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Future energy system operation faces various sources of uncertainties, including both supply-

side uncertainties associated with the variability and intermittency of renewables, and

demand-side uncertainties related to active load management and demand response. Due to

the increasing uncertainty, power system operation is facing a growing risk of potential safety

issues and economic loss. Research efforts on mitigating these uncertainties, therefore, are

much-needed and of great importance.

The goal of this thesis is to take a step towards future energy system design under significant

uncertainties, from the algorithmic perspective. In particular, we leverage tools that interface

between machine learning, optimization, and control to address three types of uncertainties:

environmental uncertainty, model uncertainty, and uncertainty from users’ interactions.

The first part of the dissertation considers energy system control under environmental

uncertainty, by focusing on battery control in providing pay-for-performance services, such

as frequency regulation and renewable integration. We derive an optimal real-time control



algorithm with accurate battery degradation cost modeling, that achieves near-optimal

performance compared to the offline optima which have complete future information.

The second part of the dissertation addresses energy system control under model uncertainty.

Specifically, we propose a novel type of neural network architecture called input convex

neural networks (ICNNs), for both system identification and controller design. We show that

ICNNs significantly outperform existing purely data-driven or linear control methods with

applications in building energy management and distribution system voltage control.

Finally, we consider uncertainties from user interactions. We use the Cournot competition

model to characterize the collective behavior of learning agents in energy markets. We prove

the convergence of policy gradient dynamics to the Nash equilibrium and provide insights on

the effect of pricing functions and information feedback to the convergence behavior.
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Chapter 1

INTRODUCTION

1.1 Motivation

The emergence of renewable resources, ranging from offshore wind farms to rooftop solar

units, are having a transformative effect on energy systems. Historically, fossil fuel has been

the main resource for generating electricity. However, due to the environmental concerns of

fossil generators such as the emissions of greenhouse gases that contributes to global warming,

renewable resources (e.g., solar, wind) that are less polluting and having less environmental

impact, are becoming more an important part of the grid. Figure 1.1 shows that energy

generation in the U.S. by source, with predictions to 2050. We can see that the share of

renewable generation is expected to grow to 38% (in 2050), which will contribute to the

largest share of electricity production. In fact, many regions in the U.S. actually have more

ambacious goals than the average projection. For example, Connecticut and New Jersey aim

to generate about 50% of their electricity from renewables by 2030, and both California and

Washington aim for 100% renewable energy by 2050.

The question boils down to how can we develop an economically competitive and technologi-

cally feasible strategy for the entire energy system transition to renewable energy. One of the

biggest problems for high levels of renewable penetration is to mitigate the significant amount

of uncertainties. Unlike fossil fuel generators which we have precise control over the amount of

energy being produced, we do not have full control of the renewable generation since the wind

does not always blow and the sun does not always shine. How to guarantee the security of
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(a) Electricity generation from selected fuels (b) Renewable electricity generation

Figure 1.1: Source: U.S. Energy Information Administration, based on projection of data in

2020. https://www.eia.gov/outlooks/aeo/

Figure 1.2: Source: U.S. Energy Information Administration, based on states’ renewable

portfolio standards. https://www.eia.gov/todayinenergy/detail.php?id=38492

https://www.eia.gov/outlooks/aeo/
https://www.eia.gov/todayinenergy/detail.php?id=38492
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power supply under renewable intermittency? It requires a holistic approach that integrates

new devices/technologies, new control algorithms, and new market organization mechanisms,

all together to pave the way from the current grid to the more sustainable future.

Energy storage is considered as an important technology bridge between the intermittent

renewable power produced by nature, and a 24 × 7 reliable supply of renewable electricity.

There are abundant of roles that storage can provide in the grid, which includes but not limits

to, support renewables intermittency, spatial and temporal energy shifting and arbitrage,

ancillary services, alternatives for peaking generation/transformers/line upgrades, voltage and

frequency support, microgrid supply, electric vehicle charging support, and etc [1]. However,

managing energy storage at the power system level remains an open question. Due to the

fast response time requirement, any storage control algorithm being proposed should be

computational-efficient, while having performance guarantee under future uncertainties and

complex battery degradation characteristics. Energy storage alone, despite its versatile and

powerful functionality, is impossible to solve all the uncertainties introduced by the large

penetration of renewables. Even with the very optimistic prediction of energy storage growth

120 gigawatts by 20501, it is not enough to provide all the flexibility that is needed. Therefore,

aside from using energy storage, other resources of flexibility are indispensable.

An additional key contributor to handle uncertainties would be demand-side participation.

Consumers (both commercial and residential) in today’s grid usually play passive roles

where they just receive power from the generators. And the power flow in the tody’s

power distribution network is mostly unidirectional, that is from the generators to customers.

However, because of many renewable energy resources will be installed in distribution networks

(e.g., rooftop solar), it would be desired that if the network could be redesigned to allow for

bidirectional operation such that consumers can play a more active role in the system. For

instance, they can adjust their demand levels in response to the real-time supply level in

1https://cleantechnica.com/2020/01/03/120-gigawatts-of-energy-storage-by-2050-we-got-this/

https://cleantechnica.com/2020/01/03/120-gigawatts-of-energy-storage-by-2050-we-got-this/
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the system. In addition, they can sell the energy surplus from local generations back to the

grid. Active demand-side participation can not only help the grid to mitigate the renewable

uncertainties, but also help users reduce their electricity costs via various participation subsidy

programs.

With all these new technologies and new resources into the grid, the challenge remains is how

to realize their full potential. The key to solving these challenges lies in a better understanding

of the system and through the interrogation of increasingly available operations data. For

example, more than 2,500 networked phasor measurement units and millions of smart meters

are connected to the U.S. grid receiving and sharing data in real-time. This explosion of data

provides opportunities for us to better understand the system and forecast the future, thus

making better decisions. A good control and market organization framework would enable a

seamless integration of hundreds of thousands of distributed energy resources in future energy

systems, from energy storage, renewables, to active load management and demand response.

1.2 Contributions

The goal of this thesis is to handle challenges faced by energy system operation under

significant uncertainties, from the algorithm design perspective. Our results span all the

three aspects we have described so far, including handling environmental uncertainty, model

uncertainty, and uncertainty from users’ interactions. In particular, the contribution of this

dissertation could be summarized in three themes.

1.2.1 Cost modeling and optimal control of energy storage

Energy storage offers great flexibility to the power system operation under environmental

uncertainties. However, managing these assets at the system level remains an open question.

One of the key challenges in energy storage operation is the degradation cost accounting.
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Faithful electrochemical degradation models have always been thought of as impractical to

use in real-time due to their complexity. In Chapter 2, we show that this cost is actually

convex [2], resolving this long-standing algorithmic challenge of supposed impracticality in an

elegant fashion. Based on this cost model, an optimal online control algorithm is proposed for

energy storage in a general “pay-for-performance” market to track an uncertain instruction

signal (e.g., frequency regulation service or supporting renewable integration). Via a novel

change of basis, we derive a simple online control policy that minimizes the operational

cost of storage that includes both the dispatch violation cost and battery degradation cost.

Simulation results with real-world data from the PJM market show that we could double

the frequency regulation service profit with only 20% of the degradation cost, by using the

proposed control [3] and capacity bidding algorithm [4].

In Chapter 3, we further show that batteries can achieve super-linear economic benefits by

exploring the diversity and mutual benefit of multifaceted applications [5], such as providing

frequency regulation service and peak shaving at the same time. Using real-world data from

Microsoft datacenters, we demonstrate that the joint optimization of energy storage can not

only help reduce the electricity bill of commercial users up to 12% (totaling millions of dollars

in savings each year), but also bring greater benefit to grid operation.

1.2.2 Data-driven control for energy systems with unknown dynamics

Following this work on energy storage under external uncertainties, Chapter 4 focuses on

system internal uncertainties and how to design optimal control algorithms subject to them.

It turns out the key is to carefully design machine learning architectures that leverage the

physics of the systems. We leverage the data obtained from sensor measurements to construct

an input convex neural network(ICNN) [6] for system dynamics modeling, where the weights

between neurons are constrained to be positive and some direct “passthrough” layers are

added for better representation power. Without loss of generality, we prove that ICNNs can
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represent all convex system dynamics and are exponentially more efficient in fitting non-

convex systems than piecewise affine functions. Using the proposed ICNN, we show that

many interesting control problems in energy systems (e.g., building energy management and

distribution system voltage control) can be cast as convex optimization problems, leveraging

the prior knowledge that the underlying physics is in fact convex.

Experiment results show that our data-driven control framework can achieve 20% more

building energy reduction compared with linear control methods and reduce the modeling

time from years to minutes [7]. In addition, the same framework can be used for distribution

system voltage control, by modeling the voltage dynamics via ICNN [8]. Simulation results

on IEEE 13-bus and 123-bus systems show the proposed method achieves effective voltage

regulation performances (e.g., maintain over 98.3% of nodal voltages within 5% deviations for

the 123-bus system), which is much better than control linear fitted models. This framework

bridges machine learning and closed-loop control by representing system dynamics using

ICNNs, which obtain both good predictive accuracy and tractable computational complexity.

1.2.3 Multi-agent learning dynamics in energy market

Energy system is more than a physical infrastructure: it connects millions of participants

with different roles and objectives. The interactions (both competitions and collaborations) of

individuals also introduce great uncertainty to the system operation, as each of the individuals

may have different roles and objectives. In Chapter 5, we formulate the strategic interactions

between different energy suppliers as a Cournot game, where each player is self-interested

and aim to maximize their own payoffs via a certain learning algorithm. Notably, we prove

the convergence of policy gradient algorithms in concave Cournot games with very limited

feedback (i.e., only the price and nothing else). This is the first result (to the best of our

knowledge) on the convergence property of algorithms with continuous action spaces that do

not fall in the no-regret class.
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1.3 Dissertation Outline

The thesis is organized into five parts. Chapter 1 provides the motivation and background.

The remaining chapters are as follows:

• Chapter 2: Decision Making under Environmental Uncertainty: Online Battery Control

in Pay-for-Performance Market focuses on the battery degradation cost modeling and

online battery control subject to external uncertainties such as supporting renewable

integration and providing frequency regulation services.

• Chapter 3: Diversity and Multiplexing: Joint Optimization of Battery Storage for

Superlinear Gains extends the online control framework to a multi-application scenario,

and demonstrate the superlinear benefits for battery multiplexing.

• Chapter 4: Decision Making under Model Uncertainty: Input Convex Neural Networks

for Building Control and Voltage Regulation proposes a novel data-driven control

framework for complex energy system control with unknown models.

• Chapter 5: Learning in Multiagent System with Limited Information Exchange: Cournot

Competition in Electricity Market analyzes the interactions of agents in the energy

market from a game theory perspective.

• Chapter 6: Conclusion and Future Works concludes the thesis and lays out suggestions

for future work.

When reading the thesis, each of the chapters can be read independently of one another. Each

chapter focuses on a different perspective of uncertainties faced by energy system operation,

in accordance with a concrete application scenario faced in the real world. Each chapter is

associated with a concise introduction and literature review section to be self-contained.
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Chapter 2

DECISION MAKING UNDER ENVIRONMENTAL
UNCERTAINTY: ONLINE BATTERY CONTROL IN

PAY-FOR-PERFORMANCE MARKET

2.1 Introduction

Plenty of energy storage technologies have been developed to serve different applications,

such as pumped hydro-power, batteries, flywheels, and many more [9]. Among these different

technologies, battery energy storage (BES) (e.g., lithium-ion batteries) features quick response

time, high round-trip efficiency, pollution-free operation, and flexible power/energy ratings.

These characteristics make it an ideal choice for a wide range of power system applications,

including integration of renewable resources [10], grid frequency regulation [11] and behind-

the-meter load management of commercial and residential users [12].

The focus of the chapter is on the optimal control of battery energy storage under a general

“pay for performance” setup: a battery is incentivized to follow certain instruction signals and

is penalized when it cannot. For example, a battery participating in frequency regulation

would receive a signal and is paid based on how well it follows the signal. Another important

application that falls under this setup is a battery used by customers with onsite renewable

generations, where the customers may need to purchase more expensive power from the grid

if the battery cannot smooth out the local net demand. The common theme of the problems

under the pay for performance setup is that the signal the battery should follow is inherently

random and the control decisions must be made in real-time. Furthermore, battery storage

naturally couples the decisions across time because of its finite energy and power capacities.
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Therefore, finding the optimal control policy for a battery is essentially a constrained online

stochastic control problem [13].

This online problem is challenging for two main reasons: 1) battery degradation and 2) lack

of future information. Analogous to cell phone batteries losing their capacity after several

years of use, larger batteries used in the grid also losses their capacity with every charge

and discharge actions [14]. In fact, overly aggressive use of batteries can often deplete their

useful capacities in a matter of months. However, battery degradation is a complex process

governed by electrochemical reactions and depends multiple environmental and utilization

factors. The second challenge of the lack of information is common to all stochastic control

problems. At any given time, a decision must be made without knowing the future signals.

This is further complicated by the coupling constraints introduced by the battery. These two

challenges are illustrated well in the fast frequency regulation problem. Frequency regulation

is a mechanism used by power system operators to correct the short timescale imbalance

between generation and demand in the overall grid. In fast regulation (e.g., regD in PJM), a

signal representing the imbalance is broadcasted every 2 or 4 seconds. Having enough energy

to follow the regulation signals is critical to the function of the power system, especially as

renewables increase the uncertainties in both generation and supply. By participating in

regulation, a battery receives a fixed payment ahead of the time. However, if it cannot follow

the regulation signal, then a penalty is charged based on the mismatch. Therefore, at every

time step, a battery must balance its degradation from following the regulation signal with

the penalty of doing so, while not knowing the future value of the signal.

2.1.1 Literature Review

The operation of battery energy storage has received much recent research attention because

of the importance of batteries to a power system with high penetration of renewables and

maturing technologies [10–13,15–18]. In these works, the degradation cost of the batteries
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are modeled in different ways. The authors of [10, 13, 15, 16] assume battery has a fixed

lifetime and ignore the degradation cost. This assumption works well when batteries are used

sparingly, but tend to lead to overly aggressive actions for finer time resolution applications

such as frequency regulation Other energy storage control studies include degradation models

either based on battery charging/discharging power [11,12] or energy throughput [17,18]. For

example, [12] assumes a convex degradation cost model based on battery charging/discharging

power for households demand response, and [17,18] assign a constant price 2$/MWh based

on battery energy throughput. These degradation models are convenient to be incorporated

in existing optimization problems, at a cost of losing accuracy in quantifying the actual

degradation cost. For example, a Lithium Nickel Manganese Cobalt Oxide (NMC) battery

has ten times more degradation, when operated at near 100% cycle depth of discharge

(DoD), compared to operating at 10% DoD for the same amount of charged power or energy

throughput [19]. However, the impact of cycle depth is difficult to capture using power or

energy based degradation functions.

The battery aging process is fundamentally described by a set of partial differential and

algebraic equations [20, 21], however, they are in some sense too detailed to be used in power

system applications. Even with dedicated state-of-the-art algorithms, these equations take

several seconds to solve, making them too slow to be used in applications like frequency

regulation where one receives a signal every 2 or 4 seconds. To mitigate these difficulties, we

use a semi-empirical degradation model that combines theoretical battery aging mechanism

with experimental observations. This model is motivated by viewing battery capacity fading

as a material fatigue process, where a deeper charge/discharge cycle stresses battery much

more than an equivalent number of shallower cycles.

The online nature of the battery control problem has perhaps received more attention from

the control community. Multiple types of approaches have been developed, including model

predictive control [15, 22,23], stochastic and dynamic programming [10,24–27]. The authors

of [22] derive a model predictive control (MPC)-based for battery energy storage and wind
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integration, although without any performance guarantees. Recent works [15,23] do include

results that bound the performance gap of online algorithms, but it is difficult to evaluate

the quality of these bounds since they are either quite loose or depend on complicated

optimization problems themselves that grow with the time of operation. In addition, none of

these bounds considers a cycle-based degradation problem. Our results in this paper provide

an online algorithm with a constant gap to the offline optimal that is independent of the

length of the operation time.

In addition to the MPC type of algorithms, another widely used strategy is dynamic pro-

gramming (DP). For example, [10] and [24] consider using DP for storage operation with a

co-located wind farm, [25] and [26] for operating storage with end-user demands, and [27] for

storage with demand response. However, for real-time control problems, the battery state

space, action space, and the instruction signal are all continuous. Standard DP discretization

approaches tend to cause the dimension of the problem to grow exponentially. Also, imple-

menting these algorithms requires the distributional information of the random instruction

signal, which may not be readily available. In contrast, our algorithm does not require any

distributional information.

As a summary, most previous studies have attacked the battery control problem by focusing

on one of the two aforementioned challenges. On one hand, by assuming the degradation

of batteries is a quadratic function of the charge/discharge powers, we recover a type of

constrained stochastic quadratic regulation problem where the key challenge is the lack

of future information [28, 29]. On the other hand, one can focus on the degradation of

the batteries, by employing accurate electrochemical models while assuming full knowledge

of the future [20, 30]. Both directions have led to significant advances by still remains

unsatisfactory. Even by assuming the signal that a battery faces is Gaussian, a constrained

linear quadratic Gaussian problem is still extremely challenging to solve and provide any

theoretical performance guarantees. Similarly, solving the optimization problem with accurate

electrochemical models is by no means trivial even under full knowledge, and it is usually
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difficult to adapt the solutions to an online form. Given these difficulties, batteries still only

serve as emergency backup, or used actively in grid services when they are owned by the

utilities and are subsidized under renewable portfolio incentives.

2.1.2 Our contributions

Instead of attacking the complexity of the degradation function or the lack of future informa-

tion one at a time, we address these two challenges together in a joint fashion. Surprisingly,

we provide a provably near-optimal online algorithm for battery control. In particular, we

show that under a form of so-called cycle based degradations, there is an online strategy

that is within a constant additive gap of the optimal offline strategy under all possible future

signals. We explicitly characterize this gap and relate it to the set of possible future signals.

The key insight of this result comes from a better understanding of the degradation of

electrochemical batteries and how it relates to the control problem. In past approaches, online

battery control was studied in the time domain, leading to complex optimization problems. In

contrast, we look at the problem in the cycle-domain, where the problem naturally decouples

according to each cycle of the charge/discharge profile. This approach has a loose analogy

with time/frequency duality, where some problems are much simpler in the frequency domain

than in the time domain. Altogether, the approach proposed in this chapter makes three

contributions to the state-of-art in battery control:

1. We present an electrochemically accurate and trackable battery degradation model,

called the rainflow cycle-based degradation. We prove the cost model is convex, which

enables it to be used in various battery optimization problems with optimality guarantee.

2. We provide a subgradient algorithm to solve the optimization problem efficiently and

optimally for offline battery planning and dispatch. In addition, we offer an online

battery control policy with a simple threshold structure, and achieve near-optimal

performance w.r.t. the offline controller that has complete future information.
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2.2 Problem Formulation

In this section, we describe the battery operation model, the rainflow cycle-based battery

aging cost, and the pay for performance market setup. Then we state the main optimization

problem on how to balance profit from frequency regulation and the degradation cost of battery

operation in an online fashion.

2.2.1 Battery Operations

We consider an operation defined over finite discrete control time steps t ∈ {1, . . . , T}, and

each control time interval has a duration of τ .1 Let xt be the energy stored in the battery–the

state of charge (SoC)–at time t. By convention, xt is a normalized quantity between 0 (empty

battery) and 1 (full battery). At any time interval, the battery can either charge with power

ct (in units of kW) or discharge with power dt (in units of kW). Then its state of charge

evolves according to the following linear difference equation:

xt+1 − xt =τηc

E
ct −

τ

ηdE
dt. (2.1)

where ηc and ηd are the charging and discharging efficiency,2 and E (in units of kWh) is

the rated energy capacity of battery. We use bold symbols x, c, and d to denote the vector

version of SoC, charging powers and discharging powers, respectively.

For a given battery, it has three types of operational constraints. The first is the limits its

SoC, where the stored energy in the battery is constrained to be within a particular region.

This constraint can arise from either health concerns since batteries like lithium-ion should

not be charged completely full or discharged to be completely empty. It can also arise if

batteries are used for other applications such as backup. In this paper, we assume that the

1In practice, τ is set by the power electronic based battery management system, and is normally in the
scale of milliseconds [31].
2By convention, ηc is between 0 and 1 and ηd is larger than 1.
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SoC limits are given. The other two constraints on battery operation are the rate constraints

on the charging and discharging powers. These constraints are written as:

x ≤ xt ≤ x, 0 ≤ ct ≤ P , and 0 ≤ dt ≤ P,

where x and x is the minimum and maximum SoC of the battery, respectively; P is the

battery power rating.

We consider an optimization problem where a battery is incentivized to follow an instruction

signal r. Suppose the operation revenue is R(c,d, r), a function of battery power output

c,d and the instruction signal. The operational cost comes from the battery degradation,

denoted here by f(c,d), a function of battery charging/discharging responses. The exact

form of f(·), namely the rainflow cycle-based degradation function, is introduced in the next

section. The optimization objective is to maximize the net utility of the battery, which equals

to operational revenue subtracting the cost. The overall problem is:

max
c,d

R(c,d, r)− f(c,d) (2.2a)

s.t. xt+1 = xt + τηc

E
ct −

τ

ηdE
dt , (2.2b)

x � x � x , (2.2c)

0 � c � P , (2.2d)

0 � d � P , (2.2e)

where (2.2b) is the state evolution equation, (2.2c) is the SoC constraint, (2.2d) and (2.2e)

are the power constraints. Component-wise inequality between two vectors is denoted by �.

Note here we may include a constraint that storage cannot charge and discharge at the same

time [32], but it turns out that this condition will always be satisfied in our setting.

Solving (2.2) has proven to be difficult for two reasons. The first is that most realistic

cycle-based degradation functions are not well understood (e.g., they are not known to be

convex), making the deterministic version of (2.2) nontrivial [33]. The second is that in
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real-time applications such as frequency response, the signal r is inherently random and

difficult to forecast [34], while the state of the problem xt is constrained and coupled over time.

Therefore, even for relatively simple forms of f (e.g. f = ∑
c2
t + d2

t ), there are no optimal or

provably suboptimal online algorithms. The next section describes the rainflow cycle-based

degradation model in detail, and the rest of the paper shows that rather surprisingly, this

realistic will lead to a simple provable optimal online algorithm.

2.2.2 Cycle Counting via Rainflow

To model the battery degradation cost f(c,d), we take the rainflow cycle-based method, the

most widely used semi-empirical method used in practice [33, 35–38]. The cycle aging of

electrochemical battery cells is evaluated based on stress cycles, and the rainflow method

identify cycles from local extrema in a SoC profile. A local extrema point indicates that the

battery switched from charge mode to discharge mode, or vice versa. We use s1, s2, . . . to

denote the extrema, including both minima and maxima. Figure 2.2.2 gives an example of a

profile with seven extrema.

Given a SoC profile with its local extrema, the goal of the rainflow algorithm is to extract

the cycle depths between the local maxima and minima of the profile. The key feature of the

algorithm is that it does not necessarily calculate the depth between two successive extrema.

Rather, it first finds the charging cycle (or discharging cycle) sorted by the depth of the

cycles based on the entire profile. For the example in Fig. 2.2.2, there are 3 charging cycles:

the deepest one is between s1 and s4 (40% SoC), the other two cycles are both of 10% SoC

(between s3 and s′2 in Fig. 2.2.2 and between s5 and s6).

For a general SoC profile, the rainflow counting method is given below in Algorithm 1. Note

there are multiple equivalent algorithms, and the one we adopt here is based on [21].

This algorithm essentially moves through the extrema to look for charging and discharging
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(c) Charging and discharging cycle

left after other cycles are extracted.

Figure 2.1: Rainflow cycle counting example

half-cycles [39]. After a cycle is identified, its associated end points are removed, and the

process is repeated until no points are left. Figure 2.1 shows the progression of Algorithm 1

through an example profile.

