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Fueled in part by recent applications in neuroscience, high-dimensional Hawkes processes are
widely used for modeling the network of interactions among multivariate point processes.
Despite this popularity, existing methodological and theoretical work has mainly focused on
estimation for a single network, assuming all network components are observed. This dis-
sertation aims to develop more flexible estimation and inference tools for high-dimensional
Hawkes processes. In Chapter 2, we develop a new statistical inference procedure for high-
dimensional Hawkes processes. The key ingredient for this inference procedure is a new
concentration inequality on the first- and second-order statistics for integrated stochastic
processes, which summarize the entire history of the process. Combining recent results on
martingale central limit theory with the new concentration inequality, we then character-
ize the convergence rate of the test statistics. In Chapter 3, we propose a joint estimation
procedure to combine data from multiple experiments for more efficient network estimation.
Our procedure incorporates easy-to-compute weights to data-adaptively encourage similarity
between the estimated networks. We also develop a powerful hierarchical multiple testing
procedure for edges of all estimated networks, taking into account the hierarchical similarity

structure of the multi-experiment networks guided by the proposed weights. In Chapter 4, to



cope with the challenges of confounding from unobserved components, we develop a decon-
founding procedure to estimate high-dimensional point process networks with only a subset
of nodes observed. Unlike existing procedures, our method allows flexible connectivity be-
tween the observed and unobserved nodes, and unknown number of hidden nodes that can
be larger than the observed population. We finish the dissertation with a discussion in
Chapter 5, where we outline a possible future research direction that maps brain networks

to animal behavior.
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Chapter 1

INTRODUCTION

Fueled in part by recent applications in neuroscience, high-dimensional Hawkes processes
are widely used for modeling the network of interactions among multivariate point processes.
Despite this popularity, existing methodological and theoretical work has mainly focused on
estimation for a single network, assuming all network components are observed. In this
dissertation, we develop more flexible estimation and inference tools for high-dimensional
Hawkes processes. In the first part, we develop a new statistical inference procedure for
high-dimensional Hawkes processes. In the second part, we propose a joint estimation to
combine data from multiple experiments for more efficient network estimation. We also
develop a powerful hierarchical multiple testing procedure for edges of all estimated networks.
In the third part, we propose a deconfounding procedure to estimate high-dimensional point
process networks with only a subset of the nodes observed. In this chapter, we outline the

motivations and provide an overview of the methodological contributions for each part.

1.1 Statistical Inference for Networks of High-Dimensional Point Processes

While evaluating the uncertainty of network estimates is critical in scientific applications,
existing methodological and theoretical developments [Hansen et al., 2015, Chen et al., 2019]
have only focused on estimation. To bridge this gap, in this project, we develop a statistical

inference procedure for high-dimensional Hawkes processes.

Tools for statistical inference in high-dimensional linear models [Zhang and Zhang, 2014,
van de Geer et al., 2014, Belloni et al., 2013], graphical models [Barber and Kolar, 2018,

Jankova and van de Geer, 2019, Lu et al., 2018, Yu et al., 2019], and more general estimators



[Ning and Liu, 2017, Neykov et al., 2018] have been recently developed for the setting of
independent data. However, existing tools cannot be directly applied in a time series setting,
except for the recent work on statistical inference for high-dimensional vector auto-regressive
(VAR) models [Neykov et al., 2018, Zheng and Raskutti, 2019]. While a significant step
forward, the VAR model only captures dependence for a fixed and pre-specified time lag (or
order). In contrast, the Hawkes process is dependent on its entire history. This dependence

introduces significant challenges for high-dimensional inference procedures.

In this project, we provide the first high-dimensional inference procedure for multivariate
Hawkes processes with both excitatory and inhibitory effects. To this end, we adopt the de-
correlated score test framework of Ning and Liu [2017] to high-dimensional point processes.
We also develop confidence intervals for model parameters by extending the semi-parametric
efficient confidence region of Neykov et al. [2018], Zheng and Raskutti [2019] for VAR models
to the setting of the multivariate Hawkes process. While the general steps for our inference
framework are similar to those in de-correlated score test and efficient confidence regions, key
challenges in adopting these tools stem from the dependence of Hawkes processes on their
entire past and their continuous-time nature. In particular, to establish our inference frame-
work, we tackle two main challenges: (i) deriving concentration inequalities for summary
statistics of high-dimensional Hawkes processes; and (ii) establishing the restricted eigen-
value (RE) condition required for the estimation consistency of ¢;-regularized estimators

[Bickel et al., 2009].

To address the above challenges, we first generalize the results by Costa et al. [2020] and
Chen et al. [2019] to obtain new concentration inequalities on the first- and second-order
statistics of the integrated stochastic process that summarizes the entire history of each
component of the multivariate Hawkes process. These inequalities are essential for develop-
ing our high-dimensional inference procedures. For instance, together with the martingale
central limit theorem (CLT) of Zheng and Raskutti [2019], they allow us to establish the

convergence of our test statistics to a y? distribution. They are also used to establish the



maximal inequalities needed to investigate the theoretical properties of the ¢;-regularized
estimator. Next, to bound the eigenvalues of the covariance matrix of the integrated pro-
cess, we link these eigenvalues to the spectral density of the transition matrix of the Hawkes
process. By carefully examining the transition functions of the multivariate Hawkes process,
we investigate structural conditions on the transition functions that are sufficient to bound
the eigenvalues. These bounds allow us to establish the convergence of our test statistic, and

are also used to verify the restricted eigenvalue (RE) condition [Bickel et al., 2009].

1.2 Multi-Experiment Networks of High-Dimensional Point Processes

Neuroscience experiments often consist of short stationary periods. Thus, available sample
size from a single experiment may not be sufficient for reliable estimation of the Hawkes
processes. To overcome this technical limitation, data are often collected over multiple
experiments. For instance, Bolding and Franks [2018] repeat 10 laser stimuli to a set of
neurons at 8 different intensity levels ranging from 0 to 50 mW /mm?; this results in 80
experiments in total. Neuronal connectivity networks corresponding to different stimuli
in a sequence of experiments are expected to share many edges. This shared structure
motivates joint estimation of networks from multiple experiments, which could lead to more
efficient estimation of common edges. However, the networks from different experiments or
conditions are also expected to contain unique edges that are in fact of primary scientific
interest. For example, distinct neuronal connectivities are found under laser stimulus at
different intensity levels [Bolding and Franks, 2018]. Moreover, the degree of (dis)similarity
between networks from two experiments depends on the similarity of neuronal responses
to the corresponding stimuli, which is generally unknown. These characteristics highlight
the need for joint estimation and inference of multiple networks of high-dimensional point
processes while accounting for similarities between networks, a task that is not addressed by

existing methods.

Joint estimation of multiple graphical models has been considered for independent and



Gaussian-distributed data [e.g. Chiquet et al., 2011, Guo et al., 2011, Danaher et al., 2014,
Yajima et al., 2014, Zhu et al., 2014, Ma and Michailidis, 2016, Cai et al., 2016, Huang et al.,
2018, Wang et al., 2020a]. Extensions to time- and/or space-varying networks have also been
studied [e.g. Kolar et al., 2010, Qiu et al., 2016, Lin et al., 2017, Hallac et al., 2017, Yang
and Peng, 2020]. However, the vast majority of existing approaches are primarily designed
for learning two networks or implicitly assume that networks from multiple experiments are
equally similar, or the network similarity is known or implied by the spatial /temporal order-
ing. On the other hand, the few methods designed for joint estimation of multiple networks
[Peterson et al., 2015, Saegusa and Shojaie, 2016] are specific to Gaussian graphical mod-
els and either assume the network edges are independent [Peterson et al., 2015], or assume
similarities in population means in different conditions reveal similarities among precision
matrices [Saegusa and Shojaie, 2016]. Moreover, existing procedures do not provide inference

for the estimated networks, which is critically important in many scientific applications.

Given the paucity of methods for joint analysis of point process data from multiple ex-
periments/conditions, in this project, we propose a data-adaptive joint estimation procedure
for networks of high-dimensional point processes. The proposed approach uses estimates
of cross correlations in each condition to obtain a measure of similarities among neuronal
connectivity networks. While cross-correlations are widely used by neuroscientists to gain
insights into neuronal interaction mechanisms [de Abril et al., 2018], they do not reveal di-
rect interactions between neurons [Tchumatchenko et al., 2011, Reid et al., 2019]. However,
they can be easily computed, even in high dimensions. We also show that they provide
useful information about the overall similarities among neuronal connectivity networks, es-
pecially when used to define data-driven weights for joint estimation of multiple networks.
By encouraging similarity among estimated networks, such data-driven weights offer superior
finite-sample performance in selecting the edges. Extending previous work under a single
experiment [Chen et al., 2019], we establish a unified non-asymptotic convergence rate for

edge estimation in multiple networks of generalized Hawkes processes. Our result implies a



faster convergence rate using the joint estimation approach compared to estimating networks
separately under each experiment. While our method does not assume the correctness of the
weights to achieve the estimation convergence, we achieve a lower estimation error when the

true weights are known.

To address the need for efficient inference procedures, we develop a powerful hierarchical
testing procedure for simultaneous inference on edges of all estimated networks. While sta-
tistical inference for a single high-dimensional Hawkes processes has been recently addressed
[Wang et al., 2020b], implementing such an approach directly on all estimated networks
would amount to a large number of tests. As a result, the testing power can diminish
when adjusting for multiple comparisons, especially when the number of experiments is
large. This is particularly the case in neuroscience applications, such as that in Bolding
and Franks [2018] with 80 experiments. Moreover, the tests associated with network edges
under each experiment have complex dependencies. Our proposed inference framework mit-
igates these challenges through a multiple comparison adjustment that carries out testing
along the hierarchical structure of network similarities inferred from cross-correlations. By
taking advantage of this hierarchical structure, our procedure greatly reduces the number of
required tests, which in turn results in increased power while tightly controlling the family-
wise error rate (FWER). Unlike existing hierarchical testing procedures that rely on specific
assumptions on the dependency between the tests [Yekutieli, 2008, Lynch and Guo, 2016] or
particular p-values calculation along the hierarchy [Bogomolov et al., 2020], our method is
free of such assumptions and can incorporate p-values flexibly calculated from any valid tests.
Moreover, we show that for large and sparse networks, our inference procedure is robust to
misspecification of the similarity weights, which had not been previously addressed. The
advantages of our estimation and inference procedures are illustrated by analyzing simulated

and real data, respectively.



1.3 Causal Discovery in High-Dimensional Point Process Networks with Hid-
den Nodes

While learning causal interactions between neurons is critical to understanding the neuronal
connectivity mechanisms in neuroscience, such a task is generally impossible using observa-
tional data because of the confounding from unobserved neurons. Existing estimation and
inference procedures that require all interacted neurons observed thus have no guarantee of

achieving reliable conclusions in practice.

The problem of causal discovery with hidden variables has been studied using causal
structural learning such as Fast Causal Inference (FCI) and its variants [Spirtes et al., 2000,
Glymour et al., 2019]. Unfortunately, not all causal edges can always be identified purely
based on such algorithms. Specifically, while FCI identifies causal interactions between
variables that are connected by directed edges, it sometimes produces bi-directed edges,
leaving the corresponding causal relationship undetermined. Thus, the causality selection
performance using such algorithms is not always satisfactory. For example, Malinsky and
Spirtes [2018] recently applied FCI to infer causal network of time series and found a low
recall in identifying the true casual relationship. Additionally, the causal structure learning
often requires intensive computation, especially for large networks, because the space of

candidate causal graphs grows super-exponentially with the number of network nodes.

When the variables inhibit temporal ordering as in time series data, the causal structure
can be directly learned via the network skeleton using multiple regression models [Shojaie
and Michailidis, 2010], which can be solved in a linear time to the number of nodes in the
network. While learning causal networks in the presence of unobserved nodes remains chal-
lenging using this framework, two recently-developed methods, HIVE [Bing et al., 2020] and
trim regression [Cevid et al., 2020], shed light on solving this challenge. Specifically, HIVE
generates consistent estimates on causality given that the observed and unobserved causal
effects are orthogonal. While such condition might hold when the unobserved processes are

external such as experimental perturbations in genetic studies [Lee et al., 2017], it might



be too stringent in a network setting like neuroscience. Trim regression applies a spectral
transformation to both the outcome and the design columns, which empirically reduces the
confounding magnitude. It then eliminates the confounding using penalized regression, as-
suming the confounding is sufficiently small. However, it is unclear whether this assumption
is satisfied in a network setting where the observed and unobserved processes are complexly
connected. Moreover, the long-history temporal dependency of the Hawkes processes makes
the learning task more challenging. Unfortunately, both methods were developed for inde-
pendent data. Also, these methods were only evaluated on their edge-estimation performance

but their abilities in edge selection in a network setting are unknown.

Previous work suggests that the confounding has restricted magnitudes under a stable
Hawkes process network, especially when it is dense over the observed nodes [Chen et al.,
2019]. Such property motivates us to extend the trim regression to learn the causal net-
work of multivariate point processes. Our method shows superior finite-sample performance
compared to HIVE and the naive approach that neglects the unobserved processes. We
also establish a non-asymptotic convergence rate in estimating the network edges. Unlike
the previous result on independent data [Cevid et al., 2020], our result considers both the

temporal dependency of the Hawkes processes and the network sparsity.



Chapter 2

STATISTICAL INFERENCE FOR NETWORKS OF
HIGH-DIMENSIONAL POINT PROCESSES

2.1 Introduction

Multivariate point process data have become prevalent in a number of emerging application
areas. Examples include neural spike train data in neuroscience, containing times of neuron
spikes of a collection of neurons [Okatan et al., 2005]; social media data, recording times when
each individual in an online community takes an action [Zhou et al., 2013]; and high frequency
financial data, recording times of market orders [Chavez-Demoulin and McGill, 2012]. The
latent connectivity structure of these processes can be represented by a probabilistic graphical
model [Lauritzen, 1996] with a graph or network G' = (V, E') whose nodes, v € V', represent
components/units in the multivariate point processes and each directed edge, (u — v) € E,
indicates that the probability of future events of the target node v depends on the history
of the source node u. Multivariate point process data can be used to learn the structure of

this network.

In a seminal work, Hawkes [1971] proposed a class of multivariate point process models,
where the probability of future events for a component can depend on the entire history of
events of other components. Because of its flexibility and interpretability when modeling the
dependence structure of component processes, the multivariate Hawkes process has become a
popular tool for studying the latent network of point processes. From its early application in
earthquake prediction [Ogata, 1988], the multivariate Hawkes process model has been widely
used to learn the latent connectivity structure in many fields, including neuroscience [Chen

et al., 2019], social media [Zhou et al., 2013], and finance [Bacry et al., 2011, Linderman and



Adams, 2014].

The Hawkes process, as introduced in Hawkes [1971] and later studied in Hawkes and
Oakes [1974], Reynaud-Bouret and Roy [2007], Reynaud-Bouret and Schbath [2010], Bacry
et al. [2015], Hansen et al. [2015], Etesami et al. [2016], is considered as a mutually-exciting
process, in which an event can only excite future events. More specifically, each event in any
component may trigger future events in all other components, including itself. However, in
many applications, it is desired to allow for inhibitory effects of past events. For example,
a spike in one neuron may inhibit the activities of other neurons [Babington, 2001], which
means that it decreases the probability that other neurons would spike. Costa et al. [2020]
and Chen et al. [2019] developed a broader class of Hawkes process models that allow for both

excitatory and inhibitory effects in a single and multivariate point process data, respectively.

In modern applications, it is common for the number of measured components, e.g., the
number of neurons, to be large compared to the observed time period, e.g., the duration of
neuroscience experiments. The high-dimensional nature of data in such applications poses
additional challenges to learning the connectivity network of a multivariate point process.
Hansen et al. [2015] and Chen et al. [2019] proposed ¢;-regularized estimation procedures to
address this challenge. However, there are no tools to characterize the sampling distribution
of these estimators and characterize their uncertainty. Such inferential tools are critical in

scientific applications.

Tools for statistical inference in high-dimensional linear models [Zhang and Zhang, 2014,
van de Geer et al., 2014, Belloni et al., 2013], graphical models [Barber and Kolar, 2018,
Jankova and van de Geer, 2019, Lu et al., 2018, Yu et al., 2019], and more general estimators
[Ning and Liu, 2017, Neykov et al., 2018] are only recently developed for the setting of
independent data and cannot be directly applied in a time series setting. Statistical inference
for high-dimensional vector auto-regressive (VAR) models was recently studied by Neykov
et al. [2018] and Zheng and Raskutti [2019]. While a significant step forward, the VAR model

only captures dependence for a fixed and pre-specified time lag (or order). In contrast, the



10

Hawkes process is dependent on the entire history, which introduces significant challenges
in developing inferential procedures for the high-dimensional multivariate Hawkes process.
In particular, this dependence on the entire history complicates the proof of convergence
of the test statistic for the multivariate Hawkes process. Moreover, unlike the time series
models that are often set up in a discrete time domain [Basu and Michailidis, 2015, Zheng
and Raskutti, 2019], the multivariate Hawkes process is defined in a continuous time domain

and thus requires different technical tools to investigate its properties.

In this chapter, we provide the first high-dimensional inference procedure for multivari-
ate Hawkes processes with both excitatory and inhibitory effects. To this end, we adopt
the de-correlated score test framework of Ning and Liu [2017] to high-dimensional point
processes. We also develop confidence intervals for model parameters by extending the semi-
parametric efficient confidence region of Neykov et al. [2018], Zheng and Raskutti [2019] for
VAR models to the setting of the multivariate Hawkes process. While the general steps for
our inference framework are similar to those in de-correlated score test and efficient confi-
dence regions, key challenges in adopting these tools stem from the dependence of Hawkes
processes on their entire past and their continuous-time nature. In particular, to establish
our inference framework, we tackle two main challenges: (i) deriving concentration inequal-
ities for summary statistics of high-dimensional Hawkes processes; and (ii) establishing the
restricted eigenvalue (RE) condition required for the estimation consistency of ¢;-regularized

estimators [Bickel et al., 2009].

To address the above challenges, we first generalize the results by Costa et al. [2020] and
Chen et al. [2019] to obtain new concentration inequalities on the first- and second-order
statistics of the integrated stochastic process that summarizes the entire history of each
component of the multivariate Hawkes process. These inequalities are essential for develop-
ing our high-dimensional inference procedures. For instance, together with the martingale
central limit theorem (CLT) of Zheng and Raskutti [2019], they allow us to establish the

convergence of our test statistics to a x? distribution. They are also used to establish the
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maximal inequalities needed to investigate the theoretical properties of the ¢;-regularized
estimator. Next, to bound the eigenvalues of the covariance matrix of the integrated pro-
cess, we link these eigenvalues to the spectral density of the transition matrix of the Hawkes
process. By carefully examining the transition functions of the multivariate Hawkes process,
we investigate structural conditions on the transition functions that are sufficient to bound
the eigenvalues. These bounds allow us to establish the convergence of our test statistic, and

are also used to verify the restricted eigenvalue (RE) condition [Bickel et al., 2009].
2.2 The Linear Hawkes Process

Let {tx}rez be a sequence of real-valued random variables, taking values in [0,7], with
tkr1 > tx and t; > 0. Here, time ¢ = 0 is a reference point in time, e.g., the start of an
experiment, and 7" is the duration of the experiment. A simple point process N on R is
defined as a family {IN(A)}acpwr), where B(R) denotes the Borel o-field of the real line and
N(A) = 3, 1,ea3- The process N is essentially a simple counting process with isolated
jumps of unit height that occur at {tx }rez. We write N([t,t+dt)) as dN(t), where dt denotes

an arbitrarily small increment of ¢.

Let N be a p-variate counting process N = {Ni}ie{l,”_,p}, where, as above, N; satisfies
Ni(A) =3 1y,ea for A € B(R) with {t;1,%0, ...} denoting the event times of N;. Let H,;
be the history of N prior to time ¢. The intensity process {\i(t),...,A\,(¢)} is a p-variate
‘H,-predictable process, defined as

Ni(t)dt =P(dN;(t) =1 | Hy). (2.1)

Hawkes [1971] proposed a class of point process models in which past events can affect
the probability of future events. The process N is a linear Hawkes process if the intensity

function for each unit ¢ (i € {1,...,p}) takes the form

Ai(t) = pi + > (wig + dN;) (1), (2.2)

J=1
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where

(wij * dNj) (t) = /O _wij(t —8)dNj(s) = Y wylt —ts). (2.3)

k:t]'k;<t

Here, p; is the background intensity of unit ¢ and w;;(+) : R* — R is the transfer function. In
particular, w;;(t — tj;) represents the influence from the kth event of unit j on the intensity

of unit 7 at time ¢.

Motivated by neuroscience applications [Linderman and Adams, 2014, de Abril et al.,

2018], we consider a parametric transfer function w;(-) of the form
wij(t) = Bijr;(t) (2.4)

with a transition kernel k;(-) : Rt — R that captures the decay of the dependence on past

events. This leads to (w;; * dN;) (t) = B;;x;(t), where the integrated stochastic process

5 = [ it = 9aN(s) (2.5)

summarizes the entire history of unit 7 of the multivariate Hawkes processes. A commonly

used example is the exponential transition kernel, k;(t) = e™* [Bacry et al., 2015].

In this formulation, the connectivity coefficient of the underlying network, 3;;, represents
the strength of the dependence of unit 7’s intensity on unit j’s past events. A positive 3;;,
which implies that past events of unit j excite future events of unit 7, is often considered
in the literature [see, e.g., Bacry et al., 2015, Etesami et al., 2016]. However, we might also
wish to allow for negative 3;; values to represent inhibitory effect of one unit’s past events on
another [Chen et al., 2019, Costa et al., 2020], which is expected in neuroscience applications

[Babington, 2001].

Denoting x(t) = (z1(t),...,2,(t))" € R? and B; = (Bi1, ..., B;p)" € RP, we can write

Ai(t) = pi + 2" (1)B;. (2.6)
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Furthermore, let Y;(t) = dN;(t)/dt and €;(t) = Y;(t) — A\;(t). Then the linear Hawkes process

can be written compactly as
Yi(t) = pi +x' ()8 + ei(t). (2.7)

As we will discuss later, a key challenge in this ‘linear model’ stems from heteroscedasticity:

the variance of ¢;(t) given the history of N up to ¢,
o7 (t) = Var ((t) | He) = Ni(t) /dt(1 — Ni(t)dt), (2.8)
may not necessarily be 1 and depends on x(t).

Throughout this paper, we assume that the linear Hawkes model described above is
stationary, meaning that for all units ¢+ =1, ..., p, the spontaneous rates p; and strengths of
transition 3; are constant over the time range [0,7] [Brémaud and Massoulié, 1996, Daley

and Vere-Jones, 2003].

2.3 Testing

Let J C {1,...,p} be an index set of cardinality |J| = d and denote B;; = {f;;,j € J}. We

consider testing a d-dimensional subset 3;;:
Hy: B =0, JjeJ (2.9)

For ease of notation, we primarily focus on the case of a single parameter; that is, we consider
testing Hy : B;; = 0, which corresponds to d = 1. However, our inferential framework is

developed for the more general case of d > 1.

In order to simplify the presentation, we scale the components of x(t) by the variance
of the noise o7(t) defined in (2.8). Denote the scaled components, z;(t) = z;(t)/o;(t)
for j = 1,...,p. Next, we define the orthogonal projection of z;(t) onto z_;(t), where
zZ_(t) = (z1(t), ..., zj—1(t), zj41 (1), ..., 2(t)) T € RP1. Let the projection coefficient w} =
(wo, ('w;f’_j)T)T € R? be such that

E [z (t)z—;(t)] =0 and  E[2(t)] =0, (2.10)

J
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where

2 (t) = 7(t) — <1,zjj(t)) w' (2.11)

denotes the orthogonal complement of z;(t) after removing its projection onto z_;(t). Then,

27 (t) is uncorrelated with z_;(¢). To be specific, such orthogonal projection is available by

the projection coefficient

w; = [E " (1 z,j(t)) E ) z(t),

which only depends on the network structure and the background intensity.

In addition, let €(t) = ¢;(t)/o;(t). With this notation, we define the de-correlated score

statistic as

Sy = 7 YA 5 (0) (212
t=1

The de-correlated score statistic is constructed using 27 (t), instead of directly using 2;(t), to
make its sampling distribution robust to errors induced by the estimation of the unknown
nuisance parameters, y; and B; _; [Ning and Liu, 2017]. In particular, we will show that the
induced error is asymptotically negligible and the limiting distribution of the test statistic
does not depend on model selection mistakes that occur when estimating the nuisance pa-
rameters. In practice, due to technology constraints—e.g. the precision of timing at 30Hz
[Bolding and Franks, 2018]), truly continuous time processes could not be obtained. There-
fore, we develop the test statistics incorporating the available data in a discrete time domain.

Specifically in (2.12), we consider the spike train samples observed over T" equally-spaced time

indexed from 1 to 7.

Neykov et al. [2018] and Zheng and Raskutti [2019] consider a similar de-correlated score
statistic in the context of VAR models. Their proof strategy exploits the homoscedastic noise
variance in VAR models and does not extend to the linear Hawkes process. In contrast, we

need to take into account the noise variance when constructing the score statistic, as the
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variance varies over time. Moreover, the noise variance depends on the intensity value, which

is time varying, resulting in more challenging proof in our case.

In order to construct a test, we need to characterize the quantiles of the de-correlated

score statistic. Let

T, = Cov (1) =E ((2(1)"). (2.13)
Ve = VT Y28, (2.14)
Ur = |[Vrll3. (2.15)

While T; is scalar when testing a univariate (3;;, when testing multiple parameters 3;;, T,
is a d x d matrix defined as

T, = Cov (25(1)).

In the next section, we show that Ur converges weakly to a x? distribution with degrees of
freedom d, which is 1 for testing a univariate 3;;. The non-centrality parameter is zero under

the null hypothesis and depends on the true parameters under the alternative.

In practice, (u;, 3;) and wj are not known. We next describe a procedure for estimating

them.

Step 1: Calculate 7, ,@,;, and 02(t). We estimate [i;, [/3\2 using the lasso on the unscaled
data (Yi(t),z(t)):
T

i B = argmin =3 (Yi(t) — i — 2" (08 + il (2.16)

[LiGR,ﬂiERP t=1
Then,

~

NO=mi+x (B  and  F2(t) = M()(1 — Xi(t)). (2.17)

1

The estimation consistency for zi;, ,@z to the corresponding true parameters is shown in
Lemma A.11. The consistency of 6%(t) to o2(t) follows from the prediction consistency of

the lasso estimator. In our proof, we show that the restricted eigenvalue (RE) condition
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required for the consistency of lasso [Bickel et al., 2009] is met in our case. This follows from
the bounded eigenvalue of the covariance matrix of the integrated stochastic process x(t),

which is obtained under the assumptions made in the following section.

The tuning parameter X is selected via cross-validation for sequentially dependent data
[Safikhani and Shojaie, 2020]. Specifically, unlike standard cross-validation for independent
samples, the sequential cross-validation uses successively training sets along with validation
sets that follow each of the training sets in the sequence order.

Step 2: Calculate w;. Let z;(t) = z;(t)/o;(t) for j = 1,...,p. We estimate w; by
regressing the outcome Zz; on the design matrix zZ_; using a lasso procedure with tuning

parameter selected as in Step 1:

T

w; = argmin%z <5’\](t) - <1 2;(”) j>2 + Allw -l (2.18)

w; ERP =1

The consistency of w; for w; is shown in Lemma A.12. The proof is similar to the one used

for Step 1.

Step 3: Calculate 'Yj. Let Z5(t) = 2;(t) — (1 ET]-(L‘)> w;. When testing a univariate f3;;

in (2.9), T; is a scalar and we estimate it by the sample covariance as
1z
Y= PNEAG) (2.19)
t=1
When testing multiple B;; = {8;,j € J}, we estimate T as
1 T
% P~ = T
Tr=7 ;ZJ(t> (Z5(t) e R

Our results are valid as long as d = |.J| < p.

Step 4: Putting everything together, we compute the de-correlated score statistic with
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estimated nuisance parameters. Let

&) = Yi(t) — i — ' ,(t)B; -, (2.20)
T ~
t=1
Vr = VTT;'25,, (2.22)
Ur = V|3 (2.23)

The above quantities are univariate when testing a univariate 3;;, but are defined as vectors
and matrices when testing multivariate 3;; of dimension d. Specifically, §Z 7 ERY T 7 € Rixd

and ‘7T e R

In the next section, we show that with high probability (7T converges to Up, which
asymptotically follows a y? distribution with d degrees of freedom under the null hypothesis.

Thus, we define our test procedure for (2.9) as
O, =1 {ﬁT > ngl_a},

and reject the null hypothesis when ¢, = 1.
2.4 Theoretical Guarantees

In this section, we present our main theoretical results, which characterize the limiting
distribution of (A]T. We start by stating our assumptions. For a square matrix A, let
Apax(A) and Apin(A) be its maximum and minimum eigenvalues, respectively. Define
© = {Bijh<ij<p € RPP and p = {pi}1<i<p € RV

Assumption 2.1. Let Q = {Q;;}1<ij<p € RP*P with entries Qi = 17 lwi; (A)|dA. There

exists a constant Yo such that Ay (QTQ) < A3 < 1.

Assumption 2.1 is necessary for stationarity of a Hawkes process [Chen et al., 2019]. The

constant g does not depend on the dimension p. For any fixed p, Brémaud and Massoulié
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[1996] show that given this assumption the intensity process of the form (2.2) is stable in
distribution and, thus, a stationary process N exists. Since our connectivity coefficients of
interest, ©, are ill-defined without a stationarity, this assumption provides the necessary

context for our inferential framework.

Assumption 2.2. There exists constants p, € (0,1) and 0 < p. < 0o such that

p p

max g Q. < and max g Q.. < p..
1Sisp &= T Pr 1Sjsp =Y T pe
Jj= 1=

Assumption 2.2 requires maximum in- and out- intensity flows to be bounded, which
helps in bounding the eigenvalues of the cross-covariance of x(t). A similar assumption is
also considered by Basu and Michailidis [2015] in the context of VAR models. The condition

of p, € (0,1) prevents the intensity from concentrating to a single process [Chen et al., 2019].

