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Abstract

Exploration and Primal-dual Methods in Bandits and Reinforcement Learning

Zhihan Xiong

Chair of the Supervisory Committee:
Maryam Fazel
Department of Electrical & Computer Engineering

Sequential decision-making, which encompasses both bandit problems and reinforcement
learning, forms the foundation of intelligent systems across diverse applications, from adap-
tive recommendation systems to autonomous robotics. This thesis addresses two fundamen-
tal challenges in building reliable, sample-efficient agents that operate robustly in dynamic,
complex environments: efficient exploration in non-stationary or structurally complex set-
tings, and the design of appropriate objective functions when multiple approximation layers
are inevitable.

Regarding the efficient exploration, we develop the first robust pure exploration algo-
rithm for both stationary and non-stationary linear bandits, achieving strong performance
in benign settings while maintaining robustness to environmental changes. For single-step
congestion games, we exploit the structure of this special class of games to develop the first
algorithms for Nash equilibrium learning under various feedback models. For tabular re-
inforcement learning, we propose the first near-optimal randomized exploration algorithm
that nearly matches the fundamental lower bound.

Regarding the objective design, we analyze learning objectives through the lens of duality
between value learning and policy learning. In an online selective sampling problem for
linear bandits, we characterize an optimal ellipsoid-based selection rule through primal-dual
analysis. For approximate policy optimization, we propose using dual Bregman divergence

instead of the common Euclidean norm to measure similarity in dual space, resulting in



the first policy optimization framework with both fast theoretical convergence and superior
practical performance.

Collectively, these contributions advance the theoretical frontier of exploration and objec-
tive design, close several open complexity gaps, and provide practical algorithms validated
on robotic control benchmarks. They offer a principled route towards agents that learn

robustly and act reliably in dynamic, high-dimensional environments.
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Chapter 1

INTRODUCTION

Bandit problems and reinforcement learning—collectively referred to as sequential decision
making—form the backbone of intelligent systems across numerous domains, from recommen-
dation systems that adapt to user preferences over time to autonomous robots navigating
complex environments. At its core, sequential decision making involves an agent making
a series of decisions over time, where each decision influences future states and available
actions. Understanding the theoretical principles that govern learning, exploration, and
decision-making in such environments, while designing algorithms that are both provably
efficient and practically deployable at scale, is therefore a central challenge of contemporary
machine learning research.

This thesis confronts that challenge through a unified study that ranges from single-step
decision problems (bandits) to multi-step planning problems (reinforcement learning). In

particular, we focus on the following two high-level questions.

e Q1: How can an agent learn and explore efficiently in non-stationary or structurally

complex environments?

o Q2: What are the right objective functions—both statistically and computationally—for

learning the optimal policy when there are multiple layers of approzimation?

Q1 — Efficient exploration. The prevailing theory of exploration in stationary, “sim-
ple” environments relies on optimism-in-the-face-of-uncertainty principles, which encourage
agents to visit rarely encountered states and deliver near-optimal guarantees [Auer et al.,
2008, Azar et al., 2017]. Extending these ideas to non-stationary or structurally rich envi-
ronments, however, is far from straightforward. This thesis develops new algorithms that

retain strong theoretical performance while coping with temporal drift, abrupt shifts, and



intricate state-action structure.

Q2 — Primal—dual learning objectives. An agent’s performance is equally shaped by
the objective it optimizes. For this question, the lens through the duality between policy
learning and value learning offers a viewpoint that departs from traditional treatments of
bandits and RL [Nachum and Dai, 2020]. When multiple approximation layers intervene,
errors in the primal and dual spaces interact; therefore, blindly adopting standard Lo losses
can sometimes be detrimental. However, this interaction was often overlooked in prior work,
spanning from traditional reinforcement learning [Schulman et al., 2017, Liu et al., 2019,
Lan, 2023, Alfano et al., 2024] to the currently popular reinforcement learning from human
feedback (RLHF) methods |[Ouyang et al., 2022|, whose training stability and performance
can potentially be improved by implementing more appropriate objectives. To address the
gap, this thesis designs and analyzes loss functions grounded in primal-dual methodology
across several settings.

In summary, the overarching goal is to develop a systematic methodology for building

reliable, sample-efficient agents that operate robustly in dynamic, complex environments.
1.1 Efficient Exploration in Bandits and Reinforcement Learning.

In this part, we study pure exploration problem for non-stationary linear bandits [Xiong
et al., 2024a]. In particular, we investigate the fixed-budget best-arm identification (BAI)
problem for linear bandits in a potentially non-stationary environment. Given a finite arm
set X C RY, a fixed budget T, and an unpredictable sequence of parameters {0,5};‘11, an
algorithm will aim to correctly identify the best arm z* := argmaxycy ' Zthl 0; with
probability as high as possible. Prior work has addressed the stationary setting where
0, = 0 for all t and demonstrated that the error probability decreases as exp(—T/p*) for a
problem-dependent constant p*. But in many real-world A/B/n multivariate testing scenar-
ios that motivate our work, the environment is non-stationary and an algorithm expecting a
stationary setting can easily fail. For robust identification, it is well-known that if arms are
chosen randomly and non-adaptively from a G-optimal design over X at each time then the

error probability decreases as exp(—TA%l)/d), where Ay = ming (2" — x)T% thl 0;.



As there exist environments where A%l) /d < 1/p*, we are motivated to propose a novel algo-
rithm P1-RAGE that aims to obtain the best of both worlds: robustness to non-stationarity
and fast rates of identification in benign settings. We characterize the error probability of
P1-RAGE and demonstrate empirically that the algorithm indeed never performs worse than
G-optimal design but compares favorably to the best algorithms in the stationary setting.

Meanwhile, we design learning and exploration algorithms in single-step congestion games
[Cui et al., 2022|. Specifically, we investigate Nash-regret minimization in congestion games,
a class of games with benign theoretical structure and broad real-world applications. We first
propose a centralized algorithm based on the optimism in the face of uncertainty principle for
congestion games with (semi-)bandit feedback, and obtain finite-sample guarantees. Then
we propose a decentralized algorithm via a novel combination of the Frank-Wolfe method
and G-optimal design. By exploiting the structure of the congestion game, we show the
sample complexity of both algorithms depends only polynomially on the number of players
and the number of facilities, but not the size of the action set, which can be exponentially
large in terms of the number of facilities. We further define a new problem class, Markov
congestion games, which allows us to model the non-stationarity in congestion games. We
propose a centralized algorithm for Markov congestion games, whose sample complexity
again has only polynomial dependence on all relevant problem parameters, but not the size
of the action set.

Finally, we propose a near-optimal random exploration strategy in tabular Markov Deci-
sion Processes (MDPs) [Xiong et al., 2022]. Concretely, We study algorithms using random-
ized value functions for exploration in reinforcement learning. This type of algorithms enjoys
appealing empirical performance. We show that when we use 1) a single random seed in each
episode, and 2) a Bernstein-type magnitude of noise, we obtain a worst-case 9] (H VSAT )
regret bound for episodic time-inhomogeneous Markov Decision Process where S is the size
of state space, A is the size of action space, H is the planning horizon and 7" is the num-
ber of interactions. This bound polynomially improves all existing bounds for algorithms
based on randomized value functions, and for the first time, matches the €} (H \/W) lower
bound up to logarithmic factors. Our result highlights that randomized exploration can be

near-optimal, which was previously achieved only by optimistic algorithms. To achieve the



desired result, we develop 1) a new clipping operation to ensure both the probability of being
optimistic and the probability of being pessimistic are lower bounded by a constant, and 2)

a new recursive formula for the absolute value of estimation errors to analyze the regret.
1.2 Primal-dual Methods in Bandits and Reinforcement Learning.

In this part, we first apply primal-dual methods to address an online selective sampling
problem in bandits [Camilleri et al., 2021b]. It considers the problem of selective-sampling
for best-arm identification. Given a set of potential options Z C R? a learner aims to
compute with probability greater than 1 — §, arg max,cz z' 6, where 6, is unknown. At
each time step, a potential measurement z; € X C R? is drawn IID and the learner can
either choose to take the measurement, in which case they observe a noisy measurement of
x ' ,, or to abstain from taking the measurement and wait for a potentially more informative
point to arrive in the stream. Hence the learner faces a fundamental trade-off between the
number of labeled samples they take and when they have collected enough evidence to
declare the best arm and stop sampling. The main results of this work precisely characterize
this trade-off between labeled samples and stopping time and provide an algorithm that
nearly-optimally achieves the minimal label complexity given a desired stopping time. In
addition, by using the primal-dual analysis, we show that the optimal decision rule has a
simple geometric form based on deciding whether a point is in an ellipse or not.

Then, we study the approximate policy optimization under primal-dual methods [Xiong
et al., 2024b]. As one of the most popular classes of algorithms in reinforcement learn-
ing, policy optimization methods have been studied extensively from both empirical and
theoretical perspectives. However, while most successful empirical algorithms are devel-
oped without thorough theoretical support, most theoretical analyses are presented without
empirical evaluations either. To bridge this gap, we propose Dual Approximation Policy
Optimization (DAPO), a framework that incorporates general function approximation into
policy mirror descent methods. In contrast to the popular approach of using the Ly-norm to
measure function approximation errors, DAPO uses the dual Bregman divergence induced
by the mirror map for optimization. This duality-consistent framework has both theoretical

and practical implications: not only does it achieve fast linear convergence with general



function approximation, but it also includes several well-known practical methods as special
cases, immediately providing them with strong convergence guarantees. Furthermore, on
MuJoCo benchmarks DAPO successfully achieve performance much better than algorithms
with Lo-norm approximation. Finally, we extend our theoretical analysis to continuous state

and action spaces, thus completing a bridging between theory and practice.



Part I

EFFICIENT EXPLORATION IN BANDITS AND REINFORCEMENT
LEARNING.



Chapter 2

ROBUST PURE-EXPLORATION IN NON-STATIONARY LINEAR
BANDITS

This chapter is based on Xiong et al. [2024a], with Romain Camilleri, Maryam Fazel,

Lalit Jain and Kevin Jamieson.
2.1 Introduction

Data-driven decision-making and A /B testing enable businesses to evaluate strategies using
real-time customer data, offering insights into customer tendencies. As the use of these
methods has increased, these technologies are being utilized to determine problems with
smaller effect sizes, while also targeting smaller audiences. These two competing trends
of smaller effect sizes and smaller sample sizes make it increasingly challenging to obtain
statistical significance and correct inference since the absolute number of observations is
limited. Consequently, there is a rising trend in using adaptive sampling like multi-armed
bandits to obtain the same statistical insights using fewer total observations.

However, using adaptive experimentation schemes can come with many pitfalls. Most
algorithms that are effective in practice (e.g., Thompson Sampling) are developed with
the assumption that the environment is stationary and that rewards from treatments are
stochastic. However in practice this is far from the case. Non-stationarity can be introduced
from a variety of sources such as user populations that change from hour to hour, customer
preferences which vary over the course of a year, changes in one part of a platform that
lead to latency and higher bounceback, site-wide promotions and sales, interference from
competitors, macroeconomic shifts, and many other disruptions. Many of these issues are
often totally unobservable, and therefore cannot be controlled, modeled, or accounted for
by an experimenter. Under such an environment, it is also possible for the underlying

performance of treatments to wildly change, and as a result, the treatment that is best



performing on any given day may change. This makes the concept of “the best-performing
arm” poorly defined.

Instead, in time-varying settings, the goal of an experimenter is to identify the “counter-
factual best treatment” at the end of the experimentation period. That is, the treatment
that would have received the highest total reward had received all the samples. However,
in the absence of being able to predict or model time-variation, predicting precisely how
a treatment would behave at every time point, at which time at most one treatment can
be evaluated, is impossible. Fortunately, randomization is a powerful tool to provide the
next best thing: unbiased estimates of how a treatment would behave as if it had been
used at every time in the past. These methods are well-understood in the causal-inference
and online learning literature and are commonly known as inverse-propensity score (IPS)
estimators. The idea is simple: consider a sequence of evaluations from n treatments at
each time {z;}]_, C R™. Note that a procedure can only observe at most one treatment per
time denoted as I; € [n], which is drawn from a distribution p; over the n treatments. Then

v 1{l;=1 . . . . .
X; = % Zthl {pz - i xt; is an unbiased estimator of the cumulative gain % Z;‘le T¢i by

n

L =i - I{j=i 1{j =i
E {{]t)t-}xm] = ZP(It = j)%xt,i = Zptijt’i = T4, (2.1)

J=1 J=1

as long as miny ; p;; > 0. Of course, there is no free lunch, and the variance of sz behaves
like % ZtT:1 1/pe . Intuitively, to maximize efficiency of the samples we do take for inference,
we should try to minimize the probabilities on poor performing treatments and prioritize
mass for the high performing treatments. However, if the treatment performances vary over
time, it can be challenging to determine how one might do this optimally. Fortunately,
Abbasi-Yadkori et al. [2018] proposes a novel solution to defining these probabilities in
a dynamic way that achieves a “Best of Both Worlds” (BOBW) guarantee, which is an
algorithm called P1 that manages to achieve near-optimal rates regardless of whether the
environment is stochastic or arbitrarily non-stationary (adversarial). This seminal work is
the gold standard for A/B testing in unpredictable non-stationary settings.

If the number of treatments is small (<10 in practice), BOBW provides a robust solution



for practitioners. However, there are many situations that practitioners are interested in for
which the number of treatments is very large and intractable for traditional A/B testing.
For example, multivariate testing Hill et al. [2017] aims to identify not just a single best
item, but a set or bundle of items, such as the best 6 pieces of content to highlight on a
home screen. Given n possibilities, this results in (Z) total distinct treatments for the A /
B test! Given this combinatorial explosion, practitioners have made structural parametric

assumptions, such as the expected value of a set of items behaves like

n n
09 + Z Hgl)ozi + Z Z Og?j)aiap
i=1 i=2 j<i
where a € {0,1}" with ), a; = 6 indicates whether an item was included in the set or not.
Note that these sums can be succinctly written as (z,8) for § = (0, 91 92T ¢ RUH(G)

1+”+(2). This can reduce the overall number of unknowns,

and an appropriate z € {0,1}
and dimension, to just O(n?) versus O(n%). But now the vectors € X, each associated
with a particular bundle, are overlapping and can share information. A similar situation
arises if we have features or covariates that describe each possible treatment. For example,

a particular song comes with lots of metadata including artist, genre, beats per minute, etc.
which can encode the useful properties about the song.

In these kinds of scenario—whether it be multivariate testing or items with feature
descriptions—we would like to perform adaptive experimentation in the presence of time-
variation. Recall that without covariates, we have solutions like P1 that are near-optimal for
time-variation. And without time-variation, there are many methods that take covariates
into account and are known to be near-optimal. This work aims to develop an algorithmic
framework for handling covariates with time variation.

The remainder of the paper is organized as follows. We discuss the related work in
Section 2.2 and presents detailed problem formulations in Section 2.3. In Section 2.4, we
propose a simple algorithm for general non-stationary environments and then in Section 2.5,
we propose a robust algorithm that can simultaneously tackle stationary and non-stationary
environments. Experiment results are presented in Section 6.7 and our conclusions in Section

4.6.
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2.2 Related Work

The problem of identifying the best arm in linear bandits is a well-established and extensively
researched problem. [Soare et al., 2014, Karnin, 2016, Xu et al., 2018, Fiez et al., 2019,
Katz-Samuels et al., 2020, Degenne et al., 2020, Jedra and Proutiere, 2020, Wagenmaker
and Foster, 2023]. Notably, Katz-Samuels et al. [2020], Azizi et al. [2021], Yang and Tan
[2021] focus on the fixed-budget setting and are closely related to our paper. One notable
limitation of these algorithms is their reliance on (unrealistic) stationary settings, which leads
to their critical failure when applied in non-stationary scenarios. This motivated increasing
interest in studying models for non-stationarity in bandits problems and algorithms agnostic

to non-stationary settings, which we review next.

Models for non-stationarity in bandits. A reasonable approach in bandit prob-
lems with distribution shifts is to provide tight models for unknown variations in the reward
distribution. Most literature in this setting focuses on minimizing the dynamic regret, which
compares the reward obtained against the reward of the best arm in each round ¢. Garivier
and Moulines [2011] demonstrates that existing methods such as Auer et al. [2002]| could
achieve a dynamic regret of O(v/LT) when L, the number of distribution shifts, is known.
Then, Auer et al. [2019] makes a significant advancement by introducing an adaptive ap-
proach with the same dynamic regret but without the knowledge of L. More recently, Chen
et al. [2019], Wei and Luo [2021] establish analogous results in the contextual bandits set-
tings. Measures of non-stationarity other than L are also considered. In particular, Chen
et al. [2019] measures the non-stationarity by total variation and Suk and Kpotufe [2022]
proposes the novel notion of severe shifts. Note importantly that while this extensive body of
work focuses on building tight models of non-stationarity and developing regret minimization

algorithms tuned to them, our work is agnostic to such models.

Agnostic non-stationary bandits (Best of both worlds). Bubeck and Slivkins
[2012], Seldin and Slivkins [2014], Seldin and Lugosi [2017], Auer and Chiang [2016], Abbasi-
Yadkori et al. [2018], Lee et al. [2021] focus on the “best of both worlds” (BOBW) problem:
design a bandit algorithm that agnostically achieves optimal performance in both stationary

and non-stationary scenarios, even without prior knowledge of the environment. While
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most BOBW work focus on regret minimization goals, Abbasi-Yadkori et al. [2018] focuses
on BOBW for best-arm identification. In this work, as in Abbasi-Yadkori et al. [2018], we
focus on the agnostic setting.

A/B testing. As discussed in the introduction, our work is closely related to non-
stationary A /B testing. In settings with non-stationarity and adaptive sample allocations,
non-stationarity can lead to Simpson’s paradox if the sample means are used to estimate arm
means Kohavi and Longbotham [2011]. It is common in large-scale industrial platforms to
assume that means vary smoothly Wu et al. [2022], or that the differences between them are
constant; i.e., all arms are subject to the same random exogeneous shock Optimizely [2023].
The recent work Qin and Russo [2022] models time-variation as arising from confounding
due to a context distribution and aims to find the arm with the best reward on average
under this context distribution. Their goal is similar to ours, but, unlike them, we do not

assume a context distribution.

2.3 Preliminaries

Notation. Let [a : b] = {a,a+1,...,b} for a,b € N with b > a and [a] = {1,...,a}.
For a vector x € R% and symmetric positive semi-definite (PSD) matrix A € S%, we use
||| , = Vo T Az to denote the Mahalanobis norm. For a finite set X C R? and distribution

A€ Ay over X, we use A(\) = E ) [ach] to denote the covariance matrix under .

2.83.1 Linear Bandits Problem Formulation

General stationary/non-stationary environments. In this paper, we assume a stan-
dard stationary /non-stationary linear bandits model with fixed horizon T'. In particular, let
X C R?be a finite arm set with |X'| = K such that span(X) = R%. At each timet =1,...,T,
the learner will pick some arm z; € X and receive some noisy reward r; = actT 0; + €, where
€, € [—1,1] is some independent zero-mean noise. All parameters {Ht}thl are chosen and

fixed by the environment before the game starts.” The ultimate goal of the learner is to find

*Theoretically, this non-stationary setting has no essential difference with the adversarial setting. We
choose this non-stationary setting mainly to keep our presentation concise.
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the optimal arm argmax,c z 07, where 07 = % Zz;l 0; is the average parameter. This

protocol is summarized in Figure 2.1.

Input: time horizon, T; arm set, X C R?¢
Fort=1,...,T

The learner plays arm x; € X

The learner receives reward ry = xtT 0; + €;, where ¢; is independent zero-mean noise
The learner recommends arm z 5,

Figure 2.1: General protocol of fixed-budget best-arm identification (BAI) for linear bandits.

For simplicity, we further assume that V¢ € [T], Vo € X, 2 6; € [~1,1] and the optimal
arm argmax,cy o 07 is unique. Meanwhile, similar to Abbasi-Yadkori et al. [2018], we
use the subscript (k) to denote the index of k-th best arm in X', which means to have

:L“E—l)éT > CCE;)gT >.0> J?EFK)gT. For each arm k € [K], we define its gap Ay, as

(1) — xp) O if k#£ (1),

(1’(1) — w(2))T§T if k= (1)

Ay =

That is,we have Ay = Ap) < Ay < -+ < Arg). As a slight abuse of notation, for
unindexed arm x € X, we will use A, to denote the gap of x. The performance of the
learner is measured by its error probability Py (Jr # (1)), where Jr is the index of the
learner’s recommendation and the probability measure is taken over the randomness inside
the learner and the reward noise. Finally, we note that when the setting is stationary, we

simply have #; = --- = 0p = 0* and everything else is then defined accordingly.

Remark 2.3.1 (Comparison to the adversarial setting). The traditional oblivious adversarial
setting can be viewed as a special case of our non-stationary setting, in which we simply

pick ¢ = 0 for all ¢ [Abbasi-Yadkori et al., 2018].

2.8.2 BAI for Linear Bandits in Stationary Environments

In this section, we briefly review the well-studied best-arm identification problem for linear

bandits in stationary settings. This problem’s complexity, first proposed in Soare et al.
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[2014], is defined as

2
p*(0) = Hpg(#) = inf max Hx x(l)HA(/\)*1

)\EAX x;ﬁm(l) A‘% ’

(2.2)

where the optimal arm index (1) and gaps Ay are defined based on the input parameter 6.
As discussed in Soare et al. [2014], this complexity is approximately equal to the number
of samples required (up to logarithmic terms) to find the best arm by running an oracle
algorithm. Later in Fiez et al. [2019], this complexity is proved to be the optimal sample
complexity that a BAI algorithm can possibly achieve in a fixed-confidence setting. Recently,

Katz-Samuels et al. [2020] proposes algorithm Peace in fixed-budget setting that achieves
error probability Py (Jp # (1)) < O (exp <—m>) Al

2.4 BAI For Linear Bandits in General Non-Stationary Environments

In this section, we present a simple algorithm G-BAI for the general non-stationary environ-
ment and analyze its theoretical guarantee. The algorithm is based on the G-optimal design,

which refers to the distribution A\* € Ay such that

A* = arginf STNER 2.3
axg in max [l[|4(x)-1 (2.3)

Intuitively, G-optimal design allows us to estimate unknown parameter ; uniformly well
over all directions of the arms in X [Soare et al., 2014|. which is suitable for addressing
non-stationarity since #; may change arbitrarily and each z € X may become the optimal
at time t. Meanwhile, to make sure the estimation of #; is unbiased in a non-stationary
environment, we use an IPS estimator.

Therefore, briefly speaking, at each time ¢, G-BAI simply samples z; based on G-optimal
design and estimate 6; through an IPS estimator, whose details are summarized in Algorithm

1.F

TRigorously speaking, the error probability of Peace contains another complexity term called v (), which
is defined as the minimum of a Gaussian width term. However, as argued in Katz-Samuels et al. [2020],
~*(8) is roughly in a same order of p*(6).

'We can see Or exactly becomes the more commonly-seen IPS estimator examined in Eq. (2.1) if we
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Algorithm 1 G-optimal Best-arm Identification (G-BAI)

Require: budget, T € N; arm set X C R?
: Compute G-optimal design A* based on Eq. (2.3)
fort=1,2,...,T do
Sample x; ~ A* and receive reward r;
end for
Estimate O < T Zt 1 Egron [xac

T} - LTt

return argmax,.y Tor

By the famous Kiefer-Wolfowitz theorem, an important property of the G-optimal design
is that max,cx Hx|’,24(,\*)—1 = d |Lattimore and Szepesvari, 2020]. With this property, the
variance of estimator @ can be easily controlled. We can then bound the error probability

of G-BAI by this fact and the result is summarized in the following theorem.

Theorem 2.4.1 (Error probability of G-BAl). Fiz time horizon T, arm set X C R? with
|X| = K and arbitrary unknown parameters {6;}1_,. If we run Algorithm 1 in this non-

stationary environment and obtain x .., then it holds that

T

PET (Jr # (1)) < Kexp <_12HG-BAI(9T)

) ,  where Hg.gay (@T) = i
(1

The proof of Theorem 2.4.1 is deferred to Appendix A.2. Here, we briefly compare this

result with the one in multi-armed bandits, which can be treated as a special case of linear

bandits by taking X = {ey,...,ex} to be the canonical vectors (standard basis) with K = d.

In particular, Abbasi-Yadkori et al. [2018] shows that in multi-armed bandits setting, a

simple uniform sampling algorithm reaches complexity Hunir (07) = and it is optimal
P pling alg P Yy p

K
N2
Al
in non-stationary environments. Meanwhile, based on Theorem 2.4.1, we can see the com-

plexity of G-BAl is Hg.gal (HT) which is exactly HUNIF@T) if we treat multi-armed

A2 I
(eY)
bandits as a special case of linear bandits since d = K. Furthermore, if we directly apply
G-BAIl to multi-armed bandits, meaning to use X = {ey,...,ex}, then \* is exactly the

uniform distribution over X. That is, in multi-armed bandits, G-BAI exactly recovers the

optimal complexity in non-stationary environments, which shows that G-BAI is minimax

apply it to the multi-armed bandits setting, in which we have K = d arms and X = {14, ...,eq4}.
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optimal for linear bandits.

2.5 A Robust Algorithm For Stationary/Non-Stationary Environments

In this section, we present and analyze a new robust linear bandits BAI algorithm called P1-
RAGE, which performs comparable to G-BAI in non-stationary environments but much better
than it in stationary environments. We will show that it attains good error probability in
both stationary and non-stationary environments simultaneously, without knowing a priori
which environment it will encounter. We first discuss some intuitions behind the algorithm
design.

Stationary environments. The development of our algorithm P1-RAGE is largely in-
spired by the high-level idea of the robust algorithm P1, proposed in Abbasi-Yadkori et al.
[2018], and the allocation strategy of RAGE, proposed in Fiez et al. [2019]. In particular,
as discussed in Abbasi-Yadkori et al. [2018], in multi-armed bandits, to minimize the error
probability in stationary environment, we need to control the estimation variance of the opti-
mal arm well enough. Therefore, at each time step, algorithm P1 pulls the current estimated
best arm with the highest probability (unnormalized “probability one”), then subsequently
the second best arm with second highest probability (unnormalized “probability half”) and
so on. We can notice that it actually matches the allocation strategy of the successive
halving algorithm in Karnin et al. [2013], which is proved to be near-optimal for BAI in
stationary multi-armed bandits. Therefore, we design our probability allocation based on
the allocation strategy of RAGE, which is proven to be near-optimal for fixed-confidence BAI
in stationary linear bandits [Fiez et al., 2019]. In particular, with the estimated parameter
@t, we first find the estimated best arms #} = argmax, ¢y 276, Then, we use a subroutine
to repeatedly and virtually eliminate arms with estimated gaps larger than certain threshold
and compute X Y-allocation of the (virtually) remaining arms.® Then, we average over the
allocation probabilities computed during each iteration.

Non-stationary environments. Finally, to address the potential non-stationarity in

environments, we uniformly mix the allocation probability computed above with a G-optimal

$The elimination is virtual because no samples are collected during the elimination subroutine.
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design. With such a mixture, the variance over all arms can be controlled well and thus the
algorithm will be robust for both stationary and non-stationary environments. The details
of P1-RAGE are summarized in Algorithm 2 and the subroutine to compute the allocation

probability, called RAGE-Elimination, is summarized in Algorithm 3.

Algorithm 2 P1-RAGE

1: Input: budget, T € N; arm set X ¢ R% maximum number of virtual phases, m

2: Compute G-optimal design A* based on Eq. (2.3) and initialize A\; = A*

3: fort=1,2,...,T do

4:  Sample x; ~ A\ and receive reward ry

5. Estimate @ — %Zi:l Ep, [x;vT] -1 TeTs

6:  Update A\ry1 < RAGE-Elimination(f;, m) // {Call Algorithm 3}
7. end for

8:

return argmax,cy ' O

Algorithm 3 RAGE-Elimination

. Input: arm set X C R current estimate é\t; maximum number of virtual phases, m
. Find 2} + argmax,cy 26,

. Initialize X% « X and i + 0

: while |Xt(i)\ >1and i <m do

M) arginfen max, o - )

e e x| 0 @ -0y <27}

1 i+1

: end while

. return (\; + \*)/2, where \; = %22,—:10 /\f')

U W N

We bound the error probability of P1-RAGE under both stationary and non-stationary

settings in the following theorem and its proof is deferred to Appendix A.3.

Theorem 2.5.1 (Error Probability of P1-RAGE). Fiz arm set X C R? with |X| = K
and budget T. For a stationary environment with unknown parameter 6, if m > ig =
ﬂogz (I/A(l)ﬂ + 1, then there exists absolute constant ¢ > 0 such that the error probability
of P1I-RAGE satisfies

By (Jr # (1)) <2iKT exp <‘Hmfcgw>> |
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2
o inf  max H:E_x(l)HA(/\)_l + myvd inf max H$—x H
Ay Aeby ata) Ay Ay Neby wa(y) Mllay-1-

where Hpi.rage(0) =

(2.4)

For a non-stationary environment with unknown parameter {Gt}thl, there exists absolute

constant ¢ > 0 such that the error probability of P1-RAGE satisfies

c’TA%l)
Py, (Jr # (1)) < Kexp | — 7 :

We can immediately see that in non-stationary environments, the error probability of P1-
RAGE matches (up to a constant) with G-BAIl, showing that P1-RAGE is minimax optimal
for linear bandits under non-stationarity. On the other hand, because of the ﬁ factor,
we can see that in stationary environments, Hpi rage(f) 2 Hig(f) (defined in Eq. (2.2)),
which implies that P1-RAGE is suboptimal in stationary settings. However, this should be
expected since even for multi-armed bandits, as proved in Abbasi-Yadkori et al. [2018], it

is impossible for an algorithm to achieve H|g(f) while being robust to non-stationarity, let

alone linear bandits.

Nevertheless, when applying Theorem 2.5.1 to multi-armed bandits (X = {eq,...,ex}),

as long as we choose m = iy, we can show that (Corollary A.3.6 in Appendix A.3)

~ 1 k
Hp1race(f) = O (Au) max A(k)) = O (Hos(f)) ,

where Hpop(f) is the best-of-both-worlds complexity proposed in Abbasi-Yadkori et al.
[2018]. In particular, Abbasi-Yadkori et al. [2018] proves that Hpop () is the best complexity
that any algorithm can possibly achieve if it is constrained to be robust to non-stationarity.
That is, again, our algorithm P1-RAGE retains the near-optimal complexity for stationary

multi-armed bandits if it is constrained to be robust in non-stationary environments.

Remark 2.5.2. Here, we do not elaborate the proof details of Theorem 2.5.1 mainly because
we do not recognize them as widely applicable techniques. However, we do want to emphasize

that this proof is by no means a simple extension of the analysis of the algorithm P1 in
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Abbasi-Yadkori et al. [2018]. In particular, our proof uses a different set of virtual events
based on the estimated gaps. Meanwhile, the analysis of subroutine RAGE-Elimination is
intricately tailored to the unique characteristics of being a virtual elimination strategy, which

is not presented in neither RAGE nor P1 [Abbasi-Yadkori et al., 2018, Fiez et al., 2019].

Theoretical limitations of P1-RAGE. Despite being near-optimal in multi-armed ban-
dits, Hp1.rage(f) includes an extra low-order term %\f infyen, MaXgLy ) Hx — X HA()\)—l'
This term appears because the Bernstein’s inequality requires a bound of the estimator’s
magnitude, which can be removed if the concentration bound only scales with the estimator’s
variance. Although this can often be accomplished by using Catoni’s robust mean estimator
[Wei et al., 2020], it requires a concrete confidence level to be specified before estimation,
which is not feasible in our fixed budget setting. Finding an approach to circumvent this

difficulty and remove this extra term, or alternatively, demonstrate that it is necessary, is

an open question.

Remark 2.5.3. The question of whether the extra term is removable naturally relates the
instance-dependent lower bound of this problem. However, proving an instance-dependent
lower bound for our setting requires constructing both stationary and non-stationary coun-
terexamples. This task is thereby more challenging compared to proving an instance-
dependent lower bound for the fixed-budget best-arm identification problem in linear bandits
within a purely stationary setting, an open question that persists (see Yang and Tan [2022]
for a minimax lower bound). We thus leave establishing such instance-dependent lower

bounds for future work.

Parameter choice of P1-RAGE. Although P1-RAGE requires a user-specified param-
eter m > {log(l/A(l))] + 1 to bound the total number of virtual phases, it is not difficult
to choose a reasonable value for this parameter in a practical implementation. On the one
hand, since its dependence on A(_S is only logarithmic, taking some moderate value such as
m = 25 should safely satisfy m > i for most practical scenarios; on the other hand, in most
real-world applications, a sub-optimal arm should always be acceptable as long as its gap is
small enough. Indeed, if we take € to be the largest acceptable sub-optimality gap and take
m > [log(1/€)] + 1, then P1-RAGE will output arm s, that satisfies A, < max {e, Any}
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with high probability in pure stationary environments (Corollary A.3.7 in Appendix A.3).
That is, the output arm will either be an optimal arm if € < A(j) or an arm with an

acceptable suboptimality gap e otherwise.

2.6 Experiments

In this section, we present our experiment results on several stationary/non-stationary en-
vironments. Since to the best of our knowledge, we are the first to propose best-arm identi-
fication algorithms that tackle non-stationarity in linear bandits, the algorithms from other
works that we compare with are all specifically designed for stationary environments. In par-
ticular, we will compare our algorithms with Peace, which is the first fixed-budget algorithm
for linear bandits and also inspires our algorithmic design [Katz-Samuels et al., 2020], and
OD-LinBAI, which is the most recent algorithm of this kind and is claimed to be minimax
optimal [Yang and Tan, 2022].

Meanwhile, we also examine two additional heuristically designed algorithms for non-
stationary environments. The first one is P1-Peace, which has the same design spirit as
P1-RAGE but uses a different Peace-based virtual elimination subroutine; the second one is
Mixed-Peace, which is a naive mixture of Peace and the G-optimal design. In particular,
while P1-RAGE/P1-Peace combines G-optimal design with what RAGE/Peace would sample
in a full run, Mixed-Peace simply mixes G-optimal design with what Peace in a stationary
environment samples at each time step. The details of these two additional algorithms are
summarized in Algorithm 11 and 13 in Appendix A.1.1, respectively. More implementation
details and additional experiments can be found in Appendix A.4.1

Stationary benchmark example. First, as a sanity check, we consider the famous
stationary benchmark example proposed in Soare et al. [2014]. In particular, we have X =
{e1,...,eq,2'}, where 2’ = cos(w)e; + sin(w)es with some small w > 0, and 07 = 0* = 2e;
so that (1) = e;. An efficient algorithm should pick e; frequently to reduce the variance in
the direction of e; — 2. In this example, we pick d = 10 and w = 0.1.

The results are shown in Figure 2.2a. We can see that both our algorithms, P1-RAGE

ICode repository is available at https://github.com/FFTypeZero/bobw_linear.
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Error Probability vs. T Under Soare et al. (2014)'s Example Experiments under Yahoo! News Article Example
1[]0 4

100 4

L 4

—o— G-BAI
—®— Peace
—®— Pl-Peace
—8— P1-RAGE
—@— OD-LinBAI
—8— Mixed-Peace

error probability
=]
5
-
9

error probability

—3 4
10771 —o— G-BAI

~—®— Peace
—@— P1-Peace
—8— P1-RAGE
10~* - —@— OD-LinBAI
—@— Mixed-Peace

T T T T T T T T T T T T T
0 1000 2000 3000 4000 5000 0 500 1000 1500 2000 2500 3000
budget (T') repeat durations (L)

(a) Each error probability is estimated through  (b) Each error probability is estimated through
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Figure 2.2: The vertical axis is on log scale and the shaded area represents the 95% confidence
interval.

and P1-Peace, perform better than G-BAl and comparably with Peace, showing that our
algorithms maintain good performance in stationary environments. Meanwhile, we also
notice that Mixed-Peace has performance only comparable to G-BAI, showing that naively
mixing the allocation strategy with the G-optimal design can downgrade the performance

in stationary environments.

Non-stationary multivariate testing example. We consider a multivariate testing
example from Fiez et al. [2019], which is also similar to the one discussed in Introduction.
Considering a webpage with D distinct slots and suppose each slot has two content choices,
where we represent each layout as an element w € W = {—1, l}D . We hope to maximize
the click-through rate and we assume it linearly depends on a layout-determined arm x € X

in a form of

D D-1 D
.
z' 0" =05+ E Oiwj + ag g E O cwrwe.
J=1 k=1 {=k+1

Here 6 is the common bias, 67 is the weight of j-th slot and 6 , is the weight of the

interaction between k-th and /-th slots. Because of the periodic nature of people’s life cycle,
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Error Probability vs. Oscillation Scale Error Probability vs. Oscillation Period
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Figure 2.3: Each error probability is estimated through 1000 repeated trials. The bottom
two plots give the minimum gap A(q) of each instance as a function of oscillation scale s and
oscillation period L.

it is very likely that the real-world weights will periodically change. Therefore, to construct
a non-stationary environment, we randomly oscillate the weights with scale s and period L

to get
N N . 2rt . .
O = 07 + sI|0%] sin (T + @) , where I ~ Unif({0,1}), ¢; ~ Unif([0, 27]).

Here, in the first series of instances, we fix L = 900 and take values s € {0,1,...,9}, and
in the second series of instances, we fix s = 2 and take values L € {300,600, ...,3000}.
Finally, we take a1 = 1, ap = 0.5, sample each component of §* uniformly in [—0.1,0.1] and

guarantee that f7 has the same optimal arm as 6*. We take T = 10 for all settings and the
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results are shown in Figure 2.3.

From the plots, we can see that the error probabilities of Peace and OD-LinBAI, algorithms
designed for stationary environments, can range from near 0 to 1 in different non-stationary
environments, which is quite unstable. Meanwhile, we can see that the performance of the
other four algorithms, which all in certain way contain a G-optimal design, is relatively much
more stable.] Furthermore, among these four algorithms, we can see that our algorithms
P1-RAGE and P1-Peace consistently outperform (never worse than) G-BAl and Mixed-Peace.

Non-stationary click-through example. To create an instance using real-world data,
we use the Yahoo! Webscope Dataset R6A [Yahoo!, 2011].** This dataset contains a fraction
of user click log of Yahoo!’s news article from May 1st, 2009 to May 10th, 2009. For each
click, we take the outer product between user and article features to get a vector in R36
and then we run a principle component analysis to get arm set Z C R?*. To create a
non-stationary example, we take data from May 1st to May 7th and for each day’s data,
we fit a ridge regression with regularization 0.01, obtaining 67, ..., 67, which can be used to
simulate user’s weekly periodic behavior. Suppose we receive L visits each day, then, we can
define a non-stationary environment where each period consists of 07,...,67,...,07,...,67
and each 0 repeats for L times. Finally, we form our arm set X' by picking the optimal arm
from Z plus 23 randomly picked arms with gap at least 0.05 so that span(X) = R**. We
take T = 2.1 x 10* and the results are shown in Figure 2.2b. Again, we can see that the
performance of Peace and OD-LinBAl is very unstable and the performance of P1-RAGE and
P1-Peace consistently outperforms the other two naive G-optimal-design-based algorithms,

G-BAIl and Mixed-Peace.
2.7 Conclusion and Future Work

To the best of our knowledge, in this paper, we present the first two novel robust linear
bandits algorithm for fixed-budget best-arm identification, P1-RAGE and P1-Peace, that

tackle stationary and non-stationary environments simultaneously while being agnostic to

)| algorithms fluctuate in the upper right plot mainly because the minimum gaps also have large
fluctuation.

**https://webscope.sandbox.yahoo.com/
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the environment. Theoretically, we prove error probability bounds of P1-RAGE in both sta-
tionary and non-stationary environments. Empirically, we show that in stationary settings,
both P1-RAGE and P1-Peace perform comparably with algorithms designed for such environ-
ments, and in non-stationary settings, they consistently outperform naive algorithms based
on G-optimal design.

Finally, several questions still remain open. Is the extra term in Hp1 rage(#), as discussed
in Section 2.5, necessary? What is the optimal complexity for this mixed stationary/non-

stationary settings? Answering these questions can serve as promising future directions.
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Chapter 3

LEARNING AND EXPLORATION IN SINGLE-STEP CONGESTION
GAMES

This chapter is based on Cui et al. [2022], with Qiwen Cui, Maryam Fazel and Simon S.
Du.

3.1 Introduction

Nash equilibrium (NE) is a widely adopted concept in game theory community, used to
describe the behavior of multi-agent systems with selfish players [Roughgarden, 2010]. At the
Nash equilibrium, no player has the incentive to change its own strategy unilaterally, which
implies it is a steady state of the game dynamics. For a general-sum game, computing the
Nash equilibrium is PPAD-hard [Daskalakis, 2013| and the query complexity is exponential
in the number of players [Rubinstein, 2016]|. To help address these issues, a natural approach
is to consider games with special structures. In this paper, we focus on congestion games.
Congestion games are general-sum games with facilities (resources) shared among players
[Rosenthal, 1973]. During the game, each player will decide what combination of facilities
to utilize, and popular facilities will become congested, which results in a possibly higher
cost on each user. One example of congestion game is the routing game [Fotakis et al.,
2002], where each player needs to travel from a given starting point to a destination point
through some shared routes. These routes are represented as a traffic graph and the facilities
are the edges. Each player will decide her path to go, and the more players use the same
edge, the longer the edge travel time will be. Congestion games also have wide applications
in electrical grids [Ibars et al., 2010], internet routing [Al-Kashoash et al., 2017] and rate
allocation |Johari and Tsitsiklis, 2004]. In many real-world scenarios, players can only have
(semi-)bandit feedback, i.e., players know only the payoff of the facilities they choose. This

kind of learning under uncertainty has been widely studied in bandits and in reinforcement
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learning for the single-agent setting, while theoretical understanding for the multi-agent case
is still largely missing.

There are two types of algorithms in multi-agent systems, namely centralized algorithms
and decentralized algorithms. For centralized algorithms, there exists a central authority
that can control and receive feedback from all players in the game. As we have global co-
ordination, centralized algorithms usually have favorable performance. On the other hand,
such a central authority may not always be available in practice, and thus people turn to
decentralized algorithms, i.e., each player makes decisions individually and can only observe
her own feedback. However, decentralized algorithms are vulnerable to nonstationarity be-
cause each player is making decisions in a nonstationary environment as others’ strategies are
changing [Zhang et al., 2021a]. In this paper, we will study both centralized and decentral-
ized algorithms in congestion games with bandit feedback, and we will provide motivating
scenarios for both algorithms in Section 3.1.2.

The main challenge in designing algorithms for m-player congestion games with bandit
feedback is the curse of exponential action set, i.e., the number of actions can be exponential
in the number of facilities F' because every subset of facilities can be an action. As a result,
an efficient algorithm should have sample complexity polynomial in m and F' and has no
dependence on the size of the action space. One closely related type of general-sum game
is the potential game, in which each individual’s payoff changes, resulting from strategy
modification, can be quantified by a common potential function. It is well-known that all
congestion games are potential games, and each potential game has an equivalent congestion
game formulation [Monderer and Shapley, 1996]. However, existing algorithms designed for
potential games all have sample complexity scaling at least linearly in the number of actions
[Leonardos et al., 2021, Ding et al., 2022|, which is inefficient for congestion games. This

motivates the following question:

Can we design provably sample-efficient centralized and decentralized learning algorithms

for congestion games with bandit feedback?

We provide an affirmative answer to this question. To be precise, we use Nash-regret mini-

mization (formally defined in Section 3.3) as our objective for learning in congestion games.



26

Algorithms Sample complexity Nash regret Decentralized
Nash-VI [Liu et al., 2021] (TT2, A F/é VT, A4)FT No
V-learning [Jin et al., 2021a] AmaxF /€ (CCE) NA Yes
IPPG [Leonardos et al., 2021] AmaxmF /€ NA Yes
IPGA [Ding et al., 2022] A2 m3F?/ed ME*3\/ A T4/ Yes
Nash-UCB I mF? /e F\mT No
Nash-UCB IT m2F3 /e mF3/2\T No
Frank-Wolfe with Exploration I mi2F9/eb m2F3/25/6 Yes
Frank-Wolfe with Exploration II mi2F12 /e m2F215/6 Yes

Table 3.1: Comparison of algorithms for congestion games in terms of sample complexity
and Nash regret, where “IPPG” stands for “independent projected policy gradient”, “IPGA”
stands for “independent policy gradient ascent”, “I” represents the setting of semi-bandit
feedback and “II” represents the setting of bandit feedback. Bandit feedback is assumed
for algorithms from previous work. Here, A; is the size of player i’s action space, m is the
number of players, Amax = maXc[, Ai, F' is the number of facilities and T is the number
of samples collected. Our algorithms are shaded.

This regret-like objective commonly appears in the literature of online learning and rein-
forcement learning [Orabona, 2019, Ding et al., 2022, Liu et al., 2021], which focuses on
finite-time analysis and accumulative rewards throughout the learning process instead of
the asymptotic behavior. In general, a sublinear Nash regret implies a best-iterate conver-
gence, meaning that the algorithm has reached the approximate Nash equilibrium at least
once, while the converse does not hold.

We highlight our contributions below and compare our results with previous algorithms
in Table 3.1. Our algorithms are shaded and we prove sublinear Nash regrets for all of
them. In Table 3.1, sample complexity refers to the number of samples required to reach
best-iterate convergence to an e-approximate Nash equilibrium and the results are obtained

by standard online-to-batch conversion as in Section 3.1 of [Jin et al., 2018].

3.1.1 Main Nowvelties and Contributions

1. Centralized algorithm for congestion game. We adapt the principle of optimism
in the face of uncertainty in stochastic bandits to ensure sufficient exploration in congestion

games. We begin with congestion games with semi-bandit feedback, in which each player can
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observe the reward of every facility in the action. Instead of estimating the action reward as
in stochastic multi-armed bandits, we estimate the facility rewards directly, which removes
the dependence on the size of action space. Furthermore, we consider congestion games with
bandit feedback, in which each player can only observe the overall reward. In this setting, we
borrow ideas from linear bandits to estimate the reward function and analyze the algorithm.
The algorithm is provably sample efficient in both cases.

2. Decentralized algorithm for congestion game. Our decentralized algorithm is a
Frank-Wolfe method with exploration, in which each player only observes her own actions
and rewards. To efficiently explore in the congestion game, we utilize G-optimal design
allocation for bandit feedback and a specific distribution for semi-bandit feedback. As a
result, the sample complexity does not depend on the number of actions. In addition,
the L1 smoothness parameter of the potential function does not depend on the number of
actions, which is exploited by the Frank-Wolfe method. With the help of these two specific
algorithmic designs for congestion games, we give the first decentralized algorithm for both
semi-bandit feedback and bandit feedback that has no dependence on the size of the action
space in congestion games.

3. Centralized algorithm for independent Markov congestion game. We extend
the formulation of congestion game into a Markov setting and propose the independent
Markov congestion game (IMCG), in which each facility has its own internal state and state
transition happens independently among all the facilities. In Section 3.1.2, we give some
examples that fit in this model. By utilizing techniques from factored MDPs, we extend
our centralized algorithms for congestion games to efficiently solve IMCGs, with both semi-

bandit and bandit feedback.

3.1.2 Motivating Examples

We provide an exmple here to motivate our proposed models. See Section 3.3 for the formal
definition of (semi-)bandit feedback and (Markov) congestion games and Appendix B.1 for

additional examples.

Example 3.1.1 (Routing Games). For a routing game, there are multiple players in a
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traffic graph travelling from starting points to destination points, and the facilities are the
edges (roads). The cost of each edge is the waiting time, which depends on the number of
players using that edge.

e Centralized algorithm for routing games: Imagine each player is using Google Maps
to navigate. Then Google Maps can serve as a center that knows the starting points and the
destination points, as well as the real-time feedback of the waiting time on each edge of all
the players. Google Maps itself also has the incentive to assign paths according to the Nash
equilibrium strategy as then each player will find out that deviating from the navigation has
no benefit and thus sticks to the app.

e Decentralized algorithm for routing games: Consider the case where players are still
using Google Maps but due to privacy concerns or limited bandwidth, they only use the
offline version, which has access only to the information of each single user. Then Google
Maps needs to use decentralized algorithms so that it can still assign Nash equilibrium
strategy to each user after repeated plays.

e Markov routing games: For Markov routing games, the time cost on each edge will
change between different timesteps, which is a more accurate model of the real-world. For
instance, some roads are prone to car accidents, which will result in an increasing cost on the
next timestep, and the chance of accidents also depends on the number of players using that
edge currently. This is modeled by the Markovian facility state transition in independent

Markov congestion games.
3.2 Related Work

Potential Games. Potential games are general-sum games that admit a common poten-
tial function to quantify the changes in individual’s payoff [Monderer and Shapley, 1996].
Algorithmic game theory community has studied how different dynamics converge to the
Nash equilibium, e.g., best response dynamics [Durand, 2018, Swenson et al., 2018] and no-
regret dynamics [Heliou et al., 2017, Cheung and Piliouras, 2020], while usually they provide
only asymptotic convergence, with either full information setting or bandit feedback setting.
Recently, reinforcement learning community studied Markov potential games with bandit

feedback, which can be applied to standard potential games. See the Markov Games part
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below for more details.

Congestion Games. Congestion games are developed in the seminal work [Rosenthal,
1973], and later Monderer and Shapley [1996] builds a close connection between congestion
games and potential games. Congestion games are divided into atomic and non-atomic
congestion games depending on whether each player is separable. Many papers consider
non-atomic congestion games with non-decreasing cost function, which implies a convex
potential function [Roughgarden and Tardos, 2004]. We consider the more difficult atomic
congestion game where the potential function can be non-convex. For online non-atomic case,
[Krichene et al., 2015] considers partial information setting while they provide convergence
in the sense of Cesaro means. [Kleinberg et al., 2009, Krichene et al., 2014| show that some
no-regret online learning algorithms asymptotically converges to Nash equilibrium. [Chen
and Lu, 2015, 2016] are two closely related works that consider bandit feedback in atomic
congestion games and provide non-asymptotic convergence. However, they still assume a
convex potential function and the sample complexity has exponential dependence on the
number of facilities, which is far from ideal.

Markov Games. Markov games are widely studied since the seminal work [Shapley, 1953].
Recently, the topic has received much attention due to advances in reinforcement learning
theory. Liu et al. [2021] provides a centralized algorithm for learning the Nash equilibrium
in general-sum Markov games, and [Jin et al., 2021a, Song et al., 2021] provide decentral-
ized algorithms for learning the (coarse) correlated equilibrium. One closely related line
of research is on Markov potential games [Leonardos et al., 2021, Zhang et al., 2021b, Fox
et al.,, 2021, Cen et al., 2022a, Ding et al., 2022]. However, applying their algorithms to
congestion games leads to explicit dependence on the number of actions, which would be
exponentially worse than our algorithms. See Table 3.1 for comparisons. Our independent
Markov congestion game is motivated by the state-based potential games studied in Marden
[2012] and Macua et al. [2018], and its transition kernel is closely related to the factored
MDPs, for which single agent algorithms are studied in [Osband and Van Roy, 2014, Chen
et al., 2020, Xu and Tewari, 2020, Tian et al., 2020, Rosenberg and Mansour, 2021].
Learning in Games. Different from our paper, learning in games in traditional literature

of game theory mainly considers players’ asymptotic behavior [Leslie and Collins, 2005,
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Cominetti et al., 2010, Coucheney et al., 2015|. In early literature, Leslie [2004] investigates
actor-critic learning and (-learning algorithms in games with bandit feedback and their
connection to best-response dynamics. Leslie and Collins [2005] proposes individual Q-
learning algorithm and shows that it converges to the NE almost surely in two-player zero-
sum game and Leslie and Collins [2006] studies learning the NE from the perspective of a
fictitious play-like process. Later, Cominetti et al. [2010] considers payoff-based learning
rules and shows convergence to NE in traffic games, while another payoff-based learning
model for continuous games is developed in Bervoets et al. [2020]. Coucheney et al. [2015]
derives a new penalty-regulated dynamics and proposes a corresponding learning algorithms
that converges to NE in potential games with bandit feedback. Bravo et al. [2018] proposes
that in monotone games with bandit feedback, as long as all players are using some no-
regret learning algorithm, the dynamics will converge to the NE, and an improved analysis
of the same derivative-free algorithm is given in Drusvyatskiy et al. [2022]. In contrast, our
learning objective focuses on finite-time cumulative rewards, which is more widely used in

current multi-agent reinforcement learning literature [Ding et al., 2022, Liu et al., 2021].
3.3 Preliminaries

General-sum Matrix Games. We consider the model of general-sum matrix games,
defined by the tuple G = ({A;};~, , R), where m is the number of players, A; is the action
space of player i and R(-|a) is the reward distribution on [0, rmax]™ with mean r(a). Let
A = A x---x A, be the whole action space and denote an element as a = (ay,...,an) € A.
After all players take actions a € A, a reward vector is sampled r ~ R(-|a) and player i
will receive reward 7; € [0, ryax] with mean r;(a). Each player’s objective is to maximize
her own reward.

A general policy 7 is defined as a vector in A(.A), the probability simplex over the action
space A. A product policy m = (m1,...,7y) is defined as a tuple in A(Ay) X -+ x A(Ayp,),
in which @ = (ay,...,a;) ~ 7 represents a; g m;. The value of policy w for player i is
VF = Equrlri(a)].

Nash Equilibrium and Nash Regret. Given a general policy =, let m_; be the marginal
joint policy of players 1,...,72 — 1,7+ 1,...,m. Then, the best response of player ¢ under
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) ) o
policy 7 is 771-T = argmax,ca(4;) VZ-”’L’ and the corresponding value is V;T’W_’ = Vfl e

Our goal is to find the approximate Nash equilibrium of the matrix game, which is defined

below.

Definition 3.3.1. A product policy 7 is an e-approximate Nash equilibrium if maxi(ViT’ﬂ’i —

V) <.

An e-approximate Nash equilibrium can be obtained by achieving a sublinear Nash regret,

which is defined below. See Section 3 in Ding et al. [2022] for a more detailed discussion.

Definition 3.3.2. With 7% being the policy at k-th episode, the Nash regret after K episodes
is define as

K

T’ﬂ—ii ok
Nash-Regret(K) = » max (Vl -V > .

1 i€[m]
Remark 3.3.3. Here, if we replace max;c, by >, in the definition of Nash regret, the
single-step Nash regret at episode k will become the Nikaido-Isoda (NI) function evaluated
at 7%, which is a popular objective for equilibrium computation [Nikaido and Isoda, 1955,
Raghunathan et al., 2019]. Replacing max;cf,, by » i, will multiply our regret bounds by

a factor of m, while our conclusion will not be affected.

Potential Games. A potential game is a general-sum game such that there exists a po-
tential function ® : A(A) — [0, Pmax] such that for any player ¢ € [m] and policies ;, 7,

m_;, it satisfies

O(my,my) — ®(mh,m_y) =V — Viﬁg’hi.

)

We can immediately see that a policy that maximizes the potential function is a Nash
equilibrium.

Congestion Games. A congestion game is defined by G = (F,{A4;}.",, {Rf}fef)’ where
F = [F] is called the facility set and R/(-|n) € [0,1] is the reward distribution for facility
f with mean rf(n), where n € [m]. Each action a; € A; is a subset of F (i.e., a; C F).
Suppose the joint action chosen by all the players is @ € A, then a random reward is

sampled r/ ~ R/ (-|nf(a)) for each facility f, where nf(a) = 31", 1{f € a;} is the number



32

of players using facility f. The reward collected by player ¢ is r; = > feas rf with mean

ri(@) = Y peq, v/ (' (@) € [0, F).

Connection to Potential Games [Monderer and Shapley, 1996]. As a special class of

potential game, all congestion games have the potential function: ®(a) = c» E?iga) rf(i).
a—;)

holds. Then, by defining ®(r) = Eqx[®(a)], we can have ®(m;,7_;) — ®(n},7_;) =

A VA

)

To see this, we can easily verify that ®(a;,a—;) — ®(a},a—;) = ri(a;, a_;) — ri(al,

Types of feedback. There are in general two types of reward feedback for the conges-
tion games, semi-bandit feedback and bandit feedback, both of which are reasonable under
different scenarios. In semi-bandit feedback, after taking the action, player i will receive
reward information rf for each f € a;; in bandit feedback, after taking the action, player i
will only receive the reward r; = > fea; r! with no knowledge about each /. In this paper,
we will address both of them, with more focus on the bandit feedback, which can be directly

generalized to semi-bandit feedback.

3.4 Centralized Algorithms for Congestion Games

In this section, we introduce two centralized algorithms for congestion games — one for the
semi-bandit feedback and one for the bandit feedback. We will see that both of them can

achieve sublinear Nash regret with polynomial dependence on both m and F.

3.4.1 Algorithm for Semi-bandit Feedback

Summarized in Algorithm 4, Nash upper confidence bound (Nash-UCB) for congestion games
is developed based on optimism in the face of uncertainty. In particular, the algorithm
estimates the reward matrices optimistically in line 4, computes its Nash equilibrium policy

in line 6 and then follows this policy.

For convenience, we define the empirical counter N¥f(n) = Zi,zl 1 {nf (aF) = n} and

7= 2log(4(m + 1)K/6). Then, the reward estimator for f and the bonus term are defined
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as

221:1 r* I {nf(ak/) = n} bk .

Nkf(n) v 1 ’ ]; Nkfnf (a)) v 1’
a;

S (n) = (3.1)

where 7% € [0,1] is the random reward realization of rf(n/(a¥)). Naturally, the reward

estimator for player i is 7#¥(a) = dfea ol (nf (a)).

Algorithm 4 Nash-UCB for Congestion Games
1: Input: €, accuracy parameter for Nash equilibrium computation
2: for episode £k =1,...,K do
3: for playeri=1,...,m do
£ Qfa)« Ha)+ P () foralla e A
5 end for
6 7 eNASH(QL(), -, Q5 () (Algorithm 5)
7. Take action a® ~ 7% and observe reward r*-f
8
9

:  Update reward estimators ff and bonus term bf’r
: end for

Algorithm 4 is motivated by the Nash-VI algorithm in [Liu et al., 2021] plus a deliberate
utilization of the special reward structure in the congestion games. Moreover, notice that
a matrix game with reward functions @lf(), e ,@Z() forms a potential game (see Lemma
B.2.1). As aresult, in line 6, we can efficiently compute the e-approximate Nash equilibrium
7% for that matrix game by utilizing Algorithm 5, (see Lemma B.2.2). It is a simple greedy
algorithm such that in each round, it modifies one player’s policy whose modification can
increase the potential function most. In addition, Algorithm 5 always outputs a deterministic

product policy.

