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This dissertation explores several statistical challenges involving inference problems where the

object of interest is a latent phenomenon or involves missing data. Effective modeling of the

latent processes or missing data is crucial for accurate inference in such scenarios. We delve

into issues of missing and latent data across three distinct settings. The first project addresses

missing outcomes resulting from changes in neuropsychological test battery versions, where

each version represents different testing models and scales. The second project focuses on

inference for causal parameters using partially measured network data, also highlighting the

experimental design challenges associated with such problems. The final project presents

a nonparametric method for estimating network curvature from distance matrices. This

approach emphasizes network models and introduces tests for constant curvature, providing

a clearer understanding of the underlying network structure.
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Chapter 1

INTRODUCTION

This dissertation explores the challenges and strategies of working with incomplete or

partially observable data, a common scenario in many real-world applications. The data

that researchers aspire to collect and the data actually available often diverge significantly

due to limitations in data collection processes. These datasets frequently contain missing

values and require careful consideration of the assumptions used to manage this missingness.

Additionally, many studies aim to analyze properties that are not directly observable but

are latent in nature. Such structures are prevalent in models like item response theory and

latent variable models [McGrory et al., 2014] designed to describe specific network structures

[Hoff et al., 2002c].

Chapter 2 introduces a framework for data harmonization, which seeks to equate differ-

ent measurements within a common domain. Motivated by dementia research, this chap-

ter presents a nonparametric latent trait model for harmonizing various neuropsychological

tests that measure similar cognitive abilities, such as memory or attention. We describe

the development of a unique regularized maximum likelihood estimator, demonstrate the

convergence of a nonparametric EM algorithm to this estimator, and highlight its computa-

tional advantages over traditional methods. This chapter also addresses model selection and

goodness-of-fit assessments—often overlooked in mixing distribution estimation—and intro-

duces uncertainty-quantified score conversion techniques. We introduce a nonparametric

EM algorithm [Laird, 1978, Lindsay, 1995] and prove the weak convergence of the nonpara-

metric EM algorithm to the maximizer. These methodologies are applied to the National

Alzheimer’s Coordination Center Uniform Data Set, showing superior performance over stan-

dard dementia research techniques.
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Chapter 3 discusses how to handle network interference when the network facilitating

this interference is unknown. It challenges the stable unit treatment value assumption by

acknowledging that treatments can affect individuals beyond the direct recipients. This

chapter explores the use of partially or indirectly observed network data, such as subsamples

and aggregated relational data, to mitigate the high costs and logistical challenges of complete

network data collection. We propose a structural causal model framework for estimating

and adjusting treatment effects with partial network data and detail experimental design

and analysis enhancements for these contexts. We extend upon the framework for missing

data inference of Chandrasekhar and Lewis [2011] to the case of single network asymptotics,

by leveraging a dependent data central limit theorem result [Chandrasekhar et al., 2023]

. Our methodology is validated through simulated experiments on actual networks, with

applications to information diffusion in India and Malawi.

Chapter 4 investigates the estimation of curvature in latent space models of network data,

which often depict nodes and edges representing complex, high-dimensional structures. By

embedding these graphs in low-dimensional geometric spaces, we can infer network char-

acteristics like the tendency to form triangles or exhibit tree-like structures. We take an

alternative view of the problem of [Lubold et al., 2023], where we do not test relative to a

fixed set of constant curvatures but take a local approach to the problem, this modularity

also is useful for applications beyond the network setting. This chapter develops an estimat-

ing function for curvature based on triangle side lengths and midpoints, relying only on a

distance matrix. We also introduce a novel latent distance matrix estimator and an efficient

algorithm for computing these estimates, applying the method to detect security threats

in network data from Los Alamos National Laboratory and to uncover non-constant latent

curvature in physics co-authorship networks.

Chapter 5 offers concluding remarks and discusses potential avenues for future research.
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Chapter 2

DATA HARMONIZATION

2.1 Introduction

Data harmonization is the process by which measurements from different sources and meth-

ods are combined into a single variable in a dataset for further analysis. In our application, it

often involves converting scores between two different measurements of the same domain. For

example, in neuropsychological testing for Alzheimer’s Disease, collections of tests, known

as batteries, are used to measure various cognitive domains such as attention, language,

episodic memory, and visual-spatial ability, among others. Different studies, or even in the

same study, may use different validated instruments to measure a certain domain. As an

increasing number of data sets are becoming available for public use, data harmonization

efforts are common in order to create harmonized variables in the combined data set.

This work is motivated by the different versions of cognitive measurements in the Neu-

ropsychological Test Battery of the National Alzheimer’s Coordinating Center (NACC) Uni-

form Data Set (UDS). The NACC UDS has the largest number of participants for studying

the progression to mild cognitive impairment and dementia in the United States [Weintraub

et al., 2009, Besser et al., 2018]. The batteries used for neuropsychological assessment of

cognition change over time. Since 2015, the third version of the Uniform Data Set utilized

a non-proprietary neuropsychological battery while prior to that time, a different set of pro-

prietary neuropsychological batteries was given. Additionally, for comparison across tests,

a small group of cognitively normal individuals received both the old and new battery in

a crosswalk study [Monsell et al., 2016], which will serve as a validation sample of various

harmonization methods.

Our primary contributions are two fold. The first is appropriate uncertainty quantifica-
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tion for the task of score conversion using a semiparametric model which incorporates the

inherent measurement uncertainty present in item response models and a flexible distribution

of latent traits. In this process, we introduce a regularization method and an algorithm for

estimating the latent trait distribution. We also include goodness-of-fit tests for the model,

and finally, discuss a bootstrap method for converting scores with multiple imputations for

downstream statistical tasks involving multiple score versions. Secondly, this uncertainty

quantification allows for the study of long-term cognitive outcomes. Due to the version

changes of the diagnostic tools, long-term studies become infeasible in the NACC dataset.

For instance, there are no individuals in the NACC dataset who have the same test version

over an 8-10 year span. Our methods allow for appropriate uncertainty quantification of the

downstream analyses of harmonized scores, which is not possible with deterministic score

conversions alone.

Our modeling choices for uncertainty quantification are motivated by the structure of

the NACC datasets. Data harmonization requires two main steps. The first of which is to

determine whether two scores Y ∈ {0, 1, 2, . . . , NY } and Z ∈ {0, 1, 2, . . . , NZ} measure the

same cognitive domain. That is, whether their distributions can be commonly represented

by a trait pair γ, ζ for which there is monotone mapping between the two. This first

step may require expert knowledge or studies of individuals completing both tests. In our

case, the change in battery and their correspondence in measuring cognitive domains were

guided by the Clinical Task Force (CTF), a group formed by the National Institute on Aging

to develop standardized methods for collecting longitudinal data that would encourage and

support collaboration across the Alzheimer’s Disease Research Centers. The second step is to

propose a joint model of the scores, frequently using a latent variable representation [Griffith

et al., 2013, van den Heuvel et al., 2020]. These methods, however, tend to primarily rely

on fully parametric assumptions [Griffith et al., 2013] and develop task-specific joint models

for studying trends in variables over time. We instead propose a flexible semiparametric

framework that can be used for either prediction or imputation of the missing scores from

the observed ones, which allows a practitioner to study associations on a single scale of
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interest rather than develop task-specific joint models.

Our approach is connected to mixing distribution estimation, for which there is a rich

history. One of the earliest versions of the problem arose from educational testing where

scores for each individual are assumed to follow a binomial distribution with parameters

N, pi [Lord, 1965, 1969], with pi following a particular distribution. The binomial case is

a particularly well-studied application of mixing distribution estimation [Lindsay, 1983a,

Wood, 1999, Tian et al., 2017, Vinayak et al., 2019]. Estimation of mixing distribution, in

general, has numerous other applications such as in positron emission tomography [Vardi

et al., 1985, Silverman et al., 1990], portfolio optimization [Cover, 1984] and ecology [Bell

et al., 2000]. In cases where the outcome is continuous, de-convolution kernels are a common

approach [Leonard and Carroll, 1990, Basulto-Elias et al., 2021] as is similar in structure to

measurement error problems.

The nonparametric EM algorithm [Laird, 1978] is a classical approach to compute the

nonparametric maximum likelihood estimator (NPMLE) [Kiefer and Wolfowitz, 1956]. Laird

initially assumed that the maximum likelihood estimator should be a discrete distribution.

This was formalized by Lindsay [1983b], who proved that under some very mild conditions,

there always exists a discrete maximum likelihood estimator of the mixing distribution, even

if the underlying mixing distribution is continuous. This phenomenon is further studied by

Lindsay [1983a,b], which describes the set identifiability of these models in general. Recently,

in special cases such as the binomial model, de-convolution rates have been explored for

general latent distributions [Tian et al., 2017, Vinayak et al., 2019]. When the goal is data

harmonization, a discrete estimated mixture distribution may be undesirable since, in data

harmonization, it is often assumed that a continuous latent map exists between latent traits,

and a discrete latent distribution would violate this assumption [van den Heuvel et al., 2020].

We will address this problem with a regularization approach and illustrate the convergence

properties of a nonparametric EM algorithm.

The remainder of the paper will outline our statistical approach to this data harmo-

nization problem. First, we introduce a graphical representation of our problem. We then
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discuss nonparametric estimation of the latent trait distributions. We further focus on the

aspects of picking the conditional distribution (measurement error) assumption required for

modeling and testing the assumption’s feasibility. We illustrate how this model can be used

for prediction and inference tasks and highlight how this method will automatically han-

dle missing-at-random outcomes, unlike current methods. Code available for replicating the

analysis is available at https://github.com/SteveJWR/dataharmonize and a correspond-

ing R package is available at https://github.com/SteveJWR/dnoiseR. We refer to our

method using the abbreviation DNOISe referring to Data Harmonization by Nonparametric

Imputation of Scores in the applications and simulations.

2.2 Definitions and structural assumptions

Consider a set of i.i.d. random variables (Xi, Yi, Zi, Vi), where Xi ∈ Rd is a set of covariates

and Yi ∈ {0, . . . , NY } is the version 1 score (old test) and Zi ∈ {0, . . . , NZ} is the version

2 score (new test). We drop the subscript on N if it is clear from the context. We focus

on discrete test scores as the neuropsychological tests considered in the application are all

discrete. Lastly, Vi ∈ {0, 1} is an indicator variable denoting which score is observed. In this

setting, only one score is observed for each individual; denote Vi = 0 if score Yi is observed and

Vi = 1 if score Zi is observed. Our motivation comes from heterogeneous measurements of

a common trait. In our application, we think of this as two test scores measuring the same

cognitive domain, such as memory or attention. As is common in item response theory,

we assume that our observed outcomes (scores) (Yi, Zi) are noisy measurements of some

underlying traits (γi, ζi). The test-specific traits are not identical as the tests may have

different difficulty is thus measuring the common domain using different scales. However,

since they are measuring the same domain,we assume a monotone mapping between the

conditional quantiles of one latent trait to another. Explicitly,

ϕγ→ζ(q|x) = G−1 (F (q|x)|x) ,

ϕζ→γ(q|x) = F−1 (G(q|x)|x) = ϕ−1
γ→ζ(q|x)

(2.1)

https://github.com/SteveJWR/dataharmonize
https://github.com/SteveJWR/dnoiseR
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where F (·|x) and G(·|x) are the conditional CDF’s of γ and ζ. Note that equation (2.1)

is related to the Skorohod representation in quantile regression models [Chernozhukov and

Hansen, 2006].

More explicitly, we assume the following hierarchical model for data harmonization:

Ωi ∼ U(0, 1), Xi ∼ PX ,

γi = F−1(Ωi|Xi), ζi = G−1(Ωi|Xi),

Yi|γi ∼ PAY
(·|γi), Zi|ζi ∼ PAZ

(·|ζi),

Vi ∼ PV |X

(2.2)

where U(0, 1) denotes the uniform distribution on [0, 1], Ωi is the relative rank, PX represents

the distribution of the covariates, F−1(·|x), G−1(·|x) represent the inverse of the conditional

cdfs of γ and ζ respectively, and PAY
(or PAZ

) represents the corresponding distribution

of the observed score, given the latent trait (i.e., the measurement error). Additionally,

we restrict the scale of the latent traits γ, ζ to be on the unit interval [0, 1]. This model

automatically encodes a missing-at-random assumption [Rubin, 1976], which states

V ⊥⊥ (Ω, Y, Z)|X. (2.3)

We do not include a dependence between Ω and V as this would represent a selection bias

where only either high or low rank individuals within a certain covariate group X are ob-

served. One can easily see that the model in equation (2.2) implies the conditions in equation

(2.1). The model in equation (2.2) is similar to rank-preserving models though we do not

assume a constant additive effect [Robins and Tsiatis, 1991, White et al., 1997, 1999].

We summarize the generative process of this hierarchical model using Figure 2.1, which

is not a conventional of partially directed acyclic graphs in causal inference. The variables

denoted with squares are deterministic functions of their parent variables in the graph. The

generative model in equation (2.2) can be interpreted as follows. Ω is the relative rank of an

individual’s cognitive ability within a domain in the population, thus defines an ordering of

the trait for individuals with the same covariate. Therefore, Ω is defined to be independent
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X

Ω

V

γ

ζ

Y

Z

Figure 2.1: Score Generation Model. Deterministic relationships between latent trait

are shown in blue. The trait variables which are a deterministic function of their parent

variables are indicated with squares.

of X. Thus, an individual’s rank Ωi together with their covariates Xi determine the two

test specific latent traits γi, ζi. The observed scores Y and Z measurements of the latent

traits, therefore have a conditional distribution that depends only on their latent traits γ and

ζ, respectively. The conditional independence (2.3) is motivated by the fact that the score

conversion in the NACC data occurred in 2015, which is not relevant to any individual’s

ability but it may be relevant to the year of visit/age, which is part of the covariate X).

Although we only observe either (Xi, Yi, Vi = 0) or (Xi, Zi, Vi = 1), the generative model

in equation (2.2) implies that the observed data is determined by p(y|γ), p(z|ζ), p(γ|x), p(ζ|x),

p(v|x) and p(x). For data harmonization, we do not need to model p(v|x) or p(x), so we will

focus on modeling the first four distributions. The first two distributions p(y|γ), p(z|ζ) are

the measurement assumptions, so we denote them as pA(y|γ), pA(z|ζ). The two distributions

p(γ|x), p(ζ|x) are the latent trait models, so we denote them as pM(γ|x), pM(ζ|x). In what

follows, we describe how we model pA and pM . To simplify the notations, we focus on pA(y|γ)

and pM(γ|x); the case of pA(z|ζ) and pM(ζ|x) can be modeled in a similar manner. In the

following section 2.3, we will discuss the estimation of the pM model, then follow this up by

the model selection of the measurement assumption model pA in section 2.4.

Remark. We contrast our model with the approach of [van den Heuvel et al., 2020],
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in which they assume that the distribution of Y |γ,X may depend on X but the mapping

between latent traits ϕγ→ζ is independent of X. Our measurement assumption is similar to

[Meredith, 1993] in which the observed score only depends on the latent trait p(y|γ, x) =

p(y|γ) and similarly for Z, corresponding to non-differential measurement error assumptions,

but allow the distribution of latent traits and the mapping between them to depend on X.

Remark. We will focus our study of this model on problems that involve study on a

single outcome for each test version. This will include predicting the score on the new scale

and inference on the new scale. When the latent traits are unknown, this procedure can also

be interpreted as an empirical Bayes problem. One can consider the analogs as selecting

the measurement assumption as choosing f modelling, whereas estimating the latent trait

is g modeling [Efron, 2019]. We next discuss model selection for the measurement model in

Section 4 and estimation of the latent trait in Section 3.

2.3 Estimation of Latent Trait Distribution

In the following Section 2.3.1, we focus on the estimation of the latent trait distribution, i.e.

we first assume that the measurement model pA(y|γ) is given. Later in Section 2.4.3, we

discuss how to empirically validate the measurement model.

2.3.1 Nonparametric latent trait estimation

In many applications, parametric models for a latent distribution may be considered re-

strictive. We want to relax such assumptions and consider a nonparametric method, and

we propose a method of estimating this model via the nonparametric EM algorithm [Laird,

1978]. To simplify the derivation, we omit the covariate X, but later in Section 2.3.5, we will

include a simple, yet general, technique for incorporating covariates. Estimating the latent

model PM(γ) (with density pM(γ)) now clearly becomes a mixing distribution problem with

log-likelihood:

ℓn[PM ] =
1

n

n∑
i=1

log

(∫
pA(y = Yi|γ)pM(γ)dγ

)
, PM ∈ P[0,1] (2.4)
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with P[0,1] denotes the space of all probability measures over [0, 1]. We use the following

shorthand notation to denote distributional quantities derived from the model: pMA(y, γ) =

pA(y|γ)pM(γ), pMA(γ|y) = pMA(y,γ)
pMA(y)

and pMA(y) =
∫ 1

0
pMA(y, γ)dγ. We also highlight that

PM refers to the measure with a corresponding generalized density function pM for which we

may allow point masses. This problem involved solving the NPMLE [Kiefer and Wolfowitz,

1956] and was the original inspiration for the nonparametric EM algorithm (NPEM, also

known as the functional EM) [Laird, 1978].

With a basic rearrangement, we can rewrite equation (2.4), the mixture likelihood, to the

following:

ℓn[PM ] =
N∑
y=0

p̂(y) log

(∫
pA(y|γ)pM(γ)dγ

)
(2.5)

where p̂(y) is the empirical distribution of y

p̂(y) =
1

n

n∑
i=1

I(Yi = y). (2.6)

Naturally, one can derive the standard nonparametric EM algorithm [Laird, 1978]

p
(j+1)
M (γ) = Ep̂(y)[p

(j)
M (γ|y)] =

N∑
y=0

pA(y|γ)p̂(y)p(j)(γ)
p
(j)
MA(y)

(2.7)

where p
(j)
MA(y) =

∫
pA(y|γ)p(j)M (γ)dγ.

However a problem exists in that the NPMLE (maximizer of equation (2.5)) may not be

unique. Because of this, the EM algorithm will not necessarily converge to a fixed value.

This problem is particularly serious when we want to use the NPMLE to perform a score

conversion. In this next section 2.3.2, we address this problem through regularization.

Remark. [Lindsay, 1983b] studied the NPMLE in-depth and proved that if Y has a

support size of N + 1, then there will always exist a discrete NPMLE with at most N + 1

masses, even when the true latent model is continuous. This phenomenon is explained by

the non-identifiability of this model, as the likelihood functional ℓn[PM ] is only concave in

PM , but not strictly concave. Namely, there might be multiple distributions that maximize
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ℓn[PM ]. Due to the non-identifiability of a maximizer, the convergence properties of the non-

parametric EM algorithm are far less studied than in the parametric case. As far as we know,

Chung and Lindsay [2015] is the only work that proved the convergence of nonparametric

EM algorithm in terms of likelihood values. Under the conditions of Chung and Lindsay

[2015], the update in equation (2.7) leads to an improved estimator of PM in the sense that

the implied marginal distribution of Y , pMA(y), is closer to the empirical distribution in

relative entropy after each iteration.

2.3.2 Regularized nonparametric latent trait estimation

To deal with the non-identifiability issue, we introduce a regularized likelihood and the

corresponding NPEM algorithm leading to a unique maximizer. Let PU be the measure of a

uniform random variable over [0,1]. We introduce a regularization term via the KL-divergence

from the uniform distribution, i.e., D(PU ||PM). Though one can replace PU with any other

reference distribution, the uniform distribution is convenient in practice. One reason for

regularizing to a uniform density is due to its reasonable choice as an uninformative latent

distribution, much like the choice of regularizing coefficients to 0 in the LASSO, though, in

principle, any distribution can be selected for regularization, analogous to the possibility to

shrink to any value in the parameter space in the LASSO [Tibshirani, 1996].

We define the regularized likelihood as

ℓn,µ[PM ] = ℓn[PM ]− µD(PU ||PM).

Due to the strict convexity of D(PU ||PM) in each parameter, the regularized objective has a

unique maximizer whenever µ > 0. Additionally, since any discrete latent distribution PM

will have infinite KL-divergence from the uniform D(PU ||PM), regularizing toward a uniform

distribution will smooth the estimate to a continuous distribution. Moreover, this choice

of regularization penalty leads to computational convenience provide an EM algorithm to

estimate the regularized NPMLE (the maximizer of ℓn,µ).

We introduce a regularized NPEM algorithm involving an update step that is a mixture
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between the unregularized NPEM algorithm and the uniform distribution. First we expand

the expression for ℓn,µ as

ℓn,µ[PM ] =
N∑
y=0

p̂(y) log

(∫
pA(y|γ)pM(γ)dγ

)
− µD(PU ||PM)

=
N∑
y=0

p̂(y) (log (pMA(y, γ))− log (pMA(γ|y)))− µD(PU ||PM)

Since pMA(y) =
pMA(y,γ)
pMA(γ|y) is not dependent on γ, log(pMA(y)) = log(pMA(y, γ))−log(pMA(γ|y))

is a constant function of γ, and we can integrate over any probability density, namely

p
(j)
MA(γ|y):

ℓn,µ[PM ] =
N∑
y=0

p̂(y)

∫
(p

(j)
MA(γ|y) (log (pMA(y, γ))− log (pMA(γ|y))) dγ − µD(PU ||PM) .

Therefore,

ℓn,µ[PM ] = Q[PM ||P (j)
M ] +H[PM ||P (j)

M ]− µD(PU ||PM),

where

Q[PM ||P (j)
M ] =

N∑
y=0

p̂(y)

∫
p
(j)
MA(γ|y) log (pMA(y, γ)) dγ,

H[PM ||P (j)
M ] = −

N∑
y=0

p̂(y)

∫
p
(j)
MA(γ|y) log (pMA(γ|y)) dγ

By Gibbs’ Inequality H[PM ||P (j)
M ] ≥ H[P

(j)
M ||P

(j)
M ] with equality only if PM = P

(j)
M . Therefore

maximizing Q[PM ||P (j)
M ] − µD(PU ||PM) will automatically increase in the likelihood with

each iteration since

ℓn,µ[P
(j+1)
M ]− ℓn,µ[P

(j)
M ] =

(
H[PM ||P (j)

M ]−H[P
(j)
M ||P

(j)
M ]
)

︸ ︷︷ ︸
≥0

+
(
Q[P

(j+1)
M ||P (j)

M ]− µD(PU ||P (j+1)
M )

)
−
(
Q[P

(j)
M ||P

(j)
M ]− µD(PU ||P (j)

M )
)

︸ ︷︷ ︸
≥0

.
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The EM algorithm update is the solution to the following problem

P
(j+1)
M = argmax

PM∈P[0,1]

Q[PM ||P (j)
M ]− µD(PU ||PM).

In order to compute P
(j+1)
M directly, observe that

Q[PM ||P (j)
M ]− µD(PU ||PM)

=

∫ N∑
y=0

p̂(y)
pA(y|γ)p(j)M (γ)

p
(j)
MA(y)

log(pA(y|γ)pM(γ))dγ + µ

∫
log(pM(γ))dγ

= (1 + µ)

∫ ( N∑
y=0

p̂(y)
pA(y|γ)p(j)M (γ)

(1 + µ)p
(j)
MA(y)

+
µ

1 + µ

)
log(pM(γ))dγ + C.

Once again, by Gibbs’ inequality, we can uniquely maximize Q[PM ||P (j)
M ]− µD(PU ||PM) by

setting

p
(j+1)
M (γ) =

1

1 + µ
Ep̂(y)[p

(j)
M (γ|y)] + µ

1 + µ
=

N∑
y=0

pA(y|γ)p̂(y)p(j)M (γ)

(1 + µ)p
(j)
MA(y)

+
µ

1 + µ
. (2.8)

When µ = 0, this reduces to the nonparametric EM algorithm in equation (2.7). We can

summarize the important convergence properties of the algorithm in Theorem 2.3.1

Theorem 2.3.1. Denote the unique global solution P ∗
M,µ = argmaxPM∈P[0,1]

ℓn,µ[PM ].

Then consider a sequence of latent trait distributions {P (t)
M,µ}∞t=0 generated by the EM

algorithm for the regularized likelihood. If µ > 0 and pA(y|γ) is continuous in γ for each y,

then

ℓn,µ[P
(t)
M,µ]

t→∞−→ ℓn,µ[P
∗
M,µ].

and

P
(t)
M,µ

t→∞−→w P ∗
M,µ

where −→w denotes weak convergence of measures.
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The proofs are in the supplementary material and rely on techniques for proving the

convergence of the unregularized EM algorithm [Chung and Lindsay, 2015], as well as convex

optimization in infinite dimensional vector spaces [Kosmol and Müller-Wichards, 2011].

With the inclusion of a small regularization in the likelihood, we gain the uniqueness of a

maximizer and weak convergence of an EM algorithm no matter the measurement assumption

model pA(y|γ), a very desirable property. This analysis is presented for a continuous latent

distribution; however, in practice, we must use an approximation to the regularized EM

algorithm by binning the latent distribution to make the problem computationally feasible

which we illustrate in Section 2.3.3.

2.3.3 Computation of the NPEM Algorithm

In order to compute the EM algorithm in practice, one must make an approximation of

the latent distribution since we cannot evaluate the continuous distribution exactly. By

partitioning the distribution into bins, the NPEM algorithm can be computed using simple

matrix operations and without the need for sampling at each iteration. We bin the latent

density uniformly on the interval [0, 1] using a fixed number of bins R. The latent density

now can be simplified to the following form:

pM(γ) = Rθr γ ∈
[
r − 1

R
,
r

R

)
r ∈ {1, 2, . . . , R}.

where θr is the weight of the mixing density between the points [ r−1
R
, r
R
). Let Ã ∈ R(N+1)×R be

a matrix where Ãij =
∫ j

R
j−1
R

pA(i|γ)dγ and Ãy· ∈ RR be the row vector of Ã at position y.The

number of bins R will govern the computational approximation of the latent distribution.

We include an algorithm for selecting the number of bins in Section 2.2 of the appendix.

Under this binned approximation, the NPEM algorithm can be computed as follows. Let

Ã be the conditional distribution matrix, then Ãij = p(Y = i − 1|γ ∈ [ j−1
R
, j
R
]). We can
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re-express the iterations of the NPEM algorithm in a closed form:

θ
(t+1)
j =

1

1 + µ

N∑
y=0

pMA(γ ∈ [
j − 1

R
,
j

R
]|y)p̂(y) + µ

1 + µ

=
1

1 + µ

N∑
y=0

e⊤y Ãjθ
(t)
j

e⊤y Ãθ
(t)

p̂(y) +
µ

1 + µ
.

Alternatively,

θ(t+1) =
1

1 + µ

N∑
y=0

Ã⊤ey ⊙ θ(t)

e⊤y Ãθ
(t)

p̂(y) +
µ

1 + µ

where ⊙ refers to the Hadamard product.

Remark. We remark that after discretizing the latent distribution, the maximum likeli-

hood operation can be expressed as a geometric program, which can be solved using generic

solvers such as the splitting conic solver (SCS) algorithm [O’Donoghue et al., 2016] or using

proprietary solvers such as MOSEK[Andersen and Andersen, 2000]. However, due to the

closed form expression, our regularized NPEM approach is much simpler and can be com-

puted much faster. Details of the geometric program and comparisons of computation time

is given in the Supplementary Materials.

2.3.4 Selection of regularization parameter

We consider the selection of the regularization parameter using cross-validation. Given

a measurement assumption model A we partition the data into K folds {Ik}Kk=1. For

each k, we construct the training data using all but the kth fold Ick = ∪k′ ̸=kIk′ , and val-

idate using the kth fold Ik. The training loss can be computed as follows ℓtrain(Pm) =

1
|Ic

k|
∑

i∈Ic
k
log
(∫

pA(yi|γ)dPM(γ)
)
+ µD(PU ||PM) while the validation loss will not include

the regularization, ℓval(Pm) =
1

|Ik|
∑

i∈Ik log
(∫

pA(yi|γ)dPM(γ)
)
.

2.3.5 Incorporating covariates

Our framework can incorporate covariates easily by considering a weighting function w(x, x′)

representing the similarity of any two covariate vectors x, x′. This can include simple smooth-
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ing methods such as a kernel function K(x, x′) and more general similarity measures such

as kernel functions or tree-based methods. Based on a choice of w, we can construct a

conditional likelihood is expressed as follows:

ℓn,µ[PM |x;w] =
1

n

n∑
i=1

w(x,Xi) log

(∫
pA(yi|γ)dPM(γ|x)

)
+ µ

∫ 1

0

log(pM(γ|x))dγ.

Note that pM(γ|x) now depends on x as well, so the binning approach in Section 2.3.3

will require replacing the parameter θ for each target x by θ(x).

For example, if we use a tree-based partition for weighting, the weight function is

w(x, x′) =

1 if (x, x′) ∈ Bs for some s

0 otherwise

where {Bs : s = 1, · · · , K} is a partition of the covariate space. For example, we can partition

the age into {[50, 55), [55, 60), [60, 65), . . . , }. For a smoothing kernel approach, the weight

function is chosen to be

w(x, x′) = exp(− 1

2σ2
||x− x′||2),

where σ > 0 is the smoothing parameter that can be selected using the cross-validation

procedure as in section 2.3.4.

2.3.6 Conditional Distribution Computation

By applying the above procedure to both (X, Y, V = 0) and (X,Z, V = 1), we obtain

estimates of pM(γ|x) and pM(ζ|x). These quantities can be used to create the conversion

mappings ϕγ→ζ(·|x) and ϕζ→γ(·|x).

Many tasks will be desired on the new scale Z, most of which will involve the computation

of the model-based conditional distribution Z|Y,X. This can be computed as follows. Let

F̂ (γ|x) be the estimated conditional distribution of γ and Ĝ(ζ|x) that of ζ. Then

p̂(z|y, x) =
∫ 1

0
p(z|Ĝ−1(ω|x))p(y|F̂−1(ω|x))dω∫ 1

0
p(y|γ)dF (γ|x)
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If one is interested in a point prediction, a natural method is to take the mean, median or

mode of p̂(z|y, x). If an analyst is interested in a prediction interval of the missing test, then

one can take the highest probability z values to create a prediction interval.

In the supplement, we describe specific details how to compute the conditional distribu-

tion for score conversion when using the binned approximation.

2.3.7 Multiple Conversion and Uncertainty Quantification

The main goal of constructing a joint model of the two outcomes is to use it for uncertainty

quantification in later downstream tasks. Without properly accounting for uncertainty, score

conversion may lead to spurious conclusions such as inflated type 1 error rates. In this

section, we highlight an example of this task, i.e. fitting a generalized linear model (GLM)

to the whole population to understand the relationship between a covariate (e.g. age) and

a standard outcome of interest (e.g. neuropsychological test score) while leveraging another

outcome measurements. The proper way to do the conversion is converting the score by

sampling from the conversion model, e.g., if we are missing z, we convert the score of y to

z by sampling from p̂(z|y, x). To reduce the Monte Carlo error due to the randomness of

the conversion (sampling), we will perform conversion multiple times for each individual and

aggregate the results together to fit the model. This shares a similar structure and intuition

as multiple imputation in the missing data problem, so we call it multiple conversion.

Complete Data Inference for GLMs

We are interested in the inference in a possibly misspecified GLM, which can be used to

summarize the relationship between a dependent set of variables Xi and the measurement

scale of interest Zi (i.e. fitting a model g(E[Zi|Xi]) = β⊤Xi). In this setting, g is some

pre-specified link function, and β is the parameter which is the maximizer of the population

likelihood associated with the GLM l(Zi, g
−1(βTXi)), β

∗ = argmaxβE[l(Zi, g
−1(βTXi))].

We must consider three sources of uncertainty. First, the sampling uncertainty of the

data; second, the finite sample imputation uncertainty; and lastly, the uncertainty in the
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estimated conditional model itself. The first two can be handled by a standard multiple

imputation approach for estimating the mean and variance of a parameter using Rubin’s

rules [Rubin, 1996]. However, this can lead to under-coverage in inference because it does

not account for the uncertainty in estimating the conversion model itself (i.e. the estimate of

p(z|x, y)). To properly handle the uncertainty, we propose a bootstrap procedure to account

for the variability parameter estimate, which accounts for all three types of uncertainty.

Bootstrap Multiple Conversion.

We combine the standard bootstrap procedure with multiple imputation and illustrate

the procedure in Algorithm 1. There are two types of resampling involved: firstly, multiple

imputation resampling M -times for the conversion of scores. Secondly, we resample the

observed data B-times to incorporate uncertainty in the conversion function p(z|y, x).

Let β̂M be the estimated parameter using the conditional distribution p̂(z|y, x) estimated

from the full data (Step 2. in Algorithm 1). We then resample with replacement the origi-

nal data to account for the uncertainty in the conditional model {p̂(b)(z|y, x)}Bb=1. For each

conversion model, we use multiple imputation to estimate the target parameters while ac-

counting for this conversion model uncertainty β̂
(1)
M , · · · , β̂(B)

M . (Step 3. in Algorithm 1)

Lastly, we use a standard formula to compute the estimated variance-covariance matrix

of β̂M , i.e., V̂model =
1

B−1

∑B
b=1(β̂

(b)
M − β̂M)(β̂

(b)
M − β̂M)⊤ (Step 4. in Algorithm 1). For further

details on the use of the bootstrap with multiple imputation see Schomaker and Heumann

[2018].”

Accounting for the uncertainty in the multiple imputation using Algorithm 1 will allow us

to construct proper coverage confidence intervals for the regression parameters. In practice,

we can choose M = 50, B = 50 to be default parameters which tend to be sufficient in our

simulations.

Remark. Though we present these results for estimating the parameters of a GLM, this

procedure is easily replicated for many statistical procedures where we want to infer some

parameter on the full data using the imputed test version.
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2.4 Measurement Assumption Model and Feasibility tests

In this next section we turn our attention to model selection and testing the measurement

model pA(y|γ). Data driven selection of the measurement assumption model will typically

require multiple observations per individual. We label these multiple outcomes Yi1, Yi2, . . .

and Zi1, Zi2, . . . respectively.

2.4.1 Choice of measurement assumption models

When studying an ordinal score outcome Y , a conventional choice for modeling pA is the bi-

nomial model [Lindsay, 1983a, Wood, 1999, Tian et al., 2017, Vinayak et al., 2019]. However,

this may be a restrictive assumption as it inherently depends on equal difficulties for each

test question with independent responses conditional on the latent trait. If we had access to

all the question items, it would be possible to learn a conditional model with the difficulties

for each question using a Rasch model [Rasch, 1966, Lindsay et al., 1991] or a more elabo-

rate item response model. In the NACC UDS application, however, the individual binary

question items are unavailable. One option is to let a domain expert select the measurement

assumption model, however, we can also test for its feasibility as we present in Section 2.4.2

and we also present a method for selecting a model from the data in Section 2.4.3.

We first consider a flexible method to construct a measurement assumption which we

denote the measurement kernel model (MKM). Specifically, we model the measurement as-

sumption as

pA(y|γ) ∝ K

(
y −Nγ

h

)
, (2.9)

where K is the measurement kernel and h > 0 is the smoothing bandwidth. This model

enables great flexibility regarding the shape of the error distribution, controlled by K, and

the spread of the distribution, controlled by h. We denote the conditional distribution

Y |γ ∼MKM(K,h, γ). The kernel function defines the relative probability of the conditional

distribution Y |γ, assigning a higher probability for y near Nγ. K defines the decay of the

relative probability as y is further from Nγ
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Due to the fact we allow for great flexibility in the latent model, the measurement as-

sumption will not be identifiable in general. However, the conditional model PA provides

constraints on the distribution of score Y . This allows us to construct tests of whether a

particular measurement model is compatible with the data, and can be thought of as a type

of falsification test under partial identifiability.

When we only have one observation per person, it is difficult to check if PA is compatible

with the observed score. This is due to the fact that the only observable distribution is

that of the scores p̂(y). However, the NACC UDS is longitudinal, and we have multiple

observations per individual that can be leveraged for model checking.

Remark. Under the measurement kernel model, letting h→ 0 will allow all univariate

distributions to be expressed under this model. However, this places strong restrictions on

the bivariate distribution.

2.4.2 Feasibility tests of the measurement assumption model

Here, we propose two simple tests to examine if the measurement assumption is reasonable.

The first one is based on a single observation per individual, so we call it the first-order feasi-

bility test. However, selecting a measurement model is challenging with a single observation

per individual, and only over-dispersed models can be ruled out. The second approach lever-

ages information from two subsequent observations, and we call it the second-order feasibility

test. The goal is to examine whether the measurement assumption pA(y|γ) is compatible

with the observed data. For a fixed measurement assumption, the collection of possible ob-

served distributions (over y) is denoted as MA and can be understood as the space of all

mixtures over γ of PA(y|γ). In sections 2.4.2 and 2.4.2 we describe the geometry of this

model in more detail.

Our feasibility test involves comparing the empirical distribution p̂ ∈ ST̃ (N) to the fitted

model p̂MA ∈ ST̃ (N) where S is the probability simplex and T̃ (N) is the number of cells for

the possible discrete distributions. For example, in the case of a first order feasibility test,

then this set will be (N + 1) and for the second order test, this will be (N + 1)2 .
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To produce a test for the null hypothesis H0 : p0 ∈MA against the alternative HA : p0 ̸∈

MA, let Tn and T̂n be the following test statistics:

Tn = 2nD(p̂n||p0) ,

T̂n = argmin
p∈MA

2nD(p̂n||p).

By definition, T̂n ≤ Tn. Since p̂MA is the marginal distribution corresponding to the unreg-

ularized solution of equation (2.4), then T̂n = 2nD(p̂n||p̂MA). We have for any p0 ∈ MA,

P (T̂n > t|H0) ≤ P (Tn > t|H0). Therefore, any bound on the tail probability of Tn (i.e.

P(Tn > t|H0)) will be immediately applicable to T̂n.

We will use the recent finite sample concentration result in [Guo and Richardson, 2021]

to compute an upper bound for P (T̂n > t|H0). This bound requires a non-convex univariate

optimization procedure but is implemented in the author’s corresponding multChernoff R

package. We can also use the slightly looser bound of Mardia et al. [2018], which has a closed

form. A failure of this test indicates gross misspecification of the measurement model. In the

first-order feasibility test, the cardinally of the space of the discrete distribution is (N + 1).

We note that for a fixed number of questions N and a growing n, that these bounds are

asymptotically tight. However, for growing N , improvements on these bounds are an active

area of research. We outline this procedure in Algorithm 2.

We can also consider second (and higher order) versions of the test for which we replace p̂n

with the empirical distribution over two scores sampled from the same individual in a short

time span. This is to quantify the variability of two subsequent observations using a single γ.

In practice, we consider individuals with subsequent visits < 2 years apart without a change

in clinical diagnosis score to have a stable cognitive score, and thus we can consider the

implied distribution of bivariate scores over this time. To conduct the second order test, we

denote the empirical distribution of pairs of scores of individuals over two subsequent visits

p̂2,n ∈ S(N+1)2 . We can define the measurement assumption model by the product of the

two conditional distributions, pA(y1, y2|γ) = pA(y1|γ)pA(y2|γ), and use the same estimation

procedure for computing the NPMLE. We can repeat this process using an unregularized
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NPMLE to compute the corresponding observed data distribution p̂2,MA, and test statistics,

T2,n = 2nD(p̂2,n||p0), T̂2,n = 2nD(p̂2,n||p̂2,MA). In the following subsections, we discuss the

geometric aspects of this test in more detail.

Remark. We use the term feasibility test rather than a hypothesis test since for a

finite k, we will not, in general, be able to discern all models pA(y|γ) as n → ∞, only rule

out models which do not meet the feasibility test. This test would have no power in these

situations, a phenomenon similar to falsification tests in partially identified problems [Kang

et al., 2013, Wang et al., 2017].

First-order feasibility test

Given a measurement model and a latent distribution, we can compute the implied marginal

distribution pMA(y) =
∫
pA(y|γ)dPM(γ). The marginal distribution pMA(y) can be compared

to the empirical distribution p̂n, the empirical observed distribution. We can use the KL

divergence between p̂n and p̂MA to investigate whether such a measurement assumption

pA(y|γ) is feasible.

Geometrically, the first-order feasibility test can be understood as follows. Let W =

(W0, · · · ,WN) ∈ RN+1 be a probability vector, i.e.,
∑N

j=0 Wj = 1 and Wj ≥ 0. Clearly,

W ∈ SN+1, where SN+1 is the (N + 1)-simplex. The empirical distribution p̂n is a point

p̂n = (p̂n(0), · · · , p̂n(N)) ∈ SN+1. At a given γ, the measurement assumption pA(y|γ) is also

an element pA(·|γ) = (pA(0|γ), · · · , pA(N |γ)) ∈ SN+1. By the same construction, the implied

marginal distribution pMA ∈ SN+1. While a different latent distribution pM(γ) leads to a

different marginal pMA, it is easy to see that the collection of all possible observed distribu-

tions from a measurement assumption pA is the convex combination of all distributions for

a fixed γ. We let Γ1 denote the path of all just distributions parameterized by γ

Γ1 = (pA(y|γ) : γ ∈ [0, 1]) ⊂ SN+1.

