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Abstract

Schubert Objects

Elizabeth Kelly

Chair of the Supervisory Committee:
Professor Sara Billey
Mathematics

Schubert polynomials arose from questions involving enumerative and algebraic geometry,
representation theory, and algebraic topology. They have been studied from a variety of
perspectives, each with its own combinatorial object [1, 4, 5, 17, 15, 16, 28, 50, 66]. In this
dissertation, the combinatorial objects which index the monomials in a Schubert polynomial
are called Schubert objects. There are many such objects and one of the main goals of this
dissertation is to illuminate the bijections between them. In addition to exploring the
bijections between Schubert objects, we explore different methods of constructing them.
The construction methods are all developed using trees of Schubert objects and taking
the collection of leaves at the end of the tree. We introduce a new method to compute the
decomposition of Schubert polynomials into key polynomials. We also define a new operator,
called split, which provides an alternative approach to creating a tree of rc-graphs. A new
Schubert object is explored, called an inversion filling. We discuss a special case of inversion
fillings, the Grassmannian permutation case, which gives rise to a left divided difference
operator on semistandard Young tableaux. In addition, we describe the previously known

construction of skyline fillings and their connection to other Schubert objects.
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INTRODUCTION

In three dimensions, how many lines intersect four given lines? This question is just one
example of the types of problems Hermann Schubert was interested in when he wrote Kalkil
der abzihlenden Geometrie (Calculus of Enumerative Geometry) in 1879 [58]. Specifically,
Schubert investigated the intersections of linear subspaces of a real, finite dimensional vector
space. Hilbert expanded the popularity of the subject by including the rigourous foundation
of Schubert’s enumerative calculus as his 15th problem [25].

Intersection theory relates enumerative geometry to cohomology via the Chow ring.
Solving problems in enumerative geometry thus reduces to finding solutions with the coho-
mology ring of the Grassmannian, or, more generally, of the flag manifold[19].

In the early 1970s, Bernstein, Gelfand, and Gelfand, and Demazure published papers
which gave polynomial representatives for the cohomology class of a Schubert variety[3,
12]. Lascoux and Schiitzenberger extended this work through a series of papers[34, 37, 38,
39, 35, 33, 36, 41, 43]. They laid the framework for the study of enumerative geometry
in combinatorics through polynomials. These polynomials, called Schubert polynomials,
form an integer basis for the polynomial ring in infinitely many variables. Thus, when
two Schubert polynomials are multiplied, their product can be expanded in the basis of
Schubert polynomials. The coefficients of this expansion amazingly give the answers to the
enumerative questions Schubert originally asked. In particular, they answer the question
posed above. Assuming genericity of the lines, there are exactly two lines that intersect four
given lines in three dimensional real space.

In this dissertation, we deal only with Schubert polynomials in the type A case. Schubert
polynomials can be defined more generally for any classical Lie group[4, 21, 15]. In the type
A case, let G be the general linear group, GL(n) and B be the subset of G consisting of

upper triangular matrices. Then G/B is isomorphic to the set consisting of points which



are complete nested sequences of linear subspace of C", called the flag manifold. Varieties
in G/B decompose into irreducible components, called Schubert varieties, X,,, indexed by
permutations in S,. Borel showed the cohomology ring of the flag manifold, H*(F1,), is
isomorphic to Z|[z1,...,zy]/{€i(z1,...,2n) |7 = 1,...,n) as rings[7]. The image of [X,,] is
the Schubert polynomial, G, [3, 34]. For more explanation, see [47].

One can view Schur polynomials as a special case of Schubert polynomials. Much of
the work developing Schubert objects is inspired the known results in the case of Schur
polynomials and their “Schubert object”, namely, semistandard Young tableaux. Many of
the known results on Schur polynomials have been carried over to Schubert polynomials,
like the Pieri rule and labeled chains in a certain poset. On the other hand, some results
have not been successfully extended, like the Littlewood-Richardson rule.

Schubert calculus and Schubert polynomials, in particular, are of interest to areas out-
side mathematics as well. Physicists use Schur polynomials when studying quantum and
theoretical physics [11, 26], computer scientists find the incidences of points and lines
via Schubert calculus is used in computer graphics [65], and economists use Grassman-
nians in their research as well to compute economic equilibria [8, 64]. This subject is
becoming increasingly more popular among mathematicians and non-mathematicians alike
[6, 7,19, 20, 22, 23, 31, 47, 48, 52].

Schubert polynomials arose from questions involving enumerative and algebraic geome-
try, representation theory, and algebraic topology. They have been studied from a variety
of perspectives, each with its own combinatorial object [1, 4, 5, 17, 15, 16, 28, 50, 66]. In
this dissertation, the combinatorial objects which index the monomials in a Schubert poly-
nomial are called Schubert objects. There are many such objects and one of the main goals
of this dissertation is to illuminate the bijections between them. In Figure 1, the bijections
between these Schubert objects are labeled by capital letters.

Bijections have become increasingly important in mathematics today and lie at the heart
of combinatorics. They are largely responsible for the recent introduction of combinatorics
as a pure mathematical field. Posets, Mobius functions, graph theory, and many more
combinatorial subjects are used together with bijections to prove hard results in other

branches of pure and applied mathematics.



Balanced Labellings

Inversion Fillings

RC-graphs

a-compatible sequences

Decomposition into Keys Decomposition into Skyline Fillings

Below is a table which lists the sections in which each bijection appears.

Bijection Section
4.2
4.2
3.1
1.4
5.2
5.1

N R Xe D

Figure 1: Chain of Schubert Bijections



In addition to exploring the bijections between Schubert objects, we explore different
methods of constructing them. The construction methods are all developed using trees
of Schubert objects and taking the collection of leaves at the end of the tree. Chapter 2
introduces a new method to compute the decomposition of Schubert polynomials into key
polynomials. The slinky rule is a construction based on the set of all heaps of a permutation.
We give several lemmas which restrict the set of heaps of a permutation which are useful. In
addition, we re-prove the Remmel-Whitney rule and give a similar variant of the Littlewood-
Richardson rule.

Chapter 3 describes mitosis, previously known, and the characterization of properties of
this method of constructing rc-graphs. Chapter 3 also demonstrates a new operator, called
split, which provides an alternative approach to creating a tree of rc-graphs. It defines a
kind of “left” operation on rc-graphs, which gives a left operator on Schubert polynomials.

In Chapter 4, a new Schubert object is explored, called an inversion filling. Inversion
fillings are related to other known Schubert objects, and their connections are presented
here. We discuss a special case of inversion fillings, the Grassmannian permutation case,
which gives rise to a left divided difference operator on semistandard Young tableaux. This
is a construction on tableaux, and does not have an interpretation in terms of an operation
on polynomials.

Finally, in Chapter 5, we describe the previously known construction of skyline fillings
and their connection to other Schubert objects. In particular, a connection between compat-
ible sequences and skyline fillings is proven. The dissertation concludes with open questions
which arise in the course of the writing. Figure 2 gives some of the operators which appear,

most of which are new.



Operator Maps from Maps to Section

Slinky Rule Heaps for w P-tableaux for w 2.1
Mitosis; RC-graphs for w RC-graphs for ws; 3.2
Split; RC-graphs for w RC-graphs for s;w 3.4

Construction Algorithm Inversion Fillings of w Inversion Fillings of s;w 4.3

Grassmannian p; Contretableaux for w  Contretableaux for s;w 4.4

Figure 2: Algorithms on Schubert Objects



Chapter 1

GENERAL BACKGROUND

In this chapter, we introduce our notation and several important theorems from the
literature. Denote the set of permutations of n letters by S,,. Write a permutation in S, in

one line notation. That is, take w = wiws ... w, to be the permutation which takes ¢ to w;.

1.1 Reduced Words for a Permutation

Denote the permutation which transposes ¢ and 7 + 1 by s;. These adjacent transpositions

are known to generate S, and satisfy the following Coxeter relations:

sis; = 1
5iSi418i = Si415iSit1 (1.1)
sis; = sjs; forall i — 7] > 1.

Every permutation can be written as a product of adjacent transpositions. If w = s4, - - - 84,
and no shorter product of adjacent transpositions equals w, then s4, - 54, is said to be

reduced. The length of w, denoted £(w), is equal to p. We have that
Red(w) := {(a1,a2,...,ap) : W = S4;8ay " * Sq, and p = £(w)}

is the set of reduced words for w. There exists a unique element of longest length in S,,. Call
this permutation the longest element of S,. The longest element of S, is the permutation
w(()") = n(n —1)...21 of length (}). Write wy if n is understood from the context. For a
word a = (a1,a9,...,ap), say reverse(a) = (ap,ap—1,...,a1). Notice a € Red(w) if and

only if reverse(a) € Red(w™!).

Algorithm 1.1.1. (Heap Algorithm) Let a = (a1,...,a,) be any word. Form the heap of



a, heap(a), as follows:

1. Drop a box filled with a; in column a1 until it lands in row 1.

2. Assume boxes have been dropped in columns a1, ...,a;_1. Drop a box in column a;
such that this box has minimum height greater than all boxes in columns a; — 1 and
a;j + 1 already dropped. If there are no boxes in columns a; — 1 and a; + 1, then the

box lands in row 1.

Note that if [i — j| > 1, dropping a box in column 7 and then dropping a box in column j
produces the same result as dropping a box in column j and then dropping a box in column
i. Thus, if a is related to a’ by doing a sequence of (i, j) — (j, i) moves for |[¢ — j| > 1, then

a and a’ are said to be in the same commutativity class and have the same heap.

Example 1.1.2. The following is heap(5, 1,4, 3,6,4):

4]

3]
4] _[6]
5]

One can think of heap(a) as a partial order on the elements in a. Each box in column

k is thought of as a distinct element, which is denoted by placing subscripts on the fillings.

For a discussion of heaps, see [14, 63].

Definition 1.1.3. A linear extension of heap, H, is a word b which is a permutation of the
elements of H such that k, appears before (k + 1); in b if and only if k, is below (k + 1)
in H.

Notice that a is a linear extension of heap(a), but it is not necessarily the only linear
extension. Each heap represents exactly one commutativity class. That is, the set of linear
extensions of a heap H are are related by a sequence of (i,5) + (j,4) moves for |i — j| > 1.
Denote the set of heaps of a permutation w by H(w). The set of reduced words of a
permutation is the same as the set of linear extensions of the heaps for that permutation.

Let a = (a1,a9,...,a;) € Red(w) and suppose there exists a subexpression a =

(@i, .,a;,) of a such that a € Red(v) for some v. Then, we say v < w in Bruhat order.



For more information on Bruhat order, see [1]. If there exists a = (a1, a2, ...,a,) € Red(w)
and 0 < ¢ < r such that (a1, as,...,a4) € Red(v), then say v <, w in right weak order. If
there exists b = (b1, b2, ...,b.) € Red(w) and 0 < m < r such that (by41,-..,b,) € Red(v),

then say v <; w in left weak order.
1.2 Semi-Standard Young Tableaux and Contretableaux

A partition is a weakly decreasing sequence of nonnegative integers, A1 > Ag > ..., finitely
many of which are positive. To each partition X, associate an array of boxes with A\; boxes
on the first row, A9 boxes on the second row, etc., the rows numbered from bottom to top.
This array is known as the Ferrers diagram for A. For example, let A = (4,2,2,1). The

Ferrers diagram associated to X is

The conjugate of A is the partition X =A1 > Xy > ...such that ); is equal to the number

of boxes in the i*® column of the Ferrers diagram for A. For A = (4,2,2,1), we have that
A= (4,3,1,1). Given ), a filling T of the boxes of the Ferrers diagram for A\ with positive
integers is called a tableau of shape A, denoted A = sh(T'). The conjugate of a tableau T' of
shape ) is the tableau T of shape A whose ij* entry is the the ji** entry of T.

Definition 1.2.1. If the columns of a tableau T increase strictly from bottom to top and
the rows increase weakly from left to right, 7" is called a semi-standard Young tableau.

If the columns of a tableau U decrease strictly from bottom to top and the rows decrease
weakly from left to right, U is called a contretableau or a reverse semi-standard Young
tableau. The term contretableau comes from a slightly different definition in [42], but the

definitions are equivalent.

Define SSYT (respectively, SSYT ») to be the set of all semi-standard Young tableaux
(respectively, the set of all semi-standard Young tableaux with shape A). Denote CT (re-

spectively, CT ») to be the set of all contretableaux (respectively, the set of all contretableaux

of shape ).



Example 1.2.2. Below are a semi-standard Young tableau (left) and a contretableau

(right). Both are examples of tableaux of shape A = (4,2,2,1).

S =[4] U =[]
3[3 2[1
2(2 3[2
1[1]3]3] 413]3]3]

The conjugates of S and U are

S =[3] T =3]
3 3
1]2]3 3[2]1
1[2]3]4] 413[2]1]

Call a tableau T standard if the entries in T are in bijection with the numbers 1 through
Al = A1+ A2+ ..., where A = sh(T'). The column word of a tableau T', denoted col(T), is
the word obtained by reading the tableau down each column, taking the columns in order

from left to right. In Example 1.2.2,

col(S) =(4,3,2,1,3,2,1,3,3) and col(U) = (1,2,3,4,1,2,3,3,3).

Knuth [27] defined the following equivalence relation on words: If d < e < f, then
xdfey ~ xfdey, xeddy ~ xdedy, xeedy ~ xedey, and xedfy ~ xefdy, where x and
y are the peripheral subwords. Let ~ be the transitive closure of these relations. These

equivalence classes are called plactic classes or Knuth equivalence classes in the literature.

Lemma 1.2.3. [42] Given a word a,

1. there is exactly one word b in the equivalence class of a such that b is the column

word of a semi-standard Young tableau. Call this tableau T(a).

2. there is exactly one word ¢ in the equivalence class of a, such that reverse(c) is the

column word of a contretableau. Call this contretableau T(a).

We refer the reader to [42] for the proof of Lemma 1.2.3. The following are the algorithms

to compute 7(a) and T'(a) using the famous Robinson-Schenstead-Knuth correspondence
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[27, 55, 57] and a variant of the RSK correspondence.

Algorithm 1.2.4. (RSK Correspondence) To form 7(a), start by inserting a; into the
empty tableau and hence obtain the tableau of shape y = (1) with entry a;. Now assume
a1,a2,...,am—1 have already been inserted, yielding a tableau 7(a1,...,am—1). Insert a,,

into the tableau as follows:
1. Let e := ay,.

2. Given e;, scan the it row of 7(a1,...,am,—1) from left to right and find the first entry
(say r) strictly larger than e;. If such an entry does not exist, e; is placed at the end

of the i row and the process terminates.
3. Define e;11 := r. Replace r with e; in the tableau.

4. Repeat Steps 2 and 3 until Step 2 says to terminate. The result will be the tableau

T(Q1, 02,y <oy Grp—1, Q).

Lemma 1.2.5. [20] For a word a, 7(a) is a semi-standard Young tableau such that a ~

col(t(a)).

Algorithm 1.2.6. (Complementary RSK Correspondence) To form T'(a), start by inserting
a, into the empty tableau and hence obtain the tableau of shape y = (1) with entry a,. Now
assume Gyp41, Gm+2, - - - , Gp have already been inserted, yielding a tableau, T'(am+1,-- ., ap)-

Insert a,,, into the tableau as follows:
1. Let e1 := ap,.

2. Given e;, scan the i row of T'(ap+1,. .. ,a,) from left to right and find the first entry
(say s) strictly smaller than e;. If such an entry does not exist, e; is placed at the end

of the i*" row and the process terminates.

3. Define e;11 := s. Replace s with e; in the tableau.
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4. Repeat Steps 2 and 3 until Step 2 says to terminate. The result will be the tableau

T(am,---,ap).

Lemma 1.2.7. For a word a, T(a) is a contretableau such that a ~ reverse(col(T(a))).

Proof. The steps in Algorithm 1.2.6 are the complements of the steps in Algorithm 1.2.4.
Thus, the fact that 7(a) is a semi-standard Young tableau implies 7'(a) is a contretableau.

In Algorithm 1.2.6, a is inserted from right to left into 7°(a) and the rules of the RSK
Correspondence are complemented. Define another equivalence relation: If & > j > ¢, then
xkijy = xikjy, xjkky = xkjky, xjjky = xjkjy, and xjkiy = xjiky, where x and y are
the peripheral subwords. Let = be the transitive closure of these relations. By inspection,
we have a = b if and only if reverse(a) ~ reverse(b). By Lemma 1.2.5, we have that

reverse(a) = col(T'(a)). Thus, a ~ reverse(col(T(a))).

More can be said about the relationship between 7(a) and T'(a). The following theorem

is the motivation behind Schensted’s involvement in RSK.

