(©Copyright 2017

Harishchandra Ramadas



Algorithms in Discrepancy Theory and Lattices

Harishchandra Ramadas

A dissertation
submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

University of Washington

2017

Reading Committee:
Thomas Rothvofs, Chair
Dmitriy Drusvyatskiy
Rekha Thomas
Simge Kiigiikyavuz (GSR)

Program Authorized to Offer Degree:
Mathematics



University of Washington

Abstract

Algorithms in Discrepancy Theory and Lattices

Harishchandra Ramadas

Chair of the Supervisory Committee:
Assistant Professor Thomas Rothvofs
Department of Mathematics

This thesis deals with algorithmic problems in discrepancy theory and lattices, and is based
on two projects I worked on while at the University of Washington in Seattle. A brief
overview is provided in Chapter 1 (Introduction).

Chapter 2 covers joint work with Avi Levy and Thomas Rothvofs in the field of discrep-
ancy minimization [28]. A well-known theorem of Spencer shows that any set system with n
sets over n elements admits a coloring of discrepancy O(y/n). While the original proof was
non-constructive, recent progress brought polynomial time algorithms by Bansal, Lovett and
Meka, and Rothvofs. All those algorithms are randomized, even though Bansal’s algorithm
admitted a complicated derandomization. We propose an elegant deterministic polynomial
time algorithm that is inspired by Lovett-Meka as well as the Multiplicative Weight Update
method. The algorithm iteratively updates a fractional coloring while controlling the expo-
nential weights that are assigned to the set constraints. A conjecture by Meka suggests that
Spencer’s bound can be generalized to symmetric matrices. We prove that n x n matrices
that are block diagonal with block size ¢ admit a coloring of discrepancy O(y/n - \/@)
Bansal, Dadush and Garg recently gave a randomized algorithm to find a vector  with en-
tries in {—1,1} with [|Az|l« < O(v/logn) in polynomial time, where A is any matrix whose
columns have length at most 1. We show that our method can be used to deterministically

obtain such a vector.



In Chapter 3, we discuss a result in the broad area of lattices and integer optimization,
in joint work with Rebecca Hoberg, Thomas Rothvof and Xin Yang [22]. The number
balancing (NBP) problem is the following: given real numbers a4, ..., a, € [0,1], find two
disjoint subsets I, C [n] so that the difference |}, ; a; — > ), a;| of their sums is
minimized. An application of the pigeonhole principle shows that there is always a solution
where the difference is at most O(\z/—f) Finding the minimum, however, is NP-hard. In
polynomial time, the differencing algorithm by Karmarkar and Karp from 1982 can produce

a solution with difference at most n—©ogn

), but no further improvement has been made since
then. We show a relationship between NBP and Minkowski’s Theorem. First we show that
an approximate oracle for Minkowski’s Theorem gives an approximate NBP oracle. Perhaps
more surprisingly, we show that an approximate NBP oracle gives an approximate Minkowski
oracle. In particular, we prove that any polynomial time algorithm that guarantees a solution

of difference at most 2v™ /2" would give a polynomial approximation for Minkowski as well

as a polynomial factor approximation algorithm for the Shortest Vector Problem.
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Chapter 1
INTRODUCTION

1.1 Deterministic Discrepancy Minimization

Discrepancy minimization is a classical area in combinatorial optimization that has attracted
a great deal of interest in recent years [6l, 7, 31, 45] . The multiplicative weights update method
has numerous applications in algorithm design, game theory and machine learning [4]. We
use this method to construct efficient deterministic algorithms to solve classical problems in

discrepancy theory.

1.1.1 A Constructive Version of Spencer’s Theorem

Given a collection of n elements and a system of m subsets of this collection, our goal is to
assign to each element one of two colors, represented by +1 and —1, so that each subset has
approximately the same number of elements colored +1 and —1.

More formally, let Sy, ...,S,, be subsets of [n] = {1,...,n}. We want to find a mapping

X [n] = {=11},

so that

is minimized. If we call )des X(J )‘ the discrepancy of S;, our goal is to find a coloring y

that minimizes the maximum discrepancy of the family. We call

Zx

min maX
x:[n]—={—-1,1} i€[m

the discrepancy of the family Si,...,Sn.



In the special case where the size of the set system equals the number of elements (i.e.
m = n), it is not hard to find a coloring x that gives a discrepancy of O (\/W) In fact, a
random coloring does the job: if we pick the color of each element independently by flipping
an unbiased coin, then standard concentration inequalities (e.g. Chernoff bounds) show that
the discrepancy of a fixed set S; is at most O (y/nlogn) with probability 1 — o (+). This
probability is large enough that we can easily take a union bound over the n subsets to show
that with high probability, a random coloring does indeed give a discrepancy of O (v/nlogn)
for the entire set system.

On the other hand, it is not hard to show that there exists a set system 5i,..., S, over n
elements such that the discrepancy is €(y/n). Such a system can be constructed explicitly;
a randomized construction where each subset is defined by picking every element j € [n]
independently with probability 1/2 also suffices.

Bridging the gap between the y/nlogn upper bound and /n lower bound remained open
until 1985, when Spencer [48]| published his groundbreaking paper Siz Standard Deviations
Suffice. This paper showed that in fact, there always exists a coloring x whose discrepancy is
O(y/n)—specifically, 61/n, hence the title of the paper. However, his result was nonconstruc-
tive; the proof of the existence of such a coloring relied on a pigeonhole principle argument
with exponentially many pigeons and holes.

A polynomial-time algorithm to obtain an O(y/n)-discrepancy coloring remained elusive
for the next 25 years. In his breakthrough work in 2010, Bansal [6] presented a polynomial-
time randomized algorithm based on a semidefinite programming (SDP)-based relaxation of
the original problem. (The algorithm was later derandomized in [§].)

Shortly afterwards, in 2012, Lovett and Meka [3I] presented an efficient randomized
algorithm that finds a low-discrepancy partial coloring: a point x € [—1,1|" with (n) many
coordinates equal to +1 or —1. Let K be the polytope defined by the (linear) inequalities
specifying that each subset has discrepancy at most O(y/n). Their algorithm found a partial
coloring by running a random walk in the polytope [—1,1]" N K; on hitting a face of the

polytope, the walk continues walking within that face by choosing increments orthogonal to



the normal to the face. By iteratively applying the algorithm log n times, it is easy to obtain
a full coloring in {—1,1}" with O(y/n) discrepancy. Unlike Bansal, Lovett and Meka were
able to show that their algorithm produced a low-discrepancy coloring without requiring
existential arguments.

In 2014, Rothvof [45] generalized these results even further, by presenting a simple al-
gorithm that produces a point in [—1,1]" N K with Q(n) many coordinates equal to +1 or
—1, where K is any convex set with Gaussian measure at least e"?™. Crucially, K is not
necessarily required to be a polytope; it suffices to have a polynomial-time separation oracle

for K.

Our Contribution: We present a deterministic polynomial-time algorithm to obtain
an O(y/n)-discrepancy coloring for a set system of size O(n) over n variables. We do this
by innovatively applying the multiplicative weights update method to obtain a partial

coloring under identical conditions as the theorem of Lovett and Meka. Formally, let

U1, ..., U, beunit vectors in R™ and A, ..., \,, satisfy
m
Z e M < O(n)
=1

Then we have a deterministic polynomial-time algorithm that finds a vector z € [—1,1]"
with
{7 € [n] + o] = 1} = Q(n),

and (x,v;) < \; for every i € [m].

To find the vector x, the algorithm executes a deterministic walk inside the hypercube
[—1,1]", freezing a coordinate j to either +1 or —1 if the walker hits the surface z; = 1 or
x; = —1 respectively. In other words, once the walker reaches a face of the hypercube, it
continues its walk within that face. The size of each step of the walker is bounded below in
most iterations, and each step is chosen to be orthogonal to the position vector of the current

location of the walker. This ensures that distance from the origin increases after every step;

since the walker never leaves the hypercube, this distance is bounded, ensuring that the total



number of steps is at most poly(n, 6%), where § = 1/poly(n) is the step size. Each iteration
itself takes time poly(n,m), because of which the algorithm as a whole is polynomial time.

For each constraint ¢ € [m|, we associate a weight, w; that changes every iteration. If
the walker walks in the direction of the hyperplane defining a constraint, the corresponding
weight increases by a multiplicative factor; if the walker walks away from the hyperplane,
the weight decreases. If the weight associated with a constraint is extremely high, this
indicates that the walker is in danger of crossing the associated hyperplane, and thus leaving
the polytope defined by the intersection of the hypercube and the halfspaces corresponding
to the discrepancy constraints. In such a situation, the walker simply walks orthogonal to
this hyperplane; we show that there are at most O(n) such heavy weights during any given
iteration.

Importantly, we define a potential function that is simply the sum of weights in a given
iteration. By carefully choosing the update step, the algorithm is designed to ensure that
with each iteration in the walk, the potential function does not increase. This ensures that
on average, the weights do not increase. As described in the previous paragraph, by walking
orthogonal to the constraints with especially heavy weights, we ensure that in fact each
individual weight is bounded. Since for every constraint i € [m], the associated weight is
bounded, the constraint is not violated; the discrepancy of the corresponding subset is at
most O(y/n). Finally, we run the algorithm until at least n/2 coordinates are frozen, giving

us a low-discrepancy partial coloring.

1.1.2  The Beck-Fiala Setting and Banaszczyk’s Theorem

A special case of the discrepancy problem is the so-called Beck-Fiala or sparse set setting.

As before, we are given subsets Sy, ..., S, of [n], and our goal is to obtain a coloring

X [n] = {=11},

whose discrepancy is as small as possible. However, in this setting, we restrict our attention

to set systems where each element j € [n] is in at most s subsets, for some s > 0.



A simple linear algebraic argument given by Beck and Fiala in 1981 [10] showed that
in this setting, one can find a coloring with discrepancy at most 2s — 1 = O(s). They
conjectured, however, that the discrepancy is in fact O (1/s).

In 1998, Banaszczyk [5] proved the existence of an O (\/m) -discrepancy coloring for
the Beck-Fiala setting. He showed that for any symmetric convex set K with Gaussian
measure at least (1) and matrix A € R™" with columns having [*>-norm at most O(1),
there exists a vector z € {—1,1}" with Az € K. To get an O (y/slogn)-discrepancy coloring
in the Beck-Fiala setting, we let row i of the matrix A be 1/4/s times the indicator vector of
the set i € [m] and let K be the cube [—y/logn, /Iogn]" and apply Banaszczyk’s theorem.
These results, however, were all nonconstructive.

Bansal’s 2010 paper [6] gave the first constructive proof for the existence of an O (y/slogn)-
discrepancy coloring in the Beck-Fiala setting. In 2016, Bansal, Dadush and Garg [7] elim-
inated a +/log n-factor by giving a polynomial-time randomized algorithm that produces a
coloring with O (y/slogn) discrepancy. Their algorithm is based on a random walk in a
polytope, and requires a semidefinite program (SDP) to be solved in every iteration to deter-
mine the next step in the walk. Unlike previous approaches, their algorithm did not require
iteratively applying a partial coloring lemma; instead, they ensured that progress was made

in coloring elements in every subset in each iteration.

