
c©Copyright 2019

Tianqi Chen



Scalable and Intelligent Learning Systems

Tianqi Chen

A dissertation
submitted in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

University of Washington

2019

Reading Committee:

Carlos Guestrin, Chair

Luis Ceze

Arvind Krishnamurthy

Program Authorized to Offer Degree:
Computer Science and Engineering



University of Washington

Abstract

Scalable and Intelligent Learning Systems

Tianqi Chen

Chair of the Supervisory Committee:
Professor Carlos Guestrin

Computer Science and Engineering

Data, models, and computing are the three pillars that enable machine learning to solve real-world

problems at scale. Making progress on these three domains requires not only disruptive algorithmic

advances but also systems innovations that can continue to squeeze more efficiency out of modern

hardware. Learning systems are in the center of every intelligent application nowadays. This thesis

discusses aspects of learning systems under the context of three real-world systems – XGBoost,

MXNet, and TVM.

The first half of the thesis focuses on scalable learning systems that learn parameters for com-

plex models using large-scale data. We introduce XGBoost, a scalable tree boosting system that

scales to billions of examples in distributed or memory-limited settings. We then bring a system-

atic approach under the context of MXNet to reduce the memory consumption of training to scale

up real-world deep learning workloads using a minimal amount of resources.

The second half of the thesis brings intelligence to learning systems themselves. We introduce

TVM, a system for deploying learning to diverse hardware platforms. TVM exposes graph-level

and operator-level optimization knobs to provide performance portability to deep learning work-

loads across diverse hardware back-ends. We propose transfer learning methods to automate TVM

and deliver performance competitive with state-of-the-art hand-tuned libraries for low-power CPU,

mobile GPU, and server-class GPU.
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Chapter 1

INTRODUCTION

Machine learning has become a part of our daily lives. Our emails are protected by smart

spam classifiers, which learn from vast amounts of spam data and user feedback. As we shop

online, a recommender system helps us find products that match our taste by learning from our

shopping history. Automatic voice recognition systems give us a new way to communicate with

smart devices. Image recognition systems help us automatically manage and organize our photos.

Besides improving personal life, machine learning also plays a key role in helping companies make

smart decisions and generate revenue: Advertising systems match the right ads with the right users

at the right time. Demand forecasting systems predict product demand in advance, allowing sellers

to be prepared. Fraud detection systems protect banks from malicious attackers. Great success

has been witnessed in these applications of machine learning and in many others. Three factors

collectively bring the current success of machine learning: modeling and algorithmic advances,

data, and hardware accelerations.

Modeling and algorithmic innovations bring learning to a broad spectrum of application do-

mains. Tree-based models [34, 35, 17, 52] and corresponding model interpretation methods [80,

65] are powerful tools to handle tabular data. Factorization models [79] and large-scale linear

models [111, 61] power modern recommender systems and advertising pipelines. Techniques such

as dropout [89], batch normalization [49] and residual connections [41] simplifies training of deep

neural networks. Convolutional neural networks [58, 42] can now recognize images and videos.

Recurrent neural networks [46, 93] and transformers [100, 30] bring great advance to speech recog-

nition and natural language processing. Machines now outsmart humans in playing games [68, 85]

thanks to the advances in large-scale reinforcement learning.

Data plays an equally important role. As researchers started to try more complicated models,
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they need bigger datasets to fuel them. The Netflix challenge [11] brought a new era to the rec-

ommender system research. ImageNet [29] opened the door to the deep learning era of computer

vision. Wikipedia provides a high-quality source for language modeling. Reinforcement learning’s

current success in games is partly due to an infinite amount of data from simulation environments

and self-plays.

Big data and models create a massive demand for compute and put hardware on the spot.

Machine learning researchers are among the early adopters of GPUPU [77]. GPUs now support

majority part of the current deep learning pipelines in both academia and industry. Due to the end

of Moore’s Law and Dennard Scaling, people turn to hardware specialization for help. ASICs like

TPU [51] are created to accelerate deep learning.

Model, data, and hardware are the three pillars of machine learning. However, we still need

one crucial element to bring them together – learning systems. AlexNet’s breakthrough [58] relied

on specially written CUDA kernels and a framework built from scratch. It could take the original

authors months of effort. Today, thanks to learning systems [3, 73, 19], researchers can write a

few lines of python code to reproduce the result. Learning systems provide high-level abstractions

for training or deployment and automatically handle details such as data preprocessing, workload

distribution, and hardware acceleration. As a result, researchers and industry practitioners can

quickly innovate on ideas and offload the engineering details to the systems.

1.1 Thesis Statement

This thesis focused on addressing the challenges of building efficient and scalable learning systems

that perform learning to solve real-world problems while using learning to improve those very

systems. In particular, this thesis makes contributions to the following aspects of learning systems:

• Scalable systems to bring data science and machine learning for everyone.

• Systems to deploy learning to diverse hardware platforms.

• Automating systems optimization with machine learning.
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Scalable Learning Systems (Chapter 2 and 3) To learn the parameters for complex models in

large-scale data, one needs to develop both large-scale learning algorithms and scalable training

systems. We build XGBoost [17]: a scalable tree boosting system. XGboost contains an effi-

cient columnar block layout for fast tree learning algorithms and a regularized objective to prevent

overfitting. The system scales to multiple nodes with a fault-tolerant communication layer. Since

its introduction, XGBoost has become one of the de-facto tools used by data scientists daily. It is

adopted in production pipelines of the major companies such as Uber, Airbnb, Amazon and Google

Cloud, and is used in many machine learning challenge wining solutions. Besides its impact on

data science, it also helped scientific explorations. High energy physicists from CERN used XG-

Boost to analyze the data from the Large Hadron Collider, to find evidence of new physics. We

introduce MXNet [19], a scalable deep learning system. We bring a systematic approach to re-

duce the memory consumption of training to scale up real-world deep learning workloads using a

minimal amount of resources.

Deploy Learning to Diverse Hardware Platforms (Chapter 4) One of the key trends of recent

learning systems is the introduction of diverse hardware platforms. To enable smart applications

anywhere from the edge to the data center, we need to deploy ML workloads to new platforms –

such as mobile phones, embedded devices, and accelerators (e.g., FPGAs, ASICs). Deploying ML

on every new hardware platform in an ad-hoc fashion requires significant engineering effort. We

build TVM [20] an automated optimizing compiler for deep learning. TVM exposes graph-level

and operator-level optimization knobs to provide performance portability to deep learning work-

loads across diverse hardware back-ends. TVM delivers performance across hardware back-ends

that are competitive with state-of-the-art, hand-tuned libraries for low-power CPU, mobile GPU,

and server-class GPUs. TVM is now an umbrella open-source project that drives key innovations

from both academic institutions and industry. The project pushes multiple fronts, innovating on

hardware architectures, programming languages, and machine learning. It has more than 200 con-

tributors and has been used in production in major companies.

Automating Systems with Machine Learning (Chapter 5) One of the key challenges in modern
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systems design is the enormous amount of labor required to fine-tune performance and efficiency.

A sustainable approach to this problem is to automate this process with machine learning. We

develop AutoTVM [23], a learning-based framework that optimizes deep learning workloads on a

diverse set of hardware backends. It applies domain invariant modeling to transfer statistical cost

models between optimization tasks.

1.2 Thesis Contributions

This section summarizes the main contributions of the thesis. This thesis builds on top of materials

from out past papers about XGBoost [17], MXNet [19, 22] and TVM [20, 23].

Chapter 2 introduces XGBoost, a scalable tree boosting system. We make the following con-

tributions:

• We design and build a highly scalable end-to-end tree boosting system.

• We propose a theoretically justified weighted quantile sketch for efficient proposals.

• We introduce a novel sparsity-aware algorithm for parallel tree learning.

• We propose an effective cache-aware block structure for out-of-core tree learning.

Chapter 3 introduces MXNet, a scalable and flexible deep learning system. The main contribu-

tions are:

• We propose a mixed delcalrative and imperative programming model for deep learning.

• We introduce a sublinear memory planning algorithm to scale training to deep neural net-

works under limited GPU memory constraints.

Chapter 4 and Chapter 5 introduces TVM and AutoTVM. The contributions of these two chap-

ters are as follows:
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• We identify the major optimization challenges in providing performance portability to deep

learning workloads across diverse hardware back-ends.

• We introduce novel schedule primitives that take advantage of cross-thread memory reuse,

novel hardware intrinsics, and latency hiding.

• We formalize the new problem of learning to optimize tensor programs and summarize its

key characteristics, and propose a machine learning framework to solve this problem.

• We further accelerate the optimization by 2× to 10× using transfer learning.

• We build an end-to-end compilation and optimization stack that allows the deployment of

deep learning workloads specified in high-level frameworks (including TensorFlow, MXNet,

PyTorch, Keras, CNTK) to diverse hardware back-ends (including CPUs, server GPUs, mo-

bile GPUs, and FPGA-based accelerators). The open-sourced TVM is in production use

inside several major companies. We evaluated TVM using real-world workloads on a server-

class GPU, an embedded GPU, an embedded CPU, and a custom generic FPGA-based accel-

erator. Experimental results show that TVM offers portable performance across back-ends

and achieves speedups ranging from 1.2× to 3.8× over existing frameworks backed by hand-

optimized libraries.
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Chapter 2

XGBOOST: A SCALABLE TREE BOOSTING SYSTEM

Machine learning and data-driven approaches are becoming very important in many areas.

Smart spam classifiers protect our email by learning from massive amounts of spam data and user

feedback; advertising systems learn to match the right ads with the right context; fraud detection

systems protect banks from malicious attackers; anomaly event detection systems help experimen-

tal physicists to find events that lead to new physics. There are two important factors that drive

these successful applications: usage of effective (statistical) models that capture the complex data

dependencies and scalable learning systems that learn the model of interest from large datasets.

Among the machine learning methods used in practice, gradient tree boosting [34] is one tech-

nique that shines in many applications. Tree boosting has been shown to give state-of-the-art results

on many standard classification benchmarks [62]. LambdaMART [13], a variant of tree boosting

for ranking, achieves state-of-the-art result for ranking problems. Besides being used as a stand-

alone predictor, it is also incorporated into real-world production pipelines for ad click through

rate prediction [43]. Finally, it is the de-facto choice of ensemble method and is used in challenges

such as the Netflix prize [11].

In this chapter, we describe XGBoost, a scalable machine learning system for tree boosting.

The system is available as an open source package. The impact of the system has been widely rec-

ognized in a number of machine learning and data mining challenges. Take the challenges hosted

by the machine learning competition site Kaggle for example. Among the 29 challenge winning

solutions published at Kaggle’s blog during 2015, 17 solutions used XGBoost. Among these so-

lutions, eight solely used XGBoost to train the model, while most others combined XGBoost with

neural nets in ensembles. For comparison, the second most popular method, deep neural nets, was

used in 11 solutions. The success of the system was also witnessed in KDDCup 2015, where XG-
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Boost was used by every winning team in the top-10. Moreover, the winning teams reported that

ensemble methods outperform a well-configured XGBoost by only a small amount [9].

These results demonstrate that our system gives state-of-the-art results on a wide range of prob-

lems. Examples of the problems in these winning solutions include: store sales prediction; high

energy physics event classification; web text classification; customer behavior prediction; motion

detection; ad click through rate prediction; malware classification; product categorization; hazard

risk prediction; massive online course dropout rate prediction. While domain dependent data anal-

ysis and feature engineering play an important role in these solutions, the fact that XGBoost is the

consensus choice of learner shows the impact and importance of our system and tree boosting.

The most important factor behind the success of XGBoost is its scalability in all scenarios.

The system runs more than ten times faster than existing popular solutions on a single machine

and scales to billions of examples in distributed or memory-limited settings. The scalability of

XGBoost is due to several important systems and algorithmic optimizations. These innovations in-

clude: a novel tree learning algorithm is for handling sparse data; a theoretically justified weighted

quantile sketch procedure enables handling instance weights in approximate tree learning. Parallel

and distributed computing makes learning faster which enables quicker model exploration. More

importantly, XGBoost exploits out-of-core computation and enables data scientists to process hun-

dred millions of examples on a desktop. Finally, it is even more exciting to combine these tech-

niques to make an end-to-end system that scales to even larger data with the least amount of cluster

resources.

While there are some existing works on parallel tree boosting [96, 106, 72], the directions

such as out-of-core computation, cache-aware and sparsity-aware learning have not been explored.

More importantly, an end-to-end system that combines all of these aspects gives a novel solution

for real-world use-cases. This enables data scientists as well as researchers to build powerful

variants of tree boosting algorithms [18, 21]. Besides these major contributions, we also make

additional improvements in proposing a regularized learning objective, which we will include for

completeness.

The remainder of the chapter is organized as follows. We will first review tree boosting and
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introduce a regularized objective in Sec. 2.1. We then describe the split finding methods in Sec. 2.2

as well as the system design in Sec. 2.3, including experimental results when relevant to provide

quantitative support for each optimization we describe. Related work is discussed in Sec. 2.4.

Detailed end-to-end evaluations are included in Sec. 2.5.

2.1 Tree Boosting in a NutShell

We review gradient tree boosting algorithms in this section. The derivation follows from the same

idea in existing literatures in gradient boosting. Specicially the second order method is originated

from Friedman et al. [36]. We make minor improvements in the reguralized objective, which were

found helpful in practice.

2.1.1 Regularized Learning Objective

For a given data set with n examples and m features D = {(xi, yi)} (|D| = n,xi ∈ Rm, yi ∈ R), a

tree ensemble model (shown in Fig. 2.1) uses K additive functions to predict the output.

ŷi = φ(xi) =
K∑
k=1

fk(xi), fk ∈ F , (2.1)

where F = {f(x) = wq(x)}(q : Rm → T,w ∈ RT ) is the space of regression trees (also known as

CART). Here q represents the structure of each tree that maps an example to the corresponding leaf

index. T is the number of leaves in the tree. Each fk corresponds to an independent tree structure

q and leaf weights w. Unlike decision trees, each regression tree contains a continuous score on

each of the leaf, we use wi to represent score on i-th leaf. For a given example, we will use the

decision rules in the trees (given by q) to classify it into the leaves and calculate the final prediction

by summing up the score in the corresponding leaves (given by w). To learn the set of functions

used in the model, we minimize the following regularized objective.

L(φ) =
∑
i

l(ŷi, yi) +
∑
k

Ω(fk)

where Ω(f) = γT +
1

2
λ‖w‖2

(2.2)
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Figure 2.1: Tree Ensemble Model. The final prediction for a given example is the sum of predic-

tions from each tree.

Here l is a differentiable convex loss function that measures the difference between the prediction

ŷi and the target yi. The second term Ω penalizes the complexity of the model (i.e., the regression

tree functions). The additional regularization term helps to smooth the final learnt weights to avoid

over-fitting. Intuitively, the regularized objective will tend to select a model employing simple

and predictive functions. A similar regularization technique has been used in Regularized greedy

forest (RGF) [109] model. Our objective and the corresponding learning algorithm is simpler than

RGF and easier to parallelize. When the regularization parameter is set to zero, the objective falls

back to the traditional gradient tree boosting.

2.1.2 Gradient Tree Boosting

The tree ensemble model in Eq. (2.2) includes functions as parameters and cannot be optimized

using traditional optimization methods in Euclidean space. Instead, the model is trained in an

additive manner. Formally, let ŷ(t)i be the prediction of the i-th instance at the t-th iteration, we will
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need to add ft to minimize the following objective.

L(t) =
n∑
i=1

l(yi, ŷi
(t−1) + ft(xi)) + Ω(ft)

This means we greedily add the ft that most improves our model according to Eq. (2.2). Second-

order approximation can be used to quickly optimize the objective in the general setting [36].

L(t) '
n∑
i=1

[l(yi, ŷ
(t−1)) + gift(xi) +

1

2
hif

2
t (xi)] + Ω(ft)

where gi = ∂ŷ(t−1)l(yi, ŷ
(t−1)) and hi = ∂2

ŷ(t−1)l(yi, ŷ
(t−1)) are first and second order gradient

statistics on the loss function. We can remove the constant terms to obtain the following simplified

objective at step t.

L̃(t) =
n∑
i=1

[gift(xi) +
1

2
hif

2
t (xi)] + Ω(ft) (2.3)

Define Ij = {i|q(xi) = j} as the instance set of leaf j. We can rewrite Eq (2.3) by expanding

Ω as follows

L̃(t) =
n∑
i=1

[gift(xi) +
1

2
hif

2
t (xi)] + γT +

1

2
λ

T∑
j=1

w2
j

=
T∑
j=1

[(
∑
i∈Ij

gi)wj +
1

2
(
∑
i∈Ij

hi + λ)w2
j ] + γT

(2.4)

For a fixed structure q(x), we can compute the optimal weight w∗j of leaf j by

w∗j = −
∑

i∈Ij gi∑
i∈Ij hi + λ

, (2.5)

and calculate the corresponding optimal value by

L̃(t)(q) = −1

2

T∑
j=1

(
∑

i∈Ij gi)
2∑

i∈Ij hi + λ
+ γT. (2.6)

Eq (2.6) can be used as a scoring function to measure the quality of a tree structure q. This

score is like the impurity score for evaluating decision trees, except that it is derived for a wider

range of objective functions. Fig. 2.2 illustrates how this score can be calculated.
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Figure 2.2: Structure Score Calculation. We only need to sum up the gradient and second order

gradient statistics on each leaf, then apply the scoring formula to get the quality score.

Normally it is impossible to enumerate all the possible tree structures q. A greedy algorithm

that starts from a single leaf and iteratively adds branches to the tree is used instead. Assume that

IL and IR are the instance sets of left and right nodes after the split. Lettting I = IL ∪ IR, then the

loss reduction after the split is given by

Lsplit =
1

2

[
(
∑

i∈IL gi)
2∑

i∈IL hi + λ
+

(
∑

i∈IR gi)
2∑

i∈IR hi + λ
− (

∑
i∈I gi)

2∑
i∈I hi + λ

]
− γ (2.7)

This formula is usually used in practice for evaluating the split candidates.

2.1.3 Shrinkage and Column Subsampling

Besides the regularized objective mentioned in Sec. 2.1.1, two additional techniques are used to fur-

ther prevent over-fitting. The first technique is shrinkage introduced by Friedman [35]. Shrinkage

scales newly added weights by a factor η after each step of tree boosting. Similar to a learning rate

in tochastic optimization, shrinkage reduces the influence of each individual tree and leaves space

for future trees to improve the model. The second technique is column (feature) subsampling. This

technique is used in RandomForest [12, 33], It is implemented in a commercial software TreeNet 1

1https://www.salford-systems.com/products/treenet
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Algorithm 1: Exact Greedy Algorithm for Split Finding
Input: I , instance set of current node

Input: d, feature dimension

gain← 0

G←∑
i∈I gi, H ←

∑
i∈I hi

for k = 1 to m do
GL ← 0, HL ← 0

for j in sorted(I , by xjk) do
GL ← GL + gj, HL ← HL + hj

GR ← G−GL, HR ← H −HL

score← max(score,
G2

L

HL+λ
+

G2
R

HR+λ
− G2

H+λ
)

end

end

Output: Split with max score

for gradient boosting, but is not implemented in existing opensource packages. According to user

feedback, using column sub-sampling prevents over-fitting even more so than the traditional row

sub-sampling (which is also supported). The usage of column sub-samples also speeds up compu-

tations of the parallel algorithm described later.

2.2 Split Finding Algorithms

2.2.1 Basic Exact Greedy Algorithm

One of the key problems in tree learning is to find the best split as indicated by Eq (2.7). In order

to do so, a split finding algorithm enumerates over all the possible splits on all the features. We

call this the exact greedy algorithm. Most existing single machine tree boosting implementations,

such as scikit-learn [74], R’s gbm [81] as well as the single machine version of XGBoost support

the exact greedy algorithm. The exact greedy algorithm is shown in Alg. 1. It is computationally

demanding to enumerate all the possible splits for continuous features. In order to do so efficiently,



13

Algorithm 2: Approximate Algorithm for Split Finding

for k = 1 to m do
Propose Sk = {sk1, sk2, · · · skl} by percentiles on feature k.

Proposal can be done per tree (global), or per split(local).

end

for k = 1 to m do
Gkv ←=

∑
j∈{j|sk,v≥xjk>sk,v−1} gj Hkv ←=

∑
j∈{j|sk,v≥xjk>sk,v−1} hj

end

Follow same step as in previous section to find max score only among proposed splits.

the algorithm must first sort the data according to feature values and visit the data in sorted order

to accumulate the gradient statistics for the structure score in Eq (2.7).

2.2.2 Approximate Algorithm

The exact greedy algorithm is very powerful since it enumerates over all possible splitting points

greedily. However, it is impossible to efficiently do so when the data does not fit entirely into

memory. Same problem also arises in the distributed setting. To support effective gradient tree

boosting in these two settings, an approximate algorithm is needed.

We summarize an approximate framework, which resembles the ideas proposed in past litera-

tures [63, 10, 96], in Alg. 2. To summarize, the algorithm first proposes candidate splitting points

according to percentiles of feature distribution (a specific criteria will be given in Sec. 2.2.3). The

algorithm then maps the continuous features into buckets split by these candidate points, aggregates

the statistics and finds the best solution among proposals based on the aggregated statistics.

There are two variants of the algorithm, depending on when the proposal is given. The global

variant proposes all the candidate splits during the initial phase of tree construction, and uses the

same proposals for split finding at all levels. The local variant re-proposes after each split. The

global method requires less proposal steps than the local method. However, usually more candidate

points are needed for the global proposal because candidates are not refined after each split. The
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Figure 2.3: Comparison of test AUC convergence on Higgs 10M dataset. The eps parameter

corresponds to the accuracy of the approximate sketch. This roughly translates to 1 / eps buckets in

the proposal. We find that local proposals require fewer buckets, because it refine split candidates.

local proposal refines the candidates after splits, and can potentially be more appropriate for deeper

trees. A comparison of different algorithms on a Higgs boson dataset is given by Fig. 2.3. We find

that the local proposal indeed requires fewer candidates. The global proposal can be as accurate as

the local one given enough candidates.

Most existing approximate algorithms for distributed tree learning also follow this framework.

Notably, it is also possible to directly construct approximate histograms of gradient statistics [96].

It is also possible to use other variants of binning strategies instead of quantile [63]. Quantile

strategy benefit from being distributable and recomputable, which we will detail in next subsection.

From Fig. 2.3, we also find that the quantile strategy can get the same accuracy as exact greedy

given reasonable approximation level.

Our system efficiently supports exact greedy for the single machine setting, as well as approx-

imate algorithm with both local and global proposal methods for all settings. Users can freely

choose between the methods according to their needs.
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2.2.3 Weighted Quantile Sketch

One important step in the approximate algorithm is to propose candidate split points. Usually

percentiles of a feature are used to make candidates distribute evenly on the data. Formally, let

multi-set Dk = {(x1k, h1), (x2k, h2) · · · (xnk, hn)} represent the k-th feature values and second

order gradient statistics of each training instances. We can define a rank functions rk : R →
[0,+∞) as

rk(z) =
1∑

(x,h)∈Dk
h

∑
(x,h)∈Dk,x<z

h, (2.8)

which represents the proportion of instances whose feature value k is smaller than z. The goal is

to find candidate split points {sk1, sk2, · · · skl}, such that

|rk(sk,j)− rk(sk,j+1)| < ε, sk1 = min
i

xik, skl = max
i

xik. (2.9)

Here ε is an approximation factor. Intuitively, this means that there is roughly 1/ε candidate

points. Here each data point is weighted by hi. To see why hi represents the weight, we can

rewrite Eq (2.3) as
n∑
i=1

1

2
hi(ft(xi)− gi/hi)2 + Ω(ft) + constant,

which is exactly weighted squared loss with labels gi/hi and weights hi. For large datasets, it is

non-trivial to find candidate splits that satisfy the criteria. When every instance has equal weights,

an existing algorithm called quantile sketch [39, 108] solves the problem. However, there is no

existing quantile sketch for the weighted datasets. Therefore, most existing approximate algorithms

either resorted to sorting on a random subset of data which have a chance of failure or heuristics

that do not have theoretical guarantee.