Then conv(Γ), the convex hull of this path is the set of all possible distributions represented

through any mixture under the measurement model pA(y|γ). We illustrate this in Figure 2.2.
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We test for population feasibility, i.e. whether p0 ∈ conv(Γ) by checking the closeness

of p̂n to conv(Γ). This can be done by fitting the NPMLE. Though the estimated mixing

distribution P̂M may not be unique, the marginal implied distribution p̂MA will be unique.

This is due to the fact maximum likelihood estimation is equivalent to finding a particular

mixing distribution P̂M , which minimizes the relative entropy distance between p̂ and pMA ∈

conv(Γ) while D(p̂||·) is strictly convex. See Figure 2.2 for an illustration of the path Γ and

the convex hull. For many choices of conditional distribution, the dimension of this convex

hull will be equal to that of the simplex. Therefore, we will exploit sequential observations

to narrow the conditional model further.

Second-order feasibility test

We can generalize the above procedure when we have two observations of the same indi-

vidual which occurs in the NACC data. We assume an individual has a constant trait

γ between measurements (in practice we make this assumption by selecting two subse-

quent visits within a time frame where no other cognitive changes have occurred). Our

model then describes a restriction on the distribution of the pairs of measurements. Sim-

ilarly let W(2) = (W0,0,W0,1, . . . ,WN,N) be a probability vector W(2) ∈ S(N+1)2 . We define

p̂2,n = (p̂(0, 0), p̂(0, 1), . . . , p̂(N,N)) ∈ S(N+1)2 as the empirical distribution of the pairs of

observations. When two observations are generated from an individual with a single γ, we

can fit a latent distribution on two observations with the following mixture likelihood:

ℓ2,n[PM ] =
1

n

n∑
i=1

log

(∫
pA(yi1|γ)pA(yi2|γ)dPM(γ)

)
PM ∈ P[0,1]

We obtain an analogous implied marginal distribution on the distribution of pairs (Yi1, Yi2),

p̂2,MA from a fitted model where P̂2,M ∈ argmax ℓ2,n[PM ]

p̂2,MA(y1, y2) =

∫
pA(y1|γ)pA(y2|γ)dP̂2,M(γ)dγ

As before, the collection of all bivariate distributions generated by this model with a fixed γ

can be expressed as conv(Γ2) where Γ2 ⊂ S(N+1)2 is the path defined by the set of conditional
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Figure 2.2: Example for N = 3 of the first order population feasibility of p0 and p̂. As both

are in the interior of conv(Γ1)

distributions defined as

Γ2 = (pA(y1|γ)⊗ pA(y2|γ) : γ ∈ [0, 1]) ⊂ S(N+1)2

and ⊗ is the outer product.

The reason to consider a second-order feasibility test is that the first-order test may not be

able to detect under-dispersion in the measurement model. In particular in the measurement

kernel model when h → 0. The measurement assumption model becomes sharper and

approaches a path on the boundary of S(N+1), meaning all population score distributions can

be represented by this model pA(y|γ). Also, as h → ∞, the measurement assumption path

converges to a single point Γ → pU(y) where pU(y) is the uniform distribution over N + 1

points and conv(Γ) shrinks to that point.

When 2 observations are collected per individual, under the measurement kernel model

as h→ 0, Γ2 approaches the edge of the simplex moving from p(0, 0) to p(1, 1), . . . , p(N,N),

and therefore, this model can be falsified. This is because, under this model, we assume no

variability given an individual’s γ score. See Figure 2.3 for an outline. Once again, all the
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(a) First order population feasibility region (b) Second order population feasibility region

Figure 2.3: Though conv (Γ1) tends to grow as h gets small, this places restrictions on

conv(Γ2) approaches a line on the boundary of S(N+1)2 connecting the distributions with

point masses on p0(0, 0), p0(1, 1), . . . , p0(N,N).

bivariate distributions expressible by a single mixing distribution can be denoted as conv(Γ2)

and a second order population feasibility test can be interpreted as to whether p̂2,MA(y1,y2)

is sufficiently close to p̂2,n(y1,y2). As indicated previously, the distribution p̂2,MA is the

unique closest point in conv(Γ2) to p̂2,n in terms of the KL-divergence.

The computation of the finite sample valid p-values follows immediately in the second-

order case. This idea can be generalized easily to the k-th order feasibility test for settings

where k observations from a common latent trait are available.

2.4.3 Selection of the Measurement Assumption model using consecutive observations

Beyond just testing whether a model is feasible, we would like to select the model that best

fits the data. Here we describe a simple data-driven procedure of choosing a measurement

assumption model based on two consecutive observations in longitudinal data. This will be

presented for two consecutive observations but can be generalized to many observations.
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Let A be a discrete collection of measurement assumption models. One can think of

the element A ∈ A as a particular choice of measurement assumption model with kernel

K and bandwidth h. Our model selection procedure is simple and considers how well the

measurement assumption model fits the observed data from any distribution. This could

involve several choices of h and a given K. We express the likelihood as a function of

the measurement model and the latent distribution PM . Given a dataset which consists of

bivariate outcomes {(yi1, yi2)}ni=1 where yi2 may not be observed, then we can define the

likelihood ℓ(1,2),n[A,PM ] as follows

ℓ(1,2),n[A,PM ] =
n∑

i=1

I(yi2 observed) log

(∫
pA(yi1|γ)pA(yi2|γ)dPM(γ)

)
+I(yi2 not observed) log

(∫
pA(yi1|γ)dPM(γ)

)
Then we consider the collapsed version by plugging in the maximizer for a given A

ℓ(1,2),n[A] = sup
PM∈P[0,1]

ℓ(1,2),n[A,PM ]

Â =argmax
A∈A

ℓ(1,2),n[A].

This procedure is essentially a profile likelihood strategy for selecting the model A. We

select the optimal Â via grid-search as A will typically not be large. If there are multiple

maxima, then any of these fit the data equally well and cannot distinguish between them.

We highlight the efficacy of this method to correctly select the conditional model in the

supplement through a simulation study.

2.5 Simulations

We conduct simulations to illustrate the efficacy of our methods. We first describe the sim-

ulated joint model, then we illustrate our methods first on a prediction task, and multiple

imputation inference tasks.
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In the supplement, we also include additional simulations of the performance cross-

validation procedures for choosing the regularization parameter. We also highlight the im-

proved computational speed of our algorithm against off-the-shelf geometric program solvers,

and illustrate the consistency of our model selection procedure.

2.5.1 Simulated Data

Assume we only observe one version of the measurements. Consider the joint model simulated

independently and identically for each i. We construct X to be a covariate representing age

and simulate from the following model:

Xi ∼ Uniform{55, 56, . . . , 79, 80},

mi(Xi) = −((1/10)(Xi − 67.5))2 + 1/2,

γi = logistic(mi(Xi) + ϵi), ϵi ∼ N(0, 1), ζi =
√
γi,

Yi ∼ Binomial(NY , γi),

Zi ∼ Binomial(NZ , ζi),

Vi ∼ p(V |Xi).

where the missingness mechanism depends on the covariate value

p(V = 1|Xi) =

0.8 if Xi < 61

0.2 otherwise

.

2.5.2 Simulations: Prediction

We conduct simulation to predict the missing score Zi for Vi = 0 for Ny = Nz = 30 and

n ∈ {104, 195, 494, 1001, 2002, 5005}. This seemingly unusual choice is so that all samples are

divisible by 26, the number of grid points in the x distribution, however this is not strictly

necessary for the method since we use smoothing weights over the covariates.

For smoothing over similar covariates, we use kernels for which σn = 5/n1/5 for smooth-

ing wσn(x, x
′) = exp(− (x−x′)2

σ2
n

). We also let µx = µy = 50/n. These choices are driven by
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the understanding that the rate n−1/5 represents the best smoothing rate for nonparametric

regression. Additionally, reducing the regularization terms µx and µy at a rate of n
−1 guaran-

tees that as the sample size increases, the impact of these regularization terms is comparable

to a constant number of observations and becomes insignificant as the sample size continues

to expand.

We compare the conversion with the correct measurement models against several mis-

specified measurement kernel models. We also use a set of Gaussian measurement kernel for

K with h ∈ {1, 3, 9} as in equation (2.9). These bandwidth choices correspond to under-

dispersed, well-fitting and over-dispersed cases. The value of h = 3 was chosen as the best

among these as it achieves the lowest cross-entropy in Figure 2.4(b), though the true model,

the binomial distribution performs the best.

We also compare against a simple conversion model which is commonly used in practice,

for which normal noise is assumed, and we round to the nearest point in the data using a

linear transformation (i.e., we take µw, σw for w ∈ {y, z} to be the corresponding mean and

variance, then for a given y we predict z using z̃ = σz

σy
(y − µy) + ϵi where ϵi ∼ N(0, σz) we

then round ϵi to make the score and make the prediction). We then evaluate the methods

on the cross-entropy Cn on the missing score

CEn[p̂(z|y, x)] =
n∑

i=1

− log (p̂(zi|yi, xi)) I(Vi = 0).

A lower cross entropy denotes a better estimate of the conditional distribution.

In Figure 2.4, we see that when the conditional model is correct, the best-performing

model is the covariate smoothed version for large n. However, for small n, using our method

without including covariates performs better. Additionally, we see that the severely mis-

specified measurement models (ones for which h = 1, 9) perform poorly; however, the best

model in that set h = 3 still performs well. We also see that the benefit of including the

regularization term is more dramatic for smaller sample sizes and when the covariates are

included as the regularization stabilizes the estimates.
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(a) Comparison of cross-entropy of conversion meth-

ods.

(b) Zoomed in cross-entropy to discern the binomial

and h = 3 cases.

Figure 2.4: Conversion cross-entropy. True data generated from Binomial conditional models,

which tend to perform the best. The Gaussian MKM conditional model with h = 3 also

performs well.

2.5.3 Simulations: Inference

Using the data generating process, we consider a simple regression problem. We want to

understand the misspecified linear regression of E[Z|X] = β0 + β1Xage. We note that the

optimal regression parameter for this model is β1 = 0. This is due to the fact that γ|X is

symmetric around our domain of X, thus the best fitting linear model has value β1 = 0.

However, due to the missing at-random assumption, the Z only complete case regression

model will be biased, as the tendency is for Z to be observed (V = 1) under smaller values

of X.

To account for the uncertainty in the estimate of the latent trait distributions, we apply

nonparametric bootstrap to account for this additional source of variation.

We use robust standard errors and compare the corresponding regression coefficients for

our method, with a z-score matching approach, a quantile matching approach, and our meth-
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ods, including and not including covariate adjustment. We impute 50 scores for each missing

data point and let B = 200 be the number of bootstraps used to compute the additional vari-

ance. For each bootstrap re-sample, we are re-estimating the latent distribution to account

for this source of uncertainty.

We first compare the root mean squared error (RMSE) and bias of each of the estimates

in Figure 2.5. The bias is minimal in the bootstrap and covariate-adjusted versions. Each

of these methods tends to decrease RMSE when sample size increases, whereas when the

covariates are not adjusted for, as in the naive methods, there is a plateau in the RMSE due

to the asymptotic bias of the estimators.

(a) Bias of estimate of β̂1 (b) RMSE of estimate of β̂1

Figure 2.5: Bias and RMSE of regression parameter estimation. T.L. refers to an oracle using

the true latent distribution, while the bootstrap method estimates the latent distribution

with uncertainty our bootstrap procedure.

We also plot the coverage in Figure 2.6 and observe that the proper coverage is obtained

when using the bootstrap-adjusted version. We consider coverage at the α = 0.05 level. We

see that the nominal coverage is consistently too small when not accounting for the sampling

variability with the latent trait. However, this can be corrected by using the bootstrap to
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obtain the nominal coverage rate. The oracle method uses the exact latent traits tends to

over-cover. The remaining methods suffer from under-coverage due to lack of uncertainty

propagation.

Figure 2.6: Coverage of imputation methods. T.L. refers to an oracle using the true latent

distribution, while the bootstrap method estimates the latent distribution with uncertainty

our bootstrap procedure.

2.6 Application to the NACC data

Our primary motivation has been to use this method for converting scores in the NACC

Uniform dataset (UDS data freeze No. 47, Obtained July 2020). We consider the conversion

between the proprietary C1 battery score, the Mini-Mental State Examination (MMSE),

and the non-proprietary C2 battery score, the Montreal Cognitive Assessment (MOCA).

Both scores have a range of {0, . . . , 30}. We have a sample of 11194 individuals having a

recorded MMSE score and 6898 with a MOCA. We consider a training set of first visits
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and a validation set of second visits within 500 days of the first as a bivariate outcome

set used for model selection. We have 7614 and 4051 follow-up visits within each test,

respectively. Lastly, we have 760 individuals as part of the crosswalk dataset, a much smaller

group of individuals with both scores measured [Monsell et al., 2016]. Since the crosswalk

dataset is comparably very small, learning the joint distribution with this dataset is infeasible.

Instead, we utilize the harmonizability assumptions, which allow us to use the whole training

dataset to estimate the latent distribution. We reserve the crosswalk dataset to verify the

performance of converting scores.

Using our model selection procedure outlined in section 2.4.3, we select the binomial

model for both the MMSE and the MOCA measurement assumption model. However, the

Gaussian (h = 3) and binomial models achieved similar likelihood values for the MOCA

and MMSE. Both models obtained a p-value of 1 for the feasibility tests. The results in the

following section using the Gaussian measurement assumption model were nearly identical

and were therefore omitted for brevity. Using the cross-validation we obtain a smoothing

kernel of w(x, x′) = exp
(
−
(
x−x′

σ

)2)
with σ = 4 and µY = 0.01, µZ = 0.01. We next consider

prediction and inference tasks for this dataset.

2.6.1 Prediction

We then use this model to compute the cross-entropy on the crosswalk dataset. We compare

this against the naive method of score conversion outlined in Section 2.5 by matching Z-scores

and adding the appropriate noise.

To validate our method against alternatives, we consider a prediction problem in the cross-

walk study, a small group of 760 individuals who completed both the MOCA and MMSE

cognitive tests [Monsell et al., 2016]. We label these observations i ∈ {1, . . . , ncw} with ob-

servations (Xcw
i , Y cw

i , Zcw
i ). We compute the cross-entropy as a function of the regularization

parameter of each model and plot the results in Figure 2.7. We see that the optimal µY and

µZ selected from the marginal data only is very close to that of the optimal value with the

bivariate crosswalk data.
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Figure 2.7: Cross-entropy as a function of the regularization parameter of each model. The

red dot indicates the regularization parameters chosen without looking at the crosswalk data,

and the black dot indicates the regularization parameters chosen from the crosswalk dataset.

We can compare these results to the cross-entropy found for the naive conversion method

in Table 2.6.1. We find that compared to z-score matching, we can reduce the conversion

cross-entropy by 9.55% by using the learned parameters, and if the crosswalk data is used

to select the optimal regularization parameters, then this can be decreased by 12.66%.

Method Z-Score Matching DNOISe DNOISe(CW opt)

CE 2.805 2.547 2.450

Table 2.1: Comparison in cross-entropy of Z-score matching to our methods. CW opt refers

to the regularization parameters selected from the full crosswalk dataset, while the other

DNOISe column selects the tuning parameters using each of the scores separately without

considering the crosswalk dataset.
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2.6.2 Inference

The cognitive reserve is a popular concept in dementia research. It refers to the fact that

individuals with higher education levels tend to cognitively decline more slowly over time

compared to those with a lower education level [Stern, 2009, 2012, Cheng, 2016, Meng and

D’arcy, 2012].

In this section, we study how the cognitive reserve may interact with genetic charac-

teristics. It is known that the APOe4 allele is a gene most prominently associated with

Alzheimer’s disease, with individuals having a substantially elevated risk with these alleles

[Sienski et al., 2021]. A particular challenge of studying this progression is the long-term

nature of the changes, often taking many years to manifest. We will study a regression model

to detect whether we observe an interaction between APOe4 allele and education.

Our outcome of interest which measures cognitive decline is the difference of scores from

an initial visit to a followup visit. We consider two time spans, 3− 4 years and 8− 10 years.

The first one refers to a short-term effect, whereas the second one refers to a long-term effect.

We compare the results to the MOCA-only version and the naive conversion methods.

The number of complete cases with MOCA scores for the 3 year conversion is relatively

small (376), whereas we have numerous (7999) observations, most commonly with a single

MOCA score and an MMSE score or a pair of MMSE scores. Because we have very few

complete cases, any parameter of interest using MOCA-only subsample may be difficult to

estimate, and may suffer from bias due to this missing data structure. We will show that

for the 3 year conversion, we can leverage the information from the other tests, providing a

sound propagation of uncertainty through the model, whereas the Z-score methodology does

not fully account for this uncertainty.

For the long-term effect (8 − 10 years), we have no complete cases. Therefore, any

inference will require a conversion of scores. In this setting, we have n = 2240 individuals

with visits matching in this window.
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Subpopulation Age Sex (Female) Education ≥ 16 years CDR = 0.5 CDR ≥ 1 Num e4 = 1 Num e4 = 2

3-4 Year 73.03 (6.39) 0.576 0.613 0.312 0.098 0.307 0.056

8-10 Year 73.10 (6.48) 0.628 0.650 0.231 0.038 0.289 0.038

Table 2.2: Population summary statistics for groups used in MOCA decline. Mean (sd) or

proportion displayed in the table.

Specifically, we run a linear model according to the following equation:

E[∆Z|X] = β0 + βageXage + βeducI(Educ ≥ 16) + βsexI(Sex = Female)

+ βcdr,0.5I(CDR = 0.5) + βcdr,≥1I(CDR ≥ 1) + βe4,1I(e4 = 1) + βe4,2I(e4 = 2)

+ βeduc,e4,1I(e4 = 1, Educ ≥ 16) + βeduc,e4,2I(e4 = 2, Educ ≥ 16).

where ∆Z = Z2−Z1 The outcome Y is the difference of scores from baseline to the followup

score either 3−4 or 8−10 years later. The covariates are measured at the time of the baseline

test date. The CDR (cognitive decline rating) is a clinical assessment of an individual’s

cognitive ability. A CDR score of 0 refers to cognitively normal individuals, a score of 0.5

refers to Mild Cognitive Impairment, and scores of 1, 2, 3 refers to dementia (with a different

severity). We use the baseline CDR score here.

The complete case data has a limited sample size, so we cannot make conclusions about

these interaction effects. The naive conversion methods (Z-score) also may not capture

effects that are known to hold, such as a faster rate of decline for those with Mild Cognitive

Impairment (CDR score 0.5) when compared to the normal controls. In Figure 2.8(a), we see

that when considering the interaction between education and those with a single e4 allele,

this effect is significant if using the naive methods; however, when uncertainty is adequately

accounted for using the bootstrap, we see that these conclusions may not be as significant

as initially thought. This difference highlights the importance of correctly accounting for

uncertainty, lest we be wary of spurious results. Additionally, the main effect for education

is observed to be larger in the 8 − 10 year analysis consistent with the known long-term
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(a) Regression coefficient estimates for cognitive decline using both time-frame

datasets and all conversion methods. Note the larger uncertainty for the DNOISe

method compared to the naive Z-score matching.

(b) Subset of the age, sex, and education covariates for the decline

over each time frame. Note that the age effect is only significant in

the 8-10 year time frame, indicating an accelerating decline compared

to the baseline decline as captured through the intercept only.

Figure 2.8: Regression coefficients from cognitive decline regression

progression of disease. Moreover, we see the importance of propagating uncertainty of the

conversions at the worry of false-positive evidence of interaction effects.
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2.7 Discussion

In this paper, we introduced a framework for data harmonization inspired by a problem in

Alzheimer’s Disease and dementia research. We connect the problem to the existing literature

in nonparametric mixing density estimation.

When MAR assumption V ⊥⊥ (Ω, Y, Z)|X is not satisfied, the latent distribution would

be of pMY
(γ|x, V = 0) and pMZ

(ζ|x, V = 1) which depends on the observed V . This would

correspond to a setting where which test is observed may depend on an individual’s rel-

ative rank Ω. At the NACC, the test change was due to switching from proprietary to

non-proprietary methods at a short calendar time window, so we believe that the MAR as-

sumption is reasonable, as the design change is independent of the cognitive ability of the

participants.

Our harmonizability assumption requires an invertible transformation between latent

traits. This assumption is vital because the two latent traits measure the same cognitive

domain. In practice, these traits may not be co-monotonic but are instead highly correlated.

In this case, the mapping we are learning is the optimal transport map (under the c(x, y) =

|x−y| cost function) between the continuous latent trait models pMY
and pMZ

[Villani, 2003].

This may help explain the strong performance of converting scores on real-world data.

Our methods draw similarities to semi-parametric factor analysis [Jöreskog and Moustaki,

2001, Gruhl et al., 2013] and item response theory [Johnson, 2007, Woods and Thissen,

2006, Paganin et al., 2021]. These approaches often use parametric models for a latent trait

distribution and a nonparametric link function, relating the observed data to the latent data

(or vice versa). Our approach is more flexible as we allow a nonparametric model of the

latent trait distribution pM . However, this requires specifying how a conditional distribution

of the observed variables is given the latent trait pA(y|γ). Though in nonparametric mixture

models with discrete observations, we have a non-identifiability problem [Lindsay, 1995], this

has not proven to be an issue when using these imputation methods. However, one could

correct this using a similar procedure to Ignatiadis and Wager [2019a]. In a theoretical study
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of a similar problem focused on the deconvolution of the true latent distribution, Tian et al.

[2017] and Vinayak et al. [2019] proved that the NPMLE and a moment matching method

recover the true latent distribution within OP (
1
N
) in terms of the Wasserstein 1 distance

[Tian et al., 2017, Vinayak et al., 2019] in the case where the conditional distribution pA is

a binomial distribution.

One can interpret our method as an empirical Bayesian procedure, where the latent trait

distributions are the priors for the population traits. For an overview, see Efron [2019]. We

provide a general framework for including covariates in our problem. However, alternative

approaches, such as the location shift models used in recent empirical Bayes problems, may

be an avenue for future research [Ignatiadis and Wager, 2019b].

There are many extensions of potential interest. In particular to longitudinal and mul-

tivariate data harmonization, as well as theoretical questions involving recovering a latent

distribution PM under other conditional models pA. Such a model will be extremely impor-

tant for further statistical applications such as imputation of missing scores, change point

detection of mild cognitive impairment, and classification of neuro-degenerative disease via

mixture models on the test scores.

For the harmonization of multivariate scores, a naive approach may be to match all the

quantiles separately. If the copulae between two multivariate distributions are the same and

given a particular cost function, Alfonsi and Jourdain [2014] find that this is the solution

to an optimal transport problem. However, this will not hold in general, and a deeper

investigation into the use of optimal transport methods may be necessary.
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Algorithm 1 Bootstrap Multiple Conversion Procedure

1: Inputs: B (number of bootstraps), M (number of imputations), (Xi, Yi, Zi)
n
i=1 (observed

data).

2: Estimate the parameter β using the full data.

3: Estimate the conversion model p̂(z|x, y) from (Xi, Yi, Zi)
n
i=1.

4: for m = 1 to M do

5: for each yi do

6: Simulate M samples from p̂(z|x, y) and denote these by ẑi,m.

7: Estimate the regression coefficients β̂(m) using the mth sample of ẑi,m.

8: end for

9: end for

10: Obtain the parameter estimate by averaging over multiple imputation draws β̂M =

1
M

∑M
m=1 β̂

(m).

11: for b = 1 to B do ▷ Bootstrap estimates of the parameter

12: Resample with replacement from the observed data to generate (X
(b)
i , Y

(b)
i , Z

(b)
i )ni=1.

13: Estimate the conversion model p̂(b)(z|x, y) from (X
(b)
i , Y

(b)
i , Z

(b)
i )ni=1.

14: for m = 1 to M do

15: for each y
(b)
i do

16: Simulate M samples from p̂(b)(z|x, y) and denote these by ẑ
(b)
i,m.

17: Estimate β̂(b,m) using the mth sample of ẑ
(b)
i,m.

18: end for

19: end for

20: Obtain a bootstrap sample of the parameter by averaging over the multiple imputa-

tions: β̂
(b)
M = 1

M

∑M
m=1 β̂

(b,m).

21: end for

22: Estimate the bootstrap variance V̂model =
1

B−1

∑B
b=1(β̂

(b)
M − β̂M)(β̂

(b)
M − β̂M)⊤.

23: Return parameter estimate and variance estimate β̂M , V̂model.
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Algorithm 2 Feasibility Test for a Conditional Model pA(y|γ)
1: Select a conditional model pA(y|γ).

2: Compute the empirical distribution of observed scores Yi ∈ {0, 1, 2, . . . , N}: p̂n.

3: Estimate the unregularized NPMLE P̂M , as in equation (2.4).

4: Compute the observed data distribution corresponding to the NPMLE, p̂MA.

5: Compute the observed test statistic t̂obs = 2nD(p̂n||p̂MA).

6: Compute the upper bound p̃ where P(Tn ≥ t̂obs) ≤ p̃. ▷ Using finite sample

concentration results such as Guo and Richardson [2021]

7: If p̃ ≤ α for some specified type 1 error threshold, then reject pA.
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Chapter 3

INTERFERENCE WITH PARTIALLY OBSERVED NETWORK
DATA

3.1 Introduction

Interference occurs when one individual’s treatment status impacts others’ outcomes. Inter-

ference, also known as “spillover effects,” is occurs in multiple scientific domains, including

the study of infectious diseases [Hudgens and Halloran, 2008, Tchetgen and VanderWeele,

2012], studying peer influence [Manski, 1993, Bramoullé et al., 2009, De Giorgi et al., 2010,

Epple and Romano, 2011, Goldsmith-Pinkham and Imbens, 2013], public policy [Malani

et al., 2021, Imai et al., 2021], information diffusion [Banerjee et al., 2013b, 2019], technol-

ogy adoption [Beaman et al., 2021], online platforms [Saveski et al., 2017, Pouget-Abadie

et al., 2018, 2019] and online marketplaces [Ha-Thuc et al., 2020, Johari et al., 2022], among

other domains.

Interference violates the stable unit treatment value assumption (SUTVA), which states

that an individual’s outcome is not impacted by the treatment status of their peers. When

SUTVA is violated, each potential outcome, the counterfactual outcome under a given treat-

ment assignment, could depend on all treatment assignments within the population. Valid

inference for treatment effects under SUTVA violations is an active area of research, with

solutions typically depending on a combination of exposure maps and structural causal mod-

els. Exposure maps categorize respondents according to their network characteristics and

the vector of treatment statuses [Aronow and Samii, 2017], while structural causal models

identify specific pathways for influence between individuals [van der Laan, 2012, Ogburn

et al., 2022].

Despite recent advances, estimating causal effects under interference typically requires
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complete network data, which is expensive and onerous to collect or may not be available due

to privacy constraints. Partially observed network data takes many forms: subgraph samples

where a researcher observes the presence/absence for only a subset of possible connections,

egocentric sampling using either specific links or aggregates, or network-based sampling

methods such as snowball sampling or respondent-driven sampling. In each case, incomplete

network information introduces miss-measurement in the exposure map–a person may have

treated peers, but if links to those peers are not observed the researcher will think their

outcome is totally orthogonal to the treatment.

This paper introduces a framework for estimation and inference of causal effects under

partial network data arising from a single graph. Partial here means that we may observe

some or no links or aggregate summaries of links which we will formalize later. With such

data, we recover multiple estimands including various conditional or average treatment ef-

fects. To do this, we define a broad class of structural causal models that are amenable

to estimation using partial data. This class covers many empirically relevant schemas for

interference, such as diffusion and its generalizations.

Estimation leverages a dual approach: first, by using an iterated expectation method

for de-biased estimation of model parameters with partial network data, and second, by

managing the dependence of exogenous noise in the outcomes. Our method applies when

the underlying graph has features captured by the class of node-exchangeable formation

models, which we commonly see in practice and connect this to the problem of estimating

effects of experiments. Chandrasekhar and Lewis [2011] introduced a similar strategy for

cases when multiple networks are available and data are independent across networks, while

we tackle the more challenging inference task of single network asymptotics. We also consider

is the experimental design associated with network exposure and discuss design for variance

reduction of these estimands.

Our approach also significantly aids empirical researchers in experimental design, par-

ticularly in scenarios where obtaining pristine network data ahead of randomized controlled

trials (RCTs) is challenging. By collecting partial network data and employing a Bayesian
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optimization algorithm, we optimize experimental designs that efficiently maximize treat-

ment saturation tailored to specific estimands of interest. Our results demonstrate that this

methodology not only surpasses traditional methods like inverse probability weighted (IPW)

estimators in estimating global average treatment effects but also facilitates innovative seed-

ing strategies that leverage the unique characteristics of partial network data. In addition,

we extend the existing methodology on estimating stochastic blockmodels from aggregated

relational data to a version that is more practical as it does not require mutually distinct

traits, a challenge to its usability in practice until now.

The remainder of the paper is structured as follows. We begin with a review of re-

lated work (Section 3.1.1. Section 3.2 defines the necessary background, then Section 3.3

describes the procedure for estimation and inference. Section 3.4 describes experimental

design using partial network data and Section 3.5 provides empirical examples. We conclude

in Section 3.6.

3.1.1 Related Work

Complete network data collection can be prohibitively expensive and restricted by privacy

concerns [Breza et al., 2020]. Researchers typically work with partial network data derived

from various sources such as survey samples, coarse geographic data, kinship information

from censuses, or aggregated financial transactions. Comprehensive reviews of methods for

handling network data can be found in De Paula [2017], Graham [2020], and discussions on

identification in network and related models are provided in Manski [2009].

A direct approach is node subsampling, selecting a portion of nodes from the population

and mapping the entire graph among them. If random sampling of nodes is infeasible,

or if populations are sensitive or stigmatized, techniques like snowball or respondent-driven

sampling offer a limited but focused view of the graph [Heckathorn, 1997, Goel and Salganik,

2009, 2010, Baraff et al., 2016, Green et al., 2020].

When complete edge enumeration among node subsets is impractical, researchers adopt

standard survey methods such as Aggregated Relational Data (ARD) collection. The main
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intuition is that each of the partial network designs mentioned above can be used to estimate

a breakdown of each respondent’s network in terms of observable characteristics. In ARD

surveys, respondents are asked, “How many people do you know with trait X?” for various

traits. Additional conditions may be added in addition to collect the type of connection that

is relevant [Feehan et al., 2016]. Originally designed to estimate hard-to-reach populations

like HIV-positive men in the US [Killworth et al., 1998b, Scutelniciuc, 2012, Jing et al.,

2014], has been extended to a variety of other settings such as financial contagion models

[Acemoglu et al., 2015] as well as more general network scale up methods utilized (NSUM)

[Killworth et al., 1998a, Kadushin et al., 2006, Feehan and Salganik, 2016, McCormick, 2020]

and is notably 70 to 80% less costly than full network data collection [Breza et al., 2020].

Another standard survey method, egocentric sampling, asks respondents to consider spe-

cific individuals in their networks and provide detailed information about them, unlike the

aggregate focus of ARD and is commonly used in applications such as contact tracing Pot-

ter et al. [2011], violence perpetration Bond and Bushman [2017] or adolescent substance

measurement Huang et al. [2014]. Clustering based on observed characteristic groups al-

lows for estimating latent network types and subsequently, the mixing across these latent

types [Breza et al., 2023], although this approach primarily focuses on network statistics like

centrality, not interference.

The first task in causal inference problems is defining the target estimand such as the

global average treatment effect (GATE), which assesses the impact of treating everyone

versus treating no one, considering peer effects Ugander et al. [2013]. Other interests might

include the effect of specific treatment allocations, like identifying influential individuals

Kempe et al. [2003], Banerjee et al. [2019], often limited by policy constraints (e.g., subsidies

for the ultra-poor as in Anderson and Feder [2007]) or due to non-monotone peer effects

dynamics [Banerjee et al., 2018]: treating everyone may change interaction dynamics in

equilibrium. More generally Aronow and Samii [2017] compare average treatment effects

between two exposure configurations. A distinct but related line of work seeks to detect

whether interference is present at all [Athey et al., 2018].
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Much of the literature on SUTVA violations and exposure maps assumes a fully observed

graph. A recent line of literature address imperfect or incompletely sampled graphs under

certain conditions and for specific average causal effects [Hardy et al., 2019, Yu et al., 2022,

Cortez et al., 2022]. Models for peer influence like contagion [Jackson et al., 2008, Banerjee

et al., 2013b, Beaman et al., 2021, He and Song, 2023] or hearing models [Banerjee et al., 2019]

structure interference analysis and we highlight how these can be learned with partial network

data. Auerbach and Tabord-Meehan [2021] also explore these effects through structural

causal models focusing on nonparametric estimation, while our work emphasizes estimation,

inference, and design using partial network data.

3.2 Environment

Let i ∈ {1, 2, . . . , n} = V denote a populations of interacting individuals and let G = V ×E

be the network by which interference is propagated; where V is the set of node vertices and

E ⊂ V × V is a set of edges (either directed or undirected). We can also extend this to

weighted graphs, however binary networks are presented for simplicity. We can represent

this graph by the adjacency matrix G ∈ {0, 1}n×n. We consider binary treatments denoted

by a treatment vector a ∈ {0, 1}n and let denote the potential outcome Yi(a) ∈ R, under

a treatment assignment a, and Yi denote the actual observed outcome. Lastly, we assume

that we have access to pre-treatment node-level covariates Xi ∈ Rm.

In the remainder of the paper let O and o denote the usual big and little oh notation

and OP and oP denote the stochastically bounded and convergence to 0 in probability for

sequences of random variables. We use Õ if we are suppressing logarithmic factors in the

rate. Let ||·||p denote and p-norm, and let ||·||F denote the Frobenius norm.

3.2.1 A structural causal model

We use the framework of structural causal models, a nonparametric extension of structural

equation models [Pearl, 2009]. Similar approaches have been studied by Ogburn et al. [2022]

and Auerbach and Tabord-Meehan [2021] in the case of fully observed networks. We derive
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a model that is amenable to estimation with partial data.

Let Yi(a) denote the potential outcome of Yi under a treatment allocation a. The expo-

sure mapping Vi is represented as a function fV such that Vi = fV (a, φi(G)) ∈ RpV where

φi is the relevant graph information for individual i relative to their position with respect

to treated individuals. We also allow for the potential outcome to be modulated by some

additional confounder Si = fS(X, ϑi(G)) ∈ RpS . We model the potential outcomes Yi as a

function of the exposure, type-value Si and some additional noise εY

Yi = fY (Si, Vi, εY ) (3.1)

The benefits of structural causal models are that they allow for the characterization of all

causal effects in a system, as well as the distributions of counterfactuals. However, they

require correct specification of the causal process, i.e. correct specification of the exposure

map and the relevant confounders. Even if one can propose a model for interference, esti-

mation is not straightforward due to the fact that we only observe partial graph information

in G∗. Many common models of interference can be expressed as structural causal models,

and can be thought of as parameterizations of fY (Si, Vi, εY ) = fY (Si, Vi, εY ; β0). This then

reduces the challenge to estimating β0 using partially observed data. The exogenous noise,

ϵY , within our model is likely influenced by the graph structure, as interactions and peer

effects can induce correlations in outcomes that extend beyond individual exposures. This

complexity suggests that the noise, even if initially considered as external to the model, is

intertwined with the network dynamics, reflecting the propagation and interference effects

inherent in our structural causal framework.

We differentiate the two types of target parameters. The first are the outcome model

parameters which parameterize the distribution of the outcome, exposure, and confounder

(Y, S, V ). Specifically, fY (Si, Vi, ϵY ) = fY (Si, Vi, ϵY ; β0) under some parameterization β ∈

Rp. We denote the true model parameters β0 ∈ Rp. Such parameters may be identified

through a moment equationm, E[m(Yi, Si, Vi, β0)] = 0 or more explicitly through a regression

parameterization. In a model of simple diffusion, this is simply the probability of infecting
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a neighbouring node q ∈ [0, 1].

The second set of parameters we consider are the causal parameters, those involving

the distributions of the counterfactuals. The main causal parameter we will consider is the

expected average potential outcome on the complete network G, Ψ(a|G) = 1
n

∑n
i=1 E[Yi(a)],

though these can also be made conditional on a covariate x: Ψ(a|x,G). Leveraging the

structural causal model, we can define the these causal effects in terms of the structural

causal model. We illustrate conditions for identification of these causal effects in Section 3.2.3.

While we focus on defining causal quantities through conditional means, the nonparametric

identification can also apply to other functionals like quantiles.

Inference for the causal relationship between Yi and Vi amounts to learning the relation-

ship between Yi and Si, Vi. We consider settings where the assignment of treatments can

be manipulated by an experimenter, which we discuss in Section 3.4. If one leverages this

model, either through assumption or estimation, of the generation of the outcomes then one

can use a structural causal model to generate expected potential outcomes under different

treatment assignments fY (Si, Vi, εY ), which is precisely what is done in the case of seeding.

A contrast of these frameworks is included in the Appendix in Section B.2. The applicabil-

ity of a model to a new population parallels challenges in distribution shift, as explored in

Shimodaira [2000], Wilkins-Reeves et al. [2024].

Adding structure to the potential outcomes model is standard in fields like economics,

where researchers often propose models to explain how information or behaviors spread across

networks. Many of these models include a temporal element. In our setting, we consider

outcomes at a fixed time T , i.e., Yi(a) = Yi,T (a). For instance, Banerjee et al. [2013b] explore

a latent diffusion process in micro-lending, Banerjee et al. [2019] study a hearing model for

information diffusion, and Beaman et al. [2021] analyze behavior adoption in agriculture

through complex contagion. Additionally, Centola and Macy [2007] differentiate the spread

of information, often through single links, from behaviors that require multiple neighbors for

network propagation. Our framework incorporates linear in means models [Manski, 1993],

extending them to identify effects like the global average treatment effect [Chin, 2019].
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Example: Contagion as a structural causal model

A foundational model of information diffusion is based on simple contagion, and generaliza-

tions of SIR (Susceptible-Infected-Recovered) models on networks Kermack and McKendrick

[1927], Giles [1977]. These models have been further studied and extended in various settings

[Jackson and Yariv, 2006, Aral et al., 2009, Romero et al., 2011, Chierichetti et al., 2011,

Banerjee et al., 2013b, 2019]. Here we illustrate how the base model, under which many

extensions are built, can be interpreted as a structural causal model. This interpretation

can also be applied to complex contagion settings Centola and Macy [2007], Beaman et al.

[2021], Cencetti et al. [2023].

(a) Base Network (b) Noise draw ϵij (c) Directed Network D.

(d) Contagion process at

time period T = 0.

(e) Time period T = 1. (f) Time period T = 2.

Figure 3.1: Contagion process where a single node is seeded in time T = 0 in blue, and

infected nodes displayed in orange at times T = 1 and T = 2.

Consider a scenario where initially infected (treated) seeds a transmit the infection to

each neighbor with probability q at each time-step t ∈ 1, 2, . . . , T , after which they are no
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longer infectious. An infection status at time t is denoted as Yit = 1. The overall outcome

Yi = 1 indicates whether a node was infected at any time up to T . For a simple case with

T = 2, we model the transmission using Bernoulli random variables ϵij ∼ Bernoulli(q),

representing potential infection from node i to node j. Let Eij = ϵij and D = E ⊙ G.

This setup is depicted in Figure 3.1. Given a random sample of the directed graph D, one

can characterize what would have happened if a node were treated, which is precisely the

counterfactual. For instance in Figure 3.1 we seed the left most which proceeds to propagate

in steps 1 and 2. Additionally, one can construct the relevant exposure map for any fixed

number of time steps T .

Examples of Exposure Maps

We consider several examples of exposure maps, though this list is not exhaustive.

Example (Local Interaction Effects). Simple examples of local network effects may include the

total number of treated neighbors, Vi =
∑

j Gijaj, or the treated fraction of one’s neighbors

Vi =
∑

j
Gij

di
aj, where di =

∑
j Gij is degree.

Example (Risk-Sharing Networks [Ambrus et al., 2014]). Equilibrium risk sharing is that the

graph consists of C mutually exclusive communities such that any endowment vector within

the community is aggregated and shared evenly. Let treatment a be an “endowment” and

let āc =
∑

j∈c aj be the sum of the endowment vector for community c, with |c| denoting its

size. Then, Vi = fV (a, φi) = āc · |c|−1. That is, the exposure is just a function of the total

endowment of the community and nothing more.

Example (Hearing Information [Banerjee et al., 2019]). Many phenomena, like the spread of

diseases, information, or social behaviors, can be effectively modeled as contagion processes.

These models show how such phenomena spread through networks [Keeling and Rohani,

2008, Centola and Macy, 2007, Barrat et al., 2008, Pastor-Satorras et al., 2015, Cencetti

et al., 2023].

Banerjee et al. [2019] introduces a message-passing model based on such a contagion pro-
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cess. The treatments, denoted by a, represent a seed piece of information disseminated over

a series of time steps, from 1 to T . After T time steps, no further message spreading occurs.