Assumption 2.3. There exists Apin and Amax Such that

0 < /\min < )\z<t) S )\max

foralli=1,...,p andt € [0,T].

Assumption 2.3 requires that the intensity rate is strictly bounded, which prevents de-
generate processes for all units of the multivariate Hawkes process. As a consequence, o (t)
will be bounded away from 0, and hence the construction of the de-correlated score in (2.12)

is valid.

Assumption 2.4. The transition kernel k;(t) is positive and integrable over [0,T], for 1 <
J=D.

Assumption 2.4 implies that the integrated process xz(t) defined in (2.5) is bounded.
Together with Assumptions 2.3, it also implies that u; and 8; are bounded for alli =1,... p.

Our next two assumptions state the rate of convergence for the estimators of (u;, 3;)

and wj that guarantee the weak convergence of the test statistic. We let Il and II, denote
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the feasible set of (u,®) under the null and the alternative hypotheses, respectively, with
Assumptions 2.1~ 2.4 satisfied. In addition, we use s; = ||wjlo, s = maxi<j<p 55, pi = [|Billo,

and p = max;<;<, p; to denote the sparsity of 'w;‘ and ;.
Assumption 2.5 (Estimation error of 8;). For (u,©) € Ily UIl, and r € {1, 2},

B8 Bi

r

for all 1 < j < p, with probability at least 1 — Cop®T exp(—CsT*/?). Constants Cy, Cy, Cs

only depend on (p, ©) and the transition kernel function.

Assumption 2.6 (Estimation error of w}). For (u,0) € Ily UTl, and r € {1,2},
[@; = wi]|, < Culs + 1) T,

for all 1 < j < p, with probability at least 1 — Cop®T exp(—CsT*/?). Constants Cy, Cy, Cs

only depend on (p,©) and the transition kernel function.

Assumption 2.5 and 2.6 state the rate of convergence for estimators of the nuisance
components. Under a stationary linear Hawkes process that satisfies Assumptions 2.1-2.4,
Lemmas 2.6 and A.11 in Appendix A.3 show that the lasso estimators in (2.16) and (2.18)
satisfy Assumptions 2.5 and 2.6. However, our main results on the limiting distribution of
the test statistic are valid for other high-dimensional estimators, as long as their rate of

convergence satisfies the requirements in Assumptions 2.5 and 2.6.

The rate of convergence naturally depends on the sparsity of 8; and wj. In general, the
relationship between the sparsity of w} and the sparsity of 3; is not straightforward — it
depends on the sign and scale of the connectivity coefficients, as well as the transition kernel.
Lemma A.13 in Appendix A.3 shows that the sparsity of w’ is upper bounded by the sparsity
of B; as s < 2p + 1 when connectivity matrix is block diagonal. The rate of convergence

for an estimator of w} in Assumption 2.6 depends on both the sparsity of w} and 8;. This
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is because estimation of wj} requires an estimate of the unknown variance, which in turn

depends on the estimates of (u;, 3;).

Next, we introduce our first result, which establishes the weak convergence of ﬁT under

the null hypothesis.

Theorem 2.1. Suppose the linear Hawkes process defined in (2.2) satisfies Assumptions
2.1-2.4. Furthermore assume that <ﬁl,@) and w; satisfy Assumptions 2.5 and 2.6. If
s2p?logp = o (T1/5), then, under the null hypothesis in (2.9),
sup ’IP’ ((/jT < x) — Fd(x)’ < O1p*T exp(—CyTY?) + Css?p*T~Y° 4 O 7718 (2.24)
(©,u)€Mg,zeR
where Fy is the cdf of the x?-distribution with d degrees of freedom and Cy,k =1,...,4, are

constants only depending on the model parameter (u,©) and the transition kernel function.

Theorem 2.1 shows that (7T converges to x2 in distribution (d = 1 when testing univari-
ate (3;;). The proof involves quantifying the difference between the cdf of Uy and Fy(x) and
establishing the convergence of Ur to Ur. The main challenge in establishing these results
stems from the dependency structure of the multivariate Hawkes process whose intensity
depends on the entire history of each component. The additional complexity due to the de-
pendency structure leads to a slower rate of convergence in quantifying the difference between
Ur and Uz than those obtained for the VAR model [Zheng and Raskutti, 2019]. Moreover,
this dependence also leads to a difference between cdf of Ur and Fy(x) that is dominated
at least by O (T~'/%) (using the martingale central limit theorem in Proposition A.1) rather
than O (T~'/?) (using the standard central limit theorem).

Next, we investigate the distribution of ﬁT under the alternative hypothesis. More specif-

ically, for ¢ > 0, we assume
H,: B =T °A. (2.25)

Theorem 2.2. Suppose the linear Hawkes process defined in (2.2) satisfies Assumptions 2.1-
2.4. Furthermore assume that (/727@) and w; satisfy Assumptions 2.5 and 2.6. Let Fys be
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the cdf of a non-central x?-distribution with d degrees of freedom and non-centrality parameter

5. If s?p?logp = o <T1/5 A T2¢’%>, then, under the alternative hypothesis in (2.25), we have:
: 1
a Zf¢ > 27

s |P(Ur < 2) = Fulw)| < Cip*Texp(~CoT'?)
(©,n)€ll,,zeR

+ C352p° (T—1/5 Y, T%—2¢> +C T8 (2.26)

77’f¢:%;

sup
(@,,u)el'[u 7$ER

P (Ur < 0) = Fyys(o)] < CwTexp(=CaT'”)
+ Css?p* T~ V2 4 O, T7V8, (2.27)

where A = T;/ZA with Y defined in (2.13);
N Zf¢ < %;
sup ‘IP’ <[7T < a:)’ < C1p*T exp(—CQTl/E’) + T8

(©,n)€lly,zeR

+ Cyexp(—(CsTV* % — Cgy/1)?);  (2.28)

here Cy,k = 1,...,6, are constants only depending on the model parameter (u,©) and the

transition kernel function.

Theorem 2.2 establishes the asymptotic distribution of ﬁT under the alternative hypoth-
esis. Depending on the scaling of 3;; with respect to 7', which is parameterized by ¢, the
asymptotics are different. When ¢ > 1/2, our test does not distinguish H, from Hy, since
in both cases (7T convergences to x3. When ¢ < 1/2, (7T diverges to +o00 in probability,
resulting in trivial rejection of the null hypothesis. Finally, when ¢ = 1/2, (7T converges to

a non-central y2-distribution with d degrees of freedom and non-centrality parameter [|A||2.
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This result should be compared with Theorem 3.2 in Zheng and Raskutti [2019] developed
for VAR models. However, since the multivariate Hawkes process is defined on a continuous
time domain with intensity rate depending on the entire history, rather than a pre-specified

time lag (or order), our rate of convergence is slower compared with the VAR model.

The results in Theorem 2.1 and 2.2 are established by extending the concentration in-
equality developed in Chen et al. [2019], which is built on a Bernstein type inequality for
weakly dependent observations of the point process at different time points [Merlevede et al.,
2009]. This weak dependence leads to a slower rate of convergence in the second order
statistics of (t) compared with the standard sub-Gaussian deviation bound for independent
samples; see Chen et al. [2019, Theorem 4] or Merlevede et al. [2009, Theorem 1] for details.
As an alternative, in Lemma A.19 in the Appendix A.4, we write the relevant statistics (i.e.
the second order statistics of &(t) in our case) based on independent ‘residuals’, referred to as
martingale compensated processes [Bacry et al., 2011]. Then, considering the point process
in a discrete time domain, we use the Hansen-Wright inequality to obtain a faster rate of
convergence that is comparable to the standard Gaussian deviation bounds for VAR models
in Zheng and Raskutti [2019]. However, this is obtained under a more stringent requirement

on the structure of the transfer function of the Hawkes processes.

2.5 Confidence Regions

We next describe a procedure for constructing a confidence intervals for 3;;. Similar to Ning
and Liu [2017], our confidence interval is based on the one-step estimator of 3;;. Let B\Z‘j be
the lasso estimator in (2.16), or any other consistent estimator with the same order of the

estimation error, and let

Z/z\;k(t)/z\](t) and §ij = ! Z Yi(t) - /il - wT(t)BWZ\*(t) (2.29)

t=1 t=1

¥, -

Nl =
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Note that §,~j involves the entire Bi, compared with §ij which uses Bi,—j- We define the

one-step estimator of 3;; as

by = By — (Tj)_l S (2.30)
Finally, let
Ry =T (E-j . ﬂij)T T, (Zij - ﬁi]) . (2.31)

Our next result shows that ET converges weakly to x2. Therefore, we construct an

asymptotically 1 — a confidence region for 3;; as

~ T o/~

CR(a) = {9 T (bl-j - 9) T (bz-j - 9) < 31— a)} . (2.32)
Theorem 2.3. Suppose the linear Hawkes process defined in (2.2) satisfies Assumptions 2.1-
2.4. Furthermore (ﬁz,§l> and W; satisfy Assumption 2.5 and 2.6. If s*p*logp = o (T*/?),
then

sup |P(Ry < z) — Fd(:c)) < O1p°T exp(—CyTY?) + Css*p* T~V + ¢T3,
zeR

where Cy, k =1,...,4, are constants only depending on the model parameter (u,©) and the

transition kernel function.

2.6 Simulation

We illustrate finite sample properties of the proposed inference procedure through extensive
simulations. We consider the linear Hawkes process with the transfer function specified
in (2.6). For the connectivity matrix © = {f;; }1<i j<p, We consider three structures: chain,
block and random, with p = 50 component processes. The chain structure contains nodes of
component processes sequentially connected; the block structure contains 25 blocks with 2
component processes mutually connected within each block; the random structure is created
by randomly assigning edges over all possible pairs of the component processes with a total

sparsity of about 2%. Figure 2.1 illustrates the connectivity matrices under the three graph
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Chain Block Random

Figure 2.1: Connectivity matrices (50 x 50) under chain, block and random graph structures.

Zero coefficients are shown in gray and non-zero coefficients are shown in black.

structures. The background intensity p; is set to be 0.2 and the scale of non-zero elements
Bi; is set to be 0.3. The transfer kernel function x;(¢) is chosen to be exp(—t). This setting

satisfies our assumptions of a stationary Hawkes process.

To assess the performance of our method, we test each of the p? coefficients in the connec-
tivity matrix. We calculate the type-I error (i.e. the rejection rate among zero coefficients)
and the power (i.e. the rejection rate among non-zero coefficients). We also investigate
the empirical coverage of the 95% confidence intervals for zero and non-zero coefficients.
We consider experiments lengths 7" € {200, 1000,2000}. As a benchmark, we compare the
performance of our methods against an oracle procedure, which knows what coefficients are

non-zero. Simulation is run for 200 times.

Figure 2.2 illustrates the simulation results for chain, block and random structure sepa-
rately. It can be seen that as the experiment length increases, our test properly controls the
type-I error rate. Moreover, the 95% confidence intervals have reasonable converge. Finally,

our test also achieves power close to the oracle procedure.
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Chain: Type 1 Error Chain: Power Chain: 95% CI coverage

- oracle = ds T . . ;E . ;§
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1 34 = 3
94 H -
° ; . « tos ~
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Block: Type 1 Error Block: Power Block: 95% CI coverage
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Random: Type 1 Error Random: Power Random: 95% CI coverage
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Figure 2.2: Type-I errors, powers and coverage of confidence intervals under chain, block and
random graph structures. The oracle corresponds to the score test under the true model
with known zero coefficients and ds corresponds to the de-correlated score test with nuisance
coefficients. In the last column, CI0 and Cla correspond to the coverage of confidence

intervals for zero and non-zero coefficients, respectively.
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2.7 Application

We consider the task of learning the functional connectivity network among population of
neurons, using the spike train data from Bolding and Franks [2018]. In this experiment, spike
times are recorded at 30 kHz on a region of the mice olfactory bulb (OB), while a laser pulse
is applied directly on the OB cells of the subject mouse. The laser pulse has been applied at
increasing intensities from 0 to 50 (mW/mm?). The laser pulse at each intensity level lasts

10 seconds and is repeated 10 times on the same set of neuron cells of the subject mouse.

The experiment in total collects spike train data on 23 mice. We consider the spike train
data collected at two intensity levels, 0 mW/mm? and 20 mW/mm?, in the subject mouse
with the most neurons (25 neurons). In particular, we use the spike train data from one
laser pulse at each intensity level. Since one laser pulse spans 10 seconds and the spike train
data is recorded at 30 kHz, there are 300,000 time points per experimental replicate. We
apply our inference procedure separately for each intensity level, and obtain the estimated
connectivity coefficients and the corresponding 95% confidence interval for the 25-neuron

network.

Figure 2.3 illustrates the estimated connectivity coefficients that are specific to each laser
condition in a graph representation, where each node represents a neuron and a directed
edge indicates a statistically significant estimated connectivity coefficient. Compared with
the control (0 mW/mm? laser) we see more condition-specific edges as laser is applied (at
20 mW/mm?). This agrees with the observation by neuroscientists that the OB response is
sensitive to the intensity level of the external stimuli [Bolding and Franks, 2018]. Figure 2.3
also shows the 95% confidence interval for 12 unique edges with largest estimated connectivity
coefficients in one of the conditions. As expected, the confidence intervals corroborate with

testing results and provide additional insight into differences in connectivity coefficients.

As discussed in Section 2.4, our inference procedure is asymptotically valid. That means

with large enough samples, if the other assumptions in Section 2.4 are satisfied, the type-I
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Figure 2.3: Estimated functional connectivities among neuronal populations using the spike

train data from Bolding and Franks [2018]. In the condition-specific connectivity graphs,

red edges are unique to 0 mW/mm?, and blue edges are unique to 20 mW/mm?2. The last

plot shows 95% confidence intervals for 12 unique edges with largest estimated connectivity

coefficients in one of the conditions.

error should be controlled at the nominal level. Assessing the validity of the assumptions

and estimating the type-I error in real data applications is challenging. However, we can

verify the sample size requirement by estimating the type-I error rate in a ‘permuted’ data set

where each neuron’s spike train is permuted. This permutation destroys both the connections

between neurons and also the temporal dependence in each neuron. As a result, the neuronal

connectivity network corresponding to this data set contains no edges. Moreover, some of the

other assumptions in Section 2.4 — e.g. the sparsity of w; and 8; and the structure of the

transition matrix — are trivially satisfied for this permuted data set. Thus, if the sample

size is sufficient and the other assumptions are satisfied, we should not reject more than

a = 0.05 of the tests. This is indeed the case: the total rejection rate is 0.32%, suggesting

that the conditions are likely satisfied.
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2.8 Extensions

In practice, the transition kernel is often unknown. In addition, the background intensity
can be time-varying due to the non-stationary nature of the process. In this section, we
outline the steps that extend our statistical inference procedure for a flexible class of linear

Hawkes process with the intensity functions defined as
P et
M) = wi(t) + Z/ wglt = WdN; () i=1,....p, (2.33)
j=1"0

where both the time-varying background intensity, v;(-), and the transition function, w;;(-)

are unknown.

Following Cai et al. [2020], we approximate v;(-) by mo-dimensional basis ¢ (t) = (¢o.1(t), - . .

such that v;(t) = ¢o(t)Bio + ri0(t), where r;o(t) is the approximation residual, 3, € R™°
and mgy > 0 is arbitrary. We allow the transition function w;;(-) to be from a class of func-
tions that can be approximated by m;-dimensional basis ¢1(t) = (¢11(2), ..., d1.m, (t)) such
that w;;(t) = ¢1(t)Bi; + rij(t), where r; ;(t) is the approximation residual and 3;; € R™
and my is bounded. Let x(t) = (xo(t),...,x,(t)), where xo(t) = ¢o(t) and x;(t) =
Jo @1t —uw)dN;(u), j =1,...,p. Next, we state a generalization to Assumption 2.4 that is
needed to develop inference for the flexible Hawkes process (2.33).

Assumption 2.7. For j = 1,...,p, there exists mo,my1, B; = (8/0,8/;,. .., Zp)T €

R™o+mMP sych that

% /0 (27 (18 = \(1) dt = O (T ™).

. T . .
We index B; = (Bits-- -, Bimotpmi) and x(t) = (z1(t), ..., Timg+pm, (). Indexing this
way allows us to use our previous notations to establish the statistical inference procedure

for the flexible class of linear Hawkes processes in (2.33). In particular, testing the existence

of a directed edge from node j to i is equivalent to testing

T
HQ . (ﬁi,mo+(jfl)m1+la e 7ﬁi,m0+jm1) = O (234)

) ¢0,mo (t))
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Next, we show that, under the null hypothesis, our previously defined test statistic, ﬁT from

(2.15), converges weakly to a central x? distribution with m; degree of freedom.

Theorem 2.4. Suppose the flexible linear Hawkes model with its intensity function defined
in (2.33) satisfies Assumptions 2.1 — 2.3 and 2.7. In addition, suppose (ji;, B\l) and W; satisfy
Assumption 2.5 and 2.6, respectively. If s*p*logp = o (T1/5), then, under the null hypothesis
in (2.34),

sup ’}P’ ((A]T < x) - Fd(x)’ < C1p?°T exp(—CoTY?) + C3s2p?T~YV2 + ¢, T8, (2.35)
(O,n)Ellp,zeR

where Fy is the cdf of the x?-distribution with d = m; degrees of freedom and Cy, k =1,...,4,

are constants only depending on 3; and the basis function.

The proof of Theorem 2.4, given in Appendix A.1, is similar to that of Theorem 2.1
except that we need to re-examine the bound of gfk — S;x due to our approximation of the

unknown background intensity and the flexible form of transition function.

In practice, we can estimate (3; using a group lasso penalty in (2.16) [Yuan and Lin,

2006]. Assuming the true intensity function can be well approximated as in Assumption 2.7,

a similar proof to Theorem 3 in Cai et al. [2020] shows that the estimation error, ,[/3\, - B

Y

2

is bounded by O, (T’é) with high probability, which satisfies Assumption 2.5.
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Chapter 3

JOINT ESTIMATION AND INFERENCE FOR
MULTI-EXPERIMENT NETWORKS OF
HIGH-DIMENSIONAL POINT PROCESSES.TEX

3.1 Introduction

Multivariate point process data have become prevalent in many application areas, from
finance and social networks to biology. Of prominent importance are spike train data, con-
taining spiking times of a collection of neurons [Okatan et al., 2005]. These data, which have
become more abundant thanks to the advent of calcium florescent imaging technology, are
increasingly used to learn the latent brain connectivity network and glean insight into how

neurons respond to external stimuli.

The Hawkes process [Hawkes, 1971] is a popular choice for analyzing multivariate point
process data. In this model, the probability of future events for each component can depend
on the entire history of events of other components. As such, the Hawkes process offers a
flexible and interpretable framework for investigating the latent network of point processes
and is widely used in neuroscience applications [Brillinger, 1988, Johnson, 1996, Krumin
et al., 2010, Pernice et al., 2011, Reynaud-Bouret et al., 2013, Truccolo, 2016, Lambert
et al., 2018].

In modern applications, it is common for the number of measured components, e.g., the
number of neurons, to be large compared to the observed period, e.g., the duration of neu-
roscience experiments. The high-dimensional nature of data in such applications poses chal-
lenges to learning the connectivity network of a multivariate Hawkes process. Hansen et al.

[2015] and Chen et al. [2019] proposed /¢;-regularized estimation procedures to address this
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challenge. Recently, Wang et al. [2020b] developed a high-dimensional inference procedure
to characterize the sampling distribution of these estimators and their uncertainty. However,
because of the complex dependence structure of the point process data, existing estimation
and inference procedures require data collected over a long period to achieve satisfactory
performance. Unfortunately, available data routinely consist of short stationary segments
that may not satisfy these requirements. This is particularly the case in neuroscience appli-
cations, where experiments include multiple stimuli that are examined consecutively in order
to investigate and contrast how neurons respond to each stimulus. For instance, Bolding and
Franks [2018] apply 10 laser stimuli to a set of neurons at 8 different intensity levels ranging

from 0 to 50 mW/mm?, resulting in 80 experiments in total.

Neuronal connectivity networks corresponding to different stimuli in a sequence of exper-
iments are expected to share many edges. This shared structure motivates joint estimation
of networks from multiple experiments, which could lead to more efficient estimation of
common edges. However, the networks from different experiments or conditions are also
expected to contain unique edges that are in fact of primary scientific interest. For example,
distinct neuronal connectivities are found under laser stimulus at different intensity levels
[Bolding and Franks, 2018]. Moreover, the degree of (dis)similarity between networks from
two experiments depends on the similarity of neuronal responses to the corresponding stim-
uli, which is generally unknown. These characteristics highlight the need for joint estimation
and inference of multiple networks of high-dimensional point processes while accounting for

similarities between networks, a task that is not addressed by existing methods.

Joint estimation of multiple graphical models has been considered for independent and
Gaussian-distributed data [e.g. Chiquet et al., 2011, Guo et al., 2011, Danaher et al., 2014,
Yajima et al., 2014, Zhu et al., 2014, Ma and Michailidis, 2016, Cai et al., 2016, Huang et al.,
2018, Wang et al., 2020a]. Extensions to time- and/or space-varying networks have also been
studied [e.g. Kolar et al., 2010, Qiu et al., 2016, Lin et al., 2017, Hallac et al., 2017, Yang

and Peng, 2020]. However, the vast majority of existing approaches are primarily designed
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for learning two networks or implicitly assume that networks from multiple experiments are
equally similar, or the network similarity is known or implied by the spatial /temporal order-
ing. On the other hand, the few methods designed for joint estimation of multiple networks
[Peterson et al., 2015, Saegusa and Shojaie, 2016] are specific to Gaussian graphical mod-
els and either assume the network edges are independent [Peterson et al., 2015], or assume
similarities in population means in different conditions reveal similarities among precision
matrices [Saegusa and Shojaie, 2016]. Moreover, existing procedures do not provide inference

for the estimated networks, which is critically important in many scientific applications.

Given the paucity of methods for joint analysis of point process data from multiple exper-
iments/conditions, in Section 3.3 we propose a data-adaptive joint estimation procedure for
networks of high-dimensional point processes. The proposed approach uses estimates of cross
correlations in each condition to obtain a measure of similarities among neuronal connec-
tivity networks. While cross-correlations are widely used by neuroscientists to gain insights
into neuronal interaction mechanisms [de Abril et al., 2018], they do not reveal direct inter-
actions between neurons [Tchumatchenko et al., 2011, Reid et al., 2019]. However, they can
be easily computed, even in high dimensions. We also show that they provide useful infor-
mation about the overall similarities among neuronal connectivity networks, especially when
used to define data-driven weights for joint estimation of multiple networks. By encouraging
similarity among estimated networks, such data-driven weights offer superior finite-sample
performance in selecting the edges. Extending previous work under a single experiment
[Chen et al., 2019], in Section 3.4 we establish a unified non-asymptotic convergence rate for
edge estimation in multiple networks of generalized Hawkes processes. Our result implies a
faster convergence rate using the joint estimation approach compared to estimating networks
separately under each experiment. While our method does not assume the correctness of the
weights to achieve the estimation convergence, we achieve a lower estimation error when the

true weights are known.

To address the need for efficient inference procedures, in Section 3.5, we develop a powerful
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hierarchical testing procedure for simultaneous inference on edges of all estimated networks.
While statistical inference for a single high-dimensional Hawkes processes has been recently
addressed [Wang et al., 2020b], implementing such an approach directly on all estimated
networks would amount to a large number of tests. As a result, the testing power can di-
minish when adjusting for multiple comparisons, especially when the number of experiments
is large. This is particularly the case in neuroscience applications, such as that in Bolding
and Franks [2018] with 80 experiments. Moreover, the tests associated with network edges
under each experiment have complex dependencies. Our proposed inference framework mit-
igates these challenges through a multiple comparison adjustment that carries out testing
along the hierarchical structure of network similarities inferred from cross-correlations. By
taking advantage of this hierarchical structure, our procedure greatly reduces the number of
required tests, which in turn results in increased power while tightly controlling the family-
wise error rate (FWER). Unlike existing hierarchical testing procedures that rely on specific
assumptions on the dependency between the tests [Yekutieli, 2008, Lynch and Guo, 2016]
or particular p-values calculation along the hierarchy [Bogomolov et al., 2020], our method
is free of such assumptions and can incorporate p-values flexibly calculated from any valid
tests. Moreover, as we show in Section 3.5, for large and sparse networks, our inference pro-
cedure is robust to misspecification of the similarity weights, which had not been previously
addressed. The advantages of our estimation and inference procedures are illustrated by

analyzing simulated and real data in Sections 3.6 and 3.7, respectively.

3.2 Background: The Hawkes Process

Let {t;}rez be a sequence of real-valued random variables, taking values in [0,7], with
tgr1 > tp and t; > 0. Here, time ¢t = 0 is a reference point in time, e.g., the start of an
experiment, and T is the duration of the experiment. A simple point process N on R is
defined as a family {N(A)}acpwr), where B(R) denotes the Borel o-field of the real line and
N(A) = >, 1g,cay- The process N is essentially a simple counting process with isolated
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jumps of unit height that occur at {tx }rez. We write N([t,t+dt)) as dN(t), where dt denotes

an arbitrarily small increment of ¢.

Ni(A) =" 1y,ea for A € B(R) with {t;1,%0, ...} denoting the event times of N;. Let H,;
be the history of N prior to time ¢. The intensity process {\i(t),...,A\,(¢t)} is a p-variate
H,-predictable process, defined as

N(t)dt = P(AN,(t) = 1 | H,). (3.1)

The intensity function for the Hawkes process [Hawkes, 1971], takes the form
p
Mi(t) =gi | i+ (wiy+dN;) (t) | . (3.2)
j=1
where
tf
(i # AN;) (t) = / wig(t = $)ANy(s) = 3 wislt — ). (3.3)
0 k:tjk<t
Here, p; is the background intensity of unit ¢ and w;;(+) : R* +— R is the transfer function. In
particular, w;;(t —t;;) represents the influence from the kth event of unit j on the intensity of
unit ¢ at time ¢. If the link function g;(+) is non-linear, then \;(+) is the intensity of non-linear
Hawkes process [Brémaud and Massoulié, 1996]. We refer to the class of Hawkes processes
that allows for non-linear link functions and negative transfer functions as the generalized

Hawkes process [Chen et al., 2019].

Motivated by applications in neuroscience [Linderman and Adams, 2014, de Abril et al.,

2018], we consider a parametric transfer function w;(-) of the form

wi;(t) = Bijk;(t) (3.4)

with a transition kernel k;(-) : Rt — R that captures the decay of the dependence on past

events. This leads to (w;; * dN;) (t) = B;;x;(t), where the integrated stochastic process

rt) = [ it = () (3.5)
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summarizes the entire history of unit 7 of the multivariate Hawkes processes. A commonly

used example is the exponential transition kernel, k;(t) = e”* [Bacry et al., 2015].

In this formulation, the connectivity coefficient of the underlying network, 3;;, represents
the strength of the dependence of unit i’s intensity on unit j’s past events. A positive 3;;,
which implies that past events of unit j excite future events of unit 7, is often considered in
the literature [see, e.g., Bacry et al., 2015, Etesami et al., 2016]. However, we also allow for
negative (;; values to represent inhibitory effect of one unit’s past events on another [Chen
et al., 2019, Costa et al., 2020], which is expected in neuroscience applications [Babington,

2001].

Denoting x(t) = (z1(t),...,7,(t))T € R? and B; = (Bi1, ..., B;p)" € RP, we can write
() =gi (i + 2" (1)85) - (3.6)
3.3 Networks of Multi-Experiment Hawkes Processes

Given point process data from M experiments, let Nl-(m) be the point process of unit ¢ un-
der experiment m defined on [0,T,,], where m € {1,..., M}. Further, consider experiment-

specific notations for the corresponding intensity function )\Em)(-), link function ggm)(-), back-
(m)

i

, connectivity coefficient [5}(;"), transfer function ngm)(-), transition kernel
(m)

ground rate u
(m)

function ;" (-), and integrated process z;"(-). Denote the entire model parameter for unit
T T
i at experiment m as 0§m) = (,uz(»m), (,Bfm))T> , where ﬂi(m) = <5i(m) 51.(;)")> . Let
T T
ﬂmwz<ﬁmﬂ,”aﬁmﬁ.hmMmMJaaz(wﬁf.” @Wf)am
T= Z%:l Ton.-

Throughout the paper, we assume that the generalized Hawkes process (3.6) from each
experiment is stationary, meaning that for all units ¢ € {1,...,p}, the spontaneous rates
,ugm) and strengths of transition ﬁgm) are constant over the time range [0,7,,] under each
experiment m € {1,..., M} [Brémaud and Massoulié, 1996]. This assumption is often

satisfied in neuroscience applications, where a “white noise” period is included between
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consecutive experiments—e.g., laser is turned off for one second between stimuli [Bolding

and Franks, 2018].

Let £(-,-) : R x R — R* denote twice continuously differentiable loss function. To
rigorously define our penalized estimator, denote the expectation of the observed outcome

at [t,t + dt) for unit ¢ under experiment m as

foo (@ (1) =A™ @)t = g™ (1™ + (@) " B at.
Our proposed joint estimation procedure is based on solving the following optimization prob-
lem:

{é\i}gz‘gp = argmin i {% f: /OTm 14 <dNi(m)(t)> f9§m>(m(m)(t))> +P ({ﬂz(m)}j:l) } )

0™ erp+1, m=1
1<i<p,1<m<M

where to achieve both sparsity and similarity, we consider the penalty

ACCEINNEON o) T RSN DD o) o R

<m<m'<M 1<i<p

J/

-

sparsity penalty fusion penalty

The sparsity penalty encourages a sparse structure of the estimated networks (i.e. few non-
Zero ﬁfjm ), for 1 < m < M). The fusion penalty [Tibshirani et al., 2005] encourages similarity
in the estimated networks. The key difference of our penalty is that the extent of fusion is
governed by the data-driven weights Wy, m € [0,1] for 1 < m,m’ < M. A larger weight

represents more similar networks in two experiments.