Let Rainflow be the functional form of the rainflow counting algorithm in Algorithm 1, then

it takes a SoC profile as an input and outputs the cycle depths:

(v,w) = Rainflow(x) (2.3)

where v is the vector of charging half cycles and w is the vector of discharging half cycles.

Since cycle depths only depend on the relative differences of the turning point of the SoC

profile and not on the initial SoC value, they can be calculated from (c,d)

(v,w) = Rainflow
(
τηc

E
c− τ

ηdE
d
)
. (2.4)
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2.2.3 Battery Degradation Cost

After counting the cycles, a cycle depth stress function Φ(u) : [0, 1]→ R+ is used to model

the life loss from a single cycle of depth u measured in terms of (normalized) changes in the

SoC. This function indicates that if a battery cell is repetitively cycled with depth u, then it

can operate 1/Φ(u) number of cycles before reaching its end of life. In practice, this function

can be estimated through empirical measurements in Fig. 2.2 is normally included by battery

manufactures [40]. For most electrochemical batteries, Φ(u) is a convex function [19,35–38],

popularly parameterized as a power function αuβ or exponential functions αeβu [41]. Because

cycle aging is a cumulative fatigue process [19,35], the total life loss ∆L is the sum of the life

loss from all half cycles:

∆L(v,w) =
|v|∑
i=1

Φ(vi)
2 +

|w|∑
i=1

Φ(wi)
2 , (2.5)

where | · | is the cardinality of a vector. By convention, the factor 1/2 is included. Here we

assumed that a charging half cycle and a discharging half cycle has the same stress function Φ,

but our results do not change if different functions are used. For example, to calculate cycle

aging for the profile in Fig. 2.2.2, we set v1 = 0.1, v2 = 0.1, v3 = 0.4 and w1 = 0.1, w2 = 0.1,

w3 = 0.2. If we substitute the rainflow algorithm as in (2.4) into (2.5), the incremental cycle

aging can therefore be written as a function of the control actions c and d. To convert the

loss of life to a cost, let B be the battery cell replacement unit cost in $/kWh and E be the

capacity of the battery in kWh. Then the cycle aging cost function f(c,d) is

f(c,d) = ∆L(c,d) · E ·B. (2.6)
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Figure 2.2: Battery cycle depth and operating number curve. The x-axis is the cycle depth

in percent, and y-axis is the number of cycles that battery could be operated under certain

condition before the end of life.

2.2.4 Revenue Model

Here we describe a version of a pay for performance mechanism widely used by system

operators. This mechanism has a two-stage structure. In the first stage, ahead of real-time, a

payment C (in units of $) is provided to the participant. Here, we assume that this payment

is known and given and focus on the second stage. The second stage occurs in real-time,

where a participant is given a signal r and faces a penalty if it cannot follow the signal.

That is, it by pays a over-response price θ ∈ R+ ($/MWh) for surplus injections or deficient

demands during each dispatch interval, and a under-response price π ∈ R+ ($/MWh) for

deficient injections or surplus demands. Then the total revenue is:

R(c,d, r) =C − τθ∑T
t=1 |ηcct − dt

ηd
− rt|+

− τπ∑T
t=1 |rt − ηcct + dt

ηd
|+ , (2.7)

where ηcct − dt
ηd

is the net charging power, rt ∈ [−P, P ] is the instructed regulation dispatch

set-point for the dispatch time step t, with the convention positive values in rt represents
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charging instructions.

This model captures the essence of two important applications of storage in the grid: frequency

regulation3 and the demand shaping. In frequency regulation, C is the capacity payment and

rt is the regulation signal sent every 2 to 4 second by the system operator. The penalty prices

θ and π are published values. In demand shaping, a battery would enter into an agreement

with an utility to keep demand of a customer at prescribed levels at payment C and rt can

be thought as the net time-varying demand of the user. Here the penalty prices are also

determined ahead of time. An important future direction is to extend our results to settings

where the penalty prices are random in themselves, such as real-time arbitrage [42,43].

2.2.5 Optimization Problem

Summarizing the previous sections, we are left with the following optimization problem:

min
c,d

τ
T∑
t=1

[
θ|ηcct −

dt
ηd
− rt|+ − π|rt − ηcct + dt

ηd
|+
]

+
 |v|∑
i=1

Φ(vi)
2 +

|w|∑
i=1

Φ(wi)
2

 ·B · E (2.8a)

s.t. xt+1 = xt + τηc

E
ct −

τ

ηdE
dt , (2.8b)

x � x � x , (2.8c)

0 � c � P , (2.8d)

0 � d � P . (2.8e)

(v,w) = Rainflow(x). (2.8f)

We are interested in solving (2.8) in two settings:

Offline: In the off-line setting, the entire sequence of the signal r is given. This is important

3In practice, different system operators have slightly different rules for frequency response. Instead of
cumbersome accounting for these rules, we focus on the simplified structure which is given in (2.7).
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in many planning and validation problems.

Online: Here, we only allow ct and dt to depend on the current and past information:

{rt, rt−1, . . . , r1}. This models the real-time decisions that batteries need to make for charging

and discharging.

2.3 Convexity and Subgradient Algorithm

2.3.1 Summary of theoretical results

The main contributions of this chapter provide positive results to both the offline and online

solutions of (2.8). For the offline setting, we have the following theorem:

Theorem 1. Convexity. Suppose the battery cycle aging stress function Φ is convex.

Then the offline version of the optimization problem in (2.8) is convex in the charge and

discharge variables.

This theorem settles an open question about cycle-based degradation cost functions [39, 44]

and is used in the proof of the optimality of the online policy. The penalty term in the

objective function (2.8a) is clearly convex in c and d, but the convexity of the term associated

with the cycle stress functions is not obvious because of the nonlinear Rainflow(·) function in

(2.8f). Previously, problems like the one in (2.8) are solved via generic optimization programs

(e.g., fmincon in Matlab), which can be extremely computationally expensive even for small

problems. As we illustrate in Section 2.5, frequency regulation problems with time horizon

longer than 4 hours take longer than 8 hours to solve using existing approaches, but can be

solved in less than 3 minutes using a subgradient algorithm specifically developed for (2.8).

Of course, by Theorem 1, the algorithm is optimal.

Next we state the optimality result with respect to the online optimization problem. Let

Jg denote the of the value of (2.8) under an online algorithm g, and J∗ denote the offline

optimal where all information are known at the beginning. Then we have:
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Theorem 2. Online optimality. Suppose the battery cycle aging stress function Φ is

strictly convex. There exist a threshold online algorithm that has a constant worst-case

optimality gap that is independent of the operation time duration T .

The control policy g in Theorem 2 is a fairly straightforward threshold policy and is given as

Algorithm 2 Section 2.4. The bound in the theorem is much tighter compared to standard

bounds for online optimization problems. Normally, one would compare the averaged regret,

namely limT→∞
1
T

(Jg − J∗) and a sublinear regret is considered to be “good” [45,46]. Here,

our result essentially shows that one can solve the online version of (2.8) with zero regret, since

the constant ε do not depend on T . In contrast, most existing algorithms cannot even achieve

sublinear regret. Again, the key to our result is to explore the particular cyclic structure of

the rainflow based cost functions. By a case study on PJM frequency regulation market in

Section 2.5, we show that the proposed control algorithm could significantly improve the

operational revenue up to 30% and the battery can last as much as 4 times longer. A useful

corollary of Theorem 2 showing when the gap is 0:

Corollary 1. Zero-optimality Gap If πηd = θ/ηc, then there is no gap between the online

algorithm and the optimal offline algorithm with full information.

This corollary holds if the battery has the same charging and discharging efficiency4 and the

penalty prices for over and under injections are the same, then there exists an optimal online

algorithm.

2.3.2 Convexity proof

Here we sketch the proof for Theorem 2. Without loss of generality, we only consider the

cost of charging cycles given the interchangeable and symmetric nature of charging and

discharging variables. A detailed proof is given in Appendix A.

4Again, we remind the reader that it is standard convention to write charging and discharging efficiencies
differently in the energy storage community. Here, equal efficiency means ηd = 1

ηc
.
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To prove Theorem 2, it suffices to show that the mapping from the SoC profile x to degradation

cost:

f(x) =
 |v|∑
i=1

Φ(vi)
2 +

|w|∑
i=1

Φ(wi)
2


(v,w) = Rainflow(x)

is convex in terms of x given the cycle stress function Φ(·) convex. That is, for any two SoC

time series x,y ∈ RT ,

f(λx + (1− λ)y) ≤ λf(x) + (1− λ)f(y),∀λ ∈ [0, 1]. (2.9)

Intuitively, given two SoC series x and y, if they change in different directions, the two cancel

each other out so that the left hand side of (2.9) is less than the right hand side by the

convexity of Φ. When x changes in exactly the same direction as y for all time steps, the

equality holds. The difficulty of proving this result lies in the fact that the rainflow function

in Algorithm 1 is a many-to-many function that maps a sequence in RT to a set of cycle depth

of indeterminate length. The proof uses induction as described in the rest of this section.

Unit step decomposition

First, we introduce the step function decomposition of SoC signal. Any SoC series x could

be written out as a finite sum of step functions, where

x =
T∑
t=1

PtUt , (2.10)

where Ut is a unit step function with a jump at time t defined as:

Ut(τ) =


1 τ ≥ t

0 otherwise.

Fig. 2.3 gives an example of step function decomposition of x. We use this decomposition to
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Figure 2.3: Decomposition of an example SoC Profile into 4 step functions.

write out x, y and λx + (1− λ)y as finite sum of step functions, where

x =
T∑
t=1

PtUt ,y =
T∑
t=1

QtUt , (2.11)

λx + (1− λ)y =
T∑
t=1

ZtUt . (2.12)

Note for x and y of different length, we can take T to be the maximum length since 0 can be

appended to the shorter profile.

We use induction to prove Theorem 1 on the number of non-zero step changes in y. The base

case is given in the next subsection, where y has a single step change.

Initial case

We first show that f(x) is convex when a profile has only one non-zero step change:

Lemma 1. Under the conditions in Theorem 1, the rainflow cycle-based cost function f

satisfies

f(λx + (1− λ)QtUt) ≤ λf(x) + (1− λ)f(QtUt) , ∀ λ ∈ [0, 1] ,

where x ∈ RT , and QtUt is a step function with a jump happens at time t with amplitude Qt.
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The proof of this initial case requires analyzing the impact on all cycle depths from the single

step and is given in Appendix A.

Induction Steps

Assuming Theorem 1 is true if one of the two profiles x or y has a single non-zero step. Now,

assume f is convex up to the sum of K step changes (arranged by time index):

f
(
λx + (1− λ)y

)
≤ λf(x) + (1− λ)f(y) , λ ∈ [0, 1]

if y has K non-zero step changes (K < T ). We need to show f is convex up to the sum of

K + 1 step changes (i.e., y is of length K + 1).

The induction step proof relies on a case-by-case analysis. It contains three major conditions,

where 1) ZK+1 (the amplitude of K+1 step of the combined profile) and ZK are in the same

direction 2) ZK and ZK+1 are in different directions, with |ZK | ≥ |ZK+1| or 3) ZK and ZK+1

are different directions, with |ZK | < |ZK+1|. Each major category may contain some further

sub-cases and requires careful accounting. Showing convexity for each sub-case finishes the

overall convexity proof and the detailed reasoning is given in Appendix A.

2.3.3 Subgradient Algorithm

The convexity of the offline problem in (2.8) suggestes that it can solved efficiently. However,
the degradation cost term f(c,d) is not continuously differentiable (not differentiable at
cycle junction points). This has contributed to the current difficulty in solving (2.8) even
for planning and evaluation problems. Here we provide an efficient subgradient algorithm.
To begin with, we re-write the constrained optimal battery control problem in (2.8) as an



25

unconstrained optimization problem using a log-barrier function [47]:

min
c,d

J(·) := τ
T∑
t=1

[
θ|ηcct −

dt
ηd
− rt|+ − π|rt − ηcct + dt

ηd
|+
]

+

 |v|∑
i=1

Φ(vi)
2 +

|w|∑
i=1

Φ(wi)
2

EB
− 1
λ
·
{ T∑
t=1

log[x− x(t)] +
T∑
t=1

log[x(t)− x] +
T∑
t=1

log[P − ct] +
T∑
t=1

log[ct] +
T∑
t=1

log[P − dt] +
T∑
t=1

log[dt]
}

(2.13)

when λ → +∞, the unconstrained problems (2.13) becomes equivalent to the original

constrained problem. With proper step size, the subgradient algorithm is guaranteed to

converge to the optimal solution with a user-defined precision level [47].

The major challenge of solving Eq. (2.13) lies in the second term. We need to find the

mathematical relationship between charging cycle depth vi and charging power ct, as well as

the relationship between discharging cycle depth wj and discharging power dt. Recall that

the rainflow cycle counting algorithm introduced in Section 2.2.2, each time index is mapped

to at least one charging half cycle or at least one discharging half cycle. Some time steps sit

on the junction of two cycles. For example, in Fig. 2.1, s′2 lies on the junction of charge half

cycle s1 − s4 and charge half cycle s3 − s
′
2. No time step belongs to more than two cycles.

Let Tvi be all the time indexes that belong to the charging half cycle i and let the time

indexes belonging to the discharge half cycle j be set TWj
. Then

Tv1 ∪ . . . ∪ Tv|v| ∪ Tw1 ∪ . . . ∪ TW|w| = {1, . . . , T} , (2.14)

Tvi ∩ Twj = ∅ , ∀i, j . (2.15)

Eq. (2.15) shows there is no overlapping between a charging and a discharging cycle. That is,

each half-cycle is either charging or discharging. The cycle depth therefore equals to the sum

of battery charging or discharging within the cycle time frame,

vi =
∑
t∈Tvi

τηc
E
ct , (2.16)

wj =
∑

t∈TWj

τ

ηdE
dt. (2.17)
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The rainflow cycle cost f(x) is not continuously differentiable. At each cycle junction point,

it has more than one subgradient. We use ∂f(x)|ct to denote a subgradient at ct. Since the

SoC profile x is a function of c, by the chain rule, we have

∂f(x)|ct = Φ′(vi)
Bτηc

2 , t ∈ Tvi , (2.18)

where vi is the depth of cycle that ct belongs to. Note, at junction points, ct belongs to two

cycles so that the subgradient is not unique. We can set vi to any value between vi1 and vi2,

where vi1 and vi2 are the depths of two junction cycles ct belongs to.

Similarly for discharging cycle, a subgradient at dt is,

∂f(x)|dt = Φ′(wj)
Bτ

2ηd
, t ∈ TWj (2.19)

where wj is the depth of the cycle that dt belongs to. At the junction point, wj could be set

to any value between wj1 and wj2, which are the two junction cycles dt belongs to.

Therefore, we write the subgradient of J(·) with respect to ct and dt as ∂J |ct and ∂J |dt ,
where

∂J |ct = −∂R(c,d, r)
∂ct

+ Φ′(vi)
Bτηc

2 − 1
λ

{ T∑
k=t

1
x(k)− x(τηc

E
)

+
T∑
k=t

1
x(k)− x(τηc

E
) + 1

ct − P
+ 1
ct

}
, t ∈ Tvi (2.20)

∂J |dt = −∂R(c,d, r)
∂dt

+ Φ′(wj)
Bτ

2ηd
− 1
λ

{
−

T∑
k=t

1
x(k)−x( τ

ηdE
)

−
T∑
k=t

1
x(k)−x( τ

ηdE
) + 1

dt − P
+ 1
dt

}
, t ∈ TWj (2.21)

The update rules for ct and dt at the kth iteration are,

c(k)(t) = c(k−1)(t)− αk · ∂J |c(k−1)(t) ,

d(k)(t) = d(k−1)(t)− αk · ∂J |d(k−1)(t) ,
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where αk is the step length at kth iteration. Since the subgradient method is not a decent

method [48], it is common to keep track of the best point found so far, i.e., the one with

smallest function value. At each step, we set

J best(k) = min
{
J best(k−1), J(c(k),d(k))

}
,

Since the J(·) is convex, choosing an appropriate step size guarantees convergence.

2.4 Online Control Policy

In this section, we introduce the proposed online battery control policy which balances the cost

of deviating from the instruction signal and the cycle aging cost of batteries while satisfying

operation constraints. This policy takes a threshold form and achieves an optimality gap

that is independent of the total number of time steps. Therefore in term of regret, this policy

achieves the strongest possible result: the regret do not grow with time. Note we assume the

regulation capacity has already been fixed in the previous capacity settlement stage

2.4.1 Control Policy Formulation

The key part of the control policy is to calculate thresholds that bounds the SoC of the

battery as functions of the deviation penalty and degradation cost. Let û denote this bound

on the SoC and it is given by:

û = Φ̇−1
(
πηd + θ/ηc

B

)
, (2.22)

where Φ̇−1(·) is the inverse function of the derivative of the cycle stress function Φ(·).

The proposed control policy is summarized in Algorithm 2, and Fig. 2.4 shows a control

example of the proposed policy, in which the battery follows the regulation instruction until

the distance between its maximum and minimum SoC reaches û. The detailed formulation
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is as follows. We assume at a particular control step t, xt (battery state of charge) and

rt (frequency regulation signal) are observed, and the proposed regulation policy has the

following form: gt(xt, rt) =
[
ct dt

]
. The control policy employs the following strategy
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(b) Optimal (solid) vs. profile if signal is followed perfectly (dotted)

Figure 2.4: Illustration of the control policy. The policy keeps track the current maximum

and minimum SoC level. When the distance in between reaches the calculated threshold û,

the policy starts to constrain the response. Deeper charge and discharge cycles are avoided.

If rt ≥ 0, ct = min
{
E

τηc
(xt − xt), rt

}
(2.23)

If rt < 0, dt = min
{
Eηd

τ
(xt − xt), rt

}
(2.24)

where xt and xt are the upper and lower storage energy level bound determined by the
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controller at the control interval t for enforcing the SoC band û

xt = min{x, xmin
t + û}

xt = max{x, xmax
t − û} (2.25)

and xmax
t , xmin

t is the current maximum and minimum battery storage level since the beginning

of the operation, which are updated at each control step as

xmax
t = max{xmax

t−1 , xt}

xmin
t = min{xmin

t−1, xt} . (2.26)

2.4.2 Optimality Gap to Offline Problem

Theorem 2 states that the gap between the online policy in Algorithm 2 and an offline optimal

solution is bounded by a constant. This constant can be explicitly characterized. To do this,

we define three new functions:

Ju(u) = EBΦ(u) + E(θ/ηc + πηd)u (2.27a)

Jv(v) = (1/2)EBΦ(v) + (E/ηc)θv (2.27b)

Jw(w) = (1/2)EBΦ(w) + Eηdπw (2.27c)

where Ju is the cost associated with a full cycle (made up of a charging half cycle and a

discharging half cycle with equal magnitude), Jv for a charge half cycle, and Jw for a discharge

half cycle. The detailed transforming procedure is discussed in the Appendix II-A.

If the cycle depth stress function Φ(·) is strictly convex, then it is easy to see that (2.22) is

the unconstrained minimizer to (2.27a). Similarly, the unconstrained minimizers of (2.27b)

and (2.27c) are:

v̂ = Φ̇−1
(
θ/ηc

B

)
, ŵ = Φ̇−1

(
πηd

B

)
. (2.28)

The following theorem offers the analytical expression for ε.
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Theorem 3. If function Φ(·) is strictly convex, then the worst-case optimality gap for the

proposed policy g(·) in Theorem 2 is

ε =



εw if πηd > θ/ηc

0 if πηd = θ/ηc

εv if πηd < θ/ηc

(2.29)

where

εw = Jw(û) + 2Jv(û)− Jw(ŵ)− 2Jv(v̂) (2.30)

εv = 2Jw(û) + Jv(û)− 2Jw(ŵ)− Jv(v̂) . (2.31)

Note that Corollary 1 follows from Theorem 3 directly. We defer the proof of the latter

to Appendix A. The intuition is that battery operations consist mostly full cycles due to

limited storage capacity because the battery has to be charged up before discharged, and

vice versa. Enforcing û–the optimal full cycle depth calculated from penalty prices and

battery coefficients–ensures optimal responses in all full cycles. In cases that πηd = θ/ηc, û is

also the optimal depth for half cycles, and the proposed policy achieves optimal control. In

other cases, the optimality gap is caused by half cycles because they have different optimal

depths. However, half cycles have limited occurrences in a battery operation because they are

incomplete cycles [49], so that the optimality gap is bounded as stated in Theorem 3. Fig. 2.5

shows some examples of the policy optimality when responding to the regulation instruction

(Fig 2.4.2) under different price settings. The proposed policy has the same control action

in all three price settings because of the same û. The policy achieves optimal control in

Fig 2.4.2 because û is the optimal depth for all cycles. In Fig 2.4.2 and Fig 2.4.2, half cycles

have different optimal depths and the policy is only near-optimal. However, the offline result

also selectively responses to instructions with a zero penalty price (charge instructions in

Fig 2.4.2, discharge instructions in Fig 2.4.2), because it returns the battery to a shallower

cycle depth with smaller marginal cost.
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Figure 2.5: Example illustration of the policy optimality under different price settings. The

value of θ+ π is the same in all cases and the round-trip efficiency is assumed to be one, so û

is the same in all cases.
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2.5 Simulation Results

2.5.1 Simulation Setting

We compare the proposed control policy with the offline optimal result and a simple control

policy proposed in [10]. The maximum state of charge (SoC) level x is set to 95% and the

minimum SoC level x is set to 10%. This assumed battery storage consists of lithium-ion

battery cells that can perform 3000 cycles at 80% cycle depth before reaching end of life,

and these cells have a polynomial cycle depth stress function concluded from lab tests [41]:

Φ(u) = (5.24× 10−4)u2.03, and the cell replacement price is set to 300 $/kWh.Suppose the

battery power rating is 1MW and energy rating is 1MWh.

2.5.2 Optimality Gap

We simulate regulation using random generated regulation traces to exam the optimality of

the proposed policy and to validate Theorem 2 and 3. We generate 100 regulation signal

traces assuming a uniform distribution between [−1, 1], and design nine test cases. Each

test case has different market prices and battery round-trip efficiency η = ηdηc. In order to

demonstrate the time-invariant property of the optimality gap, Case 7 to 9 are designed to

have twice the duration of Case 1 to 6 by repeating the generated regulation signal trace.

The 100 generated regulation traces are simulated using the proposed policy, the simple

policy [10], and the offline subgradient solver for each test case. Table 2.1 summarizes

the test results. The penalty prices, round-trip efficiency, and the number of simulation

control intervals used in each test case are listed, as well as the control SoC bound û and the

worst-case optimality gap ε that are calculated using simulation parameters. The simulation

results are recorded under the maximum optimality gap and the average objective value.

This test validates Theorem 3 since ε is exactly the same as the recorded maximum optimality
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Figure 2.6: Regulation operating cost break-down comparison between the proposed policy

and the simple policy. Although the proposed policy has higher penalties, the cost of

cycle aging is significantly smaller, so it achieves better trade-offs between degradation and

mismatch penalty.
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gap for the proposed policy in all cases (both highlighted in pink), while the gap for the

simple policy is significantly larger (highlighted in grey). In particular, the proposed policy

achieves exact control results in Case 1 to 3 because θ/ηc = πηd, while Case 4 to 9 have

non-zero gaps because the round-trip efficiency is less than ideal (η < 1). We also see that as

penalty prices become higher, the control band û becomes wider and the battery follows the

regulation instruction more accurately. The simple policy also provides better control results

at higher penalty prices. Case 7 to 9 have the same parameter settings as to Case 4 to 6,

except that the dimension of regulation signal doubled. The proposed policy achieves the

same worst-case optimality gap – which again verifies that the worst-case optimality gap of

the proposed online control policy is independent of operation time T .

