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Machine learning has become part of our daily lives. Its applications include personalized

advertisements, stock price predictions, and self-driving cars. The goal of this thesis is to

study ways to apply machine learning to complex dynamical systems in science. Each of

the methods we discuss involves an optimization problem to fit a model to data. First,

we study pairwise-conditional Granger causality, a popular statistical method in fields such

as economics and neuroscience for inferring causal connections from time series data. We

systematically test this method on data generated by a nonlinear model with known network

structure. We find significant discrepancies between the original and inferred networks, unless

the true structure is extremely sparse or dense. This work illustrates that network inference is

a fundamentally challenging task which needs further innovative developments to be accurate.

Second, we develop a specialized tensor decomposition to extract important spatial modes

from a data set and sparsely fit time dynamics from an over-complete library to each spatial

mode. This decomposition is more readily interpretable than others because the output

includes the analytic forms of the time dimension. It is especially intended for data sets that

other methods struggle with due to transient and intermittent phenomena. We demonstrate

its usage on real crime and climate data. Finally, we simulate damage from traumatic brain

injury and neurodegenerative disease on artificial neural networks used in deep learning.

We use well-established biophysical data on focal axonal swellings to quantitatively study



the progress of impairments on our model of cognition. Our model provides intuitively

appealing results about the manner in which cognitive impairments arise. Together, these

methods demonstrate ways to use the frameworks of machine learning and optimization to

study complex systems and advance science.
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Chapter 1

INTRODUCTION

According to Jim Gray, data-intensive science is a fourth paradigm of scientific explo-

ration, complementing experimental, theoretical, and computational science [71]. Scientific

approaches have broadened from describing natural phenomena with experiments to gener-

alizing with theoretical models to simulating complex behavior. Now we have a wealth of

data from experiments and simulations, and we need new approaches and technologies in

order to take advantage of it.

Although there is much debate about the exact definition of “data science,” it is certainly

a field focused on taking advantage of large quantities of data. Many of the concrete successes

of data science are happening inside tech companies, such as Netflix recommending movies,

Facebook suggesting who to tag in photos, and Apple’s Siri answering questions. On the

surface, these product features may seem far removed from problems of scientific exploration,

but some core approaches translate.

A major component of data science is machine learning, which itself is also difficult to

define. In 1959, Arthur Samuel defined machine learning as a “field of study that gives

computers the ability to learn without being explicitly programmed.” [140] In 1997, Tom M

Mitchell gave a more formal definition: “A computer program is said to learn from experience

E with respect to some class of tasks T and performance measure P if its performance at

tasks in T, as measured by P, improves with experience E.” [120] In the case of Facebook

tagging, a program learns from tagged photos how to tag other photos, and its accuracy can

be measured. Similar methods are being applied to assist doctors in accurately diagnosing

disease from medical imaging. [58]
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Statistical inference learns from data in the sense of drawing a more general conclusion

about how the data was generated or the population that it was sampled from. Professor

Larry Wasserman, who holds a joint appointment in the Statistics and Machine Learn-

ing departments at Carnegie Mellon, argues that there is essentially no difference between

statistics and machine learning, but statistics tends to emphasize statistical inference in low-

dimensional settings while machine learning emphasizes high-dimensional prediction. [165]

In Chapter 2, we study pairwise-conditional Granger causality, a causal inference method

that can be used to infer networks from time series data. This method began in economics

and is now also popular in neuroscience and other domains. We generate data from a

nonlinear networked dynamical system so that we know the true underlying causal network.

This enables us to test the accuracy of the method and show that it consistently produces

results that have little relationship to the true network. We propose that our framework can

be used to test other network inference methods.

In Chapter 3, we develop a tensor decomposition method to extract patterns from data.

This method finds low-dimensional structure. We constrain a dimension (such as time) to

be a sparse combination of candidate functions from an over-complete library. Since we

built the library, we know the analytic form of the time dynamics, which makes the results

more interpretable. We demonstrate the method on two real-world data sets from complex

systems—85,622 crimes in Houston occurring over a period of eight months and six years of

weekly sea surface temperatures over the Pacific Ocean.

In Chapter 4, we study convolutional neural networks (CNNs), a subfield of machine

learning. This general method for prediction was originally inspired from knowledge of

neuroscience. We use these networks as a model for understanding how traumatic brain

injury and neurodegeneration may affect the brain’s ability to perform classification tasks.
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Chapter 2

INFERRING CONNECTIVITY IN NETWORKED
DYNAMICAL SYSTEMS:

CHALLENGES USING GRANGER CAUSALITY

This chapter is based on joint work with Pedro D. Maia and J. Nathan Kutz.

Determining the interactions and causal relationships between nodes in an unknown net-

worked dynamical system from measurement data alone is a challenging, contemporary task

across the physical, biological and engineering sciences. Statistical methods, such as the in-

creasingly popular Granger causality, are being broadly applied for data-driven discovery of

connectivity in fields from economics to neuroscience. A common version of the algorithm is

called pairwise-conditional Granger causality, which we systematically test on data generated

from a nonlinear model with known causal network structure. Specifically, we simulate net-

worked systems of Kuramoto oscillators and use the Multivariate Granger Causality Toolbox

to discover the underlying coupling structure of the system. We compare the inferred results

to the original connectivity for a wide range of parameters such as initial conditions, connec-

tion strengths, community structures and natural frequencies. Our results show a significant

systematic disparity between the original and inferred network, unless the true structure is

extremely sparse or dense. Specifically, the inferred networks have significant discrepancies

in the number of edges and the eigenvalues of the connectivity matrix, demonstrating that

they typically generate dynamics which are inconsistent with the ground truth. We provide

a detailed account of the dynamics for the Erdős-Rényi network model due to its importance

in random graph theory and network science. We conclude that Granger causal methods

for inferring network structure are highly suspect and should always be checked against a

ground truth model. The results also advocate the need to perform such comparisons with
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any network inference method since the inferred connectivity results appear to have very

little to do with the ground truth system.

2.1 Introduction

In 1956, Norbert Wiener proposed a statistical notion of causality [167]: Y causes X if

knowing the past of Y improves the prediction of X (as compared to using the past of

X alone). In 1969, the Nobel Prize winning econometrician Clive Granger formalized this

concept in the context of linear autoregressive modeling [55]. The resulting method is now

commonly referred to as Granger causality (GC). The importance of understanding causal

relationships in complex, dynamical networks from time-series measurements alone is clear:

it becomes a fundamental tool for data-driven scientific discovery [82, 121, 132]. Methods to

infer causality are the source of much debate and require entirely different statistical models

from those used in associational inference [74]. Complicating the methodology is the fact

that correlation does not imply causation. So, despite numerous methods for computing

correlation, they only serve a limited role in understanding if there is an underlying causal

relationship. In this manuscript, we consider a popular and commonly used form of GC to

infer the connectivity in a known, networked system of Kuramoto oscillators. Our goal is to

evaluate GC as a tool for data-driven scientific discovery. We demonstrate that the method

is highly suspect, inferring connectivity and dynamics that are significantly different than the

known ground truth model. With the ever-increasing demand to understand connectivity in

dynamic networks, we hope that the results from this study will serve as a strong cautionary

note to the broader scientific community using such statistical techniques for data-driven

network inference.

Following Wiener’s statistical innovations, the seminal work of Granger was originally

defined in terms of two variables X and Y . However, it was quickly generalized to larger

sets of variables where pairwise-conditional Granger causality could be computed among the

variables. By checking for causal links between each pair of variables, the aim was to infer

the most probable directed graph structure. Figure 2.1 illustrates this idea: each node in
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the dynamical network generates its own time series data that is influenced by interactions

with other nodes. In practice, we are usually limited to individual noisy recordings without

knowledge of the underlying network connectivity—which is precisely what GC attempts

to determine. This mathematical framework became popular in the economics community

[76] for determining how nodes of a financial network might be influencing each other. For

example, Hamilton [62] used GC as evidence that oil shocks were a contributing factor to

recessions. More recently, it has risen in popularity in neuroscience [21] where Bressler et

al. [22] used it to justify that activity in certain areas of the frontal and parietal lobes

can predict visual processing activity before an anticipated visual stimulus. More broadly,

pairwise-conditional GC is currently being used to infer networks of connectivity in many

applications [5, 27, 174, 173, 26, 176].

The method is highly attractive in such systems due to the fact that there may be no other

way to understand the underlying network of causal relationships. Attempts to infer causality

have also led to numerous other statistical innovations for determining causality [82, 121, 132],

including those leveraging independent component analysis [146] and network structure [134],

for instance. A seminal recent contribution by Sugihara et al. [152] called convergent cross

mapping (CCM) tests for causation by measuring the extent to which the historical record

of Y values can reliably estimate states of X. The CCM method looks for the signature

of X in Y ’s time series by seeing whether there is a correspondence between the attractor

manifold built from Y and points in the X manifold, where the two manifolds are constructed

from lagged (time-delay) coordinates of the time-series variables. This is a promising avenue

especially for systems displaying a dynamical attractor. More recently, a formulation by

Wahl et al. [162] has employed local linear models in the GC framework to resolve causal

relationships in distinct regions of state space, leading to a promising technique for resolving

overall GC structure.

As is still the case today, Granger’s definition was met with controversy. Concerns have

ranged from philosophical matters [56] to conceptual limitations [128] to analytical and

practical implementation issues [152, 151]. Granger responded to criticism in 1980 [56] by
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(a) Original Coupled System (b) Available Data (c) Goal

Figure 2.1: Inferring network connectivity via Granger causality analysis. (a) Schematics

of a coupled dynamical system where the directed network architecture plays an important

role. The time series generated by each node is influenced by its connectivity to other nodes.

(b) In several applications, the connectivity structure is unknown, but noisy measurements

from each node are available. (c) We use Granger causality to infer the original network

structure from the noisy data.

arguing that although there is no consensus for the concept of causality, it is still worth

choosing a specific and operational definition for the context of a written work or lecture.

He suggested that GC should be viewed merely as evidence in a Bayesian sense. In 2003,

he acknowledged in his Nobel Lecture that because his definition was pragmatic and easy to

apply, “of course, many ridiculous papers appeared” (see [57]). Several concerns have led to

variations in the methodology which we describe in Section 2.2. We will primarily consider

the version called pairwise-conditional GC. We do not address theoretical or philosophical

concerns with Granger causality. Instead, we accept it as a technical definition and evaluate

its efficacy in inferring network structure. We use data generated from a known network

of nonlinear Kuramoto coupled oscillators [98]. This is a canonical choice for studying

synchronizable systems, such as power grids, pacemaker cells in the heart, pedestrian crowds,

and coupled cortical neurons (see [41] and references therein). We generate random networks

to reconstruct, sampling from the Erdős-Rényi family [44]. This is a well-studied network

model [124] and provides a practical way to generate random networks with a large range

of edge densities. We calculate the GC structure primarily using the Multivariate Granger
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Causality (MVGC) Matlab Toolbox [14]. MVGC is a popular implementation of pairwise-

conditional GC written with neuroscience data in mind [174, 5, 175, 172, 126, 27], but we

also consider other numerical implementations of GC in order to cross-validate the results.

The outline of this chapter is as follows: Sections 2.2 and 2.3 provide all necessary back-

ground information for the GC framework and Kuramoto systems respectively. We describe

our methodology in Section 2.4 and present a comprehensive list of results in Section 2.5.

We summarize our conclusions in Section 2.6.

2.2 Background: Granger Causality

Granger causality (GC) is defined in the context of linear auto-regressive modeling, which

computes the relationship of a time series with its own past. One important model that is

used for multivariate stochastic processes is called the Vector Auto-Regressive (VAR) model.

Let Xt be a vector-valued stochastic process with mean zero (averaging at each time t over

the realizations). A VAR model for Xt is a sequence of n × n real matrices Ak and an

n-dimensional white noise process (independently and identically distributed and serially

uncorrelated) εt such that

Xt =

p∑
k=1

AkXt−k + εt. (2.1)

The Ak matrices (called the regression coefficients) describe how Xt depends on its past

and represent the predictable behavior of the process. The εt process (called the residuals)

represent the unpredictable behavior. We call p the model order. Note that fitting a VAR

model to data does not imply that the data was generated by a VAR process.

The above formulation is often written as a first-order VAR model of the form X̃t =

AX̃t−1 + ε̃t where

X̃t =


Xt

Xt−1

...

Xt−(p−1)

 , A =


A1 A2 · · · Ap

In 0 · · · 0

0
. . . 0

...

0 0 In 0

 ,
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and ε̃t = [εt, 0, . . . , 0]T with In being an n × n identity matrix. The spectral radius of a

VAR model is defined to be the spectral radius of A, ρ(A). Recall that the spectral radius

of a matrix A is defined as ρ(A) = max{|λ1|, . . . , |λn|}, where {λi} are the eigenvalues of

A. The stability criteria for a VAR model is analogous to those for difference equations:

x(k+1) = Tx(k) is stable if and only if ρ(T ) < 1. Thus a VAR model is stable if and only if

ρ(A) < 1.

The statistical basis of GC can be stated as follows: Y causes X if the past of Y improves

the prediction of X as compared to only using the past of X. Specifically, if a stochastic

process Yt is used to predict Xt, this can be written as

Xt =

p∑
k=1

A′kXt−k +

p∑
k=1

BkYt−k + ε′t. (2.2)

Then we say that Y Granger-causes X if Eq. (2.2) is a “better” prediction of X than

Eq. (2.1). In particular, Y Granger-causes X if the variance of ε′t is statistically significantly

lower than the variance of εt.

There are many variations on the original definition. Most formulations rely on represent-

ing data as a VAR model, although some differ significantly. Extensions include blockwise

GC [164], partial GC [60], and piecewise GC [171]. Improvements for nonlinear time series

are studied in [31, 169, 47, 115].

We focus on pairwise-conditional GC, specifically as implemented in the MVGC Toolbox

[14]. GC might wrongly infer that Y Granger-causes X if there is a third, latent variable Z

that influences both X and Y . To minimize this effect, we can “condition out” Z. We do

this by changing Eqs. (2.1) and (2.2) to:

Xt =

p∑
k=1

AkXt−k +

p∑
k=1

BkYt−k +

p∑
k=1

CkZt−k + εt (2.3)

Xt =

p∑
k=1

A′kXt−k +

p∑
k=1

B′kZt−k + ε′t. (2.4)

We are considering the null hypothesis that B1 = B2 = · · · = Bp = 0. We calculate the
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G-causality by considering the log-likelihood ratio

FY→X|Z := ln
|Σ′|
|Σ|

,

where Σ = Cov(εt) and Σ′ = Cov(ε′t). Thus, to check the causality between a pair of vari-

ables, we can condition out the other n−2 variables. In particular, if U is composed of n pro-

cesses U1t, . . . , Unt, we can compute pairwise-conditional causalities Gi,j(U) := FUj→Ui|U[ij]
,

where U[ij] denotes omitting Ui and Uj, and perform a statistical test to determine which

values Gi,j are large enough represent a causal relationship between Uj and Ui. In our net-

work context, this is a directed edge from node j to node i. In the MVGC Toolbox [14], this

is calculated using multiple representations of a VAR model. It computes causality both in

temporal and frequency domains and returns an error message if the results do not match.