3.4.2  Algorithm for Bandit Feedback

When the players can only receive bandit feedback, estimating 7%/ directly for each f € F
is no longer feasible. However, notice that the reward function ri(a) =3¢, rf(nf(a)) can
be seen as an inner product between vectors characterized by action a and reward function
7/ (-). Therefore, under bandit feedback, we can treat it as a linear bandit and use ridge

regression to build the reward estimator ff and corresponding bonus term b, whose index
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Algorithm 5 e-approximate Nash Equilibrium for Potential Games

1: Input: ¢, accuracy parameter; full information potential game ({A;};~,,{ri};~;) such
that 7; € [0, rmax] for all i € [m]
2: Initialize: 7! = a', arbitrary deterministic product policy

3: forround k=1,..., {%] do

4: for player i =1,...,m do

5: A; = maxg,ec4, i(a;, TrEZ) — ry(F)

6: aftt = arg max,¢ 4, 7i(ai, 7™ ;) — ri(7F)
7. end for

8:  if maxe[ A; < € then

9: return 7*

10: end if

11:  j = argmax;epy A

12: wFtL()) = aerl, aF (i) = 7k (i), for all i # j
13: end for

1 is dropped since it is the same for all players. The new algorithm will use these two terms
to replace #¥ and bf’r in line 4 of Algorithm 4.

In particular, define 6 € [0, 1]‘i with d = mF to be the vector such that rf(n) =
Ontm(f—1)- Meanwhile, for player i € [m], define A; : A — {0, l}d~ to be the vector-valued

function such that
(@) =1 {j=n+m(f 1),/ €an=n'(a)}

In other words, A4;(a) is a 0-1 vector with element 1 only at indices corresponding to those
in 6 that represents rf(n) for f € a; and n = nf(a). Now, with these definitions, the reward
function can be written as r;(a) = (A4;(a),d). Then, we build the reward estimator and the
bonus term through ridge regression and corresponding confidence bound, which are defined

as the following;:
k(o — /A Ok PRIy , Y
ha) = (4i(a). "), B(a) = max |1 4i(@)| )1 /B (3.2

where 6% = (VF) 'SR S A (@), VE = T4+ TN T A(a¥)Ai(@¥)T and

1/@ = \/3—# \/Fcilog (1 + mT’fF> + F'i. Note that we cannot bound the sum of this bonus
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terms by directly applying the elliptical potential lemma. We instead prove its variant in

Lemma B.3.2.

3.4.8 Regret Analysis

The Nash regret bounds for the two versions of Algorithm 4 are formally presented in

Theorem 3.4.1. The proof details are deferred to Appendix B.3.

Theorem 3.4.1. Let e = 1/K. For congestion games with semi-bandit feedback, by running
Algorithm 4 with reward estimator and bonus term in (3.1), with probability at least 1 — 4,

we can achieve that

Nash-Regret(K) < O (F\/mK> .

Furthermore, if we only have bandit feedback, then by running Algorithm /J with reward

estimator and bonus term in (3.2), with probability at least 1 — 0, we can achieve that
Nash-Regret(K) < O (mFB/Z\/l?> .

Remark 3.4.2. Since each action is a subset of F, the size of each player’s action space can
be 2. As a result, directly applying Nash-VI in [Liu et al., 2021] leads to a regret bound

exponential in F.

Remark 3.4.3. Note that we assume r/ € [0, 1], which implies r; € [0, F] for each player

i€ [m].
3.5 Decentralized Algorithms for Congestion Games

In this section, we present a decentralized algorithm for congestion games. Due to limited
space, we only introduce the version of bandit feedback as in Section 3.4.2. The algorithmic
details for the semi-bandit feedback setting are deferred into Appendix B.4.3. We will
show that under both settings, even though each player can only observe her own actions
and rewards, our decentralized algorithm still enjoys sublinear Nash regret with polynomial

dependence on m and F.



36

Algorithm 6 Frank-Wolfe with Exploration for Congestion Game

1: Input: v, v, mixture weights; 7ri1, initial policy.
2: Initialize: p;, the G-optimal design for player ¢, defined in (3.5).
3: for episode k =1,--- | K do

4: forroundt=1,---,7 do

5: Each player takes action af’t ~ ﬂ'f, observes reward rf’t.
6: end for

7. for player i =1,--- ,m do

8: Compute V¥®(a;) by the formula in (3.4) for all a; € A;
9: Compute %f“ < argmax, ca(4;) <7r,~, §f€[>>

10: Update 77! < (1 — ) (75 + (1 — v)7F) +p;

11:  end for

12: end for

We first define the vector-valued function ¢; : A; — {0,1}% to be the feature map of
player ¢ such that [¢;(a;)]; = 1{f € a;} for a; € A; and f € UaieAi a;. Here, F; is the size

of U,,e, @ € F and we can immediately see that F; < F' for any i € [m)].

The core idea of our algorithm is that the Nash equilibrium can be found by reaching the
stationary points of the potential function since all congestion games are potential games.
Here, the UCB-like algorithms used in the centralized setting are not applicable because
their policy computation requires value functions for all players (e.g., line 6 of Algorithm
4), which are not available in the decentralized setting. Summarized in Algorithm 6, the
decentralized algorithm is developed based on the Frank-Wolfe method and has the following

three major components.

Gradient Estimator. In line 8, the algorithm builds the estimator @f@ defined in (3.4)
by using the 7 reward samples collected from line 5. Here, 65@ estimates the gradient of
potential function ® with respect to the policy Wf. Recall that for a congestion game, we
have ®(a) = Y e r (@ /(i) and & () = Equr [B(a)]. Then we can define V;d := V,
as a vector of dimension |A4;|. For the component indexed by some a; € A;, we can see that

&(7) = mi(ai)Eq_,~or_, [ri(ai,a_;)]+const, where const does not depend on m;(a;). Therefore,
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we have

Vi®(a;) = Ba_jor_, [ri(ai,a—i)] = Ba_jor_, | > 1/ (0 (ai,023)) | = ($i(a:), 05(m)), (3.3)
f€a;
where [0;(7)]f = Eq_;~r_, [r/(n/(a_;) +1)]. Meanwhile, the mean of the ¢-th reward that

player ¢ received at episode k satisfies

B[ ] = rifaht) = 37 o (nf (@) = (u(al), 05 (02,
feakt

3

where [OZ’C t(a’if)] F=rl(n' (a’i’f )+ 1) and its mean is [0;(7*)];. Therefore, we can use linear

regression to estimate 6;(7*). In particular, we have é;k(ﬂ'k) =157, (Ef)fl gbi(af’t)rf’t,

with the covariance matrix ¥¥ = Eq. ok [qﬁi(ai)gbi(ai)—r]. Then, we have the unbiased gradi-

ent estimate
~ —~ 1 < -1
VE®(a;) = {¢i(ai), B8 (7*)) = =3 gi(ar) T (ZF)  palal Ny (3.4)
( )= 32w ()

Remark 3.5.1. One difference between Algorithm 6 (decentralized) and Algorithm 4 (central-
ized) is that in the decentralized algorithm, each player is required to play the same policy
for 7 times before an update can be applied. An episode is thus defined for convenience as
the time period during which the players’ policies are fixed. We make this artificial design
mainly for controlling the variance of the gradient estimator %ftl)(ai). However, we conjec-
ture that with more careful design and analysis, it should be possible to improve Algorithm

6 so that only one sample is required per episode [Zhang et al., 2020a].

G-optimal Design. Inline 9 and 10, the algorithm performs standard Frank-Wolfe update
and mixes the updated policy with an exploration policy p;, which is defined as the G-optimal
allocation for features {¢;(a;)},.c 4,- To be specific, we have

: 2
o (s L 3.5
pl iIe‘gAI(IEEGI‘?E% ||¢Z(az)HEa;,\,)\[dH(a;)(ﬁi(a;)T] 1 ( )
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Here p; guarantees that XF is invertible and the variance of VE®(a;) = <¢i(ai),é7f(7rk)>
depends only on F instead of the size of action space (Lemma B.4.3) because by the fa-

mous Kiefer-Wolfowitz theorem, we have maxg,c .4, ||¢i(ai)\|I2E a=F<F

i) ta0)T)
[Lattimore and Szepesvari, 2020].

Frank-Wolfe Update. Finally, we emphasize that it is crucial to use Frank-Wolfe update
because it is compatible with L1 norm and we can show that ® is mF-smooth with respect
to the Ly norm (Lemma B.4.5). In contrast, its smoothness for Ly norm will depend on the
size of the action space.

Before the game starts, each player ¢ can compute her p; based on her own action set
A;. During the game, all players only have access to their own actions and rewards, which
means that Algorithm 6 is fully decentralized. The Nash regret bound for this algorithm
is formally stated in Theorem 3.5.2 and the proof details are given in Appendix B.4.1 and
B.4.2.

Theorem 3.5.2. Let T = Kr7. For congestion game with bandit feedback, by running
Algorithm 6 with gradient estimator @fcb in (3.4) and exploration distribution p; in (3.5),
if K> %, then with probability at least 1 — §, we have

Tzﬂ-ﬁi

K
Nash-Regret(T) := Z T m[a:xi (VZ - ka> <0 <m2F2T5/6 + m3F3T2/3> :
1€elm
k=1

For congestion game with semi-bandit feedback, by running Algorithm 6 with gradient esti-
mator %f@(ai) and exploration distribution p; defined in Appendiz B.4.3, if K > #, then

with probability at least 1 — §, we have
Nash-Regret(T) < O <m2F3/2T5/6 + m3F2T2/3) .
3.6 Extension to Independent Markov Congestion Games

In this section, we propose and analyze a Markov extension of the congestion games, called

the independent Markov congestion games (IMCGs).
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3.6.1 Problem Formulation

General-sum Markov Games. A finite-horizon time-inhomogeneous tabular general-sum
Markov game is defined by M = {S,{A;};",,H, P, R, so}, where S is the state space, m is
the number of players, A; is the action space of player i, A = A; X --- X A,, is the whole
action space, H is the time horizon, sq is the initial state*, P = (Py, P, - , Py) with Py, €
[0, 1]5%4%5 as the transition kernel at timestep h, R = {Rp(+|sp, ap) HL | with Ry,(-|sp, ap) as
the reward distribution on [0, ryax]” with mean rp,(sp, an) € [0, Tmax|™ at timestep h € [H].
At timestep h, all players choose their actions simultaneously and a reward vector is sampled
T, ~ Rp(:|sp, an), where sj, is the current state and ap = (an,1,ap2, -+, ap,m) is the joint
action. Each player ¢ receives reward rp, ; and the state transits to sp1 ~ Py(-|sp, ap). The
objective for each player is to maximize her own total reward. We assume that the initial
state s is fixed.

A (Markov) policy 7 is a collection of H functions {m, : S — A(A)}/_,, each of which
maps a state to a distribution over the action space. 7 is a product policy if 7, (- | s) is a
product policy for each (h,s) € [H] x §. The value function and Q-value function of player

1 at timestep h under policy 7 are defined as

H

H
Vii(s) =Ex Z The i(Shr,apr) | Sh = s:| , Qh.i(s,a) =Ex [Z rhi(Sn,an) | sh=s,an =al .

h'=h h'=h

The best responses and Nash regret can be defined similarly as those for matrix games. In
particular, given a policy m, player i’s best response policy is ﬂ;rL (] s)=arg MAaX,c A (A,) VT (s)

and the corresponding value function is denoted as VhT ;r -

Definition 3.6.1. With 7* being the policy at kth episode, the Nash regret after K episodes
is define as
K t,mk K
Nash-Regret(K) = Z max <V1’2- =V ) (s1).
1€[m) ’ ’
k=1
Independent Markov Congestion Game. A general-sum Markov game is an indepen-

dent Markov congestion game (IMCG) if there exists a facility set F such that a; C F for

*An episode is defined as running H steps from the initial state so, which is common for the episodic
MDP.
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any a; € A;, a state space S = [[ S/, a set of facility reward distributions {R}fL}hG[H]’fef
such that if the joint action at s, is @, we have rp; =, r,]:, where r,{ ~ Rﬁ(-]sh, n’(a))
with support on [0, 1] and mean r,{(sh, n'(a)), and a set of transition matrices {P,{}he[HLfef
such that Py(s']s,a) = [];cr P}{(s’f].sf, n’(a)). In other words, at each timestep h and state
s € 8, the players are in a congestion game. Meanwhile, each facility has its own state and
independent state transition, which only depends on its current state and number of players
using that facility. This transition kernel can be viewed as a special case of that in factored
MDPs [Szita and Lérincz, 2009]. The IMCG also admits two types of feedback, semi-bandit

feedback and bandit feedback, just like the congestion game. In this paper, we will consider

both types of feedback.

3.6.2 Theoretical Guarantee

Summarized in Algorithm 15, our centralized algorithm for IMCGs is naturally extended
from the Nash-UCB (Algorithm 4) by incorporating transition kernel estimators, correspond-
ing bonus terms and Bellman backward update. The key idea is to utilize the independent
transition structure to remove the dependence on the exponential size of the state space
S=1] ferS . We tackle this issue by adapting technique from factored MDP [Chen et al.,
2020]. The algorithmic details for both types of feedback are deferred into Appendix B.5.
The Nash regret bounds for the two versions of Algorithm 15 are stated in Theorem 3.6.2
and the proof details are deferred to Appendix B.6.

Theorem 3.6.2. For independent Markov congestion game with semi-bandit feedback, by

running the centralized Algorithm 15, with probability at least 1 — §, we can achieve that

~ ~ N2
Nash-Regret(K) < O | S° FS/VmIPT | + O | m*H*F Y (sfsf)
fer T#£r

Furthermore, if we only have bandit feedback, then by running Algorithm 15 with reward

estimator and bonus term in (B.7) and (B.8), with probability at least 1 — §, we can achieve
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that

_ _ N2
Nash-Regret(K) < O | S FS/Nm2H3T | + 0 | m*H*F Y (stf)
feF T#£f

The regret bound in [Liu et al., 2021] is 5(\/H3SQ(H?;1A1-)T), where both A; and
S=1]] feF Sf can be exponential in F. Our bounds have polynomial dependence on all the

parameters.
3.7 Conclusion

In this paper, we study sample-efficient learning in congestion games by utilizing the special
reward structure. We propose both centralized and decentralized algorithms for congestion
games with two types of feedback, all achieving sample complexities only polynomial in the
number of facilities. To the best of our knowledge, each one of them is the first sample-
efficient learning algorithm for congestion games in its own setting. We further define the
independent Markov congestion game (IMCG) as a natural extension of the congestion game
into the Markov setting together with a sample-efficient centralized algorithm for both types
of feedback.

One promising future direction is to find a sample-efficient decentralized algorithm such
that from each player’s own perspective, the algorithm is still no-regret. In other words,
diminishing regret is guaranteed for the player by running this algorithm even though other
players may use policies from different algorithms. Another important future direction
is to find sample-efficient centralized/decentralized algorithms that can explicitly find an

approximate Nash equilibrium policy.
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Chapter 4

RANDOMIZED EXPLORATION IN REINFORCEMENT LEARNING

This chapter is based on Xiong et al. [2022], with Qiwen Cui, Ruoqi Shen, Maryam Fazel

and Simon S. Du.

4.1 Introduction

This paper concerns learning in tabular Markov Decision Processes (MDP), arguably the
most fundamental model for reinforcement learning (RL). Existing algorithms that achieve
the near-optimal minimax 0] (H VSAT ) regret bound are based on the principle of Optimism
in the face of Uncertainty (OFU), such as upper confidence bound (UCB) [Azar et al., 2017,
Zanette and Brunskill, 2019, Dann et al., 2019, Zhang et al., 2020d,b].* Here S is the number
of states, A is the number of actions, H is the planning horizon, and T is the total number
of interactions between the agent and the environment.

Another broad category is algorithms with randomized exploration such as Thompson
Sampling [Osband et al., 2013, Agrawal and Jia, 2017a, Osband et al., 2014]. These al-
gorithms inject (carefully tuned) random noise to value function to encourage exploration.
UCB-type algorithms enjoy well-established theoretical guarantees but suffer from difficult
implementation since an upper confidence bound is usually infeasible for many practical
models like neural networks. Instead, practitioners prefer randomized exploration such as
noisy networks in Fortunato et al. [2018], and algorithms with randomized exploration have
been widely used in practice [Osband et al., 2017, Chapelle and Li, 2011, Burda et al., 2018,
Osband et al., 2018|. However, how to design randomized exploration algorithms in a princi-
pled way and perform randomized exploration optimally is far from clear. While randomized
exploration can have great performance in practice, theoretically, the best known worst-case

regret bound for algorithms with randomized exploration is 9] (H 2SVAT ) [Agrawal et al.,

*This bound is for time-inhomogeneous MDP with each reward bounded by 1 and T is sufficiently large.
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2021|, which is far worse than that of the UCB-type algorithms. In this paper, we introduce
a new randomized exploration algorithm and show it enjoys a near-optimal 9] (H vV SAT>
worst-case regret bound, thus closing the gap. Our work sheds new light on randomized

exploration on both the algorithmic side and the theoretical side.

Our Contributions. Our contributions are summarized below:

e We propose a new algorithm, Single Seed Randomization (SSR), which incorporates a
crucial algorithmic idea: using a single random seed for the entire episode, in contrast to
previous methods of randomized exploration which use one seed for each time step. SSR is
able to explore more efficiently than previous methods by avoiding having noise at different
time steps canceling with each other. Theoretically, we show, thanks to this new idea, if one
uses a Hoeffding-type magnitude of noise, SSR achieves an 9] (H 15/SAT ) regret bound,
improving upon the best existing result on randomized exploration algorithm [Agrawal et al.,
2021].

e We further design a new Bernstein-type magnitude of noise for our algorithm, and
achieve an O (H \/W) regret bound, resolving an open problem raised in Agrawal et al.
[2021]. To our knowledge, this is the first time that a Bernstein-type bound is used in
randomized exploration. More importantly, our upper bound matches the 2 (H \/W)
minimax lower bound up to logarithmic factors.

We note that our goal is not to show randomized exploration is better than optimistic
algorithms [Azar et al., 2017| in the tabular setting. Instead, we aim to provide a solid
theoretical understanding of a practically relevant algorithm. Indeed, understanding ran-
domized exploration itself is an important theoretical research direction and has attracted
much interest in the community [Agrawal and Goyal, 2012, 2017, Agrawal and Jia, 2017b,
Russo, 2019, Zanette et al., 2020, Vaswani et al., 2020, Agrawal et al., 2021, Osband et al.,
2013, 2014, 2017, 2018].

Main Challenge and Technical Overview. Besides the aforementioned algorithmic
ideas (single random seed and Bernstein-type magnitude of noise), we also need additional

ideas in analysis to prove the desired regret bound. The main challenge is that unlike UCB-
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type algorithms, the estimated value in algorithm with randomized exploration, is not an
upper bound of the true optimal value. This leads to the failure of directly utilizing their
analysis, which only need to analyze the one-sided error in estimation. We instead work
on the absolute value of the estimation error, whose analysis is more complicated than that
for the one-sided error in UCB-type algorithms. Working with absolute value forces us to
ensure that both the probability that the estimated value is optimistic and the probability
that the estimated value is pessimistic are lower bounded. However, the clipping strategy in
existing algorithm cannot maintain pessimism. To tackle with this issue, we develop a new

clipping method. Below we list our technical contributions.

1. First, we propose a new clipping strategy to constrain the estimated value function
(cf. Eqn. (4.4)). Previous clipping strategies in |Zanette et al., 2020, Agrawal et al., 2021]
are based on uncertainty and can only maintain optimism. Our clipping strategy directly
works on the value function, which is similar to those used in UCB-type algorithms [Azar
et al., 2017, Jin et al., 2018, Zhang et al., 2020d]. Our clipping strategy can maintain both
the optimism and pessimism. In addition, the number of times that the clipping is used can

still be bounded.

2. Second, we prove that the single seed randomization ensures that the estimated value
function can both be optimistic or pessimistic with constant probability at all states and
timesteps. This is stronger than previous randomized exploration algorithms that are only
shown to be optimistic at the initial state with constant probability. With this property,
we can then bound the difference between the optimal value function and estimated value
function from both above and below, which results in a bound on its absolute value. See

Section 4.5.1, Appendix C.3 and Appendix C.4.

3. Third, we prove a novel recursion argument on the absolute value of the policy esti-
mation error. As mentioned in [Agrawal et al., 2021], the recursion in UCB-type algorithms
can not be directly utilized because our estimated value function is not a high-probability
upper bound of the true optimal value function. With the bound of absolute value, we are
able to prove new recursion formulas and together we can control the policy estimation error.

See Section 4.5.2 and Appendix C.5.
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4. At last, we bound the sum of variance in a novel manner. In [Azar et al., 2017],
the UCB-type estimation guarantees that the policy estimation error is always positive so
the difference of the variance can be directly bounded. We generalize the argument to the
absolute value of the estimation error to bound the sum of variance. See Section 4.5.3 and

Appendix C.7.

4.2 Related Work

In this section we review existing provably efficient algorithms for tabular MDP. There is a
long list of sample complexity guarantees for tabular MDP [Kearns and Singh, 2002, Brafman
and Tennenholtz, 2003, Kakade, 2003, Strehl et al., 2006, Strehl and Littman, 2008, Kolter
and Ng, 2009, Bartlett and Tewari, 2009, Jaksch et al., 2010, Szita and Szepesvari, 2010,
Lattimore and Hutter, 2012, Osband et al., 2013, Dann and Brunskill, 2015, Azar et al., 2017,
Dann et al., 2017, Osband and Van Roy, 2017, Agrawal and Jia, 2017a, Jin et al., 2018, Fruit
et al.; 2018, Talebi and Maillard, 2018, Dann et al., 2019, Dong et al., 2019, Simchowitz and
Jamieson, 2019, Russo, 2019, Zhang and Ji, 2019, Cai et al., 2019, Zhang et al., 2020c, Yang
et al., 2020, Pacchiano et al., 2020, Neu and Pike-Burke, 2020, Zhang et al., 2020b, Wang
et al., 2020, Agrawal et al., 2021, Russo, 2019, Agrawal and Jia, 2017a, Domingues et al.,
2021, Menard et al., 2021, Li et al., 2021]. The state-of-the-art methods are based on upper
confidence bound (UCB) [Azar et al., 2017, Zanette and Brunskill, 2019, Dann et al., 2019,
Zhang et al., 2020d,b, Menard et al., 2021, Li et al., 2021|. For the setting considered in this
paper where the transition is time-inhomogeneous and the reward is bounded by 1, one can
achieve an O (H VSAT ) in the regime where T is sufficiently large.

Algorithms with randomized exploration have been proved to enjoy favorable regret
bounds in bandit problems [Lai and Robbins, 1985, Agrawal and Goyal, 2012, Kaufmann
et al., 2012, Bubeck and Liu, 2014, Agrawal and Goyal, 2017]. In certain settings, randomized
exploration can match the worst-case regret bound of UCB-based approaches and achieve
nearly minimax optimal regret bounds |Jin et al., 2020, Agrawal and Goyal, 2017|. However,
for RL, existing theory for randomized exploration are far from optimal [Agrawal et al., 2021,
Russo, 2019, Agrawal and Jia, 2017a, Xu and Tewari, 2019, Zanette et al., 2020]. For the

setting considered in this paper, the sharpest existing regret bound among algorithms with
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randomized exploration is 0] (H 28V AT) proved in [Agrawal et al., 2021]. Our paper closes

this gap and thus deepens our understanding about randomized exploration.
4.3 Preliminaries

We consider time-inhomogeneous finite-horizon MDP M = (H, S, A, P, R, s1), where |S| =
and |A| = A. Here, S = {1,..., S} is the finite state space. A = {1,..., A} is the finite
action space. H is the length of an episode. For convenience, we take s; to be the fixed
initial state, although a more general initial distribution will not change the conclusion.
P : S8 x Ax[H] - A(S) is the transition function, where if the agent stays at state
s and takes action a at time h, it transits to state s’ with probability P, s.(s") € [0, 1].
R: S8 x Ax[H] — [0,1] is the reward function, where if the agent stays at s and takes
action a at time h, it will receive reward rp o € [0,1] such that E[ry s o] = Rp s.q-

A deterministic policy for such a MDP is defined as a tuple @ = (m,...,7), where
7+ S — A. The associated value function at state s € S and level h € {1,...,H} is

recursively defined as

Vil (8) = Bhsmu(s) T D Prsmnto) (87) Vil ().
s'eS
For convenience, we set Vi, = 0 € RS. The corresponding optimal value function
is V¥ (s) = maxgen V)T (s), where II is the set of all possible deterministic policies. For a
particular algorithm Alg, let 7% denote the policy that Alg employs during episode k. Then,
the regret of running Alg on MDP M for K episodes is defined as

Reg (M, K, Alg) = i (v1 51) ﬂ’“(sl)) . (4.1)
k=1
Note that the regret, Reg (M, K, Alg), is a random variable due to randomness in state tran-
sition and the algorithm, Alg. In this paper, we show the regret of our proposed algorithm
can be upper bounded with high probability, and the upper bound matches the known lower
bound up to logarithmic factors.

To facilitate our later analysis, we introduce some notations for empirical estimation. At
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episode k, we collect a trajectory (s¥, ak rk ... ,s’f{, a’fq, rlké[) as specified in Algorithm 7. Let

ng (h,s,a) = Zf:_ll 1{(s},al) = (s,a)} be the number of times action a is taken at state s

and time h before episode k, where 1 {-} is the indicator function. We define

k-1
1 (8], ap) = (5761)}"”273%@1

RE. .= h 4.2
h.s,a ng (h,s,a) +1 ’ (4.2)
k—1
Dk ( /) — =1 ]1{(8517 aiz’ Séz—f—l) = (37@7 3/)} <4.3)
hs.a ng (hys,a) +1

Then, define empirical MDP based on our observation and estimation before episode k
as the tuple M* = (H,S, A, Pk Rk, s1). Since ﬁ}’f’s’a is not a valid distribution over S, for
being rigorous, we can imagine there is an additional virtual absorbing state that every state
will transit to with remaining probability.

In addition to the above notations, let O (-),© (-) and Q(-) be asymptotic notations
ignoring all poly-logarithmic terms. For distribution D € A® and value function V' € R,
let V (D, V) denote the variance of V under distribution D, which is defined as V (D, V) =
Y ses D(s) (V(s) — (D,V))?. For constant a > 0, we define the corresponding clipping
function as clip,(-) = max{—a, min{a, -} }. Immediately we have |clip,(z)| < a for any a >
0. We introduce the definitions of other notations when used. In appendix, we summarize

the notations and definitions used in this paper.
4.4 Main Results

4.4.1  Algorithm

The main contribution of this paper is that we show algorithm with randomized value
functions can achieve regret that matches the known lower bound €2 (H VSAT ) [Jaksch
et al., 2010, Domingues et al., 2021] up to logarithmic factors in the tabular setting. To
facilitate exploration, this type of algorithms uses random value perturbation instead of
deterministic bonus. The algorithm we consider is summarized in Algorithm 7. In our
algorithm, SSR; the random perturbation ensures that optimism /pessimism can be obtained
with constant probability in each episode. Moreover, randomized value function has its origin

from posterior sampling for reinforcement learning (Thompson sampling). The randomized
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Algorithm 7 Single Seed Randomization (SSR)
1: Input: ty € {Ho, Be}, perturbation type
2: for episode k =1,2,..., K do
3. Sample 2 ~ N (0,1)

4:  Define terminal value functions ©H+1,k =0 ¢ R and Vianer=0E¢€ RS

5.  for time periods h = H,...,1 do

6: Qi (s,a) + Rz,s,a + <Pi]f,s,avvh+1,k> + Ufy (h,s,a) Z

7: // O'fy (h,s,a) is defined in (4.5) and (4.6).

8: Define Vi, 1 (s) = cliPy(Fr—h11) (maxeeq Qpp(s,a)) forall s € S

9: end for

10:  Agent takes actions afl = arg max,c 4 @h’k(sﬁ, a) throughout the current episode

11:  Observe data s’f, a’f, r’f, e s'f{, a’f{, 7"1161 and compute Rl;;'gla, P}’fii and ng41 (h, s,a) for
all (h,s,a) e [H xS x A

12: end for

perturbation can be interpreted as approximate sampling from the posterior distribution of

the value function on randomized training data [Russo, 2019].

We first give an overview of SSR. In Algorithm 7, the policy used at episode k is computed
using the empirical MDP, Mk = (H,S, A, Pk,f%k,sl), which is based on observation and
estimation before episode k. However, instead of directly choosing optimal policy for MF,
we add a small random perturbation when computing the value of each state and action
pair. To be more precise, at each episode k, we first estimate the reward and transition
function for each state s and action a based on (4.2) and (4.3). Then, we compute the value

function for state s and action a,
Qni (5,0) Ry PyoaV ty (hys,a) 2
Rk (S, Q) < Ly ¢ g + h,s,a» ¥ h+1k + Oty \N, 8,Q) Zk.

Here, 2, ~ N(0,1) is a standard Gaussian random variable sampled once every episode.
The magnitude of the perturbation, afy depends on how many samples ng(h, s,a) we have
We will discuss

observed and how confident we are on the estimations Rfl <o and P}’f sa

more about the choice of the magnitude later in this section.

In order to prevent estimated value function from behaving badly, we add a clipping to
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the value function:

Vi (s) = clipyg—pi1) <gléﬁ(Qh,k(3> a)) (4.4)

As our analysis will show, this kind of clipping can bound the value function, maintain
optimism and pessimism and also guarantee that clipping will not happen for a lot of times.
The constant 2 (instead of 1) plays a crucial role because it means the value function grows
at an additive rate of 2 from h = H to h = 1. If we do not consider the added noise, then
the value function should at most grow 1 at each timestep because the reward is at most 1.
For our clipping technique, if a clip is triggered, there exists a timestep such that the added
noise is more than 1, which is equivalent to a small number of visits (cf. Definition C.8
and Lemma C.2.12). As our later analysis will show, the clipping only affects the lower-
order term and will not compromise the long-term performance of the algorithm. Finally,
after computing the value function and clipping, SSR chooses the action aﬁ that maximizes

éh,k(si’ a) at each time step, h = 1, ..., H, throughout the episode.

Note that from a Bayesian perspective, when there is no clipping, in Algorithm 7, éh,k

follows distribution

_ _ ~ ~ _ 2
Qh,k(sa a) | Vh—&-l,k ~N <Rz,s,a + <PI]:,5,(1? Vh+1,k> ) <U‘i€y(h7 S7a)> > :

This resembles posterior sampling because when estimating some parameter 6* ~ N (O, 52)
based on noisy observations 61, ...,0,, ~ N(6,3?), the posterior distribution of 6* given
{0:}0, is 0* | {6;}, ~ N (n%rl S 6, f—i) Although exact posterior sampling may
not be possible in complex reinforcement learning settings, in SSR, aé“y(h, s,a) is chosen at
scale © (1 / W) and therefore can be interpreted as doing approximate posterior
sampling. Moreover, SSR can be viewed as a variant of Randomized Least Square Value
Iteration (RLSVI). The major differences are at the clipping function and a single random
seed used in each episode instead of different random seeds at different tuples (h,s,a). We
will discuss more about the choice of the random seed later in this section. We refer to

Osband et al. [2017] and Russo [2019] for a more detailed discussion on the relationship
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among RLSVI, posterior sampling and randomized value function.
In the following paragraphs, we discuss in more details about the three major algorithmic

innovations:

Single Random Seed in Each Episode. SSR is similar to the algorithms analyzed in
Russo [2019] and Agrawal et al. [2021]. The major difference is that in the algorithm we
propose, we use a single random seed Z; to generate the perturbations for all time steps
h=1,...,H in an episode k.

When using different random seeds in an episode, the algorithm can be optimistic in
some time step while being pessimistic in others. Then, the effects of the perturbations at
different time steps will cancel with each other. As a result, to ensure sufficient exploration,
the magnitude of the perturbation has to large. This issue was also pointed out in Agrawal
et al. [2021], Abeille and Lazaric [2017].

A large perturbation magnitude can increase the instability of the algorithm and worsen
the algorithm’s performance. When a single random seed is used, a small perturbation
magnitude is enough to guarantee that the algorithm is optimistic with constant probability
in any episode. We are able to show that using a single random seed can significantly in-
crease the stability of the algorithm and therefore enjoy much smaller regret. Coincidentally,
Vaswani et al. [2020] also uses a similar single randomization in bandit problems to build a
near-optimal randomized exploration algorithm and our work can be treated as its natural

extension to RL problems.

Clipping. To obtain a tight regret bound, the estimated value function needs to be well
bounded. In [Russo, 2019], no clipping is used and the estimated value function is at the
order of 6(H 5/28), which results in a suboptimal regret bound. Generally there are two
types of clipping methods. The first one is uncertainty-based, i.e. the value is clipped to
H — h + 1 at timestep h whenever the uncertainty is large [Zanette et al., 2020, Agrawal
et al., 2021]. However this type of clipping cannot maintain pessimism which is critical in
our analysis. The other kind of clipping is value-based, mostly in UCB-type algorithms [Jin

et al., 2019]. These algorithms truncate estimated value greater than a certain threshold,
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i.e. H—h+1 at time step h. The problem here is that the number of clippings cannot be
bounded because if the true value function is close to H — h + 1 at timestep h, the clipping
will happen with some constant probability.

Our clipping method leverages both type of clipping methods in the existing literature.
Though our clipping is based on the value function, we show that whenever the clip is
triggered, the estimation error must be large, which implies that the uncertainty at that
state is large. This clipping method inherits the desired properties from both uncertainty-
based and value-based clipping, i.e. the optimism/pessimism is maintained and the number

of clippings can be bounded.

Magnitude of Perturbation. A large magnitude of perturbation can encourage explo-
ration, but at the same time increase instability. In our algorithm, the magnitudes are
chosen as the smallest values so that the algorithm can be optimistic with constant prob-
ability. Since the value function can roughly be bounded by O(H), a naive choice of the
perturbation magnitude can be © (H / \/W) In this way, by Hoeffding’s inequality,
as long as the random Gaussian variable sampled Z; is bigger than a constant, which hap-
pens with constant probability, the estimated value function will be optimistic. By similar
reasoning, we can see that the estimated value function will also be pessimistic with constant
probability.

To make the magnitude even smaller, inspired by [Azar et al., 2017] who showed one can
use an (empirical) Bernstein’s inequality to derive a sharp exploration bonus for UCB-based
algorithms, we propose a new choice of perturbation magnitude based on Bernstein’s in-
equality. The Bernstein-based perturbation uses the empirical variance of the value function,
which makes it smaller than the Hoeffiding-based one mostly, but still maintains optimism
with constant probability.

In our paper, we study both types of magnitudes. In particular, we show that the
regret of SSR based on Bernstein’s inequality matches the known lower bound €2 (H \/W) .

Following are the two choices:

log (2HS Ak?) H
ng (h,s,a) +1  ng(h,s,a)+1’

O—IIYIO (h7 S, a) =H (45)
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i 16V (P;’f,s,ka,hH) log 2HSAK?) 51 log (2HS AK?) log (2H S Ak?) (4.6)
0ge (h,8,a) = + + , .
ng (h,s,a) + 1 ng (h,s,a) + 1 ng (h,s,a) +1

where subscript “Ho” represents that the perturbation is based on Hoeffding’s inequality and

“Be” represents Bernstein’s inequality, correspondingly. Here, for proof convenience, P}’Z sa
is defined by replacing the denominator in P,’i sa by max {ng(h,s,a),1}. To clarify, when
subscript “ty” is used, which stands for “type” as a placeholder for “Ho” or “Be”, it means that
there is no need to write two copies of expressions for Hoeffding-based and Bernstein-based

noises separately.

Practical Considerations. Here, we explain why randomized exploration is widely used
in practice and why our algorithmic formulation practically has advantage over UCB-type
algorithms. In randomized exploration, there are usually two important components: (1)
the algorithm (e.g., Algorithm 7) and (2) the noise magnitude (oty). In practice, the main
advantage of randomized exploration lies in the algorithm component. The generalization
from the tabular setting to the function approximation setting is straightforward: one can
just add a random regularization term in the value estimation step, whose details can be
found in [Osband et al., 2018]. On the other hand, the generalization of optimistic algorithms
from the tabular setting to the function approximation setting is more non-trivial because
it often requires an explicit construction of the confidence set. For the second component,
although generalizing our strategy of tuning noise magnitude to the real-world function
approximation setting is indeed not straightforward, it is often set as a hyper-parameter in

practice.

4.4.2  Regret Analysis

We analyze the regret, defined in (4.1), of our algorithm SSR using both types of per-
turbations. Our main theorems are presented in Theorem 4.4.1 and 4.4.2. In particular,
Theorem 4.4.2 shows SSR with Bernstein-based perturbation can achieve the regret that

matches the known lower bound (2 (H vV SAT) up to logarithmic factors. We sketch the
proof of Theorem 4.4.1 and Theorem 4.4.2 in Section 4.5.
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Theorem 4.4.1. If the Hoeffding-type noise (4.5) is used, then for any MDP M = (H,S, A, P, R, s1),

with probability at least 1 — §, Algorithm 7 satisfies
Reg(M, K, SSRi,) < O (H1'5\/SAT + H452A) .

In particular, when T > O (H5S3A), it holds that Reg(M, K, SSRy,) < 0] (H1'5\/ S’AT).

Theorem 4.4.2. If the Bernstein-type noise (4.6) is used, then when T > Q (H5S2A), for
any MDP M = (H,S, A, P, R, s1), with probability at least 1 — &, Algorithm 7 satisfies

Reg(M, K, SSRpe) < O (H\/SAT + H452A) .

In particular, if we further have T > (H65’3A), it then holds that Reg(M, K,SSRpe) <
O (HV/SAT).

We give a brief comparison between SSR and other related works. Russo [2019] shows that
RLSVI, an algorithm similar to SSR, can achieve O (H 2561.5\/AT ) regret in expectation
over the randomness of MDP and the algorithm. In [Agrawal et al., 2021], an improved
high probability regret bound 9] (H 28VAT ) is proposed, which is the sharpest bound for
randomized algorithms prior to this work. Our paper closes the gap between those previous
bounds and the lower bound in tabular setting.

We also run numerical simulations to empirically compare SSR and RLSVI in the deep-
sea environment, which is commonly used as a benchmark to test an algorithm’s ability to
explore. The results show that SSR significantly outperforms RLSVI as predicted by our

regret analysis. More details about our experiment can be found in Appendix C.10.

4.5 Proof Outline

In this section, we present an proof outline of Theorem 4.4.1 and 4.4.2. Since their proofs
follow the same framework, we will present an unified outline and explain the individual
steps particularly for each case when necessary. The details of complete proof are deferred

to the appendix.
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Notation For the ease of exposure, we will use a simplified notations during this sketch.

Specifically, let = = (h, s,a) and mﬁ = (h, sz, ak).

4.5.1 Concentration and Optimism/Pessimism

We start by introducing a set of MDPs Mfy as a confidence set such that the empirical
MDP M* belongs to it with high probability, meaning that we have a good estimation of
the true MDP. Specifically, with M’ = (H,S, A, P', R, s1), we define

Mfy = {M’ Vo = (h,s,a),|(Ry — Re) + (Py — Py, Vi )| < \/efy(m)} ,
where /el (2) = oF (z) and ef () ~ ok (2).
Define the event Ctky = {M ke ./\/lfy} Then, by applying Hoeffding’s inequality or

Bernstein’s inequality, for both types of perturbation, it is possible to show that

2

g:lp ((C‘fy>c) = g:lp (Mk ¢ Mfy) < %

Since the value function is bounded in [0, H], this inequality tells us that the regret incurred

by bad estimation is at most 9] (H). To be precise, it holds with high probability that

S Let)} (vie—vi) (sh) < O (). (4.7)
k=1

Then, to better control the estimated value function, we need it to be bounded, which
requires us to clip it. Specifically, we will use two crucial properties of our clipping method.
First, if Qp, x(s,a) > Qf(s,a), ¥(s,a) € S x A, then we have Vj, ;(s) > V;*(s),Vs € S.
Similarly if @y, (s,a) < Qj (s,a), V(s,a) € S x A, then we have V', (s) < V;¥(s),Vs € S.

In addition, we can prove that whenever a clip is triggered for sz, we have ng(h, sfl, aﬁ) <
oy with ap = 6(H 2). As a result, it is possible to show that the total regret incurred by
clipping is at most 0] (H 4SA), which is a lower-order term when T is sufficiently large. That

m

is, let £ denote the event that there is no clipping during episode k. Then, it holds with
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high probability that!

i {Cty ( “’;;”)} (Vf“ - fofi) (s) < O (H*S%4). (4.8)

As claimed before, because of the randomness in Gaussian noise, our algorithm SSR will
encourage exploration and it takes effect when there is no clipping and the estimation is not
too bad. In other words, it can be optimistic. However, also because of this randomness, its

optimism only holds in a probabilistic sense. In precise, it is possible to show that
P (Vh,k(s) > V*(s),Vh € [H],s € S | c{fy) > Ciy, (4.9)

where the value of constant Cty depends on the type of noise we choose. Meanwhile, we can
also prove a very similar probabilistic pessimism, which means to have Vh,k: (5) < Vi (s),Vh €
[H],s € § with constant probability. The property of optimism and pessimism will help us

upper bound the absolute value of Vi*(s¥) — V1 x(s¥), which will be discussed soon.

4.5.2  Regret Decomposition

Now, given equations (4.7) and (4.8), we can see that for each episode k, it only remains
to bound 1 {C Cum} (V1 Vf;) (s¥). Technically, the further defined the good event
Gy, will help make Vh . better-behaved. Its precise definition will be given in the appendix.
Therefore, it is sufficient to bound 1 {G} (Vl -V k) (s¥), which means to have

Reg (M, K,SSRyy) < Zn{gk} ~Vig+ Vi — Vi )(sh) +0 (HSA).  (4.10)

pessimism estlmatlon error

To proceed, we need to define two auxiliary value functions V, ;, and ﬁh,ka which are
obtained by virtually running policy 7% on some deliberately perturbed MDPs. In particular,

they are designed such that V, ;. < Vh,k < ﬁh,k holds under the good event Gy,.

fTechnically, this is not precisely how we bound the regret incurred by clipping, but it aligns better with
the intuition. Full technical details can be found in Appendix.
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Pessimism Term Here, as a technical novelty, we bound the pessimism term’s absolute
value. Meanwhile, different from Zanette et al. [2020] and Agrawal et al. [2021], by applying
both optimism and pessimism, we do not resort to an independent copy of the perturbed
MDP to bound the pessimism term and give a conceptually simpler analysis. In particulary,

by defining C7 = 1/ min {Cy,, Cpe}- it is possible to show that

1400 [Via(sh) = Vir(eh)] < 140 0 (|Pratsh) = Vik(sh

k k
Vit - v,ztk(sz>]) T

The full proof is given in Appendix under Lemma C.5.7.

Estimation Error Term The sum of pessimism term and estimation error term can be
further bounded via the techniques of recursion used in Azar et al. [2017]. However, we
want to emphasize the difference that in their algorithm, the estimated value is optimistic
with high probability, which makes th(SE) -V (sﬁ) always positive. Instead, since our
optimism only holds with constant probability, we use absolute value to keep the estimation

error terms positive. As a result, we show that

(s}) <e*® i (Lafy(mﬁ) + Mh,k) ) (4.12)

h=1

I7 7k k =n* ok
‘Vl,k - Vl,k‘ (1) +|Vig = Vg

7'l'lc 7Tk
(Slf) + ‘Kl,k — Vi

where L denotes some poly-logarithmic term and My, ;. denotes some martingale difference

sequence term at period h, episode k. The full proof is given in Appendix under Lemma

4.5.8  Combining Different Terms

By combining equations (4.10), (4.11) and (4.12) and applying concentration inequalities to
MDP My, i, it is possible to show that

K H
Reg (M, K,SSRyy) < ¢ 3" 3" 1 {Gy} Lok, (af) + O (Hﬁ n H452A) . (4.13)

k=1h=1

Then, a final high-probability regret bound can be obtained by summing each individual
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terms over k, h separately. It is well-known among literature that

K H 1 _ K " , i
g;mso(m)a ];;WSO(HSA). (4.14)

Recall the definition of Ullijlo in equation (4.5). By using these two inequalities, the bound in

equation (4.13) can be made explicit if we use Hoeffding-type noise. As a result, we have

Reg (M, K, SSRy,) < O <H1'5\/SAT n H452A> .

Bound on Sum of Variance

Analyses become more involved when Bernstein-type noise is used. Specifically, notice that

inequalities in (4.14) cannot directly be used to bound ), , V (ij,vhﬂ k) Here, we
b h k

apply some techniques developed in Azar et al. [2017]. However, since the optimism only

holds with constant probability, the details for specific terms are quite different.

For the ease of exposure, we will ignore all constants and define V;‘L =V (Pfk, Vi ),
A o ’ h
Vh =V (Pfk,Vh,k) Then, by using Cauchy-Schwartz inequality and equation (4.14), we
h

can get

L

def

( V;;,H\/x}h,k)g\/6(H5A)Zn{gk}(§z;7k+</h,k) (4.15)

Here, note that U ~ Zk,h age(xﬁ). Then, after some steps of algebra, it is possible to
show that
K H

> 1{G} (‘7}2,1@ +©h,k:> <O(HT+H?U)  (When T > Q (H5S24))
k=1 h=1

— U<O0 <\/HSA (HT + H2U)> <0 (H\/S,TT+ H1-5x/ﬁ) .

(By using equation (4.15))

Now, we can see that > , ok (#¥)~ U < 9) <H VSAT > satisfies this inequality. Finally,
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by plugging this result back into equation (4.13), we can have

Reg (M, K, SSRpe) < O (H\/SAT + H452A) ,

which matches the known lower bound when T > Q (H 6S3A).
4.6 Conclusion

We gave a new algorithm with randomized exploration, SSR, for tabular MDP, which enjoys
a near-optimal 9] (H \/W) regret bound in the time-homogeneous model. Previously,
near-optimal regret bounds can only be achieved by optimistic algorithms. Our result also
highlights the importance of using a single random seed for the entire episode and using the
variance information in tuning the magnitude of noise (cf. Bernstein’s inequality).

One important open problem is whether randomized exploration can a achieve a horizon-
free regret bound in the time-homogeneous model where the transition is the same at different
levels [Zanette and Brunskill, 2019, Wang et al., 2020, Zhang et al., 2020b]. Another possible
future direction is to consider whether the sub-optimal lower order terms O (H 49 2A) can be

further improved to relax the current requirement 1 > Q (H 65’3A) for being near-optimal.



99

Part 11

PRIMAL-DUAL METHODS IN BANDITS AND REINFORCEMENT
LEARNING
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Chapter 5

PRIMAL-DUAL METHODS IN ONLINE SELECTIVE SAMPLING

This chapter is based on Camilleri et al. [2021b], with Romain Camilleri, Maryam Fazel,

Lalit Jain and Kevin Jamieson.
5.1 Introduction

In this work we consider selective sampling for online best-arm identification. In this setting,
at every time step ¢t = 1,2,..., Nature reveals a potential measurement z; € X C R% to
the learner. The learner can choose to either query x: (§& = 1) or abstain (§& = 0) and
immediately move on to the next time. If the learner chooses to take a query (& = 1), then
Nature reveals a noisy linear measurement of an unknown 6, € R% ie. y; = (x¢, 0x)+e€r where
€t 18 mean zero sub-Gaussian noise. Before the start of the game, the learner has knowledge
of a set Z C R% The objective of the learner is to identify z, := arg max,¢ z(z, 0x) with
probability at least 1 — § at a learner specified stopping time U. It is desirable to minimize
both the stopping time I/ which counts the total number of unlabeled or labeled queries and
the number of labeled queries requested L := Zt/{:1 1{& = 1}. In this setting, at each time
t the learner must make the decision of whether to accept the available measurement x;, or
abstain and wait for an even more informative measurement. While abstention may result
in a smaller total labeled sample complexity £, the stopping time U may be very large. This
paper characterizes the set of feasible pairs (U, £) that are necessary and sufficient to identify
zx with probability at least 1 —0 when x4 are drawn IID at each time ¢ from a distribution v.
Moreover, we propose an algorithm that nearly obtains the minimal information theoretic
label sample complexity £ for any desired unlabeled sample complexity U.

While characterizing the sample complexity of selective sampling for online best arm
identification is the primary theoretical goal of this work, the study was initially motivated

by fundamental questions about how to optimally trade-off the value of information versus
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time. Even for this idealized linear setting, it is far from obvious a priori what an optimal
decision rule & looks like and if it can even be succinctly described, or if it is simply the
solution to an opaque optimization problem. Remarkably, we show that for every feasible,
optimal operating pair (U, £) there exists a matrix A € R¥*4 guch that the optimal decision
rule takes on the form & = 1{z" Az > 1} when z; ~ v iid. The fact that for any smooth
distribution v the decision rule is a hard decision equivalent to x; falling outside a fixed
ellipse or not, and not a stochastic rule that varies complementarily with the density of v
over space is perhaps unexpected.

To motivate the problem description, suppose on each day ¢t = 1,2,... a food blogger
posts the Cocktail of the Day with a recipe described by a feature vector z; € R%. You
have the ingredients (and skills) to make any possible cocktail in the space of all cocktails
Z, but you don’t know which one you'd like the most, i.e., z« := argmax,cz(z, 0«), where
0. captures your preferences over cocktail recipes. You decide to use the Cocktail of the
Day to inform your search. That is, each day you are presented with the cocktail recipe
z; € R%, and if you choose to make it (& = 1) you observe your preference for the cocktail y;
with Efy:] = (x¢, 04). Of course, making cocktails can get costly, so you don’t want to make
each day’s cocktail, but rather you will only make the cocktail if x; is informative about
0. (e.g., uses a new combination of ingredients). At the same time, waiting too many days
before making the next cocktail of the day may mean that you never get to learn (and hence
drink) the cocktail z, you like best. The setting above is not limited to cocktails, but rather
naturally generalizes to discovering the efficacy of drugs and other therapeutics where blood
and tissue samples come to the clinic in a stream and the researcher has to choose whether
to take a potentially costly measurement.

Our results hold for arbitrary 6, € R%, sets X € R% and Z ¢ R?, and measures v € Ay*
for which we assume z; ~ v is drawn IID. The assumption that each x; is IID allows us
to make very strong statements about optimality. To summarize, our contributions are as

follows:

e We present fundamental limits on the trade-off between the amount of unlabelled data

*We denote the set of probability measures over X as Ax.
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and labelled data in the form of (the first) information theoretic lower bounds for
selective sampling problems that we are aware of. Naturally, they say that there is an
absolute minimum amount of unlabelled data that is necessary to solve the problem,
but then for any amount of unlabelled data beyond this critical value, the bounds
say that the amount of labelled data must exceed some value as a function of the

unlabelled data used.

We propose an algorithm that nearly matches the lower bound at all feasible trade-off
points in the sense that given any unlabelled data budget that exceeds the critical
threshold, the algorithm takes no more labels than the lower bound suggests. Thus,
the upper and lower bounds sketch out a curve of all possible operating points, and

the algorithm achieves any point on this curve.

We characterize the optimal decision rule of whether to take a sample or not, based
on any critical point is a simple test: Accept z; € R if th Axy > 1 for some matrix A
that depends on the desired operating point and geometry of the task. Geometrically,

this is equivalent to x; falling inside or outside an ellipsoid.

Our framework is also general enough to capture binary classification, and conse-

quently, we prove results there that improve upon state of the art.

5.1.1 Related Work

Selective Sampling in the Streaming Setting: Online prediction, the setting in which

the selective sampling framework was introduced, is a closely related problem to the one

studied in this paper and enjoys a much more developed literature Cesa-Bianchi et al. [2009)],

Dekel et al. [2012], Agarwal [2013], Chen et al. [2021]. In the linear online prediction setting,

for t = 1,2,... Nature reveals z; € R? the learner predicts 7; and incurs a loss £(%, yt),

and then the learner decides whether to observe y; (i.e., & = 1) or not (& = 0), where y;

is a label generated by a composition of a known link function with a linear function of xy.

For example, in the classification setting Agarwal [2013], Cesa-Bianchi et al. [2009], Dekel

et al. [2012], one setting assumes y; € {—1,1} with E[y|z¢] = (2, 0«) for some unknown
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0. € R and £(5y,y:) = 1{J # y:}. In the regression setting Chen et al. [2021], one

observes y; € [—1,1] with E[y¢|xt] = (x¢,04) again, and £(yt,y:) = (Jr — yt)2.

After any
amount of time U, the learner is incentivized to minimize both the amount of requested
labels th/{:1 1{& = 1} and the cumulative loss Zzt’lzl l(yt,y) (or some measure of regret
which compares to predictions using the unknown 6,). If every label y; is requested then
L = U and this is just the classical online learning setting.

These works give a guarantee on the regret and labeled points taken in terms of the
hardness of the stream relative to a learner which would see the label at every time. Most do
not give the learner the ability to select an operating point that provides a trade-off between
the amount of unlabeled versus labeled data taken. Those few works that propose algorithms
that do provide this functionality do not provide lower bounds that match their given upper
bounds, leaving it unclear whether their algorithm optimally negotiates this trade-off. In
contrast, our work fully characterizes the trade-off between the amount of unlabeled and
labeled data through an information-theoretic lower bound and a matching upper bound.
Specifically, our algorithm includes a tuning parameter, call it 7, that controls the trade-off
between the evaluation metric of interest (for us, the quality of the recommended z € Z),
the label complexity £, and the amount of unlabelled data U/ that is necessary before the
metric of interest can be non-trivial. We prove that each possible setting of 7 parametrizes
all possible trade-offs between unlabeled and labeled data.

Our work is perhaps closest to the streaming setting for agnostic active classification
Dasgupta et al. [2008], Huang et al. [2015] where each xg is drawn i.i.d. from an underlying
distribution » on X', and indeed our results can be specialized to this setting as we discuss
in Section 5.3. These papers also evaluate themselves at a single point on the tradeoff curve,
namely the number of samples needed in passive supervised learning to obtain a learner
with excess risk at most e. They provide minimax guarantees on the amount of labeled
data needed in terms of the disagreement coefficient Hanneke et al. [2014]. In contrast,
again, our results characterize the full trade-off between the amount of unlabeled data seen,
and the amount of labeled data needed to achieve the target excess risk e. We note that
using online-to-batch conversion methods, Dekel et al. [2012], Agarwal [2013], Cesa-Bianchi

et al. [2009] also provide results on the amount of labeled data needed but they assume a
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very specific parametric form to their label distribution unlike our setting which is agnostic.
Other works have characterized selective sampling for classification in the realizable setting
that assumes there exists a classifer among the set under consideration that perfectly labels
every y; Hanneke and Yang [2021]-our work addresses the agnostic setting where no such
assumption is made. Finally, our results apply under the more general setting of domain
adaptation under covariate shift where we are observing data drawn from the stream v, but
we will evaluate the excess risk of our resulting classifier on a different stream 7 Rai et al.
[2010], Saha et al. [2011], Xiao and Guo [2013].

Best-Arm Identification and Online Experimental Design. Our techniques are
based on experimental design methods for best-arm identification in linear bandits, see Soare
et al. [2014], Fiez et al. [2019], Camilleri et al. [2021a]. In the setting of these works, there
exists a pool of examples X and at each time any « € X can be selected with replacement.
The goal is to identify the best arm using as few total selections (labels) as possible. Their
algorithms are based on arm-elimination. Specifically, they select examples with probability
proportional to an approximate G-optimal design with respect to the current remaining
arms. Then, during each round after taking measurements, those arms with high probability
of being suboptimal will be eliminated. Remarkably, near-optimal sample complexity has
been achieved under this setting. While we apply these techniques of arm-elimination and
sampling through G-optimal design, the major difference is that we are facing a stream
instead of a pool of examples. Finally, Eghbali et al. [2018]| considers a different online
experiment design setup where (adversarially chosen) experiments arrive sequentially and a
primal-dual algorithm decides whether to choose each, subject to a total budget. Eghbali
et al. [2018] studies the competitive ratio of such algorithms (in the manner of online packing

algorithms) for problems such as D-optimal experiment design.
5.2 Selective Sampling for Best Arm Identification

Consider the following game: Given known X, Z C R% and unknown 6, € R? at each time

t=1,2,...:

1. Nature reveals z; "y with support(v) = X
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2. Player chooses Q; € {0,1}. If Q; = 1 then nature reveals y; with E[y] = (x¢, 0«)

3. Player optionally decides to stop at time ¢ and output some z € Z

If the player stops at time U/ after observing £ = th/{:l Q) labels, the objective is to identify
Zx = argmax,¢ z(z, 0,) with probability at least 1 — 0 while minimizing a trade-off of U, L.

This paper studies the relationship between 4 and £ in the context of necessary and
sufficient conditions to identify z, with probability at least 1 — d. Clearly U must be “large
enough” for z, to be identifiable even if all labels are requested (i.e., £ = U). But if U is
very large, the player can start to become more picky with their decision to observe the label
or not. Indeed, one can easily imagine scenarios in which it is advantageous for a player to
forgo requesting the label of the current example in favor of waiting for a more informative
example to arrive later if they wished to minimize £ alone. Intuitively, £ should decrease
as U increases, but how?

Any selective sampling algorithm for the above protocol at time ¢ is defined by 1) a
selection rule P; : X — [0,1] where @ ~ Bernoulli(P:(z¢)), 2) a stopping rule U, and 3)
a recommendation rule z € Z. The algorithm’s behavior at time ¢ can use all information

collected up to time t

Definition 5.2.1. For any § € (0,1) we say a selective sampling algorithm is §-PAC for
v € Ay if for all # € R? the algorithm terminates at time ¢/ which is finite almost surely

and outputs arg max,cz(z, ) with probability at least 1 — 0.

5.2.1 Optimal design

Before introducing our own algorithm, let us consider a seemingly optimal procedure. For

any A€ Ay ={p: > ,cxPz =1, pr >0Ve € X} define

2
p(A) :== max I= Z*HIEXNA[XXT]’1

2€2\{z)  (0x, 20 — 2)?

(5.1)

Intuitively, p(\) captures the number of labeled examples drawn from distribution A to iden-

tify z4. Specifically, for any 7 > p(A)log(|Z|/0), if z1,...,2+ ~ X and y; = (x;,04) + €
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where ¢; is iid 1 sub-Gaussian noise, then there exists an estimator 6 := 5({(331,%)};:1)
such that (6, z,) > Max,ez\ , (8, z) with probability at least 1 — § Fiez et al. [2019].
In particular, 7 > p(A)log(|Z|/0) samples suffice to guarantee that arg maXZGZ@, z) =
argmax,e z (0x, 2) =: zx.