2.5.3 Simulation using Realistic Regulation Signal

In this simulation we compare the proposed policy with the simple policy using the regulation

signal trace published by PJM Interconnection [50]. The control time interval for this signal

is 2 seconds and the duration is 4 weeks. Table 2.2 shows the difference of computation

time between the subgradient algorithm in Section 2.3.3 and a standard numerical solver [33]

implemented using fmincon in Matlab. It turns out that the latter does not converge for

problem horizon of longer than 4 hours. All experiments conducted on a Macbook Pro with

2.5 GHz Intel Core i7, 16 GB 1600 MHz DDR3.

Table 2.2: Computation Time

Time horizon (min) 60 120 240 720 1440

Subgradient solving time(s) 23.9 62.5 156.3 673.5 2522

fmincon solving time(s) 264 2006 29800 ∼ ∼

We repeat the simulation using different penalty prices. We let θ = π in each test case and
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set the round-trip efficiency to 85%. Fig. 2.6 summarizes the simulation results in the form

of regulation operating cost versus penalty prices, the cycle aging cost and the regulation

mismatch penalty are listed for each policy. Because the simple control [10] does not consider

market prices, its control actions are the same in all price scenarios, and the penalty increases

linearly with the penalty price. The proposed policy causes significantly smaller cycle aging

cost and better control results. As the penalty price increases, the gap between the two

policies becomes smaller since û becomes closer to 100%. According to the historical billing

data of PJM regulation market [51], the regulation mismatch penalty price is usually below

50$/MWh. Under such price setting, we save around more than 30% and the battery can

last as much as 4 times longer compared to the simple policy case.

2.6 Conclusion

In this chapter, we talk about the optimal control of battery energy storage under a general

“pay-for-performance” setup, where batteries need to trade-off between following instruction

signals and the impact of degradation from charging and discharging actions. We demonstrate

that under electrochemically accurate cycle-based degradation models, the battery control

problem can be formulated as a convex online optimization problem. Based on this result,

we develop an online control policy that has a bounded time-invariant worst-case optimality

gap and is strictly optimal under certain market scenarios. From the case study in the PJM

regulation market, we verify the proposed degradation model and online control policy can

significantly reduce operational cost and extend battery lifetime. The proposed degradation

model, subgradient solver algorithm, and online control policy have a broad application scope

in various battery planning and operation optimization problems.
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Algorithm 1: Rainflow Counting Algorithm.
Data: A SoC profile with a finite number of local extrema S = {s1, s2, . . . }.

Result: A set of charging depths V = {v1, v2, . . . } and a set of discharging depths

W = {w1, w2, . . . }.

Start from the beginning of the profile;

while S is not empty do

Read from S to obtain s1, s2, . . . ;

if There are more than three points in S then

Calculate ∆s1 = |s1 − s2|, ∆s2 = |s2 − s3|, ∆s3 = |s3 − s4|;

if ∆s2 ≤ ∆s1 and ∆s2 ≤ ∆s3 then
A full cycle of depth ∆s2 associated with s2 and s3 has been identified. Add

∆s2 to both V and W ;

Remove s2 and s3 from the profile, set S = {s1, s2, s5, s6...};

else

Shift the identification forward and repeat with S = {s1, s3, s4, s5...};

end

else

if s1 ≤ s2 ≤ s3 then

Add s3 − s1 to V ;

else if s1 ≥ s2 ≥ s3 then

Add s1 − s3 to W ;

else if s1 ≥ s2, s2 ≤ s3 then

Add s3 − s2 to V , s1 − s2 to W ;

else

Add s2 − s1 to V , s2 − s3 to W ;

end

Set S to the empty set.
end

end
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Algorithm 2: Proposed Control Policy
Result: Determine battery dispatch point ct, dt
// initialization

set Φ
(
πηd+θ/ηc

B

)
→ û, x0 → xmax

0 , x0 → xmin
0 ;

while t ≤ T do

// read xt and update controller

set max{xmax
t−1 , xt} → xmax

t , min{xmin
t−1, xt} → xmin

t ;

set min{x, xmin
t + û} → xt;

set max{x, xmax
t − û} → xt;

// read rt and enforce soc bound

if rt ≥ 0 then

set min
{

E
τηc

(xt − xt), rt
}
→ ct, 0→ dt ;

else

set 0→ ct, min
{
Eηd
τ

(xt − xt), rt
}
→ dt ;

end

// wait until next control interval

set t+ 1→ t;

end

Table 2.1: Simulation with Random Generated Regulation Signals.

θ π η N û ε Maximum optimality gap [$] Average objective value [$]

Case [$/MWh] [$/MWh] [%] [%] [$] Theoretical Simple Offline Proposed Simple

1 50 50 100 100 11.1 0.00 0.00 183.9 117.4 117.4 200.2

2 100 100 100 100 21.9 0.00 0.00 127.5 168.7 168.7 209.0

3 200 200 100 100 42.8 0.00 0.00 47.9 219.4 219.4 226.7

4 50 50 85 100 11.2 0.06 0.06 184.9 117.2 117.3 202.9

5 80 20 85 100 11.7 3.83 3.83 181.4 108.0 110.7 198.9

6 20 80 85 100 10.6 2.19 2.19 192.6 122.4 123.8 206.8

7 50 50 85 200 11.2 0.06 0.06 408.8 235.6 235.7 388.3

8 80 20 85 200 11.7 3.83 3.83 400.6 219.5 222.2 375.4

9 20 80 85 200 10.6 2.19 2.19 421.4 247.6 248.9 401.1
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Chapter 3

DIVERSITY AND MULTIPLEXING: JOINT OPTIMIZATION
OF BATTERY STORAGE FOR SUPERLINEAR GAINS

3.1 Introduction

In the previous chapter, we consider the real-time battery control problem for a single

application, under environmental uncertainty. However, it has been recognized that because

of the high capital cost of batteries [52], serving a single application is sometimes difficult to

justify their investments [53]. In addition, picking a single application does not consider the

possibility of multiple revenue streams and may leave “money on the table”. Consequently, a

recent line of research has started to analyze the co-optimization of batteries for multiple

services [54, 55].

In this chapter, we consider the joint optimization of using a battery storage system for

both peak shaving and frequency regulation for a commercial customer. Peak shaving can

be used to reduce the demand charge for customers and the (fast) frequency regulation is

an ideal service to provide for batteries because of their near-instantaneous response time.

The challenge in combining these two applications lies in their vastly different timescales:

peak demand charge is calculated every month on a smoothed power consumption profile (e.g.

15-minute averages), while fast frequency regulation requires a decision every 2-4 seconds.

The key observation in our work is that serving different applications over different timescales

is economically beneficial to the battery: by exploring the diversity in different applications,

we can obtain a so-called superlinear gain. An example of the superlinear gain is presented in
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Figure 3.1: Annual electricity bill savings for a 1MW data center (in the PJM control area,

total bill of $488,370) under different battery usage scenarios. Savings from joint optimization

is larger than the sum of savings from frequency regulation and peak shaving.

Fig. 1. It gives the annual electricity bill savings for a 1MW data center under three scenarios,

using batteries for frequency regulation service, peak shaving, and joint optimization. For

joint optimization, we use a simple online threshold algorithm given in Section IV. While

for peak shaving and regulation service, the solutions are offline optimal. The super-linear

gain arises for reasons that would be explored in depth in the rest of the chapter, but briefly

speaking, the randomness of frequency regulation signal could contribute to more efficient

peak shaving. By exploring the diversity and mutual benefit in different applications, we

have this non-linear behavior.

It should be noted that the key function of the existing batteries in data centers is to provide

backup capacity. The proposed joint optimization framework is deploying only part of the

battery energy capacity while a large portion of the battery energy has been reserved for

backup purpose. A more detailed discussion on the division of battery for grid service and



40

backup is provided in Section V-A.

3.1.1 Literature Review and Our Contributions

The line of literatures consider co-optimization of storage starts from [55]. In [55], the

authors analyze the economics of using storage device for both energy arbitrage and frequency

regulation service. The work in [56] extended this “dual-use” idea by considering plug-in

electric vehicles as grid storage resource for peak shaving and frequency regulation. Both

works showed that dual-use of storage often leads to higher profits than single applications.

However, the aforementioned works mainly rely on heuristic analysis under different price

and user patterns without directly using optimization models. The work of [57] bridged

the methodology gap by proposing a systematic co-optimization framework, which could

be applied for evaluating different application combinations at different timescales. This

framework assumes that all future information is known, so it cannot be extended directly

to deal with potential uncertainties from energy and ancillary service markets (e.g.,. price,

frequency regulation signal, etc.). To deal with uncertainties, [53,54] formulate the battery

co-optimization problem as a stochastic program. In [53], stochastic programming was

solved to obtain hourly optimal decisions. The work in [54] included applications of different

time-scales in its optimization and tackled computational challenges by taking advantage of

the problem’s nested structure.

Our work is close in spirit to [54], which captures both the future market uncertainties and

timescale difference of multiple applications. However, compared with [53, 54], our work

contributes in two significant ways:

• We propose a joint optimization framework for batteries to perform peak shaving

and provide regulation services. This framework accounts for battery degradation,

operational constraints, and the uncertainties in both the customer load and regulation

signals. All of the previous works, to our knowledge, do not include the operational
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cost of batteries in their optimization models, which can potentially lead to aggressive

charging/discharging responses and severely suboptimal operations [53–57]. Since

batteries cycle multiple times a day when used for frequency regulation and peak

shaving, the degradation effect plays an important role in determining their operations.

• We show that there is a superlinear gain: where the revenue from joint optimization

is larger than the sum of performing the individual applications. We quantify this

gain using real world data from two large commercial users: a Microsoft data center

and the University of Washington EE & CSE building. Figure 3.2 gives an example

daily load profile for both cases. The superlinear gain is fundamentally different from

previous observations in [54–56] which only compared the revenue from co-optimization

with one single application rather than the sum of the applications. The results in [53]

hinted at the relationship between co-optimization revenue and the sum of multiple

revenue streams, while mainly focusing on the trade-off between different applications

and their “subadditivity”. The key observation in our work is that batteries can achieve

much larger economic benefits than previously thought if they jointly provide multiple

services by exploring the diversity of different applications.
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Figure 3.2: Example day load of Microsoft data center and UW EE & CSE building. Both

loads are normalized with respect to their rated power.
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3.2 Problem Formulation

This section provides some basic definitions and the detailed model setup. We consider a

finite time horizon partitioned into T discrete intervals, indexed by t ∈ {1, 2, ..., T}. Table 3.1

summarizes the terms and notations used throughout this chapter. The rest of the section

sets up the overall optimization problem in three steps. First, we explain how the electricity

bill is calculated for a large commercial user. Then we focus on two potential applications of

using batteries: peak shaving and frequency regulation.

3.2.1 Electricity Bill of Commercial Users

We consider commercial consumers whose electricity bill consists of two parts: energy charge

and peak demand charge. Let s(t) be the power consumption at at t and ts be the size of a

time step. Then the energy charge is given by:

Jelec = λelec
T∑
t=1

s(t) · ts, (3.1)

where λelec is the price of energy with a unit of $/MWh. The peak demand charge is based

on the maximum power power consumption. In practice, this charge is calculated from a

running average of power consumption over 15 or 30 minutes. Let s̄(t) denote the smoothed

demand and then the peak demand charge can be written as,

Jpeak = λpeak max
t=1,2,...,T

[s̄(t)]. (3.2)

For the rest of the chapter, the time step size ts is absorbed into the price coefficients for

simplicity. Hence, the total electricity bill for a commercial user over time T is,

J = λelec
T∑
t=1

s(t) + λpeak max
t=1,2,...,T

[s̄(t))] , (3.3)

This cost function is convex in s(t) since it is a linear combination of linear functions and

a piece-wise max function. We will investigate how to reduce the total cost (3.3) by using
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Table 3.1: Summary of Notations

Symbols Definition

λelec Energy charge ($/MWh)

λpeak Peak demand charge ($/MW )

λc Frequency regulation capacity revenue ($/MWh)

λb Battery degradation cost ($/MWh)

λcell Battery cell cost ($/Wh)

λmis Frequency regulation mismatch penalty ($/MWh)

r(t) Frequency regulation signal

b(t) Battery power: b(t) = bdc(t)− bch(t) (MW )

bch(t), bdc(t) Battery charging and discharging power (MW )

ηc, ηd Battery charging and discharging efficiency

s(t) Commertical building load (MW )

y(t) Energy baseline of commertical building (MW )

C Frequency regulation capacity bid (MW )

ts Time resolution (seconds)

P Battery power capacity (MW )

E Battery energy capacity (MWh)

SoCini, SoCmin, SoCmax Initial/ minimal/ maximal battery energy percentile

q superlinear saving ratio

J Original electricity bill

Jpeak Peak demand charge

Jelec Energy charge

Jp Optimal electricity bill under peak shaving

Jr Optimal electricity bill under frequency regulation

J joint Optimal electricity bill under joint optimization

C∗ Day-ahead decision on frequency regulation capacity

U∗ Day-ahead decision on optimal peak shaving threshold
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battery energy storage (BES). Specifically, we consider two applications, peak shaving and

frequency regulation.

3.2.2 Peak Shaving

The peak demand charge of commercial users could be as large as their energy cost. Therefore

smoothing or flattening peak demand represents an important method of reducing their

electrical bills. A myriad of methods for peak shaving have been proposed in the literature,

e.g., using energy storage [58], load shifting and balancing [59]. Here we focus on using

batteries. Batteries can discharge energy when demand is high and charge in other times to

smooth user’s consumption profiles. Let b(t) denote the power injected by the battery, with

the convention that b(t) > 0 represents discharging and b(t) < 0 represents charging. Then

s(t)− b(t) is the actual power draw from the grid. Let b = [b(1) . . . b(T )] be the vector of

battery actions. The total electricity bill becomes

JP = λelec
T∑
t=1

[s(t)− b(t)] + f(b)

+ λpeak max
t=1...T

[(s̄(t)− b̄(t))] (3.4)

where s̄(t) is the averaged power injection of the battery and f(b) models the degradation

effect of using the battery. Here we consider a linear battery degradation model where

f(b) = λb|b(t)| and λb is the battery degradation cost coefficient.

3.2.3 Frequency regulation Service

Besides doing peak shaving, commercial users could earn revenue by providing grid services. In

this chapter, we consider using batteries owned by these users to participate in the frequency

regulation market. In particular, we adopt a simplified version of the PJM regulation

market [11]. Fig. 3.3 gives an example of the PJM fast regulation signal for 2 hours.
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Figure 3.3: PJM fast regulation signal for 2 hours.

Compared with traditional frequency regulation signals, it has a much faster ramping rate

and is designed to have a zero-mean within a certain time interval, which is well aligned

with the characteristics of batteries. For providing frequency regulation service, the grid

operator pays a per-MW option fee λc to a resource with stand-by regulation power capacity

C. While during the regulation procurement period, the resource is subjected to a per-MWh

regulation mismatch penalty (λmis) for the absolute error between the instructed dispatch

and the resource’s actual response. Let r(t) be the normalized regulation signal, and the

revenue from providing regulation service over time T is:

R = λcC · T − λmis
T∑
t=1
|b(t)− Cr(t)| − f(b), (3.5)

where f(b) is again the operating cost of the battery.
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3.3 Joint Optimization Framework

3.3.1 The joint optimization model

We consider using a battery to provide frequency regulation service and peak shaving
simultaneously, thus to boost the economic benefits. The stochastic joint optimization
problem is given in (3.6), which captures both the uncertainty of future demand s(t) and the
uncertainty of future regulation signals r(t).

J joint = min
C,bch(t),bdc(t),y(t)

λelec

T∑
t=1

Es[s(t)− b(t)] + λpeak max
t=1...T

Es
[

¯s(t)− ¯b(t)
]

+
T∑
t=1

f(b(t))

−Er,s

[
λcT · C−λmis

T∑
t=1
| −s(t)+ b(t)+ y(t)−Cr(t)|

]
(3.6a)

s.t. b(t) = bdc(t)− bch(t) , (3.6b)

C ≥ 0 , (3.6c)

SoCmin≤
SoCini+

∑t
τ=1

[
bch(τ)ηc− bdc(τ)

ηd

]
ts

E
≤SoCmax (3.6d)

0 ≤ bch(t) ≤ Pmax , (3.6e)

0 ≤ bdc(t) ≤ Pmax . (3.6f)

The objective function (3.6a) minimizes the total electricity cost of a commercial user for

the next day, including the energy cost, peak demand charge, battery degradation cost and

regulation service revenue. The optimization variables are frequency regulation capacity C,

battery charging/discharging power bch(t), bdc(t) and frequency regulation baseline load y(t).

Participants in regulation market should report a baseline y(t) to the grid operator ahead

of their service time [11]. For a commertical user, the baseline y(t) is its load forecasting.

Constraint (3.6c) guarantees a non-negative regulation capacity bidding. (3.6d), (3.6e) and

(3.6f) represent the battery SoC limit and battery power limits.
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3.3.2 Benchmark

To show the gain of joint optimization, we describe two benchmark problems: the offline

(deterministic) peak shaving problem and the offline (deterministic) frequency regulation

service problem.

The offline peak shaving problem is:

Jp = min
b(t)

λelec

T∑
t=1

[s(t)− b(t)] + λpeak max
t=1...T

[ ¯s(t)− ¯b(t)] +
T∑
t=1

f(b(t)) (3.7a)

s.t. b(t) = bdc(t)− bch(t) , (3.7b)

SoCmin≤
SoCini+

∑t
τ=1

[
bch(τ)ηc− bdc(τ)

ηd

]
ts

E
≤SoCmax (3.7c)

0 ≤ bch(t) ≤ Pmax , (3.7d)

0 ≤ bdc(t) ≤ Pmax . (3.7e)

The above problem is convex in terms of b. We solve it and denote the optimal bill value as

JP . The offline frequency regulation problem is:

R∗ = max
C,b(t)

λcT · C − λmis
T∑
t=1
|b(t)− Cr(t)| −

T∑
t=1

f(b(t)) (3.8a)

s.t. b(t) = bdc(t)− bch(t) , (3.8b)

C ≥ 0 , (3.8c)

SoCmin≤
SoCini+

∑t
τ=1

[
bch(τ)ηc− bdc(τ)

ηd

]
ts

E
≤SoCmax (3.8d)

0 ≤ bch(t) ≤ Pmax , (3.8e)

0 ≤ bdc(t) ≤ Pmax . (3.8f)
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The above regulation revenue maximization problem does not consider the effect of providing

frequency regulation service on electricity bills. In these benchmarks, we assume that

complete knowledge of the future. In essence, the benchmarks here represent the best possible

performance of any algorithms that solve these problems individually.

Recall that frequency regulation is a service managed by grid operators, while as an end

consumer, the commercial user’s electricity supply contract with the utility is unchanged,

thus the user still subjects to the energy and peak demand charge. Therefore, the overall

electricity bill Jr is,

Jr = λelec
T∑
t=1

[s(t)− br(t)] + λpeak max
t=1...T

[ ¯s(t)− b̄r(t)]−R∗ , (3.9)

where br(t) is the optimal battery responce for frequency regulation service and R∗ the optimal

service revenue.

Both of the benchmark problems are convex because all of the constraints are linear and

objectives are an addition of convex functions (pointwise maximum is a convex function).

To solve these problems, we use the CVX package for Matlab, a generic package for solving

convex problems. We used a 2.5 GHz Intel Core i7 Macbook with 16 GB memory. The

problem size can be fairly large, since the time resolution is 4s. But even for an 8-hour

horizon, the problem can be solved in about 10 minutes.

3.3.3 The superlinear gain

Our results highlight that a superlinear gain can often be obtained: the saving from the

stochastic joint optimization can be larger than the sum of two benchmark optima. In

mathematical form, superlinear gain denotes the following phenomenon, which often holds in

practice,

J − J joint > (J − Jr) + (J − Jp) , (3.10)
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Table 3.2: One day electricity bill for Microsoft data center under four scenarios: original bill,

bills after providing frequency regulation service, peak shaving, and joint optimization. Bill

savings and saving ratios are listed in the third column.

Total ($) Savings ($) Peak charge ($) Battery cost ($) FR gain ($)

Original 1345.7 0 461.5 0 0

FR only 1254.6 91.1 (6.77 %) 528.7 123.1 301.4

PS shaving 1331.9 23.8 (1.76%) 424.8 12.9 0

Joint Optimization 1194.5 151.2 (11.24%) 465.8 117.2 272.7

where the left side of Eq. (3.10) is the saving from joint optimization, and the right side

represents the sum of savings from two benchmark problems. The key observation in such

case is the “super-additivity”. The revenue from co-optimization of multiple applications is

not only higher than the revenue from any single application (which may be obvious), but

also higher than the sum of revenues from all individual applications.

We provide an example to demonstrate the superlinear gain. Table 3.2 gives the daily

electricity bill under four scenarios for a 1MW data center: the original bill (batteries are not

used), using battery only for frequency regulation, using battery only for peak shaving, and

using battery for both services. The bill savings are marked in red, from which we observed

that saving from joint optimization is larger than the sum of each individual applications.

The load curve and regulation signals for that day are given in Fig. 3.1.1 and Fig. 3.3.

3.4 Online Algorithm

The previous section demonstrates that battery joint optimization could have superlinear

gains. In this section, we propose a battery control algorithm for joint optimization. The

challenge in combining peak shaving and frequency regulation service together lies in their
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vastly different timescales. To deal with the timescale difference, we divided the optimization

problem into two stages, 1) day-ahead decision on peak shaving threshold and frequency

regulation capacity bidding; 2) real-time control of battery charging/discharging. Fig. 3.4

summarizes the workflow of the overall control algorithm. In this section, we first introduce

the load prediction and scenario reduction methods for solving the day-ahead optimization

problem, and then a real-time battery operation algorithm is presented.

load prediction
scenario 
reduction

day ahead stochastic joint optimization 

real time battery control (Algorithm 1)

capacity bidding + peak threshold

Figure 3.4: Work flow of the proposed battery control method. We use load prediction and

scenario reduction to solve the day-ahead stochastic optimization problem. Then we feed in

the capacity bidding and peak threshold for real-time control.

3.4.1 Load prediction and scenario generation

We use a multiple linear regression (MLR) model [60] for day-ahead load prediction, which is

simple, easy to implement in commercial users’ site, yet achieves high prediction accuracy.

Details of the load prediction algorithm are given in Appendix A. We used the 10-fold

cross validation method to evaluate the MLP load prediction model, and the resulting mean
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absolute percentage error (MAPE) is 3.7% for Microsoft data center load and 2.3% for

University of Washington EE & CSE building. MAPE is a measure of prediction accuracy,

which is calculated by averaging the absolute deviation between real value and prediction

divided by the actual value.

To deal with the uncertainty of future regulation signal, a scenario-based method is im-

plemented. Here, we use one-year historical data to empirically model the distributions of

regulation signals. Each daily realization of the regulation signal is called a “scenario”, and

thus we obtain 365 scenarios. We applied the forward scenario reduction algorithm in [61]

to select the best subset of scenarios. We set the number of selected scenarios as 10, which

strives for a balance between performance and computational complexity. Therefore, we have

a set of 10 scenarios for regulation signals denoted as Ω and each scenario associated with a

realization probability ωi, which together compose the uncertainty set.

We solve the stochastic problem in (3.6) using the load prediction ŝ(t) and contructed

regulation signal uncertainty sets Ω. Define the optimal battery response and regulation

capacity as b∗(t) and C∗, then the optimal peak shaving threshold U∗ is,

U∗ = max
t=1...T

[
ŝ(t)− b̄∗(t)

]
, (3.11)

3.4.2 Real-time control for battery charging/discharging

Section 3.4.1 describes how to make day-ahead decisions on capacity bidding and peak thresh-

old. Here we introduce a simple real-time battery control algorithm for joint optimization.

It is computationally efficient, only requires the measurement of battery’s real-time state of

charge (SoC) and achieves near-optimal performance compared with the offline optima with

perfect foresight. Although more sophisticated methods such as model predictive control [62]

or dynamic programming [54] have been proposed, they are not needed in this case.