Theorem 1.2.8. [57] Suppose sh(t(a)) = A. Then A\ + ...+ A; is the mazimum sum of

the lengths of 1 weakly increasing disjoint subsequences in a from left to right.

Corollary 1.2.9. We have that sh(T'(a)) = sh(r(a)).

Proof. When forming T'(a), we have simply complemented the rules and inserted a from
right to left. Thus, if sh(T'(a)) = p, by Theorem 1.2.8, then pq + ... + g; is the maximum
sum of the lengths of 7 weakly decreasing disjoint subsequences of a from right to left, which
are exactly the weakly increasing subsequences of a from left to right. By Theorem 1.2.8,

if sh(r(a)) = A, then Ay +... 4+ X\j = 1+ ...+ p; for every i > 1, and so X = p. O

Example 1.2.10. Let a = (5,3,6,4,3,1), then 7(a) and T'(a) are computed as follows:



12

\]
2
N

[

[

N
=
N

[

=

(5,3 - Bl 761 = [
(5,3) 3] (3,1) 3]
7(5,3,6 = [B]  7@4,3,1 = []
( ) 315 ( ) 5]
4]
7(5,3,6,4) = [5]6] 7(6,4,3,1) - [
3]4 3
14
6]
7(5,3,6,4,3) = [5]  7(3,6,4,3,1) = [
46 3
3[3 4
613]
7(a) = 7(5,3,6,4,3,1)= % T(a) = T(5,3,6,4,3,1)= %
306 43
113 615

The following is one more variant on the association of tableaux to words. Given a re-
duced word a = (ay, ..., ap,), associate a pair of semi-standard Young tableaux, (P(a), Q(a)).

Do so by the following algorithm.

Algorithm 1.2.11. [13] (Edelman-Greene Insertion) To form P(a), start by inserting a;
into the empty tableau and hence obtaining a tableau of shape y = (1) with entry a;. Now
assume ai,as,...,ay,—1 have already been inserted, yielding a tableau, P(ai,...,am—1)-

Insert a,,, into the tableau as follows:

1. Let e; := ap,.

2. Given e;, scan the i row of P(ay,...,am,_1) from left to right and find the first entry

(say r) larger than e;. If such an entry does not exist, e; is placed at the end of the

i*" row and the process terminates.
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3. If r =e; + 1 and the entry just to the left of r is equal to e;, then set e;+1 1= ¢; + 1.

Otherwise, set e;4+1 := r and replace r with e; in the tableau.

4. Repeat Steps 2 and 3 until Step 2 says to terminate. The result will be the tableau

P(Gl,GQ,--- 7am—17am)-

At each insertion step, one box is added to the Ferrers diagram, sh(P). Build up the

recording tableau, @)(a), by placing an m in the box that is added after inserting a,,.
Definition 1.2.12. Let P(w) := {P(a)|a € Red(w)}.

Example 1.2.13. Let a = (5,3,6,4,3,1), then P(a) and Q(a) are computed as follows:

P(5) = QB) =
P(5,3) = Q(5,3) =
(5,3) (5,3)
P(5,3,6) = [5 53,6 = [2]
( ) 36| Q( ) 13
P(5,3,6,4) = |5]6 53,6,4) = |24
6,364 = B8 QG - (21
P(5,3,6,4,3) = [5 5,3,6,4,3) = |5]
( ) AL Q( ) 17
3[4 iE
P(5,3,6,4,3,1)= % Q(5,3,6,4,3,1)= %
306 2[4
14 E

Theorem 1.2.14. [18] The Edelman-Greene Insertion Algorithm also has the following

properties:

1. The map from reduced words to pairs of tableauz, given by mapping a — (P(a), Q(a)),

18 injective.
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2. If P € P(w), then for every standard Young tableau Q of shape sh(P), there exists
a' € Red(w) such that (P(a'),Q(a’)) = (P, Q).

3. The rows and columns of P(a) are strictly increasing. Therefore, P(a) is a semi-

standard Young tableau.

. The word a has a descent in position j (meaning a; > a;y1) if and only if j is southeast
p J g aj; j+ YyiJ

of 7+ 1 in Q(a).

5. We have that T € P(w) if and only if T € P(w™1).

Corollary 1.2.15. [13] For P € P(w), the number of a € Red(w) such that P(a) = P is

the same as the number of standard tableau of shape sh(P). Therefore,

|Red(w)| = Y fP),

PeP(w)

where f* is the number of standard Young tableau of shape \.

Frame, Robinson, and Thrall [18] first computed f* = H"—,;, where h;; is the hook length
ij

for every box (7,7) in the Ferrers diagram for Aand n = |A| = A1 + Ao + ...

1.3 Schubert Polynomials and Compatible Sequences

Let f € Z[z1,z9,...]. Following Bernstein-Gelfand-Gelfand, Demazure, and Lascoux-

Schiitzenberger[3, 12, 34|, define

Jf—si-f

b
Ty — Ti+1

ai(f) =

where s; acts on f by reversing the roles of z; and z; 1 in f. Say 0; is the divided difference
operator. Note f — s; - f vanishes if z; = z;41, so f — s; - f is divisible by z; — z;11. Thus,

0;(f) is a polynomial in Z[z1, zo,...]. From the relations in (1.1) and the facts above, one
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can show 0; satisfies the following nilCoxeter relations:

0,0, = 0
0;0;110; = 0;410;0;11

Biaj = Bjai for all |’L —j| > 1.

Given a reduced word, (a1, as,...,ap) € Red(w), for some permutation w, define 9,, =
0a10ay +* - Og,- We have that d,, is well defined, because compositions of 9; obey similar
commutation relations as the generators of S,, when the word the composition corresponds
to is a reduced word.

Let w be a permutation in S,. Lascoux and Schiitzenberger[34] define the Schubert

polynomial indexed by w to be

Guw 1= Oy 1y (T7 202 Ty 1). (1.2)
Definition 1.3.1. Suppose a = (a1,4a2,...,a,). Define an a-compatible sequence to be a
sequence i = (i1, 42,...,1ip) such that

o 1<) <ig... <ip,
® i; =411 implies a; > a;11, and
e i; < a; for every j.

For a word a, C'(a) is the set of all sequences i such that i is an a-compatible sequence. For

a permutation w, C'(w) is the set of all pairs (a,i) such that a € Red(w) and i € C(a).

Theorem 1.3.2. [5, 16] For a permutation w, the Schubert polynomial indezed by w has

the following expansion into monomials:

Gy = Z Tiy Tiy - - - Tiggyy-
(a,)eC(w)

For more background on Schubert polynomials, see [47, 48].
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1.4 Key Polynomials and Keys

Demazure [12] defined
mi(f) = Oi(zif),

known as the Demazure operator. One can check that m; satisfies the following relations:

T =
g1y = i1 TTi41
mm; = mym for all i — ] > 1.
Given a reduced word for some permutation w, (ai,as2,...,ap) € Red(w), define m, =

Tay Tay * * * Ta,- Because similar commutation relations hold on both the m; and s;, my, is well
defined on reduced words.

A composition is a sequence of nonnegative integers, finitely many of which are posi-
tive. Given a composition «, let p(a) be the unique permutation of smallest length which
rearranges « into weakly decreasing order, which we call the partition A(«). Following [42],

define the key polynomial associated to a to be
Ka = Ty(a) (2 ), (1.3)
Example 1.4.1. Let o = (2,1,3). Then u(a) = s2-s1 and A(a) = (3,2,1). Thus,

T - M1 (mi’m%zg)

K(2,1,3)

— 3,2 2.3
= m(zix523 + T{THX3)

3,2 2,3 2,22 3,....2 2, .3
= Z1T5%3 + x1Tox3 + Xx1T5T3 + TIX2T3 + TIXT2X3.

Like Schubert polynomials, key polynomials also have a combinatorial interpretation.

Definition 1.4.2. A contretableau is a key if the set of entries in the (k + 1)¢ column is a

subset of the set of entries in the k" column.

The contretableau in Example 1.2.2 is a key. The content of a tableau T is a composition
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a = (ai1,a9,...) such that there are a; boxes of T which are filled with an 7. There is
a bijection between keys and compositions. To each key T, associate the composition
a = content(T). We have that « will always be a permutation of sh(T"). The inverse map
associates a composition « with the contretableau with an ¢ in column k if 1 < k < ;. Call

this key(«). The composition associated to the key in Example 1.2.2 is o = (2,2,4,1).

Definition 1.4.3. To keys, impose the partial order that K < L if sh(K) = sh(L) and K

is entrywise weakly less than L.

This induces a partial order on compositions as well. By abuse of notation, say a < g if
k k

key(a) 4 key(B). It happens that « < 3 if Z ; > Zﬁz for every k > 1 and « and §3 are
rearrangements of the same partition. The Zpzairtial oﬁér < is a suborder of what is known
as dominance order on compositions.

Let a = (a1,a2,...,a,) be a word and a = a® . a@...q(*) be the decomposition of
a into maximal strictly decreasing subwords. Call a® - a(®-..4*) the column word of
a, denoted col(a). Say colform(a) is the composition a = (|a(V],...,|a(®)|). Denote the
leftmost column of a, a{!), by lcol(a) and the rightmost column of a, a¥), by rcol(a). We

say a word is column-frank if col form(a) is a rearrangement of sh(7T'(a)), the conjugate

shape of T'(a), T'(a) as in Lemma 1.2.3.

Definition 1.4.4. Define the right key of a reduced word a to be the key K (a) whose set of
columns is the same as {rcol(t) |t ~ a and ¢ is column-frank} and sh(K;(a)) = sh(T'(a)).

Define the left key of a reduced word a to be the key K_(a) whose set of columns is the
same as {lcol(t) |t ~ a and ¢ is column-frank} and sh(K_(a)) = sh(T'(a)).

It is not immediately obvious, but in fact, K, and K_ are well defined. For a proof, see

the Appendix in [53]. By abuse of notation, for a semi-standard young tableau T,
K, (T) =Ky (col(T)) and K_(T) = K_(col(T)).
Also, by abuse of notation, for a contretableau U,

K, (U) = Ky(reverse(col(U)) and K_(U) = K_(reverse(col(U)).
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Example 1.4.5. Suppose a = (5,3,6,4,3,1). Then a is ~ equivalent to (5,6,3,4,3,1),
(5,6,4,3,3,1), (5,4,6,3,3,1), (5,6,4,3,1,3), (5,4,6,3,1,3), (5,4,3,6,3,1), (5,4,3,6,1,3),
and (5,4, 3,1,6,3). Of the elements in the same ~ equivalence class as a, only (5,3,6,4,3,1)
and (5,4,3,1,6,3) are column-frank. See Example 1.2.10 for the shape of T'(a). From the

definitions, we have that

Ka:I
+(a) 3
413
6|6
and
K_a:I
(a) 3
413
5|5

Theorem 1.4.6. [39, /2] The key polynomial has the following expansion into monomials:

Ka — E xT,

TESSYT
K4(T)<key(a)

where 7 = [];cp =i

An equivalence relation ~, similar to ~, is constructed in [13, 39]. Define an equivalence
relation on words. If d < e < f and 7 > 1, then xdfey ~xfdey, xedfy ~ xefdy, and
xi(i + 1)iy ~x(i + 1)i(¢ + 1)y, where x and y are the peripheral subwords. Let ~ be the
closure of these relations. These are called nilplactic or Cozeter-Knuth equivalence classes
in the literature. In [53], it is shown that in each equivalence class of ~, there is exactly one
word which is the column word of a semi-standard Young tableau. Furthermore, this semi-
standard Young tableau is P(a). A word is nilcolumn-frank if col form(a) is a rearrangement
of sh(P(a)), the conjugate shape of P(a).

Definition 1.4.7. Define the right nilkey of a reduced word a to be the key Kg_(a) whose
set of columns is the same as {rcol(t)|t~a and ¢ is nilcolumn-frank} and sh(K9(a)) =
sh(P(a)).

Define the left nilkey of a reduced word a to be the key K°(a) whose set of columns is
the same as {rcol(t) |t~a and ¢ is nilcolumn-frank} and sh(K°(a)) = sh(P(a)).
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Again, K° and Kj)_ are well defined. See the Appendix in [53] for a proof. By abuse of

notation, for a semi-standard young tableau T,
K(T) = K% (col(T)) and K°(T) = K° (col(T)).
Also, by abuse of notation, for a contretableau U,
K% (U) = K (reverse(col(U))) and K°(U) = K° (reverse(col(U))).

Example 1.4.8. Suppose a = (5,3,6,4,3,1). Then a is ~ equivalent to (5,6,3,4,3,1),
(5,6,4,3,4,1), (5,4,6,3,4,1), (5,6,4,3,1,4), (5,4,6,3,1,4), (5,4,3,6,4,1), (5,4,3,6,1,4),
and (5,4,3,1,6,4). Of the elements in the same ~ equivalence class as a, only (5, 3,6,4,3,1)
and (5,4,3,1,6,4) are nilcolumn-frank. See Example 1.2.13 for the shape of P(a). From

the definitions, we have that

K9(a) =L
3
414
6|6
and
KO (a) =[1]
(a) 3
4|3
55

Theorem 1.4.9. [39] The Schubert polynomial has the following expansion into key poly-

nomaials:

Gy = Z Keontent(K0 (P))*
PeP(w—1)

We also have the following extension, due to Reiner and Shimozono. We view this as

bijection @ in Figure 1.

Theorem 1.4.10. [53] Key polynomials have the following expansions:

e Y Yo

reverse(a)~col(P) ieC(a)
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where P is any semi-standard Young tableau satisfying content(K° (P)) = a.

e Y Yoa

reverse(a)~col(T) i€C(a)

where T is any semi-standard Young tableau satisfying content(K_(T)) = a.

3. In particular,

= Y Yo

reverse(a)~key(a) i€eC(a)
1.5 Symmetric Functions

Definition 1.5.1. A symmetric polynomial in n variables is a function f(z1,z2,...,%n)

such that for every permutation o € S,
flz1, 20, .. xn) = f(Toy, Togs -5 To,)-

A symmetric function in infinitely many variables is a function f(z1,zo9,...) such that

for every n and for every permutation o € S,

f@i,. o Ty g1y --.) = f(@oyye e s Tops Tngly---)-

Definition 1.5.2. The Schur polynomial in k variables indexed by the partition A is the

function

sx(z1, o, ..., zx) = Z zT,

TeSSYTY

where 85377"}\ the subset of tableaux in SSYT ) whose largest entry is at most k.

The Schur function indexed by the partition A is the function

sa(z1,29,...) = Z zt,

TeSSYT

For a thorough treatment of Schur functions, see [20, 62]. It is well known that Schur
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functions form a basis for the ring of symmetric functions with integer coefficients. Thus,

for partitions A, u,

sa(z1,xo,...)su(z1, 22,...) = Z Crusv(T1, T2, .. .).

The coefficients ¢, are called Littlewood-Richardson coefficients and are known to be non-
negative. There are many combinatorial rules for finding these coefficients. We will describe
one such rule.

Given X, p, define W(A,u) to be the pair of tableaux (Ly,L,), where sh(Ly) = A,
sh(L,) = p, Ly is filled with the integers 1,...,|)A|, and L, is filled with the integers
IA|+1,..., ||+ ||, starting from the bottom row, right to left. We call W (A, 1) the reverse

numbering of (X, u).

Example 1.5.3. Suppose A = (2,2,1), 4 = (2). The reverse numbering of (A, i) is

Ly = L,=

W(Aaﬂ) = 3

1 16]7]

mq;cn|

Definition 1.5.4. Given tableaux (U, V), a standard Young tableau T is in the set 20(U, V)
if and only if all of the following hold:

1. for k¥ < £ in the same column in U or V, then £ is northwest of &k in T,
2. for k < £ in the same row in U or V, then / is southeast of k£ in 7', and
3. sh(T) is a partition of |sh(U)| + |sh(V)].

Theorem 1.5.5. [54] (The Remmel-Whitney Rule)For partitions (X, u),

sa(z1,zo,...)su(z1,22,...) = Z Ssh(1)(T1, T2, ).
TEW(W (Ap))

Schur functions arise in this dissertation because of their connection to Schubert poly-

nomials. In fact, a Schur polynomial is a special case of a Schubert polynomial.
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Definition 1.5.6. A permutation w in S,, is Grassmannian if there exists a k such that
w; < wiy1 for all 4 # k. The set of such permutations is denoted G(n). Given 1 < k < n,
the set of w € G(n) with w; < w;y1 for all ¢ # k is denoted G(n; k).

