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The Loewner differential equation, a classical tool that has attracted recent attention due
to Schramm-Loewner evolution (SLE), provides a unique way of encoding a simple 2-
dimensional curve into a continuous 1-dimensional driving function. In this thesis we study
the curve in three cases according to the regularity of driving function: weakly Holder-1/2,
Holder-1/2 with norm less than 4 and C* with o € (1/2,00). In the first case, given the
existence of the curve we show that the standard algorithm simulating the curve converges
in a strong sense. One direct application is for simulating SLE. In the second case, we
give another proof of Marshall, Rohde [26] and Lind[22] in which the curve exists and is a
quasi-arc. A sufficient condition for the rectifiability of the curve is also given. In the final
case, we show that the Loewner curve is in C®T1/2. The thesis is a combination of three
projects [39], [32] and [21] which are joint work with Joan Lind, Steffen Rohde and Michel

Zinsmeister.
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Chapter 1
INTRODUCTION

The chordal Loewner differential equation in the upper half plane H

2
ge(z) = A’

which will be reviewed in Chapter [2, provides a one-to-one correspondence between certain

Org:(2) = g0(2) = 2, (1.1)

decreasing families of simply connected subdomains H\ K of the upper half plane, and real-
valued continuous functions A;. Initially developed as a tool to study extremal problems
in complex analysis [24], it has become an important tool in probability theory, based on
Oded Schramm’s insight [33] that Brownian motion arises naturally as the driving function
A¢ in various settings of random sets K;.

Consider triples (€2, a,b) with a simply connected domain €2 and two marked points a, b
on the boundary. Suppose that for each triple (€2, a,b), we consider a random continuous
curve y(g,q,p) that goes from a to b in Q. If 9Q is not locally connected, we consider a and
b to be prime ends. In this case, the curve v 44 is the image of a continuous curve going

from -1 to 1 in D under a conformal ¢ : D — Q that sends a and b to -1 and 1 respectively.

Definition 1.0.1. We say that the family of random continuous curves y(q . p) @ confor-

mally invariant if for any (2, a,b) and any conformal map ¢ : Q — C |

¢o Y(Q,a.0) has the same law as ¢(¢(Q)7¢(a)7¢(b)).

Definition 1.0.2. We say that the family of random continuous curves y(qqyp) Satisfies
the domain Markov property if for every (Q,a,b), and every t > 0, the law of the curve
v[t, 00) conditionally on ~[0,t] is the same as the law of V(i) Where Qy is the connected

component of Q\y; containing b in its boundary.

In 1999, Schramm introduced a one-parameter family SLE, with x > 0 of measures that

satisfy the conformal invariance and Markov domain property. This family of measures



is a candidate for the scaling limits of many discrete models in statistical physics. When
translated in the upper half-plane H, the SLE, is the solution to with A\t = /KB,
where B; is a standard Brownian motion. And thanks to this connection to Brownian
motion, SLE can be studied via standard techniques such as stochastic calculus. The SLE,

is almost surely a curveﬂ for all k > 0 ([31], [I7]) and it exhibits phase transitions:

e For k € [0,4], SLE, is almost surely a simple path contained in HU {0}.
e For k € (4,8), SLE, is almost surely a non-simple path.

e For x > 8, SLE, is almost surely a space-filling curve.

k€ (0,4] k€ (4,8) Kk >8

Figure 1.1: Ilustration for SLE curves. See Figure for simulations of the case k = 8/3

and Kk =6

Its fractal behavior is also known such as Hausdorff dimension [3], Minkowski dimension
[30], best Holder exponent [9] [23], etc.

There are not many studies of the same questions in the deterministic setting, i.e., the
Loewner equation with general deterministic driving function. Two projects in this thesis
investigate the regularity of the curve given that of the driving function. See Sections [1.2
in this introductory chapter.

Many models are known to converge to SLE such as interfaces of site percolation on the

triangular lattice to SLEg [38], loop-erased random walks to SLEy [17], harmonic explorer

'In other words it is a measure supported on curves.



to SLE4 [34], contour lines of Gaussian Free Field [35], FK-Ising model to SLE;¢/3 [5], Ising
interface to SLE3[5], etc. It is therefore very desirable to generate pictures of SLE,; directly
to help understand the discrete random paths from those models. This is the subject for

the other project which is described below.

1.1 Algorithms simulating Loewner curves and SLE

We are primarily interested in the case when the driving function corresponding to a growing
curve. There are so far two methods to directly simulate the Loewner equation. The first
method uses the fact that the Loewner equation, in the form , is a first order ODE,
and hence one can numerically solve the equation, for example using Euler’s method. Some
of the first simulations of the SLE curve were obtained by using this method. This idea
to simulate K3 is to determine whether a point z in the upper half plane H satisfies its
existence time T, < t (see Section [2| for precise definitions). One cannot examine all the
points in H so if T, < t one declares that a certain neighborhood of z is in K;. To calculate
the blow-up time 7T, one needs to run equation until g;(z) hits A(t). However, there
is no general method to solve with given driving function. There are a few cases that
can be solved explicitly, see [I1]. As a result, if v is the simple curve corresponding to A
then the simulation of v([0,t]) = K; is a neighborhood of the actual ([0, ¢]). This is often
not a good way to visualize the curve ~.

The second method for simulating SLE was suggested by Marshall and Rohde [26]. The
algorithm has also been described in [12], [13], where modifications and fast implementations
are discussed. The algorithm discretizes the driving function and square-root-interpolates
it. As a result the algorithm approximates SLE maps by composing many basic conformal
maps, which are easy to compute. One advantage of this algorithm is that it always produces
simple and piecewise smooth curves. See Figure and detailed description of the algorithm
in Chapter [3| In Chapter [3] of this thesis, we will prove:

Theorem 1.1.1. For k # 8, let v be the sequence of curves simulated from the second
algorithm. Then under the half plane capacity parametrization, the sequence ~"™ almost

surely converges to SLE, in the sup-norm on every finite interval [0,T] with T > 0.
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Figure 1.2: Simulations of SLEg/3 (left) and SLEg (right) from the same Brownian motion
sample with 12800 points

It is known that, for all x, the sequence y" converges to SLE in the context of Carathéodory
convergence [14] and Cauchy transforms of probability measures [2]. However these types
of convergence relate to Loewner chains rather than curves, see [I4, Chapter 4] and respec-
tively [2] for details. For k < 4, when one views curves as compact sets, the sequence "
converges almost surely to SLE,; in Hausdorff metric [4, Section 7]. A general principle is to
set up a theorem for the deterministic Loewner equation and then translate the result into
the SLE context. Theorem will follow from a more general theorem for deterministic
curves. In particular, we will show that there is a class of driving functions for which the
sup-norm convergence of approximation curves occurs, see Theorem for the details of
the statement. It is shown in [26], [22] and [19] that driving functions whose Holder-1/2
norms are less than 4 generate simple curves and that the Hilbert space filling curve is
generated by a Hoélder-1/2 function. Our Theorem is also applied to these driving

functions.



Corollary 1.1.2. Consider the driving function that generates the Hilbert space filling curve
or that has Holder-1/2 norm less than 4. Then the sequence of curves simulated from the

algorithm for this driving function converges uniformly.

We note that Theorem also provides the convergence rate of the simulation. The
key is to estimate how the curve changes when we modify the driving function since the
driving functions of simulated curves converge uniformly. There are two key estimates in
the proof of Theorem [3.1.2] One is the boundary behavior of a conformal map and the other
is the perturbation of a Loewner chain when there is a small change of its driving function.
The latter is a Gronwall-type estimate which appears in [8] and [10]. The two estimates are
both related to the growth of the derivative of conformal maps near the boundary which
will become part of the assumptions of the main theorem [3.1.2]

We want to remark that the results in this project show the convergence given perfect

arithmetic and we haven’t tried to estimate round off error.

1.2 The existence of Loewner curves when ||)[[;/, < 4

While it is not hard to see that for simple curves v C HU {0} with vy = 0, the family
K; = ~v[0,t] yields continuous functions )\; (see Chapter [2| for a precise statement), the
converse is not true in general: There are continuous functions A; for which the associated
hulls K; are not locally connected, and hence not of the form v[0,¢] for some continuous
function ~.

In [26] and [22], the continuity problem was treated by viewing the hulls K; as the
result of “conformally welding” two intervals of the real line, and by applying the theory of

quasiconformal maps to the welding problem. The main result is

Theorem 1.2.1 ([26], [22]). If the driving function X has Hélder-1/2 norm less than 4, then
the chordal Loewner equation generates a simple curve . Moreover, v is a quasiconformal

arc that meets the real line non-tangentially.

In the stochastic setting of the Schramm-Loewner evolution SLE, where the driving
term is A\t = \/kB; and B is a standard one-dimensional Brownian motion, the conformal

welding approach leads to interesting and difficult problems, see [36] and [1] for related deep



results. In [31], the almost sure continuity of the SLE,, hulls was proved by different means:
Based on estimates of the expectation E[|(g; ')’ (2)[?] for suitable exponents p, it was shown
that lim, 0 g, 1()\t + dy) exists, is continuous in ¢, and that this implies continuity of the
hulls.

In Chapter [4 of this thesis, we will adopt the second method to the deterministic setting,
and obtain a new and elementary proof of Theorem [1.2.1, The key observation is the
following (see Theorem below): Under the “upward” flow (2.3)), the point z = f¢(i) —
A+ will never leave the cone {|z| < cy}, where ¢ depends on the Hélder-1/2 norm only.
Combined with the integral representation of log |f/(z)| ((#.3) below), this easily gives an
estimate for |(g;')'(\¢ + iy)| that, when integrated, implies existence and continuity of
limy .0 g, 1()\,5 + iy). Standard conformal mapping techniques (particularly the Gehring-
Hayman inequality) then yield the additional information that the trace is a quasiconformal
arc approaching the real line non-tangentially. The constant 4 is sharp as there is a driving

function A with [[A[|;/2 = 4 but it does not generate a curve [1§].

When applied to the integral representation (4.4)) of arg f/(z), our approach also gives a

sufficient condition for the driving functions to generate the graph of Lipschitz function:

Theorem 1.2.2. There exists a constant Cy > 0 such that for every continuous function A

satisfying

t N)\t
/stgCgforallo<t<T (1.2)
0 — S

where fo\,t = sup{|\r — As| : s < r < t}, the Loewner equation generates a graph of a

Lipschitz function rotated by 90°.

Theorem is sharp, as the example \; = cy/1 —¢ (0 < ¢t < 1) shows (see [I1] or
Chapter [2). In this example, the trace is asymptotic to a logarithmic spiral at the tip,
hence it is not the graph of any function, and the integral in Theorem [1.2.2] diverges.
On the other hand, the straight line of angle ma has driving function \; = cv/t, where
¢ = 2(1 —2a)/y/a(l —a), so that every Hélder-1/2 norm can arise from a simple curve.
Notice that for \; = cv/%, the integral has the finite value ¢v/2 sinhfl(l) for all ¢.



1.3 Regularity of Loewner curves when \ € C“ with o > 1/2

It is natural to ask how properties of the Loewner curve + correspond to properties of the
driving function A. In Chapter 5| of this paper, we prove the following theorem relating the
regularity of A to the regularity of ~.

Theorem 1.3.1. Let A € CP[0,T] for 3 > 2. Then the Loewner curve vy is C’BJF%(O,T],
provided that 5+ 1/2 ¢ N.

See Theorem for a quantitative version. Theorem extends the work in [40],
where the result was proven for 5 € (1/2,2]. In Section we discuss an example where
A € C3/2 but ~ fails to be C2, showing that it is not possible to strengthen Theorem m

to say that v € C"1 when A € C"11/2. We also address the analytic case:
Theorem 1.3.2. If X is real analytic on [0,T], then 7 is also real analytic on (0,T].

Notice that in both of these theorems, the regularity of + is on the time interval (0, 7.
With the halfplane-capacity parametrization, it is not possible to extend these results to
t = 0. To see this, consider the example when the driving function is A(¢) = 0. Then
the corresponding Loewner curve is (t) = 2iv/t. Further, with the halfplane-capacity
parametrization, y(t) can always be expanded at t = 0 in powers of v/Z, as we see in the

following theorem.

Theorem 1.3.3. Assume that A € C""*[0,T] for n € N and o € (0,1]. Then neart =0,

@ 20Vt + ast + i azt®? + agt? 4+ - - - 4 agnt™ + O(t"?) if o <1/2
() =

22\/% + ast +1 a3t3/2 + CL4t2 4+ 4 agt™ + ia2n+1t"+1/2 -+ O(tn+a) ifOé > 1/2
where the real-valued coefficients a,, depend on X¥)(0) for k=1,---, KR

If we make the simple change of parametrization ¢ = s2, then the smoothness extends

to s =0.

Theorem 1.3.4. Let I'(s) = v(s?) be the reparametrized Loewner curve with driving func-
tion \. If X is real analytic on [0,T], then T is real analytic on [0,V/T). If X € CP[0,T],
then curve I' € CP1/2[0,\/T) when B +1/2 ¢ N.



We wish to briefly describe the key tool used in Chapter |5l For s € [0, 7], consider the
simple curve g,(y(s+u))—A(s), which we denote by v(s, s+u),0 < u < T—s. See Figure[1.3]
The curve (s, s+u) corresponds to the time-shifted driving function Ag(u) = A(u+s)—A(s),
0 <u<T—s. It follows from [40, Theorem 6.2] that under the assumption A\ € C%([0,77),
the curve v is in C? and

" _ 27/(8) — 4~/(s i 88[7(5 _uas)] L
() = 2]~y [ 2T (1.3

In order to understand the higher differentiability of 7, we need to understand (s — u, s).
Differentiating this function with respect to u, we obtain

-2

m+/\/(8—u) fOI’O<U§S, (14)

Ouly(s = u, 8)] = Ou[gs—u(V(s)) = Als —u)] =

and (s — u, s)|u=0 = Y(s,s) = 0. We note that the above differential equation does not

hold for u = 0. This is the reason for us to investigate the following ODE:

flu) = —+Nis—u), 0<u<s, (1.5)

The work in this project depends on a deep understanding of the function f(u) = f(u, s, €)
which is the solution to (L.5)). Once we show that f(u, s, ) converges uniformly to y(s—u, s)
as ¢ — 07, we can use to translate information about f into information about the
derivatives of 7.
Remark. Theorem [1.3.1] and Theorem [1.3.2] provide a converse to the results of Earle and
Epstein in [7]. Their results (translated from the radial setting to the chordal setting using
[25]) state that if any parametrization of v is C™, then the halfplane-capacity parametriza-
tion of 7 is in C™~1(0,7) and A € C"1(0,T). They also prove that if 7 is real analytic,
then A must be real analytic.