See [14] for details.

Not all datasets lend themselves to GC analysis. The coefficients Ak of the fitted VAR

model, for instance, must be square summable and stable [14]. Square summability implies∑p
k=1 ‖Ak‖2 < ∞, which is trivially true for finite p. However, some stochastic processes

may only be fit by a VAR with p =∞. The MVGC Toolbox [14] does not provide a practical

way to check this criterion, but mentions that violations may occur if the data contains a

strong, slow moving average component. This may trigger a warning or an error.

According to [14], there are five likely reasons for problems with using GC on time series

data: (i) Colinearity : If there are linear or nearly linear relationships between time series,

the VAR representation will be ambiguous. This is likely to be detected by the toolbox and

reported, stopping with an error. (ii) Stationarity : The data must be covariance-stationary.

If the spectral radius of the estimated VAR model is larger than one, the GC analysis stops

with an error. (iii) Long-term memory : If the autocorrelation does not decay exponentially,

the data is unsuited to VAR modeling since it may silently yield spurious results. This may

be detected when computing the autocovariance sequence where long-term memory typically

manifests itself as power-law behavior. The sequence should decay exponentially when the

process has a spectral radius less than one. However, there is a limit to how far the sequence
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is calculated, and if the spectral radius is close to one, it may not decay below a specified

tolerance within that length. In that case, the results may be inaccurate and a warning

may be issued. (iv) Moving average: If the data contains a strong, slow moving average

component, the coefficients might not be square-summable, the analysis may be invalid, and

the toolbox will typically report warnings or errors. (v) Heteroscedasticity : If the variance

of the residual terms depends on the values of the process, then the statistical inference is

likely to suffer. It can invalidate standard statistical significance tests or confound G-causal

inference. The toolbox does not offer any way to test or counteract this effect. All the results

in this chapter were attained after running all of the diagnostic tests recommended in [14].

The toolbox did not return any errors in our runs. The only warnings given were from the

autocovariance sequence not decaying sufficiently quickly, which we carefully annotated.

2.3 Background: Kuramoto Oscillators

Coupled oscillators have been of long-standing interest in the scientific community due to

their ability to describe canonical phenomena such as synchronization. Yoshiki Kuramoto

proposed one of the most well-studied systems modeling nonlinear coupled oscillators, the

Kuramoto oscillators:

θ̇i = ωi +
K

n

n∑
j=1

Aij sin(θj − θi), i = 1, . . . , n. (2.5)

In this model, the dynamics of the ith oscillator is governed by θi, which has a natural fre-

quency ωi. The n oscillators are coupled in a network with adjacency matrix A and coupling

strength K. Depending on the parameters of the model, the oscillators may synchronize or

exhibit chaotic dynamics. Kuramoto defined an order parameter to describe these different

potential dynamics:

r(t) =
1

n

∣∣∣∣∣
n∑
j=1

eiθj(t)

∣∣∣∣∣ (2.6)

where r(t) varies from O(1/
√
n) to unity when synchronization occurs. When K increases,

so does the average order parameter r. Figure 2.2 depicts the synchronization as a function
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Figure 2.2: Increase in synchrony as connection strength increases. We generate random

12-node Erdős-Rényi networks with a range of connection probabilities. We then solve

the Kuramoto model on each network for varying connection strengths. For each network

and connection strength pair, we calculate the average order parameter r(t) (Eq. 2.6). We

see that as the connection strength increases, the synchrony also increases. However, for

sparse networks, the network remains unsynchronized
(
r(t) ≈ 1√

n

)
and for dense networks,

the network synchronizes for moderate connection strength. This data was generated in

Experiment C1 (See Section 2.5).

of strength and probability of connection in a 12-node Erdős-Rényi network.

Figure 2.3 depicts several two-oscillator examples. Synchronization occurs if both oscilla-

tors converge to the same frequency. Depending on the network structure, they may converge

to one oscillator’s natural frequency or an average of the two. Notice how the cases with

exactly one edge appear to match Granger’s definition of causality; the dominating oscillator

predicts itself, but the other oscillator is strongly influenced by it. Figure 2.4 exemplifies

a Kuramoto system with twelve nodes connected in two disjoint communities. The blue

community synchronizes to a slow frequency ωA and the green community synchronizes to

a fast frequency ωB. The order parameter r(t) considers synchronization across the whole
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Figure 2.3: A pair of coupled Kuramoto oscillators with distinct natural frequencies. We

show the four possible network architectures in panels (a)–(d). We first plot θ1 and θ2, the

solution of the differential equations in Eq. (2.5). We then plot cos(θ1) and cos(θ2), the more

natural way to view oscillators. In panel (a), the oscillators are uncoupled, so they merely

oscillate with their natural frequency. However, in panels (b)–(d), we see cases leading to

synchronization. The overall synchronization of the network can be summarized by the

parameter r(t) with full synchronization achieved when r(t) = 1 (see Eq. (2.6)).

network, making it difficult to interpret (black line). If we evaluate r(t) on each community

separately (the blue and green lines) we see that each community synchronizes with itself.

In this chapter, we simulate the Kuramoto model and use Granger causality (GC) to

infer the adjacency matrix A. As demonstrated in Figs. 2.3–2.4, the network structure

influences the system dynamics. We expect the dynamics to preserve signatures of the

network architecture and for GC to potentially discover these connections. Because we know

the ground-truth data, our model guarantees that there are no external or hidden variables

influencing the system. However, as we will see in Section 2.5, GC will consistently fail to

recover the known connectivity. We are not the first to apply GC methods to Kuramoto

systems. Angelini et al. [7, 6] develop a version of GC that does not use VAR modeling

and is specialized for circular variables, using Kuramoto oscillators as an example. Wu et al.
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Figure 2.4: Example of synchronicity in structured Kuramoto networks. We have two

disjoint subnetworks. The blue oscillators have frequencies with average −0.2 while the

green oscillators have average frequency 0.5. As we see in the right panel, the individual

trajectories collapse. The blue nodes synchronize to frequency ωA and the green nodes

synchronize to frequency ωB. In the lower left, we see that the measure of synchronicity

for each community, r(t) (Eq. (2.6)), approaches one but at different synchronization times.

However, when r(t) is evaluated on the entire network, we do not achieve total synchronicity

because the two communities are not connected.
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1. Choose Network 2. Generate Data on Network 3. Preprocess data

5. Recover Network

time
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o
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(b)

4. Split Data 6. Check Accuracy

vs.

Figure 2.5: Overview of steps in our methodology. We will experiment with varying the

decisions made in each step—see Section 2.4.

[170] develop an algorithm for inferring a network of Kuramoto oscillators using piecewise

GC [171] followed by a pruning of edges.

2.4 Numerical Experiments

We test Granger causality (GC) by applying it to data generated from the Kuramoto model

Eq. (2.5) with the goal of reconstructing the network adjacency matrix A. We split our

methodology into six steps; see Fig. 2.5 for a schematic overview. We explore several options

at each step to avoid limiting ourselves to the best or worst cases for GC performance.

However, as we will show in Section 2.5, network reconstruction is consistently poor, usually

without warnings from the toolbox. The following specific steps are taken in our evaluation

algorithm.

1. Choose Network. We set up a network with n nodes that we wish to reconstruct. Our

default value (n = 12) yields a sizable network while performing simulations in a timely
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manner. We tried other values for comparison (n = 2, 6 and 24). See Exp. A1–A2 and

C2–C3 for details.

In most experiments, we generate Erdős-Rényi networks; each potential edge is included

with constant probability p [44]. We vary p = 0.05, 0.1, . . . , 1 to address how the density

of the network affects GC results.

2. Generate Data on Network. We simulate several Kuramoto systems with a variety of

parameters:

• Connection strength K. By default, we consider K = 0.5, 1, 2, 4, 8 to span GC

reconstructions ranging from underestimation to overestimation of edges (see

Fig. 2.9). Experiments A1–A2 and C1 display a wider range of K values.

• Initial conditions θ0: randomly sampled from uniform distributions. We reset

them for each trial. This is reasonable for real data and additionally helps the

data have a constant mean when averaging over trials (a requirement for being

covariance-stationary). Our default distribution is [0, 2π] since we will apply cosine

to the data, which has a period of 2π. In Exp. C4–C5, we shift this distribution

for comparison.

• Natural frequencies ω: randomly sampled from uniform distributions. We reset

them for each trial. A uniform distribution of [−1, 1] is used in some studies

of Kuramoto oscillators [29, 20]. However, when we used that range of natural

frequencies, the toolbox gave many warnings (see Experiment C7). We, there-

fore, shifted the distribution to [0, 2] for most experiments. See Exp. C6–C7 for

comparisons to other distributions.

• Number of trials N (each from solving the Kuramoto model once with random

initial conditions and natural frequencies). Our default is N = 100, but we

consider other values in Exp. C8–C9.
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• Data sampling rate: [0, T ] with time step ∆t, giving m = T/∆t time points. Our

default values are ∆t = 0.1, T = 25, and m = 250. These were chosen by searching

the parameter space for cases with no warnings and low error. We compare to

other values in Exp. C10–C20.

3. Preprocess Data. We add noise to our simulations since measurement errors are ex-

pected in most applications, and it helps the data be more covariance-stationary.

Specifically, we add white Gaussian noise of strength s, i.e., a constant power spectral

density of s2. Each one of the N random trials will have different noise realizations.

Our default value of s is 2.5, based on experiments to minimize the error in the results,

but other values are compared in Exp. C21–C22.

Next, we usually apply cosine: instead of using θ1, . . . , θn, we use cos(θ1), . . . , cos(θn).

This is a natural way to view oscillations (see Fig. 2.3) and remove linear trends. We

explore alternatives in Exp. C23–C24.

4. Split Data. At this point we already generated a “cube” of data with N random trials,

each with a time series of length m for each of the n oscillators. As pictured in Step 4

of Fig. 2.5, we could apply GC to the whole cube of data at once. However, we have

the option to split the data cube into smaller cubes by (a) splitting trials into smaller

sets or (b) splitting the time into smaller time intervals. We apply GC to each one of

the smaller cubes, letting them “vote” for edges. We include a directed edge if at least

half of the voting networks include it.

Barnett and Seth [14] suggest splitting the data into smaller time intervals for making it

covariance-stationary. This is also the idea behind piecewise GC [171]. Splitting trials

may reduce error if the subsets are each sufficiently large for reasonable inference.

Then the rationale is that the process would become more robust when considering

each “vote.”

We experiment with splitting data and voting in Exp. C25–C30.
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5. Recover Network with Granger Causality. We use the MVGC Toolbox to recover a net-

work from our data. Alternative implementations of GC are explored in Section 2.5.3.

6. Check Accuracy. Finally, we compare the GC estimated network with the ground truth.

Our standard error metric is the percentage of wrong edges. For n nodes, there are

n2−n potential directed edges. We add the number of false-positive and false-negative

edges and divide by n2 − n. We consider other error metrics in Section 2.5.3.

We list all parameter choices of the exhaustive computational exploration in Table 2.17.

2.5 Network Reconstruction Results

We summarize our four classes of numerical experiments in Table 2.1. In Section 2.5.1 we

consider a pair of oscillators, as pictured in Figure 2.3. In Section 2.5.2, we consider the net-

work structure with two independent communities from Fig. 2.4. Finally, in Section 2.5.3,

we generate random Erdős-Rényi networks. For each experiment, we make choices for all six

steps described in Section 2.4, which are detailed in Table 2.17. For purposes of reproducibil-

ity, all MATLAB codes constructed are available online at github.com/BethanyL/gc.

2.5.1 Two-Node Networks

Experiments A1–A2 investigate a simple, two oscillator system. This could be an example in

economics, such as the relationship between oil shocks and recessions. We try all possible 2-

node networks (see Fig. 2.3) and vary the parameters of the system Eq. (2.5) with n = 2. The

parameter choices for our experiments are summarized in Table 2.17. We present the results

from Experiment A1 as a confusion matrix in Table 2.2. Each row shows the distribution of

output networks for a given true network. If the method perfectly recovers the connectivity

of all of the networks, this matrix would have entries of 100% along the diagonal. Instead we

see that networks with one edge are rarely recovered correctly. The method has a tendency

to overestimate the number of edges. We will see in later experiments that this pattern

github.com/BethanyL/gc
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Ref. Class Figures Tables

A1–A2 Two-node networks 2.3, 2.6 2.2, 2.17

B1–B3
Two independent

2.4, 2.7, 2.8 2.17
communities

C1–C30 Erdős-Rényi (∗)
2.2, 2.9, 2.10, 2.11, 2.12,

2.4, 2.5, 2.17
2.13, 2.16

D1–D2 Erdős-Rényi (∗∗) 2.14, 2.15 2.17

Table 2.1: Summary of our four classes of numerical experiments. Full details are in Ta-

ble 2.17.

* changing parameters

** changing implementation



19

Truth

Estimate

93% 4% 2% 1%

9% 2% 0% 89%

7% 0% 2% 91%

4% 0% 2% 94%

Table 2.2: Performance (%) of Granger causality in two-node Kuramoto oscillator example.

Confusion matrix. The table summarizes reconstruction results for Experiment A1: four

different true networks and 100 values of connection strength. As we will continue to see

in larger networks, the performance is weakest when the network is not extremely sparse or

dense. The specific parameter choices for this experiment are in Table 2.17.

continues as the size of the network increases; performance is weakest when the number of

edges is not extremely low or extremely high.

It may be argued that there was too much noise on the data for accurate connectivity

reconstruction. We decrease the noise strength to 0.5 for Experiment A2, since in this case,

the low noise does not cause warnings in the MVGC Toolbox. Figure 2.6 compares the

results from these two experiments. We find that, perhaps counter-intuitively, the error is

higher with lower noise. In particular, the lower noise results in even more overestimation

of edges. Another pattern that will persist for larger networks is that as the connection

strength increases, so does the number of edges inferred.

2.5.2 Two-Community Example

For Experiments B1–B3, we return to the Two-Community example in Fig. 2.4. In Exper-

iment B1, we try to reconstruct a 12-node network (Eq. (2.5) with n = 12) using Granger

causality on the same data plotted in the right panel of Fig. 2.4. The full parameter choices
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Figure 2.6: Percentage of inferred edges as the connection strength varies. We try all four

possible 2-node networks (0, 1, or 2 edges), and we vary the connection strength across the

horizontal axis. We also try two amounts of noise. The teal circles are for Experiment A1

(low noise) and the orange closed circles are for Experiment A2 (higher noise). The specific

parameter choices for these experiments are in Table 2.17. The error is higher for low noise.

As the connection strength increases, so does the number of inferred edges, a pattern that

will continue for larger networks.



