . f = 2 -
0T Tlogt /0 eXp( g2 2" ) 50 ™

Therefore, the desired result holds.
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Chapter 3
PARTICLE COLLISIONS

3.1 DMotivation

Y

The physics “law” known as “equidistribution of energy” and a formula known as the
“microcanonical ensemble formula” suggest that velocities of gas molecules in R? are i.i.d.
standard d-dimensional normal. We will find the collision location for two “randomly”

chosen molecules.

3.2 Informal review of main results

Without loss of generality, we assume that two particles are positioned symmetrically with
respect to the origin. We will show that the approximate collision location for these particles
has a density that is proportional to 7! and rotation invariant in R? for d = 1,2,3. The
asymptotic distribution is a multi-dimensional ¢—distribution for d > 2. This agrees with

the 1—dimensional distribution, which happens to be the Cauchy distribution.

3.3 DModel definition

Suppose we have two particles, denoted by P and P», that are moving balls with a radius
0 < r < 1 in d-dimensional space R%. Let X; and Xy represent the initial positions of
the centers of Py and Pg, respectively, at time 0. Furthermore, let Vi and V5 denote the

velocities of Py and Po, respectively. Without loss of generality, we may assume that
X;=(-10,---,0) and Xy=(1,0,---,0),

which means that the two particles are located along the x-axis and are separated by a
distance of 2. Then, the centers of the particles at time s can be expressed as Ci(s) :=
Xi + sVy and Cy(s) := Xy + sVa, respectively.

Denote

V1 = (Ul,la V1,2, " ,’U17d) , V2 = (U271, V2,2, " ,U27d) . (3.3.1) ’def—component
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Based on the knowledge from physics, we may assume that

Vi, Vo UN(0,1,).

We are interested in the probability they will collide and also the density function for

the collision place for a small radius, i.e. r ~ 0.

3.4 Collision probability

Denote E, 4 to be the event that two particles P1 and Py with radius r will collide in space

R?. Call the collision probability Drd, i.€.

Prd =P (E.q). (3.4.1) [definition-—g

Before computing p, 4, we will first introduce the following criterion for collisions:

ollision-criterion| Lemma 3.4.1. The particles Py and Py will collide if and only if

cos B < —v/1—1r2,

where [ is the angle between the vectors X1 — Xg and Vi — V.

Proof. After time s, the center of Py and Py will be X7 + sV and X9 4+ sVs, so in order

to have a collision, we will need
[(X1+sV1) = (X2 + 5Va)l, = 2r,

for some s > 0. Note that

(X1 —Xo) +5 (Vi = Vo) [(X1 = Xg) +5(V1 = V)] = dr? (3.4.2)

— [V = V|32 +2(Vy = V) (Xy — Xo) s+ || Xy — X5 — 42 =0

In order to make the above quadratic equation has a root in (0, +00), first we will need
B T 2 2 2 2
A—4 (Vl —Vg) (X1 —XQ) —4||V1 —V2||2 ||X1 —X2||2—47° Z 0,

while implies

V1= Va3 X1 = Xall3 cos? 8 — Vi = Valf3 (X1 = Xa3 — 4%) = 0

472

2
—cos“’f—14——=2>0
X1 — Xall5
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Note that [| X1 — Xal[, =2, so
cos’ B >1—r2. (3.4.3)

Let s1, s2 be the two roots of (3.4.2), apply Vieta’s formula we have

_ (V1*V2)T(X1*X2) _ [1X1—=X2]ly

= = COS
S1F 52 VA= Va2 Vi Vsl cosf
X1 —Xo||3—4r2
§189 = ———=—— > 0
122 [Vi-V2|5

So to make (3.4.2) have a positive solution, we will need cos 5 < 0.

Therefore, combining this fact with the condition (3.4.3) we will get

cos B < —v1—r2
]

Remark 3.4.2. When r is close to 0, in order to have a collision, cos 8 should be close to
—1. This means 3 is close to 7, i.e. X1 —Xs and V1 — V4 almost have the opposite direction.
Hence, if P and Ps were to collide, V{ — V5 should have almost the same direction as the
positive z—axis.

The case d = 1 is a special case since in this case we have

—(v11 —v2,1)

=1or —1.
|v1,1 — V2,1

cos 3 =

So the condition 3.4.1 reduces to vi1 > v21. By symmetry, we will have the following

result:

ision-prod-1| Theorem 3.4.3. Ford=1, p,1 = %

With the lemma above, we can have the following result:

llision-prob| Theorem 3.4.4. For d > 2,

1 1 r?
= F(— ——d—1,1).
Prd =75 (d—l 1— 72 >

here F(-;d —1,1) is the CDF of the F—distribution with d — 1 and 1 degrees of freedom.
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Proof. Using lemma 3.4.1, we only need to show

2
]P(cosﬁg—\/l—ﬂ):lF(dl«707‘2;d—1,1>.

2 -1 1-—
Recall that
X; =(-1,0,---,0), Xo=(1,0,---,0).
So we have

P

/N

cos B < —v/1 —7“2>

w <1 _T2>
V1= Val|,

v, —v21 > V1—12||[Vy - V2H2>

I
%
7~

P

/N

d
=P | (viq1— 112,1)2 > (1—1r?%) Z (v — UQ,i)Q y U1 — V21 2> 0>
i—1

( (3.4.4)
d
=P (7’2 (011 — v21)° > (1 =77 Z (V14— v24)% 011 — V21 > 0)
P

Note that {v1; — 1)21}2 , follows ii.d. N(0,2) distribution, So Zl o (V1,0 —v271)2 uil

d

(V11 —v271)2 and sum$_o (v1,; — vgz) ~ 2Xd 1, (

Uil — U2,1) ~ 2X2- This gives the last
equality in (3.4.4).

Using the PDF of F—distribution, we can get the following approximation:

|lision-prob-approx| Theorem 3.4.5. For d > 2, we have

is:
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It follows that

1/41“2"2 TG gy ot -t
DPrd = 35 — - T 2 — X X.
2.Jo r (%) ve

By the L' Hopital’s Rule, we have

14T B 12 1
1-2) d-1 -2 ([d_1)me
: 1 r(g) 2\~ 3
= a1 r(d—Tl)ﬁ(l_r) 2
1 L (5)

Therefore, the desired result holds.

O

brox-special| Remark 3.4.6. In order to verify and illustrate the last result, we will discuss the special

cases d = 2, 3.
Substituting d = 2, 3, we can get

1 1
pra=rolr), s = g1+ olr?).

Actually, for p,o and p,3 we can compute their exact values.

