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Infinite-horizon stationary Markov decision processes (MDPs) have been studied extensively
in the literature. Over the last sixty years, they have found applications in a broad range of
areas such as healthcare, telecommunications, transportation, revenue management, supply
chain and inventory management, scheduling, resource allocation, autonomous systems, and
reinforcement learning. An MDP is described as follows. At the beginning of each time-step,
a decision-maker observes the state of a stochastic system. The decision-maker then chooses
an action. The system probabilistically evolves into a new state and the decision-maker
earns a reward. The transition probability and the reward both depend on the current state
and the action chosen therein. The decision-maker’s goal is to choose actions such that the
expected total discounted reward over an infinite horizon is maximized.

It is often assumed in the literature that the transition probabilities and the rewards are
known to the decision-maker. In practice, however, these are estimated subject to errors. The
question then arises as to how the decision-maker can incorporate its incomplete knowledge
about these parameters into the decision-making process. At least three different approaches
have been proposed: robust optimization, inverse optimization, and percentile optimization.
This dissertation makes methodological contributions to two of these three: percentile and

inverse optimization.



Percentile optimization in MDPs accounts for uncertainty in reward parameters by choos-
ing decisions that maximize the S-percentile of the expected total discounted reward over
an infinite horizon. This approach is similar to chance-constrained optimization. It turns
out that, when rewards are multivariate Gaussian, the percentile optimization problem in
MDPs can be reformulated as a second-order cone program (SOCP). Multi-armed bandit
(MAB) problems are perhaps the most studied special case of MDPs. Unfortunately, an as-is
application of the existing percentile optimization methodology is intractable for MABs. In
particular, the resulting SOCP suffers from the curse-of-dimensionality because its size is

exponential in the number of arms.

The idea in inverse optimization is to recover implied parameter values from observed
decisions. In the context of MDPs, this approach has been applied to recover reward values
that render observed decisions optimal. It is known that this results in a linear program (LP)
that can be solved efficiently. A counterpart of this approach is not available for imputing
transition probabilities. The challenge is that since transition probabilities appear on the
left hand side as constraint coefficients in an LP formulation of an infinite-horizon MDP, the
inverse problem turns out to be nonconvex bilinear. More generally, there are only a few
studies in the literature that focus on applying inverse optimization framework to LPs or

convex programs with unknown constraint parameters.

The research objective of this dissertation is to apply convex optimization methods to
efficiently compute approximate solutions of (i) percentile optimization problems in MABs,
and more generally, in weakly coupled MDPs under Gaussian rewards; (ii) inverse problems in
MDPs with unknown transition probabilities; and (iii) inverse semidefinite programs (SDPs).

The dissertation is organized as follows.

Percentile optimization in MAB problems: the first chapter focuses on MAB prob-
lems whose traditional version can be described as follows. At each time-step, a decision-

maker selects one arm from a finite set, after observing the states of all arms. A reward is



earned from this arm and its state evolves stochastically. No reward is earned from other
arms, and their states do not change. The goal is to determine an arm-pulling policy that

maximizes the expected total discounted reward over an infinite-horizon.

The chapter considers the more challenging case where rewards are multivariate Gaussian
with possible correlations across states, to account for estimation errors. This is motivated
by recent work on percentile optimization in MDPs. We demonstrate that, when applied
to MABs, this yields an intractable SOCP with size exponential in the number of arms.
The chapter proposes a Lagrangian relaxation method to break this curse-of-dimensionality.
This relaxation dualizes the restriction that exactly one arm must be played at each time-
step. The optimal value of the relaxed problem provides an upper bound on the exact
percentile problem. Moreover, the relaxation achieves a decomposition across arms, which
exponentially reduces the computational complexity. The chapter then applies convex strong
duality to formulate the problem of finding the tightest upper bound (and the corresponding
best Lagrange multiplier) as a tractable SOCP. We propose three approaches to recover
feasible arm-pulling decisions during run-time from an off-line optimal solution of this SOCP.
Numerical experiments suggest that one of these three method appears to be more effective
than the other two. This methodology is also extended to a broader class of problems called
weakly coupled MDPs. There, we propose four methods to recover run-time decisions from
an off-line optimal solution of an SOCP. Our numerical results suggest that three of these
methods perform better than the fourth one, and that one of these three methods seems to

work better for larger problems than the other two.

Inverse MDPs with unknown transition probabilities: the second chapter consid-
ers two variants of this problem. In the first variant, the decision-maker wonders whether
there exist transition probabilities and corresponding decisions that would attain a given
expected total discounted reward over an infinite-horizon (the so-called value function). An

easy-to-verify necessary and sufficient condition for this existence is derived. The chapter



demonstrates that when this condition is met, the requisite transition probabilities and de-
cisions can be imputed by solving a feasibility LP. These ideas are then extended to the
case when the decision-maker wishes to render the given value function optimal. The chap-
ter then turns to the more difficult problem of imputing transition probabilities that make
given decisions optimal. LP strong duality is applied to this problem to derive a noncon-
vex bilinear program. Tailored versions of two heuristics that exploit the structure of this
bilinear program are proposed. The first one is rooted in a so-called convex-concave pro-
cedure (CCP) for a class of problems called “difference of convex” programs. The second
one is called sequential linear programming (SLP). The performance of these two methods
is compared via numerical experiments against an exact global optimization method based
on generalized Bender’s decomposition. Computational experiments on randomly generated
inverse generic MDP problems reveal that SLP outperforms the other two methods in both
runtime and objective values. Further insights into SLP’s performance are derived via nu-
merical experiments on inverse inventory control, equipment replacement, and multi-armed

bandit problems.

Inverse semidefinite programs with unknown constraint parameters: The third
chapter focuses on extension of the methods discussed in the second chapter to the broader
class of convex optimization problems called semi-definite programs (SDPs). An inverse
optimization methodology for SDPs with unknown constraint parameters is currently not
available. Similar to the second chapter, when constraint parameters are unknown, the
resulting inverse SDP problem is nonconvex bilinear. This chapter focuses on six variants
of this inverse problem constructed based on which parameters and decision variables are
known. In each case, we will identify when the inverse problem is trivial to solve and when it
is not. We will show that in one variant, the inverse SDP problem reduces to solving a group
of SDPs. In two of the other variants, we provide conditions under which the inverse problem

can be reduced to a tractable SDP via a variable transformation. In all other cases, we apply



tailored versions of the heuristics proposed in the second chapter to obtain an approximate
solution. Another heuristic called Alternate Convex Search (ACS) is also implemented in

some cases. The performance of these methods is compared via numerical experiments.
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Chapter 1

PERCENTILE OPTIMIZATION IN MULTI-ARMED BANDIT
PROBLEMS

1.1 Introduction

The term multi-armed bandit (MAB) is derived from the problem faced by a gambler /player
on a slot machine with multiple levers (one-armed bandits). At each time-step, the gambler
has to decide which lever (arm) to pull, in order to maximize the expected total discounted
reward over an infinite horizon. MABs are used as an abstract model for sequential decision
making, where a limited resource needs to be allocated between different reward generating
processes.

In this chapter, we consider the classical MAB problem, which is described as follows
[43, 58, 82, 84]. There is a finite set of arms N' = {1,--- ,N}. At each time-step ¢ €
{0,1,2,...}, each arm n € N is in some state s, € S,,, where S,, represents the finite state
space of arm n. The player is restricted to pulling one arm at a time. If arm n is pulled, s,
evolves to s, with probability p,(s/,|s,), yielding a corresponding reward 7,(s,). No reward
is earned from arms that are not pulled and their states do not change. The player’s goal
is to choose an arm to play in each state s = (s1,--+,Sy), S0 as to maximize the expected
total discounted reward over an infinite horizon. The discount factor is 0 < a« < 1. MABs
arise in various applications including recommender systems, dynamic pricing, advertising,
clinical trials, and job scheduling [17, 50].

In principle, MAB problems can be formulated as a Markov decision Process (MDP) and
solved via Bellman’s equations of dynamic programming [70]. However, due to the curse-
of-dimensionality, this is computationally intractable — the state space of the MAB is of

exponential size in N. In a celebrated paper, Gittins [43] proved that instead of solving the



resulting N-dimensional dynamic program, an optimal solution for the MAB problem can
be characterized by an index type of policy. That is, at each time step, and for each arm, we
need to compute a dynamic index called the Gittins index. It is optimal to play the arm with
the highest Gittins index at each time-step. The index for one arm is independent of others.
This decomposes the problem so that the computational effort reduces from exponential in N
to linear. After the original paper by Gittins, other researchers proposed various approaches
to prove the optimality of this index policy [50, 78, 82, 84].

In the above MAB problem, the reward values are assumed to be known to the decision-
maker. In practice, however, rewards are estimated from data subject to errors. The decision-
maker’s incomplete knowledge or uncertainty about the rewards can negatively impact the
performance of an arm-pulling policy [59]. To address this issue in generic MDPs, Delage
and Mannor [31] proposed a framework that they termed percentile optimization. In their
approach, roughly speaking, the decision-maker tries to find a policy whose expected total
discounted reward over an infinite horizon is sufficiently large with at least a given proba-
bility. This is akin to the classic idea of chance-constrained programming [29, 69], and was
proposed as a less conservative alternative to robust optimization in MDPs [54, 63]. Delage
and Mannor [31] showed that the percentile optimization problem for generic MDPs with
multivariate Gaussian uncertainty in rewards can be reformulated as a tractable second-order
cone program (SOCP) [5]. The research objective of this study is to build upon this idea in
the specific context of MAB problems.

The decision-maker’s philosophy in this chapter is to find a solution whose reward is
sufficiently high with a high probability. That is, roughly speaking, the decision-maker
solves a chance-constrained problem of the form max y, subject to P(reward > y) > 3, for
some given confidence level 5 € (0,1). Here, the probability is computed with respect to
the uncertainty in reward. Such a percentile approach was pioneered for MDPs by Delage
and Mannor [31]. They showed that the percentile optimization problem for MDPs with
multivariate Gaussian uncertainty in rewards can be reformulated as a second-order cone

program (SOCP) [5]. We build upon this idea in the context of MAB problems.



Unfortunately, an as-is application of the Delage and Mannor framework to MAB prob-
lems is computationally intractable because the number of variables and constraints in the re-
sulting SOCP is exponential in the number of arms N. In this chapter, we demonstrate how to
break this curse-of-dimensionality via an approximate solution method rooted in Lagrangian
relaxation. Lagrangian relaxation was applied to MAB problems (with known rewards) by
Hawkins [50] in his doctoral dissertation. He showed that the curse-of-dimensionality can
be broken by relaxing (or dualizing) the constraint that only one arm can be pulled at a
time. This again decomposes the problems into single-arm subproblems. In fact, Hawkins
showed that solutions recovered from this approach coincide with the Gittins index approach.
Caro and Gupta [22] applied Lagrangian relaxation to MAB problems with uncertain tran-
sition probabilities within a robust optimization framework. We build upon this existing
literature to develop our Lagrangian relaxation methodology for percentile optimization in
MAB problems. We show that the relaxed problem decomposes across arms, thus yielding
a new SOCP whose size grows only linearly in N. We also propose two lookahead methods
and a normalization method to recover feasible arm-pulling decisions for the original MAB
problem, from the solution of this relaxed SOCP. Numerical results show that on average,
the normalization method exhibits the best performance in terms of percentile values, and
is the most robust to the magnitude of expected value and covariance of rewards. We also
extend the Lagrangian relaxation methodology to a broader class of percentile problems in
weakly coupled MDPs. We derive an SOCP formulation of the relaxed problem. Finally, we
propose three deterministic methods and a randomized method to recover feasible decisions
for the weakly coupled MDP from a solution of this SOCP. Our numerical experiments show
that the randomized method is dominated by the deterministic ones. Furthermore, while
the deterministic methods perform similarly on smaller weakly coupled MDPs, the third

deterministic approach outperforms the first two on larger problems.

The remainder of this chapter is organized as follows. In Section 1.2, we describe a
problem statement for the nominal MAB problem (with known rewards). We describe a

percentile formulation in Section 1.3, and formalize our Lagrangian relaxation approach



in Section 1.4. In Section 1.5, we propose three heuristics to retrieve feasible decisions.
Numerical results for percentile MAB problems are presented in Section 1.6. In Section 1.7,
we extend our methodology to percentile weakly coupled MDPs and also provide numerical

results. Conclusions are outlined in Section 1.8.

1.2 Nominal formulation

The action space of each individual arm n € N is A, = {a, € {0,1}}. Here, actions
a, = 1 and a,, = 0 represent pulling and not pulling arm n, respectively. The state space
N

of the MAB problem is defined as S = X &,,. The action space in every state s € S is

n=1
N
A= X A, ={0,1}". The reward earned by playing any action a = (ay,...,a,) € A in

n=1
state s = (s1,--- ,sy) €S is

r(s,a) = Z Tn(Sn)an. (1.1)

neN
Since actions are binary, this expression includes the reward earned from any arm that is

pulled and does not include rewards for arms that are not pulled. The transition probability

induced by any action a = (a1, ...,a,) € A in state s = (s1,--- ,sy) € S is
N
p(s'15,0) = I (anpa(hlsn) + (1 = anya(silsn) ). (1.2)
n=1

Here, we have utilized the notation v, (s/,|s,) = 1 if s/, = s,,, and 0 otherwise. The expression
in (1.2) succinctly captures various events that can occur at a time-step. If arm n is pulled
(a, = 1), only the term p,(s}|s,) is “in effect”. This determines the transition probability
associated with the n'" arm. If arm n is not pulled (a, = 0), only the term 7, (s/|s,) is in
effect. Moreover, this term is 1 only if the state remains unchanged (s, = s,,); otherwise it is
0. The combined transition probability is obtained by multiplying probabilities for individual

arms. As discussed earlier, the player is restricted to pull exactly one arm at every time-step.



Therefore, the set of feasible actions is given by

A:{aEA‘Zanzl}. (1.3)

neN

Observe that |A| = N, and each element in A corresponds to choosing a particular arm.

A (deterministic Markovian) policy 7 is a decision rule that assigns actions 7(s) € A to
states s € §. This policy can be stored in a matrix of size |S| x N, wherein, the entry in
the s row and n'" column is 1 if arm n is played in state s; the entry is 0 otherwise. Let
IT denote the finite set of all such policies. The expected total discounted value of a policy

7w € II upon starting in state s € S is defined as
J™(s) =E (Z atr(st,ﬂ(st))‘so = s) : (1.4)
t=0

Here, s’ is the (stochastic) state at time-step ¢, induced by policy 7 and initial state s. We
use J™ € RISl to denote the column vector whose s™ entry is J7(s). Suppose the initial
state s, of arm n is sampled, independently of all other arms, according to a probability
mass function (pmf) ¢,. Thus, the initial state pmf ¢ (column vector of size |S|) is given
by q(s) = IJX[ qn(Sn). This is a natural assumption, given the independence of distinct
arms. We (ile:éne the value function J7 as the expectation of J" with respect to ¢g. That
is, JT = 3 q(s)J7(s). Let r™ € Rl and P, € RISIS represent the immediate reward
vector anéleiransition probability matrix associated with policy m, respectively. That is,
r™(s) = r(s,m(s)) and the entry in the s™ row and s™ column of P, equals p(s'|s, 7(s)).

Using Chapmann-Kolmogorov equations, we obtain,

J5 =Y als)J"(s) =q" [Z(a]P’ﬂ)t] . (1.5)

seS




The decision-maker’s goal is to find a policy that solves

Jy =max J7 =max ¢" [Z(aﬂj’w)t] T (1.6)

mell mell
t=0

As stated in Section 1.1, optimal solutions to this problem can be characterized via
Bellman’s equations of dynamic programming. However, these equations are intractable to
solve because the cardinality of S is exponential in N. Lagrangian relaxation and Gittins

index calculation are two (equivalent) approaches that break this curse-of-dimensionality.

In the next section, we will introduce a percentile optimization variant of the nominal
MAB problem described here; a Lagrangian relaxation methodology will be devised in Section

1.4 to overcome the curse-of-dimensionality.

1.3 Percentile formulation

Delage and Mannor [31] showed that optimal actions in a percentile MDP might be random-
ized. We accordingly expand the action space of the percentile MAB problem to pmfs on A.

The action space is thus now denoted

A= {06 eRM S §(a)=1}. (1.7)

acA
Here, 6(a) is the probability that action a € A is selected. Note that since the set A
only includes action vectors that allow one arm to be pulled at a time, the player is still
restricted to doing so even under randomized actions. The expected immediate reward of

the randomized action 6 € A in state s = (s1,--- ,sy) € S is defined as

r(s,6) =Y _d(a)r(s,a). (1.8)

acA



The transition probabilities induced by the randomized action § € A in state s = (s1,--- ,sy) €

S are given by

p(sl|3’5) = Z(S<a)p<5/’5aa>' (1.9)

acA

A randomized policy p is a mapping from S to A such that p(s) € A specifies the
probabilities assigned to each action in A. In particular, p(s, a) is the probability of choosing
action a € A in state s € S. The (uncountable) set of all randomized policies is denoted by
P. Let P, € RISIXISI denote the transition probability matrix associated with the randomized
policy p. The element in row s and column s is calculated, based on (1.9), as P,(s'|s) =
> p(s,a)p(s’]s,a). Similarly, the vector r” € RISI contains the immediate rewards earned
?fnf(‘ier policy p in all states s € S. Based on (1.8), its components can be written as

rP(s) = Z p(s,a)r(s,a). Similar to the deterministic case, the expected total discounted

reward of the randomized policy p € P can be written as

J=q" [Z(aPp)t] rf. (1.10)
=0

Since actions in A uniquely identify a single arm that is played, an alternative view of
a randomized policy is that of an & x N matrix; this alternative way of writing turns out
to be more convenient for developing the percentile methodology. The entry in row s and
column n denotes the probability of playing arm n in state s. We denote this entry by p,(s).
Consequently, we use p, to denote the corresponding |S|-dimensional column vector. Using
this notation, and the equivalence of actions in A with arms in A/, the above expression for
r”(s) can be rewritten as 1°(s) = > pn(s)rn(s). Here, with some abuse of notation, we
have used r,(s) to denote the reward that would be earned if arm n were played in state s,
although we know that this reward only depends on s,. These observations help us write
the vector r” € RISl of rewards earned by policy p, in matrix form, as 7* = > diag(p,)rn.

ne
Again, here, with some abuse of notation, r, € RI®l/(we later use 7, € RIS for individual



arms) contains the rewards obtained by playing arm n in various states s € S. Furthermore
diag(py) is the |S| x |S| diagonal matrix whose diagonal entries are the |S| elements of the

column vector p,,. Substituting this back into (1.10), we obtain,

Jqf’:qT[i ]Zdlagpn rm=> q" [Z ]dlagpn re= Y J0,. (L11)

t=0 neN neN t=0 neN

-~

Jn

Here, J? € RISl is a column vector whose component J#(s) is the expected total discounted
reward earned from all plays only of arm n, under policy p, when the initial state is s € S.
Similarly, Jf,, is the expected total discounted reward earned from all plays only of arm n,

under policy p, when the initial state pmf is ¢.

We apply one relevant feature of the generic linear programming (LP) approach to MDPs

from [70, Section 6.9]. Consider the set of feasible solutions = € RIS to the system

Zx(s, a) — « Z Zp(s|s’, a)z(s',a) =q(s), VseS (1.12a)

acA s'€S ac A

z(s,a) >0, VseS,ac A (1.12b)

We denote this set by X. Theorem 6.9.1 and Corollary 6.9.2 in [70] imply that there is a
one-to-one correspondence between randomized policies p and feasible solutions to (1.12).
Specifically, formulas 6.9.3 and 6.9.4 in [70] define this one-to-one correspondence. In addi-
tion, formulas 6.9.8 and 6.9.9 in [70] imply that (i) for every feasible z, there is a randomized
policy p, such that Jfz = > > 7a(sn)anz(s,a); and (ii) for every randomized policy p,
there is a feasible =, such thseff 322 = > > ra(sn)anz,y(s,a).
S€S ac A

Following Delage and Mannor [31], we now assume that the rewards are multivariate

Gaussian. We denote this as 7, ~ Normal(j,,0,). Here, u, € RIS is the mean vector

and O, € RIS:XIS:| is the covariance matrix of rewards obtained by playing arm n. The

rewards of an arm across different states may be correlated, while the rewards of different



arms are assumed to be independent. Under this uncertainty model, quantities J, are now
random variables. Let /3, € [0.5,1),Vn € N, be given fractions. We formulate the percentile

optimization problem as

' = max Zyn (1.13a)

yeRN peP
ne.

P;, (ng > yn> > B, VneN. (1.13b)

The subscript 7, emphasizes that the probability is computed with respect to the uncertainty
in rewards for arm n.

The aforementioned one-to-one correspondence between randomized policies and feasible
solutions to the system (1.12) implies that, when rewards are random, the event I Z Yn,

for some p € P” is equivalent to the event “>° > 7,(s,)anz(s,a) > y,, for some x € X.”
s€S ac A
Consequently, problem (1.13) is equivalent to the problem

y'=  max_ Yy, (1.14a)

N [SIx|Al
yeRT,zeR neN

P;, (Zan(sn)anm(s,a) > yn> > B, VneN (1.14b)

S€S ac A

(1.12a) — (1.12b).

The next lemma allows us to further simplify this formulation.

Lemma 1.3.1. The distribution of the expected total discounted reward earned from plays

of the n™ arm is given by

Z Z Fn(8n)anz(s,a) ~ Normal(Z Z o (8n)anz(s, a) Z Z Z x(s/,a/)ana;@n(sn,s;))
€ss'es

SES ac A sES qe A cA
(1.15)

Proof. Since reward vector 7, is multivariate Gaussian, we know that any linear combination
N

of its components is univariate Normal. Recalling that & is the Cartesian product X &,
n=1



10

we observe that

ZZ?n(sn)anx(s,a) = Z Z Z an(sn)anx(s,a)

s€ES ae A 51€81 5nESn SNESN acA

Y Y Y Y Y S saan(sa)

Snesn 51681 Snflesnfl Sn+1 e$n+1 SNGSN aeﬂ

_ an(sn) Z Z Z Z Zanaz(s,a)

SnESH $1€S1 Sn—1€Sn—1 Sn+1ESn+1 SNESN ac A

Cn‘(gn )

Here, the second equality follows by reordering sums and the third equality follows by factor-
ing out 7,(s,) out of the other sums. Now, since the expression inside the big parentheses,
denoted ¢,(s,), only depends on s,, the whole expression is indeed a linear combination
of 7,(s,). It is, therefore, univariate Normal. By linearity of expectation, its mean is

303 pn(sn)anx(s,a). Further, its variance is given by
S€ES qc A

Z Z Cn(sn)cn(siz)@n(sm S;’L)

SnE€ESn s, ESn

- Y Y (Y Y Y Y Y sasa)

S’I’LGSTL S;LGSn S1 €51 Snflesnfl Sn+41 GS’VLJrl SNESN IZGA

Z Z Z Z Za;ﬂ;(S/?a/) @n(snusiz)

EAS 55 1€Sn—1 5,1 1€Sn41 S\ ESN a'€A

=S 3NS5, 04O (50, 53)3(s ),
s€S s'€S acAa’'cA

Here, the last equality follows by reordering sums and then utilizing the earlier observation
N

that S is the Cartesian product X &,. This completes the proof. m

n=1

Note that max {y € R|P(Normal(y,0?) > y) > 8} = u— & (3)o, where ® is the cumu-
lative distribution function of a standard Normal random variable. Using this and Lemma

1.3.1, problem (1.14) can be reformulated as the SOCP
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y*:xeﬁgi{w Z {ZZM” $n)an(s, a) ZZZ Z (s',a")ana;,On (Smsh)}

s€S ac A seSs'eSacAa’cA

(1.16a)

(1.12a) — (1.12D).