The intuition for the real-time joint optimization control algorithm comes from the optimal
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Table 3.3: Comparison between the simple threshold algorithm and the offline solution with

full information

Data center UW EE & CSE

Total days simulated 183 365

Average original daily bill ($) 1338.1 985.3

Average joint optimization bill with perfect insight ($) 1184.3 857.2

Average joint optimization bill with simple online control ($) 1194.9 863.6

battery control algorithm for frequency regulation service. Recall the benchmark frequency

regulation problem with objective (3.8a): under linear battery cost model, given a fixed

capacity bidding C, we have a simple yet optimal real-time battery control method. Theorem 4

describes the optimal control algorithm for batteries providing frequency regulation service.

Theorem 4. Assume λb < λmis.1 If the marginal battery charging/discharging cost is constant

within the operation region, that is, f(b(t)) = λb|b(t)|. For a given capacity C, the optimal

battery response b∗(t) for providing regulation service is:

• min{Cr(t), P, [SoC(t)−SoCmin]E
ηcts

}, if r(t) ≥ 0

• max{Cr(t),−P, [SoC(t)−SoCmax]Eηd
ts

}, if r(t) < 0

where SoC(t) of the battery state of charge at the beginning of time step t.

The proof of Theorem 4 is given in the Appendix C. As the theorem shows, when the marginal

operation cost for battery charging/discharging is constant, the optimal battery control policy

is a simple threshold policy. Following Theorem 4, we propose a real-time control algorithm

for joint optimization in Algorithm 3. Table 3.3 gives a comprehensive comparison between

the simple online control algorithm and the offline optima with perfect foresight based on

1Otherwise the battery would not be used at all.
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half year of simulation results of Microsoft data center and one-year data of UW EE & CSE

building. Both results show that by implementing the simple threshold algorithm, we can

achieve near-optimal performance compared with the perfect foresight case.

3.5 Simulation Results

We provide a case study using half year power consumption data from Microsoft data center

and one year data from University of Washington EE & CSE building. The regulation signal

is from PJM fast frequency regulation market, where the considered Microsoft data center

locates. We implement the simple threshold control algorithm in Section 3.4 for battery

joint optimization. Simulation results demonstrate that over 80% of time, we will have the

superlinear benefits by joint optimization. We also perform qualitative and quantitative

analysis to provide some insights on why and when the superlinear gain happens.

3.5.1 Parameter setup

Assume that the battery optimization horizon is 1 day and the time granularity of t is 4s, so

that T = 4320. The electricity price is 47$/MWh and peak demand charge is 12$/kW per

month. For regulation service, suppose the regulation capacity payment is 50$/MWh and set

mismatch penalty to guarantee at least 80% performance score. The BES for optimization is

Lithium Manganese Oxide (LMO) battery, with high power capacity and low energy capacity.

Within the SoC operation region SoCmin = 0.2 and SoCmax = 0.8, LMO battery has a

constant marginal degradation cost w.r.t. how much energy is charged and discharged.

Here we consider using existing batteries in commercial users, e.g., the backup battery in data

center, to participate in power market and reduce users’ electricity bills. The key function of

these batteries for users is to provide backup capabilities and the proposed joint optimization

framework is deploying only part of the battery energy capacity. We assume the overall
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Algorithm 3: Real-time control for joint optimization
Input :C∗, U∗, P , E

Initialize : t = 0, SoC(1) = SoCinit

for t = 1→ T do
Receive regulation signal, r(t).

Locate the current time t in its corresponding peak calculated window, [τo, τe].

Calculate peak demand value of the current period,

U =
∑t
τ=τo [s(τ)− b(τ)]

(t− τo)
,

/* Simple control */

if U ≤ U∗ then

b(t) = C∗ · r(t);

else

b(t) = C∗ · r(t) + (U − U∗) ;

end

/* Power and SoC thresholds */

if b(t) ≥ 0 then

b(t) = min{b(t), P, [soc(t)−socmin]E
ηcts

} ; // battery discharge

else

b(t) = max{b(t),−P, [soc(t)−socmax]Eηd
ts

} ; // battery charge

end

Update the battery SoC status,

soc(t+ 1) = soc(t)− [bch(τ)ηc − bdc(τ)/ηd]ts
E

,

Proceed to the next control step: t← t+ 1
end
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Table 3.4: Comparison between different portions of battery energy capacity used for joint

optimization.

Grid service capacity Annual bill saving ($) Life expectancy (Year)

3 minutes 52,282 3.58

5 minutes 80,547 1.34

10 minutes 105,140 0.86

battery has a 1MW power capacity and 15 minutes energy capacity, which is a typical size

of an industrial-scale grid-tied battery. Different portions of the total energy capacity are

considered for grid service, 3 minutes, 5 minutes and 10 minutes respectively. The results are

presented in Table 3.4, where the metrics for comparison under different scenarios are the

annual bill savings and battery life expectancy. An aggressive user may try to replace their

battery in a yearly basis for the largest bill reduction. More likely, for a building or a data

center, a 3 year cycle is preferred. In fact, most data centers already replace their batteries

every 3 to 4 years for reliability reasons [63], so using 3 minutes of the battery capacity for

grid services would lead to considerable gains without any additional burdens. Of course, the

remaining portion of battery energy storage is reserved for emergency backup.

Therefore we assume for joint optimization usage, the battery power rating is 1MW , energy

capacity E is 3 minute max power output, and battery cell price is 0.5$/Wh. If a LMO

battery can be operated for N = 10, 000 cycles when the average cycle DoD is 60%. Using

Eq. (3.12), we calculate the battery degradation cost as 83$/MWh.

λb = λcell · 106

2N · (SoCmax − SoCmin) (3.12)

In order to evaluate the performance of the proposed battery joint optimization algorithm,

we compare the savings from joint optimization with the sum of savings from benchmark

peak shaving and regulation service problems. A criteria q (joint optimization saving ratio)
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is defined as below,

q = (J − J joint)− [(J − Jr) + (J − Jp)]
J

, (3.13)

which describes the percentile of superlinear saving compared to the original bill.

3.5.2 Results for synthetic load: peak shape and superlinear gain

In the previous sections (Figure 1 and Table II), we observed that by doing battery joint

optimization, we have such superlinear benefits. One natural question may come up, why

we have the superlinear gains? Before we dive into more simulations on real data, we pick a

simple rectangle peak case where the base load is 0.5 MW, peak load is 1MW in this section

for qualitative analysis, in order to better understand the conditions that lead to superlinear

gains. We change the duration of peak from 3 minutes (a sharp peak) to 15 minutes (a flat

peak) in order to study the effect of peak shape on the probability of superlinear gain.

Intuitively, the superlinear gain is related to the shape of demand curve. Consider two

different peaks, a narrow peak (Fig. 3.5) and a wide peak (Fig. 3.6), we find that the main

difference lies in the peak shaving part. For a 3 minute short-time peak, the battery could

shave a large portion of the peak before hitting the SoC bound (Fig.3.5 (b)). Thus, we save a

lot from only doing peak shaving and the two applications do not interact much , and there

is no superlinear saving. However, when the peak duration is long, it takes more battery

energy to shave the same height off the peak. As seen from Fig.3.6 (b), the battery doesn’t

respond much in the peak shaving only case because the cost of using battery gets close (or

even exceeds) the saving from reduced peak demand charge. This argument is verified by

Fig.3.6 (d), where we find only doing peak shaving does not reduce the bill much. But if we

consider joint optimization, the randomness of regulation signal helps break down the one

flat peak into several short-time peaks, and we could save more from doing peak shaving on

top of providing regulation service. This is where the superlinear saving comes from.
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(c) Joint optimization
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Figure 3.5: Electricity bills for narrow peak (base load 0.5 MW, peak load 1MW, peak

duration 3 minutes). Labels: In subfigures (a), (b), (c), the upper plot is power consumption;

the lower plot is battery SoC curve. Blue solid line is the original load; red dotted dash line

denotes demand+frequency regulation signal; green dashed line is the actual net consumption.

Fig. d are normalized bill where the original bill is set to 1.
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Figure 3.6: Electricity bills for narrow peak (base load 0.5 MW, peak load 1MW, peak duration

15 minutes). Labels: In subfigures (a), (b), (c), the upper plot is power consumption; the

lower plot is battery SoC curve. Blue solid line is the original load; red dotted dash line

denotes demand+frequency regulation signal; green dashed line is the actual net consumption.

Fig. d are normalized bill where the original bill is set to 1.
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Table 3.5: Half year simulation results of Microsoft data center

Microsoft data center

Total days simulated 183

Days having superlinear gain 151

Average bill saving by joint optimization 10.72%

Super linear saving ratio (q) 2.71%

Table 3.6: One year simulation results of UW EE & CSE building

UW EE &CSE building

Total days simulated 365

Days having superlinear gain 362

Average bill saving by joint optimization 12.35%

Super linear saving ratio (q) 3.91%

3.5.3 Results for real-life data: Microsoft data center and UW EE & CSE building

This section conducts simulations with data from Microsoft data center and UW EE & CSE

building. Table 3.5 and 3.6 summarize the simulation results. We consider using a 1MW, 3

minutes battery for grid service, and the reported numerical results are based on the proposed

simple online control algorithm. For a 1MW data center with $488,370 annual electricity

bill, the cost saving by joint optimization is around $52,282 (10.72%), with $13,234 extra

saving compared with the sum of benchmark optima. For UW EE & CSE building, 362 out

of the 365 days, we have the superlinear gain. The annual electricity bill for UW EE & CSE

building is around $359,634, from which we save $44,420 (12.35%) by implementing battery

joint optimization. The superlinear gain is $14,061 per year.

To link the quantitative analysis of synthetic load in the previous section to the real-life cases
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of data center and UW EE & CSE load, we preform a statistical analysis of load peaks. We

plot the Cumulative Distribution Function (CDF) of peak duration for the data center and

the EE&CSE building in Fig. 3.7, where the average peak duration for data center is 0.75h

(about 45 minutes) and 8.33h for the building.
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Figure 3.7: Cumulative distribution of peak duration for two case studies.

According to the quantitative analysis in Figures 6 and 7, the proposed battery joint opti-

mization has a larger gain for flat peaks compared to sharp peaks. Since the randomness

of regulation signal help break down the one flat peak into several short-time peaks, we

could save more from doing peak shaving on top of providing regulation service. The exact

definition of “long” and “short” peaks depend on the size of the battery. For a 3 minute

battery, if the peak is shorter than 3 minutes, then performing joint optimization is not

critical and we do not have a superlinear gain. On the other hand, for a peak that is longer

than 3 minutes, it is important to use the regulation signal to break it up into smaller peaks.

Therefore, both case studies have high superlinear gain probability, which is greater than

80%. The superlinear gain ratio of UW building (99%) is higher than the ratio of the data
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center (82.5%) since there are virtually no peaks shorter than the battery capacity in the

former and a still a few short peaks in the latter.

3.5.4 Sensitivity analysis

In addition, we preform sensitivity analysis about how different price settings, including

different demand charge prices λpeak, battery degradation costs λb and regulation payments

λc, influence the superlinear gain ratio. In order to quantatively evaluate the conditions when

superlinear gain will happen and generalize the analysis to all kinds of potential scenarios,

we pick a simple load curve with a rectangle peak (base load 0.5 MW, peak load is 1 MW,

peak duration 15 minutes) and a truncated Gaussian signal as frequency regulation signal,

with µ = 0, σ2 = 0.12 and range [−1, 1].

Fig. 10a shows how the chance of having superlinear gain changes with regard to battery cell

price and peak demand charge. The probability of superlinear gain increases as the battery

cell price goes down, or as the peak demand charge goes up. The “physical origin” of the

superlinear gain is the positive interaction between peak shaving and frequency regulation

service. Since the randomness in the frequency regulation signal break the flat peak into

several smaller peaks, more savings are obtained by performing peak shaving on the top of

frequency regulation. Therefore, as the peak demand price goes up, it yields more economic

benefits to jointly optimize the two applications. Similarly, the as the battery prices decreases,

it can be used more aggressively for both applications. As battery prices continue to decrease

in the future, the benefits of joint optimization will increase. Fig. 10b demonstrates how the

probability of having superlinear relates to battery cell price and regulation capacity payment.

The chance of having superlinear gain is the highest when both the battery cell price and

regulation capacity payment are low. When the capacity payment is high enough, it yields

much more economic benefits to provide frequency regulation service than peak shaving. In

such condition, the probability of having superlinear gain decreases.
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Figure 3.8: Superlinear gain probability V.S. price coefficients

3.6 Conclusion

This chapter addresses the multiplexing of battery in large commercial users to reduce the

electricity bills. We consider two sources of cost savings: reducing peak demand charge

and gaining revenue in the frequency regulation market. We formulate a framework that

jointly optimizes battery usage for both of these applications. Surprisingly, we observe that

a superlinear gain can often be obtained: the savings from joint optimization can be larger

than the sum of the individual savings from devoting the battery to one of the applications.

We also develop an online control algorithm which achieves the superlinear gain.
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Chapter 4

DECISION MAKING UNDER MODEL UNCERTAINTY:
INPUT CONVEX NEURAL NETWORKS FOR BUILDING

CONTROL AND VOLTAGE REGULATION

4.1 Introduction

The previous two chapters talk about energy storage control under environmental uncertainty.

In the following chapter, we will focus on internal uncertainties and how to optimally control

the system subject to them. It turns out the key is to carefully design machine learning

architectures that leverage the physics of the system.

One key challenge faced in the control of energy systems is that they tend to have complicated

and poorly understood dynamics, sometimes with legacy components are built over a long

period of time [64]. Therefore detailed models for these systems may not be available or may

be intractable to construct. For instance, since buildings account for 40% of the global energy

consumption [65], many approaches have been proposed to operate buildings more efficiently

by controlling their heating, ventilation, and air conditioning (HVAC) systems [66]. Most of

these methods, however, suffer from two drawbacks. On one hand, a detailed physics model

of a building can be used to accurately describe its behavior, but this model can take years to

develop. On the other hand, simple control algorithms have been developed by using linear

(RC circuit) models [67] to represent buildings, but the performance of these models may be

poor since the building dynamics can be far from linear [68].

In recent years, with the growing deployment of sensors in energy systems, a large amount
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of operational data have been collected, such as in smart meters [69], user behaviors [70]

and PMUs [71]. Using these data, the system dynamics can be learned directly and then

automatically updated at periodic intervals. One popular method is to parameterize these

complex system dynamics using deep neural networks, yet few research investigated how

to integrate deep learning models into real-time closed-loop control of physical systems. A

key reason that deep neural networks have not been directly applied in control is that even

though they provide good performances in learning system behaviors, optimization on top

of these networks is challenging [72]. A deep neural network, for example, may be much

better in learning the relationship between temperature set points in a building and its power

consumption than a linear model, yet it is not necessarily the case that it would be better

to be used to optimize the setpoints for energy consumption reduction. Neural networks,

because of their structures, are generally not convex from input to output. Therefore, many

control applications (e.g., where real-time decisions need to be made) choose to favor the

computational tractability offered by linear models despite their poor fitting performances.

4.1.1 Literature Review

The work in [73] was an impetus for this work. The key differences are that the goal in [73]

is to show that ICNN can achieve similar classification performances as conventional neural

networks and how the former can be used in inference and prediction problems. Our goal is to

use these networks for optimization and closed-loop control, and in a sense that we are more

interested in the overall system performances and not directly the performance of networks.

We also extend the class of networks to include RNNs to capture dynamical systems.

Control and decision-making have used deep learning mainly in model-free end-to-end

controller settings [74, 75] (shown in Fig. 4.1 (a)). However, much of the success relies

heavily on a reinforcement learning setup where the optimal state-action relationship can

be learned via a large number of samples. However, many physical systems do not fit into
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the reinforcement learning process, where both the sample collection is limited by real-time

operations, and is difficult to explore the whole design space since suboptimal actions would

lead to disastrous results (e.g., training a controller of a power system by trying different

actions may lead to blackouts). Moreover, there are usually model constraints in physical

systems (e.g., peak output for building cooling system) which could neither be directly

modeled nor represented efficiently by end-to-end policies.

To address the above sample efficiency, safety and model constraints incompatibility concerns

faced by model-free reinforcement learning algorithms, we consider a model-based control

approach in this work. Model-based control algorithms often involve two stages – system

identification and controller design. For the system identification stage, the goal is to learn a

fixed form of system model to minimize some prediction error [76]. Most efficient model-based

control algorithms have used a relatively simple function estimator for the system dynamics

identification [77], such as linear model [67] and Gaussian processes [78]. These simplified

models are sample-efficient to learn, and can be nicely incorporated in the sub-sequent optimal

control problems. However, such simple models may not have enough representation capacity

in modeling large-scale or high-dimension systems with nonlinear dynamics. Deep neural

networks (DNNs) feature powerful representation capability, while the main challenge of

using DNNs for system identification is that such models are typically highly non-linear and

non-convex [72], which causes great difficulty for following decision making. Our work shows

how the proposed ICNN control algorithm achieves the benefits from both sides of the world.

By making the neural network convex from input to output, we are able to both obtains

good identification accuracies and tractable computational optimization problems.

A recent work from [77] is close in spirit as our proposed method. The authors use a

model-based approach for robotics control, where they first fit a neural network for the

system dynamics and then use the fitted network in an MPC loop. However, since [77] use

conventional NN for system identification, they cannot solve the MPC problem to global

optimality. Instead, they use a random shooting method where they choose K random action
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sequences and choose the action sequence which gives the lowest cost. Compared with the

random shooting approach, our proposed method is guaranteed reach the global optima

with significantly less computational time, due to the good representation power of ICNNs

(Theorem 1) and nice mathematical properties of convex optimization.

4.1.2 Contribution

We tackle the modeling accuracy and control tractability tradeoff faced by many data-driven

control approaches, by building on the input convex neural networks (ICNN) to both represent

system dynamics and to find optimal control policies. By making the neural network convex

from input to output, we are able to obtain both good predictive accuracies and tractable

computational optimization problems. The overall methodology is shown in Fig. 4.1. Our
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Figure 4.1: (a) Model-free end-to-end controller design, where a model is trained to find the

best control actions based on observations. (b) Our proposed model-based method, an input

convex neural network is first trained to learn the system dynamics, then we solve a convex

predictive control problem to find the best actions.

proposed method (shown in Fig. 4.1 (b)) firstly utilizes an input convex network model to

learn the system dynamics and then computes the best control decisions via solving a convex

model predictive control (MPC) problem, which is tractable and has optimality guarantees.
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This is different from existing methods that uses model-free end-to-end controller which

directly maps input to output (shown in Fig. 4.1 (a)). Another major contribution of our work

is that we explicitly prove that ICNN can represent all convex functions and is exponentially

more efficient than widely used convex piecewise linear approximations [79].

4.2 Problem Formuation

In this section, we first setup the general optimization model where a neural network is used

in a closed-loop system. The fundamental goal is to optimize system performance which is

beyond the learning performance of network on its own. In this section we describe how input

convex neural networks (ICNN) can be extremely useful in these systems by considering two

related problems. First, we show how ICNN perform in single-shot optimization problems.

Then we extend the results to an input convex recurrent neural networks (ICRNN), which

allows us to both capture systems’ complex dynamics and make time-series decisions.
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Figure 4.2: Input convex neural networks. (a) Input convex feed-forward neural net-

works (ICNN). One notable addition is the direct “passthrough” layers D2:k that connect

the inputs to hidden units for better model representation ability. (b) The proposed input

convex recurrent neural networks (ICRNN) architectures. In our control settings, we keep all

weights in both networks nonnegative, while expanding the inputs with −u.
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4.2.1 Single-shot problem

The following proposition states the sufficient condition for a network to be input convex:

Proposition 1. The feedforward neural network in Fig. 4.2(a) is convex from input to output

given that all weights between layers W1:k and weights in the “passthrough” layers D2:k are

non-negative, and all of the activation functions are convex and nondecreasing (e.g. ReLU).

The structure of the input convex neural network (ICNN) structure in Proposition 1 is

motivated by the structure in [73] but modified to be more suitable to control of dynamical

systems. In [73] it only requires W2:k to be non-negative while having no restrictions on

weights W1 and D2:k. Our construction achieves the exact representation by expanding the

inputs to include both u (∈ Rd) and −u. Then any negative weights in W1 and D2:k in [73]’s

ICNN structure is set to zero and its negation (which is positive) is added as the weight for

corresponding −u. The reason for our construction is to allow the network to be “rolled

out in time” when we are dealing with dynamical systems and multiple networks need to be

composed together.

An simple example that demonstrates how the proposed ICNN can be used to fit a convex

function comes form fitting the |u| function. This function is convex and both decreasing

and increasing. Let the activation function be ReLU(·) = max(·, 0). We can write |u| =

−u + 2ReLU(u) [73]. However, in this representation, we need a negative weight, the −1

in front of u, and this would be troublesome if we compose several networks together. In

our proposed ICNN structure with all positive weights and input negation duplicates, we

can write |u| = v + 2ReLU(u), where we impose a constraint v = −u. Such doubline on the

number of input variables may potentially make the network harder to train. Yet during

control, having all of the weights positive maintains the convexity between inputs and outputs

even if multiple steps are considered which will be discussed in Section ??. The constraint

v = −u is linear and can be easily included in any convex optimization.
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This proposition follows directly from composition of convex functions [47]. Although it

allows for any increasing convex activation functions, in this work we work with the popular

ReLU activation function. Two notable additions in ICNN compared with conventional

feedforward neural networks are: 1) Addition of the direct “passthrough” layers connecting

inputs to hidden layers and conventional feedforward layers connecting hidden layers for better

representation power. 2) the expanded inputs that include both u and −u. The proposed

ICNN structure is shown in Fig. 4.2(a). Note that such construction guarantees that the

network is convex and non-decreasing with respect to the expanded inputs û =

 u

−u

, while
the output can achieve either decreasing or non-decreasing functions over u.

Fundamentally, ICNN allows us to use neural networks in decision making processes by

guaranteeing the solution is unique and globally optimal. Since many complex input and

output relationships can be learned through deep neural networks, it is natural to consider

using the learned network in an optimization problem in the form of

min
u

f(u; W) (4.1a)

s.t. u ∈ U , (4.1b)

where U is a convex feasible space. Then if f is an ICNN, optimizing over u is a convex

problem, which can be solved efficiently to global optimality. Note that we will always

duplicate the variables by introducing v = −u, but again this does not change the convexity

of the problem. Of course, since the weights of the network are restricted to be nonnegative,

the performance of the network may be worse. A common thread we observe is that trading

off between performance with tractability can be preferable.

4.2.2 Closed-loop control and recurrent neural networks

In addition to the single-shot optimization problem in (4.1), we are interested in optimally

controlling a dynamical system. To model the temporal dependency of the system dynamics,
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we propose to use recurrent neural networks (instead of feed-forward neural networks).

Recurrent networks carry an internal state of the system, which introduces coupling with

previous inputs to the system. Fig. 4.2(b) shows the proposed input convex recurrent neural

networks (ICRNN) structure. This network maps from input û to output y with memory

unit z according to the following Eq. (4.2),

zt = σ1(Uût + Wzt−1 + D2ût−1) , (4.2)

yt = σ2(Vzt + D1zt−1 + D3ût) , (4.3)

where û =

 u

−u

, and D1, D2, D3 are added direct “passthrough” layers for augmenting repre-

sentation power. If we unroll the dynamics with respect to time, we have yt = f(û1, û2, ..., ût; θ)

where θ = [U,V,W,D1,D2,D3] are network parameters, and σ1, σ2 denote the nonlinear

activation functions. The next proposition states a sufficient condition for the network to be

input convex.

Proposition 2. The network shown in Fig. 4.2(b) is a convex function from inputs to output

if all weights U, V,W,D1, D2, D3 are non-negative, and all activation functions are convex

and nondecreasing (e.g. ReLU).

The proof of this proposition again follows directly from the composition rule of convex

functions. Similarly to the ICNN case, by expanding the inputs vector to include both u and

−u and restricting all weights to be non-negative, the resulted ICRNN structure is a convex

and non-decreasing mapping from inputs to output.