To solve this problem, we introduced a novel distributed weighted quantile sketch algorithm

that can handle weighted data with a provable theoretical guarantee. The general idea is to propose

a data structure that supports merge and prune operations, with each operation proven to maintain

a certain accuracy level. A detailed description of the algorithm as well as proofs are given in

Sec. 2.6.
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Algorithm 3: Sparsity-aware Split Finding
Input: I , instance set of current node

Input: Ik = {i ∈ I|xik 6= missing}
Input: d, feature dimension

Also applies to the approximate setting, only collect statistics of non-missing entries into buckets

gain← 0

G←∑
i∈I , gi,H ←

∑
i∈I hi

for k = 1 to m do
// enumerate missing value goto right

GL ← 0, HL ← 0

for j in sorted(Ik, ascent order by xjk) do
GL ← GL + gj , HL ← HL + hj

GR ← G−GL, HR ← H −HL

score← max(score,
G2

L
HL+λ

+
G2

R
HR+λ − G2

H+λ)

end

// enumerate missing value goto left

GR ← 0, HR ← 0

for j in sorted(Ik, descent order by xjk) do
GR ← GR + gj , HR ← HR + hj

GL ← G−GR, HL ← H −HR

score← max(score,
G2

L
HL+λ

+
G2

R
HR+λ − G2

H+λ)

end

end

Output: Split and default directions with max gain

2.2.4 Sparsity-aware Split Finding

In many real-world problems, it is quite common for the input x to be sparse. There are multiple

possible causes for sparsity: 1) presence of missing values in the data; 2) frequent zero entries

in the statistics; and, 3) artifacts of feature engineering such as one-hot encoding. It is important
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Figure 2.4: Tree structure with default directions. An example will be classified into the default

direction when the feature needed for the split is missing.

to make the algorithm aware of the sparsity pattern in the data. In order to do so, we propose to

add a default direction in each tree node, which is shown in Fig. 2.4. When a value is missing

in the sparse matrix x, the instance is classified into the default direction. There are two choices

of default direction in each branch. The optimal default directions are learnt from the data. The

algorithm is shown in Alg. 3. The key improvement is to only visit the non-missing entries Ik.

The presented algorithm treats the non-presence as a missing value and learns the best direction to

handle missing values. The same algorithm can also be applied when the non-presence corresponds

to a user specified value by limiting the enumeration only to consistent solutions.

To the best of our knowledge, most existing tree learning algorithms are either only optimized

for dense data, or need specific procedures to handle limited cases such as categorical encoding.

XGBoost handles all sparsity patterns in a unified way. More importantly, our method exploits

the sparsity to make computation complexity linear to number of non-missing entries in the input.

Fig. 2.5 shows the comparison of sparsity aware and a naive implementation on an Allstate-10K

dataset (description of dataset given in Sec. 2.5). We find that the sparsity aware algorithm runs 50

times faster than the naive version. This confirms the importance of the sparsity aware algorithm.
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Figure 2.5: Impact of the sparsity aware algorithm on Allstate-10K. The dataset is sparse mainly

due to one-hot encoding. The sparsity aware algorithm is more than 50 times faster than the naive

version that does not take sparsity into consideration.

2.3 System Design

2.3.1 Column Block for Parallel Learning

The most time consuming part of tree learning is to get the data into sorted order. In order to

reduce the cost of sorting, we propose to store the data in in-memory units, which we called block.

Data in each block is stored in the compressed column (CSC) format, with each column sorted by

the corresponding feature value. This input data layout only needs to be computed once before

training, and can be reused in later iterations.

In the exact greedy algorithm, we store the entire dataset in a single block and run the split

search algorithm by linearly scanning over the pre-sorted entries. We do the split finding of all

leaves collectively, so one scan over the block will collect the statistics of the split candidates in all

leaf branches. Fig. 2.6 shows how we transform a dataset into the format and find the optimal split

using the block structure.

The block structure also helps when using the approximate algorithms. Multiple blocks can



19

Figure 2.6: Block structure for parallel learning. Each column in a block is sorted by the corre-

sponding feature value. A linear scan over one column in the block is sufficient to enumerate all

the split points.
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Figure 2.7: Impact of cache-aware prefetching in exact greedy algorithm. We find that the cache-

miss effect impacts the performance on the large datasets (10 million instances). Using cache

aware prefetching improves the performance by factor of two when the dataset is large.

be used in this case, with each block corresponding to subset of rows in the dataset. Different

blocks can be distributed across machines, or stored on disk in the out-of-core setting. Using the

sorted structure, the quantile finding step becomes a linear scan over the sorted columns. This

is especially valuable for local proposal algorithms, where candidates are generated frequently at

each branch. The binary search in histogram aggregation also becomes a linear time merge style

algorithm.

Collecting statistics for each column can be parallelized, giving us a parallel algorithm for split

finding. Importantly, the column block structure also supports column subsampling, as it is easy to
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Figure 2.8: Short range data dependency pattern that can cause stall due to cache miss.

select a subset of columns in a block.

Time Complexity Analysis Let d be the maximum depth of the tree and K be total number of

trees. For the exact greedy algorithm, the time complexity of original spase aware algorithm is

O(Kd‖x‖0 log n). Here we use ‖x‖0 to denote number of non-missing entries in the training data.

On the other hand, tree boosting on the block structure only cost O(Kd‖x‖0 + ‖x‖0 log n). Here

O(‖x‖0 log n) is the one time preprocessing cost that can be amortized. This analysis shows that

the block structure helps to save an additional log n factor, which is significant when n is large.

For the approximate algorithm, the time complexity of original algorithm with binary search is

O(Kd‖x‖0 log q). Here q is the number of proposal candidates in the dataset. While q is usually

between 32 and 100, the log factor still introduces overhead. Using the block structure, we can

reduce the time to O(Kd‖x‖0 + ‖x‖0 logB), where B is the maximum number of rows in each

block. Again we can save the additional log q factor in computation.

2.3.2 Cache-aware Access

While the proposed block structure helps optimize the computation complexity of split finding, the

new algorithm requires indirect fetches of gradient statistics by row index, since these values are

accessed in order of feature. This is a non-continuous memory access. A naive implementation

of split enumeration introduces immediate read/write dependency between the accumulation and

the non-continuous memory fetch operation (see Fig. 2.8). This slows down split finding when the

gradient statistics do not fit into CPU cache and cache miss occur.
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Figure 2.9: The impact of block size in the approximate algorithm. We find that overly small

blocks results in inefficient parallelization, while overly large blocks also slows down training due

to cache misses.

For the exact greedy algorithm, we can alleviate the problem by a cache-aware prefetching

algorithm. Specifically, we allocate an internal buffer in each thread, fetch the gradient statistics

into it, and then perform accumulation in a mini-batch manner. This prefetching changes the direct

read/write dependency to a longer dependency and helps to reduce the runtime overhead when

number of rows in the is large. Figure 2.7 gives the comparison of cache-aware vs. non cache-aware

algorithm on the the Higgs and the Allstate dataset. We find that cache-aware implementation of

the exact greedy algorithm runs twice as fast as the naive version when the dataset is large.

For approximate algorithms, we solve the problem by choosing a correct block size. We define

the block size to be maximum number of examples in contained in a block, as this reflects the cache

storage cost of gradient statistics. Choosing an overly small block size results in small workload

for each thread and leads to inefficient parallelization. On the other hand, overly large blocks

result in cache misses, as the gradient statistics do not fit into the CPU cache. A good choice of

block size balances these two factors. We compared various choices of block size on two data sets.

The results are given in Fig. 2.9. This result validates our discussion and shows that choosing 216



22

Table 2.1: Comparison of major tree boosting systems.

System
exact

greedy

approximate

global

approximate

local

out-of-

core

sparsity

aware
parallel

XGBoost yes yes yes yes yes yes

pGBRT no no yes no no yes

Spark MLLib no yes no no partially yes

H2O no yes no no partially yes

scikit-learn yes no no no no no

R GBM yes no no no partially no

examples per block balances the cache property and parallelization.

2.3.3 Blocks for Out-of-core Computation

One goal of our system is to fully utilize a machine’s resources to achieve scalable learning. Be-

sides processors and memory, it is important to utilize disk space to handle data that does not fit

into main memory. To enable out-of-core computation, we divide the data into multiple blocks

and store each block on disk. During computation, it is important to use an independent thread to

pre-fetch the block into a main memory buffer, so computation can happen in concurrence with

disk reading. However, this does not entirely solve the problem since the disk reading takes most

of the computation time. It is important to reduce the overhead and increase the throughput of disk

IO. We mainly use two techniques to improve the out-of-core computation.

Block Compression The first technique we use is block compression. The block is compressed by

columns, and decompressed on the fly by an independent thread when loading into main memory.

This helps to trade some of the computation in decompression with the disk reading cost. We use

a general purpose compression algorithm for compressing the features values. For the row index,

we substract the row index by the begining index of the block and use a 16bit integer to store each

offset. This requires 216 examples per block, which is confirmed to be a good setting. In most of
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the dataset we tested, we achieve roughly a 26% to 29% compression ratio.

Block Sharding The second technique is to shard the data onto multiple disks in an alternative

manner. A pre-fetcher thread is assigned to each disk and fetches the data into an in-memory buffer.

The training thread then alternatively reads the data from each buffer. This helps to increase the

throughput of disk reading when multiple disks are available.

2.4 Related Works

Our system implements gradient boosting [34], which performs additive optimization in func-

tional space. Gradient tree boosting has been successfully used in classification [36], learning to

rank [13], structured prediction [21] as well as other fields. XGBoost incorporates a regularized

model to prevent overfitting. This this resembles previous work on regularized greedy forest [109],

but simplifies the objective and algorithm for parallelization. Column sampling is a simple but

effective technique borrowed from RandomForest [12]. While sparsity-aware learning is essential

in other types of models such as linear models [32], few works on tree learning have considered

this topic in a principled way. The algorithm proposed in this chapter is the first unified approach

to handle all kinds of sparsity patterns.

There are several existing works on parallelizing tree learning [96, 72]. Most of these algo-

rithms fall into the approximate framework described in this chapter. Notably, it is also possible to

partition data by columns [106] and apply the exact greedy algorithm. This is also supported in our

framework, and the techniques such as cache-aware pre-fecthing can be used to benefit this type of

algorithm. While most existing works focus on the algorithmic aspect of parallelization, our work

improves in two unexplored system directions: out-of-core computation and cache-aware learning.

This gives us insights on how the system and the algorithm can be jointly optimized and provides

an end-to-end system that can handle large scale problems with very limited computing resources.

We also summarize the comparison between our system and existing opensource implementations

in Table 2.1.

Quantile summary (without weights) is a classical problem in the database community [39,

108]. However, the approximate tree boosting algorithm reveals a more general problem – finding



24

Table 2.2: Dataset used in the Experiments.

Dataset n m Task

Allstate 10 M 4227 Insurance claim classification

Higgs Boson 10 M 28 Event classification

Yahoo LTRC 473K 700 Learning to Rank

Criteo 1.7 B 67 Click through rate prediction

quantiles on weighted data. To the best of our knowledge, the weighted quantile sketch proposed

in this chapter is the first method to solve this problem. The weighted quantile summary is also not

specific to the tree learning and can benefit other applications in data science and machine learning

in the future.

2.5 Evaluations

2.5.1 System Implementation

We implemented XGBoost as an open source package. The package is portable and reusable.

It supports various weighted classification and rank objective functions, as well as user defined

objective function. It is available in popular languages such as python, R, Julia and integrates

naturally with language native data science pipelines such as scikit-learn. The distributed version

is built on top of the rabit library2 for allreduce. The portability of XGBoost makes it available in

many ecosystems, instead of only being tied to a specific platform. The distributed XGBoost runs

natively on Hadoop, MPI Sun Grid engine. Recently, we also enable distributed XGBoost on jvm

bigdata stacks such as Flink and Spark. The distributed version has also been integrated into cloud

platform Tianchi of Alibaba. We believe that there will be more integrations in the future.
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2.5.2 Dataset and Setup

We used four datasets in our experiments. A summary of these datasets is given in Table 2.2. In

some of the experiments, we use a randomly selected subset of the data either due to slow baselines

or to demonstrate the performance of the algorithm with varying dataset size. We use a suffix to

denote the size in these cases. For example Allstate-10K means a subset of the Allstate dataset

with 10K instances.

The first dataset we use is the Allstate insurance claim dataset3. The task is to predict the like-

lihood and cost of an insurance claim given different risk factors. In the experiment, we simplified

the task to only predict the likelihood of an insurance claim. This dataset is used to evaluate the

impact of sparsity-aware algorithm in Sec. 2.2.4. Most of the sparse features in this data come from

one-hot encoding. We randomly select 10M instances as training set and use the rest as evaluation

set.

The second dataset is the Higgs boson dataset4 from high energy physics. The data was pro-

duced using Monte Carlo simulations of physics events. It contains 21 kinematic properties mea-

sured by the particle detectors in the accelerator. It also contains seven additional derived physics

quantities of the particles. The task is to classify whether an event corresponds to the Higgs boson.

We randomly select 10M instances as training set and use the rest as evaluation set.

The third dataset is the Yahoo! learning to rank challenge dataset [15], which is one of the

most commonly used benchmarks in learning to rank algorithms. The dataset contains 20K web

search queries, with each query corresponding to a list of around 22 documents. The task is to

rank the documents according to relevance of the query. We use the official train test split in our

experiment.

The last dataset is the criteo terabyte click log dataset5. We use this dataset to evaluate the

scaling property of the system in the out-of-core and the distributed settings. The data contains

2https://github.com/dmlc/rabit
3https://www.kaggle.com/c/ClaimPredictionChallenge
4https://archive.ics.uci.edu/ml/datasets/HIGGS
5http://labs.criteo.com/downloads/download-terabyte-click-logs/
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Table 2.3: Comparison of Exact Greedy Methods with 500 trees on Higgs-1M data.

Method Time per Tree (sec) Test AUC

XGBoost 0.6841 0.8304

XGBoost (colsample=0.5) 0.6401 0.8245

scikit-learn 28.51 0.8302

R.gbm 1.032 0.6224

13 integer features and 26 ID features of user, item and advertiser information. Since a tree based

model is better at handling continuous features, we preprocess the data by calculating the statistics

of average CTR and count of ID features on the first ten days, replacing the ID features by the

corresponding count statistics during the next ten days for training. The training set after prepro-

cessing contains 1.7 billion instances with 67 features (13 integer, 26 average CTR statistics and

26 counts). The entire dataset is more than one terabyte in LibSVM format.

We use the first three datasets for the single machine parallel setting, and the last dataset for the

distributed and out-of-core settings. All the single machine experiments are conducted on a Dell

PowerEdge R420 with two eight-core Intel Xeon (E5-2470) (2.3GHz) and 64GB of memory. If

not specified, all the experiments are run using all the available cores in the machine. The machine

settings of the distributed and the out-of-core experiments will be described in the corresponding

section. In all the experiments, we boost trees with a common setting of maximum depth equals 8,

shrinkage equals 0.1 and no column subsampling unless explicitly specified. We can find similar

results when we use other settings of maximum depth.

2.5.3 Classification

In this section, we evaluate the performance of XGBoost on a single machine using the exact greedy

algorithm on Higgs-1M data, by comparing it against two other commonly used exact greedy tree

boosting implementations. Since scikit-learn only handles non-sparse input, we choose the dense

Higgs dataset for a fair comparison. We use the 1M subset to make scikit-learn finish running in
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Figure 2.10: Comparison between XGBoost and pGBRT on Yahoo LTRC dataset.

Table 2.4: Comparison of Learning to Rank with 500 trees on Yahoo! LTRC Dataset

Method Time per Tree (sec) NDCG@10

XGBoost 0.826 0.7892

XGBoost (colsample=0.5) 0.506 0.7913

pGBRT [96] 2.576 0.7915

reasonable time. Among the methods in comparison, R’s GBM uses a greedy approach that only

expands one branch of a tree, which makes it faster but can result in lower accuracy, while both

scikit-learn and XGBoost learn a full tree. The results are shown in Table 2.3. Both XGBoost and

scikit-learn give better performance than R’s GBM, while XGBoost runs more than 10x faster than

scikit-learn. In this experiment, we also find column subsamples gives slightly worse performance

than using all the features. This could due to the fact that there are few important features in this

dataset and we can benefit from greedily select from all the features.
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Figure 2.11: Comparison of out-of-core methods on different subsets of criteo data. The missing

data points are due to out of disk space. We can find that basic algorithm can only handle 200M

examples. Adding compression gives 3x speedup, and sharding into two disks gives another 2x

speedup. The system runs out of file cache start from 400M examples. The algorithm really has to

rely on disk after this point. The compression+shard method has a less dramatic slowdown when

running out of file cache, and exhibits a linear trend afterwards.

2.5.4 Learning to Rank

We next evaluate the performance of XGBoost on the learning to rank problem. We compare

against pGBRT [96], the best previously pubished system on this task. XGBoost runs exact greedy

algorithm, while pGBRT only support an approximate algorithm. The results are shown in Ta-

ble 2.4 and Fig. 2.10. We find that XGBoost runs faster. Interestingly, subsampling columns not

only reduces running time, and but also gives a bit higher performance for this problem. This could

due to the fact that the subsampling helps prevent overfitting, which is observed by many of the

users.
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Figure 2.12: Comparison of different distributed systems on 32 EC2 nodes for 10 iterations on

different subset of criteo data. XGBoost runs more 10x than spark per iteration and 2.2x as H2O’s

optimized version (However, H2O is slow in loading the data, getting worse end-to-end time).

Note that spark suffers from drastic slow down when running out of memory. XGBoost runs faster

and scales smoothly to the full 1.7 billion examples with given resources by utilizing out-of-core

computation.

2.5.5 Out-of-core Experiment

We also evaluate our system in the out-of-core setting on the criteo data. We conducted the exper-

iment on one AWS c3.8xlarge machine (32 vcores, two 320 GB SSD, 60 GB RAM). The results

are shown in Figure 2.11. We can find that compression helps to speed up computation by factor

of three, and sharding into two disks further gives 2x speedup. For this type of experiment, it is

important to use a very large dataset to drain the system file cache for a real out-of-core setting.

This is indeed our setup. We can observe a transition point when the system runs out of file cache.

Note that the transition in the final method is less dramatic. This is due to larger disk throughput

and better utilization of computation resources. Our final method is able to process 1.7 billion

examples on a single machine.
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Figure 2.13: Scaling of XGBoost with different number of machines on criteo full 1.7 billion

dataset. Using more machines results in more file cache and makes the system run faster, causing

the trend to be slightly super linear. XGBoost can process the entire dataset using as little as four

machines, and scales smoothly by utilizing more available resources.

2.5.6 Distributed Experiment

Finally, we evaluate the system in the distributed setting. We set up a YARN cluster on EC2 with

m3.2xlarge machines, which is a very common choice for clusters. Each machine contains 8 virtual

cores, 30GB of RAM and two 80GB SSD local disks. The dataset is stored on AWS S3 instead of

HDFS to avoid purchasing persistent storage.

We first compare our system against two production-level distributed systems: Spark ML-

Lib [66] and H2O 6. We use 32 m3.2xlarge machines and test the performance of the systems with

various input size. Both of the baseline systems are in-memory analytics frameworks that need to

store the data in RAM, while XGBoost can switch to out-of-core setting when it runs out of mem-

ory. The results are shown in Fig. 2.12. We can find that XGBoost runs faster than the baseline

6www.h2o.ai
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systems. More importantly, it is able to take advantage of out-of-core computing and smoothly

scale to all 1.7 billion examples with the given limited computing resources. The baseline systems

are only able to handle subset of the data with the given resources. This experiment shows the

advantage to bring all the system improvement together and solve a real-world scale problem. We

also evaluate the scaling property of XGBoost by varying the number of machines. The results are

shown in Fig. 2.13. We can find XGBoost’s performance scales linearly as we add more machines.

Importantly, XGBoost is able to handle the entire 1.7 billion data with only four machines. This

shows the system’s potential to handle even larger data.

2.6 Details about Weighted Quantile Sketch

In this section, we discuss the details about the weighted quantile sketch algorithm. Approximate

answer of quantile queries is for many real-world applications. One classical approach to this prob-

lem is GK algorithm [39] and extensions based on the GK framework [108]. The main component

of these algorithms is a data structure called quantile summary, that is able to answer quantile

queries with relative accuracy of ε. Two operations are defined for a quantile summary:

• A merge operation that combines two summaries with approximation error ε1 and ε2 together

and create a merged summary with approximation error max(ε1, ε2).

• A prune operation that reduces the number of elements in the summary to b+ 1 and changes

approximation error from ε to ε+ 1
b
.

A quantile summary with merge and prune operations forms basic building blocks of the distributed

and streaming quantile computing algorithms [108].

In order to use quantile computation for approximate tree boosting, we need to find quantiles

on weighted data. This more general problem is not supported by any of the existing algorithm. In

this section, we describe a non-trivial weighted quantile summary structure to solve this problem.

Importantly, the new algorithm contains merge and prune operations with the same guarantee as

GK summary. This allows our summary to be plugged into all the frameworks used GK summary

as building block and answer quantile queries over weighted data efficiently.
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2.6.1 Formalization and Definitions

Given an input multi-set D = {(x1, w1), (x2, w2) · · · (xn, wn)} such that wi ∈ [0,+∞), xi ∈ X .

Each xi corresponds to a position of the point and wi is the weight of the point. Assume we have a

total order < defined on X . Let us define two rank functions r−D, r
+
D : X → [0,+∞)

r−D(y) =
∑

(x,w)∈D,x<y

w (2.10)

r+D(y) =
∑

(x,w)∈D,x≤y

w (2.11)

We should note that since D is defined to be a multiset of the points. It can contain multiple record

with exactly same position x and weight w. We also define another weight function ωD : X →
[0,+∞) as

ωD(y) = r+D(y)− r−D(y) =
∑

(x,w)∈D,x=y

w. (2.12)

Finally, we also define the weight of multi-set D to be the sum of weights of all the points in the

set

ω(D) =
∑

(x,w)∈D

w (2.13)

Our task is given a series of input D, to estimate r+(y) and r−(y) for y ∈ X as well as finding

points with specific rank. Given these notations, we define quantile summary of weighted examples

as follows:

Definition 2.6.1. Quantile Summary of Weighted Data

A quantile summary forD is defined to be tupleQ(D) = (S, r̃+D, r̃
−
D, ω̃D), where S = {x1, x2, · · · , xk}

is selected from the points in D (i.e. xi ∈ {x|(x,w) ∈ D}) with the following properties:

1) xi < xi+1 for all i, and x1 and xk are minimum and maximum point in D:

x1 = min
(x,w)∈D

x, xk = max
(x,w)∈D

x

2) r̃+D, r̃−D and ω̃D are functions in S → [0,+∞), that satisfies

r̃−D(xi) ≤ r−D(xi), r̃
+
D(xi) ≥ r+D(xi), ω̃D(xi) ≤ ωD(xi), (2.14)
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the equality sign holds for maximum and minimum point ( r̃−D(xi) = r−D(xi), r̃+D(xi) = r+D(xi) and

ω̃D(xi) = ωD(xi) for i ∈ {1, k}).
Finally, the function value must also satisfy the following constraints

r̃−D(xi) + ω̃D(xi) ≤ r̃−D(xi+1), r̃
+
D(xi) ≤ r̃+D(xi+1)− ω̃D(xi+1) (2.15)

Since these functions are only defined on S, it is suffice to use 4k record to store the summary.

Specifically, we need to remember each xi and the corresponding function values of each xi.