This is the analog, in our specific context, of the generic SOCP derived by Delage and
Mannor [31]. SOCPs are considered computationally tractable because polynomial-time
interior point algorithms are available for their solution [5, 57]. However, solving (1.16)

is computationally expensive because it includes []|S,| x N + ][] |Sn| constraints and
neN
N x ][] |S,| variables. Thus, the numbers of constraints and variables grow exponentially
neN
with the number of arms. In the next section, we propose an approximation method rooted

in Lagrangian relaxation to tackle this difficulty.

1.4 Lagrangian relaxation

We employ a Lagrangian approach to relax constraints in (1.3) that couple different arms.
That is, for any real number A € R (not necessarily nonnegative), define the Lagrangian

problem by relaxing the constraint »_ a, = 1 and adding the corresponding term A(1 —
neN

> a,) to the reward r(s,a) from (1.1), as described in [1]. In the Lagrangian relaxation,

neN

for any A € R, the reward earned upon choosing action a € A in state s € § is given by

N
A+ 3 (ra(sn) — A)a,. We write this compactly as 7 (s, a) = A + (s, a), where r*(s, a) is
n=1\ -~ -

n(sn an)

defined as Z M, an).

The action space in the nominal Lagrangian relaxed problem is A. For the percentile
formulation, we need to expand this to include randomized actions. Thus, the randomized

action space is now given by A’ = {¢’ € R%"| Z &'(a) = 1}. Here, 2% is the cardinality of
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the action space A. The expected reward earned by the randomized action 0" € A’ is

(5.6) =Y &) (s,a) = A+ > _ & (a)r

acA acA

r2(s,8")

The transition probabilities under the randomized action 6’ € A’ are given by

(§]s,8") = 25’ (§'|s,a), for s,s" €S, (1.17)
acA

where p(s'|s,a) are defined in (1.2).

Randomized policies v assign actions ¢ € A’ to states s € S. The uncountable set of all
such policies is denoted by Q. The value of implementing a randomized policy v € Q upon

starting the relaxed problem in state s € § is defined as

(i alri(s', I/(St))‘so = s) :

Let P, € RISXISI denote the transition probability matrix under randomized policy v. The

TV (s (Za A+ (s, v(sh)))]s" = ):

entry in row s and column s" of this matrix equals p(s'|s,v(s)). Moreover, column vector
A € RIS contains the values of r (s, V(S)), for all states s € §. Similar to the previous

section, this further yields

A
]/7)\ _ ll,)\ P T
T = "q(s)J (8) == t¢

seS

i(aﬂ””)t] . (1.18)

t=0

Let v, denote the column of the |S| x 2V policy matrix v, associated with action a € A.

Similarly, 7** € RISl denotes the column vector containing values of (s, a), for all s € S.

VA

The vector r”* can then be written in matrix form as

= diag(ve)r*. (1.19)

acA
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By writing r** = 3 a,(r, — ML), we express (1.19) as
neN

= Z diag(v,) [Z ap (1 — )xf)] = Z Z apdiag(ve)(rn — )‘T)

acA neN neN acA

= Z Z diag(vy) (rn, — A1). (1.20)

neN acAla,=1

Substituting this into (1.18), the expected total discounted reward J;”\ can be split into a

sum of ﬁ and the expected total discounted rewards obtained from each arm n € N as

Z(aIP’,,)t] > > diag(va)(rn — AD)

neN acAlan=1

:1:\Q+ZqT[i(aP,,)t] Z diag(va)(r, — A1) ZJ”)‘ (1.21)

ac€Alan=1 neN

JuA

Here, J¥* € RISl is a column vector whose entry J**(s) equals the expected total discounted
reward earned (excluding A/(1 — «)) only by plays of arm n under policy v € Q starting
in state s, when the Lagrange multiplier is fixed at A. Moreover, J’ A is the expectation of
these rewards with respect to the initial state pmf q. We write the Lagrangian relaxation of

the percentile optimization problem (1.13) as

y (A) = 4 max Zyn (1.22a)

1-— a AERN veQ

P;, (J;,;? > (V) = Bo, VR EN, (1.22b)

We next show that this Lagrangian relaxation provides an upper bound on (1.13). Although
this conclusion is perhaps not surprising, we include a complete proof because it does rely
on problem-specific details that are typically not relevant in generic proofs of Lagrangian

bounds.
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Proposition 1.4.1. For any A\ € R, we have, y*(\) > y*.

Proof. We first show that the set of policies Q for the relaxed problem includes the set of
policies P for the percentile MAB problem, lifted into the higher dimensional space R2" .

Suppose p € P. Consider any state s € S. Then, by definition, »_ p(s,a) = 1. By (1.3),
acA

we have, A € A. Hence, p(s) can be lifted into R?" by assigning p(s,a) = 0 for actions
a € A\ A while the expected rewards and transition probabilities remain unchanged. The
lifted randomized action is denoted by p(s) € A’ and satisfies > p(s,a) = 1. Since this

acA
holds for all s € S, we obtain p € Q.

Suppose policy p* € P is optimal to problem (1.13), with corresponding optimal (,,-

percentile values y? . Lift this policy to p*. Define values y? ()\) as

o)

yh (N =yl = A" [Z(Oﬂf”m)t

t=0

ok (1.23)

We will now show that the pair of variables p* and y?"(A) = 2= + Y= y£'()) is feasible
neN

to problem (1.22), and that the objective function value of this pair in problem (1.22) is

identical to 4" — the optimal value in problem (1.13). This will then immediately yield the

required bound.

To establish feasibility of the above pair, we use the matrix form of the rewards vector

as defined in (1.20). The Lagrangian expected total discounted reward obtained from arm n
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under policy p*

[e.9]

TP =¢" | (aPp)'| vl

L =0

[e.9]

=q" Z(aPﬁ*)t Z diag(p;) (rn — A1) (from (1.20))

L t=0 4 acAlan=1

[e.e]

=q7 Z(a]P’f,*)t diag( Z ﬁ:)(rn—)\f)
L t=0 J acAlap=1

=q" Z(a]}”p*)t diag(p?)(r, — M) (by definition of the lifted policy p*)

L t=0

oo oo

=" |>_(aP,)"| diag(p})rn — A" [Z(aﬁ”p*)t] diag(p})1 = Jp, — Ag" [Z(aﬂ”m)t] P

Lt=0 t=0 t=0

Using this, and the y? ()\) defined in (1.23), the probabilistic constraint in the Lagrangian

relaxed percentile problem is written as

[e.o]

(aPp*)t] ph >yl — A" [ (aPp*)t] pii)
=0 =0

t

P, (J(f;;)\ > ?JfL(/\)) = IP;, (‘]5; — A" [

t

The last inequality follows because y?” is the 8,-percentile value associated with policy p* in

problem (1.13). This proves feasibility.
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It remains to compare the objective values. We have,

v (M) =—+Zyn =—+Zyn—AZq [Z )| P
neN ) neN neN t=0
" | (P ]an_—+ZyH—Aq [Z(QP)]T
neN _t:o neN neN t=0
:—+Zyn— ZatM' :—+Zyn [ o'l
neN = neN t=0
+> =y
neN neN

We then have, max v =y =y (\) < max y’(A) = y*(\). Here, the inequality follows
pE ve
because p* € Q. This completes the proof. n

Similar to the previous section, using properties of the multivariate Gaussian distribution,

the Lagrangian relaxed percentile problem (1.22) can be reformulated as the SOCP

y(A) =

[ZZ (5,a) (ftn(50) — N an

s€S acA

ZZZZ x(s,a)x(s’, a’)ana,0,(s,, s),) (1.24a)

S€S s'eSacAa’cA

Zm(s, a) — Z Zp(s|s’, a)z(s',a) =q(s), VseS§ (1.24Db)

acA s'eS acA

z(s,a) >0, VseS,ae€ A (1.24¢)

neN

In Proposition 1.4.2 below, we will show that problem (1.22) decomposes across individual
arms. Toward that end, we first introduce randomized policies for individual arms. These
policies assign probabilities 9], € Al to states s, € S,,, where A/, is defined as A], = {57’1 €
Rl > & (an) = 1}. The set of all such individual randomized policies is denoted by

an€{0,1}
Q,. Consider such an individual randomized policy v, € O,, which assigns probabilities
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Vn(5p,0) and v, (s, 1) to not playing and playing arm n in state s, € S,. Let 72" € RISl

denote the reward vector that contains values

(S0, Un(8n)) = Z Vn (S, @) T (80, ) = Z Un(Sny @n) (T (Sn) — Nay,

an€{0,1} an€{0,1}

= Up(Sn, 1)(rn(sn) — N),

for all 5, € S,,. Similarly, P, &€ RIS»[XIS2I denotes the transition probability matrix induced

by policy v, € Q, for arm n. The entry in row s,, and column s/, of this matrix is given by

pn(SHSmVn(Sn)) = Z Vn(snaan)pn(sln‘sman)'
an€{0,1}
When the Lagrange multiplier is fixed at A, the value of implementing randomized policy

v, € Q, for arm n upon starting in state s, is given by
o0
J" A (s,) = (Z ol (st v, (sh))]s0 = sn) .
t=0

The expectation of J*»* with respect to the initial state distribution g, is defined as

Un A

Tn

T =" au(sn) ] (sn) = q [Z(aﬂ”yn)t

sn€ESn t=0

(.

~~
Jvn,A

Here, Jq”;“’\ € R!S# whose entry Jq”g’k(sn) equals the total expected discounted reward ob-
tained from arm n under immediate rewards r7»* € RIS»| initial state distribution g,, and
policy v,, when the Lagrange multiplier is fixed at A. It is important to note the difference
between J“* that was defined in (1.21) and J*»* defined above. The former is defined over

RISl the latter is defined over RIS#l. We define the percentile optimization problem for each
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arm n € N as

*(\) = e 1.25
Yn(A) Jonax -y (A) (1.25a)

Pr, (T2 2 9a(V)) 2 B (1.25b)

As before, the percentile subproblem for arm n is equivalent to the SOCP

Yn(A) = max Z Tn(Sn; 1)(/%(571) - )‘) — @7(Bn) Z Z T (S, 1) (8], 1)On (50, 57,)

Snesn Snesn S,’rLESn
(1.26a)
Z SL’n(Sn, a”) —a Z Z p”(8”|s;w an)xn<8;ﬂm an) = QH(8n>7 Vs, € Sy
an€{0,1} sh,€Sn ane{0,1}
(1.26b)
Tn(Sn,an) >0, Vs, €S,,a, €{0,1}. (1.26¢)

Note that the terms x,(s,,0) and x,(s/,,0) do not appear in the objective function, because

they would be multiplied by a,, = 0 and a], = 0.

Proposition 1.4.2. The optimal value in the Lagrangian relazed percentile problem (1.22)

can be expressed as

SO =0 S ), (1.27)
neN

where yx(\) are the optimal values in problems (1.25) for arms n € N

Proof. Let x be a feasible solution to problem (1.24). Let

Ta(Snrln) = Y > a(s,a), V3, €S, a, € {0,1}. (1.28)

a€A|an=an sES|sn=358n

We show that this x,, is feasible to problem (1.26). It is clearly nonnegative, and hence feasible

to (1.26¢), because z is nonnegative by (1.24c). To check feasibility of z,, to constraint (1.26b)
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for s, we write,

an€{0,1} 3,,ESn a4n€{0,1}

PRI DECOELD DD S ACIENOE ID DD DR CL)
an€{0,1} alan=an s|sn=35n 3,,€Sn ane{0,1} alan=an s'|s), =8,

= Z Zx(s,a) — aZan(§n|s%,an)x(s/,a). (1.29)
s|sp=3n a€A s'eS acA

The expression above can be further simplified by observing, for any s’ € S and a € A, that

Z p(s|s’,a) = Z Z Z Z P(S1, -y Sn1,8m, Snils-- -5 Sn|s, a)

S|Sn:§n $1€871 Sn—1€Sn—1 Snt+1E€ESn+1 SNESN

= (anpn(§n|3;z) +(1— an)’yn@n’s;»

N
Z . Z Z . Z H (a;pi(si]si) + (1 — a;)vi(silsh))
$1E€S1 Sn—1€Sn—1 Sn+1€Sn+1 SNESN Z;?ll

1

J/

= (anpn(§n|3;z) + (1 — an)'yn(gnlsgz)) = pn(§n|3:w an).

Here, the second equality follows from (1.2). Substituting this into (1.29) yields

Z Zx(s,a)—&zz Z p(sls’,a) | z(s',a)

slspn==5, a€A s'eSacA \ s|sn=3n
= Z {Zx(s,a) —aZZp(s\s',a):c(s’,a)].
s|lsp=8n -“a€A s’'eS acA

Observe that this expression is the sum of constraints (1.24b) over all states s € S whose n'®

element equals §,, € S,,. Therefore, it equals the sum of the corresponding right-hand-sides,
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given by

PINOEEDS (ﬂ%(si)> = > | w6 ‘N a:(s:) —qn(én)ﬁ(z e 1)

5|5n:§n S|Sn:§n =1 5|5n:§n

i
i

A~

= Qn(sn)'

This is equal to the right-hand-side of constraint (1.26b). Therefore, feasibility holds.

Consider problem (1.26) for any fixed n. Its objective value includes two components.

The expected value part and the variance part. The expected value part is

Z Zn(8p, 1 ,un (8n) — ( Z x(s,a) (un(§n) — )\) (from (1.28))

$n€SH SES|sn=>58n aEA\an_l

Z x(s ,un (Sn) — )\)

acAla

Z ) (pn(5n) = A) . (1.30)
acA

07}

KIS

MM

The variance part is

D7 w0, Dan(s), 1)0n(50, 5,)

$n€Sn §,,€Sn

=503 1D SEED SIRTII D SHD DRTIRt] CXCWA

5nE€Sn 8,ESn | s€S|sn=>5n a€Alan=1 s'€S|sl, =58, a’eAlal,=1

=33 > > alsa)a(sa)Oulsn,s))

s€S s'€S acAlan=1a’€Alal,=1

= Z Z Z Z z(s,a)x(s, a)anal,©,(s,, s.,). (1.31)

s€S s'eSacAa’eA

Now, let z* be an optimal solution to (1.24) and let x be the corresponding feasible

solutions to problems (1.26), constructed as per (1.28). Thus, the optimal objective value in
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(1.24) is

y*(A)leaJrZ

neN

—®71(B,) Z Z Z Z z*(s,a)r* (s, a')ayal,©,(sn, s’n)]

seS s'eSacAa’eA

A
:l—a+z

neN

=N (Ba) [ DD (8, D8, 1) (80, 8, )] (from (1.30) and (1.31))

$nESn 3, €S,

Z Z 2 (s, a) (n(sn) — A)an

s€S acA

Z (30, 1)<Nn(§n) - >‘)

3nESn

A
< — “(A). .
<P nw (1.32)
neN
Here, the inequality holds because on the left-hand-side we have feasible objective values for

subproblems (1.26) but on the right-hand-side we have optimal objective values y(\).

Conversely, consider policies v € Q,, optimal for the decomposed Lagrangian relaxed
problems (1.25), for n € N. Construct a policy v* € Q for the original Lagrangian relaxed
problem (1.22) using the formula v*(s,a) = [] v:(sn,an), for all s € S and a € A. Since

nenN

this policy is multiplicatively separable and since the initial state probabilities ¢(s) equal

IT ¢.(sn), we have,
neN

Ty =T (1.33)
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for every realization of 7, and all arms n € A/. This shows that

A m A
* — v, > >
v 11— a eRaRer,eQ {Z Yn(A (Jq,n = y'n(/\)> > By, Vn € N}

> 1i\ NERN {Z Yn(A an(];p > yn()\)> > f,, Vn € N}

(feasibility of policy v*)

= i {Z UV [P, (T = (V) 2 B, Wn € /\/} (from (1.33))

y(A)eRN

e e It (1.34)

neN

Here, the last equality holds by optimality of policies v to problems (1.25), for n € N.
Combining inequalities (1.32) and (1.34) establishes the claim. O

Since Proposition 1.4.1 established that y*(\) > y* for any A € R, we attempt to find a
A that yields the smallest value of y*(A\). This would lead to the tightest upper bound on
y*. We substitute y(\) from (1.26) into formula (1.27) for y*(\) from Proposition 1.4.2. We

then minimize the resulting expression for y*(A) over A € R. This yields the problem

Z Zn(Sn, 1) (un(sn) — )\)

Sn€ESn

> wulsn, Drn(s), 1O (50, 5,) (1.35a)

SnE€Sn s, ESn

Z l’n Snaan - Z Z pn 3n|3n7an xn<3man) — Qn(sn) \V/Sn € Sn

an€{0,1} 5,,€Sn an€{0,1}

AER

Tn

min y*(\) = mm{

(1.35b)

Tp(Sn,a,) >0, Vs, €S,,a, € {0, 1}} (1.35¢)

Proposition 1.4.3. Using strong duality, the inner maximization problems in (1.35) can be
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replaced with their duals. As a result, problem (1.35) can be converted into the SOCP

I/{leilg Yy (\) = {n&r} 1o + Z Vv, (1.36a)
neN

(0,)2 fu + (1= aP,)V, > 1, — AT, VneN (1.36b)

[ fall2 < @71(Bn), Vn e N (1.36¢)

Vi 20, Vn e N. (1.36d)

Here, V and f denote the collection of decision variables {V;, }nen and { fu}tnen, where both
Vo, f € RIS

Proof. For simplicity, we focus only on the inner problem associated with one arm n € N.

The inner problem for arm n, which we view as the primal problem, is

max Z T (Sn, 1)(pn(sn) — /\) — o 1(B,) Z Z Tn(Sn, 1)Tn(s),1)O, (s, s1,) (1.37a)

Sn€Sn Sn€Sn s, ESn

Z Tn(Sn, ap) — Z Z Pu(snlsh, an)xn (s, an) = qu(sn), Vs, €S, (1.37b)
an€q{0,1} 51, E€Sn ane{0,1}
Tn(Sn,an) >0, Vs, € Sy, a, € {0,1}. (1.37¢)

ISnl with entries 2, (s,,0), for s, € S,,, as a shorthand notation.

We use column vector zy € R
Similarly, we fill column vector z; € Rl with entries x,,(s,, 1), for s, € S,. The matrix

form of the above primal problem is

max 1 (p, — A1) — ®71(5,) |02 21 |2 (1.38a)
Zo,T1
(I — Pz + (1 — a)xg = g (1.38b)
zo,z1 > 0. (1.38¢)

Here, column vector u, € RISl is comprised of entries tn(sn), for s, € S,; and matrix

P,, € RIS#¥ISn] stores the transition probabilities associated with pulling arm n. Since the
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objective function is concave and constraints are linear, this maximization problem is convex.

1
We introduce the variable transformation ©2x; = 2, € RIS"l and denote its associated
dual variable as f,, € RI*»I. The dual variable associated with constraint (1.38b) is denoted

by V,, € RISl The Lagrangian is

,C(l‘(), X1, 2n; Vm fn)

The Lagrangian dual problem is given by

min max  L(xzg, 1, 2, V,
Vi, fn £020,21>0,2n (70,21, 205 Vas fr)

= min (qZVn + max {—(1 — a)z{V, } + max {a:lT (/Ln — M - (I—aP,)V, — @éfn>}

Vi, fn z0>0 120

max { £z — @7 (5 2l } )
The value of the first inner maximization problem over z is

0 ifv,>0
max{ —(1— a)q;gvn} =
z0>0 .
+o00 otherwise.

Similarly, the value of the second inner maximization problem over z; can be written as

. L 0 if i, — AN — (I—aP,)V,, —02f, <0
mg)é{xf (,un — A —(I-aP,)V, — @%fn)} =
= +o00  otherwise.
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Lastly, the value of the third inner maximization problem in variable z, is given by

masc{ 172 = 07 ()l f = max{ 1 lellnlls = 7 (Bl
= msx{ (1l = 0760 |

0 i fulla—@7(Ba) <0

+00 otherwise.

Using these, the dual problem can be written as

‘r/ni]p -V, (1.39a)
(I —aP,)V, + O f, > i, — AT (1.39h)
[ falla < ®71(B,) (1.39¢)
Vi = 0. (1.39d)

Since the objective function of problem (1.37) is concave and all constraints are linear,
Proposition 5.2.1 in [10] implies that the duality gap is zero. This means that solving
problem (1.37) is equivalent to solving problem (1.39). This completes the proof. ]

Problem (1.36) has 1+2x > |S,| variables and 2 ) |S,,| + N constraints. Thus, its size
grows linearly with N. Contrggé\ifng this with the orﬁgGij;l/al exact SOCP (1.16), Lagrangian
relaxation has thus achieved an exponential reduction in problem size. In the next section,
we describe three methods to retrieve feasible arm-pulling decisions for the original percentile

MAB problem (1.13) in run-time, using an optimal solution to problem (1.36).

1.5 Recovering feasible decisions in run-time

Let A* € R; V¥ € RISl and f* € RIS+ for all n € AV, denote an optimal solution to problem

(1.36). Let y*(A\*) denote the corresponding optimal objective value. Suppose the MAB



26

problem is in some state s = (s1,...,sy) at some time-step t = 0,1,2,.... The decision-
maker then needs to select an arm to pull in this state. The next three sections describe

three competing approaches to achieve this.

