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Abstract

Rotating Torsion Balance Tests of the Weak Equivalence Principle

Todd A. Wagner

Chair of the Supervisory Committee:
Professor Jens H. Gundlach

Physics

We used a rotating torsion balance to make the most precise laboratory search for equivalence-

principle violation. We used a beryllium-aluminum composition dipole to complement our

previous measurement with a beryllium-titanium composition dipole. We improved the tilt

stability of the apparatus and reduced the temperature gradient feed-through to improve

the uncertainty by 30% compared to our beryllium-titanium result. Using the beryllium-

aluminum test bodies, we found η‘ “ p´1.3˘1.2q ˆ10´13. The combined limits using both

test bodies pairs generally limit any new equivalence-principle-violating force that couples

to ordinary neutral matter. We also measured test-bodies with compositions that mimic

the difference in composition between the earth and moon to provide a model-independent

weak equivalence principle limit of ηCD “ p1.2 ˘ 1.1q ˆ 10´13 for comparison with lunar

laser ranging strong equivalence principle measurements. The combined lunar laser rang-

ing and weak equivalence principle measurements limit equivalence-principle violation for

gravitational binding energy to À 6 ˆ 10´4 at 1-σ.
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Chapter 1

INTRODUCTION

Galileo experimentally verified the universality of free fall – that the gravitational ac-

celeration of a point test body is independent of its composition – around 1600. In modern

language we consider the universality of free fall as a consequence of the equivalence princi-

ple – the equivalence of gravitational mass and inertial mass. Our precision torsion balance

experiments maintain the universality of free fall as the most precisely tested prediction

of the equivalence principle. Our multiple test body pairs and multiple sources allow our

measurements to strongly constrain new non-gravitational interactions with a broad range

of couplings to ordinary neutral matter.

Modern physics consists of two main theories that describe the four fundamental in-

teractions. General relativity describes gravitational phenomena and the standard model

describes the nuclear forces and electromagnetism. Both theories successfully describe the

experiments and observations made to test them. One question of modern physics is whether

these two theories can be joined under a single framework that also solves issues such as

neutrino oscillations, galactic rotation curves, vacuum energy density, and the homogeneity

of the cosmic microwave background. Precision tests of fundamental principles provide one

of the most versatile tools to search for clues to a more complete understanding of the laws

of physics.

General relativity accurately describes gravitational phenomena as a classical (non-

quantum) theory; however, in the context of quantum theories, it can be considered as

an effective field theory with physics of the underlying theory suppressed by the Planck

mass [41]. While our measurements are still far from probing the Planck scale, they require

any new framework, such as string theory, to closely reproduce the predictions of general

relativity. An alternative interpretation assumes that the equivalence principle is exact, and

equivalence principle experiments search for new forces.
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Torsion balances serve as excellent equipment for testing the equivalence principle be-

cause the fiber provides an extremely weak spring but only twists when the forces on the

test bodies act in different directions. Because a uniform gravitational field accelerates all

test bodies identically, our torsion balance achieved the remarkable differential acceleration

sensitivity of ∆a{a „ 10´13. The torsion balance geometry allows long integration times

because the test bodies are continuously suspended, but it requires a modulated source in

the horizontal direction. The rotation of the Earth naturally modulates the position of the

sun. We also rotated the apparatus to modulate the horizontal gravitational acceleration

of earth. Rotating the torsion pendulum had several additional advantages. First, the hor-

izontal gravitational acceleration at Seattle’s latitude is 1.68 cm s´2 or almost 3 times the

acceleration toward the sun of 0.6 cm s´2. Second, our sources included the local topog-

raphy and variations in the mass distribution of the earth, which let us set limits on the

strength of new forces with interaction ranges greater than a meter. Third, our control

of the rotation rate and direction improved our detection and measurement of systematic

effects.

We tested the equivalence principle using three different test body composition pairs

towards four different sources. Our results limit equivalence-principle violation on ordinary

neutral matter towards ordinary matter, dark matter, and due to a preferred reference

frame. Multiple test body pairs and sources expand the constraints on equivalence-principle

violation to any new vector charge coupled to the protons, neutrons, or electrons in our test

bodies. One test body set mimics the differences in the earth’s and moon’s compositions,

which improves the limit on equivalence-principle violation for gravitational binding energy

when combined with lunar laser ranging equivalence principle results. Our results are the

most precise laboratory measurements of the equivalence principle.
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Chapter 2

THE EQUIVALENCE PRINCIPLE

Einstein’s general theory of relativity successfully describes known gravitational phe-

nomena. Tests consistent with general relativity include laboratory experiments comparing

the free fall of individual atoms, prediction of orbits within our solar system, binary pulsar

energy loss matching gravitational radiation, and the deflection of light by distant galax-

ies. The parametrized-post-Newtonian formalism (PPN) is a linearized extension of general

relativity for weak gravitational fields [134]. PPN includes parameters for possible gravi-

tational effects beyond those predicted by general relativity and provides a framework to

compare tests of gravity in the weak gravitational field of our solar system. Limits on the

PPN parameters all agree with general relativity with precisions ranging from 2% for the

violation of momentum conservation parameter ζ1 using a bound on the Nordtvedt effect to

better than 4 ˆ 10´20 on the preferred-frame effect parameter α3 from pulsar acceleration

measurements (most of the parameters from [134] are consistent with general relativity at

the level of 10´3 „ 10´4) [133]. Binary star systems with at least one pulsar provide excel-

lent tests of general relativity for strong gravitational fields. The Hulse-Taylor binary pulsar

PSR B1913+16 provides strong evidence for the gravitational wave radiation predicted by

general relativity. The ratio of the change in the orbital period to that predicted by gen-

eral relativity due to gravitational radiation is 0.997 ˘ 0.002 [131]. Despite the success of

general relativity many cosmological phenomena with gravitational consequences remain to

be explained, such as the inflation of the early universe, the characteristics of dark matter,

and the accelerating expansion of the universe.

While equivalence principle experiments take their name from testing a fundamental

aspect of gravity, an equivalence principle experiment may also be characterized as a search

for new forces. String theory is one attempt to join all the forces in a unified quantum

framework, but it also predicts equivalence-principle violations due to new fields such as the
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dilaton. Theoretical explanations for inflation, dark energy, and dark matter also commonly

introduce new fields. Equivalence principle experiments provide one method to search for

signs of these hypothesized fields. The matter couplings of hypothetical new fields can be

parametrized by a Yukawa potential as described below in section 2.2. The experimental

bounds from equivalence principle tests and astronomical observations often exclude or

restrict the parameter space for the hypothetical fields. The chameleon method [72] is one

way to avoid equivalence principle derived limits on a scalar field. The chameleon method

causes the scalar field to acquire a mass based on the local energy density. This effectively

limits the interaction between bulk materials to a small skin depth, but allows long-range

interactions where the matter density is small. Chameleon fields may evade bounds set by

equivalence principle experiments while still affecting galactic and cosmological structure.

However, short-range, gravitational inverse-square-law tests may detect any such chameleon

fields.

2.1 Equivalence Principle Defined

The universality of free fall is a precisely tested empirical fact determined by experiments

and astronomical observations. The universality of free fall (UFF) states that a free test

body in an uniform gravitational field experiences acceleration independent of its mass,

composition, or internal structure. The qualification “free test body” means that the body

is not acted on by other forces, while the qualification “uniform gravitational field” means

that gravitational tidal effects are negligible. Several different equivalence principles exist in

the literature to explain the universality of free fall as a consequence of gravitational theory

and to differentiate between experimental tests. Our experiments keep the universality of

free fall the most precisely tested consequence of the equivalence principle.

The Newtonian version of the equivalence principle equates inertial mass mi and grav-

itational mass mg. This differs dramatically from other forces, where the acceleration of a

body depends separately on its charge and mass (e.g., a proton and a positron experience

different accelerations in an electric field because they have different masses even though

they possess the same electric charge). In Newtonian mechanics the universality of free fall

arises from comparing Newton’s second law (equation 2.1) with the gravitational inverse
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square law (equation 2.2).

F “ mia (2.1)

F “ ´
GMmg

r2
pr (2.2)

The Newtonian equivalence principle requires that mi “ mg, which results in a body’s

acceleration being independent of its mass. Both Galileo and Newton observed this long

ago, but Baron Roland von Eötvös began the systematic investigation for different materials

[49].

Einstein realized that the laws of physics should be the same regardless of the coordi-

nates of the experiment [47]. Einstein’s equivalence principle guided the formation of general

relativity and states that an uniform gravitational field and an uniformly accelerated sys-

tem are equivalent. General relativity describes gravity in non-uniform fields, so modern

statements of the equivalence principle attempt to generalize by requiring uniformity only

for some small region [133, 22, 99]. Following Will [133] the Einstein equivalence principle

has three logical parts:

Weak equivalence principle (WEP) A freely-falling, non-gravitationally bound “test

body” follows a path independent of its structure or composition. A “test body”

must be sufficiently small that it is not affected by gravity gradients and “freely-

falling” means not acted on by other forces.

Local Lorentz invariance (LLI) Any non-gravitational experiment is independent of the

velocity of the freely-falling frame in which it is performed.

Local position invariance (LPI) Any non-gravitational experiment is independent of

the location and time at which it is performed.

The strong equivalence principle extends the provisions of the Einstein equivalence principle

to include gravitational experiments as well. In the context of experiments, the strong

equivalence principle relates to equivalence principle tests using bodies that have appreciable

gravitational binding energy, such as planetary bodies; whereas, the test bodies used in

weak equivalence principle experiments are typically laboratory sized, with insignificant

gravitational binding energy.
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Strong equivalence principle (SEP) A freely-falling – including gravitationally bound

– “test body” follows a path independent of its structure or composition.

Local Lorentz invariance (LLI) An experiment is independent of the velocity of the

freely-falling frame in which it is performed.

Local position invariance (LPI) An experiments is independent of the location at which

it is performed.

2.2 Models for Equivalence-Principle Violation

Tests of the weak equivalence principle are typically null tests because they compare the

gravitational acceleration of different materials, which the equivalence principle requires to

be the same. Several different ways to express equivalence principle results exist in the

literature. The simplest comparison takes the ratio of the difference in the acceleration of

two different materials, A and B, to their average acceleration a toward a source. This

comparison is commonly denoted with the Eötvös parameter η:

η “
∆a

a
“ 2

aA ´ aB
|aA ` aB|

(2.3)

The mean acceleration a “ |aA ` aB| {2 must be measured or otherwise determined sepa-

rately for torsion balance experiments. Torsion pendulums are inherently sensitive only to

the differential acceleration of the test bodies in the horizontal plane.

While the Eötvös parameter readily shows the precision of an experiment and whether an

equivalence-principle violation occurs, it does not fully utilize the information an experiment

can provide. The Yukawa potential is a theoretically motivated model that incorporates the

main features of equivalence principle tests:

1. defined distance between a source and a test body

2. specific compositions for a source and test body

3. effects are empirically weak compared to gravity

The Yukawa potential arises in theories from the quantum exchange of a massive boson. It

provides a model for the parametrization of equivalence principle experiments.

V prq “ ´G
mTmS

r

„

1 ` α̃

ˆ

q̃T
µT

˙ ˆ

q̃S
µS

˙

e´r{λ

ȷ

(2.4)
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In the Yukawa model for an equivalence-principle violation, α̃ gives the strength of a Yukawa

interaction relative to that of gravity, pq̃{µq defines the property of a material (“charge”)

per unit of mass that relates to an interaction, and λ controls the range of the interaction.

The remaining parameters define the mass of the bodies m and the distance between them

r similar to the gravitational inverse-square law. For equivalence principle experiments,

we explicitly parametrize a property of the bodies pq̃{µq in contrast to the parametrization

typically used for tests of the gravitational inverse-square law where α “ α̃pq̃{µqT pq̃{µqS .

Inverse-square-law experiments may be interpreted as equivalence principle tests; however,

inverse-square-law tests have good sensitivity only for ranges λ approximately equal to the

distance between the two bodies used for the experiment. In contrast to inverse-square-

law experiments, equivalence principle experiments measure the difference in acceleration

of two materials towards a source, which results in the following form for the Yukawa

parametrization:

Ṽ prq “ α̃

ˆ

∆
q̃

µ

˙

T

ˆ

q̃S
µS

˙

G
mTmS

r
e´r{λ (2.5)

ˆ

∆
q̃

µ

˙

T

“

„ˆ

q̃A
µA

˙

´

ˆ

q̃B
µB

˙ȷ

(2.6)

where mT “ mA “ mB assumes a design where the masses of the different test body

materials are equal. This form can be related back to the Eötvös parameter to give

η “ α̃

ˆ

∆
q̃

µ

˙

T

ˆ

q̃S
µS

˙

´

1 `
r

λ

¯

e´r{λ, (2.7)

for α̃ ! 1.

The Yukawa parametrization interprets an equivalence-principle violation as being due

to a new force-carrying boson coupling to the “charge” q̃ with a boson mass mb giving

a Compton wavelength of λ “ ~{pmbcq. The coupling constant for the new interaction g̃

relates to α̃ through the Yukawa potential:

V prq “ ¯
g̃2

4π

∆q̃Aq̃B
r

e´r{λ (2.8)

where the – and + refer to scalar and vector interactions, respectively. Resulting in

α̃ “ ˘
g̃2

4πGu2
, (2.9)

where u is an atomic mass unit.
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2.2.1 Charge Parametrization

The choice of “charge” per atomic mass unit for an equivalence-principle-violating interac-

tion is selected by pq̃{µq. The quotes around “charge” indicate that it is a property of the

body that is different from electric charge. The quotes are dropped through the remain-

der of this work for readability. Any new interaction with ordinary matter would couple

to some combination of the protons, neutrons, or electrons composing the material. The

torsion balance experiments described in this work used neutral matter, which prevents

them from distinguishing between new interactions coupled to protons or electrons. When

considering vector interactions between neutral matter, we can parametrize the charge as

due to interactions with the neutrons N or the protons and electrons Z using the parameter

ψ̃ constrained to ´π{2 ă ψ̃ ď π{2:

q̃ “ Z cos ψ̃ `N sin ψ̃,

where for neutral matter tan ψ̃ “
g̃n

g̃e´ ` g̃p
.

(2.10)

For any given Z and N , there exists a value ψ̃1 for which q̃ is zero, resulting in no sensitivity

to a force with that charge:

tan
´

ψ̃1
¯

“ ´
Z

N
(2.11)

Fischbach introduced an alternate basis for charge parametrization Θ5 when he reana-

lyzed the Eötvös experiment [52] as possible evidence for a “fifth force” coupled to baryon

number B, where lepton number L was the other charge. Charges associated with the

known forces have conservation laws, so conserved quantities with no associated symmetry

are plausible candidates for the charge of a hypothetical new force. Both baryon number and

lepton number are conserved to a very high level, but are not associated with symmetries:

q5 “ B cosΘ5 ` L sinΘ5 (2.12)

Other theoretically motivated choices for charges include B ´ L and Z. B ´ L remains

conserved in supersymmetric theories where B and L are not conserved individually. An

axion or axion-like particle would interact through the electromagnetic force and thus couple

to Z, though likely masses for the axion of „ 1 meV are better constrained by gravitational
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Figure 2.1: Variation of Z{µ (ψ̃ “ 0˝), N{µ (ψ̃ “ 90˝), and B{µ (proportional to q{µ with
ψ̃ “ 45˝) for the stable elements, excepting hydrogen. Because B “ N ` Z and pB{µq « 1
for all elements, the N{µ and Z{µ lines mirror each other about 1/2.

inverse-square-law tests with small separations [43]. Values for Z{µ, N{µ and B{µ for the

stable elements are shown in figure 2.1. The parametrization for charge in equations 2.10 and

2.12 are exact for vector charges, which are conserved, but provide only an approximation

in the case of scalar charges, which require detailed field theoretic calculations to determine

the exact charge for each material. A model for scalar charges related to the dilaton is

described in section 2.3.

Calculations of charges for a particular isotope are straightforward, but many elements

have more than one stable isotope. In this case the reported charge is the natural-abundance

weighted-average of the charge q̃ divided by the atomic mass for the element (which is the

natural-abundance weighted-average of the isotope masses). More complicated compounds

and mixtures are computed in a similar manner, where the weighted average for the com-

pound mass is explicitly computed for the denominator.
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2.3 Dilatons

The dilaton arises naturally in string theory as the scalar partner to the graviton. Since

the scalar and tensor forms couple differently to matter, the dilaton violates the equiva-

lence principle. Kaplan and Wise [68] find that the composition-independent gluon field

dominates the dilaton coupling for ordinary matter with a strength between Op1q „ Op103q

times gravity. The remaining equivalence-principle-violating contribution gives a differen-

tial acceleration between protons and neutrons of „ 0.3% of the total dilaton acceleration.

Since observations find no evidence for such a force, it is generally assumed that the dilaton

acquires a mass, which limits the range of its interactions.

10 20 30 40 50 60 70 80 90

10-6

10-5

10-4

10-3

10-2

10-1
Be Al Ti Cu Pt

Z

Q

Qm` Q∆m

Qme Qe

Figure 2.2: Variation of the dilaton charge parameters for the stable elements, excepting
hydrogen. Qm̂ is associated with the average light quark mass, Qδm with the difference
in light quark mass, Qme with the electron mass, and Qe with the electromagnetic field
strength.

Damour and Donoghue developed a model for scalar charges due to a massless dilaton

[37]. In contrast to Kaplan and Wise, they use the dominant coupling due to the gluon field

as a free parameter – assuming only that it is the largest contribution to the total dilaton



11

coupling. They determine equivalence-principle-violating contributions to the dilaton cou-

pling due to the average of the up and down quark masses dm̂, the difference in the up and

down quark masses dδm, the mass of the electron dme , and the electromagnetic field strength

de, while assuming that the dominant dilaton coupling due to the gluons dg does not violate

the equivalence principle. Equivalence principle tests place limits on combinations of the

dilaton coupling parameters for a light dilaton (λ " 1AU). The charge parametrizations Q

for each coupling are

Qm̂ “

ˆ

B

µ

˙

«

0.093 ´
0.036

B1{3
´ 0.020

pB ´ 2Zq
2

B2
´ 1.4 ˆ 10´4Z pZ ´ 1q

B4{3

ff

(2.13)

Qδm “

ˆ

B

µ

˙ „

0.0017
B ´ 2Z

B

ȷ

(2.14)

Qme “

ˆ

B

µ

˙ „

5.5 ˆ 10´4Z

B

ȷ

(2.15)

Qe “

ˆ

B

µ

˙

10´4

„

´1.4 ` 8.2
Z

B
` 7.7

Z pZ ´ 1q

B4{3

ȷ

, (2.16)

where B “ Z ` N is the atomic mass number (equivalent to baryon number) and Z is the

proton number. The dilaton charges for the stable elements are plotted in figure 2.2. The

relationship between the couplings and η is

η » dg rpdm̂ ´ dgq∆Qm̂ ` pdδm ´ dgq∆Qδm ` pdme ´ dgq∆Qme ` de∆Qes

” Dm̂∆Qm̂ `Dδm∆Qδm `Dme∆Qme `De∆Qe, (2.17)

where ∆Q gives the difference in charge for the test bodies and the D couplings are de-

fined similar to [37], but without absorbing approximately constant terms from the charge

definitions into them. The overall factor of dg comes from the source, since the gluon con-

tribution (which does not violate the equivalence principle) is assumed to dominate other

contributions. The dilaton coupling to other components of the source gives second order

effects, which are dropped here following Damour and Donoghue [37]. In contrast to the

charge parametrization in equation 2.10 that requires two test body pairs, four different

test body pairs are required to independently constrain the D couplings. However, since

the contributions for Dm̂ and De dominate, Damour and Donoghue recommend that current

experiments set limits on this linear combination.
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2.4 Strong Equivalence Principle and Lunar Laser Ranging

Since Apollo 11 astronauts placed the first retro-reflector array on the moon in 1969, ob-

servatories have been measuring the distance from the earth to the moon with lunar laser

ranging (LLR). Lunar laser ranging measures the round-trip time-of-flight for laser pulses

traveling from an earth observatory to the moon and back. The laser is reflected by the

retro-reflectors on the moon, but the majority of the light is lost as the beam diverges over

the long journey. Advances in techniques and measuring equipment allows the APOLLO

project to measure the distance between the earth and moon with millimeter precision on

a regular basis [90]. These measurements result in a precise knowledge of the orbit of the

moon. Lunar laser ranging tests a broad range of phenomena due to general relativity and

the arrangement of the matter in the earth and moon [138, 97] and provides several separate

tests of the equivalence principle:

1. An anomalous precession of the moon’s orbit around earth [3]

2. A difference in the way the earth and moon fall toward the sun [95]

3. A difference in the way the earth and moon fall toward the center of the galaxy [98]

Current Lunar laser ranging results give ηLLR “ p´0.8 ˘ 1.3q ˆ 10´13 for the earth and

moon falling towards the sun [137], ηgalLLR ď 1.3 ˆ 10´6 toward the center of the galaxy

[98], and an anomalous precession of the moon’s orbit relative to the general relativity

prediction of Kgp “ p´0.0005 ˘ 0.0047q [127]. The anomalous precession result also limits

equivalence-principle violation through equation 38 of Adelberger, Heckel and Nelson [3]:

δω

ω
“
α

2

´a

λ

¯2
e´a{λ, (2.18)

where ω is the moon’s orbital period, a is the mean earth-moon distance, and the anomalous

precession δω is the relative precession Kgp times the general relativity prediction of 19.2

mas y´1. The strongest limit due to the anomalous precession occurs at a range λ “ pa{2q

and results in α “ p´0.2 ˘ 1.9q ˆ 10´11.

Lunar laser ranging tests of the equivalence principle could see a violation due to either

(or both) the composition or the gravitational binding energy difference between the earth



13

and moon [96]. It has even been proposed that a scalar field with a charge closely tied to the

gravitational binding energy could cancel a contribution due to a vector field with a charge

based on the body’s composition [93]. To address this ambiguity, we performed laboratory

experiments using test bodies that match the earth’s and moon’s compositions, but have

no appreciable gravitational binding energy [13]. The combined laboratory and lunar laser

ranging results set a 1-σ limit on the equivalence principle for gravitational binding energy

by itself of |ηgrav| ď 1.3 ˆ 10´3 prior to our current experiment [13]. Due to improvements

in lunar laser ranging by the APOLLO collaboration, this thesis includes results using an

improved laboratory measurement to complement the expected improvement in lunar laser

ranging equivalence principle results.

The gravitational binding energy of an object is given by the sum of the potential of all

the point-wise pairs making up the object:

Egrav “

ĳ

Gρprqρpr1q

|r ´ r1|
d3r d3r1, (2.19)

where ρ is the density of the object. The earth’s gravitational binding energy as a fraction of

total mass (using Dziewonski and Anderson’s density model of the earth [45]) is E‘
grav{m‘ «

´4.6ˆ10´10, while that of the moon (using Weber et als. density model of the moon [130])

is EK
grav{mK « ´0.2 ˆ 10´10. While small, these contributions are substantially larger than

that of a laboratory test body and are greater than the experimental sensitivity of „ 10´13.

For comparison, the fraction of gravitational binding energy in one of the test bodies used

in the Eöt-Wash equivalence principle tests is ETB
grav{mTB „ 10´28.

2.4.1 Dark Matter

Measurements of the cosmic microwave background, gravitational lensing of distant galax-

ies, observations of merging galaxies and the discrepancy between the mass of luminous

matter and the orbital velocity of stars far from the center of their galaxy all provide ev-

idence for dark matter. Measurements of the cosmic microwave background predict that

dark matter makes up 23% of the mass of the universe [65]. Currently, dark matter has

only been observed through its gravitational interaction with ordinary matter. However,

it is possible that dark matter candidates, such as weakly-interacting massive particles
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(WIMPS) [117] or axions [102], have non-gravitational interactions with ordinary matter.

Weak equivalence principle tests constrain non-gravitational dark matter interactions both

directly, through searches for an equivalence-principle violation towards the dark matter

in our galaxy, and indirectly, through an additional force between neutral ordinary mat-

ter due to virtual quantum loops involving dark matter [23]. The indirect limits are much

stronger than the direct limits because the acceleration of the earth or sun are „ 10´2 ms´2

while the acceleration of our solar system toward the center of our galaxy is inferred to be

agal “ p2.3 ˘ 0.3q ˆ 10´10 ms´2. Measurement of our solar system’s velocity with respect

to distant quasars agree with measurements of the proper motion of and distance to Sagit-

tarius A˚ at the center of the Milky Way [105] to determine agal. The indirect limits require

a model for the non-gravitational force, while the direct limits require only an estimate of

the dark matter contribution to the acceleration.

Non-gravitational interactions between neutral ordinary matter and galactic dark matter

would appear as an equivalence-principle-violating acceleration towards the center of the

Milky Way. Dark matter has been estimated to make up fDM « 25% of the mass inside

the sun’s orbit of the Milky Way galaxy [121]. This results in

ηDM “
∆agal
fDMagal

. (2.20)

In order to relate this to astrophysical observables, the composition of the test bodies pairs

can be taken into account to set limits on the non-gravitational acceleration of neutral

hydrogen. Using equation 2.10 to adjust from the test-body-pair composition to that of

hydrogen gives

δaDM “ ∆agal

ˆ

q̃

µ

˙

H

„

∆

ˆ

q̃

µ

˙

T

ȷ´1

, (2.21)

which can then be compared to the inferred total acceleration due to dark matter aDM “

fDMagal to give

δaHDM

´

ψ̃
¯

fDMagal
“

∆agal
fDMagal

”´

Z
µ

¯

H
cos ψ̃ `

´

N
µ

¯

H
sin ψ̃

ı

”´

∆Z
µ

¯

T
cos ψ̃ `

´

∆N
µ

¯

T
sin ψ̃

ı . (2.22)

Using a measured deuterium-to-hydrogen ratio in interstellar gas of 2.3`1.5
´1.3 ˆ 10´5 [108]
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gives the following charges for interstellar hydrogen:

ˆ

Z

µ

˙

H

“ 0.992213

ˆ

N

µ

˙

H

“ 2.3 ˆ 10´5

Weak equivalence principle tests relate to interactions between ordinary matter and

dark matter where a new force couples directly only to dark matter, but dark matter

may have non-gravitational interactions with Standard Model particles (e.g., Higgs or weak

interactions) [17, 23, 24]. A new force in the dark sector then induces a force between

ordinary matter through quantum corrections involving virtual dark matter. Improvements

to weak equivalence principle experiments, astrophysical observations (such as [71, 16]),

direct dark matter detection experiments (such as CDMS [30], XENON [33], CoGeNT [32],

etc.), and Higgs physics from the Large Hadron Collider will elucidate the properties of dark

matter and possible dark sector forces.

2.4.2 Antimatter

The AEgIS collaboration [42] is attempting the technically challenging task of an equiva-

lence principle test between antihydrogen H̄ and hydrogen H. Advances in the creation and

trapping of low-temperature antihydrogen creates possibilities for precision spectroscopy

tests of CPT and tests of the equivalence principle between anti-matter and matter. Pre-

vious attempts to compare the gravitational acceleration of antimatter with that of matter

[139] used charged particles (positrons and electrons), which resulted in experimental diffi-

culties that precluded a conclusive measurement [93]. However, several arguments suggest

that existing limits from differences in ordinary matter require extremely high precision

from an antimatter-matter experiment to set new limits. A difference in the forces acting

on matter and on antimatter would require either a new vector interaction or a violation

of CPT symmetry for gravity. Vector interactions are precisely modeled using the Yukawa

force with the vector charge parametrized by ψ̃. Since the vector charges vary across the

periodic table, albeit about three orders of magnitude smaller than that for H ´ H̄, any

vector interaction is tightly constrained by precision weak equivalence principle tests with

ordinary matter. In the case of both a new scalar interaction and a new vector interaction,

it is conceivable that the couplings could coincide or be forced by a symmetry to nearly can-
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cel. This proposed cancellation cannot be exact because the vector and scalar interactions

transform differently under Lorentz boosts.

For a vector charge the Lorentz invariant is the charge Q given by

Q “
ş

j0dV “

ż

γj0r
dVr
γ

“

ż

j0rdVr (2.23)

γ “ 1
b

1´ v2

c2

(2.24)

where j0 is the 0 component of the vector current, dV is the volume element, v is the velocity

relative to the rest frame, and the subscript r represents the rest frame for the charge. In

contrast for a scalar interaction the charge density ρ is Lorentz invariant and the charge Q1

obtains a factor of γ´1 compared to the vector charge:

Q1 “

ż

ρdV “

ż

ρr
dVr
γ

(2.25)

This different velocity dependence of the vector and scalar charge along with the relativistic

nature of the nucleons limits cancellation between a vector and a scalar to „ 10´3 in ordinary

nuclei [7].

2.4.3 CPT, Lorentz symmetry and the equivalence principle

Requiring energy conservation leads to quantitative relationships between the equivalence

principle and preferred-location and preferred-frame effects that would arise if Lorentz sym-

metry were violated [57]. Similarly, violations of CPT result in Lorentz violation [55].

These relationships allow comparisons between different experiments testing these funda-

mental postulates of our physical theories. The standard model extension [73] expands

the standard model of particle physics to systematically parametrize the effects of violat-

ing CPT and Lorentz symmetries. Due to the strong relationships between CPT, Lorentz

invariance and the weak equivalence principle, many of the parameters that arise in the

standard model extension for violations in the gravitational sector are accessible to weak

equivalence principle experiments.

Considering the energy contributions to a composite structure illustrates the interdepen-

dence of the weak equivalence principle, preferred location effects and Lorentz invariance.

The standard model extension provides a more complete examination of the effects of CPT
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or Lorentz violation, but the large number of coefficients involved in characterizing the

different violations reduces its effectiveness for conceptual understanding. To conceptu-

ally illustrate the relationships between preferred locations, preferred frames and the weak

equivalence principle, I summarize part of Haugan’s energy conservation argument [57].

Haugan presents a relationship for the energy of a composite body in an external grav-

itational potential. The energy relationship is derived from a Lagrangian constructed in

the semi-conservative parametrized post-Newtonian framework to ensure conservation of

energy.

Ec “ rmR ´ EB px,vqs ´mRU pxq `
1

2
mRv

2 ` O
`

m0U
2,m0v

4,m0Uv2
˘

(2.26)

EB px,vq “ δmij
PU

ij pxq ´
1

2
δmij

I v
ivj (2.27)

The rest mass of the composite body mR includes the constituent masses and the portion

of the binding energy that follows the equivalence principle, while EB px,vq includes the

equivalence-principle-violating portions to a consistent order, x and v are quasi-Newtonian

coordinates of the center of mass, and U pxq is the external gravitational potential. The

binding energy term EB includes the anomalous passive gravitational mass δmij
P of the

internal components coupling to the gravitational field U ij with U “ U ii and the anomalous

kinetic energy due to the internal inertial masses encoded by the δmij
I and their center of

mass velocities vi. The position and velocity dependence of these terms indicates their

relationship to preferred frame and location effects, as can be shown by relating the energy

of a body allowed to freely fall a small distance. The acceleration of the body is

ak « gk `

˜

δmij
P

mR

¸

BU ij

Bxk
´

˜

δmkj
I

mR

¸

gj , (2.28)

where g ” ∇U and a « g to first order was used in the last term on the right-hand side. The

resulting acceleration includes the acceleration g, which respects the equivalence principle,

a location dependent portion indicating a preferred-location effect, and a preferred-frame

effect due to the anomalous inertial mass coupling to changes in velocity. The total energy

consists of the kinetic energy, the internal binding energy, and the external potential energy.

If the internal binding energy changes due to different locations or frames, then either the
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interaction energy with the external potential (e.g., an anomalous gravitational redshift) or

the kinetic energy (an additional acceleration) must change to maintain energy conservation.

This argument on the basis of energy conservation generalizes to any theory that results

in changing mass or binding energy of a composite object. An additional interesting case

is varying fundamental constants. The fundamental constants control the binding energy

content of composite bodies. If a fundamental constant were to vary, a violation of the

weak equivalence principle occurs due to the different changes in the binding energy contri-

butions to mass for different elements. Many theories introduce a cosmological scalar that

affects fundamental constants, so limits on the variations of the fundamental constants due

to a cosmological scalar field [40] provide a different perspective on equivalence-principle

violation by scalar fields.
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Chapter 3

TORSION BALANCES

Torsion balances permit extremely sensitive equivalence principle experiments due to

two main properties. The first and most important property is that torsion balances only

experience an angular deflection about the fiber axis (twist) due to forces acting on the

test bodies in different directions. The second property is that a thin fiber provides an

extremely weak spring for twists, which allows deflections by extremely weak forces. Figure

3.1 illustrates a simple torsion pendulum consisting of two test bodies separated by a rigid

rod and supported by a fiber near the center. In a static configuration using an idealized,

perfectly flexible fiber, a torque about the vertical will only occur if the forces acting on

the test bodies have different vector directions. To see this, define “down” by the sum of

all forces acting on the pendulum in static equilibrium, except for the fiber tension, which

defines “up”. Define a second axis px as perpendicular to both the rod supporting the test

bodies prB ´ rAq and the fiber pz, and the final axis py mutually perpendicular to the first

two (coincident with the rod if the pendulum hangs level):

pz “ ´
FA ` FB

| FA ` FB|
(3.1)

px “
prB ´ rAq

| rB ´ rA|
ˆ pz (3.2)

py “ pz ˆ px (3.3)

Then the torque about the fiber τz is

τz “ pz ¨ prA ˆ FA ` rB ˆ FBq

“
prB ´ rAq ¨ FA ˆ FB

| FA ` FB|
, (3.4)

where rA and FA give the position of and total force on test body A and likewise for B.