Thus, if our 7 samples are coming from v, we would expect any reasonable algorithm
to require at least p(v)log(|Z|/d) examples and labels. However, since we only want to
take informative examples, we instead choose to select the tth example x; = x according
to a probability P(z) so that our final labeled samples are coming from the distribution A
where A(z) o< P(x)v(z). In particular, P(z) should be chosen according to the following

optimization problem

25 — ZHIQE P(X)XXT]1
P* = argmin 7Ex.,[P(X)] subject to max Xl ]
P:X—[0,1] Y z€2\{z.} (24 — 2,04)2

Bs <1

(5.2)

for B5 = log(|Z|/0) where the objective captures the number of samples we select using
P*, and the constraint captures the fact that we have solved the problem. Remarkably, we
can reparametrize this result in terms of an optimization problem over A € Ay instead of
P*: X —[0,1] as

Ex [P(X)] = min p()s  subject to 7 |A/v]lccp(N)5s

where ||A\/V|lco = max,ecx A\(x)/v(z), as shown in Proposition D.2.6. Note that as 7 — oo
the constraint becomes inconsequential. Also notice that p(v)Bs appears to be a necessary
amount of labels to solve the problem even if P(xz) =1 (albeit, by arguing about minimizing

the upperbound of above).

5.2.2 Main results

In this section we formally justify the sketched argument of the previous section, showing

nearly matching upper and lower bounds.

Theorem 5.2.2 (Lower bound). Fiz any é € (0,1), X,Z C R?, and 6, € R%. Any selective
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sampling algorithm that is 0-PAC for v € Ay and terminates after drawing U unlabelled

examples from v and requests the labels of just L of them satisfies
o EU] > p(v)log(1/6), and

© EIC]> min p(\)log(1/8) subject to  BIU) > |\/v]ocp(X) og(1/5).

The first part of the theorem quantifies the number of rounds or unlabelled draws U
that any algorithm must observe before it could hope to stop and output z, correctly. The
second part describes a trade-off between U and £. One extreme is if E[Yf] — oo, which
effectively removes the constraint so that the number of observed labels must scale like
minyen , p(A)log(1/9). Note that this is precisely the number of labels required in the
pool-based setting where the agent can choose any x € X that she desires at each time ¢
(e.g. Fiez et al. [2019]). In the other extreme, E[U] = p(v)log(1/0) so that the constraint
in the label complexity E[L] is equivalent to p(v) > |[A\/V|lcop(A). This implies that the
minimizing A must either stay very close to v, or must obtain a substantially smaller value
of p(A) relative to p(v) to account for the inflation factor ||A/v||s. In some sense, this latter
extreme is the most interesting point on the trade-off curve because its asking the algorithm
to stop as quickly as the algorithm that observes all labels, but after requesting a minimal
number of labels. Note that this lower bound holds even for algorithms that known v exactly.
The proof of Theorem 5.2.2 relies on standard techniques from best arm identification lower
bounds (see e.g. Kaufmann et al. [2016], Fiez et al. [2019]).

Remarkably, every point on the trade-off suggested by the lower bound is nearly achiev-

able.

Theorem 5.2.3 (Upper bound). Fiz any § € (0,1), X,Z C R, and 6, € RY. Let A =
min, e z\ (5,3 (2« — 2,0x) and Bs log(log(x)|Z|/8) where the precise constant is given in
the appendiz. For any T > p(v)Bs there exists a §-PAC selective sampling algorithm that

observes U unlabeled examples and requests just L labels that satisfies with probability at least

1-6

o U< logQ(%)T, and
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o £ <3logy(x) min p(N)fs  subject to 7> [A/v]loop(N) Bs-
X

Aside from the log(%) factor and the log(|Z]) that appears in the (s term, this nearly
matches the lower bound. Note that the parameter 7 parameterizes the algorithm and
makes the trade-off between U and L explicit. The next section describes the algorithm that

achieves this theorem.

5.2.83  Selective Sampling Algorithm

Algorithm 8 contains the pseudo-code of our selective sampling algorithm for best-arm iden-
tification. Note that it takes a confidence level § € (0,1) and a parameter 7 that controls the
unlabeled-labeled budget trade-off as input. The algorithm is effectively an elimination style
algorithm and closely mirrors the RAGE algorithm for the pool-based setting of best-arm
identification problem Fiez et al. [2019]. The key difference, of course, is that instead of
being able to plan over the pool of measurements, this algorithm must plan over the z’s that
the algorithm may potentially see and account for the case that it might not see the z’s it

wants.

Algorithm 8 Selective Sampling for Best-arm Identification
1: Input Z c R4, § € (0,1),7
2: while |Z/] > 1 do R
3. Let P, Y5 +OPTIMIZEDESIGN(Z,, 2=t 7) // Bp, approximates
Ex[Py(X)X X T]

4: fort={(—-1)71+1,...,47 do
5: Nature reveals z¢ drawn iid from v (with support RY)
6: Sample Q¢(x¢) ~ Bernoulli(Py(x¢)). If Q¢ = 1 then observe y; //
Elye|ze] = (0, 1)
7. end for R R
8  Let 6y <—RIPS({2;341625(xs)xsys}§;(£_1)7+1, Zx 2) // 0y approximates 0,
9:  Zpy1=2,\{2 € Zp: max (2 — z,0,) > 276}
2'eZy

10: end while

In round ¢, the algorithm maintains an active set Z, C Z with the guarantee that each
remaining z € 2, satisfies, (2« — 2, 6x) < 8-27¢. In each round, on Line 3 of the algorithm, it

calls out to a sub-routine OPTIMIZEDESIGN(Z, €, 7) that is trying to approximate the ideal
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optimal design of (5.2). In particular, the ideal response to OPTIMIZEDESIGN(Z, €, 7) would
return a P and Xpr = Ex, [P (X)X X "] where P} is the solution to Equation 5.2 with the
one exception that the denominator of the constraint is replaced with max{e?, (6., z — 2)2}.
Of course, 0, is unknown so we cannot solve Equation 5.2 (as well as other outstanding issues
that we will address shortly). Consequently, our implementation will aim to approzimate
the optimization problem of Equation 5.2. But assuming our sample complexity is not too
far off from this ideal, each round should not request more labels than the number of labels
requested by the ideal program with e = 0. Thus, the total number of samples should be
bounded by the ideal sample complexity times the number of rounds, which is O(log(A~1)).
We will return to implementation issues in the next section.

Assuming we are returned (ﬁg,i 13@) that approximate their ideals as just described,
the algorithm then proceeds to process the incoming stream of z; ~ v. As described
above, the decision to request the label of x; is determined by a coin flip coming up heads
with probability ﬁg(xt)fotherwise we do not request the label. Given the collected dataset
{(zt, yt, Qs ﬁg(l‘t))}t, line 8 then computes an estimate é\g of 0, using the RIPS estimator
of Camilleri et al. [2021a] which will satisfy

(2= 2,00 — 0] <O (s — 2llg. 15 xrxxr1r \ J0g(22|2[2/8) ) < 27
XNV[ 4( ) ]

for all z € Z, simultaneously with probability at least 1 — §. Thus, the final line of the
algorithm eliminates any z € Z, such that there exists another 2z’ € Z, (think z,) that

satisfies (6,2 — z) > 2. The process continues until Z; = {z,}.

5.2.4  Implementation of OPTIMIZEDESIGN

For the subroutine OPTIMIZEDESIGN passed (Zy,€,7) the next best thing to computing
Equation 5.2 with the denominator of the constraint replaced with max{e?, (0, z, — 2)?}, is
to compute

/1|12
Iz =2z, rpxyxxTi

P, = argmin Ex.,[P(X)] subject to max 3 Bs <1 (5.3)

P:xX—[0,1] 2,2'€2Z; €




70

and ¥p = Ex.,[P(X)XX'] for an appropriate choice of 85 = O(log(|Z|/d)). To see
this, firstly, any z € Z with gap (f«, z« — 2z) that we could accurately estimate would not
be included in Z,, thus we don’t need it in the max of the denominator. Secondly, to
get rid of z, in the numerator (which is unknown, of course), we note that for any norm
max, . ||z — 2| < max; 2||z — z,|| < max, » 2||z—2||. Assuming we could solve this directly
and compute Xp = Ex.,[Pe(X)XX T, we can obtain the result of Theorem 2 (proven in
the Appendix).

However, even if we knew v exactly, the optimization problem of Equation 5.3 is quite
daunting as it is a potentially infinite dimensional optimization problem over X'. Fortunately,
after forming the Lagrangian with dual variables for each z — 2/ € Z x Z, optimizing the
dual amounts to a finite dimensional optimization problem over the finite number of dual
variables. Moreover, this optimization problem is maximizing a simple expectation with
respect to v and thus we can apply standard stochastic gradient ascent and results from
stochastic approximation Nemirovski et al.. Given the connection to stochastic approxima-
tion, instead of sampling a fresh £ ~ v each iteration, it suffices to “replay” a sequence of
Z’s from historical data. Summing up, this construction allows us to compute a satisfactory
P and avoid both an infinite-dimensional optimization problem and requiring knowledge of
v (as long as historical data is available).

Meanwhile, with historical data, we can also empirically compute Ex.,[P.(X)XX '].
Historical data could mean offline samples from v or just samples from previous rounds.
In this setting, Theorem 2 still holds albeit with larger constants. Theorem D.4.1 in the
appendix characterizes the necessary amount of historical data needed. Unfortunately (in
full disclosure) the theoretical guarantees on the amount of historical data needed is absurdly
large, though we suspect this arises from a looseness in our analysis. Similar assumptions
and approaches to historical or offline data have been used in other works in the streaming

setting e.g. Huang et al. [2015].
5.3 Selective Sampling for Binary Classification

We now review streaming Binary Classification in the agnostic setting Dasgupta et al. [2008],

Hanneke et al. [2014], Huang et al. [2015] and show that our approach can be adapted to
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this setting. Consider a binary classification problem where X is the example space and
Y = {—1,1} is the label space. Fix a hypothesis class H such that each h € H is a classifier
h:X — Y. Assume there exists a fixed regression function 1 : X — [0, 1] such that the label
of x is Bernoulli with probability n(z) = P(Y = 1|X = x). Being in the agnostic setting,
we make no assumption on the relationship between H and 7. Finally, fix any v € Ay and

m € Ay. Given known X', H and unknown regression function 7, at each time t =1,2,...:

1. Nature reveals x¢ ~ v

2. Player chooses Q¢ € {0,1}. If Q¢+ = 1 then nature reveals y; ~ Bernoulli(n(x¢)) €
{_17 1}

3. Player optionally decides to stop at time ¢ and output some heH.

Define the risk of any h € H as Rr(h) = Pxoryyx)(Y # h(X)). If the player
stops at time U after observing £ = Z%{:I @: labels, the objective is to identify h, =
arg miny ey Ry (h) with probability at least 1 — ¢ while minimizing a trade-off of U, L. Note
that A, is the true risk minimizer with respect to distribution 7 but we observe samples
x ~ v; w is not necessarily equal to v. While we have posed the problem as identifying the
potentially unique hA*, our setting naturally generalizes to identifying an e-good h such that
R;(h) — Ry (hy) <e.

We will now reduce selective sampling for binary classification problem to selective sam-
pling for best arm identification, and thus immediately obtain a result on the sample com-
plexity. For simplicity, assume that X and H are finite. Enumerate X and for each h € H
define a vector 2" ¢ [0,1)/*l such that z(h) = w(z)1{h(x) = 1} for z(M) = [zéh)]xex.
Moreover, define 6* := [0%],cx where 03 := 2n(z) — 1. Then

R(h) = Exeoryrn(x) (1Y # h(X)}]= Y w(@)(n(2)1{h(z) # 1} +(1 = n(x))1{h(x) # 0})

reX

=Y w@m@) + > w(@)(1 = 2n(@)H{h(z) = 1} = c— (=M, 67)

reX reX

where ¢ = Yy m(x)n(x) does not depend on h. Thus, if Z := {z(M}}, 3 then identifying
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hy = argmingcy Rr(h) is equivalent to identifying z, = argmax,cz(z,0%). We can now
apply Theorem 5.2.3 to obtain a result describing the sample complexity trade-off. First
define,

Iz = 22, xxms Exr | 1H{A(X) # K(X)}55 ]
max 5 5y — , max *))2 2
ze2\{z.} max{(0s, 2« — 2)%,€%}  her\{h.} max{(Rx(h)— Rx(h*))? €%}

IOTF()‘a 6) =

An important case of the above setting is when X ~ v and m = v, i.e. we are evaluating
the performance of a classifier relative to the same distribution our samples are drawn from.
This is the setting of Dasgupta et al. [2008], Huang et al. [2015], Hanneke et al. [2014]. The
following theorem shows that the sample complexity obtained by our algorithm is at least

as good as the results they present.

Theorem 5.3.1. Fiz any 6 € (0,1), domain X with distribution v, finite hypothesis class
H, regression function n: X — [0,1]. Set € > 0 and B5 = 2048log(41log3(4/€)|H|/5). Then
for 7 > pr(v,€)Bs there exists a selective sampling algorithm that returns h € H satisfying

Ry (h) — Rr(h*) < € by observing U unlabeled examples and requesting just L labels such that

o U <logy(4/e)T

o L < 310g2(§) min pr(\,e)Bs  st. T >[N V]oopr(A €)Bs
AEAx

with probability at least 1 — §. Furthermore when v =7 and if T > 16p(v, €)Bs we have that

L < 361ogy(4/€) (%’i)z + 4) sup 0% (2R, (h") + & v)Bs

where 0*(u,v) is the disagreement coefficient, defined in Appendiz D.5.
Note that if 7 is sufficiently large then the labeled sample complexity we obtain minyea , p(A, €)

could be significantly smaller than previous results in the streaming setting, e.g. see Katz-

Samuels et al. [2021]. The proof of Theorem 5.3.1 can be found in Appendix D.5.
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5.4 Solving the Optimization Problem

Recall that in Algorithm 8, during round /¢, we need to solve optimization problem (5.3).
Solving this optimization problem is not trivial because the number of variables can poten-
tially be infinite if X is an infinite set. In this section, we will demonstrate how to reduce it
to a finite-dimensional problem by considering its dual problem. To simplify the notation,
let Yy = {z—2":2,2 € 2,2 # 2'}, and rewrite the problem as follows, where ¢, > 0 is a

constant that may depend on round £.

minp Ex., [P(X)]

subject to y Exy [P(X)XXT] 'y <2, Wyed, (5.4)
0<P(x)<1, VrxedlX.

)
(

Using the Schur complement technique, we show in Lemma D.3.10 (Appendix D.3) the
following equivalence: y' Ex., [P(X)XXT]ily < c% <— Ex~» [P(X)XXT] - éyy—r.
This transforms a constraint involving matrix inversion into one with ordering between PSD
matrices. Then, we remove the bound constraints 0 < P(z) < 1, Vo € X by introducing
the barrier function —log(1 — z) — log(z). That is, instead of working with the objective

Ex~, [P(X)] directly, we consider the following problem.

minp  Ex, [P(X) — pm(log(l — P(X)) +log(P(X)))]

(5.5)
subject to Ex~y [P(X)XX ] = Lyy", Vye .
4

Here, pp, € (0,1) is some small constant that controls how strong the barrier is. Intuitively, a
smaller y;, will make problem (5.5) closer to the original problem. We now show that unlike
the primal, the dual problem is indeed finite-dimensional. For each constraint of y € ), let

the matrix Ay > 0 be its dual variable. Further, let A = Ay and A = (Ay) The

TISRY) YEYe”

corresponding Lagrangian is

LA, P) = Exy [P(X) iy log(1~ P(X) Hlog(P(X)) - POOXTAX] + 5 3y Ay
¢ yey,
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The dual problem is maxy g vyecy, minp £ (A, P). Notice that minimization over P : X
[0,1] can be done via minimizing P(z) point-wise for each € X. To do this, we take the

gradient with respect to each P(x) and set it to zero to get

1 mwoo T
1 — —z Az =0. 5.6
TP Pw M (5.6)

Solving this equation and defining g (x) = zT Az — 1, we get

UV Cm - a@) + i)
2 (@) 2qa(z) ' 60

Py(z) =

Note that if g5 = 0 (no barrier), the above reduces to the “threshold” decision rule
Pp(z) = % + %, which gives 0 when gy (x) < 0 and 1 when ga(z) > 0.7 This is exactly
the hard elliptical threshold rule mentioned before, in which whether to query the label for x
depends on whether it falls inside (z T Az < 1) or outside (x T Az > 1) of the ellipsoid defined
by the positive semidefinite matrix A. A visualization of the decision rule P, is given in
Figure D.1 in the Appendix.

Now, by plugging in Pj(z), our dual problem becomes maxy oy D(A) := L (A, Py).
This is a finite-dimensional optimization problem, and can be solved by projected gradient

ascent (or projected stochastic gradient ascent when we have only samples from v). The

gradient of D(A) is

-
= BB xT _ Rz
VAyD(A)—EXNy[<1+1_PA($) Py () X AX> Va, Pa(X)~Pr(X)XX T |+ p
T
- ng —Exe [PA(X>XXT] : (Since Pp(X) solves Eq. (5.6))
{4

The algorithm to solve the problem has been summarized in Algorithm 9, in which the
T

gradient during kth iteration is replaced by its unbiased estimator % — PA(k)(xk)xk:r;.
(4

The adaptive learning rate is chosen by following the discussion in chapter 4 of Orabona

[2019]. Optimizing the assignment of Ay to each y in line 10 ensures that the re-scaling step

"When ga(z) = 0, Px(x) is undetermined from the dual.
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in line 11 increases the function value in an optimized way. Finally, the re-scaling step is
used to ensure that the output primal objective value Ex ., [P(X)] is bounded well, which

will be explained in more details in Appendix D.3.

Algorithm 9 Projected Stochastic Gradient Ascent to Solve OPTIMIZEDESIGN

1: Input: Number of iterations K; number of samples u; barrier weight p, € (0,1)
2: Initialize Ago) = 0 for each y € )y
3: for k=0,1,2,..., K —1do
4 Sample x}, ~ v
5:  Set —w' _ p (z3;)xpz, , where Py is defined in Eq. (5.7)
Iky = cz A\ L) TETy A q. (0.
1
\/2 25:1 Zyeygﬂgs,yHg
: A (F+1) A (k+1) o
7. Update Ay — HSi (Ay ") for each y € )y, a projection to the set of d x d PSD
matrices
8: end for )
h | K i - .

9: Let Ay = k=1 Ay foreachy € Ypand A =37 -y Ay )
10: Update (Ay)yey, < argmaxp 3. cy, y Ayy, subject to Dyey, Ay = A Ay = 0,Vy €

Ve
11: Find s* < argmax,c(o ] Dg(s - A), where Dg empirically evaluates D using u i.i.d.

samples
12: return A = s*- )

6: Set Az(,k—H) — Az(,k) + Nk Yr,y for each y € Yy, where n;, =

yeVe Ay

Let A* be an optimal solution for D(A). Intuitively, as long as we run this algorithm

with sufficiently large number of iterations K and number of samples u, we can guarantee

that D(A) and D(A*) are close enough with high probability, which in turn guarantees that
the primal constraints are violated by only a tiny amount and Ex .., [PK(X )] is close enough

to the optimal value. Specifically, we can prove the following theorem.

Theorem 5.4.1. Suppose ||z|ly < M for any x € supp(v) and £ = Ex., [XXT] is

)\max (E)
>\Inin (E)

Assume ||[A*||p > 0 and define w = minpega;r), =1 Ex~v {(XTFX)ﬂ, where S is the set

invertible. Let A* € argmaxy yovyecy, D(A) and k(X) = be its condition number.

of d x d symmetric matrices.

Then, A* = Zyeyg Ay is unique. Further, for any € > 0 and § > 0, if it holds that
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1y, < O (VTR T MEIM) - /T + )€ and

s OG»%(E)?HA*H%Mlﬁlogu/a))' (1 , 6)2 . O(fe(z)?\A*r%Mlﬁloga/a)),(l - e>2 |

6 6
w?py w?py €

then, with probability at least 1 — 0, Algorithm 9 will output A that satisfies
—1
oy Ex [PX(X)XXT] y<(1+ec, Vyel.

e Ex., [PK(X)] < Ex~u [ﬁ(X)} + 4./1p, where P is the optimal solution to problem
(5.4) with barrier constraint repaced by 0 < P(x) <1 — pp,Vr € X.

The proof is in Appendix D.3. Although P is not exactly the same as the optimal
solution of the original problem (5.4), when py is sufficiently small, they will be very close.
Meanwhile, it should be noted that Theorem 5.4.1 mainly reveals that with sufficiently
large number of iterations and number of samples, Algorithm 9 can output sufficiently good
solution. In future work, we plan to examine how much this bound can be improved via a
tighter analysis.

Finally, notice that Algorithm 9 needs to maintain | V| d? = O(|Z,|* d2) variables, which
can be large when we have a large set Z,. Therefore, as an alternative, we also propose
Algorithm 16 that only needs to maintain d? variables but requires more computational

power in each iteration. The details are given in Appendix D.3.
5.5 [Empirical results

In this section we present a benchmark experiment validating the fundamental trade-offs
that are theoretically characterized in Theorem 5.2.2 and Theorem 5.2.3. We take inspiration

from Soare et al. [2014] to define our experimental protocol:

e d = 2, a two-dimensional problem.
o Z =[e1, ey, (cos(w),sin(w))] for w = 0.3, where e, ez are canonical vectors.

e 0, =2e; and y =z 0, + 1, where n ~ N(0,1).
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e The distribution v for streaming measurements z; "~ v is such that

x¢ = (cos(2yw /N ), sin(2Iy7/N)),

where Iy € {0,...,N — 1}, P(I; = i)  cos(2in/N)?, and N = 30.

In this problem, the angle w is small enough that the item (cos(w), sin(w)) is hard to discrim-
inate from the best item ej. As argued in Soare et al. [2014], an efficient sampling strategy
for this problem instance would be to pull arms in the direction of +es in order to reduce
the uncertainty in the direction of interest, e; — (cos(w), sin(w)). However, the distribution
v is defined such that it is more likely to receive a vector z; in the direction of ey rather
than +es. Thus, if one seeks a small label complexity, then P should be taken to reject
measurements in the direction of +eq.

In the benchmark experiment, we compare the following three algorithms which all use
Algorithm 8 as a meta-algorithm and just swap out the definition of ﬁg. Naive Algorithm
uses no selective sampling so that ﬁg(x) =1 for all z; the Oracle Algorithm uses ﬁg = P,
where P; is the ideal solution to (5.2), and Our Algorithm uses the solution to (5.5) for b,
where we take 1 = 2 x 107°. We swept over the values of 7 and plotted on the y-axis the

amount of labeled data needed before termination, as shown in Figure 5.1.

Label Complexity (£) v.s. 7 Comparison between P, () and v(x) Heatmap of P.(x)

e

[ \ /

/ \ /

\ [

\ \
10° 4 \ [ \ [ 25
s 0.6 \ / \ / - =
=== Oracle Algorithm \ s\ / [cos(w), sin(w)]
Our Algorithm \ M \ / = 0.5
: \ v(x) |\ /
: \ \ / = .

: \ / \ / or

probability

- Naive Algorithm

10°4 ¢

Figure 5.1: (left) For each value of 7, we plot the average label complexity over 50 repeated
trials. (middle) Visualization of Py (z) and v(z) v.s. z, where z is indexed by I such that
x; = (cos(2I7/N),sin(2I7/N)). Here, Py is solved with 7 = 4 x 10° and distribution v is
not normalized. (right) A heat map of P, (x) along with the setting of experimental protocol.
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We observe in Figure 5.1 that the algorithms using non-naive selection rules require far
less label complexity than the naive algorithm for all 7. This reflects the intuition that
selection strategies that focus on requesting the more informative streaming measurements
are much more efficient than naively observing every streaming measurement. Meanwhile,
the trade-off between label complexity £ and sample complexity U characterized in The-
orem 5.2.2 and Theorem 5.2.3 is precisely illustrated in Figure 5.1. Indeed, we see the
number of labels queried by the two selective sampling algorithms decrease as the number

of unlabeled data seen in each round increases.

5.6 Conclusion

In this paper, we proposed a new approach for the important problem of selective sampling
for best arm identification. We provide a lower bound that quantifies the trade-off between
labeled samples and stopping time and also presented an algorithm that nearly achieves the
minimal label complexity given a desired stopping time.

One of the main limitations of this work is that our approach depends on a well-specified
model following stationary stochastic assumptions. In practice, dependencies over time and
model mismatch are common. Utilizing the proposed algorithm outside of our assumptions
may lead to poor performance and unexpected behavior with adverse consequences. While
negative results justify some of the most critical assumptions we make (e.g., allowing the
stream x; to be arbitrary, rather than iid, can lead to trivial algorithms, see Theorem 7
of Chen et al. [2021]), exploring what theoretical guarantees are possible under relaxed

assumptions is an important topic of future work.
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Chapter 6

PRIMAL-DUAL METHODS IN APPROXIMATE POLICY
OPTIMIZATION

This chapter is based on Xiong et al. [2024b], with Maryam Fazel and Lin Xiao.
6.1 Introduction

Policy gradient methods represent a paradigm shift in reinforcement learning from value-
based methods [Watkins, 1989, Puterman, 1994, Bertsekas, 2015] to a more direct approach
of policy optimization |Williams, 1992, Sutton et al., 1999, Konda and Tsitsiklis, 1999].
In particular, the natural policy gradient (NPG) method of Kakade [2001] inspired later
development of trust region policy optimization (TRPO) and proximal policy optimization
(PPO), both with great empirical success [Schulman et al., 2015, 2017].

Their success also ignited considerable efforts to understand policy gradient methods
from a theoretical perspective. Among them, Neu et al. [2017] first connected NPG with
the mirror descent (MD) algorithm [Nemirovski and Yudin, 1983, Beck and Teboulle, 2003],
which led to a more general class of policy mirror descent (PMD) methods. Convergence
guarantees for tabular PMD methods progressed from sublinear convergence [Shani et al.,
2020a, Agarwal et al., 2021] to linear convergence [Xiao, 2022, Lan, 2023, Johnson et al.,
2023]. Then the linear convergence results were extended to PMD methods with linear
function approximation [Yuan et al., 2022|, and more recently with general function approx-
imation [Alfano et al., 2024].

However, the progresses of PMD on the empirical and theoretical fronts are more or
less disjoint, especially concerning general function approximation. One one hand, Tomar
et al. [2020] and Vaswani et al. [2021] derived practical algorithms from the MD principle,
but with no or limited convergence guarantees. On the other hand, Alfano et al. [2024]

proposed Approximate Mirror Policy Optimization (AMPO), a PMD framework that has
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linear convergence guarantee with general function approximation, but has limited empirical

success (see our empirical study in Section 6.7).

6.1.1 Contributions and Organization

In this paper, we aim to bridge this gap between theory and practice by proposing Dual
Approximation Policy Optimization (DAPO), a new PMD framework that incorporates
general function approximation. In contrast to AMPO, which uses the squared Lo-norm to
measure the function approximation error and tries to minimize it for policy update, DAPO
uses the dual Bregman divergence generated by the mirror map used for policy projection.
We organize remaining parts of this paper as follows.

In Section 6.3, we first briefly review the basics of Markov decision processes (MDPs) and
the MD algorithm. Then, in order to work with negative entropy restricted on the simplex,
we further extend the MD algorithm to work with mirror maps whose gradient mapping and
conjugate gradient mapping are not inverses of each other.

In Section 6.4, we propose the general framework of DAPO and present several instan-
tiations of DAPO using different mirror maps, including the squared Lo-norm (DAPO-Ls),
negative entropy on the positive orthant and negative entropy restricted on the simplex
(DAPO-KL). We will elaborate the subtle but important difference between the later two
examples and show that DAPO-KL includes two state-of-the-art practical algorithms as
special cases: Soft Actor-Critic (SAC) of Haarnoja et al. [2018a] and Mirror Descent Policy
Optimization (MDPO) of Tomar et al. [2020].

In Section 6.5, under different choice of step sizes, we prove both O(1/K) and linear
convergence rates under general function approximation for two variants, DAPO-Lg and
DAPO-KL, thus immediately providing MDPO with strong convergence guarantees. Then,
we in further prove O(1/K) convergence rate for SAC under the framework of entropy-
regularized reinforcement learning.

In Section 6.6, we further extend the convergence guarantees for DAPO-KL to MDPs with
continuous state and action spaces, including a rigorous development of the MD algorithm

in functional space. This is an important result that has been missing from the literature
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despite the wide application of PMD methods in continuous state-action spaces.

Finally, in Section 6.7, compare DAPO with SAC and AMPO on several standard Mu-

JoCo benchmark tasks to demonstrate the effectiveness of this duality framework.

6.2 Related Work

PG and PMD in tabular MDPs. Although the proposal of policy gradient theorem
and natural policy gradient (NPG) can be traced back to around 2000s or even before
[Williams, 1992, Konda and Tsitsiklis, 1999, Sutton et al., 1999, Kakade, 2001], the study of
its convergence to the global optimum only started in recent years. On the other hand, mirror
descent algorithm [Nemirovski and Yudin, 1983] has been extensively studied for a long time
as an online learning algorithm Bubeck et al. [2012]. To connect these two, Neu et al. [2017]
first shows that NPG can be viewed as a special case of policy mirror descent (PMD) and
most of the following convergence analyses are based on this viewpoint. For tabular MDPs,
Shani et al. [2020a] shows that unregularized NPG with a softmax policy has a O(1/VK)
convergence rate. Agarwal et al. [2021], Vieillard et al. [2020], Xu et al. [2020] then improve
it to the O(1/K) convergence rate under different settings. After that, Khodadadian et al.
[2021], Bhandari and Russo [2021], Xiao [2022] prove the linear convergence rate for the
NPG method. Very recently, Johnson et al. [2023] shows that a linear convergence rate
is optimal for NPG in tabular MDPs and Mei et al. [2023] provides a new perspective by
proving a necessary and sufficient ordering-based condition for NPG convergence in bandit

setting.

PG and PMD in regularized MDPs. Another parallel line of work analyzes applying
NPG method to maximum entropy reinforcement learning. Cayci et al. [2021], Cen et al.
[2022b] show that NPG with softmax policies can converge linearly in entropy-regularized
MDPs while Lan [2023] also shows general PMD method converges linearly. Then, the linear
convergence of PMD is extended to MDPs with general convex regularizers by Zhan et al.
[2023]. Meanwhile, Li et al. [2022] and Lan et al. [2023] also propose other variants of PMD

methods that converge linearly in entropy-regularized MDPs.



82

PG and PMD with function approximation. Agarwal et al. [2021] shows Q-NPG
with log-linear policies achieves O(1/y/K) convergence rate while Cayci et al. [2021] and
Yuan et al. [2022] show that NPG with log-linear policies can converge linearly in entropy-
regularized MDPs and unregularized MDPs. Meanwhile, Chen et al. [2022b] and Chen
and Maguluri [2022] show similar O(1/K) and linear convergence result under different as-
sumptions, respectively. For more general function approximation setting, Wang et al. [2019]
shows that NPG with two-layer neural network has O(1/v/K) convergence rate and Liu et al.
[2019] shows that NPG with multi-layer neural network achieves O(1/v/K) convergence rate.
Recently, Alfano et al. [2024] shows PMD method with general function approximation can
converge linearly. The main difference between Alfano et al. [2024] and our work lies on how

we define approximation, as discussed in Section 6.4.2.

PG and PMD in continuous MDPs. For continuous MDPs, recent works studying
policy optimization mostly focus on control problems with specific structure [Hu et al.,
2023]. In particular, Fazel et al. [2018] shows that NPG can converge to the global optimum
in LQR problem and related results for LQG problem are discussed in Zheng et al. [2022].
For continuous-space MDPs, Pirotta et al. [2015] show a monotonic improvement of vanilla
PG method in Lipschitz MDPs while Bedi et al. [2022] treat the value function as a general
non-convex objective and shows convergence to stationary points. For MDPs with both
continuous space and time, Lee and Sutton [2021] studies a continuous version of policy
iteration; Munos [2006] proposes a continuous-time policy gradient theorem while Zhao et al.
[2023] develops a continuous-time TRPO algorithm and studies its monotonic improvement
property. Lan [2022] is the only known work that studies convergence of PMD method in

general continuous-space MDPs and achieves O(1/K) convergence rate.

Applications of PG. Together with the rise of deep Q-learning [Mnih et al., 2013], PG
methods have also inspired many successful practical algorithms for real-world control task,
including DDPG in Lillicrap et al. [2015], TRPO in Schulman et al. [2015], PPO in Schulman
et al. [2017] and SAC in Haarnoja et al. [2018b,a]. Recently, Tomar et al. [2020] and Vaswani

et al. [2021] propose general policy optimization algorithms based on mirror descent that
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are similar to ours. However, both of them treat policy parameterization as a black box and

neither provides a convergence rate analysis.

Other related work. The capability of policy gradient methods to do exploration in
MDPs is also studied in Cai et al. [2020], Agarwal et al. [2020], Shani et al. [2020b], Zanette
et al. [2021]. Grudzien et al. [2022] proposes an abstract framework called mirror learn-
ing for both tabular and continuous-space MDPs that includes mirror descent as a special
case. It provides an asymptotic convergence analysis but does not consider any function
approximation setting. Finally, for optimization in functional space, Chu et al. [2019] pro-
vides a framework setup that unifies variational inference and reinforcement learning. More
recently, Aubin-Frankowski et al. [2022] studies mirror descent in general functional space

with a rigorous convergence rate analysis. However, it only focuses on the primal space.

6.3 Preliminaries and New Foundations

We first review the background of Markov decision processes (MDPs) and the general mirror

descent method.

6.3.1 Markov Decision Processes

Let A(X) = {p e RI¥I ‘ Y zex Pz =1and py > O,Vx} denote the probability simplex over
an arbitrary finite set X'. We consider an infinite-horizon Markov Decision Process (MDP),
denoted as M = (S, A, P,c,7), where S is a finite state space, A is a finite action space,
P:Sx A A(S) is the transition kernel, ¢ : § x A — [0,1] is the single-step cost
function and v € (0, 1) is the discount factor. A stationary policy is defined as a function
7 : S — A(A) such that 74 is a probability distribution over A for each s € S. At each time
t, an agent with policy 7 takes an action a; ~ ms,, which sends the MDP to the new state
st4+1 ~ P(st, a¢) and incurs a single-step cost ¢(s¢, az).

The main objective in reinforcement learning is to find a policy that minimizes the

accumulated, discounted cost starting from an initial state distribution p € A(S). Formally,
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it is defined as V' = Es~, [VST], where

oo
Ve =By, [Z V(s ar)
t=0

s0 = s] . (6.1)

The corresponding Q-value function under policy 7 and state-action pair (s, a) is defined as

00
t
;r,a = Eat’\‘ﬂ—st 27 C(Stv at)
t=0

S0 =S,a0 = a] . (6.2)

We use QT € RMI to denote the vector [ gva]aEA

With initial distribution p € A(S), we define the discounted state-visitation distribution

and we immediately have V' = (Q7, 7s).

under policy 7 as

()
d;)r,s = (1 - ’7) nyt ]P);rorvp (St = 3) ’ (63)
t=0

where PT (st = s) represents the probability that s; = s if the agent follows policy 7 and

so~p
the initial state so is sampled from distribution p. We can easily verify that >, sdf ;=1
and thus djj € RIS! is a valid probability distribution. Meanwhile, by truncating all terms
with ¢ > 1, we obtain dj ; > (1 —)ps for any s € S.
The gradient of V' with respect to the policy is given by the famous policy gradient
theorem as [Sutton et al., 1999]
ovy 1

VSVPW = 67-[-8 = Edz—’sQ? (64)

Notice that VsV € R and we define VvV e RISIXIA a5 the concatenation of VsV, for
all s € S.

6.3.2 Mirror Descent

Mirror descent (MD) is a general framework for the construction and analysis of optimization
algorithms [Nemirovski and Yudin, 1983|. Its key machinery is a pair of conjugate mirror
maps that map the iterations of an optimization algorithm back-and-forth between a primal

space and a dual space. We follow the common practice of defining the mirror maps with
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the gradient mapping of a convex function of Legendre-type |Rockafellar, 1970, Section 26.
Then, we will provide a novel relaxation of it, which serves as the new foundation of our

later analysis.

Legendre function and relaxzations

Let X be a normed vector space, possibly of infinite dimension, and ® : X — RU {+oc0} a

proper, closed convex function with dom® = {x € X' | ®(z) < +o0}.

Definition 6.3.1. The function ® is of Legendre type if

(a) The interior of dom ®, denoted by D, is nonempty;
(b) @ is differentiable and strictly convex on D;

(c) For any sequence {z,} C D which converges to a boundary point of D, it holds that

iy o0 | V® (20| = oo.

Let X* be the dual vector space of X. The (Legendre) conjugate of ® is defined as

follows: for any x* € X'*,

" (2") = S {(z,2%) — @(2)}. (6.5)

Similarly, dom ®* = {z* € X* | ®*(2*) < 400} and D* = int (dom ®*). If ® is of Legendre
type, then its gradient V& is one-to-one from D to D* and V&* = (V@)_l; in other words,

for any z € D and z* € D*,
Vo* (VO (z)) = z, VO(VO*(z¥)) = a™. (6.6)

See Rockafellar [1970, Theorem 26.5] for further details.

However, if ® is not of Legendre type, then (6.6) may not hold. In particular, this is the
case if the dom @ is the simplex A = {z € R’} | >, z; = 1}, which has an empty interior.
In fact, such functions are not even differentiable. To see this, let ®(x) = ¢(z) + d(z|A)

where ¢ is convex and differentiable over R™, and §(-|A) is the indicator function of A, i.e.,
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d(z|A) =0 if z € A and +oo otherwise. Then @ is not a differentiable function. However,

it is subdifferentiable with subdifferential
0P(z) = {Vo(x) +cl|ce R}, (6.7)

T
where 1 = [1 1} .

Admittedly, although being a common assumption, relation (6.6) is not a necessary
condition for vanilla mirror descent as presented in Beck and Teboulle [2003]. However, a
relation similar to (6.6) will play an important role in our analysis because it helps avoid
non-convexity when we consider policy with general parameterization. Therefore, given the
importance of simplex in studying MDPs, a relaxation of of (6.6) will be critical to our main

results, which is presented in Lemma 6.3.2 as follows.

Lemma 6.3.2. Suppose ®(z) = ¢(x)+(x|L) where ¢ is a convex function of Legendre type
and L is an affine subspace. Assume that int (dom @) N L # 0. Then we have

Vo*(VO(z)) = x, Vz € int (dom ¢) N L.
And for any z* € int (dom ®*) and any x,y € dom @,
(VO(VE*(2¥)),2 —y) = (¢, 2 —y),
where V®(x) denotes any subgradient in 0P(x).

Proof. Let £ = xg+ V where V is a subspace, and denote V1 its orthogonal complement.
First, it is commonly known that the subdifferential of an indicator function is a normal cone
[Bertsekas, 2009]. Thus, we have 96(x | £) = Nz (z) def {¢' 1 {g,v+z9—12) <0,Yv €V}
That is, for any ¢’ € Ny(x), we have (¢',v) < (¢',x — z¢) for any v € V. Since V is a
subspace, for any v € V, we have av € V for any a € R. Therefore, we must have (¢’,v) =0
for any v € V and ¢’ € Ny (z), which leads to N (2) = V1. (The reverse side is obvious.)
Suppose z € int (dom ¢) N L. Then, according to the subdifferential calculus rule, we

must have V®(z) = Ve(z) + € for some € € Ng(z) = V&, Let 2/ 2 V&*(V®(z)). By
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definition of ®* and strict convexity of ¢, we have

o' = argmax {(z,Vo(z) + &) — ¢(2)}.

zeLNdom ¢

The optimality condition of the above problem is
Vé(x) + & — Vo(a') € Nerdomo(2') = V& + Naom s(2),

where the last equality above holds because Nz (x) = V1. Note that 2/ = V®*(Vd(z))
implies V®(z) € 0®(x') = d¢(2') + d6(2'|L). As shown in Rockafellar [1967], d¢(z) = 0 for
any x € bd dom ¢ for a Legendre type function ¢. Therefore, we must have 2’ € int (dom ¢),
which then implies Ngom ¢(2’) = {0}. Thus, we have

Vo(z) + & — V(') e V*

Since ¢ € V. we conclude that Vo(z) — Vo(z') € V1. On the other hand, we have

x,2' € L, which implies that  — 2’ € V. Therefore,
<V¢(x) —Vo(z'), x — x'> =0.

Since ¢ is strictly convex, we must have x = 2, thus proving V&*(V®(z)) = .

To prove the second statement, let 2’ = V&*(z*), i.e.,

' = argmax {(z,2%) — ¢(2)}.
z€LNdom ¢

By similar reasoning, we have x’ € int (dom¢). Thus, the optimality condition is z* —

Vo(z') € YV, meaning Vo(z') = z* + € for some & € V. Meanwhile,

VO(VP* (1%)) = V(a') = Vo(a') + € = a* + £+ ¢,
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where ¢ € V1. Since £,& € V' and z — y € V, we have
(VO(VO*(z%)),x —y) = (2,2 — y).

This finishes the proof. O

Notice that if dom¢ = R} and £ = {z € R™[17z = 1}, then dom ® = dom ¢ N L = A.
This is how we will invoke Lemma 6.3.2 with ¢ being the negative entropy function. Here,

we call the function ® defined in Lemma 6.3.2 as the relazed Legendre-type function.

Mirror descent (MD) algorithm

To describe the MD algorithm, we first define Bregman divergence and Bregman projection.
Given a convex function of Legendre type, ®, the Bregman divergence between any = €

dom ® and y € int (dom ®) is defined as

Dg(z,y) = ®(z) — ®(y) — (VO(y),z — y) . (6.8)

Furthermore, this is also well-defined for relaxed Legendre-type function defined in Lemma

6.3.2, as shown in the following corollary.

Corollary 6.3.3. In the setting of Lemma 6.3.2, for any x,y,z € dom® and g € 0P(z),

we have

(9,2 —y) = (Vo(2),2 —y),
which makes expression (V®(z),x — y) well-defined for x,y € dom ®.

Proof. Again let £L = xzo + V. As shown in the proof of Lemma 6.3.2, we have 0®(z) =
Vo(z) 4+ 98(z | £) and 85(z | £) = VE. Then, since dom ® C £, we have z — y € V, which

means to have (¢, 2 — y) = 0 for any ¢’ € 96(z | L). Therefore, we have

(g —y) = (Vo(2), 2 —y) + (¢ z —y) = (Vé(2),z —y) .
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Let C be a closed convex set contained in dom ®. The Bregman projection of any y €
int (dom ®) onto C is

projg)(y) = argmin Dg(z,y). (6.9)
zeC

Now consider the problem of minimizing a convex function f : X — R U {co} over a

closed convex set C C dom ®. We use the presentation of MD given by Bubeck [2015]:

1. Given z®)| find y(k‘H) such that
Vo (y D) = vo(zF)) — g (6.10)

where 7, is the step size at iteration k, and g(k) can be the gradient Vf(a?(k)) or a

sub-gradient of f at z(*).
2. Compute z(k+1) = proj‘cb(y(k+1)),

Using the first identity in (6.6) and the definition in (6.9), we can express the MD

algorithm more compactly as

2 D= arg min Dg (x, V@*(V@(x(k)) —nkg(k))) (6.11)
zeC

It can be further simplified to the following well-known form Beck and Teboulle [2003],
Bubeck et al. [2012]

o+ — arg min {nk<g(k), x> + Dy (x, x(k))} . (6.12)
zeC

Next we discuss three examples of the MD algorithm for solving min,ca f(z), where A

is the simplex. Each leads to a variant of the DAPO method we present in Section 6.4.

Example 6.3.4 (Squared Lo-norm). Let &(x) = %Ha:”%, which is Legendre type with
int (dom®) = dom® = R™. We have ®*(z*) = |2*|3, V®(z) = z, VO*(z*) = 27,

and Dg(z,y) = 3|z — y||3. In this case, the MD algorithm (6.11) becomes the classical
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projected gradient method

2D = arg ﬁinHw — (z®) — eV £ (a™)) Hg
xe

Example 6.3.5 (Negative entropy on R’ ). Consider the (generalized) negative entropy
®(x) = > ;(x;log(x;) — x;) with dom® = R’} (and the convention Olog0 = 0). It is of
Legendre type, with ®*(z*) = )", exp(z]), V®(z) = log(x) and V®*(2*) = exp(z*), where
log and exp apply component-wise to vectors. For any x € R’} and y € R’} , , their Bregman

divergence is the KL-divergence:
oy
Dg(z,y) = <£L“z log j -z + yz) : (6.13)
. 7
7

In this case, the Bregman projection of y € R’} , onto A is proji(y) = y/|ly||1 and the MD
algorithm (6.11) becomes

k1) 2™ exp(—mrg™)

= . 6.14
12 exp( =g ™) (6:14)

2

Example 6.3.6 (Negative entropy on A). Let ¢ be the negative entropy function, that is,
d(x) = ;(wilog(z;) — x;) and define ®(x) = ¢(x) +(x|A). Apparently dom & = A, which
has an empty interior. As discussed in Section 6.3.2, ® is not of Legendre type and in fact
is not differentiable. However, the MD algorithm is still well-defined. Specifically, in (6.10)
we interpret V@(x(k)) as any subgradient in 8<I>(:U(k)), and find y**1) such that there exists
some V& (yF+1)) € 9 (y*+1) to make the equality hold.

Despite V®(y) being multi-valued as in (6.7), the Bregman divergence (6.8) is also well-
defined by Corollary 6.3.3. Therefore, Dg is the same as (6.13). Using the fact z,y € A, it

can be simplified as

%@m:§%m%. (6.15)
- i
1

In addition, we have ®*(z*) = log (3, exp(a)) with dom ®* = R" [Rockafellar, 1970,
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Section 16]. Clearly, ®* is a differentiable function throughout R™ and

exp(z”)

In this case, the MD algorithm (6.11) yields the same update as (6.14). However, the
projection step is no longer needed because the range of V®* is the interior of A and we

can simply express the MD algorithm as
2+ vq)*(vq)(x(k)) _ ng(k))-

Although Examples 6.3.5 and 6.3.6 give the same MD update, their subtle difference play a

crucial role in our development of policy optimization methods in the next section.

Dual Bregman Divergence

Finally, as a key tool of our duality framework, we introduce the dual Bregman divergence
Dg+, which is induced by the convex conjugate function ®*. Its dual relationship with Dg

is characterized by the following corollary.

Corollary 6.3.7. Let ® be a Legendre-type function given in Definition 6.5.1 or relazed

Lgendre-type function given in Lemma 6.3.2. For z*,y* € int (dom ®*), we have
D+ (z*,y*) = De(VO*(y*), VO* (z)).
Proof. By definition of the Bregman divergence in Eq. (6.8), we have

Do+ (2",y%) = Do (VE*(y*), V¥ (27))
= (a) @ (4") — (VO ()" )
— [(VE'(y7)) — B(VE*(27)) = (VE(VE'(27)), VO™ (y*) — VO™ (7))]
=[@%(z7) + 2(VO™(27))] — [2"(y") + 2(VO*(y"))]
— (VO (y"), 2" —y") + (", VO (y*) — VO (7))
(By Lemma 6.3.2 and V®*(y*), V&*(2*) € dom ® or Eq. (6.6).)
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= (2", VO (27)) — (y*, VO (y)) — (VO (y), 2" — y") + (27, VO (y*) — V&' (27))
(By Bertsekas [2009, Proposition 5.4.3].)
=(VO*(z"), 2" —a") + (V' (y"), —y" +y" —a" +27)

=0.

6.4 Dual Approximation Policy Optimization

Notation. Starting from this section, we use n* to denote arbitrary comparator policy
and for policies with index or star such as (%) and 7*, we will use Vp(k) (respectively V) as
a shorthand for Vgr(k> (respectively Vp”*) and similarly for ngg and d,()k) (respectively Q5 ,
and d).

Recall the setting of MDP in Section 6.3.1. In the tabular case, the policy mirror descent

(PMD) method Shani et al. [2020a], Lan [2023], Xiao [2022] takes the form of (6.12):

7T§k+1) = arg min{nk<@gk),7rs> + D@(ws,ﬂgk))}, (6.16)
msEA(A)

for each s € S, where @(k) is some approximation of Q). We note that Q(k) is not the
gradient of the value function VT at TI'(k), which is given in (6.4); rather, it can be viewed

as a preconditioned gradient Kakade [2001].
When the size of the state-action space becomes large (possibly infinite), we have to
resort to function approximation. Specifically, let 7 be a differentiable mapping from the
set of parameters ©® C R"™ to the set of stochastic policies. The parameter update step

corresponding to (6.16) becomes

. (k k
gkt — arg min Es~d2’“) [anﬁ[ gyg] +D‘1’(7r2’ ﬂ-g )) ? (6.17)

0cO

o(k)

where (%) means 7 This is the approach adopted by, e.g., Tomar et al. [2020] and

Vaswani et al. [2021]. However, the above optimization problem with respect to 6 is no
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Algorithm 10 Dual Approximation Policy Optimization (DAPO)

1: Input: Initialize policy 70 with parameters 9(0); mirror map ®; initial distribution p
2. fork=0,...,K —1do
3. Find Q) that approximates Q%) (Critic Update)
4:  Find 0%*+D that (approximately) solves the problem
: (k) Ak) 6

min B0 [ch* (Ve(rs”) —mQs, fs):|
5:  Assign W§k+1) = proji(A)(Vq)*(fs‘?(kH))), VseS
6: end for

longer convex, and convergence analysis becomes more challenging.

Alfano et al. [2024] introduced Approximate Mirror Policy Optimization (AMPO), a
framework that incorporates general parametrization into PMD with convergence guaran-
tees. A key instrument they introduced is the Bregman projected policy class. The idea is
to use a parametrized function fe : S x A — R to approximate the dual update in (6.10),
which in the context of PMD is V@(W(k)) — nk@(k). Then follow the second step in MD to

define the policy class
{77l = projR 4 (VO*(f))), s€ S}, bee.

For example, with the negative-entropy mirror map (Example 6.3.5 or 6.3.6), it leads to the

softmax policy class:
0 eXp(fSQ,a)
> Jlexp(f9)Ih’

While such policy classes are widely used in both theory and practice, recognizing them as

(s,a) € S x A. (6.18)

the composition of a Bregman projection, a conjugate mirror map and a generic function
approximation f? (such as neural networks) allows more structured and sharper convergence
analysis.

Facilitated with the Bregman projected policy class, extending PMD with function ap-
proximation rests upon how we approximate V@(ﬂ(k)) — nk@(k) (existing in the dual space)

using f. AMPO Alfano et al. [2024] proposes to minimize the expected Lo-distance between
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them, which is
min B 09 [Hfg — (Vo) - nQM) Hg} (6.19)
On the other hand, Lan [2022] tries to minimize the expected (in state distribution) Loo-
norm of the difference between them.
In contrast, we propose to use the corresponding dual Bregman divergence Dg+ to mea-
sure their similarity in the dual space. In particular, Our method finds g(k+1) by (approxi-

mately) solving

min B0 [ch* (Vo) — Q" ff)}, (6.20)

where dgk) can be replaced with other distributions to accommodate the scenario of off-
policy training. Here, we can see that the similarity between the two dual vectors fse and
V@(ﬂgk)) — n@gk) are measured by the Bregman divergence of ®*, which naturally lives in
the dual space. Together with the Bregman divergence of ® used in policy projection, they
form a complete duality framework.

A complete description of our method is given as Algorithm 10, and we call it Dual

Approximation Policy Optimization (DAPO).

Remark 6.4.1. Although Vaswani et al. [2024] also applies the dual Bregman divergence, its
usage of Dg+ is derived from relative smoothness and the algorithm uses it mainly for critic

update, which has very different spirit and purpose from DAPO.

6.4.1 Instantiations of DAPO

We give three instantiations of DAPO using the three mirror maps given in Examples 6.3.4-
6.3.6. In deriving these instantiations as well as implementing the algorithms, instead of
directly using the dual Bregman divergence Dg~, it is often more convenient to use the

identity:
Do (VO(r) — Q)| #9) = Do (VO (£9), Vor (Ve — o)), (6.21)

which can be obtained by directly applying Corollary 6.3.7. This identity will also facilitate

our convergence analysis later.
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DAPO-Ly. With @ being the squared Lo-norm mirror map described in Example 6.3.4,

the approximation problem in (6.20) (same as line 4 in Algorithm 10) becomes

min E__ o0 [Hfg — M +77k@gk)“§} ; (6.22)

and Line 5 of Algorithm 10 is the Euclidean projection

ngﬂ) = arg min Hw — f§k+1)H§.

TEA(A)

k+1
P o o)

Here we have used the simpler notation We present its convergence

analysis in Section 6.5.1

DAPO-KL*. With ® being the negative entropy over lel (see Example 6.3.5), we have
vor () —exp(f?,), v (Va(r®) — p@®)) = 7l exp(—m Q)
and loss in the approximation problem (6.20) becomes

E [DKL (exp(ff) [ eXP(-??k@gk))ﬂ : (6.23)

where Dyr, is given by (6.13). Policy projection as in (6.18) is necessary to obtain mk+1)
because VO*( S(k+1)) is not in the simplex in general. DAPO-KL* has disadvantages in both

theory and practice compared with its close variant DAPO-KL, which we will explain next.

DAPO-KL. With ® being the negative entropy restricted on A(A) (see Example 6.3.6),
the range of V®* is A(A), thus the projection step (Line 5 of Algorithm 10) becomes

redundant. In this case, we have

ﬂ_gk‘—kl) _ V<I>*(fs(k+l)) = exp(fg’a)/H eXp(fg)Hlv

ve* (Vo (rk)) — QW) = P eXp(—nk@k))/Zs(k),
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where Zék) = HWék) exp(—nk@gk)) Hl The loss in the approximation problem (6.20) becomes

0
ESng’“) [DKL (71’5

k) eXp(—nkégk))/Zﬁk))] , (6.24)

where Dgi, is given by (6.15). There are a couple of distinctions between DAPO-KL and
DAPO-KL*.

e The approximation loss in (6.24) is in terms of the full policy parametrization n?,

matching the implementation of several popular algorithms [Tomar et al., 2020, Vaswani
et al., 2021]. In contrast, the loss in (6.23) is in terms of the unnormalized entity

exp( fe), which will suffer additional loss after policy projection.

e In theory,we are able to provide a competitive convergence analysis of DAPO-KL (see
section 6.5.2) thanks to the fact that the two arguments in Dk, in (6.24) are both on

the simplex, which is not the case in (6.23).

For these reasons, we will only consider DAPO-KL from now on. However, we felt it is
necessary to expose the subtleties between the two variants, because many work on policy
mirror descent methods (including Alfano et al. [2024]) assumes the stronger relation (6.6).
We hope to demonstrate that the more nuanced theory based on Lemma 6.3.2 is crucial for

developing and analyzing practical algorithms.

6.4.2 Comparison with AMPO, MDPO and FMA-PG

AMPO. As given in Alfano et al. [2024], AMPO replaces the minimization problem in
Line 4 of Algorithm 10 by (6.19) regardless of the mirror map used in policy projection.
More concretely, let ®; be the negative entropy on R} and ®2 be the squared Lo-norm.

Then AMPO’s approximation loss can be expressed as

ESngk) {chg (Vq)l(ﬂgk)) — QP ff)} , (6.25)

and ®; is again used in the policy projection step. While in theory, as long as the approx-

imation error is small, it is possible to establish convergence of the method Alfano et al.
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[2024]. However, such a mismatch, or inconsistency, between approximations in primal and
dual spaces may cause problems when the approximation error cannot be made sufficiently
small. This is precisely the case in practice, where we can only afford to run at most a few
steps of the stochastic gradient method to reduce the error. The importance of the compat-
ibility between the two mirror maps has also been pointed out by Tomar et al. [2020]. In
Section 6.7, we demonstrate that in standard benchmarks DAPO-KL obtains state-of-the-art
performance with only one step of stochastic gradient method in reducing the approximation
loss (6.20), comparable to SAC Haarnoja et al. [2018b]. On the other hand, we could not

get AMPO competitive with many numbers of stochastic gradient steps.

MDPO. The Mirror Descent Policy Optimization (MDPO) method of Tomar et al. [2020]
is based on (6.17). If 7% belongs to the softmax of (6.18) and Dg is the KL-divergence, then
it is equivalent to DAPO-KL. Therefore, our convergence analysis in Section 6.5.2 directly

applies to MDPO, which is not provided by Tomar et al. [2020].

FMA-PG. The Functional Mirror Ascent (FMA-PG) framework of Vaswani et al. [2021]
also takes the form (6.17). However, similar to MDPO, Vaswani et al. [2021] did not ex-
ploit any composition structure of the parametrization 7 or the MDP structure. Rather,
they conducted convergence analysis based on the general theory for smooth, non-convex

optimization, which leads to considerably weaker results.

6.4.3 SAC as a special case of DAPO-KL

Soft Actor-Critic (SAC) Haarnoja et al. [2018a] is a very popular reinforcement learning
algorithm, which was developed under the framework of entropy-regularized reinforcement
learning. Tomar et al. [2020] compared SAC’s actor update loss function with (6.24) and
pointed out that SAC is similar to MDPO (same as DAPO-KL) by replacing the 7(*) with the
uniform distribution. Here, we will prove a much stronger result, showing that by choosing
the learning rate n; appropriately, Eq. (6.24) will exactly become the SAC’s policy update
rule.

To prove this, we will first briefly introduce the framework of entropy-regularized re-
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inforcement learning and then derive the corresponding DAPO-KL algorithm under this
framework. More details about the theory of maximum entropy reinforcement learning can
be found in Cen et al. [2022b] and Cayci et al. [2021]. In this framework, with regularization

parameter 7 > 0, the objective is to minimize the entropy-regularized value function, which

-]

is defined as

oo
Vi =Ea,~r,, [Z ve(st, ar)
t=0

(0@
[th sor0) 4 7 log (e | 52)

50 ~ p

oo
+ 7Eq,~r,, [Z y log m(ay | s¢)
t=0

sowp].

Then, we can similarly define the Q-value function as

Q7 (s,a) = Eqom,, [Zy c(st,ar) + Tlogm(at | st))

so = S,a0 = a] .
Clearly, for any (s,a) € S x A, Q7(s,a) and V[ (s) satisfy

Qz_r(S’ CL) = C(S, a) + Tlogﬂ-(a | 8) + ’YES/NP(S,O,) [VTW(SI)] )

VTW(S) = Ea’wﬂ’s [QZ(& CL/)] .