1.5.1 One-step lookahead

Let 7, denote the probability of playing arm n. The immediate random reward earned upon
playing arm n is then 7,7, (s,) + (1 — 7,)0 = m,7,(s,). The next state for arm n then
equals s, € S,, with probability m,p,(s,|s,) and it equals s,, with probability (1 — m,). We
approximate the expected total discounted reward earned from all plays of arm n starting
from these states with V*(s!) and V*(s,), respectively. This means that the approximate

random total discounted reward earned from all plays of arm n equals

Tafn(sn) + 0 Y Tupa(shls0) Vi (s],) + (1 = 1) Vi ()
s €S
The idea in one-step lookahead is to find probabilities 7, for all arms n, that maximize the
sum of (§,-percentiles of these approximations. This idea is motivated by one-step looka-
head in dynamic programming, where value functions on the right-hand-side of Bellman’s

equations are replaced with their approximations [11]. This yields the problem

max Z Yn (1.40a)
neN

yeRN reRN c
Pr, o) (Tafn(sn) + @ 3 mupn(shlsa) Vi (50) + @l = m)Vii(s0) 2 9) = By Vm €N
s ES
(1.40b)
d m=1 (1.40c)
neN
T, >0, VYneN. (1.40d)
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Since 7,(s,) is univariate Normal, the (3,-percentile above can be written in closed form as
described earlier. After some algebraic simplification and dropping constant terms from the

objective, the above problem therefore reduces to the LP

max 3 o (pa(n) + 0 3 palsi Vi (51) — Vi (s0) = @7 () V/Oulon, ) ) (141a)

neN s;, €S

d m=1 (1.41D)

T, >0, VneN. (1.41c)

Observe that in this LP, it is optimal to set m, = 1 for any one arm with the largest value of

{,un(sn) +a Y pu(sh]sa)Vii(sh) — aVi(s,) — 27HBr)/On(sn, sn)}; and to set m, = 0 for
snES
all other arms. That is, it is optimal to play any one arm from the set

argmasc { i (s,) + @ D pals)]0)Vi (1) = Vi (50) = @7 (82)V/Bulsn,50) |-

neN s, €S

Thus, in this case, the recovered decision is of the deterministic index-type.

1.5.2  One-step lookahead with a single chance constraint

The one-step lookahead approach in the above section produces a feasible deterministic

action. To recover a potentially randomized feasible decision, we solve

max =z (1.42a)
zeR,meR

neN
T, >0, Vne N. (1.42d)
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Here, we have used the shorthand notations 5 = [][ 8., and
neN

J(u):ZVn*(un), Vu = (u1,...,uy) € S. (1.43)
neN

As an aside, we note that problem (1.42) is a relaxation of problem (1.40). In particular,
for any feasible solution y € RY, 7 € RY for (1.40), the solution z = >_ y, and 7 is feasible
to (1.42) with an identical objective value as in (1.40). Problem (TZQ) also has another
interpretation. If arm n is played in state s,, the immediate reward is 7,(s,) and then the
next state equals (s1,...,8,-1,5), Snt1,--.,Sy) with probability p,(s,|s,). The expression
in (1.43) approximates the expected total discounted reward upon starting in this state with

V¥(sh) 4+ > Vi (sm). This approximation is employed in constraint (1.42b) of the one-step
meN

m#n

lookahead problem (1.42).
Again, using properties of multivariate Gaussian random vectors, (1.42) simplifies to the

SOCP

max Z T (un(sn) +a Z Pu(8h180) T (81, -y S0yt sN)> —d71(B) Z 720,,.(Sn, Sn)

neN shES neN
(1.44a)
Y m=1 (1.44b)
neN
T, >0, VYneN, (1.44c)
if 6>0.5

1.5.8 Normalized decisions

Instead of using the optimal dual variable values V*, we can use the optimal values of

primal variables z} from problem (1.24) at A = A\* to recover feasible decisions for the

*
n’

original percentile MAB problem. Using these values of x}, we define the (unconstrained)
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probabilities of playing arm n in state s,, € S,, as

z} (Sp, 1)

. nal - )
Ta(sn: 1) 2% (5ns 1) + 27 (5n, 0)

Vs, € Sp,n € N. (1.45)

However, the probabilities of playing different arms should add to 1. We therefore define a
feasible randomized action via normalization as
Tl ype N, i YD mi(s5,1) >0,

D |
(s, 1) = { s2x 0 jen (1.46)

1 .
N otherwise.
Here, 7, (s, 1) denotes the probability of playing arm n.

1.6 Numerical results

The objective of our numerical experiments is to compare the above three methods to recover
feasible actions, and to conduct sensitivity analyses to gain insights into the effect of problem
parameters. Throughout this chapter, all convex programs were solved using the cvxpy

package on Python 3.8.

1.6.1 Comparison of decision recovery methods

Our simulation study included 5 sets of MAB problems with different number of arms and
states per arm. For each set of problems we generated 20 instances as follows. For each
arm, the initial state distributions ¢, and transitions probabilities P, were sampled from
a uniform [0, 1] distribution and then normalized. The expected rewards pu, were sampled
from the uniform distribution on [1,20]. To ensure that the randomly generated covariance
matrices were positive semi-definite, we first sampled an n x n matrix denoted by A, from
a uniform [—5, 5] distribution, for all n € /. The covariance matrix was then generated as
0, = A,.(A,)T.

Recall that the Lagrangian bound obtained by solving problem (1.36) is denoted by
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y*(A*). We use 4!, 92, and 93, respectively, to denote the estimated percentile values earned

by implementing the decision recovery methods described in Sections 1.5.1, 1.5.2, and 1.5.3.

These values were computed using the simulation process summarized in Algorithm 1. To

derive insights into the performance of the three decision recovery methods, we compared

them against a myopic decision approach, where an arm n € argrf\lfax{ tn(sn)} with the largest
ne

expected immediate reward is played in state s = (s1,...,sy). Its estimated percentile value

is denoted by g™yopic,

Since the one-step lookahead method in Section 1.5.1 and the myopic approach return
deterministic decisions, we ran a larger number of simulation threads for their evaluation in
the hope that a large variety of states were visited. For these two methods, we employed
M = 10,000 threads whereas for the methods in Sections 1.5.2 and 1.5.3 we used M = 1,000
threads. Each simulation thread contained either 40 time-steps (for discount factor e = 0.80)

or 175 time-steps (for a = 0.95), noting that 0.80° ~ 0.95'™ < 1074 [1].

Estimated percentile values, averaged over 20 instance within each problem set, are plot-
ted in Figure 1.1. Each problem set is identified by a pair (V,|S,|) on the z-axis. Recall
here that, N denotes the number of arms; and |S,,| denotes the number of states per arm,
assumed to be invariant across arms. The figure only includes results for a = 0.95 as the

qualitative patterns were similar when a = 0.80.
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Algorithm 1 Simulation to compare performance of decision recovery methods

Input: (i, On, Pn, Gn, Bn) for all arms n € N; number M of simulation threads; number T' of time-steps
per simulation thread; name of feasible decision recovery method

Solve the dual Lagrangian relaxed problem (1.36) to compute \*; V¥ y*(\*), for all n € N/

Using A*, solve the primal Lagrangian relaxed problem (1.26) to get values x}, for all n € A/

for n € A do
Sample a random reward vector r,, € RIS»| from the multivariate Normal(fy, ©,,) distribution
Sample initial state s, of arm n from the pmf ¢,

end

s¥ < (s1,-+,5N)

Initialize J3tored =[] for all arms n € N
for simulation thread m € {1,--- ,M} do

Initialize J,, = 0 for all arms n € N

for time-step t € {0,--- ,T — 1} do
if feasible decision recovery method = One-step lookahead then

Select an action 7 € argmax{un(sn) + a Y pa(shlsn)Vii(sh) — aVi(sn,) —
neN sl €S

@71(ﬂn) @n(snasn)}
end
if feasible decision recovery method = One-step lookahead with a single chance constraint then

B + mazx (0.5, I ﬁn>

neN
Compute an optimal pmf 7 to the SOCP (1.44)

Select the action n by sampling an arm according to 7

end

if feasible decision recovery method = Normalized actions then
Compute pmf 7 using equations (1.46)

Select action 7 by sampling an arm according to 7

end
if feasible decision recovery method = myopic then
Select an action 7 € argmax{ i, (s,)}
neN

end
Ju — Jp + Oét'rﬁ(Sﬁ)
Sample the next state s}, of arm 7 according to transition probabilities p; (s} |sq)

St+1 < (81, -+, S2—1,55, Sit1,-- -, SN)
end
for n € N do
Jstored append(J,,)
end
end

Estimate sum of percentile of rewards for the implemented decisions as " S3,-percentile(Jstred)
neN
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Figure 1.1: A comparison of the performance of four decision recovery methods against the
Lagrangian bound, averaged over 20 instances within each problem set.

Figure 1.1 shows that the one-step lookahead method with single chance constraint in
Section 1.5.2 and the myopic approach are dominated by the other two methods in all
problem sets. As the problem size increases, the gap between the Lagrangian upper bound
and the estimate of a lower bound provided by the feasible decisions increases. Furthermore,
while the normalized decisions from Section 1.5.3 exhibit the largest percentile values for
smaller problem sizes, the one-step lookahead method from Section 1.5.1 outperforms the
normalized decisions for larger problems. In the next subsection, we will perform additional
tests on smaller instances where we can compute the exact value of the percentile problem
to explore the root cause of these patterns.

Unlike the one-step lookahead methods, which involve solving an LLP or an SOCP at each
time-step, the normalized decisions from Section 1.5.3 do not require solving any optimization
problems in run-time. This speeds-up computation. Thus, normalized decisions are good
candidates in terms of both performance and run-time.

To test the effect of covariance matrices ©,, on the performance of the decision recovery
methods, we designed 3 experiments with different covariance magnitudes. In particular, en-

tries of matrices A,, described earlier were sampled uniformly from [—5, 5] for low covariance,
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[—20, 20] for medium covariance, and [—40,40] for large covariance. We fixed the discount
factor at @ = 0.80, and focused on a 5-armed bandit problem with 5 states per arm. Fig-
ure 1.2 shows the estimated percentile values averaged over 30 instances of these randomly
generated (5,5) MAB problems. The figure suggests that by increasing the covariance mag-
nitude, while the gaps between the Lagrangian bound and the decision recovery methods
increase, the dominance relationship between the decision recovery methods does not change.
In particular, the normalized decisions method outperforms the other decision methods at
all covariance levels. Again, in the next subsection, will perform experiments with smaller

instances of MAB problems to study the root cause of this pattern.

g = yr(A)
E 50 = - gl
° 7
b= 0f -
=

j=i gmyopi
4]

o =50

2.

— —100|

]

= 150t

E O

Z —200
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0 _a50t

f—

g

Z =300

Il Il Il
Low covariance Medium covariance High covariance

Figure 1.2: A comparison of the performance of four decision recovery methods against the
Lagrangian bound, averaged over 30 instances within each problem set. Each problem set
includes randomly generated (5,5) MABs at one specific level of covariance.

1.6.2 Additional tests on smaller MAB instances

We performed additional tests on MAB problems of smaller sizes, wherein the percentile
problem (1.16) can be solved exactly to obtain its optimal value y*. Similarly, decisions
prescribed by any one of the three methods in Sections 1.5.1-1.5.3 can be calculated in every
state of the MAB problem to construct a corresponding policy. Formula 6.9.3 in [70] can

then be applied to calculate the corresponding values of x(s, a) for every state s and feasible
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action a for the MAB. By substituting this into problem (1.16) as a feasible solution, we then
obtain the value of the policy under consideration. Similarly for the myopic approach. We
denote the exact values of the four decision methods obtained this way by !, y?, 3?3, y™°opic,
respectively. The purpose of these experiments is to better-compare the decision recovery
methods by eliminating any estimation errors introduced by the simulation process.

In all experiments, the discount factor was set at a = 0.80. To study the effect of the
rewards’ mean and covariance, 6 groups of experiments were designed using 2 levels of mean
and 3 levels for covariance values. In particular, the expected rewards were sampled uniformly
from [1,20] for the low mean case and from [100, 200] for the high mean case. Furthermore,
entries of matrices A, described earlier were sampled from the uniform [—5, 5] distribution
for low covariance, uniform [—20, 20] for medium covariance, and uniform [—40, 40] for large
covariance.

To evaluate the quality of bounds provided by various methods, we define a metric called

Optimality Gap Ratio (OGR) as

i_yi—yo - .
OGR' = = 5 x 100, 7 = 1,2, 3, myopic
y —
*/\* 0
ocr? = YA =V g
y -y

Here, y° denotes the objective value of problem (1.16) associated with the policy of playing
an arm drawn uniformly at random, in all states. This metric shifts and scales the bounds
such that the OGR of 3° would be 0 and that of y* would be 100. As such, OGR values
close to 100 are better than values far from 100. Also observe that OGR* > 100 because
y*(\*) > y*. Figure 1.3 shows the results of these 6 simulation studies, averaged over 20
instances within each problem set.

Figure 1.3 shows that the normalized decisions method from Section 1.5.3 is the most
robust against the rewards’ means and covariances, as well as problem sizes. A comparison
of sub-figures in the same row suggests that an increase in the magnitude of rewards’ mean

improves the quality of the lower-bounds provided by the one-step lookahead method and the



35

= OGR" -= OGR”
- OGR! - OGR!
o 200|-® oGR? 1 o 200|-® oGR? 1
% - OGR® % - OGR®
ot 150 -0~ OGR™ P i ot 150 -0~ OGR™ P i
= =
© 100 - PEpmanragrrn g 12 1007 e :
E 50} ] é 50} ]
Y S-S S ]
5L 5L
(22) 32 (“2) (62 B3 (“3) (44 (63 22) 32 (“2) (62 B3 (“3) (44 (63)
(a) Low mean-Low covariance (b) High mean-Low covariance
D B e — 250 [
-+ OGR! - OGR!
o 200|-e ocr? 1 o 200|-» oGr? ]
15 -+ OCR? 4? -+ OCR?
D:: 150 - OGR™°P* i QE 150 - OGR™°P* N
jon) joh)
T <
B L | ot i St A 2 100f-ee Gzt g
2 2
o o 1 R e -
—50 e e S S S S B e H S St
(22) 32) (420 (2) (33 (43) (44) (63 (22) 32) (420 (2) (B3 (43) (“4) (63
(¢) Low mean-Medium covariance (d) High mean-Medium covariance
05 oere [ ‘ ‘ ‘ ‘ ‘ ‘ 05 oere [ ‘ ‘ ‘ ‘ ‘ ‘
- OGR! - OGR!
o 200|-e oG 1 5 ®  OGR? 1
= - OGR® E= -+ OGR®
& 150 -8~ OGR™eric | ~ —o- OGR™epic |
o, o,
< <
I 1 | ettt ST S 12 :
E E 1
2 2
S S ]
—50 e, e 5L
(22) (32) (42) (52) B3 (*3) (44) (63) 22) 32 (“2) (62 33 (“3) @4 (63
(e) Low mean-High covariance (f) High mean-high covariance

Figure 1.3: Optimality Gap Ratio (OGR) values for 6 experiments with various mean and co-
variance levels. The x-axis identifies distinct problem sets with their sizes (N, |S,,| for each n).
The OGR values were averaged over 20 instances for each problem set.
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myopic approach, when the covariance is fixed. On the other hand, comparing sub-figures
in the same column reveals that an increase in the rewards’ covariance deteriorates the per-
formance of the decision recovery methods, when the rewards’ means are fixed. Specifically,
the one-step lookahead method with a single chance constraint performs even worse than
the baseline method in many problem sets when the mean is low and covariance is either
medium or high. One possible explanation for this is that these two methods treat future
rewards as being fixed thus ignoring their variability.

Plot 1.3b shows the case where the relative magnitude of the mean values to the covariance
values is the highest, among the 6 sub-figures. Therefore, that experiment is the most similar
to a deterministic MAB problem. The results in this sub-figure suggest that all three decision
methods perform very well and better than the myopic approach, compared to the other five
sub-figures. Lastly, the trend of OGR values in each sub-figure suggests that increase in
problem size adversely affects all methods. However, the normalized decisions method from
Section 1.5.3 appears to be the most robust in this regard as well.

Similar to Figure 1.2 from Section 1.6.1, Figure 1.3 also suggests that the normalized
decisions method from Section 1.5.3 outperforms the other methods at all covariance levels.
Furthermore, unlike Figure 1.1, which shows better percentile values for the one-step looka-
head method compared to the normalized decisions approach, results in Figure 1.3a suggest
that the latter method is the most reliable in terms of OGR values when the problem size
increases. A possible cause for this can be overestimation of the lower bound provided by
the one-step lookahead actions in Figure 1.1 which is caused by simulation error due to

insufficient number of simulation threads.
1.7 Extension to weakly coupled MIDPs

Weakly coupled MDPs [1, 50] are a generalization of MABs discussed thus far in this chapter.
In a weakly coupled MDP, several otherwise independent MDPs, called sub-MDPs, are linked
via constraints on their joint actions. The rewards are additively separable and the transition

probabilities are multiplicatively separable over the sub-MDPs.
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A generic weakly coupled MDP can be described as follows. Suppose there are N sub-
MDPs, where S, denotes the state space of the n'* sub-MDP. For every state s, € S, the
action space of the n'® sub-MDP is denoted by A, (s,). When action a,, € A,(s,) in selected
in state s, € S,, the n'® sub-MDP transitions into a new state s/, € S, with probability
(80 |Sn, @) and the decision maker receives a reward 7,(s,,a,). The state space of the

N

N

weakly coupled MDP is § = X S,. The action space in state s € S is A(s) = X A, (sn).
n=1 1

n=
Transition probabilities and rewards for state s € S under action a € A(s) are given by

N N
p(s'ls,a) = [] pu(s,|Sn, an) and r(s,a) = > rn(sn,a,). The joint actions of the sub-MDPs

n=1 n=1

are, however, restricted by a set of linking constraints defined as é\[: D(s,, an) < by, for
m € {1,---, M}. These can be viewed as a set of M resource consurr;Lp:tlion constraints, where
by, is the amount of resource m that is available and where D7'(s,, a,) denotes the amount
of resource m consumed by the n'" sub-MDP when action a,, € A, (sy) is selected in state

_ N
$n € S, The set of feasible joint actions in state s € Sis A(s) = {a € A(s)| X Dit(sn,an) <
n=1

by, Ym € {1,--- | M }} In the special case of MAB problems, each arm represents a sub-
MDP and the linking constraint is that only one arm can be played at a time. We will
demonstrate that our results for MAB problems can be extended to the broader class of
weakly coupled MDPs. This will expand the applicability of our work to various scheduling,
resource allocation, queuing, supply chain, and restless bandit problems [1, 6, 14, 34, 44, 45,

46, 50, 66, 67, 68, 85].

We begin by introducing the sets

A= sgsA(8> S(a) ={s € Sla € A(s)}
A= sgs.,[l(s) S(a) = {s € Sla € A(s)}
A, = SnLeJSnAn(sn) Sn(ay) = {s, € Spla, € A(sn)}-

Similar to MAB problems, a randomized policy p assigns probabilities p(s,a) of selecting

feasible joint actions a € A(s), for each s € S. The uncountable set of all such randomized
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policies is denoted by P. The transition probabilities under a randomized policy p € P are

given by

P(sIs) = 3 pls,a)p(s)s,a). (1.47)
acA(s)
Similarly, the expected immediate reward earned in state s € § under a randomized policy

p is given by
rP(s) = Z p(s,a)r(s,a). (1.48)

We let 7 € RIS denote the column vector with entries r°(s), for s € S. For a feasible action
a € A, we will also use p, € RIS to denote the column vector containing values of p(s,a) for
all s € S(a), and 0 for s € S\ S(a). Similarly, we will use r* € RIS to denote the column
vector containing values of r(s,a) for s € S(a), and 0 for s € S\ S(a). The reward vector

r? can be written in matrix form as

rf = Z diag(pa)r® = Z Z diag(pa ). (1.49)
acA ac AneN
Here, ¢ € RISl contains the rewards earned from the n'® sub-MDP upon taking action a € A

for states s € S(a), and 0 for s € S\ S(a).

Similar to MAB problems, the expected total discounted reward for a randomized policy

p € P can be written as
Jl=q" [Z(aPp)t] rf. (1.50)
=0

Substituting for 7” from (1.49), we get

Jy = q" [Z(aPp)t] Z Z diag(pg)re = Z q" [ (ozIP’p)t] Zdiag(pa)rfl = Z I

t=0 ac AneN neN acA neN
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Here, J/, denotes the expected total discounted reward earned by policy p from the nth

sub-MDP when the initial state distribution is q.

Now suppose that the immediate rewards of all actions a, € A,, in all sub-MDPs follow
multivariate Gaussian distributions. That is, 7, ~ Normal(uan, @an), where j1,, € RIS#(an)l
denotes the mean reward vector and ©,, € RISt(@)xISuan)l denotes the covariance matrix
of immediate rewards obtained by selecting action a, in the n' sub-MDP. Throughout
this section, for simplicity of notations and formulations, we consider the case where the
immediate rewards across actions in a sub-MDP are independent. However, the results of
this section can be easily extended to the case where immediate rewards of different actions

in a sub-MDP are correlated.

We now formulate the percentile weakly coupled MDP problem as

w = a n 1.51a
Yo ye]lgfl\’,/}fep nz 4 ( )
P, (Jé’,n > yn) > B, VneEN. (1.51b)

This is the counterpart of the percentile MAB problem (1.13). Using the same ideas as in

Section 1.3, we can reformulate this percentile problem as the SOCP

max Z {Z Z ta, (8n)2(s,a) — @ H(B,) Z Z Z Z x(s,a)x(s’,a’)@an(sn,s;)}

neN | s€S acA(s) SE€ES s'€S acA(s) a’€A(s")|al,=an
(1.52a)
Z (s,a) —« Z Z (s]s',a)z(s’,a) = q(s), VseS (1.52b)
acA(s) s'€S ac A(s’)
z(s,a) >0, Vse€S,ac Als). (1.52¢)

This is the counterpart of the SOCP (1.16) for the percentile MAB problem. Problem (1.52)
has > |A(s)| variables and [] |S,|+ > |.A(s)| constraints, where >~ |A(s)| can be as high as

seS neN seS s€S
[T > Au(sn)| Therefore its size is exponential in /V, which renders it computationally
neEN sn€Sy
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challenging to solve.

To alleviate this curse of dimensionality, we define a Lagrangian relaxation by removing
the coupling constraints and adding them to the immediate rewards. The action space in
state s € S of the deterministic Lagrangian relaxation problem is A(s). Let A be any vector
of Lagrange multipliers in RY. In the Lagrangian relaxation, the reward earned in state

s € S by choosing action a € A(s) is denoted by 7 (s, a) and is given by

N N N
(s, a) = Zrn(sn, an) + (b — Z Dy (5, a,)) = NTb + Z <7’n(sn, an) — AN'Dy, (s, an)>
n=1 n=1 n=1 ~~ -

A (sp,an)

= Ab+1r(s,0).