Equation 3.4 generalizes to more test bodies (or pendulum parts) by summing the triple

products of the difference in position of each pair of test bodies and the forces acting on
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those test bodies. A torsion balance only twists if the forces acting on the test bodies act

in different directions. It is this principle of torsion balances that allows an apparatus to

achieve a measurement sensitivity independent of the mass and positioning tolerances of

the test bodies. However, these tolerances result in sensitivity to gravity gradients, which

are a leading systematic effect.

Figure 3.1: A torsion pendulum experiences a torque about the fiber axis only due to
differences in the directions of the forces FA and FB acting on the test bodies.

The other components of the torque on the pendulum are

τx “ px ¨ prA ˆ FA ` rB ˆ FBq

“ prA ¨ pyqpFA ¨ pzq ` prB ¨ pyqpFB ¨ pzq ` rprB ´ rAq ¨ pzspFA ¨ pyq and (3.5)

τy “ py ¨ prA ˆ FA ` rB ˆ FBq

“ rprB ´ rAq ¨ pzspFA ¨ pxq (3.6)

where the condition of zero net force in the horizontal directions pFA ¨ pxq “ ´pFB ¨ pxq and

pFA ¨ pyq “ ´pFB ¨ pyq, restricting the pendulum rod to lie in the z´y plane, and an idealized



21

perfectly flexible fiber were used. If the pendulum rod is level, then the terms proportional

to prB ´ rAq ¨ pz also vanish, so good tolerances in the torsion balance construction reduce

gravity gradient systematic effects by allowing the pendulum to rest in a level orientation

(see section 7.1). The other terms in τx relate to the center of mass resting under the fiber

attachment point as can be seen by considering the case of τx “ 0 with only gravity.

3.1 Experimental Harmonic Oscillator with Noise

The differential equations for a harmonic oscillator provide a good model for a torsion

balance. Here I present the equations to provide consistent notation and to introduce the

fundamental noise floor that a torsion balance faces due to thermal noise in the fiber. A

more thorough treatment of noise in a torsion oscillator and other mechanical systems can

be found in Saulson [112]. Ritter and Gillies [54] have an illustrative discussion on coupling

horizontal seismic noise into the torsion mode.

A torsion balance can be modeled by the differential equation

M :θptq ` f 9θptq ` κ

ˆ

1 `
i

Qi

˙

θptq “ τptq, (3.7)

whereM is the moment of inertia of the torsion pendulum, f characterizes velocity damping

and gives a quality factor Qv “ Mω0{f , κ is the torsion constant, Qi is the quality factor

for damping internal to the fiber and τptq describes all external torques. The quality factor

indicates the number of oscillations for the damping to reduce the pendulum amplitude by

e´π.

In the undamped case where f Ñ 0 and Qi Ñ 8

:θptq ` ω2
0θptq “

τptq

M
, (3.8)

and ω0 “ κ{M gives the undamped frequency of oscillation for the system.

A high Q torsion pendulum operated under high vacuum is most commonly limited by

internal damping in the torsion fiber. Internal damping in the fiber is modeled using an

imaginary contribution to the torsion constant with a magnitude inversely related to Qi.

Though Qi may be frequency dependent, the frequency dependence is empirically weak for

many materials [112]. Velocity damping may also contribute to noise, possibly through gas
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or eddy-current damping, but a good design and low vacuum pressure can substantially

reduce these effects. The transfer function Rpωq models the torsion pendulum’s response

to torques. Solving the differential equation using a Fourier series expansion for τptq allows

us to determine the transfer functions for both internal and velocity damping:

Rpωq ”
θ̃pωq

τ̃pωq
(3.9)

Rinternalpωq “
1{κ

`

1 ´ ω2{ω2
0

˘

` i{Qi
(3.10)

Rvelocitypωq “
1{κ

`

1 ´ ω2{ω2
0

˘

` iω{ pω0Qvq
(3.11)

The fluctuation-dissipation theorem [21] gives the thermal noise floor based on the trans-

fer functions for these common forms of damping in a torsion pendulum. The fluctuation-

dissipation theorem provides a quantitative relationship between dissipation in a system

and the random fluctuations (noise) of the measured quantity:

τ2pωq “ 4kBTXpωq, (3.12)

where kB is Boltzmann’s constant, T is the temperature, and Xpωq “ Re p1{riωRsq is the

generalized (real) resistance of the mechanical system, in this case, the torsion oscillator.

In the internally damped case Xinternalpωq “ κ{pωQiq and in the velocity damped case

Xvelocitypωq “ f . Putting this together with the transfer function leads to predictions for

the thermal noise spectrum of the twist angle for a torsion pendulum:

θ2internalpωq “
4kBT

κωQi

1
`

1 ´ ω2{ω2
0

˘2
´ 1{Q2

i

(3.13)

θ2velocitypωq “
4kBT

κω0Qv

1
`

1 ´ ω2{ω2
0

˘2
´ pω{ pω0Qvqq

2
(3.14)

For the experiments discussed here, the main difference in the noise predictions is the direct

dependence of the internal damping noise on 1{ω as shown in figure 3.2.

One may question how valid a one dimensional model can be for a complex 3D object

suspended by a non-ideal wire from a point that must be mechanically defined on a rotating

platform. In principle there could be 8 or more modes of the system beyond their common

motion together, such as the wobble of the pendulum, swing, bounce, guitar string, and of
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Figure 3.2: Comparison of the power spectral density for internal damping versus velocity
damping of a torsion oscillator’s twist.

course the torsion mode. In table 3.1 the frequencies of the various modes are approximated.

The apparatus is designed to damp and isolate these other modes from the torsion mode as

described in section 5.2. The important feature is that the torsion mode is well separated

in frequency from all of the other modes. Since all of the other (non-torsion) modes are

much higher in frequency, a design including physical damping of the unwanted modes

substantially reduces the energy available to couple into the torsion mode. Furthermore,

the large frequency separation allows straightforward extraction of the torsion mode during

data analysis.

Additional noise sources, such as seismic motion, changes in gravity gradients, tilts and

thermal motion of the apparatus, have other functional dependencies, with both 1{ω (1{f)

and 1{ω2 (1{f2) being common [54].



24

Table 3.1: Functional dependence of the pendulum mode frequen-
cies on mechanical parameters and estimated values for our torsion
balance. Numerical factors are omitted. E is Young’s modulus for
the fiber, ρ is the fiber density, d is the fiber diameter, l is the fiber
length, κ 9 d4{l is the torsional fiber constant, m is the pendulum
mass, h is the pendulum height, Mz is the pendulum’s moment of
inertia about the fiber axis, Mh is the pendulum’s moment of inertia
about an axis in the horizontal plane, kd is the vertical damper spring
constant, and g is earth’s gravitational acceleration.

Pendulum Mode Functional Form Estimated Frequency (Hz)

Guitar
a

mg{pρd2l2q 10

Bounce
a

Ed2{pmlq 10

Bounce (Damper)
a

kd{m 1

Wobble
a

hmg{Mh 1

Swing
a

g{l 5 ˆ 10´1

Torsion
a

κ{Mz 1 ˆ 10´3

3.2 Multipole Formalism

The torsion pendulum responds to differences in the direction of the forces on the test

bodies. Unfortunately, gravity gradients have this characteristic, making them an important

systematic effect to understand. The cylindrical symmetry of our torsion balances makes

the multipole expansion of the gravitational field particularly useful for characterizing the

gravity gradient coupling with the pendulum. A review of the multipole formalism in the

context of torsion pendulums is presented here (see references [44, 123, 124] for further

details). An expansion of the gravitational potential VN between two extended bodies

(defined by functions of their density ρp and ρs for the pendulum and surrounding masses,

respectively) using the spherical harmonics Y m
ℓ as basis functions provides the form for the

gravitational interactions and can be separated into those affecting each harmonic of the
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turntable rotation frequency:

VN “ ´

ż

pend

ż

source

G
ρppr1qρsprq

|r ´ r1|
d3r d3r1 (3.15)

“ ´4πG
8
ÿ

ℓ“0

1

2ℓ` 1

ℓ
ÿ

m“´ℓ

qℓmQℓm (3.16)

qℓm “

ż

pend

ρppr1q r1ℓ Y m˚
ℓ ppr 1q d3r1 (3.17)

Qℓm “

ż

source

ρsprq r´pℓ`1qY m
ℓ ppr q d3r (3.18)

With inner moments qℓm and outer fields Qℓm defined to separate the pendulum’s config-

uration from that of the laboratory environment. Calculations of qℓm and Qℓm are easiest

in a body fixed frame, which is typically the same as the laboratory frame for the environ-

mental model. A transformation from the body fixed frame of the pendulum in the rotating

apparatus to the the laboratory frame involves a rotation giving q̄ℓm “ qℓme
´imϕTT , where

ϕTT is the angle of the turntable with respect to the laboratory frame.

The torque about the fiber (calculated in the laboratory frame) is defined as

τZ “ ´
B

Bϕ
VN

“ ´4πiG
8
ÿ

ℓ“0

1

2ℓ` 1

ℓ
ÿ

m“´ℓ

m qℓmQℓme
´imϕTT

“ 4πiG
8
ÿ

ℓ“0

1

2ℓ` 1

ℓ
ÿ

m“1

m
´

q˚
ℓmQ

˚
ℓme

imϕTT ´ qℓmQℓme
´imϕTT

¯

,

(3.19)

where qℓ,´m “ p´1qmq˚
ℓm and likewise for Qℓm. Taking a specific term in the sum and

separating the moments and exponential into real and imaginary components, the torque

for a given gravitational coupling can be written as

τgravℓm “ 8πG
m

2ℓ` 1

tsin pmϕq rIm pQℓmq Im pqℓmq ´ Re pQℓmqRe pqℓmqs

` cos pmϕq rIm pQℓmqRe pqℓmq ` Re pQℓmq Im pqℓmqsu .

(3.20)

This form shows the relationship to the two Fourier components for a given m that are

determined from the pendulum twist using the appropriate transfer function. In fact, the
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measured pendulum twist was used to determine unknown gravity gradient moments and

fields. The m “ 0 moments are cylindrically symmetric and produce no change with the

turntable rotation, though tilts of vertical can rotate them into moments with different

m. The ℓ “ 1, m “ 1 moment also must vanish for a torsion balance. The force due to

the bending of the fiber is much smaller than that due to gravity, the center of mass of a

stationary torsion pendulum lies directly below the attachment point, so that the integrals

over x1 and y1 in equation 3.21 are zero.

q11 “

ż

pend

ρppr1q

«

´

c

3

8π

`

x1 ` i y1
˘

ff

dx1 dy1 dz1 (3.21)

The q21 is the leading moment that may introduce a twist at the equivalence-principle-

violation signal frequency. Figure 3.3 illustrates the qualitative shapes of the spherical

harmonics up to ℓ “ 4.
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Figure 3.3: Representations of the spherical harmonics. The gravitational multipole moment
corresponding to the illustrated spherical harmonic has high density in the gold regions and
low density in the purple regions. Note that for ℓ “ 1,m “ 1, the arrangement is unphysical
for a torsion pendulum as described in the text.
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Chapter 4

SIGNAL SOURCES

Our experiment relies on measuring the differential acceleration of the test bodies to-

wards a source. We use sources such as the earth, sun, and center of the galaxy. While the

test body charges can be chosen to maximize a particular charge difference, our sources have

fixed compositions. Within the Yukawa framework (see section 2.2), a particular choice of

charge or interaction range for an equivalence-principle-violating interaction can render an

experiment insensitive. Fortunately, each of our sources has a unique composition that dif-

fers from the others. In the case of the galaxy, we utilize the large fraction of the mass due

to dark matter to search for non-gravitational interactions between ordinary neutral matter

and dark matter. For unknown forces with ranges greater than 1 AU, the substantially

different compositions of the earth (mostly oxygen, magnesium, and silicon) and sun (hy-

drogen) provide strong limits on any possible charge described by equation 2.10. Because

of the inverse-square relationship between the gravitational force and distance, using the

earth gives an inherently stronger source than using the sun (e.g., in experiments by Roll,

Krotkov and Dicke [109] and Braginsky and Panov [18, 19]). Using the earth as a source

also probes violations of the equivalence principle at shorter ranges. Our apparatus sets

the best limits on equivalence principle violation for ranges as short as 0.2 meters. The

source model explained in this chapter expands the applicability of previous source models

(developed by Su and Choi [123, 28]) into the previously unmodeled range from 20 km to

1000 km. We incorporated a detailed model for the composition and local density variations

of the earth to create the source model for these intermediate ranges.

This chapter is divided into two main parts: In the first part, a general framework

describing sources using the Yukawa parametrization is presented along with a detailed

characterization of the earth as a source. In the second part, several astronomical sources

that could provide insight into unknown physics are discussed.
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4.1 Whole Earth Source Model

A rotating torsion balance enables the earth to be used as a source by modulating any

equivalence-principle-violating signal at the apparatus’s rotation frequency. The horizontal

gravitational acceleration aK due to the entire earth is equal to the centrifugal acceleration

ac due to earth’s rotation:

ac “ Ω2
‘R‘ cosϑ (4.1)

aK “ ac sinϑ “
Ω2

‘R‘ sinp2ϑq

2
(4.2)

The horizontal gravitational acceleration depends on earth’s rotation frequency Ω‘, earth’s

radius R‘, and the experiment’s latitude ϑ. The torsion balance for our experiment is in

Seattle, Washington at a latitude of 47.7˝ N, which corresponds to aK “ 1.68ˆ 10´2 ms´2.

However, the earth is inhomogeneous, so for ranges less than the diameter of the earth the

details of earth’s structure must be incorporated. We updated and extended the model de-

veloped by Su [123, 124] and modified by Choi [28] for this apparatus with recent geophysical

data to model the entire earth with appropriate detail.

Two general types of models were included in our source integration: Local models im-

pose an approximate rectangular coordinate system near the apparatus, where the curvature

of the earth contributes minimally. Global models are inherently tied to earth’s curved sur-

face and often use angular coordinates of latitude and longitude. For both model types,

the pendulum position was transformed into the model’s horizontal and vertical datum (see

appendix A.2). The pendulum position was always centered in the grid to prevent asym-

metries in the grid from contributing to the calculations. The sole exception to locating the

pendulum at the center of the grid occurred during the terrain integrations. The pendulum

was located at the center of the terrain grid, but the surface rock density was interpolated

from the regional density model [120], which used a different grid. However, the model’s

surface density remains constant in the apparatus locale and increases only slowly going

into nearby mountain ranges.

Many different geophysical features contribute to the overall model. The apparatus

is located underground with a hill rising immediately to the west of the laboratory. The
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Puget Sound basin to the west and the Cascade mountains to the east are the largest terrain

features impacting the model. The local subsurface density consists of a bowl of bedrock

containing less dense sediments. At depths of 20 km, the bedrock underlying the Cascades

is more dense towards the east and south, due to the subduction of the Juan de Fuca plate

under the North American plate. In fact, the Juan de Fuca plate extends substantially

down into the mantle east of the apparatus’s location. Over the longest ranges, hydrostatic

equilibrium for earth requires the east-west components to be relatively balanced, while the

ellipsoidal shape of the earth produces a steady accumulation in the source integral to the

north that balances the centrifugal force of earth’s rotation.

We parametrize charge in our source model using baryon number and lepton number

(see section 2.2) for consistency with the previous models by Su [123, 124] and Choi [28].

Among common materials baryon number per mass differs by less than about 0.5% and

lepton number per mass differs by less than about 10%, as shown in table 4.2. Since density

varies by factors of two or more, the source model primarily accounts for density variations,

while assuming uniform composition of water, earth’s crust, mantle, and core. An example

illustrating the greater importance of density is the shift from land to water: The lepton

number changes by 20% compared to a density change of more than 200%. Within the

crust and mantle, the variation in lepton number is smaller, but substantial density changes

still occur (e.g., between a subducted plate and surrounding mantle material). The primary

contribution to the source acceleration comes from the density variations obtained from the

different geophysical models.

Due to the different region covered by each geophysical model, several different underly-

ing models were incorporated into a composite source acceleration model for our apparatus.

Terrain was modeled in three parts: First, Choi’s model of the laboratory and local terrain

based on measurements and architectural and site plans for the CENPA laboratory covers

distances up to 180 m [28]. Second, the PSDEM2005 digital elevation model (DEM) for

the Puget Sound region includes terrain elevation and bathymetry for distances up to 24

km [51]. Third, NOAA’s Coastal Relief Model provides terrain and bathymetry data ex-

tending out to 91 km [94]. We used the surface density from a USGS tomographic density

model for all the terrain integrations [120]. In addition, the subsurface density from the
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Table 4.1: Enumeration of the individual geophysical models and their applicable range.
Models are listed multiple times when the integration was performed with different grid
sizes. The range indicates the distance to the inner and outer edge of the model. MULTI
is a program that computes the source acceleration based on a model built of primitive
solids. DEM is a digital elevation model that describes the height of terrain. Density refers
to a model for the density of the earth.

Model Type Range (m) Grid Size (m)

Inner Outer

CENPA Building [28] MULTI 0 60 Dynamic�

Lab Site Plans [28] DEM 0 20 0.2083

Lab Site Plans [28] DEM 20 60 1.25

Lab Site Plans [28] DEM 60 180 3.75

PSDEM2005 [51] DEM 180 600 9.14

PSDEM2005 [51] DEM 600 1800 27.4

PSDEM2005 [51] DEM 1800 6000 82.3

PSDEM2005 [51] DEM 6000 2.38 ˆ 104 246.9

Coastal Relief [94] DEM 2.38 ˆ 104 9.10 ˆ 104 558�

Cascadia Density [120] Density 0 9.10 ˆ 104 2.00 ˆ 103

Global Sediment [75] Density 0 Crust 1˝

CRUST 2.0 [15] DEM & Density 0 Crust 2˝

STB00D [118] Density 0 Mantle « 12˝˚

PREM [45] Density 0 Depth Only Polynomials

� Grid was dynamically determined as part of the numerical integration performed by the MULTI

program.

� Coastal Relief data was interpolated onto a rectangular grid from a 3 arcsec angular grid.

˚ Uses spherical harmonics with ℓ,m ď 31.
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Table 4.2: The charge per mass used in the combined model
for different parts of the earth.

Source composition Z{µ N{µ B{µ

Fresh water [77] in [82] 0.5551 0.4443 0.9994

Puget sound 3.0 % salinity [56] 0.5529 0.4466 0.9995

Sea water 3.5% salinity [87] 0.5523 0.4472 0.9994

Crust [111] 0.4950 0.5056 1.0006

Mantle [80] 0.4954 0.5052 1.0006

Core [66] 0.4690 0.5321 1.0012

USGS density model was included to a depth of 60 km. A global crust (primarily CRUST

2.0 and related work [74]) and a mantle density model (STB00D) [45, 15, 118] provided

the subsurface density for distances greater than about 90 km. The global model used an

angular grid size of of 1˝ („100 km near our apparatus) in both latitude and longitude,

which provided only a slight overlap with the regional terrain models. The lack of overlap

between the regional models (Coastal Relief and Cascadia Density) with the global crust

model leads to greater uncertainty (a total uncertainty of „25%) in the source acceleration

for 200 km ă λ ă 600 km. The greater uncertainty arises because the grid size of the global

crust model is comparable to λ for these ranges and contributes greater than 1/3 of the

source acceleration magnitude.

4.1.1 Source Model Integration

It simplifies the calculation of limits on hypothetical interactions to separate the Yukawa

force expression into a source part and a pendulum part. The source part can be separately

calculated and further subdivided by the available models (laboratory, local terrain, local

crustal structure, and entire earth). We rearrange the terms in the Yukawa parametrization
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of an equivalence-principle violation from equation 2.5:

Ṽ prq “ α̃

„ˆ

∆
q̃

µ

˙

T

mT

ȷ

loooooooomoooooooon

pendulum

G

ˆ

q̃S
µS
mS

˙

e´r{λ

r
loooooooooomoooooooooon

source

For clarity, we determine the source strength in one dimension. Appendix A provides details

on the integration in three dimensions. Differentiating the Yukawa potential for two point

bodies Ṽ with respect to the separation distance r gives the force:

F̃ “ ´
B

Br
Ṽ

“ α̃

„ˆ

∆
q̃

µ

˙

T

mT

ȷ

G

ˆ

q̃S
µS
mS

˙ ˆ

1

λ
`

1

r

˙

e´r{λ

r
looooooooooooooooomooooooooooooooooon

point source acceleration

, (4.3)

where the last part of the expression is the acceleration of a test body due to a point source.

For an extended source obeying superposition, the integral of the point source acceleration

over the extended body gives the total source acceleration aS (the acceleration experienced

for unity α̃ and test body charge):

aS “ G

ż

source

ˆ

q̃S
µS

prqρSprq

˙ ˆ

1

λ
`

1

r

˙

e´r{λ

r
dr, (4.4)

where the source mass was replaced with the position dependent source density ρSprq and

the charge per mass may also depend on the position r.

Combining the modeled source acceleration and the measured differential acceleration

∆a gives the strength of a force compared to gravity α̃ for a given choice of charge and

range for the hypothetical interaction:

α̃ “
∆a

´

∆ q̃
µ

¯

T
aS

´

q̃S
µS
, λ

¯ (4.5)

We integrated the 3-dimensional versions of equation 4.4 over each model for selected

values of λ. For each model, we estimated the minimum and maximum values of λ needed
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to achieve a desired tolerance of 1% assuming constant density:

8
ş

r“rmin

e´r{λmin

r dV

8
ş

r“0

e´r{λmin

r dV

“ p1 `
rmin

λmin
qe´rmin{λmin “ desired tolerance (4.6)

rmax
ş

r“0

e´r{λmax

r dV

8
ş

r“0

e´r{λmax

r dV

“ 1 ´ p1 `
rmax

λmax
qe´rmax{λmax “ desired tolerance (4.7)

(4.8)

Using a tolerance of 1% results in λmin « rmin{6 and λmax « 6 ˆ rmax for each constituent

model, where rmin is the distance from the apparatus to the nearest grid point in the

model and rmax is the distance to the furthest grid point in the model. After the initial

integration for all constituent models was completed over the estimated domain for λ, we

selected additional λ for constituent models until we met the tolerance goal.

The relative size of the grid spacing δr to λ contributes significantly to the integration

uncertainty if the grid is too coarse. We selected the grid spacing for the regional models so

δr ď rmin{20, which ensured that λ was larger than the grid spacing at all distances. The

global models instead have δr „ λmin because the global crust model used a 1˝ „100 km

grid, while the regional density model only extends beyond the Cascadia subduction zone

(„100 km east of Seattle). The global model has increased uncertainty for λ ă 350 km, but

the overall uncertainty is likely less than 25% as discussed below in section 4.1.4.

Two three-dimensional coordinate systems were used for integration: Regional models

used a local Cartesian coordinate system oriented as East-North-Up with the origin at the

apparatus location, which included the curvature of the earth. Global models used lati-

tude, longitude and elevation measured from the World Geodetic System of 1984 (WGS84)

reference ellipsoid defined below by equation 4.9. At Seattle’s latitude a 1˝ ˆ 1˝ grid box

corresponds to 75 km ˆ 111 km in the east-west and north-south directions, respectively.

However, the northern edge is 1.4 km shorter than the southern edge. Models were con-

verted into the integration coordinate systems as necessary. We used linear interpolation to

align points from a model’s coordinate system in the integration coordinate system. Linear
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interpolation “flattens” models slightly because the interpolated value must be between the

original values. To limit computational time, some high resolution terrain models were av-

eraged to a lower resolution where the detail was small compared to the relevant range for

λ.

The numerical integration was performed using the Mathematica [140] numerical inte-

gration function NIntegrate. The AccuracyGoal option was set to require at least 10´12

accuracy of individual integrations. Some zero or near zero values failed to meet the 10´12

accuracy criteria. These values generally occurred due to symmetry cancellations or to

locations where the Yukawa integrand was near the integration numerical precision.

4.1.2 Composition of the Earth

Earth’s bulk composition is fairly well agreed upon; however, several questions affecting

the charge parametrization (equation 2.10) remain, including the light element composition

of the outer core, the identification of chemical or phase changes that result in mantle

sound velocity discontinuities, and the mapping of detailed inhomogeneous structure. In our

source acceleration model, density uncertainties dominate the bulk composition uncertainty

estimated as À 1%. To give an idea of the maximum charge difference that could be

found in a detailed inhomogeneous model, pure natural gas would have Z{µ „ 0.527 and

N{µ „ 0.473, whereas iron ore would have Z{µ „ 0.476 and N{µ „ 0.525, with a difference

of ∆pZ{µq „ 0.051 and ∆pN{µq „ ´0.052 or about 10%. Differences between rock types

result in typical charge variations of about „0.1% for Z{µ and N{µ. Due to the larger

density uncertainty, we neglected the composition dependence on location (surface position

or depth) within the crust, mantle or core, but the existing rock categorization in the

CRUST model [74] makes this a future possibility. Table 4.2 summarizes the charge values

we adopted. We used Rudnick and Gao’s 2003 [111] bulk crust composition, Lyubetskaya

and Korenaga’s [80] composition for the mantle, and the Javoy et al. [66] model with silicon

and oxygen as the primary light elements for the core composition. Appendix A.4 includes

a comparison of the adopted models with other models of earth’s composition.
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4.1.3 Combined Source Model

Both terrain and density variations in the earth’s crust contribute to the source integral

with terrain contributions dominating for smaller λ and the density variations in the earth’s

interior becoming comparably important for larger λ. Earth’s elliptical shape dominates

the north-south component for λ Á 1000 km, but at shorter distances (all distances for the

east-west component) both crustal variation and terrain make significant contributions. Due

to intense research into earthquakes (Seismic Hazards Investigations in Puget Sound [129])

and modeling earth’s interior (Reference Earth Model [74]), there has been a substantial

increase in the detail of geophysical models, which allows us to extend our source integration

to include 20 km ă λ ă 200 km.

Laboratory Model

The laboratory building, including large equipment in the same room as the apparatus, was

modeled by Choi [28]. The model accounts for the walls and dirt covering of the entire

CENPA building and certain features of the room where the apparatus is located, including

a large cyclotron magnet, excavation under the magnet, a crane, support structure for the

apparatus, and a pond over the room. Both the composition charge-to-mass ratio and

density were included explicitly in the model. The terrain was manually digitized from the

CENPA laboratory site plans, which have a two foot contour interval and a scale of 1:600.

The integration results of Choi were directly incorporated into the composite model without

any reprocessing. The laboratory model provides the dominant contribution for λ À 500 m

due to the apparatus’s location in a buried laboratory with a hill rising immediately to the

west.

The building model and terrain located within 180 meters of the apparatus were also

used to model the gravity gradients. The calculated Q21 and Q31 agree with the measured

values to about 10%, indicating that the model provides a good representation of the local

mass distribution.
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Terrain Model

The PSDEM2005 [51] and Coastal Relief [94] digital elevation models provided terrain

elevation and bathymetry information out to 91 km. We separated the terrain model into

different regions (see table 4.3) for the numerical integration. Figures 4.1 and 4.2 show the

terrain from the PSDEM2005 [51] and Coastal Relief [94] models, respectively. A USGS

density model for the Cascadia subduction zone [120] provided location dependent densities,

which replace the bedrock map used by Su and Choi (see section 4.1.3). The surface density

ranges from 2.0´ 2.4 g cm´3 out to 24 km and up to 2.8 g cm´3 over the entire region. The

surface density is typically 2.0 g cm´3 within the Puget Sound basin and increases in the

Olympic and Cascade mountain ranges. The terrain integration used the PSDEM2005 grid

spacing within the East-North-Up integration coordinate system, which resulted in a small

amount of interpolation as the model’s projective coordinate system and the 3D integration

coordinate system diverge with distance from the apparatus. The Coastal Relief model was

interpolated onto a rectangular grid for integration. The Coastal Relief elevation data is

relative to the 1996 Earth Gravity Model (EGM96) [76], but deviations from the reference

ellipsoid were ignored as they are smaller than a few cm in the integration region.

Table 4.3: The domain of the different models used for terrain.

Model Domain Format Horizontal Datum Vertical Datum

CENPA Plans ă 180 m 2 ft contours, WSPNa City of Seattle
manually digitized

PSDEM2005 ă 23784 m 30 ft grid WSPNa NAVD88b

Coastal Relief ă 91 km 3 arcsec grid WGS84ce EGM96de

Global sediment Entire earth 1˝ grid WGS84c Sea Level

a Washington State Plane - North

b North America Vertical Datum of 1988

c World Geodetic System of 1984

d Earth Gravity Model of 1996

e The Coastal Relief Model is a composite model from different origins and may have additional

uncertainty related to this.
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Figure 4.1: Terrain extracted from the PSDEM2005 model, centered on the pendulum’s
location.

The PSDEM2005 model [51] covers much of the Puget Sound region, but the eastern

edge is 24 km from the apparatus’s location. The closest edge of a model was used to

limit its applicable region, since density differences between opposite directions result in the

source acceleration. PSDEM2005 has a grid size of 30 feet (9.14 m) and a vertical resolution

of 1 foot. However, it is a composite model with vertical accuracy of less than 2 feet for

LIDAR data and as much as 50 feet for portions derived from USGS elevation maps. The
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Figure 4.2: Terrain extracted from NOAA’s Coastal Relief model, centered on the pendu-
lum’s location.
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largest part of the terrain data used for the source integration came from LIDAR data.

Terrain immediately surrounding Lake Sammamish and roughly the North-East quadrant

located further than the far shore of Lake Washington were derived from USGS elevation

maps. A comparison with Choi’s terrain model [123, 28], interpolated from 25 foot (7.6 m)

contour lines, shows a RMS variation of about 3 meters over a 1400 m by 1400 m square

centered on the apparatus site (see figure 4.3).

The Coastal Relief model [94] covers the entire coastal region of the United States. The

Coastal Relief model is on a 3 arcsecond grid, which corresponds to a resolution of „90 m.

We used this terrain model to extend the terrain integration from 24 km to 91 km for

consistency with the region covered by the USGS Cascadia density model.

The terrain source region includes two major bodies of water, Lake Washington and

Puget Sound, for which constant surface elevations were assumed. Lake Washington and

connected water was assigned an elevation 6.1 m above US Army Corps of Engineers Datum

(COED), though the US Army Corps of Engineers maintained the lake level between 6.1

and 6.7 m above the COED with seasonal adjustments [26, 128]. A slope of « 0.1 m from

the ends of the lake to the locks into Puget Sound was also ignored as negligible. Tides

were not incorporated into our model, and Mean Sea Level (MSL) was used for the Puget

Sound water level. Tidal levels in Puget Sound range over 3.5 m at Tidal Station 94A near

the Hiram M. Chittenden Locks (the Puget Sound tidal station closest to the apparatus).

A pond over the laboratory was included in the model from Choi [28]. All other bodies of

water were considered to have negligible contributions.

USGS Cascadia Subduction Zone Density Model

We used a USGS density model of the Cascadia subduction zone (USGS Cascadia density

model) [120] to incorporate the local geology into the source model. The Puget Sound region

has complex geology, with low density sediments, higher density bedrock, and several faults.

The seismic wave velocity and the rock density fall along curves for different classes of rocks

[20]. The USGS Cascadia density model used seismic wave travel times from 220 monitoring

stations in the Pacific Northwest to construct a detailed, three-dimensional model of the
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Figure 4.3: Detail of terrain extracted from the PSDEM2005 model, centered on the pen-
dulum’s location.
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Figure 4.4: Cross sections of the local density model in the east-west and north-south
directions from the apparatus’s location. Positive directions indicate north and east from
the apparatus. Density increases from 2.0 g cm´3 (purple) to 3.4 g cm´3 (red).

regional density. The density model has a grid size of 2000 m and extends 91 km from

the apparatus, limited by the edge to the east which was nearest to the apparatus. The

density ranges from 2.0´2.8 g cm´3 at the surface and increased with depth to a maximum

of 3.4 g cm´3. The USGS Cascadia density model does not include the Puget Sound or

other inland water, but it does include the Pacific Ocean. The source acceleration model

included Puget Sound and Lake Washington through the terrain model. Figure 4.4 shows a

low density sediment bowl near the surface and a slope down from west to east below 40 km

(due to the subduction of the Juan de Fuca plate) in cross-sections of the USGS Cascadia

density model.
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Whole Earth Source Model

At ranges greater than 5000 km, a layered ellipsoid model of earth describes the relevant

density variations well [123, 28]. To extend the utility of this model to shorter distances, the

density variations of earth’s crust and mantle must be taken into account. Four separate

geophysical models of the earth were combined to include these density variations. The

Preliminary Reference Earth Model (PREM) [45] is a radially layered spherical model of

the earth that gives the density as polynomial functions of normalized radius. Following

Su’s work [123], this model was deformed onto the WGS84 reference ellipsoid. The PREM

density functions provide the density for earth’s core and the vertical density for the man-

tle. The STB00D model from Steinberger [118] provided variations of the PREM density

in terms of latitude, longitude, and depth (specified as spherical harmonics for ℓ ď 31 with

modified depths to important mantle boundary layers). Global models of earth’s crust and

sediments from the Reference Earth Model [74] replace the uniform PREM crust density.