(6.26)

As shown in Cayci et al. [2021], its policy gradient is VsV, = QT s € RMI. There-

7 dp.s
fore, we can obtain the corresponding DAPO algorithm by using this policy gradient. That

is, with mirror map ®, the policy update rule in line 4 of Algorithm 10 becomes

00+D) € argminE_ ) | Do- (Vo) - mQl, 17)],
0 P

where we use the exact Q-value function for simplicity. Then, by instantiating ® as the

negative entropy, as derived in Example 6.3.6, we can get the update rule for DAPO-KL as

9(k+1) S arg InlnE d(k) [DKL (

‘ ) exp (—%QS@) /Zék))} : (6.27)

where Zék) is the normalization factor.
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Now, we turn our attention to the SAC algorithm in Haarnoja et al. [2018a|. Here, the
subtlety is that the soft Q-value function used in Haarnoja et al. [2018a] is defined differently
from the one in Eq. (6.26) even though the notation is the same. To be clear, we use ¢T to

denote the soft Q-value function, which for any (s,a) € S x A is recursively defined as

771- ) = 5 + ]ES’N s,a VTTr ! )
47 (s,a) = c(s,a) + VEgop(s,a) [VF ()] (6.28)

VZ(8) = Egror, [rlogm(a’ | 5) + qZ(s,a’)].

Note that the definition of VI remains unaffected by writing VT explicitly through either
Eq. (6.28) or Eq. (6.26). Then, we can immediately obtain the relation ¢7(s,a) = Q7 (s,a)—
Tlogm(a | s) for any (s,a) € S x A. As a result, we can see that the policy update rule in

SAC is*

glk+1) ¢ argemin ESNdE,k) :DKL (71'2 exp (—q;ke) T) /Zs(k) )}

=argmin ESNd(k) _DKL (775 exp (—QS—I,CS)/T + log wgk)) /Zék) )]
0 p L

. [ k k
:argamm Eswdgk) _DKL (nﬁ Wg )exp (—Qﬂ/r) /ZS( )>] ,

which is exactly the same as the update rule in Eq. (6.27) if we take n, = % for any k.
Therefore, we conclude that SAC’s update rule can be obtained by taking mi = % for any k
i DAPO-KL. As an immediate consequence, we can have a full convergence rate analysis

for SAC, which will be presented in Section 6.5.2.

6.5 Convergence Analysis

In this section, we present the convergence analysis of DAPO-Lo and DAPO-KL as well as
SAC. These results are extensions of similar results for PMD method in the tabular case

Xiao [2022] and with the log-linear policy class Yuan et al. [2022].

*The original proposition of SAC in Haarnoja et al. [2018a] uses exp(2*3/-) instead of exp(—4+:2/7)
because it considers reward maximization instead of cost minimization.
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6.5.1 Analysis of DAPO-Lo

We make the following two assumptions regarding running Algorithm 10, with an initial

state distribution p € A(S).

(A1) There exist constants €cpitic, €actor > 0 such that for every iteration k, it holds

Esmdgk)[H@gk) - ng)Hoo] < Ecritics

k+1 k NONE (6.29)
ESngm[Hfg D _ (Wg )+77k { ))H2i| < 2nZeéactor,

(A2) There exists a constant ¥, > 1 such that for any k, it holds

(k+1) (k+1)
dy Y dge dge <y

AN 0D 40 ORI =0
P 00 P 00 P 0o 0o

where 7* is some comparator policy.

Here, in (Al), we assume that Q\(k) is a good enough approximation of Q(k), which is a
problem that has been extensively studied both theoretically and empirically [Li and Lan,
2023, Chen et al., 2022a, Fujimoto et al., 2018]. We also assume that the parameterized
function f? is powerful enough to approximate the dual vector Vq)(ﬂ'(k)) — nk@(k), which is
common for studying function approximation [Alfano et al., 2024, Lan, 2022, Agarwal et al.,
2021]. The scaling coefficient 77 is consistent with Assumption (A1) in Alfano et al. [2024]
as they assume the Lo-error for approximating nk_1V<I>(7T(k)) — @(k) is bounded by €critic-

Then, (A2) assumes that the distribution mismatch coefficient is bounded, which is often
needed for analyzing policy gradient methods [Xiao, 2022, Yuan et al., 2022] and can be
satisfied if we take p = Unif(S) (see Lemma E.1.8 in Appendix E.1).

Under these assumptions, we have the following theorem.

Theorem 6.5.1 (Sublinear Convergence of DAPO-Lg). Consider Algorithm 10 with initial
policy 7O initial distribution p € A(S) and ® being the squared La-norm. Let 7 be an

arbitrary comparator policy. Suppose Assumptions (A1) and (A2) hold and we have constant
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step size n, = n for all k > 0. Then, it holds that

K-1 0 o
1 (k) « 1 Da Vd; 19;) 2€actor + (2 — ’Y)ﬁpﬁcritic
— E Vol — Vp <= + + 5 )
K = K\(l=vn 1-v (1—7)

where D = Es~ds [Dg (7%, ﬂ'go))],

We can see it achieves O(1/K) convergence rate under constant step size. Meanwhile,
similar to Xiao [2022], with more algebraic manipulations, it is possible to achieve linear

convergence under geometrically increasing step sizes, as stated in the following theorem.

Theorem 6.5.2 (Linear Convergence of DAPO-Lg). Consider Algorithm 10 with initial
policy 7O ingtial distribution p € A(S) and ® being the squared La-norm. Let ™ be an
arbitrary comparator policy. Suppose Assumptions (Al) and (A2) hold and the step sizes
satisfy no > 1 and g1 > (V,/(Vp — 1)) ny, for all k > 0. Then, it holds that

vE) e o (1oL K VO ey DE/(9,— 1) 92\ 2€actor + 203 €critic
U9, oo (=)o 1—~ '

where D = Es~ds [Dg (7%, ﬂ'go))],

The proofs of Theorem 6.5.1 and 6.5.2 are given in Appendix E.1. It retains the con-
vergence rate of Alfano et al. [2024] albeit with some different techniques. This is expected

since in the Lo case, DAPO-Lo is the same as AMPO.

6.5.2 Analysis of DAPO-KL

The analysis of DAPO-KL requires a slightly modified assumption (Al’) and an additional

assumption (A3).

(A1) Under the same setting as (Al), we instead have

B qw [DKL <7T§k+1) H e exp(_nk@gk))/zgk)>] < Nk€actor (6.30)
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(A3) There exists constant C, > 0 such that for any k,

*
S

™
max(k) { W } S Cp.
sesupp(dp ) g 00

Notice that in (Al'), the upper bound of the approximation error becomes ny€actor- This

e
k1)

S

)

oo

is the result of considering the growth rate of the approximation error in 7 for different
Bregman divergences. Specifically, if we keep f (k"'l), f (k) and @(k) fixed, then the Lo-error
n (Al) satisfies

E, g I8 = (= + @) 3] o< .

However, the KL-divergence in (Al’) satisfies

E d(k)[DKL< (ki )Hﬂgk) eXp(—nk@gk))/Zék)ﬂ X M-

Meanwhile, (A3) is an assumption on the policy evolution. It holds, for example, when
we apply DAPO-KL with entropy regularization |Cayci et al., 2021, Cen et al., 2022b].

Under these assumptions, we have the following O(1/K) convergence guarantee.

Theorem 6.5.3 (Sublinear Convergence of DAPO-KL). Consider Algorithm 10 with initial
policy 7O initial distribution p € A(S) and ® being the negative entropy restricted on
A(A). Let m be an arbitrary comparator policy. Suppose Assumptions (Al’), (A2) and (A3)
hold and we have constant step size n, =n for all k > 0. Then, it holds that

[y

K— V(O)
1 1 D* s v T 2 — 9 riti
- (Vp(k) _ Vp*) < 0o, % i p¥(€actor) + (2 — 7)Vpecritic

K\(l-q9n 1-v (1—7)2 ’

k=0

where Df = By q [Dcp(w;f,wgo))] and (z) = (14 Cp) (z 4+ v2z) for z > 0.

Similarly, with geometrically increasing step sizes, we can obtain the following linear

convergence rate.

Theorem 6.5.4 (Linear Convergence of DAPO-KL). Consider Algorithm 10 with initial

policy 7T(0), initial distribution p € A(S) and ® being the negative entropy restricted on
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A(A). Let ™ be an arbitrary comparator policy. Suppose Assumptions (Al’), (A2) and (A3)
hold and the step sizes satisfy no > 1 and ng1 > (V,/(9p — 1)) ny for all k > 0. Then, we

have

Y

K * 2 2
(K) 1 (0) Dg/(9p —1) U, (€actor) + 20 €critic
G _V’;§<1_19p> <Vp VT = m 1~

where D = B qx [Dq)(ﬂ;f,wgo))} and Y(z) = (14 Cp) (z + v2z) for z > 0.

The proofs of Theorem 6.5.3 and 6.5.4 are given in Appendix E.1.

6.5.8 Analysis of SAC

Although we have shown that SAC is a special case of DAPO-KL in Section 6.4.3, its
convergence analysis is slightly different, as it is formulated under entropy-regularized rein-
forcement learning. Specifically, the key difference in analysis lies in the following modified

performance difference lemma.

Lemma 6.5.5 (Modified Performance Difference Lemma). For any two policies m,7 : S

A(A), initial distribution p € A(S) and regularization strength T > 0, it holds that

. 1 . ~ ~
Vi, =V, = SESNCI; K 750 Ts — 7rs> + TDKL(WSHWS)}
1 - -
= ﬁEswdﬁ [<Q7Tr,sa Ts — 7rs> - TDKL(”SH”S)] .
The proof is given in Appendix E.2. Then, with Lemma 6.5.5, the convergence guarantee

of DAPO-KL (and therefore SAC) is summarized in the following theorem.

Theorem 6.5.6 (Sublinear Convergence of SAC). Consider running Algorithm 10 for entropy-
reqularized reinforcement learning with initial policy 70, reqularization strength T, initial
distribution p € A(S) and ® being the negative entropy restricted on A(A). Let 7 be an
arbitrary comparator policy. Suppose Assumptions (Al’), (A2) and (A3) hold and the step
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sizes satisfy mp, = n < 7_%9’7 for any k. Then, we have

K-1 (0)
% Z (VT(k‘) _ V; ) < i Da + VTvd; + ﬁpw(eactor) + (2 - ’7)19p60ritic‘

K\(1-v)n 1-v (1—7)?

k=0

where Dy = ESNd; [DKL (7r§

ﬂgo)ﬂ and Y(z) = (14 Cp) (z + v2z) for z > 0.

The full proof is given in Appendix E.2. To the best of our knowledge, this is the first

convergence rate analysis of the SAC algorithm under general function approximation.
6.6 Extension to Continuous State-Action Space

In this section, we extend previous convergence analysis to MDPs with continuous state
and action spaces. First, we briefly introduce the mathematical framework for DAPO in

continuous-space MDPs.

6.6.1 Formulation in Continuous-Space MDPs

Notation. Given a compact set A C R", let

fl(A)z{f:AHR‘/A|f(a)|da<oo}

denote the vector space of absolutely integrable functions over A. The set of probability

measures over A is

P(A) = {f € A(A) ‘ /Af(a)da ~ 1 and f(a) > 0}.

For simplicity, we always use Lebesgue measure as the reference measure for integration.
Furthermore, for f € .21 (A), we use || f]| def it {sup,ec4l9(a)| | g = f a.e.}' to denote the
essential supreme of f [Luenberger, 1997].

We consider an infinite-horizon discounted continuous-space MDP, denoted as the tuple

M = (S, A P,c,7v), where S C R™ and A C R™A are compact state, action spaces with

fg = f a.e. means {a € A | g(a) # f(a)} has zero measure.
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dimensions ng,n 4 > 0, respectively, P : S x A — Z(S) is the transition kernel, ¢ : S x A —
[0, 1] is the single-step cost function and <y is the discount factor.

A policy is defined as a measurable function 7 : § x A — R such that 75 € £ (A) for
any s € S. Since we assume that both S and A are bounded sets, we have T € 21 (S x A).
Then, the value function and Q-value function can be similarly defined as in Eq. (6.1) and
(6.2), respectively. As a result, we can similarly have V' = (QT, 7s) := fA Q% oTs,ada.

With initial distribution p € 2(S), let pf (- | p) € ZL(S) denote the probability density
of s; if the agent follows policy m and the initial state sg is sampled from p. Meanwhile,
let pi(s | p) = ps for any s € S. Then, we can similarly define the state-visitation density
as dj o = (1-7) 272 v'pT (s | p). Using the monotone convergence theorem, it is easy to
verify that [ _gd} ;ds = 1 and thus df € &(S). By truncating all terms with ¢ > 1, we
immediately have d ; > (1 —v)ps, Vs € S.

Although it may look straightforward to apply DAPO under these formulations, we will
need extra efforts to make sure using DAPO is indeed well-posed for continuous-space MDPs,

which will be addressed in the following section.

6.6.2 Well-Posedness of DAPO in Continuous-Space MDPs

In this section, we show that DAPO is a well-posed algorithm also for continuous-space
MDPs from a mathematical perspective. In particular, we will prove a policy gradient
theorem in continuous state-action space. Furthermore, we will show that requiring ® to
be a Legendre-type functional can make the mirror descent procedure well-defined in an
infinite-dimensional normed vector space. As a clarification, during this section, for any
f,g € X, where X is a normed vector space such as .7 (A), when we write f = g, we always

mean “f = g a.e.”.

Gateaux and Fréchet Differentials

We start by defining differentiability, specifically Gateaux differential, in a normed vector

space X’ with some general norm ||-||.* which somehow resembles the directional derivative

#The definition of Gateaux differential itself does not require the vector space to be normed. How-
ever, we restrict our attention only on normed vector spaces for our needs. More details about this
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in finite-dimensional space [Luenberger, 1997, Section 7].

Definition 6.6.1. Let @ : C — R with C C X be some functional and h € X be arbitrary.

Then, if the limit
5®(z:h) = lim O(z+ \h) — O(x)
A—0 A

exists, it is called the Gdateaur differential of ® at x with direction h. If this limit exists for

any h € X, then ® is said to be Gdteaux differentiable at x.

Obviously, the above limit only makes sense for sufficiently small A so that x + Ah € C.
Then, we introduce the Fréchet differential, which is a stronger notion of differentiability

than the Gateaux differential.

Definition 6.6.2. With the setup similar to the Gateaux differential, if for any sequence
{hn} C X with limy, o0 ||hn|| = 0, there exists d®(z; hy,) € R which is linear and continuous
with respect to h, such that

lim |D(x + hp) — P(x) — 0D(x; hy)|

n—00 1]

=0,

then @ is said to be Fréchet differentiable at x. Furthermore, since 0®(x; h) is linear in h, it
can be written as d®(z; h) = (V®(x), h), where V®(z) is called the Fréchet derivative of ®

at x.

This resembles the usual notion of differentiability in finite-dimensional space. Similarly,
when we say a functional is differentiable, we by default means that it is Fréchet differen-
tiable.

Finally, as a stronger notion of differentiability, Fréchet differential has the following

basic property, which is presented in Luenberger [1997, Section 7).

Lemma 6.6.3. If ® is Fréchet differentiable at =, then it has unique Fréchet derivative
V®(z). Furthermore, it is also Gateaux differentiable at x and its Gateaux differential at x

with direction h is exactly (V®(x), h).

topic can be found in Luenberger [1997, Section 7.
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Policy Gradient Theorem in Continuous-Space MDPs

To have a well-posed policy gradient theorem in continuous-space MDPs, we need the fol-

lowing additional assumptions:

(A4) There exists a constant a > 0 such that sup(s q)esx.4 [|P(8;a)[|o < a and [pflo, < o

(A5) The Q-value function Q™ € Zx (S x A) is continuous in 7.

Here, Assumption (A4) basically prevents any positive transition probability mass over a
zero-measure set, which helps bound the distribution mismatch coefficient when taking p =
Unif(S) (see Lemma E.4.1); Assumption (A4) and (Ab5) ensure a well-defined policy gradient
theorem. As a clarification, we do not allow point mass initial distribution here since it will
make the state-visitation distribution pathelogical.

Then, with these additional assumptions, we can now prove the policy gradient theorem

for continuous-space MDPs.

Theorem 6.6.4 (Continuous-Space Policy Gradient Theorem). Let p € P(S) be some
initial distribution. If Assumption (A4) and (A5) holds, then the value function VT is Fréchet

differentiable with respect to w and its Fréchet derivative is

0 1 T M
YV = 1 dpQT € Lo (S X A).

Proof. Let {h,} C Z1(S x A) be a sequence such that lim, . ||An|l; =0 and 7 + hy, is a
valid policy for each n € N. Then, by a continuous-version performance difference lemma

(see Lemma E.3.1), we have

T ™ ]' s 1 e
Vrthe _ym — ﬁEswdg [<Qs+h",7r+hn _7r>} = <17d’)Q +hn,hn>.

Using the definition of Fréchet differentiability, we have

+hn 1 . i
L Ve )| 1 (5@ — @) )
n— 00 |l 1—vn—oc [ hnlly
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1
<— lim
1 —~vn—-c0

B@ -

(By Holder’s inequality.)

=0 (By Assumption (A5).)

Now, we only remain to check that the linear functional h — =— <d7rQ7r h> is continuous
in h € 4(S x .A). To see this, given arbitrary € > 0 and consider h, ' € Z1(S x A) such

that ||h — h'||; <e. Then, we have

1 TN
77 <dpQ 7h>

€
! (@) < T a5 - < T s

1—~

Clearly, we have [|Q7 ||, < % by our bounded cost function assumption. Then, by Lemma

E.3.2 together with Assumption (A5), we have HdZHOO < «a. That is, if ||h — A'[|; < €, we

have
1 1 e
- dTl‘ ™ h - dﬂ' ™ hl < -
1_,Y<PQ’ > 1_7<PQ’ >—(1_,}/)2’
which shows the continuity of this linear function and thus the proof is complete. ]

Functional Mirror Descent

In this section, we will prove that DAPO is well-posed in a normed vector space if the mirror
map ¢ : C — R is a Legendre-type or relaxed Legendre-type functional. First, we recall its

definition.

Definition 6.6.5. A closed proper convex functional ® : C — R is of Legendre type

(a) int(C), the interior of C, is non-empty.

(b) @ is Fréchet differentiable and strictly convex on int(C).

(c) For any sequence {x,} such that z, € int(C) for all n and lim, oo x, € bd C (the
boundary of C), it holds that lim,_ | V®(zy)|| = 00
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Before proceding, we need to define a generalization of Fréchet derivative, called subgra-

dient. In particular, the subgradient of ® at x is defined as
0P(z) ={z" € X* | (z —x,2™) + ®(z) < ®(2),Vz € C} C X*.

By the first-order condition of convex functional, we can immediately see that V®(z) €
0P (x) if @ is Fréchet differentiable at x [Attouch et al., 2014, Section 9|. Furthermore, it

has the following property (proof in Appendix E.3) similar to the finite-dimensional case.

Lemma 6.6.6. If a proper closed convex functional ® : C — R is Fréchet differentiable at

z € C, then 0®(x) = {V®(x)}. That is, the subgradient is a singleton.

Then, the following lemma (proof in Appendix E.3) shows that how strict convexity helps

and its proof resembles the one in Rockafellar [1967].

Lemma 6.6.7. Let & : C — R be a proper closed convex functional. If ® is in addition also

strictly convex over C, then for any x1, 9 € C, we have 0®(x1) N OP(x2) = 0.

Furthermore, the following lemma (proof in Appendix E.3) shows that a Legendre-type

functional has no subgradient outside the interior of its domain.

Lemma 6.6.8. Let ® : C — R be a proper closed Legendre-type functional. Then, for any
z ¢ int(C), we have 0P (z) = (.

Now, we are ready to prove the following key theorem about the Legendre-type functional

in infinite-dimensional space.

Theorem 6.6.9. If a proper closed convex functional ® : C — R is also a Legendre-type
functional. Then, for any = € int(C), we have 0®(x) = {V®(z)} and V&* = (V®) ! is a

well-defined operator..

Proof. By Lemma 6.6.6 and 6.6.7, we know that for any x € int(C), 0®(x) = {V®(z)} and
V&(x1) # VP(z2) for any z1 # z2.

Furthermore, Attouch et al. [2014, Section 9] shows that z* € 0®(x) is equivalent to x €
OP*(x*) for any (z,z*) € int(®) x dom(®*). That is, for any z € int(C), 9*(V®(x)) #
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and for any z* € dom(®*) such that 9®*(z*) # (), there exists unique z € int(C) such that
x € 09*(z*).
Therefore, the only thing remained is to show that for any x ¢ int(C), we have 0®(x) = 0,

which is given in Lemma 6.6.8 and the proof is complete. O
Finally, we can similarly have the following relaxation for Legendre-type functional.

Lemma 6.6.10. Suppose ®(x) = ¢(x) + d(x|L) where ¢ is a convex functional of Legendre
type and L C X is an affine subspace. Assume that int (dom ¢) N L # (). Then we have

Vo*(Vo(z)) = x, Vz € int (dom ¢) N L.
And for any x* € int (dom ®*) and any z,y € dom P,
(VO(VP*(2¥)),z —y) = (z*,z — y),

where V®(x) denotes any subgradient in 0P(x).
Proof. The proof is similar to Lemma 6.3.2. O

In summary, Theorem 6.6.4 together with Lemma 6.6.10 assures the well-posedness of

DAPO in continuous-space MDPs.

6.6.3 Convergence Guarantee for DAPO-KL

We consider the negative differential entropy as the mirror map because it leads to the
most widely-used algorithm. In the continuous domain, the negative differential is de-
fined as ®(7) = [, malogmeda for m € P(A) C Z1(A). Its conjugate function ®*(z*) =
log ([ 4 exp(a};)da) for z* € Lo (A) (see Lemma E.4.2). Similarly, it has gradient V&* (2*)(a) o
exp(z}) and VO*(z*) € Z(A). These lead to the same policy update rule as (6.24) and
thus we still call the resulting algorithm DAPO-KL. Then, we have the following theorem.

Theorem 6.6.11 (Linear Convergence for Continuous-space MDPs). Consider Algorithm

10 with initial policy 7r(0), initial distribution p € P(S), arbitrary comparator policy 7™ and
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® being the negative differential entropy. Suppose Assumptions (A1')-(A5) hold and the step
sizes satisfy no > 1 and N1 > (9,/(Vp — 1)) ng for all k > 0. Then, we have

)

K * 2
(K) . 1 ) ( (0) « DO/(ﬁp - 1)) ﬁpw(eactor) +(1+ ﬁp)ecritic
V, -V <(1l-— Vol =V + +
g g ( Jp S L 1-7

where D = Egq: |:D¢(7T§, ﬂ'go))} and ¢(z) = (14 C,) (z + v2z) for z > 0.

It is not surprising that the convergence rate in Theorem 6.6.11 shares the same form as
that in Theorem 6.5.4 because it does not explicitly depend on the size of the state-action
space. Their differences are captured through the constants 9, and C,, which may depends

on |S| and |.A| in the discrete space and vol(S) and vol(.A) in the continuous space.

Example 6.6.12 (Closed-form Update Rule under Linear Parameterization). As an intrigu-
ing special case, we will show that DAPO-KL can be reduced to a closed-form update rule
if we use a Gaussian policy with linear parameterization. Specifically, let A € R™AX™S be a

parameter matrix and define f;‘}a = —% ||As — aH%, which means the policy is

1 2
ik o exp(fih) = oxp (5 45— alB )

which is A (As, I), a Gaussian distribution with mean As € R™A and identity covariance.
Now, suppose the Q-value is also approximated as a linear function, meaning to have
@ga — o' Bs for some parameter matrix B € R™*"s_ Under this setting, the policy

optimization problem becomes

. (k) ~ (k) k
A+ ¢ argémnESngk) [DKL <7T§4 H ’/TSA €xXp (‘UstB )/Zé )ﬂ ) (6.31)

Then, we can notice that

2

DN N - N =

(A<k> _UkB(k)> S_QH
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which implies

s,a

AR _p, B(K) k ~pk)
7r BT o 7r§,c3 exp (—nst,a ) :

Therefore, Eq. (6.31) can be solved exactly, which gives

A Z 4®) _ (k)

6.7 Experiments
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Figure 6.1: Average return curves on MuJoCo benchmarks. Each curve is averaged over 5
random seeds and the shaded area represents the 95% confidence interval. m represents the
number of gradient steps in each policy update iteration.

In this section, we present our experiment results on several standard MuJoCo benchmark
tasks |Todorov et al., 2012|, which indeed have continuous state and action spaces. We
compare the performance of DAPO-KL, SAC [Haarnoja et al., 2018b|, and AMPO [Alfano
et al., 2024].%

¥Code repository is available at https://github.com/FFTypeZero/DAPO.
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In addition, to demonstrate the importance of having primal-dual consistency, we modify
AMPO to enforce this consistency albeit in a naive way. Specifically, as discussed in Section
6.4.2, AMPOQO'’s approximation loss can be expressed as (6.25) with ®; being negative entropy
and ®2 being squared Lo-norm. Therefore, a naive way to enforce compatibility is to replace

®; by P2 in (6.25), which gives us

E, 178 = (2 = @) 3] (6.32)

We call this algorithm Modified AMPO (MAMPO). Note that in MAMPO, ®; (negative
entropy) is still used in the policy projection step, which is different from DAPO-L,.

Although in theory we assume that the policy optimization loss is approximately mini-
mized in each iteration, in practice, it may be only feasible to run a few steps of the stochastic
gradient method to reduce the loss. Therefore, the number of stochastic gradient steps per
iteration can be an important hyper-parameter for the algorithm. In experiments, all algo-
rithms are evaluated under both m = 1 and m = 10 stochastic gradient step per iteration.

Full implementation details are given in Appendix E.5.

The results are summarized in Fig. C.2. From the plots, we can see that DAPO-KL
performs about the same as and sometimes slightly better than SAC on all tasks, which is
expected as we have shown that SAC is equivalent to a special case of DAPO-KL. Meanwhile,

their performance is not sensitive to number of gradient steps per iteration.

On the other hand, AMPO fails to learn anything non-trivial on all tasks no matter
it uses m = 1 or m = 10 gradient steps. Nevertheless, we retain the possibility that
our implementation of AMPO may not be the optimal and provide more details of its
hyperparameter tuning in Appendix E.6. In contrast, MAMPO is able to complete non-
trivial learning among three tasks and gets better with more gradient steps, indicating the
benefit of the primal-dual consistency in (6.32). However, it is still far inferior to DAPO-KL

and SAC because it loses this consistency in its policy projection step.
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6.8 Conclusions

In summary, DAPO is a mirror-descent based framework for incorporating general function
approximation into policy optimization methods. Not only does it enjoy linear convergence
rates, but it also naturally incorporates state-of-the-art practical algorithm like SAC as a
special case and achieves comparable empirical performance. Furthermore, we give rigorous
extension of its convergence analysis to Markov decision problems with continuous state and
action spaces, which altogether bridges the theory and practice.

For future directions, DAPO paves the way for exploring new variants of PMD methods
based on different mirror maps, e.g., with the negative Tsallis entropy. Another interesting
question to investigate is how to characterize the effects of using inconsistent mirror maps

in AMPO.
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Appendix A

OMITTED PROOFS AND EXPERIMENT DETAILS IN CHAPTER 2

A.1 Additional Algorithms in Implementation

A.1.1 A Peace-based Robust Algorithm

In this section, we briefly explain how we design P1-Peace based on intuition similar to P1-
RAGE and make it computationally efficient. First, we propose another subroutine, called
Peace-Elimination, based on the elimination strategy in Peace Katz-Samuels et al. [2020],
which has the same spirit as RAGE. Similar to RAGE-Elimination, Peace-Elimination also
repeatedly computes X'Y-allocation, but (virtually) eliminate arms so that the value of the
remaining arms’ optimal X'Y-design is halved. In addition, in P1-Peace, we only update the
sampling distribution A; after a period of time. The intuition is that if the environment is
stationary, then we do not need to update our allocation probability frequently just like RAGE
and Peace; if the environment is non-stationary, then the non-stationarity is handled by the
mixed G-optimal design A*, which is fixed from the very beginning. Therefore, updating
At in a low frequency should not severely harm the performance. The new algorithm and
elimination subroutine are summarized in Algorithm 11 and 12.

For convenience of presentation, for arm set Z C R? and distribution A\ € Ay, we define

p(Z,\) = m{g&é Hx - 93'“1240\),1 . (A1)

A.1.2 A Naive Baseline Mized Algorithm

In this section, we present a naive mixture of Peace and the G-optimal design, called Mixed-
Peace, which eliminates arms and computes design A\, during each epoch exactly the same
as Peace. The only differences are that Mixed-Peace uses IPS estimator and when pulling

an arm, it will pull an arm by following x; ~ (A + \*)/2, where A* is the G-optimal design
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Algorithm 11 P1-Peace

Input: budget, T € N; arm set X C R4
Compute epoch length R + L

T
log, (infren 4 P(X)\))J
Compute G-optimal design \* based on equation (2.3) and initialize A\ = \*

fort=1,2,...,T do
Sample z¢+ ~ A\ and receive reward r¢
Estimate 0; < %22:1 Epn, [z27] ! TsTs
At41 — N
if £ — 1 = cR for some integer ¢ then

Update A\jy1 <—Peace—E|imination(§t)

end if

end for

— = =
vl =

: return argmax,cy z ! Op

defined in equation (2.3). Its details are summarized in Algorithm 13.

A.2 Error Probability of Algorithm 1 In Non-Stationary Environments

Theorem 2.4.1 (Error probability of G-BAl). Fiz time horizon T, arm set X C R® with

|X| = K and arbitrary unknown parameters {Qt}thl- If we run Algorithm 1 in this non-

stationary environment and obtain x j,., then it holds that

T d

S ——— h H — g -
19 He g (9T)) ,  where Hgpas (07)

Py, (Jr # (1)) < Kexp (—
(1)

Proof. Based on the recommendation rule = ;, = argmax,¢y z ! 0p, we have

P(Jr # (1) =P (3k € [2: K] s.t. afyyfr = x,0r)

<P (Elk: €[2:K]s.t. x&)é\T - JI&)@T >

Ay

AZ

K
R ) R A
<P (””(TUGT —(yfr < ‘2) * Zﬁ P (x(Tk)eT 207 > é)) - (A2)

The above terms can be bounded by Bernstein’s inequality. In particular, for the first term,
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Algorithm 12 Peace-Elimination

10:

: Input: arm set X c R%; current estimate é\t

Find index (k:) such that = Qt >zl t >al 6}
(1), (2), (K),

Initialize X”) + X' and i « 0

while |XY] > 1 do
Compute )\gi) «arginfyca, p(Xt(i), A)
Find the largest index k; such that

_ <1 )
W f’(“(l);'" <k)}> TRV

Update Xt(ZJrl) — {x(T) yenn ’x(k:/i\) }
i it t t

end while

return (\; + \*)/2, where \; = Z;, 10 )\(Z

Algorithm 13 Mixed-Peace

1:
2:

3:
4.

o

10:
11:
12:
13:

14:
15:
16:

Input: budget, T € N; arm set X C R¢
Initialize R < [logy (infyen , p(X,A))], N L%J Xo— X, 0y 0andt 1
Compute G-optimal design \* using equation (2.3)
forr=0,...,Rdo
Find A, < (arginfyca, p(Xr, A) +A*)/2
while t < min{T, (r +1)N} do
Sample z¢ ~ A, and receive reward r¢
Estimate 0; < % O+ % ‘Epon, [xxT] -1 TiTt
t+—t+1
end while
if |X.| > 1 then
Reindex X, such that a:iré\t > x;—@ > > ac;brré\t, where n, = |X;|
Find the largest index k, such that

Jnf pen. o b A) < 5 b p(X, A)

Update X1 < {z1,..., 2, }
end if R
end forreturn arg max, v z ! 0p
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we have
T O — ol By < _ 20 ST i TAy
P <$(1)0T - $(1)9T S - 9 ) =P ZZE(D (A()\ ) Tt — 925) < —T .

Since IPS estimator is unbiased, a:g—l) (A(/\*)_lactrt — 91;) is a zero-mean random variable.

Based on our bounded reward assumption, we have

oty (AN e = 00)| < ol AN e[ +2 < o el gy -1+2 < d4+2 < 3,

AN

where we use the property of G-optimal design max,¢y HxHi( a1 S d. We can similarly

bound its variance by

2 2
:xz—l)A(Xk)_lE [xtx;r] A(/\*)_lx(l)
=y AN TTAN) AN ey
(Since z¢ ~ A* by algorithm)

- Hx(l)Hi(/\*)—l =d

Thus, by Bernstein’s inequality, we have

- _ Mg T2A2 /8 TA2
T T =) B (1) (1)

where the last inequality uses the assumption that A(l) < 1. By similarly applying Bern-

stein’s inequality to other terms in (A.2), we can then have
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TA2

<K exp <—12$)> .

A.3 Error Probability of Algorithm 2

A.8.1 Stationary Environments

We first prove an error probability of Algorithm 2 in stationary environments that contains
unspecified parameters from the virtual phases. Without loss of generality, assume that the
arms zi,...,xx are ordered such that 0Ty >0Tag > > QT:UK and A = Ay < Az <
< Ag.

Throughout this section, we will the following definitions: ig = [logy(1/A1)] + 1, A; =
{reX|A; <227} i(k) =max {i € [ip— 1] | Ay <27} and

. 2
FeA) = o ms Nl =llagy-r-

Theorem A.3.1. Let D = {a€[0,1]°"! [0=0ap<a; <az<...<a=1}. Then, if
m > ig, The error probability of Algorithm 2 in a stationary environment with parameter 0

18 bounded as

sy #1) <vron (LY,
P1-rAGE(0)
48m S (air — ap_1) f(Av—2) + 8(m/dF () + Daz Ay

Hp; 0) =mi
P1-RaGE(?) = min max 3a%(k)A%

(A.3)

Proof. With 0 = ng < n1 < ng < ... <ny, =T." we define the event & with i > 1 as
follows: after n; samples all the arms with true gap smaller than 2 - 27% are estimated with

precision 27%/2, which is

G ={vt>n,Vk € [K]st. A, <2-270 — |A,— AV <2772},

*We do not specify the values of ny,...,n;,—1 for now.
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where 35:) = (z1 — mk)Tg(t) for £ > 1 and ﬁgt) = (zr1 — ZL'Q)Té\(t). We first show how these
events {51}20:1 relate the correctness of Algorithm 2.

Correctness. If ﬂz(’zl & holds then the algorithm successfully identifies the best arm.
Indeed, if we assume it does not, then there must exist non-optimal arm kg such that
ATV < 0. As (2, & holds, for some i < o, it holds that 2% < Ay, < 227" and then
\Ako—ﬁg)] < 277 /2. Therefore, we have 277 < Ay, < Ako—ﬁg) < \Ako—ﬁg)| <277/2,
which is a contradiction.

Thus, the error probability is upper bounded by P (Uzozl ff), which gives us

io io i—1 io i—1
P(JT#)SP(U&):P Uls\Ug) ) <> rlenUg
=1 =1 7=1 =1 7j=1

i i—1 io i—1
=> Plan|Ug] | =2 rlan|{ N
i=1 j=1 i=1 j=1

io i—1
<2 PN
i=1 j=1
Bernstein’s inequality. Now, we just need to find an upper bound of P <§f ;;11 & >
Assume 3t > n;, Ik € [K] s.t. Ay <2-2701 Then, we have
~(t .
P(Ax - A 2 27/2)
=P(|(0 =00 (w1 — )| 2 27/2) (A4)
t
=P < Z (0 — A()\S)_lassrs)T (x1 — )| > 2_it/2>
s=1
(a) 9—2i42 /8
<2exp | — ; 5 / -
23 e Ml — xk”A(;\S)—l + <\/&maxse[1:ﬂ |1 — kaA(S\S)—l + 1) t271/3
(By Bernstein’s inequality for martingale differences Freedman [1975])
2—22' 2
<2exp <_t/8> ,
term 1

TOtherwise, &; is vacuously true and P (£f) = 0.
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7 n,r t
where term [ =2 Z Z llx1 — xk”i&(f\s)*l +2 Z |z — xk”?ﬁ&(&)*l

i'=1s=ny_;+1 s=n;+1
+ ( Vd max ||z1 — x| g5 y-1 + 1) - 2
s€[1:¢] (As) 3

Here, to use Bernstein’s inequality for martingale differences in the inequality (a) above, we
1

need to bound the variance and magnitude of (6 — A(\s)~ xsrs)T (x1 — x) condition on
As.F In particular, we have

’(9 - A()‘s)_1$srs)T (1 — 961@)‘ < ‘(901 —x) TAOS) | + Ay

<||z1 — fL‘kHA(AS)*l ”338||A()\S)*1 +2
<2Vd||z1 — wgl agz,)-1 + 2

(Since A\s = (A\s + A*)/2 and A — |21 — :EkHi()\),l is convex in A)

E [((9 — A aar) @—m)| /\S]
<E | (21 - o740 ) 0]
(o1 —21) AN T'E |zsa] | A AQ) (a1 — )

2
= llz1 — ka1

<21 — wxl 5 (Since As = (As + A¥)/2)

Single-term error probability. Now, we need to use the property of the subroutine
RAGE-Elimination (Line 3 of Algorithm 2) that generates As. That is, by Lemma A.3.4, since
zp € A; C Ay for i/ < i and m > ig, for s € [ny_1 + 1,ny], we have ||z; — l‘k||124(5\s),1 <

def mf(Ay_s). Thus, we have

. 2
minfyea, maxy grea,, , |z — x/HA(A)*l

P(|A, — AV > 27/2)

iSince IPS estimator is unbiased and A, is determined by the history prior to time s, we have
E [(6 — A()\S)flxsrs)T (1 — zx) | ’Hs,l] = 0, which implies that it is a martingale difference sequence.
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<2exp (— 272%2/8 )
a 2m 35—y (nir — ngr—1) f(Ai—2) + 2m(t — ng) f(Ai1) + (ma/df (X) + 1)1277/3

<2exp | — 27%n? /8
> b 2m 22/:1(7%’/ — ni’fl)f(-Ai’—Q) + (m df()(’) + 1)7112_1/3 ;

where the last inequality above holds because of t > n; and a simple fact that ¢t — % is

an increasing function when ¢t > 0 if ¢ > 0 and b > 0.
Final error probability. Then, with the union bound over all ¢ > n; and k € [K], it

holds for any 0 < ny <no...<n; <T that

i1 —2i,2
P mg < 2KTexp <— : ni/8 >
) 2m 3y (e = 1) (Av—2) + (moJATCX) + ni2 /3
2 2
< 2KT max exp | — P 3n€(k>Ak )
kelK] 48m S0, (nir — 1) F(Av—2) + 8(m/AF(X) + g A

where i(k) = max {Z €lip—1]| A < 2_"}. Here, the last inequality use the same simple
fact that ¢t — %j—b is an increasing function when ¢ > 0 if a > 0 and b > 0.

With values of 0 = ng <ny <ng <--- <n;, =T, we can define a; = 7, which implies
0=ap <a; <agp <--- <a; = 1. Since the choice of values a € D is arbitrary, the final
error probability can be bounded as

10

i—1
PIr#1) <> P&

=1 j=1

2 2

< 290 KT min max exp | — 3Taz‘(k)Ak
which completes the proof -

Properties of RAGE-Elimination

In this section, we prove some properties of the RAGE-Elimination algorithm that will be

useful for proving Theorem A.3.1.
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Lemma A.3.2. Assume t > n;. Then, under ﬂ;;ll §j, when running RAGE-Elimination

(line 3 in Algorithm 2), it holds that
D ¢ {:c cx|AY < 2—i} C A

Proof. To show Xt(Hl) - {:c eX| Kgf) < 2’1}, let Ty, = argmax;cy <§t,x> Then, for

some arm x, if we have <§(t),3:A — a:> < 27% it holds that

(1),

R e U T

<0 <9-i

which implies x € {x € X' | Ag) <274,

To show {x e x| AS) < 2_1} C A;, let &ﬁf) < 27 for some z and assume for the sake
of a contradiction that Ay > 2-27% As A, > 2-27" there must exist ¢ < i — 1 such that
271 < A, <227 Then |Ag — &Ef)| < 2_%/2 since event & holds. Meanwhile, we have

&t) <27t < 2*5/2 since 1 < i — 1. Now, this leads to the contradiction
o-ijp=2" 272 <A, — AV <A, — AW <272,

Thus, under ﬂ;_:ll &;, we have

{x€X|3g)§2_i}§{xeX!Am§2-2_i}:Ai.

O

Lemma A.3.3. Assume t > n;. Then, under ﬂ;;ll &, when running RAGE-Elimination, if

x € A;, then x € Xt(i_l).

Proof. If x € A;, then (0,21 —x) < 2-27% Again, let Ty = Argmaxycy <§t,x> and we
t

have

(800 5) =, o)+ ()
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=(Bram, —m)+ (= bm —a) + .21 ~3)
<2.2—i

<(Brog, — o)+ 180 — Ay +2.27
t
§<§t,x® —x1> +2 7t 42.270 (Since &;_1 holds)
t
— AW L o-iy 9.0
(1)¢
<2427t 4 9.97¢
=4.27"

The last inequality above holds because under ﬂé;ll §j, by Lemma A.3.2, we have @ € A;,
t

~ NG —i NU) _9—i _o9—i
meaning that |Am®t Am®t|<2 — $®t>Am(T>t 27 > -2, O

Lemma A.3.4. Assume t > n; and ﬂ;;ll §; holds. When running RAGE-Elimination, If
x € A, then

2 . / 2
o1 =il < momin | g o=+ lagyr-

Proof. By Lemma A.3.3, we have x1,2, € A;, — x1,x € Xt(ifl), which means that

270 > 2.0 Xy = £ 500, A for some iy satistying i — 1 < i, < m. Thus, We have

1t

2 2
_ - < — . _
|21 l‘k”A(At)fl <m |z 5CkHA(>\§z_1)> 1

<m x,x’rél;jéfl) Ha; — 33/}|2A(>\§i_1))1 (Since z1,xy € Xi(i)ﬂ
(2 i 112
_mAIénAnX m,mr’réajé)é,z Hx - HA()\)—l .

Here, the above inequality (i) holds because by Lemma A.3.2; we have Xt(i_l) C A;_9 and by
(i-1)

. . . m2
algorithm construction, we have A; € argminyep, Max, (- |z — 2[4 n) -1 O

Simplified Stationary Complexity and its Relation to Multi-armed Bandits

In this section, we simplify the complexity of Algorithm 2 obtained in Theorem A.3.1 by

appropriately choosing values a € D. In particular, we have the following theorem.



Theorem A.3.5. For Hpjrage(?) defined in equation (A.3), we have

Hpirace(0) <

Proof. For i € {1,... 19

Then, since i(k) = max {i € [ip — 1] | Ay <27}, for any k € [K],

1024mio .
in

16mvd

2
|z — leA(A)*l

inf _ )
A1 AeAXf;?f Ay + 3A, inf max ||z xl”A()\) 1+

AEAx x#wy

— 1}, we take a; = ﬁ(l_), where k(i) = min{k‘ € [K]| A > 2;

AE(E(k)) < Ay, which further implies

Ay
AkG)

Then, for Hpi.rage(d) (defined in equation (A.3)), we have

Hp1race(f) < max
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o
3A;

2—5(1@’)

k€E[K]

< 16m f(A-1)
max
Ak

- A1 k€[K]

{16mzl,(k1(az/—azf Df(Air_s)

m\/dfi—l-l}

a%(k:)A% 3az(k)Ak
i(k)
! ! dF(X) + 1)
™ - f(Az’— ) .
i/zz:g (AE(i’) Al‘c(z"—n) ? 3A1

(Since ag = 0 by definition)

For the second term, using the definition of f(&X'), we simply have

8(m/df(X) + 1)

8m\/3

3A1

- 16mvd . 1 _
- 341

3A1 ANeAxy zx’'eX

say ol max e —anlagy-+

inf max ||z — 21 +21 — x/HA()\)*l +

b
34

(A.5)

For the first term, by fixing arm index k € [K] and defining j € argmax,cf;(x), HAe2) e

have
3(k)

(A1) 1 1

+ - f(Ai_2)
Ak Z Ak AE(z’H) ’

zk:
:f( i(k)— 2 (Z f(A - f(Ay 1)

A Gik)) o Ak(z’)

I’

Afe
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i(k)—1

(a)f(Aj 2 f z’ _f( 3 — 1)
1+
B Alc(]) Z z’ 2)
Si(k?)f(AAj_Q) (Since f(Ay—2) > f(Air-1))
k(3)
<70 max f(‘Af—2) (Since E(k) < g for any k € [K])

eefik)] Age

, lz — /][5 5
=j9p max inf max ——~—

Lefi(k)] ANelLx z,x'€EAy_o AE(E)
112
. (B HA(A)*l o .
<ip inf max max —— —F— (By the weak duality inequality)
AeAx tefi(k)] za' €Ar—s Afy

2
[z — 2145 - o .
<64ip inf max max ———————— (By reasoning similar to equation (A.5))
AeAx befi(k)] TE€EAr—2,a#T1 16AW)

2
(b) r—x -1
<64ip inf max max w
A€l x Leli(k)] xE€EA—2,2F#T1 Ay
||.1‘ — I —1
<64ip inf max ‘ AQ) .
AEAx xFT1 A:c

Here, the inequality (a) above holds because f(Ay_2) > f(Ay—_1) and by definition of j,

we have £ (AZ( )2) <{ (Af::( )2) The inequality (b) above holds because by definitions of k(£) =
]

mln{k: €[K]| Ay > 2 } and Ay_o = {1: EX|A; <2 2’“’2)}, we have 16A,) > Ag
for any z € Ay_s.

Therefore, by plugging the bound of both terms back, we have
1024mio . lz =215 16mVd 1

inf max + inf max|lz —x i+ —.
A1 Aehy ztn A, 3A;,  Aely zim I tlay- 3A,

Hpirace(9) <

O

In the following corollary, we show that the above simplified complexity is in a same

order (up to logarithmic factors) of Hgop proposed in Abbasi-Yadkori et al. [2018].

Corollary A.3.6. In multi-armed bandits, meaning d = K and X = {ei,...,ex}, for
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Hpi rage(9) (defined in equation (2.4)), if m = ig, we then have

210 (iglog(2K k
Hpy pace(8) < = (io log(2K) + 1) Imax = 2ig (io log(2K) + 1) Hpon ().
A) kelK] Aw)

Proof. When in multi-armed bandits, for the first term in Hpi.rage(f), we have

HCE B x(l)HA(A)

K
- k
inf max < 2log(2K) max —,
AEAx x#x (1) Ay z_: B g ) ke[K] A(k)

where the first inequality above comes from Soare et al. [2014] and the second inequality

comes from Audibert et al. [2010]. For the second term in Hpj rage(#), we have

. 1
inf max ‘x — (1) H = inf max =V2
AEA x w1 AL XeAx k#(1 A(l)
: aa VK2 2K < k
which then gives us A(l) < A<1>A<K> < A(l) MaXpe (K] & ;-

Finally, by plugging these inequalities back into Hpj rage(€) (defined in equation (2.4)),

we have
H 2
. O] YR
mig AN~ | mvd ’ H
H, 0 f f -
P1-RAGE () = A AéHAX ax A, + Agy /\énax 12 |z = 2|
215 log(2K 21
L2GlogRK) k2 ok

T A kel Agy T Aq) keli] Ay
1)

_ 2ig (i0log(2K) + e k

Approzimate BAI of Algorithm 2

Corollary A.3.7. Fiz arm set X C RY with |X| = K and budget T. For a stationary

environment with unknown parameter 6, if m > ig(e) = [logy (1/€)] + 1 for some e > Aq,
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then there exists absolute constant ¢ > 0 such that the error probability of P1-RAGE satisfies

Py (Jr ¢ A(€)) < 2io( KT exp (—zmiw)> |

where A(e) = {z € X | Ay < €} and Hprrace(0,¢€) is defined as replacing ig by io(e) in
Hpi rage(0) (defined in Eq. (A.3)).

Proof. The proof is the same as Theorem 2.5.1 through simply replacing ig by ig(€). O

A.3.2 Non-stationary Environments

In this section, we prove the error probability of Algorithm 2 in general non-stationary

environments.

Theorem A.3.8. Fiz time horizon T, arm set X C R with |X| = K and arbitrary unknown
parameters {9,5}:{:1. If we run Algorithm 2 in this non-stationary environment and obtain

xj,, then it holds that

2
3TAY
64d )

Py, (Jr # (1)) < Kexp (

Proof. The proof will basically resemble the one for Theorem 2.4.1. In particular, by the

same reasoning to obtain equation A.2, we have

N _ A K A
P (U # 0) < (sl — ol < =220 ) + S (s —afPr 2 22

. _ A T TA
where I <x<T1>9T — 2 < —(1)> (Zx “layry — 6;) < —2(”> .

Since A\¢ = # and \ — ”xH2A()\)—1 is convex in A, to use the Berstein’s inequality for

martingale differences [Freedman, 1975|, we have

(x(Tl) (A() Lapry — et)] <2 H$(1)H et gy +2 < 2d+2 < 4d,

A(re)—t
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2
A(Xe)~t

E [(:c(Tl) (AQ) Laprs — gt))2 | At} _ Hx(l)H <9 Hm(l)Hi(ml < 2d.

Therefore, we have

N _ A TAZ . /8 3T A2
T T _~m R ¢ O L _ 1)
P <"’”<1>9T ryfr < —— > < exp ( 2 + QdA(l)/?)) < exp < 6ad |

By applying the same inequality to other terms, we have

3TAY
P(Jr # (1)) < Kexp (— 61d ) :

A.4 Implementation Details and Additional Experiments

In this section, we provide more implementation details and additional experiment results.
Experiments are executed through Python 3.10 and paralleled by a Mac M1 Pro chip with
6 cores.

First, we notice that an algorithm for stationary environments usually determines a
batch of arms to pull at once during each epoch, while in non-stationary environment, the
order of pulling these arms will affect the rewards it will receive. Therefore, when applying
stationary algorithms (Peace and OD-LinBAl) into a non-stationary environment, we use a
random permutation to determine the order of pulling for each batch of arms.

When implementing P1-RAGE, to be computationally efficient, we update A¢ in the same
frequency as P1-Peace, which is summarized in Algorithm 11. We take m = 15 for P1-RAGE,
which, based on Theorem 2.5.1, is valid as long as A(l) > 2713 ~ 1.22 x10™*. Furthermore,
when implementing Peace, for simplicity, we use infyea , p(Z, A), defined in equation (A.1),
to replace all 7(2Z) used in Katz-Samuels et al. [2020]. Since the paper of OD-LinBAI does
not provide code, we implement it based on the pseudocode in Yang and Tan [2022]. Finally,

we use Frank-Wolfe algorithm with stepsize in ¢-th iteration to solve all optimization

1
2G12)
problems in a form of infyca , max,cy ||yH%‘()\)_1.

As for code snippets reference, we use part of the code from Katz-Samuels et al. [2020]
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to implement the rounding procedure used in Peace® and part of the code from Fiez et al.
[2019] to generate the base stationary instance for the multivariate testing example.! We

also use code from Xu et al. [2018] to preprocess the Yahoo! Webscope dataset. |

A.4.1 Additional Experiments

Here, we provide experiment results on some additional examples to corroborate our theo-

retical findings.

Malicious non-stationary example Because of the nature of arm elimination, algo-
rithms designed for stationary environment can fail easily in some malicious non-stationary
environments. Here, we pick the same X' as Soare et al. [2014]’s stationary benchmark

example and set w = 0.5. Then, we take

-
_ T
[0 11 ... 1] fort=1,..., 3,

.
_ T
[2 00 ... o] fort=2+41,... T

We can see that the overall best arm is still T(1) = e1. However, because of the 6; in the
first 1/3 rounds, algorithms like Peace and OD-LinBAI will eliminate e; in its initial phase;
on the other hand, our algorithms will be robust to this non-stationarity. Here, we take

T = 10* and the results are shown in right plot of Figure A.1.

Stationary multivariate testing example We also test the performance of these algo-
rithms in multivariate testing example when there is no non-stationarity, i.e. 6y = 8* for all
t. Here, we also take T = 10* and the results are shown in Figure A.2. We can see that our

robust algorithm P1-RAGE again performs better than G-BAl and comparably with Peace.

$No license information.
TUnder MIT License.

INo license information.
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Experiments under Malicious Example

4
%

=
>

error probability

I
=

0.2 A

0.0 -
G-BAI Peace P1-Peace P1-RAGE  OD-LinBAI  Mixed-Peace

Figure A.1: The error probabilities are estimated through 1000 repeated trials and the error
bars represent 95% confidence intervals.

Experiments under Stationary Multivariate Testing Example

0.05

0.04 A

=4
=
&

error probability

14
]
=

0.01 A

G-BAI Peace P1-Peace P1-RAGE ~ OD-LinBAIl  Mixed-Peace

Figure A.2: The error probabilities are estimated through 10% repeated trials and the error
bars represent 95% confidence intervals.

Non-stationary benchmark example In this example, we add non-stationarity to Soare
et al. [2014]’s stationary benchmark example in a more structured instead of malicious way.

In particular, we keep the arm set X the same, take w = 0.5 and set
T
Or = [0.3 0 0 ... —ssin(&)+ 0.5} ;

where s is the oscillation scale and L is the oscillation period, In the first series of instances,
we fix L = 200 and take values m € {0,1,...,9}; in the second series of instances, we fix

m = 1 and take values L € {300,600, ...,3000}. All non-stationary instances have the same
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optimal arm as their stationary counterparts and we take 7' = 10* for all of these instances.

The results are shown in Figure A.3, from which we can see similar phenomenon as in Figure

2.3. In particular, algorithms designed for stationary environments, Peace and OD-LinBAl,

are very unstable in face of non-stationarity. Meanwhile, among the other four relatively

robust algorithms, our algorithms P1-RAGE and P1-Peace consistently outperform the other

two.

Error Probability vs. Oscillation Magnitude
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Error Probability vs. Oscillation Period
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oscillation period (L)
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Figure A.3: The vertical axis (error probability) is in log scale. The shaded area represents

the 95% confidence interval.

Each error probability is estimated through 1000 repeated

trials. The bottom two plots give the minimum gap A(l) of each instance that algorithms

run over
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Appendix B

OMITTED PROOFS IN CHAPTER 3

B.1 Additional Motivating Examples

In this section, we present two additional motivating examples of our proposed models.

Example B.1.1 (Web Advertisements). Consider a set of websites as the facility set and
companies who want to advertise their products as the players. Due to budget constraints,
each company may only choose some of these websites to put its product ad. For each
website, the probability that a user will click on a certain ad (and then buy the product)
depends on how many ads are put on the website. If a website receives too many ads, the
probability that a user can see a certain ad will decrease, thus making it congested.* The
reward each company will receive is measured by the amount of products sold during certain

period of time, which is bandit feedback.

Example B.1.2 (Server Usage). Consider a set of servers in a company as the facility
set and server users as the players. Each user needs to request several servers to finish
her computation task and the cost triggered from each server depends on the number of
users requesting that server. Each user will try to minimize the total cost incurred from the
servers she requested. As each user can see the cost from all the servers she requested, this

is semi-bandit feedback.
B.2 Compute e-approximate Nash Equilibrium in Potential Games

In this section, we show that the e-NASH(-) operation in Algorithm 4 can be computed

efficiently by using Algorithm 5.

*Although the website’s intelligent recommendation system may more or less mitigate this effect,
it can be considered as a part of the reward function’s property.



160

In particular, we first show that the matrix game with reward functions @]f(), e 7@51()
used in Algorithm 4 is a potential game in Lemma B.2.1. Then, we show that Algorithm 5
can efficiently compute an e-approximate Nash equilibrium for potential games and output

a product policy as shown in Lemma B.2.2.

Lemma B.2.1. In line 6 of Algorithm /j, the matrix game with reward functions
@]f(), . ,@I:n() forms a potential game for both settings of semi-bandit feedback and bandit
feedback.

Proof. In the setting of semi-bandit feedback, since @f(a) =Y fea; (#*F 4 bFFr)(a), the

reward functions @]f(), e ,@Zb() form a congestion game, which we know is a potential
game [Monderer and Shapley, 1996].
In the setting of bandit feedback, notice that by defining 77 (i) = éz.ﬁrm(f_l) for (i, f) €

[m] x F, we can have 7*(a) = <Ai(a),§k> =2 fea: #*f(nf(a)). Therefore, we claim that

7
the desired potential function is
nf(a)
ok (a) = ®%(a) + 0" (a), where ®F(a) = Z Z o f ().

feF i=1

To see this, by referring to the definition of potential function in congestion game [Monderer

and Shapley, 1996], since 7¥(a) = > feas 7 f(nf(a)), we have that

*(az,a_;) — O (af, a_y) = 7i(as, a_;) — 7(al, a_;).
As a result, we have

@k(ai, a—;) — @k(a;, a—;)
= (fi(ai, a_;) + l;k’r(ai, a,i)> - (fi(a;, a_;) + Bk’r(a;, a,i))
—k —k
=Q; (ai,a—;) — Q; (a5, a—),
which means that @]f(), ... ,@5;() form a potential game. O

Lemma B.2.2. Algorithm 5 can output an e-approximate Nash equilibrium.
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Proof. Note that if at round &, we have max;¢ [y, A; < ¢, then 7% is an e-approximate Nash
equilibrium. So we only need to prove that MAX; ¢ [ry] A; < € is satisfied at some round
kedl,..., (%]}

Suppose the potential game ({A;};", {ri};~;) is associated with potential function ® €

[0, Pmax]. Set 7 = arg MaXrel o A(A) ® (7). Then for any m € ] A(A;), we have

1€[m]

(") — @(m) = Z (‘p(ﬁzia Tit1m) — P(T];1, Wi:m))
1€[m]

*
71'1 iTitlm Vﬂ—l:i*l’ﬂ—i?m
- %

i€[m]

<Mrmax-

As a result, we can set ®pax = Mrmax. On the other hand, if j = arg MAaX;¢ (] A; for round

k, we have
k+1 k k+1 _k k
B(r ) — @(n%) =@ (m; T ) — @(m)
kit gk ok
:Vj J i _ V]
=r; (a§+1, TFEJ-) -7 (7*) (7% is deterministic)
=max 4A;
i€[m]
So there must exist k& € {1,...,[™max]} such that max;c(m A < €, otherwise ®(m k)
increase at least e at each round, which contradicts ® € [0, mrmax]. O

B.3 Analysis for Algorithm 4

Recall that the update rule in Algorithm 4 is @f (a) = i¥(a) + b "(a), where we have

b?’r(a) _ Z bk’f’r(a), and bk’f’r(a) = \/Nk:,f(nfL(a)) A

fEai
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For proof convenience, we define auxiliary value functions

Q¥ (a) = (a) - b} (a),
Vi =EaunlQi(a) and VF=E, .[Q"a)].

