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This dissertation explores several statistical challenges in cause-of-death (COD) assess-

ment from verbal autopsy (VA) surveys—structured interviews with caregivers of the

deceased in regions where traditional medical certification is unavailable. Despite their

crucial role in mortality surveillance, VA data analysis is complicated by inconsistent age

categorization, respondent burden from lengthy questionnaires, and potential biases in

automated classification systems.

The first project develops a Bayesian framework for reconciling inconsistent age cate-

gories across multiple VA data sources. We formulate age-disaggregated death counts as

fully classified multinomial data and show that incorporating partially classified aggre-

gated data can produce an improved Bayes estimator under the Kullback-Leibler (KL)

loss. Under specific theoretical conditions, this approach calibrates data with different

age structures to generate unified estimates of standardized age distributions. Through

numerical studies and applications to real-world mortality data, we demonstrate the

method’s effectiveness in imputing incomplete classifications and guiding appropriate

levels of age disaggregation.

The second project adopts Bayesian active questionnaire design to optimize VA data

collection processes. Using posterior-weighted KL information criteria and uncertainty-



aware stopping rules, this approach sequentially selects questions to maximize information

while minimizing respondent burden. Validation with gold-standard VA data shows

comparable classification accuracy using substantially fewer questions, with implications

for improved data collection efficiency.

The third project presents a statistical framework for valid inference using predicted

causes from VA narratives. By extending prediction-powered inference (PPI) to multino-

mial classification, we enable unbiased parameter estimation when using natural language

processing models for COD classification. Cross-site validation demonstrates effective

correction for transportability errors and highlights the distinction between predictive

accuracy and inferential validity.

The last project proposes and validates a proof-of-concept Bayesian mixture model for

estimating cause-specific mortality with incomplete age stratification. Using age-mixing

proportions within a Bayesian framework, this approach shows that incorporating par-

tially observed age data improves estimation compared to discarding incomplete records.

Analysis of demographic survey data from multiple countries reveals that the proposed

approach generally yields more accurate cause-specific mortality estimates, with perfor-

mance advantages varying by the actual age distribution of deaths.

Together, these methodological innovations address fundamental challenges in survey-

based mortality surveillance, with applications extending beyond COD assessment to

broader problems of inference with incomplete or predicted data.
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1

Chapter 1

INTRODUCTION

This dissertation explores several statistical challenges in cause-of-death (COD) as-

sessment from verbal autopsy (VA), which involve surveys—structured interviews with

family members or caregivers of deceased individuals in regions lacking formal medical

death certification. While these surveys provide essential data for tracking mortality

patterns, they present significant methodological challenges, including inconsistent age

categorization, respondent burden from lengthy questionnaires, and systematic biases in

automated classification systems.

Chapter 2 presents a Bayesian approach to address the problem of mismatched age

categories when combining VA data from different sources. The method treats age-specific

death counts as outcomes from a multinomial distribution and demonstrates that includ-

ing partially classified data from aggregated age groups can produce an improved Bayes

estimator under the Kullback-Leibler (KL) loss. The framework addresses two scenarios:

situations where age categories from one data source are entirely nested within broader

categories from another source, and more complex cases where age groupings overlap in

non-hierarchical ways. The approach leverages individual-level death registration records,

alongside grouped mortality counts, to estimate standardized age distributions across dif-

ferent data sources. Validation through simulation studies and real mortality datasets

demonstrates that the method successfully fills gaps in incomplete age classifications,

while offering practical recommendations for optimal age group granularity in mortality

surveillance systems.

Chapter 3 introduces a Bayesian active questionnaire design to streamline VA ques-

tionnaires by intelligently selecting which questions to ask based on responses already
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provided. Rather than administering identical, lengthy surveys to all respondents, this

framework dynamically selects the most informative next question for each specific case.

It terminates the interview when sufficient information has been gathered for a reliable

determination of COD. The method personalizes the questioning process to optimize

diagnostic accuracy for individual CODs, rather than applying blanket questionnaire

reductions across all cases. This adaptive strategy integrates seamlessly with existing

probabilistic COD classification methods, working as a preprocessing step regardless of

the underlying statistical model used to link symptoms with potential causes. Testing on

validated VA datasets demonstrates that the approach maintains comparable diagnostic

accuracy while requiring significantly fewer questions per interview, offering substantial

improvements in data collection efficiency and reduced burden on grieving families.

Chapter 4 develops a statistical framework that ensures valid inference using pre-

dicted causes from VA narratives. VA serves as a critical epidemiological tool for mor-

tality surveillance in settings where complete medical records are unavailable, with COD

assignment typically performed either through physician review or automated algorithms

that analyze reported symptoms. This chapter extends prediction-powered inference

(PPI) methods to handle multinomial classification problems, enabling researchers to ob-

tain unbiased estimates of cause-specific mortality rates even when automated classifiers

contain systematic prediction errors. The framework addresses the crucial distinction be-

tween a model’s ability to classify individual cases correctly and its capacity to conduct

valid population-level inference. Validation across different geographic sites demonstrates

that the method successfully corrects for biases that arise when applying models trained

in one population to data from another, highlighting the distinction between predictive

accuracy and inferential validity as fundamentally different aspects of model evaluation

in public health surveillance.

Chapter 5 introduces a Bayesian mixture modeling approach to estimate COD in

under-five children when age information is incomplete or imprecisely recorded. Accurate

assessment of under-five mortality requires detailed age stratification, as risk factors and
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disease patterns vary significantly across different developmental periods within the first

five years of life. The proposed framework uses mixture models to extract valuable

information from cases with partial or uncertain age data rather than discarding them

entirely, as is standard practice in traditional complete-case analyses. This approach

recognizes that even imprecise age information, such as knowing a child was ”less than

one year old” without exact age in months, contains useful epidemiological signals that

can improve overall mortality estimates. Empirical testing across various datasets and

epidemiological scenarios provides strong evidence that incorporating partially observed

age data through this mixture modeling framework yields more accurate and robust COD

estimates compared to methods that exclude cases with incomplete age information. This

demonstrates significant improvements across multiple performance measures and real-

world mortality surveillance contexts.

Chapter 6 offers concluding remarks and discusses potential avenues for future re-

search.
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Chapter 2

BAYESIAN AGE CATEGORY RECONCILIATION FOR
AGE- AND CAUSE-SPECIFIC UNDER-FIVE MORTALITY

ESTIMATION

2.1 Introduction

Understanding age- and cause-specific under-five mortality (ACSU5M) is crucial for in-

forming and evaluating age and disease-targeted interventions and policies aimed at re-

ducing child mortality. ACSU5M data are typically collected through demographic and

health surveys (DHS), sample registration systems (SRS), and vital registration (VR)

systems. A persistent challenge for accurate and reliable ACSU5M estimation is the lack

of complete and consistent data, particularly in low-income countries, where VR records

are often incomplete or unavailable.

Exacerbating these challenges, ACSU5M estimates mandate age resolution well be-

yond what’s required in adults to effectively target policies and programs. Whereas adults

are at risk for some causes (e.g., heart disease) for decades, congenital disabilities are com-

mon among neonates but not older children. In most low-resource settings where deaths

happen outside of hospitals or are not systematically recorded, researchers and health

officials rely on multiple smaller-scale data sources to piece together a comprehensive

picture of ACSU5M.

Data are often collected by different organizations and inconsistently aggregated

across ages, making it difficult in many settings to perform comprehensive COD analyses

across ages (Diaz et al., 2021). Combining data in such a setting would mean discard-

ing any data sources that do not have exactly overlapping age categories, which would

be suboptimal both statistically and practically (Fienberg, 1972; Chen and Fienberg,
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1976; Williamson and Haber, 1994). Furthermore, when deciding how to aggregate ages,

researchers often resort to past studies to choose age categories without considering em-

pirical evidence or matching age categories in other studies. This can result in the use

of age groupings that may not accurately reflect the actual age distribution within each

COD.

0− 6 days

7− 27 days

1− 5 months

6− 11 months

12− 23 months

24− 59 months

Under-five Child Age Categories

0− 59 months

0− 27 days 0− 27 days

1− 59 months

1− 11 months

12− 59 months

Table 2.1: Sample age groups from ACSU5M research.
.

In this work, we introduce a Bayesian approach to calibrating data from multiple

sources, which are reported at different levels of disaggregation. We consider both cases

where data sources have age categories nested within those present in other sources and

cases with non-nested age structures. Our method estimates standardized age group dis-

tributions by combining individual registration data, when available, with fully classified

age-disaggregated death counts as group counts from a multinomial distribution. We

then incorporate partially classified aggregated data to estimate the multinomial prob-

abilities jointly. This approach potentially yields more accurate estimates of age group

distributions and age- and cause-specific death counts at the desired level of granularity.

The proposed approach addresses the challenge of concurrently estimating multi-

nomial cell probabilities using both fully and partially classified multinomial samples.

Tabulated data can be partially classified by rows or columns, which commonly occurs
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when observing incomplete contingency tables (Albert, 1985; Chen and Fienberg, 1976;

Gibbons and Greenberg, 1994). While previous work typically focused on partially clas-

sified data where the partial classification is limited to row or column sums, we address a

more general problem of partially categorized data—where reported age groups represent

unions of more refined, fully classified age groups—in sampling situations with categorical

observations. This problem arises in various contexts, such as signal detection (Blumen-

thal, 1968), where observers detect the presence of a signal but cannot distinguish among

several possible signal types. Our approach allows partial classifications to be any subsets

of the fully classified group index set, enabling us to handle non-nested age structures in

the ACSU5M context. We provide a comprehensive Bayesian framework for conducting

inference and demonstrate its performance through numerical studies.

Our work extends existing multi-sample approaches (Hocking and Oxspring, 1971,

1974; Oxspring and LaMotte, 1977; Koch et al., 1972) for the simultaneous estimation

of multinomial probabilities with completely and partially classified data to more com-

plex cell grouping patterns. While previous approaches have been limited in scope, we

develop a framework that accommodates diverse classification structures encountered in

real-world mortality data. From a theoretical perspective, we provide decision-theoretic

support through numerical studies, demonstrating how integrating partially classified

data enhances Bayesian estimators of multinomial probabilities under conditions we ex-

plicitly define. This theoretical foundation establishes the conditions under which our

proposed estimators are superior to those that discard partially classified data. To val-

idate our methodology in practical settings, we conduct extensive simulation studies

based on observed, disaggregated data to assess the performance of our age reconcili-

ation method in ACSU5M studies. These simulations, utilizing realistic data patterns

from multiple countries and periods, confirm that our approach provides valuable solu-

tions for mitigating age inconsistencies in ACSU5M studies and enhances the accuracy

of cause-specific mortality estimates.
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2.2 Related Work

2.2.1 Foundational Approaches to Incomplete Multinomial Data

The problem of incomplete contingency tables and partially classified multinomial data

poses a significant challenge in statistical modeling, particularly in contexts such as

ACSU5M studies, where age-disaggregation inconsistencies are typical. This section ex-

amines the theoretical foundations and recent advances in methodologies for addressing

such challenges.

Statistical approaches to incomplete contingency tables broadly fall into two cate-

gories: single-sample methods (Blumenthal, 1968; Chen and Fienberg, 1974; Woolson and

Clarke, 1984) and multi-sample methods (Hocking and Oxspring, 1971, 1974; Oxspring

and LaMotte, 1977; Koch et al., 1972). Single-sample approaches conceptualize fully and

partially classified data as originating from a single multinomial distribution, whereas

multi-sample methods treat these data types as independent multinomial samples. This

fundamental distinction guides the selection of methodology based on data collection

characteristics—multi-sample approaches are typically preferred when data incomplete-

ness results from design constraints rather than random missingness. The seminal work

by Blumenthal (1968) established maximum-likelihood estimation procedures for incom-

plete multinomial data where each category shares data with at most one aggregated

category. This framework proved particularly valuable for signal detection problems,

where observers could detect signals but were unable to distinguish between certain sig-

nal types. Building upon this foundation, Hocking and Oxspring (1971) and Hocking

and Oxspring (1974) reconceptualized the problem as a complete cross-classified multi-

nomial sample supplemented with margin tables, where cell probabilities represent sums

of probabilities from a “parent” multinomial distribution. For example, consider a parent

population comprising three categories with probabilities p1, p2, p3, complemented by a

supplementary sample with probabilities p1+ p2 and p3.The analytical challenge emerges

because observed data exist only for individual probabilities p1, p2, p3, and the aggre-
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gation p1 + p2, with no direct observations for other potential aggregations. To address

this challenge, Hocking and Oxspring (1974) developed an iterative algorithm for max-

imum likelihood estimation with incomplete multinomial data. Subsequently, Oxspring

and LaMotte (1977) demonstrated that optimal allocation of sample sizes to different

categorization levels in nested structures could be formulated as a convex programming

problem, significantly advancing the practical application of these methods.

2.2.2 Dimensional Extensions and Parametric Constraints

While initial work focused primarily on one-dimensional classification problems, several

researchers expanded these frameworks to higher dimensions. Chen and Fienberg (1974,

1976) investigated restricted parameterizations for two-dimensional contingency tables,

and Williamson and Haber (1994) further extended this approach to three-dimensional

data structures. These dimensional extensions have particular relevance for ACSU5M

studies, where data may be cross-classified by multiple factors beyond age categories,

such as geographic region, socioeconomic status, and temporal periods.

For multi-dimensional contingency tables with incompletely cross-classified data, Fuchs

(1982) adopted the ”marginal conformity” concept introduced by Koch et al. (1972)

to develop log-linear analytical approaches. Meanwhile, Koch et al. (1972) and Wool-

son and Clarke (1984) employed weighted least squares analysis with multi-sample and

single-sample methods, respectively, providing alternative estimation techniques that re-

main valuable in specific analytical contexts. The theoretical underpinnings of maximum

likelihood estimation for incomplete data from exponential families were formalized by

Sundberg (1974), while Rubin (1974) established a generalized framework for parameter

estimation in incomplete-data problems. This generalized framework has proven partic-

ularly influential in the development of modern approaches to missing data, including

multiple imputation techniques that have gained prominence in recent decades.
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2.2.3 Distributional and Bayesian Approaches

Beyond maximum likelihood approaches, distributional methods offer an alternative

paradigm for addressing incomplete classification. Turnbull (1976) investigated non-

parametric estimation with a distributional formulation for arbitrarily grouped, cen-

sored, and truncated data. More recently, Hankin (2010) introduced the Hyper-Dirichlet

distribution—a high-dimensional conjugate distribution with the simplex as its sample

space—expanding the analytical toolkit for complex multinomial data. The connection

between contingency table analysis and ranking problems provides another perspective,

as both can be viewed as estimation challenges involving latent probability vectors. The

Bradley-Terry model for pairwise comparisons (Bradley and Terry, 1952) exemplifies this

connection. Hastie and Tibshirani (1997) extended this model to general classification

problems, establishing a unified framework relevant to both ranking and contingency

table analysis.

In the Bayesian paradigm, numerous approaches have been developed for categorical

data with various forms of censoring or missingness. For 2 × 2 contingency tables with

missing row or column information, substantial Bayesian literature exists (Karson and

Wrobleski, 1970; Antelman, 1972; Kaufman and King, 1973; Albert and Gupta, 1983;

Gunel, 1984; Smith and Gunel, 1984; Smith et al., 1985; Albert, 1985; Kadane, 1985;

Gibbons and Greenberg, 1989, 1994). These approaches vary in prior specification, com-

putational methodology, and assumptions about the missing data mechanism. Dickey

et al. (1987) explored nested distribution families generalizing the Dirichlet distribution

for multinomial settings with noninformative censoring. For scenarios with informative

censoring, methodological contributions have been made by Basu and Pereira (1982),

Daniel Mimoso Paulino and Alberto De Bragança Pereira (1992), Paulino and de Bra-

ganca Pereira (1995), Walker (1996), Tian et al. (2003), and Jiang and Dickey (2008),

among others. Notably, Jiang and Dickey (2008) provided Bayesian frameworks for sce-

narios beyond the scope of previous methods, attempting to relax restrictive assumptions,
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such as the requirement of truthful reporting.

2.2.4 Recent Methodological Advances

Contemporary methodological developments have substantially expanded the toolkit for

analyzing incomplete multinomial data, particularly in multilevel contexts relevant to

ACSU5M studies. Recent innovations in Bayesian inference for incomplete multino-

mial data include hierarchical approaches that account for complex missingness patterns

while leveraging advances in computational Bayesian statistics (Schmid et al., 2014).

The integration of Bayesian methods with multilevel modeling frameworks has proven

particularly valuable for addressing the hierarchical nature of mortality data, where ge-

ographic regions, periods, or demographic groups naturally cluster observations. Spe-

cialized Bayesian information criteria have been developed for incomplete data scenarios,

where the penalty term is calibrated based on the actual amount of observed information

rather than assuming complete-data sample sizes (Zhao et al., 2024). This adaptation

significantly improves model selection in datasets with substantial missingness.

The application of imprecise probability models represents another methodological

frontier. The Imprecise Dirichlet Model (IDM) has been extended to multilevel set-

tings, addressing challenges in reliability analysis and systems with hierarchical structures

where traditional precise probability models may oversimplify uncertainty quantification.

This approach is particularly valuable when prior knowledge is limited or ambiguous

(Walley, 1996). In the realm of network meta-analysis, Bayesian multinomial models

have been extended to handle unordered categorical outcomes with partially observed

data, properly accounting for correlations among counts in mutually exclusive categories

while enabling meaningful comparisons across multiple treatments and outcome cate-

gories (Schmid et al., 2014). These models have found application in healthcare research,

where mortality data from different sources often exhibit varying levels of completeness.

For spatiotemporal applications, Bayesian methods for incomplete multinomial data have

been developed to assess variation in pathogen-variant diversity, addressing challenges
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including low cell counts, incomplete classification due to laboratory issues, and unseen

variants (Ahn et al., 2007). These methods incorporate Shannon entropy as a measure

of diversity and employ Markov chain Monte Carlo (MCMC) techniques for posterior

simulation, demonstrating the versatility of Bayesian approaches to handling incomplete

multinomial data in epidemiological contexts.

2.2.5 Relationship to Our Work

Our research bridges two critical methodological streams: the multi-sample approach es-

tablished by Hocking and Oxspring (1971, 1974); Oxspring and LaMotte (1977) and con-

temporary Bayesian frameworks for incomplete multinomial data. While previous multi-

sample methods focused primarily on nested structures with disjoint unions, our work

extends this approach to non-nested age structures commonly encountered in ACSU5M

studies, where age categories from different data sources may overlap in complex patterns.

A distinguishing feature of our contribution is the development of a comprehensive

Bayesian framework that provides both theoretical foundations and practical implemen-

tation strategies for estimating multinomial probabilities from datasets with diverse age

categorizations. Through decision-theoretic analysis, we demonstrate that incorporat-

ing partially classified data can yield superior estimators compared to approaches that

discard such information, establishing explicit conditions under which this improvement

occurs. Our simulation studies based on realistic mortality data patterns validate the

practical utility of these methods in ACSU5M contexts, offering insights into the impact

of different age-disaggregation patterns on estimation accuracy.

This work addresses a critical gap in mortality research methodology, where incon-

sistent age categorizations across data sources have historically complicated efforts to

develop comprehensive, temporally and geographically robust mortality estimates. Un-

like previous approaches, which often require specialized computational techniques for

each application context, our Bayesian framework provides a flexible and generalizable

methodology applicable across diverse data structures and missingness patterns. This
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flexibility, combined with the theoretical guarantees established through decision theory,

positions our approach as a valuable contribution to both the methodological literature on

incomplete multinomial data and practical applications in global health and demographic

research.

2.3 Method

2.3.1 Problem Statement

Let X = (Xi)
k
i=1 be the fully classified observations that follow a multinomial distribution

with parameters (N,θ),

X ∼ Multi(x|N,θ) = N !∏k
i=1 xi!

k∏
i=1

θxi
i ,

where θ = {θi}ki=1 is the unknown vector of group probabilities and x = (xi)
k
i=1 ∈

{(x′)ki=1 ∈ N0|
∑k

i=1 x
′
i = N}, with N0 = {0} ∪ N = {0, 1, 2, . . . }. In ACSU5M studies,

these could represent age- and cause-specific death counts observed at a desired disag-

gregated level with k different groups (Diaz et al., 2021).

We also consider additional data that are partially classified by age categories. That

is, Y′ = (Y ′
i )

k
i=1 ∼ Multi(N ′,θ) independently of X, but we only observe the partially

classified data Y = (YAj
)mj=0 that follow a multinomial distribution with parameters

(N ′, τ ), where (Aj)
m
j=1 are the distinct non-singleton proper subsets of S = {1, . . . , k},

A0 = S − ∪m
j=1Aj, and τ = (τj)

m
j=0 with τj =

∑
i∈Aj

θi. Note that A0 can be the empty

set ∅.

The problem of simultaneously estimating multinomial probabilities with partially

classified data has been studied in various contexts (Fienberg and Holland, 1973; Leonard,

1977; Alam and Mitra, 1986; Albert, 1987). However, our approach extends this literature

by addressing both nested and non-nested partial classifications, which are common in

public health data collection systems (Clark et al., 2018b; Fan et al., 2023).

To illustrate our notation in the context of age disaggregation for child mortality
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data, consider the following standardized age categories commonly used in global health

monitoring (Schumacher et al., 2020):



{0− 27 days} := {1, 2}

 {0− 6 days} := {1}

{7− 27 days} := {2}

{1− 11 months} := {3, 4}

 {1− 5 months} := {3}

{6− 11 months} := {4}

{12− 59 months} := {5, 6}

{12− 23 months} := {5}

{24− 59 months} := {6}
.

From this classification structure, we define:

S = {1, 2, 3, 4, 5, 6},

A1 = {1, 2}, A2 = {3, 4}, A3 = {5, 6}.

This hierarchical structure represents a nested age classification commonly found in

DHS and other mortality data sources. The fully disaggregated age groups (e.g., 0 − 6

days, 7 − 27 days) represent the finest level of classification (S), while the aggregated

groups (e.g., 0− 27 days, 1− 11 months) represent partial classifications (Aj).

We address the problem of estimating θ with the prior distribution for θ being the

Dirichlet distribution with parameter α = (αi)
k
i=1 under the KL loss, which can be

directly interpreted as a divergence measure induced by entropy (Nayak and Naik, 1989):

L(p,θ) =
k∑

i=1

θi log
θi
pi
,

where p = (pi)
k
i=1 ∈ Θ = {(θi)ki=1 ∈ (0,∞)k|

∑k
i=1 θi = 1}.

The problem is further decomposed into two distinct scenarios, each requiring different

analytical approaches: (i)where the sets Aj are mutually exclusive (i.e., form a partition
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of S); and (ii) where the sets Aj may overlap, representing more complex classification

structures.

The mutually exclusive case corresponds to nested hierarchical classifications com-

monly found in standardized reporting systems. In contrast, the overlapping case ad-

dresses more complex real-world data integration challenges where different data sources

may use incompatible classification schemes (Fan et al., 2023; Mulick et al., 2021). Both

scenarios present unique statistical challenges, particularly in determining whether incor-

porating partially classified data leads to improved estimation compared to discarding

such incomplete observations.

2.3.2 Bayes Estimator with Disjoint Partial Classifications

Let ρAj
= (θi/τj, i ∈ Aj)

T , j = 0, . . . ,m be the conditional probabilities of each cell

within each group Aj, and let η = (τ ,ρAj
, j = 0, . . . ,m) represent an alternative pa-

rameterization of our model. The vector τ = (τj)
m
j=0 contains the marginal probabilities

for each group Aj, while ρAj
specifies the conditional distribution within each group. To

formulate the likelihood function, we denote (X,Y ) = (X1, X2, . . . , Xk, YA1 , . . . , YAm) as

our observed data. The probability mass function of (X,Y ) = (x,y) is given by:

f(x,y|η) = (N !)(N ′!)

(
∏k

i=1 xi!)(
∏m

j=0 yAj
!)

m∏
j=0

τ
xAj

+yAj

j

m∏
j=0

∏
r∈Aj

(ρ
(r)
Aj
)xr ,

where xAj
=
∑

r∈Aj
xr represents the sum of the fully observed counts in group Aj.

This likelihood formulation extends the standard multinomial likelihood to incorpo-

rate both fully classified observations (represented by X) and partially classified ob-

servations (represented by Y ), while maintaining the constraints imposed by the group

structure. We consider a conjugate Dirichlet prior distribution for θ with hyperparameter

vector α:

f(θ|α) ∝
k∏

i=1

θαi−1
i ,
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where αi > 0 for all i ∈ {1, . . . , k}. The Dirichlet prior is a natural choice for multinomial

probabilities as it allows for flexible modeling of prior beliefs about the distribution of θ

while maintaining mathematical tractability (Teh et al., 2010).

Through application of Bayes’ rule and algebraic manipulation, we can derive the

posterior density function for the reparameterized model:

f(η|x,y) ∝ τ
xA0

+αA0
−1

0

m∏
j=1

τ
xAj

+yAj
+αAj

−1

j ×
m∏
j=0

∏
r∈Aj

(
ρ
(r)
Aj

)xr+αr−1

,

where αAj
=
∑

r∈Aj
αr represents the sum of the prior hyperparameters corresponding

to group Aj.

This posterior density exhibits a handy form for statistical inference. Since θ and η

have a one-to-one relationship, both represent equivalent parameterizations of our model.

From Equation (2.1), we can observe that τ and (ρAj
)mj=0 are jointly independent in the

posterior distribution. Specifically, for each j ∈ {0, 1, . . . ,m}, the conditional proba-

bility vector (ρ
(r)
Aj
)r∈Aj={j1,...,jnj } follows a Dirichlet distribution with parameter vector

(αj1 + xj1 , . . . , αjnj
+ xjnj

). This result extends the well-known conjugacy property of

the Dirichlet-multinomial model to our partially observed data setting (Leonard, 1977;

Albert, 1985). Moreover, the marginal probabilities τ follow a Dirichlet distribution

with parameter vector (xA0 + αA0 , xA1 + yA1 + αA1 , . . . , xAm + yAm + αAm). This elegant

decomposition of the posterior distribution facilitates efficient computation of posterior

quantities of interest.

Given the posterior distribution derived above, we can now determine the Bayes

estimator for θ under the KL loss function. The following lemma provides the closed-

form expression for this estimator.

Lemma 1. With respect to the Dirichlet prior with parameter α = (α1, . . . , αk), given

data consist of fully-classified x = (xi)
k
i=1 and partially-classified y = (yAj

)mj=0 with dis-
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joint Aj’s, the Bayes estimator (θ̂i)
k
i=1, for i ∈ Aj, is given by

θ̂i =
αi + xi
xAj

+ αAj

yAj
+ αAj

+ xAj

N +N ′ + αS

,

where αS =
∑k

i=1 αi represents the sum of all prior hyperparameters.

This estimator has an intuitive interpretation: the first fraction represents the condi-

tional probability of category i within group Aj, which is informed by the fully observed

data x and the prior α. The second fraction represents the marginal probability of group

Aj, which incorporates information from both the fully observed data x and the par-

tially observed data y, as well as the prior. The structure of this estimator reveals how

information from the partially classified observations contributes to the estimation of θ.

When yAj
is large relative to xAj

, the partially classified data substantially influences the

estimated probability mass assigned to group Aj. Conversely, within each group Aj, the

distribution of probability mass among individual categories i ∈ Aj is determined solely

by the fully observed data and the prior.

This result generalizes previous work on Bayesian estimation with incomplete categor-

ical data (Chen and Fienberg, 1976; Albert, 1985) to a more flexible framework that ac-

commodates arbitrary grouping structures while maintaining computational tractability.

The estimator can be directly applied to the age disaggregation problem in demographic

and health studies, where different data sources may report deaths at varying levels of

age granularity (Fan et al., 2023; Schumacher et al., 2020).