The proposed ICRNN structure can be leveraged to represent system dynamics for close-loop

control. Consider a physical system with discrete-time dynamics, at time step t, let’s define st
as the system states, ut as the control actions, and yt as the system output. For example, for

the real-time control of a building system, st includes the room temperature, humidity, etc;

ut denotes the building appliance scheduling, room temperature set-points, etc; and output

yt is the building energy consumption. In addition, there maybe exogenous variables that
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impact the output of the system, for example, outside temperature will impact the energy

consumption of the building. However, since the exogenous variables are not impacted by

any of the control actions we take, we suppress them in the formulation below. The time

evolution of a system is described by

yt = f(st,ut) , (4.4a)

st+1 = g(st,ut) (4.4b)

where (4.4b) describes the coupling between the current inputs to the future system states.

Physical systems described by (4.4) may have significant inertia in the sense that the outcome

of any control actions is delayed in time and there are significant couplings across time

periods.

Since we use ICRNNs to represent both the system dynamics g(·) and the output f(·), the

control variable u expands as û. The optimal receding horizon control problem at time t can

be written as,

minimize
ut,ut+1,...,ut+T

C(x̂,y) =
t+T∑
τ=t

J(x̂τ , yτ ) (4.5a)

subject to yτ = f(x̂τ−nw , x̂τ−nw+1, ..., x̂τ ),∀τ ∈ [t, t+ T ] (4.5b)

sτ = g(x̂τ−nw , x̂τ−nw+1, ..., x̂τ−1, ûτ ) ,∀τ ∈ [t, t+ T ] (4.5c)

x̂τ =

sτ
ûτ

, ûτ =

uτ
vτ

,∀τ ∈ [t, t+ T ] (4.5d)

vτ = −uτ ,∀τ ∈ [t, t+ T ] (4.5e)

sτ ∈ Sfeasible,∀τ ∈ [t, t+ T ] (4.5f)

uτ ∈ Ufeasible,∀τ ∈ [t, t+ T ] (4.5g)

where a new variable x̂ = [st, ût] is introduced for notational simplicity, which called system

inputs. It is the collection of system states st and duplicated control actions ut and −ut,

therefore ensuring the mapping from ut to any future states and outputs remains convex.
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J(x̂τ , yτ ) is the control system cost incurs at time τ , that is a function of both the system

inputs x̂τ and output yτ . The functions f(·) and g(·) in Eq. (4.5b)-(4.5c) are parameterized as

ICRNNs, which represent the system dynamics from sequence of inputs (x̂τ−nw , x̂τ−nw+1, ..., x̂τ )

to the system output yτ , and the dynamics from control actions to system states, respectively.

nw is the memory window length of the recurrent neural network. The equations (4.5d)

and (4.5e) duplicate the input variables u and enforce the consistency condition between u

and its negation v. Lastly, (4.5f) and (4.5g) are the constraints on feasible system states

and control actions respectively. Note that as a general formulation, we do not include

the duplication tricks on state variables, so the dynamics fitted by (4.5b) and (4.5c) are

non-decreasing over state space, which are not equivalent to those dynamics represented by

linear systems. However, since we are not restricting the control space, and we have explicitly

included multiple previous states in the system transition dynamics, so the non-decreasing

constraint over state space should not restrict the representation capacity by much. In

Section.4.3 we theoretically prove the representability of proposed networks.

Optimization problem in (4.5) is a convex optimization with respect to (w.r.t.) inputs

u = [ut, ...,ut+T ], provided the cost function J(x̂τ , yτ ) = J(sτ , ûτ , yτ ) is convex w.r.t. ûτ ,

and convex, nondecreasing w.r.t. sτ and yτ . A problem is convex if and only if both the

objective function and constraints are convex. In the above problem, J(sτ , ûτ , yτ ) is convex

and nondecreasing w.r.t. sτ and yτ ; sτ and yτ are parameterized as ICRNNs, i.e., (4.5a)

and (4.5b), such that they are convex w.r.t. ûτ . Therefore following the composition rule of

convex functions, the objective function is convex w.r.t. inputs u = [ut, ...,ut+T ]. Besides,

all the equality constraints (4.5d) and (4.5e) are affine. Suppose both the state feasibile

set (4.5f) and action feasibile set (4.5g) are convex, the overall optimization is convex.

The convexity of the problem in (4.5) guarantees that it can be solved efficiently and

optimally using gradient descend method. Since both the objective function (4.5a) and

the constraints (4.5b)-(4.5c) are parameterized as neural networks, and their gradients can

be calculated via back-propagation with the modification where cost is propagated to the



73

input rather than the weights of the network. For implementation, the gradients can be

convinently calculated via existing modules such as Tensorflow viaback-propagation. Let

u∗ = {u∗t ,u∗t+1, ...,u∗t+T} be the optimal solution of the optimization problem at time t. Then

the first element of u∗ is implemented to the real-time system control, that is u∗t . The

optimization problem is repeated at time t+ 1, based on the updated state prediction using

u∗t , yielding a model predictive control strategy.

4.3 Input Convex Neural Networks (ICNN)

4.3.1 Representation Power of ICNN

Definition 1. Given a function f : Rd → R, we say that the function f̂ approximate f within

ε if |f(x)− f̂(x)| ≤ ε for all x in the domain of f .

Theorem 5. [Representation power of ICNN] For any Lipschitz convex function over a

compact domain, there exists a neural network with nonnegative weights and ReLU activation

functions that approximates it within ε.

Lemma 2. Given a continuous Lipschitz convex function f : Rd → R with compact domain

and ε > 0, it can be approximated within ε by maximum of a finite number of affine functions.

That is, there exists f̂(x) = maxi=1,...,N{µi
Tx + bi} such that |f(x) − f̂(x)| ≤ ε for all

x ∈ domf .

Sketch of proof for Theorem 5. Supposing Lemma 2 is true, the proof of Theorem 5 boils

down to showing that neural network with nonnegative weights and ReLU activation functions

can exactly represent a maximum of affine functions. The proof is constructive. We first

construct a neural network with ReLU activation functions and both positive and negative

weights, then we show that the weights between different layers of the network can be

restricted to be nonnegative by a simple duplication trick. Specifically, since the weights

in the input layer and passthrough layers in the ICNN can be negative, we simply add a
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negation of each input variable (e.g. both x and −x are given as inputs) to the network.

These variables need satisfy a consistency constraint since one is the negation of the other.

Since this constraint is linear, it preserves the convexity of optimization problems. The details

of the proofs are given in the Appendix C.

Similar to Theorem 1, an analogous result about the representation power of ICRNN can be

shown for systems with convex dynamics. Given a dynamical system described by rolled out

system dynamics yt = f(x1, . . . ,xt) is convex, then there exists a recurrent neural network

with nonnegative weights and ReLU activation functions that approximates it within ε. A

broad range of systems can be captured by this model. For example, the linear quadratic

(Gaussian) regulator problem can be described using a ICRNN if we identify y as the cost of

the regulator [80, 81].1 An example of a nonlinear system is the control of electrochemical

batteries. It can be shown from first principles that the degradation of these types of batteries

is convex in their charge and discharge actions [82] and our framework offers a powerful

data-driven way to control batteries found in electric vehicles, cell phones, and power systems.

4.3.2 Representation Efficiency of ICNN

In the proof of Theorem 5, we first approximate a convex function by a maximum of affine

functions then construct a neural network according to this maximum. Then a natural

question is why learn a neural network and not directly the affine functions in the maximum?

This approach was taken in [79], where a convex piecewise-linear function (max of affine

functions) are directly learned from data through a regression problem.

A key reason that we propose to use ICNN (or ICRNN) to fit a function rather than

directly finding a maximum of affine functions is that the former is a much more efficient

parameterization than the latter. As stated in Theorem 6, a maximum of K affine functions

1It’s important to note that y is usually used as the system output of a linear system, but in our context,
we are using it to refer to the quadratic cost with respect to the system states and the control input.
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can be represented by an ICNN with K layers, where each layer only requires a single ReLU

activation function. However, given a single layer ICNN with K ReLU activation functions,

it may take a maximum of 2K affine functions to represent it exactly. Therefore in practice,

it would be much easier to train a good ICNN than finding a good set of affine functions.

Theorem 6. [Efficiency of Representation]

1. Let fICNN : Rd → R be an input convex neural network with K ReLU activation

functions. Then Ω(2K) functions are required to represent fICNN using a max of affine

functions.

2. Let fCPL : Rd → R be a max of K affine functions. Then O(K) activation functions

are sufficient to represent fCPL exactly with an ICNN.

The detailed proof of Theorem 6 is given in Appendix C.

In the following two sections, we demonstrate the effectiveness of ICNN and ICRNN by

presenting experimental results on two decision-making problems: energy management of

large-scale commercial buildings [83] and the distribution network voltage control, respectively.

The proposed method can be used as a flexible building block in decision making problems,

where we use we use ICRNN to model the relationship between temperature setpoints

and building energy consumption, and ICNN to represent the relationship between the

active and reactive power injections to nodal voltage magnitude deviation. Both examples

demonstrate that proposed method: 1) discovers the connection between controllable variables

and the system dynamics or cost objectives; 2) is lightweight and sample-efficient; 3) achieves

generalizable and more stable control performances compared with previous model-based

reinforcement learning and simplified linear control approaches.
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4.4 Application I: Building Energy Management

We first consider the real-time control problem of building’s HVAC (heating, ventilation, and

air conditioning) system to reduce its energy consumption. Building energy management

remains to be a hard problem in control area. The exact system dynamics are unknown and

hard to model due to the complex heating transfer dynamics, time-varying environments and

the scale of the system in terms of states and actions [84].

At time t, we assume the building’s running profile xt := [st,ut] is available, where st denotes

building system states, including outside temperature, room temperature measurements, zone

occupancies and etc. ut denotes a collection of control actions such as room temperature set

points and appliance schedule. Output is the electricity consumption Pt. This is a model

predictive control problem in the sense that we want to find the best control inputs that

minimize the overall energy consumption of building by looking ahead several time steps. To

achieve this goal, we firstly learn an ICRNN model f(·) of the building dynamics, which is

trained to minimize the error between Pt and f(xt−nw , ...,xt), while nw denotes the memory

window of recurrent neural networks. Then we solve:

minimize
ut,...,ut+T

t+T∑
τ=t

Pt (4.6a)

subject to Pτ = fICRNN(xτ−nw , ...,xτ ),∀τ ∈ [t, t+ T ] (4.6b)

sτ = gICRNN(xτ−nw , ...,xτ−1,uτ ),∀τ ∈ [t, t+ T ] (4.6c)

uτ ≤ uτ ≤ uτ ,∀τ ∈ [t, t+ T ] (4.6d)

sτ ≤ sτ ≤ sτ ,∀τ ∈ [t, t+ T ] (4.6e)

where the objective (4.6a) is minimizing the total energy consumption in future T steps (T is

the model predictive control horizon), and (4.6b) is the building energy consumption model,

and (4.6c) is used for modeling building states, where both fICRNN(·) and gICRNN(·) are
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parameterized as ICRNNs. Note that the formulation (4.6) is also flexible with different

loss functions. For instance, in practice, we could reuse trained dynamics model (4.6b),

and integrate electricity prices into the overall objective so that we could directly learn

real-time actions to minimize electricity bills (please refer to Appendix C for more results).

The constraints on control actions ut and system states st are given in (4.6d) and (4.6e).

For instance, the temperature set points as well as real measurements should not exceed

user-defined comfort regions.

4.4.1 Experiment setup

To test the performance of the proposed method, we set up a 12-story large office building,

which is a reference EnergyPlus commercial building model from US Department of Energy

(DoE), with a total floor area of 498, 584 square feet which is divided into 16 separate zones.

By using the whole year’s weather profile, we simulate the building running through the

year and record (xt, Pt) with a resolution of 10 minutes. We use 10 months’ data to train

the ICRNN and subsequent 2 months’ data for testing. We use 39 building system state

variables st (uncontrollable), along with 16 control variables ut. Output is a single value of

building energy consumption at each time step. We set the model predictive control horizon

T = 36 (six hours). We employ an ICRNN with recurrent layer of dimension 200 to fit the

building input-output dynamics f(·). The model is trained to minimize the MSE between its

predictions and the actual building energy consumption using stochastic gradient descent.

We use the same network structure and training scheme to fit state transition dynamics g(·).

We set the model-based forecasting and optimization benchmark using an linear resistor-

circuit (RC) circuit model to represent the heat transfer in building systems, and solve for the

optimal control actions via MPC [67]. At each step, MPC algorithm takes into account the

forecasted states of the building based on the fitted RC model and implements the current

step control actions. We also compare the performance of ICRNN against the conventionally
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Figure 4.3: Results for constrained optimization of building energy management. (a) ICRNN

is able to model the building dynamics as accurately as conventional RNN; (b) Compared

to conventional RNN model, ICRNN finds control actions which lead to 11.52% more of

energy savings, and (c) ICRNN provides stable control actions while decisions generated by

conventional RNN vary dramatically.

trained RNN in terms of building dynamics fitting performance and control performance. To

solve the MPC problem with conventional RNN models, we also use gradient-based method

with respect to controls. However, since conventional RNN models are generally not convex

from input to output, there is no guarantee to reach a global optimum (or even a local one).

In terms of the fitting performance, ICRNN provides a competitive result compared to

conventional RNN model. The overall test root mean square error (RMSE) is 0.054 for

ICRNN and 0.051 for conventional RNN, both of which are much smaller than the error

made by RC model (0.240). Fig. 4.3(a) shows the fitting performance on 5 working days

in test data. This illustrates the good performance of ICRNN in modeling building HVAC

system dynamics. Then by using the learned ICRNN model of building dynamics, we obtain

the suggested room control actions u∗t by solving the optimal building control problem (4.6).

As shown in Fig. 4.3(b), with the same constraints on building temperature interval of

[19◦C, 24◦C], the building energy consumption is reduced by 23.25% after implementing
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the new temperature set points calculated by ICRNN. On the contrary, since there is no

guarantee for finding optimal control actions by optimizing over conventional RNN’s input,

the control solutions given by conventional RNN could only reduce 11.73% of electricity.

Solutions given by RC model only saves 4.07% of electricity. More importantly, in Fig. 4.3(c)

we demonstrate the control actions outputted by our method against MPC with conventional

RNN in two randomly selected building zones, the building basement and top floor central

area. It shows that our proposed approach is able to find a group of stable control actions for

the building system control. While in the conventional RNN case, it generates control set

points which have undesirable, drastic variations.

4.5 Application II: Distributed Energy System Voltage Regulation

We now move on to optimally control the voltage level in distribution networks with input

convex neural networks. Voltage regulation in distribution networks has played an important

role to maintain acceptable voltage magnitudes at all buses. The higher penetration of

distributed energy resources (DERs), for example rooftop PV and electric vehicles, could

lead to fast voltage fluctuations in distribution networks [85]. To complement slow time-scale

control of discrete devices such as tap-changing transformers and switched capacitors, reactive

power injections via the inverter-based distributed resources are often proposed for fast

time-scale voltage regulations [86].

Research efforts on inverter-based voltage regulations have focused on approaching the control

problem through an optimization framework [87]. Consider a power distribution network

consisting of a set N = {1, ..., N} of buses and a set E ∈ N × N of distribution lines

connecting buses. For each bus i, denote Vi as the voltage magnitude and θi as the voltage

phase angle; let pi and qi denote the active and reactive power injections; let si = pi + jqi be

the complex power injection. The corresponding active and reactive power injection vectors

are denoted as p =
[
p1 p2 · · · pN

]T
,q =

[
q1 q2 · · · qN

]T
. For each line (i, k) ∈ E ,
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denote line admittance yik = gik − jbik with bik, gik > 0 as the real and imaginary parts of

the admittance matrix element Yik. For each bus i ∈ N , its power injection is governed by

pi =
N∑
k=1

ViVk(−gik cos(θi − θk) + bik sin(θi − θk)) (4.7a)

qi =
N∑
k=1

ViVk(gik sin(θi − θk) + bik cos(θi − θk)). (4.7b)

The goal is to address the voltage fluctuations due to higher penetration level of DERs in

distribution networks. By making use of the power electronics interfaces of DERs such as

PV inverters, the reactive power injections qi can be controlled within certain limits. By

changing reactive power injections, the goal is to maintain voltage magnitude Vi within a

small distance from the nominal value Vi,0 for all buses (e.g., plus/minus 5%). Formally, we

can cast voltage regulation as the following optimization problem:

min
q

N∑
i=1

αi|Vi − Vi,0| (4.8a)

s.t. q ≤ q ≤ q (4.8b)

Power Flow Equations (4.7) (4.8c)

where αi is a weighted parameter which can be adjusted by the system operator. The

constraints in (4.8b) capture the hard constraints on available reactive power injections on

each bus i. The constraints in (4.8c) capture the power flow models. The active power p is

considered as an exogenous input vector which is not controlled.

Solving (4.8) is not trivial, because the problem is not convex due to the nonlinear relationship

between bus voltage magnitudes and powers. There has been a rich body of literatures about

reformulation of (4.8) as a convex optimization problem. For each line (i, k) ∈ E , denote

sik = pik + jqik as the complex power flow and zik = rik + jxik as the line impedance. The



81

DistFlow equations [88] model the distribution network flow as

−pk = pik − riklik −
∑

l:(k,l)∈E
pkl (4.9a)

−qk = pik − xiklik −
∑

l:(k,l)∈E
qkl (4.9b)

V 2
k = V 2

i − 2(rikpik + xikqik) +
(
r2
ik + x2

ik

)
lik (4.9c)

lik = p2
ik + q2

ik

V 2
i

. (4.9d)

By further making the following relaxation for (4.9d)

lik ≥
p2
ik + q2

ik

V 2
i

(4.10)

which can be written as a second-order cone constraint, the relaxed constratins together with

the voltage regulation objective is then a Second Order Cone Program (SOCP) [89].

Remark 7. The relaxed voltage control problem with regulation objective (4.8a), reactive

power injection constraint (4.8b), power flow constraints (4.9a)-(4.9c) and (4.10) is convex.

Under many circumstances, this relaxation is tight, see [89,90].

In order to further simplify the analysis of the original voltage control problem (4.8), many

linearized power flow models are adopted, while Simplified Distflow model is widely used [87,

91], which sets lik to be zeros, and approximates V 2
i − V 2

k by 2(Vi − Vk):

−pk = pik −
∑

l:(k,l)∈E
pkl (4.11a)

−qk = qik −
∑

l:(k,l)∈E
qkl (4.11b)

Vi − Vk = rikpik + xikqik. (4.11c)

Similarly, by replacing (4.8c) with the linearized version (4.11), we are also able to solve the

voltage regulation as a convex optimization problem. However, considering the increasing

variability of load and generation in distribution networks, voltage regulation based on
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linearized approximation model (4.11) may not be accurate enough to represent the true

distribution network models, while the resulting control signals of reactive power injections

may not be optimal when applied in the real distribution networks. In summary, to solve

voltage regulation as a convex optimization, all these aforementioned approaches require

the exact information on line parameters (e.g., line impedances) and network topology.

Unfortunately, due to the lack of observability of distribution systems, directly learning the

topology is hard without PMU data [92].

Given the practical challenges of voltage regulation, we want to design an optimal controller

that satisfies following requirements:

• The controller must learn an accurate representation of the power injections to nodal

voltage magnitudes;

• Such representation is easy to be integrated into the optimization framework.

Intuitively, we are trying to design and find functions |Vi − Vi,0| = fi(p,q), i = 1, ..., N , which

could accurately represent the relationship from active and reactive power injections to nodal

voltage magnitude deviation. By leveraging historical smart meter data to fit fi, we want

to see if the fitted model could represent the underlying grid. More importantly, if fi is a

convex function from p,q to |Vi − Vi,0|, then the following problem

min
q

N∑
i=1

αi|Vi − Vi,0| (4.12a)

s.t. q ≤ q ≤ q (4.12b)

|Vi − Vi,0| = fi(p,q) (4.12c)

is still a tractable convex optimization problem. Note that we integrate voltage magnitude

deviations constraint (4.12c) into the voltage regulation framework, which is a general

formulation to make sure once fi is convex, (4.12) is a convex optimization problem. Such
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formulation is comparable to previous formulations by either treating voltage magnitude

deviations as the optimization objective [90] or as box constraints [93].

When the underlying topology and the line parameters are unknown, we propose to first learn

a convex mapping from {p,q} to voltage magnitude deviations using an ICNN. Once fitted

using collected observations, we are able to use the same ICNN, and integrate it to (4.12)

to find optimal reactive power injections. In order to train ICNN and learn its parameters

hθ, we need to minimize the supervised traning loss. For the kth training instance, it is

defined as the mean square error between the ground truth voltage magnitude deviation

vector Vtarget := {|V k
i − V k

i,0|}, i = 1, ..., N and the ICNN output:

L(Vtarget, hθ(p,q)) = 1
N
||Vtarget − hθ(p,q)||22, (4.13)

and the update of hθ is based on gradient descent algorithm. In addition, to take the

constraints of W2:m ≥ 0 into account, we need to make sure the gradient descent update

always falls into the feasible regions (e.g., nonnegative weights). Hence we use a projected

gradient algorithm to guarantee the constraint holds [47].

Definition 2. The projection of a point y, onto a set X is defined as

ΠX(y) = argmin
x∈X

1
2‖x− y‖

2
2 (4.14)

Given a starting point x(0) ∈ X and step-size γ > 0, projected gradient descent (PGD)

extends the standard gradient descent settings with the projection step onto the feasible sets

of feasible reactive power. At iteration t, the algorithm takes the following PGD step:

x(t+1) = x(t) − γΠX

(
x(t) −∇f

(
x(t)

))
, ∀t ≥ 1 (4.15)

which is implemented iteratively until a certain stoppping criterion (e.g., fixed number of

iterations or gradient value is smaller than predefined ε) is satisfied. The ICNN weights are

then updated as follows,

hθ = hθ − γΠW2:m≥0(hθ −∇hθ(L(Vtarget), hθ(p,q))). (4.16)
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In practical implementations where there are large groups of measurements {pk,qk,Vk} with

k standing for the index for measurement index, it is possible to use small batch of training

data to do PGD steps (4.16). Such practical algorithms, e.g., stochastic gradient descent

(SGD), can accelerate training convergence [94]. The training procedure is summarized in

Algorithm 4 by using collected training data and SGD training algorithm.

Once the ICNN training process is finished, we fix model parameters hθ, and use it as a

proxy model for the unknown distribution networks model fi, i = 1, ..., N in (4.12c). Since

hθ represents the convex mappings from q to |Vi − Vi,0|, ∀i, we are now ready to solve (4.12)

computationally. In the similar spirit of ICNN training, where we optimize over network

weights using gradient descent to minimize training loss, in the voltage regulation setting, we

optimize over ICNN inputs q to minimize the optimization objective ∑N
i=1 αi|Vi − Vi,0| using

gradient descent. Again, to take the constraints of reactive power injection range into account,

we need to make sure that the gradient descent update always falls into the feasible reactive

power injection regions. By adapting PGD to the trained ICNN, starting from uncontrolled

reactive power q(0) = q, we take iterative PGD steps on the voltage regulation objective

(4.12a) until gradient convergence. PGD steps also guarantee the convergence to optimal

solution under the convex settings. The overall algorithm for ICNN training and finding

optimal reactive power injections are described in Algorithm 4.

4.5.1 Experiment Setup

In this section, we evaluate the proposed data-driven voltage regulation algorithm in two

standard IEEE test distribution networks, that is IEEE 13-bus and IEEE 123-bus systems.

Linear models, standard neural networks and the optimal SOCP formulations are used for

comparison. For both 13-bus and 123-bus system, we use AC power flow model (4.7) to

generate 10, 000 instances of simulation data composed of {p,q,V}. We assume both the

distribution network topology and line parameters are not revealed to the optimization
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Algorithm 4: ICNN for Voltage Regulation
Data: Learning rate η, Step size γ, Batch size T , Training iterations ntraining,

Optimization stopping critertion ε. Training dataset {p,q,V}. Initial model hθ.