Our Contribution: We give a polynomial-time deterministic algorithm based on the
multiplicative weights update method that produces an O (\/s log n) -discrepancy color-
ing in the Beck-Fiala setting. More generally, given an m x n matrix A whose columns

have [? norm at most 1, our algorithm outputs a vector z € {—1,1}" with

JAz] < O (/Iogn)

This is a special case of Banasczyk’s theorem, where the only convex set we consider
is a hypercube of side length €2 (\/log n) (It can be easily verified that this hypercube
has Gaussian measure (1), if the constants are chosen properly, so the hypotheses of the

theorem are satisfied.) The algorithm in [7] outputs such a vector in randomized polynomial



time. Our algorithm does so deterministically, and unlike the algorithm in [7], does not
require an SDP to be solved in every step of the walk.

It can also be seen that the desired coloring in the Beck-Fiala setting can be easily
produced by our algorithm. The matrix A that we choose has columns indexed by elements
J € [n] and rows indexed by subsets i € [m]. We set the element A;; := 1 if element j is
contained in subset ¢ and 0 otherwise. Since by assumption each element is contained in
at most s subsets, the [>-norm of each column is at most /s. Scaling the matrix down by
a factor of /s gives a matrix with columns having /?>-norm at most 1; we then apply our
algorithm to this matrix to output a vector x € {—1,1}". Since the discrepancy for the
scaled matrix is O (yv/logn), the original matrix has discrepancy O (v/slogn).

Our algorithm is based on a deterministic walk in the polytope obtained by intersecting
the cube [—1,1]™ with the polytope defined by the discrepancy constraints. As in the basic
setting — when there was no condition on the number of subsets containing each element — we
define a potential function that we then ensure never increases. The algorithm penalizes the
walker if a constraint comes close to being violated; however, the walker is also rewarded for
making progress coloring the elements in each individual set. As a consequence, we ensure

that we make progress coloring every subset.

1.1.3  Discrepancy Theory for Matrices

For a matrix A € R™" we use || A||op to denote its operator norm:

[Allop := max {|Az],.
l[z]l2=1
Let Ay, ..., A, be symmetric n X n matrices with ||A;||op < 1 for every i € [n]. Our goal

is to pick a vector of signs x € {—1,1}" so that || > ", ;A;||op is minimized. An application
of a matrix Chernoff bound shows that for a random assignment of signs = € {—1,1}", we
have || 37 2 4;|lop < O (v/nlogn) with high probability.

In fact, there is a deterministic algorithm based on the multiplicative weights update



method that produces z € {—1,1}" so that

n
g ;i A;
i=1

The algorithm picks x1, z9, . . . sequentially so that the trace of the exponential of the matrix A

A=

<0 (Valogn).

op

is bounded in every iteration; we do this using the Golden- Thompson inequalityff} Bounding
the trace of the (positive semidefinite) matrix exponential then gives a trivial upper bound
on each individual eigenvalue, and hence the matrix operator norm.

If, however, the matrices A; are diagonal (or simultaneously diagonalizable), an applica-

tion of Spencer’s theorem shows that there exists x € {—1,1}" so that

n
g z;A;
i=1

In 2014, Meka [37] conjectured that this should be true even when the matrices are not

<O (Vn).

op

diagonalizable; this has not been proven (or disproved) till date.
For an integer ¢ between 1 and n, we call a family of n X n matrices Ay, ..., A, q-block

diagonal if the matrices are simultaneously block diagonal with blocks of size at most ¢ X q.

Our Contribution: For a family Ay, ..., A, of n X n symmetric ¢-block diagonal ma-
trices with ||A;||op < 1 for all ¢, we have a deterministic polynomial-time algorithm based

on the multiplicative weights update method that produces x € {—1,1}" so that

S| <0 (vaoga).
=1

op

The algorithm, as before, is based on a deterministic walk in the hypercube [—1,1]™. The
potential function is written as the sum of separate potential functions for each of the ¢ x ¢
blocks. These in turn are written as the trace of the exponential of a matrix; as before,
we pick our update vector from a carefully chosen subspace and use the Golden-Thompson

inequality to bound the increase in the potential function.

!The Golden-Thompson inequality says that for symmetric matrices A and B, Tr(eAT8) < Tr(e? - €P)

(see, for example, [I1]).



This result can be thought of as interpolating between the previously known O (\/n log n)
discrepancy and Meka’s conjectured O (y/n) bound, and potentially represents progress in

proving the full bound.



1.2 Minkowski’s Theorem and Number Partitioning are Comparable

The number balancing problem is a variant of the number partitioning problem, a classical
problem in theoretical computer science with numerous practical applications [38]. The goal
is to partition a given set of numbers into two subsets, such that the sums of the numbers
in each subset are approximately equal. (These two subsets should not both be empty;
however, there may be elements that are in neither set.) The elements in the first subset can
be thought of as being assigned minus (—) signs and those in the second subset plus (+) signs;
the goal then is to minimize the absolute value of the signed sum. Formally speaking, given
a vector of numbers a = (a1, ...,a,) € [0,1]", we want to find a vector z € {—1,0,1}" \ {0}
so that |(z,a)| = |Y_I_, z;a;| is minimized.

A simple application of the pigeonhole principle can be used to show that there exists
an x € {—1,0,1}" \ {0} so that |(z,a)| < 5*5. A slightly refined argument gives us an
improved bound of | (z,a) | < O <‘2/—f?>

It is well-known, however, that finding a vector of signs x that minimizes | (x,a)| is
NP-hard. The best-known algorithm for the number partitioning problem that runs in poly-
nomial time is Karmarkar and Karp’s differencing algorithm from 1986 [24], that produces
a vector v € {—1,0,1}"\ {0} that satisfies | (x,a) | < n=OUosm),

Minkowski’s theorem, proved by Hermann Minkowski in 1889, is a fundamental result
from lattices and integer optimization. The simplest version states that if K C R” is a
symmetric convex set with vol(K) > 2", then K must contain at least one integer point

other than the origin, i.e. K N (Z"\ {0}) # 0 [36].

The proof of Minkowski’s theorem is elementary but nonconstructive; it relies on an
argument involving overlap between translated copies of the set K /2, and the number of such
copies we consider scales exponentially with the dimension n. Given a symmetric convex set
K with vol(K) > 2", actually finding a nonzero integer point in K is believed to be much
harder. It is known that even an approximate constructive version of Minkowski’s theorem

would provide an approximation algorithm for the shortest vector problem for lattices, which



10

in turn could be used to break lattice-based cryptosystems [2} [40].

Our Contribution: We show that an approximate oracle for Minkowski’s theorem
implies a good bound for the number partitioning problem, and that an approximate
oracle for the number partitioning problem implies a good constructive approximation

for Minkowski’s theorem.

1.2.1 Reducing Number Balancing to Minkowski’s Theorem

If we have a polynomial-time exact oracle for Minkowski’s theorem, obtaining a polynomial
time algorithm for the number balancing problem with an exponentially small bound is not

very hard. Given a vector of numbers
a:=(ay,...,a,) €1[0,1]",

one can show using elementary convex geometry that for some § = e~ the polytope
(=2,2)"N{x: |{a,x)| <}

has volume greater than 2. The Minkowski oracle can then be used to find a nonzero integer
point in this polytope, which must have entries in {—1,0,1}. This basic approach can be
made to work with (2 — €)-approximate oracles, for any € > 0, but cannot be pushed any
further.

If all we have is a p-approximate oracle for some p > 2, we can employ the same approach

to obtain a vector x with entries in
{=k,—(k—=1),...,(k—=1),k}

for some integer k > 2 so that (a,z) < §. We present a self-reduction that uses this to obtain

a vector x with entries in

(—k/2,—(k/2 — 1), ..., (k/2 — 1), k/2}.

(For the sake of notational simplicity, we assume for the moment that % is a multiple of 2.)
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The self-reduction proceeds as follows: we divide the set of numbers (ai,...,a,) into
subsets of size \/n. For a subset [, we find a number b; # 0 so that each of b, 20y, ..., kb, can

be expressed as a linear combination of numbers in subset | with coefficients only in

(—k/2,—(k/2 — 1), ..., (k/2 — 1), k/2}.

We then use our oracle on the numbers by,...,b 4 to find a y € {—k,.. ., k}‘/ﬁ with

vn
<b7 y> = Z blyl
=1

small. Since each summand can be expressed as a linear combination of (ay,...a,) with

coeflicients in
{=k/2,—(k/2—-1),...,(k/2—1),k/2},

we obtain a solution x with entries in this range.

1.2.2  Reducing Minkowski’s Theorem to Number Balancing

Given a polynomial-time oracle for number balancing, we present a polynomial-time algo-
rithm for a constructive approximate version of Minkowski’s theorem. The basic idea is
described in the following paragraphs.

First, any symmetric convex body K can be approximated up to a small polynomial
factor by an ellipsoid, a result known as John’s theorem. If K is a polytope, this ellipsoid
approximates K up to a factor of v/n and can be computed in time polynomial in n and the
number of facets. (If K is given by a separation oracle, we can only approximate K with an
ellipsoid up to a factor of n in polynomial time.) We may hence assume that the body K is
an ellipsoid.

Next, we may also assume that the ellipsoid we consider is well-rounded, which means that
the lengths of the axes are bounded. We show that this follows from lattice basis reduction,
a process where we find a unimodular map that transforms the ellipsoid to a well-rounded
one while mapping the integer lattice Z" to itself. Since unimodular maps preserve volumes,

the transformed ellipsoid has the same volume as the original one.
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We show that given a number balancing oracle with output smaller than some factor 9,
we can apply this oracle simultaneously on all the axes of the well-rounded ellipsoid to obtain
a nonzero point x € Z" that has small inner product with the vectors defining each of the
axes. Since all the inner products are sufficiently small,  must lie inside the ellipsoid, upto

a polynomial scaling factor.
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Chapter 2
DETERMINISTIC DISCREPANCY MINIMIZATION

2.1 Introduction

The classical setting in (combinatorial) discrepancy theory is that a set system Sy, ...,S,, C
{1,...,n} over a ground set of n elements is given and the goal is to find bi-coloring x :
{1,...,n} — {£1} so that the worst imbalance max;_; __,, |x(S;)| of a set is minimized.

Here we abbreviate x(5i) :== > _;cq. X(4)-

A seminal result of Spencer [48] says that there is always a coloring x where the imbalance
is at most O ( n- 10g(2m/n)> for m > n. The proof of Spencer is based on the partial
coloring method that was first used by Beck in 1981 [9]. The argument applies the pigeonhole

principle to obtain that many of the 2" many colorings x, x’ must satisfy

X(S) =X (8)] < O (v/n-Tog2m/n))

for all sets S;. Then one can take the difference between such a pair of colorings with
{7 | x(4) # X'(4)}] = 5 to obtain a partial coloring of low discrepancy. This partial coloring
can be used to color half of the elements. Then one iterates the argument and again finds
a partial coloring. As the remaining set system has only half the elements, the bound in
the second iteration becomes better by a constant factor. This process is repeated until
all elements are colored; the total discrepancy is then given by a convergent series with
value O ( n -log(2m/ n)) More general arguments based on convex geometry were given
by Gluskin [19] and by Giannopoulos [18], but their arguments still relied on a pigeonhole
principle with exponentially many pigeons and pigeonholes and did not lead to polynomial
time algorithms.

In fact, Alon and Spencer [3] even conjectured that finding a coloring satisfying Spencer’s
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theorem would be intractable. In a breakthrough, Bansal [6] showed that one could set up
a semi-definite program (SDP) to find at least a vector coloring, using Spencer’s Theorem
to argue that the SDP has to be feasible. He then argued that a random walk guided by
updated solutions to that SDP would find a coloring of discrepancy O(y/n) in the balanced
case m = n. However, his approach needed a very careful choice of parameters.