If we put d = 2,3 in (3.4.5), we get

-2

1 (121 1 1 2
=z —+ ———dr = —arct
Dr2 2/0 x Vallta) x 7Tarcan\/:fo
2 r )
= —arctanﬁ = + O(r)
T‘2 T2
]. —r2 3 1 (*7‘2)
Pr3 = /2<1 )(1+2$)7%d$=—*(1+2x)7% 21
' 2 Jo 2 0
1
11 2Nz 1-V1- 1
=2 (1+-— = A el
2 2 1—r2 2 4
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Figure 3.1: Simulation results for d = 2 and 100, 000 pairs of particles. The probability of
collision as a function of radius. The orange line represents the simulations, and the blue

line is r/m, the first term in the theoretical formula.

The results of simulations for d = 2 with 100000 pairs of particles are shown in Fig. 3.1.
The simulation results fit the theoretical formula very well even at a surprisingly large value

of r=0.3.
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Figure 3.2: Simulation results for d = 3 and 100, 000 pairs of particles. The probability of
collision as a function of radius. The orange line represents the simulations, and the blue

line is 72/4, the first term in the theoretical formula.
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3.5 Collision density function in dimension 1

sec—coplace—l—dim‘

We will first discuss the case d = 1. Denote T to be the collision time. Recall that
C1(T) = X1 + TV represents the center of particle P; at time 7. The point C1(7T) is a
good approximation of the collision place, for convenience, we will this point X.

In the special case d = 1, we will have the following nice result:

density-1-dim| Theorem 3.5.1. Ford =1,

x 1 o
P(X <x) :/ - du. (3.5.1) |formula-1-di

o0 21 ((u v (- 7«)2)

The function 7 is a defective density since it does not integrate to 1. In view of

1
27 (14w
our definition of p,q in (3.4.1), we have

/OO 1—7r du = p 1
= ’1 = —
—o0 271 ((u+7“)2+ (1—r)2> ' 2

Proof. In Section 3.3, we showed that Py will collide with Py when v11 > va1. Then the

2—2r
v1,1—v2,1’

collision time would be T = and the collision place is —1 + T'v; 1. So for each

xz > 1— 2r we have

(2 — 27“) U1’1

P(X <z)=P (—1 +
V1,1 — V2,1

<z, wv1< U1,1)

=P ((2 — 27’) V1,1 < (.’L‘ + 1) (’U171 — 1)271) y V21 < 7)171)

T+ 1
=P > . <
(111,1 Z T i+or V2,1, V21 U1,1>

1 1
/ /D —exp ( 21}%71 21)2 1) dvy,1dva 1
1 1
/ / " — exp ( 21)%71 21)2 1) dvy 1dva
r—1427r

1, 1
= dvy 1d
/ /v eXP( 2“1,1 2”2 1> V1,1002,1
1 1
7eXP _*U%gl U§,1 v9,1dudva,
z+1 2 2

x—1+427r
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It follows that for x > 1 — 2r,

d
fra(z) = P(X < 2)
/00021 1, 1 z+1 \? , 2-2r
= ——Vvy;— = | —] v 5V
o 2 220 "2 \z—1+2r) ) (@—1+2r)2
_ 1—r 1
T or(r—1+2r)?2 1 \?
( ) 1+<xf1+27")

1—r
- 27 ((m+r)2+(1—r)2>.

For the same reason, for z < 1 — 2r we have

2—2
P(X <z)=P (—1 + w <z, w1 < 1)1,1>

=Pl < ——m v V9.1 <V
(1’1x—1+2r 2,15 2,1 1,1>

r— 1+2rv21 ]_ 1 1
/ / on P <_2”%,1 502, 1) dvi,1dva,1
V2
L oo 1,
/ /x+1 7€Xp <_2u V21— 51}2,1 v2,1dudvy 1

and f,1(z) still has the same formula with

1—r
fri(z) = 2 2\
2 ((m—i—r) +(1-r) )
Therefore, combining the two result together, we get equation (3.5.1). O
Remark 3.5.2. The function Lor

@+ 1= is the PDF for Cauchy distribution centered
at —r, and the additional % term comes from the fact that in 1 dimensional space, the

possibility for having a collision is %, ie.

1
/ fr,l(x)dw =Pr1= 5
R

Recall that for Cauchy distribution, we have the following well-known result:
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(xo,d)

T — aris

Figure 3.3: Graph for Lemma 3.5.3

Lemma 3.5.3. Suppose a particle starts from a fized point (xo,d) with the direction uni-
formly on the semi-circle S, see Fig. 3.3, i.e. 0 follows a uniform distribution on (0,).
Denote (X,0) to be the point particle hits the x—axis. Then X follows a Cauchy distribution

with PDF:
d

1
fx(@)=—- (r—zo)f
With the above lemma, we can explain why Cauchy distribution occurs in Theorem
3.5.1. Define W(s) = (X1 + sV1,Xa + sV3), i.e W(s) is the trajectory of the centers for
two particles. The initial location is W (0) = (—1,1). Note that the particle Py is always to

the left side of particle P9, so the collision condition would be:
(X2 + TVQ) — (X1 + TVl) = 2r,

which is equivalent to W (s) hitting the line: ¢ : y — x = 2r. Based on our definition, the
random variable X in Theorem 3.5.1 is the z—component of W (T'). Denote Y to be the
y—component of W (T).

Since V1, Vj are distributed as i.i.d standard normal distribution, the direction of W (s)
is uniform on a circle S, see Fig. 3.4. This explains why we should expect a Cauchy
distribution to appear.

To derive the exact formula, consider the transformation:

T:(z,y) = (y+z,y—1).
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Figure 3.4: A 2—dimensional representation of the trajectories of the centers of two particles

moving in 1—dimension.

It transforms ¢ to the line y = 2r and X (0) to the point (0,2). The distance between (0, 2)
and the line y = 2r is 2 — 2r. Applying Lemma 3.5.3 and the fact that trajectory hits the

line ¢ with probability %, we get

P(X<z)=P(X+Y <2zx+2r) sinceY =X +2r
1/%“T1 2-2r

du

2/ o 7w w24 (2-2r)?2

| 1—r7r
= — 3 2du
—0 2T (u+7)*+(1—-7)
which is the same result as Theorem 3.5.1.

3.6 Collision density function in dimension 2

Let w1 be the direction of the velocity V1, i.e. w; = arctan Zi—f Since V7 has the standard

normal distribution on R?, we know that w; is independent of the magnitude ||V1||, and

wi ~ Uniform[0,27), [[V1]5 ~ x3.
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Figure 3.5: An example of trajectories that do not intersect.

trajec-intersec

collision place

_/ _/
X1 X9

Figure 3.6: Illustration for approximating collision place using the intersection of the tra-

jectories of the centers.

intersection-place

. U
Following the same way, we define ws := arctan >=.

Define ¢4, ¢5 to be the trajectories of particles Py, Py respectively, i.e.

0 :={X1+sVi:5>0}, fly:={Xy+sVy:s>0}. (3.6.1) |Def.trajectc

Note that £; and ¢ do not always intersect even when two particles collide. See Fig. 3.5
as an example.

Let X = ¢; N ¥y if such an intersection point exists. When radius r is small, this point
X is a good approximation for the collision point, see Fig. 3.6.