We define a “hearing matrix” H0, which calculates the expected number of times person j

hears information from person i after T time steps, based on transmission probabilities.

The expected total number of messages that person j hears by time T is represented by

Vj (the exposure) which affects their response Yi through a link function Λ:

E[Yi|Vi] = Λ(β0 + β1Vi).

A common assumption is propose a single transmission probability for each individual q,

thus giving structure to the exposure map:

Vi = (Ha)i the ith element of this vector

where H =
T∑
t=1

qtGt

It is straightforward to generalize this to include heterogeneity in the diffusion time steps βt

and illustrate this model in equation (3.2):

E[Yi|Vi] = Λ(β0 +
T∑
t=1

βte
T
i G

ta) = h(Si, Vi; β). (3.2)

Furthermore, we can relax this model to allow for additional heterogeneity through graph-

level statistics Si, which may include node-level covariates Xi or individual graph-level in-

formation such as the degree di.

3.2.2 Examples of Partially Measured Network Data

In our setting, we do not have access to the full graph G, but rather, have access to some

summarizing function the graph G∗ = ζ(G). Tsiatis [2006] uses the term coarsened data to

refer to such partial measurements of missing data in general, not necessarily in the network

setting. A non-exhaustive set of examples of partially measured network data include in-

duced subgraphs or egocentric sampling [Freeman, 1982, Almquist, 2012], respondent driven
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sampling [Heckathorn, 1997], aggregated relational data [Killworth et al., 1998b], respondent

driven sampling [Heckathorn, 1997, Goel and Salganik, 2009, 2010, Green et al., 2020] and

more.

Example (Induced subgraph). We sample m ≤ n of nodes in the graph randomly, with at

least one node from each of the K communities. Let G∗ = GIm,Im be the sub-graph induced

by these m nodes where Im ⊂ {1, 2, . . . , n} are the set of nodes that are sub-sampled from

the whole population.

Example (Respondent Driven Sampling). Let i ∈ Im ⊂ {1, 2, . . . , n} denote the indices of a

sample of individuals obtained through respondent driven sampling. An initial number of

individuals are recruited as seeds, and subsequent individuals are recruited via referrals from

the others in a population. Under this process we receive a subgraph of connected individuals

GIm,Im as well as the list of connections to additional nodes In\m = {1, 2, . . . , n} \ Im G∗ =

GIm,Im , GIm,In\m .

Example (Aggregated Relational Data). Aggregated relational data consists of aggregated

sums of connections to nodes of a given trait. Typically this is collected from a survey

consisting of questions such as “How many many people do you know with [X] trait?”. For

a set of T traits, this consists of X∗
it =

∑n
i=1 GijI(tj = t).

In order to infer about the distribution of the missing part of the graph, we propose that

G ∼ θ0 where we assume that θ0 ∈ Θ denotes the parameters of a random graph model. In

this case, for each i, there is an a latent ξi parameter such that

P (Gij = 1|ξi, ξj) = g̃(ξi, ξj)

for some function symmetric, measurable g̃ known as a graphon Lovász and Szegedy [2006],

Orbanz and Roy [2015]. Many common graph models, such as latent space models Hoff et al.

[2002a], ?], Lubold et al. [2023], Wilkins-Reeves and McCormick [2022], are included in this

category. Graphons are appealing in this context because, following Airoldi et al. [2013], Gao

et al. [2015], they can be approximated arbitrarily well using latent types assigned to each
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node. Said another way, graphons introduce complex dependence in the network-generating

mechanism through clustering induced by latent types associated with each node. In our

inferential procedures in Section 3.3, the general procedures involve estimation from a missing

data perspective. This will involve estimating the graph model θ̂ := θ̂(G∗) then inferring

about the distribution G|G∗, θ̂. Further details for estimating the graph model are included

in Section 3.3.4.

3.2.3 Nonparametric Identification of Causal Effects

Our initial aim is to identify the causal parameters without further model specification.

These are analogous to standard identification assumptions, adapted to our framework.

Definition 3.2.1 (Exposure Weak Ignorability). We say that an exposure assignment is

weakly ignorable if the following holds:

Yi(v) ⊥⊥ {Vi = v}|Si

Conditioning on the graph statistic, Si, ensures that potential outcomes are indepen-

dent of actual exposure, with all confounding accounted for by Si. In simple contagion

models, nodes are equivalent, and this independence occurs naturally without conditioning.

Generally, conditioning should occur on variables that influence outcome heterogeneity. Sec-

tion 3.5.1 discusses an example from Ugander and Yin [2023] where conditioning on node

degree suffices for any randomization.

Definition 3.2.2 (Exposure Consistency). Exposure consistency holds if

Vi = v =⇒ Yi = Yi(v) = Yi(a)

where Yi(v) is the potential outcome of individual i for the exposure v.

This assumption can be simply understood as the exposure is correct.

Definition 3.2.3 (Conditional Independence of the Graph and Outcome). We assume that

the outcome is conditionally independent of the outcome conditional on the exposure and
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the graph generative parameters

Yi(a) ⊥⊥ G|Vi, Si.

This assumption states that once we have adjusted for Vi and Si, then the potential

outcomes are independent of the network G. Under these assumptions, the causal effects

can be identified through conditional distributions of the observed data, allowing for the

leveraging of models for estimating causal effects.

P (Yi(a) = y|Si = s,G) = P (Yi(v) = y|Si = s,G) By the exposure mapping

= P (Yi(v) = y|Vi = v, Si = s,G) By weak ignorability

= P (Yi = y|Vi = v, Si = s,G) By consistency

= P (Yi = y|Vi = v, Si = s) Graph conditional independence

=⇒ Ψ(a|G) =
1

n

n∑
i=1

E[Yi|Vi = fV (a, φi), Si = fS(X, ϑi)]

For brevity, we denote the true conditional mean E[Yi|Vi = v, Si = s] = h0(s, v) and a

model class h(s, v; β) that will be used to model the outcome h0(s, v).

Given a network model θ0, observed graph data G∗, and a conditional model h(s, v; β)

we can also define the expected average treatment effect

Ψ(a|β,G∗, θ) =
1

n

n∑
i=1

E[h(fV (a,X;φi), fS(X;ϑi); β)|a,X, G∗, θ] (3.3)

where under the correct model conditional model and graph model E[Ψ(a|G)|a,X, θ0] =

Ψ(a|β0, G
∗, θ0). In Appendix B.1.4, we illustrate when this population average effect un-

der any draw of the network Ψ(a|G) will be close to the average over the model class

Ψ(a|β0, G
∗, θ0); allowing for the construction of plug-in estimators Ψ̂(a|G) = Ψ(a|β̂, G∗, θ̂).

3.3 Inference

We outline our method for estimating parameters with partial network data. Developing

these results requires two theoretical tools: a fast estimation rate for network model param-

eters θ0, and a suitable central limit theorem for scenarios with correlated outcomes.
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3.3.1 Outcome Model Parameters and Estimators

Next we consider estimating the outcome model parameters β0. We present two methods for

estimating such parameters, instrumentation in a linear model, and Z estimators. The iter-

ated expectation procedure for estimating such parameters was introduced in Chandrasekhar

and Lewis [2011], however, we extend inference to the single network setting. Similar ap-

proaches exist for peer effects models Boucher and Houndetoungan [2020].

Estimation in Linear Models

We first illustrate identification of the conditional model under a linear model assumption.

Yi = βT
0 h̃(Si, Vi) + εi

where E[εi] = 0 and there can be general correlation Var[ε] = Σ. Without access to the

network data, one can recover the model parameters through conditional expectation

E[E[Y |S(G), V (G), G,a,X]|a,X, G∗, θ0] = βT
0 E[h̃(S(G), V (a, G))|a,X, G∗, θ0]

where we create a new set of features H̃i = E[h̃(Si(G), Vi(a, G))|a,X, G∗, θ0] by averaging

over the network model. Here identification comes from the variation of these averaged

features H̃i over the population. More clearly, letting H̃ ∈ Rn×p denote the design matrix

of this model, identification comes from the linear independence of the columns of H̃ .

Z estimators

In other cases, parameters may be defined through a moment equation, and can be used to

construct a Z-estimator. These may include parameters in a moment equation such as gen-

eralized linear models (GLMs), E[Y |S, V ] = Λ−1(βT
0 h̃(S, V )). These parameters can be iden-

tified using an estimating equation approach where given a moment function m̃(Yi, Si, Vi; β)

such that E[m̃(Yi, Si, Vi; β)|a,X, G] = 0 if and only if β = β0. Through the use of iterated
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expectations, we can define a new estimating equation, by marginalizing over the draws of

the graph model

mi(Yi; β,a,X, G∗, θ) := E[m̃(Yi, Si, Vi; β)|Yi,a,X, G∗, θ] (3.4)

then applying iterated expectations

E[mi(Yi, Si, Vi; β0, θ0)|G∗,a,X, θ0] = E[E[m̃(Yi, Si, Vi; β0)|a,X, G]|G∗,a,X, θ0] = 0.

Identification in this case comes from the variation of the exposure and the confounders, such

that E
[
1
n

∑n
i=1mi(Yi, Si, Vi; β, θ0)

∣∣∣∣G∗,a,X, θ0

]
= 0 if and only if β = β0. Exact conditions

depend on the parameter, but GLMs can use a similar identification strategy as linear models.

3.3.2 Inference with partially measured data.

We introduce a general procedure for estimating the outcome model parameters. We also

illustrate inference for estimation of a causal target parameter on a particular graph G. We

present a pseudo-code approach to the procedure as follows. Let Z̃i = (Yi, Si, Vi) denote the

full (including unobserved) data, and let Z = (Y ,a,X, G∗) denote the observed data.

Algorithm 3 Z-estimation overview

1: Define an model for the relationship of Y given the exposures V and confounders S (for

instance, a regression model E[Y |V, S] = h(v, s; β0), β ∈ B ⊂ Rp with parameters which

can be estimation via the estimating function m̃n(Z̃; β). Let m̃n(Z̃; β) = 1
n

∑n
i=1m(Z̃i; β)

denote the empirical estimating function.

2: Estimate a model of the network, using the node-level covariates θ̂ := θ̂(G∗).

3: Estimate β̂ by solving the estimating equation mn(Y ; β̂, G∗, θ̂) = 0, where

mn(Y ; β̂, G∗, θ̂) = 1
n

∑n
i=1mi(Yi; β,a,X, G∗, θ) where mi is defined in equation (3.4).

4: (optional) Plug in β̂ to Ψ(a|β̂, G∗, θ̂).

Step 1 asks the practitioner to propose a response model given the treatment, i.e. the

causal model in Section 3.2.1. Step 2 estimates the generative model given the partial network
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data and the node covariates observed. We give theoretical results where the formation model

is a stochastic blockmodel, then give rate estimation relative to the more general graphon

approach. Step 3 estimates the parameter by marginalizing the estimating function over the

graph model. Lastly, Step 4 is optional if the target parameter is a plug-in estimator of the

causal parameter using the regression model. We discuss inference for the plug-in estimate

of causal parameters using a delta method argument in the Appendix. We next give our

asymptotic results, then provide an example of this algorithm in Section 3.5.1.

3.3.3 Asymptotic Results

The asymptotic results for both the Z-estimator and the linear model will depend on being

able to establish a central limit theorem based on the exogenous noise. To establish asymp-

totic properties for our outcomes on a network, we extend the application of the central limit

theorem (CLT) to structures not commonly associated with traditional time series or spatial

dependencies. Nonetheless when the exogenous noise is correlated, we will need a method of

handling the central limit theorem. Specifically, we utilize a general version of the CLT for

dependent data from Chandrasekhar et al. [2023]. For brevity in presentation, we leave the

full detail of this central limit theorem to the appendix.

We denote gi(Z; β) = mi(Y ;a,X, β,G∗, θ0) to be the moment function evaluated using

the true generative model and correspondingly gn(Z; β) = 1
n

∑n
i=1 gi(Z; β). Further, define

the (normalized) random vector of the estimating function evaluated at the correct model

parameters Ei = 1
n
gi(Z; β0). And lastly let Dn(Z; β0) = ∇βgn(Z; β0) ∈ Rp×p denote the

gradient of the estimating equation gn(Z; β).

To develop valid inference, we must estimate the graph model quickly enough to disregard

the graph estimation component during inference. We will next present the theorem and

discuss the assumptions further.

Assumption 3.3.1 (Regularity Conditions for Z-Estimation). Suppose the following condi-

tions hold for all n.
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Consistency for a Z estimator

A1. E[gn(Z; β)] = 0 for β = β0 and for all ϵ > 0, inf||β−β0||>ϵE[gn(Z; β)] > 0

A2. supβ∈B

∣∣∣∣ ( ∂
∂β

)l
gn(Z; β)−

(
∂
∂β

)l
E[gn(Z; β)]

∣∣∣∣ = oP (1) for l ∈ {0, 1, 2}

Graph Model Regularity conditions

B1. θ̂ is an s(n)-consistent estimate of the graph parameters ||θ̂ − θ0|| = oP (s(n))

B2. supβ∈B |mn(Z; β, θ) − mn(Z; β, θ′)| ≤ bn(Z)||θ − θ′|| where bn(Z) = OP (1) (that is,

bn(Z) is stochastically bounded).

Central Limit Theorem (CLT)

C1. The random vectors E1:n satisfy the affinity set conditions of Chandrasekhar et al. [2023]

(restated as Theorem B.1.2 in the appendix) with corresponding covariance matrix Γn =

Var [
∑n

i=1 Ei]. Where r(n) :=
√
λmin(Γn).

Theorem 3.3.2 (Single Network Z-estimator Asymptotics). Suppose that Assumptions 3.3.1

hold and that s(n) = o(r(n)). Then:

Γ−1/2
n D(β0)(β̂ − β)→d N(0, Ip) (3.5)

Where E[∇βgn(Z; β)|a,X, G∗, θ0]

∣∣∣∣
β=β0

= D(β0)

The first set of assumptions ensures the consistency of Z-estimators, typically derived

from uniform laws of large numbers as discussed in Andrews [1987] or Newey and McFadden

[1994]. The second set involves conditions that make the graph model’s estimation negligible,

requiring the estimating functions to be smooth with respect to the graph parameters.

The final set of assumptions, stated in C1, are utilized so that Ei satisfy a central limit

theorem Chandrasekhar et al. [2023]. This assumption is required if the data exhibit further

dependence after controlling for graph parameters (if, for example, there are latent factors
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that impact both outcomes and the propensity to form ties). The main idea of Chandrasekhar

et al. [2023] is to represent dependence in terms of “affinity sets” where the majority of de-

pendence structure is captured within sets, leaving little between sets. In the modelling of

social behaviours beyond just considering outcomes as a function of the exposure observed,

outcomes may be further correlated, beyond examples of spatial dependence or heteroskedas-

ticity. In practice we can include these dependencies through correlation terms matching the

generative graph model, such as between blocks of a stochastic blockmodel or via latent

positions in a latent space model.

Under conditions which we give explicitly in the Appendix, Chandrasekhar et al. [2023]

derive a CLT which we can apply here to extend our results to settings with dependent

observations. Here, r(n) describes the effective rate at which the variance converges. For the

estimation of the graph model θ0 to be considered negligible, it must occur more rapidly than

r(n). In cases of independent or minimally dependent noise, it is typical for r(n) ≈ n−1/2.

Alternatively, in different scenarios, Ei might exhibit correlation within densely connected

blocks of the network, such as during a diffusion process in a stochastic blockmodel with kn

densely linked blocks (refer to Chandrasekhar et al. [2023], section 4.4, for detailed descrip-

tions). In such cases, r(n) is generally on the order of k
−1/2
n . If both r(n) and s(n) approach

zero, yet the ratio s(n)
r(n)

diverges or stabilizes at a nonzero constant, it remains possible to

obtain a consistent estimator for the parameters of the outcome model. However, its asymp-

totic distribution may be dominated by how the graph model is estimated, thus requiring a

tailored inference approach based on the chosen graph model estimation technique.

An analogous argument follows when conducting inference using a linear model. For the

sake of brevity and avoiding repetition, we include it in the Appendix in Section B.1.2. In

Theorem 3.3.3 we present a summary.

Theorem 3.3.3. Let H̃i(θ) = E[h̃(Si(G), Vi(G))|a,X, G∗; θ]. The OLS estimator uses the

model averaged coefficients H̃i(θ) in place of the true unobserved coefficients h̃i. Let Hn(θ) =
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1
n

∑n
i=1 H̃i(θ)H̃

T
i (θ). Given an estimate of the model parameters θ̂, we define the

β̂ols = H−1
n (θ̂)

1

n

n∑
i=1

H̃i(θ̂)Yi

Let ui = (h̃(Si(G), Vi(G))−H̃i(θ0))β0+ϵi and let Γn = Var
[
1
n

∑n
i=1 ui

]
Suppose the conditions

of Theorem B.1.3 in the Appendix hold. Then

Γ−1/2
n Hn(θ̂)(β̂ols − β0)→d N(0, Ip)

3.3.4 Network Model Estimation

We next discuss the estimation of the generative model for the network using a variety of data

types. Breza et al. [2020] and Breza et al. [2023] consistently estimate a generative model

for ARD with mutually exclusive traits. We extend this work in several ways. We introduce

a novel method for estimating the stochastic blockmodel with non-mutually exclusive traits

using constrained least squares approach as well as give approximation rates for graphons.

We summarize the resulting rates using ARD for a variety of model classes in the appendix

in Table B.1.3.

Additionally, through techniques previously existed for estimating stochastic blockmodels

using aggregated relational data, this required mutually distinct traits Breza et al. [2023].

Instead we introduce method for estimating the stochastic blockmodel without requiring that

the surveyed traits of the alters be mutually distinct, which greatly improves the feasibility

of the method to be applied using standard ARD surveys.

In the main text, we concentrate on estimating the stochastic blockmodel using ARD. In

the Appendix in Section B.1.3 we estimate generative models using partial network data such

as subgraph sampling and develop similar rates for the stochastic blockmodel for subgraph

sampling and reference a similar result for respondent driven sampling.
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SBM Estimation with ARD

Recall that X∗
it represents a set of ARD response vectors. Breza et al. [2023] show that

we can consistently estimate the connection probabilities between latent types, however, we

present an improved version of the SBM estimator which allows for an non-mutually exclusive

traits. Let nt denote the total number of individuals of trait type t. Let N ′
k denote the nodes

in our sample in group k, and let nk denote the number of nodes in the graph in group k.

We cluster the node memberships according to Algorithm 4.

Algorithm 4 ARD SBM clustering procedure

1: Count the number of individuals with each trait nt

2: Denote the normalized ARD responses X†
it = X∗

it/nt.

3: Cluster the normalized ARD response vectors {X†
i }Ti=1 into K groups using hierarchical

agglomerative clustering into a set of clusters k̂i ∈ {1, 2, . . . , K}

After we obtain a clustering, we can estimate the stochastic blockmodel. Let ω̂kt = N̂kt/Nt

where Nkt are the number of traits in the estimated group k and with trait t, and Nt are the

number of individuals with trait t, and ωkt = Nkt/Nt, the analogous population quantity.

We next define the probability matrix of observing a connection of group k with a trait

t. P̃kt =
∑

k′ Pkk′ωk′t, where P̃kt = P (Gij = 1|kj = k, ti = t). This relationship can be

expressed in a linear system P̃ = ΩP where Ω ∈ RT×K and Ωkt = ωkt. If Ω is of full column

rank, then a unique solution will exist. Given an estimate of the latent communities, one

can estimate Ω̂.

P̂kk′ =
(
Ω̂⊺Ω̂

)−1

Ω̂⊺ ̂̃P where
̂̃
Pkt =

1

nknt

∑
i∈N̂k

X∗
it.

In general, one can symmetrize P̂kk′ after the estimate to ensure the constraints of an

undirected stochastic blockmodel are satisfied. Alternatively, once can also minimize the

constrained least squares objective which can be implemented using standard convex solvers
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such as CVX [Fu et al., 2020]

P̂ = argmin
0≤P≤1:P=P ⊺

n∑
i=1

T∑
t=1

(X̃it −
∑
k′

Ω̂k′tPk′,ki)
2.

Breza et al. [2023] develop a procedure for consistently estimating the stochastic block-

model, but we extend their result and obtain a rate on the estimation of the model parameters

in Lemma 3.3.4 and relax the assumption that groups are mutually exclusive. We differenti-

ate between the cross-group probabilities in which the clusters that are estimated P(k̂) with

the cross-group probabilities under known membership P(k).

Lemma 3.3.4. Suppose that we use the clustering strategy outlined in Section 3.3.4 to cluster

the observations based on aggregated relational data. Let Zk = (P̃k1, . . . P̃kT ) and P̃kt =

P (Gij = 1|ki = k, tj = t). Assume also that infk,k′ ||Zk − Zk||2 > 0 and that T ≥ K where T

is the number of discrete traits asked about and K is the true number of clusters.

Let k̂ denote the estimated cluster memberships and let P̂(k̂) be the corresponding estimate

of the cross block probabilities. Let Ωkt = Nkt/Nt denote the matrix which involves the fraction

of the individuals in cluster k who also have trait t, and Ω̂ the estimated counterpart based

on membership clusters. Let CΩ = λmax((Ω
TΩ)−1) and λmax(·) denotes the largest eigenvalue

of a matrix and CΩ > 0.

Then with probability at least 1− δ − 1
n

||P̂(k̂) −P(k)||1 ≤ CΩ
KT

n

√
log(2/δ) log(KT )

2

We contrast our results to the optimal estimation rate for a stochastic blockmodel re-

ported in Gao et al. [2015] as ÕP (n
−1/2). While our rate initially seems faster, a key difference

stems from the complexity of our clustering problem compared to theirs. Our clustering is

aided by node-level observed traits providing extra information. As the network expands,

the normalized ARD vector for each individual converges to its mean, making the clustering

progressively easier, hence the faster rate.
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Misspecification of the Graph Model

We use a stochastic blockmodel as it effectively approximates a general graphon class. Even

if θ0 belongs to a smooth graphon class rather than a stochastic blockmodel, we can still

bound the bias in estimating the relevant model parameters. Consider a scenario where

edges are generated under a true graphon model. A graphon is a function g̃ : [0, 1]2 → [0, 1]

that assigns pairwise conditions based on a sample of [0, 1] random variables.

ηij = g̃(ξi, ξj) = P (Gij = 1|ξ) where ξ ∼iid Pξ ∈ [0, 1].

Let Hα(M) denote a smooth graphon class defined via the α-M -Hölder class as follows. Let

D = [0, 1]2 ∩ x ≤ y denote the domain of (x, y). We define the norm ||g̃||Hα as:

||g̃||Hα = max
j+k≤⌊α⌋

sup
x,y∈D

|∇jkg̃(x, y)|+ max
j+k=⌊α⌋

sup
(x,y)̸=(x′y′)∈D

∇jkg̃(x, y)−∇jkg̃(x
′, y′)

(|x− x′|+ |y − y′|)α−⌊α⌋

and the Hölder class corresponding to this norm as

Hα(M) = {||g̃||Hα ≤M : g̃(x, y) = g̃(y, x); 0 ≤ g̃(x, y) ≤ 1}.

Prior work has focused on the approximability of a stochastic blockmodel to any element

of a smooth graphon class. In particular there will always be some assignment of block

memberships such that we can bound the 2-norm probability deviation from the true model.

Lemma 3.3.5. Suppose that θ∗ corresponds to a true graphon model and θ0 a corresponding

approximating stochastic blockmodel satisfying the conditions of B.3.1. Denote the population

estimating function, as a function of the model parameters

Ln(β, θ) = E[m̃n(Z̃; β)|a,X, θ]

where Ln(β0, η0) = 0 defines the population parameter β0 under the misspecified model θ0, and

let Ln(β∗, θ∗) = 0 define the population solution β∗ to the correctly specified graph model θ∗.

Let η0 and η∗ be the pairwise edge probabilities corresponding to the models θ0, θ∗ respectively.

Finally assume that:
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F1. B is compact

F2. supβ∈B |Ln(β, η)− Ln(β, η∗)| ≤ L||η − η∗||2/n

F3. minj
∂

∂βj
Ln(β, η∗)

∣∣∣∣
β=β∗

= λ > 0

Then the approximation error under the graph misspecification is bounded by the rate:

||β0 − β∗|| = O(λ−1K−α∧1) where a ∧ b = min(a, b). (3.6)

In practice, since we do not directly select clusters, but rather the misspecified clusters

are related to the observed traits, we cannot guarantee achieving this bound. However, this

is a worst-case bound, and in fact, may be overly conservative to the bias that we observe

in practice. This therefore suggests a possibility of future work that involves the sensitivity

analysis of both the response function and the latent graph model.

3.4 Experimental Design

Our focus so far has been on estimating model parameters given a treatment assignment

a. We now explore experimental design methods that leverage partial network data when

determining a to reduce the variance of our estimands.

We consider saturation randomization experiments, which divide the dataset into J

clusters of size nj. A proportion τj of each cluster is assigned the treatment, totaling

nt =
∑J

j=1 τjnj, and generally will not be the same “blocks” as those in a graph model,

for example a stochastic blockmodel. Practically, due to budget constraints, the set of pos-

sible saturation levels τ is limited to T ⊂ [0, 1]J . For example, this could be due to limited

resources like a finite number of vouchers in a vaccine trial.

3.4.1 Bayesian Optimization of Asymptotic Regression Estimators

Our goal is to optimize the asymptotic variance of a function the model parameter β̂ in

Section 3.3. We highlight this by optimizing the variance of the estimates of linear contrasts
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of the parameters ϕTβ. When using the stochastic block model for the network model these

treatment blocks could align with the model blocks, however this need not be the case. They

could, instead, be based on observed characteristics (e.g. geography, classrooms).

Denote the variance of the target contrast parameter conditional on the treatment as-

signment as a: υϕ(a; θ) = Var(ϕT β̂|a, θ). Ideally, the goal is to find a treatment assignment

a∗ that minimizes the variance of the contrast: a∗ = argmina∈{0,1}n υ
ϕ(a; θ).

Without added structure, optimizing treatment assignments is NP-hard, requiring a

search over 2n possible assignments. By changing the objective to one where we optimize

over a set of saturation levels over a set of groups τ ∈ [0, 1]J , we simplify the problem so that

it is no longer NP-hard in the sample complexity and is therefore tractable. The distribution

of treatment assignments, a, under τ is denoted by Pτ , and we aim to minimize:

Var(τ ; θ) = Ea∼Pτ [υ
ϕ(a; θ0)].

In Algorithm 5, we present a method for evaluating the variance of a linear model using

a generic feature map h̃ for a given treatment assignment a and a graph model θ. A general

approach for Z-estimators is detailed in the Appendix. Algorithm 5 operates under specific

assumptions about the covariance matrix Σ, which may include correlations within densely

connected network components. We will present our algorithm for minimizing this variance

using Bayesian optimization, which accounts for the uncertainty in the outcome, given a

graph model. In the appendix we give an extension which also which incorporates network

model uncertainty θ̂ (Section B.1.5).

Bayesian Optimization. Calculating the average variance Var(τ ; θ̂) in Algorithm 5

is computationally intensive to evaluate and often non-convex. Since the number of clus-

ter saturation tends to be relatively small, this suggests that Bayesian optimization is an

appropriate method for minimizing this saturation variance.

We provide a description of our procedure using a Bayesian optimization procedure for

variance reduction. Let Var(τ) := Var(τ ; θ̂) denote our objective function of the vari-

ance evaluated using an estimate of the network model θ̂. Given a set of pilot points
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Algorithm 5 Saturation Randomized Design Variance.

1: Inputs: Variance structure Var[u] = Σ, Model estimate θ̂.

2: Sample L draws from the graph model {Ĝ(l)}Ll=1 ∼ θ̂|G∗

3: Sample R treatments {ar}Rr=1 according to the block saturation levels τ .

4: for r ← 1 to R do

5: Compute the averaged features over draws from the graph model {Ĝ(l)}Ll=1,

Ĥir(a) =
1

L

L∑
l=1

h̃(Si(Ĝ
(l))Vi(ar; Ĝ

(l)))

6: Compute the Hessian Ĥn(ar) =
1
n

∑n
i=1 Ĥir(a)Ĥ

T
ir(a).

7: Compute the design matrix ĤT
r (a) ∈ Rn×p where each row is Ĥir(a).

8: Compute the variance for a single draw of the treatment vector ar:

υϕ(ar; θ̂) = ϕT Ĥ−1
n (ar)Ĥ

T
r (a)ΣĤr(a)Ĥ

−1
n (ar)ϕ

9: end for

10: Average over each of the draws Var(τ ; θ̂) =
∑R

r=1 υ
ϕ(ar; θ̂)
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τ 1, τ 2, . . . , τ n0 . we propose a Gaussian process prior satisfying

Var(τ 1:n0) ∼ N(µ0(τ 1:n0 ,Σ0(τ 1:n0 , τ 1:n0)))

where Cov[Var(τ i),Var(τ j)] = Σ0(τ i, τ j) where Σ0 is a positive semidefinite kernel function.

As a default, we use the Gaussian kernel Σ0(x, x
′) = α0 exp (−||x− x′||2). We can then use

this prior to define a posterior over remainder of the design space T

Var(τ )|Var(τ 1:n0) ∼ N(µn(τ ), σ
2
n(τ ))

µn(τ ) = Σ0(τ , τ 1:n0)Σ0(τ 1:n0 , τ 1:n0)
−1(Var(τ )− µ0(τ 1:n0)) + µ0(τ )

σ2
n(τ ) = Σ0(τ , τ )− Σ0(τ , τ 1:n0)Σ0(τ 1:n0 , τ 1:n0)

−1Σ0(τ 1:n0 , τ ).

From this posterior, we define an acquisition function A(τ ). As a default, we choose the

upper confidence bound (UCB) acquisition function A(τ ) = µn(τ )− κσn(τ ) for a chosen κ

(where we set κ = 2). This method is implemented in the R package rBayesianOptimization,

which uses GPfit [R Core Team, 2021, Yan, 2021, MacDonald et al., 2015]. For a detailed

review of Bayesian optimization techniques, refer to Frazier [2018]. We evaluate the com-

plete Bayesian optimization procedure in Algorithm 6, where we apply the procedure for N0

iterations.

Algorithm 6 Bayesian Optimization Procedure

1: Inputs: Graph model θ̂ and partial graph information G∗. Kernel function Σ0.

2: Sample τ 1:n0 uniformly from T , as a pilot sample of the design points.

3: Update the posterior on Var(τ ).

4: for i← n0 + 1 to n0 +N0 do

5: Update the posterior on Var(τ )|Var(τ 1:(i−1)).

6: Let τ i be the minimizer of the acquisition function A(τ ) (UCB).

7: Evaluate Var(τ i) using Algorithm 5.

8: end for

9: Return the point τ 1:(n0+N0) with the smallest Var(τ )
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The quality of optimization over N0 iterations depends on the smoothness of Var(τ ).

Since variance might diverge under some settings (e.g., as τ → 0), a simple alternative

is to maximize exp(−Var(τ )) instead. The closeness of the maximizer after N0 iterations

hinges on the smoothness of exp(−Var(τ )), which we assume belongs to a reproducing ker-

nel Hilbert space, H, with a bounded kernel Σ0(x, x
′) ≤ B. This function’s smoothness

affects the approximation rate, detailed in Srinivas et al. [2009]. For instance, with Gaus-

sian kernel Σ0, the approximation error is exp(−Var(τ ∗)) ≥ 1
N0

∑N0

m=1 exp(−Var(τm)) +

OP (
B
√

log(N0)K+1+log(N0)K+1

√
N0

). Similar findings apply to Matern and linear kernels per Srini-

vas et al. [2009].

3.4.2 Designs for Optimal Seeding

Given a model of the potential outcomes, we may also leverage this model for optimal

seeding, a task that is NP-hard [Kempe et al., 2003] in general. Many contagion models

are exchangeable given an exposure, and with only block information available, then we can

reduce our search space to that over block saturation. In our case, where exact network

structures are unknown, we determine the optimal blocks for seeding. When K ≪ n, this

structure significantly reduces computational efforts, and we only need to decide how many

seeds to allocate to each of the K clusters.

The model leveraged for the outcome fY (Vi, Si, εY ) could be a predefined model based on

domain knowledge, such as complex contagion used by Beaman et al. [2021]. In other scenar-

ios, this might be estimated (e.g., simulation using fY (Vi, Si, εY ; β̂) in place of fY (Vi, Si, εY )).

This is demonstrated in Algorithm 7 (line 5).

When the total number of seeds Algorithm 7 (line 3) is constrained to be small, then

it is computationally feasible to implement exactly; however, we could also use a Bayesian

optimization procedure if we wanted to control the treatment over saturation levels.
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Algorithm 7 Optimal Seeding With Partial Network Data

1: Inputs: Number of seeds N , Model estimate θ̂, number of graph draws L.

2: Sample L draws from the graph model {Ĝ(l)}Ll=1 ∼ θ̂|G∗

3: for τ ∈ T do

4: Sample L treatments {al}Ll=1 according to the block saturation levels τ .

5: Compute the outcomes Y
(l,al)
i according to the outcome model fY (Vi, Si, εY ).

6: Compute the average (and standard error) over draws of the network Ȳ (τ ) =

1
L

∑L
l=1 Y

(l,al)
i

7: end for

8: Return saturation level τ with the largest value of Ȳ (τ ).

3.5 Data Analysis

In this section, we present three empirical examples to illustrate our framework’s utility in

estimating causal effects, designing experiments, and implementing seeding strategies. We

adopt a semi-synthetic approach in our examples, where the outcomes are simulated based

on processes derived from real networks. The networks analyzed pertain to observational and

experimental studies focused on information diffusion in rural villages in India and Malawi,

as discussed in [Banerjee et al., 2013b, 2019, Beaman et al., 2021]. These networks consist

of 30-400 households per village. To ensure continuity across the examples, we generate

ARD as the partial data type and model the networks using stochastic blockmodels for each

case, however the use of other network generative models and partial network datatype are

applicable in these cases.

When covariates are available for all nodes, we use them to construct ARD. If covariates

are missing, we apply the Leiden algorithm Traag et al. [2019] in igraph Csardi and Nepusz

[2006] to cluster the network and treat these clusters as traits. Table 3.1 details which

datasets used actual traits versus clustering to manage trait numbers in our simulations.
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Network Dataset Traits

Banerjee et al. [2013b] Leiden Cluster K ∈ [4, 16]

Banerjee et al. [2019] Observed Traits (Section B.6.2)

Beaman et al. [2021] Leiden Cluster K = 8

Table 3.1: Summary of synthetic traits vs. real traits in the simulation and real data analysis

settings.

3.5.1 Causal Effect Estimation

In this example, we aim to estimate the global average treatment. We consider the example

from Ugander and Yin [2023] and generate a set of potential outcomes according to the

following model

Yi(0) =
di
d̄
· (α + bXi + σϵi) , Yi(a) = Yi(0) ·

(
1 + δai + γ

∑
j∈[n] Gijaj

di

)

where ϵi ∼iid N(0, 1) is some independent noise, and Xi is a covariate that varies throughout

the network, di is the degree of individual i and d̄ is the average degree across the network.

We set α = 1, b = 1, δ = 1, σ = 0.5 and γ = −0.5. The global average treatment effect

in this model is 1
n

∑n
i=1 Yi(0)(δ + γ) = Ψ(a = 1|G) − Ψ(a = 0|G). The exposure is the

individual treatment in conjunction with the average treatment of neighbors, and the graph

confounder include the degree ratio and node level covariates

fV (a;φi(G)) =

(
ai,

∑
j∈[n] Gijaj

d̄

)
, fS(X;ϑi(G)) =

(
di
d̄
, Xi

)
.

We evaluate the effectiveness of graph cluster randomization by comparing a Horvitz-

Thompson estimator Ugander et al. [2013] to a difference in means estimator under a cluster

randomized design. In this design, half of the clusters receive no treatment (saturation of 0)

and the other half receive full treatment (saturation of 1). We vary the number of clusters

from 4 to 16 but display results only for 4 and 10 clusters in Figure 3.2 for clarity.
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(a) Bias (b) RMSE

Figure 3.2: Comparison of GATE estimators. ARD denotes our method using aggregated

relational data. The “Full Network” method uses a regression approach with the full data

available. DM is the difference in means and HT is the Horvitz-Thompson estimator.

Figure 3.2 shows that the full data regression model performs the best, as it leverages more

information than the ARD approaches. However, the ARD version still effectively minimizes

bias (Figure 3.2(a)) and RMSE (Figure 3.2(b)). In our simulations of dense graphs with few

clusters, the Horvitz-Thompson Estimator faces challenges as the network grows—almost all

nodes have at least one neighbor with a treatment different than their own. The difference in

means estimator shows consistent bias, due to not using heterogeneous covariate information.

While regression with complete data is most effective, using partial network data still yields

comparably good results.

3.5.2 Experimental Design

We next highlight aspects of experimental design using an information diffusion example

based on the hearing model referenced in Section 3.2.1. At each time step the previously
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infected nodes are susceptible again the nodes infected in the last round will infect their

neighbors with probability qt+1. We repeat this for T = 3 rounds. Let Ni denote the total

number of infections after the process. We then sample some binary response P (Yi = 1|Ni) =

logit(α0 + α1Ni) where α0 and α1.

In this case, Vi = E[Ni|a] =
∑3

t=0 βta(G
t)i where βt =

∏t
j=1 qj. We estimate the coeffi-

cients in each of these cases letting Vi = E[Ni|a] be the exposure mapping. We then generate

the outcomes according to the exposure received

E[Yi|Si, Vi] = Λ(α0 + α1(
3∑

t=0

βt(G
t)ia))

where Λ(·) is the logistic function. For our experiments, we set β = (0, 0.5, 0.05, 0.005).

In the dataset, seeds are assigned uniformly with either 3 or 5 seeds per network. Fol-

lowing our procedure in Section 3.4, we compute the optimal seed allocations, ensuring no

cluster receives more seeds than available in the actual experiment (either 3 or 5). In prac-

tice our Bayesian optimization procedure starts by randomly sampling the target space 20

times, followed by 20 iterations to refine saturation. We simulate this process 500 times for

each village in the dataset. We then compare the estimates for α1 and all model parameters

as shown in Figure 3.3. The results indicate that a more strategically designed experiment

generally yields more significant gains than directly using the graph parameters. On average,

using optimized designs rather than uniform random designs when collecting network data

significantly reduced RMSE. Specifically, for estimating α1, the optimized design decreased

RMSE by 38% (12%) compared to 11% (2%) with complete data. For all parameters, the

optimized design resulted in a 45% (10%) reduction in RMSE, versus an 18% (2%) reduction

with complete data.
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(a) Estimation of α1. (b) Estimation of all model parameters.

Figure 3.3: Estimation of parameter α1 and all model parameters β using the naive and

optimized seeding. We observe that the potential gain found using a more efficient design is

much greater than simply collecting complete network data.

3.5.3 Optimal Seeding

We apply our methodology to the seeding problem described in Beaman et al. [2021], where

the diffusion of pit-planting technology among Malawian farmers follows a complex conta-

gion process. The outcome model is defined as Yi = fY (Si, Vi, ϵY ), with individuals having

a threshold ςi ∼ N[0,∞)(λ, 0.1) for spreading infection based on neighbor infections from the

previous time (where N(a,b)(µ, σ) refers to the µ, σ normal distribution truncated on the

interval (a, b)) . This process is simulated over three time periods to align with their ex-

perimental design, setting λ = 2 and repeating 2000 times for K = 8 clusters to determine

optimal seeding groups.

We explore two seeding strategies: randomly assigning seeds to the top two members of

optimal clusters, and seeding the nodes with the highest degrees within these clusters. We

compare these strategies to common degree targeting, noting that our max degree method

typically yields the highest adoption rates, especially in larger, sparser villages, as illustrated
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in Figure 3.4. However, in very small or dense networks, the performance differences between

strategies are negligible. Across all graphs we find the optimal seeding strategy to increase

adoption by 1.50 (0.16) times relative to degree seeding, while the optimal blocks was 1.13

(0.12) times and optimal degree within blocks increased adoption by 1.28 (0.13) times.

(a) Adoption ratio as a function of edge density. (b) Adoption ratio as a function of village size.

Figure 3.4: Comparison of different seeding methods under complex contagion. Model-based

targeting of optimal blocks generally outperforms degree seeding, especially when targeting

the highest degree nodes within those blocks.

3.6 Conclusions

We introduce a framework that identifies causal effects under interference using a structural

causal model, facilitating inference with partial network data. The framework is general

and can be applied using broad class of outcome models and graph models. Our outcome

modelling approach leveraging node-level heterogeneity and exposure mappings allow for the

estimation of all causal effects, rather that other methods which tend to focus on a single
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causal effect like the GATE. Demonstrations through semi-synthetic problems highlight its

effectiveness, matching or surpassing fully observed data methods in certain scenarios.