To construct the similarity weight between networks, we start by measuring the similarity
between two matrices, A = {a;;}, B = {b;;} € RP*?, by
d(A,B)= Y 1(ayby; >0). (3.9)
1<4,5<p
In the context of network analysis, d(-,-) measures the similarity of two networks according

to their connectivity structures. Specifically, consider the p x p connectivity matrices, Q" =



37

{ B (m)} and ©0") = {ﬁ (m") }, for networks under condition m and m’. The network similarity

ij

is then given by

o =d©m™ eim) (3.10)

m,m/ =

We call d?, ., the oracle network similarity because, in practice, the true connectivity ma-
trices are generally unknown. Instead, we propose a surrogate measure based on cross-

covariances [Hawkes, 1971]:

c L =dVm vy (3.11)

m,m’ =

where V(™ = {V;gm) } and V™) = {V;gm/)} are cross-covariance matrices for networks under
condition m and m’. While they only represent marginal temporal associations between
component processes, the cross-covariances can be easily computed, even in high-dimensional
settings. For mutually-exciting networks, there exists a one-to-one mapping between the
cross-covariance matrix and the connectivity matrix [see Bacry and Muzy, 2016, Theorem 1],
and the set of edges represented by the non-zero cross-covariance covers the true edge set
[see Chen et al., 2017, Lemma 1]. In practice, we estimate the cross-covariance matrix using
its empirical estimate, ‘//\;;m) = {‘ng)} [Chen et al., 2017]. Given a pre-specified threshold

k > 0, the thresholded sample cross-covariance matrix is given by

7 = 74m ([740) > ).

2

We then obtain the empirical network similarity as
e — g (vm {0m)
A (vz.j T ) . (3.12)

Following the consistency of the sample cross-covariance estimator to the true cross-covariance
[see Chen et al., 2019, Corollary 1], the empirical network similarity is consistent to the net-
work similarity based on the true cross-covariance, assuming that a minimum signal strength,
k, of the true cross-covariances exists. In practice, to put these sample cross-covariances in
a comparable range, we transform the covariance values into z-scores using Fisher’s trans-

formation and obtain the corresponding p-values. We claim an edge in this cross-covariance
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network if the p-value is below a pre-specified threshold—e.g., 0.1, where such threshold can
be chosen, e.g., to achieve a certain level of sparsity in a network [Chen et al., 2017]. The
stmilarity weights used in our algorithm are obtained by normalizing the empirical similarity

measure by their total so that the weights are always between 0 and 1; that is,

(&
e

wmm/ = Z de
1<k'#£k<M kK’

e [0,1], (3.13)

for 1 <m#m' < M.

Fusion penalty has been used in previous work but with a natural ordering of the condi-
tions defined according to location or network structure [Tang and Song, 2016, Wang et al.,
2016]. Given that no ordering necessarily exists between experiments, we adopt a different
computation strategy based on the smoothing proximal gradient descent algorithm [Chen

et al., 2012] to solve (3.7). Implementation details are given in Appendix B.1.

Two tuning parameters are involved in (3.7) to control the sparsity and the similarity of
the networks between experiments. To select the tuning parameters, we use an eBIC-type

. - M
criterion [Chen and Chen, 2008, Cai et al., 2020]. Let ®y, , = {O(m)(/\l,/\g)} be the
1

m=

model parameter estimates using pre-specified tuning parameters (A1, A2), then

M p
eBIC (@Mm) =) Y {25 (d N (8), Fo™ (31 ) (™ (t))) + 5™ log T,y + 27 log (ngn)) } ,

m=1 i=1 ?

(m)_’

i =

B (A1, As)

where s and (S(]fn)) of the last term is the binomial coefficient.
0 i

For ease of presentation in later sections, let dy, = W (e, —e, )& 1y € R+ x(p+1)M
M
and denote D = (di2,...,dmm,- - ,dM,LM)T e R(2)(P+1)X(1’+1)1V[7 where e,, is canonical

0
basis in RM, I, = € RPHUX(P+Y) and [, € RP*? is the identity matrix. Then, the
0 I,

fusion penalty can be written in a compact form

S e Y|

1<m<m/<M 1<i<p

1

g — ™| =1pel, . (3.14)
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3.4 Asymptotics

In this section we establish consistent parameter estimation and recovery of the latent net-
works over multiple experiments. Proofs for the results in this section are given in Ap-

pendix B.2.

We start by stating our assumptions. Throughout, we denote the maximum and minimum

eigenvalues of a square matrix A as Apax(A) and Ay, (A), respectively.

Assumption 3.1. The link functions, gi(m)(~), are first-order differentiable such that |Vg§m)(-)| <
agm), for 1 <i<p1<m< M. Further, let Q™ be a p x p matriz whose entries are
QE;") = agm) I |w§;ﬂ)(A)|dA, for1 <14, <p,1<m< M. Then, there exists a constant vq

such that Ay (QM)TQM) <42 <1, for 1 <m < M.

Assumption 3.1 is necessary for stationarity of a Hawkes process under a specific exper-
iment [Chen et al., 2019]. The constant v does not depend on the dimension p. For any
fixed p, Brémaud and Massoulié [1996] show that given this assumption the intensity pro-
cess of the form (3.2) is stable in distribution and, thus, a stationary process exists. Since
the connectivity coefficients of interest are ill-defined without stationarity, this assumption

provides the necessary context for our joint estimation framework.
Assumption 3.2. There exists Apin and Amax Such that
0 < Amin <A™ () < Apax < 00, ¢ € [0, T}

forallv=1,....pand m=1,..., M.

Assumption 3.2 requires that the intensity rate is strictly bounded, which prevents de-
generate processes for all units of the multivariate Hawkes processes. This assumption has

been considered in the previous analysis of Hawkes process [Chen et al., 2019, Wang et al.,

2020b].
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Assumption 3.3. The transition kernel mgm) (t) is bounded and integrable over [0,T,,], for

1<i<pand1 <m< M.

Assumption 3.3 implies that the integrated process xl(-m) (t) in (3.5) is bounded. Assump-
tions 3.2 and 3.3 imply that the model parameters are bounded, which is often required in

time-series analysis [Safikhani and Shojaie, 2020].

Assumption 3.4. There exists constants p, € (0,1) and 0 < p. < oo such that
P P
max Q < pr and max Q ) < Pes

1<i< 1<j<
S Sispi—

form=1,... M.

Assumption 3.4 requires maximum in- and out- intensity flows to be bounded, which
helps in bounding the eigenvalues of the cross-covariance of 2™ (¢) [Wang et al., 2020b]. A
similar assumption is also considered by Basu and Michailidis [2015] in the context of VAR

models.

Define the set of active indices as ng) = {j : ﬂ(m) #0,1 <j<p}, and d(m) = |S ‘(m)| let

d* = maxj<m<m,i<i<p dz ,and S; = U S . Also denote the set of dissimilar experiment

m=1
indices as S; = {(j,m) : Bij #+ 5@' ,Elm #Zme{l,...,M}, for1 <j gp} and then the
dissimilarity index 7* = max;<;<, S;]. When M = 1, let r* = 0. With a little abuse of
notation, we use m € S; if 35 such that (j,m) € S;. In addition, for 0 ) defined in (3.7), let

. T T
A = g™ — 9™ and A; = <<A§1)> e (A(M ) ) € RP+DM With these notations,

Ag, and AS are vectors that collect the estimation error on those non-zero 5 ™ that are

non-zero, and those varying over the experiments, respectively.

Let

1
c—{ae RO agli+ 2D 5 Ag ] <

»S;.nl},

where D s, Dwgf are columns of D corresponding to index set §Z-, §f, respectively.
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Next, we introduce two conditions that are required on £(t; Oz(m)) =/ <dNZ. (1), fom (™) (¢ )))

The first condition is known as the restricted strong convexity (RSC) [Negahban and
Wainwright, 2010]. The constraint set, C, is constructed specifically for the penalty in (3.8),
which is geometrically decomposable [Lee et al., 2015]. This construction links the estima-
tion error bound to both the sparsity and dissimilarity of the multi-experiment networks.
In Corollary 3.1, we show that this condition is satisfied for linear Hawkes process or gener-
alized Hawkes process with exponential-link under Assumption 3.2. We also show that the
second condition is satisfied with common loss functions such as the least square loss and

the negative-likelihood loss.

Condition 3.1. There exist constants n,c,C > 0 such that, for 1 <1i < p,

M
= T (m) > 2] > 1 _ o2 _~pl/5
<r£1ég ZA </ V2(t; 0, )) A > 77HAH2> >1—cp ZTm exp(—CT,/”).

m=1

Condition 3.2. There exist ¢,C' > 0 such that, for 1 <i <p,

(o

Theorem 3.1. Assume the p-variate Hawkes processes for all M experiments—uwith each

<CT~ 2/5> > 1 — epM exp(=T"?).

o0

component process has its intensity function defined in (3.2)—satisfy Assumptions 3.1- 3.4.
In addition, suppose Conditions 3.1 and 3.2 are met, and logp = o(min Tﬂl@/s) and (d* V
)4 = o(TY5), where T ="M _ T,,. Then, taking VM, = Ay = O(T~2/5),

1
1Al = O, <5T‘2/5 (3@ + 2¢§i\/7“_*>) , 1<i<p, (3.15)

with probability at least 1 — c;p? Z%zl T, exp(—CQTgﬁ), where g =max Y, Wy, and
mES ’
i m/£meS;
c1,co > 0 depend on the model parameters and the transition kernel.
Remark 3.1. The term 2¢g+/r* comes from the error induced by the fusion penalty in

the joint estimation. In an ideal case, when the true network skeletons are known, we can

reparameterize the model so that it includes the same parameters that stay the same for



42

all experiments and the experiment-specific parameters that vary across experiments. This
greatly reduces the number of parameters involved, particularly when the networks are sparse
and similar. Under such reparameterized model, the fusion penalty is no longer needed in the
estimation step, which may thus lead to a tighter estimation error bound. However, knowing
the true network skeletons is almost impossible in practice. Therefore, in this work, we focus

on developing the proposed estimation procedure under the unknown network-skeleton case.

The error bound in Theorem 3.1 involves the network sparsity index d* and the dissimi-
larity index r*, which suggests a low prediction error bound associated with sparse networks
that are similar between experiments. The network size, p, is allowed to grow much faster
than the minimum length of the experiments, as long as logp = o(min Ty 5). The number
of experiments, M, is also allowed to grow in a faster rate compared to the length of the
experiments, as long as log Zf\il T,, = o(min Ty ®). Such condition is likely met in practice
where the total number of experiment is usually not too large and the lengths of experiments
are similar—e.g. Bolding and Franks [2018] conducted 80 experiments in total where each
experiment collected data in 30kHz over 10 seconds. Compared with methods that sepa-
rately estimate the network under each experiment, our proposed method achieves a faster

) M —=2/5 : —2/5 .
convergence rate in the order of T' = (Zm:l Tm> instead of min,,—; 7™ in the

estimation.

With normalized similarity weights,

¢z = max g W' < Max g Wy < 1.
b meS; ~ ’ 1<m<M ‘ '
m'#meS; 1<m/#m<M

Thus, the estimation error is always bounded by O, (%T —2/5 (3@ - 2\/F>> regardless
of the choice of weights. When the weights are correctly specified—i.e., wy, s are small
for pairs of networks that are different, the error bound is improved. For example, con-
sider networks under 3 conditions where the first two are exactly the same and the third

is completely different. With oracle similarity weights—i.e., w12 = 1,w13 = w3 = 0,
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¢35, = wiz + waz = 0. In contrast, using uninformative weights that treat all networks
equal—i.e., wy o = w3 = W3 = %, ¢z = w13+ w3 = %
Corollary 3.1. Assume the setting of Theorem 3.1 and in particular Assumptions 3.1 3.4.
Then, the result (3.15) holds for

1. linear Hawkes model estimated using the least square loss, {(a,b) = (a — b)?;

2. non-linear Hawkes model, with exponential-link function, g(-) = exp(-), estimated using

the negative log likelihood loss, € (a,b) = —alog(b) + b.

To establish the edge selection consistency, we next introduce an additional assumption.

Assumption 3.5. There exists T > 0 such that

: (m)
(m) m}\}[n (m) B@'j Z Bmm > 27—7
Bij " €Um=15;

for1 <11 <p.

Assumption 3.5 is known as the S-min condition [Bithlmann and van de Geer, 2011] and
requires sufficient signal strength for the true edges in order to distinguish them from 0. We

then construct thresholded connectivity estimator

gm) _ 7(m)
By =By (

B =), 1<ij<p
Such thresholded estimator is often used for variable selections in high dimensions [van de

{(z}j) B £0,1< 0, gp} and the

Geer et al., 2011]. Let the estimated edge set 5m) —
true edge set S(™ = {(i,j) : ﬂfjm) £0,1<4,j < p}. Next, we show that the estimated edge

set consistently recovers the true edge set.

Theorem 3.2. Under the same conditions in Theorem 3.1, suppose Assumption 3.5 is also

satisfied with T = O (%T‘Q/5 (3\/@ +2 max b3 \/F)) Then,
S

M M
P (ﬂ {5 - S<m>}> >1—cp® Y Twexp(—eT)/?),

m=1 m=1
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where ¢z = max > W, and c1,c2 > 0 depending on the model parameters and the
meS; m’;ﬁmegi
transition kernel.

3.5 Inference

In this section, we develop a hierarchical testing procedure for edges of all networks, where
the hierarchy is guided by the network similarity discussed in Section 3.3. Taking advantage
of the hierarchical structure over the tests, our procedure greatly reduces the number of tests
involved and thus increases the power. At the same time, it tightly controls the family-wise
error rate (FWER) under arbitrary dependencies among tests. The results from this section

are proved in Appendix B.4.

To guide the hierarchy of our testing procedure for M experiments, we start by building
a M-level binary tree, where the left child node is always a leaf node. Here the level of a
node equals to 1 4+ the number of the connections between the node and the root of the tree.
For example, the root is on level 1 and the two nodes at the bottom are on level M. We
assign a set of experiment indices to each node of the tree starting from the bottom nodes.
Specifically, the right node at the bottom is assigned with an index set, Ly = {t}, where ¢
corresponds to the experiment that has the fewest edges. The left node is assigned with the
index set, L n = {s}, where s, corresponds to the experiment whose underlying network is
most similar to that of experiment ; i.e,

s = argmax max d(s,t), (3.16)

s€Ly/Lp s tELRM

where £ = {1,..., M} and d(s,t) is the similarity between two experiments, e.g., according
to their network structures. We then merge the index sets of both nodes into one set and
assigned it to the right child node at the upper level—i.e., Lry—1 = Lru UL = {s,t}.
Next, we assign the left node at level M —1 the index set with a single element corresponding
to the experiment that is closest to Lg a1 as defined in (3.16). We repeat this procedure

until we reach the root of the binary tree where the root is always assigned with the total
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index set L.

For example, consider networks under 4 conditions with the number of common edges

listed in the similarity matrix below:

1 2 3 4
1 /100 40 10 5
2 80 30 10
31 . . 50 40
4 45

Here, 40 edges are shared between Conditions 3 and 4, and 4 edges are shared between
Conditions 1 and 4. Also, Condition 4 has the fewest edges among all conditions. The
4-level binary tree built according to the network similarity matrix above is illustrated in

Figure 3.1.

Pk

)/\ —— if parent rejected

{1}, p(1)_ 234}, () _p(3)_ @) _
e
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Figure 3.1: Ilustration on hierarchical testing procedure
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Let D be the binary tree created over M experiments as above. We call D an oracle or
empirical binary tree if the tree is built using the oracle network similarity—i.e., d(s,t) = dg
in (3.10), or the empirical network similarity—i.e., d(s,t) = d5, in (3.12). Next we describe
the hierarchical testing procedure with its hierarchy guided by the binary tree built above.

For ease of notations, we index the p? edge coefficients of a p-variate network at condition
m as 6§m), e ,BI();”), for m = 1,..., M. Besides the binary tree, D, the algorithm takes in
the critical values at each level of the tree, {ay}12,. Our procedure is implemented separately
for each coefficient. For a specific coefficient indexed k € {1,...,p?}, at each node of the
hierarchy, we assign a test on a global hypothesis that all the edge coefficients corresponding
to the experiments indexed by the index set of the node are O-i.e., ka : ’gm) =0meL
where £ takes £y, Lr;, Lr; when the node is the root of the binary tree, the left or right
child node at level [, respectively. Our procedure starts testing the hypothesis at the root of

the tree. If it is rejected, we move down to the next level of the tree and separately test the

hypotheses assigned to each of the child nodes.

For example, consider inference on all edge coefficients under M = 4 conditions, where
the hierarchy guided by the binary tree in Figure 3.1. Let a p? x M matrix I be the
matrix of rejection indicators. Separately for an edge coefficient with index k, we start
from the root of the tree and test H1{71k’2’3’4} : B,(cl) = B,(f) = 6,(63) = ﬂ,(f) =0. If H1{71k’2’3’4}
is rejected, then we move down to the next level and separately test H2{,1k} ; /B,il) = 0 and
H2{72k’3’4} : ﬂ,(f) = ﬂ,(:’) = 6,24) = 0. If we reject Hilk} then set I, ; = 1; otherwise, I, ; = 0. If we

reject H2{12,€’3’4} then we move down to test Hs{,Zk} and Hé?}f}; otherwise, Iy = I3 = ;4 = 0.

We summarize our hierarchical testing procedure in Algorithm 1.
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Algorithm 1 Hierarchical Testing Procedure for Multi-Experiment Networks
input: D, {a;}M;

initialization: rejection matrix I = {I;m = 0}1<k<p21<m<s;
fork=1,...,p* do
root: calculate p-value, P, on Hf}C : ,(Cm) =0,me L, ={1,...,M};
if P,fl <oy and M >1 then
for!=2,...,M do

left node: calculate p-value, P,f“, on kaL‘l ™ = 0,m € Lr;if P,f“ < oy, set

(2

Ik;,m =1, for m € ,CLJ ;

right node: calculate p-value, P,fR’l, on H-E! . Bi(m) =0,m € Lg; ; stop the loop

m,k
over [ if P,fR’l > qu; otherwise, set Iy, = 1 for m € Ly, if | = M;
end for
end if

end for

return /

Note that our procedure requires p-values calculated based on a valid test. In the context
of high-dimensional point processes, recently, Wang et al. [2020b] developed a de-correlated
score statistics in testing ﬁz(]m ) = 0. Specifically, the method calculates the de-correlated score

statistics

s = [ e
m J0

dN;™ (1)

where €™ (t) = T2 =A™ (1), and fg-m) is called de-correlated column that is xg.m) (t)

after removing its projection on the other columns x(_”;) (t). Tt has been shown that Vlgm) —q

—1/2 2
N(0,1), where V™ = T (Tg-m)> Si(;-n) and T;m) = lfoT (5(.7”)(75)) dt. Therefore, for

iJ T J

example, to test the global hypothesis at the root, Hfi, we construct the test statistics

Uj= (‘6?"’)2 —a Xir-

meLy
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Then, the corresponding p-value is approximately P (x3, > U;;). By its construction, such

test is powerful when many ﬁi(;n) #0,m € L.

When the number of non-zero edges is believed not to be many, an alternative test choice

2
is to construct U;; as the maximum of (Vlgm)> ; that is,

It has been shown that as M — oo,

an(Uij — bar) =4 G,

ay =1/2; b, =2(InM+ (d—1)Inln M —InT'(d)),

where G follows Gumble distribution—P(G < x) = exp(—exp(—x)),z € R [see Page 156
Embrechts et al., 1997]. By its construction, such test requires a large M to obtain valid

p-values calculated from the limiting distribution—i.e., the Gumble distribution.

Next we show that our proposed procedure controls the family-wise error rate (FWER)

under arbitrary dependencies between tests.

Theorem 3.3. The hierarchical testing procedure in Algorithm 1 with the oracle binary tree
and critical value

aM—1+1
ogT = -
T M

controls the FWER for testing all p> M hypotheses at c.

For a single experiment, our hierarchical testing procedure with the «; chosen in Theo-
rem 3.3 reduces to the usual Bonferroni correction. However, in multi-experiment settings,

our procedure uses a less stringent critical value than that used by Bonferroni correction, as

]%% < MLpQ for [ < M. This makes the procedure more powerful in practice, particularly
for sparse networks when most tests are carried out at shallow levels of the dendrogram. The

procedure can also be applied to any subset, J, of the p? edges by taking oy = ﬁM ;}H in

Theorem 3.3.
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Unlike existing hierarchical testing methods [e.g. Yekutieli, 2008, Lynch and Guo, 2016]
that control the error rate over all the tests involved, our proposed method controls the error
rate among the hypothesis associated only with the leaves of the tree, which is exactly the

set of hypotheses of our interest.

Theorem 3.3 assumes an oracle binary tree while in practice, the data-driven similarity
in Section 3.3 can be used to create an empirical binary tree. The next result shows that
even when the oracle binary tree or its proxy are not available, our procedure is robust to

misspecification of the binary tree for multiple large and sparse networks.

Theorem 3.4. The hierarchical testing procedure in Algorithm 1 using a binary tree built

based on arbitrary network similarity and critical values

aM-—-1+1

ZT, lzl’...,M,
p

o =

2p

controls FWER at o (1 + w).

Theorem 3.4 implies that under d*M (M — 1) = o(p), FWER is controlled at o (1 + o(1))
with arbitrary hierarchy guided by the binary tree used in our hierarchical testing procedure.
Such condition is met when the underlying network is sparse—i.e, d* = o(p) and the number
of experiment M is o(,/p). Seen from our technical proof in Appendix B.4, such robustness
property comes from the unique construction of the binary tree where the left child node is

always a leaf.

3.6 Simulations

We first investigate the edge selection performance of the proposed joint estimation proce-
dure. We consider networks of p = 100 linear Hawkes processes under M = 3 experiments.
Network 1 consists of 20 circles, Network 3 consists of 20 stars, and Network 2 is a mix of 18
circles and 2 stars (see Figure 3.2). The edge coefficients of circles and stars are set to be 0.3

and 0.6, respectively. The background intensity is set to 0.2 for all nodes in all experiments.
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Figure 3.2: Networks of p = 100 processes under M = 3 experiments. Network 1 (left)
consists of 20 circles, Network 3 (right) consists of 20 stars, and Network 2 (middle) is a mix

of 18 circles and 2 stars.

The transfer kernel function is chosen to be exp(—t), for all nodes in all experiments. This
setting satisfies our assumptions of a stationary Hawkes process under each experiment. The

time periods, T;,, are 200, 500, 300 for m = 1, 2, 3, respectively.

We consider three weight choices: informative weights based on the true networks (oracle)
and the cross-correlation (empirical), and uniform weights that treat all networks equal. We
consider weak and strong fusion penalties and compare them to the method that separately

estimates each network.

Simulation results are summarized in Figure 3.3. It can be seen that our proposed em-
pirical weights perform very similar to the oracle weights and both versions of informative
weights greatly improve the edge selection performance compared with the uniform weights.
Moreover, while the benefits are more pronounced with larger fusion penalty, the improve-
ments from informative weights are robust to the choice of tuning parameter for the fusion
penalty. Finally, while the advantages of the informative weights are clear, even uniform
weights can perform better than method that estimates each network separately; however,

with uniform weights, the performance of the method is sensitive to the choice of the tuning
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Figure 3.3: Edge selection performance of the proposed joint estimation method in a simu-
lation study focused on inferring edges in 3 networks of linear Hawkes processes. The plots
show average number of true positive and false positive edges, over 100 simulation runs, for
the joint estimation method with different choices of weights, compared to separate estima-
tion of each network. Weight strategies include oracle, empirical and uniform weights. Solid
squares (H) correspond the choice of tuning parameter using eBIC. (a): Network 2 shares
90% edges with Network 1 and 10% with Network 3 as in Figure 3.2. (b): Network 2 is the

same as Network 1.

parameter for the fusion penalty. The benefit of our estimation procedure depends on the
similarity between networks. For example, when we alter Network 2 to be the same as Net-
work 1, we observe greater advantages of our method compared to estimating each network
separately or using the uniform weights (Figure 3.3(b)). Also, our procedure gets improved

performance with increased number of experiments where the additional experiments share
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Figure 3.4: Power, FWER and false discovery rate (FDR) for Bonferroni correction (left) and
the proposed hierarchical testing procedure using oracle (middle) and the empirical (right)

binary trees over 1000 simulation runs. The FWER is controlled at o = 0.05 (gray dashline).

similarity to the existed ones (Figure B.5 in Appendix B.5).

Next, to evaluate the performance of the hierarchical testing procedure, we consider
M = 1,5,10,20,30,50 experiments where the network of the first M — 1 is Network 1
described above and the Mth network is Network 3. We compare our proposed procedure
with Bonferroni correction in terms of power, control of FWER and false discovery rate
(FDR). We run our procedure using the oracle and empirical binary trees. As in Figure 3.3,
we observe similar performances using both types of weights. While controlling FWER, our
proposed procedure greatly improves the power compared with the non-hierarchical method,
particularly when the number of experiments—i.e. M—is large (see Figure 3.4). Finally, while
our method still controls the FWER with misspecified similarity between networks, the power

is lowered when the hierarchy is poorly constructed (see Figure B.2 in Appendix B.5).

3.7 Application

We consider the task of learning the functional connectivity network among population of

neurons, using the spike train data from Bolding and Franks [2018]. In this experiment,
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spike times are recorded at 30 kHz on a region of the mice olfactory bulb (OB), while a laser
pulse is applied directly on the OB cells of the subject mouse. The laser pulse is applied at
increasing intensities at 8 levels from 0 to 50 (mW/mm?). The laser pulse at each intensity
level lasts 10 seconds and is repeated 10 times on the same set of neuron cells of the subject

mouse.

While a total of 80 laser stimuli were applied on neurons of multiple mice, for illustration
purposes, we consider the spike train data collected at three stimuli at 0, 10 and 20 mW /mm?
in a single mouse with the most neurons detected in OB (p = 25 neurons). Since one laser
pulse spans 10 seconds and the spike train data is recorded at 30 kHz, there are 300,000 time
points per stimulus. We apply our joint estimation procedure using data under the three

stimuli and evaluate the uncertainty of estimates using the hierarchical testing procedure.

Figure 3.5 illustrates the estimated connectivity coefficients that are specific to each laser
condition in a graph representation, where each node represents a neuron and a directed
edge indicates a non-zero estimated connectivity coefficient. More edges are observed when
laser is applied (32 under 10 mW/mm? and 39 under 20 mW/mm? v.s. 27 under no laser).
Both positive and negative edges are found in all conditions, which empirically echoes the
neuroscience hypothesis that both excitatory and inhibitory synapses facilitate maintaining
stimulus specificity across odorant concentrations [Bolding and Franks, 2018]. Additionally,
we find more common edges in the two laser conditions. Specifically, there are 17 edges
(in blue) uniquely shared in the laser conditions compared to 4 edges (in red) shared in
all conditions. We find this difference significantly from 0 (p-value < le — 5) based on a
permutation test that compares this difference—i.e., 17—to the distribution of the number
of edges uniquely shared in the laser condition (by randomly generating networks with the
same node-degree distributions at each condition). This finding agrees with the observation
by neuroscientists that the OB response is sensitive to the intensity level of the external

stimuli [Bolding and Franks, 2018].
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0 mW/mm? 10 mW/mm? 20 mW/mm?

Figure 3.5: Estimated functional connectivities among neuronal populations using the spike
train data from Bolding and Franks [2018]. Common edges across all experiments are in
red. Edges shared only under laser conditions are in blue. Statistically significant edges

controlling FWER are in gold (a« = 0.05). Edges that are unique to each condition are in

gray.

3.8 Discussion

In this paper, we developed a joint estimation procedure for networks of high-dimensional
Hawkes processes under multiple experiments. The optimization problem corresponding to
our proposed estimation procedure is solved using a smoothing proximal gradient descent
algorithm [Chen and Chen, 2008]. Although the algorithm works well for linear models, it
empirically shows slow and unstable behavior with non-linear Hawkes models. Since non-
linear link functions are often used when analyzing spike train data [Paninski et al., 2007,
Pillow et al., 2008], developing more computationally-efficient and stable algorithms for the

non-linear models would be a potential direction of future research.

Our proposed hierarchical testing procedure improves the testing power by taking advan-
tage of the multi-experiment structure, while controlling the family-wise error rate. Given

large-scale networks, a testing procedure that instead controls the FDR [e.g. Benjamini and
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Hochberg, 1995] may offer additional power. Bogomolov et al. [2020] recently proposed a
multiple testing adjustment procedure that controls the FDR by using the tree structure of
the tests. While improving the power, the method requires a bottom-up p-value calculation,
where the upper-level p-values needs to be a specific combination of those from the lower
levels. Such procedure becomes compute-intensive, particularly when the number of tests is
large, since all the hypotheses on the leaves need to be tested at beginning. It is thus desir-
able to develop a procedure that allows p-values flexibly calculated on each node of the tree.
For example, a procedure that allows a downward p-value calculation avoids intensive com-
putation in calculating p-values over all the leaves, which becomes particularly important in
sparse networks, when most leaf-hypotheses are null. Moreover, the existing literature [e.g.
Li and Barber, 2019, Bogomolov et al., 2020] that control FDR for structured tests often
require the structure to be correctly identified. Given that such structural information is
not always available or may not be accurately estimated, developing FDR controlling proce-
dures that are robust to the structure misspecification would be another direction of future

research.

Theorem 3.4 shows that, for large and sparse networks, our proposed hierarchical testing
procedure is robust to potential misspecification of the hierarchical structure defined based on
the proposed similarity in (3.11). Nonetheless, consistent estimation of similarities between
networks may still be of interest. In particular, such an estimate could, for instance, facilitate
the development of hierarchical FDR controlling procedures discussed above. A key require-
ment for developing consistent estimates of similarities between connectivity networks based
on cross-covariances is to develop a measures of similarity that is order-preserving; that is,
the order of the similarity based on cross-covariances is the same as that given by the oracle
similarity based on the (unknown) connectivity network. One such measure of similarity can
be defined based on the connected components of the networks. A connected component is
a set of nodes that are connected by paths in an undirected graph. In the setting of our

problem, the edges of this undirected graph are given by " = {(7,7) : [8;;| # 0,1 < 7,5 < p}.
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Let {C, m)}L(m) and {Cz }L(m) denote the connected components of two p-variate networks

in conditions m and m’. The connected-component similarity can be defined as

“ ({E™ M ACT ML) = 3 e flog(rua /) + log(rufan)} . (3.17)

Ly

where p; = ||Cl(m)H/p7 q l(m) N Cl(,ml)H/p. This measure, which is
also known as variation of information, is often used to compare the similarity between two

clusterings [Meila, 2003].