When X exists, the two particles collide, i.e.

{thnity # ¢} C Epo.

But the opposite does not hold. The next two lemmas show that the opposite holds with a
probability of rate 1 — O(r?).
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Lemma 3.6.1. Recall that E, 5 is the probability for P1 and P2 collide in R2. Let n =
arcsinr. Let F} = {|lw1—7| < n}U{0 <w; <n}U{2n—n <w; <27}, and Fy = {jwe—7| <

ntU{0 <ws < n}U{2r —n < ws < 27}. There exists an absolute constant C > 0 such that

P(E.2N(F1UF)) < Ccr?. (3.6.2) ’angle—prob—result ‘

Lemma 3.6.2.

E7»72 N {51 Ny = gf)} - ET,Q N (Fl U FQ). (363) ’X-exist-result ‘

Combining this with Lemma 3.6.1, we obtain
P (E.2 N {X does not exist}) < Cr?.

Proof of Lemma 3.6.1. we only need to show the follow 6 terms are all Cr2:

P (EroN{lwr — 7| <n}),P(Er2N{0<w <n}),P(E2N{2r —n <w; < 27})

P (Ero N {lwz — 7| <n}) P (Er2N{0 <wz <n}), P (EraN{2r —n <wy < 27})

We will first estimate the first term. Conditioning on w; and wo, we have

P (Eng N {|w1 — 71” < T]}) =K (IP(ETQ ’ w17w2)]l{|w1*7r|§77}) . (364)

Since the whole system is symmetric about the z—axis, we only need to consider the

case 1 — 1 < wy < 7. Applying Lemma 3.4.1, for the inner term we have

P(E, 2 | wi,ws)
=P (cosﬁ < —V1-—1r2| wl,wg)
=P <02’1 T o 12 | wl,wg)

V2 = Vi, =

2
=P ((Uz,l — 01,1)2 > (1—1r?) Z (vo,; — Ul,z‘)2 ,v21 < i | wl,w2>

=1
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=P (7“2 (v21 —v1,1)* > (1 —72) (v22 — v1.2)* w21 < Vi1 | wl,wz)

=P (7" (vo1 —w11) < *ﬂ@zz — 19| | wl,w2>

=P (7" (v2,1 —v11) < —M(Um —v1,2),V22 > V12 | w17w2>

+P <7“ (vo1 —w11) < —M(Ulz —U22),V22 < V12 | w17w2)

=P (7”1)2,1 + mvzg <rvig+ mvl,z,vzg > vy | wl,w2> (%)
+ P <7”l)2,1 —V1=712v0 <rvi1—V1—1%0192,022 < V12| wl,w2> (xx)

Recall that
vi1 = ||Villgcosw;, w2 =|Vi|ysinw;, fori=1,2,

we obtain

(%) :IP((r coswy + V1 —r2sinws) [[Vally < (rcoswi + V1 —r2sinw;) |[Vill,,
[Vallpsinws > [Vilysinw |wrwn)

=P (sin(n + w2) [[Vally < sin(n +w1) [[Villy, [Vallysinws > [[Vilysinw | wr, ws)

_p <||V1||2 < S¥n(77+w2)’ V1ll, < Sinws !w1,w2>
[Vally = sin(n+wi)’ [Vally, = sinw;

The last step follows from the fact that 7 — n < wy < 7, and therefore sin(n + wy) <
0,sinw; > 0.
To make (*) nonzero, we need sin(n + wz) < 0 and sinwy > 0, which implies 7 — n <

wo < m. So we have the follow upper bound

(*) < ]l{wfn<w2<7r} .

In the same way, for (x*) we have

() =P (sin(n — wa) [|[Vally, < sin(n —w1) [[Villy, [[Vallysinws < [[Vilysinw | wi,ws)
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_p <||V1||2 < sin(wz — 1) [Villy S sin wo o w2>
[Vally = sin(wi — 1) || Vall, =~ sinw; ’

The last step follows from the fact that 7 —2n < w; —n < 7w —mn, and therefore sin(w; —n) >
0,sinw; > 0.
To make (xx) nonzero, we first need sin(wo — 1) > 0, which implies n < wy < 7+ 1.

We claim that (x%) = 0 when < wep < 7 — 1. It is elementary to check that
sin(wy — ) sinwy — sin(wy — M) sinwy = sinnsin(ws — wq) < 0.

when wy < 7 —1n < wj. This implies

sin(wg — 1) < sin woy
sin(wy —n) —

sinw;’
which shows (x%) equals 0.

Hence, for (#x) we have the following upper bound:
(+#) < Lr—pcwp<mtn}-
Combining the two upper bounds together, we obtain
P (B2 | wi,w2) < 2110 —rj<n}-

Applying this to Equation (3.6.4), and recalling that n = arcsinr = O(r), we have

2772

=L < orl.
2

P (E.2N{lwr — 7| <n}) < E (21 fwy—r|<nt L{jwi—rl<n}) =

where C is an absolute constant.

One can bound the remaining five terms in a similar way.

Proof of Lemma 3.6.2. The event 1 N {5 # ¢ could be written as

X1+ 51V =Xo+59Vy, for some s1,s9 > 0.
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which is equivalent to the following equation system having a solution in R* x R

-1+ S1V1,1 = 1+ S20V2.1

(3.6.5) |X-exist-equs

51V1,2 = $2022
Note that if we release the restriction that the time s is nonnegative in (3.6.1), two
trajectories will meet almost surely since wi and we are continuous random variables, so the
above equation system (3.6.5) has a solution in R%. Furthermore, the solution is unique,
call it (s1, s2).
Under the condition that two particles collide, the only way for ¢; N ¢y = ¢ is one of
51, s2 is positive and another one is negative. This implies v 2v12 < 0.

In the proof of Lemma 3.6.1, we showed that

By = {7“ (v21 —vi1) £ =V1I=712 vy — v1,2|} - (3.6.6)

If V29 > 0,1}1,2 < 0,

r(ve1 —v11) < —V1—12|vga —vi2
= r(ve1—v11) < —V1—-7r2(vg2 —v12)
rvg1 + V1 =120 <rvig 4+ V1—1%v19

= sin(n +wa) [|Vall, <sin(n +w1) [[Vi,

4

Since v22 > 0, we have 0 < we < 7. If wp > 7 — n then F5 holds and we are done.
If wg < m—m, then sin(n + we) > 0. It follows that sin(n + wi) should be also positive.
Combine this with the assumption v12 < 0, we get 2 — 7 < w1 < 27 and F} holds.

Reasoning in the same way, if v22 < 0,v12 > 0,

r(va1 —vi1) < —V1—12|vggs — v
= r(v21 —v11) < —V1—7r2(vi2—v2)
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= TU21—V 1-— 7‘21)272 < 011 — V 1-— 7“21)172

= sin(wz — 1) [[Va|ly > sin(wi —n) [Vill,

Since v22 < 0, we have m < wy < 27. If wy < m + n then F5 holds and we are done.