Result: Optimal reactive power injection: q∗ = q(t)

# ICNN Training;

for iter ← 0 to n do

# Update parameters for ICNN ;

Sample batch from historical data:;

{pk,qk,Vk}Tk=1 ∼ Px;

Update hθ using stochastic gradient descent:;

Vk
target = {|V k

i − V k
i,0|}, i = 1, ..., N ;

hθ = hθ − ηΠW2:m≥0(hθ −∇hθ(L(Vtarget), hθ(p,q)));

end

Fix ICNN parameters hθ;

# Voltage Regulation via ICNN ;

Get measurements {p,q}, t = 0, q(t) = q ;

while ∇q(t)(∑N
i=1 hθ(p,q(t))) > ε do

q(t+1) = q(t) − γΠq(q(t) −∇q(t)(∑N
i=1 hθ(p,q(t))));

t← t+ 1 ;

end

Optimal reactive power injection: q∗ = q(t);

algorithm, except when the optimal SOCP is used as a baseline. We allow plus/minus 20%

of reactive power injections at each node as control inputs. We develop three algorithms and

compare their performances for two test feeders shown in Fig. 4.4.

• Linear Model: We consider using a linear model to fit the unknown dynamics from

active and reactive power to the deviations between nodal voltage and the nominal
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(a) (b)

Figure 4.4: Schematic diagram of (a). IEEE 13-bus test feeder and (b). IEEE 123-bus test feeder.

Reference buses: 1 and 149.

voltage. Such linearized models have been widely used in power systems literature [87];

• Neural Networks Model: We construct standard three-layer and four-layer neural

networks for the 13-bus and 123-bus cases, respectively. We tune the parameters of

neural networks (e.g., number of neurons, learning rate) and stop the training process

once the fitting performance on validation data converges;

• Input Convex Neural Networks: We keep the number of layers and matrices the same

dimension as those of neural networks models, but add direct layers Di, i = 2, ..., k

correspondingly. We constrain network weights W2:k to be non-negative during training.

To fit the parameters of neural network models, we use mean squared error as the loss

function during training. To solve the voltage regualtion problem (4.8), we set αi, i = 1, ..., k

in (4.12) to be 1 in our simulation cases. When α is not equal to 1, we could adapt the

optimization problem using weighted sum of voltage deviation correspondingly. Note that we

could also flexibly add reactive power costs to the objective function (4.8a), as long as they
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Simulation Network IEEE 13-Bus

Model SOCP Linear NN ICNN

Model Fitting MAE - 9.93% 3.45% 3.86%

Regulated voltage out of 3%

tolerance
3.46% 8.65% 7.88% 4.71%

Regulated voltage out of 5%

tolerance
0.47% 7.89% 6.86% 1.05%

Computation Time (per instance/s) 0.9684 0.2022 0.3137 0.2512

SImulation Network IEEE 123-Bus

Model SOCP Linear NN ICNN

Model Fitting MAE - 12.98% 3.56% 4.25%

Regulated voltage out of 3%

tolerance
21.46% 14.04% 7.51%

Regulated voltage out of 5%

tolerance
19.19% 9.65% 1.64%

Computation Time (per instance/s) 0.2712 0.6297 0.4302

Table 4.1: Comparison between SOCP, Linear model, Neural Networks model, and Input

Convex Neural Networks model for IEEE 13-bus and IEEE 123-bus systems.

are convex functions over reactive power injections. All the implementations are conducted

on a MacBook Pro with 2.4GHz Intel Quad Core i5.
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Figure 4.5: Example of voltage regulation over a daily variation for the 13-bus test feeder. The

voltage of bus 4 is shown. With ICNN accurately predicting voltages (red triangle), it could regulate

voltage within 4% of nominal values (grey box) under varying load level throughout the day.

To benchmark the performance of the proposed algorithms under unknown topology and

parameters, we also follow [89] to relax lij ≥
P 2
ij+Q

2
ij

V 2
i

in the Dist-flow equations, and use

the same validation datasets to solve the resulting convex SOCP. We calculate the optimal

reactive power injections along with the resulting voltage profiles. We use CVX to solve the

SOCP and linearized models, and use Tensorflow to set up and solve NN and ICNN models.

We firstly validate that ICNN can be used as a proxy for power flow equations, and predict

the nodal voltage magnitude deviations. By using 8, 000 training instances, the ICNN can

predict the voltage deviations on the validation instances accurately. As shown in Table 4.1,

the mean absolute error (MAE) of ICNN fitting are smaller than 4.3% in both test systems,

which are comparable to 3.45% and 3.56% by using neural networks. This is also illustrated

in Fig. 4.5, where under different load levels throughout 24 hours, the ICNN can predict all
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the nodal voltages accurately. More importantly, linear model’s fitting performances are over

2 times worse than the neural networks counterparts. We later show such fitting errors would

also impact the controller performances.

Figure 4.6: Comparisons on nodal voltage deviation of linear-fitted model, neural network model

and input convex neuural network on IEEE 13-bus system. On average, the mean voltage deviation

for ICNN is 4.3 times better than linear model, and 2.7 times better than standard NN model.

In Figure 4.5, we show the regulated voltage using ICNN in the IEEE 13-bus case. Under

this day’s load profile, we are able to regulate node 4’s voltage magnitude within ±4% per

unit with constrained reactive power injections (Equation 4.12b). In Figure 4.6, we show

that the mean and variance on each bus’s voltage deviations using three models for the

13-bus feeder. On the one hand, with similar fitting performances, ICNN outperforms the

standard neural network in regulating nodal voltages. This is due to the fact that neural

networks may have many local minima, and the NN-based controller can not find the optimal

reactive power injections. On the other hand, even though linear model provides a easier
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venue for solving optimization problem, it suffers from inaccurate modeling of the underlying

distribution grids, and the regulated bus voltages have greater level of fluctuations. Similar

observations also hold in the 123-bus test case, where in Fig. 4.7 we show the nodal voltage

comparison using three models, and voltage regulated by ICNN are constrained to be in a

much narrower range. More results on voltage regulation performances are summarized in

Table 4.1. Under varying load and power generation profiles, ICNN is able to maintain over

98.3% of nodal voltages within 5% deviations from nominal voltages, which are comparable

to SOCP solutions. On the contrary, linear fitted models can not scale to larger system, and

nearly 20% of voltages are out of 5% tolerance in the 123-bus case. We note that with more

injections of reactive power, the proposed control scheme can make use of such injections to

achieve better regulation performance.

14   18   21   29   30   40   43   51  54  63   66   70  76  78  88   94  100 107 111 123 135

Figure 4.7: Comparisons on 20 randomly selected buses’ nodal voltage deviation plots of linear-fitted

model, neural network model and input convex neuural network model on IEEE 123-bus system.
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We also give an analysis on the computation time for each algorithm. Compared to linear

model, optimization based on ICNN generally takes longer time, but it is still able to find

the optimal solutions within the acceptable time range. Note that we are solving the ICNN

optimization problem using our own solver, while solving SOCP and linear model using the

off-the-shelf CVX solver. More importantly, in the 13-bus case, ICNN-based optimization

is faster than SOCP solver, and it scales to 123-bus case with moderate computation time

increases, while SOCP solver is hard to scale to larger network. An interesting observation

is that it takes longer for NN to find solutions compared to ICNN, partly due to the fact

that gradient-based optimizer is stuck in some local minima. We discuss the performance of

proposed method on distributed case in [8].

4.6 Conclusion

In this chapter, we propose a novel data-driven control framework that uses neural networks

designed to be convex from the input to the output. We show that many interesting energy

system control problems can be cast as convex optimization problems with the proposed

network architecture. Experiments on the building energy management and distribution

system voltage control demonstrate the effectiveness of our methodology. This framework

bridges machine learning and closed-loop control by using ICNN to learn the unknown

system dynamics, which obtain both good predictive accuracy and tractable computational

complexity.
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Chapter 5

LEARNING IN MULTIAGENT SYSTEM WITH LIMITED
INFORMATION EXCHANGE: COURNOT COMPETITION IN

ELECTRICITY MARKET

5.1 Introduction

In previous chapters, we consider control of a single energy system subject to uncertainties.

But in real-world energy systems, there are millions of individuals with different roles and

objectives. What will happen if each individual tries to learn and optimize their behaviors?

How would their strategic interactions affect the entire system’s stability and efficiency?

In this chapter, we move on to analyze the dynamics of multiagent systems, with limited

information exchange. At each step, every agent chooses an action based on their local obser-

vations, while they’re uncertain about the entire system state and other individuals’ actions.

We focus on a specific class of games where the agents undergo Cournot competitions [95].

Cournot competition is the essential market model for many socio-economic systems such

as energy systems [96], transportation networks [97] and healthcare systems [98]. It can

be thought as multiple agents competing to satisfy an elastic demand by changing their

production levels. For example, most of the US electricity market is built upon a Cournot

competition model [96].1, where energy producers bid into the grid, and a market price

is cleared based on the total supply and demand. Each producer’s payoff is based on the

market price multiplied by its share of the supply. The goal of producers is to maximize their

1In this a first-order approximation of the locational marginal pricing used by markets in the United
States.
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individual payoffs by strategically choosing the production levels.

5.1.1 Literature Review and Our Contributions

When learning is not needed, there is a wealth of results for the Cournot competition. For

example, when each agent has full information about the game, including the price function

and the cost function of other agents, there are many works characterizing the properties of

the Nash equilibrium of the game [99–101]. However, when learning is involved and agents do

not have full information, the properties of the game are not well understood. This is even

the case in the simplest setting, where the agents only receive the price from the system as

the feedback but do not know the price function form nor the actions of other agents.

To answer what happens when agents learn, we must model how they learn - or more

precisely, what type of learning algorithms is used. A key technical challenge is that when

learning is used, the Cournot game becomes stochastic. Currently, most works focus on

no-regret algorithms [102, 103] because they only require a minimal set of assumptions on

the game. In addition, the no-regret definition could be directly translated to the coarse

correlated equilibrium condition [104] for a wide range of algorithms (e.g., multiplicative-

weight [105], online mirror descent [106], Follow-the-Regularized-Leader [107]). However,

while the theoretical properties of no-regret algorithms are attractive, they also limit the

applicability of these algorithms. In practice, systems and agents are often not adversarial

to each other, and the competition is often designed to have specific structures. In many

games, it is more natural for players to use myopic policies such as reinforcement learning

algorithms that directly aim for profit maximization. In addition, the notation of coarse

correlated equilibrium can be quite weak, and sharper results are often desired.

Reinforcement learning algorithms can lead to much better performances than no-regret

algorithms, but proving their convergence has proven to be challenging [108] since the coupling

between the (continuous) actions of the players must be carefully analyzed. Attempts have



94

been made to discretize the space(e.g., Q-learning [109]) then studying the resulting discrete

game, but the dimensionally quickly grows and important features (e.g., convexity) are hard

to retain [110,111].

In this chapter, we directly work with the continuous action and state space by considering

agents use policy gradient algorithms. In particular, we assume the class of policies where the

actions are parameterized by the mean of distributions (e.g., Gaussian policies). The major

contribution of this work is in the following: we prove that when the price function is linear or

when there are two agents, there is a unique Nash equilibrium (NE) in the stochastic Cournot

game, and the policy gradient dynamics converge exponentially quickly to the NE. This is the

first result (to the best of our knowledge) on the convergence property of algorithms with

continuous action spaces that do not fall in the no-regret class.

5.2 Problem Formulation and Preliminaries

Definition 3 (Cournot Game). Consider N players produce homogeneous products in a

limited market, where the action space of player i is its production level xi ≥ 0. The utility

function of player i is denoted as πi(x) = p(∑N
j=1 xj)xi − Ci(xi), where p is the market price

(inverse demand) function that maps the total production quantity to a price in R and Ci(·)

is the cost function of player i.

The goal of each player i in the Cournot game is to choose the best production quantity

xi such that maximizes his utility πi. An important concept in game theory is the Nash

equilibrium, at which state no player can increase their payoffs by unilaterally changing their

strategies. A Nash equilibrium of the Cournot game defined by (π1, ..., πN ) is a vector x∗ ≥ 0

such that for all i:

πi(x∗i ,x∗
−i) ≥ πi(x̃i,x∗

−i), for all x̃i, (5.1)

where x−i denotes the actions of all players except i. In this paper, we restrict our attention

to Cournot games satisfying the following assumptions:
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Assumption 1. We assume the price function and cost functions:

(A1) The price function p is concave, strictly decreasing and twice differentiable on [0, ymax],

where ymax is the first point where p becomes 0. For y > ymax, p(y) = 0. In addition,

p(0) > 0.

(A2) The cost function Ci(xi) is convex, strictly increasing, twice differentiable and p(0) >

C ′i(0), for all i.

These assumptions are standard in the literature (e.g., see [112] and references within). The

assumption p(0) > C ′i(0) is to avoid the triviality of a player never participating in the game.

The following proposition shows that Cournot game satisfying the above assumptions has an

unique Nash equilibrium.

Proposition 3. A Cournot game satisfying (A1) and (A2) has exactly one Nash equilibrium.

Proof. Proof of Proposition 3 refers to Theorem 1 in [113].

We consider each agent adopt a policy-based method to learn and act. At each time step

t, we assume that it has (possibly noisy) information of the system states st. This agent

maintains a policy πθ(·|st), which is a probability distribution on the action it would take,

conditioned on the agent’s information st. At each time step, after the agent picks actions

at ∼ πθ(·|st), the system releases reward. Subsequently, they update their policy parameters

along the gradient direction of their long-term expected reward. Such learning procedure

is called policy gradient method [114] in the literature. As a key permise for the idea, the

policy long-term reward is,

J(θ) = Eτ∼pθ(τ)[
∑
t

r(st, at)] (5.2)

and the gradient is given by,

∇θJ(θ) = Eτ∼pθ(τ)[(
T∑
t=1
∇θ log πθ(at|st))(

T∑
t=1

r(st,at))] , (5.3)
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where τ and J(θ) are trajectories and the expected trajectory return under policy πθ, respec-

tively, and ∇θ log πθ(at|st)) is the score function of the policy. Various of policy gradient

methods have been proposed by estimating the gradient (5.3) in different ways, including

REINFORCE [114] and natural policy gradient [115].

5.3 Stochastic Cournot Game

We discuss the main convergence results in this section. As briefly mentioned, we consider

policy-based models of how agents choose and evolve their actions. In particular, as the

agents only get the reward as feedback and nothing else, the policy gradient dynamics reduce

to the stateless version. In particular, we consider a policy that is parameterized by the mean

of a distribution. This model includes many popular algorithms, for example, the ubiquitous

Gaussian policies and their extensions [116]. Let θi denote the mean of player i’s action, and

Xi to be a zero-mean random variable. For convenience, we assume it is continuous and has

a bounded density function denoted by fi(Xi). We say Xi is unimodal at mean if fi has a

global maximum at the mean and no other isolated local maxima 2.

At each time step, player i choose the action to play as ai ∼ πθi(·) = θi +Xi. Note that in

most Cournot games, the action is interpreted as quantity, that cannot be negative. Therefore,

player i has to play by drawing a quantify from the rectified distribution (θi +Xi)+, where

a+ = max(a, 0). Under the Cournot game setup, the expected profit in Eq. (5.2) can be

written out as the follows,

Ji(θi;θ−i) = EX

p
 N∑
j=1

(θj +Xj)+

(θi +Xi)+ − C((θi +Xi)+)
. (5.4)

2For example, Gaussian and uniform distributions are unimodal under this definition.
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and the gradient value in Eq. (5.3) equals,

∇θiJi = E

1(θi +Xi ≥ 0)

p′
 N∑
j=1

(θj +Xj)+

(θi +Xi)

+p

 N∑
j=1

(θj +Xj)+

− C ′i(θ1 +X1)


, (5.5)

where 1(·) is the indicator function.

We call the game associated with these Ji’s the stochastic Cournot game, where player i

chooses θi, observe the profit Ji, and update θi according to the payoff gradient. The Nash

equilibrium of the stochastic Cournot game is defined as, (θ∗1, ..., θ∗N) such that ∇θ∗i
Ji = 0,∀i.

The form of (5.5) has made analyzing the system dynamics difficult compared to standard

Cournot games. Firstly, because the actions are rectified, the profit of player i not long just

depends on the sum of the other players (as in a Cournot game), but it actually depends

on each of the other players’ parameters. This rules out many elegant and simple results on

the existence and uniqueness of Nash equilibria [117–120]. Secondly, although the realization

fo the actions are nonnegative, it is not obvious that θi’s need to be nonnegative, or even

bounded. The main result in the paper is to overcome these challenges and show that

under some assumptions, the game is well-behaved and policy gradient updates converge

exponentially quickly to the Nash equilibrium in Stochastic Cournot games.

Theorem 8. Consider a stochastic Cournot game satisfying the assumptions (A1) and (A2).

Suppose each player’s policy is parameterized as the mean θi and a zero-mean random variable

Xi that is unimodal at the mean with infinite support, and suppose that all players follow policy

gradient in (5.5) to update their mean. Then the policies converge to the Nash equilibrium

exponentially quickly for all initializations either of the following condition holds:

1. The price function is linear.

2. The number of players equals two.

The condition of the theorem includes Gaussian policies, which is a natural choice for



98

continuous action spaces [114, 121], and such a form also includes popular neural network

policies [122] where the mean can be parameterized via a neural network. We also do not

restrict the players to be symmetric, and each of the players would adopt different variances

or even have completely different classes of distributions. The infinite support requirement of

the distribution is a technicality and can be weakened, although it would make the proofs

much more cumbersome.

The proof of Theorem 8 proceeds in three lemmas. We defer the full proofs of these lemmas

to Appendix D and sketch the proof here. The first step in the proof is to show that we can

restrict the actions of the players to a compact region using the following lemma:

Lemma 3. Under the assumptions of Theorem 8, θi can be restricted to [θi, ymax], where θi
is a constant.

This lemma essentially confines the choices of the players to a compact interval, which sets

up the rest of the proof. As a reminder, ymax is the point where the price function becomes 0.

The proof of this lemma is based on showing that player i’s profit will be suboptimal if it

chooses an θi outside of the interval, regardless of other players’ choices.

Interestingly, to show the parameters of the policy gradients converges to the Nash equilibrium

of the stochastic Cournot game for the two cases stated in Theorem 8, we need two different

proof techniques. Therefore, we separate them into two lemmas as stated below.

Lemma 4. Under the assumptions of (A1)-(A2) and suppose the market price is linear, the

policy gradient updates converge to the unique Nash equilibrium exponentially fast under all

initial conditions.

Lemma 5. Under the assumptions of (A1)-(A2) and suppose there are only two players, the

policy gradient updates converge to the unique Nash equilibrium exponentially fast under all

initial conditions.

The proof of Lemma 4 leverages Rosen’s conditions in [123]. A sufficient condition for the

convergence of gradient-based algorithms in concave N-player games is that the game Hessian
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is negative definite. Therefore, we prove Lemma 4 in two steps. First is to show that the

stochastic Cournot games with assumptions of (A1)-(A2) are concave N-player game, and

then show the game Hessian is negative definite under linear price functions. However, once

the price function is not linear, we cannot directly use Rosen’s conditions for the convergence

proof, even under the two-player case. The proof of Lemma 5 is based on a dynamical system

interpretation. We proved that under the two-player general price case, the game Hessian is

strictly diagonally dominant, thus the Nash equilibrium is an exponentially stable fixed point.

We close this section with two remarks. Firstly, our proof provides a sufficient condition

for the convergence of policy gradient in Cournot games, that is either the price function

is linear, or the player number is no more than two. However, it may not be the necessary

condition. In particular, we provide a three-player example with quadratic price function

in Section 5.4.2, which also shows convergence behavior. Secondly, it should be noted that

in practice, some players may decide to not use policy gradient but some other learning

algorithms. We provide some empirical evaluations of the system robustness in Section 5.4.2,

by assuming a small portion of players acts randomly. Both directions, 1) generalizing the

convergence proof to a broader class of games and 2) dynamics under heterogeneous learning

agents are important as future works.

5.4 Numerical experiments

In this section, we exam the performance of policy gradient algorithms in various of Cournot

games. We first verify the convergence behavior under linear price and two-player cases.

Next, we provide investigative studies on the system behavior under multi-player and players

with random actions scenarios is well as intuitions for the robustness behavior.

We perform all the experiments using the natural policy gradient algorithm [115] with a
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Gaussian policy. The gradient with respect to the policy parameter θi follows,

∇θiJi(θi) = Ex[πi(xi, x−i)∇θi log fθi(xi)] = 1
N

N∑
i=1

π̂i∇θ log fθ(xi) , (5.6)

where πi(xi, x−i) is the payoff function of player i and π̂i is the observed payoff. In the above

formula, fθi(xi) = θi +Xi is the decision making policy for player i and Xi ∼ N(0, σi). For

the action, we have xi = (µi +Xi)+, where the action is truncated to be non-negative. The

update rules for µi follows the natural policy gradient in [115]. We choose the standard

deviation for each player the same as σ = 0.05.

5.4.1 Cournot Game Examples

In this section, we verify the convergence behavior of the proposed algorithm in four example

Cournot games, with different price and individual cost settings.

G1: three-player with linear price function p(x) = 1− (x1 + x2 + x3) and no individual cost

Ci(xi) = 0,∀i. The Nash equilibrium is x∗1 = x∗2 = x∗3 = 1
4 .

G2: three-player with linear price function p(x) = 1− (x1 + x2 + x3) and differnet individual

cost Ci(xi) = 0.1 · i · xi for player i. The Nash equilibrium is x∗1 = 0.3, x∗2 = 0.2, x∗3 = 0.1.

G3: two-player quadratic price function p(x) = 1 − (x1 + x2)2 without cost. The Nash

equilibrium is x∗1 = x∗2 =
√

1/8 ≈ 0.3536. G4: two-player cubic price function p(x) =

1− 1
2(x1 + x2)3 without cost. The Nash equilibrium is x∗1 = x∗2 = 3

√
1/20 ≈ 0.3684.

In all of the games, each player simultaneously picks a production level. The price is

determined by the sum of productions and broadcasted back to all players. This game is

repeated multiple times with all players use policy gradient to learn and act. The dynamics

of the policy parameter (i.e., the mean) are plotted in Figure 5.1. In all simulated games with

different initializations and settings, the policy parameters converge to the Nash equilibrium,

which verifies the theoretical results in Section 5.3.
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(a) G1 (b) G2

(c) G3 (d) G4

Figure 5.1: Convergence behavior of policy gradient in stochastic Cournot games: (a)-(b) are

games with linear price and (c)-(d) are two-player games with general price functions.
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5.4.2 Investigative Studies

In this section, we provide two investigative studies relating to system performance under more

general setups: 1) multi-agent Cournot game with non-linear price function; 2) hetergenous

players that do not follow policy gradient updates. Note that our theoretical result in

Section 5.3 does not apply to the following two cases. G5: three-player with quadratic price

function p(x) = 1− (x1 + x2 + x3)2 and no cost. G6: three-player with linear price function

p(x) = 1− (x1 + x2 + x3) and no individual cost. One player does not follow policy gradient

updates. Fig 5.2 shows that both the three-player general price and heterogeneous players

(a) G5 (b) G6

Figure 5.2: Policy gradient dynamics beyond Theorem 1’s convergence conditions.

cases also converge to some equilibria, though they do not satisfy the convergence conditions

in Theorem 8, These results are promising in the sense that our results might be able to

generalize to a broader class of games, and theoretically proving these would be valuable

future work. There may also be settings where players are malicious, but designing optimal

adversarial tactics and the detection algorithms, by themselves are topics that contain a vast

body of literature and is beyond the scope of this work.
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5.5 Conclusion

In this chapter, we study the interaction of strategic players in Cournot games with limited

feedback. Since each player only has local observation without knowing other players’

actions, they face the challenge of decision making under uncertainty. The problem is

further complicated as all players are self-interested and are strategically optimizing their

own behaviors. Notably, we proved the convergence of policy gradient reinforcement learning

to the Nash equilibrium, under two conditions: either the price function is linear or there are

two players. An important next step is to exam the convergence performance using real-world

electricity market data. In addition, extending the results to more general conditions such as

multi-player general price functions is also an important future direction.
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Chapter 6

CONCLUSION AND FUTURE WORKS

6.1 Conclusion

This dissertation addressed control of energy systems under various kinds of uncertainties,

including environmental uncertainty, model uncertainty, and uncertainties from user inter-

action and competition. It presents a set of computation algorithms that combines the

physical knowledge of power systems and algorithm innovations of machine learning and

optimization, that provide solutions to different energy system control problems including

energy storage, smart buildings, and distribution grid voltage control. These approaches

obtain both optimality guarantee and tractable computational complexity, which have been

demonstrated through mathematical proofs.