Definition 2.6.2. Extension of Function Domains

Given a quantile summary Q(D) = (S, r̃+D, r̃
−
D, ω̃D) defined in Definition 2.6.1, the domain of r̃+D,

r̃−D and ω̃D were defined only in S. We extend the definition of these functions to X → [0,+∞) as

follows

When y < x1:

r̃−D(y) = 0, r̃+D(y) = 0, ω̃D(y) = 0 (2.16)

When y > xk:

r̃−D(y) = r̃+D(xk), r̃
+
D(y) = r̃+D(xk), ω̃D(y) = 0 (2.17)

When y ∈ (xi, xi+1) for some i:

r̃−D(y) = r̃−D(xi) + ω̃D(xi),

r̃+D(y) = r̃+D(xi+1)− ω̃D(xi+1),

ω̃D(y) = 0

(2.18)

Lemma 2.6.1. Extended Constraint

The extended definition of r̃−D, r̃+D, ω̃D satisfies the following constraints

r̃−D(y) ≤ r−D(y), r̃+D(y) ≥ r+D(y), ω̃D(y) ≤ ωD(y) (2.19)

r̃−D(y) + ω̃D(y) ≤ r̃−D(x), r̃+D(y) ≤ r̃+D(x)− ω̃D(x), for all y < x (2.20)

Proof. The only non-trivial part is to prove the case when y ∈ (xi, xi+1):

r̃−D(y) = r̃−D(xi) + ω̃D(xi) ≤ r−D(xi) + ωD(xi) ≤ r−D(y)
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r̃+D(y) = r̃+D(xi+1)− ω̃D(xi+1) ≥ r+D(xi+1)− ωD(xi+1) ≥ r+D(y)

This proves Eq. (2.19). Furthermore, we can verify that

r̃+D(xi) ≤ r̃+D(xi+1)− ω̃D(xi+1) = r̃+D(y)− ω̃D(y)

r̃−D(y) + ω̃D(y) = r̃−D(xi) + ω̃D(xi) + 0 ≤ r̃−D(xi+1)

r̃+D(y) = r̃+D(xi+1)− ω̃D(xi+1)

Using these facts and transitivity of < relation, we can prove Eq. (2.20)

We should note that the extension is based on the ground case defined in S, and we do not

require extra space to store the summary in order to use the extended definition. We are now ready

to introduce the definition of ε-approximate quantile summary.

Definition 2.6.3. ε-Approximate Quantile Summary

Given a quantile summary Q(D) = (S, r̃+D, r̃
−
D, ω̃D), we call it is ε-approximate summary if for any

y ∈ X
r̃+D(y)− r̃−D(y)− ω̃D(y) ≤ εω(D) (2.21)

We use this definition since we know that r−(y) ∈ [r̃−D(y), r̃+D(y) − ω̃D(y)] and r+(y) ∈ [r̃−D(y) +

ω̃D(y), r̃+D(y)]. Eq. (2.21) means the we can get estimation of r+(y) and r−(y) by error of at most

εω(D).

Lemma 2.6.2. Quantile summary Q(D) = (S, r̃+D, r̃
−
D, ω̃D) is an ε-approximate summary if and

only if the following two condition holds

r̃+D(xi)− r̃−D(xi)− ω̃D(xi) ≤ εω(D) (2.22)

r̃+D(xi+1)− r̃−D(xi)− ω̃D(xi+1)− ω̃D(xi) ≤ εω(D) (2.23)

Proof. The key is again consider y ∈ (xi, xi+1)

r̃+D(y)− r̃−D(y)− ω̃D(y) = [r̃+D(xi+1)− ω̃D(xi+1)]− [r̃+D(xi) + ω̃D(xi)]− 0

This means the condition in Eq. (2.23) plus Eq.(2.22) can give us Eq. (2.21)



35

Property of Extended Function In this section, we have introduced the extension of function

r̃+D, r̃
−
D, ω̃D to X → [0,+∞). The key theme discussed in this section is the relation of constraints

on the original function and constraints on the extended function. Lemma 2.6.1 and 2.6.2 show

that the constraints on the original function can lead to in more general constraints on the extended

function. This is a very useful property which will be used in the proofs in later sections.

2.6.2 Construction of Initial Summary

Given a small multi-set D = {(x1, w1), (x2, w2), · · · , (xn, wn)}, we can construct initial summary

Q(D) = {S, r̃+D, r̃−D, ω̃D}, with S to the set of all values inD (S = {x|(x,w) ∈ D}), and r̃+D, r̃
−
D, ω̃D

defined to be

r̃+D(x) = r+D(x), r̃−D(x) = r−D(x), ω̃D(x) = ωD(x) for x ∈ S (2.24)

The constructed summary is 0-approximate summary, since it can answer all the queries accurately.

The constructed summary can be feed into future operations described in the latter sections.

2.6.3 Merge Operation

In this section, we define how we can merge the two summaries together. Assume we have

Q(D1) = (S1, r̃
+
D1
, r̃−D1

, ω̃D1) and Q(D2) = (S2, r̃
+
D1
, r̃−D2

, ω̃D2) quantile summary of two dataset

D1 and D2. Let D = D1 ∪ D2, and define the merged summary Q(D) = (S, r̃+D, r̃
−
D, ω̃D) as

follows.

S = {x1, x2 · · · , xk}, xi ∈ S1 or xi ∈ S2 (2.25)

The points in S are combination of points in S1 and S2. And the function r̃+D, r̃
−
D, ω̃D are defined to

be

r̃−D(xi) = r̃−D1
(xi) + r̃−D2

(xi) (2.26)

r̃+D(xi) = r̃+D1
(xi) + r̃+D2

(xi) (2.27)

ω̃D(xi) = ω̃D1(xi) + ω̃D2(xi) (2.28)
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Here we use functions defined on S → [0,+∞) on the left sides of equalities and use the extended

function definitions on the right sides.

Due to additive nature of r+, r− and ω, which can be formally written as

r−D(y) =r−D1
(y) + r−D2

(y),

r+D(y) =r+D1
(y) + r+D2

(y),

ωD(y) =ωD1(y) + ωD2(y),

(2.29)

and the extended constraint property in Lemma 2.6.1, we can verify that Q(D) satisfies all the

constraints in Definition 2.6.1. Therefore it is a valid quantile summary.

Lemma 2.6.3. The combined quantile summary satisfies

r̃−D(y) = r̃−D1
(y) + r̃−D2

(y) (2.30)

r̃+D(y) = r̃+D1
(y) + r̃+D2

(y) (2.31)

ω̃D(y) = ω̃D1(y) + ω̃D2(y) (2.32)

for all y ∈ X

This can be obtained by straight-forward application of Definition 2.6.2.

Theorem 2.6.1. If Q(D1) is ε1-approximate summary, and Q(D2) is ε2-approximate summary.

Then the merged summary Q(D) is max(ε1, ε2)-approximate summary.

Proof. For any y ∈ X , we have

r̃+D(y)− r̃−D(y)− ω̃D(y)

=[r̃+D1
(y) + r̃+D2

(y)]− [r̃−D1
(y) + r̃−D2

(y)]− [ω̃D1(y) + ω̃D2(y)]

≤ε1ω(D1) + ε2ω(D2) ≤ max(ε1, ε2)ω(D1 ∪ D2)

Here the first inequality is due to Lemma 2.6.3.
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Algorithm 4: Query Function g(Q, d)

Input: d: 0 ≤ d ≤ ω(D)

Input: Q(D) = (S, r̃+D, r̃
−
D, ω̃D) where S = x1, x2, · · · , xk

if d < 1
2
[r̃−D(x1) + r̃+D(x1)] then return x1 ;

if d ≥ 1
2
[r̃−D(xk) + r̃+D(xk)] then return xk ;

Find i such that 1
2
[r̃−D(xi) + r̃+D(xi)] ≤ d < 1

2
[r̃−D(xi+1) + r̃+D(xi+1)]

if 2d < r̃−D(xi) + ω̃D(xi) + r̃+D(xi+1)− ω̃D(xi+1) then
return xi

else
return xi+1

end

2.6.4 Prune Operation

Before we start discussing the prune operation, we first introduce a query function g(Q, d). The

definition of function is shown in Algorithm 4. For a given rank d, the function returns a x whose

rank is close to d. This property is formally described in the following Lemma.

Lemma 2.6.4. For a given ε-approximate summary Q(D) = (S, r̃+D, r̃
−
D, ω̃D), x∗ = g(Q, d) satis-

fies the following property

d ≥ r̃+D(x∗)− ω̃D(x∗)− ε

2
ω(D)

d ≤ r̃−D(x∗) + ω̃D(x∗) +
ε

2
ω(D)

(2.33)

Proof. We need to discuss four possible cases

• d < 1
2
[r̃−D(x1) + r̃+D(x1)] and x∗ = x1. Note that the rank information for x1 is accurate
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(ω̃D(x1) = r̃+D(x1) = ω(x1), r̃−D(x1) = 0), we have

d ≥ 0− ε

2
ω(D) = r̃+D(x1)− ω̃D(x1)−

ε

2
ω(D)

d <
1

2
[r̃−D(x1) + r̃+D(x1)]

≤ r̃−D(x1) + r̃+D(x1)

= r̃−D(x1) + ω̃+
D(x1)

• d ≥ 1
2
[r̃−D(xk) + r̃+D(xk)] and x∗ = xk, then

d ≥ 1

2
[r̃−D(xk) + r̃+D(xk)]

= r̃+D(xk)−
1

2
[r̃+D(xk)− r̃−D(xk)]

= r̃+D(xk)−
1

2
ω̃D(xk)

d < ω(D) +
ε

2
ω(D) = r̃−D(xk) + ω̃D(xk) +

ε

2
ω(D)

• x∗ = xi in the general case, then

2d < r̃−D(xi) + ω̃D(xi) + r̃+D(xi+1)− ω̃D(xi+1)

= 2[r̃−D(xi) + ω̃D(xi)] + [r̃+D(xi+1)− ω̃D(xi+1)− r̃−D(xi)− ω̃D(xi)]

≤ 2[r̃−D(xi) + ω̃D(xi)] + εω(D)

2d ≥ r̃−D(xi) + r̃+D(xi)

= 2[r̃+D(xi)− ω̃D(xi)]− [r̃+D(xi)− ω̃D(xi)− r̃−D(xi)] + ω̃D(xi)

≥ 2[r̃+D(xi)− ω̃D(xi)]− εω(D) + 0
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• x∗ = xi+1 in the general case

2d ≥ r̃−D(xi) + ω̃D(xi) + r̃+D(xi+1)− ω̃D(xi+1)

= 2[r̃+D(xi+1)− ω̃D(xi+1)]

− [r̃+D(xi+1)− ω̃D(xi+1)− r̃−D(xi)− ω̃D(xi)]

≥ 2[r̃+D(xi+1) + ω̃D(xi+1)]− εω(D)

2d ≤ r̃−D(xi+1) + r̃+D(xi+1)

= 2[r̃−D(xi+1) + ω̃D(xi+1)]

+ [r̃+D(xi+1)− ω̃D(xi+1)− r̃−D(xi+1)]− ω̃D(xi+1)

≤ 2[r̃−D(xi+1) + ω̃D(xi+1)] + εω(D)− 0

Now we are ready to introduce the prune operation. Given a quantile summary Q(D) =

(S, r̃+D, r̃
−
D, ω̃D) with S = {x1, x2, · · · , xk} elements, and a memory budget b. The prune oper-

ation creates another summary Q′(D) = (S ′, r̃+D, r̃
−
D, ω̃D) with S ′ = {x′1, x′2, · · · , x′b+1}, where x′i

are selected by query the original summary such that

x′i = g

(
Q,

i− 1

b
ω(D)

)
.

The definition of r̃+D, r̃
−
D, ω̃D in Q′ is copied from original summary Q, by restricting input domain

from S to S ′. There could be duplicated entries in the S ′. These duplicated entries can be safely

removed to further reduce the memory cost. Since all the elements in Q′ comes from Q, we can

verify that Q′ satisfies all the constraints in Definition 2.6.1 and is a valid quantile summary.

Theorem 2.6.2. LetQ′(D) be the summary pruned from an ε-approximate quantile summaryQ(D)

with b memory budget. Then Q′(D) is a (ε+ 1
b
)-approximate summary.

Proof. We only need to prove the property in Eq. (2.23) for Q′. Using Lemma 2.6.4, we have

i− 1

b
ω(D) +

ε

2
ω(D) ≥ r̃+D(x′i)− ω̃D(x′i)

i− 1

b
ω(D)− ε

2
ω(D) ≤ r̃−D(x′i) + ω̃D(x′i)
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Combining these inequalities gives

r̃+D(x′i+1)− ω̃D(x′i+1)− r̃−D(x′i)− ω̃D(x′i)

≤[
i

b
ω(D) +

ε

2
ω(D)]− [

i− 1

b
ω(D)− ε

2
ω(D)] = (

1

b
+ ε)ω(D)
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Chapter 3

MXNET: A SCALABLE AND FLEXIBLE DEEP LEARNING SYSTEM

The scale and complexity of machine learning algorithms are becoming increasingly large.

winners employ neural networks with very deep layers, requiring billions of floating-point oper-

ations to process one single sample. The rise of structural and computational complexity poses

interesting challenges to learning system design and implementation. Most learning systems em-

bed a domain-specific language (DSL) into a host language (e.g. Python, Lua, C++). Possible

programming paradigms range from imperative, where the user specifies exactly “how” computa-

tion needs to be performed, and declarative, where the user specification focuses on “what” to be

done. Examples of imperative programming include numpy and Matlab.

In this chapter, we describe MXNet, flexible and efficient deep learning system. MXNet in-

tends to blend blend advantages of imperative and declarative programs. Declarative programming

offers clear boundary on the global computation graph, discovering more optimization opportunity,

whereas imperative programs offers more flexibility. We will start the chapter by discussing the

programming model. Then we will discuss memory optimization methods to scale training under

limited device memory contraints.

3.1 Programming Interface

3.1.1 Symbol: Declarative Symbolic Expressions

MXNet uses multi-output symbolic expressions, Symbol, declare the computation graph. Sym-

bols are composited by operators, such as simple matrix operations (e.g. “+”), or a complex neural

network layer (e.g. convolution layer). An operator can take several input variables, produce more

than one output variables, and have internal state variables. A variable can be either free, which

we can bind with value later, or an output of another symbol. Figure 3.1 shows the construction of
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using MXNet

mlp = @mx.chain mx.Variable(:data) =>

mx.FullyConnected(num_hidden=64) =>

mx.Activation(act_type=:relu) =>

mx.FullyConnected(num_hidden=10) =>

mx.Softmax()

Figure 3.1: Symbol expression construction in Julia.

>>> import mxnet as mx

>>> a = mx.nd.ones((2, 3),

... mx.gpu())

>>> print (a * 2).asnumpy()

[[ 2. 2. 2.]

[ 2. 2. 2.]]

Figure 3.2: NDArray interface in Python

a multi-layer perception symbol by chaining a variable , which presents the input data, and several

layer operators.

To evaluate a symbol we need to bind the free variables with data and declare the required

outputs. Beside evaluation (“forward”), a symbol supports auto symbolic differentiation (“back-

ward”). Other functions, such as load, save, memory estimation, and visualization, are also pro-

vided for symbols.

3.1.2 NDArray: Imperative Tensor Computation

MXNet also offers NDArraywith imperative tensor computation to fill the gap between the declar-

ative symbolic expression and the host language. Figure 3.2 shows an example which does matrix-

constant multiplication on GPU and then prints the results by numpy.ndarray.

NDArray abstraction works seamlessly with the executions declared by Symbol, we can mix

the imperative tensor computation of the former with the latter. For example, given a symbolic

neural network and the weight updating function, e.g. w = w − ηg. Then we can implement the

gradient descent by

while(1) { net.foward_backward(); net.w -= eta * net.g };

The above is as efficient as the implementation using a single but often much more complex

symbolic expression. The reason is that MXNet uses lazy evaluation of NDArray and the backend

engine can correctly resolve the data dependency between the two.
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3.1.3 Dependency Engine

In MXNet, each source units, including NDArray, random number generator and temporal space,

is registered to the engine with a unique tag. Any operations, such as a matrix operation or data

communication, is then pushed into the engine with specifying the required resource tags. The

engine continuously schedules the pushed operations for execution if dependencies are resolved.

Since there usually exists multiple computation resources such as CPUs, GPUs, and the memo-

ry/PCIe buses, the engine uses multiple threads to scheduling the operations for better resource

utilization and parallelization.

Different to most dataflow engines, our engine tracks mutation operations as an existing re-

source unit. That is, ours supports the specification of the tags that a operation will write in ad-

dition to read. This enables scheduling of array mutations as in numpy and other tensor libraries.

It also enables easier memory reuse of parameters, by representing parameter updates as mutating

the parameter arrays. It also makes scheduling of some special operations easier. For example,

when generating two random numbers with the same random seed, we can inform the engine they

will write the seed so that they should not be executed in parallel. This helps reproducibility.

3.2 Memory Optimization with Computation Graph

One common trend in deep learning is to use deeper architectures [90, 58, 49, 41] to capture the

complex patterns in a large amount of training data. Since the cost of storing feature maps and

their gradients scales linearly with the depth of network, our capability of exploring deeper models

is limited by the device (usually a GPU) memory. For example, we already run out of memories in

one of the current state-of-art models as described in [42]. In the long run, an ideal machine learn-

ing system should be able to continuously learn from an increasing amount of training data. Since

the optimal model size and complexity often grows with more training data, it is very important

to have memory-efficient training algorithms. In the next few sections of this chapter, we discuss

how to optimize memory usage of deep learning models.

The trade-off between memory and computation has been a long standing topic in systems
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Gradient Calculation Graph A Possible Allocation Plan
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sharing

data dependency Memory allocation for each output of op, same 
color indicates shared memory.
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sigmoid-forward

input

softmax-forward

Network Configuration

Figure 3.3: Computation graph and possible memory allocation plan of a two layer fully connected

neural network training procedure. Each node represents an operation and each edge represents a

dependency between the operations. The nodes with the same color share the memory to store

output or back-propagated gradient in each operator. To make the graph more clearly, we omit the

weights and their output gradient nodes from the graph and assume that the gradient of weights are

also calculated during backward operations. We also annotate two places where the in-place and

sharing strategies are used.

research. Although not widely known, the idea of dropping intermediate results is also known as

gradient checkpointing technique in automatic differentiation literature [40]. We bring this idea

to neural network gradient graph construction for general deep neural networks. Through the

discussion with our colleagues [110], we know that the idea of dropping computation has been

applied in some limited specific use-cases.

We start by reviewing the concept of computation graph and the memory optimization tech-

niques. Some of these techniques are already used by existing frameworks. A computation graph

consists of operational nodes and edges that represent the dependencies between the operations.

Fig. 3.3 gives an example of the computation graph of a two-layer fully connected neural network.

Here we use coarse grained forward and backward operations to make the graph simpler. We

further simplify the graph by hiding the weight nodes and gradients of the weights. A computa-

tion graph used in practice can be more complicated and contains mixture of fine/coarse grained

operations. The analysis presented in this chapter can be directly used in those more general cases.
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Once the network configuration (forward graph) is given, we can construct the corresponding

backward pathway for gradient calculation. A backward pathway can be constructed by traversing

the configuration in reverse topological order, and apply the backward operators as in normal back-

propagation algorithm. The backward pathway in Fig. 3.3 represents the gradient calculation steps

explicitly, so that the gradient calculation step in training is simplified to just a forward pass on the

entire computation graph (including the gradient calculation pathway). Explicit gradient path also

offers some other benefits (e.g. being able to calculate higher order gradients), which is beyond

our scope and will not be covered in this chapter.

When training a deep convolutional/recurrent network, a great proportion of the memory is

usually used to store the intermediate outputs and gradients. Each of these intermediate results

corresponds to a node in the graph. A smart allocation algorithm is able to assign the least amount

of memory to these nodes by sharing memory when possible. Fig. 3.3 shows a possible allocation

plan of the example two-layer neural network. Two types of memory optimizations can be used

• Inplace operation: Directly store the output values to memory of a input value.

• Memory sharing: Memory used by intermediate results that are no longer needed can be

recycled and used in another node.

Allocation plan in Fig. 3.3 contains examples of both cases. The first sigmoid transformation is

carried out using inplace operation to save memory, which is then reused by its backward operation.

The storage of the softmax gradient is shared with the gradient by the first fully connected layer.

Ad hoc application of these optimizations can leads to errors. For example, if the input of an

operation is still needed by another operation, applying inplace operation on the input will lead to

a wrong result.

We can only share memory between the nodes whose lifetime do not overlap. There are mul-

tiple ways to solve this problem. One option is to construct the conflicting graph of with each

variable as node and edges between variables with overlapping lifespan and then run a graph-

coloring algorithm. This will cost O(n2) computation time. We adopt a simpler heuristic with
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G = E * F

2

1

1

1

1

2

1

1

1

1

1

1

1

1

1

0

1

1

1

1

0

0

1

1

1

0

0 0

1

step 1: Allocate 
tag for B

step 2: Allocate tag 
for C, cannot do 
inplace because B is 
still alive

step 3: Allocate tag 
for F, release space 
of B

step 4: Reuse the tag 
in the box for E

0

step 5: Re-use tag of E,
This is an inplace 
optimization

internal arrays, same color indicates shared 
memory.

data dependency, operation completed

Initial state of 
allocation algorithm

Final Memory Plan
Tag used to indicate memory sharing on 
allocation Algorithm.

count ref counter on dependent operations that 
yet to be full-filled
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Figure 3.4: Memory allocation algorithm on computation graph. Each node associated with a

liveness counter to count on operations to be full-filled. A temporal tag is used to indicate memory

sharing. Inplace operation can be carried out when the current operations is the only one left (input

of counter equals 1). The tag of a node can be recycled when the node’s counter goes to zero.

only O(n) time. The algorithm is demonstrated in Fig. 3.4. It traverses the graph in topological

order, and uses a counter to indicate the liveness of each record. An inplace operation can happen

when there is no other pending operations that depend on its input. Memory sharing happens when

a recycled tag is used by another node. This can also serve as a dynamic runtime algorithm that

traverses the graph, and use a garbage collector to recycle the outdated memory. We use this as

a static memory allocation algorithm, to allocate the memory to each node before the execution

starts, in order to avoid the overhead of garbage collection during runtime.

Guidelines for Deep Learning Frameworks As we can see from the algorithm demonstration

graph in Fig. 3.4. The data dependency causes longer lifespan of each output and increases the

memory consumption of big network. It is important for deep learning frameworks to

• Declare the dependency requirements of gradient operators in minimum manner.

• Apply liveness analysis on the dependency information and enable memory sharing.
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It is important to declare minimum dependencies. For example, the allocation plan in Fig. 3.3

won’t be possible if sigmoid-backward also depend on the output of the first fullc-forward.

The dependency analysis can usually reduce the memory footprint of deep network prediction of a

n layer network from O(n) to nearly O(1) because sharing can be done between each intermediate

results. The technique also helps to reduce the memory footprint of training, although only up to a

constant factor.

3.3 Training Deep Neural Networks with Sublinear Memory Cost

3.3.1 General Methodology

The techniques introduced in Sec. 3.2 can reduce the memory footprint for both training and pre-

diction of deep neural networks. However, due to the fact that most gradient operators will depend

on the intermediate results of the forward pass, we still need O(n) memory for intermediate results

to train a n layer convolutional network or a recurrent neural networks with a sequence of length

n. In order to further reduce the memory, we propose to drop some of the intermediate results, and

recover them from an extra forward computation when needed.

More specifically, during the backpropagation phase, we can re-compute the dropped interme-

diate results by running forward from the closest recorded results. To present the idea more clearly,

we show a simplified algorithm for a linear chain feed-forward neural network in Alg. 5. Specif-

ically, the neural network is divided into several segments. The algorithm only remembers the

output of each segment and drops all the intermediate results within each segment. The dropped

results are recomputed at the segment level during back-propagation. As a result, we only need to

pay the memory cost to store the outputs of each segment plus the maximum memory cost to do

backpropagation on each segment.