Here D, (s,,a,) denotes the M-dimensional column vector containing values of D(s,,a,)
form =1,..., M. A relaxed randomized policy v assigns probabilities v(s, a) to joint actions
a € A(s). The uncountable set of all such randomized policies is denoted Q. The transition

probabilities and immediate reward under policy v in state s € S are defined as

P,(s'|s) = Y _ w(s,a)p(s]s,a) (1.53a)

a€A(s)
rA(s) = Z v(s,a)r*(s,a) (1.53b)
aCA(s)
Let P, € RISIXISI and r»* € RIS denote the transition probability matrix and immediate
reward vector under relaxed randomized policy v. For each action a € A, the column vector
r@* € RISl contains the values of 7 (s,, a,) for all states s € S(a), and 0 for s € S\ S(a).
Furthermore, let v, € RISl denote the column vector comprised of values v(s,a), for all

s € S(a), and 0 for s € S\ S(a). The expected total discounted reward of policy v € Q can
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be written as

[e.o]

ATy

=0

VA )\Tb T : A
JIN=——+4¢q Z Z diag(v,)r

neN acA

> T
Z(aﬂ%)t] = 20

t=0

)\Tb T - t : a,\
=1—a nENq [Z(a]?l,)] Zdlag(ya)rn’ =

t=0 acA neN

Here, J2 denotes the expected total discounted reward from the n'™ sub-MDP when the
initial state distribution is ¢ and the immediate reward vector is r** under the relaxed

randomized policy v.

The Lagrangian relaxation of the percentile problem (1.51) is then given by

. b
yr(A) = max Z Yn(A (1.54a)

1— a A)eRN veQ

P, (Jg,j >y (A )) > B, VneN. (1.54b)

This is the counterpart of problem (1.22). Again, using properties of the multivariate Gaus-

sian distribution, this Lagrangian relaxed percentile problem can be written as the SOCP

Tog tmax ) { Yo D (Hau(sn) = ATDu(sn, an))a(s, )~
neN \ seSacA(s)
Z Z Z Z I(S,a)I(S/,a’)@an(sn’5;1)} (155&)

s€ES s'€S acA(s) a’ €A(s")|al,=an

Z (s,a _O‘Z Z (s|s',a)z(s',a) = q(s), VseS (1.55b)

a€A(s) s'€S acA(s’)

z(s,a) >0, VseS, aec Als). (1.55¢)

This is the counterpart of problem (1.24).

Let v,, denote a randomized policy for the n'® sub-MDP. That is, v,(sp, a,) is the prob-
ability assigned to a, € A,(s,). We denote the uncountable set of all such randomized

policies for the n'" sub-MDP by Q,,. Let P, € RIS#[xISnl and y¥nr € RISl denote the transi-
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tion probability matrix and reward vector induced by policy v, € Q,, where their components
are defined similar to equations (1.53) for a fixed sub-MDP. In each sub-MDP n € N, the

expected total discounted reward earned in state s, € S, under the randomized policy v,

Vn,

when the initial state distribution is ¢, and the immediate reward vector is r’=*, is given by

Jumt = Z Gn(80) TN (s,) = ¢ [Z(a]}”%)t] e,
SnESn t=0

As in Section 1.4, it can be shown that the optimal value in the Lagrangian relaxed percentile

problem (1.54) can be expressed as

=2 S e ) (1.56)
o C1-a neNyw’n 7 .

where y;;, ,(A) is the optimal solution to the following sub-problem

Yuu(A) = max _ y,(A) (1.57a)

yn(A)aVnGQn

Pr,, (02 2 (V) 2 B (1.57b)

Using the same logic as in the proof of Proposition 1.4.1, we can show that y (\) >y, for
any A € RY. Writing each sub-problem (1.57) in SOCP form and then combining it with
the problem of finding the best upper bound yields

min y5 (\)

M
A€RY
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Z Z (ﬂan(Sn) - )\TDn(Snyan))zn(Sn;an)

= min
)\ERM Tn
neN SnE€Sn G«neAn(Sn)

Z Z Z xn(3n7an)xn(5{man)®an (STL’S;L)

SnESn 85, E€ESn an€AL (sn)NAR(s],)

(1.58a)
Z xn(sny an) -« Z Z pn(8n|5{n,an)$n(3;7 an) = Qn(Sn)7 vsn S Sn
an€A,(Sn) 51, €S8n an€AL ()
(1.5812))
Tn(Sn,an) >0, Vs, € Sp,ay, € An(sn)}. (1.58¢)

This is the counterpart of primal problem (1.35).

We can replace the inner maximization problems in (1.58) above with their duals. Strong

duality then implies that problem (1.58) is equivalent to

min ($n)Vn(sn) (1.59a)
AeRY

Vv, eRISnl
fn(an)e]R\Sn(‘lnH

neN sp, €S,

Vi(sn) — Z pn(SHSn’an)Vn(S;l)

sl ESy

1
+ > 02 (sn,50) fnlan, 8,) = fia, (5n) = A Dn(sn,an), Vsn € Spyan € An(sn),n € N
s’ €Sn

(1.59b)

> falan)l3 <71 (Ba), Vn e N. (1.59¢)
an €A,

This is the counterpart of problem (1.36) from Proposition 1.4.3 and it is derived using

the same logic. Observe that problem (1.59) has M + Z ISe| + > >° | An(sy)| variables
neN sn€Sn
and N + > > |A,(sy)| constraints. Thus, the 81ze of (1.59) grows only linearly with
neEN sn€Sn
the number of sub-MDPs — an exponential reduction compared to (1.52). It remains to

recover feasible decisions for the percentile weakly coupled MDP using the solution of the

Lagrangian relaxation.
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We denote optimal values of decision variables in the Lagrangian relaxed percentile weakly
coupled problem (1.59) by A* € R¥ and V¥ € RIS for all n € V. Recall that the size of
the set of feasible actions in an MAB problem is simply equal to IV, the number of arms.
However, in a weakly coupled MDP, the set of feasible actions, which is denoted by A(s), for
each s € §, is not readily available. For the generic weakly coupled MDP discussed in this
section, finding this set of all feasible actions amounts to finding all feasible solutions to a
generalized multi-dimensional knapsack problem — an intractable task in general. Therefore,
direct extensions of decision recovery approaches for MABs, which assume that the set of
feasible actions is known, does not appear viable. We propose the following alternative
methods for recovering feasible decisions in run-time. These methods do not need the set of

feasible actions.

1.7.1 Deterministic one-step lookahead with Bellman’s equations

When the weakly coupled MDP is in state s = (sq, -, sy), this method replaces the imme-
diate rewards of each sub-MDP with their expected values p,(s,), and the future rewards
by V¥(sy). This results in a deterministic weakly coupled MDP, where deterministic feasible

action a € A(s) is recovered using the following Bellman’s equation

G = argmax [Z (,uan(sn) +a Z pn(3;|sn,an)V;(s;)>] : (1.60)

a€A(s) neN Sn€Sn

We solve this using the integer program
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maxz Z n(an) | fa, (Sn) + Z P (8) |80, an) V. (S)) (1.61a)

neN anE.An(Sn) SnESn
> DR(snan)za(an) < b, Vme {1, M} (1.61b)
neEN an€An(sn)

Z znlay) =1, VYneN (1.61c)
CLneAn(Sn)
zn(an) € {0,1}, Va, € A,(s,),n € N. (1.61d)

This is a generalized multidimensional knapsack problem where integer variable z,(a,)
takes value 1, if action a, is selected. Constraint (1.61c) restricts the number of actions
selected for each sub-MDP to 1, resulting in a deterministic action for the weakly coupled
MDP. The knapsack constraints (1.61b) are the coupling constraints that ensure the selected

action @ is in the set of feasible actions A(s).

1.7.2  Deterministic one-step lookahead with modified Bellman’s equations

This method treats immediate rewards earned from the n'" sub-MDP as Normally distributed
random variables, but approximates future rewards with V,*. It then aims to select a feasible
action with the largest sum of 3,-percentiles from all sub-MDPs. This problem can be stated

as the chance-constrained program

max Z Yn (1.62a)

yERN ac A s)

Pr, (s) | Tan(8n) + Z Pn(SI8n, an)VE(S) >y | = Bn, VR eN, (1.62b)

S GSn
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which is equivalent to the modified Bellman’s equation

4 = argmax Z (,uan(sn) — ®7(B.)VOu, (81, 80) + Z P(Sh|5n, a,ﬁVJ(s%))

acA(s) neN shESR

This problem can be solved via the integer program

max) Y 2 [uan(sn) O (B1)V/Ou, (Sn, 5n) + @ Y pulShy|sn, an) Vi (s),)

neN a,€An(sn) apr
Z Z D;Ln(sna an)zn(an) S bm, Vm - {]_7 e 7]\4}
neN an€An(sn)
S ala) =1 VneN
anGAn(sn)

zn(an) € {0,1}, Va, € A,(s,),n € N.

This is also a generalized multi-dimensional knapsack problem with constraints identical to
problem (1.61). The objective function here, however, includes the extra covariance terms

in the coefficient of z,(a,).

1.7.3 Deterministic actions by estimating the distributions of future rewards

By splitting the expected total discounted reward of a policy p into sum of immediate and
future rewards, when the initial state is s = (s1,---,sxy) the weakly coupled percentile

problem (1.51) can be rewritten as

Y, = Imax Zyn (1.63a)

yeRN peP

Pr,, (14(5) + D Po(s’ )2 ya) = o YR EN. (1.63b)

s'eS

Here, (s) = > p(s,a)rn(sn, a,), and Jf(s') denotes entry s’ of Jf, defined earlier, when
acA
¢ is the unit vector whose s’ component is 1. Note that when rewards are random, for any
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policy p € P, both r?(s) and Jf are random variables. Unlike the previous two methods,
which replace future rewards J?(s') by constants, in this method, we approximate their
distributions using the solution of the Lagrangian relaxed percentile problem. Let 7 denote
an optimal policy for the Lagrangian relaxed percentile problem (1.58) for sub-MDP n € .
[ts associated (random) value function is denoted by Vi, We approximate the distribution of
JP(s') in (1.63b) by the distribution of V;7* (s',). Furthermore, we solve the percentile problem
(1.63) only over the set of deterministic actions. Therefore, for a feasible deterministic action

a € A(s), the (random) expected future rewards from the n'" sub-MDP are replaced by

Y op(ss,a)Vir(s) = e Y [ pi(silsi an)Vi(s,)

s'eS s1€S81 s ESN ieN
= D palshlsn, an) Vi (sh) Y - > > > T pitsilsi i)
s5,€Sn EASS 55, 1€Sn—1 85,1 1€Sn+1 s ESN iﬁ/x
A g

-~

1

= Z Pr(8hl8n, an)vnﬂz (57.)-

sheSn

This results in problem

max Z Yn (1.64a)

RN acA(s
ye ,ae neN

Pro | Fan(sn) + @ Y Du() |50, an) Vi (s)) = yn | = Bay Vn €N (1.64b)

51,ESn
Y
The optimal policy for problem (1.58) is given by 7% (sp,a,) = 52(8"‘;2?271 - Recall

an€An (sn)

that the value function of 7, can be evaluated using the matrix multiplication Vi = (I —
aP..)~tr™, where r™ € RIS»l and P, € RIS#[XIS: are the immediate rewards and transition
probability matrix associated with the (randomized) policy 7 defined according to equations

(1.49) and (1.47). Since the immediate rewards are Gaussian, the distribution of V;* € RIS
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V7~ Normal | (I— aPry )~ p™, (I— oPL) O™ (I - aPr ) |,

J/

Vv TV
EVy] Cov[V;¥]

where ;™ € RIS7l and ©™ € RIS#xI1S:| are defined using the definition of immediate reward

of a randomized policy (1.49) as

Y diag( e,

Qan E.An (Sn)

Q™ = Z diag(7, )O,,diag(m, ).

an€An(sn)

By disregarding the covariance of immediate and expected future rewards, distribution of

the random variable Y;, in (1.64b) is approximated as
Y,, ~ Normal (,uan (50) + apn(5n, an) ' E[VH], O, (51, 80) + &P, an) T Cov[V¥|pn(sn, an)) .

Here, p,,(sn, a,) denotes the column vector containing values of p, (s, |s,, a,) for all s/, € S,,.

Problem (1.64) can then be reformulated as the integer program

max Z Z {uan(sn) + app (s, an) E[V]

neEN an€An(sn)
“H(Bn)V Ou, (8 ) + @2Dn (50, an)TCoVIV,]pn(sn, an)
(1.65a)
Z Z D'rT(‘Snaan)Zn(an) S bm7 vm € {17 ,M} (165b)
neN an€An(sn)
Y zula) =1, VneN (1.65¢)
anEAn(Sn)

zn(ay) € {0,1}, Va, € A,(s,),n € N. (1.65d)
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The feasible region of this problem is the same as those in the previous two sections. The
coefficient of z,(a,) in the objective function, however, includes extra terms within the

covariance expression.

1.7.4 Decomposable randomized one-step lookahead actions

To allow for randomized actions, we first adjust the above method by eliminating constraint
(1.65¢), which restricts the number of actions a, with z,(a,) = 1 to exactly one. For every
such feasible solution z and each sub-MDP n € N, let A, = {a, € An(s,)|2(a,) = 1}.

Given that we are only allowed to select one action per sub-MDP, we assume that every

feasible z is associated with the randomized action of assigning probability to each a,

1
[An|
with z,(a,) = 1. This implies that the total number of possible joint actions for the weakly

coupled MDP resulting from a feasible solution z would be [] |A,|. To ensure that all
neN

of the possible resulting joint actions satisfy coupling constraints, for each resource m, we

modify constraint (1.65b) to restrict sum of the largest possible resource consumption over

all sub-MDPs. This yields the integer program

Y P ) (50) + o) BV

nEN an€An(sn)

— 1BV Oun (Sns 81) + 2Dy (80, an)TCov[VE|pn (50, an)
(1.66a)

max [D(sp,an)] < bp, Yme{l,--- M} (1.66Db)
neN dnEAn

zn(ay) € {0,1}, Va, € A,(s,),n € N. (1.66¢)
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To write (1.66b) as a linear constraint, we introduce variables ¢ (s,) for all n € N and

m € {1,---, M}. Constraint (1.66b) is then replaced by

> g (sn) b, Vme{l,-- M}
neN

D" ($py an)zn(an) < g (sn), Va, € Au(sn).

1.7.5 Numerical results

In this section, we test performance of the above four decision recovery methods. We did
this for 4 problem sets, each comprised of 20 randomly generated instances. In all instances,
the discount factor was fixed at a = 0.8. Each simulation included 1000 threads. Each
thread included 40 time-steps. Percentile values of various decision recovery methods were

estimated via a simulation process similar to Algorithm 1.

In all our experiments, we assumed that |S,| is invariant across sub-MDPs n. We also as-
sumed that A,(s,) = A,, for all s, € S,. In the n'® sub-MDPs, the initial state distribution
qn, the transition probabilities, the expected rewards p,,, and the covariance matrix ©,,
were generated exactly as in Section 1.6. Each problem set is represented by a tuple (N,|S,|,
|A,|, M). The coupling constraints were defined as D™ (s,,, a,) = d™ x a,,, where actions a,,
are assumed to be integers from the set A, = {0,--- ,|A,| — 1}. The left hand side parame-
ters d"* were sampled from a uniform distribution over the interval [0,20]. Following Chu and
Beasley [30], the right hand side parameters b,, were set to > d™ X (|A,|—1) X €, where € is
called the tightness ratio. Tightness ratios were selected frgfrjlv e € {0.25,0.50,0.75}. Results

are presented in Table 1.1.
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Problem Set
N Sa| [Aa] M e y" Uh 9 UK 9
3 3 3 2 0.25 155.693 106.785 107.483 106.989 78.844
0.5 169.597 134.036 134.297 135.24  88.359
0.75 173.184 148.828 147.59 147.86  89.254
4 4 4 3 0.25 214919 150.485 149.763 151.594 96.776
0.5 239.816 191.363 190.189 193.556 100.423
0.75 242.04 202.84 202.11 205.445 107.125
6 4 4 3 0.25 335936 260.099 259.701 262.594 152.963
0.5 366.52 305.818 305.189 308.005 165.877
0.75 367.701 312.924 314.041 316.28 164.124
8 5 5 3 0.25 472338 376.338 377.77 380.711 209.301
0.5 521.96 433.111 435.307 438.362 218.513
0.75 522977 439.38 443.607 448.047 227.233

Table 1.1: Average estimated percentile values of four decision recovery methods from Sec-
tions 1.7.1-1.7.4. These are denoted by #', 72, §, and §*, respectively. The notation y
represents the average optimal value of the Lagrangian relaxed percentile problem (1.59).
All averages were calculated over 20 randomly generated instances for each one of the 4
problem sets.

The table shows that §* is dominated by ¢!, 92,93, in all problem sets. While the three
deterministic decisions from Sections 1.7.1-1.7.3 seem to be comparable in terms of percentile
values, a closer inspection reveals that §* dominates 7', 92, as the problem size grows. Fur-
thermore, increasing the tightness ratio increases the percentile values for all methods in
the same problem set. This is consistent with the definition of the tightness ratio — higher
tightness ratios allows for larger sets of feasible actions. The tightness ratio does not appear
to have a big impact on the relative performance of the four decision approaches. In con-

clusion, given that the three deterministic decision methods have comparable computation
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times, the method from Section 1.7.3 appears to be a good candidate.
1.8 Conclusions

In this chapter, we studied the classical multi-armed bandit problem with multivariate Gaus-
sian rewards. We pursued a percentile optimization approach wherein the goal was to max-
imize the sum of individual (,-percentiles of expected total discounted infinite-horizon re-
wards earned by playing distinct arms. This problem is equivalent to an SOCP, whose size is
exponential in the number of arms. We therefore proposed a Lagrangian relaxation method
to break the resulting curse-of-dimensionality. We showed that the optimal value of the
relaxed problem provides an upper bound on the exact percentile problem. Moreover, we
demonstrated that the relaxed problem can be reformulated as another SOCP using strong
duality. The size of this SOCP is linear in the number of arms, and is thus exponentially
smaller than the original exact SOCP. Two one-step lookahead methods as well as a nor-
malization method were proposed to recover decisions in run-time using offline solution of
this Lagrangian relaxed SOCP. The performance of these methods was compared via numer-
ical experiments. These experiments showed that the normalization method achieves higher
percentile values on average. It also maintains this performance advantage over a range of
mean vectors and covariance matrices for the multivariate Gaussian rewards. As such, it
is the most robust among the three methods. We then extended the Lagrangian relaxation
approach to the more general class of weakly coupled MDPs. We proposed three determin-
istic methods and one randomized method to recover feasible decisions in run-time using
an off-line solution of the relaxed problem. Numerical experiments showed that while the
three deterministic methods perform similarly, the third method outperforms the other two
in terms of percentile values for larger problems. Applying these decision recovery methods
to weakly coupled MDPs that arise in problems such as scheduling, resource allocation, and

restless bandits, will provide an interesting direction for future research.
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Chapter 2

INVERSE MARKOV DECISION PROCESSES WITH
UNKNOWN TRANSITION PROBABILITIES

2.1 Introduction and literature review

Conventional optimization problems aim to find reward-maximizing values of decision vari-
ables given the values of a model’s parameters. This is called forward optimization. Inverse
optimization, on the other hand, refers to the problem of determining the model’s parameters
using given values of decision variables [2, 52, 53]. Two approaches are typically pursued:
search for parameters that are, in some sense, close to nominal “guess” values [2, 53]; or
search for parameters that minimize some measure of sub-optimality for the given solution
[13, 24]. The inverse optimization philosophy is applicable in two types of situations. The
first is where it is difficult or impossible to estimate parameter values, but a particular de-
cision is implemented in practice nevertheless. The practitioner then wonders about the
“implied” parameter values. This is often the case in medicine, for instance, where pa-
rameters that characterize a patient’s response to treatment or the utility of various health
conditions are unknown. Nevertheless, doctors routinely make treatment choices and may be
interested in imputing these parameter values [35, 40]. Such implied parameter values can
help them test the validity of their decisions and perform comparative analyses. The second
is where a planner wishes a desired solution to materialize, and is wondering what values of
model parameters would achieve it. This is the case in transportation congestion pricing, for
instance, where planners wish to see a particular traffic pattern and need to determine what

tolling mechanism would attain it.

Inverse optimization was studied first by geophysicists [62, 64, 75, 86]. Other appli-

cations of inverse optimization include transportation [32, 33], demand management [23],
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auctions [8], production planning [77], healthcare [7, 27, 35], and finance [12]. The mathe-
matical programming community has worked on inverse problems for shortest paths [20, 21],
finite-dimensional linear programs (LPs) [2, 25, 76], infinite-dimensional LPs [39, 41], conic
programs [53], combinatorial optimization [52], network optimization [65, 87, 88|, multi-
objective optimization [26, 24, 37, 60, 71], integer programs [72], mixed-integer programs
[81], separable convex programs with linear constraints [89], polynomial optimization [55],

and machine learning/statistics [28, 74].

In this chapter, we study inverse optimization in the context of infinite-horizon Markov
decision processes (MDPs) [70]. MDPs are commonly used to model sequential decision-
making problems under uncertainty in many areas such as revenue management, healthcare,
robot navigation, supply chain management, transportation, asset management, inventory

control, and queuing systems. See [16] for an extensive list of classic and modern applications.

MDPs can be described as follows. At each time-step ¢ € {0,1,2,---}, a system is
in some state s € &, where S is a finite set. After observing this state, the decision-
maker chooses an action a € A, where A is a finite set. The decision-maker then receives
an immediate reward r(s,a). The system then transitions into a new state s’ € S with
probability p(s’|s,a). For simplicity, we focus on the case where immediate rewards r(s, a)
do not depend on transition probabilities p(s'|s, a). However, all our results can be extended
if r(s,a) = > p(ss,a)r(s'|s,a), where r(s'|s,a) is the immediate reward earned upon
choosing actigrelsa in state s and the system transitions to state s’. A policy 7 is a mapping
from S to A such that m(s) € A is the action prescribed in state s. The expected total

infinite-horizon discounted reward of a policy 7 starting in state s € § is defined as

J™(s) =E <Z a'r(Sy, m(Se))[So = s) : (2.1)

t=0

where 0 < « < 1 is the discount factor. Here, S; is the (stochastic) state at time-step
t=0,1,2,---, induced by policy  and initial state s. The vector J™ € RIS| with components

J™(s) is often called the value function of policy . The finite set of all policies is denoted by
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II. The decision-maker’s goal is to find a policy that (simultaneously, for all initial states)
maximizes the expected total infinite-horizon discounted reward. That is, the decision-maker

wishes to solve

7 € argmax {J"(s), Vs € S}. (2.2)

well
The corresponding maximum expected total discounted reward is denoted by J*(s) = J™ (s),

for all s € S. The vector J* € RSl is called the optimal value function.