With these definitions, we now begin to prove Theorem 3.4.1.

Proof of Theorem 3.4.1. Semi-bandit Feedback. By the update rules in Algorithm 4, in
the setting of semi-bandit feedback, with probability at least 1 — §, simultaneously for all
(k,i,a) € [K] x [m] x A, we have

Qi) ~ri(@) = > [M —1)(@) + 1514 (a)] 2 0.

fea;

The second inequality above is obtained by using standard Hoeffding’s inequality and union

bound, Therefore, we have @f(a) > ri(a).

Then, since 7% is the e-approximate Nash equilibrium policy of @If, .. ,@ﬁl, we have
Vi = Equrne[Q(a)] = max Eq )@ (a)] - ¢
veA(A) @~Wm=)
> max E [ri(a)] —e= VT’FZ —€
TreA(A) an ()t S '

Meanwhile, by definition of Qf (a) and V¥, we can similarly show that Qf(a) < ri(a) and
K _
K{f < V;”k. Therefore, we can have V;’W‘i — ka < V? — K,’f + e
Now, we define QF(a) = MAX; ¢ (1] 2bf’r(a) and V¥ = E_ __+[Q*(a)]. Then, we can notice

that

max (QF — Q")(a) < max 268" (a) = Q¥(a),

ie[m] i€[m]

(75 = V1) < B [,m[ax] @ - Qfxa)] < Bqre[GH(a)] = T
elm em *

We further define M* = E___« [@k(a)} — Q%(a*) = V¥ — Q¥(a*). 1t is not hard to

verify that MF is a martingale difference sequence with respect to the history from episode

1 to k — 1. Meanwhile, since }bk’r(a)’ = ter ,/W < F+/i. Thus, by Azuma-
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Hoeffding inequality, we have Zszl ME=0 <F\/F ) Therefore, we have

K -
Nash-Regret(K) = E _In[aX] <Vj7 o ka>
e|m

=
—

K
. ok ok
:Zmln{maX<Vi =V >,F}

1€[m]

(Since the value is always bounded by F'.)
K k
< E min{lyg%(Vi—Vf),F}—i—Ke

‘N/k,F}—i—Ke

AN
[~]=
=
=)
—_

{
K
F\/ﬁ) +2) {max b (@), F} (By taking € = 1/K.)
)

FVmK) (By Lemma B.3.4.)

Bandit Feedback. By using Lemma B.3.1, which guarantees optimistic estimation, we

can similarly show that
K K
Nash-Regret(K) < Z Z min {Qbk *(ak), F} + Ke.
k= k=1

To have an upper bound on MP* here, recall that b**(a) = MAX; e [y] ||Ai(a)||(vk.)_1 \/a
and \/Br = O (\/ﬁ) = O(Fy/m). Meanwhile, we have [[Ai(@)] )+ < [Ai(a)]; =
|A;(a)|ly < VF. Thus, we have |/\/lk‘ <0 (\/W), which by Azuma-Hoeffding inequality
implies YK MF =0 (\/m)

Then the sum of the bonus terms can be bounded by using Lemma B.3.2. In particular,
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with e = 1/K, we have

K
<0 (VmF3K) + ,| O (mF2K) ];min {12% | Ai(a®) 201 1}
(Since B, = O (mF?).)
<0 (\/mF3K> +0O (\/mF2K - mF) (By Lemma B.3.2.)

§C§ (mF3/2VI?) .

B.3.1 Lemmas for Bandit Feedback

The following lemma, as a direct corollary of the confidence bound for least square estimators,

shows that the reward estimation error can be bounded by the reward bonus term.

Lemma B.3.1. With probability at least 1 — 0, simultaneously for all (i, k,a), it holds that

[(7F —r;)(a)| < b**(a), where ¥ and bRr are defined in (3.2).

Proof. By construction, we have

(7 = ri)(@)| =[(Ai(a).6 - 0)]
< |4i(a)

5—9‘

H(Vk)*l vk

(i) N
< 4@y (16l + /o (e () + )

where the inequality (i) above holds because of Theorem 20.5 in Lattimore and Szepesvéari
[2020] and the fact that the reward noise is v/F-subGaussian. Since each element in 6 is
bounded in [0, 1] by construction, we have ||8]], < V.
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d
Then, by Lemma B.3.2, we have det (Vk) < <1 + mT'3F> since by construction
2
[Ai(a)]l3 < F.
Finally, to make this bound valid for all player i € [m], we only need to take maximization

over i € [m]. Therefore, with probability at least 1 — §, we have

G = @) < max [ 4:(@) | ey /B = 07 (@),

i€[m]
where \/E: \/;Z—i— \/Fchog (

The following is a variant of the famous elliptical potential lemma, which helps bound

kT ) +Fi 0

the sum of reward bonus under bandit feedback. Here, we apply some techniques from the

proof of Lemma 19.4 in Lattimore and Szepesvari [2020].

/ / —I—
Lemma B.3.2. Let K,m > 1 be integers. Suppose V¥ = T + Zk;/ 1ZZ 1Ak <Ak> ,

where Af/ e R? and HA?IHZ < F. Then, it holds that

LF\? 2 KF
det (Vk) < <1 + md> , and Zmln {max H k”(vk)_l , } < 2dlog <1 + md) .

1€[m)]

Proof. For the first upper bound about det (Vk), we have

det (Vk) - H Aj (A1, ..., \q are eigenvalues of V)
j=1

IN

tr ) .
) (By AM-GM inequality)

(5
(ro-s A )

2
< <1 + mkF) (Since HAf ) <F.)

For the second upper bound. First, we notice that min{1,z} < 2log(1 + z) for any
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x > 0. Thus, we have

2
Zmln{l zrél?vi{ (V’C) } < 2ZIOg <1 —1—212[&:;(} f (Vk)l) .

Then, for k > 2, we can notice that

U T
vk —yk-1 4 ZA?A (Af’1>
=1
() (e () (S () () ) ()
i=1

e (S5 () ) () ) )

Therefore, we have

det (VF) =det (V1) det <I+Z ((V’“ N Y zAf_1> ((V’“_l)_”2 Af—l)T>

> k-1 3.3.

> det (v ) (HJQ[‘;‘;E Al ((W o ) (By Lemma B.3.3.)
12

> 1+ . Since by definition, V! = T.

H < ng[ax] (Vk’)1> (Since by definition )

As a result, we have

k

2
)

E min {max

1€[m]

2
i yay-1 } <2210g( + max || A;

t€[m]

< 2log (det (VK“))

KF
< 2dlog <1+ md> .
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B.3.2  Technical Lemmas
Lemma B.3.3. Let y1,...,ym € R% be a set of vectors. Then, it holds that

m
det [ 7T+ wiy! | =1+ max |3
( 2 v iefm

Proof. Since I 4+ 7", yzy;r =1+ yzy;r for any i € [m], we have det (I—{— iy yzy;r) >

det (I + iy, ) for any i € [m]. That is, we have
m
det | I + Zyly;r > max det <I+ yly;r) =1+ max Hyzﬂg .
1 1€[m] i€[m]
The last line above holds because the matrix I + yzle has eigenvalues 1 + ||yz||g and 1. [

Lemma B.3.4. For any f € F, it holds that

K
1 .
<O(vmK).
kz::l NS (nf(a®)) V1 = ( " )
Proof. Here, we have
K 1 m NK’f(n) 1
Z k, k :Z Z 7
k=1 \/N Inf@) vl o= o V!
m
<2 Z NE.f(n) (By standard technique)
n=0
m
<2, [(m+1)) NKI(n)
n=0
= <\/mK>.

The last equality above is based on a pigeon-hold principle argument similar to Lemma

B.6.5. 0
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B.4 Analysis for Algorithm 6

B.4.1 Ezxploration Distribution and Smoothness

We choose the exploration distribution to be the G-optimal design and we have the following

properties.

Lemma B.4.1. (Unbiasedness) For any episode k € [K]|, i € [m] and a € A;, we have
Ex |VE0(a)| = VEa(a),

where Ei[-] is taken over all the randomness before episode k.

Proof. By the definition of @f"@(a), we have

By [Vie(a)] =Ky (4i(a), B ("))
=Ey % > d%(a)T[Eﬂ_l%'(af’t)rf’t]
t=1

By [64(@)T (28] 0u(a )
=), [9:(a) T [=H 7 gu(a ) gu(al ) TO) ()|

ST 7@l el ()2 gi(al ) pi(al ) T 05 (%)

aFeA;

K3

(af’1 only depends on 7¥ and 9?’1(7#“) only depends on 7% )

=) (@[ | Y 7l e ilal)ilal )T | 0i(x")
(L?GAZ'

=, (a;)0;(7")

=VFd(a).

Lemma B.4.2. For any episode k € [K], i € [m] and a € A;, we have

¢i(a) T [ZF i@yt < s

1 =
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Proof. As 7F = (1 — ) (v7F + (1 - ’}/)ﬂ'f_l) + vpi, we have
S =Egnkdi(ai)di(ai) " = VEaimp dilai)dilar) ',

and p; is the G-optimal design with respect to ¢;(-), for any action a € A; we have

H@'(G)H[ng]fl < i H¢i(a)H[QIEaNi%(ai)@(ai)T} = {j
Then for any t € [7], since |rf’t <
ool @0 autal )| < [ lou@lme - [loital) | o, < ZQ
As a result, we have
)V"%I) ‘_‘ Z@ sk 1¢Z(kt)ft§};2

Lemma B.4.3. For any episode k € [K], i € [m] and a € A;, we have

[ (ot e < £

Proof. We first show that for any ¢ € [7], we have

5 (o )|

<F2E, [(@(G)T[Eﬂl@(“f ’t)ﬂ

<F?Ey, |¢i(a)" (2] gulaf)oula ") TISF)  gula) ]
=F¢i(a) " [£] ¢i(a)
F3
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Lemma B.4.4. With probability 1 — 6, for all k € [K], i € [m] and a € A;, we have

Ftlog(mK/§) N cF3log(mK/9)
T T

VEa(a) - Vie(a)| <

Proof. Recall that
Zaﬁl DSE i (o),

and (a]-f’t r]?’t) are drawn independently at each ¢t € [r]. Lemma B.4.1 shows that

1
@f@(ai) is an unbiased estimate of V¥®(a;) In addition, Lemma B.4.2 shows that
qu—(ai)[Ef]_lrf’tgbi(af’t) is bounded by F2/v and Lemma B.4.3 shows that its second mo-
ment is bounded by F3 /. Then by Bernstein’s inequality, for a fixed k € [K], i € [m] and

a € A;, with probability 1 — §, we have

2F3 log(2/9) N 3F21og(2/6)
NT 2yT ’

Vi (a) - VED(a)| <

The argument holds by applying the union bound and the fact that |4;] < 2%

Lemma B.4.5. ®(-) is mF'-Lipschitz and mF -smooth with respect to the L1 norm || - ||1.

Proof. Recall that ®(7) = Eqx®(a) and ®(a) € [0, mF].

O(mr) — (1) =Equr®(a) — Equr®(a)

= : : Ealzifl'\’ﬂi;ifl7ai:mN7Ti:m¢(a) _Eal:iNﬂll;i7ai+1:mN7ri+1:mQ(a)
1€[m)]

< Z H7Tz —7T§H1 [P0

1€[m)]

<P |-,
Similarly we have V;®(a;) = Eq_,~n_,P(a;,a—;). As a result, we have

[Va® — Vo®|| o <mF|[m—a|,.
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O

Definition B.4.6. (Frank Wolfe Gap) The Frank Wolfe gap of a joint strategy m for ®(-)
is defined as

G(m) = max (' =7, Va®).

s

Lemma B.4.7. Suppose the Frank Wolfe gap of w is €. Then m is an e-Nash policy.

Proof. For a fixed player i, suppose player i change her strategy to /.

‘/;.71-7/;771-—’. —_ ‘/;;ﬂ- == (D(Tr;,? Tr—l) - é(ﬂ—)
< max <7T/ -, vﬂ'(p>
7T/

< e.

B.4.2  Analysis for Frank Wolfe in Bandit Feedback

Theorem B.4.8. Let T = K. For the congestion game with bandit feedback, by running

Algorithm 6 with gradient estimator @f@ in (3.4) and exploration distribution p; in (3.5),

setting parameters v = ﬁ, v = m—l} and 7= K2, if K > %, then with probability 1 — ¢,
we have

K
Nash-Regret(T) = T Z G =0 <m2F2T5/6 + m3F3T2/3> :
k=1

Proof. Set VF® = V&(ITF) € R4 and VF® = VE®(r;) € R4, As we have ®(:) is mF-

smooth w.r.t. || -1, we have

F
@(Wkﬂ) 2@(7rk) i <vq)(ﬂ_k)7ﬂ_k+1 _ Wk> _ m7||ﬂ_k+1 _ WkH%

=o(7") + (1 —~)v <V<I>(7rk),%'k+1 - 7Tk> + <Vk<1>, p— 7rk>
F - 2 2
B a s s ('S

2B + (1= (TR =) o [94]_o—ot],



172

R ey
>®(r*) + (1 — ) <V<I>(7rk), FhHl _ 7rk> — 2ym2F —4m3F (v +~?).

(By Lemma B.4.5.)

Define the true target policy at episode k

%f“ = arg max <7Ti, Vz"I’(”i’c)> ’

uss

and the Frank Wolfe gap of joint strategy m

G(m) = max (' — 7, V&(m)).

T

Then we have

(Vo(rh), # 1 - ak) = (Vra(h), 71— ob) 4 (Vo(rh) - Vra(rk), 71 - xF)

(
> <§k@(ﬂk)ﬁk+1 _ 7Tk> 4 <V(I)(ﬂ_k) _ @kq)(ﬂk)’%k—i-l _ ﬂ_k>
(

<

D(rh), 7+ = 7k ) 4 (VO(rh) — Vha(rk), 71 7R

e~ ) - Ao |

o0

24 3
>G (k) _C\/m Filog(mK/5) — emF”log(mK/d)
T T

Apply it to the previous bound and we have

&(rk ) >d (7)) 4+ (1 — 4G () — c(l\/%)” \/m2F4 log(mK /&)
— c(l;:)ymFg log(mK/8) —v2m%F — 4m®F (1% + ~?).

Summing over k € [K] and we get

K o(rk+) —d(xl) K K
;G(wk)< Tt ﬁ\/sz‘llog(mK/é)—I—CWmF?’log(mK/d)



173

2m’FKy  4(W? ++?)m3FK
(L= (1=yv

Set v = ﬁ, v = %, 7 = K2 and notice that when K > %, we have 1 — v > % Since

®(-) is bounded in [0, mF], we can have

K
Y Gy =0 <m2F2K1/2 + m3F3> .
k=1

Then by Lemma B.4.7, for T'= K7, we have

K
Nash-Regret(T') = 7 Z G(r*) =0 (7712FZT5/6 + m3F3T2/3> .
k=1

B.4.8 Algorithm and Analysis for Semi-bandit Feedback

In the setting of semi-bandit feedback, we will need a different gradient estimator %5 ®(ay)
and a different exploration distribution p; to utilize the extra reward information from each
chosen facility.

Based on the analysis in Section 3.5, using (3.3), we have V¥®(a;) = > feas [01(7Tk)]f,

where [Gi(wk)]f =E, . rk. [rf(nf(a_i) +1)]. Meanwhile, in semi-bandit feedback, the

~TTY

mean of t-th reward player i received for facility f at episode k is rf (nf (af’t, a]i’f)) Therefore,

we can use inverse propensity score (IPS) estimator to estimate [0;(7")] ¢ In particular, we

have { Lk }
kt.fq ot
~ 1 T ~o ¢ k.t " feal
0F (7)) y = = > 10, (" here [0, (%)) =
(0% (7)) ¢ Tt:l[ U M) p,  where [0 (7)) f Byt (f € ai)

Then, we can naturally have
Vid(a) = Y 6]y (B.1)
fe€a;

Furthermore, by Lemma B.4.11, we can see that by using p; computed by Algorithm 14, for

all players, we have P« (f € a;) > ol for all f € U, e, ai-
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Properties of the IPS estimator are summarized in Lemma B.4.12. By using these prop-

erties, we can have the following lemma.

Lemma B.4.9. With probability 1 — 6, for all k € [K], i € [m] and a; € A;, we have

Y 4F3log(2mF K 2 B2 log(9mF K
Via(w) - vie() g\/ oB(EmEK[D) | 2ElogAmFK/D)

Proof. By Lemma B.4.12 and Bernstein’s inequality, simultaneously for all (i, k, f) € [m] X
[K] x F, with probability at least 1 — 0, we have

[0F ()] — [0:(*)] f‘ < \/ 4F'log %’;’LF K/5)  2F 10g(2777nFK/6)'

Since %?@(ai) =2 fea [gf(ﬂk)]f, by triangle inequality, we have

_ . ,
VE®(a;) — VE®(ay)| < \/4F 10g(j;nFK/5) L 2F log(j:—nFK/(S).

With this more refined gradient estimator, we can now have the following theorem.

Theorem B.4.10. Let T = K. For the congestion game with semi-bandit feedback, by
running Algorithm 6 with gradient estimator 6?@ in (B.1) and exploration distribution p;
in Algorithm 1}, setting parameters v = %, v = % and T = K?, if K > %, then
with probability 1 — 0, we have

K
Nash-Regret(T) = T Z G =0 (m2F3/2T5/6 + m3F2T2/3> .
k=1
Proof. By following the proof of Theorem B.4.8 and applying the concentration inequality

in Lemma B.4.9, we can have

B(rH) 2a(r) + (1= () — S0 i og(2mE )

VAT
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2(1 —
- meQ log(mK/d) — v2m>F — 4m?F (1% +~?).

YT

Summing over k € [K] and we get

K K+1 1
o - K 2K
G(r*) < (r” ™) () + \/4m2F3 log(mK/8) + ——mF?log(mK/)
= (1= VAT T
2m’FKy 42 +~y2)m3FK
1=y A=y
Set v = %, v = %, 7 = K? and notice that when K > #, we have 1 —v > % Thus,

we can have X«
Z G =0 (m2F3/2K1/2 + m3F2> .
k=1
Then by Lemma B.4.7, for T'= K7, we have
K

Nash-Regret(T') = 7 Z G =0 (mQF?’/?T‘L"/6 + m3F2T2/3) .
k=1

B.4.4 Lemmas for Semi-bandit Feedback

Algorithm 14 Compute Exploration Distribution p;

: Input: A;, player i-th action set
. Initialize .ZZ ~0
: for a; in A; do
if 3f € a; such that f ¢ Uageﬂi a) then
Ai  A; U {ai}
end if
if 7, =1
break
end if
end for
. Assign pi(a;) < % for each a; € A;

- /
e, a; then

© X NSO

— =
= O

: Assign remaining probability mass arbitrarily to actions in A\ .ZZ
: return p;

—_
W N
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Lemma B.4.11. Let F; = UaieAi a;. For any player i, if p; is the output of Algorithm 1)
and ﬂf contains a mizture of p; with weight v, then we have P, « (f € a;) > 5 for any

fE}_i.

Proof. By Algorithm 14, whenever a new action is added into ,Zfi, it contains facility not
appeared in current ./TZ Then, since there are at most |F;| < F distinct facilities in the
action set A;, the final XZ must satisfy \JZ1| < F. Therefore, p; is a valid distribution over

A;.
k

Since 7’ contains a mixture of p; with weight ~, for any a; € A;, we have Wf (a;) = vpi(a;).

Thus, we have

Pyt (f €ai) = Y wf(a)1{f € a;}

a; €A;

>y > pila)1{f € a;}

a; €A;
>y Y pila)1{f € a;}

a; Gsz‘

i g
= >
a;€EA;

The last inequality above holds since by construction, .,ZZ contains all facilities contained in
A;.
O

Lemma B.4.12. If 7r£c contains a mizture of p; given in Algorithm 14 with weight v. Then,
the IPS estimator [6~?Z]-“(7rk)]f satisfies

B [T )] = .0 (B < 2 and B[] < 2

K3

Proof. For the first property, since Ey, [rk’t’f ] ak’t] = rf(nf(al-g’t, ak”?)) and akt ~ 7F, We

7 —1

have

Ex |07 ()]
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T [yt [ (0 (@i a0) [0 [ € 03] Py (F € 05 [ ay)
i Paiwﬂf“ (f 6 aZ)

(:)]P , Zk(f €aj) e [rf(nf(aﬂ) * 1)]

=[0;(")]

k [rf(nf(ai,a_i)) la_s, [ €a;] = rf(nf(a_;)+1)

aiNﬂ'i

The equality (i) above holds because E
and f € a; does not depend on a_;.

For the second property, since P, . (f € a;) > 5% by Lemma B.4.11 and rktf e 0,1,
we can immediately have ][«gi{t(ﬂk)]ﬂ < %

For the third property, we have

E gk [rf(nf(ai, a_i))?1{f e ai}]
Pa%wﬁf (f € CL;)2
<Ea~7r”C []l {f € az}]
— 2
PaQNWf (f € a;)
P (f € @)
]P)afb-f\/ﬂ'f (f € ag)Q

2F
<—.
v

By |16 (x))3] =

B.5 Algorithms for Independent Markov Congestion Games

In this section, present missing details of our centralized algorithm for independent Markov
congestion games, which is summarized in Algorithm 15. The proof of its theoretical guar-

antee is given in Appendix B.6.
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B.5.1  Algorithm for Semi-bandit Feedback

Under the semi-bandit feedback, the players can receive reward information from all facilities

they choose. Therefore, we can similarly define

k
Nyl (s m) =37 1 { (s onl (@) = (s, m) }

k'=1
b T {e f,nf<a2’>> = (s/,m)}
Nyl (sf,m) v
Skt {hish nf< N = (1,55}
NP (sfn) v '

)

ﬁ,’f’f(s/f | sf,n) =

Then, the estimators for the reward function and transition kernel can be defined as

=S il nf (@), B |s,a) = [[ BF (s |/ nf (@)  (B2)

fe€a; fer

Then, with ¢ = 2log(4(m+1)(3_ e ST)T/5), we define the bonus term to be b¥ (s, a) =

bi’pv(s, a)+ bl,j’r(s, a), which is a sum of transition bonus and reward bonus. In particular,

we have

. AH2F2Sf, 4H2F? (SFS1")?
B (s,a) =Y £y (S7571) (B.3)

k k ’ ’ ’ Y
fe N s @) v N T nd (@) Ny (57 n T (@) v

Z kf(sf nf(a)) (B.4)

fer

For convenience, we define (]@fLV)(s,a) = Eswﬁ;’f(-\s,a) [V (s")] with value function V :
S— R
Remark B.5.1. Unlike Algorithm 4 for congestion game, here, @271(8, Ve ,@zvm(s, -) in
line 6 of Algorithm 15 in general does not form a potential game. Therefore, we cannot use

Algorithm 5 and e-NASH is not always computationally efficient.
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Algorithm 15 Nash-VI for IMCGs

1:
2:
3:
4:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

Input: ¢, accuracy parameter for Nash equilibrium computation
Initialize: V1 ;(s) = 0 for all (i, k,s) € [m] x [K] x S
for episode k=1,...,K do
for step h=H,H—1,...,1do
for player i =1,...,m do

@Z,i(s, a) < min {(f}kl',i + @ﬁVZJFLi + b8 (s, a), HF} for all (s,a) € S x A

end for
for s € S do
k(- | 8)  eNASH(@p1(5,), Q5 7))
for player i = 1,...,m do
Vii(s) ¢ Eqrs[@h (5. @)
end for
end for
end for
for step h=1,...,H do

Take action a’ﬁ ~ ﬂ,’i( ] sz), observe reward rﬁ’f and next state s]fH_l

Update reward estimator f,’i ;» transition estimator P,’f and bonus term bf‘;
end for
end for

B.5.2  Algorithm for Bandit Feedback

In bandit feedback scenario, since players’ observation about state transitions remains unaf-

fected, we only need to modify the reward estimator f’,]‘; ; defined in (B.2) and reward bonus

term bz’r(s, a) defined in (B.4).

Similar to the congestion game with bandit feedback introduced in Section 3.4.2; for

IMCGs, we can also write its reward function as 7, ;(s,a) = (A;(s,a),0p), where 0y, is

unknown and 4;(s,a) is a 0-1 vector.

In particular, define 6, € [0,1]% with d = mzfe}' Sf to be the vector such that Oni =

Tﬁ(sf,n) for some f € F and (sf,n) € S x [m]. Then, we can similarly build estimator

fﬁ i through ridge regression as the follovving.T

TFor the same reason, we take the regularization parameter in ridge regression to be 1.
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k=1 m
design matrix: =1+ Z ZA sh/, (sf‘;,a;ﬁ/)—r, (B.5)
k'=11=1
N k 1 m
6}, estimator: 9,’2 = (Vh> Z ZA Sh ,ah r,”, (B.6)
k'=11i=1
reward estimator: F]g,i(s, a) = <Ai(s, a), §Z> , (B.7)
reward bonus: I;i’r(s,a) = max || 4;(s, @) /1y -1 V Bks (B.8)
ie[m] (Vi)

where /(B = \/g+\/Fdlog (1+ mTkF) + Fu.

B.6 Analysis for Algorithm 15

B.6.1 Bellman Equations for Genera-sum Markov Games

Before analyzing Algorithm 15, we first give a brief review of the Bellman equations for
general-sum Markov games. These equations are well-known among the literature Bai and

Jin [2020], Liu et al. [2021], Jin et al. [2021b].

Fixed policies. Given a fixed policy , for any (h,i,s,a) € [H| x [m] x S x A, it holds
that
Qfri(5,@) = (rns +PaViTiy )(5:@)s Vil = Barum,(gs) |@Ri(s:0)], (B9)

where Vi7 ; ;(s) = 0 for any (i,s) € [m] x S.

Best responses. Given a fixed policy m, define the best response value functions for

player i as QT’ “'(s,a) = maxyen(a,) QZféﬂ_i(S, a) and V,i’;r‘i(s) = MaXr,eA(A;) V}:i.’w_i(s).
Then, for any (h,,s,a) € [H] x [m] x S x A, it holds that

QLT (5,a) = (rp + PV, (5. a),

T,m—i — fom—i
Vh,iTr (8) - VEHAH%J)E\ )Ea’N(V,ﬂh’_i)Hs) [Qh?{ (37 a’/)j| )

(B.10)
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where Vglifz(s) =0 for any (i,s) € [m] x S.

B.6.2  Proof of Theorem 3.6.2

Recall that the update rule in Algorithm 15 is

—k B Pt — —k —k
Qp,i(s,a) < min {(Tfm +PI Vi1 + b (s, a), HF} v Vii(s) < Equnk[@pi(s, a)].

Similar to the proof of Theorem 3.4.1, we define auxiliary value functions

Q% (s,0) - max {6+ BEVE 1 — W) (s,0),0}, VE () € Bqusl@F (5, 0)]
(B.11)
We now begin to prove the first part of Theorem 3.6.2.

Proof of Theorem 5.6.2. Step 1. We first consider the setting of semi-bandit feedback.
Assume the result in Lemma B.6.2 holds since it is a high-probability event. Then, for any
(k,s) € [K] x S, it holds that

S k ok k
max | V77 = V% ) (s) < max (Vli -Vy 2) (s) + He.
i€[m] ’ ’ 1€[m)] ’ ’

By the update rules in Algorithm 15, we can notice the following recursive relations

—k . [k 7k
(Qh,i - Qz,i)(sﬂ (L) < min {PZ(Vh-I-l,i - Kz+1,i)<s’ (L) + 2[)2(8, a’)v HF} )

(Vi = V5 () = Earonpigey | @i — @ (s, a')] -

Thus, we define ‘7}} +1(S) =0 for any s € § and QVZ, ‘N/}{C recursively as
Qh(s,a) = min { BEV 1) (5,a) + 208 (s, @), HE b, Vi(s) = Barmgg [Qh(s,a)] . (B12)

Obviously, we have max;e(,, (V;c” —VF(s) < 17}} +1- Then, by inductively assuming the
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same relation holds for A + 1, we can have

(@~ @4 )(ova) =min {max BV~ V)6 0) + 2 s, 1 |
< min { B}V 1) (s @) + 26} (s, ), HF }
=Qf (s, a),

ng[ax](Vm Vi )(8) <Egrorks) [

max (@ - Q)0

SEa.’fv71",j(~|s) [éz(sv a,)]

=V (s).
Therefore, by induction, for any h € [H], we have

max}(Qm QF )(s,a) < Qf(s,a), m[aX](th VE () < VE(s).
€lm — % 1€ ’

As a result, we have

K
Nash-Regret (K Z max <V1 i fo:) (s) < Z VIF(s1) + HKe.
k=1
Step 2, Semi-bandit Feedback. We define the martingale difference sequences

MHE(Q) = Earrong sy [Qh(sh a')] = Qhsh a).

MEWV) = (PthH)(Sﬁ»ah) Vh+1(52+1)

It is not hard to check that Mﬁ(@v) and /\/llfl(f?) are both indeed martingale difference
sequences with respect to the history till episode k& and time step h.

With these definitions, we can now decompose the regret bound as

VE(K) =Bt (1) [@h(E @] (By (B.12)
—ME(Q) + QF(sk, al)
<ME(Q) + 205 sy, af) + PRV ) (sh, af) (By (B.12))



183

(i)
<MG(Q) + 3bj,(sh, af)) + (PhViy ) (sh, af)

:MIE(Q) + MZ(V) + SbZ(SiN ah) + Vh+1(3;€z+1)

The above inequality (i) holds by applying Lemma B.6.2 and the fact Vh (s) < HF, which
comes from the definition in (B.12). Then, by unrolling this relation from h =1 to h = H

and noticing VI’} 41 =0, we can have

K
Nash-Regret(K) < Z ‘71k(81) + HKe
k=

K H
<3 (ME@) + ME(V) + 30k (sk, af) ) + HEe (B.13)
k=1 h=1
N K H
<0 (HF\/T) 35S bk (s, al)
k=1 h=1
(By Azuma-Hoeffding inequality and taking e = 1/7".)
(HF\F)MHFZZZ \/ Sfb —
fe}'k 1h=1 fonf(af))vi N (sph nf(af)) v
2
+6HF Y stf’zz !
kS, k S kfl o kof
FEF k=1 h—1 (Nh Tsp ! nf (@l )Ny (s nd (a) ! ))) V1

_ _ _ N2
<0 (HF\/T) +0 ];Hst VmHT | + O | m2H2F ; (Sf sf )
(By Lemma B.6.5 and B.6.6)

<O S FSIVmIT | +0 | m?H?F Y (sfsf’)2
feF FAF

Step 3, Bandit Feedback. In the setting of bandit feedback, we only modify the
reward estimator f,li’i and its corresponding bonus term EZT Thus, by going through the
proof of Lemma B.6.2, we can notice that to have the same result for bandit feedback, it
suffice to use Lemma B.6.3 to show that the reward estimation error is bounded by the

reward bonus term.

Then, by the inequality (B.13), we can notice that to achieve the final Nash-regret bound,
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we only need to bound the summation Zk 1 Zh 1 b r(sz, ak), which is

K H
ZZB ™ sh,ah <\/722maXHA sh,ah H

k=1h=1 k=1h=1
(By definition of I;Z’r in (B.8).)

< (x/&+ \/Fdlog (1 n mfF> + FL> 0] (H\/ﬁ)

(By definition of 3 and Lemma B.6.4.)

<0 (d\/HF2T>
=0 | Y mS'VHFT | . (Since d =m Y ;e S7.)
ferF

Therefore, by (B.13), with e = 1/T', under bandit feedback, we have

Nash-Regret(K)
K H

Z Z (ME(@) + ME(V) + 30 (5, af))

| N

| /\

K H
FSINmH3T | + O [ m*H*F ) (sfsf’)Q) + 30 sk, af)
FAF
F

0(2\/ H3F + mVH )sff + O | m2H?
f

B.6.3 Lemmas for Semi-bandit Feedback

The following two lemmas shows that our value function estimations are indeed optimistic.

Lemma B.6.1. With probability at least 1 — &, simultaneously for arbitrary value function
V €[0,HF)S and any tuple (k, h, s, a), it holds that |(I@f’l —Pp)V(s,a)| < bi’pv(s, a), where
bZ’pV(s,a) is defined in (B.3).

Proof. We define ]P{ to be the operator such that for some value function VY : &/ — R, we
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have (}P’in)(s,a) = Es'fNP,f(-|sf,nf(a)) [VI(s'1)]. We also define I@I;Lf similarly. Then, by

definition of our transition kernel, for operators P, and I@k’, it holds that

P, = H]P’£ and ]/I\Dﬁ: H]/I\Dz’f.
feF fEF

Therefore, by Lemma E.1 in Chen et al. [2020], since ||V, < HF, we have

o~ Ak‘, !
(B —Py)V(s,a)l <> |B —B)) | [T PL | V(s,a)
feF I'#f (B.14)

+2HF Z errp;{;’f(s, a)- errpi’f/(s, a),
f#f
where errpy ! (s.a) = | By (- | s/, nf (@) = B (- | s/ 0 (a)) |1
Now, notice that (Hf,#c IP{;) V(s,a) can be seen as some value function from S7 to
[0, HF]. Therefore, by Lemma 12 in Bai and Jin [2020], with probability at least 1 — g,

simultaneously for any V" and (k, h, s, a), it holds that

Skf _pf i ST
@ =r) [ T[] 2L | V(sa)| < 2HF\/ - :
Frf Nh’f(sf,nf(a))\/l
where ¢ = 2log(4(m + 1) s r SH)T/8). Meanwhile, by standard Hoeffding’s inequality
and union bound, with probability at least 1 — %, simultaneously for any (k, h, s, a), it holds

that

k.f f t
errp,” < S .
4 \/N,’f’f(sf,nf(a))\/l

Finally, by plugging above two concentration inequalities back into (B.14), we can have
~ k,
(P} —Pn)V(s,a)| < b, (s, a).

O

Lemma B.6.2. With probability at least 1—0, for any (k, h,i,s,a) € [K]x[H]x[m]xSxA,
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it holds that

—k T77r52‘ k

Qh,i('S? a’) = Qhﬂ' (57 a) - (H - h)é, Qﬁ’i(sa a) < Qz,i(sv a)7 (B15)
Tk trk, 7k

Vh,z'(s) > Vh,i (5) = (H — h+ 1)e, K]fm(s) < Vh,i (s.), (B.16)

where QZ , and Kf”. are defined in (B.11).

Proof. The proof is adapted from Liu et al. [2021] and goes by induction from h = H + 1 to

h = 1. We can see that inequalities (B.16) obviously hold when h = H +1 since by definition

we have V’;H_Li(s) = K]IC—I+1 ;(8) =0 for any (k,i,s). Now, suppose inequalities (B.16) hold
ok,

for h+1. Then, if we have @Zi(s, a) = HF, it holds trivially that @]gﬂ-(s, a) > Q.7 (s,a).

Otherwise, by Bellman equations (B.10) and update rule in Algorithm 15, we have

—k T77rﬁi
Qh,i('S? (1) - Qh,i (Sa a)

“ Sk T,k
:(T}Iz,i - rh,i)(sﬁ CL) + (Pﬁvlﬂ»l,i)(sa a’) - (thh+1’i)(87 CL) + bz(sa CL)
~ Sk 77k T, Iiz N 1, }il
= (7 = )5, @)+ BE (T — V)5, a) + (B — PV, ) (s, a) +8E (5, @)
(A) (B) (©)

Now, recall that blfl(s, a) = bz’pv(s, a)+ bZ’r(s, a). By reward definition in congestion game,
we have
~k ~k,
(s —rha)(s,a) = Y (il (sf nf (@) — o] (sT.nf (a))).
fEai
Thus, by using standard Hoefding’s inequality and union bound, we can immediately
k

have |[(A)] < bZ’r(s, a). Then, since V}jv’zr’i € [0,HF)®, by Lemma B.6.1, we have
|(C)] < bz’pv(s, a). That is, we have (A) + (C) + bf(s,a) > 0.

Then, by inductive hypothesis, we know that V],i 142 V}jff’; — (H — h)e, which implies
(B) > 0. Therefore, we have Qﬁ’i(s, a) — QL’T;’Z(S, a) > —(H — h)e.

For Vlfw' and V,:r ’;T", we notice that in Algorithm 15, 7% is computed as the e-approximate
Nash equilibrium of (Qi»l’ e ,@]}i’m). Therefore, it holds that

k

= _ —k —k )
Vh,i(s) - anﬂ'}’i(-|5) [Qh,i(‘g? a’)] > VGHAH%;(\Z) Ea/"’(’/ﬂrili,ﬁ)('ﬁ) {Qh,i(sa a )i| — €
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By Bellman equations (B.10), we also have

V;j,’:lii(s) = Vefg%ﬁi)an(y,ﬂ;;ﬁi)(-|s) [Q;’zki(saa/)] :
Since @Z,i(s,a) — Qz’yglii(s,a) > —(H — h)e, we immediately have Vﬁvi(s) - VJ;EZ(S) >
—(H — h+ 1)e. Thus, by induction, we have that ngvi(s, a) > Qz’ygﬁi(s, a) — (H — h)e and
Vﬁ}i(s) > V,i’:ii(s) — (H — h+1)e for all h € [H].
The inequalities for ZZ’Z- and Qf” can be proved similarly. O

B.6.4 Additional Lemmas for Bandit Feedback

The following lemma shows that the reward estimation error can be bounded by the reward

bonus term.

Lemma B.6.3. With probability at least 1 — &, simultaneously for all (i,k, h, s, a), it holds

that |(7% . —rpi)(s,a)| < Bz’r(s,a), where 7 . and l;flr are defined in (B.7) and (B.8).

Proof. The proof is extremely similar to Lemma B.3.1. By construction, we have

ks = rn)(s,a)] = [(Ai(s, ). 00— 00)|

<|[Ai(s, a)]l

éh—eh‘

v
< @) (100l + /g (@er(v)) + 7).

(By Theorem 20.5 in Lattimore and Szepesvari [2020].)

Vie

Since each element in ), is bounded in [0, 1] by construction, we have ||0},|l, < V/d.

Then, by Lemma B.3.2, we have det (V}f) < (1 + mka“)d since by construction
J4i(s @3 < F.

Finally, to make this bound valid for all player i € [m], we only need to take maximization

over i € [m]. Therefore, with probability at least 1 — d, we have

(ki =rn)(s @) < max |Ai(s @)l ) /B = By (5. @),
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where /3 :\/g+\/Fdlog<1+m§F)+FL. O

The follow lemma bound the sum of reward bonus under bandit feedback.

Lemma B.6.4. For any h € [H], it holds that

o [ashoab < 0 (VaFR),

—1 1€[m]

where d = mzfe]_—Sf.

Proof. First, since V¥ = I+Zk, 1D Ay (sh ,aﬁ )A; (sf{l, aﬁ )T, we have V¥ = I and thus
(Vh) =< I. Therefore, we have

bl g < Jacch b, = Jacch b, < v

For simplicity, let Aii =A; (sﬁ, ah) Then, as a result, we have

K
Q%HAM Z m{maxHAhZ vy 1,@}
k=1 k=1
<K HA F
el 7}
K 2
: k
< FK];mm{irg%HAm )1,1}
KF
<\/2FKd log <1 n md> (By Lemma B.3.2.)

~ 6 (VarK).
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B.6.5 Technical Lemmas

Lemma B.6.5. For any f € F, it holds that

i i 1 <0 (\/mHSfT> .

5T R,
i=1h=1 \ Ny f(Shfv”f(alfl))\/l

Proof. Here, we have

(By standard technique)

H m
<2 [(m+1)HSY S ST NS (s ,n)

h=1sfeSf n=0

=0 (\/ mHSfT) .

The last line above holds because Zthl Y oefess Pomeo N}f{’f(sf, n) = T. This is based on
a pigeon-hole principle argument. In particular, whenever the players take one more action,

for any f € F, the count for some tuple (h, s/, n) will increase exactly by 1. O

Lemma B.6.6 (Chen et al. [2020]). For any f, f' € F and f # f’, it holds that

K H
1 ~ /
<O(m?HS/8T") .
,;h; (N (s nf (@) NPT (s (@) ) v ( )

Proof. We define the joint empirical counter

k
N;f"f’f/(sf, Sf/, n, n/) = Z 1 {(Sil7fa SZ/’fla nf(a]}i,)a nf/ (ale)) = (va Sf,a n, n/)} :
k'=1
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Obviously, we have N,’:’f/(sf, s, n,n’) < min {N}]f’f(sf,n), N,]:’f,(sf/,n')}, which implies

NELT (5,68 ) < \/Nflfj(sfa”)Ni?f,(sf/’n,)'

Therefore, we have

1
k, k, k, / k, 4 ’ k, 4
(M st nd (@) N (s (@) ) v

M=
M=

>
I
—
>
I
—_

1
k. f.f"/ k, k,f’ ’
NI s sy nf (af ) n S (af) v

B
M=

k=1h

K, f,f /
m m Nh, Sl (Sf75f ,n,’I’L,)

1
)IEDIID D DEED DI
1sfeSf sf'esf’ n=0n'=0 {=1

5 (mZHstf’) .

M

h
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Appendix C

OMITTED PROOFS AND EXPERIMENT RESULTS IN CHAPTER 4

C.1 Table of Notations

Symbol Meaning
The state space
A The action space
S Size of state space
A Size of action space
H The length of horizon
K The total number of episodes
T The total number of steps, T'= HK
k The greedy policy generated in Algorithm 7 at episode k
Rp s 4 Expected reward function at (h, s, a)
Phsa(s) Transition probability
M Underlying true MDP, M = (H,S, A, R, P, s1)
ny(h, s, a) Sy (s af) = (s,0)}
RZ’&Q Estimated reward function, m Zé:ll ]l{(sél, aﬁl) = (s, a)}rg’sa’ah
]5,15787(1 (s") Estimated transition kernel, m Z;:ll ]1{(slh, alh, slh+1) = (s,a,s)}
7:, sa (s") Estimated transition probability with a slightly different
denominator, m Z;:ll 1{(s!,al, sﬁl_H) = (s,a,s")}
MF Estimated MDP, M* = (H,S, A, P, R, s1)
'ytky(h, s, a) afy(h, s,a)/log(40k*)
2k Perturbation’s single random source during episode k

from a standard Gaussian, 2 ~ N(0,1)
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V(P,V)
ap
of (h,s,a)

ty

UI’fIO (h,s,a)

J]’_E)e (h,s,a)

eﬁo(h,s,a) H

Noise of type “ty”, wfy(h, s,a) = a,lfy(h, S, a)Zg
—E (b, s,a)

Ty (, 5,0)

Perturbed estimated MDP with ty-type noise, M= (H,S, A, PR+ wfy, s1)
Negatively perturbed MDP, Mfy = (H,S, A, PR+ wfy, 1)

Positively perturbed MDP, M}, = (H,S, A, P, R +w},, s1)

Optimal value function at step h for true MDP M

Value function at step h by running policy 7% on true MDP M

@-value function obtained by running Algorithm 7

Value function obtained by running policy 7% on M

with a clipping of threshold 2(H — h + 1)

Value function obtained by running policy 7% on M*

with a clipping of threshold 2(H — h + 1)

Value function obtained by running policy 7% on ﬁk

with a clipping of threshold 2(H — h + 1)

The historical observations and actions till time A in episode k,

{(s{,a{,rlj) j<kand I < Hif j <k, elsel < h}

The historical observations and actions till time A and episode k,

plus the randomness in episode k, ng U{Zk}

Variance of V' € R under distribution P € AS, 3> o P(s)(V(s) — (P, V))?
200H? log(2H S Ak?) log(40k*)

Magnitude of perturbation. ty € {Ho, Be}

Reserved subscript for denoting perturbation type, ty € {Ho, Be},

where “Ho” denotes Hoeffding-type and “Be” denotes Bernstein-type

log(2HS Ak?) H
H ng(h,s,a)+1 + ny (h,s,a)+1
16V(PF, . V1) log(2HSAK?) , 65H10g(2HSAK?) | [log(2HSAR?)
ng(h,s,a)+1 ng(h,s,a)+1 ng(h,s,a)+1
log(2H S Ak?) + H
ng(h,s,a)+1 ng(h,s,a)+1



(h, 6V(Pf, Vi) log(2HS AR?) +9Hlog(2HSAk2) 4 [losRHSAR?)
eBe 5,a) ng(h,s,a)+1 ng(h,s,a)+1 ni(h,s,a)+1

3(1. 5) (1)
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C.2 Good Events

Definition C.2.1. Let M’ = (H,S, A, P, R',s1). We define the following confidence sets

for both Bernstein-type and Hoeffding-type noise

Mfy = {M' :V(h,s,a), [ (Rhs.a — Rhsia) + (Prsa — Prsas V1) < \/Jek, (R, s, a)} ,

where the confidence widths are set as

6V (P,’fs o V;H) log (2H S Ak?)
be (1, 5,) ng (h,s,a) +1

9H log (2HSAK?)  [log (2HSAK?)
ng (h,s,a) +1 ng (hys,a) +1’

log (2H S Ak?) H
ng (hys,a)+1  ng(h,s,a)+1

eHohsa

We also define two events 5% and 5,% as the following:

log (2H S Ak?) 1
gl = ’R Rpsal <
k { hSCl h,S,(l — nk (h787a)+1 + nk (h, S,a) +1’

V(h,s,a)},

6V (P, 0 Virir ) log (2HS AR)
, o . h,s,a’ " h+1
_ _ <
gk { ‘<Ph,s,a Ph75’a7 Vh+1>‘ - N (h’ 5, a) +1
8H log (2H S Ak?
og ( ), (h,s,a)
N (hu S, CL) + 1

We have the following lemmas about concentration of events.

(C.3)

(C.5)

Lemma C.2.2. For fized (k,h,s,a), let n = ny (h,s,a). Then, if n > 1, for any fixred 6 > 0,
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we have
- log (2/0) 1
PR, — > < 4.
(‘Rh,s,a Rh737a| — n + 1 + n + 1 —
Proof. Let Rﬁ,s,a = %HE?:1 T(h,s,a),is Where 7 54 i ~ Hnsa are 1.id. samples. By

definition of the MDP, we have E [T(h,s,a),z‘] = Ryp s,q- Then, notice that

n

- 1 < 1 1 -
P R R N
h757a n 4+ 1 Z:Zl r(h757a)72 n Z:Zl T(h,s,a),z n (n —+ 1) Z:Zl r(hﬂsza)ﬂ

Since the reward is assumed to be bounded in [0, 1], we have #1) Do T(hys,a)i < n%_l

n(
Then, for fixed 6 > 0, we have

. log (2/3) 1
P(|RF. — >
(‘Rh,s,a Rh787a| e n+1 + n+1

1 < 1 - log (2/6) 1
=P < n Z'Z;T(h,s,a),i - Rh,s,a - n (n T 1) ;r(h,s,a),i > n+1 + n+1
1 — 1 log (2/6) 1 . . .
<P < - 2 (hs,a),i hs,al + —— > 1 + o (By triangle inequality)
1 log (2/6
<P n Zr(h,s,a),i - Rh,s,a > Og2<n/)> (Since n+1 < 2n for n > 1)
i=1
<. (By standard Hoeffding’s inequality)

O]

Lemma C.2.3. For fized (k,h,s,a), let n =ng (h,s,a) and V € RS be some non-negative

value function such that ||V|| o < H. Then, if n > 1, for any fized 6 > 0, we have

([ m o B ) s e
" ‘<P/f,s,a B Ph,s,a,V>‘ N 6V <P§SZLZ)1 log (2/4) N 8H;oi(12/5) <5 ©



195

Proof. For fixed (h,s,a), we generate n i.i.d. samples of s, ¢ qy; ~ Phsq and consider

V (S(h,s,a),z‘>~ Then, by taking ny, (h, s,a) = n, we have

n

<P}]f,s,a7 V> = %Z 14 (3(h,s,a),i) - n(n1+1> é 14 (3(h,s,a),i) :

=1

The first result in equation (C.6) can be proved very similarly as Lemma C.2.2 using Ho-
effding’s inequality by simply replacing the upper bound of 1 in reward by H.

Then, for second result, we first consider n > 2. For some d > 0, define

(B V)@ i) 1
(h,s,a),n — n—1 B(n— 1) n+1

By noticing that F'(s) < H and applying similar technique in proof of Lemma C.2.2, we

have

2V (15,’;,5’@, V) log (2/9) 7 10g (2/9)
n—1 3(n—1)

<. (By Lemma C.9.2, the empirical Bernstein’s inequality)

Then, since 3 (n — 1) > n+ 1 when n > 2, we can easily check that

6V (P/f,s,av V) log (2/9) | 8Hlog(2/9)
n+1 n+1

b(h,s,a),n <

Finally, since ||V||,, < H, when n = 1, we trivially have

Dk
6V <Ph,s,a’ V) log (2/0) 8K 10g (2/9)
n+1 n+1

‘<pli€,s,a - Ph,s,a’ V>‘ <HS<
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Therefore, we can conclude that

6V (P/f,s,aa V) log (2/9) | 8Hlog (2/)
n-+1 n—+1 -

P ‘<P/L€,s,a - Ph757a7 V>‘ 2

Lemma C.2.4. Y} 32, P ((&})°) < %2.

Proof. Let n = ny (h,s,a). Then, for some fixed (h,s,a), n > 1 and J§,, > 0, by Lemma
C.2.2, we have

; log (2/6. 1
P <|le€b,s,a - Rh,s,a’ > g( / n) + ) < Op.

n—+1 n—+1

Therefore, by taking d,, = m, a union bound will give us

o o0
R log (2H S An?) 1 1 2
k g _
SB[ 1 Rl 2[RI D) ST
n=1h,s,a n=1
Therefore, we have
oo e log (2H5’An;C (h, s, a)Q) 1
kz::lﬂ» 3 (h,s,a) : ng (h,s,a) > 0,|R ., — Rhs.al > s 11 o s a i1
7I'2
< —.
-6

Since the MDP is time-inhomogeneous, each (h, s, a) can only be visited at most once during

one episode, which implies ny (h, s,a) < k. Therefore, we have

log (2HS Any, (h, s, a)) 1 < [log (2H S Ak?) 1
TLk(h,S,CL)-Fl 1’Lk(h,8,(l)+]. N 1’Lk(h,8,(l)+]. TLk(h,S,CL)‘Fl
and thus the proof is complete. O

2

Lemma C.2.5. Y322, P((£2)°) < %
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Proof. This proof will be very similar to proof of Lemma C.2.4. In specific, for fixed (h, s, a),
let n = ng (h,s,a) > 1. Then, for any d,, > 0, since HV}:‘_HH < H, by Lemma C.2.3, we
o0

have

6V< hsa,V;+1)log(2/5n) N 8H log (2/4y) <5
n+1 n+1 -

Hk
P ’<Ph,s,a - Ph,S,m Vhik+1>‘ 2

Therefore, by taking 0, = m and applying a similar union bound argument used in the
2

proof of Lemma C.2.4, we can conclude 372 | P ((£2)9) < Z-. 0

We further define the event Cécy = {M ke Mfy} With what we have proved above, it

will be straightforward to show the following results about Cé"y

Lemma C.2.6. > 2P ((Cge)c) =32 P (Mk ¢ Mge) < %

Proof. We can easily notice £l N €2 = Mk e MBe’ which implies M* ¢ Mge =
(8,%) U (5,3) . The first result then follows straightforwardly by applying Lemma C.2.4 and
Lemma C.2.5. O

2

Lemma C.2.7. 33, P ((Ch,)*) = 2, P (M1 ¢ M, ) < 5

Proof. Similarly, for fixed (h,s,a), we generate n ii.d. samples S(h,s,a)i ~ Physa and
T(hys,a)i ~ Phsa for i =1,...,n respectively. Define Yy, s 0)i = T(h,s,0),i T Vig1 (S(h,s,a),6)
and we have E Y(pa)] = Bhsa + ( Prsa Vir )

By definition of MDP, we know that Y(;, ,); < H. Thus, we can use an argument

similar to the proof of Lemma C.2.2. In specific, let n = ng(h, s,a) and for §,, > 0, we have

‘

=P (‘ (Rﬁ,s,a - Rh,s,a) + <pf]l€,s,a — Ph,s,a,, V};k+1>‘

e H)
- n+1 n+1

log (2/6,) , H )

n+1 n+1

n
n_li_ 1 Z }/(h,s,a),i —E [Y(h,s,a),i]
=1

<p,.
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Then, we can take 6, = m and apply a similar union bound argument in used in the

proof of Lemma C.2.4. As a result, we can obtain

2 71'2

gP@%¢Mﬁ%§;§3.

O]

We can also have well-behaved bounds on magnitude of noise and estimated value func-

tions.
Definition C.2.8. We define wﬁy(h,s,a) = afy(h,s,a)ék and 'yfy(h,s,a) =
ot (h,s,a)\/log(40k*). We define the event £ as

= (V(h, s, a), [wgy (b, s,0)] < Ay (h 5, a)

k asva’wty y S, A _rYty ;S,Q .

2

Lemma C.2.9. Z,ﬁ(:l]? ((5};’)0) < % regardless the type of noise we choose.

Proof. For any k € [K], by the tail bound of Gaussian distribution,

log (40k4
P(ﬁﬂz kg@%®>g2mp<_%“2)>gi?

Summing over k € [K],

K L€ K 00 9 71_2
_ 2 4 . —
Sp((eh)) = Zp(yzk| > ,/log (40K >> <y 2T
k=1 k=1 k=1
Note that this result does not depend on the type of noise we choose. ]

Now, we define the following good events that hold with high probability and will be

used throughout the whole proof.
Definition C.2.10 (Good events Gy). Let Gy 1, = {Ctky N 5,2”}

The subscript “ty” will be ignored later since it is clear from the context.
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Definition C.2.11. With oy = 200H2log(2H S Ak?)log(40k?), we define events £L" b and

cum

Sh o as
h
gt = {nk(h, sk afy > ozk} ,Em = €. (C.8)
=1

We will show that under events &7, Et b and MF e Mty, no clipping happens on 32

Lemma C.2.12. Assume that &7, Et b and MF* e ./\/l hold. Then, regardless the type of

noise we choose, it holds that

Qnr(sh,al)| < 2(H - h+1),

which immediately tells us that no clipping is triggered for any (s;“;, aﬁ)

Proof. We have that

Qy k(sﬁ,ah) be skak T <Ph ok ak7Vh+1 k> + Uty(h Shhs 1) 2

As we have ‘Vh+1,k:‘ < 2(H — h) by clipping and R r € [0,1], we only need to

h, h’ah
show that Ufy(h,sz,ai)ik < 1. Under event Ek, we have

by fyf:y(h st ak) = ofy(h sk ak)/log(40k%). Note that we have V11 x(s) € [-2H,2H] by
clipping for any s € §. Thus, by Lemma C.9.3, we have V( hs.a Vh+1,k:> < 4H? for any
(h,s,a).

By taking o) = 200H?log(2HSAk?)log(40k*) and referring to the definitions of

afy (h, slfb, a;";)ék ‘ is bounded

U]lge(h, s,a) in Equation (4.6), we can check that

k ko k
VBe (R Shyap)

—0e(h, 5%, af)/log(40k*)

16V ( hs k k,Vk h+1) log (QHSAkz) 65H log (QHSAICQ)
— + log(40k*)
ny (h,sh,ah) +1 (h sh,ah) +1

log (2H S Ak?
+ o8 ( — ). log(40k*)
ng (h,sh,ah) +1
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log(40k4)

< 64H210g(2HSAk:2)+65H10g (2HS AK?) N log (2H S Ak2)
N Qg a Qg

(Event S}éh implies ny (h, sﬁ,aﬁ) > ag)

/ 64 65 [ 1
<4/ — <1
—V 200 * 200H + 200H+< —

Thus, we have 7§e (h,s,a) <1 and we can similarly check that fy{flo (h,s,a) < 1. As a result,

we have
‘@h,k(sﬁyaﬁ)’ <2(H —h+1),

which completes the proof. O
C.3 Optimism

Let Hllj denote the history trajectory, which is defined as

sz{(sg,a{,r{) cj<kandl < Hifj<k, elselgh}. (C.9)

We will prove that for both types of noise, Vh’k is optimistic with constant probability under

certain conditions.

C.3.1 Hoeffding-type Noise

Lemma C.3.1. Condition on history Hl}i]_l, if Gk Ho holds and Hoeffding-based noise is
applied, then Vh,k is optimisitic with constant probability for any h € [H]. Specifically, we

have
P (Vh,k(s) > Vi (s),Vh € [H],s € S | Hﬁ,—l,gk,Ho) > ®(1.9) — (1) := Cy.

Proof. We will show that if Z; > 1, then for all h € [H] and s € S, we have V;%k(s) > V¥ (s).
The proof will use induction and the argument is true for h = H + 1 as VH+1’k(s) =

Vi +1(s) = 0. Suppose the argument is true for timestep h + 1 and for timestep h we have
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Vii(8) =cliy(gr_py1) <Igleajl<Qh,k(57 a))

> min {Z(H — h+ 1), max Q, (s, a)}
acA ’

> min {(H —h+ 1),@;1’]@(8, W;(S))}
> min { (H = h+ 1), R, )+ (Pl e Ve )+ o (5, () 21 |
> min {(H —h+ 1)a RE,S’T(;‘I(S) + <P]]Zs77r}’;(5)? V}:il»l,k> + Ué%,(h, S, W;(S))ék}
(Inductive hypothesis)
. k k
Z min {(H —h+ 1)’ Rh,s,ﬂ}i(s) + <Ph,s77r;(s)7 szk+1,k>}
(Since M* e M]Iflo inferred by Gy, o and 2, > 1)

>min{(H — h+1),Q5 (s, 7}, (s))}

Then by induction we have that the optimism is achieved for all h € [H] and s € S simul-
taneously. Meanwhile, as stated in Definition C.2.8, we have 25 < \/W under event
&y and numerically, \/W > 1.9. Therefore, the probability that Z; > 1 under &;”,
inferred by Gy 1o, is at least

$(1.9) — ®(1) B
D(1.9) — ®(—1.9) > ©(1.9) — ©(1) := CHo.

P (Zk > 1| Hl;[_lygk,Ho) =
Thus, we can conclude that

P (Vh,k(s) > Vii(s),Vh € [H],s € S | HF 1, gk,Ho) > Chto.