If wo > 7 + 7, then sin(wy —n) < 0. It follows that sin(w; — 1) should be also negative.
Combining this with the assumption vy 2 > 0, we get 0 < wy; < n and F7 holds.

O

Before continuing to our main result in this section, we first introduce a new coordinate
system in R?, different from the usual (z,y)—coordinate system.

Suppose Y is an arbitrary point in R?. Let ay be the angle between ﬁ and the positive
z-axis, and ag be the angle between )@' and the positive z-axis, see Fig 3.7. Every point
in R? could be uniquely represented by a pair (a1, a2), so (a1, as) forms a coordinate system
on R?. From the graph we can see that a; and as either satisfies {0 < a1 < as < 7} or

satisfies {m < ay < a1 < 27}. So (aq, ag)—coordinate system has the domain
D = {(041,042) 0< a1 <ag < W}U{(al,ag) Tl ay <a < 27['}.

The relation between (z,y) and (aq, a2) is given below:

o1 = arctan o9 = arctan

Yy
x+1’ x—1

So the Jacobian matrix and determinant are:

B Y r+1
O, ) | (2+1)2+y2 (z+1)2+y2
(z,y) _ y T ’
(—12+y* (z-1)2+y°
‘3(041,042) _ 2|y
d(z,y) [(+ 12+ 92 [(z — 1)2 + 92

ensity-2-dim| Theorem 3.6.3. Consider 0 < 6 < 7% and a Borel set A C R? that satisfies

AC{(aq,m) 0 <o <ar<m—0}U{(ar,a2) :m+0 < az < a1 <21 —0}.
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(8%
- g

X, X,

Figure 3.7: Illustration of the alternative (aq,a2) coordinate system.

(See Fig. 3.8). There exists a constant C depending on 6 with order =5 such that for

arcsinr < g

1 1 ,
]P(X € A) - T'//A p . W—dedy + R, (367) formula-2-di

2 + y2)
and |R| is bounded by Cr?.

Proof. Recalling that n = arcsinr, it goes to 0 as 7 — 0, so WLOG, we can assume 1 < 6/2.

Since collision places are symmetric respect to the x—axis, we may assume
A={(an,) 10 <ag < <m—0}.
In order to have the two trajectories intersect in A, we need the following two conditions:

e The directions (wi,ws) are in A.

e The two particles collide. By Lemma 3.4.1 in Section 3.4, this is equivalent to cos 8 <
—V1 — 12, where 3 is the angle between the vectors X; — X5 and V| — Vo.

Hence,

P(XeA)="P (cosﬂ < —V1-712 (w,ws) € A)
:]E(IP (cosﬂ < —V1-—1r2 |w1,w2) ]l{A}>.

For the inner term, follow the same calculation in the proof of Lemma 3.6.1, we have

(3.6.8) |density-2-di
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Figure 3.8: Ilustration of set A with # = 0.01 that satisfies the condition in Lemma 3.6.3.

Note the aspect ratio of the picture is about 1/100.

P (cosﬁ < —V1-—172] wl,w2>
=P (7“7)2,1 +V1—=r2v9 <rvig+ V1—r2vig,v22 > vi2 | wl,wz> (%)
+P (rvz,l —V1=12v9 <rvi1—V1—71%v192,022 < V12| w1,w2> e (k%)

We will look at (x) first. Recall that
UZ'71 = ||Vl||2 COS Wj, UZ'72 = ||Vl||2 sinwi, for 7= 1,2,

we obtain

() :IP<(r coswy + V1 —r2sinwy) [[Vally < (recoswi + V1 —r2sinwi) | Vi,
[Vallysinws > Vi, sinw | wl,w2>

sinw; _ |[Vally _ rcoswi + V1 —r2sinw;
=P ( - < < : | wi,we
sinwy = ||[Villy T rcosws + V1 — rZsinws
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(s?nan < [Vally < STn(n—Hul) \W1,w2>
sinwe ~ [[Vi]ly, ~ sin(n + we)

The second step comes from the fact that
sinwg >0, 7rcoswy+ V1 —7r2sinwy = sin(n + wq) > 0.

The probability () is non-zero because the lower bound is less than the upper bound
since

sinws sin(n + wy) — sinw; sin(n + wa) = sinnsin(ws — wy) > 0.

. 2 .2
2 <
Let g(T‘;( ", 72) . (TCOSw1+\/1—T smwl) sin? (n+w1)

- . Note that sinwi,sinwsy are both
7 cos wa+v1—r2 sin wa sin? (n4+wa) L 2

2

positive and H¥?H2 follows the F' distribution with 2 and 2 degrees of freedom which has
1

PDF ﬁ, x > 0. The term (*) could be regard as the follow function G(r)

Glrian,wn) = () = [ R
riwl,wa) = (%) = ——=dx
b g(0) (1 + x)2

Function G has the following Taylor expansion at point r = 0:

1 /
G(r;wr,we) = 7(1 T g (0) - r+ Ry (r;wy,w2)
.92 —2 . . .
sin® w sin wy (sin ws cos wi — cos wa sin w
:2(1—i— — 1) . L 2= 31 2 V -1+ Ry(r;wi,w)
sin® we sin® wo

2 sin wy sin ws (Sin wg coswy — €os wa sinwy )
o 2 2

r+ Ri(r;wi,ws).

(sin w1 + sin w2)2

We will show that the remainder term Rj(7;wi,ws) satisfies
// Ry (73 w1, wo)dwydwy = O(r2).
A
Fix some 0 < 6 < %, by Taylor’s inequality, we know that for 0 < r < §

1
| R (r;wi,wa)| < 57“2 sup |G"(r; w1, ws)|
0<r<sé
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1, g (r; w1, wo) 2¢' (r; w1, wa)? ‘
= —r® sup 5 — 5
2 o<r<s | (T4 g(rw,wa))” (14 g(r;wi, wa))
1 "o 24/ (- 2
S 77.2 sup g (T, Wi, OJQ) . ‘ + sup g (Ta w17w2) . ' )
2 o<r<s | (14 g(r;wi,we)) o<r<s | (14 g(r;wy,ws))
For the second term, note that
2sin(n + wy) sin(wg — wq 1
g'(riwi,wy) = m_3) ( ).
sin” (1 + wa) V1—12

so for 0 < r < § we have

24’ (r;wi, ws)? ‘ 8 sin?(n 4 wi) sin®(n 4 ws)
(14 g(r;wi, w2))® 1—r? (sin®(n 4 w1) +sin2(n+w2))3
< g8 1
—1-62 sin®(n+4wr)
8 1
< .
~ 1-62 min{sin%(@ + n),sin®(® —n)}

< 8 ma; { L L }
— . max
—1-42 sin%(0 4+ )" sin®(0 — n)

< 8 < 1 n 1 )
—1-62 \sin%@+n)  sin@—n)