While the true connected components are unknown in practice, they can be consistently
estimated. In particular, we can obtain estimates {é}m)}f:(an) from undirected graphs corre-
sponding to the nonzero values of thresholded empirical cross-covariances (with thresholding
at k) as E%(k) = {(i,j) : !17”‘ >k,1<i,j < p}. Chen [2016] has shown that the connected
components of the true network can be consistently identified using the empirical cross-
covariances—i.e., P ({Cl(m)}le = {c™ f;?) — 1 as T(m) — 00 with kK = o0 ((T(m))fl/g)).
Thus, as a natural estimator of d* <{Cl(m) Lo gomiy Lt )) e ({C ML getm) ZE:(?/)>,
based on the empirical cross-covariances, consistently represent the similarity in the con-
nected components of the true networks, thus it is order-preserving. However, the effective-
ness of a similarity measure based on connected-components depends on the structure of the
underlying networks. For instance, while the networks of circles and stars in Figure 3.2 are
quite different, their connected-component structures are identical. As a result, similarity
weights and dedrograms defined based on connected component woudl not be informative
in this case (see Figure B.4 in Appendix B.5). Developing more effective order-preserving

network similarity measures is thus an important area of future research.
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Chapter 4

CAUSAL DISCOVERY IN HIGH-DIMENSIONAL POINT
PROCESS NETWORKS WITH HIDDEN NODES

4.1 Introduction

Learning causality over multivariate time series is generally impossible using observational
data for many reasons, including that the data acquisition rate may be much slower than
the underlying rate of changes and there may be unmeasured confounding causes [Glymour
et al., 2019, Reid et al., 2019]. For example, neuroscience imaging technologies, like func-
tional magnetic resonance imaging, have relatively low temporal resolutions. However, many
important neural processes and interactions happen at finer time scales [Zhou et al., 2014].
It is well-established that the most common procedure, Granger causality, based on the
slower-rate data may both miss true interactions and add spurious ones [Breitung and Swan-
son, 2002, Silvestrini and Veredas, 2008, Tank et al., 2019]. Additionally, despite the swift
progress in recording activity in massive populations of neurons [Berényi et al., 2014], simul-
taneously monitoring a complete network of spiking neurons at high temporal resolutions
is still beyond the reach of current technology. Nevertheless, there exists many unobserved
neurons interacting with the neurons inside the observed population [Trong and Rieke, 2008,
Tchumatchenko et al., 2011, Huang, 2015]. Therefore, reliably distinguishing causal connec-
tions between pairs of observed neurons from correlations induced by common inputs from
unobserved neurons makes the causal learning task challenging. Naive connectivity estima-
tors that neglect these common input effects can produce highly biased results [Soudry et al.,

2014].

Learning causal interactions between neurons is critical to understanding the neuronal
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connectivity mechanisms in neuroscience. The spike train data is a type of multivariate point
process data that contains spiking times of a collection of neurons [Okatan et al., 2005]. Such
data have become more abundant at high temporal resolutions thanks to the availability of
calcium florescent imaging technology. They are increasingly used to learn the latent brain
connectivity networks and glean insight into how neurons respond to external stimuli. For
example, Bolding and Franks [2018] collected spike train data at 30kHz at multiple laser

intensity levels in studying mouse brain activity.

The Hawkes process [Hawkes, 1971] is a popular choice for analyzing multivariate point
process data. In this model, the probability of future events for each component can depend
on the entire history of events of other components. As such, the Hawkes process offers a
flexible and interpretable framework for investigating the latent network of point processes
and is widely used in neuroscience applications [Brillinger, 1988, Johnson, 1996, Krumin
et al., 2010, Pernice et al., 2011, Reynaud-Bouret et al., 2013, Truccolo, 2016, Lambert
et al., 2018]. Bacry and Muzy [2016] has shown that causal interactions can be identified
from multivariate point process data, assuming complete data generated from linear Hawkes

processes.

In modern applications, it is common for the number of measured components, e.g.,
the number of neurons, to be large compared to the observed period, e.g., the duration of
neuroscience experiments. The high-dimensional nature of data in such applications poses
challenges to learning the connectivity network of a multivariate Hawkes process. Hansen
et al. [2015] and Chen et al. [2019] proposed ¢;-regularized estimation procedures to address
this challenge. Wang et al. [2020b] recently developed a high-dimensional inference procedure
to characterize the sampling distribution of these estimators and their uncertainty. However,
because of the confounding from unobserved neurons in practice, existing estimation and
inference procedures, which depend on complete observation from all components, have no

guarantee of achieving reliable conclusions.

The problem of causal discovery with hidden variables has been studied using causal
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structural learning such as Fast Causal Inference (FCI) and its variants [Spirtes et al., 2000,
Glymour et al., 2019]. Unfortunately, not all causal edges can always be identified purely
based on such algorithms. Specifically, while FCI identifies causal interactions between
variables that are connected by directed edges, it sometimes produces bi-directed edges,
leaving the corresponding causal relationship undetermined. Thus, the causality selection
performance using such algorithms is not always satisfactory. For example, Malinsky and
Spirtes [2018] recently applied FCI to infer causal network of time series and found a low
recall in identifying the true casual relationship. Additionally, the causal structure learning
often requires intensive computation, especially for large networks, because the space of

candidate causal graphs grows super-exponentially with the number of network nodes.

When the variables inhibit temporal ordering as in time series data, the causal structure
can be directly learned via the network skeleton using multiple regression models [Shojaie
and Michailidis, 2010], which can be solved in a linear time to the number of nodes in the
network. While learning causal networks in the presence of unobserved nodes remains chal-
lenging using this framework, two recently-developed methods, HIVE and trim regression,
shed light on solving this challenge. Specifically, HIVE [Bing et al., 2020] estimates the latent
space of the unobserved causal effects and then projects the outcome onto the correspond-
ing orthogonal space. It generates consistent estimates on causality given that the observed
and unobserved causal effects are orthogonal. While such condition might hold when the
unobserved processes are external such as experimental perturbations in genetic studies [Lee
et al., 2017], it might be too stringent in a network setting like neuroscience. Trim regression
[Cevid et al., 2020] applies a spectral transformation to both the outcome and the design
columns, which empirically reduces the confounding magnitude. It then eliminates the con-
founding using penalized regression, assuming the confounding is sufficiently small. It is
unclear whether this assumption is satisfied in a network setting where the observed and
unobserved processes are complexly connected. Moreover, the long-history temporal depen-

dency of the Hawkes processes makes the learning task more challenging. Unfortunately,
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both methods were developed for independent data. Also, these methods were only evalu-
ated on their edge-estimation performance but their abilities in edge selection in a network

setting are unknown.

Previous work suggests that the confounding has restricted magnitudes under a stable
Hawkes process network, especially when it is dense over the observed nodes [Chen et al.,
2019]. Such property motivates us extending the trim regression to learn the causal network
of multivariate point processes. Our method shows superior finite-sample performance com-
pared to HIVE and the naive approach that neglects the unobserved processes. Moreover,
we establish a non-asymptotic convergence rate in estimating the network edges. Unlike
the previous result on independent data [Cevid et al., 2020], our result considers both the

temporal dependency of the Hawkes processes and the network sparsity.

4.2 The Multivariate Hawkes Processes with Unobserved Components

4.2.1 The Hawkes Process

Let {tx}rez be a sequence of real-valued random variables, taking values in [0,7], with
tgr1 > tp and t; > 0 almost surely. Here, time ¢ = 0 is a reference point in time, e.g., the
start of an experiment, and 7" is the duration of the experiment. A simple point process N
on R is defined as a family {/N(A)}acpwr), where B(R) denotes the Borel o-field of the real
line and N(A) = >, 1,43 The process N is essentially a simple counting process with
isolated jumps of unit height that occur at {t; }rez. We write N([t,t + dt)) as dN(t), where

dt denotes an arbitrarily small increment of t.

Let N be a p-variate counting process N = {N;}icq1,. p}, Where, as above, N; satisfies
N;(A) = > 1g,eay for A € B(R) with {t;1,t,... } denoting the event times of N;. Let H,
be the history of N prior to time ¢. The intensity process {A1(t),...,\,(¢)} is a p-variate
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‘H;-predictable process, defined as
Ni(t)dt =P(dN;(t) =1 | Hy). (4.1)

Hawkes [1971] proposed a class of point process models in which past events can affect

the probability of future events. The process N is a linear Hawkes process if the intensity

function for each unit i € {1,...,p} takes the form
p
Ai(t) = i+ Y (wig + dN;) (8), (4.2)
j=1
where

(i * AN;) (£) = /0 gt — AN, (s) = Y wiglt — ). (4.3)

k‘:t]'k<t
Here, p; is the background intensity of unit ¢ and w;;(+) : R* — R is the transfer function. In

particular, w;;(t — t;i) represents the influence from the kth event of unit j on the intensity

of unit 7 at time t.

Motivated by neuroscience applications [Linderman and Adams, 2014, de Abril et al.,

2018], we consider a parametric transfer function w;(-) of the form

wij (t) = 57;]1{]'(15) (44)

with a transition kernel k;(-) : Rt — R that captures the decay of the dependence on past

events. This leads to (w;; * dN;) (t) = B;;x;(t), where the integrated stochastic process

r) = [ it = () (45)

summarizes the entire history of unit 7 of the multivariate Hawkes processes. A commonly

used example is the exponential transition kernel, x;(t) = e™* [Bacry et al., 2015].

In this formulation, the connectivity coefficient of the underlying network, f;;, represents
the strength of the causal dependence of unit i’s intensity on unit j’s past events. A positive

Bi;, which implies that past events of unit j excite future events of unit ¢, is often considered



62

in the literature [see, e.g., Bacry et al., 2015, Etesami et al., 2016]. However, we might also
wish to allow for negative 3;; values to represent inhibitory effect of one unit’s past events on
another [Chen et al., 2019, Costa et al., 2020], which is expected in neuroscience applications

[Babington, 2001].

Denoting x(t) = (z1(t),...,7,(t))" € R? and B; = (Bi1,...,B;p)" € RP, we can write
Ailt) = pi+ ' (1)B:. (4.6)

Furthermore, let Y;(t) = dN;(t)/dt and €;(t) = Y;(t) — \;(t). Then the linear Hawkes process

can be written compactly as

Yi(t) = i+ 2" (6)8i + e(t). (4.7)

4.2.2  The Confounded Hawkes Model

Because of technology constraints, neuroscience experiments usually collect data from only
a small portion of neurons while leaving many neurons, interacting with the neurons inside
the collected population, unobserved. Consider a network of p 4 ¢ counting processes, where
we only observe the first p components. The number of unobserved neurons, ¢ is usually
unknown and likely much greater than p. Extending (4.7) to including the unobserved

components, we obtain the confounded Hawkes model as

where z(t) = (2,41(t),...,7p14(t))" € R? denotes the integrated processes of the hidden
components, and §; € R? denotes the connectivity coefficients from the unobserved compo-

nents to unit 2.

Unless the observed and unobserved processes are independent, naive estimator that
neglects the unobserved components will produce misleading conclusion on the causal rela-

tionship among the observed components (e.g., see Figure 4.1).
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Figure 4.1: Graphical depiction of how hidden process confounds temporal causal interac-
tions. A) The true causal diagram for the complete processes. B) The estimated causal

structure of the observed process when the hidden process is ignored.

Throughout this paper, we assume that the confounded linear Hawkes model in (4.8) is

stationary, meaning that for all units ¢ = 1,...,p, the spontaneous rates p; and strengths

of transition (8;,d;) are constant over the time range [0, 7] [Brémaud and Massoulié, 1996,

Daley and Vere-Jones, 2003].

4.3 Estimation

Let b; € R? be the projection coefficient of z' (t)d; onto (t) such that

Cov (z(t),z" ()8, — " (t)b;) = 0. (4.9)

Then, we write the confounded linear Hawkes model in (4.8) in the form of the perturbed

linear model [Cevid et al., 2020]:

Yi(t) = pi + 2" (t) (B + by) + vi(t), (4.10)
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where v;(t) = (2" ()6, — ' (t)b;) + €(t). By the construction of b;, v(t) is uncorrelated
with the observed processes x(t). b; represents the bias, or the perturbation, due to the

confounding from z ' (¢)d;. In general, b; # 0 unless Cov(z(t), 2(t)) = 0.

The purterbed model in (4.10) is generally unidentifiable because we can only estimate
B; + b; from the observed data, e.g., by regressing Y;(¢) on x(t). Recently, Cevid et al.
[2020] developed a two-step deconfounding procedure to estimate (3; for independent and
Gaussian-distributed data. First, it applies a simple spectral transformation, called trim
transformation (described later), to the observed data. It then estimates 3;, using penalized
regression. We call this procedure trim regression for short. Assuming b; is sufficiently
small, the method consistently estimate 3;. While such assumption is generally not held for
Gaussian-distributed data, previous work on Hawkes processes [Chen et al., 2019] implies
that the confounding magnitude cannot be large when the underlying network is stable,
particularly when the confounding are dense over the observed processes. This allows us to

use the trim regression to learn the network of multivariate Hawkes processes.

Consider observations only available from the first p processes at time indexed from 1
to T. Let X € RT*P be the design matrix of the observed integrated process and Y; =
(Y;(1),...,Y{(T))" € RT. Let X = UDVT be the singular value decomposition on X, where
UeR™ DeR™ and V € RP*". r = min(T, p) is the rank of X. Let non-zero dy, .. .,d,

be the diagonal items of D. The spectral transformation F : RT>*P — RT*? is defined as

di/dy 0 0
0 dy/d 0

F= 2( ’ U’ (4.11)
0 0 d,/d,

Let D be a diagonal matrix with diagonal elements d1, . .., d,. Applying the spectral trans-
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formation to the observed data,

X=FX=UDV", (4.12)

Y = FY. (4.13)

Then, we estimate the network connectivities using the transformed data by solving the

following optimization problem:

S {3 - - %o} (1.14)
arg min — i — Wi — i + i . 1
.u‘ielgvﬁieRp i=1 T ILL 2 !

1<i<p
The optimization problem above can be separately solved for each i € {1,...,p}, using Lasso

[Tibshirani, 1996].

Spectral transformation is designed to reduce the magnitude of the confounding. Es-
pecially when b; aligns with the top eigen-vectors of X, choosing appropriate F', e.g.,
Jk = min(7,dy), the magnitude of X b; is small, compared to Xb;. 7 is the threshold
parameter. Trim transformation is a special case of the spectral transformation when

T = median (dy, . .., d,).

HIVE [Bing et al., 2020] is another method initially developed to learn linear models with
latent variables for independent and Gaussian-distributed data. Adapted to the network of
multivariate point processes, it first estimates the latent column space of the unobserved

o)
connectivity matrix, A = | ... | € RP*? and then projects the outcome vector, Y (t) =
5,
(Yi(t),...,Y,(t)), onto the corresponding orthogonal space. Assuming that the column
Bl
space of the observed connectivity matrix, © = | ... | € RP*P, is orthogonal to that of
By
A, HIVE consistently estimates © using the transformed data. While the orthogonality

assumption might be satisfied when the hidden processes are external, such as experimental

perturbations in genetic studies [Lee et al., 2017], it might be too stringent in a network
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setting. When the orthogonality assumption fails, it leads poor edge selection performance,
sometimes worse than a naive method neglecting the hidden processes. HIVE also requires
the number of hidden variables known. Although methods in selecting the number of hidden
factors have been proposed, the theoretical guarantee is only asymptotic. An over- or under-
estimated number can either miss the true edges or generate false ones. We outline HIVE in

Appendix C.1 and refer the interested reader to Bing et al. [2020] for details.

4.4 Theory

In this section we present our main results that guarantee the recovery of the network
connectivity when hidden processes present. We start by stating our assumptions. For
a square matrix A, let Apac(A) and Apin(A) be its maximum and minimum eigenvalues,

respectively.

Assumption 4.1. Let Q = {Q;;}1<;j<prq € RETVXCTD with entries Qi = [ |wij (A)|dA.

There exists a constant Yo such that Ay (Q7Q) < A3 < 1.

Assumption 4.1 is necessary for stationarity of a Hawkes process [Chen et al., 2019]. The
constant v does not depend on the dimension p+ ¢. For any fixed dimension, Brémaud and
Massoulié [1996] show that given this assumption the intensity process of the form (4.6) is
stable in distribution and, thus, a stationary process exists. Since our connectivity coefficients
of interest are ill-defined without stationarity, this assumption provides the necessary context

for our estimation framework.

Assumption 4.2. There exists A and Apax Such that
0< )‘min < Az(t) < >\max <oo, te€ [O,T]

foralli=1,....,p+q.

Assumption 4.2 requires that the intensity rate is strictly bounded, which prevents de-

generate processes for all components of the multivariate Hawkes processes. This assumption
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has been considered in the previous analysis of Hawkes processes [Chen et al., 2019, Wang

et al., 2020b).

Assumption 4.3. The transition kernel k;(t) is bounded and integrable over [0,T], for

1<3<p+q.

Assumption 4.3 implies that the integrated process () in (4.5) is bounded.

Assumption 4.4. There exists constants p, € (0,1) and 0 < p. < oo such that
p+q p+q
max Qi < pr and max Qi < pe.

1<i<p+q 4 1<j<p+q 4
j:l =1

Assumption 4.4 requires maximum in- and out- intensity flows to be bounded, which
provides a sufficient condition in bounding the eigenvalues of the cross-covariance of x(t)
[Wang et al., 2020b]. A similar assumption is considered by Basu and Michailidis [2015]
in the context of VAR models. Assumptions 4.3 and 4.4 imply that the model parameters
are bounded, which is often required in time-series analysis [Safikhani and Shojaie, 2020).
Specifically, the assumptions restrict the influence from the hidden processes from being

large.

Define the set of active indices among the observed components, S; = {j : £;; # 0,1 <

1
Jj < p}, and s; = [9;] and s* = maxj<i<, 5. Let Q = %ZL (1 a:T(t)>, and
x(t)
Ymin = Amin (Q) and Ymax = Amax (Q)

Theorem 4.1. Suppose each of the p-variate Hawkes processes has its intensity function
defined in (4.8), satisfying Assumptions 4.1 4.4. Assume logp V (s*)/2 = o(T'/?). Then,
taking A = O(A2, (F)T~2/%),

*

-~ ~ 2
\ Bi—Bi| < Oy A2, (F) T2 4 CyA2 (F)T 3/ HXbZ-HQ, 1<i<p,

with probability at least 1 — c1p*T eXp(—02T1/5), where Cy,Cs, c1,c9 > 0 depend on the model

parameters and the transition kernel.
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Compared to the case with independent and Gaussian-distributed data [Cevid et al., 2020,
Theorem 2], we obtain a slower convergence rate because of the complex dependency of the
Hawkes processes. Our rate takes into account the network sparsity among the observed
components. It also does not depend on the size of unobserved components, ¢, which is

critical in neuroscience experiments because ¢ is often unknown.

Our result is different from that when all processes are observed [Wang et al., 2020b,
Lemma 10] by including an extra error term—]|| X b;||>—from the unobserved process. Next,
we show that when ||b;||3 is sufficiently small, we obtain a similar convergence rate as that

given under the case when all processes are observed.

Corollary 4.1. Under the same assumptions in Theorem 4.1, in addition, suppose ||b;||3 =

O( st p—a/5 2 (F)),

YminYmax max

with probability at least 1 — c1p?T exp(—cyTY®), where ¢1,co > 0 depending on the model

8. — B;

:O(S A2 (F)T2/5), 1<i<np,
1

2 max
min

parameters and the transition kernel.

The spectral transformation empirically reduces the magnitude of %H)? bi||3, especially
when the confounding vector, b;, stays in the sub-space spanned by top right singular vectors
of X; however, such result is not guaranteed to hold for arbitrary b;. Corollary 4.1 speci-
fies the condition on b; that leads to consistent estimates on 3; regardless of the empirical
performance of the spectral transformation. While the condition does not always hold for
arbitrary stochastic process, it is satisfied under a stable network of high-dimensional mul-
tivariate Hawkes processes when the confounding is dense. Specifically, by the construction
of b; in (4.9), Assumption 4.4 implies ||b;||; = O (||6;||1) = O(1). When the confounding
are relatively dense over the observed components—i.e., ||billo = O(p), ||bill3 = O(1/p).
Therefore, the magnitude requirement on ||b;||3 is likely satisfied under a high-dimensional

network—i.e.; p > T'. The high-dimensional network setting is common in modern neuro-
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science experiments where the number of neurons is often large compared to the duration of

experiments.

Next we introduce one additional assumption to establish the edge selection consistency.
Assumption 4.5. There exists T > 0 such that

 in Bij 2 Bmin > 27
Assumption 4.5 is called the S-min condition [Buhlmann, 2013] that requires sufficient
signal strength of the true edges in order to distinguish them from 0, given the amount of
information observed. We then construct thresholded connectivity estimator

Byj :Bz‘jl(@j

>r), 1<ij<p

Such thresholded estimator is often used for variable selections in high dimensions [van de
Geer et al., 2011]. Let the estimated edge set S = {(i,j) : Eij #0,1<1i,5 < p} and the
true edge set S = {(¢,7) : Bi; # 0,1 <i,j < p}. Next, we show that the estimated edge set

consistently recovers the true edge set.

Theorem 4.2. Under the same conditions in Theorem 4.1 and assume Assumption 4.5 is

satisfied with T = O ( s A2 (F)T_2/5>. Then,

2 max
Ymin

P <§ = S) > 1 — e1p*T exp(—c, TYV?),

where ¢, co > 0 depending on the model parameters and the transition kernel.

Theorem 4.2 guarantees the recovery of causal interactions among the observed compo-

nents using our proposed procedure.

We add the proofs of both theorems and the corollary in Appendix C.2.
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4.5 Simulation

We compare our proposed method—trim regression to two alternatives, HIVE and the (naive)
approach that neglects the unobserved nodes, on their abilities in identifying the correct

connections in the observed network.

We consider a network of 200 nodes with half of the nodes observed. The observed
nodes are connected in blocks of five nodes, and half of the blocks are connected with the
unobserved nodes (see Figure 4.2a). This setting violates the orthogonal condition of HIVE.
As a sensitivity analysis, we consider another setting similar to the first but removing the
connections of the blocks that are not connected with the unobserved nodes. This setting
satisfies the orthogonality condition (see Figure 4.3a). (;; and d;; are 0.12 and 0.10 in the
setting of Figure 4.2a, and 0.2 and 0.18 in the setting of Figure 4.3b. The background
intensity, ;, is 0.05 in both settings. The transfer kernel function is chosen to be exp(—t).
We consider the time period, T" € {1000,5000}. These settings satisfy the assumptions of

stationary Hawkes processes.

Our proposed method shows superior performance in both small and large sample sizes
in the first setting (Figure 4.2b). HIVE performs poorly, worse than the naive approach,
because the orthogonal assumption is violated. When the orthogonality condition is satisfied
(Figure 4.3b), HIVE shows the best performance. However, such advantage depends on
knowing the correct number of latent factors. HIVE generates poor results when the number
of latent factors is correctly estimated, especially with an insufficient sample size. In contrast,
trim regression gives a satisfying performance close to the oracle have, with both moderate

and large sample sizes.

4.6 Application

We consider the task of learning the functional connectivity network among the observed

population of neurons, using the spike train data from Bolding and Franks [2018]. In this
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Figure 4.2: Edge selection using trim regression compared to HIVE and the naive approach
for a 200-node network with half of the nodes observed over 100 simulation runs. The con-
nectivity matrix in (a) (unobserved connecitivies colored in gray) violates the orthogonality

condition of HIVE. HIVE method is run with the oracle number of latent factors.

experiment, spike times are recorded at 30 kHz on a region of the mice olfactory bulb (OB),
while a laser pulse is applied directly on the OB cells of the subject mouse. The laser pulse
has been applied at increasing intensities from 0 to 50 (mW/mm?). The laser pulse at each
intensity level lasts 10 seconds and is repeated 10 times on the same set of neuron cells of

the subject mouse.

The experiment in total collects spike train data on 23 mice. We consider the spike
train data collected in the subject mouse with the most neurons (25 neurons) under laser
(20 mW/mm?) and no laser conditions. In particular, we use the spike train data from one
laser pulse at each intensity level. Since one laser pulse spans 10 seconds and the spike train
data is recorded at 30 kHz, there are 300,000 time points per experimental replicate. We
apply our estimation procedure separately for each intensity level, and obtain the estimated

connectivity coefficients for the observed neurons.

Figure 4.4 illustrates the estimated connectivity coefficients specific to each laser condi-
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Figure 4.3: Edge selection using trim regression compared to HIVE and the naive approach
for a 200-node network with half of the nodes observed over 100 simulation runs. The con-
nectivity matrix in (a) (unobserved connecitivies colored in gray) satisfies the orthogonality
condition of HIVE. The green line visualizes the performance of HIVE using the estimated

number of latent factors with the highest frequency over the 100 simulation runs (estimated

N=79 vs. the truth N=50).
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tion in a graph representation, where each node represents a neuron, and a directed edge
indicates a non-zero estimated connectivity coefficient. We see different network connectivity
structures when laser stimulus is applied, which agrees with the observation by neuroscien-
tists that the OB response is sensitive to the external stimuli [Bolding and Franks, 2018].
Compared to our proposed method, the naive approach generates a more similar network

than HIVE under both laser and no-laser conditions.

As discussed in Section 4.4, our inference procedure is asymptotically valid. That means
with large enough samples, if the other assumptions in Section 4.4 are satisfied, the estimated
edges should represent the true edges. Assessing the validity of the assumptions and selecting
the true edges in real data applications is challenging. However, we can verify the sample
size requirement and the validity of assumptions by estimating the edges over a subset of
neurons as if the other removed neurons are unobserved. If the sample size is sufficient
and the other assumptions are satisfied, we should obtain similar connectivities among the
subset of neurons. Such estimation stability is indeed the case in our data set under the laser
condition (Figure C.1 in Appendix C.4), suggesting that the conditions are likely satisfied

under when laser stimuli are applied.
4.7 Discussion

We proposed a causal-estimation procedure with theoretical guarantees for the high-dimensional
network of multivariate Hawkes processes in the presence of hidden nodes. Our estimates
are obtained by extending trim regression [Cevid et al., 2020] to the point process data. Our
procedure requires less stringent conditions than existing methods like HIVE, especially for
a stable point process network with dense confounding over the observed nodes. Empirically,
our procedure shows superior edge-selection performance compared with HIVE and a naive

method that neglects the unobserved nodes.

We considered a parametric transition function for the Hawkes process. Given the com-

plex nature of a point process, one may consider modeling the transition function non-
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Figure 4.4: Estimated functional connectivities among neuronal populations using the spike
train data under laser and no-laser conditions from Bolding and Franks [2018]. Common
edges estimated by the three methods are in red and the other edges are in blue. Thicker

edges indicate estimated connectivity coefficients of larger magnitudes.

parametrically and learn the form adaptively from data. In addition, since non-linear link
functions are often used when analyzing spike train data [Paninski et al., 2007, Pillow et al.,
2008], it would also be of interest to develop casual-estimation procedure for non-linear

Hawkes processes.
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Chapter 5

DISCUSSION

5.1 Summary

In this dissertation, we developed flexible estimation and inference tools for high-dimensional

Hawkes processes.

In Chapter 2, we developed a new statistical inference procedure for high-dimensional
Hawkes processes. While evaluating the uncertainty of the network estimates is critical in
scientific applications, existing methodological and theoretical work has primarily addressed
estimation. Our proposed statistical inference procedure thus bridges this gap. The key
ingredient for our inference procedure is a new concentration inequality on the first- and
second-order statistics for integrated stochastic processes, which summarize the entire history
of the process. Combining recent results on martingale central limit theory with the new

concentration inequality, we then characterize the convergence rate of the test statistics.

In Chapter 3, we developed a joint estimation procedure to combine data from multiple
experiments for more efficient network estimation. Modern high-dimensional point process
data often involve observations from multiple conditions and/or experiments. Networks of
interactions corresponding to these conditions are expected to share many edges, but also ex-
hibit unique, condition-specific ones. However, the degree of similarity among the networks
from different conditions is generally unknown. Unlike existing approaches for multivariate
point processes, our proposed joint estimation procedure takes these structures into account
by incorporating easy-to-compute weights in order to data-adaptively encourage similarity

between the estimated networks. We also propose a powerful hierarchical multiple testing
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procedure for edges of all estimated networks, which takes into account the hierarchical
similarity structure of the multi-experiment networks guided by the proposed weights. Com-
pared to conventional multiple testing procedures, our proposed procedure greatly reduces
the number of tests and results in improved power, while tightly controlling the family-wise
error rate. Unlike existing procedures, our method is also free of dependency assumptions
on the tests, flexible to calculate p-values along the hierarchy, and robust to misspecification

of the hierarchical structure.

In Chapter 4, to cope with the challenges of confounding from unobserved components,
we develop a deconfounding procedure to estimate high-dimensional point process networks
with only a subset of nodes observed. Unlike existing procedures, our method allows flex-
ible connectivity between the observed and unobserved nodes. It also allows the number
of unobserved nodes unknown, which can be much larger than the observed population.
With the confounding shrunk by trim transformation and further eliminated using penalized

regression, our proposed procedure shows a superior edge-selection performance.

5.2 Future Research

Mapping neuronal connectivity to animal behavior is critical to understanding how the brain
controls the body. To achieve this goal, neuroscientists collect data both on neural activity
and animal behavior at the same time. For example, Stringer et al. [2019] records the activity
of 10000 neurons in the visual cortex of awake mice using two-photon calcium imaging,
and simultaneously monitors the facial movements using an infrared camera, where the
facial movements were found to be predictable to individual neuron activity. However, how

neuronal connectivity structure evolves according to the facial movement remains unknown.