There is a bijection from partitions whose Ferrers diagram fits inside a k& x (n — k) box
to G(n;k). Given A = Ay > ... > X > 0, with Ay < n — k, associate the permutation
w € G(n; k) such that w; =i+ Agy1; for 1 < i < k and the remaining integers are written
in increasing order. The inverse map sends w € G(n; k) to the partition A whose (k—i+1)%¢
part is [{j > i : w; < w;}| for 1 <4 < k. The following theorem has many proofs, one of

which is found as Proposition 2.6.8 in [48].

Theorem 1.5.7. [}8] Suppose X is the partition associated to the permutation w in G(n; k).
Then

Gu(z1,.-.,2n) = sx(z1,T2,...,Tk).

There is another set of symmetric functions which has a connection to Schubert poly-
nomials, called Stanley symmetric functions. Given a set S C {1,...,n — 1} and a positive

integer n, define

Qsn(@1,32,...) = > _ @iy Ty, (1.4)

where the sum ranges over all sequences 1 < 47 < ... < 4, such that 1 < 45 < 441 if
J € S. The set of ascents of a word a is the set E(a) := {j|a; < a;41}. Define the Stanley

Symmetric Function indexed by w to be

Fy(@1,72,-.) = Y Q5(a)ew) (@1, 72,-..). (1.5)

a€Red(w)

Stanley first introduced these functions in [60] to count the number of reduced decompo-
sitions of a permutation. Surprisingly, Stanley symmetric functions are in fact symmetric.

Stemming from the work of Edelman-Greene[13], Stanley found that

Fw(CEl,.’EQ,...)Z Z Ssh(T)(ml,‘T?:"')'
TeP(w)
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Let 1™ denote the identity permutation in S,. For permutations v and v in S, and Sj,
respectively, we say u X v is the permutation ujug ... un(v1 + m)(ve + m)... (v + m) in
Sm+i-

The relations used to define a-compatible sequences in Definition (1.3.1) are very similar

to the relations used to define Equations (1.4) and (1.5). In fact, it was shown in [47] that
lzmn_>oo61n><w = Fw—l.
Similarly, we have that for permutations v and v in S, and S}, respectively,

limp—0061n xuG1ntm iy = liMp 400G 1n xuxy = F(UXv)—l-

Thus,

limg—y00SA(T15 -+ s T)Sp(T1y - -y Tk) = SA(T1, - )8u(Z1, -+ ) = Fluxe)-1,

where u and v are the permutations associated with A and y in G(n; k). On the other hand,

we also have

F(uxv)*1 = Z ssh(T)(xlaw%"')- (1.6)
TeP((uxv)~1)

Therefore, we obtain another version of the Littlewood-Richardson Rule.

Corollary 1.5.8. For partitions X\, u associated with permutations u and v, we have

sx(@1,...)su(z1,...) = Z Ssh(T)(T1, T2, - - .). (1.7)
TeP((uxv)~1)
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Chapter 2

EDELMAN-GREENE TABLEAUX
AND THE SLINKY RULE

The main theorem in this chapter, Theorem 2.1.5, says that all Edelman-Greene P-
tableaux for w can be obtained by using the slinky rule. Section 2.2 discusses several

consequences of and corollaries to the slinky rule.
2.1 The Slinky Rule

The slinky rule is defined on heaps. Recall the definition of a heap from Algorithm 1.1.1.
We think of heap(a) as a partial order on the elements of a. Each element of a is thought of
as distinct. So, for all boxes k in H, label the k’s from bottom to top in strictly increasing

order.

Algorithm 2.1.1. (Slinky Tree Algorithm) Given a heap H in H(w), form the slinky tree

for H according to the following rules:

1. Start with the empty tableau as the root of the tree.

2. At the (k+1)% step, assume the (k+ 1)*! column of H contains (k+1)1,..., (k+1);.
Add each (k + 1), to the leaves of the tree created on the k' step such that k, is
northwest of (kK + 1); in the tableau if and only if k, is below (k + 1), in H.

3. When all of H has been added to the tree, suppress the subscripts of the entries to

form tableaux.

The collection of leaves on the last step is refered to as the set S(H). This collection does
not include the leaves of branches created along the way which are childless, refered to as

barren. We can avoid some barren branches by replacing Step 2 with Step 2.
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2'. At the (k+ 1) step, assume the (k+ 1)** column of H contains (k+1)1,..., (k+ 1)
Add each (k + 1), to the leaves of the tree created on the k** step such that k, is
northwest of (k+1)s in the tableau if and only if &, is below (k+1), in H. Furthermore,
for 1 <i < t, (k+1); appears stictly northwest of (K + 1);41.

Example 2.1.2. The permutation w = 2164375 has two heaps,

H: 4_—2| H,:
_ 34] ’ 32
H(w) 5 B 5 [

The slinky tree for H is on the left and the slinky tree for H' is on the right.

0 0
| |
/\ _|
B T3]
3 1[3
[1]3]
|
_ E3 3[4
4 3 1[3
1[3]4] 1]4]
|
_ 19 5]
15| E3 3]4
4 3 1[3
1[3]4] 1]4]
5] [5] 5[6] [5]
5] 5] 4 14 314] [3]4
416 4] 36| |3 113] [1]3]6]
13[4] [1[3[4[6] [114] [1]4]6]
So, we have
4] _ _ H 5]
S [31] — 5 19 4 E3
4] [64] 416 4 3]6 3
151] 1[3]4] [1]3]4]6] [1[4 1[4]6]
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and

[34] —
S 4l 6] | = gi 24
L) Bl B 113] [1]3]6]

For an example with barren branches, see Example 2.2.19.

Lemma 2.1.3. Given T a tableau with strictly increasing rows and columns, the following

are equivalent for every pair, {k,,(k+1)s} in T':

1. ky is northwest of (k+1)s in T.
2. k, appears before (k+1)s in col(T).

3. ky appears below (k + 1) in heap(col(T)).

Proof. By the definition of the column word of a tableau, k, comes before (k + 1) in col(T)
if and only if &, is in a column strictly west of (k 4+ 1)s in T or north of (k + 1)s in the
same column. Notice that, if &, is in a column strictly west of (k + 1)s in 7', then k, must
be northwest of (k + 1)s (weakly north and strictly west). Otherwise the entry in the same
column as k, and same row as (k + 1); would be less than or equal to k, or greater than
or equal to (k + 1)s. Either of these would violate the condition that the tableau must be
strictly increasing in rows and columns. Also, observe that k, can not be north of (k + 1),
in the same column because then the columns would not be increasing. Thus, k, comes
before (k + 1), in col(T) if and only if k, is northwest of (k + 1) in 7.

From the definition of heap(col(T')), k, appears before (k + 1)s in col(T) if and only if
k, appears below (k + 1), in heap(col(T)). O

The following corollary says that any row and column strict tableau 7" is a leaf of the

slinky tree for heap(col(T)).

Corollary 2.1.4. Given T a tableau with strictly increasing rows and columns,

T € S(heap(col(T))).
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Proof. This corollary follows from Step (2) of Algorithm 2.1.1 and Lemma 2.1.3. O

Theorem 2.1.5. (The Slinky Rule) For every permutation w,
U s#) = P(w).
H(w)

Proof. Suppose that H € H(w) and T € S(H). Then k, is northwest of (k + 1), in T if
and only if &, is below (k + 1)s in H by Algorithm 2.1.1. By Lemma 2.1.3, this implies
col(T) is a linear extension of H, and hence col(T) € Red(w). We have P(col(T)) =T, so,

T € P(w). Therefore, for every permutation w,

U s@#)CPw).

HeH(w)

Suppose T' € P(w). Then col(T) € Red(w) and heap(col(T)) € H(w). By Corol-

lary 2.1.4, T € S(heap(col(T)). So for every permutation w,

rwyc |J s@).

HeH(w)

Example 2.1.6. By Equation 1.6, Example 2.1.2, and Theorem 2.1.5, for w = 2164375,

Fy—1 =342+ 841,11+ 533+ 25321+ 531,1,1-

EEEEE)

2.2 Productive Heaps and
Simply Productive Permutations

In this section, we describe ways to make the slinky rule more efficient. We say a heap H
is productive if P(H) # (. That is, H is productive if the branches of the slinky tree for
H are not all barren. From Theorem 2.1.5, it is clear that for w # id, there exists some

H € #H(w) such that H is productive.
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Lemma 2.2.1. Suppose w # id and H has the lexicographically largest content in H(w).
Then H 1is productive.

Proof. Given a € Red(w), the column word of P(a), col(P(a)), is a linear extension of
heap(col(P(a))) by Lemma 2.1.3. Furthermore, all linear extensions of heap(col(P(a)))
are also in Red(w). By Corollary 2.1.4, P(a) € S(heap(col(P(a)))). At each step in
Algorithm 1.2.11, the only change to the content of a word is possibly to increase elements
of the word by one. Thus, the content of P(a) is weakly lexicographically larger than the
content of the word a.

Suppose H has the lexicographically largest content in H(w). There is a unique such

H{[14]. Given a linear extension b of H, we observed that col(P(b)) € Red(w), so

heap(col(P(b)) € H(w).

The content of b is the same as the content of H, and the content of P(b) is the same as the
content of heap(col(P (b)), which must be have the lexicographically largest content. Thus,
if H has the lexicographically largest content, the content of b is the same as the content
of P(b). Therefore,

heap(col(P (b)) = heap(b) = H.

This implies P(b) € S(H), and so, H is productive. O

Corollary 2.2.2. If heap(b) has the lexicographically largest content among H(w), then
P(b) € S(heap(b)).

Observe Corollary 2.2.2 does not always hold. That is, given a € Red(w), it is not
necessarily true that heap(a) = heap(col(P(a))).

Example 2.2.3. Let a = (5,3,6,4,3,1). Then

heap(a) =

—[eo]w[en]

o) Bl B
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and
heap(col(P(a))) = 4]

3]
4, [64]
51

The proof of Lemma 2.2.1 does not produce the heap H which has the lexicographically

largest content in H(w). Algorithms 2.2.4 and 2.2.5 describe how to find this heap.

Algorithm 2.2.4. (Lexicographically Largest Heap Algorithm) Given a permutation w,
we describe how to find the lexicographically largest heap.

1. Define ¢(w) := (c1,c¢2,...) such that ¢; = [{j > 7 : w; < w;}|. This is known as the

code of w.
) i—1
2. Let a = (a1,...,ay)) be the word such that a,, =i+ 75_; ¢; —m for ZCj <m <
j=1

i
ch-. Then a € Red(w).
7j=1

3. Then H = heap(a) has the lexicographically largest content in H(w).

The fact that Algorithm 2.2.4 produces the heap with the lexicographically largest con-
tent follows from Edelman’s work on lattice paths and the heap with the lexicographically

smallest content [14].

Algorithm 2.2.5. (Lexicographically Largest P-Tableau Algorithm) To find one tableau
T in S(H), do the following:

1. Form an array of boxes with ¢; boxes in column 4.
2. Fill in the box in column ¢ at height j with ¢ + 7 — 1.

3. Push all the boxes as far left as possible until they run into the wall next to the first

column. The result is a tableau 7" in S(H).
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Example 2.2.6. For w = 216354, ¢(w) = (1,0,3,0,1,0). From Step 2 of Algorithm 2.2.4,

we have a = (1,5,4,3,5). So the heap with the lexicographically largest content in H(w) is

[B1] [5].

4,

51

To find one T in S(H), follow Algorithm 2.2.5 to get

and T =

SEE

Lemma 2.2.7. Suppose H is a productive heap and column i of H contains n; boxes. Then

3[5]

for each r > 1,

r—1 n

> ).

xe=(3)

i=1
Proof. For every T € S(H), there are n, entries of T equal to r. Each row and column of T
is strictly increasing. Thus, when T is restricted to the entries 1 through r, we again have
a semi-standard Young tableau T'(r) of shape y = 1 > ... > pg > 0. Each entry r must be
in its own row and column, by row and column strictness. Thus, this semi-standard Young

tableau has at least n, columns and rows. This implies y has at least n,_; descents (i.e.

Wi > Wi—1), £ > ny, and pq > n,. These together imply p; > n, —i+1. Thus, for 1 <i < n,,

! ¢ s ny 4+ 1 n
Z”i:|ﬂ|:ZMiZan—i+1=( . ):nr+(;>.
=1 =1 1=1

O

Lemma 2.2.8. Let H be a heap. Suppose there is a sequence, kpy, (K + 1)p, ..., (kK + £),,
such that for every 1 < i < £, (k+1— 1),_, lies below (respectively, above) (k + i)p; in
H. Then for every T € S(H), (k+ £)y, is in at least the (£ + 1)% column (respectively, the
(£ +1)% row).

Proof. Let H be a heap and T' € S(H). Suppose ky, is below (k+ 1),, in H. Also suppose
that for every T € S(H), ky, is in at least the i"® column. Then (k+1),, must be northwest

of k, in T. By the proof of Lemma 2.1.3, (k+ 1),, must be strictly north of k,, in 7. Then
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(k + 1),, must be in at least the (i + 1)** column.
We have that k,, must be in at least the first column and first row. Thus, if there is a
sequence, kry, .- -, (k +£),, such that for every 1 <1i < ¢, (k+i —1),,_, lies below (k +9),,

eth

in H, then by induction, we know (k + ¢ — 1) must be in at least the column in 7.

Te—1

By the observation above, (k + £),, is in at least the (£+1)*! column. A similar proof holds

for the second case. O

Corollary 2.2.9. Suppose a heap H is productive. Also, suppose there are sequences,

krgs (k=1)p, .., (k—£)r, and ksy = kry, (k—1)5, ..., (k—m)s,, such that for every1 <i </¥,

Sm

(k—i+1)p,_, lies below (k —1),, in H and for every 1 < j <m, (k—j+1)s,_, lies below
(k—3)s; in H. Then

k—1
Zni > {m — 1.
=1

Eth

Proof. Lemma 2.2.8 says k;, must be in at least the £ row and m** column. For T € S(H),

the rectangular subtableau with northeast corner k,, contains entries at most £ — 1 except

kry. Therefore,

k—1
Zni >{fm — 1.
=1

Example 2.2.10. Suppose H € LH(w) and

H= [34]

4o

ISTRE

Observe |21 is at the bottom of a height decreasing sequence of 3 boxes, thus must be in

51

at least the third row of a tableau T' € S(H). Also, 1] is at the top of a height increasing
sequence of 2 boxes, so must be in at least the second column of a tableau T' € S(H). This
requires that every tableau in S(H) has at least 6 boxes, but £(w) =5 < 6. So, S(H) =0

and thus, H is not productive.

Lemma 2.2.11. Given a heap H, suppose u;(k,) is the number of bozes in column i of H
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which are unrelated to k., when H is viewed as a partial order on the bozes. Also, suppose
there are sequences, ko, (k — 1)y, ..., (k —£);, and ksy = kpy, (kK — 1), ..., (kK — m)s,, such
that for every 1 <i < ¥, (k—1i+1)y,_, lies below (k — %)y, in H and for every 1 < j < m,
(k—3j+1)s,_, lies below (k — j)s; in H. Then

k—1
Zui(kro) > (L= 1)(m —1).

¢ row and m** column. For T € S(H),

Proof. Lemma 2.2.8 says ky, must be in at least the
the rectangular subtableau with northeast corner k,, contains entries at most £ — 1 except
kr,. Furthermore, every entry in the rectangular subtableau in at most the (£—1)% row and
(m—1)%t column is strictly south and strictly west of k,,. The conditions in Algorithm 2.1.1
guarantee that, if k,; is related to any entry in H, then it is either northwest or southeast

of kr,. Thus, every entry in this subtableau is both unrelated to &, and strictly less than

k. Therefore,
k—1
> uilkny) > (£ 1)(m —1).
=1
O

Definition 2.2.12. We say a permutation w # 1 is simply productive if there is only one
heap of w which is productive. We know there is always at least one productive heap since

P(w) # 0.

Lemma 2.2.13. Suppose H is a heap and H' is the heap obtained by reflecting H about a

horizontal azis. Then H is productive if and only if H' is productive.

Proof. Suppose a heap H € H(w) is productive, so there exists some semi-standard Young
tableau T in S(H). Then there exists a reduced word, a € Red(w) such that H = heap(a).
We have reverse(a) € Red(w '), so H' = heap(reverse(a)) € H(w ). Furthermore, the
relations among the boxes in H are complementary to the relations of the boxes in H'.
Thus, reflecting H about a horizontal axis and letting gravity act on the boxes (that is, a
box in column k falls so that it does not pass any boxes in columns k£ — 1 or k + 1) yields

the heap H'. The rules for finding S(H) are simply reversed. Thus T is in S(H'). Recall,
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the rows of a P-tableau are also strictly increasing, so T is also a semi-standard Young

tableau. O

Corollary 2.2.14. A permutation w is simply productive if and only if w™' is simply

productive.
Corollary 2.2.15. We have that T € P(w) if and only if T € P(w™1).