. 83(_61 +.61 )
(1—62)2 \sin’(0+n) sin°(0 —n)

For the first term,

sin(n + wa) cos(n + wy) — 3sin(n + w1 ) cos(n + w2)

g" (r; w1, ws) =2sin(ws — wy) <

sin(n + w1) r )
sin®(n +wa) (1 —r2)2

sint(n + ws) (1 — 12)

SO

4 1
lg" (r; w1, wa)| <2 < + )

sin (1 + w2) (1 — 62) sin®(n + we) (1 — 52)%



and for 0 < r < § we have

g"(r; w1, ws) ‘ .10 1
(1 + g(rywi,wa))| ~ (1-— (52)% (sin®(n + w1) + sin®(n + w2))2
10 1
S 3 . 4
(o5 'yt o)
10 1
<

= 3

(1—62)% sin®(n+ws)

_ 10 < Lo, )
T (1—62)2 \sin®(@+n)  sin(0 )

Recall that 0 <0 < 7,0 <n < g and 0 < § < % Tt follows that

8 1 1
Ry (r; w1, we)dwidws < 17 - // dnd
//A 1(r;wi, wo)dwidwy <1 (1- 52)% <sin6(9+?7) " sin®(6 —77)> A o
8 1 1 e
<2 + >/ / dwidw
=T (1_52)% (sin6(9+?7) Sin6(9—77) 0 Jo e

< r? 64 1 + ! /ﬂ/wdwdw
=0 V2 \sinf(0) " sin®(D) ) Jo Jo T

< Cr?,

where C' depends on 6, and it is of order #76.

Now we will look at (xx). Follow the same way as in (x), we have

(%) = P (| Vallysin(n — wa) < [[Villysin(n — wi), [[Vallysinwe < [[Vilfsinw | wi,w)

_p <sin(w1 —n) < Vally - sinw1> .

sin(wg —n) = ||Vill,  sinws
sin2 w1
. sin2 wg 1 d
o Jsn2ei=n (14 2)2 v
sinZ(wy —1)
2 sin w1 sin wsy (Sin wg cos wi — €OS w9 Sin wq
- ( 2 .9 2 )T+R2(’I";(JJ1,W2).
(Sln w1 + sin wz)
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Here, Ry(r;w1,ws) is the reminder term which can be proved satisfy
/ Ro (73w, wy)dwidwy < C'r2,
A

where C’ is a constant depending on 6 with order 676,

Plugging into the equation (3.6.8), we get

IP(XGA):// o 5 () + (e deordwy

(3.6.9) |din-2-equ-final

5 dwydws + O(r?)

// sin wj sin wg (sin we cos wy — cos wa sin wy )
= . . p)
A 72 (sin? wy + sin? wy)

Recall that

w1 = arctan

w9 = arctan
x+1’ T —

and when 0 < w; < wy < ™ — 0 the Jacobian matrix is

_ 2y
@+ 12+ 92 (2 - 1)2 4+ 2]

'a(wl,WQ)
O(z,y)

the right hand side of (3.6.9) becomes

1 1
P(XeA :r//dxd +OT2.
( ) W a2 (r%)

O]

Remark 3.6.4. Lemma 3.6.1 tells us the probability that X is close to the x-axis is of the
order of 2. Theorem 3.6.3 further tells us that away from the x-axis, the distribution of

X has an approximate defective PDF: i Taking informally (because this case is

AT
not covered by Theorem 3.6.3) A = R?, we get

P(X R2~7 dxd
(X R //Rz(1+:v2+y) e

oo 21

r

= — 7d0dp (polar coordinates)
), b we

™

33

Note that the above informal calculation agrees with our result in Remark 3.4.6.
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Figure 3.9: Simulation result for d = 2, » = 0.03 and 2,000 pairs of particle collisions.

The defective PDF given in Theorem 3.6.3 is rotation invariant in RZ, this fits our
simulation result in Fig. 3.9

Let (p,0) to be the polar coordinates, i.e.

p=+Vz2+y% 0= arctan Ly
x

The approximate defective PDF W shows p and @ are independent. If we condition
on a collision, then # and p have the following distributions:

2

0 ~ Uniform(0,27), p~ CDF: %{02,1) > 0.

Fig. 3.10 is the graph for the simulated results.
Similar to Section 3.5, we will use the follow Lemma to explain why our approximated

defective PDF is rotation invariant.

uniform-uniform| Lemma 3.6.5. Suppose a particle starts from a fived point X € R? with the direction

uniformly on the semi-sphere S centered at x. See Fig. 3.11. Denote Y to be the point
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1.0
10— CDF of uniform(0,2m) .
—— ECDFof8
05 08
0.6 / 0.6
04 os
02 / 02
/ —— CDF with function T
' —— ECDF of
00 0.0 or
0 1 2 3 4 5 6 0 1 2 3 4

Figure 3.10: Simulation result for d = 2,7 = 0.03 and 2, 000, 000 pairs of particle collisions.
The graph on the left represents the empirical CDF of 6§ v.s. the CDF of uniform distribution
on (0,27). The graph on the right represents the empirical CDF of p v.s the CDF %.

particle that hits the hyperplane H. Let O be the point on H such that 0X orthogonal to J.
Then the distribution of Y is rotation invariant with respect to O, i.e. the density function

depends on ||OY||, only.

Proof. Based on the assumption that the direction is uniform over the sphere, the density

function of Y depends only on || XY||,. Note that
IXY5 = |0X]5+ [OY |3,
so it also depends on ||OY ||, only. O

We will still use W(s) = (X1 + sV, X2+ sV2) to represent the trajectory the center
for two particles. In the two dimensional case, W is a trajectory in R?. The event collision

equivalents to W (s) hitting the slab:

{(z,y,z,w) : (x — 2)* + (y — w)* < 4r?}.

p:
+p?
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Y (@] H

Figure 3.11: Graph for Lemma 3.6.5.

This slab is a ball around the hyperplane:
H={(z,y,z,w) 1z =2,y = w}.

For small > 0, informally speaking, we can treat the collision as W (s) hitting H. If we
denote O := (0,0,0,0) to be the original point in R*, then O is a point in H. Note that the
vector between W (0) and O is orthogonal to K.

Recall that Vi, Vy are distributed as i.i.d standard normal, and the direction of W (s)
is uniform on the sphere centered at W (0). Let Y be the hitting point on H, then the
collision point in R? is the first two coordinates of Y. By Lemma 3.6.5, the distribution of
Y depends on [|OY ||, only. Since Y has the form (z,y,z,y), ||OY], depends on z? + 32
only.

3.7 Collision density function in dimension 3

We will use zyz—coordinate system for space R3. We will first define our approximation
point X. Recall that £1, {5 are the trajectories for Py and P9 respectively. In 3 dimensional
space, ¢1 and /5 may not be on the same plane.