2.3.3 Decision-theoretic Justification for Age Reconciliation

To provide a rigorous decision-theoretic rationale for incorporating partially-classified

data in multinomial probability estimation, we conduct a comparative analysis of risk

functions. We compare two estimators: θ̂, which incorporates both fully and partially

classified data as derived in Lemma 1, and θ̃, which uses only the fully-classified data x.
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The Bayes estimator θ̃ is given by:

θ̃i =
xi + αi

αS +N
,

which follows directly from the conjugate property of the Dirichlet prior for multinomial

distributions (Bernardo and Smith, 2009). This standard form represents the posterior

mean when only fully classified observations are available.

To evaluate the relative performance of these estimators, we define the risk difference:

∆θ(N,N
′) = Eθ[L(θ̂,θ)]− Eθ[L(θ̃,θ)],

where the expectation is taken concerning the true parameter θ. A negative value of

∆θ(N,N
′) indicates that θ̂ has lower risk than θ̃, suggesting that incorporating partially-

classified data improves estimation accuracy.

The following lemma provides an insightful decomposition of the risk difference.

Lemma 2. The risk difference between estimators θ̂ and θ̃ can be decomposed as:

∆θ(N,N
′) = Eθ

[
log

N ′ +N + αS

N + αS

+
m∑
j=0

θAj
log

{
xAj

+ αAj

yAj
+ xAj

+ αAj

}]

=
N ′∑
u=1

∆θ(N + u− 1, 1).

This decomposition reveals that the total risk difference when including N ′ partially-

classified observations can be expressed as the sum of incremental risk differences from

adding each observation individually. The first term in the expectation, log N ′+N+αS

N+αS
, is

always positive and increases with N ′, reflecting the increased uncertainty from incor-

porating additional partially-classified data. The second term captures the information

gained from these observations and is typically negative when the partially-classified data

provides valuable information about the group probabilities θAj
.

Without loss of generality, we focus on analyzing ∆θ(N, 1), which represents the risk

difference when adding a single partially-classified observation. The following lemma

identifies the parameter configuration that maximizes this risk difference.
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Lemma 3. Suppose that minj αAj
≥ 2, then the risk difference ∆θ(N, 1) is maximized at

θ = θ∗:

max
θ∈Θ

∆θ(N, 1) = ∆θ∗(N, 1),

where θ∗ = (θ∗i )
k
i=0 ∈ Θ, θ∗i:i∈Aj

= 1
(1+m)nj

for i ∈ Aj = {j1, . . . , jnj
}, and

∑k
i=0 θ

∗
i:i∈Aj

=

θAj
= 1

m+1
for all j = 0, 1, . . . ,m.

This maximum risk configuration θ∗ represents a uniform distribution of probabil-

ity mass across groups (each group receives equal probability 1/(m + 1)) and within

each group (each element within a group receives equal probability). This ”maximally

uniform” distribution represents the most challenging scenario for reconciling partially-

classified data, as it maximizes the entropy of the distribution (Kullback, 1997; Cover,

1999).

Building upon the previous lemmas, we establish the conditions under which θ̂ dom-

inates θ̃, meaning that θ̂ has lower risk for all possible values of θ.

Theorem 1. (i) Fix m ∈ N and N ∈ N. Suppose we have Aj’s and αi’s such that

minj αAj
≥ 2, then θ̂ dominates θ̃ when N ′ is sufficiently large.

(ii) Fix m ∈ N and N ′ ∈ N. Suppose we have Aj’s and αi’s such that minj αAj
≥ 2,

then θ̂ dominates θ̃ when N is sufficiently large.

This theorem provides the sufficient condition for θ̃ to be dominated by θ̂, requiring

that αAj
=
∑

i∈Aj
αi ≥ 2 for all j = 0, . . . ,m. The condition ensures that there is

sufficient prior information about each group to incorporate the partially-classified data

properly.

The theoretical results have important practical implications for ACSU5M stud-

ies. For non-informative priors, the condition for dominance translates to structural

requirements on the classification groups. Specifically, with a uniform prior, we need

minj |Aj| ≥ 2, while Jeffrey’s prior requires minj |Aj| ≥ 4. With m fixed (the num-

ber of distinct groups), these conditions constrain the minimum number of classes k to
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be at least 2(m + 1) with the uniform prior and 4(m + 1) with Jeffrey’s prior, since∑m
j=0 |Aj| = k. These requirements ensure sufficient granularity in the age categorization

to overcome uncertainties introduced by partial classifications.

While these constraints might initially appear restrictive, they align well with the

practical structure of ACSU5M data. In typical ACSU5M studies, the observation age

range is fixed between 0 and 5 years, and partially classified age groups are typically

reported in standardized aggregated categories (Diaz et al., 2021; Schumacher et al.,

2020). The required granularity ensures that meaningful information can be extracted

from partially classified data, thereby improving estimation. The value of k can also be

interpreted as a truncation level in nonparametric Bayesian modeling. This connection

relates to established results on truncation bounds for infinite-dimensional models such as

the Dirichlet Process (Ishwaran and James, 2001) and the Indian Buffet Process (Doshi

et al., 2009), where the bound decreases with the truncation level. This perspective

provides additional theoretical justification for our approach within the broader Bayesian

nonparametric literature.

The Dirichlet parameter vectorα plays a crucial role in our framework, capturing prior

beliefs about θ. Following the interpretation of Teh et al. (2010), α can be viewed as

pseudo-counts of observations for each class before actual data collection. This interpre-

tation provides a natural mechanism for incorporating existing knowledge about age dis-

tributions, such as from census data or previous mortality studies (Li et al., 2020; Mulick

et al., 2021). The strength of the prior information is determined by the magnitude of α.

Large values ofα correspond to strong prior knowledge, causing the Dirichlet-multinomial

distribution to approximate the multinomial distribution closely. Conversely, small val-

ues represent weak or minimal prior information. This flexibility allows researchers to

appropriately weight the influence of prior knowledge depending on its reliability and

relevance to the current study population.

Recent methodological advances in Bayesian analysis of demographic data have demon-

strated the importance of prior specification when dealing with sparse or partially ob-
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served data (Schumacher et al., 2020; Wu et al., 2021a). Our theoretical results provide

formal justification for these practices and establish specific conditions under which incor-

porating partially classified data improves estimation accuracy. In the context of global

health monitoring, where data quality and availability vary substantially across regions,

our approach offers a principled framework for maximizing the utility of available data

while accounting for its limitations. The decision-theoretic justification provides a formal

basis for integrating data across different reporting systems and classification schemes,

potentially improving the accuracy and reliability of vital statistics in resource-limited

settings.

2.3.4 Gibbs Sampling Scheme with Overlapping Partial Classifications

In practical applications of ACSU5M studies, data sources often employ inconsistent age

categorization schemes that do not follow a strictly nested hierarchy (Diaz et al., 2021).

This creates a more complex scenario where age groups Aj may overlap with each other,

introducing dependencies in the posterior distribution that make direct analytical solu-

tions intractable. Unlike the disjoint case discussed in Section 2.3.2, where closed-form

Bayes estimators are available, the overlapping case requires computational approaches

to approximate the posterior distribution. For example, one data source might report

deaths in age groups 0-6 months and 6-59 months, while another uses the categories 0-12

months and 12-59 months, creating overlapping classifications at 6-12 months.

To address these challenges, we adopt a data augmentation approach (Tanner and

Wong, 1987) by introducing latent count variables that decompose the partially classified

observations into their constituent components. Specifically, let ((Zi|Aj
)ki=1)

k
j=0 denote

the unobserved counts of observations that belong to category i and are included when

counting for group Aj. These latent variables satisfy the constraint:

YAj
=

k∑
i=1

Zi|Aj
.
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This decomposition establishes a hierarchical structure where the observed counts YAj

are aggregations of the latent counts Zi|Aj
. The augmented likelihood becomes:

P (YAj
|θ) =

∑
{Zi|Aj

:
∑

i Zi|Aj
=YAj

}

P ({Zi|Aj
}|θ).

While this augmented model remains complex, it enables us to implement an efficient

MCMC estimation approach using Gibbs sampling (Gelfand, 2000; Geman and Geman,

1984). The Gibbs sampling algorithm alternates between sampling from the conditional

distributions of the latent variables and the model parameters. For our overlapping

partial classification problem, the algorithm proceeds as follows for the t-th iteration:

1. For each group j = 0, 1, . . . ,m:

(Zi|Aj
)ki=1 ∼ Multi(yAj

,πj),

where πj = (θi1{i ∈ Aj}/θAj
)ki=1 represents the conditional probabilities of each

category i within group Aj.

2. Compute the augmented counts:

c
(t)
i = xi +

m∑
j=0

zi|Aj
.

3. Sample the updated parameter vector:

θ(t+1) ∼ Dir(αt),

where αt = (αi + c
(t)
i )ki=1 combines the prior hyperparameters with the augmented

counts.

This algorithm leverages the conjugacy between the Dirichlet prior and multinomial

likelihood to facilitate efficient sampling (Bernardo and Smith, 2009). The conditional
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distributions in the Gibbs sampler are derived from the joint posterior of the augmented

model:

P (θ, {Zi|Aj
}|X,Y) ∝ P (θ|α)P (X|θ)P ({Zi|Aj

}|θ).

The Gibbs sampling approach for overlapping classifications inherits the theoretical

guarantees of MCMC methods. Under standard regularity conditions, the Markov chain

constructed by the algorithm converges to the true posterior distribution (Roberts and

Rosenthal, 2004). The rate of convergence depends on the complexity of the overlap

structure and the dimension of the parameter space. Recent developments in computa-

tional statistics have enhanced the efficiency of Gibbs sampling for complex hierarchical

models. Techniques such as parameter expansion (Liu and Wu, 1999), adaptive MCMC

(Roberts and Rosenthal, 2009), and Hamiltonian Monte Carlo (Hoffman et al., 2014)

can be incorporated to improve mixing and convergence properties. These advancements

are particularly relevant for large-scale ACSU5M studies with numerous overlapping age

categories. Hierarchical Bayesian approaches with data augmentation provide a flexible

framework for addressing complex data integration challenges in demographic research.

Our Gibbs sampling scheme aligns with this perspective, offering a principled solution to

the overlapping classification problem.

Practical implementation of the Gibbs sampling scheme requires attention to several

computational aspects. The algorithm’s efficiency depends on the initialization strat-

egy, convergence diagnostics, and the number of iterations (Gelman and Shalizi, 2013).

Modern Bayesian software packages such as JAGS (Hornik et al., 2003), Stan (Carpenter

et al., 2017), and PyMC (Salvatier et al., 2016) offer robust frameworks for implementing

the Gibbs sampling algorithm described above.

2.4 Numerical Studies

In this section, we present a comprehensive analysis of the finite-sample performance

of the proposed estimators through extensive numerical experiments. This investigation
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aims to empirically validate our theoretical findings regarding the dominance relation-

ships between the estimators θ̂ and θ̃ under various data scenarios and classification

settings. Our simulation studies are designed to explore the effects of sample sizes, par-

tition structures, and prior distributions on estimation accuracy.

2.4.1 Simulation Settings

We considered three distinct classification scenarios with varying levels of complexity:

• Scenario (i): S = {1, 2, 3}, A0 = {1}, A1 = {2, 3}.

• Scenario (ii): S = {1, 2, . . . , 9}, A0 = {1, 2, 3, 4}, A1 = {5, 6, 7, 8, 9}.

• Scenario (iii): S = {1, 2, 3}, A0 = {1, 2}, A1 = {2, 3}.

The first two scenarios represent cases where the partial classifications form disjoint

partitions of the complete categorization, with Scenario (i) featuring a simple three-class

problem and Scenario (ii) involving a more complex nine-class classification task. In

contrast, Scenario (iii) introduces overlapping partial classifications, where category 2

appears in both A0 and A1, representing a common challenge in real-world data inte-

gration problems. For each scenario, we employed Jeffrey’s prior (Jeffreys, 1946) for the

multinomial parameters, setting θ1 = (1/3, 1/3, 1/3) ∈ R
3 for Scenarios (i) and (iii),

and θ2 = (1/9, . . . , 1/9) ∈ R9 for Scenario (ii) .

To thoroughly investigate the impact of varying sample sizes on estimation perfor-

mance, we designed a two-dimensional grid of experimental conditions:

• Condition (i): Fixed completely classified sample size N ∈ {50, 100, 200} with

varying partially classified sample size N ′ ∈ {50, 100, 200, 500, 1000, 2000}.

• Condition (ii): Fixed partially classified sample size N ′ ∈ {50, 100, 200} with vary-

ing completely classified sample size N ∈ {50, 100, 200, 500, 1000, 2000}.
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These experimental conditions enable us to examine both the effect of increasing the

amount of partially classified data while keeping the completely classified data constant

(Condition (i)) and the impact of incorporating more completely classified data while

maintaining a fixed amount of partially classified information (Condition (ii)). This

comprehensive design provides insights into the relative importance of each data type for

estimation accuracy.

2.4.2 Performance Evaluation with Disjoint Partitions

Figures 2.1 and 2.2 display the Bayes risk of θ̃ (estimated using only the completely

classified data) and θ̂ (estimated with additional partially classified data) for Scenario

(i) and Scenario (ii), respectively. Defined as the expected loss under the posterior

distribution, the Bayes risk provides a comprehensive measure of estimation accuracy

that accounts for both bias and variance components (Berger and Berger, 1985).

Several key observations emerge from our analysis of these results:

1. Effect of classification granularity: As we increase the disaggregation level k while

holding other parameters constant, the risk of both θ̂ and θ̃ increases. This pat-

tern aligns with statistical theory, as finer-grained classification requires estimating

more parameters with the same amount of data, leading to increased estimation

uncertainty. Specifically, the risk in Scenario (ii) (k = 9) is generally higher than

in Scenario (i) (k = 3).

2. Influence of theoretical conditions: In Scenario (i) , where the sufficient condition

for the dominance of θ̂ is not satisfied (minj αAj
< 2), we observe instances where

θ̃ achieves lower risk than θ̂ when N ′ is relatively small. This finding empirically

validates our theoretical result in Theorem 1, highlighting that the incorporation

of partially classified data does not always lead to improved estimation when the

sufficient condition is violated.
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3. Consistent improvement under sufficient conditions: In contrast, for Scenario (ii)

where the sufficient condition is satisfied (minj αAj
≥ 2), θ̂ consistently outperforms

θ̃ across all sample size configurations, even when N ′ is small. This demonstrates

the practical utility of our theoretical conditions as guidelines for when to incorpo-

rate partially classified data.

4. Sample size effects: When fixing N ′ and increasing N (second row of each figure),

the risk of both estimators decreases monotonically. This decrease is particularly

dramatic as N grows large, reflecting the diminishing marginal value of partially

classified data when abundant completely classified data is available. This trend

aligns with asymptotic theory, which suggests that estimators converge to the actual

parameters as the sample size increases.

The relative improvement of θ̂ over θ̃ varies depending on the specific configuration of

sample sizes and partition structures. Notably, the advantage of incorporating partially

classified data tends to be more pronounced when N is small relative to N ′, suggest-

ing that partially classified data offers the most significant benefit in scenarios where

completely classified data is limited or expensive to obtain.

2.4.3 Performance Evaluation with Overlapping Partitions

When partial categorizations are not disjoint, as in Scenario (iii), the estimation problem

becomes more complex. Figure 2.3 presents the Bayes risk of θ̂1 and θ̃1 for this scenario,

estimated with Gibbs sampling. Our analysis of the overlapping partition scenario reveals

the following findings:

1. Lack of guaranteed improvement: Unlike in the disjoint partition scenarios, there are

no theoretical guarantees that incorporating partially classified data will improve

estimation accuracy when partitions overlap. Indeed, our empirical results confirm
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this theoretical gap, as we observe that θ̂ frequently exhibits higher risk than θ̃,

particularly when N ′ is large relative to N .

2. Risk dynamics with increasing N ′: With fixed N , the risk of θ̂ initially decreases

but then increases as N ′ grows very large. This non-monotonic behavior suggests

that there may be an optimal amount of partially classified data to incorporate,

beyond which additional partially classified data introduces more noise than signal

into the estimation process.

3. Risk dynamics with increasing N : When N ′ is fixed and N increases, the risk of θ̂

consistently decreases. This pattern indicates that incorporating more completely

classified data helps mitigate the uncertainties introduced by the overlapping struc-

ture in the partially classified data, aligning with the intuition that high-quality

data can compensate for the complexities introduced by lower-quality data.

The deterioration in performance with large N ′ in the overlapping case can be at-

tributed to the increased model complexity and potential for conflicting information

between the overlapping categories. When category 2 appears in both A0 and A1, the

model must reconcile potentially inconsistent signals about this category from different

partial classifications, leading to increased estimation uncertainty.

2.5 Empirical Applications

To assess the practical utility of our data disaggregation approach in real-world settings,

we conducted two empirical case studies using data from well-established public health

surveillance systems:

1. Sample Registration System (SRS): The SRS provides continuous enumeration of

births and deaths in a nationally representative sample of population clusters.

These systems are particularly valuable in countries where vital registration systems

are incomplete (Sethi et al., 2008).
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Figure 2.1: Risk comparison between θ̂1 and θ̃1 estimators in Scenario (i). Bayes risk is

shown with N fixed and N ′ increasing (top row) and N ′ fixed and N increasing (bottom

row).

2. Demographic and Health Surveys (DHS): The DHS program collects and dissem-

inates accurate, nationally representative data on health and population in devel-

oping countries through household surveys (Corsi et al., 2012).

2.5.1 Maternal and Child Health Surveillance System Data of China

This section presents an empirical validation of our Bayesian age reconciliation method-

ology using the Maternal and Child Health Surveillance System (MCHSS) dataset of

China. The MCHSS dataset spans two decades (1996−2015) and contains detailed mor-

tality records for children under five years of age within designated surveillance areas.

Death records in this dataset are systematically categorized into six distinct age strata:
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Figure 2.2: Risk comparison between θ̂2 and θ̃2 estimators in Scenario (ii). Bayes risk is

shown with N fixed and N ′ increasing (top row) and N ′ fixed and N increasing (bottom

row).

0 − 6 days, 7 − 27 days, 1 − 5 months, 6 − 11 months, 12 − 23 months, and 24 − 59

months, which we index as S = {1, 2, 3, 4, 5, 6}. Each death is also classified into one of

eight non-overlapping, exhaustive categories of CODs.

To rigorously evaluate our age disaggregation methodology under a nested age struc-

ture, we constructed a synthetic dataset derived from the MCHSS records collected be-

tween 1996 and 2005. In this synthetic dataset, we deliberately structured the data such

that ages are partially classified into three broader groups: (i) 0 − 27 days, (ii) 1 − 11

months, and (iii) 12−59 months. This partial classification simulates the typical scenario

in demographic and health surveys where complete age disaggregation is unavailable.

For our empirical validation, we leveraged the MCHSS data, which includes six age



29

N=50 N=100 N=200

0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000

0.5

1.0

1.5

2.0

N‘

R
is

k

N'=50 N'=100 N'=200

0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
0.4

0.6

0.8

1.0

N

R
is

k

Estimators θ̂ θ~

Figure 2.3: Risk comparison between θ̂1 and θ̃1 estimators in Scenario (iii) . Bayes risk is

shown with N fixed and N ′ increasing (top row) and N ′ fixed and N increasing (bottom

row).

groups collected from 2006 to 2015, as the fully classified data. Our objective was to

apply our Bayesian age reconciliation method to perform age group disaggregation on the

partially classified data with three age groups, which we index as A1 = {1, 2}, A2 = {3, 4},

and A3 = {5, 6}. Our goal is to evaluate the method’s performance by comparing the

disaggregated results with the actual fine-grained age-cause distribution from the original

data from 1996 to 2005.

We evaluated the effectiveness of our proposed Bayesian age reconciliation method by

comparing its predicted results to the actual MCHSS data from 1996 to 2005, as shown in

Table 2.2. For illustrative purposes, the raw death counts estimated using the posterior

predictive distribution are rounded to the nearest integers. Our quantitative assessment
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True 1996-2005 MCHSS Data

1 2 3 4 5 6

1 3550 638 138 9 2 0

2 4398 183 24 0 0 0

3 1783 568 732 373 264 270

4 95 78 459 224 268 473

5 732 231 463 176 584 1333

6 39 92 501 361 270 196

7 1227 991 1671 570 428 328

8 1051 722 491 269 230 261

Predicted 1996-2005 MCHSS Data

1 2 3 4 5 6

1 3474 714 145 2 1 1

2 4258 323 23 1 0 0

3 1659 692 740 365 291 243

4 101 72 454 229 274 467

5 572 391 471 168 667 1250

6 26 105 536 326 321 145

7 1094 1124 1635 606 435 321

8 1059 714 515 245 243 248

Table 2.2: Comparison of true and disaggregated MCHSS data using Bayesian age rec-

onciliation for 1996 − 2005. Age groups are indexed by columns (1 − 6) and COD by

rows (1− 8).

reveals that the Bayesian age reconciliation method successfully recovers 93.0% of the

death counts in their correct cross-classifications. To contextualize this performance, we

compared our approach with a simple data integration method using random assign-

ment, which achieved only 52.6% correct classification. This substantial improvement

of more than 40% points demonstrates the robust capability of our proposed method to

reconstruct age-disaggregated mortality patterns from partially observed data accurately.

The performance of our method is particularly noteworthy given the heterogeneous

distribution of deaths across age groups and causes. For instance, causes predominantly
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affecting neonates (COD 1 and 2) show a high concentration in the age group 0−6 days,

while other causes, such as injuries (COD 5), demonstrate different age patterns. Our

method successfully captures these complex age-cause interaction patterns.

Impact on Mortality Estimation

To comprehensively examine the impact of utilizing the disaggregated data on the es-

timation of age- and cause-specific child mortality, we performed age disaggregation

cross-classified by region r ∈ {1, . . . , R = 6}, year t ∈ {1, . . . , T = 10}, and COD

c ∈ {1, . . . , C = 8}. We then applied the hierarchical Bayesian model framework pro-

posed by Schumacher et al. (2020) to estimate child mortality rates from both the true

and the disaggregated 1996-2005 MCHSS data.

The model structure is formulated as:

yr,a,t,c|Nr,a,t, λr,a,t,c ∼ Poisson(Nr,a,tλr,a,t,c)

log(λr,a,t,c) = α + βR
r + βA

a + βC
c + βAC

a,c + βRC
r,c + βAR

a,r

+ γr,a∗[a],c∗[c](t) + ϵr,a,t,c.

In this model, Nr,a,t represents the person-years exposure while yr,a,t,c denotes the

death counts attributable to cause c within region r and age group a ∈ {1, . . . , A = 6}.

Given that deaths are rounded to the nearest integer, the model employs a Poisson

likelihood function. The overall intercept is represented by α, which establishes the

baseline level across all observations. Fixed effects are incorporated through βR
r , β

A
a ,

and βC
c , which account for region-specific, age-specific, and cause-specific effects, respec-

tively. First-order interaction terms capture the relationships between pairs of factors.

Specifically, βAC
a,c represents the interaction between age and cause, βRC

r,c captures the

region-cause interaction, and βAR
a,r accounts for the age-region interaction effects. The

temporal component is modeled through γr,a∗[a],c∗[c](t), which serves as a random effect

on time following a second-order random walk distribution. This specification enables

the modeling of smooth time trends that vary simultaneously across region, age group,
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and cause dimensions. Finally, ϵr,a,t,c represents the residual error term, capturing the

remaining unexplained variation in the model after accounting for all main effects and

interactions. The indices a∗[a] and c∗[c] group ages and causes into broader categories to

enhance model stability, following the approach described in Schumacher et al. (2020).

The model incorporates structured priors for the fixed and random effects, with hy-

perparameters estimated from the data using a fully Bayesian approach. This model

specification allows us to estimate age-, cause-, and region-specific mortality rates while

appropriately accounting for interactions and temporal trends. The comparison between

models fitted to the true data versus the disaggregated data provides insights into the

utility of our age reconciliation method for downstream epidemiological analyses.

Figures 2.4 present the posterior medians and credible intervals for the estimated log

mortality rates in the early neonatal (0 − 6 days) and late neonatal (7 − 27 days) age

groups over the period 1996− 2005 for non-communicable diseases in the eastern urban

region of China. To disentangle the contributions of different model components to these

estimates, we display results for two model specifications: a reduced model with fixed

effects only, and the full model incorporating both fixed effects and random effect error

terms, as proposed by Schumacher et al. (2020). Both the true and disaggregated data

yield models that adequately capture the stochastic variation present in the empirical

data. The consistency between the fitted models demonstrates the robustness of our

age disaggregation methodology. However, we observe certain systematic differences that

warrant attention. Specifically, the estimated log mortality rates in the 0 − 6 days age

group derived from the disaggregated data are consistently higher than those from the

true data across the time series. This upward bias likely stems from misclassification

during the disaggregation process, where a proportion of deaths may have been incorrectly

assigned to the age group 0− 6 days rather than the age group 7− 27 days.

Despite these discrepancies, the model fitted to the disaggregated data successfully

captures the overall age-specific temporal trends observed in the actual data. This success

can be attributed to the hierarchical structure of the model, which enables information
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sharing (borrowing strength) across different age strata, regions, and causes of death.

This feature is particularly valuable when working with sparse data, as is often the case

with ACSU5M data in many LMICs. The credible intervals derived from the disaggre-

gated data are slightly wider than those from the actual data, reflecting the additional

uncertainty introduced by the age reconciliation process. Nevertheless, the overlapping

credible intervals between the two models suggest that the differences are not statistically

significant at the conventional α = 0.2 level, reinforcing the validity of our approach.
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Figure 2.4: Log mortality rate estimates for non-communicable diseases in the east urban

region using MCHSS data. Points show empirical data, lines indicate posterior medians,

and shaded areas represent credible intervals. Open squares denote age-cause combina-

tions with zero observed deaths.

Since the hierarchical Bayesian model of Schumacher et al. (2020) also estimates
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Figure 2.5: Comparison of estimated CSMFs between models using true and estimated

MCHSS data for the east rural region. Both models show consistent temporal trends and

CSMF estimates. The legend indicates the eight COD categories reported in MCHSS.

cause-specific child mortality fractions (CSMFs), we conducted a comparative analysis

of the estimated CSMFs between models fitted to the true and disaggregated MCHSS

data. Figure 2.5 illustrates this comparison for the eastern rural region of China across

the study period. The temporal evolution of CSMFs estimated from the disaggregated

data closely mirrors that of the true data, with remarkable concordance in both the

relative proportions and time trends for major causes of death. Both models capture the

gradual decline in infectious diseases and concomitant increase in the relative burden of

non-communicable conditions over the decade, consistent with China’s epidemiological
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transition during this period (Song et al., 2016).

To further assess the robustness of our approach across different demographic and

epidemiological contexts, we extended our comparative analysis to include all six regions

covered by the MCHSS: east urban, east rural, mid urban, mid rural, west urban, and

west rural. This comprehensive evaluation allows us to determine whether the perfor-

mance of our age disaggregation method varies systematically by urbanicity or economic

development level, which could have important implications for its application in diverse

settings. Our extended analysis (documented in Appendix A) revealed generally con-

sistent performance across all regions, with slight variations in accuracy. The method

performed marginally better in urban regions compared to rural areas, potentially due

to the higher completeness and quality of mortality registration in urban settings Wang

et al. (2007); He et al. (2017). Despite these nuanced variations, the overall consistency of

our method’s performance across diverse contexts underscores its utility for harmonizing

age-disaggregated mortality data at the national and subnational levels.

2.5.2 Bangladesh Demographic and Health Survey Data

The Bangladesh Demographic and Health Survey (BDHS) represents one of the most

comprehensive population-based health surveys conducted in Bangladesh, providing na-

tionally representative data on demographic and health indicators (NIPORT, 2012). For

our study, we utilized verbal autopsy (VA) data collected through the BDHS in two

distinct periods: 2011 and 2017− 2018 (NIPORT and ICF, 2016).