In addition to the detailed conclusions given in each chapter, a number of generalizations can

be drawn from this dissertation:

• The pathway towards a more sustainable future is built on top of both technology

advancement and algorithm innovations (in other words, hardware + computing).

To handle the large amount of uncertainties brought by renewables and users, new

technology is much-needed. For instance, energy storage is a game-changer for the

system since it can shift energy across time and space, thus to relieve the stress of

balancing versatile supply and demand in real-time. However, to unlock the full potential

of new technology requires tailor-made computing algorithms, such as the battery online

control and multiplexing algorithms proposed in Chapter 2 and Chapter 3.
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• Data will play a major role in future energy system operation under uncertainties.

Ubiquitous measurement and advanced data analytics can help system operators to

better understand the “current”, and better predict the “future”. Instead of making

decisions shrouded in the fog, decisions can be optimized with better situational

awareness. A good illustration is the ICNN for building energy management and

distribution system voltage control in Chapter 4. Both systems are subject to unknown

models, but we are able to obtain satisfying performance by reconstructing the model

via data and designing efficient control laws.

• Last but not least, it is important to recognize the “social” properties of energy systems

beyond the “physical” properties. Energy system interconnects millions of individuals,

where each of them having different roles and objectives. With more distributed energy

resources (e.g., renewables, storage, controllable load) entering the system, it becomes

more challenging to manage the market considering their complex interactions. Yet it

creates opportunities if we could leverage the individual capacities and flexibilities to

compensate for the uncertainty and balance the system on its own. Chapter 5 provides

some promising steps towards a more spontaneous market organization framework via

iterative learning and mechanism optimization.

This dissertation concludes that with the technology advancement of distributed energy

resources, big data analytics, effective control, and market algorithm design, we are on the

right track towards a more flexible, sustainable and intelligent energy system design to handle

the ever-increasing amount of operational uncertainties.

6.2 Suggestions for Future Work

This dissertation provides some promising steps towards a more effcient, intelligent and

sustainable energy system design, under significant level of uncertainties. Moving forward,

some areas of future explorations are exciting.
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6.2.1 Learning and Control for Distributed Energy Resources

The current energy system is centrally managed and optimized, where major participants are

few large generators. However, with the Smartgrid transformation, the demand-side would

play a critical role. Specifically, there will be millions of users, ranging from renewables,

electrical vehicles, controllable loads, and smart energy homes. It will lead to a revolution in

system control and management scheme - from a centralized, homogeneous, and generator-

centric system to a distributed, heterogeneous, and user-centric system.

It is known that if all agents use standard learning and optimization methods such as gradient

descent, it can lead to oscillations and divergence even in simple two-player systems. This

leads to a set of interesting questions regarding how to design effective distributed learning

and control algorithms, as well as incentives, that guarantee the overall system stability and

efficiency. In particular,

1. Suppose each agent is running heterogeneous learning algorithms for decision making,

collectively do the agents converge to some stable equilibrium? Can we have a unified

framework to analyze heterogeneous learning agents?

2. How do agents incorporate forecast information? For example, system operators may

provide some predictions about future electricity demand and supply at different time

scales. These signals also provide agents with side information, but they are distinct

from users’ own state observations since they are about the future and may well be

wrong. How would agents react to forecasts, and how would users’ policies change

compared to only the past and current information is used?

Answers to the above questions would enable distributed, and intelligent control for hundreds

of thousands of devices across future energy systems, from energy storage, renewable, to

smart energy homes. A successful control framework would take into account the individual

objectives, guarantee each participant’s welfare, and maintain the overall system stability.
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6.2.2 Safe and Robust Decision Making

Data-driven control is a promising way to go for future energy system control, such as

grid frequency and voltage control under high-level uncertainties and variabilities. However,

standard machine learning algorithms ignore the constraints of physical systems and can lead

to unsafe decisions. It would require tailor-made applications of learning algorithms that

consider the safety and robustness of the decision-making algorithms and have a theoretical

guarantee on the performance.

There are different types of safety requirements in energy systems, that require different

methods to deal with. For instance, energy storages have power and energy capacity limits,

which need to be satisfied at each step of execution, which is referred to as the safe exploration

problem [124]. There are other types of safety requirements, such as the need for robust

decision-making under uncertainties (e.g., frequency control under uncertain renewable

generation), which is referred to as the robust reinforcement learning problem [125]. In

general, the fundamental properties regarding data-driven control systems are not well

understood yet, which concerns its translation from simulation to the real world. Future

works on both theoretic analyses of data-driven control system safety and applications in

real-world energy systems would be highly valuable.

6.2.3 Mechanism Design for Future Energy Markets

Market mechanism design is also a vital component to enable a sustainable future. The

introduction of new resources (e.g., renewables, demand-side participation) creates significant

opportunities but also brings in challenges, as the current electricity market design is not

ready to embrace all the participants. For example, the current electricity pricing mechanism

is based on fossil fuel’s marginal price. However, solar and wind have zero-marginal cost

which calls for a different pricing mechanism. In addition, to hedge the high uncertainties
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caused by renewables, the system operator might need to provide more information beyond

the current Locational Marginal Price (LMP) feedback. In what follows we lay out a series of

important research questions in this future energy market design:

1. How to set price for zero-carbon energy systems? One major challenge for future energy

market design is that the utility functions for many participants are hard to quantify,

e.g., renewables with zero-marginal-cost but non-negligible fixed investment cost, and

demand-side agents with unclear utility curves. An adaptive pricing mechanism might

be needed, that iteratively estimate the individual utility functions and optimizing the

pricing function based on the estimation.

2. How to release information spatially and temporally in distributed energy systems?

To coordinate a large number of distributed energy resources, information design is

also a powerful lever [126]. It might be feasible to share more information within the

neighborhood area such that demand and supply can learn to balance locally; and

share less information with other areas to maintain adequate competition. Questions of

where and when to reveal, and how much information to share are fundamental to the

optimal information design in energy markets.

It is important for the market operator to provide the right spectrum of incentives and

information, thus to make the most efficient utilization of energy possible.
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Appendix A

PROOF OF THEOREMS FOR CHAPTER 2

A.1 Proof for Theorem 1

Here we provide the detailed proof of Theorem 1 in Chapter 2. Since all SoC profile can be

written as the sum of step functions, by induction method, we first need to prove that f(x)

is convex up to a step function as base case (Lemma 1).

Proposition 4. Let g(·) be a convex function where g(0) = 0. Let r1, r2, r3, ..., rn be real

numbers, suppose

• ∑n
i=1 ri = D > 0

• |ri| ≤ D, ∀i ∈ {1, 2, 3, ..., n}

Then,

g(
n∑
i=1

ri) ≥
∑

{i:ri≥0}
g(ri)−

∑
{i:ri<0}

g(|ri|). (A.1)

Proposition 5. Consider a step change added to x, where x′(t) = x(t) + QtUt, t ∈ [0, T ].

Suppose Qt is positive 1, the rainflow cycle decomposition results (only considering charging

cycles) for x and x′ are,

x : v1, v2, ..., vm, ..., vM ,

1The proof for negative Qt is the same, just change Qt to |Qt|
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x′ : v1
′
, v2

′
, ..., vn

′
, ..., vN

′
,

Define L = max(M,N), we could re-write the cycles in x and x′ as,

x : v1, v2, ..., vM , 0, 0, ...︸ ︷︷ ︸
L

,

x′ : v1
′
, v2

′
, ..., vN

′
, 0, 0, ...︸ ︷︷ ︸

L

,

Define ∆vi such that, vi
′ = vi + ∆vi ,∀i = 1, 2, ..., L The following relations always holds,∣∣∣∣∣

L∑
i=1

∆vi
∣∣∣∣∣ ≤ Qt , (A.2)

|∆vi| ≤ Qt , (A.3)

Proof of Lemma 1. Let’s consider x′ = λx + (1− λ)QtUt. Then the rainflow cycle decompo-

sition results for λx and x′ are

λx :λv1, λv2, ..., λvM , 0, 0, ...︸ ︷︷ ︸
L

x′ : v1
′
, v2

′
, ..., vN

′
, 0, 0, ...︸ ︷︷ ︸

L

Define ∆vi such that,

vi
′ = λvi + (1− λ)∆vi ,∀i = 1, 2, ..., L
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f
(
λx + (1− λ)QtUt

)
=

L∑
i=1

Φ
(
λvi + (1− λ)∆vi

)
=

L+∑
i=1

Φ
(
λvi + (1− λ)∆vi

)︸ ︷︷ ︸
∆vi≥0

+
L−∑
i=1

Φ
(
λvi − (1− λ)|∆vi|

)︸ ︷︷ ︸
∆vi<0

≤
L+∑
i=1

[λΦ(vi) + (1− λ)Φ(∆vi)] +
L−∑
i=1

[λΦ(vi)− (1− λ)Φ(|∆vi|)]

≤λ
L∑
i=1

Φ(vi) + (1− λ)
[ L+∑
i=1

Φ(∆vi)−
L−∑
i=1

Φ(|∆vi|)
]

(A.4)

To continue the proof in (A.4) and derive the final relation, we separate the whole variable

space to two cases based on equations (A.2) and (A.3).

(1). Assume ∑L
i=1 ∆vi = Qi, |∆vi| ≤ Qi. By Proposition (4), it follows that

f
(
λx + (1− λ)QtUt

)
≤λ

L∑
i=1

Φ(vi) + (1− λ)
[ L+∑
i=1

Φ(∆vi)−
L−∑
i=1

Φ(|∆vi|)
]

≤λ
L∑
i=1

Φ(vi) + (1− λ)Φ(
L∑
i=1

∆vi)

=λ
L∑
i=1

Φ(vi) + (1− λ)Φ(Qt)

(2) Assume −Qt ≤
∑L
i=1 ∆vi < Qt, |∆vi| ≤ Qt.

Add some “virtual cycles” v′L+1, v
′
L+2, ..., v

′
L+K at the end of x′ , each v

′
L+i is positive and

satisfies that |v′L+i| ≤ Qt. So that ∑L+K
i=1 ∆vi = Qt, |∆vi| ≤ Qt, ∀i ∈ [1, 2, ..., L+K]. Write 0
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at the end of λx to achieve the same cycle number.

λx :λv1, λv2, ..., λvM , 0, 0, 0, ..., 0︸ ︷︷ ︸
L+K

x′ : v1
′
, v2

′
, ..., vN

′
, 0, 0, ..., 0, v′L+1, v

′

L+2, ..., v
′

L+K︸ ︷︷ ︸
L+K

f
(
λx + (1− λ)QtUt

)
≤λ

L∑
i=1

Φ(vi) + (1− λ)
[ l+∑
i=1

Φ(∆vi)−
l−∑
i=1

Φ(|∆vi|)
]

<λ
L∑
i=1

Φ(vi) + (1− λ)
[ l+∑
i=1

Φ(∆vi) +
L+K∑
i=L+1

Φ(∆vi)−
l−∑
i=1

Φ(|∆vi|)
]

≤λ
L∑
i=1

Φ(vi) + (1− λ)Φ(
L+K∑
i=1

∆vi) = λ
L∑
i=1

Φ(vi) + (1− λ)Φ(Qt)

To sum up,

f
(
λx + (1− λ)QtUt

)
≤ λ

L∑
i=1

Φ(vi) + (1− λ)Φ(Qt) = λf(x) + (1− λ)f(QtUt) , (A.5)

where λ ∈ [0, 1].

Lemma 1 shows that f(x) is convex up to every step change in x.

By lemma 1, we already proved the base case convexity. When K = 1,

f
(
λx + (1− λ)y

)
≤ λf(x) + (1− λ)f(y) , λ ∈ [0, 1]

Next we need to show the induction relation. Suppose that, f(x) is convex up to the sum of

K step changes (arranged by time index)

f
(
λx + (1− λ)y

)
≤ λf(x) + (1− λ)f(y) , λ ∈ [0, 1],x,y ∈ RK

Then we prove f(x) is convex up to the sum of K + 1 step changes,

The following proposition is needed for the proof.
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Proposition 6.

f(
K∑
t=1

PtUt) ≥ f(
i−1∑
t=1

PtUt + (Pi + Pi+1)Ui +
K∑

t=i+2
PtUt) ,

In other words, the cycle stress cost will reduce if combining adjacent unit changes.

Proof. The rainflow cycle counting algorithm only considers local extreme points.

I) If Pi and Pi+1 are the same direction, combining them doesn’t affect the value of local

extreme points. Therefore the left side cost equals right side cost.

II) If Pi and Pi+1 are in different directions, suppose Pi is negative and Pi+1 positive (otherwise

the same). Time t = i makes a local minimum point.

• Case a: If |Pi+1| ≤ |Pi|, combining them will raise the value of local minimum point i,

thus reducing the depth of cycles which contains i. Therefore, the cost after combining

is less than the original cost.

• Case b: If |Pi+1| > |Pi|, combining them will lead to the removal of local minimum

point i.

In one case, if Pi−1 and Pi are the same direction, time t = i − 1 will make a local

minimum point taking the place of time t = i. Therefore, the magnitude of the local

minimum point decreases, similar to case (a), the total cost after combining is less than

the original cost.

In the other case, if Pi−1 and Pi are different directions, we lose a full cycle with depth

|Pi| after combining. So the cost after combining Pi, Pi+1 is also less than the original.

There are three cases when the profile length go from K to K + 1 depending on the values

and signs. The arguments are straightforward but tedious, and the interested reader can refer

to the online version of [82].
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A.2 Proof of Theorem 2 and Theorem 3

A.2.1 Model Reformulation

Both Theorem 2 and Corollary 1 follows directly from Theorem 3. To prove Theorem 3, we

rewrite the optimization problem (2.8) as,

(c∗,d∗) ∈ arg min
c,d

f(c,d)− τ
T∑
t=1

[
θct + πdt

]
(A.6a)

subject to (2.8b), (2.8c), and

0 ≤ ct ≤ [rt]+ (A.6b)

0 ≤ dt ≤ [−rt]+ (A.6c)

by observing that a battery’s actions would never exceed the regulation signals. f(c,d)

defines the rainflow cycle-based degradation cost.

We utilize the rainflow algorithm to transform the problem into a cycle-based form. The

rainflow method maps the entire operation uniquely to cycles, the sum of all charge and

discharge power can be represented as the sum of cycle depths as (recall that a full cycle has

symmetric depth for charge and discharge)

|u|∑
i=1

ui +
|v|∑
i=1

vi = τηc

E

T∑
t=1

ct (A.7)

|u|∑
i=1

uj +
|w|∑
i=1

wi = τ

ηdE

T∑
t=1

dt . (A.8)

We substitute (A.7) and (A.8) into the reformulated objective function (A.6a) to replace ct
and dt with cycle depths

Jcyc(c,d) + Jreg(c,d, r) =
|u|∑
i=1

Ju(ui) +
|v|∑
i=1

Jv(vi) +
|w|∑
i=1

Jw(wi) . (A.9)
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A.2.2 Proof for Theorem 3

The following lemmas support the proof for Theorem 3.

Lemma 6. Suppose an minimizer (c∗,d∗) of (2.8) in the offline setting has the corresponding

cycle depths (u∗,v∗,w∗). Then the depth of each cycle in this result either reaches the optimal

cycle depth or bounded by the operation constraints as

u∗i = min(û, ui) (A.10a)

v∗i = min(v̂, vi) (A.10b)

w∗i = min(ŵ, wi) (A.10c)

where ui, vi, wi denote constraint bounds including the regulation instruction signal and

battery energy limit.

Lemma 7. A cycle depth in the control action of g(·) either reaches the depth of û or is

bounded by the operation constraints.

Lemma 8. There exists one and only one half cycle with the largest depth in a rainflow

residue profile. Other half cycles are in strictly decreasing order either to the left- or to the

right-hand side direction of this largest half cycle.

It is easy to see now from Lemma 6 and Lemma 7 that the proposed control policy achieves

optimal control result for all full cycles, and the optimality gap is caused by half cycle results.

Consider the following relationship in a rainflow residue profile as in Lemma 8 assuming the

largest half cycle is in the discharging direction

. . . < w∗j−1 < v∗j−1 < w∗j > v∗j > w∗j+1 > . . . (A.11)

and substitute Lemma 7 into (A.11)

. . .min{v̂, vj} < min{ŵ, wj} > min{v̂, vj+1} . . . (A.12)

It is easy to see now that if ŵ > v̂, then the largest possible value for w∗j is ŵ, and the largest

possible value for v∗j and v∗j−1 is v̂, the rest half cycles in (A.11) must have depths smaller
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Figure A.1: Illustration for Lemma 8. The largest half cycle is between s4 and s5, other half

cycles are in strictly decreasing order either to the left- or to the right-hand side direction of

this largest half cycle.

than v̂, which indicates that their depths are bounded by operation. If v̂ > ŵ, then the

largest possible value for w∗j is ŵ, and the rest half cycles must have depths smaller than

ŵ. We repeat this analysis for cases that v∗j is the largest cycle, and summarize the half

cycle conditions in Table A.1 Hence, the worst-case optimality gap is caused by that some

Table A.1: Summarizing Half Cycle Depth Conditions

ŵ > v̂ ŵ < v̂

Half cycles of depth ŵ At most one At most two

Half cycles of depth v̂ At most two At most one

Rest half cycles must be < v̂ must be < ŵ

half cycles have depth û or ŵ, while the control policy enforces û as the depth of all cycles

unbounded by operation. The gap in Theorem 3 is therefore calculated using half cycle depth

conditions in Table A.1.

Proof for Lemma 6: Since cycles are linear combinations of charge and discharge power, and
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constraints (A.6b), (A.6c), (2.8c) can be transformed into linear constrains with respect to

cycle depths. From Theorem 1, the transformed cycle-based problem is also has a convex

objective function with linear constraints. Although exact formulations of the transformed

constraints are complicated to express, we use ui, vi, and wi to denote these binds, which are

sufficient for the proof for Theorem 3.

Proof for Lemma 7: The rainflow method always identify the largest cycle as between the

t
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t
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t
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s+u

s
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s
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s
3

s
4

Figure A.2: Illustration for Lemma 7.

minimum and the maximum SoC point. In the proposed policy, any operation that goes

outside the defined operation zone will cause the largest cycle depth to change instead of

the depth of the cycle it was previous in. For example, in Fig. A.2 the maximum cycle is

between SoC s and s+ u, and the battery is at time t4. If the battery continue to charge and

the SoC goes about s+ u, then this operation will increase the largest cycle depth instead of

the shallower cycles assoicated with extrema s2, s3 and s4.

Proof for Lemma 8: Because the rainflow method identifies a cycle from extrema distances

if ∆si−1 ≥ ∆si ≤ ∆si+1, then all extrema in the rainflow residue must satisfy either

∆si−1 < ∆si < si+1 or ∆si−1 < ∆si > si+1 or ∆si−1 > ∆si > si+1, which proofs this lemma.
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Appendix B

PROOF OF THEOREMS FOR CHAPTER 3

B.1 Load prediction

Solving the stochastic joint optimization problem in (3.6) requires accurate short-term load

forecasting (STLF) for the next 24 hours. A lot of research has been done in the area of

STLF. There are two major factors determine the quality of load prediction, input features

and prediction model. On the one hand, selecting features or a group of features which

affect the future load most is important. The input features mainly include the effect of

nature (eg. temperature) and the effects of human activities (calendar variables, e.g., business

hours), and the interaction of above two factors. On the other hand, deciding which kind

of models to forecast future load is also crucial. People have been adopting or developing

various techniques for day-ahead load forecasting, including regression, time series analysis,

neural networks, support vector machine and a combination of the above methods [60].

We used a multiple linear regression (MLR) model that takes X = {trend, temperature

forecasting (TMP), month, Hour × TMP, month × TMP, day × Hour, adjacency day’s load,

weekend and holiday effect, recent similar days’ average} as input, and use the following

MLR model to predict the power demand for next 1 day. Fig B.1 presents the day-ahead

load prediction result for a data center.
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Y = β0 + β1 × Trend+ β2 × TMP + β3 ×Month

+ β4 ×Hour × TMP + β5 ×month× TMP

+ β6 × day ×Hour + β7 × Load(day − 1) (B.1)

+ β8 × weekend+ β9 × holiday + β10 × ¯Load(day − 1)
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Figure B.1: Data center load prediction. The black curve is the actual demand, and the red

line are the day ahead load prediction using MLR. The load is scaled between 0 and 1MW.

B.2 Scenario Selection

In order to solve the stochastic joint optimization problem in (3.6), we also need to model

the uncertainty of future regulation signals. We use one-year historical data to empirically
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model the distributions of regulation signals. Each daily realization of the regulation signal is

called a “scenario”, and thus we obtain 365 scenarios.

Because a large number of scenarios will reduce the computational tractability of the joint

optimization problem, it is useful to choose a smaller subset of scenarios that can well

approximate the original entire scenario set. We applied the forward scenario reduction

algorithm in [61] to select the best subset of scenarios, and assign new probabilities to the

selected scenarios. The key idea of scenario reduction is to pick a subset of scenarios which

preserve as much information as the original set. We set the number of selected scenarios

as 10, which strives for a balance between performance and computational complexity by

simulation. For visualization clarity, we plot 4 out of the 10 selected scenarios in Fig. B.2.
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Figure B.2: Selected regulation signal scenarios. r1, r2, r3, r4 are the top four representative

frequency regulation signal scenarios.
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B.3 Proof of Theorem 1

Here we provide a detailed proof of Theorem 1 in 3.4.2.

Proof. Under linear battery cost model, it is obvious that b∗(t) and r(t) always have the same

sign. Or equivalent saying, b(t) and r(t) are always both positive or both negative. Based on

the relative sizes of coefficients and sign, there are 5 cases to be considered:

λb < λmis



r(t) ≥ 0


b(t) ≥ Cr(t) (i)

b(t) < Cr(t) (ii)

r(t) < 0


b(t) ≥ Cr(t) (iii)

b(t) < Cr(t) (iv)

λb ≥ λmis (v)

(i). λb < λmis, r(t) ≥ 0 and b(t) ≥ Cr(t)

In this case, b(t) ≥ 0, battery is discharging. And the objective function (3.8a) becomes,

maximize
C,b(t)

λcC + 1
T
E{−(λmis + λb)

T∑
t=1

b(t) + λmis
T∑
t=1

Cr(t)}

,

Notice that the coeffiecient in front of b(t) is negative. In order to maximize the objective,

we need to minimize b(t) under the following constraints:

b(t) ≥ 0

b(t) ≥ Cr(t)

b(t) ≤ P

b(t) ≤ SoCiniE+
∑t−1

τ=1 b(τ)ts−SoCminE
ts
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• If either Cr(t) > P or Cr(t) > SoCiniE+
∑τ−1

t=1 b(τ)ts−SoCminE
ts

, there is no feasible solution.

• If Cr(t) ≤ P and Cr(t) ≤ SoCiniE+
∑t−1

τ=1 b(τ)ts−SoCminE
ts

, optimal solution b∗(t) = Cr(t).

(ii). λb < λmis, r(t) ≥ 0 and b(t) < Cr(t)

In this case, b(t) ≥ 0, battery is discharging, and the objective function (3.8a) becomes,

maximize
C,b(t)

λcC + 1
T
E{(λmis − λb)

T∑
t=1

b(t)− λmis
T∑
t=1

Cr(t)}

,

Notice the coeffiecient in front of b(t) is (λmis− λb), which is positive in this case. So in order

to maximize the objective, we need to maximize b(t) under the following constraints:

b(t) ≥ 0

b(t) < Cr(t)

b(t) ≤ P

b(t) ≤ SoCiniE+
∑t−1

τ=1 b(τ)ts−SoCminE
ts

So b∗(t) = min{Cr(t), P, SoCiniE+
∑t−1

τ=1 b(τ)ts−SoCminE
ts

}.