Denote Ls to be the plane containing the z-axis and £5. Rotate £1 to Ls with the same

side as P, for example, if Lo is the xy—plane, then the rotation will be

(z,y,2) — (xa VY + z2sign(y2),0) .

Call the rotated trajectory ¢7. Denote X to be the intersection point between ¢] and o
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(if such point exists). When the radius 7 is small, X would be a good approximation for
the real collision point.

In this section, we will let w; to be the angle between V; and the positive x—axis, wo
to be the angle between V5 and the positive z—axis.

Recall that F) 3 is the event that the particles P; and P collide in R3, and 1 = arcsinr.
Similar to the Lemma 3.6.1 and Lemma 3.6.2 in Section 3.6, in 3—dimensional space, we

have the following result:

le-prob-3dim| Lemma 3.7.1. There exists an absolute constant C > 0 such that
P (E.3N{X does not exist}) < Cr>.

Remark 3.7.2. The phrase “X does not exist” means that the two particles collide but

the rotated trajectories on the zy—plane do not intersect.

Proof. Also WLOG, we all assume the particle P is moving along the xy—plane, i.e. Ls is
the xy—plane.

Recall that we rotate the particle P; to the xy—plane with the same side of Pg,
and the center for P; and Py are represented by C; and Cs respectively. Since we
assumed Pg is moving along the zy—plane, C; = (z1,y1,21) will be rotated to C} =

(1’17 V y% + Z%Sign(yQ)a 0)

In this case, C} has angle w| with the positive z—axis, where w] is defined as:

w1 if Yz > 0
Wi =
2 —wq ify2 < 0.
By Lemma 3.6.2, we have
E, 3N {X does not exist} C E,3 N (F1 U F3) (3.7.1) ’Condition—formula

where

Fy ={|tanw| < tann}, Fy = {|tanws| < tann}.

We only need to estimate the term:

P (B30 {|lwr — 7| <n})
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The rest of the terms can be shown in the same logic.
We will show that if two particles collide, then they still collide after rotation. Computing

the distance between two centers we will get

2
IC} = Call3 = (21— 22) + (sign<y2>\/y% I y)

= (x1 — 22)* + (U + 21) + 5 — 2ly2l/y} + 21
< (w1 —22)” + (i + 27) + v5 — 2allu|

< (21— 2)” + (47 + 27) + 45 — 2010

= (71 —22)? + (1 — y2)* + 27

= ||C1 — Cal5 < (2r)°

Follow a similar way as the proof of Lemma 3.6.1, there exists a constant C such that
P(E,3 | wi,w) < Cr.
Hence,

P (Er3 N {lwr = <n}) <Cr-Plor — 7| <)

1 —cosn
—Cp. — 1
T
= Cr-sin®n
=Cr?

In Section 3.6, we introduced a coordinate system in 2—dimensional space, which is

a1 = arctan
z+1 r—1

, g = arctan

To determine a point in 3—dimensional space, we will need an additional angle:

z
v := arctan —.
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Compute the Jacobian matrix we can get

‘8(@1,@2, 2

v) — .
= 7.2) [eq-3-dim-
o(z,y,2) ’ (12492 +22) (e — 12+ 42+ 22) (3:7.2) [eq-3-din-jacobian

Our main result will be the follow approximation result
ensity-3-dim| Theorem 3.7.3. Consider 0 <0 < 5,6 > 0 and a Borel set A C R3 that satisfies

Ag{(al,ag,v)€R3:9<a1<042<7r—9,a2—a1>(5,03’y<27r}

Forr < min{tanQ 9’ arccos 1+tan19 tand’ tan 9481r16};
1 1
P(X ed)= r’ // 2 zdedydz + R, (3.7.3) ’formula—s—dim
AT (T+a?+y? +22)

where |R| is bounded by Cr® with C depending on 0 and §.
Before the proof of Theorem 3.7.3, we will introduce the following lemma

Lemma 3.7.4. Suppose a point (a1, aa,v) in R has a coordinate (x,y, z) under the xyz— coordinate

™

system. If there exists some 0 < 6 < § such that 0 < oy < ag < m — 0, then we have
VY24 22 > tan§.
Proof. By the definition of o, ao, we have
V2 + 22 = [tanay ||z 4 1] > tan 6|z + 1],
V2 + 22 = [tanas||z — 1| > tan |z — 1].
The result holds since max{|z + 1|, | — 1|} > 1. O

Next, we will introduce an important term: ”effective radius”. In our calculations, we
will assume the center of particle Po is moving in the zy—plane. Recall that T is the

collision time. Suppose the center of particle X; is C1(T") = (z1,y1, 21), then we define the

1
d= —1\/4r? — 22.
2

The projections of Vi and Vg on zy—plane will be called V| and V,. We call d

effective radius d to be

[13]

effective” because two particles with radii d and velocities V}, V} moving in xy—plane
will collide if and only if Py and P» collide.
Note that d < r.
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proof of Theorem 3.7.3. Recall that wi,ws are the angles between the positive x— axis and

V1, V5 respectively. We further define
V1,3 V2,3
1 1= arctan ——, 9 := arctan ——.
V1,2 V22
WLOG we may assume that A = A; x Ay where
A1g{(al,ag):0<a1<ag<7r—9,a2—a1>5}, AQQR

Then conditioning on wy, ws,y2 we can get

P(XeA)=E(P(Es]|w,w,2) Liw w)ea Lipeast)

sinwp sinws 1
= P(E . . - —dwdwadys.
/[4 ( r,3 | w17w25’}/2) 2 9 o W1aw2ay2

Since the whole system is rotation invariant respect to the x—axis, when conditioning
on 2 we can assume 7o = 0, i.e. the center of particle Ps is moving in the zy—plane.

Suppose X = (z,y, z) and at collision time C; = (x1,y1, 21), then we have z; = y; tany;
and 0 < z; < 2r. Recall that X is formed by rotating C; to the plane Lo and then extending
the trajectory. Let C} be the point after rotating Cq to Ly. In the proof of Lemma 3.7.1,
we showed that ||C] — Cal|, < 2r. Denote € to be the angle formed by XC, and XC/, then

C,-C 2
:H 1 2H2sin6§ .T ,
sin(wg — w1) sin &

ly — il < [|X = Gy =Cr.

Recall the idea of "effective radius”, let d = %\/m’ then
P (Er3 | wi,wa,v2 = 0) = By (P (Egp [ wi,w2,71,72 = 0)).

While interpreting the above equation, note that we will consider the velocities to be
the projections of Vi, Vs on the zy—plane. Note the extra factor cos~y; relative to the
2—dimensional case, in the formulas given below.