Organization. This thesis is split into four chapters after this one. In Chapter [2| we
review Loewner differential equation and give examples. The theorems in Sections
and [1.3] are presented Chapter and [o], respectively.



(e

(s, s+ u)

Figure 1.3: The curve y(s,s + u).

(e
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Chapter 2
LOEWNER DIFFERENTIAL EQUATION

2.1 Chordal versions

There are many versions of the Loewner equation. The original version is radial Loewner
equation in the unit disk ID. In this thesis we only focus on the chordal version in the upper
half plane H. This version is popular because of its simple form, which was introduced by
Schramm [33]. The radial case is introduced in Section For more details we refer the
reader to [14].

Let v : [0,7] — H U {0} be a simple curve in the upper half-plane H except that
v = 7(0) € Rﬂ For each t € [0, 7], by the Riemann mapping theorem there exists a unique

conformal map g¢; : H\v[0, t] — H satisfying the hydrodynamic normalization:

c
A when z — oo.

It can be shown that ¢; is a nonnegative, strictly increasing, continuous function and ¢y = 0
[14]. Hence one can reparametrize v according to half-plane capacity, which means ¢; = 2t.
Then for each z € H, the function ¢ — g¢;(z) satisfies the (downward) chordal Loewner

equation:

2
ge(z) — A\’

where A is a continuous, real-valued function and g:(y:) = ¢, see [14, Chapter 4].

Orgi(2) = go(2) = z, (2.1)

Conversely, if one starts with a continuous function A : [0,7] — R, one can consider the

initial value problem for each z € H:

Og(t, z) = 9(0,2) = z.

g(ta Z) - )‘t’

For each z € H there is a maximal interval for which a solution g¢(t, z) exists. Let T, =

'In this thesis, when writing functions of variable ¢, we usually let ¢ be a subscript.
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sup{s € [0,T] : g(t, z) exists on [0,s)}. It is easy to see that, if T, < T, then

lim g(t,z) = \T%).

t—T,
Let H ={z € H:T, >t} and g;(z) = g(t, z). Then one can show that the set H; is simply
connected subdomain of H and g¢¢(z) is the unique conformal map from H; onto H with the

following normalization near infinity:
2t 1
= —+0(= ).
g(z) =z 4+ p, + (zz)

The driving function X of the Loewner chain (g) is said to generate a curve if there exists
a curve vy such that H; is the unbounded component of H\v[0, ] for each ¢ > 0. By [31],

Theorem 4.1], this is equivalent to the existence and continuity in ¢ > 0 of

. -1 .
= lim g (A +ay). (2.2)

By [15, Proposition 2.19] and [9, Proposition 3.11], a very useful and simple criterion for

this existence and continuity is the convergence to zero of

15
o) i= [ 1o O+ in)ldy
0
as ¢ — 0, uniformly in ¢ € [0, 7.
Rather than directly working with the Loewner equation (|1.1)), it is often easier to work

with the upward Loewner equation:

o) = fe ) ==, (2.3)

for z € H and real-valued continuous function &. Since the imaginary part of f;(z) is strictly
increasing, the solution exists uniquely for all time ¢ > 0. If (g¢)o<¢<7 is the solution to
(1.1) with driving function A and if (fi)o<t<7 is the solution to (2.3) with & = Ap_¢, then

fi(2) = gr—+(g97" (2)) and in particular
fr(2) = g7 (2).

We will frequently use the following two simple properties of the Loewner equation, regard-

ing the translation and concatenation of driving functions:
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First, if a € R and & = & + a, then the Loewner chain ( ft) corresponding to ¢ is given
by
fi(2) = filz — a) + a.
Second, let (f1,+)o<t<t, (respectively (fa+)o<t<t,) be the solution to with the driv-
ing function &; defined on [0, 77| (respectively & defined on [0, T2]). Suppose &1(71) = &2(0),

and define the concatenation of &1 and & by

) 07T b
¢ = &u(t) te[0,11] (2.4
&a(t —Th), te [Tv, T + Tl

Then the (upward) Loewner solution corresponding to £ is given by

fl,ta te [07 T1]7
Jt= (2.5)
foi—1 © fi,1, te T, TV + T3]

2.2 Examples

There are several driving functions for which we can compute the curve explicitly. Careful

computations can be found in [I1] and [I§]. In this section we describe some of them.

Ezample 2.2.1. If A\(t) = 0 on [0, T}, then g;(z) = V22 + 4t and ~(t) = 2i\/t for t € [0,T].

2iV/i ~(t) 9¢(2)
TQ

0 0 0

Figure 2.1: Examples 2.2.1 and 2.2.2

Ezample 2.2.2. Suppose A\(t) = cy/t on [0,T]. Let a € (0,1) such that

c

1 1
a=—-— ——,
2 216+ &

Then if we solve (1.1]) we find that

() = 2V <1 — O‘) VT e,

(0}
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In these two examples the curve is always inside a fixed cone and the height of the curve
is comparable to v/#. Indeed, we will show in Chapter {4 that if [|Al[;/2 < 4 then those

properties always hold.

Ezample 2.2.3. A(t) = c¢/1 —t on [0,1]. When |c¢| < 4, y(t) is a curve that is a logarithmic

spiral around (1) € H. When |¢| > 4, ~(t) is a curve that touches the real line at y(1).

Two more examples are presented in Section[5.6] As said in the introduction, the chordal
SLE, in the upper half-plane is the solution of (1.1]) with driving function \; = \/kB; where
B is a standard Brownian motion. By abusing notation SLE, also stands for the generated

curve whose existence is proved in [31].

2.3 Radial Loewner equation

Let p be a Borel measure on 0. Abusing notation we write p for the corresponding measure

on [0,27), i.e., if I C [0,27), we will write u(I) = u{e : 0 € I}.

Theorem 2.3.1. Suppose pg,t > 0, is a one parameter family of nonnegative Borel mea-
sures on 0D such that t — u is continuous in the weak—*ﬂ topology, and for each t, there
is an M < oo such that sup{us(OD) : s < t} < My. For each z € D, let g:(z) denote the

solution of the initial value problem

27 eiG (2
Ohgi(z) = gt(z)/o (Wi_ztgz;

e (d),  go(2) = 2. (2.6)
Let T, be the supremum of all t such that the solution is well defined up to time t with
g1(z) € D. Let Dy = {z : T, > t}. Then g, is the unique conformal transformation of Dy

onto D such that g:(0) =0 and g;(0) > 0. Moreover,

log ¢}(0) = /0 112([0, 27)) ds.

We will call g; a radial Loewner chain if it satisfies (2.6) with pu; = dy, and ¢t — Uy a
continuous function from [0, 00) to R. We will call either U; or €'Vt the driving function. In
this case, the equation ([2.6)) becomes

et + gi(2)

T = gu(2)’ g0(z) = z. (2.7)

ogr(z) = gi(2)

*It means that for every f € C(OD), the function t — [ fdpu. is continuous as a function of .
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Figure 2.2: Chordal Loewner chain (left) and radial Loewner chain

The radial SLE,; in D is (2.7) with U; = /B and B; a standard Brownian motion.
The chordal Loewner equation and the radial one are closely related. One can derive

one version from the other and vice versa. See [25].
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Chapter 3

CONVERGENCE OF AN ALGORITHM SIMULATING LOEWNER
CURVES

3.1 Algorithms simulating Loewner equations

We now discuss in more detail the algorithm to simulate Loewner curves. The algorithm
is based on two observations. First, fix s > 0, and let (§;) be the solution of the Loewner
equation with driving function A(t) = A(s + t),t > 0. This solution can be obtained by

gsit 0 g5 . Indeed

Orgs+ © g5 (%) - ’
t S+t S - — = —
gs+t © Js 1(2) —A(s+1) Js+t © gs 1(2') — A(t)

and gs0g; }(z) = 2. By the uniqueness of solution of the equation (1.1)), G;(2) = gs+1095 *(2).
If we let I?t be the hull associated with g; then

gs(Ks+t) = I?t and Kgyy = KsU .gg_l(kt)-

So in order to compute K, one can compute K, and g; !, by using the information of
on [0, s], and compute K, by using \ on [s,s+t].

The second observation is that when X is of the form cv/t + d, for some real constants c
and d, one can solve for K; explicitly. In this case, K; is a segment in the upper half plane

starting at d € R that makes an angle am with the positive real axis where

C

1
216+ 2
and g; ' (z + (1) = (2 + 2V, [ 72) (2 — 2\/f\/g)°‘ + d. See [11] for a proof.

We now fix a stepn > 1. Lettk:%forogk‘gn. Sotg=0,t1,--- ,t, = 11is a partition

o =

N

of [0,1]. We will solve the Loewner equation with driving functions A(t + t;) for 0 < ¢ < 1.
By the remarks above, one should approximate these driving functions by cv/t + d so that

one can solve explicitly the Loewner equation. More specifically, we approximate A by A"
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such that they attain the same values at ¢;’s and that A" is a scaling and translation of v/t

on [t try1] from A(tg) to A(tx11). Hence the function A" is defined as follows:
A1) = Vn(A(te1) — Ate))VE =t + Altk) on [t tpia]-

This driving function always produces a simple curve v : [0,1] — HU {A(0)}.

9ty
/_\
A™(0) o
2+ A" (tk: )
I,
., G,’];:L
........... “ ;
0. 0

Figure 3.1: At each step k, we compute G}, fg; and 7j, . The k-th sub-arc of the simulation

curve 7" is the image of 7/, under fj}.

Denote by (g;")o<t<1 the Loewner chain corresponding to A”. Let f;* be the inverse

function of g and f/(z) = f/"(z + A"(t)). Define
F= ) e S

so that

mo__ n n
ftk _kalon72o.“oG0'
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For each ¢ € [0, 1], let 7}* be the image of 4" under g;* — A"(¢), i.e.,
V() =GR (E+5) — X(t) and A (t+s) = FE(s) for0<s<1—t (3.)

We have chosen A" so that 47 ([0, 1]) is a segment starting at 0 and that G} has an explicit

Gz<z>=(z+z 17;&“)1_& <z_2 n<1a_a>>

— 11 VnQlrt1)=Ak)) .
where a = 5 — 3 6 n A e —A(l)? € (0,1). See Flgure

Therefore in order to compute ([0, 1]), we find ~;; ([0, 7]), fﬁc, and then

1
n

formula:

YU(t) = fi (4 (¢ — tg)) for ¢ € [ty tg1),0 <k <n — 1. (3.2)
Notice that A™ converges uniformly to A on [0, 1] since

sup [A"(8) =A(H)] <2 sup [A(E) = As)]-
te€(0,1] S,tE[O,l],‘t*ﬂS%

We mention without proof a geometric property of G} which we will use later.
Lemma 3.1.1. Consider the conformal map G(z) = (2 +a)1=%(z — b)® from H to H minus
a slit starting at 0, where a,b >0, a € (0,1) and aa = (1 — «)b. The point 0 is mapped to

the tip of the slit. Then the imaginary part of G(iy) is increasing on (0,00). In particular,
the image of iy has a larger imaginary part than that of the tip of the slit.

The long green dashed line of Figure [3.1] illustrates this proposition.

3.1.1  Main results

We shall consider driving functions which have the same regularity as Brownian motion.
Without loss of generality, we will prove the convergence in Theorem [[.1.1] only on interval

[0,1]. A subpower function ¢ is a non decreasing function from [0, c0) to [0, 00) satisfying:

lim 7"¢(z) =0 for all v > 0.

T—00

If ¢1, ¢2 are subpower functions then so are c¢1, ¢§ and max(¢1, ¢2) for every ¢ > 0.
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The function A is called weakly Holder-1/2 if there exists a subpower function ¢ such
that

osc(A; 8) := sup{|A(t) — A(s)| : s, € [0,1], [t — s| < 8} < VEp(1/6) for all § >0. (3.3)

It follows from P.Levy’s theorem that the sample paths of Brownian motion are almost
surely weakly Hélder-1/2 with subpower function cy/log(8), ¢ > /2, see [29, Theorem
1.2.7].
It is known that if X is weakly Holder-1/2 and if there exist ¢g > 0, 59 > 0and 0 < < 1
so that
|1 (iy)| < coy™ for all 0 < y < yo, t € [0,1], (3.4)

where fi(-) = g7 H(A(t) + -), then (g¢)o<i<1 is generated by a curve, see [9, section 3]. This
is one of the main ideas to show the existence of SLE curves for  # 8 ([31]). We note that
the Loewner chain of SLEg does not satisfy .

Our main theorem shows that under these hypotheses the algorithm gives the sup-norm

convergence of the simulation curves.

Theorem 3.1.2. Suppose X is a weakly Holder-1/2 driving function with a subpower func-
tion ¢ and suppose the condition is satisfied. Then the curve vy generated from the
Loewner equation can be approxzimated by the algorithm; that is, there exists a subpower

function ¢ such that for all n > y% and t € [0, 1],
0

¢(n)
— = (3.5)
IRV

where Y™ is the curve generated from the algorithm which is explained in section |3.1l. The

7" () — (@) <

function © depends on @, co and (.

A related question is the following: under what additional assumptions, does the uniform
convergence of driving functions imply convergence of corresponding curves? A priori the
convergence of curves occurs in the sense of Carathéodory convergence, see [14], and in the
sense of Cauchy transform of probability measures, see [2] for definitions and details. As

said in the introduction, these types of convergence do not directly involve the curves. In
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[4, Section 7], it is shown that if two driving functions generating simple curves are close
in the sup-norm and if one function has the condition then the two generated curves
are close in Hausdorff distance. One really wants two curves to be close in the sup-norm.
Lind, Marshall and Rohde [I8§] show that if the driving functions have Holder-1/2 norm
less than 4, then the curves converge uniformly. However, the Brownian motion is a.s. not
Holder-1/2. In [37], the authors study sufficient conditions to have uniform convergence of
bidirectional paths (the curves and their time-reversals). The paper by Johansson-Viklund
[8] uses the tip structure modulus to get another criterion for uniform convergence of curves.

In the rest of this chapter, C' stands for absolute constant and ¢ for general subpower
functions; ¢ and ¢ stand for constants and subpower functions that may depend on the
assumptions of Theorem They can change line by line and are indexed when necessary
to avoid confusion.