There are three standard methods for solving infinite horizon MDPs: value iteration,
policy iteration, and LP [70]. All of them essentially focus on finding an optimal value
function that satisfies Bellman’s equations of optimality, and recovering a policy that attains
this optimal value function [70]. In particular, J* is the optimal value function if, and only

if, it is the (unique) solution of Bellman’s equations of optimality

* _ / x( 1
J (s)—r(llnea} {r(s,a)+0¢2p(s\s,a)J (s)}, Vs e S. (2.3)
s'eS
An action that achieves the above maximum in state s is optimal in that state. Similarly,

J™ is the value function for policy 7 if, and only if, it is the (unique) solution of the system

J7(s) =r(s,7(s)) +a Zp(s']s, m(s))J7(s"), VseS. (2.4)

s'eS
These are called Bellman’s equations of policy evaluation.

There is only one paper in the literature that focuses on inverse optimization in MDPs.
Erkin et al. [35] considered a healthcare application and studied the problem of imputing
reward values (s, a) that would make a given policy optimal. This problem is not too difficult
to solve, for two main reasons. First, it turns out that it is always possible to find rewards that
make any given policy optimal. For instance, setting all rewards to 0 suffices. In this sense,
the inverse problem is always feasible. The problem is still nontrivial because the decision-

maker is usually interested in finding rewards that are close to a nominal guess. Fortunately,
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the inverse optimization framework for finite-dimensional LPs from Ahuja and Orlin [2] can
be applied in a straightforward manner to impute rewards in MDPs. Specifically, rewards
(s, a) form the objective function coefficients in the LP formulation of the MDP. Ahuja and
Orlin [2] proposed a simple approach that uses complementary slackness to recover objective
function coefficients that make a given LP solution optimal. Their key conclusion was that
if the decision-maker utilizes the ¢; or the /5, norm to evaluate closeness of rewards, the
resulting inverse problem is also an LP. Erkin et al. [35] applied this approach to reformulate

their inverse MDP problem as an LP.

Unlike Erkin et al. [35], we investigate the inverse problem of imputing transition proba-
bilities p(s'|s, a) in this study. As a motivating example, consider a queuing system whereby
a planner is executing a particular routing or admission control policy. The planner wants
to impute the characteristics of the stochastic arrival process that determines the transition
probabilities. Similarly, imagine an inventory manager who is implementing an ordering
policy. The manager wants to impute characteristics of the demand process that determines
the transition probabilities. Finally, in healthcare, our setup applies to a doctor who is im-
plementing a particular treatment protocol, and wants to impute the probabilities according

to which health conditions evolve in response to treatment.

We utilize the aforementioned LP formulation of a forward MDP to model the inverse
problem. In the forward LP formulation, transition probabilities appear on the left hand
side as constraint coefficients. As in Ahuja and Orlin [2], we apply duality to formulate
the inverse problem. It is known that when such an approach is applied to a forward LP
with unknown left hand side coefficients, the resulting inverse problem is a computationally
difficult, nonconvex, bilinear program [25]. Consequently, there are only a few papers that
attempt to tackle inverse LPs with unknown left hand side coefficients. These papers utilize
application-specific problem-structure to remove bilinearities from the inverse formulation.
For instance, Birge et al. [15] utilized inverse optimization to recover market structure
using market outcomes. Brucker and Shakhlevich [19] applied inverse optimization to the

maximum lateness problem to recover the values of processing times or due dates. Chan and
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Kaw [25] studied inverse LPs with unknown left hand side coefficients as well as unknown
cost coefficients. They proposed two approaches to solve the inverse problem either in closed
form or by tackling a polynomial number (in the number of constraints) of linear or convex
programs. In another study, Ghobadi and Mahmoudzadeh [42] investigated the problem of
recovering both the left hand side coefficients and the right hand side bounds such that a
given set of solutions would be feasible while making a preferred subset of solutions optimal.
Unfortunately, as we shall explain later, neither the Chan and Kaw [25] method nor the

Ghobadi and Mahmoudzadeh [42] method is applicable in our context.

Given these gaps in the literature, the research objective of this chapter is to impute un-
known transition probabilities p(s'|s,a) by applying MDP theory and convex optimization
methods to exactly or approximately solve the relevant bilinear problem. In fact, we study
two variants of the inverse MDP problem. In the first variant (Section 2.2), the decision-
maker is interested in finding transition probabilities and a corresponding policy whose value
function equals a given target. We show that the resulting inverse MDP problem reduces
to a linear feasibility problem. We also formulate another linear feasibility problem to find
transitions probabilities that render the target value function optimal. We thus reach the
conclusion that this first variant is easy to tackle. This is achieved entirely by relying on the
aforementioned Bellman’s equations. In the second variant (Section 2.3), we study the case
when a policy is given. The decision-maker is interested in identifying transition probabilities
that make this policy optimal. We apply two heuristics that are popular for Quadratically
Constrained Quadratic Programs (QCQPs), since the resulting problem is nonconvex bi-
linear. Note that bilinear programs are special cases of QCQPs. The heuristics are called
Convex-Concave Procedure (CCP) [56] (Section 2.3.1) and Sequential Linear Programming
(SLP) [49] (Section 2.3.2). We compare them against a classic exact global optimization al-
gorithm proposed by Floudas and Visweswaran [36]. This method is known as GOP (Global
Optimization Procedure) and is based on generalized Bender’s decomposition. For inverse
MDP problems, this method turned out to be too slow to be useful in practice, and is only

employed as a benchmark in this chapter. Computational experiments are presented in Sec-
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tion 2.4. The overall conclusion of these experiments is that SLP appears to be a sound
heuristic for inverse MDPs with unknown transition probabilities, and it seems to be more
effective than CCP. Directions for future research are outlined in Section 2.5. We assume
throughout this chapter that rewards (s, a) are known, because inverse problems where both

the transition probabilities and the rewards are unknown turn out to be vacuously trivial.
2.2 Inverse problem with a given value function

We first consider in Section 2.2.1 the following problem: given any V € RIS, does there
exist transition probabilities p € RISXISIXIAl and a corresponding policy @ € II such that
J(s) = V(s), for all s € S. Here, V can be viewed as a target value function. The
decision-maker also wishes to find such transition probabilities and policy, if they exist.

First note that such a policy may not exist. As a trivial example, consider an MDP
with a single state and a single action [and thus transition probability is simply equal to 1].
Suppose r(s,a) = 1 for the single state s and the single action a. This problem includes a
single policy — the one that executes action a in state s. It is easy to see that its value is
1/(1 — «). Consequently, there is no policy whose value equals 1.

If the requisite policy and transition probabilities do exist, the next natural question is
whether V can be the optimal value function for any combination of transition probabilities
and policy. Furthermore, how can the decision-maker find such a combination? These
questions are answered in Section 2.2.2.

A high-level summary of the complete procedure is provided in Figure 2.1 as a quick

reference.

2.2.1 Enforcing V e R to be the value function of some policy

Givena V € RIS |, we study the question of whether or not there exist transition probabilities
p € RISKISXIAL and policy 7 such that V is the value function for this policy. The next

proposition provides a necessary and sufficient condition for this.
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Vector V. € RIS|
Reward r € RISIxIAl
Discount factor 0 < oo < 1

I

Does condition (2.5) hold?

V cannot be the
value function
of any policy

Does condition (2.7) hold?

V is the optimal -

value function for V is the value
some transition function for some
probabilities p. policy 7w with

some transition

probabilities p,
but it cannot
Find p by be optimal

solving (2.10)

Find p by
solving (2.6)

Figure 2.1: Flow chart for recovering transition probabilities when V is given.

Proposition 2.2.1. There exist policy © and transition probabilities p € RISKISXIAL gych,

that V = J™ if, and only if, for every state s € S, there is an action a € A such that

~

V(s) —amaxV(s') < r(s,a) < V(s) —aminV(s). (2.5)

s'eS s'eS

Proof. For the “only if” part, suppose that either (i) there exists a state s such that
Vi(s) — amax V(s') > r(s,a) for all a € A, or (ii) there exists a state s such that r(s,a) >
s'e

Vi(s)— amig V(s') for all a € A. In the first case, consider any arbitrary policy 7 and any
s'e
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corresponding arbitrary transition pmf p( -s, 71'(8)). We have,

r(s,m(s)) + « Ss, w(s))V(s) < r(s,m(s)) + amax V(s s
(716D 0 (o1, ) V) < o7(9) + g V) Sl

< V(s).

1

Thus, V does not satisfy Bellman’s evaluation equations (2.4). It therefore cannot be the
value function of 7. In the second case, consider any arbitrary policy 7 and any corresponding

arbitrary transition pmf p(:|s, w(s)). We have,

7’(5, 7r(3)) +a Zp(s'|5, 77(5))‘7(8') > 7”(5, W(S)) + agrlleigV(sl)W

> V(s).

1

Thus, V does not satisfy Bellman’s evaluation equations (2.4). It therefore cannot be the
value function of w. Since m was arbitrary in both cases, the proof of the “only if” part is

complete.

Now, for the “if” part, let a*(s), for each state s € S, denote an action that satisfies (2.5).
For each s € S, define f(p(-|s,a*(s))) = r(s,a*(s))+a > p(s'|s, a*(s))V(s') as a real-valued

s'eS
function of the pmf p(-|s, a*(s)) over AlSl. Here, Al is the usual probability simplex in RS/,

which is convex and hence path-connected. This f is a linear and hence continuous function.
Let § be a state such that V(3) = max V(s'). Let p(-|s,a*(s)) be a degenerate pmf such that
s'e
p(8|s,a*(s)) =1 and p(s'|s,a*(s)) = 0 for all 5" # 5. Then,
F(Bls,a*(s))) = r(s,a’(s) +a Y _p(s]s,a”(s))V(s') = r(s,a”(s)) + aV(3)
s'eS
= r(s,a*(s)) + amax V(s') > V(s).

s'eS

Similarly, let § be a state such that V(8) = V(s'). Let p(-|s, a*(s)) be a degenerate pmf



61

such that p(s|s,a*(s)) = 1 and p(s'|s,a*(s)) = 0 for all " # §. Then,

F(BIs,a"(s))) = r(s,a’(s) +a Y _p(s]s,a”(s))V(s') = r(s,a”(s)) +aV(3)

s'eS

= r(s,a*(s)) + amin V(s') < V(s).

Then, by the intermediate value theorem, there exists a pmf p*(-|s, a*(s)) such that f(p*(:|s,a*(s))) =
V(s). Specifically, V(s) satisfies Bellman’s evaluation equations (2.4) for state s, action a*(s),
and pmf p*(-|s, a*(s)). In other words, there exist transition probabilities such that V is the
value function for policy m with 7(s) = a*(s). This completes the proof. O

Now suppose that V is such that condition (2.5) holds. In particular, as in the proof of
the above proposition, let a*(s), for each s € S, be any action that satisfies this condition.
Then, it only remains to find transition probabilities for which the policy defined by actions
a*(s) satisfies Bellman’s evaluation equations (2.4) with V. This can be done simply by
solving the feasibility LP.

min 0
pERISIXISIx|A|

—az s'ls,a* V( Y =r(s,a*(s)), VseS (2.6a)

s'eS
Zp(s’]s,a*(s)) =1, VseS8 (2.6b)
s'esS
p(s']s,a*(s)) >0, Vs, s €S (2.6¢)
Zp(s’|s,a) =1, VseS, a'(s)#£acA (2.6d)
s'eS
p(s')s,a) >0, Vs,s' €8, a*(s) #ac A (2.6e)

Note that pmfs p(+|s, a), for each state s € S and actions a # a*(s), can be set arbitrarily
as they do not affect either the state evolution or the value function. Constraints (2.6d)-(2.6e)

capture this.
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2.2.2  Enforcing V e RS to be the optimal value function

Now the next question is whether or not there exist a policy 7 and transition probabilities
p for which V is the optimal value function. The next proposition provides a necessary and

sufficient condition for this.

Proposition 2.2.2. There exist policy © and transition probabilities p € RISXISXIAL gych

that V = J* if, and only if, condition (2.5) in Proposition 2.2.1 holds AND

~

V(s) — cvgleigl V(s') >7r(s,a), ¥(s,a) €S x A (2.7)
Proof. First consider the “only if” part of the conclusion. Proposition 2.2.1 asserts that if
condition (2.5) does not hold, then V cannot even equal the value function of any policy
for any transition probabilities. Therefore, condition (2.5) is necessary for V to be the
optimal value function for some policy and some transition probabilities. We now show that
condition (2.7) is also necessary. So suppose that condition (2.7) does not hold. In other
words, suppose V(s) — agpeigV(s’) < r(s,a), for some (s,a) € S x A. Consider any such

state-action pair (s,a). Then, for any transition probabilities p, we have,

1

/ (o] > BN N / - ]
r(s,a) + « /Zesp(s |s,a)V(s") > r(s,a) + aglelgV(s )W > V(s)

Consequently,

max {7’(3, a)+ad p(sls, a)V<s')} > V(s).

acA
s'eS

Thus, V does not satisfy Bellman’s equations of optimality (2.3). It therefore cannot equal
the optimal value function J*.

Now consider the “if” part. Proposition 2.2.1 asserts that if condition (2.5) holds, then
there exists a policy and corresponding transition probabilities for that policy with V as the

value function. Recall that the actions prescribed by this policy were denoted a*(s), and we
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established the existence of transition probabilities p*(-|s, a*(s)) such that

Vi(s) = +a2p s's,a*(s))V(s'), VseS. (2.8)

s’'eS
Now consider any state s € S and any action a # a*(s). Let § € S be such that V(3) =
min V(s'). Consider the degenerate transition pmf p(3|s, a) = 1 and p(s'|s,a) = 0 for s’ # .

s'eS

Then,

(s,a —1—04217 s'|s, a) = r(s,a) + aV(8) = r(s,a) + amin V(s') < V(s).
s'eS

In other words, since s was arbitrary, we have established that

V(s)> max <r(s,a)+a 5(s's,a)V (s, VseS. 2.9
<>_a*(s#aeA{< )+ 3l >} (2.9
Combining (2.8) and (2.9), we see that V satisfies Bellman’s equations of optimality (2.3).

It therefore equals the optimal value function J*. n

Now suppose that V is such that conditions (2.5) and (2.7) hold. In particular, as in the
proofs of Propositions 2.2.1 and 2.2.2, let a*(s), for each s € S, be any action that satisfies
condition (2.5). We then need to find transition probabilities for which the policy defined
by actions a*(s) satisfies Bellman’s equations of optimality (2.3) with V. This can be done
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simply by solving the feasibility LP

min
pERISIXISIx|A]

V(s)—a Zp(s'|s, )V (s) > r(s,a), VseS,ae A (2.10a)
s'esS

Vi(s) —a Zp(s’]s, a*(s))V(s') =r(s,a*(s)), Vse S (2.10Db)
s'eS

Zp(s'|s,a) =1, VseS,ac A (2.10¢)

s'eS

p(s]s,a) >0, Vs,s' € S,ae A (2.10d)

For all s € S and a*(s) # a € A, the degenerate pmf p(:|s,a) defined in the proof of
Proposition 2.2.2 does satisfy constraints (2.10a). Nevertheless, instead of forcing this feasible
solution, we leave it to an LLP solver to discover a feasible pmf, for additional flexibility. This
is the reason why the degenerate pmf does not appear anywhere in problem (2.10).

We now turn to the more difficult problem of finding transition probabilities that make

a given policy optimal.

2.3 Rendering a given policy optimal

This section utilizes LP formulations of infinite-horizon MDPs. These are reviewed briefly
next.
Consider the LP

min V{(s)
VeRls
sES

V(s)—a> p(ss,a)V(s) > r(s,a), Vs €S,a€ A (2.11a)

s'eS

Here, V(s) is the optimization variable associated with the expected total discounted reward

earned when the initial state is s. This LP has a unique optimal solution V* that equals J*,
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the optimal value function. The dual of (2.11) is

nax ZZr(s,a)x(s a

s€S acA

Zx(s, a) —« Z Zp(s\s’, a)z(s' a) =1, Vse S (2.12a)
acA s'eS acA

z(s,a) >0, Vs e S,ae A (2.12b)

An interesting and computationally useful property of this dual LP is that there is a one-to-
one correspondence between its extreme points (that is, basic feasible solutions [BFSs|) and
policies for the MDP [70, Proposition 6.9.3]. Moreover, every BFS of (2.12) has the following
property: for every state s € S, there exists a unique action a(s) € A such that x(s, a(s)) >
0; for all other actions a(s) # a € A, x(s,a) = 0. This implies that Z x(s,a) = z(s, a(s)).
The unique policy corresponding to any BFS of (2.12) can be 1dent1ﬁed as follows: for each
state s, prescribe the unique action a(s) for which z(s,a(s)) > 0. Consequently, if the
Simplex algorithm returns z* as an optimal BFS to (2.12), it also delivers a corresponding
policy. In fact, this policy is optimal to problem (2.2). Conversely, if a policy 7* is optimal
to problem (2.2), then a BFS that is optimal to (2.12) exists such that, for all s € S, we
have, z(s,7*(s)) > 0 and x(s,a) = 0, for all a # 7*(s). See [70, Theorem 6.9.4]. To solve an
infinite-horizon MDP problem, one can solve either the primal (2.11) or the dual (2.12). An
optimal solution to one problem can be employed to obtain an optimal solution to the other
problem, via complementary slackness. In the remainder of this chapter, these two problems

are viewed as “forward problems.”

We assume in this section that all rewards r(s,a) are nonnegative. This is without loss
of generality. This holds because if there is a state-action pair with negative reward, we can
construct an alternative MDP by adding the absolute value of the most negative reward to
all original rewards. This new MDP has nonnegative rewards but the set of optimal policies
is the same as the original MDP. This holds because adding a constant ¢ to all rewards in

an MDP increases the value J™(s) by an amount ¢/(1 — «) for all policies m and all states
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s € §. As such, the difference between value functions of different policies is not affected.
To make these statements rigorous, fix any policy  and let J™ denote the value function of

the alternative MDP. Then, from equation (2.1), we have,

J7(s) =E <§: ot [r(St,W(St)) + c] ]so - s) —E (f: a'r (S, 7(Sy)) ‘so — s> + (i atc>
=J"(s) +

11—«

Since all rewards are nonnegative, it is easy to see from equation (2.1) that the value
function of any policy is nonnegative. In particular, the optimal value function is nonnegative.
We can therefore add the nonnegativity constraint V' > 0 to the primal MDP problem (2.11)
without loss of optimality. This means that dual constraints (2.12a) should also be written
in the inequality form “<”. We will use this inequality form because it is essential for the
CCP heuristic (Section 2.3.1) and more convenient for SLP and GOP. We reproduce these

two problems here for convenience.

min V(s)
VeRrlsl
se
V(s) — « Zp(s’\s, a)V(s') > r(s,a), VseS,ae A (2.13a)
s'eS
V(s) >0, Vs € S. (2.13b)

max > r(s,a)a(s,a)

sES acA

Zx(s, a) —« Z Zp(s]s’, a)z(s' a) <1, Vse S (2.14a)
acA s'eSacA

x(s,a) >0, Vse S,ae A (2.14b)

Suppose an x* with the property that, for every s € S, z* (s,a*(s)) > 0 for some unique
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a*(s) € A and x*(s,a) = 0 for all a # a*(s), is optimal to (2.14). Then constraints (2.14a)
must be active at this optimal solution, for every s € §. This can be established by contra-
diction, utilizing the fact that rewards are nonnegative. This also shows that z* is, in fact,

optimal to (2.12).

Now suppose that the decision-maker is given a policy @ € II. The decision-maker wants
to find transition probabilities that render 7 optimal. However, depending on the values of

rewards, this may not always be achievable. The example in Figure 2.2 illustrates this point.

plsls.a) p(s’ls.a) plsls’.a) p(s'ls’a)

———

-— - -——
. N Phe PEgS ~ ~.
’ Yo N A
I ~N \
"' (s,a)=1 ’ e A (s a)=1 .
\ a / I
\ 7/
,
.= <~ _
-, ~
’ \
1 b Y
1 _ \ . 1
\ (s,b)=0 ~ N , r(s',b)=0 )
\ PES ~ e ’
N 'l ~ ~ - ’
- , ~ ~ -

- - M- - -—

p(sls.b) p(s'ls.b) pis|s’b) p(sls',b)

Figure 2.2: An MDP with § = {s,s'} and A = {a,b}. Entities related to action a are
shown in black line; blue lines for action b. Dotted curved arrows depict probabilistic state
transitions. Rewards earned upon choosing actions a,b are 1,0, respectively, irrespective
of state. Thus, policy 7(s) = 7(s') = a is uniquely optimal regardless of the transition
probability values. In other words, no values of transition probabilities can render the policy
7(s) = m(s’) = b optimal.
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We therefore formulate the inverse MDP problem as

min Vi(s) — Zr(s,fr(s)):p(s,fr(s))

p,x,V
s€eS seS
V(s) —a Zp(s’\s, a)V(s') > r(s,a), VseS,ac A (2.15a)
s'eS
V(s) >0, Vs e S (2.15b)
z(s,7(s)) — Zp(s|3', 7))z (s, 7(s") <1, VseS (2.15¢)
s'eS

z(s,7(s)) >0, Vse S (2.15d)
> p(s]s,a) =1, Vs€S,ac A (2.15¢)
s'eS

p(s'|s,a) >0, Vs, s' € S,a € A. (2.15f)

Constraints (2.15a)-(2.15b) enforce primal feasibility and constraints (2.15¢)-(2.15d) ensure
dual feasibility. Constraints (2.15¢)-(2.15f) ensure that the transition probabilities form
genuine pmfs. It is important to note that decision variable  in this problem belongs to RIS
instead of to RISMI This is because the values of x(s,a) were set to 0, for all a # 7(s).
By weak duality in the pair of problems (2.13)-(2.14), we know that the optimal objective
value in (2.15) is nonnegative. The objective minimizes the duality gap between problems
(2.13)-(2.14) under this setting. We now establish an important motivating property of this

problem.

Proposition 2.3.1. Suppose the triplet p* € RISXISXIAL g+ ¢ RISI v+ € RISI is optimal to
problem (2.15), and the corresponding optimal objective value is 0. Then policy 7 is optimal
to problem (2.2), with transition probabilities p*. Conversely, if policy 7 is the optimal policy
of an MDP problem under transition probability p*, there exist values of x* and V* such that

(p*,x*,V*) is optimal to problem (2.15) with optimal value 0.