21

for this experiment are given in Table 2.17. The resulting network is shown in Fig. 2.7 (b).

There are many extra edges and some missing edges, resulting in an error of 25%. Note

that the community structure is lost even though it is clear from the plot of the data in

Fig. 2.4 that the blue and green nodes synchronize separately. An error of 25% may sound

reasonable, but visually comparing the two networks suggests that the error is significant.

Similar error percentages are used as evidence of a Granger causality variation working well

in papers such as [170].

Addressing Warnings. The MVGC Toolbox did produce warnings for Experiment B1, so

for Experiment B2, we increased the noise to a strength of s = 2.5, leaving the rest of the

parameters the same. The new data did not cause any warnings, and the resulting network

is shown in Fig. 2.7 (c). This network had an error of 22%. It is missing many edges but

also added some, including connecting the two communities.

Varying Time Sampling. In Experiment B3, we tried solving the Kuramoto model again

but after halving the step size ∆t. Generally, we hope that algorithms are stable, i.e., that

small changes in the input will lead to small changes in the output. However, changing the

time sampling led to a vastly different estimated network. Again, the data did not cause any

warnings, but this time, the number of edges were vastly overestimated, as shown in Fig. 2.7

(d). This network has an error of 30%.

Checking Autocovariance Decay. If the autocovariance sequence does not decay exponen-

tially, the data is not suitable for VAR modeling. This should be detected by the toolbox,

but as a verification, we plot the required exponential decay in Fig. 2.8. The parameter

choices for Experiments B1–B3 are summarized in Table 2.17.

2.5.3 Erdős-Rényi Networks

In our remaining experiments (Experiments C1–C30 and D1–D2) we consider random Erdős-

Rényi networks. For each experiment, we vary p, the probability that a directed edge exists,

and we vary K, the connection strength. See Table 2.17 for all of the parameter choices.

Experiments C2–C30 are small variations on Experiment C1. A sampling of the results for
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(a)

(b)

(c)

(d)

25% error

22% error

30% error

Figure 2.7: Results of Granger causality inference on the Two-Community network. Panel

(a) depicts the true network. The resulting network from Experiment B1 in panel (b) has

many extra connections and even connects the two separate communities, but the MVGC

Toolbox [14] provides warnings. In Experiment B2, we increase the noise and try again,

producing the network in panel (c) without warnings. This network is missing many edges

but also connects the two communities. In Experiment B3, we keep the higher level of

noise but halve the time step, resulting in the network in panel (d) without warnings. We

again have vast overestimation of edges and the community structure is lost. The specific

parameter choices for these experiments are in Table 2.17.
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Figure 2.8: Autocovariance decay for Experiments B2 and B3. In these two experiments, the

toolbox does not provide warnings, but there are significant errors (Fig. 2.7). Here we plot

the autocovariance sequence for each experiment to demonstrate that it decays exponentially,

as required.

Experiment C1 are shown in Fig. 2.9. In panel (a), we plot the percentage of true edges

against the percentage of estimated edges. If the density of edges was inferred correctly, the

results should match the identity line (the diagonal dashed line). The next assessment is

whether or not the edges inferred were actually the correct ones. However, we generally do

not even estimate the correct number of edges. Just as we saw with the two-node case in

Fig. 2.6 and Table 2.2, the number of edges is most accurate for the extremes—very sparse

or very dense. Another general pattern persists: for lower connection strength, pairwise-

conditional GC underestimates the number of edges, and for higher connection strength,

pairwise-conditional GC overestimates the number of edges.

The sparse and dense limits of connectivity are the only two regions where the inferred

number of connections is somewhat consistent with the ground truth. In panels 2.9(b) and

2.9(c), we consider these two limiting network cases more closely. In particular, they are

marked by two vertical dashed lines in panel 2.9(a). Here we plot the connection strength
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Figure 2.9: Results from Experiment C1. Here n = 12 and twenty different Erdős-Rényi

networks are generated while varying the percentage of connections. We also vary the con-

nection strength K. In panel (a), we plot the true percentage of connections versus the

estimated percentage of connections for five values of K. If the percentage of connections

was correct, our points would be on the dashed diagonal line. However, they may still have

the wrong edges even if the correct number are inferred. For the sparse and dense cases, a

varying connection strength K is considered in panels (b) and (c). The correct percentage

of connections is plotted as a horizontal dashed line for reference. In the inset plots, we see

some examples of the inferred networks. These are colored visualizations of the adjacency

matrices. White squares denote zeros (no edge) and colored squares denote ones (an edge).
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Figure 2.10: Optimal bands of synchrony. We consider the results of Experiment C1 in terms

of average r, the synchrony measure in Eq. (2.6). For each connection probability p across

the horizontal axis, we plot a gray line showing the range of average synchrony r attained as

we varied the connection strength K. We then plot green circles in panel (a) for the values

of r for which the error was less than 10%. We also plot orange circles in panel (b) for the

values of r for which the error was less than 20%.

against the percentage estimated connectivity for a broader range of K values. The correct

percentage connectivity is marked with horizontal dashed lines. We see again that for low

connection strengths, the number of edges is underestimated. As K increases, our density

estimates go from underestimating to overestimating the connectivity. We can visualize the

exact networks inferred for three values of K, K = 0.5, 2, and 8. We see that even when the

density of edges is approximately correct, the actual chosen edges do not match.

The Erdős-Rényi networks can also be analyzed from the viewpoint of the synchrony

metric. We consider how our results relate to the strength of connection and the average

order parameter r(t) (Eq. (2.6)) for each data set. In the top plot of Fig. 2.10, we consider
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each of the 20 networks, plotted by the connection probability p used to generate them. For

each network, we generated the data for 100 values of connection strength K. In general,

higher connection strength K means that the network is more likely to synchronize—a higher

average r(t) is produced (See Fig. 2.2). The full range of average r(t) values attained for

each network is plotted as a gray line segment. We see that for sparse networks, high

synchronization was not attained for any value of K in our range. This makes sense, since

r(t) measures synchronization over the entire network, and a sparse network will not even

be fully connected. On the other hand, we see that dense networks attain a wide range of

synchronization as K is varied. We then checked for the cases where the percentage wrong

was under ten percent and plotted them as green circles. We see that for sparse networks,

the error is best when the network does not synchronize. For dense networks, the error is

best when the network does synchronize strongly. For medium-density networks, the error

is never below 10%. In the bottom panel of Fig. 2.10, we check a looser standard—plotting

all cases with the error below 20%. We see that the general pattern continues.

Many variations to the experiment can be performed, including varying the number of

nodes, percentage of connectivity in the Erdős-Rényi network and the strength of connec-

tions. These variations are summarized in Table 2.17. Figure 2.11 demonstrates the con-

nectivity results as a function of network size. The computations show that the qualitative

behavior does not change with n. We can also vary the θ0 (initial condition) distribution,

the ω (natural frequency) distribution, and the number of trials N , the third dimension of

our data cube. These results are shown in Fig. 2.12 We note that having both positive

and negative natural frequencies seems to cause many warnings, perhaps due to different

synchronization effects. The number of trials has a large impact on the number of edges

inferred—as N increases, so does the number of edges. The other variations in the experi-

ments do not change the qualitative shape of the results. We also modify how we sample in

time. In Fig. 2.13, we vary the time step ∆t down the rows and vary the end time T across

the columns. This means that the number of observations m is different in each plot.

Extensive computational experiments also considered varying the noise added to the data
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Figure 2.11: Varying number of oscillators. Here we plot the percent connectivity vs. esti-

mated percent connectivity and five values of connection strength K for three numbers of

oscillators. Left to right, we compare six, twelve, and twenty-four oscillators. The general

pattern is consistent, but the average error seems to grow with the number of oscillators.

(including adding it before or after applying cosine), differencing and detrending of the data

instead of applying a cosine (recommended by [14] for making data covariance-stationary),

splitting the data and weighting multiple inferences of network structure. In all these cases,

the same trends as shown in the preceding figures hold, i.e. as the connection strength

increases, so does the number of edges inferred. In no case does the GC method produce

accurate results.

The MVGC Toolbox is a successor to the Granger Causal Connectivity Analysis (GCCA)

toolbox [144]. The newer toolbox adds more diagnostic warnings and errors and is intended to

be more accurate. For Experiment D1, we rerun Experiment C1 with the GCCA toolbox and

obtain very similar results (Fig. 2.14). We also try three other implementations of Granger

causality. First, we consider the implementation of the classic Granger causality test (GCT)

[109] provided with the [139] paper. This implementation only accepts one trial at a time

(N = 1). They compare it to other network inference procedures, including the MVGC

toolbox [14], on data generated by three models. The first two models are simply VARs.

The third adds latent and exogenous variables. Although this is not explicitly stated, it seems

that all implementations correctly infer the first two network models but sometimes make

mistakes on the third. The focus of the paper is on whether the methods are consistent over

repeated trials. They state that the MVGC toolbox [14] is anomalous in its lack of compliance
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Figure 2.12: Varying system parameters. We plot the percent connectivity vs. estimated

percent connectivity and five values of connection strength K while changing the distribution

of initial conditions, the distribution of natural frequencies, and the number of trials. In the

first column, we vary the distributions of random initial conditions, and in the second column,

we vary the distributions of random natural frequencies. In the third column, we change the

number of trials. The general pattern is consistent except when the number of trials is varied;

the number of edges inferred grows as the number of trials grows. Results accompanied by

a warning are marked with an “x” instead of a circle.
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Figure 2.13: Varying data sampling in time. We plot the percent connectivity vs. estimated

percent connectivity and five values of connection strength K while changing the data sam-

pling in time. We use data from time 0 to T , where T varies down the rows. We use a time

step of ∆t where ∆t varies across the columns. The general pattern is consistent except

when the end time T is small. Results accompanied by a warning are marked with an “x”

instead of a circle.
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Method Acronym Reference

Multivariate Granger Causality MVGC [14]

Granger Causal Connectivity Analysis GCCA [144]

Granger Causality Test GCT [139]

Extended Granger Causality eGC [142]

eGC toolbox for standard GC

Table 2.3: Network inference toolboxes and methods compared in our simulations.

to Neyman-Pearson criteria. We additionally consider a version of Granger causality called

extended Granger causality that allows instantaneous causal relationships (zero-lag) [142].

The paper is accompanied by two implementations, one that includes zero-lag relationships

(which we refer to as Schiatti eGC ) and one that does not (which we refer to as Schiatti

GC ). These implementations also only accept one trial at a time (N = 1). They are tested

on data generated by an extended VAR model that allows for zero-lag relationships. The

methods are then compared on real data where the true network structure is not known.

Table 2.3 shows the methods compared along with their commonly used acronym and initial

source reference.

In order to test implementations that only accept one trial at a time, in Experiment D2,

we generate 50 trials, separate them into sets of N = 1, and then vote over the 50 estimates.

We compare the MVGC [14], GCCA [144], GCT [139], Schiatti eGC and Schiatti GC [142]

implementations. We see that in all five implementations, almost no edges are kept after

voting (Fig. 2.15). Although individual estimates contain some correct edges, the methods

are not sufficiently consistent to estimate the same edge at least half of the time. This

suggests that it is not sufficient to test a new version of Granger causality on data generated

by a VAR model.

Thus far, we have evaluated the accuracy of our results in three ways: visually comparing
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Figure 2.14: Comparing implementations. Here we plot the percent connectivity vs. esti-

mated percent connectivity and five values of connection strength K. In Experiment D1, we

repeat Experiment C1 with the GCCA implementation and observe very little difference.

Figure 2.15: Comparing implementations. Here we plot the percent connectivity vs. esti-

mated percent connectivity and five values of connection strength K. In Experiment D2, we

compare the MVGC Toolbox to other implementations. We observe that each method infers

very few edges when only considering only one trial at a time and voting over 50 sets.
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Figure 2.16: Eigenvalue comparison. One measure of accuracy is how well the estimated

network Ã would recreate the same dynamics as the true network A. We therefore compare

the eigenvalues of Ã (open colored circles) and A (closed black circles) for the six estimated

networks in Fig. 2.9. We see many cases of eigenvalues being significantly wrong. For

example, in the first plot, the inferred network has only eigenvalues of about 0, missing

eigenvalues for significant growth.

the original network to the estimated network (as in Figures 2.7 and 2.9), comparing the

percentage connnectivity to the percentage estimated connectivity, and calculating an error—

the percentage of potential edges that are correctly labeled as an edge or not an edge.

Perhaps in some applications, what is important is reconstructing a network that would

produce similar dynamics. Thus, we may be concerned with comparing the eigenvalues of

the estimated network Ã to the original network A. We return to the six estimated networks

in Fig. 2.9: two true networks and the corresponding estimates when K = 0.5, 2, and 8. We

plot the eigenvalues of the true network with the eigenvalues of the estimated network in

Fig. 2.16. We see that even when the densities are relatively correct, the dynamics produced

by the connectivity matrix would be significantly wrong.
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In [16], Billio et al. use a form of Granger causality to infer a network of financial

institutions. Then they propose various econometric measures of connectedness to assign

ranks to institutions and predict financial loss. One metric used to rank is closeness: the

average distance from node j to the remaining nodes, where unconnected nodes are defined

to have the maximum distance, n − 1. In Tables 2.4 and 2.5, we use this metric to assign

ranks to the twelve nodes in our examples from Fig. 2.9. We see that a ranking formed

from the estimated networks has little relationship with the true ranking. This once again

shows that the GC method fails to capture meaningful results concerning the ground truth

network.

2.6 Conclusions

The inference of causal structure from time series measurements remains one of the most

challenging tasks in data-driven discovery across the sciences. It has become especially im-

portant in the emerging area of network science for understanding how different dynamical

nodes of a system interact to produce overall network functionality. A variety of statisti-

cal methods have been instrumental in developing mathematical architectures for inferring

connections between nodes. These methods often make assumptions about the physical pro-

cesses generating the data and the form of the connections (e.g. linear). Foremost among

these methods is pairwise-conditional Granger causality as it has been used extensively across

a variety of disciplines [76, 62, 21, 22, 5, 27, 174, 173, 26, 176]. We consider a nonlinear,

networked dynamical system of Kuramoto oscillators as a ground-truth test model for infer-

ring network connectivity and demonstrate that without exception, Granger causality gives

highly inaccurate results for the inferred causal relations and the eigenvalues of the connec-

tivity matrix. This is consistent with an additional study of the quantitative accuracy of

the GC method [128]. This is an important assessment of the statistical efficacy of the GC

method, and it further suggests that it should be carefully validated before use with any

networked time series data.