The VA component of the BDHS follows standardized protocols established by the

World Health Organization (WHO) for collecting information on deaths occurring outside

medical facilities (Thomas et al., 2018). For each reported death in the survey households,

trained interviewers administered detailed VA questionnaires to close relatives or care-

givers of the deceased. These questionnaires captured comprehensive information about

symptoms, signs, and circumstances preceding the death (Kalter et al., 2011). Following

data collection, rigorous physician reviews were conducted to determine the case-by-case
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COD. This process involved independent assessment by at least two qualified physicians,

with a third reviewer resolving any discrepancies (Streatfield et al., 2014). Through this

methodology, 11 common CODs were identified and recorded across the surveys, provid-

ing a standardized classification system for mortality analysis. The age at death for each

individual was also meticulously documented, allowing for age-specific mortality analysis.

Experimental Design for Non-nested Age Structure Evaluation

To rigorously evaluate the performance of our proposed Bayesian age reconciliation

method under conditions of non-nested age structures, we designed a comprehensive ex-

perimental framework using the BDHS data. This experimental design aimed to simulate

real-world scenarios where data sources report mortality information using overlapping

but non-identical age categorizations.

First, we processed the 2017−2018 BDHS data to create standardized age-disaggregated

data with six distinct age groups: 0− 6 days, 7− 27 days, 1− 5 months, 6− 11 months,

12− 23 months, and 24− 59 months, indexed as S = {1, 2, 3, 4, 5, 6}. These fine-grained

age classifications served as our fully classified reference data, representing the target level

of age disaggregation that health monitoring systems typically aspire to achieve (Diaz

et al., 2021). Subsequently, we constructed a synthetic dataset based on the 2011 BDHS

data with three age categories deliberately structured to create overlapping groups: (i)

0 − 3 months, (ii) 4 − 11 months, and (iii) 12 − 59 months, indexed as A1 = {1, 2, 3},

A2 = {3, 4} and A3 = {5, 6}. This configuration presents a particularly challenging sce-

nario for age reconciliation methods, as the overlap between categories creates inherent

ambiguity in the classification process. Specifically, deaths in the age group 1−5 months

(index 3) could potentially belong to either the 0−3 months or 4−11 months categories,

necessitating a sophisticated probabilistic approach to resolve this uncertainty.

The non-nested structure we employed represents a common challenge in integrating

demographic and health data, where different surveys, surveillance systems, or adminis-

trative records often employ disparate age classification schemes (Mikkelsen et al., 2015;
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Diaz et al., 2021). Table 2.3 presents a comprehensive comparison between the actual

and predicted 2011 BDHS data at the disaggregated level. The table displays the cross-

tabulation of death counts by the six disaggregated age groups and eleven causes of death,

allowing for a detailed assessment of classification accuracy at the cell level. Our anal-

ysis reveals that the proposed Bayesian age reconciliation method achieved an overall

prediction accuracy of 70.4% at the cell level, representing a substantial improvement

over the baseline random assignment approach, which yielded an accuracy of only 54.9%.

This 15.5 percentage point improvement demonstrates the significant advantage of our

model-based approach over naive allocation methods. Examining the results more granu-

larly, we observe particularly strong performance in certain age-cause combinations. For

instance, the method perfectly preserved the distribution of deaths for cause 3 (predomi-

nantly affecting older children) and cause 4 (concentrated in the neonatal period). These

results suggest that our approach effectively captures and maintains strong age-cause

association patterns. However, we also identify specific areas where the disaggregation

performance was more modest. Notable misclassifications occurred primarily in cause 7,

where some deaths were incorrectly reallocated from the 3 − 4 age indices to index 3,

and in cause 10, where the age distribution became more diffuse in the predicted data.

These misclassifications predominantly occurred in cells where the original data exhibited

complex age distributions that did not align clearly with either the 0−3 months or 4−11

months categories due to the overlapping nature of the age groups.

The performance variation across causes of death likely reflects differential age-specificity

patterns. Causes with strong age predilections (e.g., neonatal conditions concentrated in

the first week of life) were more accurately disaggregated than causes with more diffuse

age distributions. This pattern aligns with theoretical expectations, as the model lever-

ages the strength of age-cause associations to inform the disaggregation process. The

empirical validation using both MCHSS and BDHS data demonstrates that our Bayesian

age reconciliation method successfully preserves the essential mortality patterns in terms

of both age-specific rates and cause distributions, while effectively addressing the chal-
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lenge of inconsistent age groupings across data sources. It is worth noting that the

BDHS data presents a more challenging test case than the MCHSS data examined in the

previous section, due to both the non-nested age structure and the smaller sample size

available for model training. The moderately lower accuracy achieved with the BDHS

data (70.4% compared to 93.0% with MCHSS) reflects these additional challenges, yet

still demonstrates the utility of our method even under suboptimal conditions.

2.6 Conclusions and Discussions

This chapter extends existing methods for estimating multinomial probabilities by de-

veloping a framework that accommodates data sources with different age group classifi-

cations. The primary innovation involves incorporating partially classified data, where

ages are reported at varying levels of detail, into a unified Bayesian estimation approach.

Unlike traditional methods that discard incomplete observations, this methodology uti-

lizes information from all available sources to improve estimation accuracy. The work

provides three theoretical contributions. First, it establishes the mathematical founda-

tion for including partially classified data in multinomial estimation using the KL loss

function. Second, it identifies conditions under which adding partially classified data

improves Bayesian estimates. Third, it develops a computational framework that han-

dles both hierarchical and overlapping age structures, making the approach applicable to

various demographic and health research scenarios. Comprehensive testing through nu-

merical simulations and real-world applications demonstrates considerable improvements

over conventional methods in addressing age inconsistencies in ACSU5M studies. The

method achieved classification accuracies of 93.0% with MCHSS data and 70.4% with

BDHS data, compared to baseline accuracies of 52.6% and 54.9%, respectively. The per-

formance difference between these applications reveals important method characteristics.

The higher accuracy with the MCHSS data results from two factors: the hierarchical

structure of age groups creates a more straightforward reconciliation problem, and the

larger sample size provides more reliable information for parameter estimation. The
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overlapping age categories in the BDHS data create inherent uncertainties, making rec-

onciliation more challenging.

While our proposed age reconciliation method offers advantages in addressing age in-

consistencies in under-five mortality studies, several promising directions necessitate fur-

ther investigation. An immediate extension involves developing an integrated framework

that simultaneously addresses misclassifications in both COD and age groups. Statistical

algorithms commonly assign COD in demographic studies, particularly when using VA

data from regions lacking comprehensive VR systems, though substantial uncertainties

remain in these classification models (Mulick et al., 2021). A joint modeling approach

using misclassification matrices within hierarchical Bayesian models would recognize the

interdependence between age and cause classification errors, potentially yielding more ac-

curate estimates of ACSU5M patterns. This approach would require careful specification

of prior distributions that capture complex dependence structures between age and cause

misclassifications, leveraging recent advances in structured prior specification and shrink-

age priors. The computational challenges associated with estimating high-dimensional

misclassification matrices would necessitate efficient MCMC algorithms or variational in-

ference methods Moran et al. (2021); Blei et al. (2017). Another area for development

involves establishing formal information-theoretic metrics that quantify the effects of data

disaggregation. Our current methodology lacks these formal assessments, which would

provide deeper insights into when and how partial classification information enhances es-

timation precision. Adapting Dempster-Shafer (DS) theory as an alternative framework

for multinomial inference presents a promising direction, as this approach accommodates

epistemic uncertainty arising from incomplete knowledge rather than random variation.

The DS framework could quantify the informational contribution of partially classified

data as belief functions, allowing researchers to evaluate the evidential weight provided by

different data sources and their impact on final estimates (Zadeh, 1986; Sentz and Ferson,

2002b; Lawrence et al., 2009). Expanding the framework to address spatiotemporal dy-

namics represents another valuable improvement, particularly given the growing demand
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for subnational mortality estimates that can inform targeted health interventions (Amek,

2013). The current framework primarily addresses age reconciliation at the national or

regional levels. Still, extensions incorporating spatial correlation structures and tempo-

ral trends could improve the precision of disaggregated estimates in data-sparse areas by

borrowing strength across adjacent geographical units and consecutive periods. Explor-

ing multivariate spatial models that jointly model multiple causes of death could capture

important dependencies in the spatial distribution of mortality causes, potentially im-

proving both accuracy and coherence of subnational estimates (Yilema et al., 2022; Ahn

et al., 2007). The integration of covariate information presents an additional opportunity

for future research. Our current approach focuses primarily on reconciling age structures

without explicitly incorporating demographic and socioeconomic factors such as mater-

nal education, household wealth, and healthcare access that significantly influence both

the level and age pattern of under-five mortality. Incorporating such covariates through

regression-based extensions of our multinomial model, where probability parameters are

linked to covariates through appropriate link functions, could enhance prediction accu-

racy, particularly in settings with limited data. Recent methodological developments in

Bayesian additive regression trees (Chipman et al., 2010) and Gaussian process regres-

sion (Seeger, 2004; Rasmussen, 2003) offer flexible approaches for capturing complex,

non-linear relationships between covariates and mortality patterns.

While the promising extensions outlined above remain to be explored, the current

framework offers a practical and effective solution to ACSU5M estimation by developing a

robust Bayesian framework for reconciling inconsistent age classifications across multiple

data sources. Our approach, grounded in rigorous decision theory and validated through

extensive empirical studies, demonstrates improvements in estimation accuracy compared

to conventional approaches that discard incomplete data.
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True 2011 BDHS data

1 2 3 4 5 6

1 4 4 0 0 0 0

2 1 3 0 0 0 0

3 0 0 0 1 13 12

4 55 2 0 0 0 0

5 9 0 0 0 0 0

6 0 0 4 2 4 0

7 22 21 39 14 6 7

8 5 5 0 0 0 0

9 26 5 0 0 0 0

10 44 14 0 0 0 0

11 0 0 1 1 0 0

Predicted 2011 BDHS data

1 2 3 4 5 6

1 4 3 1 0 0 0

2 2 1 1 0 0 0

3 0 0 0 1 13 12

4 55 2 0 0 0 0

5 8 1 0 0 0 0

6 0 0 4 2 2 2

7 23 13 57 3 2 11

8 7 3 0 0 0 0

9 26 4 1 0 0 0

10 31 23 4 0 0 0

11 0 1 1 0 0 0

Table 2.3: Evaluation of the proposed method for non-standard age categories using

2011 BDHS data. Comparison of actual versus predicted results shows strong overall

performance with limited misclassification. Age groups are indexed by columns (1 − 6)

and causes of death by rows (1− 11).
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Chapter 3

BAYESIAN ACTIVE QUESTIONNAIRE DESIGN FOR
VERBAL AUTOPSIES

3.1 Introduction

Comprehensive mortality data, including information on cause-of-death (COD), pro-

vide essential insights into population health patterns and disease burdens across di-

verse contexts. Many low- and middle-income countries (LMICs) lack comprehensive

vital registration (VR) systems, creating significant gaps in global mortality surveillance

(AbouZahr et al., 2015). Consequently, approximately two-thirds of global deaths oc-

cur without registration or cause assignment (World Health Organization, 2021a), which

limits evidence-based health policy development and resource allocation. Verbal autopsy

(VA) has emerged as an essential tool to address this information gap. VA collects infor-

mation through structured interviews with family members or caregivers who witnessed

the circumstances surrounding a death, capturing essential diagnostic information when

medical certification is unavailable (Thomas et al., 2018). The process involves trained

interviewers administering standardized questionnaires that document symptoms, signs,

risk factors, and circumstances that occurred before death (Soleman et al., 2006).

VA has been widely used across different health surveillance platforms, including

demographic surveillance systems, national mortality monitoring programs, and multi-

country research initiatives (Chandramohan et al., 2021). The collected data undergoes

analysis through two primary methods: traditional physician review, where medical ex-

perts interpret interview responses to determine likely causes, or increasingly, computa-

tional algorithms that provide greater scalability (James et al., 2011). Early algorithmic

approaches mainly adopted variations of the Naive Bayes (NB) classifier, which assumes
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that symptoms exhibit conditional independence given underlying causes (Byass et al.,

2019; McCormick et al., 2016a). Recent methodological advances have introduced more

sophisticated Bayesian hierarchical models that better handle the complex relationships

among symptoms and CODs (Kunihama et al., 2020a; Li et al., 2020; Moran et al.,

2021). Beyond structured questionnaire analysis, researchers have explored natural lan-

guage processing (NLP) approaches to extract diagnostic information from text-based

narratives collected during VA interviews. However, evidence suggests that narrative-

based approaches have not consistently performed better than analyses based solely on

structured questionnaire data (Blanco et al., 2020), highlighting the continued value of

systematic symptom documentation. A comprehensive examination of contemporary

COD assignment methodologies can be found in Li et al. (2022).

While existing literature has focused primarily on automating COD classification

processes, the actual data collection procedures have received considerably less research

attention. This research gap is significant because one of the primary barriers to ex-

panding VA implementation is the administration of complex and lengthy questionnaires

(Surek-Clark, 2020). The current WHO 2016 standardized VA instrument contains 480

questions. Although respondents typically answer only a subset based on their specific

responses, standard VA interviews still require completing 100−200 items (Nichols et al.,

2018). These extended interviews create substantial burdens for both respondents and

interviewers. Recently bereaved family members may experience increased emotional

distress from prolonged questioning, while interviewers can develop compassion fatigue

from repeated exposure to grief narratives (Loh et al., 2021; Nichols et al., 2022; Hinga

et al., 2021). These combined factors can lead to survey fatigue and reduced interview

acceptance, which may compromise both data quality and population coverage.

Two notable approaches have been undertaken to systematically reduce the length of

VA questionnaires over the past two decades. The first attempt by Serina et al. (2015a)

examined the marginal associations between reported symptoms and causes of death.

This approach identified and eliminated symptoms with lower diagnostic value based on
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their statistical importance rankings. However, this work had a significant limitation

in its reliance on a single, simplified classification algorithm, which meant the results

were heavily influenced by the algorithm’s parametric assumptions. More recently, the

WHO developed the 2022 standard VA instrument, as described in Chandramohan et al.

(2021) and Nichols et al. (2022). This initiative employed a model-agnostic evaluation

framework to investigate symptom response patterns and their importance. Through

mixed-methods analyses, researchers identified approximately 100 questions that could

be removed without substantially reducing diagnostic accuracy.

Both previous approaches to shortening VA interviews remain limited by the funda-

mental structure of traditional survey instruments: the static questionnaire must com-

prehensively address symptoms associated with all potential CODs, regardless of their

relevance to any particular case (Garenne, 2014). Since the COD represents the primary

objective and remains unknown during the interview process, traditional approaches re-

quire uniform administration of all questions across all respondents. Consequently, each

individual interview inevitably includes a substantial proportion of collected data that

provides minimal relevant information for determining the specific COD under investiga-

tion. This occurs because many questions examine symptoms that are unrelated to the

actual cause of the particular death being assessed.

This chapter presents a statistical framework for conducting adaptive VA interviews

through dynamic question selection based on previously collected responses. The ap-

proach terminates interviews once sufficient diagnostic information has been obtained,

optimizing the process for individual death classification rather than applying uniform

reduction methods across all respondents. Drawing from active learning (AL) and com-

puterized adaptive testing (CAT) literature, this work represents the first application of

adaptive design principles specifically developed for VA contexts. While the implemen-

tation focuses on VA questionnaires, the proposed approach has potential applications

for any survey instrument designed to classify respondents into predefined categories.

This research delivers several important contributions. First, we develop an active
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question selection strategy that dynamically optimizes COD classification for individual

cases. Empirical validation demonstrates that for most deaths, a small subset of actively

selected questions achieves classification accuracy comparable to that of using the com-

plete question set. Second, our adaptive questionnaire design is broadly applicable to ex-

isting probabilistic COD assignment algorithms, functioning independently of the specific

analytical model used to characterize symptom-cause relationships. This model-agnostic

approach provides greater flexibility in practice, allowing implementers to choose the

most appropriate analysis framework while integrating our adaptive questionnaire design

into their data collection protocols. Third, we extend existing work in psychometrics to

a more rigorous Bayesian strategy that fully accounts for uncertainties inherent in COD

classification models. This extension produces uncertainty-aware stopping rules that are

better suited for high-stakes tasks, such as VA, where classification errors may signifi-

cantly impact epidemiological understanding and subsequent public health interventions.

Finally, we introduce a novel penalized variant of our adaptive questionnaire strategy that

addresses practical constraints and interviewer preferences for question ordering. This

innovation addresses implementation challenges in field settings, where specific question

sequences may enhance respondent comprehension or improve interviewer workflow.

3.2 Preliminaries

3.2.1 Active Learning Paradigm

Active learning (AL) represents an important branch of machine learning research focused

on optimizing data selection for model training. Rather than using all available data, AL

algorithms strategically identify and select the most informative instances for inclusion

in the learning process (Settles, 2011). This approach proves particularly valuable when

labeling data requires significant human effort or expense, as it maximizes the value

derived from limited labeling resources.

Previous research presents diverse query strategies for AL implementations. The most
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prominent approaches include uncertainty sampling, which prioritizes instances where

the current model exhibits maximum uncertainty (Lewis and Gale, 1994a); query-by-

committee, which uses disagreements among an ensemble of models to identify informa-

tive instances (Seung et al., 1992); and approaches that aim to reduce variance (Cohn

et al., 1996) or expected generalization error (Roy and McCallum, 2001). Each strategy

offers distinct advantages depending on the specific learning context and classification

objectives. Particularly relevant to our work are AL approaches that query complete fea-

ture vectors from partially observed datasets (Melville et al., 2004; Li and Oliva, 2021).

This variant addresses scenarios where observations contain missing values across dif-

ferent feature dimensions, which is analogous to our VA problem, where responses to

some questions remain unobserved until explicitly queried. AL has been successfully

applied across diverse domains, including NLP (Kaushal et al., 2019), computer vision

(CV) (Dor et al., 2020), and numerous other fields that require efficient data utilization.

Applications of AL specifically to survey response collection remain relatively limited

despite clear potential benefits. The most closely related precedent to our approach is

the active matrix factorization approach for surveys measuring voter opinion proposed in

Zhang et al. (2020). They employ an active question selection strategy to optimize the

estimation of respondents’ latent profiles under a low-rank matrix factorization model.

While conceptually similar to our approach for VA questionnaires, their work addresses a

fundamentally different objective—preference profiling rather than classification — and

employs distinct mathematical formulations appropriate to that context.

3.2.2 Computerized Adaptive Testing

Computerized adaptive testing (CAT) represents a testing approach designed to iden-

tify and administer the optimal set of questions for each examinee. Unlike traditional

fixed-form tests, CAT dynamically adjusts item selection based on individual response

patterns, thereby improving measurement efficiency and precision in estimating exam-

inees’ latent traits (Weiss and Kingsbury, 1984). The conceptual foundations of CAT
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were initially developed within item response theory (IRT) by Lord (1971), who intro-

duced a probabilistic framework for adaptive item selection. In standard IRT-based CAT

implementations, items are selected from a calibrated item bank to maximize test infor-

mation at the current estimated ability, optimizing measurement precision where it is

most needed for each individual (Van der Linden and Glas, 2010). A primary application

of CAT occurs in cognitive diagnosis models (CDMs), referred to as cognitive diagnostic

computerized adaptive testing (CD-CAT) (Cheng, 2009; Huebner, 2010). Unlike tradi-

tional IRT models, CDMs employ a discrete attribute space, characterizing examinees

according to their mastery or lack of mastery of specific cognitive skills. Consequently,

standard CAT approaches for IRT are not directly applicable to CDMs. Several CD-

CAT methods have been proposed with different item selection strategies. Two of the

most widely adopted approaches are the Shannon entropy method, proposed by Tat-

suoka (2002a) and Tatsuoka and Ferguson (2003), which prioritizes items that maximize

the expected reduction in classification uncertainty, and various procedures using KL

information (Xu et al., 2003; Cheng, 2009), which identify items that best discriminate

between competing attribute patterns. Alternative information metrics including mutual

information (Wang, 2013a) and large deviation (Liu et al., 2015) have also been proposed

for CD-CAT.

Our approach for VA questionnaire optimization draws inspiration from these KL

information-based approaches in CD-CAT. We adapt these principles to the specific re-

quirements of COD classification, creating a framework that strategically selects ques-

tions to maximize discriminative power between competing cause hypotheses based on

accumulated evidence from previous responses.
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3.3 Method

3.3.1 Bayesian Active Questionnaire Design

We assume that the complete VA question bank comprises J distinct questions, from

which our adaptive algorithm selects optimal questions during the interview process.

The response to question j for death i is denoted as Xij, with the full response profile for

that case represented as Xi = {Xi1, . . . , XiJ}. The COD is represented by the categorical

variable Yi ∈ {1, . . . , C}. While we focus primarily on binary responses (Xij ∈ {0, 1}) con-

sistent with standard VA questionnaires, our framework can be extended to accommodate

general response forms without modifying the active design formulation. The method-

ological basis of our approach relies on a previously established probabilistic model fitted

on a training dataset {Xi, Yi} with i = 1, . . . , n, which provides estimates for the joint

distribution p(X, Y ) of symptoms and causes. This modeling framework enables statisti-

cal inference about symptom-cause relationships, forming the basis for informed question

selection. Following the modeling framework, we adapt KL information procedures from

CD-CAT literature (Cheng, 2009) to the VA context. During interview progression, after

administering t questions (denoted by set St), we systematically evaluate each remaining

question j ̸∈ St to identify which would provide the most discriminative information

by having maximum distributional difference between the currently estimated cause and

alternative possibilities (Tatsuoka, 2002b).

For a potential alternative cause y and the j-th question, we define the distributional

divergence as:

Dj(ŷ
(t)
i ∥ y) =

∑
x

qj(x | ŷ(t)i ) log

(
qj(x | ŷ(t)i )

qj(x | y)

)
,

where qj(x | y) = p(Xij = x | Yi = y) represents the conditional distribution of the j-th

indicator given that the COD is y, and ŷ
(t)
i = argmaxy p(Yi = y | {Xij : j ∈ St}) denotes

the estimated cause based on information collected at step t.

Among the various approaches proposed for aggregating KL distances across multiple
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classification alternatives in the CD-CAT literature, we adopt the posterior weighted KL

(PWKL) algorithm (Cheng, 2009). This approach uses divergence measures for all poten-

tial causes, weighted by their current posterior probabilities, to produce a comprehensive

metric. For each candidate question j, we compute and maximize:

Scorej =
C∑

y=1

Dj(ŷ
(t)
i ∥ y)p(Yi = y | {Xij : j ∈ St}). (3.1)

Maximizing this weighted score ensures that questions are selected to provide the maxi-

mum diagnostic value for distinguishing between plausible causes, given the current state

of knowledge.

The existing literature on CD-CAT typically assumes that conditional distributions

for score computation are either precisely known or can be accurately estimated from

data (Chang et al., 2019). This assumption does not hold in VA contexts, where these

distributions must be derived from COD assignment models trained on limited data D.

Various Bayesian methods have been proposed to infer COD from VA data (McCormick

et al., 2016a; Kunihama et al., 2020b; Li et al., 2021; Wu et al., 2021a), with observa-

tions demonstrating substantial uncertainty in both classification results and parameter

estimations within these models.

To account for the complete posterior uncertainty of the conditional probabilities used

in the PWKL score calculation, we propose the following posterior predictive PWKL

score:

PScorej =

∫
Scorej(ϕ)p(ϕ | D)dϕ ≈ 1

B

B∑
b=1

Scorej(ϕ
(b)), (3.2)

where ϕ denotes all parameters in the assignment model, ϕ(b) represents the b-th sample

drawn from the posterior distribution p(ϕ|D), B is the total number of posterior samples,

and Scorej(ϕ
(b)) denotes the PWKL score evaluated at ϕ(b).

Throughout the remainder of this chapter, we distinguish between two active ques-

tion selection approaches: the “design using point estimates”, which maximizes Scorej(ϕ̂)

where ϕ̂ denotes the posterior mean of ϕ, and the “design using posterior predictive
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scores”, which maximizes PScorej as defined above. Our formulation accounts for com-

plete model uncertainty, representing a further extension of the modified PWKL score

introduced by Kaplan et al. (2015), which only integrated latent classification uncertainty.

3.3.2 COD Assignment Model

The active selection methodology presented in the previous section demonstrates flex-

ibility regarding the specific COD assignment model used for data analysis, requiring

only that the conditional probabilities referenced in Equation (3.1) are computationally

tractable. This model-agnostic approach enables practitioners to select frameworks that

are optimally suited to their analytical contexts.

For illustration purposes, we implement a simplified adaptation of the algorithm in-

troduced by McCormick et al. (2016a) to analyze the training dataset D. Our analytical

model assumes the following data generation process:

Yi ∼ Cat(π),

p(Xi = xi | Yi = y) =
∏
j

θ
xij

yj (1− θyj)
1−xij .

We adopt conjugate priors θyj ∼ Be(ay, by) for the symptom probabilities conditional

on causes and π ∼ Dir(α) for the cause prevalence vector. With this specification, the

posterior distributions take the following analytical forms:

π | D ∼ Dir(n1 + α1, . . . , nC + αC),

θyj | D ∼ Be

(
ay +

∑
i:Yi=y

xij, by + ny −
∑
i:Yi=y

xij

)
,

where ny =
∑n

i=1 1(Yi = y) represents the frequency of cause y across the sample space

for y = 1, . . . , C.

In scenarios involving partial COD information, where certain Yi values are unknown

in the data, the framework allows straightforward extension to generate posterior samples

of (π,θ, Ymiss), thereby accommodating missing data imputation.
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3.3.3 Stopping Criterion

In adaptive testing frameworks where time constraints are critical, terminating the test

after a predetermined number of questions represents a reasonable approach (e.g. Chen

et al., 2012; Wang et al., 2011; Cheng, 2009). Such fixed-length termination rules can be

readily incorporated into our adaptive VA questionnaire design. However, concluding the

interview process only when sufficient precision is achieved generally constitutes a more

appropriate practice.

Several approaches to early test termination rules are presented in the literature.

Tatsuoka (2002a) introduced a stopping criterion based on the maximum probability of

the classified category reaching a given threshold. This framework was later adapted

by Hsu et al. (2013), who added a constraint on the second-highest probability value.

In our notation, the Hsu et al. (2013) criterion suggests terminating the questionnaire

when the maximum value of p(Yi = y | {Xij : j ∈ St}) exceeds p1st, while ensuring

that the second-highest probability remains below p2nd, where p1st ≥ p2nd represent two

predetermined thresholds. While this stopping rule offers simplicity, reliance on point

estimates of classification probabilities may lead to premature termination, particularly

when parameter estimates exhibit substantial uncertainty. To address this limitation, we

compute the posterior predictive probability of satisfying a predefined stopping criterion

analogous to that proposed by Hsu et al. (2013). At each iteration, we evaluate p
(b)
y =

p(Yi = y | {Xij : j ∈ St}, ϕ(b)) for the b-th posterior sample ϕ(b). We then identify the

current most probable cause assignment y⋆ as the mode of {argmaxy=1,...,C p
(b)
y }b=1,...,B.

Subsequently, we derive the posterior predictive probability for the event:

p(Yi = y⋆ | {Xij : j ∈ St}) > p1st,

p(Yi = y | {Xij : j ∈ St}) < p2nd, ∀y ̸= y⋆.

Questionnaire administration terminates when this computed probability exceeds a spec-

ified tolerance threshold r ∈ (0, 1). Although we implement this particular stopping

criterion in our analysis, the fully Bayesian nature of our proposed score formulation
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readily accommodates other stopping criteria with minimal structural modification.

3.3.4 Question Flow in Active VA Questionnaire

Traditional VA instruments utilize carefully sequenced question structures that facili-

tate a natural conversational progression during interviews. In contrast, our proposed

active questionnaire approach, while maximizing information gain efficiency, inherently

disrupts this established flow by potentially transitioning between disparate topics re-

lated to mortality. Although this adaptive approach accelerates information acquisition,

it introduces concerns regarding response validity when respondents navigate abrupt the-

matic transitions during emotionally sensitive interviews (Loh et al., 2021; Nichols et al.,

2022). Recent ethnographic research on VA implementation has documented how the

structure of questionnaires affects both respondent comfort and data quality, with poorly

sequenced questions potentially triggering increased psychological distress and compro-

mising response accuracy (Hinga et al., 2021).