Alg. 5 can also be generalized to common computation graphs as long as we can divide the

graph into segments. However, there are two drawbacks on directly applying Alg. 5: 1) users

have to manually divide the graph and write customized training loop; 2) we cannot benefit from

other memory optimizations presented in Sec 3.2. We solve this problem by introducing a general
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Algorithm 5: Backpropagation with Data Dropping in a Linear Chain Network
v ← input

for k = 1 to length(segments) do
temp[k]← v

for i = segments[k].begin to segments[k].end− 1 do
v ← layer[i].forward(v)

end

end

g ← gradient(v, label)

for k = length(segments) to 1 do
v ← temp[k]

localtemp← empty hashtable

for i = segments[k].begin to segments[k].end− 1 do
localtemp[i]← v

v ← layer[i].forward(v)

end

for i = segments[k].end− 1 to segments[k].begin do
g ← layer[i].backward(g, localtemp[i])

end

end

gradient graph construction algorithm that uses essentially the same idea. The algorithm is given

in Alg. 6. In this algorithm, the user specify a function m : V → N on the nodes of a computation

graph to indicate how many times a result can be recomputed. We call m the mirror count function

as the re-computation is essentially duplicating (mirroring) the nodes. When all the mirror counts

are set to 0, the algorithm degenerates to normal gradient graph. To specify re-computation pattern

in Alg. 6, the user only needs to set the m(v) = 1 for nodes within each segment and m(v) = 0

for the output node of each segment. The mirror count can also be larger than 1, which leads to

a recursive generalization to be discussed in Sec 3.3.4. Fig. 3.5 shows an example of memory

optimized gradient graph. Importantly, Alg. 6 also outputs a traversal order for the computation,
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Figure 3.5: Memory optimized gradient graph generation example. The forward path is mirrored

to represent the re-computation happened at gradient calculation. User specifies the mirror factor

to control whether a result should be dropped or kept.

so the memory usage can be optimized. Moreover, this traversal order can help introduce control

flow dependencies for frameworks that depend on runtime allocation.

3.3.2 Drop the Results of Low Cost Operations

One quick application of the general methodology is to drop the results of low cost operations and

keep the results that are time consuming to compute. This is usually useful in a Conv-BN-Act

pipeline in convolutional neural networks. We can always keep the result of convolution, but

drop the result of the batch normalization, activation function and pooling. In practice this will

translate to a memory saving with little computation overhead, as the computation for both batch

normalization and activation functions are cheap.

3.3.3 An O(
√
n) Memory Cost Algorithm

Alg. 6 provides a general way to trade computation for memory. It remains to ask which interme-

diate result we should keep and which ones to re-compute. Assume we divide the n network into
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Algorithm 6: Memory Optimized Gradient Graph Construction
Input: G = (V, pred), input computation graph, the pred[v] gives the predecessors array of node v.

Input: gradient(succ grads, output, inputs), symbolic gradient function that creates a gradient node

given successor gradients and output and inputs

Input: m : V → N+, m(v) gives how many time node v should be duplicated, m(v) = 0 means

do no drop output of node v.

a[v]← v for v ∈ V
for k = 1 to maxv∈V m(v) do

for v in topological-order(V ) do

if k ≤ m(v) then
a[v]← new node, same operator as v

pred[a[v]]← ∪u∈pred[v]{a[u]}

end

end

end

V ′ ← topological-order(V )

for v in reverse-topological-order(V ) do
g[v]← gradient([g[v] for v in successor(v)], a[v], [a[v] for v in pred[v]])

V ′ ← append(V ′, topological-order(acenstors(g[v]))− V ′)
end

Output: G′ = (V ′, pred) the new graph, the order in V ′ gives the logical execution order.

k segments the memory cost to train this network is given as follows.

cost-total = max
i=1,...,k

cost-of-segment(i) +O(k) = O
(n
k

)
+O(k) (3.1)

The first part of the equation is the memory cost to run back-propagation on each of the segment.

Given that the segment is equally divided, this translates into O(n/k) cost. The second part of

equation is the cost to store the intermediate outputs between segments. Setting k =
√
n, we get

the cost of O(2
√
n). This algorithm only requires an additional forward pass during training, but

reduces the memory cost to be sub-linear. Since the backward operation is nearly twice as time
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Algorithm 7: Memory Planning with Budget
Input: G = (V, pred), input computation graph.

Input: C ⊂ V , candidate stage splitting points, we will search splitting points over v ⊂ C
Input: B, approximate memory budget. We can search over B to optimize the memory allocation.

temp← 0, x← 0, y ← 0

for v in topological-order(V ) do
temp← temp+ size-of-output(v)

if v ∈ C and temp > B then
x← x+ size-of-output(v), y ← max(y, temp)

m(v) = 0, temp← 0

else
m(v) = 1

end

end

Output: x approximate cost to store inter-stage feature maps

Output: y approximate memory cost for each sub stage

Output: m the mirror plan to feed to Alg. 6

consuming as the forward one, it only slows down the computation by a small amount.

In the most general case, the memory cost of each layer is not the same, so we cannot simply

set k =
√
n. However, the trade-off between the intermediate outputs and the cost of each stage

still holds. In this case, we use Alg. 7 to do a greedy allocation with a given budget for the memory

cost within each segment as a single parameter B. Varying B gives us various allocation plans that

either assign more memory to the intermediate outputs, or to computation within each stage. When

we do static memory allocation, we can get the exact memory cost given each allocation plan. We

can use this information to do a heuristic search over B to find optimal memory plan that balances

the cost of the two. The details of the searching step is presented in the supplementary material.

We find this approach works well in practice. We can also generalize this algorithm by considering

the cost to run each operation to try to keep time consuming operations when possible.
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Figure 3.6: Recursion view of the memory optimized allocations. The segment can be viewed

as a single operator that combines all the operators within the segment. Inside each operator, a

sub-graph as executed to calculate the gradient.

3.3.4 More General View: Recursion and Subroutine

In this section, we provide an alternative view of the memory optimization scheme described above.

Specifically, we can view each segment as a bulk operator that combines all the operations inside

the segment together. The idea is illustrated in Fig. 3.6. The combined operator calculates the

gradient by executing over the sub-graph that describes its internal computation. This view allows

us to treat a series of operations as subroutines. The optimization within the sub-graph does not

affect the external world. As a result, we can recursively apply our memory optimization scheme

to each sub-graph.

Pay Even Less Memory with Recursion Let g(n) to be the memory cost to do forward and

backward pass on a n layer neural network. Assume that we store k intermediate results in the

graph and apply the same strategy recursively when doing forward and backward pass on the sub-

path. We have the following recursion formula.

g(n) = k + g (n/(k + 1)) (3.2)
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Solving this recursion formula gives us

g(n) = k logk+1(n) (3.3)

As a special case, if we set k = 1, we get g(n) = log2 n. This is interesting conclusion as all the

existing implementations takesO(n) memory in feature map to train a n layer neural network. This

will require O(log2 n) cost forward pass cost, so may not be used commonly. But it demonstrates

how we can trade memory even further by using recursion.

3.3.5 Guideline for Deep Learning Frameworks

In this section, we have shown that it is possible to trade computation for memory and combine it

with the system optimizations proposed in Sec 3.2. It is helpful for deep learning frameworks to

• Enable option to drop result of low cost operations.

• Provide planning algorithms to give efficient memory plan.

• Enable user to set the mirror attribute in the computation graph for memory optimization.

While the last option is not strictly necessary, providing such interface enables user to hack their

own memory optimizers and encourages future researches on the related directions.

3.4 Evaluations

3.4.1 Experiment Setup

We evaluate the memory cost of storing intermediate feature maps using the methods described

in this chapter. Note that the memory cost of parameters and temporal memory (e.g. required by

convolution) are not part of the memory cost report. We also record the runtime total memory cost

by running training steps on a Titan X GPU. Note that all the memory optimizations proposed in

this chapter gives equivalent weight gradient for training and can always be safely applied. We

compare the following memory allocation algorithms
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Figure 3.7: The memory cost of different memory allocation strategies on LSTM configurations.

System optimization gives a lot of memory saving on the LSTM graph, which contains a lot of fine

grained operations. The sub-linear plan can give more than 4x reduction over the optimized plan

that do not trade computation with memory.

• no optimization, directly allocate memory to each node without any optimization.

• inplace, enable inplace optimization when possible.

• sharing, enable inplace optimization as well as sharing. This represents all the system opti-

mizations presented at Sec. 3.2.

• drop bn-relu, apply all system optimizations, drop result of batch norm and relu, this is only

shown in convolutional net benchmark.

• sublinear plan, apply all system optimizations, use plan search with Alg 7 to trade computa-

tion with memory.
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Figure 3.8: The memory cost of different allocation strategies on deep residual net configurations.

The feature map memory cost is generated from static memory allocation plan. We also use nvidia-

smi to measure the total memory cost during runtime (the missing points are due to out of memory).

The figures are in log-scale, so y = αxβ will translate to log(y) = β log(x) + logα. We can find

that the graph based allocation strategy indeed help to reduce the memory cost by a factor of two to

three. More importantly, the sub-linear planning algorithm indeed gives sub-linear memory trend

with respect to the workload. The real runtime result also confirms that we can use our method to

greatly reduce memory cost deep net training.

3.4.2 Deep Convolutional Network

We first evaluate the proposed method on convolutional neural network for image classification.

We use deep residual network architecture [42] (ResNet), which gives the state of art result on this

task. Specifically, we use 32 batch size and set input image shape as (3, 224, 224). We generate

different depth configuration of ResNet 1 by increasing the depth of each residual stage.

We show the results in Fig. 3.8. We can find that the system optimizations introduced in Sec. 3.2

1We count a conv-bn-relu as one layer
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Figure 3.9: The runtime speed of different allocation strategy on the two settings. The speed is

measured by a running 20 batches on a Titan X GPU. We can see that using sub-linear memory

plan incurs roughly 30% of additional runtime cost compared to linear memory allocation. The

general trend of speed vs workload remains linear for both strategies.

can help to reduce the memory cost by factor of two to three. However, the memory cost after

optimization still exhibits a linear trend with respect to number of layers. Even with all the system

optimizations, it is only possible to train a 200 layer ResNet with the best GPU we can get. On the

other hand, the proposed algorithm gives a sub-linear trend in terms of number of layers. By trade

computation with memory, we can train a 1000 layer ResNet using less than 7GB of GPU memory.

3.4.3 LSTM for Long Sequences

We also evaluate the algorithms on a LSTM under a long sequence unrolling setting. We unrolled

a four layer LSTM with 1024 hidden states equals 64 over time. The batch size is set to 64. The

input of each timestamp is a continuous 50 dimension vector and the output is softmax over 5000

class. This is a typical setting for speech recognition[82], but our result can also be generalized to
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other recurrent networks. Using a long unrolling step can potentially help recurrent model to learn

long term dependencies over time. We show the results in Fig. 3.7. We can find that inplace helps

a lot here. This is because inplace optimization in our experiment enables direct addition of weight

gradient to a single memory cell, preventing allocate space for gradient at each timestamp. The

sub-linear plan gives more than 4x reduction over the optimized memory plan.

3.4.4 Impact on Training Speed

We also measure the runtime cost of each strategy. The speed is benchmarked on a single Titan X

GPU. The results are shown in Fig. 3.9. Because of the double forward cost in gradient calculation,

the sublinear allocation strategy costs 30% additional runtime compared to the normal strategy. By

paying the small price, we are now able to train a much wider range of deep learning models.
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Chapter 4

TVM: END-TO-END OPTIMIZING COMPILER FOR DEEP LEARNING

Deep learning models can now recognize images, process natural language, and defeat hu-

mans in challenging strategy games. There is a growing demand to deploy smart applications to a

wide spectrum of devices, ranging from cloud servers to self-driving cars and embedded devices.

Mapping deep learning workloads to these devices is complicated by the diversity of hardware

characteristics, including embedded CPUs, GPUs, FPGAs, and ASICs (e.g., the TPU [51]). These

hardware targets diverge in terms of memory organization, compute functional units, etc., as shown

in Figure 4.1.

Current deep learning frameworks, such as TensorFlow, MXNet, Caffe, and PyTorch, rely on

a computational graph intermediate representation to implement optimizations, e.g., auto differ-

entiation and dynamic memory management [3, 19, 4]. Graph-level optimizations, however, are

often too high-level to handle hardware back-end-specific operator-level transformations. Most of

these frameworks focus on a narrow class of server-class GPU devices and delegate target-specific

optimizations to highly engineered and vendor-specific operator libraries. These operator-level

libraries require significant manual tuning and hence are too specialized and opaque to be eas-

ily ported across hardware devices. Providing support in various deep learning frameworks for

diverse hardware back-ends presently requires significant engineering effort. Even for supported

back-ends, frameworks must make the difficult choice between: (1) avoiding graph optimizations

that yield new operators not in the predefined operator library, and (2) using unoptimized imple-

mentations of these new operators.

To enable both graph- and operator-level optimizations for diverse hardware back-ends, we take

a fundamentally different, end-to-end approach. In this chapter, we introduce TVM, a compiler that

takes a high-level specification of a deep learning program from existing frameworks and generates
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Figure 4.1: CPU, GPU and TPU-like accelerators require different on-chip memory architectures

and compute primitives. This divergence must be addressed when generating optimized code.

low-level optimized code for a diverse set of hardware back-ends. To be attractive to users, TVM

needs to offer performance competitive with the multitude of manually optimized operator libraries

across diverse hardware back-ends. This goal requires addressing the key challenges described

below.

Leveraging Specific Hardware Features and Abstractions. DL accelerators introduce optimized

tensor compute primitives [51, 1, 25], while GPUs and CPUs continuously improve their process-

ing elements. This poses a significant challenge in generating optimized code for a given operator

description. The inputs to hardware instructions are multi-dimensional, with fixed or variable

lengths; they dictate different data layouts; and they have special requirements for memory hier-

archy. The system must effectively exploit these complex primitives to benefit from acceleration.

Further, accelerator designs also commonly favor leaner control [51] and offload most scheduling

complexity to the compiler stack. For specialized accelerators, the system now needs to gener-

ate code that explicitly controls pipeline dependencies to hide memory access latency – a job that

hardware performs for CPUs and GPUs.
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Large Search Space for Optimization Another challenge is producing efficient code without

manually tuning operators. The combinatorial choices of memory access, threading pattern, and

novel hardware primitives creates a huge configuration space for generated code (e.g., loop tiles

and ordering, caching, unrolling) that would incur a large search cost if we implement black box

auto-tuning. One could adopt a predefined cost model to guide the search, but building an accurate

cost model is difficult due to the increasing complexity of modern hardware. Furthermore, such an

approach would require us to build separate cost models for each hardware type.

TVM addresses these challenges with three key modules. (1) We introduce a tensor expression

language to build operators and provide program transformation primitives that generate differ-

ent versions of the program with various optimizations. This layer extends Halide [76]’s com-

pute/schedule separation concept by also separating target hardware intrinsics from transformation

primitives, which enables support for novel accelerators and their corresponding new intrinsics.

Moreover, we introduce new transformation primitives to address GPU-related challenges and en-

able deployment to specialized accelerators. We can then apply different sequences of program

transformations to form a rich space of valid programs for a given operator declaration. (2) We

introduce an automated program optimization framework to find optimized tensor operators. The

optimizer is guided by an ML-based cost model that adapts and improves as we collect more data

from a hardware back-end. (3) On top of the automatic code generator, we introduce a graph

rewriter that takes full advantage of high- and operator-level optimizations.

By combining these three modules, TVM can take model descriptions from existing deep learn-

ing frameworks, perform joint high- and low-level optimizations, and generate hardware-specific

optimized code for back-ends, e.g., CPUs, GPUs, and FPGA-based specialized accelerators.

4.1 System Overview

This section describes TVM by using an example to walk through its components. Figure 4.2

summarizes the components TVM stack. The system first takes as input a model from an existing

framework and transforms it into a high-level computational graph IR. It then performs high-level

dataflow rewriting to generate an optimized graph. Operators are specified in a declarative tensor
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Figure 4.2: System overview of TVM. The current stack supports descriptions from many deep

learning frameworks and exchange formats, such as CoreML and ONNX, to target major CPU,

GPU and specialized accelerators.

expression language; execution details are unspecified. TVM identifies a collection of possible

code optimizations for a given hardware target’s operators. Then we search over a space of possible

optimizations to generate efficient code for each fused operator in this graph. AutoTVM is our ML-

based program optimizer which we will discuss in the next chapter. Finally, the system packs the

generated code into a deployable module.

End-User Example. In a few lines of code, a user can take a model from existing deep learning

frameworks and call the TVM API to get a deployable module:
import tvm as t
# Use keras framework as example, import model
graph, params = t.frontend.from_keras(keras_model)
target = t.target.cuda()
graph, lib, params = t.compiler.build(graph, target, params)

This compiled runtime module contains three components: the final optimized computational

graph (graph), generated operators (lib), and module parameters (params). These components

can then be used to deploy the model to the target back-end:
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Figure 4.3: Example computational graph of a two-layer convolutional neural network. Each node

in the graph represents an operation that consumes one or more tensors and produces one or more

tensors. Tensor operations can be parameterized by attributes to configure their behavior (e.g.,

padding or strides).

import tvm.runtime as t
module = runtime.create(graph, lib, t.cuda(0))
module.set_input(**params)
module.run(data=data_array)
output = tvm.nd.empty(out_shape, ctx=t.cuda(0))
module.get_output(0, output)

TVM supports multiple deployment back-ends in languages such as C++, Java and Python.

The rest of this chapter describes TVM’s architecture and how a system programmer can extend it

to support new back-ends.

4.2 Optimizing Computational Graphs

Computational graphs are a common way to represent programs in DL frameworks [3, 7, 19, 4].

Figure 4.3 shows an example computational graph representation of a two-layer convolutional neu-

ral network. The main difference between this high-level representation and a low-level compiler

intermediate representation (IR), such as LLVM, is that the intermediate data items are large, multi-

dimensional tensors. Computational graphs provide a global view of operators, but they avoid

specifying how each operator must be implemented. Like LLVM IRs, a computational graph can

be transformed into functionally equivalent graphs to apply optimizations. We also take advantage

of shape specificity in common DL workloads to optimize for a fixed set of input shapes.
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Figure 4.4: Performance comparison between fused and non-fused operations. TVM generates

both operations. Tested on NVIDIA Titan X.

TVM exploits a computational graph representation to apply high-level optimizations: a node

represents an operation on tensors or program inputs, and edges represent data dependencies

between operations. It implements many graph-level optimizations, including: operator fusion,

which fuses multiple small operations together; constant-folding, which pre-computes graph parts

that can be determined statically, saving execution costs; a static memory planning pass, which

pre-allocates memory to hold each intermediate tensor; and data layout transformations, which

transform internal data layouts into back-end-friendly forms. We now discuss operator fusion and

the data layout transformation.

Operator Fusion. Operator fusion combines multiple operators into a single kernel without sav-

ing the intermediate results in memory. This optimization can greatly reduce execution time, par-

ticularly in GPUs and specialized accelerators. Specifically, we recognize four categories of graph

operators: (1) injective (one-to-one map, e.g., add), (2) reduction (e.g., sum), (3) complex-out-

fusable (can fuse element-wise map to output, e.g., conv2d), and (4) opaque (cannot be fused, e.g.,

sort). We provide generic rules to fuse these operators, as follows. Multiple injective operators can
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be fused into another injective operator. A reduction operator can be fused with input injective op-

erators (e.g., fuse scale and sum). Operators such as conv2d are complex-out-fusable, and we can

fuse element-wise operators to its output. We can apply these rules to transform the computational

graph into a fused version. Figure 4.4 demonstrates the impact of this optimization on different

workloads. We find that fused operators generate up to a 1.2× to 2× speedup by reducing memory

accesses.

Data Layout Transformation. There are multiple ways to store a given tensor in the computa-

tional graph. The most common data layout choices are column major and row major. In practice,

we may prefer to use even more complicated data layouts. For instance, a DL accelerator might

exploit 4× 4 matrix operations, requiring data to be tiled into 4× 4 chunks to optimize for access

locality.

Data layout optimization converts a computational graph into one that can use better internal

data layouts for execution on the target hardware. It starts by specifying the preferred data layout

for each operator given the constraints dictated by memory hierarchies. We then perform the

proper layout transformation between a producer and a consumer if their preferred data layouts do

not match.

While high-level graph optimizations can greatly improve the efficiency of DL workloads, they

are only as effective as what the operator library provides. Currently, the few DL frameworks

that support operator fusion require the operator library to provide an implementation of the fused

patterns. With more network operators introduced on a regular basis, the number of possible fused

kernels can grow dramatically. This approach is no longer sustainable when targeting an increasing

number of hardware back-ends since the required number of fused pattern implementations grows

combinatorially with the number of data layouts, data types, and accelerator intrinsics that must be

supported. It is not feasible to handcraft operator kernels for the various operations desired by a

program and for each back-end. To this end, we next propose a code generation approach that can

generate various possible implementations for a given model’s operators.
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for y in range(1024):
  for x in range(1024):
    C[y][x] = 0
    for k in range(1024):
      C[y][x] += A[k][y] * B[k][x]

for yo in range(128):
  for xo in range(128):
    C[yo*8:yo*8+8][xo*8:xo*8+8] = 0
    for ko in range(128):
      for yi in range(8):
        for xi in range(8):
          for ki in range(8):
            C[yo*8+yi][xo*8+xi] += 
               A[ko*8+ki][yo*8+yi] * B[ko*8+ki][xo*8+xi]

inp_buffer AL[8][8], BL[8][8]
acc_buffer CL[8][8]
for yo in range(128):
  for xo in range(128):
    vdla.fill_zero(CL)
    for ko in range(128):
      vdla.dma_copy2d(AL, A[ko*8:ko*8+8][yo*8:yo*8+8])
      vdla.dma_copy2d(BL, B[ko*8:ko*8+8][xo*8:xo*8+8])        
      vdla.fused_gemm8x8_add(CL, AL, BL)
    vdla.dma_copy2d(C[yo*8:yo*8+8,xo*8:xo*8+8], CL)

+ Cache Data on Accelerator Special Buffer 

A = t.placeholder((1024, 1024))
B = t.placeholder((1024, 1024))
k = t.reduce_axis((0, 1024))
C = t.compute((1024, 1024), lambda y, x: 
                t.sum(A[k, y] * B[k, x], axis=k))
s = t.create_schedule(C.op)

schedule schedule 
transformation

corresponding 
low-level code

+ Map to Accelerator Tensor Instructions

CL = s.cache_write(C, vdla.acc_buffer)
AL = s.cache_read(A, vdla.inp_buffer)
# additional schedule steps omitted …

s[CL].tensorize(yi, vdla.gemm8x8)

+ Loop Tiling
yo, xo, ko, yi, xi, ki = s[C].tile(y, x, k, 8, 8, 8)

Figure 4.5: Example schedule transformations that optimize a matrix multiplication on a special-

ized accelerator.

4.3 Generating Tensor Operations

TVM produces efficient code for each operator by generating many valid implementations on each

hardware back-end and choosing an optimized implementation. This process builds on Halide’s

idea of decoupling descriptions from computation rules (or schedule optimizations) [76] and ex-
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[Halide] Thread Binding ✔ ✔ ✔
[Halide] Compute Locality ✔ ✔ ✔
[TVM] Special Memory Scope ✔ ✔
[TVM] Tensorization ✔ ✔ ✔
[TVM] Latency Hiding ✔

Tensor Expression
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Select Schedule 
Primitives

Final Schedule

Low level code

Figure 4.6: TVM schedule lowering and code generation process. The table lists existing Halide

and novel TVM scheduling primitives being used to optimize schedules for CPUs, GPUs and

accelerator back-ends. Tensorization is essential for accelerators, but it can also be used for CPUs

and GPUs. Special memory-scope enables memory reuse in GPUs and explicit management of

on-chip memory in accelerators. Latency hiding is specific to TPU-like accelerators.

tends it to support new optimizations (nested parallelism, tensorization, and latency hiding) and a

wide array of hardware back-ends. We now highlight TVM-specific features.