The Kuramoto oscillator model is chosen for consideration for this study as it has become
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node true rank
estimated, estimated, estimated,

K = 0.5 K = 2 K = 8

1 12 1 8 3

2 11 3 9 12

3 3 3 4 3

4 10 3 5 3

5 1 3 5 7

6 6 3 10 10

7 4 1 7 8

8 1 3 2 1

9 5 3 10 11

10 6 3 2 3

11 9 3 1 2

12 6 3 10 8

Table 2.4: Closeness Ranking, Part I. Closeness has been used to rank institutions on a

network. We return to Fig. 2.9 and compare the closeness ranking on the first true network

to the closeness rankings on three estimates. We see that the rankings formed from the

estimated networks have little relationship with the true ranking.
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node true rank
estimated, estimated, estimated,

K = 0.5 K = 2 K = 8

1 6 11 1 1

2 1 9 1 1

3 1 9 1 1

4 6 3 1 1

5 1 5 1 1

6 1 6 1 1

7 6 2 1 1

8 6 1 1 1

9 11 11 1 1

10 6 6 1 1

11 12 3 1 1

12 1 8 1 1

Table 2.5: Closeness Ranking, Part II. Closeness has been used to rank institutions on

a network. We return to Fig. 2.9 and compare the closeness ranking on the second true

network to the closeness rankings on three estimates. We see that the rankings formed from

the estimated networks have little relationship with the true ranking.



36

a canonical model in networked dynamical systems. It has simple oscillatory behavior that

is influenced by its interaction structure. Both synchronization, partial and complete, and

chaotic behavior is possible in the network. Given that we can specify a ground truth connec-

tivity structure, the GC method can be used to test the efficacy of the inference method. We

observe that as the connection strength or number of trials increases, we transition from un-

derestimating the number of edges to overestimating the number of edges, quickly surpassing

the correct number. This pattern is consistent over variations in parameters, and individual

networks inferred are not consistent with the ground truth (See Fig. 2.7). This suggests that

the algorithm is not stable; small changes in the input data lead to large changes in the esti-

mated network. Accuracy is best on very sparse or very dense networks, although arguably

still not sufficient. Perhaps the errors are controlled in very sparse networks because the

network overall does not synchronize even for high connection strength, mitigating confusion

from synchronized but unconnected nodes. (See Fig. 2.10.) Similarly, perhaps the errors

are limited in dense networks because the networks become fairly synchronized overall, thus

implying many connections.

It is possible that a property of the data generated by Kuramoto oscillators makes it un-

suitable for Granger causality computations. However, we used all provided tools for checking

for problems. We suggest that further study is required to understand the conditions under

which the results can be trusted and to provide practical ways to check those conditions.

Unfortunately, of the myriad of uses made of GC in practice [62, 22, 5, 27, 174, 173, 26, 176],

none of the authors validate the technique against a ground truth example. There may be

another version of Granger causality that can correctly infer networks from our time se-

ries data. However this remains an open challenge to the community at large. Our code

is available online at github.com/BethanyL/gc so that our experiments can be repeated

with other network inference methods. In particular, we have shown that it is important

to test methods on data that is not simply generated from a VAR model and that a range

of networks should be considered. It may be possible that other statistical innovations for

determining causality can be used to infer network structure [82, 121, 132], including new di-

github.com/BethanyL/gc


37

rections leveraging independent component analysis [146], the phase slope index (PSI) [128],

and/or network structure [134]. More recent innovations have considered the construction

of local models of GC to infer the broader inference network [162] and finding time-delay

embeddings in systems displaying attractor structures [152]. Regardless of technique, this

is a fundamentally difficult problem [8] requiring new ideas, innovations and methods from

the broader mathematical sciences community. Network science is here to stay and inference

models will only increase in importance to the physical sciences community.
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Figure 2.17: Summary of experiments. For Experiments C1–C30, gray boxes highlight any

change from the usual parameters.

* θ0 = [10, 11, 6, 9, 5, 3, 8, 4, 0, 2, 7, 1]2π
11

** ω = [.6, .4, .65, .35, .55, .45,−.1,−.3,−.05,−.35,−.15,−.25]
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Chapter 3

SHAPE CONSTRAINED TENSOR DECOMPOSITIONS
USING SPARSE REPRESENTATIONS IN OVER-COMPLETE

LIBRARIES

This chapter is based on joint work with Eric C. Chi and J. Nathan Kutz.

We consider N -way data arrays and low-rank tensor factorizations where the time mode

is coded as a sparse linear combination of temporal elements from an over-complete library.

Our method, Shape Constrained Tensor Decomposition (SCTD) is based upon the CAN-

DECOMP/PARAFAC (CP) decomposition which produces r-rank approximations of data

tensors via outer products of vectors in each dimension of the data. By constraining the vec-

tor in the temporal dimension to known analytic forms which are selected from a large set

of candidate functions, more readily interpretable decompositions are achieved and analytic

time dependencies discovered. The SCTD method circumvents traditional flattening tech-

niques where an N -way array is reshaped into a matrix in order to perform a singular value

decomposition. A clear advantage of the SCTD algorithm is its ability to extract transient

and intermittent phenomena which is often difficult for SVD-based methods. We motivate

the SCTD method using several intuitively appealing results before applying it on a number

of high-dimensional, real-world data sets in order to illustrate the efficiency of the algorithm

in extracting interpretable spatio-temporal modes. With the rise of data-driven discovery

methods, the decomposition proposed provides a viable technique for analyzing multitudes

of data in a more comprehensible fashion.
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3.1 Introduction

Matrix decompositions are critically enabling algorithms for scientific computing and data

analysis applications across every field of the engineering, social, biological, and physical

sciences. Of particular importance is the singular value decomposition (SVD), which pro-

vides a principled method for dimensionality reduction and computation of interpretable

subspaces within which the data reside. So widespread is the usage of the algorithm, and

minor modifications thereof, that it has generated a myriad of names across various com-

munities, including Principal Component Analysis (PCA) [133], the Karhunen-Loève (KL)

decomposition, Hotelling transform [78, 79], Empirical Orthogonal Functions (EOFs) [106]

and Proper Orthogonal Decomposition (POD) [108, 75]. However, in order to use the SVD,

data, which generally may be of N distinct dimensions, must be flattened into a matrix

form, potentially compromising the statistical accuracy of the subspaces computed. Tensor

decompositions are a generalization of the SVD concept to higher dimensions, allowing for

N -way arrays (N ≥ 3) of data to be decomposed into their constitutive, low-rank subspaces

without flattening, which is especially advantageous for categorical data types. It is often

the case that one of the dimensions considered in the tensor is the time variable. In this

chapter, we develop a version of a tensor decomposition algorithm that restricts the time

dynamics to analytically tractable solutions sparsely selected from a large, over-complete

library of candidate functions. In so doing, we provide a more interpretable framework for

the tensor modes in the decomposition process and analytic expressions for their associated

time dynamics.

With the rise of data science and data-driven discovery, tensor decompositions are of

increasing value and importance for characterizing underlying structure and dimensionality of

data [95]. Indeed, finding low-rank structure in high-dimensional data is at the core of many

machine learning architectures [18, 123]. In applications, one of the important dimensions

of the data set is a time variable which measures how the other quantities of interest evolve

over a prescribed time course. A tensor decomposition produces the low-rank time variable
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Figure 3.1: CP tensor decompositions. This type of decomposition approximates a data set

X with a tensor M consisting of r components. Each component is an outer product of

three vectors and is of the form λjaj ◦ bj ◦ cj.

evolution. However, the low-rank time modes often are complicated and noisy due to the

form of the data itself. In contrast, we often expect simple and highly structured temporal

signatures, whether it be oscillations of a prescribed frequency or exponential growth/decay

of a signal, for instance. The natural remedy is to constrain the form of the temporal modes

extracted from the tensor decomposition. By specifying an over-complete library of temporal

functions, we are able to extract analytic forms for the best fit temporal evolution of the

data. The appropriate time behavior in our over-complete library is selected through sparse

`1 regression techniques so as to select a minimal, but most informative, set of time dynamics.

This is highly advantageous for characterizing the structure of the data and for data-driven

discovery of underlying processes responsible for producing the dynamics observed.

Unlike the SVD for matrices, tensor decompositions are not unique, and there are a

variety of decompositions that can be applied to N -way arrays (N ≥ 3) of data. We con-

sider the CANDECOMP/PARAFAC (CP) decomposition [25, 64] illustrated in Fig. 3.1,

which arranges r-rank data into a series of outer products of N vectors. There are other
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decompositions available, including the Tucker tensor decomposition [95] and the recently

developed tensor-based method [94] for Dynamic Mode Decomposition (DMD) [160]. The

former method is widely used in the tensor community while the latter method provides a re-

gression that enforces Fourier mode behavior in the time mode. All three methods fall short

of our primary goal, which is to provide a tensor decomposition with analytically tractable

time dynamics capable of modeling transient phenomena. The DMD algorithm solves the

first part of this objective but fails in modeling transient phenomena. Although a multi-

resolution DMD method has been proposed to handle transients [99], it has a multiple pass

architecture that sometimes struggles to extract spatio-temporal structures in a completely

unsupervised manner. In this work, we demonstrate that the CP tensor decomposition can

be modified to constrain the time dynamic mode to a broad range of analytic solutions that

are selected from a large and over-complete library of candidate functions. By using sparse

regression techniques, the best candidate functions are selected for representing the temporal

dynamics. We call this technique Shape Constrained Tensor Decomposition (SCTD). The

clear advantage of the SCTD over standard CP decompositions is that it gives analytic re-

sults which are readily interpretable. We demonstrate the method on a number of examples,

including high-dimensional data generated from Houston crime data and global temperature

measurements.

The rest of the chapter is organized as follows: Sec. II develops the basic mathematical

architecture of the CP tensor decomposition and our refinement, the SCTD algorithm. This

is followed by Sec. III in which we discuss practical details such as how to select tuning

parameters and how to construct an appropriate over-complete library. Sec. IV tests the

algorithm on simulated data, and Sec. V provides examples demonstrating the effectiveness

of the algorithm on real-world data sets. Conclusions and an outlook for the SCTD algorithm

are discussed in Sec. VI. For full details, all MATLAB and R codes used for this chapter are

available online at github.com/BethanyL/SCTD.

github.com/BethanyL/SCTD
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(a) Library of time functions

(b) Sparse linear combination

(c) Restricted dimension

aj

bj
cj

λj

Figure 3.2: Sparse selection from an over-complete library. We restrict the third dimension

of our CP tensor decomposition (the set of cj vectors) to be a sparse linear combination

of time dynamics functions from a library that we create. (a) We create a library with a

variety of functions in time. (b) The algorithm then selects a small (sparse) subset of the

library to linearly combine into a cj vector fitting the time dynamics in the data. (c) This is

a restriction on the third dimension of each component.

3.2 Methodology

In this manuscript, we present a number of modifications to the standard CP tensor decom-

position that are intuitively appealing and improve interpretability of the low-rank modes

extracted from data. Specifically, we introduce an over-complete library of temporal re-

sponses that constrains the time mode dynamics. A sparsity-promoting algorithm further

selects a small number of these modes to represent the data. Thus the procedure can be

thought of as a sparsity-promoting, constrained optimization problem.

The SCTD method is illustrated at a high level in Figs. 3.2 and 3.3. Fig. 3.2 shows

the selection process whereby a small number of modes from an over-complete library of

temporal functions are selected to best represent the temporal evolution of the data. We

rely on an `1 optimization procedure so as to obtain a sparse representation of the temporal
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dynamics. The algorithm thus restricts the temporal mode in the decomposition. While the

temporal functions populating the library may be arbitrary, the power of the SCTD relies

on the fact that temporal dynamics are typically far from arbitrary. Fig. 3.3 illustrates some

temporal functions that serve as prototypes that characterize real-world temporal dynamics.

Note that some of these functions are ideally suited for handling transient dynamics. Indeed,

the success of the method is directly related to the temporal library functions included in

the regression procedure.

A specific demonstration of the SCTD is shown in Fig. 3.4. In this example, three different

spatial mode structures are combined with three specific time dynamics. The imposed time

dynamics are representative of simple functional forms that are often difficult for the standard

CP or DMD methods to model or resolve, i.e. temporal responses that have finite time

windows of activity. In this example, the sequence of data snapshots are gathered into a 3-

way data tensor M. Different snapshots of the dynamics depict the spatial structure arising

from the combination of the different modal structures. The objective of the SCTD is to

solve the inverse problem: Given the data tensor M, find the low-rank decomposition that

correctly reconstructs the spatial modes and their time dynamics. The algorithm proposed

here, which is based on the CP decomposition, can indeed recover the three modes and their

time dynamics as shown in Fig. 3.4.

In the subsections that follow, the technical details of the CP tensor decomposition

algorithm are considered along with strategies for building an over-complete library and

enforcing a parsimonious combination of temporal dynamics prototypes.

3.2.1 CP Tensor Decompositions

We begin by first reviewing some useful notation. We denote the rth column of a matrix A

by ar. Given matrices A ∈ RI×K and B ∈ RJ×K , their Khatri-Rao product is denoted by

A�B and is defined to be the IJ ×K matrix of column-wise Kronecker products, namely

A�B =
(
a1 ⊗ b1 · · · aK ⊗ bK

)
.
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For an N -way tensor A of size I1×I2×· · ·×IN , we denote its i = (i1, i2, . . . , iN) entry by ai.

The inner product between two N -way tensors A and B of compatible dimensions is given

by

〈A,B〉 =
∑
i

aibi.

The Frobenius norm of a tensor A, denoted by ‖A‖F, is the square root of the inner product

of A with itself, namely ‖A‖F =
√
〈A,A〉. Finally, the mode-n matricization or unfolding

of a tensor A is denoted by A(n).

Let M represent an N -way data tensor of size I1× I2× · · · × IN . We are interested in an

R-component CANDECOMP/PARAFAC (CP) [25, 64] factor model

M =
R∑
r=1

λr a(1)
r ◦ · · · ◦ a(N)

r , (3.1)

where ◦ represents outer product and a
(n)
r represents the rth column of the factor matrix

A(n) of size In×R. We refer to each summand as a component. Assuming each factor matrix

has been column-normalized to have unit Euclidean length, we refer to the λr’s as weights.

We will use the shorthand notation M = [[λ; A(1), . . . ,A(N)]], where λ = (λ1, . . . , λR)T [10].

A tensor that has a CP decomposition is sometimes referred to as a Kruskal tensor.

For the rest of this article, we consider a 3-way tensor where two modes index state

variation and the third mode indexes time variation.

M =
R∑
r=1

λr ar ◦ br ◦ cr.

Let A ∈ RI1×R and B ∈ RI2×R denote the factor matrices corresponding to the two state

modes and C ∈ RI3×R denote the factor matrix corresponding to the time mode. This 3-way

decomposition is illustrated in Fig. 3.1.

3.2.2 Sparse Representations in Over-Complete Libraries

We can further impose structure on the factors of the low-rank decomposition. For example,

we could impose sparsity and smoothness on factors [168, 4]. Here we assume that the
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time mode can be coded as a sparse linear combination from a known over-complete library

D ∈ RI3×P , namely

C = DZ,

where the elements of Z ∈ RP×R are predominantly zero, i.e. nnz(Z) � PR, and I3 � P .