Many geophysical models include wave propagation speeds, but relatively few explicitly in-

clude density. The availability of high-order gravitational field data from satellite measure-

ments will likely result in future models explicitly using gravitational data to independently

constrain density, which will result in better models for equivalence principle experiments.

However, the models reasonably describe earth’s density variation, which should be sufficient

to meet the current goal of expanding the source model to all relevant λ.

Table 4.4: Geophysical models contributing to the whole earth source inte-
gration.

Model Type Spacial Parametrization

Global Sediment [75] 3 layers of sediment 1˝ grid

CRUST 2.0 [15] 8 layers of crust 2˝ grid

STB00D [118] 45 layers of mantle spherical harmonics ℓ ď 31

PREM [45] 8 radial polynomials radial only
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The WGS84 reference ellipsoid provides the coordinate basis for the whole earth source

model. Geoid variations from the reference ellipsoid may reach 200 m, but these were not

included in the source model because they are small compared to the distances of ą 100 km

relevant for the global source acceleration. Earth’s radius R‘ as a function of latitude ϑ

defines the ellipsoid:

R‘pϑq “
a

a

1 ´ ϵ2 cos2pϑq
, (4.9)

where a “ 6356752 m is earth’s semi-minor axis and ϵ2 “ 0.00669438 is earth’s eccentricity

squared [63]. All elevations and depths for the integration were with respect to the surface

of the WGS84 reference ellipsoid. The source integration of the crust, mantle and core were

conducted independently. Each integration for the whole earth model was performed in

spherical coordinates for functional simplicity. The final integration result was rotated to

local horizontal coordinates based on the tangent to the reference ellipsoid at the apparatus’s

latitude. The applied rotation was 3.3 mrad at 47.5˝N latitude for the grid center point.

The sediment model includes the ocean depth and three layers of sediment on a one-

degree grid in latitude and longitude. It provides the elevation, thickness and density of

each of the layers. The CRUST 2.0 model provides density, thickness, and propagation

speeds of seismic waves on a two-degree grid for 8 layers, including ice cap thickness, ocean

depth, two sediment layers, three crystalline crust layers and the uppermost mantle. The

source model integration for the crust was performed over each 1˝ ˆ1˝ grid region using the

elevation or ocean depth from the sediment model and replacing the two sediment layers of

the CRUST 2.0 model with the three sediment model layers to span the entire thickness of

the crust from earth’s surface into the uppermost mantle. The integration over the entire

crust took about 6 CPU-hours for each value of λ.

The STB00D mantle model explicitly provides density based on the history of slab

subduction into the mantle. It provides density variations in terms of spherical harmonics

up to ℓ “ 31 relative to the PREM radial density value in 45 layers. The uppermost

layer was excluded in favor of the CRUST 2.0 model upper mantle value, which had a

higher resolution. Integration was performed over the spherical harmonics and PREM

radial density function for each individual layer.
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Earth’s core was assumed to be a symmetric ellipsoid with radial density variation given

by the PREM. Integration over the core, mantle and crust were performed with the same

integration functions, but with different functions providing the density. The integration

for earth’s core was performed as a single numerical integration.

Complete Earth Model

We combined the individual model integrations into a complete earth source model covering

the entire range from λ “ 1 m to λ " R‘. The overall magnitude and direction of the

source model horizontal acceleration, along with the component model contributions, are

shown in figure 4.5. The direction plot for the horizontal source acceleration has a complex

dependance on terrain and crustal and mantle geology as local hills, Lake Washington,

Puget Sound, the Cascade Mountains, the Pacific Ocean, the subducting Juan de Fuca plate,

and variations in the mantle depth and density contribute to the integration. The source

acceleration in the down direction, which we created for verification and for comparison

with drop type experiments, increases steadily until the entire earth has been included.

The complete combined model values are listed in appendix A.

The downward source acceleration should increase with increasing λ until the entire

earth has been included, because there is a density asymmetry between the earth and the

surrounding space. Figure 4.6 shows the downward acceleration increasing steadily, but with

slight deviations from a straight line around 2 km and 50 km. The deviation for λ „ 2 km is

near the grid resolution of the USGS Cascadia density model. The deviation for λ „ 50 km

could be due to either the resolution of the global model or the density change between the

crust and mantle. Higher resolution regional and global subsurface density models would

help, but this model substantially improves upon previous models by addressing the difficult

intermediate range between where local terrain and where global structure dominate the

model.

The east-west direction of the model (shown in figure 4.7) has the most complex behavior.

For λ „ R‘ hydrostatic equilibrium of the earth implies that the source acceleration should

be zero; however, at shorter ranges clear asymmetries exist, such as between the Pacific
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Figure 4.5: Frame (a) shows the magnitude and frame (b) the direction of the total source
acceleration and contributions from individual models.
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Figure 4.6: Source integration in the Down direction with contributions from individual
models.

Ocean and North America or between Puget Sound and the Cascade mountain foothills.

Hydrostatic equilibrium means that the large-scale crustal and mantle contributions should

cancel and the long-range source acceleration should be similar to the source acceleration due

to local terrain. Figure 4.7 shows multiple reversals of the source acceleration’s direction:

For λ ă 20 km, the density asymmetry between a hill immediately to the west of the

laboratory and the shoreline of Lake Washington to the east produces the westerly source

acceleration observed. In the range 20 km ă λ ă 200 km, the Puget Sound basin to the west

(see figure 4.1), a subsurface low-density sediment bowl that extends more to the south and

west of the apparatus’s location (see figure 4.4), and the beginning of the Cascade Mountains

to the east contribute to the easterly source acceleration. The next reversal has a source

acceleration to the west again for 200 km ă λ ă 6000 km, due to the density difference

between the continental plate to the east and the thinner oceanic crust and mantle to the

west. Oceanic crust is generally thinner and denser than continental crust and results in

the underlying mantle being closer to the surface. Figure 4.9 shows the complete extent of
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Figure 4.7: Source integration in the East-West direction with contributions from individual
models. Solid lines indicate a source acceleration towards east and dashed lines indicate a
source acceleration towards west.

the USGS Cascadia density model to illustrate the density difference between the oceanic

crust to the west and the continental crust to the east. Note that the full extent of the

USGS Cascadia density model corroborates the global sediment and CRUST 2.0 models

that actually provide the density values used in this range. Finally, on the scale of the

entire earth, the hydrostatic equilibrium requires the the underlying mantle cancels the

large-scale crustal density asymmetry, leaving only the small-scale density asymmetry due

to the rigid nature of the crust.

The north-south component of the source acceleration model, shown in figure 4.8, results

in the strongest long-range limits on α̃ due to the horizontal gravitational acceleration to the

north that counteracts the centrifugal acceleration from earth’s rotation. At the shortest

ranges (λ ă 200 m) the source acceleration reverses from north to south due to the hillside

that the laboratory room is dug into and a substantial ravine about 20 m north of the

laboratory building. Terrain features, predominantly hills to the north and a waterway to
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Figure 4.8: Source integration in the North-South direction with contributions from indi-
vidual models. Solid lines indicate a source acceleration towards north and dashed lines
indicate a source acceleration towards south.

the south dominate the source acceleration out to a few km, at which point the subsurface

density contributes comparably with the terrain. The main local subsurface feature is the

low-density sediment bowl that extends to the south and west of the laboratory site. Near

λ “ 200 km a bump in the magnitude of the north source acceleration occurs due to the

detailed location of the Juan de Fuca plate, with some of the asymmetry visible in figure

4.9. The eastern edge of the Juan de Fuca plate extends roughly south-east from Vancouver

Island, curving to mostly south following the Cascade mountains, and heading slightly

back west towards the Pacific coast south of Seattle. For λ ą 200 m the source acceleration

gradually accumulates to the north, with a dramatic increase beyond „ 106 m as the mantle

and core are included due to earth’s ellipticity.
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4.1.4 Source model uncertainties

The dominant uncertainties in the source model come from the geophysical models for den-

sity, which can have localized density uncertainties of „25% in the mantle [88]. We estimated

that uncertainties from composition, elevation models, coordinate system transforms, and

numerical integration were typically less than a few percent. We verified our model by com-

paring certain regions where we can independently estimate the value and by comparison

between different models covering the same region. At the shortest distances (À100 m), our

computed gravity gradients were within 10% of the measured gravity gradients [28]. At the

longest distances („R‘), our results follow the expectation that the earth is in hydrostatic

equilibrium, and the horizontal gravitational acceleration toward north equals the centrifu-

gal acceleration from earth’s rotation. Due to a lack of good uncertainty estimates for the

underlying models we used in the source acceleration, we did not use any model uncertainty

to compute our limits on α. The inclusion of source acceleration uncertainties could change

limits significantly (ą 10%) only in the difficult region 10 km ă λ ă 1000 km.

Table 4.5: A comparison of results from different terrain models for
λ Ñ 8.

Model Comparison East-West North-South

Range ( m s´2) ( m s´2)

Choi [28] 0 - 180 m ´1.44 ˆ 10´5 ´1.85 ˆ 10´6

PSDEM2005 [51] 0 - 180 m ´1.33 ˆ 10´5 ´9.14 ˆ 10´7

PSDEM2005 [51] 6 - 24 km 4.05 ˆ 10´5 1.80 ˆ 10´5

Coastal Relief [94] 6 - 24 km 3.96 ˆ 10´5 1.75 ˆ 10´5

Su Bedrock [123] 0 - 20 km 7.90 ˆ 10´6 3.16 ˆ 10´5

USGS Density [120] 0 - 20 km 9.46 ˆ 10´6 1.04 ˆ 10´5

The composition and elevation model uncertainties were negligible compared to the den-

sity model uncertainties. Composition charge differences arise primarily between rock and

water, with the little composition variation between different types of rock (e.g., comparing
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the crust and mantle compositions gives a charge difference „0.1%). The digital elevation

models accurately depict terrain and water depth with more detail than could be accom-

modated by the numerical integration at all λ ą 600 m. In the local region, overlap of

different terrain models occurred, so we compared the different models as summarized in

table 4.5. Choi and PSDEM2005 agreed to about 10% on the overall magnitude, but have

a direction difference of about 30˝. The direction difference arises at the shortest ranges

(λ À 10 m), where the PSDEM2005 model lacks resolution. Choi also computed the Q21

gravity gradient from the model and found agreement within 10% of the measured value

[28]. The PSDEM2005 and Coastal Relief terrain models agreed within 2%, while each

model was derived from different measurements with the exception of some Puget Sound

bathymetry.

The subsurface density models used sound speed as a proxy for the density with con-

straints by geological considerations and gravitational measurements. Mooney and Kaban

[88] estimate 0.05 g cm´3 („1%) as the density uncertainty for our global crust model,

25% uncertainty in mantle density anomalies for poorly studied regions, and about onhalf

that for well studied regions. Our source acceleration from the mantle, crust, and USGS

Cascadia density models cancel in the east-west direction for λ ąą R‘ to better than 10%,

leaving a long-range east-west component approximately equal to that of the local terrain

(i.e., “crustal density variations within sedimentary basins and the crystalline crust are

compensated in the uppermost mantle.” [88]). The density of the USGS Cascadia density

model has a typical standard deviation ă 3.5% for each layer. A maximum standard de-

viation of 12% occurred for the surface layer, due to an asymmetric bimodal distribution,

where about half the grid locations had a constrained density of 2.0 g cm´3 and half had a

typical (approximately Gaussian) distribution of densities with a mean of 2.5 g cm´3.

Comparison of different models over the same range permits some estimate of the un-

certainty. We had only one density model for the local region, but we compared it to the

previously used bedrock map. These two models include slightly different information: the

bedrock map provides the depth of the sediment layer with a 418 m horizontal grid spacing

and „ 25 m vertical resolution (better resolution for shallower bedrock), while the density

model provides density on a 2 km grid in both vertical and horizontal directions. The
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Figure 4.10: Comparison of our horizontal source acceleration model with that of Choi [28].
Solid lines indicate a source acceleration towards north or east and dashed lines indicate a
source acceleration towards south or west. Ranges at which direction changed between east
and west or north and south were interpolated.

bedrock provides a factor of 3 larger signal to the north partially due to the grid differences.

We compare our composite model with the previous model by Choi [28] in figure 4.10. The

two models use entirely different data sources for distances greater than 180 m.

4.2 Astronomical Sources

Astronomical sources complement earth-fixed sources with different compositions and mod-

ulation periods. An equivalence-principle-violating signal due to an astronomical source is

modulated by the relative motion of the laboratory and the astronomical body with daily

(either sidereal or solar) and yearly periods. While many systematic effects have a period

of a solar day, the combination of a rotating turntable and daily modulation reduces most

systematic effects compared to earth-fixed sources. We analyzed our data toward three



54

astronomical sources: The sun’s hydrogen composition differs substantially from earth’s

composition, which we use to eliminate the source composition insensitivity that arises

from using a single source (see equation 2.10). The galaxy’s substantial dark-matter frac-

tion („25% of its mass) allows us to investigate non-gravitational interactions between dark

matter and ordinary matter. The cosmic microwave background is the most plausible pre-

ferred frame in the universe, so any preferred-frame effects should be examined with respect

to it.

4.2.1 The Sun

Our rotating torsion balance has a greater intrinsic sensitivity to lab-fixed equivalence-

principle-violating signals because the horizontal acceleration due to earth’s gravity is

1.68 cm s´2 at the apparatus’s latitude, whereas the gravitational acceleration due to the

sun is 0.6 cm s´2. However, the sun consists primarily of hydrogen, which gives it a charge
`

L
µ

˘

H
« 1, roughly two times greater than common earth-based sources. The signal mod-

ulation due to the rotation of the earth and its orbit around the sun leads to reduced

systematic effects compared to a laboratory-fixed signal. The combination of charge and

reduced systematic effects make the sun and earth nearly equivalent sources for q̃ “ L. Ad-

ditionally, since the long-range earth signal is toward north and the modulated sun signal

is predominantly east-west, the correlation between these measurements is small, allowing

a combined result.

A specific question we addressed with our torsion balance test with earth- and moon-like

materials is “Does a composition dependent violation of the equivalence principle exist at a

level that would be detected by lunar laser ranging?” Due to the compositional similarity of

earth’s mantle and the moon, we used test bodies that enhanced the composition difference

between the earth and moon to achieve greater sensitivity to any composition dependent

equivalence-principle violation. Moon-mantle test bodies were designed to mimic the com-

position of the moon (or earth’s mantle). Earth-core test bodies were designed to mimic

the composition of earth’s core. The compositions of the earth, moon, and test bodies (see

section 5.1.1) are summarized in table 4.6.
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Table 4.6: Charges for the sun, earth, moon and
earth-core-like and moon-mantle-like test bodies. The
sun’s composition comes from Asplund et al. [11]. The
moon’s composition comes from Longhi [78]. Earth’s
composition is described in section 4.1.2 and the test
body composition is described in section 5.1.3.

Body Z/µ N/µ B/µ

Sun 0.8516 0.1427 0.9943

Earth Core 0.4690 0.5321 1.0012

Earth Mantle 0.4954 0.5052 1.0006

Moon 0.4956 0.5050 1.0006

Earth Core Test Body 0.4661 0.5351 1.0012

Moon-Mantle Test Body 0.4984 0.5022 1.0006

The moon-mantle and earth-core test bodies enhanced the composition difference be-

tween the earth and moon. The composition of the earth and moon equal the composition

of the test bodies weighted by the fraction of the total mass. Defining the non-iron or mantle

fraction as f “ pmantle massq{ptotal massq, then the iron or core fraction is p1´ fq. Since

the moon has a a small iron content the moon’s iron mass fraction is fK “ 0.059, while

earth’s iron mass fraction is f‘ “ 0.387. The composition of our test bodies yields a factor

4 enhancement of any composition dependent equivalence-principle violation measured by

our torsion balance compared to that experienced by the earth and moon falling towards

the sun.

q̃K “ q̃MMfK ` p1 ´ fKqq̃C

q̃‘ “ q̃MMf‘ ` p1 ´ f‘qq̃C

∆q̃lab
∆q̃LLR

“
q̃MM ´ q̃C
q̃K ´ q̃‘

“
1

f‘ ´ fK

“ 3.76

(4.10)

The charge q̃MM corresponds to the moon-mantle test bodies and q̃C to the earth-core test

bodies.
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4.2.2 Center of the Galaxy and Dark Matter

Observations of the Cosmic Microwave Background and the rotation curves of galaxies

indicate that there is a large amount of dark matter that interacts gravitationally with

ordinary matter. The Milky Way galaxy provides a source of dark matter for us, since

about 25% of the mass enclosed by our sun’s orbit of the Milky Way is likely due to dark

matter [121]. A search for an equivalence-principle violation in the direction of the center

of the galaxy provides a model independent test for non-gravitational interactions between

ordinary neutral matter and dark matter. We note that non-gravitational interactions

between ordinary matter and dark matter would also likely produce second-order forces

between ordinary matter [23]. Due to the much greater precision of the equivalence principle

results between ordinary matter, the limit on second-order forces results in a more stringent

limit than that of the test towards the galactic center for some dark matter models, such

as weakly-interacting massive particles (WIMPS). Nevertheless, the model-independence of

this test provides strong grounds for including the galaxy’s dark matter as a source.

The acceleration of a test body towards the center of the Milky Way is made up of the

acceleration due to ordinary matter aOM and the acceleration due to dark matter aDM. If the

dark matter acceleration has a non-gravitational component as shown in figure 4.11, then

∆a « ∆aDM since there are strong limits on the differential acceleration due to ordinary

matter. The total acceleration of our solar system towards the center of the galaxy a “

v2{R “ 1.9 ˆ 10´10 m s´2, where v “ p219 ˘ 20q km s´1 is the velocity of our solar system

about the center and R “ p8.0˘0.5q kpc “ p2.5˘0.2qˆ1017 km [106]. Stubbs gives a range

with the lowest value aDM “ 4.8 ˆ 10´11 m s´2 [121]. This results in the ratio of mass of

dark matter to regular matter enclosed by our solar system’s orbit of „25%. The galactic

center is located at a right ascension of 17.761 hours and declination of ´29.008˝ (J2000)

[12].

4.2.3 Cosmic Microwave Background Frame

Lorentz invariance and the equivalence principle are closely related in general relativity.

Violations of one often lead to a violation of the other as discussed in section 2.4.3. The
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Figure 4.11: Our solar system falls towards the center of the galaxy due to both ordinary
and dark matter. A non-gravitational force between dark matter and our test bodies would
result in a differential acceleration ∆a.

cosmic microwave background (CMB) is a plausible preferred frame for the universe, so any

violations of the equivalence principle related to a preferred frame could have a relationship

with this direction. We fit for an equivalence-principle-violation oriented with the CMB

frame. The CMB dipole is located at a right ascension of 11.20 hours and declination of

´6.93˝ (J2000) [65].
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Chapter 5

APPARATUS

Our torsion balance hung inside a vacuum chamber suspended from an air-bearing

turntable. The turntable enabled the smooth rotation of the apparatus, which places any

equivalence-principle-violating signal at the turntable’s rotation frequency. Figure 5.1 shows

a schematic cross-section of the apparatus. Many different sensors measured temperature,

tilt, pressure, and positions. A laser-beam reflected from one of four pendulum mirrors

onto a position sensitive photo-detector is used to measure the angular deflection about

the fiber axis or pendulum twist. A thin fiber suspended the pendulum and provided a

weak restoring force for the twist. A fiber positioning stage attached at the top of the fiber

and controlled the vertical and horizontal position and the rotation of the pendulum within

the apparatus. Magnetic and thermal shields surrounded the pendulum to isolate it from

ambient changes. Large masses placed about the pendulum’s position reduced laboratory

gravity gradients by at least two orders of magnitude. The apparatus sat less than 1 m

from an external laboratory wall buried into a hillside, which was the dominant short-range

source in our search for new forces weaker than gravity.

The apparatus rested on a concrete platform constructed between the wall of the lab-

oratory and the magnet of a decommissioned cyclotron. An insulating enclosure entirely

contained the apparatus. The laboratory room is circular and the apparatus’s enclosure

extended from the laboratory wall towards the center of the room in a trapezoidal shape

with width of about 2 meters. The entire structure extended from the floor up past the

supporting platform for a total height of about 7 m. The concrete platform divided the

enclosure into an upper portion, where the air-bearing and stationary wiring were accessed,

and a lower portion, where the vacuum chamber and gravity gradient compensators were

located.
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Figure 5.1: Schematic diagram of the apparatus. A torsion pendulum enclosed in a vacuum
chamber hung from an air-bearing turntable. Environmental sensors helped discriminate
systematic effects from an equivalence-principle-violation. Passive thermal and magnetic
shielding enclosed the vacuum chamber, and gravity gradient compensators reduced the
Q21, Q22, and Q31 gravity gradients.
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5.1 Pendulums

We used three separate pendulums for our equivalence principle experiments. Two of the

pendulums were configured with a composition dipole and one with large gravity gradient

moments. The composition dipole pendulums —the eight test-body pendulum and the

earth-moon pendulum— were designed for two separate goals. The eight-test-body pen-

dulum achieved good sensitivity for any unknown charge (see section 2.2.1) using the earth

as a source. In contrast, the earth-moon pendulum addressed the ambiguity of whether

an equivalence-principle violation in the lunar laser ranging tests of the strong equivalence

principle would be due to composition or gravitational binding energy differences. Each of

the three pendulums weighed 70 g, or a little more than half the expected fiber breaking

strength. Each pendulum had four mirrors for the angular position readout and was coated

with an optically thick layer (Á 200 nm) of gold to eliminate work function differences in

electrostatic interactions with the apparatus. The surrounding shield and support structure

were similarly gold coated. Table 5.1 compares the physical properties of the pendulums.

A copper fiber screw threaded into the upper post of the pendulums and crimped to the

fiber to provide a uniform mounting method and to allow us to easily exchange pendulums.

A design tradeoff between differential acceleration sensitivity and gravity gradient moments

occurs through their shared dependence on the pendulum’s lever arm. The eight-test-body

pendulum had a smaller lever arm for reduced gravity gradient sensitivity, while the earth-

moon pendulum had a larger lever arm at the expense of greater gravity gradient sensitivity.

The daily modulation of any signal towards the sun ameliorated the earth-moon pendulum’s

greater gravity gradient sensitivity. The eight-test-body pendulum achieved its best sensi-

tivity using earth as a source in the laboratory frame, where gravity gradient systematic

effects were substantial.

An autocollimating angular position readout determined the pendulum’s angular posi-

tion by reflecting a laser beam off one pendulum mirror onto a position sensitive photo-

detector. Four mirrors on each pendulum allowed the four different orientations of the

pendulum with respect to the apparatus shown in figure 5.2. Using opposite orientations

allowed systematic effects that are fixed to the apparatus to be separated from effects that
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Table 5.1: Physical properties of the pendulums in different operating config-
urations. The flat mirror configuration included fixed optics that reflected the
laser off the pendulum twice, doubling the optical readout angle sensitivity
compared to the corner mirror configuration, which used a single reflection.

Pendulum Configuration Mass (g) Moment of Inertia (g cm2) Mirror

8-test-body Be-Ti 69.8 378.9 Flat

8-test-body Be-Al 70.1 378.0 Flat

Earth-moon 71.3 570.99 Corner

Gradiometer q21 69.1 493.8 Flat

Gradiometer q31 69.1 493.8 Flat

Gradiometer q41 69.1 437.2 Flat

followed the pendulum orientation. This separation improved our ability to identify and un-

derstand systematic effects and to minimize their effect upon our results. The composition

dipole orientation ϕd in the laboratory frame is given by

ϕd “ ϕTT ˘ ϕf , (5.1)

where the turntable angle ϕTT increases west from north and the pendulum frame (or mirror)

angle ϕf increases in a clockwise direction as viewed from the top. The composition dipole

was defined as positive when the beryllium or earth-core test bodies were oriented about

the 0˝ mirror on the pendulum frame and as negative when they were oriented about the

180˝ mirror. The eight-test-body pendulum and gradiometer pendulum had flat mirrors

that were used with a fixed mirror assembly to achieve two reflections of the laser beam off

the pendulum mirror. The earth-moon pendulum had a corner mirror and used a single

reflection for the angular position measurement. The optical path is further described in

section 5.4.

The composition dipole pendulums’ designs specifically addressed coupling of the lead-

ing gravity gradient moments to the local environment by maintaining a high degree of

symmetry. The ℓ ě 2, m “ 1 moments directly produce a systematic signal at the mea-



62

Be

Orientation 1

Be

Ti/Al

Ti/Al

Be

Orientation 2

Ti/Al

Be

Ti/Al

Ti/Al

Orientation 3

Ti/Al

Be

Be

Ti/Al

Orientation 4

Be

Ti/Al

Be

0°

0°

0°

0°

180°

180°

180°

180°

270°

270°

270°

270°

90°

90°

90°

90°

Figure 5.2: Four possible orientations of the pendulum with respect to the apparatus.
The test bodies may also be exchanged with respect to the pendulum frame to separate
systematic effects that follow the pendulum frame from an equivalence-principle violation
that tracks the test bodies. All orientations shown have the composition dipole aligned with
the 0˝ mirror. Ti / Al means either titanium or aluminum test bodies were installed on the
pendulum.
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surement frequency. The ℓ ď 1 moments cannot produce a twist of the pendulum due to

the properties of a torsion balance (see section 3.2). Moments for ℓ ă 6 and all m, except

for the q44 and some m “ 0 moments on the earth-moon pendulum, were also minimized

because small tilts of the pendulum rotate these moments into the m “ 1 moments [124].

In practice, small tilts arise due to imperfections in the suspension or construction toler-

ances. The q44 moment was unconstrained due to the choice of four-fold axial symmetry

as a primary pendulum symmetry. We adjusted the q21 moment with tuning screws in the

upper and lower posts.

Table 5.4 shows the computed moments for the eight-test-body configurations along

with those of the earth-moon pendulum. While the table lists values for the ℓ “ 1, m “ 1

moment, this moment can not be realized when the pendulum is suspended. The formalism

from D’Urso and Adelberger [44] for translating moments can be used to estimate the

combined tilt and translation of the pendulum that results in the elimination of this moment.

As an example, rotating the beryllium-aluminum configuration so that the q11 moment is

entirely in the q10 gives a tilt of „0.5˝. This would result in a q21 «0.04 g cm2, compared

to the measured value of « 0.06 g cm2 prior to adjusting the tuning screws. For this

measurement the tuning screws were only roughly in their neutral positions and could have

contributed the difference from this simple estimate. The large q51 values for the eight-

test-body configurations come from a limitation in the model software where the mirror

cutout could not be accurately modeled. The actual geometry differs slightly from the

model geometry.

The composition dipole pendulums had two radial perpendicular holes on both the upper

and lower posts. Set screws, called tuning screws, within these holes were used to reduce

the q21 moment of the pendulums. The design of these pendulums specifically attempted to

minimize the m “ 1 gravitational moments of the pendulums, which may produce signals

at the turntable rotation frequency; however, imperfections such as machining tolerances,

suspension tilts, and variations in the density of materials may introduce small gravitational

moments. The set screws in the eight-test-body pendulum seated against each other to

prevent them from moving. A solid central post in the earth-moon pendulum prevented the

set screws from being seated against each other, and some small changes to the gravitational
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moments of this pendulum were observed as shown in section 7.1. The tuning screws were

adjusted every time a composition dipole pendulum was installed in the apparatus.

5.1.1 Composition Dipole Selection

Any complete test of the equivalence principle must use two different test body pairs falling

toward two different sources. Each material or material combination has a charge given by

equation 2.10 to which it is completely insensitive. For any particular theory, there will

likely be a choice of materials that maximize the predicted charge difference. However,

a general test should use two pairs of materials that differ substantially in ∆ pZ{µq and

∆ pN{µq. Table 5.2 lists charges for some materials used in current or proposed equivalence

principle experiments.

Table 5.2: Charges for selected materials used in existing or proposed experiments.
Z{µ, N{µ, and B{µ are the vector charges described by equation 2.10. Qm̂, Qe,
Qδm, Qme are the dilaton charge parameters given in equation 2.13.

Material Z{µ N{µ B{µ Qm̂ Qe Qδm Qme

(CH2qn 0.5703 0.4285 0.99888 0.0714 0.00105 -0.000237 0.000313

Be 0.4438 0.5548 0.99865 0.0753 0.00072 0.000191 0.000244

Al 0.4818 0.5188 1.00068 0.0808 0.00174 0.000062 0.000265

Ti 0.4596 0.5415 1.00107 0.0827 0.00229 0.000137 0.000253

Cu 0.4564 0.5447 1.00111 0.0835 0.00270 0.000148 0.000251

Au 0.4011 0.5991 1.00017 0.0853 0.00433 0.000336 0.000221

Pt 0.3998 0.6003 1.00015 0.0853 0.00428 0.000341 0.000220

The pendulum materials must also meet other experimental requirements. For a tor-

sion pendulum, the test bodies must be accurately positioned and not allow motion during

measurements. Movement of a test body changes the coupling to gravity gradient fields,

one of the leading systematic effects. We constructed the pendulums from non-magnetic

materials, such as aluminum, titanium, beryllium, quartz, stainless steel and gold. Ther-
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bodies

test bodies

Figure 5.3: Schematic drawing of the eight test-body pendulum. Four test bodies were
beryllium and four were either aluminum or titanium. Screws held the test bodies in
cylindrical cups and allowed them to be exchanged with respect to the pendulum frame
to remove systematic effects. Four mirrors allowed the pendulum to be positioned in four
different orientations with respect to the apparatus. The tuning screws in the upper and
lower support allowed small changes to the q21 moment.

mal stability prevents the test bodies them from deforming or creeping when the vacuum

chamber is heated during pump-down, which was necessary to reach lower pressures and

minimize drifts in the fiber. The materials should not out-gas under vacuum and should

be conductive. Conductivity prevents electrostatic interactions with the apparatus from

overwhelming the weak signal of an equivalence-principle violation. Outgassing would in-

crease the noise or induce a systematic effect, particularly if it were different for the different

materials.

5.1.2 Eight Test-Body Pendulum

Figure 5.3 shows the primary features of the eight test-body pendulum. The pendulum

frame held eight test bodies (four each of two different compositions) with four-fold az-

imuthal symmetry and top-bottom reflection symmetry. Eight test bodies gave the pendu-
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lum more closely matched symmetry between the torsion axis and the other primary axes.

The test body mounting system resulted in a larger lever arm for the test body mass and

allowed easy exchange of test bodies, while minimizing the largest diameter of the pendulum

frame. Four flat mirrors allowed for measurement of the angular position. The fiber crimped

to a fiber screw that inserts into the upper post. Both the upper and lower post had two

orthogonal through-holes for reducing or “tuning” the q21 moment of the pendulum.

Beryllium and either titanium or aluminum were used for the composition dipole. Each

test body had a cylindrical center section with truncated cones tapering away at each end.

One truncated cone fit securely into a matching cup on the pendulum frame. A titanium

screw through the axis of each test body attached it to the frame. This attachment method

allowed the test bodies to be moved with respect to the pendulum frame and consistently

positioned. Each test body weighed 4.8408 ˘ 0.0002 g. The test body and pendulum

weights were corrected for their buoyancy in air. The higher density test bodies (aluminum

and titanium) had hollow interiors, which reduced their volume and hence their buoyancy.

The beryllium test bodies were solid, while the aluminum and titanium test bodies were

hollow due to their larger densities. In the beryllium-aluminum configuration the pendulum

weighed 70.0890 g while in the beryllium-titanium configuration it weighed 69.8203 g. The

difference in weight came from exchanging the titanium tuning screws with copper screws

in the lower stem for the beryllium-aluminum configuration to reduce a residual q21 moment

greater than the adjustment range provided by the titanium screws.