A simpler and truly constructive approach that does not rely on Spencer’s argument was
provided by Lovett and Meka [31], who showed that for 2(®) € [~1,1]", any polytope of the
form

P={zel[-1,1]": |<U¢,x—x(0)>‘ <\ Vi € [m]}

contains a point that has at least half of the coordinates in {—1,1}. Here it is important
that the polytope P is large enough; if the normal vectors v; are scaled to unit length, then

the argument requires that

—A2/16 o
Ze < 16"

i=1

©) and stay inside any

Their algorithm surprisingly simple: start a Brownian motion at x
face that is hit at any time. They showed that this random walk eventually reaches a point
with the desired properties.

More recently, the Rothvof [45] provided another algorithm which simply consists of
taking a random Gaussian vector x and then computing the nearest point to z in P. In
contrast to both of the previous algorithms, this argument extends to the case that P =
Q N [—1,1]" where @ is any symmetric convex set with a large enough Gaussian measure.

However, all three algorithms described above are randomized, although Bansal and
Spencer [8] could derandomize the original arguments by Bansal. They showed that the ran-
dom walk already works if the directions are chosen from a 4-wise independent distribution,
which then allows a polynomial time derandomization.

In our algorithm, we think of the process more as a multiplicative weight update procedure,

where each constraint has a weight that increases if the current point moves in the direction

of its normal vector. The potential function we consider is the sum of those weights. Then
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in each step we simply need to select an update direction in which the potential function
does not increase.

The multiplicative weight update method is a meta-algorithm that originated in game
theory but has found numerous recent applications in theoretical computer science and ma-
chine learning. In the general setting one imagines having a set of experts (in our case the set
constraints) that are assigned an exponential weight that reflects the value of the gain/loss
that expert’s decisions had in previous rounds. Then in each iteration one selects an update,
which can be a convex combination of experts, where the convex coefficient is proportional
to the current weight of the expertl] We refer to the very readable survey of Arora, Hazan

and Kale [4] for a detailed discussion.

2.1.1 Related work

If we have a set system Si,...,S5,, where each element lies in at most ¢ sets, then the
partial coloring technique described above can be used to find a coloring of discrepancy
O (\/f -log n) [50]. A linear programming approach of Beck and Fiala [10] showed that the
discrepancy is bounded by 2¢t—1, independent of the size of the set system. On the other hand,
there is a non-constructive approach of Banaszczyk [5] that provides a bound of O (v/#logn)
using convex geometry arguments. Only very recently, a corresponding algorithmic bound
was found by Bansal, Dadush and Garg [7]. A conjecture of Beck and Fiala says that the
correct bound should be O (\/E) This bound can be achieved for the vector coloring version,
see Nikolov [43].

More generally, the theorem of Banaszczyk [5] shows that for any convex set K with
Gaussian measure at least 1 and any set of vectors vy, . .., vy, of length ||v;|| < 1, there exist
signs ¢; € {£1} so that X" gv; € K.

A set of k£ permutations on n symbols induces a set system with kn sets given by the

prefix intervals. One can use the partial coloring method to find a O(\/E logn) discrepancy

'We should mention for the sake of completeness that our update choice is not a convex combination of
the experts weighted by their exponential weights.
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coloring [49], while a linear programming approach gives a O (klogn) discrepancy [13]. In
fact, for any k£ one can always color half of the elements with a discrepancy of O(\/E) — this
even holds for each induced sub-system [49]. Still, [41] constructed 3 permutations requiring
a discrepancy of ©(logn) to color all elements.

Also the recent proof of the Kadison-Singer conjecture by Marcus, Spielman and Srivas-
tava [33] can be seen as a discrepancy result. They show that a set of vectors vy, ..., v, € R"

with Z:’il Uﬂ)iT = [ can be partitioned into two halves Sp, S5 so that
1

for j € {1,2} where ¢ = max;—;__n{||v:[|3} and I is the n x n identity matrix. Their
method is based on interlacing polynomials; no polynomial time algorithm is known to find
the desired partition.

For a symmetric matrix A € R"™ let ||Al|o, denote the largest singular value; in
other words, the largest absolute value of any eigenvalue. The discrepancy question can be

generalized from sets to symmetric matrices Ay, ..., A, € R™™ with ||4;|lop < 1 by defining

disc({A1,...,A,}) ;== min inAi cxe{-1,1}"
i=1

op

Note that picking 0/1 diagonal matrices
A, = diag(Ls,)

would exactly encode the set coloring setting. Again the interesting case is m = n; in contrast
to the diagonal case it is only known that the discrepancy is bounded by O (W),
which is already attained by a random coloring. MekaP| conjectured that the discrepancy of
n matrices can be bounded by O(y/n).

For a very readable introduction into discrepancy theory, we recommend Chapter 4 in

the book of Matousek [35] or the book of Chazelle [14].

2See the blog post
https://windowsontheory.org/2014/02/07/discrepancy-and-beating-the-union-bound/.


https://windowsontheory.org/2014/02/07/discrepancy-and-beating-the-union-bound/
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2.1.2  Our contribution

Our main result is a deterministic version of the theorem of Lovett and Meka:

Theorem 1. Let vy,...,v, € R unit vectors, 20 € [~1,1]" be a starting point and let
Al > ... > A\pn > 0 be parameters so that

T n
—A\7/16) < —.
2 ew(-X/16) < 55

Then there is a deterministic algorithm that computes a vector x € [—1, 1] with
<UZ‘,ZE — lL‘0> S ]_1)\Z
for all i € [m] and |{i : x; = £1}| > %, in time O(min{n*m, n*mA}}).

By setting \; = O(1) this yields a deterministic version of Spencer’s theorem in the

balanced case m = n:

Corollary 2. Given n sets over n elements, there is a deterministic algorithm that finds a

O (y/n)-discrepancy coloring in time O(n?).

Furthermore, Spencer’s hyperbolic cosine algorithm [47] can also be interpreted as a mul-
tiplicative weight update argument. However, the techniques of [47] are only enough for a
O ( n 10g(n)> discrepancy bound for the balanced case. Our hope is that similar arguments
can be applied to solve open problems such as whether there is an extension of Spencer’s
result to balance matrices [52] and to better discrepancy minimization techniques in the
Beck-Fiala setting. To demonstrate the versatility of our arguments, we show an extension
to the matrix discrepancy case.

We say that a symmetric matrix A € R™*™ is g-block diagonal if it can be written as
A = diag(By, ..., Bm/q),

where each B; is a symmetric ¢ X ¢ matrix.
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Theorem 3. For given g-block diagonal matrices Ay, ..., A, € R™™ with ||A;||,, < 1 for

i=1,...,n one can compute a coloring x € {—1,1}" with

inAi <0 ( nlog <2q_m>>
i=1 op n

deterministically in time O(n® + n*m3).

Finally, we can also give the first deterministic algorithm for the result of Bansal, Dadush

and Garg [7].

Theorem 4. Let A € R™*" be a matrix with ||A7||; < 1 for all columns j =1,...,n. Then

there is a deterministic algorithm to find a coloring x € {—1,1}" with

JAz] < O (/logn)
in time O(n?®log(n) - (m + n)).

While [7] need to solve a semidefinite program in each step of their random walk, our
algorithm does not require solving any SDPs. Note that we do not optimize running times
such as by using fast matrix multiplication.

In the Beck-Fiala setting, we are given a set system over n elements, where each element
is contained in at most ¢ subsets. Theorem [4| then provides the first polynomial-time deter-
ministic algorithm that produces a coloring with discrepancy O(y/tlogn); we simply choose
the matrix A whose rows are the incidence vectors of members of the set system, scaled by
1/t

We present the proof of Theorem [3|in Section [2.4]
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2.2 The algorithm for partial coloring

We will now describe the algorithm proving Theorem . First note that for any \; > 2y/n
we can remove the constraint (v;, z — xg) < A;, as it does not cut off any point in [—1, 1]™.

Thus we assume without loss of generality that
2n >\ > > X, > 0.

Let

1
0:=—
A1

denote the step size of our algorithm. The algorithm will run for O(n/d?) iterations, each of
computational cost O(n?m). Note that § = O(1//n) so the algorithm terminates in O(n?)

iterations. The total runtime is hence
O(n*m - n/8%) = O(n*mA?3) < O(n*m).
For a symmetric matrix M € R™"™ we know that an eigendecomposition
n
T
M = Z ittt
j=1
can be computed in time O(n?). Here

pj = i (M)

is the jth eigenvalue of M and
uj = u;(M)

is the corresponding eigenvector with |lu;||s = 1. We make the convention that the eigenval-

ues are sorted as 1 > ... > u,. The algorithm is as follows:
(1) Set weights w® = exp(—A2) for all i = 1,...,m.

(2) FOR t =0 TO oo DO
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(3) Define the following subspaces

o Ul(t) :=span{e; : —1 < x§t) <1}
o U = {z eR"| (z,20) =0}

o UV = {x e R" | (vj,2) = 0Vi € I®}. Here I C [m] are the |[I?V] = 16
(t)

i

o U= {z eR" | (v;,z) =0 Vi with ; < 1}
o U\ = {zeR"| (z, 30, A - exp <_@> vi) =0}
° Uét) = span{uj(M(t)) : i—gn < j < n}, for M® = D i wz(t))‘zzvi”z'T-

e U =U" . .Ul

indices with maximum weight w

(4) Let 2 be any unit vector in U®

(5) Choose a maximal a® € (0, 1] so that ® + 6 - y® € [~1,1]" with y® = a® 21,

(6) Update w"™™" :=w” - exp(\; - & - (v;,y®)) - exp (_46??)

(7) Let AW :={jen]:-1< xgt) < 1} If |JAW| < 2, then set T :=t and stop.

The intuition is that we maintain weights wgt) for each constraint ¢ that increase exponen-
tially with the one-sided discrepancy <vi, z® — x(0)>. Those weights are discounted in each
iteration by a factor that is slightly less than 1 — with a bigger discount for constraints
with a larger parameter ;. The subspaces Ul(t) and Uz(t) ensure that the length of x® is

monotonically increasing and fully colored elements remain fully colored.

2.2.1 Bounding the number of iterations

First, note that if the algorithm terminates, then at least half of the variables in 2() will be
either —1 or +1. In particular, once a variable is set to %1, it is removed from the set A®
of active variables and the subsequent updates will leave those coordinates invariant.

First we bound the number of iterations. Here we use that the algorithm always makes a
step of length § orthogonal to the current position — except for the steps where it hits the

boundary.
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Lemma 5. The algorithm terminates after T' = O(sz) iterations.

Proof. First, we can analyze the length increase

293 = 1|2® + 6 - y @13

= [lz]3 + 20 (2©, y) +6%(|y|3,
=0

using that y® € UQ(t). Whenever a® = 1, we have
=D > [0+ o

It happens that oY < 1 at most n times, simply because in each such iteration |A®| must
decrease by at least one. We know that () € [—1,1]".

Now suppose for the sake of contradiction that

2n
T > 2
Then

|23 > (T =n)-6* > n,
which is impossible. We can hence conclude that the algorithm will terminate in step (7)

after at most 22 iterations. O

2.2.2  Properties of the subspace U

One obvious condition to make the algorithm work is to guarantee that the subspace U®

satisfies dim(U®) > 1. In fact, its dimension will even be linear in n.