This set up can be thought of as a sparse version of CANDELINC (canonical decomposition

with linear constraints) [42]. Figs. 3.2 and 3.3 show both the constrained decomposition and

some example library functions used.

We seek the CP model that maximizes a penalized correlation with the data tensor X

M̂ = arg max
M

f(M) ≡ 〈X,M〉 − τ‖Z‖1 (3.2)

such that

M = [[λ; A,B,C]] ,

C = DZ,

‖λ‖2 ≤ 1,

‖ar‖2, ‖br‖2, ‖zr‖2 ≤ 1 for r = 1, . . . , R .

The matrix norm ‖Z‖1 is the sum of all the absolute values of Z and not the induced matrix

1-norm. Thus, the non-negative parameter τ trades off the degree of correlation of the

model to the data and the sparsity level in the loadings Z. The inequality constraints are

added to ensure that the feasible set of the optimization problem is compact. The Bolzano-

Weierstrass theorem ensures that a solution to the problem exists. Without these constraints,

the optimization problem is not well posed as there is no global maximum.

We pause to clarify the relationship between the above problem and the sparse coding

or dictionary learning problem [129]. Note that we can rewrite the optimization problem in

(3.2) as

maximize
〈
X(3), (B�A)ΛDTZT

〉
− τ‖Z‖1



47

such that

‖λ‖2 ≤ 1,

‖ar‖2, ‖br‖2, ‖zr‖2 ≤ 1 for r = 1, . . . , R.

If we add the additional constraint ‖(B � A)ΛDTZT‖F = c for some constant c, then

maximizing the penalized correlation is equivalent to minimizing the penalized squared error

1

2
‖X(3) −WZT‖2F + τ‖Z‖1,

where W = (B � A)ΛDT. Thus, we see that the optimization problem given in (3.2) is

closely related to a special case of the sparse coding problem where we seek to learn sparse

coefficients Z as well as a dictionary matrix W which must obey rather strong structural

constraints.

3.2.3 Algorithm

We now describe an algorithm for computing our structured low-rank approximation M.

Note that the CP constraint M = [[λ; A,B,C]] renders the optimization problem in (3.2)

non-convex. Note, however, that if we fix all but one of the block variables A,B,Z, or λ, the

optimization problem involves a straightforward concave optimization whose solutions can

be written in closed form. Thus, we propose a block coordinate ascent (BCA) algorithm.

One complication of adopting a BCA algorithm is that the updates for A,B, and Z each

separate into R identical optimization problems. To be explicit, consider the problem of

updating Z when λ,A, and B are fixed.

max
R∑
r=1

[λr 〈X, ar ◦ br ◦Dzr〉 − τ‖zr‖1] (3.3)

such that

‖zr‖2 ≤ 1 for r = 1, . . . , R.
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Consequently, solving for the entire factor matrix Z at once will yield identical columns,

namely z1 = z2 = . . . = zR. To deal with this degeneracy, we construct M via deflation.

The idea is to find the most correlated rank-1 tensor and then subtract it from the data

tensor. We then repeat the procedure on the residual tensor.

We are now ready to summarize at a high level the BCA algorithm. Suppose we have

completed r−1 rounds so far and let Yr denote the residual, namely X−
∑r−1

r′=1 λrar′◦br′◦Dzr′ .

At the rth round, we solve the following optimization problem.

M̂ = arg max
M

f(M) ≡ 〈Yr,M〉 − τ‖zr‖1 (3.4)

such that

M = ar ◦ br ◦ cr,

cr = Dzr,

‖ar‖2, ‖br‖2, ‖zr‖2 ≤ 1.

We again solve the above maximization problem with block coordinate ascent. Once

BCA has converged, we determine λr by solving the problem:

λr = arg min
λ

‖Yr − λM‖2.

The solution to the above scalar optimization problem is given by

λr =
〈Yr,M〉
‖M‖2F

.

We now detail the updates for the factors ar,br, and zr.

Updating ar:
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a(n+1)
r = arg max

‖a‖2≤1
〈ur, a〉 , (3.5)

where ur = Y(1)(c
(n)
r ⊗ b(n)

r ). The update simply requires normalizing ur.

a(n+1)
r =

ur
‖ur‖2

.

Updating br:

b(n+1)
r = arg max

‖b‖2≤1
〈vr,b〉 , (3.6)

where vr = Y(2)(c
(n)
r ⊗ a

(n+1)
r ). The update simply requires normalizing vr.

b(n+1)
r =

vr
‖vr‖2

.

Updating zr:

z(n+1)
r = arg max

‖z‖2≤1
〈f r, z〉 − τ‖z‖1, (3.7)

where f r = DTY(3)(b
(n+1)
r ⊗ a

(n+1)
r ).

The optimization problem posed in (3.7) is a modified lasso problem and has appeared

in similar settings [4, 168, 32]. The update is given by

z̃r = arg min
z

1

2
‖f r − z‖22 + τ‖z‖1

[z̃r]i = sign([f r]i) max{|[f r]i| − τ, 0}

z(n+1)
r =


z̃r
‖z̃r‖2 if ‖z̃r‖2 6= 0

0 otherwise.

The derivation of this update rule is given in the Appendix. We then update λr, followed

by calculating the next residual Yr+1 = Yr − λrar ◦ br ◦Dzr.
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3.3 Details of SCTD Algorithm

Now that we are familiar with the basic procedure, we next discuss important details in the

SCTD. We first describe how the sparsity-inducing parameter τ is chosen. We then describe

how the over-complete library is constructed.

3.3.1 Picking The Regularization Parameter

At each iteration, we use the Bayesian Information Criterion (BIC) [143] to pick regulariza-

tion parameter τr. The BIC is a quantitative score that balances how well the model fits

the data against how complicated the model is. In the context of the SCTD, a constrained

rank-1 Kruskal tensor with low BIC corresponds to a rank-1 Kruskal tensor which fits the

data well in light of how many free parameters were used in fitting it. As defined in [4], for

this problem, the BIC criterion is

BIC(τr)=log

[
‖Yr−λrar◦br◦Dzr‖2F

I1I2I3

]
+

log(I1I2I3)

I1I2I3
|{zr}|,

where |{zr}| is the number of non-zero elements of zr. This can be derived from each update

being an `1-norm penalized regularization problem.

We use the BIC criterion to pick the best τr from a range of options. We further refine the

value of τr by checking the neighborhood of the current best option until the neighborhood

is sufficiently small or the BIC curve is sufficiently constant on that neighborhood. An upper

limit of τr is the point at which all entries of zr are zero. Since we accumulate small amounts

of error on each iteration, we wish to encourage increasing levels of sparsity as r increases.

We thus use τr−1 as a lower bound for τr, unless τr−1 is greater than the current upper bound.

3.3.2 Constructing the Over-Complete Library

We can choose an over-complete library based on knowledge of the application area or data

set. Some natural candidates are displayed in Fig. 3.3. If we expect periodic but transient

dynamics, we may choose to populate the library with windowed sines and cosines, varying
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the frequencies of the sines and cosines and the widths and shifts of the windows. If we

anticipate transient phenomena that are non-periodic, it may be appropriate to include

Gaussians with a range of means and variances. If the time domain itself is periodic, such

as hour of the day, then we might improve the results by including dynamics that have this

period. For example, to allow a Gaussian-like mode to vary smoothly through the night, we

could generate cosines with varying frequencies and shifts, but only include one period of

the cosine (see “wrapped cosines” in Fig. 3.3).

3.4 Simulation Experiments

We begin by testing the SCTD on a simulated data set similar to Fig. 3.4. Recall that this

data set is composed of three spatio-temporal modes (specifically, it is a Kruskal tensor with

rank three). We can think of this data set as a video or sequence of frames. Our goal is to

decompose it into three modes (a rank-three Kruskal tensor) with an analytical description

for the temporal dimension. Although the SCTD is exceptional for the data in Fig. 3.4, the

example is limited since no noise was included in the data.

We next consider a more realistic example shown in Fig. 3.5. In this experiment, we

added white Gaussian noise with standard deviation σ in the frequency domain to the data

(un(t) = F−1[û(ω) + σN (0, 1)]). In this case, we used σ = 3, resulting in a signal-to-noise

ratio of 0.1374, where signal-to-noise ratio is defined as the ratio of the summed squared

magnitude of the signal to the summed squared magnitude of the noise. The algorithm

outlined in Sec. II can now be applied to the data and a direct comparison can be made

to a CP decomposition and a DMD reduction. In particular, for the CP decomposition, we

use the CP ALS function in the Matlab Tensor Toolbox [11], [9], which uses an alternating

least squares algorithm. Fig. 3.5 shows that despite the inclusion of noise, the modes and

temporal dynamics can be cleanly extracted using the SCTD. Indeed, analytic forms for the

time dynamics can be discovered. In comparison, the CP algorithm gives a decomposition

with noisy time modes which lack analytic description. The DMD algorithm (using data

flattening) can give analytic expressions for the time dynamics, but the temporal expressions
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are significantly flawed due to the fact that DMD cannot handle such transient and/or

intermittent time dynamics, i.e. only time dynamics of the form exp(ωt) are allowed.

The SCTD also provides a diagnostic for performing an r-rank truncation. For an SVD

decomposition, the singular values provide the requisite metric for truncation. Similarly,

Fig. 3.6 shows the decay of reconstruction error as a function of the number of tensor modes.

We can choose the rank, or number of components to keep in the SCTD, by considering the

trade-off between error and complexity. Here we see diminishing returns in reconstruction

error after the inclusion of the first three components, suggesting that a rank-3 approximation

sufficiently captures the majority of the systematic variation in the data.

To further explore the example shown in Fig. 3.5, we consider a number of different cases

which highlight the use of the algorithm and the choice of library prototypes. Thus we

consider the following:

• Case (a): Library contains true modes. We start with an easy case. We construct a

library with 3000 prototypes, including the true temporal modes, and we do not add

noise to the data. We see in Fig. 3.7 and Table 3.1 that in two iterations, the SCTD

picks exactly one prototype, and in one iteration, the SCTD picks 299 from the 3000

and accumulates a small amount of error.

• Case (b): Library does not contain true modes. Next, we want to assess how robust the

SCTD is to “model misspecification”: We construct another library of 3000 prototypes

but do not “cheat” by including the true time dynamics. As we can see in Fig. 3.7

and Tab. 3.1, in this experiment, the method uses extra prototypes (about 10% of the

library) and accumulates more error. However, the factor accuracy only reduces from

0.989 to 0.948.

• Case (c): Library does not contain true modes and the data is noisy. Finally, we

increase the difficulty by adding white Gaussian noise to the data (σ = 1). The results

are very similar to Case (b) without noise (see Fig. 3.7 and Tab. 3.1). Note that
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Table 3.1: Details to accompany Fig. 3.7

case
# prototypes relative factor frequency of

chosen error accuracy top mode

(a) 301 (3.6%) .1144 .988924

.0982

.3927

.7854

(b) 1132 (13.5%) .2329 .948130

.1026

.3846

.7692

(c) 857 (10.2%) .6947 .937874

.1026

.3846

.7692

although the resulting analytic expression of hundreds of modes is not simple, if you

want a simple analytical expression, you can pick the mode with the largest coefficient

and still maintain accuracy. The top mode is plotted in green on top of the linear

combination (blue) and the true mode (black) in Fig. 3.7.

Next, we consider Case (c) in more detail. So far, we have seen two examples of this

case. In Fig. 3.5, the library contains 40,000 prototypes and the white noise has standard

deviation σ = 3. In Fig. 3.7 (and Tab. 3.1), the library contains 3,000 prototypes and the

white noise has standard deviation σ = 1. We now consider the effect of σ (Fig. 3.8) and the

effect of the library size (Fig. 3.9).

In Fig. 3.8, we fix the library size to 50,000 and vary σ. As the magnitude of the noise

increases, so does the error. However, this growth in error is slow when the error is measured

against the original (noiseless) data. For context, see Fig. 3.5 for a visualization of data with
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σ = 3.

In Fig. 3.9, we consider data that has no noise and vary the library size. Once the library

is sufficiently large, the relative error does not improve. However, the number of prototypes

chosen grows.

3.5 Real Data Examples

We now apply the SCTD to two real-world data sets exhibiting complex spatio-temporal

dynamics with intermittency. These examples illustrate the power of the SCTD to produce

interpretable results, especially in the constrained time dynamics. Figures were rendered

with the ggmap and ggplot2 R packages [90, 166].

3.5.1 Houston Crime

Data mining is beginning to be applied to a myriad of law enforcement problems [117].

These techniques can be used to help agencies deploy their employees more efficiently, predict

the outcomes of new initiatives, and identify trends in crime in order to take preventative

measures.

We apply the SCTD to a data set, collected by the Houston Police Department, with

85,622 crimes occurring in Houston from January to August 2010. We use a preprocessed

version of the data included in the ggmap R package [90]. We create a 3-way tensor of

counts of these crimes. The dimensions are type of crime (aggravated assault, auto theft,

burglary, robbery, or theft), crime beat (118 options), and hour of day (0–23). We then

apply the SCTD to this data set using a mix of the three types of functions displayed in

Fig. 3.3—windowed sines and cosines, Gaussians, and wrapped cosines.

The first three components of the SCTD are displayed in Fig. 3.10. In the first component,

most beats are at least lightly included, although some are more intense. Theft in the evening

is especially emphasized. The second component adds non-theft crimes to a different set of

hot spots and subtracts non-theft crime from some of the beats that were important in

the first component. The third component re-emphasizes some of the same beats, this
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time adding burglary and subtracting theft in the morning and conversely adding theft and

subtracting burglary in the evening.

In Fig. 3.11, we compare our results to the first three components from CP APR (the non-

negative CP tensor decomposition with alternating Poisson regression [33] as implemented in

the Matlab Tensor Toolbox [11]). The results using the SCTD are much smoother and more

interpretable in the time dimension, but many of the same beats are considered important.

3.5.2 El Niño

Sensor and imaging technologies (oceanic, terrestial and satelite) have led to a significant

increases in climate data and a limited but growing understanding of how to extract mean-

ingful information from it. Interest in this interdisciplinary field has spawned, for example,

the annual International Workshop on Climate Informatics [100].

We demonstrate the SCTD on a data set of sea surface temperatures. The data are freely

available from the NOAA/OAR/ESRL PSD, Boulder, Colorado, USA. We used the weekly

sea surface temperature from the NOAA OI SST V2 data set, which can be downloaded

from http://www.esrl.noaa.gov/psd/. In particular, we consider the Pacific Ocean from

1995 through the end of 2000. We subtracted the background from the data using DMD

[59], and then we created a library with a combination of Gaussians and windowed sines

and cosines. Two of the first twelve modes that the SCTD extracted are shown in Fig. 3.12.

The second component finds one-time phenomena related to the El Niño event of 1997–1998.