In the previous chapters, we assume the underlying point process is stationary where
the neuronal connectivity is stable under a fixed experimental condition, e.g., a specified
intensity of laser stimulus. However, in a “free” environment where external factors keep

changing, e.g., when a subject mouse watches a video, the fixed connectivity assumption
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becomes invalid. Specifically, the connectivity is time-varying and possibly depends on the
external (time-varying) stimulus or the mouse’s behavior in response to the stimulus. Thus,
an interesting question is whether a neuronal connectivity structure can be reconstructed
given the external stimulus or animal behavior. While our work in this thesis focuses on
learning the neural network itself, our method can be extended to provide insights into this

question. We outline our approach as follows.

Consider a p-variate network, we introduce non-stationary Hawkes process

Ai(t) = pi+ 2 (D)Bit), ie{l,....p}, (5.1)

where p; is the spontaneous rate, and «(t) is the integrated process defined in (A.50), and
the connectivity coefficients, B;(t) = (B (t),...,Bip(t)) € RP, vary according to external
processes, 8;(t) = (si(t),...,six(t)) € RE:

K
Bij(t) = Bijo + Z Bijrsik(t). (5.2)
k=1

In the context of behavior-dependent brain networks, s;(t) = (si(t),...,six(t)) € RE
represent features of behavior at time t. Specifically, when the behavior of interest can
be categorized into total countable types, e.g., running, walking, sniffing and sleeping,
si(t) € R € {1,...,C}. When the behavior of interest is complicated like facial expres-
sion recorded in a movie, s;(t) can be chosen as the projection scores of the movie frame

matrix on the “eigenFace” vectors at time ¢ [Stringer et al., 2019].

Similar as before, 3;;(t) # 0 for t € [0, T] indicates the strength of the dependence/connectivity
of unit ¢’s intensity on unit j’s past events. Additionally, when there exists 3;;; # 0 for some
ke {1,..., K}, then such connectivity between neurons is behavior-dependent (when s;(t)

represents behavior features at time t).

Denote the unknown parameters in (5.1) as 6; = (u;, Bi, ..., Bp) € RPXEFDHL for
1 < i < p, where Bi; = (Bijo, Bij1s---,Bijx). Let £(-,-) : R x R — R* denote twice

continuously differentiable loss function. To rigorously define our penalized estimator, denote
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the expectation of the observed outcome at [t,¢ + dt) for unit i under experiment m as
fo, (x(t)) = \i(t)dt. We then estimate these unknown parameters by solving the following

optimization problem:

p

. I p
eijli’gngll)u ZZ:; {?/0 ‘ (dNZ(t)’ fai (w(t») i <{ﬁm jl)} ’ (5.3)

where to achieve sparsity, we use sparse group-lasso penalty [Simon et al., 2013]

P p
P{BYL) =MD 1B+ R8sl (5.4)
j=1 j=1
network sparsity  behavior-dependency sparsity
The sparse group-lasso penality encourages a (groupwise) sparse structure of the estimated
networks (i.e. few non-constant-zero §;;(t), for 1 < t < T') via the tuning parameter Ay,
and a (within-group) sparse structure of the behavior dependency (i.e. few non-zero Sy,

for 1 < k < K) via the tuning parameter A\y. The optimization problem can be solved using

blockwise descent algorithm [Simon et al., 2013].

To derive the theoretical guarantee on both edge- and network-behavior-dependency se-
lection using the penalized estimator above, we need to verify the restrict eigen-value (RE)

condition [Negahban and Wainwright, 2010] for the new design matrix,

%/OT Nlt) (1 Ec’(t)>dt,

where Z(t) = (Z1(t),...,Z,(t)) € RPXEFD and &,(t) = (zi(t), 50 (t)xs(t), . ., sire (t)7i(t)).
When such condition is met, the behavior-dependency indicators, {(i,7,k) : fijx # 0,1 <
i,7 <p,0<k <K}, can be consistently selected following a similar argument as we show

in Theorem 3.1 and Theorem 3.2 in Chapter 3.

Evaluating the uncertainty of the connectivity coefficients is also critical. To be specific,

we are interested in
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e confidence band for the time-varying connectivity coefficient f;;(¢); i.e.,

Hy: Bi(t)=0, te]|0,T7]; (5.5)

e test whether any of the behavior-dependency coefficients is non-zero; i.e.,

Testing the hypotheses in (5.5) and (5.6) requires the knowledge of the distribution of
(Bijo, - - - » Bijic) under the null. While the inference framework in Chapter 2 can be applied
here, the main challenge is to valid the bounded eigen-value condition of the new design ma-
trix —i.e. Var(z(t)), which may require additional regularity conditions on both the point

process and the behavior feature process.
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Appendix A

APPENDIX FOR CHAPTER 2
A.1 Proof Outline

Before presenting the formal proof of Theorems 2.1- 2.3, we outline the key technical steps
in this section. We also briefly discuss key steps in the proof of lemmas used to prove the
theorems, as well as auxiliary lemmas, which are presented in Appendix A.3. Recall that S;;
is the de-correlated score defined in (2.12), T, defined in (2.13), is the covariance of 2}(t),
where z7(t) is the scaled version of the design column z;(t) after removing its projection
onto the other columns. Here z;(t), defined in (2.5), is an integrated stochastic process
that summarizes the past events of the jth feature of the multivariate Hawkes process. For
theoretical convenience, when calculating S;;, we scale z;(t) by the standard deviation of the

ith process at time ¢, 0;(t) (see details in Section 2.3).

Theorem 2.1: This theorem establishes the convergence of the test statistics Ur (2.23) to
a y2-distribution under the null hypothesis. While the result is comparable to that in Neykov
et al. [2018] and Zheng and Raskutti [2019], in our case Uy is a function of the estimate of
the time-varying variance of the point process, 52(t). Proving the convergence in this case is
different and requires additional care. To this end, we (i) show the convergence in probability
of Uz to the test statistic U2, which is defined similar to Uy but with 52(t) replaced with
the true o2(¢); (i) show that U2 converges in probability to Uz; and (iii) establish that Uy

weakly converges to a y2-distribution. Next, we provide some details on each of these steps.

To show the weak convergence of Uy to a y2-distribution under the null hypothesis, we

adopt the recently developed martingale central limit theorem (CLT) [Grama and Haeusler,
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2006, Zheng and Raskutti, 2019], which is given as a special case of Proposition A.1 (for
A =0).

To show the convergence of ﬁ% to Ur, we expand the difference in terms of differences
between §?j and S;;, and 'Y‘? and T, and bound each term. Here, :9\20] and T? are estimates
of S;; and T; but with the true o%(¢). By the construction of the decorrelated score [Neykov
et al., 2018], bounding the difference between §ZOJ and S;; is equivalent to evaluating the
estimation error of the lasso estimators of (u;,3;) and w}. Bounds on these estimation
errors are given in Lemmas A.11 and A.12, respectively, in both ¢;- and ¢s-norms. To
establish these bounds, we show that the restricted eigenvalue condition [Bickel et al., 2009]
is satisfied with high probability in our case, by using the concentration bounds for the
first and second order statistics of () (shown in Lemma A.17). We also show that the
eigenvalue of the covariance matrix of x(t) are bounded under Assumptions 2.1-2.4 (shown
in Proposition A.2). To bound the difference between §?] and S;;, we need to bound the
{o norms of (i) the first and the second order statistics of 27(t), and (ii) the average of the
scaled version of the residual ¢;(¢) and its inner product with the scaled integrated feature,
z;(t). The bounds for (i) are presented in Lemma A.18 using the concentration bound for
the first and second order statistics of @(t) (shown in Lemma A.17). The bounds for (ii)
are given in Lemma A.18 by a direct application of a martingale inequality [van de Geer,
1995] using the fact that x;(t), 0;(¢) are bounded under Assumptions 2.3 and 2.4. The proof
for the convergence of ?9 to T;, which is shown in Lemma A.4, is similar to that for the
convergence of §ZOJ to S;;; however, we only need the estimation error bound for w; as the

construction of T; only involves the integrated process (or the design columns) x(t).

To complete the proof of Theorem 2.1, we establish the convergence of (7T to (7:9 in
Lemma A.5. The proof of the lemma first expands the difference between Uy and [7% in terms
of differences between (i) §g to Sy (2.21), and (i) f? and T; (2.19). (ii) can be bounded
using Lemma A.4. To quantify the bound of (i), we first replace o2(t) by w; +x'(t)3; in
§?j and then bound the term by carefully applying the bound for convergence of (ji;, BZ) to
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(14, B;) by Assumption 2.5 which is also proved to be satisfied in Lemma A.11.

Theorem 2.2: This theorem characterizes the behavior of the test statistics Uy = ||Vir||2
(2.23) under the alternative hypothesis. More specifically, it shows that for different signal
strengths characterized by parameter ¢, the test statistic behaves differently around the cutoff
of ¢ = 1/2. This is because (i) Uy converges to Uy = ||Vi||2 defined in (2.15) in probability
(see the following paragraphs for the proof outline), and (ii) under the alternative, we have
E(Vz) = O(TY?~?A). If the alternative signal is too small with ¢ > 1/2, the expectation
of Vi converges to 0 as T increases. In this case, we can show that [7T converges weakly to
a central x? distribution, and is hence indistinguishable from null. In contrast, if the signal
strength is too large with ¢ < 1/2, then Vi diverges as T goes to oco. Finally, when the
alternative signal is moderate with ¢ = 1/2, the expectation of V7 is a constant, A= T;/QA.
In this case, we apply Proposition A.1 to show the weak convergence of ﬁT to a non-central

x? distribution with non-centrality parameter ||Al|2.

For the case of ¢ > 1/2, we use a similar strategy as that for the proof of Theorem 2.1
under the null hypothesis. More specifically, we split the proof into two parts by bound-
ing Up — ﬁ% and @Q — Uyp. Ur is shown to follow a central x? distribution in Proposi-
tion A.1. The bound of Uy — (/]\% is given in Lemma A.5. Similar to in the proof of The-
orem 2.1, the key in bounding [7% — Ur under the alternative hypothesis is also to bound
VT ||(x9) ™ (85 - 50
involving T%/2=?A in the bound of ||§?] — S;jll2 because under the alternative hypothesis,
Bi; = T~?A. Such difference leads to an extra term of order O <32p2 <T%’2¢’>> in bounding

‘ . The difference from the proof of Theorem 2.1 is an extra term
2

(7% — Ur. As a result, we reach a modified rate of weak convergence of Uz in this case

compared to the rate in Theorem 2.1.

For the case of ¢ = 1/2, our proof uses a strategy similar to the proof of Theorem 2.1.
Specifically, we split the proof by bounding 17% to I/J\T, and ﬁ% to Vp + A. The proof of

the first part is the same as that for Theorem 2.1 and is given in Lemma A.5. Although
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the second part involves non-zero ﬁ’ the proof strategy is similar and involves explicitly
expressing the difference between [7% and Vp + A in terms of the difference between :5'\%
and S;;, the difference between ”/f? and ?j, and an extra item involving A. The first two
items are bounded using the same strategy as in Theorem 2.1. The term involving A is
also bounded since the leading term involves the /., bound of the first and the second order
statistics of z(t), which are bounded by Lemma A.18. We complete the proof by applying
Proposition A.1 to show that Vi + A converges weakly to X?LII A

For the case of ¢ < 1/2, the test statistic diverges in probability as T goes to oco. There-
fore, we derive a lower bound for l?T which requires quantifying the lower bound of §l~j — Sij
and the upper bound of ||Vr||2. Due to the estimate on the unknown variance involved in
S;;, we split the difference in the first part into (i) §ZOJ — S;; and (i) Sy — §g We show
that the lower bound of part (i) is in order of 7%/2~¢ under the setting of the alternative of
¢ < 1/2. To bound part (ii), similar as before, we expand the term into components involv-
ing differences between the estimates of (u;, 3;) and w}, whose error bounds are assumed in
Assumptions 2.5 and 2.6, and parts with the first and second order statistics of x(t) and z(t)
given in Lemmas A.17 and A.18. To quantify the upper bound of ||[Vz||2, we apply a result
on the tail bound of the central x? distribution since ||Vz||3 follows a central y*-distribution
by Proposition A.1; this bound is also used to prove Theorem 3.2 of Zheng and Raskutti
2019).

Theorem 2.3: Recall from (2.30) that b is the one-step debiased lasso estimates of 3;. This
~ ~ T~ /~

theorem shows that R =T (bl-j — @j) T; <bij - Bl-j> converges weakly to a central x? distri-

bution. This allows us to construct the optimal confidence regions in (2.32), since the asymp-

totic variance of R is close to the inverse of the partial information, T; = Cov (z;(t)) (2.13).
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For this proof, we introduce a new quantity Sij:

- 1 T Yi(t) — xj(t)ﬁz‘] i — x! ( )51 —J
So =72 20 o
Lo lt) + (s — i) + 2750 (Biy — Bicy) .
"7 0] 50

which is equivalent to the :S'\ij defined in (2.21) under the null, and similar to that under the
alternative, except that here A = 0 or ¢ = co. Letting Uy = STT lSzJ, we then show that
Uy weakly converges to a x? distribution under both null and alternative hypotheses. For the
null, we follow Theorem 2.1, while for the alternative, we repeat the steps in Theorem 2.2
(case ¢ > 1/2) but replace A =0 or ¢ = oo throughout.

Since by the construction of Ry, we have Ry = (S’ij)T (Y}) - '/fj (“ﬁ-)_l Sy, what is
left is to bound the difference between ET and Ugp. This requires to bound Tj - fj where
Tj and ?j are defined in (2.29) and (2.19), respectively. To obtain such a bound with the
unknown variance, we define T? and ?9 similar to Tj and ?j, but with &2 replace by the
true o2(t). We then separately bound (i) T, — T?, (ii) ’Y‘? — ’/I\’?, and (iii) ’/I\“(J) — Xy (i) is
bounded according to the consistency of 52(t) for the true o?(t) following a similar strategy
used in Lemma A.18; (ii) is bounded by carefully evaluating the lasso estimation error of
wj; (iii) is bounded by Lemma A.18.

Key steps in proof of lemmas: Proofs of supporting lemmas crucially rely on properties
of the integrated stochastic process x(t) = <$1(t) xp(t>), which summarizes all the
past event history of the Hawks process. More specifically, the main theorems rely on the
bounded eigenvalue of T, = Cov(x(t)) (Proposition A.2) and the concentration bounds on
the first and second order statistics of scaled x(t) (i.e. 2z(t)) (Lemmas A.17 and A.18).
These results are used to show the condition of the martingale CLT (Proposition A.1), the
restrict eigenvalue (RE) condition used in the estimation consistency of lasso (Lemma A.11

and A.12), and the convergence rate of fj (Lemma A.4).
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A key challenge in establishing results for the integrated process stems from the com-
plicated (and non-Markovian) dependence structure of the Hawkes process. In particular,
each column of x(t), x;(t), is a stochastic process with non-trivial serial dependence due
to the integration over the past history. To show that the eigenvalues of T, = Cov(x(t))
are bounded, we show that the eigenvalues of the cross-variance for a stationary stochastic
process can be bounded by its spectral density in the Hawkes process. The proof follows
a similar strategy as Basu and Michailidis [2015] in the VAR models, but is specialized for
the Hawkes process in a continuous time domain with an integrable transition kernel. Next,
we establish a relationship between the spectral densities of the cross-covariance and the
transition matrix of the Hawkes process by generalizing Theorem 1 in Bacry et al. [2011] or
Theorem 3 in Etesami et al. [2016] (where they assume a non-negative transfer function) to
real-value transfer functions. At last, we utilize the martingale inequality in van de Geer
[1995] and the concentration inequality on weak dependent samples in Chen et al. [2019]
to establish the concentration bounds on the first and second order statistics of x(¢) in
Lemma A.17. The final concentration bound for z(¢) in Lemma A.18 directly follows from
the deviation bounds for () but requires a lengthy derivation, due to the scaling factor of

the time-varying variance of the point process, o2(t), in z(t).
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A.2 Proof of Main Results

For ease of notations, we prove the result for testing an univariate f;;; i.e., d = 1. Our
proof can be extended to d > 1 by replacing the scalars by vectors or matrices in the
corresponding norms when needed. In the following, we use C}, ¢, with some subscript k
to represent constants that only depend on the model parameter (u,©) and the transition

kernel function.

Proof of Theorem 2.1

Our proof strategy is to relate Uy in (2.23) to Uy in (2.15), and show that Us converges
weakly to x2. Directly comparing [/]\T with Uy is difficult due to the unknown time-varying
variance o7 (t) involved. Therefore, we start by introducing ﬁ% and then show that Uy ~ (7%

Let

5 (300 = i = 2L, (0B15) (#:(0/o1(0) = B — 2, (0 /o015,

(A.1)

DU R |
:T;Ut

T = %Z ((t) fos(t) — Wjo — &L ;(t) [os(t)W;, ;)" (A-2)

~ N—1/2
00— VT (T°> s, (A.3)
g = [IV2113. (A.4)

The difference between Up and ﬁ% is that we replace a;(t) by o;(t).

For any ¢ > 0, we have

P (Or <a) - Falw) < PUr < 2+0) + P (|0 = 09 > 6) - Fufw)

< |P(Ur < v+ 0) = Falw + 0)] + Fa(w +8) - Falw) + P (|Or - 03| > 9,
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and

Fy(z) — P (z?T < x) <P > o —06)+P (]ﬁT - 172‘ > 5) ~ (1 = Fy(x))

< |Fy(x — 8) — P(Ur < & — 8)| + Fa(z) — Fylx — 6) + P (]ﬁT - ﬁg‘ > 5) .

Combining the two inequalities gives

‘IP’ <[7T < x) - Fd(x)‘ <sup |P (f]\% < y) - Fd(y)’

yeR

+ Fy(z 4 0) — Fy(z — 8) + P (]ﬁT - 172‘ >5). (A5)
Next, we bound
‘P (ﬁ% < w) — Fd@)‘

by showing [77(1 ~ Ur =~ x2%. Following a similar deduction as (A.5), for any € > 0, we have

P(0) < ) — Fa(w)| < sup [P(Ur < y) — Fuly)

yeR

J/

A
+ Fylx+€) — Fa(x — ) + P[0} — Ur| > ¢). (A6)

~ —~

B C

Direct application of Proposition A.1 shows that A = O (Tﬁl/g). Using the fact that a x2
random variable has bounded density gives |B| = O (¢). Thus, we control the term C in the
rest of the proof. Notice that

0o -yl = |7 (80" (70 _150 SIYS,;
J J

g

IN

T (§g)T < Tg)_l - T;1> S +T (§g)TT 15, — SErts,

LY ]
-1 —~ |12
e (8) ] reess)

IN

+ ||ﬁr-‘”2<s~ — 80|12
+ 2Vrlle [ VIS V(85 - 5|

(A7)
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Let F = \/TTJ-_I/Q(SU — §?j), where T is defined in (2.13). Then

—~ ~ -1
\Ug_UT\s|yE|yg+z|;vT|yann2+Hr;ﬂ(rg) ~r1./2_1H (WValla + 1B, (A8)

J

N1
Next, we provide probabilistic bounds for || E||2, ||Vr|l2, and HT;/Q (T?) le-/g - ]H in

order to bound |U% — Uy|. First, from Proposition A.2 and Lemma A.3, we get ||E|2 =
O, (s*p*T—3/?), with probability at least 1 — ¢;p?T exp(—c2T"/?). Second, Lemma A.9 and
Proposition A.1 lead P(||Vz|2 > T'/'°) = O (T~'/8) . Third, Lemma A.4 gives

with probability at least 1 — c3p?T exp(—c,T*/?). Therefore,

Y (T) 1| o
P <|(7% —Ur| > 0532p2T_1/5> < cp®T exp(—c7T1/5) + T V8, (A.9)
Turning back to (A.6) with the bounds of A, B, and C gives us
suﬂg IP(UY < ) — Fy(x)| < cap®T exp(—crTY5) + cs T8 + cos®p?T /5. (A.10)
ze
By the bounded density of y? distribution
|Fu(x +0) — Fy(x —0)] < C(d)é.
Finally, Lemma A.5 gives us

P (|l7T - ﬁ%| > CIOPT_1/5> < enp?Texp(—e1nT?) + 3T 78 + cs?p? T 115,

Combining the last three displays gives us a bound on (A.5), which completes the proof.

Proof of Theorem 2.2

We study the three cases separately.

Case: ¢ > 1/2. The proof for this case is similar to the proof of Theorem 2.1. However, due

to B;; # 0 under the alternative hypothesis, we have a modified rate of convergence depending
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U9 — Uy

on the scale of ¢. A new bound is needed for , which is obtained modifying the

bound for the difference between §?J and S;;. To be specific,

T—1
N N el
S?j — Sy = (w; — wj)Tf €i<t)sz(t)
t=0
-1 ~
1 . %% i
+ T Z; (1 Zi—j@)) N —
=0 Bi—j Bi—j
-1 ~
R . 1 1 i i
— (@, —w)" | (1/oty =Z0) | ({2 ) -
=0 \ 2—;(t) Bi—; Bi—;

- T¢% i (50— (1 27) @) 50A (A.11)

The first three terms are bounded by O,(sp?T~%°), as shown in the proof of Lemma A.3
(see (A.33)). The last term shows up because under the alternative hypothesis setting, f;; =
T=¢A # 0. Now we examine the fourth item in (A.11). By Lemma A.8, ||z;(t)||« = O(1).
Then,

<Az 115 = 0Q).

2

%ZT: (zj(t) - (1 zT(t)> @j) zi(t)A

Using the same notation as the proof in Theorem 2.1, let E = /T (Tj)fl/2 (§Z0] —Si;). Then,
with the bounds in each part of (A.11),

|E| = O, (sp®T 31" + T'/279) (A.12)

with probability at least 1 — ¢;p?T exp(—c,T"/?). Here we see that ¢ > 1/2 is important to

bound the term; otherwise, it is not guaranteed that the term is bounded as T" increases.

By repeating the same steps in Theorem 2.1 with the bound of |E|, we show
‘[7% — UT‘ =0, <52p2 (T’1/5 v T%’w)) ,
with probability at least

1 — c3p?T exp(—csTY?) — c55%p? (T_1/5 v T%_%)
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and

sup [P(U2 < x) — Fy(x)| < e3p?T exp(—csTV%) + c552p? (T’l/‘:’ v T%’w) + T8,
zeR

At last, using (A.5) and Lemma A.5 to bound |ﬁT - (7%|, we reach the conclusion.

Case: ¢ = 1/2. The proof strategy here is to quantify the difference between the cdf of (7%

and x? distribution. For any € > 0, we have

PO} < 1)~ Fyys(e)| < sup [BIVe + A1 < 0) = Fyyapp o)
Y

A
+ Fua@+6) = Fyyagle— )+ P (|08 - |vr + AJ3

-~

B &

>e>,

where A = T}/QA, and U2, Vr are defined in (A.4) and (2.14), respectively.

Lemma A.1 gives us A = O (T~'/%). By the bounded density of non-central x? distribu-
tion, we have B = O (¢€). Therefore, in the rest of the proof, we bound part C.

Let E = V2 — Vi — A, where V0 = /T (T;)"/? §ZOJ is defined in (A.3) and U9 = ||V2|2.
Then,

~ ~ 112 ~
09 — HVT+AH2‘ < B3+ |[ve+ 2| 1El,
~.\ —1 ~ 2
+H(Tj)1/2 (79) (Tj)m_[H (JJve+ || +1E0) " (A13)

We bound using Lemma A.4, as we did in Theorem 2.1.

(1;)"? <?§)> Sy [’

o0

However, the bounds for £ and Vi + A need to be modified.
Let w; be such that z;(t) = (1 zT(t)> w,, where
w; = (wip, {wil(l # ) + 10 = Hhasy) € R (A14)
Then

T, = Cov(z(t) = Cov (1 =T(1)) w;) = w] Tuw;,
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1
where T = E (1 zT(t)> and |wjlly = [[wi|li + 1. Recall that S;; =
z(t)
T &) z5(t) as defined in (2.12). In addition, define gij = Sy + %25:1 zj(t)Bij 25

T t=1"* J

Thus, with 3;; = T-12A,

Ve + A= VT (1) 8, +1.°A
= VT (1) (Si; + Li8)
— \/T(Tj)—l/Q (Sz] —+ zj(t)ﬁijz; — ( )ﬁ”Z -+ T]ﬁij)

— VT (1;)"? (sw —w] (1 ET: ( ) T.,j) @-j) .

Then, by Lemma A.2 of the bounded eigenvalue of T,

IE|2 = V2 — V& — Al

N[ =
1M~

VT (1) 728 = VT (1) (§g —w; (

Hf (5 -5)
+ (Y 1724, ( i( ) ))T.J) \/Tﬁij
o(vT
+o(ﬁ@j lw;]|, %Z(zzw) (1 ZT(t)>—T ) (A.15)

First, we examine the second item on RHS. Using Lemma A.14, [|w,||; = O(y/s), and using
Lemma A.18 we get

= OP(pT_2/5) )
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with probability at least 1 — ¢;p*T exp(—cyT/?). Then, with 8;; = T—1/2A,

1 1

w1 TZ

=1 \2(t)

VT8,

(1 =) =] =0, (vsr ).

o0

Next, we quantify /T §ZOJ — gij

. Expanding the difference, we have
2

A0_~,._,w_,w*TlT 1 =
Sij — Sij =(w; %) T ; o A1)
() - (o B)) Y Z_U.Z((Z)) 0
N (<ﬁ’ ZT—J) a ('ul lT_J)) %ti Z_J;((tt)) <1 zTJ(t)> (w; — w))

According to the proof of Lemma A.3, the first three terms above are bounded as
O, (spQT*A‘/E’).
With [|z(£)|lsc = O(1) by Lemma A.8, and ||w; —w}||y = O,(spT /) in Assumption 2.6,

the last term is bounded as
1
(w; — ’wj)Tf > 2(t)Biy = O (|lw; — w1 - |By]) = Op (spAT~10) |

with probability at least 1—c3p?T exp(—c,TY/%), where 3;; = T~Y/2A as set in the alternative.
Thus,

~,

S) — S

)

=0, (sp2T74/5) + 0, (spAT’S’/lO) =0, (sp2T74/5) )
As a result,

I1E[l2 = Op (sp*T~1%) + O, (VspT*°A) = O, (sp®T~"7)
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with probability at least 1 — c5p?T exp(—ceT/?).

Next, we quantify the bound of Vi + A. Setting y = T/ in (A.45) of Lemma A.9 and

|[Vr||3 weakly converges to x? in Proposition A.1, we get
P <HVT + &H > T1/10> — O(T). (A.17)
2
At last, we take the bounds of HVT + KH and ||E||2 back to (A.13), and
2

. 2
Up — HVT + AH2 =0, (32p2T71/5) ,

with probability at least 1 — c;p?T exp(—csT/?) — coT~'/%. Finally, using decomposition in
(A.6), we get

sup |P(ﬁ% <z)-— Fd,||£||§(x)| < ep?T exp(—csTY?) + coT7V8 + ey 52 p* T35 (A18)

z€R
The conclusion follows from the decomposition in (A.5) and Lemma A.5 that quantify the

bound of |Uy — U2

Case: ¢ < 1/2. Recall that S;; is defined in (2.12) and V7 is defined in (2.14). First, notice
that

Ur =175, (T;) 5,
=TS, (le + <ﬁ)_ - )

5
> 7r) 2508 (1= a1y (F) -] )
> o T ()" 85113

= ey (IVT (1) 72 (8 = )l Vi) (A.19)

where the second inequality follows from Lemma A.4 as ;

-1
TUQ <T0) T2 ]H conver-
gences to 0 when s2p?logp = o(T"/?).
Next, we bound §,-j — Si; by separately bounding §g — 5;; and §” SO where §ZOJ is

i)
defined in (A.1).
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First,
S% — 8y =8% — Sy + = Z Z(1)z] ()8 (A.20)

A similar deduction as (A.16), but with 8;; = T-?A leads to §% —§Z-j = Op(spT_%_¢). Thus,
in the follows, we give a lower bound for + Zthl Z5(t)z] (1) Bi).
By the construction of zj(¢) and the projection coefficients w; defined in (2.10), T; =
1

z(t)

*

Cov (z3(t) =E [ 2:(t) | zj — w

J

=E (2;(t)z(t)). Then,

—J

T T
1 | )
D S TUPT R Ve e <zj<t>zj<t>>‘
t=1 t=1
1 T
< oyl + 1) || 7> (1 =) -7 - @2
t=1 Z(Zf -
1
By Lemma A.18, || 137, @ (1 zT(t)>—T — O0,(pT~2/%). In addition, [Jw||; =
z

O(y/s) by Lemma A.14. Therefore,

= O,((v/5+ 1)pT™2/%),

with probability at least 1 — cop®T exp(—c3TY%). Then, by f;; = T~?A, s*p*logp = o(T'/?)
and Ay, (T;) > 0 in Proposition A.2,

T
1 _ _
Z “j t)Bi; = (T; —edT 25(y/s + 1)p) |Bij] = esT~2,

=
with probability at least 1 — cop?T exp(—c3T'/%). Taking the bounds above back to (A.20),
under s?p?logp = o(T*/?), we have

T H(nrj)—l/2 (5% - 55) z > 0,(T'2). (A.22)

with probability at least 1 — cgp?T exp(—c;T/?).
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Next, we bound §,~j — §ZOJ Without repeating the technical details, the bound of 5’” S%
can be derived as follows: under ¢ < 1/2, we add an addition term of x;(t)5;; to €;(t) because
Bi; # 0 under the alternative; then the bound for A; and B; in the proof of Lemma A.5 are
dominated by Op(pT_§_¢ vV T~4/5) instead of Op(pT_g) under the alternative, which implies
||§ZJ — §ZOJ||2 =0, (pT’%";s V T_4/5>. Combining the results above,
2 1A A 2 2
‘2 >T H(Tj) > (Sij — 94+ 50— sij) 2

_1 AO 2 _1 o~ AO 2
>T H(Tj) 2 (5@- - Sz'j) ,~ T H(Tj) . (Sij - 5@]>

= 0,(T"%), (A.23)

1

T H(Yj)*E (gij - Sz‘j>

with probability at least 1 — c;op®T exp(—c1, T/%).