Note Corollary 2.2.15 is the same as Property 5 in Theorem 1.2.14, but has an alternative
proof than was given in [13].
Let w = wiws . .. w, be written in one line notation. We say that w contains the pattern

01 . ..oy if there exist 47 < 49 < ... < ik such that w;, w;, ... w;, is in the same relative order

k

as o1 ...0y. If w does not contain the pattern oy ...o0y, w is said to avoid o1 ... ok.
Observation 2.2.16. If w is 321-avoiding, then it is simply produtive.

Since 321-avoiding permutations have only one heap [5], there can only be one productive

heap for each 321-avoiding permutation.
Observation 2.2.17. If w is 2143-avoiding, then it is simply produtive.

We see this because the Schubert polynomial indexed by a 2143-avoiding permutation is a
key polynomial itself [13, 60]. The 2143-avoiding permutations are called vezillary in the
literature. From Theorem 1.4.9, we have that a vexillary permutation can have only one
P-tableau, and so can have only one productive heap.

An open question remains. Which permutations are simply productive? Through ex-

perimentation through g, we venture to state the following conjecture.

Conjecture 2.2.18. If a permutation w avoids the permutation 21543, then w is simply

productive.
This conjecture is not sufficient as Example 2.2.19 shows.

Example 2.2.19. Consider w = 216354, which contains the pattern 21543. We have

H= = By

H(w) = E4 5] 42J
1 91
5] [
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The slinky tree for H is on the left and for H' is on the right.

3]
[1]3] 1] [1]3]
| |
_ E3 barren barren
1 3]
1]3] 1]
|
5] 5]  [5]
4 45| (4]
1[3]5] [1][3] |3
1[5]
And so, we have that
B1] [52] 5] 5] B
31 5 5 5 4 _
S 1 2 — 19| |+ = P(216354
44 4 4|5 3 ( )
54] 113[5] [1]3 1]5]

and

3
S 4o — 0.

T

Thus, w is a simply productive permutation.

2.3 The Remmel-Whitney Rule as a Special Case

The slinky rule bears resemblence to the Remmel-Whitney rule, Theorem 1.5.5. In fact, the
Remmel-Whitney rule is a corollary of the slinky rule, as this section will show. We will be

using much of the background in Section 1.5 here.

Consider partitions A and g associated to permutations v and v in G(n;k). Recall
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Equations (1.6) and (1.7):

Fluxv)y-1 = sxsp = Z Ssh(T)-
TeP(uxv)~1
It remains to find the set P((u x v)~!). In fact, P € P((u x v)!) if and only if
P € P(u x v) by Lemma 1.2.14, so it is sufficient to describe P(u x v). Observe u x v is
321-avoiding and thus, u X v only has one heap. In addition, we recognize the heap of u X v
as the disjoint union of the heaps for u and 1™ x v. Given any Grassmanian permutation w
associated to the partition A in G(n;k), the code of w is c¢(w) = (Ak, Ag—1,-.-,A1,0,0,...).
Its heap is the diagram computed in Algorithm 2.2.4. This is the diagram with A; boxes
proceeding diagonally down to the right from the (k — i + 1)t column to the (k —i 4 \;)™

column, the i*" diagonal on top of the (i 4+ 1)** diagonal.

Example 2.3.1. For A = (2,2,1) with k£ = 3, the permutation associated to A in G(5;3) is

u = 24513 and the unique heap of u is below.

3
2] 4]

[1] [3]

Example 2.3.2. Suppose u = 24513 in G(5;3) and v = 312 in G(3;1). Then u X v =

24513867 in Ys.

2| [4] [6]
[1] 3] 7]

By rotating each connected component of the unique heap of u x v by 135 degrees
counterclockwise and letting the boxes fall, the result is a pair of fillings U and V of X and
Ti, respectively. The filling, U, of X has a k in the lower left corner, the filling, V, of &
has an m + k in the lower left corner, every row decreases strictly by 1 across from left
to right, and each column increases by 1 from bottom to top. Call the resulting tableaux

(U, V) = tab(u x v). Note, this action is only well defined on 321-avoiding permutations.
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Example 2.3.3. Below is the component-wise rotated heap of u x v, tab(u x v).

1] [6]

ol
DN [Co

Recall the operator 20 on tableaux defined in Section 1.5. It was used to describe the

Remmel-Whitney rule. We will show its relation to P(u X v).

Lemma 2.3.4. For permutations u and v in G(n),

P(u x v) = 2(tab(u x v)).

Proof. Consider a column of tab(u x v) = (U,V). If k < £ are in the same column of U
or V, then k is below ¢, because the columns are strictly increasing from bottom to top.
This also implies that £ is below k in the heap of u x v. Therefore, for every tableaux
T € P(u X v), £ must be northwest of k in T'. Likewise, if £ < £ are in the same row of U
or V, then k is to the right of £, because the rows are strictly decreasing from left to right.
This implies that £ is above k in the heap of u x v. Therefore, £ appears southeast of £ in
T, for every T € P(u X v). From these considerations and the definition of 20, we have that
T € 2(tab(u x v)). These are the only restrictions on the tableaux in P(u X v) and are
exactly the same restrictions as on 20(tab(u x v)). Thus, every tableau in 20(tab(u X v)) is

also in P(u x v). Therefore,

P(u x v) = Q(tab(u X v)).

O

We now give the main result in this section, as well as the original inspiration behind the
slinky rule. The Remmel-Whitney rule then follows as a corollary, providing an alternative

proof.

Lemma 2.3.5. Given partitions X\ and p with associated Grassmannian permutations u

and v, there exists a shape preserving bijection from 20(tab(u x v)) to W(W (N, 7).
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Proof. We have that tab(u x v) = (U, V) and W (X, 7) = (Y, Z) are both pairs of tableaux
such that U and Y have shape )\, and V and Z have shape 7i. Furthermore, the rows of each
tableaux are strictly decreasing from left to right and the columns stictly increase from top

to bottom.

Let F,G, H be tableaux such that the rows of each tableaux are strictly decreasing from
left to right and the columns stictly increase from top to bottom. Furthermore, suppose
sh(F) = sh(QG), every entry of H is strictly greater than each entry of F' and each entry of
G, and suppose F' and G are exactly the same except on row i of F and G. We wish to

show that there is a shape preserving bijection from 20(F, H) to 20(G, H).

Suppose T € 20(F, H). Given an entry f;; in position (4, 5) in F, replace f;; in T with
gij from G. Call this new tableau T¢z. The only way that T is not in 20(G, H) is if Tz fails
to be a semistandard tableau. Suppose there is a row in T that is not strictly increasing.

Then the row has the form

[]91] - [9r[B],

where - indicates more entries from row ¢ of G. The entries g; ... g, are in strictly increasing
order because they have the same relative order as row ¢ of F'. Suppose a > ¢1. Then « is in
the same column as some entry k in row ¢ of G. Otherwise, « is below row ¢ of G, therefore,
a < g1 (every path that goes down and right in G is decreasing). If £ > «, then k lies west
of g1 in G. Therefore, k lies northwest of o and southeast of g, so @ and g; cannot be in
the same row. If a > g1 > k, then « is northwest of & and g; is southeast of k, so again, k
must separate g1 and « and this is not the case. If @« > k > ¢1, then a > £ > f1, where £ is
the entry in F' in the same position as k and f; is the entry in F' in the same position as
g1. This would contradict that T is a semistandard Young tableau, so this cannot happen.
If g1 = k, that is, if « is in the same column as g;, then « was also bigger than f; (the entry
in F' in the same position as g1), in which case T' wouldn’t be semistandard. The proof
proceeds in the exact same manner for the case when 8 < g,, and for the case when the
columns are not strictly increasing. Therefore, T € and by symmetry, there exists a shape
preserving bijection from 20(F, H) to 20(G, H). Likewise, there exists a shape preserving
bijection from 20(H, F') to 20(H, F') when H has content strictly less than the content of
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both F and G.

There exists a sequence of tableaux which change content one row at a time from U to Y
and V to Z such that each tableaux in the sequence has rows which are strictly decreasing
from left to right and columns which stictly increase from top to bottom. Therefore, there

is a shape preserving bijection from 20(tab(u x v)) to 2(W (A, T))- O

Corollary 2.3.6. Given partitions A and pu, we have that

SASu = Z Ssh(U)'

Ue(W (Au))

Proof. Given partitions A, u, v, we have that CK, u= cg

bert polynomials [48]. Furthermore, if A and u correspond to permutations u and v, then

SX Sﬁ = Z Ssh(T)

TeP((uxv)~1)

= D Sam)

TeP(uxv)

= ). sy

UeW(W(Am)

- found in Manivel’s book on Schu-

By symmetry of conjugation, the corollary is proved. O
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Chapter 3
POPTOTIC CLASSES

Miller and Knutson introduced a recursive algorithm on RC-graphs which acts much
like the divided difference operator on monomials in Schubert polynomials called mitosis
[28]. In this chapter, we describe RC-graphs and the mitosis algorithm, as well as describe
the class of algorithms with nice properties, called poptotic classes. The main theorem in
this chapter is Theorem 3.3.8, which characterizes poptotic classes. Section 3.4 introduces
an operator, split, similar to mitosis, which acts like a left divided difference operator on

Schubert polynomials.
3.1 Introduction to RC-graphs

RC-graphs are a set of combinatorial objects associated with a permutation w € S,,. In a
sense, they record the planar history of a permutation and so are a more visual object to
consider than a-compatible sequences. Most of the introductory material presented in this
section appears in [1].

Suppose a = (ay,...,ap) € Red(w) is a reduced word for w. Recall from Section 1.3

that i = (i1,...,ip) is an a-compatible sequence if
o 1<iy <iy...<ip,
® i =411 implies a; > a;11, and
e i; < a; for every j.

Let C(a) denote the set of all a-compatible sequences.

Definition 3.1.1. Given a € Red(w) and i € C(a), the rc-graph of (a,1i) is

D(a,i) := {(ix,ar — i + 1) |1 < k < p}.
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Let RC(w) := {D(a,i)|a € Red(w),i € C(a)}.

Example 3.1.2. Let a = (3,1,4,5,4) and ¢ = (1,1,2,3,4). Then D(a,z) € RC(214653) is

1+ +
2 +
(3.1)
3 +
4 +
5

where a + represents an occupied position and a - represents an unoccupied position in the

graph.

Given a subset D of {(k,b) € PxP|k+b < n}, form a string diagram as follows: Draw
n, strings going up and to the right such that the i** string begins at (i,1). When the string
reaches (k,b), it crosses the other string arriving at (k, b) if (k,b) € D or avoids it otherwise.
Such a string diagram is called a pipe dream. If the i'" string ends at position (1,w;), then

w(D) = wiws . .. wy. If no two strings in the line diagram for D cross more than once, then

D € RC(w(D)).

For any subset D of {(k,b) € PxP|k+b < n}, an expression for w(D) is easily recovered.
Define a total reading order on the elements of D, (k,a) < (£,b) if k < Lor k = ¢ and a > b.
Then enumerate the elements of D with respect to this order (k1,b1) < (k2,b2) < ... <
(kr,br). Let aj = bj +k; —1 and ¢; = k;. Then a = (a1,a9,...,a,) is an expression for

w(D) and i = (i1,49,...,%,) is an a-compatible sequence.

Example 3.1.3. Let a = (3,1,4,5,4) and 2 = (1,1, 2, 3,4). Below is the rc-graph D(a, 1) €
RC(214653) with the strings filled in.
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gﬁ

To recover the reduced expression from the diagram, read column numbers in the rows right

S Ot W N

to left, top to bottom, adding the row number minus 1 to the column number. Following
this procedure, the reduced expression corresponding to this rc-graph isa = (3+0,140,3+
1,3+2,143) =(3,1,4,5,4), as expected.

Note that £(wo) = (5) = |[{(k,b) € Z>o X Z>q : k+b < n}|. Therefore, there is a unique
rc-graph for wg, namely Dy = {(k,b) € Zso X Z>o: k+b < n}.

Example 3.1.4. Below is the rc-graph of wg = 654321 in Sg.

We Wy Wy W3 Wy Wy

S Ot ol W N
.

Given an rc-graph D, define the monomial

iL‘D: H Zi-

(i.)€D

Following Theorem 1.3.2, Fomin-Kirillov and Bergeron-Billey observed the corollary below.

The bijection from a-compatible sequences to rc-graphs is denoted X in Figure 1.

Corollary 3.1.5. [1, 15] For a permutation w € Sy,
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Lemma 3.1.6. [1] Given an rc-graph D, the transpose of D is also an rc-graph, D' €
RC(w™1t). Therefore, the map p : RC(w) — RC(w™!) such that p(D) = D! is an involu-

tion.
Definition 3.1.7. Given w € S,,, define

Dyor(w) := {(i,¢) |1 < ¢ <my},
where m; = #{j|j > i and w; < w;}. Define

Dt0p('w) ={(c,5) |1 < e <ngl,
where n; = #{i|i < j and w; > w;}.

It can be shown that Dy, (w) and Dyep(w) correspond to the lexicographically largest
and smallest compatible sequences for w, respectively, and are both in RC(w).

Suppose D € RC(w) and R is a 2 x (m+1) rectangle in P x P for m > 1. Also, suppose
RN D contains all of R except the southwest, northwest, and southeast corners of R. That

is, RN D looks like:

Jj—m J
i+ o+ 4+ (3.4)
i+l 4 4+

Define the chute, C;j;, of D to be the set Cy;(D) := {(i +1,5 —m)}UD —{(4, )}, where
the 2 x (m + 1) rectangle with northeast corner (3, j) is as above.

Jj—m J j—m J
i+ 4+ + o+ = -+ 4+ o+
i+1 + 4+ + =+l 4+ + 4+ o+

Such a rectangle R is refered to as a chutable rectangle. Also, define CH(D) to be the
set of all Cjj, - -+ C

injr (D) such that (i, jo),- - -, (ik, jk) is a sequence of chutable rectangles.



43

Example 3.1.8. Let D € RC(216534).

1 2 3 4 5 1 2 3 4 5
1+ 1+
2 + 4+ 4+ 2 + 4+
D = 02,4(D) = (3.5)
3 + o+ 3 + + +
4 + 4 +
5 5

Lemma 3.1.9. [1] Suppose D € RC(w) and R is a chutable rectangle in D with northeast
corner (i,5). Then C;j;(D) € RC(w).

Similarly, suppose D € RC(w) and S is an (m + 1) x 2 rectangle in P x P for m > 1.
Also, suppose SN D contains all of S except the northeast, northwest, and southeast corners

of S. That is, S N D looks like:

Jj it
1—1m
+ o+
+ o+ (3.6)
+ o+
+ o+
i+

Define the ladder, L;; of D to be the set L;;(D) = {(i —m,j+1)} UD —{(4, )}, where the
(m+ 1) x 2 rectangle with southwest corner (i, ) is as above. Such a rectangle is refered to
as a climbable rectangle. Also, define £(D) to be the set of all rc-graphs, L;j, - -+ L, j, (D)

such that (ig,70),---, (i, jk) is a sequence of climbable rectangles.
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Example 3.1.10. Let D € RC(216534).

1 2 3 4 5 1 2 3 4 5
1+ 1+ +
2 4+ 4+ o+ 2 -+ o+ o+
D= Lyo(D) = (3.7)
3 - 4+ + 3 - 4+ +
4 + 4
5 5

Lemma 3.1.11. [1] Suppose D € RC(w) and S is a climbable rectangle in D with southwest
corner (i,7). Then L;;(D) € RC(w).

Theorem 3.1.12. [1] Suppose w € S,,. Then the following all hold:

1. For every D € RC(w), p(Cij(D)) = Lji(p(D)), where p(D) = D*.
2. RC(w) = CH(Diop(w)).

3. RC(w) = L(Dpot(w)).

Definition 3.1.13. A chute move Cj; is said to be simple if (i,j) is the northwest corner
of a 2 x 2 chutable rectangle. Likewise, a ladder move is said to be simple if (i,7) is the

southeast corner of a 2 x 2 climbable rectangle.

Observation 3.1.14. If w avoids the pattern 321, then w admits only simple chute and

ladder moves.

3.2 Mitosis

Given a set D contained in {(k,b) € Px P|k+ b <n} and 1 <i < n, define

start;(D) := min{j € P|(4,5) ¢ D}

and

Ji(D) == {1 < p < start;(D)| (i + 1,p) ¢ D}.
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Algorithm 3.2.1. [28, 50] (Mitosis Algorithm) For p € J;(D), form the offspring D;, as
follows:

1. Delete (i,p) from D.

2. For every j € J;(D) such that j < p, move the cross at (7,j) down to (i + 1,5). That
is, delete (4,7) from D and add (i + 1, j). The result is D:f,.