Since we are interested in the same type of driving functions as those in [9, section 3],
there are several results from their paper we will use and state here for the convenience of

the reader.

Lemma 3.1.3. [9, Lemma 3.4] Let K be a relatively compact set in H such that H\K is

simply connected. There exists a constant C < oo such that
heap(K) < Cdiam(K )height(K),

where height(K) = sup{Imz : z € K} and hcap(K) = lim,_,~ 2(9x (2) — 2) and gx is the

conformal map from H\K to H and sends oo to oo.

Lemma 3.1.4. [f0, Lemma 3.1] Suppose v is the curve generated by a driving function

A(t) as in ({1.1). Then for all z € ~([0,1]),

[Re 2| < sup |A(r) — A(s)]

0<s<r<t
and

Im z §2\/i.

Lemma 3.1.5. [, Proposition 3.8] Let (g;) be the Loewner chain corresponding to A(t)
satisfying and . Then there exists a subpower function py such that if 0 < t <
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t+s5<1andscl0,y?

Yt +5) = ()] < er(1/y)[v(t + s,y) +o(t,y)],

where
L ¢ _
v(t,y) :/ |fi(ir)|dr < ——y'=%, 0 <y <y,
0 1-p
and that

2
y(t+s5) —~(t)] < sal(l/y)myl’ﬁ for0<s<y? <yl (3.6)

Most of the time we will deal with the behavior of conformal maps near the real and

imaginary lines. For every subpower function ¢, constant ¢ > 0 and n € N, define

¢(n) 1 <
v M e SV T

Lemma 3.1.6. There exist constants o > 0 and ¢ > 0 such that if zy and zo are inside the

Apco={z+iyecH: |z| <

<

}.

box Ay, ¢, and f is a conformal map on H then

[ (z0)] < do(n)®| f(iIm 21)] (3.7)

and
dHﬁyp(Zla 252) < d IOg gb(”) + c.

The constants o and ¢ depend only on ¢, not on ¢ or n. The notation d pyp(21,22) means

the hyperbolic distance between z1 and zo in a simply connected domain H.

Proof. The proof is similar to [9, Lemma 3.2]. O

Lemma 3.1.7. [28, Corollary 1.5] (half plane version) If f is a conformal map of H into
C and if 29,21 € H then

|f(21) = f(z2)| < 2[|(Im21) f'(21)| exp(4di hyp (21, 22))-

3.2 Proof of Theorem

3.2.1  Heuristic argument

Let v be the image of v under g; — A(t), i.e.

Ye(s) = gr(y(t +5)) — A(t) and y(t +s) = fi(n(s)).
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We want to estimate

(tkr1) = 7" (k)] = 1o (2) = Fir ()] < [fu(2) = fo ()| + [ fo(w) = frt(w)] - (3.8)

where 2 = ’ytk(%) and w = 'y{;(%)
First, z and w are the tips of two curves generated respectively by two driving functions

defined on [0, 1]. Tt follows from Lemma that Im z and Imw < %

For the first term in the RHS of (3.8]), it follows from Lemma that

|for(2) = fo (w)] < 2|(Im 2) ff, (2)] exp(dd pyp (2, w)).

Notice that z and w trivially have positive imaginary parts.

If we can show that z and w are in the same box A, . 4 then combining with a hypothesis
of ft’k on iR™, we obtain similar inequalities for | ft’k (2)| and | ft/k (w)| from Lemma Then
it follows that

o(n)
(V)2

where the notation f < g means that f < Cg for some constant C' > 0.

2Im z\ft’k(z)\ exp(4dg pyp (2, w)) S (Im 2) Ph(n) < — 0 as n — oo,

Since w is a tip of a straight line generated by a nice driving function, we can show w is in
a box A, 4, see . However, z = %k(%), in the case of SLE, has continuous density on
the strip {x +iy : x € R,0 <y < 2}. So there might not exist a controllable-sized box A,, . 4
that contains z. However Lemma shows the existence of a point in ¢, ([0, %]) NAncé
and we will use this point instead of 7, ( L) Then we use the uniform continuity of v to get

back to (3.8]).
For the second term in the RHS of (3.8]), notice that

Foo(w) = fl(w) = fo, (0 + A(tr)) — fI (w + A(te)).

This expression is a perturbation of two solutions of the upward Loewner equation (2.3))
with two driving functions t — A\(tx — -) and ¢ — A" (¢, — -).
We will use the following lemma from [10] and the fact that A and A™ are close on [0, tx]

and that |f;, (w + A(tx))] is well-controlled.
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Lemma 3.2.1. [10, Lemma 2.3] Let 0 < T < oo. Suppose that for t € [0,T1], ft(l) and
t(2) satisfy the upward Loewner equation with Wt(l) and Wt(z), respectively, as driving
terms. Suppose that

e= sup WM -—w®)
s€[0,T]

Then if u = x + iy € H, then
1/2

I
+ loglog Ly ,
Yy

log

1)y (2)\/
’fz(‘vl)(u) _ fé?)(u)‘ < cexp % IT,y’( T ) (u)] log ITyy‘(fg ) ()]

where I, = \/AT + 2.
Thus if |(£1") (u)] < ey=?, then

17 = £ @) S eyVOF R 1og I, /).

If one can show furthermore

eggb\%) and y:Imu:Imeqs(nl)\/ﬁ
then
W) - 1Py < A

2=y 57
From here, we only have an estimate for |y(t) —~"(¢t)| when ¢ = t;. To have an estimate on

the whole interval we notice that

V" ([tes1s trral) = S (7L

)

S

) =GOk, [0, ).

S|

It follows from a property of G} (Lemma , that every point in ;! ([%, %]) is in a box

Ay ¢4 and hence we can apply the same argument for (3.8]) with 4™ (¢511) being replaced by

any Y (t), tgr1 <t < tgio.

Now we will go into the details of the proof.

3.2.2  Proof of Theorem

Fix an arbitrary interval I = [tg,try2], 0 <k < n — 2. Denote v = v, Vi = 1.
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We will estimate |y(s + t) — 7" (r + t1)| for all » € [1, 2] and with a specific s chosen

n’n

later. Combining with the uniform continuity of -, we will have an estimate for
. , 12
|v(r +tr) — ™ (r +tx)| with all r € [ﬁ’ E]
From now on, we will choose n so that + < y2. Denote z = y(s), w = 72(r). By the
triangle inequality,
V(s +tk) =" (r + )| = [fu.(2) = fL (W) < [fo (2) = fr. ()| + | fo, (w) = frp (w)]. (3.9)

The first term in the RHS of (3.9). It follows from Lemma that

[ fer (2) = fo ()] < (2L 2) | ], (2)] exp(dedyg pyp (2, w))- (3.10)
The next lemma shows the existence of a point in ([0, 2]) N Ay, ¢

Lemma 3.2.2. There exists a subpower function ¢ depending only on ¢, co and B of

Theorem such that forn > 1 and 0 < k < n — 1, there exists s € [0, %] such that
M(5) € Ay o4

Proof. Since n := ([0, 2]) is the curve generated by the Loewner equation 1) with

driving function A(tx +.) — A(tx) on [0, 2] and since A is weakly Holder-1/2, it follows from
Lemma [3.1.4] that

5%

[Re vk (s)] < \/g@(n) = w2(n) and Im~g(s) <

for all s € [0, 2].

This implies

diam(n) < height(n) + width(n) < 2\>/§ + 29‘3%") _ @f/(g)

It follows from Lemma [3.1.3] that
2 . .
o= heap(n) < C diam(n) height(n),

S0,

. 1
height(n) > NG

The lemma follows by choosing a highest point and letting ¢ := ¢5 := max(4, p2). O
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With this specific point vx(s), we can use the inequality (3.7) in Lemma To have
a bound for exp(4dp nyp(2;w)) one needs to show that w = ~}(r) is also in A, , 5 o5 BY

the same argument in the above lemma, since 7*([0, 2]) and 7' ; ([0, 1]) are line segments,

n

1 L1
’Yk(ﬁ) and 'Yk—',—l(a) €A ovzes (3.11)

Lemma 3.2.3. There exists a subpower function ¢ depending only on ¢, cy and 8 such

that for allm, k and r € [2, 2], 47(r) is in the box A, o5

Proof. Notice that +;'(r) is the tip of the Loewner curve generated by the driving function
t— N (t+tg) — N (tg), t € [0,7]. Tt follows from Lemma that

[Re ot (r)| < sup{|\"(¢ + ti) = A"(t0)] £ € [0,7]} < ﬁw@) =2 3

and
2
o () < 27 <2/ 2
n
Now the rest of the proof is to find a lower bound for Im~}(r). Fix r € [1, 2]. Let
vty =g (r—5), G= () o fii,
Since v, ([0, 11) is a line segment with the tip Vi1 (1/n)in A, 5 5, by Lemma

dm hyp( + 1y, 1y) < Clog ps(n) + C

and
it (@ + 19, 19) = dig 20 11 (R (). G(i)) > dit gy (O (1), Gli)).

It follows from (3.11]) and Lemma that

Im G(iy) _ Im~(1/n) 1 1
ImA~2(r) > > =z - ‘
Vi (r) = Cps(n)¢ = Cps(n)¢ ~— Cynps(n)tt /npg(n)
So vy (r) and yk(s) are both in A, , 5 . with ¢7 = max(ps, ). =

We now apply Lemmas and the assumption (3.4) and obtain

[fun(2) = fu(w)] < (2Im2)|ff, (2)] exp(dddsa pyp(z, w))

< C(Im z)cm(n)a\ft/k (ilm z)| exp(C'log ¢7(n) + C)
< (Im2)' 7 Cegpr(n)® exp(Clog pr(n) + C)
< (CL)50copr(n) expl(Clog pr(n) + €)= 20 (313

N i
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The second term in the RHS of .
Let u=x 4 iy := w + A(tg). Since A(tx) = A" (tx),
Foo(w) = fI (w) = fo, (u) — £ (u).

Applying Lemma [3.2.1] we get

Lialfi (] Tl (F) @]
Y Y

1 I
| fr () — fiy (u)] < eexp {2 [log +10glogt;’y} :

where I, , = /4t + y? and & = sup,( 4] [A (1) — A" (t)] < 2‘3(%1).

1 M]
Vrgr(m)? Vb

I
L NN )
Y

Since y = Imu = Imw € |

Since fy, (u) = f{k (w), it follows from 1} that
¢
Fh )] < 5 < copr(n) Vi

Also
[(f1) (w)] < Cy~" +1) < 2Cpz(n)v/n,

where the first inequality holds for all hydrodynamic normalized conformal maps of H.

It follows that

o)~ fp ) < 2 g {\/ P tog(epr(n) v/ + log 1og2mso7<n>}

Jn
- %. (3.14)

End of the proof of Theorem [3.1.2
It follows from (3.9)), (3.13) and (3.14) that

Iv(s +tx) =" (r +tp)| < +

TV eV

ws(n) po(n)  p1(n)
-

for all 7 € [, 2].

Using the uniform continuity (3.6 of v, we obtain

¢11(n)
148

[y(r) =+"(r)| < —
(vn) V2
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for all r € [txy1,tk12] and 0 < k < n — 2, hence for all r € [0, 1]. O

Proof of Corollary
Under the assumption that the Holder-1/2 norm is less than 4 or that the curve is the Hilbert

space-filling curve, it was shown in [26], [22] and [I9] that the unbounded complements of

the hulls generated by the driving function are John domains. Therefore, it follows from

[28) Chapter 5] that the condition (3.4)) is satisfied. O

3.3 Applications

3.3.1 Variants of the algorithm
Variant 1. The conclusion of Theorem [3.1.2] still holds for every A\™ that satisfies:

A" (tr) — A(te)| < QP\%) (3.15)

and
A (t) = VR (tg) — A" (k) VE — tk + A" (tg) on [tg, tes1]. (3.16)
Indeed, the main inequality has a slightly change
(s + tk) =" (r + )] = [fo(2) = fir ()] < [ for(2) = for (w + A" (8) = A(tr)))]
+ [fon (w + A" (tx)) — f7) (w + X" (k)] (3.17)

We can see that z and w + A" (tr) — A(tx) are still in the same box A, .. Hence the

same argument follows.

Variant 2. Lemma and the property (3.11)), hence Lemma are still true if

instead of square-root-interpolating A" on [ty, tx11], we consider any function interpolating
between A"(t)) and A"(t41) such that when we run the Loewner equation for 0 <t < 1,
the resulting 4/ has non decreasing imaginary part on [0, %]

In particular, linear-interpolating A"
An(t) = )\n(tk> + n(/\”(tkﬂ) — )\n(tk)>(t — tk) on [tk, tk+1]

also give the same conclusion as in Theorem (see [11] for linear driving functions).
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Variant 3. Instead of using tilted slits on each small interval one can use vertical slits

[13]. In this case, A" is a step function:
)\n(t) = /\(tk> for t € [tk,tk+1)

and
1
Vi (1) = Atg) + 2iv/t on |0, ﬁ)

However 4" defined by is not a curve. We can do as follows. We compute v at
discrete points t = tg,t1,--- ,t,. Then connect them with a straight line in that order. As
plotted in [I3], it is almost impossible to distinguish this curve and the one from the (main)
algorithm. Indeed, the same proof of Theorem is carried over for this algorithm and

the same conclusion of this theorem holds.