In particular, we see unusually warm temperatures in the eastern Pacific ocean, especially

near Peru, but almost stretching to New Guinea. By mid-to-late 1997, unusually cool wa-

ters occurred near the coast of Australia. The third component finds annual variation in

temperature, split over the equator.

These results could not be obtained with standard DMD because the El Niño event is

not a Fourier mode. However, recent innovations around multi-resolution analysis and DMD

(the multi-resolution DMD algorithm [99]) does allow for a significantly improved description.

Likewise, a traditional CP tensor decomposition might extract similar patterns, they would

http://www.esrl.noaa.gov/psd/
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not be accompanied with a sparse analytic description. We show that the SCTD choses a

sparse linear combination of our over-complete library in Fig. 3.13.

3.6 Conclusion

Data-driven discovery has become ubiquitous across the sciences, leading to the rise of the

fourth paradigm of scientific discovery [71]. Critical in meeting the challenges of this emerging

paradigm is the development of algorithms that are capable of extracting meaningful and

interpretable low-dimensional features from data that is high-dimensional and includes many

distinct dimensions. The success of machine learning is largely due to its ability to represent

data in low-dimensional feature spaces where data can be more effectively analyzed, classified

and clustered. Matrix decomposition techniques, which project to low-rank subspaces via

some underlying optimization algorithm, are the workhorses of the data science industry.

For instance, Principal Component Analysis is now standard across almost every field of

the engineering, social, biological and physical sciences. This SVD-based method provides a

least-square fitting algorithm for data, thus providing low-rank subspaces that best represent

the features of the data.

The success of the SVD is difficult to overestimate. It is simply the most dominant and

successful matrix decomposition method being used today. The SVD requires, however, that

multi-dimensional data first be flattened before being processed through the decomposition.

This can lead to less parsimonious fitting than if the data was preserved in its original N -way

data tensor. Tensor decompositions, on the other hand, allow the data to be preserved in

its original multi-dimensional context, which is especially advantageous for categorical data.

Although tensors have been the subject of active research for the past four decades, it has

been difficult for tensor decompositions to displace standard SVD with flattening decompo-

sitions. This is in part due to the multitude of potential tensor decompositions available to

the practitioner, i.e. it is not unique. Moreover, the SVD has numerous enhancements for

handling high-dimensional data, such as the randomized SVD [61, 46], which enables efficient

computation of the matrix decomposition even with extraordinarily large data.
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In this manuscript, we have developed what we think is a highly useful innovation to the

standard CP tensor decomposition. By constraining the time dimension of the tensor de-

composition, a more intuitively appealing and interpretable decomposition can be achieved.

Indeed, analytic solution forms for the time dependency of the data decomposition can be

extracted. This is done by using an over-complete library of potential temporal functions in

order to select the best candidate functions via sparse regression. This work merges three

distinct mathematical methods: tensor decompositions, sparse regression, and over-complete

libraries. The success of the SCTD method is demonstrated on a number of simulated prob-

lems and two real-world applications where preserving the tensor nature of the data is highly

desirable and advantageous. The SCTD method provides a viable data-discovery algorithm

that can be used in a host of settings where low-rank features of an N -way data tensor need

to be analyzed. It should also be noted that one can easily envision also constraining other

dimensions of the data, not just the time dimension.

Ultimately, the most useful data analysis techniques developed allow for interpretable

diagnostics which are also predictive in nature. The SCTD advances a theoretical framework

for tensor decompositions that provides an intuitively appealing framework for understanding

the rich time dynamics of low-rank decompositions without requiring data-flattening. With

the emergence of many categorical data structures, this can be especially appealing. Thus, we

render a tensor decomposition package that is user-friendly and aids in identifying important

dynamics structures in data, including intermittent phenomena, which are very difficult for

standard tensor, DMD and PCA-like methods to deduce.

Appendix

Notation Details

Matricization of a tensor: The mode-n matricization or unfolding of a tensor A is denoted

by A(n) and is of size In × Jn where Jn ≡
∏

m6=n Im. In this case, the tensor element with
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index i maps to matrix element (i, j) where

i = in and j = 1 +
N∑
k=1
k 6=n

(ik − 1)

 k−1∏
m=1
m 6=n

Im

 .

Derivation of z update:

We prove that the update for z is the solution to the optimization problem given in (3.7).

Proof. The negative of the Lagrangian for (3.7) (to express the optimization as a minimiza-

tion) is given by

L(z, γ) = −〈f , z〉+ τ‖z‖1 + γ(‖z‖22 − 1).

The KKT conditions are given by

f − 2γz ∈ τ∂‖z‖1

‖z‖22 ≤ 1

γ ≥ 0

γ(‖z‖22 − 1) = 0.

There are two cases to consider. If z̃ = 0, then the pair (z, γ) = (0, 0) satisfies the KKT

conditions. The stationarity condition is satisfied since f ∈ τ∂‖0‖1 since z̃ = 0 solves the

lasso problem. The other conditions are easily verified.

If z̃ 6= 0, then the pair (z, γ) = (z̃/‖z̃‖2, 0) satisfies the KKT conditions. The only tricky

condition to verify is the stationarity condition. The other conditions are easy to verify.

Since z̃ is the solution to the lasso problem we have that

f − z̃ ∈ τ∂‖z̃‖1

f − 2

(
‖z̃‖2

2

)
z̃

‖z̃‖2
∈ τ∂

∥∥∥∥‖z̃‖ z̃

‖z̃‖2

∥∥∥∥
1

.

Note that we have used the fact that ∂‖z‖1 = ∂‖cz‖1 for all c > 0. Therefore, the pair

(z, γ) = (z̃/‖z̃‖2, ‖z̃‖2/2) satisfies the KKT conditions.
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(a) Windowed sines and cosines

(b) Gaussians

(c) Wrapped cosines

Figure 3.3: Constructing a library. Based on the application, we choose a library of possible

time dynamics functions. Options include: (a) Windowed Sines and Cosines. We generate

a range of sines and cosines, varying the frequency, width of the window, and center of the

window. (b) Gaussians. We fill the library with Gaussian functions, varying the µ and σ

parameters. (c) Wrapped Cosines. One way to generate a library that is Gaussian-like but

has a period that is the length of the interval is to use one period of a shifted cosine. The

frequency and shift can be varied.
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(a) Sequence of data (b) Tensor (c) Components fit to time dynamics
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Figure 3.4: Extracting patterns from spatio-temporal data. (a) We begin with a data set

where spatial information is collected over time. If we collect two-dimensional data at each

time step, we may informally think of the data as a sequence of “frames.” (b) The sequence

of frames can be saved as a tensor (one data cube) where the third dimension is time. (c)

Our goal is to decompose that tensor into a sum of important frame components where each

frame component has its own time dynamics. In this example, we see the three components

coming in and out of the frames as time passes. The color coding demonstrates how the

sample frames in part (a) are combinations of the components shown in part (c).
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Real data

CP tensor

decomposition

Dynamic Mode 

Decomposition

SCTD

e(−.002+.101i)t e(−.013+.045i)t e(−.013−.045i)t

cos .098t, t ∈ [0, 128] sin .392t, t ∈ [0, 63.5] sin .783t, t ∈ [64.8, 98.1]

Figure 3.5: Comparing methods on a simulated data set. The data set, a 3-way tensor,

is generated as described in Fig. 3.4, except that noise is added. We hope that a method

can decompose the tensor into its three noiseless components. A traditional CP tensor

decomposition sometimes falls into a good local minimum and decomposes the data correctly.

Clean spatial modes are found, but some noise in the time dynamics is maintained. The time

dynamics are not fit to analytic expressions. The Dynamic Mode Decomposition tries to fit

clean time dynamics functions to the spatial modes. However, it is restricted to Fourier

modes and cannot handle the windowed behavior in this data set. It also does not correctly

separate the third spatial mode. The SCTD finds clean spatial modes and fits smooth time

dynamics to each component. The output includes the exact functions that were fit to the

time dynamics.
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Figure 3.6: Reconstruction error curve. We can choose the number of components to keep in

the SCTD by considering the trade-off between error and complexity. Here we see diminishing

returns in reconstruction error after the inclusion of the first three components, suggesting

that a rank-3 approximation sufficiently captures the majority of systematic variation in the

data. We calculate the error in two ways—by comparing the reconstruction to the original

clean data and to the noisy data.
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True components (a) Library contains true modes (b) Library does not contain 

true modes

(c) Library does not contain 

true modes and data noisy 

299 prototypes

1 prototype

1 prototype

321 prototypes

500 prototypes

311 prototypes

269 prototypes

310 prototypes

278 prototypes

true mode top modelinear combination

Figure 3.7: Results on simulated data set. We repeat for reference the three true compo-

nents that compose the data set. (a) When the library contains the correct time dynamics

functions, the SCTD does a good job of recovering them. (b) When the library does not

contain the exact right modes, the SCTD uses more prototypes to fit the data, but still

chooses a sparse number. (c) When we additionally make the data noisy, the SCTD is ro-

bust. It chooses more prototypes, but if an especially simple output is desired, using just

the prototype with the highest coefficient is accurate. See more detail in Tab. 3.1.
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Figure 3.8: Varying the noise. In Figs. 3.5 and 3.7 and Tab. 3.1, we displayed results on

noisy data. Here we vary the amount of noise to display the robustness of the SCTD. The

value of σ ranges 0.1–4 while the SNR ranges 123.8–0.101. As the noise increases, the error

in the reconstruction of the original data increases. Note that the cases of σ = 3 and σ = 1

are displayed in Figs. 3.5 and 3.7, respectively. The increase in error is slow when the error

is in terms of the noiseless data.
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Figure 3.9: Varying the library size. In Fig. 3.7 and Tab. 3.1, we displayed results on a library

with 3,000 prototypes. Here we vary the size of the library to consider the tradeoffs. Once

we have a reasonably large library, the relative error is consistent. However, the number of

selected prototypes roughly grows with the library size. Thus to limit complexity, we may

wish to pick a library size that is sufficient for low error reconstructions but is not larger

than necessary.
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Figure 3.10: Results on Houston crime data set using SCTD. We start with a data set of

Houston crime where the first dimension is type of crime, the second is crime beat, and the

third is hour of the day (0–23). The five crimes considered are aggravated assault (AA),

auto theft (AT), burglary (B), robbery (R), and theft (T). We decompose the data set with

the SCTD and display the first three modes here. Our method finds sets of beats behaving

similarly and assigns smooth, interpretable time dynamics.
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Figure 3.11: Results on Houston crime data set using CP APR. We decompose the Houston

crime data set again, but this time with the with the CP APR tensor decomposition for

comparison. We display the first three modes here. Note that the time dynamics are noisy.



68

1
9

9
6

1
9

9
7

1
9

9
8

1
9

9
9

2
0

0
0

Component 2 Component 3

1

-1

Figure 3.12: Results on ocean surface temperature data set. We start with a data set of

ocean surface temperature over time. The dimensions are longitude, latitude, and time. Here

we display a sample of the components found by the SCTD. The second component finds the

El Niño event of 1997–1998, a warm band in the central and east-central equatorial Pacific.

The third contain annual variation, split over the equator.
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Figure 3.13: Results on ocean surface temperature data set, continued. This figure gives

further information about the results in Fig. 3.12. We demonstrate the sparsity of the time

dynamics by plotting the magnitudes of the coefficients in each zr.
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Chapter 4

MODELING COGNITIVE DEFICITS FOLLOWING
NEURODEGENERATIVE DISEASES AND TRAUMATIC

BRAIN INJURIES WITH DEEP CONVOLUTIONAL NEURAL
NETWORKS

Neurodegenerative disease and traumatic brain injuries (TBI) present grave challenges to

doctors. Both cause cognitive deficits due to focal axonal swellings (FAS), but it is difficult

to deliver a prognosis due to our limited ability to diagnose damage at a cellular level in vivo.

In this chapter, we simulate neurodegenerative disease and TBI. We use convolutional neural

networks (CNNs) as our model of cognition, since they were originally inspired by neuro-

science, and they mimic important features of brains. We start with CNNs pre-trained to

perform classification, then utilize data on FAS to damage the connections in a biophysically

relevant way. In order to improve the model, we incorporate the idea that brains operate

under energy constraints by pruning the CNNs to be less over-engineered. Qualitatively, we

demonstrate that damage to the connections leads to human-like mistakes. Our experiments

also provide quantitative assessments of how accuracy is affected by various types and levels

of damage. The deficit resulting from a fixed amount of damage greatly depends on which

connections are randomly injured, providing intuition for why it is difficult to predict the

impairments resulting from an injury. There is a large degree of subjectivity when it comes

to interpreting cognitive deficits from dynamically evolving complex systems such as the hu-

man brain. However, we provide important insight and a quantitative framework for several

disorders in which FAS are implicated, such as TBI, Alzheimer’s, Parkinson’s, and Multiple

Sclerosis.

This chapter is based on joint work with Jake Weholt, Pedro D. Maia, and J. Nathan

Kutz.
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Figure 4.1: Damaging a Convolutional Neural Network (CNN). (a) We start with a “healthy”

CNN that accepts an image of a handwritten digit as an input and outputs scores for each

possible digit, 0-9. We classify the image as the digit with the highest score. (b) We then

damage the weights on the network in a biophysically-relevant way. In this figure, the healthy

network correctly classifies the image as a 2, but the damaged network classifies it as a 1.

4.1 Introduction

The mathematical architecture of convolutional neural networks (CNNs) was originally in-

spired by the Nobel prize-winning work of Hubel and Wiesel on the primary visual cortex of

cats [81]. Their seminal experiments were the first to suggest that neurons in the visual sys-

tem organize themselves in hierarchical layers of cells for processing visual stimulus. The first

quantitative model of the CNN, termed the Neocognitron by Fukushima in 1980 [52], already

displayed many of the characteristic features of today’s deep CNNs, including a multi-layer

structure, convolution, max pooling and nonlinear dynamical nodes. The connection between

neuroscience and CNN theory, although clearly a conceptional abstraction [135], has since
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been instrumental to improve quantitative models of how the brain integrates neuro-sensory

information for stimulus classification and decision making. Given that CNNs mimic many

of the important cognitive features of the brain, we use it as a model for understanding how

neurodegenerative diseases and traumatic brain injuries (TBI) can compromise an array of

recognition tasks. Specifically, by using well-established biophysical data on the statistics

(distribution and size) of focal axonal swellings (FAS), which are the primary symptoms

of neurodegeneration and TBI, we evaluate the progress of impairments on a CNN-based

model of cognition. Our model provides quantitative metrics for understanding how cogni-

tive deficits are accumulated as a function of FAS development, allowing for potentially new

diagnostics for the evaluation of brain disorders due to neurodegenerative diseases and/or

TBI.