Proof. If the optimal objective value is 0, then, by strong duality, V* is optimal to (2.13)
and z* is optimal to (2.14), both with p* as the transition probabilities.
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We claim that z*(s, 7(s)) must be > 0, for each s € §. For if not, then let s be the smallest
state in S such that 2*(s,7(s)) = 0. We then write the left hand side of constraint (2.15¢)

as .
¥ (s77(5)) (1 — ap*(s|s,7(s))) — « Zp*(s|s’,ﬁ(s’)))x*(s',ﬁ(s')) < 1.
Ve

Thus, this constraint is inactive. We can therefore increase x*(s,7(s)) to a positive value
to make the constraint active and at the same time decrease the objective value (recall that
rewards are nonnegative). Also note that increasing this z*(s,7(s)) does not violate the
feasibility of any other constraint because this z*(s, 7(s)) may only appear with a negative
coefficient on the left hand side of other constraints of the form “<”. By recursively applying
this procedure, we obtain an alternative feasible solution with a smaller objective value than
that of z*, thus yielding a contradiction. This proves the claim.
Moreover, by following a similar argument, we can show that constraint (2.15¢) is active, for
every s € S (also recall the discussion in the paragraph after problem (2.14)). This implies
that the pair V*, z* in fact satisfies strong duality for problems (2.11) and (2.12), both with
transition probabilities p*. Recall that this ensures that policy 7 is optimal to problem (2.2),
with transition probabilities p*, as claimed.

To prove the converse, fix 2*(s,a) = 0, for all s € S and a # 7(s) € A. Let V* and z*
be optimal solutions to the MDP primal and dual problems (2.11) and (2.12), respectively,
with transition probabilities p*. The triplet (p*, x*,V*) is feasible to the inverse problem,

and optimality of & implies by strong duality that the corresponding objective of the inverse

problem is zero. O

Problem (2.15) is nonconvex wherein constraints (2.15a) and (2.15¢) are bilinear in vari-
able pairs p — V and p — x, respectively. Existing studies in the literature on inverse LPs
with unknown constraint coefficients are not applicable to our problem, owing to the pecu-

liar structure of MDPs. In inverse LP studies such as Chan and Kaw [25] and Ghobadi and
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Mahmoudzadeh [42], the first requirement for a candidate constraint coefficient is to make
the observed solutions feasible. In inverse MDPs, however, every policy is feasible regardless
of the values of transition probabilities. Furthermore, while in these studies the observed
solutions are in the form of primal decision variables, in our case the observed solutions are
policies. A policy corresponds to the indices of active primal LP constraints at the optimal
solution. Therefore, unlike the inverse problems studied by Chan and Kaw [25] and Ghobadi
and Mahmoudzadeh [42], where only the dual feasibility constraints contain bilinear terms,

in our context both the primal and the dual feasibility constraints are bilinear.

Bilinear programs can have many local optima [48]. Tailored algorithms in the literature
for solving bilinear programs often utilize the branch-and-bound technique. For instance,
Al-Khayyal [3] proposed a branch-and-bound technique with linear subproblems defined
using the so-called convex envelopes. Ben-Tal et al. [9] proposed another branch-and-bound
algorithm where the lower bound was calculated by partitioning the feasible region of the
Lagrangian dual problem. Both methods were shown to converge to the optimal solution

under certain conditions.

The structure of problem (2.15) is particularly suitable for applying an exact branch-and-
bound method proposed by Floudas and Visweswaran [36] called GOP (Global Optimization
Procedure). The algorithm iteratively solves primal and relaxed dual subproblems. This
provides upper and lower bounds on the optimal value of the original problem. The algorithm
starts by partitioning the variable set into complicating and non-complicating variables. In
our problem, transition probabilities p are chosen as the complicating and z, V' as the non-
complicating variables. In every iteration, the primal problem is defined by fixing the value

of the complicating variable at the current feasible solution. This yields an LP in our case.
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In iteration k, the linear primal problem is defined as

min » V(s) — Zr(s,fr(s))x(s,fr(s))

wV s SES
V(s) —a Zpk(s’]s, a)V(s') > r(s,a), VseS,ae A (2.16a)
s'eS
z(s,7(s)) — Zpk (s|s', 7 (s")z (s, 7(s")) <1, Vse S (2.16b)
s'eS
V(s),z(s,7(s)) >0, Vs e S. (2.16¢)

Here, p* denotes the feasible value of the transition probabilities at iteration k. The relaxed
dual subproblems are defined using the generalized Benders algorithm [38]. These are still
difficult to solve since they contain an inner-problem over the set of non-complicating vari-
ables in every constraint. However, since the inverse MDP problem is bilinear, each of these
inner-problems are linear in one of the non-complicating variables x, V. Assuming that these
variables are bounded, the solution of each inner-problem lies at a bound (lower/upper) of
or V. As a consequence of this property, it is sufficient to solve the relaxed dual subproblems
over all possible combinations of bounds for the non-complicating variables = and V. A
bound on V(s), for any s € S, can be included in (2.15) via the following thought process.
It turns out that, for every s € S, constraint (2.15a) is active for at least one action a € A
in an optimal solution to (2.15). This can be proven via an argument similar to that in
the proof of Proposition 2.3.1. A policy can then be defined by assigning one such “active”
action to that state. The corresponding collection of active constraints (2.15a) then satisfies
Bellman’s evaluation equations (2.4). In other words, any optimal solution V* to problem

(2.15) equals the value function J™ of some policy 7. It is easy to see from (2.1) that

a ,IglinAr(s’,a) o lrréaXAr(s’,a)
. s'es,ac s'ed,ae
min r(s,a) + . < J™(s) < max r(s,a) + o

This provides lower and upper bounds on variables V'(s) that can be included in problem
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(2.15), without loss of optimality. Now recall from the proof of Proposition 2.3.1 that, for

every s € S, constraint (2.15¢) is active at any optimal solution x*. That is, we have,

z* (s, 7(s)) — o Zp(s]s’, w(s))a* (¢, 7(s')) = 1. (2.17)

s'eS

Thus, x* (5, 7%(3)) > 1. Also, adding these equations over s € S yields

Z 2 (s,7(s)) — Z Zp(s|s/, ()" (s, 7 (

s'))
seS s€S s'eS
1
=Y 2"(s,7(s)) —a Y z*(s,7(s) s|s’ & =Y 2"(s,7(s)) —ay (s, 7(s)
; (5:7(s)) % ( )W ze; (5, 7(5)) EE;S ( )
=|S]|.

This implies that

(2.18)

s€eS
Plugging this back into (2.17) and utilizing the fact that p(s|s', 7(s')) < 1 yields z* (s, 7(s)) <

a|S|

1+ 1=, . In summary, this discussion implies that the lower and upper bounds

alS|
_l’_—

1<z* T <1
< a'(s7(s) < 1+
can be included in problem (2.15) without loss of optimality. Despite these favorable struc-
tural properties, the GOP algorithm is computationally expensive because, in every iteration
of the algorithm, up to 225l LPs need to be solved. Therefore, we propose two other heuristic
methods called Convex-Concave Procedure (CCP) [56] and Sequential Linear Programming

(SLP) [49]. We then computationally compare them against the exact GOP method as a

benchmark.
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2.3.1 Convex-Concave Procedure (CCP)

Convex-Concave Procedure (CCP) is a heuristic for finding local optimum solutions to the
so-called difference of convex (DC) programming problems. DC programming problems have
the following form:

min fo(z) — go(x)

filx) —gi(x) <0, i=1,---,m.

Here, f; : R® — R and g; : R — R are convex functions, for + = 0,--- ,m. The basic idea
of CCP is as follows: denote the feasible solution obtained in iteration k by x*. In iteration
k41, the concave parts, g;(z), of the objective function and constraints are replaced by their
first-order approximations around z*. The resulting problem is then convex. The algorithm

thus solves a sequence of convex programs until a stopping criterion is met.

The first-order approximation of a convex function is a global under-estimator of the
function [18]. This means that the resulting constraints are tighter than the original con-
straints. Thus, the resulting feasible region is a convex subset of the original (nonconvex)
feasible region. A similar idea holds for the objective function as well. Therefore, the result-
ing convex problem is a restriction of the original DC problem, and its solution provides an
upper bound on the optimal value of the DC problem. It is known that the CCP algorithm
monotonically decreases the value of the objective function in every iteration [56, Section
1.3]. Therefore, it provides tighter upper bounds as iterations progress. Sriperumbudur and
Lanckriet [73] proved that when all functions are differentiable, the algorithm converges to
stationary points of the DC program. This result applies to the functions that arise in our
inverse MDP problem (2.15). That is, CCP is guaranteed to converge to stationary points

in our case.

The standard CCP is not suitable for DC programs with nonconvex equality constraints.

It can be proven that in this case, the CCP algorithm gets stuck at the current feasible
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solution. This is the reason why we converted the equality constraints (2.12a) into the
inequality form (2.14a) without loss of optimality.

To apply the CCP algorithm to the inverse MDP problem (2.15), we first need to write
it as a DC program. There are multiple ways to write a bilinear term as a difference of two
convex functions. We choose the form

zy=—[(z+y)?—(z—y)?.

N

The resulting procedure is described in Algorithm 2.
Algorithm 2 shows that the CCP method reduces in our context to solving a sequence of

linear programs (2.16) and convex quadratically constrained programs with linear objective

(2.19).

2.8.2  Sequential Linear Programming (SLP)

As the name suggests, Sequential Linear Programming (SLP) is an iterative procedure to find
local optima of nonlinear optimization problems via a sequence of LPs. At each iteration, the
method solves a first-order approximation of the model around the current solution. Unlike
CCP, SLP replaces all nonlinear functions with their linear approximations. Therefore, all
higher-order information is lost. While CCP converges to stationary points of the inverse
MDP problem and provides improving bounds in every iteration, the objective function
values found by SLP do not satisfy any monotonicity property and may not converge to
stationary points of the problem. Another drawback of SLP is that it might fail in an
iteration to find a feasible solution to the original problem. However, using the bilinearity
property of our inverse MDP problem, we are able to avoid this pitfall in every iteration. In
particular, in every iteration k, we first solve the inverse MDP problem with the complicating
variable fixed at p = p* (2.16). Here, p* are the transition probabilities delivered from
the previous iteration. This yields an LP and the corresponding values V¥, 2% of the non-

complicating variables. The inverse MDP problem (2.15) is then linearized using first-order
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Algorithm 2 Convex-Concave Procedure (CCP) for inverse MDP problem (2.15)
RISIXISIXIA]

input: Initial transition probability vector p® €

initialize: k:=0

while Stopping criterion not satisfied do

1. Solve the inverse MDP problem at p = p* (problem (2.16)). Store the optimal values of variables
as xF and V*.

2. Set the value of p**! to the optimal solution of the following convexified inverse MDP problem:

mln Z Vi(s) — Z r(s, & (s))z (s, 7(s))

=V seS seES
[0} 2
V(s)flglzes( s'|s,a) + V(s )
[e% 2lin
T3 %( s'ls,a) — ) ’( I = r(s,a), Vs €S,a€ A (2.19a)
z( Z (p(s\s #(s")) 7.’17(5’,7%(8’)))2
2lin
% > (vl ) + (s, 7)) k) S 1 VseS (2.19b)
s'eS ’
V(s),z(s,7(s)) >0, VseS (2.19¢)
> p(s'ls,a) =1, Vs€S,ac A (2.19d)
s'eS
p(s]s,a) >0, Vs,s' € S,a € A (2.19)

Here, the functions (x + y)2|l(ﬁﬁ€7yk) and (x — y)2\l(mk ok refer to the first-order approximations
of (x +%)? and (z — y)? around the point (z*,4"*). That is,

(@ + )%k o = (@ +95)? + 20" +47) (@ — 2%) + 22" + ¢*)(y — "), and
(=9I gy = (" =) + 202" — ") (@ — 2¥) + 2(=2" + ) (y — o).

3. Update: k «+ k+ 1.

end
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approximations of all bilinear terms at (p*,2*, V*) to obtain problem (2.20). Its optimal
solution then provides the values p**! of the complicating variable to be utilized in the next
iteration. Note that the first-order approximation of the bilinear term xy around (zo, yo) is

‘ lin

(z0,y0) = ToyY + Yo — ToYo

The benefit in each iteration of SLP over CCP in our case is that it only solves LPs instead

of quadratic programs. The SLP procedure is summarized in Algorithm 3.

2.4 Computational experiments

In the following subsections, we present computational experiments for solving inverse MDP
problems described in Section 2.3. We do this for generic MDPs, inventory control, equipment
replacement, and multi-armed bandit problems. The discount factor was fixed at o = 0.95
in all test instances. We set a maximum runtime for all algorithms. If any algorithm ob-
tained the same objective value for 10 consecutive iterations, we stopped that algorithm.
We compared the best objective function values reached by each algorithm. An initial guess
for the transition probabilities and a policy m were generated and provided as input to all
algorithms. Let DG denote the optimal objective value in problem (2.15), associated with
the given policy 7 and the initial guess transition probabilities. Note that when the transi-
tion probabilities are fixed, that problem is an LP and thus DG is easy to compute. Let
DG y1g0rithm denote the best objective value reached by some algorithm. To compare the per-
formance of different algorithms, we define a metric to quantify the percentage improvement

in the objective value obtained by each algorithm as

DGO - DGalgorithm
DG,

x 100. (2.21)

This value equals 100% if, and only if, DGugorithm = 0. That is, if and only if, an algorithm

is able to reach the optimal objective value of 0. As such, the values of this metric range
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Algorithm 3 Sequential Linear Programming (SLP) for inverse MDP problem (2.15)

input: Initial transition probability vector p? e RISIXISIxIAl
initialize: £ :=0
while Stopping criterion not satisfied do

1. Solve the inverse MDP problem at p = p* (problem (2.16)). Store the optimal values of variables
as z* and V*.

2. Solve the inverse MDP problem where the bilinear terms are replaced with their first-order
approximations around (p¥, z*, V'F)

€S sES
V(s) — Z {p(s’|s,a)Vk(s’) + pF(s']s,a)V (s)
s’eS

s a)Vk(s’)} > r(s,a), VseS,acA (2.20a)

V(s),z(s,7(s)) —a Z {p(5|5/,7r(5’))35k (s, 7(s") + " (s|s', 7 (")) z (s, 7(s"))
s’eS
—pF(s|s 7 (s"))ak (5’,7%(8’))} <1, VseS
(2.20D)

z(s,7(s)) >0, VseS (2.20¢)
Z p(s'ls,a) =1, VseS,acA (2.20d)
s'eS
p(s'|s,a) >0, Vs, s €8,a€ A (2.20e)

k+1

Set the value of p to the optimal solution of this problem.

3. Update: k + k+ 1.

end
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between 0 and 100, and values closer to 100 are better. All mathematical programs were

solved using the cvxpy package on Python 3.8.

2.4.1 Generic MDPs

For inverse generic MDP problems, we used the exact GOP method as a benchmark and
compared the performance of the CCP and SLP heuristics against it. We considered 4 sets of
randomly generated MDPs with different numbers of states and actions. For each problem
set, we generated 20 instances. For each instance, the immediate rewards were sampled
from a uniform distribution over the interval [1,50], and the policy & was sampled according
to a discrete uniform distribution on the set of actions. For each action a € A, entries of
an initial transition probability matrix were sampled from a uniform [0,1] distribution, and
then appropriately normalized so that they summed to 1. The maximum runtime for each

problem instance was set as 0.5 x number of states x number of actions, in minutes.

Results of our simulations are presented in Figure 2.3. The filled markers show the
average performance of each algorithm over 20 instances, while the hollow markers show
the performance in individual instances. The figure shows that the SLP method reached
the optimal objective value of 0 for each problem instance. That is, SLP was able to find

transition probabilities under which the given policy 7 is optimal, in every instance.



79

110 ‘
DG
[} 100 [ SLP
% ® g g o ® DGecr
> 90 o ® DGcop
£ 8ot § ¢ % i
-
S 0f & 8 ' :
= [ O
2 60| S ¢ 6 |
— <
g 50 s Y y
= S
g 0 S ) 0 )
qE 30 |- o |
S 20| o © ° |
E“ [ ] @) @)
g 10 5 e o § 8
SO 6 8 e |
(10,5) (15,5) (20,10) (25,10)

MDP problem size (states, actions)

Figure 2.3: Performance of 3 algorithms in solving inverse generic MDPs. Each filled marker
represents the average over 20 instances; individual instances are shown as hollow markers.

Figure 2.3 shows that the SLP heuristic performed the best among the three methods on
our problem instances. Recall that in addition to the linear primal problem (2.16) which is
solved by all algorithms in every iteration, SLP solves one LP in every iteration, while GOP
solves 2281 LPs, and CCP solves a quadratically constrained program with linear objective in
every iteration. Therefore, in the given limited runtime, SLP performed the highest number
of iterations.

While the CCP and GOP algorithms reached the maximum runtime before finding an
optimal solution in most test instances, SLP found an optimal solution before hitting the
maximum runtime. To further explore the performance of SLP, we expanded our experiments
to 4 sets of larger MDPs. Again, for each set, we generated 20 instances. The maximum
runtime for these larger instances was set as 0.05 x number of states x number of actions,
in minutes. Unlike the smaller instances, SLP did not always find the objective function
value of 0 in these larger instances with randomly generated policies 7. In such cases, the
optimal objective value is unknown and we do not know whether or not the given policy

7 can be rendered optimal. Therefore, we defined another policy generation method that
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guarantees the generated policies can be rendered optimal. This is done using a reverse
engineering technique. We randomly generated the initial transition probability and solved
the corresponding LP derived from (2.15) to find an associated optimal policy. We repeated
this process 1000 times and selected as 7 a policy that is optimal in the least number of

4

instances. We call policies generated in this manner “zero-DG policies”. Informally, the
1000 repetitions helped identify a policy that does not have a high probability of being
optimal. Here, a high probability of a policy being optimal means that there are more

choices of transition probabilities that render it optimal.

Figure 2.4 shows the average runtime of SLP. Figure 2.4a shows the average runtime of
SLP for randomly generated policies with DGgrp = 0. We generated random policies until
we could collect 20 instances with DG gpp=0. Figure 2.4b shows the average runtime of SLP
for zero-DG policies. In all these instances, SLP reached an optimal objective value of 0.
As expected, the figure shows that the runtime of SLP increases with problem size. For the
zero-DG policies, SLP found the optimal objective value of 0 in less than 200 seconds, on
average. However, for the randomly generated policies, the runtimes are larger. Recall that
a zero-DG policy appears as the optimal policy at least once among the 1000 random MDP
instances generated. The 1000 repetitions were implemented to find a policy with smaller
likelihood of being optimal. However, in larger problems with large policy space, we might
need many more repetitions to observe the entire set of policies that can obtain objective
value of 0 in the inverse problem. Therefore, in most of problem instances included in Figure
2.4, the random policies that are selected from the entire set of policies with 0 duality gap, are
still less likely to be optimal compared to the zero-DG policies, resulting in longer runtime
for SLP. Overall, these fast runtimes demonstrate the potential of SLP not only for problems
where it can find an optimal solution but perhaps also as an excellent method to quickly
generate high-quality solutions as initial guesses for other heuristic or exact methods.

Due to the large degrees of freedom in inverse generic MDP problems, they can have mul-
tiple optimal solutions. However, in problems wherein transition probabilities are required to

satisfy other side constraints, the degrees of freedom could be lower. To explore the perfor-
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Figure 2.4: Runtime of SLP. Each point represents average runtime over 20 instances.

mance of SLP in such situations, we conducted numerical experiments on inverse inventory
control problems, equipment replacement problems, and multi-armed bandit problems. In
all these problems, policies © were generated using the aforementioned reverse engineering
technique for zero-DG policies. SLP’s performance on these problems is described in the

next three subsections.

2.4.2  Inventory control problems

We studied SLP’s performance on an infinite-horizon version of the inventory control problem
described in [11, Example 1.3.2]. The problem assumes a maximum inventory level .y, a
maximum demand wp.y, and a quadratic penalty associated with both excess inventory and
unmet demand at the end of each period. The integer-valued inventory level at the beginning
of a time-period is denoted by s, the integer-valued order amount is denoted by a, and the
integer-valued random demand is denoted by w, with pmf p(w). These three quantities
determine the inventory level at the beginning of the next time-period. The ordering cost is
assumed to equal 1 per unit ordered, and the cost function thus equals a+ (s+a—w)?. Note
that in this case, the immediate costs depend on transition probabilities. As a result, the

objective function of the inverse inventory control problem is bilinear in variables x, p. This
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bilinearity in the objective function is handled similar to that in the constraints. The only
allowable order quantities are such that a < I,.x —s. For these feasible order quantities, the

transition probabilities p(s'|s, a) are nonzero only if s’ < s+ a and satisfy the side constraints

iax p(w), if =0
p(s']s,a) =  w=s+ta

p(s+a—s"), otherwise.

We implemented SLP on 5 sets of inventory control problems. For each set, we generated
20 random instances. For each instance, the maximum runtime was set as 0.5 X [y, in
minutes. In all instances, SLP found the optimal objective value of 0 before hitting the
maximum runtime. A summary of the results is provided in Table 2.1. The table shows that

SLP quickly obtained 100% improvement in the initial objective value in all problem sets.

Wiax | Imax || average % improvement in DGy | average runtime (sec.)
20 20 100.00 9.90
30 30 100.00 29.01
40 40 100.00 o7.17
50 50 100.00 111.52
60 60 100.00 171.60

Table 2.1: Performance of the SLP algorithm while solving 5 sets of inverse inventory control
problems. Each problem set included 20 instances.

2.4.8  Equipment replacement problems

We studied SLP’s performance on the equipment replacement problem described in the book
by Puterman [70, Section 4.7.5], with one change. We considered a finite-state version of
the problem instead of the countably infinite version described in Puterman’s book. In

particular, we included a worst possible condition for the equipment, which served as an



83

absorbing state if the equipment is not replaced. Therefore, the state space is defined as S =
{0,1, -+, Smax }, where higher values of s correspond to worse conditions of the equipment
and s = 0 corresponds to a new equipment. The equipment deteriorates by ¢ states with
probability p(i) if it is not replaced (action a = 0). The transition probabilities thus satisfy

the side constraints

(

0, if s <s
p(s']s,0) =< p(s’ — s), if s <8 < Spmax
Smax—1
1— > p(d—s), ifs = snax
\ s'=s

The transition probabilities associated with replacing the equipment (a = 1) are simply
p(s|s, 1) = p(s’). This is because state 0 corresponds to a new equipment, which deteriorates
by s states with probability p(s’). The operating cost in state s is h(s) = 2s, and the
replacement cost K was sampled from a uniform distribution over the interval [h(0),1.2 x
h(Smax)]- We set the maximum runtime as 0.5 X S0, in minutes. However, in all test
instances, SLP stopped before hitting the maximum runtime either because it found the
optimal objective value of 0 or because it obtained the same objective value in 10 consecutive

iterations.

Table 2.2 shows that on average, SLP did not find the optimal objective function value
of 0 in some instances. However, the results show that SLP did obtain an approximately

90% improvement in the initial objective value quickly.
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|S| || average % improvement in DG, | average runtime (sec.)