3.8.2  Speed of convergence to SLE,;
We can estimate the speed of convergence of the algorithm to v := SLE, with x # 8.
Corollary 3.3.1. There exist constants ci,ca,c3,cq4 > 0 depending on k such that

for allm >n Zl—c—g

_ aillogm)® |
nc4

[0,1),00 = ml—\/@
In other words, this corollary implies Theorem [1.1.1

We will apply Theorem to the case A(t) = \/kB;. It follows from [16, Theorem

Py =~

3.2.4] that there exist constants ¢; (depending on k) and ¢y such that

logm

m n2’

1
P {osc()\; %) > for all m > n} < @ (3.18)

Notice that in Theorem if o(n) = y/logn in (3.3 then from the proof of this
theorem, the subpower function in |i is of the form c¢(log n)cl for some constants ¢ and

c.
It follows from [9, Proposition 4.2] that there exist constants 8’ € (0,1), ¢ and ¢4 > 0
depending on k such that

o) 22m

> {1 (i 22 | < 2

m=n j:l
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This implies that

P{yf(’j,m_m (127™)| < 25 for all 1 < j < 22™ m > n} >1- 8

— oncy :

Thus there exist ¢5 > 0 and 3 € (8’,1) such that

o C5 - c3
IP’{|ft’(zy)| < e forall 0 <y <27 te [0,1]} 21—2n—c4,
or
P |f(iy)| < < for all 0 < <ite[01] >1- -8 (3.19)
2 (iy <5 or a _y_\/ﬁ, , > e :
Combining (3.18)), (3.19) and Theorem we get
1 er
P Hv“—wmu[o’”m_%for allm>ny>1— (%Jr 53/2>
\/ml_ /% n n
which proves Corollary O

3.3.3  Random walk algorithm to simulate SLE curves

This algorithm [I3], Section 2] is based on the Donsker’s invariance theorem: a scaling limit
of simple random walk converges in distribution to the Brownian motion.
For fix k > 0. We choose a € (0, %] such that

4(1 — 2a)?
a(l—a)

Let f1(2) = (z+1—a)'"%(2—a)?, f2(2) = (z+a)%(z — (1 —a))'~® For every i > 1, choose
¢; = f1 or ¢; = fo with equal probability. Then we compute inductively F,, = F,,_1 0 ¢,
with Fy = id. The map F;, is conformal from H to H minus a slit curve. After rescaling
and translating so that this slit curve has the half plane capacity 1, we get a simple curve

~™. More explicitly, " is generated by A" whose formula is

S
A (tg) = \/E\/—% for all ¢y,

and A" (t) = V/n(\"(tka1) — A" (tk))VE — ti + A" (tg) on [tg, tri1],

where Sy = X1 + -+ 4+ X, X/s are iid and P(X; = 1) =P(X; = —1) =

N[
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By Donsker’s invariance theorem, A" 4 VEBljo,17 on C([0,1], [].||e0) - So H\~»" ([0, 1]) 4
H\~+"*([0,1]) in the context of Carathéodory kernel convergence [I4] and Cauchy transforms
of probability measures [2]. Kennedy [13] raised a question whether 4™ converges in distri-
bution to ~*.

We now show that 7™ converges in distribution to 7" under the sup-norm of C(]0,1])
when k # 8. Indeed, it follows from [I6, Theorem 7.1.1] that for each n, we can couple A"

and the Brownian motion in the same probability space such that

_— Cy/klogn _3
P{ max |A"(t;) - VKB | > T} <Cn (3.20)

for some universal constant C' > 0.

Hence from (3.18)), (3.19)), (3.20]) and the discussion of Variant 1, there exist constants cg

and cg depending on k such that

cg(logn)® Co c3 C

\Fl_ 145 nZ  pea/2 p3e
n

P <y ="

[0,1],00 =

This implies that v converges in distribution to v*.
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Chapter 4

THE EXISTENCE OF LOEWNER CURVES WHEN [|\||;» <4 AND
LIPSCHITZ GRAPHS

This chapter presents joint work with Steffen Rohde and Michel Zinsmeister.

The following notation will be used throughout the rest of the chapter: If z € H and
ft(2) the solution to (2.3), we define z; := x¢(2, ) and y; := y(2,€) by

xy+ iy = 2= fi(2) — &

It follows that

—Q.I‘t
O (xt + = 4.1
i (21 + &) Ty (4.1)
and
2y,
Otyt = . (42)
7 + 7

The following expressions for |f/(z)| and arg f/(2) in terms of z; and y; will be used to prove

Theorems [1.2.1] and [1.2.2] Since

ft/(z) _ elogft’(z) _ efg 95 log f1(2) ds

and
s f(2) 2
Oslog fi(z) = =22 = ,
81 =00y T e =)
we have
t .2 2 t .2 2
/ = M — Ts —Ys . 2ds
rel=eo (2 [ i) oo ([ G i) 69
and
t
/ _ TsYs
arg f;(z) = 4/0 [CERE ds. (4.4)

Finally, we will frequently use the following simple estimate for the oscillation of x; for

general driving functions.
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Lemma 4.0.2. Let £ be an arbitrary continuous function.
a) If x3 >0 for all 0 < s <'t, then x; < xp + &o — &
b) In general, x| < |zo| + Mét where Mét =sup{| — &| = r € [0,1]}.

Proof. Since xs > 0, the sum x; + & is nonincreasing by , and part a) follows. To prove
b), by symmetry we may assume that xzy > 0, and we may also assume |x;| > x¢, else b) is
trivial. Let S =sup{0 < s <t:|zxs| < zo} so that |xg| = 0.

If x4 > 0 then z; > zp and zp = g < x5 for S < s < t. Applying a) with z replaced by

zs +iys and £ replaced by (- + 5) we get
vy < a5 +8s — & = w0+ &g — &

If ; < 0 then x; < —xp and z5 < g = —x¢ for S < s < t. Now replacing z by

—(zs +iys) and & by —&(- + 5), the claim follows again from a).

4.1 Staying in a fixed cone

In this section, we restrict our attention to the upward Loewner equation (2.3)) with driving

function & whose Holder-1/2 norm satisfies

< 4.

0= Hf”% :SUPM

s#t |t —s[1/?
Denote A, the cone {x + iy : |z| < cy} and A.(v) = v+ A, for v € R. The main result of

this section is

Theorem 4.1.1. There is a constant ¢, such that, if zo = iy, then zz = fi(z0 + &) — &

stays in the cone A., for all t. Moreover,

[ 4t
I 2 < gy < /4t 2 4.5
1+Cg+y <y < +y (4.5)

for allt >0, and ¢, < o/\/4— 0?2 for o < 2.

This theorem easily implies the Holder continuity of f;, Corollary below. The intuition
behind the proof of Theorem is as follows. To first order, Az; = ;—EAt— A&. Therefore,
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the larger x;/y, is, the stronger Z%At pushes towards the middle of the cone, and dominates
A¢ if the Holder-1/2 norm is small.
We will first show that an upper bound on the growth rate of z; implies a lower bound on

y; that is comparable to the optimal upper bound y; < /4t + y3.

Lemma 4.1.2. If |z:| < M/t for all t > Cy¢ with some M < 2 and C > 0, then
yi > Lt (4.6)
for all t > 0, where L = min(1/C,4 — M?) > 0.

Proof. Since L < 1/C we have Lt <t/C < y2 < y? for 0 <t <ty := Cy}. If (£.6)) were not

true, there would be a minimal s > to such that y2 = Ls and y? > Lt on [0, s]. It follows

from (4.2) that
4y? 4Lt 4L

= >
2?2 +y? T M*t+ Lt M2+ L~
for all tg <t < s, which implies y2 — y7 > L(s —to). This contradicts the fact

O yt2 = L

Y2 —yp = Ls —y; < L(s — to).
0

If o < 2, then the assumption |z;| < M/t of the Lemma is satisfied with M = o by
Lemma and arbitrarily small C, and Theorem follows easily. The reader who is
only interested in a short proof of Theorem for small Holder-1/2 norm may thus skip
ahead to Corollary To deal with the case 2 < o < 4, we will show that the trivial
bound |z;| < o/t can be improved to an estimate |z;| < M+/t for some M < 2 and t large

enough, if we assume that z; stays outside a cone. As a first step, we will show

Lemma 4.1.3. Let K and M be finite positive constants. If
Ky <xzy <MVt forall t€ty, T,

then

< ARE 1 Vi+C for allt € [to,T]
< |o K21 or a 0, 1,

where C = (M + 4K?/(M(K? + 1)))v/%o.
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Proof. 1t follows from the differential equation (4.1f) for z; + & that

b9, P=2(5)% 1
:Et—i—ft—l‘t —ft = / dSZ/ ¢7d3
0 ’ to xz + yg to (%)2 + 1 Ts

—2K?% [t 1
S oy | ods
K*+1 J;, xs

so that
2K2 tq 2K? t
<gp —— | —4 t < My/ty — d t
=TT toxs‘”"\[— 0 K2+1/tOM\/§ s+ovi
4K 4K?
=(loc— ——— |Vt M+ —— ) Vio.
(‘7 (K2+1)M)\[+< +(K2+1)M> 0

O]

Lemma 4.1.4. For every o < 4 and o’ > o/2 there are K > 0 and C > 0 such that, if
zo = Kyo and if 2y > Ky, for all t > 0, then |z;| < o’'\/t for all t > Cy3.

Proof. Let My = o, and K = 0/v/16 — 2. Recursively define

4K?
Mo =7 = G,
and notice that M, — o/2 as n — oco. Hence there is N such that My < o’. Because
z¢ < mg + o/t, for every M} > o there is Cy such that z; < M/t for all t € [Coyd, T).
It follows from Lemma that for every M{ > M there is C; such that z; < M|/t
for all t € [Cyy3, T). Similarly, by continuity and N applications of Lemma for every
M}, > My there is Cy such that z; < MA+/t for all t € [Cny3, T]. The lemma follows by

choosing M}, = o’ and setting C' = Cl. O
We are now ready to give the

Proof of Theorem[[.1.1l If o < 2, we simply apply Lemma with arbitrarily small C

and find that
ol _ovi_ o

Yt ILVE Vi — o2
for all ¢ so that we can take ¢, = o/v4 — 2. In general, fix ¢’ € (0/2,2) and let K and

C be the constants of Lemma Since xg = 0, the points z; are in the cone Ax for all
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small ¢ (see the figure below.) If for some ¢, the point z; is outside A, then we can find an

interval [t1, o] containing ¢ so that
|z, | = Ky, and |zs| > Kys for all t1 < s < to,

and without loss of generality we may assume xs > 0 on [t1,¢2]. Replacing £ by 3 (1) =
E(-+1t1) —&(t1) on [0,t2 —t1], we are now in the situation where 2o = Kyo and x; > Ky, for
all t € [0,T] (where T' =ty — t1). By Lemma we can apply Lemma and obtain

/
w oVE_ max(C, 1/(4 — %))

vy — L\t

for t > Cy3, whereas
Tt < xo + O'\/i

Ye Yo
for t < Cy2. It follows that z; never leaves the cone A, where ¢ = max(c’C,0’/(4—0"?), K +

a\/a).

<K+oVC

Figure 4.1: A trajectory of x; + iy;. It never leaves the cone A, once outside Ag.

Finally, the estimate for y; follows from |z;| < cy; and

4y2
2 = L
YTy
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A simple consequence of Theorem is the Holder continuity in bounded subsets of the
upper half plane of the solutions f; to the upward Loewner equation (2.3) with driving
functions satisfying o = ||¢||1 < 4:

2

Corollary 4.1.5. If o = ||¢]|1 < 4, then
2

e

Ifi (6o +iy)| < (4t + )2 yo !

for every y >0 and t € [0,T], where « is a constant in (0,1] depending on o only.

Proof. By (4.2) and (4.3)), Theorem implies that
-1
t 2 S
/ . c“—1 2ds ) (yt>c2+1 ni=e a1
+1 < ex —_— | = | = < (4t + 2 ,
|fi(& + iy)| < p</0 2122+ y <S@t+y) Ty

where ¢ = ¢, and a = min{1 — Ezj, 1} € (0,1]. O

Remark 4.1.6. The proof of Theorem can easily be modified to give the following
statement: For every 0 < ¢; < cp there is ¢ such that, if zg € A., and o < 09, then

2zt € A, for all . Then (4.5) holds with ¢, replaced by ca.

Corollary 4.1.7. There is a constant oy such that the following is true: If ||¢||1 < oo, if
2

0 <c¢<1 andz is in the cone A.(&), and if

T ME
0,s
/0 37 ds < o0,

then
3

/ r MO s
|arg f7(2)] §80+4/ 2% ds.
o S
Proof. Let oy be the constant from Remark with ¢; = 1 and ¢z = /3. Then if 2y € A,
and ¢ < 1, we have z; € A, and y > \/y3 + ¢ for all t by (4.5). By || and Lemmam7

T|x5|
g fr) < 4 las
0 Ys

/T cyo + ngs
0

< 7 TTUs
- W2 + )27
1 1 T M,
= 8cyp | — — —— —1—4/ = ds
<y0 \/y§+T> 0 s%2
< 8c+4 TMg’Sd
< c+ /0 3/2 S.
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4.2 The proofs of Theorems and

Throughout this section, we maintain our notation o = ||A||1, and denote by o = a, the
2
constant of Corollary As explained in Chapter [2] in order to show that the Loewner

equation generates a curve it suffices to show that

o(t ) = /0 oY O+ i) dy

goes to zero as € — 0, uniformly in ¢ € [0, 7. In our setting, this follows easily from Corollary

4. 1.9

Lemma 4.2.1. Suppose that X : [0,T] — R is Hélder-1/2 continuous with o < 4 and (g)
is the solution to . Then for everye >0 and 0 <t < T,

1—a

(4t + %)
(6]

o

/0 Y O + iy dy <

Proof. Fix 0 <t < T and € > 0. Let £(s) = A(t —s) for 0 < s < t. Let (fs)o<s<t be the
solution to 1) with the driving function &, so that g, L — #,. Hence by Corollary

11—«

(97 e+ i) = [ £(Go +iy)| < (4t +y%) 2y, (4.7)
and the lemma follows by integration. O

Remark 4.2.2. By Proposition 3.9 of [9], we get a quantitative estimate for the modulus
of continuity of the trace v := lim,_,o+ g; 1()\t + iy), namely v is Holder continuous with

exponent «/2.

To complete the proof of Theorem [1.2.1] it only remains to show that « is a simple curve

and satisfies the Ahlfors geometric characterization of quasiconformal arcs

|'7t - '75| S Mh/t - 'Yr| (4'8)

for some constant M = M, and all 0 < r < s <t < T. The key idea is to use the Gehring-
Hayman inequality [28, p.72], which says that among all curves in a simply connected plane
domain with two fixed end points, the hyperbolic geodesic minimizes the euclidean length,

up to a universal multiplicative constant.
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Lemma 4.2.3. If 0 < 4, then v is a simple curve that stays inside the cone A, (M) and
satisfies (4.8]).

Proof. Again consider the upward Loewner equation (2.3)) with the driving function &£(s) =
A(t—s) for s € [0,¢], for fixed ¢ € [0,T7]. It follows from Theorem that for z = {y+ic =
)\t + i€

’wt| < oYt

| 4
T st+e? <yp < VAt e
CO’

Since ¢ = lim,_,o+ (g; 1) (A + i) = lim_,o+ (24 + iy + &), it follows that

2Vt

and

< Im~y <2V, 4.9
St o s (49)

and
[Re: — Aof < coImy; < 2¢,Vt. (4.10)

This implies that the curve v is contained in the cone A ()\g) and meets the real line
non-tangentially. It also implies that v(0,7] "R = (), which easily implies that  is simple
(Lemma 4.34 in [14]): Just notice that, if 4, = v, for some ¢t < ¢, then g:(v(¢,T]) intersects
the real line at )\;, but that the curve g;(7[t,T]) has driving function A(t) = A(t+t') so that
gt (v(t, T]) "R = @ by the above.