Note that ||[Vz||2 weakly converges to x* by Proposition A.1. In addition, taking y =

c19T"?=% — c7'\/x in Lemma A9,
P(|[Vrll2 > 1T — Cfl\/i) < 613T71/8 + C14 eXp(—(Clle/%d) - CII\/E)2). (A.24)
Taking (A.23) and (A.24) back to (A.19), we reach the conclusion:
P ((7T > x)
> P ({IVT (X)) (8 = Syl > enT"*} 0 {[Valls < coT'% — ' Va})

_ _ _ 2
> 1 — c10p°T exp(—cuTl/5) — 13T Y8 — ¢yyexp (— (012T1/2 L 1\/5) ) )

Proof of Theorem 2.3

Denote . R
1 - l’] sz i — ij (t)ﬂi»—j/\*
= - Z5 ().
ai(t) ’

We have the following decomposmon.

Sij + = : ET: 5% By — By) = Sy + T <Bw - @‘j) :
t:l
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By the decomposition above, we have

and

Notice that
T

s _ 1 3 & (1) + (i — 1) ;;t_)j(t)(ﬁi,_j —@,_j)?;(t)’

which is equivalent to §ij defined in (2.21) under the null hypothesis. Let

A~

. TR s
Ur weakly converges to x? distribution following the proof of Theorem 2.1:

sup |IP’(UT <) — Fy(z)| < epT exp(—coT?) + 382 p?TY5 4 e, 715, (A.25)
zeR

Next, we bound
~ . (= s =\ N1\ L
Ry — U =8 ((Tj) (1) - (%)) ) 3. (A.26)
Using Assumptions 2.3-2.6 and the consistency of estimators in Assumption 2.5 and 2.6, it

is easy to see that S;; = O,(1). Therefore, it is enough to quantify (Tj)*l?j(i;j)*l — (:fj)*l
in order to quantify ]3@ —Uyp. Let E = :fj — Tj. Then,
~ N1~ ~ PUNES RN ~ -1
(%) Ti=(T+E)(T) (T+E)=T,+E+E+E(T;) E
which leads to
j

T, (?])_1 Y,~Y,=E+E+EY;'"E+E ((?j)_l = T.—1> E. (A.27)

Proposition A.2 implies that ET]-_IE < O(E?). Thus, the first three items are bounded by
O(|E| v E*). By Proposition A.2 T;' = O(1), and Theorem 2.5 in Stewart and Sun [1990]

gives us

105 12115 — 1512 =
< L = O(||T; — Tjll2).
2 L[| 21Ty — Tyl

() -7
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Then, taking this result back to (A.27), we get

T, (?j) T, - T; = O(|E|) + O(E?) + O(E*)O (

1)

-1 <

By Lemma A .4, ||fj —Tjlla = O, (s*p*T~%?). Therefore, to bound Tj (?]> T, — ?j, it is
sufficient to quantify the bound of E. We first write £ = 'Tj—fj = :f]-—:f”?—l—:f?—?g%—’f?—?j
and then quantify the bound for each difference.

We start with the bound of E° = TO T? Notice that

1B < %i(zj@—(l 2T0)®) (1270 @

< %é(w)—(l 2T(1)) w ) =) () + Iy = 5[1)
+<w]—wJ>T%t§T; z_l(t (1 =%0) | @ —w)

Using Lemma A.6 (to bound H% ST (Zj(t) — (1 zL(t)) w}‘) z_j(t)Hoo), Lemma A.14 of
bounded norm of w}, and the estimation consistency of w; in Assumption 2.6, the first item
on the RHS is O,(y/spT~2/%). Using Assumption 2.6 again and Lemma A8, the second item
on RHS is O,(spT~2/%). by Lemma A.14 and A.8,

T 1

! T w? w’|; : 2T = s).
P2 ) 0 0) | I T (1 50) oW

Then, under Assumption 2.6, the last term on the RHS is bounded by O,(s%2pT~%/%).
Therefore,

E® =) =19 = O, (s*pT /"),

with probability at least 1 — csp?T exp(—c¢Z"/®). By Lemma A.4, :f? — 'Yj is bounded
by O,(pT~2/°) and :f? — T, = O,(pT~%%) . Combining these results, we get |E| =
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N1~ A
O, (s32pT=2/5). Next, turning back to (A.27), T; (Tj) T, —T; = O,(s3?pT~2/%). Then,

referring to (A.26) at beginning,
D g T (/= \ "t (= )\ ! N1\ L
e tr=s (1) 9 (5) - (8) )5,
= 0,(1)0y(s*2pT2%)0,(1) = O, (s*2pT %),

with probability at least 1 — cgp?T exp(—c;T"/?). At the end, taking 6 = s%2pT~%/> and
using (A.25),

sup [P(Ry < z) — Fy(x)|

x€R
< sup IP(Ur < y) — Fy(y)| + sup (Fy(z + 6) — Fy(x — 8)) + P(|Ry — Uyp| > 6)
ye e

< cgp*T exp(—09T1/5) + 1082 ? T~ Y5 + ¢ T3,

Proof of Theorem 2.}

To simplify the presentation, we prove the theorem for d = 1 when testing Hy : B = 0 for
some k € {1,...,mo + pmy}. Because of the complexity due to the approximation of the
unknown time-varying background intensity and that the transition function is flexible in
(2.33), we need to re-examine the bound of §?k — S to account for the extra approximation
error. In Lemma A.10, we show that under Assumption 2.7, §?k — Sir has the same error
bound as that given by Lemma A.3 that is used to show Theorem 2.1. Then, the rest of the

proof follows from an argument similar to that in Theorem 2.1 and is hence omitted.
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A.3 Auxiliary Results

The following result shows that P (Ur < y) =~ Fy(y) uniformly in y. The proof is based on a
martingale central limit theorem. Recall that s; = ||lw}[lo and s = maxi<j<, 555 pi = [|Billo

and p = maxi<i<p pi-

Proposition A.1. Suppose the linear Hawkes model with its intensity function defined in

(2.6) is stationary and satisfies Assumptions 2.1 — 2.4. Then Yu € R,

sup |P(|Vr +ull3 < y) = Foyuz )| < Clllulla, )T, (A.28)

yeR

where C(||u]l2,d) is a constant that is non-decreasing w.r.t. ||ull2 and d.

Proof. The main part of the proof is based on the result on the martingale difference sequence
in Lemma A.2. To reach the conclusion, we verify the conditions required to apply the result

in the setting of the multivariate Hawkes process.
Let

_ Lyl
gT,t - \/T (T]) Ui<t) j(t)>

where 0;(t), 2;(t) are defined in (2.8) and (2.11), respectively.

Recall that Hr; is information filtration of the past. Then ({7, Hr:) is a martingale
difference sequence. Then, Vi = Zthl &re, where Vi is defined in (2.14). Following the same

notation as Lemma A.2, denote

T
Ly = Elén5™, (A.29)
t=1

1+9

N =E (A.30)

(1,)""? <% > #() (zx(t))" — Tj) (1)

t=1

tr

To apply Lemma A.2, we need to evaluate the bound of R?’d = L?’d + N(;‘F’d.



115

We start with the bound of L?’d. Notice that

2+26

L= S Blen 3 < ALY “*‘”ZE

t=1

% (t)

2

Proposition A.2 implies Amn[1 (T;) = O(1). Lemma A.8 shows that 0 < o7(t) and x;(¢),
€(t) and z;(t) are bounded. Therefore,

H2+26

B[z

Recall that z;(t) is z;(t) after removing its projection onto z_;.

Bl <

E|lz(t)|3 = O(1). In addition, since '*% is convex under § € [0,1/2] for = > 0,

E(l5005) " < El50l) " < @01 = ow.

Thus, Ly = O (T7°).

Next, we quantify the bound of N;l’d. Notice that

T—1
AL ( > 50 T) S
t=0

By Proposition A.2, the rank of

—1/2 ( Zz - T]) (Tj)fl/Z

is at most d (where d = 1 in the case of testing an univariate /3;;). Since || Bl < d|| B2 and

| Ballz < d||Ba||loo for B € R™*? | we have

e < ZZ - Tj) ()"

(x,)""? <% pEH0) (z3(1) " — Tj) (7))~

1+6
.),
9

N[ =

1+9
NI —E

tr

1+6
2>
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where the last step follows from Proposition A.2.

Now,

<

T ;Zj (t) (Zj (t)) -7

o

% S ()27 ()~ E (% 3 zT(t)zT(t))

t=1

(1 + [lw; 117)

where bounds on

% S 2T ()z(t) — E (% 3 zT(t)z(t))

are given in Lemma A.18. In addition, the ¢;-norm of w} is bounded in Lemma A.14.

j
1+6
) >r | dr
o0

> 7"1/(”5)) dr

(e 9] o0

Therefore, assuming s2p? logp = o(T"/°),
N < / P (d
0
= 1 " s T
— /0 P (d2 = sz () () — 17,

o0 T 1/3 T
< / Ciexp [ —Comin{ [ —rY/0F0) ) Zpl/0+) 80 gy
B 0 Sp p

< COT(sp)™*,

LS o) (50) -

t=1

=l

where the last step is based on the integral of the gamma function.

Then,
R?»d — ng,d + Ngl’d < C(OT° 4+ (6T (sp)',

where the first term dominates under s2p? logp = o(T'/®).

Then taking 6 = %, Therefore, by Lemma A.2, we have for any x > 0, v € R¢, and
6 €[0,1/2],

[P(Ur +u < 2) — Fypup(@)] < C(full3, d)T"%, (A.31)

which completes the proof. O]
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Proposition A.2. Suppose the linear Hawkes model with its intensity function defined in

(2.6) is stationary and satisfies Assumptions 2.1 — 2.4. Let T, = Couv(x(t)). Then,

0< Cl S Amin (T:c> S Amax (Tx> S CZ < 00,
C’?r/‘\min (Tx) S Amin (Tj) S Amax (T]) S C’4A/\Inax (Tx) )

where constants Cy, k= 1,...,4, only depend on (©, u) and the transition kernel function.

Proof. Recall that z;(t) = fot_ k;(t —s)dNj(s) for j =1,...,p. Let

K1 (t)
Ky =

Kp(t)
and dN; = (dNi(s),...,dNy(s))". Then, x(t) = (z1(t),...,2p(t)" = [~ K;—sdN,. We
consider bounding eigenvalues of

T, = Cov(x(t))

t— t—
_ / K,_.E(dN, — Ads) (dN] — ATdr) K,_,
0

/ / K, (s —r)K,_,drds,

where ['(l) = E (dN; — Adt) (dN,,, — A"dt) /(dt)? € RP*P.
Let fr(6) = [~ T(D)e ®dl. Thus, I(l) = 5= [T fr(#)e™df. In addition, let G;,(0) =
[T K(t— s)e”seds. Then,

0

=t
T, = / / Ko e®T(s — 1) K, e drds

1
/ / Kq_se (— fr(@)e %e) OOIKy e drds
2w
1 —i0r
K,_.e fp )do | K;_.e""drds
27T

~ 5 | GLOKOC O
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Since fr(6) is Hermitian and G (s) fr(0)G:(r) is real,

m(fr)Gr s (0)Grr(0) < GF(0) fr(0) G, (0) < M(fr)GE(0)Gir(0),

where

M(fr) =ess sup v/ Amax (fr(0) fr(6)*),

oe[—m,m]

m(fr) = ess mf \/Amm (fr(0)fr(0)).

oe[—m,
In addition, notice that

QL G:S(Q)Gtr d9— —/ / / Kt sKt re (s=r dsdeQ
T

= / / Kt_T_,— / Ao K, . dldr
0 —t— 27T -7
-

= / K2 dr.
0

Letting Q(t) = [, K7 .dr,

m(fF)Amin(Q<t)) S Amin (T:c) S Amax (Tx) S m(fF)Amax(Q(t»a

Next, we introduce the result linking fr(-) to the transition matrix €.

Lemma A.1. For a stationary multivariate Hawkes process,

fr(0) = (I — £.(0))" diag(A) (I — f5(0))”"

-
where A = (E)\l(t) IE)\p(t)> € R? and f,(0) is the Fourier transformation on the

matriz of the transition function w(t) = (wi;(t))1<ij<p-

A similar result as Lemma A.1 has been shown by Bacry et al. [2011, Theorem 1] or Ete-
sami et al. [2016, Theorem 3], but they assume a non-negative transfer function. Lemma A.1
extends the class of linear Hawkes processes by including non-mutually exciting structure.

The proof is directly established based on the proof in Bacry et al. [2011, Theorem 1] or
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Etesami et al. [2016, Theorem 3] but we re-write a real function into its positive part and

its negative part, and then using the distributive property of the convolution operation.

As a result, one set of sufficient conditions to bound the spectral radius of I' is to assume:

e 0 < Apin < minj<;<, \i(t) < maxj<i<p Ai(t) < Apax < 00 as stated in Assumption 2.3;
e Apax () < 1 which leads m (I — f*(0)) > 0 assumed in Assumption 2.1;

e Bounded row and column sum of €2 as assume in Assumption 2.2; that is,

1<5<p
i=1

p p
M — f2(0) <1+ (&1&);29,] + max Qij> /2 < oc.
]:

Then, with the assumptions above,

2 miny gy (BA(1)) _ 2 max <i<p(EA(1))
(M (I — f5(0)))" (m (I — f5(6)))°

Therefore, with bounded Q(t) by an integrable and non-trivial transition kernel function «;(t)

m(fr) <M(fr) <

in Assumption 2.4, we reach the conclusion. Since both A and w are constants depending
only on © = (B;)1<ij<ps & = (i1, -, 11p) ", we have constants C, Cy only depending on the

model parameter and the transition kernel function such that

0 < Cl(@,,u) S Amin (T$) S Amax (Ta:) S 02(@7M) < 00.

Since );(t) is bounded, there exists ¢, ¢y such that 0 < ¢; < o2(t) = N(1)(1 — N\i(t)) <
co < 00. Let T = Cov (x(t)/0;(t)),

', < T < 'Y, (A.32)
Notice that

Cov(z;-k(t))_1 = (T_l)jj,
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which means that Cov(z}(t))~" is a principal submatrix of Y~'. Then, by the Cauchy’s

interlace theorem for eigenvalues of Hermitian matrices,

v

(7).
(™).

Amin (Cov(z)(t))™)
A

- Amin
max (Cov(z;(t))_l) Amax

IN

Therefore,

ClAmin (Til) S Amin (Tfl) S Amax (T;1> S CQAmax (Til) )

T

which completes the proof. n

Lemma A.2 ( Lemma C.1 Zheng and Raskutti [2019] ). Let (&, Hai)o<i<n be a martingale

difference sequence taking values in R?. Let

k k

k
i=1

=1 =1

Define Rg’d = L?’d + Ng’d, where
Lyt =Y El&ull3® and Nj = STEX"), - 1|,
i=1 =1

If R?’d <1, then for any u € R, r >0, and 0 < § < 1/2, we have
1
P(IX; +ulls < 7) = P(IZ +ullo < 1) < Olulled.8) (R) 7

where Zgx1 ~ N(0,1) and C(||ul2,d, ) is a non-decreasing as ||ul|a increases.

Lemma A.3. Suppose the linear Hawkes model with its intensity function defined in (2.6)
is stationary and satisfies Assumptions 2.1 — 2.4. In addition, (ZZZ,BZ) and w; satisfy As-
sumption 2.5 and 2.6, respectively. Given S;; in (2.12) and §?] in (A1),

P (ngoj — Sijll2 < 018/)2T_4/5> > 1— Cop°T exp(—C’ng/5),

where Cy,k = 1,...,3 are constants only depending on the model parameter (u,©) and the

transition kernel function.
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Proof. We start with the following decomposition

Q0 — (D T L . ~ 1
Siy — Sij = (w; — wj) T;Q(t) _
> _
- ET:Z (1/01 I(t)) Aﬁi "
= ’ Bi- Bij
y _
— (@; —wj)" li ! (1/0-(25) zT-(t)> ) . (A.33)
’ T3 z_;(t) Z 7 Bi,fj Bi—;
y _

In the follows, we bound A, B, C. Lemma A.7 and Assumption 2.6 give

T
will, || E e(t) = O,(spT~ ).
t=1

A< ||lw; —
z-(1)

oo

Lemma A.6 and Assumption 2.5 give
1 L _
— = Op(sl/szl 4/5).

TZZ (1/% Ij(t)> I\Bi-; Bi,—;

Combining Assumption 2.5 and 2.6 and Lemma A.8 gives

B <

1

T 1

~ 1 //Zz i
C < @y —wi||, |5 1/o;(t) 2T.(t) . -
s \z,0 ( i) \Bi=i) \Bii) ||,
= Op(sp2T74/5).
Therefore,
ggj = Sij| = O (sp*T %) , (A.34)

which probability at least 1 —c;p?T exp(—coT'/%) , where ¢, ¢, are constants only depending

on the model parameter (u,©) and the transition kernel function.
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Lemma A.4. Suppose the linear Hawkes model with its intensity function defined in (2.6)
is stationary and satisfies Assumptions 2.1 — 2.4. In addition, (ﬁz,&) and W; satisfy As-
sumption 2.5 and 2.6, respectively. Then,

T, - 10 =0,(T?),

[e.e]

T’ - TO‘ = Op(PT_2/5)a

o0

= O, T ),

oo

and

T e

[e.9]

J

~ \ —1

[e.9]

(fg)l/Q <fj)—1 <?g> 12 1| = o,

[e.e]

with probability at least 1 — C1p*T exp(—CyTY%), where Cy, Cy are constants only depending

on the model parameter (u,©) and the transition kernel function, and ?3 and T]- are defined

in (A.2), and (2.29), separately.

Proof. First, applying Talyor expansion on le-/ Q'Y‘]-_IT;/ - (treating Tj_l as variable) at
T, leads to

1/273_1~n1/2 1/27n—1~n1/2 1R 2
T - T =Pt = T 0T = ) + o = 1), (A.35)
Then, by Proposition A.2 that Ay, (Y;) > 0,

1/2/88—1~r1/2 . —1/~A
|eyamry2 =1 o (e -,

)ZO(HTJ-—Tj OO). (A.36)

o0 o0

In the following, we focus on quantifying the bound of Hfj —Tjlloo-

Recall
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defined in (A.2). The difference between T? and ?j is that we replace 62(t) by the true value

o2(t). We bound the two parts Y’? — 7, and ?j - :f(; separately.

First, we have

EEl + 2E2 + E3.

By Lemma A.8 and A.14, Assumption 2.6,

2 — 1
1Bl < [l —will, || > 50
T E e .
I PR | '
= [[&; - wj, |5 > (1 20)| (rojli+1)
=1 \#( .
= 0,(s32pT~2/%).
Using Lemma A.8 and Assumption 2.6,
T
Esll, < ||lw;, — w? l 1 T B — wll = O (22T 45
| Bslly < [l@; —wi, || > 0 12T m)|| (@ —wl], = 0u(s*0PTYP).
t=1 \%—j

oo

Finally, we bound Ey. Recall that w; is defined such that z*(f) = (1 zT(t)) w;, where
w; = (wip, {wil(l # j) + 1(l = j) h<<y) " € RP and [lw;lly = [lwj] + 1. Then,



124

Using Lemma A.14 that ||w}]|] = O(s) and Lemma A.18,

YR oY N R Y R N e
pesm 5 () 6w ( 1) 6 o)
r=R\10 ) .
=0, (spT_2/5) :
Therefore, combining the bounds of F,, Es, Fs,

Y9~ 1, = 0, (s*p*T~%?), (A.37)

with probability at least 1 — Cp*T exp(—CyT/?).

Next, we bound ?9 —7T;. Letting D; = 287 we have

10— T, = 2 Y00 - VG0 - 20,7 - 2D~ Vi (50 - 2,(0;.).

Recall that o2(t) = A\ (t)(1 — X\i(t)) and N;(t) = p; + " (1)3;. By Lemma A.8, o2(t) = O(1).

By Lemma A.8 that x(t) = O(1), and 'li (pT~%/) in Assumption 2.5,
Bi
~ i
MO =Xl = (1 «() (3

IN

)

It x@))\\m ) ()] =0 0m)

7

=
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Thus,
! ol (t
Ni(t) — N2(t) — Nilt) + A3(t)

< L
— o (t)

)

~0 ()\i(t) - Xi(t)) =0, ()T .

x(H) = @) (1= 27001+

(1) — X,»(t)D

Using a similar deduction, we get |D; — 1| = O, (pT_2/ 5). In addition, the estimation error
bounds of w; and (7i;, ;) in Assumptions 2.3 and 2.4 imply that Z(t) — 27,(t)w; —; and

wjo (2;(t) — 21 ,(t)w; ;) are bounded in probability. Combining these results,

‘TQ ~ T, =0, (o7 (A.38)

with probability at least 1 — Csp?T exp(—C4T"/?). Therefore, using (A.36),
1T 50052 = Teo = O (I = Tl )
=0 (IT5 = Tl ) + 0 (I = L5
= 0, (s2p*T~2)
with probability at least 1 — Csp*T exp(—CsT/?)
Following a similar deduction and separately using the bounds of ||:f] — T?Hoo and
()" () ()" 1] -

-1
T;/Q <T§?> T2 _ ]H = O, (s*p*T~2/), respectively.

||'Y9 — Y|l derived in the above, we get the bounds for

O,(pT~%%) and

J

In addition, following a similar deduction as (A.38), we can show the same probabilistic

bound holds for ‘T? ~T.

| (except for a change in constants), where Tj is defined in (2.29)

and T? is the same as 'Yj except it involves the true o;(¢) in its construction. ]
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Lemma A.5. Suppose the stationary linear Hawkes model defined in (2.2) satisfies Assump-
tion 2.1-2.4. In addition, ([, B\l) and W; satisfy Assumption 2.5 and 2.6, respectively. Under
the null hypothesis and the alternative with ¢ > 1/2,

P (|(7T ~ U9 > ClpT_1/5) < Cyp®T exp(—CsTY?) + C,T~Y8 4 Css?p® T3, (A.39)

where Cyx, k = 1,...,5 are constants only depending on the model parameter (u,©) and the

transition kernel function. Up and [7% are defined in (2.23) and (A.4), respectively.

Proof. We first give a proof under the null hypothesis when ;; = 0. We extend the proof
for the alternative hypothesis setting at the end.

Similar to the proof of Theorem 2.1, we quantify [7% — Ur (see equation (A.8)). To study
the difference between [7% and Uy as shown in (A.7), it is sufficient to bound §ij — 5'\20] and

T, — ?2, where 5° ?? are defined in (A.1) and (A.4).

75

The bound for Tj — 'Y“(; is given by Lemma A.4. We focus on quantifying the difference
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between §,~j and §% We have

_ %Z in (%) — e — 2, (0B, (,(0/(t) — 0 — =, (1) /() )
_ %z 28 Jf(t) (Yith) = 71 — 2T, (0B, ) (20 /oi(t) — B3o(8) i (t) — 2L, (1) [ (£)B;,)
- %Z 5 (50 = 7 =T 0 (w000 = o — T, (/{0
- Z 20 1) s (3i0) — i~ 2, 0By ) (55(0/00) - Do = 27,0)/ (1))
AT o< )on - 54)
- Z (20 -1) s (40 == T, 08,,) (50/lt) — 0 — 27,0/ 0),.)

r 2(¢) o2(t) — o2(t)

Then,

oi(t)—o;(t)=x/n(l—x/n) -/l —z/n)=m—7) 'z, (1 -z (7 +n)). (A.40)

Since ||t~ is bounded by Assumption 2.3, we have

lo?(t) = 57 (0)lle < [l = Alla 2l = 2 (7 + 1) o0 = O (ln = 7ll) = Op(pT ),
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where the bound of ||n — 7||; is given in Assumption 2.5.

Let

. | 1
n_; = : and x,7 =

Bi,—j x_;(t)

Under the null hypothesis that 3;; = 0,

Let Cz(t) = (1 - a’!;(’ﬁ—i- 77)) m (Ij<t>/0'z(t) — 1/17]'0 - a:j](t)/al(t)zﬁj,_j) Then, we

k3

write part A as follows:

= Al +A2

By the estimation consistency of w; on w} and (fi;, BZ) on (u;, B;) in Assumptions 2.5 and 2.6
as well as the bounded ¢%(t) and z;(t) implied by Assumptions 2.3 and 2.4, C;(t) is bounded
in probability. Thus, applying Lemma A.7 and under Assumption 2.5,

Ay < |1m —mll <O, (pT~*7),

o0

1 o
T ;fﬂt €i(t)Ci(t)

with probability at least 1 — Cypexp(—CoT"/?). Similarly,

A < [Ci®)ll; ()12 ]17 — mlI3< O (6T .



129

Next, let Czl(t) = (1 — il);r(’ﬁ—{— 77)) a\igto_?+f,t. Then,

By the estimation consistency of w; on w} and (i, B\Z) on (u;, B;) in Assumptions 2.5 and 2.6
as well as Lemma A.8 that ¢%(¢) and z;(¢) are bounded, we get C/(t) = O,(1). In addition,

applying Lemma A.16,

|B1] < =0, (pT74/5) )

[e.e]

T
E x, et

with probability at least 1 — Csp exp(—C’4T1/ 5). Similarly,

|By| < [C{OII7 — mllilez, oo 1i—; — 1—jll1 < Oy (0*T 7).
Then, |B| = Op (pT_4/5)'
Therefore, taking the bound of A and B back to (A.3),

Sy — S% =0, (pT74), (A.41)

with probability at least 1 — Cs exp(—CsT/?).

~ N\ —1/2 ~
We follow a similar deduction as (A.8) and let E = /T (T?) (Si — Sij). Then,

~

0%~ el < 1218 + 20Tl + | (79) ™ (%) (72)" =1 (0%l + h20e)"
(A.42)

Using the consistency of T; to T, in Lemma A4 and (A.41), |[E|2 = O, (p*T—3/5).
N2 N1 s N 1/2
(T?> (Tj> (T?> — IH = O,(pT~%"). Using an intermediate

o

Lemma A.4 gives
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result shown in Theorem 2.1 that ||V;||2 weakly converges to x% in (A.10) and then applying

Lemma A.9, we get

P([VRll2 > TY1%) < Cop*T exp(—CsTY?) + Cos*p*T =17 + CyoT 115

Therefore,
P <’UT — ﬁjov’ > Cllprl/S) S Clgp2T exp(—013T1/5) —+ 01452p2T71/5 + Cl5T71/8, (A43)
which establishes the result under the null hypothesis.

Next, we examine the difference between ﬁT and ﬁ% under the alternative hypothesis
setting, (B;; = AT~?). Here we modify A; and By, where we replace €;(t) by €(t) + x;(t)5;;
when bounding ||S;; — §%||2

Notice that for ¢ > %, the order of the upper bounds of A;, B; remain unchanged. Using

the estimation error of (u;, 3;) given in Assumption 2.5,

T
. 1 .
Al <117 = mlly || D@ e@®Ci@)|| + 17— nll 25 (11121851
t=1

[e.e]

= 0, (4T5) 4.0, (T727°28) = 0, (477),
with probability at least 1 — C1p?T exp(—CoT?/?). Similarly, we show part B; is bounded

in probability with the same order of bound as before. Therefore, under the alternative

hypothesis with ¢ > %, ‘ﬁT — [/J\% is bounded by the same order of upper bound with a

similar probability (except for a change in constants) as that under the null.
[

Lemma A.6. Suppose the linear Hawkes model with its intensity function defined in (2.6)

is stationary and satisfies Assumptions 2.1 — 2.4. Then,

P( %éz]*(t) <1/Uz'(t) sz(t))

where Cy, Cy, C3 are constants only depending on the model parameter (u,©) and the tran-

>0y (V+ 1) pT2/5> < Cop?T exp(—~CsT'9),

o0

sition kernel function.
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Proof. We separately bound

1
T

* . 1 = 1 *
sz(t)zk(t), for k #j, and ?; (t)zj(t).

=1 i
Notice that z,(t) = (x(t))" ex, where e, is the kth canonical basis vector. Let w; be such

that 25(t) = (1 zT(t)> w;, where w; = (w}, {wi1(l #j) +1(l = j)}lglgp)—r € RP! and

|w;ll, = Hw;’h + 1. Then,

72300 =| 7300 B (% > z;<t>zk<t>) ‘
1< [ 1 1
< [l || 2T(t) - E 270 ||| leell
T;(Z(t) z(t) .
1<~ [ 1 1
w’ly — z'(t)—E z' exll1
< (il +1) TZ o) * @ o) 2O e

o0

with probability at least 1 —Cyp?T exp(—CoT'/%), where the last inequality is by Lemma A.14
and Lemma A.18 (taking e = T—%/%).

For the second part, by the construction of 27(t) that E2}(t) = 0 in (2.11),

Then,




132

To derive the bound for ||+ Zthl 1/o4(t) ( (t) — Ez(t H we repeat the steps of (A.48)
and (A.49) in Lemma A.17, but with fi(s) = f kit — s)dt. With o;(t) = O(1) by
Lemma A.8,

T

% N z(t)/0i(t) — E2(t)/oi(1)

0

= O,(T).

o0

Combining the above,

with probability at least 1 — Csp?T exp(—C,T/°).

oo

]

Lemma A.7. Suppose the linear Hawkes model with its intensity function defined in (2.6)
is stationary and satisfies Assumptions 2.1 — 2.4. Then
1 < 1
P[=) & > O 7725 | < Copexp(=TY?), (A.44)
= z(0) )]

where Cy, Cy are constants only depending on the model parameter (p, ©) and the transition

kernel function.

Proof. The concentration inequality for the linear Hawkes process has been discussed Chen
et al. [2019]. The result is a direct application of the martingale inequality by van de Geer
(1995, Theorem 3.1] stated in Lemma A.16.

Using Lemma A.16, we reach the conclusion by taking ¢ = 77%°, and separately set
H(t)= #(t)zk(t), H(t)= #(t), for k # j, where H(t) is bounded by Assumption 2.3 and 2.4

of a bounded intensity function and an integrable transition kernel.