C.3.2 Bernstein-type Noise

The following proof of optimism applies some techniques used in Zhang et al. [2020b]. We

first present a technical lemma.
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Lemma C.3.2. Let f. : AY x RY x R x R = R with f.(p,v,n,L) = 25 (p,v) +

max {4\/ V%)fl)L, 635%} -z for some constant H > 0 and z € R. Then, f, satisfies

(i) f:(p,v,n,L) is non-decreasing in v (s) for allp € A, |jv||, <2H, L >0, n >3 and
2 € [~1.5,1.5]

(it) fz(p,v,n,L) > 1 (p,v) + (3\/W+ %) -z for z € [1,1.5].

(i1i) f»(p,v,n,L) < e} (p,v) + (3 V(ffl)]‘ fﬁ{“) -z for z € [-1.5,—1].

Proof. 1t is obvious that f, (p,v,n, L) is continuous in v (s) and not differentiable at only

one point where 44/ V(rffl)]‘ = 6;151@ Therefore, to prove statement (i), we only need to
show that %}SL) > 0. Specifically, we have

of:p,v,n, L) n V(pv)L _ 64HL | 4p(s) (v(s) — (p,v)) L
v (s) n+1 p(s)+ll{4 n+1 Zn—i—l} VI +1)V(p,v) L

@ V(p,v)L _ 64HL —8HL

Here, The inequality (a) holds because |[v||,, < 2H and v is non-negative, which means to

have v (s) — (p,v) > —2H. The inequality (b) above holds because when the condition inside

indicator 1 {-} holds, we will have \/(n+ 1)V (p,v) L > 16HL. The last inequality holds

because we have n > 3 and z < 1.5. Therefore, f, (p,v,n, L) is non-decreasing in v (s).
For the statement (ii), we consider two cases. First, when 44/ % > % holds, we
have % < %\/ %, which means to have

n V(p,v)L 8HL n 7z |V (p,v)L
L. 3 < MY A A bl L).
n+1<p’v>+< n+ 1 +n—|—1> o= Pt e S oD
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When 4 V%)fl)L < 6;“5% holds, we have 34/ V(L’Z)L < 4351[’ , which similarly leads to

n V(p,v)L 8HL
3 2z < L).
n+1<p,v>+< i n+1> 2 < fz(p,v,n, L)
The state (iii) can be shown similarly and thus the proof is complete. O

Lemma C.3.3. Condition on history ’Hl}i‘fl, if Gk Ho holds and Bernstein-based noise is
applied, then Vh,k is optimisitic with constant probability for any h € [H]. Specifically, we

have
P (Vi (s) 2 Vi (s) VR € [H]s € S | HiT ', Gpe) = @ (1.5) = @ (1) i= Cie

Proof. Similar to what we have discussed in the proof of Lemma C.3.1, under event £, we
have 2; € [1,1.5] with probability at least ® (1.5) — ® (1) = Cpe. Then, we will show that
Qpi (s,a) > Qf (s,a) for any h with arbitrary s,a and 2, € [1,1.5]. The proof will use
induction. For simplicity, let L = log (2H SAkQ).

For h = H +1, the inequality holds trivially because both sides are 0. Then, by assuming

@h+1,k (s,a) > Q3 (s,a) for any (s,a) such that ny(h, s,a) > 3, we have

@h,k (87 a) = Rz,s,a + <p:,s,aavh+l,k> + O—]]:Cie (h7 S, a) 216

- Zk

v (ﬁf,s,a7vh+1,k) L 6AHL
ng (h,s,a) + 1 ni (h,s,a) + 1

> Rh 5,0 + <15;f,s,a7vh+1,k> + 4\J

(Replace Rh.s.a by Rhn.s.o through applying event & defined in (C.4))

v (P/'If,s,a’ Vh+17k) L 64HL
ng (hys,a) +1  "ny(h,s,a)+1

- Zk

> Rusa + <15,f,s,a,7h+1,k> + max 4\j

Q

2 Bnsat <P}]L€,s,aa Vh*+1> + max 4$ - (P}I:’SW v}jﬂ) L 64H L

ng (h,s,a) +1 "ng(h,s,a) +1

- Zk

v (pflf,s,w Vh*+1) L 8HL B
t <k

ng (h,s,a) + 1 Jrnk(h,s,a)—i—l

> Rusa + <Pflf,s,a7 Vh*+1> + 3\J

(By applying statement (ii) of Lemma C.3.2)
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~ 6V (P}Ifs a’vh*Jrl) SHL
> Risa koy 5 e s
> Rpsa+ <Ph,s,a Vh+1> + \j e (hs,a) 1 + rr (s a) + 1 (Since 2, > 1)
> Risa + (Phs,a, Vig1) (By applying event £7 defined in (C.5))
=Q;(s,a).

Here, the above inequality (a) holds by applying inductive hypothesis and statement (i)
in Lemma C.3.2. Tt is applicable because when & holds, and by the clipping function,
thﬂ,kHoo < 2H. When ny(h,s,a) < 3, Qpx(s,a) > Qf(s,a) holds trivially because
Q7 (s,a) < H by definition. Therefore, the induction is complete.

Now, for arbitrary (k, h,s), set a = argmax,¢c 4 @h,k(s, a) and we have
Vi, i(s) =cli _ max Qp (s, a
hk(8) =cliPa g _p41) (aeijh,k( ))

> min {2(H —h+1),max Qy, k(s,a)}
acA ’

>min {(H = h+1),Qp (5, 75(5)) }
> min { (H — h+ 1), Q} (s 75 ()}

>Vii(s)

C.4 Pessimism

Similar to what we have proved in Section C.3, in this section we will prove that for both

types of noise, Vh’k is pessimistic with constant probability under certain conditions.

C.4.1 Hoeffding-type Noise

Lemma C.4.1. Condition on history Hl}i]_l, if Gk Ho holds and Hoeffding-based noise is
applied, then Vh,k is optimisitic with constant probability for any h € [H]. Specifically, we

have

P (Vils) < Vii(s),¥h € [H]s € S | 1y Grmo) = ©(1.9) = (1) = Cio.
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Proof. We will show that if 2, < —1, then for all h € [H] and s € S, we have V}, x(s) <
V;#(s). The proof will use induction and the argument is true for h = H+1 as Viq x(s) =

Vi +1(s) = 0. Suppose the argument is true for timestep h + 1 and we consider timestep h.

Set a = argmax,ec 4 Qp x (s, a).

Vi k(s) =clipy(g—py1) (Qni(s,a))
< max {72(H —h+ 1),©h,k(5a a)}
<max {—(H —h+1),Qp (s,a)}
S max {_(H - h + 1)7 RZ7S,@ + <Pl—llis7a7vh+1,k> + O‘t]fy(hﬂ 8’ a’)’%k}
< max {—(H —h+1), Rgsﬂ + <]5,lf’sva, V}:‘+17k> + afy(h, s, a)ék}
(Induction Hypothesis)

< max {_(H —h+1), le;,s,a + <P/L€,S,CL7 Vi;k+1,k>}

(Since M* € ME,_ and 2, < —1)
<max{—(H —h+1),Q;(s,a)}
< max {—(H —h+ 1),maxQZ(s,a)}

acA

<V (s).

Then by induction we have that the optimism is achieved for all h € [H] and s € S simul-
taneously. By using argument similar to the proof of Lemma C.3.1, we can see that when
Zp < —1, we have Vj, (s) < V*(s) an this hold simultanecously for any h € [H], s € S.
Furtherm as stated in Definition C.2.8, we have |2;| < y/log (40k%) under event & and
numerically, \/W > 1.9. Therefore, the probability that Z; < —1 under & is at

least

(L9 - (1) D(1.9) — (1) = Cho.

A~ _ k_l =
P (Zk < -1 |Hy 7gk,Ho) ®(1.9) — ¢(—1.9) —

Thus, we can conclude that

P (Vae(s) < Vil (s),vh € [H],s € S | Hf; ! Gpio) > Cio.
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C.4.2 Bernstein-type Noise

Lemma C.4.2. Condition on history ’Hlf_l_l, if Gk Ho holds and Bernstein-based noise is
applied, then Vh,k is pessimistic with constant probability for any h € [H]. Specifically, we
have

P (Vi (s) < Vi (s),Vh € [H]s € S | i, Gpe) = Cie

Proof. Similar to what we have discussed in the proof of Lemma C.4.1, under event £, we
have %, € [—1.5, —1] with probability at least ® (1.5) — ® (1) = Cpe. Then, we will show
that Q1. (s,a) < Q7 (s,a) for any h with arbitrary s, a and 2;, € [-1.5, —1]. The proof will
go by induction. For simplicity, let L = log (2H SAk2).

For h = H +1, the inequality holds trivially because both sides are 0. Then, by assuming

@h—i—l,k (s,a) < Qj (s,a) for any (s,a) such that ny(h,s,a) > 3, we have

Qh,k (Sv CL) = Rﬁ,s,a + <Pf]f,s,a’vh+1,k> + O-ge (h7 S, a’) 2,

ulY (PFya Visin) L oL
ng (h,s,a) +1 ng (h,s,a) +1

L
< Rpsat+ <Ph,s,a7 Vh+1,k> -

(Replace Rh,s,a by Ry, s 4 through applying event 5,1 defined in (C.4))

Dk *
v (Ph,s,a,’ Vh+1) L 64HL
ng (hys,a)+1 " ng(h,s,a)+1

(2)3 J AT VA 4
>~ h,S,(L + h75’a7 h+1 max

pk *
; v (Ph,s,a» Vh+1> L 8HL

<R <Pk LV > -
> Iy 5.0 + h,s,a’ ¥ h+1 n (h’ s, a) +1 * ng (h, S, a) +1

(By applying statement (iii) of Lemma C.3.2)

Dk *
6V (Ph,s,a’ Vh+1) 8HL

<R <15’C Vi > - -
< Bpsa T\ Thsar Vhtt ng (h,s,a) + 1 ng (h,s,a) +1

< Rpsa+ (Phsa Viil) (By applying event £7 defined in (C.5))

=Qj (s,a).
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Here, the above inequality (a) holds by applying inductive hypothesis and statement (i)
in Lemma C.3.2. It is applicable because when & holds, by the clipping function,
th_'_l’kHOO < 2H. When ng(h,s,a) < 3, @hyk(s,a) < Q@ (s,a) holds trivially because
0 < Qj(s,a) < H by definition. Therefore, the induction is complete.

Now, for arbitrary (k, h, s), set a = argmax,e 4 Qp, (s, a) and we have

Vk(s) =clivggr_n 1) (@il ))
<max {-2(H — h+1),Qyx(s,a)}
<max {—(H — h+1),Qy (s, a)}
<max {—(H — h+1),Q} 1(s.)}
<max {—(H — h+1),Q; x(s,75(5)) }

<Vi, k(s)-

C.5 Regret Decomposition

In this section, we prove the multiple lemmas necessary for bounding the regret. The regret
is mainly composed of two terms, the pessimism term and the estimation error term. The
pessimism term, ijk(s]f) — Vl,k(s’f), measures how much regret is due to the value the
algorithm uses, Vl’k, is smaller than the true value, Vfik(sk) The estimation error term,
Vlik(slf) — lﬂz(s’f) measure how much regret is due to the value, Vl,k? does not estimate
f; (s]f), the true value of the policy 7% accurately.
We first introduce a few definitions key to this section. In this section, we omit k if it is

clear from the context. Let afl = 7[',];:(82) unless specified otherwise.

Definition C.5.1. Let P, = (P, — Pusa Viipy ) and RE = BE .~ Ry s
Definition C.5.2 (Mfy and V, ;). Given history 7—[%—1 (defined in equation (C.9)), P*
and RF, we define gfy (h,s,a) = —vfy (h,s,a) and V}, ,; be the value function obtained by
running policy 7% on the MDP Mfy = (H,S, A, Pk Rk —|—wfy, s]f) plus a magnitude clipping
with threshold 2(H — h + 1).
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Definition C.5.3 (ﬁfy and ﬁh,k)- Given history 7—[];{_1 (defined in equation (C.9)), P* and
R*, we define @fy (h,s,a) = fyfy (h,s,a) and ﬁh,k be the value function obtained by running
policy 7% on the MDP ﬁfy = (H,S, A, Pk RE 4 w{fy, slf) plus a magnitude clipping with
threshold 2(H — h + 1).

Similar to Lemma C.2.12, we can also show that under good event G; and Ei}"k, no

clipping happens on sz for Kh,k(sz) and Vh,k(sﬁ).

Lemma C.5.4. Under the good event Gi, we have Vi, 1(s) < Vi (s) < ﬁh,k(s) for all
helH],seS.

Proof. This is an immediate result by noticing that under good event G, we have

wfy(h,s,a) < w,fy(h,s,a) < Efy(h,s,a) for all h € [H] and s € S. O

Definition C.5.5. Define 07 (s3,), 05 (s1), Eﬂh(sh), 6T (sn) 05(8n), Op(sp) and gh(sh) as

Definition C.5.6. We denote the history trajectory ﬂﬁ = 7—[2 U {Zx}. With filtration sets

{gi}h . we define the following sequences:

M(Sh(sh) = ]l{gk N gﬁ%ﬂ [<Ph,sh,aha 6h+1> - 5h+1(8h+1):| )

where § € {Qﬂ,gﬂ,gﬂ,ér, ij}_ We will show the sequences are martingales in

Lemma C.6.1.
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Finally, the regret can be decomposed as

Regret (M, K, SSRyy)

K k
= (v (sh) - viTsh))

k=1

S (eh) (k) - viteh) + 01 ((6h)) (W sh - v oh)
k=1 k=1

=iﬂ{c§,}< Vis(sh) = V() + Vawlsh) = viT(sh) )
k=1

mi —_3 k L —rk
pessimism term=—01k(sT)  estimation error term=0d; ,(s%)

P ((ck)) (veshy - vimesh)

k=1

@

By Lemma C.2.6 and C.2.7, we know that

E

S (@))] - Sl <Se (@) <%

Therefore, by standard Hoeffding’s inequality, it holds with probability at least 1 — § that

K c 2 o
Yor((eh)) <5+ e

Since the value functions of true MDP is bounded in [0, H], with probability at least 1 — 4,

we have

(a) gHiﬂ((c{fy)c) < 7r23H+H 1‘:"?;2(;(/5):6(1%).
k=1

Further, notice that the good event G, = ny N &Y and by Lemma C.2.9, we have
Yo P ((511: )C) < %2 Therefore, we can similarly address the regret incurred by (S}C" )C as
the bound for term (a). As a result, it will be sufficient to only consider 1 {Gy} (V}* k(s’f) —

Vfr; (s]f)) when bounding pessimism and estimation error terms. That is, with probability
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at least 1 — ¢, it holds that
Regret (M, K, SSRyy) < Zn{gk} (‘51 L(sk ‘ (m SIf)D +O(H). (C.10)
k=1

Then, we decompose the estimation error term in Section C.5.2. We decompose the
pessimism term in Section C.5.1. We combine the decomposition of the pessimism term and

the estimation error term in Section C.5.3.

C.5.1 Pessimism Term

Lemma C.5.7. Let C1 = max{ ~ 10.9. Then, for

1 1
(1.9)—d(1)° <1>(1.5)—<1>(1)}
any h,k,sIfL and the type of noise we used, under the good event Gy, the following bound

holds,

$(1.5) 5 —3(1)

]l{gk}“shk (1) ‘ <]l{gk}01<5hk Sh)

’5,1,6 (sk D (C.11)

Proof. Let O be the event that Vji(s) > Vi*(s) simultaneously for all s € S
and h € [H]. By Lemma C.3.1 and C.3.3, we know that P(Ok\Hlﬁl_l,gk) >

min {®(1.9) — &(1),P(1.5) — ®(1)} = ®(1.5) — ®(1), which means P((lgk) < (7 regardless

the type of noise used.

The definition of O, implies V; < E {Vh,k | O, Hlf_l_l, gk] Meanwhile, notice that

1{Gx} (E [Vh,k K gk} - Kh,k)
=1{G} P (Ok ! Hféfl,gk) (E [Vh,k \ Okﬂlﬁf_17gk} - Kh,k)

+ 4GP (00 | 15 Gk) (B [V | (00 AT, G| = Vi)
()>0

>1{Gy} P <Ok ! Hﬁflagk) (E [Vh,k | Okﬁ'llf{lﬁk} - Kh,k)

= 1{Gk} (E [VhJc | Okaﬂlfc{l,gk} - Zh,k) <1{G,}C1 (E [Vh,k: | Hl}}flvgk] —Kh,k> .

Here, we have term (a) > 0 since V, ;. < Vi under event G, by Lemma C.5.4.
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Therefore, we have

4G} (Vi (sh) = Vi(sh) ) < 149} (B [V | Ok M7 G| (5h) = V(o))
< ]1{gk:}( {th: | Ok, My gk} (sh) =V, k(slfl)>

<G} C1 (B [V | 7G| (s5) = Vo(sh)) - (C12)

We can similarly use constant probability pessimism shown in Lemma C.4.1 and C.4.2. In
particular, let Vg be the event that V), ;(s) < V*(s) for all s € S and h € [H]. Then, we

have

1{Gk} (E [Vh,k | 1AL Qk} - ﬁh,k;)

=1{Gy} P (Nk | H];{_l,gk) ( [th | N, H gk} ﬁh,k)
+1{G P (W)° | 10 (E [m |V 1G] = V)
(b)<0

<1{Gy}P (Nk | ”H]f_fl,gk> ( [th; | N H gk} ﬁh,k)

= 1{G} (E [Vh,k \ Nkaft]_17gk} - ﬁh,k> > 1{G,} C1 <E [Vh,k | Hlfq_lagk] - ﬁh,k) :

Thus, we have

4G} (Vir(5h) = Va(sh)) = 149} (B [V | i 57, G| (5B) = V(o))

> 1{G4} C1 (B [Var | Hi7 G (s5) = Vaalsh)) - (C.13)

Since good event Gy implies V, j < Vh’k < ﬁh,k by Lemma C.5.4, the RHS of (C.12) is

non-negative and the RHS of (C.13) is non-positive. Therefore, we can then conclude

1{Gx} ‘Vﬁ(sﬁ) - Vh,k(sﬁ)‘
S]l{gk}Cl« [th\HH 794( h) — th(sﬁ)) (E[Vh,k|HH ,Gr| (s§) — th(Slﬁ)))

=1{G} C1 (Vi(sh) = Vai(sh))



212

<1{Gr}C1 <

5h k(sh

‘5h k 32)’) .

C.5.2 Estimation Error Term

We first bound the estimation error of ?, which can be regarded as the optimistic estimate

used in UCB-type algorithms. For convenience, we will ignore notation 1 {G} in this section

since all statements are proved under the good event Gj..

Lemma C.5.8. With probability at least 1 — 6, for all (k,h, S?), under the good event Gy, it

holds that

]l{g(‘um
<1{gnm ((Ph at T RE e+l (R, sh,ah)‘ M

+ 1{& T

+1 {tcfﬁ?km N (giilk) } (

where L =

Proof. Since both V and V™

:7Tk k
5h,k(5h)

2SH?L
TLk h Sh? a’h)

)

1 |<r*
T 5h+1,k(52+1)

,7r

S A(Sk)

+M’§h‘k(9k)|

)
)

G
H

1 |

H+14+C; |=* 3 k
- T E h+l,k(sh+l)

T 5h+1,k(8;€z+1) +

(

I

Ch
H

=k

H+1+C
71 5h+1 k(5h+1)

i +

5Z+1 k(3h+1)

log(2HS?AK/S).

are obtained by choosing actions based on policy 7% under

event G, we have

—+

Dk * k
< SFak Ph,SlfL»alfb’ Vh+1> B <Ph sk .ak

jﬂ'k

S 1 (55)

= k
Vik(sh) — V;ka(SE)‘

Qh k(sﬁ,ah) Q. k(3h7 alfb)’ (Since no clipping under ;%™ for Vi £(5))

L A .
RE o = Rispap + 0k O shoaf) + (P o Vi) = (PE o Vi, k>‘
Dk k

Rh,sfl,ah Rh Sk ak + wty(h Sh’ah) <P k k,Vh+1 k‘> <Ph Shvah Vh+l k‘>

~

Ph sh,ah Vh+1>‘

= k
Vh+1,k - Vlf+1,k‘>)

—k k
kak + wty(h7 3h7 ah)‘ + <Ph,sﬁ,afl7
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{gcum}‘<Pfsh7ah Phsh k Vh+1k V],:<+1>‘

5h+1 k(s 1) + M

k k
o P+ g b0 ]
dy, k(sh)

pk
{gcum}‘<Phs 7ah Phsh’a‘h Vh+1k V}2<+1>‘

For the last term, we use Lemma C.9.4 and then for L = log(2H S?AK/5), with probability

at least 1 — 9, we have

. — .
’<Ph,s;,a;3 = Py g ks Viere — Vh+1>‘

k(Snt1) — Ph,sﬁ,aﬁ(sthl)‘ ‘Vhﬂﬁk(Sh +1) - V§+1(Sh+1)’

sh+1€S
Ph sk ak (sh+1)L 4],
< hh ‘6h+1 k(3h+1)‘
s,,,;es ni(h, sk, af) 3nk(h, s, ak)
L -
= 2P, k(5h+1) ‘5h+1,k(5h+1)’
2 Poshion Py st ot (sn1)ni(h, 57, af)

5}:,+15thslﬁ’alﬁ (sh1)nk (h,sF,af)>4LH?

9 LPh,s’fL,a’fL (8h+1)nk(h7sz,a’£) ’E ( )‘
ht1,k (Sht
’I’Lk(h, 827 G’Z)Q " "

+ 2

Shy1:Py, kak (sht1)nk(h,sF af)<ALH?

4SHL
Snk (h) 827 a’z)

S Sh*l)‘+’ﬁAté»kwﬁw nkii?zgf;§>
< [Frenstehon)| + g7 [FThantehen| + g7 frnatehon) MG o)t n?f“>
(By triangle inequality)
Sl _;[Cl gh“’k(sﬁﬂ) + % ggil,k(szﬂ) + % 7r+1 k(5h+1)’ + Mﬁm(s’g)] m.

(By using Lemma C.5.7)
Combining the above two arguments, we can prove the argument:

ik
1 {5}iukm} 5h,k(s]}i)
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<1 (g Dk Rk " (b s* ok M M 2SH?L
{ )h,sg,aﬁ+ hsk ok + Wiy ( 75haah)‘+ 5 oo T ] T e st )

Shoi(sh)
oy (H+1+0y |= 1 |ent Ch | o
+ 1 {&x (Tl Sk (Shan)| + il She1k(sher)| + Hl 5h+1 K (s41) ) :
Then, the proof is complete by noticing that Sﬁ:‘_”f = Scum N Eh ke O

Lemma C.5.9. With probability at least 1—46, for all (k, h, slfb), under good event Gy, it holds
that

1 {g(‘um

71-k

<1 {&Y \Phsk a +RE e + wl (h,sﬁ,aﬁ)]ww o M
Y |§h,k(5h)| ‘éh,k(s

) + ng(h, s¥,ak)

)

H+1+Cy 1

TTE

cum C =
+1 {5h+1,k (I; 5h+1 k(sh+1) 5h+1 k(5h+1)

8 ilshan)| +

cum C H + 1 + C s 1 |=xk
+1 {gh,k N (g}tfklk) } (Hl 5h+1 K(shen)| + Tl éh+1,k(s};+1)‘ + T Snr1k(Shin) ) .
Proof. The proof exactly follows the proof of Lemma C.5.8. O

Lemma C.5.10. With probability at least 1 — 6, for all (k,h, SZ), under good event Gy, it
holds that

ek
1{&5" 6h,k(s];b)
cum 25H?L
B (Pl + R+ bbb+ Mg )+ M+ 5 o)
cum C = C T H+ 1
+ 1{& Tk (Hl 5h+1 K(shar)| + I; 5h+1 K(she)| + H 5h+1 K (Shi1) )

cum C = C T H + ].
+1 {gh,k N (52111@) } (Hl 5h+1 k(5h+1) + Hl 5h+1 k(3h+1) + T 5h+1 k(52+1) ) .
Proof. The proof exactly follows the proof of Lemma C.5.8. O

Lemma C.5.11. With probability at least 1 — 9, for all (k:,i,Sf), under good event Gy, it
holds that
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H

3301 (Z ety (h, sh,ah —i—Z’yty h, sh,ah +Z iHZ )
shjah)
H
+e30 3 {(QH k)c} (

wk L k
5i+17k(8i+1)‘ +
h=it1

=7

k
i1k (8i41)

_l’_

Bk
01 k(siy1) D

+Z 301 Jh-iq {gcum}Mhyk’

where My, j, =M + M=

=t ‘5h,k(5'ﬁ)‘ ‘5h K (s5) ’

5h k(sh)

Mgl T Mgt | T M B

Proof. By summing results in Lemma C.5.8, Lemma C.5.9 and Lemma C.5.10, we have

e ([oteeh] + )

_ -k

e} (1425 (st ]+

5hk sy) ‘5}11@ Sh)

4 k
Oht1,k(She1)

a7t )]

6SH2L
+ ‘wty h Shaah ‘ + ‘wty h‘ Sfual}i)) + ‘M‘lccy(hv Sﬁ,aﬁ)‘

{Scum <5h+1 k)c} (1 + BHCI> <‘gfzi1,k(sﬁ+l)} +

+3"P E k+R

]1 Cum M
ny(h, s¥, a¥) { } Tk

:ﬂ'k k
Op+1k(Shi1)

i k
+ ‘5Z+1,k(5h+1)‘>

k
h sh,ah

(i) 301 k =k k

<t {&} (1 + H) <]S"h+1,k<sﬁ+l>) + |her ()| + {&H,k(sm))
6SH?L
/ k
+3 efy(h, sﬁ, aﬁ) + 3ty (R, 52, aﬁ) + W {5CUm} My

h
{<5h+1 k) } (1 + 321> (’3211,1@(31%1)‘ ’5h+1 k Slfi—kl)‘)

Here, the inequality (i) above holds because of two reasons. Firstly, under event G, we have

5h+1 k(sEi1)
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|w§y(h,5f‘;,a2)| < |ny(h, sﬁ,a’,‘m and

Pk x + Rk k

h sh,ah h, h,ah

_ Dk pk
N ‘<Ph shoap, ~ Phsy S5 Vh+1> + (Rh shoay, ~ s 1850 )
(By Definition C.5.1)

< e»fy(ha Sfﬂﬁ)- (Under event Gy, M e M'Ify)

Then, the proof is complete by using this recursion from h = i to h = H and utilizing the

fact that (1 + LI%)H < 30, O

C.5.8 Combining Estimation and Pessimism Terms
Lemma C.5.12. With probability at least 1 — 9, it holds that

Regret (M, K, SSR¢y) <1 {G}.} 3C1e31 ZZ (w/ety (h, s%,ak) —I—’yty(h sh,a§)>

k=1 h=1i
+5<H452A+H\/T).

Proof. Recall in equation (C.10), with probability at least 1 — §, we have

Regret (M, K, SSRyy)
K

<> 4G ([Frtsh)| + [FTash)]) + 0 ()

k=1
K ok
S Z 1 {gk} Cl (‘51 k 81 517k(31f) + 01 k(S]_)‘) + O( ) (By llSil’lg Lemma C57)
K —* & Tk ~
Zz]l{gkﬂgcum}cl <51,k(51)) 51k st) ’51143 51 D + 0 (H)

B
I
MR

51 k(81

K
DRCAR(:EIE
k=1
K H K H SH2
<1{Gy} 3C1 3 (ZZW ZZ vy (b, sk, aj) +ZZ )>
k=1 h= k=1 h=i

K H
—I—ZZ 3C1 h 19 {g ﬂgcum}./\/lh’k-l-é(H)

k=1 h=1
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F3 S {(en) ) (i

k=1h=1

(By using Lemma C.5.11)

(i) K& -
<1{Gy} 3C1e3 Z Z (y/ety (h, s%,ak) —I—’yty(h sh,a;‘;)> +0 <H352A + Hﬁ)

k=1 h=1

_ K H
3> t{(e) )
k=1h=
<\/ety (h, s%,ak) +’yty(h sh,alﬁ)> +0 <H452A+Hﬁ).

(By using Lemma C.5.13)

[y

M=

K
<1{Gx}3C1e* >

=1

>

.

E

The inequality (i) above holds for two reasons. First, it uses Lemma C.6.1 and C.6.3. Second,

+ hk(sh)‘><0( ). O

Op1(sE)

by our clipping threshold, we know that <‘5Z k(s]f )‘ +

Lemma C.5.13 (Lemma 20 in Agrawal et al. [2021]).

< 200H3SAlog (ZHSAKQ) log (4OK4) (By our choice of ay)
=0 (H3S4A).
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C.6 Bounds on Individual Terms

C.6.1 Bounds on Martingale Difference

Lemma C.6.1. Fori € [H], the sequences starting from 0 and with difference between two
consecutive terms given by 1{Gp} My, for h = LH, k=1,..K are martingales with

respect to filtration {%h}h:i .- Moreover, for any 6’ > 0, with probability at least 1 — ¢,
k=1, K
for any i € [H], the following hold,

ii <1—|— 31{01> 1{Gx ﬁgcum}th = (H\/T)

Proof. We first show the sequence starting from 0 and with difference between two consecu-
h
tive terms given by 1{G, N &Y™ <1 + %) M|gﬂ.k () is a martingale sequence. For any
’ hk(Sh
h e {i,..,H} and k € [K],

[ﬂ{gk NEFMIM | H
|0, k( sy

—E [n{gk nEgm (<Physk ks

Srera(shin)|) 1 7] =

5h+1 k(32+1)‘> -

Similarly, we have 1{G; N Sc“m}/\/l,,r , G, N EYTIM

1
165.1.(s5)| |7 (s’ {G 0
Ehr M5, sH) 1{Gx, N 5cum}M ﬂ{gk N 5ﬁ“ﬁ}M|5 .(st)) are martingale differ-

nk(sh

ence sequences. As 1{G,NE Cum}M hk 1S the sum of several martlngale difference sequences,

it is a martingale difference sequence.

. When h = H, ’n{gk NERIM

Next, we bound [1{G, N Ecum M =
G MMz | By (1)1
0. When G, holds, for h < H and any state z,
<k % % ™ k
‘5h+1,k(m)‘ = Vi (z) = Vi1 (2)] = ‘<Ph+2,x,7r(x)’ Vo — Vh+2> + wey (b + 1,9377T(I))‘

- szr+2‘> + ‘wfy(h —+ 1,1‘, W(x))‘

< <Ph+2,x,7r(x)7

k (h, s,a)’ < ’yfy(h, s,a) <1 for all k, h, s, a as shown

By our choice of aj,, when G, holds,

_—k —
in Lemma C.2.12. Then, by expanding ’5Z+1,k($)’ = ‘Vthl(a;) - Vgr_i_l(a;)‘ recursively from
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h+ 1 to H, we have

']l{gk NEE M S 2H7ty(h s,a) < 2H.

On k(S|

Similarly, we have the bound on 1{Gy N Scum}./\/l ok , 1{Gr N 5‘”“”}/\4'57r ]l{gk N

o h.k Sh |
EFMY Mg, obye TG N ERTIM 5 and 1{Gy, N &R M5, (sh)-

nk(s5)]

h
As a result, |1{G, N&EMT (1 + %) Mmk‘ is bounded by 12¢3C1H. By Azuma-

Hoeffding inequality, with probability at least 1 — ¢, we have

K H 30
S5 (1429 g ey M

C.6.2 Bounds on Lower-order Terms

The following two lemmas are standard results in literature and we present their proofs here

for completeness.

Lemma C.6.2.

ZZ log (2HS Ak?) < 5( /7HSAT).

k
1 VT hsh,ah)—i—l

Proof. Let L = log (QHSAKQ). Then, it can be bounded as

log (2HS Ak?)
ZZ +1_ LZZ nkhsh,ah)—i-l

k=1h=1 (h: sf>af k=1h=1
ng (h,s,a) I
_IZ Z n+1
h,s,a
nKhsa)
<\EZ/ \/>da:
h,s,a

< 2\/Z Z VIK (h757a)

h,s,a
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<2VL- |[HSA Z ng (h,s,a)

h,s,a

(By Cauchy-Schwartz inequality)

~0 (m) . (Since Y, 4 4

Lemma C.6.3.

K H 2
1 2H A

Sy e <ouIsh.

— 1 Nk hsh,ah)—l—l

1h=
Proof. Let L = log (QHSAKQ) Then, it can be bounded as

K H 2 K H

ZZ log 2HSAI<:) SLZZ 1 k

k=1h=1 nk h Sh’ah) +1 k=1 h=1 nk‘(h Sh7ah) +1
ng (h,s,a)

<L Z log (ng (h,s,a)) (Since Zgzl

h,s,a

< LHSA -maxlog(ng(h,s,a))

h,s,a

< LHSAlog(T)

— O (HSA).

C.7 Bounds on Sum of Variance

ng (h,s,a) =T)

O]

1
= <log(N) +1)

When we use the Bernstein-type noise, the regret analysis needs to bound the sum of vari-

ance. This proof applies some techniques developed in Azar et al. [2017].

However, since

our optimism only holds with constant probability instead of deterministically, the details

are quite different. For simplicity, we first define

s _ k * _ *
Vitig =V (Ph sk ab Vh—l—l) Vigie=V <Ph,s;3,a,;jv Vh+1> ;
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el k — N
Vi1 =V ( s k0 Vsl k;> Vig1x =V (Ph,s;g,ag, Vh+1,k) ;
k _ s
htik =V (Ph,s’,g,a';;7 Vh+1,k) ,

Vi1 log RHSAK?) o Vig1plog (2HSAK?)
ng(h, S];“ a]fb) +1 k2 = ng(h, sz, afl) +1

h7a‘

Unh k1

I

We will first give a full proof of the bound on sum of variance and then present all the

auxiliary lemmas in Section C.7.1.

Lemma C.7.1. Let Upy, = Up 1 + Up 2. For any 6 > 0, with probability at least 1 — 9,
when T > (H5SQA), it holds that

K H-1 _

Z 1{Gr}Upy <O (H\/SAT) )

k=1 h=1

Proof. First, we have

K H-1
[ log (QHSAKQ) ( /= = )
< *
ﬂ{gk}Uh,k_;Zl{gk nk(h sh,ah +1 Vh+1k+ Vh+1k
K
log (2HSAK?
< Z ]l {Gk} Egh( F o +)1 \[\/Vhﬂ k +Vh+1 k
- i ah)
(Since v/a + Vb < /2(a + b) for a,b > 0)
K H—1 K H—1
log 2HSAK2
< bt = SdinodlnintnliVA
(S M) (S5 0 (roiens)
(By Cauchy-Schwartz inequality)

$ (HSA) (Z 11 {Gr} (V}iﬂ,k +\}h+1,k)>a (C.14)

k=1 h=1

K H-1

k=1 h=1

where the last inequality above applies Lemma C.6.3.
We will then bound the two sums of variance separately. Specifically, by applying Lemma

C.7.2 and Lemma C.7.4, we have with probability at least 1 — §/3,

K H-1
SN 1{G} Vi (C.15)
k=1 h=1
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3 K H-1 . K H-1 . 3 i
S PIPIRICANAVED DO BERCY (Vi = 3VEs)
k=1 h=1 k=1 h=1
B K H-1 .
<O (HT +HNT + H + H*S?A+ HY Y 1{G} 5@17,6(3@“)) : (C.16)
k=1 h=1

By similarly applying Lemma C.7.2 and Lemma C.7.5, we have with probability at least

1—6/3,

K H-1 N

YD 1{Gk} Vg (C.17)

=1 h=1

5 K H-1 ) K H-1 N -

D) DD LG Vit Y > 1{G) (Vh+1,k - 2V7;§+1,k>

k=1 h=1 k=1 h=1

K H-1 .

<0 <HT CENT 4 H L ESALHY Y 16 ]Shk(sﬁl)‘) . (Ca8)
k=1 h=1

By combining equations (C.16) and (C.18), we have

K H-1 . .
> 1{G} (V?Zﬂ,k +Vh+1,k>

k=1 h=1
K H-1 i .
~ s
<O HT + BT + B32A+ H Y 314Gk} (071 (k1) + 5h+1,k<séi+1>1)) .

k=1 h=1
(C.19)

Then, by referring to definitions of eBe(h sh,ah) and 'VBe(h sh,ah) with probability

at least 1 — /3, we have

i 1{Gr} (5i7{i1,k(5§+1) + ‘3211,k(32+1)’)

<1 {gk}301€301HZ Z <\/ et (b, sp, af) + iy (h, Shvah)> +0 <H552A+H2\F)

k=1h=1
(By referring to the proof of Lemma C.5.12)
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K H-1
<O <H552A + H>NT + VH3SAT + HY Y 1{Gy} Uh7k>
k=1 h=1
(By Lemma C.6.2 and C.6.3)

K H-1
<0 <H532A+H2\/SAT+HZ > 1{G} Uh,k> . (C.20)

k=1 h=1
By plugging equation (C.20) into equation (C.19), we can have
K H-1
> 1{Gk} (Vh+1 et Ve k)

K H-—
HT + H*VT + H*S?A+ HOS?A + H3VSAT + H* Z {Gi} Uh7k,)
k: :

K H-1
<0 (HT + H*SAT + HOS?A+ H?Y " Y 1{Gx} Uy, k)

k=1 h=1

K H-1
<0 (HT +H?Y > 1{G} Uh7k> (When T > Q (H?S2A))
k=1 h=1

Now, by plugging the above result into equation (C.14), when T' > Q (H552A), it holds
that

K H-1

k=1 h=1

K H-
1{G} Upi < | O (HSA (HT +H2Y Z {Gr} Uh,k>>

k=1 h=1

K H-—
<O |HVSAT + H'® ZZ (G} Un i
k=1 h=1

It is easy to check that the above inequality implies Zle Zth_ll]l{Qk} Upr <

9) <H\/ SAT) and thus the proof is complete. O

C.7.1 Auzxiliary Lemmas

The lemmas used for proving Lemma C.7.1 are presented as the following.

Lemma C.7.2 (Lemma 8 in Azar et al. [2017]). For any § > 0, with probability at least
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1 -9, it holds that
K H-
3 Z (Gk) Vit < O (HT + HAVT + H?) .
k=1 h=1

Lemma C.7.3. For any 6 > 0, with probability at least 1 — &, for any k € [K]|, h € [H], it

holds that

v < By 2H?Slog (2HS?AK /)
h+1,k = 5 Y h+1,k
2 n (h, sy, af)

)

N 3_ 2H?Slog (2HS?AK /)
Vitih < SVhtin + R
ng (h, S, ah)

Proof. The proof apply some techniques in Zhang et al. [2020b]. Fix some 6 > 0 and let
= log (QHSQAK/é) for simplicity. First, by Lemma C.9.1, for some tuple (k, h,s,a,s’),
we have

B 3 2L
]P) Pk / > 7P / .
( F sals)) > 5 hys,als) + ” (h,s,a))

2Ph,s,a(SI)L + L
N (h,S,CL) Nk (h,s,a)

(Since a 4 b > 2+/ab for a,b > 0)

Then, a union bound says that its complement holds for any (k, h, s, a,s’) with probability

at least 1 — . Thus, we have

. L2
Ve = Ph st b (3 <Vh+1( )~ <Ph’sﬁ,al}cbavh+1>)
s'eS

2
Z hsh,ah (Vh-H( ) <Ph,sﬁ,a’fb’vh+1>)

s'eS
(Since E [X] is the minimizer of min, E [(X - x)ﬂ)

2L 2
< Z < Py sa(s) + W) (Vﬁkﬂ(sl) - <Ph,s§,ag,vff+1>)

2H?Slog (2HS?AK /)
nk(h7 SZ) az)
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For Vh+1,k=> we just need to follow a similar argument and thus the proof is complete. [

Lemma C.7.4. For any 6 > 0, with probability at least 1 — §, it holds that

H—-1 H—-1

K
k=1 h=1

. 3 ik ~ K
1{Gx} <Vh+1,k — §Vh+1,k) <0 <HZ

k=1 h=1

:H.{gk}5h+1k Sh+1) + H \/7+H S2A>

Proof. We begin by applying Lemma C.7.3. Thus, with probability at least 1 — 2, we have

K H-1 3 .
> 1{G} (V};H,k - 2V2+1,k>
k=1 h=1
K H-1 2 2
3 3 ok 4H?Slog (4HS*AK/0)
< Z 1{Gx} (VZ—H k2 Vhi k> T (By Lemma C.7.3)
el hel 2 2 3nk(h, sh,ah)
K H-1 3 X _
<> > 1{G} ( Vg — Vgﬂ’k) +0 (H3S%4) (By Lemma C.6.3)
k=1 h=1
K H-1 3 ) . 9 B
<Y S UG §Ean | () = (V)| 4 O (1252)
k=1 h=1
(Since ViTyy 4 < Viry)
K H-1 _
<BHY Y 1{Gi}Bonp, , [5h+1k( )} 1+ 0 (H?S24)
k=1 h=1 e
(Since V,Zr_il r < Vi1 < H and a? —b? = (a+b)(a—0b))
B K H-1 .
<0 (H SN 1 {G} oh 1 a(sh ) + HVT + H3S2A> : (By Lemma C.6.1)
k=1 h=1

The last line above holds because by Lemma C.6.1, with probability at least 1 — g, we have

K H-1

Tk wh A
D 1{Gk} (Eswph’sﬁyaﬁ [6h+1,k(3/)} - 5h+1,k(5§+1)> <0

k=1 h=1

Lemma C.7.5. For any 6 > 0, w ith probability at least 1 — &, it hold that

H-1

K H-1 R 3 . _ K
Z 1{Gx} (vhﬂ,k - §VZ+1,1@) <O (HZ 1{Gx}

k=1 h=1 k=1 h=1

k
5Z+1,k(s]}i+1)

+ H*T + H3S2A) }
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Proof. Similarly, we begin by applying Lemma C.7.3 and with probability at least 1 — 3, we

have

K H-1 N 5

> 1{G) <V ht1hk — 2V2+1,k>

k=1 h=1

K H-1 2 2

3 3k 4H?Slog (6HS*AK/0)

<> > 1{G} < Vit1e = 5 Vi1 k) ok

k=1 h=1 2 3ny(h, sy, ay)

K H-1 g 5 o
< Z Z 1{Gx} §Vh+1,k — §Vh+1,k +0 (H S A) (By Lemma C.6.3)

k=1 h=1

g K H-1 ) )
=3 1; 2 1{Gk} <<Ph stk (Viei) > <Ph sk ks (Vh+1 k) >>

(a)

ol 2 _ 2\~
1 {gk} (<Ph,s,’§,afl’ szr—:il,k> - <Ph,sﬁ,afl7 Vh+1,k> ) +0 (H352A) :

K
3
520

k=1 h=1

-~

(b)

(By definition of variance)

We will bound (a) and (b) separately. For term (a), with probability at least 1 — 3, we have

K H-1 . 9
(@)=Y > 1{G} <Ph st (Vat, K - (VerJrl,k) >
k=1 h 1
K H-1 B R .
<y Z 1{Gx} <Ph,s’fb,a§’ Vietk = V;Zrﬂ,k‘ ‘Vh+1,k + Vf+1,k’>
k=1 h=1
(Since a® — b? = (a + b)(a — b))
K H-1 .
HY > 1{G:} <Ph,sfwaﬁ Vhﬂ—i-l,k‘>
k=1 h=1
(Since HV’H-LkHoo < 2H under Gy)
K H-1 . B
< 3HZ Z 1{G,} )5Z+1,k(52+1)‘ +0 (HQ\/T) : (By Lemma C.6.1)

k=1 h=1
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For term (b), with probability at least 1 — 3, we have

ae

1
k — k —
1{9k} <Ph,s;§,a;§v Vidie Vh+1,k> <Ph,s;j,a;§a Vit — Vh+1,k>

tnﬁx

(b)

k=1 h=1
1 K H-
<3 Z Z {Gx} <Ph,sk ak Vh+1 E— Vh+1,k‘>
k=1 h=1
K -1
<3 Z Z {Gr} ‘52:17k(82+1)‘ +0 (HQ\/T) ) (By Lemma C.6.1)

Therefore, in summary, we have with probability at least 1 — 4/2,

H-1

K H-1 3 K
>> 1{G} (Vhﬂk 2Vh+1k><O<HZ 1{Gx}

k=1 h=1 k=1 h=1

&
5Z+1,k(52+1)

+ H*VT + H352A> )

C.8 Proof of the Main Theorems

In this section, we state and prove our two main theorems.

Theorem C.8.1. If the Hoeffding-type mnoise is used, then for any MDP M =
(H,S, A, P,R,s1), for any 6 > 0, with probability at least 1 — &, Algorithm 7 satisfies

Reg(M, K, SSRy,) < O (H1'5\/SAT n H4S2A) .

In particular, when T > Q (H553A), it holds that Reg(M, K,SSRy,) < 0] <H1'5\/ SAT).

Proof. By using the result of Lemma C.5.12, under Hoeffding-type noise, with probability

at least 1 — 9, we have

Reg (M, K, SSRHO)

<1{Gy}3C13 Z Z <\/ ekio(hy sk af) + i, (B, sf, ah)) +0 (H452A + Hﬁ)

k=1 h=i
K H-1 5 B
<6C1e% Y log(2HSAKT) | i +0 (H4S2A +H ﬁ)
== ng(h,s,a) +1  ng(h,s,a)+1
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—O(H"*V/SAT + H*S?A).

Here, the second inequality is from the definitions of 4/ e]fl oI, SZ, aﬁ) and fyflo(h, sfl, aﬁ), and
the last step is from Lemma C.6.2 and C.6.3.

]
Theorem C.8.2. For Bernstein-type noise and T > Q (H5S’2A), then for any MDP M =
(H,S,A,P,R,sy1), for any 6 > 0, with probability at least 1 — &, Algorithm 7 satisfies

Reg(M, K,SSRp,) < O <H\/SAT n H452A> .
In particular, if we further have T > € (H6S3A), it then holds that Reg(M, K,SSRpe) <
O (HV/SAT).
Proof. Similar to the proof of Theorem C.8.1, under Bernstein-type noise, it holds with
probability at least 1 — g that
Reg (M, K,SSRg,)

K H
<1{G;} 3C; > Z Z ( et (h, s’fb, aﬁ) + & (h, sk, aﬁ)) +0 <H45’2A + H\/T)
k=1 h=1

K H-1
5 (Z S (1 (Gl Uy + [ losCHSAR) )) + B+ VT

k=1 h=1 ng(h,s,a) +1  ng(h,s,a)+1

=O(HVSAT + H*S%A),

where the last step is from Lemma C.7.1.
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C.9 Technical Lemmas

Lemma C.9.1 (Bennet’s Inequality). Let Z1,...,Zy, be i.i.d. random variables bounded in
[0,1]. Then, for any 6 > 0, we have

. ( :LG:Zi_E[Z] . \/2Var(Z)nlog(2/5) . logf/é)) <
=1

Lemma C.9.2 (from Maurer and Pontil [2009]). Let Z1, ..., Z, withn > 2 be i.i.d. random
variables bounded in [0, H]. Define Z = % " Zi and Vy = % o (Zi— 2)2. Then, for

any § > 0, we have

2V, log (2/6)  Tlog(2/0)
n—1 3(n—1) =

E[Z]-> Zi| >

=1

Lemma C.9.3. Let X be arbitrary random variable bounded in [a,b] for some a,b € R.

Then, we have Var(X) < W.

Lemma C.9.4. For any § > 0, with probability at least 1 — 6, it holds for all k,h, s, a, s’
that

R 4Py s.a(8")(1 — Phsa(s))log(2HS2AK/S)  3log(2HS?AK/6)
k / _ , < h?S7a 78,04
’Ph’s’“(s ) = Phsals)| < ng(h,s,a) +1 + ng(h,s,a) + 1

Proof. Let ' = HS;% and fix (k, h, s,a,s’) such that ng(h,s,a) > 1. Then, we have

~
>
o
—
V)
N
|
s
»
IS]
—~
V)
~
~—
v

4Pn,5.a(5)(1 = Phsa(s))108(2/0) | 3log(2/d")
k(h,s,a)+1 ng(h,s,a) +1

4Phsa 1 - Phsa( ’))log(2/5’) + 310g(2/5/) —1
nkhsa)—i-l ng(h,s,a) + 1

A
=
T

Ed

X

|

.

»

IS]

X
v

ng(h,s,a) + 1 ng(h,s,a) +1

IA
=

AN
o
e N N
2 ? P':le'
f”
)
N
e
“('13
)
N
vV

v
e
—~
V)
N
|
a
w
iS]
—~
Vo)
~
~—
A%

\/4Phsa (1~ Phsa(s) log(2/0') | 2log(2/8) )

2Ph s a Ph s a( ,)) log(2/5’) + lOg(2/5/)
nk(h S, a) ng(h, s, a)

(Since n +1 < 2n forn > 1)
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)
< = TAR (By Lemma C.9.1, the Bennet’s inequality)
Then, the proof is complete by taking a union bound over all possible (k, h, s, a, s'). O

C.10 Numeric Simulations

In this section, we empirically compare RLSVI Russo [2019], UCBVI Azar et al. [2017] and
our algorithm SSR on the famous deep sea environment, which is a tabular environment
frequently used to test an algorithm’s ability to do efficient exploration Osband et al. [2018,
2017], Tan et al. [2020].

Deep sea, as shown in Figure C.1, is a grid-like deterministic environment with N x N
cell states, action space {0, 1} and action mask M;; ~ Bernoulli (0.5), (4, j) € S, whose values
are sampled when initializing the environment. At each cell (i, 7). Action M;; represents
going “right”, which leads the agent to the lower right cell, and 1 — M;; represents going
“left”, which leads the agent to the lower left cell. An episode of this environment will end
after IV steps. When going “left” or going “right” at the off-diagonal, the agent will receive
0 reward; when going “right” along the diagonal before reaching the lower right corner, the

—0'—]81. Finally, when reaching the lower right corner,

agent will receive negative reward
depending on the environment initialization, the agent will either receive reward +1 or —1.
In our experiment, we set this to +1, which results in an obvious optimal policy “always
going right” with total reward 0.99 per episode.

The experiment results are shown in Figure C.2.* From the plots, we can see that in
both settings, SSR performs significantly better than RLSVI as predicted by our theory.
Specifically, because of the instability incurred by the independent random seeds and large
perturbation magnitude, RLSVI almost never reaches the lower right corner in both settings
and thus incurs linear regret. On the other hand, SSR obtains a much lower sub-linear regret
because it can explore consistently with the single random seed.

Meanwhile, in both settings, SSR performs comparably with the UCBVI, which is ex-

pected since both algorithms achieve the minimax lower bound and our analysis does not

*Bonuses for all three algorithms are scaled down from the theoretical values by a factor of 7 x 10*
since without scaling, none of them can learn anything even in the deep sea with N = 5.
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tA

r=0 |r=1+0.01/N

r=-1

Figure C.1: An example deep sea environment with N =8 Osband et al. [2017].

indicate that one is better than the other.

Finally, we also do an ablation study to show that the better performance of SSR over the
RLSVTI indeed comes from the single seed randomization instead of smaller noise magnitude.
In particular, we run both algorithms in a deep sea environment with N = 25 and apply the
same noise magnitude, whose results are shown in Figure C.3. We can see that although

using the same noise magnitude, SSR still significantly outperforms RLSVI.
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Regret of Different Exploration Algorithms

Deep Sea with N =25 Deep Sea with N = 30

3000 A 3000

2500 A 2500

+ 2000 1 2000
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©1000 4 1000 A
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01 01

0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
episodes

Figure C.2: Empirical evaluation of RLSVI, UCBVI and SSR in deep sea environments with
N =25 and N = 30. The results are averaged over 10 repeated trials and the shaded area

represents the standard deviation. For simplicity, we use Hoeffding-type bonus for both
UCBVI and SSR.

Regret of RLSVI and SSR under Same Noise Magnitude

—— RLSVI
2500 1
—— SSR
2000 1
g
o
¢ 1500 4
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0
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Figure C.3: Empirical evaluation of RLSVI and SSR in deep sea environments with N = 25,
where both algorithms use the same noise magnitude.
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Appendix D

OMITTED PROOFS IN CHAPTER 5

D.1 Selective Sampling Lower Bound

First, we review the standard argument for best-arm identification lower bounds applied to
linear bandits. Fix 6, € R? and let z, = argmax,cz(z,0«). Define the set C = {6 € RY
dz € Z s.t. (0, z2—2z) > 0} as those 6 in which z, is note the best arm under §. We now recall
the transportation lemma of Kaufmann et al. [2016]. Under a 6-PAC strategy for finding
the best arm for the bandit instance (X, Z,6,), let T, denote the random variable which is
the number of times arm z is pulled. In addition let Ny, denote the reward distribution of

the arm @ of X, i.e. Ny, = N(2'6,1). Then for any §-PAC algorithm

log(1/2.46) < mi E[T,]KL(Ny, 2, No»
og(1/ )_glelgw;( [T ]KL(Ng, 2 No )

—min 3 E[T,] 16, — 6|2+
oeC
rEX

: 2
=min 5 [16: = 0fs i) aer)

: 1 2

where
0.(c) = 0, — ((z4 — z)TG* + &) (X per ET%] $$T)_1(z* _ z)T
2 * (24 — Z)T(er/'\f E[Ty] 22 T) (24 — )
for some small e. This is a valid choice since for all z € Z\ z, we have (2. —2)0,(e) = —e < 0

and thus 6,(e) € C. A straightforward calculation shows that

({24 — 2,04) +€)°

HH* - 92’(6) P]
||Z* - ZH(E%X E[T,] zzT)~1

2 _
It cn BT 22T) =



234

so that after rearranging and lettering ¢ — 0 we have that any §-PAC algorithm satisfies

2
max
2E€Z\ 2« (2 — 2, 0*>2

log(1/2.49) < 1. (D.1)
This series of steps will be applied for each bullet point of the theorem.

D.1.1 Proof of Theorem 5.2.2, part 1

We use the consequence of Lemma 19 of Kaufmann et al. [2016]. Consider a 6-PAC algorithm
that sets P(z) = 1 for all x € X for all time until it exits at time U after this many unlabelled
examples have been observed. If T, denotes the number of times x € X was observed before

stopping time U, then by Wald’s identity we have that

u

E[T,] =E [Z 1{z; = x}] = v(z)E[U].

t=1
Plugging this into Equation D.1 and rearranging we conclude that

e~ W piayeary
ER) > max Secx vy zeT)

T 2€2\x (24 — 2, 0x)2

log(1/2.40) =: p(v) log(1/2.46)
which concludes the proof of the first bullet.

D.1.2  Proof of Theorem 5.2.2, part II
By definition, the (random) number of times we measure x is
u

Ly = Z Hzs = 2,Qs(v) = 1}

s=1
and we want to show that E[L,] = v(x)E [2%21 Pg(l’)]. To do so, we define

t

My =Y (M{zs =z, Qu(x) =1} — v(z)Ps(x))

s=1
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It is easy to check that P41 € Fy := {(zs, ys, Qs)}§:1 and that
E[Mii1]Ft) = My + E[1{zs = z,Qs(2) = 1} — v(z)Ps(z)|Ft] = My

Applying Doob’s equality E[M;] = E[My] = 0. Consequence:

u

E[L,] =E | 1{z, =2,Qq(x) = 1}] = v(v)E

s=1

E[Zzs/{:1 P (m)]

Define a(z) := 5]

and note that each oy € [0,1]. Then E[£;] = EU]a(x)v(x) so

applying equation (18) of Kaufmann et al. [2016] again, we have

log(1/2.48) < min > E[LKL(NG, 2, No.2)

TeX
: 2
—min 3 BIL [0 012,12
TEX
. <6*, Z* - Z>2
= min 3
e2\a 2z = 2l riajeam)
A2
— min <f*’ 2 = 2) EU).
2\ 2z = =i, vaa@eat)

Rearranging, and applying the identity Ex ., [a(X)XX ] = Y orex v(z)a(z)zz ", the above

implies that

2||z — 2|3 -
E[U] > max Exry[0(X)XXT)7!

2€2\5 (Os 20 — 22 log(1/2.49).

Noting that the total expected number of labels is equal to
E[L] = Y E[L,] = ) EU]a(@)v(z) = EU| Exy[a(X)]
zeX zeX

we conclude that

E[£] > min  EU Ex,[e(X)]

o:X—[0,1]
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' 2”2 — Z*leEIXND[a(X)XXT}_l
subject to E[U] > max 5
z€Z\{z.} (0, 24 — 2)

log(1/2.49).

The second bullet point result follows by denoting a as P and applying Proposition D.2.6.
D.2 Selective Sampling Algorithm for Known Distribution v

D.2.1 Proof of Theorem 5.2.3, upper bound

At each round l we assume an implementation such that
ﬁg, iﬁe +—OPTIMIZEDESIGN(Z, 2_5,7) returns the solution of Equation 5.3 with ¢ = 27,
essentially. More explicitly, let €, := 27¢ B < oo such that max,cy |(z,0:)| < B, and

o < oo such that E[(ys — (0x, x5))?|zs] < o?. If
B, = 16(B? + 0%) log(20*| Z|*/5)
then ﬁg = Py where

|z — 2|2 -1
Py := argmin Ex.,[P(X)] subject to max EXW[;P(X)XX } Bse <1

P:X—[0,1] 2,2' €2y €

and Xp = Ex, [P(X)XX ]
We first provide an intermediate lemma on the correctness of Algorithm 8 that relies on

the feasibility of P, which we will show shortly.

Lemma D.2.1. With probability at least 1 — § we have for all stages £ € N such that Py is

feasible, that z, € Z; and max,cz,(z« — 2,04) < 4ey.

Proof. Define the event £ as

&= m ﬂ {’<Z—Zl,é\g—0*>‘ < eg}

By Lemma D.2.2; we know that P(£) > 1 —¢. Then, the rest of the proof is the same as

the one in Fiez et al. [2019], but we include it here for completeness. Assume that £ holds.
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Then for any 2’ € Z,

(2 — 2% 00) = (2 — 2,0, — 0%) + (2 — 2*,07)
= <Zl - 2*79\5 - 9*>

<€

so that z* would survive to round Zy, 1. And for any z € Zy such that (z* — z,0%) > 2¢,

we have
/ n * n
— 2.0 > — 2,0
,gleaz)i<z z,0p) > (2" — 2,0p)
= (2" = 2,0p — %) + (2" — 2,6%)
> —ep+ 2¢p

:fg

which implies this z would be kicked out. Note that this implies that max.cz,, (2" —z,0%) <

2¢p = 4depyq. 0

We can now prove Theorem 5.2.3. After L := [logy(4)] rounds Z, = {z} by the
above lemma. Thus, the total number of labels requested after L rounds is equal to £ :=

Z£:1 Zf;(ﬂ—l)r—o—l Q¢(x¢). By Freedman’s inequality (c.f., Theorem 1 of Beygelzimer et al.
[2011]) we have that

L LT L
o> Qulw) <2 TEx[Pi(X)|2]) + log(1/6)
(=1 t=((—1)r+1 (=1

We can now bound the expected sample complexity of this algorithm.