5.1.3 Earth-Moon Pendulum

The earth-moon pendulum held four cylindrical test bodies between two horizontal trays

as shown in figure 5.4. The pendulum incorporated four-fold azimuthal symmetry and top-

bottom reflection symmetry. The lower tray supported the test bodies and was fixed to

the center post. The upper tray slid along the post to allow the test body positions to be

interchanged with respect to the frame. The cylindrical test bodies were composed of two

half cylinders glued to a central spacer. Each test body weighed 10.0787 g, and the entire

pendulum weighed 71.3053 g (weights are corrected for buoyancy in air). Disks near the top
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Figure 5.4: Schematic drawing of the earth-moon pendulum. Two test bodies mimicked
the composition of earth’s core and two mimicked the composition of the moon and earth’s
mantle. Cylindrical indentations in the horizontal trays positioned the test bodies. The
upper tray slid along the post to allow repositioning of the test bodies.

and bottom of the central post had two orthogonal holes, which each held a pair of #4-40

set screws. The lower holes had copper set screws used for coarse determination of the q21

moment, while the upper holes had aluminum set screws for fine adjustments. The design

incorporated a large lever arm of 2.44 cm to increase sensitivity to differential accelerations

of the test bodies.

The test bodies for the earth-moon pendulum were chosen to closely match the bulk

composition of the moon / earth’s mantle and the earth’s core (see table 5.3). The two

earth-core test bodies were made of stainless steel to model the earth’s core composition.

The two moon-mantle test bodies were made of quartz with magnesium inserts to give them

a composition similar to the moon’s and to the earth’s mantle. The similar composition of

earth’s mantle and the moon allows a factor of „4 (see equation 4.10) enhancement of the

composition difference for a laboratory test in comparison to the effect on the earth-moon

system. The enhancement arises because earth has a large core and the moon’s composition
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is similar to that of earth’s mantle.

Due to the iron content of the earth-core test bodies, each test body was degaussed

inside the outer stationary magnetic shield until the residual magnetic field was less than

5ˆ 10´8 T. The test body magnetic field was measured by a fluxgate magnetometer across

a „2 mm plastic spacer with the test body placed on the spacer in multiple orientations.

5.1.4 Gradiometer Pendulum

The gradiometer pendulum frame supported 16 titanium spheres in conical cutouts on

four flat aluminum disks. The conical cutouts precisely positioned the spheres to create

reproducible gravity gradient moments. Each disk had eight cutouts around its edge. The

top and bottom plates each had an additional eight cutouts near the central spindle. A model

of the gradiometer pendulum with the balls arranged to produce a large q21 is depicted in

figure 5.5. The spheres were arranged to give the pendulum a large q21, q31, or q41 moment,

with other moments remaining small. Table 5.5 enumerates the calculated moments in

the different configurations. The gradiometer pendulum had four flat mirrors that allowed

different orientations of the pendulum with respect to the apparatus. It weighed 69.062 g

with the 16 titanium spheres installed and each sphere weighed 0.795 g. The support frame

and mirrors were coated with gold, but the titanium spheres were uncoated. The amplitude

of the twist signal for the interaction of the main pendulum moment with the ambient

gravity gradients were „900 µrad for the q21 and „1 µrad for the q31. In contrast, the

equivalence principle pendulums produced signals of at most a few nrad after we minimized

the q21 moment with the tuning screws.
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Table 5.4: Calculated moments using measured values for parts of the con-
structed equivalence principle pendulums for ℓ ă 7. Moments for ℓ ă 2 or
m “ 0 can not produce a twist of the torsion pendulum, but see the text for a
discussion on interpreting the ℓ “ 1, m “ 1 moments. A — denotes values less
than 10´5.

Multipole Moment pℓ,mq Be-Ti Be-Al earth-moon

(0,0) ( g ) 19.7 19.8 20.1

(1,0) ( g cm ) — -0.343 ´1.15

(1,1) ( g cm ) ´4.8 ˆ 10´3 ´2.74 ˆ 10´3 ´9.94 ˆ 10´4 ´ i 8.95 ˆ 10´3

(2,0) ( g cm2 ) ´3.43 ´2.27 ´8.48

(2,1) ( g cm2 )

(2,2) ( g cm2 ) — — 4.09 ˆ 10´3 ´ i 1.03 ˆ 10´3

(3,0) ( g cm3 ) — -3.71 ´18.5

(3,1) ( g cm3 ) 0.186 9.50´2 7.79 ˆ 10´2 ` i 2.68 ˆ 10´3

(3,2) ( g cm3 ) — i 9.33 ˆ 10´4 —

(3,3) ( g cm3 ) 0.278 0.144 p1.23 ` i 1.44q ˆ 10´3

(4,0) ( g cm4 ) ´35.9 ´24.1 4.54 ˆ 103

(4,1) ( g cm4 ) — — —

(4,2) ( g cm4 ) i 0.129 i 0.119 ´1.14 ˆ 10´3 ` i 4.15 ˆ 10´4

(4,3) ( g cm4 ) — — —

(4,4) ( g cm4 ) ´9.34 ˆ 102 ´9.35 ˆ 102 ´2.72 ˆ 103

(5,0) ( g cm5 ) — -33.8 ´1.91 ˆ 102

(5,1) ( g cm5 ) ´3.44 ˆ 106 ´3.44 ˆ 106 ´2.64 ` i 1.24

(5,2) ( g cm5 ) — 0.0649 —

(5,3) ( g cm5 ) ´2.19 ´1.10 ´1.97

(5,4) ( g cm5 ) — ´2.30 ˆ 10´4 1.06 ` i 1.74

(5,5) ( g cm5 ) 6.99 3.59 p94.4 ` i1.4q ˆ 10´4

(6,0) ( g cm6 ) 1.63 ˆ 104 1.64 ˆ 104 2.48 ˆ 104

(6,1) ( g cm6 ) ´i 6.98 ˆ 106 ´i 6.98 ˆ 106 —

(6,2) ( g cm6) i 4.64 i 4.29 ´3.27

(6,3) ( g cm6 ) — — —

(6,4) ( g cm6 ) ´7.10 ˆ 103 ´7.10 ˆ 103 2.56 ˆ 104

(6,5) ( g cm6 ) — — —

(6,6) ( g cm6) — — p´8.8 ` i28.4q ˆ 10´5
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Table 5.5: Calculated moments for the q21, q31, and q41 config-
urations of the gradiometer pendulum for ℓ ă 7. Moments for
m “ 0 can not produce a twist of the torsion pendulum. A —
denotes values less than 10´5.

Multipole Moment pℓ,mq q21 q31 q41

(0,0) ( g ) 20.7 20.7 20.7

(1,0) ( g cm ) 4.46 4.46 4.46

(1,1) ( g cm ) — — —

(2,0) ( g cm2 ) 8.11 ˆ 10´2 8.11 ˆ 10´2 17.9

(2,1) ( g cm2 ) 35.685 — ´4.01 ˆ 10´3

(2,2) ( g cm2 ) — — —

(3,0) ( g cm3 ) 58.3 58.3 73.2

(3,1) ( g cm3 ) 28.0 104.92 ´3.15 ˆ 10´3

(3,2) ( g cm3 ) — — —

(3,3) ( g cm3 ) — — —

(4,0) ( g cm4 ) ´1.61 ˆ 103 ´1.61 ˆ 103 ´8.06 ˆ 102

(4,1) ( g cm4 ) ´1.69 ˆ 102 1.08 ˆ 102 280.72

(4,2) ( g cm4 ) — — —

(4,3) ( g cm4 ) ´2.40 ˆ 102 — 53.3

(4,4) ( g cm4 ) 9.09 9.09 9.09

(5,0) ( g cm5 ) 4.27 ˆ 102 4.27 ˆ 102 1.47 ˆ 103

(5,1) ( g cm5 ) ´2.28 ˆ 102 ´1.45 ˆ 103 3.57 ˆ 102

(5,2) ( g cm5 ) — — —

(5,3) ( g cm5 ) ´2.49 ˆ 102 ´9.31 ˆ 102 55.3

(5,4) ( g cm5 ) — — —

(5,5) ( g cm5 ) — — —

(6,0) ( g cm6 ) 1.54 ˆ 104 1.54 ˆ 104 1.41 ˆ 104

(6,1) ( g cm6 ) ´5.69 ˆ 103 ´2.26 ˆ 103 ´2.70 ˆ 102

(6,2) ( g cm6) — — —

(6,3) ( g cm6 ) ´1.81 ˆ 103 ´1.24 ˆ 104 ´8.88 ˆ 102

(6,4) ( g cm6 ) 2.05 ˆ 103 2.05 ˆ 103 2.05 ˆ 103

(6,5) ( g cm6 ) 3.21 ˆ 103 — ´7.92 ˆ 102

(6,6) ( g cm6) — — —
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Figure 5.5: Schematic drawing of the gradiometer pendulum in the q21 configuration. The
small holes in the disks precisely positioned the titanium spheres. The spheres were arranged
to produce large q21 (shown), q31, or q41 moments to measure the corresponding environ-
mental field moments. The four mirrors allowed four different orientations with respect to
the apparatus.
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5.2 Suspension

The pendulum suspension positioned the pendulum fiber attachment to within 25 µm of a

desired position and isolated the torsion mode from vibrations of the apparatus. The fiber

positioning stage allowed translations and horizontal rotation. A vibration damper used

eddy currents in a copper slug to rapidly damp vibrations of the upper fiber attachment

point without significantly affecting the torsion mode. A two-section, 1 m long, tungsten

fiber attached to the damper and suspended the pendulum. The frequency separation of the

torsion mode „mHz from the damped, high-frequency modes of the fiber and suspension

ÁHz effectively isolated the torsion mode.

Each fiber was about 107 cm long and consisted of a short („3 cm long, 50 µm thick)

upper pre-hanger and a long („104 cm long, 20 µm thick) section with a small torsional

restoring constant κ. The upper pre-hanger section was more uniformly round than the

thinner, long fiber, due to manufacturing constraints. A round fiber cross-section prevents

tilt-dependent excursions of the pendulum (see section 7.2). Three separate fibers were used,

one with the beryllium-aluminum composition dipole configurations and two with the earth-

moon pendulum. Each fiber had a typical resistance of „200 Ω, which we used to determine

when the pendulum was in contact with a support within the apparatus. The height at

which the pendulum and apparatus were no longer in electrical contact defined the reference

position for the pendulum height. From the reference position, we raised the pendulum stage

a predetermined distance to the operating position. At the operating position, the optics

aligned with the pendulum’s mirror and the center of mass of the pendulum corresponded

to the center of the gravity gradient compensators. The (innermost magnetic) shield and

support structure in the immediate vicinity of the pendulum were all gold coated. The gold

coating reduces electric fields due to different materials having different work functions.

Even with the gold coating a small shift in the pendulum period of „1 s occurred when the

support structure was removed; however, we observed no difference in noise at the turntable

rotation frequency.

The fiber used for the beryllium-aluminum and the first earth-moon fiber (fibers A and

B, respectively) underwent a heating process. We attached electrodes to the fiber screws
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at each end and hung the fiber in a glass vacuum chamber evacuated to À 10´3 Pa. We

increased the voltage across the fiber in 10 V steps up to 65 V, held the maximum voltage for

a few minutes, then decreased the voltage in steps. Table 5.8 shows data for fiber A, which

is typical of the fibers that underwent the heating procedure. At the maximum voltage, the

fiber glowed a bright light orange color, which roughly indicates a temperature of „1200

K. Estimates based on the resistivity of the fiber imply a slightly higher temperature of

„1450 K. The heating process made the surface of the fiber much shinier. The measured Q

of fiber A was higher than that of all other fibers, but fiber C does not substantially differ

from the fiber used for the beryllium-titanium composition dipole (Q „ 5400) that did not

undergo the heating process. The difference in Q could arise from the heating process, the

quality of the wire section (though all fibers were created from the same spool of wire),

or the quality of the crimp connections. The heating process may clean the surface of the

fiber and possibly recrystallize the tungsten. Tungsten recrystallizes above temperatures of

1425 K [114], with the process occurring faster are higher temperatures. Many fibers were

made using the heating procedure and broke during the installation process, some unable

to support a 70 g test weight. This apparent reduction in breaking strength could be due

to recrystallization occurring, a thinning of the fiber at a hot spot, or a mechanical defect

introduced by handling during the mounting of the fiber screws or the heating process. The

expected breaking strength for a 20 µm diameter work hardened tungsten fiber is about

130 g. The fibers required extremely delicate handling to prevent kinks, which cause them

to break when loaded.

The damper consisted of an aluminum post with a copper slug pressed onto it. The rod

hung from three beryllium-copper leaf springs. A screw through a disk uniformly clamped

the three leaf springs to the top of the post. The copper slug was centered within a magnet

encased in an iron flux return. The magnet induced eddy currents in the copper slug as it

moved to damp the swing and bounce, while the cylindrical symmetry and stiff structure

minimized any effect on the torsion mode. The leaf springs together with the mass of

the pendulum had a bounce mode period of «1 Hz. The damper mounted on a polished

steel shaft that exited the vacuum through a vertical bellows and an O-ring seal. Clamps

outside the vacuum held the shaft to three orthogonal linear positioning stages. Screws
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Table 5.6: Summary of fiber measurements. All fibers were constructed from the
same spool of 0.8 mil tungsten wire. The earth-moon pendulum was taller than
the eight-test-body pendulum, requiring a shorter fiber.

Fiber Date Thickness Length Pre-hanger length

( µm) (mm) (mm)

A 7/10/2006 - 6/20/2007 20.3 1078 45

B 8/7/2007 - 11/24/2008 20.3 1064 25

C 5/15/2009 - 2/14/2011 20.3 1064 —�

� The pre-hanger length was not recorded, but was typically 2 ´ 5 cm.

Table 5.7: Summary of each fiber’s torsion constant κ,
Q, and the maximum heating current.

Fiber κ (nN m) Q Max Current (mA)

A 2.42 6700 ˘ 300 3.0

B 2.41 5280 ˘ 120 3.5

C 2.43 3800 ˘ 150 —

pressed against the shaft allowed small position adjustments and were used to reduce the

run-out (horizontal movement of the fiber at different rotation angles) of the rotation stage

to À 50 µm. Motors moved the assembly vertically and rotated it horizontally. The

positioning stage also allowed translations in the two horizontal directions, which we used

to align the fiber axis with the rotation axis of the apparatus to À 50 µm. The rotation stage

run-out and alignment of the fiber with the rotation axis were done during the installation

of each new fiber. The fiber and damper were electrically isolated from the rest of the

apparatus, but grounded with a wire attached to the rotating shaft during operation.
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Table 5.8: Typical data recorded during the heating process for a tungsten fiber.

Computed Estimated

Time (s) Voltage (V) Current (mA) Resistivity (10´7 Ω m) Temperature (K)

0 0 293

30 10 16.7 1.9 500

30 20 26.4 2.4 600

30 30 34.2 2.8 1100

60 40 40.2 3.0 1330 (red)

60 50 46.1 3.5 1050 (red/orange)

60 60 50.3 3.8 1430 (orange)

500 65 53.1 3.9 1460 (light orange)

5.3 Turntable

The vacuum chamber hung from a custom built air-bearing turntable (Professional Instru-

ments Block-Head Model 10BR-AL). An eddy-current motor maintained a constant rotation

speed through feedback to a 36000 lines per revolution rotary encoder (Heidenhain Model

ERO 725). Two Peavy PV-500 Power Amplifiers sourced the three phases needed to drive

the eddy-current motor. Transformers isolated the amplifiers from the motor drive coils. A

Scott-T produced the three phase signals using two quadrature reference phases and a drive

signal output by the data-acquisition system digital signal processor. The digital signal

processor used a proportional-integral-derivative (PID) loop to control the rotation speed.

The maximum rotation speed was „25 mrad s´1. A slip-ring made the electrical transition

between the laboratory and the rotating turntable.

The turntable maintained a constant speed using two read-heads oriented 180˝ apart on

the rotary encoder to measure the turntable orientation. We averaged the two read-heads

to reduce the effects of encoder inhomogeneity on the rotation rate. Through measurements

of the pendulum at various turntable rotation rates, we determined that the rotation rate

had variations at harmonics of the turntable rotation frequency. The first through ninth
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Figure 5.6: Amplitude noise density for the turntable control loop error signal. The peaks
at harmonics one through nine (marked with grid-lines) correspond to corrections applied
by the turntable control loop to account for encoder variations.

harmonics were corrected in the digital signal processor drive code and correspond to peaks

in the noise spectrum shown in figure 5.6 (see section 7.5). We selected the drive speed

based on the pendulum frequency ω0 using two criteria: the pendulum oscillation was out-

of-phase on consecutive turntable rotations and the least common multiple of the pendulum

period and the turntable period was a small integer. The majority of data was taken with

two turntable rotations commensurate with three pendulum oscillations. A smaller group of

data using the earth-moon pendulum was taken with two turntable rotations equal to one

pendulum oscillation. Pendulum twist calibrations and investigation of turntable rotation

inhomogeneities were the only situations the turntable was run at different speeds. Analog

feedback to a shadow detector drove the slip-ring at the same rate as the turntable to

prevent the cables from producing a variable torque on the turntable. The shadow detector

consisted of a LED and a photo-detector with the edge of a 180˝ cylindrical ridge casting



78

the shadow. A mechanical switch stopped the turntable if the slip-ring and turntable were

out of alignment.

5.4 Angular Position Readout

An autocollimating angular position readout (autocollimator for short) measured the pendu-

lum’s twist angle in the apparatus’s rotating frame. Figure 5.7 shows a schematic diagram of

our autocollimator. A laser diode (Mitsubishi ML64114R) produced the beam, which passed

through a 350 µm diameter collimating hole. The beam then passed through a polarizing

beam splitter followed by a quarter wave plate and a 300 mm focal length lens. For the

eight-test body and gradiometer pendulums, the beam reflected from a mirror to the pen-

dulum, off a stationary corner mirror to a second reflection off the pendulum, then returned

to the polarizing beam splitter via the lens and quarter wave plate. For the earth-moon

pendulum, there was a single 45˝ mirror and a corner mirror on the pendulum returned

the beam. The returning beam was transmitted through the polarizing beam splitter onto

a position sensitive photo-detector (UDT SL3-2). The two mirror geometries are shown in

figure 5.8. The dynamic range for this geometry allowed angles up to 2.6 µrad for a double

bounce off the pendulum or 5.2 µrad for a single bounce off the earth-moon pendulum.

The position sensitive photo-detector output a current from each end that depended on

the position of the beam on the detector. An analog circuit combined the currents from

both ends to produce signals proportional to the difference ∆I and to the sum ΣI of the

currents. The ratio p∆Iq{pΣIq was proportional to the linear position on the detector.

A function generator (Stanford Research DS340) modulated the laser at 142 Hz, which

allowed two lock-in amplifiers (Stanford Research SR830) to amplify the difference and

sum signals. Both lock-in amplifiers were typically configured with a 3 s low-pass filter

at 12 dB/octave, a synchronous filter, and optionally a digital notch filter at 60 Hz. The

synchronous filter removes harmonics of the lock-in frequency by averaging the digitized

points over one period of the primary frequency. The digital notch filter removes noise due

to electrical circuit interference; however, our lock-in reference frequency was sufficiently

removed from the line frequency that this filter did not improve the signal [116]. The data

acquisition system digitized the signal and quadrature components of the lock-in outputs
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Figure 5.7: Schematic diagram of the autocollimator showing the major features. A laser
diode produced a beam that was directed to the pendulum via a polarizing beam splitter
and other optics. The beam returned after reflecting off the pendulum and was transmitted
onto a position sensitive detector.

(a) Illustration of the beam path with a double

bounce off a flat mirror on the pendulum.

(b) Illustration of the beam path with a corner

mirror on the pendulum.

Figure 5.8: Diagram of the beam paths for the two different pendulum configurations.
Dimensions are not to scale.
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for both the ∆I and ΣI signals.

The the laser-beam’s position on the photo-detector produces two output currents. The

ratio of the difference ∆I and sum ΣI of the detector currents is proportional to the pen-

dulum twist:

θ “
1

2
arctan

ˆ

k
∆I

ΣI ` IL

˙

«
1

2

ˆ

k1∆I

ΣI

˙

´
1

6

ˆ

k1∆I

ΣI

˙3

` O

«

ˆ

∆I

ΣI

˙5
ff

,

(5.2)

where k and k1 are calibration factors and IL is an uniform leakage current (absorbed into

the definition of k1). Any leakage current arising consistently across the detector results in

only a calibration change while not affecting the linearity.

Using an autocollimator configuration sensitive to the polarization of the light permitted

a low noise readout and minimized the effects of stray reflections. A sample noise trace using

a stationary mirror as a reflector, both with and without the turntable rotating, is compared

to the pendulum noise in figure 5.9. The data presented in this plot was all taken using the

eight test-body pendulum. The pendulum was used as a stationary mirror by placing in on

an aluminum spacer of the proper height.

5.5 Vacuum System

A vacuum chamber with a typical pressure between 4ˆ10´5 Pa and 8ˆ10´5 Pa enclosed the

torsion balance. The vacuum chamber consisted of a vertical column that housed the fiber,

a lower can that held the pendulum, and a top plate that supported the fiber positioning

stage. An optical vacuum window allowed the optical readout of the pendulum angle and a

sliding O-ring seal permitted rotations of the pendulum. A copper shroud surrounded the

fiber inside the vacuum chamber and covered about 80% of its length. During the earth-

moon portion of the experiment, small transient pressure increases resulted in a redesign of

the vacuum chamber column and seals. The new design reduced the number of seals, more

reliably compressed several larger O-rings, and increased the stiffness of the column.

An ion pump (Varian StarCell VacIon Plus 20 Model 919-0235) maintained the pressure

of the vacuum chamber while the apparatus rotated. The ion pump could maintain vacuum
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Figure 5.9: Displacement angle power spectral density of the apparatus in different config-
urations. The uppermost noise spectrum (purple) was taken with the turntable rotating
and the pendulum suspended. The solid gold and dashed gold lines indicate the theoretical
prediction for noise due to damping internal to the fiber and velocity damping, respectively,
both with Q=6000. The two lower traces were taken with the pendulum resting on a spacer
to determine readout noise. The gray trace was taken with the turntable feedback holding
the turntable at a fixed position. The yellow trace, which shows harmonics of the turntable
rotation frequency, had the turntable rotating at the normal rate.

pressure within our operating range for many months at a time, but needed an additional

pump to initially evacuate the vacuum vessel. To evacuate the chamber, we connected a

turbomolecular pump to the vessel through a vacuum bellows valve. During evacuation of

the air, we heated the vacuum chamber to „60˝C and a copper shroud surrounding the fiber

to „80˝C. Resistive heater tapes were wrapped around the exterior of the vacuum chamber

to heat it. The shroud incorporated tubing that carried hot air through it. Heating the

fiber greatly reduced the drift of the pendulum equilibrium position after the apparatus had

cooled. When the typical chamber pressures were reached after pumping for up to two days

with the turbomolecular pump, the ion pump was started. After ensuring proper operation
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Figure 5.10: Example of transient pressure events that resulted in increased noise in the
earth-moon pendulum angle. Grid lines aligned with the first event and spaced every 5000 s
illustrate the regularity of the events. The right segment expands the pressure increase near
12700 s to reveal the rapid rise followed by pumping back to the base pressure. The points
indicate the recorded measurements with the line as a guide for the eye. Transient pressure
events correlated with changes in the pendulum’s twist.

of the ion pump, a valve sealed the apparatus from the turbomolecular pump, which was

then disconnected.

The ion pump also output a voltage V related to the pressure p by

ppV q “ c010
c1V , (5.3)

where cn are calibration coefficients.

During the experiment using the earth-moon pendulum, the pendulum angle noise was

about 3 times greater than during the eight-test-body pendulum measurements, which op-

erated near the thermal noise limit of the fiber. Transient events in the pendulum twist

correlated with fast rises in the ion pump pressure from the base pressure „5 ˆ 10´5 Pa

to „10´4 Pa followed by a decrease to the base pressure within about 20 s. These tran-

sient events occurred regularly roughly every 5000 s as shown in figure 5.10. Similar events

occurred during the measurements with the eight-test-body pendulum, but had a negligi-

ble effect upon the pendulum twist. We made a concerted effort to locate the source and

to reduce the effects of the pressure events upon the pendulum. A grounded screen was
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inserted between the ion pump and the pendulum, all O-rings were cleaned or replaced

and static O-ring seats were vented. The pressure events were determined to be actual

gas releases rather than an ion pump phenomenon by pumping on the apparatus with a

turbomolecular pump (which exhibited similar events) and pumping on an isolated volume

with the ion pump (which had no transient events). Unfortunately, the specific seals causing

the events could not be determined. Sliding seals between the column and support plates

were suspected since these seals required clearance between the surfaces for installation and

potentially compressed the O-rings asymmetrically.

We redesigned the vacuum chamber (shown in figure 5.11) to eliminate the sliding O-

ring seals, improve mechanical stiffness and reduce sensitivity to temperature gradients,

while minimizing other changes to the apparatus. Two sliding O-ring seals on the central

column were replaced with more reliable compression O-ring seals. The sliding seals were

compressed radially between the outer wall of the column and the inner face of a cylindrical

hole in each of the upper and lower plates. We replaced these seals with axial compression

of seals against the face of a new thicker column. The new column, machined from a

6 inch diameter aluminum holobar, has walls a factor of six thicker, and the thickness

of the triangular structural supports doubled. These changes resulted in more than an

order of magnitude increase in the stiffness of the vacuum chamber column. The seal

between the column and the fiber positioning stage was separated from structural support

of the column. The fiber support stage now rests on top of the column, which extends

through the upper support plate with a small gap around it to reduce thermal coupling.

We previously determined that the top support plate was the location of the apparatus’s

greatest sensitivity to temperature gradients. The outer surface of the column attaches

to eight triangular support pieces that structurally connect the column to the supporting

apparatus above and to the lower vacuum chamber below. To accommodate the ion pump

and autocollimator, the column has a square cross-section through its lower-middle portion.

The redesigned vacuum chamber reduced both the typical frequency (by more than a factor

of 4) and maximum pressure rise of the transient pressure increases, but some still occurred

(see section 6.5).
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Figure 5.11: Rendering of the improved apparatus vacuum chamber. The triangular pieces
attached to the column provide structural support. The square cross-section of the middle
portion of the column accommodated the ion pump and autocollimator. The column passed
through the upper supporting plate to directly support the fiber positioning stage.
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5.6 Temperature Sensors and Shielding

Temperature plays an important role in any sensitive mechanical experiment because it can

produce displacements and tilts, induce stress, and relates to noise through the fluctuation-

dissipation theorem. Thermal effects due to changes in the mean temperature and to tem-

perature gradients across the apparatus result in systematic effects for measurements with

a torsion pendulum. Due to the rotation of our apparatus in a temperature stabilized en-

closure, temperature gradients were the dominant source of systematic effects. We located

the apparatus in an insulated enclosure within a temperature controlled room. Thermis-

tors measured the temperature at 22 locations in and around the apparatus. Two pairs of

thermistors measured the difference in temperature across the rotating thermal shield of

the apparatus, which we used to determine the sensitivity of the apparatus to temperature

gradients. Ten temperature sensors recorded the absolute temperature and six recorded

temperature gradients around our apparatus. Four absolute temperature sensors and four

differential temperature sensors were mounted on the rotating part of the apparatus. The

remaining sensors measured temperatures within the enclosure, the room, and a water bath

for the leveling feedback as enumerated in table 5.9.

Foam insulation supported by wood framing entirely enclosed the apparatus. Two-inch

thick foam insulated the walls, ceiling, and floor of the enclosure. Within the upper section,

an additional hexagonal foam structure enclosed the air-bearing and tilt leveling legs. Fans

within the structure mixed the air to maintain a uniform temperature. The structure

extended 20 cm from either side of the concrete platform to mix air between the upper and

lower sections of the enclosure.

Two thermal shields attached to the apparatus to minimize temperature gradients. An

outer, stationary, thermal shield consisted of an aluminum cylinder with insulation covering

the exterior (one layer of the magnetic shielding was laminated to the inside of the aluminum

cylinder). A second uninsulated aluminum cylinder rotated with the apparatus separated

from the outer shield by a „1 cm air gap. The high thermal conductivity of the aluminum

minimized gradients across the cylinders.

The temperature sensors were negative temperature coefficient thermistors (YSI 44006)
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Table 5.9: Temperature sensor locations on the apparatus. The
first eight sensors were located on the rotating part of the appa-
ratus, while the second eight sensors were fixed in the laboratory.

Temperature Sensor Location Type of Sensor

Upper tilt sensor Absolute

Vacuum chamber column Absolute

Autocollimator Absolute

Lower tilt sensors Absolute

Rotating temperature shield Radial differential

Rotating temperature shield 90˝ Radial differential

Vacuum chamber column Radial differential

Vacuum chamber column Vertical differential

Air-bearing turntable Absolute

Concrete support bridge Absolute

Stationary thermal shield (South side) Absolute

Stationary thermal shield (Bottom) Absolute

Room outside apparatus enclosure Absolute

Tilt feedback temperature bath Absolute

Stationary thermal shield East-West Differential

Turntable air-bearing output Absolute

with a resistance of 10 kΩ at 25˝C. The voltage across the thermistors was measured using

balanced Wheatstone bridges. Each bridge consisted of a thermistor (or two for a differential

measurement) and resistance matched low temperature coefficient resistors. The difference

in voltage between the thermistor and the reference branch (or between the two thermistors

for a differential setup) was amplified with an instrumentation amplifier and converted to a

current for transmission to the data acquisition system. The 16 temperature sensors were
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Figure 5.12: Comparison of temperature noise for differential sensor on outside of rotating
thermal shield (yellow) and absolute sensor inside thermal shield (purple). The difference in
noise at low frequencies in the differential sensor arises due to the rejection of temperature
changes common to both sensors. The lower noise floor at high frequencies is due to the
higher gain the differential temperature sensors can use due to their insensitivity to the
absolute temperature. The absolute temperature sensor shows very little indication of the
temperature variation at harmonics of the turntable rotation frequency, which demonstrates
the effectiveness of the thermal shielding. The peak at ωs{ωTT “ 1{2 occurs due to the
turntable tilt feedback loop as described in the text.

multiplexed into a single digitization channel that was read multiple times to maintain the

same sample rate as the other sensors. The circuit diagram is shown in figure 5.13. The

differential measurements reduced sensitivity to the absolute temperature, which allowed

the sensors to remain in range with an order of magnitude larger gain. Figure 5.12 compares

a differential temperature sensor located on the outer surface of the rotating shield with

the temperature sensor on the autocollimator inside the rotating thermal shield. The lack

of peaks at turntable harmonics in the trace for the temperature sensor inside the rotating

thermal shield demonstrates their effectiveness at equalizing temperature gradients. The
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peak at ωs{ωTT “ 1{2 in the differential sensor arises from a tilt feedback loop correction

applied at this frequency. The tilt adjustments changed the separation between the rotating

shield (and the attached differential temperature sensors) and the stationary shield.

We determined the temperature from a thermistor’s resistance using the Steinhart-Hart

equation [119]:
1

T
“ a` b logpRq ` crlogpRqs3, (5.4)

where T is the temperature, neglecting self-heating effects, R is the thermistor resistance and

a, b, and c are coefficients determined through calibration to a laboratory thermometer at

multiple temperature points in the desired range. The amplified voltage from the Wheat-

stone bridge was proportional to the thermistor resistance. The differential temperature

sensors were modeled using the derivative of equation 5.4:

´
dT

T 2
“ dapT q ` logpRqdbpT q ` rlogpRqs3dcpT q ` bpT q

dR

R
` 3cpT qrlogpRqs2

dR

R
loooooooooooooooooomoooooooooooooooooon

bridge

(5.5)

While the coefficients vary depending on the calibration range chosen, the bridge circuit is

sensitive primarily to dR{R, the portion of the equation designated as bridge. In addition,

the differential temperature sensor measurements were most important during the equiva-

lence principle data collection, when the enclosure temperature was stabilized to within a

few tenths of a degree over a period of weeks. Since the bridge portion of the equation is

essentially in the measured quantity, we use a linear polynomial to calibrate the differential

temperature sensors.

We maintained a constant temperature in the laboratory room using a heat exchanger

(MagicAire 60-BVW/BVX-A) with the temperature controlled by a Neslab HX-300. The

Neslab HX-300 had a remote temperature probe located in the airstream near the center of

the room. This setup maintained the enclosure air temperature within 300 mK of the mean

over the two weeks of a typical measurement set.

5.7 Tilt Sensors and Leveling

Three pairs of orthogonal tilt sensors (Applied Geomechanics Model 755) measured the tilt

of the apparatus. Two pairs of tilt sensors were installed on the rotation axis, with one
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Figure 5.13: Circuit schematic for the temperature sensors. Each grouping of resistors with
an instrumentation amplifier (INA114) made one temperature channel. For an absolute
temperature channel, the resistor connecting the inverting amplifier input to ground was a
thermistor connected by appropriate cabling. For a differential temperature channel, the
two thermistors connected the two amplifier inputs to ground. The amplifier gain restricted
the temperature range to 23˝ ´ 27˝C for the absolute temperature sensors and to 0.5˝C
for the differential sensors, which generally sufficed in our temperature controlled room and
provided good sensitivity. The multiplexed temperature channels were recorded by the data
acquisition system.
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1.71 m above the pendulum and the second 0.20 m below the pendulum. The third pair

of tilt sensors were installed on the stationary platform that supports the turntable. A

feedback loop using the rotating tilt sensors aligned the rotation axis with vertical to within

a few nanoradians. Two linear variable displacement transducers (LVDT) measured the

separation between the concrete platform and the turntable base for coarse leveling of the

turntable and calibration of the rotating tilt sensors.
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Figure 5.14: Tilt noise amplitude spectral density for an upper (solid lines) and a lower
(dashed lines) tilt sensor. A longer cable connecting the lower tilt sensor to the amplifier
resulted in greater noise. The gold lines were taken with the leveling feedback on and the
purple lines with the feedback off.