To prove 4.8), fix 0 < r < s <t < T, denote v,,7vs, 7 by u,v,w, and their images
under g, by v’ = A\(r),v’,w’. We may assume that the line segment (u,w) is contained in

H, = H\ [0, r] (else replace u by the point @ that is closest to w on (u,w) N[0, 7], and
replace r by # = v~1(@)). By (&.9),

Imv' <2vs—r <2yt —r <y/1+c2Imw,

so that the hyperbolic geodesic geoy(u’,v") from u’ to v in H is within bounded hyperbolic
distance from geoy (v, w’). In particular, there is a point 2/ = g¢,(z) on geog(u',w’) of
bounded hyperbolic distance from v’ (where all bounds depend on ¢, only). Denoting ¢ the

euclidean length, it follows from the Koebe distortion theorem that

v —w| < |v— 2|+ |z —w| < Cdist(z,0H,.) + £(geoy (z,w)) < Cl(geoy (u,w)),
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since z € geoy (u,v). Since the line segment (u,w) is contained in H,., the Gehring-Hayman
inequality implies ¢(geoy (u,w)) < C'|lu — w| and (4.8) follows. This finishes the proof of
Lemma [£.2.3] and of Theorem [[.2.1] O

Proof of Theorem [1.2.3. Since we did not assume a priori that \ generates a curve, we first
observe that

AL < 3Ch. (4.11)

Indeed, since [A(t2) — A(t1)| < 2Ng\7t2 for 0 < s <ty < to <T, it is not hard to see that \ has
a finite Holder-1/2 norm on every interval [t1, 2] inside (0,7]. Next, for t; <s <r <t <ty
we have [A; — A| < N2, + [|A|]1/2v/7 — s. Integrating both sides of this inequality from s to
t with respect to r, dividing by (¢t — 8)3/ 2 and estimating the integral involving N* by Cp,
easily follows by choosing s and ¢ appropriately.

If Cy < %, Theorem applies and A generates a curve v. We will show that, if Cj is
small enough, then for every pair of points 7(t1),y(t2) on v with 0 < ¢; < to < T we have
il

5 (4.12)

|arg(y(t2) = (t)) - 5] < C <

where C' depends on Cy and o = ||| 1 only. This implies that ~ is the graph of a Lipschitz
function.

Let 4 be the image of v under the map g¢;,. This is the curve generated by the driving
function \; = At4tys t € [0,T — t1], see the figure below. By Lemma the curve 7 is
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in the cone A.()\,), where ¢ = ¢, is defined in Section With w = g¢, (11,) — Ay, We

therefore have

1
s _ s
jargl, =) = 51 = angw [ (65" (v, + sw)ds) ~ 3

< arctanc+ sup |arg(g;1)’(z)|.
ZGAC(Atl)

Applying Corollary to the driving function § = Ay, —; with ¢ € [0,¢1], assuming Cj is

small enough such that 3Cy < 0¢ and ¢3¢, < 1, we get

—1y/ MO,S
sup | arg(gtl ) (Z)| S 8¢ + 4 3/2 ds
ZGAC(Atl) 0 S

Thus

7T
|arg (e, — v4) — §| < arctan ¢ + 8¢ + 4C).

If Cy — 0, then 0 — 0 by (4.11) and therefore ¢ — 0 by Theorem Thus (4.12)) follows

if C is sufficiently small, and the theorem is proved. ]
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Chapter 5
REGULARITY OF LOEWNER CURVES WHEN )\ € C* WITH « > 1/2

This chapter presents joint work with Joan Lind. It is organized as follows: Section [5.1
includes initial properties of f(u,s,€) and some lemmas regarding solutions to a particular
class of ODEs. These lemmas will be useful in analyzing f and its partial derivatives,
and this is the content of Section In Section [5.3] we state and prove a quantitative
version of Theorem [1.3.1l Theorem [1.3.2] is proved is Section [5.4] and Theorem in
Section In Section [5.5.2] we prove Theorem by constructing a nice curve that
well-approximates a given Loewner curve at its base. We conclude in Section [5.6] with two

examples.
5.1 Preliminaries

5.1.1 Notation

Let H={z € C:Imz > 0}. Let I be an interval on the real line. The space C°(I) consists
of all continuous functions on I and ||@||ec.s = supes |¢(t)| for ¢ € CO(I).

Let o € (0,1). The function ¢ is in C if ||¢||oc,; < 00 and

H¢HC°‘ = sup |¢(t) B ¢(S)’ < 00.
s,tel,s#t |t - 3|a

Let n € N, M > 0 and « € [0,1]. The function ¢ is in C™*(I; M) if ¢/,--- ,¢(™ exist and
are continuous and the following two conditions hold:
16 ||oo.r <M for all 0 < k <mn,

M) (1) — ™M (g
and ||p™||ce :=  sup ¢ (®) q: () < M.
s,tel s#t ‘t - S|

In particular, the nt" derivative of functions in C™! are Lipschitz. A function ¢ is in C™ if

¢ € C™O(I; M) for some M.
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We say that ¢ is weakly C1(I) if ¢ is in C%(I) for all 0 < a < 1, and that ¢ is weakly
C™(I) if ¢ € C™ and " is weakly C*. The following proposition will be needed in Section
.51

Proposition 5.1.1. If a function ¢ belongs to C™*(I; M) then there exists ¢ = c¢(n, M)
such that for all to,t +tg € I,

n

1
|p(t + to) — Z gt%(k) (to)| < ct™.
k=0

The proof follows from the integral form of the remainder of Taylor series.
In this chapter we use C' for a universal constant, and ¢ for a constant depending on M, n,T'.

When constants depend on other factors, we will state this explicitly.

5.1.2  Loewner equation

It was shown that if A € C/2[0,T] with [|Allc1/2 < 4 then A generates a simple quasi-
arc 7 (previous chapter and [26], [22]). Since we work with A € C® for B > 2, we are
guaranteed that the corresponding Loewner curve is a simple curve. Further, we can make

the assumption that ||A||c1/2 < 1 in this chapter. Indeed if A € C#, 3 > 1/2 then on small

intervals |[A||p12 < 1. We can apply Theorems [1.3.1] and [1.3.2| on these small intervals,

then use the concatenation property of Loewner equation to derive the regularity of + on
[0,T]. Henceforth, we assume |[|A||z1/2 < 1.

We think of as a variant of the backward Loewner equation (with £(u) = A(s — u)
and f(u) = hy(ic) — &(u)), and our first goal is to understand some basic properties of its
solution f(u) = f(u,s,€), when (u,s) € D :={(u,s) : 0 <u < s <T}. Further properties
of f(u,s,e€) are in Section

Lemma 5.1.2. Let A € C1([0,T]; M), and let 0 < s <T and ¢ > 0. Then the ODE

has a unique solution f(u) = f(u,s,e), with 0 < u < s, satisfying the following properties:

(i) Im f is increasing in u.
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(ii) For all (u,s) € D ={(u,s) : 0<u<s<T}
V3u+e2 <Imf(u,s,e) < Vdu+ &2

and  |Re f(u,s,¢)| < Vu < \}g[mf(u,s,e).

(iii) For every § > 0, there is £(0) > 0 such that
|f(u,s,e1) — f(u,s,e2)| <6 for all (u,s) € D and e1,e2 < €(9).

In particular, f(u,s,e) converges uniformly as e — 0+ to a limit denoted by f(u,s). This
limit is the family of curves (s — u, s) generated by As, 0 < s <T.

(iv) Suppose A € C™([0,T); M), and let | +k <n and k <n —1. Then 0,0%f exists and
is continuous in (u,s) € D for all e > 0.

(v) If \ € C™([0,T]; M) and 1 < k < n — 1, then 0¥f(0,s,) = 0 for all s € [0,T] and

e > 0.

Proof. The equation (|1.5) is of the form:

where G(z,u, s) = _72 + N(s — u) is jointly continuous in z,u, s, and Lipschitz in z variable
whenever Imz > C > 0. So the solution exists on some interval containing 0. To show
that the solution to (1.5 exists on the whole interval [0, s], it suffices to show that (7)
always holds. The idea of (i) — (¢ii) comes from [32], which contains a study of the Loewner
equation when [|A||-1/2 < 4. For the convenience of the reader, we will present the proof
here.

Let z = z(u),y = y(u) be real and imaginary parts of f(u). It follows from ([1.5) that

—2x

2y
y o= 22+ 2 (5.2)

In particular, y is increasing and (y?)’ < 4. The former shows (i), and the latter shows that

y < Vdu + 2.
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Now we will show that |z(u)| < v/u, for 0 < u <'s. Suppose 0 < z(u) and let ug = sup{v €
[0,u] : z(v) < 0}. So

Oy(z(v) + A(s —v)) <0 for up < v < w,

and

z(u) + A(s —u) < x(up) + A(s —ug) = A(s — up).-

Hence
z(u) < As —ug) — s —u) < V|up — u| < Vu,

where the very last inequality follows since [[A|[;/2 < 1. The same argument applies when
z(u) <0, proving that |z(u)| < \/u.

Next we will show y(u) > V3u for 0 < u < s. Suppose this is not the case. Then since
y(0) = & > 0, there exists ugy € (0, s] such that y(ug) = v/3ug and y(u) > v/3u for u € [0, ug).
It follows from that

49 12u
pu— >
224+ 9?2 7 u+3u

(y2) =3 for 0 < u < up.

So y(up) > V3ug+e? > /3ug. This is a contradiction. Therefore y(u) > +/3u and
(y?)' > 3. These show (ii).
To show (iii), differentiate ((1.5)) with respect to € to obtain

20 f
0u(0:f) = 0:0uf = 2
Since 0. f(0,s,€) =1,
. “ 2
0:-f(u,s,€) —zexp/o mdv.
This implies
0 f(u,s,6) = e /uRe2d
. f(u,s,e)] = exp ; (0.5.9) v

") — 12())
eXp/o @) + 2w

The last inequality comes from (i7). It follows that

|f(u,s,e) — flu,s,&)| <le—¢€], forall 0 <u<s<T,
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and f(u,s,e) converges uniformly in D to a limit, denoted by f(u, s), as e — 0T.
Intuitively the limit f(u,s) is equal to (s — u, s) since f(u, s,¢) satisfies the same ODE
as y(s —u, s) does, and lim,_,o+ f(0,s,&) = y(s—u, s)|u=0 = 0. Indeed, from (1.4} and (/1.5

we can show that

v d
|f(u,s,6) — (s —u,s)| = |f(uo,s,¢) —’y(s—uo,s)\exp/ Re s 57(1)8_0 st (5.3)

with 0 < wgp < u < s < T and € > 0. Since v(s — v,s) is the tip of a Loewner curve
generated by a driving function whose Holder-1/2 norm is less than 1, then by [40, Lemma

3.1], it satisfies

[Rey(s —v,s)| <Im~y(s —v,s).

This implies that

2
R <0.
Tt s (s —v,9) =

Let ug — 0 and then ¢ — 0% in (5.3) we get f(u,s) =v(s —u,s).
Statement (iv) follows from the standard ODE theory (see [6], for instance) and the fact
that G is C" ! in (u, s).

We show (v) by induction. For the base case,

. f(0,s+6,¢) - f(0,8,6) . e—e
B e
Now supppose 0¥ f(0,s,¢) = 0 for all s € [0,7]. Then
k _ Ak
8§+1f(0, S,E) — lim 85 f(07 s+ 576) 83 f(07 S, 6) —0.
0—0 0

Remark. For convenience, in this paper we only consider ¢ € (0, 1]. In this case,
V3u < |f(u,s,6)| < VCu+e2 < Cyu+ Ce < ¢(T) for all 0 < u,s <T.

Later in Lemma we will show that 07 f exists and is continuous in (u, s).
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5.1.8 ODE lemmas
The next lemma is one of the key tools to investigate the regularity of f(u,s,¢).

Lemma 5.1.3. Consider a complex-valued function X satisfying the initial value problem
X'(u) = P(u)X (u) + Q(u), X (0)=0.
Suppose |P(u)| < —CReP(u) and |Q(u)| < My for 0 <u < wug. Then
| X (u)| < (C+1)Mu for 0 < u < up.
Proof. Solving the equation, one obtains
X(u) = R(u) + e W /Ou ") P(v)R(v) do,

where p(u) = — [ P(v) dv and R(u) = [;' Q(v) dv. Since |R(u)| < Miu,

IN

| X (u)] Afu¢+-ﬂfﬂde““”|J/ )] . |P(v)| dv

IN

My + Myue Ren@ / elo Rep“’)dwC( Re P(v)) dv
0

= Mu+ CMluefR'e w(u) (67 fou ReP@)dv _ 1)
= Mlu + CMluefRe p(u) <€Re w(u) 1)

< (C+1)Mju.

In some cases, we will need a more general version of Lemma [5.1.3

Lemma 5.1.4. Let Y be a solution to
Y/(u) = Pw)Y (u) = P(w)Q(u) + R(u),  ¥(0) = Q(0)

with |[P| < —CReP and |Q(v) — Q(0)| < w(v) on [0,up], where w is a non-decreasing
function.
(i) If |R| < MauP~1, then

|WW—QWNSKHJ)()(C+U%25
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(ii) I Y (0) = Q(0) = 0 and |R| < My, then
Y (u)] < Cew(u) + (C + 1) Mau.
(iii) More generally,
¥ () = Q)] < (C+ Lw(u) + (C + 1) /0 IR ()| do.
Proof. Let u(u) = [ —P(v)dv and S(u) = [ R(v) dv. We have

¥ (1) = e 0y (0) + e~ / " et (_PQ + R) dv
0
= Q)+ [T P)Q - Qv+ e [" e Ray
0 0
— Q(0) + e / 1) (—P)[Q — Q(0)] dv + S(u) — e~ ) / eH0) (—P)S do,
0 0

where the last equality follows from an integration by parts. Therefore under the first

assumption, |S(u)| < Mau®/B and

Y (1) — Q(u)| < 1Q(0) — Q(u)] + e Rer /0 " Re ) 0(Re Phuo(v) dv + |S(w)
e~Reuw) / Rerno (- ReP)]\g u’ dv

M-
<w(u) + Cw(u) + ?Quﬁ + Cﬂ?uﬂ

Under the second assumption,

¥ (u)] < e Ren) / Rev) O(_Re Phu(v) dv + |S(u)|
0

+6_Reu(u)/ eReM(U)C(_ReP)Mgud’U
0

< Cw(u) + Mau + C Mau.
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5.2 Properties of f(u,s,¢)

In this section, we will prove all important properties of f(u,s,e), which are listed in the
summary after Lemma [5.2.6, Then we let € — 0" to get properties of f(u, s) = v(s — u, s).