Definition 3.2.2. For an rc-graph D,
mitosis;(D) := {D; :p € Ji(D)}.
For a set P of rc-graphs,

mitosisi(P) := U mitosis;(D).

The offspring D;, can be seen as the subset obtained by deleting (7, start;+1(D)) from
D and doing consecutive chute moves on rows ¢ and ¢ + 1 until ending with Cj,. One can
define a similar rule using ladder moves. Section 3.4 explores this kind of rule.

The following theorem is the motivation behind using mitosis. The theorem shows that

mitosis behaves similar to a divided difference operator on Schubert polynomials.

Theorem 3.2.3. [28, 50] For w € Sy,

mitosisi(RO(w)) = 4 ¢ (W) v Hw) > lws:) (3.8)
) if L(w) < L(ws;)

Therefore, for a = (a1,as,...,a,) € Red(w™'wy),
RC(w) = mitosise, mitosisg, - - - mitosis,, (Do) = mitosisa(Dy).

Example 3.2.4. Suppose w = 52134, w 'wy = 15423 and a = (4, 3,4, 2,3) € Red(15423).
The mitosis tree in Figure 3.1 has root Dy, and the children of D on level j (from the bottom)
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are precisely mitosis,; (D). Thus, RC(52134) = < - > and Gs134 = TiT9.

3.3 Poptotic Classes

Example 3.2.4 illustrates an important point: some a € Red(w 'wg) may give rise to barren

nodes. This leads to a good question, which mitosis trees have barren nodes?

Definition 3.3.1. An rc-graph D is i-barren if mitosis;(D) = (), i.e. D is childless in the

mitosis tree for j.

The 4 in i-barren is omitted if it is understood from the context. Observe that D is

i-barren if and only if start;(D) < starti;1(D).

Definition 3.3.2. A reduced word a € Red(w ‘wy) is poptotic if the mitosis tree for a has

no barren nodes. Otherwise, a is apoptotic.

Lemma 3.3.3. If a,b € Red(u) and heap(a) = heap(b), then a is poptotic if and only if
b s poptotic.

Proof. Observe mitosis;(D) affects only rows ¢ and 4 + 1 of D and leaves all other rows
untouched. Suppose |i — j| > 1. Then mitosis; does not affect the j** and (5 + 1)%
rows of D, or mitosis;(D) (and the same conversely). This implies start;(D) = start;(E)
and startj.1(D) = startj;1(E) for every E € mitosis;(D). By symmetry, start;(D) =
start;(F') and start;;1(D) = start;.1(F) for every F € mitosis;(D).

The i-barrenness of D depends only on the relationship of start;(D) and start;1(D) as
observed above. Thus, if mitosis;mitosis;(D) has a barren node, then either start;(D) <
startj11(D) or start;(F) < start;;i(F) for some F' € mitosis;j(D). This implies either
start;(E) < startj;1(E) for some E € mitosis;(D) or start;(D) < start;;1(D) and so
mitosis;jmitosis;(D) has a barren node. Therefore, we have that mitosis;mitosis;(D) has

a barren node if and only if mitosis;jmitosis;(D) has a barren node.
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+ + + +
+ + +
+ +

+ o+ + o+

+ o+ o+ o+ + o+ o+ +
+ + +
+ o+ +
+ +
+ o+ o+ o+ + o+ o+ o+
+ + +
+ + +
/ AN
+ + + 4+ + + + + o+ 4+ + +
+ + + +
+
+
+ o+ o+ o+
barren + barren

Figure 3.1: The mitosis tree for a = (4,3,4,2,3)
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Recall from Section 1.1, for a,b € Red(u) such that heap(a) = heap(b), a and b differ
only by a sequence of (i,7) <> (j,i) switches, where |i — j| > 2. Thus, mitosisa(D) has a

barren node if and only if mitosisy(D) has a barren node and so the lemma is proved. O

Lemma 3.3.4. Suppose w € S,,.

1. If wj < wjy1, then startj(D) < startj;1(D) for every D € RC(w).

2. If wi > wy > ... > w;, then start;(D) > starte(D) > ... > start;(D) for every
D € RC(w), and startp(D) = wy, for 1 < h <i.

Proof. To prove the first statement, observe that for any rc-graph D, if start;(D) >
startj1(D), then string j + 1 crosses string j at position (j, start;1(D)). This implies

wj > wjt1. Thus, if w; < wjiq, then start;(D) < start;j1(D) for every D € RC(w).

|
J |
i+ J

To prove the second statement, suppose D € RC(w). Observe, the claim is trivially
true for ¢ = 1. Proceed by induction on i. Suppose wq > ws > ... > w;, then start;(D) >
starte(D) > ... > start;—1(D) and starty(D) = wp, for 1 < h < ¢ — 1 by the inductive
hypothesis. Since w;_1 > w;, strings ¢ — 1 and 7 must cross in D. By considering the
string diagram for D, the only way for string 7 to cross string 7z — 1 is if they do so before
start;—1(D). It must be that start;(D) < start;—1(D). Furthermore, string i continues

straight up in the string diagram in column start;(D), so, start;(D) = w;.
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Miller remarks without proof in [50] that, if a is smallest in lexicographic order in

Red(w~'wyg), then a is poptotic. We include a proof for completeness.

Lemma 3.3.5. Suppose a € Red(w ‘wg) such that a is smallest in lezicographic order in

Red(w wq). If heap(b) = heap(a), then b is poptotic.

Proof. To prove the lemma, first we must prove that a is poptotic. Lemma 3.3.3 proves the
rest of the statement.

Let w be a permutation whose first ascent is ¢. Then ws; has first ascent either at 7 — 1
or strictly after ¢ and ws; covers w in right weak order. Suppose E € RC(ws;). We wish
to show start;(E) > starti;1(E), thereby proving FE is not i-barren. If ws; has first ascent

strictly after ¢, then by Lemma, 3.3.4,
start1(E) > starto(E) > ... > start;(E) > starti11(E).
On the other hand, suppose ws; has first ascent at ¢ — 1, then by Lemma 3.3.4,
start1(E) > starta(E) > ... > start;—1(E).

Let v = ws;. Then,

starti_l(E) = Vi1 = Wi—1 > Wi = Vi1

and

Vi = Wil > Wi = Vit -

String 4 + 1 must cross string ¢ — 1 in a column in F to the left of start;_1(E) because
start;—1 = v;—1. In order to do this, it must be that start;_1(EF) > start;+1(E). By as-
sumption, v;_1 < v;, so again by Lemma 3.3.4, start;(E) > start;—1(E). Thus, start;(E) >
start;—1(E) > start;;1(F). Therefore, E is not i-barren and so, mitosis;(RC(ws;)) does
not have any barren nodes.

One finds the smallest lexicographic reduced word for w™!wy by finding the saturated
path in right weak order w — wsq, — wsgq,8q, — ... — wp such that a; is the first ascent

of wsq, -+ 84;_,. Let a = (a1,as,... ,a(n)_e(w)). Therefore, if a is smallest in lexicographic
2
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order in Red(w™'wg), then a is poptotic.

O

Lemma 3.3.5 gives a sufficient criteria for a reduced word to be poptotic. Is it also
necessary? This is equivalent to asking which reduced words a have mitosis trees which
only have rc-graphs in which start;(D) > start;1(D)? Before answering this question, we

need more information about the other heaps.

Lemma 3.3.6. Suppose H € H(w) and H # heap(a), where a is the lexicographically
smallest reduced word for w. Then there exists a linear extension b = (b1, bo,...,by) of H

and k < p — 2 such that by = bgyo = j+ 1 and by1 = j for some j.

Proof. For w € S,, suppose n = 2. Then the statement is true, because there is only
one heap for each permutation. Suppose the statement is true for w € S, for all n < m,
and let v € S,,. If u,, = m, then u can be embedded in S,,—1 and the claim is true by
induction, so supppose u; = m for ¢t < m. Then there exists a linear extension ¢ of H such
that o =01 -(m—1,m —2,...,t) - 09 and oy can be embedded in S,, 1, where - denotes
concatonation of reduced words. Also, assume o1 has maximal length with regard to these
restrictions.

If o9 is not the empty word, then let 5 be the first element of oo. If j > ¢, then move
j past t by using commuting moves until j is as far left as possible. It will have been
stopped by a j — 1. Thus, there is ¢’ in the same commutativity class as o such that
d=0-(m—-1m-2,...,5,7—1,4,j —2,...,t) - 6, and the lemma is proved in this case.

Suppose j < t. If j = ¢ — 1, then it u; # m because m moves past the ¢ position. So,
we can assume that j < ¢ — 1. Move j past m —1,m —2,...,;ttoform 7 =01 -j - (m —
1,m —2,...,t) - 7o where 7 consists of all of o5 except the first element, j. Then o - j can
be embedded into S,,,_1, which contradicts the choice of o7y.

Suppose oy is not the empty word and heap(oi) is the heap of the lexicographically
smallest word for v where o1 € Red(v). Then heap(c) = heap(a) where a is the lexico-
graphically smallest reduced word for w. Thus, if o9 is the empty word, then heap(cy) is
not the heap of the lexicographically smallest word for v where o1 € Red(v). The lemma

holds for heap(oi) by induction, and hence, for H. O
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Define the relation < on H(w) by H < G if there exist linear extensions h and g of H,
and G such that g can be obtained from h by doing one (4,57 +1,7) — (j+1, 4,7 +1) switch.

Let < be the transitive closure of this relation.

Corollary 3.3.7. Suppose w € S,. Let H = heap(a) € H(w), where a is the lezico-
graphically smallest reduced word for w. Then =< defines a ranked partial order on H(w).
The rank of G is given by D, i — ZjeHj' Consequently, H is the unique heap with the

lexicographically smallest content for w.

Proof. From Lemma 3.3.6, every heap G € H(w) which is not H can be obtained from
another heap F by doing one increasing braid move such that » ;i — > jerd =1L Fur-
thermore, if H < G, then either H = G or G can be obtained from H by doing a series of
(7,7 +1,7) = (4 +1,7,7 + 1) moves, implying the content of G is strictly greater than the
content of H. So, = is a valid partial order. The only heap which can not be obtained from
an increasing braid move is H. This implies H has the lexicographically smallest content

in H(w). O

Theorem 3.3.8. Suppose a € Red(w ' wg). Then a is poptotic if and only if heap(a) has

the lezicographically smallest content in H(w ™ wp).

Proof. From Lemma 3.3.5, one has that if heap(a) has the lexicographically smallest content,
then a is poptotic.

To prove the converse, let H = heap(a), and suppose H does not have the lexico-
graphically smallest content in H(w). By Lemma 3.3.6, there exists a linear extension b
of H and k < ¢(w) — 2 such that by = j + 1 = bgyo and bgy1 = j for some j < n. Let

P = mitosis;, 4 - - - mitosisi,,, (Dy), and consider
mitosis;, mitosis;, mitosis;, ,(P) = mitosis;j1mitosis;ymitosis;,1(P).

For D € mitosisj+1(P), we have that start;2(D) > startj+1(D). Similarly, if mitosis;(D) #
0, then start;(D) > startj;1(D). If p = start;j;1(D), then p € J;(D) and p = minJ;(D).
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Let D' = Dj. Then
startj;1(D") = p = startj1(D) < startjio(D) = startjio(D")

which implies mitosis;j;1(D’) = (. Thus, b is apoptotic. From Lemma 3.3.3, every linear

extension of heap(b) is also apoptotic. Therefore, a is apoptotic. O

Pictorally, the following is an example of part of a mitosis tree for (5 + 1,5,j + 1) for

some partial rc-graph D.

1+ + o+

+2 + 4+ -+

1+ 4

2+ o+ -+
i+ 4+ i+ 4 +
L+ o+ L+
2+ o+ o+ +2 + o+ -+
i+
G+l o+ 4+ e ... barren
+2 + o+ -+

3.4 A Left Divided Difference Operator on RC-Graphs

The divided difference operator, 9;, defined in Section 1.3, has been studied and generalized

extensively in order to find more information about Schubert polynomials [3, 12, 17, 15, 28,
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34, 47]. Recall,
Gus; if L(w) > L(ws;)
0 if L(w) < £(ws;)

az(Gw) =

That is, 0; acts on a Schubert polynomial indexed by w by multiplying w on the right by
s;. In this section, we define a new operator, split, similar to mitosis on rc-graphs such that
split; acts on a Schubert polynomial indexed by w by multiplying w on the left by s;. A
different left divided difference operator was defined on the equivariant cohomology of flag
varieties recently by Tymoczko[66]. The two operators act in the same way on Schubert
polynomials. Furthermore, we describe in Section 4.4 how the split operator acts on another
Schubert object defined in Chapter 4.
Given a set D contained in {(k,b) e Px P|k+b<n} and 1 < j < n, define

topj(D) = min{i| (i,§) ¢ D},

and

Ti(D) == {1 <i <topj(D)|(i,j +1) ¢ D}.

Algorithm 3.4.1. (Split Algorithm) For ¢ € 7;(D), form the offspring ZD as follows:

1. Delete (g, j) from D.

2. For every i < ¢ such that i € T;(D), move the cross at (4, ) right to (¢,5 4+ 1). That
is, delete (i,7) from D and add (i, 4+ 1). The result is ZD.

Definition 3.4.2. For an rc-graph D,
splitj(D) := {}D : q € T;(D)}.
For a set P of rc-graphs,

splitj(P) := U split; (D).
DeP
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The offspring ZD can be seen as the subset obtained by deleting (topj4+1(D), j) from D
and doing consecutive ladder moves on columns j and j + 1 until ending with Lg;. In fact,

split is just the action of conjugating mitosis with the transpose operator.

Lemma 3.4.3. For an rc-graph D,

split;(D) = p(mitosis;(p(D))).
Proof. The lemma follows directly from the definitions. O
Theorem 3.4.4. For w € S,

RC(sjw) if L(w) > £(sjw)

split;(RC(w)) = .
0 if £(w) < L(sjw)

Therefore, for a = (a1,a2,...,ap) € Red(wwy),
RC(w) = splitg, splity, - - - split,, (Do) = splita(Dy).

Proof. Define p(P) = {p(D)|D € P}. By Lemma 3.1.6, we have that p(RC(w)) =
RC(w™ ). So by Lemma 3.4.3,

split;(RC(w)) = p(mitosisj(RC(w™1)))
if £(w™) > L(w™'sy)

if £(w™) < L(w™ls))

Il
—N——N— D
22
= X[
Q
S|
K)c,;_\

O

The advantage of using split is that split simply decreases one exponent in z” by one.

That is, for D € RC(w),
D

Y o= Y Z—q (3.9)

Eesplit;(D) q€T;(D)
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Chapter 4

A NEW SCHUBERT OBJECT: INVERSION FILLINGS

There are many combinatorial objects which index the monomials in Schubert polyno-
mials. We refer to these as Schubert objects. A couple Schubert objects have already been
mentioned, namely, a-compatible sequences and rc-graphs. In this chapter, we introduce
two more known such combinatorial objects, balanced tableaux and balanced labellings and
one new set of such object, called inversion fillings.

Inversion fillings serve as a link between rc-graphs and balanced labellings. Lemma 4.2.6
gives a bijection from inversion fillings to balanced labellings and Theorem 4.2.9 provides a
bijection from rc-graphs to inversion fillings, which completes the connection. Section 4.3
provides an algorithm to construct inversion fillings. Furthermore, Section 4.4 supplies
a connection between contretableaux and rc-graphs for Grassmannian permutations via

inversion fillings and the split operator from Section 3.4.

4.1 Balanced Tableaux and Balanced Labellings

Given a finite set S C P x P and (i, j) € S, define the left hook, L;;, of (i,7) in S to be the
set

Lij = {(k,b) € S|k =14,b < j} U{(k,b) € S|i <k and b= j}

and the right hook, R;j, of (i,7) in S to be the set
R;j .= {(k,b) € S|k =14,b> j}U{(k,b) € S|i < k and b = j}.