Following the same way in the proof of Theorem 3.6.3, we have

P (Egz | wi,w2, 71,72 = 0)
=P (d(HVgH coswy — [|[Vi|lcoswi) < =1 — d?| || V2| sinwy — || V1| sinw, COS’}q’)

(314
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Case I: when ||Va| sinwy > ||V1]|sinw; cosyi. Note that
dcoswy + V1 — d?sinwy = sin (wQ + 77/) >0, 7 :=arcsind <.

then the RHS of (3.7.4) becomes

(319

sinwycosy; _ ||Va| _ dcoswy + V1 — d?sinw; cosyy
P - < <
Sin wo V1] dcosws + V1 — d?sinws

IIVzHi
IVl

has PDF: 2/z (1 + 2)™® 2 > 0. So the Taylor expansion for (3.7.5) is

The random variable has the F' distribution with 3 and 3 degrees of freedom which

sinwjcosy; _ ||[Va|| _ dcoswy + V1 — d?sinwy cosyg
P - < <
Sin wo V1l dcosws + V1 — d?sinws

(dcos w14V 1—d2 sin w1 cos Yy

2
d cos wo+1V1—d2 sin w ) 8 -3 A
gy SV ) 376
smwQ
16 sin? wq sin? w9 cos? Y1

= . ‘sinwgcoswl — sinwj cos Y1 cosw2| -d
T .. 9 .92 2 3
(sm wg + s1n“ wy cos* 1

+ Ry (d;wi,w2,71)

Denote G(d,w1,ws) to be the integral (3.7.6). The function G is a C? function in the

domain [0,1] x A;. By the Taylor inequality, for the remainder term R; we have

2 2
. < - . - .
R1 (dyw1,we) < 5 021;21 adQG(dwha&)‘
<d—2 su )yG(dw w)’—Cd2 (3.7.7) -3-dim-4
ST |5l denw) | =ad 7.7) [eq-3-din-4]
(wl,wg)EAl

Note that the supremum in (3.7.7) depends on 6, § only, and so does C}.
Case II: when ||[Va| sinwy < ||Vi| sinwy cosv;. In this case, in the same way, we can

show that

(3.7.4) <E ‘ sin? wy sin? ws cos? Y1
o (sin2 wo + sin?

3 ‘ Sin wp coswy — sinwj cos vy COSU)Q‘ -d
w1 cos2 vy

+ Ry (d; w1, w2,71)



103

where Rj is the remainder term with Ry < Cyd?, where Cy is a constant depends on 6, §

only. It follows that

P (Eps | wi,w2,72 =0) = By, (P (Eg2 | wi,w2,71,72 = 0)) (3.7.8)

_E (32 . sin? wy sin? wy cos? Y1
M

5 5" } sin wy COS w1 — Sin wyp COS Y1 COS wg‘ . d> (3.7.9)

™ (sin2 woy + sin® wy cos? 'yl)

+ Eqy, (R1 (dywi,w2,71) + Ra (dywi,w2,71)) (3.7.10)

By symmetry, we will only consider the case when 0 < 71 < 7, and the final answer will

multiply by 2. Note that z; = y; tany; < 2r, we have

For the second term, we have

E,, (R1 (d; w1, wa,71) + Ra (d; w1, w2,71))

gE% (017'2 + 027"2)

<i ' 4(C1 + C9)

3
7.
27 tanf

For the first term, define

32 sin? wy sin® ws cos? Y1
f(’YlehWQ) = ) )
™ (Sln w2 + sin

3 ’ Sin wp cos wy — sinwj cos 7y; cos wg‘
w1 cos2 vy

The function f is a C? function of 41, w1, ws if sin wsy cos wy —sinwy cosy; cos wo is away from

0. This is true since if coswy > 0 we have

Sin wg cOS Wy — Sin wj COS 7y1 COS W2
> sin w9 coS wy — Sin wi COS wWo

=sin(wz —wi) > sind > 0.
If coswy < 0 and coswy > 0, then

Sin wg cOS Wy — Sin wi COS 7y1 COS W2

>sinwy coswi > 0.



104

If coswy < 0 and cosw; < 0, then

tan wo

Sinwy coswy — sinwj cosy; coswy > 0 & cosyp >
tan wq

and this is true since

tanwy _ tan(w; + ) 1+ %
tanw; —  tanwi 1 —tanw; tand

1
~ 1+tanftand

< €OS 1.

By the mean value theorem,

f| = Csm. (3.7.11)

0
‘f(’)/lvwlan)_f(Oawl?wQ)‘ S’Yl Sup 87
0<vy1<4tanf 971

(w1,w2)€EAL

For the first term, we have

Ey, (f (71,w1,w2) d) = f (0, w1, w2) By, (d) + By, ([f (71, w1, w2) — £(0, w1, w2)] d)

Using the inequality (3.7.11), we have

472 > < Cs 1613

E., (If (71, w1,w2) = f(0,w1,w2)|d) < B, (C3yir) < By <C3 omd ) S o tnld

For the first term, note that

1 1 1
5\/47“2 —(y+Cr)?tan2~, < d = 5\/47"2 —y?tan?y; < 5\/47"2 — (y — Cr)*tan2 vy,

SO

1 1
E., (2 \/47“2 — (y + Cr)* tan? 71> <E, (d) <E, (2 \/47"2 — (y — Cr)* tan? 71>

112

For the upper bound, we have using the substitution v = (y — Cr) tan -y,

1 2 2 2 7’2

E,, 5 4r2 — (y — Cr)”"tan®*y; | — @’
1 arctan yETCT 1 \/ 5 r2
=|— —£\/4r?2 — (y — Cr)“ tan2 vidy; — —
o7 /. 5V 4r (y r)* tan? vy dy; 1

=|— 4r? —u? - 5 du — — 4r? —u? - —du
47 0 (y—Cr) —|—u2 47 0

1o y—Cr 1o 1 ‘
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I - 1 1 1
<— 4r2 — y? U J (;T — ’—i—) —” du
am Jo (y—Cr)+u2 y—Cr y—Cr vy

1% 1 y—Cr 1 1
= Var? — y? — —=)|d 71 -3-dim-6
i ), 2 —u |:<y Cr 5o CT)2 +u2> + <y —Cr y>:| U (3.7.13) |eq im

Recall that u < 2r,y > tand,Cr < tage, and then

1 y—Cr u?

y=Cr (y—Cr)*+u? (y—Cr) [(y —COr)* + UQ]
< u? < 3212
~ (y—Cr)® ~ tan®6

and

1 1 Cr 2Cr

= < .
y—Cr y y(y—Cr) ~ tan?0

It follows that

22 2 1 [
(3.7.13) < ( S2r + Cr ) 4/ Var? — u2du
™ Jo

tan®0  tan?0
_ 3212 n 2Cr r2
- \tan360  tan26) 4°
Following the same logic, we can get a similar result for the lower bound in (3.7.12).
Note that f(0,w1,ws) is a continuous function of wy, wy, so it is bounded over the domain
Ajq. Recall that above we only considered the case when 0 < 71 < 7. Next we estimate the
following term from (3.7.8)
2

T
P (Brs [ wi,w2,72=0) = f(O,wl,wz)@ + R3

where Rj is the remainder term satisfying |R3| < C57® and Cj depends only on 6, §.
Recall that X; = (—1,0,0),X2 = (1,0,0) are the initial centers for particles, and X =
(z,y, z) is the approximated collision point. Denote p; := || X1 — X||, p2 := || X2 = X]||, p :=
|IO — X||, where O is the original point.
When ~2 = 0, we have
z+1

. Y
simwi; = —, COSwWp = s
P1

r—1

Sinwg = —, coswy =
P2 P2
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SO

P (ET,3 | w1, WwW2,72 = 0)

2

:f(07w1,w2);;y + R3

32 sin? w1 sin2 wo . . r?
= 5 5 -‘smwgcoswl—smwlcoswg‘-——i—Rg
™ (sm w9 + sin wl) 2y
3 3.2
_ A4pipsr
2 213
my* (1 + p?)