Our method highlights that directly modeling interference mechanisms offers several ad-

vantages, including leveraging transportability of outcome models for seeding and inference

for experimental designs when estimating effects under interference.

Future studies might consider semiparametric approaches to estimation with partial data

like those in Auerbach [2022]. Additional structured assumptions on potential outcomes as

suggested in Belloni et al. [2022] could also be explored. Currently, our focus has been on

analyzing problems at a single time point. However, future research could extend to designing

experiments with panel data and staggered rollouts. It would also be worthwhile to develop

classes of outcome models that more explicitly incorporate this temporal structure.
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Chapter 4

LATENT CURVATURE ESTIMATION

4.1 Introduction

Networks or graphs, G = (V,E), are widely used in multiple scientific fields. These objects

characterize the relations between a set of n nodes (or vertices) V = {1, 2, . . . , n} via a set of

edges E ⊂ {(i, j)|i ̸= j, i ∈ V, j ∈ V } representing the connections between the nodes. Social

networks, where nodes often represent individuals, are a common application of these models

(e.g., Borgatti et al. [2009]). Networks are also commonly seen in models of biological and

physical sciences, such as nodes representing cells in neuroscience [Bassett et al., 2018] and

particles [Papadopoulos et al., 2018]. Complex and high-dimensional structure is an inherent

feature of network data, which poses challenges in modeling and representation.

One common modeling approach represents the graph through an embedding into a

lower-dimensional geometric space, where both the properties of the geometric space and

the positions of points within it provide insights into graph structure. Models that use this

embedding representation rely on latent distance matrices [Hoff et al., 2002b, Handcock et al.,

2007, Hoff, 2007, Smith et al., 2017], where the distances in the low-dimensional manifold

are inversely proportional to the propensity to form a connection. We refer to this broad

class as latent distance models. The geometry of the underlying manifold has substantial

implications for the types of connections we expect to see in the network. Manifolds with

positive curvature (hyper-spheres) tend to encourage triangles to close and produce more

group structure, whereas negatively curved manifolds make it easier to form trees with long

paths.

Our focus is on estimating the curvature of a manifold based on a set of (noisy) distance

measurements. Our results rely on the fundamental, but profound, observation that the
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properties of triangles depend on the curvature of the manifold on which they’re embedded.

In particular, we leverage the fact that the distance between a vertex in a triangle and

the midpoint of the side opposite of that vertex is varies based on the curvature of the

manifold. Lubold et al. [2023] study a similar problem of hypothesis testing the geometric

class of various network models. However, we offer an alternative approach to estimating

curvature with several distinct advantages. Notably, our method requires only four distances,

derived from lengths on a triangle to estimate curvature, making it a local approach that

can be used to develop tests for constant curvature. Furthermore, our estimating function

is smooth, allowing a single equation to estimate the curvature and derive interpretable

asymptotic results, unlike Lubold et al. [2023], which requires an eigenvalue equation that is

generally not smooth and does not lead to interpretable asymptotics.

Our contributions include the following. We develop a smooth estimating equation to

estimate curvature using a noisy distance matrix, leveraging triangles and their median

lengths. We call the triangle median the distance from one vertex to the midpoint of the

other two (not to be confused with the statistical median). These results are general and

applicable to any noisy distance matrix, though in this paper we apply them specifically to

social networks. We next consider various aspects of working with surrogate midpoints when

a true midpoint is not observed in the data. We establish upper and lower bounds for the

curvature when collecting a set of distances that does not contain the midpoint of another

pair of points. We also establish “good conditions” under which surrogate midpoints form

arbitrarily close to the actual midpoint of other points. Next, we turn to the specifics of

the latent distance model. In this case, we present a curvature estimator and demonstrate

that, under the typical assumptions used to fit latent distance models, it is asymptotically

normal. We show that we can further improve estimation using a constrained estimator that

reflects the triangle inequality among distance constraints. Lastly, we demonstrate that our

estimator is a basis for the development of new methodology in sociology and cybersecurity

by testing for changes in curvature.

The remainder of the paper continues as follows. First, we include a literature review
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in Section 4.1.1. Next, in Section 4.2, we introduce our aforementioned methodological

contributions. We next illustrate the efficacy of these methods through a simulation study.

Then, we discuss downstream statistical tasks such as testing whether the curvature of a

noisy distance matrix is constant in Section 4.4 and detecting changepoints in Section 4.5.

We further elaborate on these with applications to co-authorship networks in physics and an

application in cybersecurity.

4.1.1 Literature Review

The use of distance matrices for data analysis is prevalent across numerous fields. Originat-

ing from applications in psychometrics, multidimensional scaling (MDS) [Torgerson, 1952]

pioneered the use of distance-based methods and has been explored in various domains,

including the analysis of protein shapes [Havel and Wüthrich, 1985], image classification

Tenenbaum et al. [2000], and natural language processing Kusner et al. [2015]. Notably, Hoff

et al. [2002b] introduced this idea in a model of social network formation, which has since

been expanded in numerous ways, such as model-based clustering Handcock et al. [2007],

multi-view networks Salter-Townshend and McCormick [2017], and dynamic networks Kim

et al. [2018]. Some models use mixtures of a block structure to model only at the individual

level within a cluster of the network [Fosdick et al., 2016, Lok et al., 2021]. Latent distance

models have been applied to problems like modeling social influence [Sweet and Adhikari,

2020], social media relationships of politicians [Lok et al., 2021], and neuron connectivity

[Aliverti and Durante, 2019], among others.

We focus on the properties of the geometric space underlying a latent distance model,

particularly the notion of curvature. The sectional curvature of a latent space is broadly

defined as the deviation from a flat (Euclidean) space via the growth of the circumference

of small circles as a function of their radius. An important class of manifolds are those that

are simply connected and have constant curvature. A classical result from Killing [1891]

characterizes these as the spherical (positive curvature), Euclidean (0 or flat curvature), and

hyperbolic (negative curvature) spaces. Though importantly, these do not represent the
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entire class of such manifolds.

Classically, the choice of the embedding space was at the discretion of the analyst. No-

tably, latent spherical and Euclidean spaces were used in Hoff et al. [2002b]. However,

other metric spaces, particularly spherical and hyperbolic spaces, have been found to bet-

ter represent many network data types Smith et al. [2017]. The authors also provide a

simulation-based approach to compare the eigenspectrum of the graph Laplacian to models

under spherical, hyperbolic, and Euclidean geometry. They show how the latent embedding

space influences observed properties of the network, notably the degree distribution and

clustering of the network, which can influence the behavior of network contagion processes

(i.e., SIR models) [Volz et al., 2011].

Our work bears the closest resemblance to that of Lubold et al. [2023], which discusses

hypothesis testing of the latent space among a class of models and the estimation of the re-

lated distance matrix. Our work is distinct in several ways. Firstly, our method of estimating

the curvature of the latent space is novel and useful for deriving interpretable asymptotic re-

sults. This is due to the fact that our method allows for an estimating equation approach to

identifying curvature, which leads to desirable properties. Importantly, their approach tests

whether the geometry can be embedded globally in each of the canonical spaces, whereas we

provide a local approach derived from triangle distances. Furthermore, we also provide an

improved latent distance estimator which allows for the construction of an asymptotically

normal distance matrix, based on cliques (fully connected subgraphs) in a network. Our ap-

proach for curvature estimation is modular and can be applied to general distance matrices.

Consequently, we illustrate how to test for constant curvature within an embedding space.

An alternative definition of graph curvature worth discussing includes the Ollivier-Ricci

curvature [Ollivier, 2007] and extensions such as Haantjes-Ricci curvature [Saucan et al.,

2020] and Forman-Ricci curvature [Leal et al., 2018]. These definitions of curvature are de-

rived from metrics arising from graph distances (i.e., integer-valued shortest path distances)

rather than distances on a smooth latent space. As such, it is not apparent what these

estimates will converge to (or if they converge at all) when a network is studied as a random
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object, with the exception of van der Hoorn et al. [2020], who study a problem where connec-

tions are governed by a small radius on a latent space. The authors study the convergence of

a modified Ollivier-Ricci curvature to the Ricci curvature of the underlying space in random

geometric graphs under the limit of the connection radius shrinking to 0. However, these

discrete curvatures have also been applied to various settings, such as financial network in-

stability [Sandhu et al., 2016, Samal et al., 2021], network sampling [Barkanass et al., 2022],

cancer detection in gene regulatory networks [Sandhu et al., 2015], functional neuroscience

[Farooq et al., 2019], and community detection [Sia et al., 2019, Ni et al., 2019].

4.2 Methods

We begin by formally introducing our environment, including defining the properties of

manifolds covered by our method. Next, we propose an estimator of curvature based on

noisy distance measurements from triangle midpoints. We will begin with an ideal estimator

when the true midpoint is measured and then follow up with a study of using points that

are nearly midpoints, which we call surrogate midpoints, in their place. These methods are

general and apply in any setting where we have measured noisy distances. We then turn to

our setting–social networks–and describe in detail how to construct distance estimators, and

subsequent estimates of curvature, for the latent distance model.

4.2.1 Geometric Environment

We begin by defining the geometric environment. We assume points lie on a Riemannian

manifold Mp of dimension p, equipped with a corresponding metric tensor g. The metric

tensor can be used to define the sectional curvature of the manifold at a point q ∈ Mp.

For our purposes, we assume that this manifold is connected and that the curvature is both

upper and lower bounded. In our problem, we exclusively work with distances and thus

consider the metric space induced by the Riemannian manifold M = (Mp, d). We include

the related definitions of the metric tensor and the distance on the manifold in the appendix

in Section C.4.
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We further assume the manifold is a member of the class of simply connected Riemannian

manifolds with constant sectional curvature (κ). This assumption is consistent with work on

the latent distance model in social networks [Hoff et al., 2002b]. These include the classical

Euclidean Ep (κ = 0), spherical Sp(κ) (κ > 0), and, more recently, hyperbolic space Hp(κ)

(κ < 0). The celebrated Killing-Hopf theorem states that these are the only manifolds of

this type [Killing, 1891, Hopf, 1926]. Therefore, we refer to these manifolds spaces as the

canonical manifolds, and we introduce common representations of these manifolds later

in this subsection.

To identify the curvature, we rely on a simple geometric insight, relating the side lengths

of a triangle and the length of the triangle’s median; the line segment connecting a vertex

to the midpoint of the opposite side.

In general, we require the manifold to satisfy two properties.

• (A1) (Algebraic Midpoint Property) M satisfies the algebraic midpoint property.

For any x, y ∈Mp, there exists a point z such that dMp(z, x) = dMp(z, y) = 1
2
dMp(x, y).

• (A2) (Locally Euclidean) For all q ∈Mp, there exists some δ > 0 and some functions

cp, Cp such that for all ϵ ≤ δ:

cp(ϵ) ≤
Vol(BMp(ϵ, q))

Vol(BEp(ϵ, 0))
≤ Cp(ϵ) and lim

ϵ→0

Vol(BMp(ϵ, q))

Vol(BEp(ϵ, 0))
= 1.

Here, BMp(ϵ, q) is the ϵ-ball onMp centered at a point q, which we abbreviate to B(ϵ, q),

and BEp(ϵ, 0) is the ϵ-ball in Euclidean space. These conditions will hold under our mild

assumptions on the manifold. See Section C.5 in the supplementary materials for details.

Next, we consider an explicit set of representations of the canonical manifold.

Canonical Manifolds.

Each of the canonical manifolds can be represented using a set of positions with real-

valued vectors and a corresponding distance function, allowing for closed-form computation

of the distances. We include definitions for Euclidean, spherical, and hyperbolic spaces for

completeness. We emphasize the difference between the intrinsic and extrinsic geometry
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here. Though each of these canonical manifolds is embedded in Rp, only the Euclidean space

uses the standard 2-norm to construct the distances. The curved canonical manifolds Sp

and Hp(κ) can be embedded in Rp+1 along with a properly defined metric. In the spherical

example, we compute the length according to the path length on the surface of the sphere,

rather than the Euclidean distance through the sphere. We next highlight each of these

models.

The Euclidean manifold: Ep can be described using a set of points in Rp with the

standard 2-norm.

dEp(x, y) =

√√√√ p∑
k=1

(xk − yk)2

The spherical manifold: Sp with curvature κ > 0 is equivalent to the sphere of radius

r = 1
κ2 . We express this using a set of coordinates x ∈ Rp+1, such that

∑p
k=0 x

2
k = 1. The

distance on the sphere can be computed using the quadratic form BSp defined below:

BSp(x, y) =

p∑
k=0

xkyk, dSp(x, y) =
1√
κ
arccos(BSp(x, y)).

The hyperbolic manifold: Hp with curvature κ < 0 can be constructed using the

hyperboloid model (Minkowski model), which corresponds to a set of points x ∈ Rp+1, such

that x2
0 −

∑p
k=1 x

2
k = 1, x0 > 0. An analogous quadratic form BHp exists for the hyperbolic

embedding and can be used to compute the distances:

BHp(x, y) = x0y0 −
p∑

k=1

xkyk, dHp(x, y) =
1√
−κ

arccosh(BHp(x, y)).

4.2.2 Identifying Curvature

A number of methods exist to verify whether a particular set of distances can be embedded in

a space of constant curvature, typically based on the zeros of eigenvalues of a transformation

of the distance matrix. These include methods by Schoenberg [1935] and Begelfor and

Werman [2005], as well as Cayley-Menger determinants [Blumenthal and Gillam, 1943].

Lubold et al. [2023] previously used such a criterion to identify whether a set of distances
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Figure 4.1: Midpoint distances and curvature of the space with equilateral triangles. The

length of the triangle median dxm is an increasing function of the curvature κ for fixed other

triangle side lengths.

could be globally embedded in a particular curvature space. In this work, we take a different

approach where we identify curvature based on a minimal set of points. We also estimate a

specific curvature, rather than performing a test on the sign of the curvature, as presented

by Lubold et al. [2023].

We rely on a simple geometric observation. Consider a set of three points that form

a triangle and the length of the median. This length reveals the sectional curvature of

the manifold, where a smaller distance corresponds to a more negatively curved space and a

larger distance corresponds to a more positively curved space. This is visualized in Figure 4.1

for Euclidean, spherical, and hyperbolic triangles.

This use of midpoints helps to identify the curvature uniquely, when it may not be

identified in other situations. For example, consider 4 points placed equidistant from each

other. This set of distances can be either represented in E3 as the tetrahedron, or using

equidistant points on the sphere S2(κ) for κ > 0, making it impossible to identify the

curvature of the space from this collection of distances alone.

We instead take a more direct approach to eliciting curvature by leveraging distances

in a triangle and the triangle median (which, recall, is the distance from one vertex to

the midpoint of the other two and distinct from the statistical median). This allows us to

identify curvature with only four points in total. We now formalize this intuition. For any
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three points x, y, z which lie in an unknown canonical manifold of dimension p ≥ 2 with

constant sectional curvature κ, (x, y, z) can be isometrically embedded in a submanifold of

dimension 2. We illustrate this through the use of submanifolds that contain their geodesics,

the paths on a manifold that minimize the path length between two points, and thus define

a distance. Simply stated, even if the manifold’s dimension p > 2, the curvature can be

identified through the totally geodesic submanifold containing the triangle.

Definition 4.2.1. A submanifold M̃ ⊂M is totally geodesic if every geodesic in M̃ is also a

geodesic inM.

Some simple examples include the Euclidean plane, within the three-dimensional Eu-

clidean space (E2 is a totally geodesic submanifold of E3). However, this is not always the

case; consider the two-dimensional sphere S2(κ), which also resides within three-dimensional

Euclidean space but does not contain all of its geodesics, as these geodesics in E3 pass through

the center of the sphere. This distinction highlights the differences between intrinsic and ex-

trinsic notions of distance, as our object of study is the former. We will use the fact that a

totally geodesic submanifold contains all points along the geodesic, including the midpoint.

Lemma 4.2.2. If any x, y, z ∈ Mp(κ) where p ≥ 2 and x, y, z are not co-linear. Then

x, y, z,m ∈ M2(κ) where M2(κ) is a totally geodesic submanifold of dimension 2 with con-

stant sectional curvature κ and m is the midpoint of points y and z.

The intuition behind this lemma is that, regardless of the ambient dimension of the

latent manifold p, we can determine the curvature from a two-dimensional submanifold.

This submanifold is constructed from the geodesics of a given triangle. As we will see in

Theorem 4.2.3, the side lengths and the length of the triangle’s median are sufficient to

identify the curvature of the manifold. The proof is straightforward and in Section C.1.1.

The main implication here is that the totally geodesic submanifold allows us to look at the

distances in a subspace of dimension 2 which will be useful in the following theorem for

identification. The three points x, y, z will fall into one of these sub-manifolds, as well as
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m which lies on the geodesic between y and z. Since geodesics determine the distance, and

geodesics on the submanifold are the same as geodesics on the manifold.

We now use this fact to derive an equation which will relate the curvature κ to the set

of distances between the points (x, y, z,m), which we denote d△ = (dxy, dxz, dyz, dxm).

Theorem 4.2.3 (Midpoint Curvature Equation). Suppose that points x, y, z ∈ Mp(κ) an

unknown Riemannian manifold of dimension p ≥ 2 of constant sectional curvature κ. Let m

denote the midpoint between y, z. The following equation holds for κ ∈ R.

g(κ,d△) = Re

[
2 cos(dxm

√
κ)

κ
−

sec(dyz
2

√
κ)(cos(dxy

√
κ) + cos(dxz

√
κ))

κ

]
= 0 (4.1)

Where djk denoted the distance between points j, k and Re[] denotes the real part of the

equation.

The proof first leverages the fact that by Lemma 4.2.2, we can construct a submanifold

of dimension 2 that contains the midpoint of points on a triangle. We then use this to derive

an equation that relates the side lengths of the triangle, the triangle median length, and

the curvature of the space. For cases when κ < 0, we take the real part of equation (4.1),

which is equivalent to replacing the trigonometric functions with their hyperbolic analogues.

Though this does require that p ≥ 2, this covers most manifolds of interest. The proof is

found in the supplementary materials in Section C.1.2. It will also be convenient to express

the length of the triangle median dxm(κ;d
△(x, y, z)) as a function of the curvature κ and a

set of triangle side lengths d△(x, y, z).

We remark on the a similar criterion used by Gu et al. [2018] for identifying the number

of components of positive and negative curvature in a product-space embedding. Gu et al.

[2018] derive the parameter θT from Toponogov’s theorem (which can be found in the ap-

pendix Theorem C.1.3) and its sign can be used to identify the sign of the curvature of the

manifold. In fact, it is straightforward to show limκ→0 g(κ,d
△) = θT (d

△).

If the sectional curvature of Mp is positive, then θT (d
△) > 0, and if the curvature is

negative, θT (d
△) < 0. In Euclidean space, θT (d

△) = 0, and this reduces to the parallelogram
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law. Our method is distinct as it directly identifies the curvature using this same set of

distances, rather than the sign of the curvature.

If the true manifold that generates the distances is non-constant, then the value κ is the

curvature of the 2-dimensional canonical manifold which can isometrically embed a set of

triangle distances d△.

Our method differs from those of Schoenberg [1935] and the Cayley-Menger determinants

[Blumenthal and Gillam, 1943] because it requires midpoint information, which theirs do not.

Their methods do not uniquely identify curvature but only determine if a space of constant

curvature can embed an given distance matrix. In the appendix, we illustrate the smoothness

of this equation, which is also a desirable property for plug-in estimators (Section C.8.2).

4.2.3 Estimating Curvature

In this subsection, we describe how to estimate the curvature from a noisy estimate of a set

of distances using Theorem 4.2.3. We begin by introducing an estimator based on triangle

distances and its median length. In practice, we are often given an estimate of a distance

matrix between an arbitrary set of K points D ∈ RK×K . In this setting, it is not guaranteed

that there is a midpoint of two other points among the observed points in the distance

matrix. We illustrate how one can bound the curvature in this setting. Lastly, we introduce

a result that characterizes the formation of points arbitrarily close to the midpoint of other

points.

We first consider an idealized scenario. In this setting, we suppose that we are given an

estimate of the triangle distances d̂
△
. We return to the problem of estimating distances in

our model in Section 4.2.5. We can use such a set of noisy or estimated distances to estimate

the curvature (κ̂) by solving for the value of κ which is the solution to equation 4.2.

g(κ̂, d̂
△
) = 0 (4.2)

The advantage of this method is that the smoothness of g allows for the derivation of

explicit asymptotics for κ̂, which is not possible for the method used by Lubold et al. [2023].
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We present this result below in Theorem 4.2.4.

Theorem 4.2.4. Suppose there exist points x, y, z ∈Mp. Let m denote the midpoint between

y, z where these points are fixed. Let d̂
△
= (d̂xy, d̂xz, d̂yz, d̂xm) be the estimated distances and

d△ = (dxy, dxz, dyz, dxm) be their true, unknown counterparts.

Assume we have a distance estimator d̂ such that

• (B1) r(n)
(
d̂
△
− d△

)
→ N(0,Σ)

• (B2) κ <
(

π
max{dxy ,dxz ,dyz ,dxm}

)2
• (B3) d

dκ′dxm(κ
′;d△(x, y, z))

∣∣∣∣
κ′=κ

> 0

Where r(n) is the rate of convergence. Let κ̂ be the solution to g(κ, d̂) = 0. Then

r(n)(κ̂− κ)→d N

(
0,

(
∂g(κ, d)

∂κ

)−2 (
∇dg(κ, d)

⊤Σ∇dg(κ, d)
))

(4.3)

where →d refers to convergence in distribution. If (B1) is replaced by a consistency, i.e.

||d̂
△
− d△|| = oP (r(n)), then κ̂− κ = oP (r(n)).

The proof is found in the supplementary materials in Section C.1.3 and is an application

of the implicit function theorem together with the delta method. Assumption (B1) is mild as

it only requires asymptotic normality of the distance estimator. Assumption (B2) is trivial

since it simply requires that the true distances are not greater than the maximum allowable

distances on the sphere of curvature κ. Assumption (B3) tends to hold unless the three points

x, y, z are collinear. For a more in-depth discussion of the non-decreasing property of the

midpoint, see Lemma C.1.2 in the appendix. In Section 4.2.5, we illustrate the asymptotic

normality of a distance estimator based on cliques. We next discuss the bias associated when

a set of pairwise distances are observed, where no point is necessarily a midpoint of another

pair of points.

In general, rather than distances from a triangle median, we may only observe distances

in the form of a distance matrix D ∈ RK×K . There might not be a midpoint between two
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other points within this set. In this case, given a triangle, we can use a point nearby to the

midpoint as a surrogate midpoint m′ taking the role of a midpoint between y, z.

We let κ′ be the solution to equation (4.2) where dxm′ takes the place of dxm. In this

case, we can approximate the bias of the curvature estimate using a Taylor series expansion.

0 = g(κ′,d△′
)− g(κ,d△)

= ∇κg(κ,d
△)(κ− κ′) +∇dxmg(κ,d

△)(dxm − dxm′) + o(|κ− κ′|+ |dxm − dxm′ |)

=⇒ |κ− κ′| ≈ (∇κg(κ,d
△))−1∇dxmg(κ,d

△)|dxm − dxm′ |

≤ (∇κg(κ,d
△))−1∇dxmg(κ,d

△)dmm′ .

Therefore, the bias will scale approximately linearly as a function of dmm′ for small values of

dmm′ .

If four points are within a manifold of constant curvature x, y, z,m′ ∈ Mp(κ), then

using the curvature value κ, one can compute the distance from the midpoint m to m′ by

letting m′ take the place in equation (4.1) and solving for dmm′ . As such, we denote this

dmm′(κ) := dm′m(κ;d
△(y, z,m′)) as a function of the curvature. Using the triangle inequality,

we can then upper and lower bound the curvature by replacing dxm with upper and lower

bounds in equation (4.1) and solving the corresponding equations. We illustrate this in

Theorem 4.2.5.

For a given κ, let d△,+(κ) = (dxy, dxz, dyz, dxm′+dmm′(κ)) and d△,−(κ) = (dxy, dxz, dyz, dxm′−

dmm′(κ)).

Theorem 4.2.5 (Curvature Bounds). Let x, y, z,m′ ∈ Mp(κ). Then let djk denote the

distance between points j, k ∈ {x, y, z,m′}. Let κu and κl denote the solutions

g(κu,d
△,+(κu)) = 0, g(κl,d

△,−(κl)) = 0

then κl ≤ κ ≤ κu.

When the surrogate midpoint and the true midpoint are the same, then dmm′ = 0 and

the upper and lower bounds converge. Similar to the curvature estimate κ̂, given a noisy
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estimate of the distances, we can estimate the upper and lower bounds of the curvature.

In Section 4.4, we leverage these bounds to develop a test of constant curvature. We next

address the formation of surrogate midpoints arbitrarily close to the midpoints of other pairs

of points.

We next provide an outline involving how fast we can expect surrogate midpoints to form.

In order to do so, we first introduce a useful definition. A subset A ⊂Mp is geodesically con-

vex if the geodesic between any two points in A is contained within A itself. Here, convexity

on a manifold will refer to geodesic convexity. In Theorem 4.2.6, we let hm,3(m1,m2) denote

the joint density function of a pair of midpoints with a shared endpoint and hm,4(m1,m2)

denote the joint density of two midpoints without a shared endpoint. These two densities

will be functions of the unknown manifoldM and the distribution of the positions Z ′, GZ′ .

Figure 4.2: Left side illustrates two midpoints with a shared endpoint with joint density hm,3,

while the right side illustrates a joint density with no shared endpoints hm,4. Endpoints, i.e.,

sampled positions of Zi are shown in blue while midpoints of the pairs are shown in red.

Theorem 4.2.6. Suppose that Z ′
i

iid∼ HZ′ are K points sampled iid from a distribution on

a simply connected manifold Mp. Denote this set of points {Z ′
i}Ki=1 = DK. Suppose there

exists a convex region A for which

• (C1) h(z) ≥ α > 0, for all z ∈ A

• (C2) dim(A) = p ≥ 2

• (C3) hm,3(m1,m2), hm,4(m1,m2) ≤ αm <∞
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for all z ∈ A where f is the density function corresponding to GZ. Let m(y, z) denote the

midpoint between two points y and z. Define the statistic

Φ(DK) := min
x,y,z∈D:x ̸=y,x̸=z,y ̸=z

d
(
m(y, z), x

)
which is the minimum distance from an observed point to the midpoint of another pair of

points. Then

Φ(DK) = OP (K
−3/p). (4.4)

Our approach to demonstrating the above result draws on the work of Cai et al. [2013]

and Brauchart et al. [2015], who discuss the convergence of the minimum distance be-

tween any two points sampled uniformly on a hypersphere. These authors show that

mini,j d(Zi, Zj) = OP (K
−2/p), and they also derive an exact distribution for mini,j d(Zi, Zj)

under the assumption of uniformity on the sphere. They use a technique that recursively

computes the probability that a point is at least a radius ϵ away from the previous K points.

In our approach, at each placement of a new point, there are
(
K
2

)
midpoints instead of K

current points, leading to the faster rate we observe.

Assumption (C1) ensures the existence of geodesically convex regions for which midpoints

can form. Assumption (C2) ensures that this region has the same dimension as the ambient

space. Lastly, Assumption (C3) is relatively mild as long as we have a smooth manifold and

a continuous density. The proof is detailed in Section C.1.5 of the supplementary materials

and relies on a result regarding medians of arbitrarily correlated random variables, which

may be of independent interest (Theorem C.1.4).

4.2.4 Reducing Bias and Variance in Curvature Estimation

When given an estimate of a distance matrix and to later apply our method, as in many

statistical problems, we are concerned with the bias and variance of our estimator. The

variance, in general, will be driven by the shape of the triangle used to estimate the curvature,

while the bias will be driven by the closeness of the surrogate midpoint to the true midpoint
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of a triangle. We first visualize this phenomenon and then follow up by providing some

practical strategies for constructing good estimators.

We can visualize the theoretical variance by using our asymptotic result in Theorem 4.2.4.

In Figure 4.3, we plot the variance of the curvature estimate for a distance estimator with

identity variance (i.e., d̂
△
∼ N(d△0, I4×4)) for a variety of choices of κ. In this plot, we change

the position of the vertex x of the triangle (which we may also refer to as the reference point).

The smallest variance reference points across all of these curvatures are the ones that form

nearly equilateral triangles with the points y, z. Additionally, the variance of the estimator

tends to be larger in a given reference location as the curvature κ decreases. We plot all

reference points x within a ball of radius 2. Secondly, we illustrate, for an equilateral triangle,

the bias of the estimate of the curvature when moving the location of the surrogate midpoint

m′. The spherical and hyperbolic spaces are shown using a projection where the distance to

the center and relative angle are mapped onto Euclidean space.

Figure 4.3: Variance as a function of x position. True points (y,m, z) in black.

We next illustrate some practical choices to minimize the bias and variance of a curvature

estimate from a distance matrix D̂.

Choosing the Best Midpoint. In practice, we would like to search over the space
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Figure 4.4: Bias as a function of surrogate midpoint m′ position. True points (x, y, z) in

black. For visualization purposes, the bias is capped at a magnitude of 5.

to find the best midpoint between two other points in the distance matrix. The midpoint

between any two points y, z is also known as the Fréchet mean, which is defined as follows:

m∗ = argmin
m∈Mp

d2ym + d2zm.

In practice we search over the space of candidate entries of a distance matrix D to find

the best midpoint available. We also want to ensure that the points y, z are not too close to

each other since this tends to lead to a high variance estimator. A reasonable option is to

normalize this quantity by dyz. Given a true midpoint m∗, then dym∗ = dzm∗ = 1
2
dyz, then

d2ym∗ + d2zm∗

d2yz
=

1

2
. (4.5)

We can also add a term |dym−dzm|
dyz

which aids in balancing the lengths of the distance to each

point.

Therefore, to compute the best surrogate midpoint set, we solve the following problem:

ŷ, ẑ, m̂ = argmin
y,z,m

(
d2ym + d2zm

d2yz
+
|dym − dzm|

dyz

)
. (4.6)
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In cases where we are interested in measuring the curvature across multiple surrogate

midpoint sets, we remove this set of points and solve equation (4.6) for the remaining indices

to construct a collection of surrogate midpoint set {(y(j), z(j),m(j))}Jj=1.

Selecting the Best Triangles. Given a surrogate midpoint set (y,m′, z), we seek to

find choices for the reference point x which provide the lowest variance. A good rule of

thumb is to search for triangles x, y, z that are nearly equilateral.

We exploit this by considering a scaled version of the triangle inequality. Let C△ ∈ [1, 2]

be a constant that determines the flatness of the allowed triangles x, y, z. Then we select

only the x such that

dij + djk ≥ C△dik ∀(i, j, k) ∈ (x, y, z). (4.7)

If one believes that the curvature is constant across a surrogate midpoint set, we can

estimate a single curvature by taking the median across the values of x. This tuning pa-

rameter allows us to pick the triangles closest to equilateral, which tend to give the best

estimates of the curvature. Letting C△ = 1 allows for all triangles, no matter how flat they

are, and C△ = 2 will only permit exact equilateral triangles. Setting C△ too large results

in no triangles being found, and setting C△ too small will result in using triangles that are

very flat, often suffering from high variance in the corresponding κ̂ estimates. In practice,

we find that a value of C△ ∈ [1.05, 1.7] is effective, and a good default choice is 1.3.

From an estimated distance matrix D̂, we let XD̂,C△
= {x : eq (4.7)} denote the

set of reference points used for curvature estimation. We let κ̂x = κ(D̂, d̂
△
(x, y, z,m′)),

where d̂
△
(x, y, z,m′) denotes the estimated distances of the triangle (x, y, z) with surrogate

midpoint m′. Let κ̂med = median{κ̂x}. Given X, we can construct the median estimator

κ̂med,X of the curvature in equation (4.8).

κ̂med,X = medianx∈Xκ(D̂, y, z,m, x) (4.8)

We now turn to estimating the distance matrix D̂ in a latent distance model.
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4.2.5 Distance Estimation in Latent Distance Models for Social Networks

We consider the random undirected network corresponding to a graph G = (V,E) where

|V | = n, with adjacency matrix A ∈ {0, 1}n×n such that Aij = 1 iff (i, j) ∈ E. We motivate

our method through the latent distance model of network formation Hoff et al. [2002b]. This

is one specific choice of distance model that we will focus on, but it is not the only option.

In this model, locations Zi, Zj are most generally equipped to some metric d(·, ·), forming

a metric space, M. As before we consider the metric space generated from a manifoldMp

of dimension p, where the probability of forming an edge is inversely proportional to the

distance on the latent metric, dM(Zi, Zj),

Λ

(
P

(
Aij = 1

))
∝ −dM(Zi, Zj)

where Λ(·) is a link function. Where convenient, we condense dM(Zi, Zj) to dij for brevity

to denote the distance between two indices i and j. A specific form we consider, is to include

random effects (representing node level-gregariousness, or a degree correction), is as follows:

P (Aij = 1|ν, Z) = exp

(
νi + νj − dM(Zi, Zj)

)
(4.9)

where

Zi ∼iid FZ νi ∼iid Fν

with a corresponding measures Fν having support on the non-positive real line supp(Fν) ⊂

(∞, 0]. The latent position measure FZ has support on some the latent manifoldMp. Here

iid refers to sampling identically and independently from the latent distribution.

This model relates the latent distances of the generative model to the probability of a

connection between two points. Although not discussed in this paper, simple generalizations

can be derived for directed networks. This paper aims to estimate the curvature ofMp. The

exp(·) link function is used as an example for ease of explanation in deriving the localization

of positions in the latent space (this will be further discussed later in this section). However,

in the supplementary materials (Sections C.3.1, C.3.2), we discuss the extension to the
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expit(·) model, which was the original link function proposed by Hoff et al. [2002b], as well

as additional link functions. As we illustrate in Section 4.2.5, this link function will be

convenient for describing the formation and localization of latent positions within cliques,

which are useful for estimating latent distances.

In this section, we illustrate a procedure for estimating a distance matrix based on latent

positions in a latent distance model. We improve upon the results of Lubold et al. [2023]

to construct an asymptotically normal distance estimator using cliques, fully connected sub-

graphs of the graph G. This approach has two advantages. First, since cliques represent

multiple nodes, we have multiple opportunities for connections between two cliques, meaning

we can use the fraction of realized ties between two cliques as an estimate for the probability

of connection between the two cliques. Second, cliques correspond to points near each other

in space. As the size of the clique grows, the maximal distance between latent positions must

be small (in fact, the maximum distance between nodes in a clique will converge exponen-

tially fast with respect to the size of the clique). This means that we can consider cliques as

”points” on the manifold that can be used to identify a distance matrix. We visualize this

in Figure 4.5.

Figure 4.5: Illustration of the localization of the latent positions within a clique. Nodes are

shown in magenta, while the position on the latent space is shown in black.
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We discuss asymptotics for a fixed number of cliques (K) of size ℓ where the clique size

grows, ℓ→∞. In the appendix (Section C.3), we discuss the rate of clique formation as well

as other alternatives to the clique-based estimators, which can be tailored to sparse graphs.

Under this model, as n → ∞, the expected number of cliques of size ℓ = O(n1/(p+2)−ϵ) for

ϵ > 0 grows to infinity as well. Since the formation of cliques requires nodes to be extremely

close to one another in the latent space, the primary driver is the intrinsic dimension of

the latent space p, rather than the curvature. A formal statement of this is found in the

appendix (Section C.3.3).

An important aspect we consider is the maximum radius of a set of positions conditional

on a clique. Unless latent positions are nearly (or exactly) in the same location, large cliques

are rare in latent distance models. Lemma 4.2.7 illustrates a rate of convergence of these

latent locations relative to the size of a clique. Additionally, the nodes which form cliques

will also have random effects approaching 0, Lemma C.1.5.

Under this model, the nodes within a clique have nearly the same latent position. For

illustration purposes, we first assume that this holds and later illustrate the rate at which

the diameter of the set of latent positions within a clique converges. Let X, Y ∈ {1, 2, . . . , n}

denote sets of nodes representing non-overlapping cliques. Then the average probability of

connection can be used to identify the latent distance if we can also estimate the average of

random effects (ν). Let |W | denote the size of W ∈ {X, Y }.

Lemma 4.2.7. Assume the latent distance model as in equation (4.9) and let Cℓ denote the

event that a collection of nodes indexed by i ∈ {1, . . . , ℓ} form a clique of size ℓ.

Let µd := E[d(Zi, Zj)] denote the average distance between any two sampled latent posi-

tions Zi and Zj which are sampled independently from FZ. If this latent density satisfies the

following condition

• (D1) FZ admits a continuous density (fZ)
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then for any 0 < µ̃d < µd,

max
i,j

d(Zi, Zj)|Cℓ = oP (exp(−µ̃dℓ/p)).

See the supplementary materials Section C.1.6 for the proof of this lemma. The main

implication is that it is reasonable to treat the latent positions as a single point when nodes

are within a clique. The assumption of FZ admitting a smooth continuous density (fz) is

extremely mild. In fact, one could derive even faster rates if the latent density contained

point masses.

An similar result can be derived for the node-level random effects.

Lemma 4.2.8. Assume the latent distance model as in equation (4.9) and let Cℓ denote the

event that a collection of nodes indexed by i ∈ {1, . . . , ℓ} form a clique of size ℓ. Suppose

that

1. (E1) Fν admits a continuous density (fν) on (−∞, 0] and this density function is

positive at 0, fν(0) > 0

Let µν := E[ν]. Then for any µν < µ̃ν < 0

min
i

νi|Cℓ = oP (exp (−|µ̃ν |ℓ)) (4.10)

This theorem states that the nodes we find in a clique tend to have near-zero random

effects. This will be useful as the random effects will converge to zero, allowing one to use

between-clique connections to estimate distances. We next leverage each of these results to

construct an estimator for a set of distances on the underlying manifold.

Due to the localization of the latent positions and random effects within a clique, one

can estimate a set of distances using the average connection probability across cliques. Let

X ,Y ⊆ V be subsets of vertices that denote nodes that form cliques respectively. We define

the average probability of connection across cliques X ,Y by pXY . Based on the results of

Lemma 4.2.7, we note that the maximum distance between a set of two points within the

same clique is oP (exp(−µ̃dℓ)), therefore we let dXY denote the average distance in the latent
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space between latent positions of the cliques. For any x, y ∈ X ,Y , dxy = dXY + oP (exp(−µ̃dℓ)

and hence the pairwise distances between nodes in a clique are nearly identical. We can

therefore relate the average connection probability to the average distance across cliques:

pXY :=
1

|X ||Y |
∑
x∈X

∑
y∈Y

pxy

=
1

|X ||Y |
∑
x∈X

∑
y∈Y

exp(νx + νy − dxy)

= exp(−dXY )
1

|X ||Y |
∑
x∈X

∑
y∈Y

exp(νx + νy) (1 + oP (exp(−µ̃dℓ)))

dXY = − log(pXY ) + γX + γY + oP (exp(−µ̃dℓ))

Where γW := log

(
1

|W |
∑
w∈W

exp(νw)

)
for W ∈ {X ,Y }.

Since there are ℓ2 possible connections between a pair of cliques of size ℓ, we can construct

an asymptotically normal estimator of pXY using the sample mean of the connections across

cliques. By Lemma 4.2.7, the distance between latent positions within a clique is negligible.

Our goal is to develop an asymptotically normal estimate of dXY . We can achieve this by

estimating γX and γY at sufficiently fast rates (i.e., at least oP (
1
ℓ
)) so that these are negligible

compared to the estimation of pXY , for which we can leverage a central limit theorem.

For W ∈ {X ,Y }, in order to estimate γW , we consider the average connection probability

to any node in the network, conditional on a node being in a clique of size ℓ:

P (Aik = 1|Cℓ) = exp(νi)

∫
exp(νk + d(zi, zk)) dFZ(zk|Cℓ) dFν(νk|Cℓ)

P (Aik = 1|Cℓ)

P (Ajk = 1|Cℓ)
= exp(νi − νj) + oP (exp(−µ̃dℓ)).

By Lemma 4.2.7 d(Zi, Zj) = oP (exp(−µ̃dℓ)). Estimation is straightforward by considering

the density of connections, namely: P̂ (Aik = 1|Cℓ) = di
n
. Since we only use the ratio to

compute the estimates of exp(νi − νj), the total number of nodes n is not necessary. Given

ℓ≪ n, where n is the number of nodes in the network, this ratio can be estimated easily using
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the degree ratio. We define ∆νi := νi−νW , allowing us to identify ∆νi, where νW = maxi∈W νi

γW = νW + log

(
1

|W |
∑
i∈W

exp (∆νi)

)
.

The remaining question is to estimate νW . Fortunately, as we have previously discussed in

Lemma 4.2.8, within a clique, the random effects approaches 0 at an exponentially fast rate.

Hence, an estimator for the random effect can be constructed by setting the largest degree

node’s random effect to 0:

γ̂W = log

(
1

|W |
∑
i∈W

di
maxj∈W dj

)
. (4.11)

This in turn can be used to estimate the distances:

d̂XY = − log(p̂XY ) + γ̂X + γ̂Y (4.12)

where p̂XY = 1
|X ||Y |

∑
x∈X

∑
y∈Y Axy. The asymptotic distribution is next described in Theo-

rem 4.2.9.