The next two lemmas concern the s-derivatives of f.

Lemma 5.2.1. Suppose A € C™([0,T]; M) with n > 2. For every 1 < k < n — 1, there
exists a function Qr = Q(u, s,€) such that

0u(0 ) = fiaff o

with (u,s) € D, and € € (0,1]. Moreover there exists constant ¢ = ¢(M,n,T) > 0 so that

105 f(u, s.€)| < cu.

Proof. We will prove the lemma by induction. Let k¥ = 1 and n > 2. Fix s € [0,7] and
e € (0,1), and let X(u) = 0sf(u,s,e). Then

X' (u) = 0,05 f(u, 8,€) = s0uf (u, s,€) = fz(u?s’g)asf(u, s,e) + N'(s —u)
2 12
= 7f2(u,5,5)X(u) + XN'(s—u),
and X(0) = 95f(0,s,e) = 0. Let Ps = Ps(u,e) = % and Q1(u,s,e) = N'(s — u).

Clearly, |Q1| < M. We will show that Ps(-,¢) satisfies the property of P in Lemma
Indeed, let f(u,s,e) = x + dy. It follows from Lemma [5.1.2(ii) that there exists a constant
C > 0 such that

B 2 2(x? — y?)
- .’E2—|—y2 — ($2+y2)2

| Ps(u,€)| = —CRe Ps(u,¢).

Applying Lemma [5.1.3] we obtain
|05 f (u, 5,€)| < cu

completing the base case.
Now suppose the lemma holds for 1 < k —1 <n —2 and 9,(0* ' f) = P,0* ' f + Qp_1.
Then
0u0L f = 0s(0u0S f) = POSf + Qi
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4

73 (0sf)(0%1f). One can show by induction that

with Qp, = 9,Qp—1 —
Qr = A" (s —u) + Ry

with Ry(u,s,e) = > terms, where the number of terms is no more than k£ — 1 and each

term has the form

c m—1
Lo,
j=1
for some 3 <m < k+1,and 1 <m; <k — 1. This term is by induction no bigger than
#umfl = cu™?* N < o(M, k,T)/u.

So |Qk| is bounded by a constant ¢ = ¢(M,k,T), and hence Lemma implies that
|0k f| < cu. O

Remark. Ry = 0 and R}, satisfies a recursive formula:

4

Rk+1(u, 875) = 83Rk(u,s,€> — W

(0 (u, 5,)) (95 f (u, 5,€)).
We have shown that for 1 <k <n—1,
|Ri| < e(M, k, T)\/u.
Since R, is only related to 9 f for 0 < k < n — 1, we have the same inequality:
|R,| < c(M,n,T)\/u.

Lemma 5.2.2. Suppose A € C™([0,T]; M) then 07 f(u, s, €) exists and if \ € C™*([0,T]; M)
then

where ¢ = ¢(M,n,T).

Remark. If A € C™([0,T1; M) then

107 f (u, 5,)|] < cosc(A™ u,[0,s]) < eM.
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Proof. It follows from the proof of the previous lemma that
8u(8?71f) = Psa‘?ilf + Qn—l
= PO 4+ AW (s —u)+ R, .

So
auX = PSX + Qa X|u=0 = A(n_l)(s)’

where X = 971 f + X D(s —u) and Q = =P A" V(s —u) 4+ R,_1. Since Q is C" jointly

in (u,s), 0sX exists and satisfies
0u(0sX) = Pds X — PA™ (s —u) + R,,.

and 9,X|u—0 = A (s). Hence 9"f exists and is continuous in (u,s). Since |R,| <

c¢(M,n,T), apply Lemma (1) with w = Mu®, My = ¢, and 5 =1 to obtain
07 f| = |8:X — A (s —u)| < (C + 1)Mu® + cu < cu®.
[

The next three lemmas concern the oscillation of 85 f in the variable s. In the proofs,
we omit € from the formulas at times (for ease of reading), but we remind the reader that

the functions f, Ps, Q, R do depend on three variables u, s, €.
Lemma 5.2.3. Suppose A € CH2([0,T); M) with o € (0,1]. Then
|f(u,s+0,¢) — f(u,s,e)| < cmin(ud®, ju®),
105 (u, s+ 8,8) — D5 f(u, 5,)| < (1 + g) min(u®, 6°)
for0<u<s<s+6<T ande > 0.
Proof. Since |05 f(u, s,¢)| < cu® (by Lemma[5.2.2)),
|f(u,s+0,e) — f(u,s,e)| < cou®.

Omitting the parameter ¢ for convenience, we have

2
flu,s)f(u,s +96)

Oulf (u,540) = f(u, )] = [f (w54 6) = f(u, 8)] + N(s+0 —u) = N(s —u),
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2
and f(0,s+0) — f(0,s) = 0. We see that P := T f (a5 1 0) satisfies

|P(u)| < —CRe P(u)

and that @ = N (s+d —u) — N (s —u) is bounded by M§®. Therefore, Lemma implies
|f(u,s+0) — f(u,s)| < CMud®.
It remains to prove the last inequality. We have
OulOsf(u, s +06) + N(s+ 6 —u)] = Psy50sf(u, s +9),

and
Oul0sf(u,8) + N (s —u)] = POsf(u, s).
So
OulOsf(u, 8 +6) + N(s+ 6 —u) — 0sf(u,s) — N(s —u)]
= Pygl00f (s + 8) + N5 +8 — ) — 0, f(u, ) — N5 — )]
— Ls40 (A/(S +0— u) - )‘,(3 - u)) + (Ps+(5 - PS)an(uv 5)'

We will apply Lemma with Q(u) = M(s+3d —u) — N(s —u) and R(u) = (Psis —
P;)0sf(u,s). Note

IN(s+6—u)—N(s—u)— N(s+8) + N(s)| <2M min(u®,§%).

Further

clf(u,s+06) = flu,8)] - |f(u,8) + fu, s +0)] o

U
u2

|Ps+6 - Ps, ) |63f(u75)| <
o cud®vCu+ g2 o

u

~1/2 -1
< e6uY? 4 c6%ut,
and so

/ |R(v)| dv < / <c5o‘va71/2 + cdasvafl) dv < ed®u®t? ¢ 5o
0 0

(e%
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Therefore, by Lemma [5.1.4] (iii) with w = 2M min(u®, §%),
05 f(u, s+ 6) — D f (u, )| < CM min(u®, 6%) 4 c6®u*T1/? + céo‘guo‘

<e(l+ 2) min(u®, §%).

Lemma 5.2.4. Suppose A € C™*([0,T]; M) with n > 2 and o € (0,1]. Then
|Ri(u, s+ 0,e) — Rp(u, s,¢)| < cdv/u  when 1<k<n-—1,

and
0% f(u, s+ 0,€) — 0% f(u,s,¢)] <cud  when 1<k<n-—2,
and

00 (s + 6,) — 0071 f(w,5,0)] < emin(u?6, ud®)

Proof. From the Remark following Lemma [5.2.1) we know that Ry = 0, R satisfies the

recursive formula:
4

RkJrl = 88Rk - f3 (6Sf>(6§f)7
and |Ry| < ¢y/u for 1 < k < n. Therefore, for k + 1 < n, Lemma implies that
4
|0s Rie| < |Rpqa| + W@f\ 1031

< cv/u.

Thus
s5+0
|Rk(u73 + 57 5) - Rk(U,S,E)| < / |85Rk(u,7”, 8)‘d7“ < 65\/&7

proving the first statement.

When 1 < k <n -2, Lemma implies that
s+6
0 f(u,s+8.0) ~ O flus,) < [ 1ok (o)l < cus
S
proving the second statement. From Lemma

s+
07 F(u, s+ 6,2) — O f(u, 5,)] < / 00 f (uy 7, )| dr < cu®s.
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To prove the third statement, it remains to show
107 f(u, s+ 0,€) — OV f(u, 5,€)| < cd%u. (5.4)
Omitting the parameter £, we have
0u[05 7 f(u, s+ 8) — 057 f(u, 8)] = Pays[05 7 f(u, 5 +8) — 057 f(u, 5)]
+ AP (s 46 —u) — AW (s —u))
+ (Poys — P)0} ™ f(u, 9)
(

+Rn71(u75+5) n 1 U,S)

Since
NP (s 46 —u) — A (s —w)| < Ms°,
and
Prcs = Pul - 1027 £ 5)] < 250 < o < a7,
and
|Rp—1(u,s 4+ 8) — Rp—1(u, s)| < edv/u < b,
we apply Lemma with M7 = ¢ to prove (j5.4)). O

Lemma 5.2.5. Suppose A € C™*([0,T]; M) with n > 2 and a € (0,1]. There exists
c=c(M,n,T) so that

‘Rn+1(u,5,€)‘ < Cua_l/Qa

|Rn(u, s +8,€) — Ry(u,s,¢)] cu®~1/2s,

IN

0 f(u, s +06,) = 01 f(u,5,2)] < e(1+ =) min(u®, 5%).
Proof. Let’s note that
m—1
I .
Ru=2 e [1 071
j=1
with 3 <m <n+1,1<mj <n—1, and the number of terms in the sum is no more than

n — 1. Since 07 f exists, so does Rp+1:

m—1
Rn+1 = Zfim 1_[1 a;nj.ﬂ
j=
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with 3 <m <n+2 and 1 <m; <n. We can check that in each product, there is at most

one m; = n. Hence

m—2, «

at+m/2—2 a—1/2
n — - — ) ) Y
|Rp+1] < cn 72 <cu <c(M,n,T)u
U
and
4 _
lasRn’ < ‘Rn—i-l’ + |f’3 ‘8sf‘ ) ’8?](" <cu® 12,

This implies that
|Rp(u, s+ 0) — Ry (u, s)| < cu® 125,

It remains to prove the last statement. Now we have

0u(07 f(u, 5+ 6) + A" (s +6 — u)) = Pays0y f(u, 5+ 0) + Rn(u, s +9),

and
OO0 £ (11,5) + A (5 — w) = P07 f(u, ) + Rl ).

Let

Y(u) =0 f(u,s46) + A (s 406 —u) — 0" f(u,s) — A (s — u) and

Qu) = XM (s +6 —u) — AW (s —u).
Then

0uY = P51 sY — P 5Q + (Psys — Ps)0Y f(u, s) + Ry(u, s+ 6) — Ry (u, s).
We see that
1Q(u) = Q(0)] < cmin(u®, 6%),
and
\/ 2
(Pyss — PO f(u, 5)| < %ua < cou V2 4 cegu,
u
By Lemma (#31) with |R(u)| < cou®" Y2 4 cedu®1,
87 f(u, s+ 0,€) — 7 f(u,s,8)] = |Y — Q| < emin(u®, 6%) 4 cou®T/2 + @ua.
a
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Lemma 5.2.6. (Boundedness of mized u and s derivatives.) Suppose X € C™([0,T]; M).
Let sg € (0,T) and Dy = {(u,s) € D : sp < u}. There exists Lo = Lo(M,n,T, so) such that
for alll +k <mn,

0,95 £ (u, 5,€)| < Lo.

In other words, f € C™(Dy; Ly) for every e € (0, 1].

Proof. The case | =0 and k < n is proven by Lemmas and Consider £ = 0 and

1 <1 <n. We have

-2
Ouf = — +N(s—u).
!
This implies that when ug < u,
Oufl< —2— + M <L
W= ova =0

We can show by induction in [ that
2 _ R
Ouf = 07+ ()TN0 —w) + B

where R; is the sum of a finite number (depending on 1) of terms of the form

c m—1

I [1a:7
j=1

with 3 <m <l—1and 1 < m; <1 — 2. Hence by induction |0, f| < Lo for so < u < T.

The other cases 1 < k < n — 1 are proved similarly.

Summary. We have proved the following properties of f(u, s, ¢):

CvVu+e?2 <|f(u,s,e)] <C'Vu+ C'e.

108 f(u,s,e)| <cufor 1 <k<n-—1.

|0 f (u, 5,€)| < cu.

|08 f(u,s +6,e) — 0¥ f(u,s,e)| <cud for 1 <k <n-—2.
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o |07 L f(u,s+d,¢) — 0" L f(u,s,e)| < cmin(ud®, u®d) if 0 <n — 1.
o |07 f(u,s+6,¢) — 9% f(u,s,¢)] < c(1+ £)min(u®, ) for 1 < n.

e For every 0 < sog < T, there exists Ly = Lo(M,n, T, sp) such that for all I + k < n,
|0L. 0% f(u, s,€)| < Lo.

We emphasize that ¢ depends only on M, n,T, not on « and €. We know from Lemma
[5.1.2that f(u, s,e) converges uniformly in D to f(u,s) ase — 0F. For all [+k = n, it follows
from the proof of previous lemmas that 0,0% f(u, s, ) can be expressed in terms of lower
derivatives in u and s of f(u,s,e). Therefore in Dy = {(u,s) € D :0<sp <u<s<T},

0L 0% f(u, s, €) converges uniformly. This implies that f(u,s) is in C"(Dg) and satisfies

o CVu<|f(us)] < C'Vu.

|08 f(u,s)| < cufor1 <k<n-—1.

|05 f (u, 5)| < cu®.

|08 f(u, 5+ 6) — 0k f(u,s)| < cud for 1 <k <n—2.

01 (a5 4+ 6) = 91 Flu,5)| < emin(ud®,u®8) i 0 <n — 1.

|02 f(u, s+ 6) — 0% f(u, s)| < emin(u®, §%) for 1 < n.

For every 0 < sg < T, there exists Ly = Lo(M,n,T,sp) such that for all [ + &k < n,
|0L.0% f(u, s)| < Ly.
Corollary 5.2.7. If A is in C"™[0,T] with n > 2 and o € (0,1] then v is in C™(0,T].