To mitigate these concerns while preserving the efficiency benefits of active question-

ing, we implement deterministic branching logic by dynamically constraining the ques-

tion search space St based on prior responses. This approach maintains critical structural

dependencies within the VA instrument. Many standardized VA protocols contain condi-

tional questions that become relevant only after specific prerequisite questions have been

answered affirmatively. Our implementation addresses this by initializing S0 to contain

only root-level questions, subsequently expanding St to include subordinate questions ex-

clusively after their corresponding parent questions have received appropriate responses,

thus preserving logical dependencies while optimizing information gain.

Beyond enforcing rigid conditional hierarchies, our framework accommodates softer

structural preferences through a penalty-based approach that better reflects the expertise

of interviewers and the needs of respondents. We extend the active design strategy by

incorporating a question-transition penalty into our scoring mechanism. Formally, we
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define a penalized posterior predictive score:

PScore′j = PScorej − λD(j, j(t)),

where j(t) represents the question index from iteration t, λ > 0 serves as a coefficient reg-

ulating transition penalization strength, and D(j, k) constitutes a customizable distance

function between questions j and k.

This formulation provides considerable implementation flexibility. For example, to

encourage thematically cohesive questioning while allowing arbitrary sequencing within

topical clusters, we can define D(j, k) = 0 for questions within the same thematic domain

and D(j, k) = 1 otherwise. Through empirical tuning of λ, researchers can calibrate the

balance between information optimization and interview coherence based on field-specific

requirements and cultural contexts (Chandramohan et al., 2021).

3.4 Experiments

3.4.1 Synthetic Data Analysis

To evaluate our proposed active questionnaire method, we conduct a comprehensive anal-

ysis of synthetic data using two distinct modeling scenarios. These scenarios test perfor-

mance under varying degrees of model specification accuracy. We examine two comple-

mentary data-generating mechanisms. The first scenario represents a well-specified case

where we generate synthetic observations that align perfectly with the analytical frame-

work described in Section 3.3.2. This ensures complete consistency with the underlying

modeling assumptions. The simulation parameters include C = 10 CODs, J = 50 ques-

tions, uniform Dirichlet prior with α = (1, . . . , 1), and Beta hyper-parameters (ay, by) set

to (0.5, 0.5) for causes y ∈ {1, 2, 3}, (3, 3) for y ∈ {4, 5, 6}, and (1, 3) for y ∈ {7, 8, 9, 10}.

This parameterization creates realistic variation in symptom-cause associations. The

second scenario introduces model misspecification through a more complex latent class

structure. Under this framework, each COD consists of multiple unobserved subcate-

gories. We introduce latent indicators Zi | Yi = y ∼ Cat(λy) and define the response
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mechanism as:

p(Xi = xi | Yi = y, Zi = k) =
∏
j

θ
xij

ykj(1− θykj)
1−xij ,

where λy = (λy1, λy2, λy3) ∼ Dir(1, 1, 1) and θykj ∼ Beta(1, 1) for all combinations of y,

k, and j. This formulation introduces systematic model misspecification that tests the

robustness of our AL approach under challenging conditions.

For each scenario, we generate training datasets of varying sizes with ntrain ∈ {200, 1000}

to investigate the effects of sample size on performance. We maintain a fixed test set

of ntest = 200 observations for consistent performance evaluation across all experimental

conditions.

Fixed-Length Questionnaire Performance

Our initial evaluation examines classification performance under fixed questionnaire lengths,

providing insights into the efficiency gains achievable through active question selection.

Figure 3.1 presents the probability of correct COD classification across varying question-

naire lengths. The results demonstrate that both active selection strategies consistently

achieve superior classification accuracy more rapidly than conventional sequential ques-

tioning approaches. Under the well-specified model condition, we implement an oracle

baseline that utilizes true data-generating parameters. This comparison reveals that

our active strategies approach oracle-level performance when sufficient training data is

available.

Adaptive Stopping Rule Performance

We then investigate the performance implications of applying various adaptive stop-

ping criteria to our active questionnaire design under identical data-generating condi-

tions. We systematically compare classification accuracy across different stopping rules

for both data-generating scenarios. Our evaluation considers three stopping rules. For
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point estimate-based question selection, we implement the criterion established by Hsu

et al. (2013). For posterior predictive scoring approaches, we examine stopping thresholds

when r = 50% and 70% of posterior samples satisfy the termination criterion. The exper-

imental design employs primary probability thresholds p1st ∈ {0.8, 0.9}, with secondary

thresholds computed as p2nd = (1 − p1st)/C + d(C − 2)(1 − p1st)/C for discrimination

parameters d ∈ [0, 1], following Hsu et al. (2013). Tables 3.1 and 3.2 present the com-

prehensive results. As expected, classification accuracy shows positive correlation with

stricter primary thresholds p1st and more restrictive secondary thresholds p2nd (equiv-

alently, smaller d values), reflecting the increased questioning required to satisfy more

stringent termination criteria.

For illustrative purposes, we limit our presentation to results for d ∈ {0, 0.5}, although

we also report questionnaire length distributions using median values and 5th/95th per-

centiles. A particularly notable finding emerges in Table 3.2: under model misspeci-

fication conditions, the r = 70% posterior probability stopping rule produces median

questionnaire lengths comparable to those of point estimate approaches, while exhibiting

extended upper tails in question counts. This conservative behavior results in enhanced

overall accuracy, suggesting particular value in high-stakes applications. In clinical con-

texts such as VA, where misclassification carries significant consequences, conservative

strategies that gather additional information for ambiguous cases may be preferable, par-

ticularly when the underlying analytical model exhibits specification uncertainty. Such

scenarios favor stopping rules with larger r values in practical implementations.

Question Flow Performance

Finally, we examine scenarios where response accuracy deteriorates when questionnaire

flow deviates from natural conversational sequences, reflecting realistic interviewing con-

ditions. Denoting j(t) as the t-th question index, we simulate noisy responses through a



56

mechanism where:

X∗
ij(t) =

1−Xij(t) with probability D(j(t−1),j(t))
h

,

Xij(t) with probability 1− D(j(t−1),j(t))
h

.

We implement a normalized distance metric D(j, k) = |j − k|/J , ensuring that se-

quential questioning minimizes induced response noise. Our comparative analysis eval-

uates penalized scoring approaches (detailed in Section 3.3.4) using penalty parameters

λ ∈ {2, 10} under both low-noise (h = 10) and high-noise (h = 2) conditions, maintaining

the data generating process from our initial experiments.

Figure 3.2 demonstrates that unpenalized active designs experience performance degra-

dation in high-noise environments due to accumulated errors from non-sequential question

ordering. In contrast, our penalized scoring methodology successfully mitigates these ad-

verse effects, achieving classification accuracy that matches or exceeds optimally ordered

static questionnaire designs. This finding confirms the practical importance of incor-

porating structural preferences into active learning frameworks for sensitive interview

contexts.

3.4.2 Population Health Metrics Research Consortium Data Analysis

To evaluate the practical performance of our proposed approach, we conduct empirical

validation using the Population Health Metrics Research Consortium (PHMRC) gold-

standard VA dataset (Murray et al., 2011a). This dataset serves as a fundamental re-

source in the VA research community and represents the primary benchmark for validat-

ing computational COD assignment algorithms across diverse methodological approaches

(McCormick et al., 2016b; Kunihama et al., 2020b; Moran et al., 2021).

The PHMRC data comprises 7841 adult mortality cases collected across six geo-

graphically and culturally diverse study sites: Andhra Pradesh and Uttar Pradesh in

India; Bohol Island in the Philippines; Dar es Salaam and Pemba Island in Tanzania;

and Mexico City in Mexico. The dataset’s key strength lies in its gold-standard COD
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p1st d Stopping Rule Acc Median Lower Upper

0.8 0.5 Point Est 0.85 5 3 14

Pred r = 0.5 0.92 10 4 50

Pred r = 0.7 0.95 14 6 50

0.8 0 Point Est 0.96 8 5 35

Pred r = 0.5 0.96 13 6 50

Pred r = 0.7 0.96 20 7 50

0.9 0.5 Point Est 0.95 7 5 18

Pred r = 0.5 0.95 12 6 50

Pred r = 0.7 0.96 18 7 50

0.9 0 Point Est 0.97 10 7 50

Pred r = 0.5 0.96 16 8 50

Pred r = 0.7 0.96 23 8 50

Table 3.1: Classification accuracy and questionnaire length for synthetic data under the

correctly specified model. Results show the median questionnaire length, along with the

5-th and 95-th percentiles, across different stopping rule conditions.

determinations, which were established through comprehensive clinical investigations in-

cluding laboratory diagnostics, histopathological examinations, and advanced medical

imaging modalities.

Our analysis framework operates on 34 distinct COD categories (C = 34), with ques-

tionnaire responses transformed into 168 binary symptom indicators (J = 168) following

the standardized preprocessing pipeline established by Li et al. (2022). We examine the

performance of using both fixed-length questionnaires and adaptive stopping criteria to

provide a comprehensive performance assessment across different implementation scenar-

ios. We employ 10-fold cross-validation to account for potential variability across different
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p1st d Stopping Rule Acc Median Lower Upper

0.8 0.5 Point Est 0.88 5 3 11

Pred r = 0.5 0.88 4 3 18

Pred r = 0.7 0.94 5 3 27

0.8 0 Point Est 0.96 6 5 17

Pred r = 0.5 0.94 6 4 30

Pred r = 0.7 0.99 8 5 50

0.9 0.5 Point Est 0.94 6 4 13

Pred r = 0.5 0.96 6 4 23

Pred r = 0.7 0.98 7 4 50

0.9 0 Point Est 0.96 7 6 20

Pred r = 0.5 0.98 8 5 42

Pred r = 0.7 0.99 9 5 50

Table 3.2: Classification accuracy and questionnaire length for synthetic data under the

misspecified model. Results show the median questionnaire length, along with the 5th

and 95-th percentiles, across different stopping rule conditions.

data partitions, with each fold serving as a test set. In contrast, the remaining nine folds

provide training data for parameter estimation. Following established conventions in the

VA literature, we adopt the missing-at-random assumption for handling incomplete ques-

tionnaire responses during model fitting. While potentially restrictive, this assumption

represents current best practice and ensures comparability with existing methodological

benchmarks (McCormick et al., 2016b; Kunihama et al., 2020b; Li et al., 2021).
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Fixed-Length Questionnaire Performance

The empirical results in Figure 3.3 compare the performance of our adaptive questionnaire

approaches with conventional static questioning protocols. Both the point estimate-based

and posterior predictive scoring strategies achieve significantly better classification accu-

racy than traditional fixed-order questionnaires, with performance advantages becoming

clear after just 10 questions. A notable finding emerges in the performance of our active

designs: classification accuracy reaches optimal levels at approximately 30−40 questions,

followed by a slight decline in performance as the questionnaire length increases beyond

this point. This relationship between questionnaire length and accuracy reflects limita-

tions of our underlying analytical model, which uses simplified conditional independence

assumptions that may not fully capture the complex symptom-cause relationships in real-

world mortality data (Blanco et al., 2020; Li et al., 2020). The observed performance

plateau and subsequent decline likely result from the accumulation of model specification

errors as additional questions introduce noise rather than meaningful information under

our simplified modeling framework. This phenomenon is well-documented in machine

learning literature, where overly complex feature sets can reduce performance when the

underlying model lacks sufficient sophistication to use the additional information effec-

tively (Hastie et al., 2009).

While developing more sophisticated COD assignment algorithms represents an active

research area (Wu et al., 2021a; Li et al., 2021), our findings provide clear evidence

that substantial performance improvements are achievable even under simple modeling

assumptions. Most importantly, the results demonstrate that our active questionnaire

methodology enables highly accurate COD classification using only around 25% of the

complete question set, representing a fourfold reduction in interview burden without

compromising diagnostic accuracy.
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Adaptive Stopping Rule Performance

We explore primary probability thresholds p1st ∈ {0.7, 0.8, 0.9} while maintaining a fixed

discrimination parameter d = 0.5. Complete sensitivity analyses examining alterna-

tive d values are documented in Appendix B. We compare stopping rules based on

point estimates against posterior predictive probability strategies with confidence levels

r ∈ {0.5, 0.7}. Figure 3.4 shows the relationship between classification accuracy at ques-

tionnaire termination and median question requirements, organized by underlying COD.

The results show that for most causes, classification accuracy does not change significantly

with different threshold configurations. The main variation occurs in questionnaire length

as stopping rules become stricter. This finding matches our earlier simulation observa-

tions, confirming that effective COD classification can be achieved with relatively few

questions (James et al., 2011; Serina et al., 2015a). We notice that for specific causes,

including maternal mortality, breast cancer, cervical cancer, drowning, homicide, and en-

venomation injuries from animals, the active questionnaire design achieves rapid conver-

gence to high classification accuracy regardless of the stopping criterion used. This likely

reflects the presence of highly distinctive symptom patterns that provide strong diagnos-

tic signals for these particular causes (Chandramohan et al., 2021). The existence of such

characteristic symptom clusters has significant practical implications, enabling interview-

ers to confidently terminate VA sessions much earlier when encountering these readily

identifiable patterns of mortality. This cause-specific variation in diagnostic complexity

suggests opportunities for developing tiered interview protocols that adapt termination

criteria based on emerging diagnostic likelihood patterns (Shawon et al., 2021).

To place our methodology within the broader landscape of computational VA ap-

proaches, we benchmark our active questionnaire strategy against two established COD

assignment algorithms: InSilicoVA (McCormick et al., 2016b) and InterVA (Byass et al.,

2019). As shown in Figure 3.4, our active questionnaire design achieves classification ac-

curacy that is comparable to, and often exceeds, that of both benchmark methods, despite
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using substantially fewer questions. Our findings show that strategic question selection

can potentially outperform comprehensive but inefficient data collection strategies. This

suggests that current VA practices may be collecting substantial redundant information

that contributes minimally to diagnostic accuracy while imposing an unnecessary burden

on both respondents and data collection systems (Fottrell and Byass, 2010).

3.5 Conclusions and Discussions

This chapter presents a novel adaptive questionnaire design methodology specifically de-

veloped for VA applications. We introduce a Bayesian framework for estimating posterior

predictive scores of questions based on KL information applied to question banks. Our

approach accounts for comprehensive uncertainty quantification across any probabilistic

COD assignment models, enabling both adaptive stopping rules and preservation of ex-

isting questionnaire flow structures. Empirical validation demonstrates performance im-

provements in COD classification accuracy across both fixed-length and adaptive-length

questionnaire configurations.

The generalizability of our approach extends beyond VA applications to broader cat-

egories of medical and epidemiological surveys in resource-limited environments (Koren-

romp et al., 2003; Sankoh and Byass, 2014). The proposed active questionnaire design

can be implemented for field deployment using the existing electronic data collection

infrastructure that has become standard in VA programs (World Health Organization,

2022c). The system separates intensive model estimation, performed offline in centralized

computing environments, from real-time question selection that requires only lightweight

computations on standard tablet devices. Optimal tuning parameter selection for adap-

tive termination rules will require field validation studies, which are beyond the scope of

this chapter.

Despite the promising results demonstrated in our work, we acknowledge several lim-

itations. Our implementation employs relatively simple analytical models compared to

state-of-the-art approaches in the current literature (Kunihama et al., 2020b; Li et al.,
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2021; Wu et al., 2021a). While we observe meaningful advantages in posterior predictive

scoring for termination decisions, the overall classification accuracy improvements over

point estimate-based approaches remain modest. Our current framework does not fully

utilize the extensive domain knowledge embedded in traditional VA instrument design,

particularly regarding logical relationships and dependencies among questions. This do-

main knowledge could inform more sophisticated penalty function designs that better

reflect clinical reasoning patterns and enhance guidance for selecting penalty parameters.

We note several important research directions that could address the methodolog-

ical challenges of active questionnaire design for VA. First, extending our framework

to accommodate ensemble modeling approaches represents a natural progression, given

documented performance improvements in COD classification through model averaging

techniques (Datta et al., 2021). Ensemble-based active designs could enhance robustness

against model misspecification while providing more reliable uncertainty quantification

for termination rules. Second, the growing literature on domain-adaptive VA algorithms

highlights substantial heterogeneity in symptom-cause relationships across different pop-

ulations and healthcare contexts (Li et al., 2021; Wu et al., 2021a). Our proposed adaptive

design could be extended to explicitly account for population-specific variation through

hierarchical modeling approaches or transfer learning methodologies. Third, understand-

ing the human factors associated with adaptive questioning represents a critical research

priority with direct implications for data quality and respondent welfare. A systematic

investigation of interviewer and respondent responses to non-traditional question ordering

would inform more practical implementations. Additionally, developing comprehensive

cost-effectiveness models that consider question-specific costs, respondent burden, and ac-

curacy trade-offs would provide useful guidance for deployment decisions (Thomas et al.,

2018; Sanghera et al., 2018).
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Figure 3.1: Classification accuracy across different questionnaire designs as the number of

questions increases. Results are compared across four strategies for two training sample

sizes (200 and 1000) and two scenarios (correct and misspecified models): fixed order

(black), active order with point estimate scores (blue), active order with oracle parameters

(red), and active order with posterior predictive scores (green). Active ordering methods

consistently outperform fixed ordering, with the benefits most pronounced in smaller

sample sizes.
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Figure 3.2: Classification accuracy of different questionnaire designs with order-

induced response noise. Results are shown across four experimental conditions (cor-

rect/misspecified model with low/high noise levels) and two active ordering strategies

(point estimate and posterior predictive). Three penalization levels are compared: no

penalization (light blue), λ = 2 (medium blue), and λ = 10 (dark blue). The red curves

represent fixed sequential ordering as a baseline comparison. Performance degrades with

increased noise and model misspecification, with penalization helping to maintain accu-

racy in challenging conditions.



65

0.1

0.2

0.3

0.4

0 50 100 150
Number of Questioned Asked

P
ro

ba
bi

lit
y 

of
 C

or
re

ct
 C

la
ss

ifi
ca

tio
n

Fixed Order

Active Order: Point Estimate

Active Order: Posterior Predictive

Figure 3.3: Classification accuracy of different questionnaire designs on PHMRC data as

the number of questions increases. Three strategies are compared: fixed order (black),

active order with point estimate scores (blue), and active order with posterior predictive

scores (green). Active ordering methods achieve higher classification accuracy with fewer

questions compared to fixed ordering, demonstrating substantial efficiency gains in the

real-world VA context.
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Figure 3.4: Proportion of correctly classified deaths by COD using different stopping

criteria in PHMRC data. Each panel shows results for a specific cause ordered by sample

size. Three stopping rules are compared: point estimate (green), pred r > 0.5 (orange),

and pred r > 0.7 (purple), with different p1st thresholds indicated by circle, triangle, and

square symbols (0.7, 0.8, 0.9 respectively). Dotted horizontal lines represent accuracy

benchmarks from established VA algorithms using all symptoms: InSilicoVA (red) and

InterVA (blue).
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Chapter 4

VALID INFERENCE USING LANGUAGE MODEL
PREDICTIONS FROM VERBAL AUTOPSY NARRATIVES

4.1 Introduction

Verbal autopsy (VA) represents a critical epidemiological tool in public health research,

particularly in settings with limited access to complete medical records (Soleman et al.,

2006; Thomas et al., 2018). This approach determines cause-of-death (COD) by collect-

ing information from surviving family members or caregivers who witnessed the circum-

stances surrounding a person’s death in resource-constrained environments and regions

with underdeveloped healthcare infrastructure (Baqui et al., 2006; Byass et al., 2012;

Wahab et al., 2017). Contemporary VA interviews employ a dual-component struc-

ture, comprising structured questionnaires and unstructured narrative sections. The

structured component captures specific symptoms and clinical indicators through stan-

dardized questions. In contrast, the narrative component allows respondents to provide

contextual information about the illness and death circumstances in their own language

(Chandramohan et al., 2021; Nichols et al., 2022).

Following data collection, COD assignment proceeds through clinical review by trained

physicians or automated statistical algorithms that analyze symptom patterns. The trend

toward algorithmic approaches reflects scalability advantages and reduced subjective vari-

ation (Murray et al., 2014; Serina et al., 2015a). Given financial and logistical barriers

to comprehensive VA surveys, researchers use statistical modeling to extrapolate findings

from representative samples to broader demographic patterns across age, sex, socioeco-

nomic status, and geographic location.

This chapter presents a methodological framework for conducting valid statistical in-
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ference using free-text VA narratives, as outlined in Figure 4.1. Our approach addresses

two fundamental challenges that have limited the effective use of narrative data in mor-

tality surveillance systems.

Our first contribution develops robust COD classification methods that rely exclu-

sively on unstructured text narratives rather than structured questionnaires. Traditional

VA interviews impose a substantial burden on both respondents and interviewers, typi-

cally requiring 60−90 minutes to complete and involving emotionally challenging content

that can worsen grief-related distress (Surek-Clark, 2020). Narrative-based approaches

enable respondents to describe mortality circumstances using their own linguistic frame-

works and cultural contexts, eliminating the need to navigate clinical terminology or

respond to potentially irrelevant standardized questions. Building upon emerging re-

search in natural language processing (NLP) applications for VA (Danso et al., 2013;

Blanco et al., 2020; Manaka et al., 2022; Cejudo et al., 2023), our work incorporates large

language models (LLM) and transformer-based architectures. It diverges from existing

NLP studies in VA, which have primarily emphasized predictive accuracy as the primary

evaluation metric (Naradowsky et al., 2012; Liu et al., 2019; Ye et al., 2021; Peskoff and

Stewart, 2023). Instead, our framework prioritizes the downstream application of these

predictions for valid statistical inference, recognizing that the ultimate goal of mortality

surveillance systems is to support evidence-based decision-making in public health.

Our second contribution addresses the critical challenge of conducting valid statistical

inference when COD labels are mainly predicted rather than clinically verified. The

development and validation of COD prediction algorithms is challenging (Murray et al.,

2011b; Fottrell and Byass, 2010; Murray et al., 2014; Clark et al., 2018b), primarily

due to difficulties in constructing training datasets with reliably labeled CODs. While

clinical review of VA cases could provide high-quality labels, this approach diverts scarce

medical expertise from direct patient care, and traditional autopsy procedures remain

infeasible in most settings where VA is employed. A natural approach to address limited

labeled data involves aggregating VA datasets across multiple domains to create larger
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training sets. However, this strategy introduces significant transportability issues due

to heterogeneity in cultural practices, linguistic patterns, interview methodologies, and

potentially underlying biological factors across different populations. Algorithms trained

on data from one context frequently demonstrate degraded performance when applied to

other domains.

To address these challenges, we develop a statistical inference framework that ex-

plicitly accounts for the additional uncertainty introduced when most COD labels are

predicted rather than observed. We extend the prediction-powered inference (PPI) frame-

work (PPI++; Angelopoulos et al., 2023a,b) to multinomial classification settings, demon-

strating its broader applicability beyond binary and continuous outcome scenarios. We

introduce multiPPI++, an estimator designed to enable valid statistical inference using

predictions from arbitrary machine learning models, requiring only access to a small

subset of ground truth labels for calibration purposes.

4.2 Population Health Metrics Research Consortium Data

Our empirical analysis uses the Population Health Metrics Research Consortium (PHMRC)

dataset, established in 2005 to provide high-quality, standardized VA validation data with

clinically verified COD determinations (Murray et al., 2011a). This dataset represents

one of the few existing VA collections with comprehensive ground truth labels derived

from traditional autopsy procedures, making it an invaluable resource for developing and

benchmarking computational COD assignment algorithms (Serina et al., 2015a; James

et al., 2011). The PHMRC data are collected across six study sites spanning four coun-

tries: Andhra Pradesh and Uttar Pradesh in India; Bohol Island in the Philippines; Dar

es Salaam and Pemba Island in Tanzania; and Mexico City in Mexico. To illustrate the

narrative data in PHMRC, consider this example: “the deceased had been burnt and had

lost mental balance and died within 1.5 hours of the accident” (confirmed COD: Fires).

This demonstrates how narrative responses capture critical contextual information about

circumstances and timeline that structured questionnaires may miss.
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Figure 4.1: Overview of valid inference using multiPPI++ for VA narratives. The method

operates across two domains: a labeled dataset (red box), where ground-truth CODs are

available, and an unlabeled dataset (blue box), where only predicted CODs are known.
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We focus our analysis on adult mortality cases, excluding deaths in individuals un-

der 12 years of age, using the de-identified narrative collection released by Flaxman

et al. (2018). To facilitate meaningful statistical analysis while maintaining sufficient

sample sizes, we aggregate the original COD classifications into five broad categories:

non-communicable diseases, communicable diseases, external causes, maternal causes,

and AIDS or tuberculosis (AIDS-TB). This categorization follows established Interna-

tional Classification of Diseases Tenth Revision (ICD-10) coding standards (McCormick

et al., 2016b) and aligns with global burden of disease analytical approaches (Murray

et al., 2020). Complete mapping details are provided in Appendix C.0.1.

Despite this consolidation, considerable heterogeneity persists in COD distributions

across study sites, as demonstrated in Figure 4.2. While non-communicable diseases

consistently represent the most prevalent cause category across all six sites, the second-

ranking cause exhibits marked site-specific variation. Communicable diseases constitute

the second most common COD in two sites, external causes predominate in three sites,

and AIDS-TB represents the second-leading COD in one site. The magnitude of these dis-

tributional differences is equally noteworthy, with the ratio between the first and second

most common COD varying considerably across sites. Pemba Island exhibits a relatively

balanced distribution with an approximate 5 : 4 ratio between non-communicable dis-

eases and the second-leading COD. In contrast, Mexico City demonstrates pronounced

dominance of non-communicable diseases with a 6 : 1 ratio relative to the secondary

COD.

These observations carry important implications for developing and deploying NLP

algorithms for COD classification. While data from one study site may provide valuable

insights for algorithm development in other locations, the substantial inter-site hetero-

geneity necessitates considerable caution when extrapolating model performance across

diverse geographic and cultural contexts. This transportability issue represents a well-

documented phenomenon in the VA literature (e.g., McCormick et al., 2016b), where

algorithms trained on data from one population frequently demonstrate degraded perfor-
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mance when applied to different settings. Without robust methodological approaches to

address cross-population variation, implementing comprehensive COD surveillance sys-

tems would require establishing independent data collection and validation infrastructure

at each new site, an endeavor that would prove prohibitively expensive.

Figure 4.2: Frequency distribution of COD by study site. Non-communicable diseases

represent the most prevalent cause across all six sites, though the relative distribution of

cause categories varies substantially between locations.

4.3 Method

4.3.1 NLP for VA Narratives

The first objective of this chapter is to evaluate the predictive performance of contem-

porary NLP techniques for COD classification using exclusively free-text narrative data.

This approach represents a shift from traditional VA analysis that relies primarily on

structured questionnaire responses toward leveraging the rich contextual information em-

bedded within narrative accounts of mortality circumstances. Our comparative analysis

examines a comprehensive set of NLP techniques, ranging from classical statistical text
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representation approaches to cutting-edge LLMs. We consider traditional bag-of-words

(BoW) techniques that capture term frequency patterns, advanced pre-trained trans-

former architectures such as Bidirectional Encoder Representations from Transformers

(BERT) (Devlin et al., 2019), and contemporary LLMs, exemplified by the Generative

Pre-trained Transformer (GPT) family (Lai et al., 2023).

For BoW representation generation, we employed scikit-learn’s CountVectorizer,

LabelEncoder, and TfidfVectorizer (Kramer and Kramer, 2016; Fabian, 2011), com-

plemented by nltk’s word tokenize (Millstein, 2020) for text segmentation and normal-

ization. Our preprocessing pipeline reduced the initial token count from 556713 to 218804

through systematic removal of low-frequency terms, stop words, and non-informative to-

kens. We evaluated three established supervised learning algorithms using the BoW

representations paired with verified COD labels: Support Vector Machines (SVM), K-

Nearest Neighbors (KNN), and Naive Bayes (NB) classifiers. The SVM employed a

polynomial kernel of degree three with regularization parameter C = 1.0, selected based

on cross-validation performance. Our KNN approach utilized cosine similarity metrics

with k = 9 neighbors, determined through a systematic evaluation that began at k = 3

and incrementally increased until performance saturation was observed.