Lemma 6. In any iteration t, one has dim(U®) >

00|3

Proof. We simply need to account for all linear constraints that define U® and we get

dim(U®) > |AD| — 10| —|{i : )\<1}|———2

v
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assuming that n > 16. O

Another crucial property will be that every vector in U® has a bounded quadratic error

term:

Lemma 7. For each unit vector y € U® one has

y<—Zw )\2

Proof. We have Tr[v;v]] = 1 since each v; is a unit vector, hence

Tr[M®)] Zw D \2Tr[v0]]

- (1) \2.
; wz )

Because M is positive semidefinite, we know that s, ..., u, > 0, where p; := p;(M®) is
the jth eigenvalue.

By Markov’s inequality at most a 1= fractlon of eigenvalues can be larger than 16 Tr[M (t)].
The claim follows as U6 is spanned by the n eigenvectors v; (M )} belonging to the smallest
eigenvalues, which means

Tr[M W)

16
M < —
n

forjz}—én,...,n. 0

2.2.8  The potential function

So far, we have defined the weights by iterative update steps, but it is not hard to verify

that in each iteration ¢ one has the explicit expression

462
wz@ = exp ()\i<vi,x(t) - x(0)> — A7 (1 +1- 7)) (2.1)

Inspired by the multiplicative weight update method, we consider the potential function
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that is simply the sum of the individual weights. At the beginning of the algorithm we have

20 =3 wl” = Y exp(-A2/16) <
i=1 =1

using the assumption in Theorem [1} Next, we want to show that the potential function does
not increase. Here the choice of the subspaces Uét) and Uét) will be crucial to control the

error.

Lemma 8. In each iteration t one has ®tt1) < e,

2A2

Proof. Let us abbreviate p; := exp (—45 : ) as the discount factor for the ith constant. Note

n
26272
n

that in particular 0 < p; <1 and p; <1 — . The change in one step can be analyzed as

follows:

m m

L G - sz(tﬂ) - sz@ " €Xp ()\i5<vi’y(t)>) P

i=1 i=1

A
A

ngt) . (1 + )\i5<vi, y(t)> + )\?52<'Uia y(t)>2> " Pi
i=1

- Z w - p; +0 < Z )\iwz(t)piviu y(t)> +0° Z w'\? pi (vi, y(t)>2
i=1 _i=l i=1 o

_ <1

'

=0 since y(*) EUét)

< sz(t) Cpi+ 6% (y(t))TM(t)y(t) < sz@ i+ 52? Zwlﬁ))\?
i=1

1=1 i=1

(k) m
< ngt) = o).
=1

In (%), we use the inequality e* < 1+ x + 22 for |x| < 1 together with the fact that
b (v, y D) | < X6 < 1. In (%) we bound (y)T MOy using Lemma In (x * %) we
finally use the fact that p; + 2262 < 1. O

Typically in the multiplicative weight update method one can only use the fact that

maX;e(m) wlgt) < ®® which would lead to the loss of an additional v/log n factor. The trick in

®)

our approach is that there is always a linear number of weights of order max;epy) wit since

the updates are always chosen orthogonal to the { constraints with highest weight.
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Lemma 9. At the end of the algorithm, max{wZ(T) i€ [m]} <2

(T)

Proof. Suppose, for contradiction, that w;”’ > 2 for some 7. Let t* be the last iteration when

@ was not among the {¢ constraints with highest weight. Then

2 <w§T) _ (t*+1) w) . exp()\ -0 - <Ul, (t)>)'

Z

~~

<e

(") 2 : : * n 2 n L b
and hence, w; ’ > #. This would imply that o) > 16 * = > 35, contradicting Lemma . O

o

Lemma 10. IwaT) < 2, then (v;, 2™ — 2) <11,

Proof. First note that the algorithm always walks orthogonal to all constraint vectors v; if

A; <1 and in this case (v;, 2™ — 2(®) = 0. Now suppose that A; > 1. We know that

: 52
ng) A exp ()\i : <vi,x(T) - I(O)> — A7 ( +4-T- —>> <2.

n =

Taking logarithms on both sides and dividing by \; then gives

log(2 52
(v ® — 20y < 183 L\ (1+47% ) <1
i n
~—
<2 <2
This lemma concludes the proof of Theorem m

2.2.4 Application to set coloring

Now we come to the main application of the partial coloring argument from Theorem [I]

which is to color set systems:

Lemma 11. Given a set system Si,...,S, C [n], we can find a coloring v € {—1,1}" with

| ZjeSi z;| <O (w /nlog ) for every i deterministically in time O(n mlog( ))

Proof. For a fractional vector x, let us abbreviate

= |2

JES

disc(S, x)




25

as the discrepancy with respect to set S. Set (®) := 0. For s = 1,...,log,(n) many phases
we do the following. Let

A®) =lien]: —1< xgs_l) <1}

be the not yet fully colored elements. Define a vector

1

V; = ———=1g.A40
‘A(S)’ SiNA

of length [|v;]]o < 1 with parameters

2m
No=C log(’As)|)

Then apply Theorem [1|to find 2(*) € [—1, 1] with

disc(S;, z®) — 26Dy <O <\/|A )| log |AS|>>

such that xl( o) = :c ) for i ¢ A®). Since each time at least half of the elements get fully

colored we have |A®)| < 27~Yn for all s. Then

g o= glosn) ¢ {1 1}"

disc(S;, ) < ZO <\/ (5= log (Q_%W;L)n») < O(«/nlog(%))

s>1

and

using that this convergent sequence is dominated by the first term.

In cach application of Theorem [1j one has § > Q(1/4/log(22)). Thus phase s runs for

0(2=¢"Yn/5%) =0 <2 s“Unlog (Qm))
n

iterations, each of which takes O((2=¢~Yn)2m) time, for a total runtime of

0 <(2_(S_1)n)3mlog (%m))

in phase s. Summing the geometric series for s = 1,...,log, n results in a total running time

of O(n*mlog(22)). O

By setting m = n in Lemma [I1], we obtain Corollary [2]
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2.3 DMatrix balancing

In this section we prove Theorem |3, We begin with some preliminaries.
For matrices A, B € R™*", let
n n
AeB = ZZAU Bz]
i=1 j=1
be the Frobenius inner product.

Recall that any symmetric matrix A € R™*" can be written as

n
A= E g
J=1

where p; is the eigenvalue corresponding to eigenvector u;.

The trace of A is
Tr[A] = ZAii = Zuj
i=1 j=1

and for symmetric matrices A, B one has Tr[AB] = A e B.

If A has only nonnegative eigenvalues, we say that A is positive semidefinite and write
A = 0. Recall that A = 0 if and only if y” Ay > 0 for all y € R™.

For a symmetric matrix A, we denote pimax = max{p; : j = 1,...,n} as the largest
Eigenvalue and || A||op := max{|u;| : j = 1,...,n} as the largest singular value.

Note that if A > 0, then |A e B| < Tr[A] - || B|lop- If A, B > 0, then A e B > (. Finally,
note that for any symmetric matrix A one has A% := AA = 0.

From the eigendecomposition A = 2?21 ujujujT, one can easily show that the maximum

singular value also satisfies

[Allop = max{[|Ayllz : [lyll2 = 1}

and

| Allop = max{|y" Ay| : ||yl = 1}.



27

For any function f : R — R we define

n

FOA) = fluy)uju]

j=1
to be the symmetric matrix that is obtained by applying f to all Eigenvalues. In particular,

we will be interested in the matriz exponential
exp(A4) = Z efujul.
j=1
For any symmetric matrices A, B € R™*", the Golden-Thompson inequality says that
Trlexp(A + B)] < Trlexp(A) exp(B)].

(It is not hard to see that for diagonal matrices one has equality.) We refer to the textbook

of Bhatia [I1] for more details.

Theorem 12. Let A;,..., A, € R™™ be g-block diagonal matrices with ||A;||,, < 1 for
i =1,...,m and let 9 € [—1,1]" be a starting point. Then there is a deterministic

algorithm that finds an x € [—1, 1] with

|3t = 0f o (22))

in time O(n® + n*m?®). Moreover, at least % coordinates of x will be in {—1,1}.

Our algorithm computes a sequence of iterates (9, ... z(™) such that (™) is the desired

1

vector x with half of the coordinates being integral. In our algorithm the step size is § = NG

and we use a parameter € = % to control the scaling of the following potential function:
n

o) = Tr[exp (5 i(xl(t) — 2. A,L)]

1=
Suppose B;; € R7*? are symmetric matrices so that A; = diag(B;1, ..., Bim/q). Then

we can decompose the weight function as

003 0
k=1
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with

n

<I>,(f) = Tr[exp <€ Z(a:l(-t) - xgo))Bi,kﬂ .

i=1
In other words, the potential function is simply the sum of the potential function applied
to each individual block.

The algorithm is as follows:
(1) FOR t =0 TO oo DO

(2) Define weight matrix W® := exp(e Y0, (z\” — 2 4))

7

(3) Define the following subspaces

Ul .= span{e; : —1 < xét) <1}

U = {x e R | (z,2) =0}

Uét) ={z e R" | 30 ;B = 0 Vk € IU}. Here I) C [m] are the

IRIEEX 2 indices k& with maximum weight (IDS).
U = {e eR" | X @i (WO e A) = 0}

(t) - : :
e U;" is the subspace defined in Lemma , with £ = 16.

e UL .=UP ... nUY

(4) Let 2 be any unit vector in U®.
(5) Choose a maximal o) € (0,1] so that z® +4-y® € [~1,1]", where y*) = o) 2(®).

(6) Let AW :={jen]:-1< xgt) < 1} If |JAW| < 2, then set T :=t and stop.

The analysis of our algorithm follows a sequence of lemmas. First, by exactly the same
arguments as in Lemma We know that the algorithm terminates after T' < g—? iterations.

Each iteration can be completed in time O(n?m? + n®) (c.f. Lemma[14).

Lemma 13. In each iteration t one has dim(U®) >

13
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Proof. We simply need to account for all linear constraints that define U® and we get

dim(U®) > [AD] - 10— 2 — 2
—~—— = 16 ~~
(t) ®) ~~~ U(t) U(t)
Uy U, Uét) 2 4
n n n
> - —— ¢ —— =2
=2 162 1 16
n
> R
4
assuming that n > 16. O

To analyze the behavior of the potential function, we first prove the existence of a suitable

subspace Uét) that will bound the quadratic error term.

Lemma 14. Let W € R™™ be a symmetric positive semidefinite matrix, let Ay,..., A, €
R™*™ be symmetric matrices with ||A;||,p < 1 and let k > 0 be a parameter. Then in time

O(n*m?®+n?) one can compute a subspace U C R™ of dimension dim(U) > (1 — +)n so that
i 2
We (ZyiA,-) < k- TH{W] Vye U with |yl = 1. (2.2)
i=1

Proof. Let M € R™™ be the matrix with entries M;; := W o A;A; for all i,j € [n]. First

note that the matrix M is symmetricﬂ, because

Now, for any y € R™, (3°1, yiAZ-)2 is symmetric and positive semidefinite and hence
n n 9
y' My = Z yiy;(W e A;Aj) =W e (Z?Jiz‘h) >0,
ij=1 i=1
proving that M is positive semidefinite.

Consider the eigendecomposition

n

T

M = E Mi UiU;
=1

30ne has to be careful as the product A;A; is in general not symmetric, even if A; and A; are symmetric.



where p; > 0. Define the subspace

U :=span{u;: u; < KTr[W]}.

30

The desired inequality (2.2) follows immediately from the definition of U. All that remains

is to verify that dim(U) > (1 — 3)n. Since y; > 0 we may apply Markov’s inequality to

deduce that

Tr[M]

#{i: > k- Te[W]} < T

n
§_7
k

where in the second inequality we have used the bound

Tr[M] = ZM“ = ZWOA? <n-Tr[W].
i=1

=1

Hence

as desired.