Placing the tilt sensors on the rotating apparatus reduced the tilt sensors sensitivity

to zero-point drift. Figure 5.14 compares the noise from our tilt sensors with the leveling

feedback on and off. The two tilt sensor pairs on the rotating apparatus had a sensitivity

difference due to the length of wiring between the sensor and its amplifier electronics. The

tilt sensor pair above the pendulum had wiring „ 20 cm long, while the wiring for the

lower tilt sensors was „2 m long. We used a grounded shield on the longer wiring, but the
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difference was still appreciable. A low-pass filter with a 30 s time constant was enabled on

the signal conditioning amplifier boxes.

102 mm

bolt

thermoelectric

element

copper

disk

G10 spacer
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expansion

cylinders

constant 

temperature

water supply

Figure 5.15: Schematic diagram of a leg used to control the tilt of the apparatus. A thermo-
electric element between a constant temperature bath and a thermally conducting copper
disk controlled the heat flow into the leg. Thermal expansion of the lead cylinders resulted
in small height changes that a control system used to level the apparatus. Insulation,
including G10 spacers and foam wrapping (not shown), thermally isolated the leg from the
environment.

Three short legs supported the turntable base above a concrete platform. The height

of two of the legs could be adjusted to level the turntable. Lead screws driven by stepper

motors on two of the legs allowed coarse leveling of the turntable. The fine adjustments

were accomplished using small displacements from controlled thermal expansion. The legs

and feedback loop were developed by Ulrich Schmidt and described in appendix B of Heckel

et al. [59]. The legs consisted of a thermoelectric element connected to a copper piece inset

between two lead cylinders, see figure 5.15. The thermoelectric element also maintained

contact, through a brass block, with constant temperature water flowing through it. A flow-

through water bath with a temperature controller (Polyscience VWR 1165) maintained the

flow of water to the legs. Each leg was entirely wrapped in foam insulation and separated

from the platform and base by insulating G10 spacers. A feedback loop used the tilt sensors

to control the thermoelectric elements via two power supplies (Kepco BOP 20-5M), one for

each leg. The water bath was kept at a constant temperature of 24.3˝C, slightly cooler

than the room air temperature. The LVDTs and tilt sensors were calibrated using tilts of
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the turntable with respect to the platform. The LVDT calibrations were made to a dial

indicator referenced to the same surfaces and the tilts were calculated using the apparatus

geometry and the dial indicator readings.

The tilt control loop transformed the signal from the tilt sensors into the laboratory

frame and determined the height adjustment necessary at each of the two thermal legs

to null the tilt. In addition, the Fourier components of the tilt signal were monitored to

remove zero drift of the sensor from the feedback output. The zero adjustment occurred

over half a turntable revolution every two turntable revolutions. A simple thermal model

included the heat flux from the thermoelectric element, the thermal resistance of the copper

and thermoelectric element, and the heat capacity of the copper disk and lead cylinders.

The control loop solved this thermal model using stored Fourier series coefficients specific

to the legs to find the heat flux needed to produce the desired height adjustment. The

data collection loop and the tilt feedback loop both relied upon the data acquisition system

sampling rate. This rate was typically increased when the pendulum was rotated and

damped. The change in the sampling rate caused the leveling feedback loop to reset. It

took up to a few hours for the loop to redetermine the zero-point. The data acquisition

system code was updated between the beryllium-titanium and beryllium-aluminum data

sets to reduce the effects of sample rate changes on the zero-point.

5.8 Magnetic Field Sensors and Shielding

Four layers of magnetic shielding reduced the ambient magnetic field to minimize magnetic

forces acting on the pendulum. Two layers of high magnetic permeability metal (Magnetic

Shield Corporation CO-NETIC AA alloy) were located inside the vacuum, one layer rotated

with the apparatus, and the outermost layer remained stationary.

The large stationary shield consisted of two segments 0.9 m tall and 0.5 m in diameter

along with a cap that fit snugly within the bottom segment. The top segment attached to an

aluminum cylinder of the same dimensions to enclose the uppermost part of the apparatus.

The two segments of the stationary magnetic shield were marked to permit removal and

reattachment in the same orientation. A 35 cm tall magnetic shield tightly wrapped the

outside of the vacuum can containing the pendulum. A magnetic shield with a closed bottom
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(44 cm tall with a diameter of 25 cm) rested on insulating spacers that held it „1 mm from

the inside vacuum can wall. A single conductor grounded the shield to the vacuum can.

The innermost magnetic shield entirely enclosed the pendulum. It was 20 cm tall with a

diameter of 15 cm and had small openings for the fiber, autocollimator and pumping. This

innermost magnetic shield was gold-coated to provide an uniform electrostatic potential

along with attenuation of the magnetic field. The stationary magnetic shield was degaussed

in place and reduced the ambient magnetic field to ă 2.5 ˆ 10´6 T inside the shield. The

three rotating magnetic shields were degaussed inside the stationary magnetic shield.

During the earth-moon pendulum measurements, a fluxgate magnetometer probe was

installed inside the outermost, stationary magnetic shield. The iron content of the earth-

core test bodies led us to monitor the magnetic environment while using the earth-moon

pendulum. We measured the magnetic field to account for the effect of the daily variation

(«20 nT at our location) of the ambient magnetic field. Earth’s magnetic field varies daily,

primarily due to the dependence of the ionosphere’s conductance on solar radiation [60].

5.9 Data Acquisition and Control System

The data acquisition and control system (DAQ) consisted of a computer (Pentium II run-

ning National Instruments LabWindows based software), a digital signal processor (Spec-

trum Signal Processing AM/D16SA Burr-Brown ADC/DAC), an analog to digital converter

(Analogic Corporation LSDAS-16), and various signal conditioning electronics. The data

acquisition system digitized analog signals from the optical position readout, turntable angle

encoder, and the environmental sensors and recorded the values every «3 s. The recorded

sensor data was written to a structured binary file for each run. The data acquisition system

also executed control loops and performed other automated control of the apparatus. The

turntable and tilt feedback are described further in their respective sections 5.3 and 5.7.

A slip ring allowed electrical signals to pass between the data acquisition system and

electronics on the rotating turntable. The signals from the autocollimator, tilt sensors, and

turntable angular encoder used balanced lines for transmission from the apparatus to the

data acquisition system. The temperature sensors transmitted a current based upon the

measurement, which was converted to a voltage across a reference resistor for digitization.
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The data acquisition system had 20 channels of 16 bit analog to digital converters. Four

channels were associated with the DSP (Spectrum Signal Processing AM/D16SA Burr-

Brown ADC/DAC) and had a maximum sampling rate of 200 kS/s. The remaining 16

channels were digitized via an Analogic Corporation LSDAS-16 analog to digital converter

with a maximum aggregate sampling rate of 50 kS/s. The typical sampling rate was between

3 and 20 Hz for each sensor. The digitization rate was set so an integer number of digitized

measurements averaged to a single sample record. Because limited digitization frequencies

were available, the actual sample recording interval differed slightly from the requested

sample recording interval.

The data acquisition system controlled the fiber positioning and coarse tilt adjustment

stepper motors. The system allowed simple backlash corrections, synchronization of the

fiber rotation with the turntable rotation speed, and automated damping of the torsion

oscillation.

The data acquisition system user interface simplified common activities, such as calibrat-

ing the pendulum twist, coarse leveling of the turntable, changing the turntable rotation

rate while keeping the pendulum amplitude small, rotating the pendulum with respect to

the apparatus, and scheduling data recording. The implementation of scheduling for data

collection increased the data coverage and permitted defined run times, since we were was no

longer required to manually set up data recording. Using the scheduler we set a run length

of 98400 s, including the time taken to rotate to a new mirror and damp the pendulum

oscillation.

5.10 Gravity Gradient Compensation

Gravitational coupling between environmental gradients and the moments of the pendulum

produced the largest systematic effect. We constructed a set of masses, called compensators,

with supporting structures around the apparatus to minimize the strength of the Q21, Q22,

and Q31 components of the field. The local gravity gradient field was relatively strong

because the laboratory was buried into the side of a hill.

The Q21 compensation mass consisted of trapezoidal blocks of lead installed in two

rectangular semi-tori with an inner radius of 35.1 cm and an outer radius of 44.8 cm. The
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semi-tori were positioned such that the center of mass of each is located on a line, 45˝

from vertical, that passed through the pendulum position. The lead massed 858 kg and

reduced the Q21 field from 1.74 g cm´3 to À 0.02 g cm´3. The Q22 compensation mass

was constructed of lead in four quarter cylinders with an inner radius of 29.2 cm and an

outer radius of 42.2 cm, with pairs mounted to the top and bottom of the supporting plate,

which was positioned at the same height as the pendulum. The pairs were positioned with

their center of mass rotated 180˝ from each other about the apparatus rotation axis giving

the necessary 2-fold symmetry. In all, the Q22 compensator massed 208 kg and reduced

the Q22 field from 0.77 g cm´3 to À 0.08 g cm´3. The Q31 compensation mass was 5.5

kg made of 12 pairs of aluminum blocks and four rectangular lead bars placed along an

arc with an inner radius of 28.6 cm and an outer radius of 32.4 cm. The aluminum blocks

were arranged equally spaced through 165˝ of arc on the same support plate as the Q22

compensator, but with a smaller radius. Two lead bars connected both the top and bottom

of the middle two pairs of aluminum blocks. The Q31 compensator reduced the field from

1.06 ˆ 10´3 g cm´4 to À 3 ˆ 10´5 g cm´4. The compensator masses in their compensating

positions are illustrated in figure 5.17. The supporting plates were removed in the figure to

clearly show the compensating mass arrangement.

Four independently rotatable platters (entirely separate from the rotating apparatus)

were incorporated into the three plates that support the compensator masses. One rotat-

able platter supported each of the upper Q21 half, the lower Q21 half, the Q22, and the Q31

compensators. The rotatable platters for the Q22 and Q31 are incorporated into the same

support plate. During equivalence principle data taking the compensators were positioned

to minimize the gravity gradient field at the pendulum’s position. To measure the effects

of gravity gradients on the pendulum, we took measurements with each compensator at

multiple angles to separate the ambient field from the compensator field. These measure-

ments were the basis of the gravity gradient systematic studies described in section 7.1. The

combined environment and compensator fields are described by

Q̄ℓm “ Q̄env
ℓm `Qcomp

ℓm eimαℓm (5.6)

where the barred fields are in the laboratory frame, the unbarred are in body fixed coor-
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dinates and αℓm measures the angles between the body-fixed compensator frames and the

laboratory frame. The body-fixed frames were defined as the frame in which the primary

compensator moment was entirely positive and real. Since |Qenv
ℓm | «

ˇ

ˇQcomp
ℓm

ˇ

ˇ, rotating the

compensator can change a moment from nearly zero to about twice the environmental field.

To create a large Q31 field for measuring the equivalence principle pendulums’ small q31

moment, the two semi-torus sections of the Q21 compensator were rotated to the same side

of the apparatus to create a Q31 “ 2.62 ˆ 10´2 (20 times larger than that of the Q31 com-

pensator), with no other large m “ 1 moments. In this configuration it did not reduce the

environmental Q21 and also had a small Q33.

The separate support plates were rigidly fixed together, so that they cannot move with

respect to each other except for the rotations of the platters. The compensators were

kinematically centered on the pendulum’s location through slide attachments to vertical

supports. Three lead screws linked by a motorized chain drive provided vertical movement

of the compensators with a positioning resolution of 0.127 mm. The vertical movement

allowed access to the pendulum, installation of the thermal and magnetic shields, and

adjustment of the compensator position with changes to the apparatus.
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Figure 5.16: Flow diagram of the control loop for the tilt feedback. A simple model for the
thermal expansion includes input heat flux, thermal resistance of the thermoelectric element
and copper disk, and heat capacity of the copper disk and lead cylinders.
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Figure 5.17: Schematic drawing of the Q21 (black), Q22 (green), and Q31 (yellow and blue)
gravity gradient compensators. The Q21 compensator masses were located on two inde-
pendent turntables mounted symmetrically about the vertical pendulum position. The Q22

and Q31 were each on concentric turntables vertically centered on the pendulum position.
The arrow indicates the direction of North when the compensators were in their maximally
compensating positions. The platters, turntables and supporting structure were removed in
the figure to clearly show the compensators’ mass arrangements.
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Table 5.10: Calculated moments for the gravity gradient compensators with ℓ ă 5.
Each compensator was named by the moment it was designed to cancel. Moments
for ℓ ă 2 or m “ 0 can not produce a twist of the torsion pendulum. A — denotes
values less than 10´5. Seasonal variations of the environmental gravity gradients
limit cancellation to a percent.

Multipole Moment pℓ,mq Q21 Q22 Q31 Q31 by Q21

(0,0) ( g cm´1 ) 4.88 ˆ 103 1.45 ˆ 103 50.1 4.88 ˆ 103

(1,0) ( g cm´2 ) — — — —

(1,1) ( g cm´2 ) — — ´i 1.32 i 57.3

(2,0) ( g cm´3 ) 0.747 -0.955 ´5.25 ˆ 10´2 0.747

(2,1) ( g cm´3 ) i 1.74 — — —

(2,2) ( g cm´3 ) — i 0.774 ´7.51 ˆ 10´3 —

(3,0) ( g cm´4 ) — — — —

(3,1) ( g cm´4 ) — — i 1.06 ˆ 10´3 i 2.62 ˆ 10´2

(3,2) ( g cm´4 ) — — — —

(3,3) ( g cm´4 ) — — ´i 2.24 ˆ 10´4 i 5.94 ˆ 10´3

(4,0) ( g cm´5 ) ´1.04 ˆ 10´3 5.28 ˆ 10´4 4.29 ˆ 10´5 ´1.04 ˆ 10´3

(4,1) ( g cm´5 ) — — — —

(4,2) ( g cm´5 ) — ´i 3.69 ˆ 10´4 — —

(4,3) ( g cm´5 ) 2.41 ˆ 10´4 — — —

(4,4) ( g cm´5 ) — — — —
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Chapter 6

DATA ANALYSIS

We collected data using two different composition dipoles from 2006 to 2011 as summa-

rized in table 6.1. Our data acquisition system recorded the pendulum twist signal along

with the turntable angle, 6 tilt sensors, 16 temperature sensors, pressure, and a few sensors

related to the tilt and turntable feedback loops. We used the auxiliary sensors to ensure

the quality of the data and investigate systematic uncertainties.

We fit segments of the pendulum twist data for a signal at the turntable frequency,

which includes any equivalence-principle violation along with systematic effects. Each seg-

ment included two full turntable rotations over about 40 minutes. The mean and standard

deviation of all the segment fit parameter results in each run determined the lab-fixed sig-

nal. We alternated the pendulum orientation between daily data runs. Local systematic

effects were greatly reduced by taking two differences: First, apparatus-fixed systematic

effects were removed by taking the difference between data collected on the 0˝ and 180˝

or 90˝ and 270˝ mirror pairs. Second, pendulum frame and suspension related systematic

effects were removed by taking the difference between data collected with the composition

dipole direction exchanged with respect to the pendulum frame. For signals toward the

sun, dark matter and cosmic microwave background dipole, we fit the pendulum twist to-

wards the position of each astrophysical source projected onto the local horizontal plane.

The astrophysical-source fit model included terms for apparatus-fixed systematic effects.

Pendulum frame and suspension systematic effects were removed by taking the difference

between data collected with the beryllium-aluminum and aluminum-beryllium configura-

tions. We did not exchange the test bodies on the earth-moon pendulum because it was

difficult to accurately position them on the pendulum frame. The analysis process steps are

summarized in the flow chart shown in figure 6.1.

We separate the data into different sets as part of our analysis. The list here summarizes
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Figure 6.1: Flow diagram of the data analysis process.
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Table 6.1: Summary of data collected using the beryllium-aluminum and
earth-moon pendulums. The exclusion percentages were larger for the
earth-moon pendulum due to greater sensitivity to pressure spikes as de-
scribed in section 6.5.

Composition Data Percent

Dipole Date Fiber Hours Excluded

Be-Al 7/31/2006 - 1/25/2007 A 1497 20.4%

Al-Be 2/20/2007 - 5/8/2007 A 914 13.3%

Earth-Moon 2/8/2008 - 11/24/2008 B 3197 52.7%

Earth-Moon 9/11/2009 - 2/14/2011 C 5491 21.7%

the terminology that we use to distinguish the different groupings:

Segment Set of consecutive data points (typically two turntable rotations long) that were

fit to find the twist of the pendulum at harmonics of the turntable rotation frequency.

Run Continuous collection of data (typically for about 27 hours) with the pendulum in a

particular orientation with respect to the apparatus. An equivalence principle data

run included about 30 segments.

Group Set of runs collected to measure either a systematic effect or the equivalence prin-

ciple. Groups of equivalence principle runs were taken with the pendulum in opposite

orientations on consecutive runs (orientations 1 and 3 or 2 and 4 as shown in figure

5.2).

Configuration All equivalence principle groups with the test bodies in the same orienta-

tion with respect to the pendulum frame. The three configurations were beryllium-

aluminum, aluminum-beryllium, and earth-moon.
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6.1 Signal Processing

The measured pendulum twist differs from the actual twist due to signal processing during

data acquisition and analysis. Signal processing for the pendulum twist included a lock-in

amplifier, data acquisition system digitization and averaging, and a two-point digital filter

to remove the pendulum oscillation. We analytically computed the attenuation effect for

each filter and applied corrections to the harmonic fit Fourier coefficients (see section 6.3).

We used the internal damping transfer function (equation 3.10) to model the pendulum’s

twist angle response to a torque. The predicted noise spectrum from internal damping plus

the autocollimator noise matches well with our measured twist noise spectrum as shown in

figure 5.9.

6.1.1 Low-pass filters

Low-pass filters separate desired signals from unwanted, high-frequency noise, but also

attenuate and phase-shift the signals that pass through. The lock-in amplifiers for the

difference and sum of the photo-sensor outputs each used a 2-pole, 3 s time constant low-

pass filter to remove the laser modulation (see section 5.4). The tilt sensor electronics

included a 1-pole low-pass filter with a 30 s time constant for each tilt sensor.

We modeled the transfer function Rlow of an order p low-pass filter as

Rlow pωq “

ˆ

1

1 ` iωτ

˙p

, (6.1)

where ω is the signal frequency and τ is the filter time constant.

6.1.2 Data averaging

The data acquisition system averaged N data points sampled at a frequency ωa to produce

a single record. Averaging attenuates the amplitude of signals since values at an extremum

are averaged with data points not at the extremum. For an average taken symmetrically

about the mean of the sample times:

Ravg pωq “
1

N
csc

ˆ

πω

ωa

˙

sin

ˆ

πωN

ωa

˙

(6.2)
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6.1.3 Two-point digital filter
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Figure 6.2: A two-point digital filter removed the pendulum’s torsion oscillation. The solid
purple line shows the recorded data for the pendulum twist. The dashed gold line shows
the output of the two-point digital filter. The filtered output begins a quarter pendulum
period after the first recorded data point.

The pendulum’s torsion oscillation had an amplitude of „100 µrad after our automated

damping process (see section 5.9). We removed the torsion oscillation with a two-point filter

that averaged points separated by half of the pendulum period T0 “ 2π{ω0:

θ2ptptq “
1

2

„

θpt`
T0
4

q ` θpt´
T0
4

q

ȷ

(6.3)

We recorded an integer number of data points (72 ˆ 4) each pendulum period T0, which

resulted in a sample interval between 2.7 s and 3.4 s and minimized interpolation for the

two-point filter. The two-point filter reduced the torsion mode amplitude by at least 30 dB.

The two-point filter attenuated signals at frequency ω, which we corrected using the

following transfer function:

R2pt pωq “ cos

ˆ

πω

2ω0

˙

(6.4)

The two-point filter correlates data by including each recorded data point in two different

filtered points. We modeled the covariance Ukℓ between two segments k and ℓ due to the
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two-point filter:

Ukℓ “
σ2

M2

”

δkℓpM ´ βq ` pδk,ℓ´1 ` δk,ℓ`1q
β

2

ı

, (6.5)

where M is the number of data points in a segment, σ2 is the variance for a single data

point, β is the number of data points in the filter interval T0{4, and δ is the Kronecker

delta. A derivation of the two-point-filter covariance model is in appendix B. The effect

of the two-point-filter correlation on the lab-fixed analysis was to increase the statistical

uncertainty by 4.4%.

6.1.4 Attenuation Correction

The product of the transfer functions for the filters and the pendulum (see equation 3.10)

with the twist Fourier coefficients determined the torque Fourier coefficients:

τ̃pωq “ R´1
internal pωqR´1

2pt pωqR´1
avg pωqR´1

low pωq θ̃pωq (6.6)

Table 6.2 enumerates typical values of the attenuation corrections for the pendulum’s Fourier

coefficients at the turntable rotation frequency.

Table 6.2: Attenuation corrections to the turntable rotation frequency
Fourier coefficients for the beryllium-aluminum data. The magnitude
scales the Fourier coefficients and the phase indicates the rotation angle
that mixes the sin and cos coefficients.

Magnitude Phase (deg)

Pendulum 1.79994 ´0.018

Averaging 0.99999 0.000

Two-point filter 0.50002 0.000

Low-pass filter 0.99975 ´1.831

Total 0.89977 ´1.849
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6.2 Calibration

Each sensor was calibrated using known signals that spanned the sensor’s range. In contrast

to most of the sensors, which maintained the same calibration values, the twist calibration

depended on the pendulum and fiber. We calibrated the pendulum twist angle each time

we changed the pendulum configuration by measuring the amplitude change due to a rapid

change in the turntable rotation velocity.
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Figure 6.3: Calibration of the pendulum twist using an abrupt change in the turntable
rotation velocity at 2400 s by 3 µrad s´1 and the resulting change in the pendulum twist
amplitude. The decay of the oscillation amplitude after the change determines the Q.

The autocollimator used a linear photo-detector to measure the position of the beam spot

from a laser diode reflected off a pendulum mirror as described in section 5.4. Reflections

off surfaces other than the pendulum mirror or mismatched gains between the sum and

difference amplifier circuits for the photo-detector may result in a position dependent twist

calibration. Without any position dependence, equation 5.2 predicts a1 “ ´a3{3 and all

other coefficients are zero. To account for a position dependent calibration, we modeled

the twist with a fourth-order polynomial in the ratio of the difference to the sum of the
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photo-detector currents ∆I{ΣI:

θ “ a0 ` a1

ˆ

∆I

ΣI

˙

` a2

ˆ

∆I

ΣI

˙2

` a3

ˆ

∆I

ΣI

˙3

` a4

ˆ

∆I

ΣI

˙4

(6.7)

A calibration run had three sections as shown by the trace of the pendulum oscillation

in figure 6.3: First, the twist was damped to an amplitude of À 100 µrad, which was

measured for at least one complete oscillation. Second, the turntable rotation velocity

was abruptly changed, typically by 3 µrad s´1. Using the turntable speed change to stop

the turntable prevented turntable rotation rate variations from affecting the calibration.

However, calibration measurements with a small velocity change to the typical rotation rate

(„5 mrad s´1) yielded equivalent calibrations. Third, the pendulum twist was measured

for many oscillations after the speed change to accurately determine the pendulum period

and Q in addition to the calibration terms. We denote the fit coefficients from before the

speed change with ă and after the speed change with ą. To determine the values of the

calibration coefficients ai, we iterated a multi-step fitting process that used the amplitude

change in the torsion oscillation from the rapid turntable rotation speed change: First, we

performed a nonlinear fit to the twist θą following the turntable speed change ∆v at time

t0:

θą “ cą
0 ` cą

1 t` rdą
s sinpω0tq ` dą

c cospω0tqs e´pt´t0q{T , (6.8)

where ω0 is the torsion frequency, dą
s and dą

c are the sinusoidal amplitude terms, cą
0 is a

constant offset, cą
1 is a linear drift, and T is the damping time constant that determines

Q “ Tω0{2. Second, we performed a linear fit of the initial pendulum twist θă with ω0

determined by the nonlinear fit:

θă “ că
0 ` că

1 t` pdă
s sinpω0tq ` dă

c cospω0tqq (6.9)

Third, the residuals from the nonlinear fit as a function of θą (shown in figure 6.4) were fit

to the calibration polynomial 6.7. The calibration coefficients were updated using

an “ pan ´ a1
nq

g

f

f

f

e

”

d̃ă
s ` ∆v

ω0
cospω0t0q

ı2
`

”

d̃ă
c ´ ∆v

ω0
sinpω0t0q

ı2

pd̃ą
s q2 ` pd̃ą

c q2
, (6.10)
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where d̃ă and d̃ą are the attenuation-corrected amplitude coefficients from before and af-

ter the turntable velocity change and a1
n are the residual fit coefficients. The amplitude

coefficients d̃ were corrected for the effects of the lock-in amplifiers using equation 6.1.

Our initial calibration used the coefficients predicted for the photo-detector (equation 5.2):

θ “ p∆I{ΣIq ´ p∆I{ΣIq
3

{3. Additional iterations were performed until the fit coefficients

stopped changing.
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Figure 6.4: The first iteration residuals from the damped exponential fit plotted against the
value of θ. The initial choice of calibration coefficients gives θ “ ∆I{ΣI ´ p∆I{ΣIq3{3 as
shown in this plot, but later iterations converge on the conversion to radians.

6.3 Harmonic Coefficient Fits

We fit segments of the filtered data for harmonics of the turntable rotation frequency ωTT.

A lab-fixed equivalence-principle-violating signal would occur at the turntable rotation fre-

quency. We set the turntable rotation speed so that two turntable rotations corresponded

to three torsion oscillations, which made the fit to turntable harmonics orthogonal to the

pendulum oscillation for segments including an even number of turntable rotations. To re-

duce the amount of data discarded due to disturbances, we used segments that included two
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Table 6.3: Summary of pendulum twist calibration results. The beryllium-aluminum
configuration included a double bounce of the laser-beam off the mirror that accounts
for the factor of 2 difference in the a1 coefficient for the earth-moon pendulum.

Date Configuration ω0 ( s´1) a1 a2 a3 a4

(Mirror)

9/8/2006 Be-Al (90˝) 786.480 ˘ 0.009 1.300 ´0.0031 ´0.0637 ´0.0790

11/9/2006 Be-Al (0˝) 786.464 ˘ 0.007 1.325 0.0316 ´0.1950 ´0.5192

3/13/2007 Al-Be (90˝) 786.498 ˘ 0.007 1.305 ´0.0014 ´0.1293 ´0.1008

1/31/2008 EM (270˝) 964.332 ˘ 0.004 2.604 0.0406 ´0.0034 ´0.4131

5/23/2008 EM (90˝) 964.415 ˘ 0.005 2.600 0.0947 ´0.1763 ´1.2678

8/12/2008 EM (0˝) 964.426 ˘ 0.004 2.647 0.2457 ´1.3685 ´1.4731

8/11/2009 EM (270˝) 961.705 ˘ 0.007 2.648 ´0.0332 ´1.3528 ´1.8010

turntable rotations. The filtered data for each segment was fit using the following model:

θ2ptpϕTTq “
ÿ

m

”

θ̃cm cospmϕTTq ´ θ̃sm sinpmϕTTq

ı

`
ÿ

n

cnPnpϕnormq

ϕnorm “
2ϕTT ´ pmaxpϕTTq ` minpϕTTqq

maxpϕTTq ´ minpϕTTq

(6.11)

The turntable angle is ϕTT, θ̃
s
m and θ̃cm are the Fourier coefficients of the twist for har-

monics m P t1{2, 1, 3{2, 2, 3, 4, 6, 8, 12, 16u, cn is the nth drift coefficient, and Pn are Leg-

endre polynomials for n P t0, 1u. The normalized turntable angle ϕnorm is the map of the

recorded turntable angle onto the interval [-1,1]. The harmonic functions of ´ sin pmϕTTq

and cos pmϕTTq correspond to torques where the potential energy was minimized toward

the north and west respectively for the 0˝ pendulum orientation.

The first harmonic coefficients θ̃1 include any equivalence-principle-violating signal along

with systematic effects at the turntable rotation rate. Other harmonic coefficients include

effects that contribute to systematic uncertainties, such as residual pendulum oscillation

(i.e., amplitude for m “ 3{2 not removed by the two-point digital filter), turntable rotation

irregularities, and gravity gradient coupling. The m “ 1{2 harmonic corresponds to the
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Figure 6.5: Data collected during a two week period with the torsion oscillation removed
by the two-point filter. The filtered data was segmented (about 30 segments each day) and
each segment fit to harmonics of the rotation frequency. The nonlinear shape of the data
comes primarily from fiber relaxation and temperature changes.

period at which the tilt feedback system removed offset drift. The pendulum’s four-fold

symmetry corresponds to m “ 4. We suspect that a six-fold bolt-pattern that holds the

turntable encoder in place produces them “ 6 harmonic. Drift terms cn modeled movement

of the equilibrium point due to fiber anelasticity and thermal effects; however, both the

fiber relaxation after pendulum orientation changes and thermal effects were exponential

decays [86]. The linear approximation sufficed given the small drifts during the equivalence

principle measurements (see figure 6.6) and relatively long time constants of the exponential

functions compared to the turntable rotation period.

The Fourier components of the torque τ̃s and τ̃c were obtained without incorporating the

pendulum or composition dipole orientation within the apparatus; however, this orientation

determines the direction of any signal. To transform from the pendulum (or composition

dipole) orientation (defined by equation 5.1) to the laboratory frame we used the following
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Figure 6.6: The fraction of segments with different rates of linear drift for the beryllium-
aluminum pendulum (purple) and earth-moon pendulum (gold). Segments during transient
pressure and tilt disturbances were excluded.

transformation:
¨

˝

τ̃N

τ̃W

˛

‚“

¨

˝

cosϕf ´ sinϕf

sinϕf cosϕf

˛

‚

¨

˝

τ̃s

τ̃c

˛

‚ (6.12)

6.4 Differential Acceleration

The conversion from torque to differential acceleration of the test bodies using equation 3.4

and the symmetry of our pendulums (rA “ ´rB and mA “ mB) results
1 in

∆a “ pnTBmsq
´1 τz “ τz

$

&

%

2720 m s´2 (N m)´1 Eight Test-Body

2030 m s´2 (N m)´1 Earth-Moon
(6.13)

where nTB is the number of test bodies of each composition, m is the mass of each test

body, and s is the horizontal displacement of each composition’s center of mass from the

1For estimating the conversion between pendulum twist θ and differential acceleration using τ “ κθ, the
conversion was 6.5 fm s´2 (nrad)´1 for the eight-test-body pendulum and 4.9 fm s´2 (nrad)´1 for the
earth-moon pendulum. This simplified conversion does not include the pendulum’s frequency response.
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Figure 6.7: Fourier coefficients for m “ 1 from fits to the segmented twist data during group
Be-Al 3.

pendulum’s vertical axis. In our pendulum design s is equal to the horizontal radius to each

test body’s center of mass divided by
?
2.

6.5 Segment Exclusions

Our apparatus’s sensitivity to very weak torques required that we exclude data when tilt

and pressure disturbances occurred. Temperature changes could also have required data

exclusions, but in practice the temperature remained stable compared to the turntable

rotation rate. We made efforts to minimize disturbances; however, 12% of the beryllium-

aluminum data and 33% of the earth-moon data were excluded due to transient disturbances.

The earth-moon pendulum experienced larger twist excursions than the eight-test-body

pendulum from transient pressure events. We rebuilt the vacuum chamber to reduce the
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frequency of transient pressure events during the earth-moon pendulum data collection:

46% of segments were excluded prior to improvements and only 12% after. Both pressure

and tilt disturbances were typically transient events that occurred quickly compared to

the turntable period. We identified specific segments where transient events occurred and

excluded them from further analysis.

Figure 6.8: Improvements to the tilt leveling feedback loop reduced the residual tilt and tilt
variance at the feedback sensor. Purple bars are from before feedback improvements during
the beryllium-aluminum configuration. Gold bars are from after tilt feedback improvements
during the aluminum-beryllium configuration. The earth-moon distribution is very similar
to the aluminum-beryllium, even after the vacuum column changes.