For transformer-based approaches, we configured a BERTBASE encoder with a five-

layer architecture comprising dual input layers of dimension 256, a central transformer

layer of dimension 768, an intermediate layer of dimension 512, and a task-specific output

layer of dimension 5 corresponding to our COD categories. Model training proceeded over

two epochs to prevent overfitting while ensuring adequate parameter convergence.

Given the de-identified nature of our narrative data, we evaluated OpenAI’s LLMs,

including GPT-3.5, GPT-3.5-turbo, GPT-4, and GPT-4-32K variants (Biswas, 2023).

Following preliminary comparative analysis, we selected GPT-4-32K for primary evalu-

ation due to its expanded context window capacity, which enables processing of longer

narrative texts without truncation. All LLMs employed zero-shot prompting strategies

detailed in Figure 4.3 with temperature parameters set to zero to ensure deterministic
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and reproducible outputs. Across all model options, we maintained a consistent exper-

imental design through 80/20 train-test data splitting, with COD labels withheld from

test sets to evaluate predictive accuracy and F1-score metrics.

Prompt Engineering for LLMs

The development of prompting strategies for LLMs presented several challenges, particu-

larly generating constrained outputs that align precisely with our predefined COD labels:

communicable, non-communicable, external, maternal, and AIDS-TB. Initial prompt

tuning frequently encountered semantically appropriate but structurally inconsistent re-

sponses, such as “the patient died due to external causes”, which, while conceptually cor-

rect, required complex post-processing procedures including regular expression matching

and fuzzy string algorithms for systematic validation. We address this issue by imple-

menting structured HTML-style tagging within the prompt architecture. As shown in

Figure 4.3, the prompt design incorporates several key elements: explicit narrative tag-

ging through structured markup, minimal contextual descriptions for each COD category

to provide semantic grounding, comprehensive enumeration of acceptable output options

to constrain response space, and direct procedural instructions emphasizing adherence

to the <narrative><label><option> tagging framework. This approach significantly

improved output consistency.

Future refinements may incorporate few-shot prompting approaches with carefully

selected domain-specific exemplars, or retrieval-augmented generation (RAG) frameworks

that leverage larger narrative databases to provide contextual grounding for classification

decisions. Such enhancements could potentially improve both accuracy and consistency

while maintaining the efficiency advantages of our current zero-shot approach; however,

they are beyond the scope of this chapter.
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Figure 4.3: GPT-4 zero-shot prompt structure for COD prediction from VA narratives.

The prompt framework consists of four components: (1) narrative input where individual

VA texts are inserted, (2) classification context providing definitions for six COD cate-

gories (AIDS-TB, communicable, external, maternal, non-communicable, and unclassi-

fied), (3) structured output format constraining responses to the predefined options, and

(4) explicit instructions directing the model to select the most appropriate label. The

system generates a single COD classification from the available options for each narrative

input.
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4.3.2 Valid Statistical Inference with multiPPI++

The second objective of this chapter is to address the statistical challenge of conduct-

ing valid inference on covariate relationships when COD labels are mostly predicted

rather than clinically verified. The inherent imperfection of NLP models introduces

systematic bias into downstream statistical analyses, necessitating principled correction

methods before reliable conclusions can be drawn from such data. While the PHMRC

dataset provides comprehensive ground truth labels derived from traditional autopsy

procedures, this level of verification is impractical for most global health surveillance

applications. In resource-constrained settings, COD determination relies exclusively on

VA data without access to verification means. Emerging research has shown that using

algorithmically-derived outcomes for downstream statistical inference can lead to biased

coefficient estimates and anti-conservative confidence intervals, compromising the relia-

bility of subsequent public health decision-making (Wang et al., 2020; Angelopoulos et al.,

2023a,b; Miao et al., 2023; Egami et al., 2023; Ogburn et al., 2021; Hoffman et al., 2024).

This underscores the practical importance of developing statistical frameworks that can

accommodate predicted outcomes while maintaining inferential validity.

Theoretical Framework

To address these inferential challenges, we employ and extend the recently developed

PPI approach (Angelopoulos et al., 2023a) and its enhanced variant PPI++ (Angelopoulos

et al., 2023b), adapting these frameworks for multinomial classification contexts. These

methods operate by leveraging small subsets of verified ground-truth labels to system-

atically correct coefficient estimates and standard errors derived from regressions that

utilize predicted outcomes.

Our data structure comprises n labeled observations

L = {(Yl,i, Ŷ f
l,i, Xl,i, Zl,i); i = 1, . . . , n},
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and N unlabeled observations

U = {(Ŷ f
u,i, Xu,i, Zu,i); i = n+ 1, . . . , n+N}.

Here, Y denotes the clinically verified COD, Ŷ f denotes the predicted COD from the

NLP model f(Z) applied to narrative text Z, and X captures covariates of analytical

interest such as demographic characteristics, geographic indicators, or temporal variables.

In the statistical inference paradigm, parameter estimation of θ can be formalized as

an optimization problem minimizing an objective function:

θGround Truth = argmin
θ∈Rd

E[lθ(X, Y )],

where lθ : X ×Y → R represents a convex loss function parameterized by θ ∈ Rd. In our

context, lθ(X, Y ) corresponds to the negative log conditional likelihood of multinomial

logistic regression.

In practice, substituting the verified COD Y with predicted values Ŷ f yields a naive

estimator:

θNaive = argmin
θ∈Rd

E[lθ(X, Ŷ
f )].

This naive estimation assumes near-perfect correspondence between predicted and

true COD labels. This assumption is frequently violated when algorithms are applied

across diverse populations or contexts where the training data may not adequately rep-

resent the target domain.

Both PPI++ and our extension multiPPI++ seek to optimally leverage information

from both labeled and unlabeled data sources through the following rectified objective

function:

θPPI++
λ = argmin

θ∈Rd

{
E[lθ(Xl, Yl)] + λ

(
E[lθ(Xu, Ŷ

f
u )]− E[lθ(Xl, Ŷ

f
l )]
)}

,

where λ ∈ [0, 1] serves as a data-adaptive tuning parameter that optimally balances the

utilization of verified versus predicted labels. This formulation combines the ground-

truth estimator derived from the labeled subset with the additional sample size and
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information provided by the naive estimator, incorporating the unlabeled subset. The key

insight underlying this approach lies in the rectification term E[lθ(Xu, Ŷ
f
u )]−E[lθ(Xl, Ŷ

f
l )],

which quantifies the systematic bias introduced by substituting predicted for true labels.

We extend the PPI++ approach from its original binary and continuous outcome con-

texts to multinomial classification settings. While Angelopoulos et al. (2023b) acknowl-

edge the theoretical feasibility of such extensions, they provide neither detailed deriva-

tions nor address the substantial overparameterization challenges that arise in multiclass

contexts. Our multiPPI++ variant employs an alternative parameterization that circum-

vents identifiability issues while completing the theoretical development for multinomial

logistic regression correction. For multinomial classification problems involving K classes

with outcomes Yi ∈ {0, 1, . . . , K − 1}, we specify the loss function as:

lθ(X, Y ) = − 1

n

n∑
i=1

XT
i θYi

+ log

(
K−1∑
k=1

eX
T
i θk

)
,

where one reference category is excluded in parameterization to ensure model identifia-

bility. We provide theoretical derivations and asymptotic properties in Appendices C.0.2

and C.0.3 with the complete multiPPI++ algorithmic framework detailed in Algorithm

1.

4.4 Experiments

4.4.1 Experimental Setup

To assess the performance of our proposed framework, we designed an experimental

paradigm that simulates realistic deployment scenarios where ground-truth COD is un-

available. We systematically removed ground-truth COD labels from the PHMRC dataset.

We replaced them with predictions generated through the NLP methods detailed in Sec-

tion 4.3.1. We employ a leave-one-site-out cross-validation protocol. For each of the six

PHMRC study sites, we train all the NLP models exclusively on narrative data from the

five remaining sites and subsequently apply these trained models to predict COD labels
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for the withheld site, as illustrated in Figure 4.4. This approach directly addresses the

transportability challenges inherent in cross-population deployment of mortality surveil-

lance algorithms, providing realistic performance evaluation when models encounter pop-

ulations absent from their training distributions (Botsis et al., 2010; Korenromp et al.,

2003).

Our evaluation has two objectives: predictive performance assessment through com-

parison of predicted outcomes against withheld ground-truth COD labels using standard

classification metrics (accuracy and F1-scores), and inferential validity evaluation through

downstream statistical modeling. The latter involves implementing an epidemiological

analysis wherein site-specific COD distributions are regressed against decedent age, serv-

ing as a prototypical example of analytical tasks commonly performed using VA data in

public health practice (Clark et al., 2018a; Thomas et al., 2018).

To construct the mixed labeled-unlabeled data structure required for multiPPI++

implementation, we retain 20% of ground-truth COD as labeled observations while sub-

stituting the remaining 80% with NLP-generated predictions. This allocation reflects

realistic resource constraints in settings where comprehensive clinical verification remains

prohibitively expensive while ensuring sufficient labeled data for bias correction (Sankoh

and Byass, 2014). We compared the proposed multiPPI++ estimator with two alter-

natives: the ground-truth estimator, which utilizes complete, verified COD labels (rep-

resenting the theoretical performance ceiling under perfect information), and the naive

estimator, which treats all predicted labels as directly observed (reflecting current un-

corrected practice settings). While the ground-truth estimator is typically infeasible in

practical settings, its inclusion provides essential context for interpreting the magnitude

of performance gains achieved through our proposed approach. Given the inter-site het-

erogeneity in COD distributions and the intentional exclusion of target sites from model

training, we anticipate systematic disparities between regression coefficients estimated

using predicted versus ground-truth COD labels. These differences reflect inherent cross-

population transportability issues and specific prediction errors introduced by each NLP
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approach.

Figure 4.4: Leave-one-out synthetic VA transportability experiment design. The study

employs a cross-site validation approach where machine learning models (classic and

BERT) are trained on VA narratives from five sites (Mexico, Andhra Pradesh, Dar es

Salaam, Bohol, and Pemba) and applied to predict COD in the held-out Uttar Pradesh

dataset. A zero-shot GPT-4 model provides predictions without site-specific fine-tuning.

Three analytical approaches are compared using the Uttar Pradesh predictions: (i) fully

labeled analysis using 100% true COD, (ii) naive analysis combining 80% model-predicted

and 20% true COD, and (iii) multiPPI++ adjusted analysis that applies bias correction

to the naive approach.

4.4.2 Predictive Performance

Implementing the leave-one-site-out cross-validation procedure described in Figure 4.4,

we trained each NLP model on narrative data from five study sites while reserving the

sixth site for assessment. As evidenced by the heterogeneous patterns illustrated in Fig-

ure 4.2, certain COD categories dramatically outnumber others both within individual

sites and across the broader dataset. We address this through comprehensive sensitivity

analyses, documented in Appendix C.0.4, which employ stratified sampling approaches.

These analyses utilized balanced 80/20 splits across all COD categories, ensuring propor-

tional representation during model training phases. These stratified approaches yielded

results that were not substantively different from those obtained in our primary analy-
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ses using natural class distributions, demonstrating the robustness of our methodological

framework to realistic data imbalances encountered in VA studies. Our findings indi-

cate that multiPPI++ maintains inferential validity even when utilizing predictions from

models trained on naturally imbalanced datasets. This robustness represents a signifi-

cant practical advantage, eliminating the need for complex data preprocessing procedures

while preserving authentic mortality distribution patterns characteristic of real-world

populations.

We provide a detailed presentation of results from Uttar Pradesh as a representative

case study, while comprehensive results from all sites are presented in Appendix C.0.4.

Performance metrics for the highest-performing models are summarized in Table 4.1

and visualized through confusion matrices in Figure 4.5. All evaluated models achieved

accuracy scores ranging from 0.60 to 0.75, with GPT-4 achieving the highest accuracy of

0.75. F1-scores demonstrated greater convergence across approaches. All methods except

KNN achieved F1-scores between 0.71−0.74, with KNN achieving a lower F1-score of 0.66.

This pattern suggests that while overall classification performance remains relatively

consistent across methodologies, GPT-4’s performance reflects its ability to handle the

nuanced linguistic patterns and contextual relationships embedded within VA narratives.

GPT-4 achieved performance levels that match or exceed the best-reported results in the

established VA literature (James et al., 2011; Murray et al., 2014; Serina et al., 2015b),

despite using only free-text narratives without access to the structured questionnaire

data typically employed in such analyses. This finding supports our hypothesis that

these underutilized data sources contain sufficient signal for reliable COD classification

when processed through appropriate methods.

A unique feature of LLMs relative to conventional machine learning approaches is

their capacity to generate output classifications that extend beyond predefined taxo-

nomic boundaries. This proved unexpectedly valuable for data quality assessment in our

analysis. GPT-4 classified 1503 out of 6763 narratives (22.2%) as “unclassified”, reflect-

ing the model’s recognition that these texts contained insufficient diagnostic information
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Metrics BoW w/ SVM BoW w/ KNN BoW w/ NB BERT GPT-4

Accuracy 0.68 0.63 0.60 0.55 0.75

F1-Score 0.74 0.66 0.72 0.71 0.73

Table 4.1: Comparative performance metrics across NLP methodologies for Uttar Pradesh

validation site. GPT-4 achieves the highest accuracy and competitive F1-score, outper-

forming traditional BoW approaches with SVM, KNN, and NB, as well as BERT.

for reliable COD determination. Review of these unclassified cases confirmed their lack

of meaningful diagnostic content, with the modal “unclassified” narrative being “the

interviewee thanked the interviewer” (n = 178). Additional frequently occurring uninfor-

mative content included procedural acknowledgments, incomplete responses, and tran-

scription artifacts that provided no clinical insights. This pattern indicates that GPT-4

can effectively identify systematic data quality issues within the PHMRC dataset that

had escaped conventional preprocessing procedures. While surface-level accuracy com-

parisons might suggest roughly equivalent performance across methods, GPT-4’s ability

to appropriately abstain from classification when presented with uninformative content

suggests that conventional accuracy metrics for other approaches may be artificially in-

flated due to forced classification of diagnostically meaningless narratives. This finding

has important implications for operational deployment, as it provides a built-in mech-

anism for identifying cases requiring additional data collection or alternative analytical

approaches (Rajkomar et al., 2018; Chen et al., 2021).

4.4.3 Inferential Validity

Following prediction generation across all site-model combinations, we propagated these

results through our downstream inferential framework to evaluate the practical utility of

multiPPI++. For focused presentation, we highlight results from the four best-performing

models for the Uttar Pradesh site (NB, KNN, SVM, and GPT-4), with detailed re-
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(a) BoW with NB (b) BoW with KNN

(c) BoW with SVM (d) GPT-4

Figure 4.5: Confusion matrices for COD classification performance across NLP method-

ologies using Uttar Pradesh validation data. The matrices compare four approaches: (a)

BoW with NB, (b) BoW with KNN, (c) BoW with SVM, and (d) GPT-4. The dominant

misclassification pattern involves assignment to the non-communicable disease category,

reflecting both the high baseline prevalence of this cause and systematic challenges in

distinguishing between related mortality classifications. NB exhibits the most severe bias

toward non-communicable predictions, while GPT-4 demonstrates more balanced classi-

fication performance across CODs.
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sults presented in Figure 4.6, displaying point estimates and 95% confidence intervals

for ground-truth, naive, and multiPPI++ corrected inference results. For models exhibit-

ing relatively lower F1-scores, specifically NB and SVM, we observed large discrepancies

between ground truth and prediction-based regression coefficients, demonstrating the

profound impact of substituting 80% of the ground-truth COD labels with algorithmic

predictions on downstream statistical inference. The multiPPI++ correction successfully

rectifies these biased estimates, restoring coefficients to levels closely approximating the

ground-truth baseline.

A particularly intriguing finding emerges from examination of KNN and GPT-4

performance patterns. Despite KNN achieving the lowest F1-score among evaluated

methods, the naive regression coefficients derived from KNN predictions demonstrated

closer alignment with ground-truth values compared to nominally superior-performing ap-

proaches. Similarly, GPT-4-derived coefficients exhibited reduced deviation from baseline

despite its intermediate F1-score performance. This apparent paradox suggests complex,

non-linear relationships between conventional predictive performance metrics and down-

stream inferential quality. Figure 4.7 illustrates the lack of association between F1-score

and the multiPPI++ tuning parameter λ, providing additional evidence that traditional

classification metrics may not reliably predict inferential utility. This finding has impor-

tant implications for model selection in applied settings, suggesting that optimization

for predictive accuracy alone may not yield optimal outcomes for downstream epidemio-

logical analysis. Instead, practitioners should consider the specific analytical objectives

and covariate relationships of interest when selecting models for inferential applications

(Mullainathan and Spiess, 2017).

Examination of confidence interval widths reveals insights regarding the relative pre-

cision of different inferential approaches. As expected, ground truth estimates exhibit

the narrowest confidence intervals, reflecting both the larger effective sample size and the

elimination of prediction-induced uncertainty. Conversely, naive estimates and multiPPI++

corrected results demonstrate remarkably similar interval widths, suggesting that the bias
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correction procedure does not substantially increase statistical uncertainty. This finding

is theoretically noteworthy given that multiPPI++ confidence intervals mathematically

represent the sum of naive estimation uncertainty plus correction term variance. The ob-

served similarity in interval widths suggests that the correction term contributes minimal

additional uncertainty, indicating that transportability bias can be effectively addressed

without incurring a substantial information cost. This efficiency represents a significant

practical advantage, enabling bias correction while preserving statistical power for hy-

pothesis testing and effect size estimation (Gelman et al., 2014; Manski, 2009). The

apparent independence between the adaptive tuning parameter λ and prediction ac-

curacy provides additional insight into the mechanism underlying the performance of

multiPPI++. Since λ represents an optimal weighting function determined by both out-

come distributions and covariate relationships, its independence from accuracy metrics

suggests that superior predictive performance does not necessarily translate to enhanced

parameter estimation.

Figure 4.6 demonstrates that multiPPI++ improves statistical estimate accuracy through

a post-hoc correction term estimated using small amounts of labeled data. This correction

operates independently of the prediction generation process, rectifying biased statistical

inference parameters and calibrating uncertainty intervals that would otherwise be de-

flated due to substituting predicted for verified outcomes. This distinction is important

because VA analysis aims for reliable population-level inference about covariate-outcome

relationships rather than just accurate individual case classification. The parameters

quantifying associations between demographic factors and COD distributions represent

the primary outputs that support evidence-based public health interventions. By ensur-

ing the validity of these inferential targets, multiPPI++ enables confident utilization of

NLP predictions for epidemiological analysis without compromising scientific rigor. This

approach extends to other domains where NLP predictions substitute for human-verified

labels in statistical inference applications, including sentiment analysis for policy evalua-

tion, clinical note processing for health outcomes research, and content classification for
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social science investigations (Egami et al., 2022; Knox et al., 2022; Grimmer and Stewart,

2013).

4.5 Conclusions and Discussions

This study presents NLP approaches for predicting COD from VA narratives and devel-

ops a statistical method for valid inference using these predictions. The research empha-

sizes the valid interpretation of parameters for evidence-based decision-making in diverse

health system contexts (D’Ambruoso et al., 2017; Fottrell and Byass, 2010). Integrating

narrative-based COD classification with bias-corrected statistical inference represents a

shift toward utilizing underused data sources while maintaining scientific rigor for pub-

lic health applications. Our findings demonstrate that computational approaches can

extract meaningful information from free-text mortality descriptions, potentially improv-

ing the scalability and efficiency of global mortality surveillance systems (Thomas et al.,

2018; Chandramohan et al., 2021).

Our empirical analysis reveals counterintuitive findings that challenge assumptions

about predictive performance and inferential validity. Superior classification accuracy in

COD predictions does not necessarily improve parameter estimation quality for statistical

inference within the examined accuracy ranges. This disconnect has significant implica-

tions for model selection in public health contexts, where reliable parameter estimation

typically takes precedence over individual case classification (Mullainathan and Spiess,

2017). When researchers prioritize accurate parameter estimation for epidemiological

analysis, models optimized for predictive accuracy may not be optimal for statistical

inference. Our findings suggest that computationally inexpensive approaches, such as

KNN, offer inferential utility comparable to that of sophisticated LLMs like GPT-4, de-

spite substantial differences in computational complexity and cost.

The economic implications are substantial. Implementing BoW representations with

classical machine learning algorithms (KNN, NB, and SVM) incurred negligible com-

putational costs while achieving comparable inferential performance to GPT-4-based
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(a) BoW with NB (b) BoW with KNN

(c) BoW with SVM (d) GPT-4-32k

Figure 4.6: multiPPI++ correction of log odds ratio estimates for multinomial regres-

sion coefficients by age in Uttar Pradesh across four NLP models. The analysis com-

pares ground truth estimates (yellow), naive estimates using predicted COD (blue), and

multiPPI++ corrected estimates (black) for four categories of COD. Results demonstrate

that multiPPI++ correction effectively recovers point estimates closer to ground truth

values while appropriately reflecting increased uncertainty through wider confidence in-

tervals. This pattern holds consistently across (a) BoW with NB, (b) BoW with KNN,

(c) BoW with SVM, and (d) GPT-4.
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Figure 4.7: Relationship between F1-scores and multiPPI++ λ values across study sites.

The scatter plot shows F1-score performance plotted against multiPPI++ λ parameters

for six sites (Mexico, Andhra Pradesh, Uttar Pradesh, Dar es Salaam, Bohol, and Pemba),

with a fitted trend line indicating a slight negative association. While no strong global

relationship emerges between multiPPI++ λ and F1-score across all sites, distinct pat-

terns become apparent when examining individual sites, suggesting potential site-specific

effects that may reflect a Simpson’s paradox phenomenon where the overall trend masks

more nuanced relationships within subgroups.
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approaches that required approximately $3000 USD in computational expenses. This

cost-performance relationship suggests that resource-constrained public health programs

can achieve their analytical objectives through efficient modeling approaches, reserving

expensive computational resources for scenarios where additional investment demonstra-

bly improves inferential outcomes (Gibbons et al., 2017).

Class imbalance in COD distributions significantly influences predictive performance

and inferential validity across all evaluated methodologies. While direct balancing across

COD categories remains impractical given authentic epidemiological patterns, this chal-

lenge raises fundamental design questions for research planning and resource allocation.

Practitioners must consider optimal allocation of limited labeling budgets to maximize

inferential validity. Strategic oversampling of rare but epidemiologically important causes

might enhance statistical power for detecting meaningful associations while preserving

natural distributional characteristics essential for population-level inference (King and

Zeng, 2001; Weiss and Provost, 2003). Adaptive sampling strategies that iterate between

model development and targeted validation could optimize the trade-off between labeling

costs and inferential precision.

Our analysis employed a five-category taxonomic framework that may not optimally

capture information content within VA narratives. Alternative categorization schemes

informed by clinical expertise, data-driven clustering, or hierarchical COD frameworks

might provide richer information for predictive modeling and inference. Investigating

optimal taxonomic granularity represents an important avenue for enhancing narrative-

based mortality surveillance systems (Murray et al., 2020; Roth et al., 2018).

Another limitation stems from our focus on English-language narratives, which inade-

quately represent linguistic diversity in global VA programs. NLP techniques demonstrate

degraded performance when applied to non-English languages (Navigli et al., 2023; Lai

et al., 2023; Hirschberg and Manning, 2015). Since VA programs operate predominantly

in multilingual, low-resource settings, this performance degradation represents a criti-

cal concern for equitable global health surveillance. Linguistic bias in automated COD
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classification could disadvantage populations whose languages are underrepresented in

training datasets, exacerbating health inequities and compromising cross-national mor-

tality comparisons (Surek-Clark, 2020; Byass et al., 2012). Our simulation study, which

uses exclusively English-language PHMRC narratives, does not account for the differen-

tial translation quality and cultural context encountered in multilingual implementations.

Future research should prioritize multilingual NLP models pre-trained on diverse lin-

guistic corpora and medical terminology (Peskoff and Stewart, 2023; Singhal et al., 2023).

Investigating culturally adapted taxonomic frameworks and validation approaches that

account for population-specific expressions of illness and mortality could enhance both

the accuracy and cultural appropriateness of automated VA systems. Such developments

are essential for ensuring that computational approaches contribute to rather than exac-

erbate global health disparities (Kleinberg et al., 2015; Barocas and Selbst, 2016).
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Chapter 5

BAYESIAN FRAMEWORK FOR MORTALITY
ESTIMATION WITH INCOMPLETE AGE

CLASSIFICATIONS

5.1 Introduction

Estimating under-five child mortality requires precise age stratification to capture het-

erogeneous risk profiles across different developmental stages. Mortality risk and cause-

specific patterns vary dramatically across the under-five period, with the neonatal period

(0− 28 days) representing the highest-risk window, accounting for 48% of all under-five

deaths globally despite comprising only 5.5% of the under-five age period (Mulick et al.,

2022). Within this critical window, approximately 75% of neonatal deaths occur in the

first week of life, with nearly one million newborns dying within 24 hours of birth (Zam-

boni et al., 2021; Sepanlou et al., 2022). Birth complications and neonatal disorders

concentrate almost exclusively in the first month of life. At the same time, infectious

diseases such as pneumonia and diarrhea exhibit age-specific incidence patterns that peak

in the post-neonatal period (Liu et al., 2016; Perin et al., 2022b; Sepanlou et al., 2022).

Malaria mortality exhibits complex age patterns varying by endemicity level. Deaths in

children under 3 months are rarely attributed to malaria, with peak mortality occurring

at 1 − 4 years in endemic areas (Abdullah et al., 2007). These patterns highlight why

broad age categories can obscure critical epidemiological insights necessary for targeted

interventions.

Despite the epidemiological need for age precision, researchers encounter mortality

data with varying levels of age detail, ranging from precise age-at-death records measured

in days to broad categories spanning multiple years. This heterogeneity creates a complex
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decision matrix where researchers must choose between incorporating incomplete records

with measurement error or excluding them and introducing selection bias that system-

atically underrepresents vulnerable populations. Recent evidence from WHO mortality

databases reveals that less than 65% of deaths are recorded in many low-income coun-

tries, with age data being particularly problematic (World Health Organization, 2021b).

This creates a scenario where populations with the highest mortality burdens face the

greatest likelihood of exclusion from analyses.

The equity implications of age data handling decisions extend beyond technical sta-

tistical considerations. Research from sub-Saharan Africa demonstrates that household

wealth, maternal education, and rural residence significantly predict both under-five mor-

tality rates and data completeness (Chowdhury et al., 2017; Van Malderen et al., 2019;

Fagbamigbe et al., 2022). Children from poorer households are systematically more

likely to have incomplete age documentation at death, creating biases that compound

existing health inequities (Memon et al., 2023). Studies examining Health and Demo-

graphic Surveillance Sites (HDSS) have found that excluding records with incomplete

age data leads to a systematic underestimation of mortality rates in the most vulner-

able populations (Erchick et al., 2023). This presents a methodological paradox where

maintaining rigorous data quality standards may systematically exclude evidence from

populations requiring intervention. The emerging data justice framework emphasizes

balancing methodological rigor with representativeness, marking a departure from tradi-

tional approaches that prioritized internal validity over equity considerations (Shaw and

Sekalala, 2023).

Current statistical approaches appear to have limitations in addressing this challenge.