Finally, to bound the running time, we observe that computing M takes time O(n*m?)

and the eigendecomposition of M can be computed in time O(n?).

Again, we bound the increase in the potential function:

Lemma 15. In each iteration t, one has ®+1) < (1 + 16¢26%) - d®).

]
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Proof. We estimate that

o) — Ty :exp (5 Z(xz(t+1) - ;1:50))141)}
= Tr :exp (5 Z(wgt) — mgo))Ai +ed Z ygt))}
_ O Oy 4 ~ 0y
Tr | exp <5 z:(xZ x; ) Al> exp <55; Y; Alﬂ

=W ()

W® eexp (5(5 Z yZ@ Ai>
i—1

—
*
~

IA

() n n 9
< WO (14 Yy 2R (2 u04))

i=1 i=1

n n 9
= ) ®) ) 4. 262 () (t) 4
= W OI+55<W 'Z?Ji Al>+€5 (W 0<Zyi AZ>>
=) N i=1 o i=1 |

=0 sincez(i)eUit) <16-Tr[W ®)]
(k)
< oM. (1 +16:%62).

In () we use the Golden-Thompson inequality. In (%) we use that exp(X) < I + X + X?

for any symmetric matrix X with || X||o, < 1 together with the triangle inequality
<63 1] [ Aillop < £6n = 1.
» i=1

552n: %(t)Az‘
i=1 0

In (%) we use Lemma |14 and the fact that y® € U", O

This gives us a bound on the potential function at the end of the algorithm.
Lemma 16. At the end of the algorithm, ®™) < m - exp(32¢%n).

Proof. Since

O = Tr[exp(0)] = Tx[I] = m,

we get that
D < m - (1416267 < m - exp(32en),
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using the fact that T' < %—Z. O
no (1) 0y 4 ) = 2gm
Lemma 17. We have fiyax (Zi:1(95 x;) A2> =0 ( nlog(=£ ))

Proof. Let

Hmax ‘= Hmax (Z(IZ(T) - 'TEO)) : Az) .

i=1
Suppose the eigenspace corresponding to fimax lies in block k, for some k € {1,...,m/q}. Let

t* be the last iteration when k& was not among the n/(16¢?) indices with maximum weight.

We then have

(I)](CT) PNCERY

k
= Tr[exp (8 Z(Igt*) + 5%@*) — xgo))Bi,kﬂ
i=1
(+) LI ~
< Tr [exp (8 Z(:L‘Et ) xz('O))Bi,k> exp ( - 552 yi(t )Bi,k> ]
i=1 i=1
el (x0)
S € q)](gt*)a

where in (%), we use the Golden-Thompson inequality. In (%) we have used the bounds

| Bikllop < [|Aillop < 1 and |yft*)| < 1 together with the triangle inequality to deduce that

op

Hence
164> 16eq?

n

eShmax < (I)l(cT) <e- q)’(f*) <e- oM < -mexp(322n).

Then taking logarithms and dividing by ¢ gives

1 16eq?
Mmaxﬁ—-log( a m) —|—325n=0< nlog <@>>,
€ n n

where in the final inequality we have used that ¢ = w. O



33

These lemmas put together give us Theorem [I2} an algorithm that yields a partial
coloring with the claimed properties. We run the algorithm in phases to obtain Theorem [3]

by boosting the partial coloring to a full coloring using a similar technique as in Lemma [T}

Proof of Theorem[3 Set 2 :=0. For s = 1,...,log,(n) many phases we do the following.
Let
J& . ={iehn]:-1< xgs_l) <1}

be the not yet fully colored elements. Apply Theorem [12to find 2(*) € [~1,1]" with

- 2
R R (T

i€ J(s) op

and such that xf ) = x ) for all 4 ¢ J©). Since each time at least half of the elements get

fully colored we have |J)| < 27¢=Un for all s. Then z := z°€2™ € {—1,1}" and

ZO<\/2 =Dnlog (%)) :O< nlog(qu)>

using that the sum of a subgeometric sequence is dominated by its first term. Phase s has

)

a running time of O((276~Yn)® + (27¢"Yn)4m?) and summing this geometric series over

s=1,...,logyn yields a total runtime of O(n® + nim?). O
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2.4 Discrepancy minimization for matrices with bounded column length

In this section we prove Theorem Fix a matrix A € R™" with ||A7]|; < 1 for each
column j = 1,...,n. Recently Bansal, Dadush and Garg [7] gave the first polynomial time
algorithm to find a coloring z € {—1,1}" with ||Az||, < O(y/logn). Their method is based
on a random walk, where the random updates in each iteration are chosen using a semidefinite
program that has to be re-solved each time.

We show that instead a deterministic walk can be used, guided by a suitable exponential
potential function. The update directions will be chosen from the intersection of subspaces
satisfying certain constraints; no SDP has to be solved in our method. We should also
mention that the more general non-constructive result of Banaszczyk [5] even guarantees
signs x so that Az € 5- K, where K is any convex body with Gaussian measure at least 1/2.

In this section, let C' > 0 be a sufficiently large constant. For a row i with [|4;[3 < £,
any coloring x will satisfy

| (Aiy ) [ < [[Adllz - [lefl2 < 1

and we can safely remove such a row. From now on we can assume that

1
Al? > =
il > —

and hence m < n?.

Note that it also suffices to find an z € {—1,1}" satisfying the one-sided error

(A;,x) < O(y/logn)

as one can simply stack \%A and —%A together.
Next, replace each row A; with two rows: one row is the light row containing all entries

of size
1

 —
= C?y/logn

and the other row is the heavy row whose only nonzero entries have size

1
|AZ]| > .
C?y/logn

| Asj
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After this modification, we abbreviate the indices as

1
Lijgnt := %1 € A o € ——m—=
= {1 € ] Al < g b
and

) 1
]heavy = {'l - [m] . ||Az||oo > 6'2—\/@} .

As in the previous settings, our algorithm will compute a sequence
2O 2™ e [-1,1]n,

starting at #(%) = 0 so that the final point (") has coordinates only in {—1,1}.
For the point 2(Y € [~1,1]" and some parameters a, 3 > 0 that we specify later, we

define a potential function

oM .= Z wgt)

1€ Night

with
w® = exp (a (A;, ) + Bmin {C, > (- (232 Afj}).
j=1

Here the quantity

n

L(i,x) =Y (1—a3)- A}

j=1
can be interpreted as the effective length of row i with L(i,0) = ||A;||3 and L(i,z) = 0, if
ze {11}

The intuition behind the algorithm is as follows: at the beginning one has z(¥) = 0 and
the whole weight of the potential function comes from the g-term. Then in the course of
the algorithm the weight is transferred from the -term to the a-term until all elements are
colored and the effective length of all constraints is 0. In fact, if 3 > Q(a?), we show that
the potential function is nonincreasing.

To keep the notation readable, for vectors x,y € R™ we write (x o y) € R™ for the vector

T

with components (x o y); := x; - y; and 2°? := x o z. Moreover, z®? := zz’ is the tensor

product.
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As before, we find an update vector in each iteration so that the potential function does
not increase, by choosing it from the intersection of certain subspaces. We postpone some
linear algebra arguments till Section [2.4.2]

We use the following algorithm:

(1) Set (9 := 0 and A®) := [n].
(2) FOR t =0 TO T DO
(3) Let I := {i € Lygw | L(i,2W) < C} U {i € Iheavy | > jeaw A3 < C}. Define the

subspaces

o U\ :=spanfe; | j € AD} CR"

o UV = {zeU"| (z,2) =0}

o U = {2 cU" | (x,A) =0Vig IV}

o Uy = {z ety | <Z¢em wz(t)Aial’> =0}

« UV = {z UM | <ZZEM w® - (A2 0 2 ), x> — 0}

« U C Uy with Yicpww (4i2)" <
dim(Uét)) > BIAD| (see Sec. [2.4.2

o U € U with dim(U") > 2]A0| and 3=,y wi” (452 0 2, 2)” < L 577
for all x € Uét) (see Sec. 2.4.2)

e UV =U"n. .Ul

22A2 for all z € U and

—lﬁa2 ]1]

2A2

]1J

(4) Let 2 be any unit vector in U®
(5) Choose a maximal o) € (0, 1] so that 2+ := 2 45.y® € [1,1]" with y®) = a® 2,
(6) Let AW :={jen]:-1< xét) < 1}. If |A®| < O, then set T :=t and stop.

Technically speaking, the final point 2(*) still has a constant number of entries not in {—1, 1}
— these entries can be rounded arbitrarily. The first step is to guarantee that the subspace

U® is indeed non-empty in each iteration:

Lemma 18. In each iteration t, we have dim(U®) > 1| AW| if C is chosen large enough.



37

Proof. Observe that for i € Ly, \ 1Y,

>z 3 -6

JEA®) JEA®)
= Z(l - (xg»t))2)A2
j=1

= L(i,z)
> C,

and hence Y., A7 > C holds for all i ¢ IV, Now, since the [*-norm of each column A’

is at most 1, we have

A= >0y A =D > A

FEAW® i€[m] i€[m] je A®
\‘,_./
>y Z AL > C(m — |[I17]).
igI(®) jeA®)
>C

Hence, codim(UQ(t)) < |A®|/C. We can hence bound

A® A®) A®) A®)
dim(U(t>)z|A(t>|—‘ AT ’—(1+1+1)z| ‘,
—— C 16 16 —_—— 2
vg” (t) ®) o oo
us Ut U Ts Y4
if C' is chosen large enough. O]

As before, one always has ||+ |2 > ||2®||2 and in each but at most n iterations one
has [|zT||2 = ||[2([|34 62. Then the algorithm terminates after 7' < n+ % < 2% iterations,
given that 0 < § < 1.

The main part of the analysis lies in guaranteeing that the potential function is nonin-

creasing.

Lemma 19. Suppose that 8 > C - o?® where C > 0 is a large enough constant with 0 < § <

3— and || A;llc < for i € Ljjgne. Then in each iteration t we have ®¢+1) < &®),
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Proof. Note that wEtH) < wgt) for any light index with L(i,#®) > C. In fact, one can only
have strict inequality if L(i, m(t)) > C > L(i, :p(t“)).

Hence we only need to prove that

IIRTEED I
1€IM® N Digny 1€TONNigny
For ease of notation, we drop the index ¢ and also write ' = x + 0y instead of z(+1) =
z® + 5y, and I instead of I N Lgy.
We estimate that

n

S = 3 exp (a (Ai,z+0y) + B> (1= (x5 4 0y;)*) - Al?i) (2:3)

iel icl j=1
= S exp (oA ) + B (1 - a2) - A3) (2.4)
i€l Jj=1
exp (a6 (Ai,y) — 286(A7 o ,y) - 55" iy?A?j)

J=1

Now we bound the second exponential term using the inequality e*1*t*2+%s < 1+ 1 + 29 +

x5 + 922 + 922 + 922 for max{|z1], |z2|, |x3|} < 1. We obtain
1 2 3

1' < Zwi + [0452101‘ : <Ai>y> +9a%6” sz‘ : <Aiay>2:|

el el el

=0 as y6U§t>

+ [—255Zw,~-<A;?201,y>+9-462522w,~-<A§’20x,y>2]

el el
N

S

=0 as yeUit)

Y o S ()]
j=1

i€l j=1 el
N ~~ e

8 2 A2
S=50% Y e wi 207 VAT
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Now, we use the fact that 9442 Z] 1y] -j <9B6% < % to get

23 < D wi+8) w- ( AZ,yQ—_Z 2A§j)

el i€l
A

S/

-~

<0 since yeU"

+ 55221%- <365<A020x Yy ——Z 2A2) < Zwi.
icl icl

-~

<0 since yEUét>

This proves the claim. O

2.4.1 The discrepancy guarantee

We can now prove that the algorithm indeed finds a vector satisfying the desired discrepancy

bound:

Lemma 20. For a proper choice of o := ©(y/logn) and § := O(logn), the algorithm returns
a vector z := z'7) with (A;, x) < O(y/logn) for each row i € [m].