Proof. The previous arguments imply that v(s—u, s) € C™(Dy) for every so € (0,T"). Hence
s — v(0,s) € C™(0,T]. Since v(s) = v(0,s) + A(0), the curve ~ is in C™(0,T. O
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5.3 Smoothness of v
The goal of this section is to prove the following;:

Theorem 5.3.1. Suppose A € C™([0,T); M) withn > 2 and « € (0, 1].
(i) If a < 1/2 then v € C™*t1/2(0,T]. And for every 0 < sy < T, there exists ¢y =
co(M,n,T,so) such that v € C™([so,T];co) and

(n) _ % a+1/2
(s +6) =1 (s)] < 26

(i) If a = 1/2 then 7 is weakly in C™(0,T]. For every 0 < so < T, there exists
co = co(M,n, T, so) such that v € C™([s0,T]; co) and

Y™ (s +68) — 4™ (s)| < cod (1 +1log™ %) .

(iii) If o € (3,1] then ~ € CrHLe=1/2(0. T). And there exists co = co(M,n, T, sq) such
that

‘,y(n-l—l)(s_i_d) _,.Y(n-&-l ( ) _ 0 sa- 1/2

= 2a -1
Proof. Assume that A € C™*([0,T]; M) with n > 2 and « € (0,1]. Fix sp € (0,7) and let
Do ={(u,s) € D:0< s9 <u<s<T}. Recall from [40] that

neoy 2v'(s) —4~(s * Os[f (u, )] u
UCREr O ol

We need to show

in C"2 and F(™=2 ¢ C*t1/2 when a € (0,1/2)

* 0sf (u, .
F(s) == f{u(us)? du is in "2 and F® 2 weakly in C! when v = 1/2 .
0 )
in C" ' and F™ Y ¢ C* /2 when a € (1/2,1]
- 8sf(ua ) > _ » : .
Let Fi(u,s) = Flu,5)? and Rq(u,s) = 0. We define Fj, and Ry, recursively as follows:
u, s
- - 3(0sf) (051
Y S A

ak
F, = 0:F,_1= Sf—{—Rk.
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Let F(s) = Fj(s, s). Then formally

p(n—2) (S) _ Fl(n—?)) (8)+F2(n_4) (S)+ .. Fn—2(3)+/05 [W + Rn_l(u, S):| du, (55)

and

FON(E) = H07000) + B b B+ [ |5 4 Ry de 50)

We notice that

m—2
mzzﬁijn (5.7)
=

where there are at most k—1 terms for the sum, 4 <m < k+2, and 1 < m; < k—1. Further,
when k > 3 each product contains at most one m; = k — 1. Therefore, Ry € C"~* =1 (Dy),

F, € C"%(Dy) and Fy € C"*[sg, T]. The representation of Ry, in (5.7) also implies that

N

|Ri(u,s)] < cforl<k<n, (5.8)
N c . 1
and |Rp+1(u,s)] < Y] if > 7 (5.9)

Hence equation (5.5)) holds for all o € (0, 1] and equation (5.6 holds when « € (1/2,1].
Let

s a9k U. S s
Ii(s) ::/O Wdu and IRk(s):/O Ry(u, s) du.

Theorem [5.3.1) will be proven once we show that
o I, 1+ 1R, 1 € Cot/2[s5,T] for a € (0,1/2),
o I, 1+ IR, 1 is weakly Cl[sg,T] for a =1/2, and

o I, +IR, € C“ V2[5, T] for a € (1/2,1],

along with the needed bounds on [l (s + ) — Ix(s)| and |IRg(s + ) — I Rx(s)|. This is the

content of the next three lemmas.
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Lemma 5.3.2. Suppose A € C™*([0,T]; M), with n > 2 and « € (0,3]. Then there exists
c¢c=c(M,n,T) such that for all0 < so <s<s+J<T,

[IRp(s+6) —IRk(s)] < ¢b foralll<k<n-—1 and

1
[IR,(s+9) —IR,(s)] < ¢ ifa> 3
Proof. 1t follows from the definition of Ry, and formula 1) that for 1 <k <n -1,
A A 8+5 A
B, 5+ 8) — Ru(u, 5)| < / 00 R ()| dv < 6.
Similarly if « > % equation (5.9)) implies
N . cd
|Ry(u, s +0) — Ry(u,s)| < YR
Integrating completes the lemma. O

Lemma 5.3.3. Suppose A\ € C™([0,T); M), with n > 2 and o € (0,3]. Then I,,_1 €
CotY2(s0,T] when o € (0,1/2) and I,,_1 is weakly C*[so,T] when o = 1/2. In particular,

there exists ¢ = c¢(M,n,T) such that for all0 < s < s<s+6<T,

(s + 102 L e(14 )5 when 0<a<j
1

c(1+logh %+ \/15—0)(5 when o =3

Proof. We decompose I,,_1(s + ) — I,,—1(s) into the sum of four integrals and bound each

[ln1(s+0) — In-1(s)| <

integral.
s 9 f(uy s 4 6) — OF 1 f(u, 5)
In_1(s+6) —I—1(s) = /0 Flus £ 0)° du
s n—1 _ An—1
= CEELEL S O
dNs f(ua s+ 6)3

y 8g_lf(u, 5)(f(u’ 8)3 - f(uv s+ 6)3)
o Flu, 5 f(ur 5+ 0)° du
sT0 gn=1 f(u, s + 6)
+ /S f(u,s+5)3 du.

The first integral:

Mo f(uys +0) — Oy flus) I [ cud®
0 - 0 u3/2

f(u,s+0)3

= VI A s < ed*t/2,
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The second integral, when 0 < o < 1/2:

/s 9y fu,s +08) — 9~ f(u, 5)
ONs f(u73+5)3

S OC(S
du’ / %du
SAs U /2

< cd (50471/2 o Sa71/2)
- 1-2«
&
< 5a+1/2‘
- 1-2«

In the case o = 1/2, the second integral is bounded by

/5/\5 cdu~t du = ¢dlog 3;9\5 = ¢ log™ %

The third integral:

S Om Flu, ) (f (s 8)° — flu,s 4+ 5)P) ¢ cu(ubu)
/0 F (s ) (5 1 0)9) d“‘ = /0 s

= c¢ds < co.

The last integral:

s+d an—lf(u s+ 5) 546 cu
S ) < - — —
/S s 1 0)7 du‘ < /s 37 du c(Vs+ V's)

co c

< 5.
Vs+0++/s Vs

O]

Lemma 5.3.4. Suppose A € C™*([0,T); M) with n > 2 and o € (3,1]. Then I, €
Co1/2[s0,T), and there exists ¢ = ¢(M,T,n) such that for all0 < s < s+6 <T

¢ a—1/2
| — 1 < — .
[In(s+96) — In(s)| 5 15

Proof. We proceed in a manner similar to the previous proof.

/“s Oy f(u, s +0) = 03 f(uys) o
0

In(s+6) — I(s)

flu,s+0)3
# 5;‘f(u,5+5)—(9§”f(u,s)
- /5/\5 f(uv s+ 5)3 du

/ T 0L f (u,8)(f(u,5)° — flus +0)%)
0 f (s ) f (a5 +9)°

STO 91 f(u, s 4 )
[ e X
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The first integral:

ONs an _Aan ONs : a Sa
/ 0 f(u,s+6) — 02 f(u,s) dul < / cmin(u®, § )du
0 flu,s+6)3 0 u?/?
o 3/2 c 1/2
< oa— < oa— .
< C/o U du < o — 15

The second integral:

* 07 f(u,s+6) — 97 f(u,s) * cmin(u®, 6%)
< [
Lo e ] < [
< / % g < e (62— 512 < e,

AS ud/2

The third integral:

° agf(uv S)(f(u7 8)3 B f(u, s+ 5)3) 5 au25
/0 F(u, 9)3f (w5 + 0)3 du‘ < /0 cu qu

= / cou® "t du = éso‘ < 6212,
0

(0%

The last integral:

s+0 I f(u,s+9) sH0 o0 c 1
s ) < _ a—1/2  _a—1/2
/S Flus + 09 dul < /S u3/2du 2@_1((S+5> s )
c a—1/2
< — .
- 20— 15

5.4 Real analyticity of v

In this section we prove Theorem [I.3.2] There exists § > 0 such that A can be extended
(complex) analytically to £ = {z € C : d(#,[0,T]) < ¢}. Notice that f(s,s) = v(0,s) =
~v(s) = A(0) and f(u,s,e) converges uniformly to f(u,s) on D = {(u,s) : 0 < u < 5,0 <
s < T}. So it suffices to show that f(u,s,e) can be extended analytically in the same
neighborhood of D (in C x C) for all e. Recall that G(z,u, s) = =2 4+ X(s — u) is analytic
in (z,u,s), hence by the dependence of solutions of ODE on parameters (see [6, Theorem
8.1]) the function f(-,s,€) in exists and is analytic in a neighborhood of u = 0 for each
e € (0,1] and s € E. The main difficulty is to show this neighborhood is the same for all &

and s.
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The outline of this section is as follows: First we show in Lemma that the equation

(1.5)) still has solution when s is in the domain
E = {t:O<Ret<T—|—51,|Imt| <(51}

with d; small enough and not depending on . Then in Lemma [5.4.2] we show that one can
take complex u-derivatives in , which means the solutions are extended analytically.
Finally by [6, Theorem 8.3] the solutions are analytic in (u, s) on the same domain for all e.

Let M be an upper bound for the sup-norms of A and \” on E. As a first step, we will

show the following;:

Lemma 5.4.1. There exists 01 € (0,0) depending on 6, M and T such that for every s € Ey

and € € (0,1], the solution to the equation

Ouf(u,8,6) = ———+N(s—u), u>0,

f(07 87 6) = Z€7
exists uniquely for u € [0, Res + §1]. Moreover,
max (Vv 2u, %) < Imf(u,s,e) for 0 <u < Res+ 0.

Proof. The solution f(u, s, ) exists on a neighborhood of u = 0, and it continues to exists as
long as it stays above the real line. The uniqueness of this solution comes from standard ODE
techniques. To establish the results of the lemma, we will compare f(u,s,¢e) to f(u, sg,¢)

where sy) = Re s and

-2
auf(%So,E) = W+)‘,(30_u)7 u >0,

f(0,s0,¢) = e
It follows from Lemma [5.1.2] (¢, %) that

V3u+e2 < Imf(u,sp,¢)

and |Re f(u,s0,¢)] < Vu for 0 < u < sg + 01,
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where 01 < § will be specified momentarily. By following the same argument in Lemma

we get a bound for the difference of f(u,s,e) and f(u, sg,€):
|f(u,s,e) — f(u,so,e)| < CMul|s — so| < CMudy

whenever 0 < u < S with

. € Re f(v, s, e
S =1inf{0 <v <wg+ 01 :Im f(v,s,¢) < 3 or W > C1},

where C is a constant in (0,1) and close to 1. It follows that
Im f(u,s,e) > Im f(u, sg,e) — CMudy > \/3u+ &2 — CMudy,

and
IRe f(u, s,€)| <|Re f(u, so,€)| + CMud; < /u+ CMud.
By choosing §; small enough, Im f(u, s,e) > max(v/2u,e/2) and

[Re f(u,s,€)|

Im f(u,s,¢) <G

for all 0 < u < S. It follows that S = ug + 61 and the lemma follows. O
Now we will show that

Lemma 5.4.2. For every ¢ € (0,1], s € Fy and 0 < @ < Res + 01, there exist r =

r(a, M,9,T) € (0,0—01) and an analytic extension of f(-,s,e) on By ={z€ C: |z—a|] <r}

such that
-2
8uf(u, 3,5) = m —+ )\/(S — U)
Proof. We will use the Picard iteration to show that the equation
J(u) = —— + X(s — ), (5.10)
g(u)

g(ﬂ) = f(a’sve)

has a solution on By = {z € C: |z — @] < r}, where r will be specified later. Indeed for
|u — 4| < r define go(u) = f(a,s,e) and

u

gn+1(u) = f(fL?Svg) +/

@) + N(s —v)dv.
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We will show by induction on n that g, is well-defined and analytic in By and
Im g, (u) > V.

The base case n = 0 is clear because of Lemma, Suppose the claim holds for n. The
function g,41 is well-defined and analytic in By since gin is analytic in a simply connected

domain. Now

2
Imgyt1(u) > Imf(a,s,e)— |u—u|max [ ——— + /\’s—v>
() > T f(5.9) o= g (2 V(s =)

Y

\/ﬁ—r(\/zﬁ—l—M).

The claim holds for n + 1 by choosing r small enough depending on %, M and T. We also
require that r is small enough so that 2r/4 < 1. Then the sequence g,, converges uniformly

in By since

Q‘Qn(v) — gn—l(v)|

u) — U < |u— u| max
‘gn+1( ) gn( )| = | |’U€Ba ’gn(v)gn—l(v)’
2r
< —lgn — gn-1llBa,c0-
U

Let g be the limit. Then this function is analytic and satisfies the differential equation
(5.10). In particular g(u) and f(u,u,e) solve same initial value problem. Hence they are

equal when w is real. In order words, f(-,s,¢) is extended analytically on Bj. O

Proof of Theorem[1.5.9 By [6, Theorem 8.3], for every ¢ € (0,1] the function f(u, s, ¢)
is analytic in the domain {(u,s) : s € E1,u € By for some @ € (0,Res + d01)}. It follows
that f(u,s) is also analytic in the same domain which contains {(s,s) : 0 < s < T'}. Hence

f(s,s) and v(s) is real analytic on (0, 7. O

5.5 Behavior of v at s =0

In this section we analyze the behavior of «y at its base, proving Theorem [1.3.4]and Theorem

L33
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5.5.1 Smoothness of y(s?) at s =0

We may extend A smoothly on (—§,7") by the concatenation property of the Loewner equa-~
tion. Thus, it suffices to show that for fixed to € (0,T), the curve vo(s?) = gi, (7(s% + o)) is
smooth at s = 0 provided + is smooth on (0,T"). The idea, illustrated in Figure is as fol-
lows. Let U be the intersection of H and a small disk centered at A(0) and let V = g%l(U )
Define an analytic branch ¢ of m in a neighborhood of (¢y) such that the branch
cut is (0, to]. Let W = ¢(V'). All we need to check is that for small € > 0 the images under
¢ of y(to — &,t0] and y(tp + s2),0 < s? < ¢, are smooth. Finally the smoothness of yo(s?)
follows immediately from the Schwarz reflection principle through E = ¢(y(to — &,t]) (in
the case v is analytic) or Kellogg-Warschawski theorem (in the case « is C™%) for the map

qSog;Ol from U to W.

Gto

A(to)

Figure 5.1: Illustration for the proof of Theorem [1.3.4

Proof of Theorem [1.5.7) when X is analytic. It follows from (1.3) that 7/(¢) # 0 for all .
Thus, there exists an (real) analytic function h on (—/¢,+/€) such that

v(to + 5) — (to)

= h(s)? for all s € (=g, v/2)\{0}.