10 84.76 1.35

20 95.19 2.99

30 93.36 7.26

40 91.48 8.38

50 91.12 14.48
Table 2.2: Performance of SLP algorithm in solving 5 sets of inverse equipment replacement
problems. Each problem set included 20 instances. The number of states|S| = syax + 1,
because the state space S = {0,1, -, Smax }-

2.4.4  Multi-armed bandit problems

We consider the classical multi-armed bandit (MAB) problem, which is described as follows.
There is a finite set of arms N = {1,--- , N}. At each time-step ¢ € {0,1,2, ...}, each arm
n € N is in some state s, € S,, where S, represents the finite state-space of arm n. The
player is restricted to pulling one arm at a time. If arm n is pulled, s, evolves to s/, with
probability p, (s, |s,), yielding a corresponding reward r,(s,). No reward is earned from
arms that are not pulled and their states do not change. The player’s goal is to choose an
arm to play in each state s = (sq,- -, s,) to maximize the expected total discounted reward
over an infinite horizon. Therefore, the transition probabilities of this model associated with

the action of pulling arm n in state s satisfy the following side constraints,

/ pn(splsn), if s =s; forall j € N'\ {n}
p(s'ls,n) =
0, otherwise.

We implemented SLP on 7 inverse multi-armed bandit problem sets, each with 20 ran-
domly generated instances. The immediate rewards were sampled from a uniform distribution

over the interval [1,50]. The number of states per arm was assumed to be constant across
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all arms, and is denoted by |S|. The maximum runtime for each MAB instance was set to
N x |S|, in minutes. SLP’s performance is summarized in Table 2.3. The total number of
states in the multi-armed bandit problem is S|V, which increases exponentially with the
number of arms N. Thus, the size of the LP solved by SLP in every iteration is exponential
in the number of arms. The average % improvement results in Table 2.3 suggest that as the
total number of states gets larger, the average performance of SLP deteriorates. A closer look
at the results revealed that in instances where SLP did not find the optimal objective value
of 0, it had hit the maximum runtime limit. This means that SLP’s performance was mainly
hurt by the artificially set runtime. This is expected, given the curse of dimensionality in

inverse multi-armed bandit problems.

N | |S] | total number of states || average % improvement in DGy | average runtime (sec.)
5 1 3 243 100.00 152.66
4 | 4 256 100.00 150.83
4 1 5 625 99.98 621.88
5 | 4 1024 99.46 1033.01
41 6 1296 84.70 1378.21
7T 3 2187 83.66 1284.72
51 5 3125 59.99 1721.19

Table 2.3: Performance of SLP algorithm in solving 7 sets of inverse multi-armed bandit
problems. Each problem set included 20 instances.

2.5 Conclusions

This chapter provided an inverse optimization approach for recovering transition probabilities
of an MDP. We considered two variants of the problem. In the first variant, the decision-
maker wonders whether there exist transition probabilities and corresponding decisions that

would attain a given value function. We derived an easy-to-verify necessary and sufficient
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condition for this existence. When this condition is met, the requisite transition probabilities
and decisions can be imputed by solving a feasibility LP. These ideas were then extended
to the case when the decision-maker wishes to render the given value function optimal. In
the second variant, we studied the more difficult problem of imputing transition probabilities
that make a given policy optimal. We applied two heuristics called CCP and SLP to solve the
resulting nonconvex bilinear program. The performance of these two methods was compared
via numerical experiments against an exact global optimization method. These experiments
showed that SLP outperforms the other two methods in terms of both the runtimes and
objective values in generic MDP problem instances. Results of applying SLP to inverse
inventory control, equipment replacement, and multi-armed bandit problems revealed its
potential for finding high-quality solutions in a reasonable amount of time.

We focused on inverse MDPs with unknown transition probabilities when the immediate
rewards are known. It can be shown that when both transition probabilities and rewards are
unknown and there is no side constraints on their values, it is trivial to find values of these
unknown parameters that render any value function or policy optimal. While our work can
handle the case where both transition probabilities and rewards are unknown but have side
constraints or need to be close to a nominal guess value, future work could consider more

tailored approaches to handle the non-convexity in this problem.
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Chapter 3

INVERSE OPTIMIZATION IN SEMI-DEFINITE PROGRAMS
WITH UNKNOWN CONSTRAINT PARAMETERS

3.1 Introduction

Semi-definite programs (SDPs) form a class of convex optimization problems where the objec-
tive function is affine, and the feasible region is defined by a linear matrix inequality (LMIs).
A linear matrix inequality requires that an affine combination of symmetric matrices be posi-
tive semi-definite (PSD) [79]. SDPs are a special case of conic programs and include a variety
of convex problems such as linear and convex quadratic programs. Specifically, SDPs can be
viewed as an extension of LPs where the usual element-wise vector inequalities are replaced
by LMIs [79]. Efficient algorithms are available for solving SDPs. For instance, interior point
methods are known to exhibit polynomial worst-case complexity [4, 61]. SDPs arise in many
applications such as control theory, robust optimization, combinatorial optimization, and
statistics [47, 51, 80].

In Chapter 2, we developed an inverse optimization framework for MDPs with unknown
transition probabilities. Some of the ideas discussed in that chapter can naturally be extended
to LPs. In this chapter, however, we take a step further, and extend the inverse optimization

framework to the more general case of SDPs with unknown constraint parameters.

We will study six variants of the inverse SDP problem, depending on which parameters
and decision variable values are known to the decision-maker. Similar to Chapter 2, in all
cases, the resulting inverse problem is a nonconvex bilinear program. In each case, we will
seek conditions that render the problem trivial, and conditions that result in a tractable con-
vex reformulation. When such conditions are not met, we will apply tailored versions of three

heuristics called the Convex-Concave Procedure (CCP), Sequential Semidefinite Program-
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ming (SSP), and Alternate Convex Search (ACS) for approximate solution. The numerical
results for problems studied in subsections 3.3.1 and 3.3.3 are presented. Our experiments
show the CCP method has the best performance in solving inverse SDP problems with fixed
value of cost coefficient and right hand side parameters. In the 3 other experimented vari-
ants, while all the algorithms are able to reach to the optimal solution, ACS is the fastest,

and thus the winning method.

This chapter is organized as follows. In Section 3.2, we introduce an SDP formulation.
In Section 3.3, we study three variants of the inverse SDP problem when a solution X to
the primal SDP is given. Similarly, in Section 3.4, we consider three variants of the inverse
SDP problem when a solution to the dual SDP is given. Numerical results are provided in

Section 3.5. Directions for future research are discussed in Section 3.6.

We will use the following notation throughout this chapter. The n x n identity matrix is
denoted by I,,. Let S™ denote the set of n X n symmetric matrices. The set of n x n PSD
matrices is denoted by S%. We sometimes use A to refer to the collection of matrices {A;}ier,
where I is a finite index set. Matrices O,,, Oy, Jm, Jmn Tepresent the m x m matrix of all
zeros, m X n matrix of all zeros, m x m matrix of all ones, and m x n matrix of all ones,
respectively. The pair (i, j) refers to the i*" row and j* column of a matrix. Finally, e; refers
to the unit vector with the " element equal to 1; and e; ; refers to a matrix of appropriate

size with the entry in position (7, j) equal to 1, and the rest equal to 0.

3.2 Problem statement

In this chapter, we consider convex semidefinite programs (SDP) of the form

m)}n Tr(CX) (3.1a)
Te(A,X) > b, Viel (3.1b)

X =0, (3.1c)
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where |I| = m, and b € R™. The matrices Ay, -, A,,,C € S™. Observe that the variable
X is in the positive semidefinite cone.

We denote the dual variable associated with constraints (3.1b) by = € R™. The dual
SDP is

max 77 b (3.2a)
ZWiAi =C (3.2b)
i€l
T >0, (3.2¢)

where constraint (3.2b) is an LMI.

Given an observed/desired solution to the primal SDP problem (3.1) or the dual SDP
problem (3.2), we aim to find values of constraint matrices Ay, --- , A, that minimize the
duality gap for the given solution. These matrices may also need to satisfy a set of side

constraints. In this study, we consider side constraints of the following LMI form

Z[Fé + Z Z a;kFng] = 0. (3.3)
iel j=1 k=1
Here, a’; denotes the component (j, k) of matrix A’. Matrices Fy, Fj, € S? for all i €
I,j,k € {1,---,n} are given parameters of the problem. Note that multiple LMIs can
always be expressed as a single LMI, using block-diagonal matrices. This is why we defined
the side constraints as a single LMI. If matrices Fy, F}; are diagonal matrices for all i € I,
constraint (3.3) simplifies to a set of ¢ linear inequality constraints. A few examples of

constraints that are special cases of (3.3), and their associated parameters are provided here.

(A u
. fu ; -1 0 . . . P
Fy = . JFi = forall 1 < j <n, Fij =0yif j # k, and F , Fi, = 0,
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OAZ'GS”

The number of linear constraints needed to impose symmetry is ¢ = @, which is the

number of upper diagonal elements in an n x n matrix. For j < k define F’ ]’k =e,5 €59

where s = > (n—7)+ (k—j) (number of upper-diagonal elements before component
r<j—1

(J,k)). Set Fy; = —Fj,. Fj; =0, for all j. Fg/,Ffjk =0, for all 7/ # i.

JJ

For all j, k define Fiy = ¢;; € S". Fj | Fl} =0, for all i’ # i.

Note that in these examples we defined F' matrices assuming that the given constraints are
the only side constraints of the problem. As discussed before, additional side constraints
can be incorporated by defining the F' matrices as block diagonal matrices where each block
represents the coefficient matrix associated with each LMI.

In the following sections, we study six variants of the inverse SDP problem with different
types of given solution and known parameters. We will show that in all cases, the inverse
SDP problems are nonconvex bilinear problems. Whenever the bilinear problem can not be
reformulated as a tractable problem, an approximate solution is obtained using the convex
concave procedure (CCP), and sequential semidefinite programming (SSP) defined similar
to Chapter 2.

Since first-order approximations of functions are more accurate near the point around
which the approximation is implemented, in this chapter, we add trust region constraints
to the SSP algorithm. In iteration k of SSP, trust region constraints restrict the decision
variables to be in the vicinity of the current feasible solution. These constraints need an
input parameter called trust region radius denoted by p, which defines the maximum allowed
distance from the current solution. As discussed in Chapter 2, a drawback of the SLP
algorithm is that the solution of the first-order approximated problem may not be feasible to
the original problem. This is also true for the SSP algorithm. To overcome this, every time
the first-order approximated inverse problem returns an infeasible solution, we cut it from

the feasible region of the approximated problem by appropriately adjusting the trust region
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radius, and re-solving the problem. For example, if at iteration k, the approximated problem
returns the infeasible solution Y* while the trust region constraint was defined as [|[Y —Y*|| <
p, the adjusted trust region radius denoted by p’ can be defined as p' = 0.9||]Y* — Y*| to
cut the solution Y from the feasible region. In addition to the CCP and SSP heuristics, we
will use another known heuristic for solving bilinear problems, called alternate convex search
(ACS) [83] when applicable. The algorithm partitions the set of variables into B disjoint
sets. In every step, the algorithm solves B subproblems where each subproblem is defined
similar to the original problem over one set of variables while the other sets of variables are
fixed. A summary of the CCP, SSP, and ACS methods for solving the bilinear inverse SDP

problems are provided in algorithms 4, 5, 6 respectively.

Algorithm 4 Convex-Concave Procedure (CCP) for inverse SDP problem

input: Initial coefficient matrices {A%};¢;
initialize: k£ :=0
while Stopping criterion not satisfied do

1. Solve the inverse SDP problem at A = A¥. Store the optimal values of variables as X* in inverse

k

problems discussed in section 3.3, or ¥ in inverse problems discussed in section 3.4.

2. Set the value of A**! to the optimal solution of the convexified inverse SDP problem around the

current solution.

3. Update: k + k+ 1.

end
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Algorithm 5 Sequential semidefinite programming (SSP) for inverse SDP problem

input: Initial coefficient matrices {A%};c;, Euclidean trust region radius p.
initialize: k£ :=0
while Stopping criterion not satisfied do

1. Solve the inverse SDP problem at A = A*. Store the optimal values of variables as X* in inverse

k

problems discussed in section 3.3, or 7% in inverse problems discussed in section 3.4.

2. Set the value of A**! to the optimal solution of the first-order approximated inverse SDP problem
around the current solution with trust region constraints. If the problem is infeasible, repeat

step 2 with appropriately adjusted radius p'.

3. Update: k + k+ 1.

end

Algorithm 6 Alternate convex search (ACS) for inverse SDP problem

input: Initial coefficient matrices {AY};c;.
initialize: £ :=0
while Stopping criterion not satisfied do

1. Solve the inverse SDP problem at A = A*. Store the optimal values of variables as X* in inverse

k

problems discussed in section 3.3, or 7" in inverse problems discussed in section 3.4.

2. Solve the inverse SDP problem at X* in inverse problems discussed in section 3.3, or 7% in

inverse problems discussed in section 3.4. Store the optimal values of variables as A*+1.

3. Update: k + k+ 1.

end

In the rest of this chapter we use “convexified inverse SDP” to refer to the problem
derived by first writing the inverse SDP problem in a DC (difference of convex) programming
form and then convexified through first-order approximation of the nonconvex terms. On
the other hand, “first-order approximated inverse SDP” refers to the problem derived by
directly replacing the nonconvex terms in the inverse SDP problem with their first-order

approximations.
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3.3 Inverse SDP problem given X

In the following three subsections, we will study three variants of the inverse SDP problem
when a solution X € St to the primal SDP problem (3.1) is given, and we aim to find

constraint matrices that minimize the duality gap for this given solution.

3.3.1 Known Parameters C' and b

When cost parameters and right hand side parameters of the primal SDP problem are known,

given an observed solution X e S% to the primal SDP problem, the inverse SDP problem is

given by

I}{}in Tr(CX) — 7Tb (3.4a)
Tr(A4;X) > b, Viel (3.4D)
ZWiAi <C (3.4¢)
i€l
>0 (3.4d)
Z[FS + Z Z aé‘kF;k] = 0. (3.4e)
iel j=1 k=1

Here, constraints (3.4b) represent primal feasibility; (3.4c)-(3.4d) ensure dual feasibility; and
(3.4e) represent side constraints on matrices A;. The objective function (3.4a) minimizes
the duality gap for the given solution X. Observe that the inverse problem is a nonconvex
program where constraint (3.4c) is a bilinear matrix inequality (BMI). Note that the term

Tr(CX ) is a constant, but we keep it in the objective for consistency with other variants.

To apply the CCP method to this nonconvex bilinear problem, we first need to write the

nonconvex constraint (3.4c) in a DC form. There are multiple ways to write a bilinear term
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as a difference of two convex functions. Throughout this chapter, we choose the form

Z mA; = Z mil,A; = Z 7T,]I + A)? — (m], — Ai)ﬂ.

i€l el el

We denote the feasible solution in iteration k by (A¥, 7%). The first-order approximation of

the nonconvex quadratic piece around the point (A*, 7%) is
(ml, — A)? = 2(nFl, — AR (1, — A;) — (7P, — AF)2.

Using this, in iteration k& of the CCP algorithm, to derive the convexified inverse SDP

problem, constraint(3.4c) is replaced by the following convex constraint
D L, + Ai)* = 2(wfT, — A (mill, — A) + (1, — AF)*] 2 4C. (3.5)
el

In semidefinite programs, nonlinear (convex) inequalities are converted into an LMI form
by using Schur complements. The LMI form of the convexified constraint (3.5) using Schur

complement is

ml, + A;
L moll, + Ao
Tl + A,
. = 0. (3.6)
ml, + A; 4C
moll, + Ag + 3 2(wk, — AR (L, — A)
: icl

Similarly, to derive the first-order approximated inverse SDP problem for the SSP method,

at iteration k of the algorithm, we need to replace the nonconvex bilinear terms 7;A; in
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constraint (3.4c) with their first-order approximations around point (A* %) as

Z mA; & Z [7FA; + mAF — 7F A (3.7)

el el

Using this, in the first-order approximated inverse problem, constraint (3.4c) is replaced by

the following LMI

el

To apply the ACS procedure, the set of variables should be partitioned into A and 7. This
reduces the original inverse problem into two tractable convex SDP subproblems. However,
since the variables A do not appear in the objective function, optimizing over A when x is
fixed, becomes a feasibility problem, which does not improve the value of objective function

in in the inverse problem.

So far, we discussed how the nonconvex inverse SDP problem can be approximately solved
using the two proposed heuristics. The following proposition states a variable transformation
technique to convert this nonconvex bilinear problem into a tractable SDP when the side

constraints have a special form.

Proposition 3.3.1. Suppose either that there are no side constraints on the values of ma-

trices A;, or that each A; independently needs to satisfy the side constraints

Fy+) ) dyFl, =0, Viel (3.9a)
j=1 k=1
I'J, <A, <u'J,, Viel, (3.9b)

where u' , I' € R are scalars. Then, the nonconvez inverse SDP problem (3.4) is equivalent
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to the SDP

Igin Tr(CX) —7Tb (3.10a)
Te(V;X) > bym;, Viel (3.10Db)
Yvi=zcC (3.10¢)
i€l
>0 (3.10d)
Fimi+ Y > yiFl =0, Viel (3.10e)

j=1 k=1

U'mid, <Y; <u'md,, Vi€l (3.10f)

Here, constraints (3.9b) and (3.10f) express element-wise bounds on matrices A; and Y;.

Using the optimal solution (Y*, %) to this problem, the optimal values of coefficient matrices
(

LY, if >0
argAInin 0 if i =0

A¥ are recovered as A =

Tr(A;X) > b,
Fo+ 30 3 ayFj =0
j=1k=1

Proof. To establish equivalence of the two problems, we need to show that given a feasible
solution to each problem, we can construct a feasible solution to the other problem with the

same objective value.

First, let (A, %) be a feasible solution to problem (3.4) with side constraints of the form
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(3.9). Construct a feasible solution (Y, 7) to problem (3.10) as

o
—n

()

F LR (3.11)

Y, Y%A, Viel (3.12)

To check feasibility of (Y, 7), we plug it back into constraints of problem (3.10) as
Constraint (3.10b): For every i € I

(3.4b),(3.4d)

Te(V;X) — b O (7 A X)) — b = w(Te(AX) — b)) = 0.
_ (3.4¢)
Constraint (3.10c): ZY zmA < C.
el 1€l
Constraint (3.10e): For every i € [
) L (3.4d),(3.9a)

TS B WLKLLENENS 3) LN ARETINS ) p NN iy )

Jj=1 k=1 j=1 k=1 j=1 k=1

Constraints (3.10f): For every i € I.

_ . N , . , (3.4d),(3.9b)
Y; - Uzﬁ'iJn @ 11) (3.1 A - Uzﬁ'l‘Jn = ﬁ'z(AZ - UZJn) S 0,
_ A - A - A (3.4d),(3.9b)

Y — timg, S 2 A g, = w4 - 1) 2 0.

Given definition of 7 in (3.11), constraint (3.10d) is trivially satisfied and it is clear that the
objective values of problems (3.4) and (3.10) are equal.

Conversely, assume that (Y, 7) is a feasible solution to problem (3.10). Define the set I’
as I' = {i € I : m; > 0}. Note that given constraint (3.10f), for alli € I'\ I, Y; = 0,. We

can construct a feasible solution to the inverse SDP problem (3.4) as

o
=

()

T=7 (3.13)

A% YZ, Viel. (3.14)
7T
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Also, for i € I'\ I, set values of A; to the solution of the following feasibility SDP problem

max 0 (3.15a)
A;
Tr(A;X) > b; (3.15b)
Fy+) ) dyFl =0 (3.15¢)
j=1 k=1
', < Ay <u'd,. (3.15d)

To show feasibility of (A, 7) to the inverse problem (3.4), we substitute it in the constraints
as

Constraint (3.4b): For i € I’

o . 1. . 1 R (3.10b),(3.10d)
Tr(AX) — b =) (= ViX) — b = —(T(ViX) - wb) = 0.

T T

Given problem (3.15), this constraint trivially holds for i € I'\ I" .
Constraint (3.4c):

ZﬁiAi _ B Zﬁ-ZAZ + Z %(O/L oW Zﬁz;ﬁ —C = ZY@ = Zz _ (3-200) 0
iel il ie\I’ ier il icl

Constraint (3.9a): For i € I

(3.10d

=

,(3.10e)

Y

RS arm Ry %y;ikF;k = %(Fém YD iER) 0.

j=1 k=1 =1 k=1 =1 k=1

Also, given problem (3.15), this constraint holds for i € I\ I'.
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Constraint (3.9b): For i € I

5 ) . 1 - ) 1 - . (3.9b)
A — T, (3:14) Y — i, = ,_(Y; _ Uz'ﬁ-z*]n) <0,
T Uv
- sy 1o 1o (3,9b)
Ai_lZJn (3:14)T i_lZJn:,_(Yi_llﬁ'iJn) > 0.
i T

For all i € I'\ I', given problem (3.15) for recovering values of A;, this constraint is satisfied.
Similarly, given definition of 7 in (3.13), it is clear that the objective values of problems

(3.4) and (3.10) are equal. This completes the proof. O

3.3.2  Unknown Parameter C', Known Parameter b

When the cost coefficient parameter C' is also unknown, given an observed solution X e ST

to the primal SDP problem, the inverse SDP problem is

min Tr(CX) — 77b (3.16a)
Am,C
Te(A4;X) > b, Viel (3.16b)
ZWiAz’ =C (3.16¢)
el
>0 (3.16d)
d m=1 (3.16¢)
el
S F+)D alFl] = 0. (3.16¢)
icl j=1 k=1

Here, constraint (3.16¢) is added to ensure that the trivial solution (7, C) = (0,,1,0,,) with
objective value 0 is not feasible to the inverse problem. Note that we can add this normalizing
constraint because C' € S™ is assumed to be an unconstrained variable. In general, if variable
C is assumed to be unconstrained, or it only needs to satisfy a set of homogeneous constraints,

we can add a normalizing constraint without loss of optimality.
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Lemma 3.3.1. The inverse SDP problem (3.16) can be trivially solved if there are no side

constraints on the coefficient matrices A; (i.e. if constraints (3.16f) are removed).

Proof. Let A; = —%_1, for all i € I. For any arbitrary # satisfying (3.16d)-(3.16e) define

Tr(X)
C = Y #;A;. Then (A, #,C) is feasible to (3.16), and it can be shown that its associated
il
objective value is 0. O

The following proposition shows that the nonconvex inverse SDP problem (3.16) can be

reduced to solving m convex optimization problems.