133

Lemma A.8. Under Assumptions 2.3 and 2.4, for 1 <i,j <p and Vt € [0,T],

12T: (t)) = 0(1), %XT: 1 (1 zT(t)> = 0(1),

t=1 . = \ 2(t) .
where x;(t),02(t), z;(t) and €(t) are defined in Section 2.2, and z(t) = (x1(t),...,z,(t))"
and z(t) = (21(t), ..., (1) "
Proof. The result follows directly from Assumptions 2.3 and 2.4. O

Lemma A.9. Let ||Vr||3 ~ X3, then for a constant A,

P(|[Ve+ Al >y) <y (A.45)

Proof. The conclusion is by the tail bound on y? distribution given in Zheng and Raskutti
[2019](see Theorem 3.2). O

Lemma A.10. Suppose the flexible linear Hawkes model with its intensity function defined in
(2.33) satisfies Assumptions 2.1 — 2.3, €9 2.7. In addition, BZ and W; satisfy Assumption 2.5
and 2.6, respectively. Given Sy, in (2.12) and Sk in (A.1),

P (||S5%

where C1, Cy, C3 are constants only depending on (B3; and the basis function.

— Sik

< CispT%) 2 1= Cop*Texp(—GyT'),
2

Proof. Let

x' (t)B;) 2i(t). (A.46)

zk—

When the intensity function can be perfectly described by the basis (i.e. \i(t) = =" (t)3),

'ﬂ |

§ik = S;, and our proof then follows that in Lemma A.3. Otherwise, we split the difference
§?k—5ik into :S’vlk — S, and §?k _§ik- Note that the bound for the latter term can be quantified

following the same argument as that in Lemma A.3. Now we check the first term.
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T e
Sk — S = 7 Z o (0 — = (08) (1) - 7 Z &(t)z(t)
1< 1 - .
- = 3 0 (Yi(t) — =" (1)B: — &) 2 (t)

1 - L

By Cauchy—Schwarz inequality,
‘ g _s.lF<L i (Ni(t) — :BT(t)B')Q li : (a7.(8))?
ik % o= T — v ! T P 0'14(75) k .

By Lemma A.8, 02(t) = O(1). Then, by the construction of z}(¢),

1 & 1

” ; (#i(0) < = ; (ax(1))* = O(1),

where the last equality follows from the fact that z(t) = [j~ ¢r(t)dN;(t) and ¢(t) is an

integrable basis function.

Then, under Assumption 2.7,

The result follows from combining the bounds of gzk — S, and §?k — gik. ]

Sik — Si

_ 2—4/5
Q—O(spT )

1

Lemma A.11. Let H = %ZtT:l ¢ <1 agT(t)>. Suppose the linear Hawkes model
T

with its intensity function defined in (2.6) is stationary and satisfies Assumptions 2.1 —

2.4. In addition, (ﬁz,,@) are given in (2.16). Then, taking A\ = O (T_2/5) and assuming
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VP Vlogp=o(TY%),Vi=1,...,p,

PP <an/prir s
a) \s)|,
.
V) BT - () ) < anvprars
Bi Bi Bi Bi
L) < T,
B B8],

with probability at least 1 — Cyp?T exp(—CsT'/%), where Cy, Cy, Cy are constants only depend-

ing on the model parameter (p,©) and the transition kernel function, and p; = ||Billo and

p = maxi<i<p Pi-

Proof. The proof follows a typical framework for the analysis of lasso-type estimators
[Biihlmann and van de Geer, 2011, Negahban and Wainwright, 2010]. The crucial diffi-
culty in the proof is showing that the key conditions are satisfied for the linear Hawkes
process. To be specific, we start with the basic inequality by the construction of the lasso
estimator in (2.16). We then bound the prediction error of the lasso regression using the
results of Lemma A.7. In addition, we show that the restricted eigen-value (RE) condition is
satisfied with high probability in the setting with the multivariate Hawkes process, where the
proof essentially uses Proposition A.2 and Lemma A.17. In what follows Cy,k=1,...,5 are
constants only depending on the model parameter (u, ©) and the transition kernel function.

By the construction of the lasso estimator in (2.16), we have
T

= ()~ 0B+ MBI < 7 3 (Vi) — e~ 2T (08) + Bl (AAT)

t=1
Let u = fi; — p; and v = BZ — B;. Define S ={j : 8;; # 0} and S¢ = {j : §;; = 0}. It follows
from (A.47) that

T
U 1 U
(v o) | ) 225> aw + Avsll = Msel.

0o 1
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1
Taking A =4 %Z?zl € (t) , we have
20
u 3\ A 1 3\ A
0< (u o) H || < Floslh = Sllvsel+ 57l < Zll(u vs) = Slloseh-

v

u
Let n = € RP*L. Define 1, = (u, vg) and 1y = (vge). Then,

3A A
0<n"Hn < Flnli = Gl and  [nelly < 3.

Let C(J,x) = {n : |ny-

1 < &|nslli}. Thus, n = C(S,3). Further, denote I' = EH. Then,
inf{n" Hn - n € C(J, %), |nll> < 1)
> inf{n'Tn:neC(J k), |nl <1} —sup {’nT (H — f) 77| :n eC(J k), || < 1}

>inf{n'Tn:|nl. <1} - sw  {|n" (H-T)n|}
nec(Jn).mll2<1

> Amin (f) - sup {"’7T (H_f)n”'

neC(Jﬁ)vHTI”2§1
Proposition A.2 shows that A, (Cov (z(t))) > 0, which implies that the p-unit multivariate
process {x;(t) }1<j<p are not linearly dependent. In addition, by Assumption 2.4, the process

x;(t) is not a trivial process of constants. We conclude the minimum eigenvalue of I is

1
strictly positive. Otherwise, there exists n € RP*! and ||n||; > 0, s.t., " = 0. This
(1)
implies either {z;(t)}/_, are linearly dependent or z;(t) is a trivial process of constants,

which leads to a contradiction.
Using Lemma A.17, with e = —2/5,

{In" (H=T)n|: nl.<1,me€C(r)}

< |l |7 T

max

max

< 4(pi + Dlmsll3 [[H = T||,0c = Op (0 + )T ?7)

max
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with probability at least 1 — Cyp*T exp(—CyT"/®). Thus, assuming Vpi Vlogp = o(T"/?),
there exists a constant C3 such that when T" > Cj,

sup {|n (H - F)n‘}> Amm(f).

Imll2<1

Thus,
1 . 1 .
§Amin (F) Z _Amin (F) 3

with probability at least 1 — C1p*T exp(—CyT"/?). Then, with the same probability,

inf{n"Hn:n € C(J, k), ||nl2 <1} > Ann (f‘) —

[\

1 - 2 u
b o )= (o w7
2 2 v
3
<5 D), <3Vt o)
. 1 T 1
At last, using Lemma A.7 to bound A =4 |[5 >, &(t) , we have

(1)

[e.9]

Inll2 < Can/ps + 17727,
n"Hn < Cy(p; + )T,
Inlls < 4lnslh < 4/ pi + Umslla < Culps + 1)T/5,
with probability at least 1 — Cs5p*T exp(—CsT/?).

O

~ 1
Lemma A.12. Let H = %Zthl (1 ET(t)). Suppose the linear Hawkes model
z(1)

zZ(t

with its intensity function defined in (2.6) is stationary and satisfies Assumptions 2.1 —
2.4. In addition, W; is given in (2.18). Then, taking A = O (v/s + 1pT~*/*) and assuming
V(s +1)pVlogp = o(T'?),
H’lﬁj — ij2 S Cl V'S + 1pT_2/5
(W, —w;) " H (w; — w;) < C\vs + 1pT72/°

[@; — w;lly < Ci(s+1)pT /5,
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with probability at least 1 — Cop®T exp(—CsT/?), where Cy, Cy, Cy are constants only depend-
ing on the model parameter (p,©) and the transition kernel function, and s; = ||w}|lo and

§ = maxi<j<p S;; pi = ||Billo and p = maxi<i<, p;.

Proof. The proof is similar to the steps in Lemma A.11 except that we use Lemma A.6 to

bound H% thl ?J"(t) <1 Ejj (t)) HOO, and use Lemma A.18 to verify the RE condition for

A=ish|,, ) F0)

z(t

O

Lemma A.13. s; = [|w}|lo and s = maxi<;j<p s;; pi = ||Billo and p = maxy<i<, p;. Suppose
the linear Hawkes model with its intensity function defined in (2.6) is stationary and satisfies

Assumptions 2.1 — 2.. For the connectivity matriz of block structure, s < 2p+ 1.

Proof. By the choice of w} in (2.10),

Cov (2;(t) — 2zl (t)w’_., z_;(t)) =0

—J
This leads to

w]_; = Cov (2,(t), 2 (1)) (Cov (z_,(t), z_,(1)))

7= )
-1

= Cov ((t), z5(6) (V) ;)
where Y_; _; = Var (z_;). Therefore,
lwj _illo < I{k 2 j # k, Cov (2;(t), 21(t)) # O}[lo-
Recall that z;(t) = x;(t)/os(t) and o;(t) = \i(t)(1— Ni(t)),where \;(t) = p;+x " (t)B;. Notice
that by the sparsity of 8; tat ||Billo < p, the number of x;(¢)’s that A;(t) depends on is at
most p. Let S ={j:8;; #0} and S = {j: B;; = 0}. Thus,
Jw o < I{k:k #5 and k€ 5% Cov (5(t), (1)) # 0o+ »
<|{k:k#j and ke S Cov(z;(t),zx(t)) # 0}|o + p.
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Recalling that z;(t) = f(f ki(t — s)dN;(s),

Cov (z(t), zx(t)) = Cov (/Ot kj(t — s)dN;(s), /Ot kj(t — s)de(s)>
= /Ot /Ot kj(t — s)k;(t — r)Cov (dN;(s),dN;(r)).
Therefore, with a positive transition kernel in Assumption 2.4,
I{k:k#5 and ke 5% Cov(z;(t), z(t) # O},
<|{k:k#j and ke S Cov(dN;(s),dN;(r)) #0}],-

Consider a connectivity matrix of block structure, for each 7, all units that the unit j depends
on must stay in one of the blocks on the connectivity matrix. Therefore, the possible number

of units it depends on is at most p; that is,

{F : j # k, Cov (dNj(s),dN;(r)) # 0}, < p,
which implies

s = max willo < 1+ max w0 < 29+ 1,

]

Lemma A.14. Suppose the linear Hawkes model with its intensity function defined in (2.6)

is stationary and satisfies Assumptions 2.1 — 2.4. Then,

lwjl3 <€ and |lwjlh < +/s,C,

where C' is a constant only depending on the model parameter (pu, ©) and the transition kernel

function.

Proof. Recall that T = Cov (z(t)) whose eigenvalue is bounded by Apax (T2) and Ay, (Y,)
since o2(t) is bounded implied by Assumptions 2.3 and 2.4. Let Y_; _; = Var (z_;). Then,
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Apax (Y= ;) < Apax (7). In addition, let T, _; = Cov (z;, 2_;). Then, || T; ;|13 < ||, |13 =
2 2 2
(T%);; < Amax (T2) < AL (7). Thus,

w3 =1+ [lw;_l3
_ 2
<1 (A (T555)) 7 1005515
<1+ (A (1) 2 A, (1) < €,
where the last inequality is by Proposition A.2 for some constant C' only depend on (O, u)

and the transition kernel function. Then,
lwjlly < V/sjllwill < v/55C.
O

Lemma A.15 (Theorem 3, Chen et al. [2019]). Suppose the linear Hawkes model with its
intensity function defined in (2.6) is stationary and satisfies Assumptions 2.1 — 2.3. For

H-predictable function f(-) that is bounded, let

1 [T [T
o Jo
Then there exists constants Cy,Cy > 0 such that

P (lysy — Byl > €) < CiT exp (~CaleT)'"?).

Proof. The conditions required by Chen et al. [2019] are satisfied by our Assumptions 2.1
and 2.3, where the Assumption 2 in Chen et al. [2019] is satisfied with by = 0 by the
Assumption 2.2 in our case. Thus, taking r — oo, Lemma A.15 is a direct result following

the proof of Theorem 3 in Chen et al. [2019]. O

Lemma A.16 (van de Geer [1995]). Suppose the linear Hawkes model with its intensity
function defined in (2.6) is stationary and there exists Amax such that \j(t) < Amax for all
1 <i<p. Let H(t) be a bounded function that is H-predictable. Then, for any e > 0,

% /OT H(t){Ai(t)dt - dNi(t)} < 4{ A;T /OT HQ(t)dt}l/Zel/a

with probability at least 1 — C'exp(—€T’), for some constant C'.




141

Lemma A.17. Suppose the linear Hawkes model with its intensity function defined in (2.6)

is stationary and satisfies Assumptions 2.1 — 2.4. Then, for 6 >0 and 1 <1i,5 < p,
P (

Zml (t) — Bay(t)a;(t)

T
=) — By (1) > 0161/2) < Cyexp(—eT)
t=1

and

'(l

where Cx, k = 1,...,4 are constants only depending on the model parameter (u, ©) and the

> 6) < C3T exp(—Cy(eT)'?),

transition kernel function.

Proof. The concentration bound for the first order statistics of x;(¢),1 < j < p is a direct

application of Lemma A.16. Notice that
1 T
1 [ w0 -mnoia=g [ [ - @ -y
= T/o / k;(t — s)dt(dN;(s) — \j(s)ds), (A.48)

where the last equality is by Fubini’s theorem. Let fi(s f ;(t — s)dt. Since the
transition kernel is integrable, fi(s) is bounded. In addition, \;(¢) is bounded by Ayax by
Assumption 2.3. Thus, by Lemma A.16,

|

Next, we consider the second order statistics of z;(t). Let fa(s,r) = frfax{s " ki(t — s)r;(t —

r)dt. Then,
! /< / it [ [ttt = NN, )
=1 [ [ / il = )yt — )N (1)t

== /OT dN;(s) /OT dNj(r) fa(s,7),

T
%ij(t) — Ez,;(t)| > 0161/2) < Cyexp(—eT). (A.49)
t=1
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where the second and third equalities are based on Fubini’s theorem. By Assumption 2.4,
ki(t) is integrable. Therefore, |fa(s,7)] < < fo ri(t ) < oo is bounded. Applying
Lemma A.15,

1

P ('T /O by (1) - ]Exi(t)xj(t)dt‘ > (—:> < CyT exp(—Cy(eT)3).

Since the observations are in discrete time, we replace the integral above by the numerical

integration to reach the conclusion. O

Lemma A.18. Suppose the linear Hawkes model with its intensity function defined in (2.6)

is stationary and satisfies Assumptions 2.1 — 2.4. Then,

{3

TZz —Ez' (t)z(t)

>C 61/2> < Cypexp(—eT)

and

'

Proof. The proof is essentially based on the concentration inequality of the first and second

> pe) < CypT exp(—Cy(eT)'7?).

o0

order statistics of (t) established in Lemma A.17. The difference is that this lemma focuses
on the scaled design column, z(t) = x(t)/o;(t) when testing ;;. We denote o;(t) as o(t) for
short from now on. The extra term, o(t), makes the technical proof challenging. Fortunately,
since 0%(t) depends on x(t) and x(t)x ' (t), we can expand the term z(t) = x(t)/o(t) using
Taylor expansion in the combinations of «(¢) and x(t)x ' (t), and then apply Lemma A.17 to
establish a similar concentration inequality for z(¢). In general, for any function h(x(t),n)
as a function of x(t) € R? and € RP™! that is second-order differentiable with bounded
derivatives w.r.t x(t), the term %ZtT:l h(x(t),n) — Eh(x(t),n) can be bounded using the

concentration inequality of the first- and second order statistics of «(t) in Lemma A.17.

First, let hj; be a function of ®(t) and n = (u, 87",

bt (w(t).m = (1 81)") = Sy (D) = e (0L
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Here I;; = eje;, and e; are canonical basis vector, while, with a little abuse of notation, o?(t)

is a function of § = (1, 37)" and x(t), where o2(t) = A(t)(1 — A(t)) and A\(t) = p+ =" (t)8.

The derivative of hj, w.r.t x(t) is:

Wy, (B (x(t),n) = o ()1 — 2(u+ (Bx(t) ' B))BE (2 (1)) [xE (x(t))
+ 0 P(OE (2(t)) (Lx + L}}).

Let p = ||B|lo. Since A(t) and x(t) are bounded, as implied by Assumption 2.3 and 2.4,
1 I
=0 <p fZ(w(t) ~E(z(t)" ) :

t=1

% S WL(E @) 1) (@(t) - E (@()"

The second derivative of hj, w.r.t o(t) is:

WS (E ((t) ,m)

= =207 %(t)(1 — 2(u + (Bz()) " 8))8 (1 — 2(n + (Bx(t))"8))8) ' E (z (1)) LyE (x(1))
+o (1) (~2B87E (27 () LiE (x(1))

+ (1= 2(u+ (Bx(t)"8))B(e] + e )E (x(t))) + o 2(t) (L + I},).

Thus, with bounded z;(t) and \(t),
115 (B () ;)1 = O (plIBIIZ%) + O (1Bl
and
[R5 (E (), m)E (@(t)) 1 = O (p]|Blls) -

In addition, under a stationary Hawkes process, E ((t)) is a constant only depending on the

model parameters (u, ©). Thus,

J
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and

t=1

The Taylor expansion of h;,(x(t),n) around E (x(t)) is

(2 (0), 1) = hyi(E (2(1)) 1) + Wy (E ((t)) ) " (a(t) — E ((1)))
by (@(t) ~ Ea() " 1 (B (2(1)), m) (2(1) ~ E ((1))

+o((@(t) ~ E (@) (@(t) - E(2(1))).

Then,
%imk(x(t),n) ~ E(h(a(t).m)
:% t_i (z(t) —E(z(t) " K (E(2(t),n)
+% Z 2" (DR (E (2(1) )2 (t) — E (27 (085 (E (2(1)) , m)a()
_2% Z (x(t) — E (x(t) " hiy (E (2(t), n)E (x(t))
+o (:1% iwwmm ~E (@ () - 2, Z (x(t) ~E(x(t) E <w<t>>>
Therefore, h -
%ih,mm, n) — E(hu(x(t),n)| <O <p %tiaf(t)m(t) —E ((t) (1)) )
Lo (p %émm ~E(a(t)) ) -
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Using Lemma A.17 and taking a union bound,

P (’l /OTz(t)zT(t) — Ez(t)zT(t)dt‘ > pe) < C1p*T exp(—Cy(eT)3).

T
To derive the bound for H% ST 2(t) — Ez(t)||, we repeat the steps of (A.48) and (A.49)
in Lemma A.17, but with fi(s) = = fT k;i(t — s)dt. By o;(t) = O(1) in Lemma A.8, we

oi(t) Js

reach the conclusion.
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A.4 An Alternative Concentration Inequality for Discrete Time Domain

Following the discussion at the end of Section 2.4, here we give an alternative concentration
inequality for the first- and second-order integrated processed in discrete time domain. We

first state an alternative assumption on the transfer kernel function.

Assumption A.1. There exists b > a > 0 such that the transfer kernel function satisfies

(1) < —bt).
0< max (t) < aexp(—bt)

Compared to Assumption 2.4, we require a more stringent structure on the transition
kernel function. Such structure allows us to generate an improved convergence rate of the

second order statistics of x(t) as stated in Lemma A.19.

Proposition A.3. Suppose Assumption 2.3 and Assumption A.1 hold. Then
1. there exists Cg, such that ||Bi|lc < Cs <00, i=1,...,p;
2. maxigjep oy Ry(t) < 00

Furthermore, let ;T be n-th auto-convolution of w;;. Then

(n—1)

wii'(t) < Bia”

' exp(—bt),

(n—1)

Uy(t) =Y wi(t) < Byaexp(—(b— a)t),
n=1
and
P xp(—(b —
£= >3 0 (0] < o 2R o
===l =1

Proof. First, Assumption A.1 implies that 0 < z;(t) < 0o, j = 1,...,p. Thus, if 36;; = £o0,
then \;(t) = u; +x ' (t)B; goes to oo, which contradicts with Assumption 2.3 that \;(t) is
bounded.
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By direct algebra, we have

T
acxp(=h) _ (A.50)

max » kKj(t) < —————
1sjsp 4= i(t) < 1 —exp(—b)

which proves the second point.

For the n-th auto-convolution, we have for n = 2,

T
wit (t) = /0 w;j(t — s)w;j(s)ds
< B’ /t&exp(—b(t — 8))aexp(—bs)ds = B;;a’t exp(—bt);
0

and, for n = 3,

T
w;‘]?’(t) = /0 w;‘f(t — S)w;j(s)ds
2

< /t Bija*(t — s) exp(—b(t — s))aexp(—bs)ds = Bijagg exp(—bt).
0

Suppose the result holds for n, then for n + 1:

T
w;‘j(nJrl)(t) :/O w;‘j”(t— s)wij(s)ds
t t(nfl) ) b\ +1tn )
< 50" ——— —b(t — - = fija" " — —bt),
_/0 Bija (n_l)!exp( (t = s))aexp(—bs)ds = fi;a""" — exp(—bt)

which implies that the result holds by induction. Then, by direct algebra, we have
Z wii'(t) < Byaexp(—(b — a)t)
n=1

and

p T

s ZZ |‘I/z](t)| < pcﬁlaexp(_(b— a)) < o0,

R == —exp(—(b—a))
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Lemma A.19. Suppose the linear Hawkes process with its intensity function defined in (2.6)
s a stationary process defined in a discrete time domain that satisfies Assumptions 2.1-2.3

and Assumption A.1. Then, for 6 >0 and 1 <1,j <p,
1« 1«
T T
P ( T ;xi(t)xj(t) ~E <T ;xi(t)xj(t) ) > 5>

< Ciexp (—6’2 min {\/gé, %52}> , (A.51)

and
T
1 2
P ( - > aj(t) — Bay(t)| > 5) < Cyexp(—CyT6%), (A.52)
t=1
where p = max||B;|lo and where Cy,k = 1,...,4 are constants only depending on the model

parameter (p, ©) and the transition kernel function.

Proof. Consider the linear Hawkes process defined on a discrete time domainint =1,...,T.

As defined in (2.5), z;(t) = S22 #;(t — 5)Y;(s),t > 1, and set z;(1) = 0. Let

0 k(1) x;(2) k;(3) k(T —1)
0 0 k(1) k(2 k(T —2)
K = 0 0 0 ;1) k(T —3) € BT,
0 .
0 0 0 0 0 (1)
0 0 0 0 0 0

where £;(+) is the transition kernel function, and let Y;; = (Y;(t),...,Y;(1))" € R". Then,

Recall that A;(t), defined in (2.6), is the intensity function of unit j at time ¢; €;(t) =
Yi(t) — (). Let €(s) = (e1(s),...,6,(s))" € RP. Under a stationary Hawkes process [Bacry
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et al., 2011, Proposition 1]:
t
Vi(t) = A+ U e;(t) = Aj+ ) Wy(t — s)e(s)

Here A; = EX;(t); U,i(t) = (U1 (t),..., Ui (1)) and W (t) = S 07 wih(t), where wi is n-th
J J J J Jp J n=1 ]l

3l

auto-convolution of the transfer function wj; defined in (2.3).

Let
v;(1) w;(2) ¥;03) v;(T)
0 (1) v;(2) (T —1)
Z=1 o 0 W(1) U,(T—2) | e R,

Further, let € = (e(7T),...,€(1))" € RTP | then
Y}'T = Aj + Ejﬁ.
Thus,

azj = Kj(Aj + Ej6) = KjAj + KjEjG,

z; — Ex; = K;E €,
which leads to
wx; —E(x/x;) =\ K/ K;Zje+ A K/ KZie+ € 2/ K K;Zje.
We bound each term in the display above. First, notice that
IAT KT KGE 15 < A3 A (KT FGE5E] K KG)
According to Assumption 2.3, [|A;]|3 < Apax?- In addition,

A (KT KGEET KT KG) < Ao (K3 A ()% A (55)?

(i )2(2@ ) (£ o)
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which is bounded by Assumption A.1 and its implication in Proposition A.3, where the second
inequality is based on Perron—Frobenius theorem. Therefore, applying the sub-Gaussian

deviation bound [Vershynin, 2010, Prop 5.10],
P (||A] K K;Zje||, > T) < e exp(—c2T6%).

Similarly,
P (|[A] K] KiZiel, > T6) < cgexp(—eiT6?).

Next, we bound €' =] K" K;=;€ by examining the structure of K; and Z;. By Assump-
tion A.1 and its implication in Proposition A.3, k;(t) < aexp(—bt) and ¥;;(t) < C; exp(—ct),
where ¢ = b — a and Cy = aCp. Note that ||B;][1 = pi < p = max;<;<, p; implies that there
are at most p items of W;(t) # 0. So instead of considering the entire p-variate process, we

only consider at most 2p units such that W;(t) # 0 and V;;(¢) # 0. Let

0 exp(—bt) exp(—2bt) exp(—3bt) ... exp(—b(T —1))
0 0 exp(—bt) exp(—2bt) ... exp(—b(T —1))
. 0 0 0 exp(=bt) ... exp(=b(T —3
0
0 0 0 0 0 exp(—bt)
0 0 0 0 0 0
and
05, exp(—ct)ly, exp(—2ct)l,, exp(—3ct)ly, exp(—c(T —1))13,
05, 05, exp(—ct)ly, exp(—2ct)ly, ... exp(—c(T —2))1,
T T T T T
=_¢ 0,, 0,, 0,, exp(—ct)ly, ... exp(—c(T —3))1,, € R
OT
2p
(I (U 0,, 05, 05,  exp(—ct)ly,
05, 0,, 0,, 05, 0,, 05,
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where aj, = (a,a,...,a) and a € {0,1}. Then,
~——

2p

2
=T 1T — 2 =T 1T 172
|2 K K5, < ||ETRTRE

.
Let © = K é, then we calculate

k
Ounis i1 = aCy 3 exp(—bs) exp(—c(k + 1 — 5)) < Cy exp(—ak),

s=1

2 12
where Cy = aC'y. Therefore, ||K=|| < H@ where
2 2
05, exp(—a)lj, exp(—2a)ly, exp(—3a)lj, ... exp(—a(T —1))1],
05, 05, exp(—a)ly, exp(—2a)ly, ... exp(—a(T —2))1;,
T T T T T
50, 0,, 0,, 0,, exp(—a)12p ... exp(—a(T — 3))12p ¢ RTX%T
0;,
ng O;p O;—p 0;—’0 Og—p eXp(_a)]‘Jp
05, 05, 0,, 05, 05, 05,
Next, we check M = ©7O. Due to the structure of (:j, we get
M =
0;, 0, 05, (2 e 0,,
05, mily, miexp(—a)ly, myexp(—2a)ly, ... myexp(—a(T —2))1,,
maly, maexp(—a)ly, ... mgexp(—a(T —3))1,,
sl : . msly, .. mgexp(—a(T —4))1], | € R2T>2eT
mT_l].;p

0;,
where m; = 25:1 exp(—al) < Csyexp(—a) for t =1,...,T — 1. We only write out the upper

triangle part of M in the above since M = M7T. Therefore,

T T-1

IMII3<2) 20 miexp(—ka) < O (pT).

i=1 k=1
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Since {€;(t) }1<i<pi—1,..r are mutually independent centered at 0 with bounded variance

-----

according to Assumption 2.3, applying Hanson-Wright inequality we get

P(le'2 K K;Z,e —E (e'E] K, K;E;€)| > T9)

< ¢s exp(—co min{Td/[|M||o, T°6% /|| M|13})-
Therefore,

P(|z]x; — Ex/x;| > T6) <P (|A] K] K;Z5¢| > T9)
+P(|A] K] KZie| > T0)

+P(le' 5] K K;E €| > T6)

T.T
< ¢7 exp(—cg min {\/gd, ;52}).

The above gives the concentration inequality of the second order statistics of x(t).

Now we derive the deviation bound for the first order statistics of @(t). Recall that

x; — Ex; = K;=;€ that we show earlier. In addition,

~ 2 ~ 12
155 < HKE < H@ — O (T exp(—2a)).
2 2

Then, applying the sub-Gaussian deviation bound stated in Vershynin [2010, Prop. 5.10],

|

1 T
7 240 Bl

> 5) < cg exp(—cioTH?).
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Appendix B

APPENDIX FOR CHAPTER 3
B.1 The Smoothing Gradient Descent Algorithm

Our estimator in (3.7) is solved using the smoothing proximal gradient descent algorithm
[Chen et al., 2012]. The algorithm replaces the non-smooth fusion penalty by a smooth-
ing approximation thus makes the original problem easier to solve using the fast iterative
shrinkage thresholding algorithm [Beck and Teboulle, 2009]. In the follows, we specify the

algorithm to the cases of linear and non-linear Hawkes processes.

0 0
Let Iy = e RPHDx(+1) and I, is the identity matrix. Then the sparse penalty
0 I,

1s written as

M
N Y IB = 1146,
m=1
where A = M\ Iy ® Iy and I, € RM*M is an identity matrix.

Let dpy = Wi (€], — €] ) @15 € RPHDXPHIM where e, is canonical basis in R?. Let

| e RG)EDxME+D) Define ¢ = Ao D. Then the fusion penalty becomes

)\2 E Wm,m!