L Iz — 212
. . IEXNL,[TP(X)XXT}*1
= E min TEx.,|[P(X subject to max <1|.
PxS01] v[P(X)] ) 2,2 € 24 €2 Foe <
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Using Lemma D.2.5, we have

/12 /12
2z — = HIEXN,,[TP(X)XXT]* Iz — = HIEXW[TP(X)XXT]*1
max 5 Bse < Bs,, max 2
2,2/ €2y € 2,2'€Zy €y

lz — 212 W [TP(X)XXT]-1
< 6405, max Xow

2€2\z, (7 — 24, 04)?
2
Iz = Z*H]EXM,[TP(X)XXT]—l
=: max 5 Bs
2€Z\ 2z (z — 2«, 0x)

Note that the last line also describes a condition for which a Py is feasible. Indeed, at round

¢, a sufficient condition for a feasible P, (i.e., the RHS < 1) is if 7 exceeds p(v)fs with
llz—2x]I2 -

Bs 1= 1024(B? + 0?) log(2L?| Z|?/8) and p(v) = max,cz\ ., By [XXT)7]

50,72 , which holds
by assumption in the theorem.

Plugging this constraint back into above we have

L (A E:
. . Ex - [rP(X)XXT]-1
< min  7TEx.,[P(X subject to max <1
= ;:1 P.AS0.1] X[ P(X))] J e2\e (2 — 24, 0,)2 Bs <

< L min p(A)Bs subject to  ||A/V|leop(N)Bs < T

where the last line follows by applying the reparameterization of Proposition D.2.6.

High-probability Fvents
Lemma D.2.2. We have P(£) > 1 — 0.

Proof. For any V C Z and z,2’ € V define

EnrtV) = {|(z = 2, 0,(V) — 0.)| < e}

where @(V) is the estimator that would be constructed by the algorithm at stage ¢ with

Zy =Y. For fixed V C Z and ¢ € N we apply Proposition D.2.4 so that with probability at



239

least 1 — % we have that for any 2,2’ € V

(2 — 2/, 0,(V) = 0.)] < |2 — 2y [P (X)X XTI \/16(32 + %) log(202|2]2/9)

<€

Noting that & := (1,21, .ez, €22 ¢(2¢) we have

(e o] 0
PlU U €@ <D P | (&2}
(=12,2'€2, =1 \zz€2

= Z Z P U {gg,z’,é(v)}azf =V

(=1VCZ \z,z'€V

=S 3| U e 0| BE=v)

(=1VCZ \z,2€V

(=1VCZ
oo
<IN P2 =V) <4
(=1VCZ
O

D.2.2  Technical Lemmas
The following definition characterizes the RIPS estimator we used in Algorithm 8.
Definition D.2.3. Let X1,..., X, be i.i.d. random variables with mean Z and variance 1.

Let § € (0,1). We say that u(Xy,...,Xy) is a d-robust estimator if there exist universal
constants c1,co > 0 such that if n > ¢1log(1/d), then with probability at least 1 — &

v2log(1/6)

[B({Xe}o) = 2] < co\f ——

Examples of d-robust estimators include the median-of-means estimator and Catoni’s es-

timator Lugosi and Mendelson [2019]. This work employs the use of the Catoni estimator
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which satisfies |n({X¢}7 ) — 2] < f;foigg((ll//% for n > 2log(1/0) which leads to an optimal
leading constant as n — co. See Camilleri et al. [2021a] or Lugosi and Mendelson [2019] for

more details.

Proposition D.2.4. Let x1,...,x, be drawn IID from a distribution v. Assume that
|(0,25)] < B and E[|(0,zs) — ys|?] < 0% Let P : X — [0,1] be arbitrary. Let
Q(zs) ~ Bernoulli(P(zs)) independently for all s € [n]. For a given finite set V C R%
define for any v € V

wy = Catoni({(v, ]EXNV[P(X)XXT]_IQ($3)$598>}2:1)-

|wo=(0,v)]
X~ [POXXT]1

If§: arg ming max, o] and n > 4log(2|V|/d), then with probability at least
E

1 -9, it holds that

0.0 = 0)] < [vllix (o) x )11/ 16(B2 + 02) log(2[V]/6)

Proof. Inspired by Camilleri et al. [2021a], we note that

[0, 0) = (0,v)| (0, v) — wy + wy — (6, v)|
max = max
veV [vllgx o mp)xxT)r vV VlExs mPo)x XTI
e BV —wl g — (0]
veV [vllgy, np)xxTt vV [[Vlleg o, P x X T
= min max (6, v) = wol + max oo = {6, 0)]
6 veV [[vllgy ., mpx)xxTt veV [Vllex nPx)x XT]1
< o (0:0) — il

veV [vllgxo, nP(x)X XT] 1

So it suffices to show that each |(0,v) — w,| is small. We begin by fixing some v € V and
bounding the variance of v " Ex ., [P(X)X X T]71Q(zs)xsys for any s < n which is necessary
to use the robust estimator. For readability purposes, we shorten E, ), g(z,)~P(z,) 8 Bz, Q

in the rest of this proof. Note that

Varmsrwzl,Q(acs)NP(acs) (’UTEXNV[P(X)XXT]_lQ(xS)xsys)



=E,, ol(v " Exw [P(X)XX ] Q(5)2sys)?]

- EfﬁaQ[UTEXNV[P(X)XXT]_IQ($S)xSyS]2
which means we can drop the second term to bound the variance by

Eq, ol((0 Exs [P(X)XXT] 1 Qw4)2,3s) ]
= Eo ol(v Ex o [P(X)XX ) Q(z)x.(2] 0+ €))7
= .. ol(v Ex o [P(X)X X7 Q(2,)24(2] 6))]
+ B, (v Exs [P(X)XXT]Q(2,),)" €]
< BE,, o[ (v Exn[P(X)XXT] 7' Q(x)2.)"]

2

+ 0K, 0[(v Ex o [P(X)XX ] Q(zs)2s) ]
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=Eu,ov [(B* + 0”)Eq)~pan [V Ex[P(X)XX 7' Q(z) 2] Q) Exn [P(X) XX ] 0]

—~

1

=E,. o [(B* 4+ 0)Equ,)mpe) [0 Exn [P(X)XX T ' Q(a) sz Ex o [P(X) XX ] 10]]

=

< Epvy [(B + 00 B [P(X)XXT] 7 P(a)a] By [P(X)X X T] 1]
where we used that Q(x4)%? = Q(xs) in equality (i) above. Thus, we have

Var(’UTEXNZ,[P(X)XXT]_IQ(xs)xsys)
<(B* 4 020 (Ex oy [P(X)XX | By, o [P(z5)2s2d |(Ex o [P(X)X X ] Do

=(B + o) |0lle, _, p(x)x x 7)1

By using the property of Catoni estimator stated in Definition D.2.3, we have ¢ = v/2 and

{0, 0) — wy

=|Catoni({ (v, Ex, [P(X) XX ] Q(2)25ys) Yoo1) — E[(0, Exu [P(X) XX ] Q(25)25ys)]|

log(3)
n/2

<\@\/(Var(<v, IEXNV[P(X)XXT]_lQ(xs)xsys»)

(with probability at least 1 — ¢ if n > 4log(2/4))
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A(B2 + 02) log(2)
<lvllEy.,(px)xx7)1 n

llolex.., pop(0xx )1 4B + 02) log(2/6).

Finally, the proof is complete by taking union bounding over all v € V. O

Lemma D.2.5. Holds

1112 2
max I=== HEXW[TP(X)XXT}_I < 64 max 2= z*”EXW[TP(X)XXT}_l
2,2/ €2y 6? - 262\ 2. (Z — Zx, 9*>2

Proof. Let Sy ={z € Z: (2 — 2,04) < 4¢p}. We have

1112 112
Iz = My rpeoxxmyr _ Iz = 2'llg ., rro)xx 7)1
max ) < max :
2,2/ €2y € 2,2’ €Sy €
Iz — Z/||IQEXW[TP(X)XXTr1
=16 max
2,2 €Sy (464)2
Iz — 213 o1
< 64 max ]EXNU[TI;(X)XX ]
z€Sy (46@)
_ 2
= 64 max |- Z*H]EXW[TP(X)XXT]‘I
2€8,\z. max{(4ep)2, (z — 24, 04)2}
Iz — 2|13 -
< 64 max " EXW[TP(X%XXT] 1
2€2\z (z — 2«, 0x)
O
Reparameterization

Proposition D.2.6. Fiz v € Ay and any A € Ay. Define |A\/V|oo = supgex A(z)/v(z)

le=2u 2 exrys

<Z* _Z79*>2

and p(A\) = max,,, . For any t,8 € Ry the following optimization prob-

lems achieve the same value

a2 2 T
X~ [P(X)XX ']
(2 —2,0,)2 p<t

in tEx,[P(X bject to ma
o P:/’\rfn—l>r[10,1] X[ P(X)] subject to max,.,,

e min p(A\)S  subject to || A/V|eop(N)B <t
AEAy
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Let us first prove a simple lemma.

Lemma D.2.7. Let P denote the set of all functions P : X — [0,1]. And for any v € Ay
with support X let P = {kX\g/vz : N € Ax,k > 0: kA vy € (0,1]}. Then P =P’

Proof. Fix any P € P. If Ay, = Pyv,/||Pov|1 and k = ||P ov||; then k\/v € P’ and is
equal to P. This implies P C P’

For the other direction, fix any A € Ay and xk > 0 such that k\; /v, € [0,1] for all z. If
P = k)\/v then P € P which implies P’ C P and concludes the proof. O

Proof of Proposition D.2.6. Using the above lemma we have that

HZ—Z*H]QE P(X)XXT]-1
in tEy. [P(X bject t Xy [PEOXX ]
oy B AP sublect o T

B<t

is equivalent to

Iz = 212 i) -
min  tEx.,[kA(X)/v(X)] subject to  max Exe [RAX) [ X) XX ] 15 <t

k>0 NEA 2tz (24 — 2,04)2

kXz)/v(z) <1 Ve X

which is equal to, after simplifying,

min tk subject to max >
K>0,NEA x 2tz (24 — 2,04)

kAz)/v(z) <1 VeeX
which is equal to

min w subject to MNB<u
u>0, €Ay ) pPAB <

t
A < —.
A/l < -

Note, there exists a feasible (A,u) precisely when there exists a A\ € Ay such that
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IN/V||loop(A) < t, in which case the optimization problem is equal to

min p(A)B  subject to  ||A/V]cop(N)5 <t
AeAx

D.3 Analysis of the Optimization Problem

D.3.1  Proof of Theorem 5..1

For simplicity, we will use p instead of up to denote the number that controls the intensity
of barrier function.

The proof relies on analyzing another function D : Riﬁd — R. For simplicity, first, we
define

ha(z) = Pa(x) — i (log(1 — Pa(x)) + log(Pa())) — Pa(z)z " A, (D.2)

Recall that our dual objective is D(A) = Ex~, [ha(X)] + C%Zyeye y' Ayy. Since the
4

first term in Ex ., [ha(X)] only depends on A = > Ay, we can consider the following

yeVe

optimization problem.

f(A) = maxa,, Zyeyg yTAyy
subject to 30y Ay = A (D.3)
Ay >~ 0, Vy S yg.

Then, the alternative dual objective D(A) is defined as D(A) = Ex ., [ha(X)]+ c%f(A) We
4

can immediately see that maximizing D(-) is equivalent to maximizing D(-). In particular,

let A* € argmax,,oD(A) and (Az)yeyz

(D.3) and evaluate f(A*). We can see that (Aj)

be the set of PSD matrices that solve problem
— also maximizes D(-). Conversely, for

A* = (AZ)yeye € argmaxy »qy D(A), we also have }° oy, Ay € argmaxyy g D(A).
Further, we also define their empirical version Dg and D with extra i.i.d. samples

X1y .., Ty aS
1 1 1 1
— , T D — ,

Dp(A) =~ ;fm(%) + 2 ;y y' Ayy and Dp(A) = u;hmz) + gf(A). (D.4)



245

Recall that the problem Algorithm 9 tries to solve is

minp  Ex, [P(X) — p(log(l — P(X)) + log(P(X)))]

(D.5)
subject to Ex~, [P(X)XXT] - C%yy—r, Yy € V.
14

We will restate a more precise version of Theorem 5.4.1 and then prove it.

Theorem D.3.1. Suppose ||z||y < M for any x € supp(v) and ¥ = Ex., [XXT] is in-

vertible. Let A* € argmaxy gy, D(A) and £(X) = i:;*:((g)) be condition number. Assume

A"z > 0 and define w = minpega,ry, =1 Ex~v [(XTFX)Z}, where S is the set of d x d

symmetric matrices. Let |Y,| CF = ézyeye Hy||;L

Then, A* =3 A¥ is unique. Further, for any € > 0 and 6 > 0, suppose it holds that

yeV Y
) [|A* |- M2 1 4 1
1 < min \/3’{’( )H ”F . +6,7||A*||%;‘M4,
8 e 9 2V/3
o 288(2)2 I AT MAM + ) - (214 M2 + 1) los(6/9) (*F >
- w2pb ' €

. BT6R(S)? [A|[F M® - (2| A% p M + 1) log(6/3) (1 + e)2
= 6 : .

w2 €
Then, with probability at least 1 — 0, Algorithm 9 will output A that satisfies

—1
oy Exw [PA(X)XXT] y<(1+ec, Yyel.

e Ex., [PK(X)} < Ex~., [IS(X)] + 4/11, where P is the optimal solution to problem
(D.13).
Proof. First Bullet Point. Fix some € > 0. Let A and corresponding A= Zyeyg f\y be

the parameters obtained by Algorithm 9 just before the re-scaling step, which means that at
line 10 of Algorithm 9, the assignment of Ay to each y € Yy has been optimized by solving
problem (D.3). That is, we have D(A) = D(A) and Dg(A) = Dg(A). Let A and A be the

ones after the re-scaling step. Then, by Theorem 3.13 of Orabona [2019], with probability
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at least 1 — g, it holds that

D(A*) - D(R) = D(A") - D(A) < T8 HW

where Reg(K) is the regret of running projected stochastic gradient ascent for K steps

with 7y specified in Algorithm 9. Meanwhile, by Theorem 4.14 of Orabona [2019] also, we
have Reg(K) = ﬂBQ\/Ziil > yeV, Hgk’y ;, where B = /|Vy| ||A*||  bound the norm of

* * . T . 2
= (Ay)ye)}[ Since g, = % - PA(k)(xk)ka;, we can easily get >, oy, | 5.y ‘2 <
2Vl M* + 53 e, lylla = 212 M* +2|Yy| 7. Thus, we have
Reg(K) < 2|Vl [A*|% /194 M* + (V¢ C2 - VK := CpegVE (D.6)
_ — . C 2+/21og(6/9
— D)~ D(A) < Dot 2V2108(6/0) (D7)

VK

We now consider the effect of using u i.i.d. samples in the re-scaling step. First, since
re-scaling always increases the function value, we must have D E(A) <D E(K) Meanwhile,
since Dp(A) = Dg(A), by Lemma D.3.7, we have Dg(A) = Dg(A), which together implies
Dr(A) < Dp(d).

By Lemma D.3.2, we know that A* is unique and as long as p < 7, D(A) is G-strongly
concave with respect to f9 norm over S = {A = 0 : [|[A||p < 2||A*||p}, where G is defined in

Eq. (D.14). Thus, by Lemma D.3.8, if K is large enough such that

_ o CRes +2/2108(6/0 .
VK 2

then [|A — A*

h < ||A*]| , which implies ’AHF < 2||A*||p. That is, A € 8. Then, under

this condition, by using Lemma D.3.5, when p < % |A*[| o M* and

u(2) |A%[p M (2 4+ VETBG/0)) 14 ?

>
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for A after re-scaling, with probability at least 1 — %, it holds simultaneously that

Gu? € — e =~ Gu? €
: Dp(A) - DA)| < :
e Txe M4 [P =DM orn ey T

Dp(A) —D(A)| < (D.9)

— D(A*) — D(A) < D(A*) — D(A) + D(A) — D(A)

IN

~ ~ ~

) = Dp(A) + Dgp(A) — D(A)
(Since Dg(A) < Dg(A))
o Creg +21/210g(6/0) = 2G> e
= NG 3M2k(2) 1+ e
(By Eq. (D.7) and (D.9))

< D(A*) — D(A) + D(

>

Since A is a smaller re-scaling of A, we have A e S, which implies %‘

D(A*) — D(A) by property of strongly concave function Bertsekas [2009]. Therefore, by

AT KHF =

Lemma D.3.9, to guarantee an at most € multiplicative constraint violation, it is sufficient

to choose K such that

G
i

A* - KHF <D(A*) - D(A)
< CReg +2+/210g(6/9) N 2G 12 €
- VK 3M2k(X) 1+e€

: 4Gp* e GAp
< :
_mm{?)MQK(Z) 1+e 2

4G p? € \/3&(2)”/\*“ M2 |
= . . If 1 < o/ 280 TpM7 | 1de
3M2k(X) 1+e (Ifp= 8 <)

An algebraic rearrangement gives us

. 3K(E)M2(cReg+2,/210g(6/5)) | +e
- 2G 2 e

(D.10)

Second Bullet Point. We then prove the upper bound for primal objective value
Ex, [PK(X )], which explains the reason why an extra re-scaling step is needed. Define

g(s) = Dg(s-A). By construction, we know that g(s) is maximized at s = 1 because
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A = s*- A, where s* = arg maX,c|o,1] Dg(s-A). Therefore, we have ¢/(1) > 0, which in turn

gives us

1 T 1 — T
g'(1) = 2 Z y Ayy — 0 ZPK(%‘)% Az; > 0.
tyey i=1

By the concentration inequality in Lemma D.3.5, we know that when

2% M2 (1A% M2 + j1/210(679))

> ;
1372

with probability at least 1 — %, it holds that

1 u
Ex., {PA(X)XTAX} — =% Palwi)e] Az| < Vi

=1

1 . -
= g Z y Ayy —Exy [P]\(X)X AX} + /> 0.
YyEYe

(D.11)

(D.12)

Now, let P be the optimal solution of problem (D.13) and P be the optimal solution of

the same problem with bound constraint u < P(x) <1 — pu.

minp Ex~, [P(X)]
subject to y Ex., [P(X)XXT] ! y < c%, Yy € Yy,
0<P(zx)<1l—pu, VredX.

Then, we can notice that

Ex~v [P]\(X)]
<Ex~y [P5(X) — p(log(l — P(X)) + log(P5(X)))]
<Ex~y [P5(X) — p(log(l — P(X)) + log(P5 (X)))]

1 ~ -
+ 2 Z yTAyy —Ex~v PK(X)XTAX} + 1
tyeys

(D.13)

(By Eq. (D.12))

= i%f L(P, K) + /1t (By definition of Lagrangian function and how we solve for Py)

< inf £ (P, A
o AytIgvg}y(Eyl 1% ( ) + \//j
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“Fx oy [Pas (X) — pu(log(1 — Py (X)) + log(Py- (X)))] + Vi

<Ex~, [P(X) - plog(1 - P(X))| = plog (P(X)) + Vi

(Since P is feasible to problem (D.5))
<Ex., :P(X)} + 3V, (Since —alog(a) < /a for a € (0,1))

<Ex~v ﬁ(X)} + 4./ (Since P(x) can have at most y more contribution than P)

Therefore, in summary, Suppose K and u satisfy conditions specified in Eq. (D.10), (D.8)
and (D.11) and g < min {\/?’K(E)Vg*'F2 1te 4 HA*HFM4 1 }, where CReg and G are

€ ' 9 IWE]
defined in Eq. (D.6) and (D.14), respectively. Then. by applying a simple union bound, with

probability at least 1—4, the output of Algorithm 9 A satisfies y Ex.y [P(X)XXT] ! y <
(1+e)c2,Vy € Yy and Ex,, [Pr(X)] < Exo, {13()()} AL O

D.3.2 Relevant Lemmas

Strong Concavity of D(A)

Lemma D.3.2. As long as p < 2\[, D(A) is G-strongly concave with respect to £a-norm
on the bounded region S = {A = 0 : |Al|p < 2||A*||p} with coefficient
1

2
G = S- min Ex., [(XTFX) } . (D.14)
2(2||A*||p M2 4+ 1)° Tesd|I||p=1

Because of this, as a corollary, A* will be unique.

Proof. By Lemma D.3.3, since f(A) is concave in A, it is sufficient to prove that
Ex~y [ha(X)] is G-strongly concave on S, where hp(z) is defined in Eq. (D.2). Then,

we have

B0 X yvec (XXT> vec (XXT>T

—V3Ex., [ha(X)] =E w[
AEx~y [PA(X)] = Ex dan

Since ||z|ly < M, for any A € S, we have gp(z) = 2" Az — 1 < 2||A*|| M? + 1. By
Lemma, D.3.11, we know that if 1242 < (2 ||A*||p M? + 1)2, which can be done by choosing
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dPy

< 1 alfA > K
,u_%/g,wehave qu(a:)_2

(2|A% || pM241)

> for any x € X and A € §. Therefore, we have

—V?\EXNV [PA(X)] = v Ex~w |:Vec <XXT) vee <XXT>T

Now, let S be the set of all d x d symmetric matrices. It is obvious that S is a subspace
of the vector space of all d x d matrices and § C S. Thus, by applying Lemma D.3.4, we

can conclude that Ex ., [ha(X)] is G-strongly concave on S with respect to ¢2 norm and

_ 0 : T T "
= 5 min  vec(I') Ex.~, |vec (XX " )vec XX vec(I)
2(2||A*||p M2 +1)° Tes®|r||p=1
2
_ P S min Exe, (XTPX) ] .
2(2[|A*[|p M2 +1)7 Test|r] =1
Thus the proof is complete. ]

Lemma D.3.3. f(A) defined in Eq. (D.3) is concave in A.

Proof. To show its concavity, consider A() = 0, A?) = 0 and some v € (0,1). Let (Az(j))yeyz
be the optimal solution obtained by evaluating f (A(i)) for i € {1,2}. Then, we can notice
that

YFAD) + (1 =) fA®) =4 >y TAy+ (1= Y v APy

YEY, YEY,
=3 yTOAY + @A)y
YEYVe

< FAW + (1 - 4)AB).

s A = AD for i € {1,2} and thus
2V, (fyAg(Jl) +(1 —’y)A?(f)) = vAM + (1 — 4)A®) | which means that (vAz(/l) + (1 -

The last inequality above holds because )

’y)A?(f))yeyl_, is a feasible solution for problem (D.3) with parameter yA(D) + (1 — ~)A(2),

Therefore, we can conclude that f(A) is concave in A. O

Lemma D.3.4. Let f : R% — R be a convex and twice differentiable function in R®. If for

some subspace S C R?, we have Minye s ], =1 w V2if(x)w > 0 > 0, Vo € S, then f is



251

o-strongly convex with respect to fo-norm on S.

Proof. Suppose S has dimension m and let v1,..., vy be a set of orthonormal basis that
span S. Then, for each x € S, there exists unique z € R" such that x = Vz, where
V= [Ul . Um}' That is, there is one-to-one correspondence between S and R™.

Now, we define g : R™ — R as g(z) = f(Vz). It is easy to compute VZg(z) =
VTV2f(V2)V. Then, notice that for any w’ € R™ such that |[w'|, = 1, we have Vw' € S

and |[Vu'|l, = Vw'TVTVw = Vw'Tw = 1. Thus, we have

w' TV g(2)w = min W' TV IVEF(V2) VW

m
wermw|,=1 wrermwl,=1

= min  w Vf(Vz)w >o.
weS:||lw|[,=1

Therefore, g is o-strongly convex with respect to f9 norm. Then, for any x1,x2 € S, there
exists unique 21,22 € R™ such that 1 = V21 and 2 = Vzp. Notice that ||z — 22|y =
|z1 — x2||y since V' preserves the norm. Further, by definition of strong convexity, for any

a € [0,1], we have

glazr + (1= a)zg) + %a(l — ) |l21 — 223 < ag(z1) + (1 — a)g(22)
— flaVz + (1 —a)Vz) + ga(l —a) [|lz1 — 2ol < af(Va1) + (1 — ) f(Vz)

o
= flaz1+ (1 —a)z2) + 504(1 —a) ||z — .%'2”% <af(r1) + (1 —a)f(xa).
Thus, f is also o-strongly convex with respect to £5 norm on S. O

Concentration Inequalities

Lemma D.3.5. Let x1,...,2y ~ v be i.i.d. samples. If HAHF < 2Nz, |zl < M for
any © € X and p < %HA*H%M‘{ then with probability at least 1 — ?, it holds for any
AcO= {s “A:selo, 1]} stmultaneously that

- 2 || A% M2 (2 + /210g(6/9)
Ex~v [hMX)p%ZhA(xi) < F (WVT>
=1




252

2 A% M2 (1A% M2 + j1/210(679))
fv/u '

<

1 u
Ex., {PA(X)XTAX} — =3 Pa(wi)a] Az
=1

Proof. To prove the first inequality, first, notice that we have hp(z) = —Pp(z)qp(z) —
1 (log(1 — Pp(z)) 4 log(Py(x))), where gp(z) = x' Az — 1. Since Pp(z), defined in Eq.
(5.7), explicitly only depends on g () instead of x directly, we can treat hp as a function
of gp and define a function class F = {x =z’ (s- Nz :selo, 1]} It is well-known that if
hp is Li-Lipschitz in gp and |hp(z)| < Ry for any A € © and x ~ v, then, with probability
at least 1 — g, it holds simultaneously for all A € © that Bartlett and Mendelson [2002],

Mohri et al. [2018]
/21 )
<2L1 - Ru(F)+ Ry Ogl(LG/), (D.15)

where R, (F) is the Rademacher complexity of F.

B [ ()] = 3 )
=1

To find Ly, we can compute

dhp dPy dPy
DA A P+ A (-
dgp dga dgan \1 =Py Py
dP, dP,
— A gn — P + AL qa (Since Py satisfies Eq. (5.6))
d-ga dgp
Therefore, we have % € [—1, —%] by Lemma D.3.11. Therefore, we can set L1 = 1.
Let ho be the value of hy when go = —1, which means = Az = 0. To find Ry, notice
dh

that since 54 € [—1, —%], we must have —qp + hg < hp < —%qA + hg. By Lemma D.3.11,

dga
we know that hg € [0, 2\/,17] Therefore, we have —z | Az < hy(z) < —%xTAx—i—B\/ﬁ for any

z € X and A € ©. Since ||Al|p < HA

‘F < 2||A*|| p, we have |hp(z)] < 2 ||A*HF]\4[2 = Ry,
which holds when p < %HA*H%M‘*. Then, by Lemma D.3.6, we know that Ry (F) <
&L‘EMQ. Thus, plugging in values of L1, Ry and Ry (F) into Eq. (D.15) gives our first
concentration inequality.

We can basically follow exactly the same strategy to prove the second concentration

inequality. In particular, define hy(x) = Pa(2)z " Az = Py(x)qa(x) + Pa(z). Then, with
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probability at least 1 — %, it holds simultaneously for any A € © that

21og(6/6
< 2Ls - Ru(F) + Ry ng/), (D.16)

Ex~ [BA(X)} - izu: ha ()

i=1

where

BA(:U)‘ < Ry for any z € X, A € © and hy is Ly-Lipschitz in gy.
To find Lo, we can compute

h P

-
= Py r' Ax.
dga dga

By Lemma D.3.11, we know that dPA {O, 8#] Thus, we have ’gﬂ < 1+w = Lo.

It is obvious that hp(z) < 2||A*| » ]\42 := Ry. Thus, by plugging the values of La, Ro and
Ry (F) into Eq. (D.16), we can obtain the second concentration inequality.
Finally, both concentration inequalities hold simultaneously with probability at least

1-— % by a simple union bound. O

— u —

Lemma D.3.6. If HAHF < 2||A*||p, then, we have Ry(F) < Exe[(XTAX)]

* 2 ~
W, where F = {a: =z (s-A)z:selo, 1]}
Proof. Let o1,...,0, be ii.d. Rademacher random variables, which are uniform over

{—=1,+1}. Let z1,...,24 ~ v be i.i.d. samples. Then, by definition of Rademacher com-

plexity, we have

[sup 3ot ]

geF Ui
sup — Z oz (By definition of F)
s€fo,1] U
Ok z Thai >0 z T
= E oix; Ay > oix; Ax;
1 T
<-E x; A
(] :
=1
1 u
< " (Z O‘Z‘J}ZTA.Z‘Z'> (By Jensen’s inequality)
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(Since o;’s are i.i.d. and E [o;] = 0)

E xTAx)’
o [< ) ] _ 2J|A%] p M2
u - N

Here, the equality (i) holds because when > ; amjf\xi < 0, the supremum over s € [0, 1]

will be obtained by taking s = 0; otherwise, it will be obtained by taking s = 1. O

Other Lemmas

The following lemma basically shows that f(A) is linear in scalar multiplication.

Lemma D.3.7. If DE(A) = EE([\), with A = ZyGyg Ay, then, for any s > 0, it holds that

Dpg(s- A) = Dpg(s- A), where D and D are defined in Eq. (D.4).

Proof. 1t suffices to show that if ., y  Ayy = f(A), then > ey, y (s-Ay)y = f(s-A)

for any s > 0. By definition, we have

fls-A) =maxy, > ey, vy Ayy
subject to D0 cy, Ay =s- A
Ay =0, Vye.

. . . . . . / _
For the above optimization problem, we can do a change of variable by setting Ay = < -

[=

Ay = Ay =s-Aj. Then, we have

fls-A) =maxp, >, cy,y"(s-Ay)y
subject to Y5y, s Ay =s- A
S-A;io, VyEyg.
— f(s-A) = maxy, S ,cy, yTA;y
subject to 3, ¢y, Ay, = A
A;J = 0, Vy S yg.
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= fls-N)=s-f(A)=5-> y'Ay=D y'(s-Ayy.
Thus, the proof is complete. O

Lemma D.3.8. Let f : R% — R be a concave function with mazimizer x* over the convex

set C. Further, assume that f is G-strongly concave with respect to €9 norm in region S NC,

where S = {x : ||z —a*||, < A}, If f(2*) — f(x) < A—QG andc € C, thenx € S.

Proof. By property of strong concavity, we know that, f(z*) — f(x) > % |z — a*||, for any
z € SNC. Now, suppose x’ satisfies f(z*) — f(2) < %, ' € C and 2’ ¢ S. Then, we must
have ||z’ — z*|, > A.

Let v € (0,1) be some number such that z = vya’ + (1 — )z* lies on the boundary of
S. By convexity, we also have z € C. Then, since f is concave, we have f(z) > ~vf(2') +
(1 —~)f(z*) > f(2), where the second inequality is strict because f is strongly concave in
a region around z*. Since f(z*) — f(2') < ATG, f is G-strongly concave on S and z lies on

the boundary of S, we have

TZEHZ—QL’ Hgﬁf(x )= f(z) < flx )—f(ml)ST,
This is a contradiction and thus we must have 2’ € S. O

The following lemma quantitatively describes how close A and A* needs to be to ensure

an at most € multiplicative constraint violation.

Lemma D.3.9. Assume ||Jz|ly < M for any x € X. Let ¥ = Ex., [XXT] = 0 and

A* = argmaxy g D(A). Then, for any € > 0, if we have

8N2>\min(2) €
F = 3M2 X pax(X) 1+¢€

HT\—A*

then it holds that vy Ex., [P]\(X)XXT]_1 y<(1+ e)c% for any y € V.

Proof. Fix some € > 0. First, notice that if we regard Py as a function of gp (z) = T Az —1,
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it then holds that

2
M2<%,
<%

APy

dPy
VAPA(x = HVA(]A T
VAPl = | EEVaan )| < |32

< ‘

o7, < |22
dga

2

where we obtain the last inequality by using Lemma D.3.11. Therefore, for any « € X
~ s [~
and A > 0, we have }PK(JJ) —PA*(l‘)‘ < ]g—u . HA—A*

- by mean value theorem and

Cauchy-Schwartz. inequality.

Therefore, if we have HK — A h <4, then
M?3s M35
‘PK(@_PA*(@{ < W - P~( )ZPA*@)—W

— Ex., [PK(X)XXT] = Exo, [PA* (X)XXT] _ ]Z;‘SEXW [XXT} .

By Lemma D.3.10, we know that

yy "

—1
T 9 T < 2 . T -
Y Ex [PRO)XXT| y <1+ 6) = Exoy [PR(X)XX | = i+92

(D.17)

Let * = Ex [Pax (X)XXT} Therefore, to guarantee the condition in Eq. (D.17), it is

sufficient to guarantee that X* — M 52 (1 + & which is equivalent to
M35 w ! y)?
w!' S — ——w ! Tw > (273/), Vunit vector w € R?
c;(1+¢)

1 T M?35
= w2 - % w > ——, Yunit vector w € R%.
w' Yw (14 €)c; 8p
Therefore, it is sufficient to choose § such that

M?25 1 T 1 T
< “Amin | ZF — QL < min - cwl [ o - L2 w
8~ Amax(X) A(1+e) wil|wll,=1 w T Xw (1+€)c?

.
Since Pp« satisfies the constraint defined in problem (D.5), we have ¥* > % Meanwhile,
14

by Lemma D.3.11, we know that Py-(z) > & for any € X', which means that X* = & - 3.
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That is, for any unit vector w € R%, we have

T \2
w
w! Trw > ( Qy) and w'X*w > %Amin (X)),
c
¢

=

T \2
which together implies w ' ©*w > max {g “ Amin(2), (1w Zy) } Therefore, it holds that

T 12 T \2 T 12
T (w'y) p (w'y) (w'y)
Yw— —"Ht = > — - Ain (2 —
w w (1 n 6)0% <~ Imax { 3 mln( )v C% (1 + 6)0%
2 2
—maxd P () - (wTy) € (wTy)
3 (L+e)cs’ (1+e)c
e
> 3(1+6) ‘/\min (E)
e [T ) s s

Therefore, to guarantee the condition in Eq. (D.17), it is sufficient to have

M25 6,u)\min(z) 8M2)\min(z) €

e = . s
8 301+ max(D) T BMZDApan (D) 1+e
Thus, the proof is complete. O
The following lemma is a result of standard Schur complement technique.

Lemma D.3.10. IfEx., [P(X)XXT] is inwvertible and ¢y > 0, then

T 717! 2 Ty
y Ex., [P(X)XX } y <t = Exoy [P(X)XX ] =
14

Proof. For simplicity, let A = Ex.~., [P(X )X X T} > 0. Then, we consider the block matrix

A T
y e RE+1)x(d+1) et [u a} € R4 with v € R? be some vector.

T 2
Yy Cy
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Now, for one direction, suppose y' A~y < c% holds. Consider
A U
[u a} Y =u' Au+ 2auy + 2¢2a? = r(u, a).

If we minimize r(u, a) over u, which means to treat a as fixed, we can get (by taking gradient

and setting it to zero)

1

u* = —aA"ly = r(u*a) = d?(Z -y AT y).

-
Since y T A~y < c%, we know that r(u*,a) > 0, which means r(u,a) > 0 for any [u a} €
R+,

Then, if we minimize r(u,a) over a, we can get

T )2
u
*:—U—Qy :r(u,a*):uTAu—( 2y) .
e €

T T.,)2
Since r(u,a) > 0 for any [u a} € R we know that v Au— (ucgy) > ( for any u € R%,
4

|
That is, we have A > yg—Q
14

The other direction simply takes the above calculation in a reversed way and thus the

proof is complete. O

Properties of Py
A visualization of Py is given in Figure D.1.

Lemma D.3.11. The function Py(x) defined in (5.7), if regarding as a function of qx(x) =

z Az — 1> —1, satisfies

o limg, o Py = 5 for any p € (0,1)

o When gy = —1, Py = %—i—,u— Y 1;4”2 > & and Py — p(log(1 — Py) +1log(Pr)) < 2/t
for any p € (0,1).
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Heatmap of Py(z) Py(z) with different 1,

1.0
1.0 4

0.8 084
1.0 .

0.5 .
0.6 0.6

0.0
0.4 .44
05 ). 0.4

0.2 0.2

— g =0.1

— = 0.02

0.0 1

-2.0 0.0 T T T T T T T

-20 -15 -1.0 =05 0.0 0.5 1.0 1.5 2.0 -1 0 1 2 3 4 5
aa(z) =2 Az —1

Figure D.1: (left) A heatmap of some Py when problem dimension is d = 2, which shows
that Py is approximately an 0-1 threshold rule characterized by an ellipsoid. (right) A plot
of Py as a function of g (z) = 2T Az — 1, which shows that the change of Py near the
boundary of ellipsoid is sharper when the barrier weight p is smaller.

/42 Ap2—2 2 .
APy VIR AT gocreqses as qi increases. Further, 322 ¢ [0 i] Thus, Py

doa /g +ap? 7 daa " 8

increases monotonically as qp increases and Pp(x) > é—L for any x € X and A = 0.

dPx 7 dPa ] 2 2
° E\ql\zil > 1 and kTS > 3 when qx > 12p°.

Proof. For simplicity, we will drop the subscript A and just treat P as a function of q. That

is, we have

\/(2u —q)* +4pq

We prove each bullet point separately.

: . D . _ _
e Since P(q) also satisfies Eq. (5.6), which in simpler form is _Ll—P(q) Plg = ¢ We can

easily see that P(q) = % satisfies this equation when ¢ = 0.

/ 2
e By direction computation, we can get P(—1) = % +p— #. To show this is

greater than & for any p € [0,1], consider £(u) = P(—1) — &. It is easy to check that

£(0) = 0 and £(1) > 0. Then, since ¢/(u) = 2 — 2 s initially greater than 0 and

\ 1+4put



260

then smaller than 0, we know () first increases and then decreases on [0,1]. Thus,

£(p) >0 on [0,1] and thus P(—1) > & for any p € [0,1].

For the second part, define £(u) = 2\/i — P(—1) + p (log(1 — P(—1)) + log(P(—1))).
Then, by utilizing the fact that P satisfies Eq. (5.6), we can compute its derivative
and get g—fz = # +log(1 — P(—1)) 4+ log(P(—1)). We can check that on the domain

7 / 2\ _ 3/2_./ 2
(0,1), we have G S G B VY U I < 0 on (0,1),
B\ 14+4u2 2u3/24/1+4p2

dMQ - 2N3/2
which means that % is monotonically decreasing. To see why the second derivative is

smaller than 0, we can compute

(4u3/2 T pn 4u2) — g (14 4p?) = (1—2p)% + 82/ 1+ 42 > 0.

Thus, g—fz is initially greater than 0 and then smaller than 0 on (0,1). It is easy to

verify that lim, ¢ = 0 and £(1) > 0. Therefore, we have £(u) > 0 for any u € (0,1).

A @2 +4p2—2p2 . . .. .
We can get %—P Y SAVA i i by direct computation. To show it is decreasing as ¢>
q 2/ 2 +4p2
. . . Py \ z4+4p2—2p2 0. . f
increasing, we consider f(z) = BVERAIC AT and it is sufficient to show that % <0

2N/ z+4pu?

for any z > 0. Again by direct computation, we have

df _H (8“3 +3pz— (2 + 4M2)3/2)
dz — 52 (Z+4,U2)3/2

By direct computation, We can show that (z + 4u2)3 — (8/13 + 3uz)2 = 23432212 >0
for any z > 0 and p € [0, 1]. Thus, % < 0 and thus % is decreasing as ¢ increases.

It is obvious that % > 0 for any ¢> > 0 and p € [0,1] since we always have
pu\/q? +4p? > 2u%. Thus, the maximum value could potentially happen is when

¢?> — 0, which can be evaluated by using L’Hospital’s rule. A direct computation gives

1

: dap _ 1 dp 1 i
us limg2_yq A = si Thus, we can conclude that 5 7 € [0, 3 M} . Therefore, P increases

monotonically as ¢ increases, which implies that Py (x) > % for any x € X and A.

e By direct computation, we have %M/\:il =pu (1 —7 ) > 1 (1 - l) > f5

\ 14+4p?
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2p

v 14+4p2
Finally, notice that when 2u < %\/ q2 + 4p2, which is equivalent to ¢> > 1212, we have

AP /@ + 42 =2 V@ A - 5V A

dg Ve +4p? 0>\ G2 + 4’ 2q*

for any p € [0,1]. The reason is that we can easily see

is increasing in pu.

Thus, the proof is complete. O

D.3.8 An Alternative Approach to OPTIMIZEDESIGN

Based on the analysis in Section D.3.1, we know that maximizing D(-) is equivalent to
maximizing D(-). Therefore, as an alternative to Algorithm 9, which maximizes D(-) through
stochastic gradient ascent, it is natural to have an algorithm that directly maximizes D(-).

Here, we will consider subgradient ascent.

Recall that D : Sﬁir — R is defined as

D(A) = Exe [PACY) — 1 (l08(1 = PA(X)) +log(PA())) = PACX)XTAX] + 5 (A),
L

where f(A) is defined in problem (D.3). The subgradient of D(A) is

Tl H H T 7| 9f(A)
OD(A) =Ex., | (1 - X TAX | VPy(X)— PA(X)XX
=5 | (T A ) vesc-paoxxT |+ 2
(The first term is differentiable)
_9f (QA) By, [PA(X)XXT} . (Since Py(X) solves Eq. (5.6))
Ce

Therefore, to run subgradient ascent, we only need to find an element in Jf(A), which

can be obtained by solving the following optimization problem as claimed by Lemma D.3.13.

minp (T, A)
subject to T >=yy', Vye, (D.18)

F=2% cy, vy’

As aresult, we have Algorithm 16 as an alternative to solve OPTIMIZEDESIGN. Compared
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to

16

2

Algorithm 9, which needs to maintain || d*> number of objective variables, Algorithm

only has d? variables. However, each iteration of Algorithm 16 is computationally more

intensive since finding a subgradient needs to solve the problem (D.18).

Algorithm 16 Projected Stochastic Subgradient Ascent to Solve OPTIMIZEDESIGN

1: Input: Number of iterations K; number of samples u; barrier weight pp € (0,1)
2: Initialize A©©) =0
3: for k=0,1,2,..., K —1do
4:  Sample xp ~ v
5: Solve problem (D.18) with current A®*) to get T(*)
(k)
6 Set g = FCT — Pf\(’“) (a:k):ckka
7. Set AFHD A gy where 1y, = %
\V 230 1llgslla
8. Update AF+1) HSi (A(k"‘l)), a projection to the set of d x d PSD matrices
9: end for
h K &
10: Let A = & S0 A B ) B B
11: Find s* < argmax,c(o 1) Dp(s - A), where D is the empirical version of D, evaluated
using v i.i.d. samples
12: return A = s* - A
A result similar to Theorem D.3.1 can also be obtained for Algorithm 16, which is given
in Theorem D.3.12. The bounds are almost identical except that the old lower bound for K

depends on D/g|3 while the new one depends on |Vy|. Steps identical to the proof of Theorem

D.

3.1 will be skipped in the proof of Theorem D.3.12.

Theorem D.3.12. Let A* € argmaxy, o D(A) and take other settings the same as that in

Theorem D.3.1.

Then, A* is unique. Further, for any € > 0 and § > 0, suppose it holds that

3k(D) |A* |- M2 1+¢€ 4 1
ugmm{¢“<>"F RS SIS }

8 € ’2\/§

1o o 2K IAT| L MM + 41/ CB) - (2107 M2 + 1) og(6/) (1 +e>2
= 6 :

w2y €

u>5mdmﬂmw%M8«MAwFM2+nﬁ%ww><1+v2

w2pb €

Then, with probability at least 1 — o, Algorithm 9 will output A that satisfies
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-1
o y Ex, [PA(X)XXT] y<(1+e)ck, Vyel.

e Exy [P

K(X)} < Ex~y []S(X)] + 4/, where P is the optimal solution to problem
(D.13).

Proof. First Bullet Point. Similar to the proof of Theorem D.3.1, let A be the parameter
obtained by Algorithm 16 just before the re-scaling step (line 11). Then, by Theorem 3.13
of Orabona [2019], with probability at least 1 — %, it holds that

D(A*) — DA) < Reg(K) 4+ 21/2K log(6/9)
< K )

where Reg(K) is the regret of running projected stochastic subgradient ascent for K steps
with 7 specified in Algorithm 16. Meanwhile, by Theorem 4.14 of Orabona [2019] also, we
have Reg(K) = \/éBzy/Zszl ||gk||%7 where B = ||A*||p. Since g = %g) - PA(k)(xk)xk:r;
and HF(’“)HF <2 HZyE)& nyHFv we can casily get g3 < 2M*+ 5 5,0y, lIylly = 2M* +
8|YVe| C2. Thus, we have

Reg(K) < 2||A*|[7 (/M4 +4|¥,| C} - VK := CregVE (D.19)
— D(A") - D(A) < CReg”fV; log(6/9) (D.20)

We now consider the effect of using v i.i.d. samples in the re-scaling step. Since re-scaling
always increases the function value, we must have Dg(A) < Dg(A).
Then, after exactly the same steps of analysis, we can get the following same lower

bound for K,

k(%) M2 (CReg+2\/W) 1+e
K> )

> e —= 1. (D.21)

with a different value of Creg.
Second Bullet Point. We then prove the upper bound for primal objective value
Exu [PK(X )], which explains the reason why an extra re-scaling step is needed. Let

A = (Ay)yey, be a set of PSD matrices that solves problem (D.3) with parameter A and
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A = s* - A, where s* = arg maX,c|o,1] 5}3(5 - A). Since the constraint in problem (D.3)

requires ), v, A = A, we have Zyey y = = A, which is the output of Algorithm 16.
Define g(s) = Dg(s - A). By construction, we know that g(s) is maximized at s = 1

because Dg(s - A) = Dg(s - A) for any s > 0 as shown in Lemma D.3.7, which means that

s = argmax,cjo.1) DE(s - A). Therefore, we have ¢/(1) > 0, which in turn gives us
/ 1 TA 1 TN
OEES SPir WEES S uis s e
¢ yey i=1
Then, after exactly the same steps of analysis, we can get Ex., [PT\ (X )] <
Ex-., [JB(X)} +4,/p, where P is the optimal solution of the problem (D.13). O
Technical Lemmas

Lemma D.3.13. The optimal value of the optimization problem (D.18) with parameter
A >0 is equal to f(A). Further, let T*(A) be an optimal solution to (D.18). Then, it holds
that T*(A) € Of(A) and [IT*(N)]| < 2| Syey, w07

Proof. Alternatively, we first consider the following optimization problem.

maxy, s Yoyey, ¥ (Ay —2%)y
subject to A =37 oy, Ay — %, (D.22)
X=0,Ay =0, Vyec),.

Since y "Xy > 0 for any y € J; and ¥ = 0, it is clear that problem (D.22) has the same
optimal value as problem (D.3). Then, let I' € R?*¢ be the dual variable for the equality

constraint in problem (D.22). We can have its dual problem to be

yEVr yeV,

. T
,A—22> FTA+Y— S A
i, X 072+ (e T )
=0
— mi LAY+ (3,0 —2 T (Ayyy™ ~T).
o, OO (372 ST 5 (-

=0 ISNY} ISNY)

In order for the above optimization problem to have finite value, we must have I' <
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2 ZyEyg yy' and T' = yy ' for any y € V;. Therefore, we obtain the following dual problem.

minp (T, A)
subject to I' = ny7 Yy € Vp, -

L =2 cy, vy’

This is exactly the problem (D.18). Then, we can notice the Slater’s condition is clearly
satisfied by problem (D.18), which means the strong duality holds. Therefore, problem
(D.18) has the same optimal value as (D.22), which is the same as (D.3).

Since f(A) is concave in A as shown in Lemma D.3.3, to show that T'*(A) € 9f(A),

consider arbitrary A, A’ = 0. Then, we have
F(A) + (T*(A), A = A) = (T*(A),A) + (T*(A), A" — A) = (T"*(A),A) > f(A)).

The first equality holds because the optimal value of problem (D.18) is f(A) as just shown
above. The last inequality holds because I'*(A) is a feasible solution to the problem (D.18)
with parameter A’. Therefore, we have I'*(A) € df(A).

Finally, since the constraint of problem (D.18) requires I'"(A) = 23 o, yy ', we can

obtain ||I™(A)||p < 2 szew nyHF as a direct consequence of Lemma D.3.14. O
Lemma D.3.14. For A,B € S¥™4 if A= B =0, then | Al > ||B| -

Proof. Let A\1,...,Aq and 71,...,74 be eigenvalues of A and B, respectively. Let v1,...,vy4

be a set of orthogonal unit eigenvectors of matrix A. Then, we have

d d d
Al p = V/tr (AA) = | tr <<Z Aiij) (Z Amvj)) = Z/\Z?.
=1 =1 i=1

Similarly, we have || B|| = \/2?21 v2. By Corollary 7.7.4 in Horn and Johnson [2012], since

A > B > 0, we know that A\; > 7; > 0 for each i. Therefore, we have [|Al|z > || B| g O
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D.4 Selective Sampling Algorithm for Unknown Distribution v

D.j.1 Statement and proof of Theorem D.j.1

Consider now the case where we do not know v exactly, and are returned (]35, 5 E) that
only approximate their ideals. Algorithm 8 can still be employed to solve this case where v
is unknown, but at the cost of sampling some historical data. Note that compared to the
case where v is know, it assumes the knowledge of an upper bound on sup,egupport (v HxH

It also relies on a multiplicative factor change in the constraint of the optimization problem,
in order to account for the possible constraint violation of the output of the subroutine.
The last difference is the use of an approximation of the covariance matrix to compute
the estimator. The covariance matrix is empirically approximated by injecting additional
unlabeled samples (historical data). With that, although we do not know v but we can

approximate the relevant quantities, such as the covariance matrix Ex ., [X X T].

Let us detail the properties of the implementation of ﬁg, i\]ﬁ[ +OPTIMIZEDESIGN (Z, 2t T)
we use at each round Z.
First, ]35 has the properties described in Theorem 5.4.1 (by using Algorithm 9). More

explicitly, let ¢, := 27¢, B < oo such that max,cy |(z,0x)| < B, and ¢ < oo such that
E[(ys — (0x, 25))?|zs] < 0. If

Bsg:=4(1+¢) (4\/324—0 +1) log(4¢%|Z[2/9)

then ﬁg is such that

l2—2"|I2

Ex ., [TPp(X)XXT]~
® max, ez, e “Bse <1+e.

e Ex., [ﬁg(X)} < Ex~u [ﬁg(X)} + 4./1p, where P, is the optimal solution to problem
(D.23).

minp Ex., [P(X)]
llz—2"1I2
subject to max; ;¢cz, Exe EP(X)XXT] 15 50 <1, (D.23)
£

0<P(x)<1l—ypy Vredl.
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where pp, > 0. The quantity Ex~, |:1Bg(X )] that uses pp, > 0 is easily related to the value
when g, = 0 through a simple scaling factor of 1%% (see proof below).

5 p, is the empirical covariance matrix of X5 := E xw[P(X)X X T] using historical data
and is such that

(1=7¥p 2Xp 2 (14+7)2p,

)

where v > 0.
Again, while we think of historical data as independent data collected offline before the
start of the game, in practice this historical data could just come from previous rounds

(which is not technically correct since its use may introduce some dependencies).

Theorem D.4.1 (Upper bound). Fiz anyé € (0,1). Let A = min,cz\,, (2« — 2, 0x) and set
2
Bs = 256(1 + ¢)? (4 B2 402+ 1) log(4log3(4)|2[2/5).

For any 7 > p(v)Bs there exists a 6-PAC selective sampling algorithm that collects T his-
torical data before the start of the game, observes U unlabeled examples, and requests just L

labels that satisfies

o U< logz(%)ﬂ

o L£< Ao minyen, p(N)Bs + 125/ subject to T > |A/vleop(A) B, and

o T <logy(R)(K +u+ k)

with probability at least 1 — .
Here, the sample complexity for estimating the covariance matriz is bounded by kg =
[2Ki2( dln9/c1 + %)maX{l,20||0*||EXNV[XXT]}§’ (where the sub-gaussian norm

Ky, = max,p || P(EES)EEI/QESH% ), and the contributions from the optimization prob-

lem to compute {P,}; are

o= (ELERINEA) (1e0y? g (OPINEMNY (1)’
w2,ug € ’ w2,ug € ’
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Naturally, we have a trade-off on the subroutine tolerance pp. In order to get a better so-
lution of the optimization over the selection rule P (and thus get a smaller Zf; (=1)r+1 P(xy)
term), the subroutine needs more unlabeled samples. However, it suffices to take p; = 7—12
to make U, and £ roughly match those of the case when v was known.

The proof of this theorem is established through several results, which we provide in

Section D.4.2.

D.4.2 Lemmas for the correctness
We first state here the correctness of Algorithm 8 in the case where v is unknown.

Lemma D.4.2. With probability at least 1 — & we have for all stages £ € N, we have that

2y € Zp and max,ez, (2« — 2,0x) < 4ey.

The proof of the correctness lemma is established though several lemmas. First we
provide Lemma D.4.3 guaranteeing concentration of empirical covariance matrices, which is
obtained by sampling « additional measurements. Then we show in Proposition D.4.4 that
the RIPS estimator does not suffer from using that empirical covariance matrix.

Lemma D.4.3. For any P : X — [0,1], let Sp = Ex [P(X)XX'], Sp =
%25:1 P(T5)ZsZ, . Define Ky, = max || P(fi)2;1/258||¢2 . With probability at least
1-— 2exp(—clt2/K:z2) holds

(1—c)z'Spr <z Spr<(1+c)z'Spa

2
where ¢ = max { C\\fd;'t, (C\\fdgt) }, C= KiQ\/ln 9/c1 and c1 is an absolute constant.

Consequently for k > ¢5 := K iz(\/dln 9/c1 + %), holds with probability at least
1-4

(1 — \j%) xTEp:r < xTipx < <1 + \j%) :):Tpr.

Proof. Let A € R"*? whose rows A; are independent sub-gaussian isotropic random vectors

in R? and define Ky, = max; [|A;||p,. We can apply Theorem 5.39 of Vershynin [2011] on
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A to have that with probability at least 1 — 2exp(—c1t2/K$2) holds

_ CVd+t
\/E

CVd+t

1
Ve

< O'min(A) < UmaX(A) <1+

where C = K iQ\/ln 9/c1 and ¢ is an absolute constant.
With Lemma 5.36 of Vershynin [2011], this implies that with probability at least 1 —
2 exp(—cot?) holds

2
Cvd+t (CVd+t
JATA = 1] < max 4 CYAEL (CVE (D.24)
VE NG
Recall £p = Ex o, [P(X)XXT], so ¥ = /PX)S,"72X satisfies E[YYT] =
EX,PP)XXTe,Y?) = 52552 = I So we can apply (D.24) to get
||E;1/2§)p21_31/2 —1I|| < ¢. Thus for any y € R,
YT —1/2a w-1/2 Y
l—c< =Y, YpY, " "——<1+c¢
Iyl —F iyl
. 1/2
so setting y = Xp"w
(1—c)z'Spr<z'Spr<(1+c)z'Spr
Also, the sub-gaussian bound becomes Ky, = max; || P(fi)Zgl/Q%in,Q. O
Proposition D.4.4 (RIPS guarantees on empirical covariance matrix). Let z1,...,z, and
T1,...,Zx be drawn IID from a distribution v. For s =1,...,n , assume that |(0,zs)| < B
and B[|(0,zs) — ys|?] < 02,,... For s = 1,....k , assume that E[[{0,zs) — ys|?] < 02, .-

Let P € ]0,1] be arbitrary and let Qs(xs) ~ Bernoulli( P) independently for all s € [n]. Let
Sp=Exu[P(X)XXT] and Sp = % 5| P(Ts)TsT) . Assume that Xp is invertible and

that there exists v > 0 such that (1—~)Xp < f]p =< (1+9)Zp. For a given finite set V C RY
define

w, = Catoni({(v, il_ale(%)xsys»?:l)a
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[0, (0.0)|
ol 1

If 6 = arg ming max, and n > 41log(2|V|/6), then with probability at least 1 — 6, it

holds that

~ B2 + 2
[(v,0 —0)] <4 ( ﬁ + \/7T’Y||9*||1EXW[XXT]> [0llEx ., nP(x)xxT1-1V108(2[V] /6)

We first state an intermediate matrix lemma before the proof of Proposition D.4.4.

Lemma D.4.5. Assume that Xp is invertible and that there exists v € [0,1/2] such that
(1-=)Ep 2Sp =< (1+7)Sp. Then for anyv €V

2 2
N a1 < — —1.
||U||E;12p2;l = (1 _/_y)QHUH Pl

and

2 1
- <,4/1-— < 4/10 .
||U||(172}>/22P12;/2)2 = \/ 1 + + (1 — V)QHUHQ = ’YHUHQ

Proof. We know that taking the inverse of two ordered positive definite matrices will flip

the order, so here

. 1
1 —1 —1
<SSl 4 el

P=@1-y""

1
.
(14+7)F

v)Ep = S p implies that for all u € R? holds u! ¥pu < 1/(1— V)uTipu. So taking

(1—
u= Eplv, we get UTfljglEpi;lv <1/(1- 'y)UTf]];lv. Conclusion

e a1 1 1o 1

S
_|
™
ol
—
S
N

Ty—1
Syt
hence the first result of Lemma D.4.5.