Proof. First consider a light index 7 € Ijig. The potential function never increases, hence
ea<Aivx> < (I)(T) < q)(o) <m- eﬁ'c < n?. eﬁ'c

Taking logarithms and dividing by « gives

21
(4;,2) < Zoeln) P < < (C?+2) - y/log(n).
a !
Here the last inequality follows for choices of if a := y/log(n) and 3 := C'log(n) = Ca?.

Now consider a heavy index i. Let ¢ be the last iteration when .« AY > C. Until
this point one has (A;, ™) = 0. Since |A;;| > 1/(C*/logn) for every non-zero entry, one
has

1{j € AUD . A #£ 0} < C®log(n).

Hence, regardless how those elements are colored, one has

(Ai 2Dy = (A, 2™ =2y <2 Y |Ay;] < O(/logn).

jeA(t+1)



40

2.4.2  Quadratic error in subspaces

It remains to prove that the subspaces Uét) and Uﬁ(t) used in the algorithm exist with high

enough dimensions. We will prove two lemmas that we keep general:

Lemma 21. Let A, B € R™*" be any matrices with |B;;| < |A;;| for all (i,j) € [m] x [n]
and let wq, ..., w, > 0 be any weights. Then for any k € N, one can compute a subspace U

of dimension at least dim(U) > (1 — 1+ )n in time O(n*(m + n)) so that

D wi- (BB eyy") < kY w;- (diag(A?) eyy”) Wy eU

i=1 =1
Proof. Consider the matrix L := Y."" w;B;Bf and R := k- " w; - diag(A45?). Then the
goal is to find a subspace U so that
(Leyy") < (Reyy")

for all y € U.

First, if we replace A := \/w;A; and B; := \/w;B;, then the assumption |B;;| < |A;;| is
preserved and the claim is not changed. Hence we may assume that w; = 1 for all i € [m)].

If A7 =0, then also B/ = 0 and

(Le eje;fr) =0=(Re ejef),

which means that e; can be added to the subspace. So let us assume that A7 # 0 for all j.
Next, if we scale a columns A7 and B? by some scalar s and we scale y; by %, then the

claim remains invariant. Hence we assume that ||A7||; =1 for all j € [n]. Then

m n n
) 2 |Bij|<| Al 2
ZZIIBz'Hg:ZHB 2 < ZHA [2=mn
=1 j=1 7j=1 -1
On the other hand,

R= k:Zdlag A = k- d1ag(<ZA ),6[ ]):k:-]
jeln

=1
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Then L must have less than 7 eigenvalues of value more than k. Then we can define U as
the span of the eigenvectors of L that have eigenvalue at most k.
Finally, we observe that computing the matrices L, R takes time O(mn?) and the eigen-

decomposition can be done in time O(n?). O

The existence of the subspace Uét) follows from choosing B := A with k := 16 and

B8
oy > 16.

The second lemma that we need is the following:

Lemma 22. Let A € [—v,y|™" and « € [—1,1]". Then for any k € N one can compute a
subspace U C R™ with dim(U) > n- (1 — 1) in time O(n*(m + n)) so that

m

> wi- (AP0 x)®yy"y <k-y* > wi- (diag(AP),yy") Wy eU.

i=1 i=1

Proof. We define a matrix B € R™*" by letting B; := A?jom. Then |B;;| < |A;;| and applying
Lemma [21| gives the claim. O
Then applying Lemma [22| with v := #ﬁ and k = 16 guarantees the subspace Uét). For

the running time analysis of Theorem , one can set § := O( \/liﬁ) and the algorithm only

takes O(nlog(n)) iterations, each taking time O(n*(m + n)).
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Chapter 3

NUMBER BALANCING IS AS HARD AS MINKOWSKTI’S
THEOREM

3.1 Introduction

One of siz basic NP-complete problems of Garey and Johnson [17] is the partition problem
that for a list of numbers aq,...,a, asks whether there is a partition of the indices so
that the sums of the numbers in both partitions coincide. Partition and related problems
like knapsack, subset sum and bin packing are some of the fundamental classical problems
in theoretical computer science with numerous practical applications; see for example the
textbooks [34, 25] and the article of Mertens [38].

In this chapter, we study a variant called the number balancing problem (NBP), where

the goal is to find two disjoint subsets I, Is C {1,...,n} so that the difference

Se-Ye

i€l i€lq

is minimized.
Equivalently, given a vector of numbers a = (ay, ..., a,) € [0, 1]", we want to find a vector

of signs x € {—1,0,1}"\ {0} so that

[{a, 2)| =

n
g €Tiay
i=1

is minimized. Woeginger and Yu [51] studied this problem under the name “equal-subset-

sum” and showed that it is NP-hard to decide whether there are two disjoint subsets that
sum up to the exact same value. This version has also been extensively studied in combina-

torics [32) 12], 27].
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On the positive side, it is not hard to prove that there is always a solution with expo-
nentially small error. Suppose that ay,...,a, € [0,1]. Consider the list of 2" many numbers
Yorax; for all @ € {0,1}". All these numbers fall into the interval [0, n], hence by the
pigeonhole principle, we can find two distinct vectors z, 2’ € {0, 1}" with

n n
§ : § : /

a;T; — aixi
=1

i=1

< .
—on—1

Then x — 2’ gives the desired solution.

Note that the bound can be slightly improved to O(‘Q/f?) by using the fact that due to

concentration of measure effects, for a constant fraction of vectors z € {0,1}", the sums
>, a;x; fall into an interval of length /n (instead of n).

However, since these arguments rely on the pigeonhole principle, they are non-constructive.
Restricting the non-constructive argument to polynomially many “pigeons” provides a simple

polynomial time algorithm to find at least an x € {—1,0,1}"\ {0} with

1
Ha,2)| < poly(n)

for an arbitrarily small polynomial.
Interestingly, the only known polynomial time algorithm that gives a better guarantee is

Karmarkar and Karp’s differencing algorithm [24] which provides the bound
| <CL, l’> | < nfclog(n)

for some constant ¢ > 0. Their algorithm uses a recursive scheme; find ©(n) pairs of numbers
a; of distance at most @(%) and create an instance consisting of their differences, then recurse.
This leads to the natural question: Given ay,...,a, € [0,1], what upper bound on
| > aixi| can be guaranteed if x € {—1,0,1}"\ {0} is to be chosen in polynomial time?
While answering this question directly seems out of reach, we note that NBP falls into
the class PPP [44], where good solutions are known to exist due to the pigeonhole principle.

It is reasonable therefore to study the relationship between this problem and other problems

in PPP.
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Recall that given linearly independent vectors by, ...,b, € R™, a (full rank) lattice is the

set
A= {ZAibi:)\ieZW:L...,n}.
=1

The set {b1,...,b,} is called a basis for A and we define
det(A) := | det(B)|.

For any lattice A C R™ with det(A) > 1, Minkowski’s Theorem tells us that any symmetric
convex body K C R™ of volume at least 2" must intersect A\ {0}, see for example [36]. This
theorem is proven by placing translates of %K at any lattice point and then inferring an
overlap due to the pigeonhole principle. Again, one can consider the algorithmic question:
given a symmetric conver body K with volume at least 2", for what factor p can one be
guaranteed to find an v € (pK) NZ™\ {0} in polynomial time?

We would like to point out that this factor p is within a polynomial factor of the approx-
imability of the Shortest Vector Problem (SVP), the problem of finding the shortestl| nonzero
vector in a lattice. One direction follows from the fact K can be sandwiched between two
ellipsoids that differ by a factor of v/n [23]. In the other direction, a reduction of Lenstra and
Schnorr shows that given a polynomial-time oracle to find a vector of length at most f(n)
in a lattice with det(A) < 1, there is a polynomial-time algorithm to find a vector within
f(n)? of the shortest vector [29]. This is a nontrivial reduction that uses the assumed oracle
both on the original lattice and on its dual. Note that Minkowski’s theorem guarantees the
existence of a lattice vector of length at most O(y/n).

The complexity of SVP is of great theoretical and practical interest. As a rarity in
theoretical computer science, SVP admits (NP NcoNP)-certificates for a value that is at most
a factor O(y/n) away from the optimum [I], while the best known hardness under reasonable
complexity assumptions lies at a subpolynomial bound of n®(/1°glogn) 27| The famous

LLL-algorithm [26] can find a 2"/?-approximation in polynomial time (the generalized block

ISVP can be defined for any norm, but anywhere the norm is not specified we consider the Euclidean
norm.
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reduction method of Schnorr [46] brings the factor down to 27'egles(m)/1s(m)) ~ On the other
hand, a polynomial factor approximation of SVP would be enough to break lattice-based
cryptosystems [2, [40].

It is not hard to use an ezact oracle for Minkowski’s Theorem to find a good number
balancing solution, since the body

n
g €Ty

i=1

K = {x €(-2,2):

<o (3]

has volume at least 2". However, it is not clear how we could use an approrimate oracle. For
example, it is known that the LLL-algorithm can be used to find a nonzero integer vector

x € pK for a factor of p = poly(n) - 2/2. While the error guarantee of

n

g a;T;

1=1

< poly(n) - 27"/

outperforms the Karmarkar-Karp algorithm, we only know that ||z« < 2p, which means
that = will not be a valid solution if p > 1/ This leads us to the next question: what factor
p 1s needed for Minkowski’s Theorem to improve over Karmarkar-Karp’s bound?

We have seen that in a certain sense NBP can be reduced to an oracle for Minkowski’s
Theorem, and in fact we will show that there is also a direct reduction to SVP in the ¢*°
norm. This brings us to the question about the reverse: given an oracle that solves NBP
within an exponentially small error, can this give a non-trivial oracle for the Shortest Vector
Problem or Minkowski’s Theorem?

In this chapter, we provide some answers to the questions raised above, by relating the
complexity of the number balancing problem to Minkowski’s Theorem and the Shortest

Vector Problem. First we give the precise definitions of the problems we will consider.

Definition 1. Suppose p € [1, 00| with BP(0,1) the closed unit ball in the ¢’ norm. For

o> %‘fﬁ) and p > 1, we define the following problems.

e J-NBP: Given a € [0,1]", find x € {—1,0,1}"\ {0} with [(a,z)| <§.

2If p < 2 — ¢, then one can still obtain an error of | Y7, a;z;| < 279 but this breaks down if p > 2.
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e p-Minkowski Problem: Given a lattice A and a symmetric convex bodyff] K C R"
with vol,,(K) > 2" det(A), find a vector x € (pK) N A\ {0}.

e p-PromiseSVP,: Given a lattice A C R™ with vol(BP(0, 1)) > 2" det(A), find a vector
z e A\ {0} with 0 < ||z]|, < p.

As already discussed, 6-NBP and the p-Minkowski Problem will always have a solution by
nonconstructive arguments. Moreover, we notice that p-PromiseSVP,, is just the p-Minkowski
Problem on an /7 ball, and so it is also guaranteed to have a solution. Notice also that p-
PromiseSVP, would also follow immediately from a p-approximation to SVP in the ¢’ norm,
since a short enough vector is guaranteed to exist.