Understanding how neurodegenerative diseases and traumatic brain injuries affect cogni-

tive function remains a critically important challenge for societal mental health. TBI alone

is one of the major causes of disability and mortality worldwide, which in turn, dramatically

jeopardizes society in several socioeconomic ways [118]. Not only is it the signature injury

of the wars in Afghanistan and Iraq [87], but also the leading cause of death to young peo-

ple [49]. While many survive the events that induce TBI, persistent cognitive, psychiatric,

and physiological dysfunction often follows from the mechanical impact (see Sec. 2). Like-

wise, neurodegenerative diseases are responsible for an overwhelming variety of functional

deficits, with common symptoms including memory loss or behavioral/cognitive impairments

which are related to an inability to correctly process multi-modal information for decision-

making tasks. The majority of brain disorders have a complex cascade of pathological effects

spanning multiple spatial scales: from cellular or network levels to tissues or entire brain

areas. Unfortunately, our limited ability to diagnose cerebral malfunctions in vivo cannot

detect several anomalies that occur on smaller scales. FAS, however, are ubiquitous to TBI

and most leading and incurable disorders that dramatically affect signaling properties of

neurons, such as Multiple Sclerosis, Alzheimer’s and Parkinson’s diseases.

Given the currently available wealth of data on FAS morphology from TBI studies and
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from almost every leading neurodegenerative disease, significant progress can be made to-

wards understanding qualitatively how FAS impacts cognitive function. In this work, we

consider a set of deep CNN models as an abstraction for functioning brains. Our focus is to

understand how the processing of input data (classification) is compromised as a function

of increasing injury and/or disease progression. Of course, it is obvious that the system’s

performance will be compromised as the CNN is injured, but the manner in which the cog-

nitive impairments arise is quite illustrative and informative, providing intuitively appealing

results about how cognitive deficits can develop and evolve as a neurodegenerative disease

progresses.

Figure 4.1 illustrates our approach. We begin with the original (healthy) CNN, which is

trained to perform a classification task. In Figure 4.1, the specific task is to label a hand-

written digit. We then expose the CNN to different injury protocols based upon biophysical

observations of FAS statistics and morphological parameters. In particular, we use statis-

tical distributions of FAS from a recent experiment consisting of TBI-induced damage in

the visual cortex of rats [163]. To impose these injury statistics on the original CNN, we

assume that each neuronal connection has a biophysically plausible probability to malfunc-

tion; while mild axonal injury may simply weaken a connection, severe cases may break it

permanently (i.e., set the connection strength to zero). Ultimately, the severity of the injury

and re-weighting of connections is also determined by biophysical data and the statistical

distribution of the size of the FAS. We can then progressively monitor the deleterious effects

of the injury on the functionality of the CNN, providing metrics for cognitive deficits that

arise.

The chapter is outlined as follows: In Sec. 4.2 we provide key background material on

the two primary fields integrated into this work: convolutional neural networks and neural

disorders in which FAS are implicated. We describe our methodology in Sec. 4.3 and present

results in Sec. 4.4. We summarize our conclusions in Sec. 4.5.
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4.2 Background

4.2.1 Convolutional Neural Networks

Deep convolutional neural networks (DCNNs) are transforming almost every field of science

involving big data. The success of the method has been enabled by two critical components:

(i) the continued growth of computational power (e.g. GPU and networked computing), and

(ii) exceptionally large labeled data sets capable of taking advantage of the full power of a

multi-layer architecture. Indeed, although the theoretical inception of CNNs has an almost

four-decade history, the analysis [96] of the ImageNet data set [39] in 2012 provided a water-

shed moment for CNNs and Deep Learning [104]. Prior to this data set, there were a number

of data sets available with approximately tens of thousands of labeled images. ImageNet pro-

vided over 15 million labeled, high-resolution images with over 22,000 categories. DCNNs

have since transformed the field of computer vision by dominating the performance metrics

in almost every meaningful computer vision task intended for classification and identification

(see, for example, the International Conference on Computer Vision 2015).

ImageNet has been a critically enabling data set for the evolution of the field. However,

CNNs were a topic of intensive research long before. Indeed, they were highly successful in a

wide range of applications and machine learning architectures. By the early 1990s, the neural

networks were studied as standard textbook material [17], with the focus typically on a small

number of layers. Critical machine learning tasks such as PCA decompositions were shown

to be intimately connected with networks which included back propagation [12, 141]. Impor-

tantly, there were a number of critical innovations which established multilayer feedforward

networks as a class of universal approximators [77]. Specifically, Hornik et al. rigorously

established that standard multilayer feedforward networks with as few as one hidden layer

using arbitrary squashing functions were capable of approximating any Borel measurable

function from one finite dimensional space to another to any desired degree of accuracy, pro-

vided sufficiently many hidden units were available. Thus, multilayer feedforward networks

could be thought of as a class of universal approximators [77].
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The past five years have seen tremendous advances in the DCNN architecture. Inno-

vations have come from algorithmic tricks and modifications that have led to significant

performance gains in a variety of fields. These innovations include pretraining [73, 15, 45],

dropout [150], max pooling [96], inception modules [153], data augmentation (virtual ex-

amples) [127], batch normalization [83] and/or residual learning [65]. This is only a partial

list of potential algorithmic innovations available for improving the performance of classifi-

cation and labeling. Our goal is not to provide a complete review of the DCNN field, but

rather to highlight the continuing and rapid pace of progress in the field. Integrating the

state-of-the-art in DCNNs is the open source software called TensorFlow (tensorflow.org).

TensorFlow was originally developed by researchers and engineers working on the Google

Brain Team within Google’s Machine Intelligence research organization. The system is de-

signed to facilitate research in machine learning and to make it quick and easy to transition

from research prototype to production system. TensorFlow has allowed for the test-bedding

of new algorithmic structures in a reproducible and verifiable manner, which is a significant

and important advancement in the field. Indeed, the DCNN architecture used here relies on

the TensorFlow architecture, helping us understand how state-of-the-art DCNNs relate to

cognitive abilities.

4.2.2 Focal Axonal Swellings

Concussions and Traumatic Brain Injuries (TBI) are more than ever a concern for contact

sport practitioners [48], for veteran soldiers exposed to blast injuries [38, 87], and for society

as a whole [49, 118, 138]. In fact, TBI contributes to one-third of all injury-related deaths

and is one of the major drivers of functional impairments. TBI pathologies affect several

spatial scales [145], but a ubiquitous development at the neuronal microenvironment level is

the presence of axonal injury [72, 84, 147]. As reviewed in [72], rapid axonal stretch injury

triggers secondary axonal changes that can vary in extent and severity [43, 63, 69], but most

often culminate in Focal Axonal Swellings (FAS).

FAS are monitored whenever possible in in-vitro studies [30, 50, 66, 67, 68, 110, 122, 148],

http://www.cdc.gov/traumaticbraininjury/data/
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Figure 4.2: Four Types of Damaged Axons. A spike train passes through a swollen axon.

Depending on the way that the axon is swollen, there are four ways that the information can

be transmitted. In transmission, the spike train is propagated correctly despite the damage.

In filtering, the spike train goes through a low-pass filter. Regions of the spike train with

high frequency are especially likely to lose spikes. In reflection, pairs of spikes combine and

only half of the spikes are transmitted. In blockage, none of the spikes are transmitted.
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in in-vivo experiments [23, 40, 116, 163], and in human patients [3, 19, 35, 54, 87, 93, 136].

In many cases, FAS critically affect the axonal morphology [155, 156] and consequently, the

information content encoded in spike trains propagating throughout them.

Recent computational studies distinguished geometrical axonal enlargements that lead to

minor changes in propagation from those that result in critical phenomena such as reflection

or blockage of the original traveling pulse [113], or filtering of action potentials [112]. This

led to a diagnostic toolbox that extracts meaningful geometrical parameters from sequential

images of injured axon segments [111]. These algorithms provide a principled approach to

deal with imaging distortions caused by experimental artifacts in order to extract the cross-

section of an axon by detecting local symmetries, turning points and turning regions. More

importantly, they provide the first description of biologically plausible injurious effects due to

FAS that can be incorporated into neuronal network simulations. Figure 4.2 reviews these

different effects; in the transmission regime, the spike train propagates through the FAS

without significant modifications. In the filtering regime, pulses that are too close to each

other get deleted by a mechanism named pile-up collision [112]. As the FAS geometrical

parameters worsen, a single spike will split into two components, one propagating forward

and the other propagating backward. The reflected, back-propagating pulse will collide with

the next spike in the train and they will mutually annihilate each other. Thus, the reflection

regime effectively halves the firing rate of the neuron. Finally, in the worst-case scenario,

the FAS will block all spikes and transmit no information whatsoever.

In what follows, we will introduce FAS in a biologically plausible way to a few examples

of deep-learning convolutional neural networks and evaluate the extent to which cognitive

deficits develop.
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Table 4.1: Summary of CNNs Used

Task Training Set
# conv. # fully connected

layers layers

handwritten digit classification MNIST 2 1

object classification ImageNet 5 3

face verification VGG-Face 13 2

4.3 Materials and Methods

4.3.1 CNNs original calibration, training and performance

We simulate the development of FAS damage in three different convolutional neural networks.

Each network has its own properties and was trained with different data sets for separate

tasks (see Table 4.1).

The MNIST network classifies a handwritten number as a digit from 0 to 9 and could be

used, for example, by a post office machine to read zip codes from envelopes. The training

data set consists of a series of black and white images that are 28 by 28 pixels. We used the

TensorFlow framework [1] to train a CNN with two convolutional layers and a fully connected

layer, as advised by a TensorFlow tutorial. We use a subset of the standard MNIST test

set for our testing purposes so that our set contains the same number of examples for each

digit. In particular, we picked the first 852 images for each digit. Our trained network has

an accuracy of 98.74% on this test set.

The ImageNet network classifies images from the ILSVRC 2012 challenge among one

thousand possible classes. The CNN-F network was pre-trained by the Visual Geometry

Group at Oxford [28] and made available through the MatConvNet Matlab Toolbox [161],

where it is referred to as imagenet-vgg-f. The network contains five convolutional layers
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and three fully connected layers. For our experiments, we use a subset with two examples

randomly chosen from each class. The network is 54.6% accurate on this test set.

The VGG-Face network is trained to classify faces as one of one thousand people. How-

ever, if you remove the last classification layer and normalize the output vector, the network

can instead be used to output feature vectors for face verification. If the Euclidean norm of

the difference between the feature vectors for two images is under a threshold τ , the pair of

images is classified as being the same person. This network was also trained by the Visual

Geometry Group [130] and made available through the MatConvNet toolbox [161], where it

is called vgg-face. For our experiments, we randomly chose five pictures each of fifty ran-

domly chosen celebrities from the Labeled Faces in the Wild (LFW) data set [80]. We also

needed to choose a threshold τ . We chose τ = 1.2 based on Linear Discriminant Analysis on

a training set of 5700 examples from the LFW data set. Each of the 250 images in our test

set is then compared to the four other images of the same person and four images of other

people. We thus test one thousand pairs of images, half of which are of the same person and

half of which are not. The network is 81.6% accurate with τ = 1.2 on our test set of one

thousand pairs of images.

4.3.2 Network impairments following FAS injuries

To simulate the effects of traumatic brain injury on a CNN, we randomly “damage” p percent

of the weights in the convolutional and fully connected layers. For consistency with the TBI

analogy, we only target the connections between neurons and not bias weights. For simplicity,

we first assume that all axonal injuries lead to the total blockage of spikes, which effectively

sets p percent of weights to zero. We consider damage examples for each one of the previously

described networks to develop intuition about possible functional impairments.

In Figure 4.3, we choose a handwritten “2” as the input to the MNIST network. The

network assigns a score to each of the ten possible digits and then classifies the image as the

digit with the highest score. The original network gives scores of .999987 to 2, .000013 to 1,

and 0 to the rest of the digits and thus correctly classifies the image as a 2. We then randomly
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Figure 4.3: Change in Class Scores on Damaged Networks. This CNN accepts an image of

a handwritten digit as an input and outputs scores for each possible digit, 0-9. In these two

examples, the original network correctly and confidently classifies the digit. As we increase

the damage level, confidence drops and the classes eventually become confused. For high

levels of damage, all classes have similar scores.

damage the network in 100 separate experiments, setting p = .01, .02, . . . , 1. Since we are

simulating TBI, the damage happens all at once and is not accumulated across experiments.

Thus, the set of damaged neurons with p = .01 may have little overlap with the targeted

neurons in the p = .02 case. At around 12% damage, the network becomes noticeably less

confident, but still correct. The network makes its first mistake at 30% damage by labeling

the image as a 1. At higher levels of damage, it frequently confuses classes 1 and 2. After

90% damage, the ordering of the class scores continues to change, but their values become

quite similar. We see an analogous pattern in the second part of Figure 4.3 where we input

a “5” as an example, although the damaged networks make fewer mistakes.

Next, we consider two examples from the image classification problem. In Figure 4.4,

we use an image of a green bell pepper as the input to the ImageNet network. Here the

network assigns a score to each of one thousand possible classes before matching it with
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Figure 4.4: Classification Mistakes as Damage Increases, Example 1. We start with a healthy

network trained to classify images. The original network correctly classifies this image as a

green pepper, but with enough damage, the network makes mistakes. For moderate amounts

of damage, the wrong classifications make some intuitive sense.

the class with highest score. We visualize how the classification changes as the damage

increases (p = 0, 0.01, 0.02, . . . , 0.3). The network makes its first mistake at 12% damage

but sometimes returns to classifying the image as a bell pepper. Some of the mistakes are

relatively sensible, such as “granny smith” or “tennis ball,” and share similar colors, textures

and/or shapes with the original image. Some of the later mistakes seem less understandable,

such as “hair slide.” Note that this network was trained on about 1.2 million images of the

one thousand classes, encompassing a wide range of examples for each class. For illustration

purposes in this figure, we show an example image from the test set for each class. However,

the input image is downloaded from Flickr [89].

In Figure 4.5, we give a more difficult input image to the ImageNet network—a group of

vegetables composed predominately by peppers with a variety of colors but also containing

garlic. This image accompanies the Image Processing Toolbox for Matlab as peppers.png

and is used as a demo for this network in the MatConvNet Toolbox. The network successfully
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Figure 4.5: Classification Mistakes as Damage Increases, Example 2. We increase the diffi-

culty by using an image of a group of vegetables, primarily bell peppers. The network does

not maintain the “bell pepper” classification as long, but the early mistakes are also produce

or also round items.

chooses the bell pepper class among one thousand possibilities, but it is not as robust to

injury as the one in the previous, easier example. Misclassifications begin at 4% injury.

Again, some errors are reasonable, such as a “cucumber” or “orange” (which is not that

different from an orange-colored pepper). Others are quite surprising, such as “socks” or

“teddy bear”.

In Figure 4.6, we show analogous deficits for the facial recognition network (VGG-Face).