4.3.1 Tensor Expression and Schedule Space

We introduce a tensor expression language to support automatic code generation. Unlike high-

level computation graph representations, where the implementation of tensor operations is opaque,

each operation is described in an index formula expression language. The following code shows

an example tensor expression to compute transposed matrix multiplication:
m, n, h = t.var('m'), t.var('n'), t.var('h')
A = t.placeholder((m, h), name='A')
B = t.placeholder((n, h), name='B')
k = t.reduce_axis((0, h), name='k')
C = t.compute((m, n), lambda y, x: 
                   t.sum(A[k, y] * B[k, x], axis=k))
result shape

computing rule

Each compute operation specifies both the shape of the output tensor and an expression de-

scribing how to compute each element of it. Our tensor expression language supports common

arithmetic and math operations and covers common DL operator patterns. The language does not

specify the loop structure and many other execution details, and it provides flexibility for adding
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hardware-aware optimizations for various back-ends. Adopting the decoupled compute/schedule

principle from Halide [76], we use a schedule to denote a specific mapping from a tensor expression

to low-level code. Many possible schedules can perform this function.

We build a schedule by incrementally applying basic transformations (schedule primitives) that

preserve the program’s logical equivalence. Figure 4.5 shows an example of scheduling matrix

multiplication on a specialized accelerator. Internally, TVM uses a data structure to keep track of

the loop structure and other information as we apply schedule transformations. This information

can then help generate low-level code for a given final schedule.

Our tensor expression takes cues from Halide [76], Darkroom [44], and TACO [54]. Its primary

enhancements include support for the new schedule optimizations discussed below. To achieve

high performance on many back-ends, we must support enough schedule primitives to cover a

diverse set of optimizations on different hardware back-ends. Figure 4.6 summarizes the operation

code generation process and schedule primitives that TVM supports. We reuse helpful primitives

and the low-level loop program AST from Halide, and we introduce new primitives to optimize

GPU and accelerator performance. The new primitives are necessary to achieve optimal GPU

performance and essential for accelerators. CPU, GPU, TPU-like accelerators are three important

types of hardware for deep learning. This section describes new optimization primitives for CPUs,

GPUs and TPU-like accelerators.

4.3.2 Nested Parallelism with Cooperation

Parallelism is key to improving the efficiency of compute-intensive kernels in DL workloads. Mod-

ern GPUs offer massive parallelism, requiring us to bake parallel patterns into schedule transfor-

mations. Most existing solutions adopt a model called nested parallelism, a form of fork–join.

This model requires a parallel schedule primitive to parallelize a data parallel task; each task can

be further recursively subdivided into subtasks to exploit the target architecture’s multi-level thread

hierarchy (e.g., thread groups in GPU). We call this model shared-nothing nested parallelism be-

cause one working thread cannot look at the data of its sibling within the same parallel stage.

An alternative to the shared-nothing approach is to fetch data cooperatively. Specifically,
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Figure 4.7: Performance comparison between TVM with and without cooperative shared memory

fetching on matrix multiplication workloads. Tested on an NVIDIA Titan X. By cooperative shared

memory fetching. TVM can get close to 80% of the peak GPU utilization.

groups of threads can cooperatively fetch the data they all need and place it into a shared memory

space. 1 This optimization can take advantage of the GPU memory hierarchy and enable data

reuse across threads through shared memory regions. TVM supports this well-known GPU op-

timization using a schedule primitive to achieve optimal performance. The following GPU code

example optimizes matrix multiplication.

Barrier inserted 
automatically
by compiler

All threads cooperatively
load AS and BS in different
parallel patterns

for thread_group (by, bx) in cross(64, 64):
  for thread_item (ty, tx) in cross(2, 2):
    local CL[8][8] = 0
    shared AS[2][8], BS[2][8] 
    for k in range(1024):
      for i in range(4):
        AS[ty][i*4+tx] = A[k][by*64+ty*8+i*4+tx]
      for each i in 0..4:
        BS[ty][i*4+tx] = B[k][bx*64+ty*8+i*4+tx]
      memory_barrier_among_threads()
      for yi in range(8):
        for xi in range(8):
          CL[yi][xi] += AS[yi] * BS[xi]
      for yi in range(8):
        for xi in range(8):
          C[yo*8+yi][xo*8+xi] = CL[yi][xi]

1Halide recently added shared memory support but without general memory scope for accelerators.
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for vthread tx in range(2):
  acc_buffer CL[8]
  inp_buffer AL[8]
  for k in range(128):
    ld.dma_copy2d(AL, AL[k][tx*8:tx*8+8])
    ex.accumulate(AL, CL)

  acc_buffer CL[2][8]
  inp_buffer AL[2][8]
  ex.push_dep_to(ld)
  ex.push_dep_to(ld)
  for k in range(128):
    ld.pop_dep_from(ex)
    ld.dma_copy2d(AL[0], AL[k][0:8])
    ld.push_dep_to(ex)
    ld.pop_dep_from(ex)
    ld.dma_copy2d(AL[1], AL[k][8:16])
    ld.push_dep_to(ex)
    ex.pop_dep_from(ld)
    ex.accumulate(AL[0], CL[0])
    ex.push_dep_to(ld)
    ex.pop_dep_from(ld)
    ex.accumulate(AL[1], CL[1])
    ex.push_dep_to(ld)
  ld.pop_dep_from(ex)
  ld.pop_dep_from(ex)

for vthread tx in range(2):
  acc_buffer CL[8]
  inp_buffer AL[8]
  ex.push_dep_to(ld)
  for k in range(128):
    ld.pop_dep_from(ex)
    ld.dma_copy2d(AL, AL[k][tx*8:tx*8+8])
    ld.push_dep_to(ex)
    ex.pop_dep_from(ld)
    ex.accumulate(AL, CL)
    ex.push_dep_to(ld)
  ld.pop_dep_from(ex)

read after write  (RAW) dependence
read after write  (RAW) dependence
push RAW dependence

push WAR dependence

pop RAW dependence
pop WAR dependence

Figure 4.8: TVM virtual thread lowering transforms a virtual thread-parallel program to a single

instruction stream; the stream contains explicit low-level synchronizations that the hardware can

interpret to recover the pipeline parallelism required to hide memory access latency.

Figure 4.7 demonstrates the impact of this optimization. We introduce the concept of memory

scopes to the schedule space so that a compute stage (AS and BS in the code) can be marked as

shared. Without explicit memory scopes, automatic scope inference will mark compute stages as

thread-local. The shared task must compute the dependencies of all working threads in the group.

Additionally, memory synchronization barriers must be properly inserted to guarantee that shared

loaded data is visible to consumers. Finally, in addition to being useful to GPUs, memory scopes

let us tag special memory buffers and create special lowering rules when targeting specialized DL

accelerators.

4.3.3 Tensorization

DL workloads have high arithmetic intensity, which can typically be decomposed into tensor opera-

tors like matrix-matrix multiplication or 1D convolution. These natural decompositions have led to

the recent trend of adding tensor compute primitives [51, 1, 25]. These new primitives create both

opportunities and challenges for schedule-based compilation; while using them can improve per-

formance, the compilation framework must seamlessly integrate them. We dub this tensorization:
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Figure 4.9: Decoupled Access-Execute in hardware hides most memory access latency by allowing

memory and computation to overlap. Execution correctness is enforced by low-level synchroniza-

tion in the form of dependence token enqueueing/dequeuing actions, which the compiler stack

must insert in the instruction stream.

it is analogous to vectorization for SIMD architectures but has significant differences. Instruction

inputs are multi-dimensional, with fixed or variable lengths, and each has different data layouts.

More importantly, we cannot support a fixed set of primitives since new accelerators are emerging

with their own variations of tensor instructions. We therefore need an extensible solution.

We make tensorization extensible by separating the target hardware intrinsic from the schedule

with a mechanism for tensor-intrinsic declaration. We use the same tensor expression language to

declare both the behavior of each new hardware intrinsic and the lowering rule associated with it.

The following code shows how to declare an 8× 8 tensor hardware intrinsic.
w, x = t.placeholder((8, 8)), t.placeholder((8, 8))
k = t.reduce_axis((0, 8))
y = t.compute((8, 8), lambda i, j: 
               t.sum(w[i, k] * x[j, k], axis=k))

def gemm_intrin_lower(inputs, outputs):
   ww_ptr = inputs[0].access_ptr(“r")
   xx_ptr = inputs[1].access_ptr("r")
   zz_ptr = outputs[0].access_ptr("w")
   compute = t.hardware_intrin("gemm8x8", ww_ptr, xx_ptr, zz_ptr)
   reset = t.hardware_intrin("fill_zero", zz_ptr)
   update = t.hardware_intrin("fuse_gemm8x8_add", ww_ptr, xx_ptr, zz_ptr)
   return compute, reset, update

gemm8x8 = t.decl_tensor_intrin(y.op, gemm_intrin_lower)

declare behavior

lowering rule to generate
hardware intrinsics to carry 
out the computation
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Additionally, we introduce a tensorize schedule primitive to replace a unit of computation with

the corresponding intrinsics. The compiler matches the computation pattern with a hardware dec-

laration and lowers it to the corresponding hardware intrinsic.

Tensorization decouples the schedule from specific hardware primitives, making it easy to ex-

tend TVM to support new hardware architectures. The generated code of tensorized schedules

aligns with practices in high-performance computing: break complex operations into a sequence

of micro-kernel calls. We can also use the tensorize primitive to take advantage of handcrafted

micro-kernels, which can be beneficial in some platforms. For example, we implement ultra low

precision operators for mobile CPUs that operate on data types that are one- or two-bits wide

by leveraging a bit-serial matrix vector multiplication micro-kernel. This micro-kernel accumu-

lates results into progressively larger data types to minimize the memory footprint. Presenting the

micro-kernel as a tensor intrinsic to TVM yields up to a 1.5× speedup over the non-tensorized

version.

4.3.4 Explicit Memory Latency Hiding

Latency hiding refers to the process of overlapping memory operations with computation to maxi-

mize utilization of memory and compute resources. It requires different strategies depending on the

target hardware back-end. On CPUs, memory latency hiding is achieved implicitly with simulta-

neous multithreading [31] or hardware prefetching [50, 24]. GPUs rely on rapid context switching

of many warps of threads [102]. In contrast, specialized DL accelerators such as the TPU [51]

usually favor leaner control with a decoupled access-execute (DAE) architecture [86] and offload

the problem of fine-grained synchronization to software.

Figure 4.9 shows a DAE hardware pipeline that reduces runtime latency. Compared to a mono-

lithic hardware design, the pipeline can hide most memory access overheads and almost fully

utilize compute resources. To achieve higher utilization, the instruction stream must be augmented

with fine-grained synchronization operations. Without them, dependencies cannot be enforced,

leading to erroneous execution. Consequently, DAE hardware pipelines require fine-grained de-

pendence enqueuing/dequeuing operations between the pipeline stages to guarantee correct execu-
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compute boundmemory bound

Figure 4.10: Roofline [105] of an FPGA-based DL accelerator running ResNet inference. With

latency hiding enabled by TVM, performance of the benchmarks is brought closer to the roofline,

demonstrating higher compute and memory bandwidth efficiency.

tion, as shown in Figure 4.9’s instruction stream.

Programming DAE accelerators that require explicit low-level synchronization is difficult. To

reduce the programming burden, we introduce a virtual threading scheduling primitive that lets

programmers specify a high-level data parallel program as they would a hardware back-end with

support for multithreading. TVM then automatically lowers the program to a single instruction

stream with low-level explicit synchronization, as shown in Figure 4.8. The algorithm starts with a

high-level multi-threaded program schedule and then inserts the necessary low-level synchroniza-

tion operations to guarantee correct execution within each thread. Next, it interleaves operations

of all virtual threads into a single instruction stream. Finally, the hardware recovers the available

pipeline parallelism dictated by the low-level synchronizations in the instruction stream.

Hardware Evaluation of Latency Hiding. We now demonstrate the effectiveness of latency hid-

ing on a custom FPGA-based accelerator design, which we describe in depth in subsection 4.6.4.

We ran each layer of ResNet on the accelerator and used TVM to generate two schedules: one

with latency hiding, and one without. The schedule with latency hiding parallelized the program

with virtuals threads to expose pipeline parallelism and therefore hide memory access latency.
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Results are shown in Figure 4.10 as a roofline diagram [105]; roofline performance diagrams pro-

vide insight into how well a given system uses computation and memory resources for different

benchmarks. Overall, latency hiding improved performance on all ResNet layers. Peak compute

utilization increased from 70% with no latency hiding to 88% with latency hiding.

4.4 Automating Optimization

Given the rich set of schedule primitives, our remaining problem is to find optimal operator im-

plementations for each layer of a DL model. Here, TVM creates a specialized operator for the

specific input shape and layout associated with each layer. Such specialization offers significant

performance benefits (in contrast to handcrafted code that would target a smaller diversity of shapes

and layouts), but it also raises automation challenges. The system needs to choose the schedule op-

timizations – such as modifying the loop order or optimizing for the memory hierarchy – as well as

schedule-specific parameters, such as the tiling size and the loop unrolling factor. Such combina-

torial choices create a large search space of operator implementations for each hardware back-end.

To address this challenge, we built an automated schedule optimizer with two main components: a

schedule explorer that proposes promising new configurations, and a machine learning cost model

that predicts the performance of a given configuration. This section describes these components

and TVM’s automated optimization flow (Figure 4.11).

4.4.1 Schedule Space Specification

We built a schedule template specification API to let a developer declare knobs in the schedule

space. The template specification allows incorporation of a developer’s domain-specific knowl-

edge, as necessary, when specifying possible schedules. We also created a generic master template

for each hardware back-end that automatically extracts possible knobs based on the computation

description expressed using the tensor expression language. At a high level, we would like to

consider as many configurations as possible and let the optimizer manage the selection burden.

Consequently, the optimizer must search over billions of possible configurations for the real world
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Figure 4.11: Overview of automated optimization framework. A schedule explorer examines the

schedule space using an ML-based cost model and chooses experiments to run on a distributed

device cluster via RPC. To improve its predictive power, the ML model is updated periodically

using collected data recorded in a database.

DL workloads used in our experiments.

4.4.2 ML-Based Cost Model

One way to find the best schedule from a large configuration space is through blackbox optimiza-

tion, i.e., auto-tuning. This method is used to tune high performance computing libraries[104, 37].

However, auto-tuning requires many experiments to identify a good configuration.

An alternate approach is to build a predefined cost model to guide the search for a particular

hardware back-end instead of running all possibilities and measuring their performance. Ideally,

a perfect cost model considers all factors affecting performance: memory access patterns, data

reuse, pipeline dependencies, and threading patterns, among others. This approach, unfortunately,

is burdensome due to the increasing complexity of modern hardware. Furthermore, every new

hardware target requires a new (predefined) cost model.

We instead take a statistical approach to solve the cost modeling problem. In this approach, a

schedule explorer proposes configurations that may improve an operator’s performance. For each

schedule configuration, we use an ML model that takes the lowered loop program as input and

predicts its running time on a given hardware back-end. The model, trained using runtime mea-
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Method Category Data Cost Model Bias Need Hardware Info Learn from History

Blackbox auto-tuning high none no no

Predefined cost model none high yes no

ML based cost model low low no yes

Table 4.1: Comparison of automation methods. Model bias refers to inaccuracy due to modeling.

surement data collected during exploration, does not require the user to input detailed hardware

information. We update the model periodically as we explore more configurations during opti-

mization, which improves accuracy for other related workloads, as well. In this way, the quality of

the ML model improves with more experimental trials. Table 4.1 summarizes the key differences

between automation methods. ML-based cost models strike a balance between auto-tuning and

predefined cost modeling and can benefit from the historical performance data of related work-

loads. We will describe the design details of the ML-based program optimizer in Chapter. 5.

4.4.3 Distributed Device Pool and RPC

A distributed device pool scales up the running of on-hardware trials and enables fine-grained

resource sharing among multiple optimization jobs. TVM implements a customized, RPC-based

distributed device pool that enables clients to run programs on a specific type of device. We can

use this interface to compile a program on the host compiler, request a remote device, run the

function remotely, and access results in the same script on the host. TVM’s RPC supports dynamic

upload and runs cross-compiled modules and functions that use its runtime convention. As a

result, the same infrastructure can perform a single workload optimization and end-to-end graph

inference. Our approach automates the compile, run, and profile steps across multiple devices.

This infrastructure is especially critical for embedded devices, which traditionally require tedious

manual effort for cross-compilation, code deployment, and measurement.
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4.5 Related Works

Deep learning frameworks [3, 7, 19, 4] provide convenient interfaces for users to express DL

workloads and deploy them easily on different hardware back-ends. While existing frameworks

currently depend on vendor-specific tensor operator libraries to execute their workloads, they can

leverage TVM’s stack to generate optimized code for a larger number of hardware devices.

High-level computation graph DSLs are a typical way to represent and perform high-level op-

timizations. Tensorflow’s XLA [3] and the recently introduced DLVM [103] fall into this category.

The representations of computation graphs in these works are similar, and a high-level computa-

tion graph DSL is also used in this chapter. While graph-level representations are a good fit for

high-level optimizations, they are too high level to optimize tensor operators under a diverse set

of hardware back-ends. Prior work relies on specific lowering rules to directly generate low-level

LLVM or resorts to vendor-crafted libraries. These approaches require significant engineering

effort for each hardware back-end and operator-variant combination.

Halide [76] introduced the idea of separating computing and scheduling. We adopt Halide’s

insights and reuse its existing useful scheduling primitives in our compiler. Our tensor operator

scheduling is also related to other work on DSL for GPUs [91, 45, 92, 55] and polyhedral-based

loop transformation [6, 101]. TACO [54] introduces a generic way to generate sparse tensor op-

erators on CPU. Weld [71] is a DSL for data processing tasks. We specifically focus on solving

the new scheduling challenges of DL workloads for GPUs and specialized accelerators. Our new

primitives can potentially be adopted by the optimization pipelines in these works.

High-performance libraries such as ATLAS [104] and FFTW [37] use auto-tuning to get the

best performance. Tensor comprehension [99] applied black-box auto-tuning together with polyhe-

dral optimizations to optimize CUDA kernels. OpenTuner [5] and existing hyper parameter-tuning

algorithms [60] apply domain-agnostic search. A predefined cost model is used to automatically

schedule image processing pipelines in Halide [69]. TVM’s ML model uses effective domain-

aware cost modeling that considers program structure. The based distributed schedule optimizer

scales to a larger search space and can find state-of-the-art kernels on a large range of supported
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Name Operator H,W IC,OC K,S

C1 conv2d 224, 224 3,64 7, 2

C2 conv2d 56, 56 64,64 3, 1

C3 conv2d 56, 56 64,64 1, 1

C4 conv2d 56, 56 64,128 3, 2

C5 conv2d 56, 56 64,128 1, 2

C6 conv2d 28, 28 128,128 3, 1

C7 conv2d 28, 28 128,256 3, 2

C8 conv2d 28, 28 128,256 1, 2

C9 conv2d 14, 14 256,256 3, 1

C10 conv2d 14, 14 256,512 3, 2

C11 conv2d 14, 14 256,512 1, 2

C12 conv2d 7, 7 512,512 3, 1

Name Operator H,W IC K,S

D1 depthwise conv2d 112, 112 32 3, 1

D2 depthwise conv2d 112, 112 64 3, 2

D3 depthwise conv2d 56, 56 128 3, 1

D4 depthwise conv2d 56, 56 128 3, 2

D5 depthwise conv2d 28, 28 256 3, 1

D6 depthwise conv2d 28, 28 256 3, 2

D7 depthwise conv2d 14, 14 512 3, 1

D8 depthwise conv2d 14, 14 512 3, 2

D9 depthwise conv2d 7, 7 1024 3, 1

Table 4.2: Configurations of all conv2d operators in ResNet-18 and all depthwise conv2d operators

in MobileNet used in the single kernel experiments. H/W denotes height and width, IC input

channels, OC output channels, K kernel size, and S stride size. All ops use “SAME” padding. All

depthwise conv2d operations have channel multipliers of 1.

back-ends. More importantly, we provide an end-to-end stack that can take descriptions directly

from DL frameworks and jointly optimize together with the graph-level stack.

Despite the emerging popularity of accelerators for deep learning [51, 26], it remains unclear

how a compilation stack can be built to effectively target these devices. The VTA design used

in our evaluation provides a generic way to summarize the properties of TPU-like accelerators

and enables a concrete case study on how to compile code for accelerators. Our approach could

potentially benefit existing systems that compile deep learning to FPGA [84, 97], as well. this

chapter provides a generic solution to effectively target accelerators via tensorization and compiler-

driven latency hiding.
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4.6 Evaluations

TVM’s core is implemented in C++ (∼50k LoC). We provide language bindings to Python and

Java. Earlier sections of this chapter evaluated the impact of several individual optimizations and

components of TVM, namely, operator fusion in Figure 4.4, latency hiding in Figure 4.10.

We now focus on an end-to-end evaluation that aims to answer the following questions:

• Can TVM optimize DL workloads over multiple platforms?

• How does TVM compare to existing DL frameworks (which rely on heavily optimized li-

braries) on each back-end?

• Can TVM support new, emerging DL workloads (e.g., depthwise convolution, low precision

operations)?

• Can TVM support and optimize for new specialized accelerators?

To answer these questions, we evaluated TVM on four types of platforms: (1) a server-class

GPU, (2) an embedded GPU, (3) an embedded CPU, and (4) a DL accelerator implemented on

a low-power FPGA SoC. The benchmarks are based on real world DL inference workloads, in-

cluding ResNet [42], MobileNet [47], the LSTM Language Model [107], the Deep Q Network

(DQN) [68] and Deep Convolutional Generative Adversarial Networks (DCGAN) [75]. We com-

pare our approach to existing DL frameworks, including MxNet [19] and TensorFlow [2], that rely

on highly engineered, vendor-specific libraries. TVM performs end-to-end automatic optimization

and code generation without the need for an external operator library.

4.6.1 Server-Class GPU Evaluation

We first compared the end-to-end performance of deep neural networks TVM, MXNet (v1.1),

Tensorflow (v1.7), and Tensorflow XLA on an Nvidia Titan X. MXNet and Tensorflow both use

cuDNN v7 for convolution operators; they implement their own versions of depthwise convolution
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Figure 4.12: GPU end-to-end evaluation for TVM, MXNet, Tensorflow, and Tensorflow XLA.

Tested on the NVIDIA Titan X.

since it is relatively new and not yet supported by the latest libraries. They also use cuBLAS v8

for matrix multiplications. On the other hand, Tensorflow XLA uses JIT compilation.

Figure 4.12 shows that TVM outperforms the baselines, with speedups ranging from 1.6× to

3.8× due to both joint graph optimization and the automatic optimizer, which generates high-

performance fused operators. DQN’s 3.8 x speedup results from its use of unconventional oper-

ators (4×4 conv2d, strides=2) that are not well optimized by cuDNN; the ResNet workloads are

more conventional. TVM automatically finds optimized operators in both cases.