We identified and excluded tilt disturbances using 2 criteria: First, the feedback sensors’

tilt amplitudes were smaller than 12 nrad (31 nrad before feedback improvements) when the

leveling feedback loop was effective. Between the collection of the beryllium-aluminum and

aluminum-beryllium configuration data we improved the tilt feedback loop. Figure 6.8 shows

how the improvements reduced the residual tilt at the feedback sensors. Second, the variance

of the tilt sensor segment fits served as a proxy to detect transient events. Zero adjustments

by the leveling feedback (see figure 6.12) and earthquakes (see the event shown in figure 6.13)

were the most common transient tilt events. About 10% of beryllium-aluminum segments
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and 13% of the earth-moon segments were excluded due to tilt disturbances. We estimated

exclusion thresholds by examining the distribution of tilt sensor fit variances for all segments.

During most segments there were not any transient events. Visual estimates using plots of

the variance distribution, such as that in figure 6.9, agreed well with values determined by

fitting the distribution using the extreme value distribution and solving for the maximum

expected value based on the total number of segments [39]. The tilt disturbances were

similar for all pendulum configurations, so we used the threshold value of 2 ˆ 103 nrad2 for

all of the analysis.

Pressure disturbances, such as the burst shown in figure 6.11, were identified using pres-

sure sensor segment fit variances following the same method used for tilt transient events.

Figure 6.10 shows a correlation between the fit variance for the pressure sensor and twist

for the earth-moon pendulum. We used a threshold value of 1.4 µPa2 on the pressure sensor

fit variance to exclude pressure disturbances. The pressure exclusion threshold value was

selected to exclude fits that were likely to disturb the pendulum, while allowing fits that

mostly fall within the typical distribution. The earth-moon pendulum was more sensitive

to pressure disturbances than the eight-test-body pendulum. We rebuilt the vacuum cham-

ber with fewer and redesigned seals to reduce pressure bursts during the earth-moon data

collection to address the greater sensitivity.

6.6 Local Source Analysis

The equivalence-principle-violating torque τ̃EP makes up only part of the measured torque

τ̃ at the turntable rotation frequency ωTT. The measured torque also includes systematic

effects that may be apparatus-fixed τ̃a or fixed to the pendulum frame and suspension τ̃p.

For runs taken with the pendulum rotated by 180˝ with respect to the apparatus, τ̃EP (and

τ̃p) follows the pendulum orientation and receives a sign change, but τ̃a remains unchanged.

Our data collection process alternated between orientations 1 and 3 or 2 and 4 for successive

runs (as shown in figure 5.2). The difference between the two orientations removes τ̃a:

τ̃0 ´ τ̃180 “ pτ̃EP ` τ̃a ` τ̃pq ´ p´τ̃EP ` τ̃a ´ τ̃pq

“ 2 pτ̃EP ` τ̃pq

(6.14)
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Figure 6.9: The distribution of feedback tilt sensor segment fit uncertainties during the
beryllium-aluminum configuration. The histogram shows the fraction of segments for each
fit uncertainty and the solid line shows the cut value above which we excluded data. The
earth-moon pendulum distribution is similar.
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Figure 6.10: The twist fit variance and pressure fit variance were correlated when a pressure
disturbance occurred. The plot shows the earth-moon pendulum fits using the original
vacuum column. The red dashed line indicates our cut on pressure fit variance, which we
determined using the data shown along with data taken using the redesigned column. The
black cross shows the fit variance for the segment in figure 6.11.
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Figure 6.11: A pressure burst disturbed the pendulum. The vertical gold lines indicate the
region of correlation with the adjacent segment due to the two-point filter. The pressure
burst resulted in a pressure fit variance of 2.5 ˆ 10´10 Pa2. The corresponding pendulum
twist excursion resulted in a twist fit variance of 1.1 ˆ 104 nrad2.
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Figure 6.12: The tilt feedback loop adjusted its zero-point over a half turntable rotation.
The level adjustment resulted in a tilt fit variance of 4.6ˆ104 nrad2. The vertical gold lines
indicate the region of correlation with the adjacent segment due to the two-point filter.
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Figure 6.13: A magnitude 6.7 earthquake near Papua New Guinea (6˝ S, 151˝ E) on October
17, 2006 disrupted the apparatus as shown by a tilt sensor. The red vertical line indicates
the time the earthquake occurred. The seismic waves began arriving at the apparatus about
25 minutes later. The gray vertical lines indicate segment boundaries. The dashed gold lines
indicate the region of correlation between adjacent segments due to the two-point filter. The
earthquake resulted in a tilt fit variance of 1.2 ˆ 104 nrad2.

Similarly, the two composition dipole orientations (beryllium-aluminum and aluminum-

beryllium) change the sign of τ̃EP relative to τ̃p, so the difference between the two configu-

rations removes systematic effects associated with the pendulum’s suspension or frame.

We determined the lab-fixed torques from a weighted mean τ̄ and variance σ2pτq using

weights w computed from the two-point-filter covariance U [34]:

wi “

N
ř

j“1
pU´1qij

N
ř

k,ℓ“1

pU´1qkℓ

(6.15)

τ̄ “

N
ÿ

i“1

wiτ̃i (6.16)

σ2pτq “

N
ÿ

i,j“1

wiUijwj (6.17)

The weights w incorporated the correlation from the two-point-digital filter through the

covariance matrix U (see appendix B) for the N segments of a run. The weighted average

due to the two-point filter increased the variance by 4.4% from an equal-weight mean. The
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variance of a run’s segment fits was greater than expected from the individual segment

fit uncertainties as figure 6.7 shows, so we used the variance of the segment fits in each

run to determine the standard error for that run. The mean torques were rotated to a

consistent orientation of the composition dipole using equation 6.12. Figure 6.14 shows

the data points for runs within a data group from the beryllium-aluminum configuration.

The difference in the horizontal lines gives τ̃0 ´ τ̃180. The inclusion of linear or quadratic

drift terms common to both orientations could parametrize slow mechanical drifts, but

inclusion of drift terms did not substantially affect the equivalence principle results. Table

6.4 includes the lab-fixed torques determined for each group during the beryllium-aluminum

measurement along with the final equivalence-principle-violating torque from the difference

between the two configurations.
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Figure 6.14: The offsets from the opposite pendulum orientations were fit to the data points
resulting from the two week data collection group Be-Al 3. Any equivalence-principle-
violating signal is in the difference of the offsets.
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Table 6.4: The uncorrected lab-fixed torque Fourier compo-
nents were determined for each eight-test-body pendulum
data group. The uncertainties are 1-σ statistical.

Set τ̃N (10´18 N m) τ̃W (10´18 N m)

Be-Al 1 -10.4 ˘ 3.0 -0.8 ˘ 3.3

Be-Al 2 -2.7 ˘ 2.2 -0.9 ˘ 2.3

Be-Al 3 -9.2 ˘ 2.1 -4.3 ˘ 1.8

Be-Al 4 -10.8 ˘ 2.8 -3.4 ˘ 2.3

Be-Al 5 -5.2 ˘ 2.4 -6.2 ˘ 2.3

Be-Al 6 -2.9 ˘ 2.6 -1.3 ˘ 2.6

Be-Al Subtotal -6.3 ˘ 1.0 -3.3 ˘ 1.0

Al-Be 1 -5.1 ˘ 1.7 -5.5 ˘ 1.4

Al-Be 2 2.0 ˘ 2.4 -5.4 ˘ 2.1

Al-Be 3 -4.5 ˘ 1.5 -4.9 ˘ 1.8

Al-Be 4 -2.8 ˘ 2.2 -6.6 ˘ 2.5

Al-Be Subtotal -3.4 ˘ 0.9 -5.5 ˘ 0.9

Be-Al Total -0.7 ˘ 0.7 1.7 ˘ 0.7

We corrected for tilt and gravity gradient systematic effects on the pendulum twist.

Our data acquisition system recorded the output of tilt sensors along with the pendulum

twist, so we individually corrected each segment based upon the measured tilt as described

in section 7.2. We corrected each data group using the gravity gradient fields (measured

with the gradiometer pendulum) and the measured equivalence principle pendulum gravity

gradient moments (see section 7.1). The apparatus’s insulation gave temperature effects

time constants of many hours and active temperature control limited temperature variations

as described in section 5.6. The effect of temperature changes were primarily slow drifts

of the pendulum’s equilibrium position, which we fit using a linear drift term for each

segment. Temperature gradient effects exhibited a complex behavior that made corrections
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impractical and no magnetic response was resolved, so temperature and magnetic systematic

effects were each assigned an overall uncertainty for each data group without any correction.

6.7 Astronomical Source Analysis

An equivalence-principle-violating interaction between the test bodies and an astronomical

source would produce a torque signal that follows the position of the source projected onto

the horizontal pendulum plane. We fit the pendulum torque towards the sun, galactic center

and cosmic microwave background (CMB) dipole direction projected onto the pendulum’s

horizontal plane to search for equivalence-principle violations related to ordinary matter,

dark matter, and preferred frames, respectively. The local horizontal coordinates of each

astronomical object were computed using the Naval Observatory Vector Astrometry Soft-

ware (NOVAS) library [69] or the Solar Position Algorithm (SPA) [104]. Each source was

assumed to be the only source of equivalence-principle violation in the fitting process. We

estimated tilt and temperature systematic uncertainties by fitting each sensor to the source

modulation. For magnetic and gravity gradients, which were not continuously measured,

we estimated the systematic uncertainty based on the daily modulation of the source. We

assumed the dominant modulation of systematic effects would occur due to human and

environmental effects that vary over a solar day.

We wrote an interface to the NOVAS and SPA libraries for Mathematica [140] that ac-

cepted planetary body designations or equatorial coordinates and returned the zenith and

azimuthal direction toward the specified body at our apparatus’s location. The NOVAS

library provides accurate solar system coordinate transformations. It also interprets plan-

etary ephemeris data and stellar catalogs to determine the position of any astronomical

object. Solar system objects, including the sun, were included through the use of the DE421

ephemeris from the Jet Propulsion Laboratory [53]. The directions to the galactic center

[12] and the CMB dipole [65] were transformed from equatorial coordinates to the pendu-

lum’s local coordinates using the NOVAS library. The SPA library exclusively provides the

sun’s position. We verified that the sun’s position using our interface to the SPA [104] and

NOVAS libraries agreed. The SPA has a stated uncertainty of ˘0.0003˝ in the azimuth and

zenith angles [104]. NOVAS produced values with estimated computational uncertainties of
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À 1 µas [69]. The DE 421 ephemeris technical document estimates sub-kilometer accuracy

for earth’s orbit [53].

The position rast in the laboratory horizontal reference frame of an astronomical object

with an azimuth ξ (measured east from north), a zenith angle ζ, a radial orbital variation

from circular δr, and an average orbital distance of r̄ is

rastptq

r̄
“

ˆ

1 `
δrptq

r̄

˙

sin pζptqq

´

cos pξptqq pN ´ sin pξptqq xW
¯

, (6.18)

where pN and xW are unit vectors in the local north and west directions. For objects outside

our solar system, the ratio δr{r̄ is effectively zero and was not included in our fits towards

the CMB or galactic center. The fit toward astronomical objects included parameters a and

b for the pendulum orientation, c for a signal and d quadrature term from the projection of

the object’s position onto the local horizontal plane, and independent offsets os and oc for

each data group.

τ̃ s
ℓm “ a sin pϕfq ` b cos pϕfq

`

„

1 `
δrptq

r̄

ȷ

sin rζptqs tc cos rm p˘ϕf ´ ξqs ` d sin rm p˘ϕf ´ ξqsu

`
ÿ

j

os,jΘ pt´ tjq

(6.19)

τ̃ c
ℓm “ a cos pϕfq ´ b sin pϕfq

`

„

1 `
δrptq

r̄

ȷ

sin rζptqs tc sin rm p˘ϕf ´ ξqs ´ d cos rm p˘ϕf ´ ξqsu

`
ÿ

j

oc,jΘ pt´ tjq

(6.20)

The “+ ϕf” and “- ϕf” in the c and d parameter terms correspond to the two orientations

of the composition dipole with respect to the pendulum frame. The unit step function Θpxq

controlled the times that the various offsets for different data groups applied.

6.8 Auxiliary Analysis

During our investigation of ion-pump pressure spike effects on the earth-moon pendulum, we

found that non-linear drifts in the pendulum twist signal affected the fit Fourier coefficients

depending on the segmentation choice. We re-performed our statistical analysis using 10
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Table 6.5: The equivalence-principle-violating signal and
quadrature for each astrophysical source. Uncertainties
are 1-σ statistical. No systematic corrections have been
applied.

Source τ̃sig (10´18 N m) τ̃quad p10´18 N m)

Be-Al Sun -1.44 ˘ 0.82 0.01 ˘ 0.82

Be-Al Galaxy -0.84 ˘ 0.91 -1.10 ˘ 0.91

Be-Al CMB 1.23 ˘ 0.81 -0.62 ˘ 0.81

EM Sun 1.02 ˘ 0.95 0.78 ˘ 0.95

random starting angles for the turntable angle from the interval [0, 1440] with segmentation

proceeding from that angle each 720˝. To reduce the impact of different data being excluded

by our sensor cuts, we required that a continuous group of segments covered a multiple of

720˝ and a minimum of 1440˝. Angles greater than 720˝ removed the first segment from

each run. Comparing fits with a starting angle in the interval [0, 720] to those with a starting

angle in the interval [720, 1440] provides a gauge for the statistical effect of different segments

being included compared to the effect of the non-linear drifts on the twist signal. Figure

6.15 shows the results for the beryllium-aluminum pendulum local analysis and figure 6.16

for the earth-moon pendulum sun analysis. We conclude that the statistical effect is small

compared to the estimated error, but that efforts to reduce the drift in torsion balance

experiments would likely improve the measurements.
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Chapter 7

SYSTEMATIC EFFECTS

Systematic uncertainties arise from the apparatus’s interaction with the environment

and produced observed effects on our apparatus due to temperature, tilts, gravity gradi-

ents, and magnetic fields. We attempted to both reduce the impact of systematic effects

through passive shielding or active environmental control and to characterize each effect

by exaggerating its source. For gravity gradients and tilts the systematic measurements

matched our models, so we applied a correction to the equivalence principle measurements.

Thermal and magnetic effects were both attenuated with passive layers of shielding, and any

magnetic effect was unresolved. In addition to characterizing specific systematic effects, the

test bodies were interchanged on the pendulum frame for eight-test-body pendulum data.

The test body exchange removed time-independent systematic effects associated with the

pendulum frame or suspension. Changing the pendulum orientation within the apparatus

performed a similar function in removing systematic effects related to the apparatus’s ori-

entation. Tables 7.1, 7.2, and 7.3 present the lab-fixed and astronomical systematic effects

for the different pendulums.

7.1 Gravity Gradients

An uniform gravitational force acts equally on all the pendulum test bodies such that no

twist occurs, but gravity gradients produce forces on the different test bodies that act in

different directions. We analyzed the torques on the pendulums using the multipole formal-

ism described in section 3.2. Ambient gravity gradients produce a twist of the pendulum

modulated at integer multiples of the rotation frequency, with the first harmonic (due to

m “ 1 moments) occurring at the same frequency as an equivalence-principle-violating sig-

nal. We designed each equivalence principle pendulum to minimize its sensitivity to gravity

gradients (see section 5.1), but imperfections in constructing and suspending the pendulums
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Table 7.1: 1-σ systematic corrections and uncertainties for the lab-
fixed measurements with the eight test-body pendulum configured
with the beryllium-titanium composition dipole. Gravity gradient
couplings and tilt were corrected. Temperature gradients and mag-
netic systematics were not corrected.

Beryllium - Titanium

Systematic Effect ∆aN p10´15 ms´2q ∆aW p10´15 ms´2q

Gravity gradients 1.6 ˘ 0.2 0.3 ˘ 1.7

Tilt 1.2 ˘ 0.6 -0.2 ˘ 0.7

Magnetic 0 ˘ 0.3 0 ˘ 0.3

Temperature gradients 0 ˘ 1.7 0 ˘ 1.7

Total systematic 1.8 ˘ 1.8 0.1 ˘ 2.5

Table 7.2: 1-σ systematic corrections and uncertainties for the lab-
fixed measurements with the eight test-body pendulum configured
with the beryllium-aluminum composition dipole. Gravity gradi-
ent couplings and tilt were corrected. Temperature gradients and
magnetic systematics were not corrected.

Beryllium - Aluminum

Systematic Effect ∆aN p10´15 ms´2q ∆aW p10´15 ms´2q

Gravity gradients 0.04 ˘ 0.27 0.25 ˘ 0.67

Tilt -0.36 ˘ 0.10 -1.71 ˘ 0.15

Magnetic 0 ˘ 0.20 0 ˘ 0.20

Temperature gradients 0 ˘ 0.59 0 ˘ 0.58

Total systematic -0.32 ˘ 0.69 -1.46 ˘ 0.92
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Table 7.3: 1-σ systematic uncertainties for the astronomical source measurements. Tilt
was corrected on the individual segments. Gravity gradient, temperature gradient, and
magnetic systematic effects were not corrected. The improvements to the temperature and
tilt systematic uncertainties for the earth-moon pendulum was from increased insulation,
active temperature control for the enclosure, and improved tilt feedback.

Beryllium - Aluminum Earth - Moon

Systematic Effect ∆ad ∆agal ∆aCMB ∆ad

p10´15 ms´2q p10´15 ms´2q p10´15 ms´2q p10´15 ms´2q

Gravity gradients 0.04 0.08 0.04 0.12

Tilt 0.17 0.19 0.17 0.09

Magnetic 9 ˆ 10´5 9 ˆ 10´5 9 ˆ 10´5 2 ˆ 10´4

Temperature gradients 1.42 1.54 1.36 0.33

Total systematic 1.43 1.56 1.37 0.36

within the apparatus produced small gravity gradient moments. The leading q21 moment

was reduced using the tuning screws each time the pendulum was installed in the appa-

ratus (see section 5.1). We measured the environmental gravity gradient fields using the

gradiometer pendulum configured with a large specific moment (q21, q31, or q41). Compen-

sating masses near the apparatus reduced the Q21, Q22, and Q31 fields at the pendulum’s

location. A «1% seasonal variation limited our ability to fully compensate for the environ-

mental gravity gradients. As we only measured the gravity gradient fields periodically, we

increased the systematic uncertainty of our gravity gradient field measurements to include

the seasonal changes to the environmental gravity gradients during our equivalence principle

measurements. We subtracted corrections (see table 7.4) from our laboratory-fixed results

for residual gravity gradients based on our measurements of the environmental fields and the

pendulums’ moments. We did not resolve a significant daily signal in the gravity gradient

fields, so we estimated the gravity gradient systematic uncertainty for astronomical sources

(see table 7.5) based on the 68.3% confidence level limit on the maximum daily variation of

the gravity gradient fields and did not apply any correction.
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Table 7.4: The laboratory-frame gravity-gradient torque corrections
for the Be-Al and Al-Be configurations of the eight test body pen-
dulum.

Set 21-Torque 31-Torque

(10´19 Nm) (10´19 Nm)

τS1 τC1 τS1 τC1

Be-Al 1.0 ˘ 1.7 2.4 ˘ 2.6 ´0.21 ˘ 0.36 0.5 ˘ 2.7

Al-Be 1.08 ˘ 0.32 5.49 ˘ 0.45 ´0.23 ˘ 0.50 ´1.6 ˘ 1.5

7.1.1 Gravity gradient analysis

We measured the twist due to gravity gradient coupling between a pendulum and the

ambient gradient fields by taking many measurements, each with the gravity gradient com-

pensators rotated to a different azimuthal angle αℓm. All the measurements were fit to a

circle (based on equation 3.20) with a radius proportional to the pendulum moment cou-

pling with the compensator field
ˇ

ˇQcomp
ℓm

ˇ

ˇ |qℓm| and a center proportional to the pendulum

moment coupling with the environmental field (excluding the compensator) |Qenv
ℓm | |qℓm|:

τ̃ s
ℓm “ a sin pmϕfq ` b cos pmϕfq ´ c sin rm pαℓm ´ ϕfqs ` d cos rm pαℓm ´ ϕfqs ` os (7.1)

τ̃ c
ℓm “ a cos pmϕfq ´ b sin pmϕfq ` c cos rm pαℓm ´ ϕfqs ` d sin rm pαℓm ´ ϕfqs ` oc (7.2)

a “ 8πG
m

2ℓ` 1
rRe pQenv

ℓm q Im pqℓmq ` Im pQenv
ℓm qRe pqℓmqs (7.3)

b “ 8πG
m

2ℓ` 1
rRe pQenv

ℓm qRe pqℓmq ´ Im pQenv
ℓm q Im pqℓmqs (7.4)

c “ 8πG
m

2ℓ` 1

“

Re
`

Qcomp
ℓm

˘

Im pqℓmq ` Im
`

Qcomp
ℓm

˘

Re pqℓmq
‰

(7.5)

d “ 8πG
m

2ℓ` 1

“

Re
`

Qcomp
ℓm

˘

Re pqℓmq ´ Im
`

Qcomp
ℓm

˘

Im pqℓmq
‰

(7.6)

The fixed offsets os and oc were incorporated to account for the turntable offset. The two

Fourier coefficients τ̃ s
ℓm and τ̃ c

ℓm were fit simultaneously, since the fit parameters a, b, c, and

d are the same for both. Ideally, the fit circle would pass through the origin, which indicates

that the compensator exactly cancels the environmental gradient field for that compensator
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Table 7.5: The astronomical-source gravity-gradient torque systematic un-
certainties based on gravity gradient daily variation. We used a 68.3%
confidence limit on the daily gravity gradient torque because we did not
resolve a daily gravity gradient signal.

Measurement Multipole Torque 68.3% CL Limit on Torque

pℓ, mq (10´20 N m) (10´20 N m)

Be-Al (2, 1) 0.28 ˘ 0.18 0.37

Al-Be (2, 1) 0.29 ˘ 0.18 0.38

EM Dec 2007 (2, 1) 4.5 ˘ 2.7 5.8

EM Feb 2008 (2, 1) 4.5 ˘ 2.7 5.8

EM Apr 2008 (2, 1) 4.7 ˘ 2.8 6.0

EM May 2008 (2, 1) 4.9 ˘ 3.0 6.3

EM Jul 2008 (2, 1) 5.9 ˘ 3.6 7.6

EM Oct 2008 (2, 1) 5.7 ˘ 3.5 7.4

EM Nov 2008 (2, 1) 5.7 ˘ 3.5 7.4

EM Feb 2010 (2, 1) 2.0 ˘ 1.3 2.6

EM May 2010 (2, 1) 1.7 ˘ 1.0 2.2

EM Aug 2010 (2, 1) 1.4 ˘ 0.88 1.8

EM Sep 2010 (2, 1) 1.8 ˘ 1.1 2.3

Be-Al (3, 1) 1.19 ˘ 0.92 1.6

Al-Be (3, 1) 1.19 ˘ 0.92 1.6

EM Jan 2008 (3, 1) 4.6 ˘ 3.6 6.3

EM May 2008 (3, 1) 4.5 ˘ 3.5 6.2

EM May 2008 (3, 1) 4.6 ˘ 3.6 6.3

EM Aug 2010 (3, 1) 4.4 ˘ 3.4 6.0
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orientation. Figures 7.1 and 7.4 show fits using the the q21 and q31 gradiometer pendulum

configurations, respectively.

Our model included only four independent fit parameters (plus an offset for each com-

ponent), while the environmental and compensator fields and the pendulum moment had a

total of six components. We calculated the compensator gravity gradient field using mea-

surements taken during its construction, which provided a fixed reference common to all our

measurements and allowed us to extract the pendulum moments and environmental gravity

gradient field from the fit parameters:

qℓm “
1

8πG

2ℓ` 1

m

«

`

c Im
`

Qcomp
ℓm

˘

` dRe
`

Qcomp
ℓm

˘˘

ˇ

ˇQcomp
ℓm

ˇ

ˇ

2

` i

`

cRe
`

Qcomp
ℓm

˘

´ d Im
`

Qcomp
ℓm

˘˘

ˇ

ˇQcomp
ℓm

ˇ

ˇ

2

ff (7.7)

Qenv
ℓm “

pbc´ adq Im
`

Qcomp
ℓm

˘

` pac` bdqRe
`

Qcomp
ℓm

˘

c2 ` d2

` i
pac` bdq Im

`

Qcomp
ℓm

˘

` pad´ bcqRe
`

Qcomp
ℓm

˘

c2 ` d2

(7.8)

Fits using the gradiometer pendulum determined the environmental gravity gradient fields

and fits using the equivalence principle pendulums determined the pendulum moments. The

sum of the compensator field for αℓm “ 0˝ and the environmental field gives the residual

field Qℓm used for corrections.

We corrected the equivalence principle data using the predicted signal due to the mea-

sured equivalence principle pendulum moment and the corresponding residual field accord-

ing to equation 3.20. Note that while the compensator field enters these equations, the

final result does not depend on the value of the compensator so long as the same value was

used in all the calculations. In essence, the gradiometer pendulum measures the residual

signal compared to the compensator and the equivalence principle pendulum correction is

the gradiometer ratio times the signal due to the compensator for the equivalence principle

pendulum.
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7.1.2 Gravity gradient field measurements

The gravity gradient fields were measured with the gradiometer pendulum configured for

a large q21, q31 or q41 moment. The Q41 field was measured only once and shown to

be negligible, while the Q21 and Q31 were measured at the beginning and end of each

equivalence principle pendulum configuration. Limits on the daily variation of the gravity

gradient fields were estimated with gradiometer pendulum measurements over about a week

each for the Q21 and Q31.

The gradiometer pendulum q21 was sufficiently large („900 µrad) that the full signal

produced by rotating the compensator to the 180˝ position was larger than the dynamic

range of the readout. The compensator was moved to angles of ď 15˝ from the fully

compensated position, which produced signals that remained on the detector. Figure 7.1

shows a fit using the q21 gradiometer configuration with the Q21 compensator at 5 different

angles. Data points for each mirror fall on an individual circle rotated by the mirror angle.

For clarity in the plot, the data points were rotated to the 0˝ pendulum orientation, so that

all data points have the same position relative to the circle.

We measure the environmental Q21 to a few parts per thousand. However, we observe

seasonal variations of „1% due to changes in the moisture content of the soil behind our

laboratory and the Army Core of Engineers’ adjustments to the water level in Lake Wash-

ington. The seasonal changes limit our ability to fully compensate and correct for gravity

gradients. Figure 7.2 shows seasonal changes in the Q21 field (the values are listed in table

7.6).

The Q31 configuration of the Q21 compensator masses (see section 5.10) was used to

measure the equivalence principle pendulum q31 moment. Figure 7.4 compares gradiome-

ter pendulum measurements using the Q31 compensator and using the Q21 compensator

arranged to produce a large Q31 field. The Q31 compensator measurement found the gra-

diometer pendulum q31 moment to be 105.73 ˘ 0.34 g cm3, in agreement with the value

determined using the Q21 compensators in the Q31 configuration of 106.01 ˘ 0.07 g cm3.

For comparison, our model calculation was 104.92 g cm3. Our measurements of the Q31 are

listed in table 7.6.
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Figure 7.1: A typical measurement of the Q21 moment of the ambient gravity gradient. The
torque on the gradiometer pendulum was measured for all four pendulum orientations. The
measurements for each pendulum orientation lie on a circle (with the data points for each
orientation rotated to the 0˝ pendulum orientation). The Q21 compensator was positioned
at 5 different angles. The center of the circle determines Qenv
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21 |.
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Figure 7.2: The Q21 moment of the environmental gravity gradient field varies due to
seasonal changes of water levels. The residual environmental Q21 field is shown for mea-
surements taken with the gradiometer pendulum in the q21 configuration.

To determine the daily variation of the gravity gradient fields, we recorded data with the

gradiometer pendulum over a longer time frame in each of the q21 and q31 configurations. We

collected data in the q21 gradiometer configuration for about 5 days each in May and June

2007, and we used the q31 configuration for about 10 days between the two q21 measurements.

We fit a daily signal to the Fourier components for the turntable rotation rate (see section

6.7). The daily variation of |Q21| was p8.0 ˘ 4.9q ˆ 10´5 g cm´3 in May and p2.5 ˘ 5.9q ˆ

10´5 g cm´3 in June. The daily variation of |Q31| was p1.2 ˘ 1.0q ˆ 10´6 g cm´4. We

used 68.3% confidence level limits on the magnitude of the daily variation to estimate the

systematic uncertainty for astronomical sources because the measurement do not show a

significant daily variation.

7.1.3 Equivalence principle pendulum moments

The equivalence principle pendulum moments were designed to be zero, but mounting and

machining tolerances resulted in small moments. We adjusted each equivalence principle

pendulum’s q21 moment with tuning screws near the top and bottom of the pendulum (see

figures 5.3 and 5.4) each time we installed an equivalence principle pendulum. The tuning

screws allowed adjustments of the q21 by À0.1 g cm2 using copper set screws in the bottom

holes for coarse tuning. Fine tuning was performed with titanium set screws, which allowed

us to reduce the |q21| ď 2 ˆ 10´3 g cm2 (about 1/10th of a screw turn). Reducing the
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Figure 7.4: A typical measurement of the Q31 moment of the environmental gravity gradient
using the Q31 compensator (left panel) and the Q21 compensator in a Q31 configuration
(right panel). The torque on the gradiometer pendulum was measured for all four pendulum
orientations. The measurements for each pendulum orientation lie on a circle (with the data
points for each orientation rotated to the 0˝ orientation for clarity). The center of the circle
determines Qenv

31 and the radius |Qcomp
31 |. For the measurement with the Q21 compensator,

the Q31 compensator was in the maximally compensating position.

q21 moment was an iterative process: Based on the measured moment, the screws were

moved and the procedure repeated. One iteration required 3-5 days, since we baked the

vacuum system for a full day each time to achieve reliable results. Typically 3 iterations

were required to reduce the q21 moment to an acceptable level. After minimizing the q21

moment, we made final measurements of the q21 and q31 moments, which we repeated after

data collection. Tables 7.7 and 7.8 list the q21 and q31 moments for the eight-test-body and

earth-moon pendulums, respectively.
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Table 7.6: The Q21, Q31, and Q41 moments of the environmental field were each
measured with the gradiometer pendulum. TheQ21 andQ31 were measured before
and after each data set, while the Q41 was measured only once and shown to be
negligible.

Date pℓ, mq Re pQℓmq Im pQℓmq Units

Oct 2005 (2, 1) p´9.9 ˘ 1.8q ˆ 10´4 ´1.72283 ˘ p1.9 ˆ 10´4q g cm´3

Feb 2006 (2, 1) p´16.0 ˘ 3.3q ˆ 10´4 ´1.75448 ˘ p2.3 ˆ 10´4q g cm´3

Jul 2006 (2, 1) p16.4 ˘ 2.8q ˆ 10´4 ´1.73638 ˘ p3.2 ˆ 10´4q g cm´3

Jan 2007 (2, 1) p´14.6 ˘ 4.3q ˆ 10´4 ´1.75440 ˘ p3.3 ˆ 10´4q g cm´3

May 2007 (2, 1) p´14.4 ˘ 0.7q ˆ 10´4 ´1.75193 ˘ p1.7 ˆ 10´4q g cm´3

Jun 2007 (2, 1) p5.9 ˘ 1.9q ˆ 10´4 ´1.74623 ˘ p2.1 ˆ 10´4q g cm´3

Jun 2009 (2, 1) p39.9 ˘ 8.6q ˆ 10´4 ´1.74505 ˘ p8.5 ˆ 10´4q g cm´3

Oct 2005 (3, 1) p´3.7 ˘ 4.5q ˆ 10´6 p1099.3 ˘ 4.3q ˆ 10´6 g cm´4

Feb 2006 (3, 1) p42.5 ˘ 3.9q ˆ 10´6 p1077.41 ˘ 3.8q ˆ 10´6 g cm´4

Jul 2006 (3, 1) p21.2 ˘ 5.9q ˆ 10´6 p1072.63 ˘ 5.7q ˆ 10´6 g cm´4

Feb 2007 (3, 1) p´27.5 ˘ 4.8q ˆ 10´6 p1043.39 ˘ 3.9q ˆ 10´6 g cm´4

May 2007 (3, 1) p´4.2 ˘ 2.1q ˆ 10´6 p1069.89 ˘ 1.9q ˆ 10´6 g cm´4

Feb 2007 (4, 1) p´1.8 ˘ 1.4q ˆ 10´4 p´5.4 ˘ 1.5q ˆ 10´4 g cm´5
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Table 7.7: The measured values of the eight-test-body pendulum’s moments.