Although the most common approach, complete case analysis, shows inferior performance

compared to principled methods, such as multiple imputation, when data are missing

at random (Mukaka et al., 2016; Wells et al., 2013). However, the fraction of missing

information emerges as a better predictor of efficiency gains than the raw proportion

of missing data, with performance dependent on relationships between variables and
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availability of auxiliary information (Madley-Dowd et al., 2019). Global health organi-

zations have established standardized approaches while acknowledging persistent imple-

mentation challenges. The UN Inter-agency Group for Child Mortality Estimation (UN

IGME) establishes minimum age categories distinguishing neonatal from post-neonatal

deaths (Sharrow et al., 2022), with preference for six detailed categories (Mulick et al.,

2022; Perin et al., 2022b). The WHO’s 2022 Verbal Autopsy (VA) instrument maintains

age-specific precision while simplifying data collection, and the ICD-11 implementation

provides enhanced digital capabilities for handling age data (World Health Organiza-

tion, 2017, 2022a; Fenton et al., 2024). The Institute for Health Metrics and Evalua-

tion (IHME)’s Global Burden of Disease study employs six detailed age groups under

five years, utilizing spatiotemporal Gaussian process regression with 7417 data sources

(Global Burden of Disease Collaborative Network, 2020). Nevertheless, these standards

acknowledge that nearly two-thirds of low- and middle-income countries lack reliable

mortality data, with only approximately 60 countries maintaining fully functioning vital

registration systems (Byass, 2009; Wyber et al., 2015).

The methodological landscape has evolved toward sophisticated Bayesian hierarchical

models as powerful tools for handling incomplete age data. Recent innovations include

flexible frameworks that impute suppressed age-specific death counts while accounting

for multilevel data structures, zero counts, and right-skewed distributions (Arató et al.,

2006). These models demonstrate accuracy within 2 − 4% of national totals when val-

idated against complete data (Kaul et al., 2024). For VA applications, frameworks like

InSilicoVA use MCMC methods to assign COD while explicitly accounting for age un-

certainty (Li et al., 2023; McCormick et al., 2016b). The InterVA-5 system integrates

age-dependent conditional probabilities for symptom-cause relationships, with valida-

tion studies from the PHMRC demonstrating robust performance across diverse settings

(Byass et al., 2019; Zhu et al., 2025). Recent research has developed Bayesian age-

category reconciliation frameworks that explicitly model probabilistic relationships be-

tween different age grouping schemes (Fan et al., 2023). Additional innovations include
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harmonization approaches using cross-validation and simulation for robust parameter

estimation (Guillot et al., 2022) and discrete hazards modeling that accommodates tem-

poral heterogeneity in age reporting across different data collections (Burstein et al.,

2018). These approaches underscore the need for flexible analytical tools that can ac-

commodate varying data quality and reporting conventions across different surveillance

systems and geographic contexts.

Despite these methodological advancements, a critical gap remains in addressing

cause-specific mortality estimation when combining data sources with inconsistent age

groupings (Gilbert et al., 2023; Amek, 2013; Hallett et al., 2010). When combining data

from multiple sources, records may report different levels of age detail. Some sources

provide precise age groups such as 1− 11 months and 12− 59 months, while others indi-

cate broader categories such as 1− 59 months (Burstein et al., 2018; Gilbert et al., 2023;

Schumacher et al., 2022). This challenge is particularly acute for cause-specific analy-

sis because age distribution patterns vary substantially by COD. Systematic exclusion

of records with incomplete age information may disproportionately affect data collected

from resource-constrained settings, potentially introducing systematic bias into global

health estimates and undermining efforts to monitor progress toward mortality reduction

targets (Lawn et al., 2016; Black et al., 2016; You et al., 2015).

This chapter addresses this gap by developing and evaluating a framework for COD

estimation with incomplete age classifications. We propose a Bayesian approach that

integrates both fully observed and partially observed age data through a mixing parame-

ter and evaluates its performance against traditional approaches that discard incomplete

records. The method is assessed using VA data from multiple countries, with systematic

masking of age information to simulate real-world scenarios of incomplete reporting.
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5.2 Method

5.2.1 COD Estimation with Partial Age Observability

We develop a Bayesian framework to address incomplete age stratification in VA data by

considering L distinct COD across D+f administrative divisions, where D divisions pro-

vide only aggregated age information and f divisions supply complete age stratification.

The covariate information is represented through matrices Xp ∈ RD×C and Xf ∈ Rf×C

for partially and fully observed divisions respectively, encompassing C demographic and

socioeconomic predictors.

The observed death counts are structured as Yp
1−11,Y

p
12−59,Y1−59 ∈ ZD×L for divi-

sions with incomplete age detail, and Yf
1−11,Y

f
12−59 ∈ Zf×L for divisions with complete

age stratification. The selection of age groups reflects both epidemiological principles and

practical considerations. The 1− 59 month aggregate corresponds to the under-five mor-

tality indicator, which remains the most widely reported measure of pediatric mortality

across health information systems (You et al., 2015). The subdivision at 12 months cap-

tures the critical epidemiological transition between late infant mortality (1−11 months)

and early childhood mortality (12− 59 months), periods characterized by distinct COD

profiles and risk factor patterns (Lawn et al., 2014).

The proposed model introduces two core parameter sets that enable flexible modeling

of age-specific mortality patterns. The mixing proportion parameter α1−11 ∈ (0, 1) quan-

tifies the relative contribution of early infant mortality (1−11 months) within the broader

infant-toddler category (1 − 59 months). This parameter enables decomposition of ag-

gregated age groups based on patterns observed in fully stratified data. Cause-specific

regression coefficient matrices β1−11,β12−59 ∈ RC×L capture the relationship between co-

variates and mortality probabilities for each age stratum. The mixing proportion α1−11

constitutes the central innovation of our modeling approach, enabling probabilistic infer-

ence about the underlying age composition of incomplete mortality data.

For administrative divisions with incomplete age stratification, the model employs a
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hierarchical structure that links observed aggregated counts to underlying age-specific

distributions:

logit(pp1−11[d]) = Xp[d] · β1−11,

logit(pp12−59[d]) = Xp[d] · β12−59,

p1−59[d, l] = α1−11 · pp1−11[d, l] + (1− α1−11) · pp12−59[d, l].

(5.1)

Divisions providing complete age detail contribute direct information about age-

specific mortality patterns through standard logistic regression formulations:

logit(pf1−11[s]) = Xf [s] · β1−11,

logit(pf12−59[s]) = Xf [s] · β12−59.

The core contribution of this modeling framework lies in the weighted mixture for-

mulation presented in equation (5.1), which transforms the problem of disaggregating

incomplete age groups into a Bayesian inference task. This approach leverages comple-

mentary information available across different data sources, allowing age-specific COD

patterns from fully stratified divisions to inform the decomposition of aggregated data

from partially observed divisions.

To capture the discrete count nature of mortality data across COD categories, we

employ multinomial likelihood functions:

Yp
a[d] ∼ Multinomial(ppa[d]),

Yf
a [s] ∼ Multinomial(pfa[s]),

Yb[d] ∼ Multinomial(pb[d]),

where a ∈ {1− 11 months, 12− 59 months} and b ∈ {1− 59 months}.

Following established Bayesian modeling practices, we adopt minimally informative

prior distributions that allow observed data to dominate posterior inference while pro-

viding necessary regularization:

α1−11 ∼ Beta(1, 1),

βa[j] ∼ N (0, 0.52) for j ∈ {1, . . . , C},
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where a ∈ {1− 11 months, 12− 59 months}

The uniform Beta prior on the mixing proportion reflects the absence of strong prior

assumptions about age distribution within masked categories, consistent with the princi-

ple of empirical evidence driving statistical inference (Jaynes, 2003). The normal priors on

regression coefficients provide mild regularization while maintaining sufficient flexibility

for data-driven parameter estimation, following recommendations for weakly informative

priors in epidemiological modeling (Lemoine, 2019). Statistical inference is performed

using the Stan probabilistic programming language (Carpenter et al., 2017).

5.3 Experiments

5.3.1 Verbal Autopsies in Demographic and Health Surveys

The empirical analysis utilizes VA data from the Demographic and Health Surveys (DHS)

program, which provides standardized, nationally representative demographic and health

information across low- and middle-income countries (LMICs) (Corsi et al., 2012). This

analysis incorporates VA data from five distinct survey implementations: Bangladesh

2011, Bangladesh 2017–18, Bangladesh 2022, Pakistan 2006–07, and Ghana 2008. These

surveys constitute the complete set of DHS implementations that incorporated VA mod-

ules for under-five mortality assessment during their respective data collection peri-

ods. The sub-national administrative disaggregation varies across countries according

to their respective governmental structures. Bangladesh 2011 encompasses seven admin-

istrative divisions: Barisal, Chittagong, Dhaka, Khulna, Rajshahi, Rangpur, and Sylhet.

Bangladesh 2017–18 expands this framework to eight divisions through the incorpora-

tion of Mymensingh division. Bangladesh 2022 maintains this eight-division administra-

tive structure. Pakistan 2006–07 encompasses four provincial divisions: Punjab, Sindh,

NWFP (subsequently renamed Khyber Pakhtunkhwa), and Balochistan. Ghana 2008

employs a simplified binary classification system distinguishing Urban and Rural geo-

graphical areas.
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The data processing methodology involves systematic aggregation of sub-national

mortality records into two primary age stratifications: 1–11 months and 12–59 months.

This age categorization addresses a fundamental analytical challenge in which certain

mortality records contain complete age-specific information. In contrast, others report

only aggregate age ranges (e.g., 1–59 months), thereby creating a heterogeneous dataset

characterized by both fully observed and partially observed age classifications. This

methodological approach enables comprehensive utilization of available data while ac-

counting for variations in data completeness across different administrative units and

survey implementations.

The original COD classifications demonstrate substantial heterogeneity across coun-

tries and survey years, reflecting variations in local disease patterns, epidemiological

contexts, and coding methodologies. Bangladesh 2011 employed nineteen distinct cause

categories, encompassing conditions ranging from neonatal tetanus and congenital abnor-

malities to pneumonia, diarrhea, and various undetermined classifications. Bangladesh

2017–18 and 2022 utilized a more standardized eleven-category system that consolidated

similar conditions and maintained consistent coding frameworks across these two recent

survey periods. Pakistan 2006–07 implemented an extensive 128-category classification

system, providing highly granular cause specification that included detailed neonatal con-

ditions, infectious diseases, and specific injury mechanisms. Ghana 2008 employed cause

categories similar to those utilized in the Bangladesh surveys, maintaining consistency

with established DHS classification protocols.

The analysis standardizes these diverse original classifications into four broad cause

categories through systematic mapping procedures designed to ensure analytical consis-

tency and comparability across datasets. The “infectious diseases” category encompasses

pneumonia, malaria, meningitis, and diarrhea-related mortality. The “neonatal and nu-

tritional” category includes birth complications, preterm birth, neonatal sepsis, congeni-

tal anomalies, and malnutrition-related conditions. The “injuries” category encompasses

accidents, drowning, violence, and other external causes of death. The “other” category
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includes unclassified, unknown, or indeterminate causes that cannot be reliably assigned

to the three primary categories. This standardization framework facilitates cross-country

comparative analysis while preserving the clinical and epidemiological relevance of the

underlying cause classifications.

Three testing scenarios are designed to assess model performance under varying data

availability conditions. Case 1 utilizes complete data where all administrative units pro-

vide fully stratified age information across both age groups, serving as the reference

standard. Case 2 incorporates mixed data availability, combining 80% fully observed

records with 20% partially observed data where age stratification is masked. Case 3

implements complete-case analysis, utilizing only the 80% of fully observed data while

discarding records with missing age specifications. This synthetic data generation process

employed randomized masking procedures to create controlled experimental conditions

while preserving the underlying statistical properties of the original datasets. We ran-

domly selected 20% of complete records. We synthetically masked their age stratification,

systematically varying the true mixing proportion parameter α1−11 across the range 0.1

to 0.9 to evaluate model robustness across diverse age distribution scenarios. This ap-

proach enables precise assessment of parameter recovery accuracy while maintaining the

authentic correlation structures and covariate relationships present in the empirical data

(Glynn et al., 1993).

Model performance assessment employed a comprehensive evaluation framework span-

ning multiple dimensions of statistical accuracy and distributional fidelity. Point esti-

mate precision was quantified through Mean Absolute Error (MAE) and Root Mean

Squared Error (RMSE) (Hastie et al., 2009). Distributional accuracy was assessed using

information-theoretic measures, including Kullback-Leibler (KL) Divergence and Jensen-

Shannon Divergence, which capture the degree of similarity between estimated and true

probability distributions (Klir and Wierman, 1999). We evaluated correlation preserva-

tion through Mean Correlation coefficients and parameter estimation accuracy through

direct comparison of recovered mixing proportions against known true values, ensuring a
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comprehensive assessment of both predictive performance and inferential validity. This

approach aligns with established practices for evaluating statistical models in epidemio-

logical contexts where both predictive accuracy and uncertainty quantification are critical

for policy applications (Kneib, 2015).

5.3.2 Empirical Results

Performance Across Data Completeness Scenarios

The comparison of modeling approaches under varying data availability conditions demon-

strates the advantages of incorporating partially observed data rather than complete-case

analysis. Figure 5.1 presents the proportion of evaluation metrics where the proposed

approach (Case 2) achieves better performance relative to the data exclusion strategy

(Case 3) across different age distribution scenarios. The results show that leveraging

incomplete data through our modeling approach outperforms the conventional practice

of discarding records with missing information.

The performance differences between modeling approaches exhibit patterns that re-

flect underlying epidemiological characteristics of under-five child mortality. Across most

age distribution scenarios, the proposed framework achieves better performance on more

than half of the evaluation metrics, with performance gains being particularly notable

for the 12− 59 month age stratum. This pattern likely reflects the greater statistical sta-

bility and larger sample sizes typically observed in the older infant and toddler mortality

categories, enabling more robust parameter estimation through the Bayesian approach

(Wakefield et al., 2013). The proposed approach achieves consistent performance im-

provements across all evaluation metrics and age distribution scenarios, suggesting that

the benefits of incorporating incomplete data are particularly evident when analyzing

mortality patterns in older infant and toddler populations.

The detailed assessment of performance improvements across individual evaluation

metrics reveals varied but consistently positive effects of the proposed approach. Fig-
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Figure 5.1: Performance comparison between Case 2 and Case 3 across age groups and

ratio conditions. The analysis presents the percentage of evaluation metrics where Case 2

demonstrates superior performance relative to Case 3, with values above 50% indicating

general superiority of Case 2. Results show contrasting patterns between age groups: the

12− 59 month age group consistently favors Case 2 across all ratio conditions while the

1 − 11 month age group exhibits variable performance. The dashed horizontal line at

50% provides a reference threshold for determining overall method superiority.
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ure 5.2 examines performance differences between the two approaches using five metrics:

Jensen-Shannon Divergence, KL Divergence, MAE, Mean Correlation, and RMSE. Re-

sults demonstrate substantial variation in relative performance depending on both the

evaluation metric and the age group under consideration. The 12− 59 month age group

consistently shows positive improvements for Case 2 across most metrics and ratio con-

ditions, with particularly strong performance in Jensen-Shannon Divergence and Mean

Correlation measures. The 1 − 11 month age group exhibits more variable performance

patterns, with Case 2 showing significant deterioration at the 0.5 ratio condition across

multiple metrics, particularly Mean Correlation and RMSE, where performance declines

exceed 400%. These findings suggest that the optimal methodology selection depends

critically on both the target age population and the specific analytical requirements of

the application (Carpenter et al., 2023). Information-theoretic measures, particularly

the KL divergence, exhibit significant performance gains under the proposed framework.

This finding is important because KL divergence quantifies the information loss associated

with using an approximate distribution instead of the true distribution, suggesting that

the proposed approach substantially reduces information loss compared to complete-case

analysis (Cover, 1999).

Regression Parameter Estimation

Figure 5.3 demonstrates that the age-specific regression coefficients β1−11 and β12−59 are

estimated with greater precision under the proposed approach compared to complete-

case analysis across most age distribution scenarios. This improvement in parameter

estimation quality directly translates into enhanced inferential capacity for epidemiolog-

ical research applications where accurate quantification of covariate effects is essential.

The proximity of proposed model parameter estimates to the reference standard es-

tablished using complete data provides validation of the proposed approach. This con-

vergence toward the true parameter values demonstrates that the proposed modeling

framework effectively recovers the underlying epidemiological associations that would be
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Figure 5.2: Percentage improvement of Case 2 methodology relative to Case 3 across
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formance by Case 2, while negative values favor Case 3.
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observable under ideal data conditions. At the same time, complete-case analysis sys-

tematically deviates from these true relationships due to information loss.

The quantitative assessment of parameter estimation error supports these findings

through direct measurement of absolute deviations from reference values. Figure 5.4

illustrates that the proposed approach consistently yields lower parameter estimation

errors across all evaluated scenarios, providing further empirical evidence for the enhanced

inferential properties of the proposed model.

Mixing Parameter Estimation

Figure 5.5 assesses the precision with which the model recovers the true age distribution

parameter α1−11 from observed data patterns, providing direct evidence for the model’s

capacity to learn latent age structures from heterogeneous data sources. This capability is

fundamental to the practical utility of the approach in real-world applications where the

true age distribution within masked categories is unknown (Richardson and Green, 1997).

The empirical results demonstrate satisfactory parameter recovery performance, with

estimated mixing proportions clustering closely around the ideal diagonal relationship

between true and estimated values. This pattern indicates that the proposed Bayesian

inference framework successfully learns the underlying age distribution structure from

the observed data patterns, enabling reliable disaggregation of masked categories even

when the true age composition is unknown a priori.

Cause-Specific Prediction Accuracy

Figures 5.6 and 5.7 present comprehensive comparisons of predicted versus empirical

COD probabilities. The varied performance patterns observed across different COD

reflect the distinct epidemiological characteristics and statistical properties of varying

mortality patterns. The improvement in prediction accuracy achieved through the pro-

posed approach is evident in the tighter clustering of estimated probabilities around the

diagonal reference line, indicating reduced bias and enhanced precision across multiple
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Figure 5.3: Parameter estimation accuracy comparison between Case 2 and Case 3 across

different ratio conditions. Panel (a) shows the percentage of β1−11 parameters where

Case 2 provides better estimates. Panel (b) presents results for β12−59 parameters. The

horizontal reference line at 50% indicates the threshold for overall method superiority.
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CODs. The performance improvements observed for infectious diseases and injuries in the

12−59 month age group merit particular attention given their prominence in global child

mortality patterns. These cause categories represent major contributors to preventable

childhood deaths, and the enhanced prediction accuracy achieved through the proposed

modeling directly translates into improved capacity for epidemiological surveillance and

intervention planning in these critical areas (Liu et al., 2016).

5.4 Discussions

The empirical validation presented in this chapter provides evidence for the advantages

of Bayesian approaches in mortality surveillance applications with heterogeneous data

completeness. The improvements observed across multiple evaluation metrics show that

the proposed framework effectively leverages information contained within partially ob-

served age information, thereby reducing the information loss associated with conven-

tional complete-case analysis strategies. This finding aligns with established principles

in missing data methodology while demonstrating specific advantages for epidemiologi-

cal applications where data exclusion can compromise statistical power and population

representativeness (White et al., 2011). It suggests that the benefits of incorporating

incomplete data extend beyond gains in sample size to improvements in the quality of

epidemiological inference (Molenberghs et al., 2014).

The observed variation in performance improvements across different age distribu-

tion scenarios reveals essential characteristics of the proposed methodology and guides

practical implementation. Under conditions of extreme age distribution skewness within

masked categories, the proposed approach exhibits some reduction in estimation precision

while maintaining better performance relative to data exclusion strategies. The capacity

for data-driven learning of latent age structure represents a methodological advantage

that distinguishes the proposed approach from conventional imputation strategies that

rely on external assumptions or auxiliary data sources. The adaptive characteristics of

the Bayesian framework make it suitable for applications in diverse global health contexts
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(a) Predicted vs. Empirical probabilities for Case 2 (1-11m).
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(b) Predicted vs. Empirical probabilities for Case 3 (1-11m).
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Figure 5.6: Comparison of predicted and empirical probabilities between Case 2 and Case

3 for the 1− 11 month age group, with the diagonal line indicating perfect calibration.
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(a) Predicted vs. Empirical probabilities for Case 2 (12-59m).
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(b) Predicted vs. Empirical probabilities for Case 3 (12-59m).
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Figure 5.7: Comparison of predicted and empirical probabilities between Case 2 and Case

3 for the 12− 59 month age group, with the diagonal line indicating perfect calibration.
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where demographic patterns are variable across geographic regions, temporal periods, or

socioeconomic strata. This flexibility is particularly relevant for mortality surveillance

in LMICs, where data systems may exhibit heterogeneous reporting practices and where

external demographic information for imputation purposes may be limited or unreliable

(Hill et al., 2012).

Several important limitations must be acknowledged. The current validation is based

on a simplified scenario with only two age groups and assumes that data is missing at

random. Real-world applications may involve more complex age stratifications and sys-

tematic patterns of missing data, which could impact model performance. The method

also requires sufficient complete data to learn the underlying age distribution patterns,

which may not always be available in practice. Additionally, the proposed model assumes

that the relationship between covariates and mortality patterns is consistent across re-

gions, regardless of whether data are complete or incomplete. This assumption may be

violated when data completeness is systematically related to health system capacity or

other factors that also influence mortality patterns.

Building on this proof-of-concept study, several important extensions warrant inves-

tigation. The framework could be expanded to handle more complex age stratifications

beyond the two-group scenario tested here. Investigation of performance under different

missing data patterns would help understand when the method works best and when it

may struggle. The proposed approach could be extended to incorporate multiple demo-

graphic variables simultaneously, such as handling missing information about both age

and location. Testing the method with larger datasets would help evaluate computa-

tional requirements. Future work should also examine how the method performs when

the assumption of consistent covariate effects is violated and develop diagnostic tools to

identify when this assumption may be problematic. Finally, applying this approach to

real-world child mortality data from various countries would provide valuable insights

into practical implementation challenges and benefits.
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Chapter 6

CONCLUDING REMARKS

This dissertation has developed and explored four interconnected methodological

frameworks that address fundamental challenges in VA data analysis. These contri-

butions improve how researchers collect, integrate, and analyze COD data in settings

where medical certification is unavailable.

Several limitations provide opportunities for future research development. Current ap-

proaches rely on relatively simple analytical models compared to state-of-the-art methods

available in the literature. Integration with more sophisticated algorithms represents a

key area for advancement that could enhance overall performance across all frameworks.

The methodologies do not fully utilize the extensive domain knowledge embedded in

traditional verbal autopsy design. Logical relationships and dependencies among ques-

tions could inform more effective implementations, particularly for adaptive questioning

strategies that reflect clinical reasoning patterns.

A critical finding across this research concerns the complex relationship between pre-

dictive accuracy and inferential validity. Superior classification performance does not

necessarily translate to enhanced parameter estimation quality. This observation has

significant implications for model selection in applied epidemiological contexts and un-

derscores the need for rigorous evaluation criteria that extend beyond traditional accuracy

metrics.

Future research should prioritize integrated frameworks that address multiple sources

of uncertainty simultaneously. Joint modeling approaches could account for both age and

cause-of-death misclassifications, recognizing interdependencies between different types

of classification errors to yield more accurate mortality estimates. Ensemble modeling
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strategies would enhance robustness against model misspecification while providing more

reliable uncertainty quantification across all methodological components. Population-

specific adaptation represents another important research direction. The frameworks

require extension to account for systematic variation in symptom-cause relationships

across different healthcare contexts and demographic populations. Hierarchical modeling

approaches or transfer learning methodologies can effectively address these variations.

Human factors research constitutes a vital priority with direct implications for data

quality and respondent welfare. Systematic investigation should examine interviewer

and respondent responses to adaptive questioning, quantify the differential emotional

burden across question types, and assess population-specific bias patterns. Comprehen-

sive cost-effectiveness models that consider question-specific costs, respondent burden,

and accuracy trade-offs would provide practical guidance for deployment decisions in

resource-limited settings.

The frameworks developed in this dissertation strengthen health information systems

in regions where the child mortality burden remains highest, enabling more efficient

data integration, reducing collection burden, and ensuring valid inference with emerging

computational approaches. This supports evidence-based public health decision-making

in resource-constrained environments. These statistical frameworks extend beyond VA

applications to broader survey-based inference problems. The approaches for handling

incomplete data, optimizing sequential data collection, and ensuring valid inference with

predicted outcomes apply across multiple research domains. This research also highlights

a critical distinction between predictive accuracy and inferential validity, with signifi-

cant implications for the growing integration of machine learning and artificial intelli-

gence approaches in scientific applications. As automated predictors become increasingly

prevalent in research contexts, these frameworks guide maintaining statistical rigor while

leveraging computational advances.
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(2021). Efficient set-valued prediction in multi-class classification. Data Mining and

Knowledge Discovery, 35(4):1435–1469.

Mosley, W. H. and Chen, L. C. (2003). An analythical framework for the study of child

survival in developing countries. Bulletin of the world Health Organization, 81:140–145.

Mukaka, M., White, S. A., Terlouw, D. J., Mwapasa, V., Kalilani-Phiri, L., and Faragher,

E. B. (2016). Is using multiple imputation better than complete case analysis for

estimating a prevalence (risk) difference in randomized controlled trials when binary

outcome observations are missing? Trials, 17:1–12.

Mulick, A. R., Oza, S., Prieto-Merino, D., Villavicencio, F., Cousens, S., and Perin, J.

(2021). A bayesian hierarchical model with integrated covariate selection and misclas-

sification matrices to estimate neonatal and child causes of death. medRxiv, pages

2021–02.

Mulick, A. R., Oza, S., Prieto-Merino, D., Villavicencio, F., Cousens, S., and Perin, J.

(2022). A bayesian hierarchical model with integrated covariate selection and misclas-

sification matrices to estimate neonatal and child causes of death. Journal of the Royal

Statistical Society Series A: Statistics in Society, 185(4):2097–2120.

Mullainathan, S. and Spiess, J. (2017). Machine learning: an applied econometric ap-

proach. Journal of Economic Perspectives, 31(2):87–106.

Murray, C. J., Aravkin, A. Y., Zheng, P., Abbafati, C., Abbas, K. M., Abbasi-Kangevari,

M., Abd-Allah, F., Abdelalim, A., Abdollahi, M., Abdollahpour, I., et al. (2020).

Global burden of 87 risk factors in 204 countries and territories, 1990–2019: a system-

atic analysis for the global burden of disease study 2019. The lancet, 396(10258):1223–

1249.



136

Murray, C. J., Laakso, T., Shibuya, K., Hill, K., and Lopez, A. D. (2007). Can we

achieve millennium development goal 4? new analysis of country trends and forecasts

of under-5 mortality to 2015. The lancet, 370(9592):1040–1054.

Murray, C. J., Lopez, A. D., Black, R., Ahuja, R., Ali, S. M., Baqui, A., Dandona, L.,

Dantzer, E., Das, V., Dhingra, U., et al. (2011a). Population health metrics research

consortium gold standard verbal autopsy validation study: design, implementation,

and development of analysis datasets. Population health metrics, 9(1):27.

Murray, C. J., Lopez, A. D., Shibuya, K., and Lozano, R. (2011b). Verbal autopsy:

advancing science, facilitating application.

Murray, C. J., Lozano, R., Flaxman, A. D., Serina, P., Phillips, D., Stewart, A., James,

S. L., Vahdatpour, A., Atkinson, C., Freeman, M. K., et al. (2014). Using verbal

autopsy to measure causes of death: the comparative performance of existing methods.

BMC medicine, 12:1–19.

Naghavi, M., Makela, S., Foreman, K., O’Brien, J., Pourmalek, F., and Lozano, R.

(2010). Algorithms for enhancing public health utility of national causes-of-death data.

Population health metrics, 8:1–14.

Naradowsky, J., Riedel, S., and Smith, D. A. (2012). Improving nlp through marginal-

ization of hidden syntactic structure. In Proceedings of the 2012 Joint Conference on

Empirical Methods in Natural Language Processing and Computational Natural Lan-

guage Learning, pages 810–820.

National Institute of Population Research and Training (NIPORT), Mitra and Associates,

and ICF International (2020). Bangladesh demographic and health survey 2017-18.

Navigli, R., Conia, S., and Ross, B. (2023). Biases in large language models: origins,

inventory, and discussion. ACM Journal of Data and Information Quality, 15(2):1–21.