Proposition 3.3.2. The optimal value of the inverse SDP problem (3.16) denoted by v* can

be expressed as

v* = minwvy,
el

where

vy = mjn Tr(Ay X) — by

Te(A4;X) > b, Viel

DE+Y D a k] = 0.

icl j=1 k=1

Proof. Let us rewrite constraint (3.16c) in equality form as ) mA; + S = C where S € S?
il
is a slack variable. By substituting this in the objective function we get

Tr(CX) —7lb = Tr ((Z miA; + S)X) — 7l = Z Wi(Tr(Ai)A() —b;) + Tr(SX).

i€l i€l
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Using this, the inverse problem (3.16) is reformulated as

gni% ﬂ'i(Tl"(AiX) —b;) + Tr(SX) (3.17a)
T T
Tr(AX) > b, Viel (3.17b)
>0 (3.17¢)
d om=1 (3.17d)
el
MIF+D > aFyl =0 (3.17¢)
icl j=1 k=1
S = 0. (3.17f)

It is clear that the optimal S* is the 0, matrix or any positive semidefinite matrix that
satisfies Tr(S*X) = 0. Furthermore, 7* is the unit vector where the value of 7;- associated
with i* = argmin Tr(A; X) — b; is set to 1, and the rest to zero. Therefore, problem (3.17) is

iel
equivalent to

min { mjn Tr(AyX) — by

el

Tr(A4;X) > b, Viel

SEAYS dF = o}.

iel j=1 k=1

Using this, the optimal value of the cost coefficient is C* = A;«. n
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3.3.3 Known Parameter C', Unknown Parameter b

If the right hand side parameter b is unknown, given a feasible solution X e S the inverse

SDP problem is given by

glirll; Tr(CX) —7Tb (3.18a)
Tr(AX) > b, Viel (3.18h)
» mA =G, (3.18¢)
el
>0, (3.18d)
D+ alFyl =0 (3.18¢)
el 7=1 k=1

Observe that both the objective function (3.18a) as well as the constraints (3.18¢c) are

bilinear.

Lemma 3.3.2. The inverse SDP problem (3.18) can be trivially solved if there are no side

constraints on the coefficient matrices A;.

Proof. Let & = 1,1, A, = =, by = %Tr(C)A() for all i € I. Then (A, #,b) is feasible to
(3.18) with objective value of 0. O

The following proposition provides a bilinear reformulation of this inverse problem over

variables A and 7.
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Proposition 3.3.3. Problem (5.18) is equivalent to the following bilinear SDP

mln Tr ((C — Z miA;) (3.19a)
el
Z mA; < C, (3.19D)
i€l
>0, (3.19¢)
SEAYD d, Fi] =0 (3.19d)
iel 7=1 k=1

Proof. Let us rewrite constraints (3.18b) in equality form as Tr(AiX )—s; = b; by introducing
the new slack variable s € R’'. By substituting these constraints in the objective function

we get

Tr(CX) = 7'b=Te(CX) = Y mi(Te(AX) —s;) = Tr ((C =) _mA)X) =) ms;.
iel iel iel
Since the slack variables only need to satisfy the nonnegativity constraints s > 0, it is clear
that in the optimal solution, for any value of 7*, the optimal value of s* would be 0,,,
or any vector in R’ that satisfies ) 7}s’ = 0. Therefore, without loss of optimality, we

el
can remove this term from the objective function of inverse SDP problem, and write it as

i€l
To apply the CCP method, the bilinear constraint (3.19b) and objective function (3.19a)
should be convexified. We showed earlier in (3.6) how to convexify constraint (3.19b). To

convexify the objective function (3.19a) we first write it in the DC form

C’ Z A Tr(CX Tr(z WiAi)A( = Tr( C’X Z Tr(m; A; X
i€l il i€l
O > 1 > 2 o 2
icl icl

By replacing the nonconvex piece with the first-order approximation around point (A*, %)
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at iteration k of CCP, the objective function is replaced by the following convex function

Tr(CX) — %Z [2 Tr ((mX + A (7 X + AF)) —Tr ((Wff( + AF)?) — Tr ((WZX - Ai)2)} :

el

(3.20)

Similarly, we showed earlier in (3.8) how to write the first-order approximation of con-
straint (3.19b) for the SSP method. The first-order approximation of the objective function
(3.19a) around point (A*, 7*) is

Tr(CX) = Y Tr ((wfA; + mAf — 7 A X). (3.21)

1€l

Finally, the ACS procedure for this inverse problem is implemented by defining two
subproblems wherein one variable A is fixed and in the second one the variable 7 is fixed.

Note that both of these subproblems are convex SDP problems.
So far we discussed how to solve the inverse problem with a general form LMI side

constraint. The following proposition provides a tractable SDP reformulation of problem

(3.19) when the side constraints have the special form as in (3.9).

Proposition 3.3.4. If the side constraints are of the form (3.9), the inverse SDP problem
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(5.19) is equivalent to the SDP

mln Tr(CX) Z Tr(V;X) (3.22a)

el
Z Y; < C (3.22D)

el

>0 (3.22¢)
Fimi+ Y > yiyFi =0, Viel (3.22d)

j=1 k=1
l'mid, <Y; <u'mJ,, Vi€l (3.22e)

The values of Af are recovered using the optimal solution of this problem either as W—I*Yl* if

7f >0, or by solving a feasibility problem consisting of constraints (3.9) for i.

Proof. The proof is similar to the proof of Proposition 3.3.1. O]

Note that after finding optimal values of matrices A} using Proposition 3.3.4, values of

b can be recovered as bf = Tr(A*X), for all i € I.

3.4 Inverse SDP problem given ©

In this subsection, we study three variants of the inverse SDP problem when a solution

7 € R7 to the dual SDP problem (3.2) is given.
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3.4.1  Known Parameters C' and b

When both parameters C' and b are known, given a solution 7 € R to the dual problem,

the inverse SDP problem is formulated as

. AT

min Tr(CX) b (3.23a)
> wmA=C, (3.23b)
i€l
Tr(AX) > b, Viel (3.23¢)
X =0, (3.23d)
DIF+Y D al ] = 0. (3.23¢)
icl j=1 k=1

Observe that this is a nonconvex program with bilinear constraints (3.23c). Note that the

term 77 b is the objective function is a constant.

To apply CCP to the inverse SDP problem (3.23), the nonconvex constraints (3.23c) are

written in the DC form
Tr (A + X)) = Tr ((4 — X)?) > 4b;, Viel (3.24)

At iteration k of CCP, this is convexified by approximating the nonconvex terms around

point (A*, X*) as

2Tr (A + X)(AF + X7)) — Tr (AF + X*)?) = Tr (A4 — X)?) > 4b;, Viel (3.25)

Similarly, to implement the SSP procedure, at each iteration k, constraint (3.23c) is

replaced by its first-order approximation around (A%, X*) as

Tr(AFX) + Tr(A; XF) — Tr(APX™) > b, Viel. (3.26)
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Similar to subsection 3.3.1, because the variables A; do not appear in the objective

function, the ACS procedure is not applicable to this variant.

3.4.2  Unknown Parameter C, Known Parameter b

Given a solution 7, when parameter C' is also unknown, the inverse SDP problem is defined

over the set of variables A, X, C' as

min Tr(CX) — #7b (3.27a)
AX,C
» wmA=C (3.27b)
el
Tr(AX) > b, Viel (3.27¢)
X =0 (3.27d)
SFEAYD d Fi] =0 (3.27e)
i€l 7=1 k=1

Observe that this is a nonconvex program because of the bilinear objective function (3.27a)

and the bilinear constraints (3.27c).

Lemma 3.4.1. If there are no side constraints on the values of A;, the inverse SDP problem

(3.27) can be trivially solved.

Proof. For any arbitrary X = 0 let A; = T:E"X)]In, C = Y md;. (A X,C)is a feasible
iel

solution to the inverse SDP problem (3.28) with objective function value of 0. O

The following proposition states a new reformulation of the inverse SDP problem (3.27)

over variables (A, X) and by removing variable C'.
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Proposition 3.4.1. Inverse SDP problem (3.27) is equivalent to the following problem

rgi}g 7 (Tr(AiX) — b;) (3.28a)
i€l
Tr(A;X) > b, Viel (3.28b)
X>0 (3.28¢)
D IF+Y D alFl] = 0. (3.28d)
il j=1 k=1

Proof. The proof can be established similar to proof of Proposition 3.3.2 by introducing
a slack variable and rewriting constraint (3.27b) in equality form, and replacing it in the

objective function. O]

Observe that both the objective function (3.28a) and constraints (3.28b) of the inverse
SDP problem are bilinear in variables A; and X. We showed earlier in (3.24) and (3.26) how
to convexify constraints (3.28b) to be used in the CCP and SSP algorithms. Similarly, to

convexify the objective function for the CCP heuristic, it is first written in the DC form
1 . N
I [Tr (A + X)2) = Tr ((A; — X)Q)} — #7,
iel
It is then approximated with the following convex form at iteration k& of the algorithm
1 . .
O [Tr (A + X)) — 2Tr ((A; — X)(AF — X5)) + Tr ((AF — X’f)2)] —#Th. (3.29)
iel

The first-order approximation of the objective function for using in the SSP algorithm is

defined as

> w [ Tr(AFX) + Te(A;X*) — Tr(AFX*)] — 770, (3.30)

el

Finally, to apply the ACS procedure to the nonconvex inverse SDP problem (3.28), the two
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subproblems are defined by partitioning the variables set into A and X.

3.4.3 Known Parameter C, Unknown Parameter b

When the parameters b are also unknown, given a solution 7, the inverse SDP problem can

be formulated over the set of vari

min
AX b

ables A, X, and b as

Tr(CX) —#"h
d #mA=C
i€l

X =0,

n n

DR +D Y il -

iel j=1 k=1

Tr(X) = 1.

(3.31a)

(3.31b)

(3.31¢)
(3.31d)

(3.31e)

(3.31f)

The normalizing constraint (3.31f) is added to ensure (X,b) = (0,,0,,1) with objective value

of 0 is not feasible to the inverse problem. Note than the normalizing constraint is added

without loss of optimality, given that the variable b is unconstrained. In general, this can be

either if b is unconstrained or needs to satisfy side constraints of the homogeneous form.

The following proposition states a reformulation of this inverse problem by eliminating

variable b.
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Proposition 3.4.2. Inverse SDP problem (3.51) is equivalent to the following problem

rEi)? T ((C =) mA)X) (3.32a)
el
> #mA=C (3.32D)
iel
X =0, (3.32¢)
> IF+ al Fiy] = 0, (3.324)
iel j=1 k=1
Tr(X) = 1. (3.32¢)
Proof. The proof can be established similar ot the proof of Proposition 3.3.3. n

Observe that problem (3.32) is also a nonconvex program with bilinear objective function

and linear constraints as well as linear matrix inequalities.

Lemma 3.4.2. If there are no side constraints on the values of A;, or if the set {A| dSomiA; =
i€l
C Y F 4 >0 3 aly Fii] = 0} is nonempty, the inverse SDP problem (3.32) can be trivially
i€l j=1k=1
solved.

Proof. If there exist a feasible A with respect to the side constraints which satisfies constraint

(3.32b) as equality, for any arbitrary X > 0 satisfying (3.32¢), (A, X) would be a trivial

solution to the inverse problem with objective value of 0. If there are no side constraints on
C if 7; >0

A, foralli € I, define A; = { ™™ where m’ = ) Lz,50)-
An arbitrary matrix € S®, otherwise el

For any arbitrary X satisfying constraints (3.32c) and (3.32¢), the solution (A, X) is a

trivially feasible solution to the inverse SDP problem with objective function value of 0. [

To apply CCP and SSP algorithms to the inverse SDP problem (3.32) we only need to

replace the objective function with a convex function. For CCP algorithm, we first rewrite
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the objective in a DC form as

Tr ((C — Z #A)X) = Tr(CX) — Z 7 Tr(A; X)
= Tr(CX) — i Z 7ty [Tr (4 +X)*) — Tr ((A; — X)Q)].

i€l

Then replace the nonconvex terms with their first-order approximations around (A*, X*) as

TH(CX) — }1 3 4 [2 Tr ((A; + X)(AF + X5)) = Tr ((AF + X5)2) = Tr ((A; — X)Z)] .

iel

(3.33)

The first-order approximation of the objective function around (A*, X*) for the SSP algo-

rithm 1is

Tr(CX) = ) [ Tr(AFX) + Tr(A,X*) — Tr(AFXY)]. (3.34)

el

Lastly, to apply the ACS procedure, we define two convex SDP subproblems, one with
fixed A values and the other with fixed X values.

The table below summarizes our methodological findings about the six variants.
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Given X

Given 7

Known Cb

Nonconvex program with

Nonconvex program with

BMIs/SDP if side bilinear constraints
constraints on A;’s are of

form (3.3)

Unknown C', known b m convex SDPs Nonconvex program with
bilinear objective and

bilinear constraints

Known C, unknown b Nonconvex program with Nonconvex program with
bilinear objective and

BMIs/SDP if side

bilinear objective

constraints on A;’s are of

form (3.3)

Table 3.1: Variants of the inverse SDP problem with unknown constraint parameters

Note that one can define the inverse SDP problem with all parameters A, b, C' unknown.
Although we did not include this variant, all heuristics employed in this chapter can be

applied using the same convexification and approximation techniques.

3.5 Numerical Results

In the following subsections, we present computational results of the discussed heuristics
for solving the inverse SDP variants with nonconvex formulation. We study four problem
sets, with varying values of parameters (m,n). Recall that parameter b € R™, and the
coefficient matrices Ay, -+, A,,,C € S™. For each problem set, we generate 30 random
instances. The maximum runtime for the algorithms is set as n minutes. Similar to chapter

2, we will stop the algorithms if they obtain the same objective value for 10 consecutive

iterations. We will use the same metric defined in (2.21) to measure the percentage of



113

improvement in the objective function value obtained by each of the heuristics. For the
matter of simplicity, we call this metric DGIP (Duality Gap Improvement Percentage) in
the rest of this section. Since the total runtime of the algorithms might depend on the
defined stopping criteria, we will use the time at which each heuristic finds its best objective
value as another metric to compare performance of the solution algorithms. We denote this
time by t*. All mathematical programs were solved using the cvxpy package on Python 3.8.

Throughout this section, we assume that the coefficient matrices A need to satisfy side

constraints of the following form

A0, Viel (3.35a)
> widi =0 (3.35b)
1€l

where parameter w € R™ is sampled from a discrete uniform distribution on [-1,1]. If all the
generated values of w; are non-positive, constraint (3.35b) will have a conflict with constraint
(3.35a), resulting in an infeasible set of values for A. In such cases, we randomly select one
of the negative values and replace it with its absolute value. We set values of [; and u; to
-100 and 100, respectively. Recall that all the heuristics require initial feasible values for
the coefficient matrices. We generate the initial matrices A? by solving a feasibility problem
with constraints (3.35). We will discuss how parameters b, C' and the SDP solution (X or 7)
are generated separately in each subsection. In cases where parameters C' or b are unknown,

we assume they are unconstrained variables in the inverse problem.

2.5.1 Given X

In this subsection, we provide computational results for the two variants discussed in 3.3.1
and 3.3.3 where the inverse SDP problem is a nonconvex bilinear problem with joint con-

straints on values of A;’s. To generate a PSD initial solution X, we first sample an n X n



114

matrix denoted by E from a uniform [—10, 10] distribution. The primal solution X is then
generated as X = EET. For the inverse problems discussed in 3.3.1 where it is assumed
that the right hand side parameter is known, we generate it as b; = Tr(A%X) — s; for all
i € I, where the slack variable s; is sampled from a [0, 10] uniform distribution. This ensures
the generated initial coefficient matrices AY are feasible with respect to the inverse SDP
constraint (3.4b). Similarly, to generate the cost parameter C', we need to ensure that the
generated initial AY’s are feasible with respect to constraint (3.4c), for some feasible value of
the dual variable . To do this, we set value of C to > 7;A? + S where 7 € R™ is a feasible
solution to the dual SDP problem sampled from a flen[iform [0, 10] distribution. The slack

matrix S is generated by sampling an n X n matrix G' from a uniform [—10, 10] distribution

and setting value of S to S = GGT.

As discussed earlier, we add trust region constraints to the approximated inverse SDP
problems solved by the SSP algorithm. In iteration k of the SSP algorithm, we use trust

region constraints of the following form

HA,L — A?ilul S PA, Vz c I

k—1||1

||7T—7T Spﬂ'

In our experiments, we define the trust region radii as p4 = n?, and p, = m.

Results of our simulations for the variants with known values of b and C studied in
subsection 3.3.1 are presented in Table 3.2. The table shows that both the CCP and SSP
methods reached the optimal objective value of 0 for each problem instance. However, the
values of t* suggest that the CCP method is significantly faster than SSP in solving inverse
SDP problems of this variant.
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CCP SSp
(m,n) | DGIP t*(sec.) | DGIP t*(sec.)
(25) | 100 022 | 100  5.28
(3,8) 100 0.5 100 39.71
(4,10) | 100 0.86 100 116.67
(5,13) 100 1.96 100 155.92

Table 3.2: Performance of CCP and SSP on 4 sets of inverse SDP problems with given primal
SDP solution X, unknown constraint parameters A, and known b and C' parameters. Each
set included 30 instances.

Similarly, Table 3.3 presents computational results for the inverse SDP variant discussed
in subsection 3.3.3, where the constraints’ right hand side parameters are also unknown.
Recall that the alternate convex search (ACS) method is applicable to this inverse SDP

problem variant.

CCP SSp ACS
(m,n) | DGIP t*(sec.) | DGIP t*(sec.) | DGIP t*(sec.)
(2,5) 100 0.18 100 0.15 100 0.06
(38) | 100 4889 | 100 042 | 100 0.1
(4,10) 100 106 100 2.3 100 0.18
(5,13) 100 134.26 100 126.16 100 17.35

Table 3.3: Performance of CCP, SSP, and ACS on 4 sets of inverse SDP problems with given
primal SDP solution X, unknown constraint parameters A and b, and known C' parameters.
Each set included 30 instances.

The results show that in all instances, all three methods reached the optimal objective
value of 0. Unlike the previous variant where the CCP method was the fastest, in these

problem instances CCP is the slowest method while the ACS methods appears to be the
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fastest method to converge to the optimal value. One possible explanation for the better
performance of simpler methods such as SSP and ACS versus the more complicated method
of CCP in problem instances of this variant could be the following; Due to the larger degrees
of freedom in the problem caused by having unknown right hand side parameters, the problem
is more likely to have multiple optimal solutions making it easier for the solution algorithms

to find an optimal solution.

3.5.2 GiwenT

In this subsection, we will present computational results for the three variants of the inverse
SDP problems discussed in 3.4.1, 3.4.2, and 3.4.3. The non-negative initial solution 7 is
sampled from a uniform distribution over [0,10]. For the inverse problems discussed in 3.4.1
and 3.4.3 with known cost coefficient parameter C', we generate it similar to the previous
subsection as C' = >_ 7;AY + S, where S is a PSD slack variable generated in the same way.
Again, we generatée‘éhe right hand side parameter for variants requiring known value of b
similar to the previous subsection as b; = Tr(AYX) — s; for all i € I. Here, X = 0 is a PSD
feasible solution for the primal SDP problem. It is generated by sampling an n X n matrix

E from the uniform [-10,10] distribution, and setting X to EET. We define the trust region

constraints for the SSP algorithm as

HAz — A?ilul S PA, VZ < I

X — X5y < px,

where we define the trust region radii as ps = px = n%.

Table 3.4 shows the computational results of the SSP and CCP algorithms on inverse SDP
instances studied in 3.4.1. The results show that CCP converges to the optimal objective
value of 0 in all instances, while SSP does not reach the optimal solution, on average.
Furthermore, CCP outperforms the SSP method in terms of the values of ¢*, making it the

strictly better algorithm in solving inverse SDP problems of this variant.



CCP SSp
(m,n) | DGIP t*(sec.) | DGIP t*(sec.)
(25) | 100 074 | 8446  39.32
(38) | 100 119 | 9481  24.93
(4,10) | 100  0.68 | 97.82  18.93
(5,13) | 100 143 | 9747  36.39

117

Table 3.4: Performance of CCP and SSP on 4 sets of inverse SDP problems with given primal
SDP solution 7, unknown constraint parameters A, and known b and C parameters. Each
set included 30 instances.

Table 3.5 shows the results of the three discussed heuristics on inverse problem variants

of subsection 3.4.2. The table shows that while all methods converge to the optimal solution,

ACS outperforms the other two methods in terms of runtime.

CCP SSP ACS
(m,n) | DGIP t*(sec.) | DGIP t*(sec.) | DGIP t*(sec.)
25 | 100 02 | 99.99 3942 | 100  0.06
(3,8) | 100 0.3 100 49.94 | 100 0.1
(4,10) 100 0.36 100 32.69 100 0.16
(5,13) 100 0.51 100 59.69 100 0.31

Table 3.5: Performance of CCP, SSP, and ACS on 4 sets of inverse SDP problems with given
primal SDP solution 7, unknown constraint parameters A and C', and known b parameters.
Each set included 30 instances.

Finally, Table 3.6 shows the results of numerical experiments on the inverse problems of

variant 3.4.3. Again, while all methods obtain the optimal solution in all instances, ACS

appears as the winning solution algorithm in terms of convergence time.
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CCP SSp ACS
(m,n) | DGIP t*(sec.) | DGIP t*(sec.) | DGIP t*(sec.)
(2,5) 100 0.16 100 0.16 100 0.06
(3,8) 100 0.2 100 0.19 100 0.1
(4,10) | 100 025 | 100 042 | 100  0.15
(5,13) 100 0.42 100 0.72 100 0.28

Table 3.6: Performance of CCP, SSP, and ACS on 4 sets of inverse SDP problems with given
primal SDP solution 7, unknown constraint parameters A and b, and known C' parameters.
Each set included 30 instances.

3.6 Conclusions

This chapter developed an inverse optimization framework for recovering constraint param-
eters of an SDP. We studied six variants of this problem. We showed that when a solution
to the primal SDP problem is given, and the cost coefficients are also unknown, the inverse
problem reduces to a polynomial number of convex SDP problems. When the cost coefficients
are known and the side constraints have a special form, we showed that the inverse SDP
problem reduces to solving an SDP using a variable transformation technique. In the rest of
the cases, the inverse SDP cannot be rewritten in a tractable form. We thus applied CCP,
SSP, and ACS heuristics to obtain approximate solutions. We compared their performance
via numerical experiments. Our computational experiments showed that the CCP algorithm
outperforms SSP in inverse SDP variants with fixed value of b and C' discussed in 3.3.1 and
3.4.1. However, in the other 3 variants where the ACS method is applicable (variants 3.3.3,
3.3.2, and 3.4.3), while all methods converge to the optimal solution in all experimented
problem instances, ACS has the best performance in terms of convergence time.

The objective in the inverse problems in this chapter was to minimize the duality gap
associated with a given solution. If the parameter values discovered by any algorithm satisfy

strong duality, there in fact may be multiple values of those parameters that render the
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given solution optimal. In such cases, it might be interesting in the future to minimize
some measure of distance from “nominal” parameter values, subject to strong duality. It
would also be interesting to apply the methodology developed here to inverse versions of
specific SDPs such as the ones that arise in maximum eigenvalue minimization problems or

in minimum volume covering ellipsoid problems [79].
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