We would like to stress that polynomial-time algorithms for any of the three problems
are not known to be inconsistent with P = NP. The hardness results of SVP do not apply
to p-PromiseSVP,, since we do not require it to give a shortest vector of the lattice.

We provide the following reduction:

Theorem 23. Suppose there is a polynomial-time algorithm for the p-Minkowski problem
for polytopes K with O(n) facets. Then there is a polynomial-time algorithm for 6-NBP

where § 1= 2-7°"/?

In fact, to obtain an algorithm for 6-NBP, it suffices to have an approximate Minkowski
oracle for the linear transformation of a cube, which is equivalent to an oracle for p-

PromiseSVP .

Theorem 24. Suppose that there is a polynomial-time algorithm for p-PromiseSVP,.,. Then

there is a polynomial-time algorithm for 6-NBP, where § := gm0,

In particular, an oracle for p < 'log(n)/loglog(n) would imply an improvement over

Karmarkar-Karp’s algorithm, where ¢ > 0 is a small enough constant.

3We assume K is given to us by a separation oracle.
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Finally, we can also prove that an oracle with exponentially small error for number

balancing would provide an approximation for Minkowski’s problem:

Theorem 25. Suppose that there is a polynomial-time algorithm for )-NBP with § <
2vn /9" Then there is a polynomial-time algorithm for the p-Minkowski problem for p =

O(n®). Here it suffices to have a separation oracle for the convex body K C R".
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3.2 Reducing Number Balancing to Minkowski’s Theorem

In this section we will show how to solve NBP with an oracle for Minkowski’s problem. The
idea is to consider a hypercube intersected with the constraint |(a,z)| < §, and to show
that this set has large enough volume. If we have an exact Minkowski oracle, this gives us
x € {—1,0,1}" \ {0} as desired. Here we state a more general version which uses only a
p-approximate Minkowski oracle, and then show how we can use this more general version

to solve NBP with a weaker bound.

Theorem 26. Suppose we have a polynomial-time algorithm for the p-Minkowski problem,
and let k > 0 be any positive integer. Then, for any a € [0,1]", there is a polynomial-time

algorithm to find an x € Z" \ {0} with ||z|«~ < k and so that | (a,z)| <n (k%l)n*l.

Proof. For ease of notation, let

Now consider the body
E+1 E+1\"
K = {xe <—L,L> ) {a, x) | Sé}.
p P

Obviously this is a symmetric convex body. For a € [, ], consider the (n — 1)-dimensional

K(a) = {x e (_$ %) {a,z) = a}

of it. Let us consider the (n — 1)-dimensional volume vol,,_; (K («)) of that slice. Then we

slice

can write the volume of K as

5
vol,(K) = /5 vol,—1(K(«)) da.

Moreover

(M)" ol <_ﬂ, ﬂy _ /_ 7 ol (K(a)) da.
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since the slices are empty if |of > @. By symmetry vol,_ (K (a)) = vol,_1(K(—a)).

Moreover, by convexity of K, for a > 0, the quantity vol,_; (K («)) is monotonically non-

increasing. Thus

n(k+1)

1)
) )
vol, (K) = / ol (K (@) da > () [ vol, 1 (K(a)) da

_ <@> ' (2(k:p+1)>".

p

n—1
Now, using the fact that 6 = n (ﬁ) , we get vol,(K) > 2". Hence, using our

p-approximate Minkowski oracle, we can find a vector
z € (pKNZ")\{0} = (=(k + 1), (k+1))" N Z")\ {0}.

In particular, this gives z € Z" with |(a,z)| < n (k%l)n_1 and ||z < k. O

The bound in Theorem 26| could be strengthened by a /n factor by using concentration
of measure arguments. We omit this here.

Suppose now, for instance, that p = (2 — €) for some € € (0,1]. Then we can pick k = 1
and get |{a, 7)| < 270 with ||z]|e < 1 and z € Z™ \ {0}. However, this line of arguments
breaks down for p > 2 as these would in general not produce feasible solutions for number
balancing.

Instead of using an oracle for the p-Minkowski Problem one can directly use an oracle for

p-PromiseSVP,,. We need the following theorem:

Theorem 27. Suppose that there is a polynomial-time algorithm for p-PromiseSVP.,. Then
for any a € [0, 1]" there is a polynomial-time algorithm to find x € 7" \ {0} with ||z||. < k
and so that | (a,x) | < 2nkp(2)".

Proof. When p(2)" > 1, we have 2nkp(£)" > 1, in which case z = (1,0, - - - , 0) trivially does

(
the job. We can hence assume that p(%
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Let I,, be the n x n identity matrix and consider the lattice A generated by the (n+ 1) x

(n + 1)-dimensional matrix

. °r, 0
- gt Gy
2nk \ p p

Note that det(B) = 1. Let © € A be the vector returned by the algorithm. Then

y = B7lx € Z""'. Since ||7]|ooc < p and z = By, we have |y;| < k for i = 1,...,n.

E\" & 1 [(E\"

e () + X () v

k n
Z‘ynJrl’ - -

P =
li|<k EN" 1 /k\"
> ypral (=) =512

p 2\p

1 P
<= Zyn,
wmn_2+my

Since p(2)" < 1 and y,41 € Z, we must have y,4; = 0.

Moreover,

p= |xn+1| =

n

1 (k\"
Zm (;) Yiai

which implies

Therefore,

1 (k\"
Zﬂ(_) Yil

- |I’n+1| S P,
i=1 p

and hence

Z Yia;

i=1

<a (1)

so the vector (yi,...,yn) does the job.
O

However, we still face a problem in the case p > 2. It turns out that we can design
a recursive self-reduction to allow us to use larger p. The main technical argument is to
transform an algorithm that finds € Z™ \ {0} with ||z||o < k for £ > 2 into an algorithm
that finds vectors z € Z" \ {0} with [|z|ls < %, with a bounded decay in the error |{a, z)|.

Applying this recursively gives the following lemma.
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Lemma 28. Suppose that there is a polynomial-time algorithm that for any a' € [0, 1]" finds

a vector ' € {—k,...,k}" \ {0} with |(«/,2)| < 27" Ifk < 613;%, then there is also a
1

polynomial-time algorithm that for any a € [0, 1] finds a vector x € Z" with | (a,z) | < 27"
and r € {—1,0,1}"\ {0}.

Before we go through the self reduction, we show how Lemma [2§] gives Theorems 23] and

24

Proof of Theorems 23 and[Z3 If p > —98% _ then 27" = 9-1”n By choosing a

48loglogn’
proper constant on the exponent, this can be achieved with the Karmarkar-Karp algorithm.

logn

So we only need to work with p < Tloglogn-

Now suppose we have a polynomial-time algorithm for the p-Minkowski Problem (resp. p-
PromiseSVP,,). If we take k = 3p, Theorem 26| (resp. Theorem gives a polynomial-time
algorithm to find x with [|z||. < k and [(a,z)| < 27"

Moreover, k = 3p < 161& and hence the condition of Lemma is satisfied. Then

loglogn’
1
the bound given by Lemma [28|is 27"** < 9—n®/p) -

We now prove Lemma[28] The way we do the self-reduction is the following. We partition
our set of n numbers into subsets of size y/n. First, for each subset £, we find a number b, # 0
for which we can (approximately) express by, 2by, . .., kb, as linear combinations of elements
of that subset using only coefficients in {—[£],...|%]}. We then run our assumed algorithm
on by,...,b s toobtain y € {—k,... k}" with (b,y) = Zﬁ yeby being small. Since each of
the summands can be expressed more efficiently in terms of our original set of numbers, we
obtain a good solution z with coefficients in {—|£],... |4]}.

The following two lemmas go through this argument more precisely. Note that the inter-

esting parameter choice is r := [k/2], so that the size of the coefficients is halved.

Lemma 29. Let r, k € N be parameters with 0 < r < k and let 6 > 0. Let ay,...,ar € R
so that | Zle i- ;| <6 and abbreviate 5 := . + ...+ ag. Then for any j € {0,...,k} one
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can find coefficients \; j € Z with
|Aij] < max{r—1,k—r}

and

k
- B— Z)\i,jai’ <.
i=1

Proof. By symmetry it suffices to consider j > 0. For j € {0,...,7 — 1}, we can obviously

write

JoBb=Jart.. +]

Now consider j € {r,...,k}. The trick is to use the fact that

k k k k r—1
1=1 i=r i=1 i=r i=1

If we inspect the size of the used coefficients, then for i € {1,...,7—1} we have | —i| <r—1

and for i € {r,..., k} we have |j —i| <k —r. O

Lemma 30. Let k,r € N be parameters with 0 < r < k. Let f : N — R be a non-negative
function such that f(n) > 4logn. Suppose that there is a polynomial-time algorithm that
for any a’ € [0,1]" finds a vector 2’ € {—k,...,k}"\ {0} with | (a’,2') | < 2. Then there

is also a polynomial-time algorithm that for any a € [0, 1]" finds a vector x € Z" \ {0} with

|(a,z)| < 9—2f(Lvn])/3

and

|7]| 0o < max{r — 1,k —r}.

Proof. Let a € [0,1]" be the given vector of numbers. To keep notation simpler, we will
assume n is a perfect square. If it is not, we can replace \/n by [v/n].

Split [n] into blocks I, ..., I s each of size |I;| = \/n. For each block I, we use the oracle
to find a vector x, € {—Fk,...,k}"\ {0} with supp(z¢) C I, so that | (a,z,) | < 27/V™,
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If for any £ one has ||]|oc < 7—1, then we simply return = := 2, and are done. Otherwise,
we write the vector as z, = Zlei -y, with vectors xgq, ..., z0r € {—1,0,1}". Note that
these vectors will have disjoint support and supp(xs1),...,supp(zer) € I,. Moreover we
know that for every ¢ there is at least one index ¢ € {r,..., k} with z,; # 0.

Now define a vector b € RV™ with b, := Zf:r
bg| < 27/0V™ then we can set x = Zf:r
that |b| > 2=FV™ for all £.

(a, ;). Note that if for any ¢ we have

x¢; and we are done. Therefore we may assume

Also note that since the x,; have disjoint support, we have ||b|| < v/n. We run the oracle
again to find a vector y € {—Fk, ..., k}V™\ {0} so that | (b, y) | < v/n-277V?) . For each block
¢ € [y/n] we can use Lemma [29| to find integer coefficients A,; with [Ag;| < max{r—1,k—r}

so that
k
’yz by — Z A @, To) ’ < 27/vm),
i=1
We define
N
xr = Z Z )\g’il’g,i.
(=1 i=1

Then |||l < max{r—1,k —r} since the x,,;’s have disjoint support and ||zs;||. < 1 for all
¢,i. Moreover, since there is some y, # 0 and |by| > 27/V?) we have z # 0.

Finally we inspect that

vn k

Yeby — Z e (@, To)

i=1

[ (a,2) | < | {y, b) [ +

< ov/n - 27V < 9=2f(V)/3,

—_

The last line comes from the fact that when f(n) > 4logn, we have

2W/n < 93logn _ 9glogvn < 95/ (Vn)

Now we can apply Lemma [30| recursively to prove Lemma
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Proof of Lemma[28 Suppose k < Glizgl:gn and set 7 = [k/2]. Consider the function

fi(n) = 22"

fort =0,...,[logk], and notice that

Therefore we have

¢ 1 log1
fi(n) =2""*" > —nl/?k > ZM -log®n > 4logn.
2k logn

Finally, notice that

SRR 2 SRV = fonn).