Definition 4.1.1. A balanced tableau T of shifted staircase shape 6, = {n—1,n—2,...,2,1}

is a filling of the boxes in the set {(i,j) € P x P|i < j < n} with positive entries ¢;; in the

th

ith row and j** column such that, for each i < j, the number of entries in L;; (including ;;

itself) less than or equal to ¢;; is j —i. A balanced tableau T with entries ¢;; is standard if
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{tiyeT={1,....(5)}
Example 4.1.2. Following are several examples of standard balanced tableaux of shape

ds = (3,2,1):

1 1 (1[4

6

1 2 (612

1

]
6

9
6

2 2
4 6

SO
=

NEE

|[\.’>C)"OJ

|w.4>oo

|c:xo.:q>

Theorem 4.1.3. [13] There is a bijection from the set of standard balanced tableauz of

shape 6, to the set of mazimal chains from the identity to wg in the right weak order.

Fomin, Greene, Reiner, and Shimozono define an extension of balanced tableaux using

the diagram of a permutation in [17].

Definition 4.1.4. The diagram of a permutation w is the set of boxes D(w) in positions
(i, w;) such that 7 < j and w; > w;.

Example 4.1.5. Following are the diagrams of w = 625431 and wy = 654321:

D(625431) = | [ [ [ | D(654321) = |
H |

Notice that D(wp) = {(i,j)EIP’ xPli+j <n}.
Definition 4.1.6. Suppose B is a filling of the boxes in D(w) for a permutation w with
entries b;;. For (i,7) € D(w), rearrange the entries in the boxes in R;; so that the entries
increase from right to left across the row and increase top to bottom down the column of
R;;. If bj; remains in position (¢,j) in the rearrangement of R;; for every (i,j) € B, then
B is balanced. If B is balanced and if no column contains two equal entries, then B is a

balanced labelling. Denote the set of all balanced labellings for the diagram of a permutation

w by BL(w).

Example 4.1.7. Below is a balanced labelling for w = 625431. The [ ]s are added to

distinguish the rows and columns.

D(625431) =

(ol N = [UVL R V)
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Remark 4.1.8. [17] Let B be a filling of D(wj). Let B’ be the filling of §, such that
b ;= bin—j+1- Then B is a balanced labelling of wy if and only if B’ is a balanced tableaux

for wy € Sy,.

Theorem 4.1.9. [17] Let w be a permutation. Then

Gy = Z xTa

TeBFL(w)

where BFL(w) denotes the set of balanced labellings of D(w) such that t;; < i for every
(1,5) € D(w).

Recall the Stanley symmetric functions from Section 1.5. Theorem 4.1.10 can be seen

as an interpretation of Stanley symmetric functions in terms of balanced labellings.

Theorem 4.1.10. [17] Given a permutation w,

4.2 Inversion Fillings

In this section, we define inversion fillings. Subsequently, the relationships of inversion

fillings to balanced tableaux and to balanced labellings are described.

Definition 4.2.1. Let w € S,, be a permutation. Define the inversion set of w to be

I(w) = {(i,j) € PxP|i < j and w; > w;}.
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Also, define
I(w)k, ) = {j |k < j and wy, > w;}
= {jl(k,j) € I(w)}
I(w)(— k) = {i|7 <k and w; > wg}
={i| (i, k) € I(w)}.
Notice,

I(w) = |J T(w) -y = | T(w) - p)-

k>1 k>1
The inversion set for a permutation w is unique to w. That is, if w # u, then I(w) # I(u).
Thus, w can be recovered from I(w). Given any set S in P x P, we also make the following

definitions which will become useful. Define

Sk,—y ={j |k <j and (k,j) € S}
Sy :=1{ili <kand (i,k) € S} (4.1)

ps(k) =[S,y =[S k)| + k.

The following elementary lemma will come in handy in a few proofs in this chapter. It is

known in the literature as folklore.

Lemma 4.2.2. Suppose S C {(i,j) € PxP:i < j} is a finite set. Then S is the inversion

set of some permutation w if and only if S has the following properties:
1. If (i,7) is in S, then for every i < k < j, either (i, k) is in S or (k,j) is in S.
2. If (i,k) and (k,j) are in S, then (i,j) € S.

In fact, w(k) = ps(k).

Proof. If w is a permutation, then certainly I(w) has the two given properties.
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For the proof in the other direction, suppose the finite set S has the two given properties.
Observe that |S_ )| < k—1 for every k > 1 which implies ps(k) > 1 for all £ > 1. Thus, ps
maps P to P. To prove the lemma, first it is shown that (4, j) € S if and only if ps(z) > ps(4)
and ¢ < j. It is shown at the same time that pg is injective. Then, it is shown that pg is

surjective onto P. For some n, pg(j) = j for all j > n. This will conclude the proof by
setting w; = ps(j), so w € Sp.

Suppose i < j and (4,5) € S. Then the following all hold by the assumptions on S:

If i < k < j, then SN{(i, k), (k,j)} is nonempty. (4.2)
Ifa<i<jand (a,i) €S, then (a,j) € S. (4.3)
Ifi <j<zand (j,z) €S, then (i,2) € S. (4.4)

From (4.3), it follows that S(—,i) C S(_’j), and hence, |S(—,j)\S(—,i)| = |S(—,j)|_|S(—,i)|- Like-
wise, (4.4) implies S(j,_) C S(i,_), and thus, |S(i,—) \ S(j,_)‘ = |S(z',—)| — |S(j’_)‘. From (4.2),

(S USam) N {kli <k < g} =j—i+1,

and so,

ps(i) —i—ps(j) +J
=[Sl = ISol + 18| = 156
=[S \ S| + 156, \ 56|

> (8- USe,-) N{k|i <k <}

—j—i+1

This implies ps(i) — ps(j) > 0, and thus, if (i,7) € S, then ps(i) > ps(j).
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Now suppose (i,7) € S and ¢ < j. Then the following all hold by the assumptions on S:

Ifi <k <y, then |SN{(i,k),(k,j)} <1 (4.5)
Ifa<i<jand (a,5) €S, then (a,i) € S. (4.6)
Ifi<j<zand (i,2) € S, then (j,2) € S. (4.7)

From (4.6), it follows that (S(_; N{ala <i}) C S and so

S\ (S N {ala <) =[S 0| =[S sy N{ala < i} > 0.
Likewise, (4.7) says (S;;,_) N{z|z > j}) C S(;,-), and thus,

1G9\ (S, {212 2 1) = S, | = |6, N {z12 > 7} > 0

By (4.5),
S, N ki <k <} +[Synikli<k<g}f<j-i-1,

and so,

ps(j) —j —ps(i) +i

=[S, =[S + 15 = 1S9

=[S = |86, {212 2 3} =[S N {ki <k < j}|
+ 1Sl = [Sa NHala < i} =[S N {kli <k <3}
> — |85 N{kli <k <j} —|Scyn{kli<k<j}

>1—j+i.

This implies ps(j) — ps(i) > 0, and so we have, if (3,7) € S, then pg(i) < ps(j). Thus,
ps is an injection from P into P, and (4,5) € S if and only if i < j and pg(i) > ps(j).

Given k, it remains to show there exists j such that pg(j) = k. We have that S is finite,
sothere exists some element a such that for every £ > a, S(p _yUS(_ 4 is empty. This implies

ps(€) = £. But all pg(j)’s are distinct and (4,4) € S. So, {ps(j)|1 <j <a} C{1,...,a—1}.
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The two sets have the same cardinality because p is injective, so the sets are equal. Thus,

p is surjective from P onto P and S is the inversion set for w where w; = pg(j). O

Given a set S C P x P, represent S pictorially via the set of boxes in positions (4, j) for

all (4,7) € S. Fill the boxes with positive integers, refered to as a filling of S.

Definition 4.2.3. An inversion filling for S is a filling of S such that for every entry m;;
in position (i,j) € S, m;; lies between m;; and my; for all i < k < j. If (4,5) € S, then
m;; is defined to be 0 and not drawn in the filling. An inversion filling for w is an inversion
filling of the inversion set I(w). The set of all inversion fillings for w is denoted by IF(w).

An inversion filling for S is semistandard if the entries in each column are distinct.
Denote this set by SSIF(S). An inversion filling is standard if the filling is semistandard

and the entries are exactly the integers from 1 to |S|. Denote this set by STF(S). Again,
SSIF(w) := SSIF(I(w)) and SIF(w) := SIF(I(w)).

The inversion filling in Example 4.2.4 is a semistandard inversion filling. Inversion fillings

are a different generalization of balanced tableaux as Lemma 4.2.5 points out.

Example 4.2.4. When drawing an inversion filling, it is helpful to know the column and
row numbers. For this reason, the unfilled boxes (4, j) with 1 < < j are represented by a

[-]. The following is an example of an inversion filling for w = 625431:

[2][1]1]1

roleo|
|oo\1cnwt\:>

Lemma 4.2.5. For wy € Sy, a filling T of I(wo) = {(i,7) € PxP|i < j < n} is a balanced

tableau of shape 6y, if and only if T is an inversion filling for wg.

Proof. The lemma follows directly from Definitions 4.1.1 and 4.2.3. O

Lemma 4.2.6. There is a content preserving bijection, S, from the set of inversion fillings

for w to the set of balanced labellings of w.
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Proof. Let M be an inversion filling for a permutation w. Rearrange the columns of M in
the order of w. That is, given box (4, j) € I(w) with entry m;; in M, make a filling of D(w)
by placing m;; in box (i, w;). Call this new filling M.

By the definition of an inversion filling, for every i < k < j, mj,, lies between m;,, and
m}cwj. From [17, Lemma 2.5], a filling of D(w) is a balanced labelling if and only if, for every
triple (4, k, j), the diagram restricted to rows i, k, j and columns w;, wy, w; is balanced. So,
M’ is a balanced labelling.

Given a balanced labelling F' of D(w), again from [17, Lemma 2.5], for i < k < j, the
same restricted subdiagram must be balanced. It is a quick verification to show that this
implies f,; lies between fi,, and fiy;. Thus, rearranging the columns of F' in the order of

w~! gives an inversion filling. O

From Theorem 4.1.10 and Lemma 4.2.6, Corollary 4.2.7 is immediate.

Corollary 4.2.7. Given a permutation w,

F,1= Z =t

FeSSIF(w)

F

where " is the monomial [[;cp ;.

Definition 4.2.8. Let FIF(S) be the subset of SSIF(S) such that, for each entry m;;, we

have m;; < 1. Call these inversion fillings flag inversion fillings.

Theorem 4.2.9. There is a bijection ¥ from RC(w) to FIF(w), such that ¥ = z¥P)

for every re-graph D.

The proof of Theorem 4.2.9 is delayed until Section 4.3. It is placed here to emphasize
the connections between inversion fillings and known Schubert objects.

Recall, Corollary 3.1.5,

RERC(w)
As a corollary to Theorem 4.2.9 and Corollary 3.1.5, the flag semistandard inversion fillings

also index the monomials in the Schubert polynomial indexed by w.
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Corollary 4.2.10. For a permutation w € Sy,

F

where z° is the monomial [ [, x;.

4.3 The Construction Algorithm and the Proof of Theorem 4.2.9

In this section, we construct inversion fillings such that each intermediate step produces all
inversion fillings for permutations w’ between the identity element and w in left weak order

of fixed content. The construction is then used in the proof of Theorem 4.2.9.

Algorithm 4.3.1. (Construction Algorithm) Given a sequence of nonnegative integers
(b1, ba,...,bs), form the construction tree with content (1°,2°2, ... a%) according to the

following rules:

1. Start with the empty inversion set, I(id).

2. After all a,a —1,...,£+ 1 have been inserted into the diagram, insert all £’s in the

diagram one at a time, by in total. Set m;; = £ only if the following all hold:

(a) i< j.
(b) ps(i) = ps(j) — 1, where pg(k) is as in Equation (4.1) and S is the set of boxes
already filled.

(c) if mg = £, then t # j and ps(i) > ps(s).

To make sure the construction algorithm yields flag semi-standard fillings, the con-

struction tree must be restricted by

d) £<i.

The collection of leaves on the last step is CL(by,bo, ..., b,).
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Example 4.3.2. Below is the construction tree for content (1°,22,3!) of sets S C {(i,7) €
P x P|i < j <5} which are flag semi-standard. Again, say a node is barren if it bears no

children.

0
P 3
3] L]
T3 — VAR
| | . —
2] -1- barren HEEE CT 1
2% g 127 202
19 ] 9] 32 3

For a filling M of boxes in {(%,j) € PxP: ¢ < j}, let S(M) be the set of boxes (%, j) which
are filled. We will use this convention for the next few proofs. Also, recall Equation (4.1)

for the definitions of S(M)(; _y, S(M)_ ;), and ps(k).

Lemma 4.3.3. At each step of the construction tree, the set of filled boxes in a node N of
the tree is the inversion set for some permutation w(N), where w(N) is the permutation

such that S(N) = I(w(N)).

Proof. If M is the empty filling, then S(M) = () is the inversion set for the identity permu-
tation. Thus, M is a filling of I(id). Proceed by induction on the size of S(M).

Assume the lemma is true if |[S(M)| = a — 1, and suppose |S(N)| = a for some filling,
N, which is a node in the contruction tree. It must be that N is a child of a filling M in
the tree, such that S(M) U {(4,5)} = S(N) and ps(i) = ps(j) — 1. Then, by the inductive
hypothesis, pg is a permutation and S(M) = I(pg).

It remains to show I(p) U {(4,7)} is the inversion set for some permutation w when

|I(p)(i,_)| — |I(p)(_’i)| +i4+1= |I(p)(j,_)| — ‘I(p)(_,]-)| + j. From the proof of Lemma 4.2.2,
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p; + 1 = pj. Thus, multiplying p on the left by the adjacent transposition sp;, = (ps,p; + 1)
changes I(p) only by adding (i, ) to it, and so, I(p) U{(¢,5)} = I(sp;p). Therefore, S(N) =
S(M)U{(i,5)} = I(p) U{(4,7)} is the inversion set for sp,p. O

Corollary 4.3.4. In the construction tree, N is a child of M only if w(N) = s,w(M) for
some r > 1, where w(N) is the permutation such that S(N) = I(w(N)).

Lemma 4.3.5. At each step of the construction tree, a node M is a semistandard inversion

filling for w(M).

Proof. If M is the empty filling, then M is the unique inversion filling for the identity
permutation. Proceed by induction on the size of S(M).

Assume the lemma is true if |[S(M)| = « — 1, and suppose |S(N)| = « for some filling,
N, which is a node in the contruction tree. It must be that N came from a filling M by
adding an entry £ in position (4, j), such that S(M)U{(4,j)} = S(N) and ps(i) = ps(j) — 1.
Furthermore, n;; = £ must be less than or equal to every entry in M, and strictly less than
every entry in column j of M. Then, by the inductive hypothesis, M € SSIF(v) for some
permutation v.

If N is not a semistandard inversion filling of S(N), then, because M € SSIF(v), there

must exist 7 > 1 such that at least one of the following hold:

(i) r <i < j and m,; does not lie between £ and m,.;.

(ii) ¢ < r < j and £ does not lie between m;, and m,;.

(iii) 4 < j < r and m;, does not lie between £ and m,.

If Statement (i) holds, then it must be that m,; > m,;, because m;; is taken to be 0 when
(¢,7) is unfilled and M € SSIF(v). By construction, m,; > £ which contradicts Statement
(1). Similarly, Statement (iii) cannot hold.

The proof of the impossibility of (ii) needs one more observation. By the inductive

hypothesis, M € SSIF(v) and (%,j) ¢ I(v). Thus, at most one of (i,7) and (r,7) is filled
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for each i < r < j. We also have that [1(v) ¢, )|—|I(v) 3 |+i+1 = [I(v) )| =1 (v)( 5 |+]
by the construction algorithm. From the proof of Lemma 4.2.2,

ps(i) —ps(i) > j—i—|I(w)_jyN{kli <k <j} —|[T(w)yN{kli <k <j} >1.
By assumption, ps(j) — ps(i) = 1. So,
[ 1) -y N{k i <k <} + [I(w)u—yN{k|i<k<j}=j—i—1.

This implies that, for every i < r < j, exactly one of (i,7),(r,j) is filled in M. Thus, by
filling (i, 7) with £ and the fact that £ is weakly less than every entry in M proves (ii) cannot

hold. O
Theorem 4.3.6. Given a sequence (by,be,...,by) of nonnegative integers, the leaves of the
construction tree, CL(by,ba,...,b,), is the set of all semistandard inversion fillings for every
permutation with content (1b1,2b2, .- ,aba).

Proof. The claim is true when ) b; = 0, by Step 1 of Algorithm 4.3.1. Now, assume the
claim is true when ) b, = a — 1. Suppose w is a permutation such that {(w) = a and
G € SSIF(w). Thus, if content(G) = (b1,be,...,bs), then > b = a. We will show that
for some s < t, the filling G minus one box (s,t) is a semistandard inversion filling for a
permutation v. Afterwards, we will show that G can be constructed from this filling with
the constuction algorithm.