Summarizing case (i) and (ii), we get:

If λb < λmis, r(t) ≥ 0, b∗(t) = min{Cr(t), P, SoCiniE+
∑t−1

τ=1 b(τ)ts−SoCminE
ts

}.

(iii). λb < λmis, r(t) < 0 and b(t) ≥ Cr(t)

In this case, b(t) < 0, battery is charging, and the objective function (3.8a) becomes,
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maximize
C,b(t)

λcC + 1
T
E{(−λmis + λb)

T∑
t=1

b(t) + λmis
T∑
t=1

Cr(t)}

,

The coeffiecient in front of b(t) is (−λmis + λb), which is negative. So in order to maximize

the objective, we need to minimize b(t) under the following constraints:

b(t) ≤ 0

b(t) ≥ Cr(t)

b(t) ≥ −P

b(t) ≥ SoCiniE+
∑t−1

τ=1 b(τ)ts−SoCmaxE
ts

The minimal b(t) is optimal, b∗(t) = max{Cr(t),−P, SoCiniE+
∑t−1

τ=1 b(τ)ts−SoCmaxE
ts

}.

(iv). λb < λmis, r(t) < 0 and b(t) < Cr(t)

In this case, b(t) < 0, battery is charging, and the objective function (3.8a) becomes,

maximize
C,b(t)

λcC + 1
T
E{(λmis + λb)

T∑
t=1

b(t)− λmis
T∑
t=1

Cr(t)}

,

The coeffiecient in front of b(t) is positive, so in order to maximize the objective, we need to

maximize b(t) under the following constraints:

b(t) < 0

b(t) < Cr(t)

b(t) ≥ −P

b(t) ≥ SoCiniE+
∑t−1

τ=1 b(τ)ts−SoCmaxE
ts
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• If either Cr(t) < −P or Cr(t) < SoCiniE+
∑t−1

τ=1 b(τ)ts−SoCmaxE
ts

, there is no feasible solution

for b(t).

• If Cr(t) ≥ −P and Cr(t) ≥ SoCiniE+
∑t−1

τ=1 b(τ)ts−SoCmaxE
ts

, we have the optimal b∗(t) =

Cr(t).

Summarizing case (iii) and (iv), we get:

If λb < λmis, r(t) < 0, b∗(t) = max{Cr(t),−P, SoCiniE+
∑t−1

τ=1 b(τ)ts−SoCmaxE
ts

}.

(v). λb ≥ λmis

We know that b(t) and r(t) always have the same sign, so the objective function (3.8a) could

be expressed as,

λc · C −
1
T
E{

T∑
t=1

λmis||b(t)| − C|r(t)||+
T∑
t=1

λb|b(t)|} ,

For each time step t, we take deriviative of the objective function w.r.t. |b(t)|,

δJ

δ|b(t)| = −(λmis ·~1|b(t)>C|r(t)|| − λmis ·~1|b(t)<C|r(t)|| + λb)

= −λmis ·~1|b(t)>C|r(t)|| + λmis ·~1|b(t)<C|r(t)|| − λb

≤ λmis ·~1|b(t)<C|r(t)|| − λb

≤ λmis − λb ≤ 0

Since δJ
δ|b(t)| ≤ 0, so in order to maximize J (the regulation service benefits), |b| = 0. Therefore,

when λb ≥ λmis, b∗(t) = 0 is optimal for ∀C ≥ 0.
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Appendix C

PROOF OF THEOREMS FOR CHAPTER 4

C.1 Toy Example

Consider a synthetic example which contains two circles of noisy input data u ∈ R2, along

with discrete data label y ∈ {0, 1} which is based on input coming from inner loop (y = 0) or

outer loop (y = 1). Suppose a decision maker is interested in finding the u that maximizes

the probability of y being 0. This optimization problem can be solved by firstly learning

a neural network classifier from u to y, and then to find the u point which minimizes the

output of the neural network. More specifically, let fNN be a conventional neural network

and fICNN be an ICNN. Then the objective becomes minimizing fNN(u) or fICNN(u).

Figure C.1 shows the decision boundaries for fNN and fICNN , respectively. These networks are

composed of 2 hidden layers, with 200 neurons in each layer, and are trained using the same

random seed, same number of samples (100) until loss convergence. The decision boundaries of

a conventional network have many “zigzags”, which makes solving (4.1) challenging, especially

if u is constrained. In contrast, the ICNN has convex level sets (by construction) as decision

boundaries, which leads to a convex optimization problem.

C.2 Proof of Theorem 1

Proof. Lemma 2 follows from well established facts in function analysis stating that piecewise

linear functions are dense in the space of all continuous functions over compact sets [127] and
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Figure C.1: Toy example on classifying circle data with label 0 (blue cross) and label 1 (red

cross) along with conventional neural networks (left) and ICNN (right) decision contour

lines. A decision maker is interested in finding a u that has the highest probability of being

labeled 0.

convex piecewise linear functions are dense in the space of all convex continuous functions [128,

129]. Using the fact that convex piecewise linear functions can be represented as a maximum

of affine functions [79,130] gives the desired result in the lemma.

Lemma 1 shows that all continuous Lipschitz convex functions f(x) : Rd → R over convex

compact sets can be approximated using maximum of affine functions. Then it suffices to

show that an ICNN can exactly represent a maximum of affine functions. To do this, we first

construct a neural network with ReLU activation function with both positive and negative

weights that can represent a maximum of affine functions. Then we show how to restrict all

weights to be nonnegative.

As a starting example, consider a maximum of two affine functions

fCPL(x) = max{aT1 x + b1, aT2 x + b2}. (C.1)
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To obtain the exact same function using a neural network, we first rewrite it as

fCPL(x) = (aT2 x + b2) + max
(
(a1 − a2)Tx + (b1 − b2), 0

)
. (C.2)

Now define a two-layer neural network with layers z1 and z2 as shown in Fig. C.2:

z1 = σ
(
(a1 − a2)Tx + (b1 − b2)

)
, (C.3a)

z2 = z1 + aT2 x + b2 (C.3b)

where σ is the ReLU activation function and the second layer is linear. By construction, this

neural network is the same function as fCPL given in (C.1).

x 1z1W 2z

2D

2W

Figure C.2: A simple two-layer neural networks. In alignment with (C.3), W1 denotes the

first-layer weights a1 − a2 and bias b1 − b2, and W2 denotes the linear second layer. Direct

layer is denoted as D2 for weights a2 and bias b2.

The above argument extends directly to a maximum of K linear functions. Suppose

fCPL(x) = max{aT1 x + b1, ..., aTKx + bK} (C.4)

Again the trick is to rewrite fCPL(x) as a nested maximum of affine functions. For notational
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convenience, let Li = aTi x + bi, L′i = Li − Li+1. Then

fCPL = max{L1, L2, ..., LK}

= max{max{L1, L2, ..., LK−1}, LK}

= LK + σ(max{L1, L2, ..., LK−1} − LK)

= LK + σ(max{max{L1, L2, ..., LK−2}, LK−1} − LK , 0)

= LK + σ(LK−1 − LK + σ(max{L1, L2, ..., LK−2} − LK−1, 0), 0)

= ...

= LK + σ
(
L′K−1 + σ

(
L′K−2 + σ(...σ(L′2 + σ(L1 − L2, 0), 0), ..., 0), 0

)
, 0
)
.

The last equation describes a K layer neural network, where the layers are:

z1 = σ(L1 − L2, 0) = σ
(
(a1 − a2)Tx + (b1 − b2)

)
,

z2 = σ(L′2 + z1, 0) = σ
(
z1 + (a2 − a3)Tx + (b2 − b3)

)
,

......

zi = σ(L′i + zi−1, 0) = σ
(
zi−1 + (ai − ai+1)Tx + (bi − bi+1)

)
,

......

zK = zK−1 + LK = hK(zK−1 + LK) =
(
zK−1 + aTKx + bK

)
.

Each layer of of this neural network uses only a single activation function.

Although the above neural network exactly represent a maximum of linear functions, it is

not convex since the coefficients between layers could be negative. In particular, each layer

involves an inner product of the form (ai − ai+1)Tx and the coefficients are not necessarily

nonnegative. To overcome this, we simply expand the input to include x and −x. Namely,

define a new input x̂ ∈ R2d as

x̂ =

 x

−x

. (C.5)
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Then any inner product of the form hTx can be written as

hTx =
d∑
j=1

hixi

=
∑
i:hi≥0

hixi +
∑
i:hi<0

hixi

=
∑
i:hi≥0

hixi +
∑
i:hi<0

(−hi)(−xi)

=
∑
i:hi≥0

hix̂i +
∑
i:hi<0

(−hi)(x̂i+d),

where all coefficients are nonnegative in the above sum.

Therefore any inner product between a coefficient vector and the input x can be written as an

inner product between a nonnegative coefficient vector and the expanded input x̂. Therefore,

without loss of generality, we can limit all of the weights between layers to be nonnegative,

and thus the neural network to be input convex. Note that in optimization problems, we

need to enforce consistency in x̂ be including (C.5) as a constraint. However, this is a linear

equality constraint, which maintains the convexity of the optimization problem.

C.3 Proof of Theorem 2

Proof. The second statement of Theorem 6 directly follows the construction in the proof of

Theorem 5, which shows that a maximum of K affine functions can be represent by a K-layer

ICNN (with a single ReLU function in each layer). So it remains to show the first statement

of Theorem 6.

To show that a maximum of affine functions can require exponential number of pieces to

approximate a function specified by an ICNN with K activation functions, consider a network

with 1 hidden layer of K nodes and the weights of direct “passthrough” layers are set to 0:

fICNN(x) =
K∑
i=1

w1iσ(wT
0ix + bi) , (C.6)
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It contains 3K parameters: w0i, w1i and bi, where w0i ∈ Rd and w1i, bi ∈ R.

In order to represent the same function by a maximum of affine functions, we need to assess

the value of every activation unit σ(wT
0ix + bi). If wT

0ix + bi ≥ 0, σ(wT
0ix + bi) = wT

0ix + bi;

otherwise, σ(wT
0ix + bi) = 0. In total, we have 2K potential combinations of piecewise-linear

function, including

L1 =
(

K∑
i=1

w1iw0i

)T
x +

K∑
i=1

w1ibi , if all wT
0ix + bi ≥ 0

L2 =
(

K∑
i=2

w1iw0i

)T
x +

K∑
i=2

w1ibi , if wT
01x + b1 < 0 and all other wT

0ix + bi ≥ 0

L3 =
(
w11w01 +

K∑
i=3

w1iw0i

)T
x + w1ibi +

K∑
i=3

w1ibi , if wT
02x + b2 < 0 and other wT

0ix + bi ≥ 0

· · · · · · ,

L2K =0 , if all wT
0ix + bi < 0.

So the following maximum over 2K pieces is required to represent the single linear ICNN:

max{L1, L2, ..., L2K}.

C.4 Details on Building Energy Management

C.4.1 Minimizing Electricity Costs

To further demonstrate the potential of our proposed control framework in dealing with

different real world tasks, we modify the setting of the building control example in Section

4.2 to a more complicated case. Instead of directly minimize the total energy consumption of

building, we aim to minimize the total energy cost of building which subject to a varying

time-of-use electrical price λ. The optimization problem in (7) should be re-written as,
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Figure C.3: (a) 24 hour price signal along with (b) optimization results on one-week electricity

usage of building using ICRNN.
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minimize
ut,...,ut+T

T∑
τ=0

λτ · f(xt+τ−nw , ...,xt+τ ) (C.7a)

subject to st+τ = g(xt+τ−nw , ...,xt+τ−1,ut+τ ),∀τ (C.7b)

ut+τ ≤ ut+τ ≤ ut+τ , ∀τ (C.7c)

st+τ ≤ st+τ ≤ st+τ ,∀τ (C.7d)

where the objective (C.7a) is minimizing the total energy cost of building in future T steps (T

is the model predictive control horizon) subject to time-of-use electricity price λτ , and (C.7b)

is used for modeling building states, in which g(·) are parameterized as ICRNNs. Same as

the previous building control case, we have constraints on both control actions ut and system

states st are given in (C.7c) and (C.7d). For instance, the temperature set points as well as

real measurements should not exceed user-defined comfort regions. In Fig. C.3 we visualize

our model flexibility by using Seattle’s Time-of-Use (TOU) price from Seattle City Light 1,

and minimizing one week’s electricity bills. We could see ICRNN capture the long term

relationships between control variables and final costs, and raise the energy consumption

during off-peak price a little, but reduce the energy consumption during peak hours.

C.4.2 Control Constraints Effects

In Fig. C.4 we add one more comparison on the control constraints effects on the final control

performance by using ICRNN. Interestingly, with different set point constraints, the ICRNN

finds similar solutions for off-peak electricity usage, which may correspond to necessary energy

consumptions, such as lightning and ventilation. Moreover, when we set no constraints on

the system, it would cut down more than 80% of total energy during peak hours.

1http://www.seattle.gov/light/
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Appendix D

PROOF OF THEOREMS FOR CHAPTER 5

Here we provide the detailed proof for the three major lemmas in Chapter 5.

D.1 Proof of Lemma 3

Without loss of generality, we can consider player 1. Fix the other player’s choices of θ’s.
Define the random variable Y = ∑N

i=2(θi +Xi)+. We first prove that it is never beneficial for
player 1 to set θ1 to a value larger than ymax. Consider the derivative of J1 with respect to θ1

g1 = ∂

∂θ1
E
[
p
(
(θ1 +X1)+ + Y

)
(θ1 +X1)+ − C1

(
(θ1 +X1)+

)]
=E

[
1(θ1 +X1 ≥ 0)

{
p′(θ1 +X1 + Y )(θ1 +X1)

+p
(
(θ1 +X1)+ + Y

)
− C ′i(θ1 +X1)

}]
, (D.1)

where 1(·) is the indicator function. We want to show that if θ1 ≥ ymax, the derivative is

negative. The last term −E[1(θ1 +X1 ≥ 0)C ′i(θ1 +X1)] is negative because Ci is strictly

increasing. Now consider the first two terms, and let fY be the density of Y ,

E[1(θ1 +X1 ≥ 0){p′(θ1 +X1 + Y )(θ1 +X1) + p(θ1 +X1 + Y )}]

=
∫ ∞

0

∫ ∞
0

1(θ1 + x1 ≥ 0){p′(θ1 + x1 + y)(θ1 + x1) + p(θ1 + x1 + y)}f1(x)fY (y)dxdy

(a)=
∫ ymax

0

∫ ymax−y−θ1

−θ1
[p′(θ1 + x1 + y)(θ1 + x1) + p(θ1 + x1 + y)]f1(x)fY (y)dxdy

(b)=
∫ ymax

0

∫ ymax−y

0
[p′(x′1 + y)(x′1) + p(x′1 + y)] · f1(x′ − θ1)fY (y)dxdy, (D.2)

where (a) follows from assumption (A1) and (b) from a change of variable from x1 to

x′1 = θ1 + x1. Next we show that for any given y,
∫ ymax−y

0 p′(x′1 + y)(x′1) + p(x′1 + y)dx = 0.
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Using the integration by parts on the first term, denoting ȳ = ymax − y, we have
∫ ymax−y

0
p′(x′1 + y)(x′1) + p(x′1 + y)dx = p(x′1 + y)x′1|

x′1=ȳ
x′1=0 −

∫ ȳ

0
p(x′1 + y) +

∫ ȳ

0
p(x′1 + y) = 0.

By assumption (A1), p′(x′1 + y)(x′1) + p(x′1 + y) is positive at x′1 = 0. Therefore, it must

undergo a sign change from positive to negative. However, by the unimodality assumption,

θ1 ≥ ymax, f1(x1 − θ1) is an increasing function on the interval x1 ∈ [0, ymax − y]. Therefore,∫ ymax−y
0 [p′(x′1 + y)(x′1) + p(x′1 + y)]f1(x′ − θ1)dx < 0 for all y and this proves that player 1

would never choose θ1 to be larger or equal to ymax.

Now we show that there is a lower bound on θ1. The partial derivative of g1 with respect to
θj is

∂g1
∂θj

= E

1(θ1 +X1 ≥ 0, θj +Xj ≥ 0) ·

p′′
 N∑
j=1

(θj +Xj)+

 · (θi +Xi) + p′

 N∑
j=1

(θj +Xj)+


 < 0

where the inequality follows from p is strictly decreasing and concave. Similar calculations

can be used to show that all cross partials are negative. Therefore, player 1 should decrease

θ1 as other players increase their parameters. From the first part of the proof, suppose all

other players choose ymax as their play. Even at this choice, g1 still becomes positive for

negative enough θ1’s, therefore implying that the choice of θ1 is lower bounded by some real

number θ1.

D.2 Proof of Lemma 4

Lemma 3 shows that the action space is convex and compact. Let G denote the Hessian of

the game, so

Gij = ∂2Ji
∂θi∂θj

= ∂gi
∂θj

.
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Focusing on the diagonal terms, we have

Gii = ∂2Ji
∂θ2

i

= E

1(θ1 +X1 ≥ 0) ·

p′′
 N∑
j=1

(θj +Xj)+


·(θi +Xi) + 2p′

 N∑
j=1

(θj +Xj)+

− C ′′i (θi +Xi)


 < 0, (D.3)

which is negative by assumptions (A1) and (A2). A game is said to be a concave N-player

game [123] if Gii < 0,∀i and the action space is convex and compact. Therefore, it is a

concave N-player game. The following proposition is given in [123] as a sufficient condition to

show when gradient-based algorithms converge to Nash equilibriums:

Proposition 7. Let G denote the Hessian of a concave N-player game. If GT +G is negative

definite over the space of actions, there is a unique Nash equilibrium and the policy gradient

dynamics approach it exponentially quickly for all initializations.

Using Proposition 7, it suffices for us to show that the negative definiteness of GT +G under

the stochastic Cournot game. The main challenge of proving the negative definiteness lies in

the expectation term, and we need to relate the properties of the Hessian of a function to its

expectation. The following proposition tackles the aforementioned challenge and relates the

Hessian property to its expectation.

Proposition 8. Let f : RN → R be a continuous function and suppose that the first and

second order partial derivatives exist for all points except possibly for a set of measure 0. Let

G be the Hessian of f , whenever it exists. Now consider the function f̂ : RN → R, where

f̂(y) = EXf(y +X) and X is random vector in RN , with continuous and bounded density

function and infinite support. Let Ĝ be the Hessian of f̂ . Then: i) If GT +G is negative

semidefinite at all points where G exists, then ĜT + Ĝ is negative semidefinite. ii) If GT +G

is negative definite for a set of measure larger than 0, then ĜT + Ĝ is negative definite.

Proof. The proof of this proposition is straightforward. By the assumption on the random

vector X, we can switch the order of differentiation and the expectation. In addition, the
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density being continuous allows us to ignore the points where G does not exist. Then

vT (GT (y) +G(y))v

= EX
[
vT (GT (y +X) +H(y +X))v

]
≤ 0,

for any v. Now suppose GT (y+x)+G(y+x)) is negative definite for set of positive measure,

then by the continuity of the density function, vT (GT (y) +G(y))v < 0 for all nonzero v

and ĜT + Ĝ is negative definite.

Let fi(x) = p(∑i x
+
i )x+

i , which is continuous and twice differentiable except for a measure zero
set on RN . Since Ji = E[fi(θ +X)], we need to show f =

[
f1 . . . fN

]
satisfies the condition

of Proposition 8. Given a vector x, without loss of generality, assume that x1, . . . , xk ≥ 0
and xk+1, . . . , xN < 0. The second order derivatives of f are,

∂2fi
∂xi∂xj

=1(xi ≥ 0)·
p′′(
∑
l x

+
l )xi + 2p′(

∑
l x

+
l )− C ′′(xi), i = j

1(xj > 0)
(
p′′(
∑
l x

+
l )xi + p′(

∑
l x

+
l )
)
, i 6= j

.

Because of the indicator on both xi ≥ 0 and xj ≥ 0, the Hessian is only nonzero for the upper

left block. In this block, we have ∀i, j ≤ k,

∂2fi
∂xi∂xj

=


p′′(∑k

l=1 xl)xi + 2p′(∑k
l=1 xl)− C ′′(xi), i = j

p′′(∑k
l=1 xl)xi + p′(∑k

l=1 xl), i 6= j,

.

When the price function is linear, the second order derivative term vanishes, i.e. p′′(∑k
l=1 xl) =

0. Therefore, we have,

∂2fi
∂xi∂xj

=


2p′(∑k

l=1 xl)− C ′′(xi) if i = j, i, j ≤ k

p′(∑k
l=1 xl) if i 6= j, i, j ≤ k
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Now we can write G as G1 +G2 +G3 where

G1 =




p′(
∑k
l=1 xl) · · · p′(

∑k
l=1 xl)

... . . . ...

p′(
∑k
l=1 xl) · · · p′(

∑k
l=1 xl)




0 · · · 0
... . . . ...

0 · · · 0




0 · · · 0
... . . . ...

0 · · · 0




0 · · · 0
... . . . ...

0 · · · 0




(D.4)

Both G2,G3 are diagonal matrices. For G2, it has the i’th component being p′(∑k
l=1 xl) for

i ≤ k and 0 for i > k. Since Xi have infinite support, there exists cases where k = N (all

player sample non-negative actions) for a measure larger than 0 set, in which G2 is negative

definite. For G3, it has the i’th component −C ′′(xi) ≤ 0 for i ≤ k and 0 for i > k, thus it is

negative semi-definite. Therefore, it suffices for us to show the negative semi-definess of G1.

The eigenvalues of G1 in Eq. (D.4) are the combination of eigenvalues of the upper left and

lower-right matrices. Eigenvalues of the upper left matrix are kp′(∑k
l=1 xl) < 0 and 0 (k − 1

repeats), and eigenvalues of the lower right are all zeros. Thus G1 is negative semi-definite.

Therefore, there exists an measure nonzero set of actions, such that G = G1 +G2 +G3 is

negative definite. By Proposition 8, we have the Hessian of (J1, ..., JN ), that is Ĝ is negative

definite.

D.3 Proof of Lemma 5

Now, consider the two-player Cournot games with general price function p(·) under assumption

(A1) and (A2). There are four cases considering the positiveness of x1 and x2.
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a) x1, x2 ≥ 0:

Ga =


p′′(x1 + x2)xi + 2p′(x1 + x2)− C ′′(xi), i = j,

p′′(x1 + x2)xi + p′(x1 + x2), i 6= j,

b) x1 < 0, x2 ≥ 0:

Gb =

0 0

0 p′′(x1 + x2)x2 + 2p′(x1 + x2)


c) x1 ≥ 0, x2 < 0:

Gc =

p′′(x1 + x2)x1 + 2p′(x1 + x2) 0

0 0


d) x1 < 0, x2 < 0:

Gd =

0 0

0 0


The game Hessian matrix thus follows,

Ĝ = E[1(x1, x2 ≥ 0)Ga + 1(x1 < 0, x2 ≥ 0)Gb

+1(x1 ≥ 0, x2 < 0)Gc + 1(x1 < 0, x2 < 0)Gd] , (D.5)

Ga is a strictly diagonally dominant matrix since the magnitude of the diagonal entry is

strictly larger than the sum of the magnitudes of all the other (non-diagonal) entries in each

row, i.e., |p′′(x1 + x2)xi + 2p′(x1 + x2) − C ′′(xi)| > |p′′(x1 + x2)xi + p′(x1 + x2)|,∀i. Given

that Gb,Gc,Gd are all diagonally dominant matrices, Ĝ in Eq. (D.5) is a strictly diagonally

dominant matrix . Therefore, the eigenvalues of matrix Ĝ are all in the left–half plane (i.e.,

the real parts of eigenvalues are negative) by the Gershgorin circle theorem [131]. Proposition

4 in [132] showed that when all eigenvalues of the Hessian are in the open left–half plane,

then the Nash equilibrium is an exponentially stable fixed point of the dynamical system

generated by the gradient descend algorithm.
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