We are now able to apply Lemma In particular, suppose we have an oracle to find z

with [|2]|e < 27 and |(a,x)| < 277, Then Lemma [30| gives us an oracle to find = with
Izl < 270Dk

and

fa,)| < 27w,

(Here we ignore the dependence of t on n - notice that t is nondecreasing in n, so replacing

t(n) by t(y/n) only increases f;(n).)
Running this [log k] < log 2k times gives a bound of

2_flog2k(n) — 2_n1/2k/2k < 2—7l

1/3k

2~

Here we use the fact that when k& < 119" e have 225 > Nk, O

6 loglogn’

[~}
k‘|
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3.3 Reducing Minkowski’s Theorem to Number Balancing

In this section we show that for small enough ¢, an oracle for 6-NBP can be used to design
an algorithm for p-Minkowski’s Problem, where p is polynomial in n.
The first helpful insight is that any symmetric convex body can be approximated within

a factor of \/n using an ellipsoid [30), 20]. Recall that an ellipsoid is a set of the form
1
sz{xeRMZF(x,ayg} (3.1)
i=1 "

with an orthonormal basis aq, . .., a, € R™ defining the axes and positive coefficients Ay, ..., A\, >

0 that describe the lengths of the azed’] Overall, our reduction will operate in two steps:

(i) By combining John’s Theorem with lattice basis reduction, we can show that it suffices
to find integer points in an ellipsoid that is well-rounded, meaning that the lengths of

the axes are bounded.

(ii) We show that a number balancing oracle allows a self-reduction to a generalized form
where inner products with n vectors have to be minimized and additionally the solution

space is Z" instead of {—1,0,1}".

We begin by proving (i7) and postpone (i) until the end of this section.

3.3.1 A self-reduction to a generalized form of number balancing

Recall that for 6 > 0, we defined §-NBP as follows: given a € [0,1], find a vector x €
{—1,0,1}"\ {0} with | (a,z) | < 6. Notice that we may allow for vectors a € [—1, 1]" without
changing the problem, as one can flip the signs of x as needed to accommodate for the
changes in sign of a.

The main technical result of this section is the following reduction:

4Strictly speaking, the length of axis i is 2);, but we will continue calling \; the “axis length”.
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Theorem 31. Suppose there is a polynomial-time algorithm for §-NBP with § = % and
g(n) < 2"2. Then there is a polynomial-time algorithm that on input ai,...,a, € [-1,1]"

and 0 < A\ < ... <\, <2" with [[}_; \i > 1, finds a vector x € Z" \ {0} with
(@, a:)] <O*) - A - g(dn®)™ Vi=1,...,n.

In particular if g(n) < 2V, then the right hand side in Theorem (31| simplifies to just
O(n*) - \;. We will show this by introducing two extensions of the number balancing oracle.
The first extension gives a weaker bound in terms of the error parameter, but allows for
multiple vectors in [—1,1]". In the second extension, we extend the range of coefficients

from {—1,0,1} to {—@Q, ..., Q} which leads to a much stronger error bound.

Lemma 32. Suppose there is a polynomial-time algorithm for 0-NBP. Then there is a
polynomial-time algorithm that given an input ay, . .., a; € [—1,1]" and parameters o1, . .., 0, <

1 with 15, 6 > 6 finds a vector x € {—1,0,1}"\{0} with |(a;, )| < 2n26; foralli=1,... k.

Proof. The idea is that we will discretize all of the vectors and then run our oracle on their
sum. The vector that we obtain will then have small inner product with all of the a;. To define
the discretization a;, round elements of a; down to the nearest multiple of 2nd;, and then
multiply by [[;.;d;. Defining a; this way, notice that for all ¢ we have [(a@;, z)| < n ][, J;
for any x satisfying ||z] - < 1.

Now let

C:dl—l——f-glk

By our oracle, we can find x € {—1,0,1}" \ {0} with |(¢,z)| < . Recall that

k
s< o <n]]6
=1

J<k

We have

J<2 J<k

IN

1 1
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Therefore (a1, x)| = 0. Similarly, for 1 <i <k, if |{a, )|, ...,[{@i—1,2)| = 0, then we have

(s, 2)] < Waisn, @)] + ..+ [, 2)] + e, )| < 20 ] ] 65,

j<i
and hence |(a;, x)| = 0 for all 1.

Notice that by definition of a; we have

(1)
j<i

4§ )

j<i

J<i

o0

Therefore

S 2n2 Héj,

J<i

and so we can conclude that

[{a;, z)| < 2n26;.

]

Now we come to a second reduction that takes the oracle constructed in Lemma [32] as a

starting point:

Lemma 33. Assume there exists a polynomial-time algorithm for -NBP where § = f(n).

Let ay,...,a, € [=1,1]" be given with parameters d1,...,0; < % and a number Q that is a

2

power of 2 and satisfies Hle 9; > f(nlog@). Then in polynomial time we can find a vector

re{-Q,...,Q}"\ {0} with |{a;,z)] < 6Q -2(nlogQ)? for alli=1,... k.
Proof. For each i, we define b; € [—1,1]"1°¢% by
bi(j. 0) = ai(5)2"*

forj=1,....nand £ =1,...,log@.

Since



we can apply Lemma [32] to find y € {—1,0,1}"1°¢@\ {0} with

(b, y)| < 0; - 2(nlog Q)*.

Now define z € {—Q,...,Q}"\ {0} by

log Q

=Q Z 2 0.
=1

Then for i =1,...,k we have

5, (2nlog Q) > |(bi.v)| \Z Wz

j=1 ¢=1

and rearranging gives the claim.

Finally we come to the proof of Theorem [31]

Proof of Theorem[31]. Suppose that the oracle has parameter f(n)

power of 2.

Define 6; = \; - f(nlog Q)'/". Note that
61’ < 23n/2 . f(4n2>1/n <

since f(n) <27"/2,

Then [, 0, > f(nlog@®), and so by Lemma [33| we can find y € {—@Q,...

with

Ha, y)| < Qi -2(nlogQ)* < QNi- f(nlog Q)™ - 2(nlog Q)*

N | —
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= p(n)/2". Suppose that
ars...,a, € [-1,1]" and Ay, ..., A\, > 0 with []7, \; > 1. We choose @ := 2%, which is a

= X\ - p(4nH)Vm™ 2. (4n?)2.

@3\ {0}
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3.3.2 A reduction to well-rounded ellipsoids

Using John’s Theorem [23], the convex body K in Theorem [25| can be approximated by an
ellipsoid £ as defined in Eq. . The natural approach will then be to apply Theorem
to the axes of the ellipsoid. However, it will be crucial that the lengths of the axes of the
ellipsoid are bounded by 2°. We will now argue how to make an arbitrary ellipsoid well
rounded.

Let us denote

Amax(€) i=max{\; ;i =1,...,n}

as the maximum length of an axis. Recall that a matrix U € R™" is unimodular if U € Z™*™
and |det(U)| = 1. In particular, the linear map 7" : R" — R" with T'(x) = Ux is a bijection
on the integer lattice, meaning that 7'(Z") = Z".

It turns out that one can use the lattice basis reduction method by Lenstra, Lenstra and
Lovéasz [26] to find a unimodular linear transformation that “regularizes” any given ellipsoid.
Note that it suffices to work with the regularized ellipsoid T'(€) since vol,(T'(£)) = vol, (&)
and if we find a point = € (pT'(£)) NZ", then by linearity T~(z) € p€ and T~ '(x) € Z".

Given by, ...,b, € R" we define the Gram-Schmidt orthogonalization iteratively as
bj = bj — Z,Uijbiy
i<j
where

<bj7Ai>‘
10:113

Mij =

Notice that we can then write

bj = [;j + Z,LL”BZ

1<J
In particular, suppose B is the matrix with columns b4,...,b, and B is the matrix with
columns l;l, e ,Z;n. Then B = BV for an upper triangular matrix V' with ones along the

diagonal and V;; = p;; for @ < j.
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Definition 2. Let B € R™" be a lattice basis and let j;; be the coefficients from Gram-
Schmidt orthogonalization. The basis is called LLL reduced if

e (Coefficient-reduced): |p;| <1 foralll<i<j<n.
e (Lovasz condition): [|b;]|3 < 2||bssy |2 fori =1,...,n — 1.

LLL reduction has been widely used in diverse fields such as integer programming and
cryptography [42]. Omne property of the LLL reduced basis is that the eigenvalues of the

corresponding matrix B are bounded away from 0:

Lemma 34. Let B denote the matrix with columns by, ...,b,. Ifby, ..., b, isan LLL-reduced

basis with ||b;||; > 1 for all i, then ||Bx||y > 2732 . |||, for all x € R".

~

Proof. Let B denote the Gram-Schmidt orthogonalization of B, with columns 31, oy by
Now, for any k, we can use the properties of LLL reduction to gain the following
bound (proposition (1.7) in |26]).
L el = el + S bl < (14 5 50 2) - bul3 < 28 el
i<k i<k
In particular, ||I;k]|2 > 2" forall k=1,...,n. Now let V be the matrix so that B = BV,
and let z € R™ with |z||y = 1. Let k denote the largest index with |z;| > 27*. Then

1 ol
Z\xk\—§Z’ﬂfj|22k—§Z2jz2 -
ik

j>k

(Vayl = |o+ > s

>k

Now, by the orthogonality of 131, e ,l;n, we have

I1Ball3 = 1BV =Y (Va)llbills > [(Va)l* - 27" = 27",

=1

Taking square roots gives the claim. O]

Lemma 35. Let £ = {z € R" : ||Az||3 < 1} be an ellipsoid. Then in polynomial time, we

can find
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(1) either a vector x € £ N Z™

(2) or a linear transformation T so that T(x) = Ux for a unimodular matrix U and

Amax(T(E)) < 287/2,

Proof. Use the algorithm of [26] to find a unimodular matrix U such that B = AU is
LLL reduced. Let by,...,b, denote the columns of B. Notice that if ||b;][s < 1, then
A~1p; € ENZ", and so we are done. So assume now that ||b;||o > 1 for all 3.

Define T'(z) = U~'z, and notice that
T(E)={x eR":|Bx|3 < 1}.

We then have

|2

Amax(T(€)) = max ||z||l; = max = ax”—< /2,

(T(€) = max flefo = ms ol = mpx 8 <

where the last inequality follows from Lemma [34] n

Finally we can prove one of our main results, Theorem [25]

Proof of Theorem[25 Let K C R™ be a symmetric convex body with vol,(K) > 2". We

compute an ellipsoidﬂ

so that
1 1
—— & CKC -nék.
5v/n 5
Then
2. 5" . M2 < vol, (K) - 5" - n % < vol,(€) = vol(B(0,1)) - | | A
_,T/ ey
<hnp—n

and hence [, \; > 1.

®Note that there ezists an ellipsoid that approximates K within a factor of v/n and if K is a polytope
with m facets, then this ellipsoid can be found in time polynomial in n and m. However, if one only has
a separation oracle for K, then the best factor achievable in polynomial time is n [20].
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We apply Lemma [35] to either find an integer point in £ and we are done, or we find a

unimodular transformation T so that the ellipsoid & := T'(€) has all axes of length at most

200,

Suppose the latter case happens. We write

and observe that still ]}, X\ > 1 as the volume of the ellipsoid has not changed.

We make use of the d-approximation for the number balancing problem to apply Theo-

rem [31| to the vectors ai, . . ., a, and parameters \j, ..., \, and obtain a vector z € Z" \ {0}
with

Then

and hence z € O(n*?) - €. Then

T} (x) € (O(n”) - K) N (2" \ {0}).
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