Let £ := min{gs | (s,t) € G} and let T := {(4,7) € I(w)|g;; = £}. Within T, find (3, 5)
such that w; is maximal and then, such that w; is maximal. Call this pair (ig, jo). We wish
to show that J = I(w) \ {(%0,0)} is an inversion set for some permutation v.

Suppose there exists ig < k < jo such that (ig, k) and (k,jo) are in J. Then either g;x
or gij, equals £, because g, j, is between g;o, and gxj,. Since (k,jy) € I(w), we have that
Wiy > wg > wjy. If gjop = £, then the maximality of wj, is contradicted because wy > w,.
Hence, the choice of (i, jo) is contradicted. In addition, gij, # ¢, by the definition of
semistandard. So, one of (%9, k) and (k, jo) is not in J.

Suppose there exists h < ig < jg such that (h,j9) € J, but (h,i9) ¢ J. Then it would
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have to happen that g;,;, > gnj,, which contradicts the minimality of g;y;,. Suppose there
exists 7 > jo > 4o such that (ig,7) € J but (jo,r) & J. Then g;;, > gi;r and, by the
minimality of gigjos Gigjo = Yior- But r > jo and (jo,7) & J, so w, > wj,. This contradicts
the maximality of w;,, and again contradicts the choice of (i, jo)-

Thus, by Lemma 4.2.2, J = I(v) for v = sy, w and £(v) = o — 1. Let F' be the filling
obtained from G by removing the filling in box (49, jo) and all other entries remain the same.
Then F' is a semistandard inversion filling for v as just shown. Thus, F' can be constructed
by the algorithm by the inductive hypothesis. Also, inserting £ into the (49, jo)" entry of F

satisfies the conditions of the construction algorithm. Thus, G can be constructed, and the

proof is complete by induction. O

Corollary 4.3.7. Given the sequence of t 1’s, (1,1,...,1), we have that CL(1,1,...,1) is
the (infinite) set of all standard inversion fillings for all permutations of length t. Therefore,
the number of fillings in CL(1,1,...,1) contained in [n]x[n] is equal to the number of reduced

words of length t in Sy,

From Theorem 4.1.3 and the fact that any standard inversion filling for w € S, can be

extended to a standard inversion filling for wg € S, as stated in [13], we have:

Corollary 4.3.8. There is a bijection from the set of mazimal chains from the identity to
w in left weak order to the set of standard inversion fillings for w. The mazimal chains
from the identity to w in left weak order index the reduced words for w, therefore there is a

bijection 8 from Red(w) to SIF(w).

Define an equivalence relation on SSIF(S) such that M ~ M’ if for every i < k < j,

{mik, mij, my;} is in the same relative order as {mj,, m;;, mj;}.

Corollary 4.3.9. Given a,b € Red(w), we have that heap(a) = heap(b) if and only if
B(a) ~ B(b) in SIF(w), where B is the bijection in Corollary 4.3.8.

Finally, the necessary background for the proof of Theorem 4.2.9 has been stated.
Proof of Theorem 4.2.9. Given an rc-graph D for a permutation w, label the strings of

D by the row in which the strings originate as in Example 3.1.3 (as opposed to the column
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they end up in). Each crossing of strings s < ¢ in D corresponds bijectively with an inversion
(s,t) € I(w), and the crossing forces string s to proceed horizontally and string ¢ to proceed
vertically. Furthermore, the crossing occurs in row £, for some £ < s, implying this is the
only place where string ¢ appears in row £. Define U(D) to be the filling M of I(w) such
that £ = mg, i.e. the row in which strings s < t cross in D. Proceeding along any string s,
the rows in which the crossings occur weakly decrease. If strings s and ¢ cross and s < k < t,
then either string ¢ had to cross string k prior to crossing string s, or string s had to cross
string k prior to crossing string ¢. Both of these could not have happened before strings
s and t crossed. Likewise, both could not happen after s and ¢ crossed. Thus, mg lies
between mg; and myg;. Furthermore, each string only moves right or up, so mg < s for each

string s and all s <t < n. Thus, ¥(D) € FIF(w).

It remains to find ! : FIF(w) — RC(w). The proof proceeds by induction on £(w).
For £(w) = 0 or 1, the claim is clear. Now, suppose the claim is true for /(w) = o — 1.
Given G € FIF(w) such that £(w) = «, find (ig, jo) € G such that g;,j, > 0 is minimal, w;,
is maximal, and then, jo such that wj, is maximal. Then, by the same considerations as
in the proof of the Theorem 4.3.6, F' = {g;; > 0| (4,5) # (40,J0)} is a flag inversion filling
for a permutation v, with £(v) = £(w) — 1. This corresponds to an rc-graph E for v by the
inductive hypothesis. Furthermore, w = s,, v. It must be that v 1(ip) < v1(jo) and so
string i lies just to the left of string jo in the one line notation v. In row £ of E, jy crosses
no strings, because G is a flag inversion filling and so, all entries in column jy are distinct.
This implies there is no £ in column jy of ¥’ and hence, jo does not cross any strings in row £
of E. No more crossings occur in any row higher than row £ in E. so strings ig and 7y leave
row £ next to each other. Thus, strings 79 and jg lie next to each other in row £. Therefore,
adding a cross in row £ for strings 49 and jp is an rc-graph for w and whose image in ¥ is

G. O

Remark 4.3.10. The proof of Theorem 4.2.9 implies that for F € FIF(w), the filling of
box (4,7) denotes the row on which string 4 crosses string 7 in the corresponding rc-graph,
U~1(F). Thus, the sequence in row i of F gives the positions of all the horizontal crossings

of string 4 in U~!(F). Likewise, column j gives the positions of all the vertical crossings of
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string § in U~1(F).

Example 4.3.11. Leta = (3,1,4,5,4) and 2 = (1,1, 2,3,4). Below is the rc-graph D(a, ?) €
RC(214653) with the strings filled in.

Wy W1 Wg W3 Wy Wy

WE

The corresponding inversion filling, F = ¥(D(a,i)) is below.

[1]-

NI
[rofeo]—] -

4.4 Grassmannian Inversion Fillings

Recall from Definition 1.5.6 that a permutation w in S, is Grassmannian if there exists a
k such that w; < w;41 for all i # k. The set of such permutations is denoted G(n). Given
1 <k < n, the set of w € G(n) with w; < w;41 for all ¢ # k is denoted G(n; k).

In this section, we examine special properties of inversion fillings for Grassmannian
permutations and use the split operator from Section 3.4 to obtain a left divided difference

operator on contretableaux.

Observation 4.4.1. Suppose w € G(n; k). Then for every 1 <i < £ < j < n, at most one
of (i,£) and (¢,7) is in I(w).

Proof. If (i,£) € I(w), then it must be that ¢ < k and £ > k. For j > ¢ > k, we have that
we < w; and so (¢,7) & I(w). Likewise, if (£,j) € I(w), then it must be that £ < k and
j > k. For i < £ <k, we have that w; < wy. So (i,£) & I(w). O
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Observation 4.4.2. Suppose w € G(n;k) and recall Definition 4.2.1. If 1 < £ < k,
then I(w)(_y C I(w)q,—). Likewise, if & < £ < j, then I(w)_ ;) C I(w) . Hence,
I(w)—jy = {ila; <4 < k} for some a; and a; < a;41, for every j > k, and I(w) has

partition shape.

Proof. If (i,j) € I(w) and i < £ < k, then w; < wy, w; > wj;, and j > k. Hence,
we > w; > wj and £ < j, so (¢,5) € I(w). Likewise, if (4,5) € I(w) and j > £ > k, then

w; < w; and w; > wy, s0 w; > wy. Furthermore, i <k, so (4,£) € I(w). O

Recall, CT ) is the set of all contretableaux of shape A. Denote the subset of CT ) with

entries at most k by CT%.

Lemma 4.4.3. Suppose w € S, is a Grassmannian permutation with descent k. Then
there is a monomial preserving bijection ~ from FIF (w) to CT%, where g1 ; = w; —i for

1< <k.

Proof. Given a flag inversion filling F' for w, suppose (%,£) and (i,7) are in I(w), with
i < { < j. Then (¢,7) is not in I(w) by Observation 4.4.1. Thus, it must be that f;; < fi
since fy; is taken to be 0. Suppose (4, j) and (¢,7) are in I(w) with ¢ < £ < j. Again, by
Observation 4.4.1, (¢,£) is not in I(w). So, it must be that f;; < fy;. We have that F' is
a flag inversion filling, specifically a semistandard inversion filling, where each column has
only distinct entries, so f;; < fg;. Furthermore, from Observation 4.4.2, I(w) has partition
shape A as in the lemma with largest row k. So, F' is a contretableau when regarded as a
filling of A\ by ignoring the [-]7s. Call this tableau ~v(F'). The only other restriction is that
fie < i for every (i,£) € I(w) because F' is a flag inversion filling. Thus, F' has maximum
entry fy k11, which can be at most k. So, y(F) € CT% and + is an injection.

The only restrictions on F' to be in FIF(w) were that f;; < fip fori < k < £ < j,
fij < foj fori <€ <k < j,and f;; <i. All these restrictions also hold on contretableaux,

so the map is also surjective and hence a bijection. O

Example 4.4.4. Consider the permutation w = 1357246 € G(7;4). Below is an inversion

filling F for w. Ignoring the [-] ’s, F' can be viewed as the contretableau on the right.
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It has been a question to find an operator §; on contretableaux such that 6;(7) is set
of contretableaux of same shape as T minus one outer corner box. The ordinary divided
difference operators cannot hope to do this. In particular, 0;(&,) is Gys, or 0. If w is
Grassmannian with descent k, then ws; is not Grassmannian with descent k for every i,

other than in the case where w = s;.

In Section 3.4, we introduced an operator on rc-graphs for w which produces all rc-
graphs for s;w, namely the split operator. Contrary to right multiplication by s;, if w
is Grassmannian with descent k and if £(w) > £(s;w), then s;w is again a Grassmannian
permutation with descent k. In light of Theorem 4.2.9 and Lemma 4.4.3, we describe how
the split operator works on inversion fillings for Grassmannian permutations. In particular,

we have the following diagram of maps for every permutation w € Sj:

FIF(w) &’RC(w) MRC(siw)LFIF(s,-w)

Definition 4.4.5. Suppose w € S, and F € FIF(w). Then for 1 <i < n,
§;(F) := W(split;(L ' (F))).
For a collection of flag inversion fillings F for w,

§i(F) = | su(F).

FeF

From Theorems 3.4.4 and 4.2.9, the following corollary is immediate.
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Corollary 4.4.6. For a permutation w € Sy,

FIF(sjw) if £(w) > £(sjw)

3;(FIF(w)) = ,
0 if £(w) < £(sjw)

Observation 4.4.7. If w € G(n), then only columns w~! (i) and w™!(i+1) of F are affected
by 5Z

Observation 4.4.8. Suppose w € G(n;k). Then #(s;w) < £(w) if and only if there exist
h < k < j such that w, = i + 1 and w; = i. Furthermore, if {(s;w) < £(w), then

I(siw) = I(w) \ {(h,5)}-

Now we give an algorithm on contretableaux to produce contretableaux with one less
box. It will be shown subsequently that the following algorithm acts like d§; on G(n;k) for

some 1.

Algorithm 4.4.9. (Grassmannian y Algorithm) Suppose w € G(n;k) and F € FIF(w).
Given j > k, let

min{i|(i,§) € I(w)} if I(w)(_ ;) # 0

0 else

aj =

Define
tj(F) =maz ({i > a;| fij =1 —a;+ 1 and fi; # fij11} U{0}).

Suppose 1 < g < t;(F) —a; + 1. Form gF as follows:
1. Delete box (¢ +aj —1,5) from F.
2. For every aj <1 < g+ aj — 1, move box (4, ) to position (i + 1, ). The result is gF.

Then define
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Example 4.4.10. Suppose w = 1357246 € G(7;4) and F = E

Below, the leaves of the tree make up p5(F), j =5, a; =2, and t; = 3.

|.
.1..
.21.
4/12]|1
2|11 - 1{1
4(2]1 4(12]1

Lemma 4.4.11. Suppose w € G(n;k). Then pj(FIF(w)) C FIF(s;w) for w; = 1.

Proof. From Algorithm 4.4.9 and Observation 4.4.8, we have that G € p;(F) is a filling of
I(w) \ {(h,j)} = I(s;w) when w™'(i) = j and w™!(h) =i + 1. By construction, G remains
a flag inversion filling. Thus, p;(FIF(w)) C FIF(s;w). O

Theorem 4.4.12. For a permutation w € G(n;k) and F € FIF(w),
i (F) = 6:(F) (49)

for w; = 1.

Proof. Let w'(i) = j and w (i + 1) = h. Suppose G € u;(F). Then ¥ (G) is an
rc-graph for s;w by Lemma 4.4.11. Thus, there exists a unique rc-graph D € RC(w) such
that U=1(G) = E € split;(D), and D agrees with E outside of columns i and i + 1. That
is, £ = fID for some ¢ € T;(D). So, ¥(D) and ¥(E) are flag inversion fillings which agree
outside of columns j and k. (It is important to note here that (s;w)™(i) = w™(i+1) = h,

(siw)~t(E + 1) = wi(3) = 4, and (s;w) " (m) = w™!(m) for every m > 1 not equal to i or
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i+ 1.) Furthermore, by Corollary 3.1.14, 7;(D) = {q|1 < ¢ < t; —aj + 1}. So py-1(;)(F)
and §;(F) have the same cardinality.

From Observation 4.4.8, {(s;w) < £(w) if and only if h < k < j. If £(s;w) < £(w), then
I(w)(— n) = I(siw)(—,ny = 0. All the vertical crosses for string j remain vertical crosses for
string j except one is deleted, namely the vertical cross in row ¢. So, only column j of F
changes in ¢;(F') by removing the ¢ entry. Furthermore, every inversion filling in §;(F’) can
be viewed as a contretableau, so it is clear that G is the contretableau obtained by deleting
g from column j of F' and letting the boxes above fall down by one unit. Thus, G € §;(F),
implying pi,,-1¢)(F) C 6;(F). Hence, piy,-1(:)(F) = 6;(F).

Now suppose £(sjw) > £(w). Then §;(F) = () and j < h. So either I(w)_ jy = 0 or
I(w)_ jy = I(w)~ »y and h = j + 1. Suppose I(w)_ jy = I(w)(_ 5 and h = j + 1. If
fij =i—a;+ 1, then it also must be that f;; 1) =% —a;j + 1 by simple proof by induction.
Thus, t; = 0. In either case, fi,-1(;)(F) = 0. So, py-1(3(F) = 6 (F). O

Corollary 4.4.13. For a permutation w € G(n; k),

FIF (sw,w) if {(w) > £(sw;w)

i (PIF(w)) = !
0 if L(w) < £(sw;w)

From Theorem 4.4.12, the set of all contretableaux of a given shape with maximal entry
k can be constructed. In particular, note that there exists a unique flag inversion filling for

the permutation in G(n; k) of longest length, w=n—-k+1,n—k+2,...,n,1,2...,n— k.

Example 4.4.14. Below is the unique flag inversion filling for w = 456123 in G(6; 3).

Wi
- RN
- O |

Corollary 4.4.15. Let Fy denote the unique flag inversion filling for the permutation of
longest length in G(n; k), and let w € G(n; k). Then

FIF(w) = ()™ - (pg1)" M (Fp),
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where (u;)t is the composition of the u; operator £ times.

Example 4.4.16. Suppose w = 256134 € G(6;3). Then w corresponds to the partition
A= (3,3,1).
Below is the tree whose leaves on the bottom level comprise F1F(w). The [ )75 are left

out to simplify the tree.

111

21212

3133
1]1 1]1 1]1
21212 21211 2[2]1
3/3]3 313]2 3133
al I~ o &
1 1] 1]
2122 (1] 1] (1] 21211] [2]1]1
3[313 212711 [21171] [2]171] [3]3[3] [3]3]3

313121 [3]3]2] [3]2]2
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Chapter 5

SKYLINE FILLINGS

In this chapter, we introduce one more known Schubert object, semistandard skyline
fillings. In Section 5.2, we give a bijection between the semistandard skyline fillings and

a-compatible sequences.

5.1 Introduction to Standard Bases

Standard bases were originally introduced by Lascoux and Schiitzenberger to attempt to link
the work of Lakshmibai, Musili, and Seshadri with that of Demazure [12, 32, 42]. Standard
bases are defined, like Schubert and key polynomials, in terms of the divided difference

operator. Demazure defines

0;(f) = zi+10i(f)- (5.1)

Given a reduced word for a permutation w, a = (a1, as,...,ap) € Red(w), define

0, = 9a19a2 -0,

p*

We have that 6, is well defined for reduced words because 8; obeys similar commutation

relations to s;. One can check that

0.0, = —6;
0;0;110; = 0;110:0;11

0;0; = 0;0; for all |i —j| > 1.