137

Nayak, T. K. and Naik, D. N. (1989). Estimating multinomial cell probabilities under

quadratic loss. Journal of the Royal Statistical Society: Series D (The Statistician),

38(1):3–10.

Ng, K. W., Tian, G.-L., and Tang, M.-L. (2011). Dirichlet and related distributions:

Theory, methods and applications.

Nichols, E., Pettrone, K., Vickers, B., Gebrehiwet, H., Surek-Clark, C., Leitao, J.,

Amouzou, A., Blau, D. M., Bradshaw, D., Abdelilah, E. M., Groenewald, P.,

Munkombwe, B., Mwango, C., Notzon, F. S., Odhiambo, S. B., and Scanlon, P. (2022).

Mixed-methods analysis of select issues reported in the 2016 world health organization

verbal autopsy questionnaire. Plos one, 17(10):e0274304.

Nichols, E. K., Byass, P., Chandramohan, D., Clark, S. J., Flaxman, A. D., Jakob, R.,

Leitao, J., Maire, N., Rao, C., Riley, I., et al. (2018). The who 2016 verbal autopsy

instrument: An international standard suitable for automated analysis by interva,

insilicova, and tariff 2.0. PLoS medicine, 15(1):e1002486.

Nijman, S. W., Leeuwenberg, A., Beekers, I., Verkouter, I., Jacobs, J., Bots, M., Assel-

bergs, F., Moons, K. G., and Debray, T. P. (2022). Missing data is poorly handled

and reported in prediction model studies using machine learning: a literature review.

Journal of clinical epidemiology, 142:218–229.

NIPORT (2012). Bangladesh Demographic and Health Survey 2011: Preliminary Report.

NIPORT.

NIPORT and ICF (2016). Bangladesh health facility survey 2017.

of Population Research, N. I., (NIPOR), T., and ICF. Bangladesh Demographic and

Health Survey 2017-18. NIPORT and ICF, Dhaka, Bangladesh, and Rockville, Mary-

land, USA.



138

of Population Research, N. I., Training NIPORT/Bangladesh, M., Asso-

ciates/Bangladesh, and International, I. Bangladesh Demographic and Health

Survey 2011. NIPORT, Mitra and Associates, and ICF International, Dhaka,

Bangladesh.

Ogburn, E. L., Rudolph, K. E., Morello-Frosch, R., Khan, A., and Casey, J. A. (2021). A

warning about using predicted values from regression models for epidemiologic inquiry.

American Journal of Epidemiology, 190(6):1142–1147.

Oxspring, H. and LaMotte, L. (1977). The design of incomplete multinomial samples:

the nested case. Technometrics, 19(1):59–63.

Paulino, C. D. M. and de Braganca Pereira, C. A. (1995). Bayesian methods for cate-

gorical data under informative general censoring. Biometrika, 82(2):439–446.

Pearl, J. and Bareinboim, E. (2014). External validity: From do-calculus to transporta-

bility across populations. Statistical Science, 29(4):579–595.

Perin, J., Chu, Y., Villaviciencio, F., Schumacher, A., McCormick, T., Guillot, M., and

Liu, L. (2022a). Adapting and validating the log quadratic model to derive under-five

age-and cause-specific mortality (u5acsm): a preliminary analysis. Population health

metrics, 20:1–12.

Perin, J., Mulick, A., Yeung, D., Villavicencio, F., Lopez, G., Strong, K. L., Prieto-

Merino, D., Cousens, S., Black, R. E., and Liu, L. (2022b). Global, regional, and

national causes of under-5 mortality in 2000–19: an updated systematic analysis with

implications for the sustainable development goals. The Lancet Child & Adolescent

Health, 6(2):106–115.

Peskoff, D. and Stewart, B. M. (2023). Credible without credit: Domain experts as-

sess generative language models. In Proceedings of the 61st Annual Meeting of the

Association for Computational Linguistics (Volume 2: Short Papers), pages 427–438.



139

Peskov, D. and Hangya, V. (2021). Adapting entities across languages and cultures.

Findings of the Association for Computational Linguistics: EMNLP 2021.

Peter, J., Barron, P., and Pillay, Y. (2016). Using mobile technology to improve maternal,

child and youth health and treatment of hiv patients. SAMJ: South African Medical

Journal, 106(1):3–4.

Phyo, A. Z. Z., Freak-Poli, R., Craig, H., Gasevic, D., Stocks, N. P., Gonzalez-Chica,

D. A., and Ryan, J. (2020). Quality of life and mortality in the general population: a

systematic review and meta-analysis. BMC public health, 20:1–20.

Rajkomar, A., Oren, E., Chen, K., Dai, A. M., Hajaj, N., Hardt, M., Liu, P. J., Liu, X.,

Marcus, J., Sun, M., et al. (2018). Scalable and accurate deep learning with electronic

health records. NPJ digital medicine, 1(1):18.

Rao, J. N. and Molina, I. (2015). Small area estimation. John Wiley & Sons.

Rasmussen, C. E. (2003). Gaussian processes in machine learning. In Summer school on

machine learning, pages 63–71. Springer.

Richardson, S. and Green, P. J. (1997). On bayesian analysis of mixtures with an unknown

number of components (with discussion). Journal of the Royal Statistical Society Series

B: Statistical Methodology, 59(4):731–792.

Roberts, G. O. and Rosenthal, J. S. (2004). General state space markov chains and mcmc

algorithms.

Roberts, G. O. and Rosenthal, J. S. (2009). Examples of adaptive mcmc. Journal of

computational and graphical statistics, 18(2):349–367.

Rodgers, W. L. (1984). An evaluation of statistical matching. Journal of Business &

Economic Statistics, 2(1):91–102.



140

Roth, G. A., Abate, D., Abate, K. H., Abay, S. M., Abbafati, C., Abbasi, N., Ab-

bastabar, H., Abd-Allah, F., Abdela, J., Abdelalim, A., et al. (2018). Global, regional,

and national age-sex-specific mortality for 282 causes of death in 195 countries and

territories, 1980–2017: a systematic analysis for the global burden of disease study

2017. The lancet, 392(10159):1736–1788.

Roy, N. and McCallum, A. (2001). Toward optimal active learning through monte carlo

estimation of error reduction. ICML, Williamstown, 2:441–448.

Rubin, D. B. (1974). Characterizing the estimation of parameters in incomplete-data

problems. Journal of the American Statistical Association, 69(346):467–474.

Rubin, D. B. (1986). Statistical matching using file concatenation with adjusted weights

and multiple imputations. Journal of Business & Economic Statistics, 4(1):87–94.

Salakhutdinov, R. and Mnih, A. (2008). Bayesian Probabilistic Matrix Factorization

Using Markov Chain Monte Carlo. In Proceedings of the 25th International Conference

on Machine Learning, ICML ’08, pages 880–887, New York, NY, USA. Association for

Computing Machinery.

Salvatier, J., Wiecki, T. V., and Fonnesbeck, C. (2016). Probabilistic programming in

python using pymc3. PeerJ Computer Science, 2:e55.

Sanghera, S., Coast, J., Martin, R. M., Donovan, J. L., and Mohiuddin, S. (2018). Cost-

effectiveness of prostate cancer screening: a systematic review of decision-analytical

models. BMC cancer, 18:1–15.

Sankoh, O. and Byass, P. (2014). Time for civil registration with verbal autopsy. The

Lancet Global Health, 2(12):e693–e694.

Schmid, C. H., Trikalinos, T. A., and Olkin, I. (2014). Bayesian network meta-analysis

for unordered categorical outcomes with incomplete data. Research Synthesis Methods,

5(2):162–185.



141

Schumacher, A. E., McCormick, T. H., Wakefield, J., Chu, Y., Perin, J., Villavicencio,

F., Simon, N., and Liu, L. (2020). A flexible bayesian framework to estimate age-and

cause-specific child mortality over time from sample registration data. arXiv preprint

arXiv:2003.00401.

Schumacher, A. E., McCormick, T. H., Wakefield, J., Chu, Y., Perin, J., Villavicencio,

F., Simon, N., and Liu, L. (2022). A flexible bayesian framework to estimate age-and

cause-specific child mortality over time from sample registration data. The annals of

applied statistics, 16(1):124.

Seeger, M. (2004). Gaussian processes for machine learning. International journal of

neural systems, 14(02):69–106.

Sentz, B. and Ferson, S. (2002a). Combination of Evidence in DempsterShafer Theory.

Technical report, Sandia National Laboratory.

Sentz, K. and Ferson, S. (2002b). Combination of evidence in dempster-shafer theory.

Sepanlou, S. G., Aliabadi, H. R., Malekzadeh, R., Naghavi, M., in Middle East Collab-

orators, G. C. M., et al. (2022). Neonate, infant, and child mortality in north africa

and middle east by cause: An analysis for the global burden of disease study 2019.

Archives of Iranian medicine, 25(12):767.

Serina, P., Riley, I., Stewart, A., Flaxman, A. D., Lozano, R., Mooney, M. D., Luning,

R., Hernandez, B., Black, R., Ahuja, R., et al. (2015a). A shortened verbal autopsy

instrument for use in routine mortality surveillance systems. BMC Medicine, 13:1–10.

Serina, P., Riley, I., Stewart, A., James, S. L., Flaxman, A. D., Lozano, R., Hernandez,

B., Mooney, M. D., Luning, R., Black, R., et al. (2015b). Improving performance of

the Tariff method for assigning causes of death to verbal autopsies. BMC Medicine,

13(1):1.



142

Sethi, R., Dey, D., and Nath, D. (2008). Sample registration system: Information on

health status. Demography India, 37:51–65.

Settles, B. (2009). Active Learning Literature Survey. Computer Sciences Technical

Report 1648, University of Wisconsin–Madison.

Settles, B. (2011). From theories to queries: Active learning in practice. In Active

learning and experimental design workshop in conjunction with AISTATS 2010, pages

1–18. JMLR Workshop and Conference Proceedings.

Seung, H. S., Opper, M., and Sompolinsky, H. (1992). Query by committee. In Proceed-

ings of the fifth annual workshop on Computational learning theory, pages 287–294.

Sharrow, D., Hug, L., You, D., Alkema, L., Black, R., Cousens, S., Croft, T., Gaigbe-

Togbe, V., Gerland, P., Guillot, M., et al. (2022). Global, regional, and national trends

in under-5 mortality between 1990 and 2019 with scenario-based projections until 2030:

a systematic analysis by the un inter-agency group for child mortality estimation. The

Lancet Global Health, 10(2):e195–e206.

Shaw, J. and Sekalala, S. (2023). Health data justice: building new norms for health

data governance. NPJ Digital Medicine, 6(1):30.

Shawon, M. T. H., Ashrafi, S. A. A., Azad, A. K., Firth, S. M., Chowdhury, H., Mswia,

R. G., Adair, T., Riley, I., Abouzahr, C., and Lopez, A. D. (2021). Routine mortality

surveillance to identify the cause of death pattern for out-of-hospital adult (aged 12+

years) deaths in bangladesh: introduction of automated verbal autopsy. BMC public

health, 21:1–11.

Shefrin, H. (1981). On the combinatorial structure of bayesian learning with imperfect

information. Discrete Mathematics, 37(2-3):245–254.

Shefrin, H. (1983). Markov chains, imperfect state information, and bayesian learning.

Mathematical Modelling, 4(1):1–7.



143

Singhal, K., Azizi, S., Tu, T., Mahdavi, S. S., Wei, J., Chung, H. W., Scales, N., Tanwani,

A., Cole-Lewis, H., Pfohl, S., et al. (2023). Large language models encode clinical

knowledge. Nature, 620(7972):172–180.

Smith, P. J., Choi, S. C., and Gunel, E. (1985). Bayesian analysis of a 2× 2 contingency

table with both completely and partially cross-classified data. Journal of Educational

Statistics, 10(1):31–43.

Smith, P. J. and Gunel, E. (1984). Practical bayesian approaches to the analystcs of

a 2× 2 contingency table with incompletely categorized data. Communications in

Statistics-Theory and Methods, 13(16):1941–1963.

Soleman, N., Chandramohan, D., and Shibuya, K. (2006). Verbal autopsy: current

practices and challenges. Bulletin of the World Health Organization, 84(3):239–245.

Song, P., Theodoratou, E., Li, X., Liu, L., Chu, Y., Black, R. E., Campbell, H., Rudan,

I., and Chan, K. Y. (2016). Causes of death in children younger than five years in

china in 2015: an updated analysis. Journal of global health, 6(2):020802.

Streatfield, P. K., Khan, W. A., Bhuiya, A., Hanifi, S. M., Alam, N., Diboulo, E., Niamba,
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Appendix A

SUPPLEMENT TO CHAPTER 2

A.0.1 Proof of Lemma 1

Let ρAj
= ( θi

τj
, i ∈ Aj)

T , j = 0, . . . ,m be the conditional probabilities of each cell within
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=

√√√√∣∣∣∣diag( 1

τ1
, . . . ,

1

τm

)∣∣∣∣
[
1 +

(i(m))T
√
τ0

{
diag

(
1

τ1
, . . . ,

1

τm

)}−1
i(m)

√
τ0

]

×

(
m∏
j=1

τ
nj/2
j

)
m∏
j=0

√√√√√
∣∣∣∣∣∣diag

(
1

ρ
(r)
Aj

)
r∈Aj\j0

∣∣∣∣∣∣
1 + (i(nj−1))T√

ρ
(j0)
Aj

diag

(
1

ρ
(r)
Aj

)
r∈Aj\j0


−1

i(nj−1)√
ρ
(j0)
Aj


=

{
m∏
j=0

τ
nj/2−1
i

}
m∏
j=0

∏
r∈Aj

(ρ
(r)
Aj
)1/2−1

The Bayes estimators under the KL loss are the posterior means of θ = (τ ,ρAj
, j =

0, . . . ,m). Therefore, concerning the Jeffreys prior and the direct observations (X,Y ),

the Bayes estimator is given as

θ̂ = (θi)
k
i=1, where for i ∈ Aj,

θ̂i = E(θi|X,Y ) = E(
θi∑

r∈Aj
θr
|X,Y )E(

∑
r∈Aj

θr|X,Y )

= E(ρ(i)Aj
|X,Y )E(τj|X,Y )

The closed form posterior mean for τj and ρ
(i)
Aj

can be obtained as

E

(
ρ
(i)
Aj

∣∣∣∣X,Y

)
= E

(
θi∑

r∈Aj
θr

∣∣∣∣X,Y

)
=

1/2 + xi∑
r∈Aj

xr + nj/2
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E (τj|X,Y ) = E

∑
r∈Aj

θr

∣∣∣∣X,Y

 =
yAj

+
∑

r∈Aj
xr + nj/2∑m

l=0{yAl
+
∑

r∈Al
(1/2 + xr)}

=
yAj

+
∑

r∈Aj
xr + nj/2

N +N ′ + nj(m+ 1)/2

Therefore,

θ̂i =
1/2 + xi∑

r∈Aj
xr + nj/2

yAj
+
∑

r∈Aj
xr + nj/2

N +N ′ + nj(m+ 1)/2

We can further show that the posterior of (η) concerning a prior distribution for θ

being any Dirichlet distribution with parameters α = (α1, α2, . . . , αk) admits a tractable

representation.

θ̂i =
αi + xi∑

r∈Aj
(xr + αr)

yAj
+
∑

r∈Aj
(αr + xr)∑m

l=0{yAl
+
∑

r∈Al
(αr + xr)}

A.0.2 Proof of Lemma 2

We would like to compare the risk functions of θ̃ and θ̂.

∆θ(N,N
′) = Eθ[L(θ̂,θ)]− Eθ[(L(θ̃,θ)]

For notation simplicity, let xAj
=
∑

r∈Aj
(xr), θAj

=
∑

i∈Aj
θi, αAj

=
∑

r∈Aj
αr, and

αS =
∑k

c=1 αc.
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∆θ(N,N
′) = Eθ

 m∑
j=0

∑
i∈Aj

θi log
θ̃i

θ̂i


= Eθ

 m∑
j=0

∑
i∈Aj

θi log

{
xi + αi∑k
c=1 αc + xc

×
∑

r∈Aj
(xr + αr)

αi + xi

∑m
l=0{yAl

+
∑

r∈Al
(αr + xr)}

yAj
+
∑

r∈Aj
(αr + xr)

}
= Eθ

 m∑
j=0

∑
i∈Aj

θi log

{
N ′ +N +

∑m
l=0

∑
r∈Al

(αr)

N +
∑k

c=1 αc

×
∑

r∈Aj
(xr + αr)

yAj
+
∑

r∈Aj
(αr + xr)

}
= Eθ

 m∑
j=0

∑
i∈Aj

θi log

{
N ′ +N +

∑m
l=0 αAl

N + αS

×
xAj

+ αAj

yAj
+ xAj

+ αAj

}
= Eθ

[
log

N ′ +N + αS

N + αS

+
m∑
j=0

θAj
log

{
xAj

+ αAj

yAj
+ xAj

+ αAj

}]

=
N ′∑
u=1

∆θ(N + u− 1, 1)

A.0.3 Proof of Lemma 3

Without loss of generality, we consider ∆θ(N, 1). Let (ZAj
)mj=0 ∼ Multi(1, (θAj

)mj=0) be

an independent set of multinomial variables.

∆θ(N, 1) = log
1 +N + αS

N + αS

+ Eθ

[
m∑
j=0

θAj
log

{
xAj

+ αAj

zAj + xAj
+ αAj

}]

= log
1 +N + αS

N + αS

+ Eθ

[
m∑
j=0

θAj
log

{
xAj

+ αAj

zAj
+ xAj

+ αAj

} ∣∣∣∣ZAj
= 1

]
P(ZAj

= 1)

+ Eθ

[
m∑
j=0

θAj
log

{
xAj

+ αAj

zAj
+ xAj

+ αAj

} ∣∣∣∣ZAj
= 0

]
P(ZAj

= 0)

= log
1 +N + αS

N + αS

+ Eθ

[
m∑
j=0

θ2Aj
log

{
xAj

+ αAj

1 + xAj
+ αAj

}]

= log

{
1 +

1

N + αS

}
+ Eθ

[
m∑
j=0

θ2Aj
log

{
1− 1

1 + xAj
+ αAj

}]

where the second equality follows because ZAj
∼ Bern(θAj

), P(ZAj
= 1) = θAj
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Define the function G : (0, 1) → (0,∞) by:

G(θ) = θ2E

[
− log

{
1− 1

1 +X(θ) + αAj

}]
, θ ∈ (0, 1)

where X(θ) ∼ Bin(N, θ) for θ ∈ (0, 1).

Then we have

∆θ(N, 1) = log

{
1 +

1

N + αS

}
−

m∑
j=0

G(θAj
)

If we can prove the condition required for G to be convex, then the maximum is

attained.

We first prove the following results:

1. Suppose X ∼ Binom(n, θ), and let h(X) be a function of X. Then we can show

that
∂

∂θ
E[h(X)] =

1

θ
E[X {h(X)− h(X − 1)}]

Proof : Using the definition of the expectation of a binomial random variable, and

the lemma of Johnson (1987), we have that

∂

∂θ
E[h(X)] = E

{(
X

θ
− n−X

1− θ

)
h(X)

}
=

1

θ(1− θ)
E {(X − nθ)h(X)}

=
1

θ
E {X(h(X)− h(X − 1))}

2. Suppose X ∼ Binom(n, θ), and let h(X) be a function of X. Then we can show

that

∂

∂θ2
{θ2E[h(X)]} =

1

θ
E [X {(X + 1)h(X)− 2Xh(X − 1) + (X − 1)h(X − 2)}]

Proof :

∂2

∂θ2
{θE[h(X)]} =

∂

∂θ
[E[h(X)] + E[X{h(X)− h(X − 1)}]

=
∂

∂θ
E[(X + 1)h(X)−Xh(X − 1)]

=
1

θ
E[X{(X + 1)h(X)− 2Xh(X − 1) + (X − 1)h(X − 2)}]
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Consider the function g : [0,∞) → R and let g(x) = 0 for x ∈ (−∞, 0). Let X = X(θ)

for simplicity of the notation. Using the results from the foregoing lemmas, we have

∂2

∂θ2
E[g(X)] =

∂

∂θ
(2θE[g(X)] + θE[X{g(X)− g(X − 1)}])

= 2E[g(X)] + 2E[X{g(X)− g(X − 1)}] + E[X{g(X)− g(X − 1)}]

+ θ
∂

∂θ
E[X{g(X)− g(X − 1)}]

= 2E[g(X)] + 2E[X{g(X)− g(X − 1)}] + E[X{g(X)− g(X − 1)}]

+ E [X{X(g(X)− g(X − 1))− (X − 1)(g(X − 1)− g(X − 2))}]

= E[(X2 + 3X + 2)g(X)− (2X2 + 2X)g(X − 1) + (X2 −X)g(X − 2)]

= E[g̃(X)− 2g̃(X − 1) + g̃(X − 2)]

where g̃(x) = (x+ 2)(x+ 1)g(x) for x ∈ R.

Returning to the definition of G(θ), since αAj
=
∑

i∈Aj
αi which only depend on |Aj|

but not θAj
, we write α̃ = αAj

for notation simplicity. Suppose that

g(x) = − log

{
1− 1

1 + x+ α̃

}
for all x ∈ [0,∞).

Fixing x ∈ [0,∞), we have that

g̃(x) = (x2 + 3x+ 2) log(
1 + x+ α̃

x+ α̃
)

g̃′(x) = (2x+ 3) log
1 + x+ α̃

x+ α̃
− (x2 + 3x+ 2)

(1 + x+ α̃)(x+ α̃)

g̃′′(x) = 2 log
1 + x+ α̃

x+ α̃
−2× (2x+ 3)

(1 + x+ α̃)(x+ α̃)
+

x2 + 3x+ 2

(1 + x+ α̃)2(x+ α̃)
+

(x2 + 3x+ 2)

(1 + x+ α̃)(x+ α̃)2

Hence by the low-integer-order polylogarithms series property
∑∞

k=1
1
k
zk = − log(1−z)

we have that
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(1 + x+ α̃)g̃′′(x) = 2
∞∑
k=1

1

k

1

(1 + x+ α̃)k−1
− 2× 2x+ 3

x+ α̃
+

x2 + 3x+ 2

(1 + x+ α̃)(x+ α̃)
+

(x2 + 3x+ 2)

(x+ α̃)2

= 2 + 2
∞∑
k=2

1

k

1

(1 + x+ α̃)k−1
− 4× (1− α̃− 3/2

x+ α̃
)

+

(
1− α̃− 1

1 + x+ α̃
+ 1− α̃− 2

x+ α̃

)(
1− α̃− 1

x+ α̃

)
= 2

∞∑
k=2

1

k

1

(1 + x+ α̃)k−1
+ 4× α̃− 3/2

x+ α̃

−
(

α̃− 1

1 + x+ α̃
+
α̃− 2

x+ α̃

)
− 2× α̃− 1

x+ α̃
+

(
α̃− 1

1 + x+ α̃
+
α̃− 2

x+ α̃

)
α̃− 1

x+ α̃

= 2
∞∑
k=2

1

k

1

(x+ 1 + α̃)k−1
− 1

x+ α̃
+

α̃− 1

(x+ α̃)(1 + x+ α̃)
+

(
α̃− 1

1 + x+ α̃
+
α̃− 2

x+ α̃

)
If α̃ ≥ 2, then

(1 + x+ α̃)g̃′′(x) ≥ 2× 1

2
× 1

1 + x+ α̃
− 1

x+ α̃
+

α̃− 1

(x+ α̃)(1 + x+ α̃)

= − 1

(x+ α̃)(1 + x+ α̃)
+

α̃− 1

(x+ α̃)(1 + x+ α̃)
≥ 0

Therefore, g̃(X)− 2g̃(X − 1) + g̃(X − 2) ≥ 0 when X ≥ 2.

For X = 1, we have

1

6
(g̃(1)− 2g̃(0) + g̃(−1)) = log

(
1 +

1

1 + α̃

)
− 2

3
log

(
1 +

1

α̃

)
≥ log

(
1 +

1

1 + α̃

)
− log

(
1 +

2/3

α̃

)
≥ 0

For X = 0, we have g̃(0)− 2g̃(−1) + g̃(−2) ≥ 0 trivially. Then we have shown that

∂2

∂θ2
θ2E[g(X)] = E[g̃(X)− 2g̃(X − 1) + g̃(X − 2)] ≥ 0

Hence when αAj
≥ 2, the function G is convex.
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Assuming αAj
≥ 2, because G is convex and ∆θ(N, 1) has a convex domain, the

maximum value exists and can be attained. We would like to find the θ∗ such that the

risk difference ∆θ(N, 1) is maximized.

Let θ∗ = (θ∗i )
k
i=0 ∈ Θ, where for i ∈ Aj = {j1, . . . , jnj

}, θ∗i:i∈Aj
= 1

(1+m)nj
for all

j = 0, . . . ,m. Then
∑k

i=0 θ
∗
i:i∈Aj

= θAj
= 1

m+1
for all j = 0, 1, . . . ,m.

By Jensen’s inequality for a real convex function, we have that

ϕ(

∑
aixi∑
ai

) ≤
∑
aiϕ(xi)∑
ai

And as a particular case, if ai are equal, we have

ϕ(

∑
xi
n

) ≤
∑
ϕ(xi)

n

Therefore,

∆θ(N, 1) = log

{
1 +

1

N + αS

}
−

m∑
j=0

G(θAj
)

= log

{
1 +

1

N + αS

}
− (1 +m)

1

1 +m

m∑
j=0

G(θAj
)

≤ log

{
1 +

1

N + αS

}
− (1 +m)G(

1

m+ 1

m∑
j=1

θAj
)

= log

{
1 +

1

N + αS

}
−

m∑
i=0

G(
1

m+ 1
)

= ∆θ∗(N, 1)

With the foregoing results, we attempt to obtain the condition for the dominance

between θ̂ and θ̃:
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sup
θ∈Θ

∆θ(N,N
′) = sup

θ∈Θ

N ′∑
u=1

∆θ(N + u− 1, 1)

≤
N ′∑
u=1

sup
θ∈Θ

∆θ(N + u− 1, 1)

=
N ′∑
u=1

∆θ∗(N + u− 1, 1)

= ∆θ∗(N,N ′)

Then

∆θ∗(N,N ′) = Eθ∗

[
log

N ′ +N + αS

N + αS

+
m∑
j=0

1

m+ 1
log

{
xAj

+ αAj

yAj
+ xAj

+ αAj

}]

= −Eθ∗

[
m∑
j=0

1

m+ 1
log

{
yAj

+ xAj
+ αAj

xAj
+ αAj

}
+ log

N + αS

N ′ +N + αS

]

= −Eθ∗

[
m∑
j=0

1

m+ 1
log

{
yAj

+ xAj
+ αAj

xAj
+ αAj

× N + αS

N +N ′ + αS

}]

= −Eθ∗

[
m∑
j=0

1

m+ 1
log

{
yAj

/N ′ + (xAj
+ αAj

)/N ′

1 + (N + αS)/N ′

/
xAj

+ αAj

N + αS

}]

→ −Eθ∗

[
m∑
j=0

1

m+ 1
log

{
1

m+ 1

/
xAj

+ αAj

N + αS

}]

as N ′ → ∞ by law of large numbers. We can show that the right-hand side is negative

because

Pθ∗

{(
xAj

+ αAj

N + αS

)m

j=0

̸=
(

1

m+ 1

)m

j=0

}
> 0

Therefore,

∆θ∗(N,N ′) ≤ sup∆θ(N,N
′) < 0

for sufficiently large N ′.
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A.0.4 Proof of Theorem 3

Assume N ′ = 1 without loss of generality. Then it is sufficient to show that

∆θ∗(N, 1) = log

{
1 +

1

N + αS

}
− (m+ 1)G(

1

m+ 1
)

is negative when N is sufficiently large.