We input an image of George W. Bush to the network and have it compare the image with

three other pictures—one of his father, one of Bill Clinton, and another one of himself. All

images come from the LFW data set. The healthy network correctly identifies that both

pictures of George W. Bush are of the same person and that the pictures of his father

and Bill Clinton are of different people. We also see that George W. Bush is closer to his

father than to Bill Clinton. As the damage increases, the network occasionally classifies

George H. W. Bush as being the same as his son and, eventually, cannot even distinguish
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Figure 4.6: Change in Distance Between Images. This network outputs a feature vector

for each image and can be used to find the distance between two images. If the distance

is below our threshold τ , the pair is labeled as being of the same person. The network

originally correctly identifies the second image of George W. Bush as being the same person

while labeling the images of George H. W. Bush and Bill Clinton as being different people.

After sufficient damage, the distances between the images all shrink and it is not possible to

determine whether or not a pair of images are of the same person.

Bill Clinton. After about 70% damage, all images start looking alike, and the network

continuously exchanges the ordering of the distances as the damage increases. This pattern

continues in the broader experiments and, with enough damage, all pairs of images are

labeled as being of the same person. Note that adjusting the threshold as damage increases

would not improve the accuracy since the second picture of George W. Bush does not remain

closer than the pictures of other people.

4.4 Results

In this section, we move from qualitative descriptions of single network errors to a more

broad, statistical account of mistakes within the test sets. We also consider a few variations

of FAS injury protocols, network settings, and their dynamics to model biologically relevant

phenomena such as aging and the development of neurodegenerative effects across CNNs.
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4.4.1 Overall network impairments

In Figure 4.7, we return to the MNIST handwritten digit classification task and plot confusion

matrices Mi,j for the ten digits as the damage percentage p increases. At p = 0%, the network

has 98.75% accuracy, so the matrix is concentrated on the diagonal (i = j). At p = 20%,

we begin to see substantial errors (i 6= j), especially by over-classifying digits 0, 4, and

9. As the damage increases, the confusion matrices become even more distributed, but the

types of errors change. For example, at 40% damage, some especially common labels are 1

and 6, while at 60% damage, the disproportionately common labels become 0, 2, 4, and 7.

However, recall that in our TBI analogy, the damage is not accumulated—in each experiment,

we return to the original network and randomly choose a new set of weights to damage. At

p = 100%, there is no randomness; all weights are set 0 and all images are labeled as a

1. Overall, confusion matrices provide a straightforward visualization for misclassification

within the CNN data set that could be advantageous for diagnosing cognitive deficits.

In Figure 4.8, we summarize our TBI experiments for (i) the MNIST network, (ii) the Im-

ageNet network, and (iii) the Facial Recognition network. All targeted neurons are assumed

to malfunction the same way, fully blocking the signal transmission to their neighbors. For

each damage level p (%), we average the accuracy across all random trials on that network.

Again, there is no randomness when p = 0% or 100%. At p = 100%, all weights are set to

0 and all examples are placed in the same class. As expected, the accuracy of the network

decays asymptotically to 1/n, where n is the number of classes. Note that the MNIST net-

work and the ImageNet network have qualitatively similar trends, and display some accuracy

deficit even at low injury levels. In other hand, the Facial Recognition network is able to

maintain its original accuracy level past p = 50% before decaying abruptly.

4.4.2 Relevance of connections and biological constraints

In all three examples of network dysfunction, there is a considerable amount of variability

across trials even for the same injury levels. We found that the deficits greatly depend on
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Figure 4.7: Confusion matrices as damage increases. We depict the classification results of

the handwritten digit classification network for varying amounts of damage. If the images

are perfectly classified, only the diagonal is colored. As the damage increases, most images

are mapped to the same few digits. Eventually, all images are classified as a one.
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Figure 4.8: Accuracy decay as damage increases. We randomly damage edges of the network

by setting their weights to zero. We plot the percentage of edges that are damaged against

the average accuracy of the network for three problems. We see that damage initially has

little effect, but then there’s a steep drop off until the accuracy levels off around the level of

random guessing.
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which weights were randomly selected. In other words, neuronal connections in CNNs do not

contribute equally to a task, and damaging weights with large magnitude typically impacts

the accuracy more than targeting weaker links—although magnitude alone cannot explain

all cases.

We illustrate some of these issues in Figure 4.9 for the the MNIST network. We repeat the

average decay in accuracy in blue but add error bars. We found that roughly the worst case

is to damage the weights in decreasing order of magnitude instead of randomly. The resulting

steep accuracy drop off is plotted in teal. Conversely, the approximate best case is to damage

the weights in increasing order of magnitude (plotted in gold). These three damage strategies

are visualized in terms of their effect on the distribution of weights. The purple histogram

displays the distribution of the original weights. In general, we randomly choose weights to

damage, so the effect is distributed across the distribution of weights. However, damaging

the weights in order of decreasing magnitude is equivalent to progressively removing the tails

of the histogram, and choosing the weights in increasing order of magnitude is equivalent to

removing the middle of the histogram. These experiments may provide intuition into why

the outcomes of TBI are so difficult to predict. We hypothesize that randomness in the

location of FAS could explain, for instance, why two soldiers near the same explosion site

may develop significantly different post-traumatic outcomes.

One of the most striking differences between artificial CNNs and biological neuronal

networks is that the latter must operate under geometric, biophysical and energy constraints.

As reviewed in [101], brains have evolved to operate efficiently since economy and proficiency

are guiding principles in physiology. In fact, nervous systems are a major drain on an animal’s

energy budget and many aspects of the brain’s anatomy seem to limit wiring costs [34, 91,

149]. Brain networks can therefore be said to negotiate an economical trade-off between

minimizing inter-neuron connection cost & maximizing topological value and capacity for

information processing. See Bullmore and Sporns [24] for a recent review on the topic.

The MNIST network could be more biophysically plausible if it was not as over-engineered.

With its original topology and settings, the CNN becomes artificially resistant to damage.



87

In what follows, we will first sparsify the CNN by picking a point on the accuracy-efficiency

trade off curve (see Figure 4.9). There are multiple ways to choose the best trade-off point. A

reasonable choice is to remove the weakest 69.4% of the links, which decreases the accuracy

from 98.74% to 91.47%.

4.4.3 Different types of FAS dysfunctions

As described in Section 4.2.2, Focal Axonal Swellings (FAS) affect spike trains in four qualita-

tively different regimes: transmission, filtering, reflection, and blockage. So far we have only

considered the worst case, blockage, which we model by setting a weight to zero. Now we also

consider the other types of neuronal malfunctions. We model transmission as not damaging

a weight, reflection as halving a weight, and filtering as applying a low-pass filter on each

weight. We choose an example filtering function of f(x) = −.2774x2 + .9094x − .0192 plus

Gaussian noise ∼ N(0, 0.05) by fitting a confusion matrix from experimental results [112].

We believe that these additions to CNNs contain, in a tractable way, the key features of the

jeopardizing effects caused by FAS described in [113, 112, 111].

Recent experimental results provide detailed morphological descriptions of the FAS de-

veloping after traumatic brain injuries. Wang et al [163] damaged the optic nerve of adult

rats with a central fluid percussions injury. The optic nerve is a relatively organized bundle

of axons and allowed for monitoring of FAS development 12h, 24h and 48h after the impact.

They divided the nerve in 12 serial grids and reported for each of them the number of ax-

onal swellings per unit area, the total area of axonal swellings, and the individual sizes of

swellings. It is possible to infer the fraction of FAS in each dysfunctional regime from these

statistical distributions [114]. Based on these results, we conduct numerical experiments

with 30% blockage, 45% reflection, 20% filtering, and 5% transmission. In Figure 4.10, we

show results for the sparsified MNIST network, comparing its average accuracy for hetero-

geneous and homogeneous FAS distributions. As expected, the worst deficits occurred when

all of the swellings were in the blockage regime. The best case is when all of the FAS are in

the filtering regime, closely followed by the related reflection case. When we combine these
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Figure 4.9: Range of possible outcomes. The change in accuracy as weights are damaged

varies depending on which weights were randomly chosen. In blue, we plot the average

accuracy plus error bars for each level of damage. We also add curves in teal and yellow for

approximations of best and worst-case accuracies, respectively. The approximate worst-case

was found by damaging the weights in decreasing order of their absolute value. Similarly,

the approximate best-case was found by damaging the weights in increasing order. We

give a visualization in terms of a histogram of what it means to damage the weights in a

random order (“average case”), in decreasing order (“worst case”), and in increasing order

(“best case”). The yellow “best case” provides an accuracy-efficiency trade off. We choose

a turning point in the curve: if we remove the smallest 69.4% of the weights, the accuracy

only decreases from 98.74% to 91.47%.
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Figure 4.10: Comparing types of damage. In these experiments, we begin with a “sparsified”

network with the smallest 69.4% of the weights removed. Then we compare the types of FAS

(blockage, reflection, and filtering) and a combination of all types based on experimental

evidence. As expected, blockage causes the most damage, and reflection is a strong form of

filtering.

regimes (30% blockage, 45% reflection, 20% filtering, and 5% transmission), the accuracy is

between these more extreme cases.

4.4.4 Aging and Neurodegenerative Diseases

Alzheimer’s Disease (AD) is the most commonly found type of dementia, which is an um-

brella term for a variety of brain disorders and pathologies [88]. Aging is the single greatest

risk factor for AD [131], and most public health systems across the developed world are ex-

pected to face huge challenges due to the growing elderly population [137]. Recent estimates

suggest that more than 5.2 million people have AD in the United States alone and that

a new case occurs every 68 seconds [157]. The most typical symptom of the disease is an
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increasing difficulty in recalling new information, although it sometimes occurs in conjunc-

tion with challenges in completing familiar tasks, confusion with time or place, and trouble

understanding visual images and spatial relationships. Find more information about AD

symptoms here.

W. Thies and L. Bleiler [157] report that in many cases, AD diagnostics are accompanied

by cognitive tests, since individuals with mild cognitive impairments have changes in thinking

abilities that are noticeable to family members and friends. We believe, however, that there

is still a large degree of subjectivity when it comes to interpreting cognitive deficits from

dynamically evolving complex systems such as the human brain. Thus, simulations with

convolutional neural networks that incorporate biophysically plausible neural malfunctions

may provide a window of opportunity to better diagnose, for instance, confusion in visual

image classification. On this account, focal axonal swelling pathologies are present in AD

[2, 37, 97, 159] and in other neurodegenerative diseases such as Parkinson’s disease [154, 107,

53], Multiple Sclerosis [51, 125, 158], and others [70, 92, 102, 103]. In many cases, FAS arise

by the agglomeration of specific proteins over time [36, 119], and again, the computational

modeling of focal axonal swellings and their effects to spike propagation from [111] provide

a platform to investigate network dysfunction.

In all of the previous experiments, we simulated TBI by abruptly applying axonal injuries.

Here we instead simulate aging and its neurodegenerative effects by gradually accumulating

random damage. We continue to use the sparsified network and the heterogeneous FAS

distribution. Figure 4.11 shows that if damage is applied at a constant rate (targeting

1% of the connections at each step), the results will look similar to a sequence of TBI

experiments with p = .01, .02, . . . (Figure 4.10, in dark blue) except that each trial will

have a smoother trajectory. This is translationally relevant since traumatic brain injuries

dramatically increase the risk of dementia later in life [13, 85, 86, 105]. Perhaps a more

plausible and biophysically relevant case occurs when the FAS accumulation rate increases

linearly with time (in cyan). There, the young brain accumulates very little damage, but the

older brain rapidly acquires new swellings.

http://www.alz.org/10-signs-symptoms-alzheimers-dementia.asp
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Figure 4.11: Accumulating damage over time. In aging or neurodegenerative disease, damage

to axons is accumulated over time, in contrast to a one-time injury. We compare the accuracy

curves for a constant number of connections damaged for each time step to the case where

the number of connections damaged increases with time. When damage increases over time,

the initial loss in accuracy is slow and the later loss is faster.
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4.5 Conclusions

Assessing levels of cognitive deficits in patients is largely a subjective task, with indicators

such as whether or not the patient and those close to them have noticed difficulties with

memory. There are some tools available, including the Mini-Mental State Examination

(MMSE). The MMSE assigns a score after testing performance on a brief series of tasks

such as identifying objects and following written instructions. This score can be used to

quantitatively track changes in a person’s cognitive function. Similarly, in this chapter, we

calculate the change in accuracy on related tasks, such as reading handwritten numbers and

labeling objects. Since we can conduct extensive experiments with any level of injury, we

believe that simulating FAS on our model of cognition can lead to insight into the complex

processes underlying TBI and neurodegeneration.

Non-invasive diagnostic tools cannot detect anomalies in vivo such as FAS that occur

at the cellular level. In fact, this has motivated a large body of in vitro experiments to

replicate these injuries in a controlled setting [30, 50, 66, 67, 68, 110, 122, 148]. However, in

the latter case, the cognitive effects of these injuries cannot be assessed. Simulations provide

an opportunity to connect understanding of FAS to measures of cognitive performance.

Both CNNs and brains operate somewhere on an accuracy-efficiency trade-off curve.

However, arguably brains are more highly constrained than CNNs due to the high energy

costs of nervous systems [101]. In contrast, many CNNs are trained with a high focus on

small gains in accuracy, especially those trained for competitions such as ImageNet. In

addition, all three of the CNNs studied here utilized dropout, which encourages redundancy

in the weights [150]. A key step in our methodology was to prune the CNNs to be less

over-engineered and thus more biologically plausible. Remarkably, the networks performed

very well even if many weak connections were removed.

Our simulations of damage on our model of cognition result in interpretable and human-

like mistakes, such as confusing a handwritten 5 with a 6 (Figure 4.3), labeling peppers as

an apple or a cucumber (Figures 4.4 and 4.5) and confusing George W. Bush with his father
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(Figure 4.6). We are able to quantify how accuracy changes as damage increases (Figures

4.8, 4.9, 4.10, and 4.11) as well exactly which kinds of mistakes are being made (Figure

4.7). We demonstrate that the effect on accuracy is highly variable and depends on which

connections are randomly selected (Figure 4.9), providing intuition for why impairments are

difficult to predict.

As with any model, using CNNs as an abstraction for the brain comes with limitations.

Biological neural networks have many complex features and constraints that are not fac-

tored into our model. One important difference between convolutional neural networks and

human subjects is the latter’s ability to infer significantly more information from the con-

text of an image. For instance, a patient classifying all objects depicted in Fig. 4.5 might,

due to some form of meta-analysis, readily interpret them as a collection of many-colored

peppers. Consequently, he could discard extraneous objects from a list of candidates (like

ping-pong/tennis balls) even if their shape and color alone do not provide sufficient evidence

for such dismissal. We would encourage the usage of images with non-sensical pairings of

objects to circumvent this difficulty in diagnostic tests for cognitive deficits.

In summary, we provide a platform for quantitatively and qualitatively studying the pro-

gression of focal axonal swellings in a neural network. We can provide insight into disorders

which feature FAS, such as TBI, Alzheimer’s, Parkinson’s, and Multiple Sclerosis, linking

damage at the cellular level to changes in cognitive behavior.
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