Composition Multipole
Dipole Date pℓ, mq Re pqℓmq Im pqℓmq

Be-Al Aug 2006 (2, 1) g cm2 p´9.0 ˘ 2.1q ˆ 10´4 p3.9 ˘ 2.1q ˆ 10´4

Be-Al Dec 2006 (2, 1) g cm2 p´9.2 ˘ 1.4q ˆ 10´4 p3.8 ˘ 1.6q ˆ 10´4

Al-Be Feb 2007 (2, 1) g cm2 p10.8 ˘ 0.9q ˆ 10´4 p´1.1 ˘ 0.8q ˆ 10´4

Al-Be May 2007 (2, 1) g cm2 p7.4 ˘ 2.1q ˆ 10´4 p´1.2 ˘ 1.6q ˆ 10´4

Be-Al Aug 2006 (3, 1) g cm3 p´24.2 ˘ 2.3q ˆ 10´2 p´31.8 ˘ 2.1q ˆ 10´2

Be-Al Dec 2006 (3, 1) g cm3 p´23.8 ˘ 0.5q ˆ 10´2 p´35.4 ˘ 0.5q ˆ 10´2

Al-Be Mar 2007 (3, 1) g cm3 p´19.5 ˘ 1.7q ˆ 10´2 p´32.7 ˘ 1.3q ˆ 10´2

Al-Be May 2007 (3, 1) g cm3 p´20.3 ˘ 1.5q ˆ 10´2 p´30.7 ˘ 1.5q ˆ 10´2

Al-Be May 2008 (4, 4): g cm4 980 ˘ 40 —

� The magnitude of the q44 is shown including 5% uncertainty on the Q44 model, which corresponds to

«3 mm in the radial placement of the blocks.
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Table 7.8: The measured values of the q21 and q31 moments of the earth-moon pendulum.

Composition Multipole
Dipole Date pℓ, mq Re pqℓmq Im pqℓmq Units

Earth-Moon Dec 2007 (2, 1) p´65.9 ˘ 2.0q ˆ 10´4 p´152.4 ˘ 1.8q ˆ 10´4 g cm2

Earth-Moon Feb 2008 (2, 1) p´68.5 ˘ 1.2q ˆ 10´4 p´153.2 ˘ 0.8q ˆ 10´4 g cm2

Earth-Moon Apr 2008 (2, 1) p´70.8 ˘ 2.7q ˆ 10´4 p´158.3 ˘ 2.7q ˆ 10´4 g cm2

Earth-Moon May 2008� (2, 1) p´50.9 ˘ 4.3q ˆ 10´4 p´174.1 ˘ 3.9q ˆ 10´4 g cm2

Earth-Moon May 2008 (2, 1) p´55.5 ˘ 2.4q ˆ 10´4 p´173.4 ˘ 3.1q ˆ 10´4 g cm2

Earth-Moon Jul 2008 (2, 1) p´42.7 ˘ 1.3q ˆ 10´4 p´213.6 ˘ 1.2q ˆ 10´4 g cm2

Earth-Moon Oct 2008 (2, 1) p´42.7 ˘ 6.7q ˆ 10´4 p´207.0 ˘ 5.9q ˆ 10´4 g cm2

Earth-Moon Nov 2008 (2, 1) p´31.2 ˘ 1.0q ˆ 10´4 p´211.2 ˘ 0.9q ˆ 10´4 g cm2

Earth-Moon Sep 2009 (2, 1) p´24 ˘ 15q ˆ 10´4 p22 ˘ 19q ˆ 10´4 g cm2

Earth-Moon Feb 2010 (2, 1) p´27.3 ˘ 9.9q ˆ 10´4 p68 ˘ 14q ˆ 10´4 g cm2

Earth-Moon May 2010 (2, 1) p´30.5 ˘ 1.7q ˆ 10´4 p53.6 ˘ 1.4q ˆ 10´4 g cm2

Earth-Moon Aug 2010 (2, 1) p´30.4 ˘ 2.2q ˆ 10´4 p43.9 ˘ 2.0q ˆ 10´4 g cm2

Earth-Moon Sep 2010 (2, 1) p´50.2 ˘ 6.9q ˆ 10´4 p46.8 ˘ 7.4q ˆ 10´4 g cm2

Earth-Moon Jan 2008 (2, 2) p310.3 ˘ 1.6q ˆ 10´4 p´262.6 ˘ 1.1q ˆ 10´2 g cm2

Earth-Moon Jan 2008 (3, 1) p1.30 ˘ 1.7q ˆ 10´2 p´83.2 ˘ 2.1q ˆ 10´2 g cm3

Earth-Moon May 2008 (3, 1) p1.29 ˘ 0.8q ˆ 10´2 p´81.4 ˘ 1.4q ˆ 10´2 g cm3

Earth-Moon May 2008 (3, 1) p1.29 ˘ 3.4q ˆ 10´2 p´85.1 ˘ 3.5q ˆ 10´2 g cm3

Earth-Moon Feb 2010� (3, 1) p4.2 ˘ 1.8q ˆ 100 p´3.8 ˘ 2.2q ˆ 100 g cm3

Earth-Moon Aug 2010� (3, 1) p14.0 ˘ 2.9q ˆ 10´1 p´5.8 ˘ 3.0q ˆ 10´1 g cm3

Earth-Moon Aug 2010 (3, 1) p´120.1 ˘ 2.3q ˆ 10´2 p87.3 ˘ 2.9q ˆ 10´2 g cm3

� This measurement was taken with the turntable follower for the electrical feed-through wound one

complete revolution.

� This measurement used the Q31 compensator.
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7.2 Tilt Feed-through

Tilts produce a signal at the turntable rotation frequency by changing the stress on the

fiber and the relative position of the pendulum and apparatus as the turntable rotates. For

example, a tilt will induce a twist for a fiber that is not perfectly round. The optical readout

design was insensitive to tilts and translations, but imperfections may create a systematic

signal at the frequency of interest. Our measurements of the tilt systematic effect showed the

twist was proportional to the tilt and depended on the pendulum orientation. We corrected

our equivalence principle results for the tilt systematic signal based on the measured tilt.
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Figure 7.5: The left frame (a) compares the tilt with the leveling loop off (purple) and on
(gold) for three rotations of the turntable. The right frame (b) shows the corresponding
pendulum twist. The pendulum mode has been removed using a 2-point digital filter.

The tilt sensors have sensitivity to temperature, which we estimate to be small compared

to the measurement uncertainty. The tilt sensor manufacturer specifies a temperature re-

lated scale factor adjustment with κTC “ ´0.25%{ K:

γpV, T q “
kV

1 ` κTCpT ´ Tcalq
(7.9)

where γ is the tilt, k is the calibration from voltage to tilt, and T and Tcal are the current

and calibration temperature respectively. The temperature change at the tilt sensors over

the course of a data set is À 200 mK, which corresponds to a -0.05% change in the scale

factor. For a typical signal of 60 nrad this is 0.03 nrad, which is much less than the statistical
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uncertainty of „1 nrad for a run. Temperature gradient induced thermal expansion within

the apparatus produces larger effects.

To measure the tilt sensitivity, we measured the differences in tilt and twist between

runs with the tilt feedback enabled and disabled. The tilt is usually „10 µrad with the

feedback off. Figure 7.5 shows three turntable rotations from two runs used to determine

the twist induced by a tilt. The tilt induced systematic twist signal is typically À 5% of the

tilt. The Fourier coefficients for the pendulum twist and tilt sensor were treated as vectors

to calculate a transformation matrix U for each mirror that gives the linear twist response

θ for the measured tilt γ:

θi “ Uijγj (7.10)

U “
1

|∆γ|

¨

˝

∆θs∆γs ` ∆θc∆γc ∆θc∆γs ´ ∆θs∆γc

´p∆θc∆γs ´ ∆θs∆γcq ∆θs∆γs ` ∆θc∆γc

˛

‚ (7.11)

For the equivalence principle data, we subtracted the value of θi due to the measured tilt γj

in each segment. Figure 7.6 compares the in-phase U11 “ U22 and quadrature U12 “ ´U21

terms of the tilt matrices for the eight-test-body and earth-moon pendulums. The change

in the two earth-moon pendulum measurements was due to a new fiber and rebuild of the

vacuum system. Each fiber has a unique response to tilts.

We computed the tilt systematic error by propagating the segment twist corrections

through our data analysis process. The tilt systematic correction and error for each data

group are collected in table 7.9. We imposed a cut on equivalence principle data when the

fit variance for the feedback tilt sensors exceeded 2ˆ10´9 mrad2 or any feedback tilt sensor

amplitude exceeded 12 nrad (31 nrad prior to tilt feedback improvements). The cut value

corresponds to the modeled tilt matching the measured tilt with an uncertainty of 3 nrad

per turntable rotation.
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(b) Earth-moon tilt response

Figure 7.6: The left frame (a) compares the tilt-feed-through for the Be-Al (purple) and
Al-Be (gold) composition dipoles. The similar tilt matrices illustrate that the pendulum
reproducibly attached to the fiber and exchanging the test bodies had a small impact the
tilt-feed-through. The right frame (b) compares the tilt-feed-through for the earth-moon
pendulum with old column (purple) and new column (gold). The substantial change was
due to a major apparatus rebuild (see text).
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Table 7.9: The local analysis tilt systematic correction and
uncertainty from each data collection group using beryl-
lium and aluminum test bodies.

Set τ̃N (10´18 Nm) τ̃W (10´18 Nm)

Be-Al 1 -1.7 ˘ 0.04 -3.2 ˘ 0.04

Be-Al 2 -2.4 ˘ 0.03 -3.0 ˘ 0.03

Be-Al 3 -2.8 ˘ 0.05 -6.5 ˘ 0.06

Be-Al 4 -4.5 ˘ 0.07 -7.4 ˘ 0.09

Be-Al 5 -2.9 ˘ 0.06 -6.5 ˘ 0.07

Be-Al 6 -2.5 ˘ 0.04 -3.0 ˘ 0.04

Be-Al Subtotal -2.8 ˘ 0.05 -5.4 ˘ 0.06

Al-Be 1 -2.5 ˘ 0.04 -6.7 ˘ 0.06

Al-Be 2 -2.6 ˘ 0.06 -6.7 ˘ 0.08

Al-Be 3 -2.2 ˘ 0.03 -3.3 ˘ 0.03

Al-Be 4 -2.1 ˘ 0.05 -3.4 ˘ 0.05

Al-Be Subtotal -2.3 ˘ 0.03 -5.3 ˘ 0.05
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Table 7.10: The astronomical-source tilt systematic uncertainty for
beryllium-aluminum and earth-moon pendulums. The extra daily mod-
ulation of an astronomical source resulted in statistically unresolved tilt
corrections, so we report only the 1-σ systematic uncertainties.

Set τ̃d (10´20 Nm) τ̃g (10´20 Nm) τ̃CMB (10´20 Nm)

Be-Al 1 4.9 5.6 5.0

Be-Al 2 3.6 4.1 3.6

Be-Al 3 6.2 6.9 6.1

Be-Al 4 12.6 13.4 12.0

Be-Al 5 8.2 8.6 7.6

Be-Al 6 5.1 5.3 4.7

Al-Be 1 6.1 6.9 6.1

Al-Be 2 9.5 10.6 9.3

Al-Be 3 3.7 4.1 3.7

Al-Be 4 5.6 6.3 5.6

Be-Al Total 6.3 7.0 6.2

EM 1 7.4 — —

EM 2 23.5 — —

EM 3 34.2 — —

EM 4 22.7 — —

EM 5 7.3 — —

EM 6 4.8 — —

EM 7 7.9 — —

EM 8 23.3 — —

EM 9 4.1 — —

EM 10 1.4 — —

EM 11 4.3 — —

EM Total 12.0 — —
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Figure 7.7: Output of a 3-axis magnetometer inside the stationary magnetic shield with the
turntable rotating. Screws in the rotating shield that passed near the magnetometer as the
turntable rotated were the primary source of the variation with angle.

7.3 Magnetic Effects

Magnetic impurities on a pendulum or residual magnetization of an earth-core test body

(made of stainless steel) would produce a torque due to the ambient laboratory magnetic

field. As the turntable rotates in the laboratory magnetic field, it modulates the the mag-

netic interaction at the turntable rotation frequency. We minimized magnetic systematic

effects by using non-magnetic materials, demagnetizing each earth-core test body, and sur-

rounding the pendulum with four layers of high magnetic permeability metal (see section

5.8). We measured the magnetic response of the pendulum by placing a strong permanent

magnet near the apparatus with the outermost, stationary magnetic shield removed and

used the magnitude of the magnetic field within the outermost, stationary magnetic shield

to determine the magnetic systematic uncertainty.
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For the earth-moon pendulum we took extra care to measure the magnetic field within

the stationary shield due to the iron content of the earth-core test bodies. A fluxgate

magnetometer measured the magnetic field between the bottom of the rotating shield and

the inside of the bottom of the stationary shield near the turntable rotation axis. Due

to equipment sharing with other experiments, the magnetometer was only installed for

about 150 days out of 381 total days of data taking. Figure 7.7 shows a representative

plot of the magnetometer signal, which remained very consistent over all runs. We fit the

magnetometer data for all three axes to find the daily variation of the signal at the turntable

rotation frequency. No daily variation was resolved as shown in table 7.11, so we added the

uncertainties in quadrature to obtain a 1-σ limit on the daily variation of 0.93 nT. The

expected atmospheric daily variation is „20 nT at our laboratory’s location [60], which is

consistent with a shielding factor of „30 for the stationary magnetic shield.

Table 7.11: Amplitude of the daily variation of the magnetic
field within the stationary magnetic shield.

Direction Magnetic field

daily variation (nT)

North 0.02 ˘ 0.05

West 0.09 ˘ 0.16

Down 0.25 ˘ 0.91

We measured each pendulum’s response to a magnetic field using a strong permanent

magnet mounted near the outer rotating surface of the apparatus (26 cm from the center

of the magnet to the center of the pendulum). A holder fixed the magnet in position and

oriented either the north or south pole face of the magnet towards the apparatus. The

difference in observed twist signal between the north and south orientations of the magnet

determined the magnetic response. The magnet’s field at the pendulum’s position was

1.7 ˆ 10´4 T. No difference in twist was observed within the measurement uncertainty, so

the 68.3% confidence level bound on the magnitude was used to determine the magnetic
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Table 7.12: The twist response due to a strong permanent mag-
net placed near the apparatus at the pendulum’s height.

Pendulum Magnetic response

(nrad µT´1)

Be-Al 0.01 ˘ 0.01

Al-Be 0.01 ˘ 0.01

Earth-Moon 0.03 ˘ 0.04

uncertainty. Table 7.13 lists the magnetic systematics, while table 7.12 gives the magnetic

response for each pendulum. We multiplied the magnetic response by the residual magnetic

field inside the stationary magnetic field (3 ˆ 10´6 T) to obtain the lab-fixed magnetic

systematic uncertainty and by the daily magnetic field variation (0.93 ˆ 10´9q T to obtain

the astronomical source systematic uncertainty.

Table 7.13: 1-σ magnetic systematic uncertainty for laboratory-
fixed and astronomical sources. No correction was applied for
magnetic effects. The earth-moon pendulum was only analyzed
for astronomical sources. The astronomical uncertainties are
negligible compared to other uncertainties.

Pendulum Lab-fixed Astronomical

(10´18 N m) (10´18 N m)

Be-Al 0.10 2.9 ˆ 10´5

Earth-Moon — 2.3 ˆ 10´4
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7.4 Temperature Effects

Thermally induced mechanical movement and stress affect most parts of the apparatus:

we observed temperature effects on the fiber and its suspension, the turntable tilt, and

the autocollimator. Our thermal management efforts (see section 5.6) limited the absolute

temperature change of the apparatus to a slow drift with a time constant much longer than

that of the turntable rotation frequency. Small differences („10 mK) in temperature across

the apparatus remained and produced a thermally induced twist at the turntable rotation

frequency. We estimated the temperature gradient systematic response by creating large

horizontal temperature differences across the apparatus and measuring the change to the

twist at the turntable rotation frequency.

The layers of insulation and thermal shields surrounding the apparatus attenuated tem-

perature gradients from „50 mK m´1 across the outermost rotating shield to À5 mK m´1

across the fiber positioning stage. To examine the effects of a temperature gradient on

the pendulum signal, we installed a pair of independently temperature controlled copper

panels in place of the the outer, stationary thermal and magnetic shielding to create a large

temperature difference across the apparatus (see figure 7.8). Each panel consisted of tubing

sandwiched between two copper plates in a cylindrical section covering approximately 45˝.

Foam «1 cm thick insulated the outer side of each panel. Each panel’s temperature was

controlled by water pumped through the tubing from an independent constant temperature

bath (Neslab RTE-221). We set temperature differences as large as 7 K between the two

temperature panels. The panels were more effective at heating than cooling the enclosure,

so we tried to maintain a consistent enclosure temperature by setting the mean temperature

of the two panels below the typical enclosure temperature.

Both the temperature gradient and pendulum twist changed in a linear manner. We

found that the magnitude of the change in the pendulum’s twist coefficients had a linear

relationship to the temperature gradient change as illustrated in figure 7.9. With large in-

duced temperature gradients, the linear relationship between changes in twist and changes

in temperature gradients existed for temperature sensors on the autocollimator, vacuum

column, fiber positioning stage, and across the outermost rotating shields and the phase
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Figure 7.8: Independent temperature control of two cylindrical panels placed near the ap-
paratus creates a large horizontal temperature difference that we use to determine the twist
induced by temperature gradients.
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relationship of each temperature sensor maintained a consistent relationship to the induced

gradient. Unfortunately, during equivalence principle data collection, when the apparatus

temperature was stabilized, the phase relationship between different temperature sensors

was inconsistent with simple heat flow models for the apparatus. We used the largest

temperature gradient, across the outermost rotating shield, to estimate the systematic un-

certainty and applied the total equally to both Fourier components of the pendulum torque

at the turntable rotation frequency.

Inducing a large horizontal temperature gradient also raised the enclosure temperature.

The changing enclosure temperature affected the tilt feedback stability and increased drift

of the pendulum equilibrium position. These temperature-induced effects made many runs

unusable and increased the twist scatter between runs (including those taken with the

same temperature panel difference). During later measurements, we reduced the enclosure

temperature change by setting the mean temperature of the panels lower than the enclosure

temperature; however, the overall enclosure temperature still changed by several degrees

between measurements with different temperature gradients. It remains to be explored if

temperature panel differences can be found that closely maintain the enclosure temperature.

A horizontal temperature gradient produces a signal at the turntable rotation frequency

as the temperature sensor rotates through it. We computed the temperature response at

the turntable rotation frequency as the ratio of the twist change to the temperature change

between two temperature measurements A and B:

ζ “

b

`

θsA ´ θsB
˘2

`
`

θcA ´ θcB
˘2

b

`

T s
A ´ T s

B

˘2
`

`

T c
A ´ T c

B

˘2
(7.12)

We fit a line to the combined measurements for all mirrors requiring zero temperature re-

sponse for zero change in temperature. Table 7.14 lists our measurements of twist response

to temperature. The earth-moon pendulum measurements using the original vacuum col-

umn were taken each time we reinstalled the thermal shields after performing changes to the

apparatus, since we were exploring pressure issues. For all the other configurations, we took

an initial and final measurement of the temperature response. For the temperature system-

atic uncertainty, we multiplied the temperature response by the change in temperature ∆T
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Figure 7.9: The temperature gradient response measured for the beryllium-aluminum con-
figuration. The four pendulum orientations 0˝, 90˝, 180˝, and 270˝ correspond to purple
circles, brown squares, gold diamonds and gray triangles, respectively.

between the two pendulum orientations included in a data set:

τ̃temp “ ζ

b

p∆T sq
2

` p∆T cq
2 (7.13)

We assigned the total temperature systematic uncertainty to both twist Fourier components

because the phase was inconsistent for small temperature gradients. Table 7.15 summarizes

the systematic uncertainty due to temperature gradients.

7.4.1 Apparatus Temperature Sensitivity

We performed a detailed investigation of the apparatus’s temperature sensitivities between

the beryllium-titanium and beryllium-aluminum configurations to reduce temperature-induced

systematic effects and further improved insulation between the beryllium-aluminum and

aluminum-beryllium configurations. We identified specific locations on the apparatus that
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Table 7.14: Twist induced by horizontal tem-
perature differences across the rotating appa-
ratus at ωTT. Insulation and shielding were
improved between Be-Al 2 and Al-Be 4 and
the thermal mass of the apparatus increased
between EM 5 and EM 6.

Measurement Temperature feed-through

( nrad mK´1)

Be-Al 1 0.60 ˘ 0.10

Be-Al 2 0.78 ˘ 0.06

Al-Be 3 0.22 ˘ 0.05

Al-Be 4 0.25 ˘ 0.03

EM 1 0.08 ˘ 0.02

EM 2 0.17 ˘ 0.05

EM 3 0.26 ˘ 0.02

EM 4 0.49 ˘ 0.05

EM 5 0.40 ˘ 0.03

EM 6 0.09 ˘ 0.02

EM 7 0.07 ˘ 0.02

resulted in the largest induced twist due to an applied temperature gradient. As a result

of our investigation we added passive insulation in the most sensitive locations. We had

been measuring a different twist response to temperature gradients each time the rotating

temperature shields were installed, which we determined was mostly due to variations in

the size of the smallest gap between the rotating shield and apparatus. The upper section

of the rotating thermal shield closes around the apparatus like a clam shell and rests upon

a plate that forms the bottom of the electronics enclosure. The position of greatest temper-

ature sensitivity is where the rotating shield nearly touches the upper support plate for the

vacuum can, which supported the fiber positioning stage prior to installing the new column
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Table 7.15: Horizontal-temperature-gradient sys-
tematic uncertainty for the two beryllium and alu-
minum configurations.

Group Temperature gradient systematic effect

(10´18 N m)

Local Sun Galaxy CMB

Be-Al 1 3.10 1.06 1.39 1.11

Be-Al 2 0.03 0.04 0.05 0.04

Be-Al 3 0.05 2.63 3.25 2.63

Be-Al 4 0.18 0.28 0.24 0.23

Be-Al 5 0.31 0.08 0.09 0.08

Be-Al 6 0.47 0.28 0.28 0.28

Al-Be 1 0.09 0.04 0.04 0.03

Al-Be 2 0.39 0.04 0.04 0.02

Al-Be 3 0.06 0.05 0.07 0.05

Al-Be 4 0.07 0.08 0.09 0.05

during the earth-moon data. Heat transfer for small temperature differences across a verti-

cal air gap exponentially decay with the gap size for gaps less than 2 cm [110]. Additional

recommendations for future improvements are in section 8.5.

We investigated the apparatus’s heat sensitivity at different points with a light bulb. A

50 W light bulb in a steel sheet metal reflector was mounted to a stand so that the height

could be changed while keeping the bulb 10 cm from the rotating thermal shields. We

measured the difference in τ̃S1 and τ̃C1 with the light on and off with the light positioned at

different heights. The maximum change in the twist coefficients was at the support plate

for the fiber rotation stage, which is the location of the smallest clearance between the

apparatus and the inner thermal shields. The apparatus also experienced a tilt that was

order-of-magnitude consistent with a simple model of thermal expansion in the triangular
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Table 7.16: Horizontal-temperature-gradient sys-
tematic uncertainty for the earth-moon configura-
tion.

Group Temperature gradient systematic effect

Sun (10´18 N m)

EM 1 0.09

EM 2 0.09

EM 3 0.21

EM 4 1.61

EM 5 0.60

EM 6 0.33

EM 7 0.09

EM 8 1.10

EM 9 0.01

EM 10 0.03

EM 11 0.16

vacuum column supports.

7.5 Turntable Irregularities

Feedback to a center-less optical encoder maintained a constant turntable rotation rate;

however, small variations in the turntable rotation rate affect the measurement. We modeled

the turntable orientation in the lab frame as

ϕTTptq “ ωTTt`

8
ÿ

m“1

ΦS
msinpmωTTtq ` ΦC

mcospmωTTtq, (7.14)

where ΦS
m and ΦC

m are the Fourier coefficients that describe the harmonic deviation of the

turntable from the orientation obtained at a constant rotation rate. The largest effect of

variations in the turntable rotation rate was a constant offset in the harmonic coefficients
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independent of the pendulum orientation. Since the offset did not depend on the orienta-

tion of the pendulum, combining data taken with the composition dipole in two different

orientations rotated by 180˝ with respect to the turntable removes the offset. However, due

to small drifts, which are correlated with the temperature of the turntable and encoder, a

residual systematic effect exists. We account for these drifts by fitting a linear drift to each

run segment.

Reproducible variations of the turntable rotation rate, e.g., due to variations in the

encoder grating or the 6-fold bolt pattern, can be written as a Fourier series

ωTTptq “ ωc `
ÿ

m

ωme
´imωct, (7.15)

where ωc represents the desired constant turntable rate and ωm the coefficients of the har-

monics describing the variations from the desired constant rate. Inserting the turntable

rotation variations as a driving term in equation 3.8 for an undamped torsion balance yields

the following pendulum twist:

θTT ptq “
´imωc

ω2
0 ´ pmωcq

2
ωme

´imωct. (7.16)

We determined the turntable variations by measuring the pendulum twist signal for dif-

ferent turntable rotation speeds. When the turntable rotation speed is fast compared to the

pendulum period, the pendulum should be inertial with any variations due only to variations

in the turntable rotation rate. The turntable rotation variations had a stable component,

which we corrected for using a map in the turntable feedback loop. However, repeated mea-

surement and correction iterations failed to entirely remove the turntable rotation variation

despite our science data showing a stable, orientation independent contribution to the twist

Fourier components.



155

Chapter 8

RESULTS

Our equivalence principle experiments have the best differential acceleration sensitivity

of any laboratory test, and our strong limits apply to a broad selection of charges. We used

three separate test body combinations: beryllium and titanium, beryllium and aluminum,

and test bodies that mimic the composition of earth’s core and the moon and earth’s mantle.

At least two different test body pairs and two different sources must be used to create strong

limits for all possible charges q̃ (see equation 2.10) because each test body pair (or source) is

insensitive at a particular charge parameter ψ̃1. Rotating our torsion balance on a turntable

enables us to set the best limits on unknown Yukawa interactions over terrestrial distance

scales and permits a detailed investigation of systematic effects. In addition to using earth as

a source, we searched for equivalence-principle violations toward the sun, dark matter in the

Milky Way, and the direction of the CMB dipole. Careful examination and understanding

of systematic effects improves our ability to make measurements limited primarily by the

thermal motion of the fiber. The primary results of our equivalence principle experiments

are collected in table 8.1.

8.1 Yukawa Interactions

Modern equivalence principle experiments are often interpreted as searches for new forces.

We parametrize a hypothetical new force using a Yukawa potential to set limits on the

strength α̃ of the interaction between our test bodies and a source based on a chosen

interaction range λ and charge q̃ (see section 2.2). We further parametrize the charge

with ψ̃ in equation 2.10 to distinguish whether protons and electrons or neutrons carry

the charge. Figure 8.1 illustrates the necessity of using multiple sources and composition

dipoles to constrain equivalence-principle violations for any possible charge because a single

composition dipole or source has a value ψ̃1 for which it is insensitive because the charge
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Table 8.1: Horizontal differential accelerations in the lab-fixed frame (∆aN
and ∆aW ) and toward the sun, galactic center, and cosmic microwave back-
ground dipole (∆ad, ∆ag, and ∆aCMB). The Eötvös parameters η‘, ηd,
and ηDM were calculated using the horizontal gravitational accelerations
of Earth, Sun, and galactic dark matter of 1.7 ˆ 10´2, 5.9 ˆ 10´3, and
4.8 ˆ 10´11 ms´2, respectively. Uncertainties are 1-σ statistical and sys-
tematic added in quadrature. We analyzed the earth-moon pendulum data
exclusively towards the sun to complement lunar laser ranging results.

Be-Ti Be-Al Earth-Moon

∆aN p10´15 ms´2q 0.6 ˘ 3.1 ´2.2 ˘ 2.0 —

∆aW p10´15 ms´2q ´2.5 ˘ 3.5 3.0 ˘ 2.0 —

∆ad p10´15 ms´2q ´1.8 ˘ 2.8 ´3.9 ˘ 2.6 2.1 ˘ 2.0

∆ag p10´15 ms´2q ´2.1 ˘ 3.1 ´2.2 ˘ 2.9 —

∆aCMB p10´15 ms´2q ´2.1 ˘ 3.1 3.4 ˘ 2.6 —

η‘ p10´13q 0.3 ˘ 1.8 ´1.3 ˘ 1.2 —

ηd p10´13q ´3.1 ˘ 4.7 ´6.5 ˘ 4.5 3.6 ˘ 3.3

ηDM p10´5q ´4.2 ˘ 6.2 ´4.6 ˘ 6.1 —

ηCD p10´13q — — 1.2 ˘ 1.1

ηgrav p10´4q — — 4.5 ˘ 3.8

is zero. The topography and geology of the Pacific Northwest act as a source for possible

interactions with ranges λ down to a meter, while we use earth’s large-scale structure and

the sun as sources for λ Ñ 8.

Figure 8.2 shows the best limits on the magnitude of α̃ for an infinite range interaction

λ Ñ 8 as a function of the charge parameter ψ̃ and compares our combined results with

those from Lunar laser ranging[137] and Braginsky [19]. Figure 8.3 shows the greatest and

least lower limits of all ψ̃ at each λ (i.e., the maximum and minimum of the combined

limits found on figure 8.2 but for each value of λ). For the combined limits in figure 8.3

we incorporate our beryllium-aluminum and beryllium-titanium [113] measurements with

a short-range equivalence principle measurement using copper-lead test-bodies towards a
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238U attractor [115].

We use the beryllium-titanium and beryllium-aluminum composition dipoles with the

earth and sun as sources to set limits on the strength α̃ of a hypothetical new Yukawa

interaction (equation 2.5) as a function of the interaction range λ for selected charges of

interest q̃{µ “ pB´L{µq, pB{µq, and pL{µq shown in figures 8.4, 8.5, and 8.6, respectively.

The combined results in this section’s plots use two test body pairs (Be-Ti and Be-Al) and

three sources (the earth in the east-west direction, the earth in the north-south direction,

and the sun) to set constraints for any charge q̃. The two lunar laser ranging lines come

from an inverse-square gravitational force test using the precession of the earth-moon system

[127] resulting in the V-shaped limit and a search for polarization of the earth-moon system

towards the sun for the longest-range limit [137].
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Figure 8.1: Illustration of the necessity of using multiple sources and test-body pairs. The
plot shows 95% CL limits on the strength α̃ of a new Yukawa force versus the charge
parameter ψ̃ for λ Ñ 8 using two different test-body pairs and two different sources.
The vertical lines labeled near the top show the ψ̃1 at which the composition (composition
difference) of an object (test-body pair) renders it insensitive. The beryllium-aluminum
results are in purple and the beryllium-titanium results are in yellow. Dashed lines use the
sun as source and solid lines use the earth. The thin black line shows the combined limit.
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Figure 8.2: 95% CL limits on the strength α̃ of a new Yukawa force for λ Ñ 8. The EW
(purple) line is the combined Be-Ti [113] and Be-Al result. Moscow ’72 comes from [19]
with the sun as a source. The LLR line for the earth and moon falling toward the sun comes
from [137].
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Figure 8.3: 95% CL limits for the greatest lower limit (solid) and least lower limit (dashed)
of strength α̃ for any charge q̃pψ̃q. Both lines are the combined results of the Be-Al, Be-Ti
[113], and 238U attractor [115] experiments.
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Figure 8.4: 95% CL limits on a new Yukawa force for q̃ “ B ´ L. The EW (purple) line is
the combined Be-Ti [113] (dot-dashed line) and Be-Al (dashed) result. The EW99, EW94,
Princeton ’64, and Moscow ’72 are from references [115], [124], [109], and [19], respectively.
The LLR line with its best limit near λ „ 108 m is from [127]. The LLR line using the sun
as its source comes from [137].
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Figure 8.5: 95% CL limits on a new Yukawa force for q̃ “ B. The EW (purple) line is
the combined Be-Ti [113] (dot-dashed line) and Be-Al (dashed) result. The EW99, EW94,
Princeton ’64, and Moscow ’72 are from references [115], [124], [109], and [19], respectively.
The LLR line with its best limit near λ „ 108 m is from [127]. The LLR line using the sun
as its source comes from [137].
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Figure 8.6: 95% CL limits on a new Yukawa force for q̃ “ L. The EW (purple) line is
the combined Be-Ti [113] (dot-dashed line) and Be-Al (dashed) result. The EW99, EW94,
Princeton ’64, and Moscow ’72 are from references [115], [124], [109], and [19], respectively.
The LLR line with its best limit near λ „ 108 m is from [127]. The LLR line using the sun
as its source comes from [137].
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8.1.1 Antimatter

When considering proposed matter-antimatter equivalence principle experiments (e.g., H´

H̄ drop experiment [42]), it is useful to compare to the current limits set by torsion balance

experiments. The figure of merit for a hydrogen-antihydrogen drop experiment is ∆aHH̄{g,

which can be related to torsion balance experiments through equation 4.5:

∆aHH̄

´

ψ̃, λ
¯

g
“ α̃

´

ψ̃, λ
¯

«˜

q̃Hpψ̃q

µH

¸

´

˜

q̃H̄pψ̃q

µH̄

¸ff

av

´

ψ̃, λ
¯

g´1, (8.1)

where α̃
´

ψ̃, λ
¯

are the existing torsion balance limits and av

´

ψ̃, λ
¯

is the vertical compo-

nent of the source integration for a given charge parameter ψ̃ and range λ. Figure 8.7 plots

limits on
∆aHH̄

g for a hypothetical hydrogen-antihydrogen equivalence principle experiment

performed at our torsion balance’s site. Note that while horizontal gravitational acceleration

varies dramatically by location, the vertical gravitational acceleration should be relatively

similar in different locations.