Theorem 4.2.9. Let d̂XY the distance estimator as per equation (4.12). Suppose that X ,Y

are cliques of size ℓ and X ∩ Y = ∅. If the following conditions hold:

• (F1) ℓ = o(
√
n)

• (F2) limℓ→∞

∑
x∈X

∑
y∈Y (Axy−pxy)2I(|Axy−pxy |>ϵℓ2σℓ)

σℓ
= 0

for all ϵ > 0

and we denote

pXY =
1

ℓ2

∑
x∈X

∑
y∈Y

pxy (4.13)

σℓ =
1

ℓ2

∑
x∈X

∑
y∈Y

pxy(1− pxy). (4.14)

Then √
ℓ2

σℓ

pXY

(
d̂XY − dXY

)
→d N(0, 1) (4.15)
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The condition (F1) simply states that the size of the cliques should grow at a rate slower

than
√
n, the total size of the network, which is a very mild assumption. This is to ensure

that the asymptotics associated with the estimation of γW are negligible. Condition (F2) is

the standard Lindeberg CLT condition.

If the node-level probabilities of connection pxy is bounded away from 0 and 1, then this

will hold (this may not hold if dXY → −∞). The full proof is found in Section C.1.8. The

main implication is that the asymptotic distribution is driven by the estimator p̂XY . Since

the random effects will approach 0, for large cliques pXY ≈ exp(−dXY ), thus allowing for

simplified expressions for σℓ and pXY .

Constrained Estimation. Pairwise estimation of the distances according to equa-

tion (4.12) is one method of estimating a distance matrix, however, this does not restrict

the final estimate to be a metric. When cliques are not connected to one-another, this may

result in distance estimates which are −∞.

For example, we construct an enumeration of the cliques of size 7 or greater from the

General Relativity co-authorship network of Leskovec et al. [2007] in Figure 4.6. Any pair of

cliques which does not share an edge will inherently be estimated to have infinite distance,

which prevents the estimation of curvature.

To address this challenge, we posit a similar estimation problem, while respecting the

triangle inequality for each triplet. The following estimation problem is posed below. Let C

denote the set of cliques in an observed graph. Let X ⊂ C be a set of indices corresponding to a

clique. We estimate the random effects within a clique i ∈ X according to ν̂i = log( di
maxj∈X dj

).

Given a set of fixed effects, we can propose a maximum likelihood optimization problem for

the distance matrix D ∈ RK×K . As by Lemma 4.2.7 cliques have approximately a common

latent position. From our latent distance model, we define the following likelihood function

for the connections within our set of cliques C, LC:

LC(D;ν) :=
∑

X ,Y ∈C,i∈X ,j∈Y

Aij (νi + νj − dXY ) +
∑

X ,Y ∈C,i∈X ,j∈Y

(1− Aij) log (1− exp (νi + νj − dXY )) .

We can now define the maximum likelihood optimization problem, after estimating a set of
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Figure 4.6: Clique subgraph of co-authorship network in ArXiv General Relativity. Cliques

of size 7 and greater are shown by color.

random effects ν̂

D̂ = sup
D∈RK×K

LC(D; ν̂)

s.t. dXY ≥ 0, Diag(D) = 0, tr(E⊤
s D) ≥ 0 ∀s ∈ S

where C is a list of clique indices. Es are matrices which define the triangle inequalities and

contain mostly 0’s other than 3 indices, i, j, k for which E[i, j] = E[i, k] = 1 = −E[j, k]. We

define S to be an enumeration of all such matrices Es. There are 3
(
K
3

)
such restrictions in

total. The set of feasible distance matrices that satisfy these constraints form a polyhedron of

interior dimension
(
K
2

)
, therefore therefore the constraints do not reduce the dimensionality

of the space of distance matrices, but reduce the volume of the space to a smaller polyhedron.

This optimization procedure is a convex and in practice, we may use CVXR to solve this system

[Fu et al., 2020]. For a greater gain in computational speed, we use the MOSEK solver for the

constrained optimization [Andersen and Andersen, 2000].
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Though in its current form, the problem is numerically challenging to solve due to the

sheer number of constraints. A natural option is to use the Newton method and approximate

the likelihood using a second order Taylor expansion and solve this problem successively.

Since the Hessian is diagonal, ∂2

∂dij∂dkl
LC(D;ν) = 0 if dij ̸= dkl, this can be made into a more

efficient quadratic program which can be solved faster in CVXR. Let g̃(D;D0;ν) be the second

order Taylor series approximation to LC about a matrix D0. We can successively solve for

D̂t+1 using the following constrained optimization problem

D̂t+1 = sup
D∈RK×K

g̃(D, D̂t; ν̂) (4.16)

s.t.dXY ≥ 0, Diag(D) = 0, tr(E⊤
s D) ≥ 0 ∀s ∈ S

which can be iteratively computed until LC increases less than some threshold. Each

iteration is a linear constrained quadratic program, a common convex problem for which

standard software has implemented faster solutions. We implement this in CVXR. For further

details, see the supplementary materials in Section C.2.2.

In practice, running the optimization step for many iterations can be computationally

costly. This is particularly problematic in a later application we discuss which involves a

subsampling approach to testing for constant curvature (Section 4.4). It is well known in

maximum likelihood estimation, one only needs to perform one Newton step for asymptotic

efficiency [Le Cam, 1956]. As a result, one can start with any consistent estimator of the

distance matrix D and apply a single Newton step from equation (4.16) and obtain the

same asymptotic distribution, and therefore in practice, only one step is needed. In the

appendix C.3.2 we include an alternative approach for estimating distance matrices under

an alternative framework, without the need for cliques. In practice, we can use the method in

equation (4.12) to form an initial estimate, then modify the entries so that it is a metric. One

example of an algorithm which can be used for this purpose is the Floyd-Warshall Algorithm.

This algorithm modifies as few entries as possible, solving a problem also known as sparse

metric repair [Gilbert and Jain, 2017]. For full details, see the appendix Section C.2.2.
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We now present the entire procedure for estimating latent curvature from a network in

Algorithm 8.

Algorithm 8 Algorithm for estimation κ̂.

Require: G, Steps T , Triangle constant C△, e.g. C△ = 1.4. Minimum clique size ℓ.

1: Find a set of C where K = |C | and C ∈ C where C ⊂ G such that |C| ≥ ℓ.

2: Estimate the initial distance matrix estimate as per equation (4.12) and denote this

D̂
(−1)

3: Apply the sparse metric repair algorithm (i.e. the Floyd-Warshall algorithm to modify

D̂
(−1)

so that it is a metric and denote this D̂
(0)
.

4: Estimate the distance matrix D̂ by iterating equation (4.16) T times.

5: Rank the surrogate midpoint sets and identify the best midpoint set ŷ, m̂, ẑ by applying

equation (4.6).

6: Select values of x,X such that equation (4.7) is satisfied.

7: Estimate κ̂ by taking the median over the set X as per equation (4.8).

8: return κ̂

In the appendix (Section C.3.2), we also illustrate an approach to estimating distance

matrices in a similar setting in the absence of cliques. We now continue with an empirical

study of our estimators.

4.3 Simulation Study

We construct a number of simulations to illustrate the performance of our curvature estimator

under the full model complexity. This involves first sampling the parameters of a latent

position cluster model to draw locations and variances independently, then sampling positions

and random effects from the random latent position cluster model. This is to illustrate how

midpoints may naturally align from random draws of the centers of the cluster model. We
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simulate from the following model:

µk ∼ FMp(κ)
µ (O, R) k ∈ {1, . . . , ⌈√ρ50⌉}

σ2
k ∼ Fσ2 π ∼ Dirichlet(2)

ρ ∈ { 1√
2
, 1, 2} κ ∈ {−2,−1,−0.5, 0, 0.5, 1}

where F
Mp(κ)
µ (O, R) denotes the prior distribution on the latent positions, which is a uniform

ball with radius R for κ > 0, and two concentric balls, one with radius R and the other with

R/2, with equal probability for κ ≤ 0. This setup facilitates forming midpoints since the

volume of a ball grows exponentially as κ decreases. In all simulations, we set R = 2.5. This

process determines a random latent position cluster model (LPCM) similar to Handcock

et al. [2007]. The locations of µk as well as the relative sizes of σ2
k determine where cliques

are most likely to form in the latent space. The parameter ρ refers to the scale of the network

simulations, allowing for the number of centers to grow with ρ, π refers to the vector of cluster

probabilities in the mixture model, µ and σ2 refer to the cluster mean scale parameters, and

κ the true curvature of the space. The parameters µ,σ2,π determine a latent position

cluster model, where the positions, Zi ∼ FZ := FZ(µ,σ
2,π;κ). The mixture components

correspond to the heat kernels in spherical space (Von-Mises Fischer distribution), Gaussian

distribution in Euclidean space, and the wrapped normal distribution in hyperbolic space

[Nagano et al., 2019]. In all cases, we let p = 3. The randomness in the latent position

cluster model incorporates the fact that we are not assigning good midpoints exactly but

finding them in the data each time we simulate a matrix. We let Fσ2 denote the gamma

distribution with shape parameter 1/16.

We then sample the networks according to the draw of the latent position cluster model:

n = 5000ρ, Zi ∼ FZ , νi ∼ Fν,ρ

pij = exp(νi + νj − d(Zi, Zj))

Aij ∼ Bern(pij)
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where FZ = FZ(π,σ
2,µ) is a particular draw of the random latent position cluster model.

The random effects distribution Fν,ρ is a trimmed normal distribution with mean −3ρ and

standard deviation 3ρ trimmed at 0 and log(2/
√
n) so that νi remain non-negative and

to prevent isolated nodes. We let the minimum clique size used in our estimator be ℓ =

(8+4 log(ρ)), which tends to generate 30−40 cliques. We repeat this 500 times for each scale

and curvature setting. In practice, we find the cliques using the maximal cliques function

in the igraph R package [Csardi and Nepusz, 2006]. See Section C.6 for additional graph

statistics summaries over the simulations. We provide the values of the tuning parameter

C△ in the appendix in Section C.7.

4.3.1 Consistency of Simulation Curvature Estimates

We now explore the consistency of our curvature estimate as a function of the curvature

of the latent space. In each of the simulations, we limit the number of cliques used in the

estimator to 35 (50 for κ ≤ −1) for computational convenience for numerous simulations;

though in real data applications, this number can be larger.

We plot the results in Figure 4.7. We see that, as the clique size increases, there is a

reduction in bias and variance. We note observe that as the curvature more negative, the

estimator has greater variability. This is for two reasons. Firstly, as we saw in Figure 4.3,

the variance of the estimate is simply larger when κ is negative in nearly all regions of the

space, a small variation in the length of a triangle median corresponds to a large variation in

the corresponding curvature. Secondly, due to the vastness of the negatively curved spaces,

we tend to have poorer quality midpoints form as well as fewer reference points x which form

nearly equilateral triangles.

4.4 Applications: Testing and Detecting Differences in Curvature

We now return to the problem of testing whether the latent space is one of constant curvature,

i.e. one of our canonical manifolds. Formulated as a statistical test, we write this null
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Figure 4.7: Consistency of Curvature Estimator. Upper error bars indicate the 0.95 quantile

of simulations and lower indicate the 0.05 quantile. Central dots indicate the mean after

trimming outliers larger than ±100 (0.107% of the observations).

hypothesis as follows,

H0 :M =M(κ).

This test could provide a model diagnostic (e.g. testing whether a latent variable model

that assumes a single constant manifold is appropriate) or provide meaningful insights into

heterogeneity in the structure of the graph.

Our test of constant curvature will rely on the upper and lower bounds of the curva-

ture, as developed in Section 4.2.3. We do this by leveraging a set of midpoint complexes

(i.e. (y(j),m(j), z(j))), and computing a set of corresponding upper and lower bounds on the

curvature at each set.

Our test will require the sampling distribution of the distance matrix estimator D̂. We

consider a method of subsampling from the distribution of the cliques in order to approximate

the sampling distribution of the distance matrix estimator. This is based on the subsampling
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approach of Politis and Romano [1994], which can be used to approximate the distribution

of a random variable using subsampling under conditions weaker than the bootstrap, similar

to the strategy in Lubold et al. [2023]. This is highlighted in Algorithm 9. For simplicity,

we illustrate the algorithm where we use subsamples of size ℓ− 1 of each of the cliques.

Let I = {Ik}Kk=1 denote a set of indices corresponding to the cliques, where Ik ∩ Ik′ = ∅

when k ̸= k′. Let ν̂Ik denote the set of estimated random effects corresponding to the clique

Ik. In Algorithm 9 f0 denotes the distance estimation by each of the distance separately

Algorithm 9 Sub-sampling Procedure to Approximate the Sampling Distribution of D̂

Require: G, B ≥ 1 and {Ik}Kk=1

1: for b ∈ {1, 2, . . . , B} do

2: for k ∈ {1, 2, . . . , K} do Sample |Ik| − 1 nodes without replacement from Ik and

denote this set I
(b)
k

3: end for

4: Denote the set I(b) = {I(b)k }Kk=1

5: Let ν(b) = νI(b) denote the corresponding random effects estimates.

6: Let D̂
(b)

0 = f0(A, I(b), ν(b)) Initial Estimate

7: Let D̂
(b)

1 = f1(D̂
(b)

0 ;A, I(b), ν(b)) One-step Estimate

8: end for

9: return {D̂
(b)
}Bb=1 = {D̂

(b)

1 }Bb=1

as per equation 4.12 and subsequent sparse modification of the distances using the Floyd-

Warshall Algorithm so that D̂0 is a metric. The subsequent step f1 refers to applying a

one-step estimation procedure of equation (4.16).

We now operationalize our test of constant curvature. Consider a set of midpoint sets

y′(j), j ∈ {1, 2, . . . , J} with corresponding reference points X(j). We test for whether the

curvature is constant across the latent space across each of these midpoint sets

H0 : κj = κj′ for all j, j
′ ∈ {1, 2, . . . , J}
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using Algorithm 10. In order to choose the corresponding locations we utilize the selection

of midpoint sets for J collections of midpoints as illustrated in 4.2.4.

Algorithm 10 Constant Curvature Test

Require: {D̂
(b)
}Bb=1 and {y(j), z(j),m′(j),X(j)}Jj=1

1: for b ∈ {1, 2, . . . , B} do

2: for j ∈ {1, 2, . . . , J} do

3: for x ∈ {X(j)} do

4: κ̂
(b,j)
u,x = κu(D̂

(b)
; y(j), z(j),m′(j), x)

5: κ̂
(b,j)
l,x = κl(D̂

(b)
; y(j), z(j),m′(j), x)

6: end for

7: Compute κ̂
(b,j)
u = medianx∈X(j) κ̂

(b,j)
u,x

8: Compute κ̂
(b,j)
l = medianx∈X(j) κ̂

(b,j)
u,x

9: end for

10: Compute κ̂
(b)
u = minj∈{1,2,...,J}κ̂

(b,j)
u

11: Compute κ̂
(b)
l = maxj∈{1,2,...,J}κ̂

(b,j)
l

12: end for

13: Let κ̂u,(m) be the mth order statistic of {κ̂(b)
u }Bb=1

14: Let κ̂l,(m) be the mth order statistic of {κ̂(b)
l }Bb=1

15: Let m = min{m : κ̂u,(m) ≥ κ̂l,(B−m)}

16: return p-value: min{2m/B, 1}

The constant curvature test involves analyzing a sampling distribution of distance ma-

trices D̂
(b)B

b=1 derived from Algorithm 9. It also uses collections of surrogate midpoint

sets {y(j), z(j),m′(j)}Jj=1 and the corresponding favorable triangle reference points {X(j)}Jj=1.

These sets help estimate the upper and lower bounds of curvature. Practically, each set

X(j) is chosen using the method described in equation (4.7). To reduce the variance of these

upper and lower bound estimates across surrogate midpoint sets, we use the median across

the reference points X(j). This then gives us a collection of upper and lower bound estimates

of the curvature across regions {κ̂(j)
l , κ̂

(j)
u }. If the minimum of the upper bounds is less than

the maximum of the lower bounds then this corresponds to a distance matrix that cannot
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be represented by a single curvature. This process is repeated across the set b ∈ 1, 2, . . . , B

and the proportion of times these quantities cross can then be interpreted as a p-value for

the constant curvature test.

In this test there exists an inherent trade-off: achieving tightly aligned midpoint sets

provides better upper and lower bounds on curvature estimates, yet it is also essential to

sample from regions of the latent space sufficiently distant to potentially reveal differences

in curvature. The analysis primarily focuses on optimizing the choice of midpoint sets on

the latent space, as the sampling adequacy in regions with varying curvature typically lies

outside of the analyst’s direct control.

4.4.1 Simulations: Type 1 Error Control

Under the same simulation setup as in Section 4.3 we can illustrate the coverage of the

constant curvature test as a function of clique size. For computational convenience, we

restrict these to a maximum of size 12. We see in Figure 4.8 that this test tends to be overly

conservative in small sample sizes, but returns to nearly nominal coverage when cliques are

larger. This is due to the fact that a poorly aligning midpoints lead to more conservative

bounds of κl, κu, however, better aligning midpoints are found in larger networks with more

cliques.

4.4.2 Multiplex Networks

In this next simulation, we consider a model of multiplex (or multiview) networks. Several

methods exist for modelling multiplex networks via extensions of the latent distance model,

however, most assume the same geometry latent space among views [Salter-Townshend and

McCormick, 2017, MacDonald et al., 2022]. For example, Salter-Townshend and McCormick

[2017] model the multiple relationships between individuals in the Banerjee et al. [2013a]

diffusion of microfinance dataset using Euclidean spaces. We illustrate a simulated example

where this is not the case, and how our method can be used to detect this.



109

Figure 4.8: False positive rate for constant curvature test.

We first construct a latent position model for which multiple views are drawn from a

common set of latent positions, however, these positions are common coordinates of spheres of

curvature (κ1, κ2) = (0.5, 1.5) respectively. Additional details for the simulation are identical

to the consistency simulations in Section 4.3.

In this example, we simulate a multiplex network for which latent spherical positions

are the same for this network set, however, they are embedded in two spheres of different

radii and thus different curvatures. We simulate 200 draws of these networks and test the

curvature difference in curvature using Algorithm 10. We plot the power of the test in

Figure 4.9. In each view we compute the optimal surrogate midpoint set y(j), z(j),m(j) from

each view’s distance matrix D̂
(1)

or D̂
(2)

using equation 4.6 and subsample each distance

matrix accordingly. In Figure 4.9 we observe that the power of the test grows with the clique

size.
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Figure 4.9: Constant curvature test power applied to the multiview network example.

4.4.3 Noncanonical Manifolds

We now demonstrate how our method can detect non-constant curvature in the latent space.

Given that many prevalent latent distance models inherently assume constant curvature, it

becomes crucial to confirm if this assumption aligns with the actual data observed.

We construct a latent space consisting of two adjacent spheres. For any two points in

the same sphere the distance is straightforward to compute. For any two points (x, y) in

opposite spheres, the distance can be computed using the distance to the origin (1, 0, 0) in

each of the spheres. Since any geodesic must pass through the connecting point, i.e. the

origin we can compute these distances as follows

dM(x, y) = d1(x, o) + d2(o, y).

This manifold was chosen as distances were straightforward to compute but come from a

space without constant curvature. These spheres have curvature κ1 = 1, κ2 = 1.5 respec-

tively.

The latent cluster locations are sampled according to uniform distributions centered
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on opposite poles. We again simulate 200 draws from the latent position cluster model

and test for constant curvature by finding the best three non-overlapping sets minimizing

equation (4.6). We plot the corresponding power in Figure 4.10 which once again, increases

along with the clique size.

Figure 4.10: Power of the constant curvature test applied to the adjacent spheres simulation,

an example of a non-canonical manifold, which does not have constant curvature.

4.4.4 Data Analysis: Geometry of Coauthorship

We apply our method to a collection of co-authorship networks in physics introduced in

Leskovec et al. [2007] and available on the Stanford Network Analysis Project (SNAP)

repository. These consist of citation networks from High Energy Particle Physics, General

Relativity, Astrophysics, and Condensed Matter Physics, with sizes of each of the networks

seen in Table 4.1. These networks consist of authors as nodes where an edge exists whether

any pair of authors has co-authored a paper on ArXiv in any of the specified subject areas

between 1993 and 2003. When these data were collected, these were the top 5 most common
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subject areas in Physics.

In previous machine learning applications, hyperbolic network embeddings have been

successful in tasks such as link-prediction or node in citation networks [Nickel and Kiela, 2017,

Chami et al., 2019, Chamberlain et al., 2017]. This is due to the fact that the hierarchical

structure (tree-like) structure generally can be more easily embedded in a negatively curved

space. We wish to answer the question “under a latent distance model, could the data be

generated from a space of constant curvature?”

For each of these networks, we construct an estimate of the distance matrix with random

effects, followed by an estimate of the curvature. For each of these, we use a minimum

clique size seen in Table 4.2. We lastly apply our test to see if the difference in curvature is

present across the networks. We estimate the curvature, at the best midpoint set for each of

the networks, along with the following p-values for tests of whether a network has constant

curvature.

Physics Sub-field Number of Nodes (n) Number of Edges (|E|)

Astrophysics 18771 396160

Condensed Matter Physics 23133 186936

General Relativity 5241 28980

High Energy Particle Physics 12006 237010

High Energy Particle Physics (Theory) 9875 51971

Table 4.1: Physics Co-authorship network sizes.

One concern a reader may have is whether good surrogate midpoints form in real data.

In practice, we find good midpoints can be found in our real datasets. For example, the

Fréchet mean objective function (4.5) has a value at the true midpoint of 0.5. In the 5

physics co-authorship networks this was found to be 0.5000003, 0.5039, 0.50049, 0.50012,

0.50043, suggesting good surrogate midpoints in practice.

We see that Astrophysics and General Relativity are estimated to have a large negative
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(a) High Energy Particle Physics (Theory) clique

curvature labels.

(b) High Energy Particle Physics clique curvature

labels.

(c) Astrophysics clique curvature labels.

Figure 4.11: Cliques colored to nearest labeled curvature value. Blue, negative and red

positive, with p values of constant curvature decreasing from left to right.
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Physics Sub-field
Min Clique

Size (ℓ)

Number of Cliques

of Size ≥ ℓ (K)

Largest

Clique Size

Astrophysics 19 57 57

Condensed Matter Physics 12 52 26

General Relativity 7 44 44

High Energy Particle Physics 14 42 239

High Energy Particle Physics (Theory) 7 42 32

Table 4.2: Clique size and number of cliques used to estimate distance matrix.

Physics Sub-field Curvature Estimate
Constant Curve

Test p-value

Astrophysics -0.01378 0.030

Condensed Matter Physics 0.107 1.000

General Relativity 0.0989 1.000

High Energy Particle Physics -0.986 1.000

High Energy Particle Physics (Theory) 0.1674 0.240

Table 4.3: Curvature estimates from best midpoints and p-values for constant curvature test

J = 3.

curvature, which however, may not be constant in the case of the Astrophysics citation

network. In the Astrophysics network, at the best 3 surrogate midpoint sets, we estimate

curvature to be (−0.01378,−∞, 0.306). The estimate of −∞ comes from the fact there is

a minimum distance of dxm given the other 3, dxy, dyz, dxz, and since the midpoints are not

exact, sometimes this length can be too short to embed in any of the hyperbolic spaces. If

the estimated distance is below this value we call the estimate −∞, and similarly ∞ if it

is too large. This highlights the fact that this network appears to have negatively curved,
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positively curved and flat regions, and therefore models which reflect only a single curvature,

may not capture the individual level behavior of the network very well. In contrast, condensed

matter physics and HEP physics seem to have a slight curvature, though both are nearly

flat networks. We remark on the large p-values for 3 of the networks in Table 4.3. In these

settings, the second and 3rd midpoint sets proved to have poorer alignment and therefore

were quite conservative when constructing the constant curvature test, leading to larger

p-values.

4.5 Application: Multiple Change Point Detection

Another natural question one may seek to answer is whether a change in latent curvature

has occurred. This is distinct from a problem of whether the latent positions may change.

Standard multiple change point algorithms (for example that of Harchaoui and Lévy-Leduc

[2010]) are not immediately well-suited to this problem due to the possibility of large outliers,

which may occur in our setting, in particular for largely negative values. We apply the method

of Fearnhead and Rigaill [2016] which proposes a multiple changepoint detection algorithm

under the presence of outliers. For a particular network, we may measure a collection of

estimates of the curvature {κ̂t}Tt=1. Under this model, we assume that a network has a

constant curvature within a single time point t. We construct an objective function for the

changepoint problem

L(θ) =
T∑
t=1

ℓ̃(κ̂t, θt)

In our application, we let ℓ̃ be the bi-weight loss function, however, more general loss

functions such as absolute deviation or Huber loss are also available (see Fearnhead and

Rigaill [2016] for a more in depth discussion of robust change point detection). In multiple

change point detection algorithms a penalty of β for the number of segments included is also

applied. Let J(θ) denote a function of the number of breaks in the sequence θ. Then the

full loss function is

L(θ; β) = L(θ) + βJ(θ). (4.17)
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Since we often care about understanding where the changes of curvature occur, we can

apply a monotone transformation to the estimates of curvature. The function c tanh(·/c)

function which smoothly truncates the extreme values under a monotone transformation. In

all simulations and applications where this is applied, we set c = 10.

We next apply this to a simulation setting where we construct a sequence of networks

with latent positions evolving according to the following process

Z
(t)
i = F(Z(t−1)

i , ϵ
(t)
i )

where Z(t−1)i is the location’s previous position, ϵ
(t)
i is a noise random variable sampled from

the true cluster’s density, and F stands for the mean on the sphere (the Fréchet mean).

We set three different curvatures κ1 = 1.0 κ2 = 0.15 κ3 = 1.3 to occur changepoints at

t1 = 18, t2 = 35 and with the final time T = 50.

We use the implementation of the changepoint method in the robseg package introduced

in Fearnhead and Rigaill [2016] using the default regularization parameters. We see that as

clique size ℓ increases, we are able to consistently estimate the true curvature function. We

plot the mean of the absolute deviation of the curvature estimate over 200 simulations and

plot the results in Figure 4.12 showing consistency of the true curvature with respect to the

mean absolute deviation.

4.5.1 Application: Cybersecurity

For our curvature changepoint application, we utilize our network curvature estimates on

the Los Alamos Unified Network and Host Dataset to demonstrate that variations in curva-

ture can help identify a red team attack; a controlled exercise where a cybersecurity team

simulates an infiltration on a device network to test its security.

This dataset encompasses 89 days of directed communication events among 27436 devices

at the Los Alamos National Laboratory. It records 56 normal operational days followed by

a red team attack that spans from day 57 to day 89.

Anomaly detection holds significant importance in cybersecurity, and recent studies, such
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Figure 4.12: Mean absolute deviation of curvature estimates over time window.

as [Lee et al., 2019], have highlighted latent distance models as a promising method for

detecting changes in node properties. In contrast, our research adopts changepoint methods

applied to sequential curvature estimates within this dataset, underscoring the utility of

curvature as a comprehensive indicator of network behavior.

Edges are defined in this dataset as messages passed between nodes during a particular

time period. In order to maintain enough connections to find cliques, we consider a connec-

tion to be formed if any message was passed in the previous 4 days. We then compute the

curvature values at each time point and take the median over the time-point. We scale each

estimated value by c tanh(·/c) for c = 10 in order to limit the influence of extreme negative

outliers. We then apply the off the shelf change point algorithm of Fearnhead and Rigaill

[2016]. We estimate the curvature at each time step. We consider a minimum clique size of

ℓ = 5. Due to the small number of available cliques, and relative sparsity of the dataset, we

restrict the random effects to be 0 and compute the corresponding distance matrix.

In Figure 4.13 we show that the most substantial changepoint in curvature occurs at

the time of the red team attack. In contrast, these changes are much less substantial in
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(a) High regularization changes in curvature esti-

mates.

(b) Low regularization changes in curvature esti-

mates.

Figure 4.13: Two regularization values for LANL Netflow changepoint dataset. True red

team attack time is illustrated in purple.
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(a) Edge density changepoints. (b) Tri. density changepoints.

Figure 4.14: Changepoints of daily LANL measurements using simple graph motifs. Red

team attack illustrated in purple.

Figure 4.14 when using simple graph motifs from the daily averages.

Since the time of detection after the event is most important, we wish to investigate the

time after detection as a function of the number of events involved (alarm rate). We show

that in Figure 4.15 that our method achieves a much smaller detection delay given any alarm

rate.

This suggests that models accounting for changes in network curvature may be a promis-

ing avenue for the development of specialized models to detect anomalous events in the online

setting.

4.6 Discussion

Riemannian sectional curvature is a fundamental property of a manifold, and we present a

novel method to estimate it from a noisy distance matrix. Though our motivating example

involves estimating the distances of a latent distance model from a random network, the
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Figure 4.15: Time to first changepoint in days (TimeDelay) as a function of alarm rate.

curvature estimates (and constant curvature tests) in this paper are more general and can

be applied whenever one can either estimate a distance matrix (or bootstrap or subsample

their distance matrices).

We develop a test for detecting whether the curvature is constant on the latent manifold.

A natural followup question is what should a practitioner do if they find that their data are

not represented well by this model. One might instead use non-geometric models such as

stochastic block models and their variants, however, this also suggests the development of

latent distance models which are not restricted to constant curvature. The development of

such a model class as something which will scale to large networks is of further interest. One

promising approach we plan to investigate in future work is that of product spaces for latent

distance models. This geometry has seen considerable success in representation learning

tasks such as Gu et al. [2018] or Zhang et al. [2021].

One might question the interpretation of the curvature parameter κ when the set of points

does not reside within a canonical manifold. Our approach specifically fits a constant cur-

vature manifold for each quartet (x, y, z,m), embedding these four distances. By taking the
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median, we estimate the median curvature of these interpolating spaces. This concept echoes

the manifold learning methods proposed by Li et al. [2017], Li and Dunson [2019], which

use spherelets to approximate manifolds rather than using locally linear approximations of

tangent spaces.

Future extensions may include methods for fitting models in the product space geometry

(as is done in Gu et al. [2018]) or other non-constant curvature spaces. Other methodology

may include statistically consistent node-level definitions of network curvature as well as

more application-focused development of anomaly detection incorporating curvature into the

models. Additional work may include using our local definition of curvature to understand

its role in relation to notions of brokerage in the sociology literature [Burt, 1992, Buskens and

Van de Rijt, 2008], as well as considering how curvature interacts with other quantities of

interest across other sciences. Furthermore, additional applications may use non-parametric

distance estimators to identify behaviors that form good midpoints in networks, such as

overlapping sub-fields within physics in our applications.
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Chapter 5

CONCLUDING REMARKS

In this dissertation, we explored several challenges associated with inference problems

involving missing data. In the first chapter, we addressed the issue of imputing test scores to

accommodate common version changes in Alzheimer’s research. While our approach focused

on the univariate problem, a logical progression would be to extend this method to jointly

harmonize multiple scores and include time-varying effects.

In the second chapter, we investigated network interference under conditions of par-

tial network data. Future research could explore the semiparametric theory applicable to

such methods. Often, the partial network data collected can benefit from semiparametric

estimation approaches like those discussed in Auerbach [2022]. Additionally, structured as-

sumptions on potential outcomes, as suggested in Belloni et al. [2022] for estimating average

direct effects, could be further examined.

Lastly, we addressed the estimation of latent properties by providing a smooth estimator

for the curvature of distance matrices, particularly within latent space models. Future work

may involve advancing embedding methods for distance matrices exhibiting non-constant

curvature.
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Richard C Bradley. Basic properties of strong mixing conditions. a survey and some open

questions. 2005.
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Appendix A

SUPPLEMENTARY MATERIAL FOR PROJECT 1

A.1 Proof of Main Paper Theorem

Theorem A.1.1. (Listed as Theorem 3.1 in the main paper.) Denote the unique global

solution P ∗
M,µ = argmaxPM∈P[0,1]

ℓn,µ[PM ].

Then consider a sequence of latent trait distributions {P (t)
M,µ}∞t=0 generated by the EM

algorithm for the regularized likelihood. If µ > 0 and pA(y|γ) is continuous in γ for each y,

then

ℓn,µ[P
(t)
M,µ]

t→∞−→ ℓn,µ[P
∗
M,µ].

and

P
(t)
M,µ

t→∞−→w P ∗
M,µ

where −→w denotes weak convergence of measures.

Before proving the main theorem, we prove a series of lemmas that will be useful in

characterizing a maximizer.

Lemma A.1.2. If µ > 0 and pA(y|γ) is continuous in γ for each y then the maximizer

of ℓn,µ[·], P ∗
M is a continuous distribution. Specifically, P ∗

M and PU are mutually absolutely

continuous i.e. P ∗
M ≪ PU and PU ≪ P ∗

M

Proof. Firstly, if PU ̸≪ P ∗
M then D(PU ||P ∗

M) = ∞ and clearly P ∗
M is not a maximizer. The

proof now just considers the opposite direction. Next consider the Lebesgue decomposition

theorem [Halmos, 2013]. Consider an arbitrary probability measure Q which we compare to
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PU (which on the interval is equivalent to the Lebesgue measure). Unless otherwise stated,

singular and continuous will be with respect to this measure PU . There exist measures Qc

and Qs such that:

Q = Qc +Qs

Where Qc ≪ PU

Qs ⊥ PU

I.e. Qc is absolutely continuous with respect to PU and Qs is singular with respect to PU .

Next, we consider the KL divergence between PU and Q. Since Q is a probability measure,

we can rescale the measures and define Q = (1−λ)Qc+λQs where Qc and Qs are probability

measures as well. Then

D(PU ||Q) =

∫
log

(
dPU

dQ

)
dPU

=

∫
log

(
dPU

(1− λ)dQc + λdQs

)
dPU

Denote Xs ⊂ [0, 1] the subset of the interval where the singular part of the measure is

defined. Since PU(Xs) = 0 on this subset, dPU

(1−λ)dQc+λdQs
(x) = 0 for all x ⊂ Xs. Hence the KL

divergence can be computed directly using only the absolutely continuous part, though the

value of λ contributes according to the following form.

D(PU ||Q) =

∫
log

(
dPU

(1− λ)dQc + λdQs

)
dPU

=

∫
[0,1]

log

(
dPU

(1− λ)dQc + λdQs

(x)

)
dPU(x)

=

∫
[0,1]

log

(
dPU

(1− λ)dQc

(x)

)
dPU(x)

= − log(1− λ) +

∫
[0,1]

log

(
dPU

dQc

(x)

)
dPU(x)

Secondly, we verify that ℓn,µ[PM ] is a concave function of PM . We can add a constant to
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ℓn,µ[PM ] so that

ℓn,µ[PM ]−
∑
y

p̂(y) log(p̂(y)) = −D(p̂||pMA)− µD(pU ||pM).

Since pMA is linear in pM and the KL divergence is a strictly concave function, then this

regularized likelihood is clearly a strictly concave function in pM .

Next, we consider Theorem 3.4.3 in [Kosmol and Müller-Wichards, 2011] which is a

sufficient and necessary condition for the optimality of a measure P ∗
M to be the optimizer of

a convex objective.

Theorem A.1.3 (Theorem 3.4.3 in [Kosmol and Müller-Wichards, 2011]). If K is a convex

subset of a vector space X and f : X → R a convex function, f has a minimal solution

x0 ∈ K if and only if for all x ∈ K

ḟ+(x0;x− x0) ≥ 0 (A.1)

Where

ḟ+(x0; z) = lim
t→0+

f(x0 + tz)− f(x0)

t

In our case, we define X to be the vector space of signed measures and K probability

measures over [0, 1]. We can also use this to show if x is a direction that adds a singular

measure to a particular x̃0 then the Gateaux derivative will be negative, and hence any

measure which increases the likelihood cannot have any singular component. Since our log-

likelihood functional ℓn,µ[·] is concave, the theorem above will by defining f = −ℓn,µ.

Denote, for any measure H, pA(y;H) =
∫
pA(y|γ)dH(γ).

Let Q be a continuous measure, and define a direction G = Qs−Q where Qs is a singular
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measure. Let q be the corresponding density function to Q.

ℓn,µ[Q+ λG] =
∑
y

p̂(y) log (pA(y;Q) + λpA(y;G))− µ

∫ 1

0

log(q(γ))dγ

+ µ log(1− λ)

=
∑
y

p̂(y)

(
log (pA(y;Q)) + log

(
1 + λ

pA(y;G)

pA(y;Q)

))
− µ

∫ 1

0

log(q(γ))dγ

+ µ log(1− λ)

= ℓn,µ[Q] +
∑
y

p̂(y) log

(
1 + λ

pA(y;G)

pA(y;Q)

)
+ µ log(1− λ)

= ℓn,µ[Q] + λ
∑
y

p̂(y)
pA(y;G)

pA(y;Q)
+ µ log(1− λ) +O(λ2)

=⇒ ℓ̇n,µ(Q;G) =
∑
y

p̂(y)
pA(y;Qs)

pA(y;Q)
− 1− µ

and hence by Theorem A.1.3, ℓ̇n,µ(Q;G) 1 We consider 2 cases, whether or not if there exists a

continuous measure Q∗ which maximizes the unregularized problem, i.e. when we set µ = 0.

Case 1: There exists Q∗ which is continuous which maximizes the unregularized likeli-

hood (ℓn,µ=0).

If this holds then∑
y

p̂(y)pA(y|γ)
pA(y;Q∗)

− 1 <
∑
y

p̂(y)pA(y|γ)
pA(y;Q∗)

− 1− µ ≤ −µ < 0.

And hence any direction which adds a singular measure will decrease the likelihood.

1A similar condition holds in Lindsay [1995] for the unregularized case, Q∗ is a maximizer of ℓn,µ=0[·] if
and only if ∑

y

p̂(y)pA(y|γ)
pA(y;Q∗)

− 1 ≤ 0

for all γ. When integrating this over any measure Q′ it will also hold that:∑
y

p̂(y)pA(y;Q
′)

pA(y;Q∗)
− 1 ≤ 0
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Case 2: Any maximizer Q∗ of the unregularized likelihood (ℓn,µ=0) is not continuous.

If the only maximizers of the unregularized problem are not continuous, then by the

fundamental theorem of mixture models there exists a maximizer with at most N+1 discrete

support points [Lindsay, 1995]. If pA(y|γ) is continuous in γ for each y then we can define

a measure Q̃δ such that Q̃δ places the same point mass uniformly within a region of ±δ

of each of the point masses (some of which may only be + or − if the mass is near the

boundary 0 or 1) then for all δ > 0, Q̃δ is continuous measure. Since pA(y|γ) is continuous,

pA(y;Q
∗) = pA(y; Q̃δ) + ε(y; δ) and for all ϵ > 0 there exists a δ > 0 such that |ε(y; δ)| < ϵ

for all y.

Therefore, computing the derivative in the direction of any singular measure from Q̃δ

ℓ̇n,µ(Q̃δ;G) =
∑
y

p̂(y)
pA(y;Qs)

pA(y; Q̃δ)
− 1− µ

=
∑
y

p̂(y)
pA(y;Qs)

pA(y; Q̃δ)
− 1− µ

=
∑
y

p̂(y)
pA(y;Qs)

pA(y;Q∗)

(
1

1 + ε(y;δ)
pA(y;Q∗)

)
− 1− µ

We choose ϵ such that ϵ < 1
2
infy pA(y;Q

∗) then∣∣∣∣∣ 1

1 + ε(y;δ)
pA(y;Q∗)

∣∣∣∣∣ ≤ 1 + 2
|ε(y; δ)|
pA(y;Q∗)

.

Now we also ensure ϵ ≤ min{µ, 1
2
} infy pA(y;Q∗) and therefore:∣∣∣∣∣ 1

1 + ε(y;δ)
pA(y;Q∗)

∣∣∣∣∣ ≤ (1 + µ)

Therefore since there exists δ > 0 such that the above holds, Q̃δ is continuous and the

Gateaux derivative in the direction of any singular measure is negative, therefore the max-

imizer must be a continuous measure (P ∗
M ≪ PU), and therefore the maximizer does not

include a singular component.
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We next introduce another lemma, which will justify that the density function of the

maximizer will be bounded below

Lemma A.1.4. The maximizer of ℓn,µ, P
∗
M satisfies

ess inf p∗M(γ) ≥ µ

1 + µ
(A.2)

where p∗M is the corresponding density function of the measure P ∗
M , and ess inf f is the es-

sential infimum of f, the maximum value α such that the set {x : f(x) < α} has (Lebesgue)

measure 0.

Proof. We prove this by contradiction and using the monotonicity of the EM algorithm.