Let X\ be a partition and w a permutation. Then define the standard basis indexed by A
and w to be

U, w) = Oy ().
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Recall, for a composition 8, u(8) = p is the permutation of shortest length such that
(Bui>Buss---) = A(B) is a partition. Surprisingly, we have the following connection to key

polynomials.

Theorem 5.1.1. [42] Given a permutation w and a partition A,

A, w) = Z zT

TeSSYT )y
K 4(T)=key(w-))

where w - X = (Awy, Awy, - - -) 18 a composition.
We view the following corollary as the bijection 7" in Figure 1.

Corollary 5.1.2. [/2] For any composition «,

Ko = UB), (u(B) ™),
B<a
where < is the partial order on compositions in Definition 1.4.3 and A(B) and u(B) are as

in Section 1.4.

We also define a combinatorial rule for standard bases, introduced recently by Mason[49].
To state the rule, we must define another combinatorial object. To a composition «, asso-
ciate a diagram called a skyline with «; boxes in column ¢. Fill the boxes of the skyline
with positive integers to make a skyline filling. Skyline fillings were originally introduced in
the context of nonsymmetric MacDonald polynomials [24]. Much of the remainder of this

section can be found in [49].

Example 5.1.3. Let a = (1,0,4,1,3). The skyline associated to « is
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The following is a skyline filling of shape o = (1,0,4,1, 3):

) »—A|oo|.-l>|

—[en]=]

An extra row, called the basement, is added to a skyline filling by adding an ¢ underneath

column 7. Such a filling is called a skyline augmented filling.

Example 5.1.4. Below is a skyline augmented filling G of shape o = (1,0,4, 1, 3).

wolro]= ][]

o= o1|oo|

A descent in a skyline augmented filling F' occurs when a box in F has a strictly greater
entry than the box below it. If no box exists below, there is no descent. Thus, in Ex-
ample 5.1.4, there is 1 descent in column 1, none in column 2, 1 in column 3, none in
column 4, and 2 in column 5. The content of a skyline augmented filling G, content(G),
is the composition 8 = (B1,fe,...) such that there are exactly f; entries of G equal to
1 not in the basement of G. The content of the skyline augmented filling Example 5.1.4
is content(G) = (2,1,1,3,1,0,0,1). Recall the definition of a contretableau from Defini-
tion 1.2.1.

Algorithm 5.1.5. [49] (Sky Algorithm) To each contretableau, T', associate a unique sky-
line augmented filling, sky(T), as follows:

1. Conjugate T', so the rows are strictly decreasing and the columns are weakly decreasing
from bottom to top. Call this 7. Start with the skyline aumented filling with no boxes
except those in the basement. Call this filling F'.

2. Beginning with row 1 of T, going from left to right, insert each entry of T' into row
1 of F by placing each entry in the first position (from left to right) that does not

create a descent.
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3. Suppose row 1 through i — 1 of T have already been inserted into F. Insert row i from
left to right into F' by placing each entry in the first position in row i of F' (from left
to right) that both does not create descent and maintains that F' has a composition

shape. Thus, no box is created in row ¢ without a box beneath to support it.

4. The process terminates when all entries of T have been placed in F. Define

sky(T) := F.

This association is illustrated by Figure 5.1. Observe that sh(sky(T')) is a rearrangement

of sh(T). From the construction, if T' is a key, then content(T') = sh(sky(T)).

Definition 5.1.6. A skyline augmented filling which is the image of a contretableau under
the sky algorithm is a semi-skyline augmented filling. The set of all semi-skyline fillings is
denoted SSAF. Denote the subset of SSAF of shape a by SSAF,.

One can recover column i of T" from sky(T') as sort(row;(sky(T))), where sort rearranges
a word into decreasing order and row; extracts the i*? row of the skyline filling. Thus, sky
is an injective function and hence a bijection from the set of all contretableau CT to SSAF

which preserves content.

Theorem 5.1.7. [49] Given a partition A and permutation w,

U, w) = Z zF,

FeESSAF,,.\

where o¥ = gpeontent(F)
From Theorems 5.1.1 and 5.1.7, we have the following corollaries.

Corollary 5.1.8. [49] Given a contretableau T, content(K,(T)) = sh(sky(T)).

Corollary 5.1.9. [/9] For a permutation w € Sy,

=2 2 > =

PeP(w) B<lap TESSAFg
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Figure 5.1: Sky algorithm on a contretableau 7.
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where ap = content(K 4 (P)).

The reader should note that SSAF was defined in [49] in a much different manner. The

definition in this paper is completely equivalent, as proved in [49].
5.2 Mapping a-Compatible Sequences to Skyline Fillings

Corollary 5.1.9 illustrates that semistandard augmented fillings are another Schubert object.
How are they related to known Schubert objects? In the remainder of this chapter, we give
a connection between a-compatible sequences and semistandard augmented fillings. The

remainder of this chapter is dedicated to proving the following theorem:

Theorem 5.2.1. There is a bijection, T, from Uae{F € SSAFg|8 < a} to C(w) where
Gw = ZaeI Ka-

Let (a,i) € C(w). We will associate a pair of tableaux with (a,i), similar to the pair
(P(a),Q(a)), constructed by the Edelman-Greene Insertion algorithm, Algorithm 1.2.11.
For a reduced word a = (ai,...,ap), associate a pair of contretableaux, (R(a),S(a)). Do

so by the following algorithm.

Algorithm 5.2.2. (Complementary Edelman-Greene Insertion) To form R(a), start by
inserting a, into the empty contretableau and hence, obtaining a contretableau of shape (1)
with entry a,. Now assume ap, a,_1,...,aq+1 have already been inserted and R(ag+1,- - - ,ap)

is a tableau. Insert a4 into the tableau as follows:

1. Let e; = ay.

2. Given e;, scan the i*" row of R(ag41,...,ap—1,a,) from left to right and find the first
entry (say s) strictly smaller than e;. If such an entry does not exist, e; is placed at

the end of the i** row and the process terminates.

3. If s = ¢; — 1 and the entry just to the left of s is e;, then set e;41 = ¢; — 1. Otherwise,

set e;+1 = s and replace s with e; in the tableau.
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4. Repeat Steps (2) and (3) until Step (2) says to terminate. The result will be the

tableau R(aq, Gg41,---,0p—1,0ap).

At each insertion step, one box is added to the Ferrers diagram, sh(R). Build up the

recording contretableau, S(a), by placing a ¢ in the box that is added after inserting a,.
Definition 5.2.3. Let R(w) := {R(a) : a € Red(w)}.

Example 5.2.4. Suppose a = (5,1,4,3,6,4) and aq = (ag,...,a6) for 1 < g <6.

q CQq R(aq) S(aq)
6 (4) [6]
5 6,4 4] 5]
(6,4) g i
4 (3,6,4) 4] 5]
6/3] 64]
3 (4,3,6,4) 4]3 5|3
614 64
2 (1,4,3,6,4) 413 5|3
6l4[1] 64[2]
1 (5,1,4,3,6,4) 3] 1]
43 5(3
6]5]1] 6[4]2]

Recall from Section 1.4 the equivalence relation ~ on words. The rules of Edelman-

Greene insertion have been complemented, so, col(R(a)) ~ reverse(a) and

reverse(col(R(a))) ~a~ col(P(a)).

The proof is similar to the proof of Lemma 1.2.7. Notice col(R(a)) is the unique word in
the equivalence class of reverse(a) under ~ that is the column word of a contretableau.
Under the abuse of notation as before, we have that K°(P(a)) = K°(R(a)). Thus, from

Theorem 1.2.14, we have the following corollary:
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Corollary 5.2.5. [13] The Reverse Edelman-Greene Insertion Algorithm also has the fol-

lowing properties:

1. The map from reduced words to pairs of tableauz, given by mapping a — (R(a), S(a)),

18 injective.

2. If R € R(w), then, for every standard contretableau S of shape sh(R), there exists
a € Red(w) such that (R(a),S(a)) = (R, S).

3. The rows, from left to right, and columns, from bottom to top, of R(a) are strictly

decreasing. Thus, R(a) and S(a) are contretableaux.

4. The word a has a descent in position j (meaning a; > aji1) if and only if j + 1 is

southeast of j in S(a).

5. If k > j and if j is southeast of k in S(a), then there must be j < £ < k such that

ap < Qpqq-

6. We have that T € R(w) if and only if T € R(w™!).

Definition 5.2.6. Given a reduced word a and a positive, weakly increasing sequence i of
same length as a, define S(a, i) to be the tableau obtained from S(a) by replacing j in S(a)
with Z]

Lemma 5.2.7. If (a,i) € C(w), then S(a,i) is a contretableau.

Proof. We have that i is a weakly increasing sequence and that S(a) is a contretableau.
Replacing j with ¢; in S(a,i) guarantees that the rows and columns of S(a,i) are weakly
decreasing. By Corollary 5.2.5, if k& > j, then j is southeast of k in S(a) if and only if there
is an ascent in a between k and j. This implies that i; > i;. In particular, if j and k are in

the same row, then j is southeast of k, and iy > i;. Hence, the rows of S(a,i) are strictly

decreasing and S(a,i) is a contretableau. O



84

Lemma 5.2.8. If (a,i),(a’,i') € C(w) such that R(a) = R(a’), then S(a,i) = S(a’,i') if
and only if (a,i) = (a’,1).

Proof. Suppose S(a,i) = S(a’,i’). Then i =i, because
content(i) = content(S(a,i)) = content(S(a’,i')) = content(i’),

and the content of a weakly increasing sequence is unique. Let &k be the largest entry in S(a)
that does not agree with the placement in S(a’). That is, k occurs in a different position in
S(a) and S(a’) and every entry larger than k agrees in S(a) and S(a’). Say the k in S(a)
is in position (r, s) (i.e. the r** column and the s** row), the k in S(a') is in position (c, d).
Without loss of generality, assume (7, s) is southeast of (¢, d). Say j is in position (7, s) in
S(a’). Then j < k by choice of k, and, because S(a,i) = S(a’,i’), then it must be that

iy, = 1;. So, j is southeast of k in S(a'), and, by Corollary 5.2.5, it must be that there is an

!

ascent of a’ between a;

and aj. So, 7 > 4} and ¢} # i;. Thus, no such k exists, so, a = a’
by Corollary 5.2.5, implying (a,i) = (a’,1’). The other direction is clear.

O

Lemma 5.2.9. Suppose a € Red(w) and i,1 € C(a) such that 1 is lezicographically largest

in C(a). Then K (S(a, 1)) 4Ky (S(a, ;)), where < denotes entrywise comparison.

Proof. First, by Corollary 5.1.8, sh(sky(S(a,i)) = content(K,(S(a,i))). Suppose p € C(a)
is the lexicographically largest compatible sequence such that K (S(a,p)) = K. (S(a,i)).
One can find such an p by the following construction. Suppose a has ascents in positions

r1 <72 <...<rp. Forrj_y <s <y, set ps =ir. Then, S(a,p) is a key. Furthermore,

we have that K, (S(a,i)) < K, (S(a,p)), because K, (S(a,i)) = K. (S(a,p))-

We also have that S(a,p) = K, (S(a,p)) and S(a,i) = K, (S(a,1)), because S(a, p) and

S(a, i) are keys. So, in the remainder of the proof, we are merely checking that S(a,p) <
S(a,1).

Suppose there exists some entry in S(a,p) that is greater than the entry in the same
position in S(a,i). Suppose this is the position with entry j in S(a). Then pj > 1;. Let

k be the largest such j. Then py > i}, but Pr+1 < 5k+1. Define q to be another weakly
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increasing sequence such that g, = iy for £ # k and g = i + 1. We have that
Ght1 — Uk > Prel — Ph

implies

ik1 — (i + 1) > Prr1 — P

So, if ap < ag41, then
Q1 — Gk = 1k1 — (i + 1) > pry1 —pr > 1.

Furthermore, aj, > py > ix + 1, so q is again an a-compatible sequence. But q is lexico-

graphically larger than i, which contradicts our choice of i. Thus S(a,p) < S(a,i). O

Lemma 5.2.10. For (a,i) € C(w), K+ (S(a, 1)) <A K9 (P(a)), where < is entrywise com-

Parison.

Proof. The proof proceeds as follows. Let i be the a-compatible sequence that is lexico-
graphically largest in C(a) (the same a as in the start of the lemma). By Lemma 5.2.9,
K. (S(a,i)) < K.(S(a,i)). Then let (a’,i') be the pair such that P(a’) = P(a) and i is

the lexicographically largest such compatible sequence. Then we will show K (S(a, I)) <
K1 (S(a',i")). Notice that the lexicographically largest monomial in Keppient(k0 (P(a))) 18

and zy zy ... xy = zeoentd) by Theorem 1.4.10. We
) Lih (a)

equal to both geontent(K2 (P(a)))

have that S(a’,i’) = K(S(a’,1')), and so,

content(i') = content(S(a’,i')) = content(K(S(a',i'))).

The content of keys is unique, therefore this implies that

S(@, 1) = K. (S(@, 1)) = K° (P(a)).

We have that S(a,i) and S(a’,i’) are both keys themselves, so the proof reduces to
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showing S(a,i) < S(a’, ). Suppose this is not the case. Then

i = content(S(a,1) 4 content(S(a’,i’) = i’

in dominance order. Thus, i’ is not lexicographically larger than E, which contradicts the

choice of i/, and completes the proof. O

Proof of Theorem 5.2.1. From Lemmas 5.2.8 and 5.2.10, sky is an injection from C(w)
(along with conjugation of S(a,i)) into Uaer{F € SSAFg|3 J a}. By Theorems 1.3.2

and 1.4.9, these two sets have the same cardinality, so, sky is a bijection. O

Corollary 5.2.11. Suppose P € P(w) and T € CTx, where A = sh(P). Then T = S(a, i)
for some (a,i) € C(w) if and only if T < K, (P).
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OPEN QUESTIONS

The subject of Schubert polynomials and Schubert objects leaves many open questions.
We present several here which are relevant to this dissertation, but this list is, by no means,

complete.

It should be noted that there are other Schubert objects which are not mentioned here.
Some, including crystal graphs, were not mentioned because their connections to rc-graphs
were already shown in [44]. On the other hand, there are a few that raise open questions.
First, Bergeron and Sottile and later, Lenart and Sottile, give a new Schubert object, labeled
chains in k-Bruhat order, which give a formula similar to Equation (3.9) [2, 45]. What is the
bijection between the chains made by the split operator and the Bergeron-Sottile labeled

chains?

There is another object whose connection to current Schubert objects is unknown,
namely Kohnert diagrams [30]. A direct proof or a bijection between known Schubert

objects would be a wonderful contribution.

Several questions arise in the thesis pertaining to the new Schubert object or construction
methods. In Chapter 2, it was conjectured that 21543-avoiding permutations are simply
productive. Can we characterize simply productive permutations? How many productive
heaps does a given permutation have? Is there an upper bound on the number of productive

heaps (other than the trivial answer)? How efficient is this method of finding P-tableaux?

The left divided difference operators on rc-graphs and inversion fillings from Chapters 3
and 4 make an interesting question. Does there exist an operator on polynomials that acts

as a left divided difference operator on Schubert polynomials?

Lastly, we give the most famous and studied open problem in the area of Schubert
polynomials. As mention in Chapter 1, Schubert polynomials form an integral basis for

Z[x1,x2,...]. Thus, when multiplying two Schubert polynomials, the product can be ex-
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pressed as a sum of Schubert polynomials,

GuGy = > 6y
wESy
From the isomorphism from the cohomology ring of the flag manifold to Z[z1,zo,...], we
know that these coeflicients, ¢, are all nonnegative. In the Grassmannian case, there is a
construction on the Schubert objects (semistandard Young tableaux) which proves this non-
negativity, namely the Littlewood-Richardson rule. There are other constructions, such as
the Remmel-Whitney rule, the slinky rule on Grassmannians as this dissertation has shown,
and jeu de taquin (see [62] for a description). In the case of the flag manifold, it is wide
open to find a proof of the nonnegativity based on a construction of some Schubert object.
It should be noted that the Littlewood-Richardson rule has been extended in certain cases,
such as Monk’s rule[51], the Pieri rule[34, 40, 59], Kogan’s Schur polynomial times a Schu-
bert polynomial[29], and Coskun’s Mondrian tableaux[9, 10]. However, none encompasses

every case. One possibility is to try jeu de taquin on the set S(a,i) for a permutation.
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