To evaluate the effectiveness of operator level optimization, we also perform a breakdown

comparison for each tensor operator in ResNet and MobileNet, shown in Figure 4.13. We include

TensorComprehension (TC, commit: ef644ba) [99], a recently introduced auto-tuning framework,

as an additional baseline. 2 TC results include the best kernels it found in 10 generations × 100

population × 2 random seeds for each operator (i.e., 2000 trials per operator). 2D convolution,

one of the most important DL operators, is heavily optimized by cuDNN. However, TVM can still

generate better GPU kernels for most layers. Depthwise convolution is a newly introduced operator

2According to personal communication [98], TC is not yet meant to be used for compute-bound problems. How-
ever, it is still a good reference baseline to include in the comparison.
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Figure 4.13: Relative speedup of all conv2d operators in ResNet-18 and all depthwise conv2d

operators in MobileNet. Tested on a TITAN X. See Table 5.1 for operator configurations. We also

include a weight pre-transformed Winograd [59] for 3x3 conv2d (TVM PT).

with a simpler structure [47]. In this case, both TVM and TC can find fast kernels compared to

MXNet’s handcrafted kernels. TVM’s improvements are mainly due to its exploration of a large

schedule space and an effective ML-based search algorithm.

4.6.2 Embedded CPU Evaluation

We evaluated the performance of TVM on an ARM Cortex A53 (Quad Core 1.2GHz). We used

Tensorflow Lite (TFLite, commit: 7558b085) as our baseline system.

Figure 4.15 compares TVM operators to hand-optimized ones for ResNet and MobileNet. We

observe that TVM generates operators that outperform the hand-optimized TFLite versions for

both neural network workloads. This result also demonstrates TVM’s ability to quickly optimize

emerging tensor operators, such as depthwise convolution operators. Finally, Figure 4.14 shows



81

ResNet-18 MobileNet
0.0

100.0

200.0

300.0

400.0

500.0

600.0

700.0

800.0

T
im

e(
m

s)

DQN
0.0

2.0

4.0

6.0

8.0

10.0

12.0

Tensorflow Lite TVM w/o graph opt TVM

Figure 4.14: ARM A53 end-to-end evaluation of TVM and TFLite.

an end-to-end comparison of three workloads, where TVM outperforms the TFLite baseline.3

Ultra Low-Precision Operators We demonstrate TVM’s ability to support ultra low-precision

inference [28, 78] by generating highly optimized operators for fixed-point data types of less than 8-

bits. Low-precision networks replace expensive multiplication with vectorized bit-serial multipli-

cation that is composed of bitwise and popcount reductions [95]. Achieving efficient low-precision

inference requires packing quantized data types into wider standard data types, such as int8 or

int32. Our system generates code that outperforms hand-optimized libraries from Caffe2 (com-

mit: 39e07f7)[95]. We implemented an ARM-specific tensorization intrinsic that leverages ARM

instructions to build an efficient, low-precision matrix-vector microkernel.We then used TVM’s

automated optimizer to explore the scheduling space.

Figure 4.16 compares TVM to the Caffe2 ultra low-precision library on ResNet for 2-bit ac-

tivations, 1-bit weights inference. Since the baseline is single threaded, we also compare it to a

single-threaded TVM version. Single-threaded TVM outperforms the baseline, particularly for C5,

C8, and C11 layers; these are convolution layers of kernel size 1× 1 and stride of 2 for which the

ultra low-precision baseline library is not optimized. Furthermore, we take advantage of additional

TVM capabilities to produce a parallel library implementation that shows improvement over the

3DCGAN and LSTM results are not presented because they are not yet supported by the baseline.
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Figure 4.15: Relative speedup of all conv2d operators in ResNet-18 and all depthwise conv2d op-

erators in mobilenet. Tested on ARM A53. See Table 5.1 for the configurations of these operators.
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Figure 4.16: Relative speedup of single- and multi-threaded low-precision conv2d operators in

ResNet. Baseline was a single-threaded, hand-optimized implementation from Caffe2 (commit:

39e07f7). C5, C3 are 1x1 convolutions that have less compute intensity, resulting in less speedup

by multi-threading.

baseline. In addition to the 2-bit+1-bit configuration, TVM can generate and optimize for other

precision configurations that are unsupported by the baseline library, offering improved flexibility.
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Figure 4.17: End-to-end experiment results on Mali-T860MP4. Two data types, float32 and

float16, were evaluated.

4.6.3 Embedded GPU Evaluation

For our mobile GPU experiments, we ran our end-to-end pipeline on a Firefly-RK3399 board

equipped with an ARM Mali-T860MP4 GPU. The baseline was a vendor-provided library, the

ARM Compute Library (v18.03). As shown in Figure 4.17, we outperformed the baseline on three

available models for both float16 and float32 (DCGAN and LSTM are not yet supported by

the baseline). The speedup ranged from 1.2× to 1.6×.

4.6.4 FPGA Accelerator Evaluation

Versatile Tensor Accelerator We now relate how TVM tackled accelerator-specific code gen-

eration on a generic inference accelerator design we prototyped on an FPGA. We used in this

evaluation the Versatile Tensor Accelerator (VTA) – which distills characteristics from previous

accelerator proposals [64, 25, 51] into a minimalist hardware architecture – to demonstrate TVM’s

ability to generate highly efficient schedules that can target specialized accelerators. Figure 4.18

shows the high-level hardware organization of the VTA architecture. VTA is programmed as a

tensor processor to efficiently execute operations with high compute intensity (e.g, matrix multi-

plication, high dimensional convolution). It can perform load/store operations to bring blocked

3-dimensional tensors from DRAM into a contiguous region of SRAM. It also provides special-



84

MEMORY LOAD
UNIT

MEMORY STORE
UNIT

DRAM

MICRO-OP SRAM

INPUT MEM

WEIGHT MEM

LOAD BUFFER STORE BUFFER

REGISTER FILE

GEMM

V_ALU

LOAD→EXE Q

EXE→LOAD Q

EXE→STORE Q

STORE→EXE Q

INSTRUCTION FETCH UNIT

LOAD 
CMD Q

COMPUTE 
CMD Q

COMPUTE

STORE 
CMD Q

co
nt

ro
lle

r

Figure 4.18: VTA Hardware design overview.

ized on-chip memories for network parameters, layer inputs (narrow data type), and layer outputs

(wide data type). Finally, VTA provides explicit synchronization control over successive loads,

computes, and stores to maximize the overlap between memory and compute operations.

Methodology. We implemented the VTA design on a low-power PYNQ board that incorporates

an ARM Cortex A9 dual core CPU clocked at 667MHz and an Artix-7 based FPGA fabric. On

these modest FPGA resources, we implemented a 16 × 16 matrix-vector unit clocked at 200MHz

that performs products of 8-bit values and accumulates them into a 32-bit register every cycle.

The theoretical peak throughput of this VTA design is about 102.4GOPS/s. We allocated 32kB

of resources for activation storage, 32kB for parameter storage, 32kB for microcode buffers, and

128kB for the register file. These on-chip buffers are by no means large enough to provide sufficient

on-chip storage for a single layer of ResNet and therefore enable a case study on effective memory

reuse and latency hiding.

We built a driver library for VTA with a C runtime API that constructs instructions and pushes

them to the target accelerator for execution. Our code generation algorithm then translates the

accelerator program to a series of calls into the runtime API. Adding the specialized accelerator

back-end took ∼2k LoC in Python.
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Figure 4.19: We offloaded convolutions in the ResNet workload to an FPGA-based accelerator.

The grayed-out bars correspond to layers that could not be accelerated by the FPGA and therefore

had to run on the CPU. The FPGA provided a 40x acceleration on offloaded convolution layers

over the Cortex A9.

End-to-End ResNet Evaluation. We used TVM to generate ResNet inference kernels on the

PYNQ platform and offloaded as many layers as possible to VTA. We also used it to generate

both schedules for the CPU only and CPU+FPGA implementation. Due to its shallow convolution

depth, the first ResNet convolution layer could not be efficiently offloaded on the FPGA and was

instead computed on the CPU. All other convolution layers in ResNet, however, were amenable

to efficient offloading. Operations like residual layers and activations were also performed on the

CPU since VTA does not support these operations.

Figure 4.19 breaks down ResNet inference time into CPU-only execution and CPU+FPGA

execution. Most computation was spent on the convolution layers that could be offloaded to VTA.

For those convolution layers, the achieved speedup was 40×. Unfortunately, due to Amdahl’s

law, the overall performance of the FPGA accelerated system was bottlenecked by the sections

of the workload that had to be executed on the CPU. We envision that extending the VTA design

to support these other operators will help reduce cost even further. This FPGA-based experiment

showcases TVM’s ability to adapt to new architectures and the hardware intrinsics they expose.
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Chapter 5

AUTOTVM: LEARNING TO OPTIMIZE TENSOR PROGRAMS

In the previous chapter, we discussed how to build a system with a rich set of schedule primi-

tives for tensor program optimizations. This chapter explores the following question: can we use

learning to alleviate this engineering burden and automatically optimize tensor operator programs

for a given hardware platform? Our affirmative answer is based on statistical cost models we built

that predict program run time using a given low-level program. These cost models, which guide

our exploration of the space of possible programs, use transferable representations that generalize

across different workloads to accelerate search.

5.1 Problem Formalization

We begin by walking through the motivating example in Figure 5.1. To enable automatic code

generation, we specify tensor operators using index expressions (e.g., Cij =
∑

k AkiBkj). Let E
denote the space of index expressions. The index expression leaves many low-level implementation

details, such as loop order, memory scope, and threading unspecified. As a result, we can generate

multiple variants of low-level code that are logically equivalent to the expression for a given e ∈ E .

We use Se to denote the space of possible transformations (schedules) from e to low-level code.

For an s ∈ Se, let x = g(e, s) be the generated low-level code. Here, g represents a compiler

framework that generates low-level code from e, s. We are interested in minimizing f(x), which is

the real run time cost on the hardware. Importantly, we do not know an analytical expression for

f(x) but can query it by running experiments on the hardware. For a given tuple of (g, e,Se, f),

our problem can be formalized as the following objective:

arg min
s∈Se

f(g(e, s)) (5.1)
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<latexit sha1_base64="1kEHQ6sAAtWXqv0U9+UgjHcNIHQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkIuhFKHrxWMF+QBvCZrtpl242YXcj1tBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFldW98obpa2tnd2y/befkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqFQsFvd6nFAvwgPBQkawNpJvlx99F12hQZWeIuW7J75dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2suw1IxwOin1UkUTTEZ4QLuGChxR5WWzwyfo2Ch9FMbSlNBopv6eyHCk1DgKTGeE9VAtelPxP6+b6vDSy5hIUk0FmS8KU450jKYpoD6TlGg+NgQTycytiAyxxESbrEomBHfx5WXSOqu5Ts29O6/Ur/M4inAIR1AFFy6gDrfQgCYQSOEZXuHNerJerHfrY95asPKZA/gD6/MHw9uRMg==</latexit><latexit sha1_base64="1kEHQ6sAAtWXqv0U9+UgjHcNIHQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkIuhFKHrxWMF+QBvCZrtpl242YXcj1tBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFldW98obpa2tnd2y/befkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqFQsFvd6nFAvwgPBQkawNpJvlx99F12hQZWeIuW7J75dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2suw1IxwOin1UkUTTEZ4QLuGChxR5WWzwyfo2Ch9FMbSlNBopv6eyHCk1DgKTGeE9VAtelPxP6+b6vDSy5hIUk0FmS8KU450jKYpoD6TlGg+NgQTycytiAyxxESbrEomBHfx5WXSOqu5Ts29O6/Ur/M4inAIR1AFFy6gDrfQgCYQSOEZXuHNerJerHfrY95asPKZA/gD6/MHw9uRMg==</latexit><latexit sha1_base64="1kEHQ6sAAtWXqv0U9+UgjHcNIHQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkIuhFKHrxWMF+QBvCZrtpl242YXcj1tBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFldW98obpa2tnd2y/befkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqFQsFvd6nFAvwgPBQkawNpJvlx99F12hQZWeIuW7J75dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2suw1IxwOin1UkUTTEZ4QLuGChxR5WWzwyfo2Ch9FMbSlNBopv6eyHCk1DgKTGeE9VAtelPxP6+b6vDSy5hIUk0FmS8KU450jKYpoD6TlGg+NgQTycytiAyxxESbrEomBHfx5WXSOqu5Ts29O6/Ur/M4inAIR1AFFy6gDrfQgCYQSOEZXuHNerJerHfrY95asPKZA/gD6/MHw9uRMg==</latexit><latexit sha1_base64="1kEHQ6sAAtWXqv0U9+UgjHcNIHQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkIuhFKHrxWMF+QBvCZrtpl242YXcj1tBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFldW98obpa2tnd2y/befkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqFQsFvd6nFAvwgPBQkawNpJvlx99F12hQZWeIuW7J75dcWrODGiZuDmpQI6Gb3/1+jFJIyo04Viprusk2suw1IxwOin1UkUTTEZ4QLuGChxR5WWzwyfo2Ch9FMbSlNBopv6eyHCk1DgKTGeE9VAtelPxP6+b6vDSy5hIUk0FmS8KU450jKYpoD6TlGg+NgQTycytiAyxxESbrEomBHfx5WXSOqu5Ts29O6/Ur/M4inAIR1AFFy6gDrfQgCYQSOEZXuHNerJerHfrY95asPKZA/gD6/MHw9uRMg==</latexit>

s2
<latexit sha1_base64="qN923TPi/PUCw4bkJcCJu6fCh+s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHPJDhuVYbXm1t0FyDrxClKDAq1h9WswiliiuEYmqbV9z43RT6lBwSSfVwaJ5TFlUzrm/Yxqqrj108Wtc3KRKSMSRiYrjWSh/p5IqbJ2poKsU1Gc2FUvF//z+gmGN34qdJwg12y5KEwkwYjkj5ORMJyhnGWEMiOyWwmbUEMZZvHkIXirL6+TTqPuuXXv4arWvC3iKMMZnMMleHANTbiHFrSBwQSe4RXeHOW8OO/Ox7K15BQzp/AHzucPOqqNsA==</latexit><latexit sha1_base64="qN923TPi/PUCw4bkJcCJu6fCh+s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHPJDhuVYbXm1t0FyDrxClKDAq1h9WswiliiuEYmqbV9z43RT6lBwSSfVwaJ5TFlUzrm/Yxqqrj108Wtc3KRKSMSRiYrjWSh/p5IqbJ2poKsU1Gc2FUvF//z+gmGN34qdJwg12y5KEwkwYjkj5ORMJyhnGWEMiOyWwmbUEMZZvHkIXirL6+TTqPuuXXv4arWvC3iKMMZnMMleHANTbiHFrSBwQSe4RXeHOW8OO/Ox7K15BQzp/AHzucPOqqNsA==</latexit><latexit sha1_base64="qN923TPi/PUCw4bkJcCJu6fCh+s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHPJDhuVYbXm1t0FyDrxClKDAq1h9WswiliiuEYmqbV9z43RT6lBwSSfVwaJ5TFlUzrm/Yxqqrj108Wtc3KRKSMSRiYrjWSh/p5IqbJ2poKsU1Gc2FUvF//z+gmGN34qdJwg12y5KEwkwYjkj5ORMJyhnGWEMiOyWwmbUEMZZvHkIXirL6+TTqPuuXXv4arWvC3iKMMZnMMleHANTbiHFrSBwQSe4RXeHOW8OO/Ox7K15BQzp/AHzucPOqqNsA==</latexit><latexit sha1_base64="qN923TPi/PUCw4bkJcCJu6fCh+s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHPJDhuVYbXm1t0FyDrxClKDAq1h9WswiliiuEYmqbV9z43RT6lBwSSfVwaJ5TFlUzrm/Yxqqrj108Wtc3KRKSMSRiYrjWSh/p5IqbJ2poKsU1Gc2FUvF//z+gmGN34qdJwg12y5KEwkwYjkj5ORMJyhnGWEMiOyWwmbUEMZZvHkIXirL6+TTqPuuXXv4arWvC3iKMMZnMMleHANTbiHFrSBwQSe4RXeHOW8OO/Ox7K15BQzp/AHzucPOqqNsA==</latexit>

x2 = g(e, s2)
<latexit sha1_base64="Sgd23IBZtjrPnbTlDNqZsZEDwc8=">AAAB+HicbVBNS8NAEJ34WetHox69LBahgpSkCHoRil48VrAf0Iaw2W7apZtN2N2INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQz9dsPVCoWi3s9TqgX4YFgISNYG8m3S49+DV2hQYWeIeXXTn277FSdGdAycXNShhwN3/7q9WOSRlRowrFSXddJtJdhqRnhdFLspYommIzwgHYNFTiiystmh0/QiVH6KIylKaHRTP09keFIqXEUmM4I66Fa9Kbif1431eGllzGRpJoKMl8UphzpGE1TQH0mKdF8bAgmkplbERliiYk2WRVNCO7iy8ukVau6TtW9Oy/Xr/M4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerJerHfrY966YuUzh/AH1ucPxvCRNA==</latexit><latexit sha1_base64="Sgd23IBZtjrPnbTlDNqZsZEDwc8=">AAAB+HicbVBNS8NAEJ34WetHox69LBahgpSkCHoRil48VrAf0Iaw2W7apZtN2N2INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQz9dsPVCoWi3s9TqgX4YFgISNYG8m3S49+DV2hQYWeIeXXTn277FSdGdAycXNShhwN3/7q9WOSRlRowrFSXddJtJdhqRnhdFLspYommIzwgHYNFTiiystmh0/QiVH6KIylKaHRTP09keFIqXEUmM4I66Fa9Kbif1431eGllzGRpJoKMl8UphzpGE1TQH0mKdF8bAgmkplbERliiYk2WRVNCO7iy8ukVau6TtW9Oy/Xr/M4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerJerHfrY966YuUzh/AH1ucPxvCRNA==</latexit><latexit sha1_base64="Sgd23IBZtjrPnbTlDNqZsZEDwc8=">AAAB+HicbVBNS8NAEJ34WetHox69LBahgpSkCHoRil48VrAf0Iaw2W7apZtN2N2INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQz9dsPVCoWi3s9TqgX4YFgISNYG8m3S49+DV2hQYWeIeXXTn277FSdGdAycXNShhwN3/7q9WOSRlRowrFSXddJtJdhqRnhdFLspYommIzwgHYNFTiiystmh0/QiVH6KIylKaHRTP09keFIqXEUmM4I66Fa9Kbif1431eGllzGRpJoKMl8UphzpGE1TQH0mKdF8bAgmkplbERliiYk2WRVNCO7iy8ukVau6TtW9Oy/Xr/M4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerJerHfrY966YuUzh/AH1ucPxvCRNA==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="/vh5r0qgY2d6MTk2fGhbnHAqDDg=">AAAB7XicbZDNSgMxFIXv1L9aqx3dugkWoYKUmW50IwhuXFawrdAOQya904ZmMkOSEWvpk7hxoYiv4863Mf1ZaOuBwMc5CffmRJng2njet1PY2Nza3inulvbK+wcV97Dc1mmuGLZYKlL1EFGNgktsGW4EPmQKaRIJ7ESjm1neeUSleSrvzTjDIKEDyWPOqLFW6Faewga5IoManhMdNs5Ct+rVvbnIOvhLqMJSzdD96vVTlicoDRNU667vZSaYUGU4Ezgt9XKNGWUjOsCuRUkT1MFkvviUnFqnT+JU2SMNmbu/X0xoovU4iezNhJqhXs1m5n9ZNzfxZTDhMssNSrYYFOeCmJTMWiB9rpAZMbZAmeJ2V8KGVFFmbFclW4K/+uV1aDfqvlf37zwowjGcQA18uIBruIUmtIBBDi/wBu/Os/PqfCzqKjjL3o7gj5zPH4bCj9E=</latexit><latexit sha1_base64="/vh5r0qgY2d6MTk2fGhbnHAqDDg=">AAAB7XicbZDNSgMxFIXv1L9aqx3dugkWoYKUmW50IwhuXFawrdAOQya904ZmMkOSEWvpk7hxoYiv4863Mf1ZaOuBwMc5CffmRJng2njet1PY2Nza3inulvbK+wcV97Dc1mmuGLZYKlL1EFGNgktsGW4EPmQKaRIJ7ESjm1neeUSleSrvzTjDIKEDyWPOqLFW6Faewga5IoManhMdNs5Ct+rVvbnIOvhLqMJSzdD96vVTlicoDRNU667vZSaYUGU4Ezgt9XKNGWUjOsCuRUkT1MFkvviUnFqnT+JU2SMNmbu/X0xoovU4iezNhJqhXs1m5n9ZNzfxZTDhMssNSrYYFOeCmJTMWiB9rpAZMbZAmeJ2V8KGVFFmbFclW4K/+uV1aDfqvlf37zwowjGcQA18uIBruIUmtIBBDi/wBu/Os/PqfCzqKjjL3o7gj5zPH4bCj9E=</latexit><latexit sha1_base64="mlywhQMQMNoDAb34GBg6JwKRXC4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIFaQkvehFKHrxWMF+QBvCZjtpl242YXcj1tBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYVvFqaTQojGPZTcgCjgT0NJMc+gmEkgUcOgE45uZ33kAqVgs7vUkAS8iQ8FCRok2km+XH/06vsLDKpxj5dfPfLvi1Jw58Cpxc1JBOZq+/dUfxDSNQGjKiVI910m0lxGpGeUwLfVTBQmhYzKEnqGCRKC8bH74FJ8aZYDDWJoSGs/V3xMZiZSaRIHpjIgeqWVvJv7n9VIdXnoZE0mqQdDFojDlWMd4lgIeMAlU84khhEpmbsV0RCSh2mRVMiG4yy+vkna95jo1986pNK7zOIroGJ2gKnLRBWqgW9RELURRip7RK3qznqwX6936WLQWrHzmCP2B9fkDxbCRMA==</latexit><latexit sha1_base64="Sgd23IBZtjrPnbTlDNqZsZEDwc8=">AAAB+HicbVBNS8NAEJ34WetHox69LBahgpSkCHoRil48VrAf0Iaw2W7apZtN2N2INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQz9dsPVCoWi3s9TqgX4YFgISNYG8m3S49+DV2hQYWeIeXXTn277FSdGdAycXNShhwN3/7q9WOSRlRowrFSXddJtJdhqRnhdFLspYommIzwgHYNFTiiystmh0/QiVH6KIylKaHRTP09keFIqXEUmM4I66Fa9Kbif1431eGllzGRpJoKMl8UphzpGE1TQH0mKdF8bAgmkplbERliiYk2WRVNCO7iy8ukVau6TtW9Oy/Xr/M4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerJerHfrY966YuUzh/AH1ucPxvCRNA==</latexit><latexit sha1_base64="Sgd23IBZtjrPnbTlDNqZsZEDwc8=">AAAB+HicbVBNS8NAEJ34WetHox69LBahgpSkCHoRil48VrAf0Iaw2W7apZtN2N2INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQz9dsPVCoWi3s9TqgX4YFgISNYG8m3S49+DV2hQYWeIeXXTn277FSdGdAycXNShhwN3/7q9WOSRlRowrFSXddJtJdhqRnhdFLspYommIzwgHYNFTiiystmh0/QiVH6KIylKaHRTP09keFIqXEUmM4I66Fa9Kbif1431eGllzGRpJoKMl8UphzpGE1TQH0mKdF8bAgmkplbERliiYk2WRVNCO7iy8ukVau6TtW9Oy/Xr/M4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerJerHfrY966YuUzh/AH1ucPxvCRNA==</latexit><latexit sha1_base64="Sgd23IBZtjrPnbTlDNqZsZEDwc8=">AAAB+HicbVBNS8NAEJ34WetHox69LBahgpSkCHoRil48VrAf0Iaw2W7apZtN2N2INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQz9dsPVCoWi3s9TqgX4YFgISNYG8m3S49+DV2hQYWeIeXXTn277FSdGdAycXNShhwN3/7q9WOSRlRowrFSXddJtJdhqRnhdFLspYommIzwgHYNFTiiystmh0/QiVH6KIylKaHRTP09keFIqXEUmM4I66Fa9Kbif1431eGllzGRpJoKMl8UphzpGE1TQH0mKdF8bAgmkplbERliiYk2WRVNCO7iy8ukVau6TtW9Oy/Xr/M4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerJerHfrY966YuUzh/AH1ucPxvCRNA==</latexit><latexit sha1_base64="Sgd23IBZtjrPnbTlDNqZsZEDwc8=">AAAB+HicbVBNS8NAEJ34WetHox69LBahgpSkCHoRil48VrAf0Iaw2W7apZtN2N2INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQz9dsPVCoWi3s9TqgX4YFgISNYG8m3S49+DV2hQYWeIeXXTn277FSdGdAycXNShhwN3/7q9WOSRlRowrFSXddJtJdhqRnhdFLspYommIzwgHYNFTiiystmh0/QiVH6KIylKaHRTP09keFIqXEUmM4I66Fa9Kbif1431eGllzGRpJoKMl8UphzpGE1TQH0mKdF8bAgmkplbERliiYk2WRVNCO7iy8ukVau6TtW9Oy/Xr/M4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerJerHfrY966YuUzh/AH1ucPxvCRNA==</latexit><latexit sha1_base64="Sgd23IBZtjrPnbTlDNqZsZEDwc8=">AAAB+HicbVBNS8NAEJ34WetHox69LBahgpSkCHoRil48VrAf0Iaw2W7apZtN2N2INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQz9dsPVCoWi3s9TqgX4YFgISNYG8m3S49+DV2hQYWeIeXXTn277FSdGdAycXNShhwN3/7q9WOSRlRowrFSXddJtJdhqRnhdFLspYommIzwgHYNFTiiystmh0/QiVH6KIylKaHRTP09keFIqXEUmM4I66Fa9Kbif1431eGllzGRpJoKMl8UphzpGE1TQH0mKdF8bAgmkplbERliiYk2WRVNCO7iy8ukVau6TtW9Oy/Xr/M4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerJerHfrY966YuUzh/AH1ucPxvCRNA==</latexit><latexit sha1_base64="Sgd23IBZtjrPnbTlDNqZsZEDwc8=">AAAB+HicbVBNS8NAEJ34WetHox69LBahgpSkCHoRil48VrAf0Iaw2W7apZtN2N2INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQz9dsPVCoWi3s9TqgX4YFgISNYG8m3S49+DV2hQYWeIeXXTn277FSdGdAycXNShhwN3/7q9WOSRlRowrFSXddJtJdhqRnhdFLspYommIzwgHYNFTiiystmh0/QiVH6KIylKaHRTP09keFIqXEUmM4I66Fa9Kbif1431eGllzGRpJoKMl8UphzpGE1TQH0mKdF8bAgmkplbERliiYk2WRVNCO7iy8ukVau6TtW9Oy/Xr/M4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerJerHfrY966YuUzh/AH1ucPxvCRNA==</latexit>