Our strong constraints on α̃ for all possible charge parameters ψ̃ allows us to transform
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Figure 8.7: 95% CL limits on the ratio of the difference in acceleration of hydrogen and
antihydrogen to earth’s gravitational field based on our torsion pendulum measurements.
The region above the solid line is excluded for all values of q̃pψ̃q. The dashed line assumes
that q̃ “ Z.
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the limits from our composition dipoles to different compositions regardless of the charge

q̃
´

ψ̃
¯

a new interaction may couple to. A hydrogen-antihydrogen experiment clearly is

most sensitive to q̃ “ Z; however, we also look at the signal such an experiment would

observe as a function of the charge parameter and present the greatest lower bound for any

ψ̃:

∆aHH̄ pλq

g
ď max

”

α̃
´

ψ̃, λ
¯

2 cos
´

ψ̃
¯

av

´

ψ̃, λ
¯

g´1
ı

@

´

´
π

2
ă ψ̃ ď

π

2

¯

(8.2)

8.2 Dilaton Constraints

Our experiments constrain the dilaton coupling parameters from the Donoghue and Damour

[37] model for equivalence-principle violation by a dilaton field. The dominant dilaton

coupling due to gluons was assumed to obey the equivalence principle in the model, but

other composition-dependent contributions were parametrized as described in section 2.3.

We include the Moscow Al-Pt limit [19] due to the substantially different test body pair

composition. Figure 8.8 shows the allowed region for the two largest couplings due to the

average light quark mass Dm̂ and the electromagnetic field strength De from equation 2.17.

The other couplings Dδm and Dme due to differences in light quark masses and to the

electron mass were assumed to be zero.
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Figure 8.8: 95% CL constraint on the average light quark mass Dm̂ and electromagnetic
field De coupling to a long range dilaton field in the Donoghue-Damour model [37] using
our beryllium-titanium (yellow), beryllium-aluminum (purple), and earth-moon pendulum
(gray) results plus the Moscow aluminum-platinum (gold) limit [19]. The white ellipse shows
the combined confidence region.
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8.3 Strong Equivalence Principle and Lunar Laser Ranging

Current lunar laser ranging results give ηLLR “ ∆aLLR{ad “ p´0.8 ˘ 1.3q ˆ 10´13 [137].

However, millimeter level earth-moon range results due to the APOLLO collaboration will

likely improve lunar laser ranging equivalence principle sensitivity by an order of magnitude

once newly observed effects are incorporated into models [91]. The exceptional sensitivity

of lunar laser ranging presents the opportunity to test the equivalence principle for gravi-

tational binding energy [13]. Lunar laser ranging tests the strong equivalence principle and

constrains the combined effects of equivalence-principle violation due to composition and

gravitational binding energy. We set a limit on the composition dependent part ηCD using

laboratory test bodies that enhance the composition difference between the earth and moon,

but have negligible gravitational binding energy:

ηCD “ ηEMd pf‘ ´ fKq “ p1.2 ˘ 1.1q ˆ 10´13, (8.3)

where ηEMd is our earth-moon pendulum limit towards the sun and f‘ and fK are the iron

content fractions of the earth and moon, respectively. The combined value includes only

the effects of gravitational binding energy:

ηgrav “
ηLLR ´ ηCD

∆Egrav
“ p4.5 ˘ 3.8q ˆ 10´4, or

|ηgrav| ď 6 ˆ 10´4 at 1-σ

(8.4)

where the difference in fractional gravitational binding energy for the earth-moon system is

∆Egrav “ E‘
grav ´EK

grav “ ´4.4 ˆ 10´10. Earth’s gravitational binding energy as a fraction

of its mass is E‘
grav “ ´4.6 ˆ 10´10 and the moon’s is EK

grav “ ´0.2 ˆ 10´10.

8.4 Dark Matter

Hydrogen constitutes most of the observable matter in our galaxy. We scale the limits on

the differential acceleration of our test bodies towards the dark matter in our galaxy ∆ag

by the ratio of our composition dipole charge ∆ pq̃p{µpq to the charge of neutral hydrogen

q̃H{µ̃ to produce limits on the acceleration of neutral hydrogen toward galactic dark matter

as a function of the charge parameter ψ̃.

∆aH
aDM

“
∆ag
aDM

ˆ

q̃H
µH

˙ „

∆

ˆ

q̃p
µp

˙ȷ´1

, (8.5)
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where aDM “ 4.8 ˆ 10´11 m s´2 is the acceleration towards the dark matter in our galaxy

[121]. Figure 8.9 shows that combining lunar laser ranging limits with torsion balance

limits on the differential acceleration towards the galactic center limits the non-gravitational

acceleration of neutral hydrogen to À 5% for any value of ψ̃.
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Figure 8.9: 95% CL limits on the ratio of the non-gravitational acceleration of neutral
hydrogen to the total acceleration toward galactic dark matter.

8.5 Future Apparatus Improvements

During the course of our measurements several features of the apparatus were identified

that could be improved for future experiments.

1. Increase the charge difference of the test bodies using different materials. Some plastic

polymers may provide a means of incorporating a hydrogen-rich material.

2. Explore fiber heating and alternative fiber materials. The fibers that were produced

using the fiber heating procedure had a larger Q, but were substantially more fragile

than the normal tungsten fibers.
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3. Develop a method for “continuous” monitoring of the gravitational gradient fields.

The change in the gravitation gradient fields during our equivalence principle measure-

ments were a large contribution of the gravitational gradient systematic uncertainty.

4. Reduce non-linear drifts in the fiber due to internal stress and temperature changes:

(a) The algorithm for rotating the pendulum between mirrors uses the “crane op-

erators trick” — the pendulum attachment is quickly rotated by half the total

movement, the pendulum oscillation about the new center results in the move-

ment to the desired mirror, finally the attachment point is quickly rotated to the

new position. A new algorithm that minimizes induced fiber stress by adjusting

the turntable speed along with the attachment point rotation should reduce the

non-linear drift that we observe after pendulum rotations.

(b) Actively stabilize the autocollimator and fiber attachment point temperatures to

minimize thermal drift at the apparatus’s most sensitive points. The autocol-

limator is sensitive to temperature effects through changes in the distances or

orientation of optical components and through the inherent temperature sensi-

tivity of the position sensitive photo-detector and of the laser. For example, the

UDT SL3-2 photo-detector has a manufacturer specification of typical position

drift of 0.06 µm K´1 with the beam at the center.

5. The earth-moon pendulum was significantly more sensitive to pressure spikes than

the eight-test-body pendulum. Examine the response of various pendulum designs

to pressure spikes for improved future designs — the cylindrical symmetry of the

eight-test-body pendulum frame may contribute to its reduced sensitivity.

6. The tilt leveling system adjusts the zero point every 2 rotations by linear motion

over 180˝ of turntable rotation. The linear motion has a substantial overlap with the

turntable rotation harmonics that we fit.

7. The 4-fold triangular wings that support the vacuum column were observed to produce

a thermally induced tilt during the lamp sensitivity tests. A redesigned apparatus
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should use cylindrical symmetry.

8. Active temperature control of the apparatus enclosure: An analog control loop was

used to test feedback on the apparatus enclosure air temperature. The control loop

reduced the weekly low-temperature variation. Add an enclosure temperature control

loop to the DAQ. A plastic shroud around the stationary thermal shields may reduce

the higher-frequency airflow induced temperature variations from the air circulation

fans on the heat exchange radiators.

9. Replace the fiber positioning stage with an improved vacuum feed-through. The

existing feed-through uses an O-ring around a rotating shaft. Commercially available

ultra-high vacuum rotating feed-throughs may improve the apparatus vacuum and

minimize pressure bursts.

10. The magnetic swing damper works remarkably well; however, the design uses nuts on

three threaded rods for position adjustments which results in too much adjustment

freedom. A redesign should firmly hold the magnet and allow independent horizontal

and rotational adjustment.

11. Identify the source of high-frequency „90-fold and 6-fold turntable rotation effects.

The 6-fold effect may be due to the mounting screws for the center-less rotation

encoder.

12. Redesign apparatus with fewer O-ring seals or replace with alternative high-vacuum

seals.

13. Find temperature panel differences that maintain the enclosure temperature for tem-

perature gradient systematic tests.
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[73] V A Kostelecký and J D Tasson. Matter-gravity couplings and Lorentz violation.
Phys. Rev. D, 83:016013, Jan 2011.

[74] G Laske, A Dziewonski, and G Masters. Reference Earth model. website, 2011.
http://igppweb.ucsd.edu/„gabi/rem.html.

[75] G Laske and G Masters. A global digital map of sediment thickness. EOS Trans.
AGU, 78(78):F483, 1997.

[76] F G Lemoine, S C Kenyon, J K Factor, R G Trimmer, N K Pavlix, D S Chinn,
C M Cox, S M Klosko, S B Luthcke, M H Torrence, Y M Wang, R G Williamson,
E C Pavlis, R H Rapp, and T R Olson. The developent of the joint NASA GSFC
and the National Imagery and Mapping Agency (NIMA) geopotential model EGM96.
NASA Technical Report NASA/TP-1998-206861, National Aeronautics and Space
Administration and National Imagery and Mapping Agency, Goddard Space Flight
Center, Greenbelt, Maryland, 20771, USA, 1998.

[77] D A Livingstone. Chemical composition of rivers and lakes. U.S. Geol. Survey, 1963.

[78] J Longhi. A new view of lunar ferroan anorthosites: Postmagma ocean petrogenesis.
J. Geophys. Res., 108:5083, 2003.



174

[79] J Longhi. Petrogenesis of picritic mare magmas: Constraints on early lunar differen-
tiation. Geochimica et Cosmochimica Acta, 70:5919–5934, 2006.

[80] T Lyubetskaya and J Korenaga. Chemical composition of Earth’s primitive mantle
and its variance. J. of Geophys. Res., 112:B03211, 2007.

[81] S Maaløe and R Steel. Mantle composition derived from the composition of Iherzolites.
Nature, 285:321–322, 1980.

[82] F T Mackenzie and R M Garrels. Chemical mass balance between rivers and oceans.
Amer. J. Sci., 264:507–525, 1966.

[83] D Mattingly. Modern tests of Lorentz invariance. Living Reviews in Relativity, 8(5):1,
2005.

[84] W F McDonough. The Composition of the Earth’s Core. Springer, 2007.

[85] W F McDonough and S-s Sun. The composition of the Earth. Chemical Geology,
120:223–253, 1995.

[86] M A Meyers and K K Chawla. Mechanical Behavior of Materials. Prentice-Hall, Inc.,
Upper Saddle River, New Jersey, 1999.

[87] F J Millero. Physical Chemistry of Natural Waters. Wiley-Interscience, Danvers,
Massachusetts, 2001.

[88] W D Mooney and M K Kaban. The North American upper mantle: Density, compo-
sition, and evolution. J. Geophys. Res., 115:B12424, 2010.

[89] J W Morgan and E Anders. Chemical composition of Earth, Venus and Mercury.
Proc. Natl. Acad. Sci., 77(12):6973–6977, 1980.

[90] T W Murphy, Jr, E G Adelberger, J B R Battat, L N Carey, C D Hoyle, P LeBlanc,
E L Michelsen, K Nordtvedt, A E Orin, J D Strasburg, CW Stubbs, H E Swanson, and
EWilliams. APOLLO: the Apache Point Observatory Lunar Laser-ranging Operation:
Instrument description and first detections. PASP, 120:20, 2008.

[91] T W Murphy, Jr, E G Adelberger, J B R Battat, C D Hoyle, N H Johnson, R J
McMillan, C W Stubbs, and H E Swanson. APOLLO: Millimeter lunar laser ranging.
Class. Quantum Grav., 29:184005, 2012.

[92] National Imagery and Mapping Agency, National Imagery and Mapping Agency, Fair-
fax, Virginia. Digital Terrain Elevation Data Level 0, 1996. Partly in GLOBE Task
Team and others, 1999.



175

[93] M M Nieto and T Goldman. The arguments against ‘antigravity’ and the gravitational
acceleration of antimatter. Phys. Rept., 205:221–281, 1991.

[94] U. S. Coastal Relief Model. http://www.ngdc.noaa.gov/mgg/coastal/crm.html,
September 2010.

[95] K Nordtvedt. Post-Newtonian gravitational effects in lunar laser ranging. Phys. Rev.
D, 7:2347–2356, Apr 1973.

[96] K Nordtvedt. Lunar laser ranging and laboratory Eötvös-type experiments. Phys.
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Appendix A

EARTH SOURCE MODEL

A.1 Numerical Integration

The source acceleration was defined as the source related part of the gradient of the Yukawa

potential:

FAB “ ´∇Ṽ12prq “ α
´ q̃1
µ1
m1

¯

looomooon

pendulum

´

´G ∇
´ q̃2
µ2
m2

¯e´|r|{λ

|r|

¯

looooooooooooooomooooooooooooooon

source

, (A.1)

where |r| is the distance from the pendulum to the source and the gradient is evaluated

with respect to the pendulum coordinate r0. Section 4.1 illustrates the integration using

one dimension. For the actual integration of the earth source model, we used a full three

dimensional model. For distances |r| À100 km, a rectangular grid using an East-North-

Up coordinate system with the origin at the pendulum’s location was used. For the global

models, a spherical coordinate system was used. The following subsections detail the specific

equations used for each of these coordinate systems. All three components of the source

acceleration were computed.

The numerical integration was performed using the Mathematica [140] numerical inte-

gration function NIntegrate. The AccuracyGoal option was utilized as necessary to require

at least 10´12 accuracy of individual integrations, though greater accuracy was utilized

when it did not excessively increase the time to complete integrations. Some zero or near

zero values failed to meet this criteria.
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A.1.1 Integration Equations in Cartesian Coordinates

Equation A.1 is extended from point particles to an integral over an extended body in

Cartesian coordinates:

as “ G

¡

source

„

q̃s
µs

prqρsprq

ȷ

pλ` |r|q
e´|r|{λ

λ |r|
3 rpx´ x0qpx ` py ´ y0qpy ` pz ´ z0qpzs dx dy dz,

(A.2)

where |r| ”
a

px´ x0q2 ` py ´ y0q2 ` pz ´ z0q2 and the coordinate position r0 “ px0, y0, z0q

is the pendulum location.

A.1.2 Integration Equations in Spherical Coordinates

Similarly to the Cartesian version, but using the gradient operator in spherical coordinates

gives

as “G

¡

source

„

q̃s
µs

prqρsprq

ȷ

pλ` |r|q
e´|r|{λ

λ |r|
3

ˆ

!

rr cospθq cospθ0q ´ r0 ` r cospϕ´ ϕ0q sinpθq sinpθ0qs pr

` r rcospϕ´ ϕ0q cospθ0q sinpθq ´ cospθq sinpθ0qs pθ

` r sinpϕ´ ϕ0q sinpθq pϕ
)

r2 sinpθq dr dθ dϕ,

(A.3)

where |r| ”
a

r2 ` r20 ´ 2rr0 rcospθq cospθ0q ` cospϕ´ ϕ0q sinpθq sinpθ0qs and the coordinate

position r0 “ pr0, θ0, ϕ0q is the pendulum location.

When integrating the elliptically deformed Earth in spherical coordinates, the pr com-

ponent does not correspond to down, so the results obtained using equation A.3 must be

rotated to align with local vertical in the laboratory frame. We determined the tangent

vector at a latitude ϑ to the ellipse defining the Earth’s surface and the normal vector (by

rotating the tangent vector 90˝). The dot product of the unit vectors for the tangent (North)

and normal (up) with the relevant components from the integration give the components in

the appropriate frame for the laboratory.
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rpϑq “
b

a

1 ´ ε2 cos2pϑq
pr

“
b

a

1 ´ ε2 cos2pϑq
rcospϑq px ` sinpϑq pzs (A.4)

Tpϑq “
B

Bϑ
rpϑq

“
b

p1 ´ ε2 cos2pϑqq3{2

“

´ sinpϑq px ` p1 ´ ε2q cospϑq pz
‰

(A.5)

pTpϑq “

d

1

p1 ´ ε2q2 cos2pϑq ` sin2pϑq

“

´ sinpϑq px ` p1 ´ ε2q cospϑq pz
‰

(A.6)

pNpϑq “

d

1

p1 ´ ε2q2 cos2pϑq ` sin2pϑq

“

´ sinpϑq px ` p1 ´ ε2q cospϑq pz
‰

(A.7)

Alternatively, the dot product of the unit normal vector and the unit radial vector can

be used to define a rotation matrix where the rotation angle γ is given by

cospγq “
p1 ´ ε2q cos2pϑq ` sin2pϑq

a

p1 ´ ε2q2 cos2pϑq ` sin2pϑq
. (A.8)

Inserting values for the WGS84 reference ellipsoid and the apparatus location gives γ “

3.3 mrad.

There are further corrections due to the non-uniformity of the earth, such that the geoid

is different from the reference ellipsoid used in this model. The geoid difference from the

ellipsoid was not included in our model. The geoid differences are typically meters, which

was negligible at the scales considered for the entire earth integration. Any corrections

would involve rotations À 60 µrad.

A.2 Coordinate Systems, Map Projections, and Datums

Many different reference datums are in use for both historical reasons and due to their suit-

ability for particular uses (e.g., the North American Datum was designed to remain constant

on the North American Plate despite tectonic movements). To properly compute the true

distances between points, the origin and model must both be within the same datum. In

joining various models from different datums, the boundaries must be properly aligned, so

that the entire region is included, but only included once. Furthermore, different datums
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may be used for horizontal (map) coordinates and vertical coordinates. As an additional

complication, some datums are updated periodically based on current measurements .

Core of Engineers Datum (COE) The vertical datum used by the US Army Corps of

Engineers for the water level in Lake Washington.

Earth Gravity Model (EGM) A series of models of earth’s potential field used as the

basis for the geoid in many global datums.

East-North-Up (ENU) The local coordinate system used for numerical integration of

regional (À100 km) model data. The coordinate axes were aligned with East, North,

and Up at the pendulum’s location.

Mean Lower Low Water (MLLW) A vertical datum typically used for sea level mea-

surements defined by the average of the lower low tide on each tidal day.

North American Vertical Datum (NAVD) The vertical control datum for surveying

in the US.

North American Datum (NAD) A datum used for the North American continent. Re-

vised in 1927 and 1983 (NAD27 and NAD83).

Universal Transverse Mercator zone 10N (UTM 10N) Universal Transverse Mer-

cator is a system of projections covering the surface of the earth that allow

Pythagorean distance calculations locally. Seattle is located in zone 10 North.

Washington State Plane (WSP) A series of datums for surveying within the state of

Washington. The laboratory plans and the PSDEM2005 model both used revisions

of the WSP datum. The definition for the PSDEM2005 model is a Lambert confor-

mal conic projection tied to the North American Datum of 1983 using the Geodetic

Reference System 1980 ellipsoid.
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World Geodetic System (WGS) A global datum for both vertical and horizontal posi-

tions. The coordinate origin is designed to be located at earth’s center of mass. The

1984 revision (WGS84) is currently one of the most common reference datums for

global data. The global crust model was referenced to WGS84.

A.3 Importing Model Files

Digital Elevation Models (DEM) used for the source integration were obtained or located

primarily from the NOAA website [46]. DEMs come in many different formats. For this

work, three different formats were imported an ASCII text file for the PSDEM2005 model,

GRD98 binary files, and DTED Level 0 files. Generic functions within Mathematica and

relying on built-in file handling capabilities of Mathematica were used to import the DEMs

for visualization and use in the source integration. Due to the advantages of binary data

storage, the PSDEM2005 model was converted to the GRD98 format for general analysis

work. The DTED level 0 files were similarly consolidated, as they were distributed in files

covering 1 square degree (with a 30 arc second grid size). We included datum conversion

within the access functions that were called to retrieve data points from the models within

the numerical integration process.

A.4 Composition Models

Four different crustal composition models are compared in table A.2. Rudnick and Gao’s

2003 [111] model’s bulk crust composition was used as the charge for all terrain within the

local models and for the crust within the whole earth model. This model’s value is well

within one standard deviation of the mean value, and as the most recently published, it

was assumed to represent the best current knowledge of earth’s bulk crustal composition.

Hofmann’s [61] and Rudnick’s [111] models indicate that location dependent differences are

0.1% for Z{µ and N{µ.

In contrast to the crust, where direct measurements of the composition may be made, the

mantle composition must be determined indirectly. An initial composition based on some

measurable composition is converted to the mantle composition using models of physical

and chemical processes that separate elements in a layered earth. The initial composition
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Table A.2: Comparison of four models of earth’s crustal com-
position from Anderson [9], Christensen and Mooney [29], Hof-
mann [61], and Rudnick and Gao [111]. Rudnick and Gao’s
bulk crust value is used for all source computations relating to
earth’s crust.

Source Z/µ N/µ B/µ

[9] - Bulk Crust 0.494587 0.506006 1.00059

[29] - Bulk Crust 0.495525 0.505054 1.00058

[61] - Oceanic Crust 0.494129 0.506482 1.00061

[61] - Continental Crust 0.494475 0.506124 1.00060

[111] - Upper Crust 0.495397 0.505183 1.00058

[111] - Middle Crust 0.495186 0.505399 1.00059

[111] - Lower Crust 0.494539 0.506061 1.00060

[111] - Bulk Crust 0.495005 0.505584 1.00059

Bulk Crust Mean� 0.494838 0.505755 1.00059

Bulk Crust Standard Deviation� 0.00056 0.00057 0.000012

� [61] is weighted by surface area for the two crustal components.

is usually some ensemble of meteorite compositions, since meteorites are assumed to be

remnants of the material from which the earth formed. Comparing the observed surface

minerals, some of which come from mantle melts, with the meteorite derived composition

results in differences that must be explained by the chemical and physical processes included

in the model. Twelve mantle composition models are compared in table A.3. Most of the

models report a value for the bulk silicate earth, which is the combined composition of the

mantle and crust. However, since the mass of the crust is about 0.6% that of the mantle, the

change in charge from subtracting the crust will be much less than 0.6% and is À 10´5 for

the mantle models considered here. This is much less than the 3ˆ10´4 uncertainty between

different models. Andersen 1989 [9] and Javoy et al [66] further separate their models into

an upper and a lower mantle with different compositions. For the mantle’s source integral,

Lyubetskaya and Korenaga’s [80] recent model for the mantle composition is adopted due

to its robust statistical treatment of the problem.
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Table A.3: Comparison of charge from models for earth’s mantle’s compo-
sition from Allegre et al. [6], Jacobsen, Quick and Wasserburg [64], Maaløe
and Steel [81], Anderson [9], Ringwood and Kesson [107], Jochum et al. [67],
Javoy et al. [66], Lyubetskaya and Korenaga [80], McDonough and Sun
[85], McDonough [84], and Morgan and Anders [89]. The source acceleration
model uses Lyubetskaya and Korenaga’s model [80].

Source Z/µ N/µ B/µ

[6] - Mantle + Crust 0.495541 0.505032 1.00057

[64] in [9] 0.495671 0.504902 1.00057

[81] in [9] 0.49544 0.505133 1.00057

[9] 0.4958 0.504768 1.00057

[107] in [9] 0.495489 0.505085 1.00057

[9] - Mantle + Crust 0.4955 0.505078 1.00058

[9] - Upper Mantle� 0.495289 0.505294 1.00058

[9] - Lower Mantle� 0.495592 0.504984 1.00058

[67] in [61] 0.495634 0.504939 1.00057

[66] - Prim. Upper Mantle 0.495521 0.505053 1.00057

[66] - Prim. Lower Mantle 0.495469 0.505111 1.00058

[80] - Mantle + Crust 0.495419 0.505155 1.00057

[85] - Mantle + Crust 0.495335 0.505242 1.00058

[84] - Mantle 0.495379 0.505198 1.00058

[89] - Mantle + Crust 0.495324 0.505256 1.00058

Mean� 0.4955 0.505075 1.00058

Standard Deviation 0.000159604 0.000163178 4.08696 ˆ 10´6

� [9] is weighted by 32.5% for the upper mantle and 67.5% for the lower mantle to give

a bulk value.
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Earth’s core is primarily iron, but also contains up to 15% of a lighter element in order

to satisfy density and sound propagation constraints. Sulfur, silicon, and oxygen (or some

combination of them) are considered the most likely candidates for the light element, but

possibilities such as hydrogen would have a much greater effect on the charge. The charges

for six likely models of earth’s core along with 4 possibilities for a light alloying element that

has a large impact on the charge are shown in table A.4. Due to the unknown light element,

the mean charges of the proposed core models is adopted for earth’s core composition for

the source integral. However, if hydrogen and magnesium are allowed as candidates the

uncertainty in the charge is „10%. Restricting choices to sulfur, oxygen and silicon with up

to 15% content by weight produces an uncertainty of „0.5%. Improvements in experiments

exploring the high temperature and pressure alloys of iron will likely reduce the uncertainty

on this in the future.
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Table A.4: Comparison of the charge from composition
models for earth’s core from Allegre et al. [6], Bardo et al.
[14], Javoy et al. [66], McDonough [84], and McDonough
and Sun [85]. 5% to 15% of earth’s core by weight is due to
a light element. The most commonly considered candidates
are sulfur, silicon, and oxygen. The silicon and oxygen
model of [66] was used for the source acceleration model.

Source Z/µ N/µ B/µ

[6] - Si-S-O Core 0.470691 0.530403 1.00109

[14] - Si-O Core 0.468892 0.532215 1.00111

[66] - Si-O Core 0.469009 0.532113 1.00112

[84] - S-Si Core 0.468728 0.532399 1.00113

[84] - S-O Core 0.468241 0.532881 1.00112

[89] - S Core 0.46784 0.533307 1.00115

Mean 0.468900 0.532220 1.00112

Standard Deviation 0.000981 0.000996 0.000018

[85] - 15% H 0.545639 0.454172 0.999811

[85] - 5% H 0.491971 0.50875 1.00072

[85] - 15% O 0.471333 0.529699 1.00103

[85] - 5% Mg 0.467555 0.533577 1.00113
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Appendix B

DIGITAL FILTER CORRELATION

A finite-impulse-response (FIR) digital filter can attenuate unwanted signals or noise

using a weighted sum of data points xi:

yi “
ÿ

p Ptfilter pointsu

cpxi`p (B.1)

We use a digital filter to remove the torsion mode of the pendulum. Correlations arise

because two or more different y include the same value xi. The covariance between different

y is

covryk, yℓs »
ÿ

i,j

Byk
Bxi

Byℓ
Bxj

Vij

“ σ2
ÿ

p,q Ptfilter pointsu

|cp| |cq| δk`p,ℓ`q

(B.2)

where Vij is the covariance matrix for the values of x, the sums over i and j are over all

points and the sums over p and q are over the points included in the filter. I assume that

the values x are uncorrelated random variables recorded at a uniform interval and from the

same distribution, i.e., all x have the same uncertainty. These assumptions result in V being

diagonal (from the uncorrelated x) and proportional to the identity matrix Vij “ σ2δi,j .

In our analysis, the data was separated into segments and fit to extract the Fourier

coefficients for harmonics of the turntable rotation. The absolute values of the c were used

to compute the correlation. The effect of a negative cj appears through the attenuation

correction (see section 6.1). The correlation between different segments was modeled as due

solely to the multiple inclusion of the same underlying data points and computed as the
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covariance of the mean of two segments:

fk “
1

M

k`M
ÿ

i“k

yi (B.3)

covrfk, yℓs »
ÿ

i,j

Bfk
Byi

Bfℓ
Byj

covryi, yjs

“
σ2

M2

ÿ

p,qPtfilter pointsu

|cp| |cq| (B.4)

ˆ max p0,min pk `M ` p, ℓ`M ` qq ´ max pk ` p, ℓ` qqq

fk defines a data segment consisting of M filtered data points y. Data segments fk and fℓ

may overlap.

B.1 Two-point Filter

A two-point digital filter designed to remove a sinusoid of period T has cp “ 1{2 @ p P

t´β, βu, where β corresponds to the number of data points in T {4:

yi “
1

2
pxi´β ` xi`βq. (B.5)

Define (potentially overlapping) data segments consisting of M filtered data points y

fj “
1

M

jM
ÿ

i“pj´1qM`1

yi

“
1

M

jM
ÿ

i“pj´1qM`1

1

2
pxi´β ` xi`βq

(B.6)

where j defines the data segment within a data run of N segments.

Evaluating the partial derivatives in the covariance relationship gives

Bfk
Bxi

“
1

2M

kM
ÿ

p“pk´1qM`1

pδi,p´β ` δi,p`βq, (B.7)
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which results in the following relationship for covariance:

Ukℓ “ covrfk, fℓs “
ÿ

i,j

” 1

2M

kM
ÿ

p“pk´1qM`1

pδi,p´β ` δi,p`βq

ı

ˆ

” 1

2M

ℓM
ÿ

q“pℓ´1qM`1

pδj,q´β ` δj,q`βq

ı

σ2δij

“
σ2

M2

”

δkℓpM ´ βq ` pδk,ℓ´1 ` δk,ℓ`1q
β

2

ı

(B.8)

Making use of the correlation due to the filtering increases the uncertainty by about 4.5%,

which closely matches the value determined from taking means of even or odd (uncorrelated)

data segments and comparing to that of the variance determined by using either the first

half or second half of the data segments in a run.

B.2 Four-point Filter

A four-point digital filter to remove a sinusoid with a particular period and to reduce the

polynomial order of drift in the manner of a derivative was used in the analysis presented

in this thesis and had the form:

yi “ xi´3β ´ xi´β ` xi`β ´ xi`3β, (B.9)

where β “ T {8.

A four-point filter (functioning as a derivative of the two-point filter) has different signs

for the different terms; however, to compute the correlation used to determine a fit to

harmonic components (see section 6) all the signs are taken as “+”. An approximation to

the case of fitting a sine and a cosine term of the same frequency ω is given by the mean

of the product of the value of the sine and cosine at each data point with the recorded

measurement (effectively a lock-in filter):

1

M

M
ÿ

i“1

yipsinpωtiq, cospωtiqq (B.10)

The relative signs of the filter values will change as a function of the signal frequency ω;

however, this effect is accounted for in the attenuation correction. The correlation effect
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results from the mapping of multiple data points to each average value, which are then used

in the fitting procedure.

Then the covariance between data segments is

covrfk, fℓs »
ÿ

i,j

Bfk
Bxi

Bfℓ
Bxj

Vij (B.11)

with Vij as the covariance matrix for the values xi,j and is diagonal due to the assumption

that the values xi,j are uncorrelated, so that V is the identity matrix times the variance

of a data point or in components Vii “ σ2 and Vij “ 0 @ i ‰ j. Evaluating the partial

derivatives in the covariance relationship gives

Bfk
Bxi

“
1

2M

kM
ÿ

p“pk´1qM`1

pδi,p´3β ` δi,p´β ` δi,p`β ` δi,p`3βq, (B.12)

which results in the following relationship for covariance:

Ukℓ “ covrfk, fℓs “
ÿ

i,j

” 1

2M

kM
ÿ

p“pk´1qM`1

pδi,p´β ` δi,p`βq

ı

ˆ

” 1

2M

ℓM
ÿ

q“pℓ´1qM`1

pδj,q´β ` δj,q`βq

ı

σ2δij

“
σ2

M2

”

δkℓpM ´ βq ` pδk,ℓ´1 ` δk,ℓ`1q
β

2

ı

(B.13)

B.3 Weighted Mean

The filter covariance matrices can be used to produce a weighted mean of the data segments

or used in a generalized least-squares fit to different models.

The weighted mean ξ and variance V rξs of all the data segments in a data run is given

using a weight

wi “

N
ř

j“1
pU´1qij

N
ř

k,ℓ“1

pU´1qkℓ

, (B.14)

ξ “

N
ÿ

i“1

wifi, (B.15)

V rξs “

N
ÿ

i,j“1

wiUijwj . (B.16)
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Additionally, the χ2 is defined as

χ2 “

N
ÿ

i,j“1

pfi ´ ξqpU´1qijpfj ´ ξq (B.17)



198

VITA

Todd Wagner was born and raised in Stillwater, Minnesota. He attended the University

of Southern California with a Trustee and a National Merit scholarship, where he concur-

rently completing his freshman college year and his senior high school year through the

Resident Honor Program. After graduation from USC, he worked for Ball Aerospace in

San Diego developing software to track rockets during their launch. He moved into a com-

puter security position with Exodus Communications (subsequently purchased by Cable &

Wireless) where he developed and operated the back end systems for intrusion detection

monitoring of many well known web sites. Todd married his fabulous wife, Michelle Linders

Wagner, in 2003 in Beverly Hills, California. Todd and Michelle are the proud parents of

two children.