+ Rs.
Note that this is when particle Py is on xy—plane, now we rotate it to arbitrary -z, we
will have

4pip3r?
m(y? + 22) (1+ p2)°

P(E,3 | wi,w2,v72) = + R3

Note that py sinw; = p2sinws = 1/y? + 22 and the Jacobian in (3.7.2) could be written

as 22 5, SO
PP

4 i i 1
X S A // < ppoT 3 + Rg) et : bt : 2—dw1dw2d72
T

(Y2 + 22) (14 p?) 2 2
// 4p3p3r? . 22 i sinw;  sinwp ida:dydz
Am(y2+22)(1+p?)° pips 2 2 27
i 1
+Rs // sin wy _sinwy - L oy dundrs
A 2 2 2m

1
2
= ————dxdyd
T //AW2(1+p2)3 rdydz + R,

and |R| is bounded by Cgr? for some absolute constant Cg.

O]

Remark 3.7.5. The asymptotic defective PDF: - is proportional to the PDF

1”2
(e

of multi-dimensional t—distribution.

Remark 3.7.6. Theorem 3.7.3 tells us that away from the x-axis and not too far away, the

Speaking informally

distribution of X has an approximate defective PDF" Wg(lﬂ{—m

(because this case is not covered by Theorem 3.7.3) if we take A = R>, and apply the
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following polar coordinates in R3,

x =pcosbty, y=psinbicosty, z=psinbisinfs, p>0,6;€][0,7), 62 €[0,2m),

(3.7.14)

we obtain

2
3y T 1

T2 o0 ﬂ2 s 21
= S — in 6;d6 do
7 Jo (14 p2) p/o . 1/0 ?

r? L 1
7 33 ,
=—-2-2r-B| -, = (B denotes for Beta function)
2 272
=T

In other words, asymptotically for small » > 0, the probability of a collision is about

72 /4. Note that this agrees with our result in Remark 3.4.6.

The defective PDF given in Theorem 3.7.3 is rotation invariant in R3.
Let (p, 01, 62) to be the polar coordinates defined in (3.7.14). The approximate defective

PD + shows p, 01,02 are independent. If we condition on a collision, then

2
F iy
p, 01,02 have the following distributions:

sin @ 1 2
0y ~ Uniform(0,27), 0y~ PDF: 2 g S0 ,~ppp: 0. 2 -,

2 __p>o.
2 T ar e’

Fig. 3.12 is the graph for the simulated results.

3.8 Alternative examples of spherically invariant collision density functions in
R3.

In this section, we will discuss the more general case: two velocities Vi, Vo still uni-

formly distributed over the sphere but for the magnitude, |[V1|*, || V2|/? are i.i.d with PDF

p(z),x > 0 and p is a C? function. For the collision density function to be rotation invariant,

we have the following condition:
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b sing 1.0 .

—— CDF with PDF: ——~ —— CDF of uniform(0, 2m)
08 __ EcDFof 61 08 —— ECDFof6;
06 0.6
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0.0 05 10 15 20 25 3.0 0 1 2 3 4 5 6
1.0
0.8
0.6
04
s . 16p*
0.2 —— CDF with PDF: T
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Figure 3.12: The graph on the top left represents the empirical CDF of 6; v.s. the CDF with
PDF %. The graph on the top right represents the empirical CDF of 0 v.s. the CDF
of uniform distribution on (0,27). The graph on the bottom left represents the empirical

. 2
CDF of p v.s the CDF with PDF — (11?:; i
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Theorem 3.8.1. The density function derived in Theorem 5.7.3 is rotation invariant if

and only if there exists some 1) : RT — RY such that for every u,v > 0 we have

[ (%) oy = bodtucs ) 51
0

Proof. The ratio % follows PDEF:
2

q(x) == /Ooo yp(zy)p(y)dy, z > 0.

The equation (3.7.6) becomes

dcosw1+\/17d2 sin wj cos vy 2
d cos wo+1/1—d? sinwy q(m)dw

sin wj cos vg 2
sin wg

3 3 ‘ Sin wg coswp — sin wj COS 7y COS wg} -d

sin2 wq cos? Y1 2 sin w1 cos v;
sin“ wo sin” wo

+ Ry (d; w1, w2,71)

The other arguments in the proof of Theorem 3.7.3 remain the same, and the formula

for the asymptotic density function will be

2 3 2 : 2 2
2 2
2q<pg>.f’22.y.r.wmw2:q<pg). L (3.8.2) [eq-3-din-12]
i) Pmys pp2 2y 8w pPL/)  TPIP2
Note that p? + p3 = 2(1 + p?), so the asymptotic density function is rotation invariant

if and only if (3.8.2) is a function of p? + pa.
Suppose (3.8.1) holds, then

2 2 2 0 2
p T r p
q (3) = — / yp <§y> p(y)dy
P1 TP1P2 TP1pP2 Jo £1
2

.
=" P20 (03 + p3)
TP1P2

r? 2 2
= ?w(m + p3)-

For the opposite direction, suppose (3.8.2) = 1 (p? + p3) for some function v. Let

u = p3,v = p?, then we have
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/OOO yp (Zy) p(y)dy = q (%)
= %pi’m “(u+v)
= %u%vgzﬂ(u + ).
O

Corollary 3.8.2. In the Gamma family, i.e. p(z) = Fﬁzz)xo‘_l exp(—px),z > 0 for some
a, >0, then (3.8.1) holds if and only if o = %

Proof. Note that

/OOO yp (%y) p(y)dy

_ /OOO Y- rﬂ(:) . ZZ:iy“—l exp (8- 2y) Ffz)y" exp(—By)dy
_ F’EZ; : Z::_i/oooy%‘_lexp (—B (% +1) y> dy

) rfoo = (8 (5%)2“ = g o)

O
Remark 3.8.3. In this case, 23 ||V1||* and 28| Va||? follow the x3 distribution.
Corollary 3.8.4. Note that H&H = Hy” r, 50 (3.8.1) also holds if | V1|2, || V2|2 has

3
PDF: ( )m2 exp(—Bz),x > 0. In this case, |V1i|*> and V| follow inverse-Gamma
2

distribution.
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