Let ¢1(s) = ish(—s?) and ¢o(s) = sh(s?). We see that these two functions are analytic

and one-to-one. Moreover,

b1(5)* = y(tg — %) — (to) and
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pa(5)? = (to + 5%) — y(to).

Therefore the boundary E of W, which is parametrized by ¢1(s) near 0, and ¢(y(tg + s2))
are analytic. Since the latter map is the image of vy(s?) under ¢ o 9, ! it follows from the

Schwarz reflection principle that vo(s?) is analytic at 0. O

Proof of Theorem when X\ is C#. By Theorem m v € C™(0,T] for appropriate
a € (0,1). It is not obvious that the function A in the previous case is C™“. Indeed one

can find an example of function v € C™“ but h is not. Now let

H(s) = Yot s) =70) ¢ oo JENO), and H(0) = (k).

S

We claim that H € C"~1%(—/¢,/€). Indeed
I (—1)F
()= ™M 3
H™(s) = o > !
k=0

Apply Proposition for functions 7,4/, -+ ,7™ to get |H (s)| < ¢s*~! which implies

—1)"n!
sPy B (g + 5) — (S7~3rl7(t0) for s # 0.

the claim.

Since inf,c(_ /) [H (s)] > 0, it follows from the claim that the function s — VH(—s?)
is C"~ 1@ (—/z,/€) for any well-defined square-root function. Let ¢1(s) be a parametriza-
tion near 0 of F such that ¢1(s)? = ~(to — s%) — (to) and ¢1(s) = s\/H(—s2) for
s € (—+/e,/€). Since ¢}(s) = ry/(;(_sj)), the function ¢ is C™*(—+/e,/€). The same
argument shows that the function gb(w(tz + 5%)) is C™*[0, \/€). Combined with the last two

statements, the Kellogg-Warschawski theorem [28, Theorem 3.6] implies that the function
T0(s?) is C™°[0, V). O

Remark. The proof also shows that if A\ € C™*([0,T]; M) then T' € C™*+1/2([0,T); ¢)
with ¢ = ¢(T, M, n, «).

5.5.2  FEzpansion of v at s =0

The goal of this section is to prove Theorem which illuminates why the s? parametriza-
tion is a natural parametrization at the base of a Loewner curve . To accomplish this,

we create a comparison curve 7y that closely approximates + near its base and is “nice” at
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s = 0 (that is, I'(s) = #(s?) is smooth at t = 0.) The properties of the comparison curve
are summarized in Proposition below.
Assume vy is generated by A € C™*[0,T]. We define ¥4 as a perturbation of a vertical

slit, as done in Section 4.6 of [14]. Set

which is conformal on a neighborhood of the origin. The real-valued coefficients b,, will

depend on A¥)(0) as we will describe later. Then define
4n+1

H(t) = p(2iVE) = 2iVE+ D b t™?
m=2

= 2Vt — bot — i bgt?? + byt® + -+ b4n+1t2"+1/2,

Let g; : H\ [0, 2iv/t] — H and §; : H\ 7[0,] — H be conformal maps with the hydrodynamic
normalization at infinity. Then we set ¢; = §s 0 ¢ o g; | and A(t) = ¢¢(0), as illustrated in
Figure In this form, ¥ and A are not parametrized by halfplane capacity. We will need
to reparametrize by ¢t = (s), which satisfies ¢(0) = 0 and % = ¢}(0)~2. Note in particular
that 2| _ =1.

Lemma 5.5.1. Assume ¢y, A and t = t(s) are defined as above, and let k € N. Then
there exists T > 0, there exist polynomials pr(z1, w2, TKt2), qx(x1, 22, ,To)) and

re(z1, T2, -+ ,Tok—1), and there exist nonzero constants cy,dy, ey so that fort € [O,T],
0:61" (0) = e "2 (0) + i (64(0), 67(0), -+, ¢V (0), 61(0) ) | (5.11)
OEN(E) = di 07 (0) - 91(0) 7 + i (91(0), ¢/ (0), - , & (0), 61(0) "), and  (5.12)
Okt = e 6™ 7D(0) - 61(0) "D g (64(0),67(0), -+ 9 TP (0),61(0) ) (5.13)

Further A € C*|0, s(T)] under the halfplane-capacity parametrization.

Proof. Write ¢¢(2) = > 1y a,z", keeping in mind that aj, depends on ¢. Then from Propo-

sition 4.40 in [14],
_ ¢ (02 ¢£(Z)>
ot =2 (50 -4,
_ 9 S olarapso + 2asak11 + -+ + (k + 2)agi0a1)2"
Do Wh12F '

(5.14)
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i ¢ /
t2iv/7 i (t)
gt (Z)t gt
SN

O -----
P2
—~
~
N~—

Figure 5.2: The conformal maps ¢, g;, g, ¢+, the comparison curve 7, and .

Since a; = 1 when ¢ = 0, there exists a neighborhood U of 0 and T > 0 so that the
denominator is nonzero for z € U and ¢ < T. Therefore 8t¢§k)(z) is defined for (z,t) €
U x [0,T]. Equation follows from (with ¢ = —%)

We verify inductively. For the base case,

OsA(t) = i (0) - at

7o = ~301(0)- 4(0)7%

Assume ([5.12)) holds for a fixed k. Then

OFINE) = 0 (i 7 (0) - 64(0) 72 + g (40, ¢7(0), -+, 07 (0), 34(0) 7)) - 4(0)~2

= diea 979 (0) 610472 4 g (6100), 6700V 0),610) ).

We also prove ([5.13)) inductively. When k = 1,

it

T =0 60
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If (5.13)) holds for fixed k, then

91 = (e 0o (0) - 610) Y 4y (61(0), 61(0), - 6% 2(0), 64(0) ")) - 64(0)

dt
= e cor 07 (0)- 640D i (00, 610), -+ 6 (0). 01(0) ).

The last assertion follows from ([5.12)). O

We are now ready to recursively define the coefficients of ¢. The coefficient b, will

depend on A®)(0) for k = 1,---, 5] An. For even values of m, our choice of by, will

ensure that 9¥A(0) = A®)(0) for k < n. For odd values of m, we choose by, so that the

t-parametrization of 7 is close to the halfplane-capacity parametrization.

o Set by = —2N(0). Since Os\(0) = —3by, this implies that d\(0) = N'(0).
2

b
e Set by = §2 This implies that % oo = 203 — b2/4 = 0.

e Assume that bo, b3, - - - , bor_1 have been defined. Then by Lemma[5.5.1

~ 2k)! 1 2k —1)!
OEN(0) = di (22,2 bak + i <1, 5527 E 7(2%_1)621@—1, 1> -

If k < n, define by, so that d¥X(0) = A¥)(0). If k > n, we may define by, however we

like; for instance, we choose bay, so that ¥A(0) = 0.

e Assume that bo, bs, - - , bor have been defined. Then by Lemma [5.5.1

dr 1t (2k + 1)!

1 (2k)!
dstH| T €kl ~oopy1 P2kl Tt Tk (1, 302 g bams 1) :
s=

Define bogy1 so that this quantity is zero.

This construction ensures that d¥A(0) = A#)(0) for k < n and that t = s + O(s*"2).

The first fact, together with by Theorem 3.3 in [40], implies that |y(s) —5(¢(s))] = O(s"T%)

for s near 0. The second fact implies that under the halfplane-capacity parametrization

A(t(s)) will have the same coefficients as §(t) for the terms with exponents at most n+1/2.

Together, this provides precise information about the expansion of v(s) near s = 0. In

summary, we have proved the following, which establishes Theorem [1.3.3
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Proposition 5.5.2. Assume that A € C™*[0,T] generates the curve . Then there exists
A € [0, S] that generates a (half-plane capacity parametrized) curve 5 € C*(0,] with

the following properties:

o XB(0) = XB)(0) for 1 <k <n.

o T(s) = 7(s?) is in C*°[0,V/S].

o T(™(0) depends on \¥)(0) form <2n+1 andk=1,---, 5]

[ ]
=y
—~

®
~—

|
N
—

VA
-

|

)
—~

v

3
+
Q
Y

In particular near s = 0, the curve v has the form

(5) 2@'\/§+a23+ia333/2 + ags® + -+ agys™ + O(s"H9) ifa<1/2
Y8) =

2i\/5 + a5 + 1 a3sY/? + ags® + - + agps” + iagnp18"TY2+O(s"FY) ifa>1/2
where the real-valued coefficients a,, depend on A% (0) for k=1, L]

We note the equations for the first few coefficients:

2
ag = gA,(O)
a5 = — = N(0)?
18
4 1
— 7)\// 7}\/ 3
a3 = 7=X(0) + 752 A(0)
_ _i " / 1 4
a5 =~z X (0)N(0) + 5757(0)

Coefficients ag, as, aq were discovered in [20] by comparison with specific example curves
(such as those generated by c\/7 —t.)

Along with the tools developed in Sections and Proposition could be used
to show that if T'(s) = y(s?), then I'®(0) exists and equals T®)(0) for k =1,--- ,n + 1.



70

5.6 Examples

In this section we discuss two examples. In the first, the driving function is C*/2 and the
associated curve is C'! but not C2. This example shows that we cannot improve Theorem
to say that the curve is C™*! in the case that the driving function is C"*1/2. In the
second example, which illustrates the @ = 1 case of Theorem the driving function is
C%! and the associated curve is C%/2. We describe the needed computational steps to verify

these examples, but leave details for the reader.

5.6.1 Ezample 1: X € C%/% and v € C™!

This example was communicated to us by Don Marshall.
We will create v via a sequence of conformal maps, as pictured in Figure Let

filz) =z + % +clnz, and let 712 = —etvertd VQCzH be the finite critical points of fi. Define

cT

9 = S = A

which is a conformal map from H onto the C1'* domain C\((—o0,0]U a circle arc). Finally,
set

F(z) =ivg(z) + 1.

The image of H under F' is a slit half-plane, and we let v be the resulting slit.
For t € [0,1/4], (t) = 2iv/t and A(t) = 0. To compute A and v for ¢ > 1/4, we will need
to use the conformal maps, since (t) = F(ry) and A(t) = L~!(rs) for the automorphism L

of H with

—2t
F(L(z)) =240+ — 4+ --- near infinity. (5.15)
z

Since L must send oo to 71,

ab  ab®  ab?

a a
L(2) — SR S+ 4 0(2° infinity,
(2) =71 + m+ -+ 5+ 5+ +O(|27) near infinity

z—0
where a < 0 and b € R. Using this and the Taylor series expansion of f; — fi(r1) at z = rq,

one can compute that

A B D 5 . )
fi(L(2) = fi(r) = 2 + 3 + o + O(1/|2]?) near infinity,
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o0 f1(2) = fi(r)
— 0
-

rr 0 1o ooe

1
0

X o [Jo ¢
Figure 5.3: Conformal maps used in the construction of v for Example 1.
with @
2 3 r(3)
4= f12(”’1)7 B:aQbf(Q)(rl) + a’f 6(7’1)’
and D — 3a2b2j;(2)(r1) N a3bf(23)(7“1) n a4f(24i(7“1).

Thus near infinity,

crD  cwB?2
\/,22 e z— + +1+0(1/|2|)

A2 A3
cr NS
= z< |A[ ZB2|A|3/2 —|—0(1/|z|))

Note that in choosing the appropriate branch for the square root, we used the fact that

A < 0. In order to satisfy (5.15), we must have

riv/ —2mery
V2 —cr;

(cr1 —3)v/—2mery
3(2—cr)32

e A = —cm, or equivalently, a = and

e B =0, or equivalently, b =

Using these two facts, we expand further and find that at infinity,

F(L(z))=2z+0— % (Z + 1> % +O0(1/[2%),
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which implies that
_ 2,2
At — D 1= mery(cfri — 6cry + 6)
A 3(2—cr)3

Next we compute A(t) for ¢ > 1/4:

+ 1.

)\(t) _ L_I(TQ) . a _ —2\/%(—07"1)3/2‘

ro — 11 3(2 — crp)3/2
Thus with y = —cr1, we have
t= 1 + my(y” + 6y + 6) and A(t) = —2v2my 2my’/2
4 12(2 + y)? 3(2+y)3/2°
So for t > 1/4,
N(t) = B _ 22+
= = .
@ Vr(y+1)

Using this, one can show that for s >t > 1/4,

IN(s) = N(@t)| < eVys —ye < Vs — 1,

proving that A € C%/2[0,T]. We also note that away from t = 1/4, one can check that \(t)
is C2.
Lastly, for ¢ > 1/4, v(t) = F(r2). Using this, one can determine computationally that
with the halfplane-capacity parametrization, 7/ and 4" exist on [1/4,T] (by computing, for
dF(r2) /dt

instance, 7'(t) = =322 /4 and 7" = % ). Further,

lim +/(¢) =2 = lim +(¢
t\ﬂr}ﬂ() i t}rf}ﬂ()’

but

lim ~"(t) = —4i — 16 # lim ~"(t) = —4i.
i (t) i ﬁ}?}ﬂ (t) i

Therefore on the full interval (0,77, v is C*! but not C2.
5.6.2 Ezample 2: X € C%' and v € C3/2

Consider the driving function

AH) 0 for 0<t<g
. 1-8(t—1/4) for Lt<t<iqd
2 2 4 — 4 10
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Figure 5.4: The curve ~ for Example 2.

There exists ¢ > 0 so that

[A(E) = Als)| < eft — 5]

for all s,t € [0,0.35], implying that A € C%!. However, A is not in C! since )’ is not
continuous.

The driving function % — %\/m, defined on [0, %], generates the upper half-circle of
radius % centered at % Let 4 be the portion of this circle generated on the time interval
[0, %0] Then the curve =y generated by A is the image of [~1,1] U4 by the map S(z) =
V22 — 1. See Figure By Proposition 3.12 in [27], v € C3/2 (and no better) under the

arclength parametrization. This is also true under the halfplane-capacity parametrization.

L
10

Note that 4 is smooth on (0, 5] (because its driving function is smooth), and near s = 0
3(s) = 2iv/s + 4s — 2is>? + O(s?)
by Theorem Thus ~ is piecewise smooth, and for ¢t > 1/4
y(t) = S(3(t — 1/4)) =i + 2i(t — 1/4) + 8(t — 1/4)3/2 - O((t — 1/4)?).

From this we can determine that v € C3/2(0,0.35] (and no better) under the halfplane-

capacity parametrization.
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