Suppose P̃M is a maximizer such that ess infγ P̃M(γ) < µ
1+µ

. Denote P̃M2(γ) as the density

function from taking one regularized NPEM step from P̃M(γ). We can show

ℓn,µ[P̃M2 ]− ℓn,µ[P̃M ] ≥ (1 + µ)D(P̃M2||P̃M)

But clearly by the monotonicity of the EM algorithm.

p̃M2(γ) =

(
1

1 + µ

)∑
y

p̂(y)pA(y|γ)p̃M(γ)

p̃MA(y)
+

(
µ

1 + µ

)
≥ µ

1 + µ

And if p̃M2 ̸= p̃M except for on a region of Lebesgue measure 0 then D(P̃M2||P̃M) > 0 and

we guarantee ℓn,µ[P̃M2 ] > ℓn,µ[P̃M ] and hence P̃M is not a maximizer, a contradiction.

We now introduce our final lemma

Lemma A.1.5. A distribution (measure) P ∗
M is a maximizer of ℓn,µ if and only if:∑

y

p̂(y)pA(y|γ)
p∗MA(y)

+
µ

p∗M(γ)
− 1− µ ≤ 0 a.e. (A.3)

Where p∗M is the corresponding density function to P ∗
M
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Proof. Recalling Theorem A.1.3 we have a sufficient and necessary condition for the opti-

mality of a measure P ∗
M .

We can define a direction G = P̃M − P ∗
M and by lemma A.1.2 we only need to consider

the directions G which admit a density function and therefore can express the directions in

terms of the difference of densities g. Then

ℓn,µ[P
∗
M + tG] =

∑
y

p̂(y) log

(∫
pA(y|γ) (p∗M(γ) + tg(γ)) dγ

)
+ µ

∫
log (p∗M(γ) + tg(γ)) dγ

=
∑
y

p̂(y) log

(∫
pA(y|γ)p∗M(γ)dγ

)
+ µ

∫
log (p∗M(γ)) dγ+

∑
y

p̂(y) log

(
1 + t

∫
pA(y|γ)g(γ)
p∗MA(y)

dγ

)
+ µ

∫
log

(
1 + t

g(γ)

p∗M(γ)

)
dγ

= ℓn,µ[P
∗
M ] + t

∫ (∑
y

p̂(y)

p∗MA(y)
pA(y|γ) + µ

1

p∗M(γ)

)
g(γ)dγ +O(t2)

=⇒ ℓ̇n,µ(Q;G) =

∫ (∑
y

p̂(y)

p∗MA(y)
pA(y|γ) + µ

1

p∗M(γ)

)
g(γ)dγ

=
∑
y

p̂(y)

p∗MA(y)

∫
pA(y|γ)pM(γ)dγ + µ

∫
p̃M(γ)

p∗M(γ)
dγ − 1− µ

Since this holds for any P̃M which are continuous, at each point on γ ∈ [0, 1] this will hold for

a sequence of continuous measures converging weakly to a point mass for each point on the

interval. Since P ∗
M is a continuous measure, it has a corresponding density function which

has discontinuities at most on a set of Lebesgue measure 0. Therefore∑
y

p̂(y)

p∗MA(y)
pA(y|γ) + µ

1

p∗M(γ)
− 1− µ ≤ 0 a.e.

We note that with a minor abuse of notation, if g ∈ L2
[0,1] then we could express the

Gateaux derivative using the inner product of a functional gradient element ∇ℓn,µ[PM ] and

the direction g.
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∇ℓn,µ[PM ] =
∑
y

p̂(y)

pMA(y)
pA(y|·) + µ

1

pM(·)

and

ḟ+(PM ;G) = ⟨∇ℓn,µ[PM ], g⟩.

This functional gradient itself is a function of γ and is useful for defining the NPEM

algorithm

p
(t+1)
M (γ) =

∇ℓn,µ[PM ](γ)

1 + µ
p
(t)
M (γ),

as well as the optimality criterion

∇ℓn,µ[PM ](γ) ≤ 1 + µ a.e.

Remark: As we proved in Lemma A.1.4, 1/p∗M(γ) will be bounded. We compare this

result to the optimality criterion of [Lindsay, 1995] a similar criteria is developed for the

unregularized mixing distribution estimation problem, for which p∗M is a maximizer if and

only if ∑
y

p̂(y)pA(y|γ)p∗M(γ)

p∗MA(y)
− 1 ≤ 0 ∀γ

which is equal to our condition when µ = 0. The main difference is due to the possibility of

discontinuity in 1
p∗M (γ)

Lemma A.1.5 only holds up to a set of Lebesgue measure 0 while the

unregularized case holds for all γ.

Now we have all the required lemmas to prove the main part of the theorem.

Proof of Theorem A.1.1. We use a similar technique as in the convergence of the mixing

distribution. [Chung and Lindsay, 2015]. Denote the sequence of measures generated by the

EM algorithm as {P (t)
M }∞t=0. Since these are all measures defined on a compact domain i.e.

[0, 1] ⊂ R, this sequence is tight. By Prokorov’s theorem [Billingsley, 2013], this sequence is

also sequentially compact.

Since this sequence is sequentially compact, there must exist a convergent sub-sequence

{P (tk)
M }∞k=0, where with limit P ∗∗

M . Note that since ℓn,µ[P
(t)
M ] is monotonely increasing, and
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ℓn,µ[P
(t+1)
M ]− ℓn,µ[P

(t)
M ] ≥ D(P (t)

M ||P
(t+1)
M ) every sub-sequence must have their likelihood con-

verge to the same likelihood value i.e. ℓn,µ[P
∗∗
M ]. Suppose that P ∗∗

M is not the global optimum

for ℓn,µ, then by Lemma A.1.5 there must be some region G∗ ⊂ [0, 1] with non-zero Lebesgue

measure where ∇ℓn,µ[P ∗∗
M ](γ) ≥ δ′ > 1 + µ for γ ∈ G∗. Since {P (tk)

M }∞k=0 converges weakly to

P ∗∗
M then ∇ℓn,µ[P (tk)

M ](γ) ≥ δ > 1 + µ for γ ∈ G∗ for all k greater than some K.

Thus,

p
(tk+1)
M (γ) =

(
∇ℓn,µ[PM ](γ)

1 + µ

)tk+1−tk

p
(tk+1)
M (γ) ≥ δ

1 + µ
p
(j)
M (γ)

which further implies since tk+1 − tk ≥ 1

p
(tk+1)
M (γ) ≥

(
δ

1 + µ

)
p
(tk)
M (γ).

Therefore, when k → ∞, p
(tk)
M (γ) diverges and is not a probability density function, hence

the sequence converges uniquely to p∗M . As a result,

ℓn,µ[P
(t)
M ]

t→∞−→ ℓn,µ[P
∗
M ]

Furthermore, if we consider any sub-sequence of {P (t)
M }∞t=0, {P

(tk)
M }∞k=0, then the sub-

sequence must have a further sub-sub sequence which converges to P ∗
M weakly by the same

argument as above. Thus, since every sub-sequence has a sub-sub sequence which converges

to the maximizer, the primary sequence {P (t)
M }∞t=0 must converge weakly to P ∗

M .

A.2 Additional Computational Details

In this section we highlight several computational aspects not covered in the main paper.
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A.2.1 Representation as a geometric program

Given a discrete approximation to the latent distribution, the maximum likelihood procedure

can be expressed as a geometric program.

sup
θ

N∑
y=0

p̂(y) log(Ã⊤
y·θ) + µ

1

R

R∑
r=1

log(Rθr)

subject to 1⊤θ = 1

θ ⪰ 0.

(A.4)

This form allows us to implement competing optimizers using a standard software in

CVXR Fu et al. [2020].

A.2.2 Computing the discretized joint latent distribution

Recall θR(x), ϑR(x) ∈ ∆R, the discretized probability We compute the joint distribution

according to Algorithm A.2.2. Since the joint distribution maps the quantiles from p̂M(γ|x)

and p̂M(ζ|x) respectively, the matrix p(y, z|x) in Algorithm 12 will be sparse since there is a

one-to-one mapping of quantiles in the joint distribution.

Algorithm 11 Joint Distribution Matrix Computation

1: Input: θ, ϑ,M(gridsize)

2: Define a uniform grid over [0, 1] : Ω, let M = |Ω|

3: Initialize P = {0}M×M

4: for ω ∈ Ω do

5: n = Q(ω, θ)

6: m = Q(ω, ϑ)

7: P [n,m] = P [n,m] + 1
M

8: end for

9: return P (The discrete joint distribution )
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Algorithm 12 Conditional distribution computation

1: Input: θ(x), ϑ(x),m(grid size), pA(y|γ), pA(z|ζ)

2: Compute the discretized conditionals A(y) ∈ [0, 1]N1+1×Ry , A(z) ∈ [0, 1]N1+1×Rz

3: Compute the joint latent distribution matrix Px using Algorithm A.2.2 with inputs

θ(x), ϑ(x),m

4: Compute the joint distribution p(y, z|x) = A(y)PxA
T,(z)

5: Normalize each row of p(y, z|x) to get p(y|x) =
∑

z p(y, z|x)

6: return p̂(z|y, x)

A.2.3 Selecting the number of bins

In practice, we would like to select a number of bins to discretize the latent distribution.

Given a specified threshold of improvement on the likelihood, (we set the default to 10−5),

we can iterate through a sequence of bin sizes until the difference in the likelihood gained

at the next bin is less than the threshold used in the Nonparametric EM algorithm. We

illustrate this idea in Algorithm 13. In practice, we find that setting R = 1000 tends to work

well for our applications and simulations.
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Algorithm 13 Selecting R (The number of bins)

1: Input: p̂, pA(Y |γ), Rmin, Rmax, Rstep, thresh.

2: Set: R = Rmin

3: Compute: A ∈ RN+1×R from pA(y|γ)

4: Estimate θ̂R ∈ RR via the NPEM algorithm

5: Evaluate like old = ℓ(A, θ̂R) = −D(p̂||Aθ̂R)− µD(PU ||θ̂R)

6: Set: diff =∞

7: while R < Rmax do

8: R = R +Rstep

9: Compute A ∈ RN+1×R

10: Estimate θ̂R ∈ RR via the NPEM algorithm

11: Evaluate like new = ℓ(A, θ̂R) = −D(p̂||Aθ̂R)− µD(PU ||θ̂R)

12: diff = like new− like old

13: if diff < thresh then

14: break

15: end if

16: end while

17: return R

A.3 Additional simulations

In this supplement, we include simulations highlighting the steps required for score conver-

sion. We begin with a comparison of the NPEM algorithm to the off-the-shelf convex solver,

highlighting the improved computational speed of using the NPEM algorithm. We next show

the consistency of the model selection procedure as n increases for various choices of the con-

ditional distribution. We next show the finite sample valid feasibility tests can be used to

reject poorly fitting models of the measurement assumption model. We next illustrate the

selection of the tuning parameter µ in the regularization and highlight the corresponding ap-

proximation error of the latent distribution. We also give a heuristic for selecting the number
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of bins for the use of the latent distributions in practice. Lastly, we include an alternative

mean response function to replicate the conversion and prediction simulations of the main

paper.

A.3.1 Computational comparison of EM algorithm vs CVXR (SCS)

We first consider comparing the off-the-shelf convex solver (the Splitting Conic Solver in

CVXR) to the nonparametric EM algorithm. We consider four different observed distribu-

tions to which we will compute a regularized NPMLE. We do this for varying sizes of the

observed distribution N , the bandwidth of the conditional model (h), and the regularization

parameter µ.

We use the following 4 distributions to simulate the observed scores Y

p0(y) ∝



1/(N + 1) 1: Uniform

−(y −N/2)2 + 2 ∗ (N/2)2 2: Quadratic

exp(−y2) + exp(−(y −N)2)) 3: Bimodal

sin(y4π/N) + 1 4: Periodic

We consider N ∈ {5, 10, 20, 50, 100} and pA given by the measurement kernel model where

K(x) = exp(−x2) (Gaussian) or exp(−|x|) (Exponential) and h ∈ {0.8, 1, 2, 3, 5, 10}, and

µ ∈ {0, 2}.

As we see in Figure A.1, the computational time is greatly improved by using the NPMLE

compared to the off-the-shelf solver. In this case, the NPEM is consistently an order of

magnitude faster for the same problem. In nearly all of these situations, we can achieve

a likelihood value at least as good as the naive convex solver. These and the remaining

simulations for different values of µ we repeat this for µ = 2 in Figure A.3 and find the same

trends hold.
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(a) Marginal 1: Uniform (b) Marginal 2: Quadratic

(c) Marginal 3: Bimodal (d) Marginal 4: Periodic

Figure A.1: Time Comparison of CVXR and NPEM for µ = 0. The NPEM achieves a better

fit in less time in nearly all settings.

A.3.2 Model Selection

We illustrate the model selection procedures for the measurement assumption model using

the following latent model.

Pγ =
2

3
Beta(α1, α2) +

1

3
Beta(α2, α1)

where α1 = 1.2, α2 = 3, and N = 30. We illustrate the consistency of the model

selection procedure while varying the true conditional model PA. We sample n ∈
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(a) Marginal 1: Uniform (b) Marginal 2: Quadratic

(c) Marginal 3: Bimodal (d) Marginal 4: Periodic

Figure A.2: Fit Comparison of CVXR and NPEM for µ = 0. Larger values indicate a better

fit in the model. The NPEM achieves a better fit in less time in nearly all settings.

{100, 500, 1000, 5000, 10000} where n1 = n2 = n and n1 refers to the number of samples

with a single observation and n2 the number of samples with 2 observations. We repeat this

for nsims = 500 times for each setting.

We consider a Gaussian and Exponential measurement kernel model where the true model

has a bandwidth in the set h ∈ H = {1.0, 2.0 . . . , 5.0}. We then consider the average

deviation of the estimated h∗ from the true model h (i.e. |h∗ − h|) as a function of the
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(a) Marginal 1: Uniform (b) Marginal 2: Quadratic

(c) Marginal 3: Bimodal (d) Marginal 4: Periodic

Figure A.3: Time Comparison of CVXR and NPEM for µ = 2. The NPEM achieves a better

fit in less time in nearly all settings.

sample size. We see in Figure A.5 as we increase the sample size, in each case, the procedure

eventually picks the correct model, and even for small sample sizes, the average deviation

tends to be small.
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(a) Marginal 1: Uniform (b) Marginal 2: Quadratic

(c) Marginal 3: Bimodal (d) Marginal 4: Periodic

Figure A.4: Fit Comparison of CVXR and NPEM for µ = 2. Larger values indicate a better

fit in the model. The NPEM achieves a better fit in less time in nearly all settings.

A.3.3 Feasibility Tests

Along with a model selection procedure, we also have a finite sample valid feasibility test.

We highlight the feasibility test using the same Bimodal Beta distribution as in the model

selection simulations in Section A.3.2.

We set the true conditional distributions to be measurement error kernels with h = 3

with both Gaussian and Exponential Kernels. In both Figures A.6(a) and A.7(a) we see
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Figure A.5: Consistency of model selection of the conditional model with a Gaussian mea-

surement kernel model.

that the first order test only has power when h is much too large, however, the second order

test has power to reject measurement kernel models which have h too small. We see that

as the sample size increases, the region of rejection grows (Figures A.6(b), A.7(b)). As in

the model selection (Section A.3.2), we observe that selecting the proper conditional model

requires more than a single observation, as this describes the measurement variability when

holding γ fixed. Otherwise, for single observations of yi per observational unit, a small

enough h can fit any univariate distribution, and thus only rejects when h is too large.

A.3.4 Selecting the regularization tuning parameter

After selecting a measurement assumption model, we will select the regularization param-

eter in order to better fit the observed data. We also assume a Gaussian and Exponen-

tial Measurement assumption model with h = 3 for a Gaussian and Exponential measure-

ment kernel model PA(y|γ). We illustrate the cross-validation procedure for N = 30 and

n ∈ {100, 500, 1000, 5000} and simulate 5000 times for each configuration. Figure A.8 shows

that as the sample size increases, the optimal µ used for prediction shrinks and is similar for

each conditional model.
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(a) First order feasibility tests Gaussian

h = 3

(b) Second order feasibility tests Gaussian

h = 3

Figure A.6: Feasibility test in simulations. We find the first order test can discriminate when

h is too large, while the second order test can reject a model when h is too small.

(a) First order feasibility tests Exponential

h = 3

(b) Second order feasibility tests Exponen-

tial h = 3

Figure A.7: Feasibility test in simulations. We find the first order test can discriminate when

h is too large, while the second order test can reject a model when h is too small.

Beyond just generalization to the observed distribution of Y , we can also plot the esti-

mated distribution’s distance to the true generative distribution. We find in Figure A.9 that
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(a) Gaussian Measurement Kernel (b) Exponential Measurement Kernel

Figure A.8: Cross validation of the likelihood value as a function of the regularization pa-

rameter µ

using the regularized estimates can improve the Wasserstein-1 distance to the true estimate.

This effect is most pronounced for small sample sizes, where the variance is larger. The opti-

mal µ for each latent approximation at each sample size also tends to be near the optimal µ

for cross-validation on the observed data, both shrinking as the sample size increases. Though

the true latent distribution is not identifiable, due to N being finite (Lindsay [1983a,b]), we

still can improve on the approximation of the latent trait through regularization.

A.3.5 Robustness of the mean model

In this section, we illustrate the robustness of the simulation in the mean model through a

different conditional model m(Xi). In this case, we let:

m(x) = 0.5 + min(−(1/100)(x− 71),−(1/5)(x− 71))

to represent a piece-wise linear model which slowly decreases up to 71, the proceeds with a

more rapid decline. The remaining simulation parameters are the same as in the main paper.
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(a) Gaussian Measurement Kernel (b) Exponential Measurement Kernel

Figure A.9: Latent Wasserstein-1 distance of the estimate to the true data generating latent

distribution.

Simulations: Prediction

We once again compare the cross entropy of the various conversion methods under the piece-

wise linear model. As in the main paper, in Figure A.10, we see that when the conditional

model is correct, the best-performing model is the covariate smoothed version for large

n. However, for small n, using our method without including covariates performs better.

Additionally, we see that the severely misspecified models (ones for which h = 1, 9) perform

poorly; however, the best model in that set h = 3 still performs well.

Simulations: Inference

Using the same setup, as the main paper, but with the new piece-wise linear response model,

we consider the same problem. In this case the optimal β1 = −0.403403 under the full

data regression. We once again compare the observed bias, RMSE and coverage of each of

the models using the multiple-imputation estimator with the bootstrap corrected confidence

intervals.

Again, we see in Figure A.12 that the proper coverage is obtained when using the
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(a) Comparison of cross-entropy of conver-

sion methods

(b) Zoomed in cross-entropy

Figure A.10: Piece-wise linear model conversion cross entropy. Data generated from a Bino-

mial conditional models.

(a) Bias of the regression (b) RMSE of the regression

Figure A.11: Piece-wise linear model, bias and RMSE of regression parameter estimation.

All methods which do not account for covariates end up biased.

bootstrap-adjusted version. For this mean response function, the quantile-based conversion

method tends to perform more competitively with the nonparametric latent trait models,
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however, the performance becomes noticeably poorer under large sample sizes.

Figure A.12: Piece-wise linear model, coverage of imputation methods. Methods that do

not include covariates undercover. Proper coverage is obtained only with our bootstrap

procedure.
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Appendix B

SUPPLEMENTARY MATERIAL FOR PROJECT 2

B.1 Additional Methodological Details

In this section we discuss extensions to several aspects of the paper with respect to the paper

and fill in related additional mathematical constructions.

B.1.1 A central limit theorem for dependent data.

Although network models do not neatly fit into conventional time series or spatial depen-

dency categories, we provide a general framework by satisfying the necessary conditions

through common dependence assumptions such as M -dependence. This includes scenarios

characterized by α-, ϕ-, or ρ-mixing [Bradley, 2005]. Our approach begins by defining affinity

sets, (sets for which there is high correlation with an outcome) that form the foundational

framework for applying the CLT, setting the stage for demonstrating its relevance and utility

in analyzing network data.

Definition B.1.1 (Affinity sets). Denote a triangular array of mean 0 random vectors W
(n)
1:n

with dimension p. Let A(n)
(i,d) denote an affinity set which contains all of the variables in the

triangular array which are highly correlated with W
(n)
i,d , the dth dimension of the ith random

variable.

The affinity sets can be used to construct a matrix which contains the bulk of the covari-

ance across observations and dimensions. The regularity conditions can be understood as

control of the covariance within affinity sets (B.1), control of the covariance across affinity

sets (B.2) and control of the covariance outside of the affinity sets (B.3). We collectively refer

to these as the affinity set conditions. The affinity sets can be used to construct a covariance
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matrix Γn,dd′ =
∑n

i=1

∑
(j,d′)∈A(n)

(i,d)

cov(W
(n)
i,d ,W

(n)
j,d′ ).∑

(i,d):(j,d′),(k,d′′)

E[Wi,d|Wj,d′Wk,d′′ ] = o(||Γn||3/2F ), (B.1)

∑
(i,d),(j,d′);(k,d′′),(l,d̂)

cov(Wi,dWk,d′′ ,Wj,d′Wl,d̂) = o(||Γn||2F ), (B.2)

∑
(i,d)

E[|W−i,dE[Wi,dW−i,d]|] = o(||Γn||F ). (B.3)

Theorem B.1.2 (Theorem 1 from Chandrasekhar et al. [2023]). Denote a mean 0 triangular

array of random vectors W
(n)
1:n . If a collection of affinity sets A(n)

(i,d) satisfy the conditions of

equations (B.1), (B.2) and (B.3). Then

Γ−1/2
n Sn →d N(0, Ip)

The authors illustrate several examples under which these conditions are sufficient for

the this central limit theorem to hold. We next proceed with our main asymptotic results.

B.1.2 Inference for the OLS Estimator

Here we first give the full theorem and regularity conditions with respect to the OLS model.

Theorem B.1.3. Let H̃i(θ) = E[h̃(Si(G), Vi(G))|a,X, G∗; θ]. The OLS estimator uses the

model averaged coefficients H̃i(θ) in place of the true unobserved coefficients h̃i. Let Hn(θ) =

1
n

∑n
i=1 H̃i(θ)H̃

T
i (θ). Given an estimate of the model parameters θ̂, we define the

β̂ols = H−1
n (θ̂)

1

n

n∑
i=1

H̃i(θ̂)Yi

Let ui = (h̃(Si(G), Vi(G))− H̃i(θ0))β0 + ϵi. Suppose the following conditions hold for all n.

Model Regularity conditions

D1. θ̂ is a s(n)-consistent estimate of the graph parameters ||θ̂ − θ0|| = oP (s(n))

D2. |Hn(θ)−Hn(θ
′)| ≤ bn(Z)||θ − θ′|| where bn(Z) = OP (1) (that is, bn(Z) is stochastically

bounded).
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D3. maxi ||H̃i(θ)− H̃i(θ
′)|| ≤ bn(Z)||θ − θ′||

D4. ||Hi(θ)|| ≤M <∞

D5.
∣∣ 1
n

∑n
i=1 |ui| − 1

n

∑n
i=1 E[|ui|]

∣∣ = oP (1)

Lastly, let Γn denote a matrix that satisfies the following central limit theorem for the

estimating function

Central Limit Theorem

E1. For the array of random variables Gi = 1
n
Hi(θ0)ui, there exists a set of affinity sets

An
(i,d) such that (B.1), (B.2) and (B.3) are satisfied with a corresponding matrix Γn,

where
√

λmin(Γn) = r(n).

Then if r(n) = o(s(n))

Γ−1/2
n Hn(θ̂)(β̂ols − β0)→d N(0, Ip)

B.1.3 Estimation of Network Models

We next discuss the estimation of generative models of network formation using several

datatypes. We summarize the information for using ARD in Table B.1.3 as discuss similar

rates for other datatypes.

Estimation of the Stochastic Blockmodel Using Sampled Data

We illustrate that it is possible to estimate the stochastic blockmodel using a diverse set

of partial and sampled network data types. In each case, Pkk′ refer to the cross-block

probabilities, while ki ∈ {1, 2, . . . , K} denote the node memberships. We consider partial

network data to be any subset of the network data which can be used to generate an estimate

of the generative model θ̂.

Example (Induced subgraph). We sample m ≤ n of nodes in the graph randomly, with at

least one node from each of the K communities. Let G′ be the sub-graph induced by these
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Network Model Norm ARD Rate

SBM
∑

k,k′ |P̂kk′ − Pkk′ | ÕP (K/n)

Latent Space supi∈{1,2,...,n} |θ̂i − θi| OP (
√
log(n)/n)

Beta Model supi∈{1,2,...,n} |θ̂i − θi| OP (
√
log(n)/n)

Low-Rank Graphon 1
n2 ||η̂ − η0||2 ÕP (1/T )

Table B.1: Summary of estimation rates with respect to model classes. The norms used for

the latent space and beta models are with respect to their individual parameters θi. We let

η0,ij = P (Gij = 1|θ0) denote the probability of two nodes connecting in the graphon model.

Rates for the latent space and beta models are derived in Breza et al. [2023] and the low-rank

graphon in Alidaee et al. [2020].

m nodes. Let N ′
k denote the set of sampled nodes in community k, assumed to be positive

for each k. Let

P̂kk′ =
1

|N ′
k||N ′

k′ |
∑
i∈N ′

k

∑
j∈G′

k′

G′
ij .

Example (Edges missing). Suppose that edges are missing according to some distribution.

Let G′ be the observed graph, and suppose that P (G′
ij = 1|Xij = x) is the probability of

observing the edge G′
ij, given dyad-level covariates X and the edge Gij. Suppose that we

have a consistent estimator of this conditional response. Then,

P̂kk′ =
1

|N ′
k||N ′

k′ |
∑
i∈N ′

k

∑
j∈G′

k′

G′
ij

P̂ (G′
ij = 1|Xij)

.

Lemma B.1.4 (Rates for induced subgraph and Edges Missing). Consider an estimate for

a stochastic blockmodel cross probabilities based on either the induced subgraph or the edges

missing example of m ≤ n. Let mk = |Nk| = ρkm for some ρk ∈ (0, 1). Then with probability

at least 1− δ

|P̂kk′ −Pkk′ | ≤
1

ρkρk′m

√
log(2/δ)

2
(B.4)

Further, suppose that supx |P̂ (Gij = 1|Xij = x) − P (Gij = 1|Xij = x)| = oP (m
−1) with

P (Gij = 1|Xij = x) ≥ λ > 0. Then for large enough m, equation B.4 holds for the missing
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edges example as well.

Lastly, we discuss respondent driven sampling. In this setting, community membership

can be defined based on a partition of the covariates, thus allowing for an observable trait

in the graph, a similar strategy is adopted by Roch and Rohe [2018].

Example (Respondent driven sampling). Let i ∈ {1, 2, . . . ,m} denote the indices of a sample

of individuals obtained through respondent driven sampling. An initial number of individuals

are recruited as seeds, and subsequent individuals are recruited via referrals from the others

in a population. Tran and Vo [2021] develop a consistent estimator for the model parameters

of the stochastic blockmodel.

Let G̃m be the subgraph of Gn sampled from a set of nodes {1, 2, . . . ,m}. Let Mk denote

the number of individuals in the subsample of type k and let M↔
kk′ denote the number of

connected individuals in the subgraph G̃m.

The cross-type probabilities can be estimated as follows:

P̂ kk′ =


M↔

kk′
MkMk′

When k ̸= k′

M↔
kk

Mk(Mk−1)
otherwise

Tran and Vo [2021] illustrate the consistency of these parameters (Theorem 4.2 in their

paper), in particular |P̂ kk′ − P kk′ | = OP (m
−1)

Estimation of Other Network Models

Though we emphasise the estimation of the stochastic blockmodel, there are several other

methods available for estimation of the network formation model. These include the beta

model of Chatterjee and Diaconis [2011], in which the graph generation model consists of

two model parameters νi, νi possibly altered through some additional dyadic covariates X∗
ij

P (Gij = 1|θ0) = f̃(νi + νj + βTX∗
ij)

where f̃ is a link function. Alternatively one can consider the latent space model of Hoff

et al. [2002a] which include latent positions on some unobserved manifoldMp.
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P (Gij = 1|θ0) = f̃(νi + νj + d(Zi, Zj))

In each of these cases Breza et al. [2023] illustrate consistent estimation rates in the

||θ̂ − θ0||∞ = OP

(√
log(n)

n

)
with the use of aggregated relational data. Since this represents

the coarsest datatype we expect similar rates to hold for subgraph sampling and respondent

driven sampling. Though this rate is too slow for the to ignore the effect of the estimation

of the graph model, in examples where one expect a high level of correlation among the

outcomes it can be practical to use these methods.

B.1.4 Plug-in estimates of the Causal parameter

For many problems, the parameter of interest is a causal query conditional on the complete

graph G as described in Section 3.2.3. For example, one may care about the expected number

of adoptions after seeding an individual in block k v.s. block k′. In this section, we illustrate

how to construct an estimate of the causal parameter Ψ(a|G) using our conditional model

estimation procedure.

Let Ψ(a|θ0) = E[Ψ(a|G)|a,X, θ0] be the average causal effect of policy a over all draws

of the graph model θ0. We will establish conditions under which these two quantities are

close to one another.

Recall the true conditional mean function E[Y |Si = s, Vi = v] = h0(s, v). Under a

correctly specified conditional model, h0(s, v) = h(s, v; β0), and Ψ(a|θ0) = Ψ(a|β0, θ0) where

Ψ(a|β, θ) = 1

n

n∑
i=1

E[f(Vi, Si; β)|a,X, θ]. (B.5)

In order to estimate Ψ(a|G) we plug-in the estimates for the mean model and network model

Ψ(a|β̂, θ̂). We next discuss the asymptotics of the plug-in estimate.

Lemma B.1.5 (Inference for a plug-in causal parameter). Assume the conditions of 3.3.1.
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Further, assume:

sup
β
|E[h(Si(X;G), Vi(a|G); β)|a,X, θ]− E[h(Si(X;G), Vi(a|G); β)|a,X, θ′]| ≤ bi||θ − θ′||

(B.6)

where bi ≤M <∞. Denote

Qn(β) :=
1

n

n∑
i=1

∂

∂β′E[h(Si(X;G), Vi(a|G); β′)|a,X, θ0]

∣∣∣∣
β′=β

∈ R1×p

and

ω̃n := Qn(β0)Dn(β0)ΓnDn(β0)
TQn(β0)

T .

If s(n) = o(
√
ω̃n). Then

ω̃−1/2
n (Ψ(β̂, θ̂)−Ψ(β0, θ))→d N(0, 1) (B.7)

This lemma is essentially an application of the delta method, with the additional caveat

that we estimate θ before the plug-in estimate. As before, this requires a fast estimate of the

graph generative model parameter, but we add the slightly different assumption (B.6) that

the smoothness in the model class is over the conditional response models E[h(Si, Vi; β)|θ],

rather than the estimating function m̃(Y, S, V |β, θ).

Convergence of the causal parameter to the average over graphs

As we have previously discussed, we can only hope to estimate Ψ(a|θ0) as we do not

have access to the full graph G. We next introduce a simple conditions under which the

parameter Ψ(a|G) is close to its average over draws of the graph G ∼ θ0, Ψ(a|θ0).

Assumption B.1.6 (vn-response dependence). For any graph draw G let G
′(ij) denote the

graph G with the ij entry swapped from 0 to 1 or vice versa. Let cij,n denote the bounds of

the differences such that∣∣∣∣∣ 1n
n∑

i=1

h0(Si(X, G), Vi(a, G))− h0(Si(X, G
′(ij)), Vi(a, G

′(ij)))

∣∣∣∣∣ ≤ cij,n (B.8)

And let v2n =
∑

ij:i ̸=j c
2
ij,n
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Lemma B.1.7. Under Assumption B.1.6

Ψ(a|G)−Ψ(a|θ0) = OP (vn)

The proof is a one-line application of McDiarmid’s inequality. Previous related work such

as Breza et al. [2023] typically assume that such a quantity is consistent, however here we

quantify the rate here. We next highlight an example;

Example (Conditional Mean Function Example). We abbreviate G = G and G′ = G
′(kl).

Let h0(Si(X, G), Vi(a, G)) = β0 + β1ai + β2Xi + β3

∑
l ̸=i

XlGkl

n
+ β4

∑
l ̸=k

alGil

n
denote a lin-

ear response function dependent on the density of connected neighbors. Suppose that the

covariate values are bounded |Xi| ≤M <∞. Then:∣∣∣∣∣ 1n
n∑

k=1

h0(Si(X, G), Vi(a, G))− h0(Si(X, G′), Vi(a, G
′))

∣∣∣∣∣
=

∣∣∣∣∣ 1n
n∑

k=1

∑
l ̸=k

β3
Xl(Gkl −G′

kl)

n
+ β4

al(Gkl −G′
kl)

n

∣∣∣∣∣
≤
∣∣∣∣ 1nXj +Xi

n
+
|aj|+ |ai|

n

∣∣∣∣
≤ (2M + 2)/n2

Applying B.1.7 illustrates that: Ψ(a|G) − Ψ(a|θ0) = Op(n
−1). Hence in order to estimate

the expected average outcome, all we need is a consistent estimate of the model parameters

β0.

B.1.5 Experimental Design Variance Minimization With Model Uncertainty

As an extension of our variance minimizing procedure, we can incorporate the uncertainty

in our estimates of the model parameters. For instance, consider the following parametric

bootstrap approach for estimating the model parameters of the stochastic blockmodel when

using ARD.

For example, consider a scenario where we utilize the stochastic blockmodel and we

collect ARD. Denote θ̂ = ({Ẑi}ni=1, P̂ ) the initial estimate of the model as computed from
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Lemma 3.3.4. We can construct a sampling distribution of θ̂(b) using the following procedure.

Let X∗
it denote the ARD responses of the number of connections individual i has to someone

of trait t and let Ti ∈ {0, 1}T denote the trait memberships of the corresponding individuals.

1. Estimate θ̂ from X∗

2. For b ∈ {1, 2, . . . , B}

(a) Sample G(b) ∼ θ̂

(b) Construct the ARD vector based on the resampled responses X
∗(b)
it using counts

according to connections of G(b) to the nodes with corresponding traits {Ti}ni=1

(c) Estimate θ̂ from X∗(b)

This approach can work for any procedures which can allow for a sampling distribution of

the model parameters {θ̂(b)}Bb=1. For example Baraff et al. [2016] considers a nonparametric

bootstrap for respondent driven sampling.

In all such cases where θ̂ is modeled with uncertainty, we apply Algorithm 5 to each of the b

draws. Since the model is equivalent under cluster permutations, we choose the permutation

for each {Ẑ(b)
i }ni=1 which minimizes the classification error with respect to {Ẑi}ni=1. This

is implemented using standard software, for example in the label.switching R package

Papastamoulis [2015]. Thus far we have discussed assigning seeds or treatments from the

perspective of designing more efficient experiments, however, in many applications, one may

wish to select nodes which will maximize some outcome over the network, such as diffusion

processes.

B.2 A discussion on the frameworks of interference

We contrast the approaches of a fixed outcome approach as in Aronow and Samii [2017] to

a structural causal model approach. In the former approach, each individual has a distinct
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outcome under an exposure v, Yi(v). Though such an approach is robust for learning pa-

rameters such as average treatment effects 1
n

∑n
i=1 Yi(v), the information in an individual

i’s potential outcome is completely distinct from individual j. This important details has

important downstream implications.

Consider the simple contagion model from the example in Section 3.2.1 which takes place

in a single time period (T = 1). Consider the nodes i, j in Figure B.1 with seeded nodes

in blue. Suppose that at time T = 1, that each neighbour of a treated node is infected

with probability q. Since each one has only a single treated neighbor the distribution of the

infection probability P (Yi = 1|a, G) i and j are equivalent as their exposures are identical

(i.e. they are each connected to a single seed node). However, in the finite sample framework

the potential outcomes of any two nodes with a single treated neighbor can be arbitrarily

different (Yi(v) ̸= Yj(v)).

This nonparametric structure imposed on the potential outcomes later imposes restric-

tions on the degree of influence of others a node can have for estimation, thereby limiting

this framework to examples with local dependencies (a phenomena also seen in Ogburn et al.

[2022]).

Figure B.1: Equivalence of distribution of potential outcomes of nodes i and j are equivalent

under this given treatment assignment as all of the rooted networks are equivalent.
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B.2.1 Why not IPW estimators?

In many nonparametric approaches to estimating causal quantities under interference, inverse

probability weighted (IPW) estimates can be developed given a randomization scheme PA

[Aronow and Samii, 2017]. This is useful as it can be used to develop estimators for causal

effects any exchangeability assumptions on the potential outcomes. However when Vi is

not observed directly, we must leverage additional structure in order to estimate any causal

effects.

Our objective is to understand the model’s structure and often apply it to tasks such as

seeding. Thus, we rely on a correct model specification. The challenge with developing an

IPW estimator arises when exposure is not observed. In such cases, it becomes impossible to

determine which potential outcome was observed, violating the causal consistency assump-

tion. Specifically, we don’t know which potential outcome Yi represents (i.e., which exposure

v, Yi = Yi(v)).

B.3 Proofs of paper theorems:

B.3.1 Proof of Lemma B.1.4

Proof. The proof is straightforward application of Hoeffding’s inequality. Given an m node

subsample of the full graph, and given their known types. Since P̂kk′ =
1

ρkk′m

∑
i,j GijI(ki =

k, kj = k′), then the final result is a direct application of Hoeffding’s inequality.

For the missing data case, we can plug-in the estimate of the edge sampling P (Gij =

1|Xij = x) in order to correct for the missingness of the edges. If supx |P̂ (Gij = 1|Xij =

x)− P (Gij = 1|Xij = x)| = oP (m
−1) then the estimation of the propensity is negligible and

we can correct for the missingness of edges.

B.3.2 Proof of Lemma 3.3.4

Proof. Under the stochastic blockmodel assumption, the true latent traits are some discrete

type ki ∈ {1, 2, . . . , K}. Then the mean connection probability Zck is simply a mixture over
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the connection probabilities, weighted by P (kj = k′|tj = t). Let Nk denote the set of indi-

viduals with group k membership. Furthermore, let n = |Nk|. Denote analogous quantities

for the trait memberships Nt as well as the intersection of k and t by Nkt. When we have

a correct clustering. Denote P̂kt = 1
nk

∑
i∈Nk

1
n
Ỹit. Assuming independent samples condi-

tional on the graph clusters, let Pkt =
1
nt

∑
k′∈[K]

∑
i∈Ntk′

Pkk′ denote the mean probability of

connection averaged over the clusters conditional on their latent traits. Let ωkt =
nkt

nt
.

We can express P̃kt = P (Gij = 1|ki = k, tj = t) as a weighted sum of the connection

probabilities from the constituent distributions. If the true clusters are known, then these

proportions ωkt are known exactly from the data. Then

P̃kt = P (Gij = 1|ki = k, tj = t)

=
K∑

k′=1

P (Gij = 1|ki = k, kj = k′, tj = t)P (kj = k′|tj = t)

=
K∑

k′=1

P (Gij = 1|ki = k, kj = k′, tj = t)ωk′t

=
K∑

k′=1

P (Gij = 1|ki = k, kj = k′)ωk′t

=
K∑

k′=1

Pkk′ωk′t

Expressing this relationship over the whole set of matrices, we have:

P̃ = ΩP

Where Ωtk =
ntk

nk
,

We can solve this system as long as the columns of Ω are linearly independent. Therefore:

P = (ΩTΩ)−1ΩT P̃

We next bound the estimation error in Frobenius norm of the true cross-cluster proba-
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bilities

||P̂ − P ||F = ||(ΩTΩ)−1ΩT (
̂̃
P − P̃ )||F

≤ ||(ΩTΩ)−1ΩT ||F ||(
̂̃
P − P̃ )||F

≤
√
||(ΩTΩ)−1ΩT ||2F ||(

̂̃
P − P̃ )||F

≤
√

Tr ((ΩTΩ)−1ΩTΩ(ΩTΩ)−1)||( ̂̃P − P̃ )||F

=
√
Tr ((ΩTΩ)−1)||( ̂̃P − P̃ )||F

Since we assume that Ω’s column’s are linearly independent, then ΩTΩ is invertible. There-

fore, what remains is bounding the Frobenius norm of ||( ̂̃P − P̃ )||F .

For each element, let

̂̃
P tk =

1

nknt

∑
i∈Nk

Ỹik

=
1

nknt

∑
i∈Nk

∑
j∈Nt

Gij

Therefore, applying Hoeffding’s inequality

P (| ̂̃P tk − P̃tk| ≥ ϵ) ≤ 2 exp
(
−2ϵ2nknt

)
Letting ρk =

nk

n
, ρt =

nt

n
, then

P (| ̂̃P tk − P̃tk| ≥ ϵ) ≤ 2 exp
(
−2ϵ2ρkρtn2

)
Therefore, by a union bound,

P (max
k,t
| ̂̃P tk − P̃tk| ≥ ϵ) ≤ 2KT exp

(
−2ϵ2ρkρtn2

)
=⇒ P (

∑
k,t

| ̂̃P tk − P̃tk| ≥ KTϵ) ≤ 2KT exp
(
−2(KT )2ϵ2ρkρtn

2
)

Therefore,

|| ̂̃P tk − P̃tk||1 = OP (
KT

√
log(KT )

n
)
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Hence

||P̂ − P ||2 = OP (
KT

√
log(KT )

n
)

Lastly, we show that as n grows, the probability of achieving a correct clustering of the

true block memberships approaches 1. Recall that nt = ρtn, and let ρT = mint ρt. By

Hoeffding’s inequality: P (||X†
i − Zki || > ϵn) ≤ 2 exp(−2ϵ2nn/ρT ). Taking a union bound

over all response vectors, P (maxi ||X†
i − Zki || > ϵn) ≤ 2n2 exp(−2ϵ2nn/) → 0 for all ϵn =

o(
√

log(n)/n).