default code

loop tiling tiling, map to micro kernel intrinsics 

for yo in range(1024 / ty):
  for xo in range(1024 / tx):
    C[yo*ty:yo*ty+ty][xo*tx:xo*tx+tx] = 0
    for k in range(1024):
      for yi in range(ty):
        for xi in range(tx):
          C[yo*ty+yi][xo*tx+xi] += 
             A[k][yo*ty+yi] * B[k][xo*tx+xi]

for yo in range(128):
  for xo in range(128):
    intrin.fill_zero(C[yo*8:yo*8+8][xo*8:xo*8+8])
    for ko in range(128):
      intrin.fused_gemm8x8_add(
        C[yo*8:yo*8+8][xo*8:xo*8+8], 
        A[ko*8:ko*8+8][yo*8:yo*8+8],
        B[ko*8:ko*8+8][xo*8:xo*8+8])

for y in range(1024):
  for x in range(1024):
    C[y][x] = 0
    for k in range(1024):
      C[y][x] += A[k][y] * B[k][x]

yo, xo, yi, xi = s[C].title(y, x, ty, tx)
s[C].reorder(yo, xo, k, yi, xi)

yo,xo,ko,yi,xi,ki = s[C].title(y,x,k,8,8,8)
s[C].tensorize(yi, intrin.gemm8x8)

compute expression
A = t.placeholder((1024, 1024))
B = t.placeholder((1024, 1024))
k = t.reduce_axis((0, 1024))
C = t.compute((1024, 1024), 
   lambda y, x: 
   t.sum(A[k, y] * B[k, x], axis=k))

x0
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Figure 5.1: Sample problem. For a given tensor operator specification (Cij =
∑

k AkiBkj), there

are multiple possible low-level program implementations, each with different choices of loop order,

tiling size, and other options. Each choice creates a logically equivalent program with different

performance. Our problem is to explore the space of programs to find the fastest implementation.

This problem formalization is similar to that of traditional hyper-parameter optimization prob-

lems [87, 83, 88, 38, 48, 60] but with several key differentiating characteristics:

Relatively Low Experiment Cost. Traditionally, hyper-parameter optimization problems incur

a high cost to query f , viz., running experiments could take hours or days. However, the cost of

compiling and running a tensor program is a few seconds. This property requires that model train-

ing and inference be fast ; otherwise, there is no benefit over profiling execution on real hardware.

It also means that we can collect more training data during optimization.

Domain-Specific Problem Structure. Most existing hyper-parameter optimization algorithms

treat the problem as a black box. As we optimize programs, we can leverage their rich structures

to build effective models.

Large Quantity of Similar Operators. An end-to-end DL system must optimize tensor operator

programs for different input sizes, shapes, and data layout configurations. These tasks are similar

and can offer opportunities for transfer learning.

We describe two key prerequisites for automatic code generation that is competitive with hand-

optimized code. (1) We need to define an exhaustive search space Se that covers all hardware-aware

optimizations in hand-tuned libraries. (2) We need to efficiently find an optimal schedule in Se.
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f̂(x)
<latexit sha1_base64="3YWuE+22s48EHVzAe+Zi3sO8Uu4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbTbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2ilh+6QYhZOKk9nvVLZrbozkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSfO86rlV7+6iXLvO4yjAMZxABTy4hBrcQh0awEDBM7zCm2OcF+fd+Zi3rjj5zBH8gfP5Az4nkJ4=</latexit><latexit sha1_base64="3YWuE+22s48EHVzAe+Zi3sO8Uu4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbTbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2ilh+6QYhZOKk9nvVLZrbozkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSfO86rlV7+6iXLvO4yjAMZxABTy4hBrcQh0awEDBM7zCm2OcF+fd+Zi3rjj5zBH8gfP5Az4nkJ4=</latexit><latexit sha1_base64="3YWuE+22s48EHVzAe+Zi3sO8Uu4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbTbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2ilh+6QYhZOKk9nvVLZrbozkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSfO86rlV7+6iXLvO4yjAMZxABTy4hBrcQh0awEDBM7zCm2OcF+fd+Zi3rjj5zBH8gfP5Az4nkJ4=</latexit><latexit sha1_base64="3YWuE+22s48EHVzAe+Zi3sO8Uu4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbTbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgOlAgFo2ilh+6QYhZOKk9nvVLZrbozkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSfO86rlV7+6iXLvO4yjAMZxABTy4hBrcQh0awEDBM7zCm2OcF+fd+Zi3rjj5zBH8gfP5Az4nkJ4=</latexit>

f(x)
<latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit>

x = g(e, s)
<latexit sha1_base64="7SfFS4wAO3Vo/fTFR5rvB5I+J3s=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquCHoRil48VrAfsF1KNs22odlkSWbFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKK6tr6xvFzdLW9s7uXnn/oGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo9up335k2nAlH2CcsCAmA8kjTglYyX/C13hQZWfYnPbKFbfmzoCXiZeTCsrR6JW/un1F05hJoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtlSRmJshmJ0/wiVX6OFLalgQ8U39PZCQ2ZhyHtjMmMDSL3lT8z/NTiK6CjMskBSbpfFGUCgwKT//Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/jyMmmd1zy35t1fVOo3eRxFdISOURV56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucP9T+PuQ==</latexit><latexit sha1_base64="7SfFS4wAO3Vo/fTFR5rvB5I+J3s=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquCHoRil48VrAfsF1KNs22odlkSWbFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKK6tr6xvFzdLW9s7uXnn/oGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo9up335k2nAlH2CcsCAmA8kjTglYyX/C13hQZWfYnPbKFbfmzoCXiZeTCsrR6JW/un1F05hJoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtlSRmJshmJ0/wiVX6OFLalgQ8U39PZCQ2ZhyHtjMmMDSL3lT8z/NTiK6CjMskBSbpfFGUCgwKT//Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/jyMmmd1zy35t1fVOo3eRxFdISOURV56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucP9T+PuQ==</latexit><latexit sha1_base64="7SfFS4wAO3Vo/fTFR5rvB5I+J3s=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquCHoRil48VrAfsF1KNs22odlkSWbFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKK6tr6xvFzdLW9s7uXnn/oGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo9up335k2nAlH2CcsCAmA8kjTglYyX/C13hQZWfYnPbKFbfmzoCXiZeTCsrR6JW/un1F05hJoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtlSRmJshmJ0/wiVX6OFLalgQ8U39PZCQ2ZhyHtjMmMDSL3lT8z/NTiK6CjMskBSbpfFGUCgwKT//Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/jyMmmd1zy35t1fVOo3eRxFdISOURV56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucP9T+PuQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="z2KSz7Kif4ZV+s/8P9zK5Mr1Z7I=">AAAB53icbZBLSwMxFIXv1FetVatbN8EiVJAy40Y3guDGZQX7gOlQMmmmDc0kQ3JHLKU/w40LRfxH7vw3po+Fth4IfJyTkHtPnElh0fe/vcLG5tb2TnG3tFfePzisHJVbVueG8SbTUptOTC2XQvEmCpS8kxlO01jydjy6m+XtJ26s0OoRxxmPUjpQIhGMorPCZ3JDBjV+Qex5r1L16/5cZB2CJVRhqUav8tXta5anXCGT1Now8DOMJtSgYJJPS93c8oyyER3w0KGiKbfRZD7ylJw5p08SbdxRSObu7xcTmlo7TmN3M6U4tKvZzPwvC3NMrqOJUFmOXLHFR0kuCWoy25/0heEM5dgBZUa4WQkbUkMZupZKroRgdeV1aF3WA78ePPhQhBM4hRoEcAW3cA8NaAIDDS/wBu8eeq/ex6Kugrfs7Rj+yPv8AcRGjlw=</latexit><latexit sha1_base64="z2KSz7Kif4ZV+s/8P9zK5Mr1Z7I=">AAAB53icbZBLSwMxFIXv1FetVatbN8EiVJAy40Y3guDGZQX7gOlQMmmmDc0kQ3JHLKU/w40LRfxH7vw3po+Fth4IfJyTkHtPnElh0fe/vcLG5tb2TnG3tFfePzisHJVbVueG8SbTUptOTC2XQvEmCpS8kxlO01jydjy6m+XtJ26s0OoRxxmPUjpQIhGMorPCZ3JDBjV+Qex5r1L16/5cZB2CJVRhqUav8tXta5anXCGT1Now8DOMJtSgYJJPS93c8oyyER3w0KGiKbfRZD7ylJw5p08SbdxRSObu7xcTmlo7TmN3M6U4tKvZzPwvC3NMrqOJUFmOXLHFR0kuCWoy25/0heEM5dgBZUa4WQkbUkMZupZKroRgdeV1aF3WA78ePPhQhBM4hRoEcAW3cA8NaAIDDS/wBu8eeq/ex6Kugrfs7Rj+yPv8AcRGjlw=</latexit><latexit sha1_base64="zWSX7SEAPOAMI/A+45JBiFTQx0U=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJJ40YtQ9OKxgv2ANJTNdtIu3WzC7kYspT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1PBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWSKYYNlohEtUOqUXCJDcONwHaqkMahwFY4vJ36rUdUmifywYxSDGLalzzijBor+U/kmvQreE70WbdUdqvuDGSZeDkpQ456t/TV6SUsi1EaJqjWvuemJhhTZTgTOCl2Mo0pZUPaR99SSWPUwXh28oScWqVHokTZkobM1N8TYxprPYpD2xlTM9CL3lT8z/MzE10FYy7TzKBk80VRJohJyPR/0uMKmREjSyhT3N5K2IAqyoxNqWhD8BZfXibNi6rnVr17t1y7yeMowDGcQAU8uIQa3EEdGsAggWd4hTfHOC/Ou/Mxb11x8pkj+APn8wfz/4+1</latexit><latexit sha1_base64="7SfFS4wAO3Vo/fTFR5rvB5I+J3s=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquCHoRil48VrAfsF1KNs22odlkSWbFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKK6tr6xvFzdLW9s7uXnn/oGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo9up335k2nAlH2CcsCAmA8kjTglYyX/C13hQZWfYnPbKFbfmzoCXiZeTCsrR6JW/un1F05hJoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtlSRmJshmJ0/wiVX6OFLalgQ8U39PZCQ2ZhyHtjMmMDSL3lT8z/NTiK6CjMskBSbpfFGUCgwKT//Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/jyMmmd1zy35t1fVOo3eRxFdISOURV56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucP9T+PuQ==</latexit><latexit sha1_base64="7SfFS4wAO3Vo/fTFR5rvB5I+J3s=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquCHoRil48VrAfsF1KNs22odlkSWbFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKK6tr6xvFzdLW9s7uXnn/oGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo9up335k2nAlH2CcsCAmA8kjTglYyX/C13hQZWfYnPbKFbfmzoCXiZeTCsrR6JW/un1F05hJoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtlSRmJshmJ0/wiVX6OFLalgQ8U39PZCQ2ZhyHtjMmMDSL3lT8z/NTiK6CjMskBSbpfFGUCgwKT//Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/jyMmmd1zy35t1fVOo3eRxFdISOURV56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucP9T+PuQ==</latexit><latexit sha1_base64="7SfFS4wAO3Vo/fTFR5rvB5I+J3s=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquCHoRil48VrAfsF1KNs22odlkSWbFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKK6tr6xvFzdLW9s7uXnn/oGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo9up335k2nAlH2CcsCAmA8kjTglYyX/C13hQZWfYnPbKFbfmzoCXiZeTCsrR6JW/un1F05hJoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtlSRmJshmJ0/wiVX6OFLalgQ8U39PZCQ2ZhyHtjMmMDSL3lT8z/NTiK6CjMskBSbpfFGUCgwKT//Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/jyMmmd1zy35t1fVOo3eRxFdISOURV56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucP9T+PuQ==</latexit><latexit sha1_base64="7SfFS4wAO3Vo/fTFR5rvB5I+J3s=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquCHoRil48VrAfsF1KNs22odlkSWbFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKK6tr6xvFzdLW9s7uXnn/oGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo9up335k2nAlH2CcsCAmA8kjTglYyX/C13hQZWfYnPbKFbfmzoCXiZeTCsrR6JW/un1F05hJoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtlSRmJshmJ0/wiVX6OFLalgQ8U39PZCQ2ZhyHtjMmMDSL3lT8z/NTiK6CjMskBSbpfFGUCgwKT//Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/jyMmmd1zy35t1fVOo3eRxFdISOURV56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucP9T+PuQ==</latexit><latexit sha1_base64="7SfFS4wAO3Vo/fTFR5rvB5I+J3s=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquCHoRil48VrAfsF1KNs22odlkSWbFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKK6tr6xvFzdLW9s7uXnn/oGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo9up335k2nAlH2CcsCAmA8kjTglYyX/C13hQZWfYnPbKFbfmzoCXiZeTCsrR6JW/un1F05hJoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtlSRmJshmJ0/wiVX6OFLalgQ8U39PZCQ2ZhyHtjMmMDSL3lT8z/NTiK6CjMskBSbpfFGUCgwKT//Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/jyMmmd1zy35t1fVOo3eRxFdISOURV56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucP9T+PuQ==</latexit><latexit sha1_base64="7SfFS4wAO3Vo/fTFR5rvB5I+J3s=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquCHoRil48VrAfsF1KNs22odlkSWbFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKK6tr6xvFzdLW9s7uXnn/oGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo9up335k2nAlH2CcsCAmA8kjTglYyX/C13hQZWfYnPbKFbfmzoCXiZeTCsrR6JW/un1F05hJoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtlSRmJshmJ0/wiVX6OFLalgQ8U39PZCQ2ZhyHtjMmMDSL3lT8z/NTiK6CjMskBSbpfFGUCgwKT//Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/jyMmmd1zy35t1fVOo3eRxFdISOURV56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucP9T+PuQ==</latexit>

D
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Figure 5.2: Framework for learning to optimize tensor programs.

We use primitives from previous chapter to form Se. Our search space includes multi-level

tiling on each loop axis, loop ordering, shared memory caching for GPUs, and annotations such as

unrolling and vectorization. The search space size |Se| can be on the order of billions of possible

implementations for a single GPU operator.

5.2 Learning to Optimize Tensor Programs

We propose a machine learning (ML)-based framework to solve this problem. Figure 5.2 presents

the framework and its modules. We build a statistical cost model f̂(x) to estimate the cost of each

low-level program x. An exploration module proposes new schedule configurations to run on the

hardware. The run time statistics are collected in a database D = {(ei, si, ci)}, which can in turn

be used to update f̂ . We discuss module-specific design choices in the following subsections.

5.2.1 Statistical Cost Model

The first statistical model we support is based on gradient boosted trees [34](GBTs). We extract

domain-specific features from a given low-level abstract syntax tree (AST) x. The features include

loop structure information (e.g., memory access count and data reuse ratio) and generic annota-

tions (e.g., vectorization, unrolling, thread binding). We use XGBoost [17], which has proven to

be a strong feature-based model in past problems. Our second model is a TreeGRU[94], which

recursively encodes a low-level AST into an embedding vector. We map the embedding vector to
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Algorithm 8: Learning to Optimize Tensor Programs
Input : Transformation space Se
Output: Selected schedule configuration s∗

D ← ∅
while n trials < max n trials do

// Pick the next promising batch

Q← run parallel simulated annealing to collect candidates in Se using energy function f̂

S ← run greedy submodular optimization to pick (1− ε)b-subset from Q by maximizing

Equation 5.3

S ← S ∪ { Randomly sample εb candidates. }
// Run measurement on hardware environment

for s in S do
c← f(g(e, s)); D ← D ∪ {(e, s, c)}

end

// Update cost model

update f̂ using D
n trials← n trials + b

end

s∗ ← history best schedule configuration

a final predicted cost using a linear layer.

GBT and TreeGRU represent two distinct ML approaches to problem resolution. Both are

valuable, but they offer different benefits. GBT relies on precise feature extraction and makes fast

predictions using CPUs. TreeGRU, the deep learning-based approach, is extensible and requires no

feature engineering, but it lags in training and predictive speed. We apply batching to the TreeGRU

model and use GPU acceleration to make training and prediction fast enough to be usable in our

framework.
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5.2.2 Training Objective Function

We can choose from multiple objective functions to train a statistical cost model for a given collec-

tion of data D = {(ei, si, ci)}. A common choice is the regression loss function
∑

i(f̂(xi)− ci)2 ,

which encourages the model to predict cost accurately. On the other hand, as we care only about

the relative order of program run times rather than their absolute values in the selection process,

we can instead use the following rank loss function [14]:

∑
i,j

log(1 + e− sign(ci−cj)(f̂(xi)−f̂(xj))). (5.2)

We can use the prediction f̂(x) to select the top-performing implementations.

5.2.3 Exploration Module

The exploration module controls the search loop, which is summarized in Algorithm 8. At each it-

eration, it must pick a batch of candidate programs based on f̂(x) and query f(x) on real hardware.

We cannot simply enumerate the entire space of Se and pick the top-b candidates due to the size

of the search space. Instead, we use simulated annealing [53] with f̂(x) as the energy function.

Specifically, we use a batch of parallel Markov chains to improve the prediction throughput of the

statistical cost model. We select the top-performing batch of candidates to run on real hardware.

The collected performance data is used to update f̂ . We make the states of the Markov chains per-

sistent across f̂ updates. We also apply the ε-greedy to select εb (e.g. 0.05) candidates randomly to

ensure exploration.

Diversity-Aware Exploration. We consider both quality and diversity when selecting b candi-

dates for hardware evaluation. Assume that the schedule configuration s can be decomposed into

m components s = [s1, s2, · · · sm]. We maximize the following objective to select candidate set S

from the top λb candidates:

L(S) = −
∑
s∈S

f̂(g(e, s)) + α
m∑
j=1

| ∪s∈S {sj}| (5.3)
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The first term encourages us to pick candidates with low run time costs. The second term counts

the number of different configuration components that are covered by S. L(S) is a submodular

function, and we can apply the greedy algorithm [70, 57] to get an approximate solution.

Uncertainty Estimator. Bayesian optimization methods [87, 83, 88, 48] use acquisition func-

tions other than the mean when an uncertainty estimate of f̂ is available. Typical choices include

expected improvement (EI) and upper confidence bound (UCB). We can use bootstrapping to get

the model’s uncertainty estimate and validate the effectiveness of these methods. As we will see

in section 5.4 , considering uncertainty does not improve the search in our problem. However, the

choice of acquisition function remains a worthy candidate for further exploration.

5.3 Accelerating Optimization via Transfer Learning

Thus far, we have focused only on learning to optimize a single tensor operator workload. In

practice, we need to optimize for many tensor operators with different input shapes and data types.

In a real world setting, the system collects historical data D′ from previously seen workloads. We

can apply transfer learning to effectively use D′ to speed up the optimization.

The key to transfer learning is to create a transferable representation that is invariant to the

source and target domains. We can then share the cost model using the common representation

across domains. Different choices of representations may have different levels of invariance.

A common practice in Bayesian optimization methods is to directly use configuration s as the

model’s input. However, the search space specification can change for different workloads or when

the user specifies a new search space for the same workload. The configuration representation s is

not invariant to changes in the search space.

On the other hand, the low-level loop AST x (Figure 5.3a) is a shared representation of pro-

grams that is invariant to the search space. To leverage this invariance, our cost model f̂(x) takes

the low-level loop AST x as input. We also need to encode x into a vector space to perform

prediction. The specific encoding of x can also result in different levels of invariance.

Context Relation Features for GBT. We define context features at each loop level to represent
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Figure 5.3: Possible ways to encode the low-level loop AST.

loop characteristics. A simple representation of context features is a vector (e.g., in Figure 5.3b,

where each loop has a row of features). Context features are informative but, crucially, cannot

generalize across different loop nest patterns; we define context relation features to overcome this

issue.

To build context relation features, we treat context vectors as a bag of points and extract fea-

tures that model relations between feature axes. Formally, let Z be the context feature matrix

such that Zki corresponds to the i-th feature of loop k. We define a set of log2-spaced con-

stant thresholds β = [β1, β2, · · · βm]. The relation feature between feature i and j is defined as:

R
(ij)
t = maxk∈{k|Zkj<βt} Zki. This encoding summarizes useful relations, such as loop count vs.

touched memory size (related to the memory hierarchy of the access), that affect run time cost.

Context Encoded TreeGRU. The invariant representation also exists for the neural-based model.

Figure 5.3c shows a way to encode the program by learning an embedding vector for each identifier

and summarizing the AST using TreeGRU. This model works well for modeling a single workload.

However, the set of loop variables can change across different domains, and we do not have em-

bedding for the new loop variables. We instead encode each loop variable using the context vector

extracted for GBT to summarize the AST (Figure 5.3d). We scatter each loop level, embedding h

into m vectors using the rule outi = softmax(W Th)ih. Conceptually, the softmax classifies the

loop level into a memory slot in out. Then, we sum the scattered vectors of all loop levels to get

the final embedding.