Let θ∗Aj
= 1

1+m
and X ∼ Bin(N, θ∗Aj

)

(1 +m)G(
1

1 +m
) =

1

1 +m
E

[
− log

{
1− 1

1 +X + αAj

}]
= θ∗Aj

∞∑
k=1

1

k
E

[
1

(1 +X + αAj
)k

]
By (3) of Cressie et al. (1981), which is

E(X−n) = Γ(n)−1

∫ ∞

0

tn−1MX(−t)dt

We have that

1

k
E

[
1

(1 +X + αAj
)k

]
=

1

k

1

Γ(k)

∫ ∞

0

tk−1E[e−(1+X+αAj
)t]dt

=
1

k!

∫ ∞

0

tk−1e−(1+αAj
)tE[e−Xt]dt

for k = 1, 2, 3, . . . . Then

(m+ 1)G(
1

m+ 1
) = θ∗Aj

∫ ∞

0

∞∑
k=1

tk−1

k!
e−(1+αAj

)tE[e−Xt]dt

= θ∗Aj

∫ ∞

0

et − 1

t
e−(1+αAj

)tE[e−Xt]dt

Note that E[e−Xt] = (1− θ∗Aj
+ θ∗Aj

e−t)N for all t ∈ (0,∞) by the moment generating

function of binomial distribution. Then we have
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(m+ 1)G(
1

m+ 1
) = θ∗Aj

∫ ∞

0

et − 1

t
e−(1+αAj

)t(1− θ∗Aj
+ θ∗Aj

e−t)Ndt

Also,

log

{
1 +

1

N + αS

}
= − log

{
1− 1

1 +N + αS

}
=

∞∑
k=1

1

k

1

(N + 1 + αS)k

=
∞∑
k=1

1

k!

∫ ∞

0

tk−1e−(N+1+αS)tdt

=

∫ ∞

0

et − 1

t
e−(N+1)te−αSt

Therefore,

∆θ∗(N, 1) =

∫ ∞

0

et − 1

t
e−(N+1)te−αSt − θ∗Aj

∫ ∞

0

et − 1

t
e−(1+αAj

)t(1− θ∗Aj
+ θ∗Aj

e−t)Ndt

Note that

0 ≤
(
et − 1

t

)
=

∞∑
k=1

tk−1

k!
≤

∞∑
k=1

tk−1

(k − 1)!
= et

0 ≤
(
et − 1

t

)′

=
∞∑
k=2

(k − 1)tk−2

k!
≤

∞∑
k=2

tk−2

(k − 2)!
= et

0 ≤
(
et − 1

t

)′′

=
∞∑
k=3

(k − 1)(k − 2)tk−3

k!
≤

∞∑
k=3

tk−3

(k − 3)!
= et

and (
et − 1

t

)
≤ et

t(
et − 1

t

)′

=
et

t
− et − 1

t2
≤ et

t(
et − 1

t

)′′

=
et

t
− 2

et

t2
+ 2

et − 1

t3
≤ et

t
+ 2

et

t3
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By integration by parts, we have

(N + 1)∆θ∗(N, 1) =

[
−e

t − 1

t
e−(N+1)te−αSt

]∞
0

−
[
−e

t − 1

t
e−αAj

t(1 + θ∗Aj
+ θ∗Aj

e−t)N+1

]∞
0

+

∫ ∞

0

{(
et − 1

t

)′

−
(
et − 1

t

)
αS

}
e−(N+1)te−αStdt

−
∫ ∞

0

{(
et − 1

t

)′

−
(
et − 1

t

)
αAj

}
e−αAj

t(1− θ∗Aj
+ θ∗Aj

e−t)N+1dt

=

∫ ∞

0

h1(t)e
−(N+1)te−αStdt−

∫ ∞

0

h2(t)e
−αAj

t(1− θ∗Aj
+ θ∗Aj

e−t)N+1dt

where h1(t) =
(

et−1
t

)′
−
(

et−1
t

)
αS and h2(t) =

(
et−1
t

)′
−
(

et−1
t

)
αAj

for t ∈ (0,∞).

By integration by parts, we have

(N + 1)2∆θ∗(N, 1) =
[
h1(t)e

−(N+1)te−αSt
]∞
0

− N + 1

N + 2

[
1

θ∗Aj

h2(t)e
−(αAj

−1)t(1− θ∗Aj
+ θ∗Aj

e−t)N+2

]∞
0

+

∫ ∞

0

{h′1(t)− h1(t)αS} e−(N+1)te−αStdt

− N + 1

N + 2

∫ ∞

0

1

θ∗Aj

[
h′2(t)− h2(t)(αAj

− 1)
]
e−(αAj

−1)t(1− θ∗Aj
+ θ∗Aj

e−t)N+2dt

= h1(0)−
N + 1

N + 2

1

θ∗Aj

h2(0) +

∫ ∞

0

[h′1(t)− h1(t)αS] e
−(N+1)te−αStdt

− N + 1

N + 2

∫ ∞

0

1

θ∗Aj

[
h′2(t)− h2(t)(αAj

− 1)
]
e−(αAj

−1)t(1− θ∗Aj
+ θ∗Aj

e−t)N+2dt

Consider the following∣∣∣∣ [h′2(t)− h2(t)(αAj
− 1)

]
e−(αAj

−1)t

∣∣∣∣ ≤ [et + etαAj
(αAj

− 1)
]
e−(αAj

−1)t

= [1 + αAj
(αAj

− 1)]e−(αAj
−2)t

By assumption we have αAj
≥ 2.

For αAj
> 2, when t ∈ (0, 1], we have



164

∣∣∣∣ [h′2(t)− h2(t)(αAj
− 1)

]
e−(αAj

−1)t

∣∣∣∣ ≤ ∣∣∣∣h′2(t)− h2(t)

∣∣∣∣ = 6et

and when t ∈ (1,∞) we have

∣∣∣∣ [h′2(t)− h2(t)(αAj
− 1)

]
e−(αAj

−1)t

∣∣∣∣ ≤ 3

t2
+

7

t
e−t

For αAj
= 2, by the dominated convergence theorem, as N → ∞,

(N + 1)2∆θ∗(N, 1) → h1(0)−
1

θ∗Aj

h2(0) =
1

2
(1− 1

θ∗Aj

) < 0

The maximum risk difference is

∆θ∗(N, 1) = log

{
1 +

1

N + αS

}
− (m+ 1)G(

1

m+ 1
)

= log

{
1 +

1

N + αS

}
− 1

m+ 1
E

[
− log

{
1− 1

1 +X + αAj

}]
A.0.5 Additional Results

Additional simulation scenario: S = {1, 2, . . . , 9}, A0 = {1, 2, 3, 4, 5}, A1 = {5,6, 7, 8, 9}
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Figure A.1: Comparison of risk between θ̂2 and θ̃2 estimators in an additional simulation

scenario in which partial categorizations are overlapping unions of the complete cate-

gories. We report the Bayes risk fixing the completely classified sample size N in each

subplot while increasing the partially classified sample size N ′ in the first row, and fixing

N ′ while increasing N in the second row.
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True 1996-2005 MCHSS Data
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Figure A.2: Selected results from the MCHSS data showing empirical data, estimated

posterior medians, and posterior 80% intervals for log mortality rates of other non-

communicable diseases in the east urban region. Combinations with no deaths are rep-

resented by an open square.
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True 1996-2005 MCHSS Data
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Figure A.3: Selected results from the MCHSS data showing empirical data, estimated

posterior medians, and posterior 80% intervals for log mortality rates of prematurity in

the west rural region. Combinations with no deaths are represented by an open square.
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True 1996-2005 MCHSS Data

0−6d 7−27d 1−5m 6−11m 12−23m 24−59m
east rural

east urban
m

id rural
m

id urban
w

est rural
w

est urban

1999
2002

2005
1999

2002
2005

1999
2002

2005
1999

2002
2005

1999
2002

2005
1999

2002
2005

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

year

ca
us

e 
fr

ac
tio

n

acute resp. infections

birth asphyxia/trauma

congenital anomalies

diarrhea

injuries

other grp 1

other non−communicable

prematurity

Predicted 1996-2005 MCHSS Data

0−6d 7−27d 1−5m 6−11m 12−23m 24−59m

east rural
east urban

m
id rural

m
id urban

w
est rural

w
est urban

1999
2002

2005
1999

2002
2005

1999
2002

2005
1999

2002
2005

1999
2002

2005
1999

2002
2005

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

0.00
0.25
0.50
0.75
1.00

year

ca
us

e 
fr

ac
tio

n

acute resp. infections

birth asphyxia/trauma

congenital anomalies

diarrhea

injuries

other grp 1

other non−communicable

prematurity

Figure A.4: Comparisons of estimated CSMFs between models based on the true MCHSS

data and the estimated MCHSS data using the proposed data reconciliation method.
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Appendix B

SUPPLEMENT TO CHAPTER 3

B.1 Additional results for the synthetic data examples

Tables B.1 and B.2 contain more extensive results on the classification accuracy and

questionnaire length for the synthetic data under the correctly specified model and mis-

specified models, respectively.

Table B.1: Classification accuracy and questionnaire length for the synthetic data under

the correctly specified model. Median and 5th and 95th percentiles of the questionnaire

length are shown for each stopping rule conditions.

p1st d Stopping Rule Acc Median Lower Upper

0.8 0.75 Point Est 0.84 5 3 14

Pred r = 0.5 0.92 10 4 50

Pred r = 0.7 0.95 13 6 50

0.8 0.5 Point Est 0.85 5 3 14

Pred r = 0.5 0.92 10 4 50

Pred r = 0.7 0.95 14 6 50

0.8 0.25 Point Est 0.88 6 3 16

Pred r = 0.5 0.94 10 4 50

Pred r = 0.7 0.96 15 6 50

0.8 0 Point Est 0.96 8 5 35

Pred r = 0.5 0.96 13 6 50

Pred r = 0.7 0.96 20 7 50

0.9 0.75 Point Est 0.95 7 5 17
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Pred r = 0.5 0.95 12 6 50

Pred r = 0.7 0.96 17 7 50

0.9 0.5 Point Est 0.95 7 5 18

Pred r = 0.5 0.95 12 6 50

Pred r = 0.7 0.96 18 7 50

0.9 0.25 Point Est 0.95 7 5 24

Pred r = 0.5 0.96 12 6 50

Pred r = 0.7 0.96 18 7 50

0.9 0 Point Est 0.97 10 7 50

Pred r = 0.5 0.96 16 8 50

Pred r = 0.7 0.96 23 8 50

0.95 0.75 Point Est 0.97 9 6 24

Pred r = 0.5 0.96 13 7 50

Pred r = 0.7 0.96 18 8 50

0.95 0.5 Point Est 0.97 9 6 35

Pred r = 0.5 0.96 13 7 50

Pred r = 0.7 0.96 20 8 50

0.95 0.25 Point Est 0.97 10 6 50

Pred r = 0.5 0.96 15 7 50

Pred r = 0.7 0.97 22 8 50

0.95 0 Point Est 0.98 12 8 50

Pred r = 0.5 0.96 20 8 50

Pred r = 0.7 0.97 26 9 50
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Table B.2: Classification accuracy and questionnaire length for the synthetic data under

the misspecified model. Median and 5th and 95th percentiles of the questionnaire length

are shown for each stopping rule conditions.

p1st d Stopping Rule Acc Median Lower Upper

0.8 0.75 Point Est 0.86 4 3 11

Pred r = 0.5 0.88 4 3 18

Pred r = 0.7 0.94 5 3 25

0.8 0.5 Point Est 0.88 5 3 11

Pred r = 0.5 0.88 4 3 18

Pred r = 0.7 0.94 5 3 27

0.8 0.25 Point Est 0.90 5 3 11

Pred r = 0.5 0.90 4 3 22

Pred r = 0.7 0.94 6 3 30

0.8 0 Point Est 0.96 6 5 17

Pred r = 0.5 0.94 6 4 30

Pred r = 0.7 0.99 8 5 50

0.9 0.75 Point Est 0.94 6 4 12

Pred r = 0.5 0.96 6 4 23

Pred r = 0.7 0.98 7 4 50

0.9 0.5 Point Est 0.94 6 4 13

Pred r = 0.5 0.96 6 4 23

Pred r = 0.7 0.98 7 4 50

0.9 0.25 Point Est 0.94 6 4 16

Pred r = 0.5 0.96 6 4 23

Pred r = 0.7 0.99 7 4 50

0.9 0 Point Est 0.96 7 6 20

Pred r = 0.5 0.98 8 5 42
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Pred r = 0.7 0.99 9 5 50

0.95 0.75 Point Est 0.96 7 5 16

Pred r = 0.5 0.98 7 5 33

Pred r = 0.7 0.98 8 5 50

0.95 0.5 Point Est 0.96 7 5 17

Pred r = 0.5 0.98 7 5 33

Pred r = 0.7 0.99 9 5 50

0.95 0.25 Point Est 0.96 7 5 17

Pred r = 0.5 0.98 8 5 34

Pred r = 0.7 0.99 9 5 50

0.95 0 Point Est 0.98 8 6 25

Pred r = 0.5 0.99 8 6 50

Pred r = 0.7 0.99 10 6 50

B.2 Additional results for the PHMRC data example

B.2.1 Descriptive statistics of the PHMRC dataset

Table B.3 summarizes the sample size of each COD in the PHMRC data.

Table B.3: Sample size of each COD in the PHMRC dataset.

COD Sample Size

Stroke 630

Other Non-communicable Diseases (NCD) 599

Pneumonia 540

AIDS 502

Maternal 468
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Other Cardiovascular Diseases 416

Renal Failure 416

Diabetes 414

Acute Myocardial Infarction 400

Cirrhosis 313

TB 276

Other Infectious Diseases 263

Diarrhea/Dysentery 228

Road Traffic 202

Breast Cancer 195

Falls 173

COPD 171

Homicide 167

Leukemia/Lymphomas 156

Cervical Cancer 155

Suicide 124

Fires 122

Drowning 106

Lung Cancer 106

Other Injuries 103

Malaria 100

Colorectal Cancer 99

Poisonings 86

Bite of Venomous Animal 66

Stomach Cancer 62

Epilepsy 48

Prostate Cancer 48
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Asthma 47

Esophageal Cancer 40

B.2.2 More results of different stopping rules

Figures B.1 to B.5 show more detailed results for the proportion of correctly classified

deaths among deaths due to each COD using different stopping criteria.
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Figure B.1: Proportion of correctly classified deaths among deaths due to each cause

using different stopping criteria. The causes are listed in order of their sample size in the

PHMRC data.
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Figure B.2: (Continued) Proportion of correctly classified deaths among deaths due to

each cause using different stopping criteria. The causes are listed in order of their sample

size in the PHMRC data.
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Figure B.3: (Continued) Proportion of correctly classified deaths among deaths due to

each cause using different stopping criteria. The causes are listed in order of their sample

size in the PHMRC data.
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Figure B.4: (Continued) Proportion of correctly classified deaths among deaths due to

each cause using different stopping criteria. The causes are listed in order of their sample

size in the PHMRC data.
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Figure B.5: (Continued) Proportion of correctly classified deaths among deaths due to

each cause using different stopping criteria. The causes are listed in order of their sample

size in the PHMRC data.



180

Appendix C

SUPPLEMENT TO CHAPTER 4

C.0.1 ICD-10 COD Classification

Mapping 34 PHMRC all-cause mortality labels to five Broad COD labels

ICD-10 Code All-Cause Mortality Label Broad COD Label

K74 cirrhosis non-communicable

G40 epilepsy non-communicable

J18 pneumonia communicable

J44 copd non-communicable

I21 acute myocardial infarction non-communicable

X00-X09 fires external

N17-N19 renal failure non-communicable

C34 lung cancer non-communicable

O00-O99 maternal maternal

W65-W74 drowning external

I00-I99 other cardiovascular diseases non-communicable

B20-B24 aids aids-tb

Varies other non-communicable diseases non-communicable

W00-W19 falls external

V01-V99 road traffic external

E10-E14 diabetes non-communicable

A00-B99 other infectious diseases communicable

A15-A19 tb aids-tb

X60-X84 suicide external

Varies other injuries external

C53 cervical cancer non-communicable

I60-I69 stroke non-communicable

B50-B54 malaria communicable

J45 asthma non-communicable

C18-C20 colorectal cancer non-communicable

X85-Y09 homicide external
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A09 diarrhea/dysentery communicable

C50 breast cancer non-communicable

C81-C96 leukemia/lymphomas non-communicable

X40-X49 poisonings external

C61 prostate cancer non-communicable

C15 esophageal cancer non-communicable

C16 stomach cancer non-communicable

T63 bite of venomous animal external

C.0.2 PPI and PPI++: overview

We formalize our problem setting while reviewing the PPI PPI and PPI++ approach (An-

gelopoulos et al., 2023a,b). The goal of PPI is to estimate a d-dimensional parameter

θ with n labeled data points (Xli, Yli)
iid∼P, i ∈ {1, . . . , n}, and N unlabeled data points

Xui
iid∼PX , i ∈ {1, . . . , N}.

Additionally, there is a black-box model f that uses the features to predict the

outcomes based on labeled and unlabeled data, denoted as Ŷ f
l = (Ŷ f

l1 , . . . , Ŷ
f
ln) and

Ŷ f
u = (Ŷ f

u1, . . . , X̂
f
uN). The prediction rule f is assumed to be independent of the ob-

served data. While PPI performs inference on a correction term to incorporate these

black-box predictions; PPI++ improves the methodology to be more computationally ef-

ficient and develops a modification that adapts to the accuracy of the prediction rule f

by introducing an additional parameter λ that interpolates between classical andPPI.

The starting point of PPI and PPI++ approach is to define the population losses:

L(θ) = E[lθ(X, Y )], and

Lf (θ) = E[lθ(X, Ŷ
f )].

It is recognized that

Lfl(θ) = E[lθ(Xl, Ŷ
f
l )] = E[lθ(Xu, Ŷ

f
u )] = Lfu(θ).
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Therefore, the “rectified” loss is defined as:

LPPI(θ) = Ln(θ) + Lfu
N (θ)− Lfl

n (θ)

where

Ln(θ) =
1

n

n∑
i=1

lθ(Xli, Yli),

Lfl
n (θ) =

1

n

n∑
i=1

lθ(Xli, Ŷ
f
li )), and

Lfu
N (θ) =

1

N

N∑
i=1

lθ(Xui, Ŷ
f
ui).

The rectified loss leads to the prediction-powered point estimate:

θ̂PPI = argmin
θ∈Rd

LPPI(θ).

PPI constructs the confidence set CPPI
α = {θ ∈ Rd s.t. 0 ∈ C∇

α (θ)} for true parameter

θ∗ by forming (1−α)-confidence sets, C∇
α (θ), for the gradient of the loss ∇LPPI(θ). This

approach works well for a fixed θ but suffers from computational issue when forming the

confidence set for every θ ∈ Rd. PPI++ derives the asymptotic normality about θ̂. This

result allows the construction of (1 − α)-confidence intervals CPPI
α = {θ̂PPI

j ± z1−α/2 ×

σ̂j/
√
n}, where σ̂2

j is a consistent estimate of the asymptotic variance of θ̂PPI
j and zq

is the q-quantile of standard normal distribution. Similar confidence intervals centered

around θ̂PPI can be constructed when the inference is performed on the whole θ∗ vector

rather than a single coordinate θ∗j , which results in a far more efficient algorithm.

Moreover, PPI++ generalizes PPI to allow the inference to adapt to the accuracy of

the supplied predictions, yielding estimations that are never worse than the classical

inference. This approach is called “power tuning” by incorporating a tuning parameter

λ ∈ [0, 1] in the rectified loss, leading to the following estimator:

θ̂PPI++λ = argmin
θ

LPPI++
λ (θ),
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where

LPPI++
λ (θ) = Ln(θ) + λ(Lfu

N (θ)− Lfl
n (θ)).

PPI++ recovers the original PPI approach when λ = 1 and reduces to classical infer-

ence when λ = 0. One can adaptively choose a data-dependent tuning parameter λ̂ to

maximize the estimation and inferential efficiency.

Algorithm 1: multiPPI++

Input: labeled K-category COD data {(Xli, Yli)}ni=1, unlabeled data {Xui}Ni=1,

NLP model f , significance level α ∈ (0, 1), coefficient index j ∈ [d(K − 1)]

1. Optimally select tuning parameter λ̂ // set tuning parameter

2. θ̂m
λ̂
= argmin

θ∈Rd(K−1)

Lm

λ̂
(θ) // multiPPI++ estimator

3. Ĥ = 1
N+n

(
∑n

i=1 ψ
′′(XT

li θ̂
m

λ̂
)XliX

T
li +

∑N
i=1 ψ

′′(XT
uiθ̂

m

λ̂
)XuiX

T
ui), where

ψ(θ, x) = log
(∑K−1

k=1 e
xT θk

)
, θk ∈ Rd // empirical Hessian

4. Σ̂ = Ĥ−1( n
N
V̂f + V̂∆)Ĥ

−1, where

V̂f = λ̂2ĈovN+n((ψ
′(XT

li θ̂
m

λ̂
)− Ŷ f

li ))Xli) and

V̂∆ = Ĉovn((1− λ̂)(ψ′(XT
li θ̂

m

λ̂
) + (λ̂Ŷ f

li − Yli)Xli)

// covariance estimator

Output:

Prediction-powered point estimates θ̂m
λ̂
and confidence interval

Cm
α =

(
θ̂m
λ̂,j

± z1−α/2

√
Σ̂jj/n

)
for coordinate j
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C.0.3 multiPPI++

In K-class multinomial classification problem with outcomes Yi ∈ {0, . . . , K − 1} and

covariates Xi ∈ Rd, the parameter of interests θ is a d(K − 1)-dimensional vector whose

k-th block θk ∈ R
d of components represent parameters for class k ∈ {1, . . . , K − 1}

excluding the reference class to avoid overparameterization. The loss function in classical

inference takes the form

lθ(X, Y ) = − 1

n

n∑
i=1

XT
i θYi

+ log

(
K−1∑
k=1

eX
T
i θk

)
,

Defining

ψ(θ, x) = log

(
K−1∑
k=1

ex
T θk

)
,

and the multiPPI++ loss is given by

Lm
λ(θ) = Ln(θ) + λ(Lfu

N (θ)− Lfl
n (θ))

= − 1

n

n∑
i=1

(XliθYli
− ψ(θ,Xli))

− λ

N

N∑
i=1

(XT
uiθŶ f

ui
− ψ(θ,Xui)) +

λ

n

n∑
i=1

(XT
li θŶ f

li
− ψ(θ,Xli))

Angelopoulos et al. (2023b) shows that the parameter λ can be optimally tuned to

minimize the asymptotic variance of the prediction-powered estimate, leading to better

estimation and inference than both the classical and PPI strategies. Particularly, in finite

samples, we can obtain the plug-in estimate.

λ̂ =
1

2(1 + n
N
)
×

Tr
(
Ĥ−1

θ̂PPI

(
Ĉovn(∇lθ̂PPI

,∇lf
θ̂PPI

) + Ĉovn(∇lfθ̂PPI
,∇lθ̂PPI

)
)
Ĥ−1

θ̂PPI

)
Tr
(
Ĥ−1

θ̂PPI
ĈovN+n(∇lfθ̂PPI

)Ĥ−1

θ̂PPI

)
where θ̂PPI = θ̂PPI++λ is obtained by taking a fixed λ ∈ [0, 1].

We summarize the multiPPI++ adjusted inference procedures for multinomial logistic

regression coefficients on predicted CODs by an NLP model f against covariate X, under

significance level α ∈ (0, 1) in Algorithm 1.
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C.0.4 Parameter Estimates Across All Sites: Full Data 80/20 Split
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Figure C.1: Full Data 80/20 Split: Site/Model 1
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Figure C.2: Full Data 80/20 Split: Site/Model 2
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Figure C.3: Full Data 80/20 Split: Site/Model 3



187

Communicable External Maternal Non-communicable
Cause of Death Label

0.04

0.02

0.00

0.02

0.04

0.06

Lo
g 

Od
ds

 R
at

io

mexico gpt4_zs
Ground Truth
Naïve
multiPPI++ Correction

Figure C.4: Full Data 80/20 Split: Site/Model 4
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Figure C.5: Full Data 80/20 Split: Site/Model 5
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Figure C.6: Full Data 80/20 Split: Site/Model 6
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Figure C.7: Full Data 80/20 Split: Site/Model 7
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Figure C.8: Full Data 80/20 Split: Site/Model 8
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Figure C.9: Full Data 80/20 Split: Site/Model 9
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Figure C.10: Full Data 80/20 Split: Site/Model 10
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Figure C.11: Full Data 80/20 Split: Site/Model 11
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Figure C.12: Full Data 80/20 Split: Site/Model 12
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Figure C.13: Full Data 80/20 Split: Site/Model 13
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Figure C.14: Full Data 80/20 Split: Site/Model 14
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Figure C.15: Full Data 80/20 Split: Site/Model 15
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Figure C.16: Full Data 80/20 Split: Site/Model 16
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Figure C.17: Full Data 80/20 Split: Site/Model 17
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Figure C.18: Full Data 80/20 Split: Site/Model 18
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Figure C.19: Full Data 80/20 Split: Site/Model 19
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Figure C.20: Full Data 80/20 Split: Site/Model 20

Communicable External Maternal Non-communicable
Cause of Death Label

0.025

0.000

0.025

0.050

0.075

0.100

0.125

Lo
g 

Od
ds

 R
at

io

pemba gpt4_zs
Ground Truth
Naïve
multiPPI++ Correction

Figure C.21: Full Data 80/20 Split: Site/Model 21
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C.0.5 Sensitivity Analysis

In a sensitivity analysis, we varied our data splitting strategy, which revealed nuanced

insights into the classifier’s behavior. Notably, when maintaining the split proportions

(80/20) within each COD, the PPI++ classifier exhibited minimal utilization of the labeled

data, as indicated by the relatively small values of λ. Conversely, when employing an

80/20 split on the entire dataset, this led to a significant information loss for the minority

classes, resulting in larger λ values for inevitable splits. Since an (80/20) on the whole

dataset more closely resembles what one would see in reality in a prospective study. In

contrast, an (80/20) split by COD resembles a retrospective study; this illustrates the

importance of purposefully choosing an appropriate data splitting strategy to match the

desired analysis.
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C.0.6 Parameter Estimates Across All Sites: Stratified 80/20 Split
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Figure C.22: Stratified 80/20 Split: Site/Model 22
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Figure C.23: Stratified 80/20 Split: Site/Model 22
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Figure C.24: Stratified 80/20 Split: Site/Model 22
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Figure C.25: Stratified 80/20 Split: Site/Model 22
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Figure C.26: Stratified 80/20 Split: Site/Model 22
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Figure C.27: Stratified 80/20 Split: Site/Model 22
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Figure C.28: Stratified 80/20 Split: Site/Model 22
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Figure C.29: Stratified 80/20 Split: Site/Model 22
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Figure C.30: Stratified 80/20 Split: Site/Model 22
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Figure C.31: Stratified 80/20 Split: Site/Model 22
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Figure C.32: Stratified 80/20 Split: Site/Model 22
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Figure C.33: Stratified 80/20 Split: Site/Model 22
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Figure C.34: Stratified 80/20 Split: Site/Model 22
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Figure C.35: Stratified 80/20 Split: Site/Model 22
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Figure C.36: Stratified 80/20 Split: Site/Model 22
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Figure C.37: Stratified 80/20 Split: Site/Model 22
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Figure C.38: Stratified 80/20 Split: Site/Model 22
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Figure C.39: Stratified 80/20 Split: Site/Model 22
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Figure C.40: Stratified 80/20 Split: Site/Model 22
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Figure C.41: Stratified 80/20 Split: Site/Model 22
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Figure C.42: Stratified 80/20 Split: Site/Model 22
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Figure C.43: Stratified 80/20 Split: Site/Model 22
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Figure C.44: Stratified 80/20 Split: Site/Model 22
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Figure C.45: Stratified 80/20 Split: Site/Model 22
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Figure C.46: Stratified 80/20 Split: Site/Model 22
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Figure C.47: Stratified 80/20 Split: Site/Model 22