For the second one, we get
2 T 1/2¢-1w1/2) 2

— o]} — 20T S} 28 5IEY20 +0 T A e S el %y
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. 2 2 I 1o1/26-1w1/2
< ol = o el + o TS
2 1 N
2 2 2 :
< |j]l3 = 1+ [vll3 + -7 [v]l3 (Since ¥p = ﬁzp)

+ v
L+ (1-n)? 2

(ii)
< 107 ||v[f3 -

The inequality (i) above holds because ﬁE;l = 2;1 and (1 —7)Sp < Xp = Xp <

ﬁf) p. The inequality (ii) above holds because for v € [0, %], we have

2 1
-~ + <1-2(1—7)+(1+29)? < 10y.
L+y  (1-9)
Taking square root on both sides gives us the results. O

Proof of Proposition D.4.4. This proof is analogous to the proof of Proposition D.2.4. We
first note that

max |<97U> B <0,U>| — max ‘(07U> — Wy +wv - <07U>‘
vEY HUHZ;1 vEY ||’UHEI_)1
S e [
ve v E}—Dl ve v E;l
oo 7
B T
ve v E;l vey v E;l
< 2max 7‘@’@ — W
vEV HUHE;

So it suffices to show that each [(f,v) — wy| is small. We begin by fixing some v € V and
bounding the variance of UTEA];lQS(xS)xSyS for any s < n which is necessary to use the

robust estimator. Note that

Var:cswu,Qs (zs)~P(xs) (vTi\]];le (xs)xsys) :Emsfvl/,QS (zs)~P(zs) [(UTEIDIQS (x8)$8y8)2]

- EwSNV,QS (zs)~P(zs) [UT§;1Q8 (xS)xSyS]Q
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which means we can drop the second term to bound the variance by

~ 2

Emswu,Qs(xS)wP(ws)[((UTEJ_Dle(ms)fEsys> ]
~ 2
= By @ueomp e [(v 25! Qses)es(] 64+ 61)) ]
_E & <T§—1 T\ 4 E TH-1 2.
= Lggv QS(xS)NP(ss)[ v P Q3($3)$3($S ) ]+ Qs(xS)NP(sS)[ v Zp Qs(.%'s)l's ét]
I ~ 2 ~ 2

< Eovw | BEqu (o) [(v 55! Qul@a)rs) 14 0°Eq,(ayp(on (v £ Qulas)as) J]
=Eznv _(32 + UQ)EQS(mS)NP(sS)[UTEJ_Dle(553)5”81‘;@8(%)2;1”]}

=FEy.ov _(BZ + UZ)EQS(xS)NP(SS)[UT§;1Q3($S)$S.%';F§]_310]:|

< Ezw _(BQ + Uz)vTi\];lP(:vs)xsxsTi;lv] ,

where we used that Q%(zs) = Qs(xs). Thus, we have with Lemma D.4.5

~

Var(v—ril_f@s(ws)wsys) < (32 + JQ)UTEII_}]E%NV[P(a:s)xsx;—]Zj_Dlv
2 2 2

< B? 4+ o2

~ (1)

2
o] e
P
We have

(04, 0) — wy| = [(0s,v) — E[o TS5 P(z1)z1y1] + Elv T 5! P(x1)z1y1] — wy]
< |{By,v) — E[UT§;1P(x1)$1y1”

+ |Catoni({(v, i;le(xs)msys>}?:1) — EXNV[UTiﬁlP(X)XY]\.

We now recall that we can write y; = xtT 0. + & where & is a mean-zero, independent random
variable with variance at most o2. Thus, using Cauchy-Schwarz and applying Lemma D.4.5,

we get

(B, 0) — BT S5 P(21)z1y1]] = [0 0 — v S5 pby]

=[o (I - S5'p)0s]
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S AN ST U B S S S Dol N

—-1/2 1/2

< |[Xp ol [[5p

9 ”(1_2}3/221—312}3/2)2

—1/2 1/2
< V107520 1210
= V1090l |0 15,

By using the property of Catoni estimator stated in Definition D.2.3, we have

{0, 0) — wy
<|Catoni({(v, Ex, [P(X) XX "] Qs(ws)zs5ys) Yoo1) — E[{0, Ex oo [P(X) XX ] Qs (w5)25s)]|

+ V310Y10«]lgx o, (x x T 10l B o [P X X T

log(3)
n/2

<\/§\/(Var(<v, IEXNV[P(X)XXT]_le(iUs)ﬂUsys»)

+ V10Y10«]lgx ., (x x T 10l Ex o [POX) X X T2
(with probability at least 1 — ¢ if n > 4log(2/4))

log(3)
([ o + V100704l XXT> [0l x o [P x X T2 :

n
B2 4 52
= v4 A= + V100Y]10xl|gy _, xx7) | Ve, nP () x xT)-1V108(2/6).

Finally, the proof is complete by taking union bounding over all v € V. O
Proof of Lemma D.4.2. Most of this proof is exactly the one of Section D.2.1 and Sec-
tion D.2.1 so we only state the concentration bound. For any V C Z and 2,2’ € V define

Eor g (V) = {(z = 2, 0,(V) - 0.)] < €0}

where é\g(V) is the estimator that would be constructed by the algorithm at stage ¢ with
= V. Naturally we want to apply Proposition D.4.4 with 7 labeled samples to obtain
that &£, . (V) holds with probability at least 1 — ﬁ. Note that as Lemma D.3.11 gives
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P(z) > p/3 so
Sp = Ex[P(X)XX ] > SEx[XX ]

Y. p is invertible.

Defining g := and setting k > 2c¢5, max{1, 20”‘9*"12Ex~ [XXT]} where we recall

)
1|2
that was defined c5 = KiQ( dln9/c1 + 4/ %), Lemma D.4.3 leads to

1 1
o < —min< 1, 5
ko2 200012 xx

so that we can set v = ¢;5,/(7+) in the bound of Proposition D.4.4 to get

V3I0TY[|0i gy o, xxT) <

N | —

and

B2 2
a7 +(;2 < 2y/B? + 02
-7

So for §g = ﬁ the event gcov defined as

~ c o c
Ecov 1= {(l - \j%) mTpr < :UTEP:E < <1 + \j%) xTEpa:} .

happen with probability at least 1 — dg.

Now, let us for now condition on gcov. For fixed V C Z and ¢ € N we apply Propo-
sition D.4.4, instantiating the arbitrary P to ﬁg (obtained with OPTIMIZEDESIGN, recall
Section D.4.1) so that with probability at least 1 — W;ZP we have that for any 2,2/ € V
holds that the event gmps’z’z/ defined as

Eratps o im {|<z L B) -0

< 2|z — Z’”EXW[TE(X)XXT]* (4\/32 L o2 1) 10g(4£2’Z’2/5)}

happen with probability at least 1 — dq.

So with probability at least 1—P(Egypg , /) —P(E&y) = 1— ﬁ — ﬁ =1- ﬁ,
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both events hold and we have that for any z, 2’ € V holds

e =2, 0V) = 0] < 201~ g, peyxar (AVB 02 +1) Jlos(de2|2[2/6)

<21+) (VB + 02 + 1) 1= Zllg 15,00 xx7) - V 108 (421 2[2/9)

< €.

where we used the property of ﬁg as detailed in Section D.4.1 to conclude. O

Proof of Theorem D./J.1. The total number of labels requested after L rounds is equal to

ZeL:1 Zf;(é71)7+1 ﬁg(ﬂ?t). Again by Freedman’s inequality we have that

L LT L
Do > Pila) <2 mEx [P(X)|Z] +log(1/0)
(=1 t=(0—1)7+1 =1
From Theorem 5.4.1, it holds for any ¢ that Exwy[ﬁg(X)] < IEXNV[?@(X)] +4.,/1 where B is
the optimal solution to problem (D.13). So now, for some 7, we want to relate E x ., [7 Py(X)]
to Ex~,[TPy(X)] where Py is the solution of problem (5.4). To do so, we rewrite prob-
lem (5.4) and problem (D.13) as

minp  Ex~, [7P(X)]
rP(X)XXT] " y<, Vye, (D.25)
0<7P(z)<T, VzelX.

subject to  y ' Ex., [

and
minp Ex~, [TP(X)]

subject to y Ex, [FP(X)XX ]ty <2, Vye, (D.26)
0<7P(z) <7(1—pp), VYreX.

where problem (D.25) is equivalent to problem (5.4) and problem (D.26) is equivalent to
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problem (D.13). Thus taking 7 = 1=, broblem (D.26) becomes

minp Ex., [ P(X)}

T
1—pp
subject to yTEXNV[l%MP(X)XXT]_ly < c%, Yy € Yy,

(r) <7, VzelX.

which, using @ = is equivalent to

P
T—p
ming Ex, [7Q(X)]
subject to 3 Ex, [rQ(X)XX ] 1y < c?, Yy € Yy, (D.27)
0<7Q(z) <71, VxelX.

And we can now see that (D.27) and (D.25) are the same optimization problem. And Qj

. Thus the result Ex.., [TPg(X)} — Ex, [rPs(X)].
Remains to bound 2521 TIEIXN,,[PE(X)] where

the solution of (D.27) is equal to 1

HZ_ZIH%] P(X)XXT]-1
= min  TEx.,|P(X subject to max X [TP(X) ] <1},
Z P:X—0,1] X V[ ( )] ) 2,2/ €2y 6? 567€ o

where 35 is defined in Section D.4.1 as

By =41 +¢) (4\/B2+a +1) log(402|Z[2/5).

As in the case where the distribution v is known (Section D.2.1), we use Lemma D.2.5

_ 1|2 _ 2
|E Z” L FPOXXT]— ll= Z*H]EX [FP(X)XXT]~1

‘a2 “Bs0 by max,e z\ ,, Y 6405, .-

Last, the reparameterization of Proposition D.2.6 also applies here.

to bound max, ¢z,

In the unlabeled sample complexity, we get an additional Lk = L[2K 2 ( dln9/c; +
\/%) max{1,20/[0x|lg, ,(xx7]}| term from the estimation of the covariance matrix.
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Last, we get an additional L(K + u), where K and w are such that

- 3 2 1A*)18 A716 2 - 2 |[A*6 1716 2
K20<|zr A(2)° A5 M >_<1+e> | u20<ﬁ<z> |A%[15 M >_<1+6> |

BQMS € 52,ug €

from the sample complexity of the subroutine. O
D.5 Classification

In this section we adopt the implementation described in Section D.2.1. As described in the

text, given a distribution m € Ay, and a class of hypothesis H, we can reduce classification to

linear bandits by setting 6* = [0%],ea , Where 6% = 2n(z)—1, and Z := {z(M)}, 4, C [0,1]!%]
(h) _

where zp = w(z)1{h(z) = 1}. With the quantities computed in Section 5.3, we now prove

Theorem 5.3.1.

Proof of Theorem 5.3.1. We consider a slightly modified version of Algorithm 8 where we
stop at round L where Le = [logy(4/€)] and return arg max, ¢ z, (=) §g>. By an identical
analysis to that in the proof of Theorem 2, we are guaranteed that h € Sy, i.e. Ry,(h) —
R, (z*) = (z* — 2,04) < 4ey. In addition the analysis of the sample complexity given there
immediately gives the first part of the theorem.

It remains to bound the sample complexity in terms of the disagreement coefficient. The

total sample complexity is given by,

L 2 — zll3 -
Z min  7Ex.,[P(X)] subjectto max - EXN"[;P(X)XXT} : Bs <1
= [P0 ZESy €/

where we recall 5 = 2048 log(2L?|H|/d) since we can take B =1 and o = 1.
We recall the proof of Theorem 2. From the proof, we see that with probability greater

than 1 — §, our sample complexity is obtained by summing up to round L

L HZ — Z*||2 _
Z [ min 7Ex.,[P(X)] subjectto max Exmy[rPX)XXT] 15(5 < 1]

. 2
— | Px—l 2ES, e



By proposition 2 this is equivalent to

L , A ||Z_Z*HI2EX AXXT]2
Z min pp(A subject to =l pe(N)Bs < 7|, where pg(A) ;= max R
AEAx 14 EISRY) €
(=1 00 7
Define

Ap={x € X :3h,h(z) # h*(x), Ry(h) — Ry,(h*) < 4ep}, £ <L

1{zx € As}v(z) Al 1
E[1{z € As}] ’ v, El{ze A}

We first argue that )\ is feasible for the previous program. Note,

and let Ay =

Bricizow
)\ _ x)/ V(X
L S ‘

EfL{r € A}] Exr[1{h(z) # b*(2)}]

max 2
R, (h)—R,(h*)<4e, €

16E x o [1{h(x )%h*( )}]
h:R, (h)— oy (h*)<4ez max{eZ, (R, (h) — Ry (h*))?}
16E x .y [1{h(z) # h*(x)}]
h:R,(h)— R (h*)<4ez max{(4¢7)?, (Ry(h) — Ry, (h*))?}
. 16E x - [1{h(x) # h*(2)}
h:R,(h)— Ry(h*)<4eg max{e2, (R, (h) — R, (h*))?}
B ¢ Ay} mae LOEX L) £ 1o >)}]

herl max{e2, (R, (h) — Ry, (h*))?}

< 16E[1{z € Ay}]|p(v,¢€)

AA

EXNV

SN

()

E[1{z € A/}]

E[1{z € Ap}]

Y (e e 4]

where the equality (i) holds because the following is true when we only consider h such that

R,(h) — R, (h*) < 4e¢y

1{h(x) # h*(x)} (e = b
o 0, h(w) £ (@), (Rolh) — Ry () < degy — M) 7 G

The inequality (ii) above is true because 4e, > e. Thus we see that pp(Ag)||N/V]ooBs <

16p(v,€)Bs < 7. It remains to argue about the disagreement coefficient. Firstly note that
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for any h such that R, (h) — R, (h*) < 4e,.

dy (b, 1*) = Ex~p [1{h(X) # h*(X)}] < Ex~[H{(X) # Y}] + Ex~ [1{R"(X) # Y}]

(D.28)
< R,(h) + R,(h") (D.29)
< 2R, (h*) + 4ep (D.30)
Using this we see that,
i A
min pg(})
subject t0 pp(N|A/¥ ool < 7
< pe(Xe)Bs (since Ay is feasible.)
Ex~w[1{h(z) # h*(x)}]
<E1{z e A
< E[1{z € As}] A 2 Bs

(imitating the above computation)
_ @R(h) + 4e)Ex o, [1{3h : (X) # 1*(X),dy (b, ") < 2R(h*) + der)]

< Bs
<
(Equation (D.28))

9R(h*)? Ex~, [1{3h:h(X)#£h*(X),d, (h,h*)<2R(h*)+4e *
s (E? )* Exrp [1{3h:h( #QR((h*))-i-qu JS2R(W)Hed] 4o, < R(h*)

144IEXW[l{Elh:h(X);éIl%zg}(Lfglcizgh,h*)§2R(h*)+4q}] dey > R(h¥)

9R(h*)? Ex~y[1{3h: h(X) # h*(X),dy(h,h*) < 2R(h*) + 4¢,}]

<
= ( e * 144) 2R(h*) + 4eg B

Thus,

'ﬁh

A
min pg(A)Bs  subject to HH pe(N)Bs < T}
AEA X 1% 0o

o~
Il

1

pe(Ae)Bs

M=

o~
Il
=

M=

<9R(h*)2 N 144) Ex -, [1{3h: h(X) # h*(X),dy(h, h*) < 2R(h*) + 4de;}]

Bs
e 2R(h*) + 4ey

o~
I
_
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2R(h*) + 4ep

<togy (*) sup ( +144> Exea [1{3h : MX) 2 W(X), dy(h, h7) < 2R) + ei}] o

ES
Ex~u[1{3h : h(X) # h*(X),d,(h,h*) < 2R(h*) + 46@}]
< logy < ) ( + 144) oy 2R(h*) + deg
2
< 361log <Z€l> <R(£L ) +4> ?;pe (2R(h*) + &,v)Bs

from which the result follows.
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Appendix E

OMITTED PROOFS AND EXPERIMENT DETAILS IN CHAPTER 6

E.1 Convergence Analysis of DAPO

The analysis starts by proving an approximate version of the Pythagorean theorem, which
controls the error in three-point identity by the corresponding Bregman divergence and will

serve as the key tool of our analysis.

E.1.1 Approzimate Pythagorean Theorem

We begin with a general upper bound and then, we will derive its extensions under specific

choices of mirror maps.

Lemma E.1.1 (Approximate Pythagorean Theorem). Let ® : C — R be a proper closed
convex marror map, D C C be a closed convexr set and v,c € C be two points. Suppose

u* = arg min,cp Do (u,v). Then, for any u € D, we have

Dg(u,u*) + Dg(u*,¢) — Dg(u,c) < (VP(v) — VP(c),u* — u) .

Proof. Using the definition of Bregman divergence in Eq. (6.8), we have

Dg(u,u*) + Dg(u*, c) — Dg(u,c) (E.1)
=(VO®(u*),u —u*) — (V®(c),u* —¢c) + (VP(c),u —c)
=(VO(u*) = V&(c),u” — u) (E.2)

(VO(u*) = VO(v),u* —u)  +(VP®(v) — V&(c),u™ —u)

<0 by Lemma 4.1 in Bubeck et al. [2012]

<(V®(v) = VP(c),u* —u).
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Extension under Squared Lo-Norm

Lemma E.1.2. Under the condition of Lemma E.1.1, if we take ® to be the squared Lo-norm
(see Example 6.5.4) and D = A(A), then for any u € D, we have

Dg(u,u*) + Dg(u*,c) — Dg(u,c) < /2Dg(v,c).

Proof. By Lemma E.1.1, we only need to bound (V®(v) — V®(c),u* —w). Then, since
V&(z) = z, we have

(VO(v) = Ve(c),u" —u) < [lv—clly [[u" —ully < v/2Dg(v,¢),
where ||u* — ully < 1 since u*,u € A(A). O

FExtension under Negative Entropy

Lemma E.1.3. Under the condition of Lemma FE.1.1, if we take ® to be the negative entropy
restricted on A(A) (see Ezample 6.3.6) and assume C =D = A(A), then for any u € D, we

have
Dg(u,u*) + Dg(u*,c) — Dg(u,c) < (1 + H%Hoo) (Dq;(v,c) + 2D@(v,c)) .

Proof. By Lemma E.1.1, we only need to bound (V®(v) — V®(c),u* —w). Then, since
C =D = A(A), we have v = u*. Therefore, we have

(VO(v) — V®(c),u* —u) =(VP(v) — V&(c),v — u)
= <log E, v — u> (Since ® is the negative Shannon entropy)
c
v
=Dyt (vl|e) = (log =, u)
u v
<Dia(vlle) + || 7] (o 7] -0)

<Dr.(elle) + %] (Drawlle) + v2Dir(ele))

(By Lemma E.1.4)
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< (1 + H%Hoo> (Dq>(v,c) + 2Dq,(v,c))

O

Lemma E.1.4. For any distributions p,q € A(A) (or Z(A) in continuous case) such that p

is absolutely continuous with respect to q, we have < logg‘ ,p> < Dxr,(pllg) + v2DkL(pllq)-

Proof. Without loss of generality, assume supp(p) = A. Now, we define AT =
{a € A|pg>qa} and A~ = {a € A| ps < qu}. Then, when p, ¢ are discrete distributions,

we have

p D q
<log ,p>= > " palog =t + > palog =t
4 a€A+ Qo jea- Pa
DPa da qa da
= § Palog — — E Palog — + E Palog — + § Da log —
a€A+ Qo - Pa  oA- Pa  A- Pa
q
=Dxki(plg) +2 ) palog ==
_ Da
acA

<Dx1.(pllq) + 2 Z Pa (qa - 1) (Since logz < x — 1 for any = > 0.)
ac€A~ @

=DxL(Pll9) +2 > (40— Pa)

a€ A~
=Dx1,(pllg) + 21lqg — pllpv (By definition of total variation distance.)
<Dk (pllq) + vV2Dxk1, (pl|q)- (By Pinsker’s inequality.)

When p, q are continuous distributions, we only need to replace all summations to integra-

tions and the proof is complete. O

E.1.2  Sublinear Convergence of DAPO

We first recall the Assumption (A1), (Al'), (A2) and (A3) listed in Section 6.5. Here, we prove

Theorem 6.5.1 and Theorem 6.5.3 in a slightly more general version in which the training

)

data distributions can be different from dgk as long as they satisfy the assumptions. This

slight extension makes our result applicable to the offline training setting where () € A(S)
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is the reply buffer distribution at k-th iteration. Taking vk = dgk) recovers the online
training setting.

(A1) With initial distribution p € A(S) and reply buffer distribution v(¥) € A(S), there

exist constants €critic, €actor > 0 such that for any k, it holds

Egop [H@gk) - ng)Hoo] < Ecritics

Ly o(k k NOMNE
ESNV(k) |:2 Hfs( D _ <7T§ ) + nng )) H2:| < U]%Gactory
(A1l') Under the same setting as (Al), we instead have
k k A(k k
Egorm [DKL (Wg = H?rg ) exp (-%Qg )) /2 )>] < Nk€actor

(A2) With initial distribution p and replay buffer distribution v(¥) € A(S), there exists

constant 1, > 1 such that for any k, it holds

k1 (k+1) (k+1)
max di; dé ) i dd‘*’ <49
Nl R YO S YOO N [ -
P 00 00 00 00

(A3) There exists constant C,, > 0 such that for any k, it holds

}gcp.
oo

Here, notice that conditions in Assumption (Al) and (Al') can be unifiedly written as

*
S

ng—H)

¥
ngﬂ)

™

)

max
sesupp(v(k))

oo

Eqo 0 {ch* (V‘I’(ng)) - nk@gk)7 f§k+1)>} < nfq) €actors
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where we define w?® as

2, if @ is the squared Lo-norm,

1, if ® is the negative entropy on A(A).

* (k)
To present the proof in an unified way, we define C, 5 = max{ Fﬁr” N % OO}
for some state s € S and define 1/1? Ry — R4 as
o V2, if @ is the squared La-norm,
Vs (x) = (E.3)

(1+Cps) (x+V2zx), if @ is the negative entropy on A(A).

Then, applying Lemma E.1.2 and E.1.3 to Algorithm 10 gives us the following key lemma.

Lemma E.1.5. Consider running Algorithm 10. Then, for policy m = &) or w = 7, for

any s € S, if © is either squared Lo-norm or negative entropy on A(A), we have

(@0, 7D ) 1 Dy (m 7Y 4 Dy (7,289 _ Dy (,, 79

k Ak k+1
<u? (Do (Vo) - mQ, £54Y)).
Proof. Fix some s € S. Since line 5 of Algorithm 10 states that

) e arg min Dg (W;,VCI)*(fS(k+1))> ,
mleA(A)

Then, We can apply Lemma E.1.2 or E.1.3 with D = A(A), u = 75, u* = 77§k+1), v =

V‘P*(fs(kﬂ)) and ¢ = Vo* (V‘I)(m(;k)) — nk@gk)), which gives us

Dy (D, vor (Vo) - mQl)) = Do (m,, ve* (Vo) - nQlY))

\ Do (Ws’ﬂ_gk—i-l)) < y® (DQ (V@*( (1)) g (Vq)(wgk)) B nkégk)))) | (E.4)
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By using the duality of Bregman divergence in Eq. (6.21), we have

vt (Do (Vo (1)), Vor (Vo) = mQP) ) ) = v (Do (VO(rl)) = mQW0, 1))

Meanwhile, by using the identity in Eq. (E.2), for the left-hand side of the Eq. (E.4), we

have

LHS = <vq>(7r§’“+ Uy _ve (v<I>* (V@(wgk)) - Q(k))) (k) o
= <V<I>(7T§k+1)) — (V@(wﬁk)) — nk@gk)) ,7r§k+1) — 7T3> (By Lemma 6.3.2.)
— < gk),ﬂgk+l) s> + <V(I)(ﬂ_gk+1)) o V@(wgk)), ng:+1) - 7Ts>

i (0,28 1)+ Dy () 4 D (18, 29 — Dy ()

(By using the identity in Eq. (E.2) again on the second term above.)

The proof is then complete by plugging this inequality back. O

Now, we can summarize both Theorem 6.5.1 and 6.5.3 into the following theorem and

present its proof.

Theorem E.1.6. Consider Algorithm 10 with initial policy 7O initial distribution p €
A(S), arbitrary comparator policy m and ® being the negative entropy restricted on A(A).
Suppose Assumptions (A1), (A1'), (A2) and (A3) hold and we have constant step size ni, =1
for all k > 0. Then, for any comparator policy 7, it holds that
(0)
K-1 V!

1 (V(k) ) < i DS + P + ﬂpdfb(eactor) + (2 2_ V)ﬂp%ritic’
K\(Ql-vn 1-9v (1-=7)

k=0

where D = Egas [Dq>(7r§,7r§0))] and Y® : Ry — Ry is defined as

® V2, if ® is the Lo-norm square,
V- (2) = (E.5)
(1+Cp) (ac + 2x) , if ® is the negative Shannon entropy.
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Proof. Fix some s € § and k < K. First, by Lemma E.1.5 with g = ﬂgk), we have
e (O, 7Y 7y 4 Dy (w28 < 0F (Do (vO(rlY) — @, 1Y)

where we dropped the term Dg <7r (k+ 773 ) since it is always non-negative.

Then, since Dg (Trgk) §’“+1)) 0 as a Bregman divergence, we have

AP E e (@, 7Y — 2P — 4 (Do (Vo(rl?) = @, /1Y) ) <00 (B6)

Then, by using Lemma E.1.5 with 7y = 7}, the comparator policy, and similarly dropping
Dy (wgk“),wék)), we have

m (Q, Y — ) + Do (m3, 7{"Y) = Dy (w2, 7(Y)

<¢? (Do (V™) - mQ" 1))

By adding and subtracting 7 <Q5 ST > together with some rearrangement, we have

- <Agk)m§k+1) _ wgk)> B w;p (D@ (vq)(ﬂgk)) gk)’ §k+1))) +77k< gk)mgk) 7T,;>

<4 (1)~ Dy (2, D).
Taking expectation on both sides with respect to distribution d¥, we have

oy [ (O, 0540 ) — 4 (Dye (Vaal®) - @, 15))]

(E.7)
+ ks [< OF) 2 _ 7T§>} < Dj - D1,

where Df = Ey-g: [Dq) <7r§, ng)]

For the first expectation above, we have

Eswds [Agk)}

S B [0
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Zli,yEsmd%m K (k) (k) _ ﬂgk)ﬂ _ 1771_90715;%”(@ H<Agk) _ QW gk ng)>H

- 119_/)7Es~u(k) [wf <D<I>* <V‘I>(7T§k)) - Uk@gk)af§k+l)))} (By Assumption (A2))

Zli,yESNd;?n K (k) (k) _ ﬁgk)ﬂ _ 1771_90715;%”(@ H<Agk) _ QW gk ng)>H

_ 119_pr¢¢> (Esmy(m [Dé* <V‘I>(7T§k)) - Uk@gk)a fs(kH))D

By Assumption (A3), Jensen’s inequality and concavity of
S

@) n (k) _(k+1) (k) 1m0 p€critic Yp &, w®
Z 1— 7E8~d§2+1) |:< s 4 Ts — Tg >:| - 1— ~ - 11— 71/1 (77 Gactor)

(By Assumption (A1), (A1’) and monotonicity of 1®)

&/ w?
(k+1) (k)) _ N0 p€critic _ o™ (1 €actor) Bv L E19
=n (Vd; Vd; T T (By Lemma E.1.9.)

Here, the above inequality (i) holds because Eq. (E.6) holds and we have dgf*;l) > (1=7)dj s
P> ’
for any s € S as introduced in Section 6.3. The above inequality (ii) holds because by

Holder’s inequality, we have
(B~ g ) ) < 0~ Q| [+ o] < 0~ o]

Then, for the second expectation in Eq. (E.7), we can similarly apply Lemma E.1.9 and

obtain

gy [(QF, 78 = 52)] =iy [(QV), 7l — )] + 1By [(QF = Q) 7P — )]

k
2(1 - V)U (Vp( ) — Vp*> - nﬁpecritic'
By plugging these bounds back into Eq. (E.7), we then have

Dz D2+1 (k) (k+1) (2 - V)ﬁpecritic ﬁpdfb (an) 6ac‘cor)
- + Vd* - Vd* +
U] n , , 1—n (L=)n

- (" -v) <

P
Finally, by noticing that Y(0°_eactor) < ®(eactor) for either choice of ® and taking sum
y, by g ;
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from k=0 to K — 1, we can get

K-1 (0)
i Z (V(k) _ *) < i 6 + Vd; + 0pwq)(€actor) + (2 B 7)0p€critic
e P)ZEK\(L—yn 1-v (1—7)2

O

As a result, we can see that Theorem 6.5.1 and 6.5.3 are immediate consequences of

Theorem E.1.6 by applying different choices of 1® for specific mirror map ®.

E.1.3 Linear Convergence of DAPO

Similarly, we can summarize both Theorem 6.5.2 and 6.5.4 into the following theorem.

Theorem E.1.7. Consider Algorithm 10 with initial policy ©(©), initial distribution p €
A(S), arbitrary comparator policy 7 and ® being either the squared Lo-norm or negative
entropy on A(A). Let Assumption (A1), (A1), (A2), (A3) hold and suppose the learning
rates satisfy no > 1 and ng41 > %nk for any k € [K]. Then, it holds that

Y

K * 2,P 2
(K) 1 (0) Do/(ﬁp - 1) 19,31/1 (Eactor) + 219pecritic
V, —Vp*§<1—19p> (vp ~Vi+ i—om -

where D = B qx [Dq,(ng,wgo))} and Y® : Ry +— Ry is defined in Eq. (E.5).

Proof. Step 1. We can start from Eq. (E.7) in the proof of Theorem E.1.6. For the first

expectation in Eq. (E.7), we have

Esvay {Agk)}
A E, g0t [Ag’ﬂ (By Eq. (E.6).)

oo

P
)
Z'&pESNdﬁ)k+1) [Aé’”] (By Assumption (A2).)

=kVpE, g0 K@Ek)ﬂrgk“) - Wﬁk)ﬂ — D2 [w;" (qu (V@(Wﬁk)) —nkégk)7f§k+1)))}
(By Assumption (A2).)
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>
- (1 - '7) nkﬁp (Vp(k—i_l) - Vp(k)) - nkﬂi‘fcritic - ﬁiwé (77(]: 6actor) .

(By Lemma E.1.9 and deriviation similar to Theorem E.1.6.)

Similarly, for the second expectation in Eq. (E.7), we have

B [0, 79— 12)] i[O = 22)] B [ (B — 0 20— m2)]

2(1 — ’}/)77k (Vp(k) — Vp*) - nk'&pecritic-

def

By plugging the results above back into Eq. (E.7) and defining 65, = Vp(k) — V¥, we have

p

D
(1 —)m -~

1 1
9y (011 — Of) + 05 < Dy — a1t
p Okt =00) 0k < ey Dk =y P

Step 2. Now, dividing both sides of Eq. (I.8) by 9, together with some rearrangement, we

can have
®( w?
Dy D7y Upt (77 6actor) 292€. s
Okt +¢ < <1 _ 1) 8 + k + k n pCeritic '
(1= 7)mIp Up (1 =) (9p — 1) (1 =) 1 —7)9,
Since the learning rates satisfy 141 (9, — 1) > ng1,, we have
D*
k+1
041 +
T = )k (9, — 1)
o P
< (1 B 1> 5 + Dl: N Upth (77‘]: Eactor) N 219%€critic
- Up (L= (9 — 1) (1 =)y (1 =9,
< <1 _ 1> O + Dl: + ﬁpw@ (€actor) i 219%€critic 7
Up (1 =)k (9, — 1) (1—7) (1—=7)9,
¥2(5” cactor)

IN

where the second inequality above holds because we can easily verify that o
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w‘b(eactor) for either choice of ®. Then, applying the above relation recursively, we have

D% 1 K D} )
K e (0, = 1) = (1 z%) (50 A=, -1

-~ ! (E.9)
N 9,0® (€actor) Kz:l (1 B 1)’“ N 202 €critic Kz:l <1 B 1>k
L—vy —o Jp (1= = )

We can notice that

Kl 1\* 1
1) <"y
kz_%( ﬁp) _1—(171%) g

P

Therefore, dropping the term with D7 in Eq. (E.9), we can finally have

K * 2,,® 2
(K) * < 1 ) ( (0) * DO/(ﬂp - 1)) 19/)1/) (€actor) + 219p‘fcritic
V, -Vy<|1l—-— Vo ! =V + + .
g / Up S 1-1

O

Then, Theorem 6.5.2 and 6.5.4 are immediate consequences of Theorem E.1.7 under

different ®.
E.1./ Technical Lemmas
Lemma E.1.8. If we take p = Unif(S), then for any k and any distribution p € A(S), we

S|
< | .
> 1=

o

have
aty

k
0

8 Z

1
IS]

Proof. By definition of state-visitation distribution in Eq. (6.3), we can immediately get d
(1 —v)ps for any s € S by truncating all terms with ¢ > 1. Since p = Unif(S), we have ps =
for any s € S. Thus, we have

Hs 1 < S|

= < .
I?eaéi dgk) T (I=7)ps T 1—7v

,S

oo

O

Lemma E.1.9 (Performance Difference Lemma). For any two policies w,7 : § — A(A) and
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initial distribution p € A(S), it holds that

VE = Vi = 1By [(Qme = 75)] = T By [@F,ms = 7).

Proof. See Lemma 1 in Xiao [2022]. O
E.2 Convergence Analysis of SAC

In this section, we prove a sublinear convergence rate for SAC under general function ap-
proximation by using our framework. It essentially adopts our proof techniques in Theorem
E.1.7 to an entropy-regularized objective.

We start by presenting a modified version of the performance difference lemma under

entropy-regularized reinforcement learning.

Lemma 6.5.5 (Modified Performance Difference Lemma). For any two policies w,7 : S —

A(A), initial distribution p € A(S) and reqularization strength T > 0, it holds that

; 1 . B _
Ve = Vip = 1 Banay [{@Fsms = ) + 7Drc (o

1
= 1— ,yEswd;‘ [< Z,saﬂ—s - 7~T5> - TDKL(ﬁ—SHWS)] .

Proof. By definition of the value function, we have

VTT:-p - VTf:p :EatNTFst Z'Y c(st,ar) + Tlogm(ar [ st)) | so~p| — VTf,rp

o0

S th (clserar) + Tlogmlar | s) + V7 (se41) = VE (s1) )
7(at | s

0=
_F ot AT m(at | st)
—Lag~ms, Z’y T(St,at) +Tlogm S0 Np
Lt=0 et
(We define A7 (s,a) = Q% (s,a) — VI (s).)

:jESng |:<Q;~'r,s7 Ts — 7~r5> + TDKL(WSHﬁS)} :

(ee]
~ T a S
:Eatwﬂ'st Z ’Yt < 5t7 at) V,;T(St) + Tlog N(t|3)
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Then, by similarly expanding the term pr, we can get
s T 1 ~ ~
Vip = Vep = 1—+~ Bgar [(QFs:7ms = 7s) = TDRL(7s|ms)] -
Thus, the proof is complete. O

Now, we start to prove Theorem 6.5.6. Here, for simplicity, we keep using the function
s and 1 defined in Eq. (E.3) and (E.5). However, we ignore the superscript ® since in this

concrete example, we only take ® to be the negative entropy.

Theorem 6.5.6 (Sublinear Convergence of SAC). Consider running Algorithm 10 for
entropy-reqularized reinforcement learning with initial policy (0, reqularization strength T,
initial distribution p € A(S) and ® being the negative entropy restricted on A(A). Let m*
be an arbitrary comparator policy. Suppose Assumptions (Al'), (A2) and (A3) hold and the
step sizes satisfy np =1 < —5- for any k. Then, we have

K—1 (0)
>< 1 D(*) n VTvdZ +19p1/)(6actor) (2 - 7)19p6cr1t1c

K\(I—yn 1-7 (1—7)?

where Dy = Eswd; [DKL <7T§

wgo))} and Y(z) = (1+ Cp) (z + v2z) for x > 0.

Proof. First, it is straightforward to check that Lemma E.1.5 still holds under entropy-
regularized reinforcement learning. Then, fix some s € S and £ < K, similar to the proof

of Theorem E.1.6, just like Eq. (E.6), we also have

A1 (0, A0 0 (D (D | 88 s (02) 1249)) <0
(E.10)

Then, by using Lemma E.1.5 with mg = 7, the comparator policy, we have

77< &Lﬁkﬂ) - 7T§> + DgL <7T§ ngﬂ)) + DKL (ngﬂ) H ng>) — Dk, <7F§

<t (Dict, (70 || 7 exp (<n@10) 1287))

)

Notice here the key difference to the proof of Theorem E.1.7 is that we do not drop the term
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Dk, <7r§k+1) H ng)>.

By some algebraic rearrangement and taking expectation with respect to distribution d¥, we

then get

o ) (5 | 182

g (A )] B [ (0 [ 9)] 201

9],

For the first expectation above, we have

(E.11)

where Dy = Eg~ds [DKL (71'§

JEM 54
k

- (k)
21 - Esfvd;’;“’ {AT’S}

—r g, e (@ ] g (0 - QR -]

- %Esw(k) [% (DKL ( (k+1) H eXP( UQ(k)> /ng)))}

(By Assumption (A2))

k) (k+1 k Y pécriti 9
21i E d;’%“) K ggaﬂ-g ) 712 )>] _ 1 1pjr;tlc 1 _p,yw(neactor)

(By Assumption (Al’), (A3) and concavity of 1)s.)

(V(Z*H) V(lzl)* ) 7, d(k+1) { Dt ( (k+1) H (k))] ~ Mpeaitic  Vp¥(neactor)
T T 1 _ ,-y 1 _ ,-y

(By Lemma 6.5.5, the modified performance difference lemma.)

1 k k41 k N pecritic  Up¥ (N€actor)
21 (Véd; ) VT(d)*) —m0pRsdy [DKL (Wg : H Wg ))] - 1p_cr;mc - 1 _a; -

Then, for the second expectation in Eq. (E.11), we can similarly apply Lemma 6.5.5 and obtain

B, (O, 2 )] =By [(QE A —52)] + By [(0) — Q) )]

k
>(1—)n (VT(,p) - VTfp) + (1 = )07 Df — 19 pecritic-
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By plugging these bounds back into Eq. (E.11), we then have

(k) * D; D* (k‘) (k‘-l-l) (2 - V)ﬁpecritic 79p¢(776act0r)
1- V V =" — * * + +
( ﬁ( ) U g P Vd T Vs 1—vy (1—7)n

+ <ﬂ9p - :}) Eswas [DKL < (k+1) H ng)ﬂ — (1 —=)7D}

S% _ Derl V(Z)* V(l;:lirl) i (2 — 7)19p5critic n ﬁplb(nfactor)
n U] T T -~ (L=

(By taking n < W and noticing KL divergence is non-negative.)
P

Finally, by noticing that W < t(€actor) and taking sum from k£ =0 to K — 1, we can get

K-1 (0)
i <V(kz) V* > i D6 i V7'7d,§ i 79p¢(€actor) +(2— V)ﬁpecrltlc
K~ KE\(1=7n 1-v (1 =)

E.3 Technical Lemmas for Continuous-Space MDPs and DAPO

Lemma E.3.1. For any two policies m, 7 : S — P(A) and initial distribution p € 2(S), it
holds that

VE = Vi = =By [{QF = )| = 7By (@7 — 7).

_VT

o0
V=V =Espnp Z’ytc(st,at) f

)
=Eso~p Z,yt (c (st,a) + V;:_H — V;:)
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-/ (i 1 { QG s, - m) Py (1) d7
t=0

(1 = (s0,81,...) represents the whole states trajectory.)

.. oo
(@) Z/ YHQT s — 7s) pF (s | p)ds (By dominated convergence theorem.)

/Qs,m_ St
- Lny (o))

The above equality (ii) holds because or each term < g?t,wst — 7~rst>, the densities for sy with

t' # t are marginalized. The second form can be obtained by similarly expand for in equality

1) above and thus the proof is complete. OJ
(i) P D

Lemma E.3.2. Under Assumption (A4), for any initial distribution p € 2 (S) and policy
w, it holds that HdgHoo <«

Proof. By Markovian property, for any s € S and ¢ > 1, we have

pi(s]|p) :/S- . /Spr (st | st—1)...pT(s1]s0)p(so)dst—1...dsidsg

Sa/s.../spir(st_l | se_a)...p7(s1 | s0)p(s0)dse_1 ... ds1dsg

.

The abovve inequality (i) holds because by Assumption (A4), we have ||pf (- | s¢—1)||,, < « for
any s;—1 € S. Then, for any s € S, we can straightforwardly have dj , = (1 —~) Yo Y (s

p) < (=7 Y27 a=a O

Lemma 6.6.6. If a proper closed convex functional ® : C — R is Fréchet differentiable at

x € C, then 0®(z) = {V®(z)}. That is, the subgradient is a singleton.

Proof. Let * € 0®(x) and h € X be arbitrary. Then, by definition of the subgradient, for any
real number A € R, we have

A, %) + ®(x) < B(x + Ah).
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By Lemma 6.6.3, since ® is Fréchet differentiable, it is also Gateaux differentiable. That is, if

we restrict A > 0, we then have

O(x + A\h) — O(x)
A

(h,z*) < — (h, V& (z)) as A |O0.

Similarly, if we restrict A < 0, we can have

O(x + Ah) —
A

(hya*) > @), vo(2) as Ao,

Therefore, we must have (h,z*) = (h,V®(z)) for any h € X, which implies z* = V®(z).
Therefore, we have 0®(z) = {V®(z)}. O

Lemma 6.6.7. Let & : C — R be a proper closed convex functional. If ® is in addition also

strictly convex over C, then for any x1,x9 € C, we have 0®(x1) N OP(xz) = 0.

Proof. We prove the contraposition of the statement. That is, if there exists * € d®(z1) N

O®(x3), then, for any 2’ € C, we have
(') > ®(21) + (¢ —z1,2") and D(y) > ®(a2) + (2 — w2, 2").
Plugging ' = x5 and 2’ = 1 into the above two inequalities, respectively, we can then get
D(21) — P(x2) = (21 — 22,27).
Therefore, for some A € (0,1), we have
P(Az1 + (1= Nzg) > fa1) + A1 — 2, 2%) = A (x1) + (1 — N)D(z2).

However, since ® is convex, we also have ®(Ax1 + (1 — N)z2) < A®(z1) + (1 — A)®(z2). Thus,
we must have

D(Azy + (1 — N)zg) = AP(z1) + (1 — N)P(x2),

which implies that ® cannot be strictly convex and the proof is complete. O]
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Lemma 6.6.8. Let ® : C — R be a proper closed Legendre-type functional. Then, for any
x ¢ int(C), we have 0P(x) = 0.

Proof. For x ¢ C, this is obvious since ®(z) = oo. For x € bd C with ®(z) < oo, we take some

zg € int(C) and consider

lim O(z+ Mag —z)) — () — lim O((1 = Nz + Azg) — ®(x)

<o - o E.12

where the last inequality comes from the convexity of ®. Since ® is a Legendre-type functional,
the norm of its gradient goes to infinity as the point is approaching the boundary of C. Thus,

because of the finite upper bound in Eq. (E.12), there exists some z € int(C) such that
D(x+ Mzg—1x)) — D(2)

I - .
A0 ) o0

Finally, as given in Brezis and Brézis [2011] (as an exercise in Section Problems), since

O(z+ NMaxg —z)) — ()

lim = sup (z%,x0—1),
A0 A 2*€0D(z)
we have Supg«coa () (x*, 29 — x) = —o0, which implies 0P (z) = ().
That is, we have 0®(z) = ) for any x ¢ int(C) O

E.4 Convergence of DAPO-KL in Continuous-Space MDPs

Theorem 6.6.11 (Linear Convergence for Continuous-space MDPs). Consider Algorithm 10
with initial policy 7O initial distribution p € P(S), arbitrary comparator policy 7 and @
being the negative differential entropy. Suppose Assumptions (Al')-(A5) hold and the step

sizes satisfy no > 1 and ngyq > (ﬁp/(ﬂp - 1)) . for all k > 0. Then, we have

)

K * 2
(K) * 1 (0) Dg/(9, — 1) V59 (€actor) + (1 + Vp)ecritic
Ye _Vp§<1_19p> <Vp VT )T ; 1—7

where D = B qx [D¢(7r§,7r§0))] and ¥(x) = (14 Cp) (x 4+ V2x) for z > 0.

Proof. The algebra is the same as the proof of Theorem E.1.7 with ®(z) = (1+C)) (z + v2z)
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and additional assumptions ensure that he same algebraic manipulations are still valid. O

Lemma E.4.1. Under Assumption (A4), if we take p = Unif(S), then for any k and any

dy avol(S)
P
0 < 1y

policy =, it holds that , where vol(S) is the volume of the state space S.

o0

Proof. By definition of state-visitation distribution in Eq. (6.3), we can immediately get dgfs) >

(1—7)ps for any s € S by truncating all terms with ¢ > 1. Since p = Unif(S), we have ps = vo%(S)

for any s € S. Furthermore, by Lemma E.3.2, we know that dg}s < « for any s € §. Thus, we

have
dy . dp.s a < avol(S)
_— = up ~ >~ .
dP sesdF) T (L=mps = 1-7

O

Lemma E.4.2. Let ®(n) = fA g log mgda for m € P(A) be the negative differential entropy.
Its conjugate is ®*(z*) = log (fA exp(a:;‘;)da) for x* € Lo (A) such that fA exp(x})da ezists.

Proof. We first define what regular point means [Luenberger, 1997]. Let T': C — R be a Fréchet
differentiable operator and C C X. Then, for z € C, if the Fréchet derivative T'(z) € X* maps
X onto R, x is called a regular point of T'. Here, treating the Fréchet derivative as a map means
to have T"(z) (%) := (T"(z), &).

Now, by definition, its conjugate function is

O*(z*) = sup /(ﬂax:;—ﬂalogﬂa)da.
rep(A)J A

The right-hand side of the above is an optimization problem with an equality constraint
Jamada —1 = 0. The Fréchet derivative of this operator (T'(m) = [, mada — 1) is T'(7) =
T € Zx(A). Since for any r € R, we can take a constant function z, = r for any a € A such
that T'(m)(z) = (m,z) = r, we know that 7 is a regular point of T. Therefore, as stated in

Luenberger [1997, Section 9.3], this optimization problem exists a multiplier 5 such that

z; —logmg —14+ =0, Vae€ A = my ox exp(x}).
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Plugging it back, we can have

3*(z*) = log ( /A exp(x:;)da) .

E.5 Implementation Details

In this section, we will provide details about specific implementations of DAPO-KL, AMPO
and MAMPO and their hyperparameters choices. These implementations are based on
modifying the actor loss in SAC while keeping other parts unchanged. Therefore, we will
first present the pseudocode of SAC and then give modified actor losses for DAPO-KL,
AMPO and MAMPO.

E.5.1 SAC

The pseudocode of SAC is given in Algorithm 17, where J(7,0) and Jy(;, B, ¢targ,1, Prarg,2)

in line 9 and 10 represent the loss functions to update regularization parameter 7 and g-value

networks, respectively. More details of these two loss functions can be found in Haarnoja

et al. [2018D].

E.5.2 DAPO-KL

To implement DAPO-KL, we will basically replace the update rule in 13 of Algorithm 17
by DAPO-KL’s update rule. To do this, we first need to rewrite DAPO-KL’s update rule in

Eq. (6.27) in terms of ¢ = Q7 (s,a) + 7logm(a | s). In particular, we have

>

009 capin,_g [ (2| 9 o () 2]

>

= arg min B g [DKL (Ws H ™ exp (qugfs) — g7 log ng)) 1z )}
=arg minESN ) |:T log 7r0(a | s) — (1 —B)rlog (k) (a]s)— ﬁq&k)(s,a)} ,

0 dék) 7CLN7TS

(By ignoring normalization constants.)
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where 6 nkT < 1. We can see that the update rule exactly becomes the SAC’s update
rule when g = 1, which means to have 7, = %, consistent with our derivation in Section
6.4.3.

Thus, to implement DAPO-KL, we replace the gradient in line 13 of Algorithm 17 by

(k+1)
AxVe SEB 7kt log 779(‘1 |s)—(1— 5)T(k+1) log We(k)(a | s)— B -ming q¢ik+1

(5.0)

)
k41
0 9—9;—1 :

arvT

where (3 is a user-specified hyperparameter. Note that we use the standard reparameteriza-

tion trick to compute the above gradient [Kingma and Welling, 2013].

E53 AMPO

To implement AMPO in Alfano et al. [2024], we will need to replace the update rule in line
13 of Algorithm 17 by AMPO’s loss in Eq. (6.19) in a more concrete form. That is, we have

9(k+1) carg min E (k) |:‘
P s~~d,

12— (10g7T( )+nngk)>”2] (E.13)

Here, f? should be the exponent of a Gaussian distribution. Therefore, if ¢? : S — R274 is

£ — @ —nyr)log . nkqg?

= argemln ESNde) U

the policy network, where n 4 is the dimension of the action space. Then, we have

0o o) — (°(5)5)° — 2a49°(
e ; 2 (¢"(s >W)2 | Y

Therefore, to implement AMPO, we replace the gradient in line 13 of Algorithm 17 by

i

2
: (k)
MVy E [(fe(s,a) — (1 — k) logﬂe(k) (a|s)—n min ¢% (s,a)) ]
g=61"
j—1

s~B i=1,2
a~Unif(A)

where 7 is the mirror descent learning rate.
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E.5.4 MAMPO

As discussed in Section 6.7, MAMPO tries to optimize

9(k+1) € argminE (k) |:‘
P s~d,,

7 (e ma)[]]

where f%(s,a) is defined in Eq. (E.14). Therefore, to implement MAMPO, we replace the

gradient in line 13 of Algorithm 17 by

E
s~B
a~Unif (A)

2
(k)
e Kf "(s.0) =7 (a] $) — 1 min " (s.0) + 97D log " (o s>) ]

g=0\"1"
E.5.5 Hyperparameter Settings

We use the implementation of SAC from the Stable Baseline 3 under the MIT license [Raffin
et al., 2021]. Then, we implement DAPO-KL, AMPO-KL, and MAMPO as modifications of
its SAC’s implementation. All model trainings were completed on 8 NVIDIA V100 GPUs.
We use SAC’s default hyperparameters on all environments for both SAC and DAPO-
KL, while AMPO-KL and MAMPO contain some tuning. Full hyperparameter details are
provided in Table E.1. Particularly for hyperparameter 8 in DAPO-KL, we take different

values for different tasks as shown in Table E.2.

Table E.1: Hyperparameters of all algorithms

Hyperparameter ‘ SAC DAPO-KL AMPO MAMPO
Adam learning rate 3x 1074 3x107% 2x107° 3x1074
MD learning rate () NA NA 1.0 1.0
Entropy regularization (7) auto” auto” 0 0
Number of hidden layers 2
Hidden layer size 256
Batch size 256
Discount factor (vy) 0.99
Target mixture weight (w) 0.005
Replay buffer size 1 x 106

* Being “auto” in entropy regularization means to use the update rule at line

9 of Algorithm 17 to automatically adjust 7.
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Table E.2: Values of hyperparameter 5 in DAPO-KL for different MuJoCo tasks.

Environments ‘ HalfCheetah-v4 Hopper-v4 Walker2d-v4  Ant-v4
B8 | 0.7 0.6 0.4 0.7

E.6 Additional Experiment Results on AMPO

In this section, we first introduce the original version of AMPO proposed in Alfano et al.
[2024], which is slightly different from what we have in Eq. (E.13). Then, we present a partial
record of our efforts in tuning AMPO, which shows the difficulty of using this algorithm in
practical scenario. Nevertheless, we retain the possibility that our implementation of AMPO

may not be the optimal.

E.6.1 Variants of AMPO

The original version of AMPO proposed in Alfano et al. [2024] is given as

p(k+1) ¢ arggminEsNdE)k) “ fs9 _ ( S(k) 1 nngk)> Hz] . (E.15)

While seemingly different from Eq. (E.13), these two are essentially the same from a theo-
retical perspective. To see this, as shown in Corollary 6.3.3, when ® is the negative entropy
restricted on A(A), we can freely take V®(x) to be any vector in 0®(n) while the Breg-
man divergence Dg is still well-defined. In particular, we have 0®(7) = {logm + c1 | c € R}
with 1 = {1 1]T. As a result, since the difference between fse and log wgk) is only
an action-independent normalization constant, Eq. (E.13) and Eq. (E.15) are theoretically
equivalent.”

Nevertheless, Eq. (E.13) and Eq. (E.15) may still be empirically different since the

constant difference can still affect the Lo-loss minimization. Therefore, we consider and

“While Alfano et al. [2024] claims to obtain Eq. (E.15) by taking ® to be the negative entropy on

leh this is not an appropriate argument because such a choice of ® will enforce V& (x) = logm + 1,
excluding the freedom of choosing action-independent constant.
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empirically compare these two different theoretically equivalent variants of AMPO-KL.T

E.6.2 Comparison between MAMPO and AMPO-KL

Here, we provide a comparison between MAMPO and the two variants of AMPO-KL in
Fig. E.1, where both variants use the same set of hyperparameters as given in Table E.1.
From the plots, we can see that both variants of AMPO-KL almost cannot learn anything

non-trivial in all tasks.

HalfCheetah-v4 (m = 1) Hopper-v4 (m = 1) Walker2d-v4 (m = 1) Ant-vé (m = 1)
3000 750
1750 1200
2500 4 500
1500 1000
250
20004
2000 1250
< 8004 0
£ 1500 1000 .
Fy 600 —250
£ 10004 750
< ~500
4004
5004 500 0
200
o] 250 1000
0
0 —1250
~5004 !
0.0 02 0.4 06 0.8 10 0.0 0.2 04 06 08 10 0.0 02 04 06 08 1.0 0.0 02 04 06 08 10
X108 X100 X108 X106
HalfCheetah-v4 (m = 10) Hopper-v4 (m = 10) Walker2d-v4 (m = 10) Ant-v4 (m = 10)
3500
4000 800
1750
3000
1500 4 600
3000 2500
c 12507 400
2 2000
& 2000 1000
& 200
g 1500 ]
2 750
1 0
1000 1000 500
500 2504 200
0
| 0 01 —400
0.0 02 04 06 08 10 0.0 02 0.4 06 08 10 0.0 02 04 0.6 08 10 0.0 02 0.4 06 08 10
Timesteps X108 Timesteps x100 Timesteps X100 Timesteps X100
— MAMPO —— AMPO-Var-1 —— AMPO-Var-2

Figure E.1: Comparison under m = 1 and m = 10 gradient steps per iteration between MAMPO
and variants of AMPO-KL. Here, “AMPO-Var-1" refers to Eq. (E.13) and “AMPO-Var-2” refers
to Eq. (E.15). Each curve is averaged over 5 different random seeds and the shaded area
represents the 95% confidence interval.

E.6.83 AMPO-KL under Different Hyperparameters

Finally, we also provide a performance comparison of variants of AMPO-KL under different

hyperparameter settings, where we only show the final-step performance under each setting,

"We use the variant in Eq. (E.13) in all previous experiments.
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given in Table E.3, E.4, E.5 and E.6, in which each data point is averaged over 3 different
random seeds and =+ represents the 95% confidence interval. Nevertheless, we can easily see

that AMPO-KL still cannot learn anything non-trivial under all of these settings.

Table E.3: Final-step performance of AMPO-Var-1 (Eq. (E.13)) in HalfCheetah-v4 with entropy

regularization (7 = 1.0).

| r=5%x10"% | Ir=1x10"% |Ir=5x10"°| Ir=1x10"*
mp=0.1 | —94.08+37.82 | —77.18 £16.73 | —3.33£0.17 | —178.56 £ 41.57
me=1 | —798+47.96 | —61.83+20.85 | —4.19+£0.49 | —14.93+11.05
m, =10 [ —27.83£28.96 | —201.02+£71.98 | —8.37+£0.33 | —7.58£0.73
M, =100 | —220.2 £ 124.88 | —210.46 £ 168.3 | —8.12+£0.35 | —7.36+0.75

Table E.4: Final-step performance of AMPO-Var-1 (Eq. (E.13)) in HalfCheetah-v4 without

entropy regularization (7 = 0).

| r=5x10"% | Ir=1x10"° | Ir=5x10"" | Ir=1x10"*
me = 0.1 | —131.27 £62.23 | —120.24 +:51.24 | —123.17 +£63.02 | —109.34 = 84.59
me=1 | —93.94+£4646 | —95.82449.19 | —83.12+59.42 | —97.82+47.88
M =10 [ —50.57+£458 | —98.75+249 | —81.51+29.18 | —57.17+39.36
M, = 100 | —301.4 £ 128.66 | —295.53 &+ 63.03 | —196.38 + 136.29 | —255.11 + 143.2
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Table E.5: Final-step performance of AMPO-Var-2 (Eq. (E.15)) in HalfCheetah-v4 with entropy

regularization (7 = 1.0).

Ir=5x1070 | Ir=1x10"" [ Ir=5x10"" | Ir=1x10~*

n, =01] =3.56+029 | =348+0.52 | =3.39+£0.22 | —3.59+£0.22
ne =1 —4.34+047 | —424+032 | —4.29£0.26 | —4.22+0.34
n =10 | —838+0.23 | —8.33 +£0.12 —8.4+0.29 —8.08 £0.57

N = 100 | 41.59 £79.77 | —8.38+£0.1 —8.33£0.56 | —8.36 £0.52

Table E.6: Final-step performance of AMPO-Var-2 (Eq.

entropy regularization (7 = 0).

(E.15)) in HalfCheetah-v4 without

r=5x107% | Ir=1x10" | Ir=5x10"° | Ir=1x10""*
me =01 | —120.73£34.97 | —178.62+£34.49 | —174.38 £ 67.63 | —144.4+54.12
me=1 | —8745+528 | —121.66£56.37 | —129.73+43.94 | —157.94 +49.55
m, =10 | —534.72 £205.25 | —237.98 £ 127.79 | —176.42+235.9 | —199.77 +12.45
me =100 | —341.7+£94.17 | 139.05+118.93 | —271.07 & 149.01 | —411.67 & 56.92
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Algorithm 17 Soft Actor-Critic (SAC) [Haarnoja et al., 2018b]

1:

10:

11:
12:
13:

14:
15:
16:

17:
18:
19:

Input: Initial policy network parameter 0; initial g-value network parameters ¢1, ¢o; replay
buffer D; learning rates Ay, Ax, A; target mixture weight w € (0, 1); initial regularization
power 7 > 0; number of gradient steps per iteration m

Set (bggzg’l < ¢1 and ¢,§gzg72 < ¢ and initialize k <+ 0
while not done do
Observe state s and take action a ~ mg(- | )
Observe next state s’, reward r, done signal d and add (s, a, s, r,d) to buffer D
// {d=1if § is a terminal state; otherwise, d = 0}
If s’ is a terminal state, reset the environment
if it’s time to update then
Randomly sample a batch of transitions B = {(s, a,r, s, d)} cD
Update regularization parameter by

rbt1) o (k) _ AV J(T, Q(k))

Update g-value networks by

¢§k+1) < ¢§k) — )\quh Jq((bi; B’ ¢1(;};:3g’17 ¢Eggg’27 H(k) ) T(k+1))7 = 17 2

Set 00T+ (k)
for j=1,...,mdo
Update policy network by

)

(k+1)
9§k+1) — 93(']?;1) — M Vg EB D logn%(a | 5) — min ¢ <8’a)}
E m

_pk+1)
awﬁf 0*0;'71

end for
Set g(k+1)  glht1)

Update target networks with

o) w1 —w)elF =12

targ,: targ,:

Update k + k+1
end if

end while
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