Therefore, as n grows, the normalized response vectors in each cluster become well sep-

arated, and once ϵn < min ||Zk − Zk′ ||/2, then all clusters will be well separated and naively

hierarchical agglomerative clustering will consistently group the blocks together for K clus-

ters. Therefore for example, if we let ϵn = log(n)n−1/2,then P (maxi{k̂ ̸= k} = O( 1
n
)). Of

course the labels learned are only consistent up to permutation. We exploit the fact that

as referred to in Breza et al. [2023], the clustering problem gets easier as the sample size

grows. Let E be the event that k̂i = ki up to permutation for all i ∈ {1, 2, . . . , n}, i.e.

P (maxi |k̂i = ki| > 0) = 1−P (E) ≤ 1
n
. Since the estimators are not necessarily independent

of the event of perfect classification.

P (||P̂k̂ − Pk|| > ϵ) = P (||P̂k̂ − Pk|| > ϵ|E)P (E) + P (||P̂k̂ − Pk|| > ϵ|Ec)P (Ec)

≤ P (||P̂k̂ − Pk|| > ϵ, E) + P (Ec)

≤ P (||P̂k̂ − Pk|| > ϵ, E) + 1

n

= P (||P̂k − Pk|| > ϵ, E) + 1

n
Since E indicates the correct classification

≤ P (||P̂k − Pk|| > ϵ) +
1

n

≤
√
Tr ((ΩTΩ)−1)2KT exp

(
−2(KT )2ϵ2ρkρtn

2
)
+

1

n

Therefore

||P̂k̂ − Pk|| = OP (
KT

√
log(KT )

n
)
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B.3.3 Proof of Theorem 3.3.2

Proof. We emphasise that in general, the outcomes Y may be dependent, and this is reflected

through correlation in the estimating functions (or the residuals in the case of OLS). We will

partition the proof into two sections. First, we will prove the consistency of the estimator β̂

and secondly, we will prove the central limit theorem.

Consistency: The following result hinges on a typical consistency proof for the M or Z

estimators using a structure similar to those found in Chapter 5 of Vaart [1998]. First, we

denote that:

mn(Z; β̂, θ̂)− gn(Z; β̂) = mn(Z; β̂, θ̂)−mn(Z; β̂, θ0)

≤ bn(Z)||θ̂ − θ0||

= OP (1)oP (s(n))

= oP (s(n))

Next, we can see that, based on this expansion,

mn(Z; β̂, θ̂) = 0

=⇒ 0 = (mn(Z, β̂, θ̂)− gn(Z, β̂)) + gn(Z; β̂)

= oP (s(n)) + gn(Z; β̂) By A2

At this point, we can now treat this as a standard Z-estimation problem. Therefore, by A2

and A1, then β̂ is a solution to the estimating function g and is therefore consistent by an

application of Theorem 5.9 of Vaart [1998].

Asymptotic Normality: We illustrate asymptotic normality through a Taylor series
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expansion argument. As we saw in the consistency part of the proof

gn(Z; β̂) = oP (s(n))

For brevity in notation, we suppress the dependence on Z, which is implicit for functions,

with the subscript n. Using a Taylor expansion around β0, and let β̃j ∈ [β0,j, β̂j] for β0,j ≤ β̂j

and β̃j ∈ [β̂j, β0,j] otherwise.

gn(β̂) = gn(β0) +Dn(Z; β0)(β̂ − β0) +
∑
jk

∂2

∂βjβk

gn(Z; β̃)(β̂j − β0,j)(β̂k − β0,k)

= gn(β0) +Dn(Z; β0)(β̂ − β0) + oP (s(n) + ||β̂ − β0||)

by the application of the consistency and A2. Therefore, we focus on main terms. By

Assumption C1.

Therefore:

Γ−1/2
n Dn(Z; β0)(β̂ − β0) = Γ−1/2

n gn(β0) + op(
s(n)

r(n)
)

Noting that Dn(β0)−D(β0) = oP (1), by an application of Slutsky’s lemma:

Γ−1/2
n D(β0)(β̂ − β0)→d N(0, Ip)

and therefore, the proof is complete.
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B.3.4 Proof of Theorem B.1.3

Proof. We first we expand the form of the OLS estimator.

β̂ols = H−1
n (θ̂)

1

n

n∑
i=1

H̃i(θ̂)Yi

= H−1
n (θ̂)

1

n

n∑
i=1

H̃i(θ̂)(H̃
T
i (θ0)β0 + ui)

= H−1
n (θ̂)

1

n

n∑
i=1

H̃i(θ̂)(H̃
T
i (θ̂)β0 + (H̃T

i (θ0)− H̃T
i (θ̂))β0 + ui)

= β0 + H−1
n (θ̂)

1

n

n∑
i=1

H̃i(θ̂)(H̃
T
i (θ0)− H̃T

i (θ̂))β0︸ ︷︷ ︸
(A)

+ H−1
n (θ̂)

1

n

n∑
i=1

(H̃i(θ̂)− H̃i(θ0))ui︸ ︷︷ ︸
(B)

+H−1
n (θ̂)

1

n

n∑
i=1

H̃i(θ0)ui︸ ︷︷ ︸
(C)

We next bound terms (A) and (B) after which, the asymptotic distribution of (C) will

be apparent.

We note that the Hessian evaluated at the true model parameters can be evaluated

Hn(θ̂) = Hn(θ0)+ oP (s(n)) by assumptions D2 and D1. By the continuous mapping theorem

Hn(θ̂) = Hn(θ0) + oP (s(n)). We see that (A) = oP (s(n)) by assumpions D4, D2 and D1.

Next, by the stochastic boundedness of the error D5 and applying Hölder’s inequality.

1

n

n∑
i=1

(H̃i(θ̂)− H̃i(θ0)) ≤ (
1

n

n∑
i=1

|ui|)max
i
||H̃i(θ̂)− H̃i(θ0)||

= oP (s(n))

Therefore:

Γ−1/2
n Hn(θ̂)(β̂ols − β0) = Γ−1/2

n

n∑
i=1

H̃i(θ0)ui + oP

(
s(n)

r(n)

)
→d N(0, Ip)

by E1 and Slutsky’s Lemma, completing the proof.
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B.3.5 Proof of Lemma B.1.5

Proof. The proof follows from an application of the delta method, with the additional caveat

that we must account for the estimation of the model parameters θ0 In this case:

|Ψ(β̂, θ̂)−Ψ(β̂, θ0)| ≤
1

n

n∑
i=1

bi||θ̂ − θ0||

= oP (s(n))

The remainder of the proof follows from a simple application of the delta method using the

plug-in estimator Ψ(β̂, θ0). See Theorem 3.1 of Vaart [1998].

B.3.6 Proof of Lemma 3.3.5

We first include a useful lemma for bounding the approximation of the error of the graphon

model.

Lemma B.3.1 (Lemma 2.1 of Gao et al. [2015]). Denote ki ∈ {1, 2, . . . , K} are the block

memberships of a stochastic-blockmodel with average connection probabilities across blocks

η̄ij = Pk,k′ =
1

nknk′

∑
i,j:ki=k,kj=Zi

∑
l:Zl=Zj

ηkl. If the true graphon g ∈ Hα(M), then, there

exists some membership vector k and corresponding average across block probabilities P0 such

that:

1

n2

∑
ij

(ηij − η̄ij)
2 ≤M2

(
1

K2

)α∧1

We now proceed with a the proof of the lemma.

Proof. We firstly use a Taylor expansion of Ln(β0, η∗) where β̃ is an element-wise intermediate

value of β and β̃

Ln(β0, η∗) = Ln(β∗, η∗) +
∂

∂β
Ln(β, η∗)

∣∣∣∣
β=β∗

(β0 − β∗)

+
∑
jk

∂2

∂βj∂βk

Ln(β̃, η∗)(β0j − β∗j)(β0k − β∗k)

∂

∂β
Ln(β, η∗)

∣∣∣∣
β=β∗

(β0 − β∗) = −Ln(β0, η∗) +
∑
jk

∂2

∂βj∂βk

Ln(β̃, η∗)(β0j − β∗j)(β0k − β∗k)
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Since we assume Ln(β, η∗) is twice continuously differentiable in β, and B is compact, then

∂2

∂βj∂βk
Ln(β̃, η∗) is bounded. Therefore,

||β0 − β∗||2 ≤
|Ln(β0, η∗)|

λ
√
p

+O(||β0 − β∗||22)

Lastly, by our continuity assumptions, |Ln(β0, η∗)| ≤ L||η0 − η∗||2/n ≤ LMK−(α∧1). After

applying this, our proof is complete.

B.4 Additional Implementation details

B.4.1 An EM algorithm for Logistic Regression

Here we elaborate on the computation of a Z estimator. In general, an esti-

mator may require specific implementation, we provide an illustrative example with

logistic regression. Recall the characterization of the average estimating function

mi(Yi,a,X; β, θ) = E[m̃(Yi, Si(X, G), Vi(a, G); β)|Y ,a,X; θ]. Under this model, P (Yi =

1|Si(X, G), Vi(a, G)) = Λ(h̃(Si, Vi)
Tβ).

In order to compute the new estimating function, we need to be able to consider the

distribution of the graph, conditional on the observed outcome Yi. Specifically.

P (G|Yi,a,X, β, θ) =
P (Yi|G,a,X; β)P (G|a,X, θ)

P (Yi|a,X, β, θ)

=
P (Yi|Si(X, G), Vi(a, G); β)P (G|θ)

P (Yi|a,X, β, θ)

In a standard missing data problem, one would impute the missing covariates directly,

however, due to the dependence through the graph, this can be very difficult to achieve in

practice. However, it will be straightforward to sample from the graph model P (G|θ). Using

a simple approach, we can compute the maximizer exploiting standard software methods

using an EM algorithm [Dempster et al., 1977, Wu, 1983]. Suppose that we draw a sample

of graphs from the generative model {G(l)}Ll=1 ∼iid P (G|θ).
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Let wi(Yi, G; β) define the weight of an observation.

w(Yi, G; β) =
P (Yi|Si(X, G), Vi(a, G); β)

P (Yi|a,X, β, θ)

≈ P (Yi|Si(X, G), Vi(a, G); β)
1
L

∑L
l=1 P (Yi|Si(X, G(l)), Vi(a, G(l)); β)

The EM algorithm can now be defined as follows.

1. Sample {G(l)}Ll=1 ∼iid P (G|θ̂) denote a sample from the graph model and initialize

parameters β̂(0)

2. For t ∈ {1, 2, . . . , T}

(a) (E-step) Compute the weighted empirical estimating function

m(t)
n (Y |a,X, β, θ̂) =

1

L

1

n

L∑
l=1

n∑
i=1

m̃(Yi, Si(X, G(l)), Vi(a, G
(l)); β)w(Yi, G

(l); β̂(t−1))

(b) (M-step) Solve the new estimating function by solving:

m(t)
n (Y |a,X, β̂(t), θ̂) = 0

In practice, this allows for one to use standard solvers for the (M-step), after sampling a

single time with the (E-step).

Additionally, one can include correlations across the observations Yi through the use

of a generalized estimating equation approach. In other generalized linear models, ad-

ditional assumptions may be required in order to model the full conditional distribution

P (Yi|Si(X, G), Vi(a, G); β) such as a dispersion component.

B.4.2 Optimal design for a Z-estimator

Here we illustrate the optimal design approach for Z-estimators. In this example, the variance

itself may depend on the a parameter β, and thus one can include a working candidate for

the parameter β′.
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Algorithm 14 Saturation Randomized Design Variance.

1: Inputs: Working covariance Γn, model estimate θ̂, working parameter β′

2: Sample L draws from the graph model {Ĝ(l)}Ll=1 ∼ θ̂

3: Sample R treatments {ar}Rr=1 according to the block-saturations τ .

4: for r ← 1 to R do

5: Compute D̂r(a) =
1
nL

∑L
l=1

∑n
i=1∇βmi(Yi, SiVi; Ĝ

(l), β′)

6: Compute the variance for a single draw ar:

υϕ(ar; θ̂) = ϕT D̂r(a)
−1ΓnD̂r(a)

−1Tϕ

7: end for

8: Average over each of the draws ῡ(τ ; θ̂) =
∑R

r=1 υ
ϕ(ar; θ̂)

B.5 Additional Simulations

B.5.1 Coverage of the GATE

In our simulation setup in Section 3.5.1 we can also compute confidence intervals based on

the regression Yi = βTE[h̃(Si, Vi)] + ϵi where we apply the Eicker-Huber-White sandwich

estimator of the variance. We then compute the corresponding plug-in estimator of the

variance using the covariates observed and Lemma B.1.5. Since the covariates in the true

regression model behave like averages over the graph, we expect Lemma B.1.7 to hold and

therefore the difference between the GATE for any one draw of the graph, and the true

GATE is very small. We see in Figure B.2 that the coverage tends to be larger than the

nominal 95%, though in general, due to model misspecification of the true-graph, there can

be additional uncertainty due to the misspecification of the graph model. However, we see

in this simple example that the coverage performs well with an off-the-shelf implementation.
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Figure B.2: Coverage of the GATE using Eicker-Huber-White estimates of the variance.

B.5.2 Experimental Design: Local Diffusion

We next consider an example using a local diffusion process. We suppose that seed nodes

are placed at time 0 and that outcomes are measured at time T = 1, allowing for diffusion

to only take place to the immediate neighbors with a fixed probability q. In this case, for

non-seed nodes the probability of infection is related to the total number of treated neighbors

through the following link function. Under this model let Vi ∈ {0, 1} denote the exposure

as to whether one of their neighbors have received the treatment, i.e. Vi = I(
∑

j Gijaj > 0).

Then

E[Yi|Vi, Si] = qVi

In this experiment, a single individual is seeded in each network. Our goal is to identify the

best individuals in each of the network to seed and rank them by the expected variance of

the estimator. We compare this to random seeding of individuals in the network as well as
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seeding by only the highest degree nodes. We use the networks constructed by the union of

all connections of Banerjee et al. [2019]. We construct estimates of the stochastic blockmodel

as the partial data example using K = 3 in each case. We construct the traits using ARD

responses based on number of connections with the following traits outlined in the Appendix

in Section B.6.2. We also include an alternative where a beta-model [Chatterjee and Diaconis,

2011] is used in place of the SBM for the degree seeding where further details on estimation

are included in Section B.6.1. We then draw samples of the graph using the parametric

bootstrap to obtain a resampled distribution of ARD {X∗(b)}Bb=1 for B = 1000. We identify

the optimal treatment block for each parameter according to Section B.1.5. We simulate

1000 draws of the draws in the diffusion process for each true, and plot the associated bias

and RMSE of the seeding strategies in Figure B.3 with a true diffusion parameter q = 0.2.

In the full data case, the optimal strategy would be to seed the highest degree node in

each of the networks and measure whether each of their neighbors are infected at time T = 1.

However, this poses a problem for the stochastic blockmodel as we are essentially picking an

outlier to seed, which is different than a typical member of the block over draws of the process.

This can be corrected for using a model which accounts for degree heterogeneity, in our case,

the beta model. In our optimal seeding strategy, we find that the RMSE is lower in both the

degree optimized strategy with the beta model, as well as the block optimized strategy with

the SBM, than even the full data version with a completely randomized allocation, hence

highlighting the role of the interplay of the model of the graph and the experimental design.

This behavior is observed in Figure B.3.

B.5.3 Estimated outcome model

In this example, we consider a problem of optimal treatment assignment after the outcome

model is estimated. We consider an example where an outcome model is estimated and

transported to a new population. In this example we suppose that there is some benefit

β1 > 0 to receiving a treatment, and some smaller benefit based on the fraction of the

neighbors treated 0 < β2 < β1. We wish to assign treatments in a way that will maximize
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(a) Bias of Full and Partial Data Diffusion Param-

eter Estimates

(b) RMSE of Full and Partial Data Diffusion Pa-

rameter Estimates

Figure B.3: RMSE and bias of estimating parameter q using random seeding, and the optimal

seed for each village.
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the expected outcome Ψ(a|G) for each network.

Yi = β0 + β1ai + β2q1 + ϵi

Where qi := 1
di

∑n
j=1 Gijaj denotes the normalized number of treated neighbors. We

simulate the data with β0 = 1, β1 = 1 and β2 = 1/2 with σi ∼ N(0, 1). We choose this

form of a response function since it will be simple to solve with an off the shelf mixed-integer

programming approach using CVXR [Fu et al., 2020].

We suppose that in each example there is only a budget for B ∈ {10, 20, 40, 80} treatments

for each of the villages. The goal is to maximize the overall expected outcome. We consider

the following competing procedures. In this case, we suppose that we have a single pilot

network where we can learn the model and the goal is to maximize the benefit on the

remaining networks. We use the same gossip diffusion networks as in sections B.5.2 and

3.5.2.

We compare the following seeding strategies.

1. Random assignment to all individuals in the network

2. Equal assignment amongst clusters.

3. Assign treatments ordered by the highest degree of the nodes.

4. Maximize the total expected outcome by maximizing maxa;||a||1≤B Ψ(a; β̂, θ̂)

Let E[Yi|a] = β0 + β1ai + β2(1− ai)
∑K

k′=1 P̂k̂ik′
nt,k and let nt,k =

∑
j:kj=k aj. Therefore,

the objective function.

Ψ(a|β, θ) = β0 +
1

n
β11

Tnt +
1

n
β2ζ

Tnt

where ζ = 1
di

∑n
i=1Pki,· and nt = (nt,1, nt,2, . . . , nt,K). In general, given a conditional model,

one may fine tune the optimization approach to the particular challenges of evaluating the

optimal treatment allocation. We partition each network into 6 blocks.
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Figure B.4: Our method, model based optimal treatment allocation (Model Opt) compared

to random assignment and assignment to largest and smallest clusters respectively. The

larger the values represent larger average outcomes in each of the networks. Curves are fit

using cubic splines. The model based optimal design tends to give a higher value at each

of the sample sizes at each treatment budget. For example, at a sample size of 150 and a

treatment budget of 10, our methods leads to a 30% increase in the average outcome.

We plot the expected average outcome under each of the treatment allocations for the

remaining 68 networks after learning a model from the first pilot network. We repeat this

for the total number of treatments B ∈ {10, 20, 40, 80}.

In Figure B.4 we find that based on our method, we can achieve higher average outcomes

than simple models based on the block positioning alone, emphasizing the importance of

considering the potential outcome model when optimal targeting.
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B.5.4 Inference for evidence of complex contagion with partial network data

We can also replicate the results of Beaman et al. [2021]’s study on the evidence of pitplanting.

They consider 3 measures of information diffusion. Firstly, if an individual has heard of

pitplanting, second, if they know how to pitplant, and thirdly whether they adopt pitplanting

in their practice. In order to control for one’s position in the network, the authors consider

the distance between the optimal seeds using two other targeting methods, simple diffusion,

and geo-targeting as well as complex contagion. They then compare the increased odds of

con

Yiv = α + β1I(1TSeeds) + β2I(2TSeeds) + β3I(1Simple)iv + β4I(2Simple)iv

+ β5I(1Complex)iv + β6I(2Complex)iv + β7I(1Geo)iv + β8I(2Geo)iv + δv + ϵiv

Again, we generate synthetic covariates and apply a stochastic blockmodel in order to

estimateK = 8 blocks within each of the networks. We plot the coefficients for the connection

to exactly 1 seed, 2 seeds and within radius 2 of at least 1 seed in Figure B.5. We note that

we run the same regression as in Beaman et al. [2021], however, some since the full network

data includes some additional noise top preserve anonymity, we do not have the exact same

estimates of the coefficients as in their paper, however, the conclusions are substantively the

same.

B.6 Additional Experimental Details

To aid in reputability, we include additional details regarding the implementation of our

methods as well as competing methods.

B.6.1 Beta Model Estimation

Another common model utilized for random graph formation is the beta model coined by

Chatterjee et al. [2011]. Namely these are a class of models that can be learned based on
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Figure B.5: Replication of regression coefficients using aggregated relational data and asso-

ciated 95% confidence intervals.
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their degree sequence. We consider a version where each node has an affinity parameter νi

and the probability of connection between each pair of nodes is P (Gij = 1) = νiνj. Let

νn =
∑n

i=1 νi Therefore, E[di = d] =
∑

j ̸=i P (Gij = 1) = νi(νn − νi). The set of parameters

{νi}ni=1 can be estimated using an iterative solution to the fixed point equation:

ν
(t+1)
i = di/(ν

(t)
n − ν

(t)
i )

B.6.2 ARD Questions

We utilize the measured traits to construct responses for ARD questions for each individual

for the networks in Banerjee et al. [2019]. The constructed ARD include traits which ask

”How many people do you know ...”

• that are in each sub-caste?

• that are Farmers, Shop owners, Domestic workers etc. ?

• that own their house?

• that have a house with at least 3 rooms?

• that have access to electricity?

For the estimation of the GATE using Banerjee et al. [2013b], we use Leiden clustering

and denote the clusters traits. When replicating the results of Beaman et al. [2021], only a

subset of nodes have available covariate. As was done in our examples with Banerjee et al.

[2013b], we construct synthetic traits using the clusters observed from Leiden clustering for

K = 10. ARD is then constructed based on the connections to nodes of each trait.

B.6.3 GATE Estimators

The two estimators we compare for estimation of the global average treatment effect are the

difference in means estimator τ̂DM and the Horvitz-Thompson estimator τ̂HT . Let Ei0 and
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Ei1 denote the events that all neighbours of i are untreated (including i themselves) and

treated respectively.

τ̂DM =
1

n1

n∑
i=1

Yiai −
1

n0

n∑
i=1

Yi(1− ai)

τ̂HT =
1

n

∑
i=1

YiI(Ei1)

P (Ei1)
− YiI(Ei0)

P (Ei0)

In general, the Horvitz-Thompson estimator will be unbiased, however, it can often suffer

from high variance for two reasons. Firstly, the probabilities of the events that all nodes are

treated may be exceedingly low, inflating this variance, and also, relatively few nodes receive

the exposures under which all of their neighbours are treated or none of them are.

In the case where the spillover effects are relatively mild, often a difference in means

approach to the estimator is preferred. The effect of cluster randomization on the MSE of

this estimator has been further studied in the complete networkBrennan et al. [2022], Viviano

[2020].
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Appendix C

SUPPLEMENTARY MATERIAL FOR PROJECT 3

C.1 Proofs of Theorems

C.1.1 Proof of Lemma 4.2.2

In order to prove this lemma, we first introduce a useful result.

Theorem C.1.1 (Theorem 1.10.15 in Klingenberg [1995]). If f : (M̄, ḡ) → (M̄, ḡ) is an

isometry on a Riemannian manifold, then the fixed point set of f forms a totally geodesic

submanifold.

Using this theorem, if we can construct an isometry, a bijective isomorphism between two

metric spaces (in this case, the submanifold within the canonical manifold which contains

the triangle, as well as the canonical manifold of dimension 2), then the fixed points of the

set will form a totally geodesic submanifold which will be useful for constructing our fixed

point equation.

Proof. We will prove this by first considering constructing a change of basis to parameterize

the sub-manifold using the first 3 coordinates, then we will construct the isometry between

the manifold of dimension p ≥ 2 and that of dimension 2.

Consider a set of 3 points (x, y, z) ∈ Sp(κ) which are not co-linear. We can construct an

orthogonal matrix (rotation matrix) Q ∈ Rp+1×p+1 which allows us to construct a rotational

isometry.

WLOG, in our coordinate system, we place x at the origin, i.e. x = (1, 0, . . . , 0). We

construct an orthogonal rotation matrix Q which rotates the coordinates into the first 3

indices, with the rest of them being 0. Let q̃i denote the ith un-normalized column vector of
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Q, and qi = q̃i/||q̃i||2. We the define the following first 3 basis functions as the normalized

projections of the components of y and then z:

q̃1 = [1, 0, . . . , 0]⊤

q̃2 = y − (y⊤q1)q1

q̃3 = z − (z⊤q2)q2 − (z⊤q1)q1.

Since x, y, z are not colinear, then q1, q2, q3 are independent and are the normalization’s of

q̃1, q̃2, q̃3 respectively and are orthogonal. The remaining columns of Q are the completion

of the orthonormal basis with any remaining orthogonal basis vectors of Rp. Thus we have

constructed an orthogonal matrix Q and Q⊤Q = I = QQ⊤. This matrix Q can be used to

construct an isometry f1(·) : Sp 7→ Sp where

f1(x) = Q⊤x

d(f1(x), f1(y)) =
1√
κ
acos

(
f1(x)

⊤f1(y)
)

=
1√
κ
acos

(
x⊤QQ⊤y

)
=

1√
κ
acos

(
x⊤y

)
= d(x, y).

Hence, this rotation is an isometry. Therefore, we can equivalently use the parameterization

where the points x, y, z have non-zero coordinates only in the first three indices.

Next, let f2(x) = (x0, x1, x2,−x3,−x4, . . . ,−xp) denote an second mapping. Under this

transformation

f2(x)
⊤f2(y) =

2∑
i=0

(xi)(yi) +

p∑
i=3

(−xi)(−yi)

= xTy

=⇒ d(f2(x), f2(y)) = d(x, y)

and thus f2 is also an isometry. Since the composition of isometries is also an isometry.

By the composition of this rotation and sign flip of coordinates, we can construct the
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corresponding totally geodesic submanifold M2(κ) as follows. Lastly the totally geodesic

submanifold of dimension 2 can be constructed using the set of points satisfying {Qv} for

v = [v0, v1, v2, 0, 0, . . . , 0]
⊤ for any v0, v1, v2 such that v20+v21+v22 = 1, which is simply a repa-

rameterization of S2(κ) mapped into Sp(κ). By construction of this rotation matrix, x, y, z

are all fixed points of this isometry (f2 ◦ f1). When translating between coordinate positions

and the distances, one must use the same curvature value κ, and thus the totally geodesic

manifold of dimension 2 exists with the same curvature, and thus contains its midpoints.

The proofs for Ep and Hp follows this argument identically and thus the proof is complete.

C.1.2 Proof of Theorem 4.2.3

Proof. In order to develop our identifying equation for the curvature using triangle distances,

we note that any three points (x, y, z) can be embedded isometrically in a totally geodesic

submanifold of dimension 2 whenMp(κ) is a canonical manifold, as stated in Lemma 4.2.2.

Since this is a totally geodesic submanifold, the distance to the midpoint parameterized

by coordinates in M2(κ) will be the same as in Mp(κ). We continue with the proof by

embedding the triangle xyz in a canonical manifold of dimension 2. This will provide an

implicit equation for the curvature, determined by the side lengths of the triangle as well as

the length of the triangle median. In each case, we use the representations of the canonical

manifolds outlined in Section 4.2.1.

Case 1: Spherical. For convenience of derivation, we derive an implicit equation in a

coordinate system where the midpoint of points y and z is placed at the origin (m = (1, 0, 0)

in S2) and the line between y and z define the axis (0, 1, 0). Given the distance dyz we place

point y at the point (y0, y1, 0) where y0 = cos(
√
κdyz

2
). Next we place point z at z = (z0, z1, 0)

where z0 = y0 and z1 = −y1. Given this parameterization of the manifold embedding of y,

z and the distances, dxy, dxz, we solve for the coordinates of x.

In general, x = (x0, x1, x2). Since the midpoint is placed at (1, 0, 0), then x0 =
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cos(
√
κdxm

2
). Next, x1 can be solved for by considering its distance to y:

cos(
√
κdxy) = x0y0 + x1y1

= cos(
√
κdxm) cos(

√
κdyz/2) + x1 sin(

√
κdyz/2).

Similarly the distance to z can be computed as:

cos(
√
κdxz) = x0z0 + x1z1

= cos(
√
κdxm) cos(

√
κdyz/2)− x1 sin(

√
κdyz/2).

Solving for x1 leads to the expression

cos(
√
κdxy)− cos(

√
κdxm) cos(

√
κdyz/2)

cos(
√
κdxz)− cos(

√
κdxm) cos(

√
κdyz/2)

= −1

which can be further rearranged as follows:

cos(
√
κdxy)− cos(

√
κdxm) cos(

√
κdyz/2) = −(cos(

√
κdxz)− cos(

√
κdxm) cos(

√
κdyz/2))

=⇒ cos(
√
κdxy) + cos(

√
κdxz) = 2 cos(

√
κdxm) cos(

√
κdyz/2)

=⇒ Sec(
dyz
2

√
κ)(cos(

√
κdxy) + cos(

√
κdxz)) = 2 cos(

√
κdxm).

This finally leads to the expression:

2 cos(dxm
√
κ)− Sec(

dyz
2

√
κ)(cos(dxy

√
κ) + cos(dxz

√
κ)) = 0.

We then normalize this by the curvature value 1
κ
, which allows for g(κ, d) to be a continuous

function of κ from the hyperbolic κ < 0 to spherical space κ > 0.

In the spherical case, we also require that the distances themselves satisfy dpq ≤ π√
κ
, due

to the fact that this corresponds to the maximum possible distance on the sphere, however

this restriction is not present in the Ep and Hp.

Case 2: Hyperbolic. The proof for deriving this method in the hyperbolic case follows

an identical method to the spherical case and is left out for brevity. The resultant estimating
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function is of the following form

1

−κ

(
2 cosh(dxm

√
−κ)

− Sech(
dyz
2

√
−κ)(cosh(dxy

√
−κ) + cosh(dxz

√
−κ))

)
= 0

Remark: Under the limit as κ → 0 we find that limκ→0 g(κ,d
△) = 1

2
d2xy +

1
2
d2xz − 1

4
d2yz −

d2xm which gives exactly the parallelogram law in Euclidean space. This also highlights the

necessity that the term 1
κ
plays in maintaining a smooth equation as a function of κ through

0.

C.1.3 Proof of Theorem 4.2.4

Proof. We will use the implicit function theorem to construct a function for which we can

later apply a delta method. In order to do so, we must ensure that d
dκ
g(κ,d△) ̸= 0 for

κ such that g(κ,d△) = 0. We first note that g(κ,d△) is continuously differentiable when
√
κ < acos(π)

dyz
. This boundary corresponds to the maximum distance allowed on a sphere,

as given by two anti-polar points. Therefore to apply the implicit function theorem, what

remains is

∂

∂κ
g(κ,d△) ̸= 0.

which will hold by a brief application of (B3). As we have derived in Theorem 4.2.3,

dxm(κ;d
△(x, y, z)), the length of the triangle median as a function of the triangle lengths

d△(x, y, z) is a differentiable, continuous, increasing function of κ.

By definition, this function satisfies

g(κ, dxy, dxz, dyz, dxm(κ;d
△(x, y, z))) = 0

Let dxm denote the fixed value of the triangle median length at value of the true curvature

κ, and let dxm(κ;d
△(x, y, z))) denote the median length as a function of the triangle side

length. We can now write the estimating function g as a function of the equivalent exact
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midpoint dxm(κ) := dxm(κ;d
△(x, y, z))1

g(κ, dxy, dxz, dyz, dxm) =
2 cos(dxm

√
κ)

κ
− 2 cos(dxm(κ)

√
κ)

κ

We compute the derivative as a function of κ

d

dκ′ g(κ
′; dxy, dxz, dyz, dxm)

∣∣∣∣
κ′=κ

= 2
−dxm

√
κ sin(dxm

√
κ) + 2 cos(dxm

√
κ)

2κ2

+ 2
(dxm(κ)

√
κ+ κ3/2d′xm(κ)) sin(dxm

√
κ)− 2 cos(dxm(κ)

√
κ)

2κ2

Since g(κ,d△) = 0 =⇒ dxm = dxm(κ),

d

dκ′ g(κ
′; dxy, dxz, dyz, dxm)

∣∣∣∣
κ′=κ

= 2d′xm(κ)
sin(dxm(κ)

√
κ)√

κ

Since κ ≤ π2

d2xm
then if d′xm(κ) > 0 then d

dκ
g(κ,d△) > 0 and hence g(κ,d△) has positive

derivative d
dκ
g(κ,d△) > 0 for κ : g(κ;d△) = 0, where we use the notation g(κ;d△) when we

are specifying the g as a function of κ for a fixed set of distances.

Next, by the implicit function theorem, there exists an open neighborhood D̃ ∈ R4 and

an “implicit” function f̃(d) such that: κ = f̃(d) and g(f̃(d), d) = 0 for d ∈ D̃. Furthermore

the gradient satisfies:

∇df̃(d) = −
(
∂g(κ,d△)

∂κ

)−1 [
∇dg(κ,d

△)
]
.

Therefore by the delta method we arrive at the asymptotic distribution of κ̂

√
r(n)(κ̂− κ) =

√
r(n)(f̃(d̂)− f̃(d))→D N(0,∇f̃(d)⊤Σ∇f̃(d))

1We drop triangle lengths dependence d△(x, y, z) for brevity
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where →D refers to convergence in distribution. Lastly, by the implicit function theorem:

∇f̃(d)⊤Σ∇f̃(d) =

(
∂g(κ,d△)

∂κ

2
)−1 [

∇dg(κ,d
△)⊤Σ∇dg(κ,d

△)
]
.

If instead we only have consistency, rather than asymptotic normality of d̂, ||d̂− d||2 =

oP (r(n)
−1/2), then we can use the continuous mapping theorem instead and we have |κ̂−κ| =

oP (r(n)
−1/2). Remark: This form is very similar to the usual standard asymptotic normality

proofs for Z estimators as in van der Vaart [1998]. However, the main difference is in the fact

that we are not averaging the estimating function, but rather plugging in a distance estimate

which is asymptotically normal, meaning that we develop this delta method argument for a

plug-in estimator.

We find that in practice, condition (B3) holds quite generally, unless the points x, y, z are

co linear. In fact, in the Euclidean case, we can derive this exactly according to the Taylor

series expansion at κ = 0

g(κ,d△) =

(
d2xy
2

+
d2xz
2
− d2xm −

d2yz
4

)
+

(
d2xm
12
−

5d2yz
192

+
1

16
d2yz(d

2
xy + d2xz)−

1

24
(d2xy + d2xz)

)
κ+O(κ2).

Clearly at κ = 0 the solution reduces to the parallelogram law (
d2xy
2

+ d2xz
2
− d2xm −

d2yz
4

= 0).

When we substitute in the corresponding solution at κ = 0

∂

∂κ
g(κ,d△)

∣∣∣∣∣
κ=0

= − 1

48

(
d4yz − 2d2yz(d

2
xz + (d2xy) + (d2xz − d2xy)

2
)

= − 1

48

(
(dyz + dxz + dxy)(dyz − dxz − dxy)

× (dyz − dxz + dxy)(dyz + dxz − dxy)

)
.

As long as the triangle inequality is satisfied strictly for x, y, z, then ∂
∂κ
g(κ;d△)

∣∣∣∣∣
κ=0

> 0.

However, if the triangle inequality is not strict, i.e. x, y, z are co-linear, and dij = dik + dkj

for (i, j.k) being some permutation of (x, y, z), then ∂
∂κ
g(κ;d△)

∣∣∣∣∣
κ=0

= 0. For κ ̸= 0, we do
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not have simple closed-form expressions for ∂
∂κ
g(κ;d△)

∣∣∣∣∣
κ=0

and thus we leave (B3) as an

assumption, however, we believe this pattern to hold in the other canonical manifolds.

Lemma C.1.2. If x, y, z ∈ Mp(κ), let m denote the midpoint between y and z. Then

let dxm(κ;d
△(x, y, z)) denote the distance to the midpoint m from x as a function of the

curvature of the latent space κ.

Then dxm(κ;d
△(x, y, z)) is a non-decreasing function in κ.

Proof. The proof follows from Toponogov’s triangle theorem and the negative curvature

extension [Berger, 1962] which we include immediately following this proof in Theorem C.1.3.

Abbreviated for our purposes in Theorem C.1.3, we simply let p = z, x = r, q = m and

compare two manifolds κ ≤ κ′.

Then it immediately follows

dxm(κ;d
△(x, y, z)) ≤ dxm(κ

′;d△(x, y, z)).

Theorem C.1.3 (Toponogov’s Triangle Comparison Theorem (Theorem 3 of Berger [1962]).

LetM be a complete Riemannian manifold, and letM(κ) be the simply connected manifold

of constant curvature κ ∈ R. Let △zyx denote a geodesic triangle with points z, y, x ∈ M.

Let △̃zyx is the geodesic triangle with side lengths dzy = d̃zy and dzx = d̃yx on M(κ). If

K(M) is the minimum Riemannian sectional curvature on the manifold, and if κ ≤ K(M),

then

d̃yx ≤ dqr.

This theorem suggests that assumption (B3) is therefore very mild and that we will

always have a non-decreasing dxm function of κ but that we only have to assume that the

increasingness is strict. In practice, we observe this is only not strict when the points x, y, z
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are co-linear, and therefore the distance to the midpoint does not change as a function of

the curvature since, effectively, these points lie along a single geodesic.

C.1.4 Proof of Theorem 4.2.5

Proof. Recall that d△(x, y, z) denotes the vector of the distances of the triangle with vertices

(x, y, z), and let d△(m′, y, z) be the distances in triangle (m′, y, z). We also measure the

distance to the surrogate midpoint, dxm′ . Though we do not have access to the distance

to the true midpoint dxm, this is going to be a function of the curvature of the space, and

the distances of the triangle (x, y, z) and the median length dxm(κ;d
△(x, y, z)). For any

curvature κ and a surrogate midpoint m′, so that m′, x, y, z,∈ Mp(κ), we can upper and

lower bound the triangle median length. By the triangle inequality these upper and lower

bounds are

dxm(κ;d
△(x, y, z)) ≤ d+xm(κ) := dxm′ + dm′m(κ;d(m

′, y, z))

dxm(κ;d
△(x, y, z)) ≥ d−xm(κ) := dxm′ − dm′m(κ;d

△(m′, y, z))

By Lemma C.1.2 each dxm function is monotone in κ. The upper and lower bounds κ± can

then be computed by plugging in this value to g, i.e. g(κ,d△,±(κ)) = 0 and solving for κ. By

this monotonicity, the number of solutions in κ to either equation will typitcally be {0, 1}.

If there is a solution to g(κ,d△,±(κ)) = 0, then we have found and upper and lower

bounds. If there are no solutions, then the upper and lower bounds are ±∞. In the event

that there are colinear points, then this can lead to a situation where (κ,d△,±(κ)) = 0 has

multiple solutions in κ. In this case, we can take the minimum of the upper bounds and

maximum of the lower bounds respectively.

C.1.5 Proof of Theorem 4.2.6

Before proving Theorem 4.2.6, we first introduce a useful theorem for the proof.
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Theorem C.1.4. Consider a set of continuous random variables Xi ∈ R which are

marginally identical but have an arbitrary dependency. Let M̂[X] denote the sample me-

dian of the set of these random variables. Then

P (M̂[X] ≤ t) ≤ 2P (X ≤ t) (C.1)

We find the proof in the supplementary materials in Section C.1.10. This bound is only

useful up to t = M[X] at which point the upper bound is 1. The implication here is that

we only need most of the midpoints between any two points to be reasonably separated. We

later illustrate how we will find good midpoints and so we can verify their existence in any

observed dataset.

Proof. Let Ξ(Z{1,...,i}) denote the set of distances from one midpoint to another as a function

of their endpoints: Zj, Zk, Zl, Zr, i.e. Ξ(Z{1,...,i}) = {d(m(Zj, Zk),m(Zl, Zr))}(j,k,l,r)∈{1,...,i}
where m(Zj, Zk) refers to the midpoint of Zj and Zk. Denote the set of events Mi(t) =

M̂[Ξ(Z{1,...,i})] > t the median of these distances after sampling i endpoint positions is at

least t, and let G := G(t) = ∩Ki=1Mi(t) be the intersection of a growing sequence of these

medians all satisfy this bound. We can upper bound the probability that Φ(DK) ≤ t, that

the smallest distance to the midpoint of the pair of endpoints by the following induction

argument:

P (Φ(DK) ≤ t)

= P (Φ(DK) ≤ t|Φ(DK−1) ≤ t, G)P (Φ(DK−1) ≤ t|G)P (G)

+ P (Φ(DK) ≤ t|Φ(DK−1) > t,G)P (Φ(DK−1) > t|G)P (G)

+ P (Φ(DK) ≤ t|Gc)P (Gc)

≤ P (Φ(DK) ≤ t|Φ(DK−1) ≤ t, G)︸ ︷︷ ︸
(I)

P (Φ(DK−1) ≤ t|G) + P (Gc)︸ ︷︷ ︸
(II)

.