1<m<m/<M

g — ™| = e, (B.1)
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Thus, the penalty in (3.8) can be written as

P(6;) = [[A6i][1 + [|CO;]]1. (B.2)
Written using its dual norm,
1C6;], = | Hﬁaxla Tce,. (B.3)

Next, let f,(6;) be a smoothing approximation function such that

1 1
fu(0;) = |CO;]|, — ugy logll; = max ol CO; — U§||Oli||§7 (B.4)

flevilloo <1

where v > 0 is a smoothness parameter that controls the level of approximation to the fusion

4e

penalty. For example, if we take u = O

then the approximation error is up-to €. Chen

et al. [2012] shows that f,(0;) is convex and continuous differentiable where
V£.(0) =C"al. (B.5)

Here o = S(%) and S(z) is a coordinate-wise projection operator that projects each entry

of z to the /-ball —i.e.,

.
-1 z<1

S(z)=1%z zel-1,1]-

1 z>1
\

Substituting the fusion penalty with (B.4), solving (3.7) becomes to solve

0, = arg min {h( )+ |IABi T i=1,...,p, (B.6)
6; RPN

where
Z/ dN (8, Sy (m(m)(t))> + fu(62),

and T = M T,.. (B.6) can be solved using the fast iterative shrinkage thresholding

m=1

(FISTA) algorithm [Beck and Teboulle, 2009]. The FISTA algorithm is a first-order op-
timization method [Beck, 2017] that requires evaluating the first derivative of h(6;), and
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a Lipschitz constant L calculated as a upper bound on the spectral radius of the second

derivative of h(6;).

Next, we specify the first derivative of h(6;) and the Lipschitz constant L for the linear

Hawkes model with least square loss -i.e. £(a,b) = (a — b)%.

m Tm (m m m Tm m m
Let %-(j) = fo x§ )(t)dNi( )(t), 71-(0) = fo dNi( )(t), and 'yi( -
T 1
<7Z%n), i(1m)7 e i(;n)) € RrtL. Denote QM = fOTm (1 (w(m)(t))T> dt.
Q(l)
(2) -
Let Q = @ ,and v = <(7(1))T,...,(7(m))T> , where Q™ and

Q(M )
(m)

v, can be pre-calculated given data and the pre-specified transfer kernel function. With
these notations,
2

é /OTW(dNZ(m)(t),f95m>(a;<m>(t))) =6]Q6, — 26/ ~; +i:1 /OTm ( dem)(t)) (BT

which leads to

1 1

In addition, V?h(6;) < 7Q + %, which leads us to choose L = Apax{7Q + %} Notice
that both VA(6;) and L can be pre-calculated and stored in memory when implementing the
FISTA algorithm. This feature makes the computation scalable to large size data collected
over a long time range. The edge selection performance using this algorithm for the linear

Hawkes process is illustrated in Figure 3.3 in Section 3.6.

Next, we specific Vh(6;) and L for non-linear Hawkes model with the exponential-link

function, g;(-) = exp(+) and the negative log likelihood loss -i.e. ¢ (a,b) = —alog(b) + b.

With some algebra,

1~ 1
Vh(6;) = TQi -7 +CTa, (B.9)
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where

o
_ ge

3
@5’”) = /Tm x™(t) exp ((1 (m(m)(t))T> 0§m)> dt, me{l,...,M}.
0

Unlike the linear model, VA(6;) depends on the unknown parameter. Therefore, we need to
evaluate Vh(8) at each step in the FISTA algorithm which slows down the algorithm given

observations over long time periods.

Notice that Vh(8;) < maxi<menr {exp (1 (20(1)") 6") } £Q+ € , which leads
to a choice of L. However, we find that this choice on L leads slow converged or diverged
results when % is large—e.g. with large Ay and small u. To mitigate this issue, we use
a general convex programming solver as an alternative-e.g. CVXR in R [Fu et al., 2020],
when the algorithm meets convergence problem. The edge selection performance using the

algorithm for the non-linear Hawkes process is illustrated in Figure B.1.

We summarize the computing steps above in Algorithm 2. Notice that when the number
of experiments, M, is large, u becomes very small (proportional to O(1/M?)), which leads
L very large. Then, the algorithm convergence becomes slow because the step-size, 1/L,

becomes tiny.
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Figure B.1: Edge selection performance of the proposed joint estimation method in a simu-
lation study focused on inferring edges in 3 networks of generalized Hawkes processes with
exponential link function. The plots show average number of true positive and false positive
edges, over 100 simulation runs, for the joint estimation method with different choices of
weights, compared to separate estimation of each network. Weight strategies include oracle,
empirical and uniform weights. Solid squares (H) correspond the choice of tuning parameter
using eBIC. (a): Network 2 shares 90% edges with Network 1 and 10% with Network 3 as
in Figure 3.2. (b): Network 2 is the same as Network 1.
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Algorithm 2 Smoothing Proximal Gradient Descent for Generalized Hawkes Process

fori=1,...,pdo
Input: {Ni(m)}M C, A, 6Y) L, desired accuracy e

m=1»

Initialization: set u = (Mi)M? =1 w=6?

repeat
1: Compute Vh(w?) ;
2: Solve the proximal operator associated with ¢;-norm penalty:

L
0" = argmin (h(wt) +(6; —w") Vh(w') + 5 116 — w'[[3 + )\1||9z‘|’1)

1 A1
= argﬂanéﬂez‘ — |3+ EHOiHl

sy

= sign(v) max (0, lv| — 7

where v = w' — :Vh(w’).
oSt 20,
3. 5 — t+_3 )
4wt = @t 4 gl (it — gt
until convergence of 6! ;

end for
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B.2 Proof of Main Theorems

For ease of presentation, we stack data from M experiments and re-label the time index

over [0,T] where T = > T, In particular, we denote N;(t) = N™(t — i) if

m=1~—"m

te( ?:01 T, >0 Th] for 1 <m < M, where Ty = 0. Then, denote

1Ty <t <TY)
eV (OUT, <t <Ty) 6"
o(t) = , 6= o Ai(t) = gi(=T(1)6))
(0o T <t <T) 0"

2D (1SN T, <t <T)

With these notations,

S / (AN, o (@ 0)) = / (AN (D), fo (20)).

In addition, denote £(t; 6;) = € (dN;(t), fo,(x(1))).

Because optimization problem (3.7) can be solved separately for each component process,
in the follows we illustrate the estimation consistency using the estimator (3.7) for one

component process. Therefore, for ease of notation, we drop the subscript i; that is, we use

x(t) for x;(t), @ for 6;, dN(t) for dN;(t), g(-) for g;(-) and A(¢) for X\;(¢), S for S;, and S for

S;.

Proof of Theorem 3.1 :

Let A =6 — 6. We linearize ((t;0) w.r.t € using Taylor expansion:

-~

0(t;0) — 0(t;0) = (VI(t:;0)) T A + %ATVQE(t; 0)A + o ||Al3).

Let R(6) = ||AB]|, +]C8||,, where A and C are defined in Appendix B.1. Taking 6 given
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by (3.7),

7| o)~ [ o) < rio) - r@)

Combining the above,

0< AT (% /OT V%(t;@)) A< —% /OT (Vﬁ(t;é’))T A+ R(0) — R(é\), (B.10)
where

R(6) — R(6) < M||Asly — M| Ase

1+ Ao HD_7§A§H1 — Ay HD_vgcAgc )

In addition,
1 [T T 1 [T
T/o (VL(t;0)) A< H T/o Vé(t,O)HOOHAHl

Taking A = VM A = Ay = 2 H—% JEvet; e)H we get

1
\/—MHASC 1+2||D.7§CA§C||1_\/—”ASHI"‘Q”D AYSI

Let

1
c—{ae RN el + 20D 5851 < —llaslh +21D sAsl |

By Condition 3.1, VA € C, there exists n, ¢, C' > 0 such that

T
min A" (%/ V2((t; 0)) A > nllAl3, (B.11)

AeC

with probability at least 1 — cp? M T, exp(— CTH).

Moreover, letting A(™) = 0™ — 9™ and Agm) = g™ — gim)

||D7§A§“1 = Z Wm,m’

m#m/eS

< 32w ([0 12

m#m’eS

-3 Y v

mesS m’'eS
m'#m

< o3 HA~ 1

(m) A (m)
Alm A H

1

(m)
Aj

(B.12)
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where ¢g = max, g Zm/¢me§wm7m” Here, with a little abuse of notation, m € S

means there exists j such that (j,m) € S. Because the weights are normalized—i.e.,

Yo W =1, 05 S maXi<m< Dy cprtmenrs W < 1.
1<m#m/<M - -

Next, plugging (B.11) and (B.12) into (B.10),
1As] = —7=1As
\/_ 1 \/_

)\\/d*
NeTi |85z +225v/r | Aglla

<X (WE + 205V 1Az, (B.13)

Al <3—=

1+ 20D 5051l = 20D 5.Ag

where the second inequality is by [|Agli < +/[S]||As|l2 and [S| < d*M |, and [|[Ag|: <
Sl Azl and |5] < 7.

At the end, we reach the conclusion by plugging A=2 H—% fOT VI(t; 0)“ in (B.13), and
by Condition 3.2, with probability at least 1 — ¢'pM exp(—T"/%),

1 T
H——/ W(t;e)H < C'T P,
T J, N

where ¢/, C" are positive constants.

Proof of Corollary 3.1 : We first verify the conditions for the linear Hawkes model with

least square loss -i.e. £(a,b) = (a — b)%. In this case, we have
Vi(t;0) =2 (dN(t) — A(t)dt) z(t).
By Lemma B.1 and taking the union bound over all entries of x(t),

1 /T 1 /7
H—/ Vit 0)“ = H—/ 2 (dN(t) — )\(t)dt)w(t)H < CT™%°,
T 0 00 T 0 00
with probability at least 1 — CpM exp(—1"/%). Thus, Condition 3.2 is satisfied.

In addition,

% /0 V2U(t;0) = % /0 z(t)a’ (t)dt.
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Thus, Condition 3.1 is satisfied after applying Lemma B.2,

Next, we verify the conditions for the non-linear Hawkes process with the exponential-link
function, ¢(-) = exp(-) and estimated using the negative log likelihood loss -i.e. £ (a,b) =

—alog(b) + b. In this case, we have
VI(t;0) = (AN (t) — A(t)dt) x(t).

Similar as the linear case, Condition 3.2 is satisfied using Lemma B.1.

Under Assumption 3.2, there exists A, such that A™ () > A\ > 0

% /0 V2(t:0) — % /0 N2 (1)t > A /0 2tz (H)dt.

Thus, Condition 3.1 is satisfied following Lemma B.2.
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Proof of Theorem 3.2: Recall S(™ = {ﬁf?) : BZ-(;”) # 0,1 < 4,5 < p} and Sém) =
{ijm) : ,ijm) =0,1<i,7 <p}, me{l,...,M}. To establish selection consistency, we
need two parts. First, we show that our estimates on the true zero and non-zero coefficients
can be separated with high probability; that is, there exists some constant A > 0 such
that for Bgwm € S™ and ﬁs(cm) € S((gm), |Bg(m) — Bsgn>| > A with high probability. By
the S-min condition specified in Assumption 3.5, we have 52(7) e S > 27. Theorem 3.1
shows that for m = 1,...,M and 1 < i,j < p, ]@m) — Bi(;n)] < 7 with probability at least

1 — e1p> MPT exp(—coT"/®). Then, for any Sgem € S and Syom € S(Cm),
C

B — Bsg">| = |Bsomy — Bgom) — (Bsgrw = Bggm) + Bsem = Bgm|
2> |Bsom — Bgom| = |Bstm — Bom]| — |Bg<cm> — B
> Bimin — 27.
This means the estimates on zero and non-zero coefficients can be separated with high
probability.

Next, we show there exists a post-selection threshold that allows to correctly identify

S(m) and S(Cm) based on the estimates. In fact, the post-selection estimator is
g =pL(B| > 7).

By Theorem 3.1, we have ]§S<m>] < 7, with probability 1 — ¢;p? M?T exp(—coT"/%). Then,
C

~ ~ -~

By = By L(Bgem > 75) = 0,

which means E selects BS(Cm) into Sg”) with high probability. In addition, since | B\S(m) —
Bsem| < 1,

B | = |Bsem | =T > Bunin — T > T > 0.
Therefore,

Bsem) = Bsem1(|Bsem]| > 7) = Bgim # 0,

which means Es(m> selects Bgem) into S (™) with high probability.
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Combining the two sides, the post-selection estimator E identifies S and S(Cm) with

high probability, for all m =1,..., M.
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B.3 Supporting Lemmas

Lemma B.1 (van de Geer [1995]). Suppose there exists Amax such that A\(t) < Apax where
A(t) is the intensity function of Hawkes process defined in (3.1). Let H(t) be a bounded
function that is H.-predictable. Then, for any e > 0,

[ rofon oo} <o [Cron) e

with probability at least 1 — C'exp(—€T'), for some constant C'.

Lemma B.2 (Wang et al. [2020b]). Suppose the Hawkes process defined in (3.6) satisfies
1
Assumptions 3.1- 3.4. Let Q = %fT (1 mT(t)) dt, where x(t) is defined in (3.5).

0
(1)
Then, there exists v > 0 such that

Amin (Q) Z Y > Oa

with probability at least 1—c,p*T exp(—ch1/5), where constants ci, co depending on the model

parameters and the transition kernel.
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B.4 Proof of FWER Control

Proof of Theorem 3.3:

We call the binary tree or its sub-tree is a null-tree if the true edge coefficients to be
tested on its leaves are all 0. Notice that for any null edge—i.e. the corresponding edge
coefficient is 0, there must be a null tree with this edge tested on its leaf (e.g. in a trivial
case, the null tree is the leaf node itself with the null edge to be tested). The level of a
null tree, [, is the level of the null tree’s root - i.e., the connections between the root of the
null tree and the root of the binary tree plus 1. It is easy to see that by the binary tree
construction, 1 <[ < M and the number of leaves for a null-tree at level [ is M — [+ 1. For
example, when ﬁ,gm) =0 for all m =1,..., M, the binary tree itself is a null tree of level 1.
Another example is that when Bl(cm) = 0 only for m = M and the binary tree allocates the
Mth network to its deepest level—i.e., Lryr = {M}, the null tree for BIEM) is the right child
node at the bottom level M.

Recall that we index the connectivity/edge coefficients from 1 to p?. Denote H;j as
a collection of null hypothesis in testing H,gm) : B,Em) =0, m € {1,..., M}, where their
corresponding null-trees at level I. Let H; = {Hyy : Hip # 0,1 < k < p?}, and ny = |H,|.

Following Step 2 in the hierarchical testing procedure, the root of a level-I null tree is
rejected with probability not higher than ;. In addition, our proposed hierarchical testing
procedure requires a lower level test to be implemented only when the test of its parent node

is rejected. Therefore,

P U H,gm) is rejected | < P( the root of the null-tree is rejected) < .

H](Cm>€7'll,k
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Then, the FWER is controlled as follows.

M
FWER=T U U U H,Em) is rejected
=1 le,kE’Hl H](gm)EHl,k

M
< E n; max P U H ) is rejected
Hl7k67{l
= E'Hlk
M

where the first inequality is by Boole’s inequality.

Let 7y be the total number of null edges, which is no greater than the total edges p>M.
Let C; be the number of leaves under a null-tree of level [ where C; < M — [ + 1. Thus,

Then, taking o = %%

Cl o a
T pMT T

FWER < an a

Particularly, using an binary tree built on the hierarchical clustering with oracle
similarity distance between networks and the null-edges are always put to lower-level of the

tree, Oy =M — 1+ 1 and oy = %MA}H

Proof of Theorem 3.4:

Next, we show that given large and sparse networks under a large size of experi-
ments, the hierarchical testing procedure still controls the FWER without the knowledge of

the oracle binary tree.
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For edge indexed k that is not null at least at 1 experiment, we have

M

M(M -1
=2

l(k) is the number of level-/ null-tree under the binary tree for edge 7. Since there is

at most 1 null-tree of level [, rl(k)

where r

< 1. The maximum is achieved when there are M — 1 null

edge and 1 non-null edge which is allocated on the right corner —i.e. the deepest level of
the tree.

Let % < 1 indicate the proportion of null trees—i.e. the true edge coefficients to be test

on all leaves are null.

: _ a M-l+1
Taking oy = PR VA

M
Q
= —Sn+ QMan(M_l+1)
=2
ng-% a MM-1),,

Recall that d* = max;<menricicy di™, where d\™ = [S™| and SU™ = {j: 8" # 0,1 <
Jj < p} as defined in Section 3.4.

Thus, ny + d*pM > p?. Then,
p2 —m S d*pM7
which leads

d*pM(M — 1)

(07 o

Notice that n; < p?, then

FWERSQ<1+%M_1)>_
p
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Figure B.2: Power, FWER and false discovery rate (FDR) between Bonferroni correction
(BC) and the hierarchical testing procedure using oracle and poorly constructed binary trees

(poor). The FWER is controlled at v = 0.05 (gray dashline).

B.5 Additional Results

B.5.1 Testing

To illustrate how a poorly constructed hierarchy—i.e., the binary tree—shapes the power
of the hierarchical testing procedure, we consider networks of p = 100 nodes under M =
1,5,10,20, 30, 50 experiments. Half of networks are set to be inactive with 0.1% edges. The
other half are active with 5% edges. No common edges are shared between the two types
of networks. Note that we require the oracle binary tree put all inactive networks to deeper
levels of the tree. Thus, as an extreme case, we consider a poorly constructed binary tree

where active networks are put to deeper levels of the tree.

As expected, our procedure with the poorly constructed hierarchy generates lower power
than that given using the oracle binary tree. However, it still tightly controls FWER and is

more powerful than Bonferroni correction (see Figure B.2).
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B.5.2  Connected-Component Similarity

We present additional simulation results on the effectiveness using the weight based on the
connectivity-component similarity. We consider networks under three conditions, where the
first two conditions are networks of circles as Figure 3.2 (left) and the third is the network
of stars as Figure 3.2 (right). Then, we run another setting where the connectivity matrix of
the star-network is flipped with the connected blocks from bottom left to right (Figure B.3).
The difference between the two settings is that in the first one, even the networks are totally
different, the connected components are the same across the three networks, while in the
second setting, the third network is different from the first two in both edges and the con-
nected components. It is not surprising to see the weight based on the connected-component
similarity is not informative in the first simulation setting but is effective (as the oracle
weight) in the second setting (Figure B.4). Notice that, in the second simulation setting, the
empirical connected-component weight is not effective. Such poor performance comes from
the nature of constructing the connected components which are easily influenced by noise,

particularly using limited sample size in practice.

circles stars stars (flipped)

Figure B.3: Connectivity matrices of networks of p = 100 processes for network of circles
(left) same as Figure 3.2 (left), stars (middle) Figure 3.2 (right) and flipped network of stars.
The networks of circles and stars are totally different but their connected components are

exactly the same.
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Figure B.4: Edge selection performance of the proposed joint estimation method in a simu-
lation study focused on inferring edges in 3 networks of linear Hawkes processes. The plots
show average number of true positive and false positive edges, over 100 simulation runs, for
the joint estimation method with different choices of weights, compared to separate estima-
tion of each network.Weight strategies include oracle weight based on the number of shared
edges (SE), connected components (CC), and empirical connect component weight, in addi-
tion to estimating each network separately. B indicates the optimal selection of edges using
eBIC. (a): the first two conditions are networks of circles as Figure 3.2 (left) and the third
is the star-network as Figure 3.2 (right). (b): same as (a) except the connectivity matrix of

the third network is flipped with connected blocks from bottom left to right.
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B.5.3  Increased Number of Experiments

We present additional simulation results on the benefit using more experiments where the
additional experiments are similar as the existed ones. We consider networks under four
conditions, where the first three conditions are exactly the same as in Figure 3.2 and the
fourth network has the same structure as Network 1. The experiment periods are set the
same as before for the first three condition and the fourth one is 500. We found that the
inclusion of the extra condition improved the edge selection performance among the first
three networks (Figure B.5). This finding is expected from our theoretical investigation
where the error bound becomes tighter when the total experiment period gets larger and

more similar conditions are involved.
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Figure B.5: Edge selection performance of the proposed joint estimation method in a simula-
tion study evaluating the benefit of including extra experiments in the estimation procedure.
The main result focused on inferring edges using 3 networks of linear Hawkes processes as
in Figure 3.2. The performance is compared with the result using 4 networks (indicated as
M = 4) with strong fusion penalty where the first three is the same as before and the extra
one has the same structure as the first network. The plots in (a) show average number of true
positive and false positive edges, over 100 simulation runs, for the joint estimation method
with different choices of weights, compared to separate estimation of each network. Weight
strategies include oracle, empirical and uniform weights. Solid squares (W) correspond the
choice of tuning parameter using eBIC. The boxplots in (b) show the distribution of the area
under the curve (AUC) values corresponding to the edge selection performance in (a) over
100 simulation runs for separate estimation (M = 1), and the joint estimation with different
choices of weights using M = 3 and M = 4 experiments. The total numbers of true and

false edges are normalized between 0 and 1 when calculating the AUCs.
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Appendix C

APPENDIX FOR CHAPTER 4

C.1 HIVE

We introduce additional notations before illustrating the method.

Let Y (t) = (Yi(t),...,Y,(t)", X(t) = (z1(t), ..., 2,(t) ", Z(t) = (z1(t), ..., 2(t)) " and

E(t) = (e1(t),...,€(t))". Then, we rewrite (4.8) simultaneously for all components:
Y(t) =p+0X(t)+AZ(t)+ E(t), (C.1)

Bl a)

where © = | ... | € RPP and A = | ... | € RP*? are connectivity matrix between the
By 5,

observed and unobserved components, respectively. g = (1, . .. ,up)T € R? is the vector of

spontaneous rate.
To illustrate the confounding induced by the hidden process, we project Z(t) onto the
space spanned by X () as

Z(t) = v+ AX(t) + W(2), (C.2)

where A is the projection matrix, representing the cross-sectional correlation between Z and

X. Then, (C.1) becomes

Y(t) = i+ OX(t) + E(t), (C.3)
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where

p=p+Av,
O =0+AA,
E(t) = E(t) + AW (t).

From the above, it is easy to see that the correlations between the observed and unobserved
processes determine the strength the confounding. Specifically, unless A = 0 —i.e., when
the observed and unobserved processes are independent, directly regressing Y (¢) on X(t)
produces biased estimates on ©. Under the condition that © 1. A—i.e., the column space of
O is orthogonal to the column space of A, HIVE gets around this issue by finding a projection
matrix, Pa1, that projects A onto its orthogonal space —i.e., Px1 A = 0. Moreover, because
of the orthogonality assumption, PA1© = O. Therefore, when multiplying both sides in
(C.1) by Par, the unobserved term disappears. Specifically, letting Y (t) = ParY (£), (C.1)

becomes

Y (t) = Parpp+ OX(t) + Par E(2). (C.4)
Consequently, regressing ?(t) on X (t) produces unbiased estimates on © (using penalized
regression with ¢;-penalty on © under the high-dimensional setting when p is allowed to grow
with the sample size T). In order to obtain Pa., HIVE first calculates E(t) in (C.3) and then
implement heteroPCA algorithm [Zhang et al., 2019] to estimate the latent column space of
A thus to obtain Px. Then, the method obtains the corresponding orthogonal project as
Pyi = I — Pn. We refer the interested readers to Bing et al. [2020] for details about the
method.
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C.2 Proof of Main Theorems

Since our focus is on the estimation error for 3;, we consider the perturbation model in (4.10)

in the following.

Let 0, = (M ﬁi)T be the true model parameter and ; = (ﬁl ﬁZ>T be the optimizer
for (4.14). Recall that the set of active indices, S; = {j : f;; # 0,1 < j < p}, and s; = |5}
and s* = max;<;<, s;. Because optimization problem (4.14) can be solved separately for each
component process, in the follows we focus on the estimation consistency for one component

process. For ease of notation, we drop the subscript ¢; that is, we use x(t) for x;(t), 6 for

0;, dN(t) for dN;(t), A(t) for Xi(t), b for b;, S for S; and S for S;.

Proof of Theorem 4.1 : While the skeleton of the proof follows from Cevid et al. (2020,
Theorem 2], the following two conditions are needed because of the Hawkes process data’s

unique dependency structure.

Condition C.1. There exist constants Vmin, ¢, C' > 0 such that

11~ 112
P( mi —HXAH > e IAI2) > 1 — ep?T exp(—CTY?),
(AGI?(I%T , 27 IA[Z ) > 1 —cepTexp(=CT"7)

where C(L,S) = {a : ||age

1 < Lfles]1}-

Condition C.1 is referred as the restrict strong convexity (RSC) [Negahban and Wain-
wright, 2010]. Lemma C.2 by Wang et al. [2020b] has shown Condition C.1 holds when
X = X under Assumption 4.1- 4.4. Since the min eigenvalue of X stays the same with our

choice of F', Condition C.1 holds for X =FX.
Condition C.2. There exist ¢,C' > 0 such that

P (2%, <t ) T) 21— cpempl11)

where v is defined in (4.10).



Condition C.2 holds as a result of Lemma C.1 by van de Geer [1995].
Under the two conditions, we achieve the conclusion as follows.

Because 0 is the optimizer for (4.14),

1, ~ <~ ~ 1 ~  ~
FIY = X615+ Xl < ZIIY — X615+ A8l
T

% | (@-0-b) HZ I8 < %/t_o VX (1) (G- 0) + %nibug + 18Il

Under Condition C.2,

% LR (0-0)<2

t=0

~

/tT y(t))?(t)Hoo‘ -

=0

with probability at least 1 — c;pexp(—T"?), where ¢ = C1A2, (F) T2/
T T
Letting O = (u ﬁ5> and Og. = <u 556) ’
1)~ /~ > _ 1o~
=X (6-0-0)| + A8l < |6 -o] + %613+ NI,

=X (- 0-0)| + ()85 — Bl < (A +)|[Bs — 5] + KB

Next, we discuss in two conditions: i) L[| Xb|3 < AH@S—BSH and ii) L[| Xb|3 >
1

oo,

)

First, when —||Xb||2 <A HOS — 05

—Hx(e 0 b)H (A — ¢)||esc_esc||1_(2A+¢)H§S—95H1.

The above implies

1< 20+ 1) 05 — 6]

(= )]18s: — 05

Y

1 < Lfjes|i} for L = 342,

which means agc — age € C(L,S) = {a : ||ase
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Taking A\ = 21,

¥ @E-e-v)[;+0-no-,
<3\5")0s — 05|l

= Cid MG

§3)\\/s_*7m:ﬁ{Hff (6-0-0)| }
§3)\\/s_*7minlﬁH)~( (6-6-0b) 2+3A\/§%ﬁjﬁ‘ X
eeE oo

where the second inequality is by Condition C.1 and the last step is by using zy < 1 :U + 9

twice. Therefore, we get

Sg)\zs* !
172 2.
When L[| Xb]2 > A Hés - esHl,
r % (@-0-b)],+0-wo-
Combining the two cases, we always have
<§>\2 2 i‘ X

min

Thus, taking A = 2¢ = O(A2,, (F) T~%°) and dividing both sides by 1\, we achieve the

max

conclusion that

Hé—GH <C/A2. (F )7 T2/5 1 CyT35A2 ( )‘ X

min




179

Proof of Corollary 4.1 : Notice that

1 ~
SR < A2,

1
(F) I XBIIE < Ay (F) Yo 1B115,

with probability at least 1 — c;p*T exp(—cT"/?), where the second inequality is by

Lemma C.2.

Then, Corollary 4.1 is a direct result from Theorem 4.1 by plugging in ||b||3.
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Proof of Theorem 4.2: Recall S = {#;; : 8;; # 0,1 < i,j < p} and Sc = {B;; : Bij =
0,1 <i,57 < p} . To establish selection consistency, we need two parts. First, we show
that our estimates on the true zero and non-zero coefficients can be separated with high
probability; that is, there exists some constant A > 0 such that for fg € S and g, € Se,
|§s - Esc| > A with high probability. By the g-min condition specified in Assumption 4.5,
we have f;; € S > 27. Theorem 4.1 shows that for 1 < 7,5 < p, \@j — Bi| < 7 with

probability at least 1 — ¢;p*T exp(—c,T/?). Then, for any 85 € S and SBs.. € Sc,
Bs — Bse| = |Bs — Bs — (Bse — Bso) + Bs — Bso|
> |Bs — Bse| — |Bs — Bs| — |Bse — Bse|
Z Bmm — 27,

This means the estimates on zero and non-zero coefficients can be separated with high

probability.

Next, we show there exists a post-selection threshold that allows to correctly identify S

and S¢ based on the estimates. In fact, the post-selection estimator is
B=Pp1(B| > 7).
By Theorem 4.1, we have |35c‘ < 7, with probability 1 — ¢;p?T exp(—coT*/?). Then,
Bse = Bse1(Bse > 75) = 0,
which means E selects fg. into S with high probability. In addition, since | Bg — Bs| < 7,
Bs| > |Bs| — T > Bin — 7 > T > 0.

Therefore,
Bs = Bs1(1Bs| > 7) = Bs #0,
which means ES selects Bg into S with high probability.

Combining the two sides, the post-selection estimator E identifies S and So with high
probability.
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C.3 Supporting Lemmas

Lemma C.1 (van de Geer [1995]). Suppose there exists Amax Such that N(t) < Apax where
A(t) is the intensity function of Hawkes process defined in (4.2). Let H(t) be a bounded
function that is H.-predictable. Then, for any e > 0,

[ rofon oo} <o [Cron) e

with probability at least 1 — C'exp(—€T'), for some constant C'.

Lemma C.2 (Wang et al. [2020b]). Suppose the Hawkes process defined in (4.2) satisfies
1

x(t)

Then, there exists Ymax = Ymin > 0 such that

Assumptions 4.1- 4.4. Let Q = %fOT (1 mT(t)) dt, where x(t) is defined in (4.5).

“Ymax Z Amax (Q) Z Amin (Q) Z “Ymin > 07

with probability at least 1—c,p*T exp(—ch1/5), where constants cy, co depending on the model

parameters and the transition kernel.
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Figure C.1: Estimated functional connectivities among a subset of neuronal populations
(removed neurons in gray) using the spike train data under laser from Bolding and Franks
[2018]. Edges estimated by the three methods that are the same as those estimated using
all neurons are in red and the other edges are in blue. Thicker edges indicate estimated

connectivity coefficients of larger magnitudes.

C.4 Additional Data Analysis

We estimate the functional connectivities among a subset of neurons (15 out of 25) using
the spike train data under 20 mW/mm? from Bolding and Franks [2018], separately using
our method—trim regression, HIVE and the naive approach. The estimated connectivities
among the subset of neurons by our method only using the subset neurons is the same as
that using all neurons (see Figure C.1). Such estimation stability is also observed using the

HIVE method but not in that given by the Naive method in this data set.
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