Once we have a transferable representation, we can use a simple transfer learning method by



93

Workload Name C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12

H, W 224,224 56,56 56,56 56,56 56,56 28,28 28,28 28,28 14,14 14,14 14,14 7,7

IC, OC 3,64 64,64 64,64 64,128 64,128 128,128 128,256 128,256 256,256 256,512 256,512 512,512

K, S 7,2 3,1 1,1 3,2 1,2 3,1 3,2 1,2 3,1 3,2 1,2 3,1

Table 5.1: Configurations of all conv2d operators in a single batch ResNet-18 inference. H,W

denotes height and width, IC input channels, OC output channels, K kernel size, and S stride size.
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Figure 5.4: Statistical cost model vs. genetic algorithm (GA) and random search (Random)

evaluated on NVIDIA TITAN X. ’Number of trials’ corresponds to number of evaluations on the

real hardware. We also conducted two hardware evaluations per trial in Random ×2 and GA ×2.

Both the GBT- and TreeGRU-based models converged faster and achieved better results than the

black-box baselines.

combining a global model and an in-domain local model, as follows:

f̂(x) = f̂ (global)(x) + f̂ (local)(x). (5.4)

The global model f̂ (global)(x) is trained on D′ using the invariant representation; it helps to

make effective initial predictions before we have sufficient data to fit f̂ (local)(x).

5.4 Evaluations

5.4.1 Component Evaluations

We first evaluated each design choice in the framework. Component evaluations were based on

convolution workloads in ResNet-18 [42] for ImageNet classification (Table 5.1). Due to space
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Figure 5.5: Rank vs. Regression objective function evaluated on NVIDIA TITAN X. The rank-

based objective either outperformed or performed the same as the regression-based objective in

presented results.

limitations, we show component evaluation results only on representative workloads; the complete

set of results is reported in the supplementary material. All methods compared in this subsection

were initialized with no historical data. Section 5.4.2 evaluates the transfer learning setting.

Importance of Statistical Cost Model. Figure 5.4 compares the performance of the statistical

cost model to black-box methods. Both the GBT and TreeGRU models outperformed the black-

box methods and found operators that were 2× faster than those found with random searches. This

result is particularly interesting compared to prior results in hyper-parameter tuning [60], where

model-based approaches were shown to work only as well as random searching. Our statistical

models benefit from domain-specific modeling and help the framework find better configurations.

Choice of Objective Function. We compared the two objective functions in Figure 5.5 on both

types of models. In most cases, we found that using a rank-based objective was slightly better

than using a regression-based one: the rank-based objective may have sidestepped the potentially

challenging task of modeling absolute cost values. We chose rank as our default objective.

Impact of Diversity-Aware Exploration. We evaluated the impact of the diversity-aware explo-

ration objective in Figure 5.6. Most of the workloads we evaluated showed no positive or negative

impact for diversity-based selection. However, diversity-aware exploration improved C6, which

shows some potential usefulness to the approach. We adopted the diversity-aware strategy since it
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Figure 5.6: Impact of diversity-aware selection with different choices of λ evaluated on NVIDIA

TITAN X. Diversity-aware selection had no positive or negative impact on most of the evaluated

workloads.

0 200 400 600 800

Number of Trials

1.5

2.0

2.5

T
F

L
O

P
S

C1

0 200 400 600 800

Number of Trials

2

3

C2

Expected Improvement Upper Confidence Bound Mean

0 200 400 600 800

Number of Trials

0.50

0.75

1.00
C5

0 200 400 600 800

Number of Trials

1.0

1.5

2.0

2.5

C6

Figure 5.7: Impact of uncertainty-aware acquisition functions evaluated on NVIDIA TITAN X.

Uncertainty-aware acquisition functions yielded no improvements in our evaluations.

can be helpful, has no meaningful negative impact, and negligibly affects run time.

Impact of Uncertainty Estimator. We evaluated the usefulness of uncertainty-aware acquisi-

tion functions in Figure 5.7. The uncertainty measurement was achieved by training five models

using bootstrapping. We used the regression objective in this setting—similar to its use in most

Bayesian optimization methods. Results show that uncertainty estimation was not as important in

our problem, possibly because our models were trained with more training samples than traditional

hyper-parameter optimization problems.
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Figure 5.8: Impact of transfer learning. Transfer-based models quickly found better solutions.

5.4.2 Transfer Learning Evaluations

The evaluations presented so far used no historical data. This subsection evaluates the improve-

ments obtainable with transfer learning.

Improvements by Transfer. We first evaluated general improvements made possible by transfer

learning. We randomly picked samples fromD′ collected from C1,C2,C3,C4,C5,C6 and used them

to form the source domain (30000 samples in the TITAN X experiment and 20000 samples in the

ARM GPU and ARM A53 experiments). We then compared the performance of transfer-enabled

methods to learning from scratch for target workloads C7,C8,C9. Results are shown in Figure 5.8.

Overall, using transfer learning yielded a 2× to 10× speedup. This approach is especially impor-

tant for real DL compilation systems, which continuously optimize incoming workloads.

Invariant Representation and Domain Distance. As discussed in Section 5.3, different repre-

sentations have different levels of invariance. We used three scenarios to study the relationship be-

tween domain distance and the invariance of feature representations: (1) running optimizations on

only one target domain; (2) C1–C6→7: C1–C6 as source domain and C7 as target domain (transfer

within same operator type); (3) C1–C6→Matmul-1024: C1–C6 as source domain and matrix mul-

tiplication as target domain (transfer across operator types). Results ( Figure 5.9) show the need

for more invariance when domains are farther apart. Using our transferable feature representation,

our model generalized across different input shapes and operator types. We also ran a prelimi-

nary study on transfer from an ARM Mali GPU to an ARM Cortex-A53 ( Figure 5.9d), showing
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Figure 5.9: Comparison of different representations in different transfer domain settings. The

configuration-based model can be viewed as a typical Bayesian optimization approach (batched

version of SMAC [48]). We found that models using configuration space features worked well

within a domain but were less useful across domains. The flattened AST features worked well

when transferring across convolution workloads but were not useful across operator types. Context

relation representation allowed effective transfer across operator types.

that the proposed representation enabled transfer across devices. Developing an invariant feature

representation poses a difficult problem worthy of additional research.

5.4.3 Comparing against Existing Frameworks

Thus far, our evaluation has focused on specific design choices in our framework. We now segue to

the natural follow-up question: can learning to optimize tensor programs improve real-world deep

learning systems on diverse hardware targets? We call our framework AutoTVM. We compared

our approach to existing DL frameworks backed by highly engineered hardware-specific libraries

on diverse hardware back-ends: a server class GPU, an embedded CPU, and a mobile GPU. Note

that AutoTVM performs optimization and code generation with no external operator library.

We evaluated single-operator optimization against baselines that used hardware-specific li-

braries. The baselines were: cuDNN v7 for the NVIDIA GPU, TFLite(commit: 7558b085) for

the Cortex-A53, and the ARM Compute Library (v18.03) for the ARM Mali GPU. We also in-

cluded TensorComprehensions (commit: ef644ba) [99] as an additional baseline for the TITAN
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Figure 5.10: Single operator performance optimizations on the TITAN X and ARM CPU/GPU.

X 1 TensorComprehensions used 2 random seeds ×25 generations ×200 population for each op-

erator, and padding was removed (TC does not yet support padding). The results are shown in

Figure 5.10. AutoTVM generated high-performance tensor programs across different hardware

back-ends.

1According to personal communication [98], TC is not yet intended for use in compute-bound problems. However,
it still provides a good reference baseline for inclusion in the comparison.
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Chapter 6

CONCLUSION

This thesis introduced learning systems that scale up machine learning and use machine learn-

ing to improve those very systems. This chapter summarizes our results and discuss potential future

directions.

6.1 Thesis Summary

Chapter 2 described the lessons we learned when building XGBoost, a scalable tree boosting sys-

tem that is widely used by data scientists and provides state-of-the-art results on many problems.

We proposed a novel sparsity aware algorithm for handling sparse data and a theoretically justi-

fied weighted quantile sketch for approximate learning. Our experience shows that cache access

patterns, data compression, and sharding are essential elements for building a scalable end-to-end

system for tree boosting. These lessons can be applied to other machine learning systems as well.

By combining these insights, XGBoost is able to solve real-world scale problems using a minimal

amount of resources.

We introduced MXNet in Chapter 3. We discussed the necessary programming interface to

make the system accessible. We then proposed a systematic approach to reduce the memory con-

sumption of training By combining these insights, MXNet is able to scale up real-world deep

learning workloads using a minimal amount of resources.

In Chapter 4, we proposed an end-to-end compilation stack to solve fundamental optimization

challenges for deep learning across a diverse set of hardware back-ends. Our system includes

automated end-to-end optimization, which is historically a labor-intensive and highly specialized

task. We hope this work will encourage additional studies of end-to-end compilation approaches

and open new opportunities for DL system software-hardware co-design techniques.
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In Chapter 5, we presented AutoTVM: a machine learning-based framework that automatically

optimizes the implementation of tensor operators in deep learning systems. Our statistical cost

model allows effective model sharing between workloads and speeds up the optimization process

via model transfer. The positive experimental results of this new approach show promise for DL

deployment. Beyond our solution framework, the specific characteristics of this new problem make

it an ideal testbed for innovations in related areas, such as neural program modeling, Bayesian

optimization, transfer learning, and reinforcement learning.

6.2 Discussion: Elements of Learning Systems

Although the three learning systems introduced in this thesis are independent of each other, we

can find several common elements from them. These elements are key ingredients of many other

learning systems as well.

Scalability is the first element. It is also a quite natural one, as many of the progress are made

by scaling learning to bigger datasets and more complicated models. XGBoost’s ability to scale to

billions of examples has driven a lot of industrial adoptions. The sublinear memory training also

becomes more and more important due to the limited on-chip memory in hardware accelerators.

Accessiblity is the second element that is often ignored by people. A learning system would have

much a bigger impact if it can be made accessible to more people. XGBoost’s automatic missing

value handling helped data scientists to directly use the system without worrying about how to

clean up their data, and it has become one of the most popular features of the system. The mixed

programming model in MXNet is also mainly designed for better usability. Accessiblity starts to

get more attention from the community. The recent success of Keras [27] and PyTorch [73] are

perfect examples of the importance of accessibility.

Full stack is the third element. The trend of hardware specialization forces us to rethink the

boundaries in the software and hardware. By co-designing the compiler and hardware abstraction

together, the VTA accelerator in TVM brought much complexity of the hardware into the software.

This approach also makes the end to end solution more flexible to support a diverse set of deep
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learning models.

Intelligence is the last element that is emerging. AutoTVM uses machine learning to automat-

ically perform program optimizations that are traditionally done by system engineers. There are

also other concurrent efforts in the community to put intelligence into existing systems and use

machine learning to replace heuristics in these systems [67, 56].

6.3 Future Work

While this thesis touched many elements of learning systems mentioned in the last section, there

are still many interesting open directions that we can continue to explore in the future, especially in

the intelligence and full-stack directions. We should build future intelligent systems that will incor-

porate the following elements: automated system-level optimization via learning; higher degrees

of hardware specialization to scale system capabilities; lifelong evolution as new data, models,

and hyperparameters are being introduced. It is essential to rethink system design and machine

learning under these disruptions.

Learning to explore and optimize structural spaces. Objects of interest in systems usually

involve structured data, such as programs, query plans, and hardware designs. We could design

novel models to take benefit of this structure and methods to explore this space effectively.

Full stack system co-design. End to end efficiency of the smart applications depends on the

combined choice of model, system, and hardware abstraction. For example, models for optimized

CPU performance(e.g., MobileNet) do not necessarily fit well into an ASIC due to the limitation

of the ASIC’s tensor core compute instruction. We can design model variants that maximize ASIC

utilization. We also need to change the hardware to better support the models of interest. NLP

applications present a new set of requirements such as sparse embedding lookup and dynamic

control flow. We need to bake them into the hardware-software abstraction to build a better stack

for these applications. We could design models, learning algorithms and hardware jointly, and use

system-level requirements to inform the design of the layers that compose the hardware-software

stack to better approach problems of interest in NLP, speech, vision and other domains.
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Effective knowledge transfer and lifelong learning. To enable smooth transitions between

stages in the lifelong model evolution process, We need to apply knowledge transfer to bootstrap

new models with already pre-trained models. Our previous work [16] provided a step in this direc-

tion by proposing the first method for knowledge transfer from a small neural network to a bigger

one. It would be interesting to apply knowledge transfer to new problems like data representation

transfer and hardware-aware deep neural architecture search.
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Derek Murray, Chris Olah, Mike Schuster, Jonathon Shlens, Benoit Steiner, Ilya Sutskever,
Kunal Talwar, Paul Tucker, Vincent Vanhoucke, Vijay Vasudevan, Fernanda Viégas, Oriol
Vinyals, Pete Warden, Martin Wattenberg, Martin Wicke, Yuan Yu, and Xiaoqiang Zheng.
TensorFlow: Large-scale machine learning on heterogeneous systems, 2015. Software avail-
able from tensorflow.org.

[3] Martin Abadi, Paul Barham, Jianmin Chen, Zhifeng Chen, Andy Davis, Jeffrey Dean,
Matthieu Devin, Sanjay Ghemawat, Geoffrey Irving, Michael Isard, Manjunath Kudlur, Josh
Levenberg, Rajat Monga, Sherry Moore, Derek G. Murray, Benoit Steiner, Paul Tucker, Vi-
jay Vasudevan, Pete Warden, Martin Wicke, Yuan Yu, and Xiaoqiang Zheng. Tensorflow: A
system for large-scale machine learning. In 12th USENIX Symposium on Operating Systems
Design and Implementation (OSDI 16), pages 265–283, 2016.

[4] Amit Agarwal, Eldar Akchurin, Chris Basoglu, Guoguo Chen, Scott Cyphers, Jasha Droppo,
Adam Eversole, Brian Guenter, Mark Hillebrand, Ryan Hoens, Xuedong Huang, Zhiheng
Huang, Vladimir Ivanov, Alexey Kamenev, Philipp Kranen, Oleksii Kuchaiev, Wolfgang
Manousek, Avner May, Bhaskar Mitra, Olivier Nano, Gaizka Navarro, Alexey Orlov, Marko
Padmilac, Hari Parthasarathi, Baolin Peng, Alexey Reznichenko, Frank Seide, Michael L.
Seltzer, Malcolm Slaney, Andreas Stolcke, Yongqiang Wang, Huaming Wang, Kaisheng
Yao, Dong Yu, Yu Zhang, and Geoffrey Zweig. An introduction to computational networks
and the computational network toolkit. Technical Report MSR-TR-2014-112, August 2014.

[5] Jason Ansel, Shoaib Kamil, Kalyan Veeramachaneni, Jonathan Ragan-Kelley, Jeffrey Bos-
boom, Una-May O’Reilly, and Saman Amarasinghe. Opentuner: An extensible framework
for program autotuning. In International Conference on Parallel Architectures and Compi-
lation Techniques, Edmonton, Canada, August 2014.

[6] Riyadh Baghdadi, Ulysse Beaugnon, Albert Cohen, Tobias Grosser, Michael Kruse, Chan-
dan Reddy, Sven Verdoolaege, Adam Betts, Alastair F. Donaldson, Jeroen Ketema, Javed



2

Absar, Sven van Haastregt, Alexey Kravets, Anton Lokhmotov, Robert David, and Elnar
Hajiyev. Pencil: A platform-neutral compute intermediate language for accelerator pro-
gramming. In Proceedings of the 2015 International Conference on Parallel Architecture
and Compilation (PACT), PACT ’15, pages 138–149, Washington, DC, USA, 2015. IEEE
Computer Society.

[7] Frédéric Bastien, Pascal Lamblin, Razvan Pascanu, James Bergstra, Ian J. Goodfellow, Ar-
naud Bergeron, Nicolas Bouchard, and Yoshua Bengio. Theano: new features and speed
improvements. Deep Learning and Unsupervised Feature Learning NIPS 2012 Workshop,
2012.

[8] M. Bedford Taylor. Bitcoin and the age of bespoke silicon. In 2013 International Conference
on Compilers, Architecture and Synthesis for Embedded Systems (CASES), pages 1–10, Sep.
2013.

[9] Ron Bekkerman. The present and the future of the kdd cup competition: an outsider’s
perspective.

[10] Ron Bekkerman, Mikhail Bilenko, and John Langford. Scaling Up Machine Learning:
Parallel and Distributed Approaches. Cambridge University Press, New York, NY, USA,
2011.

[11] J. Bennett and S. Lanning. The netflix prize. In Proceedings of the KDD Cup Workshop
2007, pages 3–6, New York, August 2007.

[12] Leo Breiman. Random forests. Maching Learning, 45(1):5–32, October 2001.

[13] C. Burges. From ranknet to lambdarank to lambdamart: An overview. Learning, 11:23–581,
2010.

[14] Chris Burges, Tal Shaked, Erin Renshaw, Ari Lazier, Matt Deeds, Nicole Hamilton, and
Greg Hullender. Learning to rank using gradient descent. In Proceedings of the 22Nd
International Conference on Machine Learning, ICML ’05, pages 89–96, New York, NY,
USA, 2005. ACM.

[15] Olivier Chapelle and Yi Chang. Yahoo! Learning to Rank Challenge Overview. Journal of
Machine Learning Research - W & CP, 14:1–24, 2011.

[16] Tianqi Chen, Ian Goodfellow, and Jonathon Shlens. Net2Net: Accelerating learning via
knowledge transfer. In International Conference on Learning Representations (ICLR), 2016.



3

[17] Tianqi Chen and Carlos Guestrin. Xgboost: A scalable tree boosting system. In Proceedings
of the 22Nd ACM SIGKDD International Conference on Knowledge Discovery and Data
Mining, KDD ’16, pages 785–794, New York, NY, USA, 2016. ACM.

[18] Tianqi Chen, Hang Li, Qiang Yang, and Yong Yu. General functional matrix factoriza-
tion using gradient boosting. In Proceeding of 30th International Conference on Machine
Learning (ICML’13), volume 1, pages 436–444, 2013.

[19] Tianqi Chen, Mu Li, Yutian Li, Min Lin, Naiyan Wang, Minjie Wang, Tianjun Xiao, Bing
Xu, Chiyuan Zhang, , and Zheng Zhang. MXNet: A flexible and efficient machine learning
library for heterogeneous distributed systems. In Neural Information Processing Systems,
Workshop on Machine Learning Systems (LearningSys’15), 2015.

[20] Tianqi Chen, Thierry Moreau, Ziheng Jiang, Lianmin Zheng, Eddie Yan, Meghan Cowan,
Haichen Shen, Leyuan Wang, Yuwei Hu, Luis Ceze, Carlos Guestrin, and Arvind Krishna-
murthy. Tvm: An automated end-to-end optimizing compiler for deep learning. In 13th
USENIX Symposium on Operating Systems Design and Implementation (OSDI 18), 2018.

[21] Tianqi Chen, Sameer Singh, Ben Taskar, and Carlos Guestrin. Efficient second-order gradi-
ent boosting for conditional random fields. In Proceeding of 18th Artificial Intelligence and
Statistics Conference (AISTATS’15), volume 1, 2015.

[22] Tianqi Chen, Bing Xu, Chiyuan Zhang, and Carlos Guestrin. Training deep nets with sub-
linear memory cost. CoRR, abs/1604.06174, 2016.

[23] Tianqi Chen, Lianmin Zheng, Eddie Yan, Ziheng Jiang, Thierry Moreau, Luis Ceze, Carlos
Guestrin, and Arvind Krishnamurthy. Learning to optimize tensor programs. In Neural
Information Processing Systems 2018.

[24] Tien-Fu Chen and Jean-Loup Baer. Effective hardware-based data prefetching for high-
performance processors. IEEE Transactions on Computers, 44(5):609–623, May 1995.

[25] Yu-Hsin Chen, Joel Emer, and Vivienne Sze. Eyeriss: A spatial architecture for energy-
efficient dataflow for convolutional neural networks. In Proceedings of the 43rd Interna-
tional Symposium on Computer Architecture, ISCA ’16, pages 367–379, Piscataway, NJ,
USA, 2016. IEEE Press.

[26] Yunji Chen, Tao Luo, Shaoli Liu, Shijin Zhang, Liqiang He, Jia Wang, Ling Li, Tianshi
Chen, Zhiwei Xu, Ninghui Sun, and Olivier Temam. Dadiannao: A machine-learning su-
percomputer. In Proceedings of the 47th Annual IEEE/ACM International Symposium on
Microarchitecture, MICRO-47, pages 609–622, Washington, DC, USA, 2014. IEEE Com-
puter Society.



4

[27] François Chollet et al. Keras. https://keras.io, 2015.

[28] Matthieu Courbariaux, Yoshua Bengio, and Jean-Pierre David. Binaryconnect: Training
deep neural networks with binary weights during propagations. CoRR, abs/1511.00363,
2015.

[29] J. Deng, W. Dong, R. Socher, L.-J. Li, K. Li, and L. Fei-Fei. ImageNet: A Large-Scale
Hierarchical Image Database. In CVPR09, 2009.

[30] Jacob Devlin, Ming-Wei Chang, Kenton Lee, and Kristina Toutanova. BERT: Pre-training
of deep bidirectional transformers for language understanding. In Proceedings of the 2019
Conference of the North American Chapter of the Association for Computational Linguis-
tics: Human Language Technologies, Volume 1 (Long and Short Papers), pages 4171–4186,
Minneapolis, Minnesota, June 2019. Association for Computational Linguistics.

[31] S. J. Eggers, J. S. Emer, H. M. Levy, J. L. Lo, R. L. Stamm, and D. M. Tullsen. Simultaneous
multithreading: a platform for next-generation processors. IEEE Micro, 17(5):12–19, Sept
1997.

[32] Rong-En Fan, Kai-Wei Chang, Cho-Jui Hsieh, Xiang-Rui Wang, and Chih-Jen Lin. LIB-
LINEAR: A library for large linear classification. Journal of Machine Learning Research,
9:1871–1874, 2008.

[33] Jerome H. Friedman and Bogdan E. Popescu. Importance sampled learning ensembles,
2003.

[34] J.H. Friedman. Greedy function approximation: a gradient boosting machine. Annals of
Statistics, 29(5):1189–1232, 2001.

[35] J.H. Friedman. Stochastic gradient boosting. Computational Statistics & Data Analysis,
38(4):367–378, 2002.

[36] J.H. Friedman, T. Hastie, and R. Tibshirani. Additive logistic regression: a statistical view
of boosting. Annals of Statistics, 28(2):337–407, 2000.

[37] M. Frigo and S. G. Johnson. Fftw: an adaptive software architecture for the fft. In Acoustics,
Speech and Signal Processing, 1998. Proceedings of the 1998 IEEE International Confer-
ence on, volume 3, pages 1381–1384 vol.3, May 1998.

[38] Daniel Golovin, Benjamin Solnik, Subhodeep Moitra, Greg Kochanski, John Karro, and
D. Sculley. Google vizier: A service for black-box optimization. In Proceedings of the 23rd
ACM SIGKDD International Conference on Knowledge Discovery and Data Mining, KDD
’17, pages 1487–1495. ACM, 2017.

https://keras.io


5

[39] Michael Greenwald and Sanjeev Khanna. Space-efficient online computation of quantile
summaries. In Proceedings of the 2001 ACM SIGMOD International Conference on Man-
agement of Data, pages 58–66, 2001.

[40] Andreas Griewank and Andrea Walther. Algorithm 799: Revolve: An implementation of
checkpointing for the reverse or adjoint mode of computational differentiation. ACM Trans.
Math. Softw., 26(1):19–45, March 2000.

[41] Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image
recognition. arXiv preprint arXiv:1512.03385, 2015.

[42] Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Identity mappings in deep
residual networks. arXiv preprint arXiv:1603.05027, 2016.

[43] Xinran He, Junfeng Pan, Ou Jin, Tianbing Xu, Bo Liu, Tao Xu, Yanxin Shi, Antoine Atal-
lah, Ralf Herbrich, Stuart Bowers, and Joaquin Quiñonero Candela. Practical lessons from
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