We first consider (I). Since we condition on G, at each step at least half of the midpoints

are at a distance at least t away from one another. By the locally Euclidean assumption



216

(A2) and the continuity of the latent distribution on a convex region (C1), then since there

are at least
(
K
2

)
/2 midpoints at a distance at least t away from one another:

(I) = P (Φ(DK) ≤ t|Φ(DK−1) ≤ t, G)

≤ max{0, 1−
(
K

2

)
α
Cp

2
tp}

≤ exp(−
(
K

2

)
α
Cp

2
tp)

By recursion, we can bound this over a growing sequence of samples of midpoints k ∈

{1, 2, . . . , K}

K∏
k=1

P (Φ(DK) ≤ t|Φ(DK−1) > t,G) ≤ exp(−
K∑
k=1

(
k

2

)
α
Cp

2
tp)

= exp(−
(
K + 1

3

)
α
Cp

2
tp)

≤ exp(−(K + 1)3α
Cp

12
tp)

Secondly, let us consider term (II). We will also demonstrate that this term is generally

negligible compared to the first term. By a union bound arguement:

P (Gc) = P (∪Kk=1{M̂[Ξ(Z{1,...,k})] ≤ t})

≤
K∑
k=1

P (M̂[Ξ(Z{1,...,k})] ≤ t)

≤ K(P (M̂[Ξ(Z{1,...,k})] ≤ t))

We note that this in fact describes a set of marginally identical, yet correlated random

variables, allowing up to leverage Theorem C.1.4.

P ({M̂[Ξ(ZK)] ≤ t}) ≤ 2P (Ξ(ZK) ≤ t})

= 2P (∪m′ ̸=md(m,m′) ≤ t})

≤ 2
∑
m′ ̸=m

P (d(m,m′) ≤ t})
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And by assumption (C3) in our theorem P (d(m,m′) ≤ t) ≤ αmCpt
p. Since there are K

(
K
2

)
terms in this bounds, then we add a factor of K

(
K
2

)
to construct the bound for (II). Hence

we combine these bounds to obtain:

P (Φ(DK) ≤ t) ≤ exp(−(K + 1)3αm
Cp

12
tp) + 2αmCpK

(
K

2

)
tp

Letting t = C2

K3/p will bound limK→∞ P (Φ(DK) ≤ tK) by any constant and therefore

Φ(DK) = OP (K
−3/p).

C.1.6 Proof of Lemma 4.2.7

The proof draws on a similar structure to that of the consistency result of Lubold et al.

[2023], we extend this to illustrate the rate of convergence.

Proof. Let ϵδ := {maxi,j d(Zi, Zj) < δ}. We wish to show that:

lim
ℓ→∞

P (ϵδ|Cℓ)

P (ϵCδ |Cℓ)
→∞

for δ = O(exp(−µ̃dℓ/p)).

Firstly we derive the probability of a clique forming, conditional on ϵδ. For convenience,

we denote ν̄ = 1
ℓ

∑ℓ
i=1 νi and d̄(z =

(
ℓ
2

)−1∑ℓ
i<j d(Zi, Zj)

P (Cℓ|ϵδ) =
∫ ∫

ϵδ

exp(−
(
ℓ

2

)
d̄(z)) exp

(
−
(
ℓ

2

)
ν̄

)
dPZ|ϵδ(z)dPν(ν)

= Ψ(Pν)

∫
ϵδ

exp(−
(
ℓ

2

)
d̄(z))dPZ|ϵδ(z)

where Ψ(Pν) =

∫
exp

(
−
(
ℓ

2

)
ν̄

)
dPν(ν).

Here we factor out the dependence on the random effects into the multiplicative term Ψ(Pν)

This can be developed analogously for P (Cℓ|ϵcδ):

P (Cℓ|ϵcδ) =
∫ ∫

ϵδ

exp(−
(
ℓ

2

)
d̄(z)) exp

(
−
(
ℓ

2

)
ν̄

)
dPZ|ϵδ(z)dPν(ν)

= Ψ(Pν)

∫
ϵcδ

exp(−
(
ℓ

2

)
d̄(z))dPZ|ϵcδ(z)
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This allows us to ignore the dependence on the random effects when taking the ratio

P (ϵδ|Cℓ)

P (ϵCδ |Cℓ)
=

P (Cℓ|ϵδ)
P (Cℓ|ϵCδ )

P (ϵδ)

P (ϵcδ)
.

We now proceed with the remainder of the proof. Consider the ball of radius δ
2
at a point

q B(δ, q). This describes one set of points for which all points have a maximal distance of δ.

Thus
{
{Zi}ℓi=1 ∈ B(δ, q)

}
⊂ ϵδ for any q. Since f is continuous, then for some δ̃ if f(q) has

positive probability f(q) > 0 for some q then for all δ ≤ δ̃, f(x) ≥ c2;∀x ∈ B(q, δ) for some

constant c2. Therefore P (ϵδ) ≥ P ({Zi}ℓi=1 ∈ B(δ, q)) ≥
(
c2
(
δ
2

)p)ℓ
.

Next we exploit Lemma A.1 in Lubold et al. [2023] states that if Zi are drawn iid from

a latent distribution with funute mean µd, then

P (Cℓ|ϵcδ) ≤ exp

(
−
(
ℓ

2

)
µd

)
Putting this all together, for P (ϵδ) ≤ 1

2

P (ϵδ|Cℓ)

P (ϵCδ |Cℓ)
=

P (Cℓ|ϵδ)
P (Cℓ|ϵCδ )

P (ϵδ)

1− P (ϵδ)

≥ P (Cℓ|ϵδ)
P (Cℓ|ϵCδ )

1

2
P (ϵδ)

≥ 1

2

P (Cℓ|ϵδ)
P (Cℓ|ϵCδ )

cℓ2

(
δ

2

)pℓ

≥ 1

2

exp(−
(
ℓ
2

)
δ)

P (Cℓ|ϵCδ )
cℓ2

(
δ

2

)pℓ

≥ 1

2

exp(−
(
ℓ
2

)
δ)

exp(−
(
ℓ
2

)
µd)

cℓ2

(
δ

2

)pℓ

=
1

2
exp

(
−
(
ℓ

2

)
δ +

(
ℓ

2

)
µd + ℓ log(c2) + log(δ/2)pℓ

)
Therefore letting δ = 2 exp(−µ̃d

ℓ−1
p
) for µ̃d < µd. Then

lim
ℓ→∞

P (ϵδ|Cℓ)

P (ϵCδ |Cℓ)
→∞

and therefore the proof is complete.
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C.1.7 Proof of Lemma 4.2.8

At a high level, the proof structure is nearly identical to Lemma 4.2.7, however, we swap the

roles of ν and d(Zi, Zj).

Proof. Let εδ =
{
mini∈{1,2,...,ℓ} νi ≥ −δ

}
If fν(ν) is continuous around 0 then for small enough δ, Fν(ν > −δ) ≥ c3δ for some c3.

As in the proof of Lemma 4.2.7, we similarly take the ratio and integrate out Ψ(Pd̄) since

P (Cℓ|εδ) =
∫
εδ

∫
exp(−

(
ℓ

2

)
d̄(z)) exp

(
−
(
ℓ

2

)
ν̄

)
dPZ(z)dPν|εδ(ν)

= Ψ(Pd̄)

∫
εδ

exp

(
−
(
ℓ

2

)
ν̄

)
dPν|εδ(ν)

where Ψ(Pd̄) =

∫
exp(−

(
ℓ

2

)
d̄(z))dPZ(z)

Then consider the set [−δ, 0]. Then P (εδ) ≥ (c3 (δ))
ℓ.

Next we consider the probability of a clique, conditional on the fact that the locations

did not occur in set εcδ.

P (Cℓ|εcδ) ≤
∫

exp

(
2

(
ℓ

2

)
ν̄

)
dPν(ν).

Let µν = E[ν] < 0. This is due to the fact εδ denotes the event {mini νi < −δ} it is

reasonable that P (Cℓ|ϵcℓ) ≥ P (Cℓ) since we are excluding the events most likely to create a

clique. Furthermore by the same argument as in Lemma A.1 in Lubold et al. [2023] we can

show

P (Cℓ|εcδ) ≤ exp(−2
(
ℓ

2

)
|µν)
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This can be achieved as follows:

P (Cℓ|εcδ) = E

[∏
i<j

exp(νi + νj)

∣∣∣∣εcδ
]

≤ E

[∏
i<j

exp(νi + νj)

]

≤
∏
i<j

(
E

[
exp(

(
ℓ

2

)
(νi + νj))

])1/(ℓ2)

≤ exp(

(
ℓ

2

)
2µν)

∏
i<j

(
E

[
exp(

(
ℓ

2

)
(ηi + ηj))

])1/(ℓ2)

≤ exp(

(
ℓ

2

)
2µν)× 1

= exp(−
(
ℓ

2

)
|µν |)

due to the fact that the probability of connection is higher within εδ than outside of εcδ. The

remaining steps follow from an application of Holder’s generalized inequality and xi = µν+ηi

for some noise ηi.

Returning to the computation of the ratio of probabilities,

P (εδ|Cℓ)

P (εCδ |Cℓ)
=

P (Cℓ|εδ)
P (Cℓ|εCδ )

P (εδ)

1− P (εδ)

≥ 1

2

P (Cℓ|εδ)
P (Cℓ|εCδ )

P (εδ)

≥ 1

2

P (Cℓ|εδ)
P (Cℓ|εCδ )

cℓ3 (δ)
ℓ

≥ 1

2

exp(−2
(
ℓ
2

)
δ)

P (Cℓ|εCδ )
cℓ3 (δ)

ℓ

≥ 1

2
exp

(
−2
(
ℓ

2

)
δ + 2

(
ℓ

2

)
|µν |+ ℓ log(c3) + log(δ)ℓ

)
therefore we can let δ = exp(−|µ̃ν |2(ℓ− 1)) for any |µ̃ν | < |µν | and therefore the proof is

complete.
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C.1.8 Proof of Theorem 4.2.9

In order to prove the derive the asymptotic distribution of the distance estimator, we in-

troduce a useful theorem. This theorem will illustrate the rate of estimation of the random

effects.

Lemma C.1.5. Let W ⊂ {1, 2, . . . , n} denote a subset of indices which form a clique (Cℓ).

Let di denote the degree of node i ∈ W where |W | = ℓ and assume that the points in the

clique have a common latent position. Denote the estimator of γW . Let µν := E[ν]. Then

for any µν < µ̃ν < 0

γ̂W = log

(
1

ℓ

∑
i∈W

di
maxj∈W dj

)
.

Then if (E1) in Lemma 4.2.8 holds, then define µ̃ν as in Lemma 4.2.8

γ̂W − γW = OP

(
max

{
exp(µ̃νℓ),

1√
n

})
(C.2)

Therefore, estimation of γW within a clique can occur at an exponential rate, meaning

that this estimation will be negligible compared to the average cross-clique probabilities.

Proof. The proof here is a straightforward application of the plug in estimator of p̂XY and

the set of random effects γ̂X/Y . Then by the Lindeberg-Feller CLT:

√
ℓ2σℓ(p̂XY − pXY )→d N (0, 1)

We first consider the localization of nodes within a clique, specifically

pXY =
1

ℓ2

∑
x∈X

∑
y∈Y

exp(νx + νy − dxy)

=
1

ℓ2

∑
x∈X

∑
y∈Y

exp(νx + νy − dXY + oP (−µ̃dℓ)) by Lemma 4.2.7

=⇒ dXY = − log(pXY ) + γX + γY + oP (−µ̃dℓ)
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We now study our distance estimator as per equation (4.12)

d̂XY = − log(p̂XY ) + γ̂X + γ̂Y + oP (µ̃dℓ) + oP (−µ̃dℓ)
√
ℓ2d̂XY = −

√
ℓ2 log(p̂XY ) +

√
ℓ2γ̂X +

√
ℓ2γ̂Y

= −
√
ℓ2 log(p̂XY ) + γX + γY + oP (ℓn

−1/2) + oP ((ℓ+ 1) exp(−µ̃dℓ)) + oP (ℓ(−µ̃νℓ)) By Lemma 4.2.8

= −
√
ℓ2 log(p̂XY ) + γX + γY + oP (1).

And hence the higher order terms are asymptotically negligible compared to the estimation

of pXY . Therefore by the delta method we can derive the asymptotic distribution of the

distance estimator √
ℓ2

σℓ

pXY

(
d̂XY − dXY

)
→d N (0, 1)

C.1.9 Proof of Lemma C.1.5

Proof. Consider a clique X of size ℓ. We note that by Lemma 4.2.7 that the nodes within

the clique are exponentially close to one another, and dxx′ = oP (exp(−µ̃dℓ)). Therefore

we consider the ratio of the connection probability to any node in the network P (Axi =

1|X )/P (Ax′i = 1|X ), where

P (Axi = 1|X ) =

∫
exp(νx + νi − d(Zx, Zi))dFν(νi)dFZ(Zi)

= exp(νx)

∫
exp(νi − d(Zx, Zi))dFν(νi)dFZ(Zi)

= exp(νx)

∫
exp(νi − d(Zx′ , Zi) + oP (exp(−µ̃dℓ)))dFν(νi)dFZ(Zi)

=⇒ P (Axi = 1|X )/P (Ax′i = 1|X ) = exp(νx − νx′) exp(oP (exp(−µ̃dℓ))))

= exp(νx − νx′) + oP (exp(−µ̃dℓ)))
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Next we note that the empirical ratio of the connection probabilities can be computed using

a ratio of degrees

P̂ (Axi = 1|X )

P̂ (Ax′i = 1|X )
=

dx/n

dx′/n

By a simple application of Hoeffding’s inequality, we see that

|P̂ (Axi = 1|X )− P (Axi = 1|X )| = OP (1/
√
n)

And therefore

P̂ (Axi = 1|X )

P̂ (Ax′i = 1|X )
=

P (Axi = 1|X )

P (Ax′i = 1|X )
+OP (1/

√
n)

Lastly we apply this to the estimation of γX where.

γX = log

(
1

ℓ

∑
x∈X

exp(νi)

)

By Lemma C.1.5 we note that the random effects converge to 0 within a clique, therefore set-

ting the smallest magnitude estimate to 0 we finally observe that the final rate for estimating

the random effects is as follows:

γ̂X − γX = OP (1/
√
n) + oP (exp(−µ̃dℓ))) + oP (exp(−|µ̃ν |ℓ))).

C.1.10 Proof of Theorem C.1.4

In order to prove Theorem C.1.4 we first introduce a series of lemmas that will be useful for

proof. The proofs of these are contained in the subsequent subsections of the appendix.

Let Xi be a random variable with marginal distribution function F , and let X =

(X1, X2, . . . , Xn) denote a random vector for which all marginal distributions are F , that may
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in general be correlated. Let H denote the joint distribution. By Sklar’s Theorem [SKLAR

and M., 1959, Durante et al., 2013] we can express the joint distribution as

H(x) = P (X1 ≤ x1, X2 ≤ x2, . . . , Xn ≤ xn)

= C(F (x1), F (x2), . . . , F (xn))

where C is a copula for the joint distribution. A copula is simply a multivariate distribution

function for a set of uniform random variables which explains their dependence.

Lemma C.1.6. For a set of random variables Xi with equal marginal distribution, with

arbitrary correlation structure denoted by a copula C, then M̂(X) = F−1(M̂(U)) where U ∼ C

is a multivariate uniform random variable U = (U1, U2, . . . , Un).

This simply relates the distribution of the median of correlated random variables to the

median in the copula representation.

Lemma C.1.7. Consider for a fixed z, a set of intervals AI = ∩i∈I{Ui ≤ z} where I is a

subset of {1, 2, . . . , n}. Consider a sequence of sets AJ J ∈ J such that any pair of J, J ′

contain at least 1 overlapping index. Then

C(∪J∈JAJ) ≤W(∪J∈JAJ) (C.3)

where W is the perfectly collinear measure corresponding to the upper Fréchet Hoeffding

Bound [Frechet, 1957, Hoeffding, 1940].

This lemma is useful since it can describe an upper bound on the union of sets of intervals

AJ . It is used in an intermediary step in the derivation of Lemma C.1.8.

Lemma C.1.8. For any copula, C

C(M̂(U) ≤ z) ≤ 2z (C.4)

This lemma is useful in that it provides a worst-case bound on the median of uniform

random variables. From here the proof is short.
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Proof. The proof immediately is a result of Lemma C.1.6 and C.1.8.

P (M̂(X) ≤ t) = C(F−1(M̂(U)) ≤ t) Lemma C.1.6

= C(M̂(U) ≤ F (t))

≤ 2F (t) Lemma C.1.8

= 2P (X1 ≤ t)

This concludes the proof of Theorem C.1.4. We subsequently prove the results of Lem-

mas C.1.6, C.1.7, C.1.8.

C.1.11 Proof of Lemma C.1.6

Proof. We can express X = F−1(U) where the vector U is sampled from the copula C. Then

if n is odd, with the subscript (i) denoting the ith order statistic, X((n+1)/2) is the median.

In this case, clearly X(i) = F−1(U(i)). Now consider the case if n is even. If z is any median

of U then z ∈ [U(n/2), U(n/2+1)] then

z ∈ [U(n/2), U(n/2+1)]

⇐⇒ F−1(z) ∈ [F−1(U(n/2)), F
−1(U(n/2+1))]

⇐⇒ F−1(z) ∈ [X(n/2), X(n/2+1)]

Hence medians of the uniform distribution generated by the corresponding copula are mapped

to the median of the observed variables.

C.1.12 Proof of Lemma C.1.7

Proof. We prove this by induction. Consider the base case where there are two sets of

intervals AJ1 , AJ2 . Suppose there exists some copula Q such that Q(AJ1 ∪ AJ2) > W(AJ1 ∪
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AJ2). Firstly under the perfectly correlated copula W

W(AJ1 ∪ AJ2) = W(AJ1) +W(AJ2)−W(AJ1 ∩ AJ2)

= min{1, z}+min{1, z} −min{1, z}

= z + z − z

= z

Then since {AJ1 ∪ AJ2} ⊂ {Uk ≤ z} for some index k. Then

Q(AJ1 ∪ AJ2) ≤ Q(Uk ≤ z)

However, then this implies that the marginal distribution of Uk under Q is not uniform,

i.e. Q(Uk ≤ z) > z and thus Q is not a copula. Therefore it must be the case that

Q(A1 ∪ AJ2) ≤W(AJ1 ∪ AJ2) holds in the base case.

We next prove the induction step. Suppose the following holds for any copula Q and a

sequence of n sets of intervals Jn.

Q(∪J∈JnAj) ≤W(∪J∈JnAj)

for some n. Denote B = ∪J∈JnAJ then we must show for a new set of intervals An+1

Q(B ∪ An+1) ≤W(B ∪ An+1).

Again, we prove this by contradiction. Suppose that there exists Q such that Q(B∪An+1) >

W(B ∪ An+1)

W(B ∪ An+1) = W(B) +W(An+1)−W(B ∩ An+1)

Clearly by definition of W : W(B) = z, W(An+1) = z and W(B ∩ An+1) = z. Then

Q(B ∪ An+1) = Q(B) +Q(An+1)−Q(B ∩ An+1)

≤W(B) +Q(An+1)−Q(B ∩ An+1)

≤ z +Q(An+1)−Q(B ∩ An+1)︸ ︷︷ ︸
≥0
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which generates a contradiction hence

Q(B ∪ An+1) ≤W(B ∪ An+1)

C.1.13 Proof of Lemma C.1.8

Proof. Define the events AJ as in Lemma C.1.7 of size ⌈n/2⌉. Then the event {M̂(U) ≤ z}

is equal to the union of all such AJ as the median will be equivalent to the case when at

least half of all uniforms are below z. We can partition {AJ}J∈J into two sets S1, S2 for

which any two pairs of AJ in a set have at least one overlapping index. This can be done

by taking all the sets {AJ}J∈J which suggest {U1 ≤ z} and placing them into set S1. Then

all other sets must be placed in set S2. Since there are (n − 1) possible remaining indices

{2, 3, . . . , n} available for S2 then any two events must have an overlapping index by the

pigeonhole principle. Therefore

C(M̂(U) ≤ z) = C(∪Ai)

= C(S1 ∪ S2)

≤ C(S1) + C(S2) Union Bound

≤W(S1) +W(S2) Lemma C.1.7

= 2z.

C.1.14 A corollary of Lemma C.1.8

A corollary immediately follows from Lemma C.1.8. This bounds the deviation of an arbi-

trary set of correlated uniform random variables by the distribution of its marginal.

Corollary C.1.9. For any copula C.

C(|M̂(U)− 1/2| > ϵ) ≤ 2P (|U − 1/2| > ϵ) (C.5)
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Proof. P (|U − 1/2| > ϵ) is simply the marginal distribution of a uniform distribution.

P (|U − 1/2| > ϵ) = max{1− 2ϵ, 0}

Next we note that

{|M̂(U)− 1/2| > ϵ} = {M̂(U) < 1/2− ϵ} ∩ {M̂(U) > 1/2 + ϵ}

Note that we can define 1− V = U where the measure of V , C̃ is also a copula, since this is

a joint distribution of marginally uniform variables.

{M̂(U) > 1/2 + ϵ} = {M̂(V ) < 1/2− ϵ}

hence by a union bound.

C(|M̂(U)− 1/2| > ϵ) ≤ C(M̂(U) < 1/2− ϵ) + C̃(M̂(V ) < 1/2− ϵ)

= 2(1/2− ϵ) + 2(1/2− ϵ)

then since the copula is non-negative

C(|M̂(U)− 1/2| > ϵ) ≤ 2max{1− 2ϵ, 0}

= 2P (|U − 1/2| > ϵ)

C.2 Additional Computational Details

C.2.1 Newton Method for κ̂

Given a set of distances d̂ we can estimate the curvature using a newton method. Firstly,

we compute the derivative of g(κ, d) with respect to κ.
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∂

∂κ
g(κ,d△) = (1/(4κ2))

(
8 cos(dxm

√
κ)− 4 cos(dxz

√
κ)sec(dyz

√
κ

2
)

+ 4dxm
√
κ sin(dxm

√
κ)

− 2dxy
√
κsec(dyz

√
κ

2
) sin(dxy

√
κ)

− 2dxz
√
κsec(dyz

√
κ

2
) sin(dxz

√
κ)

+ dyz
√
κ cos(dxz

√
κ)sec(dyz

√
κ

2
)tan(dyz

√
κ

2
)

+ cos(dxy
√
κ)sec((dyz

√
κ)/2)(−4 + dyz

√
κtan(dyz

√
κ

2
)

)
This allows us to construct a newton method for estimating the root κ̂

κ̂(m+1) = κ̂(m) −
g(κ̂(m), d̂)
∂
∂κ
g(κ̂(m), d̂)

C.2.2 Distance Estimation

We recall the problem of estimating a distance matrix from a set of cliques C. Though this

problem is convex, due to the O(K3) restrictions in the problem, it the problem is often slow

to reach a solution in CVXR. Instead, we solve this problem using a successive second order

approximation.
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f(D) :=
∑

X ,Y ∈C,i∈X ,j∈Y

(
Aij (νi + νj − dxy)

+ (1− Aij) log (1− exp (νi + νj − dxy))

)
≈

∑
X ,Y ∈C,i∈X ,j∈Y

(
Aij (νi + νj −D0,x,y)

+ (1− Aij) log (1− exp (νi + νj −D0,x,y))

+

(
(Aij − 1)

exp (νi + νj −D0,x,y)

1− exp (νi + νj −D0,x,y)
− Aij

)
(dxy −D0,x,y)

+ (Aij − 1)
exp (νi + νj −D0,x,y)

(1− exp (νi + νj −D0,x,y))
2

(dxy −D0,x,y)
2

2

)
:= g̃(D,D0)

Hence to compute the global solution D̂, we can iteratively solve the following optimiza-

tion problem

D̂t+1 = argsup
D∈∈RK×K g̃(D, D̂t)

Dij ≥ 0 for all i, j

Diag(D) = 0

tr(E⊤
s D) ≥ 0∀s ∈ S

This process can be further sped up by choosing a good initialization matrix. We can

do this by using the unconstrained maximum likelihood estimate D̂U , which is very fast

to compute but does not enforce triangle inequality restrictions. This can be computed

analogously as in Theorem 4.2.9. Though many of the distances D̂U may not satisfy the

triangle inequality, we can trim the distances so that D̂U form a distance matrix, and use this

as the starting point. The Floyd-Warshall Algorithm is a possible option for constructing a

distance matrix from a noisy matrix which might not have a distance structure. A natural

extension to this in our context is seen in Algorithm 15.
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Algorithm 15 Adapted Floyd-Warshall Algorithm

Require: D ∈ RK×K
≥0

Ensure: D = D⊤

1: Trim entries below 0: D[D < 0]← 0

2: for k ∈ {1, 2, . . . , n} do

3: for j ∈ {1, 2, . . . , n} do

4: for i ∈ {1, 2, . . . , n} do

5: if Dij > (Dik +Dkj) then

6: Dij ← (Dik +Dkj)

7: end if

8: end for

9: end for

10: end for

One can draw similarities here to the problem of sparse metric repair. Metric repair seeks

to adjust the fewest entries in a noisy distance matrix so that it still preserves the properties

of being a metric (positivity, triangle inequality). Gilbert and Jain [2017] illustrated this

Floyd-Warshall algorithm to be a solution to a special type known as decrease only metric

repair.

C.3 Additional Discussion on the Latent Distance Model

C.3.1 Other Link Functions

Another common link function is the logistic link where the generative model for the network

is as follows:

νi ∼ Fν , νi ≤ 0

Zi ∼ FZ , Zi ∈Mp

P (Aij = 1) = logit(νi + νj + φ− d(Zi, Zj)).
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We can consistently estimate the node level parameters up to a constant shift using con-

ditional maximum likelihood as in the semiparametric Rasch model [Andersen, 1970]. The

parameter φ controls the global sparsity. Similar to before, we note that νi terms are likely

to be very large in a cliques then we can set the largest parameter in each group to be nearly

zero.

Other link functions may be used but will likely all need specific methods to estimate νi

parameters within each clique. However, we have shown how it can be developed in these

two canonical cases.

C.3.2 Alternative Estimators of the Distance Matrix

Additional methods for estimating the distance matrix can be developed. A promising

direction is to utilize structured sparsity in the distance matrix.

Our model exhibits numerous similarities to the β-model of network formation. In this

framework, each node in the network possesses a gregariousness parameter β. An extension

of this is the sparse beta model Chen et al. [2021]. In our context, ν functions analogously

to β:

P (Aij = 1|ν) = Λ(µ+ νi + νj)

where ∥ν∥0 ≤ s for some s≪ n. This parameterization facilitates a diminishing value of

µ and is suitable for sparsely growing networks.

Furthermore, a distance matrix can be incorporated as follows:

P (Aij = 1|ν) = Λ(µ+ νi + νj − dij)

where ∥D∥0 ≤ sD ≪ n, D ∈ D. Here, D represents the convex region of matrices

constrained to be distances. If sparsity is not maintained, the interior dimension of D for a

set of n points is
(
n
2

)
. Consequently, restricting the analysis solely to the distance matrix still
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results in
(
n
2

)
observations, making estimation infeasible without additional shared structure,

i.e. through sparsity of the distance matrix.

Additionally, this formulation would be able to adjust to the sparsity level of the network

data by asymptotically letting µ→ −∞. While a lasso-type procedure could be considered

for estimating this distance matrix, a complete discussion of such methodologies is beyond

the scope of this paper and is designated as future work.

C.3.3 Rates of Clique Formation

Here we clarify the notion of the likelihood of forming cliques of a given size. A famous

result by Grimmett and McDiarmid [1975] states that the largest clique within an Erdos-

Reyni random graph, CN(n)
CN(n)

log(n)
→a.s.

2

log(1/p)

where →a.s. indicates almost sure convergence.

The behaviour governing the formation of the cliques is determined by the concentration

of the latent positions in the latent space. Since this requires points that are exceedingly

close together, the curvature of the space does not come into play here, but rather in the

tendency of connections across cliques. In the case of a hyperbolic space, this tends to

generate tree-like structures between clusters of cliques, as seen in Figure 4.11(b). Hence a

hyperbolic space itself does not prevent the formation of cliques, so long as there as there is

a reasonable concentration of the positions in the space.

However, in our case, due to the fact that we assume that there is some continuous distri-

bution of latent positions and gregariousness parameters, then we can illustrate a polynomial

growth in the size of cliques. This results in probabilities of connection approaching arbi-

trarily close to 1 rather than being bounded away from 1 by a fixed probability. Let S(ℓ)

denote the combinations of nodes of size ℓ and S ∈ S(ℓ).

Let WS denote the event that the nodes in S form a clique. Our goal is to express the

expected number of cliques of size ℓ generated from the model W =
∑

S∈S(ℓ) WS.
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Theorem C.3.1. Let Wn,ℓ be the number of cliques formed of size ℓ formed from a network

of size n. If assumptions (D1) in 4.2.7 and (E1) in 4.2.8 hold, and ℓ = O(n1/(p+2)−ϵ′) for

any ϵ′ > 0. Then the expected number of cliques of size ℓ diverges i.e.

lim
n→∞

E[Wn,ℓ]→∞ (C.6)

Proof. We first lower bound E[WS] then utilize the linearity of expectation in order to com-

pute this lower bound.

E[WS] =

∫ ∏
i<j

exp(νi + νj − d(Zi, Zj))dFν(ν)dFZ(Z)

=

∫
exp((ℓ− 1)

ℓ∑
i=1

νi −
ℓ∑

i<j

d(Zi, Zj))dFν(ν)dFZ(Z)

Next, using assumptions (D1) in 4.2.7 and (E1) in 4.2.8 we focus on the concentration of the

latent positions.

Suppose that ϵδ = {maxℓi=1 d(Zi, Zj) ≤ δ} and εδ = {minℓ
i=1 νi > −δ} then P (ϵδ) ≥

(c2δ/2)
pℓ and P (εδ) ≥ (c3δ)

ℓ.

Therefore:

E[WS] ≥ exp(−2ℓ(ℓ− 1)δ)(c2δ/2)
pℓ(c3δ)

ℓ

and we let δ = δ′

ℓ
for some δ′ > 0

E[WS] ≥ exp(−2(ℓ− 1)δ′)(c2δ
′/(2ℓ))pℓ(c3δ

′/ℓ)ℓ

= exp(−2(ℓ− 1)δ′ − (p+ 1)ℓ log(ℓ))(c2δ
′/(2))pℓ(c3δ

′)ℓ

The dominant term here is the exp(−(p+ 1)ℓ log(ℓ)). Next summing over S(ℓ).

E[W] =
∑

S∈S(ℓ)

E[WS]

≥
(
n

ℓ

)
exp(−2(ℓ− 1)δ′ − (p+ 1)ℓ log(ℓ))(c2δ

′/(2))pℓ(c3δ
′)ℓ.
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We can lower bound the binomial coefficient
(
n
ℓ

)
≥
(
n
ℓ

)ℓ
. Therefore, we consider the rela-

tionship between n and ℓ such that the expected number of cliques of size ℓ grows to infinity.

We see that letting ℓ = n1/(p+2)+ϵ′ for any ϵ′ > 0 ensures that this lower bound diverges.

Then for large n

E[W] ≳
(n
ℓ

)ℓ
exp(−(p+ 1)ℓ log(ℓ))

=

(
ℓ(p+2)+ϵ′

ℓ

)ℓ

exp(−(p+ 1)ℓ log(ℓ))

= exp ((p+ 1 + ϵ′)ℓ log(ℓ)− (p+ 1)ℓ log(ℓ))

→ℓ→∞ ∞

and hence we expect the number of cliques of this size to diverge to infinity.

C.4 Riemannian Geometry Definitions

In this section, we review some definitions of the sectional and scalar curvature as well as the

volume elements. A Riemannian manifold M = (M, g) is a smooth manifold M equipped

with a Riemannian inner product gq on the tangent space Tq(M) at any point q ∈ M,

gq(u, v) : Tq(M)× Tq(M) 7→ R.

This inner product can be used to define the Riemann curvature tensor at a point q ∈M

Rq(u, v)w, which takes 3 vectors u, v, w and returns an element of the tangent space

Rq(u, v)w : Tq(M)× Tq(M)× Tq(M) 7→ Tq(M)

Rq(u, v)w := [∇u,∇v]w −∇[u,v]w

where [u, v] is the lie bracket of vector fields and [∇u,∇v] is the commuter of differential

operators. The Riemann curvature tensor can be used to define our main quantity of interest,

the sectional curvature at a point κq(u, v) : ×Tq(M)×Tq(M) 7→ R. The sectional curvature

takes two linearly independent elements of the tangent space and maps them to the real line.

κq(u, v) :=
gq(Rq(u, v)v, u)

gq(u, u)gq(v, v)− gq(u, v)2
.
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The sectional curvature is independent of the coordinate system used, but depends only

on the linear subspace spanned by u, v. Furthermore, in the canonical manifolds κq(u, v) = κ

by construction.

From the sectional curvature, we can define the scalar curvature S(m),

S(q) :=
∑
i ̸=j

κ(ei, ej)

where {ei}pi=1 form an orthonormal frame for Tq(M). We can think of the scalar curvature

as an “average of sectional curvatures” across the manifold.

Next we consider the distance induced by the metric tensor. Given a smooth curve

γ : [a, b]→Mp with γ(a) = q1 and γ(b) = q2, the length L(γ) of γ is defined by:

L(γ) =

∫ b

a

√
gγ(t) (γ̇(t), γ̇(t)) dt,

where γ̇(t) is the tangent vector to the curve γ at time t.

The Riemannian distance d(q1, q2) between two points q1, q2 ∈Mp is defined as:

d(q1, q2) = inf
γ
L(γ),

where the infimum is taken over all smooth curves γ : [a, b] → M such that γ(a) = q1 and

γ(b) = q2.

We lastly define a volume form (also known as the Levi-Civita Tensor) via the Riemannian

inner product g. If ω is a local oriented coordinate system near a point q then

dV :=
√
|det(g)|dω.

where gq is the metric tensor evaluated on the basis coordinate system ω. For further details

on these quantities, see Klingenberg [1995].

From this definition of a volume, we can define probability density functions on the

manifold. A density function f corresponding to a measure F with support on the manifold

can be defined as follows. For a set X ⊂M.
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P (X ∈ X ) =
∫
x∈X

f(x)dVx

See Pennec [1999] for further introduction for defining probabilities on the manifold.

C.5 Assumptions on M

Here we verify that the Algebraic Midpoint properties, as well as locally Euclidean properties

are satisfied for a complete simply connected smooth Riemannian manifolds.

If the algebraic midpoint property is satisfied for any complete metric space M then by

Theorem 1.8 of Gromov [2007], then M is a path metric space. The authors follow up

in discussion a list of examples of path metric spaces, which include Riemannian manifolds

with boundary.

Secondly, ifMp has scalar curvature at point q, S(q) then

Vol(BMp(ϵ, q))

Vol(BEp(ϵ, q))
= 1− S(q)

6(p+ 2)
ϵ2 + o(ϵ3)

by Theorem 3.98 of Gallot et al. [2004]. Since this holds, then for a latent metric which is

generated by distances on a Riemannian manifold, the locally Euclidean volume property

will hold.

C.6 Graph Statistics From Simulations

Columns denote the scale factor used in the simulations.

C.7 Values of Tuning Parameter C△ Used in Simulations And Applications

Here we provide details on the choice of C△ used in various simulations.
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Table C.1: κ = −2 graph statistics summary.

Scale (ρ) 0.7 1 2

Edge.fraction 0.016 (0.001) 0.012 (0.001) 0.007 (0.001)

Max.Degree 341.3 (23.596) 412.29 (26.364) 656.63 (33.954)

Mean.Degree 56.726 (5.279) 58.538 (5.351) 73.975 (5.448)

Distinct.Cliques≥ ℓ 78.665 (6.955) 53.675 (5.427) 43.515 (4.41)

Max.Clique.Size 24.215 (4.985) 28.725 (5.494) NaN (NA)

Mean.Degree.Centrality 0.155 (0.009) 0.134 (0.007) 0.107 (0.005)

Table C.2: κ = −1 graph statistics summary.

Scale (ρ) 0.7 1 2

Edge.fraction 0.017 (0.002) 0.012 (0.001) 0.008 (0.001)

Max.Degree 343.69 (25.21) 416.825 (28.796) 661.12 (32.257)

Mean.Degree 58.943 (5.354) 61.168 (5.636) 78.239 (5.6)

Distinct.Cliques≥ ℓ 80.14 (6.488) 54.965 (5.404) 42.32 (5.027)

Max.Clique.Size 24.005 (5.456) 28.735 (6) NaN (NA)

Mean.Degree.Centrality 0.159 (0.008) 0.137 (0.007) 0.112 (0.005)

Section (Figure) C△

4.3.1 (Figure 4.7) 1.5

4.4.1 (Figure 4.8) 1.2

4.4.2 (Figure 4.9) 1.2

4.4.3 (Figure 4.10) 1.3

4.5.1 (Figure 4.12) 1.4

4.5.1 (Figure 4.13) 1.4
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Table C.3: κ = −0.5 graph statistics summary.

Scale (ρ) 0.7 1 2

Edge.fraction 0.017 (0.001) 0.013 (0.001) 0.008 (0.001)

Max.Degree 340.785 (21.648) 413.115 (24.818) 656.07 (39.433)

Mean.Degree 59.658 (4.776) 62.67 (4.989) 79.873 (6.566)

Distinct.Cliques≥ ℓ 80.205 (6.493) 55.155 (5.288) 39.95 (5.289)

Max.Clique.Size 23.62 (5.216) 29.52 (6.073) NaN (NA)

Mean.Degree.Centrality 0.161 (0.009) 0.141 (0.007) 0.114 (0.005)

Table C.4: κ = 0 graph statistics summary.

Scale (ρ) 0.7 1 2

Edge.fraction 0.012 (0.001) 0.008 (0) 0.005 (0)

Max.Degree 205.38 (16.619) 242.88 (18.178) 371.805 (24.336)

Mean.Degree 40.815 (2.626) 41.759 (2.415) 52.465 (2.813)

Distinct.Cliques≥ ℓ 70.2 (13.19) 46.84 (6.057) 41.54 (4.576)

Max.Clique.Size 23.735 (5.244) 28.49 (5.421) 41.63 (7.913)

Mean.Degree.Centrality 0.169 (0.017) 0.149 (0.013) 0.125 (0.009)
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Table C.5: κ = 0.5 graph statistics summary.

Scale (ρ) 0.7 1 2

Edge.fraction 0.017 (0.001) 0.013 (0.001) 0.008 (0)

Max.Degree 267.08 (17.432) 318.615 (18.062) 488.545 (25.046)

Mean.Degree 61.311 (2.803) 63.539 (2.96) 80.373 (3.454)

Distinct.Cliques≥ ℓ 87.945 (12.778) 55.385 (7.343) 39.535 (5.591)

Max.Clique.Size 23.595 (4.844) 28.45 (6.158) 39.925 (7.861)

Mean.Degree.Centrality 0.21 (0.016) 0.183 (0.012) 0.153 (0.008)

Table C.6: κ = 1 graph statistics summary.

Scale (ρ) 0.7 1 2

Edge.fraction 0.025 (0.001) 0.018 (0.001) 0.012 (0)

Max.Degree 351.89 (16.965) 421.36 (18.32) 652.265 (26.131)

Mean.Degree 88.331 (3.89) 91.901 (3.805) 117.569 (4.089)

Distinct.Cliques≥ ℓ 91.71 (30.245) 64.23 (17.006) 41.765 (4.761)

Max.Clique.Size 24.07 (5.334) 29.29 (6.259) 40.52 (7.969)

Mean.Degree.Centrality 0.241 (0.012) 0.21 (0.01) 0.174 (0.007)

C.8 Additional Miscellanea

C.8.1 Embeddings and Graph Distances

Our focus on this paper is the estimation of curvature of latent spaces, however, one may

consider a similar problem of embedding the graph distances (DG), (i.e. shortest path
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Figure C.1: Example of estimating functions g as a function of κ.

distances) as in Gu et al. [2018]. This is a distinct, but related problem that we can study

using our estimating equation for curvature. Firstly, we note that using a set of graph

distances will generally allow for the formation of many good quality midpoints, as any

chain of 3 node forms a midpoint set. Our method may be useful here for identifying nodes

who’s distances may not be preserved well using a standard embedding in a space of constant

curvature. We leave this possible extension of our method as future work.

C.8.2 Smoothness of The Estimating Equation

Note: We moved this section to the main text. To highlight the smoothness of our esti-

mating function we plot a set of examples. For a unit equilateral triangle, we compute the

corresponding midpoint distance dxm for each curvature space with κ ∈ {−2,−1, 0, 1, 2}. We

see in Figure C.1 that our proposed estimating equation is differentiable around the solution

with non-zero derivative, allowing one to identify the curvature from the κ : g(κ, d) = 0.
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